Multi-parameter regularization arising in
optimal control of fluid flows

Dissertation
der Mathematisch-Naturwissenschaftlichen Fakultat
der Eberhard Karls Universitat Tiibingen
zur Erlangung des Grades eines
Doktors der Naturwissenschaften
(Dr. rer. nat.)

vorgelegt von
Markus Klein
aus Reutlingen

Tiibingen
2014



Tag der miindlichen Priifung: 26.01.2015

Dekan: Prof. Dr. Wolfgangs Rosenstiel
1. Berichterstatter: Prof. Dr. Andreas Prohl

2. Berichterstatter: Prof. Dr. Michael Hinze



Abstract

The objective of this thesis is to study optimal control problems subject to equations arising
in the field of fluid dynamics. This thesis is split into two essential parts. Each of them
deals with an important partial differential equation, that are of interest in various applica-
tions and are widely considered in current research: The density dependent Navier—Stokes
equation and the thin-film equation.

These optimal control problems are motivated in many ways: First, the equations are
mathematically interesting due to strong nonlinear effects occurring additionally as coupling
effects in the context of optimization. Also, it is not immediate that properties (such as
convergence of numerical approximations) are inherited by the optimal control problem.
The literature on optimal control subject to nonlinear partial differential equation is rare,
while the knowledge on those problems subject to the mentioned equations is even more
rare: Only very few works are known, and the content of this thesis is a big contribution
to this topic. Finally, for both control problems, there are industrial applications requiring
the optimal control of fluid flows (which will also be addressed within the this thesis) such
as the control of the interface in aluminum production, or the control of thin liquid layer
on a silicon wafer.

In both parts, the use of regularization parameters is vital in order to overcome analytical
issues. The coupling of these parameters is specified, and (in the second part) a limiting
problem is solved for these parameters tending to zero.

In the first part of this thesis, we consider an optimal control problem for the interface
in a two-dimensional two-phase fluid problem. The minimization functional consists of
two parts: The L2-distance to a given density profile and the interfacial length. We show
existence of an optimal control and derive necessary first order optimality conditions for a
corresponding phase field approximation. An unconditionally stable fully discrete scheme
which is based on low order finite element discretization is proposed, and convergence of
corresponding iterates to solutions of the continuous optimality conditions for vanishing
discretization parameters is shown.

The second part consists of an optimal control problem subject to the thin-film equation
which is deduced from the Navier—Stokes equation. The thin-film equation lacks well-
posedness for general controls due to possible degeneracies; state constraints are used to
circumvent this problematic issue, and ensure well-posedness of the optimal control problem
as well as the rigorous derivation of necessary first order optimality conditions for the
optimal control problem. A multi-parameter regularization addressing both, the possibly
degenerate term in the equation and the state constraint, is considered, and convergence is
shown for vanishing regularization parameters by decoupling both effects.
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iv Abstract

Both parts are concluded by corresponding numerical experiments, validating the models,
comparing parameters (of the regularization and of the numerical algorithms) and their
scaling to each other, and including academic examples of industrial applications.



Zusammenfassung in deutscher Sprache

Ziel dieser Arbeit ist es, optimale Steuerungsprobleme mit Gleichungen, die auf dem Ge-
biet der Fluiddynamik auftauchen, zu studieren. Die vorliegende Doktorarbeit ist in zwei
wesentliche Teile aufgespalten. Jeder Teil behandelt eine wichtige partielle Differentialgle-
ichung, die von Interesse in weitreichenden Anwendungen sind und noch immer aktuell
erforscht werden: Die dichteabhéngige Navier-Stokes Gleichung und die diinne Filme Gle-
ichung.

Diese optimalen Steuerungsprobleme sind vielseitig motiviert: Zunéchst sind die Gleichun-
gen aufgrund starker nichtlinearer Effekte, die im Rahmen der Optimierung zusétzlich zu
Kopplungseffekten fithren, mathematisch interessant. Weiter ist es nicht unmittelbar klar,
ob sich Eigenschaften (wie etwa die Konvergenz numerischer Approximationen) innerhalb
der Optimalsteuerungsproblems vererben. Die Erkenntnisse in der Literatur {iber Opti-
malsteuerungsprobleme beziiglich nichtlinearen partiellen Differentialgleichungen sind rar,
wahrend der Kenntnisstand {iber jene Optimalsteuerungsprobleme, die sich mit den be-
nannten Gleichungen beschéftigten, noch viel unvollstdndiger ist: Es sind bisher nur sehr
wenige Arbeiten dariiber bekannt und der Inhalt der vorliegenden Doktorarbeit ist ein
grofler Beitrag zu diesem Thema. Schliellich gibt es fiir beide Probleme industrielle An-
wendungen, welche die Steuerung von Fliissigkeitsstromungen erforderlich machen (diese
werden innerhalb der vorliegenden Arbeit auch thematisiert), wie etwa die Kontrolle von
Grenzflichen in der Aluminiumproduktion oder die Kontrolle von diinnen Fliissigkeitss-
chicht auf Siliziumwafern.

In beiden Teilen dieser Arbeit ist die Verwendung von Regularisierungsparametern uner-
lasslich, um analytische Probleme zu iiberwinden. Die Kopplung dieser Parameter wird
spezifiziert und (im zweiten Teil) ist ein Grenzproblem fiir den Fall gelost, dass die Param-
eter gegen Null konvergieren.

Im ersten Teil der vorliegenden Doktorarbeit betrachten wir ein Optimierungsproblem, um
die Grenzfliche eines zweidimensionalen Zwei-Phasen Problems zu steuern. Das zu min-
imierende Funktional besteht dabei aus zwei Teilen: Dem Abstand zu einem gegebenen
gewiinschten Dichteprofil (gemessen in der L2-Norm) sowie der Linge der Grenzfliche. Wir
zeigen Existenz einer optimalen Steuerung und leiten notwendige Optimalitdtsbedingungen
erster Ordnung fiir eine zugehorige Phasenfeld-Approximation her. Wir schlagen ein vorbe-
haltlos stabiles volldiskretes Schema vor, welches auf einer Finite Elemente Diskretisierung
niedriger Ordnung beruht, und wir zeigen fiir verschwindende Diskretisierungsparameter
die Konvergenz zugehoriger optimaler Steuerungen gegen Losungen der kontinuierlichen
Optimalitatsbedingungen.

Der zweite Teil besteht aus einem Optimalsteuerungsproblem beziiglich der diinnen Filme
Gleichung, welche aus der Navier-Stokes Gleichung hergeleitet wird. Der diinnen Filme
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Gleichung fehlt fiir allgemeine Kontrolle die Wohlgestelltheit aufgrund moglicher Degener-
iertheit; Zustandsbeschrinkungen werden benutzt, um dieses Problem in den Griff zu umge-
hen und Wohlgestelltheit des Optimalsteuerungsproblems sicherzustellen sowie notwendige
Optimalitdtsbedingungen erster Ordnung rigoros herzuleiten. Ein Mehrparameteransatz
zur Regularisierung, der beide Probleme — den moglicherweise degenerierten Term in der
Gleichung und die Zustandsbeschrankungen — anspricht, wird betrachtet, und fiir diesen
Ansatz wird Konvergenz fiir verschwindende Regularisierungsparameter gezeigt, der beide
Effekte entkoppelt.

Beide Teile werden werden von entsprechenden numerischen Experimenten abgeschlossen,
welche die Modelle priifen, Parameter und deren Skalierungen miteinander vergleichen
(solche, die fiir die Regularisierung notig sind, aber auch welche, die in den numerischen
Algorithmen vorkommen) und Beispiel der industriellen Anwendungen auf akademischen
Niveau beinhalten.
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Introduction

The Navier—Stokes equation describes the motion of viscous incompressible fluid in a given
domain Q C R? (d > 1) over a time interval [0, 7], and is a subject of recent research and
has many physical and engineering applications. In order to solve the equation, we search
for the velocity y : Qr — RY, the density p : Q7 — R, and the pressure p : Q7 — R with

pY: + ply - V]y — div(u(p)Vy) + Vp = pu,
pe+ly-Vlp=0, (NSE)
divy =0,

together with initial conditions %(0,.) = 3o : @ — R% and p(0,.) = pg : Q@ — R; here,
u : Q7 — R%is a given right-hand side acting as an external force, and p(p) : Q7 — R is the
(density-dependent) viscosity. The set of equations is completed with suitable boundary
conditions which will be detailed later. On a physical level, the first equation of
is conservation of momentum, while the second equation of models conservation
of mass, and the last one in is the incompressible condition. If we set p to be
constant, we arrive at the classical (or, one-fluid) Navier—Stokes equation, which has still
some unsolved properties regarding existence and regularity, cf. [31]. Of course, the situation
is more complicated if p is present in the equation: First existence results were provided in
the middle of the 1970s for special cases (e.g., if u does not depend on p). A more general
existence and regularity result containing the above formulation of the equation with
more quantitative properties of solutions was shown in [54] with techniques based on [29].
For an overview about history, physical derivation of the equations and related models, we
refer the reader to [54].

The range of applications of the Navier—Stokes equation is very wide, as it can be used for
engineering applications related to fluid flows, such as the production of aluminum (cf. [32]),
the description of blood flow (cf. [60]), manufacturing semiconductor devices (cf. [17]), the
transport of human cells through a fluid channel (cf. [§])—to name only a few concrete
examples. For the Navier—Stokes equation and for most related models, existence is shown
and converging numerical algorithms are developed; see, e.g., (33, 63] for the one-fluid
Navier—Stokes equation, and, e.g., [12} 38, [55] for the density-dependent case.

In many applications, it is desirable not only to calculate how the fluid behaves for a given
driving force u, but we want to control the behavior of the fluid(s): To use the given
examples above, we want to control the aluminum production with such forces that the
aluminum part of the fluid does not to touch the electrodes in order to prevent it from a
short circuit; we want to introduce forces in the manufacturing of Si wafers such that the
height profile of a layer forms a specific pattern; we want to transport human cells with the
help of such forces that the shape of the cells is similar during the movement, etc.



2 Introduction

As noted above, in optimal control problems the force w is not given, but to be found,
whereas a desired profile for other variables (in our context, for y or p) is also given. In
optimal control problems a standard approach is to minimize the following functional,

o - o ~ @

subject to the Navier-Stokes equation, where ay, a,, o, are nonnegative numbers and y
and p are given target functions. The first two terms are called tracking type functions,
where the third part is called cost part of the function: If (y*, p*, u*) is a minimum of J,
the velocity y* is near the desired velocity g, the density distribution p* is near the desired
density distribution 5 (both measured in the L?-norm), and the L*-norm of w* (which
reflects the cost of this particular control) is not too big. From a mathematical viewpoint,
it is important to have a,, > 0 as this is one key—together with well-posedness and a-priori
estimates of the equation—to imply existence of optimal solutions, which is detailed in, e.g.,
Theorem [£.2] and Theorem [13.2]

Optimal control of the one-fluid Navier—Stokes equation has been studied since more than
twenty years, where one of the first works was [2]. Existence of minima are proven, nec-
essary and sufficient optimality conditions are derived, and convergence of time and space
discretizations are proven. For a summary of many results, we refer the reader to, e.g., [39,
40] and the references therein.

In contrast, optimal control of the density dependent Navier—Stokes equation is a very recent
subject and the literature is very rare, in particular for works where rigorous derivation of
optimality conditions and convergence proofs for numerical discretizations are provided.
The author is aware of the article |52], where an optimal control problem with an L2
tracking-type functional subject to a regularized density dependent Stokes equation in 2 C
R? is studied, and optimality conditions are derived. Moreover, by some assumptions on a
nonregularized solution, it is shown that minima (with a regularization parameter ¢ > 0)
converge to a minimum of the limiting problem for ¢ = 0. The first part of this thesis
provides a notable contribution on the optimal control of the density dependent Navier—
Stokes equation.

Before we go into further detail of the new results, we want to introduce an other equation,
which will be the equation of interest in the second part of this thesis: The thin-film
equation, which can be derived from the Navier—Stokes equation, and which describes the
motion of a (thin) fluid film on a plane. Assume that Q = {(z,y) € (a,b)xR: 0 <y < g(z)}
is filled with a fluid, where g : [a,b] — R is a given continuous function with g > 0. There
are two main parts of its boundary: A lower boundary 02 := [a,b] x {0} and the upper
boundary 9% := graph g.

In order to model the motion of the fluid, we consider the one-fluid Navier—Stokes equation

with an conservative force of the type u(x,y) = Vgo(y) (where go : R — R is a scalar

potential) within the domain  together with suitable boundary conditions: To model the

solid-liquid interface on 92, we suppose so-called no slip conditions, which model friction;

to model the liquid-gas interface on 052, we suppose a surface tension condition; to model
max u

the fact that the fluid film is thin, we suppose that 7 := %=.* < 1. A nondimensional
transformation (based on 7) of the involved terms and of the boundary conditions leads to



an asymptotic expansion in 7. Neglecting higher order terms of 7 then leads to the so-called
thin-film equation,

Yt = —(f (W) Yzzz)e — (90(¥)VYz) e, (TF)

where y is the height of the film on at a given position and f(y) = |y|>. The equation is
completed with initial data, and with homogeneous boundary data for y, and yzz.. A self-
contained derivation of this equation is done in chapter , where we follow |16]. By virtue
of the leading spatial term in the thin-film equation, is degenerate: If a potential
solution is zero in a given region, no a-priori estimates in this region would be accessible,
which questions existence results—or, at least, complicates their proof.

In [19], the authors considered the thin-film for gy = 0 and showed existence for nonnegative
initial data, regularity results and showed a so-called entropy estimates which ensures the
solution to be positive for all times, provided the initial data is positive. This kind of max-
imum principle is surprising since linear equation of fourth order do not meet a maximum
principle. We also refer the reader to [21], where an overview about the equation, its solu-
tion, and properties of the solution are provided; and we refer the reader to [20], where the
existence result and the entropy estimates are extended to g9 = —1. In the meantime, other
boundary conditions for 0f) are used, other potential functions are used, and convergence
of property conserved discretization schemes are development; see, e.g., |15, 16} 34, [35] 36,
37, 148, |57].

In constrast, the literature on optimal control of thin films is more than rare: The author
is not aware of any literature dealing with optima control problems subject to . In
the second part of this thesis, we consider an optimization problem subject to the thin-film
equation, which is the first time such a problem is presented in the literature. However,
there is one example in the literature [67], where the authors deal with a much more easy
constraint, which is related to the thin-film equation . We will go into more detail
about the setup in [67] after presenting our approach.

The problem in directly addressing is that the control functions would be potential
functions gg, and the coupling between the control and state y would be too strong—unless
the problem is transformed into a problem with finite controls parameters by assuming gg
to be a polynomial or similar. The author is not aware of any literature dealing with an
optimization problem, where controls appear in the form of potential functions instead of
L? forces (or similar). Since this is not even conceptionally clear, we consider a modified
equation,

ye = =(f()Yaez)a — (90(4)yz)e + ta, (TF-mod)

where gg is now a given potential function, and w : Q7 — R is considered as control.
Since every term in appears in divergence-form, the mass (which is [, y(¢,.) dz)
is conserved as long as we consider all controls u to vanish at the boundary. If we now
consider the following standard tracking-type functional,

1 B o
Jrr(y,u) = Slly - glI* + §HUHZ7

it is unclear if an optimal control problem of minimizing J subject to (TF-mod)]), is well-
posed: For a given control u, it is unclear if a corresponding solution y of (I'F-mod]) exists
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due to the degenerate leading part of the equation. For a given “good” potential function g,
entropy estimates are valid (which ensure positivity; see above). If we add state constraints
y > Cy > 0 (for a suitable constant Cy > 0) and assume gy to be of this type in order to
have at least one feasible control, we can prove existence of an optimum. With the main
result from [4] and an appropriate choice of function spaces, necessary optimality conditions
are derived containing measure-valued Lagrange multipliers. Other authors have dealt with
degeneracies in a similar way, cf. |26, [27] 28]. The results in the second part of this thesis
seems to be—except for these mentioned results—one of the first works for optimal control
problems subject to a degenerate partial differential equation.

In order to circumvent the measure-valued Lagrange multipliers and to make the control
problem implementable, we want to use a relaxation method, e.g., to remove the state
constraint and add a penalty type functional,

2
Lco-u"
to the original functional J, and let the regularization parameter v > 0 tend to zero. But
doing this at this point would lead to the same problems as above since it could lead to
non-feasible solutions (i.e., y < Cp in a region), which could lead to ill-posedness of the
equation. This vicious circle is broken by introducing a regularization parameter £ > 0 into
the equation, leading to

v = —([f (W) + lyawa) , — (G0(¥) )z + e (TF-eps)

We can now consider an intermediate optimal control problem where state constraints
y > Cp are present, and € > 0 is active. Clearly, this intermediate problem is solvable,
and necessary optimality conditions can be derived. The main result of the second part of
this thesis is the convergence of optimal state-control pairs {(ye,uc)} of the intermediate
problem towards a minimum of the original problem for ¢ — 0 (for a subsequence); see
Theorem To do this, several additional technical difficulties have to be overcome—
details are provided in the second part of this thesis.

After establishing the intermediate problem, a relaxation of the state constraint via a
penalty type approach leads to a well-posed optimal control problem, for which existence
is shown. As a second key result, convergence to a solution of the intermediate problem
(i.e., state constraint being present and € > 0) is shown for v — 0, and necessary optimality
conditions are derived—now, they contain only regular Lagrange multiplier, which is a good
starting point for the numerical implementation.

We note that the convergence results are only proven for g = 0 or g9 = —1. For other fixed
potential functions, some particular results do not hold, which is why the theory for more
general potential functions is left open.

In [67], the authors study with € = 1 as the governing equation, and then they
consider an optimal control problem where Jrp is to minimized with respect to (I'F-eps)
(for ¢ = 1) with minor obvious differences (which are not crucial for their analysis). This
problem coincides with the intermediate optimal control problem in our context without
state constraints. The main theorem in [67] is to proof existence of solutions for the de-
scribed optimal control problem. In contrast to our work, the main difficulty of paying



attention to the degenerate governing equation is omitted, as well as a convergence study.
Hence the contribution to this topic by the author of this thesis seems significant since main
difficulties are addressed and solved in the second part of this thesis.

Coming back to the optimal control problem subject to (NSE|), there are also technical
problem calling for the introduction of regularization parameters. Let us first specify the
problem: We are interested in minimizing the following functional, leading to

T A ~ «
Insetpow) = [ {5 [lo- ol ot G [ ufda}

for B8, A\,a > 0, subject to (1 is assumed not to depend on p) with homogeneous
Dirichlet boundary conditions for the velocity and homogeneous Neumann boundary con-
ditions for the density. We assume pg to be consisting of two values standing for the two
fluids, respectively. The set S, is the so called jump-set containing of those points touching
both fluids, and H! is the one-dimensional Hausdorff-measure. This first term in .J is moti-
vated in order to minimize the interfacial length, which is important in several applications;
see chapter

The problem here is that Jygsg is not well-defined since the interfacial length may not be
bounded; and at the same time, the mass equation in lacks regularity properties
which impedes the derivation of necessary optimality conditions—the latter issue was also
a problem in [52]. The second problematic issue can be overcome by introducing artificial
diffusion into the mass equation by adding —eAp for a small € > 0,

pY: + ply - Vly — div(uVy) + Vp = pu,
pe+y-Vlp—eAp=0, (NSE-eps)
divy =0,

This method was once used to show existence of and therefore, it is also known that
for e — 0, the sequence of regularized states {(y:)} converges to the solution of in
suitable function spaces, cf. [54]. It is now possible to show all required regularity properties
and to derive necessary optimality conditions, but the regularity of p is so good that it
implies S, = &, hence the first term in the functional Jysg has no impact. This issue
can be overcome by replacing the term Hl(Sp) by the so-called perimeter approximation

(cf. [22]), X
Filp) = [ {a190P + 55W(0)} da

and regularizing the initial value. It is known that the perimeter approximation, Fs, I'-
convergence to H'(S,), cf. [22]. An important consequence of I'-convergence is that if

fs L f, then the sequence of minima x5 of fs converges to the minimum of f, if they
exist.

An ingenuous strategy would be the following: Solve the optimal control problem for §,e > 0
and consider the sequence of the minima (ps.,us.). Since the side constraint converges
for € — 0 and the functional I'-converges, this would be a method to construct a minimum
of the original problem, which was not clear if it is solvable. However, this is not true.
The author has constructed an easy example for functions f;, f : R — R which I'-converge,
and invertable side constraints g; = 0 and g = 0, respectively, for g;,g : R — R, but the
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combined functions do not I'-converge, although “something seems to converge”. We refer
to chapter [A] for the definition of I'-convergence and the discussed example. The author is
not aware of a concept where I'-convergence is considered with additional constraints.

It does not seem to be possible that one of the two regularization parameters for this
problem can tend to zero (or even set to zero), but there is a hint on how to scale § > 0
and € > 0 against each other: By a-priori estimates on , the gradient of p is
bounded by means of €. In order to bound the first term in the functional Fj3 uniformly
(with respect to 6 > 0 or £ > 0), we can insert the a-prior estimate into the functional Fj,
and derive € & § in order to have at least this term uniformly bounded. We note that this
is only necessary for convergence, but far away from being sufficient. However, numerical
experiments in chapter [J] confirm that this choice is quite reasonable. More details are
provided in chapter [I] and chapter [9

For both parameters being positive, existence of an optimum can be shown, and neces-
sary optimality conditions can be derived, which are the starting point for the numerical
analysis. It is not immediate that convergence results of the equation (for discretization
parameters tending to zero) are inherit by the discretization of the optimal control problem
since the adjoint equation appearing in necessary optimality conditions (which is linear)
is highly coupled with the state equation: The state variables (whose regularity proper-
ties are restricted) appear as coefficients in the adjoint equation; in this particular case
we have two adjoint variables which couple with each other as they both appear in both
adjoint equations. We want to discretize the equation by the method introduced in [12],
use the “first discretize, then optimize”-strategy (which implies directly the solvability of
the coupled state-adjoint equation system), and then we want to bound all emerging vari-
ables uniformly with respect to discretization parameters, which implies the existence of
weak limits ensuring the convergence towards the continuous optimality conditions (up to
a subsequence). In order to derive uniform bounds, the coupling effects in the adjoint equa-
tion have to be understood leading to a sophisticated analysis; details are provided in the
chapter [f] and chapter [7] The main theorem of the first part of this thesis states that the
sequence of minima of the discretized problem converges to functions (up to subsequences)
which solve the continuous necessary optimality condition; see Theorem [B:3] The same
strategy was also successfully used in [30].

In the second part of this thesis, a convergence study of the numerical analysis is left open
and experiments are based directly on the discretization of the equation.

To sum up, both parts of this thesis deal with optimal control problems subject to equa-
tions arising in fluid dynamics; both equations come with their own intrinsic difficulties, but
both require the introduction of regularization parameters in a natural fashion and therefore
illuminate different aspects of optimal control problems: The need to introduce fixed regu-
larization parameters in order to well defined functional, and to perform numerical analysis
(for discretization parameters tending to zero) in the first part of this thesis; the need to
introduce state constraints which then will be regularized and the need to regularize the
equation in order to perform the convergence of the overall convergence in the second part
of this thesis. Also, in both parts, the interface is controlled: In the first part we control
the interface between the fluids and address it with the term modeling interfacial length,
while in the second part the interface between the liquid-gas interface is given by the graph
of the state variable which is directly addressed in the optimal control problem.



In this sense, the use of the regularization parameters is somehow complementary: In the
first part of this thesis, they are coupled as described above, and both have to appear
simultaneously; in the second part of this thesis, the effect of the regularization parameters
is decoupled and one variable after the other can tend to zero.

