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1. Abstract

Synthetic quantum systems based on neutral Rydberg atoms are versatile platforms for studying
quantum many-body physics. This cumulative dissertation investigates them across scenarios of
progressively increasing microscopic control. The first studies refine the control over the atoms
and their interactions: from disordered thermal vapors accessible only through collective averages,
through structured lattice gases with single-atom resolution, to one-dimensional tweezer arrays of
individually positioned atoms. The later studies then extend this control to the optical traps, the
laser drive, and ultimately the quantized motion of the atoms themselves. Along this progression,

each gain in control unlocks qualitatively new many-body phenomena and applications.

At the lowest level of control, a thermal Rydberg vapor already exhibits exploitable collective
behavior. Driven through a regime of optical bistability, it serves as a physical reservoir for
time-series prediction. The learning performance peaks near the nonequilibrium phase transi-
tion where the collective response is amplified. Gaining single-atom resolution opens access to
constrained many-body physics. In two-dimensional Rydberg lattice gases, resonant facilitation
conditions based on the strong Rydberg interactions impose kinetic constraints that fragment the
Hilbert space. The resulting Hilbert-space sectors support distinct elementary excitations whose
spectroscopic signatures exhibit collective many-body enhancement. Narrowing the geometry
to one-dimensional tweezer arrays enables precise engineering of coherent transport, and raises
the question of what the resulting long-range correlations are good for. A chain of Rydberg
atoms is shown to extend quantum correlations to massive objects: it mediates entanglement
between two spatially separated mechanical oscillators, through both coherent dynamics and a

dissipative scheme exploiting tunable Rydberg decay.

Having considered several scenarios based primarily on controlling atomic positions and
interactions, the remaining studies turn to additional degrees of freedom beginning with the fields
that trap the atoms. Rydberg-mediated operations require long-lived coherence, which is limited
by differential AC Stark shifts from the trapping fields. A study of magic trapping reveals that
the optimal detuning differs between running-wave and standing-wave configurations because
the extended Rydberg electron wave function resolves the spatial structure of the trapping field.
With trapping under control, the remaining frontier is the coupling between electronic excitation
and atomic motion, typically a source of decoherence but exploited here as a programmable
resource. Stroboscopic Rydberg dressing protocols convert spin-motion coupling into effective

multi-body interactions, whose character is tuned by the pulse timing relative to the atomic
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motion. Harnessed actively, the same coupling drives the collective motion of an atom chain
into squeezed states, reducing interatomic distance fluctuations to a fraction of the ground-state
value and producing non-classical states with substantial Wigner negativity.

Together, these studies demonstrate how progressively refining control over the interactions,
positions, traps, and motion of Rydberg atoms makes the platform an increasingly powerful

setting for studying quantum many-body physics.



2. Zusammenfassung

Synthetische Quantensysteme auf Basis neutraler Rydbergatome stellen duferst vielseitige Platt-
formen fiir das Studium von Quantenvielteilchenphysik dar. Die vorliegende kumulative Disser-
tation untersucht sie in Szenarien mit fortschreitend zunehmender mikroskopischer Kontrolle.
Die ersten Studien verfeinern die Kontrolle tiber die Atome und ihre Wechselwirkungen: von
ungeordneten thermischen Dimpfen, die nur tiber kollektive Mittelwerte zuginglich sind,
tiber strukturierte Gittergase mit Einzelatomauflosung bis hin zu eindimensionalen Pinzetten-
(Tweezer)-Arrays einzeln positionierter Atome. Die spiteren Studien erweitern diese Kontrolle
anschlieflend auf die optischen Fallen, die Laseranregung und schliefSlich die quantisierte Bewe-
gung der Atome selbst. Entlang dieser Abfolge erschliefit jeder Zugewinn an Kontrolle qualitativ

neuartige Vielteilchenphinomene und Anwendungen.

Bereits auf der grundlegendsten Ebene der Kontrolle weist ein thermischer Rydbergdampf
nutzbares kollektives Verhalten auf: Im Regime der optischen Bistabilitit fungiert er als phy-
sikalisches Reservoir fur Zeitreihenvorhersagen. Die Lernleistung erreicht dabei in der Nihe
des Nichtgleichgewichtsphaseniibergangs ihr Maximum, da dort kollektive Antworten gezielt
verstirkt werden. Der Ubergang zur Einzelatomauflsung erdffnet den Zugang zur Physik restrin-
gierter Vielteilchensysteme. In zweidimensionalen Rydberggittergasen induzieren starke Wech-
selwirkungen kinetische Zwangsbedingungen, die zu einer Fragmentierung des Hilbertraums
tithren. Diese bringen charakteristische Elementaranregungen hervor, deren spektroskopische
Signaturen eine kollektive Vielteilchenverstirkung aufweisen. Die Reduktion der Geometrie auf
eindimensionale Pinzetten- (Tweezer)-Arrays ermdéglicht die prizise Steuerung des kohirenten
Anregungstransports und wirft die Frage auf, wozu sich die so erzeugten langreichweitigen
Korrelationen nutzen lassen. Es wird demonstriert, dass eine Kette von Rydbergatomen Quan-
tenkorrelationen auf massive Objekte ausdehnen kann: Sie vermittelt Verschrinkung zwischen
zwei riumlich getrennten mechanischen Oszillatoren. Dies gelingt sowohl tiber kohirente Dy-
namik als auch durch ein dissipatives Protokoll, welches den einstellbaren radiativen Zerfall der
Rydbergzustinde gezielt ausnutzt.

Nachdem verschiedene Szenarien betrachtet wurden, die primir auf der Kontrolle atomarer
Positionen und Wechselwirkungen basieren, widmen sich die weiteren Untersuchungen zusitz-
lichen Freiheitsgraden — beginnend mit den Feldern, welche die Atome einfangen. Durch Ryd-
bergatome vermittelte Operationen setzen eine prizise Kontrolle der Fallenumgebung voraus,
welche durch differentielle AC-Stark Verschiebungen beeinflusst wird. Eine systematische Un-

tersuchung sogenannter ,magischer® Fallen zeigt, dass die optimale Verstimmung sich zwischen
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Lauf- und Stehwellenkonfigurationen unterscheidet. Ursichlich hierfir ist die ausgedehnte
Wellenfunktion des Rydbergelektrons, die die Potentiallandschaft abtastet. Ist die Falle optimal
kontrolliert, verbleibt als abschlieBende Herausforderung die Kopplung zwischen elektronischer
Anregung und atomarer Bewegung. Was tiblicherweise als Quelle von Dekohirenz gilt, wird
in dieser Arbeit erfolgreich als programmierbare Ressource nutzbar gemacht: Stroboskopische
Rydberg-Dressing-Protokolle wandeln die Spin-Bewegungs-Kopplung in eftektive Mehrteilchen-
wechselwirkungen um, deren Charakter sich tiber das Verhiltnis der Pulsdauer zur atomaren
Bewegung einstellen lisst. Aktiv genutzt, treibt dieselbe Kopplung die kollektive Bewegung
einer Atombkette in gequetschte (gesqueezte) Zustinde: Die Fluktuationen der interatomaren
Abstinde werden auf einen Bruchteil ihres Grundzustandswertes reduziert, was die Priparation
nichtklassischer Zustinde mit ausgeprigter Wigner-Negativitit erlaubt.

Zusammengenommen zeigen diese Studien, wie die fortschreitende Kontrolle tiber die Wech-
selwirkungen, Positionen, Fallen und Bewegung von Rydbergatomen die Plattform zu einem

zunehmend leistungstihigen Schauplatz fiir das Studium von Quantenvielteilchenphysik macht.
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4. Introduction

Understanding strongly correlated quantum many-body systems is a central goal of modern
physics. Their collective behavior underlies phenomena as varied as high-temperature supercon-
ductivity [1], the electronic properties of engineered materials [2], the structure and dynamics
of complex molecules [3], and the operation of quantum sensors [4]. Such systems are, however,
notoriously difficult both to describe and to control. Theoretically, the dimension of the Hilbert
space required to represent a quantum many-body system grows exponentially with the number
of particles, so that an exact numerical treatment is feasible only for relatively small systems [5,
6]. Experimentally, the relevant degrees of freedom in naturally occurring matter, such as the
electrons in a solid, evolve on length and time scales that are far too small and too fast to access
directly, and they are dressed by many competing effects that cannot easily be isolated and studied
one at a time [7]. Quantum simulation offers a way around both obstacles: instead of solving or
probing the original system directly, one assembles a synthetic quantum system with well-isolated
microscopic building blocks, engineered from the bottom up to realize the same many-body
Hamiltonian while remaining experimentally accessible and controllable [8-12].

A particularly versatile platform for building such synthetic systems is provided by neutral
atoms: they can be trapped and arranged using optical fields, can be well isolated from their
environment, and have internal electronic states that can be addressed coherently with laser
light [13, 14]. In their electronic ground state, however, atoms interact only through weak,
short-ranged forces [15]. Thus, strong, tunable interactions between neutral atoms have to be

added to realize strongly correlated many-body physics.

Such interactions can be supplied by promoting an outermost valence electron to a state of
high principal quantum number 7, a Rydberg state [16-18]. The excited atom then acquires a
set of strongly exaggerated properties that scale steeply with 7: its spatial extent grows as n* and
reaches micrometer scales, while its radiative lifetime grows as 7> and provides a long window for
coherent evolution before spontaneous emission occurs [16, 19]. The large separation between
the valence electron and the ionic core also renders the atom highly polarizable [20-22], which
translates into strong and tunable interatomic Rydberg interactions that are are often of van
der Waals [23, 24] or resonant dipole-dipole character [25-27], with their angular dependence
determined by the chosen states. Because these interactions extend over several micrometers,
they readily exceed the typical spacing between atoms and dominate the remaining energy
scales, so that an ensemble of Rydberg atoms naturally realizes a strongly interacting many-body
system [28, 29].
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To control the correlated many-body system, we utilize a laser drive between the ground and a
Rydberg state. With this drive, we can alter the interaction between the atoms: if the drive is
weak compared to the interaction strength, a blockade radius emerges around each Rydberg
atom, inside which further excitations are strongly suppressed (Rydberg blockade) [30-32];
alternatively, the laser detuning can be chosen to compensate the nearest-neighbor interaction,
so that atoms are resonantly excited only when sitting directly next to a Rydberg atom (facilita-
tion) [33-36]. Thus, by tuning the laser frequency relative to the interaction strength, we can
realize completely different many-body dynamics.

In the remainder of this chapter, we go through the scenarios considered in this work, ordered
by the degree of microscopic control they require, from disordered gases to individually addressed

tweezer arrays.
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FIG. 4.1. Hierarchy of microscopic control over Rydberg atoms. The figure illustrates the results of
this dissertation, which all include Rydberg atoms and their interactions. Progressively increasing micro-
scopic control leads to qualitatively different physical phenomena, following a clockwise progression from
the upper left: We start from macroscopic, disordered thermal vapors utilized for reservoir computing
[P1]. Introducing optical traps allows single-atom resolution in two-dimensional arrays that reveals
kinetically constrained elementary excitations [P2]. Restricting the geometry to a one-dimensional chain
enables the mediation of entanglement between macroscopic mechanical oscillators [P3]. Higher micro-
scopic control requires geometry-dependent magic Rydberg trapping to accommodate the large Rydberg
electron wavefunction [P4]. With the trap optimized, tailored excitation protocols like stroboscopic
dressing can control atomic motion and engineer effective multi-body interactions [P5]. Ultimately,
harnessing the spin-motion coupling enables the active engineering of non-classical motional states with
significant Wigner negativity [P6]. The colored frames group the studies according to the two parts of
this introduction: the red boxes ([P1]-[P3]) collect the many-body scenarios realized with increasing
spatial control, from thermal vapors to tweezer arrays (Sec. 4.1), whereas the blue boxes ([P4]-[P6])
collect the coherent control over the traps, the laser drive, and the quantized atomic motion that gives rise
to spin-motion coupling (Sec. 4.2). The arrows trace the clockwise progression, with each step indicating
an increase in control and the qualitatively new phenomena it enables.
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4.1. From thermal vapors to tweezer arrays

The simplest setting in which Rydberg many-body eftects can be studied is a disordered gas [37-
39]. Here a macroscopic, room-temperature ensemble contains atoms that are randomly dis-
tributed in space and are continuously driven by laser light into Rydberg states [28, 40]. We
control and probe this gas only at the collective level, through macroscopic averages over the
whole ensemble. Because typical experimental timescales exceed the finite Rydberg lifetime, the
coherent drive competes with spontaneous emission and dephasing, and the gas must be treated

as an open system [41].

We describe this open system using a Lindblad master equation for the density matrix [42-44].
The master equation captures the competition between the strong Rydberg interactions and
dissipation, and predicts the emergence of collective effects, most notably a bistability with a
non-equilibrium phase transition, where the stationary Rydberg density switches between a low-
and a high-excitation branch [39, 45, 46].

Such collective nonlinear dynamics make the gas a candidate for processing information.
Computing with a physical system requires a substrate whose dynamics are rich and nonlinear,
retain a memory of past inputs, and map them into a high-dimensional state space [47-50].
Operating near a phase transition supports this: there the susceptibility is strongly enhanced, so
that small differences in the input grow into large and well-separable changes in the state, exactly
the response a good feature map needs [51]. Such a substrate is called a reservoir, and processing
information with it is known as physical reservoir computing, an approach demonstrated across
a wide range of platforms [52-54]. In [P1] we ask whether the driven Rydberg gas near its
bistability can itself serve as such a reservoir, and whether the phase transition improves its

performance.

So far, we have discussed controlling the gas only at the collective level. Resolving and ad-
dressing individual atoms requires fixing them in space, which ordered arrays such as optical
lattices or reconfigurable tweezer arrays provide [55-57]. The precise positioning lets us use
the facilitation and blockade conditions to shape the dynamics of the many-body system. In
particular, facilitation acts as a conditional excitation rule, resonantly exciting an atom only
next to an already excited one, and thereby imposes a kinetic constraint on the many-body

dynamics [58].

Such kinetic constraints are of broad interest because they limit the configurations the dynam-
ics can reach: in many systems they can fragment the many-body Hilbert space into weakly con-
nected sectors and thereby produce glassy behavior, characterized by slow relaxation, ergodicity
breaking, and localized elementary excitations [59, 60]. In facilitated Rydberg systems, however,
such constraints have so far been studied almost exclusively in one-dimensional chains [61-63],

while the two-dimensional lattice has remained largely unexplored. In [P2] we ask what kinetic

10



constraints facilitation imposes on a two-dimensional Rydberg lattice, what elementary excita-
tions emerge from the resulting Hilbert space fragmentation, and whether they can be detected

spectroscopically.

With the atoms pinned in arrays, strong Rydberg interactions generate controllable many-
body correlations. This raises the question of whether these correlations can be harnessed for
applications beyond studying many-body physics itself, for example to mediate interactions
between external quantum systems. One ambitious goal is to extend quantum behavior to ever
larger and more massive objects. Experiments along these lines have prepared macroscopic super-
positions and performed matter-wave interferometry with massive particles [64—66], and they
have entangled massive macroscopic constituents [67-70]. The central obstacle is decoherence,
which grows rapidly with the mass and complexity of the object, so that the scale up to which

quantum coherence can be sustained remains an open question [71, 72].

A Rydberg tweezer chain offers a natural way to address this challenge by acting as a quantum
bus between distant mechanical oscillators. The interface rests on a matching of energy scales:
high-frequency micromechanical oscillators resonate in the gigahertz range [73, 74], which
coincides with the transition frequencies between adjacent high-z Rydberg states [16, 75]. By
placing one mechanical oscillator at each end of the chain, we can couple them to the respective
endpoint atoms. Within the chain, the dipole-dipole interaction between neighboring atoms
hops a Rydberg excitation coherently from site to site [76], so that an excitation injected at
one boundary travels to the other and mediates an effective interaction between the two oscilla-
tors across their macroscopic separation. In [P3] we ask whether such a chain can mediate an

interaction strong enough to entangle two distant mechanical oscillators.

4.2. From coherent trapping to spin-motion coupling

We have seen which synthetic quantum systems can be created once the Rydberg atoms and their
mutual interactions are controlled: a driven gas operated near its bistability, a two-dimensional
facilitated lattice, and a chain that couples distant mechanical oscillators. The required degree
of microscopic control grew along the way, from collective averages over a disordered gas to
individually positioned atoms in an array. In the following, we push this control onto further
degrees of freedom of the platform: the traps that hold the atoms, the laser that drives electronic
transitions, and finally the quantized motion of the atoms. We begin with the optical traps,

which localize the atoms but can themselves become a source of decoherence.

The difficulty is that an optical trap is generally state-dependent: it shifts the energy of a
ground-state atom and a Rydberg atom by different amounts. An atom prepared in a superposi-

tion therefore accumulates a state-dependent relative phase. Spatial or temporal variations of this

11
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differential shift lead to dephasing across an atomic ensemble [77, 78]. The established remedy is
magic trapping, where the trap parameters are chosen such that both states experience the same

shift; this technique is routine in optical atomic clocks [79, 80] and quantum memories [81-83].

For Rydberg states this is more subtle. As the principal quantum number increases, the
electron orbit grows until it becomes comparable to the wavelength of the trapping light [22, 77,
78], and the standard dipole approximation can no longer be applied to derive the conditions
for a magic trap [84, 85]. The electron then samples the spatial profile of the trap field rather
than a locally uniform one, so that the energy shift, and with it the magic condition, depends
on the geometry of the optical potential. In [P4] we ask whether magic trapping conditions
persist across different trap geometries, and how the geometry shapes the coherence between the

ground and a Rydberg state.

In the previous section we considered how a single Rydberg atom can be held coherently in its
trap. To realize many-body physics, however, we must hold many interacting Rydberg atoms at
once. This is harder, because the strong Rydberg interaction exerts a mechanical force between
the atoms, which in turn limits their coherence time. One approach to mitigate this is Rydberg
dressing [86], which coherently admixes a small fraction of a Rydberg state into a long-lived
ground state. The atoms then inherit a tunable portion of the strong Rydberg interaction while
reducing the Rydberg population and the associated mechanical forces and decoherence. This

provides a tunable compromise between interaction strength and coherence.

Dressing is usually realized by continuously driving the ground-Rydberg transition with an
off-resonant laser. However, this leaves the dressed atoms susceptible to black-body radiation,
leading to correlated atomic losses. Stroboscopic Rydberg dressing remedies this by instead
exciting the atoms fully into the Rydberg state for short time intervals [87-89], at the price that

the motional degree of freedom of the atoms must now be taken into account.

When the atoms move, their separation changes, and with it the strength of the Rydberg
interaction. The electronic state and the motion of the atom thereby become coupled, an effect
known as electron-motion or spin-motion coupling [90]. Averaging over the motion yields an
effective description for the electronic degrees of freedom in which the atoms interact not only
in pairs but in groups. This gives access to interactions among three or more atoms that are
otherwise difficult to engineer. Such multi-body interactions appear in lattice models studied
in statistical mechanics, such as the Baxter-Wu [91-95] and Fredkin [96-100] models, among
others [101-103]. In [PS] we investigate how a stroboscopic laser excitation of the atoms together

with the atomic motion, shapes the character of these multi-body interactions.

Beyond engineering multi-body interactions, we can exploit spin-motion coupling to control
the quantized atomic motion itself. Even in its ground state, the motion retains a finite quantum
uncertainty, which can be further reduced through motional squeezing to push the position
fluctuations below the ground state limit [73, 104-109]. In a one-dimensional Rydberg chain,

this motion is collective and modulates the interatomic spacing. Because the Rydberg interaction
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depends nonlinearly on this spacing, this coupling can drive the collective motion into genuinely
non-classical states. In [P6] we ask whether spin-motion coupling can prepare collectively
squeezed motional states of an atom chain, offering an outlook for quantum-enhanced sensing
and more precise control over the interaction strength by reducing fluctuations in the interatomic
separation.

The studies collected in this work show how increasing the control over the Rydberg atoms,
and over the interactions among them, lets us build ever more sophisticated synthetic quantum
systems. In this way, the Rydberg platform becomes a versatile setting for studying increas-
ingly complex quantum many-body systems experimentally. The specific objectives of the six

publications are set out in the following chapter.
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5. Objectives

The introduction in Chap. 4 established that Rydberg platforms combine strong, tunable
interactions with a high degree of architectural flexibility, but also that this flexibility comes at a
cost: as experiments gain microscopic control, they increasingly expose the coupling between
electronic excitation and atomic motion. The objectives of this dissertation follow this tension
through six studies, ordered by the degree of control they demand, with the results detailed in
Chap.

The starting point is to establish what collective Rydberg physics can achieve without any
microscopic control: can the collective response of a thermal Rydberg vapor near its bistability
be harnessed for reservoir computing tasks, and does the non-equilibrium phase transition
enhance prediction performance [P1]? Gaining single-atom resolution raises a different class
of questions: what constraints do Rydberg facilitation in a two-dimensional lattice impose on
the many-body dynamics, what elementary excitations emerge from the resulting Hilbert space
fragmentation, and can they be detected spectroscopically [P2]? Restricting the geometry further
to one dimension sharpens the question of coherent transport: can a Rydberg chain mediate
interactions between external quantum systems strongly enough to entangle two macroscopic
mechanical oscillators [P3]?

Pursuing these applications exposes increasingly stringent requirements on the platform
itself. Because the extended Rydberg electron wave function breaks the dipole approximation
by sampling the trapping light, do magic trapping conditions remain valid across difterent trap
geometries [P4]? Controlling the trap is necessary but not sufficient: the excitation protocol must
also be engineered. How does the pulse timescale relative to the motional dynamics determine the
character of multi-body interactions generated by stroboscopic Rydberg dressing [P5]? Can spin-
motion coupling in stroboscopic Rydberg dressing prepare collectively squeezed, non-classical
motional states of an atom chain [P6]?

While these six studies span vastly different experimental settings, from room-temperature
vapors to microkelvin tweezer arrays, the underlying physics is governed by the same requirements
of local laser driving and long-range Rydberg interactions. The following chapter introduces
the common theoretical framework from which the phenomena studied in all six publications

emerge.
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6. Methods

This chapter establishes the theoretical foundations used across all six publications of this cumu-
lative dissertation, thereby addressing the objectives formulated in Chapter 5. We begin with
the coupling of an atom to a monochromatic light field, which yields the Rabi Hamiltonian
and the optical trapping potential. We then collect the Rydberg-specific single-atom properties
and pair interactions in Sec. 6.2, and assemble them with the trap-induced motion into a single
many-body Hamiltonian. The section closes with an overview of the parameter regimes in which

the six publications operate, locating each as a controlled reduction of that Hamiltonian.

6.1. Atom-light interaction

This section develops the theory of a neutral atom interacting with an electromagnetic field. The
derivation reveals how atoms can be utilized to form qubits and effective spins, how they can be
driven and manipulated by coherent light, and how they can be trapped in free space using a
laser field. All systems investigated in this cumulative dissertation [P1-P6] rest on this common
origin.

We start from the fundamental minimal-coupling Hamiltonian and carefully track the approx-
imations that reduce it to the Rabi Hamiltonian for a driven spin. From the same framework,
we then show how a two-level atom can be trapped by an off-resonant laser field.

For low-lying states in alkali atoms, both questions can be addressed within the electric-dipole
approximation, in which the laser’s spatial profile is replaced by its value at the atomic center of
mass. For highly excited Rydberg states, however, the electronic orbit can become comparable
to (or even larger than) the optical wavelength of the trapping field, and this approximation
breaks down. We therefore derive the generalized Rabi Hamiltonian without invoking the dipole
approximation, so that the result remains valid from ground-state trapping through highly

excited Rydberg states.

6.1.1. Minimal coupling

We model the atom as a valence electron of mass 7z,, charge —¢, and momentum p, at position r,,
together with an ionic core, comprising the nucleus and all remaining closed-shell electrons,
whose internal structure is neglected. The core is modeled as a point charge of mass A4, charge +e,
and momentum P, at position R . Working in the Coulomb gauge, V - of = 0, the laser field is

described entirely by the transverse vector potential &. In this gauge the scalar potential is fixed
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6. Methods

by the instantaneous charge distribution; the only charges present are those of the atom itself,
whose mutual interaction is already contained in the Coulomb term /7., and no external charges
are assumed, so the radiation field carries no scalar potential, @ = 0. Neglecting in addition the
coupling of the laser magnetic field to the electron spin, the minimal-coupling Hamiltonian [110,
p. 1333] reads

2 2
[B-cd®R,0)]" [p.+ed(r,1)]

where V- is the Coulomb potential and the signs of the gauge field reflect the canonical substitu-
tion p — p — g4 with g = +¢ for the ionic core and ¢ = —e for the electron. Expanding the

squares and using V - & = 0 to commute & through the momentum operators yields

P e ot (R, 1)
Hue =297 ~ a7 IRo?) Bt —577—
2 )
Pe _ i 2 'Qf (re’ t)
ot Ve(lr, = R.]) + - d(r,t) - p, + “m, (6.2)
We now introduce center-of-mass and relative coordinates, R = %, r =r, — R, with

total mass M = M, + m, and reduced mass m = m, M./ M = m,. The conjugate momenta
. M. p,~m,P, . .

are the total and relative momenta, P = P. + p,, p = =P 50 that the original momenta

read P = 5P — pand p, = 5;P + p, while the particle positions become R, = R — 32r and

r, = R + 57r. Substituting these coordinate and momentum relations into the coupling terms

of Eq. (6.2) and grouping them by the momentum operators yields

€ € 4
" R0 Rt (1) P = 77 [(x,2) - (R, 2)] - P
d(r,z) dAR,¢)
+e - + i “p- (6.3)

Since m, [ M. = 5 x 107> « 1, the center of mass practically coincides with the core position,
R = R, and the electron position simplifies to r, = R + r. Using the relative center-of-
mass approximations, the relative momentum term can be rewritten using the relation 1/m, =
1/m—1/M, as:

AR +r,r) dA(R,¢) e e
e me + M .p_%!Qf(Rﬁ-rJ[‘)-p—]v[[.QQ(R'FI',Z')—QQQ(R,f)]’p. (6.4)

Since p ~ m, < M,, the second term on the right-hand side is suppressed by a factor of ~ 10™*
A (R+r,t)

relative to the first term and can be neglected. Similarly, the quadratic terms simplify to ———

plus terms suppressed by the large core mass A1, which are neglected. Collecting these results,

18



the Hamiltonian in center-of-mass and relative coordinates becomes:

P2
Hoy = 5 + o (R +5,0) ~ cl(R,)] - P
Hy
P I3 AR +r0)
P s fa® g pr CEREED ()
H,

el

In this center of mass Hamiltonian (6.5), the first term is the kinetic energy of the atom as a
whole. The electronic Hamiltonian A describes the internal electronic structure of the atom
and has hydrogen-like eigenstates |7) with energies hw,, so that H, = > hw, |n)n|. The
remaining terms describe the coupling of the electronic and center-of-mass degrees of freedom to
the electromagnetic field. The Réntgen term Hy couples the center-of-mass momentum directly
to the spatial variation of the vector potential [111-113]. We carry it through the following
derivation and estimate its size in Sec. . An alternative route would be to perform a Power-
Zienau-Woolley transformation [114, 115] which recasts the center-of-mass Hamiltonian H -y,
directly in terms of electric and magnetic fields. The Hamiltonian in the center-of-mass after
substitution reads

P’ e FA*(R +1,1)

HCM—2M+H1+HR+%521(R+r,t)~p+ , (6.6)

2m

with Ay as defined in Eq. (6.5). Crucially, & is still evaluated at the full electron position R + r:

we have not assumed that the field is uniform on the scale of the electronic wavefunction.

6.1.2. Monochromatic field and two-level projection

We assume now that the electromagnetic field is monochromatic, e.g. formed by a single-mode

laser of frequency @y, so that the vector potential takes the form
AR +1,2) = AR +1) e + 4" (R + 1) Y, (6.7)

where /(R + r) is the complex spatial amplitude of the field. Inserting (6.7) into the center-of-
mass Hamiltonian (6.6), abbreviating A = o/ (R + r), and writing 0A = o/(R + r) — d(R) for

the field variation across the atom, yields

2
Hmono:2M+2ﬁa) |+_[Aelel‘+A*€zth] p
< A o] b
2
; [A2 —2iw;t + (A*)Zezith +2 |A|2] (68)
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6. Methods

where the second line arises from the Réntgen coupling Ay . We treat the coupling terms in
Hamiltonian (6.8) using time-dependent perturbation theory [116, 117] and assume that the
laser is near-resonant with a particular pair of electronic levels: a lower-lying ground state |g)
with energy hw, and an excited state |e) with energy hw,, separated by the transition frequency

w,, = w, — w, > 0. The absolute value of the detuning A = w; — ,, is assumed much smaller

< % eg
than the absolute value of the detuning to any other pair of levels. This resonance approximation
allows us to restrict the electronic Hilbert space of the atom to the two-level subspace spanned

by |e) and |g) and discard all matrix elements that connect to other levels.

Projecting onto this two-level subspace replaces each coupling operator by its 2 x 2 matrix
in the {|¢), |g)} basis. Keeping all four matrix elements of every operator, we abbreviate the
paramagnetic IT,;,, Rontgen R, static diamagnetic A\, and counter-rotating diamagnetic
Zyw couplings as

My = — (kA-pIK), Gy = 37 (ISAIK),

£
m
2 L 2 . (6.9)
Ny = - (k||A[°E), Ep = o (k|A”|F'),

with &, k' € {e, ¢}. The diamagnetic matrix is Hermitian, Ay, = Aj,,. The Réntgen entries
multiply the center-of-mass momentum operator P, and off the diagonal they simplify: since
the subtracted amplitude & (R) does not depend on the electronic coordinate r, it can be pulled
out of the matrix element, where it vanishes by orthogonality, (¢|(R)|g) = d(R) (¢|g) = 0,
leaving R,, = 7 (¢|A|g). The projected Hamiltonian reads

2

P
Hyp = 5+ b, |elel + b g)gl

Hee Heg : ‘%eg ‘%gg .
+ et 4 Pt 4 he.
L L, Rge Ryq
Aee Aﬁ’ Eﬁ’e Eﬁ’ ;
+ “l+ l( g) 2’ yhel. (6.10)
Nge gy Sge g

The first bracket collects the linear (paramagnetic plus Rontgen) couplings, oscillating at the
laser frequency w;. The static matrix A is the time-averaged diamagnetic term: its diagonal
entries are the state-dependent ponderomotive shifts, while its oft-diagonal entries are a static,
far off-resonant coupling between |¢) and |g). The last bracket is the remaining diamagnetic

contribution, oscillating at frequency 2.
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6.1.3. Generalized Rabi Hamiltonian

We transform into the frame rotating at the laser frequency by applying the unitary U(z) =

¢“t1Xel The transformed Hamiltonian is

H, =UH, U +ihUU", (6.11)
with ;6 U U' = —hay |efe|. We set the zero of energy at , = 0, so thatw,, = «,. Under

this transformation the diagonal projectors are unchanged, while U |e)g| U = ¢ |e){(g| and
Ulgel U = ™ |gXel.

One entry loses all time dependence: the resonant linear coupling (I1,, + %,,P) [¢)¢| e

+iwpt

whose phase is cancelled by the e of the rotated projector. Together with the diagonal energies

shifted by 750U and the static ponderomotive entries A,,, Agps

into a time-independent part and a purely oscillating remainder,

the rotated Hamiltonian splits

PZ
Hrot = m

M [(Hfg + ‘%egp) |€>(g| + h.c.]

= hA |e)e| + A, |e)e| + Ay, |g)gl

+ [Ql e+ Q, e 4 Qg e ¢ h.c.] (6.12)

with the constant matrices,

(1]

IL, + R, P Eeg
= , Oy =

Q, =
Age Hgg + %ggP

“ 0 ) Q ( 0 0) (6.13)
— ) 3 = — . .
I, + %, P =, Ep O

Now, we apply the rotating-wave approximation, which consists in dropping the fast-oscillating
terms. This is justified, since we are interested in the slow dynamics on timescales much longer
than 1/, and the oscillating terms average to zero over these timescales. The resulting time-
independent Hamiltonian is the generalized Rabi Hamiltonian, which describes effective dy-
namics of a two-level system under the near-resonant drive, including the Réntgen coupling

and the ponderomotive shifts

Hiy = 57~ P leel + 79 (R) eel + 7' (R) |g)el
* 6.14
+@|exg| +w|g)(e| +| Sy P legl + Hel. (6.14)
Hy

Its oft-diagonal entries describe the coherent coupling between |¢) and |g) at the generalized

Rabi frequency

(e|d(R +r)plg). (6.15)

e
2 % m
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6. Methods

The state-dependent ponderomotive potentials

2
4

P (R) = Ay = S (kAR + 1)), (6.16)

shift each level by the local field intensity sampled over the electronic wavefunction. The contri-

bution —AA |e)e] is the residual energy of |¢) in the rotating frame.

The last term is the residual Réntgen coupling A ;&, which, like the Rabi coupling, drives tran-
sitions between the internal states |e¢) and |g). In the next subsection we estimate its magnitude
for a plane-wave electromagnetic field, for which it is suppressed by a factor of order v/ ¢ relative

to the Rabi coupling. This is why we do not consider this term for the rest of this dissertation.

Crucially, R has remained a quantum-mechanical operator throughout this derivation. The
spatial dependence of Q(R) couples the internal transition to the center-of-mass motion, en-
coding the momentum exchange between laser field and atom, for example the photon-recoil
kick that follows absorption [118, 119]. This coupling between the electronic and motional

degrees of freedom contributes to the spin-motion dynamics investigated in [PS5, P6].

The generalized Rabi Hamiltonian (6.14) is the central result of this section. Starting from the
minimal-coupling Hamiltonian (6.1), we have arrived at a two-level (spin—%) system coherently
driven by a laser field that provides a common building block of the systems studied in this

dissertation.

6.1.4. Rontgen coupling

We now estimate the magnitude of the residual Rontgen coupling Hy, in the generalized Rabi
Hamiltonian (6.14) relative to the Rabi coupling. For this estimate we assume a running wave
with the spatial dependence A (R +r) = o, ¢ R where of, is a constant amplitude and k;
the laser wavevector with magnitude 4, = &y /¢; a standing wave is a superposition of two such
waves and leads to the same estimate. Inserting this form into the oft-diagonal Rontgen entry
R,, = 77 (¢|A]g) obtained in the two-level projection yields

R, =—

ik, - ik, -r ze ik, -
e = 7 To ™ (el g) = 7 oty T (elkrlg), (6.17)

where we expanded M~ 147k reo leading order; the constant term vanishes by orthogo-
nality, as shown above. Truncating the expansion after the linear term is justified only as long as
the spatial extent of the electronic wavefunction remains small compared to the laser wavelength,
(k; - r) < 1, which is the same condition that underlies the dipole approximation discussed
in the next subsection. It is well satisfied for low-lying electronic states, but not guaranteed
for highly excited Rydberg states, whose orbit size can become comparable to the wavelength.

Within this regime the magnitude is bounded by |#,,| < 77 & |9y| - [ {e|r|g) |. The Rabi
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coupling (6.15) evaluates, to the same leading order, to

4 4
(el = — 1 {elA-plg) | = — ol - [ {elplg) | = oy [hp] - [ {elrlg) |, (6.18)

where we used the sum rule (¢|p|g) = imw,, (¢|r|g), which follows from the operator identity
p = % [H,, r]. Replacing the center-of-mass momentum operator P in Hy by the typical

momentum M of a cold atom moving at velocity v, the ratio of the two couplings becomes

[Py Pl
R SR A (6.19)
|Heg| weg ¢

where we used w,, = @, = ck; at near resonance [111-113]. For the cold atoms considered

g
throughout this dissertation this ratio is many orders of magnitude below unity, and we therefore
neglect A i{ in the following considerations. We emphasize that this estimate rests on two
assumptions: the plane-wave form of the field and the truncation of ¢ after the linear term,
which requires (k; - r) <« 1. Neither holds in general — the former excludes structured light
fields such as tightly focused optical tweezers, the latter highly excited Rydberg states — so
whether the suppression of the Réntgen coupling persists in these situations remains to be

shown explicitly; we return to this question in Sec.

6.1.5. Dipole approximation and ponderomotive shift

For completeness, we discuss how the familiar electric-dipole coupling and the free-electron
ponderomotive shift emerge from the generalized Rabi Hamiltonian (6.14) in the electric-dipole

limit, and clarify the physical meaning of the ponderomotive term.

The ponderomotive potential VI(:Z)H 4(R) represents the energy shift of an atomic state due to
the rapid quiver motion of the electron in the oscillating electromagnetic field. In the electric-
dipole approximation, which is valid when the spatial extent of the electronic wavefunction is
much smaller than the wavelength of the trapping light, we approximate the vector potential
as uniform over the electronic orbit, (R + r) — o (R). The field amplitude then no longer
depends on the electronic coordinate and factors out of the expectation values in Eq. (6.16),
which become identical for both states:

AR)[*

V(f) (R) — V(X) (R) — Vfree (R) _ €2|

pond pond pond m (620)

Here, Vgsi 4(R) in Eq. (6.20) is the free-electron ponderomotive energy. Because it shifts both

electronic states |¢) and |g) identically, it acts as a global energy offset and does not affect the

transition frequency or drive spatial dephasing between them.
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6. Methods

Similarly, the off-diagonal coupling reduces to its dipole form. With /(R +r) — d(R)
the amplitude is pulled out of the matrix element in Eq. (6.15), leaving (¢|p|g), which we
convert to a position matrix element using again the sum rule (¢[p|g) = ima,, (¢[r|g). The

Rabi frequency then collapses to

deip (R)

- %Qg(R). (elplg) = iew,, A(R)- (e|r|g) ~ - B(R)-d

» (6.21)

The familiar electric-dipole coupling is obtained with (R) = 7w; o (R) the spatial amplitude
of the electric field and d,, = —¢ (¢|r|g) the transition dipole moment (using w,, = «; at near
resonance).

For highly excited Rydberg states, however, the dipole approximation breaks down because the
size of the electron orbit ({r) « 7%) becomes comparable to the wavelength of the light field. In

this regime, the electron samples the spatial intensity gradients of the laser over its wavefunction,

meaning the state-dependent shifts V}(:;)n 4(R) must be computed using the full spatial average
in Eq. (6.16). This makes the ponderomotive potential state-dependent (V }(;)n 4 =2V }(f))n N2

depending strongly on the geometry of the light field (e.g., running-wave vs. standing-wave),
which is the core physics investigated in [P4].

In the next subsection we show that tuning the laser far oft resonance turns the atom-light
coupling into an optical trap for a neutral atom. The formulas describing this trapping can be

derived either with or without the dipole approximation.

6.1.6. Optical trapping of atoms

Our aim in this subsection is to recover the well-known formula for the optical trapping of
a two-level atom and to state explicitly the assumptions under which it holds. We start from
the generalized Rabi Hamiltonian ( ), which already embodies the monochromatic-field,
two-level (resonance), and rotating-wave approximations, and we discard the residual Rontgen
coupling . We consider a laser tuned off resonance whose spatial intensity profile possesses a
local maximum at some position Ry, so that the physics is dominated by the position-dependent
energy shifts of the dressed states, the eigenstates of the atom coupled to the laser field [120, 121].
Reducing this Hamiltonian to a trapping potential for the center of mass rests on two further
assumptions.

First, the laser is tuned far from resonance, |A| > |Q(R)], so that the atom is only weakly
excited and the dressed states stay close to the bare states |¢) and |g). This justifies expanding
the dressed-state energies to leading order in [Q|/|A|. The leading term of this expansion is the
position-dependent energy shift that traps the atom.

Second, the internal level splitting #y/A% + | Q(R)|? is the largest energy scale of the problem—
in particular large compared with the energies of the center-of-mass motion, the photon-recoil

energy bszZ /2M and the vibrational quantum of the resulting trap. The internal state then
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follows the slowly moving atom adiabatically, the non-adiabatic couplings & VQ.(R) between
dressed states are negligible, and the internal Hamiltonian may be diagonalized parametrically at
fixed R. This is the Born-Oppenheimer approximation of molecular physics [122], with the
internal dynamics in the role of the fast electronic motion and the center of mass in that of the

slow nuclei.

: . . k
For clarity we first neglect the ponderomotive contributions V}()O)n 4(R) and restore them at
the end of this subsection. Under these assumptions we diagonalize the internal part of the

Hamiltonian at fixed position,

5A  HO(R)/2

H,  (R) =
mt( ) [)Q*(R)/z 0

(6.22)

Keeping R as a quantum-mechanical operator would obstruct this diagonalization: the position-

dependent unitary that diagonalizes /; . (R) does not commute with the kinetic energy P?/2M

nt
and generates the derivative couplings « VQ(R) neglected above. Treating R parametrically
when diagonalizing the internal Hamiltonian therefore neglects the non-adiabatic derivative
couplings that induce transitions between the dressed-state potential surfaces, in direct anal-

ogy to the Born—Oppenheimer approximation in molecules. The eigenvalues of the internal

E,(R) = g(—A + /A2 + |Q(R)|2). (6.23)

Expanding the square root of the eigenvalues in Eq. (6.23) to leading order in |Q|/|A] < 1,

with /A% + |Q]? = |A|(1+ |Q|2/(2A2)),we focus on the red-detuned case A < 0, i.e. oy < Wyq

which is the regime relevant for attractive optical trapping. In this limit the eigenvalues become

Hamiltonian (6.22) are

POR)E - p gy POR)F

E
4lal ) 4|A|

(R) = -hA + (6.24)
Since |Q(R)|* in Eq. (6.24) is proportional to the local field intensity, both eigenvalues acquire

a position-dependent energy shift of the form

b QR)|*

(%) _
VAC(R) =z 4|A| b)

(6.25)
referred to as the AC Stark shift in the literature [22, 116]. In the far-detuning limit | Q| <« |A]
and for A < 0, the dressed state |—) correlates with the lower-lying state |¢), and |+) correlates
with the energetically higher state |¢). The energy shift of | —) is then negative: its energy decreases
with intensity, so the atom is attracted towards the intensity maximum at R, and is thereby
trapped. The dressed state |+) experiences the opposite sign and is anti-trapped, i.e. repelled
from the intensity maximum. For blue detuning, A > 0, the roles of |+) and |—) are reversed,

and trapping of the lower-lying state instead requires an intensity minimum.
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6. Methods

When the ponderomotive potentials (6.16) are restored, each dressed-state potential receives
an additional contribution V}()/Z)n 4(R). The total trapping potential for the lower-lying branch
|-) ~ |g) then reads

_5|Q(R)|2 +V(g> (R). (6.26)

4 (R) = 4|A‘ pond

trap

R) in Eq. (6.26) simplifies since 4% y@

In the dipole limit, the trapping potential /' pond =V pond =

(
trap

V}f)rsfl 4 is state-independent and, for typical optical trapping parameters, small compared to the
AC Stark shift; the trapping potential is then governed entirely by (6.25). For highly excited

k)

Rydberg states, in contrast, VI() resolves the orbital structure of the electron wavefunction

ond

and can become comparable to or even exceed the energy shift. This regime, in which the dipole
approximation breaks down and the generalized expressions (6.15) and (6.16) are required, is
the subject of [P4] and motivates the detailed introduction of the properties of Rydberg atoms

in the next section.

6.2. Rydberg atoms and the many-body Hamiltonian

This section assembles the many-body Hamiltonian that governs every system studied in this
cumulative dissertation, and identifies the specific regime in which each of [P1-P6] operates. The
physics rests on two properties of Rydberg atoms. Their large orbitals provide strong, controllable
pair interactions on micrometer scales. Their finite radiative and black-body lifetimes set the time
budget for any coherent protocol. We develop the single-atom and pair-interaction ingredients
in the first two subsections, combine them with the generalized Rabi Hamiltonian of Sec. 6.1 in

the third, and close by locating each publication within this parameter space.

