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Preface

Earlier this past year, I was in a tiny little countryside village close to my tiny little hometown
in Italy. Friends of friends were there, people I never met before, and who live lives that
are far outside of my current academic bubble (a kind of life that I have lived as well, as a
first generation academic). They started talking about Al-powered chatbots, and how they
seemed to be more or less of an expert in their field; they worked as doctors, developers,
teachers and more. Some of them loved it, some of them found it stupid, the majority only

liked it for certain tasks. All of them were extremely familiar with it.

What I brought back to the tiny little German town where I now live was a sense of
astonishment at how quickly things have evolved during my PhD years. Even if I had been
well-aware that large language models were becoming widespread in our current society,
this conversation made the awareness very concrete. What struck me was how natural and
comfortable everyone seemed to be in using and talking about this tool, which I have for a
long time only associated with data science labs and academia. I imagine that hearing the

idiom “I googled that” entering everyday speech must have felt somewhat similar.

Machine learning has been in a frenetic state for many years, long before diffusion and GPT
models. It was in this climate that I completed my studies, chose to pursue a PhD, and
had to decide which line of research to follow. The pace has not slowed since. Fortunately,
messy empirical fields are a great opportunity for researchers with a taste for theory to try
to bring some order.

Still, it would be untrue, and perhaps even presumptuous, to say that I was drawn to
study what is in these pages purely out of perceived necessity. In fact, past and current
observations of how the world has reacted to the introduction of Al to the public have led
me to ask different, more socio-technical questions. While I aim to return to these questions
in my future work, I look back at my research efforts in a more fundamental and theoretical

area as steps needed to build my own scientific foundations.

However, just as much, if not more, I arrived at these topics because of my obsessive and
stubborn nature. An obsession with order and structure originally pulled me toward
mathematics; stubbornness kept me in the uncertain and competitive academic world even
when my research did not seem to catch the attention of the less theoretically inclined
machine learning scientists. And, of course, finding a community of empathetic and curious

people made a journey with many downs and rare ups far more enjoyable.



ii PREFACE

I had the fortune to start looking for a PhD position right when Bob Williamson moved
to the University of Tiibingen. Bob, I am grateful for your consistent support every time I
asked for it, and sometimes even when I did not. I deeply appreciate how your supervision
helped me grow as a scientist and as a person, and how you have been available for feedback
even through hard times. As you once very humbly stated at a group retreat, you also did a
great job hiring people for the FMLS group. Thanks to Armando, Ben, Charlotte, Chris,
Mina, Nan, Rabanus, Raphael and Wenkai, who made every group activity (research- or

beer-related) fun and engaging, and the work environment feel like a safe space.

I would also like to thank Dan Zhang for supporting me during the first year of my PhD and
for always being concerned about my well-being, as well as Caterina De Bacco and the whole
PIO group, who continued to offer scientific exchange, mentorship, and very competitive
Tischfufiball tournaments even after my internship ended. I am grateful to the International
Max Planck Research School for Intelligent Systems for their support, and to Ulrike von

Luxburg and Ingo Steinwart for serving on my Thesis Advisory Committee.

I thank all the authors in the reference list for writing interesting work, and, equally
importantly, for bringing me close to achieving my goal of having every letter of the
alphabet represented in the bibliography. Special thanks to Osterreicher and Oyen for
representing O, absent for a long time, and Bob and Raphael for trying to help. Sadly, it
seems to be very hard to find first authors whose surnames start with U and who have done
work I can cite in this thesis. In fact, it seems difficult to find U surnames at all (see Fig. 1).

In case you are embarking on a similar quest: pick your research field carefully.

Lastly, I would like to thank all of my friends, who over the years have been a great source
of support, regardless of where they were or what life brought them. I feel very fortunate
to have so many deep and meaningful connections that withstand the constant flow of
complaints that being a friend of mine entails. While most of them will be addressed
personally, I would like to briefly mention some here. Jack and Nico, thank you for being
such a great refuge: I really cannot overstate how important you have been to me. Thanks
also to the amazing KS45 community, made up of the most beautiful constellation of people
a WG could wish for: Anne, Caio, Kibidi, Lisa, Marti, Nath, Rebbi, and Tobi. Last but not
least, thanks to my parents and siblings: Grazie per tutto il sostegno e per la cieca fiducia,
nonostante spesso sia stata lontana, confusa, ipersensibile e complessivamente difficile da

capire.

Laura Iacovissi
Tiibingen, April 1st 2026



Why is there no 'U' in my PhD bibliography?

First-author surname initial distributions — census populations vs. academic literature

Data sources: US Census Bureau 2010/2020 - EU: Destatis/INSEE/INE/ISTAT/GUS aggregated via Wikidata family-name labels -
China MPS 2020 report (person-weighted, Pinyin transliteration) - Africa: Forebears.io + Wikipedia regional lists (2010-2020) -
Academic (arXiv/PubMed/CrossRef 2018-2024)

All datasets overlaid — census populations (solid) vs. academic first-authors (dashed)

17.5 =

” —e—= US  —e— China === Math
2150 = EU e Afica  —a- ML
<
=1
S 125 -
©
—~
» 100 -
£
5 75-
c
£
S 50 -
o
o~
O 25-
B
00 -

United States

~33

1M people

—

Nat. Sci.
=== Pop. aggregate

=4« Acafl. aggregate

Surname initial

European Union

~447M people

10 -
8-
@ 0 0
£ ° £ £
© © ©
c c 6- c
£ £ £
3 3 3
n 6 - n 0
s s s
ES B B
o
1 7
) | || ] | I
0- l r !I Tll 0- l gl !l
ABCDEFGH | ] KLMNOPQRSTUVWXYZ ABCDEFGH | | KLMNOPQRSTUVWXYZ
Surname initial Surname initial
arXiv Mathematics arXiv ML/ CS
10 -
10 -
g
s
@ 0 0
£ £ £
© © 6 - ©
i< < c c
= 6 = =
3 = 3
@ @ @
P - w—
o o o
R 4 ER B
2 6
0- I I r l L l 0- I | ] l 1 |
ABCDEFGHI | KLMNOPQRSTUVWXYZ ABCDEFGH | ] KLMNOPQRSTUVWXYZ
Surname initial Surname initial
'U' initial frequency — all datasets
Unifi
us - 031% Shsom
eu - 0.47%
China -| 0.02%
rca - I 219%
Pop. Acg. - 0557
ulation — Academic ¥
Math - ﬂo.n%
- I 0.76%
Nat. Sci. -[ 0 0.53%
Acad. Agg. - 10.67%
! ' ! ! ! ! ' ! '
0.0 05 1.0 15 2.0 25 3.0 35 4.0

% of surnames / authors starting with 'U*

10 -

5 -
0-

8-
6 -
4-
2-

0-

China

~1,412M people

| ‘ - uzhl‘
I #2)
A lll ] lLIl! N

ABCDEFGH| ] KLMNOPQRSTUVWXYZ
Surname initial

Natural Sciences
(PubMed+CrossRef)

||“ ‘|| ’| 3
I lI |I A vll

ABCDEFGH | JKLMNOPQRSTUVWXYZ
Surname initial

% of surnames

10 -
6 -
‘ ‘u 19%
| #8/26
: ‘
24
0- | II‘ II ‘ I! hlllll

«Uu
Pop. agg.: 0.95%
Acad. agg.: 0.67%

Africa

~1,400M people

ABCDEFGH | | KLMNOPQRSTUVWXYZ
Surname initial

Annotation card

'U' barely exists as a surname
initial in the world's major
language families.

Chinese (Pinyin):

Near-zero (=0.02%)

No common Chinese surname

starts with U in Pinyin.

US/EU (Latin script):
0.32-0.55%. German: Unger,
Uhl, Ulrich. Polish: Urban.
English: rare.

Africa:

Highest at 2.2%: Igbo names
(Uchenna, Udoh), Hausa
(Umar, Usman), Zulu (Uys).

Academia:
0.6-0.9% — slightly higher than
census but not yet U-heavy.

Rank of 'U' among 26 letters
us -l #3
eu -l #3

China -[i] #2

Africa -] #8

median

Pop. Agg. -. #2
Math -1 #3

Acad. Agg. -

v - #3
Nat. Sci. - #3

#3

0 10 20

Rank of U (1=rarest in that dataset)

111

Figure 1: The data were collected and visualized with the assistance of Claude Sonnet 4.6,
GPT-5.3, and GPT-5-mini. This figure has no scientific validity, as it has not been created for

scientific purposes.
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Abstract

While artificial intelligence (AI) has achieved striking practical success across diverse
applications, the theoretical foundations of many modern methods remain incomplete.
In particular, a rigorous account of how the individual components of an Al system
influence the outcome of its (machine) learning process is yet to be established. These
components are numerous and heterogeneous, contributing to the high complexity of Al
models; consequently, there is no reason to expect a single approach to fully resolve this
gap. Thus, the present thesis abstracts away from the particular data points, optimization
algorithms, and other technical aspects of Al systems. Paying a price in specificity, we
gain a significant advantage: a framework for theoretically characterizing the interplay
between the core components of a machine learning problem — loss function, model class,
and data-generating probability distribution. In particular, we pay specific attention to the
latter, as it is an often overlooked component in many modern works.

We prove two main types of results, namely Bayes risk equalities and inequalities, obtaining
equivalences and comparisons of learning problems, respectively. As a preliminary analysis,
we provide an exhaustive taxonomy of stochastic transformations of a problem’s data
distribution by leveraging properties of Markov kernels, i.e., the objects used to model the
transformations. Studying equalities, we then learn how different Markov kernel types lead
to distinct consequences. For example, applying label noise to the data distribution yields a
learning problem equivalent to one that retains the original data-generating probability but
with a modified loss function. By contrast, attribute noise will jointly affect both loss and
model class in the equivalent problem. These findings suggest that classical loss correction
techniques for noisy data are only effective in the case of label noise, not for general
attribute noise. We then compute what a generalized loss correction approach would
entail for attribute noise. However, focusing solely on equivalences only partially explains
how tweaking one component affects the learning outcome. Studying the inequalities,
we explore when one learning problem can be considered superior to another. This
challenge can be addressed in multiple ways, as problems can be compared by varying the
probability distribution, model class, or loss. Previous work explored comparing conditional
probabilities for every loss and model class, arriving at interesting characterization results
nowadays grouped under the Blackwell-Sherman-Stein theorem. This work has found
application in economics as well as learning theory, and nicely relates to classical results in

information theory. Our contribution frames the existing results into the larger perspective

\%



Vi ABSTRACT

of comparing learning problems instead of conditional probabilities. We then focus on
comparing couples of model classes and losses for every probability, introducing a theory
complementary to Blackwell’s work, revolving around establishing when a decision maker
is better than another. We study this question by means of Bayes risk orderings, which are
proved to be equivalent to the inclusion ordering on certain sets, called superprediction
sets. These sets are defined starting from fixing a loss and model class, and therefore
provide geometrical understanding to the question of comparing decision makers. We
additionally prove sufficient conditions for the ordering to hold on certain types of loss
and model classes, which are decided by the type of noisy data considered. Hence, these
results additionally show the central role of knowing what are the data at hand so to be

able to understand the related learning problem.