The analysis of both parts leads to open questions. There are two important questions
about general concepts, which emerged within this work: However, not only the answers,
but even the concept behind it is unclear. The author thinks that it could be worth to
investigate on the development of concepts.

e How would an optimal control problem work, if the control is not an L? function,
but a potential function go : R — R occurring as go(y) in the equation (where y is
the state)? How can existence of optimal solutions be shown without restricting the
class of controls gy too much (e.g., if gy is a polynomial of a fixed degree, the problem
would transform into one with a finite dimensional control space)? How can necessary
optimality conditions be derived?

e How can one define I'-convergence with respect to constraints? Should the value of
the functional be set to +oo, if the constraint does not hold, or is there an other
possibility? Is it possible to prove a corresponding result to the fundamental result of
I'-convergence (i.e., I' convergence implies the convergence of corresponding minima)?

Both parts of this thesis are concluded by numerical experiments which show evidence of
the models: In the first part in chapter EI, it is shown that presence of the term H!(S ») leads
to fundamental different results than its absence. For the second part in chapter it is
shown that a fixed given right-hand side w can lead to negative solutions of the equation,
which confirms the necessity of state constraints. In both parts, comparison of various pa-
rameters were done, scaling effects of various parameters are studied, and examples leading
to applications (on an academic level) are studied.

The first part of this work relies on the published version [9], while the second part of this
thesis relies on [49]. The respective introductions of the two parts of this thesis contain a
more detailed introduction to the specific topic, and they give an overview of the structure
of the respective part.






Part |I.

Control of interface evolution in
multiphase fluid flows






1. Introduction

We plan to control the motion of a multi-phase fluid flow in a bounded domain € C R?.
A typical application includes the production of aluminum via electrolysis, where liquid
aluminum oxide flows on top of liquid aluminum in some container, and aluminum may
not come into contact with the electrolytes in some region at the top of the container [32];
as a consequence, oscillatory effects of the interface between the fluids should be avoided.
Other applications for the control of interfacial regions between different fluids can be found
in microfluidics for material processing, chemistry, biology, and medicine; see, e.g., [§].
Below, the motion of the fluid is described by the incompressible multi-phase fluid Navier—
Stokes equations (cf., e.g., [54]), and the objective functional consists of a L? tracking-type
term, together with the perimeter functional. The optimal control problem then reads as
follows.

Problem 1.1
Let 2 C R? be open and bounded, and let p : Qr := (0,7) x Q — R be given. Let
a,B,A>0,and T > 0 be fixed. Find y,u : Qr — R?, and p : Qr — R, such that

Glp,u) = /OT {67-[1(5,,)4—;\/Q\p—ﬁ|2dac+g/g|u|2da:} dt (1.1)

is minimized subject to the density dependent Navier—Stokes equations,

py; + ply - V]y — div(u(p)Vy) + Vp = pu, (1.2a)
pt+[y-V]p=0, (1.2b)
divy =0, (1.2¢c)

together with p(0,.) = po, y(0,.) = yy, and y = 0 on (0,7] x 0.

This model tracks given profiles p € L?(Qr) while simultaneously minimizing the interface
length; see Figure for the regularizing role of the perimeter functional in the optimal
control problem.

In Problem S, C Q denotes the jump set of the function p, and H* the one-dimensional
Hausdorff measure, see, e.g., [5]. The variable y denotes the velocity, and p the density
of the fluid, with g > 0 its local viscosity. A typical situation for the initial density is
Po = P1XQ, + p2xq, With 21 Ny =& and 0 < p; < p2 < 00.

Minimizing the functional G without additional constraints has been studied in former
works [5], 22|, where the perimeter functional is approximated by the following regularization
(cf. [22, Chapter 4]),

B = [ [ {9oP + W)} awar (13)

11
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where § > 0 and W(p) = (p — p1)%(p — p2)?. It is well known (for the time independent
case) that Fs I'-converges on L?(Q) to the perimeter functional p — H1(S,), which takes
finite values if p is in GSBV(2); see [5, 22]. An important consequence of I'-convergence
is that every sequence of minima of the approximative problem converges to a minimum of
the original problem.

The authors are not aware of any work in the literature where I'-convergence of (sequences
of) problems with analytical constraints like differential equations has been studied. A
naive way to deal with additional constraints is to set the corresponding functional equal
to infinity at points where the constraint does not hold. It is easy to construct examples
(even for functionals f,, f : R — R with f, L f), such that a corresponding I'-convergence
result will not be inherited in the presence of such additional constraints; see Lemma
The problem here is that by the well-posedness of the equation, the modified functional
would have to be changed in “too many points” to infinity.

In order to show existence and derive optimality conditions for a regularized version of
Problem we have to overcome several difficulties.

1. Since p € L*®(Qr) in (1.2b)), and not in SBV (Q) for almost all times in general, neither
is the jump set S, well-defined nor the mapping p — S, weakly lower semicontinuous
for almost all times. Hence, it is not clear how to construct solutions for Problem
[[.I}] Moreover, it is not obvious how to derive optimality conditions due to the lack
of differentiability of the perimeter functional. We note that in [65] it is shown that a
solution of is in BV (Q) for almost every time, provided initial data contained
in BV (2) as long as 2 C R. Even though this does not imply that p is in SBV(Q2),
it motivates hope that this can be shown in future—maybe under some additional
assumptions.

2. The derivation of optimality conditions via the Lagrange multiplier theorem is non-
trivial due to the limited regularity of the density in , and it is not clear if
the minimum is a regular point; as a consequence, the associated Lagrange multiplier
lacks regularity properties; see, e.g., [47, Chapter 1] or [56, Chapter 9]. In particular,
the Lagrange multiplier to (1.2b)) would not be a function that is defined on Q7.

In order to handle the first problematic issue, we use the perimeter approximation (|1.3))
and replace the objective function G in ([1.1)) by

)\ T ~12 B T 2 1
Js(pout) ;:2/0 /Q|p—p| da:dt—|—2/0 /Q{5|vp| +45W(p)} dz dt
T
+9/ /|u|2dmdt,
2 Jo Ja

where § > 0. This phase-field approximation is done in order to construct a well-defined
weakly lower semicontinuous functional Js : L?(H') x L*(L?) — R.

To handle the second problematic issue, we regularize by adding artificial diffusion
at a scale € > 0. This modification improves regularity properties of both, the density p
and the related Lagrange multipliers, and allows us to construct solutions of the modified
Problem The idea of adding artificial diffusion is used to solve (cf. [54]) and was
also used in [52] to derive optimality conditions for the density dependent Stokes equations.
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It can then be shown that solutions of the modified equation ({3.2]) converge to those of (|1.2)).
We also refer the reader to a corresponding discussion based on computational studies in
chapter [0

Theorem asserts solvability of the regularized optimality problem for finite €, > 0. An
open question remains as to how to choose pairings € and § in such a way that the functional
is bounded uniformly with respect to € and §. A heuristic choice which is due to standard
parabolic a priori estimates is to set § = O(¢) in order to have at least H'(S,) < oo for a
limiting density p (£,d — 0). This scaling is supported by computational evidence reported
in chapter @ Choosing € > § causes highly diffuse interfaces (see Figure , as opposed
to “parasitic velocities” in the opposited scenario where ¢ < 0 (see Figure .

There are other multiphase fluid flow models which include surface tension terms, and thus
avoid highly oscillatory behavior of the surface on physical grounds; see, e.g., |1]. In those
cases, accordingly, regular interfaces occur due to combined effects of surface tension and
the perimeter functional. Hence, we choose the present setup of the optimization problem
to decouple effects of the equation from those of the functional by addressing fluids with
negligible surface tension in this work. Moreover, this identification of effects allows for
future works with extended functionals of, e.g., Willmore energy type, which penalizes
areas with large mean curvature on the surface.

However, the literature on optimal control problems subject to the density dependent
Navier—Stokes equations is rare: A main difficulty in Problem is the strong coupling be-
tween the mass equation and the momentum equation, which leads to a strong coupling in
the adjoint equations; another problem comes from the lack of regularity of the solution of
the mass equation. We mention the work of Kunisch and Lu [52], where an optimal control
problem with an L? tracking-type functional subject to the regularized density dependent
Stokes equation in R? is studied, and optimality conditions are derived. Moreover, by some
assumptions on a nonregularized solution, it is shown that minima (¢ > 0) converge to a
minimum of the limiting problem for ¢ = 0. We note that a corresponding result seems
unclear in the present setting, where d,e > 0; furthermore, as already discussed above,
solvability of the limiting problem, Problem [I.I] has to remain an open problem.

The construction of convergent numerical discretizations of is a very recent subject.
The first work which accomplished this goal is [55], where a discontinuous Galerkin scheme
is studied for , which uses piecewise constant functions for the pressure, in particular.
In view of optimal control, corresponding (discrete) optimality conditions couple primal
and dual variables, which requires bounding primal variables in stronger norms to show
stability of the overall scheme. For this reason, we consider instead the continuous Galerkin
scheme [12], where continuous functions for the pressure space are admitted. The dis-
cretization for in [12] introduces numerical stabilization terms in order to conclude
convergence against a weak solution, which fits into the discussion above of a regularized
version of Problem as well. In the present case, since an artificial diffusion term is
introduced in , we do not need most of the regularization terms as suggested in [12]
in our scheme; see . An alternative strategy for discretizing (1.2]) is given in [38],
where is solved numerically using artificial diffusion as well; however, the convergence
analysis uses higher order finite elements for the velocity space, which is more expensive on
a computational level than the schemes in [12] and [55].
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In order to construct necessary optimality conditions by a fully practical discrete scheme for
the regularized optimization problem, we use the “first discretize, then optimize” ansatz:
We propose a corresponding implementable discrete optimization problem, which involves
the discretized equations as discussed above in [12], derive related discrete optimality con-
ditions, and show convergence of the iterates to a solution of the continuous optimality
conditions. This method benefits from the available stable, convergent finite element based
fully practical discretization of the state equation, and leads to a construction of solutions
of the continuous optimality system . The solvability of discrete optimality conditions
follows directly via the Lagrange multiplier theorem. This approach to set up discrete
optimality conditions has the advantage of being a natural and structure preserving dis-
cretization of the adjoint equation. The main challenging part is the strong coupling of
both primal variables p and y, their strong coupling with the two adjoint variables, and the
coupling between both adjoint variables themselves. In order to address this issue, we first
have to derive strong stability properties for the discrete primal variables. The second step
is to derive standard parabolic regularity properties for the discrete adjoint variables. Here,
we need the regularity of the primal variables and a combined argument: Since derivatives
of both adjoint variables are present in both adjoint equations (6.2al) and (6.2c]), we have to
multiply the adjoint equations simultaneously with different test functions and to consider
a proper weighted sum of the resulting inequalities.

From a practical point of view, other ways of controls include a finite-dimensional control
space, where amplitudes of given forces are unknown, or boundary control. However, the
distributed control provided here gives hints to regions in which region an optimal control
should act. This is relevant in certain engineering applications, such as magnetohydrody-
namics, or the control of ferrofluids; cf. |[61]. We note that all proofs can also be performed
directly in the same manner (even more easy in some points) for a finite-dimensional con-
trol space, where only amplitudes of given forces are unknown. It is likely that under some
assumptions even a boundary control could be possible.

This part is organized as follows. In chapter [3| we study the regularized equation and
prove regularity results; see Theorem In chapter [4 Problem is restated in a proper
form: We assert solvability in Theorem [£.2] and derive first order necessary optimality con-
ditions . In chapter |5 we describe the numerical setup, state the numerical scheme
for the primal equation , and show solvability and standard parabolic bounds of the
discrete density and velocity in Lemma[5.1} Moreover, we prove boundedness of the discrete
density and velocity in stronger norms in Lemmas [5.2] and [5.3] In chapter [6] we study the
discrete optimization problem and derive discrete optimality conditions . In chapter
we derive bounds for the discrete adjoint variables in standard parabolic norms. The proof
has to cope with the subtle coupling between both dual variables, i.e., the Lagrange multipli-
ers related to and ; We also motivate why we needed that strong bounds on the
primal variables. Finally, in chapter [§] we show the main result of this part in Theorem [8:3}
For numerical parameters h,k — 0, a subsequence of solutions of the discrete optimality
conditions f converges to a solution of the continuous optimality conditions
for fixed §,e > 0. Moreover, the discrete optimal control function {U"} converges to the
continuous optimal control function w strongly in L2(L2), which will be proven in Theo-
rem Lastly, we present several numerical experiments in chapter [9] Here, we propose
a variable step-size gradient type algorithm for the solution of the discrete problem and
study the relative effect of the phase-field formulation of the functional, and the stabiliza-
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tion of the PDE constraint. We also demonstrate qualitatively different behaviors of the
fluids for 8 = 0 and 8 > 0 (see Figure [9.12)) to show evidence of the regularizing effect of
the perimeter functional onto the initial interface. Those experiments are motivated from

corresponding behaviors of solutions of the L?-gradient flow of the perimeter functional;
cf. 7).






2. Preliminaries

2.1. General notation

Let W*P and H* := W2 denote standard Sobolev spaces. By
WHhE(W™4) .= WEP(0, T; W™1)

we refer the reader to standard Bochner spaces. The space C(X) denotes the space of
continuous functions taking values in X. Vector-valued functions and spaces containing
such functions are written in bold-face notation. We define

12(Q) = {ueL2(Q): /Qudm:(]}.

The space V (respectively, H) denotes the closure of {v € CF(Q) : dive = 0} in the H'-
norm (respectively, L?>-norm). For the scalar products in L? and L?(L?), respectively, of f
and g, we write (f, g) in cases where no confusion arises; otherwise, we add the corresponding
space as index to the scalar product. The notation ||.|| stands for the L2 or the L?(L?)-
norm, which will be clear from the context.

The dual pairing of X and its dual space X* is written as (.,.)x x+. The space of linear
functionals from X to Y is denoted by L(X,Y).

We use C' as a generic nonnegative constant; to indicate dependencies, we write C(.).

2.2. Known results

We recall well-known results for the state equation (1.2]). For details, we refer the reader
to [54].

Theorem 2.1

Let 0 < T < oo. Assume u € L?(L*), Q ¢ R? (d = 2,3) bounded, open, and assume
as well as y, € H and py € L>°(2). Then there exists a global weak solution (y,p) €
L*(V) x L®(L*>) of (1.2). Every global weak solution (y, p) has the following property:
For every 0 < o < f < oo the measure of {x € Q: a < p(x,t) < f} is independent of ¢ > 0.
In particular, we have for almost all (t,x) € Qr

0 <infpo < p(t,2) < ||poll L (0)- (2.1)
In addition, the following estimate holds:

Iyl + 1yl 2ov) < C(2 T, ool lll 22y, luolla)-
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3. The regularized state equation

The following hypotheses are valid for the rest of this part. In particular, smoother initial
data are required for the following analysis.

Hypothesis 3.1
We assume that

1. 0< T < .
2. Q C R? is bounded and open, with 9Q € C1!, or Q is polyhedral and convex.
3. po € H?(Q) with 0 < p; < po(.) < pa < 00.

4. yoeV.
5

. 1(p) = p > 0 is constant.

We now want to regularize (1.2)). Before doing so, we write the equation in a different way
be using the identity (as long as p; + [y - V]p = 0; cf. [55])

oy + 1y Vly) = %(pyt + (oY) + ply - V]y +div(py @ y)). (3.1)

This modification is used in order to prove solvability for the numerical scheme (5.5));
cf. Lemma We note that this modification has no effect in the continuous setting
and is only used here to make the continuous optimality system (4.1) and the discrete

one (6.2]) comparable.

After applying (3.1), we regularize the state equation (1.2)) to improve regularity properties
of the density p : Qr — R, and of the corresponding Lagrange multiplier ) : Q7 — R of the
mass equation ([3.2b) below. The system then reads (for € > 0)

1 1 1 1. .
SPYe T §(py)t + §p[y Vi]y + 5 div(py ® y) — div(u(p)Vy) + Vp = pu, (3.2a)
pt+[y-Vip—eAp=0, (3.2b)
divy =0, (3.2¢)

together with boundary conditions y = 0 and dpp = 0 on (0, 7] x 912, as well as the initial
conditions y(0,.) = y,, and p(0,.) = po.

Theorem 3.2
Let € > 0 and w € L?(L?). Then there exists a global weak solution of (3.2)) such that

yeY =L*H)NnH (H)cC(V),
p€R:=H'(H")NL>®(H?) cC(Qr).

19
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In particular, there exists a constant C' = C(e, T, u, yy, po) > 0 such that

lylly +llollr < C. (3.3)
Bounds on the solution, which are uniform in € > 0 may be obtained in the following norms,
yc LA (V)NL®(H)NHYV*), peL>®L®)nH (H™"). (3.4)

In particular, we have p; < p < pg a.e. in Qrp.

Proor
The existence of a weak solution (p,u) follows by Schauder’s fixed point theorem and
standard parabolic theory, similarly to [54].

The improved regularity of y follows from [54, pp. 32ff], while the regularity of p follows
from formally testing (3.2b)) with —Ap and testing the time derivative of 13.2b: with —Ap,
respectively. The estimates on y and p in (3.3]) are both based on Hypothesis E

To get uniform bounds with respect to € > 0 in the norms which are indicated in ,
we test (3.2a) with y and with p, and neglect (nonnegative) e-terms. Finally, the
uniform lower and upper pointwise bounds for p follow from the maximum principle for
parabolic equations, together with the bounds of pg; cf. Hypothesis O

A consequence of Theorem is that p € L2(H' N L3).



4. Optimal Control of the regularized system

Problem 4.1
Let 0 < T < o0, and &,6 > 0. Minimize Js subject to (3.2)).

4.1. Existence

Theorem 4.2
There exists at least one solution (g, p, @) € Y x R x L?(L?) of Problem (4.1

PrROOF

For every w € L?(L?), Theorem ensures the existence of a solution to (3.2)); hence the
set of feasible points is not empty, and there exists J := inf Js(y, p,u) > 0, where the
infimum is taken over all feasible (y,p,u) € Y x R x L?*(L?). Thus, we may consider a
minimizing sequence {(y,,, pn,un)} €Y x R x L?(L?), such that for n — oo

J5(yn7 Prns un) \1 J_

By the definition of the cost functional Js, the sequence {u,} is bounded in L?(L?) and—
thanks to Theorem [3.2—the sequences {y,,} and {p, } are bounded in Y and R respectively.
Then there exist y* € Y, p* € R, and u* € L?(L?) such that for corresponding subsequences
(not relabeled) and n — oo,

Y, ~Y" weakly in Y,
pn — p* weakly in R,
u, — u* weakly in L?(L?).

We have to show that (y*, p*,u*) is a solution of (3.2), and Js(y*, p*, u*) = J.

1. Following the argumentation in [54, Section 2.4], we can pass to the limit in the
momentum equation and in the mass equation (except for the much easier term e Ap™)
because of the bounds we have deduced in Theorem [3.2] By the definition of R, the

*

distributional limit of the term —eA(p™) is —eAp*.

2. All terms of Js are continuous and convex (and therefore weakly lower semicontin-
uous), except for [o W(p)dzdt. Since p, — p in R, we conclude by Sobolev em-
beddings that p, — p in L*(L*), in particular (up to a subsequence) p, — p a.e. in
Qpr. Fatou’s lemma then guarantees weakly lower semi-continuity. Hence, we have
Js(y*, p* ut) = J. 0

21
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4.2. Optimality conditions

Next, we show that the Frechet derivative of the side constraints (3.2)) is surjective on
appropriate spaces, and then we derive optimality conditions. These will be compared in
chapter [§] with the discrete ones from chapter [0]

For the next theorem, we use the mapping e : (Y x L2(H'N L) x Rx L2(L?*)) — (L?(L?) x
L?(L?) x L*(L?) x V' x H?(f)), which is defined by

e1(y,p, p, )
e2(y,p, p,u)
e(y,p, p;u) == | e3(y,p, p,u)
a1(y, p, p,u)
az2(y, p, p; u)
50Y: + 35(py)e + 3ply - Viy + 3 div(py ® y) — pAy — pu+ Vp
pi+ly-Vip+ zpdivy —eAp

= divy
y(ov ) — Yo
p(07 ) — PO

We omit boundary conditions in e, which may be treated by standard methods; see, e.g., [40}
Section 2.6]. Initial conditions are treated in the same manner as there. Note that we have
added % pdivy = 0 to the mass equation ey. Using this term is a standard way to treat the
incompressible condition in the context of a finite element approximation, and it stabilizes
the discrete operator in chapter [5] Adding this term here allows us to compare continuous
and discrete effects in later chapters.

Theorem 4.3

Let 0 < T < o and €,0 > 0. The mapping e is well-defined and Frechet differentiable.
Moreover, for each (y,p, p,u) € Y x L>(H' N L3) x R x L2(L?), the derivative €' (y, p, p,u)
is surjective.

Proor
1. With the estimates in Theorem (3.2 we see that the mapping e is well-defined.

2. The candidate for the derivative of e is
<6’1 (Y, p, p,u), (8y, dp, p, 5U)> = p(6y): + %méy + %p[ﬁy Vg + %p[y - Vl]dy
+ %diV(péy ®y) + %diV(py ® dy) — pAdy
+ dpy; + %(&))ty + %My -V]y — %&)u
+ %div(dpy ®y) — pdu + Vip,

1 .
<€'2(y,p, psu), (8y,0p,dp, 5u)> = (0p)e + [y - V]op + 5opdivy — Adp
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1
+ [0y - Vip+ ipdiv oy,
<eé(y)p’ P, ’lL), (5?!, 5]?, 5/), 6u)> = div 6y,
<a'1 (y,p, p, ), (8y,dp, dp, 5u)> = 5y(0,.),

(ab(y.p, p, w), (8, 0p, 3p, ) ) = 3p(0, ),

which is obtained by direct calculation as in [40), Section 2.6].

3. Let (f,g,h,@,9) € L*(L*)x L*(L?)x L*(L*)x V x H?(Q) and (¢, ) € L*(Q)x L*(Q).
The existence of solutions (8y,dp,dp, du) € Y x L2(H') x R x L*(L?) for

(€'(y,p. p,w), (8y, 0p,0p, ) ) = (£, 9,h),

éy(o) ) =¥,

5P(O, ) = lﬁ;
together with suitable boundary conditions, follows from standard linear parabolic
theory; cf. [53] and Theorem [3.2] 0

Theorem allows us to apply the Lagrange multiplier theorem (cf. [56], Section 9.3]),
and thus to deduce necessary optimality conditions for Problem below. We define the
Lagrange functional £:Y x L2(H' N L) x R x L*(L?) x L*(H) x L*(L?) x L*(L*) — R
via

1 .
E(?J’Py/)?u; z,4, 77) = J(pa u’) + <777 pt + [y : v]p + ipley o EAP>L2(L2)’L2(L2)

1 1 1
+ <z, 3PYe T 5Py + 5ply - Vy — ply + Vp — pu>
1

- §<p[y-V]z,y>

L2(L?),L2(L?)

R N O (@ divy) a2 2.
By using the directional derivatives of e from the proof of Theorem together with
integration by parts, and setting the derivatives of £ equal to zero, then a straightforward
calculation, together with methods from [40, Section 2.6] leads to the following optimality
conditions:

1 1 1 1 1
0= 5nVp—5pVi—gpz—pzi+ 5pVyz — 5[Vp-ylz (4.1a)

1
—rly - V]z = 5pVay — pAz — Vg,

0= divz, (4.1b)
0= p—p) — B08p+ LW (p) —m — [y~ VI — <y (4.1¢)
1 1 1 1
toz gy ztgly Vly-z-u-z- gy -Viz-y,
0 = au — pz, (4.1d)

0 = py, — ply - V]y — pAy — pu + Vp, (4.1e)
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0=pt+[y-V]p—eAp, (4.1f)
0= divy, (4.1g)

together with the initial conditions
y(0,.) =yo, p(0,.)=po, =2(T,.)=0, n(T,.)=0
and the homogeneous boundary conditions
y=0, Ohp=0 2=0, On=0 on (0,T] x 0.

The Lagrange multiplier theorem assures that this system has at least one solution.