6.2.1. Single-atom Rydberg properties

A Rydberg atom is an atom with a valence electron excited to a high principal quantum number
n. The resulting hydrogen-like spectrum is modified by the ionic core, which gives rise to an
atomic-species-specific quantum defect that accounts for the penetration of the Rydberg electron
into the core and shifts the level positions from their hydrogenic values [16, 18, 19]. In this
dissertation, we investigate Rydberg atoms across different physical behaviors. This is possible
because the properties of Rydberg atoms scale strongly with 7. The most important of these

properties are detailed below.

Orbital size (r) « n*. The extension of an atom can be quantified by the mean orbital radius
of the electron (7). For ground states of alkali atoms () is on the order of the Bohr radius #,, [110],
but it grows as 2 for Rydberg states [16, 19]. For z 2 70, (r) becomes comparable to the period

of an optical lattice with wavelength 1064 nm [P4]. The electric-dipole approximation, which
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replaces A(R + r) by A(R) in Sec. 6.1, then fails. The Rydberg electron resolves the spatial
structure of the trapping light, and the ponderomotive shift (6.16) becomes a state-selective

potential that depends on the trap geometry.

Dipole matrix elements. Dipole matrix elements between atomic states determine the
strength of the atom-light coupling when the laser is near-resonant to a transition. For hydrogen-
like atoms the transition dipole matrix element scales as n” for transitions between close-lying
Rydberg states (n = 7') [16, 19]. Thus, Rydberg atoms host a wide range of possible transition
frequencies of optical transitions from ground to Rydberg state or down to microwave and
GHz transitions between nearby high-z Rydberg states. These transitions enable the resonant

coupling to microelectromechanical oscillators discussed in [P3].

Radiative lifetime 74 « 7°.  The spontaneous-emission lifetime defines how long an atom
is expected to stay in a specified state before decaying to a lower-lying state. The spontaneous
decay rate is set by the sum over all squared dipole matrix elements for transitions to lower-lying

states, which scales with the transition frequency cubed and the squared dipole matrix element,

L

n—n'

x “’27/| <n|d‘n'> |2 [110]. For alkali states with low angular momentum, at z ~ 70,
T,.q ~ 100 pus [16]. This defines an upper bound on coherence time that every coherent protocol

I

of [P2, P3, PS, P6] must respect.

Black-body induced transitions I'ggg 72,  Black-body radiation drives incoherent transi-
tions between neighboring Rydberg levels through both absorption and stimulated emission.
At room temperature the energy gap between neighboring Rydberg manifolds, AE, ., < k3T
for n 2 30, is bridged by thermal photons. These drive incoherent transitions |) — |V'> ata
rate [gpp & 77> [123, 124]. Above # ~ 60 at 300 K the BBR rate dominates the total decay
1/7.4=1/7,4 + 1/7ggr and becomes the leading decoherence channel for the high-7 regime
needed in [P3]. Cryogenic shielding suppresses BBR at the platform level but is challenging
for tweezer experiments. Stroboscopic Rydberg dressing addresses the same problem at the
protocol level by populating |7) only briefly, so that the time-integrated BBR loss stays small.
This mechanism is explored in [PS5, P6].

6.2.2. Interaction between Rydberg atoms

Due to the large distance of the valence electron from the ionic core, Rydberg atoms can form
large electric dipoles. When a pair of Rydberg atoms is placed at a separation of a few micrometers,
they interact electrostatically, and at these distances the dipole-dipole term dominates [16, 28].

For two atoms with relative position R, the dipole-dipole interaction reads

1

V(R) = e

|d,-d, -3(d, -R)(d, R)], (6.27)
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6. Methods

with the dipole operators d; of the two atoms, R = |R|, and R = R/R. The Hamiltonian of

the two atoms is then
H

pair

= H, + H, +Vy(R), (6.28)

where H; is the single-atom Hamiltonian of atom 7 with known eigenstates | ) . and eigenenergies
E,EZ). The eigenstates of H; + H, are the pair states |nn'> = |n), ® |n’>2 with energies ,,, =
E +E,.

If the atoms are too close together, the dipole-dipole interaction becomes comparable to the

single-atom level spacing and the eigenstates of /.

are strongly hybridized superpositions of
many pair states. This is the regime of Rydberg macrodimers [125, 126]. However, in the regime
of interest for this dissertation, the atoms are sufficiently far apart that the eigenstates of ;.
are well approximated by the pair states |n#"). The dipole-dipole interaction then produces
energy shifts of these pair states, which we calculate using perturbation theory. We treat V44 as a

perturbation to H; + H,. The first-order shift of a pair state vanishes by parity,
E}Si) = (nn | Vyq |nn') =0, (6.29)
so the leading correction is of second order,

(mm' | Vg | nn')z
Enn’ - Emm’ ’

2
EQ =% (6.30)
nn
mm'
where the sum runs over the relevant dipole-coupled pair states |mm'). For two atoms in the
same Rydberg state | ), and away from Forster resonances, the relevant dipole-coupled pair states

|7 n3) are separated from |r) by finite Forster defects Oun, = Ly = E,, [16, 28, 29]. Provided

that the dipole-dipole coupling is small compared with these energy defects, <n’1n/2 | Vg lrr) | <
|9, ; |, the interaction can be treated perturbatively. Since Vgq o 1/ R?, Eq. (6.30) then yields

the van der Waals shift

_, (6.31)

For two atoms in different Rydberg states |7) and |r’> of opposite parity, the pair states |rr’>
and |V'r> are degenerate, 0 = 0. The second-order expression (6.30) then diverges, and the

degenerate pair must instead be treated by degenerate perturbation theory, which diagonalizes

r'r)},

V 4q in the subspace {|r7)

0 G/R

vV = s 6.32
dd | {rr',r'r} (C3 /R3 0 ( )
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where the coupling C; /R = | (r'r|V 44|77} | inherits the 1/ R’ scaling of V44 directly. Unlike
the van der Waals shift, which arises at second order, the resonant exchange already appears at

first order, giving the dipole-dipole interaction energy

G

(dd
E 23

Y L | (F'r|Vag|rr')| = £ (6.33)
for the symmetric and antisymmetric combinations (|VV'> + |r'r>)/ V2 among pairs in opposite-
parity Rydberg states.

Perturbation theory thus yields two distinct interaction regimes for a pair of hydrogen-like
Rydberg atoms: the van der Waals shift and the resonant dipole-dipole exchange. They differ in
their distance dependence (C; / RC versus C,/R%), and in the pairs they govern: the van der Waals
shift dominates for pairs of same Rydberg states, while the longer-ranged resonant exchange
dominates for pairs in opposite-parity Rydberg states [110]. These interaction processes can
A,

which decomposes into a diagonal block for the same-parity states and a coupled block for the

. . . . . . . !/ /
be summarized in an effective Hamiltonian on the pair-state basis {|77), |77 > S > s

opposite-parity states:

R0 0 0
pair 0 0 veYR) rY9R) '
0 0 vEO9mr) rSY(R)
The diagonal terms ¥/, V..., V...,  C | R® are the van der Waals shifts of the interaction Hamilto-

nian (6.34); the off-diagonal term V,,  C, /R? is the resonant dipole-dipole interaction strength;
it leads to a flip-flop interaction for Rydberg excitations between atoms and underlies the trans-
port dynamics of [P3]. Every coupling in Hamiltonian (¢.34) depends on the interatomic
distance R, and this dependence couples the electronic degrees of freedom to the centre-of-mass

motion of the atoms which we further investigate in [P5, P6].

6.2.3. The driven Rydberg Hamiltonian

The generalized Rabi Hamiltonian derived in Sec. 6.1 and the pair interactions developed above
are functions of the same variables, the atomic positions R;. We now combine these ingredients
to formulate the many-body Hamiltonian that governs the physics of many Rydberg atoms in
the presence of laser driving and interactions.

We also include the motional degrees of freedom of the atoms, which are crucial for the
physics of [P5, P6]. We assume that the atoms are trapped in independent three-dimensional
optical potentials, where their motion is described by quantum harmonic oscillations along

the three orthogonal axes « € {x, y, 2} with trap frequencies w,. The position of atom 7 is then
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6. Methods

R; = Rfo) + dR;, where the displacement vector is quantized as:

R, = Z Yo (@, + 4l ,)é, (6.35)
ae{x,y,z}
with the displacement vector defined in Eq. (6.35), %, = y/#/(2Mw,) the harmonic oscillator

+

length scales, and 4, ,, 2,  the phonon operators in direction .
5 i

We consider an N-atom system where each atom has a ground state |¢g) and two opposite-
parity Rydberg states | ) and | ). The atom is driven by a laser with Rabi frequency Q(¢) from

|g) <> |7);in a frame rotating with the laser, the coherent Hamiltonian reads

HIb = Z [% O], +he + ZA,(:) |r><r|l. ' ZA/(;) Y

C SR A9 A, T 1R 1,8

i<j i<f

Z V(W) ZJ <r | ® ’r ><V‘j + h.c.) + Z Z a)aoz:rdozw (6.36)
i<j 7 ae{x,yz}

Here, the single-atom detunings A, and A, collect the energies of the internal states relative
to the laser frequency. The pair couplings oy ) G/ R are the van der Waals shifts of
Hamiltonian (6.34); the dipole-dipole exchange o) « C, /R is the longest-ranged term and
is active only when both Rydberg levels are populated. In publications [P5, P6], this motion is
specialized to the longitudinal direction along the chain axis, for example by setting JR; = dR;€,

so that the phonon term in Hamiltonian (6.36) simplifies to the single-mode form w Z a a;.

Spontaneous emission from |7) , |#') at rate ;. . and black-body-induced transitions out of | )

and |r') at rates Iygp enter as Lindblad dissipators [42—44] on top of Hamiltonian (6.36).

Parameter regimes of the publications. Each publication [P1-P6] derives its working
Hamiltonian as a controlled reduction of Hamiltonian (6.36). The following overview organizes
the reductions along the four physical ingredients of this Hamiltonian — the laser drive, the
Rydberg interactions, the dissipation, and the atomic motion — and records under each which

publications share a given regime.

* Laser drive. Most publications drive a single ground-to-Rydberg transition [g) < |7)
with Rabi frequency Q(¢) [P2, P4-P6]. In the vapor of [P1] this is extended to a three-
level ladder |g) <> |¢) <> |r) with an intermediate state |e). In [P3] the laser drive does
not appear in the working Hamiltonian but is required to initialize the system in the
desired Rydberg configuration {r, 7'} of opposite parity, after which the dynamics arise

through the interactions alone.
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* Rydberg interactions. The van der Waals density-density shift V") « C, /R® governs
all publications that keep atoms in the same Rydberg state [P1, P2, PS5, P¢]. It enters in an
all-to-all mean-field form in the vapor [P1], as a long-range interaction with a dominant
nearest-neighbor term and weaker tails in [P2], and as a nearest-neighbor interaction in [PS5,
P6]. The resonant dipole-dipole exchange 7o) « C, /| R® between the opposite-parity
states {r, 7'} instead drives the transport dynamics of [P3]. The single-atom study [P4]

retains no pair interaction due to a very low Rydberg density.

* Dissipation. The coherent protocols of [P2, P4-P¢] are treated as closed systems on the
relevant timescale, with the radiative and black-body lifetimes setting the time budget but
not entering as explicit dissipators. The vapor of [P1] is genuinely driven-dissipative, with
spontaneous emission from the intermediate state |¢) and additional dephasing. In [P3]
engineered decay is used as a resource alongside the spontaneous emission from |») and
[7)-

* Atomic motion. In [P2, P3], the internal-state dynamics is much faster than the atomic
motion, such that the atomic positions remain effectively fixed during the dynamics.
Atomic motion is therefore neglected. In [PS5, P6], the internal-state dynamics takes
place on timescales comparable to the motional oscillation period. The atomic motion
can therefore influence the dynamics and is retained explicitly as quantized vibrational
modes. In [P1], the experiment probes a macroscopic thermal vapor without resolving
individual atomic positions. The measured response is therefore an ensemble quantity,
and the atomic positions are treated statistically by averaging over their spatial distribution.
In [P4], the atoms are trapped but occupy difterent positions within the finite atomic
cloud, while the light shifts vary across the trap. The experimentally observed coherence

therefore is described by an ensemble average over these position-dependent light shifts.
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7. Results

This chapter presents the results of the six publications that constitute this cumulative disserta-
tion. Each section is devoted to one publication: it states the objective from Chap. 5 that the
publication addresses, introduces the physical setting, and summarizes the central results. The
sections are ordered by the degree of microscopic control, following the hierarchy of Fig. 4.1. The
starting point is a thermal Rydberg vapor with no microscopic control, which already exhibits
collectively amplified response near its bistability, enough to turn the system into a substrate
for computation (Sec. 7.1). Resolving individual atoms in two-dimensional arrays opens a
richer regime: strong Rydberg interactions impose kinetic constraints that fragment the Hilbert
space and give rise to elementary excitations with qualitatively different mobilities, probed here
through a spectroscopic scheme (Sec. 7.2). Changing the geometry to a one-dimensional chain
sharpens control over coherent excitation transport such that the chain can mediate interactions
between external quantum systems, concretely two macroscopic mechanical oscillators (Sec. 7.3).
Operating at this level of precision exposes requirements hidden by coarser experiments. When
the Rydberg electron’s orbital exceeds the spatial length scale of the trapping light structure, the
magic condition becomes geometry-dependent, motivating a careful investigation of different
trapping geometries (Sec. 7.4). With the trap controlled, the next lever is the excitation protocol
itself: stroboscopic Rydberg dressing generates spin-motion coupling and effective multi-body
interactions whose properties depend on whether the pulses are fast or adiabatic (Sec. 7.5). That
same spin-motion coupling, usually treated as a source of decoherence, can then be deliberately
harnessed to manipulate the collective motional state of the Rydberg atom chain (Sec. 7.6).
Throughout, the many-body Hamiltonian developed in Chap. ¢ provides the common

theoretical framework.

7.1. Reservoir computing in a Rydberg vapor [P1]

This section addresses the first objective of this dissertation: can the collective response of a
thermal Rydberg vapor near its bistability be harnessed for reservoir computing, and does the
non-equilibrium phase transition enhance the prediction performance [P1]? Such a vapor,
realized here as a hot caesium gas enclosed in a glass cell and illustrated in Fig. 7.1, is the simplest
setting among the six studies: it offers no microscopic control over individual atoms, so any
computational capability must emerge from the collective response alone. The atoms form an

untrapped gas in which Rydberg excitations interact via the van der Waals interaction. A probe
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7. Results

(a) (b) modulated (¢) Rydberg gas (d) transmission 7' ()

Rabi frequency

] H ] .()(S”'l)

signal x(t)

A
£ Q,(f,,)'
Q('(f’u—l>'

Tn
Tn—11

I L/ L I I I »
post- T L i >

T T
processing Sn—M Sn—1 Sn Sn+1

[11—1 ['n

probe laser

FIG. 7.1. Enhanced prediction performance of a reservoir computer based on a Rydberg vapor
near the bistable region. (a) The time-dependent input signal x(#) is sampled at discrete time steps z,,
yielding a piecewise constant waveform with values x,, = x(z,). (b) The sampled values are mapped onto
the Rabi frequency Q,(#,) of the coupling laser, which drives the transition from the intermediate state
6P, to the Rydberg state 48D/, at detuning A, spanning the interval [Q,;,, Q,,,,] that covers the
bistable window. (c) A probe laser with constant Rabi frequency 2, drives the ground state transition
651/, = 6B p; simultaneously, the modulated coupling laser addresses 67, — 48D; ), forming an
electromagnetically induced transparency (EIT) ladder scheme. The optical response of the Cs vapor
is monitored via the probe transmission 7'(¢). (d) The measured transmission 7'(¢) is smoothed with
a Savitzky—Golay filter and downsampled by a factor of 20, yielding samples T4 = T(¢,,,,,) fori €

1
{1,...,20}. The block of M consecutive samples preceding step 7 is fed to a linear readout trained to

predict x(z,, ;) (denoted ,,, ;).

laser monitors the optical transmission while a coupling laser with Rabi frequency Q. dresses
the atoms to a Rydberg state. The two beams form an EIT ladder scheme in which the probe
transmission is sensitive to the coupling-laser amplitude through a collective Rydberg-mediated
nonlinearity. It is this nonlinearity that the objective asks to put to work: if the gas acts as a
physical reservoir, the collective gain that Rydberg interactions impart to the optical response

should be what enables the system to predict future values of a chaotic time series.

The dynamics of the Rydberg vapor are captured by a three-level model in which atoms
are driven from the ground state |g) through an intermediate state |¢) to a Rydberg state |7).
The Rydberg state has spontaneous decay rate y. The van der Waals interaction of strength 7/
between Rydberg atoms shifts the single-atom detuning; in the mean-field limit, after averaging
over the thermal ensemble of the atoms, this becomes a density-dependent offset 72}, where 7 is
the average Rydberg population fraction. The driven-dissipative dynamics are governed by a
Lindblad master equation, detailed in the Methods section of [P1]. In the thermal-vapor regime,
Rydberg excitations are dominated by dephasing with rate y,. By adiabatically eliminating the
intermediate state |¢) and subsequently the optical coherence between state |¢) and |7), in the

fast-dephasing limit (y4 > ¥, Q,), the dynamics of z reduce to a single rate equation:

. QIT(n-1/2)
B O 7 DR

(7.1)
with combined decay rateI" = (y+y4) /2. Analysis of Eq. (7.1) reveals that for specific parameters,

two stable solutions for the Rydberg density 7 coexist. This is the bistable region, which appears

experimentally as a hysteresis loop of the transmission against the coupling detuning scanned
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forwards and backwards at fixed Rabi frequency, as shown in Fig. 2(i) of [P1]. The bistability
is a collective effect arising from the interplay of Rydberg interactions and driven-dissipative
dynamics.

Reservoir computing turns this collective response into a learning resource. A scalar input
time series is encoded as amplitude modulation of Q) ; the transmitted probe intensity is sampled
at a fixed rate; and from those samples, a linear readout is trained to predict the next value of the
input. Concretely, a sliding window of M = 200 consecutive transmission samples is passed
to the readout layer, whose output weights are determined using a training set by least-squares
regression and kept fixed for the prediction thereafter.

To quantify the prediction quality, we use the Normalized Root Mean Square Error (NRMSE),
defined as:

Zko’/ei) _);k(i))z
Zk(ykl) _5}(1'))2

where yk(l.) is the target, j//:l‘) is the prediction, andj/(ll) is the target mean. This measure defines the

(7.2)

NRMSE = avg. \/

trivial baseline of NRMSE = 1 which corresponds to simply predicting the temporal average of
the target sequence. Thus, a successful prediction must yield NRMSE < 1, and the smaller the
NRMSE, the better the prediction quality.

The central result of [P1] is that the prediction quality is set, almost entirely, by where the
operating point (in terms of Rabi frequency and detuning) sits relative to the bistable region.
For specific time prediction benchmarks like the chaotic Lorenz attractor [127] (x-component
prediction task) and the Mackey-Glass delay-difterential equation [128] at delays 7 = 16 and 17,
the NRMSE falls to roughly 0.3 when A is tuned inside the bistable region. The detailed equa-
tions for these benchmarks are given in the Supplemental Material of [P1]. On the NARMA-%
(Nonlinear Auto-Regressive Moving Average) family of tasks [48], moving the operating point
out of the bistable region raises the error by a factor of two to three, bringing performance close
to the trivial average-predictor baseline. Furthermore, by evaluating complexities up to z = 500
and computing the Information Processing Capacity (IPC) [129], we find that the temporal
memory available to the system is bounded by the size of the sliding readout window (A4 = 200)
rather than by the physical relaxation time of the vapor. Importantly, the enhanced learning
capability in the bistable region does not stem from an improved signal-to-noise ratio, which
remains approximately flat across detunings. Instead, the high effective gain near the phase
transition amplifies small input varjations into a wide dynamic range of transmission values,
providing a rich feature space that the linear readout can exploit. Outside the bistable region,
the transmission response is compressed and weakly dependent on the input, leaving the linear
readout insufficient to distinguish nearby input values.

Our results show that the collective response of an untrapped thermal Rydberg vapor near its
bistability can be harnessed for reservoir computing, and that proximity to the non-equilibrium

phase transition enhances prediction performance. However, the best-achieved NRMSE of
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approximately 0.3 remains well above values reported for optimized software reservoirs [48].
Future work should investigate whether established strategies, such as input scaling or time
multiplexing [47], can narrow this gap in the Rydberg vapor.

In conclusion, this section answers the first objective of this dissertation: the collectively
generated gain near the non-equilibrium phase transition substantially improves the prediction
of complex time-series data. However, this collective mechanism operates on a single macro-
scopically averaged variable and does not exploit single-atom control. Accessing single-atom

resolution opens a qualitatively different class of questions, addressed in Sec.

7.2. Elementary excitations in facilitated 2D Rydberg
lattice [P2]
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FIG. 7.2. Facilitation condition in a 2D Rydberg lattice leads to kinetic constraints and ele-
mentary excitations. (a) Level scheme of two atoms separated by one lattice constant 2. The atoms
are modeled by a ground state ||) (beige) and a Rydberg state |1) (red). Both states are coupled by a
laser with Rabi frequency Q and detuning A. The latter is chosen to compensate the nearest-neighbor
Rydberg interaction, i.e., /] + A = 0, which is the so-called facilitation condition. (b) Some near-resonant
processes in a 3x3-lattice, assuming that Q is much larger than the next-next-nearest-neighbor interaction
V3. (c) Structure and energy of some elementary excitations. Here, 75 and V5 are the interaction energies
between next-nearest and next-next-nearest neighbors, respectively. The grey box marks the Hamiltonian
subspace, where elementary excitations are formed by chains of Rydberg atoms. These carry energy »A
from their » Rydberg excitations and energy (» — 1)¥] from the » — 1 nearest-neighbor pairs. Under
facilitation condition, this implies a constant energy shift —/] for these elementary excitations.

This section addresses the second objective of this dissertation: what constraints does Rydberg
facilitation impose on the many-body dynamics in a two-dimensional lattice, which elementary
excitations emerge from the resulting fragmentation of the Hilbert space, and can they be detected

spectroscopically [P2]? To pose these questions concretely, we consider a two-dimensional
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tweezer array with a square lattice of spacing 4, as shown in Fig. 7.2, in which atoms are modelled
as two-level systems with a ground state ||) and a Rydberg state |1), driven by a laser with Rabi
frequency Q and detuning A. When an atom is excited to |1), its nearest neighbors acquire
a van der Waals energy shift V] = C,/4° that would ordinarily suppress their excitation, a
phenomenon known as the Rydberg blockade. Choosing A = =} inverts this suppression
into a facilitation (anti-blockade) condition: an atom can be resonantly excited only when it
has exactly one already-excited nearest neighbor. This conditional excitation rule kinetically
constrains the many-body dynamics. Since Rydberg interactions are long-ranged, they also
extend to next-nearest and next-next-nearest neighbors, with interaction strengths /;, and /73,
respectively. These interactions are weaker than 7] but cannot generally be neglected in two
dimensions. In a square lattice, the diagonal next-nearest-neighbor distance is only V2 a, such
thatV; = C,/(vV24)® = V;/2° = V;/8. Similarly, next-next-nearest neighbors at distance 24
interact with strength 7 = V] /2° = V] / 64.

Within the kinetically constrained Hilbert space, we identify two classes of elementary ex-
citations with qualitatively different mobility. Mobile excitations consist of consecutive one-
dimensional chains of Rydberg atoms along rows or columns of the lattice. Facilitation allows
atoms to be added to or removed from the ends of these chains, enabling them to grow, shrink,
and thereby explore the lattice. In contrast, immobile excitations contain Rydberg atoms on next-
nearest-neighboring, i.e., diagonal, lattice sites, which introduces an additional interaction energy
V;. When Q /2 <V, removal of these diagonal Rydberg atoms is off-resonant, spatially pinning
the excitation. Additional atoms can nevertheless be added or removed resonantly, such that the
resulting pinned chains can still grow and shrink but cannot propagate across the lattice. A clear
separation between the two types of dynamics is obtained in the regime V; < Q /2 « V;: the
large V, makes processes involving next-nearest-neighbor Rydberg pairs oft-resonant, while the

much smaller 75 leaves the different mobile chain configurations near-resonantly coupled [P2].

Projecting onto the mobile sector reduces the exponentially large Hilbert space to a tractable
subspace spanned by all valid mobile one-dimensional chain configurations, parametrized by
chain position, orientation, and length. The dimension of this reduced space scales polynomially
with the number of lattice sites, making systems as large as 11 x 11 sites numerically accessible.
We numerically validate the effective model against the full many-body time evolution and find
quantitative agreement in the limit where the next-nearest-neighbor interactions ; are strong

enough to shift the immobile sector out of resonance and decouple it from the mobile one.

To connect the effective theory to an experimentally accessible observable, we propose a
spectroscopy scheme based on a modulated drive. The Rabi frequency is varied sinusoidally
at a probe frequency » while the time-averaged Rydberg density is recorded as a function of
v. When » matches the energy of an elementary excitation, a Fermi’s Golden Rule resonance
appears as a peak in the density response and the resonance position encodes the excitation energy

directly. Among all the spectral lines we identify, one carries a transition rate that grows linearly
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with the number of lattice sites /V: the line corresponding to the coherent superposition of all
symmetry-equivalent chain configurations spread uniformly across the lattice. This collectively
enhanced line, a bright superradiant-like state with N-fold amplification over the single-site
transition rate, is the most robust experimental signature the scheme provides, because it requires
only a global laser modulation.

The 2D facilitated array of [P2] demonstrates how Rydberg facilitation under single-atom res-
olution imposes kinetic constraints that fragment the Hilbert space, giving rise to distinct mobile
and immobile excitation classes. We show that these excitations can be probed spectroscopically,
and that the collective enhancement of the mobile chains yields a robust experimental signature
with a bright superradiant-like state. This answers the second objective of this dissertation: we
have identified the constraints and excitations of the 2D facilitated lattice gas and demonstrated
their spectroscopic observability. Moving from isolated many-body dynamics in a tweezer array,
we now turn to a hybrid system where a Rydberg chain realized in a 1D tweezer array acts as a

bus to couple two macroscopic mechanical oscillators, detailed in Sec.

7.3. Rydberg-mediated entanglement of mechanical
oscillators [P3]

(a) Rydberg atom chain
/_/R

Exutatlons = (aTa> (bTb> Negatlwty =

C RN 0/\4\/\/

Oscillator a Oscillator b 0
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FIG. 7.3. A Rydberg chain acting as a quantum bus to entangle distant massive mechanical
resonators. (a) Schematic of the oscillator-atom system illustrating the levels, coupling strengths and
decay rates. Excitations in the Rydberg spin chain and the oscillators are depicted as violet filled circles,
while white filled circles indicate the absence of excitations. (b,c) Coherent evolution of the number
of excitations in the oscillators (a'4), (5'6) and oscillator entanglement quantified by the negativity .
The results correspond to the system presented in (a) with N = 2 atoms and V' = 10/. In panel (b) the
system is initialized in |4 ) and in panel (c) in |¢), as described in the text. Dark lines are obtained from
the effective Hamiltonian, while lighter, semi-transparent lines show the exact dynamics under the full
Hamiltonian. In panel (c), (lf%) is shown as a dashed curve to improve visibility.

This section addresses the third objective of this dissertation: can a Rydberg chain mediate
interactions between external quantum systems strongly enough to entangle two macroscopic
mechanical oscillators [P3]? The first requirement for such a hybrid interface is that the external

systems match the energy scales of the chain. As already motivated in the introduction in Sec.

bl
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Rydberg states near principal quantum number 7 = 90 carry electric dipole transitions in the
gigahertz regime, matching the resonance frequencies of high-overtone bulk acoustic resonators
(HBARs) [73, 74], which are microelectromechanical resonators that have recently demonstrated
coherence times on the order of one millisecond. This makes Rydberg atoms and HBARs a
natural hybrid system: the endpoint atoms of a tweezer-trapped Rydberg chain can couple
resonantly to the evanescent electric field of an adjacent oscillator, making spin and mechanical
excitations dynamically interchangeable. In [P3] we exploit this interface to show that the chain
can act as a quantum bus, schematically shown in Fig. 7.3, converting its intrinsic coherent spin

dynamics into entanglement between two distant macroscopic mechanical oscillators.

Each Rydberg atom in the chain is modeled as a spin-% system with states | 1) and || ) separated
by energy A. Nearest-neighbor atoms interact at rate J through the resonant dipole-dipole
flip-flop exchange detailed in Sec. , transporting spin excitations along the chain. The two
endpoint atoms couple resonantly to their adjacent oscillators at oscillator frequency w = A
and coupling strength /, with / < V" so that the chain acts as an off-resonant mediator. Both
Rydberg states can decay to an electronic ground state |g): the upper state |1) at rate y; and the

lower state |]) at rate y|, both of which are tunable by laser dressing of the Rydberg level.

In the limit / <« V, the oscillator coupling perturbs the chain weakly and the chain remains
close to its own eigenstates. To illustrate this, we perform a Schrieffer-Wolft transformation [130],
a systematic perturbative elimination of off-resonant transitions, for a chain of two atoms that

projects the full Hamiltonian onto the effective Hamiltonian

Heg = —]7 (@'t +ab") (LLIXULLL+ 110X ] = ISKST = ITXT)
= (a7 + 07 ) 1LKet] o+ (a2 22) 11N
+ (V+];%) (ITXT| = ISYS]) + Mo, (7.3)

Here |SYS| and |TT'| are the projectors onto the singlet and triplet subspaces of the two spins,
M= KT+ a'a + b'b is the total excitation number operator, and two effective oscillator
couplings emerge: a direct oscillator-oscillator exchange at rate J |V and pair-exchange terms
that coherently transfer two excitations between the chain and the oscillator pair. Importantly,

the dynamics under the effective Hamiltonian conserve the total excitation number p = (/).

Because u is conserved, the initial state sets a ceiling on the achievable entanglement. We show
that ¢ defines an upper bound on the oscillator entanglement of the reduced two-oscillator state,
quantified by the negativity A" [131]. This negativity is a measure of quantum entanglement

that is zero for separable states and can be positive for entangled ones. The bound satisfies:

o< %m. (7.4)
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We demonstrate this bound by computing the coherent dynamics for two choices of initial state,

%) =11) ®[S)®10), and |35) = [0) ®[11) ®10),,

have the same total excitation number ¢ = 2 and therefore share the general bound /" < 1. For

shown in Fig. 7.3(b,c). Both initial states,

|¢1>, however, only single-excitation exchange between the oscillators is possible, such that their
total excitation number remains fixed at one. This imposes the tighter bound 4" < 1/2. For |¢2>,
the pair-exchange terms in H ¢ can transfer both spin excitations into the oscillators, allowing
their excitation number to reach two and the negativity to approach the general bound 4" < 1.
In principle, the coherent dynamics can be halted at the moment of maximum negativity. This
can be achieved, for example, by ionizing the atoms out of their tweezers, thereby freezing the

oscillators in the desired entangled state. In practice, such precise timing is demanding.

Timing coherent evolution to stop at maximum negativity requires precise external control
and timing. We additionally propose a dissipative scheme that generates entanglement and
stops automatically by exploiting the structure of atomic decay. To do so, we initialize all N
atoms in |1) and both oscillators in the ground state. The chain evolves according to a quantum
jump trajectory. When an atom decays through y,, the jump operator |g)|| removes it from
a state that # never counted: only |1) occupancy enters z,s0a ||) — |g) transition leaves the
conserved quantity unchanged. The oscillator excitations already resident in the oscillators are
therefore unaffected, and the full entanglement budget remains available. Decay through %
instead removes one unit from p per event and reduces the achievable negativity. Once all atoms
have reached |g), the atom-oscillator coupling switches off and the oscillator state is frozen; a
trajectory in which every atom decays through y, transfers the full excitation budget # = N into
the oscillator pair and can approach the bound # < N /2.

Having understood the entanglement mechanism of the dissipative dynamics, we turn to
the investigation of optimal parameters. We find that the average final-state negativity over
many quantum trajectories peaks as a function of a5 and two competing mechanisms set the
position of this peak. If 7, is too small, the total evolution time is long and the probability of a
harmful y; decay increases. If  is too large, the first decay event splits the chain prematurely
into two uncoupled sub-chains, each coupled to only one oscillator, before correlations have
propagated to both endpoints; the two oscillators then cannot become entangled with each
other. The optimal y is therefore smaller than the coherent coupling / and shifts to lower values
as N increases, because longer chains require more time to build up correlations between their
endpoints. Taking into account the realistic oscillator decay at rate x, stemming from a finite
coherence time of the HBARSs, post-selecting on trajectories in which all atoms reach |¢) within

a window short compared to 1/« recovers near-ideal average negativity.
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The analysis of [P3] establishes the Rydberg tweezer chain as a quantum interface capable of
exporting nonclassical correlations to macroscopic mechanical objects, using engineered atomic
dissipation as a practical alternative to precise coherent timing. This directly addresses the third
objective of this dissertation: demonstrating that a Rydberg chain can mediate coupling to
external macroscopic resonators strongly enough to generate entanglement.

The first three results sections covered applications of Rydberg arrays under progressively
richer control. In Sec. 7.4, the chapter shifts focus from applications to the platform itself,
beginning with the requirements for trapping a Rydberg atom when its large orbital causes the

point-particle treatment in the optical potential to break down.

7.4. Magic trapping for highly excited Rydberg states [P4]
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FIG. 7.4. Magic trapping conditions depend strongly on the trapping geometry due to finite
Rydberg electron wavefunction size. (a,b) Comparison between a running-wave trap and a standing-
wave optical lattice. When the principal quantum number is high, the Rydberg electron orbit becomes
comparable in size to the lattice period, causing the electron to average over the periodic potential landscape
and making the magic condition strongly geometry-dependent. (c) Standard deviation of the differential
light shift between ground and Rydberg state, integrated over the atomic cloud volume, as a function of
trap detuning A for the running-wave, full standing-wave, and purely periodic potential components.
The optimal standing-wave magic detuning A," minimises this standard deviation and lies between the
analytic running-wave optimum A}" and the purely periodic optimum A;,.

Operating any of these Rydberg systems with high principal quantum numbers exposes a
fundamental platform constraint: the point-particle treatment of the atom in the trapping
potential breaks down when the electron orbital grows comparable to the trap wavelength, see
Chap. 6. This breakdown raises the fourth objective of this dissertation: does the magic detuning
that is supposed to equalize the light shifts of the ground and Rydberg states remain valid across
different trap geometries [P4]? To address this question, we study laser-cooled %Rb atoms at
T ~ 2pK, trapped in two distinct geometries, schematically compared in Fig. 7.4: a single-
beam running-wave optical dipole trap and a retro-reflected one-dimensional standing-wave

lattice, both operating at a trap wavelength A, =~ 1012 nm. At this wavelength the laser is far
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red-detuned for the ground state |g) = |SS, /2>, providing a standard attractive dipole potential,
while near-resonantly coupling the Rydberg state |r) = |15, ,) to the lower-lying |2) = |65 ,)
manifold and thereby generating an attractive potential for the Rydberg state as well.

In this setup, we investigate the coherence time £, between |g) and |r) which we probe via
electromagnetically induced transparency (EIT) in a storage and retrieval experiment: few-
photon probe pulses at 780 nm are stored as collective Rydberg excitations by a 480 nm control
beam and retrieved after a variable storage time £. The central decoherence mechanism for
Rydberg excitations in the trap is the inhomogeneous differential light shift between |g) and
|7), which causes dephasing across the atomic ensemble. By tuning the trap detuning A to the

magic detuning, the differential shift can be minimized, or ideally cancelled.

To quantify this, we derive the magic trapping conditions for both geometries using a the-
oretical model and compare the results to experiment. The central modeling challenge is set
by the scale of the Rydberg electron orbit. A Rydberg atom at principal quantum number 7
carries an electron whose mean orbital radius scales as nzozo, where 4, is the Bohr radius. For
n ~ 70, the orbital diameter reaches several hundred nanometers, comparable to the lattice
period A;-/2 = 506 nm. At that scale the electron samples the alternating nodes and antinodes
of the trapping field across its own orbit. According to the derivation in Chap. 6, and also carried
out in the supplemental material of [P4], the Rabi Hamiltonian must be evaluated without the
dipole approximation. Therefore, the integral over the Rydberg electron wavefunction of the
spatially varying trap field must be performed to compute the light shift. For the considered fields
and owing to the spherical symmetry of an 7.5 state we can express this as the one-dimensional

integral

6 = (nS|cos(2kx,)|nS) = f dr, Po(r) jo(2kr), (7.5)
0

where P, ,(7,) is the radial probability density of the 4.5 state and j is the zeroth-order spherical
Bessel function. We call §, the landscape factor [77]. For the ground state, k7, < 1 and g~ 1
for a high-» Rydberg state, the orbit spans many optical fringes and &, decreases toward zero as

the electron averages over the periodic potential like a free charge.

Following the derivation for the running-wave and purely periodic standing-wave components

of the trap field separately yields two distinct analytic magic conditions:

D2
A = T, =) (7.6)
DZ
A= (7.7)

4h(ag —ay 6,)’

where D, is the reduced dipole matrix element of the near-resonant transition the trap laser
drives, «, is the ground state polarizability, 2, = —e” [mw” is the free-electron polarizability,
and ¢, is the landscape factor defined in Eq. (7.5).
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Because the landscape factor satisfies §, < 1 for any finite 7, the standing-wave magic detuning
A, in Eq. (7.7) differs from the running-wave value. A realistic standing wave also carries a
non-periodic radial component with a different spatial dependence. Thus, no single detuning
can cancel the differential shift at every position simultaneously. We define the optimal standing-
wave detuning A;" as the one minimizing the standard deviation of the differential light shift

integrated over the atomic cloud volume, see Fig. 7.4(c).

In the storage and retrieval experiment, the retrieved signal decays exponentially with a coher-
ence time £, governed by the inhomogeneous differential light shift across the atomic ensemble.
Scanning the trap detuning A locates the point of minimal dephasing for each trap geometry
and thereby identifies the magic condition experimentally. For the 765 state, the running-
wave £, peaks sharply at A7/, confirming the analytic condition. The standing-wave . peaks
at A%/, shifted between the running-wave and purely periodic optima in agreement with the
standard-deviation minimisation criterion, see Fig. 7.4(c). Applying the geometry-correct detun-
ing recovers a coherence time substantially longer than at either single-component optimum,

demonstrating that the geometry-aware criterion is necessary, not merely a refinement.

We repeat the measurement across principal quantum numbers from 7z = 25 to z > 100,

P = D2 J4hA,™ from each optimal detuning. For

extracting an effective trap polarizability )
n < 30, the Rydberg orbital fits well within the lattice period, §, ~ 1, and the running-wave and
standing-wave optima coincide. Above # = 70, where the electron orbital diameter exceeds the
506 nm lattice period, 6, falls measurably below one and the two polarizabilities diverge. The
gap encodes the #-scaling of ¢, directly: as # continues to grow, 6, — 0 and the polarizability
difference saturates at |af|, the ponderomotive response of a completely free electron. The trap
geometry is therefore not a detail for high-z Rydberg states; it sets the effective polarizability and,

through it, the magic detuning.

Magic trapping at the geometry-specific optimum fixes the atom’s spatial degree of freedom,
minimizing the differential phase shift between atoms at different positions in the cloud and
extending the coherence time toward the Rydberg state lifetime. This answers the fourth objective
of this dissertation: magic trapping conditions depend on the geometry of the trap because
the extended Rydberg electron wavefunction averages over the spatial structure of the field, so
running-wave and standing-wave configurations require distinct magic detunings. The optimized
trap is, however, static: the atom sits where the lattice places it and the Hamiltonian remains
fixed. In Sec. 7.5, the focus shifts from the trapping platform to the excitation protocol itself,
where stroboscopic Rydberg dressing generates spin-motion coupling and effective multi-body

interactions.
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7.5. Engineering multi-body interactions with stroboscopic

Rydberg dressing [P5]
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FIG. 7.5. Stroboscopic Rydberg dressing with two dressing protocols. (a) Two atoms trapped in
tweezers which are modeled as one-dimensional harmonic oscillators with trapping frequency w. Their
equilibrium separation is 4, and the displacement from their individual equilibrium positions is given by
xjand x; g,
state | 7). Neighboring atoms in the state |7) interact with strength 7. A globally applied laser couples |1)
and |7) with time-dependent Rabi frequency (#) and detuning A(#). (b) The dressing protocols consist
of periodic sequences of pulses of length 7. In the non-adiabatic dressing protocol, two strong 7 pulses
of duration s are applied, which break the Rydberg blockade. In between the two pulses, interacting
Rydberg states are excited, which generates effective interactions among atoms in the state |1). (c) In the
adiabatic dressing protocol, the Rabi frequency Q(#) and the detuning A(#) are varied smoothly, see text.
Rydberg states are excited during the pulses, but de-excited at the end. Dynamical phases accumulated

respectively. Each atom is modeled by two long-lived ground states (|1) , ||)) and a Rydberg

during this process translate into effective interactions among atoms in the state |1).

This section addresses the fifth objective of this dissertation: how does the pulse timescale rel-
ative to the motional dynamics determine the character of the multi-body interactions generated
by stroboscopic Rydberg dressing [P5]? To answer this question, we study stroboscopic Rydberg
dressing in a one-dimensional tweezer array, where periodic resonant pulses map Rydberg inter-
actions onto the ground state spin manifold. We show, for both an adiabatic and a non-adiabatic
protocol, that the pulse timescale relative to the trap period determines whether atomic motion

decouples cleanly, and that both protocols generate genuine multi-body interactions.

We consider a one-dimensional chain of optical tweezer-trapped atoms with lattice constant
a,. Each atom carries two long-lived ground states |1) and |]), alongside a Rydberg state |7).
For the model considered here, we assume state-insensitive trapping potentials, which may be
realized using magic trapping as discussed in Sec. 7.4. The atoms oscillate in their individual
tweezers at trap frequency w; the displacement of atom ; from its equilibrium position is X;.
When neighboring atoms are both in |7), they interact through the van der Waals potential

V(x;41 — x;); because that potential varies with separation, its gradient G = 9V'/d(x;,, — ;) |4o
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couples the electronic excitation to the atomic motion. This electron-motion coupling is the
key mechanism of the non-adiabatic protocol: it is simultaneously the origin of multi-body

interactions and, without care, a channel for spin decoherence.

Non-adiabatic protocol. The non-adiabatic protocol, see Fig. 7.5(b), applies two resonant
z-pulses per dressing cycle of duration 7'. Each pulse is strong enough (Q > V) to flip all |1)
atoms simultaneously into |7), overcoming the Rydberg blockade; the atoms then evolve under
the Rydberg interaction for an interval 7;; a second z-pulse returns them to |1). In the limit of

instantaneous pulses, the time-evolution operator over one cycle can be calculated analytically as

—iTH, . —iTwa'a,
UT) = | [ THordp(F)e (7.8)
J
and factorizes into three contributions: a free oscillation of each atom in its trap with phonon

A -Fa,
T2 > a displacement operator (%)) = i

occupation operators a; coupling the motional
state to the spin manifold, and an eftective spin-only time-evolution operator. The displacement
argument §; (7“2 — 1), is a spin-dependent operator that senses the configuration of
neighboring atoms [P5]. When atom ; is surrounded by two excited neighbors, or by none, the
net force on it from both sides cancels and jj = 0; when it has exactly one excited neighbor, the
displacement is non-zero. Distinguishing these two configurations requires an operator acting
simultaneously on three adjacent sites; this generates a genuine three-body interaction in the

effective spin Hamiltonian.

The oscillatory factor (¢7“% — 1) vanishes whenever wz, = 27: the atom completes exactly
one oscillation between the two pulses and returns to its starting phase. At this timing, the
displacement operator @(j]) becomes the identity and spin and motional degrees of freedom
tully decouple. The stroboscopic dressing protocol then dynamically generates a clean effective
interaction among the atoms in the low-lying ground states, fully described by the time evolution
under H 4. We verify this numerically by computing the interatomic distance (Jx) at each
stroboscopic time step: for wz, = 0.017, electron-motion coupling causes (dx) to oscillate
strongly after each cycle; for wz, = 27, the motional state returns to its initial value after each

cycle while the spin dynamics are unaftected.

