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Zusammenfassung

In der vorliegenden Arbeit untersuchen wir Yang-Mills-Theorien in der Weyleichung mit Hilfe
des Schrodingerbildes. Die Motivation fiir diese Untersuchung speist sich hauptséchlich aus
zwei einander ergidnzenden Quellen: einerseits ist die Entwicklung von Techniken jenseits der
Storungstheorie in Yang-Mills-Theorien sehr wichtig. Andererseits hat das Schrodingerbild seine
Niitzlichkeit in kinematischen und topologischen Betrachtungen unter Beweis gestellt, dyna-
mische Rechnungen wurden in diesem Zugang jedoch bisher - zumindest im Fall der Yang-Mills-
Theorien - kaum versucht. Daher erscheint die Fragestellung lohnend, ob Methoden aus der
Vielteilchenphysik, die sich recht einfach innerhalb des Schrodingerbildes formulieren lassen, auf
Yang-Mills-Theorien iibertragen werden kénnen. Dabei muss berticksichtigt werden, dafl Yang-
Mills-Theorien Systeme mit Nebenbedingungen darstellen.

Nach einer kurzen Einfithrung stellen wir die Yang-Mills-Theorie und ihre kanonische Quan-
tisierung in Weyleichung in knapper Form vor. Wir betrachten dann die verschiedenen Techniken,
die im Rest dieser Arbeit Verwendung finden, ndmlich das Schrodingerbild, das zeitunabhéngige
Variationsprinzip von Rayleigh und Ritz und das zeitabhéngige Variationsprinzip von Dirac.
Im letzten Abschnitt des ersten Kapitels stellen wir einige Methoden vor, die in der Literatur
entwickelt wurden, um die in der Weyleichung auftretende Nebenbedingung, das sogenannte
Gaufigesetz, zu behandeln.

Das zweite Kapitel ist dem Projektor auf den physikalischen Unterraum der eichinvarianten
Zustédnde gewidmet. Wir beginnen das Kapitel mit der Herleitung eines, fiir beliebige ex-
terne Ladungen giiltigen, kompakten Ausdrucks fiir den Projektor. Da die exakte Auswer-
tung des Projektors in der Feldtheorie unmoglich ist, stellen wir zwei in der Literatur betrach-
tete Naherungsverfahren vor: entweder behandelt man den Projektor als effektives o-Modell,
was mehr dem Geiste einer Variationsrechnung entsprache, oder man versucht eine systema-
tische storungstheoretische Entwicklung, die auf der Feynmanschen Darstellung der ﬂbergangs—
amplitude beruht. Wir wenden uns dann einer mean-field (Molekularfeld-) Behandlung mit
Hilfe Gaufischer Wellenfunktionale zu. In einem ersten Schritt vernachldssigen wir den Ein-
fluss des Projektors vollig. In einem néchsten Schritt betrachten wir, wie dem Gaufgesetz
storungstheoretisch durch Modifikationen des Gaufischen Wellenfunktionals Geniige getan wer-
den kann, und zeigen die Grenzen dieses Zugangs auf. Dann wechseln wir den Standpunkt
und betrachten, wie man die Zeitabhingigkeit eines Zustandes - zur Verwendung in Diracs
zeitabhangigem Variationsprinzip - mittels seiner Deformation, also seiner Eichvarianz, model-
lieren kann. Das fiihrt zum cranking-Modell, das in der Kernphysik wohlbekannt ist. Es stellt
sich allerdings heraus, daf§ die Ankopplung der externen Ladungen in diesem Zugang, obwohl
auf klassischem Niveau noch richtig, auf Ein-Schleifen-Niveau falsch ist.

Das letzte Naherungsschema, das wir in diesem Kapitel betrachten, ist ebenfalls der Kernphysik
entlehnt. Es handelt sich um die sog. Kamlah-Entwicklung. Dort betrachtet man die projizierte
Energie, wie man sie im Rahmen einer Rayleigh-Ritz-Rechnung bendétigt, und entwickelt den
Hamiltonoperator in Potenzen derjenigen Symmetriegeneratoren, die den Projektor aufbauen.
In Verbindung mit Stérungstheorie werden die Erwartungen an ein projiziertes Energiefunk-
tional, die auf den [“Jberlegungen iiber die stérungstheoretische Einhaltung des Gauflgesetzes
mittels Modifikationen des Wellenfunktionals griinden, erfiillt. Im letzten Abschnitt dieses Kapi-
tels illustrieren wir den Zugang der mean-field-Behandlung durch eine Berechnung der Energie
des Savvidyvakuums, wobei wir auf wohlbekannte Ergebnisse treffen.

Im dritten Kapitel betrachten wir die verallgemeinerte Random Phase Approximation (gRPA).
Wir beginnen mit ihrer Formulierung mittels des zeitabhingigen Variationsprinzips, wie sie in



der Feldtheorie wohlbekannt ist, und wenden uns dann dem Operatorzugang, welcher der in der
Kernphysik tiblichere Zugang ist, zu. Wir iibertragen letzteren auf den Fall von Bosesystemen in
Gegenwart von Kondensaten, und beweisen, dafl unter bestimmten Umstinden beide Zugéinge
dasselbe Spektrum ergeben. Der wesentliche Vorteil des Operatorzugangs besteht darin, dafl
die Symmetrien der vollen Theorie leichter in die gRPA-Behandlung iibersetzt werden kénnen,
und dafl man Korrekturen zur Energie in mean-field-Naherung, die durch den Erwartungswert
des Hamiltonoperators im mean-field-Grundzustand gegeben ist, finden kann, falls der mean-
field-Grundzustand deformiert ist. Wir berechnen diese Energiekorrekturen in Stérungstheorie
in fiilhrender Ordnung, und finden, daf sie dieselbe Struktur haben wie die Energiekorrekturen
in der Kamlahentwicklung. Der wesentliche Unterschied zur Kamlahentwicklung besteht darin,
daf} die Korrekturen im Rahmen der gRPA erst berechnet werden, nachdem die Parameter des
mean-field-Grundzustandes bestimmt sind, diese also nicht mehr durch die Korrektur beeinflusst
werden.



Abstract

In this thesis we study Yang-Mills theories in the Weyl gauge employing the Schrodinger picture.
The main motivation for this study is drawn from two complementing sources: on the one hand,
non-perturbative techniques as such are very much sought after in Yang-Mills theories. On the
other hand, the Schrédinger picture has proven to be useful in topological and kinematic studies,
but dynamical calculations - at least in the case of Yang-Mills theories - have not been carried
out very much in this framework. Thus it seems worthwhile to investigate whether techniques
from many-body physics that can be formulated quite easily within the Schrédinger picture can
be transcribed to Yang-Mills theory with its special difficulties of being a constrained system.
After a short introduction, we give a succinct account of Yang-Mills theory and its canonical
quantization in the Weyl gauge. We then consider briefly the techniques that find their appli-
cation in the remainder of this thesis, namely the Schrodinger picture, the time-independent
variational principle of Rayleigh and Ritz and the time-dependent variational principle of Dirac.
In the last section of the first chapter we discuss the approaches that have been followed in the
literature to overcome the constraint innate in the Weyl gauge treatment of Yang-Mills theory,
the so-called Gauss law constraint.

The second chapter is devoted to the projector onto the physical subspace of gauge invariant
states. We begin the chapter with the derivation of a compact expression for the projector that
is valid for arbitrary external charges. Since in field theory it is impossible to treat the projector
exactly, we then present two possibilities of evaluating the projector approximately that have
been pursued in the literature: either one can consider the projector as defining an effective
o model, which is more in the spirit of a variational calculation, or one can try a systematic
perturbative evaluation based on the Feynman propagation kernel. We then turn to a mean-field
treatment based on Gaussian wave functionals. In a first step, we ignore the projector completely.
As a next step, we study how the Gauss law constraint can be implemented perturbatively by
modifications of the Gaussian wave functional and show the limitations of this approach. Then
we change the point of view and consider how one can model the time-dependence of a wave
functional (for the usage in Dirac’s variational principle) based on its 'deformation’, i.e. gauge-
noninvariance. This leads to the cranking model well known from nuclear physics. It turns out,
however, that in this framework the coupling of external charges, although correct on a classical
level, is incorrect on a one-loop level. The last approximation scheme we consider in this chap-
ter, also borrowed from nuclear physics, is the so-called Kamlah expansion. There one considers
the projected energy functional as needed for a Rayleigh-Ritz type calculation, and expands the
Hamiltonian in powers of the symmetry generators that build up the projector. When combined
with perturbation theory, the Kamlah expansion reproduces nicely what is expected of the pro-
jected energy functional from the section on perturbative modifications of the wave functional.
In the last section of this chapter we illustrate the mean-field approach by a computation of the
energy of the Savvidy vacuum where well-known results are reproduced.

In the third chapter we study the generalized Random Phase Approximation (gRPA). We start
with the formulation based on the time-dependent variational principle that is known in field
theory, but then turn to the operator approach that is more common in nuclear physics. We
adapt the latter to the case of bosonic systems in the presence of condensates, and prove that un-
der certain circumstances the two formulations give an identical spectrum. The main advantage
of the operator approach lies in the fact that the symmetries of the full theory are more easily
translated to the gRPA treatment, and that one can determine the corrections to the mean-
field energy, i.e. the expectation value of the Hamiltonian in the mean-field ground state, if the



mean-field ground state is deformed. We evaluate these corrections in leading order perturbation
theory and find them to be of identical structure as the corrections of the Kamlah expansion.
The main difference to the Kamlah expansion is that these corrections are subtracted after the
parameters of the mean-field ground state are determined, so the latter are not influenced by the
corrections.
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Chapter 1
Introduction

Detection is, or ought to be, an exact science and
should be treated in the same cold and unemotional
manner. You have attempted to tinge it with ro-
manticism, which produces much the same effect as
if you worked a love-story or an elopement into the
fifth proposition of Fuclid.

Sherlock Holmes, The Sign of the Four

1.1 Introductory Remarks

Physics is the science that deals with the structure of matter, matter’s constituents and the
constituents’ interactions. During the last centuries, physicists have been very successful at
discovering different layers of matter’s structure, from molecules over atoms to nuclei, nucleons,
and hadrons in general, to the (up to now) last layer of quarks, leptons and gauge bosons.

A very important step leading to the model of this presently last layer was the discovery of the
gauge principle!. Nowadays, the theories that encompass what is called the Standard Model of
particle physics, i.e. the Glashow-Weinberg-Salam theory of the electroweak interaction together
with Quantum Chromodynamics (QCD), the theory of the strong interaction, are based on this
principle. However, for a scientific endeavour to be meaningful, it is not enough to formulate
an aesthetically pleasing theory, one also has to be capable of computing its consequences, and
compare these consequences to experimental observations. This has been done for the electroweak
theory, and for QCD in a certain kinematical regime where perturbation theory is applicable. In
these cases of high energy experiments, satisfactory agreement between theoretical calculations
and experimental observations has been reached. For the case of QCD, however, one has to
admit that the most successful agreements between theory and experiment are usually obtained
when the theoretical predictions relate different experiments. Absolute predictions from QCD
alone have hardly been possible, since usually some information from the low energy domain is
needed. Especially in this energy regime of interest for hadronic physics, one has been very much
less successful, and well-known experimental quantities like the anomalous magnetic moment of
the proton still await their explanation starting from the QCD Lagrangian. At least w.r.t. what
Feynman called “some of the simplest qualitative features of hadronic behaviour, such as the
confinement of quarks” [Fey81], some progress has been made due to numerical lattice studies,

'For a history of the gauge idea, cf. e.g. [0S00].
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but certainly an analytical understanding at least of these ’simplest qualitative features’ would
be desirable. Unfortunately, not many non-perturbative methods are at our disposal. It was
the motivation for the studies presented in this thesis to make some methods that have already
proved their usefulness in many-body physics available for gauge field theories. In the derivation
of the methods, we refrain from including fermions, and restrict ourselves to the gauge field part
of QCD, the so-called SU(3) Yang-Mills theory?.

In the first part of the first chapter, we will introduce the concepts needed in the remainder of
the thesis, like basic notions of Yang-Mills theories, the Schrodinger picture in quantum field
theory, the Hamiltonian approach and different variational principles. In the second part of this
chapter, we introduce some of the approaches that have been followed in the literature up to
now in order to deal with the technical problems imposed by gauge invariance. In chapter 2, we
formulate a projector that projects an arbitrary state onto a state that is invariant under small
gauge transformations, and present several methods of how one can deal with this projector
approximately. Whereas in chapter 2 we are mainly interested in methods for determining the
ground state of Yang-Mills theory, in chapter 3 we turn to excited states. We introduce an
alternative formulation of the Random Phase Approximation, and show how in this formulation
one can deal efficiently with a special class of symmetries to which also the gauge symmetry
belongs. We conclude this thesis with a critical evaluation of the methods presented.

1.2 Yang-Mills Theories

In this section we introduce some basic concepts and notations concerning Yang-Mills
theories for later use.

1.2.1 Generalities

As an introduction, and in order to fix the notation, we want to give a short overview over some
basic concepts of Yang-Mills theories and their canonical quantization. The material is fairly
standard and can be found in modern textbooks on quantum field theory, e.g. [IZ80], [Pok87].
A useful reference is also [Jac80].

Yang-Mills theories [YM54]| were introduced as a non-Abelian generalization of the (Abelian)
gauge theory of electrodynamics. A prominent example of a Yang-Mills theory, namely SU(3)
Yang-Mills theory, is given by that part of QCD that is independent of quark degrees of freedom.
Yet the very structure of Yang-Mills theories can be simply motivated using the (omitted) matter
fields. The basic idea behind a gauge theory is the following: we start with a matter field® (z)
that has an internal degree of freedom, in the following to be called colour:

(). (1.1)

The next step consists of introducing a symmetry operation, i.e. a transformation of the ¥ that
leaves the action invariant. In the case of an ordinary global symmetry*, )%(z) transforms under
a representation of the corresponding Lie group®:

Y¥(x) = (exp (i0°X))**9% (x) = UP**(x), (1.2)

2In fact, for most of the time we will consider SU(N) Yang-Mills theory with N an arbitrary integer.

3In the following discussion, we will assume that it is a spinor field, although in general this doesn’t have to be
the case.

4An example is the isospin symmetry.

®In the case of isospin: SU(2).
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where A\’ denote the generators of the Lie group in the appropriate representation and ©° are
the parameters of the transformation which are space-time constants in the case of a global
symmetry. In the case of a gauge symmetry, however, the ©! are functions of space-time

0" = 0'(z). (1.3)

The consequences of this space-time dependence of ©! can be read off a gauge transformation of
the kinetic term for the matter fieldS:

Lign = i@ 25 ipUT (@)U (2)p = ibdyp+ipUT () (U () )¢ = iddp—id(PUT (2))U (). (1.4)

In order to render the kinetic part of the matter field Lagrangian gauge invariant, one has to
introduce a Lie-algebra valued auxiliary vector field A, = A}\* which transforms inhomoge-
neously under gauge transformations such as to compensate the inhomogeneous term generated
by the transformation of the derivative:

A, 2% (AU =UA U + U0, U (1.5)
If we take © to be infinitesimal, this transformation can be written as:
(A%)Y = A% + (879, + frreAb)O". (1.6)

One combines 0, and A, into an object that transforms homogeneously under gauge transfor-
mations, and calls this object covariant derivative :

D, = 0,1, —iA, 5 UD,U". (1.7)

1. denotes the unit matrix that has the same dimensions as the generators A. Usually the matter
field is defined in one of the fundamental representations, and thus D, denotes the covariant
derivative where the generators A, multiplying A, are defined in the corresponding fundamental
representation of the algebra. Later on, we will need quite often the covariant derivative in the
adjoint representation®, so we will use a special symbol for it, namely D. In component notation,
it reads

ryab b b
D = 0,6 + f*C A}, (1.8)
where f%¢ are the structure constants of the group that appear in the commutation relations
(A%, \0] = g fabepe, (1.9)

The first example, where one can use the covariant derivative in the adjoint representation is an
infinitesimal gauge transformation of A, eq. (1.6). This can simply be written as

(ADY = A% + Dicoc. (1.10)

This is the only term of the action of the matter field that contains derivatives and will thus be different for
local and global symmetries

"The covariant derivative, as well as all of Yang-Mills theory, has a deep geometric interpretation, cf. e.g.
[BM94], that will not be needed in the remainder of this thesis. Therefore nothing further will be said about it.

8Some group theoretical notions and notations will be given in appendix A.
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Now one elevates the auxiliary vector field A, to a dynamical field by adding a kinetic term to the
action. The kinetic term has to be gauge invariant and contain terms quadratic in derivatives.
It can be concisely written, if one introduces the Lie-algebra valued field strength tensor

F = Fo X" = 8,4, — 8,A,, — i[A,, A)] = i[D,, D,] (1.11)

as
1 1
Lyina = ——F. F" = ——tr(F,, F"). 1.12
k 7A 492 nv 292 I'( nv ) ( )

The field strength tensor transforms homogeneously under gauge transformations
F,, — UF, U (1.13)
and thus Ly, o is gauge invariant. In Yang-Mills theories, we only keep this part of the action

and dispose of all other parts of the action that contain matter fields. Thus, in the following we
will study the system with the action

1 4
Svm=—q [ deFLE. (1.14)

1.2.2 Classical Yang-Mills Theory

First we can study some classical properties of this action. The classical equations of motion
follow as usual from the stationarity of the action:

0Sym =0 — [D,, F*] = 0. (1.15)
In components this can be written as
Ayab b
D F°H = 0. (1.16)
The next object to consider is the energy-momentum tensor that can be given in the form
174 v 1 vV
O = PP LY — Zg“ FePOED. (1.17)

Dilatation invariance of the classical action, i.e. the invariance under rescaling of x and A as

1

T — Az, A#—>)\

Ay (1.18)

implies that its trace vanishes
e, = 0. (1.19)

Invariance under space-time translations implies the conservation of ©*:

9,0M = 0. (1.20)
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1.2.3 Three Dimensional Notation

For the physical interpretation and the ensuing formalism it will be useful to convert the above
equations into a three-dimensional notation. In the remainder of this thesis, three-dimensional
vectors will be denoted either by being type-set in boldface?, e.g. x, or by the use of special
symbols, especially

0
; = . 1.21
vz 8Xz‘ ( )
Thus
o+ = (0,—V) O = (0,V)
AF = (Ap,A) A, = (4o,—A).
Scalar products between three-dimensional vectors will be denoted by a ’.’, i.e.
We also introduce electric and magnetic fields as components of the field strength tensor as
E¢ =  Fe0 = ~8;A¢ — DA}
B! = —feuF* = (VxA)2— Lf0(AY x A°),.

Using these fields, the time-component of eq.(1.20) can be written in the form of a generalized
Poynting theorem

8tH(X, t) + VZ'SZ'(X, t) =0 (1.23)

with
Hix,t) = %(E?(x,t)E?(x,t) + B (x, B (x,1)) = 0%(x, 1) (1.24)
Si(x,1) — g—zeijk(E;(x, OB, 1)) = 0%(x,1). (1.25)

Eq. (1.24) shows how the energy of the Yang-Mills system can be written in terms of the electric
and magnetic fields.

The introduction of the electrical fields is also very useful when exploring the canonical structure
of the Yang-Mills system. We compute the canonical momenta corresponding to Ag, A;:

oL

W6 1) = ey = ° (1.26)
H?(x,t):m _ g%FaOi(x,t):—gl—ZEg(x,t). (1.27)

From eq. (1.26) we infer that the system will be subject to a constraint. More about this will
be said later on. Using eq. (1.27) we can rewrite the Yang-Mills Lagrangian into a form that is
useful for obtaining the Hamiltonian:
1
2g2
= (O AN — AJ(67°V; — frrANTIY — H (1.29)
9The same notation will also be used, if we want to consider an arbitrary component of a vector, e.g. x; will
denote the ith component of vector x. However, if we want to consider a special component, e.g. in the section
on the axial gauge the third component of several vectors will play a distinguished role, this component will not

be type-set in boldface, e.g. x3. This is necessary, since otherwise one could not distinguish between the third
component and a labelling of different vectors x1, x2, etc.

1 1
L = (atA?)(_?E?)+A8(5abvi_fbcaAf)(?E?)_ (E{E{ + B{B})  (1.28)
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with H as in eq.(1.24). We can see clearly that in a Hamiltonian formalism, Ay has the special
role of a non-dynamical variable, since its conjugate momentum vanishes. Ag merely serves as a
Lagrange multiplier for Gauss’ law

(67°V; — freAHII? = 0. (1.30)

Its time-evolution is not fixed by the equations of motion. It is easy to show that in the absence
of boundary conditions in time direction!® one can always perform a gauge transformation, s.t.

Ay =0. (1.31)

After one has used part of the gauge freedom to achieve Ag = 0 no further time-dependent gauge
transformations are allowed, since they would reintroduce a non-vanishing Ag. One has thus
fized part of the gauge freedom by adopting the so-called Weyl gauge. This is a gauge well-suited
to the Hamiltonian approach, where time has a distinct status anyway!'. One has left only the
canonical coordinates A and the conjugate momenta II, but one has lost one of the equations
of motion, namely the Gauss law equation. Thus, the system described by the action eq. (1.14)
can equivalently be described by the Hamilton density H, the coordinates A, the momenta II
obeying the Poisson brackets

{A7(x,1), T (y, 1)} = 6;j6™6xy {Af(x,1),A%(y, 1)} =0 {II{ (x, 1), L} (y, )} = 0
(1.32)
and the constraint (§7°V,; — fP*A$)II¢ = 0.
1.3 Canonical Quantization
1.3.1 Constraints and Quantization

In this section we discuss very briefly constrained systems and their quantization.

The approach given above can also be phrased in more usual terminology: the fact that
I =0 (1.33)

is usually [Dir50], [Dir58], [Wei95] called a primary constraint, since it immediately follows from
the structure of the Lagrangian. The Gauss law equation is called a secondary constraint, since it
follows from the requirement of compatibility between the primary constraint and time evolution:

Euler-
Lagrange-
oL eq. oL
0=08,0Ilp=dh————v = —2=—(6%V;— fCPANIL. 1.34
t O ta(atAO) 8140 ( f 7,) 1 ( )
In the following, we will use the notation
I(x) = (6°V; — f*PAS(x))IT} (x). (1.35)

10§ e., this argument does not work if one considers e.g. a system at finite temperature in the so-called imaginary-

time formalism, cf. e.g. [Kap89].
' A useful reference for properties of non-covariant gauges is [Lei87], cf. also [Lei94].
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Alternatively, one can group the constraints into first class and second class constraints. A
constraint is first class, if its Poisson bracket with all other constraints vanishes on the con-
straint hypersurface. The remaining constraints are called second class constraints. Since I'* is
independent of Ag, obviously

{I'* o} = 0. (1.36)
It is also trivial that
{113,115} = 0. (1.37)
The only nontrivial calculation is'?
{T%x),T0(y)} = —i6xy f22T(x). (1.38)

But on the constraint hypersurface this vanishes, too. Thus the constraints are all first class.
Whereas a problem that contains second class constraints can be faced by the formalism of Dirac
brackets, one useful approach to a problem with first class constraints is to choose a gauge which
removes the ambiguity in time evolution that is due to the gauge freedom and manifests itself
in the presence of the first class constraints [Wei95]. As was indicated above, we choose in this
thesis the Weyl gauge

Ay =0. (1.39)

We can now proceed straightforwardly with canonical quantization [CL80]. The classical fields
A TII become operators A, II that act on a Hilbert space, and whereas the classical fields A, II
satisfied a Poisson algebra, the field operators satisfy certain equal time commutation relations

[A?(X, t), A? (v,t)] =0, [ﬂ?(x’ t), ﬂ? (v,t)] =0, [A? (x,1), ﬂ? (v,t)]l = iéijéab(SXY'
(1.40)
The constraint I'* = 0 cannot be imposed as an operator identity since this would be incompatible
with the commutation relations'®. The solution of this problem is well known [Wey50]: one
simply uses the constraint to select a part of the Hilbert space as the physical space Hphys, with
the states satisfying

T%) =0 V [1h) € Hphys- (1.41)

This constraint is the main source of difficulties’® in drawing consequences from Yang-Mills
theories. Some of the approaches that have been invented to circumvent the Gauss law constraint
will be discussed in sec. 1.7.

12The ’-’ sign on the RHS is noteworthy and will be discussed a bit further in footnote 15.

3By using the canonical commutation relations, we can compute the commutator [ d*z ©°(x)[I'*(x), Af(y)] =
if)fb(y)(ab(y). However, if we set as an operator identity I' = 0, the commutator would vanish, hence we would
have a contradiction between the canonical commutation relations and Gauss’ law. This is a phenomenon not
restricted to field theory. Let’s also consider a simple quantum mechanical example [Tre85]. The Hamiltonian of
two particles (moving only in one dimension) of identical mass, that interact via a potential that depends only
on the distance between the particles, reads H = = (p} + p3) + V(|z1 — x2]). Obviously, the total momentum
P = pi + p2 is conserved. Assume that we want to consider the system to be in a state of vanishing total
momentum. This cannot be implemented by the operator identity P = 0, since this would be inconsistent with
the canonical commutation relations: ¢ = [z1,p1] = [z1, P — p2] == —[z1,p2] =0.

'in Weyl gauge, at least
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1.3.2 Some Properties of [

Up to now we have assumed that time evolution and the secondary constraint I'* = 0 are
compatible, i.e. no further constraints are generated by requiring 9;I'* = 0. This is true indeed,

since both in the classical theory
oIr*={T*H} =0 (1.42)

and in the quantum theory
oI =[I'* H] =0. (1.43)

Thus I (in the following to be called the Gauss law operator) generates a symmetry, and it is
easy to see which one:

[ / d*z 0% (x)[" (x), Aj(y)] = iD}*(y)O(y). (1.44)

Thus the Gauss law operator is the generator of time-independent gauge transformations'®. A
first hint at this was already given in eq. (1.38) where one could see that the Gauss law operators
satisfy the same commutation relations (up to a sign) as the generators of the Lie algebra eq. (1.9)
that was constitutive for the gauge symmetry in the first place. The part of the gauge group that
can be continuously deformed to unity can be written with the help of the Gauss law operator
as an exponential

G = exp (z / dix @“(x)f‘“(x)) (1.45)

and A and IT have the transformation properties

GA;(x)¢7' = AV(x)=U®)(—iD;)UT(x) = U(x)(A; —iV;)Ut(x) (1.46)
GIL(x)G™! = IV (x) = U)IL(x)U(x) (1.47)

with U(x) = exp (10%(x)\?), cf. e.g. [Qua99].

1.4 Schrodinger Picture

In this section we introduce the Schrédinger picture, discuss briefly the advantages it
offers, and consider three different examples: the appearance of the © angle in (1+1) di-
mensional electrodynamics, the free scalar field in (341) dimensions, and electrodynamics
in (3+1) dimensions.

1.4.1 Generalities

The usual approaches to quantum field theory are based on vacuum expectation values of time-
ordered products of field operators, often called Green’s functions or correlation functions,
and their generating functional. From them one tries to extract physical information. The
Schrodinger picture is different'®. Here, one is interested directly in the states and their prop-
erties, just as in ordinary quantum mechanics. Instead of abstract state vectors one uses wave

5In fact, the generator of (small) time-independent gauge transformations is —T'*, since only —T fulfils the
same Lie algebra eq. (1.9) as the matrix representations A?.

16Useful references on the Schrédinger picture in general are [Jac87], [Jac88], [Jac89], [Yee92], [Hat92]. For
the treatment of fermions in the Schrédinger picture cf. [FJ88], [KW94]. Yang-Mills theories in the Schrédinger
picture are dealt with succinctly in [Jac80].



Chapter 1. Introduction 11

functionals that are either a coordinate or momentum representation of the abstract states:
U[A] = (A|¥) or Y[II] = (II|¥), (1.48)
where |A), |TII) denote eigenstates of the field operators A, II respectively:
Ai(x)A) = Af(x)|A) (x| = I (x)|M) (1.49)

For definiteness we will use in the following the A’ representation. The operators A are then
realized multiplicatively

Af(x)V[A] = Af(x)T[A], (1.50)
and the momentum operators are given by functional derivatives
() U[A] = 1 — 0 (A, (1.51)
i 0AY(x)
In this way, the commutation relations are automatically satisfied:
AL iy = 9 Bt (152)

and from now on, no ’"’ will be used anymore to indicate the operator nature of an object. Since
in the Schrodinger picture the operators are time-independent, the relations egs. (1.50 - 1.52)
are fixed once and for all. The whole time dependence resides in the states which satisfy the
Schrédinger equation:

1 4

OIA Y] = HIA, G 5

JUIA, ]| (1.53)

The inner product between two states is given via a three-dimensional functional integral

(Walin) = / DAY;[AJ1[A]. (1.54)

The Schrodinger picture has a number of attractive features:

1. The most obvious advantage is the proximity of this formulation to ordinary quantum
mechanics. Quite a number of features follows directly from this: first, one has a clear
probability interpretation of the wave functional. Second, one has gained in quantum me-
chanics a lot of intuition of how wave functions behave. In favourable circumstances one
might be able to transfer some of this intuition (cf. e.g. [Fey81]) to quantum field theory.
A third aspect is that in quantum mechanics, one has invented a number of approximation
schemes, especially variational ones, which can be carried over to field theory.

2. A second main feature is that (at least some of the) topological properties of field theories
can be more easily unravelled in the Schrodinger picture, especially the appearance of
the © angle can be interpreted as stemming from the possibility of so-called large gauge
transformations [Tre85].

3. In the Schrodinger picture one can discuss dynamical questions without having to select a
Fock space to work in, i.e. one can discuss dynamics before one has to select a vacuum and
can let the dynamics decide by itself which vacuum it wants to use. Related to this is the
possibility to study quantum field theoretic extensions to Lie algebras without the need of
a specific choice of vacuum [FJ88].
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4. The last point which we want to mention is the study of the time-evolution of quantum
fields that are not in thermal equilibrium. There the Schrédinger equation provides a rather
efficient way of solving problems with initial conditions [ERP88].

1.4.2 First Application: © Angle in (141) Dimensional Electrodynamics

This example is taken from [Jac89]. It illustrates how one can get easily to the © angle in
electrodynamics, and how Gauss’ law may help in kinematical and topological investigations. In
(141) dimensions, one does not have a magnetic term and the Hamiltonian simply reads

1
H= /d:cnf, (1.55)

where we have used that in (1+1) dimensions IT = II;. In the following it will be important to
take a compact manifold as space. Gauss’ law reads

d
—1II A] =0. 1.56
L ()[4 (1.56)
This is identical to the requirement
A
(sz[ (:v]) is independent of z. (1.57)

From this we conclude!” that ¢[A] = f([, A1), thus ¢ is given by a function of the space integral
of A (since we assume that we are working in a compact space, we could try a Fourier decom-
position of the field, and we would see that fx Aj is just the zero frequency part of the Fourier
decomposition of A;, the so-called zero mode). With this we obtain the stationary Schrédinger
equation for f([ A1)

L d
Ef(y)|y:fx A = _Ed—yzf(y”y:fx Ap> (1.58)

where L is the length of the interval we are considering. The energy eigenstates are plane waves
P = 7 Ja 4, (1.59)

with energy E = %812 and II;9 = —&19. & can thus be considered as a background electric field.

The © angle appears when we consider gauge transformations, A — A — %A. It is important
|

to note that A does not have to fulfil periodic boundary conditions, only exp (¢[A(L) — A(0)]) =
1. Thus A(L) = A(0) 4+ 27n,n € N is possible where we would call n # 0 a ’large’ gauge
transformation. Under such a large gauge transformation, the wave functionals do not stay
invariant (even though they satisfy Gauss’ law) but acquire a phase

W) — e @TE)y, (1.60)

where in Yang-Mills theory 27&€; would be called the "Theta’ angle. A second way the © angle can
appear that we want to illustrate here arises through the possibility of adding total derivatives
to the Lagrangian. We start from £ = —in = %F()Zl and add a total spatial and a total time
derivative, s.t. the total Lagrangian - which is still a gauge invariant Lorentz scalar - reads

1
L= —ZFQ + O F, (1.61)

"In the following, we will use the abbreviation fx Ay = [dz A
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where O is a constant. The expression for the momentum and the Hamiltonian are changed
I, = Al — 0+ V14 (162)
1
H = o /d:n (1, + ©)2 (1.63)

but Gauss’ law not: ViII;|phys) = 0. The operator that implements gauge transformations in

the Hilbert space is
G = eifdx (V,;A)Hl(x)’ (164)

e.g.
GAI(y)G™! = Aily) — ViA(y). (1.65)

The © dependence of the Hamiltonian can be removed by performing a unitary transformation,
since

UL (2)UT = @ de M@ ()¢~ [d2 A1) — 1, (2) — © (1.66)
and therefore .
UHUT = 5/da:H%(x). (1.67)

However, the © dependence does not disappear altogether. Assume that we had states |¢)) that
were completely gauge invariant, even under large gauge transformations. If we perform the
unitary transformation U, we have to apply it also to the states. Their transformation behaviour
under gauge transformations has now changed:

GUIY) = Ge®ldeM@g=1g|yp) = ¢i® [ dz(A1@)=Vih)|y) — o=iO s dz V1A ]| )
|4
=l

= ¢ IOA@D-AO Y|y, (1.68)

If we again require A(L) — A(0) = 2mn,n € N, we obtain the transformation behaviour as before
in eq. (1.60)

Ulp) & e oY), (1.69)

where in Yang-Mills theory 27® would be called the 'Theta’ angle. The last possibility of how the
© angle might appear that we want to illustrate here comes about if we reconsider the canonical
quantization. From the commutator

[Hl(x)7A1 (Y)] = _i(sxy (1.70)

we have up to now concluded that the momentum operator should realized as a functional
derivative operator

1 ¢
II =—-—. 1.71
1) = 354w (L.71)
However, in (141) dimensions, this is not the only possibility [Man85], since the operator
9 (x) = 1L+@:H@:°(x)+® (1.72)
1 /) (SAl (X) 1 ’ '

where © is a constant, has the same commutation relations as II;(x) and may be used as well.
In Gauss’ law, © obviously plays no role since it’s a constant throughout space-time. With this
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generalized momentum operator, we are brought back precisely to the introduction of the © term
via the additional term in the action, cf. eq.1.61, since in the discussion above it was assumed
that IT; = T19=0.

It should be noted that this ambiguity in the commutation relations plays a role only in (1+1)
dimensions, since in this case we have the peculiarity that a constant electric background field
is in fact invariant under all permissable Lorentz transformations.

1.4.3 Second Application: the Free Scalar Field

As a second application that is instructive for the latter parts of this thesis we consider the free
scalar field which is described by the Hamiltonian

1
H= /d% {m2+ (Vox)? + m?¢2} (1.73)
with the commutation relations

[P, Ty ] = 10xy - (1.74)

In the ’position representation’ the momentum operator is given by

1 6

1.75
Tx = i 6¢x ( )

Thus the stationary Schrodinger equation takes the form

1 62

= | dPxi - (—A +m?) by = Ey[4). 1.76

5 [ ol + oxl-a mt)acf ulel = Buld (1.76)
To determine ground- and excited states it is useful to perform a Fourier transformation

d3p Ip.X ~ d3p DX 1
Tx = / (27[_)36113 Tp ¢x = / (271')3 e'P ¢p) (177)
where we now have the commutation relations [7p, éq] = i(2m)38(p + q), and therefore 7, =
@ P We then obtain the Hamiltonian
o

1l dp ) 2 NI I
H=3 / (2r)3 { 500601 + (@ +m )¢p¢—p}- (1.78)

We can now introduce creation/annihilation operators

1 1 1 7 -
aT(P) = E(2ﬂ_)(3/2) (p? +m2)1/4 (V (p? + m?2) ¢(p) — Z7T(p)> (1.79)

a(p) = % (%)1(3/2) 2 +1n2)1 7 <\/ (p2 +m2) ¢(p) +i7?(P)> (1.80)

and write the Hamiltonian in its final form

18

V(P2 +m?) <aT(p)a(p) + 16(3)(0)) : (1.81)

8The § function that appears in eq. (1. 81) is the volume of space, since §°(0 =[ APz e™ =[ dz=V.
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We see that the free scalar field is nothing but a collection of infinitely many uncoupled harmonic
oscillators. The ground state is therefore given by a Gaussian functional

Yold] = Neffd3$¢>(x)(*A+m2)¢>(x), (1.82)

where N is a normalization constant. Excitations can be built on top of the ground state
as usual by acting with a creation operator af(p) upon it. They will have the energy FEy +
\v/m?2 + p?, as can be easily computed. The interesting lesson we can learn here is that the energy
spectrum of the single particle excitations can be read off the covariance'® in the exponent of the
Gaussian. This is something we will meet again when discussing the generalized Random Phase

Approximation (gRPA) in chapter 3.

1.4.4 Third Application: Electrodynamics in (341) Dimensions

We will see that electrodynamics, which in the following is to mean the quantized theory of
photons with possibly external, classical charges, is not so very different from the scalar case,
but different enough to make it interesting [Gre79]. We start with a pair of canonically conjugate

coordinates A, and momenta IT = —E, and work in the coordinate representation where we have
16
II. = -F. = - . 1.83
’ " i SA, (1.83)

Apart from the simpler definition of the magnetic field?® is the Hamiltonian of electrodynamics
identical to that of Yang-Mills theory

1
0= /d?’x{ﬂi(x)ﬂi(x) +Bi(x)Bi(x)}. (1.84)
A closer look at the potential part?! shows that it does not depend on the full A field, but only
on its transversal part:

A; = Al + AT with V.AT =0 and V x AF =0. (1.85)

Using this we can write the potential part as —A7(x)AAT(x). We can also decompose the
kinetic part into a part containing only transversal and longitudinal parts, and we end up with
a Hamiltonian

1 d*p 52 52
" / (2m)° {_Mf(—p)Af(p) ~ 6AT(—p)AT(p) TP A (-p)A] <p>}, (1.86)

where we use the abbreviation 6/6A;TF’L(p) = (PT’L(p))ij 6/6A;(p) with the longitudinal(L)/

transversal(T) projectors P17, We have also performed a Fourier transformation just as before
in the scalar case. The longitudinal and transversal parts look quite different, since for the
former there is no potential term. Up to now, we have not taken into account Gauss’ law:
Vz‘(%i?ﬁ[A] = 0. Using the decomposition of A into A¥, AT we can write Gauss’ law in a more
practical way

0
V,——[A] = 0. 1.87

ATV (1.87)
9Tn a Gaussian functional exp 7((1)7;G7:_jl(z)j) (with i,j super-indices) Gi_jl is often called ’covariance’.
20 _

B=VxA
21The B? term is often referred to as potential, whereas IT? is called kinetic energy. The reason for this is quite
obvious in the canonical formalism.




16 1.4. Schrodinger Picture

In contrast to the discussion of (141) dimensional electrodynamics, we don’t want to restrict
ourselves to a compact manifold, but rather define the theory in R®. Then, discarding the zero
mode as usual in this context, we conclude from eq.(1.87) that the wave functional depends on
AT only. In this physical subspace of the Hilbert space, the Hamiltonian simplifies,

1 & 52
"= 5/ (2m)3 {_5AiT(_p)A,T(p) +P2A;*F(—P)A1T(p)}~ (1.88)

)

Once again we can introduce creation and annihilation operators, where in addition to the scalar
case we now have two polarization vectors ey, A = 1,2, that are perpendicular to p

4 _ L v elAT(p) -
(p,\) 2|p|( A)i (\p!AZ (p) 5A{(—p)> (1.89)
b = (e <|p|A;f (b) + ﬁ) . (1.90)

We end up with the Hamiltonian in a familiar form, cf. eq. (1.81)

3
H :/(;ZT’;?Jm( 3" al(p, Na(p,A) + %6(3)(0))- (1.91)

A=1,2

In terms of AT, the ground state wave functional looks very similar to eq. (1.82):

3
wlal =N e {5 [ G L IpIAT(-D)AT(m)]. (1.92)

An interesting point can be made about the ground state wave functional: it is obviously gauge
invariant, since a gauge transformation in electrodynamics affects only the longitudinal degrees
of freedom??. One can, however, even rewrite the ground state wave functional in terms of gauge
invariant variables, namely the magnetic field [Gre79]:

3

wial = New{-} [ G EIpIATCp)AT(0)} (1.93)
3

_ Nexp {—%/ (;lwf;g ﬁ b x A7(—p)] . [p x AT(p)]} (1.94)

- Nexp{—§/d3x1d3x2ﬁ}. (1.95)

In contrast to Yang-Mills theory, the magnetic field strength is gauge invariant in electrodynam-
ics.

22To  make contact with the notation used later  on, we  write  to[A]
N exp (_A.iGZlej); then a gauge transformation A; — A; — V¢ leads to oA — V]
N exp (_A.iGi_lej) exp (_A7j<VjGi_jl)¢) exp (—qﬁ(V,—Gi_jl)Aj) exp (—qﬁ(V,—VjGi_jl)qb). Thus for gauge invari-
ance we require a transverse kernel ViGi_jl =0.
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1.5 The Time-Dependent Variational Principle

We outline first the derivation of the time-dependent variational principle (tdvp) a la
Dirac, thereby clearly indicating which quantity is actually minimized. We then will
go on to the usual statement of the principle involving an action and thereby study the
Hamiltonian structure of the time-dependent variational principle in the spirit of Kerman
and Koonin. As a last point we will indicate the connection between the action functional
that is introduced in the tdvp and the usual effective action.

1.5.1 Dirac’s Derivation

The time-dependent variational principle was introduced by Dirac in 1930 [Dir95]. The question
he considered was the following: assume that we have a wave function |11) of a certain functional
form that depends on several parameters. How must these parameters evolve with time such that
|1)1) depending on the evolved parameters deviates from the evolved [i1) using the Schrédinger
equation as little as possible 7 In order to address this question, we consider the exact Schrédinger
equation

i0;|1p(t)) = H|ip(2))- (1.96)

Since |11) may vary only through its parameters in time, it will not satisfy the Schrédinger
equation, but this can be remedied by introducing a function |1)2) that measures the deviation
from the exact time evolution:

i0y|1(t)) = Hlb1(t)) + [1h2(t)), (1.97)

which in turn can also be read as a defining equation for |¢9(t)):
W2 (t)) = (10, — H)[1(2)). (1.98)
As a next step we integrate eq. (1.97) to first order in At:
i1 (t + At)) = ilihr(t)) + At H{pa(8)) + At [¢a(2)). (1.99)
Now consider a variation of |1 (t + At)):
[t (t 4+ At)) — |11 (t + AL)) + |691(t + At)). (1.100)

This has to be absorbed by adding a variation of |1)2(t)) as well

|a(t)) — liha(t)) + [6¢2(2)) (1.101)

and since we do not vary |¢1(t)) in the above context, we get a relation between |61 (t + At))
and [61)2()):
i|6v1(t + At)) = At|61)a(t)). (1.102)

In the following, we will need only an accuracy up to first order in ’variations’. Having in mind a
sort of Taylor expansion, we can replace |61 (t + At)) by?? |§11(¢)) in the formulas needed when
At is small. This was assumed anyway, since the integration given in eq. (1.99) is only accurate
to O((At)?):

il6v1 (1)) ~ Atl6va(t)). (1.103)

ZNote that |6¢1(t)) is not the variation of |11) at time t, since this was assumed to be zero.
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Now we come to the quantity that is to be minimized: obviously we want to minimize the
deviation from the exact time-evolution. But this deviation is measured by |¢)2). Therefore we
want the norm of [13) to be minimal (or at least extremal):

O((Y2lih2)) = 0 < (692 th2) + (ha|69h2) = 0 (1.104)

with arbitrary variations |613). If we take an arbitrary (but fixed) variation |§12), i|612) is also
a valid variation. From eq. (1.104) we can then conclude

(6a|ip2) + (Y2lé¢p2) = 0 (1.105)
—i((8th2|th2) — (2l6th)) = 0O (1.106)

implying that
(8¢2]tp2) = 0. (1.107)

For the norm of [¢3) to be extremal this must be true for all |§12). Since we want to express
everything in terms of |¢1) (and its variations) we actually have only a restricted range of |§12)
as given by eq. (1.103). If we express in addition [i3) by its definition eq. (1.98) we obtain as a
condition for the minimization of the norm of the deviation from the exact time evolution

(61 ()[(i0y — H)|3p1(t)) = 0. (1.108)

Thus with respect to the possible variations of |11) , |1)2) is as small as possible.

1.5.2 Canonical Structure of the Time-Dependent Variational Principle

The formalism is set up a bit differently by Kerman and Koonin [KK76] and they seem to be
the standard reference nowadays. They set up an action functional
to
S= [ dtw®)lio— Hiw() (1.109)
t1

and determine the equations of motion by requiring that S be stationary under variations of
|(t)) and (¢(t)]. The result may be cast into a form identical to eq. (1.108) but also into a
form more useful for the following considerations. First we use a coordinate representation of the
abstract states (the coordinates are symbolically denoted as x with integration measure [dz]):

() = d(x,t) ,  (P)] — ¢ (2,1) (1.110)

s.t. the action functional reads

= [ dt [da] " . 0) (100 — Y0l 1) (1.111)

t1

We introduce a Hamiltonian function

(" 0] = [ ldol* (o) (1), (1112)
Then the equations of motion that result from requiring stationarity of the action can be written
as
.S .
i) = &Zi and )" = —Z—Z. (1.113)
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We now decompose v into a real and imaginary part, ¢ and 7, in the following way

1 .
Y = ﬁ(¢+ i) (1.114)

and thus eq. (1.113) can be cast into canonical form

_ and 7%:—6—H (1.115)

¢ om 8¢

Thus we have rewritten the Schrédinger equation into a classical Hamiltonian equation for a field
and its conjugate momentum. That this is not really surprising can be seen by adding a total
time derivative

% [da] (—%(gb? + 7?) + %qﬁw) (1.116)

to the integrand of eq. (1.111). We can then write eq. (1.111) in canonical form

S = /dt [d] (mb—mp,w]). (1.117)

A last point to mention is that the identification of position and momentum as given in eq. (1.114)
is by no means unique. Consider the case that we have found a stationary state

P(t) = e Flap(0), (1.118)
where 1(0) shall be real. We obtain both a time-dependent coordinate and momentum:
o(t) = V2 cos (E't)¢(0) , w(t) = —v/2sin (E't) ¢(0). (1.119)

However, if we make a canonical transformation v — e *Ft), this results in a more typical
behaviour for a stationary state

o(t) = V20 , T =0. (1.120)

This last paragraph demonstrates that there is a certain ambiguity in the assignment of coordi-
nates and momentum to a wave function.

1.5.3 Connection to the Effective Action

Jackiw and Kerman have shown [JK79] that if one generalizes the action defined in eq. (1.109) in
a manner to be defined below it will be equivalent to the ordinary effective action. In order to be
able to put the approaches explored in this thesis in relation to more conventional approaches we
want to illuminate shortly the connection between the time-dependent variational principle and
the effective action. Let |14 ,t) be states that tend to the true vacuum |0) of the Hamiltonian H
as the time t approaches plus or minus infinity

1) =5 o) (1.121)
that are subject to two constraints:

(- t|2(x)[Y, 1) $(x, 1), (1.123)
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where ¢(x,t) is a prescribed value which is kept fixed during the following considerations, and
® denotes the field operators relevant to the system under discussion - one should keep in mind
that they are time-independent in the Schrodinger picture. Both ® and J are taken to be real.
We now define the effective action I'[¢] to be

+oo
rig = [ db o tlio, - i) (1.124)

— 00

In order to ensure free variations of |¢)4,t), we have to couple the constraints with the help of
Lagrange multipliers to I':

+00 +oo
Tyld] = / dt (6, #)i0s—H|tp, 1)~ / dt w(t) (o, s, £)+ / dadt T, ) (6, (1B, ).

- - (1.125)

Upon varying this action functional w.r.t |1)1,t) we obtain
(104 [ @artx 0260 ) o8] = w0 (1.126)
(i@t - H+/d3a: J(x,t)@(x)) [v_,t) = w"(t)|Y_,t). (1.127)

From |44, t) we easily obtain wave functions that satisfy the time-dependent Schrédinger equation
[i0y — H + [ d3x J(x,t)®(x)]|%, ) = 0

[ty = et Oy g (1.128)
|—t) = e AWy gy, (1.129)

They inherit the correct boundary conditions from |[i4,t) since in the limit ¢ — foo the ex-
ponential prefactor reduces to one. The logarithm of the overlap of |+,¢) is known as vacuum
persistence amplitude and is the generating functional of connected Greens functions:

(= t|+,t) = eV~ W = / dt w(t). (1.130)

We can construct an alternative expression for W by multiplying eq. (1.126) from the left with
(_,t| and using the fact that (¢_,t|v4,t) =1

W:/_O;dtw(t) :/OO dt (¢_,t| (z’@t—H+/d3mJ<I>) [y, t). (1.131)

—0o0

The functional derivative W/ /6.J can be computed by using egs. (1.122), (1.123), (1.126), (1.127)
and keeping in mind that, since at ¢t = 400 the states |t1)+,t) become independent?* of J (they
are identical to |0)), %|wi,t>|t:ﬂo = 0. Then

oW
57 0
SW

24This is important since otherwise one obtains Sr =041 (Y-, t|%|1/1+, t)|

(1.132)

+oo

t=—o0"
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and therefore the effective action I'¢, is given by the Legendre transform

Tealp) = W — / dt d®z J¢ (1.133)

= /dtw(t) —/dtd3xJ¢

— /Oo dt (v, | (z’@t—H+/d3xJ<I') [y, t) —/dtd3xj<¢_,t\q>y¢+,t>

— 00

= [ drtw- o - Ml =TI (1.134)

—00

and is thus identical to eq. (1.124) as promised.

1.6 The Rayleigh-Ritz Variational Principle

In this section we first state the Rayleigh-Ritz variational principle and show its relation
to the effective potential. Then we have a look at a restriction of the space of test wave
functionals which leads to the so-called Gaussian effective potentials and consider its
advantages and drawbacks.