The derivation of initial and boundary conditions is done by a standard argument; cf. [40,
Section 2.6].

Equations (4.1a)) and (4.1c)) are the adjoint equations, and equation (4.1d)) is the optimality
condition, while equations (4.1€) and (4.1f) are are identical to the state equations ([3.2a))

and (3.2b)).




5. Discretization of the state equation

We now consider a discrete version of (3.2)), a modification of which is studied in |12].

5.1. Numerical setup and notation

Let 7, be a quasi-uniform triangulation of Q with h := maxpe7;, diam 7" and

Ry, = {Xh € C(Q) : Xh‘T S Pg(T) VT € ’ﬁl} .
We assume that the triangulation is strongly acute; see, e.g., [51]. For the finite element
approximation, we define the following spaces.

e Ry, for the approximation of the density p;

e V}, and My, as an inf-sup stable conforming pair (e.g. Taylor-Hood or MINT elements)
for velocity y and pressure p, involving zero Dirichlet boundary conditions for y;

e the space of discrete divergence-free functions

Jh = {’Uh € Vh : (diV ’Uh,Xh) =0 for all Xh € Mh}.

Recall the discrete Laplace operator Ay, : Ry, — Ry, where
—(ARV,®) = (VV,V®) VYV, ® € Ry.

Analogously, we define the vector-valued discrete Laplacian for the space Vi, by A, : V), —
V. The discrete Stokes operator Ay, is defined by Aj = —PhAh, where P, : L? — J,,
denotes the L2-projection. For details, we refer the reader to [42, Section 4]. The subset
consisting of finite element functions V' € Ry, such that [|[ALV]|2 < C < oo with C > 0
independent of h will be denoted by H2_ . C Rj,. The subset H3,.. C V}, is defined in the

same way.

We will often use the following discrete embedding and Gagliardo—Nirenberg type inequal-
ities (cf. [42, Lemma 4.4.]):

IVV e < CUIALV] + IV V),
IVVIize < CIIVVIZ(IARV ] + [VV])2.
IVV s < ClALV,

IVV|pa < CIIVV|Z AL V|2

25
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Let t, :=nk (for n =0,...,N), for k = %. Let (Y°,R%) € V} x Ry, be the projection of
(Yo, po), with p1 < R® < ps.

We will use the following notation for discrete functions: The notation {V"} C X}, describes
a family of finite element functions (in a finite element space X},) evaluated at subsequent
times t,, while V : Qr — R stands for the piecewise affine, globally continuous time inter-
polant of {V™}. Moreover, we define the following piecewise constant in time interpolants
of {Vn} for t € [tj, tj+1),

V() = Vit Ve(t) =V, Vo(t):=VIiTh

For vector-valued functions v : Q7 — R", we shall write all quantities in boldface, i.e.,
V™ for the discrete iterates and V : Qp — R"™ for its time interpolant. For the variables
p and n, we use the capital letters R and £ for the time interpolant, while there should
be no confusion with the space R from Theorem The discrete time derivative of the
function V will be denoted as S

dtV" = 7]{: .
The discrete version of reads as follows: For 1 <n < N find (Y",P",R") € V}, X
M}, x Ry, such that for all (Z,II, E) € V', x My, x Ry,

1
0= (&R" E) +&(VR", VE) + ([Y" - VIR", E) + 3 (R"divY", E), ~(5.52)

1 1
(R"Uu", 2) = §(R”_1th”, Z)+ 5(dt(R”Y”), Z)+u(VY",VZ) (5.5b)
1 1
+ 5([R”_1Y”_1 VY™, Z) - 5([R”—lY”—l -V)|Z,Y") + (VP", Z),
0 = (divY™,1II). (5.5¢)

The assumptions on the strongly acute triangulation imply a lower bound for the discrete
density. The additional term %R” divY™ in , together with the reformulation in
via again make the convective operators in and skew-symmetric. For
details, we refer the reader to [12]. Just as in [12], we can establish ps as an upper bound
of {R"}, which is due to the discrete maximum principle.

In the remainder of this chapter, we derive bounds for the iterates in ([5.5) and verify that
solutions of (5.5 converge to those of (3.2)) for vanishing numerical parameters k, h — 0.
We proceed as follows:

1. Derive uniform bounds for the fully discrete scheme in standard parabolic norms; see
Lemma [5.1] By stability of the interpolation, all interpolants inherit these bounds.

2. Derive uniform bounds in higher norms for the fully discrete scheme for {R"}; i.e.,
bound R in L*(H3,.) N H'(L?) N L>®°(H') uniformly with respect to k and h (see
Lemma . To do this, we have to test (5.5a) with —A,R™ and with d;R"™.

3. In Lemma we want to bound R in H'(H') and Y in L?(H3,.) N H'(L?),
which requires a bit more regularity on Y and R, respectively, than is available from
Lemma In order to conclude, we have to simultaneously test ([5.5b) and ([5.5a))
with different test functions and combine all inequalities. We highlight more details
of this strategy at the beginning of the proof of Lemma [5.3] This approach partly
mimics ideas from |54} Section 2.2].
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4. With these bounds, and a discrete version of the Aubin—Lions compactness theorem
(see Lemma [5.4), it is possible to derive strong convergence for the affine interpolants.

5. By arguments from [62], strong convergence also holds for constant in time inter-
polants. This will lead to the convergence of the scheme (5.5 to (3.2]) up to subse-
quences.

5.2. Stability of the scheme

Lemma 5.1
Let 0 < T < o0 and € > 0. For every 1 < n < N there exists a solution (Y, P", R") €
Vi, X My, x Ry, to (5.5) which satisfies

%dt U]\/ﬁY”HQ] +u”\/R”*1VY”H2+§ MVRnlth”m - /QR”—lU”Y"dm,
SR + & [ R 7] + | VR =0,

as long as k < ko(€2, pmin, Pmax, T, i1, €) is sufficiently small. For small enough h, k > 0, and
every 1 <n < N, there holds

0<p1 <R"<py<oc. (5.6)
In particular, we have the following uniform bounds for Y and R:
1Pl oo 2y + 1Pl L2y + 1Rl oo z2) + 1R 2y < Clesw, T).
The bounds also hold for Y*/~ and R*/~ respectively.

PROOF
This lemma relies on |12, Lemma 3.1] and can be proven with small modifications. 0

Property (5.6) is a weaker form of the property (2.1), which is hold by the continuous
solution of (1.2). The property (5.6]) is very important for the following estimates.

Lemma 5.2
There holds uniformly with respect to k,h > 0

IARRN 22y + VRN Z oo (12) + 14 R |72 (12) < C(e, T),
as long as k < ko(£2, pmin, Pmax, Ls i1, €) is sufficiently small.

Proor
Step 1. Test (b.5a) with —A,R™ € Ry,

1
(d;VR",VR") +¢||ALR"||?> = ([Y" - VIR", ALR") + i(R" divY", ApR") =: I + L.
For ¢ > 0, we estimate both terms by

Iy < o|| AR + C(o) VY™,
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Iy < ol| ApR™ | + C(o) Y ||l VR" |74
< ol ARR"P + C) Y IVY [ [V R"| (HAhR”II + IIVR"II)
< o AR 4+ C@) (Y FITY ™I + [ VY [V R
where we used . By Lemma and an appropriate choice of o, we may conclude
by Gronwall’s inequality to bound AxR in L?(L?) and VR in L>(L?).
Step 2. In order to show bounds for d;R, we test with d;R" € Ry and get

1
|d:R™||? +e(d; VR",VR™) = —([Y"™ - V]R", d;R™) — (R divY™ dR") = Th + 1T,
Both terms can be estimated as follows for o > 0:
II <o dR"|” + C(U)(\D”“‘IIQHVY"H2 + HY"HIIVY"H) IVR™||*> + C(0)||AnR"||?,
I, < o||d;R™|)*> 4+ C(0)||[VY ™2

Again, we conclude by Gronwall’s inequality, Lemma [5.5] and the first part of this
proof. 0

Lemma 5.3
There holds uniformly in k, A > 0

IVl 22y + 1Pl ooy + 1280V p2r2y + (IVdeR | 22y < C(e, T),
as long as k < ko(£2, pmin, Pmax; Ls 14, €) is sufficiently small.

Proor

Before starting with the technical part, let us mention the main difficulties to overcome in
the proof: We will first test with d;Y™ and A,Y" in order to get positive terms
to obtain the desired norms for Y. In the following calculation, the terms I; and K> are
responsible for additional terms with no corresponding positive term, and which are not
accessible to a Gronwall type argument. These new bad terms are ||A,Y™"| and ||Vd.R"||,
respectively. Luckily, some of the bad terms are obtained with an arbitrary small constant,
which allows us to complete the proof in its entirety. In the first three steps, we will deduce
independently three inequalities; in the last step, we will combine them in a proper manner
and deduce the desired bounds. Throughout the proof, we denote by J,L, N functions
which are summable in time by Lemma and Lemma ie, kY J,... < oo uniformly
with respect to k, h > 0.

Step 1. Choose Z = d;Y™" in (5.5D)),
H\/Rn—ld Y| + HdtHVY”H? + ngdtVY"HZ
<3 L\ @Ry dy )| + ]([R”*lY”*1 VY™, YT

+3 ]([R” YV Y Y| 4 (RO Y| = Lo+ b+ s+ I
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We derive estimates for each term I, ..., I separately. Let o, 7,0 > 0. We calculate
I < olld, Y™ |* + C(o)||de R™ |74l Y ™30

< olld, Y| + C(o)|de R || (1lde VR | + e B ) [Y " |[[ VY™
< ol|d:Y"|? + 7l|Vd: R™||? + C(o, D[ d: ™ [P Y *| VY ||* + C (o, 7) || d: R |?
=: o||d,Y"|? + 7| Vd; R"||> + C(o, 7)J1||[VY™|? + C (0, 7).J3

olld Y™+ C@) Y VY™ VY™ A Y™

olld Y™ |* + 0| ALY "] + C(o, 0) [ Y IVY "2 VY P

=: 0||d;Y™||? + 0| ALY "2 + C(0,0) Lo || VY™,

I, <
<

where we used Sobolev embeddings and the Gagliardo—Nirenberg inequalities. By
Lemma we have k> J1 + Jo + J1 < C < oo uniformly with respect to h,k > 0,
but depending on e,7T > (. Integration by parts yields

Iy < | (VR Yy Y, Y”)] + ‘((R”_l divY" Y™, Y")| + I
=: I3, + I3y + L>.
We estimate with (5.2)), (5.4), and Sobolev embeddings,
I3 < ol|diY ™ [ + C(0) VR 3| Y 35 Y 7|2
<olldy™|? + C(@) | VR (| AnR™ | + [VE")
2 s H sEH S HI Sk
<olldi Y™ |2 + C() | VR (| AnR™ | + VR )
< VY Y Y (VY vy )
< olldi ™ |? + C() | VR (| AnR" | + VR )
n— n— 1 n 1 n— n
< VY iyt E v (VYR vy )
=t ol|d Y| + C(o) Jsa (| VY "2+ [VY2),
Iy, < olldiY "2 + C(o) [ Y24 VY "2
<olld Y™ >+ Co) Y| VY| [VY | Ay |
< olld Y |2 + 0| ALY " + Co )Y VY VY 2

= o[l d Y|+ 0 ALY [P + Co, ) T VY™,
Iy < ol|dY"|* + C(o)lU™7,

where we have used the inequality valid in space dimension d = 2,
[ollzs < CIVul ot Vo € H(Q).
Like above, J3, and J3;, are uniformly summable by Lemmas [5.1] and [5.2}

By choosing an approximate ¢ > 0, we deduce for a summable function J that
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1
SIVE Ty 2 + L |y | + Dkld vy

<OIAY ™2 + 7|V R 2 + O, 0) T ([ VY "2+ [VY[2) + J. (5.7)

Step 2. By the definition of the projection Pj, we have
pAY™, PRALY™) = p| PRALY™|? = ul|ARY ™).
By [42, Corollary 4.4], every V' € J, satisfies
1AL V]| < CllAV.
We may now test with ApY™ to conclude
CulAnY™|? < pl AnY ™|

<l (Bl Y™, PRAY™)| + % (@ (B™Y™), PLALY™)

=2
1 ~ 1 -
+ 5| Y Y PR ALY )| 4 S [((R Y VIPLALY T YY)
+ ‘(RnilUn, PhAhYn)’ = K1+ Ko+ K3+ K4 + K.
Exactly as in the first step, we estimate all terms K7, ..., K5 and use an argument

similar to the first step, and use as well as ||A,Y"|| < ||A,Y™| (which holds by
definition and by the continuity of the projection Pp,); then we get for o,7 > 0
Ky < oA Y™ + Cy (o)llde Y ™|,
Ky < 0| ApY ™| + Oy (o) [[deY ™ [|* + C (o) |de R |7l Y™ 3
< o ApY P + Cy (o) Y™ |* + C(0) || de R™ |7l Y ™[4
< ol AY" | + 7|V R"||* + Cy (o) |deY ™ ||* + Clon 1) | de R P Y " * VY ™12,
= 0| ApY"|* + 7|V R"|* + Cy (0) [ d: Y ||* + C(o) Lo VY ™%,
K3 < o|| A Y™ |2+ Co)Y" |7 IVY |74
< | A Y|P+ C@) Y™ VY " IV Y [ Ay Y ™|
< o AY "2+ Clo) Y P IVY TP VY T
= o ApY"|* + C(o) Ls[|VY ™%,
Ky < Ky +|(VE"- Y" ALY Y| + (R div Y"1 A, 7, v
=: K3 + K4q + Ku,
Kio < ol ApY"|* + C @)V R 2l Y™ 17 Y I3
<ol ANY"2+ C) VR Y| (|aR | + VR
< VY Ry (VYR 4 vy ?)
= 0| A Y2 + C(0) Laa (VY "2 + [VY™[?),
K < ol A Y " > + C(o) | Y™ |74V Y " |74
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< oA Y|P + C@)IIY VY [IVY " 1A Y ™|
<l AY" 2 + oA Y2+ Co) Y|P IVY VY 2
= o ApY"|* + ol ApY "2 + C(o) Ly VY™,

K5 < ol|ApY™|* + C (o) U™,

where we used integration by parts for term Ky. For each L; we get uniform bounds
k3 Li < C < oo by Lemmas and Choosing o > 0 small enough then leads,
for a summable function L and a constant C'y € R, to the following estimate

|ApY" |2 < 7| VdR" | + Cy [ dY ™| + L+ COL(IVY ™2+ [VY™[?). (5.8)

Step 3. We take the time derivative of , which reads as
(di)*R" — eApdiR" = — [dY" - V]R" — [Y"" 1. V]d;R" (5.9)
— %dtR" divy™ ! — %R” divd, Y™
Multiply with d; R"; then integration in space leads to
((d)?R", d,R™) + & Vd R"
= — ([d:Y™-V]R",d;R") — ([Y" ! . V]d;R",d; R™) — %(dtR” divyY™ ! 4;R")

1
— S (R"divd, Y™, d,R") = My + My + My + M.
We calculate for o, A > 0
My < MY ™2 + COIIVR™ |34l de R34
<Nl Y ™ |2+ CO) VR | AR R || d RV, R"|
S N|d Y™ |2 + 0| Va R |2 + C(\, ) [ VR [P Ap R |]1di B
= M| deY™|)? + o||VdeR™||? + C(\, o) N1 ||d: R™|)?,
My < 0|V, R"|[* + C(o) [ Y™ 3] diR" 34
< o[V R |2 + C(o) Y VYR (Ve R+ |V R™))
< o[V R + Co) (V" RIVY "2+ Y9 Y ") [ de R
=: || VdiR"||? + C(0) No||d: R™|)?,
My < [VY" [ dR"30 < VY| [[deB” | (IR + [VR"] )
< o[V R"(* + Co) (VY™ 12 + [ VY ") [de R
=: 0||Vd:R™||* + C(c)N3||d: R™||?,
1 1 1
My = (Y™, V(R'dR") = (Y™, VR4 R") + 5 (d Y™, R"Vd,R")
=: Myq + My,
Mua < N|diY |2+ CO) VR3]l de R34
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<N|d Y™ |2+ CO VR (|AnR™ | + VR ) R (| Vdi B | + [|d: R
2
< o VR + A Y ™2 + 0<A>(||VR"||2(||AhR"\ + | VR")

+ VR (I AnR"| + HVR”H)HdtR”H)) |, R

=: 0|V R™|[* + N|deY™"||* + C(o, \) Nuallde R" 1%,
My, < 0|V R[] + C(o)|ldeY ™.

All functions N; are summable in time, i.e., we have k> N; < oo uniformly in &, h > 0.
For an appropriate choice of o and N being a summable function and Cy 2 € R, we
arrive at

di||deR™||* + ¢||Vdi R"||? < Cy 2||d:Y™||> + CN||d: R™||>. (5.10)

Step 4: We insert (5.8)) into ([5.7]), choose # > 0 small enough, and arrive at
1
JIVET Y|P + S VY| + Dkl d vy
< 7| Vd,R"||* + C(T)F(HVY"_lHQ + WY”H?) +F, (5.11)

where here and below F is generic summable function kST F < oo uniformly in
k,h > 0 consisting of all above functions J, L, N. Inserting (5.11)) into (5.8]), we get

IARY™|2 < 7l|VdeR"| + F + C()E (VY2 + [ VY "|?). (5.12)
We add (4Cy 2z, + 1)(5.11) + (5.10)), choose 7 small enough and arrive at
1
ZHVR"”th”H? + gdtuvwn2 + di||di R™M||” + €| Vd, R"||?
< P4 CP|dR"? + CE(I[VY ™Y+ |VY™|2).
We conclude with the discrete version of Gronwall’s lemma to obtain for sufficiently

small k < ko (€2, pmin, Pmax, Ls i1, €) all bounds expect that for A,Y. This bound of
[ARY || 12(12) can be derived by inserting all existing bounds into (5.12)). 0

The lemma above is the reason why we need p > 0 to be constant—otherwise there is no
way to get a lower bound for the terms involving Y with the methods used in its proof.

5.3. Convergence of the scheme

In order to pass to the limit, we need a discrete version of the Aubin—Lions compactness
theorem.
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Lemma 5.4
Let 75, be a quasi-uniform triangulation of Q, let {®7}_ o C Vi, with P its time interpo-
lation, such that .

1P cz2y + 1Pl 2y + 1A0P 22y < C

Then, there exist a subsequence {P};; C L*(H') (not relabeled), and P € L?(H"') such
that P — P in L2(H") for h,k — 0.

PROOF
See |18, Lemma 2.4] or |66, Lemma 4.9]. 0

The same result holds for the discrete Laplacian Ay, which is defined on Ry,.

Lemma 5.5
There exists a subsequence (not relabeled) such that for h, k — 0 the following hold:

1L Y*/=, ¥ 5 yin L®(H}) and R*~,R = pin L®°(H'),
2. Y —yin L*(H}) and R — p in L?(H?'),

3. divy — divy = 0 in L?(L?),

4. R — pin LI(L?) for 1 < ¢ < 0.

Proor
1. This is a direct consequence of Lemmas 5 3land 5

2. This follows from the estimates in Lemmas [5.3] and [5.2] respectively, as well as
Lemma 5.4

3. This follows from the second part of this lemma and ([5.5¢]).

4. Since div) — 0 in L?(L?), we conclude by [12, Lemma 3.2] that R — p in L?(L?).
By the L*°-bound of R and this information, it follows easily by Hoélder’s inequality
that R — p in LY(L7) for every 1 < g < o0. O

The bounds from Lemmas 5.1 u . 5.2 and 5.3 - yield the convergence of all linear terms in ,
and the convergence results from Lemma [5.5] are sufficient for the convergence of all non-
linear terms in ; we refer the reader to [12] for details of the concluding convergence of
the nonlinear terms.

In the next chapter, we consider a discretization of Problem and derive first order op-
timality conditions in chapter [} The main goal in chapter [7]is to verify stability estimates
for a solution of the adjoint equation. A main problem in achieving this is that the ad-
joint equation couples adjoint variables with primal variables. The stability of the adjoint
equation, together with the bounds from this chapter, are used in chapter [§| to practically
construct weak solutions of the continuous optimality conditions .






6. Discrete optimization problem

We define a discretization of Problem and show existence of a minimum. The finite-
dimensional version of the Lagrange multiplier theorem directly yields existence of a solution
to the related discrete optimality system , which corresponds to . The “first
discretize, then optimize” ansatz allows us to benefit from the results in the stability analysis

for .

Problem 6.1
Let ¢,6 > 0, and A,k > 0. Minimize Jsp, 1, : {Rh}ﬁle X {L2(Q)}7]1V:1 via

P . a X
Tsnn(R.U) = sz/ |R"—p(tn)\2dm+—kz/ U da
2 n=1 Q 2 n=1 Q
+5k§j/ {5|VR”|2+1W(R”)} dz (6.1)
2 —Ja 46 .
subject to (5.5)).

A variational discretization for {U™}, is used, i.e., every iterate U™ is in L?(Q) a priori;
however, {U"} is discretized implicitly through by means of R and Z, and its time
interpolant is bounded uniformly in LQ(LQ). The advantages are an easier analysis and a
natural discretization; i.e., we do not have to consider projections in . We refer the
reader to [45] for details. At the end of chapter [8) we show that U — w in L?(L?).

Similarly to the proof of Theorem [4.2] we can prove the following theorem.

Theorem 6.2
There exists at least one solution of Problem 6.1

We state the Lagrange functional and consider derivatives of it with respect to all unknowns.
As in chapter |4l we can use the Lagrange multiplier theorem in order to derive optimality
conditions. We define the Lagrange functional via

Eh,k(:ya P? Raua Zv Qv 5)
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N
1
= Jsnk(R,U)+ k Z <dtR” +[Y" - VIR" + §R” divY"™ — eA,R", E”>
n=1
N1 1 1
k - nfld Yn -d nyn - nflynfl i Yn Zn)
" ;(QR Y S d(RUY) + (R vy,

+k ivj (—MAhY" +VvpP" - Rplgn, Z”)
n=1

N N
kY % ([B"'y" 1. V]Z" Y") + k> (divy™, Q).
— n=1

The first line stands for (5.5a)), and the following lines for (5.5b)) and (5.5¢|), respectively.
For notational simplicity, let £ = L}, ;. below.

The derivatives of £ with respect to the Lagrange multipliers {Z"},,{P"},, and {E"},
lead to . Setting all derivatives of £ equal to zero, we may infer by the Lagrange
multiplier theorem and integration by parts in the same manner as in chapter 4] that the
coupled system of and the following system has at least one weak solution:

1 1 1 1
0= 5E”VR" — 5R"VE" — §dtR"Z" — R*d, Z"! + 5R”VY"“ . znt (6.2a)
_ %anzn-‘rl . Yn-‘rl o %(VRTL—]. X Yn—l)zn o %Rn—l le Yn—lzn
—[R*Y" V2" - pAyZ" - VQ",
0= —divZ", (6.2b)
1 1
0= —dE" — [Y" - V]E" + S (divY™)E" — eARLE"T! 4 ith"H AR (6.2¢)
1 1 1
_ §Yn . dth+1 + 5[Y'TL . v]YTL+1 . ZTL+1 _ Un+1 . ZTL+1 o §[Y'rL . v]ZTH-l . Y?’L+1
PR — pltn) — BEAR" + S (B),
0=aU"—-R"'2", (6.2d)

together with the final conditions EV*! = 0, ZN¥*! = 0, and QV*! = 0 and homogeneous
Dirichlet boundary conditions for {Z"},,.



7. Stability of the discrete adjoint equation

We derive uniform bounds for existing solutions of (6.2)). These results are used in chapter
in order to identify the limit of (6.2 for h,k — 0.

Lemma 7.1
There holds uniformly in &, A > 0

HZtHiz(LQ) 20 oo 2y + 12 2ay) + NENT2 ) + €l oe (22) + 1€l 2(aye) < Cle, T),
as long as k < ko(£2, pmin, Pmax; Ls i1, €) is sufficiently small.