Adiabatic protocol. The adiabatic protocol generates multi-body interactions through a com-
plementary mechanism. In this protocol, the Rabi frequency and detuning are varied smoothly
over the cycle. The Rabi frequency is swept as Q(z) = Q, sin®(z¢/T) with peak value Q,
while the detuning is sweptas A(z) = Ay = (Ag — 4;) sin(7¢/T) from initial detuning A to
final detuning A;. Consequently, the state begins and ends in the spin manifold while passing
through Rydberg-admixed configurations during the pulse, as shown in Fig. 7.5(c). Each spin
configuration C accumulates a distinct dynamical phase ¢ because the energy of the instanta-
neous eigenstate depends on how many atoms simultaneously approach the Rydberg state. As

a concrete three-atom example, we take an equilateral triangle geometry: the phase differences
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define an effective spin Hamiltonian between stroboscopic times 77", which can be expressed as
a sum of multi-body terms, with & = [1)(1] the projector onto the spin-up state of atom 7, this
is

Hy = KRB + UV ) PP+ Uy R+ %, (7.9)

e
i#] 7

where the three-body term 75 % %, in Hamiltonian (7.9) is nonzero and cannot be decom-
posed into any sum of two-body operators. The interaction strengths 7}, are extracted from
the dynamical phases by a finite-difference relation: 737" = ¢, — 304+ + 3@, — @), where the
subscript counts the number of atoms in |1).

We identify that the relative weight of the three-body term depends on the interatomic dis-
tance 4, through the bare van der Waals interaction V' = C, /4§. At large separations ¥ is small
and the two-body interaction 7; dominates, while the three-body term 75 remains negligible.
At shorter distances V is large and the protocol probes deeply interacting configurations, am-
plifying the three-body phase accumulation in @;4,. For the 615, state of potassium with
C, = 119 GHzum® and Q) = 27 x 1 MHg, the ratio %; /%, grows substantially as 2, decreases
from 7 um toward 4 um, a range accessible in current tweezer experiments.

The two protocols thus realize multi-body interactions by complementary routes. The non-
adiabatic protocol exploits state-dependent forces via the gradient G and recovers a clean effective
spin Hamiltonian by satisfying wz, = 27z. The adiabatic protocol uses adiabatic phase accu-
mulation and tunes the three-body weight through the interatomic distance. Both show that
multi-body interactions are not exotic additions to the Rydberg platform but emerge naturally
from how the periodic drive samples interacting configurations. This addresses the fifth ob-
jective of this dissertation: we have shown how the pulse sequence determines the interaction
mechanism, with fast pulses generating multi-body interactions via state-dependent motional
displacements that vanish at specific cycle periods, and slow adiabatic pulses generating them
through dynamical phase accumulation. Looking ahead, the same electron-motion coupling that
must be suppressed here to isolate clean electronic-state dynamics can be deliberately exploited

as a resource to engineer the motional state of the chain. Section 7.6 pursues this direction.

7.6. Collective motional squeezing and non-classical states
[Pé6]

This section picks up directly from the stroboscopic protocol of Sec. 7.5 and addresses the sixth
objective of this dissertation: can the spin-motion coupling, which there had to be suppressed at
specific timing conditions to isolate clean spin interactions, instead be deliberately retained and
exploited to prepare collectively squeezed, non-classical motional states of the atom chain [P6]?
The motivation is direct: Rydberg interaction gates are sensitive to interatomic distances through

the C, /7° potential, so quantum position fluctuations translate immediately into gate infidelities.
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FIG. 7.6. Stroboscopic Rydberg dressing collectively reduces relative distance uncertainty below
the ground state limit. (a) Level scheme of the atom’s electronic states: ground state |]) (blue) and
Rydberg state |1) (red), coupled by a laser with Rabi frequency Q. Neighboring atoms simultaneously
in |1) interact via the van der Waals potential V' (r) = C;/ 7°. (b) The stroboscopic dressing protocol
proceeds in periodic cycles of duration 7', repeated up to 207" as shown. Each cycle consists of: free
evolution of duration 77, a resonant z-pulse of duration s and Rabi frequency Q that transfers all atoms
to |1), an interaction interval of duration 7, during which atoms in |1) interact via /(r) and develop
motional correlations, and a second z-pulse returning all atoms to ||). () Schematic time evolution of
two neighboring atoms confined in optical traps with equilibrium spacing 2, and displacements X; from
their respective equilibrium positions. Grey shading indicates the single-atom position variance of each
atom. After multiple dressing cycles, the atoms” motions become correlated, reducing the fluctuations of
the interatomic distance d; ;,; = x;,; — x; below the ground state level (squeezed interatomic distance,
right). (d) Probability distribution of the interatomic distance dy3 at # = 0 (motional ground state, broad)
and after m = 20 dressing cycles (narrow), demonstrating the reduction of distance fluctuations. Results
are calculated for N = S atoms using the parameters described in the text.
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Even in the motional ground state, each atom’s position is uncertain by the harmonic oscillator

length xy = {//2Mw. Crucially, reducing the variance of the interatomic distance 9; ;,, =
%;,1 — X; benefits not only from squeezing individual positions but also from correlating the
motions of neighboring atoms — a genuinely many-body task that single-atom protocols cannot

accomplish.

The model is a one-dimensional chain of IV atoms, each trapped harmonically at frequency w
with equilibrium spacing 4, schematically outlined in Fig. 7.6. Each atom carries a ground state
||) and a Rydberg state |1); when neighboring atoms are simultaneously in |1), they interact
through the van der Waals potential V' (r) = C,/ 7°. Because IV’ depends on the atomic separation,
the Rydberg interaction couples electronic excitation to atomic motion along the chain axis.
The stroboscopic protocol proceeds in repeated cycles of duration 7°: free evolution for time 73,
a resonant 7-pulse that excites all atoms to |1), an interaction interval 7, during which atoms in
the Rydberg state experience mutual repulsion and build motional correlations, and a second

m-pulse returning them all to |]).

To obtain closed-form expressions, we expand V() to second order around «, which is one
order higher than in Sec. 7.5. Since the expansion is only up to second order, the time evolution
of the motional degree of freedom remains Gaussian and can be solved analytically. Here, we
work in the basis of the collective normal modes 4, of the chain which enables us to perform
a Bloch-Messiah decomposition of the 7:-cycle time-evolution operator that decomposes the
Gaussian dynamics of the time evolution operator into a product of independent single-mode

unitaries (squeezing &, displacement 2, and rotation R,):

Z

U(mT) = /H $(Ze) D) B (B) (7.10)

=1
where the squeezing, displacement, and rotation parameters are known in closed form [P6]. This
analytical expression makes optimizing the motional states over protocol parameters tractable
for arbitrary chain length /N; a direct simulation of the combined spin-motion Hilbert space
beyond N 2 3 becomes computationally demanding. The squeezing of each relative mode
(k = 2, which governs interatomic distances) originates from the potential curvature V;, = 3275 2

during the interaction interval, /} shifts each relative mode to an effective frequency

@y =W + 225V, (7.11)

where 2, = 4sin’((k — 1)z /2N) encodes the mode index and chain length. The alternation
between this frequency and the free-trap frequency w constitutes a parametric modulation that
squeezes the mode, analogous to single-atom squeezing by trap-frequency modulation [109]

but now acting on the collective normal modes of the entire chain.
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The central quantity of interest s the variance of the nearest-neighbor distance d; ;. = x,;—x;.

Using the covariance matrix 6, = (xjxk> - (xj) (%), this variance decomposes as

Var(d

j,j+1) = Var(xﬁl) + Var(x]-) -26 (7.12)

J,jt+1e
Two complementary mechanisms reduce the distance fluctuation below the ground state level
in Eq. (7.12): squeezing the individual position variances Var(x;), and generating positive cor-
relations €, ;,; > 0 that synchronize the motion of neighbors. Single-atom squeezing acts
only on the first term. The stroboscopic Rydberg protocol exploits both simultaneously: the
normal-mode squeezing suppresses the diagonal elements of %jk, while the collective character
of the modes builds positive oft-diagonal entries between neighboring atoms.

We optimize the protocol for a chain of N = S atoms of ' Rb at spacing 4, = 2.7 um
and trap frequency @ = 27 x 100 kHz. This corresponds to a harmonic oscillator length
%y = 24.1 nm and a ratio x, /4, = 0.009, values achievable in current tweezer arrays. Evaluating
the dynamics analytically for five atoms reveals: Starting from the motional ground state, which
has no interatomic correlations, repeated dressing cycles fill the off-diagonal entries of ngk while
simultaneously reducing the diagonal ones. After m = 20 cycles, the variance of all nearest-
neighbor distances reaches approximately 19 % of its ground state value, and the interaction time
7, fits well within the atomic coherence time of several tens up to hundreds of microseconds.

The quadratic expansion of the van der Waals potential restricts the motional dynamics to
Gaussian states. When the harmonic oscillator length x,, is no longer small compared to 4,
higher-order terms of the C, /7 potential become significant and the Gaussianity breaks down.
We compare the Wigner function of the relative coordinate predicted by the quadratic model
against the exact dynamics under the full van der Waals potential for a two-atom system after two
dressing cycles. At the spacing x, /4, = 0.009, the two Wigner functions are indistinguishable:
the analytic framework faithfully captures the full dynamics, as shown in Fig. 3 of [P6]. Ata
tighter spacing of 2z, = 1 um and trap frequency @ = 27 x 18 kHz, the harmonic oscillator
length is 5, ~ 56.8 nm and the ratio is x, /2, = 0.057. For these parameters, the quadratic model
still predicts a Gaussian squeezed state, but the exact dynamics produces a Wigner function with
pronounced negative regions, reaching a Wigner negativity of 0.109. Wigner negativity is an
unambiguous signature of quantum non-classical states. The higher-order terms of the van der
Waals potential, neglected in the quadratic model, are the direct source of this non-classicality.
This breakdown of the quadratic approximation at small distances is physically analogous to the
breakdown of the dipole approximation in Sec. 7.4; here, the relative atomic motion explores the
non-quadratic spatial dependence of the C, /7® interaction potential. These Wigner-negative
states are a potential resource for quantum-enhanced sensing [132, 133].

The chapter’s progression ends here, at the finest level of motional control the Rydberg
platform has been shown to support. We opened in Sec. 7.1 with the simplest possible Rydberg

setup, a thermal vapor addressed as a whole, and showed that its mean-field bistability is already a
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usable computational resource. Each subsequent section added one lever of control: microscopic
addressing of a 2D lattice in Sec. 7.2, a chain-mediated quantum bus in Sec. 7.3, geometry-aware
magic trapping in Sec. 7.4, and stroboscopic engineering of multi-body interactions in Sec.
This section adds the final lever by deliberately exploiting spin-motion coupling, and reaches
the endpoint of that progression: collective quantum correlations across the chain that reduce
distance fluctuations to a fraction of the ground state limit and produce states with no classical
analogue.

A broader discussion of these results and future perspectives for Rydberg platforms is pre-

sented in the following Chap.
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8. Discussion and future perspectives

This work demonstrates a new perspective in the treatment of interacting Rydberg arrays,
reframing atomic motion from a dominant decoherence channel into a highly controllable
resource for quantum state engineering [P4-P6]. Furthermore, the many-body Hamiltonian
framework summarized in the Methods section provides a common language that connects
these systems to kinetically constrained models, reservoir computing, and hybrid quantum
systems [P1-P3]. To increase the potential of controlling electron-motion coupling of Rydberg
platforms, several fundamental and experimental challenges should be addressed. In this chapter,

I discuss future research directions and outlooks arising from connecting these results.

8.1. Stroboscopic Rydberg dressing in anharmonic trapping

potentials

Throughout this dissertation, the development of minimal and effective models enabled the
quantification of quantum many-body problems. However, intrinsically, these models hide
important effects. In the works comprising this dissertation, trapping potentials were generally
approximated as perfect harmonic oscillators [P5, P6]. In practice, optical tweezers possess
inherent anharmonicity [134, 135]. This anharmonicity becomes particularly relevant when
considering squeezed motional states, since the generated states can occupy higher-lying Fock
states that sample the anharmonic regions of the trap [109]. Future studies could extend the
stroboscopic Rydberg dressing [PS, P6] with anharmonic trapping potentials which might
enable interesting spin-motion couplings and transitions. This is not limited to tweezer traps;

anharmonicity in other trap geometries may also be worth exploring.

8.2. Dipole approximation breakdown in optical tweezers

The large spatial extent of highly excited Rydberg states introduces a fundamental breakdown of
the electric-dipole approximation in optical trapping potentials. For principal quantum numbers
n 2 70, the electron’s orbit diameter reaches several hundred nanometers, which is comparable
to the spatial variation of the trapping light field. In this regime, the electron averages the optical
field over its wavefunction, such that the geometry of the trapping potentials becomes relevant.
While this breakdown was studied and experimentally verified for standing-wave optical lattices

in [P4], similar corrections (characterized by spatial landscape factors) must be investigated for
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8. Discussion and future perspectives

optical tweezer traps. To do so, the derivation in Chap. ¢ might be a good starting point. Future
theoretical work should model how the sudden change of the state-dependent trapping potential
upon Rydberg excitation constitutes a quench of the motional Hamiltonian and may induce

motional excitations or offers new channels for coherent spin-motion control.

8.3. Spin-motion coupling and sympathetic cooling in

trapped Rydberg ions

Despite the proposition of a spin-motion-echo protocol to mitigate motional decoherence using
stroboscopic Rydberg dressing [P5], the lack of channels to dissipate motional excitations in
neutral atom optical tweezers limits long coherent operations. Inevitable motional heating [136]
remains a significant bottleneck. A pragmatic and powerful solution lies in transitioning the
developed motional engineering framework from neutral atoms to trapped Rydberg ions. By
leveraging the capability for sympathetic cooling inherent to ion chains, it becomes possible to
continuously dissipate the motional heat generated by Rydberg interactions [137]. Theoretical
investigations into whether sympathetic cooling of spectator ions can dissipate the motional

excitations could pave the way for long-lived coherent spin-motion dynamics.

8.4. Leveraging quantum atomic motion for reservoir

computing

The cumulative dissertation also explored the intersection of quantum dynamics and machine
learning through the lens of reservoir computing [P1]. Quantum reservoir computing can
benefit from a large accessible state space. I propose a physical reservoir system based on a
1D or 2D array of trapped Rydberg atoms where the coupling between electronic spin states
and their motional degree of freedom is used to expand the reservoir’s state space. Since the
bosonic motional degrees of freedom with large local Hilbert spaces inherent in these arrays
offer a massive, naturally high-dimensional resource, incorporating this atomic motion into the
reservoir state could drastically alter its Information Processing Capacity. The large local bosonic
Hilbert spaces make straightforward simulations based on matrix product states challenging. Tree
Tensor Networks (TTNs) [138] combined with Basis-Update-Galerkin (BUG) integrators [139,
140] offer one promising route. These algorithms are mathematically established but not yet
adopted in the quantum many-body community. They could enable the simulation of such
spin-boson models to determine if motional degrees of freedom provide a tangible resource for

quantum reservoir computing.

52



8.5. Spin-motion coupling in facilitated 2D Rydberg lattices

In the realm of quantum many-body dynamics, we investigated kinetically constrained systems in
afacilitated 2D Rydberg lattice [P2]. Here, the kinetic constraints emerging from the facilitation
condition relied on static interatomic distances. However, the steep van der Waals potentials
inherently induce atomic motion [P6], making the facilitation condition dynamical and position-
dependent. I propose to study 2D facilitation in the presence of spin-motion coupling, which
could be combined with stroboscopic Rydberg dressing [PS, P6] and simulated via the novel
TTNsand the BUG integrator. A key question is whether interaction-induced motion relaxes the
kinetic constraints responsible for Hilbert-space fragmentation, potentially rendering immobile
excitations mobile. Resolving this is essential for defining the upper limit on the lifetime of the

elementary excitations.

8.6. Rontgen interaction in highly excited Rydberg regimes

In the derivation of the light-matter coupling Hamiltonian in Chap. ¢, we retained the Réntgen
interaction term and subsequently neglected it based on the estimate discussed in Sec. . This
term couples the atomic center-of-mass momentum directly to the spatial variation of the vector
potential over the electronic orbit. For plane-wave fields and within the electric-dipole regime,
its strength is suppressed by a factor of order v/c relative to the conventional Rabi coupling.
However, for highly excited Rydberg states (z 2 70), the electronic extent becomes comparable
to the spatial variation of the trapping field, such that the assumptions underlying this estimate

may no longer hold. Under these conditions, the magnitude of the Réntgen term

Hy = z\% [A(R +r1,¢) — AR, )] - P (8.1)

has to be evaluated explicitly. Investigating the Rontgen interaction in tweezer-trapped Rydberg
systems therefore represents an interesting outlook, potentially revealing additional spin-motion

coupling channels that may become relevant in future high-precision quantum experiments.
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Interacting Rydberg atoms constitute a versatile platform for the realization of
non-equilibrium states of matter. Close to phase transitions, they respond
collectively to external perturbations, which can be harnessed for technolo-
gical applications in the domain of quantum metrology and sensing. Owing to
the controllable complexity and straightforward interpretability of Rydberg
atoms, we can observe and tune the emergent collective amplification. Here,
we investigate the application of an interacting Rydberg vapour for the pur-
pose of time series prediction. The vapour is driven by a laser field whose Rabi
frequency is modulated in order to input the time series. We find that close to a
non-equilibrium phase transition, where collective effects are amplified, the
capability of the system to learn the input becomes enhanced. This is reflected
in an increase of the accuracy with which future values of the time series can be
predicted. Using the Lorenz time series and temperature data as examples, our
work demonstrates how emergent phenomena enhance the capability of noisy
many-body systems for data processing and forecasting.

Computation, information processing, and dynamics in many-body
systems are inherently intertwined. One paradigmatic example is the
Hopfield network', whose architecture, energy function, and memory
retrieval are directly derived from the Ising model. Other examples
include swarm intelligence algorithms, such as particle swarm
optimization”* and ant colony optimization®®. These systems exploit
collective interactions across scales to exhibit emergent computa-
tional capabilities, where nonlinear coupling between microscopic
degrees of freedom generates information-processing capabilities.
This interplay underscores both the potential of physical systems as

computational platforms and the need to decode how collective
behaviour enables specific computational tasks.

A particularly relevant and challenging task is time-series predic-
tion of complex systems, for example, chaotic dynamics such as the
Lorenz attractor’® or weather forecasting’. A computational frame-
work that has proven effective for such problems is reservoir
computing'®™, In reservoir computing, only a linear readout layer is
trained, while the high-dimensional, nonlinear reservoir dynamics
remain fixed. This significantly simplifies training, as it avoids tuning a
large number of internal degrees of freedom and instead leverages the
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computational power of the intrinsic dynamics of the system, provided
they are sufficiently rich*. Reservoir computing has been imple-
mented in a variety of settings, such as in echo state networks” "’ and
liquid state machines® as well as in physical systems such as delay-
based electronic circuit reservoirs”, and quantum reservoir computing
platforms?*, Despite this diversity, understanding the fundamental
mechanisms that endow complex physical reservoirs with learning and
prediction capabilities remains subject to current research®.

Thermal Rydberg vapours are a promising platform in this con-
text. These many-body systems feature strong interatomic interac-
tions and coexisting drive-dissipation processes, whose competition
gives rise to a rich phase diagram®° and a wealth of emergent non-
equilibrium phenomena, including collective jumps®*¥, ergodicity
breaking™?*, self-induced transparency”, and dissipative time
crystals®. These features make Rydberg ensembles attractive candi-
dates as platforms for reservoir computing and, at the same time, ideal
systems for probing the microscopic origin of learning capabilities in
complex many-body dynamics at the atomic level.

In this work, we exploit the response of a Rydberg vapour as a
physical reservoir for time-series prediction. The experimental control
over the collective behaviour of the system enables us to system-
atically analyse how its internal dynamics give rise to learning cap-
abilities. We find that the learning performance is improved in the
vicinity of a phase transition, where the collective response is strongly
amplified in the Rydberg vapour. This behaviour is in good agreement
with a corresponding theoretical minimal model, providing insight
into how critical many-body dynamics augment the computational
power of physical reservoirs.

Results

Before discussing the detailed experimental results, we briefly outline
the overall aim and approach of our study. The experiment is designed
to test whether the vapour of interacting Rydberg atoms can process
and predict time-dependent input signals by exploiting its intrinsic
nonlinear and collective dynamics; see Fig. 1. To achieve this, we
encode time-series data x(t) in an amplitude modulation of the cou-
pling laser’s Rabi frequency Q.. The coupling laser drives the atomic
ensemble under fixed detuning A, and serves as the input signal. The
transmission of a probe laser serves as the measurable output that
reflects how the Rydberg vapour responds to and processes the input
information. We record this transmission signal as a time series and use
it as input to a simple linear regression model that is trained to predict
future values of the original time series x(t). By comparing the system’s
behaviour for different detunings A., particularly within and outside
regions of bistability, we can assess how collective nonlinear effects of
the Rydberg vapour influence its predictive capability.

Experimental setup

In our experiment, caesium (Cs) atoms are placed inside a
(5 x5 x 5) cm® heated cube glass cell, with the temperature maintained
at 47.0 °C, corresponding to an atomic density of 3.6 x 10"cm™>". As
shown in Fig. 1, a probe laser with wavelength 852nm and Rabi fre-
quency Qp,/2m - 84.92MHz drives the [6S,,, F=4) < |6P;,,,F=5
transition (D2 line). The coupling laser with wavelength 510nm and
Rabi frequency Q. is used to excite atoms to the |48D; /2> Rydberg
state. The coupling and probe lasers are aligned counter propagating
in the atomic vapour cell to partially suppress Doppler broadening,
forming an electromagnetically induced transparency (EIT) config-
uration. In this configuration, the transmission of the probe laser
through the Rydberg vapour is controlled by the coupling laser®. The
Rabi frequency Q. of the coupling laser is amplitude-modulated using
an acousto-optic modulator (AOM) and an arbitrary waveform gen-
erator (AWG), which operates between minimal Q,;,/2m ~ 2.56MHz
and peak Rabi frequency Q... /2m ~ 3.14MHz. The Cs D2 line is uti-
lized to lock the probe laser frequency, while the coupling laser fre-
quency is stabilized to a super-stable cavity with finesse 2 x 10°. The
frequency difference between coupling (probe) light and the corre-
sponding transition |6P3/2> = |4SDS/2> (|6SI/2> = |6P3/22) is defined
as the detuning A. (A,). To' measure the EIT spectrum, the frequency of
the coupling light is scanned with A, swept back and forth from 0 MHz
to 20 MHz, while the probe light is kept resonant with the D2 line
(A, = 0), and the probe transmission is recorded by a photodetector.

Time series prediction

We benchmark the predictive capability of the Rydberg ensemble
using two qualitatively different time series: the x-component of the
Lorenz attractor, xior (see Methods), and the daily maximum tem-
perature in Beijing, from 2011-01-01 to 2020-03-23, Xtemp - These
examples probe the system’s performance and generalization cap-
ability across different types of data, specifically chaotic and stochastic
signals.

The input signal x(¢) is first discretized at equidistant times ¢, to
obtain x,, = x(t,). Each value x, is then mapped linearly to the interval
[Qmin Qmax] and encoded as a time amplitude modulation in the cou-
pling Rabi frequency Q.(t,) € [Qmin, Qmax], With modulation rate of
4kHz, see Fig. 1. For the Lorenz attractor, we show a representative
input signal Q(¢) in Fig. 2 (a). The modulated coupling laser drives the
Rydberg vapour at a fixed detuning A., while the transmission 7(t) of
the probe laser is recorded continuously. Sampling at times ¢, yields a
discrete output sequence T(t,) that reflects the system’s response to
the input. Representative transmission traces for three characteristic
detunings A. = 10, 12, and 14 MHz are shown in Figs. 2(b-d), respec-
tively: outside the bistable regime [panel (b)] and within the bistable

(a) signal z(t) (b) rlga?t;jiuflraetggency (¢) Rydberg gas (d) transmission 7 (s)
4 ( re gression hpredict
17 AU s KN Qc(tn) | | | | 5
,77:_1 .......... --—5.@ ) L () : : : ,1/('9n+1)
b 0 YN A
tho1ty th—1tn propcoessts_ing Sme M Sm_1 Sn Spii

probe laser

Fig. 1| Time series prediction with a Rydberg vapour. a The time-dependent
input signal x(¢) is sampled at discrete time steps ¢,, yielding a step-wise constant
function with values x,, = x(¢,). b The signal is converted into the Rabi frequency
Q.(t,) of the coupling laser, which couples the intermediate state 6P/, to the
Rydberg state 48Ds/, detuned by A. This Rabi frequency ranges within the interval
[Qmmins Qmax]- € The caesium (Cs) atoms are first excited by a probe laser with a
constant Rabi frequency Q,, which drives the transition from the ground state 65/,
to the intermediate 6P5/,. Subsequently, the atoms are excited by the modulated

coupling laser. The optical response of the Cs vapour is measured by monitoring
the transmission 7(¢) of this probe laser. d The measured transmission 7(t) is post-
processed after measurement using a Savitzky-Golay filter and down-sampled by a
factor of 20, yielding the transmission signals T? = T(t;s20,,). Here, i € [1, 20] labels
the index of the downsampled time series, and s,, = t;20, denotes the corre-
sponding time. The transmission signal within the time interval [s,,_y,, Sl is used to
predict the signal x(s,+1) (denoted as j(s,,;)). This prediction is generated by a
linear regression layer, which was previously trained (see text for details).
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Fig. 2 | Time series prediction. a Amplitude modulated signal Q./2m in MHz, which
is input into the Rydberg system. b-d Output transmission signal 7(¢) in arbitrary
units recorded for different detunings A.. The detuning is chosen such that the
system is out of (panel b, its A, out of the hysteresis region in panel i) and within the
bistable region (panels ¢, d, A. inside the hysteresis region in panel i). e, f Time
series prediction for the Lorenz series xi ;. A Rydberg vapour operating in the
bistable region (e) results in a better prediction (red curve), compared to outside
(f. The ground truth is shown in blue. g, h Prediction results on daily temperature
of Beijing for detuning A., near (g) and out (h) of the bistable region. i The lower
yellow and lower green curves correspond to the minimal Rabi frequency Q. of

the coupling laser but with different scan directions of the detuning A, (as indicated
by arrows and colours). The upper yellow and upper green curves correspond to
Q.ax- A closed hysteresis loop formed by the two scan directions characterizes the
bistable phenomenon. The detuning interval where the bistability occurs is marked
by a gray shaded box. j Normalised root mean square error (NRMSE) for varying
detuning A, on Lorenz and weather temperature time series prediction tasks. Inside
the bistable region (gray shaded box), the NRMSE is lower than outside. The plotted
NRMSE values correspond to the average over the 20 sampled time series, while the
error bar corresponds to their standard deviation (see text for details).

region [panels (c, d)]. Specifically, the bistable region is defined by the
closed hysteresis interval formed by the two scan directions of the
coupling laser (shaded interval in panel (i)). When A, lies within this
shaded interval, the system operates within the bistable region (e.g.,
A. = 12, 14 MHz), whereas detunings outside this interval (e.g.,
A =10 MHz) correspond to the non-bistable regime. Near bistability,
the peak-to-peak amplitude of the transmission is visibly enhanced,
consistent with the increased collective gain inside the bistable region.

For the subsequent analysis, the raw transmission data 7(t,) are
first processed with a Savitzky-Golay filter (window size 10, poly-
nomial order 3*°*!) to suppress high-frequency noise. For a discussion
of causality of this filtering process, we refer to Methods. To obtain
several time series from a single run, we generate 20 downsampled
transmission series by taking every 20th point with different initial
offsets, see Fig. 1. Thus, each sub-series T (with i =1, ..., 20) contains
one out of every 20 points of the original record and has one twentieth
of its length. For example, for the sub series T, the downsampled
series contains 1st, 21th, 41th,..., (20¢t, + i)-th points of the original
record.

The prediction task is formulated using a sliding window over
each downsampled series. We fix a window length M = 200 and, for
each series i, use M consecutive transmission values as input and the
next value of the downsampled time series as the prediction target.
Writing

(i)

T, = (Tj(i), 2l

(i) T
k+1""’TkI M—I) (1)

+

for the k-th input window, the corresponding target is chosen as
J’g) =X(Ei4 200+ M))- 2)
Shifting the window generates the full set of input-target pairs

20 . . . o
(T;: ,y{) which are indexed by k. Thus, thi)e input-target pairs include
transmission data of the probe laser in 7, as well as the consecutive

point of the time series y}f) which is proportional to the Rabi frequency
of the coupling laser Q..

We use 70% of the input-target pairs for training and the
remaining 30% for testing. For each subseries i, we train a linear
regression model that maps the M-dimensional transmission window

7‘;:) to a scalar prediction j/sf of the next value of the original time

series. Introducing a weight vector @ and a scalar bias b®, the linear

; : NOEE O ; ~
regression model is defined as y£2 = T,:, - +b%. The parameters @

and b? are obtained by minimizing the mean-squared error (MSE) on

. . 2 .

the training set, MSEQ,;, = ~1— 5" ain O — )", where Ny
train

train — train denotes
the number of training samples in series i.

It is noted that no nonlinear activation functions are used in the
readout layer. The readout operations are limited to linear regression
(least squares method) and matrix multiplication, which are strictly
linear calculations. Therefore, all the nonlinear processing of the input
signal observed in our experiments originates from the intrinsic
dynamics of the Rydberg vapor, which is characterized by the hyster-
esis loop in the system’s response (Fig. 2i).

Figure 2(e-h) show representative prediction results. When the
system is operated within the bistable regime [Fig. 2(e, g)], the pre-
dicted trajectories closely follow the Lorenz signal and the tempera-
ture record, including their short-time fluctuations. Outside the
bistable region [Fig. 2(f, h)], the predictions deviate substantially from
the ground truth, indicating a reduced learning performance.

The dependence on detuning is summarized in Fig. 2(i, j). Fig-
ure 2(i) displays the EIT spectrum as a function of the coupling
detuning A, for minimal (Q,,;,) and maximal (Q,,) Rabi frequency. For
each value of Q., we scan A. once from low to high frequency (yellow
curves) and once in the opposite direction (green), and record the
probe transmission as output. The upper pair corresponds to Q...
and the lower pair to Q;,. Since the modulation range of Q. is
Q. € [Qnin Qmax]> @ transmission region exists during the modulation
of the Rabi frequency Q,; for each detuning A,, this region is bounded
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Fig. 3 | Prediction performance inside and outside the bistable region. Nor-
malised root mean square error (NRMSE) for all benchmark tasks, comparing
operation inside the bistable region (A, = 14 MHz) and outside (A. = 22 MHz, or
20 MHz for NARMA). For all tasks—Lorenz, weather temperature, Mackey--Glass
(tmc = 16, 17), and NARMA-n (n = 5, 100, 300)—the prediction error is lower inside
the bistable region, where the collective susceptibility of the Rydberg vapour is
enhanced. The NRMSE values correspond to the average over 20 downsampled
sub-series; error bars denote their standard deviation.

by the upper pair and lower pairs. These two branches of the trans-
mission curve form a closed hysteresis loop: in the central gray-shaded
interval, the measured transmission at a given A, depends on the scan
history, which signals the presence of two coexisting stable states of
the Rydberg vapour. Consequently, the detuning A, serves as a control
parameter that characterizes the proximity of the system to the bis-
table region and adjusts the strength of the nonlinearity.

This bistable region is located precisely in the parameter window
in which the collective gain is largest and where the prediction per-
formance of the system is found to be optimal. This is quantified by the
normalised root mean squared error (NRMSE)®, defined as

(@)
Nored

k=1 (yg(i) _5’;:)>2

_— 2, 3)
NO R N2
Pl (y‘k’) fy“))

NRMSE =avg;

where 3 is the temporal mean of the target sequence.

Figure 2(j) presents the NRMSE as a function of detuning: the error
exhibits a clear minimum inside the bistable window and increases
again outside it. The error bars denote the standard deviation over the
twenty downsampled sub-series.

In summary, the Rydberg vapour shows its best prediction per-
formance on both tasks when operated near the bistable regime
adjusted by detuning A., where the collective gain is largest. The cor-
relation between the EIT hysteresis and the minimum NRMSE points to
emergent collective effects, rather than single-atom physics, as the key
resource for enhanced learning capacity.

Standard benchmark tasks

To quantify the nonlinear capacity of the Rydberg reservoir beyond
the Lorenz and temperature tasks, we evaluate its performance on
multiple standard benchmarks from the reservoir computing litera-
ture: the Mackey-Glass (MG) chaotic time series and the NARMA-n task,
see Fig. 3.

The Mackey-Glass system is a delay-differential equation that
generates chaotic dynamics for sufficiently large delay parameters (see
Methods). We tested our system with delays 7y =16 and 17. Operating
inside the bistable region, the reservoir successfully tracks the chaotic
dynamics, achieving NRMSE values of 0.34 and 0.29, respectively,
which are a substantial improvement over the values obtained outside
the bistable region (A, = 22 MHz), where NRMSE values are 1.01 and
0.81, respectively.

The NARMA-n (nonlinear autoregressive moving average)
benchmark is the established standard for evaluating a reservoir’s
ability to nonlinearly transform past inputs (see Methods). In Fig. 3 we
evaluated the complexities n = 5, 100, and 300 at two detunings, one
within and one outside the bistable region. Further data for additional
n and detuning values are given in the Methods. Inside the bistable
region, where the collective susceptibility is enhanced, the system
maintains a low prediction error (NRMSE =0.61 for NARMA-5 and
NRMSE =0.57 for NARMA-100). Outside the bistable region
(Ac = 20MHz), the performance is degraded (NRMSE =0.82 for
NARMA-5 and NRMSE =0.80 for NARMA-100). For NARMA-300, which
requires memory exceeding the M = 200 readout window boundary,
the performance collapses to NRMSE = 0.87 (inside) and NRMSE = 0.91
(outside), demonstrating that the system memory is window-bounded
(see Methods). These results show that the system operates in a high-
gain, noise-resilient regime where the enhanced collective suscept-
ibility provides the main performance boost.

Theoretical model
The experimental results we have just presented reveal a correlation
between improved learning capability and the regime in which the
Rydberg vapour displays bistability. In order to gain an understanding
of this relation, we are going to describe the Rydberg vapour using a
mean-field model, see e.g. Refs. 27, 31, 32, and analyse the learning
capability of the modelled system. This minimal theoretical model is
designed to capture the essential features of the many-body phase
transition and bistable regime relevant to the reservoir computing
response. It employs an all-to-all mean-field approximation, a standard
description for collective dynamics in Rydberg ensembles, and is
derived from the Lindblad quantum master equation. The model
describes collective phenomena involving atomic interactions and
driven-dissipative processes, without invoking strong quantum cor-
relations or entanglement as the origin of the observed dynamics.
The dilute vapour of laser-driven Rydberg atoms is modelled as N
identical two-level systems with ground |g) and Rydberg |e) states (see
Methods). The atoms are driven with Rabi frequency Q and detuning A,
while dissipation enters through spontaneous emission with rate y and
dephasing with rate y4. The interaction between the atoms in the
Rydberg state is modelled as an all-to-all energy shift term in the
Hamiltonian, ie. Hi, = 55" «le)(el;le)(el. In the thermodynamic
limit, the dynamics is described by the mean-field equations of motion
for the average population n(t) = ﬁz}":1<|e)<e|j) and optical coherence
qt)=y ZJ'-V:1<|e) (gl;). Since in a dilute vapour at room temperature yq
typically exceeds y and Q, the coherence relaxes on a much shorter
timescale (¢> n), justifying its adiabatic elimination (see Methods).
Therefore, the dynamics is well described by an equation for the
average Rydberg population alone. This reads

QI (n—3)

A= ——— \" Y
2 +(A —nV)?

—yn=:F(n), 4)
where we have defined the combined dissipation rate I'=3(y +yy).
This nonlinear differential equation captures the interplay of coherent
driving, interactions, dephasing, and spontaneous emission. Depend-
ing on the parameter values, the model displays one or two stable
solutions for the steady-state Rydberg density ngs, which are shown
in Fig. 4(a).

In the experiment, the input signal is encoded by modulating the
Rabi frequency. The system operates in a regime characterized by the
EIT spectrum curves shown in Fig. 2(i), in which a more pronounced
hysteresis is observed for larger Rabi frequencies. We find that the
mean-field model displays a similar response in the stationary Rydberg
density nss when operating at Rabi frequencies around the lower cri-
tical point at which the bistable region emerges. This is illustrated in
Fig. 4(b), in which we show the stationary Rydberg densities along the
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Fig. 4 | Mean-field dynamical response and learning capacity. a Phase diagram of
the mean-field equation (4). The blue region marks the bistable domain where two
stable stationary solutions exist. The yellow (green) horizontal lines indicate the
minimum (maximum) Rabi frequency of the input signal of the learning protocol,
see (d). The gray shadowed area indicates the region in which collective effects are
most prominent for the considered Rabi frequencies. Its left (right) boundary
corresponds to the detuning at which the relaxation time for the minimum (max-
imum) Rabi frequency displays a maximum; see (c). b Stationary Rydberg density
ns for varying detuning along the horizontal cuts Q/y = 1.1 and Q/y = 1.21. For the
case Q/y =1.21 hysteresis is observed. We denote the solution with the lower density
with a dashed line. ¢ Relaxation time 7,2« along the same cuts as in (b) for the stable
stationary solutions. Within the bistable region, two relaxation times are possible,
one for each stable solution. The solid (dashed) line corresponds to the solution
with higher (lower) density. The longest relaxation times occur near the boundary
of the bistable region. d Normalised root mean square error (NRMSE) for the
prediction of the Lorenz input signal, fixing the parameters to Q/y = 1.1, modulation
amplitude 6Q/Q = 0.1, modulation period yT = 20, noise strength D/y = 0.0001, and
for different detunings (points). In all panels V/y =100 and y4/y = 10.

maximum and minimum Rabi frequencies used in the learning proto-
col. In this region, collective effects result in a strong nonlinear
response near the boundaries of the bistable regime, as well as hys-
teresis. This strong nonlinearity enhances the system’s gain within the
shaded region of Fig. 4(b), which, in the presence of thermal fluctua-
tions and noise, improves the effective signal quality. In the experi-
ment, this enhancement is reflected by the increased peak-to-peak
value from Fig. 2(b)-(d) (see also Methods).

In order to theoretically analyse the correlation between these
collective effects and the enhanced learning capability, we need to
complement the mean-field equation (4) with a stochastic term that
models the presence of noise in the experiment. We then consider the
following stochastic equation for the Rydberg density:
n=F(n)++/nDE(t), where £¢) is a white noise term, and D a constant
controlling its overall strength. The input signals to be predicted are
then introduced analogously as in the experiment, by modulating the
Rabi frequency in a piecewise fashion, with maximum modulation
amplitude 6Q : =Q, — Qmin = 0.1Q and modulation period yT = 20,

see Fig. 1. The corresponding NRMSE for the Lorenz input is shown in
Fig. 4(d) for different A/y along a cut at Q/y = 1.1. The NRMSE displays a
dip around A/y -~ 11, coinciding with the region in which collective
effects are most prominent; see the corresponding shadowed region in
Fig. 4(b) and (d), hence supporting our previous hypothesis based on
the experimental results; see Fig. 2(i) and (j). Therefore, our theoretical
findings align with the experimental finding that the learning capability
is improved in the bistable region, where collective effects are more
prominent.

Experiment and theory also align in the observation that relaxa-
tion dynamics slows down in the regime in which the learning cap-
ability is improved. Theoretically, characteristic relaxation times, T;ejax,
can be obtained by linearizing Eq. (4) around each of its stationary
solutions, ng (see Methods). The typical behaviour of the relaxation
time within the regime of operation is shown in Fig. 4 (c). We observe
that near the boundaries of the bistable regime, the so-called spinodal
lines”, the relaxation times increase considerably, in agreement with
experimental observations (see Methods). This prolonged relaxation
time is characteristic of complex systems undergoing critical beha-
viour and is also referred to critical slowing down®**¢,

Discussion

In this work, we have experimentally demonstrated that a driven-
dissipative Rydberg vapour displays improved time-series prediction
performance when operated near a bistable phase transition. This
improvement is consistently observed across all benchmark tasks and
is reproduced by a mean-field model, establishing a direct link between
emergent collective phenomena and learning capability in Rydberg
atomic systems.

Our analysis identifies the underlying mechanism: near bistability,
the collective susceptibility peaks, providing a large effective gain that
amplifies the contrast between different input levels in the output. The
signal-to-noise ratio, by contrast, remains approximately flat across
detunings (Fig. 6¢) and is not the driver of the improvement. The
NARMA benchmarks and IPC analysis further reveal that outside the
bistable region, the operating point lies on the quadratic tail of the EIT
transfer curve, encoding the input through a basis that the linear
readout cannot invert; inside the bistable region, the large gain maps
inputs onto a nearly linear basis, to which the linear readout is naturally
matched.

The enhanced relaxation times observed near the phase boundary
(Fig. 5) are consistent with critical slowing down. However, these
timescales (-0.14 ms) remain shorter than the effective sample interval
after downsampling (5 ms), so the vapour itself resets between suc-
cessive input steps and does not provide fading memory through its
physical relaxation dynamics. The temporal memory available to the
readout layer originates instead from the sliding window of size M. The
dominant computational resource is therefore the instantaneous
nonlinear transformation provided by the collective susceptibility, not
the dynamical memory of the reservoir.

Although the overall prediction accuracy is not yet competitive
with established reservoir computing platforms, which report sig-
nificantly lower normalised root mean squared errors™*>%*, our results
show that the collectively enhanced gain near a many-body phase
transition is a tunable and experimentally accessible computational
resource. We stress that this gain mechanism is general rather than
specific to Rydberg systems****’; its distinctive realisation here is as a
many-body phase transition that is continuously tunable through a
single control parameter. Future work may implement advanced
methods from the reservoir computing toolbox, such as time-
multiplexing and feedback’*’, combined with reduced down-
sampling, to further improve the prediction performance in this Ryd-
berg vapour setup. Future research could also investigate the relation
between prolonged relaxation time and learning capacity and the
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Fig. 5 | Experimental analysis of the relaxation times. Measurement of the

transmission of the probe laser when the Rabi frequency Q. of the coupling light is
amplitude modulated by a square pulse with frequency 1kHz, duty cycle 50%, and
modification depth 15%. In (a), the detuning of the coupling light A. is swept from
6 MHz to 22 MHz linearly in time. Instead, in (b, ¢) the detuning is fixed to 6 MHz,

and 12 MHz, respectively. b Corresponds to a point outside the bistable regime,

while (c) corresponds to a point within the bistable regime. In (c) an exponential
relaxation is fitted to the experimental data (see text) at three different periods,
obtaining the relaxation times 7; = 0.139 ms, 7, = 0.148 ms and 75 = 0.125 ms.

specific mechanistic role of relaxation time in mediating the learning
process.

Methods

Time series generation

The Lorenz oscillator x(¢) that we used is defined by the differential
equation

x(®)=o0 () —x(@)],
YO =px(t) — y(t) — x(H)z(0), )
2(t)=x@)y(t) — Bz(v),

where 0=10, p =28, B =8/3, time step t,, — t,-; = 0.04s, total time 640s.
Thus, the Rabi frequency of the coupling laser is modulated by x(¢) at a
rate of 4kHz per bit. The Mackey-Glass series (MG) is defined by the
delay-differential equation

. ax(t — Tyg)
X(t)= ————2— — bx(¢), 6
© 1+x(t — Tye)° © ©
with parameters a = 0.2, b = 0.1, and delay 7yg. For 1yg > 17, the
dynamics become chaotic. We tested delays 1y = 16 and 17. The
NARMA-n (nonlinear auto-regressive moving average) benchmark® is
defined by the recurrence relation

n—1
Yes1=AYVe + By Zyk—j+yuk—n+1 u +9, )
j=0
where u; € [0, 0.5] is the input drawn uniformly at random, a = 0.2,
S =0.04,y =15, and 6 = 0.001. We evaluated complexities n = 5, 10,
and 15.