This work advances theoretical understanding of machine learning systems as highly
entangled entities. Its first set of results underscores the critical importance of choosing
your data carefully, as they demonstrate that changing the distribution is equivalent to
changing the loss and model class. This can cause strong mismatches between what one
expects the machine to learn and what the machine actually learns. In particular, the
equalities proved offer guidance for designing corrections that aim to achieve accurate
learning in the presence of noisy data. The second set of contributions introduces a novel
theory for comparison of models and losses, and in particular for comparing them before
and after a transformation is applied to the learning problem. This is relevant in the field
of model complexity, as it introduces a decision-theoretic inspired framework to assess
whether a certain decision maker is more reliable (in terms of risk) than another under a

certain type of noise.
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Chapter 1

Introduction

Mathematics may be compared to a mill of
exquisite workmanship, which grinds you
stuff of any degree of fineness; but,
nevertheless, what you get out depends on
what you put in; and as the grandest mill in
the world will not extract wheat-flour from
peas-cods, so pages of formulae will not get
a definite result out of loose data.

Huxley (1869)

Learning something new requires gathering examples. This principle is applicable to
any context, and machine learning is no exception. The initial step in the development
of a model, regardless of its complexity, is to establish a goal and gather the relevant
data to achieve it. Hence, data constitute the primary interface between an observed
phenomenon and an algorithm: the decisions taken during the data collection process will
influence the learned model of such a phenomenon. In practice, however, data often occupy
a secondary role in published work. With the exception of certain subfields, emphasis
is heavily placed on improving model performance through architectural innovation or,
more recently, through advances in training and evaluation techniques. Even when data
curation is indeed crucial, how the training corpora are collected and processed is frequently

undisclosed, proprietary, or so under-documented that it effectively becomes part of the
black box.

That machine learning evolved such a secretive approach to data is rather surprising. In
statistical modeling, from which many of the current practices originate, a data-centric
perspective is far more common. In fact, as articulated by Craiu et al. (2023), one of the
defining abilities of a statistician is to “see through” the given observations and extract
“enlightenment from dark data”. Hence, the emphasis lies not only on what is observed, but
also on what is hidden (dark), and on the mechanisms that produced the observations (data)
in the first place. It follows that a better understanding of what the possible forms and

causes of dark data are can be beneficial to learning, as the learning objective is often to find

1



2 CHAPTER 1. INTRODUCTION
a function matching as closely as possible the generating process of the observations.

We review in the following what is currently understood as dark data and what could be
added to their definition. In the same paper (Craiu et al., 2023), the authors describe dark
data as “any kind of data that are lost or distorted before analysis, as well as unobserved or
unobservable data [...] that are constructed or conceptualized because they serve modeling
and computational purposes”. Examples of the former include missing or incomplete
data and noisy measurements; examples of the latter include latent variables, auxiliary
variables, and hidden states. However, they do not attempt to describe nor resolve all
possible sources and manifestations of dark data. Hand (2020)’s book instead provides a
long, and yet non-exhaustive description of many of the forms dark data can take, as well
as their causes. While appreciating the contribution, we note that the author only focuses
on statistical learning, and does not take into account the environment in which a model is
deployed. To adapt the notion of dark data to modern machine learning, we add to the
above list also intentionally manipulated data, such as adversarial noise (Goodfellow et al.,
2015) and misreporting in survey statistics (Bound et al., 2001), as well as data modified
to ensure privacy (Li and Unger, 2012; Kobsa et al., 2016; Zhou and Wu, 2025) or as an
attempt of a user to “domesticate” an algorithm and obtain what they want out of it (Siles
etal., 2019; Simpson et al., 2022). In other words, we also want to account for an interaction
between the machine learning model and the data generating process. Formulations for this
interaction have been proposed by allowing the data model to explicitly react to a deployed
algorithm, as in strategic classification or performative effects (Hardt et al., 2016; Perdomo
etal., 2020; Hardt et al., 2023; Zezulka and Genin, 2025). Importantly, we emphasize that
such modifications are not necessarily malicious. In our examples, data may be altered
to satisfy ethical, legal, or cooperative objectives, including privacy protection or fairness
constraints. The term “dark” should therefore not be read as inherently negative: the
consequences of hidden data depend on the goals and assumptions under which learning
takes place. They are only hard to see, hidden in the darkness. These phenomena still
fit within the broader notion of dark data, as they concern observations that are shaped,
filtered, or altered, but it is hard to properly define what “before analysis” means when in

the presence of a feedback loop.

How can dark data be accounted for in machine learning? Williamson (2020) proposed
starting by questioning the view of data as static facts, and instead regarding them as a
dynamic element of a learning task. Beyond the traditional focus on prediction models
and loss functions, attention can be directed toward the data dynamics themselves: that is,
how different processes lead to the observation of particular data, and how these processes
subsequently affect the learning procedure. This concept can be mathematically formalized,
following Csiszar (1972), by means of observation channels. The naming manifests the
author’s intention of translating into statistical theory what Shannon (1948) referred to as
communication channels, which is the (possibly probabilistic) filter through which we get to
observe certain phenomena. Talking about observation channels presupposes the existence
of a “true” state of such phenomena, which decision theorists often call Nature, perhaps



showing a rather spiritual view of randomness.! In formulas, this is a stochastic matrix,
or conditional probability of observing a certain object given some unknown parameters
or states. We adopt the formalization, and use it in this thesis to propose a mathematical
framework for understanding dark data in the context of machine learning problems.

We refer to the process transforming a learning problem into a different one as corruption,
borrowing the term from the computer science literature. However, our conceptualization
of corruption extends beyond the creation of dark data starting from some “ideal” state (i.e.,
the action of some observation channel). A practical understanding of corruption and its
consequences requires considering also the goals and constraints inherent to the learning
task at hand. These are encoded in the chosen loss function, which formalizes preferences
over what is considered an acceptable mistake, and in the effective model class, which
captures the set of all admissible ways to process data, e.g., optimization procedures, data
handling, model initialization, and of course what structures can be learned from data, that
is the architecture.

Hence corruption encompasses any modification of a learning problem: changes to the loss
function, the model class, or the underlying probability distribution from which data are
drawn. Like dark data, corruption is not inherently pejorative; it is a transformation process
whose effects depend on context. We try to answer two fundamental questions:

1. When does a corruption make one learning problem equivalent to another?

2. When does a corruption make one learning problem worse than another?

In other words, we want to find structure in the space of learning problems. Since we
can do it in two different ways — with equivalences and comparisons — we organize our
contributions by theme, splitting them into two main parts, as well as reserve an entire part

for setting up the machine learning problem abstraction.

Thesis Outline and Contributions

This thesis is divided into three parts: Abstracting a Learning Problem, Transformations
and Equivalences of Problems, and Comparison of Problems via Inequalities. Each part
contains topic-specific introductions and reviews of related work. Here, we introduce the

main questions and summarize the overall contributions.

”

IMeng (2022) referred to this conceptualization of the data-generating process as the “divine probability
construct. We do not philosophically defend this decision in the thesis, but we do adopt such a conceptualization,
as it proves itself to be convenient for the purpose of studying transformations of learning problems. Whether
this is the “right” way of modeling a random process, or a data-generating process, is not debated here. The
reader can for instance refer to (Derr and Williamson, 2024; Frohlich and Williamson, 2024; Holtgen and
Williamson, 2024) for additional pointers and discussions of how such modeling choices can influence machine
learning.



4 CHAPTER 1. INTRODUCTION

Part 1: Abstracting a Learning Problem The first part establishes the formal framework
in which learning is defined, which forms the backbone of this thesis. Learning refers to
the problem of selecting adequate actions based on observations and a specified criterion;
actions are considered adequate when optimal with respect to a specified objective. To
formalize this notion, a number of mathematical tools are required. The most central is
the concept of a Markov kernel, introduced in § 2.3. Using this formalism, a learning
problem is decomposed into its fundamental components: a data-generating process for
the observations, a loss function encoding rewards and penalties for actions and thereby
specifying the objective, and a model class describing the admissible mappings from
observations to actions (§ 3.1). The learning criterion is treated as an explicit component of
the problem, since multiple principles can be used to combine these elements. The analysis
is however restricted to risk minimization, which fixes the criterion for the remainder of the
thesis. An alternative formulation of the learning optimization problem, based on specific
sets, is also developed. Such a formulation allows one to view the minimized risk as known
geometrical objects, and enables understanding learning through its lenses.

Part 2: Transformations and Equivalences of Problems The second part develops
the view that the building blocks of learning problems (loss function, model class, and
data distribution) are intertwined, as applying a transformation to one is equivalent to
transforming one or all others. The motivation for investigating this topic initially originated
in survey statistics, where selection bias has been observed to have disproportionate effects
when the selection variable is correlated with the data. In fact, Meng (2018) has shown
that even correlations typically regarded as small can drastically reduce the effective
sample size in mean estimation problems. Hence, he proved an equivalence between two
different problems, related by a transformation induced by selection bias, and that has
rather surprising consequences. This study prompted the question of whether analogous
phenomena arise in more general learning settings, a direction later explored in (Meng,

2022) but not generally solved.

In other words, we aim to investigate what are the consequences of applying a specific
type of noise to data, and to understand whether certain forms of noise are universally
more detrimental than others. Given the absolute nature of such a claim, a prior step
is to characterize the space of noise mechanisms of interest, that we call Markovian
corruptions. This led to the search for a formulation that is exhaustive (capturing all
corruptions), hierarchical (in terms of corruption complexity), and compositional (allowing
complex mechanisms to be represented as compositions of simpler ones). The result of
this investigation is a taxonomy of “dark data”, modeled as Markov kernels. We give
a detailed explanation of how much our taxonomy fits the three desiderata in Sections
4.1.2,4.1.4 and 4.2. Markov kernels, however, provide an exhaustive representation of
stochastic noise mechanisms, while alternative, non-Markovian representations are also
possible. Building on this taxonomy, the analysis concentrates on modifications of the
underlying probability distribution, emphasizing data as a process rather than a static
object. Variations in problem components are formalized probabilistically via Markov



kernels, that is, conditional distributions. The effect of such modifications is studied
through equivalences between learning problems, characterized in terms of their Bayes risk.
Comparing the equivalence classes generated by different corruption types allows qualitative
comparison of noise types, which partially answers our initial question on whether certain

corruptions can be considered as more detrimental than others.