Proor

The proof consists of four steps. We test with Z" and d;Z", and we test
with E™. The crucial terms arising in the analysis below are in particular I, 14, and I115.
To properly deal with them, we have to consider a weighted sum of the single inequalities
similarly to that used in the proof of Lemma [5.3

Step 1. We test (6.2a]) with Z™. Thanks to (div Z", Q™) = 0, we arrive at

1 1
— (R 2™, Z™) + p||VZ" | = (R Z", Z") = S(E"VR", Z")

1 1
+ 5 (R'VE", Z") — i(R”VY"“ AR AL

+ %(R”VZ"“ YL Z) + %([VR’H Yz, zn)
1
(R vy 2", 27 + (R'ynt vz, 27).

By elementary algebraic calculations, we find

1 1 1
—(R"d; 2™, Z™) = —idtH\/R”Z”HHQ — (R 2", Z") + §k|]\/R"dtZ"||2.
Hence, we get
1 k
- §dﬂ|vR”Z’”‘“ll2 + §HVR"dtZ"H2 +ullvZ"?
n n 1 n mn n n n
< |ldeR™|||| Z Hi4+§HVR [l E* [ allZ2™ ] + CIVE™ || 2"
+OIVY" T ZHY || 27 o + CIVZPHH [ Y | | 27
]‘ n— n— n : n— n
+5IVR Y™ Hipall 270 + Cll div Y| 2| 27| 74
+OIY" e IVZY 2| 27| = [ + I + ... + Is.
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38 7. Stability of the discrete adjoint equation

For a small 0,60 > 0, we calculate with the same tools as in the proofs of Lemmas

and [5.3]
I < o|[VZ" |2 + C(o)|[deR" |21 27|12 =: o |V 2"|* + C(0)11]| 2",
I < VRl (|E"[| + [VE"[)]| 2" < 6] E"|* + 6]|V E" |
+CO)|VR" |34 2" 2 =: 0| E"|2 + 0| VE"|* + C(6) | 2",
Iy < O|VE"|* + C(0) 2",
Iy < CIVY™ P 2|V 27|+ O vy 2| 2| v 27|
<ol|VZ" |2 + o[ VZ 2 4 Clo) VY (| 2P + 1127 2)
= | V2" + | VZ |2 + Clo) a1 272 + 1 2712),
Iy < o[ VZ" |2+ Co)[Y ™3| 27|12 =: o[ V2" |2 + Clo) J5 |1 272,
Iy < VR ||| Y™ | 271V 27
< o VZ + C(o) | VR | al[ Y| o] 22
=1 0]|VZ" |2 + C(0) 5| 2",
I; <o|[VZ"|? + C(o) VY2 272 = o VZ"|* + C(o) J2 |1 22,
Is < o|[VZ" |2 + C(o)[Y " 3| 277 =: 0|V 2" |2 + (o) Js ]| 2",

—~~ T~ —~

where k3 J; < C' < oo uniformly with respect to h,k > 0, by Lemmas and
Summing up and choosing ¢ > 0, we get for a summable function J and a 6 > 0
(which will be chosen later)

1 k
— SAVRIZTE 4 V2T 4 S VR 2

<OIE"|? +0|VE"|? + C(0)T + CO)T (| 2|2+ |1 2"]?). (7.1)
Step 2. We test ([6.2c) with E™ and get

1 k
I VEE — Sd BT + S B
1. . 1
<Y e IVEE | + 5l divY " WIE 30 + 5 IdeY ™ | 27+ ) | B s
1 1
I e ZE | + S I [l 274 a7

1
HIO N2 gl B s + SV s V2 s B s

p

+ AR = p(t), B")| + B3| An R B” | + L5

=: IIl—I—IIQ—{—...—l-IIlo.

[(W/(R™), E™)|

For o,7,\ > 0 small enough, we derive the following estimates using the techniques
from the first part:

I < o|VE™|? + C(o)|Y " [z | E" | =: o[ VE"|* + C(o) K| B,



1L < CIvY" ||| (| VE™| + | E"])
<ol|VE" |2+ C(IVY™ 2 + VY "||) | E"]?,
LIy < ClldY ™ gal| 22| 2| 2 | B2 (| VE™ |2 + (1B %)
< o|VZ R 4 0| VE | + C(o)||d Y " |2 27 2
+C(o) (Y ™2 + Y ") [ B2
= ol|VZ" P + o VE| + C(0) Ks|| 27 + Clo) K| B2,
Iy < 7)[di 2" |2 4+ () [Y "o | B |2 =: 7lld 272 + C(r) K| B
115 < C||Z" ||V 2"+
+ CIY VY VY ALY B IV ET + 1B

< AIVZP 4 o|VE P + C@) (Y PIVY P9y 2| Ay P

Y IY VYA Y ) B + C))| 22
= A|VZ" 2 4+ ol | VE| + CV | 2P + C(0) K5 || B2,
IIs < CIlU™ || 2" ||V 2 | + U | Em) (V™| + | 27]))

SAIVZM 2 4 ol | VE| 4+ CO) U2 272
+ C(o) ([U™2 + [Um+) 1 Em)?
= A|VZ L2 4+ ol |[VE"| + CV) Kol 27|12 + C(o) Ko || E"?,
[l S A|VZ" 2+ CONY 2l Y™ 26 | B (IVE™ | + | E"]))
<AIVZ" 2+ of| VET
+ OO o) (VY[ VY ™ + VY[V Y ™) | B2
= A|VZ" 2 4+ ol | VE| + OO\ o) K7 | B2,
IIg < C(\) + |E"|J,
[Ty < C(8,6)| AnR"|? + | E"|* =: Ko + | E"|?,
Iy < C(B,6) + | E"|*.
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Again, we have k> K; < oo uniformly in k and h for each i by Lemmas [5.2] and

We have derived the following estimate:

€HVEn+1||2 . dtHEn+1H2 + kHthnJrlHZ

< MIVZ" Y2 + 7)|d 2712 + OO\, K| 272 + C(\ 7K || EM?. (7.2)

Choosing A, 0 > 0 small enough and adding (7.1) and (7.2)) together, we get

9
—di| VR Z" P + gHVZ"II2 — A BT+ SV E?

< 7lld 2" P+ C(r) TN 272 + C(r) K| B, (7.3)

where F is a generic summable function consisting of J and K from above.
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Step 3. We test (6.2a) with —d;Z"! and get
/R”dth+1 2 _ Hdt VZn+1 2 + ﬁk’ dtvzn-i-l 2
2 2

1
< §II\/IWET”LdtZ”“II2 +C|E™74IVR™ 74 + CIVE"||” + C||de R"|[74]| 2™ 74
+OIVY ™ 3 27 G+ CIVZTH P Y 7
+OIVR 2 Y R 127130 + CIUVY ™ 12411 27 14
1
+ Oy 2| VZT? = §\|\/R"dtZ"“HQ +IIL + 11T+ ... + I,
Again, every I1I; can be estimated as follows, using some positive constants 6 > 0:
11 < O VR|(J1anR" | + VR ) | B (IVE"| + | E]])
n||2 n||2 n n 2 n||2
SOVE™|"+CO)|VR"| (IIAhR |+ VR II) (281
+COIVE|[(|anR" | + VR )| B
= 0| VE"[|” + C(0) L. || E"||?,
III, < Cg||VE"|]?,
ITI3 < CHdtR”H(HthR”H + IIdtR”H)IIZ"!HIVZ”H

< V27| + Clld R (I Vd R + [ ) 1272 = [V 272 + CLs| 272,
1 < [VZM 2+ CIVY ™ P ALY ™2 272 = [V 27?4+ CLy| 272,
III5 < Y™ G | V272 =: Ls |V 272,
1115 < VR (JARR" | + VR ) [Y "3 |V 27|12 =: CLe |V 2",
I < CIVY" 3V 2" = CLe||V 2",
11 < C|Y" 3| VZ"|? = CLg|| VZ"|.
As above, all L; are such that £>_ L; < C. We now have shown the following estimate:
VR 2" |? = dif| v 27+
< CullVE"|2 + LIIE"? + L(I1Z"|2 + V2|2 + | Z2™)  (7.4)

Step 4. We consider now the sum (2e~'Cg +1)(7.3) + (7.4) and get for a appropriate choice
of 7 that

~d VR ZMH P = dyl|[ BV — del |V 272
+C|VZ"|? + C|VE™|? + VR d, Z" 1|2
< FZ7 T2 + FIEM|PP + FIVZ"|?
with some generic summable functions F' consisting of J, K, and L from above. The

discrete version of Gronwall’s lemma leads then to the assertion of the lemma for a
sufficiently small k& < ko(£2, pmin, Pmax; Ly 14, €)- 0O



8. Convergence of the Scheme

In this chapter, we pass to the limit for the adjoint variables, thanks to the bounds from
the previous chapter, and identify the limit with a weak solution of the corresponding
continuous optimality system (4.1)).

Lemma 8.1

There exist functions p* € H'(HY) N L2(H?) N L>®(HY), y* € L=¥(V)N L*(H?) N H'(H),
€ HY(H YN L*(HY)Y N L>®(L?), 2 € H'(H)NL>®(H) N L*(V), u* € L*(L?) such
that a subsequence (not relabeled) of {R"},{Y"},{E"},{Z"},{U"} converges to their
counterparts in the following sense (for h, k — 0):

R~ R p* weakly star in L% (L),
R~ R — p* strongly in L?(H?'),
RY~ R — p* weakly in H'(L?),
divy*~,divy — 0 strongly in L?(L?),
/oy —yt weakly in H'(L?),
y'/—, y iyt weakly star in L>(V),
Y/ Y syt strongly in L*(H?"),
g0 e~y weakly in L?(H'),
gtle ey strongly in L*(L?),
ZH Z 2 weakly in H'(L?),
Zt/e Z weakly in L2(H"),
Zte z 2 strongly in L?(L?),
div Zt/* divZ — 0 weakly in L?(L?),
ut’*u — u weakly in L?(L?).

PrROOF

The weak convergence and weak-star convergence, respectively, follows from Lemmas [5.1
and The strong convergence for the affine time interpolants are obtained by
the bounds and Lemma Since increments are bounded (see Lemmas and [7.1)),
all constant in time interpolants inherit the strong convergence as already mentioned at the
end of section [5.1 O

These convergence properties are sufficient, such that all linear terms in (6.2)) will directly
converge to their continuous counterparts in a weak sense. It remains to identify weak
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convergence of all nonlinear parts, where we use in particular the strong convergence results
For a simpler notation, we drop the stars from the limits derived above.
By a standard density argument, it is enough to identify the limit for used smooth test

from above.

8. Convergence of the Scheme

functions.

Lemma 8.2
Let ¢ € C(C)’O([O,T),Cgo) or ¢ € C3°(]0,T),C*>) respectively. We have

1.

e e et
AR i R - el

16.

© N e o W

(VR*E®* — Vpn, ) — 0.
(VE*R® — Vnp, ) — 0.
(R*Z; — pzt, ) — 0.

(ReZT — prz, ) — 0.

(VRT - YTZ*—Vp-yz,¢) = 0.
(R™divY Z°* — pdivyz,p) = (R divY Z° ¢) — 0.
([R7Y™-VIZ* = [py - V]z, ) = 0.
(ROVZTYT — pVzy, ) — 0.
(ROVYHZH — pVyz, ) — 0.
(Y*-VIE® =y - VIn,¢) = 0.

(divYeE® —divyn, ) = (divY*E®, ) — 0.
V-2t —y, - 2,0) = 0.

Y2 -y zm@) = 0.

([Y*-VIY"- 2% —[y-V]y-z,¢) = 0.
(Y*-VIZ2T- YT —[y-V]z-y,9) = 0.
UT - ZT —u-z,p) — 0.

[
[

Proor

1.

2.

We write
(VR®*E® — Vo, ) = (VR*(E* —n), @) + (V(R* — p)n. ) = 1 + 11
and calculate
I <|[[VR®*|l2(2)I€° = nll 22y lpl oo (zy — O,
IT = (V(R* = p),ne) — 0.

We write
(VE*R® — Vnp,p) = (VE(R®* —p), ) + (V(E* —n)p,p) = T + 11
and calculate
I <|IVE* 212y IR® — pll2(r2ylpll Lo (zoey — O,
IT = (V(E* =), pp) = 0.
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3. We write
(R*Z: — pzt,0) = (R* = p) 21, ) + (p(Z2 — 2)t,p) =0 [ + 11
and calculate
I <[l@e(R* = o)z 1 2ell 21y < IR® = pll 2y | Zell p2m—1) I Vel Lo () — 0,
I1= (2 = 2)1, pip) = 0.
4. We write
(ReZ" = prz, ) = (Re(ZT — 2),0) + (R = plez,p) = I + 11
and calculate
I < Rell2) |27 = 2l 22y el oo (ney = 0,
IT=((R= sz ) = 0.
5. We write
(VR™ - Y Z*—Vp-yz,p)
=(V(R"=p)yz, o)+ (VR™ (Y —y)z, )+ (VR -V (2°—2),p) = [+I1I+II]
and calculate

I'=(V(R™ =p)y-zp) =0,
IT < VR |lzoe(12) Y™ = Yl L2y 12l 224y |0l oo () = 0,
I < [[VR™ |2 l¥Y ™ Nzl Z2° = 2l 22y 1ol oo (zo)
<IVR [lzae) (18R 2oy + VR [ z2(z2))
XNV M peo 2y | 2° = 2l 22y lpll Lo () — 0.

6. We calculate
(R™divY™ 2%, ¢) <R |l zoc ooy [ div Y™ (| 222y 1 2° || 22y |l Low (20 — 0.
7. We write

([R7Y™-VIZ® - [py - V]z, ¢)
= —(VR™-Y Z*-Vp-yz,p) — (R divY Z°* —pdivyz, )

~ ((RY™ Ve, 2%) — ([py - Vi, 2)) = —1 — 11 — 1.

The terms I and 11 are estimated in the last two parts. We rewrite 111 in the following
way:

HI=(R™(Y™ —9)-V]lg,Z2°) + ((R™ = p)y - Vie, 2°) + ([py - V]p, Z2° — 2)
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10.

11.

8. Convergence of the Scheme

= IIl,+1II,+1II..
The three terms can be estimated as follows:

1, < R |pee o)l Y™ = Yll 22y [Vl oo (o) | 22| 22y — 0,
ITT, < |R™ = pllzayllyll oo (zay [Vl oo 2oy | Z2° | oo (22

< CIVR™ = p)llr222) VYl Lo (2) Vel oo () | 22| oo (£2) — O,
ITIe < |R™ (| Lo (zooy 1Yl L2y IVl Lo (o) | 2° = 2| 2 (g2) — 0.

. We write

(ROVZTYT - pVzy, )
= (R =p)VETY* o)+ (V(ET-2)y, 0)+ (pVET (V' —y), @) = [+II+11],
and by integration by parts,
II=—(2"=2,[Vpply) — (pVyY(Z" —2),¢) (2" — 2, pdivpy) = [, +11,+11.
We calculate
I <[R® - P||L2(L4)Hvz+”L2(L2)Hy+||Loo(L4)||‘P||L°°(L°°) — 0,
II, — 0,
I, < HPHLOO(LOO)HVyHLZ(LZ)Hz+ - ZHL?(L2)||<PHL°O(L°°) —0,

1, - 0,
IIT < pllzee ooy IVZ T 22 1V = yll 22y 1l oo (poey — 0.

. This estimate is just the same like the last one except that Z% and YT are inter-

changed and the derivative affects ', which has an improved regularity in contrast
to ZT.

We write
(Y*-VIE* — [y VIn,g) = ((¥* —y) - VIE® ¢) + [y - VI(E®* —n),p) = T+ 11
and calculate

I<I¥* =yl 2@2)IVE 22y 1@l Lo (o) — O,
II = —([y-V]p,E* —n) =0,

where we used divy = 0.

We calculate

(divy*e®, o) < [[div Y|l p2z2) €% L2(L2) | @l Lov (L) = O
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12. We write
Vi Z" =y, 2,0) = (V- (2T —2),0) + (Y —y)e-z,0) = T+ 11
and calculate

I'< HytHL2(L2)Hz+ - ZHL?(L2)HSOHL°<>(L°°) —0,
IT=((Y -9y, ez)—0.

13. We write
V- Zi-y-z20) = (V- v)Z0n0) + (v (E-2)00) = I +1I
and calculate

I < 1¥* =yl 22l 2l 22y el Lo (o) = 0,
1T =((Z - 2)i,py) = 0.

14. We write

(Y*-VIY™-27 —[y-Viy-z,9)
= (1 —9) VIV 270) + (- VI —) - 27,9)
+(ly Viy - (B —2),0) = I+ T+ 111
and calculate
I<Y* =yl IVY e @) 127 2z )l oo (o)
< CIV® = Y@ VY e 1) IVZF | 22yl @l Los £y — 0,
I < Hy”Loo(L4)||V(y+ - y)”L?(L2)|\Z+||L2(L4)”SO||L°°(L00)
< ClIVYl e @) IV = Dl 2@y IVZ T 22yl oo ooy = 0,
1= (2" - 2,0y V]y) 0.

15. Since we have
(YV*-VIZT- YT 0) = [divY*'ZT - Yt o)+ (V- VY- ZT,p) O

and the same for the continuous counterpart, we have only to show (divY*ZT -
Y*,0) — 0. The second term has been dealt with in step 14 of the proof. We
calculate

(divY* ZF- Y7, 0) < [ div Y* | 2 z2) I 2 2oy 1Y e (@) 0]l oo (20
< ClldivY* [l 22 IV 2T 222 VY e (22 191 Loo (1) — 0
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16. With (6.2d) and (4.1d]) respectively, we rewrite the terms to

aUt ZT —u-z,0) = (R°ZT-Z" —pz-2,9)
— (R* =) 2" Z*,0) + (p(E —2)- Z¥,¢) + (pz- (BT —2).¢) = [+ [+ 111,

We calculate finally

I <R = pllz@wn) |27 oo 22) 127 | 2oy 1ol oo (o)
< CIIV(R® = o)l 2@ 127 1 poo (22 V2 p2 2yl oo (o) — O,
IT < lpllzee o) | 27 = 2l 2@ |1 27 22y 1@l Lo 2oy — O,
I < HP”LO@(Loo)||Z||L2(L2)||Z+ - z”L2(L2)HSO||Loo(Loo) — 0.

Theorem 8.3
The functions p* € HY(HY) N L®(H?), y* € L®(V)N L2 (H*>) N H'(H), n* € HY(H~ ") N
L®°(HY), z* € HY(H) N L>®°(H) N L*(V), u* € L*(L?) obtained in Lemma [8.1] solve (4.1)).

Proor

With the first nine parts of Lemma |8.2) we deduce that solutions of converge to
solutions of (up to subsequences). With the remaining parts of Lemma we deduce
that solutions of converge to solutions of . All other parts in those equations are
linear and we can pass to their limits by the weak convergence results obtained in Lemma

B.1} 0
Theorem 8.4

For the function u* € L?(L?) obtained in Lemma [8.1] we have U®, U+ — u* strongly in
L?(L?) (up to a subsequence) for h,k — 0.

Proor
We use (4.1d)) and (6.2d)) to rewrite U® and u, respectively. We have then to show that

04 [lu= Ul 22y = IR™Z° = p2ll 22y = I(Z° = 2)pll L2z2) + I(R7P) 2% 1212

For the first term, we use L>°(L*°) bounds on p and the strong convergence of Z* — z in
L%(L?).

For the second term, we use the Aubin-Lions lemma for the spaces H?(Q) << Wh4(Q) —
H'(Q) and the bounds on R~ in order to have strong convergence R~ — p in L2(W*) C

L?(L®°). This leads to convergence in the second term together with the bound of Z* in
L>®(L?). o



9. Computational studies

In this chapter we present a numerical algorithm and perform computational studies for
the system (5.5)—(6.2)). The numerical experiments in this chapter were implemented by
one coauthor in [9)].

9.1. Implementation details and minimization algorithm

We use the Taylor-Hood finite element pair with vector-valued quadratic finite elements for
V4, standard continuous piecewise linear elements for M), and standard linear finite ele-
ments for Ry, as discussed in chapter It then follows from that forn =1,..., N the
control variable U™ belongs to the space of vector-valued conforming piecewise continuous
finite elements of degree three.

Due to the advective character of the mass equation, without proper stabilization the nu-
merical solution may exhibit oscillations near the interface. Our experience suggests that
one should choose ¢}, in the stabilization term —e, AR R™ to be dependent on the mesh size
and time step values. However, an optimal choice of ¢ for this type of stabilization is not
clear. We choose ep,|xk = {hk, where hy is the diameter of the mesh element K. The
constant £ > 0 is chosen a priori to minimize the oscillations. For fixed values of £ > 0 we
still observe oscillations in the values of the computed density in some experiments. In the
majority of cases the oscillations exceeded only 2% — 5% of the initial densities p1, po.

Remark 9.1
The oscillations in the density values can always be eliminated by choosing a sufficiently
large parameter § = [|Y||poo(zo) in —e,ApR". A more sophisticated alternative is to use

an upwind scheme for the mass equation. This corresponds to a space-time adaptive choice
of the artificial diffusion parameter e, | = hTKHYH (k) (along with an appropriate mod-
ification of the dual problem); cf. [12, Section 5.1.3]. The upwind discretization preserves
monotonicity of the computed density R and introduces less artificial diffusion in the nu-
merical solution than a constant diffusion parameter. However, we experienced difficulties
with the convergence of the minimization algorithm for the upwind discretization. In ad-
dition, an adaptive choice of the diffusion parameter may introduce an artificial control
mechanism into the system.

The numerical experiments have been performed for different initial conditions for the
density; the initial condition for the velocity was always set to zero. We prescribe ho-
mogeneous Dirichlet boundary conditions for ((5.5b)—(6.2a)); for (5.5al), (6.2c) we prescribe
homogeneous Neumann boundary conditions. We use a fixed time step size and employ
a simple mesh refinement strategy. In the regions of the computational domain where
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p1+1073 < R* < py — 1073, for some n = 1,..., N (i.e., along the interfacial region) we
use a fine mesh size h = hyiy (in most experiments Ay, = 1/64), and elsewhere we use
a coarse mesh size hpax = 1/16. We do not perform any mesh coarsening. Note, that in
general the minimum mesh size hni, should be chosen according to the thickness of the
diffuse interface which is determined by the parameter d; cf. [10} |11} |[13].

A standard approach (see, e.g., [46]) is to express R = R(U). Given h > 0, we note that
solutions are unique by a contraction argument for sufficiently small time step sizes k > 0.
The dependence of the functional on the density R can therefore be eliminated, and
the functional can be rewritten as

Tsne(U) = Jspe(RU),U) .
The gradient of j57h’k is equivalent to (6.2d)), i.e.,
Vuj57h7k =ald—-R Z.

We then look for the minimum of the reduced functional jg’h,k, which is equivalent to finding

a solution of the system ([5.5)—(6.2]).

To minimize the functional jg,h’k we employ a modified gradient descent algorithm with
adaptive step size according to the Barzilai and Borwein criterion [14].

1. Choose the constants oinit, Omin, Omax, Ox, 0TOL, set Uy = 0.
2. Iterate for k=0,....
a) If k < 1 set o = opnit; for & > 1 choose step size

T oSk Wy) dadt
Ok = Ox D) >
HWkHL2(L2)

where S = Uy, — Uy, and Wy = G — Gi_1, Gr = VuJ (Uy,).
b) If o > omax or o < 0, set o = Omin-

c) Compute
U1 = U — 0, Vud U)

3. Stop when ”V“j”i%L?) < érorL.

In the computational experiments below we choose Ginit = 1074, omin = 100, Omax = 200 min,
0. = 0.2, 6701, = 107°. For the given tolerance dror, the gradient algorithm converges after
200-800 steps in all numerical experiments.