1.6.1 Connection to the Effective Potential

The Rayleigh-Ritz variational principle is well-known from quantum mechanics?® [RS80]. One
starts from two basic observations:

1. the energy functional E, defined as

(Y| H]Y)
Elly)] = (1.135)
(Y1)
has as its stationary points, i.e. §F = 0, the solutions of the time-independent Schrodinger
equation:
(H-E)y) = 0 (1.136)
(W|(H—-FE) = 0. (1.137)

2. the energy functional E is bounded from below by the ground state energy:
E[[¢) > Egs. (1.138)

Note that there is a caveat to this. There might be cases where the state with the lowest
energy does not belong to the physical Hilbert space (e.g. in a fermionic problem one
might try to ignore the Pauli principle). Then the statement is still true but the ground
state refers to an unphysical state and one might underestimate the physical ground state
energy?®. If the space of test wave functionals lies completely in the physical Hilbert

#5For early applications of the Rayleigh-Ritz principle in field theory, cf. [Sch63], [Ros68]. A selection of modern
applications can be found in [PP87].

26Note that this might also be a problem in gauge theories. In the following chapters we will try in different
fashions to extract the energy contributions due to excitations along unphysical directions and, in the cases
considered, obtain the result that the sign of these excitation energies are determined by the negative of the
eigenvalues of the covariant Laplacian in the background field under consideration (at least for the vacuum, the
case that we are mainly considering). Since the spectrum of the covariant Laplacian is negative semi-definite, the
excitation energies along unphysical directions determined this way are non-negative.
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space these problems may be ignored. Also, if excitations of unphysical degrees of freedom
strictly increase the energy, these considerations are irrelevant, since the ground state of
the physical Hilbert space has the lowest energy of all states in the complete Hilbert space.

In the following we want to show that the expectation value of the Hamiltonian, which is the
basic ingredient of the Rayleigh-Ritz principle, can be found in a more common field theoretical
context: it is nothing but the effective potential, i.e. (up to constant factors) that part of the
effective action that ”survives” if we consider only fields that are constant throughout space-
time (i.e. all derivatives vanish), and is accessible by e.g. a loop expansion of the generating
functional. For our purposes, a different though equivalent definition is more expedient ([Jon64],
[Riv87],[Wei96]): let |1)) be the class of states s.t.

(W) =1 (1.139)
(Wlex)[Y) = ¢o, (1.140)

where ¢y is a prescribed value. Then the effective potential V(¢) is given as

V(¢) = Iﬁ}gl(WHW)- (1.141)

For the proof we follow Coleman and Weinberg [Col85], [Wei96]. We start from the definition of
the vacuum persistence amplitude

el = (vac, out|vac, in) s (1.142)
in the presence of the source J. Then we put the system into a box of dimensions V x T. We
assume that J has a constant value J inside the box, and is adiabatically turned off outside the
box. If V and T are large, we can neglect all derivatives of J in the derivative expansion of W|[J],
and obtain

W x e VTEWT) (1.143)

What happens physically is that the vacuum (in) state changes due to the application of the
source into the eigenstate?” of the Hamiltonian H — J [ d3z ®(x) with definite energy E[J] =
E(J)V. In this state it stays for the time T, thereby acquiring the phase given in eq.(1.143).

If we want to minimize on the other hand (i)|H|¢) with the constraints eq. (1.139, 1.140) we
have to vary

) g / & B(x)® (x)|)) (1.144)

with [¢)) unrestricted; afterwards we have to choose a, 3 s.t. eq. (1.139,1.140) are fulfilled.
But by our argument above the intermediate state inside the box fulfils all the requirements
we have for [¢), thereby determining o = VE(J), and 8 = J (since ¢y is determined by J as
$o = dW[J]/dJ). Up to now, we have only determined the lowest eigenvalue of H—J [ d*z ®(x).
However, the energy of the corresponding eigenstate is given by the expectation value of the
Hamiltonian in this state (Y|H[¢) = —VE(T) + J [dPz ®(x). This is precisely the Legendre
transform of —W/T for constant sources and fields, which is the negative of the part of the
effective action for constant fields divided by 7', and this is effective potential times the spatial
volume. This completes the proof.

27If there is no level crossing, this is the vacuum state of the theory defined by the Hamiltonian with the source
term H — [ d*z J®(x).
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1.6.2 The Gaussian Effective Potential

The Gaussian effective potential [Ste84], [Ste85] differs from the effective potential as given above
by an additional restriction that is placed upon |¢); namely, one requires [¢)) to be a Gaussian
state in the coordinate representation,

(o10) = N exp { =30 - 00 G516 - ) . (1.145)

where 4, j are super-indices, and one performs the minimization indicated in eq.(1.141) only
among the subset of Gaussian states. In the rest of this section, the set of Gaussian states will
be indicated by [1g). This defines the so-called Gaussian effective potential (GEP):

Ve (¢) = min (01H[)). (1.146)

[va)

At first sight Vi seems to be a mere approximation to the effective potential V. However,
one may take the point of view that it is physically a much more useful device than the effective
potential. This point of view has been particularly advocated by Stevenson (e.g. [Ste84], [Ste85]).
The argument runs roughly as follows: the constraint eq.(1.139) does not tell really very much
about where the wave function is localized; it might equally well give (|®(x)|v)) = ¢o if it
consists of several bumps that are distant from ¢, and the probability to actually be in the
configuration given by ¢y might even be zero. A consequence of this behaviour is that the
effective potential is a convex function no matter how many minima the classical potential?®
had. In quantum mechanics, this convexity sometimes leads to absurd results, e.g. in the case
when a ’classical’ potential is considered that goes to a finite value for |x| — oo; then the effective
potential is actually a constant. By restricting oneself to the GEP one has the advantage that the
wave function(al) is actually localized at the expectation value of ®. One loses the (sometimes
unwanted) convexity property, and obtains a function(al) that mimics a classical potential (i.e. it
might have several maxima and minima) but takes into account that quantum mechanical wave
functions always have a finite width and that curvature of the wave function costs energy. There
is also a disadvantage, however; namely, we have shown above that the minimum of the effective
potential is indeed the vacuum energy. In the case of the GEP, one only has the statement
encoded in the variational principle of Rayleigh and Ritz, i.e. that the calculated energy gives
an upper bound to the vacuum energy (with the qualifications made above).

1.7 Handling the Gauss Law Constraint

In Yang-Mills theories the physical Hilbert space is only a subset of the complete Hilbert space;
the physical Hilbert space is spanned by states that are annihilated by the Gauss law operator.
In some theories, like electrodynamics, it is quite simple to construct the physical space explicitly,
since it consists of states that in this example depend only on the transversal part of the vector
potential. In Yang-Mills theory this is not so simple, and a variety of methods have been
developed to deal with the Gauss law constraint. In this section we want to discuss shortly
several approaches that have been followed in the literature. They can be roughly categorized as

1. gauge invariant variables, magnetic

28By classical potential we mean the potential function(al) that appears in the Hamiltonian.
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2. gauge invariant variables, electric
3. resolution of Gauss’ law by gauge fixing
4. techniques inspired by nuclear physics

5. introduction of a projector.

We will discuss these different philosophies in turn®?:

1.7.1 Gauge Invariant Variables, Magnetic

One possible way of approaching the problem of the Gauss law constraint is motivated by the
observation in electrodynamics, that if ones writes down the wave functional in terms of gauge
invariant variables (in electrodynamics these are just the transverse components of the vector
potential) Gauss’ law is satisfied immediately and trivially. Unfortunately, in Yang-Mills theory
one cannot identify the gauge invariant degrees of freedom so easily®’. In the following section,
we want to describe a number of approaches which either focus on the coordinate (A) or the mo-
mentum (IT) representation. Even though historically the first approach along these lines [GJ78]
worked in the momentum representation we will first focus on some approaches in the coordinate
representation. The approaches we are considering here try to exploit a certain 3-dimensional
spatial geometry3! as a guide. They try to construct quantities from A that transform gauge
covariantly, and out of these objects they form naturally gauge-invariant quantities. The first ap-
proach along these lines [FHJL93] tried to utilize the magnetic field as a gauge covariant object,
and proposed to use

¢ = B"BY (1.147)

as a gauge invariant variable. It became clear soon, however, that due to Wu-Yang ambiguities
(gauge-inequivalent A configurations may give rise to an identical B field configuration) this
cannot be a good variable [HJ95]. One then introduces a gauge covariant variable uf via

D?® xu’ =0 (1.148)
so that A can be expressed in terms of u as

o () (gl — Subue)
! det (u)

2For the discussion of gauge-invariant variables we restrict the gauge group to SU(2).

30In the words of P. Haagensen and K. Johnson [HJ97] : “Anyone who has given a certain amount of thought to
different treatments of quantum electrodynamics comes inevitably to the conclusion that the reason it is a rather
straightforward theory to work out is, in one guise or another, always the same: at some point, one needs to
clearly separate what are physical degrees of freedom from what are gauge degrees of freedom, and this separation is
absolutely clear in an abelian gauge theory. Unfortunately, no such luck persists with nonabelian gauge theories.”

31Tf one assumes that A{ transforms as a covariant vector density under spatial GL(3) transformations and
E® as a contravariant one (and likewise the magnetic field), one sees that all commutation relations that do not
involve the Hamiltonian are consistent with this assignment. This is an additional symmetry that is carried by
the commutators [A,II], [A,I'?], and [E,I'*], and is used as a guiding principle for the search of suitable gauge
invariant variables. The Hamiltonian does not fit into this scheme since it contracts E** with itself via only a flat
metric. Please note that in accordance with [FHJL93], [HJ95], [HJL96] we use E instead of II, and upper and lower
indices for E, A respectively to indicate their different transformation behaviour under GL(3) transformations; in
contrast to the aforementioned authors, however, we have stuck to usage of boldface vectors.

(1.149)
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In this subsection we use 0; instead of V; for the gradient, since V is needed for a different sort of
derivative, cf. footnote 33. Eq. (1.148) is motivated by the fact that the thereby defined variables
u are not only SU(2) covariant but also share the GL(3) symmetry. From these variables one
now constructs the gauge invariant ones, which are suggestively called g:

gij = uguj. (1150)
If one now considers these new variables to be a metric, one can also define all the other quantities
that are connected to metrics, like the Riemann tensor R, Christoffel symbols I" , Einstein tensor
G etc. It turns out that eq. (1.148) can be written as

oug + e Abu§ — Thuf =0 (1.151)

so we can interpret u as a dreibein, but more importantly €***A¢ acts as a spin connection. The

magnetic field can be written with the help of the Einstein tensor3?
B* = det (u)ujG". (1.152)
In analogy one introduces an electric tensor e/, s.t.
6 a_tj
SAT = det (u)uje (1.153)
(]
and with this the Gauss law operator can be written33:
G —Di— —d t (u)u?(Vie) (1.154)
1G* = 16A?—euuj ie”). .

Since one can show that the wave functions are annihilated by Gauss’ law iff they depend only on
the metric, one has made quite a step forward towards extracting the important gauge invariant
variables. The difficulties start when one considers the electric part of the energy. In order to
calculate it, one needs an explicit expression for E¥E% and in the long run also for e”. One can
relate the traceless part of ¥/, in the following called €, to the functional derivative w.r.t. 9ij

6¢ _ 1 mni ~7
S = 3 V1. (1.155)

Thus one has to invert €™V,, and this already hints at the fact that the Hamiltonian is not
a local functional of %. However, apart from this problem in principle, one has a practical
ij

problem as well**: one has to determine the inverse of €V for every new u configuration. Since in
the approach of Haagensen et al [HJL96] the inversion was performed by solving the eigenvalue
problem, it cannot be done in general but only for special cases of considerable symmetry3®, so
it seems difficult to make further progress along these lines.

32In this way, the geometric Bianchi identity implies the gauge Bianchi identity.

331n the following, V will denote the geometric covariant derivative. One should also note that in [F1J95] D;
denotes the covariant derivative in the adjoint representation, whereas we stick here to our notation D,.

34We have ignored other problems involving unwanted zero modes since it seems that these problems can be
solved at the expense of just making the formulas a bit more clumsy [Haa95].

35The cases studied mainly consisted of spaces of constant curvature (Einstein spaces) which can be related to
instantons.
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1.7.2 Gauge Invariant Variables, Electric

A similar approach can also be followed in the electric/momentum representation, where one has
a similar notion of a metric [Hal77]|, [BFH94|, but we won’t give any details here. Rather we
will give some details®® from [GJ78]. Goldstone et al also use the momentum representation, but
they attained it by a functional Fourier transformation:

B[E] = /DAexp(—i/d% A.E)y[A]. (1.156)

From this expression one can immediately read off that, whereas ¥[A] is gauge invariant, ¢[E]
is not:

S[E] = exp (—iQ[E, U])9[E”), (1.157)

where EV is the gauge transform of E, and
QE,U] = —/d% E: ((o;U)U 1. (1.158)

In the case of electrodynamics, since EV = E, eq. (1.157) indicates that ¢[E] has only support
on the transversal part of the electric field, since we have the requirement that Q[E,U] = 0 for
¢[E] # 0 . In a non-Abelian theory one can put eq. (1.157) to a different use. [GJ78] start
out by observing that the electric field, having both three spatial and, since we are only dealing
with SU(2), three colour indices, might be considered as a 3 x 3 matrix and as such might be
decomposed into a product of an orthogonal with a diagonal with an orthogonal matrix:

E! = Rin(07)EL3Rp,(07) with E.3 = —8as75 (no sum over f3), (1.159)
where R(©) can be written in terms of angle variables. The point is, that in this decomposition,
only Rga(@T) is affected by a gauge transformation, leaving 7 and ©” as gauge invariant vari-

ables. We can now use eq. (1.157) to make the dependence of ¢ on R(©T) explicit by choosing
U=R(OT) L

S[E] = ¢[R(O7)E]exp (—iQ[E, R(O"))),
If we now transform every operator O via
O = exp (iIQE, R71(0T)))O exp (—iQ[E, R~1(07)]) (1.160)

we only have to deal with the wave functional depending on the gauge invariant degrees of
freedom (m,07). The vector potential, which is given as a functional derivative w.r.t. E, can
then - via the chain rule - be expressed at each point in space by a body-fixed spin and isospin
angular momentum. One ends up realizing that gauge invariant operators don’t depend at all on
R(OT) after the transformation. The computation of the Hamiltonian, however, is plagued by
infinities stemming from reordering terms, but since regularization and renormalization have not
been incorporated up to now, it is not clear whether they pose any problem. However, apart from
that sort of problem, one ends up with a Hamiltonian formulated in terms of gauge invariant
variables. One important point should be mentioned, namely that Q[E, R~!] contains (and even
has to contain) singularities, which, in analogy to the quantum mechanical transformation to

36Tn some places we use the simpler notation of [Jac96].
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angular -rotation covariant - coordinates may be interpreted as centrifugal barriers.

To put the progress of the last 20 years into perspective, we may quote from [Jac96]: “It is hoped
that analysis of these singularities will provide clues to low energy dynamics - but it is also true
that thus far the hope has not been fulfilled.” To conclude this short section on gauge invariant
variables, we have to realize that all approaches presented3” have serious difficulties. The first
class of problems concern the Hamiltonian: either, one cannot even give a general expression for
the Hamiltonian, or it is non-local, or it contains fourth-order derivative terms. The second class
of problems is related to the question of the integral measure for scalar products, which seems
not to have been addressed sufficiently.

1.7.3 Gauge Fixing

Another method for dealing with the Gauss law constraint is also well known: gauge fizing.
This has been the method of choice, to quote Jackiw and Goldstone [GJ78]: “Gauss’ law is a
fized time constraint and not a hamiltonian equation of motion. The remedy for this problem is
well-known: one chooses a gauge by setting selected components of Al to zero and uses Gauss’
law to eliminate from the hamiltonian the corresponding components of Ei.” However, this is
not the end of the story. The procedure indicated is essentially classical - but it is far from
clear that resolving Gauss’ law on a classical level and quantizing afterwards is the correct
procedure3®. As is explained in [LNOT94], [LNT94] e.g. it is in this framework not only difficult
to prove the equivalence of different versions of gauge fixing of the quantum theory, but also
might some parts of the gauge symmetry (on the quantum level) survive the process of gauge
fixing, and give rise to global symmetries like the displacement symmetry. This cannot be seen
if variables are eliminated on the classical level altogether. However, there is a different path to
a gauge fixed theory. Canonical quantization does not require that the classical theory does not
contain redundant variables. Rather we consider the theory in the Weyl gauge, perform ordinary
canonical quantization and then perform unitary transformations to eliminate the unphysical
coordinates from the Hamiltonian®’. The procedure can be illustrated by an ordinary quantum
mechanical example: assume we have a system of two particles interacting via a potential that
depends only on the distance vector between them:

P! P
= % + % + V(X1 — X2) (1161)

and assume that the physical states have vanishing total momentum

(P1 +p2)[¢) = 0. (1.162)
This state of affairs can be kept during time evolution since
[(P1+Pp2), H] =0 (1.163)

and just like in the case of Yang-Mills theory the Gauss law operator can be brought into
connection with gauge transformations, (p; + p2) is the generator of centre-of-mass translations

Q[b] = exp ((p1 + p2).b) and (x1,x2|Q2[b][¢)) = (x1 + b, x2 + b[t)). (1.164)

37Tn 241 dimensions, more progress seems to have been made, cf. [Sch00] and references therein.

38Gauge fixing in this context resembles going from Cartesian to curvilinear coordinates in quantum mechanics.
There it is well-known, cf. e.g. [K1e93], that ordinary canonical quantization does not work (i.e. replacing Poisson
brackets with commutators) for any other sort of coordinates but Cartesian ones due to ordering ambiguities. Cf.
in this context [CL80].

390ne can also consider this problem from the path integral point of view as has been done in [Rei97a].
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Similar to the sections above, one could in this example also change variables to relative and
centre of mass coordinates and momenta (’choose gauge invariant variables’). Here, we want to
follow a different route: we perform a unitary transformation U on states and operators:

i .
U = exp (—§x1.p2) exp (iX2.p1). (1.165)
With this unitary transformation the canonical operators become

1 1
UXLQUT = X9 + §X1 y UpLQUT = P2 + §p1 (1166)

and the generator of translations becomes Q[b] = exp (p2b); it thus generates translations only
in the variable x3. The constraint eq.(1.162) becomes

0= (p1+p2)[¥) = UTU(p1 + p2)Ut Ulep) = Ulpalth) = 0 — paldh) = 0. (1.167)
N e

=P2
With this we can see that the Hamiltonian, which in its transformed form looks as follows

2 2
H=UHU'= % FV(xp) + f—ni = Hp, x, + Hp,, (1.168)

describes in the physical subspace only the relative coordinates, since Hp,|phys) = 0. To put it
all in a nutshell: we started with a Hamiltonian that explicitly depended on two positions and
two momenta, but which was symmetric under a simultaneous change of both coordinates. In
addition we imposed a constraint on the sum of the momenta. Then we performed a unitary
transformation s.t. the constraint involves only one momentum, and the Hamiltonian is decom-
posed into two parts, one depending only on coordinates and momenta that are not affected by
the constraint and another part, that depends on the constraint variables in such a way that it
is zero when acting on states from the physical subspace.?®

As an application in field theory we restrict ourselves to QED and the implementation of the
axial gauge since this seems to be a gauge that can be implemented profitably in QCD as well
[LNT94]. In the following, therefore, we will consider QED including fermions, which in Weyl
gauge has the Hamiltonian density

M = il (V — ieA)) +musl B+ (I + (V x A)). (1.169)

In order to avoid infrared problems (which are known to be a nuisance in the axial gauge) we
work on a torus with periodic boundary conditions on the gauge fields and quasi-periodic (i.e.
periodic up to a phase) ones for the fermions. We will also use frequently the standard definition
of the charge density

p(x) = YT (x)9(x). (1.170)

Classically, the axial gauge amounts to setting Az = 0, and eliminating the conjugate momentum
II3 with the help of Gauss’ law

1
II; = —V—(VJ_.HJ_+€p(X)), (1.171)
3

40Here we have an example, where by exciting unphysical modes, one can only increase the energy.
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where | refers to the indices 1,2. Note that this is only a formal expression since V3 has zero
modes and cannot be inverted.

The unitary transformation approach to gauge fixing starts by trying to decouple As from the
fermions. In order to achieve this, we make the ansatz

Ul = exp (=i [ % (VLT + epl)]6(142) ) ). (1172
Then, the As-fermion coupling becomes

Ul as(Vs — ieAs)pUT[€] = ¥l as(Vs + (Vi€ — ieds))y, (1.173)

and we see that it is eliminated if V3¢ = Asz. Just as in the classical case, one has to invert
V3. We see that due to the zero mode, we cannot eliminate As completely, but only up to its
constant part by choosing

£([43], %) = /O dz 9wy — 2) Ag(x, ), (1.174)

where 9(2) = >, o 35— exp (2imn(z/L)) which fulfils d%ﬁ(z) = §(z)— 1 and is as close as one can
get to an inverse of V3 with periodic boundary conditions. The most interesting transformation
is that of Ils,

L
UlEs(x)UT €] = TI3(x) — / dz ¥(xs — 2) (VLI (x1,2) +ep(x,2)), (1.175)
0
which should be compared to eq. (1.171). This also changes the Gauss law operator to
1
UEIG)UT () = Valls(x) + £ G (x.), (1.176)

where G(®(x) is the Gauss law operator of 2-dimensional QED*!" with the two-dimensional
charge

L
P (x,) = /O das p(x) (1.177)

and the zero mode electric field operators

pi(x1) = /OL dx3 I (x). (1.178)

The transformed Gauss law operator as given by eq. (1.176) is a sum of two terms, both of which
annihilate the transformed physical states individually*?, and one can conclude

GO =0, Te0W) = Tes(xu)ld). (1.179)

We see that the three component of the gauge field is not eliminated completely due to the
zero mode of V3. Also, we still have a constraint to solve, namely the two-dimensional Gauss’

411f it hadn’t been for the zero mode of V3, this term would not have appeared.
42This can be seen very easily: due to the periodicity of II3 the first term does not contain an z3 zero mode,
whereas the second part is constant w.r.t. x3, and thus proportional to the zero mode of V3.



30 1.7. Handling the Gauss Law Constraint

law. This can be done by fixing a two-dimensional Coulomb gauge via an additional unitary
transformation

u® = exp <—i€/d2$L PP (x1) /d2y¢ d(x — YL)VL-ai(YL))a (1.180)

where a| denotes the zero mode of the gauge fields

L
al(XL):/O dxs A(x), (1.181)

and d(x; —y,) is the periodic Green’s function of the two-dimensional Laplace operator. We
end up with a theory that contains as cyclic variables the three-component of the vector potential
apart from its zero mode (which is still a physical variable) and the longitudinal part of the zero
mode of A |, so that in total the same amount of vector potential variables are cyclic as in the
Coulomb gauge where the longitudinal part of the vector potential is completely cyclic. The
Hamiltonian can - as in the quantum mechanical example above - be decomposed into a part
that contains only the unconstrained variables, and one that contains only constrained variables.
The unconstrained part of the vector potential and the electric field read respectively

Aucon = (A (x)—a;(x1))+al(x1)+ A +az(x))és, (1.182)
1 1 1 1 .
Ilincon = (HL(X) - ZPL(XL)) + ZPZ(XL) + VHOL + Zp?)(XL)e?n (1-183)

where O° indicates the volume integral of O, é3 is the unit vector in 3-direction, and V is the
total spatial volume. Introducing the abbreviations

L
E(x) = / dz9(x3 —2) (VLID (x1,2) +ep(xy,2)), (1.184)
0
n®(x1) = eV, / d?y,d(xi —y 1 )p?(y1) (1.185)
we can write the two parts of the Hamiltonian density conveniently as

. . 1 1 1
Hphys = —uﬂa.(V—zeAuncon)w—l—mwTﬁw—i—5(£2+ﬁn(2) 2)+§(H3n00n+(VxAuncon)2) (1.186)

and
1 1
Hyan = §(H3 —p3)(II3 — p3 — 2) + mlﬂ(ﬁi —2@). (1.187)

The Gauss law constraints on the (now twice) transformed states |{uncon) = uU|1)) read

(H3 - p3)’wuncon> =0 P plj_‘wuncon> =0 ; Q’wuncon> = 0, (1-188)

where @ denotes the operator of the total charge. As promised, this ensures Hyan|%uncon) = 0
and can be rather straightforwardly implemented by (A |[¢uncon) being independent of Az (except
its zero mode) and of all. As is repeatedly emphasized by Lenz et al [LNOT94] this is quite
in contrast to an interpretation based on the classical constraint equations V3As = 0 which
rather would indicate a prescribed value for As (apart from its zero mode) but not arbitrary
values for it (as one gets now, since the wave functionals are independent of these variables).
As a very last point in this section, we shortly want to indicate what complications arise if one
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wants to implement this program for QCD. At first sight this seems quite more intricate than
the QED case, since one does not have to invert V3 but the A3 dependent 3-component of the
covariant derivative. However, this problem can be simplified considerably; one has to insert
a transformation with the help of the path ordered exponential P exp (z’g fox‘q’ dzAsz(x], z)) In
order to keep the boundary conditions periodic, one has to perform another transformation which
reintroduces the zero modes of As, but only those that are diagonal in the Lie algebra. Thus we
end up with having to invert, instead of Dg =V3— z'eflg (x), the operator 623 = V3 —ieas(xy), the
inverse of which can be given explicitly. One can read off this explicit expression that basically
a3 serves to regularize the limit in which the torus is made large (the infrared problems that
are usually associated with the axial gauge are thereby circumvented). The next point that
is different from electrodynamics is that the zero mode of the 3-component of the electrical
field is not hermitian. This is a phenomenon well-known from curvilinear coordinate systems
in quantum mechanics, and results in a kinetic energy term that involves a Jacobian®3. This
Jacobian can be absorbed into a redefined wave function, and by this procedure we obtain (just
as in quantum mechanics in cylindrical coordinates, where the redefined wave function has to
vanish at the origin) certain boundary conditions. These boundary conditions are the point where
the difficulties start, to quote from [LNT94]: "It appears that even on a symbolic formal level, the
construction of a Hamiltonian for QCD with unconstrained degrees of freedom is possible only
after some discretization.” Before leaving this subject of gauge fixing, one should note that
all the manipulations that have been carried out above are purely formal, since they contain
products of operators at the same space-time point, which are usually divergent quantities.

1.7.4 Inspiration by Nuclear Physics

The approaches we have illustrated up to now aimed at resolving Gauss’ law exactly and separate
gauge invariant from gauge variant coordinates. One can take also a different point of view, e.g.
to quote from [GS78]: “From our viewpoint the time-independent gauge transformations should
be treated in the same way as any other symmetry of the system.” This point of view provides the
opportunity of transferring techniques from nuclear physics to gauge theories. We will discuss
three different approaches: the first one, to be discussed in this section, will consist of considering
a colour-rotating (intrinsic) frame, the second one will deal with a projector and approximations
to this projector; this approach will be presented in chapter 2. The third approach will be
concerned with the formulation of the Random Phase Approximation for bosonic theories in the
presence of condensates and can be found in chapter 3. To some extent, the latter two approaches
are inspired by the Thouless-Valatin approach presented in [HMVI98], [HVMI99], [HIMV00].

In this section, we want to follow Levit [Lev95], who has written a very insightful paper on
this kind of approach. The main idea is to introduce - as successfully done in nuclear physics -
a body-fixed (or intrinsic) frame. Thereby one can distinguish between “gauge rotations” and
the intrinsic dynamics just as in nuclear physics where one can (if the coupling is weak) study
collective rotations and the vibrational modes in the body-fixed frame. A particular advantage of
the approach is that in the body-fixed frame no attention has to be paid to symmetries: whereas
in the laboratory frame a nucleus always has good angular momentum®*, in the intrinsic frame
the nucleus may very well be deformed; the symmetry is restored since the intrinsic frame in

43This appears to be the first point that one would get wrong by fixing the gauge classically and quantizing
afterwards.

44Gimilarly, one can not accept in a gauge theory - due to Elitzur’s theorem - breaking of a gauge symmetry in
the lab frame.
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this example collectively rotates w.r.t. the laboratory frame - this is a point of view that will
be particularly emphasized in section 2.5 where the cranking approach is treated. Usually such
a decomposition into collective rotations and body-fixed dynamics will be fruitful if a Born-
Oppenheimer approximation is allowed, i.e. when inertia connected with the collective rotation
is much larger than that of the internal vibration. In the following we want to shortly discuss
Levit’s “rigid gauge rotor”. Most of his considerations are basically classical, since, although
he works with a Hamiltonian in Weyl gauge, the electric field does not appear as a canonical
momentum, but only in terms of its original definition*> (Weyl gauge !):

—E' = gpA'. (1.189)

The decomposition into gauge rotations and internal dynamics is achieved by the ansatz for
Al(x,t)

Al(x,t) = U(x, t)a' (x)UT (x,t) + gU(x,t)aiUT(x,t), (1.190)
where a' is time-independent. This carries over to the covariant derivative
D' =8 —igA' = U(x,t)(8" —iga®)UT(x,t) = U(x, t)d'UT(x,1), (1.191)

where d’ denotes the covariant derivative in the body-fixed frame. We now consider the Hamil-
tonian: the magnetic field squared is the same in both lab frame and internal frame since it is
invariant under all gauge transformations:

Y [DLDIP =Y d dP (1.192)

i,J 1,J

whereas the electric field can be written with the help of an angular velocity vector w = 2iUT9yU

as

. . 1 .
—E' = gyA' = 2—U[w,d’]UT. (1.193)
g

The kinetic energy can then be written suggestively as*6

1 3 3 i i
Eiot = 1 /d r(wlw) = “Tog7 &’z Tr(w[d, [d', w]]). (1.194)

For the purpose of quantizing the model later on it is useful to formulate this in terms of symmetry
generators which are here the Gauss law operators. They can be written as?’

GA =[98 —igA', E'] = —2gU(Iw)UT = UTGU, (1.195)

45Tn this section, we keep Levit’s conventions (apart from his different normalization of \). They can be easily
transcribed into the conventions we follow in the rest of this thesis by noting: A* = A;, E* = E;,0' = —V,;, D’ =
-D;.

46We have ignored possible surface terms from partial integrations.

“TOne has to note that, since this is a basically classical treatment, the commutator of [A%, Eg] vanishes, and
thus [A%, E7] = AflElZ A% N] = i fapc ALEpjNe. If [AY, Eg] # 0 one obtains an additional term proportional to A*A®
that spoils the first relation in eq. (1.195).
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where G denotes the symmetry generator in the body fixed frame. With their help, the Hamil-

tonian of the rigid gauge rotator (in which the magnetic term is ignored) can be written as*®
1 . .
A -1
Hiy = 15 Pz d*y Go(x)1, Goly) (1.196)

with Il = (1/4)Tr(A\*I~}(x,y)\®) proportional to the Green’s function of di.d’, where d’, is
the covariant derivative in the intrinsic frame in the adjoint representation. As we will see in
the following chapters, this is a result that comes out in one guise or another in (almost) every
approach that is based upon nuclear physics techniques, be it the Thouless-Valatin approach,
or the (generalized) Random Phase Approximation, or others; at least the Greens function of
the covariant d’Alembertian always has to be computed. In the limit ¢ — 0 (and vanishing
background field) the Green’s function reduces to the Coulomb potential, and (in the physical
sector) G is related to the electrical charge. Thus, quite naturally, the notion of the Green’s
function of the covariant d’Alembertian appears as the interaction energy of static charges.

“8Note that this Hamiltonian is formulated entirely in terms of body-fixed quantities, and is therefore automat-
ically gauge invariant - gauge transformations only affect the relative position of the body fixed frame w.r.t. to
the laboratory frame.



Chapter 2

Projector on Physical States

2.1 The Projector on Gauge-Invariant States

In this section we want to introduce the projector onto states that satisfy Gauss’ law
in the presence of external charges. We show that the time-component of the fermionic
colour current generates gauge transformations of the fermionic matter. From this we can
conclude how Yang-Mills wave functionals transform in the presence of external charges,
and also give a concise formulation of the projector. In the last part of this section, we
draw the connection to the literature, and show how Kogan and Kovner [KK95] dealt
approximately with the projector.

2.1.1 Generalities

The method that we want to discuss in this chapter is the projection onto gauge invariant states,
and approximations to the exact projection. Projection onto states with good quantum numbers
is a technique that has its roots in nuclear physics [RS80]; there one is often faced with the
problem that the simple trial states one wants to use (e.g. Slater determinants for Hartree-Fock
calculations) do not share the symmetries of the Hamiltonian!. In order to restore the symmetry
one adds up all symmetry transformed wave functions. Symbolically

Yool A] = / 06 Boroeen 6], (2.1)

where [ d¢ abbreviates the summation over the different symmetry transformations and ¢[A]
symbolizes the symmetry transformed variables. Since symmetries form a group, and since we
are summing over all symmetry transformations?, it follows trivially that ),euoreaA] is indeed
invariant under symmetry transformations:

Va1 1A] = [ 86 G 1AT] = [ 46 vl 0 AT = [ 67 0 0) thrc014]

1Of course one can construct trial states in nuclear physics that do share the symmetries of the Hamiltonian;
however, the only single-particle wave functions that are compatible with, say, translational invariance are plane
waves - and thus the many particle wave function would also be a plane wave; we conclude from this that in some
instances one even has to break a symmetry by a variational ansatz in order to get sensible physics (like a localized
nucleus) with a sufficiently simple wave function.

2If one sums over all group elements, a left multiplication (as well as a right multiplication) by a fixed group
element only leads to a reshuffling of the terms in the sum, but the sum stays the same. For continuous groups this
leads to the requirement that the integration measure (Haar measure) is to be invariant under left multiplication.
This is often denoted as ’invariance of the Haar measure’.

34
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— [ 46 Vsl $1A] = VoA (2.2)

In Yang-Mills theory one would sum over all topologically trivial gauge transformations:

VresralA] = [ DU (A, (2.3)

where AU is given by eq.(1.5). Since one stays in the topologically trivial sector, the gauge
transformation can also be written with the help of the operator eq. (1.45) (where ¢ parametrize
U):

Y[AY] = GIUIY[A], (2.4)

and thus the averaging over the different gauge copies can be put into a projection operator P
[ pvetay= [ [ougw] via=p i (2.5)

acting upon the wave functional whose symmetry is to be restored®. After this introduction into
the idea of projecting a state onto the physical subspace, let us briefly outline the rest of this
chapter.

First, we introduce external charges into the theory, which allows us to formulate the projector
onto arbitrarily charged states in a compact manner. Since the exact treatment of the projector
appears to be impossible in field theory, we then consider two approximate treatments of the
projector that are known from the literature. The first one is the approach of Kogan and Kovner
[KK95]. They interpret the projector as defining an effective o-model which is then dealt with in
a mixture of perturbation theory and mean-field approximation. The second approach we con-
sider is the systematic perturbative evaluation of the influence of the projector in the framework
of the Feynman propagation kernel as suggested by Testa and Rossi [TR80a], [TR80b].

We then turn to a mean-field treatment based on Gaussian wave functionals. In a first step,
we ignore the projector completely. This will later on allow us to see the influence of the pro-
jector clearly. In a next step, we consider how Gauss’ law can be implemented order by order
in perturbation theory by modifications of the Gaussian wave functional we started with, and
demonstrate the problems of this approach.

Then we slightly change the point of view: whereas we hitherto studied how one can implement
Gauss’ law, we now try to model the time-dependence of states that are not annihilated by the
Gauss law operator based on this gauge-noninvariance of the states. This is similar in spirit to
nuclear physics, where the time-dependence of a deformed state, i.e. a state that is not invariant
under rotations, is usually taken to be a rotation. This sort of time-dependence is not available
for a rotationally invariant state. These considerations lead us to the cranking model well known
from nuclear physics. Unfortunately, it turns out that this model is insufficient to describe the
coupling of charges at the one-loop level, as can be seen from the fact that the known G-function
of Yang-Mills theory is not reproduced.

As a last approximate treatment of the projector we then consider the Kamlah expansion, which
is also well-known from nuclear physics. In this approach, one expands the Hamiltonian (be-
tween projected states) in powers of the generators that build up the projector (between projected
states). In combination with perturbation theory this is seen to work nicely - the energy func-
tional does not depend on those parameters of the wave functional that shouldn’t have appeared

3The significance of the projector in Yang-Mills theory was emphasized by [JLP91], cf. also [Hua92] and
[Qua9g4].
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in the first place according to the studies of perturbative modifications of the Gaussian wave
functional mentioned above. However, due to technical difficulties it has not been possible yet
to treat charges beyond the classical level.

As alast point in this chapter, we illustrate the treatment based on Gaussian wave functionals by
calculating the energy of the Savvidy vacuum, and arrive at a result well-known in the literature.

2.1.2 External Charges

In this section we want to introduce external static charges into our system. In the usual
formulations (e.g. [Pol97], [HJ97], [Qua99]) one attaches colour indices to the Yang-Mills wave
functional and requires new transformation properties under gauge transformations. If we denote
the collection of spin indices by M, then we require?, for a gauge transformation U,

U

War) =Y G ) with (2.6)
M/

where D denotes the matrix representation R; of the gauge group and x; the positions of
the charges. It will turn out below that we have to choose the representation matrices D% to
form the conjugate representation of the representation under which the quarks at the points x;
in space transform®. This formulation has the disadvantage that one does not have a concise
formulation of gauge transformations independent of the fermionic colour charge content of the
wave functional under consideration. As a result, one cannot write down a projector that projects
onto the physical sector for all fermionic charges. Since the latter is a very important requirement
for the approximations to the projector that we want to carry out later on, we have to look for a
different approach that is inspired by [Pol97], [Zar98c|, [Zar98d]. We start by adding a fermionic
part to the Yang-Mills Hamiltonian appropriate to static quarks:

H = Hyy + M / B3 (x)p(x), (2.8)

where M denotes the quark mass (we deal only with a single flavour), and we require the usual
anti-commutation relations for the quark fields:

{8(x), 9] ()} = 660pdxy- (2.9)

In eq. (2.9), a, b denote colour indices, «, 3 spinor indices, and x,y position indices. We also use
the usual notation 1) = ¥7°, and use for 4° the usual Dirac convention: 7° = diag(1,1, -1, —1).
Acting upon the bare fermionic vacuum the operators 1, 9! generate further eigenstates of the
Hamiltonian. Their energy can - as usual - be determined via the commutator of H with v, yt:

museol = { Ty ez (210)

fa(x a=
H e ()] = {—%*Exi ces? (.11)

4Remember that we set the Yang-Mills © angle everywhere in this thesis to zero.

®The explicit form of eq. (2.7) that one can find in the literature [Pol97], [HJ97], [Qua99] seems to differ super-
ficially from the expression that we use here. However, in none of the references mentioned the authors explicitly
state, under which representation their matter fields transform, and therefore it is likely that the superficial
difference is no real difference.
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In concordance with the common interpretation we associate creation operators with operators
that create positive energy states, and thus write explicitly

a%gx; af(x)

argy — | 2 forgy — | 0 (%)

¢a( ) b;a(X) ) wa( ) 261L(X) (212)
bl (x) 3(x)

We then interpret the operators a as connected to quarks, and the operators b as connected to
anti-quarks. We now turn to the charge operator. Let A* be the (hermitian) generators of the
group representation appropriate for the quarks. The charge operator is then given by

p(x) = J§(x) = (x)7° A" (x), (2.13)
where there is no integration over x just as in the remainder of this section (unless explicitly
stated). In terms of a,b operators, it can be written as (the fact that the generators of SU(N)
are traceless and hermitian has to be used)

b b *
p*(x) = al’ (})Mf.af (x) — bl () Mg b (). (2.14)

be Vi

The matrix A* denotes simply the complex conjugate matrix of A\. The charge operators inherit
their commutation relations from the A matrices:

16°0), £ (3)] = Sy (0 GIN, N () + B GO N Jbi(x) ) = if P )by (2.15)
Thus, we can form the Gauss law operator in the presence of external charges®
G (x) = —I"(x) + p"(x), (2.16)

where I'*(x) is the generator of gauge transformations on the Yang-Mills part of the wave func-
tionals”. Note that we have a special situation here: although the Gauss law operators for
different colours do not commute, there is one special instance when a state can be a simulta-
neous eigenstate of all Gauss law operators, namely if it is annihilated by all of the operators.
From the relation G%(x)|phys) = 0 we can infer I'*(x)|phys) = p®(x)|phys) but this does not
mean that we have diagonalized all I'®, since a state cannot simultaneously be an eigenstate of
all charge operators, but only of the charge operators corresponding to the Cartan subalgebra (in
SU(2), this would usually be p3, in SU(3), p3 and p8).

We want to show that p® generates the usual gauge transformations of the quark operators,
just as the pure Yang-Mills operators A, II are gauge transformed by —I'*(x). We start by
considering an infinitesimal transformation:

VO Dy e PO — g i [y )l ) ve) +O?)

= Pa(x) + 695 (x) + O(¢?). (2.17)

5This result can also be obtained from the Lagrangian with matter fields. The matter field Lagrangian reads

Lom = $ilDp = Piy* (0, — 1A, )y and if we concentrate on the part that is multiplied by Ad this reads ¥y’ A%y =

p®. Taking into account the term multiplying A§ in the pure Yang-Mills Lagrangian eq.(1.29), we obtain as

generalization of eq. (1.30) the Gauss’ law in the presence of external charges: —I'*(x) + p® = 0; cf. in this context
also [CL80].

"Depending on the form of the covariant derivative (with or without an explicit factor of g) this may either
be %ﬁﬂ or DII. Please note also that (a) as was discussed above in sec. 1.3.2 I'*(x) is in fact the negative of the
generator of gauge transformations, and (b) it is hopefully not confusing that we call both G* and I'* Gauss law
operator although they differ by a sign in their respective Lie algebra.
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We can compute the commutator, and obtain the result

895 (%) = " (X)Noe 15 (). (2.18)

As usual, we can iterate this formula and thereby obtain

e—i [ Pye’(y) p”(y Japa (x)eifd3y<p"(Y)pb(y) = (e b (x) /\b) E () Dha [U(x)] (%),
et [ Fy PP B ple (x)et [ Py " @) = ple(x) (e N, DEr [U(x)]ie (),
(2.19)

where we have used the same procedure for 1, and due to the hermiticity property of A we have
(e‘i“’b(x)v)ca = (e‘i‘pb(x)’\*b)ac. DFr[U] is called the conjugate representation of DFa[U], cf. e.g.
[PS95].

2.1.3 External Charges and Transformation Properties of Gluonic States

We are now in a position to see how the usual formulation of transformation properties of gluonic
states in the presence of external charges comes about. The structure of the states that we are
considering is given by a sum of direct products of states from a fermionic Hilbert space (we
denote the states as |fermion ), where i is a collection of indices, cf. eq.2.21) and states from a
Hilbert space that is spanned by |A). The states from the latter Hilbert space are denoted as
[YM a) with label a. Thus the complete states we are going to consider (called |coupled)) are

|coupled) = Z ¢f|fermion )| YM a), (2.20)

a,t

where ¢ are probability amplitudes. The fermionic states are generated by acting with quark

and antiquark creation operators on the (gauge invariant) fermionic vacuum®:

|fermion i) = a ---a;fnbj.l e b}m\0>, (2.21)

11

where we have combined colour-, spinor- and spatial indices into a single super-index i (or j),
and denoted the fermionic vacuum by |0). We can also write suggestively

S aal el bt o) YMa) = Y af el b bl )Y el S [YMa)
Q,i1,..,Jm 1,05 Jm a
= Y af coal bbbl O)YM);, g, with [YM) g, =) el [YMa). (2.22)
Ulseensdm a

We perform a gauge transformation by acting upon the state with? e~/ 9°G" = yYei [ o°T" (where
U=e /¥

ST S b ] Y,

ila--wjm

8That the fermionic vacuum is gauge invariant is a trivial consequence of the fact that it is annihilated by the
annihilation operators.

. asa . 3 a a
9We use the abbreviation e~ #/ #"9" = ¢~/ "z ()G ()
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= Y Ud] utu-.-Utuaf Utubl Ut UTUBE UY0) €SO VMY,

i17"'7jm :|O>
R R y a a
- Z Dllll o Dl In [U] TnD 121 [U]bll”.,Djnjkm[U]bLm‘melf(p . ’YM>i1---jm
i1, 7Jm
R, R, R, ; apa
= D alal b b [OD U] D [UIDL U] Dyt (U] S YM)
i1,y Jm

(2.23)

where we use a super-index notation for al,bj For the representation matrices this has to be
understood as follows: if we decompose the super-index i1 into the colour index aq, the spatial
index my and the position index x;, and correspondingly I; into by, n; and x; (the position
index is in both cases identical since we do not associate an integration over position indices with

gauge transformations), then
Djy1, [U] = 6m1n1 Dayb, [U(Xl)] (2‘24)

This allows us now to determine e?/ #“I|YM);, . k,,- From the requirement that the state con-
taining quarks and gluons shall be overall gauge invariant,

i[9G Z ale ... a;fnbjl ) bT 1OY[YM)i, e Z a . "'b;m|0>|YM>z‘1...jma
i17"'7jm 7'17 1Jm
(2.25)
the following relation between a representation D¢ and its conjugate representation D%

DU = D [U] (2.26)

and eq. (2.23) we can conclude that

e S TYMY;, = D

i1 Jm

Ui U] Dl

Rq
U] ’ D ]lkl ]mkm

inln

[UIYM)4, .. k- (2.27)

’Llll[

Thus, our way of approaching the problem of static charges almost exactly reproduces the usual
‘effective’ gauge transformation prescription as given in eq.(2.6). However, we obtain a nice
interpretation for the spin label attached to a Yang-Mills state, that may be useful in variational
calculations: the spin labels are nothing but part of the probability amplitudes ¢ and

i1 in g1 Jm
in constructing variational ansdtze one may choose only certain combinations to be non-zero.

2.1.4 The Projector on Physical States

Since we now have an operator that generates gauge transformations on arbitrarily charged state,
we can also write down a very simple (formal) expression for the projector onto the physical
sector:

PP = /Dapeifd?’W“(F“—P“X (2.28)

Dy denotes the integral over all variables parametrizing the gauge transformation including the
Haar measure necessary to make the integral invariant under left multiplication. The integration
domain runs over the topologically trivial sector of the gauge transformations. Two points
deserve attention: first, we want to consider why P’ is indeed a projector onto the physical
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subspace, and second, why it is sufficient to restrict the domain of integration to topologically
trivial gauge transformations. In fact these two points are closely related. A state in the physical
subspace is characterized by the fact that it is annihilated by the Gauss law operator: G%|¢) = 0.
An identical requirement is e***9"|3)) = |4}, in other words a state has to be invariant under
topologically trivial gauge transformations. If we now act with e~**“9" upon P? we can use the
fact that topologically trivial gauge transformations form a group, i.e.

¢—i07G% =ig Gt _ —ia®(6.0)" (2.29)
the left invariance of the Haar measure

Dy = Da(¢, ¢), (2.30)

and the fact that a topologically trivial gauge transformation does not change the domain of
integration of the projector P? to obtain

emi0°G PP oid"G° / Do e 9" — / Dipe 19" ¢~ie" 9" / Dip e~ 10" (6:£)G"

= /Da e 19" = pr, (2.31)

Thus we have answered both questions: the projector projects onto the physical subspace since
the projector is invariant under small gauge transformations, and since the Gauss law constraint
is equivalent to topologically trivial gauge transformation only this domain of integration is
required.

2.1.5 QED

One main difficulty of the Yang-Mills theory with external charges lies in the fact that the charge
operators do not commute and therefore the states cannot be chosen as simultaneous eigenstates
of all charge operators. This is - obviously - very different in QED, where there is only one type
of charge. Thus we can choose the fermionic part of the states to be eigenstates of the charge
operator (this happens quite naturally if we take only states with a fixed number of external
charges into account). Then the projector can be simplified very much as well: denote by |p) an
eigenstate of the charge operator, and write the charge operator in the rest of this section as p,
ie.

x)l0) = p(x)Ip). (2.32)

Thus, upon a state |p) ® |photons) the projector acts as

P?|p) ® [photons) = /Dgp '/ #('=P)| p) @ |photons) = /Dgp '/ #('=P)| p) © |photons)

= |p® / Dy e/ *"=P) |photons). (2.33)
We can get completely rid of the fermionic states by forming scalar products:
(p'|P?|p) @ |photons) = &, /Dgp ¢!/ #(C=P) |photons). (2.34)

The externally prescribed charge can now be found in the projector as a c-number p(x). Note that
the integration domain (i.e. whether ¢(x) runs from e.g. 0...27 or —oco... + 00) determines
whether the charges we take into account are quantized or not. In what follows we usually
assume that ¢ runs from —oo ...+ 0o, and ignore the fermionic part of the states completely. We
implement the prescribed charge content in the projector precisely via the c-number function p.
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2.1.6 Projection Integral as an Effective Theory

We have indicated that the projector is a very complicated object; until now nobody has been
able to deal with it exactly but there have been a number of approximate approaches in the
literature. Two of them we want to illustrate in the following: first, we have a look at the cal-
culation by Kogan and Kovner [KK95]. In sec.2.2 we have a look at a systematic perturbative
evaluation, using the static inter-quark potential as an example, of the projector formulation.
In this section we want to consider an approach that has been pioneered by Kogan and Kovner
[KK95]. They start out by considering expectation values of local operators!? using wave func-
tionals (¢ is used to indicate a generic set of fields):

©) = [ D6 v (6l0vls] = [ Do O 0o, (239

Thus, they consider expectation values as Euclidean path integrals with an action that is given by
the logarithm of the squared wave function. This point of view will be very useful later on. Since
the only path integrals that can be done exactly are polynomials times a Gaussian, they conclude
that one should restrict oneself to Gaussian wave functionals in the following. Their arguments
that restriction to a Gaussian wave functional is not only done for simplicity reasons are given
in sec.2.3; since in Yang-Mills theories there are no gauge invariant Gaussian functionals (as
we will discuss at some length in sec.2.4) Kogan and Kovner [KK95] propose to enforce gauge
invariance as described in eq. (2.1):

vial= [ Do e {-; [EodyalimE Al m) e

where AV denotes the field A after a gauge transformation U, parametrized by ¢. They use a
specific ansatz for the parameters in the Gaussian wave functional:

k| for |k|>M
M for |k| < M.
(2.37)
This ansatz is inspired by the observation that it has apparently the correct large-|k| behaviour
expected from perturbation theory, and that for small [k| one expects the theory to have a (mass)
gap . Note, however, that this motivation results from the property of G~! being the equal-time
propagator of the E-field in the unprojected theory. If we restrict ourselves to leading order in
perturbation theory, the non-Abelian character of the gauge group can be neglected, thus the
projection will replace G—! by its transverse part, and additionally to leading order the correlator
(Ei(x)E;(y)) is gauge-invariant. Thus at least to leading order in perturbation theory one does
not have to distinguish (for motivational purposes) between the projected and the unprojected
theory. Where the leading order perturbative approximation is not valid (like in the momentum
regions where one would expect a mass gap) the interpretation is also unlikely to be valid. With
this ansatz one can now start the computation: for the variational calculation, we need two
expectation values, the first is the expectation value of 1, i.e. the norm of the projected states,
the second is the expectation value of the Hamiltonian H. Both 1 and H share the property of

Br
ik.(x—y) -1 : -1 _
e G (k]) with G'(k|) {

(G HExy) = 5“b5z'j/ @

10For simplicity, we assume that @ will contain only field operators and no momentum operators. This is not a
restriction for the following calculation, since in the effective 0 model that will be evaluated along these lines, in
fact only operators O are needed that are constructed from field operators alone.
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being gauge invariant under the permissible gauge transformations (i.e. time-independent ones).
Thus we have the following simplification

/DA [/DUl Qp*[AUl]] o [/DUgw[AUﬂ] = /D(UlUg)/DAw[A(UIUJ)]Ow[A], (2.38)

where we have used the gauge invariance of DA and the left invariance of DU. Furthermore
we have assumed that the integration over DU is normalized to one!'. Kogan and Kovner now
claim that - having integrated out A, which is possible since the path integral over A is just
Gaussian - the integral over the remaining U = U1U2T can be approximated without harming
gauge invariance. This statement may be a bit misleading, though. It is true that under a
gauge transformation A — A", U does not change: U — (U;V)(U2V)! = U. However, gauge
invariance means more than that. An analogy from nuclear physics will help here: the Gaussian
gauge-non invariant ansatz is similar to a deformed nucleus in nuclear physics. Such a state can
be projected onto an s-wave by averaging over all rotated versions of the deformed state. We
end up with a state that is itself invariant under rotations; it will be annihilated by the angular
momentum operators, very much like a gauge invariant state is annihilated by the Gauss law
operators. If we now calculate an expectation value of a rotationally invariant operator, we can
hold one of the deformed states fixed, and average only over the directions of the other state.
Alas, also a matrix element of a rotationally invariant operator between two deformed states is
rotationally invariant. This does not state any more than that the coordinate system that we
introduce to perform explicit calculations does not matter. It has nothing to do with the s-wave
character of the states. And so, the correct observation that U does not change under gauge
transformations (since it is nothing else but a distance between 1[A] and ¥[AY]) has nothing to
do with the requirement of gauge invariance of the states.