Part 3: Comparison of Problems via Inequalities The third part focuses on finding ways
to quantitatively compare learning problems. We identify here classes of corruptions that
are detrimental when performance is measured via generalized entropy, itself induced by
a chosen loss and model class (§ 7.2). We arrive at these conclusions using the set-based
view of learning problems, and building on top of information-theoretical and statistical
results. Mathematically, the results are in the form of inequalities, which allow to give
a relative answer to the question of when does a corruption worsen a learning problem:
it depends on the loss and model chosen. Specific families of learning problems will be
negatively affected by specific classes of kernels, i.e., types of dark data. Again, we find
interesting relations between some characteristics of the learning problem and the data at
hand. Moreover, beyond focusing on data, we remark that the second part of the thesis
contributes inequalities that enable direct comparison of loss functions and model classes,
independent of any specific dataset or corruption mechanism. These comparisons take
the form of Bayesian orderings, extending concepts from the theory of comparison of

experiments to the present learning framework.

The results in this thesis have been developed in collaboration with Robert C. Williamson,
my supervisor, as well as Dr. Nan Lu for Part II (lacovissi et al., 2026b) and Rabanus Derr
for § 3.3 and § 7 (lacovissi et al., 2026a). All results are original unless stated otherwise; key
concepts are emphasized with a gray box.
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Abstracting a Learning Problem






Chapter 2

Mathematical Tools

This chapter fixes notation and introduces existing tools needed for the development of the
thesis. First, we give a refresher of measure and probability theory, but only for the purpose
of serving the later chapters. We assume that the reader is already familiar with these
concepts, as they will not be analyzed in depth. Later, we shift our focus to presenting key
definitions and properties about Markov kernels, which are included in the second section.
These compose the main building block for our theory, therefore we review them more
carefully and highlight important statements with a gray box. For a complete presentation
of both topics, refer to Aliprantis and Border (2006) and Cinlar (2011).

2.1 Measure and Probability Theory

Sets and Topology

Definition 2.1 (Topology). Let Z be a set. A topology T on Z is a collection of subsets of Z
(called open sets) such that:

1. 0 eTand Z € T,
2. Any union of sets in T is also in T: if {A;}ier C T, then ey Ai € T,

3. Any finite intersection of sets in T is also in T: if Aq,..., Ay € T, then i_; A; € T.

A topological space is a pair (Z, T) of a set and a topology on it. A function f: Z1 — Z»
between two topological spaces (Z1, T1), (2, T») is continuous if, for every openset A € Iy,

the inverse image

fHA) ={z € Zil f(2) € A}
is an open set in ¥;.

A topological vector space is a vector space Z over R, equipped with a topology T that makes
the vector addition and scalar multiplication maps continuous. In this thesis, we simply

9
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refer to it as a vector space and specify the topology when not apparent.

A subset X C Z is called convex if for every pair of points y, w € X and every A € [0, 1], the
point Ay + (1 — A)w also belongs to X.

The convex hull of a set Z € R¥, denoted co(Z), is the smallest convex set containing Z.
Equivalently, it consists of all finite convex combinations of points in Z:

n n
co(Z) = {ZAizi:neN, z;i€Z, Ai >0, Z)\i =1}.

i=1 i=1
The closure of a set Z with respect to the topology T is the intersection of all sets in T that
contain Z,ie, Z = ({A €T | T < A}. Asetisclosed if it is equal to its closure.

A subset X C Z is called compact with respect to the topology T if for every collection
{Ai}ier € T such that X C ;¢ Aj, there exists a finite subcollection {ij, ..., i,} C I such
that XS A, U---UA;, .

We denote the Minkowski sum as &, defined as: let Z,Z’,then Z® ' = {z+72'|z €
-Zr Z/ e Z/}

We use the notation « - Z or aZ to indicate the scaled set {az | z € Z}. When o = -1, we
simply write —Z.

Finally, a point z € Z is called an extreme point of Z if it cannot be expressed as a nontrivial
convex combination of other points in Z. Formally, z is extreme if for any y, w € Z and
any A € (0,1),z=Ay+(1-A)w = y = w = z. The set of all extreme points of Z is
denoted ext(Z) := {z € Z : z is an extreme point of Z}.

Probability Spaces

Definition 2.2 (Algebra). Given a set Z, an algebra W is a collection of subsets of Z such that

1. Z€Wand € A;
22 IfXeW then X =Z\ X e,

3. For any finite collection of sets { Z; € }ieicn, it holds that \ J;c; Zi € W.
Definition 2.3 (0-algebra). Given a set Z, a o-algebra X is a collection of subsets of Z such that

1. X is an algebra;

2. For any countable collection of sets { Z; € L}ieicn, it holds that | J;e; Zi € L.

We refer to the smallest o-algebra including all sets in a family of sets Q as X(€2), while to
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the smallest o-algebra containing a set Z is referred to as £.(Z). If Z is a topological space
with open sets Q 7, then X(Qz) is the Borel g-algebra on Z. In the following, we will only
use the notation () for the Borel ¢-algebra, as we will mostly use it in our setting.

An ordered pair (Z, L), consisting of a set Z and a ¢-algebra X on it, is called measurable
space. When Z is a separable, completely metrizable topological space, it is said to be a
Polish space; if Z is a Polish space and X(Z) the associated Borel o-algebra generated by
the topological space (Z, T), the measurable space (Z, £(Z)) is said to be a standard Borel
measurable space.

Let (Z,X) and (Z’,L’) be measurable spaces. The product c-algebra on Z x Z’ is the
o-algebra L@ L' = L({A X B| A € £, B € ¥'}), i.e, the smallest 0-algebra on Z x Z’
that contains all measurable rectangles A x 8.

When (Z, L) and (Z’, L) are standard Borel spaces, the product measurable space (Z X
Z’, L®Y’)is again a standard Borel space (Srivastava, 1998, Proposition 3.1.23).

Definition 2.4 (X-Measurable Function). Let (Z,X) and (Z’,L’) be measurable spaces. A
function f: Z — ' is said to be measurable if for every A € L’ the pre-image of A under f is in
X, that is, forall A € ¥/,

YA ={ze Z|f(x) e A} e %.

Definition 2.5 (Finitely Additive Measures). Let (Z, ) be an ordered pair of a set and an algebra
defined on it.

e Consider the map p: W — R such that u(0) = 0. If given a finite collection of pairwise disjoint
sets {Zi€ X, i€ I SN | Z;NZj=0Vi#j} it holds that u(U;e; Zi) = Xies 1(Zi), we
call y a finitely additive signed measure;

o If u is a finitely additive signed measure such that u: A — Ry, then we call it a finitely

additive measure;

o If ¢ is a finitely additive measure such that ¢: A — [0, 1] and ¢(Z) = 1, then we call it a
finitely additive probability measure (or distribution).

For a complete treatment of finitely additive measures, we refer the reader to (Rao and Rao,
1983).
Definition 2.6 (Countably Additive Measures). Let (Z, L) be a measurable space.

e Consider the map ji: ¥ — R such that u(@) = 0. If given a countable collection of pairwise

disjoint sets {Z; € L,i € I ¢ N| Z;nZ; = OVi # j} it holds that p(Uier Zi) =
2ier W(Zi), we call u a countably additive probability measure;
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e If uis a countably additive signed measure such that u: . — R, then we call it a countably

additive measure;

* If ¢ is a countably additive measure such that ¢p: X — [0, 1] and ¢p(Z) =1, then we call it a
countably additive probability measure (or distribution).

The set of all countably additive probability measures is denoted A, (), and the set of
finitely additive probabilities is Ap,(Z); we omit the (o-)algebra as it is assumed to be the
Borel g-algebra in both cases, with open sets identified by an order-induced topology when
the set Z is made of (vectors of) real numbers.! Trivially, we get that Apa(Z) D Aca(Z)-

Definition 2.7 (Absolute Continuity). Let (Z,X) be a measurable space, and let p1,v: ©. — R be
countably additive signed measures. We say that 1 is absolutely continuous with respect to v, and
write y < vwhen v(A)=0 = u(A)=0 VA€l

Theorem 2.8 (Radon-Nikodym Theorem for Signed Measures). Let (Z, X) be a measurable
space. Let u,v: ¥ — R be countably additive signed measures such that v is o-finite and y < v.
Then there exists a Z-measurable function f: Z — R such that for all A € ¥,

we = [ fav

The function f is unique v-almost everywhere, and is called the Radon-Nikodym derivative of u
. _du
with respect to v, denoted f = 7.

A probability space is a triple (Z, 2, ¢); commonly, ¢: A — [0, 1] is assumed to be a countably
additive probability measure and therefore 2 is required to be a o-algebra. When ¢ is only

finitely additive, we call the space a finitely additive probability space.

Let (Z, X, ¢) be a probability space and (&, L) a measurable space. A mapping Z: Z — &
is called a random variable taking values in (&, Y’), provided that it is measurable relative to
Yand Y/, ie, forall A € X/, Z7Y(A) = {Z € A} = {z € Z| Z(z) € A} is an element in the
o-algebra L. If ' is understood from context, then we merely say that Z takes values in, or
is defined on, &.

Definition 2.9 (Coupling of Probability Spaces). Consider two probability spaces (Z1, Z(Z1), 1)
and (2o, 2(Z2), ¢2), s.t. ¢i € Aa(Zi), i € {1,2}. A coupling is a joint probability space
(Z1 X Z2, 2(Z1) X 2(Z2), @), such that, for all A € X(Z,) and B € (Z1),

$a(A) = /ﬂ [ otazy dz
(]51(8) :,/g; . (P(le,dZQ).

Hn the case of vector spaces, we consider the product topology of the order topology on R. That being, the
Euclidean topology.
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2.2 Duality Between Functions and Measures

Definition 2.10 (Dual pair, Definition 5.90 in Aliprantis and Border (2006)). A dual pair is a
pair of vector spaces Z, Z' together with a bilinear functional (z,z") — (z,z’) from Z x Z"toR
such that:

1. z = (z,z") is linear for each z' € Z’;
2. 2" = (z,z") is linear for each z € Z;
3. If{z,z') =0Vz' € Z', thenz = 0;

4. If(z,z') =0Vz € Z, then z’ = 0.

Each component space involved in a dual pair can be interpreted as a set of linear functionals
on the other. Conditions 1 and 2 are the ones required for the definition of a bilinear functional.
The bilinear functional (z, z") + (z, z’) is also called the duality of the dual pair.