We found that the above algorithm with suitably chosen parameters oinit, Omin, Omax, O«
was more efficient for the given problem of this chapter than a corresponding exact line
search algorithm, where the optimal step size was determined by bisection.

Note, that we use the steepest descent method for its simplicity. More advanced algorithms,
such as SQP, could provide better performance for our problem; cf. [41] for an overview
of different algorithms. However, the problem with the SQP algorithm is that a coupled
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system for solving (5.5)) and (6.2]) has to be solved for all times steps simultaneously due to
the parabolic nature of these equations, which leads to very large system matrices, which
is a difficult computational task.

Remark 9.2

To evaluate the gradient Vuj (Uy) = aldy, — R ;. 2, requires the values of Uy, R, Z;. The
control Uy, is known from the previous iteration of the gradient algorithm. The value of R,
(along with the value of Yy ) is obtained by solving the forward equations in space and
time with the control U = Uy, in . Then, the dual variable Zj, is obtained by solving
the backward problem with Y = Yi, R = R

9.2. Effect of the phase-field term in the energy functional

The numerical experiments in this section demonstrate the effects of the phase-field approx-
imation of the perimeter functional (1.3) in the energy functional Js, ;. If not mentioned
otherwise, we set A = 0 in the experiments in this whole section.

The optimal solution for the phase-field approximation for a fixed parameter § can be
characterized as follows: The domain 2 can be split into two disjoint regions 21, (23, where
the density attains distinct values Q1 = {x : p(x) = p1} and Qo = {x : p(x) = p2}. The
two regions are separated by a thin region Q; = {x : p1 < p(x) < p2}, with a fixed width
that depends on the parameter ¢§; cf. [6]. Within this diffuse interface region the density
varies continuously between the two density values p1, p2, and the interface between the
two fluids is represented by a hypersurface defined by the mean level-set

1
Ip=A{z: p(x) = §(P1 + p2)}
The first set experiment examines the effects of the parameters § and €. We set T' = 0.5,
k=005 p1=1,p=2 =103 a=10"% 8=5,0 = (3.687)" L.

To eliminate the effect of diffusion on the shape of the interfacial region we first take
& = 0.001. We start with an initial condition with discontinuous density. To minimize the
phase-field energy, the discontinuous solution will evolve towards the optimal solution with
a diffuse interface; see Figure [0.I) where the solution on the last time level is displayed,
together with the level sets of the density corresponding to distinct values p; + ¢ - 0.1 for
1 =20,1,...,10. The value of the phase-field energy functional is reduced from the initial
value 0.468 to the value 0.274 for the computed optimal solution. Note that rather large
overshoots can occur in the solution for the density due to the value of £ which is small. The
computed optimal velocity is displayed in Figure We observe a nontrivial “parasitic”
velocity profile in the diffuse interface area: A diffuse interface layer is produced which
leads to an overall decrease of the energy, but the influence on the shape of the interface is
undesirable.

We continue with two experiments that demonstrate the effects of different values of the
diffusion parameter £. We start with a discontinuous density and use a large value for the
diffusion coefficient & = 0.1. The energy of the initial iterate of the gradient algorithm is
0.2519 and the energy of the computed optimal solution is 0.2516. As in the previous case,
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there is very little control involved in the computation, since the interface assumes a diffuse
shape due to the large value of the diffusion constant £ > 0. Note however, that due to
the excessive diffusion, the interface is smeared out, and hence the thickness of the diffuse
interface region does not correspond to the optimal thickness for the considered value of
the parameter 6 > 0; see Figure [0.3] There is no control mechanism included in the model
that would allow us to counteract the diffusion effects. Consequently, the energy of the
optimal solution is larger than in the previous experiment. For & = 0.5 the initial energy
is 0.409753, the final energy is 0.409684, and the interface I'; (represented by a white line)
has disappeared; see Figure [9.3]

Remark 9.3

The behavior that can be observed in Figure is not desirable in practice and can be
eliminated by choosing £ > 0 sufficiently large. Our experience indicates that & ~ C9¢
produces satisfactory results. For numerical reasons the constant C can be chosen according
to Remark[0.1] Note that from the modeling point of view, the stabilization parameter ¢ in
can be interpreted as the diffusion coefficient of the fluids. For diffusion dominated
flows physical diffusivity may provide enough stabilization so that no additional numerical
stabilization is necessary.

(a) R(t = 0.0) (b) R(t = 0.25)

Figure 9.1. Optimal solution (density) with discontinuous initial condition at different times
with € = 0.001; corresponding velocities are shown in Figure

The initial condition for the next experiment has the shape of a square with a diffuse
transition region across the interface. We set T = 1, a = 1074, € = 0.03; the remaining
parameters are the same as in previous experiments. The phase-field functional minimizes
the perimeter of the interface, and the square initial condition evolves into a circle. In
Figure[0.4] we display the optimal solution at different times. The interface I's is represented
by a white line. The optimal velocity field is displayed in Figure [9.5

For comparison, we include the tracking-type part in the computation. We set A = 10 and
set the desired state equal to the initial condition for the density R(x) = p(0,). The
snapshot of the solution at final time in Figure 0.6 reveals that for A > 0 the tracking-type
part of the functional forces the interface towards the square shape.

In the next experiment, the initial condition consists of two circles; the density is discon-
tinuous. We set o = 107°, A = 0, 7' = 0.5, and the remaining parameters have the same
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(a) Y(t =0.05) (scaled by 0.02) (b) Y(t =0.15) (scaled by 0.06) (c) Y(t = 0.35) (scaled by 0.12)

!
‘
i

i

U s

Figure 9.2. Optimal solution (velocity ) at different times with £ = 0.001; the vectors are
scaled by different factors; corresponding densities are shown in Figure @

(b) R(t = 0.5) with £ = 0.1 (c) R(t = 0.5) with £ = 0.5

Figure 9.3. Optimal solution (density R) with different large values of diffusion constant &.

(a) R(t = 0.0) (b) R(t = 0.25) (c) R(t = 0.5) (d) R(t = 1.0)

Figure 9.4. Optimal solution (density R) at different times; corresponding velocities are
shown in Figure
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(b) Y(t = 0.25) (scaled by 1.0)

Pt
IBRS!

Figure 9.5. Optimal solution (velocity Y) at different times; the vectors are scaled by dif-
ferent factors; corresponding densities are shown in Figure

(a) R(t = 0.0) (b) R(t = 1.0) for A =0 (c) R(t = 1.0) for A = 10

Figure 9.6. Comparison of the optimal solution (density R) for different values for \.
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values as in the previous experiment. To minimize the phase-field energy, the two circles are
forced to join together, and the interface then evolves towards a circle; see Figure[0.7 The
velocity field is displayed in Figure the asymmetry of the results can be attributed to
the round-off errors in the numerical approximation. Note that for o = 10™* the two circles
remain separated for T' = 0.5. To further verify the effects of round-off errors, we repeated
the experiment with a different linear solver. The results were almost identical with the
exception that they were antisymmetric along the vertical direction. This phenomenon can
be explained by a possible nonuniqueness of the solution: Due to the round-off errors the
gradient algorithm may converge towards a different solution with similar energy.

(a) R(t (b) R(t = 0.15) (c) R(t (d) R(t = 1.0)

Figure 9.7. Optimal solution (density R) at different times with A = 0; the corresponding
velocities are shown in Figure [9.8|

Figure 9.8. Optimal solution (velocity Y) at different times; the vectors are scaled by dif-
ferent factors; the corresponding densities are shown in Figure

In the next experiment, we start with an initial condition in the shape of a dumbbell;
set @« = 1074, T = 0.5, A\ = 0, and take the remaining parameters as in the previous
experiments. The evolution of the computed density is depicted in Figure[9.9}—the dumbbell
shape remains connected and the interface evolves towards an ellipsoidal shape. To illustrate
the adaptive algorithm we also display the finite element mesh obtained by the adaptive
algorithm described in Section see Figure

In the final experiment from this section we start with a dumbbell-shaped initial condition,
with rectangular ends that are further apart from each other than in the previous example,
and a thinner connecting neck. We choose a = 107°, A\ = 0, T = 0.5, and the other
parameters remain unchanged. The evolution of the optimal solution for this setting leads
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(a) R(t (b) R(t =0.15) (c) R(t (d) Used mesh

Figure 9.9. Optimal solution (density R) at different times with A = 0, and the finite
element mesh used in the computation.

to a pinch-off, the squares become circular, and the initially connected dumbbell shape
eventually splits up into two separate bubbles, see Figure [0.10] In Figure [0.10d] we display
the solution without control, i.e., with zero velocity, which shows that the connecting region
becomes thinner due to the effects of diffusion, but the dumbbell remains connected. The
optimal velocity and the interface are displayed in Figure [9.11]

(d) R(t=0.5),
(a) R(¢ (b) R(t =0.15) (c) R(t without control

Figure 9.10. Optimal solution (density R) at different times, Wlth and without control;
A = 0; corresponding velocmes are shown in Figure

9.3. Effects of the distance and phase-field functionals

In the next experiment we demonstrate the differences between the optimal solutions for
the functional (1.3) and the L? tracking-type part, i.e., (1.3)) with 3 = 0.

In the first experiment we study a problem with a non-convex initial condition (see Fig-
ure and the convex hull of it being the target (see Figure, and we set T' = 0.5,
k=0.05¢=0.03,a=10"° =5 A=5, = (3.687) L. The remaining parameters were
as in the previous experiments from the last section.

In Figure [9.12| we compare the solution at the final time for § = 0 and 5 = 5. The solution
at the final time for 3 = 5 becomes convex (see Figure[9.12d]), while for the pure L?-distance
energy the solution remains non-convex (see Figure [9.12d)).
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(@) Y(t=0.1) (scaled by 0.1) (b) Y(¢t = 0.15) (scaled by 0.15) (c) Y(t = 0.5) (scaled by 0.4)

Figure 9.11. Optimal solution (velocity Y) at different times; the vectors are scaled by
different factors; A = 0; corresponding densities are shown in Figure

(a) Target R (b) R(t = 0.0) () Rt=T)for =5 (d) R(t=T) for =0

Figure 9.12. Optimal solution at ¢t = T for different values of 8; A = 5.



56 9. Computational studies

In the second experiment we set T =1, k = 0.05, p; = 1, ps = 2, ¢ = 0.03, a = 1074,
B =05,6 = (3.687)" L. The initial condition consists of two squares, while the desired target
is a rectangular region that covers the two squares; see Figure . In Figure we
compare the evolution for A = 0 and A = 10, respectively. The interface is considerably
smoother for the latter case.

(a) Initial condition R (¢ = 0.0) (b) Target R

Figure 9.13. Initial condition R(t = 0.0) and target R

9.4. Convergence for vanishing discretization parameters

We take a closer look at the last example from the last section with initial condition and
target from[9.13] whose evolution in time is shown in Figure[9.14, We compute the example
with A = 10 for different mesh size Ayim = 27¢/64 and time step [ = 27!/20 for [ = 0, 1,2,
and we fix hyq, = 1/16.

The value of the functional Js4  at the optimal solution for decreasing discretization pa-
rameters is displayed in Table we observe that the energy is decreases with growing [.

h k J(S,h,k

1/64  0.05 0.719421
1/128 0.025  0.659382
1/256 0.0125 0.634922

Table 9.1. Behavior of the cost functional Js ) for decreasing discretization parameters.

A zoom at the optimal solution and the interface at the final time for [ = 0,1, 2 is displayed
in Figure The shape of the interface is very similar for different discretization param-
eters (see Figure 9.16]). The artificial diffusion effects in the mass equation decreases with
increasing [ as the diffusion parameter € = 0.03h depends on the mesh size.
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(@) R(t=10.25) for A\ =0 (b) R(¢ yfor A\ =0 (c) R(t )for A\ =0
(d) R(t = 0.25) for A = 10 (e) R(t ) for A =10 (F) R(t ) for A =10

Figure 9.14. Optimal solution (density R) at different times for A = 0 (top) and A = 10
(bottom).

(a) R(t =1.0) for I =0 (b) R(t = 1.0) for [ = (c) R(t=1.0) for | =2

Figure 9.15. Optimal solution (density R) at time ¢ = 1 for mesh size h = 27/ /64 and time
step | = 271/20 for different values of I.

(_

Figure 9.16. Interface at t = 1 for h = 1/64 (black), h = 1/124 (red), h = 1/256 (green).
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10. Introduction

Let Q = (a,b) CR, 0 < T < o0, go : (0,00) — R be a given function, u € L?*(0,T;) and
yo > Cp > 0 be smooth enough. The one-dimensional thin-film equation (weak slip) reads
as follows: Find y : Q7 — R such that

Yt = —(f(W)Ywzz)z — (90(Y)Ya)aw + U, (10.1)

together with the initial condition y(0,.) = yo and boundary conditions y; = Yzzz = 0 in
a,b.

The variable y describes the height of a thin fluid film on some (flat) surface. Here and
below, we assume f(y) = A|y|® for some A > 0. The potential function go : R — R will be
specified in the following. The potential function gy models forces which are present in the
evolution of the film. Roughly speaking, gg has to be in such a way that the solution of
for u = 0 is strictly positive provided initial data yo are strictly positive. Relevant
potentials go are go = 0 (cf. [19]), go = —1 (cf. [20]), or go(y) = —y~ " for some k > 0
(cf. [15, [21]). Typically, the potential gy becomes singular for y — 0, resulting in strong
forces in the equation . A survey addressing general issues of the equation is
given in [21] and the references therein.

In this work, we study the following constrained optimization problem related to (10.1)).

Problem 10.1
Let § € L?>(Qr) be a given, a > 0, and Cp > 0. Find a minimum (y*,u*) of

1 /T 9 a [T 9
J(y,u) ::f/ /|y—y| d$dt—|——/ /|u\ dz dt
2Jo Ja 2 Jo Ja

subject to (10.1)) and y > Cp in Q7.

The aim of the problem is to control the evolution height y of a fluid film which is driven
by an external control u; : Q7 — R. The governing equation is in divergence form,
avoiding evaporation or wetting effects. The first term on the right-hand side of
models the dynamics of the fluid film coming from the Navier—Stokes equations. The term
go models intrinsic forces such as gravity, van der Waals forces between molecules, etc.
Some further properties of gy are detailed in Hypothesis and Hypothesis The last
contribution on the right-hand side u, is also in divergence form and models external forces.
It is known that in the absence of external forces and for some potential functions gg, the
solution y of converges to its spatial mean value in the limit ¢ — oo as long as a
global solution can be provided; cf. [20]. In the context of the optimization, we want to
force the optimal solution not to form a flat profile in time, i.e., not to be a flat profile for
big values of ¢, but to approximate the spatial shape 7.
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We refer the reader to [21} 35] for the equation (10.1]), and to [57] for the derivation of the
equation and corresponding models (e.g., the strong slip case). The fundamental work for
the equation with go,u = 0 is [19]. Since our goal is to show existence and derive optimality
conditions for Problem we need to recapitulate and modify the proofs given in 19
for with gg, u # 0. Typically, a solution of the leading equation is endowed with
an energy equation and an entropy inequality, from which we may deduce non-negativity
of solutions. It is due to the presence of the u-term, that an entropy inequality is not
clear to hold any more; see Figures [16.1] and where the solution to a given non-trivial
right-hand side wu is displayed. For a general given target profile g, the external control u
is not expected to have a sign, and u should force the state y to take almost zero values if
7 is of this kind. This is the reason why we do not expect that in such a case an entropy

inequality holds for equation (10.1)).

A possible application of the above optimal control Problem [I0.]] is in the fabrication
of electronic chips, where thin layers of different material are deposited on a Si wafer.
For an efficient electronical circuit, each layer has to constitute a specific profile, which
defines where there is material and where no material is allowed. The problem is to find
external forces such that the solution of is near the desired profile §j. Typically,
the initial condition in this application is constant and the goal is to form the profile by
so-called dewetting; see [17] and section below. This goal can either be accomplished
by background engineering knowledge or by solving Problem [10.1]

Equation is derived in, e.g., [16, |59]: We consider the fluid to be thin, ie., 7 :=
height/length < 1. A nondimensional transformation from the classical Navier—Stokes
equation which is based on the small ratio 7 and a Taylor expansion of the terms, together
with the assumption of a so-called no slip boundary conditions (cf. [59, p. 936]) leads to
an asymptotic expansion in 7. Neglecting higher order terms of 7, and the proper use of
boundary conditions then leads to . A detailed derivation of the equation will be
revisited in chapter [B] following the named sources.

It is important to note that through the transformation process, a conservative force on
the right-hand side of the Navier—Stokes equation transforms into a potential function gg
in (10.1). Hence, a control problem for the Navier—Stokes equation where a distributed
conservative force is to be found (cf. [2]) transforms “naturally” into an optimal control
problem of the thin-film equation, where a potential function is to be found: Instead of
searching a L? control function u, one would like to find a potential function like gy in
for minimizing the functional J. However, we do not know how to accomplish this
goal since nothing about the potential is known. Up to our knowledge there is no work in
the context of optimal control where a potential as control variable is to be found. The
coupling of such a control and state variables is much stronger as in the case where they
are only coupled via the right-hand side of a partial differential equation or similar. In
particular, it is not clear if this coupling allows to derive continuous solution operators
to deduce boundedness of the state variable to prove existence of optimal controls. Also,
it seems that there is no literature on deriving necessary optimality conditions for such a
situation. Only in cases where a specific algebraic form of the potential is given (i.e., if the
potential is polynomial or a sum of given potentials), there is hope that the corresponding
optimal control problem is well-posed—and in these cases the space of controls becomes
finite-dimensional since only a few real numbers are to be found. The authors are not
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aware of any literature dealing with optimal control problems, where potential functions
are the subject of interest.

The problem in solving Problem is that the nonlinear term of the equation may
degenerate, and therefore the equation could not be well-posed. To avoid this deficiency,
we can only take into account those exterior forces u, where the corresponding solution y
exists. Unfortunately, we cannot give a good characterization to it, and we do not know
topological properties of this set. There are a few recent articles dealing with degenerate

optimal control problems for different equations than (10.1); see e.g., [26, 27, [28].
There are two possible ways to overcome this problematic issue:

1. Restrict to a rich enough class of external forces u : 27 — R such that solvability of
is ensured and solutions y are strictly positive. From an optimization viewpoint
this strategy is convenient since only control constraints appear. Unfortunately, there
is no such result for equation , and the possibility of too severely restricted
controls sets in order to ensure well-posedness of has to be encountered.

2. Force the solution to be strictly positive by state constraints as indicated in Prob-
lem In this case, we only aim for strict positivity of a solution y of , but
have no further restriction regarding controls wu, i.e., solutions y near an almost degen-
erate target function § are possible and can be reached by the optimization procedure.
As a drawback, we have to overcome several mathematical difficulties.

We refer the reader to [27] where the authors compare both strategies for a different equa-
tion, and conclude that the second scenario is more suitable in order to cope with possible
degeneracies arising in the governing equation since the set of external forces in the first sce-
nario may not be rich enough, and therefore possible target profiles § may not be reached.

We are able to show existence for the optimal control Problem With the help of
an abstract result for state constrained optimization problems from [4], we are able to
derive necessary optimality conditions for Problem In order to overcome technical
difficulties arising later in the convergence proofs, we want to make the optimal control
problem at this point compatible and need to aim for right-hand sides u from L?(H}). This
can be accomplished in two different ways: The first possibility is to consider a different cost
functional .J including the L?( H')-norm of the control u, whereby the issue is solved directly.
This approach is used by the author in [50]. Instead of this idea, we consider (A‘l(ux))x
as external control in instead of ug, where A™! is the inverse Poisson operator with
homogeneous Dirichlet boundary conditions. This idea was used in [49]. As a result, the
driving term in takes values in L?(L?) rather than in L?2(H~1). We emphasize that
this is only needed in order to pass to proper limiting functions in chapter Later in
chapter we consider a finite dimensional version of the optimal control Problem [10.1]
where no convergence analysis will be done, hence there is no need to modify the right-hand
side of , and we will use there u, as external control.

The optimality conditions involve non-regular Lagrange multipliers in the dual space
of L?(H*) N H'(L?), where it is not clear how to handle them in a numerical simulation:
Typical strategies for solving such problems use some sort of relaxation of the state con-
straint y > Cp such as penalty approximation [24], the Moreau-Yosida approximation [44],
or mixed control-state constraints (Lavrentiev regularization) [64]. The problem in our case
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is that the state constraint is not additional, but essential in order to ensure well-posedness

of the equation ([10.1)).

In order to circumvent the problematic issue of possibly loosing the well-posedness property
of the state equation in the context of relaxation methods, our strategy is as follows: First,
we regularize the state equation by adding e¥y;zzz, which introduces a regularization
to the equation and ensures well-posedness for general exterior forces u. We consider the
optimal control problem subject to the regularized equation and state constraints (see
Problem . Similarly to the original Problem we show existence of an optimum,
and derive necessary optimality conditions. We show that the sequence of solutions of the
optimal control problem is uniformly bounded with respect to & which allows to construct
limiting functions and Lagrange multipliers. In order to show the bounds, it is crucial
that we modified the external control term in to (Afl(um))z, which helps us at this
particular point to bound all corresponding Lagrange multipliers in their particular spaces.
We are able to show that these derived limiting functions and Lagrange multipliers solve the
necessary optimality conditions of the original Problem m Here, the additional
term plays an important role.

Finally, we consider the optimal control problem subject to the regularized equation with-
out state constraints, but with a modified cost functional J, which additionally contains
a penalization term to account for the state constraint with a parameter v > 0; see Prob-
lem Since the equality constraint is well-posed for every € > 0, we may use a standard
numerical approach to solve the corresponding optimality conditions in chapter
We can show that the sequence of minimizers of the fully regularized Problem con-
verges to functions solving the intermediate optimization Problem [I4.1] for v — 0. We use
here the penalty approach because of its simple implementation and flexibility. However,
the drawback is that the condition number of the underlying problem grows for v — 0.
This leads to ill-posed problems on the level of numerical linear algebra, which can also
be observed in the numerical experiments in chapter An alternative way would be to
use more sophisticated regularization approaches as mentioned above, where some further
details are provided in chapter

We emphasize that it is necessary to study the intermediate optimization Problem [I4.1]since
it is not possible to simultaneously let both regularization parameters tend to zero. It is
important that the parameter v > 0 dealing with the regularization of the state constraint
is the first which tends to zero: Here, we benefit from the well-posedness of the involved
equality constraint for every € > 0 to construct a solution of the intermediate optimization
Problem Vice versa, a direct approximation with the penalty method and v > 0 only
(or any other relaxation method) could lead to an optimal control problem with possibly
non-invertable state equation due to the non-feasibility of the iterates—which was the issue
why we introduced the state constraint in the first place.

To sum up, our main result is to show the existence of a solution of Problem and to
construct it by a multi-parameter regularization of the optimal control problem, where the
limit of a corresponding subsequence solves the original Problem [10.1]

This part is organized as follows:

e In chapter we study a regularization of the state equation (12.1)) and derive results
for it, with either the regularization parameter € > 0 or state constraints being present.
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In the context of this chapter, we consider rather general potential functions gg per-
taining to improved regularity results for solutions of (13.1). A few results are only
shown for gg = 0 or gg = —1.

In chapter we study a modification (i.e., Problem [13.1)) of Problem which
uses the external control (A~'u,) with a non-regularized equation and the state
constraint.

In chapter we study an optimization problem (i.e., Problem which is con-
nected to the one in the previous chapter, but with a regularization term scaled
by € > 0 in the equation to make it well-posed. This problem can be understood as
an intermediate one between the original Problem [I3.1] in chapter [I3] and Problem
in chapter [L5| which is suitable as starting point for numerical studies. We show
solvability and construct a sequence of minimizers which converges to a function (up
to a subsequence) which solves the optimality conditions from chapter [13[for e — 0.