We start now with the computation of the norm Z:

z=()= [DU [ DA AVIVIA] = [ DU M0 NGSESTI ) [ pyetiy,

(2.39)
where we have used an obvious matrix-vector notation, and the abbreviations!?
ab 1 arrt b a i arrt
S¥®(x) = §tr(7' U'(x)r°U(x)) , A(x) = ;tr(T uw,U), (2.40)
S%b(x, y) = Sab(x)éijé(x -y), M?Jb(x, y) = [5ab + STac(x)SCb(y)]G_l(x —y)ij. (2.41)

In this context, tr denotes a colour trace only, and Tr a trace over all three types of indices.
The matrices 7 are hermitian generators of (one of) the fundamental representation(s) of SU(N)
normalized as tr(797%) = 269, cf. also footnote 12. Eq.(2.39) implies that one can think about
the norm as a partition function of a non-linear o-model in 3-dimensional Euclidean space with
target space SU(N)/Zy. One should note that the action is non-local and non-polynomial.
The treatment Kogan and Kovner propose is a combination of perturbation theory!?, mean-field

"This is equivalent to the property of a projector PP = P.

12A short comment on notation is in order: whereas in the rest of this thesis, generators of SU(N) are indicated
by A, and the fundamental representation is normalized as tr(A\*\?) = %5‘“’, Kogan and Kovner use a differently
normalized fundamental representation 7, with Tgkos = 2Afhis thesis-

13For the perturbation theory one has to note that they use what we call perturbative scaling’, i.e. they have
put an explicit coupling constant into the covariant derivative, cf. appendix A.5.
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approximation and the renormalization group. They start setting up the perturbation theory by
writing

U(x) = e997"/2 (2.42)
and calculate A% and S%(x) to lowest order!?, obtaining A\%(x) = —V;¢%(x) + O(g), S =
6% 4+ O(g). The action I'[u] reduces then to leading order in g to

1 — a
76 | Crdy (Vig" ()G (x = y)(Vid" (v))- (2.43)

This looks like a free theory with a non-standard propagator. The treatment may be valid for
the high-momentum modes'®. For the low momentum modes, a different expansion may be in
order: by ansatz, G is of short range, and hence for Us that contain only modes below M, the
action is actually local:

2—A;2 Br VU (x)V;U(x) + ..., (2.44)
where the spatial dependence of Sfjb(x,y) in STGS has been neglected, as have been terms of
higher order'® in g. Then Kogan and Kovner rewrite the action for the low modes with the help
of an additional U(1) gauge field, s.t. the target space of the model is no longer SU(N)/Zy, but
rather U(N). The gauge symmetry there reduces the physical manifold to U(N)/U(1) which
is isomorphic to SU(N)/Zy. The idea is now that one can integrate out the high-momentum
modes and thereby produce the running of the parameters of the low-momentum part of the
action; the running is assumed to be identical to the QCD running!”. The coupling constant
that enters the low-momentum action would then be a4(M) - the strong coupling constant at
the scale M.

The next part of the calculation consists of calculating [ DAv*[AV]Hy[A], and reexpressing
the result in the high- and low-momentum modes of U, where the high-momentum modes are
treated to lowest order perturbation theory in g. To the order of g that is considered, one obtains
as energy expectation value a sum of terms that do not contain cross terms between high- and
low momentum modes; whereas the high momentum modes give a positive contribution, the low
momentum modes give a negative contribution to the energy. In the region of large M, it is
argued that the low momentum theory is weakly coupled, and therefore its contribution to the
energy can also be calculated in perturbation theory, resulting in a total (high momentum plus
low momentum contribution) energy density

E(M) N?2-1_,
- MY, M > Aocp. 2.4
% 12072 1 > Aeop (245)

For small M, it might be useful to look at the phase structure of the o-model, and therefore use
an analogy to classical statistical mechanics: the appearance of the coupling g(M) is very much
like the appearance of the temperature. Thus, one could say that at large M, the coupling is

14 A systematic perturbation theory will be set up in sec. 2.2. General expressions for X and S that are very well
suited to a perturbative expansion beyond lowest order are given in appendix B.

15The decomposition of U into high- and low momentum modes is thought to be permissible due to the gauge-
invariant nature of U.

16 Apparently, the term Tr(ln (M)) is meant.

'"This has been investigated in [BK99]. It turned out that the 8-function is not quite identical to the QCD
B-function (with zero quark flavours) but that (at least to lowest non-trivial order in g) 8, = 128gcp. This was
interpreted physically in [Brow98].
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small, and thus the system is in the low temperature phase, where the SU(N) symmetry of the
o-model is spontaneously broken. If one decreases M, thereby increasing g, one could imagine
raising the temperature, and thereby going from the spontaneously broken phase to the disor-
dered, symmetry restored phase. If in this phase transition the internal energy of the o-model
increases, then we might find a minimum of the total energy density at values away from M = 0,
since the contribution of the low-momentum modes, to which this discussion applies, to the total
energy is negative. For the rest of the calculation a mean-field approximation is employed, and
one obtains indeed a non-zero value for M. Kogan and Kovner [KK95] then also calculate the
value of the gluon condensate, in order to find a physical interpretation for M, and see that the
calculated gluon condensate is of the same order of magnitude as implied by phenomenological
studies.

To conclude this section, we want to mention that quite some work has emanated from this study
of Kogan and Kovner: there has been some activity to connect the g-function of the o-model
to that of QCD [Brow98|, [BK99], and also instanton effects have been studied [BGKK99]. The
whole idea of considering the projector integral as a new ’effective’ theory has been extended
[Dia98], and also been applied to lattice models (topologically massive compact U(1) theory,
compact QED) [KK96],[KS99] and to fermions (Schwinger model) [BGKKO00]. However promis-
ing the idea in itself may be (as indicated by the number of studies alluded to above), one should
also see the shortcomings that are present at least at a technical level: perturbation theory is
used throughout (at least for the high momentum modes). As we will see more clearly in the
next section, things quickly become quite complicated if one wants to go beyond lowest order.
Also the explicit form of the propagator eq. (2.37) was needed in order to ensure a local action
for the low-momentum modes'®. As a last point, the claim that gauge invariance was maintained
throughout the calculation is a bit dubious as we have argued in some detail.

It was indeed our visitor of the afternoon who came
bustling in, dangling his glasses more vigorously than
ever, and with a very perturbed expression upon his
aristocratic features.

Sherlock Holmes, The Adventure of the Noble Bachelor

2.2 Perturbative Evaluation of the Projector

In this section we will present the approach of Testa and Rossi to perturbation theory in
the Weyl gauge. We illustrate the general formalism by a calculation of the inter-quark
potential up to O(g*).

In this section we want to illustrate a way of evaluating the projector integral perturbatively
that has been pioneered by Testa and Rossi [TR80a], [TR80b] and appreciate the importance
of the projector for the static quark potential. In other studies one has seen that the projector
basically reinstates the (time-independent) part of the Ay field!? [Rei96] and since static charges
originally couple only to Ag it is quite straightforward to see that without the projector there
would be no quark potential at all. At tree level, the spatial components of A, do not contribute

8 According to [KK95] one obtains practically the same results if one uses a massive scalar propagator with
mass M. However, this propagator is very similar to the one used, so the statement above is not invalidated.
9thereby bringing us from the Weyl gauge to the Polyakov gauge
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to the interquark potential.
At the heart of the approach is what Testa and Rossi call the Feynman propagation kernel:

K (A3, T/2 A1, ~T/2) = (As|exp (—iHT)P|A1), (2.46)

where P denotes the projector as outlined above. K has the advantage that it can be expressed
in several different ways: first, it can be decomposed into gauge invariant eigenstates of the
Hamiltonian:

H‘¢n> = En‘¢n> (2.47)

with [¢) transforming appropriately with respect to the external charge content (cf.eq.(2.6))
under gauge transformations. Using them we can write K as

K(A2,T/2A1,-T/2) =Y e T Al [Aq], (2.48)

where the sum n extends over all physical states. In order to construct the appropriate path
integral representation it is more useful, however, to consider first

K(A2,T/2A1,=T/2) = Y e P Ty Aol [Ad], (2.49)

n/

where n’ now extends over the complete Hilbert space. The path integral representation of this
can be given straightforwardly as

K(AQ,T/2; Al, —T/2) =

B A(t=+4+T/2)=A> )
/ DA Svm, (2.50)

A(t=—T/2)=A,

Note that due to gauge invariance (at least w.r.t. time-independent gauge transformations) of
the action and the path integral measure, we have

K(A9,T/2;A1,-T/2) = K(A],T/2; AY ,—T/2), (2.51)

where V is a time-independent gauge transformation®’. This will be useful later on. If one uses
eq. (2.46) as a starting point, one sees that one can implement the restriction to gauge invariant
states by performing the projection procedure at any one time slice; it is particularly convenient
todoitatt = —T/2 or t = +7'/2. Note that in the case of presence of external charges, the wave
functionals with the appropriate transformation behaviour v, will carry spin indices, whereas
the 1,y that span the complete Hilbert space don’t?'; thus K carries a set of initial spin indices

20This property of K has the same origin as the invariance of U under gauge transformations in sec. 2.1.6 as one
can see from the alternative representation of K as K = (As|exp (—iHT)|A1) .

2lPerhaps it is obvious to the reader, but let us spend a footnote on the topic of spin indices. In sec.2.1.2, we
discussed one way of attaching spin indices to Yang-Mills wave functionals. There is, however, a second possibility
that is even simpler. Since the Hamiltonian commutes with I'®, it commutes also with the Casimir operator(s),
like I'*T"®. Thus, we can classify the eigenstates of the Hamiltonian by the eigenvalues of the Casimir operators
and of the I's that span the Cartan subgroup. In other words, at every point in space the eigenstates of the
Hamiltonian carry a specific representation of SU(N). For simplicity we now restrict ourselves to SU(2), where
we have only one operator in the Cartan subgroup, but it should work identically for SU(N>2). In SU(2) the
states will be, at every point in space, in an eigenstate of I'*I'* (eigenvalue j(j + 1)) defining the representation,
and also in an eigenstate of '3 (eigenvalue m = —j...j5); thus if we concentrate on the point x¢ for a moment,
the state looks like |xo;4, m) with T°T"*|x¢; 5,m) = j(j + 1)|x0; 4, m) and T'®|xo; 4, m) = m|xo; 4, m). T*, T2 only
perform linear combinations of states with the same j value and different m values; thus for a state carrying a
specific representation of SU(2) at a point in space, the Gauss law operators act like the matrices of this specific
representation. Thus, the spin labels are nothing more (in the case of SU(2)) than the eigenvalues m of I'®.
Sometimes it is convenient to make them explicit, as in the case of K if one knows beforehand which representation
one wants at which spatial point, and sometimes one leaves them rather implicit as in the case of K.
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{s;} and final spin indices {s¢}. Let AU) denote the generators in the appropriate representation
j for the external charges (fupdamental, adjoint, etc) that are localized at the points x;; then
the relation between K and K can be written as

K (A, T/2 Ay, T )2) = /g Dh | J] efoX ) K (AZUh,T/Q; A, —T/2) ,
’ J {s2}s1)

(2.52)
where h denotes the gauge angles, i.e. the parameters of the gauge transformation. Dh includes
the corresponding Haar measure. It will be further discussed in appendixB. Gy denotes the
range of integration: only the topologically trivial sector of gauge transformations is integrated
over.

2.2.1 (-Function in this Approach

In the following we have the very modest goal of calculating the S-function to lowest order, since
we only want to give an impression of how one can evaluate the projector perturbatively. We
follow mainly [TR80b] in our presentation. It appears to be useful to extract the g-function
from the perturbative evaluation of the interquark potential to O(g*). We do this by considering
the problem of two static spins evolving from time —7'/2 to T'/2 and computing the Feynman
propagation kernel at imaginary time from zero field to zero field; since at g = 0, the singlet and
(N? —1)-plet states are degenerate, we have to take them both into account as the lowest energy
states??. Using the abbreviation Xnisr = Un:sr[A = 0], where r, s are spin labels, we write K as
a sum over the N2 lowest states that are degenerate at g = 0:

N2-1
K52r2;51r1 (0,0, _iT) ~ Z e_EnTXTL;SQT'QX:L;Slrl' (2'53)

n=0

In order to be able to read off E,, conveniently at the end of the calculation, we perform a Taylor
expansion of the exponential?®, thus

NZ-1 NZ-1
K82r2;81r1(0a0a —iT) ~ Z Xn;szZ;sm =T Z ETLX”;S2T2X:<L;81T1 +T?x ... . (2.54)
n=0 n=0

Next, we expand both E,, and x in powers of g (assuming E, (g = 0) = 0); actually, here we can
expand them?? in powers of ¢2. Using the notation

E, =g%e? + g*@® 4 | Xnssars = X\ hore T X Phry + 9 Xy + - (2.55)

22Tn the end we want to send T — oo, so only the states of lowest energy will survive.

23This can be done since the radius of convergence of the exponential function is infinity; here, it is not claimed
that it is a good approximation, only that one can read off the energy from the term linear in T.

24For E,, one could argue that for odd powers of g one would need an odd number of the three gluon vertices,
which in the end would result in particle production from the initial to the final state; however, in perturbative
expressions for the energy, the initial and final states are always the same (with a fixed number of gluons), and
hence operators that comprise particle production don’t contribute to perturbative corrections of E,. For x the
reason lies in the fact that we need 1[0]; if we start from the perturbative vacuum (that is very much like the QED
vacuum), and we want an odd power in g in the perturbed wave functional, we have to admix a wave functional
that is odd in A since otherwise the matrix element of the three-gluon vertex will be zero; however, an odd wave
functional is zero for A = 0, thus x obtains corrections only of even power in g.
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and the relation (to be verified later on in eq. (2.79))

N2-1
Z X’SLO?SQT’QX’SLO)SjTl = 6825167‘27'17 (256)
n=0

we obtain (abbreviating the sets of spins (sg,73) by as, and (s1,71) by a1)

KSQTQ;SlT‘l (0’ 05 _/I’T)

Q

63231 6r2r1

+9° Z (X2 + XD, + 07 (B + XX + D) + -}
-T Z g {eDx Qs + g (XD x + € (xZxis + xux) +0(gM) |-
O(TZ) (2.57)

2.2.2 Perturbative Evaluation of K

The program for the rest of the section is to compute K from the path integral representation
in powers of g, ignoring all terms that are (at least in the limit of large T) not proportional to
T for A; = 0, Ay = 0. We start out by computing K for arbitrary A;, A, since if we compute
K from K we have to sum up all K that have as final configuration a pure gauge potential, cf.
eq. (2.52). We consider the action®® in Weyl gauge and decompose it w.r.t. a free part and the
interacting part:

S = Sp+ S5 with

T/2 ..
s, — L / dt / d*x (AZAL + (ViA3)(ViA) - (V,AD)(ViAD)) (2:58)
T/2
T/2
SI _ fabc/ dt /d3 VA(I V Aa AbAC_ / dt /d'?’gj fdbcfadeAi?A;AgA;.
T/2 T/2
(2.59)

After introducing sources J, we can decompose K into a free part K (which can be explicitly
given in terms of the sources J, and the initial and final fields A, As), and the interaction part
that can be written with the help of derivatives w.r.t. the sources:

_ s A(t +T/2) Ao 51 ~
K = ¢S1l=a5) / DA B IA — 155K (A, Ay T D). (2.60)
A(t=—T/2)=A,

The free part will be computed as follows: decompose A into a classical part that satisfies the
classical equations of motion A, with the boundary conditions A (t = —T/2) = A1, Aq(t =
+T/2) = Ag, and a quantum part a with the boundary conditions a(t = —7/2) = a(t =
+T/2) = 0. The action Sy, being quadratic in A, is then just a sum of a classical part and the
quantum part; the path integral for the quantum part can then be performed in a straightforward

manner:
B a(t=+T/2)=0
Ko(A1,Ay; T;J) = 30(A2A0T) T A / Daeolal=Ja, (2.61)
a(t=—T/2)=0

25Gince we are interested in K for imaginary times we use already the Wick-rotated action.
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We obtain for A:

3p sin — —
Aat) = [y g trerion {( SRRt ) LT p) ) Ay

sinh (|p|(t +T/2)) .7 t+T/2_
(2.62)

PT,PL denote the transversal and longitudinal projectors respectively. Note that even for the
non-interacting theory A, will contain longitudinal contributions if the initial or final configu-
rations contain them. Having obtained A, we can also compute the classical action:

class 1 d3p 1 4 A LA A
S5 =5 | @op \7B2 ~ ADPH(A: — Ay (26

. . - - 2 . .
th (|p|T)(A{PTA; + AsPTAy)) — ——  A,PTA
+lpl (coth (pIT)(APT A + AoPTAs) - ——2APTA) |

where A denotes the Fourier transform of A and in eq. (2.63) depends on p.

Now we want to deal with the quantum fluctuations. The path integral can be performed by
completing the square. One can split a into its longitudinal and transversal components and
thus has to determine the Green’s function for (—d?/dt?) and for (—d?/dt? + p?) (as we integrate
over the a modes in Fourier space). Here it is important to realize that we need the Green’s
function for a finite time domain; a possible method of construction can be found in [Kle93] and
one obtains for the complete (longitudinal and transversal) Green’s function:

Dij(x,t;y,t') = / %eip-(x—y) (Gp(t,t)PL + Go(t,t')PL) (2.64)
with
Go(t,t) — m % {@(t — #)sinh <]p\(§ — 1)) sinh (|p|(¢' - §)> (2.65)
+O(t' — t)sinh <|p|(g - t’)) sinh (|p|(t - g))} ,

Golt.t) = lim Gylt.t) = 7 {1~ )5 ~ 0t = 5) + O ~ )

T
2 2 2

—t)(t - g)} (2.66)

With these results we can write the free part of the unprojected Feynman propagation kernel as

DA eSo [A]-A.J

3 A(t=+T/2)=As
Ko(A2,A1;T5J) = /

A(t=—T/2)=A1
— Nes [ @rdy (AziGoxy (xy) Az, (¥)+ALi(GOXT (6,3) A (1) +ALi ()X (x¥) Az, (y))
X ef dPzd®y dt (Al,i (x)g;; ,¥) 5 (y,t)— Az (x)g:_]' (x,¥)J; (y,t)) (2.67)

% e% [ d3xdPydtdt’ I¢(x,t)Dij (x,ty,t') I (v,t)

with

ij &*p 1
oey) = = [ {iplcom (oin)eh + et (2.68)
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X%y (2m)3 Plinh (lplIT) ¥ T Y[’ ’
dp | sinh|p|(t+ L) t£1
+ 2) pT L
Yij (x,5) / (2m)3 { sinh |p|7 £ | £ (2.70)

From here on, we can use the fact that we want to use a special system, namely one where A, =
A5 = 0 in the projected propagation kernel; thus in the unprojected kernel, we have to put in
initial and final conditions that are pure gauge fields. One could choose A; =0, Ay = —éU ,iVUh
(corresponding to a projector that is applied to the final state); however, in the following we want
to be a bit more flexible, and use eq. (2.51) with V = ¢?9%aA" [LMR84], so that by choosing p = 0,
we only integrate, as before, over the final configuration, whereas for p = —1 we integrate over
the initial configuration. With the results from the appendix B, we can write AY, AZUV in terms
of the matrix?® F' and Vh:

(AV)* = p(éap + Fup(ph)) VR, (2.71)
(ATV)* = (14 p)(bab + Fup((1+ p)h)) VA" (2.72)

We insert these definitions into eq. (2.67) to obtain the exponentiated action for the projector
field, cf. eq. (2.52). We see that the free Yang-Mills part with definite boundary conditions has
turned into a non-polynomial interacting theory for the projector field albeit in one dimension
less, since h does not depend on time. The integration measure is not flat, however, but one
has to use the Haar measure. A rather explicit expression for the Haar measure is given in the
appendix, eq. (B.16). In order to get a handle on the h integration, we again introduce a source
term — [ d3z {h%(x)f%(x)} and rewrite F with the help of functional derivatives?” w.r.t. f.
However, before one can perform the usual completion of squares to perform the path integral®®
over h, one has to realize that there are other terms besides the newly introduced source term
that are linear in h, resulting from the terms AEIESSJ . Having done all this, we end up with
terms that are

e quadratic in either J or f: they give the A A- or hh propagators, respectively
e a term that is linear in f and J; this term gives rise to a mixed propagator
e terms linear in J but non-linear in f - they give rise to new vertices

e terms independent of both J and f: they stem from the three- and four-gluon vertices of
the original Yang-Mills action, the Haar measure, and those parts of the classical action
that contain F's.

We use as notation for the propagators: <A?(X)A?(y)> for the A A-propagator, correspondingly
for the others, and thus end up with the perturbative expansion for the projected Feynman
propagation kernel (Einstein summation convention even for continuous indices)

K(AZ = 07 Al = 07 _iT)S27T2;81,T1
5 s —igras S —ighor 8
= N{esl[_%}eSHJv_W}eSm[_W](e 92 5f:%ss> (e oA 5f35>
59281 7271

1 b\ rb b b 1 b b
3 PRSI [+ F2 (AL )8 +538 (AL AL T2, } (2.73)

26For convenience we give here the definition of F' that is also given in appendix B: F = (iy) "' (e’ — iy — 1)
with yap = if**he.

27All the interactions of the projector field come into play because of F.

28In this step one ignores cavalierly that h is a compact variable.
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where the complete expressions for the propagators and the interaction parts are given in ap-
pendix B. Here, A, A denote the representations appropriate for the two static sources. In the
following we will be concerned with the static inter-quark potential to O(g?); this will greatly
simplify matters for the following reasons: first, since we are only interested in the potential, we
are interested only in that part of K that depends on both x, and x,.; thus we need only consider
the part of eq.(2.73) that contains at least one derivative w.r.t. f(xs) and one w.r.t. f(x,);
since both terms contain a factor of g, we only have to consider interaction terms up to O(g?).
Therefore, we expand S,,, S in powers of g; but now comes into play that we are interested
also only in contributions that are, in the large-T limit, proportional to T. This allows to drop a
number of terms, especially the complete contribution from the measure, and we don’t have to
consider terms arising from f(éxs) 5 f(éxs) 5 f(éxr) 5 f(éxT)' These insights can be condensed into using

a simplified S}:

A g9 3,. 73, ¢ fcab i pb x—y) T (1+210) Sinh(’p‘t)
st Q/da:d y RS fE(Vipb) /dt/ {PU( > b (plzy3) 7Y

(1+2p+2p%) cosh(|plt) el St
Pi|s(1+2p+2 —(1+2 a )
" 2 cosh (|p|T/2) +Pii (5L +20+20%) + (1 +2p) | ¢ IF(x, 1)

For the rest of this section, it will be convenient to rewrite the different parts of the action in a
form that makes the structures apparent. For this purpose we introduce vertices and a super-
index notation: a,b,c,... are supposed to contain all appropriate indices, i.e. position label and
colour index and sometimes - when used on a J source - also a spatial index. This condensed
notation is explain further in app.B.5.3. Then

8 g (SN (O (8 2quabed (O N (O N (O N (6
Sil=g5l = 9 <5Ja) <6Jb) (5JC)+9G2 530 ) \ 530 ) \ 53¢ ) \53d )

(2.75)
S1lJ, —%] = gJUHy™ (5%’) (5%6) , (2.76)
Sy = % FUROROY O+ fU(hTAPYTC 4 %J“(A“Abﬂb. (2.77)
With this notation? we can write the part of Kg,s, .-, We are interested in as3°
65381 Orar
- PO ) s

- (AZ581A?57‘1)5;“3 «S; (@™ 525[& %5? 6.(; _Gachdefﬁ%%%c%dé_frf 5§f

_3qdtedes 5“; 5“; 5;5 6; £ e (2.78)

This expression still contains terms that are not proportional to T, but these will be neglected
subsequently wherever they appear explicitly. We will now discuss the different orders in g2
individually.

29The complete expressions for the different contributions to the action can be found in appendix B.5.2.
30The first term comes from setting g = 0; then (€’9"")s,s, = 85,5, etc.; please note also, that we have dropped
the normalization constant. We will discuss the normalization after eq. (2.86).
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2.2.3 0O(g") Contribution

To this order, we see that

K(Ay=0,A1 =0,—iT)%9) =6, 6 (2.79)

S2T92;8171

(the restriction to terms proportional to T' obviously does not apply here) thereby proving the
claim made in eq. (2.56).

2.2.4 O(g?) Contribution
The O(g?) contribution to K that is proportional to T is given by
1

2 - —
KOy = 07 )y () (00 )™ (50)) = =T (00, (89, ey (280
S T
One can represent this also graphically as
By comparing eq. (2.80) with eq. (2.57) we can obtain further information:
- 1
Z 2 Xn SQTQX’I'L slrl = TQ2Z )\a 5231 a T e < | (281)

7’27’1 4m|xs — Xp|

In the following we want to assume that the charges are defined in the fundamental representation;
then we can reorder the indices on the RHS with the help of the Fierz identity if we note that

(j\a)mm - ()\a*)mrl == ()‘a)rlrz (2'82)

since the \s are hermitian. Then we can use the Fierz identity>!

a a 1 1 1 a a
O, O, = 3 (1= 372 ) Brabians = 5 Oy O, (2.83)

This is just the decomposition into singlet and (N2 — 1)-plet. Since the latter states are en-
ergetically degenerate, this allows an almost direct identification of the energies. One has to
give a little thought to the distribution of constant factors between the energies and the wave
functions. Of course, one will have distributed correctly if the wave functions are normalized (i.e.

(Xaxb*) = 6ab7 hence Xn=0;sr = Xz?’nglet - 587”/\/N7 Xn=1..N2—1;sr — Xsl{\g" 1)-plet \/_LnbAsr
where L is a unitary matrix and n labels the different (N2 — 1)-plet wave functions). Thus the
Fierz transform is now written most suggestively as

N 0 =3 () 22l L (vB0,,,) (V209,,) . sy

3le.g. eq.(2.45) in [AR95]; note that the \ matrices are here normalized to 1/2 instead of 2 as in [AR95].
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Hence the energies are given by>?

2
(2) _ _N -1 1 9 85
Csinglet 2N Ar|x, — x|’ (2.85)
@) _ 1 1
E(N271)—plet - IN 47T|Xr — xs| . (286)

Also, one can obtain another piece of information: for the potential, we have considered only
the parts of K that are proportional to T'; let us now consider the part that is proportional to
T9¢2. For this it is important that we have used a rather implicit normalization, namely w.r.t.
K without external static sources®> [LMR84]. For this reason closed loops that are not connected
to the external charges at all can be left out of the considerations. Thus, the only terms we have
to consider are source self-energies. However, the only term that involves at least one source and
no hh-propagator (which would make it automatically o< T'), is (up to constants)

(R (%) AL (x, 1)) (A5 (y, 1) A (2, ") (GL)3k (%, y, 2,8, 1, 1), (2.87)
However, G4? oc f¥ whereas (A°A?) x 6%, thus even this term vanishes. Therefore, we

conclude that the contribution oc g?7° to K is zero. But then, we can conclude from eq. (2.57)
that

N2-1
> (X2, + XX ) =0, (2.88)
n=0

As it stands this equation is not directly useful. However, we can extract with a further argument
some information that is very important for the interpretation of the O(g?) contribution (that is
also proportional to T) to K: since we are studying a gauge-invariant system, the perturbations
should not mix the singlet and the (N2 — 1)-plet wave functions. Therefore, (with X(()o) being the
unperturbed singlet wave function)

W= oy, (2.89)

where C'is a constant. Then we can decompose eq. (2.88) into a singlet part, and a sum over the
(N? — 1)-plet:

N2-1
(c+c*) BapraBarrs + Z (X %ara Xy + %2 x iy ) = 0. (2.90)

The (N? — 1)-plet wave functions are linear combinations of the generators in the fundamental
representation; therefore they are traceless. Thus by multiplying eq. (2.90) with 85,.,0s,7, and
summing over sg, 51,72, 71, the latter part containing the (N2 — 1)-plet will vanish, and we obtain
(C + C*) =0. Thus, eq. (2.88) simplifies to

N2-1
3 (s + 32, ) =0, (291)
n=1

where the sum runs only over the (N2 — 1)-plet wave functions. This and the fact that the
(N? — 1)-plet states are energetically degenerate allows to simplify drastically the T'g* part of

32We see that the inter-quark potential is (to lowest order in g) proportional to the hh-propagator.
330ne should keep in mind that we have set E,(g = 0) = 0, which is consistent with this normalization.
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eq. (2.57), namely

N2-1
Z { ( )Xglo.)SQT‘gxglo.)Slrl + 622) (X'gLQ.)SQT'QX’E'LO.)Slrl + X'E'LO.)SQTQX'EL )817‘1>} * (292)
n=0

We consider the second part of this and decompose it into singlet and (N2 — 1)-plet parts

@) (2) (0) (0) (2)
Esinglet (XO SQTQXO s5171 + XO;SQTQXO 31r1>
N2-1
(0)= 0 2)*
+ (N2 1)-plet Z (Xn saro Xm; )817’1 + st )827’2X£L ?917’1> ' (2‘93)

But we have shown above that both terms that are multiplied here by energy factors vanish
individually, therefore, this part of the T¢g* part vanishes, and the complete T'¢* contribution
reads now

N2—-1
> (D) - (2.94)
n=0

In other words, if the T'(g*) contribution has the same spin structure as the T'(g?) contribution,
then the singlet and the (N2 —1)-plet energies given in egs. (2.85, 2.86) are both merely multiplied
by a common factor to give the energies up O(g?).

2.2.5 O(g") Contribution

We now turn to the computation of the T'(g*) part of K. Its form was already given above in
eq. (2.78). When one performs all the derivatives, one realizes that the term containing G1H;
actually corresponds to two distinct diagrams; fortunately, one of them vanishes, since it con-
tains TH¢(h*h¢) and H* is antisymmetric in the colour indices b, ¢, but the hh-propagator is
symmetric. If one sums up all the identical terms, one ends up with

68251 67"27"1

()\as )\ar )<has ha'r>

s2817\rary xs !Xy
(A‘s‘;slkﬁgn){q}‘z‘b“<hi¢ A% (hss A%)(AAY)

+18Gl{10364 G?ngbz} <h;l(: Abl > <h;1(ss Ab2><Ab3 Ac3> <Ab4Ac4>
L2(GE (0 A (1) 0 A% + 0000 A},
(2.95)

One can also give a diagrammatic representation of the O(g*) contribution to the above expres-
sion:
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el COEREE BT TR S (@) G)-<-=2  oem (G 5OOOOOOT .

(a) (b) (¢)
where the propagators are represented by

<hahb> <haAb> <AaAb>

LQOQQQOOQQO0Q, |  ------- -

One can compute now the individual diagrams, which is quite tedious. Also, one is confronted
with a subtlety, since the restriction of K to the lowest N? states is valid only in the large-T
expansion. One can read off the energies, however, in the construction we’ve been following so
far only if one performs a Taylor expansion in T. Thus we have to perform, somehow, the large-T
limit and at the same time perform a Taylor expansion in T. This is not so difficult in practice,
since in the end, we only want to get rid of terms that are exponentially damped in T. We do
this by replacing sinh (aT'), cosh (aT") by %eO‘T if « is strictly positive, otherwise we replace them
by their definition in terms of exponentials. If one works along these lines, it turns out that all
terms that have an exponential dependence on 1" are damped, and thus we set them identically
to zero. After one has done this, one ends up with integrals that depend on two momenta. If one
expands the integrands w.r.t. the ratio of the absolute values of the two momenta involved3?,
one obtains for all three diagrams a result of the structure

— N§gasar d
7 X / 'y (2.96)

4m|xs — Xyl q

These integrals are obviously UV divergent (which is what we were looking for), but also IR
divergent, but this is an artifact of the expansion; one has to introduce an IR cutoff of the
same order of magnitude®® as 1/|xs — x.|. For definiteness we take the IR cutoff identical to
1/|xs — %¢|. If one adds the three diagrams together (with their respective multiplicities that
are given already in eq. (2.95)) one sees that the p dependence (that was introduced artificially
in egs. (2.71, 2.72) cancels (the diagram involving Go is independent of p whereas the other two
have a p dependence of the form p(1 + p)), and one ends up with

s { g 1IN

Kszrz;s1r1: 582816727‘1 - ng()\as AT ) (47r)2 3

§281°°T2T1

In ((Auv I, = %,))?) |

(2.97)

34In fact, one of the diagrams gives such a result after we have dropped the terms exponentially damped in T
without further expansion.

35We are only interested in the UV divergence. Thus, we split the integral over the loop momentum into a part
where the absolute value of the loop momentum ¢ is larger than the absolute value of the other momentum (this
part will carry the UV divergence) and one where it’s smaller. We will drop the latter contribution since it is not
UV divergent. We then expand the integrand of the remaining integral in powers of the ratio of the external to
the loop momentum, and keep only the leading term. The resulting integral will be IR divergent. However, the
expansion is only valid for the loop momentum very much larger than the external momentum. The integral over

A|xs — Xp|

3 .
the external momentum produces the Coulomb potential, since it is of the form [ (SW?S P (xr—xs) p—12 and will be

dominated by |p| < 1/|x, — x5s|. Thus, we take as an IR cutoff 1/|x, — x| for the loop integral.
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Due to the structure of K when expressed in terms of wave functions and eigenenergies (as
indicated above), both the singlet and the (N2 —1)-plet energy are multiplied by the same factor.
However, we can also express K in terms of a renormalized coupling constant, i.e. instead of

E,=g*® + g*e® 4 (2.98)
we want to absorb the divergent terms into a renormalized coupling;:
E, = g%, (2.99)

From this we obtain

2

g% =g° <1 + (4“;)2 % In ((Apv|xs — xr\)Q)) (2.100)

or, if we now express the bare coupling ¢ in terms of the renormalized one:

g2
g = B : (2.101)

- 2
1 i 2 (Auvlx, — %))

which is just what one would expect if gg is the renormalized coupling constant at the momentum
scale p = 1/|xs — x;|.
The renormalized coupling is related to the S-function (e.g. [PS95]) as

9gr
= p—== 2.102
where we take the scale p = 1/|xs — x,;|. With this definition the standard one-loop g-function
of Yang-Mills theory is reproduced by eq. (2.100):
1 1IN

B = e 3 9w (2.103)

2.2.6 Summary

We have seen that one can compute the G-function to lowest order in perturbation theory within
the present framework. If one chooses the Weyl gauge, one sees that without a projector, there is
no potential between static charges, which however does not come as a surprise since the charges
are only coupled via the projector to the Yang-Mills field. Beyond one loop the formalism becomes
very tedious, since the number of diagrams explodes due to the non-polynomial action for the
projector field. This calculation thus shows how very much more complicated perturbation theory
becomes if one includes terms beyond the lowest order. This is interesting since it indicates the
order of complexity one is faced with e.g. if one wants to improve the calculation of [KK95].

2.3 Mean Field Theory - General Ideas

In this section we will lay the ground for the rest of this chapter. We will start with the
most general Gaussian wave functional, interpret the parameters, and demonstrate the
important property of factorizability. We will then consider the energy of such a state,
and by comparing with the works of Cornwall et al [CJT74] will be able to see to which
approximation in field theory the Gaussian approximation corresponds.
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2.3.1 Introduction

Whereas the preceding section focused on the Feynman propagation kernel, we now want to
return to the main line of thought of this thesis, namely to the usage of wave functionals. In the
section on the projector as an effective field theory we have already once considered the class
of wave functionals that will be the main tool in the rest of this chapter, the class of Gaussian
wave functionals. For variational calculations it is of course mandatory that we can calculate
matrix elements like the expectation value of the Hamiltonian analytically, since these expecta-
tion values then depend on the parameters of the wave functional, and may have to be minimized
by an appropriate choice of the parameters. If we had to perform e.g. a lattice calculation for
evaluation of the matrix elements only (and a new one for every changed parameter set) the
situation would be computationally quite hopeless. This fact restricts us in the choice of possible
wave functionals to polynomials times Gaussians. As we have seen in the introductory chapter,
free field theories have as their ground states Gaussian wave functionals. Thus, the question
suggests itself whether the choice of Gaussian wave functionals is physically plausible and not
only a mathematical convenience. Kogan and Kovner [KK95] have argued vividly in favour of
the physical motivation of a Gaussian ansatz. They argue that in the cases where a Gaussian
wave functional was successfully applied (they list self-interacting scalar theories and BCS ground
states), the physics is dominated by a single condensate - a situation that apparently is suggested
by sum rules also for the case of QCD.

After this motivation for the usage of Gaussian wave functionals we now consider the Gaussians
in more detail. The most general Gaussian wave functional is given by (cf. e.g. [KL95])

vial = Wew{- |(a100 - A1) (6 DY) - ) ) (AN - &) }.

X exp {ieg(x) (Ag(x) - Ag(x)) } (2.104)

where we have used the Einstein summation convention (cf. app.A.2), A is a normalization
constant, and all parameters (i.e. G~!,%,A &) are purely real. We have used a most ex-
plicit notation in eq. (2.104), which will often be too clumsy for our purposes. Usually we will
combine all the indices (colour-, spatial-, position-) into one super-index, and use the Einstein
summation convention also for continuous indices like x. In this compact notation, eq. (2.104)
reads ¢[A] = ./\fexp {— [(AZ - Az) (i(Gil)ij — ZEU) (A] - AJ)] + Zéz(AZ — Az)} The physical
interpretation of the parameters becomes clearer if we compute the following expectation values:

(Af(x)) = Af(x) (2.105)

(I} (x)) = &f(x) (2.106)

(Af(x)AY)) = GR(xy)+Af(x)ANy), (2.107)

(I (x5 (y)) = i(G*l)?;’(x’y)+42?1.011(}(,Xl)G?llfll(xl,yl)E%?(yl,y) (2.108)
+&} (x)&}(y).

Later on, we are frequently going to use the notation (AB). = (AB) — (A)(B) to denote the
‘connected’ part of a matrix element. With this notation, we see that G?]b (x,y) = <A?(X)A?- (¥))e-
We therefore can interpret A, e as condensates, and G as equal-time AA correlation function.
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The interpretation of ¥ is unfortunately not so transparent, but in the formalism of the time-
dependent variational principle (where all the parameters of the Gaussian carry an additional
time-dependence) we will be able to interpret it as the conjugate momentum to G, cf. sec. 3.2
and e.g. [KL95]. The appearance of apparently finite, non-vanishing expectation values of
obviously gauge-dependent operators demonstrates quite clearly3® the gauge dependence of the
wave functionals. One last comment should be made w.r.t. normalizability of the wave functional.
We will always assume in the following that the wave functional can be properly normalized,
although there are situations where this might not be the case. This occurs when G~! contains
zero modes, i.e. there exist functions f#(x), s.t. Gi_j1 f; = 0. Then the integral along the direction
spanned by f#(x) will give a divergent contribution to the path integral and the norm of the
state will diverge. Usually, the existence of such zero modes is even required by Gauss’ law as
we will see in the next section. This will however not be a problem if we consider operators that
are not sensitive to these modes, since then the divergences contained in their expectation values
will be the same as the divergence of the norm; then we can drop both divergencies, and pretend
that we deal with a properly normalized state, but usually a case-by-case analysis is required
(see also footnote 36). One could argue that the avoidance of such zero modes is a virtue of the
procedure that we will use later on, utilizing so-called deformed states, i.e. states which are not
gauge invariant, and thereby regularizing the divergences due to the flat directions associated
with gauge invariance; subsequent projection then makes matrix elements independent of the
gauge variant parts. This procedure need not be in contradiction to the discussion of footnote 36
due to the following reasons: (a) the projection methods that we are going to use work only
if we consider matrix elements of gauge invariant operators. This is different from the cases
considered in footnote 36 where the difficulties arose when we considered matrix elements of
gauge variant operators. (b) The difficulty with undefined matrix elements arises only (in the
A representation) for gauge variant field operators, not the conjugate momenta. The latters’
matrix elements between gauge invariant states are well-defined, namely zero. If one considers
these operators between deformed states, one may obtain non-zero expectation values which then
have to be subtracted by a projection procedure.

2.3.2 Factorizability

After these general considerations, we now want to come to the statement on factorizability. It
seems quite obvious that such a property must exist, since a Gaussian wave functional does not

36 The comparison with electrodynamics reveals some subtleties in this point: there also one can calcu-
late (A;A ). = Gi;. However, the matrix element on the LHS has some gauge invariant content, namely
((P"A);(PTA);)c which gives the (non-vanishing) transversal part G, whereas the other parts of (A;A;). are
indefinite, thus it does not make much sense to consider their gauge transforms: they stay indefinite. Even more
subtle is the question of a background field: if one considers the state [A] = N exp —(A — ﬁ),—Gi_j1 (A — A); with
G~! transversal, a longitudinal background field is not possible, since G;leJL = G;jlvjqﬁ = —V]-G;jlqb = 0. Thus,
if the kernel G~! has zero modes, along these zero modes no background field can exist. This is something one can-
not see if one thinks in terms of ’let’s add an infinitesimal longitudinal part to the real kernel to avoid divergences
and send it to zero later, so that - if we consider normalized states - all infinities can cancel out’, since taking the
limit ’longitudinal part — 0’ and the integration are not interchangeable, as one can see in the following seemingly
trivial example: take the function f.(z) = exp (—e(z — x0)?); one can compute the norm N = fj;o fe(z) = /T/\V/E
if one now considers the normalized first moment fj;o dz z fc(z)/N for all non-zero e this is obviously zo, osten-
sibly independent of e. However, for € = 0, the integral [ j;: dz x does not exist (since fj;: dz|z| is ill-defined)
as one can see quite simply either by noting that 0 = fj;o dr r = fj;o dz(xz 4+ z0) = zo X 00, or, if one uses a
cut-off procedure to make the integral finite, by noting that the value that the integral gives depends on the way
the integral is cut off: lima— o f:\A+a dz x/ fi\AJra dz = a/2.
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contain information about higher correlations than those of two A operators. Thus every higher
correlation function must factorize into expectation values of one or two A operators. Formally
this can be seen as follows: first compute3”

<eijiAi> — (liAi g~ 33iGiji (2.109)

Now consider

<eiji (Ai—A;) > ’j:O

>

SR QR = S =
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e~ 33iGijd;
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- bJi ibj ) (Ginrin — Gi_1kdkGiniit) € 231Gl
21 In—2
= (A —Aq) - (Ag,, —As o)) ((As,, —Ag (A, — A,

16 1 6 1o
~Gi, kGt | = = oy e 291Gl
o ’"l(z'éjil) (i5jin2)]k]le

The last line can be quite easily evaluated, by noting that the only non-vanishing contributions
will stem from terms, where two derivatives annihilate both ji and j;, thus leaving only n — 4
derivatives to act upon the exponential function. The minus sign will be cancelled by the fact

j=0

that (%%) (%%) JkJi = —0ikb;1. The derivatives that are used to cancel j;j; can obviously act

no more onto the exponential, thus we obtain

1 1 . .
—Gi, kGl ( 6 ) ( 6 )jkjl o~ 33iGijij

i 6ji, i 6i,_s j=0
in—2
= ) G kGial(As — Ay (A=A (A —A) (A, , — Ay, L)),
i

where we have used the notation A to indicate that this particular A should not be contained in
the correlation function. We have thus constructed a recursion relation whereby an expectation
value of n A operators is expressed as a product of a two-A expectation value times an (n—2)—A
expectation value plus a sum of products of two two-A expectation values times an (n —4) — A
expectation value. Thus, in the end, everything will be reduced to two-A expectation values just
as claimed above. Note that, since (A — A) = 0, every expectation value of an odd number of
factors (A — A) will be zero.

2.3.3 Comparison with Other Approximations

The interpretation of the usage of Gaussian trial wave functionals as an approximation equivalent
to the Hartree (or Hartree-Fock) approximation can be justified on several grounds: the first is
the property illustrated above, namely that expectation values of products of field operators
factorize into expectation values of one or two field operators. The second reason lies in the fact
that one can construct in a simple manner creation and annihilation operators, and formulate

3TThe fact that one can give a closed expression for the expectation value of e¥##¢ already very strongly points
to the factorizability property.

J=0

))
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the (generalized) Random Phase Approximation very similarly to the construction in nuclear
physics. This we will do in Chapter3. The most direct connection, however, is found in the
works of [CJT74]. The authors considered a generalization of the effective action which was
constructed as a double Legendre transform of the vacuum persistence amplitude W in the
presence of a one-particle- and a two-particle source:

GWITK] / D (il die J@)o@)+} [ dadly 6(@)K (@)él), (2.110)

In the following ¢ denotes a generic field. The theory is then specified via the classical action
I[¢]. Defining

(;SJ—I?;) —6@) and 0 = ()a) + Cley) (2.111)

one obtains the generalized effective action as

- - 1 - - 1
MGGl = WU K- [ d'at@)d(e) -5 [ d'edtyba)K(@.0)aly)— 5 [ d'sdlyGla,n)K(y.2)
(2.112)
By the nature of the Legendre transforms, egs. (2.111) imply corresponding equations for deriva-
tives of I':

6T
86(x)

or

=—J(z)— /d4yK(a:,y)J(y) and Gl ) = —%K(m,y). (2.113)

Thus, for vanishing external sources, the effective action is stationary under variations of ¢ and
G. Since for K = 0, this generalized effective action is the same as the ordinary effective action,
we can also say that T'[@, Go] (where Gy is a solution of 6T'/6G = 0) is identical to the ordinary
effective action, and Gy is the full ¢ propagator. Since I'[¢, G] is the generating functional for
all two-particle irreducible graphs, one can construct a series representation for the generalized
effective action that is given as

r,G) = 1(3) + %Tr(ln (DG) + %Tr(ln (D1G)) + Ts[, G + const, (2.114)

_ S yo -
where iDL (¢; x,y) = #{% =iD Yz —y)+ l%é’%{%. D(z — y) is the free propagator of ¢
that results from the part of I[¢] that is quadratic in ¢. I;p[¢] is that part of I[¢] that is at least
cubic in ¢. I's has a diagrammatic representation: one starts from the classical action I(¢), and
replaces ¢ by ¢ + ¢. This action has terms that are cubic or of higher order in ¢; they define
the new (¢ dependent) vertices. The graphs that constitute I's are the two-particle irreducible
vacuum graphs constructed from these vertices and G as the propagator that connects these
vertices. The Hartree-Fock3® approximation consists of taking the contribution to I'y that is of
lowest order in the coupling constant; in ¢* theory, this would be the ’double-bubble’:

38 This name is used in [CJT74] also for bosonic theories like scalar ¢* theories.
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We can now draw the connection to the Rayleigh-Ritz calculation with Gaussian wave functionals.
If we consider the static generalized effective action3’, we can show with an argument quite
similar to the one we used when drawing the connection between the time-dependent variational
principle and the (ordinary) effective action in sec. 1.5.3, that

016, Gl e = ~E16.G) [ 2.115)

where [ dt denotes the time during which action is accumulated, and E[¢, G] is the minimum of
the expectation value of the Hamiltonian corresponding to I[¢], where the (normalized) states
are constrained to

(p(x)) = o(x), ] (2.116)
(B(x)0(y) = o(x)o(x)+G(x,y), (2.117)

where G(x,y) = G(zo—yo = 0;X,y), and where the operators ¢(x) are taken at some fixed time.
After this identification is made, one can compare the result of an approximation to I'|s... with
the result of a restriction of the space of test wave functionals. The comparison will be made using
the expressions for the energy that one obtains in both cases. The authors of [CJT74] computed
the static effective action in the Hartree-Fock approximation by retaining from the two-particle
irreducible graphs only the double-bubble, and via the identification given in eq.(2.115) they
then computed the energy for the example of a one-component scalar field with a ¢* interaction.
On the other hand, they computed the expectation value of the Hamiltonian between Gaussian
states that were constructed to reproduce egs. (2.116, 2.117). The expressions obtained for the
energy are precisely the same. Here the fact that I'| s gives already the lowest possible energy
under the constraints egs. (2.116, 2.117) is no restriction since those parameters are the only
variational parameters in the Gaussian, and they have not been varied up to now, but are simply
prescribed. We thus see that at least for this theory the Hartree-Fock approximation and the
restriction to Gaussian states are identical in their content, since the parameters available have
identical interpretations and the equations that determine the parameters are identical as well.