An example of dual pair in a finite dimensional setting is a vector space X and its algebraic
dual X*, and (x, x*) = x*(x). In the infinite dimensional setting, the algebraic dual and the
topological dual (the one we call here simply as dual) do not generally coincide.

The set of function f: Z — R that are bounded, i.e., 3C € Rxo | |f(z)] < C,Vz € Z, and
Y.(Z)-measurable is denoted as B;(Z). This set together with the supremum norm,

| flleo = sup|f(2)]

zeZ

for f € B,(Z) forms a Banach space (Schechter, 1997, page 804).

The norm dual, i.e., the set of all continuous, linear functionals on By,(Z) coincides with ba(Z),
the space of all finitely additive, signed measures u: (Z, (<)) — R with bounded total
variation || p|| o (Aliprantis and Border, 2006, Theorem 14.4). That is defined as

lulleo == sup [u(A),
AeL(Z)

equivalently to the supremum norm. Notice that the space ba(Z) normed with || 4|« forms
a Banach space (Schechter, 1997, 29.6.c & 29.29.f).

Proposition 2.11 (Theorem 14.4 in Aliprantis and Border (2006)). Every continuous linear
functional on F : By(Z) — R can be written as F : f — ffdyfor a unique u € ba(Z).

Proposition 2.12 (Theorem 11.8 in Aliprantis and Border (2006) and page 804 of Schechter
(1997)). The integral f fdu is well-defined, furthermore, it defines a continuous bilinear functional
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of the sets By(Z) xba(Z) — R, as
(fowyi= [ fa.

It follows that (8B,(Z),ba(Z)) forms a dual pair by (Schechter, 1997, 28.4 HB22), which
applies here as the two spaces 8;(Z),ba(Z) are Banach spaces and therefore fulfill the
hypothesis by (Schechter, 1997, 16.1 & 26.1).

Relevant Topologies and Sets

When working with dual pairs, itis standard and helpful to consider a weak re-topologization
of the sets B), and ba (Aliprantis and Border, 2006, Chapter 15). We define (8}, ba) as
the topology on B;(Z) which makes every functional f + (f, u) (for some p € ba(Z))
continuous. Analogously, o(ba, 8By) is the topology on ba(Z) which makes every functional
p = (f, ) (for some f € By(Z)) continuous. The topologies are called weak as they are
contained within the norm-topologies of the respective spaces (Schechter, 1997, 28.13.b &
28.22.a).

Every closed convex subset of B; in the norm topology is d(8By, ba)-closed, and vice-versa
(Schechter, 1997, 28.14 HB24).

We introduce the notation ca(Z) to denote the set of all countably additive, signed measures
with bounded total variation. Notice that we can give an alternative definition of the set of

probability measures as,

Aa(Z) ={¢ € ca(Z): ¢ 2 0,[0(Z)| = 1},
and similarly for finitely additive probability measures,

Aoa(Z) = (¢ € ba(Z): ¢ 2 0,16(Z)| = 1}

For ¢ € Apa(Z) we denote the expectation of a function f € B,(Z) as,

Eolf1:=(f ).

The following property seems to be a known fact, as it is referenced, without proof, in
Walley (1991, Appendix D) and Duanmu and Weiss (2018). As we have not found any proof,

we provide one here.”

Lemma 2.13 (Closure of Countably Additive Probabilities are Finitely Additive Probabilities).

Let Z be a Polish space. Then, with respect to the 6(By, ba)-topology, Aca(Z) = Apa(L).

Proof. Let ext Z be the set of extreme points of a set. The set Ap,(Z) is compact as it is
a closed subset (Walley, 1991, Appendix D4) of the compact norm-ball. The norm is the

2We thank Rabanus Derr for the proof.
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supremum norm and the ball is compact by Banach-Alaoglu-Bourbaki-Theorem (Schechter,
1997, 28.29.UF28). By the Krein-Milman-Theorem (Aliprantis and Border, 2006, 7.68) and
(Schechter, 1997, 16.1 & 26.1) we know that Ap,(Z) = coext Apa(Z). The extreme points of
the Apa(Z), ie., ext Apa(Z), is equal to the set of all Dirac-measures (Aliprantis and Border,
2006, Theorem 15.9). The convex closure of those extreme points co ext Ap,(Z) is a subset
of the countably additive probability measures Ac,(Z), as all Dirac measures are countably

additive, and the set Aq(Z) is convex. Thus, Aca(Z) = Apa(D). O

2.3 Markov Kernels

Markov kernels provide a formal and general framework for modeling probabilistic
transformations between measurable spaces. They extend the notion of stochastic maps
beyond finite or discrete settings, enabling a consistent and rigorous treatment of conditional

probability in continuous or uncountable spaces.

From a probabilistic viewpoint, a Markov kernel represents a family of probability measures,
parameterized by the elements of a source space. Each input determines a distribution
over the target space, formalizing the concept of a conditional law. In this sense and under
certain conditions (which are met in our framework), they coincide with regular condi-
tional distributions, providing the standard measure-theoretic framework for conditional
probability (Cinlar, 2011). Beyond abstract probability, Markov kernels underpin the formal
representation of information-processing and decision-making mechanisms (Shannon,
1948; Blackwell, 1953; Csiszdr, 1972). In information and control theory, they are used to
model observation channels; in statistical decision theory, they formalize statistical experiments.
In both cases, they define a way of generating data conditioned on underlying states or
signals. We formally talk about these concepts in § 3.

Definition 2.14 (Transition and Markov Kernels). Let (Z1, X1) and (Zp, o) be standard
Borel. Let x: Z1 X Xy — [0, +00). Then, « is called a (transition) kernel from (Z;, 1) to
(Z2, Xo) if

1. the mapping z1 — «(z1, B) is X1-measurable for every set B € X;

2. the mapping B — «(z1, B) is a measure on (Z2, Xp) for every z1 € Z;.

When the second mapping induces a probability distribution, then x is a Markov kernel.

We refer to the set of transition kernels as 7 (1, Z»), while M(Z1, Z>) is its subset of
Markov kernels. In addition, we denote the domain and the image spaces of such a kernel,

respectively as

D(x)=2Z1 and I(x)= 2.

Recalling how we introduced the concept of Markov kernel, one can see it as a parameterized
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family «(z1,-),z1 € Z1 of probability measures on the space (Z>, X(Z»)). In this context,
a Markov kernel serves as a detailed probabilistic description of the generative process
leading from a “hidden value” Z; to observed distribution on Z».3 As such, for finite spaces

they can be represented as stochastic matrices.

Example 2.15. Consider a set Z = {0,1}, a kernel x € M(Z, Z), and random variables Z, 7
on the probability space (Z,X(Z), ¢). We can conveniently represent the kernel with the a matrix

|07 05
103 05|

Associated with a Markov kernel are the functionals called Markov transition, Markov

whose entries are the associated conditional density V’s values:

|pZ=11Z=1) Y(Z=1]Z=0)
"Tlu@z=01z=1) wZ=0]z=0)

operator and Markov operator adjoint. We define them and provide basic properties in the
following.

Proposition 2.16 (Markov Transition Function, Theorem 19.13, Aliprantis and Border (2006)).
Let x be a Markov kernel from (Z1,X1) to (Z2, X2). The function

Kk Z1 — Aa(Z2), z1 > K(z1) = x(z1,-),

is known as Markov transition, and it is measurable with respect to ©.(Aca(Z2)), the Borel-c-algebra
induced by the o(ba, By)-topology on Aca(Z>).

Remark 2.17 An alternative and compact notation for a Markov kernel x € M(Z1, Z»), reminding
us of its role in defining a Markov transition functional, is

x: 21~ 2o

Once we establish the concept of Markov transition, we can define the related operator and
adjoint operator. These functionals are sometimes also referred to as Markov kernel actions,
as they allow the object to be combined with functions and probabilities.

Proposition 2.18 (Kernel Actions). Let k: Z1 — Acw(Z2) be a Markov transition

corresponding to a Markov kernel x.

1. The Markov transition operator & : B,(Z,) — By(Z1) is the mapping

fRf st ozieZi (Rf)(z1) = /Z f(z2) k(z1,dz2);

31n fact, under our assumptions they are the regular conditional probabilities associated to the coupling of the
spaces (Z1,2X(Z1)) and (Zp, Z(Z»)) (see Cinlar, 2011).



2.3. MARKOV KERNELS 17

2. The norm adjoint of k, denoted & : ba(Z1) — ba(Z»),

g ku st BeXym (ku)(B) = / x(z1, B)du.
Z

1

In particular, if u € ca(Z), then ku € ca(Zy). If ph € Aca(Z1), then Ku € Aca(Z2).

Proof. The first statement is proven in Theorem 19.7 in (Aliprantis and Border, 2006). The

second statement is proven in Theorem 19.9, point 2 in (Aliprantis and Border, 2006). O

Remark 2.19 Proposition 2.18 states and proves that & is the norm adjoint of &, for which the
defining property is that

<f/ 7\%[4>Z2 = <1%fr M>Z1 Vf € Bb(ZZ)/ ue ba(zl)
This observation will be particularly useful in the context of learning theory.

Notice that we can rewrite the definition Markov transition operator and its adjoint using
the dual pairing, i.e.,

216 Zi o (R)(z) = /Z Fz2)x(zr, dz2) = (f #(z0) 200

B eXs s (ku)(8) = / k(z1, B)dp = (k(z1,B), 1)z, = (K(21)(B), )z,

Z

Plugging this in Remark 2.19, we can write for all f € 8;,(Z>) and u € ba(Z1)

<<f/ k(zl».Zz/ H>Z1 = <f/ <f<(Zl), H>21>Zz-

Lastly, we give here some definitions, mostly of notational relevance, that will come in hand

in future derivations.

Definition 2.20 (Kernel Action on a Set of Functions). Let k be a Markov transition operator
associated to the Markov transition & : Z1 — Aca(Z2). We define the action of the kernel on a set as,

RF = {kf, f€F}.

Definition 2.21 (Deterministic Markov Kernel). A deterministic Markov kernel « s : ZyXXp —
[0, 1] induced by some measurable function f: Z1 — Z», is defined as

(leﬂ) = Kf(erﬂ) = 6f(Z1)(ﬂ)/
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where O denotes the Dirac distribution on x, i.e.,

1 ifxeA,
A Oy (A) =
0 ifx¢A.