In chapter [I5] we study the penalty approximation with parameter v > 0 of Prob-
lem introduced in the previous chapter, which allows to get rid of the non-regular
Lagrange multiplier associated to the state constraint. We will show that the sequence
of solutions converges to a minimum of Problem from chapter [14] for v — 0.

In chapter [I6] we present computational studies, using a mixed first order finite ele-
ment method. We detail how to implement the optimal control problem and compare
different parameters. In particular, we show that a goal like optimal dewetting men-
tioned above can be accomplished; see Figure [16.9] we show that the state constraints
are necessary to provide solutions being positive; we give hints concerning how other
parameters like a, €, should be chosen in order to perform reasonable experiments.

We do not include convergence studies for the involved parameters, hence the change
of u, to (A‘l(ux))w in is unnecessary, and this replacement may be considered
as a scaling of the control for a fixed spatial discretization parameter h > 0. Therefore,
we do not include this modification into our computational experiments in chapter






11. Preliminaries

We write ||.|| for the L2(Q2) or L?(Qr)-norm, when it is clear if we only integrate in space or
both, in space and time. Let W*? and H* := W*?2 denote standard Sobolev spaces. By

Wk,p(Wm,q) — Wk’p(O,T; W)
we refer the reader to standard Bochner spaces. The space C denotes the space of continuous
functions, while C%® denotes corresponding Holder spaces.

The dual pairing of X and its dual space X* is written as (.,.)x x+. For the scalar products
in L? and L?(L?), respectively, of f and g, we write (f, g) in cases where no confusion arises;
otherwise, we add the corresponding space as index to the scalar product.

We use C' as a generic nonnegative constant; to indicate dependencies, we write C(.).
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12. The regularized state equation

In this chapter, we will show properties of solutions of a regularization of the equation
(10.1)). At the end of this chapter, we discuss aspects of its solvability, which relies on the
proven results and is crucially depending on the chosen potential function gg.

Problem 12.1
Let € > 0. Find y : Q7 — R such that

yr = —(If (W) + €lYana) , — (90(1)Yz)z + Ua, (12.1)

together with initial condition y(0) = yp and boundary conditions y; = Yzzz = 0 in a, b,
where f(y) = A|y|? for a given A > 0. We will also use the abbreviation f.(y) := f(y) + €.

12.1. Regularity and properties of solutions

Lemma 12.2
Let e > 0, u € L?(Q) and let y be a solution of (12.1)). Then, the mass is conserved, i.e.,
/ y(t,.)dzr = / yodr VO<t<T. (12.2)
Q Q
Proor
Integrate (10.1]) over © and use the divergence theorem to proof (12.2)). 0

The following hypothesis gathers minimum requirements concerning the potential function
go to prove some regularity properties of possible solutions y of (12.1)).

Hypothesis 12.3
Assume that one of the following hypothesis is true.

(A1) The potential go is continuous and uniformly bounded in L?(0,7’; L*°([Cp, 0))).

(A2) The potential go is smooth, uniformly bounded in L?(0,7T; L*([Co,0))), and go < 0
as well as gj > 0 in Q7.

In both cases, a term like ||go||x (where X is one of the spaces above) means that the range
of gg in the particular domain is bounded for all possible arguments in gg.
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Lemma 12.4
Let € > 0, let Hypothesis [12.3| be true and let y : Q7 — R be a solution of ([12.1)) with
y > Cp a.e. Then there exists a constant C' > 0 such that the following energy inequality
holds

e 12 + (ACE + €) i 2212 < € (T, Cos ol 1l 2z - (12.3)

In particular, y is Hélder continuous in space, i.e., there exists a constant Hgpace > 0 such
that )
’y(tvxl) - y(t, x2)| S Hspace’ml - 332‘5 Vo0 <t< Ta T1,T2 € Q.

Proor
We multiply (12.1) with —y,., integrate over €2, and arrive for almost all ¢t € [0,7] at

th”yxl +/ fa yxxx /90 yxyzz:v /Uwy:v:cdx =TI+ 1II. (12-4>
Q

We estimate now the terms I and I, depending on whether gg satisfies (A1) or (A2).
If (A1) is true, we estimate I as follows

I < |1g0ll zoc (0,00 192 Yzaa | < ollYzzall + C(o)llgolZ o0 (¢, 00 19 I

where o > 0. In the case of (A2), we calculate

I= /go ymdx+/go yzymdw—/go )y2y dz — 3/9 y)ysda <0,

since by integration by parts, there holds

/Q 96(Y) Y2 Yy Az = — /Q 90 (y)ys dz — 2 /Q 90(Y)Y2Ya dz.

The term II can be estimated by
7= /Quym Az < 0 ||yeaall? + C (o) ull2.

Putting things together, using that f-(y) > AC§ + €, and Gronwall’s inequality, we have
proven the lemma. The Holder continuity follows by one-dimensional Sobolev embeddings.n

Lemma 12.5
Let ¢ > 0, let Hypothesis [12.3 be true, u € L*(Qr), and let y : Q7 — R be a solution of
(12.1) with y > Cj a.e. Then there exists a constant Hiime = Hiime (T, Co, Yo, u) > 0 such
that

ly(te, x) — y(t1, )| < Hiimelt2 — tl‘é VO <t,to <T, x €.

PrROOF
The proof uses arguments similar (for gy = 0) to those given in |19, Lemma 2.1].
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Step 1. Assume the statement is not correct. Then for every M > 0 there exist xy € €2 and
0 < ty,to < T such that

ly(t2, z0) — y(t1,20)| > M|t2 — t1]° (12.5)

for B = §. Without restriction let us assume that 1 < ¢ and y(t2) > y(t1). Then

(12.5)) reads as
y(ta, w0) — y(t1,m0) > M(ty — t1)”. (12.6)

In the proof, we will show that M can be uniformly bounded with respect to xg,t1

and to, which contradicts ((12.6)).
We construct an appropriate test function of the equation ((12.1)). Let

— r — X0
)=t (16H2 (t2 — t1)2ﬁ)

space

where M is from , Hgpace from Lemma The function {, € C§° has the
properties &y(x) = fo( r), &o(z) =1 for 0 < < 57 for some L > 0 (L will be chosen
later and will only depend on Hgpace > 0 from Lemma and on ), & (x) = 0 for
x> 1and & (x) <0 for x > 0. In particular, we have

0, |z—mzf2 16H§pace (t2 — 11)*",
1, |LE*5L‘0| < 21L T6HZ (tg *tl) B.

space

§(x) =

We define the function 85 by

0s5(t) := 05(s) ds,
where
3 t—ta] <4,
05(t) =< —%, [t—ta] <96,
0, else

for 0 < 0 < min{3(t2 — t1),t1,T — t2} small enough.

We consider the function ¢(t,x) := £(x)0s(t), multiply (12.1) with ¢, integrate over
Qr and get

/OTWtdl‘dt //fz—: )Yawzbe dr dt — //go yz%dmdt+/ /ugbxdxdt.

(12.7)

Step 2. We derive a lower bound for the left-hand side of (12.7). By the construction
of 05, its time derivative approximates like a Dirac function evaluated at t; and ts,
respectively. More precisely, we have for 6 — 0

/ / (t,z)€(x)05(t) dw dt — /f y(te, z) — y(t1,x)] de. (12.8)
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We consider points = such that
2

16H2,, .

space

|z — 20| < (t2 — t1)*° (12.9)

since outside this ball, the corresponding integral in ((12.7)) vanishes. For such z, there
holds by (12.6) and Lemma [12.4]
y(ta, x) — y(t1,z) = [y(te, x) —y(ta, w0)] + [y(t2, w0) — y(t1, w0)] + [y(t1, w0) — y(t1,2)]
1 M
> _2Hspace|$ - $O|2 + M(tQ - tl)ﬁ > ?(tZ - tl)ﬂa

where we also used (12.9)). For L = L(€2, Hspace) > 0 appropriate, we have {{ =1} C
Q. We may estimate the term in (12.8) from below as follows,

M 1 M?
f tg, - y(tl,a:)] dx Z 7(t2 — tl)ﬁ (tQ — t1)26 = CM3<t2 — t1)3’8.
/ 2 2L 16H2, e

(12.10)

Step 3. We derive an upper bound for the right-hand side of (12.7). The first term can be

estimated as follows

T
< 1 fe@ll 2o ) |Yaaa | L2 (22) </ / 5(1)) dmdt)

< Wl lsswslzzien) [ (€@ e ) ( / T[ea<t>12dt>2

1
< C(H,
> ( space) 16[_]}422 (t2 —t )QBHé-OHL ) 4Hspace

space

N

(ty — t1)7 2ty — t1 + 20)7,

where we used that the first two norms are uniformly bounded via Lemma
by C(Hgspace). The factor 4H (tg — tl)ﬁ is the integral of 1 over suppé, Whlle

(ta —t1 + 25)2 is the Lebesgue measure of the support of 65, where we use that 05
is uniformly bounded by 2 (We highlight the affiliation of each term in the last esti-
mate). We emphasize that the constant C' does depends on Hgpace from Lemma m
(i.e., on T, Cy, yo, and u), but it does not depend on &, M or 4.

We estimate the remaining terms in (12.7]),

T
/0 /Q 90 (1) b A dt < g0 () | Lov(c o011 |16

1
M

k\J\H

< C( space) (t2 - tl)_B( 2 - tl + 25)
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where we used the same calculation as above for ¢, as well as Lemma and we
considered (Al) from Hypothesis In case of (A2) from Hypothesis we
estimate as follows.

T
| so(wusceda dt < lgo()lcho0 lell e 16

N|=

1
S C(Hspace)M(tQ - tl)i'ﬁ(tQ - tl + 25) )

where we used Lemma and Sobolev embeddings. The last term is easy to esti-
mate,

T 1
/ / ugy dz dt < ull[[x]] < C(Hapace) — (t2 — t1) P (t2 — 1 + 20)%.
0 JQ M

Step 4. For § — 0, we get at the end
1
M (ty = 01)* < O (b2 = 12)2 7,

where the constant C' is independent of zg,t1,t and M. This leads to M < v/C,
which contradicts (12.6)), and the lemma follows. 0

The following lemma does not hold for each potential function gg which satisfies Hypoth-
esis since derivatives of gy come into play. We restrict ourselves to the two main
examples.

Lemma 12.6
Let ¢ > 0, let go = 0 or go = —1. Moreover, let u € L?(H'), and let y : Q7 — R be a
solution of (12.1)) with y > Cy a.e. Then, for every o > 0, there holds

HywwH%“’(LQ) + (Cg + 5)”:91790961”%2@2) < UHymxzmH%Q(LZ) + C(U)(HugnH%z(Lz) + 1), (12.11)
where C(0) denotes a positive constant depending on o > 0.

PRrROOF
We rewrite the main part of the equation ((12.1]) in non-divergence form,

([f(y) + E]ymx:c)x = [f(y)]acy:m:ac + [f(y) + g]yx:m:aca (QO(y)ym)x = gO(y)yzzy

where we already know that [f(y)]. = 3y%y.. We multiply (12.1)) with Y,z integrate over
Q) and arrive for ¢ > 0 at
= 1Y I + / [f(Y) + €lyzzee dz < _/ [f (W))eYzraYszas dT (12.12)
2dt Q Q
=1 =:15

+ [ 1900 sallprnea| do -+ nzasl* + Ol

=:I3
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We calculate for o > 0

I > ()\CS’ + E)ny:vx:v||2a
—— ——
=:14 =:I5
I3 < 0l|yzaasl® + C(0) 190 (W) | Foo (0 1y 1%,
1 1

Iy < Cllyall 2 |ly2zlz < Cllyll + Cllyell,

I5 < 0||yzaaall + C(0) |y,
where we used that  C R (for I;) and we used |3, Theorem 5.2(1)] (for I5). With the
estimates of Iy and I5, we arrive at

I + I3 = 001||yzzxx’|2 + O'nyzzx”2 (1213)

+ C(@) [yl ey (gl + Y1) 191> + C @ go W )l 1

where C depends on T, Cy,yo, v and comes from Lemma but is independent of o.
The constant C'(o) is also justified from Lemma and depends on T, Cy, 49, u, and on o.

We absorb the first two terms (with a leading o > 0) in the first row of (12.13)) into the
lower bound of ;. Since the remaining two terms in the last row of 112.13: which are led
by C(o) are integrable in time by (12.3)), we deduce (12.11)) with Gronwall’s lemma. 0

12.2. Existence

For every € > 0, the regularized equation ([12.1)) has at least one weak solution.

Lemma 12.7
Let ¢ > 0, let Hypothesis [12.3| be true, and let u € L?(Q7). Then (12.1)) has at least one
solution y € L2(H3) N HY(H1).

Proor
This follows from standard parabolic theory since the leading part of the equation is uni-
formly parabolic. O

In some cases, it is also possible to prove uniqueness. We note that the subsequent analysis
does not require uniqueness of (12.1)).

Lemma 12.8
Let ¢ > 0, let go = 0 or go = —1, and let v € L?(H'). Then, the solution obtained in
Lemma [12.7]is unique.

PrROOF
Let y,z € L*(H®) N HY(H~!) be solutions of (12.1]).

Step 1. We first note that due to Lemma we have y,z € L2(H*) n H'(L?). The
difference e := y — z fulfills €(0,.) = 0 and

I A _(f(y)exmz)a: - ([f(y) - f(z)]zxxm)x - (gO(y)em):p' (1214)
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Step 2. We multiply (12.14) with —e,,, integrate over ) and arrive at

d
%%Hexuz + EHex:vx‘P = — (f(y)eq;m, eacacx) - ([f(y) — ,}C(Z)]ng;m7 ea:a:ac) (1215)

- (gﬂ(y)eﬂm emcx) = I+ I1I+1Il.
We estimate the right-hand side of ((12.15]),

1<0,

Ir<c << 2, o 201112

= HeuHZxSC:E”LOO(Q)Hex:):xH > 2H€xxz|| + (5)”23611:10” ||€|| R
T = (QO(y)emraewaz) < 0,

where we used that f(y) > 0 (in term I), the fact that f is Lipschitz and one-
dimensional Sobolev embeddings for the z-term (in term I7), and the fact that go is
either zero or constant negative (in term I1I). Absorbing §|ezaz|* to the left-hand
side, we arrive at

&
**Hez‘|2 + §||€ccarxH2 < 0(5)||mez‘|2”€HQ‘

By Gronwall’s lemma, we deduce that e, = 0.

Step 3. We multiply (12.14]) with e, integrate over 2 and arrive at

(etu 6) + E(mecxa 6) = (f(y)ea:xx7 ex) + ([f(y) - f(z)]zmcxa ex) + (QO(y)ez‘y 6:(2) =0,
(12.16)

since e, = 0 by the previous part of the proof. We conclude that e = 0. O

In general, there is no solution of for e = 0, gg, and u arbitrary. For the next chapter,
we have to restrict ourselves to special cases of gy which provides a solution for at least one
right-hand side u for e = 0 in order to have a non-empty feasible set for the optimization
problem.

Hypothesis 12.9

We assume that the potential function gg is in such a way that there exists at least one
function u € L?(H}) such that there exists a global solution y of and a constant
Cy > 0 with y > 2Cy > 0 in Q7 for the case ¢ = 0.

Remark 1210
Hypothesis [12.9| is valid for, e.g., go = 0 (see [19]), or go = —1 (see [20]). In both cases,
Hypothesis [[2.9 holds for u = 0.

Even for gg = 0, equation ((10.1)) might be too degenerate to have a solution for a general
right-hand side v € L?(H'). There are two ways to construct a solution of by a
sequence (y.) solving for a sequence ¢ — 0: Either, we restrict ourselves to more
regular right-hand sides u € L?(H?) which allows uniform estimates as in Lemma with
respect to € > 0. Another possibility, which we will use in the optimization problem is the
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following: If all iterates y. have a pointwise lower bound which is uniformly bounded away
from zero with respect to € > 0, then it is also possible to pass to the limit, even without
the use of more regular right-hand sides w. The uniform lower bound is obtained, e.g., when
the sequence (y.) ensembles from solutions of an optimization problem with suitable state
constraints. The following two lemmas reflect both situations separately.

Lemma 12.11

Let go =0 or go = —1, u € L?(H?) and let y. be the solution of (12.1)). Then, there exist
a function y € H*(L?) N L?(H*) and a subsequence (still denoted by ¢) such that y. — y
uniformly in 7. The limit function y solves .

Proor
In the case u € L2(H?), the proof of Lemma [12.4] can be modified such that y. , € L>(L?)
without the need of y. > Cy (we have to perform integration by parts on the term
—(Uz, Yoz) = (Uzz,Yz) < |[ugal® + ||lye|* in (12.4), which can then be treated by Gron-
wall’s lemma. In the case of g9 = —1, the first term on the right-hand side of is
just —|lyze||? after integration by parts.), i.e., we have y. € C(CO’%) bounded uniformly
with respect to € > 0. Together with Lemma we can deduce that the sequence (ye)
is bounded uniformly in Co’é(CO’%), i.e., Y is equicontinuous and uniformly bounded and
there exist a subsequence and y such that y. — y uniformly.

The fact that y solves ((10.1)) follows from [19, Theorem 3.1]. O

Lemma 12.12

Let go = 0 or go = —1, u € L?*(H"') and let 3. be the solution of with y. > Cp
independent of € > 0. Then, there exist a y € H'(L?) N L?(H*) and a subsequence (still
denoted by ¢) such that y. — y uniformly in Q7. The limiting function y solves .

Proor

If y. > Cp uniformly in € > 0, then it is possible to absorb all the terms to the second
term on the left-hand side of in the proof of Lemma i.e., we get uniform (with
respect of ¢ > 0) bounds for y. in the L?(H3) N HY(H~!) norm. We follow the proof of
Lemma to show that (y.) is uniformly bounded in L?(H*) N H'(L?). By the uniform
bounds, there exists a limiting function y € L*(H*) N H'(L?) such that y. — y weakly
in L?(H*) N H'(L?) (up to a subsequence). It remains to show that y solves (10.1). We
can now either use the second part of the proof of Lemma [T2.11] to conclude, or we verify
it by hand: For the linear terms, this is clear. For the nonlinear terms, we calculate for
© € C*°(Qr) and the subsequence mentioned

(f(ys)ys,wmc - f(y)y:v:m» 9035) = ([f(ys) - f(y)]ys,mc:m 8090) + (f(y) [ys,:mcx - yzx:r]7 pr) — 0.

For the second nonlinear term, we calculate

(90(We)Ye e — 90(W)Ya, 02) = ([90(Ye) — 90(W)]We,zr 0z) + (90(W) [Wer — Yl ©2)-

This concludes the proof. O

In this section, we discussed different cases for which solvability of (10.1)) and (12.1) may
be established.
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. For € > 0, gg satisfying Hypothesis and an arbitrary u € L%(Qr), a solution 7.
of (12.1)) exists; see Lemma m

. For e = 0, go satisfying Hypothesis u = 0, and state constraints (i.e., y > Cj)
being absent, equation ([10.1]) is solvable; cf. Hypothesis and Remark [12.10

. For ¢ > 0, go = 0, and regular right-hand sides u € L?(H?), the sequence of solutions
(ye) of (12.1)) is uniformly bounded, and the obtained limit y for ¢ — 0 solves (|10.1));
see Lemma [12.171

. For e > 0, go = 0 or go = —1, the sequence of solutions (y.) of (12.1)) converges to
a solution y of ([10.1)), if all y. are uniformly (with respect to &) bounded away from
zero, i.e., there exists a constant Cy (independent of ¢ > 0) such that y. > Cjy; see

Lemma 12.121






13. Analysis of the optimization problem
without regularization

In this chapter, we want to show solvability for the original optimization Problem and
derive necessary optimality conditions. This seems to be possible for a general potential gg
which satisfies Hypothesis and Hypothesis The analysis in the following chapters

relies on Lemmas [12.11] and [12.12] which is only shown for gy = 0 and go = —1 (hence also
for go = ¢ for ¢ < 0). In order to keep arguments and calculations as easy as possible, we
set go = 0 from now on, but the results are also valid (at least) for go = —1.

In order to use the Lagrange multiplier theorem, we have to ensure a certain regularity for
the optimal solution of the optimization problem stated below. Since the control u in (|10.1])
is only in L?(Qr) (due to the structure in the cost functional J), the desired regularity of
the corresponding optimal state may not be reached. This regularity is a crucial property
needed in the next chapter. To overcome this issue, we restrict proper controls in
to those of the form (A_lum)w instead of u,; see . The choice of this particular term
is not immediate, but crucial for the rest of this part: First, in order to exclude a trivial
optimization problem, we want the mass to be conserved (otherwise an optimal control
would lead to local evaporation or wetting effects), hence the modified term needs to be in
divergence form. To determine the involved amount of derivatives in the modified term, a
deep look into the proof of Theorem is needed in order to uniformly bound all emerging
terms there.

As we already discussed in the introduction of this part, an alternative is the use of an
additional term ||u,||? in the functional, which also ensures the desired regularity. However,
this would lead to second spatial derivatives of u in the optimality condition (13.13g]). This
equation is later used in order to show uniform bounds of all involved functions, but since
we do not know if second derivatives of u are uniformly bounded, this alternative approach
does not seem promising.

We now state the modified form of Problem [I0.11

Problem 13.1
Let a > 0, § € L?(Q27). Minimize

1T 9 a [T 9
J(y,u) ::f/ /\y—y\ dxdt—i-f/ /|u\ da dt
2Jo Ja 2 Jo Ja

subject to y > Cp and

Yt = _(f(y)yxxx)m + gz, (131)
—qzz = Ug, (13.2)

79
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together with initial condition y(0,.) = yg, boundary conditions y, = Yzze = 0 and ¢ = 0
in a,b.

Theorem 132
Problem |13.1| has at least one solution.

PrROOF
Step 1. By Hypothesis [12.9] there exist at least ¢ € L2(H') and u € L?(Qr) such that all

side constraints (i.e., the equation (13.1)), ,and y = y(q(u)) > Cp in Q7) are
satisfied. Therefore, we have

inf J(y,u) =: J* > —o0,

where the infimum is taken over all feasible pairs (y,u).

Step 2. By the first step, there exists a sequence {(y;, q;,u;)} fulfilling (13.1)), , and
yi > Co with J(y;,u;) \ J*. Therefore, u; is bounded in L?(27) and there exists a

u € L*(Qr) such that u; — u weakly in L?(Q7) (up to subsequences).

Since ¢; solves the Poisson equation, we know that g; is bounded in L?(H') and there
exists a ¢ € L2(H') with ¢; — ¢ weakly in L?(H") (up to subsequences). It is clear

that (q,u) solve (13.2)).

By Lemma 112.12|, there exists a y € L?(H*) N H'(L?) such that y; — y weakly in
L*(HY)NHY(L?) and y; — y uniformly in Qr, and y solves (13.1). Moreover, we have
y = Co.

Step 3. By the weak lower semicontinuity of the functional J, (y,u) is a minimum of Prob-

lem [13.1] O

By the nonlinearity of the leading equation , it is clear that a minimum need not be
unique. In the remainder of this chapter, we will derive necessary optimality conditions for
a minimum obtained by Theorem [I3:2] A problem here is that a classical Slater type result
(i.e., the feasible set must have nonempty interior) cannot be used, since the Slater type
condition of a state constraint y > Cj requires pointwise information (i.e., in C(Qr); but
this is not available since we need to get it on the set of solutions which has no interior;
cf. [4]).

The key step to derive this is the following abstract result about optimal control problems

with state constraints, which is obtained in [4].

Lemma 13.3
Let X,V,W be Banach spaces, U be a separable Banach space, let J : X x U — R,
G: X xU—V,H:X — W be mappings, and C' C W be a set.