Experimental protocol for benchmark tasks

For each benchmark time series (MG and NARMA-n), the dataset
consists of 3500 training points and 1500 testing points. To obtain
statistically meaningful error bars, we perform 20 realisations, leading
to a total dataset size of 10°. Except for the modulation waveform and
small shifts of the detuning, all experimental parameters are kept
identical to those described in the main text.

Before applying the time-dependent modulation, the operating
point is set by tuning the detuning A, in the absence of modulation to
maximise the signal-to-noise ratio of the transmission signal. The
modulation sequence is then applied, and the corresponding optical
transmission is recorded. After each measurement, the modulation
sequence is switched to the next benchmark. Small drifts in the
experimental detuning between runs mean that the system remains
within the bistable region but samples slightly different operating
points across realisations, contributing to the spread captured by the
error bars in Fig. 3.

Data processing and causality
Prior to model training, the raw transmission data 7(t,) are smoothed
with a symmetric Savitzky-Golay filter (window size 10, polynomial
order 3*>*) applied offline to the full recorded trace. Because this filter
is symmetric (non-causal), we verified that it does not bias the pre-
diction results by conducting a control experiment using a strictly
causal finite impulse response (FIR) filter. The prediction performance
was highly consistent between the two filters (with a slight reduction in
NRMSE for the causal filter), confirming that the offline symmetric
smoothing has a negligible impact on the results.

All time-series prediction uses the causal sliding-window strategy
described in the main text: only transmission values at times s,, and
earlier are used to predict the input at time S.;.

Derivation of the mean-field model

We describe the dilute vapour of Rydberg atoms as an ensemble of N
two-level systems, with ground state |g) and Rydberg state |e). This
two-level reduction follows from adiabatic elimination of the inter-
mediate EIT state, valid at the comparatively low Rydberg densities of
our experiment; at much higher densities, a full three-level treatment
becomes necessary**. The dynamics is described by a Lindblad quan-
tum master equation for the reduced state of the system p (71 =1):

N
d,p= — iH,p]+ Z(Dles[p]+DLj'd[p]), )

Jj=1

where we have defined the dissipator D, [p]=LpL" — {L'L, p}/2, which
models the processes of spontaneous emission and dephasing
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through the jump operators L; (= ﬂlg>(e|j and L; 4= /¥qle)(el;
respectively. The system Hamiltonian reads

N N
H= =AY el + 3> (e (gl lg)(el) + Hi, ©)
Jj=1 Jj=1
where we model the interaction between atoms in the Rydberg state
with an all-to-all energy shift: %Zj<k|e)<e|j|e)(e|k. In the thermo-
dynamic limit, we consider the dynamics of the average Rydberg
population, n(t)= %Zj’-"ﬂ(\e) (e;), and average optical coherence
qit)= NZJ'-VZI(|e)(g|j), for which we obtain the following equations of
motion using the mean-field approximation:

n=QIm[q]-yn,

. , , 1 10)
g=—i(A—nV)qg— l'q—tQ(n —§>,

where we have omitted the time labels, denoted the derivative with
respect to time with a dot, and defined I' = (y + y4)/2. Assuming
Ya > 7, Q, the relaxation dynamics of the average optical coherence is
much faster than that of the average Rydberg population. Then, we
adiabatically eliminate the coherences by setting ¢ =0 and replacing:

i0(n—3)
TiA—nV)+T

an

in the dynamics of the average Rydberg population. This yields the
mean-field equation presented in the main text, which is used for the
numerical analysis presented there.

Order-of-magnitude estimates place the experiment in the col-
lective regime that the all-to-all model is meant to capture. At 47 °C, the
caesium density n = 3.6 x 10""cm™* corresponds to a mean interatomic
spacing a = 0.8 um, while the blockade radius of the 48D/, pair state is
Ry =2 um to 3 um”. Since Ry, = a, of order ten to several tens of atoms
lie within a single blockade volume and respond collectively rather
than independently, which is precisely the regime in which a mean-
field all-to-all treatment provides a faithful minimal description of the
bistable transition. Consistently, the value V/y =100 used in the model
reflects a van der Waals interaction at the mean spacing (-10>-10°> MHz)
that far exceeds the effective linewidth (-MHz). The model fixes these
dimensionless ratios so as to reproduce the macroscopic bistability
rather than to resolve the distance-dependent interaction potential.

Doppler averaging and velocity-dependent interactions are
omitted; the model reproduces the qualitative dependence of pre-
diction error on detuning without them. More microscopic extensions,
such as Doppler averaging and the full three-level EIT treatment,
represent natural directions for future theoretical work.

Theoretical analysis of the relaxation times

Relaxation times are analysed by linearizing Eq. (4) around each of its
stationary solutions, i.e., introducing n(t) = ngs + 6n(t) and keeping only
linear terms in 6n(t). This results in a linear equatior_11f0r the fluctuation
dynamics, n= — 7L, 6n, where 7 g, =(| %2 l,,) defines the char-
acteristic relaxation time.

Experimental analysis of the relaxation times

In order to obtain the relaxation time of the Rydberg system tejax, We
measure the transmission of the probe laser as the Rabi frequency of
the coupling laser Q. is amplitude modulated. The amplitude mod-
ulation corresponds to a square wave with frequency 1kHz, duty cycle
50%, and modification depth 15%. In Fig. 5(a), the detuning is swept
linearly in time from 6 MHz to 22 MHz. When the detuning crosses the
bistable region, the response is enhanced, while the relaxation time
increases. This is analysed in more detail in Fig. 5(b, c), where the
detuning A. is fixed outside or inside the bistable region, respectively,
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Fig. 6 | Steady-state transfer curves, effective gain, and signal-to-noise ratio.
a Binned transmission (7) as a function of the input drive Q. in arbitrary units for
coupling detunings A, = 8--20 MHz. Scattered points show individual measure-
ments; solid lines are the bin means (T), and shaded bands the 1o within-bin
standard deviation. The vertical dashed line marks the median operating point Q,
at which the effective gain in (b) is evaluated. b Effective gain G(A.) from Eq. (12).
The collective susceptibility is sharply enhanced inside the bistable region (gray
shaded interval), with a peak of 0.34 at A. = 16 MHz approximately thirty times
larger than the values at A, = 8 and 20 MHz. ¢ Signal-to-noise ratio of the transfer
curves from Eq. (13). The SNR remains high and approximately flat across A, = 8-
16 MHz, demonstrating that the V-shape of the prediction error is set by the gain
peak in (b) rather than by a noise minimum.

by an ultra-stable cavity and the Pound-Drever-Hall (PDH) method** 2
This allows us to obtain the relaxation time by fitting the function
Aexp(—t/1)+B to every period of the transmission signal, obtaining
the values 1; = 0.139 ms, 7, = 0.148 ms and 73 = 0.125 ms for the data
shown in panel (c). Notice that in panel (b), the relaxation times are
orders of magnitude shorter.

Origin of the learning performance enhancement

To identify the physical origin of the V-shaped detuning dependence
of the prediction error observed in Fig. 2(j) and Fig. 3, we dissect the
response of the Rydberg vapour into three properties: (i) the local
sensitivity of the transmission to the input, (ii) the noise level of the
response, and (iii) the structure of the temporal information encoded
in the reservoir. The analysis is performed on the dataset of the
NARMA task, in which the coupling Rabi frequency is amplitude
modulated by a discrete-step sequence drawn from a Gaussian dis-
tribution, which allows the reconstruction of the system response and
the computation of the information processing capacity (IPC).

Effective gain and signal-to-noise ratio. Based on the data of the
NARMA task, Figure 6(a) shows the experimentally measured transfer
curve (T)(Q,.), i.e., the transmission as a function of the coupling Rabi
frequency, for detunings A. = 8-20 MHz. To construct these curves,
the range of Q. values is divided into equally spaced bins; within each
bin b, all individual transmission measurements (scattered points) are
pooled to yield a bin mean (T), (solid lines) and a within-bin standard
deviation (shaded bands). Each curve has a sigmoidal shape, with the
inflection point shifting to larger Q. as A. increases. For detunings
inside the bistable region (A. = 12-18 MHz), the inflection point falls
close to the median operating point Q, (vertical dashed line), so the
system operates near the steepest part of its transfer function. Outside
the bistable region, Q. falls on a flatter portion of the sigmoid, where
the local slope is considerably smaller.
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Fig. 7 | Information processing capacity (IPC) of the Rydberg reservoir. a Lag-
resolved IPC inside the bistable region (A. = 14 MHz), stacked by polynomial degree
(blue: linear d = 1, red: quadratic d = 2, yellow: cubic d = 3). The capacity is domi-
nated by the linear channel and remains essentially constant for all lags k < 200,
before dropping abruptly to zero at k = 200 (vertical dashed line), the size M of the
sliding readout window. b Lag-resolved IPC outside the bistable region

(A. = 8 MHz). About half of the capacity now resides in the quadratic channel,
indicating that the input is encoded through the nonlinear tail of the EIT hysteresis
loop - a representation the linear readout cannot invert. ¢ Total IPC summed over
lags k = 1-300 as a function of detuning, resolved by polynomial degree. The
quadratic contribution dominates at the smallest detuning, collapses to nearly zero
inside the bistable region (gray shaded interval), and reappears at A. = 20 MHz,
mirroring the V-shaped NRMSE profile of the linear readout.
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Fig. 8 | NARMA performance and the readout-defined memory horizon. Nor-
malised root mean square error (NRMSE) on the NARMA-n benchmark for
n=>5,10, 15,100, 200, 300, 500 as a function of coupling detuning A.. For all tasks
with memory depth n <200, the error reproduces the V-shape observed in Fig. 2(j),
with the minimum located inside the bistable region (gray shaded interval). For

n =300, which exceeds the sliding readout window M = 200, the NRMSE collapses
to the trivial baseline NRMSE = 0.9 at every detuning. The transition atn = M
identifies the readout window, not the physical relaxation of the Rydberg vapour, as
the operative memory horizon.

Based on these data, we evaluate the effective gain,

oT)

600=507
€10 =0

12)

defined as the local slope of the binned transfer curve evaluated at the
median operating point Q.= median(Q(ci)) (vertical dashed line in
Fig. 6(a)). As shown in Fig. 6(b), G(A.) peaks sharply inside the bistable
region, reaching 0.34 at A. = 16 MHz. This enhancement is a direct
signature of the collective amplification near the bistable phase tran-
sition: small variations of the input are translated into large, well-
separated reservoir states that can be decoded by a linear model.

The second observable is the signal-to-noise ratio of the transfer
curve,

2
SNR(A,) =10 log;, <Ubgfwee"> , (13)
0'within
where
2 1 5 =2 = 1 B
Opereen =2 _ (Mo =T, T=5> (T, (14)
b=1 b=1
1 B
Opicnin = .0 Var(Ty), (15
b=1

with B the total number of bins. Here oﬁetween is the variance of the bin
means around their grand mean T, quantifying how well the system
separates distinct input levels in its output; 02, is the average of the
within-bin variances, capturing transmission fluctuations at a fixed
input level due to optical and electronic noise. As shown in Fig. 6(c),
the SNR is high and approximately flat (9.5-10.5dB) across
A. = 8-16 MHz and drops only at the largest detunings. The noise
floor is therefore essentially independent of the operating point inside
the bistable window, and the V-shaped NRMSE profile cannot be
ascribed to a noise minimum near the phase transition. The collective
gain G is the dominant control parameter.

Information processing capacity. The transfer curves only describe
the instantaneous response. The prediction task additionally requires
the reservoir to carry temporal information about the input. We
quantify this by the information processing capacity (IPC)*, resolved
by polynomial degree d and time lag k. The target basis consists of
Hermite polynomials evaluated on the Gaussian-distributed input
sequence, which are orthogonalised by QR decomposition to prevent
double-counting of capacity across different (d, k) channels.

Figures 7 (a, b) show the lag-resolved IPC inside and outside the
bistable region. At A. = 14 MHz [panel (a)], the capacity is almost
entirely linear (d = 1, blue) across all lags. At A. = 8 MHz [panel (b)],
approximately half of the capacity is carried by the quadratic channel
(d = 2, red), with a correspondingly reduced linear contribution. The
detuning dependence of the integrated capacity (summed over lags
k = 1-300) is summarised in Fig. 7(c): the quadratic contribution is
largest at small detunings, collapses to a value compatible with zero
inside the bistable region, and re-emerges at A. = 20 MHz. Higher-
order (d = 3) contributions are negligible throughout.

This basis structure explains why the linear readout layer benefits
from operation inside the bistable region. Outside, the operating point
Q. sits on the nonlinear tail of the EIT hysteresis loop (see Fig. 8), which
encodes the input through a quadratic transfer function that the linear
readout cannot invert. Inside the bistable region, the same input is
mapped onto an almost purely linear basis to which the linear pre-
diction is naturally matched. We emphasise that this does not imply
linear physics: the nonlinearity provided by the collective suscept-
ibility (large G) acts as a strong prefactor on top of the linear-
dominated representation, supplying the amplification without dis-
torting the basis.

Memory horizon. Both panels (a, b) of Fig. 7 also reveal that the total
capacity stays approximately constant for lags k < 200 and drops
abruptly to zero at k = 200. This boundary coincides exactly with the
size M =200 of the sliding readout window. The memory available to
the linear regressor is therefore controlled by the readout architecture
rather than by the intrinsic relaxation of the vapour. Two further
observations corroborate this picture. In particular, Fig. 8 shows the
NRMSE on the NARMA-n benchmark for
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n=>5,10,15,100, 200, 300, 500. For tasks with memory depth n <200,
the error reproduces the V-shape of Fig. 2(j) with a clear minimum
inside the bistable region. For n >300 the error collapses to the trivial
baseline NRMSE= 0.9 at every detuning. The sharp transition at
n =M =200 identifies the readout window, not the relaxation of the
vapour, as the operative memory horizon: tasks demanding deeper
history cannot be solved at any detuning, while shorter-memory tasks
fully exploit the gain peak.

Data availability

Data supporting this study are openly available on*.

Code availability
The code used to generate the results in this study is openly available
on Zenodo™®. It is licensed under the GPLv3 License.
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Lattice spin models featuring kinetic constraints constitute a paradigmatic setting for the investigation of
glassiness and localization phenomena. The intricate dynamical behavior of these systems is a result of the
dramatically reduced connectivity between many-body configurations. This truncation of transition pathways
often leads to a fragmentation of the Hilbert space, yielding highly collective and therefore often slow dynamics.
Moreover, this mechanism supports the formation of characteristic elementary excitations, which we investigate
here theoretically in a two-dimensional Rydberg lattice gas. We explore their properties as a function of
interaction strength and range, and illustrate how they can be experimentally probed with a spectroscopic scheme.
Here, we show that the transition rate to certain delocalized superposition states of elementary excitations

displays collective many-body enhancement.

DOI: 10.1103/cdz9-rxn2

I. INTRODUCTION

The notion kinetic constraint refers to the phenomenon
that strong interactions or peculiar dynamical rules severely
restrict the connectivity between many-body states in Hilbert
space [1,2]. Such kinetically constrained systems are ubiq-
uitous in physics. They naturally appear in the context of
quantum circuits and quantum cellular automata, whose dy-
namics is governed by conditional state changes implemented
by quantum gates [3]. Moreover, kinetic constraints play a
crucial role in the onset of glassiness [4-6], where the above-
mentioned reduced connectivity between many-body states
gives rise to extremely long relaxation times. Ultimately, they
may even prevent thermalization by fragmenting the Hilbert
space and give rise to the emergence of so-called quantum
scars [7,8].

A simple platform for studying the physics of kinetically
constrained systems are strongly interacting Ising models [9].
In these models, constrained dynamics are implemented by
exploiting large interaction-induced energy barriers, which
prevent resonant (and therefore fast) transitions between cer-
tain spin configurations. In the past, this setting has been
used to study a range of interesting phenomena, including
confinement dynamics [10], string breaking [11,12], frozen
states [13], disorder-free (many-body) localization [14,15],
and metastable phases [16]. Experimentally, such Ising mod-
els can be implemented with Rydberg atoms held in optical
tweezer arrays [17]. Their strong dipolar power-law inter-
actions provide a straightforward route for implementing
kinetic constraints [18]: strong interaction-induced energy
shifts prevent the resonant laser excitation of many-body
states containing many Rydberg excitations, thereby im-

2469-9926/2026/113(4)/043706(7)

043706-1

plementing the Rydberg blockade constraint [19,20]. In a
many-body setting this mechanism realizes the so-called PXP
model, which has shown to host quantum scars [21,22]. A
further constraint is the so-called antiblockade or facilita-
tion [18,23-34]. Due to the appearance of strong mechanical
forces [35]—manifesting in spin-phonon coupling [36-39]—
such a scenario is challenging to implement experimentally,
although recent progress has been made in one dimension
[40]. In the facilitation regime, the Rydberg excitation of
an atom located next to an already excited atom becomes
resonantly enhanced. This manifests in an avalanchelike dy-
namics, nucleation dynamics [41], and, in conjunction with
dissipative decay processes, enables the study of nonequilib-
rium universality [42,43].

In this work, we investigate elementary excitations in a
two-dimensional square lattice from which Rydberg atoms
are laser excited under the facilitation constraint. We show
how this constraint, as well as the residual power-law tail of
the interactions, determines the energetic and kinetic proper-
ties of these excitations. Moreover, we develop an effective
theory for one excitation class consisting of chains of Ry-
dberg atoms, enabling us to investigate their dynamics on
large lattices. Finally, we discuss how to experimentally probe
these elementary excitations via a modulated laser. Here, we
also identify spectroscopic signatures of collective many-body
enhancement.

II. SYSTEM

We consider a two-dimensional square lattice with di-
mensions Ny, N, and N = N, x N, sites. Each lattice site is

©2026 American Physical Society
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FIG. 1. Elementary excitations in a facilitated two-dimensional
Rydberg square lattice. (a) Level scheme of two atoms separated by
one lattice constant a. The atoms are modeled by two states: a ground
state || ) (beige) and a Rydberg state |1) (red). Both states are cou-
pled by a laser with Rabi frequency €2 and detuning A. The latter is
chosen to compensate the nearest-neighboring Rydberg interaction,
ie., Vi + A =0, which is the so-called the facilitation condition.
(b) Some near-resonant processes in a 3 x 3 lattice, assuming that
€ is much larger than the next-next-nearest-neighbor interaction V3.
(c) Structure and energy of some elementary excitations. Here, V,
and V; are the interaction energies between next-nearest and next-
next-nearest neighbors, respectively. The gray box marks a subspace
H(.,3), where elementary excitations are formed by chains of Ryd-
berg atoms. These carry energy rA from their » Rydberg excitations
and energy (r — 1)V, from the r — 1 nearest-neighbor pairs. Under
the facilitation condition, this implies a constant energy shift —V, for
these elementary excitations.

occupied by a single atom, which is modeled as a two-level
system, forming a fictitious spin-1/2 particle [see Fig. 1(a)].
A laser with Rabi frequency 2 and detuning A couples the
electronic ground state ||) of an atom to the Rydberg state
[1), and atoms in the Rydberg state interact via the Van der
Waals interaction. The Hamiltonian that models this system is
given by

(Ve Ny)

Q 1 V
_ x) . Z 2 1 .
H = E <2aj +Anj> + > |j—k|6n]nk' (D

J=1.1 j#k

The first term describes electronic transitions within the atoms
that are induced by the laser: j = (ji, j,) refers to the lat-

tice site, o = [1)({|; + [}) (1] = 0} + o} is the Pauli x
matrix, and n; = [1)(?]; is the projector onto the Rydberg
state of the jth atom. The second term models the interac-
tion between excited Rydberg atoms, where the coefficient
Vi = Cs/a® is the interaction strength between Rydberg atoms
occupying nearest-neighboring lattice sites. It depends on the

dispersion coefficient Cs and the lattice spacing a. Given that

the interaction rapidly decays with distance, we only con-
sider interactions between nearest neighbors, V;, next-nearest
neighbors, V> = V; /23, and next-next-nearest neighbors, V3 =
V1/2%. We assume furthermore that Rydberg atoms are ex-
cited under the facilitation condition, which means that the
laser detuning is canceled by the nearest-neighbor interac-
tion, A 4+ V| = 0. When at the same time the Rabi frequency
is sufficiently small, €2/2 <« V;, the excitation dynamics is
effectively kinetically constrained: an atom can only be res-
onantly excited when it is located next to exactly one Rydberg
atom. Dynamically, this leads to a highly correlated forma-
tion of Rydberg excitations. An example of this is shown in
Fig. 1(b) for a 3 x 3 lattice.

III. ELEMENTARY EXCITATIONS

To illuminate the nature of these correlated elementary
excitations, we consider the spectrum of Hamiltonian (1) in
the limit € = 0. Under this condition, the eigenstates are
product states in the classical spin basis {|1), || )}. In Fig. 1(c),
we sketch a few of those states along with their energy. In
this work, we focus on the states highlighted in the gray
box, whose energy separation is multiples of the next-next-
nearest neighbor interaction V3. Assuming that /2 > Vj,
these states form a near-resonant subspace H .. 4) in which
many-body configurations are strongly coupled by the laser.
As can be seen, Rydberg excitations in H, 4) are forced to
form consecutive chains, whose overall number is conserved:
they can neither vanish, nor can two or more chains merge.
This effect has been studied in detail in one-dimensional
lattices [27,30,36,37]. In two dimensions, the situation is
more involved as these chains can grow in vertical and hor-
izontal directions. Nevertheless, excitations can explore the
entire lattice and are therefore mobile [see Fig. 1(b)]. In
contrast, there are also immobile excitations that are formed
by configurations in which Rydberg atoms populate next-
nearest-neighboring lattice sites, where they interact with
strength V5. As an example, consider the triangular configu-
ration with energy —V; + V,, shown in Fig. 1(c). Assuming
that 2/2 « V,, the Rydberg atoms in the diagonal lattice sites
cannot be resonantly removed. Nevertheless, further Rydberg
atoms can be added resonantly. Consequently, the overall
dynamics reduce to that of pinned one-dimensional chains
that can grow and shrink, but are unable to explore the full
lattice.

The dynamics of the mobile excitations are described by
the Hamiltonian

N
Q
Hioyy =T+ V3 > (r=2)P, — V. )
r=3

Here, T is a kinetic term, that gives rise to expansion and
shrinking of Rydberg chains. It dynamically connects Ryd-
berg chains that differ by a single Rydberg atom, as shown
in Fig. 1(b). The second term assigns an energy to each chain,
which is proportional to its length r and is given by the number
of next-next-nearest-neighbored Rydberg atom pairs. Here,
the operator P, projects onto all vertical and horizontal chains
with length r. The last, constant, contribution results from the
energetic “cost” rA of exciting r Rydberg atoms, which is
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FIG. 2. Emergence of the kinetic constraint. Correlation function
C¥d,, dy,t) in a 4 x 4 lattice with an initial single excitation po-
sitioned at site (2,2). (a),(b) Data obtained by evolving the system
under the full Hamiltonian (1), for weak interaction V; =  and
strong interaction V| = 50 2, respectively. In the latter case, a single
Rydberg excitation initiates the growth of chains of Rydberg excita-
tions along the rows and columns of the lattice [see Fig. 1(b)]. (c)
Correlations calculated from the reduced model (2), for V; = 50 €.
Rows (b) and (c) are in excellent agreement, which demonstrates
that the reduced model description becomes appropriate when the
interaction strength is sufficiently large. The snapshots are taken at
times Qt = 0.5, 1, 2.

partially compensated by (r — 1)V} nearest-neighbor interac-
tions. With the facilitation condition, this results in a constant
energy shift of —V; for all Rydberg chains. The derivation
of Hamiltonian (2) is shown in the Appendix A, where we
also provide the explicit forms of T and P,. Furthermore, we
show that the dimension of the subspace H .. ;) grows only
polynomially in the system size, which dramatically simplifies
numerical simulations.

In the following we benchmark the reduced model H., 3)
against the full Hamiltonian (1). To this end we time-evolve
an initial state with a single Rydberg excitation at site (2,2) in
a 4 x 4 lattice. For both models, we compute the integrated
density-density correlations C®(d, t) = > j{njnjia):. Here,
(njnj+a), quantifies the probability of an atom at site j to be
excited simultaneously with another atom at a distance d =
(dy, dy). In Fig. 2(a), we show the density-density correlations
in the case of weak interaction, i.e., V; = €2, computed for the
full Hamiltonian (1). Here, fluctuations are strong enough to
overcome diagonal energy contributions V,. This is reflected
in an isotropic build up of correlations over time. However,
when V, > Q/2, transitions including V, are effectively for-
bidden and correlations are only formed between atoms that
are located in the same row or column [see Fig. 2(b)]. Here
only states in the subspace H . 3), i.€., Rydberg chains, are
populated and the dynamics is faithfully described by the
reduced model (2). This can be seen in Fig. 2(c), which
shows data that are effectively indistinguishable from the full
simulation.

IV. SPECTROSCOPY

In the following, we propose a spectroscopic scheme to
experimentally probe elementary excitations and to measure
their energies. To this end, we initialize the system in a state
without Rydberg atoms, i.e., |0) = |{)®¥" which is the nat-
ural starting point of any experiment. When V| > Q/2, this
state is kinetically disconnected from the remaining Hilbert
space and merely acquires a second-order light shift. On the
contrary, many-body configurations that host Rydberg atoms,
in particular those contained in H(.. 4), are generally near-
resonantly coupled by the laser. This leads to the formation of
the mobile elementary excitations, i.e., many-body eigenstates
that are formed from superpositions of the classical configu-
rations shown in Fig. 1(c). To probe these, we periodically
modulate the Rabi frequency around a central value €2/2
with frequency ws and small amplitude Q23 < €2/2. Thus, the
many-body Hamiltonian is modified according to

Q .
H(t)=H+ — cos(@it) Zo} ), 3)
J

When the modulation frequency ws matches the eigenenergy
of an elementary excitation, Rydberg atoms can be coherently
excited [see inset of Fig. 3(a)]. We consider in the follow-
ing the time-averaged Rydberg density, 71 = % fot dr (3} i)
where t is the length of the averaging time window. Note
that the integration time t has to be long enough in or-
der to reach sufficient spectral resolution [see Fig. 4 in
Appendix B]. In Figs. 3(a) and 3(b) we show 7 as a function
of ws and V| for a 2 x 2 and 3 x 3 lattice. For a strong
nearest-neighbor interaction, i.e., when the facilitation con-
straint is present, one observes sharp spectral features at
specific modulation frequencies. To show that these spectral
lines correspond to elementary excitations described by the
reduced model Hamiltonian (2) we compute its eigenvalues
E and eigenstates |E). From these, we calculate the expected
resonance positions ws = |E| and show them as gray-black
curves in Figs. 3(a) and 3(b). Indeed, when V; is sufficiently
large, i.e., when the facilitation constraint is present and the
reduced model is valid, there is excellent agreement with
the data computed from the full Hamiltonian (3). The tran-
sition rate, i.e., the strength of the spectral lines obtained
in the reduced model, can be estimated by Fermi’s golden
rule. It is proportional to the transition matrix element Mg =
HEIY; o 10)* = (E| Y 0;710)|, which we plot in gray
scale in Fig. 3. Note that for small nearest-neighbor interac-
tions Vi, we also observe signatures of excitations, which are
not captured by the reduced model (2). For example, in the
2 x 2 lattice we observe one spectral feature at ws &~ |—-V| +
V,|, which belongs to excitations in which Rydberg atoms
form a triangular pattern [see also Fig. 1(c)]. As the Rydberg
interaction grows, exciting those states becomes increasingly
hard. This is because these states can only be accessed from
the initial state |0), via the excitation of multiple Rydberg
atoms through a sequence of off-resonant processes.

As a final study, we analyze the excitation spectrum of
an 11 x 11 lattice using the reduced model Hamiltonian (2).
We calculate the resonance positions from the eigenenergies
and show the corresponding transition matrix element Mg in
Fig. 3(c). We observe several transition lines. For large Vi,
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FIG. 3. Spectroscopy and collective enhancement. (a),(b) Excitation spectrum for a 2 x 2 and 3 x 3 lattice as a function of the interaction
strength V; and modulation frequency ws. In red we show the time-averaged number of Rydberg atoms 7, which is calculated considering the
full dynamics under the Hamiltonian (3), with 2, = 0.2 Q. To evaluate iz we discretize the integral with sampling points Q¢ € {1, 2, ..., 30}.
The gray scale shows the transition matrix element My at the expected resonance energy, computed with the spectrum of the reduced model
Hamiltonian (2). Note that the matrix elements in a 2 x 2 lattice are constant (M = 2), in contrast to the matrix elements in a 3 x 3 lattice.
This is a result of the next-next-nearest-neighbor interaction V3, which does not contribute for a 2 x 2 lattice. The inset of panel (a) illustrates
the idea behind the spectroscopic scheme: the Rabi frequency modulation at frequency ws probes excitations, which are formed by (kinetically
constrained) many-body states that are near-resonantly coupled by the laser (Rabi frequency €2). For intermediate interaction strength we
observe excitations of many-body configurations that are not contained in the subspace H ., 3, €.g., triangular patterns of Rydberg atoms with
energy —V; + V,. With increasing interaction strength only excitations contained in H ., 4, are excited. (c) Spectrum of an 11 x 11 lattice,
calculated with the reduced model (2). Here, we used a logarithmic scale log,,(Mg) to increase the contrast of the spectral lines. The gray
dashed lines correspond to the energies —V; + (r — 2)V; of Rydberg chains with length » > 2 [see Appendix A]. (d) Collectively enhanced
spectral line in the 11 x 11 lattice. The inset depicts the transition matrix element M, evaluated with the corresponding eigenstate at energy
E, for different lattice sizes N = N, x N, with N, = N, € {2,3,...,20}.

they are located at s = V|, — V3(r — 2) withr € {2, ..., 11},
which indicates that they correspond to excitations that are
mainly formed by chains of Rydberg atoms of length r [see
Fig. 1(c)]. Note that we use a logarithmic color scale as the
strength of the lines varies considerably. Plotting the data on a
linear scale, as in Fig. 3(d), reveals that there is one dominant
(collectively enhanced) line whose strength grows propor-
tional to the size N of the lattice (see inset). This is in fact the
strongest possible scaling with system size, which can be seen
by writing the matrix element as My = N|(E|s)|> < N. Here,
ls) = ﬁ 3 JJ.+ |0) is a spin-wave state, which corresponds to
a single Rydberg excitation delocalized over the entire lattice.
This shows that the elementary excitation that corresponds
to the collectively enhanced line is predominantly formed by
many-body states that contain short Rydberg chains and single
excitations.

V. CONCLUSIONS AND OUTLOOK

A two-dimensional long-range interacting Rydberg gas
under facilitation conditions features a host of elementary
excitations. We have developed an effective theory for a
particular class of mobile excitations, which emerge when
nearest-neighbor and next-nearest-neighbor interactions are
sufficiently strong. Their energies can be spectroscopically
determined by applying an appropriately modulated excitation
laser and a subsequent measurement of the Rydberg atom

number. In the future it would be interesting to investigate how
the properties of the elementary excitations are affected when
the condition of strong next-nearest-neighbor interaction is
systematically relaxed. If solely nearest-neighbor interactions
are present, the physics reduces to that of a two-dimensional
transverse field Ising model, which already displays intriguing
collective properties, such as metastability [44] and quasi-
particle confinement [2]. Therefore, it would be interesting
to explore many-body relaxation processes and their depen-
dence on the facilitation constraint as well as the residual
long-range interactions. Moreover, a quantitative characteri-
zation of transport properties, such as diffusion constants, as
well as long-time relaxation dynamics represent a particularly
promising avenue for future research. Computationally, these
will be formidable tasks. However, quantum simulators based
on trapped Rydberg atoms may ultimately offer such capa-
bility. They could thus yield novel insights into relaxation
pathways and timescales, which may allow one to identify
glassy dynamics. Currently though, the required long obser-
vation times still pose a technical challenge.

ACKNOWLEDGMENTS

We acknowledge funding from the Deutsche Forschungs-
gemeinschaft (DFG, German Research Foundation) through
the Research Unit FOR 5413/1 (Grants No. 465199066
and No. 465199066), and through the Research Unit FOR

043706-4



SPECTROSCOPIC SIGNATURES OF EMERGENT ...

PHYSICAL REVIEW A 113, 043706 (2026)

5522/1 (Grant No. 499180199). We acknowledge support
from the Leverhulme Trust (Grant No. RPG-2024-112) and
the European Union under the Horizon Europe program
HORIZON-CL4-2022-QUANTUM-02-SGA via the Project
No. 101113690 (PASQuanS2.1). We also acknowledge fund-
ing through JST-DFG 2024: Japanese-German Joint Call
for Proposals on “Quantum Technologies” (Japan-JST-DFG-
ASPIRE 2024) under DFG Grant No. 554561799. This work
is also supported by the ERC grant OPEN-2QS (Grant
No. 101164443). C.G. acknowledges support by the Alfried
Krupp von Bohlen and Halbach foundation.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [45].

APPENDIX A: REDUCED HILBERT SPACE
AND COORDINATES

A chain of Rydberg atoms, i.e., a many-body state in
the reduced Hilbert space H ., 4), can be uniquely specified
by four coordinates (cy, 7, ¢y, ). The relative coordinates
(rx, ry) encode the length of the chain in the horizontal and
vertical directions, respectively. For open boundary condi-
tions, r; is an integer in the range 1,...,N; for k € {x, y}.
Note that vertical chains (r, > 2) have a width of one atom in
the horizontal direction (r, = 1), and vice versa for horizontal
chains. Accordingly, we impose

n=2=r=1 fork#I. (Al)

The remaining coordinates ¢ = (c,, ¢,) denote the center
of the chain on the two-dimensional lattice. For chains of
odd length, this center coincides with a lattice site, whereas
for even chain lengths it lies halfway between two neigh-
boring lattice sites. We therefore choose centers coinciding
with lattice sites as odd integers ¢y, and centers located be-
tween two sites as even integers. The center coordinates map

to lattice sites via j = (&5 L c"; L), so that ¢; takes integer
values in the range 1,...,2N; — 1 for k = x, y. Since each
center coordinate pair (cg, 1) is chosen such that either both
coordinates are even or odd, the sum ¢, + r; and difference
cr — 1 are even integers. Therefore, they refer to positions
between two lattice sites and give for horizontal and verti-
cal Rydberg chains the right, upper (c; + rx) and left, lower
(cx — ) boundary, respectively. With this, we enforce the
boundary conditions that Rydberg chains are not allowed to
exceed the lattice, and require

0L cr—re, 2Ny Zc+r, forke{x,y}. (A2)

Here, we used O for the left lattice boundary and 2N, for the
right boundary.

Combining all constraints, the coordinates for horizontal
chains (fixed r, > 2) are givenby ¢, € {ry, rx +2,...,2N, —
re}, ry =1, and ¢, € {1,3,...,2N, — 1}. Hence, there are
(Ny — ry +1) x 1 x N, distinct horizontal chains of length
1. Similarly, there are N, x 1 x (N, — r, + 1) vertical chains
of fixed length r, > 2. The dimension of the reduced space
H(e,4) is therefore obtained by summing over all admissi-
ble chain lengths r, € {2,...,N,} and r, € {2,...,N,}, and

adding the N, x N, configurations with a single Rydberg ex-
citation (ry = r, = 1), yielding

NN,
2

Thus, the dimension of the reduced space scales polynomially
with the system size.

In the following we construct the projection of the Hamil-
tonian (1) onto the subspace H (. 3), which results in the
Hamiltonian H., ), Eq. (2). The first term in the Hamilto-
nian (1) induces single spin flips (electronic state changes
due to the laser). Due to the facilitation constraint these
flips lead in H (. 4) to processes that expand and shrink the
size of a chain of Rydberg atoms by one atom. Therefore,
horizontal chains can change their size in the x direction
via four different processes: expansion or shrinking at the
right boundary via the operators |cx + 1){c| ® |ry + 1) (1| +
[cx){cx + 1| ® |ry) (ry + 1], and the same processes at the left
boundary, represented by |cy){(cy + 1| ® |ry + 1) {re] + lex +
1){cy| ® |ry){ry + 1]. Note that a change in the relative coor-
dinate also implies a change of the center of mass position.
All these processes, which leave the position and width in the
y coordinate invariant, are represented by the kinetic energy
operator

dim(H o 4)) = (Ne +Ny). (A3)

N, 22N~ 1IN, —1 N,

To= Y > > > (ec+ Dicd +He)

=1 ¢=1 n=1r=I
® (|ry + 1) {re| + Hec)) ® Iy, 1) {cy, 1]. (A4)

Note thathere 1 < ¢, < 2N, —2and1 < r, < N, — 1, which
is due to the boundary conditions. Through similar reasoning,
where ¢, r, and c,, r, interchange roles, we obtain the cor-
responding expression for the kinetic energy vertical chains
T;,. Combining both yields the total kinetic energy operator
T =T, + T, [see Eq. (2)].

The remaining part of Hamiltonian (2) is diagonal and
assigns an energy to each basis state. This energy only de-
pends on the number of excited atoms, and the number of
interacting Rydberg pairs. Therefore, for a chain with length
r = max (ry, 1), the energy is given by

E, =rA+0@F—1)Vi(r—1)+ 6@ —2)V3(r —2),

fac.

E.=-Vi+00-2)(r—-2)Vs. (AS)

Here, ®(x) is the Heaviside step function, which is equal to
zero for x < 0 and one for x > 0. Note that there is no contri-
bution containing V,, because Rydberg chains do not include
pairs of excited next-nearest-neighboring atoms. Finally, we
define the projection operators

2N, —1,2N,—1

Pory = Z

cy,cy=1

P, = Po.1) + Puns

lcx, Ty, Cy, ry><c)m Ix, Cy, ry|,

(A6)

which project all vertical and horizontal chains of length r
onto itself. Together with the kinetic energy operator this
yields Hamiltonian (2) of the main text.

Lastly, we provide an expression for the number opera-
tors n; in the reduced space H (. 4), which is necessary for
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calculating the correlations in the main part. The number
operator nj projects the atom at site j to the excited state and
leaves the state of the remaining atoms invariant. To conserve
this structure in the reduced space, we use the coordinates of
a Rydberg chain |c,, ry, ¢y, 1), to determine if it includes a
Rydberg atom at site j. For this, we first convert the site j to
the center coordinates with the transformation above, yielding
¢; = 2jx—1,2j, — 1). From the derivation of dim(H . 3)),
we use that the boundaries of a Rydberg chain are given
by (cx —rx) and (cx + i), for k = x,y. A Rydberg chain
lcx, ¥y, €y, 1y), then includes an excitation at lattice site j, if
¢; is within the boundaries of the Rydberg chain, i.e.,

Cx — Iy 2jx_1 cx+rx
(C.v _ry> S (2]'), - 1> S (Cy+r.V>'

The number operator n; in the reduced space, projects onto
all states satisfying this condition, i.e., all states in N =
{lex, s ¢y, 1y) € Mo 3)|Eq. (A7) is satisfied}, and reads

= Y

[ex.ry.Cy.ry ) ENG

(AT)

|CX$rxscyvr)’><c)(9rxacy$r)'|‘ (AS)

APPENDIX B: SPECTROSCOPY AND COHERENT
EVOLUTION

In Fig. 3 we show the time-averaged density of Rydberg
atoms, 71, as a function of the laser frequency ws. In this
figure a number of spectral lines are clearly visible. In the
following we discuss the impact of the overall coherent evo-
lution time on the observability of these features. To make
the point, we consider a system of two atoms. Under facilita-
tion conditions (A 4+ V; = 0 and V; > Q/2), their dynamics
is described by Hamiltonian (1) and the subspace H (., ) is
spanned by the states |1), | 1), |11). The eigenvalues of
Hamiltonian (1) in this subspace are

Q
Ei=A+—, Ey=A. (B1)

/2

The eigenstate corresponding to eigenvalue Ej is the antisym-
metric superposition (|14) — [{1))/ V2. Since the operator
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FIG. 4. Time-resolved spectroscopy signal of two facilitated
atoms. (a) Time evolution of the Rydberg density (n), under a modu-
lated laser of two facilitated atoms for varying modulation frequency
ws and Q¢ = 0.2 2, and V; = 10 Q. (b) Time-averaged Rydberg den-
sity 7 in the time window, indicated by the gray shading in panel
(a). The average 7 is evaluated for v = 2/, using 200 equidistant
sampling points of the integral. The red line depicts 7i(w,) and the
dashed black lines indicate the theoretical eigenvalues at w, = |EL|,
Eq. (B1). (c) Time-averaged Rydberg density 7 for the full time
window (tr = 10/€2). The integral is evaluated with 1000 equidistant
sampling points. We observe that the spectral lines only become
visible for sufficiently long coherent evolution times.

that effectuates transitions is conserving the symmetry of
the initial state ||| ) [see Eq. (3)], the transition rate to the
antisymmetric state vanishes and it cannot be excited in the
spectroscopy. Hence, only two spectral lines are observed. In
Fig. 4(a) we present the time evolution of the Rydberg density
(n); = (n1); + (nz); as a function of the modulation frequency
ws/V1. As can be seen, the two expected spectral lines be-
come visible only when the time exceeds ¢ > 5. This shows
that the spectroscopy requires a minimal coherence time in
order to reach the necessary resolution. In Figs. 4(b) and 4(c)
we show the time-averaged Rydberg density i = 1 [ dr(n),
with an integration time 7; = 2/ [panel (b)] and 7, = 10/Q2
[panel (c)].
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Mechanical systems provide a unique test bed for studying quantum phenomena at macroscopic length scales.
However, realizing quantum states that feature quantum correlations among macroscopic mechanical objects
remains an experimental challenge. Here, we propose a quantum system in which two micro-electromechanical
oscillators interact through a chain of Rydberg atoms confined in optical tweezers. We demonstrate that the
coherent dynamics of the system generate entanglement between the oscillators. Furthermore, we utilize the
tunability of the radiative decay of the Rydberg atoms for dissipative entanglement generation. Our results
highlight the potential to exploit the flexibility and tunability of Rydberg atom chains to generate nonclassical

correlations between distant mechanical oscillators.

DOI: 10.1103/qqf3-wx7m

I. INTRODUCTION

Many experimental platforms explore entanglement and
its applications using microscopic objects, such as photons
[1-3], atoms [4,5], and ions [6,7]. Extending entanglement
to macroscopic objects, such as massive mechanical oscilla-
tors, is challenging, as decoherence usually becomes more
pronounced with increasing system size [8—11]. However,
entangled macroscopic systems, and in particular mechanical
oscillators, offer new opportunities to probe the quantum-
classical boundary [12,13] and to explore novel regimes of
quantum acoustics [14—17]. Moreover, they may serve as a
test bed for models of quantum gravity [18-20].

So far, mechanical oscillators have predominantly been
entangled using opto- and electromechanical coupling to cav-
ities [21-23]. A notable exception is a recent experiment,
where micro-electromechanical oscillators with GHz reso-
nance frequencies are coupled to superconducting qubits
that mediate entanglement [24]. In a parallel development,
micro-electromechanical oscillators have been realized that
feature similar resonance frequencies, but offer dramatically
enhanced coherence times of the order of one millisec-
ond [25,26]. These devices confine GHz acoustic modes in
micrometer-scale piezoelectric structures and permit efficient
transduction between mechanical and electrical degrees of
freedom.

In this work, we propose to entangle two GHz micro-
electromechanical oscillators by coupling them to opposite
ends of a chain of tweezer-trapped Rydberg atoms, as
sketched in Fig. 1(a). Rydberg atoms feature strong electric
dipole transitions in the GHz-frequency regime that enable
resonant interaction with the electromechanical oscillators
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[27-29]. Moreover, trapping atoms in arrays of optical
tweezer traps [30,31] allows for precise control of the inter-
atomic distance as well as the distance between the atoms and
the oscillators. Here, the spatial dependence of the underly-
ing dipolar interactions permits control over the atom-atom
and atom-oscillator coupling. We build our investigation on
a model that captures the essential coherent and dissipative
processes of this hybrid system. This model allows us to show
that coherent excitation transport through the Rydberg chain
mediates entanglement between the oscillators. Furthermore,
we present a scheme for dissipative entanglement genera-
tion that exploits atomic decay processes. The entanglement
among the oscillators at the end of the dissipative dynamics
is probabilistic. We discuss how the likelihood for obtaining
entangled states can be enhanced through particular choices
of the system parameters.