As a consequence, every measurable function f: Z; — Z, can be represented by a

kernel.

Proposition 2.22. Let xy € M(Z1,Z>) for some f: Z1 — Z», and k € M(Za, Z3). The
Markov transition associated to the kernel k' := &y o %, is

K =%kof:Z1— AalZs).

Definition 2.23 (Degenerate Markov Kernel). Let v € A (Z). We define the degenerate or
non-informative kernel x,, € M(Z1, Z»>) as the one with associate operator

Ky 1 — Aca(ZZ) ’ kv(zl) =vVz1 € Zs.

Operations between Markov Kernels

Kernels can be combined through different operations. We introduce them here briefly,
mainly inspired by (Kallenberg, 2017; Johnston, 2023), with the aim of self-containment. We
remark that specifying the kernel action operator « f for all measurable f effectively defines
a kernel as k(z1, B) := (Rxs)(z1) (Cinlar, 2011, Remark 6.4), where xs(z2) is the indicator
function of 8B € X(Z,) for zp € Zy; for this reason, we state the following definitions using

the action on a general function.

The first set of operations defined here can be referred to as in-series operations, given that
the involved kernels are required to satisfy specific conditions on the spaces for which they

are defined. These operations impose a more stringent set of feasibility conditions.

Definition 2.24 (Chain Composition). Given © € M(Z1,Z) and A € (Zp, Z3), their
chain composition 7 o A is uniquely determined by the following kernel action:

#F(z) = (& o ) (1) = /Z ) /Z A, i),

for every f: Zz — R positive and X(Z3)-measurable.

Definition 2.25 (Product Composition). Given © € M(Z1, Z2) and A € (Z1 X Z2, Z3),
their product composition 7 X A is uniquely determined by the following kernel action:

R Flz) = (& X D)) = /Z o /Z it 7, 7))
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for every f: Zo x Z3 — R positive and £(Zp X Z3)-measurable.

The operations defined above can be naturally understood using well-known probability
theory results.

Consider the trivial Markov kernel 7, for some v € A (Z1). In this setting, the operations
Def. 2.24 and Def. 2.25 apply to 7, when composed with a kernel A;: Z; v Z5 (for the
chain composition) and Ay: {#} X Z1 ~» Z; (for the product composition). This allows us
to write distribution-kernel combinations using the same notation as kernel-kernel ones, i.e.

7, 0 A1 and 1, X A2.* Both of these constructions result in new probability measures:

* The composition
voAdr=1,0A1 € Awa(Z2)

is equivalent to the kernel action on probabilities A;v, and corresponds to the Law of
Total Probability.

* The product
VX Ay =T, XAy € Aa(Z1 X Z2)

corresponds to the Bayesian decomposition of a joint probability into a marginal v
and a conditional probability A,.

Notice that A, is essentially of the same type as A1, apart from a dummy variable over the
irrelevant set {+}—it only needs to be the same as the input set of 7,. In what follows, we
will overload the notation and write v X A1 € Aca(Z1 X Z») for the product operation, and
v oAy € Aw(Zp) for the action of a kernel on a probability.

The second set of operations defined here can be referred to as parallel operations. Compared
to in-series operations as in Def. 2.24 and Def. 2.25, it allows for more flexible combinations
of kernels.

Definition 2.26 (Superposition Composition). Given 1 € M(Z1,Zz) and A € M €
(Z3, Z4), their superposition T ® A is uniquely determined by the following kernel action:

Rf(z1,23) = (R @ A)f(21,23) = / T(Z1,d22)/ Mzs, dzy) f(22,24)
Z Zs
for every f: Zo x Zs — R positive and T(Zr X Zy)-measurable.
Remark 2.27 Observe that no restriction is imposed on the parameter spaces to be equal, e.g.,

Z1 = Z3, or Cartesian products with some space in common, e.g., Z1 = Y1 X Yo, Zz = Y1 X Ys.
When this happens, the actions of the two kernels “superpose” on the same space. It is possible for

4Strictly speaking, 7, o A1 € M({*}, Z>), while A1v € Aca(Zo). So this identification holds up to a suitable
“projection”. However, we avoid this level of technicality to keep the presentation clear and simple.
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the superposition operation to produce a kernel such that
ko hfe) = [ sz [ Aedz)fz),
Z Zs

witht € M(Z1,Z2) and A € M(Z1,Z3), s0 that t® A € M(Z1, Z> X Z3).
Another possible case is k' Z1 ~> Zpand A2 Zy X Zo ~» Z3, leading to
QAN =x"xXA,
which makes the superposition a generalization of the product operation. In this case, we will use the
X symbol.

However, in case we have more than one measure acting on the same space, the superposition integral

would be ill-defined, making some combinations unfeasible.

Because of the above properties, we say that Def. 2.26 is the operation with the weakest
feasibility conditions, the set of rules to fulfill for a well-defined operation.

The last set of operations, introduced by us, can be described as a mid-way between the
chain composition Def. 2.24 and the superposition Def. 2.26.

Definition 2.28 (Partial Chain Composition). Given t € M(Z1 X Zp, Z3) and A €
M(Z1 X Z3, Zs), their partial chain composition is uniquely determined by the following
kernel action:

Rf(z1,22) = (T og, /'A\)f(zl, Zp) = ‘/Z 7((z1, 22), dz3) /Z A(z1,23),dz4) f(za) ,
3 4
forall f: Z4 — R positive and L.(Zy)-measurable function.

Essentially, this operation only chains the kernels on the specified space, here Z3, while

superposing them on the common parameter, Z;.

Extreme Points of the Set of Markov kernels

In the finite case, we can prove some useful properties from Markov kernels, i.e., for
rectangular column stochastic matrices. A class of related matrices are the rectangular
permutation matrices, defined as binary matrices with exactly one entry per row allowed to
be 1. We can easily obtain a generalization of Birkhoff-von Neumann theorem for Markov

kernels, referring to (Cao et al., 2022) for a full, simple proof.

Proposition 2.29. The extreme points of the set of rectangular column stochastic matrices are the
transposed rectangular permutation matrices.

Proof. It is known, e.g., (Cao et al., 2022, Theorem 1), that the extreme points of the set of

row stochastic matrices are rectangular permutation matrices. In symbols, when A is a



2.3. MARKOV KERNELS 21

rectangular row stochastic matrix, there exist a finite collection of rectangular permutation
matrices B;, and related coefficients a; € R>¢ summing to one, such that

A= Z OéiBi.
i

Taking the transpose of the above proves the thesis. |

Taking again the Markov kernel point of view, we note that transposed rectangular
permutation matrices are in fact deterministic kernels induced by some function f, as we
have the condition of exactly one 1 in each column. However, this function is not required
to be injective nor surjective, as we instead would have observed with permutation matrices.
For this reason, the term “permutation matrix” paired with the adjective “rectangular” may
be misleading, and within this thesis we will only refer to these objects as deterministic
Markov kernels.

In more general spaces, the question of finding the set of extreme points of the set of Markov
kernels becomes harder to answer. However, our standard Borel setting allows for us to
apply the following result.

Proposition 2.30. The extreme points of the set of Markov kernels are all deterministic kernels, i.e.,

ext M(Z1, Z»2) = {xf € M(Z1, Z2) | f: Z1 — Zo measurable }.

Proof. The statement is a direct consequence of (Gonzélez Herndndez and Herndndez Lerma,

2005, Lemma 3.3) considering their unconstrained setting. |
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Chapter 3

Learning Problems via Kernels and
Sets

After establishing the notation for working with kernels, we are now ready to deploy the
framework in the learning context. The content presented here is connected to the literature
on statistical experiments and decision theory (Torgersen, 1991; Shiryaev and Spokoiny, 2000),
as well as related to machine learning theory work (Reid and Williamson, 2011; Williamson
and Cranko, 2024). We summarize the key concepts crucial to our analysis and direct

readers to relevant books for a more comprehensive perspective.

3.1 The General Learning Problem

In statistical decision theory, a general decision problem can be viewed as a two-player
game between Nature and a decision-maker. Here, Nature represents an unknown process
that generates the observed phenomena; the decision-maker observes the said phenomena
and seeks to find the optimal action for each observation within the context of a given
task. Slightly more formally, Nature here stands for the (stochastic) force choosing an
observation o € O given some hidden state 0 € ©. The stochastic process generating o given
0 is referred to as the experiment E.

Definition 3.1 (Statistical Experiment). An experiment E € M(®, O) is a Markov kernel from
the hidden state space (®, £.(0)) to the observation space (O, 2(O)).

The parameter space ® and the observation space O are fixed by the setting of the
decision problem. We need to specify an additional set, the decision space A, to introduce
the modeling of the decision-maker. Having observed the phenomena, the decision-
maker aims to construct a decision rule D mapping from the observation space O to the

action space A. The decision-making task can be represented by the transition diagram
E D

experiment decision rule

kernel. Hence, D is interpreted as a stochastic rule, fixing a probability on the action space

A, where the decision rule is also modeled by a Markov

A, instead of the classical deterministic view. In order to evaluate the performance of the

23
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decision maker with respect to the optimal decision, one introduces the concept of a loss

function, which induces a learning problem in the form of an optimization.

Definition 3.2 (General Learning Problem). Consider the standard Borel product space (© X
O XA, Z(O© X0 xA)), where (0, L(0)), (O, £(0)), and (A, £(A)) denote the measurable space
for parameters, observations and decisions respectively. We refer to the space (® X O, L(© x O))
as the data space on which we aim to learn. A general learning problem on such a product
space is a pair (£, €), where £ denotes the learning context and € specifies the learning criterion.
Specifically, the learning context is defined as £(® X O X A), and it is composed by the elements
(¢, H, ¢), where:

° {: Aia(A) X © — Riis aloss function on Ay (A) X O, measurable in both its arguments,
o H C M(O, A) is a decision class, or model class,

* and ¢ = mg X E is the joint data-generating distribution, with associated experiment
E € M(©, O) modeling the stochastic observations, and prior distribution mg € Ac.(®)
modeling the likelihood of the parameters to manifest.

The learning criterion € is chosen by the decision maker to evaluate their overall performance against
Nature.

Remark 3.3 The correct notation for a general learning context is £(® x O X A). However, when
specifying the action space is unnecessary or redundant (as it will be for supervised learning problems
defined in the next section), we use the more compact notation £(® x O).

We highlight that many different choices of € are available, some of them better studied
than others. Popular examples include expected risk and minmax risk. We refrain from

stating a preference in this section, and defer it to the next one.