2.3.4 Energy Expectation Value

Later on it will be useful in several instances to have the expectation value of the Hamiltonian
at hand. For the case of Yang-Mills theory, it is most easily computed between Gaussian states
if we (instead of evaluating H between states with (A) = A) shift A — A + a (with (a) = 0
and (a;a;) = G;j). This technique we will use quite often in the following. In contrast to the
introduction, we will now use ’perturbative scaling’ as defined in appendix A.5; however, we
will use a slight modification since we don’t want the background field to be decoupled in the
perturbative limit. Therefore, we rescale A by a factor of %; thus, in the end, the replacement

reads??

A-lAata (2.118)
g
39Gtatic means the following here: & is taken to be time-independent, and G is taken to be translationally
invariant. In order to obtain the static generalized effective action, one has to express G(zo — yo; X,y) in terms of
C?’(x7 y) = G(z0 — yo = 0;X,y); ' expressed in terms of these time-independent quantities ¢, G is then dubbed the
static generalized effective action.
40This procedure is obviously identical to using the non-perturbative scaling from the outset, and then replacing

A - A +ga.
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The kinetic energy is given in this case by

T — %/d?’xng(x) () = /d% {W;(X)} (2.119)

whereas the potential is given by
3 a 14 a 1+
V=] dzBj [;A—Fa](x) B; [§A+a](x). (2.120)

The expectation value of the kinetic energy follows straightforwardly from eq. (2.108),

1 1
)= / P {60 (e (x)} + TG + 2TH(5GY), (2.121)
where the trace Tr is to be taken over spatial, colour and position indices. The potential is a bit

harder to evaluate, but eventually we end up with*!

1

vy =3 /d% {Q—EB?(X)B?(X) +tr((DD — B)Gry )|

2 2
+ %tr(SiTanxSiTanx) + gztr(SiTanx)tr(SiTanx)} R (2122)

where we have used the notation (S;)jx = €jik, (T)be = fhac, ]S?b = (Si)jk]ﬁ?b, ﬁgi = (S’i)jk(T“)bCB;’,
and B = B[A]. The symbol ‘tr’ denotes here a trace both over colour and spatial indices, but
not over position indices.

We see explicitly the two double bubble terms in the second line of eq. (2.122),

which are of different origin: the first one stems from the four-gluon vertex, whereas the second
one results from two three-gluon-vertices. This is reflected in the different distribution of traces
for colour and spatial indices.

In the remainder of this section and in the next section we will ignore the fact that our wave
functionals should satisfy Gauss’ law. This will allow us later on to compare the effects of
the projector and its approximations to this naive treatment. We see from eq.(2.121) that
the expectation value of the Yang-Mills Hamiltonian is quadratic both in € and in . Thus,
minimizing the energy will result in € and X vanishing. Physically this is understandable, since
if one considers static situations (as we do when we consider the Rayleigh-Ritz principle, and
look for energy minima) one would classically expect zero kinetic energy, and the tribute that
has to be paid to the uncertainty principle has to be raised via G alone, since this is the only
parameter that also appears in the potential; thus we end up with € = ¥ = 0 at the stationary

“1This result can also be found in [KV89].
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t42

point*. Now this has an interesting consequence. If we consider (I'*(x)), we can compute this

expectation value easily:
(T%(x)) = D (x)el(x) + 2g/d3y tr(T“nyny). (2.123)

We see therefore that at the stationary point w.r.t. € and 3 the expectation value of I'*(x) is
automatically zero even though the wave functional itself is by no means gauge invariant.

2.3.5 Equations of Motion

In this section, we want to discuss shortly the solution of the equation of motion for G~! in the
perturbative limit. This will be useful for the considerations to be taken later on; we will for the
time being not solve the equations for A. The special case of a quasi-Abelian A that leads to a
constant magnetic field will be discussed in section 2.7. In the perturbative limit, we neglect the
O(g?) terms in the potential energy, so that we end up with*3-44

ElG,A] = %Tr(c;*l) 4 % /d% {tr((ﬁﬁ ~B)Gxy) ‘yﬁx} 4 % /d% Be(x)BY(x). (2.124)

One should once again emphasize that in writing down this expression, we have assumed that
both G~! and G exist. When performing the variation of E w.r.t. G, we need for the kinetic
term the relation

6
(SCJ(-lla2 (Zl, Z2)

1112

Tr(GY) = —(G71G 192 (2, 7)) (2.125)

112

and the contribution from the potential energy can be written as (since (f)f) — f’)) is symmetric)

5(V) 1 / 5 22 4
—— L == | d°T by, (DD — B)? %26, . 2.126
6G§L11i(;2 (ZlaZZ) 2 T 1( )Zl’Lg 2 ( )

If we consider (G~1)§1%(z1,22) as the matrix elements of an operator®® G, s.t.

<Z1; il, aq |G_1 |Z2; ’ig, CL2> = (G_l)ala2 (Zl, ZQ), (2127)

1112

and similarly the RHS of eq. (2.126) as

wl»

/d% s (DD — B)bss, = (2131, a1 |DD — E/d%; 1) (x|2; 62, a2), (2.128)

then one can write the variational equation that results from egs. (2.125, 2.126) as a simple
operator equation

GG~ = 4(DD - B). (2.129)

“21f one inserts ¥ = 0 and & = 0 into (H) = (T'+ V), one ends up with the expectation value of the energy
considered by [KV89].

“3We have also set € = ¥ = 0 as discussed above.

44 Taking into account the O(g2) terms in the potential energy will complicate matters, e.g. since in the equations
of motion for G, i.e §E/6G = 0, Gxx will appear which is usually a divergent quantity and thus necessitates
considerations of regularization and renormalization already at this point.

45This useful notion can be found e.g. in [KV89].
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This in turn can be inserted into the equation for the energy

_ 1 1 22 2 1 _ _
EIA] = Te(GY) + ~Tr((DD — B) @) + — / o B (x)BY (x) (2.130)
8 2 —_——— 292
iG*IG*1
resulting in%6
EIA] = 1@ ) + = [ @B x)Bi(x) = ~Tr((DD - B)}) + — [ d*x B (x)B"
A= TG + 55 [ PrBIGBIG) = yTr((DD - B)2 ) + 55 [ o BI(x)BI(),

(2.131)
which is now a functional of A alone. One word of caution has to be said at this point: whereas

the last expression for the energy is perfectly well-defined, regardless of whether M = DD — B
contains zero modes or not, this is not so straightforward for the intermediate steps. Assume that
M does contain zero modes?”, then G~! also contains zero modes, and along those directions, G
is infinite. For the energy this does not matter, since this infinity is cancelled by the zero mode
of M; however, for other operators that do not contain a zero mode in this direction, the infinity
will become important, as we will see below. The problem can, to some extent, be cured if we
use a projector, cf. sec. 2.6.

2.4 Requirements for Perturbative Satisfaction of Gauss’ Law

In this section we try to modify a pure Gaussian wave functional by multiplying it with
a polynomial, s.t. it is annihilated by the Gauss law operator I'* to a given order in g. It
turns out that one can indeed construct a recursion relation, s.t. the coefficients needed
for a given order in g depend only on the Gaussian and the coefficients needed for lower
orders. Unfortunately, the construction works only in a part of the space of gauge field
configurations, so that we have to use a background gauge condition, and even then some
problems remain.

In this section we want to address the following problem: assume that we start with a wave

functional that has Gaussian form. Since this wave functional is not annihilated by the Gauss
law operator I'*(x) we multiply it by a polynomial. How do we have to fix the coefficients of the
polynomial s.t. Gauss’ law is satisfied to a given order in the coupling constant g [Cea88]?
In order to proceed, we have to use the same procedure as in sec.2.3.4: start out from ’per-
turbative scaling’, and then rescale A by 1/g so that the background field does not decouple
in the perturbative limit. The covariant derivative can then be split into a part containing the
background field (which is completely of O(g")) and a part that contains the fluctuation part
and an explicit factor of g:

D (x) = D%(x) — gf*a%(x) with D?(x) = V;6% — f*PA¢(x) (2.132)
Thus the Gauss law operator reads
R 1 6 1= 6 1 ¢
'(x) = D®(x)= — D% — gf*al(x) S ———. 2.133
The wave functional is of the form
U = P(a)e z2Katiea (2.134)

46 A similar result was obtained in [KV89].
47Tt will if A fulfils the classical equations of motion, but more on that in sec. 2.6.
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where we have used a (hopefully) obvious shorthand notation together with the abbreviation*®
K = 1G~! - 2i%, and P(a) indicates a power series in g:

=> g"P"(a). (2.135)
n=0
If we now require
I (x)¥ =04 O0(gN ) (2.136)

we obtain a recursion relation between the different P(™s:

0= § g" (D ((~Ka)? + iel) P — § gmal(T°)®((—Ka)? + ie?) PV
5P( N 5P(n71)
n ab c ab _
+ ngl D E: T\? =0, (2.137)

where it is sufficient to terminate the sums at n = N since we require Gauss’ law only up to
O(g"). Note that the summation indices start at different lower values. Thus we study the
O(g°) and O(g') cases separately*’

O(¢"): D®((—Ka)! +iel) = 0. (2.138)
Since this equation has to be valid for all a, one actually obtains two conditions®:
DK =
. (2.139)
De = 0.

We will meet these conditions later on again in section 2.6 on the Kamlah expansion. If these
conditions are satisfied, eq.(2.137) will simplify, since the first term vanishes exactly:

6P spn=1)
- Tc ab K P(n 1) nDab c abi = 0. 2.140
S ettt st s e+ 3D S e oy

n=2
The O(g!) case is still special, since only the first two terms contribute:

f)ab 6P(1)

P = al(T°)((—Ka)? + i&?). (2.141)
7
The solution to this is given by®!
(1) 1 3 3 aiaz
PWla] = 2 d°xy d°xa X§ 5w (X1, %2)a;) (x1)a;” (x2)
1
3 3 3
—gp | drrdiTad s Xivinss (X1,%2,x3)a5! (x1)ag7 (x2)ai) (x3)  (2.142)
48The usage of this abbreviation will be restricted to this section.
YWe set PO = 1, since in the end it will be fixed by the overall normalization anyway; it has to be nonzero,

s.t. the state can be normalized as g — 0.
50Note the similarity with the QED condltlon of having a purely transversal kernel. Note also that D does not

mix real and imaginary parts, and thus DK =0 implies both DG~! =0 and DX = 0.
1 The solution with & = 0 was provided by [Lae01].
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with
X?llz; (X17 XQ) - Z( ?11 [ D x1 GX1X2 7% éX2]12 [DX2 GX2X1T em]u) (2'143)
Xfllzzig3 (xl’ X2, X3) = ?11 [Dxl GXlXQ T(IQ K;(22X3:|z3 + [Dxl lex3 Ta3 K;L(?;)X2:|,La22
+ ;,l; [DXQGX2X1TG1K)Z(11X3]'L3 + a2 [I—) Gx2x3Ta3K)’Lc:;x1]al
+ ?33 [Dx3Gx3x1Ta1K)Z(11x2]’Lg + i1 [:[_) Gx1x2Ta2K)zc22x3]?;7
(2.144)
where the following abbreviations have been used
;'111 [f)X1 GX1X2TGQéX2]i2 - f)?lld(xl)G% (le X2)faa2dséd3 (XQ) (2'145)
;‘111 [Dx1 C71x1x3 Ta3 K}Z{?;,XQ]?; = f);‘llld(xl)G% (Xla X3)faa3cch;22 (X27 X3) (2146)

and G%(x1,x3) denotes the Green’s function of the covariant Laplacian in the background field
A:

(D, DeL, ) R (x1,%5) = 6% (2.147)
Having determined P, we see that we are not completely done yet. Putting P() back into
eq.(2.141), we see that the equation is only satisfied if we restrict a (after having performed the
derivative) to the space of functions that satisfy®2

D%al = 0, (2.148)

ie. P(a)e_%aK atiea gatisfies Gauss’ law to O(g') only on the gauge fixing surface defined by the

background field condition eq.(2.148). In other words: P(a)eféaK atiea (oes not satisfy Gauss’
law; if we compute however

/ DaApps (ﬁa) +*[a]OT* (x)]a], (2.149)

where App is the Faddeev-Popov determinant appropriate for this background field gauge, this
will be zero (up to O(g?) for every operator O, that does not contain functional derivatives w.r.t.
modes of a that are longitudinal in a generalized sense, i.e. Da # 0. A prominent example of an
operator that does not belong to this class is the O(g%) contribution of the Gauss law operator.
We therefore considered

/ Da Appb (f)a) ¥ Al (y)T? (%) [a] (2.150)

and found that this vanishes only (up to terms of O(g?)), if & = 0. If O consists of more than
one Gauss law operator, all the matrix elements are zero (up to terms of O(g?)), even in the
presence of €. This demonstrates that even if the wave functional is annihilated by the Gauss
law operator on the gauge fixing surface this is not sufficient for expectation values of arbitrary

52The additional factors that make this condition necessary are due to the symmetry requirements on
Xflllzz ? Xflllzzlgs :
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operators times a Gauss law operator to be zero, but that a case by case analysis is required.
For higher orders in g we obtain from the recursion relation eq. (2.137) the equations
tosab

. . pn—1)
= af(T°)™((—Ka)? +iel) P~ + af(TC)“b‘sT = 0. (2.151)

We thus see that (at least in principle) P(a) can be calculated recursively, since %P(") can be
expressed in terms of polynomials that have been computed before. For which operators problems
occur to higher order in g (taking into account that the Faddeev-Popov determinant becomes
non-trivial at O(g?) [Lae01]) we have not investigated in detail. The main lesson from this section
is that a pure Gaussian state can satisfy Gauss’ law only to order ¢°. This is the reason why we
can formulate an exactly gauge invariant Gaussian ground state for electrodynamics.

“Who is she?” - “She is Frankland’s daughter.” -
“What? Old Frankland the crank?”

Sherlock Holmes, The Hound of the Baskervilles

2.5 The Time-Dependent Variational Principle and Cranking

In this section we want to discuss a technique that stems from nuclear physics and is based
on the time-dependent variational principle, the so-called cranking model. We start by
giving a physical motivation for the approach, and study some general properties. Then
we restrict ourselves to Gaussian states and discuss the inter-quark potential to lowest
order in g. We also apply the model to electrodynamics, and see that the Coulomb
interaction between static charges is reproduced. The study of the static inter-quark
potential to one-loop order, however, demonstrates the short-comings of the cranking
approach, since it does not reproduce the one-loop S-function.

2.5.1 Generalities

In sec. 2.3 we discussed the variational approach, and ignored the problem that Gaussian states
in general violate the gauge invariance required. In this section, we don’t want to ignore the
problem, but want to use the violation of gauge invariance by the state to approximate its time-
dependence. The idea we follow is inspired by [HIMV00] and related to the approach presented
in sec. 1.7.4, cf. also [RS80]. We start from Dirac’s time-dependent variational principle

to
§S =6 dtw(t)id — H|yp(t)) = 0. (2.152)
t1
Whereas for the Rayleigh-Ritz principle only a static ansatz for the wave functional is needed,
here we also have to make an ansatz for the time dependence. We could use a Gaussian wave
functional where all parameters G~1, ¥, A, e are now time-dependent, but we rather choose as
an ansatz

’w(t» — e—iEte—ifd3a: c,o"(x,t)I‘“(x)’w>7 (2153)

where [1) is a time-independent state, the coordinate representation of which later on will be
restricted to a Gaussian functional. Note that, if |¢) is normalized, so is |1 (t)). This ansatz for
the time dependence is motivated as follows: the general time dependence of a state (unless it is
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an energy eigenstate) will consist of vibrations. However, if there are directions in configuration
space without restoring forces, we will end up not with a (small-amplitude) vibration, but with
a large amplitude motion. If there are states that are degenerate in energy and are connected
by an infinitesimal symmetry transformation, the motion from one state to the other does not
experience a restoring force. Usually, there are then not only two states which are energetically
degenerate and connected by an infinitesimal symmetry transformation, but rather a whole
continuous infinity of such states, that are then connected by finite symmetry transformations
characterized by (at least) one continuous parameter. In the following, we will call motion within
this collection of states 'motion along the zero mode’. We see that if we have a state that is not
an eigenstate®® of the complete set of commuting operators that commute with the Hamiltonian,
in other words, if the state is deformed, we necessarily have such a zero mode along which the
state could move during the time evolution. To be concrete, if we start from a state that is not
gauge invariant, we have a continuous infinity of states that have the same energy. These are
the gauge transforms of the original state. Our ansatz for the time dependence draws its form
from this consideration: we have approximated the whole time dependence of the state (apart
from the energy phase) by its rotation along the zero modes. If one considers a time-averaged
picture, the restoration of gauge invariance seems also plausible, since in due time the state will
have rotated over all its gauge transformations, thereby mimicking effectively the projector.
The second approximation that we are going to make seems also plausible from our considerations;
namely, while moving along a zero mode there should be no considerable accelerations. Thus,
an ansatz where ¢%(x,t) and ¢%(x,t) are parallel in colour space®® appears to be justified. If we
insert this time dependence, we obtain an integrand in the action that is time-independent, and
we are left with a time-independent variational principle with an effective Hamiltonian

S(|E — (H - / & wa(x)Fa(x)> ) = 0. (2.154)

We can interpret - just as is done in nuclear physics®® [Bar63], [RS80], [BR86] - the cranking
Hamiltonian H,,

H., =H - /d3a: w(x)I*(x) (2.155)

as the Hamiltonian in the internal colour-rotating frame, whereas H is the Hamiltonian in the
'lab frame’. On the other hand, we may consider the variational problem given in eq. (2.154)
as a constrained variational problem with w as a set of Lagrange multipliers that are used
s.t. (I'*(x)) acquires prescribed values. The interpretation of these prescribed values is not
as straightforward as one would wish; we have studied before in sec. 2.1 the implementation of
external colour charges. One lesson one could draw from that discussion is that, due to the
non-Abelian nature of the charge operators, static charges are necessarily quantized in a theory
that is based on a compact group like SU(N) (this is not the case in electrodynamics, where we
have a non-compact group that allows for arbitrary charges). Thus, even though it appears that
we can prescribe arbitrary values for (I'*(x)), this is not the case if we want to interpret them as

53The following is obviously only true if the operators of which the state is not an eigenstate are generators of
a continuous symmetry, e.g. to take a quantum mechanical example, J3 could be considered as a valid operator,
whereas the parity operator does not serve our purpose.

54 A specific ansatz that is very popular in nuclear physics [RS80] which fulfils this condition is ¢®(x,t) = tw®(x).

55Phenomenological applications of the cranking model in nuclear physics can be found in e.g. [VDS83]. Further
theoretical considerations can be found in [KO81] where also a connection to the Random Phase Approximation
is drawn, cf. also [TV62]. For an application of the cranking approach in hadronic physics, cf. e.g. [ARW96].



68 2.5. The Time-Dependent Variational Principle and Cranking

static external charges®®. To put everything in a nutshell: in order to have a clean interpretation
in terms of external charges, one should use an extra space on which operators creating static
charges can act; here, however, we will interpret (I'*) as the colour content of the wave functional,
and call that ’charge’ as well®”. In the following, we will denote by |¢,) a state that minimizes
the expectation value of H,, for a prescribed value of w. Its colour content is then given by

P (%) = (Yo | T (x)[,).- (2.156)

If we furthermore assume that the colour content is not discontinuous at w = 0, then we can
perform a Taylor expansion for small w:

Wh(y) +... . (2.157)

We call 5pf}(x)/wb(y)‘w20 = I%(x,y) the colour moment of inertia, cf. [HMVI98], [HIMVO00],
since if we have no colour charge®® at w = 0, then we have the relation (I') = Iw + ..., and thus
precisely the same relationship as in ordinary mechanics of rotating bodies. Of course, we are
also interested in the energy of the state in the laboratory system:

Ew] = (YulH[¢w) (2.158)
- <¢MLB%A¢mJ-+<¢u|]/d3wuﬂ(X)F“(XN¢mJ- (2.159)

Since the energy will not depend on the sign of w, upon expanding F[w] in powers of w the linear
term will vanish, and we end up with

1
Elw] = E[0] + 3 /d3x By w(x)TP(x, y)wb(y) + ... (2.160)
or, expressed in terms of the charges p*:
— 1 3 3 3 3 _ a —1\a1a a1 by
Elw] = E[0] + 5 | d*zd’yd’z1 d®y1 { (po = pu=0)" (x) (I) " (x1,x) T (x1,y1)  (2.161)

< (I (y1,y) (po — Pw:o)b(}’)}-

In nuclear physics (where the Gauss law operators are replaced by angular momentum operators
J.), one usually has the situation [RS80] that |¢,,) is an eigenstate of H — w,J,, and thus one
can use the Feynman-Hellman theorem

OE,., 0 0 a
3w£W] - 3—%<ww‘H - wab‘¢w> = <¢w’<a—wa(H - wab)>‘¢w> = —<¢w’~]a\¢w> =-I bwl() +.. )
2.162

to conclude that 7% = I%. Then the energy in the laboratory system E[w] = (1,|H|+,) can be
simplified, and one ends up with

mszm+§/fmﬁm%—mﬂwwuIW@Jmm—mﬂWw. (2.163)

56Tn low orders of perturbation theory the group SU(N) becomes a direct product of U(1) groups; then we may
again have arbitrary charge values. This will also be utilized in sec. 2.6.

57Tt would be more appropriate to call it a charge density distribution.

%We have seen in section 2.3 that if we consider the minimum of the Hamiltonian H alone (i.e. w = 0), we
indeed have p,—o = 0.
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If the state |1),,) is not an eigenstate of the cranking Hamiltonian (as it might be if it is determined
by a variational procedure), it has to be checked explicitly whether T%(x,y) = I%(x,y), and
if not one has to use eq. (2.161) as an expression for the energy. In the perturbative calculation
that follows in secs. 2.5.3 and 2.5.5 it turns out that 7 = I at least to order O(g?).

2.5.2 Gaussian Wave Functionals

After these general considerations, let us come back to our special case, namely states that have
a Gaussian structure. The functional to be minimized reads

— (Wl — [ Prutr (), (2.164)

where we choose (A|¢) to be the Gaussian wave functional defined by eq. (2.104) . Then E., is
given as

B = % / & {ég(x) “(x )+iu~(a D)+ (5G4 L B2 (x)B(x) (2.165)

y—X

22 N . . 2 N .
+ tr((DD - B)ny>‘ + %tr(SiTanxSiT“Gxx) + gztr(SiTanx)tr(SiT“Gxx)}

- [ (D et) + 20 [ Eyn(TE ).

The last term can also be brought into a form that will be more useful later on. By using the
anti-symmetry of T, we can write

N 1 N
/ Bytr(T%xy Gyx) = (T3, Gli), (2.166)

where the commutator is to be taken w.r.t. all indices. In contrast to the case without the extra
cranking term, we will obtain non—vamshmg values for both € and ¥ upon variation. With a

partial integration, [ d3zw?(x )Dab( = — [d3z Dba Jw®(x))e?(x), and the variational
equation for € can be solved easily:

L0 &%(x) = —D%(x)w’(x). (2.167)

Next, we consider the equation of motion for X:

0 (m(zaz) g / P w(x) (T[T, G]xx)) Lo, (2.168)
5EZ;(y,Z)
which results in
2(5G + GO)(y,2) + g(W TG — GTw")}5(y,2) = 0, (2.169)

and last the equation for G~ !:

OF 1 1 !
e = = (G E(y,2) + 5 (K% (y,2) + 2(ED)%(y, 2) — g(W TS — 2T W) (y, 2) = 0

be ( i\ g\ A ’ ’
0G%(y,2) 8 2

(2.170)
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>>

where in view of the results of sec.2.3.5 we write the operator DD — B as K2. If we solve this
equation w.r.t. K2 and insert the resulting expression, as well as eq. (2.167), into eq. (2.165), we
obtain as an expression for the energy

1 _ _ 1 _
Bor s = 5.3 [ BB + 116

~ 5 [ 4% BP0 () (D () ().

(2.171)
In order to give a definite value, however, we first have to solve the equation of motion for 3,
eq. (2.169), since by eq.(2.170) G~! is given in terms of both the known K and - until now
unknown - X.

2.5.3 Potential between Static Charges - Lowest Order in g

Before we solve the equation®® for ¥, a short comment about powers of g is in order. From
eq. (2.169) we see that ¥ is always of one power higher in g than w or €. Thus, the leading
power of (I'*(x)) is determined by the power of €, or rather the other way around. In the general
discussion in sec. 2.1, we saw that (using perturbative scaling) Gauss’ law implies®

g (x)l) = (—;ﬁ?b(X)H?(X) +p'(x))]) =0 — (D (I (%)) = g{p*(x)), (2.172)

i.e. the expectation value of DII is of order g, since the charges p® are of O(1). Thus, we
conclude that & and w are of O(g), and therefore X is of O(g?). Inserting this into eq. (2.170), we
see that the corrections to G™1 = 2K (due to the X% and the gwY terms) are of O(g*). Before
we solve the equation for X, let us first consider the energy attributed to the charges to lowest
order in g. The leading term is of O(g?):

—% / d®x (D (x)w” (x)) (D (x)w"(x)). (2.173)

To obtain from this expression which is given in the colour-rotating frame the leading term in
g in the lab frame, we have to add the leading (O(g?)) contribution of [ d3zw®(x)['*(x) to it.
Using eq. (2.167) this results in

1 = S
~3 [ @ BP0 ) D (o)) + [ e (DI ()85 )
1 2 A
= +3 /d3x (D2 (x)w’ (x)) (D (x)w(x)). (2.174)
Re-expressing w in terms of charges gives to lowest order in g:

gp" = D(x)&(x) = —D(x)D (x)w’(x) (2.175)
and, using the Green’s function of the covariant Laplacian: f)?c(x)f)fb(x)GbAd(x, y) = 6%0xy, we
have

(%) = —g / @y G (x, y)p" (y)- (2.176)

¥ The final result for & will be given in eq. (2.189).

50This can also be seen in an alternative way, if we consider the eigenstates of the Gauss law operator. Using
perturbative scaling, the operators fulfilling the SU(N) algebra are —1DII. Thus, they will have the eigenvalues
0,£(1/2),... (at each point in space) , s.t. the eigenvalues of I" will be 0, £(g/2), £g, ... .
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Then the energy in the laboratory system can be written as

By [ BB+ Tk 4 g [ dady (o) (-6Rxy) A @217
From this, one can read off the result that we repeatedly arrive at from different directions in
this thesis, namely that the potential between charges to lowest order in perturbation theory is
—G(x,y).

One should note that the expression for E as given here is not complete to O(g?), since we have
obviously neglected the O(g?) that comes from the B2-term, both in the energy and in its effect
on the solution for G~'. However, these contributions should not depend on p and thus do not
contribute to the potential.

2.5.4 Electrodynamics with External Charges

Before we try to evaluate the O(g*) correction to the inter-quark potential, let us shortly digress
to the simpler case of electrodynamics in the presence of external charges. The necessary cal-
culations have already been performed in the previous section; we only have to simplify them
slightly. In order to go from the lowest order in g in Yang-Mills theory to electrodynamics we
simply have to make the formal substitution (7%)* = f%¢ — 0, and dispose of all the colour
indices. Then FE,, is given as

E., = % / d3x {éi(x)éi(x) + itr(G;;) + 4tr(EGY)xx + g%Bi(x)Bi(x)
+tr((VV — ]lA)ny)|ny} — /d?’a: w(x)V;€;(x), (2.178)

where the expression VV — 1A is a matrix in the spatial indices, s.t.(VV —1A);; = V;V,; —6;; A.
The equation for e simplifies correspondingly,

§E.

56 (x) =0 — ¢(x) = —Vw(x), (2.179)
and also the equations of motion for ¥ are simplified:
1
2Tr(2GY)) = 0, (2.180)

8% (v, 2)

which leads automatically to ¥ = 0. The equation for G~! reads

OE,, 1
— ——(G Z)bc

B e —— 1 C C !
1) ’

In view of the results of sec.2.3.5 we write the operator (VV — 1A) as KZ. Here, (Ko)i;(X,y)
can be given explicitly as (Ko);;j(x,y) = [ (gi’)%, eik'(x*y)\k\PiTj (k). From eq. (2.179) we see that
€ has only a longitudinal component, and that we can relate it to the external charge via Gauss’

law®!. Analogously to eq. (2.175) we obtain:
gpa = Vl-él-(x) = —Viviw(x). (2182)

5'n contrast to the Yang-Mills case, there are no commutation relations in the Abelian case that would fix the
overall normalization; we use here the same normalization as in the Yang-Mills case.
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Thus, at the stationary point w.r.t. ¥, and G~! (but not A), we have the expression for the
energy

1 L 1 1
Eer|sat point = 37 /d3:n B;(x)B;(x) + §Tr(KO) ~ 3 /d?’:n (Viw(x)) (Viw(x)) (2.183)
and in the laboratory frame
_ 1 [ #2B.(x)B 1 e -
E|.tat point = 27 4’z B;(x)B;(x) + 2Tr(K0) + 5 d’z d’y p(x) Ga(x,y) )p(y), (2.184)

where Ga(x,y) is the Green’s function of the ordinary Laplacian: AGa(X,y) = 0xy. The three
terms in eq. (2.184) are easily interpretable: the first is obviously the classical energy of the
external magnetic field (which has not vanished, since we haven’t varied A yet), the second is
the zero point energy of the transversal photons, and the last is the Coulomb energy of the static
charges; we see that, at the stationary point, electrodynamics is treated exactly.

2.5.5 Potential between Static Charges - Next Order in g

After this short digression let us return to Yang-Mills theory. Before we solve the equations
of motion for ¥, we have to take one fact into account: if A satisfies the classical equations
of motion (or is zero), then DK = 0, i.e. K, and with it G~!, will be transversal in the gen-
eralized sense®?. In other words, the longitudinal components will be zero, and therefore the
corresponding components of G do not exist, as we have already discussed in sec. 2.3.5. There
it was no problem, but here we have a term tr(XG%). From the longitudinal components of G
being infinite, we can conclude that the corresponding longitudinal components of 3 have to be
zero, thus restricting ¥ to being purely transversal®® (in the generalized sense).

After these introductory comments we turn now to solving the equation of motion for the
transversal components of ¥. For simplicity, we will solve the equations only for A = 0. Then
the expression for K2 simplifies, and we will call it in the following Kg:

a a Ak e k;k;
(K3){ (x,y) =6 b/we kYK (5 - kgj)‘ (2.185)
The square root of this operator can in fact be given explicitly:
a a dgk ik.(x— klk 1 —1\a
(Ko){(x,y) = 6% / 2r)3° Y VR2 (655 — kgj) = §(G N (x,y) + O(g). (2.186)
If one now introduces the Fourier transform ¥ via
d3ky d3ky | =
yab _ i(kix=kz.y)yhaby | 2.1
ij (X, Y) / (271')3 (271')3 e ij ( 1 2) ( 87)

and notes that, by requirement, PT (k;)2% (ki ko) = £

I ab, o (k1,ko)PT (ko) = £%(kq,ky), then
eq. (2.169) can be written as

JiJ

~ 1 1 N
b ~ b
2505 (ki ko) | o + 7 | = 90 (k1 — ko) (1)
ko| |k
52This point will be discussed in a bit more detail in sec. 2.6.3.
53This is consistent with our findings of sec. 2.4 where it turned out that, for the Gaussian wave functional to
be annihilated by the Gauss law operator to @(g°), both G~! and ¥ had to be transversal.

1
ko

1

Pz;(kQ) - ’k1’

PiTj(kl)) , (2.188)
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where @ denotes the Fourier transform of w. It has to be observed that, contrary to our assump-
tions, the RHS is not purely transversal. This is due to the fact that eq.(2.169) was obtained
from varying the energy functional without the constraint that ¥ should be purely transversal.
However, this is easily remedied. If one wants to perform a variation w.r.t the transversal com-
ponents of ¥, one only has to act with a transversal projector from the left and with a transversal
projector from the right onto fx—i, i.e. one has to compute Pg;ié‘sTEijPJle. This is especially easy
for the equation containing the Fourier transform of Y, since in this case we simply have to
multiply it from the left with P (k1) and from the right with P;‘.Fj _(k2). Then we end up with®
k| — [k
k1| + ko

Using this expression for 3, we see that the connection between p and w is altered; in fact the
contribution of the second term of (I'*) in eq. (2.123) has a logarithmic divergence (if we assume
that p is a smooth charge distribution - in view of the point-like nature of real static charges,
this might be a non-valid assumption):

5% (ki ka) =

N |

0 (ky — ko) (T%)% ( ) (P"(k1)P" (k2)),; - (2.189)

_ g*N d3p
4872 | (2m)3

2
tr(T?[2, Glxx) = eP*p25%(p) In (AAT) (2.190)
IR

where A is a sharp cutoff that had to be used in an intermediate momentum integration, and Ayg
is an infrared cutoff to be discussed now. The steps in the calculation that lead to eq. (2.190) are
very similar to those that were performed at the end of sec. 2.2.5, i.e. performing an expansion in
the ratio of ’external’ momentum p to a loop momentum to obtain the logarithmic divergence,
etc. And similarly to that calculation we obtain an infrared divergence as an artifact of that
expansion (one can check that before one performs the expansion the integral is IR finite). Thus,
again one has to introduce an IR cutoff which has to be well above the scale that dominates the
p integration, and therefore depends on the characteristic of @ and thus ultimately on the charge
distribution that one wants to prescribe. We perform the Fourier integral, and obtain®

2 2
ra g N a A
Thus, we obtain the following relation between external charge and w:
2 2
a a a g N A
gpt(x) = T(x)) = —Aw*(x) {1 + 152 In (—A%R> } . (2.192)

To obtain the potential to O(g*) is by no means trivial, because one has also to compute Tr(G~!)
where G~! is given (implicitly) by eq. (2.170); the task is simplified, however, since we are only
interested in the O(g*) contribution to the trace. Similar to sec.2.3.5 we introduce operators
G 1 Ky, 2, PT, s.t.

(21501, 01| G225 i2,02) = (G ){2 (21, 22) (2.193)

(21501, a1] Ko |22;42,a2) = (Ko)gi (z1,22) (2.194)

(z1;01,01| X |2z25i2,a2) = (XX — g(waTaE - ET“w“))?llgz (z1,22) (2.195)
3k

(z1;11, 01| PT |z2;42,a2) = 6% / (2W)3e’k'(z1’“)P£i2(k), (2.196)

54This result can also be found in [HIMV00].
5This result can also be found in [HIMVOO].
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where ¥ is proportional to g*. Let us also use the notation

kil ki2

. _ : Bk g gg 1
<Z1;Zl,a1|(]KO) 1|Z2;'L2’a’2> — 5a1a2/ (27r)3€zk.(z1 Z2)ﬁ(6ﬁi2 — 2 ) (2.197)
With this we have
(Ko)™'Ko = PT = Ko(Ko) . (2.198)
In order to determine the static potential to O(g4) we now have to compute
(G = Tr( (4KZ + 162)) = 2Tr( (K2 + 42)) (2.199)

to O(g*). The first term under the square root is of O(g°) whereas the second is of O(g?).
Therefore, Tr(G™1) is given as a power series in g*. The O(g*) term can hence be obtained as

0 ( 1
% (@Y - 2Tr(]K0)>
9(g*)
where we have subtracted the contribution to the trace that is independent of g for convenience.
We now use a proper-time representation of the square root [Sch51], [KV89], [Zin89:

© d
VA =g = - /0 (), (2.201)

: (2.200)
g=0

the "fluctuation formula’, cf. e.g. [AR95],

1
ieA:/ dt et 34 114 (2.202)
dx 0 dx

and the cyclic property of the trace to obtain

% (Tr(@*l) - 2Tr(]K0)> .
([ st e )

Since Tr<(8(24)G—2)1PT> = Tf(w%@“z), we can carry out the proper-time integration, and
obtain .
Tr(G1) = 2 Tr(Ko) + 4Tr((]Ko)1—42) gt + 0% (2.204)
g

because -2 G 2= L5, Using eq. (2.189), we can express Tr((Kg) 1Y) as
a(g%) g

2 3 3
g 2y o d’k d’ky | . - 1 (|k|—|k2|) <|k2|—|k| )
tr (TT oYk — ko) (ky — k) — +2
g el )/ arp amp | & kR e =g ) U+ il

xtrs(PT(k)PT(kg))}, (2.205)
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where tr. denotes a colour trace and try a trace over the spatial indices. We can now introduce
new sets of momenta P = k—ks, Q = 1(k+k2). Since we are mainly interested in the logarithmic
UV‘ d|1vergence we can expand the part of the integrand that depends on both P and Q in powers

Q- As discussed above we again have to introduce also an infrared cutoff A;r, and end up
with66

Ng? A BP 5w -a B 3
Tr(G™1) = 2Tr(Ko) +4(4 B In (AIR) / (27r)3P oY (P)o*(—=P) + O(g°). (2.206)

Thus, to O(g*), the contribution to the energy that depends on w is%”

Elw] - Blw=0] = —% / B (Vi (%)) (Vi (x)) + / B 0 (x)(T°(x)) + im((]z(o)*lz)
_ % / %p%a(p)w—p) [1 + i\g% In ( 1@1)] . (2.207)

Here one should note that the size of the infrared cutoff is in both cases ((I'*) and Tr(G™!))
determined by @ and can hence chosen to be identical. This outcome for the energy is not
unexpected, since it simply means that the a priori different moments of inertia%® T“b(x, y) and
I%(x,y) are in this perturbative calculation identical. In cases where we can treat the cranking
Hamiltonian exactly, this has in fact to be the case, and deviations from I = T can only come
into play due to an approximative treatment of the Schrédinger equation. As a last point, we
have to relate the energy to external charges. In accordance with [HIMV00], we take (I'*(x))|4=0
as definition of our external charge p¢; this allows to express @ in terms of p. as (using eq. (2.182))

2(p) = 572 (P) (2.208)

Then the one-loop energy can be written as

2 3 2
Elpe] — E[0] = %/%éﬁ“(p)ﬁ“(—p){ i\;g In <[<\2 )] +0(g). (2.209)

If we compare this result with the result of sec. 2.2 we observe that the cranking treatment does
not lead to the correct G-function.

The conclusion one can draw from the O(g*) treatment is that cranking deals with (IL;) correctly,
which is enough for classical quantities; however, beyond that, i.e. on the one-loop level, charges
are not correctly coupled to the system any more, and quantities like (IL;II;) are not treated
correctly. This conclusion is also suggested by the Kamlah expansion that will be treated in the
next section. There, it turns out, the first order - which under certain circumstances is equivalent
to cranking [Man75] - also treats only (II;) correctly, but not (ILIL;).

%60One should keep in mind that w is of O(g"), cf. eq. (2.175).
57The contribution to the energy from the trace term is %Tr(G_l).
58They are defined by egs. (2.157, 2.160).
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2.6 The Kamlah Expansion

In this section we want to present another method to deal with the projector approxi-
mately that also has its roots in nuclear physics: the Kamlah expansion. We introduce
it by considering the example of ordinary two-dimensional rotation, and then apply the
concept to electrodynamics with external charges. Next, we consider Yang-Mills theory
without external charges but we have to restrict ourselves to lowest order in perturba-
tion theory, albeit we treat a possible background field to all orders. As a last point
we consider how the quasi-Abelian properties of Yang-Mills theory in lowest order of
perturbation theory allow for the inclusion of charges to that order.

2.6.1 Generalities

In this first section we want to discuss the Kamlah expansion as it is introduced in the context
of nuclear physics® [Ka68], [Kub72], [Man75], [RS80], [BR86], cf. also [Zeh65], [Zeh67]. In
nuclear physics, one is often confronted with the problem that (usually through the restriction
of the space of test wave functions to be used in the variational problem) the ’best’ variational
wave functions (i.e. those with the lowest energy expectation value) are 'deformed’. In other
words, the wave functions are not eigenstates of the symmetry operators that commute with the
Hamiltonian and form a complete commuting set. An important example for this is given by
the Hartree-Fock-Bogoliubov theory, where the states considered do not have a good particle
number. In order to remedy this problem, one uses a projector that ensures that the projected
states do carry good quantum numbers. In the case of particle number this would be

2w .
pn — / (62104) gia(N—n) (2.210)
0 T

where N is the particle number operator and n is the prescribed particle number. Equivalently,
we can also consider a system which is deformed in ordinary space and which has to be projected
onto states with good angular momentum. For simplicity we will deal with the two dimensional
case - where the rotation group is Abelian with generator J - first. In this case we have the
projector

Pl = /% Ao ia(i-1) (2.211)

o (2m)

We see that the projectors are integral operators, and when computer time was too costly to
implement them, one sought for methods that could deal with them approximately. The case
which worked particularly well is the case of strong deformations. Strongly deformed states |¢)
are states where

[(Ble’ |6)] (2.212)

decreases rapidly for increasing «. This is very useful, since one can argue that

(g He|g)] (2.213)

will vanish rapidly for increasing «, too, but

(¢|He™|)
(ple™’|¢)

59 Also of interest in the case of nuclear physics are [BMR70], [RBM70], [Cor72], and [VSR71]. Applications can

found e.g. in [BMR73], [RMB74]. That the Kamlah expansion can also be used to implement a symmetry-projected
Random Phase Approximation was considered in [EMRS80b].

(2.214)
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is a smooth function of a. The argument consists basically of noting that, whereas J is a one-

particle operator, eied is a collective operator that affects arbitrarily large numbers of particles

. A 1 A
o . (s 3
el = 1 +  dad 4+ (zaJ) +ogliad) (2.215)
0—body operator  1—body operator V —

2—body operator  3—body operator

H is (in nuclear physics) at most a two- body operator70 thus the behaviour w.r.t. increasing «
should be the same whether we consider e/ or Hei®/. One can now argue further that in the
matrix element (¢|H et |¢) all degrees of freedom that are not affected by the collective rotation
('internal degrees of freedom’) can be integrated out, and that this results in an effective Hamil-
tonian operator that is an - up to now - unknown function of J, the symmetry generator. For
this function it is proposed to use a power series expansion in powers of 7172 (j - <j )), which
is plausible, since one does not expect singularities for collective rotations with finite angular
momenta. However, this is only useful if we can stop the expansion after a few terms. That this
is indeed possible one can see as follows:

. (¢\eio‘j |¢) is well localized in « space; therefore, a broad range of wave functions with good
J quantum number have to be added up coherently

o (P|(J—(J >)eio‘j |¢): each wave function with good J quantum number is now weighted by
that quantum number and this begins to destroy the coherence, in other words
(o|(J = (J))e w“]|¢)> is broader in « space than <¢|ew“]|q§>

e the higher the power of (J — (J )), the broader is the resulting matrix element in « space, but
we already know that (¢|H eie] |¢) is not very much broader in o space than is (¢|e i o),

hence the matrix elements containing higher powers of (J — (J)) (besides el ) must be
suppressed”®, i.e. the corresponding expansion coefficients must be small. qed.

Thus, we can stop the expansion

(¢|He ™ |g) = ZAk I(J — (J))reio’|g) (2.216)

after a few terms: .
(S Happroae'®?|9) = 3 Ap(gI(J — (J))Fe'|9). (2.217)

k=0

The (n+1) coefficients are determined by requiring that (¢|H eie] |¢) and (¢\Happmmemj |¢) along
with their first n derivatives w.r.t. a are equal at the point & = 0. One thus ends up with the

"0 A similar terminology can also be constructed for Yang-Mills theory, which will in fact be done in chapter 3.
In this terminology the Yang-Mills Hamiltonian also will be at most a two-body operator, i.e. contain up to four
creation/annihilation operators.

™(J) is used as an abbreviation for (¢|J]¢)

"The idea to expand the Hamiltonian in powers of the symmetry generators, although with a different method
to obtain the coefficients, was proposed in [Vil65a],[Vil65b], cf. also [MW69], [MW70].

SWe assume here that there is no ’conspiracy’ between different orders in the expansion, but this seems to be
a plausible assumption.
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set of equations’™

(GIH (T — (])"|¢) = ZAk (T = ()H™19), (2.218)

where m = 0,...,n. After we have solved these equations to obtain A;, we can insert Hgpproz =
> o Ar(J — (J))* into the expression for the projected energy’

ro <¢|Happrozpl|¢> T do <¢|Happroxemj|¢>
proj — =
Eappros (1) IPT1) /0 o 6IPl)
R 27 do (¢](J — (J))Feie|g) (8(J — (J)*P|g)
— ZAk/O o P71 ZA ¢|PI|¢> : (2.219)

The advantage of the approach now becomes visible: whereas before we did not know how to
evaluate the matrix elements including the projector, it has now become trivial; P/ projects onto
angular momentum I. Then JPL = 1p! , and numerator and denominator cancel, which means
that we do not have to calculate a single matrix element containing the projector explicitly:

EPTOI(]) = zn: Ap(I — (J)E. (2.220)

In nuclear physics, for most applications n was taken to be one or two; one then ends up with”®

A

proj _ <HAJ> T
EP™I(]) = (H) + B (I—(J)) (2.221)
for n =1 and
- ) A A
ey = (-G By s a - (2.222)
, 1 (HAJ?) — (H)(AJ?) (J) (HAJ)
with Ty (AT (AJ2)? and I~ A2 (2.223)

for n = 2 [RS80]. We have used the notation AJ = J — (J) and abbreviated (¢|...|¢) by
(...). We see that, at first order, we get no corrections to the mean field energy if <j ) =1,
whereas for the expansion to second order, we obtain even then a correction. One can interpret
these corrections if one considers a deformed state as being a superposition of different angular
momenta; especially, there are components in the wave function that are of higher angular
momentum than the angular momentum one projects on. Usually one would assume that higher
angular momenta also contain higher kinetic energy that should not be present in the projected

™In the field theory case below, the equations will look slightly different; this comes about since we multiply
both sides of eq. (2.216) by the analogue of e ! whereas here, we multiply both sides with e —ia(), ; this should
not affect the coefficients A, (we will actually see that the coefficients in the field theory case are mdependent of
I), it only serves to give more compact formulas here.

"Let us draw at this point attention to the following difference in notation between sec. 2.1.6 and here: whereas
in sec.2.1.6 (...) was thought to include the projection already we have here the projector explicitly. This leads
to e.g. <]l>sec.2.1.6 = <P>here~

"SIf we take simply n = 0, we obviously end up with Ao = (H) which is reassuring: the lowest order term just
gives the unprojected expectation value.
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wave function; thus one obtains negative corrections to the ordinary energy expectation value.
One notes in passing that the moment of inertia 1/Zy is quite different from 1/Z,.; the latter
one is associated with the cranking model. In fact one can show that, if the variational space
considered for the cranking calculation contains” not only |¢) but also AJ|¢), then the solution
of the cranking equations indeed solves also the variational equations derived for the n = 1
Kamlah expansion, and that the Lagrange multiplier of the cranking model has precisely the
same form as the first order correction of the Kamlah expansion [Man75].

There are calculations that seem to assume that in practice both moments of inertia are identical,
Iy = Zs. [HMVI98], [HIMVO00], and that one can determine the moment of inertia Zy from a
cranking type calculation. In Yang-Mills theory it turns out that to O(g") they are indeed
identical, but the explicit expressions given above don’t give much hope that it stays this way
for higher orders in perturbation theory.

If one goes from an Abelian type problem to a non-Abelian problem (like three dimensional
angular momentum projection) one immediately has to face some problems [Sor77]; the first one
is that a rigid body has two frames of reference (the lab frame and the internal frame), two
sets of angular momentum operators and (since the total angular momentum is identical in the
intrinsic and in the lab frame) three angular momentum quantum numbers (usually called I, K,M
belonging to J? = I?,J3, I3). The basic ingredient into any projector is then

Pl = |1, K)(I,M|. (2.224)

The quantum numbers LK are those of the state to be observed in the lab frame, whereas M is
only seen in the intrinsic frame. This object does not have the properties usually expected of
a projector, since it is neither hermitian, nor do we have a relation like P> = P. The obvious
remedy cannot be used, since taking P%: . Would avoid the mathematical problems but would
violate rotational symmetry, as an intrinsic’ state with M = 0 would always lead to a state to
be observed in the lab frame with K = 0 [RS80]. One could also ask more physically: if M is
an internal quantum number that has rather little to do with what can be observed in the lab
frame, why don’t we use

Pl =3 fuPh (2:225)
M

as a projector with fps as additional variational parameters (cf. e.g. [KO77]) ? In [Ka68] it
was argued that one should take all fj; to be equal to one, but whatever one does, one always
ends up with the problem that one has to evaluate matrix elements of operators acting upon
projectors that do not carry the quantum numbers that are projected upon; to be concrete, one
has e.g. to evaluate

S (YT Piyap [¥)
S (P )

One sees clearly that, unlike in the Abelian case, the projector matrix elements do not usually
cancel. A number of ways have been devised in the literature to approximately evaluate these
sums, but they are not of interest here, since they cannot be transcribed to the field theory case.
We only want to point to the fact that the difficulties even in the formulation of the projector
do not come into play if we want to project onto a state with I = 0, since then there is only one
projector PY, and no factors of f can be chosen. This is the case of the Yang-Mills projector

(2.226)

“"The variational space that we use in field theory, consisting of Gaussian wave functionals, is not so large as
would be required for this equivalence.
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since we have combined the gluonic (I') and the matter (p) contribution into one set of operators
G which now are supposed to form an ’s-wave’. The problem of non-factorizability of projectors
and other operators will nevertheless also haunt us later on, too.