II. MECHANICAL OSCILLATORS COUPLED
BY A RYDBERG ATOM CHAIN

As depicted in Fig. 1(a), the system we consider is com-
posed of two micro-electromechanical oscillators, which are
linked to the two ends of a chain of N Rydberg atoms. The
Hamiltonian of this system is given by

H = Hyse + Hepain + Hcouple- (1)

Here, Hys. = w(a'a + b'b) is the Hamiltonian describing the
relevant modes of the two oscillators with resonance fre-
quency w and corresponding ladder operators a, a' and b, b,
respectively. Throughout this work, we set i = 1. We model
the decoherence of the oscillator modes as an excitation
decay with rate «. The system is considered to be in a zero-

©2026 American Physical Society
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Ryd berg atom chain
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FIG. 1. Mechanical oscillators linked by a Rydberg atom chain. (a) Schematic of the oscillator-atom system illustrating the levels, coupling
strengths, and decay rates introduced in the main text. Excitations in the Rydberg spin chain and the oscillators are depicted as violet filled
circles, while white filled circles indicate the absence of excitations. (b),(c) Coherent evolution of the number of excitations in the oscillators
(a*a), (b'h) and oscillator entanglement quantified by the negativity A". The results correspond to the system presented in (a) with N = 2 atoms

andV =

10J. The system is initialized in (b) |v;) and (c) |,) [see Egs. (7) and (8)]. Dark lines are obtained from the effective Hamiltonian

(6), while lighter, semitransparent lines show the exact dynamics under the full Hamiltonian (1). In (c), (b'b) is shown as a dashed curve to

improve visibility.

temperature environment, so that any heating from outside can
be neglected (see Appendix B).

In the chain, each atom is modeled with two Rydberg
states, denoted by the spin states [1) and ||) with energy
separation A. We consider the two Rydberg states to spon-
taneously decay with rates y; and y, to an effective ground
state |g), as illustrated in the inset in Fig. 1(a). This simplifies
the decay dynamics of real Rydberg atoms but captures the
essential aspect of the decay, namely, the depopulation of
the Rydberg state. Due to the zero-temperature environment,
blackbody-induced transitions to neighboring Rydberg states
are not present. We treat the interaction between the Rydberg
atoms in the chain as dipolar flip-flop interaction between
nearest neighbors with strength V' [30,32], described by the
Hamiltonian

N-1

Henin =V ) (1) (M ® M) (41 +Hee) + A me,

i=1
2
where P(’) [1)(1]; is the projector onto the higher-lying
Rydberg state and H.c. denotes the Hermitian conjugate. To
simplify our analysis, couplings to next-nearest neighbors and
beyond are neglected throughout this work.

The two outer atoms of the chain couple to the electric field
of the corresponding electromechanical oscillator. This results
in a dipolar coupling between the atoms and the oscillators
[27,33]. We assume resonant coupling with w = A. Under
this condition, the coupling Hamiltonian is given by

Heowpe = J(W) (1 @ a’ + 1) (1 y ® " + Hee). (3)

The parameter J quantifies the interaction strength between
the mechanical systems and the Rydberg atoms. For realistic
experimental parameters, as discussed in Appendix A, the
minimal atom-oscillator distance will limit the atom-oscillator
coupling J to be smaller than the atom-atom interaction V for
typical tweezer distances. At the same time, the decay rates of
the Rydberg atoms y4, y, and oscillators « are orders of mag-
nitude smaller than the coherent interaction strengths J and
V. Consequently, the coherent dynamics of the system are ex-

perimentally accessible on timescales where yf, y4t, kt K
1. Furthermore, the decay rates of the Rydberg states can
be artificially increased in experiments by laser dressing
[34-36]. We will analyze the generation of entanglement be-
tween the oscillators for both purely coherent dynamics and
dynamics with engineered dissipation in Secs. III and IV,
respectively.

To assess the entanglement of the oscillators, we ana-
lyze their reduced density matrix p,,, which is obtained by
performing a partial trace over the atom chain. In general,
the reduced density matrix will represent a mixed state. To
quantify the entanglement of this state, we use the negativity
[37,38], which for our system is calculated as

N(pap) = FUI Tatrenain(0)1l — 11.

Here, p is the density matrix of the full system, trep,, the
partial trace over the Rydberg chain, 7, the partial trans-
pose with respect to oscillator a, and || - ||; the trace norm.
The oscillators are entangled if the negativity is larger than
zero, with the largest negativity being reached by a maxi-
mally entangled state [37]. One choice for such a maximally
entangled state is |Pmax) = ﬁ Yoo liYa @ |i)p, with n be-
ing an integer number [38]. Here, |i),/ is the Fock state
of oscillators a and b, respectively. This state has negativ-
ity N(|¢max) {(Pmax]) = n/2 and the oscillators contain, on
average, (Pmaxla’a + b'b|dma) = n excitations. In fact, the
negativity is bounded from above by

[(aa + b'b)]

N g )
2

)
where [-] denotes the ceiling function.

This allows us to give an upper bound for the negativity that
we can expect in our system. To construct the upper bound, we
utilize that the operator

N
M=da+bb+) Py

i=1
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commutes with the full Hamiltonian (1) and thus u = (M) is
conserved under coherent evolution. This operator counts the
number of atoms in the state |1) together with the number of
excitations in the oscillators. Throughout this work, we call
the total excitation number and refer to atoms in state |1) as
spin excitations. It follows that the number of excitations in
the initial state of the system defines an upper bound on the
maximum reachable negativity during the time evolution with
Ninax < M )
2
This shows that a higher total number of initial excitations
allows for higher negativity values.

III. DETERMINISTIC ENTANGLEMENT GENERATION
THROUGH COHERENT EVOLUTION

In this section, we illuminate the mechanisms that under-
lie the entanglement generation between the oscillators. To
that end, we focus on the purely coherent dynamics, which
are experimentally accessible on timescales yt, y4t, kKt < 1,
where dissipation is negligible. The coherent evolution of
the system is governed by the full Hamiltonian (1). This
Hamiltonian only indirectly describes any effective coupling
between the oscillators via the atom-atom and atom-oscillator
coupling; see Egs. (2) and (3). We now exploit that for typical
experimental parameters, J < V. This allows us to perturba-
tively derive an effective Hamiltonian that directly couples the
oscillators. To do so, it is necessary to compute the eigenstates
of H_p,in- For arbitrary chain lengths N, this is possible using
the Jordan-Wigner transformation [39]. To illustrate the prin-
ciple, we consider a chain of two atoms, where the eigenstates
are the spin-singlet state |S) = (|1]) — |¢T))/\/§ and the
spin-triplet states 1), [}4), and |T) = (|114) + 1 1))/V/2.
Expressing the chain Hamiltonian (2) in its eigenbasis and em-
ploying a Schrieffer-Wolff transformation [40,41], we obtain
the effective Hamiltonian

J: .
Hf = — v(a’b+abf)(lw><w| + MMM
— ISY(SI =TT

J2 2 2 2 2
- 7[(aT + M+ @ +PHAH) LN

2

(v S )anri- s+ Mo ©
Here, the third line represents the energy of the basis states
of the system, while the first two lines contain qualita-
tively different coupling terms. The first line describes a
direct oscillator-oscillator coupling that generates entangle-
ment, where the sign of the coupling depends on the state
of the chain. The second line describes an indirect coupling
at higher order, which involves exchange of excitation pairs
between oscillators and chain.

To illustrate the roles of these coupling terms, we consider
two different initial states,

V1) = [1)a ® [S) @ 0)s, (7

[¥2) = [0), ® [11) @ 0)s. @®)

In state |i1), one excitation resides in oscillator a and the
chain is in the singlet state, which contains one spin excitation.
In state |y,), both spins are initially excited and the oscil-
lators are in the ground state |0). Both states have the same
total number of excitations, u = 2, and, consequently, have
the same upper bound of the maximum reachable negativity
according to Eq. (5).

For these initial states, the time evolution of the oscillator
excitation number as well as the negativity under the effective
Hamiltonian (6) can be calculated analytically. They are given
by

) . 1
(Yila'alyn) = 1 = (Y lb'blyn) = 5[1 + cos (%)]

(Valatalyn) = (Yalb'blYn) = 1 — cos* @

“(3%)

1 1
N(Ig2) (¥al) = 511 = cos(D)][ sin(z)] + g[l + cos(7)]

3

1
Ny () = 5

X [\/5 cos?(t)— 6cos(t)+5 — 1— cos(f)],

where 7 = Z‘C—Zﬁt. In Figs. 1(b) and 1(c), we present the

analytic results together with the numerical solution of the
full Hamiltonian (1). The effective model captures the overall
dynamics, while the observed deviations can be explained
by omitting higher-order corrections in the effective Hamil-
tonian. For both initial states, entanglement between the
oscillators gets periodically created and destroyed during the
evolution of the system. We find in Figs. 1(b) and 1(c) that
a higher negativity is reached during the time evolution of
[2) compared to | ). This can be understood by considering
the allowed exchange processes for the two initial states. For
[¥1), only single-excitation exchange between the oscillators
via the first term in Heg is possible, such that the number of
excitations (a'a + b'b) in the oscillators remains fixed at one.
Hence, a stricter bound on the negativity, N'(|v) (¥ ]) < 1/2,
is imposed according to Eq. (4). On the contrary, for [y),
the exchange of excitation pairs with the chain via the second
term in Heg allows the system to transfer the two excitations,
initially in the atom chain, into the oscillators. Although this
pair exchange still couples the oscillators only indirectly via
the chain, it enables the system to reach entangled states with
more excitations in the oscillators. This leads to the larger
negativity reached for this initial state.

IV. PROBABILISTIC ENTANGLEMENT GENERATION
THROUGH DISSIPATIVE PROCESSES

For the creation of correlated oscillator states, one would
ideally stop the coherent dynamics when the maximum neg-
ativity is reached. While this is, in principle, possible, e.g.,
by removing the atoms with repulsive optical tweezers, this
requires exact timing and precise knowledge of the system
parameters. In the following, we discuss a scheme where arti-
ficially enhanced dissipation in the atomic chain is exploited
to generate an entangled oscillator state and, at the same time,
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to stop the coherent dynamics of entanglement creation and
destruction automatically.

To illustrate this idea, we consider a separable initial state
of the form

[Yinic) = 10)a @ 1) @ |0}, )

where all atoms are in the Rydberg state |1) and the oscillators
are in the vacuum state. Over the course of the dissipative time
evolution—which we discuss in detail below—this state will
eventually evolve into a product state, where the atomic chain
is found in |g)®". We refer to this state as the final state. From
this point onward, the coupling between the atom chain and
the oscillators stops and the latter merely continue the evolu-
tion under their individual harmonic oscillator Hamiltonians,
which can neither create nor remove correlations. The precise
sequence and timing of the atomic decay events—which form
a so-called quantum jump trajectory—are, however, proba-
bilistic. This also means that the entanglement of the final
oscillator state, which is reached when all atoms have de-
cayed, is probabilistic.

A. Mechanism of dissipative entanglement generation

We simulate quantum trajectories of the full system us-
ing the quantum jump method discussed in Refs. [42,43].
In this framework, the evolution of the initial state, defined
in Eq. (9), is governed by the non-Hermitian Hamiltonian
H=H— 1Y, LiL,, with the jump operators

Ly € {7118 (M1 -0 /7118 (v,
VIR U 78 vy Vica, /kb).

Here, the first 2N terms capture the decay from the Rydberg
states |1) and || ) to the state |g), while the last two describe
the decay of the oscillators. These jumps occur at random
times, reflecting the probabilistic nature of the quantum tra-
jectories.

To elucidate the role of the Rydberg atom decay in the evo-
lution of the system, we consider a system with N = 5 atoms,
with an interaction strength V = 3J and decay rates y; =
y, = 0.2J for the Rydberg state. For simplicity, we switch off
the oscillator decay (x = 0). In Fig. 2(a), we depict the time
evolution of the number of excitations in the oscillators and
the number of spin excitations within the atomic chain for a
single selected trajectory. We compare the time evolution of
the negativity of the reduced oscillator state for this selected
trajectory to that of the fully coherent evolution without decay
of the same system in Fig. 2(b). A striking observation is
that the negativity during this dissipative evolution reaches
a significantly higher value compared to the purely coherent
evolution until J¢ = 12. This can be explained as follows: In
the selected trajectory, the first and all following decays take
place via the decay channel |]) — |g). The corresponding
collapse operators ,/y;18){{ |, with k the index of the atom,
do not change the total number of excitations u in the system.
Hence, during the evolution, all initial spin excitations are
converted to oscillator excitations, as shown in Fig. 2(a). Thus,
the negativity of the final state reached by this trajectory can
approach the maximum negativity bound in accordance with
Eq. (4). In the absence of decay, excitations are continuously

PN)
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0 .
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FIG. 2. Entanglement generation through atom chain dissipation.
(a) Time evolution of excitations in the sites of the spin chain (73? )
and the number of excitations in the oscillators (a'a), (b'b) for a
selected single trajectory and system parameters V =3/, y, = y; =
0.2/, and k = 0. The system is initially prepared in the state | ) =
[0), ® [T 111) ® 10),. Atom decay is marked with the correspond-
ing jump operator, with ,/y; omitted. Atoms that have decayed to
the ground state are colored gray. (b) Time evolution of the oscillator
negativity N\ for the trajectory shown in (a) (blue) in comparison
to the purely coherent evolution (red) for the same parameters. (c)
Probability distributions P(N) of final-state negativities A/ for 2000
trajectories using the parameters from (a) with y;, = 0.2/ (blue) and
y1 = 0 (green). The averages of the negativity distributions N, are
depicted by vertical dashed lines.

exchanged between chain and oscillators, with some excita-
tions present in the chain at all times. Hence, the negativity of
this coherent evolution remains lower.

In the selected example trajectory, only decay from state
|4} occurred. In contrast, any decay from state |1) reduces the
total number of excitations © by one. Hence, the achievable
negativity also reduces according to Eq. (5). In particular, if
all atoms decay via this decay channel, the total number of
excitations contained within the system is p = 0, resulting
in a completely unentangled final state. These considerations
suggest that to maximize the negativity reached by the system,
it is beneficial to increase y|, while keeping y; unchanged at
its minimal value given by spontaneous decay of the Rydberg
state.

To further investigate the impact of decay from state |1) on
the entanglement generation, we now analyze a collection of
trajectories. For each trajectory, we propagate the system until
the atomic chain has fully decayed to |g)®". This naturally
defines the end of the dissipative dynamics and occurs at
a stochastic time that differs between trajectories. We then
evaluate the oscillator negativity N for the corresponding
final oscillator state. Repeating this procedure yields a dis-
tribution P(N') of final-state negativities, whose shape can
be controlled. This is shown in Fig. 2(c), where we plot the
distributions for two different rates of decay from the state |1):
y4 = 0.2J and y4 = 0. The distribution for y; = 0.2/ features
a long tail extending to high negativity values, which are
close to the upper negativity bound, N < 2.5. However, about
half of the 2000 sampled trajectories yield near-zero nega-
tivity. When y; = 0, the distribution has fewer trajectories
with near-zero negativity. In addition, higher negativity values

053705-4



ENTANGLEMENT OF MECHANICAL OSCILLATORS ...

PHYSICAL REVIEW A 113, 053705 (2026)

ol @) v

2
0

Navg

1 F

1.0

N avg

0.51

0.0 ke

1.0}

N avg

0.5} — k= 0.001J

102 101 10°
vi/J

FIG. 3. Parameter dependence of average final-state negativity.
(a) The average final-state negativity N, as a function of y, for
different atom numbers N and fixed parameters V = 2J, x = 0, and
v+ = 0.001J. Averages are taken over 1000 trajectories for N =3
and N =7, and over 100 trajectories for N = 11. (b) ./\/'a\,‘g as a
function of y, for different coupling strengths V with N =5, « =0,
and y; = 0.001J. Each data point is averaged over 1000 trajecto-
ries. (¢) Comparison of two cases, with (x = 0.001J) and without
oscillator decay. Parameters are V =2J, N =5, and y; = 0.001J.
For the case with oscillator decay, we also show results after posts-
electing trajectories that complete within a cutoff time of 0.3 /. For
y, = 0.001J, the data point is missing because no trajectory satisfied
the postselection criterion. Averages are taken over 10* trajectories.
In all panels, log-normal curves are fitted to the data.

10°°

are reached more often. Consequently, the average final-state
negativity Ny, is higher when y; = 0, as marked in Fig. 2(c).

Note that the average negativity Ny, describes the av-
erage of the single-trajectory negativities and should not be
confused with the negativity of the ensemble-averaged state.
In general, these two values are not the same because the
negativity is a nonlinear quantity [44].

B. Parameter dependence of final-state entanglement

Having shown that y, strongly influences the generated en-
tanglement, we next explore how the parameters N, V, y,, and
« impact the negativity reached by the system. Here, we con-
sider experimentally feasible parameter ranges, as discussed
in Appendix A. For this investigation, we set y; = 0.001J,
which, for typical experimental parameters, corresponds to the
natural decay rate of Rydberg states. We focus in the following
specifically on the average final-state negativity Ny, which is
calculated from histograms of the type shown in Fig. 2(c). In
Fig. 3, we show the average negativity N,y as a function of
y,. We find that for all considered parameters, the resulting
scaling with y, is well described by the Gaussian function on

2
a logarithmic scale, /\/avg(m) = % exp(—%), where A,

v, and o are fit parameters. This shape reflects the interplay

of two competing mechanisms: On the one hand, increasing
y, reduces the ratio of decay from the state |1) compared to
[{). Thereby, unwanted decays from state [1), which would
remove excitations from the system, become less likely and
the average negativity increases. On the other hand, a larger
decay rate y, results in an earlier first decay event, which
splits the chain and divides the full system into two uncou-
pled subsystems. After such an event, each subchain is only
coupled to one of the mechanical oscillators. Quantum corre-
lations can still build up within each of these two subsystems,
but no longer between them. Therefore, the oscillators cannot
end up in an entangled state if the two subsystems are not
already entangled with each other prior to the first decay.
Consequently, a too high y, suppresses the entanglement gen-
eration. In particular, the optimal decay rate y,—at which
the maximum of ./\favg is reached—is smaller than J, such
that the system has enough time to transfer excitations into
the oscillators and build up correlations. This highlights the
importance of engineering y, for the dissipative entanglement
generation.

In Fig. 3(a), we investigate the role of the number of atoms,
N, in the Rydberg atom chain. We find that increasing N
results in larger maximal ./\/a\,g. This is because the chosen
initial state, defined in Eq. (9), contains more excitations
for longer chains, which increases the reachable negativity
according to Eq. (5). However, a larger N also increases the
number of possible decay channels, resulting in an earlier
first decay event. Additionally, the time for initial correlation
buildup scales with N, as excitations must travel through
a longer chain for correlations to form between the two
oscillators.

Thus, the optimal decay rate y, shifts towards lower values
for higher N. This trend suggests that increasing the number
of atoms N, while keeping the atomic decay rates y4 and y,
minimal, may be best. We stress that this is only correct for the
idealized case of infinitely long-lived mechanical oscillators
(k = 0), for which the available time for correlation buildup
is limited only by the Rydberg decay rates.

Next, we study the role of the interaction strength V', while
keeping N = 5 and « = 0 fixed. Among the investigated val-
ues of V, the highest average final-state negativity Ny is
reached for V = 3J and y, ~ 0.03J, as shown in Fig. 3(b).
For V = 1J, the maximum J\favg shifts towards lower y, and
is smaller overall. The reason is that a smaller V decelerates
the excitation hopping in the chain. This results in a slower
correlation buildup that is more likely to be interrupted by
the first decay. Interestingly, we also observe a reduction of
the maximum of J\/avg for larger V. =5J, 7J. This we un-
derstand by considering the effective Hamiltonian (6), which
we derived for N =2 atoms and V > J. We see that the
chain mediates a coherent coupling among the oscillator with
effective rate J?/V. Thus, the process of transporting spin
excitations out of the chain into the oscillators takes longer
the larger V becomes. As a consequence, the initially fully
excited spin chain remains longer close to fully excited. This,
in turn, increases the probability of the detrimental decay from
state |1) in the spin chain, resulting in a reduced average
negativity.

Up to this point, we have considered idealized oscillators
without any internal decay (x = 0). To illustrate the impact

053705-5



CEDRIC WIND et al.

PHYSICAL REVIEW A 113, 053705 (2026)

of a finite oscillator lifetime, we compare in Fig. 3(c) the
ideal system with one where x = 0.001J, a value which is
achievable with current state-of-the-art devices; see Ap-
pendix A. We find that excitation loss due to oscillator decay
yields a reduction of Ny, in accordance to Eq. (5). The reduc-
tion becomes more severe for smaller y|, which also results in
a shift of the optimal y, to higher values. This is because the
time it takes for all atoms to decay increases as the value of
decreases. Evidently, the longer this time is, the more likely
it is for the oscillators to decay to an uncorrelated state. To
remedy this, one can postselect only those trajectories where
all atoms decay to state |g) in a time that is short compared
to the oscillator lifetime. Experimentally, the occupation of
state |g) can be measured sufficiently fast compared to the
oscillator lifetime to implement such a postselection strategy
[45]. In Fig. 3(c), we present a postselected dataset to which
only trajectories contribute in which all atoms decay to the
state |g) in under 0.3/«. This postselection increases Nyy, to
nearly the same value as in the case without oscillator decay,
at the cost of the fraction of accepted trajectories reducing
drastically when y, is small. For example, for y;, = 0.001J,
which corresponds to the natural decay rate, no trajectory out
of 10000 satisfies the postselection requirement. In contrast,
the acceptance fraction for the optimal decay rate y, = 0.02J
is 6.3%.

V. CONCLUSION AND OUTLOOK

In this work, we demonstrated how a chain of Ryd-
berg atoms can mediate entanglement between two micro-
electromechanical oscillators. In particular, we shed light
on the influence of both coherent and dissipative effects
during this process. While dissipation renders entanglement
generation probabilistic, we showed that under certain cir-
cumstances, decay events may even enhance the creation of
quantum correlations.

An interesting topic for future investigation concerns ex-
ploiting the knowledge of the atomic decay events. For
example, if it was possible to experimentally identify the
decay time and decay channel of the individual atoms, one
could—in the absence of oscillator decay—construct the con-
ditioned pure state of the oscillators [46]. Experimentally, this
could become accessible with time- and spatially resolved
photon collection using high-numerical-aperture objectives
and/or cavity-assisted collection that directs the emitted pho-
tons to detectors [47,48]. However, as shown towards the end
of the previous section, even simpler postselection protocols
yield larger average negativities. Searching for more efficient
postselection schemes thus seems like a worthwhile endeavor.

A further pathway for boosting oscillator entanglement is
to introduce time-dependent coherent coupling protocols, as
in Rydberg atom tweezer quantum simulators and computers
[49,50]. In these studies, it would be interesting to lift the
approximation of the nearest-neighbor interaction among the
atoms and to incorporate power-law potentials. This may im-
prove the robustness of the entanglement generation since the
loss of an atom would not automatically lead to two decoupled
subchains. In a similar vein, using two-dimensional Rydberg
tweezer arrays to mediate interactions between the oscillators
could enhance robustness to atom loss.
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APPENDIX A: EXPERIMENTAL CONSTRAINTS
ON PARAMETER CHOICES

The parameter ranges explored in the main text are
informed by experimental consideration that we outline
here. Among the various micro-electromechanical oscillator
platforms capable of achieving high frequencies and long
lifetimes [15,52-55], we take guidance from high-overtone
bulk acoustic resonators (HBARS). These devices are particu-
larly promising for quantum acoustic experiments due to their
exceptionally high quality factors. State-of-the-art HBARs
typically operate at resonance frequencies w around 5 GHz,
with decay rates around 1 kHz [25,26,56].

This resonance frequency can be matched to transitions be-
tween Rydberg states with principal quantum numbers around
90, which exhibit natural lifetimes of the order of 1 ms [57].
Off-resonant dressing with lower-lying states can strongly
enhance the decay rate. For instance, in rubidium, dressing the
Rydberg state with the first excited state allows the increase of
the decay rate of up to ~3 MHz.

The large dipole matrix elements between such high-
lying Rydberg states enable strong coupling to the evanescent
field of the HBAR. For realistic atom-surface separations of
20 um to 30 um, we estimate the coupling strength J to be
in the range of 0.5 to 1.2 MHz using the calculation meth-
ods and material constants outlined in [27,58]. Similarly, the
dipole-dipole interaction V between Rydberg atoms is sub-
stantial, with Cs coefficients of the order of ~80 GHz um3.
This yields interatomic couplings of roughly 1 to 10 MHz for
separations of 20 um to 40 um [30,32,57]. For simplicity, we
fix the atom-oscillator coupling strength to be / = 1 MHz and
scale the other parameters accordingly for the parameter scans
presented in Sec. IV B.

Finally, we estimate the center-to-center oscillator separa-
tion. Including the atom-oscillator distance of 20 um to 30 um
at each end, the parameters of Fig. 2 (N = 5 atoms with 10 um
spacing) yield a separation of the order of 80 wm to 100 um.
For larger chains, e.g., N = 15, this increases to several-
hundred micrometers.
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APPENDIX B: ZERO-TEMPERATURE ENVIRONMENT

We assume a zero-temperature environment for the treat-
ment of dissipation in the system. As a consequence, heating
of the oscillators and blackbody-induced transitions between
Rydberg states vanish.

In experiments, temperatures down to 7 = 10 mK are typ-
ically reached within a *He/*He dilution refrigerator [59].

At these temperatures, thermal heating of an oscillator mode
at the considered frequencies around 5 GHz is negligible
since kgT < hw, where kg is the Boltzmann constant. Fur-
thermore, blackbody-induced transitions are also strongly
suppressed and are negligible compared to spontaneous
decay [57].

[1] A. Aspect, J. Dalibard, and G. Roger, Experimental test of
Bell’s inequalities using time-varying analyzers, Phys. Rev.
Lett. 49, 1804 (1982).

[2] X.-L. Wang, L.-K. Chen, W. Li, H.-L. Huang, C. Liu, C. Chen,
Y.-H. Luo, Z.-E. Su, D. Wu, Z.-D. Li, H. Lu, Y. Hu, X. Jiang,
C.-Z. Peng, L. Li, N.-L. Liu, Y.-A. Chen, C.-Y. Lu, and J.-W.
Pan, Experimental ten-photon entanglement, Phys. Rev. Lett.
117, 210502 (2016).

[3] A. Kam, S. Tsesses, Y. Ilin, K. Cohen, Y. Lumer, L. Fridman,
S. Lotan, A. Patsyk, L. Nemirovsky-Levy, M. Orenstein, M.
Segev, and G. Bartal, Near-field photon entanglement in total
angular momentum, Nature (London) 640, 634 (2025).

[4] T. van Leent, M. Bock, F. Fertig, R. Garthoff, S. Eppelt, Y.
Zhou, P. Malik, M. Seubert, T. Bauer, W. Rosenfeld, W. Zhang,
C. Becher, and H. Weinfurter, Entangling single atoms over
33 km telecom fibre, Nature (London) 607, 69 (2022).

[5] S. Saha, M. Shalaev, J. O’Reilly, I. Goetting, G. Toh, A.
Kalakuntla, Y. Yu, and C. Monroe, High-fidelity remote entan-
glement of trapped atoms mediated by time-bin photons, Nat.
Commun. 16, 2533 (2025).

[6] J. D. Jost, J. P. Home, J. M. Amini, D. Hanneke, R. Ozeri,
C. Langer, J. J. Bollinger, D. Leibfried, and D. J. Wineland,
Entangled mechanical oscillators, Nature (London) 459, 683
(2009).

[7] V. Krutyanskiy, M. Galli, V. Krcmarsky, S. Baier, D. A.
Fioretto, Y. Pu, A. Mazloom, P. Sekatski, M. Canteri, M. Teller,
J. Schupp, J. Bate, M. Meraner, N. Sangouard, B. P. Lanyon,
and T. E. Northup, Entanglement of trapped-ion qubits sepa-
rated by 230 meters, Phys. Rev. Lett. 130, 050803 (2023).

[8] W. H. Zurek, Decoherence, einselection, and the quantum ori-
gins of the classical, Rev. Mod. Phys. 75, 715 (2003).

[9] M. Schlosshauer, Quantum decoherence, Phys. Rep. 831, 1
(2019).

[10] M. Aspelmeyer, T. J. Kippenberg, and F. Marquardt, Cavity
optomechanics, Rev. Mod. Phys. 86, 1391 (2014).

[11] X. Liu, J. F. Vignola, H. J. Simpson, B. R. Lemon, B. H.
Houston, and D. M. Photiadis, A loss mechanism study of a
very high Q silicon micromechanical oscillator, J. Appl. Phys.
97, 023524 (2005).

[12] S. Belli, R. Bonsignori, G. D’Auria, L. Fant, M. Martini, S.
Peirone, S. Donadi, and A. Bassi, Entangling macroscopic
diamonds at room temperature: Bounds on the continuous-
spontaneous-localization parameters, Phys. Rev. A 94, 012108
(2016).

[13] M. Bild, M. Fadel, Y. Yang, U. von Liipke, P. Martin, A. Bruno,
and Y. Chu, Schrodinger cat states of a 16-microgram mechan-
ical oscillator, Science 380, 274 (2023).

[14] W. H. Renninger, P. Kharel, R. O. Behunin, and P. T. Rakich,
Bulk crystalline optomechanics, Nat. Phys. 14, 601 (2018).

[15] Y. Chu and S. Groblacher, A perspective on hybrid quantum
opto- and electromechanical systems, Appl. Phys. Lett. 117,
150503 (2020).

[16] M. Chegnizadeh, M. Scigliuzzo, A. Youssefi, S. Kono, E.
Guzovskii, and T. J. Kippenberg, Quantum collective mo-
tion of macroscopic mechanical oscillators, Science 386, 1383
(2024).

[17] Q. R. Rahman, I. Kladari¢, M.-E. Kern, L. Lachman, Y. Chu,
R. Filip, and M. Fadel, Genuine quantum non-Gaussianity and
metrological sensitivity of fock states prepared in a mechanical
resonator, Phys. Rev. Lett. 134, 180801 (2025).

[18] S. Bose, I. Fuentes, A. A. Geraci, S. M. Khan, S. Qvarfort,
M. Rademacher, M. Rashid, M. Toro§, H. Ulbricht, and C. C.
Wanjura, Massive quantum systems as interfaces of quantum
mechanics and gravity, Rev. Mod. Phys. 97, 015003 (2025).

[19] C. Anastopoulos and B.-L. Hu, Gravitational decoherence: A
thematic overview, AVS Quantum Sci. 4, 015602 (2022).

[20] S. Bose, A. Mazumdar, M. Schut, and M. Toros, Entanglement
witness for the weak equivalence principle, Entropy 25, 448
(2023).

[21] C. F. Ockeloen-Korppi, E. Damskégg, J.-M. Pirkkalainen, M.
Asjad, A. A. Clerk, F. Massel, M. J. Woolley, and M. A.
Sillanpéd, Stabilized entanglement of massive mechanical os-
cillators, Nature (London) 556, 478 (2018).

[22] R. Riedinger, A. Wallucks, I. Marinkovi¢, C. Loschnauer, M.
Aspelmeyer, S. Hong, and S. Groblacher, Remote quantum
entanglement between two micromechanical oscillators, Nature
(London) 556, 473 (2018).

[23] L. M. de Lépinay, C. F. Ockeloen-Korppi, M. J. Woolley, and
M. A. Sillanpéd, Quantum mechanics—free subsystem with me-
chanical oscillators, Science 372, 625 (2021).

[24] M.-H. Chou, H. Qiao, H. Yan, G. Andersson, C. R. Conner,
J. Grebel, Y. J. Joshi, J. M. Miller, R. G. Povey, X. Wu, and
A. N. Cleland, Deterministic multi-phonon entanglement be-
tween two mechanical resonators on separate substrates, Nat.
Commun. 16, 1450 (2025).

[25] Y. Yang, I. Kladari¢, M. Drimmer, U. von Liipke, D. Lenterman,
J. Bus, S. Marti, M. Fadel, and Y. Chu, A mechanical qubit,
Science 386, 783 (2024).

[26] V. J. Gokhale, B. P. Downey, D. S. Katzer, N. Nepal, A. C.
Lang, R. M. Stroud, and D. J. Meyer, Epitaxial bulk acoustic
wave resonators as highly coherent multi-phonon sources for
quantum acoustodynamics, Nat. Commun. 11, 2314 (2020).

[27] M. Gao, Y.-x. Liu, and X.-B. Wang, Coupling Rydberg atoms
to superconducting qubits via nanomechanical resonator, Phys.
Rev. A 83, 022309 (2011).

[28] F. Bariani, J. Otterbach, H. Tan, and P. Meystre, Single-atom
quantum control of macroscopic mechanical oscillators, Phys.
Rev. A 89, 011801(R) (2014).

053705-7



CEDRIC WIND et al.

PHYSICAL REVIEW A 113, 053705 (2026)

[29] M. Khazali, Progress towards macroscopic spin and mechanical
superposition via Rydberg interaction, Phys. Rev. A 98, 043836
(2018).

[30] S. de Léséleuc, V. Lienhard, P. Scholl, D. Barredo, S. Weber,
N. Lang, H. P. Biichler, T. Lahaye, and A. Browaeys, Observa-
tion of a symmetry-protected topological phase of interacting
bosons with Rydberg atoms, Science 365, 775 (2019).

[31] D. Bluvstein, S. J. Evered, A. A. Geim, S. H. Li, H. Zhou, T.
Manovitz, S. Ebadi, M. Cain, M. Kalinowski, D. Hangleiter,
J. P. Bonilla Ataides, N. Maskara, I. Cong, X. Gao, P. Sales
Rodriguez, T. Karolyshyn, G. Semeghini, M. J. Gullans, M.
Greiner, V. Vuleti¢, et al., Logical quantum processor based
on reconfigurable atom arrays, Nature (London) 626, 58
(2024).

[32] D. Barredo, H. Labuhn, S. Ravets, T. Lahaye, A. Browaeys,
and C. S. Adams, Coherent excitation transfer in a spin
chain of three Rydberg atoms, Phys. Rev. Lett. 114, 113002
(2015).

[33] R. Stevenson, J. Mindf, S. Hofferberth, and I. Lesanovsky,
Prospects of charged-oscillator quantum-state generation with
Rydberg atoms, Phys. Rev. A 94, 043813 (2016).

[34] B. Bégoc, G. Cichelli, S. P. Singh, F. Bensch, V. Amico, F.
Perciavalle, D. Rossini, L. Amico, and O. Morsch, Controlled
dissipation for Rydberg atom experiments, Phys. Rev. A 112,
023312 (2025).

[35] H. Schempp, G. Giinter, S. Wiister, M. Weidemiiller, and S.
Whitlock, Correlated exciton transport in Rydberg-dressed-
atom spin chains, Phys. Rev. Lett. 115, 093002 (2015).

[36] S. Whitlock, H. Wildhagen, H. Weimer, and M. Weidemiiller,
Diffusive to nonergodic dipolar transport in a dissipative atomic
medium, Phys. Rev. Lett. 123, 213606 (2019).

[37] G. Vidal and R. F. Werner, Computable measure of entangle-
ment, Phys. Rev. A 65, 032314 (2002).

[38] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki,
Quantum entanglement, Rev. Mod. Phys. 81, 865 (2009).

[39] P. Coleman, Introduction to Many Body Physics (Cambridge
University Press, Cambridge, 2008).

[40] J. R. Schrieffer and P. A. Wolff, Relation between the Anderson
and Kondo Hamiltonians, Phys. Rev. 149, 491 (1966).

[41] G. T. Landi, Eigenoperator approach to Schrieffer-Wolff pertur-
bation theory and dispersive interactions, arXiv:2409.10656.

[42] J. Dalibard, Y. Castin, and K. Mglmer, Wave-function approach
to dissipative processes in quantum optics, Phys. Rev. Lett. 68,
580 (1992).

[43] M. B. Plenio and P. L. Knight, The quantum-jump approach to
dissipative dynamics in quantum optics, Rev. Mod. Phys. 70,
101 (1998).

[44] Y. Li, X. Chen, and M. P. A. Fisher, Quantum Zeno effect
and the many-body entanglement transition, Phys. Rev. B 98,
205136 (2018).

[45] A. M. Falconi, R. Panza, S. Sbernardori, R. Forti, R. Klemt,
O. A. Karim, M. Marinelli, and F. Scazza, Microsecond-scale

high-survival and number-resolved detection of ytterbium atom
arrays Phys. Rev. Lett. 135, 203402 (2025).

[46] S. Gammelmark, B. Julsgaard, and K. Mglmer, Past quantum
states of a monitored system, Phys. Rev. Lett. 111, 160401
(2013).

[47] M. Hijlkema, B. Weber, H. P. Specht, S. C. Webster, A. Kuhn,
and G. Rempe, A single-photon server with just one atom, Nat.
Phys. 3, 253 (2007).

[48] A. L. Shaw, A. Soper, D. Shadmany, A. Kumar, L. Palm,
D.-Y. Koh, V. Kaxiras, L. Taneja, M. Jaffe, D. 1. Schuster, and
J. Simon, A cavity array microscope for parallel single-atom
interfacing Nature (London) 650, 320 (2026).

[49] S. J. Evered, D. Bluvstein, M. Kalinowski, S. Ebadi, T.
Manovitz, H. Zhou, S. H. Li, A. A. Geim, T. T. Wang, N.
Maskara, H. Levine, G. Semeghini, M. Greiner, V. Vuletic,
and M. D. Lukin, High-fidelity parallel entangling gates on
a neutral-atom quantum computer, Nature (London) 622, 268
(2023).

[50] P. Scholl, H. J. Williams, G. Bornet, F. Wallner, D. Barredo,
L. Henriet, A. Signoles, C. Hainaut, T. Franz, S. Geier, A.
Tebben, A. Salzinger, G. Ziirn, T. Lahaye, M. Weidemiiller, and
A. Browaeys, Microwave engineering of programmable XXZ
Hamiltonians in arrays of Rydberg atoms, PRX Quantum 3,
020303 (2022).

[51] C. Wind et al., Repository containing all corresponding data
and source code of this manuscript: 10.5281/zenodo.18243071
(2025).

[52] A. D. O’Connell, M. Hofheinz, M. Ansmann, R. C. Bialczak,
M. Lenander, E. Lucero, M. Neeley, D. Sank, H. Wang, M.
Weides, J. Wenner, J. M. Martinis, and A. N. Cleland, Quan-
tum ground state and single-phonon control of a mechanical
resonator, Nature (London) 464, 697 (2010).

[53] Y. Chu, P. Kharel, W. H. Renninger, L. D. Burkhart, L. Frunzio,
P. T. Rakich, and R. J. Schoelkopf, Quantum acoustics with
superconducting qubits, Science 358, 199 (2017).

[54] X. Han, C.-L. Zou, and H. X. Tang, Multimode strong coupling
in superconducting cavity piezoelectromechanics, Phys. Rev.
Lett. 117, 123603 (2016).

[55] Y. Luo, H. H. Diamandi, H. Li, R. Bi, D. Mason, T. Yoon, X.
Guo, H. Tang, R. O. Behunin, F. J. Walker, C. Ahn, and P. T.
Rakich, Lifetime-limited Gigahertz-frequency mechanical os-
cillators with millisecond coherence times, arXiv:2504.07523.

[56] U. von Liipke, I. C. Rodrigues, Y. Yang, M. Fadel, and Y.
Chu, Engineering multimode interactions in circuit quantum
acoustodynamics, Nat. Phys. 20, 564 (2024).

[57] N. Sibalié, J. Pritchard, C. Adams, and K. Weatherill, ARC: An
open-source library for calculating properties of alkali Rydberg
atoms, Comput. Phys. Commun. 220, 319 (2017).

[58] U. von Liipke, Quantum control of a multimode bulk acoustic
wave resonator, Ph.D. thesis, ETH Zurich, 2023.

[59] E. Pobell, Matter and Methods at Low Temperatures (Springer,
Berlin, 2007).

053705-8



A.4. [P4] — Magic running- and standing-wave optical traps
for Rydberg atoms

97



PHYSICAL REVIEW A 111, 013115 (2025)

Editors’ Suggestion

Magic running- and standing-wave optical traps for Rydberg atoms

Lukas Ahlheit®,"* Chris Nill®,"? Daniil Svirskiy ®,' Jan de Haan®,' Simon Schroers ®,! Wolfgang Alt®,' Nina Stiesdal ®,'
Igor Lesanovsky ©,%3 and Sebastian Hofferberth ® '
nstitut fiir Angewandte Physik, University of Bonn, Wegelerstrafe 8, 53115 Bonn, Germany
2Institut fiir Theoretische Physik and Center for Integrated Quantum Science and Technology, Universitdt Tiibingen,
Auf der Morgenstelle 14, 72076 Tiibingen, Germany
3School of Physics and Astronomy and Centre for the Mathematics and Theoretical Physics of Quantum Non-Equilibrium Systems,
The University of Nottingham, Nottingham, NG7 2RD, United Kingdom

M (Received 29 October 2024; accepted 6 January 2025; published 24 January 2025; corrected 11 July 2025)

Magic trapping of ground and Rydberg states, which equalizes the AC Stark shifts of these two levels,

enables increased ground-to-Rydberg state coherence times. We measure via photon storage and retrieval how the
ground-to-Rydberg state coherence depends on trap wavelength for two different traps and find different optimal
wavelengths for a one-dimensional optical lattice trap and a running wave optical dipole trap. Comparison to
theory reveals that this is caused by the Rydberg electron sampling different potential landscapes. The observed

difference increases for higher principal quantum numbers, where the extent of the Rydberg electron wave

function becomes larger than the optical lattice period. Our analysis shows that optimal magic trapping conditions
depend on the trap geometry, in particular for optical lattices and tweezers.

DOI: 10.1103/PhysRevA.111.013115

I. INTRODUCTION

Converting photons into propagating or stationary coherent
excitations in atomic ensembles is a key aspect to quantum
memory schemes [1-6]. Photon storage times in atomic media
are limited by various decoherence mechanisms, including
thermal atomic motion, which can be reduced by using ul-
tracold atoms, and inhomogeneous differential light shifts
between atoms sharing the coherence [4,7-9]. The latter can
be reduced by turning off optical traps or by using magic
wavelength traps where both involved atomic states experi-
ence the same light shift [10]. This approach is common for
quantum memories based on hyperfine ground-state transi-
tions and enables photon storage on minute timescales [11].

Slow light and photon storage schemes involving one or
more Rydberg states enable mapping of strong atomic interac-
tions onto propagating or stored photons [12-20]. Compared
to transitions between hyperfine ground states, one challenge
of using Rydberg states is that the two-photon excitation
scheme usually results in large k-vector mismatch between
probe and control light, leading to a faster loss of coher-
ence with faster atomic motion [4]. This motional dephasing
can be prevented by trapping the atoms in a standing-wave
optical lattice. The extent of the Rydberg electron wave
function, comparable to the lattice period in typical optical
traps, requires careful calculation of the magic condition.
The quivering motion of the almost-free Rydberg electron in
the electric trapping field leads to a repulsive ponderomotive
potential [21-23], which gives rise to a repulsive optical po-
tential for the entire Rydberg atom [24]. One solution is an

*Contact author: ahlheit@iap.uni-bonn.de
fContact author: hofferberth@iap.uni-bonn.de
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effectively blue-detuned trap for both the ground state and
Rydberg state [25-28]. Another approach is to use a red-
detuned trap for the ground state, which at the same time
near-resonantly couples the Rydberg state to a lower-lying
atomic state [24,29,30] to overcome the repulsive pondero-
motive potential. Such near-resonant traps with minimized
differential AC Stark shift were employed in an optical lattice
to increase ground-to-Rydberg state coherence to approxi-
mately 20 us, approaching the Rydberg state lifetime [30].
In such an optical lattice, the Rydberg electron samples the
potential landscape surrounding the atomic core. Therefore,
the trapping geometry will influence the exact magic wave-
length when the size of the Rydberg electron wave function
gets comparable to the trap dimensions [21].