3.2 Supervised Learning with Experiments

In the specific setup of supervised learning, the observation space O is the attribute space
X C RY,d > 1, while both states ® and actions A correspond to the label space /. Then, the
experiment E € M(Y, X) identifies a probability associated with the attribute X given the
state /. Here we focus on the classification task, that assumes the label space to be finite. We
define here the formal framework for this setting, first introducing some useful additional

notions, and then formally defining Bayes risk and a supervised learning problem.

Definition 3.4 (Posterior Markov Kernel). A posterior Markov kernel for a data space
(X XY, (X xY))isa Markov kernel F € M(X,Y) from the label space (Y, £(Y)) to the attribute
space (X, L(X)).

Observe that, as we noted in the previous chapter (§ 2.3), the product operation for Markov

kernels can be used to write the Bayes decomposition theorem for a joint probability
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¢ € Aca(X X Y). Hence, given F € M(X,Y) and E € M(Y, X), we can write
qbanxF:nyxE,

for some suitable marginal probabilities Tx € Aca(X) and 1ty € Aca(Y).!

Proposition 3.5. Let H C M(X,Y) be a model class and £: Acy(Y) X Y — R a bounded loss
function, then for all h € H with corresponding Markov transition h: X — Aca(Y),

Coh: (x,y)— L(h(x),y) € Bp(X x Y).

Proof. As h is measurable by construction (Proposition 2.16) and ¢ is measurable by
definition, the function (x, y) — ¢ (h(x), y) is measurable. Furthermore, it is bounded, as ¢
is bounded. O

The set of functions obtained through a composition of a loss and a model is written as
{oH ={loh:heH}, and called the set of attainable prediction losses, or just attainable
predictions.

Definition 3.6 (Risk and Bayes Risk). Consider a loss {: Aca(Y) X Y — Rs, a model
class H € M(X,Y) and a joint probability distribution ¢ = my X E € Aca(X X M), with
Ty € Aca(Y) and E € M(Y, X). Then, the Bayes risk (BR) is defined as

BR(g,q.((T(y XE):

inf Reyxi(E 0 h),

RleXE(E © h) :
Here, R is known as the risk.
We remark that, when H = M(X, V), we talk about unconstrained Bayes risk and indicate
this with the simpler notation BR¢(¢).
Definition 3.7 (Conditional Bayes Risk). Given a measurable loss {: Aca(Y) X Y — Rspand a

label distribution ¢ € Aca(Y), the conditional Bayes risk is the quantity

CBRy(¢) = q)eiAI:af(y) EyN(p [L(y,Y)].

In the literature, this function is called “conditional” or “prior” risk depending on which
probability it takes in input — a conditional or a prior one. Here we abuse the conditional
Bayes risk notation to indicate both functionals, as they are clearly distinguishable when
the domain is specified.

Remark 3.8 (Relation between unconstrained BR and CBR) Let Y be finite and H = M(X, Y).

ITo be precise, tx X F € Aca(X X Y) and y X E € Aca(Y X X) by Def. 2.25. The equality of the two
decomposition holds up to a permutation. However, we avoid this level of technicality to keep the presentation
clear and simple.
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Consider a loss function £ and a Markov kernel F € M(X,Y). We have,

BR = inf E ~olloh
() pernh o Bon o[l o h]

= el B Ereol o)

*) .
= Bry [welAf;f(y) EF(X)[E@,Y)”

D3.7 .

= Enx [CBR((F(X))] ’

where ix € Aca(X) and s.t. the data-generating distribution fulfills the condition ¢ = mx X F. The
equality (%) holds by (Rockafellar and Wets, 1998, Theorem 14.60). For constrained model classes,
the theorem—and therefore this remark—may not hold; they should satisfy a specific property called
decomposability (Rockafellar and Wets, 1998, Definition 14.59).>

We can now introduce our notion of supervised learning problem in an abstract way, but

such that it resembles what machine learning theory research studies.

Definition 3.9 (Supervised Learning Problem). Let (X X Y, X(X X Y)) be a standard
Borel data space, consisting of labels in Y and attributes in X. A supervised learning
problem on it is a general learning problem (2, €), where:

o thelossis {: Aca(Y) X Y — Rsg, measurable and bounded,
* the model class is H C M(X,Y),

* and the data-generating distribution is ¢ = 1y X E € Aq(X X Y) with prior
1y € Aca(Y) and experiment E € M(Y, X).

In this setting, the learning criterion is by default risk minimization, i.e., finding the optimal
action h € H that achieves the associated Bayes risk. Thus, we refer to a supervised learning
problem using the compact notation (X x M), with € implicitly given by risk minimization.

The definition above fits in the general decision problem framework by considering the

specificdiagram Y -E~> X Jfé Y, where h is a decision rule chosen in M(X, V), therefore
choosing a probability on Y associated to a point in X.?

For some cases, the formulation of a learning problem in terms of the experiment, or loss
and model class, can be restrictive; for this reason, we introduce an alternative way of
writing £ starting from the posterior kernel F: X ~» Y. This can be naturally justified by
considering the following simple proposition.

2We do not explore this here, as we do not use this result in the constrained case. The interested reader
can refer to (Giner, 2009; Chancelier et al., 2022; Buii and Combettes, 2024) for examples of conditions s.t. this
property holds.

3That is, considering the hypothesis, or decision, as stochastic. Several techniques exist to obtain a
deterministic label from a stochastic decision rule, with different consequences (Cotter et al., 2019).
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Proposition 3.10. A supervised learning problem £ = (£, H, ¢ = my X E) on the standard
Borel space (X x Y, Z(X X Y)) can be equivalently expressed

1. using the attainable predictions £ o H, i.e., as a pair & = (¥, ¢) with F = L o H;

2. using the posterior kernel, i.e., as ¢ = mx X F for some prior mx € Aca(X) on the
attribute space. We will then refer to it as & = (¢, H, ¢ = ntx X F) on the measurable
space (X x Y, Z(X x VY));

3. using the joint distribution ¢, agnostic regarding its factorization. We will then refer
toitas & = (¢, H, ¢) on the measurable space (Z, Z(L)).

We refer toan & = (£, H, ¢ = iy X E) as generative, whilean & = (¢{,H, ¢ = nx X F) is

discriminative.

Since our focus in the following will exclusively be on supervised learning problems, we

will simply term them learning problems.

Remarks for Finitely Additive Probability Measures

For a complete treatment of finitely additive measures, we refer the reader to (Rao and Rao,
1983). In general, many nice results that hold for countably additive measures are not proved
(at least, not in their exact form) for the finitely additive counterpart. Notable examples
are the Radon-Nikodym theorem (Rao and Rao, 1983, Chapter 6) and the disintegration

theorem. We report here some properties useful in the context of learning problems.

Definition 3.11 (Risk and Bayes Risk Operators for Finitely Additive Measures). Consider a
function class F € By(Z)so, a function f € F, and a probability distribution ¢ € Apa(Z). Then,
the Bayes risk and risk operators are defined as

BRy (9) = inf Ro(f),

Ro(f) = [ fd6 =(£,9)
Proposition 3.12. Def. 3.11 is well-defined and extends Def. 3.6.

Proof. The well-posedness of risk and its infimum directly follows from the well-posedness
of the integral w.r.t. a finitely additive signed measure, proved by Proposition 2.12. In
particular, as { o H C By(X X Y)sp and Aq(X X Y) C Apa(X X V), the extension also
follows. |

In this extended definition of risk, we allow the generating probability measure to be a
finitely additive one. However, we keep the standard definition of loss, and therefore only
admit a model class that is a set of Markov kernels, by definition countably additive. In this
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way, we can make use of the dual pairing described in § 2.2, while still being allowed to use

a standard Bayesian framework for inference.

Remark 3.13 Consider a Markov kernel k € M(Z1,Z>) and its associated operator as per
Proposition 2.18. The operator k is defined via the dual pairing relating By, and ba. For this reason,
we have

%: ba(Z1) — ba(Zp)

and that k ba(Z1) C ba(Zy). It follows that £Apa(Z1) C Ava(LZ2). This is a weaker statement
than the one holding for countably additive probabilities, which enjoy the disintegration theorem
and for which it can therefore be proved that £Aca(Z1) = Aca(Z2). We will formally prove and use
this property in § 4.1.4 (when presenting properties of our taxonomy) and give additional details in
Appendix C.2.1.

3.3 Supervised Learning with Superprediction Set

In the following sections, we will introduce the classical notion of superprediction set, and

then present our generalization with its related properties.

The notion of superprediction has been originally introduced in the context of online
learning. Its definition goes back to Vovk (1990), where the author introduced the
Aggregating Algorithm for learning with expert advice. This algorithm enjoys strong
theoretical guarantees for optimality; key to this result is the introduction of the notion
of superprediction set of a loss function. In later works, people resorted again to using
the superprediction set in the context of machine learning, e.g., for generalizing Vovk’s
Aggregating Algorithm (Cabrera Pacheco et al., 2025) and for geometrically characterizing
loss functions (Williamson et al., 2016; Williamson and Cranko, 2023; Cabrera Pacheco
and Williamson, 2023). Cranko (2021) further generalized the theory of the unconstrained
superprediction set to a set Y of infinite dimension.

Definition 3.14 (Unconstrained Superprediction Set). The unconstrained superprediction set
for a bounded loss function £ : Aca(Y) X Y — Ry is defined as

spri = | | {ueBy() | U y) <uly) Vyed}
$€AQ(Y)

Remark 3.15 Notice that our definition slightly differs from Williamson and Cranko (2023)’s, as

they deal with possibly unbounded functions and therefore consider their restriction to the set
1i(Aca(Y)) = {¢ € Aa(Y) | Ax + (1 = Ay € Aca(Y) for some A > 1},

called the relative interior of Aca(Y), for well-posedness. For instance, the logarithmic loss
bog(P, y) == —log(¢y) is not a valid choice for us as is, but only if restricted to (a subset of)
1i(Aca(Y)) or modified adequately.

As defined above, the superprediction set is isomorphic to a set in RYI, because every
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function u € B,(Y) can be represented as a vector u = (u(1),...,u(|Y])) " In particular, we
can write £(¢) € R, To better visualize the set, one can use Equation 29 from Williamson
and Cranko (2023), which states that the unconstrained superprediction set for a loss
function can be written as

sprt = £(Aa(Y)) @ R (3.1)

In other words, the superprediction set has the loss values on its boundary, and vectors
with all entries larger or equal than all loss values (aka, the superpredictions) in its interior.
We give a visualization of this object in Fig. 3.1.