One last comment on the validity of the Kamlah expansion shall be made at this point. It
is a priori not clear that it is physically sensible to perform the Kamlah expansion for a local
symmetry. In nuclear physics, the very deformed states usually do not come about through a
very deformed nucleus in space, but are due to a very large number of participating nucleons. In
gauge field theory, one has usually the situation of a very small number of excitations at every
point in space. Therefore it is not clear whether it is sensible to use the ’large-deformation’
expansion. However, it will turn out that the Kamlah expansion performs very well in the cases
we have considered.

2.6.2 Application to Electrodynamics

In this section, we want to apply the general principles outlined above to what we call electrody-
namics - a quantized electromagnetic field interacting with static sources. It is illuminating since
we will see that in marked contrast to nuclear physics, the first and second order expansions are
quite different.

Kamlah Expansion to First Order

Here one starts from the expression

(He' 9T = Ag(e! 9Ty + Ay (y)({T(y) — (D(y))} €'/ #T7)), (2.227)

where we have used [ ¢(I' — p) as an abbreviation for [ d3z ¢(z)(I'(z) — p(z)). A useful notation
that will be used throughout the remainder of this section is

Alx) =T(x) - (I'(x)), 6(x) = p(x) — (T'(x)). (2.228)
The coefficient Ag is determined by setting ¢ = 0:
Ao = (H), (2.229)

and for A;(x), we perform the functional derivative §/6¢(x), and set ¢ = 0 afterwards. Inserting
the result for Ay into this equation, and noting that (Hp(x)) = (H)p(x) since p is just a c-number
function, we obtain

/ AL AF)A) = (HAX)). (2.230)
We introduce the functional inverse ©~1(x,y) of (A(x)A(y)), s.t.
07! (x,2)(A(2)A(y)) = éxy (2.231)

and can now resolve eq. (2.230) to give

Ai(y) = (HA(x))0 (%, y). (2.232)
Inserting this into eq.(2.227), integrating over ¢ to obtain ngbe"fd’(F*p) = PP and using
I'(x)P? = p(x)P?, we obtain for the projected energy functional

(HP?)

Py =+ (HA(x))O ™' (x,¥)6(y).- (2.233)
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Note that the derivation can be carried out for any gauge-invariant few-body operator O, since
there is nothing special about the Hamiltonian:

(OP?)
(P?)

— (0) + (OA ()0 (x,¥)5(). (2:234)

This provides a first test of the validity of the first-order Kamlah expansion. We may set O =
A(z), and obtain

BEP) _ (2 + A0AK) 07 ey) 5y = ple) — (T, (2259
=6y
or in other words PP
% = p(z) (2.236)

showing that the expression provided by the first order Kamlah expansion for (I'(z)P?)/(P?) is
exact. It doesn’t stay that way, however, if one considers e.g. O = A(z;)A(z2) :
(A(z1)A(z2)P7)
(P)

— (A(21)A(22)) + (A(21)A22) A(x)) O (x,¥)5(y) = (A(z1)A(z2), (2:237)
=0

where we have used that (A(z;)A(z2)A(x)) = 0, which is true for every Gaussian state. We
see that there are no corrections due to the projector for A(z;)A(zz) by the first order Kamlah
formula. This gives rise to the expectation that the energy will not be correctly projected, since
it contains terms of the type (I'(x)I'(y)P?) (as we will see below, they arise from the kinetic
energy).

We now start to evaluate the projected energy. For this it is useful to note that under a variety
of assumptions™

(Bi(x)B;(y)l'(2)) = (Bi(x)B;(y))(I'(2)), (2.238)

ie. (Bi(x)B;(y)A(z)) = 0. Physically it is plausible that the magnetic part of the energy should
not be affected, since it contains the transversal degrees of freedom only. For the electrical field
one obtains

(IL ()TL (%) (2)) = 2(IL(x) A (2)){IL; () + (IL (x)TL (%)) (D(2), (2.239)

which is valid even without integrating over x. With this, the first order energy correction is
given by
(HA(2)) = (TLi(x)A(z))(TL (x)). (2.240)

In order to make any further progress, it seems that one has to assume that both G~! and ¥ are
translationally invariant; then one can write

1 — d3p ip.(x— ~ ~
(Hi(x)ﬂj(y»c:ZGijl(x,y)—l—él(EGE)ij(x,y): / (%)369( Y(GPPP + GRPP) (2.241)

"Either one may assume that the kernel in the Gaussian wave functional is purely real, i.e. ¥ = 0, or that both
G~! and X are translation invariant, or that the background field B; = €ijkV; Ay fulfils the classical equations of
motion.
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which defines the longitudinal and transversal comﬂponents or1,0T, and where we have used the
abbreviation PZ-LJ-p for p;p;/p?; correspondingly P,y = 0ij — P;;7- This expression allows an
explicit expression for ©~1(x,y):

dp . 1
0 (x,y) = / P (Y) (2.242)
Gn)? P27

and thus
(HA(x1))0 H(x1,y) = (IL(X){ILi(x)A(x1))0 " (x1,y)

d? ;
— (M) [ GGl 1 P le )

Bq el i B
— (ML) [ e L, (6P + 3RO ()

d3q iq.(x—x 1qi ~ -
= M0) [ e S aae )

g 1V P
_ (L) / g 1 VE et (2500 (x1, y)

(27r)3 32 q2
= {Pe0)(~Calx2) O x1)0 " (x1,)
=bzy
= (L) (- Galxy)). (2.243)

G denotes the Green’s function of the (ordinary) Laplace operator, i.e. VXVXGa(X,y) = bxy-
Thus the projected energy reads

(HP?)
Pry () - <P(X)>( —Galx, Y)) (<F(Y)> - P(Y))- (2.244)

We can make this expression even more transparent if we have a look at™ (ITF(x))(ITF(x)) where
IT#(x) denotes the longitudinal component of IT;(x). One can derive the identity

(ITE () (T () = (PG0) (= Gl ) (D)), (2.245)

and therefore one can write

o = )” = 3 {00 (- Gatxy)) M) - 20601 (- Gaxy)o) ). (2216)

where (H)* denotes the part of the energy expectation value which is independent of (TT),
but which still®® depends on (IT*TI%).. Thus (I'(x)) is determined to be equal to p(x) at the
stationary point, giving the correct charge contribution to the energy

1

5P (= Galxy)) o). (2.247)

Remember, in a Gaussian state, it makes sense to split (IT;(x)IT;(x)) = (TL;(x)TL;(x))c + (IL;(x)){IL;(x)).
80In formulas this is expressed simply by (H)" = (H) — L(II} (x))(II} (x)).
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As we have seen in the section about cranking, at the stationary point, (IT*TI*). will be zero
as well, s.t. the energy will depend only on the transversal degrees of freedom and on the
charge density. However, the outcome is quite in contrast to what we expected from the Kamlah
expansion initially: since we have computed the projected energy functional, (a) this should be
completely independent of the gauge dependent degrees of freedom; thus, it should not depend
on (ITFITY)., since in order to provide a non-vanishing expectation value (IT“ITY). the wave
functional hast to depend on A*; and (b) the state was assumed to be strongly deformed, but, if
we take the first-order formalism seriously, at the stationary point our state is just not deformed,
since (ITXTTY). = 0. These problems are overcome by performing the Kamlah expansion to
second order. Therefore, we will now turn to this.

Kamlah Expansion to Second Order

Here one starts from the expression

(Heif¢(F_P)> = Ao(eif¢(r—p)> + A (y){T(y) — T(y))} 6if¢(1“_p)>
+As(y, 2) ({T(y) — (P HT(2) — (T(2))} 6T,

The coefficients will be determined in principle as above: one needs three equations, which are
obtained by (a) setting ¢ = 0, (b) performing a functional derivative w.r.t. ¢(x;) and setting
¢ = 0 afterwards, (c) performing two functional derivatives, w.r.t. ¢(x1), #(x2) and setting ¢ = 0
afterwards. After a bit of manipulation, one obtains

Ay = (H) - As(y,z)(A(y)A(z)), (2.249)
Ailly) = (HA(1)) — A2(y1,21)(A(y1)A(z1)A(x1)) O (x1,y)

(2.248)

(2.250)
and for Ay one obtains an even less pleasant equation
(HA(x1)A(x2)) — (H)(A(x1)A(x2)) — (HA(2))0 (2, y) (A(y)A(x1)A(xs))
= Ay, 2) [(AX)A@AKD)A)) — (AF)A@NAKD)A())
—(AG)A@AF)O " (y1,¥2)(A(y2) Alx)Ax))] (2.251)
This simplifies drastically if one exploits some of the factorization features of Gaussian states,
(AXAW)A() = 0 (2.252)

(A(y)A(z)A(x1)A(x2)) = (A(y)A(z))(A(x1)A(x2)) + (A(x1)A(2))(A(y)A(x2))
+{A(x2)A(2))(A(x1)A(y)) (2.253)
This allows to simplify eq. (2.251) drastically:
(HA(x1)A(x2)) — (H)(A(x1)A(x2))
— sy, ) (ADAGD)) A@ARK) + (AWAK)) A@DAGK)) . (2:25)

In order to obtain Ay explicitly, we can again use ©71:

((A@)AGDHA@AG)) + (AR)AG)AEAR))) 50 (1,710 (x2,¥2)

1
) (Byy1 02y + Oyy,bay,)- (2.255)
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This can be inserted into the expression for Ay, and since ([I'(y),I'(z)]) = 0 in electrodynamics,
we obtain for the projected energy functional (using the notation AH = H — (H)):

(HP?)
(P?)

= (H) - %(AHA(Xl)A(Xzﬁ@*l(XL x2) — (AHA(x1))0 7" (x1,y1)(T(y1) — p(y1))

+%<AHA(X1)A(><2)>@’1(X1, y1)O (%2, ¥2)(C(y1) — p(y1))(T(y2) — (y2))-
(2.256)

As in the paragraph above, in the derivation no special property of H apart from gauge invariance
was used, and therefore the expression is valid for every gauge-invariant few-body operator O:

— (0 - %<A0A(x1)A(xz)>@*1(x1,xQ)
—(AOA(x1))0 Hx1,y1){T(y1) — p(y1))
+%<A0A(X1)A(X2)>@_1(X1,Y1)@_1(X2,Y2)<F(Y1) — p(y1))(L(y2) — p(y2))-

(2.257)
As in the first order case, we now have a look at O = A(z) and O = A(z1)A(z2):
A(z)PP) eq.(2.257)
Bt & ) - (0(a) (2.258)

which is the same result as in the first-order expansion, since all the additional terms due to
second order vanish; next

<A(Z12§p(>ZZ)Pp> eq. (2:.257) (T'(z1) — p(z1)M{(T'(22) — p(22)). (2.259)

Thus, in the second-order Kamlah expansion, both (A(z)P?)/(P?) and (A(z1)A(z2)P?)/(P?)
are reproduced® ezactly. This gives rise to the hope that the energy, too, will be projected
correctly, since it depends both on (I'(x))(I'(y)) and on (I'(x)I'(y)). We will now turn to the
evaluation of the energy. In addition to the terms we have computed above, we need to compute

81 A certain pattern seems to emerge here: in the first-order expansion the expectation value of a single Gauss
law operator between projected states was corrected, but not those of more operators (we checked the expectation
value of A(z1)A(z2) in eq. (2.237)). In the second-order expansion the expectation values of up to two Gauss law
operators between projected states were corrected, but not those of more operators (it is easy to convince oneself
that (A(z1)A(z2)A(z3)P?)/(P?) = —(A(21)A(22))(I'(z3) — p(z3)) + permutations). Thus, we would expect in
order to have the expectation values of up to three Gauss law operators corrected we need a third-order expansion
etc, although we have not checked this explicitly. To what extent this pattern extends also to other operators is
currently not known. The Gauss law operator is in this context obviously useful as a first check on the accuracy of
the method, since one knows what to expect of the projected expectation value. One can give a further argument
in support of the pattern found here. If we want to project correctly the product of n Gauss law operators we have
to obtain a product of n charge distributions p from the Kamlah expression for the projected operator. We have
seen that the coefficients A; are independent of p so the only place where p does appear is in the terms ((I') — p)*
(where for simplicity we haven’t written out the product). But the highest power ¢ that we obtain is equal to the
order of the Kamlah expansion, i.e. a Kamlah expansion to second order includes at most terms  p®. Thus the
operator I'® can never be correctly projected to give p* in the second order Kamlah expansion and a third order
treatment would be called for.
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(B;(x)B;(y)T'(z1)T'(z2)). If we again take either ¥ = 0 or G~! and ¥ translationally invariant,
the matrix element factorizes,

(Bi(x)B; (y)T(21)T (22)) = (By(x)B; (y))(T(21)T (22)) (2.260)

which is again plausible, since there should be no corrections to the magnetic part of the energy;
it depends on the transversal degrees of freedom only. The next ingredient we have to compute
for (AHA(x1)A(x2)) is the electric energy, which gives a rather simple contribution, too. We can
evaluate it using the same factorization properties that underly eq. (2.253), and obtain altogether:

(AHA(x1)A(x2)) = (T'(x2)IT;(x)) o (T'(x1)IL; (%)) .. (2.261)

This expression enters the correction of the mean-field energy

<AHA(X1)A(X2)>@_1(X1,X2) = <Pz~Lj(X1,XQ)Hj(Xg)Hi(Xl»C, (2262)

DN | =

1

2
where PiLj (x2,x1) denotes the longitudinal projector as defined®? e.g. in eq. (A.16); translation
invariance, that has been assumed before, implies that the electrical energy can be written as

S (LTI (x)) = 5 (P (v, )T (1) + 3 (P, 0T (<) T () (2263)

and thus the second order Kamlah expansion precisely subtracts off the longitudinal (gauge
variant) part of the kernel. The other term needed to compute (HP?)/(P?) is even simpler,

%<AHA(X1)A(X2)>@71(X1, yl)@il(XQ, y'g) = —GA(yl, yg). (2264)

Similar to the first-order discussion, we subtract off the part (IT¥)(IIL) (thus completing <PJLZ-HZ-H]~>c
to (PJLZ.HZ'H])) and add it back in afterwards. This gives a concise formula for the projected en-
ergy:

(HP?)
(P?)

= (H) ~ L (PHILIL;) + 2p(x)( ~ Galx,))oly). (2.265)

Note how different the outcome is from the first-order calculation: the projected energy is com-
pletely independent of the longitudinal parts of the electric field (both the expectation value and
the correlator), and in turn they cannot be determined variationally. In the wave functional,
the longitudinal parts are totally undetermined, which is what one wants since their value is
prescribed by the projector. Thus we can conclude that, at least in electrodynamics, the second
order Kamlah expansion is mandatory for a consistent formalism.

One amusing point might be noted at the end of this section; if one restricts the dimensionality
of space-time to (141), there are no transversal components of A, II; thus the projection to
second order as carried out by the Kamlah expansion leaves behind only the interaction of static
charges®3.

82In this context there is no problem with the other definitions egs. (A.17, A.18).

83Though we have not checked explicitly (by replacing Fourier integrals by sums etc), eq. (2.265) seems to suggest
strongly that if we consider the theory on a compact spatial manifold in (1+1) dimensions, we would also keep -
in addition to the energy of the charges - the spatially constant part of IT (since this part is annihilated by the
derivatives in the longitudinal projector, and is thus not subtracted), just as one would expect.
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2.6.3 Application to Yang-Mills Theory

After the experience with the Kamlah expansion in electrodynamics, we want to try to apply
it also to the Yang-Mills case. We will see, however, that we cannot incorporate charges as
simply as in electrodynamics, and an explicit computation does not transcend the lowest order
in perturbation theory (although the external field is treated to all orders). However, the outcome
will be natural in view of the previous discussion of perturbative fulfilment of Gauss’ law of sec.
2.4.

In order to discuss why we cannot include charges, the first order in the Kamlah expansion will
be enough; we won’t consider the first order any further than necessary for this purpose, since
its shortcomings were already obvious in the discussion of the electrodynamic case. Again we
start from the expression

(He 199" = Ap(e™H#'9") + A (y)(A" (y)e ' #9") (2.266)

where we have used the abbreviation A%(x) = I'%(x) — (I'%(x)); later on, we will also use®*

8%(x) = p*(x) — (I'*(x)). In contrast to the previous section, 6*(x) is now an operator. As
before, we obtain two equations to determine Ag, A1:

(H) = Ao, (2.267)

(HG'(x)) = Ao(HG'(x)) + Af(y)(A%(y)G"(x))- (2.268)

In the following, we make the ansatz that our state | ) has the form |fermion)|YM); this is

actually a restriction, since the most general state would obviously consist of a superposition of
such states, but then the following formulas would become intractable. We then obtain®

(Hy = (YM|H|YM), (2.269)

(HG'(x)) = —(YM[HT’(x)[YM) + (YM|H[YM)(f|p"(x)|f). (2.270)

At this point we again introduce the functional inverse of (YM|A%(x)A(y)|YM), (6~ 1)%(x,y),

s.t.
(©71)™(x,y)(YM|A(2) A (y)[YM) = 66y (2.271)

With its help, we can solve eq. (2.268) for A, and inserting both the expression for Ay and A;
into eq. (2.266), we obtain

(He ' 1"9") = (H)(e7' ] #"9") 4 (YMIHT" (x)[YM) (0 )™ (x, y (A" (y)e/ #°9").  (2.272)

We may now integrate both sides over all configurations ¢ with trivial topology using the correct
Haar measure. This results in

(HP?) = (H)(P?) + (YM|HT“(x)[YM)(©~)*(x,y)(6"(y)P”), (2.273)

84Here, a little care has to be taken w.r.t. the placement of gs. If we use ’perturbative scaling’, i.e. the same
scaling as in sec. 2.4, the generator of gauge transformations in the gluonic sector is not —I'*, but —%F“. Thus
the projector is in principle [ Dy et oet9" — [ Dy e/ #*T*=9r") " However, this explicit scaling will only be
used later on when we have already done away with the charges; we use the 'non-perturbative scaling’ while we
are developing most of the formalism, and re-install explicit factors of g later on.

85The mass term of the fermions has been dropped from the Hamiltonian, since the mass depends only on the
number of external charges, which is kept constant during the variational calculation.
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where we have used that I'*(x)P? = p%(x)P?. Here we see already that the results of elec-
trodynamics do not generalize straightforwardly: there the fermionic states could be chosen as
eigenstates of all charge operators. In Yang-Mills theory this is not possible (apart from non-
charged states®®), and therefore we cannot write

(6°(y)P?) = (6" (¥)){P"). (2.274)

Thus, we cannot get rid of all the projector integrals simply by considering the normalized pro-
jected energy expectation value (HP?)/(PP). This, however, was the main appeal of the Kamlah
expansion, and in order to rescue as much as possible of it, we will consider only uncharged states
in the following: states that satisfy (f|p®(x) =0 and p®(x)|f) = 0.

We will now turn to the second order Kamlah expansion. While determining the coefficients
Ay, ..., Az, we still work with general (possibly charged) states; it will turn out that the co-
efficients are actually independent of whether we have a charged state or not. Thus we start
from

(He ' 129" = Ag(e 1 #°9") + Af(y) (A (y)e ™ #'9) + AP (v, 2)(A% (y) A (=)e 7/ #°9").
(2.275)
It seems to be quite sensible to assume that A‘Z‘b(y,z) should be symmetric under interchange
of all indices, i.e. A3(y,z) = A% (z,y), since (a) most of A%(y)A®(z) is symmetric apart from
I'%(y)I®(z), (b) the antisymmetric part of A%(y)A®(z) is — f4%I'(y)dy, and should therefore
rather be assigned to the term multiplying A; from a systematic point of view. From eq. (2.275)
we obtain three equations:

(H) = Ayt AP(y, 2)(A% () A"(2)), (2276)
(HG () = Ap(G°(x)) + Af(y){A(¥)G" ()
A5y, 2) (A% () A" ()G () (2277)
(HLAG" (1), 6% ()}) = Aol {0 (x1), 0% (x)}) + AL(¥)(A ()5 {6 (x1), 6 (x2)3)
1

+A3°(y,2) (A% (y) A (2) 5 {G (x1), G (x2)}) (2.278)

2
where in the last equation, eq.(2.278), we have used the abbreviation {G“ (x1),G%(x2)} =
G (x1)G%(x2) + G (x2)G (x1). We then can - again - express Agp, A; in terms of Ay and
unprojected expectation values; the equation for Ay is very similar to eq.(2.251) in the elec-
trodynamic calculation, but here it is even worse, since [A%(x), Ab(y)] # 0. Since we want to
continue to perform analytic calculations, we first have to restrict ourselves to Gaussian states (as
in electrodynamics). However, we have to make a second approximation, which is more severe:
we will restrict the Gauss law operator to its O(g°) part®7:

I(x) = D (x)IT (x) = (D (x) — g f*Paf (x)II} (x) = [ (x) — g f*Pal (x)IT} (x) = T*(x)+O(g),
(2.279)

860f course, there is also another exception from the rule, namely if we have constructed our external charges
s.t. they form a local colour singlet; with objects that transform under the fundamental representation of the
gauge group this is possible only if the charges are localized at the same space point, which is quite useless for
practical purposes such as calculating the static inter-quark potential.

87We use the same scalings as indicated in footnote 40 in sec. 2.3.4. We start with the 'non-perturbative scaling’
and then replace A — A + ga.
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ie. T%x) = ﬁ?b(x)ﬂg’(x). This then will allow to use factorizability in a fashion identical to
the case of electrodynamics:

(A%(x)Ab(y)AS(z)) = 0, (2.280)
(A% (y)A%(2) A (x1)A% (x2)) = (A% (y)A%(2)) (A% (x1) A% (x2))
+ (A (x1)A%(2)) (A% (y) A% (x2))

+ (A% (x2)A%(2)) (A% (x1) A%(y)), (2.281)

where we have introduced the notation A%(x) = I'*(x) — (I'*(x)). However, this approximation
has consequences; the first one is that we have reduced the non-Abelian SU(N) symmetry to an
Abelian U(1)N*~1 symmetry, since:

[[%(x), [(y)] = 0. (2.282)

The second one has to do with the admissible background fields A; it is clear that we cannot
expect accuracy of the energy expectation value to order higher than O(g°); thus we approximate
the Hamiltonian by its O(g°) contribution®. The kinetic energy remains unchanged, but the
magnetic energy is simplified quite dramatically if we insert the decomposition A%(x) = A%(x)+
gaf(x) into g%B?(x)B? (x) and neglect all terms of higher order than ¢° :

BI(BI(x)
— SBIGOBI) + 2B (e (D (906 ) (21) (2.289)
o (€xgus (DY (X) Vigab (D2 () s ) — B () 21 iy S S ) A (21)a52 (2):
= Q%B?(X)B?(X) + EJE (x;z1)ay) (z1) + M2 (x; 21, 22)a)) (z1)ag] (22). (2.284)

For eqgs. (2.283, 2.284) to be valid we don’t have to integrate over x. The restriction on A
comes about from the requirement that the approximated Hamiltonian should commute with the
approximated Gauss law operator, otherwise the (implicit) assumption of the Kamlah expansion
- that in the beginning the Hamiltonian commutes with the projector - is incorrect. That one
can obtain a non-trivial condition at all results from the fact that, to O(g°) of the commutator
of the full quantities, one gets also a cross term from the O(g~!) part of B? with the O(g') part
of I'. Thus we can express the requirement of gauge invariance of the approximated Hamiltonian
in two different ways: (a) the term of order g~! in eq. (2.284) should vanish, since then there can
be no cross term with the O(g') contribution to I'. With a partial integration, we see that this
condition can be written as

€ijik, DG (%) B (x) = =D (x) Fy, (%), (2.285)

which is nothing but the classical equation of motion eq.(1.16), since F' is the field strength

tensor. (b) the commutator g%[B2,I_‘] should vanish. We can compute the commutator and

obtain )
— 2 !

2 B (X)Bi (%), [*(y)] = 2D; (v) M52 (%; ¥, 22) a2 (22) = 0, (2.286)

88This approximation is also sensible from another point of view: the O(g°) contribution of the Hamiltonian is at
most quadratic in the operators A and IT and from the case of electrodynamics one expects that the second-order
Kamlah expansion treats correctly only (projected) expectation values of up to two operators, cf. footnote 81.
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where we have used the fact that M is symmetric under interchange of all its indices. This is of
course equivalent to condition (a), and thus to the requirement of the background field fulfilling
the classical equations of motion®. This form will be useful later on.

We now use the factorization properties to compute Ay (or, if we hadn’t required As to be
symmetric from the outset, the symmetric part of Ay; but since the I's commute anyway, the
distinction does not play a role):

[(HA (x1)A% (x2)) — (H)(A (x1)A% (x2))] (07H) (1, y1)(©71) 2% (x2, y2).

(2.287)
With this, we can give now explicitly the projected, normalized energy functional to second order
in the Kamlah expansion:

Abd2(y) yo) =

DN

% = (H) — S{AHA () A%(x2)) (07 (32, 31)
S(AHA (1)) (0742 (3x1, %2) (T (x2)) (2.288)
o (AHA (1) A% ) (074 (1, 1) (O )2 G, y) (T (1)) (T (32)-

As in the case of electrodynamics, we may here also insert T' into the Kamlah expansion expres-
sion? instead of H. If we do this, the terms analogous to the second and the fourth term in
eq. (2.288) (with H replaced by I'*) are zero, and the terms analogous to the first and third term
cancel, so that we obtain the correct result (I'*P) = 0. The computation can also be carried out
for (T'*T®P)/(P), and one obtains also the correct result, namely 0; the term analogous to the
second term gives —(A®AP), whereas the terms analogous to the third and fourth term add up
to give —(T'?)(I'®), thus cancelling (together with the term analogous to the second) the term
analogous to the first term.

In order to be able to compute the projected energy functional to O(g%), we now need the
following ingredients:

(AT () A% (1)) = 2T () A% (1)) (I (), (2.289)
(AT (0TI (%) A% (x1)A% (x3)) = 2(TI(x) A (1)) (TLE (x) A% (x2)), (2.290)
(ABY(x)B{ (x)A% (x1)) = 0, (2.201)

(B (x)B (x)0° (x1)0% (x2)) = —% / P2 DE (1) D2 (x2) M2 (x; %1, %2)
= 0, (2.292)

where we have set X to zero here and the remaining computations of this section. Also the
expression [ d3x ]Z_)lclld1 (xl)]f)f;d2 ()CQ)Mlellj2 (x;x1,X2) requires a bit of special attention: there is
no integration over xi1,xs although they appear more than once, but we have to integrate over
x, although it seems to appear only once (but this is an artifact of the notation introduced in
eq. (2.284)). The last identity eq. (2.292) is true since we had to restrict the allowed background
fields to fulfil the classical equations as discussed above. In addition, we need a simple expression
for ©~!; in the electrodynamics calculation we saw that we had to assume translational invariance

89Tn the electrodynamical case there is no O(g') contribution to the Gauss law operator and hence the whole
discussion is not necessary. )
9This is due to the fact that T'® is gauge-invariant w.r.t. gauge transformations carried out by e T
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of G, 3. Here we’ll need something similar, namely

(G HHxy) = (o) (6x) (G2 (x, x2) ()52 (%2, ¥)
+(IIr) 5 (e, 30) (G152 (1, %2) ()32 (32, )

= (Gr)H(xy) + (Grp)E (x,¥) (2.203)
with the (generalized) longitudinal projector®!

()% (x,y) = D¥(x)G% (x, y)DL(y) , where (DD)™(x)GX(x,y) = 6%68xy, (2.294)

(no integration over x,y) and the (generalized) transversal projector (HT)%b(X, y) = 696,65y —
(HL)?;)(X, y). Thus, we don’t want to allow for cross terms Iy G~ Iz, II7G 111, being non-zero.
For the explicit construction of @' this has the advantage that one can invert the longitudinal
and transversal parts individually:

(G o y)(GLr)fi(y,2) = M) (x,2) and  (Grp)¥ (x,¥)(Grr)ji(y.2) = ()i (x, 2).
(2.295)

We now want to relate the inverse of f)if)j(G_l) to ﬁiﬁjG: we start with the observation that,
since G;} = I, G'TI;, we can write (no integration over x, z)

(GL1)eh (x,2) = D} (x)DY? (2) (L) (x, 2) (2.296)
and correspondingly (again no integration over x,z)

(Grr)®(x,2) = DI (x)DU (2) (K1) (x, 2), (2.297)
where Hy, K; are auxiliary functions that have the important characteristic that they don’t

carry spatial indices. From the requirement [ dy (GZb%b(X: y)(GLL)?fc(y,z) = (II1)% (x,2) we
obtain

637 (xy) = [ & (DD (@)(HL)"™" (x.2)) (K1) (2,¥). (2:298)
If on the other hand we start from the defining equation of ©~!
/ ddy (iﬁgbl (x)D% (y)(Gl)g;b2(x,y)) (O 1)(y, z) = §Fy, (2.299)
we end up with
1637 6y) = [ % (DD @)(HL)" " (x,2)) (07" ay).  (2300)
From the comparison of eq. (2.300) with eq. (2.298), we obtain

(071 (z,y) = 4(KL)"" (2,y) (2.301)

and thus conclude

DY (x)D2 (y) (071)2 (x,y) = 4(Gro) (%, y), (2.302)

91Some properties of generalized projectors are given in appendix A.6.
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where again we don’t integrate over x,y. We can now compute the correction terms to the
Kamlah expansion very easily, using the fact that e.g. (II¢(x)A°(y)) = D?C(y)(GZi)g‘]?(x, y),

first term : (A(TIZ (x)II¢ (x)) A (x1) A (x9)) (O )12 (%1, %2)
= 2(II0)20 (x2, %1 (T (%0 )T (x2))e
second term : (TT¢ (x) T4 (x) A% (x1)) (©71)1e2 (x1, %2) (T2 (x2))
= 2(T0L)5, (e, x) (TG} (x1) ) (TI3 (x2)) _ _
third term : (A(IIF (3)TIF (x)) A (x1) A2 (x2)) (O 1)1 (31, 1) (O71) 2% (32, y2 ) (T (1) (T (y2))

)
= 2(I0) 25 (x2, %0 (T (1)) (T3 (x2)).

1211

This gives an overall correction to the electric energy of

1 3. 13
—5 /d I d xT9 (HL);ZZC; (Xg, X1)<Hfll (Xl)l_I;2 (Xg).> (2303)
Thus, the electrical energy neither contains Dé nor the (generalized) longitudinal component of
G~'. Since by requirement of approximate gauge invariance the magnetic energy is transversal
as well, this is true for the total energy, and to O(g°), we can write

HP 1
Bl = 5 [ o o () o) (G ) I )
(P) 12 ) (2.304)
t 3 /d3a: {g—ZBf(x)Bf(x) + tr(Mny)\y_,x},
where we use M as it was defined in sec.2.3.5, s.t. tr(MGxy) = tr((f)(x)f)(x) - ﬁ(x))ny).
Writing the kinetic energy also in terms of G~! and €, the energy is given as
HP 1 cac —c —c 1 —
E,..; = % = 3 /d3a:1 3z, {(HT)iQQill (x2,x1)ei11 (xl)eiQ2 (xz)} + gTr(GT%)
1 1 _ _
- / P {—ZB‘;(X)B?(X) —i—tr(Mny)]y_)x}. (2.305)
g

We see that the projected energy is in fact independent of the (generalized) longitudinal com-
ponents of @ and G~!. This is what we would expect from the projector: we treat it to O(g°),
and we obtain an energy functional that is compatible with the energy functional of a state
that is annihilated to O(g°) by the Gauss law operator. Perturbation theory thus seems not to
invalidate the treatment of the Kamlah expansion. It is interesting to note that eq. (2.305) is (at
least formally) identical to the improved energy functional obtained in [HIMVO0O] in the case of
magnetic background fields, to the same order in perturbation theory as considered here. One
difference, however, should be noted: in our treatment the condition that A has to satisfy the
classical equations of motion (and thus M has to be transversal in the generalized sense) oc-
cured naturally due to the requirement that the approximated Hamiltonian should still commute
with the approximated Gauss law operator, whereas in [HIMV00] it seems to be simply assumed
that M is transversal in the generalized sense. In the application considered in [HIMVO00], the
Savvidy vacuum, the condition is of course fulfilled. In other cases, as e.g. the constant mag-
netic field stemming from a non-commuting gauge potential [HL94|, [Gie99], this need not be
the case.
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As a last topic in this section we want to consider the value of the energy if we consider it at the
stationary point of € and G. Since eq. (2.305) is very similar to the expression of the energy that
we obtained in sec. 2.3.4, the treatment may basically adopted from there.
We first consider e:

6 3 — !

F(X)EMj = / &y {(7)5 (x,x1)€5! (x1) } =0, (2.306)

7
thus the transversal component of € has to be zero at the stationary point. Next we consider
Grr (since M is transversal, the magnetic energy also contains only Grr). For the variation
w.r.t. Grr we need a relation®? analogous to eq. (2.125)

)
8(Grr)iti (21, 22)

1112

Tr(G™) = —(GrhGrr) 2 (21, 22). (2.307)

1112

With intermediate steps analogous to egs. (2.127-2.129) we end up with

FofA] = TG + é / i3 BY (x)BY () (2.308)
- In((DD - B)3) + 2—;2 / 2 B (x)B (x). (2.309)

Thus we see that at the stationary point, the difference to the naive treatment of eq.(2.131)
lies only in the requirement that here A has to satisfy the classical equations of motion. The
important point of the Kamlah expansion is, however, that the energy functional depends only
on the transversal degrees of freedom even away from the stationary point.

2.6.4 Treatment of Charges to Lowest Order in g

Here we only want to insert an additional point that is inspired by the observation that, in
the low-order perturbative treatment, the gauge group SU(N) is reduced to a direct product of
U(1) groups. In that case one can obviously also require the charged states to be simultaneous
eigenstates of all charge operators, and can therefore factorize

(8°(y)P?) = 6°(y)(P”), (2.310)

where the 6°(y) on the RHS is no longer an operator but simply a c-number function. At this
point, we should make clear that in the perturbative scaling that has been used here, ¢ reads

6%(x) = gp"(x) — (I'*(x)), (2.311)
since the Gauss law implies G¢|) = (—%F“ + p)]) =0 — I'*|) = gp®|). For this kind of quasi-
Abelian charges, we can immediately obtain the projected energy to second order in the Kamlah
expansion by replacing (I'*) by (I'*) — gp® in eq. (2.288):

(HP?)
(P)

(H) — 3 (AHA® (x1)A% (x2)) 0 (x2, 1)
—(AHA® (x1))0%7 (x3, %1) ({1 (x2)) — 907 (x2)) (2:312)
3 {AHA® () A% ()} 0% (31, 31)0%% (3, y2)

(" (1)) = 90" (v0) ) (T (v2)) = 9™ (v2)).

92 As was discussed in sec. 2.5.5, a derivative w.r.t. the transversal components can be implemented by a derivative
w.r.t. the full G, but acting with transversal projectors from the left and right on this functional derivative.
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We see that it differs from the energy projected onto the chargeless sector by

—9{ ({AHA" (y1) A% (y2)) 07 (y1,%1) 07" (v2,3%2) (T (x1)) )

(AHA (x1))0%% (x;, XQ)} 2 (%) (2.313)
2
+ % (AHA (x1)A% (x2))0% 4 (x1, y1) 0% (x2, y2) o™ (1) p™ (i2).

The first term can be easily calculated to give’® zero, thus there is no term linear in p that
contributes to the energy, whereas the second term simplifies to

2
L [ @t )GEE 1, y20" (v2) (2314)

We see that in lowest order perturbation theory, the charges interact via a potential given by the
(negative of the) Green’s function of the background field-covariant Laplacian. Two comments
are in order: first, since the Green’s function depends on the background field, the variational
equations for A are not independent of the charge distribution. This is a bit different from the
electrodynamical case where radiation (transversal terms) and charges were completely decou-
pled. Second, we see that obtaining the g function from corrections to the Coulomb potential
(which would result for A= 0) is on this level of approximation not possible; it seems almost
surprising that we obtained the correct lowest order potential, since our projection scheme only
attempts to give the correct energy to O(g%). For the first quantum corrections to the interquark
potential, we would need the energy up to O(g*).

2.7 Treatment of the Savvidy Problem

In this section we want to illustrate the general considerations we have presented before
by the specific example of the Savvidy vacuum.

In this section, we want to illustrate the calculation of the projected energy to O(g°) that was
performed above in general terms for a more specific example. The example we are going to
examine is well-known in the literature, and has also been treated in calculations that started
from different assumptions®, but ended up with expressions for the energy to be computed that
are identical to our eq.(2.309). The case we want to consider is the Savvidy vacuum [Sav77],

9We have already indicated above that the two apparently very different moments of inertia are identi-
cal in perturbation theory; this is the point where one observes this most clearly. For the evaluation of
the expressions used here, we have used a different form of the longitudinal projector, (HL)Z?;.Cl1 (x2,%x1) =
— (f)f;bZ (xQ)f)fllb1 (x1)G%2 (xl,xQ)), where again we don’t integrate over xi, X2.

94Kerman and Vautherin [KV89] did not attach very much importance to violations of (exact) gauge invariance,
although they already indicated that one should use a projector, and that the projector could be approximately
evaluated as in nuclear physics. They gave also a local expression for the corrections, which looks remarkably similar
to what one would get if one performed a Kamlah expansion not to the Hamiltonian but to the Hamiltonian density,
and would restrict oneself to a purely local expansion; in other words, one would expand H(x) only in powers
of I'*(x). If one performs such studies in electrodynamics, it turns out that for translationally invariant kernels
G, corrections from a local Kamlah expansion are generically zero, and do not subtract longitudinal parts as
they should. Anyway, [KV89] neglect these corrections with the argument: ’Because the method is variational the
corrections (18) are expected to be small and improve the energy. They are omitted in the following discussion.’
They alsoA argued that gauge invariance would imply that the fulfillment of the classical equations of motion would

result in DM = 0. Somehow they seem not to make a point of the fact that the state they used was gauge invariant
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[MS78], where one considers a homogeneous (quasi-Abelian) magnetic background field generated
by a vector potential

A%(x) = 21 B6"6; (2.315)

which leads to a magnetic field
B¢ = 6;36%B. (2.316)

(2

This background field certainly satisfies the classical equation of motion and hence can be used
in our calculation. We will follow [KV89] in our presentation; thus we restrict ourselves to the
SU(2) case, and also set both € and ¥ to zero in this calculation. Furthermore, we use a special
notation in the remainder of this section: instead of denoting components of vectors by 123, we
denote them here by ,, .. The position vector x has the components (z,y, 2).

We have in the course of this thesis not talked very much about renormalization. In Yang-Mills
theory in the Schrédinger picture, it is usually assumed® that it is sufficient to renormalize
the coupling constant and to normal order the Hamiltonian, thereby subtracting the (infinite)
energy of the perturbative vacuum. We will do this by only considering the difference between
the expectation value of the Hamiltonian in a state with background field A and a state with
background field 0. For both cases, we will solve the variational equation for G;} and consider
the energy expectation value in dependence of A only, i.e. we compute the effective potential
depending on A. For this, we have to compute the trace of G}% with the equation of motion for
Grp: Grn(A)Grn(A) = 4M(A), where M(A) is defined in eqgs. (2.283, 2.284). The fact that we
compute only the difference between two traces, namely tr(Gon-(A)) — tr(G71(0)), is reflected
in our calculation by dropping all contributions to the trace of the square root of M that do
not depend on the parameter B. We start out by trying to diagonalize M explicitly. First, we
perform a partial integration w.r.t. x, and obtain as the operator to diagonalize

ijb(x) = eiilkf)?lc(x)ekm]_)g"(x) — GijkaCij-(X). (2317)

One can make some progress if one interprets ie;;, as the generators of the adjoint (spin-1)
representation of the rotation group S;, and if%¢ as the generators of the adjoint representation
of the colour group. This becomes useful in two different ways: in the case of colour, we can use
a different basis of generators that is connected to the basis i f%¢ by a unitary transformation
(thus not changing the trace), namely the so-called Cartan-Weyl basis in which the generators
of the Cartan subgroup are diagonal. In our case, Azb (generated by the unitary transformation

(annihilated by the Gauss law operator) to the order in g that was sufficient at least for the one-loop part of their
investigations. The treatment of Heinemann et al. [HMVI98],[HIMV00], was already discussed above following
eq. (2.305). Another interesting treatment of the Savvidy vacuum in the Schrédinger picture can be found in
[Lae01]. A useful reference in this context is also [Mul85].

9The discussion of renormalization in this context is often based on the so-called Schrédinger functional which
is identical to the Feynman propagation kernel of sec. 2.2 with time in the latter taken to be imaginary. The first
one to consider the renormalization of the Schrodinger functional was Symanzik [Sym81] who considered massless
¢* theory, where he proved the existence of the Schrédinger representation to all orders in perturbation theory.
A short account of the work of Symanzik where also the language of wave functionals is used can be found in
[Lus85]. In these works additional counterterms that result from the presence of boundaries at time ¢ = 0 and
t = T appear. In [LNWW92] it is argued that in the case of Yang-Mills theories these additional terms cannot
appear since there are no gauge invariant terms of the right canonical dimensions, and this claim is verified up to
one-loop order explicitly. The case of QCD (also to one-loop order) has been considered in [Sin95] where it turned
out that a multiplicative renormalization of the quark boundary fields is necessary, i.e. for vanishing quark fields
at the boundary only counterterms for quark masses and a coupling constant renormalization are necessary.
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from 4 f%3) is of special interest:

A3, = 0 . (2.318)

With this, the equivalently transformed e;;, kﬁff(x) can be written as

N (SlVl + SyLEB)Z'k
Z(Szl )lkDglc(.QZ) =9 (SlVl)lk (2.319)
(SiVi — SyxB)x

and with this, the whole operator M decomposes into three blocks; thus, we have already com-
pleted the diagonalization in colour space. Each block has in addition a very similar structure;
therefore in the following we will only consider a ’generic’ block and put in a parameter e, that
may be either 1,0, —1 depending on which block we are considering at the moment:

i(Si)kD(x) — (SIV) + €aSyB)in- (2.320)

Since we interpret S; as spin matrices, it is useful to use S, and linear combinations of S, S, as
raising and lowering operators, S; = S, £ iS,. Then one can rewrite”

B
(SIV + €aSyB)ix = S,V — ,/E(a‘ns; —aS.) (2.321)

with a = \/%(Vm + iV, + e,z B). Furthermore, we have
[a,a’] = e,. (2.322)

In the following, we will first concentrate on the case e, = 1. Since apart from V, the a operators
look very much like annihilation operators for the harmonic oscillator problem, this motivates us
to consider the functions

k

(8, ,2,0) = R (0= ) (o), (2.32)

where 1, () is the harmonic oscillator wave function with n nodes and xs(o) is an eigenstate of
S,, as a possible set of basis wave functions. Acting on these functions with a, the relation to
the harmonic oscillator will become even clearer:

ky

, A 1 k
aun,ky,kz,S(x7 Y, 2, U) = eZkyy—szzXS(U)\/ﬁ(vw + B(.'L' B Ey))wn('x B E)
TR iy (0) L (V0 4 BalYin()
S \/ﬁ €T n

If we compare this with the annihilation operator for an oscillator with oscillator length xg

T 1
b= "%(Vy+ ) (2.324)
V2 Zg
96 From here on, we will always assume B > 0, since otherwise the formulas would become too clumsy, containing
instead of B always |B].
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we see that a acts as an annihilation operator for an oscillator with oscillator length zo = 1/v/ B.
We can conclude

AQUn, ky, ks (ZE, Y, =, U) = \/ﬁun—l,ky,kz,s (ZE, Y, =, U)a (2325)
aTun,ky,kz,S (ZE, Y, =, U) = Vn+ 1un+1,ky,kz,s (ZE, Y, =, U)' (2326)

The spin operators S+ also only permute the us. Since x; are taken to be eigenstates of S,:

Siun,ky,kz,s(xa Y, z, 0-) =V 2-— S(S + 1)un7ky7kz75i1(x7 Y, z, 0-)' (2327)

Thus, if (S;V + €4SyB)ik|e,=+1 acts upon u, the first term S,V leaves both n,s unchanged,
whereas S, a' changes both n,s — (n+41), (s+1), and similarly S_a: n,s — (n—1), (s —1). We
see that the operator (S;V; + €4Sy B)ik|e,=+1 does not change N = n — s, thus we have made a
further step towards diagonalizing M. Quite identical considerations can be made for e, = —1;
only the following things will change: as a basis it will be more useful to use

" k
u;,kwkz,s(w’ Y, z, 0) = ezkyy—i—zkzz,(/}n(w + Ey)Xs(O')- (2328)

It will turn out that here, al acts as an annihilation operator, and a as a creation operator, and
last the conserved number is not n — s but N’ = n + s. After this short interlude, we return to
the case N = n — s. In the following we will always consider N to be fixed. Then the matrix
elements

(k. KLy, 8| (—iSiDg) |y, kay iy s) = 5k Ok, ky O, Os (2.329)

. /B
+ 1 5 (\/n + 1\/2 — 8(8 + 1)5n+1,n/6kyk/y5kzk;63+1,s’
_\/ﬁ\/ 2 - 5(5 - 1)6n71,n/5kykéékzk’z5371,s’>

can be factored into a matrix K'(N)s¢ that depends on N and has its rows and columns labelled
by s,s and a product of three § functions®”. Also the abbreviation p = k,/ v/ B will be used in
the following:

D —ivVN +1 0
K'(N)sy =VB | ivVN+1 0 —ivVN |. (2.330)
0 ivVN —p

With the help of this K'(N), matrix elements of M between the states u can be written as
—-B
<k;,k;,n',s'\M]ky,kz,n,s> = 6kyk’y5kzk;6NN’(KI(N)KI(N)+ 0 )ss’

= K(N)székyk/yékzklzéNN/. (2331)
Thus the only thing left to do is to diagonalize the matrix K (IV):

p*+ N —ipy/N+1 —/N(N +1)

K(N)=B ipvV/N +1 2N +1 ipvV' N . (2.332)
—V/N(N+1) —ipyN  p>+N+1

976N is actually only a Kronecker-6;
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This can be greatly simplified, since K (V) turns out to be the square of a much simpler matrix
P(N) times B, i.e. with

0 VN ip

P(N)=| VN 0 —vN +1 (2.333)
—ip —vVN+1 0
we have
K(N)= BP(N)P(N). (2.334)

The characteristic polynomial for P is det (P — A1) = A(A?2 — (p? + 2N + 1)), resulting in the
eigenvalues
A=0 and  Ajp=+vp?+2N + 1. (2.335)

This results in the eigenvalues of K(N):
kg=0 and  kio=B(p*+2N+1)=k*+ B2N +1). (2.336)

That one zero mode should appear is desired and results from the fact that DM = 0. The
discussion up to now is valid only for NV > 1, since only then do s,s’ span their whole range
—1,0,1. For N = 0 there are only two possible combinations of n,s: n=1,s = 1;n =0,s = 0;
for N = —1 there is only one possibilty n = 0; s = 1. We will discuss both cases individually:

K(0)=B ( fp _fp ) . (2.337)

The characteristic polynomial det (K (0) — k1) is given by k(k— (p?>+1)), resulting in eigenvalues
ko =0,k = k2 + B.

For the case N = —1 the matrix is only one-dimensional, resulting in the eigenvalue ko = k2 — B,
thus leading to a mode with a negative eigenvalue in the region —B < k, < B, resulting in an
imaginary contribution to the energy. Note that the three modes for N = 0, —1 together again
have one zero mode, just as was the case for the other values of N. We can now also determine
the spectrum for the case e, = —1. For all N > 1 the same construction as for the case ¢, = 1
works, only in the matrix corresponding to eq.(2.333) one has to interchange N and N + 1. The
eigenvalues, however, are identical. For N = 0 one has to interchange 1 and p? in the matrix
K (0) leaving the resulting eigenvalues invariant, and for N = —1 both expressions are identical.
For e, = 0, the eigenvalues are independent of B (they are easily determined, and are given by
0, k[, |k|) , and will thus be dropped as we have explained above.

In order to perform the calculation of tr(Gp1(A)) — tr(G1-(0)), we use a proper-time represen-
tation of the square root [Cea88]:

V= —/OO ds_d o (2.338)
0o V7sds .
which is an exact identity. The regularization will be imposed when we sum over all eigenvalues
'\’ by replacing the lower boundary of the integral by 1/A%2. When we sum over all states, we
have to take into account that the states that we have calculated above are degenerate (e.g. the
energies are independent of k). Since the problem we have analyzed is (in the end) identical to
the Landau levels in a constant magnetic field, we can take the degeneracy factor directly from
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[LL88]. We put the system in a box, and require that the centre®® of the harmonic oscillator
wave function shall be inside the box. This results in a degeneracy factor

L’B

o’

(2.339)

where L denotes the length of the box. The sum over k3 will be replaced by the integral % [ dks,
so that the total prefactor is V B/(27)? where V = L3 is the total spatial volume. We now have
to take into account two contributions separately: first the contribution from the modes that
give a real energy over the whole k3 range. They give a contribution

B [ ds d *°
Y / i ~sB coth (sB)/ dks e~
1

(2m)% J1/a2 V78 ds© oo
VB (3A* 1A? 5 B
W (Zﬁ — EE + E In (ﬁ) 4+ UV finite terms) . (2.340)

The second contribution comes from the mode that gives for |k3| < v/B an imaginary contribution
to the energy; if we consider the real part of the energy we obtain®’

VB 0 ds d B 00 k2 VB2 1A2 1 B .
_(277)2 /1/A2 Jmsds’ /\/Edki”e PR (2m)2 (55 + §IH(P) + UV finite terms | .

(2.341)
Thus, if we add the two contributions, the B-dependent quadratic divergences cancel, and the
logarithmic terms add up; dropping the B-independent quartic divergence (or more properly,
cancelling it against the contribution from G1.(0)), we have left

VB2 11 B

W? n(ﬁ)' (2.342)

This is the contribution from the block with e, = 1. An identical contribution comes from the
block with e, = —1; in the expression for the energy, the trace (of M) had a factor (1/2) in front,
so we obtain as the one-loop contribution to the energy the well-known result [KV89]:

VB2 11N B
@ 6 In (P) (2.343)

with N = 2. The total energy up to one loop, E171°°P  contains in addition to the one-loop
contribution also the classical term

VB [1 11N [A?
El—loop _ (  _ 1 i X 2.344
w7 (5)] e

We can now introduce the renormalized coupling via

1 1 11N, A?
&5 = 5 g ()
g 9° 48w 7
98The centre is not at 0, but is shifted by k,/B.
9 A factor of 2 appears since we have to consider k3 > VB and ks < —/B.