In this paper, we explore this geometry dependence in
detail by comparing magic trapping wavelengths for atoms in
a one-dimensional optical lattice and a single-beam running-
wave trap. For experimentally determining the magic trapping
conditions, we measure the coherence time of a collective
ground-state-Rydberg-state excitation as a function of trap-
ping wavelengths. We review ground- and Rydberg-state
potentials and derive magic trapping conditions as function
of trap laser wavelength and Rydberg-state principal quantum
number n. Our experiments show that both the longitudinal
standing wave as well as the radial trap shape influence the
magic condition. We find that the experimentally best magic
condition is obtained by minimizing the variance of the dif-
ferential light shift across the atomic ensemble. We verify the
modification of optimal wavelengths for lattice trapped atoms
for the increasing Rydberg electron wave function with 7.

II. EXPERIMENTAL SETUP

Figure 1(a) shows the relevant level scheme of 8Rb and
the involved lasers for magic trapping and Rydberg excitation.

©2025 American Physical Society
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FIG. 1. Setup for the magic wavelength trap. (a) Energy level diagram of relevant ’Rb hyperfine states. The red and blue arrows indicate
the two-photon excitation (probe, control) from the ground state |g) to the Rydberg state |r). The purple arrows show possible couplings
between the Rydberg state |r) and different 6P3/, hyperfine states by the circularly polarized trapping laser light. The detuning A is the one
of the trapping laser from the transition between the 6P, hyperfine state |a) and the Rydberg state |r). (b), (c) The used colinear optical
beams in the two trapping configurations. We compare a (b) running wave trap made of an incident beam with electric field E_,, with (c) a
standing wave trap, formed by adding a counterpropagating beam with electric field E ._. The two-photon excitation beams counterpropagate
along the trap axis. The magnetic field points along the probe beam to define the quantization axis. The blue and green lines illustrate the
trapping potential experienced by ground-state and Rydberg atoms, respectively. The case sketched here is for a nonmagic trap detuning where
the two different states experience different trapping potentials. r, indicates the extent of the Rydberg electron wave function for 76S. (d), (e)
Experimentally measured probe laser transmission spectroscopy of the two-photon transition to 108S for varying the probe detuning 8, and the
trap laser detuning A. The control field is detuned by 27 x 41 MHz (white horizontal line) relative to the bare |5P;), F = 3, mp = 3) — |r)
transition. When the trapping beam drives (d) o~ or (¢) o transitions, we observe one or three hyperfine transitions, respectively.

To create attractive potentials for both the ground and the
Rydberg states, we employ a Ay ~ 1012nm trap laser.
This laser creates a far-of-resonant dipole trap for atoms
in the ground state |g) = [5S12, FF =2, mp =2). To also
trap atoms in the Rydberg state |r) = [nS1,, my = 1/2), it
near-resonantly couples the Rydberg state to the lower-lying
|6P5/) state. As indicated in the level scheme, the trap
can couple |r) to different 6P, hyperfine states depending
on its polarization. We use o~ polarized trapping light to
couple only to a single, well-defined hyperfine state |a) =
|6P3)2, F = 3, mp = 3). We define the trap detuning as A =
w — wyq, Where o is the laser frequency and w,, is the tran-
sition frequency between |r) and |a). To create the collective
ground-state-Rydberg-state excitation, we use the two-photon
excitation scheme shown in Fig. 1(a). Few-photon probe
pulses of 780 nm together with a strong 480 nm control field
couple |g) via the intermediate state |5P3;», F = 3, mp = 3) to
|r). Both beams are focused onto the trapped atoms. The probe
beam has a 1/¢? intensity waist radius of 5.1 pm and the coun-
terpropagating control beam has a waist radius of 45.1 um.
Figures 1(b) and 1(c) show the two different trap geome-
tries where we investigate the magic trapping of Rydberg
atoms. The probe and control beams are colinear with the
trapping beams. Figure 1(b) shows the running-wave trap
that is created by a single trapping beam with electric field
E_, focused at the atom cloud center with a 1/e? radius of
24.8 um. In Fig. 1(c) this single beam is retroreflected into
electric field E _ to form a standing-wave lattice. Throughout
this paper, we set the incoming power in the standing wave

to be one-fourth of the power used for the running wave to
have the same maximum intensity in both geometries. The
resulting ground-state central trap depth is 12 uK kg. We apply
a magnetic field parallel to the probe beam, along which
we also define the quantization axis of the system. We load
ultracold 3"Rb atoms at a temperature of T ~ 2 uK into either
of the two geometries. We adjust the number of atoms in
the final trap between 500 and 5000 atoms depending on the
target Rydberg state [31]. The axial dimension of the atomic
distribution is determined by the initial atom preparation and
has a 1/¢? half-width of 40.8 um. In the radial direction, the
atom distribution is defined by the investigated trap geometry
and has a 1/¢? half-width of 13.4 um.

In Figs. 1(d) and 1(e) we show the probe transmission spec-
troscopy to |r) = 10885, in the presence of the trap laser as a
function of probe detuning §, and trap detuning A. In Fig. 1(d)
the trapping field drives o~ transitions. At A = 0 MHz, the
coupling between |r) and |6P3/5, F = 3, mp = 3) results in an
avoided crossing. The white horizontal line marks the ground-
to-Rydberg transition measured in free space. In Fig. 1(e) the
trap drives o transitions, and avoided crossings appear for
|6Ps35, F =1,2,3, mp = 1). The observed level spacing is in
agreement with known 6P, hyperfine splitting [32], which
is indicated by white ticks. Our combination of polarizations
allows us to realize an isolated four-level system with three
beams propagating parallel to the quantization axis. We avoid
any rotation of optically pumped spin-orientation in the ex-
periment sequence, open transitions [33], or perpendicular
beams [34].
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III. THEORY: TRAPPING POTENTIAL

In the following, we review the theory of Rydberg atom
optical trapping, which in particular has to take into account
that the Rydberg wave function is large compared to the
optical wavelength [21]. Our derivation follows the one given
by Lampen ef al. [30]. For each geometry we derive the
trapping potentials U, and U, experienced by an atom in the
ground and the Rydberg states, respectively. The trapping
laser, at position r and time ¢, is generally characterized by the
vector potential A(r, ¢). In the Coulomb gauge, the resulting
electric field is given by E(r, 1) = —0A(r, t)/9t. We consider
the atom core to be located at position r and the single valence
electron at r +r. in the core potential V,(r.). For both the
ground and Rydberg states, the Hamiltonian is given by the
minimal-coupling Hamiltonian of an electron in an electro-
magnetic field

1
—— (P — eA(r +71c, 1)) + €Ve(re)

H =
2me
2 A ,1) - 2A? 1
— pe +€Vc(re)—e (r+re ) pe+e (r+re )
2me s 2me

Hy H, H>

(1

Here, e and m, are the electron charge and mass and p, the
momentum operator of the electron. The Hamiltonian [sec-
ond row of Eq. (1)] is now in the form of a hydrogen-like
Hamiltonian H, perturbed by H; . For an eigenstate |gq) of
Hy, the energy is given as fiw,|q) = Hylg). We calculate the
energy shift of both the ground and Rydberg states by treating
H; > in perturbation theory. Therefore, the time dependence
of H;, has to be decomposed in Floquet-modes using the
Floquet-quasi-energy approach [35,36]. Hence, a concrete
form of the vector potential is needed.

For two counterpropagating Gaussian beams, as we use to
form our trap configuration, the vector potential is given by

AGr+ 1o, 1) = <(E () sin [(r +1e) - k — wt]
w

—E_(r)sin[(r+r) -k + wt)), 2)

with the polarization € and the wave vector k = ké, of the trap
laser propagating along the x axis. For a running-wave config-
uration, the electric field amplitude in the backwards direction
is E.(r) = 0. Note that we assume that the Gaussian-shaped
field amplitude is homogeneous over the diameter of the
Rydberg (ground-state) atom. Therefore, we set E_, ()(r +
re) ~ E—>(<—)(r)

First, we calculate the energy shift caused by H; acting on
an eigenstate |g) of the unperturbed Hamiltonian. A detailed
derivation is outlined in Appendix A. We first decompose H;
in Floquet modes as

CATHT) Pe jion | AT HTE) Pe i

e me

3)

see Appendix B for the expanded form of the vector potential
in Eq. (B2). For the energy correction in second order, we then

obtain

2
w? .
(D ~ 2 qj
U~ @Ry =

(|<qy|e-re|j>|2 N
J#q

wqj—w

(gle* -re|j>|2)

wgj +
C))

where w,; = w; — ;.
Thus, we obtain the dynamic polarizability o arising
from the bound-state transitions in

UP @) ~ —aVo’ | AP, (5)

For the energy shift of the Rydberg state U1, the res-
onance approximation can be made. This is possible since
the electromagnetic field with frequency w is only in near
resonance to the transition from |a) to |r). Therefore, other
transitions are negligible, and the summation in Eq. (4)
becomes drastically simplified. With A =  — w,, and our
polarization, we obtain

) D;, 2
~ ——Lw |[AW)|, 6
) ol ©)
with the reduced dipole matrix element D, = (a||er.||r).
The energy shift arising from H, is nonvanishing in first-
order perturbation theory. Therefore, we decompose H, in
Floquet modes, see Eq. (B3). The first-order energy shift of
state |g) only depends on Floquet mode 0, thus

2
@ ~ £
Uq ~2

{24 + 1A +7e)lg). (7
We explicitly evaluate U> by using the expanded form of
the vector potential [see Eq. (B4)] and obtain

U(;2) ~ %ME_) (rE_(r) cosz(kx)é’q

— 2E_, (r)E(r) sin(2kx){q|sin(2kx.)|q)
+2E (NE_(r)[l — 6,]
+ (E_.(r) — E_(r)*], ®)

where of = —e?/mow? is the free-electron polarizability.
Since sin(2kx.) is an odd function (g|sin(2kx.)|g) = 0 due
to parity arguments. We introduce the landscape factor 0, =
(glcos(2kx.)|qg) to describe the electron wave-function sam-
pling the variation of the optical lattice potential [30,37]. This
term becomes significant when the extension of the radial
wave function becomes comparable to the optical trap period.
In this case, the optical dipole approximation breaks down.
However, for the ground state the dipole approximation with
kxe < 1 can be applied and thus 8, = (g|cos(2kx.)|g) ~ 1.

In contrast, for the Rydberg state, the landscape factor 6,
has to be calculated explicitly. In our case, |r) = [nS1/2, m; =
1/2) is an § state. To calculate the landscape factor as a
function of n, we use spherical Bessel functions as

o0
O, = (nS|cos(2kx.)|nS) =/ drePuo(re) jo(2kre),  (9)
0
where P, o(r.) is the radial probability density of an atom in

state |nS), and jy(2kr,) is the spherical Bessel function of the
first kind for zero angular momentum [30].
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Summarizing the derived terms, we obtain the energy shift
for ground-state atoms as

Ug(r) =~ UV () + UL (r) (10)
=—(aP +ay )’ |A@)P. (11)
N —

Here, o, is the well-known dynamic polarizability of the
ground-state atom [37-39]. For the Rydberg state, we obtain

Uyr) ~ U () + UP(r) (12)
_ Dﬁr 2 2 ?2)
= —in® JA@®)|° + U (). (13)

We split the potentials into the axially periodic potential
U, (r), denoted with ~, and the axially nonperiodic potential
Ug* (r), denoted as —, thus

Uy(r) = UJ (r) + U, (r), (14)
U, (r) = —aE_, (r)E _(r) cos” (kx), (15)
Uy (1) = =ZH(E- ) — E_(r))". (16)

For numerical calculations, we use matrix elements provided
by the ARC package [40]. For the Rydberg state, we obtain

U (r) =U(r)+ U (1), (17)
D2
U~ (r)=—E_(rE_(r) cos? (kx)(4h‘2 + oszn), (18)
U7 (r) = Di[E(n E_(r)
r 16hA~ -

ar
- Z[ZE» (E(r)(1 —6,)

+[E~(r) — E_(M)*]. (19)

The light shifts of the ground and Rydberg states correspond
to our measured avoided crossing in Figs. 1(d) and 1(e). In
the rest of the paper, we decompose positions r into the radial
position p and the axial position x.

Determining the magic detuning

We can now calculate the differential light shift
U,(p, x, A) — Ug(p, x) using Egs. (14) to (19). In Fig. 2 we
show the differential light shift for the 76S Rydberg state for
our two different trap geometries. The first row shows the po-
tential for the running wave (E._ = 0), and the second, third,
and fourth rows illustrate the standing-wave potential (E_ =
0.87E_,, limited by the power loss over the retroreflection
optical path). To illustrate the extent of the atomic cloud in
the trap, the dashed contour lines show the position where the
ground-state trapping potential U,(p, x) equals two times the
atom thermal energy kg7 . The first row shows the differential
light shift for a running-wave trap. The trap detuning A}" that

satisfies U,(p, x, A}Y) — Uy(p, x) = 0 is found analytically:
D2
W =0Ug —Qf. (20)

The change in differential light shift as a function of
trap laser detuning A comes solely from the Rydberg-state
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FIG. 2. Calculated differential light shift between ground state
and Rydberg state 765 for running and standing-wave configuration
with varying trap detunings A (columns). The light shifts from
Egs. (14) to (19) are evaluated for radial position p and axial position
x relative to the trap center. The dotted lines indicate the atomic
distribution, see main text. For a running wave (first row), the dif-
ferential light shift vanishes everywhere at the detuning A% /27 =
336 MHz (left column). The potential of the standing wave trap can
be decomposed into a nonperiodic (—) (second row) and a peri-
odic (~) (third row) component. For detuning A%, /2w = 548 MHz
(right column), the periodic light shift vanishes, while a nonperi-
odic component remains. For our experimental parameters, the full
standing-wave trap (fourth row) shows an optimal detuning around
A3 /2w = 413 MHz (center column), where the standard deviation
of the light shift over the whole atom cloud is minimal (see Fig. 3).

potential because of the near-resonant coupling to the |a) —
|r) transition.

The second and third rows in Fig. 2 separately show the
two contributions to the differential shift in the standing wave,
as introduced in Eqgs. (14) to (19). The second row shows the
differential light shift from the nonperiodic components Ui
For our imbalanced standing wave, this differential light shift
component only weakly depends on the trap detuning A. In
the third row, the differential light shift from the periodic
components U, ,, is shown. We find the detuning A}’ that
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FIG. 3. Standard deviation of the differential light shift between
ground state and Rydberg state 765 evaluated inside the dotted vol-
umes highlighted in Fig. 2 for our experimental parameters. The
vertical dashed lines show AT and A7, from Egs. (20) and (21).
The standard deviation of the differential light shift in a full standing
wave shows an optimal trap detuning AS¢ between A%} and AZ.

satisfies U (p, x, A)) — Ug”(p, x) = 0 analytically by
D2

ar _
—_ag

0, 21
ARA o @b

The third column shows the potential for A = A%, where
the differential light shift from the periodic components is
canceled. The differential potential in a standing wave is given
by the sum of the periodic and the nonperiodic components,
and is shown in the fourth row of Fig. 2. The periodic and
nonperiodic components of the full standing wave do not
have the same radial and axial dependence, and therefore, it
is not possible to find a single, position-independent magic
detuning. Instead, we consider the detuning that minimizes the
inhomogeneity of the differential light shift across the atomic
cloud.

We quantify this by calculating the standard deviation of
the light shift over the active volume of the atomic cloud. This
volume is determined by both the atomic cloud shape and
the excitation beams. We consider the cloud volume inside
Ug(p, x) < Ug(0,0) + 2kpT and two times the 1/¢* radius
of our probe beam. The middle column of Fig. 2 shows the
differential light shift for the detuning A3 where the standard
deviation is minimal.

Figure 3 shows the standard deviation of the differential
light shift as function of trap detuning for the running wave,
the standing wave, as well as for the purely periodic potential
component. The minimum of the standard deviations in the
running wave and the purely periodic potentials coincide with
the calculated optimal detunings described by Eqgs. (20) and
(21). The optimum detuning for the full standing-wave trap
lies between the magic detunings for the running wave and
the periodic potential. Neither of the limiting cases describe
our implemented standing-wave trap well.

IV. EXPERIMENTAL RESULTS

We measure the trap-induced decoherence for single
photons stored as collective excitations in the medium
[2,3,12,41,42]. We read out the stored probe photons after a
variable storage time f,. The retrieved photons are detected

20 30
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+ 20
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FIG. 4. Photon storage measurements with Rydberg state 76S for
different trap laser detunings. (a), (b) Normalized retrieved signal
n as a function of storage time #; for atoms trapped in a standing
wave (red) and running wave (blue). Panel (a) is measured for ALY
and (b) at A%. Exponential fits of Eq. (22) to the data, shown here
as dashed lines, are used to extract a coherence time ¢.. (c) The
coherence time 7. as function of trap laser detuning. The dashed
vertical lines mark the analytic magic conditions for running wave
Eq. (20), and periodic potential Eq. (21), as well as the optimal
standing wave detuning A%.

by fiber-coupled single-photon counting modules. We nor-
malize the time-dependent retrieval signal n(z,) to the value
for the shortest storage time of 0.5 ps. The control laser is
on-resonance with the |5P3), F =3, mp = 3) — |r) transi-
tion during both the photon storage and retrieval.

In Figs. 4(a) and 4(b) we show n(t;) for 76S for the
running-wave and the standing-wave trap introduced in Fig. 1.
The standing-wave measurements in Figs. 4(a) and 4(b) show
two additional oscillations on top of the exponential decay.
The oscillation with a period of 8 us results from the excita-
tion of Rydberg molecule states in the storage process. These
Rydberg dimers, made of a Rydberg atom and a ground-state
atom, form due to scattering between the Rydberg electron
and the ground-state atom [43,44]. Photons are stored in a
superposition of collective Rydberg atom and dimer excita-
tions, causing the beat signal on top of the retrieval curve. The
amplitude of the beat signal scales with the atomic density.
The Rydberg dimer excitation energy is shifted compared to
the Rydberg atom transition by the dimer binding energy.
For n = 76 the binding energy is 114 kHz [42]. For atoms in
the lattice, there is also a less prominent second oscillation
with a 24 us period, which stems from the motion of the
atoms in the lattice wells [30]. The observed frequency is
close to the axial trap frequency, but deviates slightly due to
the anharmonicity of the trapping potential. With both of these
oscillations present, we use a simple exponential fit with the
function

fty) = Ae /%, (22)
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to average through the oscillations and extract a model-
independent coherence time .. We expect to measure the
longest coherence time at the optimal detuning calculated in
Fig. 3.

In Fig. 4(c) we show the fitted coherence time as a function
of trap laser detuning A. The coherence time for the running
wave peaks at the magic detuning A%, see Figs. 4(a) and 4(b).
For the standing wave, we find a clear discrepancy from the
pure periodic potential of Eq. (21). Instead, the experimental
result agrees well with the magic detuning A% obtained by
the standard deviation calculation shown in Fig. 3. The opti-
mal detuning will only approach the simple lattice calculation
in the limiting case where atoms do not experience the radial
variation of the trap potential. The waist of the probe laser
beam should be at least 20 times smaller than the trap waist to
reach this limit.

We calculate the coherence time limit due to admixture of
the fast-decaying 6P;,, state, which scales with A? [30], and
show it as a gray line in Fig. 4. We find the same optimal
detunings when we subtract this contribution to the coher-
ence time from our measured data. The decoherence caused
by the differential light shift is the only significant detuning
dependent mechanism for our experimental parameters. Other
effects like atomic motion and Rydberg-Rydberg-interaction
generally limit the coherence time, but are independent of the
trap detuning [9].

We show in Fig. 5(a) the optimal detunings A,* for
different principal quantum numbers n and the two trap con-
figurations. The magic detunings move closer to resonance
for higher n because of the smaller dipole matrix elements
D, o (n —3.13)73/2. From the experimental detunings and
the known matrix elements we extract an n-dependent ef-
fective polarizability for our experimental configurations
defined as

D?
trap . ar
a, P = P Sap. (23)

In Fig. 5(b) we show the increasing difference of this polar-
izability for the two trap geometries as function of principal
quantum number. The running-wave polarizability o,” and the
periodic trap polarizability o, satisfy the magic conditions

o) =a, —ay, (24)

n

) = g — 06y, (25)

n

o

and show in their difference the n scaling of the landscape
factor 6,, see Eq. (9). The difference between the running and
standing waves indicates that the trapping geometry plays an
important role for the optical confinement of high n Rydberg
states. The top axis in Fig. 5 shows the Rydberg electron
orbital diameter 2 - (r) as a function of Rydberg state. For low
n (n < 30), the size of the Rydberg electron wave function
is small in comparison to the lattice periodicity, as shown in
Fig. 5(a) for n = 25. The case for Rydberg state n = 76 is
shown as well, where the electron orbital already spans more
than one lattice site. Here, the magic conditions between the
running and standing waves are modified significantly. For
very large n (n 2 100) the landscape factor goes to zero as
the free electron samples more and more lattice sites. The
resulting difference between o™ and o~ becomes constant,
shown by the arrow with length |ot|/c,.
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FIG. 5. Magic detunings for our running-wave and standing-
wave trap as function of Rydberg state. (a) Optimal detunings AP
determined by measurements as in Fig. 4(c) for a range of Rydberg
principal quantum numbers n and for the different trap configura-
tions. The solid lines show the analytic solution for the running wave
(blue) and the periodic potential (yellow), from Egs. (20) and (21),
respectively. The optimal detuning A" for the full standing wave is
extracted from the standard deviation of the differential light shift
across the atomic cloud (red, dashed line). The vertical gray line
marks the standing-wave trap periodicity (506 nm) in comparison to
the Rydberg electron orbital diameter 2 - (r) on the top x axis. Exper-
imental data for the running wave and the standing wave are shown
as blue circles and red squares, respectively. The two schematic
drawings highlight the size of the Rydberg electron wave function
in relation to the standing-wave trap periodicity. (b) Polarizability
calculated from the data shown in (a) as described by Eq. (23).

V. CONCLUSION

In this paper we studied how coherence between ground
and Rydberg states depends on the trap geometry. This de-
pendence is caused by the Rydberg electron that due to the
nonnegligible size of its wave function, explores the po-
tential landscape around the Rydberg atom. To obtain an
intuitive picture of this effect, we present simple calculations
and graphical visualizations of the differential light shift in
running-wave and standing-wave traps. We experimentally
determine the detunings of least dephasing for a range of
Rydberg states for both traps. The result shows that the trap-
ping beam geometry plays an important role when creating
magic optical traps for Rydberg atoms. The measured detun-
ings are in good agreement with the values expected from our
calculations. Our work shows that it is necessary to take the
size of both Rydberg atom and trapping beams into account
when trapping Rydberg atoms. The results obtained in this
work are of importance for magic trapping of Rydberg po-
laritons, collectively excited ensembles, and for experiments
with individual Rydberg atoms.
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APPENDIX A: ENERGY CORRECTION CAUSED BY H;

We derive the energy correction of an eigenstate |g) of the unperturbed Hamiltonian Hy due to H" from Eq. (1). We utilize
time-dependent perturbation theory, specifically, the Floquet quasienergy formalism [35,45]. The first-order correction in H;
vanishes due to parity arguments of the dipole operator. Thus, we derive the second-order energy shift of an atom in state |g). To
do so, we expand H; in Floquet modes m, and therefore, express the vector potential A(r, ¢) in factors MmOt see Eq. (B2). From
this we see that the only contribution is for m = 1, thus

M) ~
Uq

* 2
22 ( @AC+r) pIDE  1(gATC+r) pl)) ) (A1)

e izq Wyj — @ @qj + @

where we use p, - A(r +r.) =A(r +r.) - p, in the Coulomb gauge. We now expand the vector potential A(r +r.) = A(r) +
V,A(r) -re + ... for a small electron radius r.. We use A(r) = €A(r) and the commutation identity of the hydrogen atom (g|e -
D.lj) = imewgyj{qle € - re| j) [46] to simplify the expectation value with

2 , AR * x(py . Y
u® = 6_22%<|(q|[A(r)+VrA("‘) re+...1-pelj)l n l{gl[A*(r) + V,A (l") re+...1-pelj)l ) (A2)
Me 2 Wqj — @ wgj + @
_ izl(|A(r)<Q|€'Pe|j)+(6]|[VrA(")"‘e]'Pe|j>+~-~|2+|A*(")(C]|€'Pe|j)+(6]|[VrA*(")-"e]'Pe|j)+~-~|2>
mg j#q wqj —w (qu +tow
(A3)
*.p i) VLA 1] - p.|j)? V,A*(r) -re] - p.| i)
_ 2Z[IA< )|2< < peli)l | llgle” -pilj) >+(|<q|[ (1) rel - pANE | 1lVA"E) -re] - pel ) )%
Za - wgj + o Wgj — W wgj + o
(A4)
AL _Zw_é,- (glee -7l )P | Iglee® -rel I’
- — o \ T(w,; — ) h(wg; + o)
J#q
bound-state polarizability af,b)
-\ 2 * . . A\ 2
Z [(gl[VrA@) - re] - pelj) n l{gl[VrA™(r) - rel - pelj)] 4 (AS)
21# wgj — @ wgj +

Here, the first summand is the dynamic dipole polarizability a{” (w) of the bound states in the atom. Note that «{”(®) is not
the dynamic polarizability of the atom in state |g) since there is an additional contribution from the coupling to the continuum
of unbound states [40]. When setting |g) = |g), we obtain the bound-state contribution of the dynamic polarizability of the
ground-state atom «”, see Eq. (5) of the main text.

The second summand in Eq. (A5) represents the quadrupole polarizability arising from the gradient of the vector potential
[35]. For a ground-state atom this contribution is negligible since the gradient is negligible over the size r. of the atom. The
contributions from higher-order expansions of the potential A(r + r.) lead to higher-order polarizabilities (i.e., hyperpolariz-
abilities). The first higher-order term contains a quadrupole transition between |g) and |j), the second an octupole transition,
and so on. These contributions are negligible compared to the dipole transition, and consequently, the energy correction for a
ground-state atom due to H" reduces to Eq. (5) with

U () ~ —o Vo’ AL, (A6)

If the atom is in the Rydberg state (|¢) = |r)), the calculation of the polarizability includes the summation over many matrix
elements. However, the frequency w is chosen to be near resonant to the hyperfine state |a) = |6P;,2, F = 3, mg = 3). In the
experiment, the trap laser has o~ polarization. For this polarization, all other hyperfine transitions to 6P;, are dipole forbidden.

013115-7



LUKAS AHLHEIT et al. PHYSICAL REVIEW A 111, 013115 (2025)

Therefore, we can perform the resonance approximation since terms including other transitions than |a) to |r) are smaller by
orders of magnitude.

The contribution from the quadrupole transitions in Eq. (A5) is strongly suppressed since the trapping laser is off-resonant
to these transitions. Additionally, our trap laser couples the Rydberg state to a low-lying state. Thus, the expectation value is
primarily influenced by the spatial extent of the low-lying state’s wave function, which defines the region over which the electric
field gradient is evaluated, and the gradient is small in this region. Therefore, we only consider the contribution from the resonant
dipole transition.

With these approximations, U ! simplifies to

U ~ A )|zw <|<r|ae)e-re|a>|2 L Nlee ~re|a>|2). A7

ra — @ Cl)m+a)

We now perform the rotating wave approximation with w,, + @ > w,, — @ and introduce the detuning A = w — w,,. We use
?, ~ w?* and obtain

2
U ~ AP iee relal”. N
PR WA 7 (AS)

We express the dipole matrix elements in terms of the reduced dipole matrix element D,, for our polarization € as

2

1
l(rle€ - rela)l* = <r|%(éx+iéy)-re|a> =5|<r|e<xe+iye>|a>|2 (A9)

2

1

= E‘E(HSI/LJ = 1/2/|d||6Ps 2, ] = 3/2) (A10)
1 2

_. gDm. (A11)

We calculate the reduced dipole element of this transition using the ARC package [40]. By combining these results with the
definition of the vector potential A (r), we arrive at Eq. (6) in the main text, which we write out as

U“)%—D—‘z"a)zlA(r)lzz— G (E_(r) — E_(r))* + 4E_, (r)E _(r) cos(kr)] (A12)
r 8hHA 16HA Ee RANG ‘

APPENDIX B: VECTOR POTENTIAL

The vector potential of Eq. (2) can be reformulated using trigonometric relations. Note that we assume that the field amplitude
is homogeneous over the diameter of the Rydberg (ground-state) atom. Thus, we set E_, ()(r +r.) ~ E_,()(r). We then write

WA(r +re, t) = sin (kr.)e[E _(r)[sin (kr) sin (wt) — cos (kr) cos (wt)] + E_, (r)[sin (kr) sin (wt) + cos (kr) cos (wt)]]
+ cos (kr)e[E . (r)[— sin (kr) cos (wt) — cos (kr) sin (wt)] + E_, (r)[sin (kr) cos (wt) — cos (kr) sin (wt)]].

B
The dependence of the electron radius r, is factored out now. Alternatively, the vector potential can be expressed as
A(r+re,t)=c¢€ M nlk(@r+re)] — AE~ () + E-(0] cos[k(r+re)] ) e ™ +A*(r +re)e™, (B2)
2w 2w
A(r+re)

where A(r +r.) is the time-independent vector potential. This representation is needed for the time-dependent perturbation
theory using Floquet quasienergies. It follows,

A2(r+re,1) = AX(r +ro)e 2 + 2A(r + r)A*(r +1e) + (A% (r +re)e™™. (B3)
For the time-independent squared vector potential we obtain

40 IA(r + 1> =E_L (r)? + E_(r)* 4+ 2E_. (r)E _(r) cos(2kre)(2 cos>(kr) — 1)
—4E_, (r)E _(r) sin(2kr.) sin (kr) cos (kr). (B4)

In the limit of kr. — 0, this expression reduces to

40*|A(r)]* = 4E_ (NE_(r) cos*(kr) + [E_, (r) — E_(r)]*. (BS)
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Rydberg dressing traditionally refers to a technique where interactions between cold atoms are imprinted

through the far off-resonant continuous-wave excitation of high-lying Rydberg states. Dipolar interactions be-

tween these electronic states are then translated into effective interactions among ground-state atoms. Motivated

by recent experiments, we investigate two dressing protocols, in which Rydberg atoms are resonantly excited

in a stroboscopic fashion. The first one is nonadiabatic, meaning Rydberg states are excited by short pulses. In
this case, mechanical forces among Rydberg atoms result in electron-motion coupling, which generates effective
multibody interactions. In the second, adiabatic protocol, Rydberg states are excited by smoothly varying laser
pulses. We show that also, in this protocol, substantial multibody interactions emerge.

DOI: 10.1103/PhysRevA.111.L041104

Introduction. Many current quantum simulation and com-
putation platforms based on trapped ultracold atoms harness
the properties of electronic Rydberg states [1-9]. These are
highly excited states in which atoms are strongly polarizable
and thus can interact over long distances. These interactions
are typically orders of magnitude stronger than those between
ground-state atoms. Additionally, the short lifetime of Ryd-
berg states is incompatible with the timescales of ultracold
quantum dynamics. Rydberg dressing is a way to overcome
this problem [10,11]. In this process, the ground state of
ultracold atoms is coupled to a Rydberg state via a far-detuned
continuous-wave laser. This weak admixture of the Rydberg
state enables sufficiently strong interactions and longer life-
times, allowing for quantum simulations of novel phases,
phase transitions, and dynamics [12-18].

Recent developments have shown that stroboscopic dress-
ing schemes may offer advantages over the conventional
Rydberg dressing approach. The underlying idea is related
to earlier works which employ external periodic driving to
shape dynamical processes in cold atomic gases [19-26]. In
stroboscopic dressing, Rydberg states are excited periodically
using laser pulses, rather than through continuous off-resonant
excitation. This ensures that Rydberg states are populated only
during discrete intervals, reducing overall interaction time and
aligning the dynamics with the slower timescales of ultracold
atoms. Pulsed excitation protocols have also been studied in
Refs. [27,28] for realizing Floquet systems based on PXP
models [29-31], where the Rydberg blockade prevents the
simultaneous excitation of nearby Rydberg atoms.

In this work, we study theoretically resonant strobo-
scopic Rydberg dressing in a cold-atom tweezer array [5].

2469-9926/2025/111(4)/L041104(7)

L041104-1

Specifically, we focus on two protocols, with the aim of creat-
ing effective spin Hamiltonians: the first involves short pulses,
which break the Rydberg blockade [32-37]. In this case, the
coupling between electronic excitation and the mechanical
motion of atoms within their traps generates controllable spin-
motion entanglement and multibody interactions that cannot
be reduced to a sum of two-body terms [38,39]. The second
protocol relies on slow adiabatic pulses. Here, the strength of
the effectively generated multibody interactions is controlled
by the detuning of the Rydberg excitation laser and the spatial
separation between the atoms.

General model. We consider ultracold atoms of mass m
confined in optical tweezers, as shown in Fig. 1(a), in which
they perform quantized oscillatory motion, characterized by
the trap frequency w and the displacement coordinate x;. The
equilibrium distance between two neighboring atoms is ag.
The electronic degrees of freedom of each atom are modeled
by two long-lived ground states (|{), |1)), which form a fic-
titious spin, along with the Rydberg state |r). Rydberg atoms
separated by the distance x interact with the potential V (x).
Considering only interactions between nearest neighbors, the
Hamiltonian of this system is given by (7 = 1)

H() = a)Zajaj +V annj+1 + GZI’!]I’!J:H(X‘,' —.Xj+1).
J J i

ey

Here n; = |r)(r|; is the projector on the Rydberg state
of atom j, V =V(ap) is the interaction energy between
nearest-neighbor Rydberg atoms, and G = 9V (x)/0x|y=q, 1S
the corresponding potential gradient [40]. The latter gives

©2025 American Physical Society
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FIG. 1. Atomic levels and dressing protocols. (a) Two atoms
trapped in tweezers which are modeled as one-dimensional harmonic
oscillators with trapping frequency w. Their equilibrium separation
is ap, and the displacement from their individual equilibrium posi-
tions is given by x; and x;,;, respectively. Each atom is modeled
by two long-lived ground states (|1), |{)) and a Rydberg state |r).
Neighboring atoms in the state |r) interact with the strength V. A
globally applied laser couples |1) and |r) with the time-dependent
Rabi frequency €2(¢) and the detuning A(t). (b) The dressing pro-
tocols consist of periodic sequences of pulses of length 7. In the
nonadiabatic dressing protocol, two short 7 pulses of duration s
are applied, which break the Rydberg blockade [see Eq. (3)]. In
between the two pulses, interacting Rydberg states are excited, which
generates effective interactions among atoms in the state |1). (c) In
the adiabatic dressing protocol, the Rabi frequency €2(z) and the
detuning A(t) are varied smoothly [see Egs. (9) and (10)]. Rydberg
states are excited during the pulses, but deexcited at the end. Dynam-
ical phases accumulated during this process translate into effective
interactions among atoms in the state |1).

rise to a coupling between electronic and motional degrees
of freedom, which are represented through raising and lower-
ing operators: x; = xo(a; + a;), with the harmonic oscillator
length xo = /1/2mw).

The idea of Rydberg dressing is to generate effective inter-
actions among atoms in the state |1) (see Fig. 1) by virtually
or temporarily coupling this state to the Rydberg level |r).
This coupling is achieved by a laser with the time-dependent
detuning (with respect to the |1)-|r) transition) A(¢) and the
Rabi frequency €2(¢). This laser coupling is described by the
Hamiltonian [41]

Hi(t) = Q@) Y (1) (rje™™ + He) + A Y nj. (2)
- .

J

where k is the projection of the laser wave vector onto the axis
connecting neighboring atoms (we assume here that the atoms
are positioned on a one-dimensional (1D) chain in the x direc-
tion). In this work, we consider stroboscopic dressing pulses,
i.e., the laser parameters A(¢) and €2(¢), are periodic functions
with period T, as shown in Fig. 1. Our goal is to derive
expressions for the time-evolution operator I/(T') that prop-
agates the system from the stroboscopic time n7 to (n + 1)T.
Rydberg states will only be excited during the dressing pulses,
but (ideally) Rydberg excitations are present neither in the

initial state nor in the states which the system assumes at
the end of each pulse. Therefore, the time-evolution operator
U (T) only operates in the |1)-|]) manifold and is generated
by an effective spin Hamiltonian, which we construct in the
following for two different dressing protocols.

Nonadiabatic dressing protocol. This protocol, which is
shown in Fig. 1(b), consists of two short resonant 7w pulses
applied during a dressing cycle. Each pulse has duration s; one
is applied at time t; and the other at time 7" — s. Mathemati-
cally, this sequence is modeled by choosing the parameters of
the laser Hamiltonian (2) as A(¢) = 0 and

T
Q@) = g[nr,,r,ﬂ(t) + 77 ()], 3

where I, ,(t) = O —a) — O(t — b) and O is the Heaviside
step function. One dressing cycle can be decomposed as fol-
lows. The system starts at # = 0 in a spin state, |{), where
no Rydberg excitations are present. During the time interval
0 <t < 11, the system evolves under the Hamiltonian Hj,
Eq. (1), since the laser Hamiltonian H; is 0. No Rydberg
excitations are created, since Hy conserves the total excitation
number. The first 7 pulse excites all |1) states to the Rydberg
state |r). This assumes that the pulse is sufficiently strong
in order to overcome the interaction among Rydberg atoms;
i.e., it needs to break the Rydberg blockade, which is possible
when V « 7 /(2s). Note that this process may also lead to
oscillatory excitations due to momentum transfer from the
laser to the atoms. In the following time interval of length 7,
nearest-neighbor atoms in the Rydberg state interact, and fur-
ther coupling between the electronic and motional degrees of
freedom occurs. The dressing cycle concludes with a second
7 pulse, applied during the time interval T — s < ¢ < T, that
deexcites the Rydberg states.

The time-evolution operator which propagates the system
over a dressing cycle of duration 7T can be expressed as a
product of unitary operators. For a general pulse duration s,
this is

UT, 5) = e SHLAH) githoT: p=is(HL+Ho) p=itoT: (4)

In the limit of short & pulses, i.e., for pulses in which s < %y
is smaller than any timescale #y in the free evolution due to
H,, the time-evolution operator can be calculated analytically
[42], yielding

UT) =[] e T D(T))e T, (5)
J

We note that recent experiments [39,43] have demonstrated
that this condition can indeed be met. In the following, we
analyze the terms of U/(T') step by step. We begin with the

last term, e~T“%%  which is the simplest one and describes
the free oscillatory motion of the atoms in their traps over the
length T of a dressing cycle. The first term of U/(T') is the
evolution under the effective spin Hamiltonian H; ., which
describes the time evolution of the spin at site j during a
dressing cycle as

LV T gf- i
Hj et = TPJ‘P[-H + ?E[smc(wrz) —1]

2 sin(wty) T
%Pj + =P ©)
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Here, the first term is the “conventional” dressing potential,
i.e., the interaction V among Rydberg atoms in Hamilto-
nian (6), is mapped onto atoms in the [1) state but with
the weaker effective strength Ve = 1V/T and the projector
Pj =11 (1l;. The factor of 7,/T is the proportion of the
time during which the system is in the Rydberg state during
a dressing cycle. Further terms emerge in the effective spin
Hamiltonian, with the next one being an interaction that is
mediated by the oscillation of the atoms in their tweezer traps.
It depends on the gradient G and the oscillator length xg
through the operator

o {GXOPJ'P]'+1,
! GxoPj(Pj+1 — Pj-1),

forN =2,

7
for N > 2. ™

For two atoms, this contribution, which is generated by the
coupling between electronic and motional degrees of freedom,
merely modifies the interaction strength between atoms in the
|1) state. For more than two atoms, however, it results in a
multibody interaction [44,45]. This can be understood as fol-
lows: when an atom j is surrounded by two or no atoms in the
|1) state, the net mechanical force acting on it when excited
to the |1) state is 0. Hence, G; = 0. For other configurations,
G; assumes a nonzero value. Distinguishing these cases ne-
cessitates an operator which acts on site j as well as on the
two neighboring sites, hence generating a three-body interac-
tion. The term »” sin(wt,)P;/T in the effective Hamiltonian
accounts for the momentum transfer during laser excitation. It
is quantified by the Lamb-Dicke parameter n = «xy [46-48].
The last term, ZP;, arises due to the application of two
pulses during the dressing cycle, which leads to a phase shift
of rr for all atoms in the state |1).

Let us now return to the middle term of the unitary
evolution operator (5). It depends on the displacement oper-
ator D(J;) = exp j_,-aj. — \7;41]', with argument J; = (% +
inP,)(e”"‘”2 — 1). It displaces atom j in position (momen-
tum) space by the real (imaginary) part of J;, which is an
operator that acts on the spin degrees of freedom [49]. This
term therefore results in spin-motion coupling. The amount of
the displacement further depends on the oscillation phase w1,
which can be utilized to control the spin-motion coupling. If
the oscillation phase is 0 or a multiple of 27, J; vanishes and
spin and motional degrees of freedom decouple.

For a dressing cycle with such decoupled spin and motion,
the time-evolution operator separates into an operator acting
on the spins,

Usin(T) = [ ™", (8)
J
and one acting on the harmonic oscillatory motion of the

atoms, Uyse =[] i emiTwa)a; However, multibody interactions
still remain in the effective spin Hamiltonian due to its depen-
dence on G2.

To illustrate the effect of the spin-motion coupling, we
consider in Fig. 2 a system of two atoms which are initialized
in the motional ground state |0);. As the initial state, we

choose [y) = ®7::12[%(|T)j +14);) ® |0);], which is not
an eigenstate of the effective spin Hamiltonian and thus leads
to nontrivial dynamics. In the figure, we study the dynamics

Spin-motion coupled Spin-motion decoupled

(a) )y '
2 4 4
§
o =10 |
—9F/ ) ) B ! ) i
0 10 t/T 20 30 0 10 t/T 20 30
1.0 -#- exact 4 stroboscopic
TlHe) (d)
2051 . ]
£
=
—0.5F 3 ]
-1.0

0123456738
t/T t/T

FIG. 2. Nonadiabatic dressing protocol. (a) Evolution of the ex-
pectation value of the total spin component S, for two atoms (see
text). Choosing wt, = 0.01, the oscillatory motion is coupled to the
spin dynamics. This leads to entanglement between the two degrees
of freedom, causing spin decoherence (see Supplemental Material
[42]). Numerically exact results calculated by U(T, s), Eq. (4), are
shown as blue squares, and the stroboscopic evolution under the
unitary U(T), Eq. (5), is shown as red diamonds. For comparison,
we show the evolution of S, in the absence of this spin-motion
coupling calculated by Eq. (8) with yellow dots. The initial state |y)
is defined in the main text. (b) When choosing wt, = 27, spin and
motion decouple. (¢) Dynamics of the average interatomic distance
(6x) (see text). For wt, = 0.01m, spin-motion coupling results in 0s-
cillations of the interatomic distance after a dressing cycle. (d) When
choosing wt, = 2, the motional degrees of freedom return to their
initial state after each cycle. In all simulations the harmonic oscillator
basis is truncated to contain a maximum of five excitations, and the
parameters values are 7 = 8.17/w, V = 10.1w, n = 0.6, and s =
/(2 x 10*w). For panels (a) and (c), we use Gxy = 5w, and for
panels (b) and (d), we set Gxy = 0.3w. Note that, in experiment,
the values for V and G can, in fact, be tuned independently using
microwave dressing of Rydberg states [50-53].

of two observables of the system: the expectation value of
the x component of the total spin, S, = Zﬂ-V:f(IT)(TIL it
[1){(J11 ), and the expectation value of the distance (8x)/xo =
(x2 — x1)/x0 between the atoms. The time evolution of the
observables is calculated numerically exactly through U(T, s)
for finite m pulse length s, Eq. (4), and compared to the
time evolution operator U/(T") in the short-pulse limit s < 1,
Eq. (5). For wt, = 27, both degrees of freedom perform a
separable evolution, where the spins perform oscillations in
the observable S,. Conversely, spins and motion couple when
w1y = 0.1, which results in a nontrivial spin-dynamic of
S, compared to the spin-only dynamics. This is shown in
Figs. 2(a) and 2(b), where we display the behavior of the
spin observable S, as a function of time for both cases. Spin-
motion coupling also affects the evolution of the distance (§x)
between the atoms: With spin-motion coupling, the distance
varies strongly at each stroboscopic time step nT, while it
remains constant in the decoupled case [see Figs. 2(c) and
2(d)]. To approximately decouple spin and motion, one can
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scale the time interval 7, between the pulses to yield wt, < 1
(while adjusting V such that Ve = V1,/T remains on the
order of unity). Dressing with such ultrastrong laser pulses
has been experimentally demonstrated in Refs. [39,43]. We
discuss this special case in the Supplemental Material [42].
There, we also illustrate how a spin-motion echo sequence can
decouple spin and motional dynamics.