Williamson and Cranko (2023) also prove the connection between the superprediction set
and the conditional Bayes risk (Def. 3.7), later extended to a connection with a generalized
notion of information (Williamson and Cranko, 2024).* We state here the result in a

simplified fashion.

Proposition 3.16 (Theorem 15(1), Williamson and Cranko (2023)). Let ¢ be a loss function,
defined as {: Aca(Y) X Y — Ryxo. Then, it holds that

CBR¢(¢) = inf (I, ¢).
lecosprt
Proof.

CBR((9) = wei@f(w;w,ymy = dnf(€),9)

= inf (I, ¢) *) inf (I, p) = inf (I, ).
let(Aa(¥)) lesprt leco sprt

where (I, ¢) here means the dot product in R'Y!. The last equality holds as the minimized
function is linear; (x) uses Eq. (3.1) together with the positiveness of ¢ and increasing
monotonicity of (-, ). O

There are different limitations that come with studying a learning problem through
its conditional risk, and therefore the associated unconstrained superprediction set (or,
superprediction set of the loss). The most apparent is that this formulation does not take into
account the full data space X x Y. By definition, the conditional Bayes risk only accounts
for label distributions, and its relationship with the full Bayes risk is well-posed only for the
unconstrained case (see the Remark 3.8). Hence, the unconstrained superprediction set is
not a viable option to study the full Bayes risk or to characterize constrained supervised
learning problems.

“Note that the unconstrained superprediction set in Williamson and Cranko (2023) is defined for the relative
interior of Aca(Y), while here we are using the full space.
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3.3.1 Constrained Superprediction Set

We now focus on generalizing the superprediction set to include the constrained model
class, as well as to properly connect it with Bayes risk and supervised learning problems.
This generalization is non-trivial, as we in general consider a possibly uncountable attribute
set X € R? and a model class constituted of Markov kernels, i.e., measurable functions
mapping points in X X X(Y) to a probability value in [0, 1]. This makes it impossible to
have the constrained superprediction set to live in the finite-dimensional euclidean space

R as we instead noted for the unconstrained case.

Definition 3.17 (Constrained Superprediction Set with Respect to Model Class). Let
H < M(X,Y) beamodel class and €: Aca(Y) X Y — R be a bounded loss function. We
define the constrained superprediction set of £ o H as

spr(f o H) = U {feBb(Xxy) | €oh)(x,y)< f(x,y) V(x,y)eXXy}.
heH

We can also define the superprediction set in a more general fashion, not necessarily
assuming a loss and model class but functions in B;,(X X Y ). This definition will be useful
later, when studying how the superprediction set is modified by the action of a Markov

kernel.

Definition 3.18 (Superprediction Set Operator). Let F C By(Z)x0 non-empty. The superpre-
diction set of F is defined as,

spr(F) = | J{f € Bu(D)|a(z) < f(2) Yz € Z}.

aceF

One characterizing property of the superprediction set is that it extends a set of positive
functions only in the positive orthant; this result extends Eq. (3.1) to the constrained learning

case.

Lemma 3.19. Let F C By(Z)>0. The associated superprediction set can be written as
Spr(F) = F ® By(Z)so.-

Proof. We first show the set inclusion from left to right. Let f € spr(¥), i.e., there exists
a € ¥ suchthata < f. Define g := f—a € B,(Z)>o. Hence, clearly f = a+g € F &By(Z)x0-
For the reverse direction, note that any f € ¥ ® 8;,()>0 can be written as f = a + g for
somea € F and g € By(Z)>o, hence f > a. o

Remark 3.20 One could imagine a different construction for a superprediction set for a loss function
{ and a model class H which goes as follows. First, note that we can define for every x € X,
Hy = {h(x) € Aa(Y) | h € Hy}. Then, we essentially restrict the unconstrained superprediction
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bog(1) — fo(x) = ligg(o(x + b))]
- gb(%) = biog(0(x® + b))
glog(o)
(a) Set spr fiog(Aca(Y)) for the log loss, with (b) Values for x € [-1,1] > fiog(hy=o(x),0)
curve for linear and cubic models, varying b €
{(~log(p), —log(1 - p)),p € Aca(¥)}. [-2,3].

Figure 3.1: Panel (a) shows that, no matter what the model class is, the superprediction set
of the loss (in this case for logarithmic loss {1¢) will look the same as long as the model

class covers the whole simplex, i.e., Aca(Y) = Uyex{h(x), h € H}. However, in panel (b) we
see that the single components of the elements of the constrained superprediction set, i.e.,

[&Og(hy(x), y)]x,y,take different values for different models i € Hyi, = {h(x) = [—log (o(x+
b)), —log (1-o(x+b))] } and h € Heyp = {fz(x) = [ -log (o(x>+b)),—log (1 - o(x>+))] }

Hence, the corresponding constrained superprediction set will look differently for each of
these model classes.

set to,

spr(f o Hy) = U {u € Bp(Y)| () < u} C spr(f).
peH:

Naively, one might then take the product over x € X. However, in general,

spr(¢ o H) c ® spr(¢ o Hy),
xeX

where the subsethood can be strict (). This is the case whenever the model class is not expressive
enough to independently assign predictions to different x € X. For instance, when a model class is
such that i(x1) = ¢ € Aca(Y) implies that hi(x2) = Y(Y) for every h € H and ¢ # U, then the
prediction assignment to xy interacts with the prediction assignment to x;.

3.3.2 Superprediction Set and Bayes Risk

Definition 3.21 (Support Functions). Let Z be a Polish space. Let A C By(L) and
B C ba(Z) be non-empty, the functions

oa(y) =sup(f,u),  os(f):=sup(f,u),
feA ues
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y=11-m —log(1 - h(x1))
fi(x1) = (m,1-m) 0((x1))
y=0,m —log(h(x1))
(a) Hy, € Aca(Y) (b) spr(fiog © Hy,)
y= 1,1- 2 _log(l - h(XZ))

\

\
\
\

fi(x2) = (72,1 = 1) L)

y=0m ~log(h(x2))
(C) (]-{)(2 C Aca(y) (d) Spr(flog o 7-{352)

Figure 3.2: Visualization of the set spr({jog o H) for a model class that does not cover the
whole simplex. We fix 171 = 0.6 and 12 = 0.4.

are respectively called convex support function of A and B. The functions
= inf = inf
palu) Jggﬂ(f, w,  ps(f) ﬁQBU’ K,
are called concave support functions.

Lemma 3.22 (Properties of Concave Support Functions). Let Z be a Polish space and A, B C
By(Z) be non-empty. The following statements hold.

(P1) OA = —P-A-
(P2) p is upper semi-continuous with respect to the o(8y,, ba)-topology.

(P3) pissublinear, i.e., pa(ap) = pa(u) (positive homogeneity) and pa(u +v) > pa(u) +
pa(v) (superadditivity) for all « € Ry and all u,v € ba(Z).

(P4) pa = pe(a)-
(P5) pass = pa + ps.

Analogous properties hold for non-empty sets C, D C ba(Z).
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Proof.

1. Trivially follows by the linearity of the dual pairing and properties of sup and inf

functions.

2. The pointwise infimum over a family of o(ba, B)-continuous functions is upper

semicontinuous (Aliprantis and Border, 2006, Lemma 2.41).

3. Positive homogeneity is a direct consequence of the definition and the linearity of
the bilinear mapping. Furthermore, the pointwise infimum over linear functions
is concave ((P1) and Aliprantis and Border (2006, Lemma 5.40)) and positive homo-
geneity with concavity implies superadditivity ((P°1) and Aliprantis and Border (2006,
Definition 5.45)).

4. Follows from (P2) and (I’3) together with Aliprantis and Border (2006, Theorem 7.51).

5. Follows from (P1) and Lemma 7.54 (2) in Aliprantis and Border (2006).

In the rest of this work, we will mostly make use of the concave support function, and will

refer to it simply as support function unless ambiguous.

Proposition 3.23 (Support Function of Superprediction Set is Bayes Risk). Let
{: Aca(Y) X Y — Ry be a bounded loss function and H € M(X,Y) a model class. It
holds,

pspr((,’Oﬂ)(qb) = BR(’O‘H(QD) 7 (P € Aba(X X y) .

Proof. Let ¢ € Apa(X X YY),

BRyog((@) = inf Eg[t o h]
= inf(loh, )= feiﬁqufrqﬁ)

Y oinf (f,¢)+ inf  (f,¢)

fE(OH fGBh(Xxy)Zo

= 1r1f s
fe((o‘]‘()@gb(/\’xy)zo<f (P)
L.3.19

= inf <f, ¢> = Pspr(l’fﬂ'()(gb) .

fespr(foH)

Where the equality (%) is true as, for f € By(X X Y)so and ¢ € Apa(Y), we have (f, ¢) > 0.
Hence, inffEBb(Xxy)ZO<f, ¢) =(0,0) =0. O
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Proposition 3.23 generalizes the correspondence of the unconstrained superprediction set
with the conditional Bayes risk stated in (Williamson and Cranko, 2024, Remark 18) and
(Williamson and Cranko, 2023, Theorem 15). Given Remark 3.8, we can also recover the
connection with conditional Bayes risk for ¢ € A (X X V).

As a last observation, we notice that a direct consequence of Lemma 3.22 (P4) is that we
can, without changing the support function, take the convex closure of the superprediction
set.

Corollary 3.24. Let {: Aa(Y) X Y — Ryg be a bounded loss function and H € M(X,Y) a
model class. It holds,

Pspr(l’o(H)(H) = pEspr(é’o(H)(‘U) ; UE ba(X X J/) .

Remark 3.25 For the topologically inclined readers, we note that Proposition 3.23 suggests that
the Bayes risk functional is not continuous with respect to the o(ba, Byp)-topology. That seems
counterintuitive, as all linear functionals of the type ¢ — (f, @) are o(ba, By)-continuous by
definition of o(ba, By,). The infimum over those functions is, however, not necessarily continuous,
but only upper semicontinuous (Aliprantis and Border, 2006, Lemma 2.41). Hence, it follows that
even though Ay = Apa (Lemma 2.13), the Bayes risk of a finitely additive probability distribution
might not be approximated arbitrarily well by the Bayes risk of a countably additive probability
distribution.