Let (Z,u) € X x U be a minimum of the optimal control problem

J(z,u) = (zr,rleLi)relS J(x,u)

with
S:={(z,u) e X xU: G(z,u) =0, H(z) € C}
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and let the following assumptions be true.
1. G: X xU — V is Frechet differentiable at (z,u),
2. H : X — W is Frechet differentiable at z,

3. @ # C C W is a convex subset with nonempty interior (measured in the topology of
W),

4. G (z,u) : X — V is surjective.

Then there exist (p, 1, () € V* x W* x R such that

C<J;(.CE,’L—L), '77>X,X* + (p, G;(f,ﬂ)l’)uv* + (u, H’(f)x>mw* =0 Ve X, (13.3&)
(T (&, u), wyuo- + (0, Gy (T, w)u)yy- =0 YueU, (13.3Db)
¢=0, (13.3c)
(,w—H(@)ww+ <0 YweC (13.3d)
and if ¢ = 0 then (u, w)ww+ # 0 for some w € C.
If we additionally assume that there exists (z,u) € X x U such that
G.(z,u)z + G\(Z,u)(u —u) = 0, (13.4a)
H(Z) + H'(z)z € int C, (13.4b)

then we can take ( = 1.

We now apply this general result to our setup in Problem We define the spaces
X:=X,xX, X,=L*HYNH(L?, X,:=L*H),

as well as the spaces U := L*(L?), V := L*(L?) x L*(H™'), W = X,, and the set
C:={veW: v>CyinQr}. Since W C C(Qr) by Sobolev embeddings, the set C
is well-defined.

The function G is given by

G(y,q),u) = (y + (f (W) re), — qx> |

—Qrx — Ug

while H is given by H(y,q) := y. We omit initial conditions and boundary conditions in G,
which may be treated by standard methods; see, e.g., [40, Section 2.6].

Lemma 13.4
1. The function G : X x U — V is well-defined.

2. The function H : X — W is well-defined.

3. The set C is convex with nonempty interior (measured in the topology of W).

Proor
1. This follows from Lemma |12.6
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2. Clear by definition.

3. Clearly, the set C is convex, since it is the intersection of two convex sets. We note that
the set C := {v € C(Qr) : v > Cp in Qr} has nonempty interior (e.g., & = 2C is an
interior point), i.e., there exist a point ¥ € C and r > 0 such that B,(0) C C. Without
loss of generality, we can assume that © € W due to the density of W C C(Qr). Since
the embedding mapping id : W — C(Qr) is continuous by Sobolev embeddings,
the preimage id~(B,(9)) C C is open, hence there exists an open neighborhood of
id=%(%), which means that C' has nonempty interior in the topology of . O

Remark 13.5
As of this place, it seems non straight-forward to use

W=L*H"YNHYL*), C={veW:v>CyinQr},

instead of simply using W = C(Qr) and C accordingly.

This particular choice will be evident in the proof of Theorem [I4.4] where we need to bound
the Lagrange multipliers p. associated to the state constraint y > Cj uniformly with respect
to € > 0, i.e., we need to bound some dual pairings (i, ) for all ¢ with ||¢|w < 1. If we
choose W = C(Q2r), we would only know

sup |p(t,z)] <1,
(t,z)eQr

which is not enough to bound all emerging terms. However, the choice W = L?(H*) N
H'(L?) allows to bound all those terms and thus to prove Theorem m

We now check that the remaining assumptions in Lemma [13.3| are valid. In order to write
down (|13.3)), we have to show that G’ (z,u) : X — V is surjective, which is done in the
following.

Lemma 13.6
1. The function Gy, which is defined as

Gl((y, Q)vu) =Y+ (f(y)yxx:c)x — {4z,

has the following Frechet derivative

(GLy(:0),8),0y) = (69)e + ({F' @), 0)Faaa), + (F@)(OY)aaa), YOy € Xy,

(G1,((5,9), ), 00) = — (bq)s V6q € X,

(G1u((@:),7),0u) =0 voq € U.
2. The function Gs, which is defined as

GQ((?J, q)7u) = —qggx — Ug,
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has the following Frechet derivative

(G, (5,),3),0y) =0 oy € X,
(Gho((5:0),7),00) = — (50 Véq € X,,
<Gé,u((qu)a a)75u> = - (5u)x Véu € U.
Proor
The function G is smooth and the derivation of it is a straight forward calculation. O
Lemma 13.7
1. For every ® € L%*(L?) and every w € L?(H}), there exists a v € L2(H*) N H'(L?)
such that
(G (@.0),0),v) + (G1,((5,), 1), w) = (13.5)

together with the initial conditions v(0,.) = 0 and w(0,.) = 0 as well as the boundary
conditions v, = vz, = 0 and w =0 in a, b.

2. For every ¥ € L2(H~') and every v € L?(H*) N H'(L?), there exists a w € L?(H})
such that

(Gay((4,7),u),v) + <G’2,q((z7,é)7@),w> = (13.6)

together with the initial conditions v(0,.) = 0 and w(0,.) = 0 as well as the boundary
conditions v, = Vzz, = 0 and w = 0 in a, b.

Proor
1. Inserting the derivative of G; with respect to y by Lemma |13.6, equation ((13.5)) reads
as

v + (f(g)vxm)m + lower order terms = ®. (13.7)

For a test function ¢ € X, we write

<(f(g)vmx)x’ ‘P> = — (f(Q)vaza, Px) = ([ (@) V2zs Paaz) + (' (U)Yavaz, pa) . (13.8)

Since f'(y) = 3y~ f(¥), on nothing that 4 > Cy > 0, we can estimate the last term

in ((13.8)) as follows
(' @)Favas, ) < ol G)vrell* + C(0) 5502 ]*

with ¢ > 0. The remaining term in (13.8)) is either uniformly H2-coercive (since
y > Cp) or is of lower order. Therefore, there exists a solution v € L2(H?)NH'(H 1)

of (I37).

As in the proof of Lemma [12.6] we can write

(f(g)vimm)x = f(g)vxzx:p + f/(g)ngmcma (13.9)
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i.e., the leading part of the equation is uniformly elliptic since y > Cj. Similar
to the proof in Lemma [T2:6] it is possible to multiply the equation with vz, and to
absorb the lower order terms into the leading term in . Therefore, it is possible
to show that the solution v is as regular as claimed.

The choice of w is arbitrary, since it is of lower order and the related can be put into
the right hand side ® in the first place.

2. By Lemma equation (|13.6) reads as the Poisson equation, which is surjective on
the corresponding spaces. O

We will now show that the regular point conditions (13.4a]) and (13.4b) from Lemma [13.3]
are fulfilled. For this goal, it is important to make use of the surjectivity of the derivative
of G.

Lemma 13.8
There exists (z,u) € X x U such that (13.4a)) and (13.4b)) are fulfilled.

Proor

Step 1. First, we note that int C — H(z) = {f € C(Q2r) : f > Co — y}. Since H'(z)z =y,
we have to choose y € X, such that y > Cop—y in Qr to meet (13.4b), which is always
possible (e.g., we can choose y = 2Cy).

Step 2. Now, we take a look at the first component of the equation (|13.4a))
G(z, 0z + G, (7, u)(u— 1) = 0,
which can be written as
(Ghy (@) 0).) =4, (13.10)

due to Lemma m By Lemma 13/|7 the left-hand side of (|13.10) is surjective, i.e.,
there exists a ¢ € X such that (13.10) holds.

Step 3. Finally, we take a look at the second component of ((13.4a]), which reads as

—q,, = Uy — Ug =1 Ug. (13.11)
This equation is the Poisson equation, which is known to be surjective on the corre-
sponding spaces, i.e., there exists @, € L?(H ') such that (13.11)) holds. Since u, is
known and we do not have additional constraints on u, there exists a u, € L?(H ')
such that (13.11]) holds. But this implies the existence of u € L?(L?) = U such that

(13.11) holds.
To summarize, we have constructed ((y, q), g) € X x U such that both conditions (|13.4al)

and (T3.4D) hold. .

Remark 13.9
For a leading equation of second order (instead of the fourth order equation, which we have
here), the proof of Lemma would work in a much more general setting: In (13.4b)), we
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have to show that there exists a y € X, such that y +y > Cp and y is a solution of the
linearized equation (13.4a)). Since u can be chosen arbitrarily, (13.4a)) reads as

G (z,u)z = P, (13.12)

where ¢ can have an arbitrary sign (There are no additional constraints on u). If G contains
an parabolic equation of second order, equation would read as an linear parabolic
equation of second order. There holds a maximum principle for such equations, i.e., if ®
has a certain sign, we can guarantee that z has also a sign making it easier to show ,
where this information is useful.

Theorem 13.10
Let (y,q,u) be a solution of Problem [13.1} Then, there exist z € L?(L?), n € L*(H{}), and
p € (L2(H*) N HY(L?))* such that the following optimality conditions are fulfilled.

ye = — ([FW)aaa) , + as (13.13a)
—Qpa = Uz, (13.13b)
y>Co (13.13c)
0= (w—y,p) VXy3w=Cy, (13.13d)
0="(y— 8,0 + {20+ (f'(¥)VYrz2)z) (13.13e)
+ (2, ([f ()] zaz) ) + (0o 1) Yo € Xy,
0= 2y — Noas (13.13f)
0= au+1n, (13.13g)

together with initial conditions y(0,.) = yo, 2(T,.) = 0; boundary conditions Y, = Yyzz =
Ze = Zzpzz = 0in a,b; as well as ¢ =n =0 in a, b.

Proor
We use Lemma [13.3 the conditions there are fulfilled by Lemma [13.4] Lemma|13.6] Lemma
13.7, and Lemma [13.8] 0







14. Optimization with regularization in the
equation

In this chapter, we consider a modification of Problem where the state equation is
regularized; the functional remains the same. After having shown solvability and having de-
rived corresponding optimality conditions in Theorem and Theorem respectively,
we will show that solutions of this problem converge to objects which solve , ie., we
show that solutions of the modified problem convergence to those of the original problem
in a certain sense.

Problem 14.1
Let € > 0. Suppose § € L?(Qr). Minimize

1 (T 9 a [T 9
T(y,w) ::7/ /\y—y\ dxdt+—/ /yu\ dz dt
2Jo Ja 2 Jo Ja

subject to y > Cy, (12.1]), and ((13.2)), together with the initial condition y(0) = yp.

Theorenm 14)2
Problem |14.1| has at least one solution.

Proor
The proof uses the the same argument as the proof of Theorem |13.2 O

Theorem 14.3
Let (y,q,u) be a minimum of Problem [14.1f Then, there exist Lagrange multipliers z €
L2(L?), n € L*(H}), and p € (L*(H*) N H'(L?))* such that the following equations are
fulfilled.

v = — ([f(y) + €lyazz) , + o (14.1a)
—Qux = U, (14.1Db)
y=>Co (14.1c)
0> (w—y,p YXy>w2=Co, (14.1d)
0="(y— 0,0 + (2,0t + (f'(Y)VYz2)z) (14.1¢)
+ (2, ([f (y) + €l @uaz) ,) + (0, 1) Vo € Xy,
0= 2z — Naa, (14.1f)
0=au+n, (14.1g)

together with initial conditions y(0,.) = yo, 2(7,.) = 0; boundary conditions ¥, = Yyzz =
Zy = Zgar = 0in a, b; as well as ¢ = =0 in a, b.
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Proor
This is a direct consequence of Lemma [13.3l The details are similar to the proof of Theo-
rem [13.10} 0

Theorem 14.4
Let {(ye, ¢, ue) } be a sequence of solutions of Problem|14.1] Then, there exists (y*, ¢*, u*) €
(HY(L*)NL?(H*Y)) x L2(H}) x L?(L?) such that (yz, ¢e, ue) — (y*, ¢*, u*) weakly in (H(L*)N
L*(H*)) x L?(H}) x L*(L?) (up to a subsequence). The limit functions (y*,¢*,u*) are a

solution of ((13.13]).

Proor

Step 1. First we prove that (u.) is uniformly bounded in L?*(L?): To do so, we want to find
a function uw and a corresponding solution (ye, ¢-), which is feasible for every e > 0
small enough, i.e., which is solving and , together with y. > Cp. For u =0
(hence ¢ = 0) and € = 0, there exists a solution y of (See Hypothesis ,

which satisfies y > 2Cy. Let yéo) be the solution of (12.1)) for ¢ = 0 (hence u = 0).
i12.11

Then there exists y : Qp — R such that gﬁo) — y uniformly for ¢ — 0, cf. Lemma

Hence there exists an g > 0 such that géo) > C for every 0 < € < .

Since @. is uniformly bounded (with respect to ¢ > 0) in L2(H*) N H'(L?) by a
constant depending on the fixed norm of u = 0, we may deduce that the solution
(Ye, Ge, us) of Problem satisfies J(ye, ue) < J(yéo),O) < o0, i.e., by construction
of the functional J, the sequence (u.) is bounded uniformly in L?(L?). Hence there
exists a u* € L?(L?) such that u. — u* weakly in L?*(L?).

Step 2. By standard estimates for the Poisson equation, there exists a constant C' > 0 such
that for the solution g. of ((13.2)) holds

||CIEHL2(H5) < C||UEHL2(L2)7

i.e., there exists an ¢* € L?(H}) such that ¢ — ¢* weakly in L?(H}) thanks to the
boundedness of {u.} from the last step.

Step 3. By Lemma the solution y. of is uniformly bounded (with respect to
e >0)in L2(H*)N HY(L?), i.e., there exists y* € L2(H*)N H'(L?) such that y. — y*
weakly in L2(H*) N H'(L?). Since all y. > Cj, we have y* > Cp and y* solves
by Lemma [12.12

Step 4. We have shown so far that there exists (y*, ¢*, u*) in the given spaces and they solve
(13.13a)), (13.13b]) and (13.13¢c)). It remains to show that the Lagrange multipliers
(e, 22, me) are uniformly bounded (with respect to €) and that their limits solve the

remaining equations in (|13.13)).

Step 5. Since (u.) is bounded in L?(L?), we have (1.) bounded in L?(H}) by (14.1g). By
(T4.1f), (2c.) is bounded uniformly in L?*(H~'). We will now consider ([14.1¢) and
may show that j is uniformly bounded in (L?(H*) N H*(L?))*, i.e., we have to show
that

kel L2 (roynm (22)) = sup | (e, )|
yeL2(HY)NHL(L2)
||¢||L2(H4)QH1(L2)S1
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is bounded independently from £ > 0. Since . is on the right-hand side of (14.1€]),
we can represent . by means of y. and z., i.e., we have

‘<Na»¢>’ < |<y5 -7, ¢>‘ + ’<Z67 wtﬂ + |<25,:c7 f’(ye)ya,mﬁ/fﬂ
+ ‘<Za,z7 [f(y6> + g]wxzzﬂ = Il + IQ + I3 + I4-

We estimate those terms as follows and use the bounds from the first steps (and
Sobolev embeddings),

I < lye — gllll¥ll < C,

Ip = [(zez, Yi)| < |zez el < C,
I3 < |2zl f'(ye)Ye zzatl |l < C,

Iy < lzezllI[f (ye) + €lueal < C,

where we used that ||| z2(gaynm1(r2) < 1.

Adding up, we arrive at sup..g ||tell(p2(g1)nma2)) < C, ie., {pe} is uniformly
bounded with respect to € > 0.

Step 6. By the bounds from the previous step, there exist n* € L?(H}), 2 € L?>(H™!), and
p* € (L2(H*) N HY(L?))* such that n. — n* weakly in L?(H}), 2. — 2 weakly in
L*(H™Y), and pe — p* weakly in (L2(H*) N HY(L?))*.

Step 7. With the bounds and the convergence from the last step, it is possible to show

that by taking the limit in (14.1d]), (14.1e)), (14.1f), and (14.1g)), respectively, that
(n*, 2%, u*) solve (13.13d)), (13.13¢)), (13.13f) and (13.13g)), respectively. This concludes

the proof. O







15. Penalty approximation

In this chapter, we investigate a penalty approximation of Problem The main idea is
to add an additional non-negative term to the functional, which increases in value in cases
where the state constraint y > Cj does not apply. This additional term allows us to get rid
of the state constraint, hence we can get rid of the non-regular Lagrange multiplier p in the
optimality system . On the opposite, a drawback is that in general this generates non-
feasible solutions (with respect to the constraint y > Cp). When considering a well-posed
equation, this is not that crucial, but in our case the original equation may degenerate,
and non-feasible solutions might even not exist. That is the reason for introducing the
intermediate Problem with the regularized equation .

We now introduce a penalty approximation of Problem and prove the existence of a
corresponding minimum, as well as convergence of minimizers to a minimum of Problem [T4:]]
for a fixed € > 0. Then we derive optimality conditions, which are the starting point for
numerical studies in chapter [[6] For more details to the penalty approximation we refer
the reader to [24], Section 1.10] and [58, Section 3].

Problem 15.1
Let €, > 0. We define the functional

Jy(y,u) = J(y,u) + 217 /OT/Q ‘(Co - y)+‘2 dz dt. (15.1)

Find (v, ¢y, uy) as the minimum of J, subject to (12.1)) and (13.2).

Remark 15.2

As mentioned in the introduction, the penalty method is not the only method for the
regularization of the state constraint in Problem We add a few words about two other
prominent methods.

1. In the Moreau-Yosida approximation [44], we consider the function

I = I+ 5 [ [ [(e+(Co- ) arar,

where y € L?(L?) is given and v > 0 should tend to zero. Note that the scaling is
different from that in . For the Moreau-Yosida based approximation, a class
of effective solvers are available, cf. [43]. However, it is not clear if the convergence
result in [44] also holds for the nonlinear equation in (10.1)).

2. In the Lavrentiev approximation [64], the state constraint y > Cj is replaced by a
mixed control-state constraint vyu + y > Cp for some v > 0, which should tend to
zero. It is standard to show existence of an optimum subject to the mixed constraints
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Theorem 15.3
There exists at least a solution (y, gy, u) of Problem [15.1

PRrRooOF

15. Penalty approximation

instead of pure state constraints. The necessary optimality conditions now involve a
Lagrange multiplier p, € L?(Qr) with f > 0 and the complementary condition [64]
Theorem 3.3]

(ftry, Co —yu —y) =0, (15.2)

which is then solved together with the remaining part of the optimality condition with
a semi-smooth Newton method. As in the case of the Moreau-Yosida approximation,
the we are not aware if the Lavrentiev converges in the case of the governing equation
(10.1]), and thus is left open at this place.

Similar to the proof of Theorem |13.2{ and Theorem |14.2 O

Theorem 15.4

Let ¢ > 0, and {(yy,qy,uy)} be a sequence of solutions of Problem [15.1 Then, there
exist y* € L2(H*) N HY(L?), ¢ € L*(H}), and u* € L*(L?) such that y, — y* weakly in
L*(H*) N HY(L?), ¢, — ¢* weakly in L*(H}), and u, — u* weakly in L?(L?) for v — 0.
Moreover, (y*,¢*,u*) is a solution of Problem [14.1]

Proor
Let (Y-, ¢y, uy) be the solution of Problem [15.1

Step 1. We first show that the functional is uniformly bounded (with respect to v > 0): Let

(y,q,u) be the solution of Problem ie., (y,q,u) solve (12.1)) and ([13.2), y > Cy
and J(y,u) is minimal for all such (y, ¢, u). Since y > Cy, we have J,(y,u) = J(y,u)
independent of v > 0.

By the minimizing property of (v, ¢y, u), there holds
J’y(y'yvu'y) < J'y(ga u) = J(y,u) < oo.

Hence, J,(yy, uy) is uniformly bounded with respect to v > 0.

Step 2. We want to get weak limit functions: From the definition of .J,, we derive a uniform

(with respect to v > 0) bound for u, in the L?(L?)-norm. By a-priori estimates for
the Poisson equation , ¢y is uniformly bounded in L?*(H}). By the a-priori
estimates from Lemma Yy~ is uniformly (with respect to v > 0) bounded in the
L*(H*) N H'(L?*)-norm. Therefore, there exists (y*,q*,u*) € (L*(H*) N H'(L?)) x
L*(H}) x L*(L?) such that (yy,qy,uy) — (y*,¢* u*) weakly in the corresponding
spaces.

Step 3. We want to show that the limit functions (y*, ¢*, u*) are feasible for Problem m

It is easy to verify that (y*,¢*,u*) solves (12.1) and (13.2)) like it was done, e.g., in
the proof of Theorem It remains to show that y* > Cy. Since J,(yy,uy) < C
uniformly in v > 0, we know that for v — 0,

/OT/Q‘(CO—yV)JF‘Z dtdz — 0,
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i.e., we have (Cy — y7)+ — 0 a.e. in Qp, which means y* > Cj.

Step 4. Finally, we show that (y*, ¢*,u*) is a solution of Problem m We have to show

that J(y*,u*) < J(y,u) for every (y, q,u) solving (12.1)) and y > C.

Let (y,q,u) be a solution of Problem By the first parts of the proof, we know
that (y*, ¢*, u*) is feasible for Problem i.e., we have J,(y*,u*) = J(y*,u*). Since
(Yys @y, uy) = (¥*, ¢, u*) weakly in the corresponding spaces by the second part of

the proof, and J is weakly lower semi-continuous, we have

J(y*u*) < limﬁi(l)lf Iy (Yy, uy) < J(y,w), (15.3)
B!

where we used the first part which relies on (y,, ¢y, u,) being a solution of Prob-

lem [I5.11

Since (y,u) is a minimum of J, all quantities in (15.3) must be equal, i.e., (y*, ¢*,u*)

is a solution of Problem

O

As in the last chapter, we can now derive an analogon to ((13.13]) and (14.1]), respectively.

Theorem 15.5
Let (y,q,u) be a minimum of Problem |15.1

Then, there exist Lagrange multiplier z €

L?(L?) and n € L?(H}) such that the following equations are fulfilled.

v = — ([f(¥) + elyaaa) , + s (15.4a)
—Qxx = Ug, (15.4b)
0= <y - Y, 90> + <Zv Yt + (f,(y)yx:txso)x> (154C)

+ (2, ([f ) + lpuaa),) + i«o, (Co—y)* ) VoeX,
0 =2y — Nax, (15.4d)
0= au+ 1, (15.4e)

together with initial conditions y(0,.) = yo, 2(7,.) = 0; boundary conditions y, = Yyze =
Ze = Zzzz = 0in a, b; as well as ¢ =n =0 in a, b.






16. Computational studies

In order to study numerical experiments for the optimal control Problem [15.1 we first
have to discretize the optimization problem to obtain a finite dimensional problem: We use
the “first discretize, then optimize” ansatz, which has several advantages such as that the
system of necessary optimality conditions is well-posed, and the adjoint equation inherits a
discretization from the discretization of the state equation. As in the last chapters, we also
consider here go = 0.

16.1. Discretization of the equation

We use the following space-time discretization scheme for ((12.1)), which was originally sug-
gested for (10.1]) in [15].

Let hlNgpace = b — a and x; := a + ih for i = 0,..., Nypace denote the set of spatial nodes.
Define the standard finite element space Vj, containing piecewise linear functions, via

Vi = {UhEC([a,b]): Up }Epl}a

[@s,2i41

cf. [23]. The function P, : L? — V}, denotes the projection onto Vj, with respect to the L?
scalar product.

Let kNtime = T, and let ¢, := nk for n = 0,..., Nyme denote the nodal points of a time
grid which covers [0, T1.

We will use the following notation for discrete functions: The notation {V"} C X}, describes
a family of finite element functions evaluated at subsequent times t,, while V : Qpr — R
stands for the piecewise affine, globally continuous time interpolant of {V"}. Sometimes,
we also write V(¢ = t,,) instead of V".

The discrete version of (12.1)) (for go = 0) reads as follows.