(2.345)
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at the scale y, consistent with the standard one-loop G-function (e.g. [PS95]):

B) 1 1IN
IR _ g (2.346)

b=y = e 3

This allows us to give a cut-off free expression of the energy to one loop:

(VB [ 1 1IN 3]7 (2.347)

Elfloop — _ _

2 Lﬁz s )
which is the standard (Savvidy) result [Sav77], [MS78]. A last comment should be made with
regard to the imaginary part of the energy that has not been taken into account. It is easily
calculable and no regularization has to be used, since it is finite. We obtain

B [VB B2
(‘2;)2 /\/Edk‘g (ii,/B—kg) = ﬂV&T : (2.348)

The sign seems to be undetermined; however, even though the interpretation of the imaginary
part, which also appears in the path integral formalism, as a measure of the strength of vacuum
decay has been questioned'?, see e.g. [Sch82], [Gie99], in a Hamiltonian framework (where
energy eigenstates vary in time like e *#!), a positive imaginary part seems to be undesirable,
since it would lead to an exponential increase of the norm, which is not compatible with the
requirements of unitarity.

2.8 Summary and Conclusions

Let us shortly summarize what has been achieved in this chapter, and which problems remain.
We started this chapter by considering the projector onto physical states including external
charges. This projector was cast into a compact form by introducing an extra Hilbert space for
the external (fermionic) charges, and using the insight that the time component of the (fermionic)
colour current is the generator of gauge transformations of the external charges. Then we briefly
considered the calculation by Kogan and Kovner [KK95], since one way of approaching the prob-
lem of evaluating the projector integral was presented there: [KK95] considered the projection
integral as an effective non-linear, non-local o-model. We also presented some criticism of their
notion of gauge invariance.

Then we considered the work of Testa and Rossi [TR80a], [TR80b] on the projected Feynman
propagation kernel. They gave a method to calculate the static inter-quark potential to one-loop
order including the effects of the projector. This was a calculation of interest, since Testa and
Rossi gave a systematic way of approaching the influence of the projector, whereas Kogan and
Kovner always stayed - wherever they used perturbation theory - at lowest order.

Then we turned again to the main theme of this chapter, namely variational calculation with
Gaussian states. We gave an interpretation of the parameters that appear in the most general
Gaussian state, discussed its factorization property, and drew the connection to the work of

1907t was argued that the imaginary eigenvalue was an artifact of the one-loop approximation, since for (covari-
antly) constant magnetic field, the quartic term in the exponent of the Euclidean path integral is strictly negative,
thus making an integral that is divergent in one-loop approximation actually convergent in the ’full’ theory [Flo83].
One can also study the energy transfer from the magnetic background field to gluons, and one obtains - in contrast
to an electric background field in QED coupled to fermions - no energy transfer [Gie99]. Thus, if the Savvidy
vacuum is unstable, the instability is not mediated by creation of charged gluons according to these arguments.
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[CJT74], where it was shown that the choice of Gaussian states corresponds to the Hartree-Fock
approximation. Then we simplified our considerations even further to the leading order in per-
turbation theory, and considered the energy at the stationary point w.r.t. all parameters except
for the background vector potential. It turns out that the energy has the one-loop form that
was to be expected. Up to this point, we ignored the requirements of gauge invariance under
small gauge transformations that the wave functionals have to satisfy. Therefore, we studied in a
next step what form a polynomial that is multiplied to the Gaussian wave functional must take,
if we want the complete state to be annihilated by the Gauss law operator to a given order in
g. We have to conclude, however, that annihilation for arbitrary gauge fields is possible only to
lowest order in g. For higher orders, we need in addition a gauge condition that restricts us to a
hypersurface in configuration space where Gauss’ law can be satisfied.

We then turned to two approximation schemes for the projector on physical states. The first
one is based on the time-dependent variational principle, and on the physical idea that, if we
have a deformed state (i.e. a state that is not gauge-invariant), this state has to rotate in colour
space, and - by considering time-averages - will thereby restore gauge invariance. We studied
this approach both for electrodynamics and Yang-Mills theory, where again we considered the
inter-quark potential to O(g*). For electrodynamics the cranking procedure reproduced nicely
the Coulomb potential, but for the Yang-Mills case we failed to obtain the correct S-function.
We then turned to the Kamlah expansion, which is an expansion of the expectation value of
the Hamiltonian between projected states in powers of the generator of the symmetry. This is
a technique successfully employed in nuclear physics, but it is not clear that the same can be
done in a field theory with a local symmetry since the applicability in nuclear physics is based on
the fact that the states are strongly deformed, which comes about usually from many particles
participating in that deformed state. We tried the Kamlah expansion first for electrodynamics
with external charges, where we found that the first order of the Kamlah expansion is inconsis-
tent with the assumptions, since at the stationary point we find a state that is not deformed.
Going to second order, however, we found exactly the properties that we expect of a projected
energy functional, namely that it is independent of the longitudinal parts of the (IIII) correla-
tion function and the longitudinal part of the expectation value of I, and therefore the correct
Coulomb energy appears in the projected energy. This result motivated us to also consider Yang-
Mills theory in this framework but again we restricted ourselves to lowest order in g. Since we
have approximated both the Gauss law operator and the Hamiltonian, we obtain consistency
conditions from the requirement that the approximated Hamiltonian still commutes with the
approximated Gauss law operator. Effectively, this restricts the choice of possible background
fields to those which satisfy the classical equations of motion. This condition makes the operator
that multiplies the part of the potential energy quadratic in A transversal w.r.t. the covariant
derivative in the background field. Since the projection subtracts off the longitudinal part of
the electrical energy, we end up with an energy functional that is independent of the longitu-
dinal parts of the parameters of the Gaussian wave functional. At the stationary point of all
parameters save the background vector potential, the energy functional looks precisely like the
one-loop functional that we obtain in the mean field considerations without taking into account
the projector. Of course, this is so only formally, since on the one hand the consistency condition
alluded to above ensures that the energy depends only on the transversal degrees of freedom
(thereby reducing three polarization states to two), and, on the other hand, the longitudinal
parts of the parameters in the Gaussian wave functional are undetermined - instead of being set
to zero - as one would expect from a projected energy functional. We then also considered how
external charges can be included into the Kamlah expansion. Up to now, we have been able to
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allow for them only to lowest order in perturbation theory, since only then the charges can be
treated in a quasi-Abelian manner.

As a last point, we considered as a simple application the calculation of the one-loop energy of
a constant magnetic background field. We obtained the result that is known in the literature,
namely the Savvidy result.

To put it all in a nutshell: variational calculations in Yang-Mills theories that try to take into
account the requirement of Gauss’ law have up to now only been possible in combination with
perturbation theory, and usually been restricted to Gaussian states. These are limitations we
have not been able to overcome. However, we have added with the Kamlah expansion a new way
of approximately evaluating the projector. Three investigations seem worthwhile:

first, one has to investigate whether the Kamlah expansion is a truly non-perturbative expansion
or whether at some stage an implicit expansion in powers of g takes place. In this context, one
should also investigate further the 'pattern’ found in our discussion on electrodynamics, namely
that one seems to need the Kamlah expansion to n*" order to project correctly terms containing
n operators. If this would be true in general, one would need the fourth-order Kamlah expansion
for a correct projection of the full Yang-Mills Hamiltonian.

Second, one should try to find out whether the Kamlah expansion can be carried out also to
higher orders in perturbation theory since this would lift the restriction to background fields
that satisfy the classical equations of motion. This should be considered also in the presence of
external charges, which up to now can only be dealt with classically. If that can be done suc-
cessfully, one should face the problem of computing the one-loop contribution to the inter-quark
potential. If this reproduces the standard results, one could also try in a third investigation a
non-perturbative evaluation of the second-order Kamlah expansion (provided the Kamlah ex-
pansion is truly non-perturbative and a second-order treatment is sufficient), although this will
be a quite difficult task, since in our evaluation we relied strongly on the factorization properties;
these, however, cannot be applied so easily in a non-perturbative framework, since the full Gauss
law operator contains products of two operators at the same point in space.

Thus, renormalization problems, which we have ignored completely (apart from sec. 2.7 on the
Savvidy vacuum), will have to be taken into account in a non-perturbative manner before one
can perform such a non-perturbative evaluation of the projected energy functional.

Of course, when considering such non-perturbative extensions one should keep in mind that the
restriction to Gaussian states has tied us already to the Hartree-Fock approximation, which is
basically the two-loop approximation of the total quantum energy.



Chapter 3

Generalized Random Phase
Approximation

3.1 Introduction

In this chapter, we study the generalized Random Phase Approximation (gRPA) for bosonic
systems in the presence of condensates. The main motivation for this study is drawn from the
experience in nuclear physics that symmetries broken by a mean-field treatment are restored in
the Random Phase Approximation.

We start our studies by recalling the formulation of the generalized Random Phase Approximation
based on the time-dependent variational principle, since this is the approach followed in the
literature in the case of field theory. Then we turn to the operator formulation which is more
common in nuclear physics, since in this formulation it is easier to see how conservation laws of
the full theory translate into conservation laws in the generalized Random Phase Approximation.
For a certain class of Hamiltonians, we will show that the two approaches indeed give an identical
spectrum, and obtain a correspondence between quantities associated with the ’fluctuations’ in
the two different approaches. We also study in some detail the problem of zero modes, i.e.
solutions of the gRPA equations with zero excitation energy.

We then consider the question of conservation laws in the operator approach and find that, under
certain conditions, conservation laws of the full theory can also be translated to conservation laws
in the approximate treatment of the generalized RPA, especially if the corresponding symmetries
are broken in the mean-field treatment, i.e. the mean-field ground state is deformed. In this case,
conservation laws of the full theory imply (if the symmetry generator is a one-body operator)
that the gRPA equations have zero mode solutions.

As a last point in this chapter, we study how the mean-field energy is modified in the presence
of zero modes due to deformations, and compute the moment-of-inertia which is used to give a
transparent expression of this energy modification.

3.2 Generalized RPA from the Time-Dependent Variational Prin-
ciple
In this section we present the approach to the Random Phase Approximation via the

time-dependent variational principle as pioneered by Kerman et al. We show that it
leads to equations of motion of coupled harmonic oscillators.

102
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In this section, we will set up the Random Phase Approximation via the time-dependent vari-
ational principle, following Kerman et al [KK76], [KL95], [KL98]. We don’t want to deal with a
specific theory at the moment, we will only require the Hamiltonian to be of the form

1
H= §7ri2+V[¢i], (3.1)
where ¢; are a set of fields, and m; are the canonical momenta conjugate to ¢;, in the field
(coordinate) representation under consideration

19
069
and 7 is a super-index, containing a position variable x, and all other indices required (like colour,
spatial etc). The Einstein summation convention is adopted, implying sums over all discrete and
integrals over all continuous variables. V[@] is a functional of the field operators, in the following
referred to as 'potential’.

The states that we consider as trial states for the time-dependent variational principle are the
most general time-dependent Gaussian states (we only indicate the time-variable explicitly, i, j
are super-indices):

T

(3.2)

wMﬂ:em(—w—éwnge*uwwmwmw—éw»+waww—éw») (33)
The meaning of the parameters becomes clear by considering expectation values:

WOloilw(0) = i) 5 (WE)Ioidle(D) = GiH)F;(6) + Gis(t) (3.4

WOl = Ti(t) 5 W) mems kb)) = mim + 1G5 () + ASOEODO). (35)

We can now compute the action of the time-dependent variational principle as defined in eq. (1.109)

s = [ oo, — Hlw() (36)
and obtain
S:/ﬁ{hﬁﬁﬁywdmn+im@*G)—H@@ﬁﬂ%ﬂ} (3.7)
with
H(t) = ()| H[(t)). (3.8)

We can now add a total time derivative! that does not change the equations of motion, and
obtain for the action

S = /dt(zij(t)éij (8) + 71 dy(t) — H(1)), (3.9)

which shows that X is to be considered as the canonical momentum conjugate to G, and 7 that of
¢. The parameters of the wave functional are now determined via Hamilton’s classical equations
of motion:

= OH . OH

(f)=— ; m{)=——=—= 1
R (3.10)
OH . oH
— ; Xit) = ———.
6%4; i®) 6Gi;
'Its form can e.g. be found in [KL95] as (here only symbolically) < (—%log (G™') — £G).

Gij(t) = (3.11)
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However, in general it will be much too complicated to solve these equations, therefore we now
consider a two-step procedure

1. look for static solutions to the equations of motion
2. consider small fluctuations around these static solutions.

The static solutions are (obviously) determined via
d:(t)=0; T(t)=0; Gyt)=0; 2yt =0. (3.12)
But these are nothing but the equations resulting from the Rayleigh-Ritz principle:

OH OH OH OH
0 e U wmy

5Goy =0. (3.13)
Thus, for a static solution of the time-dependent variational principle, the parameters are those
which minimize the energy. This should not really come as a surprise, since for a static state ¥[¢],
the action reduces just to minus the energy times the respective time interval under consideration.
For the next step, we decompose the general, time-dependent parameters into the static solution
plus a time-dependent contribution that later on is considered to be small, e.g. for ¢:

Gi(t) = ¢i s + 6¢i(t), (3.14)

where ¢; s denotes the static solution?, and §¢;(t) the ’small’ time-dependent part. We insert
this decomposition into the equations of motion egs. (3.10, 3.11), and obtain

B8) = S [Bs+ B8(1), s + B7(1), G+ 6C(1), 5,5 + 55(0)

OH - _
- 5_7—ri[¢8a7TsaG3aEs]
82H - 82H - _
o= o— sa_Sa 8528 j T o— Sa_sa Sazs j
Ty, (0o o oo BalOy 4 55 (00, s G, 2sl00,
82H - 82H -
O (s, s, Gy Bsl6Gk + ——— [y, Ts, G, B 6%
+(5ng(57?@ [¢5,7’[’5,G5, s](sG]k‘i‘ 62jk6ﬁ_i[¢5,7{'5,G5, 8](5 ik
+0(8%). (3.15)

Now the meaning of 8¢, etc. being small is clarified: in the equations of motion terms of
higher than linear order are neglected (in the action, it would be terms of higher than quadratic
order). The first contribution g—g[&s,frs,Gs,Es] vanishes by virtue of the static equations of
motion egs. (3.12, 3.13). The same construction can be carried out for all four parameter types
(45, 7, %, @), and the resulting equations of motion can be nicely summarized as follows:

- 82H 8%H 82H 8%2H _
1) 5o omoT 676G 6768 Ey
6? _8H _8PH _8PH _8PH 63‘:
T | _ 6066 6067 666G 6062
sa | = 52717 591 821 i 5C (3.16)
. 6266 567 526G 5568
6% _8PH  _8PH  _8PH  _ 2H 0%
6G6¢ 5Go7 6G6G 5G6%

M

2In other words, if we evaluate the first derivative 5= for T = 7;, it is zero, and correspondingly for é,G, 2.
Ll
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and can be made even more transparent if one introduces an auxiliary matrix
. 82H 82H 8PH 8%H _
0 1 806 6067 8p6G  8p6% )
5? 82H 527;r 82H 52H g_b
om | _ ] -1 0 576g omom  om6G 676N om (3.17)
Yeln Bl 0 1 2H  8PH 8PH PR Yol :
. 8Gép 6GoT  6G6G  6GOXL
% -1 0 SEH O PH 8H 8PH 0%
6564 O%6T 636G 6%6%
82H 82H

where o5 = 5155 [<ng, Ts, G, Ng|. At this point it becomes clear what determines the spectrum
of small fluctuations around a static mean-field solution: it’s the stability matriz of this static
mean-field solution. Eqs. (3.17) are usually called the generalized RPA equations. Up to now,
the only assumption that has been used was the assumption of ¥ being a Gaussian state. But
we have also restricted the choice of Hamiltonians that we want to consider by eq. (3.1). This
restriction will allow to carry the calculation a bit further. H depends only via (72) on both 7
and ¥, V[#] only depends on ¢ and G. Thus for all Hamiltonians that we are considering, we
have the kinetic energy written as

<¢\%ﬂ3\¢> o étr(aﬂ) +2r(RGY), (3.18)

1

2
where tr denotes the trace over the super-indices. The static solutions 7; s, 3J;; s are determined
via

oH oH

— =0 =0 3.19

OT; ’ 521‘3’ ( )
and result in

s = 0, Eij,s =0. (320)

This information, together with the knowledge that V[¢] does neither depend on 7 nor on X,
determines a number of second derivatives:
82H 8%H

§%H 8%H

= 0 i = SYares — O = <— 6 ;
6Top 76260 ’ 6GoT ) oTiOT 1] (3 21)
82H 82H 82H 82H )
%67 O’ omoG 0’ 626G T ’ 6262 (G]l)’
where we have used the abbreviation
(G]l)ij;kl = 2@ 55 tr(XGY) = Gkiélj + ijéli + Gjléki + Gliékj- (3.22)
These results can be used to simplify eq. (3.16):
64 52710 : 52 X ) 6¢
- _OH o _— “H 0 57
om 560 566G ™ (3.23)
6G 0 0 0 (G1) 6G |’ ’
- 8%H 8%H
22 ~sces 0 ~sasa 6%

with (1);; = 6;;. By taking the derivative of eq.(3.23) with respect to time, and reinserting
eq. (3.23), one obtains two sets of partially decoupled equations

[ 527'[ (527'{ —_
60\ _ _ oG ( o ) (3.24)
6G (G]l)fG—;é (G1) &L 6G
. 82H  8°H _
and ( on ) - ( 5353 55‘%‘3?(@) > < o ) (3.25)
o% 5Gig 45(G1) 0%
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If we now make the ansatz of a harmonic time-dependence

( ;C(Jb;(ft)) ) _ ( 6(25;((03) )cos (wt+61) and ( 56§Zj(ft)) ) - ( 56;;((00)) )COS (wt + (52) |
3.26

we obtain the ’eigenvalue’ equations
52H 52H 7
( 52;&;5 6¢6G > ( o¢p ) _ wz( 6
(G1)sers (G1) ZH oG
82H _
and ( %‘é‘;f 5¢5G(Gl) > ( om ) = w < b
5Gép sose (G1) 6% 6
In analysing properties of the generalized RPA equations egs. (3.27, 3.28) it is often simpler to

study the Hamiltonian they are derived from than to study the equations themselves. In this
context one can imagine eq. (3.23) to originate from a Hamiltonian® H:

1 1 82H  6*H
= S (6m 52)( 3 (C?]l) ) ( :55; ) +5(80 8G) ( %%’sjf 098¢ > ( :55; ) (3.29)

5G6$ OGOG

>
Q) S

) (3.27)

) (3.28)

™M =2

This evidently is the Hamiltonian of a set of coupled oscillators. The important point is that
the signs of the eigenvalues of the decoupled oscillators are determined by the reduced stability
matrix* containing only second derivatives w.r.t. to ¢ and G (We assume here that (G1) is
positive definite and since (G1) is only multiplied by objects symmetric in their two indices,
e.g. 6Y;; = 6Xj;, this boils down to assuming that G is positive definite. This is a sensible

assumption connected to the normalizabilty of ¥[¢] and will be discussed further in sec. 3.3.1).
82H

686G
is a condensate® in the system. Thus if we don’t have a condeflsate, the equations for the one-
and two-particle content® decouple, and, since in a system without condensate G will usually be
translation invariant, we can see by considering the Fourier transformed quantities” that 1/§(p)
just describes the energy spectrum of single-particle excitations with momentum p, where g(p)
is defined by the following procedure. We introduce the Fourier transform G(p,q) by

An interesting observation can be made immediately: usually will be only non-zero if there

3 3 ,
G(x,y) =/(;ZTP;3(;ZW)3 eP*G(p,q)e Y. (3.30)

If we now require that G shall be translation invariant, i.e. G(x,y) = G(x —y), we obtain for
G(p,q) 3

G(p,q) = (27)*6(p — a)g(p). (3.31)
This defines g(p).

3They originate by the canonical equations of motion, e.g. §7 = —6H/5(64).

“The problem of coupled oscillators is well-known, cf. [Gold91], [FK92]. If the reduced stability matrix is a
positive matrix (and thus our mean field vacuum is indeed a minimum), all the eigenvalues will be positive, and
thus all oscillator frequencies will be real.

5in other words, if ¢ # 0

5We will see in sec. 3.3 that in a creation/annihilation operator formalism §¢, 87 are connected to the ampli-
tudes of operators containing one creation/annihilation operator, whereas §G, 3 are connected to the amplitudes
containing two creation/annihilation operators.

"Since G is translationally invariant, we can separate a total-momentum conserving 6 function.
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3.3 Operator Approach to the Generalized Random Phase Ap-
proximation

In this section we take a different route to the generalized Random Phase Approximation
(gRPA, generalized RPA). In the long run, this approach has the advantage that one can
show more easily the special role of symmetry generators that fall into the general class of
one-body operators. The formalism is a bit more complicated and in closer resemblance to
the formalism usually employed in many-body calculations. In a first step, one introduces
creation and annihilation (c/a) operators. Then all operators relevant to the problem at
hand (especially the Hamiltonian) can be expressed with the help of these c/a operators.
In the next step the Schrodinger equation is rewritten into an equation containing only
vacuum expectation values of commutators (so-called ’equation of motion’). The two
basic approximations of the gRPA are introduced that allow to reduce the ’equation of
motion’ into a generalized eigenvalue equation. Two alternative versions of the second
basic approximation are considered. The second of these alternatives, called the quasi-
boson approximation, allows to rewrite the gRPA equations in a form that makes the
equivalence of the gRPA Hamiltonian to a collection of harmonic oscillators obvious.
The special role of symmetry generators is emphasized. The deviations of the gRPA
energy from the mean-field energy are presented and the special role of the ’zero modes’
is discussed.

3.3.1 Creation and Annihilation Operators

In this section we will take a different route® to the generalized Random Phase Approximation
(egRPA, generalized RPA) than in the previous section. In order to allow close comparison to the
section before, we will again consider Hamiltonians of the form

1
H = oni+ Vg, (3.32)
where 7; is the canonical momentum conjugate to ¢;, in the field representation under consider-
ation 16
- 3.33
T i 6¢’L ( )

and 7 is a super-index, containing a position variable x, and all other indices required (like colour,
spatial etc). The Einstein summation convention is adopted, implying sums over all discrete and
integrals over all continuous variables. V[¢] is functional of the field operator, in the following
referred to as 'potential’.

The states we are considering here are a bit different though, since the basis of this approach is
the stationary Schrodinger equation. We start therefore from the most general time-independent
Gaussian state (i, are super-indices):

Y[¢] = exp (—(<75 - é)z‘(iGil —i%)i (¢ — ¢); + iTi(d — é)i)- (3.34)

The only difference between eq. (3.34) and eq. (3.3) is that in the latter the parameters ¢, 7, G, %
are time-dependent and in the former they are not. A Gaussian state allows the explicit con-
struction of creation and annihilation operators as linear combinations of ¢; and 7;:

al = Uy { (%Gﬂj + 2z'zjk) (6 — @) — i (m — ﬁ)j} , (3.35)

8In nuclear physics, this is the standard approach [MW69], [RS80], cf. also [Sol76], [MR85], [Tho60a], [Tho60b],
[BET61], [TV62], [MW70]. An interesting discussion is also given by [Nes64]. That it may also be used in the
boson case was indicated, although only very briefly, in [KT97].
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[ . - . _
a; = Ui { <§ij1 — 212jk) (¢ — @) +i(m— 77)]} ) (3.36)
where U is (implicitly) defined via the relation
UijUjk = Gk (3.37)

and could also be called the square root of G. A short excursion on the existence and the implicit
assumption of reality of U is in order here: since Gy is a symmetric matrix (matrix is used
in the generalized sense s.t. also continuous indices are allowed) one can always diagonalize it.
Therefore one can also always write down a U as given above. However, G has to satisfy another
condition, namely all of its eigenvalues have to be strictly positive, since otherwise one will run
into two kinds of problems: if G has a zero eigenvalue G~! does not exist and the matrix element
of (r?) will be infinite. This can certainly not be tolerated®. Moreover, if G has a negative
eigenvalue, 1[¢] is not even normalizable, since in the direction of the negative eigenvalue 1 [¢]
will explode exponentially for increasing values of ¢. Thus, all eigenvalues of G must be strictly
positive, therefore U can be chosen to be real.

The normalization of the creation/annihilation operators is fixed by the usual bosonic commu-
tation relations

[a;, al] = 6;. (3.38)

Since ai,az are just given via linear combinations of ¢ and 7, one can invert these relations to
obtain ¢, 7 in terms of a,a’ and the parameters of the Gaussian wave functional we started with:

¢i = Gi+Uj (aj + a}) (3.39)

1 1
T+ 24 ((ZGz_kl — iZik) Ukja;- — (ZGz_kl + iZik) Ukjaj) . (3.40)

T

One should note that the dependence of the canonical operators on the parameters of the wave
functional we choose is only seeming, since the creation and annihilation operators depend im-
plicitly on these parameters as well. If one inserts egs. (3.36, 3.35) into egs. (3.39, 3.40) one
obtains an identity ¢ = ¢, 7 = . In a practical sense, however, we have transferred information
that is contained in the wave functional to the operators, since in the following we will only
use that a;9[¢] = 0. All parameter dependence that usually comes about by calculating matrix
elements now enters the formulas via normal ordering.

Since we have now a representation of the canonical operators in terms of a,a’, all operators
permissible in a canonical system can be expressed in terms of a,al, especially the Hamiltonian
which for obvious reasons is central to the following calculations.

3.3.2 Hamiltonian in c/a Representation

We have required the Hamiltonian to have a certain structure (cf. eq.(3.32)). The Hamiltonian
there resolves naturally into a kinetic energy %wz and a potential term V[¢] which is a functional
of ¢ only. It is very useful to normal-order these expressions to make further progress. In the

9A rather long discussion on zero modes and existence of certain integrals can be found in chapter 2, footnote
36.
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course of this, one makes the useful observation that one can write the kinetic energy as :
in? = (72 + Tr(G71) + 4Tr(2GY))
é‘ —
57hy <%7T12>> < Ukl]l ( _71 a’]l) + 2Ek1l1Ul1j1 (a;-'l + a’jl))
12>> Uk151 Ukajio (a; aT +ajaj, + 2&;16132) (3.41)

—1 =1 4 (1 1
i >> Uk1j1 Uk2j2% (ajlajz ajlaj?)
+3 (U —UsUY) ) 20,

+ o+ o+ o+

where Tr is a trace over the super-indices. A similar result can be found for the potential part
(except that it is independent of ¥ and 7). In appendix D we will demonstrate that the potential
can be decomposed into c¢/a operators s.t. the prefactors can be written as functional derivatives
of the expectation value of the potential between Gaussian states, and the c/a operators always
appear in a fixed structure!?. In the following we will restrict ourselves to the contributions to
V with up to four c/a operators, since the terms containing higher numbers of c/a operators do

not contribute!! to the gRPA matrices that will be introduced in eq. (3.57):

Vig] = (Viel)

+ (66?,2S <V[¢]>> Ukyj1 Ukajo (a; a;, +ajaj + 2a;1a32>
1
3

5(5(11 ﬁ <V[¢] >> Uk1j1 Uk2j2 Uksjs

/N

J1J2 .73
+ % (%La/[(bb) Ukljl Uk2j2 Uksstk4j4

k1kg 6Gkgky

]1 J2 773 74 J1 .72 .73

« (CLT aT T + 3a]1 ]2aj3 + 30,}10,]'2&3'3 + ajlanaj3>

X ( I al ol af +4al ol of aj, +6a;1 ;2%3&74

+ 4aj1a]2 A3 Qjy + Ay Ay A3 Ay | -

(3.42)

Y¢.g. if in the potential there are terms that contain two creation operators, or two annlhllatlon operators or
one creation,/ one annihilation operator, they can always be written as factor x (ala +aza] +2ala;), and similarly
for all other terms that contain a fixed sum of creation and annihilation operators For the kinetic terms things

are a bit different, but we have given the decomposition of the only allowed kinetic term in eq. (3.41).

That this is true can be seen by usage of Wick’s theorem and the so-called second gRPA approzimation a|) =

that will be introduced in sec. 3.3.4.
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By adding the expressions eq. (3.41, 3.42) together, one observes that the Hamiltonian has a very

simple schematic structure!? :
= (H)
+ (@) U (4, + )
+ () (305, (), — ) + 280, (], +05,))
+ <6G:1k2 (ﬁ)) Uk1j1 Ukyjo (a}laL + aj aj, + 2a}1aj2>
+ (5E:1k2< >> Uklilngigi (a;IaL ajlaj2>
+ (ic:;;é + 1 (USU - UEU—l)j1j2> 24!, a,
+ % (5(7;11 6G:2k3 <ﬁ>> Ukyj1 Uk js Uksjs | @ ( L L ;3 + 30;1 LajB + Sa;-lanajB + ajlaj2aj3>
+ % <6G,flk2 5G,fsk4 <V>> Uk1j1Ukjo Uk js Ukaja (aL ;2 ;3 ;4 +4CL]1 2 ;3%4 Jr6a]1 ]2aj3aj4
+4a}1aj2aj3aj4 + ajlaj2aj3aj4> .

(3.43)
Up to now, we have taken an arbitrary Gaussian as a reference state: we have defined our
creation/annihilation operators relative to that state - nothing else. Eq.(3.43) is exactly the
same as H given in eq.(3.32). However, it is obvious from eq.(3.43) that the Hamiltonian
greatly simplifies if we choose a specific reference state: a state that is a stationary point of
the energy functional under variation of the parameters ¢, 7, G, Y - in other words, a state that
satisfies the Rayleigh-Ritz variational principle!®

3.3.3 Reformulation of the Schrodinger Equation

Now we want to reformulate the Schrédinger equation in such a way that it can be written in
terms of matrix elements of commutators , since this form will be useful for formulating the
generalized RPA. We assume that |v) is an ezact eigenstate of the full Hamiltonian, and that it
is created from the ezact vacuum |0) by the operator!* Q:f,. Thus

HQJ0) = E,QF|0). (3.44)
If we denote the vacuum energy by FEj, we can write this equivalently with a commutator:

[H,Q10) = (B, — Eo)Q}0). (3.45)

We may multiply both sides of the equation with an arbitrary operator 6@}, and obtain an
expectation value by multiplying from the left with (0|:

(016Q[H, Q}]10) = (E, — Eo){0]6QQ}0). (3.46)

20ne should note that in all save the last term, the derivatives are taken of (H) whereas in the last term the
derivative is taken of (V). The importance of this will become clear in sec. 3.3.10.

130ne should note that we required the same in the time-dependent approach, when we decomposed the time-
dependent parameters ¢(t), 7(t), G(t), B(t) into a static part and small fluctuations. The equations for the static
part were identical to the Rayleigh-Ritz equations.

171t is clear that, since Q' are creation operators, when acting to the left they annihilate the vacuum: (O|QT =0.
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By subtracting zero on both sides!® we obtain an equation that only contains expectation values
of commutators:

(01[6Q, [H,Q11]|0) = (B, — Eo){0][6Q, Q}]/0). (3.47)

Using this equation as a starting point to derive the (generalized) RPA is known in nuclear
physics as the equations of motion method [RS80].

3.3.4 Excitation Operators

The operators Q,T, are called excitation operators in the following. The first gRPA approzimation'
deals with the class of allowed operators. In nuclear physics it is quite reasonable to assume that
the lowest excited state above a Hartree-Fock ground state consists of a particle-hole excitation.
This results in the so-called Tamm-Dancoff approximation. In the generalized RPA one assumes
that one has a correlated ground state, s.t. not only the creation of a hole and a particle, but
also their destruction is a possible excitation. In Yang-Mills theory it is by far not so clear what
structure the lowest excitation will have; we have thus taken the two following guiding principles:

1. We already have a formulation of the generalized RPA from the time-dependent variational
principle; we know therefore that the choice of the class of operators that we allow should
lead to equations where the excitation spectrum is closely related to the stability matrix of
the mean-field problem. Therefore, even if the class of operators will look a bit strange at
first sight, it will lead to a well-posed and not so unreasonable problem: one looks at the
small fluctuations around the mean-field solution.

2. The principal goal of the Random Phase Approximation is the restoration of symmetries
that are violated at the mean-field level. The procedure works, generally speaking, in the
following way: assume that the system under consideration should be symmetric under a
symmetry generated by an operator I'. The ground state should thus be annihilated by I
In the mean-field approximation this symmetry shall be violated, therefore

'|MF) # 0. (3.48)
The gRPA equations can be formulated as

[Hp,Q}] = (B, — Eo)Q}) (3.49)

as we will see later on, cf. eq.(3.88). Hp denotes the Hamiltonian in the so-called quasi-
boson approximation. This approximation will be treated in more detail in sec. 3.3.6. Since
we are able to show that under quite general conditions,

[H,T] =0 — [Hp,Tp] =0 (3.50)

*0On the LHS, we write zero as 0 = (0|[H, Q}]6Q|0), whereas on the RHS, we write zero as (E, — Eo)(0|Q}6Q|0),
cf. footnote 14.

16 A short note on linguistic usage is in order here: in the derivation of the gRPA equations we make two
prominent approximations, the first one on the class of allowed excitation operators, the second one on the ground
state. These approximations are called ’first’ and ’second gRPA approximation’, whereas the terms 'gRPA’,
’generalized RPA’ and ’generalized Random Phase Approximation’ are used to denote the whole procedure as it
is laid down in this section. This naming seems useful even though the term ’approximation’ appears twice if one
expands 'RPA’ to 'Random Phase Approximation’ in the term "RPA approximation’.
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(T'p denotes the quasi-boson approximation of I'; it will be defined below in sec. 3.3.6), and
we know that all excitations in the generalized RPA are automatically orthogonal, we only
have to choose the class of excitation operators in such a way that the generator of the
symmetry that is broken on the mean-field level belongs to the class of excitation operators
under consideration for the formulation of generalized RPA. Then we have restored the
symmetry in the sense that, even though

I'5|MF) # 0, (3.51)

I'p creates an excitation that is orthogonal to all other (physical) excitations!”.

To put it all in a nut-shell: one looks at the Gauss law operator, determines its structure, and
keeps the class of excitation operators so large that the Gauss law operator belongs to this class.
All the concepts and claims will become clear and be proved in what follows. After this rather

long motivation, we will consider excitation operators of the following form:
1 v v v 7V v
Ql = 3 Z (sz ala; + X7 .a maZ -Y amai> + Z (Zmafn — Zmam> . (3.52)
mi n

In the following®, we will call X, X,Y, Z, Z amplitudes. In order to obtain a solvable problem,
we want to obtain a set of equations that contain the amplitudes, some given matrices, and the
energy difference E, — Ey. To this end, the (up to now arbitrary) operators 6@ will be utilized,
together with the second gRPA approximation. We choose 6@ in such a way that the different
amplitudes are extracted individually on the RHS of eq. (3.47). It will be useful to consider
6Q € {a;, al,aTaJ,aZa], ala } and compute the commutators [6Q, QT]

:aj,Q,T,] = %ZZ (X az—i—X{ﬂ} ) —|—Zj”

aj QL] = Iy, (Xwaz + Yl a ) + 2

o 0l } _ iy ( Cvaha; — Xala; + XY, ahal + Y{Vji}anai) + Z¥al, + Za;

ahal, Q] = —3%, (Xyalal + Kyalah — Yy, — Yg,ala — YE ahas) — Ztal — 2t}
:anaj, QI} = % > ( ~]”Z ana; + X ;aja; + X{]n} + X{]z}aTan — Y{’;Li}aza» + Z,’:aj + Z}’an

(3.53)

" This is a certain abuse of language, since the excitation ’created by I's’ is not created by I's by acting upon
the gRPA ground state'®|RPA) (that is in fact annihilated by T'g) in the same way as the other excitations are
created by acting with QJ, upon the gRPA ground state. However, as we will discuss in secs. 3.3.9 and 3.5, one
can construct a coordinate conjugate ©p to I'p, and the states |y) = exp (7O p)|RPA) are the states that we call
‘excitations generated by I'g’. That these states are indeed orthogonal to the all other (physical) excitations follows
from the fact that [Q},05] = 0 (as follows from the considerations of sec.3.3.7): (RPA|Q, exp (i7©p)/RPA) =
(RPA|exp (i7©B)Q.|RPA) = 0.

8The gRPA ground state is defined by the fact that it is annihilated by all Q, and the symmetry generators
(that are given as one-body operators) that don’t annihilate the mean-field vacuum.

9The Gauss law operator in creation/annihilation formulation is given in appendix C.4.2.

208 does not contain an aa’ term. This is due to the fact that aa' is distinguished from afa (which is included)
only by a constant. However, this constant would lead to a non-vanishing expectation value of Q}, between mean-
field vacua, in view of the second gRPA approximation a situation certainly not desirable for an excitation operator
(all other terms contained in Q] vanish between mean-field vacua !). One could also argue on a formal level that
the way the generalized RPA is derived here does not allow to determine any constant parts of Q}, so if we cannot
determine a constant, we shouldn’t put it into our ansatz in the first place. Another point of view that is based
on the quasi-boson approximation can be found in footnote 27.
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with Xy, defined as Xy, = Xij + Xji, and correspondingly for Y(;;;. The second gRPA
approximation states that in the case of expectation values of commutators, the exact vacuum
state shall be replaced by the mean-field vacuum state; in the rest of this chapter, |) denotes the
mean-field vacuum with the property a|) = 0. Then the equations simplify drastically, and we
obtain:

(0 Q) = Zy  (,Ql) = %
<[a§a},cz;£]> = ly{gn} (lanaj, Qb)) = 1X{"]n} (3.54)
(lanaj, Qu]) = 0,

where we have used the notation (|...|) = (...). Two things are remarkable: first, quite simple

6@ are sufficient to extract (within the second gRPA approximation) the amplitudes on the RHS
of eq.(3.47). Second, it is impossible (even if one uses arbitrarily complicated operators) to
extract the amplitude X" if one wants to use the second gRPA approximation:

(16Q, ata]]) = (|6Qa' al) — (la" asQ]) = 0. (3.55)
jnrdiinrg

In the context of the quasi-boson approximation, this will be elucidated from a different angle
(see below). To accommodate this fact we restrict the class of excitation operators further?!:22
to those that do not contain terms of the form a'a:

1 -
Q=35> (X,Vm al,al — Y amaz) +3 (Z;;ajn - Z;;am> . (3.56)
m

mae

With the 6Qs defined above we now have to compute the LHS of eq. (3.47). For this purpose we
introduce a number of matrices

Anjmi = an% HamaT]D Bujmi = (lahal, [H, amai]),
Cojm = ([ahal,[ Ham]]> Dypjm = {lahal,[H, apn])), (3.57)
Eun = <[an,[H alal]), Fum = (lah, [H,an]),

and study their properties under interchange of labels. This will allow to reduce the number of
independent entries of the LHS of eq. (3.47). The basic tools for this study will be the Jacobi
identity and the second gRPA approximation, i.e. al) = 0. We will also frequently use that
[a,a] = [af,a] = 0.

21The same structure, albeit with Z = Z = 0, is used in nuclear physics if one performs a quasi-particle RPA
starting from a Hartree-Fock-Bogoliubov calculation [RS80].

221t may be possible that instead of using Q}, in the form given in eq. (3.56) one could also use a two-step process
that starts with a Bogoliubov transformation b, = 3" (Zkal, — Ztam) + c,, where b, are the new annihilation
operators and ¢, is a (complex) constant that is allowed in a Bogoliubov transformation for bosons [RS80]. b},
is defined correspondingly. It may be that at this point the consistency condition between the second gRPA
approximation and the quasi-boson approximation which will be discussed further in sec. 3.3.6, i.e. % = %? =
0, appears naturally as determining equations for the coefficients of the Bogoliubov transformation. Now one could
build up @}, in terms of by, b, and bLl bLQ. We do not follow this path (and have not investigated its feasibility),
since our main goals, i.e. the proof of equivalence of the operator approach to the gRPA to the approach based
on the time-dependent variational principle and the discussion of conservation laws, seems simpler in the one-step

treatment based on eq. (3.56).
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Properties of A

Aminj is symmetric in all four indices:

Aming = (lalyal, [H,alal]]) = ((afal, [H,af,al]]) = Apjmi- (3.58)

)y Ynty n »'m

It’s trivial to show that e.g. Ain; = Aimnj etc.

Properties of B
Consider the complex conjugate of Byyin;:

*
njmi

la}al, [H, amai]])*
lanay, [H, af,al]])

ma’i

(
(
= —(H, [a},al, ana;))) + ((a},a], [H, ana;]))

= —([H,la},al, ana;]]) + Buin;. (3.59)

m1)

The first term will vanish, as one can see as follows: we compute the commutator
[ainaz, ana;| = — <5jm5m' + 65i0nm + 5jmazan -+ 6nmazaj + 6jiafnan + 6mafnaj> ) (3.60)

It consists of two different structures: 68 and §a’a. We can insert this into the above commutator:
obviously [H, 6] = 0; the other contributions vanish upon taking expectation values with the
mean-field vacuum (cf. eq. (3.55)). Thus we have shown that

rimi = Bminj (3.61)

njmai

or if we introduce a ’super-boson index’ that combines (mi) and (nj) into one index each, thus
making B a matrix in the usual sense,

B =B (3.62)

Properties of E

FEym is a symmetric matrix

Enm = ([a}, [H, a}]]) = —([al,, [a},, H]]) = Emn. (3.63)
Properties of F
F, in contrast, is hermitian:
F;Lkm - <[aIL’ [Hv a’m“>* = ana (364)

or, in matrix notation:

F =F1 (3.65)
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Other Commutators

Apart from one matrix, all other matrices that arise from inserting the different 6Qs into the LHS

of eq. (3.47) are trivially related to the matrices A, ..., F' introduced above; this one non-trivial
matrix is
([al, [H, amai]). (3.66)
It is related to the matrix D via
([ah, [H,amai])) = ([H, laf,amai] 1) = ((amai, [af,, H])) (3.67)
—_——
—6inam—0nma;
= Sin {[H, am]) +6um ([H, a:)) +([amas, [H, al]]) (3.68)
A A
= Sinlm + SnmAi + Dy (3.69)

Later on, in sec. 3.3.6, the second gRPA approximation will be replaced by the so-called quasi-
boson approximation. In that formulation, it will be obvious that we have to neglect the terms
A. When we compute explicitly the expectation values in a later section, we will see that, at the
stationary mean-field point?3, A is indeed zero. We note two points:

o the gRPA matrix (essentially the LHS of eq. (3.47)) is hermitian iff A =0

e the second gRPA approximation and the quasi-boson approximation introduced below are
compatible iff A = 0; such a constraint does not appear in nuclear physics, as is easily
comprehensible in two different ways: first, the matrix under consideration (as well as the
matrices C, D) are non-zero only if the Hamiltonian contains terms with in total three
creation/annihilation operators, i.e. terms that violate particle-number conservation. Such
terms are not allowed in the usual nuclear physics framework, and thus there is no possibility
for the above consistency condition to arise?*. Second, if we replace (as we will do in sec.
3.3.6) the operators containing two ordinary boson creation operators by a new boson
operator, we have in the case of bosonic theories the original boson still left, in contrast to
nuclear physics, where it is not necessary to retain the original fermions once one has the
formulation in terms of bosonic operators at hand;

This whole discussion allows us now to write down a first form of the gRPA equations:

%Bi};kl 3450 Dix —Clin %X{Zkl} 1 %1X{’3j}

~2 A B =Cagk - Digir Yy | —q, -1 3Y (i

§1Dkl;i _?Ckl;i By —Ei zZy 1 zy

—5Cki 7Dk —Eik Fy, VA4 -1 zv
(3.70)

with Q, = E, — Ey. The factors % associated with some of the matrices C, D shouldn’t lead one
to conclude that the gRPA matrix on the LHS is not hermitian. In fact, as we will see later on,

we can write the gRPA equations in a very compact form resulting from a hermitian Hamiltonian
. . s L 5 ey L
(at the stationary point of the mean-field equations @(H ) =0, and 5= (H) = 0).
“i.e., that point in parameter space where the energy expectation value is stationary with respect to variations
of ¢, 7,G,%; for A to be zero it is necessary that %(H) =0, and %(H) =0.
24In the bosonic theories under consideration here, these terms with three creation/annihilation operators appear
in the Hamiltonian usually due to a condensate.

23
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3.3.5 Explicit Expressions for A, ..., F

In this paragraph, we want to give explicit expressions that are valid for the theories that have a
Hamiltonian of the form eq. (3.32). As we have mentioned above, terms in the Hamiltonian that
contain more than four c¢/a operators do not contribute to any of the matrix elements due to
the second gRPA approximation?®. Then the computation is straightforward: we simply insert
eq. (3.43) into eq. (3.57), and compute the double commutators. The computation is simplified
by the observation that only those terms of H contribute to the matrices where the number
of creation operators together with the number of creation operators in the definition of the
matrix elements match the respective number of annihilation operators. This is the reason for
the matrices A, C, D, E having contributions from one term of H only. B obtains contributions
from two terms of H as is to be expected, whereas F' obtains only one. Individually, the matrices
read:

Matrix A
Aping = —24H{™" (3.71)

Matrix B
Bminj = Brin; + Bitin; (3.72)

with

Bhing = (H{{6um + H}{8jm + HI"8pi + H"650) 5 Brayyy = 4HZ ™ (3.73)

Matrix C
Cimi = —6HI™! (3.74)

Matrix D
Djmi = 2HIET™ (3.75)

Matrix E
Epi = —2H™ (3.76)

Matrix F
Fi = H{T, (3.77)

where {4} means: symmetrize in the indices 7, j (i.e. add all permutations and divide by the
number of permutations) and H;; means 'that factor in the Hamiltonian that multiplies a creation

250One can use Wick’s theorem to compute the double commutators that appear in the definition of the matrices
A,...,F. Then one realizes that if there are terms in the Hamiltonian with more than four c/a operators, every
term appearing in the evaluation of the double commutator contains at least one c/a operator, and the vacuum
expectation value in the second gRPA approximation sets these terms to zero.
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and b annihilation operators’. We see that at the stationary point they simplify considerably:

62
J Ui Usin Unms Ui 55— (V)

62

Bminj - 4Uvmml Uiil Unn1 Ujj1 —<V> + (an5z] + ij5zn + Fln6m] + szémn)

6(;Gm1i16Gn1j1
Cimi = —2U}j,Unmm,Usiy =—————(H)
! o ! ! 6¢j1 6Gm1i1

Djmi = —Cimi

Epi = 0

Fni = 3G...

(3.78)

3.3.6 The Quasi-Boson Approximation

Sometimes, it is useful to have the second gRPA approximation at hand without having to take
expectation values. This can be done with the help of the quasi-boson approximation. The
name has its roots in nuclear physics [MW69], [RS80], where two fermions were combined into
one boson. This works only approximately?%, so that the result was christened a quasi-boson.
Interestingly enough, we can do the same in a bosonic system: we replace a two boson operator
(like aa or afa’) by a new operator that again has bosonic commutation relations. We construct
the new boson-pair operators B, B s.t. the commutation relations are identical to the mean-field

expectation values of commutators containing still the pair of original boson operators?”:

lamai,a;] = 0 —  [Bmi,aj] = 0
[ama;, a}] = ijam +Omja;  —  ([amas, a}]> = 0 — [Bm, a}] =0
ahal,a)] = —8yah —bmjal — (ahala)) = 0 = [Blia] = 0

The only non-vanishing commutators involving B, BT originates from [a,,a;, aiLaT.]:

J
[amai, CLILCL%] = 6in6mj + 6ij6mn + 5ina'}am + 6mna'}a'i + 6ijajla’m + 6mjaila’i
= {lamai,ahall) = Ginbm; + 6ij6mn
—  [Bp, B:Lj] = binbmj + 6ij6mn.-

26i.e. the ordinary bosonic commutation relations are only fulfilled if we take the mean-field expectation value

of the commutator of the boson pairs, and thus in some sense employ the second gRPA approximation, by using
the mean-field instead of the exact vacuum state.

2THere it seems appropriate to comment once again on the fact that a'a does not appear in our excitation oper-
ator: the excitation operator is linear in all the different boson creation/annihilation operators that we construct
as one can see in eq.(3.83). Thus, we have the question whether we can construct a boson operator from a'a
similar to how we construct one from a'a’. The problem is immediately apparent: if we consider Cri = al,a;,
then its adjoint has the same structure as Cp,;, since C’:m. = ajam = Cim; if we compute the commutator
[Cij, C,il] = 6jka;-ral — 6lia£a]- we see that its mean-field expectation value is zero. Therefore we cannot construct
Boson operators with the correct commutation relations from a'a in the same way as we did for a'a’, and thus
they don’t appear in the excitation operators Q. In nuclear physics this is well-known. There one can see that the
quasi-boson operators correspond to a creation of a particle-hole pair (or its annihilation), whereas the operator
that creates and annihilates a particle is translated into an operator that creates and annihilates a quasi-boson
[IMW69].
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This last relation implies that the B operators should be normalized differently, and implies
therefore that not a,,a; should be replaced by B,,;, but rather one should replace

% (amai) — Bml

1.1 1

3.79
—5(ama;) < Bim" (379)

S

They have the following commutation relations

[, Boni] = [aj, B, = [af, Bmi] = [al,BY,.] = B, Bay] = B, Bl =0 (3.80)
1
and [Bmia Bizj] = 5(6m6mj + 5ij6mn)- (3.81)

With these new operators, the excitation operators

1 ~
Qb =53 (Xmuahal ~ Yinama:) + 3" (Ztal, — Ziam) (3.82)
mi m
become:
1 ~
Qf — 7 3 (X,VMBIM - Y:ani) +3 (Z,Vnajn - Z;am) . (3.83)
mi m

At this point a short comment on how one constructs quasi-boson approximations is in order?s.
Usually we will have to consider only one- and two-body operators, but the procedure should
work for higher-body operators as well:

(i) first, one writes down the operator O under consideration as a polynomial of a, at operators.
Then one tries to extract the coefficients of the different powers in analogy to egs. (3.54,3.57)
via (a) taking multiple commutators of O with up to two a,a’ operators, and then (b)
taking vacuum expectation values of these multiple commutators employing the second
gRPA approximation.