Adiabatic dressing protocol. This dressing protocol em-
ploys slowly changing laser parameters rather than short
pulses. It is sketched in Fig. 1(c). The time evolution during a
dressing cycle of length T is assumed to be adiabatic, in the
sense that the spin state at its beginning and its end is the same.
Moreover, the state shall be smoothly connected to the instan-
taneous eigenstates during the adiabatic pulse, which contain
components of Rydberg states. This necessity to be slow, i.e.,
to avoid nonadiabatic transitions, is in conflict with the finite
lifetimes of Rydberg states. Hence, an appropriate parameter
regime needs to be identified that ensures pulses which are
much shorter than the Rydberg atom’s lifetime. This is indeed
possible, as shown in the Supplemental Material [42]. There,
we additionally show that, for strongly trapped atoms, one can
neglect the coupling between the electronic degrees of free-
dom and the oscillatory motion [54-62]. For simplicity, and
to make the calculations tractable, we disregard spin-motion
coupling in the following, setting the potential gradient G and
the Lamb-Dicke parameter 7 to 0.

In the adiabatic dressing protocol, the Rabi frequency and
the detuning are smoothly varied according to Fig. 3(a) as

Q(r) = Qqsin® (rt/T), 9)
At) = Ag — (Ag — Ay)sin(ret/T). (10)

The dynamical phase that is accumulated during this pulse
differs for each spin configuration and yields an effective
Hamiltonian in the spin space which in general contains multi-
body interactions. As an example, we consider a system
with N = 3 atoms positioned in an equilateral triangle whose
sides have the length ag. The effective spin Hamiltonian can
generally be written in terms of the projectors P; = [1)(1];:

Hee = ViPPyPs + VY PP+ Vi Y P+ Vo, (1)
i#] i
where V) describes the effective k-body interaction strength.

The evolution under this effective spin Hamiltonian over a
time 7 then generates the dynamical phase ¢¢ of the spin

configuration C € {{}{, {1, ..., ™1}
e =3 " emive|C)(C]. (12)

C

Comparing coefficients, we can now link the k-body interac-
tion strength to the dynamical phases. Due to the symmetry of
the system, the phases ¢¢ depend only on |1) spins that are
contained in configuration C. We thus use a shorthand nota-
tion, ¢, where the subscript « refers to the number of atoms in

the |1) state; i.e., we have PLLL =90, 91y, = Pl = @Lip =
@4, etc. With this, we obtain

WoT = ¢o.
WT = @11 = 291 + @0,

ViT = ¢y — g0,
V3T = o111 = 3911 + 391 = ¢o.
(13)

103

0 100 200 2 4 6 8 10
Qot ao/pm

FIG. 3. Adiabatic dressing protocol. (a) Time-dependent Rabi
frequency 2(¢) and detuning A(z) for a dressing cycle with duration
T =200/, where Ay = 82y and A; = 0. (b) Accumulated dy-
namical phase ¢¢ in a system of three atoms placed on an equilateral
triangle. Here, the initial configurations C need to be distinguished
only by their number of atoms in the |1) state. The interaction
strength is V = 4. (c) Bare van der Waals interaction between
Rydberg atoms as a function of the interatomic distance ay. We
use the dispersion coefficient Cs = 119 GHZ um® of state 615, of
potassium with the Rabi frequency Q2o = 2w x 1 MHz. (d) Effective
two- and three-body interaction strength, V, and V3, for varying
interatomic distance ay. The calculation is based on the bare van
der Waals interaction shown in panel (c). The closer the interatomic
distance, the higher is the relative contribution of the three-body
interaction V5.

In the following, we construct the effective spin Hamiltonian
(11) for an exemplary case and show that indeed rather gener-
ically three-body interactions emerge.

Using numerical integration [63], we solve for each initial
state from C the time-dependent Schrodinger equation with
the Hamiltonian H(t) = Hy + HL(¢) [Egs. (1) and (2)] and
the adiabatic pulse [Egs. (9) and (10)]. We then extract the
adiabatically accumulated dynamical phase ¢¢ as a function
of the laser parameters and the interaction strength V. An
example is shown in Fig. 3(b). From these phases, we can
then calculate the interaction coefficients V; using the above-
described procedure. We assume here that the bare interaction
between atoms in Rydberg states is given by a van der Waals
interaction of the form V = Cg /ag [see Fig. 3(c)], where Cg is
the dispersion coefficient [64]. Based on this, we calculate the
effective k-body interaction strength as a function of the inter-
atomic distance ap, which is shown in Fig. 3(d). This results
in two- and three-body potentials, which have a characteris-
tic flat-top form [65]. The larger the interparticle separation,
i.e., the smaller the bare interaction V, the more dominant
becomes the two-body interaction. A detailed analysis of the
ratio V3 /) is outlined in the Supplemental Material [42].

Conclusions and outlook. We discussed the theory un-
derlying two stroboscopic Rydberg dressing protocols for
generating effective spin Hamiltonians. The nonadiabatic
protocol relies on the application of fast resonant laser pulses
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which break the Rydberg blockade. This results in state-
dependent mechanical forces causing a coupling between
motional and electronic degrees of freedom. As a conse-
quence, effective multibody spin interactions are generated,
but also spin decoherence emerges which can be mitigated
by an appropriate timing of the laser pulses. The adiabatic
protocol, on the other hand, is implemented by smoothly vary-
ing laser pulses. During the adiabatic evolution, the system
probes interacting configurations of Rydberg atoms, which
generate spin-dependent dynamical phases resulting in effec-
tive k-body spin interactions. For a system of three atoms,
we analyzed two-body and three-body interactions and their
dependence on the interparticle distance.

There are a number of avenues for interesting future work.
The considerations of this Letter are based on simple 1D
and 2D systems, and the effect of different lattice geome-
tries and multidimensional oscillatory excitations certainly
merits further exploration. Additionally, quantum optimal
control techniques may allow engineering stroboscopic dress-
ing protocols that reduce spin-motion coupling or enhance
adiabaticity while minimizing spin decoherence. In particular,
it would be interesting to explore whether two-body inter-
actions could be completely removed, leading to many-body
Hamiltonians that feature solely multibody interactions.

Acknowledgments. We thank W. Martins, A. Cabot, and J.
Wilkinson for fruitful discussions. We acknowledge funding
from the Deutsche Forschungsgemeinschaft within Project
No. GR4741/4 and the research units FOR5413 (Grant No.
465199066) and FOR5522 (Grant No. 499180199). This work
builds on ideas which were developed when applying to the
JST-DFG 2024: Japanese-German Joint Call for Proposals
on “Quantum Technologies” (Japan-JST-DFG-ASPIRE 2024)
and for which funding will be received under DFG Grant No.
554561799. We also acknowledge funding from the Horizon
Europe programme HORIZON-CL4-2022-QUANTUM-02-
SGA via Project No. 101113690 (PASQuanS2.1) and via the
Horizon-MSCA-Doctoral Network QLUSTER (HORIZON-
MSCA-2021-DN-01-GA101072964), the Alfried Krupp von
Bohlen and Halbach Foundation, and the state of Baden-
Wiirttemberg through bwHPC Grant No. INST 40/575-1
FUGG (JUSTUS 2 cluster). S.d.L. acknowledges funding
from the MEXT Quantum Leap Flagship Program (MEXT
Q-LEAP) under Grant No. JPMXS0118069021 and JST
Moonshot R&D Program Grant No. JPMIMS2269. C.G. and
S.d.L. acknowledge funding from the NINS-DAAD exchange
program (Quantum Simulation/Computation: From Rydberg
Dressing to Ultrafast Interaction).

[1] T. E. Gallagher, Rydberg Atoms, Cambridge Monographs on
Atomic, Molecular and Chemical Physics (Cambridge Univer-
sity, Cambridge, England, 1994).

[2] M. Saffman, T. G. Walker, and K. Mglmer, Quantum informa-
tion with Rydberg atoms, Rev. Mod. Phys. 82, 2313 (2010).

[3] H. Bernien, S. Schwartz, A. Keesling, H. Levine, A. Omran,
H. Pichler, S. Choi, A. S. Zibrov, M. Endres, M. Greiner, V.
Vuleti¢, and M. D. Lukin, Probing many-body dynamics on a
51-atom quantum simulator, Nature (London) 551, 579 (2017).

[4] M. Morgado and S. Whitlock, Quantum simulation and com-
puting with Rydberg-interacting qubits, AVS Quantum Sci. 3,
023501 (2021).

[5] A. Browaeys and T. Lahaye, Many-body physics with individu-
ally controlled Rydberg atoms, Nat. Phys. 16, 132 (2020).

[6] W. Lee, M. Kim, H. Jo, Y. Song, and J. Ahn, Coherent and dis-
sipative dynamics of entangled few-body systems of Rydberg
atoms, Phys. Rev. A 99, 043404 (2019).

[7] H. Levine, A. Keesling, G. Semeghini, A. Omran, T. T. Wang, S.
Ebadi, H. Bernien, M. Greiner, V. Vuletié, H. Pichler, and M. D.
Lukin, Parallel implementation of high-fidelity multiqubit gates
with neutral atoms, Phys. Rev. Lett. 123, 170503 (2019).

[8] M. Magoni, R. Joshi, and I. Lesanovsky, Molecular dynamics in
Rydberg tweezer arrays: Spin-phonon entanglement and Jahn-
Teller effect, Phys. Rev. Lett. 131, 093002 (2023).

[9] J. T. Wilson, S. Saskin, Y. Meng, S. Ma, R. Dilip, A. P. Burgers,
and J. D. Thompson, Trapping alkaline earth Rydberg atoms
optical tweezer arrays, Phys. Rev. Lett. 128, 033201 (2022).

[10] Y.-Y. Jau, A. M. Hankin, T. Keating, I. H. Deutsch, and G. W.
Biedermann, Entangling atomic spins with a Rydberg-dressed
spin-flip blockade, Nat. Phys. 12, 71 (2016).

[11] J. Zeiher, R. van Bijnen, P. Schau8, S. Hild, J.-y. Choi, T. Pohl, I.
Bloch, and C. Gross, Many-body interferometry of a Rydberg-
dressed spin lattice, Nat. Phys. 12, 1095 (2016).

[12] P. Fromholz, M. Tsitsishvili, M. Votto, M. Dalmonte, A.
Nersesyan, and T. Chanda, Phase diagram of Rydberg-dressed
atoms on two-leg triangular ladders, Phys. Rev. B 106, 155411
(2022).

[13] R. M. W. van Bijnen and T. Pohl, Quantum magnetism and
topological ordering via Rydberg dressing near Forster reso-
nances, Phys. Rev. Lett. 114, 243002 (2015).

[14] J. Zeiher, J.-y. Choi, A. Rubio-Abadal, T. Pohl, R. van Bijnen,
I. Bloch, and C. Gross, Coherent many-body spin dynamics in
a long-range interacting Ising chain, Phys. Rev. X 7, 041063
(2017).

[15] A. GeibBler, 1. Vasi¢, and W. Hofstetter, Condensation versus
long-range interaction: Competing quantum phases in bosonic
optical lattice systems at near-resonant Rydberg dressing, Phys.
Rev. A 95, 063608 (2017).

[16] R. Khasseh, S. H. Abedinpour, and B. Tanatar, Phase diagram
and dynamics of Rydberg-dressed fermions in two dimensions,
Phys. Rev. A 96, 053611 (2017).

[17] E. Guardado-Sanchez, P. T. Brown, D. Mitra, T. Devakul, D. A.
Huse, P. Schauf}, and W. S. Bakr, Probing the quench dynamics
of antiferromagnetic correlations in a 2D quantum Ising spin
system, Phys. Rev. X 8, 021069 (2018).

[18] P. Weckesser, K. Srakaew, T. Blatz, D. Wei, D. Adler,
S. Agrawal, A. Bohrdt, I. Bloch, and J. Zeiher, Realiza-
tion of a Rydberg-dressed extended Bose Hubbard model,
arXiv:2405.20128.

[19] P. J. Bardroff, I. Bialynicki-Birula, D. S. Kridhmer, G. Kurizki,
E. Mayr, P. Stifter, and W. P. Schleich, Dynamical localization:
Classical vs quantum oscillations in momentum spread of cold
atoms, Phys. Rev. Lett. 74, 3959 (1995).

[20] R. Bliimel, Chaos in Atomic Physics, Cambridge Monographs
on Atomic, Molecular, and Chemical Physics, Vol. 10 (Cam-
bridge University, Cambridge, England, 1997).

L041104-5



CHRIS NILL et al.

PHYSICAL REVIEW A 111, L041104 (2025)

[21] M. Frasca, Strong laser—atom interaction as a quantum kicked
dynamics, Phys. Lett. A 290, 277 (2001).

[22] F. Haake, Quantum Signatures of Chaos, Springer Series in
Synergetics, Vol. 54 (Springer, Berlin, 2010).

[23] F. L. Moore, J. C. Robinson, C. Bharucha, P. E. Williams, and
M. G. Raizen, Observation of dynamical localization in atomic
momentum transfer: A new testing ground for quantum chaos,
Phys. Rev. Lett. 73, 2974 (1994).

[24] E. L. Moore, J. C. Robinson, C. F. Bharucha, B. Sundaram, and
M. G. Raizen, Atom optics realization of the quantum §-kicked
rotor, Phys. Rev. Lett. 75, 4598 (1995).

[25] J. C. Robinson, C. F. Bharucha, K. W. Madison, F. L. Moore,
B. Sundaram, S. R. Wilkinson, and M. G. Raizen, Can a single-
pulse standing wave induce chaos in atomic motion? Phys. Rev.
Lett. 76, 3304 (1996).

[26] J. A. Yeazell, M. Mallalieu, and C. R. Stroud, Observation of
the collapse and revival of a Rydberg electronic wave packet,
Phys. Rev. Lett. 64, 2007 (1990).

[27] N. U. Koyliioglu, N. Maskara, J. Feldmeier, and M. D. Lukin,
Floquet engineering of interactions and entanglement in period-
ically driven Rydberg chains, arXiv:2408.02741.

[28] J. Feldmeier, N. Maskara, N. U. Koyliioglu, and M. D. Lukin,
Quantum simulation of dynamical gauge theories in periodi-
cally driven Rydberg atom arrays, arXiv:2408.02733.

[29] P. Fendley, K. Sengupta, and S. Sachdev, Competing density-
wave orders in a one-dimensional hard-boson model, Phys. Rev.
B 69, 075106 (2004).

[30] L. Lesanovsky and H. Katsura, Interacting Fibonacci anyons in
a Rydberg gas, Phys. Rev. A 86, 041601(R) (2012).

[31] A. Hudomal, J.-Y. Desaules, B. Mukherjee, G.-X. Su, J. C.
Halimeh, and Z. Papi¢, Driving quantum many-body scars in
the PXP model, Phys. Rev. B 106, 104302 (2022).

[32] M. D. Lukin, M. Fleischhauer, R. Cote, L. M. Duan, D. Jaksch,
J. L. Cirac, and P. Zoller, Dipole blockade and quantum infor-
mation processing in mesoscopic atomic ensembles, Phys. Rev.
Lett. 87, 037901 (2001).

[33] J.-H. Choi, B. Knuffman, T. C. Liebisch, A. Reinhard, and G.
Raithel, Cold Rydberg atoms, Adv. At. Mol. Opt. Phys. 54, 131
(2007).

[34] M. Weidemiiller, There can be only one, Nat. Phys. 5, 91
(2009).

[35] J. D. Pritchard, D. Maxwell, A. Gauguet, K. J. Weatherill,
M. P. A. Jones, and C. S. Adams, Cooperative atom-light inter-
action in a blockaded Rydberg ensemble, Phys. Rev. Lett. 105,
193603 (2010).

[36] A. Gaétan, Y. Miroshnychenko, T. Wilk, A. Chotia, M. Viteau,
D. Comparat, P. Pillet, A. Browaeys, and P. Grangier, Obser-
vation of collective excitation of two individual atoms in the
Rydberg blockade regime, Nat. Phys. 5, 115 (2009).

[37] D. Barredo, S. Ravets, H. Labuhn, L. Béguin, A. Vernier,
F. Nogrette, T. Lahaye, and A. Browaeys, Demonstration
of a strong Rydberg blockade in three-atom systems with
anisotropic interactions, Phys. Rev. Lett. 112, 183002 (2014).

[38] F. M. Gambetta, W. Li, F. Schmidt-Kaler, and I. Lesanovsky,
Engineering nonbinary Rydberg interactions via phonons in an
optical lattice, Phys. Rev. Lett. 124, 043402 (2020).

[39] V. Bharti, S. Sugawa, M. Kunimi, V. S. Chauhan, T. P. Mahesh,
M. Mizoguchi, T. Matsubara, T. Tomita, S. de Léséleuc, and K.
Ohmori, Strong spin-motion coupling in the ultrafast dynamics
of Rydberg atoms, Phys. Rev. Lett. 133, 093405 (2024).

[40] M. Magoni, P. Mazza, and 1. Lesanovsky, Phonon dressing of a
facilitated one-dimensional Rydberg lattice gas, SciPost Phys.
Core 5, 041 (2022).

[41] J. L. Cirac, R. Blatt, P. Zoller, and W. D. Phillips, Laser cooling
of trapped ions in a standing wave, Phys. Rev. A 46, 2668
(1992).

[42] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevA.111.L041104 for the derivation of U(T), a
discussion about dressing under ultrastrong laser pulses, and the
spin-motion echo. Additionally, it discusses decoherence in the
adiabatic dressing protocol, the ratio V;/)V,, and spin-motion
coupling.

[43] T. P. Mahesh, T. Matsubara, Y. T. Chew, T. Tomita, S.
de Léséleuc, and K. Ohmori, Generation of 480 nm pi-
cosecond pulses for ultrafast excitation of Rydberg atoms,
arXiv:2408.02324.

[44] F. M. Gambetta, C. Zhang, M. Hennrich, I. Lesanovsky, and
W. Li, Long-range multibody interactions and three-body an-
tiblockade in a trapped Rydberg ion chain, Phys. Rev. Lett. 125,
133602 (2020).

[45] C. Nill, K. Brandner, B. Olmos, F. Carollo, and I. Lesanovsky,
Many-body radiative decay in strongly interacting Rydberg en-
sembles, Phys. Rev. Lett. 129, 243202 (2022).

[46] 1. 1. Ryabtsev, 1. I. Beterov, D. B. Tretyakov, V. M. Entin,
and E. A. Yakshina, Doppler- and recoil-free laser excitation
of Rydberg states via three-photon transitions, Phys. Rev. A 84,
053409 (2011).

[47] J. Eschner, G. Morigi, F. Schmidt-Kaler, and R. Blatt, Laser
cooling of trapped ions, J. Opt. Soc. Am. B 20, 1003
(2003).

[48] S. Stenholm, The semiclassical theory of laser cooling, Rev.
Mod. Phys. 58, 699 (1986).

[49] K. E. Cahill and R. J. Glauber, Ordered expansions in boson
amplitude operators, Phys. Rev. 177, 1857 (1969).

[50] D. Petrosyan and K. Mglmer, Binding potentials and interaction
gates between microwave-dressed Rydberg atoms, Phys. Rev.
Lett. 113, 123003 (2014).

[51] S. Sevingli and T. Pohl, Microwave control of Rydberg atom
interactions, New J. Phys. 16, 123036 (2014).

[52] P. Scholl, H. J. Williams, G. Bornet, F. Wallner, D. Barredo,
L. Henriet, A. Signoles, C. Hainaut, T. Franz, S. Geier, A.
Tebben, A. Salzinger, G. Ziirn, T. Lahaye, M. Weidemiiller, and
A. Browaeys, Microwave engineering of programmable XXZ
Hamiltonians in arrays of Rydberg atoms, PRX Quantum 3,
020303 (2022).

[53] M. Kastner, P. Osterholz, and C. Gross, Ancilla-free mea-
surement of out-of-time-ordered correlation functions: General
measurement protocol and Rydberg atom implementation,
arXiv:2403.08670.

[54] M. H. Goerz, T. Calarco, and C. P. Koch, The quantum speed
limit of optimal controlled phasegates for trapped neutral atoms,
J. Phys. B: At. Mol. Opt. Phys. 44, 154011 (2011).

[55] T. Keating, R. L. Cook, A. M. Hankin, Y.-Y. Jau, G. W.
Biedermann, and I. H. Deutsch, Robust quantum logic in neutral
atoms via adiabatic Rydberg dressing, Phys. Rev. A 91, 012337
(2015).

[56] A.Mitra, M. J. Martin, G. W. Biedermann, A. M. Marino, P. M.
Poggi, and 1. H. Deutsch, Robust Mglmer-Sgrensen gate for
neutral atoms using rapid adiabatic Rydberg dressing, Phys.
Rev. A 101, 030301(R) (2020).

L041104-6



RESONANT STROBOSCOPIC RYDBERG DRESSING: ...

PHYSICAL REVIEW A 111, L041104 (2025)

[57] A. Mitra, S. Omanakuttan, M. J. Martin, G. W. Biedermann,
and I. H. Deutsch, Neutral-atom entanglement using adiabatic
Rydberg dressing, Phys. Rev. A 107, 062609 (2023).

[58] M. M. Miiller, M. Murphy, S. Montangero, T. Calarco, P.
Grangier, and A. Browaeys, Implementation of an experimen-
tally feasible controlled-phase gate on two blockaded Rydberg
atoms, Phys. Rev. A 89, 032334 (2014).

[59] F. Robicheaux, T. M. Graham, and M. Saffman, Photon-recoil
and laser-focusing limits to Rydberg gate fidelity, Phys. Rev. A
103, 022424 (2021).

[60] N. Schine, A. W. Young, W. J. Eckner, M. J. Martin, and A. M.
Kaufman, Long-lived Bell states in an array of optical clock
qubits, Nat. Phys. 18, 1067 (2022).

[61] S. Trotzky, P. Cheinet, S. Folling, M. Feld, U. Schnorrberger,
A. M. Rey, A. Polkovnikov, E. A. Demler, M. D. Lukin, and I.
Bloch, Time-resolved observation and control of superexchange

interactions with ultracold atoms in optical lattices, Science
319, 295 (2008).

[62] Z. Zhang, M. Yuan, B. Sundar, and K. R. A. Hazzard, Motional
decoherence in ultracold-Rydberg-atom quantum simulators of
spin models, Phys. Rev. A 110, 053321 (2024).

[63] J. R. Johansson, P. D. Nation, and F. Nori, QuTiP 2: A Python
framework for the dynamics of open quantum systems, Comput.
Phys. Commun. 184, 1234 (2013).

[64] L. Béguin, A. Vernier, R. Chicireanu, T. Lahaye, and A.
Browaeys, Direct measurement of the van der Waals interaction
between two Rydberg atoms, Phys. Rev. Lett. 110, 263201
(2013).

[65] J. B. Balewski, A. T. Krupp, A. Gaj, S. Hofferberth, R. Low, and
T. Pfau, Rydberg dressing: Understanding of collective many-
body effects and implications for experiments, New J. Phys. 16,
063012 (2014).

L041104-7



SUPPLEMENTAL MATERIAL

Resonant stroboscopic Rydberg dressing: electron-motion coupling and
multi-body interactions

Chris Nill':2, Sylvain de Léséleuc®#, Christian Gro®, and Igor Lesanovsky!6

L Institut fiir Theoretische Physik and Center for Integrated Quantum Science and Technology, Universitit Tiibingen,
Auf der Morgenstelle 14, 72076 Tibingen, Germany
2 Institute for Applied Physics, University of Bonn, Wegelerstrafie 8, 53115 Bonn, Germany
3 Institute for Molecular Science, National Institutes of Natural Sciences, 444-8585 Okazaki, Japan
4RIKEN Center for Quantum Computing (RQC), 351-0198 Wako, Japan
5 Physikalisches Institut and Center for Integrated Quantum Science and Technology, Universitit Tibingen, Auf der
Morgenstelle 14, 72076 Tibingen, Germany
6School of Physics and Astronomy and Centre for the Mathematics and Theoretical Physics of Quantum
Non-Equilibrium Systems, The University of Nottingham, Nottingham, NG7 2RD, United Kingdom

CONTENTS

I. Analysis of the non-adiabatic dressing protocol
A. Derivation of the time evolution operator U(T') at stroboscopic times
B. Spin decoherence due to spin-motion coupling under ultra-strong laser pulses
C. Decoupling spin-motion with a spin-motion echo

[ N

II. Analysis of the adiabatic dressing protocol
A. Adiabaticity and finite Rydberg lifetime: A case study
B. Relative strength of multi-body interactions
C. Spin-motion coupling

[C O clEN BN

References 9

I. ANALYSIS OF THE NON-ADIABATIC DRESSING PROTOCOL
A. Derivation of the time evolution operator U(T) at stroboscopic times

The non-adiabatic dressing sequence, see Fig. 1(b) in the main text, is decomposed into four phases. During the
first one of duration 71, the system is described by the free evolution under the Rydberg Hamiltonian (A = 1)

HO :wZa}aj +VZ7’LJ‘TLJ‘+1 +Gannj+1(xj —.l‘j+1), (Sl)
J J J

where w is the trapping frequency of the atoms with harmonic oscillator operators a; and a}. The Rydberg interaction
strength is parametrized by V', and the gradient of the potential by G. The projector onto an atom in Rydberg state
|r) is given by n; = [r)(r|;.

During the second phase of duration s, the laser Hamiltonian with Rabi frequency €2 and projected wave vector k
(the axis connecting the two atoms is the chosen as z-axis) is acing. This leads to the additional Hamiltonian

Hy = 30 (el " Il €7 (82)

where the position operator of atom j with atomic mass is

(aj +al). (S3)

x5 = wo(a; +a}) = Yo i



The Lamb-Dicke parameter is then given as 7 = kzo. During the third phase of the dressing sequence, with duration
T, only Hy is acting (the laser is switched off), while during he fourth phase is the same as the second. Consequently,
the time-evolution operator of a sequence of length T' = 71 + 7o + 25 is given by

Upsryis = o—is(HL+Ho) ,—iHors ,—is(Hp+Ho) ,~iHo1 (S4)
Un
First, we evaluate now
Uy = e~ is(HrtHo) (S5)
. kD v G
—exp —ist 3 (ItHrl, 7 It e+ alas + i+ Gnnpna(es — i) (0
J

We consider a strong laser driving which breaks the Rydberg blockade and is by magnitudes the largest energy scale
with V/Q <« 1, w/Q <« 1, G;/Q <« 1, thus

U, = e HL = exp —isQZ (|T)(r|j e T 4 r )1, eimj) . (S7)
J

In addition, s = 7/2 is chosen such that the laser performs 7 pulses, which reduce effectively to instantaneous pulses

Uy = Hexp{—iﬂs <|T>(7“Ij e 4 |y, emj> e |¢)<¢\j} .

=TT [ty =i (10t s 4 Il ) | (59)

The time-evolution operator from Eq. (S4) for a sequence reads then

Up, s ryyos = Uge T2y o= tHoTs (S10)

—_———
Ur
The expression Ur can be evaluated as
Ur = Uze Ty, — UUy Ule~tHoryy (S11)
——
[T, (W =Pi=ny)

i
H( n]) exp{ —iTy wZu aja]U +VZU N1l +ZG Ulngnji1(z; — 511 Un, )
J A J PiPjt+1 Pj PJ+1(93J 7$J+1)
(S12)

where we define the projector onto atom j in state [1) as P; = [t)}(1];. In addition,
A=w (a;aj +in(n; —Pj)(a; — a;r-) +n?(nj + Pj)) . (S13)

The time-evolution operator for a dressing sequence then is

zmwwf:H|M| P;—n;)

-exp{ —iTy wz al jaj +in(n; — Pj)(a; —a;j )—l—n (n; +P;j) ) + ZGijPjH(xj — Zjt1)
J

-exp{ —iT wZa a; + ZG N1 (T — Tj41)

- exp —ZTQVZP Pj+1 - exp —inVannHl . (814)

J



We consider an initial state |1o) in which no Rydberg excitations are present. Thus, multiplying ]| j (1 —ny) onto
the time evolution does not affect the initial state. Since U, r,12, commutes with n;, we can write

Uritrot2s = Uriprpt2s H(]l —n;) (S15)

J

:H (M)(Hj — Pj) expl —iTy wZ (a;aj —inPj(a; — a;) + nZPj) + ZGijPj+1(ccj — Zjt1)
- , ,

J J

- exp fiﬁwZa;aj - exp 77;72‘/27)]'73_74»1 (S16)

J J

=TT (1l - 7))

cexpl —iTo | w Z (a;r-aj —inPj(a; — a;) + 7727:'j) + Z GiPiPjsri(z; — xjp1) - exp{ iTow Z a;f-aj
J J ]

J

spin-motion coupling dynamics

T1 + T2

N >V
cexpl —i(7 + To)w Z aia; p-exp —i(11 + 72) e Z PiPisi1 p- (S17)
J

J

free-oscillator dynamics spin-spin dynamics

e R
Gradient operator G,
Introducing the gradient operator enables us to commute the summands with

Y GiPiPia(e; — z541) = ) GiPiPinz; — ) GiPiPinzin
i i i

=Y GiPiPinz; — Y Gi1Pj1Pjz;
j j

=Y " (G;Pj11 — Gi1Pj1) Pya;
i

= (GyPj+1 — Gj—1Pj-1) Pizo(a; +al)
i

:;Zgj(aj +al). (S18)

Note, that [G;,Gi] = 0Vj,! and QJZ #G;.

The spin-motion term (blue) can be further simplified using the gradient operator G;, see Eq. (S18), as

J

expl —ite | w Z (a}aj —inPj(a; — a}) + 77273j) + Z GjPiPiti(zj — xj41) - expy{ iTow Z a;aj (S19)
J J ]

and since all terms commute now in j

= Hexp{—iTg (wa;aj — inwPj(a; — a;-) +n*wPj + Gila; + a;))} - exp {iTgwa}a]‘} . (S520)
J

We complete the square with



. . g . gj .
= Hexp —1ToWw (a} —inP; + ;J ) (aj + P + ;J ) + 7727?]- — j;fjj - exp {ZTQW&;U/]'}
K N———— N———
gt Jj

J

= HGXP{—iTzw {(a]- + %)T(aj +J;) +n*P; — JJTJ]} } - exp {iTgwa;aj}
J

and introduce the displacement operator with a + o = Df(a)aD(a), thus

= [Texp{ ~imw | (D'(5))0,D()) D5, D(F)) + 7P, = ] 5] } - exp {imawala, }

J
}.ex { i }
P | 1T2wa;a; o .

D'(J))a! D(T,)D () aD(T;) + 0*P; — T} T,
N————

J 1

= H exp{ —iTow

Note that all terms in exp commute now, thus

= Hexp{—ti [D‘L(jj)a;-ajD(jj)} } - exp {iTgwa;aj} - exp {—iTgw (77277j — \7;«71)} .
J

Since D(J;) is a unitary operator and thus invertible it follows

— H DT(JJ-) e—iTawaja; D(Jj)ei”w“;‘” - exp {7Z'7'2w (772’Pj — JJTJJ)}

J Baker-Campbell-Hausdorff

= HDT(j]) exp{J]—e*m“’a; - JjTe”?‘“aj)} - exp {—i72w (712733' - j;rj])}

J

~[IPCD (de) e {ims (477, ~ 717,)}
J

— Hexp{—ij].TJj sin(wry) — imow (772Pj _ JJTJJ)} .D (%(e—iwrg _ 1))
J

= Hoxp{—irgw [jjjj (sinc(wts) — 1) + 772’Pj} } D (Ti(e™ ™™ = 1))

J

J

= Hexp{—imw Kiz + n%) (sinc(wry) — 1) + n%} } D K% + im:j> (e — 1)} .

(S21)

(S22)

(S23)

(S24)

(S25)

(S26)

(S27)

(S28)

(S29)

(S30)

(S31)



If we insert this result now in Eq. (S17), we obtain

Ur,irpsze = [ [ (D — )exp{—iTgw l(iﬂz + 7727>j> (sinc(wrs) — 1) + nzpj] }

J

14 , .
.exp{—i(ﬁ + 72)7_1717_277]'77#1} -D {(ij + inPj> (e7"9m — 1)} -exp{—i(ﬁ + Tg)wa;aj} (S32)

TV Gt G sin (w7y)
1:[ X — exp{—z(ﬁ + T2) |:7'13*T273j7)j+1 + - 122 wj (sinc(wme) — 1) + e TZ n27)j:| }
-D (ij + z'rﬂ?j> (e~ — 1)] -exp{—i(ﬁ + TQ)Wa;r'aj} (S33)
B —inP, . ™V Gito G sin (wr2) 4
= ];[6 exp{—z(ﬁ + 7'2) |:7'1+T2PJPJ+1 + o :»T2 (,j (SlnC(WTQ) — 1) + m'ﬂ PJ
-D ng + inP; ) (e — 1)] -exp{—z’(ﬁ + Tg)wa;a]‘} (S34)
Gim2 Gj , . sin (wTy) T
= Hexp{—z(ﬁ + T2) { 'P iPit1 + 17’2 ;] (sinc(we) — 1) + ﬁTTanPj + p— TQPj] }

J D Kij + z’nPJ) (=™ — 1)] -eXp{—’L'(Tl + Tg)wajaj}. (935)

We now again utilize the short laser pulses introduced earlier, see Eq. (S7). This allows us to write T'= 7 + 72 + 2s &~
71 + T2 to obtain the time evolution operator Eq. (5) of the main text,

T2 wr)n? + 7
UuT) = Hexp{{T [ PiPjy1+ gJT g'/ (sinc(wry) — 1) 4+ WP]} }
j w

effective spin dynamics

g' ; —1lwT2 . T
-D [((; + M]'Pj) (e - 1)} . ('\X]){ /Tvuu‘lv(zl} . (S36)
—_—

free oscillator evolution

spin-motion coupling

B. Spin decoherence due to spin-motion coupling under ultra-strong laser pulses

In this section, we investigate spin-motion coupling effects under ultra-strong laser pulses which are experimentally
investigated in Ref. [1]. Here, the laser pulses are characterized by a large Rabi frequency g > V that effectively
overcomes the Rydberg interaction V. This interaction is much stronger than the trap frequency with V> w. As
well as in the main text, each laser pulse is designed as a 7 pulse with Qs = /2, resulting in a tiny pulse duration
s. Thus, for these ultra-strong pulses, the product wrs of the atomic oscillations becomes tiny, wry < 1.

As shown in the main text, the system’s time evolution operator U(T') simplifies (see Eq. (5) in the main text) when
strictly wme = 0, indicating that spin and oscillatory motion decouple. However, here we do not match this condition
perfectly.

In order to understand the impact of residual spin-motion coupling in the limit w7 < 1, we perform the same
study as in Fig. 2 of the main text. Specifically, we show the time evolution of S, for small values of wr in Fig. S1(a).
We compare the exact evolution of S, which includes spin-motion coupling (see Eq. (4) of main text) with the
effective spin dynamics calculated by Eq. (6) of the main text. We observe that deviations during time evolution
occur. In particular, the effective spin dynamics lead to periodic oscillations, while the exact dynamics show damped
oscillations. This mismatch of exact- and effective spin dynamics, which here results in damped oscillations, can be
interpreted as spin decoherence, which arises due to the entanglement between oscillatory degrees of freedom and
spins. In Fig. S1(b), we reduce wry by a factor of 200 compared to panel (a), while proportionally increasing V' and
G to maintain the effective interaction strength Veg = mV/T and the effective gradient operator G, s = 72G;/T.
These effective quantities occur in the effective Hamiltonian, see Eq. (6) of the main text, and define the oscillation



envelopes of S,. Compared to panel (a), we observe that the spin decoherence in S, does not decrease and deviations
between exact- and effective spin dynamics are still present in panel (b). This can be explained by expanding the
collective displacement operator J; (see main text). It couples spins and oscillatory motion and is the origin of the
observed spin decoherence. For wry < 1,

% ~ —ingj + ngnPj = —Z'gj,ef—f + WTzﬁPj. (837)

As we show, J; is dependent on the effective gradient operator G;.g. Therefore, J; remains unchanged for same
Gjorr = 12G;. This is why reducing wry while increasing G' does not reduce spin decoherence. On the other hand,
reducing G; . without changing wrs reduces spin decoherence. This means that by reducing the effective gradient,
spin-motion coupling decreases, which ultimately removes spin decoherence as shown in Fig. S1(c).

wry =2 x 1074 wre =1x10"%x wry =2 x 1077
(@) Gzo=100w, V =1x10%w]| |(b) Gzo=2x 100w,V =2x10°w] [(c) Gzo= 10w V=1x 103w
2 L 4 L 4 L 4
8
5 fl
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FIG. S1. Spin-motion coupling for ultra-strong laser pulses. (a) Exact- (blue) and effective spin dynamics (yellow) of
Sz deviate significantly. Under the effective spin dynamics (Eq. (6) of the main text), periodic oscillations occur. However, due
to spin-motion coupling, the exact dynamics (Eq. (4) of the main text) show damped oscillations which we associate with spin
decoherence. Here, we set w2 = 2 x 10”* and the Rydberg interaction V' = 1000w. (b) Scaling down 7> and proportionally
adjusting V' and G cannot reduce spin decoherence in S, compared to panel (a). (c) Reducing the effective gradient weakens
spin decoherence, compared to (a) and (b). Thus, effective spin dynamics coincide with the exact dynamics. (d)-(f) The
amplitude of the interatomic distance (dz) is mainly affected by the effective gradient Gzom2 and impacts the observed spin
decoherence. In all simulations the harmonic oscillator basis is truncated to contain a maximum of 5 excitations, the parameters
values are T = 87/w, n = 0.6 and s = 7/(2 X 107w).

C. Decoupling spin-motion with a spin-motion echo

In the main text, we examined how adjusting the oscillation phase, wrs, allows to decouple spin-motion dynamics.
Here, we explore a complementary approach using a spin-motion echo. This method is based on setting the total
sequence duration to satisfy T = nw/w with n as an odd integer. The spin-motion echo relies on the application
of two successive dressing sequences that enable the decoupling. Each sequence is describes by the time evolution
operator U(T). To illustrate, we evaluate the time evolution operator, see Eq. (5) of the main text, for both successive



sequences

u2(T _ E) _ I | e*iTvacffD(%)efiTwa;aj . e*iTHJTCff'D(%)efiTwa}a]’
w ;
J

—9iTH, iTwalas Twala: —2iTwalas
_ H e 2zTHj,effD(%) e szajaJD(‘yj)eszajaJ e 2iTwaja;
J Baker-Campbell-Hausdorff

_ H efziTHj,cffD(jj)D(jjefim)e—zﬁwa;aj
J

— He—27‘,Tijeff'D( [1 + e—ifrn] %)efﬁTwajaj
: —_———
J =0, if n is odd

—92; . —2 Tas
_ H e 27/THJYeffe 21Twajaj ) (838)
J

We see directly that spin-motion dynamics decouple under the chosen sequence duration for two successive applications
of U(T). This justifies the spin-motion decoupling for the spin-motion echo.

II. ANALYSIS OF THE ADIABATIC DRESSING PROTOCOL
A. Adiabaticity and finite Rydberg lifetime: A case study

During the adiabatic dressing sequence, we require the state to be smoothly connected to the instantaneous eigen-
states. This preserves the population of all basis states C after an adiabatic sequence. To quantify the adiabaticity of
a sequence, we define the in-adiabaticity

€(T) =1 -max|(ClU(T)[C)], (S39)

where C is a basis state (configuration) of the Pauli z-basis. We evaluate & for all basis states and take the maximum.
Importantly, £ measures how adiabatic the dressing sequence is. For a completely adiabatic sequence, £ = 0. As we
show later, increasing the sequence duration T improves the in-adiabaticity.

On the other hand, we excite Rydberg states coherently during the dressing sequence. With increasing sequence
duration T, the spontaneous decay probability p increases as well, leading to higher decoherence. The decay probability
p is approximately given by the time-integrated Rydberg excitation fOT de > j (n;) (t) during the sequence with decay
rate I of Rydberg state |r) as

p(QWT)=1—exp | -T /0 dtZ(nj> ) | =T /0 dtz<nj>(t). (S40)

In order for the system to stay coherent during a dressing sequence, p < 1 is required. To demonstrate the trade-off
between adiabaticity and decoherence due to sponatenoues decay, we study the system discussed in Fig. 3 of the main
text in different parameter regimes, see Tab. I.



|Q0/T Ao/T Ay/T v/T T lo1/(2m)  pr/(2m)  pye/(27) |p €
(1)[100 800 0 400 2.00 8.09 13.91 18.98 4.0x 107 |7.9x 1078
(2)]100 800 200 400 2.00 3.93 7.58 11.04 1.8 x 1071 |1.6 x 1077
(3)]1000 8000 0 4000 0.20 8.09 13.91 18.98 4.0x 1072 |7.9x 1078
(4)[1000 8000 0 8000 0.20 8.09 13.41 17.94 3.5 x 1072 (2.3 x 1077
(5)]1000 8000 0 4000 0.05 4.05 6.96 9.49 9.9 x 1072 [1.6 x 1077
(6)]1000 8000 0 4000 0.01 0.45 0.73 0.98 2.2 X 1073 4.3 x 1072

TABLE I. Adiabaticity vs. decoherence from spontaneous decay of Rydberg states. The rows (1 — 6) compare
dressing sequences with different parameter sets with Rabi frequency Qo /T", detunings Ao 1, interaction strength V' and sequence
duration I'T" scaled by the decay rate I'. For all sets, we calculate the dynamical phases ¢q, see Eqgs. (13) of the main text,
the in-adiabaticity £ and the decay probability p. (1) Resonant dressing sequence (A1=0) for same parameters as in Fig. 3(b)
of main text. Here, Rydberg states can be excited resonantly. (2) Compared to (1), for a dressing sequence which does
not approach resonance (A; = 200T"), dynamical phases reduce. (3) In comparison to case (1), all parameters are scaled by
increasing €o. This decreases the decay probability p. (4) In comparison to case (3), increasing the interaction strength V,
leads to decreased dynamical phases but improved £. This can be explained by the changed energy spectrum of the system.
(5) Compared to (3), a decreased sequence duration I'T" leads to lower p but worse £, where the dynamic phases decrease.
(6) A significantly longer sequence duration compared to (5), lowers p but increases the in-adiabaticity drastically.

B. Relative strength of multi-body interactions

The effective Hamiltonian of the adiabatic dressing sequence can be decomposed into contributions of k-body
interactions. Their relative strengths are affected by the distance dependent Rydberg interaction V(ag). The three-
body interaction strength Vs increases for shorter interatomic distance ag. Increasing ag, the two-body interaction
strength starts dominating. This is seen in Fig. S2, where we show the ratio V3 /Vs.