Problem 16.1
Let Yy := Ppyo € V3. Set YV := Y}, find PY € V}, such that

Y9, ®,)— (P°,®)=0 VY& eV,
Then for n =1,..., Nime — 1 find Y1 € V3, P**1 € Vj, and P**! € Vj, such that

1
%(Yn—H - Yn7(I)) + (f€<Yn+1>Pg?+17(I)x) = (Um(tm—l)aq)) VO € Vi, (16.1&)
YL @) — (PPTL @) =0 Y eV, (16.1b)
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Remark 16.2

Note that in this whole chapter, we will not include the term regularization (Afluz)x,
which we introduced in chapter [I3]in order to cope with spatial regularity and convergence
issues, but use instead the term u,. In all our experiments, we do not study the effects
in the discretization parameter h dealing with spatial resolution, i.e., h > 0 is kept fixed.
On a finite dimensional level, the problem with the easier term u, (from Problem is
related to the properly scaled Problem [13.1]

In [50], the author has provided simulations for the same problems, where the regularization
term (A‘lux)x is also dropped, but the functional being minimized consists of an L?(H!)-
norm of the control u instead of the L?(L?)-norm of it.

The coupled system ([16.1)) is solved by Newton’s method with exact derivatives, and all
terms (which are polynomials of higher order) are assembled exactly using an accurate
quadrature rule.

Lemma motivates solvability of for ¢ > 0. However, for small € > 0, the
system matrix has a high condition number in the presence of related large values of the
approximation of U(t,) and small values of {Y"} due to the algebraic form of f.. We
encountered this problem in the form of a singular system matrix on the level of numerical
linear algebra. Smaller values of k, bigger values of ¢ and—in the context of optimal
control—state constraints help to overcome this issue.

For all experiments in this chapter, we choose A = 1.0 and Newton’s method as nonlinear
algebraic solver stops if the difference of two consecutive iterations is less than 1071, or if
the maximum number of iterations exceeds 1000. However, except for those experiments
with singular system matrices, the observed number of iterates was well below (We needed in
average 2-5 iterations and as maximum 30 iterations, which highly depends on the specific
experiment).

16.2. Simulations of the equation

For the first experiment, we take [a,b] = [0,5], T" = 1.0, Nypace = 8, Ntime = 5000, and
e = 0; we take a fixed right-hand side U and solve . The output is displayed in
Figure [I6.1] In this experiment we see that the solution takes negative values for a general
function u, which motivates that the state constraint in the optimization Problem [I0.] is
really needed. For comparison, we included corresponding simulations for U = 0, where we
know from Hypothesis that the solution stays positive.

In order to exclude effects concerning spatial discretization, we change data to Ngpace = 30,
e = 0.03 and repeat the experiment for a given right-hand side (actually the same like
above, but the magnitude is decreased by a factor of 0.7); see Figure The change in
the right-hand side and the small, but positive value of € have to be done since the system
matrix was singular otherwise. For comparison, we included corresponding simulations for
U =0 and € = 0.03 as well as for € = 0, which both stay positive for the whole time. We
see that small values of € do have only a small effect on the solution being negative if at
all.
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(a) Y (t = 0.0) (b) Y (t = 0.25)
1.5
1 N
0.5
0 -
1 2 3 4 5
—0.5 |
(c) Y(t = 0.5) (d) Y(t = 0.75)

(e) Y(t = 0.95)

Figure 16.1. Solution Y at different times for a given right-hand side U # 0 E]) and

UEO(]EI).
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(a) Y (t = 0.0)

0.5 +

T 2 3 4
(e) Y(t=0.85)

1 2 3 S~ 5

0.5 +

(b) Y (t = 0.15)

(d) Y(t = 0.5)
2 3 T
(f) Y(t =1.0)

1

2

!7) < f >

Figure 16.2. Solution Y at different times for a given right-hand side U # 0 and ¢

0.0SEI),forUEOandszO.%E[),andforUEOandszOED.
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16.3. Discretization of the optimal control problem

We use a “first discretize, then optimize” (cf. |[46]) approach to state the following discrete
version of Problem [I5.]

Problem 16.3
Let € > 0, v > 0, and let t; like above. Define J, gisc : VhN“meJrl X Vh]\[“me+1 — R via

Ntlme Ntlme Ntlme

Sydise (Y, U) Z Y™ = y"|2+ Z [T + Z 1(Co = Y™)|I%,

where the last term is ignored if we set y = 0. If Y ¢ Vj,, we instead insert the interpolation
of it into J, gisc-

Find (Y,U) as the minimum of J, gisc subject to ((16.1)).

Theorem 16.4
Let € > 0 and v > 0. Then there exists a solution of Problem [16.3

Theorem 16.5
Let (Y,U) € VhN time 15 VhN timet1 he a minimum of Problem|16.3] Then, there exist Lagrange

multipliers Z € VhNtimeJrl and S € VhN“m*’H, such that for all n = 1,..., Niime — 1 the
following equations are fulfilled:

1
E(Y”“ — Y™ ®) + (£ (Y"THPML B,) = (Up(tny1), @) VO €V, (16.2a)
(Y @) — (PP ®) =0 YV €V, (16.2b)
%((I), Z" + (f(y"™heprtt zm) + (8, 8,) = %((I),Z"“) + (@, Y™yt (16.2¢)
1

+=(®,(Co—Y"™HT) Vb eV,

@@y ey
(f-(Y"™H®,, Z2") — (,5") =0 V® €V}, (16.2d)
(U, ®) + (Z;,®) =0 Y& €V}, (16.2¢)

together with initial conditions Y? = Y, ZNime = (. Conditions (16.2b), (16.2d)), and
(16.2€) are also valid for n = 0.

By the uniqueness of solutions for the continuous equation (which is valid at least
for go = 0) as well for the discrete version of it, (which can be shown for £ > 0 is
small enough), the operator U — Y (U) is well-defined. Therefore, we can use a steepest
descent algorithm in order to solve Problem numerically instead of addressing directly
with, e.g., a SQP-algorithm, which suffers from a huge system matrix for the present
evolutionary problem.

We write Y (U) for the solution of (|16.1) for a given U and can restate Problem by
minimizing the functional

J(U) :== Jyaisc(Y(U),U)
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without any constraints. From we know that the gradient of J is given by the finite
element projection of aU + Z,, which we use as search direction for the steepest descent
method, in combination with an Armijo step size rule, which is very flexible and ensures
by its selection of valid step sizes a monotone decrease of .J (Uy) as r — oo. For general
details regarding our used method and a recent overview about the theoretical background
we refer the reader to [41] 46].

The corresponding algorithm reads as follows.

Algorithm 16.6
Set Up =0 and fix 0, > 0, 0 < § < 1, 0401 > 0. Compute (Y1, P1) from solving ((16.1]), then
compute (Z1,S1) from solving (16.2c) and (16.2d)). Repeat for r > 0:

1. Evaluate VJ(U,) = aU, + (Z,), and evaluate J(U,).

2. Repeat for s > 0:
a) Define U, := U, — B*V.J(U,.).

b) Compute (Y, r(j)l,Prgi)l) from solving (16.1)) for U 1 as right-hand side.
c) STOP, if

JUS) = J(U) < —o.3° |V, (16.3)

and set U,11 := U,gi)l

3. Compute (Zy41,Sr4+1) from solving (16.2c)) and (16.2d]).
4. STOP, if | VJ(U,11)||? < 6101 and set Uppy = Uy i1, Yopr = Yri1.

In all the studies below, we set o, := 107® and 3 := 0.15. The stopping condition is set
to be 601 := 5 - 1075, which is obtained after 700 up to 50000 iterations. The number of
iterations highly depends on the given data (i.e., on Y, Y, and on a, e,y > 0). A typical
evaluation with respect to the number of iterations of the functional J and the gradient V.J
with respect to the number of iterations is shown in Figure For the majority of the
steps in this example, the biggest step size was considered as being suitable, i.e., was
fulfilled for s = 0. In cases where more nested iterations in Algorithm are needed, the
values of J and ||V.J||? decrease more slowly with respect to the number of iterations.

In Figure we plotted two different scenarios depending on v > 0: In both scenarios,
re J (Uy) is monotonously decreasing, thanks to the definition of step size. This is also
the case for r — ||[VJ(U,)||? if ¥ = 0. For > 0, the function .J is more complicated, and
so is the norm of its gradient; see Figure[16.3b] The time dynamics of the optimal solutions
of this particular experiment is displayed in Figure and the experiment is explained in

section [16.0l

It is clear that the choice of [ is one of the most crucial parameters for the performance
of the algorithm. Smaller values of 8 rule out bigger step sizes, leading to more iterations.
Bigger values of 8 allow for potentially bigger step sizes, which could also lead to a longer
runtime since it takes more nested iterations to obtain a valid step size in the spirit of
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. In the context of an optimal control problem with a degenerate equation such as in
the present case, it is important not to choose § too big: Then, the new potential control
Unew = Ugla — BSVJ( Uold) can be too “destructive”, in a sense that the corresponding
system matrix for the potential new state Y (Upew) is (close to) singular and hence would
affect the linear algebra solver. With our choice of 3, we observed a reasonable behavior of
Algorithm [16.6]

We note that the performance of Algorithm can be improved in the following way:
First solve Problem with coarse discretization parameters h, k > 0. Then, transfer the
solution Uypy to Up, and solve Problem with the finer discretization with the different
start value for Uy. Clearly, the number of iterations can be rapidly decreased in this way.

0.3 %
— J(U,) fory=0
— J(U,) for v = 0.02
0.2
0.1
0

200 400 600 800 1,000

(a) Evolution of J(U,) with respect to the number of iterations of

Algorithm [16.6] _ 6 for v =0 EI) and v = 0.02 EI)

107" 4 -
— IVJ(U)|P for y=0
— |[VJ(U,)||? for v = 0.02
- - Threshold
1072 ¢

1073 ¢

1074 ¢

200 400 600 800 1,000
(b) Evolution of ||V.J(U,.)||? with respect to the number of iterations

of Algorithm fory=0 (]EI) and v = 0.02 EI)

Figure 16.3. Typical behavior of the gradient algorithm for v = 0 E]) and v = 0.02
EI); corresponding optimal states are displayed in Figure m
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16.4. Comparison of the parameter ¢

In the next experiment we take [a,b] = [0,5], T" = 1.0, Ngpace = 30, Niime = 5000, and
a = 107%; and we solve for U = 0 to study the dependencies on € > 0; see Figurem
The bigger the value of €, the more dissipative is the evolution, and the solution becomes
almost flat after a short time. In contrast to this, for a small value of ¢, the solution needs
longer to approach a flat profile.

For a large value of ¢, the solution is slightly negative in some regions; see Figures
and [16.4f] This is due to the fact that there is no maximum principle for the bi-
harmonic problem, which would force the solution to stay positive. This effect vanishes for
decreasing values of €.

We repeat the above experiment with the same parameters in the context of optimal control
Problem [16.3] for v = 0; see Figure In contrast to the previous experiment from
Figure there is not such a big difference between the computed evolution of the optimal
states, depending on the value of €. This is due to the fact that the optimal state Y = Y (¢)
belongs to different optimal controls U = U(e) which force the solution to obtain the given
target profile Y. The experiment which is shown in Figure demonstrates that relevant
controls are active since the dynamics of the solutions completely differs from the case
without control which was shown in Figure [16.4]

16.5. Comparison of the parameter «

In this experiment, we take ¢ = 0.05, v = 0, Ngpace = 54, Niime = 5000, and compare
different values of o > 0; see Figure m (state) and Figure m (control). Here, Y
is constant in time. We can see that a small value of « allows for bigger controls; see
Figure m The optimal state Y (with small ) almost agrees with the target state Y after
a very short time, while the optimal state Y (with bigger «) needs more time for that. The
snapshot in Figure shows the first time when the optimal state Y coincides with the
target state Y for all values of c.

We note that the optimal controls displayed in Figure are typical for many experiments:
The control acts near the spatial boundary, i.e., it could be worth to consider Problem [T0.]]
with boundary control instead of a distributed control. Also, the amplitude of the controls
decreases in time, which is typical for parabolic optimal control problems with a constant
target profile §j: A large control in the beginning of the experiment enforces the solution to
be near the target profile , which decreases immediately the tracking term ||y — || in the
functional, while a large control near t = T has almost no impact on the optimal state y,
but increases the cost term ||u||? in the functional.

16.6. Comparison of the parameter ~

In this experiment, we take Cp = 0.01, a« = 1076, ¢ = 0.1, ]Yspace = 42, Ntime = 5000 and
simulate different values of v > 0; see Figure Here, Y is constant in time and the
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Figure 16.4. Solution Y of (16.1) for U = 0, and for £ = 0.5 () and & = 0.005 () at

different times.
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(a) Y (t = 0.0) (b) Y (t = 0.02)

1.5 + 1.5 |
1+ 1
05 - oo 0.5 === =
v
0 1 BT 1 > 0 1 =
1 2 3 4 5 1 2 3 4 5
(g) Y(t=0.5) (h) Y(t=1.0)
15 | 151
1 1
0‘5 777v‘ 0'5 I o
0 1 1 1 1 > 0 1 1 1 1 >
1 2 3 4 5 1 2 3 4 5

Figure 16.5. Target Y EI}, and optimal state Y for ¢ = 0.5 EI) and € = 0.005 EI)
at different times.
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(a) Y (t = 0.0) (b) Y (t = 0.03)

(c) Y (t = 0.09) (d) Y(t=0.15)

1.5 + 1.5 |

15 | 15l

1 1
05 | 0.5 f— .
0 v 0 v
1 2 3 4 5 1 2 3 4 5

Figure 16.6. Target Y EI) and optimal states Y for a = 1072 EI) and o = 10719 EI)
at different times; corresponding controls are displayed in Figure [16.7]
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(a) U(t = 0.01) (b) U(t = 0.03)

(e) U(t = 0.35) (F) U(t = 0.99)
10 % 1x
5 w{ 0.5 +
0 ;\V — ‘ : Al 0 A ‘ ‘ ‘ ‘ A
1 2 3 4 \{ 5 1 2 3 4 5
-5 —0.5 +
—10 -1t

Figure 16.7. Control U for a = 1072 EI) and o = 10710 EI) at different times; corre-
sponding optimal states are displayed in Figure [[6.6] Note that the different
plots are scaled by different factors.
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profile is given in the figure. We can see that even for a moderate choice of v > 0, this
parameter has a significant effect on the simulation: If this penalization term is missing,
the solution ceases to be positive, while the solution is positive (except for some single
points) over the whole simulation if the penalization is active. As we have noted before, the
condition number is increasing for decreasing values of «. This leads to a longer runtime for
smaller ~; sometimes it also happens that matrices are identified as singular by the linear
algebra solver due to this increasing condition number.

Vice versa, for bigger values of «y, the state condition is not resolved properly, i.e., system
matrices can also become singular in this case. This leads to the conclusion that — as long
as € > 0 is kept small, and as long as no sophisticated linear algebra solvers are used — there
is only a small range for v > 0 where simulations are likely to terminate in a reasonable
amount of time.

Also, the more complex structure of the functional J for v > 0 leads to an increase of the
needed amount of iterations in the steepest descent algorithm. The corresponding evolution
of r+— J(U,) and r + ||V J(U,)|? are displayed for both values of v in Figure m

(a) Y(t = 0.0) (b) Y(t =0.07)

N A
(e) Y(t=0.5) (f) Y(t =1.0)

0.8 F 0.8 ¢ =
0.6 | 0.6 |
0.4 1 04 1
0.2 1 0.2 1

0 0 N ‘

—0.2 | b2 3 —0.2 | N2 3, 4 5

Figure 16.8. Target Y EI) and optimal states Y for v =0 EI) and v = 0.02 EI) at

different times.
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16.7. Dewetting application

In the last experiment, we simulate the solution of a simplified version of the problem
arising in [17]: Given a constant initial value Yp, a profile Y should be accomplished, where
there is a bigger region (nearly) without any fluid; this evolution is refered to as dewetting
procedure. We set [a,b] = [0, 5], T = 1.0, Nypace = 54, Niime = 25000, a = 1075, Cy = 0.01,
and v = 0.01; see Figure [16.9]

(a) Y(t =0.0) (b) Y (¢t = 0.05)
1y -
0.8 ,,\\\\ e
0.6 | K
0.4 | \\\ ,’/
0.2 | \\ ,’/
0 ; \*;—————1’/ 1 > 0 1 St ‘ >
1 2 3 4 5 1 2 3 4 5
(c) Y(t=0.1) (d) Y(t=0.15)

4

Figure 16.9. Target Y (EI) and optimal states Y EI) at different times.



A. Gamma-convergence

The next definition is standard, cf., e.g., [22, Chapter 3].

Definition A.1
Let X be an normed space and f, f; : X — [—00,00]. We say that f; EN fifforallu e X

1. for every sequence u; — u, there holds

f(u) < liminf f;(u;), (A1)

J]—00

2. there exists a sequence u; — u such that

f(u) > limsup f;(u;).

j—00

It is clear that uniform convergence implies I'-convergence, provided all involved functions
are continuous.

The next lemma shows that I'-convergences is not generally inherited by functions when
dealing with constraints.

Lemma A.2
There exist functions f;, f : R — R such that
L f; 5 ffori— oo,

2. The functions fi, f : R — R U {co}, defined by

o= {0 407"
f(z):= {iﬁm)v gl(:e) =0, ’

where g;, g : R — R are given functions, do not hold f; EN f for i — oo.

Proor
Let f,fy : R = R, defined by f(z) =1 and f; = 1 for ¢ € Q. It is clear that f; — f

uniformly, hence we have f, EN f for ¢ — oo (which means that Count(q) — oo, where
Count : Q — N is the mapping counting the rational numbers).
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We now introduce corresponding constraints g,g, : R — R, defined by g(z) := x and
gq(w) = x — ¢, hence we have

f(:z):{l’ 1’20,7 fq(x)z{l’ x:q,'

oo, else 00, else

Let 0 < e ¢ Qand {z;} C Q with ; — e. It is clear that f(g) = oo and for the subsequence
fz,; there holds by definition fz,(z;) =1 for all ¢ € N, hence we have

lim inf f,(z,) < 1,

q—0o0

i.e., (A.1) does not hold for ¢ and therefore, the sequence ( f,) does not Gamma-converge
to f. O



B. Derivation of the thin-film equation

In this chapter, we want to repeat the formal derivation of the thin film equation (TF]) from
the Navier—Stokes equation for the sake of completeness. This derivation was done several
times in the literature |16} 57, |59]. In principle we follow the presentation given in [16].

For a fixed time in [0,t], we assume the domain @ C R? being the intersection of the
subgraph of a nonnegative continuous function w : [a,b] — [0,00) (with u(a) = u(b) = 0;
if this is not true, the domain (a,b) has be increased such that the whole dynamics takes
place inside it) with the positive half space, i.e.,

Q={(z,y) € (a,b) xR: 0 <y <u(z)}.

In Q (which changes over the time), we assume the the classical one-fluid Navier—Stokes
equation with a conservative force as right-hand side (where g is a scalar potential) to be
fulfilled,

O+ [v-V]jv— Av + Vg = —Vgo, (B.1a)
divo = 0. (B.1b)

The boundary of each such € contains of a lower (planar) part 9Q = [a,b] x {0} and an
upper boundary 9Q = graphu. We assume zero Dirichlet boundary conditions v = 0 on
9 (so-called no slip boundary conditions). On the upper boundary, we assume surface
tension, i.e., we for n being a normal vector on 9 and r being a tangent vector on 952, we
assume

Sn-n=—oh, Sn-r=0,

where o > 0 is the (constant) surface tension, h is the mean curvature on the point of
evaluation, and S is the stress tensor,

S =[(Vo)T + V| — qid.
The aim is to derive a differential equation for the “height function” w; precisely we want

to derive the thin-film equation (B.14]).

We decompose all quantifies into two components: A tangential direction and a normal
direction with respect to the “ground” (a,b). We decompose all points € €2 into = (z,y)
and the velocity v = (vg,vy). It is crucial to later transform all quantifies into a new
coordinate system, where each component is scaled differently.

First, we note that a change of the height function u comes with a velocity in y-direction,
i.e., we have

d
vy = au(t, x(t)).
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Taking the derivative of this quantify, we arrive at

Uy = Ut + Uy Opu. (B.2)

We define 7 = %fffﬁf = B2 < 1 and consider the following scaled variables (all denoted
by capital letters),

X =7z, Y =y, X =(X,Y),
T = Tt, U = u,

Y =10, = h,

Q = 7q, Go = T9o-

With these definitions, the transformed velocities V' = %(X ,Y) and the derivatives for the
transformed variables scale as follows.

VX = Vg, VY - l’Uyy V = (VXaVY)a
T
1 1
Ox = ;895, Oy = Oy, Oor = ;at, Vx = (0x,0y).

We now insert these variables into (B.1]). The component in normal (y-)direction of (B.l1al)
reads in the capital variables as

Ozﬁ&%wwmﬂVﬂw—ﬁ%&—ﬁ%W+%@@+Gm (B.3)
A similar calculation in tangential (z-)direction of reads as
0=70rVx +7[V - Vx|Vx — 02Vx — 120% Vx + 0x(Q + Gy). (B.4)
Finally, we transform and arrive at
0=edivy V. (B.5)

We restrict ourselves with the lowest order terms in (B.3]), (B.4), and (B.5)), and we get

Iy (Q + Go) =0, (B.6a)
dx(Q + Go) = 3¢ Vx, (B.6b)
divx V = 0. (B.6¢)

We now take a look at conditions on the boundary: On 02, we get directly
V=0 on 99. (B.7)

In order to have a corresponding condition on 952, we first calculate the transformation of
the stress tensor,

270xVx — T_lQ Oy Vx + 7'ZaXVY
S =
Oy Vx +T28va 270y Vy —TﬁlQ
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We scale the normal and tangential vectors as follows,

(TNx, Ny) (Rx,TRy)

n= ————= r=
(TN, Ny I(Rx, Ry )|

The condition —ch = Sn - n corresponds to the transformed version,

—||(tNx, Ny)||*r 1S H = 2r30x Vx (Nx)? — Q(Nx)?
+ 270y Vx (Nx Ny ) + 2730x Vy (Nx Ny')
+ QTayVy(Ny)Q — T_lQ(Ny)z.

Neglecting all higher order terms, we get
Q=XH on . (B.3)

We perform a similar argumentation with the condition Sn-r, use the orthogonality relation
between the normal and tangential vector, and we arrive at

Oy Vx =0 on 09. (B.9)
The condition (B.2) is also valid on €, hence there holds
VW = 0rU + VxoxU. (B.lO)
Since (B.5)) holds pointwise, we can integrate this term in Y direction,
U U U
0= / divy V = / oy Vy —i—/ OxVx.
0 0 0
We integrate the latter term and get
U
0= Vy(U) — Vy(O) +/ OxVx.
0
With the help of (B.7)) and (B.10)), we arrive at

U U
0=0pU + VxoxU —l—/ OxVx = orU + 0x (/ Vx> . (B.ll)
0 0

For the generalized pressure, P := Q4+ Gy, we see from :B.Ga) that Y — P(.,Y) is constant.
We do now want to derive conditions for Vx. From (B.6b)), , and (B.7)), we may deduce

O3 Vx(X,Y) = dx P(X) = const(X), (B.12a)
oxVx(X,U) =0, (B.12b)
Vi (X,0) = 0. (B.12¢)

This system (B.12]) is a boundary value problem for Vx in the variable Y, but since the
right-hand side does not depend on Y, the expression y — Vx(.,Y) is a polynomial of
degree 2. The coefficients are given by solving (B.12)), and we end up with

1

Vx(X,Y) =0xP(X,Y) <2Y2 — UY) :
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Inserting this particular form of Vx into (B.11)) and using the concrete formula for the mean
curvature of a graph (in the transformed variable), we arrive at

U3
oxU
P=—-7°%0 + Go. B.13b
, X< HTQWXW) : (B.13b)

Finally, we can transform (B.13) back into original (lower case) variables, linearize the
mean curvature to the second derivative, and end up with the desired form of the thin film
equation,

w3
Oy = 0Oy gazp , (B.14a)
p = —00%u+ go. (B.14b)

This equation coincides with equation (TF)) from the introduction of this thesis, when we
set A = o and scale the every quantity with the factor 3.
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