(ii) The quasi-boson approximation Op of this operator O is then given as a polynomial of
B, BT, a,al operators. The coefficients of the different powers are extracted by taking mul-
tiple commutators of Op with a,al, B, Bt without taking expectation values. One then
requires that the coefficients of Op determined in this way are identical to those of O
determined in (i) if one replaces in the multiple commutators of (i) O by Op and terms of
the structure aa by v/2B and afa’ by /2B as indicated in eq. (3.79) .

This is precisely the procedure that led to eq. (3.83), and will also be used to obtain the Hamil-
tonian in quasi-boson approximation. The coeflicients mentioned are nothing but the matrices
A, ..., F. We therefore have the requirements

Anjmi = (lahal, [H,ahall) = [V2B!,,[Hp,v2B]]],

Bujmi = (lahal,[H,amai]]) = [V2B,,[Hp, vV2Buill,

Cujm = ((ahall[H.ak]) = [V2BL; [Hp,ahl], (3.8
Dujm = ({ahal,[H,an])) = V2Bl [Hp,an], '
Epm = (lab, [Hoahl) = [ah, [Hp,ahl],

Fom = {lah,[Hanl)) = [ah,[Hp,am]),

28 A general formula for the quasi-boson approximation of a one-body operator is given in eq. (3.142).
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where Hp denotes the Hamiltonian in quasi-boson approximation. At this point it seems in
order to discuss a question that turned up in connection with eq. (3.66): there we saw that one
of the double commutators was not directly connected to one of the matrices A, ..., F' but that
some extra terms appeared, the ’A-terms’. If we consider the same double commutator in the
quasi-boson approximation, we obtain

([H, [a}, amai]]) — ([H, [a}, vV2Bpi]]) = 0. (3.85)
=0

Thus the quasi-boson approximation implies the vanishing of A. An explicit expression can be
given for A as well

Ai = ([H,al]) = (%&D) Ui + (%(Iﬁ) (%UM1 + 2EklUli) : (3.86)
which vanishes if we choose the parameters of the reference state s.t. the energy is stationary
under their variation (at least w.r.t. ¢, 7). We obtain a consistency condition between the second
gRPA approximation and the quasi-boson approximation: the latter is equivalent to the former
only at the stationary point*® of (H). Thus, in the following we will always assume that the
state (which we often call the mean-field vacuum) relative to which our creation/annihilation
operators are defined has its parameters chosen s.t. it satisfies the Rayleigh-Ritz principle. With
this qualification, we can give the (now hermitian) Hamiltonian in quasi-boson approximation:

_ 1 o , ) * T T 1 Rt )
Hp = E T4 (Anulm]z Briji Brajs + An1j1n2j2 ijl Bn2j2> + Eanzmh Bn1j1 Brajo
1 X . * T T
V) Chnyjing Bnyjran, + ijm Bnljla”l2>
1 . AT * T
"'ﬁ D, jinyBnyjians + Dnljlng Bnljla’n2>

1 * T T
) (En1n2an1an2 + En1n2anlan2> + Fn2n1an1an2 .

(3.87)
We have achieved writing the approximated Hamiltonian as a quadratic form, which always can
be diagonalized®. Using this Hamiltonian Hp, one can see that the gRPA equations eq. (3.70)
can be written in the transparent form3!

[Hp,Qf] = 2,Q). (3.88)

This form of the gRPA equations demonstrates that we have performed the approximation to the
dynamics (Hamiltonian) and to the excitation operators consistently, since the form of the equa-
tions is identical to the form of the Schrédinger equation eq. (3.45) with the exact Hamiltonian
and the exact excitation operators.

3.3.7 Commutation Relations

In this section we want to consider the question 'what are the conditions under which the eigen-
modes Q,T, can be treated as harmonic oscillators 7> We start with the observation that eq. (3.88)

29 At least w.r.t the condensates ¢, 7.

30To quote from [MWG69]: 'The achievement of a quadratic form in the bosons, which is always diagonalizable
has, of course, been the aim of the game.’

310ne inserts eq. (3.87) and eq. (3.83) into eq.(3.88) and compares the coefficients of the different operators
a,at, B, Bf. This then reproduces eq. (3.70).
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implies by hermitian conjugation
[HB7 Qu] = _QVQV' (3.89)

Thus, to every eigenfrequency, the negative eigenfrequency also belongs to the spectrum. Thus,
without loss of generality3? in the following we will assume that

Q, >0, (3.90)
otherwise we just exchange the respective @Q,, Q,T,. The next point is that all the commutators

Q@1 1.,,Q] [Qu, Q] (3.91)

are pure numbers. This is due to the fact that all operators considered in this context are by
construction linear in B, B, a,af. We denote these numbers as

[QLaQM = Muu? [QanZ] = Nuv; [quQV] = Ow/- (3-92)

Up to now these numbers are arbitrary; one can, however, put the equations of motion to some
good use. Consider

200,01 “E® Q. [Hs, Q1] (3.93)
e W Hp, Q) Q)] - (@, [Qu, Hal (3.94)
= [Hp,Nw|+[Q), [Hp, Q] (3.95)
=0 =—0,Qu
= Q,[Q. Q. (3.96)
In other words:
(Q, —Q,)Ny =0 (no sum over p,v). (3.97)

If all eigenvalues are distinct and non-zero then eq. (3.97) implies that N, is diagonal. Since
the gRPA equations are homogeneous equations, we may now normalize the amplitudes in such
a way that33:34

Ny = 6. (3.98)

32We will see later on in sec.3.3.10 that the assumption that the eigenenergies of the modes are real already
implies that we are dealing with a stable mean-field solution.

33In [RS80] it is stated that one can show that N, is positive if one is considering a positive definite Hessian
at the stationary point of the mean-field problem; a possible proof of this statement works as follows: only if the
Hessian is a positive matrix it is guaranteed that all eigenvalues Q? are positive. This has been assumed so far
(e.g. how we concluded that for every positive frequency there is also a negative one etc.); thus we know that
the system is stable. Knowing this, we can argue as follows: we know that [H,Q}] = 0,Q},[H,Q.] = -Q0.Q.
and [QV,QI/] = N.6,,. From this we conclude that the Hamiltonian has to look like H = 3 (0 /N,)Q1Q..
Now we can study two different scenarios, namely N, can be positive (we call the set of v for which this is true
v4+) or negative (correspondingly v_). In order to have the usual creation/annihilation commutation relations we
have - for v € v_ - to interchange ’creation’ and ’annihilation’ operators; for clarity, we introduce new letters
for them, ie. for v € v_,Q, — P},Q} — P,. Now we normalize Qs and Ps s.t. for v € vy, N, = 1 and for
v € v_,N, = —1. The Hamiltonian then reads H = Zyey+ Q,,QZQV + ZVGL (le,)PJPV + const. But here we

see that we are dealing with a rather unstable system: the more modes are generated by P, the lower the energy
becomes. This cannot be true, however, since we know that we started from a stable system (with all frequencies
real) ! Thus v_ has to be empty.

34This relation has also as its consequence that the states generated by QL,QZ from the gRPA vacuum (cf.
footnote 18) are indeed orthogonal: (RPA|Q.Q}/RPA) = (RPA|[Q,Q}]RPA) = {|[Qu, Q}]]) = 6. where we
have used the second gRPA approximation in the next to last step [RS80].
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The same procedure can be carried out for M,,,,0,,. We derive in analogy to eq. (3.97):
(Q, +9Q,)M,, =0, (Q, +9,)0,, =0, (3.99)

where again no sum over double indices is performed. From this we conclude, again if there are
no zero modes, that

M, =0 O, =0. (3.100)

Thus, under the aforementioned conditions, the normal modes satisfy ordinary c¢/a commutation
relations. To arrive at this, we have indeed used both gRPA approximations, since the basic
ingredient was that Q' is a one-particle operator (first gRPA approximation) and that all the
commutators of a,a’, B, BT are pure numbers (quasi-boson approximation).

Using the fact that the normal modes satisfy ordinary Bose commutation relations, we can
automatically write

Hp = Erpa + Z 2,Q1Q,. (3.101)

The sum over v extends over all positive semi-definite €2,,. The constant Erp4 can be determined
as usual, cf. [RS80], namely by requiring

(Hp) = Emr. (3.102)
Using . X
(@QLQu) = 5 D 15V g P + D121, (3.103)

with Y{” b= Y . +Y! this gives

mae
1 1 v 2 V|2
Erpa=Emr — ZQV (5 Z !§Y{mi}\ + Z |ZY | > . (3.104)
14 me 1

A similar expression can be obtained in nuclear physics [RS80] but without the appearance of
|z} 2.

3.3.8 Zero Modes - Preliminary Discussion

We are now in the following position: we have a mean-field vacuum that breaks a certain sym-
metry. Our class of gRPA excitation operators is s.t. the generator of that symmetry (or at least
its quasi-boson approximation) falls into this class. If we can show (and this will be done below
in sec. 3.4), that the quasi-boson approximation of the symmetry generator I'g commutes with
the quasi-boson approximation of the Hamiltonian Hp , i.e.

[Hp,Tp] =0 (3.105)

we have approximated the symmetry and the dynamics in a consistent manner: the approximated
symmetry is an eract symmetry of the approrimated dynamics®®. One should note, however,
that eq. (3.105) can also be read in a different way if one compares it to eq. (3.88): the symmetry
generator is a zero-mode solution of the gRPA equations®0. This is clear as soon as eq. (3.105) is
satisfied.

350ne should note that the symmetry generated by I's need not be the same as the symmetry that is generated
by I' as we will discuss in sec. 3.4.

361t is the main advantage of this approach over the approach via the time-dependent variational principle that
this connection is so explicit.
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3.3.9 Further Discussion of Zero Modes

In the nuclear physics literature it is well-known [MW69] that the appearance of zero-modes,
despite being welcome in our case, leads to all sorts of problems, especially that the solutions of
the gRPA equations no longer form a complete set3”. Marshallek et al. [MW69] however pointed
out that the problems one has are actually an artifact of the creation/annihilation operator
formalism. We want to give a very primitive illustration of their point: one can write down a
quantum mechanical oscillator in two equivalent forms (we have set the mass equal to one for
simplicity):

2 2
p wWo o

H = —+ — 3.106
1

_ w(aTa+§), (3.107)

where w denotes the frequency of the harmonic oscillator. If we now send the frequency to zero,
something seemingly strange happens:

2 2 2

P w 2 w—0 P

—_— —_— pu— _— .1
R . (3.108)
%(aTa+1) “2% ¢ (3.109)

If one now looks at the transformation from canonical to c/a operators, one begins to see more
clearly:

V3 5P 5P (3.110)

a=4/=
a' == — — = - 3.111
\/; \/2wp \/2wp ( )
(3.112)

and if we take this small-w behaviour into account, there is actually no paradox3®, since

- 1 2
Zala 20 L (—=yp2 =L (3.113)

> PAVALEACE
This is actually the solution of the problems involving zero modes: one puts the system into
an external field, s.t. there are no zero modes any more, since the external field®® breaks all

37In nuclear physics this is a problem since one there cannot prove that the Hamiltonian can be written as a sum
of Q1Q,. Completeness is lost in the following way: we have seen that from every solution of the gRPA equations
we can form another solution by considering the adjoint operator, therefore the solutions to the gRPA equations
always come in pairs. In the case of zero modes, this is not necessarily true any more, since now the ’excitation
operators’ that we find may be hermitian; thus, by considering the adjoint, we do not get a new solution. In fact
this situation is the usual case for zero modes, since in sec. 3.4 we will see that the excitation operators for the
zero modes are just the symmetry generators, which are hermitian. In our previous discussion in sec. 3.3.7, we hit
upon the problem from a different direction; we saw that only if there are no zero modes in the spectrum we can
show that the excitation operators can be considered as independent oscillators.

380ne should note that, in this limit w — 0, no new information can be obtained by considering the adjoint of
al.

39The external field can in fact be engineered just to do that, and this works as follows: we solve the gRPA
equations and determine all modes available. The operator belonging to the zero mode will be known beforehand
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symmetries. One diagonalizes the Hamiltonian into a set of harmonic oscillators using canonical
coordinates, and at the end sends the external field to zero. Then the would-be zero modes
indeed become zero modes with the correct operator representation, namely p?, and the non-zero
modes can be rewritten using creation and annihilation operators. As a last comment on this
topic, one should keep in mind the following: since we already have some prejudice about the
zero mode operators (as the symmetry generators), we cannot just choose their mass to be one
as we did in the example. We will rather have to allow for a mass tensor, and this will be dealt
with in section 3.5.

“Now, Watson, confess yourself utterly taken aback,”
said he. “I am.” “I ought to make you sign a paper
to that effect.” “Why?” “Because in five minutes you
will say that it is all so absurdly simple.”

Sherlock Holmes, The Dancing Men

3.3.10 p-q Formulation of gRPA

We have seen that at least three formulations of the generalized Random Phase Approximation
of bosonic systems are available. In this paragraph we want to add one more, since it simplifies
the treatment of those Hamiltonians we set out to consider, cf. eq. (3.32). Since we start from
the gRPA formulation using quasi-Boson operators, the whole treatment is only valid for the
mean-field vacuum representing a solution of the Rayleigh-Ritz variational principle (at least
w.r.t. variations of ¢ and 7). In this section we assume that the mean-field vacuum is a solution
of the Rayleigh-Ritz variational principle w.r.t. all parameters ¢,7,%, G. We consider linear
combinations of a,al and B, Bf, s.t.

— L4 — (gl —
sz‘ — E(Bmz + Bmz) Pmi - E(Bmz - Bmz)
They fulfil the usual canonical commutation relations:
. i
[qmapn] = 16nm ; [sza Pn]] = 5(67717161] + 6m]5nz) (3115)
and [QWHQ’IL] = [pmapn] = [Qmi:an] = [Pmiapnj] = 0. (3-116)

- it is just the quasi-boson approximation of the (known) symmetry generator, which is usually a hermitian
operator, and so will be the operator associated with the zero mode. One then constructs a canonically conjugate
variable, s.t. [¢,p] = i and ¢ commutes with all other creation/annihilation operators, and adds a term w?q¢® to
the Hamiltonian; this will lift the zero mode to a finite frequency. By this construction, only the zero mode will be
lifted and nothing strange will happen to the other modes. Two points should be mentioned: first, the construction
of a canonically conjugate coordinate to a such a generator is only possible in the gRPA context, since we will
see in sec. 3.4 that the symmetry we have in mind will be reduced to an Abelian symmetry; if we would still have
the non-Abelian symmetry this would not be possible (the problems with the construction of ’angle operators’ in
nuclear physics are well-known, cf. e.g. [TI98]). As a second point, one should mention that in a quantum field
theory there might be problems with breaking gauge symmetries in intermediate steps. Since we have indicated
here only a formal construction, it is not easy to see where these kinds of problems might surface.
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If we now rewrite the Hamiltonian Hp in terms of these new operators, we obtain a complicated
expression where the real and imaginary parts of the matrices A, ..., F' are separated. We can
now put to use that we have computed the matrices A, ..., F' above; we have found that

1. A,C, D are always real
2. C=-D

3. B, E, F may be imaginary; however, as this imaginary part is due to 3, and in the theories
under consideration?’ at the stationary point ¥ = 0, the imaginary parts of B, E, F' vanish.

4. As a matter of fact, F¥ vanishes altogether at the stationary point.

5. A last simplification is that one may decompose B = B! + B?? and, using this notation,
we have A = —B?2,

Using this information, the Hamiltonian simplifies considerably:

— / . 1 L L . 1 L L
Hp = E + Qnlensz(Bnqum Anl]1n2j2)+Pn1]1P”l2]24(B”l1]1n2J2+An1]1”l232)

+ \/iinjquQDnljl'nQ + %Fnﬂbl (qn2qn1 +pn2pn1)

(3.117)
and can even be written in a nice matrix form:

1 L(Bnijinajs + Anvjinaja) 0 Po,j

— / - . 2 nijin2j2 nijinzj2 n272

H=E + (P pnl)( 0 P, .~

1 1( By ivnais — Anyiinais) V2D, : Qn.i

+ = . 2 nijin2j2 nijinzj2 nijinz n2j2 ,3.118
3 Qo ) (= o i i ) (11s)

where E’ is a constant that has to be chosen s.t. (Hg) = Ejpp. This is a viable starting point
for proving the equivalence between the two gRPA formulations*!. We will rewrite eq. (3.118)
into a Hamiltonian that leads to the same eigenvalue equations as does the Hamiltonian of the
small-fluctuation approach given in eq. (3.29). From this we will conclude - since we have both
times the same matrix to diagonalize - that the spectra of the Hamiltonians of the two approaches
are identical, and we will see a correspondence in the eigenvectors. For this purpose we note the
following:

1. We start with the term quadratic in p, P; there we have

(B + A)"1j1"2j2 = (BH +B* - B22)n1j1n2j2
1 - - - —
B Z(Gn11n26j1j2 + Gnll]'z(sjln2 + Gj1’11126n1j2 + Gj1;26n1n2)
1. I B
= (GUnim Uit GUnoms Uit (G Dy inmais (3.119)
and
1 1
Frgny = (—=Up b ) (—=Un b Vomam (3.120)
2Nn1 \/5 na2ms2 \/5 nimai 2m1

“0This excludes the cranking Hamiltonian as it was defined in eq. (2.155) (Her = H — [ d*zw®(x)T'*(x) where
H is the Yang-Mills Hamiltonian) here, since it is not of the form given in eq. (3.32).

“1Here the formulation using the quasi-Boson operators and the formulation originating from the time-dependent
variational principle are meant.
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This suggests that one should introduce new momentum operators

1. _
P = §Un11m1 U i Pouir (3.121)
1
P = P - (3.122)
2. Now we consider the term quadratic in ¢, @; there the observation
11 6 6 -1
Brming = Umia Uika Unea Uik g == 52— (@)
0 0
= 88Uk, Uiko Unka Uity ——— 3.123
mk1VikaUnksVjky 6Gk1k2 6Gk3k4 ( )
(where T denotes the kinetic energy %7712) is useful. Then one can rewrite
(B - A)minj = (BH +B* — (_322))minj
1) 1)
= Bt + 2% AUps, Uity Unkea Uy ——— 1%
ming T2 mky ke Ynky ™ gk 5Gk1k2 5Gk3k4< >
0 0
= 8Umk Uiy Unks Ujky ——— (H). (3.124)

6Gk1k2 6Gk3k4

Next, one can put to use both the stationarity condition, the identity eq.(D.19) from
appendix D and the fact that the kinetic energy (%Wf) is independent of ¢:

1 1 1) _
P = 363 =3 (s0,7(0)) Ui
) 6
— 4 T — 4 H—
<5Gk1k2 < >) UklnlUk2n2 <5Gk1k2 < V>> Uk1n1 ngng

$.p- 6 B 62
= 4 (5Gk1k2 <V> Uk1n1 Uk2n2 =2 5(5k1(5(5k2 <V> Uk1n1 Uk2n2
62
= 2| ——H) | UkynyUkon 3125
(6¢k15¢k2< >) kini ¥ kanz ( )

where we have used that the mean-field vacuum is a stationary point (s.p.) and thus
6(H)/6G = 0. This now suggests introducing new coordinates as well:

leil = 2Un1m1 Ujlilinjl (3126)
Dy = V2Unimin, - (3.127)
3. One should note that the newly defined coordinates and momenta still fulfil the canon-

ical commutation relations eq. (3.116); thus, the new definitions amount to a canonical
transformation that leaves the dynamics unchanged.

We therefore end up with a Hamiltonian where the matrices in the quadratic forms are identical
to those appearing in the Hamiltonian of the small-fluctuation approach

H=E + P)(l 0 )(p)+1( Q) 5s g (q)
) AN CPAY AR Y- - DAL 2
(3.128)

>
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since H = (H) as defined in egs. (3.8, 3.15). As a last point, we want to show that the eigenvalue
equations that result from the Hamiltonian given in eq. (3.128) are identical to egs. (3.27, 3.28).
This is in fact quite simple; since the excitation operator QJL is a linear combination of B, B, a, a'
one can write it just as well as a linear combination of ¢, @, p, P or q,Q,p,P. Thus, we may
write

QITJ - Z( Zusz + PrlrjziPmi) + Z(‘ﬁ%qm + ﬁ;/npm)' (3‘129)

mi m

We can now use the gRPA equations eq. (3.88) to derive the eigenvalue equations: we insert
eq. (3.129) and eq. (3.128) into [HB,Q,T,] = 0,Q) and compare the coefficients of the various
operators q, p, Q, P. The resulting equations are then easily expressed as

52H §2H . . ~ q
5Fmodms 5m8Cm sy (G]l)mln;mzlz ~q512 _ QQ 951 3.130
627_{ 627_{ lQl/ v l v ( * )
6Gmibpmy  0GmidGmy iy (Gl)mlil;mﬂé 2% imaiz} 27 {mi}

and

e __en » »
6?%”7j¢m2 6¢5"§(;fm2i2 1 !):12 =02 ?T .
(CVmismiis 55 sgme (G mismiin 56, 560 3 msia) 3 mi)
(3.131)

These equations are now identical to egs. (3.27, 3.28), only the components of the vectors have
acquired new names:

-, 1=, L, 1=,
66 — pr, ;3 0G — EP{W} and 67 — ¢, ; 60X — EQ{W}- (3.132)

Thus, we have proven that the two different approaches to the generalized RPA, namely the small-
fluctuation approach from the time-dependent variational principle, and the operator approach,
give in fact the same spectrum of possible excitations. Now the comments made at the end of
sec. 3.2 carry over to the operator formulation of gRPA: if the stability matrix of the mean-field
problem is positive, all ’eigenvalues’ Q2 are larger than zero, and thus all Qs are real; if we are
not at a minimum of the energy with our choice of the mean-field vacuum, the stability matrix
will also have negative eigenvalues, and thus we will obtain complex conjugate pairs +i[€2,|. As
long as we have real ’eigenvalues’ €, in the gRPA problem, the minimum under consideration
will be stable at least w.r.t. small fluctuations. One should note that this relation was of some
importance in footnote 33.

3.4 Conservation Laws in the Generalized Random Phase Ap-
proximation

In this section we want to demonstrate how conservation laws of the full theory are
translated into the generalized RPA approximation of that theory. We only study con-
servation laws that are based on symmetries generated by one-body operators. The
important point is that the commutator of the quasi-boson approximation of a general
one-body operator with the quasi-boson approximation of the Hamiltonian is related to
the mean-field expectation value of the commutator of the full operators.

In this section, we want to show how conservation laws (expressed as [H, O] = 0) translate into
the gRPA formalism where the operators H, O are replaced by their quasi-boson approximations.
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For this purpose, we start by considering the commutator of the quasi-boson approximation I'g
of a general one-body operator I' with the Hamiltonian in quasi-boson approximation. It will be
possible to relate this commutator to the commutator of the unapproximated operators as could
also be done in nuclear physics*? [MW69]. For a general one-body operator I'

D =To+T0af +T%,, +T2, af af +T% anan, +TL, al a (3.133)

ni nl ninz TL1 TL2 ning n1 n2

we write down the quasi-boson approximation I'p
1—‘B = 1—‘O + (F:L? ILl + FOl an1> + \/_ (Fggng B;TLan + F(T)LZlTLQ Bn1n2> ’ (3134)

and take the quasi-boson approximation for the Hamiltonian given in eq. (3.87). We obtain for
the commutator

_ 1 . 10 01 20 02
[HB’FB] - _TBnljl (Cnljlmlrml + D”l]lmlrml + Anl]lmlmQlemg + Bn1]1m1m2rm1m2)
t * ot * 10 * 02 * 20
+ \/§Bn1]1 CmJ1m1 mi + Dn1J1m1 le An1]1m1m2rm1m2 + Bn1j1m1m2 F77%17712

_anl (En1m1F10 + Fnlmlrm FZO lemgnl 1-102 D* )

mimsa mima = mimani
+a'n1 (E:lelr()l + Frtlmlrlo + F?r%lmgc:nlmgnl + F%r(l,)lngmlm2nl) .
(3.135)
By formulating the generalized RPA in terms of the quasi-boson approximation, we restrict
ourselves to reference states that satisfy the Rayleigh-Ritz variational principle*®. We now insert
the definitions of the matrices A, ..., F' as expectation values of double commutators of the exact

Hamiltonian with the creation/annihilation operators, and note that upon usage of the Jacobi

identity
([aly alys [Hyal M) = (laf,, [H,al, al,, ], (3.136)
([am, amg, [H, a;ﬁJD = ([alla [H, amy amy,]]) + 0nymy ([H, @my,]) + 6nyms ([H, am, 1), (3.137)

where again at the stationary point we can drop the last two terms. In order to see how one
proceeds, take the first line of eq. (3.135)

Briji (Crajimi Do + Dy juma Dok + Ay jimama T2 o+ By jimaims Do, ) - (3.138)
It is now written as
Bus (([ah,al,, [H, al, VTR, + (af, al,, [H, @y DT, + (af, al,, [H,af,, ol T2,

{lah 0l [H, @ 0 DT, )
= By (laf,al , [H, TR al, + T am, + T2 al, af, + T2  am, am,))

mi m1 mim2 ml m2
= Bn1]1<[ Ill ]17[H F F _F71T11m2 mla’m2]]>
= By (([al o], [H,T])) =T, (ol ol [H, al, am,)]) ). (3.139)

Q)
“Further interesting developments can also be found in [Mar77].
“3For the equivalence of the second gRPA approximation and the quasi-boson approximation it is only necessary
that (H) be stationary w.r.t. variations of 7 and ¢. However, we need the stationarity condition w.r.t. G, X later
on anyway, so we just assume here that our mean-field vacuum satisfies the Rayleigh-Ritz variational principle.
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Now consider (x):

02 02 02 02

<[a’ILla’;1’ [H) ainla’mZ]D = - (Hn1m16j1m2 + Hj1m16n1m2 + Hm1n16j1m2 + Hm1j16n1m2) N (3140)
However, it can be seen by explicit computation that at the stationary point H%? = H?? = 0,
since H*® can be written in terms of derivatives of (H) w.r.t. G and %, cf. eq. (3.43). The other
three lines in eq. (3.135) can be treated identically. A slight difference in the treatment will be
necessary for the terms multiplying a,, al, in eq. (3.135), since there the term additional to the
desired commutator is not ([alla;-l, [H, ainlam2]]> but <[ai“, [H, ainlamQ]D. However, by a simple
computation one sees that it is related to H'°, and will therefore also vanish at the stationary
point. Thus, we can conclude

[Hp,Ts] = —J5{lahal,, [H.T)Buj + J5{lanaz, [H,T)BY,

~([aby, [H,T]))an, + {[an,, [H,T]])al, (3.141)

+terms that vanish at the stationary point.

One should note that

e the treatment has been general in the sense that I' is an arbitrary one-body operator. If
in the full theory [H,T'] = 0, this obviously implies at the stationary point [Hp,I'g] = 0,
i.e. a conservation law in the full theory (where the symmetry is generated by a one-body
operator) translates into a symmetry of the theory in quasi-boson approzimation.

e the stationarity condition has been used several times; if we are not at the stationary
point, some of the terms neglected above do not vanish, i.e. [H,I'] = 0 does not imply
[Hp,T'g] = 0 away from the stationary point.

e in sec. 3.3.6 we have given our construction principle for the quasi-boson approximation of
a general one-body operator. One can give also a closed formula for this. If O is a general
one-body operator, its quasi-boson approximation reads

1 1
O = (0) = —=(lala], O)By; + = ((aiaz, ODB]; - ([al, Oai + (ai, Oal.
Thus, if [H,T'] is a one-body operator, [Hp,I'g] is the quasi-boson approximation of that
operator?* as can be seen by comparing eq. (3.141) to eq. (3.142).

(3.142)

e from eq. (3.142) it is clear that if both O and O annihilate the mean-field vacuum, the
quasi-boson approximation of @ will be zero ! Thus, in order to have a non-trivial zero
mode solution of the gRPA equations the mean-field vacuum has to be deformed.

We conclude that our main point of interest, namely the restoration of symmetries, is satisfied
only if the reference state that we use to define the creation/annihilation operators is a stationary
point of the time-independent variational principle.

Another word of caution is appropriate here. We have seen in this section that generators of
symmetries of the Hamiltonian stay (upon quasi-boson approximation) generators of symmetries

4 Apart from a possible constant part ([H,T7).
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of the quasi-boson approximated Hamiltonian. Thus, symmetries stay symmetries, but the sym-
metries themselves may change. This can be seen by computing the commutator of two general
quasi-boson approximated one-body operators. One can use eq. (3.142) to determine

(OB, Pg] = ([O,P]). (3.143)
In the case of Yang-Mills theories, we would obtain for the commutator of the Gauss law operators
L%, T] = (L%, T7]) = if**(T°). (3.144)

At the stationary point, however, we have®® & = ¥ = 0 as was discussed in sec. 2.3.4, thus
[T%,T%] = 0. (3.145)

In other words, the quasi-boson approximation has reduced the non-Abelian SU(N) symmetry
to an Abelian U(1)V -1 symmetry. This is a phenomenon also well known from perturbation
theory.

3.5 Moment of Inertia

In this section, we want to show how one can compute the contribution of the operators
generating zero modes to the Hamiltonian in quasi-boson approximation. In order to be
able to do this, we need a quantity called 'moment of inertia’. We will be able to give a
rather explicit expression in the case of Yang-Mills theory in the perturbative limit.

3.5.1 General Discussion

From the discussion in sec. 3.3.9 we saw that we can in general write the Hamiltonian in quasi-
boson approximation as .
Hp=Y Q.Q/Q,+ > =P 3.146

B V;’_ VQVQV VEZVO 9 v ( )
where {v;} denotes the set of modes with positive 2, and {1y} denotes the set of zero modes.
However, quite often an alternative expression to eq. (3.146) in terms of symmetry generators is
useful. For this we have to recall that if our reference state is a solution of the Rayleigh-Ritz
equations, and if the symmetry generators under consideration are one-body operators, then
the quasi-boson approximations I'4 of the symmetry generators commute with the quasi-boson
approximation of the Hamiltonian. This implies that they are zero mode solutions of the gRPA
equations. If we now assume that there are no ’accidental zero modes’, i.e. the whole space of
zero modes is spanned by the I'4s, then we can write the P,s, v € {1y}, as linear combinations
of the I'gs, and ) . (o} P2 becomes a quadratic form in terms of the I'4s. The advantage of
this alternative expression is two-fold: first, in general the quasi-boson approximations of the
symmetry operators are known. Second, the expression one obtains is (physically) more trans-
parent, and can be more easily compared to other frameworks like e.g. the Kamlah expansion.
The general dependence of Hp on the generators I'y, will then be?6

1
Hpom = 5F“B(M*1)“bri’g, (3.147)

%5In Yang-Mills theory, we usually use & instead of 7 to denote the expectation value of the canonical momentum.
“®Hp .m means ’that part of the Hamiltonian in quasi-boson approximation that only contains the zero mode
operators’.
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where M is the moment-of-inertia tensor, and Einstein’s summation convention is also used for
the indices a, b which are employed to label the different symmetry generators I'Y;. We cannot (as
we have done in preceding discussions where masses were set to 1) 'normalize’ M ’away’, since
the normalization of I'} is fixed by its very nature of a known operator?”. Thus, in this section,
we will see how one can actually compute the moment-of-inertia tensor, cf. [RS80]. We have seen
in sec. 3.3.9 that in cases of appearances of zero modes one has to pass to a description of the
oscillators in terms of canonical coordinates*® and momenta (which we have done above). This
actually allows to determine the moment-of-inertia tensor. We assume that we can construct a
set of coordinates ©%, s.t.

0%, T%] = i6™, (3.148)

and which commute with all other normal modes. Since we already know the form of the part
of Hp that is not supposed to commute with © 5, we also require*’

(0%, Hp] = iM®T%,. (3.149)

As a matter of fact, the usage of the equations is opposite to their motivation. This has its
reason in the number of equations that are actually provided: we start by making an ansatz of

©% as a generalized one-body operator in quasi-boson approximation®’:

aB = %;miQmi + G%anpml + @Z;mqm + @Z;mpm (3150)
whereas in general I'p reads

In the latter case the coefficients are obviously known. We now insert egs. (3.150, 3.151) into
eq. (3.149), and compare coefficients. This gives in general four equations, and allows to determine

aQ;mi, Pomis Ogms Op.m In terms of M1 and the coefficients of I'g. If we now insert the thus
determined coefficients of ©p into the one equation that results from eq. (3.148) we obtain an
equation of the type

(Mhyaene — j5ab, (3.152)

where A is a matrix given entirely in terms of the matrices A, ..., F' and the coefficients of I'p.
Thus, one has to invert the matrix A in order to obtain the correct kinetic term for the zero
modes. One should note that the logic is just the other way around from what one would expect,
namely that ©p is defined via its commutator with I'g. However, for a proper definition of
Op we also need the fact that it commutes with all the other normal modes. These general
considerations find their application to the specific case of Yang-Mills theory in the next section.

“TIf the original symmetry generators (before the quasi-boson approximation) were generators of a non-Abelian
symmetry, their normalization is fixed by the commutation relations.

“8Let us once again mention that the reduction of the non-Abelian to an Abelian symmetry (in the Yang-Mills
case) in the quasi-boson approximation seems to be essential since otherwise one cannot construct canonically
conjugate ’angle’ operators fulfilling the canonical commutation relations [TI98].

49We assume here that the moment of inertia tensor is symmetric, which is at least true for the case of Yang-Mills
theories, since there [I'%4,T'%] = 0.

50The usage of the p-q formulation as in section 3.3.10 will be useful in this context.
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3.5.2 Yang-Mills Theory

We have repeatedly emphasized that the quasi-boson formulation works properly only if the ref-
erence state fulfils the mean-field equations (the parameters are such that 'the energy functional
is at its stationary point’). In Yang-Mills theory without a cranking term this leads automatically
todl

e=0 and X =0. (3.153)

This simplifies the expression for the Gauss law operator considerably, since, when we insert
these results into the expression given in Appendix C.4.2, we obtain®?

T = T pmiPmi + Ty mbm = (DH(x))55 (x1, %2) P (x1,%2) + (T (%))7 (x1)p7 (x1) (3.154)

with

1 1) TN
(THx))ot (z1,22) = 5(w<D?&HEx>) (U H (Uit (3.155)
X1X9
1 5 e B
(Tp(x))0 (1) = ﬁ<5éa1 <D§z’fiﬂfx>) (UHgm"™, (3.156)
liy1

where we don’t integrate over x. Further remarks on notation can be found in footnote 52. One
should note that all double indices are summed over except for x | Inserting eq. (3.150) into
eq. (3.149), with the Hamiltonian given in eq. (3.117), we obtain (apart from O@p = ©, = 0)

0 F_. — (M—l)abl—‘b‘
gm= e _ 3.157
aQ,miBimlinj = M 1)abF§D,nj, ( )

where we have used the properties of the stationary point, i.e. the matrices A, ..., F' are all real,
etc. (cf. sec.3.3.10). We invert the second line in a way that will be discussed below in some
detail. Let us only mention at this point that (B!')~! is defined by

1

((Bll)_l)ilmljml (Bll)jlmiﬂnz = 5(6i1i26M1m2 + 5i1m26m1i2)' (3'158)

We insert the result into the normalization eq. (3.148) and obtain

(M (06 1 (F )Tl 25 (B min Th) ) = 6, (3.159)

which bears some resemblance to the expression obtained in nuclear physics [RS80], especially
if one notes that (BM),inj & (A + B)min; and Fj; o< (E + F);; at the stationary point. Unfor-
tunately, we cannot read off an explicit expression for (M~1)? from this in general. However,

51We use the standard Yang-Mills notation for parameters of the wave functional etc. as they are also used in
Appendix C. At some places there will therefore be deviations from the 'generic field’ notation of the rest of this
chapter.

52 In this section we have to give up the super-index notation used until now in some places; instead of one
super-index, the operators p will carry three (colour, spatial, and position index), i.e. pm — pi—’(x) where b is
the colour, i the spatial, and x the position index, and correspondingly for P,;. In this context, also the index
a carried by I' has to be re-examined; in fact it is also a super-index, consisting of a colour index a, and a
position index x: I't — I',(x); the same applies to the super-indices that are carried by the moment-of-inertia
tensor: M — M (x,y). Having clarified this, in the more formal parts of this section, we will still stick to the
super-index notation, since otherwise the formulas will become unreadable.
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we can go back to perturbation theory to make an evaluation. We note®® that I'% is, in the
perturbative scaling scheme given in appendix A.5, of higher order in ¢g than®* I';. Thus, we just
compute the leading order piece of the moment of inertia:

(M0, y) ((T50)) 2 () (F )00, (,2) (T () (72) ) = —(DD)(2) (M) (2, %)

!

= %6, (3.160)

From this we conclude that the leading order piece of the moment of inertia in a perturbative
expansion is just the Green’s function of the covariant Laplacian in the background field A:

_1yab a
(M) = —GR(x,y) + O(g%) (3.161)
with o
DD G (x,y) = 6“6y (3.162)

Obviously, in the case of a vanishing background field, we obtain Coulomb’s law:
3 b 6ab 1

MY = 3.163

M =3 x -yl (3169)
We have now to discuss one point that was passed over before, namely the existence of (B!1)~!
in the sense defined in eq. (3.158). One can combine the indices m,i and n, j into a super-index
each, and calculate the determinant of B'!; it turns out to be zero. This is, however, only a
problem at first sight, since it turns out that with the same prescription for the indices the
RHS of eq. (3.158) has also a zero determinant. In the following, we call the RHS of eq. (3.158)

Wiliomims- Writing suggestively

11 — . . ) . . . ) .
Bi1i2m1m2 - lFllml 6l2m2 + 1F11m2 612m1 + 1F112m1 611m2 + 1Fl2m2 611m1 (3 164)
Wil’i2m1m2 = Zéilml 6i2m2 + 16i1m2 6i2m1 + Z(sile 6i1m2 + Zéigmg 6i1m15

we see that W has the same structure as B!, in fact it is just a special case with F;; = %&j.
This motivates the idea that both B! and W could have the same kernel. Since we know that F
is symmetric, and has positive definite eigenvalues®®, F' itself has an empty kernel; the kernel will
consist of objects carrying two indices (not yet combined into one super-index). These objects
come in two types

i —— L (antisymmetric) L% = pba (symmetric). (3.165)
The first span the kernel of both W
Witigmym, L™ ™2 = L2 + [21 = (3.166)
and B':
B mymy L™ = Fiyn (L™ 4 L=™) 4 Fipp (L™ 4 L) = 0. (3.167)

We see also that for symmetric L no new zeros are produced: the entire kernel is spanned by
objects antisymmetric in the two indices, and therefore one can give an inverse of B! in the
subspace of symmetric objects®®. One can define a basis for this subspace, and obtain a new B!

53This can be read off the expressions eqs. (3.155, 3.156) together with mean-field expectation value of I'*(x)
given in eq. (2.123).

54For the purpose of counting powers of g, we take A to be of O(g™'), s.t. D is completely of O(g°).

55This is so, since F' is directly connected to the kernel G™* in the Gaussian wave functional, cf. eq. (3.78).

56In this context one should note that both ©% mi and I'p ., are symmetric, thus considering the subspace of
symmetric objects is sufficient.
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defined solely in this subspace, but we refrain from commenting on the procedure further since
we would need it only if we wanted to calculate M~! to higher order in g.

3.5.3 Energy Contributions of the Zero Modes

We have discussed in some detail that zero modes cannot be treated via the ordinary cre-
ation/annihilation operator formalism; they have to be treated with the help of canonical coor-
dinates and momenta. This changes their contribution to the gRPA vacuum energy. The gRPA
energy in eq. (3.101) was fixed s.t.

(Hp) = EnF. (3.168)

Since now Hp no longer only contains oscillator modes but looks like

1
HB:ERPA+§F“B(M )+ Y 0QlQ., (3.169)

ve{vy}

where {v; } denotes the set of modes with positive Q,, eq. (3.104) becomes in this context

1 a ab b 1 1 v 2 V|2
Brpa = Byr = 5(T(MT)Th) = >, <§ZI§Y{W}\ 217 B17)

ve{vy}

which is again similar to the result obtained in nuclear physics [RS80]. We obtain an energy
correction to the mean-field energy due to the zero modes that is very similar in structure to
what we obtained in the second order Kamlah expansion®”:%%, cf. eq.(2.303), but also with an
important difference: the energy contribution which is due to the zero modes (and thus ultimately
due to the deformation) is subtracted off after variation of the mean-field vacuum wave functional,
and not before, as in the case of the Kamlah expansion®®; therefore, the determination of the
parameters of the mean-field vacuum is not influenced by the correction.

"Have you anything positive to tell him?’ - I think
so.” - You have formed a conclusion?’ - ’Yes, my

dear Watson, I have solved the mystery.’
Sherlock Holmes, The Three Students

3.6 Summary and Conclusion

Let us shortly summarize what has been achieved in this chapter, and which problems remain to
be solved. We started by considering the formulation of the Random Phase Approximation that
has been the usual one to date in field theory, namely the one which is derived from the time-
dependent variational principle. We then turned to the operator formulation that is common in
nuclear physics. We demonstrated that this approach can also be implemented in a bosonic field

5TIf we integrate partially twice in eq. (2.303), we see that the energy correction in the second-order Kamlah
expansion (to the order in g considered) is given as —1 [ d®z1 d®z2 (—GY (x2,%1))(T* (x1)I°(x2)).

%81t is also very similar in structure to the so-called *Thouless-Valatin term’ proposed in [HMVI98], [HIMV00].

% Also in the Thouless-Valatin method, the Thouless-Valatin term is subtracted before variation [HMVI98],
[HIMV00].
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theory, but that the class of excitation operators to be considered has to be larger than in nuclear
physics; namely, one has to also allow for terms linear in creation/annihilation operators of the
fundamental boson fields. It turned out to be possible (at least for a certain class of Hamiltonians
with standard kinetic term) to prove the equivalence of the operator formulation to the formula-
tion starting from the time-dependent variational principle. Then we demonstrated that, in the
absence of zero modes, the gRPA Hamiltonian is just a collection of harmonic oscillators. The
zero modes required special attention, but the problems could be solved along lines parallelling
nuclear physics. We then considered the question of how conservation laws of the full theory
translate into conservation laws of the theory in generalized Random Phase Approximation, and
saw that, at least in the case of symmetries generated by one-body operators, existence of sym-
metries in the full theory implies existence of symmetries in the gRPA-approximated theory,
although these symmetries need not be the same; in Yang-Mills theory, the generalized RPA
only carries an Abelian symmetry. As a last point we investigated the difference between the
mean-field energy and the energy of the gRPA ground state with special emphasis on the energy
contribution of the zero modes. For this purpose we had to calculate the moment-of-inertia ten-
sor which (at least to lowest order in perturbation theory) turned out to be the Green’s function
of the covariant Laplacian in the background field at the stationary point.

To put the method into perspective, let us summarize the main positive and negative aspects:
on the positive side, we first have to mention that in the generalized RPA only energy differences
w.r.t. the ground state are computed. This simplifies matters, since that part of renormalization
that is usually done by normal-ordering is automatically taken care of. This brings us directly to
the second point: energies of excited states can be computed. This is usually very difficult if one
relies upon e.g. the Rayleigh-Ritz principle. The most important point, however, is the effective
implementation of the Gauss law constraint. Even though the gauge symmetry is broken in the
mean-field treatment, the unphysical excitations generated by the (gRPA approximated) Gauss
law operator (in the sense of footnote 17) are orthogonal to to all the other physical excited states,
which is almost as good as if they didn’t even exist. But there are also a number of drawbacks
of the method presented. The first has to do with the ground state energy: Whereas one does
obtain a lowering of the ground state energy w.r.t. the mean-field energy due to deformation,
in a manner which is even formally quite similar to the lowering obtained in the second order
Kamlah expansion (at least to the order in perturbation theory considered), the point of the
calculation at which the energy correction due to the deformation is considered is fundamentally
different. In the Kamlah expansion, the corrections are subtracted before the variation is carried
out, whereas in the generalized RPA they are subtracted only after the variation. Therefore the
energy correction does not have any influence on the parameters of the mean-field. This brings us
directly to the next problematic point: of course the mean-field vacuum is not the gRPA ground
state. In nuclear physics, one was able, however, to construct the gRPA ground state from the
mean-field ground state; but, in the presence of zero modes, this state has a divergent norm. This
is due to the fact that the gRPA is a ’small angle’ approximation [MW69], or in other words, the
compact nature of the non-Abelian symmetry is lost. We have seen explicitly that in the case
of Yang-Mills theory, the compact SU(N) symmetry is replaced by the non-compact U (1) -1
symmetry. In nuclear physics, at least in the case of two-dimensional rotations, the fact that
RPA is only a small-angle approximation was not so much of a problem, since the global depen-
dence on the angle is generally known and therefore one can extract enough information from
the small-angle approximation to determine the whole wave function [MW69]. In Yang-Mills
theory, we have no comparable knowledge that could be put to use practically and therefore, we
cannot compute the ground-state wave functional. Lacking this knowledge, however, one needs
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other methods to evaluate matrix elements of operators, which up to now we haven’t developed.
Therefore, the only quantities we currently can calculate are the energies of the excited states.
As a last point, we have to mention that just like in the mean-field calculations of Chapter 2, we
have not dealt with the problems of renormalization. However, it should be possible to deal with
them, since (at least in the case of ¢* theory) this problem has been faced already by Kerman
et al [KL95], [KL98] in the context of the generalized RPA derived from the time-dependent
variational principle.



Chapter 4

Conclusions

"The division seems rather unfair,” I remarked. ”You
have done all the work in this business. I get a wife
out of it, Jones gets the credit, pray what remains for
you?” ”"For me,” said Sherlock Holmes, “there still
remains the cocaine-bottle.” And he stretched his long
white hand up for it.

Sherlock Holmes, The Sign of the Four

In this thesis, we have studied Yang-Mills theory in the Weyl gauge employing the Schrédinger
picture. The motivation for this investigation was drawn from the fact that the formulation
in the Schriodinger picture had previously allowed for a successful treatment of topological and
kinematic questions, but only to a lesser extent dynamical calculations, at least in Yang-Mills the-
ories. We took from quantum mechanics the variational principles due to Dirac and to Rayleigh
and Ritz that have proved to be successful in many-body theory, especially in nuclear physics.
We then considered the problem of gauge invariance of the wave functionals, which is a necessary
property if one wants to have the same equations of motion in the Hamiltonian framework as in
the Lagrangian formalism. First, we considered a variety of methods that have been proposed
in the literature starting from construction of gauge invariant variables, over gauge fixing all the
way to models inspired by nuclear physics, where one deals with the system in a colour-rotating,
intrinsic frame.

However, there exist still further techniques inspired by nuclear physics, to which we then turned.
A common problem in nuclear physics is that the simple wave functions one wants to use for
calculations cannot contain interesting correlations, if they have to respect all the symmetries of
the Hamiltonian. Therefore, one starts with a simple wave function and projects it onto a state
that carries good quantum numbers. We follow the same approach, only our motivation is a bit
different: we are not able to write down a non-trivial wave function at all that is gauge invariant
to begin with. Therefore, we take as trial state a state that is close to the Slater determinant in
nuclear physics, since it shares its most important property - the factorizability of all expectation
values of arbitrary A-dependent operators (they have to be expandable in a power series in A,
though) into expectation values of one or two A operators. This is the class of Gaussian states.
Then we project it, and deal with the projection in an approximate fashion. Unfortunately, the
evaluation of these approximations, be it within the cranking approach or the Kamlah expansion,
was limited to a combination with perturbation theory, and restricted to low orders. In addition,
at least the Kamlah expansion makes - for the purpose of explicit computations - quite heavy
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use of the factorization properties. However, since the usage of Gaussian states has tied us to
the Hartree-Fock approximation (which in a certain sense is a two-loop approximation) anyway,
it is indeed questionable whether we ever have to go to higher order than ¢ in the evaluation of
the Kamlah expansion, since the energy isn’t more accurate anyway. We ended Chapter 2 with
an evaluation of the Savvidy vacuum which reproduced the well-known results.

The third chapter was devoted to the generalized Random Phase Approximation which is also
known from nuclear physics. Here we have a different example of how Gauss’ law may be realized
in an approximation scheme: if the mean-field ground state is not annihilated by the Gauss law
operator, the excitations associated with the Gauss law operator are orthogonal to all physi-
cal excitations, and thus effectively decouple from the physical part of the Hilbert space. We
were also able to prove the equivalence of the operator approach used here for the generalized
Random Phase Approximation to the formulation found in the literature which is based on the
time-dependent variational principle for a certain class of Hamiltonians. The approach presented
here has the advantage that conservation laws can (under certain conditions) be transcribed
from the full theory to the theory in generalized RPA treatment, and the fact that one can see
explicitly the connection between the generators of symmetries and excitation operators that are
zero mode solutions of the gRPA equations.

In this entire thesis, we have refrained from discussing renormalization. This nevertheless is an
important point, since many of the expressions presented here are only formal, as they contain
products of operators at the same point in space-time. Before this point is clarified, detailed
calculations of e.g. the glueball spectrum, which could be carried out in the generalized Ran-
dom Phase Approximation, remain ambiguous. However, the fact that the renormalization of
¢* theory was carried out successfully by Kerman et al within the generalized Random Phase
Approximation (albeit starting from the time-dependent variational principle) gives rise to the
hope that this can also be done in Yang-Mills theory.



Appendix A

Units and Conventions

Those are the facts of the case, Doctor, and if they are
of any use to your collection, I am sure that they are
very heartily at your service.