0.00F
—0.25]
P\
=
~_050}
—0.75 , . . ]
2 4 6 8 10
aop/pm

FIG. S2. Ratio of three-body and two-body interaction strength. Ratio of the three-body and two-body interaction
strength Vs /Vs for the parameters shown in Fig. 3(d) of the main text. With decreasing distance ag, the three-body interaction
dominates the two-body one. Specifically, for distances ag > 7pm, it is V3 < 10/Vs.

C. Spin-motion coupling

In the main text, we consider an adiabatic dressing sequence of three spins without spin-motion coupling (G =
n = 0). Now, we quantify the impact of finite spin-motion coupling and discuss under which conditions it becomes
relevant. Therefore, we study a system of N = 2 spins coupled to a harmonic oscillator each. We analyze the spectrum
of instantaneous eigenstates which illustrates the impact of the oscillatory energy levels. Additionally, we calculate
the time evolution of the purity P = tr[(trosc[p(#)])?] of the spin system, where tros. is the partial trace over the
oscillatory degrees of freedom and p(t) the density matrix of the full quantum system. A purity of P < 1 signals
entanglement between spin- and oscillatory degrees of freedom.

Figures S3(a-c) show the instantaneous eigenstates A, during a dressing sequence. Panel (a) shows the spectrum
without spin-phonon coupling with the same parameters as in the main text. The introduction of harmonic oscillators
subdivides the energy eigenstates into multiple with energy separation w, see Figs. S3(b,c). A smaller separation
of nearby eigenstates, leads to a higher transition probability between them during the sequence. This transitions
ultimately lead to spin-motion entanglement. Thus, a longer sequence duration or an increased trapping frequency w
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FIG. S3. Impact of spin-motion coupling during a dressing sequence. (a) Instantaneous eigenstates A, in the absence
of spin-motion coupling for same parameters as in Fig. 3 of the main text. (b) The introduction of spin-motion coupling splits
the eigenstates of different oscillator modes. The energy differences between neighboring levels is given by w. (c) Increasing
the trapping frequency w increases the energy splitting and thus suppresses spin-motion entanglement. (d) Evolution of
the spin purity P under these conditions: without spin-motion coupling (blue), P remains at one, indicating no spin-motion
entanglement. Introducing spin-motion coupling with w = 0.1Qg leads to a purity of P(T") = 0.958 (red), meaning entanglement
between spins and oscillators arises during the sequence. Increasing the trapping frequency w, significantly reduces spin-motion
coupling as confirmed by increased spin purity P(T) ~ 1 — 3 x 107°. All simulations use N = 2 spins and a truncation of the
harmonic oscillators up to 5 excitations each.

leads to less spin-motion entanglement.

In Fig. S3(d), we analyze the purity P of the three parameter sets. For no spin-motion coupling, the purity
remains one during the whole sequence. Thus, the spins do not entangle with the motional degrees of freedom. For
w = 0.1, we observe a decrease of the purity during the sequence until it finally reaches P(T) = 0.958 at the
end of the sequence. Thus, spins and oscillators entangle during a dressing sequence. When increasing the trapping
frequency to w = 0.4 Qq, the purity increases to P(T) = 1 — 3 x 10~%. Consequently, spin-motion entanglement can
be reduced by increasing the trapping frequency.

[1] V. Bharti, S. Sugawa, M. Kunimi, V. S. Chauhan, T. P. Mahesh, M. Mizoguchi, T. Matsubara, T. Tomita, S. de Léséleuc,
and K. Ohmori, Strong Spin-Motion Coupling in the Ultrafast Dynamics of Rydberg Atoms, Physical Review Letters 133,
093405 (2024).
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Realizing conditional quantum operations, e.g., quantum gates, for quantum computing and sim-
ulation requires controlled interactions between particles. Often, these interactions depend on the
interparticle distance, and accordingly, an uncertainty of the relative particle position may trans-
late into gate infidelities. We consider here a quantum computing platform based on an array of
neutral atoms and present a method that allows to reduce the uncertainty of all interatomic dis-
tances. Our approach exploits the coupling between atomic motion and stroboscopically excited
atomic Rydberg states. It allows to collectively squeeze the modes corresponding to interatomic dis-
placements, thereby reducing distance fluctuations down to a fraction of the motional vacuum state.
Furthermore, the method permits the creation of non-classical states with substantial Wigner neg-
ativity. These correlated states may allow reducing motional decoherence, increasing gate fidelity,
and potentially yield a resource for quantum-enhanced metrology.

Introduction — Programmable arrays of laser-cooled
atoms [1-6], polar molecules [7-9], and trapped ions [10—-
12] have emerged as leading platforms for quantum sim-
ulation, computation, and precision sensing. In all these
systems, quantum operations are mediated by inter-
actions that depend on interparticle distances [13-15].
Thus, the coupling of electronic (spin) degrees of freedom
to atomic motion is an inherent feature of any interatomic
interaction-based quantum operation [16-18].

Controlling the motional state is therefore essential.
This is typically achieved by optical trapping [19-21] and
laser cooling techniques [22, 23] that suppress free atomic
motion and thermal fluctuations to prepare atoms near
their motional ground state. However, a fundamental
residual quantum uncertainty persists even at zero tem-
perature [24-26]. Through the distance dependence of in-
teractions, these quantum fluctuations translate directly
into gate infidelities and decoherence [27-31].

A natural strategy to push below this ground-state
limit is to prepare motionally squeezed states [32—
35]. Single-atom motional squeezing has recently been
demonstrated experimentally [36], which directly low-
ers the uncertainty of interatomic distances. However,
in a many-atom array, an even stronger reduction can
be achieved by synchronizing the motion of neighboring
atoms. This requires squeezing the collective vibrational
modes of the array, which is an inherent many-body op-
eration.

Here, we demonstrate how many-body squeezed mo-
tional states can be realized in a one-dimensional chain
of trapped atoms via stroboscopic Rydberg dressing [37—
40]. A Bloch-Messiah decomposition [41] of the strobo-

scopic time-evolution operator yields closed-form expres-
sions for the motional state of arbitrarily long chains.
For experimentally feasible parameters, we demonstrate
that the variance, averaged over all nearest-neighbor dis-
tances, can be reduced down to 19% of the ground-state
value. Moreover, we show that by exploiting the non-
quadratic nature of the Rydberg interaction potential,
the generation of non-classical motional states [35, 40,
42-44] with a Wigner negativity of 0.109 is possible.

Model — We consider a chain of N two-level atoms
with mass mgy and mean spacing ag. The internal states
are an electronic ground state |}) and a Rydberg state
I1) [Fig. 1(a)]. We consider that both electronic states
are trapped with the same trapping frequency w [19, 45,
46]. When two neighboring atoms are simultaneously
excited to the state |1), they interact via the van der
Waals potential V (r) = Cg/rS. This is a mechanism that
couples electronic and motional degrees of freedom. In
the following, we restrict ourselves to the consideration
of nearest-neighbor interactions [1, 2]. This is justified
by the rapid 1/r% decay of the van der Waals potential,
which suppresses next-nearest-neighbor contributions by
a factor of (ag/2ag)® = 1/64. The Hamiltonian reads
(h=1)

N N-1
HQ = W Z a;r.aj + Z V(CLQ —|— $j+1 — xj)njnj+1. (1)
7j=1 j=1

Here n; = |T)(T|j is the projector onto the Rydberg state
of the j-th atom, and each trapping potential is modeled
as a one-dimensional harmonic oscillator with ladder op-
erators a; and a}, describing the atomic motion along the
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FIG. 1. Stroboscopic Rydberg dressing for generating squeezed motional states. (a) Level scheme of the atom’s

electronic states: ground state ||) (blue) and Rydberg state |1) (red), coupled by a laser with Rabi frequency Q. Neighboring
atoms simultaneously in [1) interact via the van der Waals potential V' (r). (b) The stroboscopic dressing protocol proceeds in
periodic cycles of duration T', repeated up to 207" as shown. Each cycle consists of free evolution of duration 71, a resonant
m-pulse of duration s and Rabi frequency 2 that transfers all atoms to [1), an interaction interval of duration 75 during which
atoms in [1) interact via V(r) and develop motional correlations, and a second w-pulse returning all atoms to |}). (¢) Schematic
time evolution of two neighboring atoms confined in optical traps with equilibrium spacing ao and displacements x; from their
respective equilibrium positions. Grey shading indicates the single-atom position variance of each atom. After multiple dressing
cycles, the atoms’ motions become correlated, reducing the fluctuations of the interatomic distance §;+1 = ;41 — x; below
the ground-state level (squeezed interatomic distance, right). (d) Probability distribution of the interatomic distance 23 at
t = 0 (motional ground state, broad) and after m = 20 dressing cycles (narrow), demonstrating the reduction of distance

fluctuations. Results are calculated from Egs. (EM5) and (EMG6)

chain axis. The displacement of atom j from its equilib-
rium position is z; = wzo(a; + a}), with the harmonic
oscillator length zg = 1/v/2mow.

We laser-excite the atoms with a stroboscopic pulse
sequence, shown in Fig. 1(b). It starts from the product
ground state [¥(0)) = |{,0)*" and proceeds in repeated
cycles of duration T. The time evolution operator for m
cycles is given by

U(mT) = (e—is(HL+H0) eimHo gy e—iﬁHg) . (©

™

and to be read from right to left: each cycle starts with
free evolution under the Hamiltonian Hy [Eq. (1)] for
time 7y, followed by a resonant w-pulse U, of duration s
that—assuming it is sufficiently strong—simultaneously
excites all atoms to [1). This short pulse is followed by
an interval of length 79 in which the atoms are in the
Rydberg state and the evolution is governed by Hy. Fi-
nally, a second m-pulse returns all atoms to |[{). The laser
Hamiltonian

N

(100l e 4 K )

Jj=1

Hy = (3)

generates the m-pulses. Here, k is the laser wave vec-
tor projected along the chain axis, and the Lamb-Dicke
parameter n = ko quantifies the photon-recoil-induced

for N =5 atoms using the parameters of Eq. (EM1).

motional excitation [27, 47, 48]. We consider the Rydberg
interaction interval 75 to be orders of magnitude shorter
than the typical Rydberg state lifetime of ~50ns, such
that spontaneous emission during each dressing cycle is
negligible [24, 49, 50].

Analytical treatment — To enable an analytical treat-
ment, we work in the limit of fast and strong w-pulses,
QN =7/s>w,V(r), in which Hy can be neglected dur-
ing the pulses. This simplifies the operator describing
the m-pulses to U, = e~ **Hr. Within this limit, the ap-
plication of U, immediately switches all atoms between
the electronic ground state and the Rydberg state. This
approximation guarantees that all atoms remain in the
electronic ground state at integer multiples of T. Its
validity—quantified by the residual Rydberg population
at stroboscopic times—improves with decreasing s, as we
validate in the End Matter. The time-evolution operator
U(mT) therefore acts solely on the motional degrees of
freedom.

During the Rydberg interaction phase 7o, all atoms
simultaneously occupy the Rydberg state and experi-
ence mutual repulsion, which couples the motion of
neighboring atoms, [Fig. 1(c)]. This coupling trans-
forms the motional eigenmodes of the chain from lo-
cal single-atom vibrations into collective normal modes,
which can be written as by, = 37, Qxja;, ie., linear
combinations of the single-atom modes a; with trans-
formation matrix elements Qi; = 1/vN and Qy; =



V/2/N cos{(j —1)(k — §)m/N} for 2 < j < N. While b
describes the center-of-mass motion of the entire chain,
all higher modes by with k > 2 capture relative motion
between atoms and thus directly govern the interatomic
distances. To obtain closed-form expressions for the dy-
namics of these modes, we expand the van der Waals po-
tential to second order around the equilibrium distance
ap, yielding V(r) =~ Vo + Vi (r — ap) + %Vg (r — ap)?,
where Vo = V(ag), Vi = OV/0r|a,, and Vo = 82V/0r?|,,
are the value, gradient, and curvature of the poten-
tial at equilibrium. This approximation is controlled by
xo/ap; higher-order corrections are suppressed by succes-
sive powers of xg/ag and are explored later on. Within
this quadratic approximation, a Bloch-Messiah decom-
position of U(mT) in the basis of the normal modes by
yields a physically transparent structure: the protocol
independently squeezes, displaces, and rotates each nor-
mal mode and, up to a global phase, the time evolution
operator can be written as

N
UmMT) = [ ] Sk(Zk)Dr(Je)Ri(Br)- (4)
k=1

Here, Sp(Zy) = exp{Z:b? — Z(b0)2}, Dp(hy) =
exp{kaz — Jib}, and Ry(Bk) = exp{iﬁkblbk} are the
single-mode squeezing, displacement, and rotation oper-
ators. The vibrational modes hence undergo Gaussian
dynamics and all parameters Zy, Ji, Bx are known in
closed form, see End Matter. This result holds for chains
of arbitrary length N.

The displacement Dy(Ji) of relative modes k > 2 de-
pends on the potential gradient V7, which imprints a force
between atoms. The center-of-mass displacement J; is
independent of V. It arises solely due to momentum
transfer of the photon recoil during the m-pulses, quanti-
fied by the Lamb-Dicke parameter 7.

Squeezing Si(Zk) of relative modes [Fig. 1(d)] origi-
nates from the interaction potential curvature V5, which
modifies the relative motional mode trap frequencies.
During stroboscopic dressing, the system alternates be-
tween free evolution (duration 71) at the bare frequency
w and an interaction phase (duration 72). This in-
teraction shifts each relative mode to an effective fre-
quency @i = y/w? + 2 gz Vow, where the geometric fac-
tor A\, = 4sin?{(k — 1)7/2N} encodes the mode index
and chain length. This periodic alternation between fre-
quencies acts as a parametric modulation that squeezes
every relative mode (Zy # 0); if Vo = 0, squeezing van-
ishes. Analogous to single-atom squeezing via trap fre-
quency modulation [36], this mechanism drives collective
normal modes and creates correlations between atoms.

Many-body motional squeezing — Having a closed-form
expression for the time evolution of the motional state,
our goal is now to engineer the stroboscopic dressing such
that quantum fluctuations of the interatomic distances
0jj+1 = Tj41 — x; are reduced below their ground-state
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FIG. 2. Build-up of positional correlations and dy-
namics of interatomic distances. (a) - (d) Positional co-
variance matrix Cjk/xg after m = 0,10,20 and 30 dressing
cycles. Starting from the motional ground state, which ex-
hibits no interatomic correlations (a), the protocol generates
positional correlations between neighboring atoms (b), (c).
At m = 20 (c), reduced diagonal elements (single-atom vari-
ances) and increased off-diagonal elements (inter-atom corre-
lations) combine to yield significant squeezing of the inter-
atomic distances. As the sequence continues (d), variances
grow again while correlations persist. (e), (f) Mean inter-
atomic distance (8)/xo (solid lines) of a chain of N = 5
atoms, with shading indicating one standard deviation about
the mean versus dressing cycle m for (e) outer atom pairs
(812, da5) and (f) inner atom pairs (d23, d34). Outer atoms os-
cillate with a larger amplitude due to asymmetric boundary
forces, while inner atoms remain closer to their equilibrium
position. The choice wT 2 7 keeps the mean displacement
bounded, see Supplemental Material [51]. In all panels, we
use Eqs. (EM5), (EM6), and the parameters from Eq. (EM1),
which were optimized to minimize the variance of the inter-
atomic distances after m = 20 dressing cycles.

value [Fig. 1(d)]. To quantify these fluctuations we use
the variance

Var(dj,j+1) = Var(z;11) + Var(z;) —2Cj 1. (5)

Here, C; = (xjxr) — (x;)(zk) is the covariance matrix
which describes correlations between atoms, where the
diagonal elements Var(z;) = C;; represent the individ-
ual variances. Equation (5) shows two complementary
mechanisms to reduce interatomic distance uncertainty:
(i) squeezing the individual atomic positions to minimize
Var(z;), and (ii) correlating the motion of neighboring
atoms to achieve C; ;11 > 0, meaning that the atoms’
motion synchronizes. Single-atom squeezing, which was
recently demonstrated in [36], exploits solely the first
mechanism. We show now that the pulsed excitation of
Rydberg states additionally synchronizes the atomic po-
sitions, exploiting both mechanisms simultaneously. The
build-up of positive motional correlations constitutes
a many-body effect, enabling a further suppression of
distance uncertainty beyond what single-atom squeezing
could achieve.

Figure 2 illustrates the build-up of positional correlations
and the dynamics of interatomic distances for a chain



with N = 5 atoms. Starting from the motional ground
state, which exhibits no interatomic correlations (a),
stroboscopic dressing progressively generates positive
off-diagonal entries in the covariance matrix C; (b),(c)
while simultaneously reducing the diagonal entries
(single-atom variances). For the chosen parameters
from Eq. (EM1), after m = 20 cycles (c), strongly
reduced diagonal elements and large off-diagonal el-
ements combine to yield significant squeezing of the
interatomic distances. Here, the variance, averaged over
all nearest-neighbor distances, is approximately 19% of
the initial ground-state value [see Eq. (5)]. Notably,
the build-up of interatomic correlations accounts for a
substantial portion of this effect: the covariance term
—2C; j+1 alone lowers the averaged variance by an
additional 28% of the ground-state value, highlighting
the significant advantage of establishing interatomic
correlations over single-atom squeezing [36]. As the
sequence continues, the single-atom variances grow again
while the positional correlations persist (d). In panels
(e) and (f), outer atom pairs (412, d45) exhibit larger
mean displacement amplitudes than inner atom pairs
(623, 034), since inner atoms experience counteracting
nearest-neighbor restoring forces from both sides.

Non-classical states — The analytical results derived
via the Bloch-Messiah decomposition in the previous
discussion rely on the expansion of the interaction poten-
tial V(r) around the equilibrium interatomic distances.
In the following, we demonstrate that higher-order
terms break the Gaussianity of the evolution and how
this can be leveraged to generate non-classical states.
As previously noted, the quadratic approximation is
valid when zo/ap <« 1. To explore the boundaries
of our analytical model, we compare the system’s
dynamics under the approximated quadratic potential
with those under the exact van der Waals potential. As
an indicator, we use the Wigner function W(d12,v12)
of the relative coordinate di2 and relative velocity
vi2 = vp — vy for N = 2 atoms after m = 2 dressing
cycles. Here, the single-atom velocities are represented
by v; = ivo(a; — aj), where vg = wxo denotes the
characteristic ground-state velocity.

For z/ap = 0.009 [Eq. (EM1)], the atomic wave func-
tion is well localized compared to ag, and the quadratic
approximation is excellent. As seen in Fig. 3, the incor-
poration of higher order terms does not alter the result,
making the Wigner functions in (a) and (b) indistin-
guishable, both showing the squeezed state predicted
by the Bloch-Messiah decomposition. This confirms
that the analytical framework of the previous section
faithfully captures the full dynamics in this regime.
The situation changes qualitatively for xzg/ag =~ 0.057
[Eq. (EM2)], where the wave function is so wide that it
is also sensitive to changes in the potential’s curvature.
While the quadratic model still predicts a Gaussian
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FIG. 3. Non-classical motional states. Wigner functions
W (912, v12) of the relative coordinate §12 and relative velocity
vi2 for N = 2 atoms after m = 2 dressing cycles, computed
using the second-order Taylor expansion of the interaction po-
tential (left column) and the exact van der Waals potential
(right column). (a), (b) For parameters from Eq. (EM1) with
zo/ao = 0.009, the harmonic approximation faithfully repro-
duces the exact result: both Wigner functions are Gaussian
and squeezed. (c), (d) For parameters from Eq. (EM2) with
xo/ao =~ 0.057, the harmonic approximation yields a Gaus-
sian squeezed state (c), but the exact dynamics produces a
strongly non-Gaussian distribution with pronounced negative
regions, indicated with blue in (d), signaling genuine quan-
tum non-classicality induced by higher-order terms of the van
der Waals potential.

squeezed state (c), the exact dynamics generates a
Wigner function with pronounced negative regions (d),
reaching a Wigner negativity of W_ = 0.109. This is an
unambiguous signature of quantum non-classicality [52],
which reveals that the higher-order contributions of
the van der Waals interaction, often treated as a mere
correction, act as a resource for generating non-classical
motional states.

Discussion and outlook — The protocol is well within
reach of current experiments. Both parameter sets
[Egs. (EM1) and (EM2)] employ 8"Rb atoms in optical
tweezer arrays. Established sideband-cooling techniques
prepare the required initial state [{, 0)®N, with near-
unity ground-state fidelity recently demonstrated [25].
A fundamental requirement of our analytical framework
is that the laser drive constitutes by far the largest energy
scale in the system (2 > w,V(r)). With Rabi frequen-
cies of several hundreds of megahertz, this is satisfied for
both configurations. Furthermore, these driving frequen-
cies remain smaller than the energy separation to adja-
cent Rydberg levels, see End Matter. This large detuning
effectively suppresses unwanted transitions and justifies



our approximation of a strict two-level system.
Parameter set Eq. (EM1) assumes a spacing of ag =
2.7um and a trap frequency w = 27 x 100kHz —
values achievable in optical tweezer arrays [36]. The
non-classical regime [Eq. (EM2)] requires a smaller in-
teratomic spacing ap = 1pm, corresponding to tighter
traps already accessible with state-of-the-art setups [40].
For these configurations, ten dressing cycles complete
in ~ 50ps (T = 4.98ns) and ~ 300ps (T = 30ps),
respectively — well within atomic coherence times of
several milliseconds. Furthermore, the impact of an-
harmonic tweezer potentials is analyzed in the Supple-
mental Material [51]: for current standard optical tweez-
ers, the Wigner function experiences shearing and non-
Gaussian deformations. While realizing purely Gaussian,
strongly squeezed states will require improved trap har-
monicity, this inherent anharmonicity is not strictly a
limitation. Instead, it can be actively leveraged as a re-
source for generating genuine non-classical many-body
motional states [53].

Looking ahead, our findings suggest several immediate
technological applications:

(i) Motional decoherence currently limits the fidelity
of distance-sensitive operations, such as Rydberg interac-
tion gates [2, 27, 54]. Integrating the squeezing protocol
could improve gate performance by mitigating positional
uncertainty during the gate operation.

(ii) Our protocol could directly enhance the perfor-
mance of cooperative atom-light interfaces that exhibit
sub- and superradiance [55-57]. In these systems, posi-
tional uncertainty worsens the delicate interference mech-
anisms necessary for collective emission, leading to a
broadened linewidth. Utilizing the proposed squeezing
approach to suppress interatomic distance fluctuations
would mitigate this decoherence.

(iii) The engineered reduction of distance fluctuations
directly translates to a narrowed linewidth of distance-
dependent spectral features. Squeezed motional states
could thus act as a resource for high-precision measure-
ments [58, 59] of Rydberg interaction coefficients and fun-
damental atomic properties.

(iv) The facilitated excitation of Rydberg atoms (anti-
blockade) is rather sensitive to the interatomic distances
of neighboring atoms [60, 61]. Therefore, the proposed
motional squeezing could stabilize these dynamics.

Data Awvailability — Data and code corresponding to
this manuscript are publicly available [62].
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End Matter

Experimental parameter sets

For the investigation in the main text, we use the ex-
perimental parameters
ap = 2.7pm, w = 27 x 100kHz (z¢ ~ 24.1 nm),
Cs = 4.11 GHzpm®, n = 0.121, 7 = 890 ns,
T =4.98ps, s = 5ns (2 =7 x 200 MHz).

(EM1)

Here, the van der Waals coefficient Cg corresponds to
8TRb atoms excited to the state [45S). The pairstate
|4585,45S5) exhibits an energy separation of 3.5GHz ~
5.6 to the nearest relevant pairstate [44P,45P). For
this configuration, the localization parameter is zo/ag ~
0.009.

Additionally, we use a second parameter set

ap = 1pm, w = 27 x 18kHz (z¢ ~ 56.8 nm),
Ce = 87 MHzpm®, n = 0.286, 75 = 20 ns,
T =30ps, s=1ns(2 == x 1 GHz).

(EM2)

In this case, Cg corresponds to the state [35S) of 87Rb.
The energy separation of the pairstate |355,35S5) to the
next relevant pairstate [34P,35P) is 9.15 GHz ~ 2.9Q.
The localization parameter is zo/ag = 0.057.

For both parameter sets, the Lamb-Dicke parameter n
is calculated assuming a two-photon excitation scheme
with typical wavelengths of A\; = 780nm and Ay =
480 nm, resulting in an effective laser wave vector k =
21(1/A2 — 1/A1). The Cg coefficients and all respective
level spacings were computed using the pairinteraction
software [63].

Validity of the fast pulse approximation

The analytical treatment in the main text relies on the
fast-pulse approximation, in which the free Hamiltonian
Hj is neglected during the mw-pulses, simplifying U, =
emis(HutHo) oy e—isHL A quantitative measure of the
approximation quality is the residual Rydberg excitation

(nrya) = D_;{n;) at stroboscopic times ¢ = mT', which
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FIG. EM1. Residual Rydberg excitation (nryq) at stro-
boscopic times for N = 2 atoms. (a) (ngryq) versus cycle
number m for different control parameters sV. (b) (nrya)
as a function of sV for m = 1 and m = 20 [see markers in
(a)]. The clean  (sV)? scaling confirms that the fast-pulse
approximation is controlled by the control parameter sV, and
breaks down when the Rydberg interaction energy V' becomes
comparable to the Rabi frequency = w/s. All panels use
the parameters from Eq. (EM1).

vanishes identically for perfect m-pulses but acquires a
finite value when Hj is retained during the pulse.

To assess this quantitatively for finite but small s,
where the laser drive Q@ = 7/s > w,V(r) remains the
dominant energy scale, we employ time-dependent per-
turbation theory to obtain

1
U, = tsHL <1 - is/ dre'™sH e~ sHL 0(52)).
0

The leading correction to U, is proportional to sHj.
Since the Rydberg interaction V' is by far the largest en-
ergy scale in the free Hamiltonian (V' > w) for both
parameter sets from Egs. (EM1) and (EM2), we can
extract it to define a dimensionless control parameter
sV. Consequently, at any stroboscopic time ¢t = mT,
the state of the system acquires a correction that is
linear in this parameter: |[U(mT)) = |¥igear(mT)) +
sV |6W)+0((sV)?). Because the ideal stroboscopic pulse
sequence returns all atoms perfectly to the electronic
ground state, it follows that n; |Wigea(mT')) = 0. There-
fore, the residual Rydberg population becomes (nryq) =
(sV)2 (5] 3, my |5%) + O((sV)?).

Figure EM1 validates this (sV)? scaling numerically.
Panel (a) shows (ngrya) as a function of the cycle number
m for different values of the control parameter sV. While
the accumulated error expectedly grows with the number
of dressing cycles, it remains highly suppressed for small
values of sV. Panel (b) makes the underlying scaling
explicit, plotting (nryq) directly against sV. The clean
(sV)? collapse of the residual excitation for m = 1 and
m = 20 confirms that the fast-pulse approximation is
well-controlled as long as sV < 1, which is equivalent to
Q>V.

Closed form expression of the time evolution
operator

Within the limits discussed in the main text, the time
evolution operator U(mT) can be expressed in closed

form [Eq. (4)]. An exhaustive derivation can be found
in the Supplemental Material [51]. The parameters are

Zl = Oa

Jy = \/Nm(e—iﬁw _ 1)&

e—wTl _ 1"

/61 = _mWTa

for the center-of-mass mode b; and
. Bruy
Zy, = arcsinh(U,,,—1(sk)|B elon

Ji = {\/1 + U2 (s) | Bu[ e (§kW7(f) - Wﬁh)

u .
_ |Bk|2U7n_1(3k)W(k)kel¢k:| Gy,

u ~
+ Bk |:U’m—1(5k)uz| (ska(yf:) - W,,(:Zl)

RSN et I3

Br = arg(ur),
up = Upm—1(81)8k — Up—2(s%),

m—1
Wi =" Uilsi),
=0

Sk = Re(ék)7

S = Ak€7i¢k,

or = wT + (0, — )72,
.%'()V

= 2@: (Qnk — Quk)
% <e2m@k 1 g(e*iﬁ@k _ 1>2>’

Wr
2

A =1+ 1 (1 — 62”2‘7”‘) 7(5% —w)
2 Qw(bk ’

~2 2
By, = (1 _ e—zirzak) W —w
4w&)k

Op = \/w? + 2 g2 Vow,

for all relative modes by, with k > 2. We use the Cheby-
shev polynomials of the second kind U, which are defined
by the recurrence relation

U,Q(JZ‘) = —17
U_1(:E) = O7

Ui(z) = 22Ui_1(x) — Uj_a(x) VI € No.



With these expressions, the positional covariances be-
tween the j-th and k-th atoms are given by

N
Cix= JJ%ZQ;’[@M\QHz, (EM3)
=1

where we defined

u .
Q=14+ U2_,(s)|B.f - U2 (s0)Bie.

The expectation values of the atomic positions take the
form

N
(x;) =220 > QRe(Qf ). (EM4)
=1

Using Egs. (EM3) and (EM4), we can determine the vari-
ances

N
Var(3;s) = 23 3 (Q1 — Qu)?|u|? (EM5)
=2

and expectation values

(6k) = 220 Y _(Qr — Q1) Re(2} 1) (EM6)
=2

of the interatomic distances d;, thereby fully character-
izing their Gaussian probability distributions.
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Derivation of the time evolution operator U/(mT’) at stroboscopic times

The following derivation yields an intuitive, closed-form expression for the time evolution operator U(mT'). It
describes the evolution of the system during m dressing cycles of the stroboscopic dressing protocol, which is illustrated
in Figs. 1(b) and (c) in the main text. Each dressing cycle is decomposed into four phases. During the first one of
duration 71, the system evolves freely under the Rydberg Hamiltonian (A = 1)

N N—-1
v
Hy=wY alaj+ Y njnj <Vo +Vi(zjr —a5) + 32(%'“ - xj)2>7 (S1)
j=1 j=1

where w is the trapping frequency of the optical tweezers with the ladder operators a; and a}, describing the quantized
motion of the atoms along the chain axis. The Rydberg interaction potential is assumed to be a van der Waals potential
V(r) = Cg/r%, where r is the interatomic distance of two atoms. Employing a second-order Taylor expansion leads
to the Rydberg interaction term in Eq. S1. The potential is parameterized by its interaction strength Vy = Cg/a,
gradient V; = 7606(18, and curvature Vo = 42Cs/ ag, evaluated at the equilibrium distance ag between neighboring
atoms. Since n; = [T)1] ; is the projector onto the Rydberg state of the j-th atom, this term only contributes if two
neighboring atoms are excited to the Rydberg state. The operator

zj = xo (aj + a}) = %(aj + a;) (52)

describes the displacement of the j-th atom out of its equilibrium position, where mg denotes the atomic mass.
During the second phase of duration s, the system is driven by a laser with Rabi frequency Q = m/s, corresponding
to a resonant m-pulse, which couples the ground state ||) to the Rydberg state |1). This leads to the additional laser
Hamiltonian

N
Hy, = oS (1 e [ e ) (83)

j=1

where « is the projection of the wave vector onto the chain axis. We consider the limit of strong laser pulses, such
that 7/s = Q > w, Vo, z0V1,23Vz is by orders of magnitude the largest energy scale in the system, and pulses can
break the Rydberg blockade. Thus, during the laser pulses, we can neglect the Rydberg Hamiltonian Hj and only
consider the evolution of the system under the laser Hamiltonian Hy,, see End Matter. After the first w-pulse was
applied, the laser is switched off again. The system then evolves freely under the Rydberg Hamiltonian Hy for a time
T9, before a second 7-pulse of duration s is applied, completing the dressing cycle. Consequently, the time evolution
operator for one dressing cycle reads

u(T) — e*iSHL efiTzHQefiSHLefiT] HO. (84)
Ux
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The time evolution operator of a single m-pulse can be simplified to

N N
T —IRT 1K . —iRT; IRT
Un = exp § =i 3 (1T, €755 4 [, e ) & = (=) T (1AL, 7 + 10, ). (85)
J=1 j=1
By utilizing that U, is unitary, the time evolution operator U(T') can be written as
U(T) _ uﬂ uﬂuT 6—1'7'2H0uﬂ_€—7l7'1H0 —_ uQ e—iTgbl;HoUﬂe—iTlHo. (86)
\Nfg \\f/
=1 :(—1)N

We define the Lamb-Dicke parameter 7 = kzo and the projector P; = [[)({[; onto the ground state |]); of the j-

th atom. The relation Z/{;Lnjuﬁ = P, shows that the stroboscopic dressing protocol maps the interactions between
atoms in the Rydberg states to effective interactions between ground-state atoms. Using this identity together with
UlaUz = aj —in(nj — P;), we obtain

N

U(T) = (—I)Nexp —iTQ wZ(a}aj + Z?](n] — ’Pj)(aj — a;) + 772)
j=1
N—1 v
+ > PiPin (Vo + V(@i — ;) + 72(%‘+1 - xj)2> (ST7)
j=1
N N—-1 v
~exp { —iTy wZa;aj + Z NiNj41 (Vo +Vi(xjp1 — ) + ?2(33]-+1 _ xj)2>
j=1 j=1

All atoms are initialized in the electronic ground state, i.e. |¥(0)) = [1)®" @ [Wpotion(0)). Since the operators in
the exponents of U(T) are diagonal in the electronic basis, the system never leaves the electronic ground state at
stroboscopic times. Therefore, we can project the dynamics onto this subspace by replacing the projectors with their
respective eigenvalues, i.e. n; — 0 and P; — 1. This leads to

N

U(T) = (—1)N e N N =DV oy & iy |3 (afa; — in(a; —a))
j=1
- N (S8)
— 1% .
+ <V1(Ij+1 — ;) + 72(%% - 1“1‘)2> exp § —imw Y ala
j=1 =1

Due to the finite curvature of the Rydberg interaction potential, the time evolution operator contains mixed-mode
terms x;412; that couple adjacent sites. To diagonalize the quadratic term of the exponential and further simplify
U(T), we introduce the normal modes of the system, given by

N
by = Qujar, (S9)
k=1
with the transformation matrix elements
Tlﬁ for j =1,
e . _1)x S10
@i ,/ﬁcos(wg\];Q)) for 2 <j < N. (510)

Since the transformation matrix @ is orthogonal, the new operators satisfy the bosonic commutation relations [b;, bz] =
9,5 and [bj, by] = [b} bz] = 0. The mode b; = 25:1 ax/V' N is the center-of-mass mode of the system, while all other
modes b; with j > 1 describe the relative motion of the atoms. Inserting the normal modes into the time evolution
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operator U(T') for a single dressing cycle, and raising it to the power of m, we obtain the time evolution operator for
m dressing cycles, given by

U(mT) = (_1)mNefim7'2(an2+(N71)(V0+-T3V2)) <exp{—i7’2w [b]ibl — i\/Nn (b1 - b})} } exp{—ilebJ{bl})m

N
. Moz V
. H <6Xp{—27'2 [(w + )\k.%'(Q)VQ)bLb]g + zoV1 (QNk — Qlk) (bz + bk) + % (bz2 + bi>:| }
k=2
m (S11)
. eXp{—ileLbk}>
N
= H Z/{k(mT),
k=1
where we defined
. k—1
A\ = 4sin? <(2N)7T> (S12)

The time evolution operator factorizes into a product over all N normal modes of the system, indicating that they
decouple and evolve independently. Since the operators Uy (mT') are Gaussian, meaning that they contain at most
quadratic bosonic operators in their exponents, we can proceed by applying a Bloch-Messiah decomposition [41] to
each mode separately. Specifically, this allows us to express the time evolution operator as an ordered sequence of
fundamental Gaussian unitaries

Up(mT) = Sp.(Z) Di(Ji) R (Br)e™, (S13)

zZF . X . .
where S,(Zy) = e%bi_%bzg, Di(Jx) = eIRbi=Jibe and Ri(Br) = eBrbibe denote the squeezing, displacement and
rotation operators respectively. To calculate the parameters Zy, Ji, Bk, and 73 for each mode, we exploit the algebraic
structure determined by the operators {1, by, bz, bz, bf, bzbk}. Therefore, we define the six matrices

0001 00 —-10 0-10 0

0000 1 (oo 0 1 1 1o 0 0 0
MI_OOOO’M’J_E 0000’Mb*_7000—1’

0000 00 0 0 000 0

) (S14)

00 0 0 0000 0001

00 -20 0000 0-10 0
Me=160 0 0] M2=|g200]| Mw=|0 01 0|

00 0 0 0000 0000

which satisfy the same commutation relations as the corresponding bosonic operators, forming a faithful finite-
dimensional matrix representation of the algebra. The Bloch-Messiah decomposition can be performed using the
Baker-Campbell-Hausdorff (BCH) formula, which relies exclusively on the commutation relations among the involved
operators. Therefore, the decomposition is entirely governed by the structure of the underlying Lie algebra. Since the
matrices and the corresponding bosonic operators are two representations of the same Lie algebra, the time evolution
matrix can be decomposed in the same way as the original bosonic operator. Consequently, we can replace the oper-
ators with their corresponding matrices, compute the matrix exponentials, and equate the result to the target matrix
representing the operator Sy (Zx) Dy (Jx)Ri(Br)e?’ . By solving the resulting system of equations, we can calculate all
parameters of interest. Up to a global phase that does not affect any expectation values, the time evolution operator
is given by

N
UmMT) = [ Sk(Ze)Dr(Je)Ri(Br), (S15)
k=1
with the parameters
Zl = 07
J1 = VNin(e™™ — 1)& (S16)
efsz —1 ?

B1 = —mwT,
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for the center-of-mass mode b; and

Byuy, P
| Brug|

i = [\/1+U2 (s1)| B 2e (:;kwgp fW,Sj“L) — Bl U1 (si) W)

= arcsinh(Um_l(sk)|Bk|)

“’fezm} G
|k

u ~ .
+ By, [Uml(Sk)W;(SkW#{Q) 7WT§;€21) \/1+ _1(sk)| B W(k)]

Br = arg(ur),
Up = Upm—1(5k)5k — Un—2(s1),
W =" Ui(sk),
si = Re(3g), (S17)

z —1
sk—Ake ¢k,

or = wT + (0 — w)To,

V; irai - 2
Gy = :z;o - (QNk - Qlk)( “wman 2 (6_”2“”“ - 1) >,
Wk
1 i\ (P — w)?
A — 1 - (1 _ QzTka) NN
k + 2 € 2WWg

~2 2

Bk — <1 _ 6—27;7'25)k)u
4&1(:%

O = \/w? + 222 Vow,

for all relative modes by where k is a natural number between 2 and N. We used the Chebyshev polynomials of the
second kind U;, which are defined by the recurrence relation

U,Q(ac) = 71,
U_1(z) =0, (S18)
Ui(z) = 22U;—1(x) — Uj—2(x) VI € Ng.

Variances, covariances and expectation values of the interatomic distances

To quantify the motional squeezing discussed in the main text, we derive in this section the explicit analytical
expressions for the variances, covariances, and expectation values of the interatomic distances. We assume the system
to be initialized in the electronic and motional ground state |¥(0)) = ||, 0)®". Consequently, after m dressing cycles,
the system (up to a global phase that does not affect any expectation values) evolves to

|U(mT)) = U(mT) [¥(0)) = [1)*" HSk Zi)Di(Jx) [0) - (S19)
k=1

By utilizing the transformations S,i (1% )by Sy (1% ) = cosh(ry, )by, — sinh(ry,)e? b}; and D,];(Jk)kak(Jk) =by + Ji
of the annihilation operator by under the squeezing and displacement operators, we can calculate the expectation
values of arbitrary bosonic operators. The positional covariances between two atoms are given by

N
Cin = (wjae) — (@) (me) = 28 > QuQui|Ul, (S20)
=1

where we defined

Ql \/1+ m l(sl |Bl| ‘Ul| m l(sl)Ble ¢l (821)
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The expectation values of the atomic positions are given by

N
() =220 Y QjiRe(Q ). (S22)
=1

Using Eqgs. S20 and S22, we can determine the variances

N
Var(éjk) = Var(zj) +Var(sck) - QCj’k = CL’g Z(Qﬂ - le)z‘ﬂlﬁ (823)
. =2
and expectation values
N
(65) = (k) — (2;) = 220 Y _(Qr — Q1) Re(2} J1) (524)
1=2

of the interatomic distances 0, = x), —x;, thereby fully characterizing their Gaussian probability distributions. These
analytical expressions form the basis of the motional dynamics of the system, presented in Fig. 2 of the main text.

Periodicities and protocol stability

For the stroboscopic dressing protocol to remain stable over many dressing cycles, the atoms must stay within
their trapping potentials, requiring their individual mean displacements (z;) to be tightly bound. To understand the
conditions for this stability, shown in Fig. 2 (e) and (f), we need to analyze the periodic behavior of the variances of
the interatomic distances and the expectation values of the individual atomic displacements with respect to the phase
wT. We will show in the following that while the variances are m-periodic in wT', the mean displacements are strictly
2m-periodic.

To demonstrate this, we focus on the phase factor e~ = ¢~ {WT+(@~w)72) aq it contains the sole dependence on the
phase wT in our analytical expressions. Under a shift of wT — wT + 7, it acquires a minus sign, e "% — —e ™%,
which implies §; — —§; and, for its real part, s; — —s;. Using the parity relation U,,(—z) = (—=1)"U,,(z) of the
Chebyshev polynomials, it follows that w; = Up,—1(81)8; — Upn—2(s;) transforms as u; — (—1)™w;. Therefore, € — Q
remains invariant, implying that C; , and Var(d;z) also remain invariant. Thus, they are m-periodic in wT'.

On the other hand, the expectation values (x;) depend linearly on the displacement J;, which includes the sum
Wéf ) = ot o Ui(sk). Since this sum mixes Chebyshev polynomials of both, even and odd degrees, it does not
possess a smlple global parity under w1 — wT + 7. As a result, J; does not return to its initial value under a 7 shift.
A full shift of 27 is required to restore J; — J;, demonstrating that the expectation values (x;) are strictly 2m-periodic
in wT.

Knowing these periodicities allows us to optimize the cycle duration 7', such that the variances Var(d;z) of the
interatomic distances become minimal while the individual atoms stay tightly bound in their traps. Since Var(d;x) is
m-periodic in wT, we first determine T,y by minimizing these variances within the half-period wT € [0, 7). Because
the mean displacements (z;) are strictly 2m-periodic, the choices wTope and wlopy + 7 yield the same minimized
variances but result in different atomic displacements. To prevent atom loss, we evaluate both regimes and select the
cycle duration that minimizes the mean displacements (z,), as seen in Fig. 2 (e) and (f).

Anharmonic tweezer potential

To quantify the impact of trap anharmonicities, we extend the harmonic potential by a quartic perturbation,
following [36]. The corresponding correction to the Hamiltonian Hy reads

N
Hinharm = _% CLJ + (1 (825)

Jj=1

where the parameter € quantifies the anharmonicity of the trapping potential.
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FIG. S1. Impact of anharmonic tweezer potentials on motional squeezing. Wigner functions W (812, v12) of the relative
coordinate d12 and relative velocity vi2 for N = 2 atoms after m = 20 dressing cycles, computed including the anharmonic trap
Hamiltonian from Eq. (S25). (a) For a perfectly harmonic trap (¢ = 0), the motional state is Gaussian and well-described by the
analytical prediction from Eq. (S20). (b)—(d) With increasing anharmonicity €, the Wigner function experiences progressive
shearing and non-Gaussian deformations, leading to the emergence of negative regions (indicated in blue). All panels use the
parameters from Eq. (EM1).

In Fig. S1, we vary € to evaluate the impact of anharmonic tweezer potentials on the motional state. For sufficiently
harmonic traps with e < 1074, the motional state remains Gaussian (a), (b) and can be described by our analytical
model from Eq. (520). However, for increased values of € (c), (d), the Wigner function experiences significant shearing,
and pronounced negative regions emerge [35]. Current standard optical tweezers typically exhibit anharmonicities
on the order of € = 1073 [36]. While realizing purely Gaussian, strongly squeezed states will require improved trap
harmonicity, this inherent anharmonicity is not strictly a limitation. Instead, it can be actively leveraged as a resource
for generating genuine non-classical many-body motional states [53].
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