Sherlock Holmes, The “Gloria Scott”

A.1 Units

Throughout this thesis we work in natural units
h=c=1. (A1)
In these units, time and length have dimension of inverse energies. Especially, we have

1 fm=10"" m = (197.327MeV) . (A.2)

A.2 Indices and Summation Conventions

In this thesis, four different kinds of indices appear: colour indices, spatial indices, position in-
dices and super-indices, combining several of the former three kinds as will be explicitly stated
wherever they are introduced. To each kind of index a certain range of letters is attached: colour
indices: a,b,c, ..., spatial indices: ¢, j, k, ..., position indices: X,y ..., super-indices: %, j,k,... .
Unless explicitly stated, Einstein’s summation convention will be used throughout. Discrete in-
dices will be summed over, continuous indices will be integrated over. We will also use a uniform
notation for § functions, regardless of the nature of indices (discrete or continuous); thus, dxy
in this thesis corresponds to 6(®) (x — y) in the usual notation for Dirac’s §, whereas e.g. §? is
simply Kronecker’s 6.

On some occasions it is useful to indicate only those indices explicitly that shall not be summed
(integrated) over by Einstein’s summation convention, e.g. we use tr(XGX)xx as an abbrevi-
ation of (Sa, 1 Ghbkik2sl2akaly Ghere all double indices are summed or integrated over (as
appropriate) except for x.

A.3 Minkowski Space

We use as metric for the Minkowski space

g = diag(1,-1,-1,-1), (A.3)
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and thus have as four-vectors a* and a, = g,,a”
at = (ao,a) , Qu = (a'Oa _a) (A4)

with the scalar product
a-b=a,b" =agby —a.b. (A.5)

Only for the four-derivative, signs are distributed differently:

" =(0,-V) , 9" =(00,V) (A.6)
with V; = 8%1_. Sometimes we need a gradient w.r.t. another variable. This we denote by
attaching the variable name to V, e.g. VY = 6‘;_.

A.4 Group Theory Conventions

We will be very brief here, since we only need very few conventions. We will concentrate on
SU(N) groups. Group elements U of SU(N) can be written as

U = ei)\a@a’ (A.?)
where ©% are the parameters of the group element, and A denote the generators, defined in the
Lie algebra. The representation of the algebra has to be chosen according to which representation

the Us are to be considered in (fundamental, adjoint, etc), and they satisfy the commutation
relations

A%, 0] = g fabepe, (A.8)

We therefore take the generators to be hermitian. The generators in the fundamental represen-
tation(s) are normalized to (1/2):

tr (x;undx;m) - %5“” (A.9)
and we have used a special notation for the generators of the adjoint representation times minus i
(TP = fhae. (A.10)

The structure constants satisfy the Jacobi identity

fabrfcdr + facrfdbr + fadrfbcr =0 (All)

and are normalized as

fabcfdbc = _tr(TaTd) = N(Sad- (A12)

Further useful formulas can be found in [Ten00].
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A.5 Factorsofg

In Yang-Mills theory one has basically two options concerning where one wants to put the cou-
pling constant, either in front of the action', or in front of the commutator term in the field
strength?. In this appendix we give a short list concerning which convention leads to which
placing of factors of g in other quantities of interest:

non-perturbative scaling perturbative scaling
covariant derivative D,=0,—1iA, D, =0, —1igA,
field strength F =0,A, —0,A, —i[A,, A)] F = 0,A, —0,A, —ig[A,, A
=i[D,,D,] = é[Duv D,]
action = 4g2 fd4xF“ VEOHY (1) f d4xF“ YEOHY ()
electrical field E = F§, E{ = F§,
magnetic field B¢ = —%eiijajk B{ = —%eiijajk
= (V x A)f — 3 /(A" x A°); = (V x A)} — §f°(A® x A°);
momenta II{ = % II? = 1 0= —éE? IIf = g = —Ef
Hamiltonian H = ET1°TI¢ + 57 BiBY{ H = TI¢T1¢ + 1BYBY
= 257 (E{E{ + B{BY) = 3(E{E¢ + BYBY)
wave functional of P[A] ~ ~ e wACTIA PY[A] ~ e ACTIA
'free’ theory
gauge transformations U = "\ U = 89"\
generators (1), (~T0)] = ibey F(—TS) | [2(~T2), 1(~T%)] = ity fobel(~T%)
finite gauge trafos g= gt ore g = eifgd)aéra

A.6 Generalized Projectors

In this appendix we want to give some notions on the generalized projectors as they are used in
sec. 2.6. First let us note that the projection operators are thought of as bilocal objects, i.e. they
depend on two spatial coordinates. Consider e.g. the (generalized) longitudinal projector (IIr):

(T2 )¢ (%, y)- (A.13)

in the following, this will be called ’non-perturbative scaling’
2in the following, this will be called *perturbative scaling’
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As is to be expected for a projector, (II;) is idempotent (if we include an integration over the
double continuous index as well):

(L) (xy) = / d*z (T (x, 2) (L )55 (2, ¥)- (A.14)
The (generalized) longitudinal projector (II1) is a symmetric operator in the sense that?

[ ety 120 e )ghy) = [ dedy g GO oy Ay, (A.15)

The latter property implies that it can be diagonalized, and from eq. (A.14) one can conclude
that its eigenvalues are 0,1. The generalized longitudinal projector can be given in different
forms; for this it might be useful to recall that the ordinary longitudinal projector P also can be
given in different forms that are under the usual circumstances (i.e. all functions of y are found
to the right* of (PL);;(x,y))

(PLij(xy) = (V?GA(X,y)W]Y. (A.16)
- —(v]y.v;‘GA(x,y)) (A.17)
3 . .

where Ga(x,y) denotes the Green’s function of the Laplace operator. Under the given circum-
stances all three definitions are equivalent; however, only the first one really has to ’act to the
right’ in order to make sense. The (ordinary) transversal projector can also easily be defined as

(PT)ij (%, ¥) = bijbxy — (P1)ij(x,y).- (A.19)

For the generalized longitudinal projectors we can now give corresponding definitions:

(M) xy) = (DIx)GE" (x,y)) Dl (y) (A.20)
= _(ﬁ?bl(Y)ﬁ?“(X)G“Albl(x,.V)) (A.21)
= D EIE)) (A.22)

n

where GaAlb1 (x,y) is the Green’s function of the covariant Laplacian® (]f_\)f))clb1 (x), (&n)¢(x) are
the normalized eigenfunctions of (HL)%b(X, y) with eigenvalue 1, and we do not integrate over
x,y. Here the corresponding generalized transversal projectors are given by

(HT)?;(X, y) = (5ij(5ab(5xy - (HL)?;(X, y). (A23)

3Here we have dropped boundary terms from two partial integrations.

“In other words, for expressions of the type f;(x)(P¥)i;(x,¥)g;(x,y) (with a sum or integral over all double
indices) all these definitions are equivalent, otherwise they will usually be not.

SFor simplicity, we assume that the covariant Laplacian has no eigenvalues zero.



Appendix B

Perturbation Theory in Weyl Gauge

In this appendix we want to present a number of tools that are used in sec.2.2, and some
explicit expressions for propagators and interaction parts of the action, cf. also [TR80a], [TR80b],
[LMR84].

B.1 Adjoint Representation and Integral

Assume that we have a SU(N) group element Uy,
Up, = exp (ighgA%). (B.1)

An ingredient that is used frequently in diverse computations to follow is

1 1
/ dt 2t (AU NU,) = / dt oap(th). (B.2)
0 0

We first start out by deriving a useful representation for o by considering the differential equation
it satisfies,

Uab(o) = 5ab (B3)
d

Z10(th) = 0aa(th)yas = Yadoas(th) with ya = igf “Phe. (B.4)

Thus we can write o as

O'ab(th) = (eit’y)ab. (B.5)

With this we can now perform the integration and obtain

1
/O dt oab(th) = ()30 (7 = 1) (B.6)

B.2 Pure Gauge Potentials

The first instance where the above formula can be applied is in deriving a form of a pure gauge
potential in terms of h that can be easily expanded in terms of g:

. 1
AUr — —éU,WUh — (AUr)e = (VRY) / dt o (th) = (8ap + Fap)(VAY) (B.7)
0
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with F' = (i) ~!(e?” —iy —1). The advantage of F is that - upon expansion of the exponential in
powers of g - it is of O(g). In the main text we will need the expansion of F' up to second order
in g:

1 2
Fab — _§gh(:fcab + %hcl hCQfCl(leCQCb + 0(93). (B.S)

B.3 Haar Measure, General

In this section, we want to construct the Haar measure from its property that it is left-invariant,
following [Cor84]. We start by considering a group element U, that is parametrized by the param-
eters aq,...,a,. The Haar measure du[U,] can be written as a 'measure function’ p(a,...,ay)
times a flat integration measure da; ...da,. Thus, we try to compute p. If we consider a fixed
group element Uy, the left-invariance of the Haar measure implies that du[U,| = dulUyU,]; we
call the group element obtained by that left-multiplication U, = U,U,. This is almost enough to
determine the Haar measure:

dulU,] = plas,...,an)da;...day,
= du[UpU,] = p(ciy ... cp)dey ... dey,
=:U,
= plc Cn) det@ da ...da (B.9)
= plC1y...,Cp da 1.-- n-. .
Thus p(aq,...,a,) = ‘det%|p(cl,...,cn). Now consider U, = 1, i.e. a1 = ... = a, = 0, then
U. = Up, and we obtain
0
plby, ... by) = %. (B.10)
|d‘et %‘azo

In order to calculate the determinant, we use the identity U. = UpU,; then

0 oU, Oc® 0
= U,| =2 =Up 2—Ua| = Us(igh\®) = Uel,_o (ig\F). B.11
aa,k o ace aa,k a0 b 8ak 0 b(’Lg ) ’a:O (Zg ) ( )
Thus
oU, dc* ! dce

. ckn __ o nyky _ nrrt2ec "
=9 =2 = — . B.12
igbd ig tr(A\"\Y) = 2tr(A"U] 805) I zg/o ds ope(sc) dak |, (B.12)

This implies that (using a matrix notation)

1= ()= 1) (09 (B.13)

and for the determinant we get

o oe = det (i)' (e = 1)) = det (1 + F), (B.14)
e da

where F was defined above. Thus we end up with the Haar measure of the SU(N) group

p(b1,...,b,) = p(0)det (1 + F). (B.15)
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B.4 Functional Haar Measure

In the following we neglect! p(0), i.e. we set it equal to 1, since it is just a constant that will
cancel out in the end. In order to define the functional Haar measure, we “just” take a product
of Haar measures at every point in space?, cf. also [LNT94]:

Du = (H p(h(x)))Dh = exp (Z log ,0> Dh

L 3 1 3
= exp <$a glogp) Dh = exp <$ /d T 10g,0)Dh
exp (63(0) / Bz tr(log (1+ F)))Dh. (B.16)

B.5 Explicit Expressions Used in the Computations of Sec. 2.2

Please note that we have put in this section in a number of places the position indices that are
usually put in brackets behind the objects to which they belong in a real index position, e.g.
h*(x) has been replaced by h%, since otherwise the formulas would become too complex.

B.5.1 Propagators

We have three different types of propagators, one for the projector field eq.(B.17), one for
the spatial components of the vector potential eq.(B.19), and a mixed propagator eq. (B.18).

T(Sab
apb
p— _— B.l
T (B.17)
1 1
a A = &t +-T(1+2p) V) —— B.1
(AL @) = 8+ 5T+ 20) VY (B-18)
d3p . 1
AS (DAL (#)) = ab/ px=y))pl (-~ B.1
(AL OAL @) = 5 [ Ee ASErT (B19)

x [0~ #)sinh (1pl(t — 5))sinh (1pl( + 1))

+0(¢ 1) sint (pl(¢ ~ 5 )sinh (pl(t + 3)]
+P5 (—%\t—t’y 50 +)(1+20) + §T<1+zp+zp2>) }

B.5.2 Contributions to the Action

There are three contributions to the interacting part of the action. The first, eq. (B.20), contains
the three- and four-gluon vertex of the original action (albeit only the spatial components of

'In principle it could be computed from the property that the integral over the Haar measure is normalized to
one: [du = 1.
21 =aL = 6@ (0)d®z — 1/a® “=° 6%(0) .

a3
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the vector potential are contained), the second one, eq. (B.21) contains the contribution from
the measure of the projector integral, and thus corresponds to the Faddeev-Popov determinant
of the Polyakov gauge, and the third contribution, eq.(B.22), describes the interaction of the
projector field with the spatial components of the vector potential.

S50 = —3r | dg‘””dt{(Vz‘%>_<Vj6:r$fx,t>>}wsfx,tw;fx,t) (B.20)
_gZQfabCfade A dt {6J 1) 6JC )5J§lfx,t)6.]§(6x,t)}
83(0 )/d3a:Tr<log [1+F< 5 )D (B.21)
S = /d3a:d3y{/ w(or) (-5 ) Gt ,—;y,t)J;(y,t)] (B.22)
rytis (~oag) (w357 ) omwime (op) (335
P (- 055 ) (- 095 ) w(x,+§;y,t)3?(y,t)]
+= Fab( (1+p)5f) (( )Vzaifb)xl( ,Y)
xFac( (1+p)6(;> ((1+p)V§6jy)
+Fyp (—p%) (pVZ‘ 5ifb) X5 (x,)
<o (- 0157 ) (@09 5%)}
p( ’6f“> ( )( 15‘;}2)—
#0050 (Vi) P (-0 40057 (Vé_f“b)]

B.5.3 Condensed Notation

e
|
|

- [ a

1
3_
+/da:T

As a last point in this appendix we want to explain briefly the very condensed notation used
from eq. (2.75) onwards. As an example we take the term

o 1) 1)
abc v s
Gy <5Ja) <5Jb) (6JC) (B.23)
that is to be identical to

9 abe 6 ) ) )
—5f / d' dt{ (vi(SJ‘;(x,t)) - (Vﬂ' 5Jg(x,t)) }5Jg(x,t) S35 0) (B.24)
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This can be achieved if we include into the super-indices also a time label, and the summing over
double indices has also to include a time integration (this is not necessary for super-indices that
connect % to vertices). Thus, we expand the super-indices as follows: a — (a, 14, X4, t,) wWith 'a’
colour index, i/, spatial index, 'x/, position index, '¢/, time index:

§ 5 5
abc o 0
st (537) () (57°)
- _9 a1b101/d3$dt V'L _ (V’ 1 ) 5 5
o/ I 1) TSI D)) | 530 (x, £) 897 (%, 1)
= —Zpuha /d%dt V641285 /dt bt /d% ey o
2 Z " o * a(s']?a(xaata)

)
_ carac. . 3 T4 (v 7 )

o

o

6b1b5iib/dtb 6ttb/d3$b6xxb (S.]b (Xb tb_)éclcéjic/dtc 5ttc/d3$c 5XXC 5J¢ (X t)
ip 9 lc Cy ¥C

= { / dx, &Py &z, dt, dty dt.

[ / @ b 8, 81, 00,8" 6" 8 [ (Vibiybxxa) = (Vibitbxxa) | 5xx,,5xxcéméﬁc]

1 1 1
6']31 (Xa’ ta) 6szb (xb’ tb) 6']?0 (va tc) ‘
We want to consider the last part of this equation:

° f A3z, d3xy d3x. dt, dty, dt. denotes the summation over the continuous double indices, po-
sition and time;

6 [ 6
(xayta) (SJ?b (xb,tb) 5J1¢C (xbytc

e the last line 534 ) would be abbreviated in the super-index notation

5 5 5 .
a8 sya 535 53¢

e the symmetrization of the expression given in the middle-line then gives G4,

With the procedure indicated here corresponding expressions for G§*? and IH‘l“bC can be derived
easily.

}



Appendix C

Explicit Expressions Used in gRPA

C.1 General Remark

In this appendix there is no integration over x unless explicitly stated.

C.2 Decomposing B? into Creation/Annihilation Operators

Here, we want to calculate the magnetic field and its square in the creation/annihilation operator
decomposition for further usage in the gRPA calculations.

C.2.1 Preliminaries, Definitions

First, a comment on notation: the objects that appear in this appendix carry three different
types of indices: colour indices (a,b, ...), spatial indices (i, 7, ...), and position indices (x,y,...).
Whereas usually position indices are put in brackets behind the object to which this index belongs,
in this chapter we have to put them as an index to the respective object, since otherwise the
formulas in this appendix would have become unbearably complex. In the following, we need
three basic definitions and expressions!:

B, = e€jxVjAL — gfabcﬁijkA?’x kx: (C.1)
Al = Aﬁx + U,‘(‘;’,’ij(ai,bj -+ ag’,j) (C.2)
(%, alPT] = 67675y (C.3)

Note that in the following, every double index is summed over except for x , which is only
summed over if explicitly indicated. tr(...) denotes the trace over colour and spatial indices only.
We will also use the following notation:

— — g — —
B = €iji Vi Alx — EfabceijkAgx Tox (C.4)

for the classical magnetic field. Often, the adjoint representations of the colour group and SU(2)
come into our formulas, we use thus
fbac — (Ta)bc (05)
ik = (Si)jk (C.6)

'In this appendix we use ’perturbative scaling’ as defined in Appendix A. In contrast to chapter 2 we do not
rescale A to éA.
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to make their appearance explicit (though the generators of the adjoint representation of the
respective groups are in fact ¢ times the LHS of egs. (C.5,C.6)).

C.2.2 Calculating BY,

One simply inserts eq. (C.2) into eq.(C.1) and uses eq. (C.3) to bring everything into normal
order. Then one obtains

B, = Bl — Str(ST o)+ (V38" — gf " ALIUGH (@] + af) (C.7)
gfabceiijig,leii,km(a;f,dl alem + agl[la;m + 2a;f,dl asm)’

where we have introduced V* to indicate a gradient w.r.t. x. However, one can rewrite this into
a more interesting form if one realizes that

§BY,

5 = eiﬂ(éabV;‘ — gf“Cbij)(Sxy = fijlf)g(l:jéxya (08)
AL
5°B¢ b s onb
—— X = geim S a0k = —g(S)im (1) 5z 0y, C.9
SALoAn, — oS Bty = o8I bty (C.9)

where we have introduced the covariant derivative in the background field A as
]_)if’j = 6‘”’V;‘ — gf“CbA§x. (C.10)

Note that the vacuum expectation value of the magnetic field is not only given by the classical
term, but one gets an additional term from normal ordering:

(Bfy) = Biy — gtr(Sifanx) (C.11)
and via the relation
) . . 52B¢
—————gtr(SiT%Gxx) = GOxyOxz(Si)im (T4 = — ——& C.12
g9 (ST Ga) = 9By (S (1) = — 7 e (C12)
this allows for an interesting identity?:
6 1 X 1 §*BY, 1 6%(BY
(B = g (ST Gr) = (o ) = L BB g
(SGyi (SGsz7 ly mz ly maz
One can therefore trade a second derivative w.r.t. A for a first derivative in G.
B — B — Lir(S,TCh) + ‘5B?xUbb1,ul( by ghilr) (C.14)
X X 9 r(o; XX (S.Ab yz1 Gz, Qg X
ly
1 52]_3%( {7bbull preba,mlz (o tbil 1hal2 bili gbalz | o, tbily gbolz
+§m yz1 Z7Z2 (azl Qgz, +a’z1 Az, + Az, Qg )
6(B% )
(Bix) + —=p Uya " (al™ +az") (C.15)
ly

2This is a special example of the general relation eq. (D.19).
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1 6%(B%) bbu iy reba,miz (il g tbala | bl gbola 4 9 tbils gbalo
(a’ Qg +CLZ1 Az, + G, a )

6(BLe) by ity thal bil
= B+ gp U i) (C16)
Yy

62 (B2
< zx> bb1,ll1 Uzcgg,mlz (albllllalgglz + aﬁllll agélz + 2@2111 022212).

be,lm T YZ1
5GY

C.2.3 Calculating B¢ B¢,

X

This is a good starting point for the calculation of B% B¢ : one squares eq. (C.16) and normal

X
orders the expression. The calculation is not really very interesting apart from the fact that one
usually obtains by direct calculation an expression where the symmetry under permutation is
carried by the operators, and can trade this for an expression where the prefactor multiplying
the operators is symmetric in all the indices® and the operators have a definite order. Then one

obtains

§BY, Ghotk s§BY,

B?ngx = ngggx - gB?xtr(SiTanx) + 51&?3, yiy2 5Aiy
1 2

2

(ST G )t (ST o) + e (ST G ST Gl

a1
AL %,

x1%2

4
) a1bi,nily o Tb1la b1l
+ ( <B?XB?X>) lezl (a'Zl + azll 1)
) a1by,mil agba,nal b1l bal b1l
(W<B?XB?X>) Uit ™ U2 (0l a2 4 alilalze + 2af " al2l2)
1

5 § a pa a1b1,n1li yrazbz,nalayrasbs,nsls
+ 3 <5Afﬁx1 6G523T2TS <BixBix>) Uxiz1 Uxsz, Uxsz;

byl bol bsl b1l bol b1l
(all1 1a222 20233 8 4 3alll 1al22 2agg§l3 + 30211 1a222l2a2§l3 + agllllagghalz’gl‘"’)

1 5 5 a pa a1b1,n1li prasba,nale yrazbs,nals rrasba,ngly
+ 5(6(?2?(22’"1"2 6GL35ATT <Bisz‘x>) Usxiza Uxazs Uxszs Uxiza

( tbily tbalz tbsls tbals _’_4&;5111 thala Tb3l3agil4+6aw1l1 Tb2l2ab3l3a2§l4

Az, " Qzy “Qzz QAzy 1 Qzy "0z z1 Qzy Qg
to1la bals b3ls baly b1l b2l b3l ,byly
+az,' M a2?a3Balt + ata2?a3 R alt).

(C.17)
For further usage, we give the explicit expressions:

0
1. ( —=———(B{BY,
(6A7QL;(1 < X ’Lx>)
_ Da g ~a Saaq
== 2 (Bzx - Etr(SZT Gxx)) (S])’LTL(DxJ 6XX1)

_29(Sj Jina (f)il:]l bxy )Gg}lb;énmz (Si)nan (Ta)bzm bxyOxxy

5
T (—— ;1Y ;. >)
(6G;L(11(’z(22,n1n2 X X

=~ (Bl — Z6(SiT"Gx) ) (Siduams ()" B, b

30nly these symmetric prefactors can usually be written as derivatives of (B&4BE,).
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sBe, 5B

X

A a1 A a2
O0AL x, 6ASx,

+92(SiTanxSiTa)ala2 6xx1 5xx2 +

ning

) ) 0 oa
3. (5.&%11)(1 6G;gc}z{;;n2n3 <BixBix>>

= g(Sj Jina (Di?]l Oxx1 ) (Si)nans (Ta)azag bxxz Oxxs + g(Sj)inz (f)i?; Oxxz ) (Si)nzma (Ta)agal bxexcs Oxxcy

+g(Sj )ins (Di?; 6XX3 ) (Si)nlng (Ta)alag Oxx1 Oxxs

0 0 @ oa
4. (6Ga1a2,n1n2 6Ga3a4,n3n4 <Bszzx>>

X1X2 X3X4

2
= %(5xx15xx25xx35xx4 ((SiT“)?Li%é(SiT“)Ziii + (ST 7 (ST ngmly + (STl (SiT*)ndms

C.3 Decomposing IT? into Creation/Annihilation Operators

The calculation is a lot simpler than the calculation of the magnetic field in appendix C.2, but
the result will be comparably less compact, since II not only depends on € and G, but also on
>
T = a2 ( (68" — UGl — (6 4 iU 0
(C.18)
As usual, all double indices will be summed over except for x. As in the case of the magnetic
field, one simply squares eq.(C.18) and normal orders the resulting expression. In order to write
the prefactors of most of the terms as total derivatives, one has to note that

).

ﬁ( abyin Gl ghiolzi) . poi e (C.19)
ﬁ(cw (i (C20)
Then one obtains
m I, = &bl + 1tr(Gil) + 4tr(SGY)

— ] — by,l b
+ 2 (531 <H§XH§X>) (i(U 1)§L(11Z11 1n1(all1n1 - agllnl)

l1x1
Ea] c1,l1k1 [TC] b1,k1ny bini bini
X1Y1 Yiz1 (a’zl aZ]n ))

ajag,lily
6Gx1 x5

E) a1by,ling yrazba,lon bin ban bin
+ (7<ngxngx>> Usigi i ggabatanz (gffim gfenz o gbin ghana yoqfhim gbanay

§ b 11b i (rr—1\a1b1,ling ;pr—1y\az2b2,lana o tbiny thano biny ,ban
+ (52a1a2,11l2 <HixHix>) Z(U )X1Z1 (U )X2Z2 (a’zl Az, - azll laz22 2)
X1 %2

v (oo

+2i (UL ug e — s sE U i) ) el agz,

(C.21)
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where tr denotes a trace over spatial and colour indices, and tr(XGX)xx is an abbreviation
for (Ei@l’lleiﬂbﬁékle Eff;(’k”) where over all double indices are summed or integrated over (as

appropriate) except for x. If one integrates over x the next to last line in eq. (C.21) simplifies to

(G121 - One should note that in contrast to B2, at the stationary point terms of the form
aLb;”laggm survive. In the language of nuclear physics, one would call this the kinetic energy,

whereas the magnetic term provides (apart from the terms involving three creation/annihilation
operators) something like a two-particle potential.

C.4 Decomposing the Gauss Law Operator into Creation/Anni-
hilation Operators

C.4.1 Preliminaries, Definitions

In this section we want to express the Gauss law operator in terms of creation/annihilation
operators. We find that the decomposition has the same structure as the decomposition of
the Hamiltonian, i.e. we find the same operator structures (with up to 2 creation/annihilation
operators) as in the Hamiltonian, only the prefactors are given as functional derivatives of the
mean-field vacuum expectation value of the Gauss law operator, instead of the Hamiltonian.
From this we can conclude that - just as the ordinary Yang-Mills Hamiltonian - the cranking
Hamiltonian eq. (2.155) also can be written in the form eq.(3.43). Since in the case of the
cranking Hamiltonian we look for a stationary point of the cranking Hamiltonian as our mean-
field vacuum, the decomposition of the cranking Hamiltonian into creation/annihilation operators
will also be free from linear terms just as in the case of the ordinary Yang-Mills Hamiltonian.
Schematically

H = (H)+ %(CLT +a)+ %i(cﬁ —a)
+ %(CLTCLT + aa 4 2a'a) + %i(anﬁ —aa)

+ terms containing more than two creation/annihilation operators

+ a non-derivative term o ata

R . §(DII)
DII = (DII _
(DII) + ———

§(DII)
6G

+ a non-derivative term o a'a.

§(DII)
e

i(al — a)

§(DII)
6%

(a' +a) +

(a'a' + aa + 2d'a) + i(atal — aa)

Thus, we obtain as a cranking Hamiltonian (u is an arbitrary local function):

H— DI = <H_M]jn>+‘s<H_—M(aT+a)+5<H_—f‘Dmi(aT_a)
0A oe
§(H — uDII) §(H — uDII)

(aTa® + aa + 2aTa) + i(a'a’ — aa)

oG 0%

+ terms containing more than two creation/annihilation operators

+ non-derivative terms o ata.



152 C.5. Gauge Transformations in the Generalized RPA

Thus, we get no additional linear terms in the cranking Hamiltonian if we go to the stationary
point of the cranking Hamiltonian. In addition to the definitions and decompositions used before
in this appendix we only need

DL = VY — gf*PAS,. (C.22)

C.4.2 Calculating I'}

The calculation is again not very interesting: one inserts all the definitions into one another and
normal orders the resulting expression. Only one useful trick shall be given:

2~ .. o .. o 6_b ..
DG = Di(ay8iy6") (G ™ = DY (5@ i™
Jy
S5 . A i
= (o (D2 ) (G (C.23)
€y

After normal ordering, we obtain the result

DI, = D®.&b + 29tr (195, Gyx)

X, o1X

—a1
6Allx1

§ ~Aab TTb a1bi,ling o ftbina b
+ ( <Di,iﬂix>> lezl (a’zl +az11m)

+ 2 (6_31 <f)i?lngx>) (%(U*l)illbzll,l1n1 (alliﬂn . agllnl)

Clyx;

aici,liky yreibikin bin b
B )

ajag,lily
6Gx1 x5

E) a a1b1,ling yrazba,lon bin ban bin
+ (7(D§‘&H§x>) Ugprhmazhelang (fbin ,fbans + afim gb2n + 2ai Laf2n2)
x1x3

5 Aab TTb i (rr—1\a1b1,liny ;pr—1y\az2b2,lana o tbiny thano biny ,ban
+ (62a1a2’lll2 <Dx,iHix>> Z(U )X1Z1 (U )X2Z2 (a’zl Az, - azll 1az22 2)

i a1b1,ln —1\a2b2,in —1\a1b1,lny yrazba,in bini b
gh s U UG 4 (U U el b,

(C29)

C.5 Gauge Transformations in the Generalized RPA

In this section, we want to consider how various objects that appear in the generalized RPA
transform under gauge transformations.

C.5.1 Preliminaries

In this section we want to study the behaviour of the parameters of the Gaussian reference state
and the related creation/annihilation operators under (time-independent) gauge transformations.
We take the same conventions for gauge transformations as given in the introduction:

A, YA =vaA vt vt (C.25)
F., % F, :=VF,V (C.26)
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with
Ay = AL\ tr(A\2Ab) = %5@" (C.27)
d
0= (55 V) Ay = (A% -A). (C.28)

In our three-dimensional formalism with the fields A, IT we thus have

AV .= VAVI—ivvvt
v .= vovt,

A

o (C.29)

IR

In the following it is useful to have formulas for the gauge transformations of the components of
the gauge fields. They can be easily derived and if one introduces the abbreviations

RP[V] = 2tr(VIA2VAD) Q4V] = 2tr(VV,;VTAY), (C.30)

then the gauge transformation of A can be written as

AYY = RMVL AL —iQb[Vy]. (C.31)

The R matrices form an adjoint representation of SU(N), and using the Fierz identity (A* form
a fundamental representation of SU(N))

a a 1 1
(A)i; (A = §5i15kj — W(Sijékl (C.32)
one can easily show that
R®[UV] = R®[U|R¥[V] (C.33)
and therefore
RP®UIRY*[UT] = R*[UUT] = . (C.34)
With the same technique one can rewrite
ROV V] = -4 Vi]]. (C.35)

C.5.2 Behaviour of the Parameters of the Gaussian Reference State under
Gauge Transformations

We start from

~a (1, . i ~ o ~\a
¢G,2,A,é[A] = Nexp { — (A — A)Z.x (Z(G 1)%»/,@] _ 12%’;11) (A - A)I;y + €%, (A - A)Z.x },

(C36)

where A is a normalization constant. Performing a gauge transformation

A=AV~ oy aslAl = ey aslA] (C.37)
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explicitly

é
1 g g _ _
— Nexp { (AVe— A2) <4(G—1);§’;U - izgf;w) (AL - AL,) +ief, (ALe - AZ) }

oy (1
(R vaJAg — 02V - Al) (-

= Nexp 1

(G—l)ab,ij _ ZE?‘?}U)

Xy

x (R vy ]Al, - ih[vy] - Aly) }

X exp { (Ra‘“ [Vi]AZL —iQf [Vi] — Agx) }

a a1a A Va . O a aila 1 —1\ab,ij -xab,ij
_ Nexp{ — |Ag - Rmer (vl (AL i) | RO (Z(G habei zExl;;J)
xR (V] | AL, — U] (A + iR (1)) | }
X exp {iR“la[VQ]égx (Ag — R%162 [V,I] (Afi + 1922 [Vx])> }
- ¢GV,2V,AV,éV [A] (0-38)
with
(V)37 = R [WGSyY R [Vy]
(S = RS R
(C.39)
—Va ararysT
e " = R“°[V{]el}
AV = Rala[V,I]A“1 — QM)

i.e. one can write the gauge transformed Gaussian wave functional again as a Gaussian, albeit
with different parameters.

C.5.3 Behaviour of Creation/Annihilation Operators under Gauge Transfor-
mations

The same procedure as in the case of the wave functional will be pursued: here we start from the
definition of the operators a, a’, and gauge transform their operator content (i.e. A,II). Then we
reorder the terms such that the original structure will again become apparent, however with dif-
ferent parameters. In this context we will need an extended notation for the creation/annihilation
operators, too, since we have to make their parameter dependence explicit:

. 1 o _ B
onae = i { (s - ) A+ o e} ca

; 1
a;r:éyEvAvé - U;Ziiﬂ“{ <Z(G )?{112?,213 + E;?lg/ll]) (Ab Ab ) - _(H;I11x1 - éfle)} (0'41)
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Thus, in the first step

ai \4 V(u

I%GsAe Ox,G5,A 8 (C.42)
_ aay,it ab’L] xva1b,ing bb b1 :0b __Ab
= 2Uxq 1{ Ty iyt ) (R VylAgy — iy [V Ajy)

3 (Ralbl [V ]Hbl —&u > }
2 11X1 11X1 :

In the second step, we insert the transformed parameters* as given by eq. (C.39), and obtain

a:fg,&,&, Rab[vx] }b{GV TV, AV 8V (C.43)

i.e. the gauge transformed creation/annihilation operators are of the same form as the original
ones with parameters transformed as in the Gaussian reference state and multiplied by the adjoint
representation transformation matrix.

C.5.4 Behaviour of the Hamiltonian under Gauge Transformations

In the context of this section, ’gauge transformation’ means the transformation of the parameters,
e. (G,%,A,e)— (GV,xV,AV &").

We will consider the two contributions to the Hamiltonian, i.e. B{Bf and II{II{, separately.

Since most of the terms in the Hamiltonian can be written as derlvatlves of expectation values

in the Gaussian reference state (’Gaussian expectation value’), it makes sense to study these

expectation values first.

Transformation of BB

The Gaussian expectation value is given as

6 zx Gbc Ik 6B
(5Ab yiy2 5Ac fy

<ngng> = ngng - ngxtr(SiTanx) (044)

2
2

+ gztr(SiT“Gxx)tr(SiT“Gxx) + Etr(siTanxsiTanx).

Consider each term in turn:

° ng is the classical magnetic field and thus transforms homogeneously under the adjoint
representation

Bz\;a _ Raa1 [V ]Bal

(> &

(C.45)
which immediately leads to
BYoBY® = R [V]BY R [VIBY = RV JR™ [V BLBY = BUBY.  (C.46)

sa1b1

Tt is trivial to show that U transforms in the same way as G and 3.
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For the next two terms it is useful to realize that®

ROPV)(T)Re V] = ROV (T (C.47)

which is not really surprising, since T are the generators of the adjoint representation (up
to an in this context unimportant factor of —i).

e Using this relation, one sees that
tr(SiTGxx)” = RO[VItr(S;TGyx) (C.48)
o (S TGy ) V(ST Gy )Y = tr(SiT G )11 (ST Gt ) (C.49)
tr(SiTGux SiT Gxx)” = tr(SiTGyxSiT*Gyx). (C.50)

Combining eq. (C.45) and eq. (C.48), one obtains

B tr(SiT%Gyx)” = B tr(SiTGx)- (C.51)

For the last term in the Gaussian expectation value of B{B{ one has to consider

_ 174
6ng _ Sab \ V
(Mlby) = e (Dx’j> Sy (C.52)

Using eq. (C.47) and the fact that

R V1690 [RPP V], V] = —i(T) Q5 [V, (C.53)

one obtains

A

ciji (Djoxy ) ¥ = B (V] (DEP R Va6 ) (C.54)
Thus
_ _ \%4
< 6ng Gbc,lk 6ng >

Ab Y1iy2 S A C
zSAly1 6Aky2

_ Sab \%4 be,lk \'V Sac \%4
= Gl (Dx,j16XY1> <Gy1y2> Cijak (Dx,j2 xy2>

= R V] (D20 R [Vilty, ) R [V, IGo ER [V e R V] (DR R [Vidby. )

X,J1 y1y2 X,J2
8By ~beur | OB
= o ghelk [ x| C.55
sAL TV \ 6A, (C.55)

We see that the Gaussian expectation value of B{B{ is unchanged under gauge transformations.
The next topic is ’derivatives’. We will discuss it for one example, since the rest follows trivially.
Consider

( d <B;;B?x>) s (©56)

al X121
0AR X,

50Once again, the Fierz identity is used.
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It is important® that under a gauge transformation not only (B% B% ) and Ugiot™" are trans-

formed but also (SA% becomes +al. Thus
n1x1 n1xy

6 bi,nil
<m<ngng>) U;ﬁz}’m !

|4 6 a pa \V Vaibi,nil
- ( Vai <B’LXB’LX> lezll B
OAn %,

B 5Aggx2( §
SAY M \6AT3x,

X121

(BB ) RO VL JUS ™ R (V)

a2a 6 a a ala, Q. n
R [V [onam S (mmixw) RO VU™ R V]
)
— (e (BABL) ) UBEM B (©57)
ni1x1

This is the general behaviour: every free colour index that is to be multiplied later on by a
creation/annihilation operator obtains a corresponding R[V], or to put it another way: call the
prefactor (G, %, A, &)?1b202 then

(G, %, A, &)brbz-bn ghiar [y gh2a2[y)  RR2a2[y] = (GV 2V, AV, &V )naz-an, (C.58)

Now we can look at an arbitrary part of the decomposition of the magnetic field” :

(G, %, A, é)bl"'b"ag’Z’A’é e CLZ;’Z’AE
K’ (Ga %, Aa é)blmbnag,bilj,f&,é T agfg,—’_\aé
— (G,3,A, é)b1...ban1a1 [V]agv,zV,AV,éV ... Rbnan [V]aaG"V’Zv’Av’év
= (G2 A2 R V] R (V]) 0By v av v G v 4V av
_ (GV’ EV’ AV’év)al...anagvﬁzvjvjév ... aaGnV,zV,AV,éV'
In short
(G, %, A’ é)blmbn “2,2,A,é e algtE,A,é > (GV’ EV’ AV’ év)alman aCCLv’lV,ZV,AV,éV T aaGnvazvaAVaév )

(C.59)

Transformation of II{IIY

Compared to the magnetic field, the calculation for the electric field is quite trivial. We again
start from the Gaussian expectation value

- 1
(I IT,) = ey + Ztr(G;l) +4tr(3GY) (C.60)

and consider the three terms in turn:

SHowever, it seems quite obvious that it should be like this, since the derivative annihilates a term in the
expression of which the derivative is taken, which afterwards cannot be transformed any more, e.g. 1 = 6A/6A =
(6A/6A)Y = 6AY /6AY # 6AY /5A.

"In the following, 'gauge transformation’ recovers its original meaning: transformation of the operators A, II.
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e &% &’ transforms identically to B¢B?, cf. eq. (C.46).
o tr(Gl) is also trivial.

XX

e Only the last term is remotely worth considering

tr(2VGVSY),
= (RIS R VD) (R IV G R [Vig] ) (Re (VI Sl = R ;] )
= tr(3GD),,. (C.61)

Thus (ITY 1% ) stays invariant under this parameter transformation, and the rest of the argu-
ment follows as in the case of the B2. We therefore conclude that the decomposition of the
Hamiltonian is form-invariant in the sense that after a gauge transformation of the operators
A II the decomposition of the Hamiltonian into creation/annihilation operators stays the same
albeit with changed parameters.

C.5.5 Behaviour of the Gauss Law Operator under Gauge Transformations

Again, we start from the Gaussian expectation value of the Gauss law operator, which contains
the following two parts

o Dgb : we use eq. (C.39) and eq. (C.54) to obtain

X,0 1K

DYl = (R DS RO V)Y (R e) = e (IIDe. (062

X,0 TiX

o tr(T9%x, Gxyx): We use eq. (C.39) and eq. (C.47) to obtain

tr(TS 5y, Gaix) = ROV tr (TS, Gy x)- (C.63)
Thus, the Gaussian expectation value of the Gauss law operator transforms under gauge trans-
formations in the adjoint representation as expected. The rest of the argument goes through as in
the previous section, so we see that the decomposition of the Gauss law operator is form-invariant,
but the whole operator transforms in the adjoint representation (as it should).



Appendix D

General Potential

In this appendix we will demonstrate that a potential that is an arbitrary polynomial in the field
operators, can - once one decomposes the field operator into creation and annihilation operators -
be written in normal ordered form s.t. all the coefficients appearing in front of the normal ordered
products of creation/annihilation operators can be written as functional derivatives w.r.t. to G
and ¢ of the vacuum expectation value of the potential (the creation/annihilation operators are
defined with respect to that vacuum).

For simplicity we take the potential of the form

where x; are super-indices. It is clear that, if the claims hold for this potential, they will hold
for an arbitrary polynomial since it will be a sum of terms of type (D.1).

Since the field operators commute, it is sufficient to consider an Mg,  ,, that is symmetric in
all indices. We have seen in chapter 3 that one can write

br = bz + Uay(b], + by), (D.2)

where .,y are super-indices, U2 = G, and [b,, bL] = 0zy. For our purposes, it will be more useful
to define rescaled operators

al, =Upybl, 3 ag =Uyby with [ag,a]] = Gay. (D.3)
Sometimes we find it also useful to write
bz = Gz + Pp With @, = al + ag. (D.4)

After all this notational introduction, let’s come to the proof. We note that, similar to ¢, both
# and ¢ commute; thus we can write equally! instead of eq. (D.1):

m

V[¢] = Mmlwn Z ( " > éwl e &mmgpmeA Py, (D-5)

m=0

Tt is understood, obviously, that the index of z increases from left to right; if it should ever decrease, as in the
case m = 0, the ¢s are to be considered absent.
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Now we normal order the terms with a fixed m:

Prmt1 " Pan
= (awm+1 + a’lm+1) T (axn + a'];n)
— alm+1alm+2 . a;‘cn
+ azm+lai‘m+2alm+3 . aln + almﬂammﬂalmﬁ . a:f[n N alm+lalm+2alm+3 g,
+ ammﬂammHaLMS ce aln + ajgmﬂaxmmamm+3 ce aln +---+ almﬂa;fzmﬂalm+3 C Qg
+ GOz Oy - (D.6)

We see that every row contains a fixed number of creation/annihilation operators and that it
contains all possible permutations of types (creation or annihilation) among the possible indices.
Especially for every term

aLp axq : (D7)
there also exists a term
..axp...a;q... (D8)

with all undenoted operators identical. We now use Wick’s theorem, cf. e.g. [RS80], [Nol92],
to put every line into normal order. It is practical to deal with the whole line for the following
reason: if we use Wick’s theorem naively we obtain the normal ordered expression plus the
normal ordered expression of two less operators times their contraction etc.. However, a lot of
these contractions are zero, since (we denote the contraction of two operators by C)

Clala;) = 0. (D.9)

However, if we deal with the complete line at once, we can use that, since for every arrangement
eq. (D.7) there also exists a partner eq. (D.8), we will always obtain contractions

C(ajaj + aia;r.) = GU (DlO)
It is clear that for k contractions present we need 2* partners to obtain a non-vanishing contri-
bution. The important point is that they exist if we deal with the whole line at once. Remember
that the contractions are multiplied by normal ordered terms, and that [a,a] = [af,a!] = 0. Since
in addition My, z, is symmetric in all its indices, all terms with a fixed number of contractions,
creation, and annihilation operators, will give an identical contribution. Thus the question ap-
pears: assume we start out from the line where every term contains p creation operators, g

annihilation operators and consider now terms with k contractions; how many terms will we
obtain ? The answer is simple,

1t (1 p q!
number of terms = oF X o X E(p Wi a—m1) (D.11)

and comes about as follows:?2

. .. . !
1. the line containing p c¢’s and q a’s contains % terms;

2In the following, we abbreviate ’creation operators’ as c¢’s and ’annihilation operators’ as a’s.
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2. out of the p ¢’s and q a’s we take k each, and put them together to form contractions:
there are obviously (pf—!k)!(qz—!k)! ways to do this.

3. However, it does not matter in which order we perform the contractions since the contrac-
tions commute; thus in the step before we have overcounted by a factor of k!.

4. We now have to take into account what was said above: one the one hand, a lot of con-
tractions are zero. On the other hand we can form pairs - this gives as argued above an
additional factor of 27,

With this formula at hand, we can at first answer the following important question: assume
that we have started from an expression with n field operators; upon normal ordering we obtain
expressions with n,n — 2,...,n — 2k c/a operators each; the question now is: is the relative
number of P ¢’s and @ a’s with P + @) fixed always the same, no matter from which n one starts
and how many contractions one needs® (provided n — (P + Q) is even) ? This question can be
answered in the affirmative in the following way: we start out with an expression that contains p
¢’s and q a’s; after k contractions we will end up with P =p — k ¢’'s and Q = g — k a’s. Since in
the beginning p + q = n was fixed, and we end up with P+ @Q = n’ fixed we need for every term
the same number of contractions, namely 2k = n — n/. With this we can rewrite the eq. (D.11)

as
n! 1 n! 1

2kk! Pl(n' — P)! — 2kK! PIQ!
Thus, we have decomposed the number of terms into a factor that depends on n,n’ which is a
constant for P+@Q = n/ fixed and P varying, and a factor that depends on the number of creation
and annihilation operators. If we go back to eq. (D.5) we see that we have different possibilities
to end up with P ¢’s and Q a’s (P4 Q = n/): either start from n s, and perform k contractions,
or start from two ¢s, (n — 2)¢s and perform k — 1 contractions etc. Thus the contribution to

(D.12)

Mg, ..z, Gz, -+ - g, containing n’ c’s and a’s can be written as?

n' 1

le...zn Z mall -.-alpazp+1---axn, (D13)

P=0" " ’
[ (n—n')] |
n! - -
X Z (2"“/4;!(71 —n — 2/47)! Gzn/+1zn/+2 T Gxn’+(2k‘—l)xn’+2k‘¢xn’+2k+1 T (bzn) )
k=0

where the latter sum runs to 3(n —n/) if n —n/ is even, and to 3(n —n’ — 1) if it is odd - we will
deal with these details below. This expression allows us to write down the vacuum expectation
value (VEV) of V[¢] since it corresponds to the case n’ = 0. Distinguish

e n=2N: the VEV reads

n!

N
(Vo)) = Ma,..onn Z (mem o Gl’(2k—1)x2k (rgzzkﬂ o ‘5$2N) (D.14)
k=0

3As an example: no matter where one starts - if one can get to the expression with, in total, two ¢’s and a’s,
will they always come as aa + a'a’ + 2aa ?
4Note that the factors of the contractions and of the binomial decomposition of eq. (D.5) can be put together

. . . (/42K n — n! _
in a practical manner: 5 ( nt1— (4 2%+ 1) ) = SRR Note also that we have arranged here

©, ¢ opposite to eq. (D.5).
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e n=2N + 1: the VEV reads

N
n! - - -
(Vigl) = Mwl...x2N+1 Z (mszz e Gx(2k—1)1'2k¢1'2k+1 e ¢1'2N) ¢x2N+1'
o ! !

(D.15)

For the following treatment, we can treat both cases with the same formula if we realize that
M, .. 2on i1 Peansy has the same properties as My, . z,, and that in the sum in eq. (D.15) always
at least one ¢ survives. Thus we only have to treat the case with n = 2N. We now consider

o M al n!
T 8GN kzo <2kk!(n —n/ — 2k)!

Goyay Gx(2k—1)1'2k ¢962k+1 T ¢$2N)

n/=0

nl

N
= Myipas.aon Z <2kk!(n —n/ — 2k)!
k=1

k Gwsu e Gm(qu)x% ¢1'2k+1 T ¢1'2N)

n’=0

1
2]\[’ My1y237n/+1---372N

n'=2=2N’' )

(D.16)

N—N' |
n. — —
. Z <2kkz!(n —n/ — 2k:)!G$n’+1wn’+2 G 1ywan P 1 " Pran
k=0

In (*) we have used the symmetry of M. Obviously, as has been indicated by the suggestive
notation, one is not restricted to one functional derivative but one can also perform N’ of them,
and then the restriction N’ = 1 in the last line is rendered unnecessary. We see clearly that, apart
from the factor 27N the outcome of N’ derivatives of the vacuum expectation value w.r.t. G is
identical to the prefactor of the addend containing P + Q = n’ = 2N’ ¢’s and a’s in eq. (D.13).
Thus we can rewrite eq. (D.13) as

o o

oN' ...
g 3G

i 1 t t
D B ) e
P=0

(Vigl)- (D.17)

Yn! —1Yn!

The treatment we have presented up to here is valid for P + @) even. If P+ @ is odd, we have to
perform derivatives w.r.t. ¢ and thus we have to treat the n even/odd cases individually. Let’s
start with n even:
1
— (Vo))
by,

N

5 n!

Gmm T Gx(2k—1)1'2k ¢962k+1 e ¢xn—1¢zn)

n’=0

=

n!

—1
= Mz p <2kk!(n —n/ — 2k)!

Gm1ﬂc2 e G$(2k—1)£2k$$2k+1 e &azn,l (n - 2747))

n’=0

il
o

=

n!
My iy <2kk!(n —n! — 2k)!
=0

Gmwz U Gw(2k-1)$2k¢mzk+1 U ¢In1)

n/=1

=
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n’l)

(D.18)

N-1 nl
= Myas.a, Z ( 2 kl(n —n/ — Qk)!Gwn’ﬂ%'H o Gxn/+(2k—1)wn’+2k¢xn/+2k+l Do,
k=0

The main point happened in line () where the fact that we started from even n played a role. If
n is even, k = N means that this addend doesn’t contain a single factor of ¢, thus its derivative
vanishes. This is different in case of n odd, there the upper boundary is not affected by the first
differentiation. It is different if one performs two derivatives w.r.t. to ¢ since then the upper
limit of the sum changes once altogether independent of whether one starts from n even or odd.

Thus one obtains a relation between derivatives w.r.t. to G and to ¢

1 & )
§m<v[¢]> = 5Gry (Viel), (D.19)

which will be very useful in proving the equivalence between the generalized RPA using the
operator approach and generalized RPA as derived from the time-dependent variational principle.
To put this appendix in a nutshell, we have proved that a potential that is an arbitrary polynomial
in the field operators can be decomposed into creation and annihilation operators, s.t. upon
normal ordering one obtains a sum of subsums where each subsum contains a fixed number of
¢’s and a’s. The subsum consisting of the terms containing n’ ¢’s and a’s can be written as a
standard polynomial in ¢’s and a’s

n/

1
Z mall o alpa$P+1 Qg (D.20)
P=0" " ’

multiplied by
e if n/ is even, n//2 derivatives w.r.t. to G times a factor 2"/2
e if n’ is odd, one derivative w.r.t. to ¢ and (n’ — 1)/2 derivatives w.r.t. to G.

We have also shown that each derivative w.r.t. to G may be traded for two derivatives w.r.t. to

&.
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