5Note that we need to assume that ¢ € Aca(X x YY), as it is not sufficient to assume ¢ € Ap (X X Y) to
ensure the existence and (almost sure) uniqueness of the associated conditional expectation—in other words,
the validity of the disintegration theorem.
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Chapter 4

An Exhaustive Taxonomy of
Markovian Corruptions in Supervised
Learning

The most widespread conception of data defines them as atomic facts, perfectly describing
some reality of interest (Poovey, 1998). In learning theories, this is reflected by the often-
used assumption that training and test data are drawn identically and independently from
some fixed probability distribution. The goal of learning is then construed as identifying
and synthesizing patterns based on the knowledge, or information, embedded in these
data. In practice, however, corruption regularly occurs in data collection. This creates a
mismatch between training and test distributions, forcing us to learn from imperfect facts.
Upon this observation, machine learning researchers should go beyond the traditional
emphasis on prediction models and loss functions, and focus also on the data at hand. As is
already common practice in statistics, researchers and practitioners need to understand how
different processes may have led us to the observation of particular data, to understand how
they can subsequently impact the learning process. While the necessity of investigating
this topic is recognized both at a practical (World Economic Forum Global Future Council
on Human Rights 2016-2018, 2018; Malinin et al., 2021; Koh et al., 2021) and a theoretical
(Meng, 2021; Rostamzadeh et al., 2021) level, no standardized way to model and analyze
the dynamic generative process of data has been so far created.

In view of understanding corruption and producing models that are “robust”,' there
has been a sustained surge of research on specific corruption models, predominantly
characterized through changes or invariances in selected probability distributions. In
Tab. 4.1, we present a non-exhaustive list of such models, each of which can be interpreted
as corruption in our sense. These approaches, however, do not permit a principled
comparison between different corruption mechanisms. Each framework is developed from

distinct premises and tailored to a particular empirical phenomenon. As a result, the

Here, robustness refers to correctness under noisy or corrupted data, acknowledging that the term carries
different meanings across the literature.
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Models

Descriptions

Attribute noise

¢(X) is corrupted due to, e.g., additive attribute noise or missingness,
while the labels remain untouched

Random classification
noise

Considering ¢(Y | X)p(X), ¢(Y | X) is corrupted by flipping each label
independently with a constant probability, while ¢(X) remains invariant

Class-conditional noise

Considering ¢(Y | X)¢(X), ¢(Y | X) is corrupted by flipping labels with
a probability dependent on the label, while ¢(X) remains invariant

Instance-dependent noise

Considering ¢(Y | X)p(X), ¢(Y | X) is corrupted by flipping labels with
a probability dependent on the instance, while ¢(X) remains invariant

Instance- & label-
dependent noise

Considering ¢(Y | X)¢p(X), ¢(Y | X) is corrupted by flipping labels with
an instance- & label-dependent probability, while ¢(X) remains invariant

Mutually contaminated
distributions

Considering ¢(X | Y)¢(Y), ¢(X | Y) is corrupted by a mixture model,
and ¢(Y) can also be corrupted

Combined simple noise

Considering ¢(Y | X)¢p(X), ¢(X) is corrupted by additive noise, and
¢(Y| X) is corrupted by flipping labels with a probability dependent
on the label

Target shift

Considering ¢(X | Y)(Y), ¢p(Y) is corrupted while ¢(X | Y) remains
invariant

Covariate shift

Considering ¢(Y | X)¢p(X), ¢(X) is corrupted while ¢(Y | X) remains

invariant

Generalized target shift

Considering ¢(X | Y)¢(Y), ¢(Y) and ¢(X | Y) are corrupted, subject to
specific invariance assumptions on conditional distributions in the latent
space

Style transfer

To model it probabilistically, we express it as ¢(X | Y) being changed given
the designated style

Adversarial noise

To model it probabilistically, we express it as ¢(X) being intentionally
corrupted by an adversary to alter the correct prediction for each instance

Concept drift ¢(X,Y) changes over time
Concept shift Considering ¢(Y | X)¢(X), ¢(Y | X) changes over time
Sampling shift Considering ¢(Y | X)¢(X), ¢(X) changes over time, while ¢(Y | X) is

invariant

Selection bias

¢(X,Y) is corrupted to ¢~)(X,Y) s.t. (,:[) < ¢, Aa= Z—(lf & ||a]|co < 0

Table 4.1: Examples of models proposed in the literature that capture data dynamics with
probabilistic descriptions. Here, X represents the attribute, and Y represents the label.
Details and references are included in Appendix A.
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relationships between models remain opaque. The absence of a standardized nomenclature

further compounds this fragmentation.

Rather than contributing another isolated model, we propose a taxonomy that systematically
organizes the existing landscape. This taxonomy provides a comprehensive map of
probabilistic corruption models, currently lacking in the literature. In contrast to much
of the existing work, which introduces new corruption settings together with bespoke
mitigation algorithms, our objective is not algorithmic novelty, but theoretical clarification.
We analyze mitigation strategies within a unified perspective to better understand the
structural principles underlying existing methods.

Although prior efforts have aimed to construct unifying frameworks, important limitations
persist with respect to homogeneity and exhaustiveness. An early and influential attempt
was by Quifionero-Candela et al. (2008), which assembled a broad range of results on dataset
shift without offering a fully integrated treatment. Subsequent works (Moreno-Torres et al.,
2012; Kull and Flach, 2014; Saez, 2022; Subbaswamy et al., 2022) pursued more homogeneous
formulations, yet typically relied upon invariance assumptions concerning marginal or
conditional distributions. Whether such frameworks exhaustively capture the full spectrum
of corruption mechanisms is generally conjectured rather than established.

Therefore, the primary objective of this chapter is to improve the existing understanding of
the effects of corruption. We aim to do so by systematically studying and comparing the
possible types of corruption in supervised learning problems, providing a general framework
for analyzing their mitigation as an initial step toward unraveling these fundamental

questions.

4.1 Corruption Definition and Types

In this section, we formally define our conceptualization of corruption within the context of
a learning problem, utilizing the mathematical tool of Markov kernels. Given the diverse
forms of corruption that can arise, we categorize them through a novel taxonomy based
on their input and output spaces—essentially classifying them by type. We demonstrate
the exhaustiveness of this general framework, which facilitates the systematic study of the
various corruption types and combinations. Finally, we analyze the relationships between
our taxonomy of corruption and existing corruption models, elucidating novel insights

generated by our framework.

As formulated in § 3.1, a learning problem comprises three key components: the loss
function ¢, the model class H, and the probability distribution ¢ from which we draw the
data. In the field of machine learning, considerable attention has been devoted by engineers
and researchers to the task of designing suitable loss functions or model architectures;
however, less effort has been put into data, given that they are often not responsible for

collecting them but rather for processing them (Sambasivan et al., 2021).

In contrast to the traditional concept of corruption in machine learning, which only focuses
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on data generation and is defined as distribution shift—an alteration of the probability
distribution to deviate from its original test counterpart-we argue that corruption can occur
in any of the components. In this broader sense, opting for surrogate losses can be regarded
as a form of corruption to the original loss function. For instance, surrogate losses are often
chosen in place of the 0-1 loss in the classification problems (Bartlett et al., 2006). Moreover,
a misspecified model, such as when the model class of choice, e.g., linear functions, does
not include the true model, e.g., a quadratic function, can also be considered a form of
corruption. Therefore we define the general corruption as any alterations in (¢, H, ¢) as

follows.

Definition 4.1 (General Corruption). Let (Z, (<)), (Z’, £(Z’)) be measurable spaces on which
general learning problems can be defined, as prescribed by Def. 3.2. A general corruption is a
mapping sending a general learning problem L(Z) into another general learning problem £(Z").

To initiate a comprehensive taxonomy of corruption, we begin by examining a specific case
where corruption is defined as a Markov kernel with fixed input and output probability

spaces.

This definition subsumes a significant portion of existing literature, including classical
works on distribution shift and noisy data (van Rooyen and Williamson, 2018; Williamson
and Cranko, 2024).> We therefore turn our attention to this subcase, formally defined below,
with the aim of establishing connections between our types of corruption and the diverse

corruption models laid out in previous studies.

Definition 4.2 (Markovian Corruption). A Markovian corruption is a general corruption
that maps a general learning problem L(Z) to another general learning problem $(Z’) through
the action of a Markov kernel x € M(Z,Z’). That is, such that £(Z) = (¢, H, (f) = KQ).
Two important subcases are:

1. A joint Markovian corruption, whichhas Z =Z' = X XY, L) = X(Z') =
L(X x YY), and only maps supervised learning problems into supervised learning

problems;

2. A partial Markovian corruption, that is such that Z, Z’ can differ, and may be
X, Y, or X x Y, with the associated c-algebras varying accordingly.

We remark that the definition above does not necessarily assume the Markov kernel « to be
known. We only require « to exist, and for us to know the values assumed by the kernel
action when evaluated on ¢, i.e. ¢ = ¥¢. The kernel is therefore not uniquely identified by
the corruption definition, since multiple Markov kernels can generate ¢ from ¢. However,

for the analysis carried on in the rest of the chapter, we assume « to be known.

The rationale behind this choice for modeling corruption lies in viewing a Markov kernel,

or observation channel (Csiszér, 1972) in the context of information theory, as a point-wise

2While Markov kernels have been utilized in formalizing corruption, their primary foci were solely on label
corruption, attribute corruption, or simple joint corruption.
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description of the stochastic process that leads to an observed probability distribution.
This process is determined by external conditions that, in some sense, limit our ability of
“seeing” the truth (probabilistic world), consequently giving rise to corruptions (distorted
data distribution). Given the probabilistic focus of this work, we will from now on
refer to Markovian corruption simply as corruption. For formal statements, we abuse the
kernel notation and refer to the corruption induced by a kernel as the kernel itself, i.e.,

ke M(Z,Z).

4.1.1 A New Taxonomy of Partial Corruptions

Partial corruptions can be classified in different ways based on the domain and image of
their associated kernels. Starting from the most general corruption, i.e., the joint corruption
on X XY induced by k € M(X XY, X xY), when one space (either X or Y space) is absent
in the image or domain of the corruption kernel, we obtain a partial corruption. In Fig. 4.1,
we present all possible types of partial corruption, with the exception of those that are
deterministic or degenerate kernels, as they can be seen as obvious subcases of other partial

corruptions. By construction, we can state:
Proposition 4.3. There are no partial Markovian corruptions outside of those listed in Fig. 4.1.

In the same Fig. 4.1, we classify partial corruptions based on their signature type, that is, which
sets of X and Y constitute the domain and image of the corruption kernel. Specifically,
we employ the following nomenclature: joint corruption when D(x) = I(k) = X X Y;
1-parameter joint corruption when D(x) = X X Y and (k) is either X or Y; 2-dependent when
D(x) = X x Y and (k) is either X or Y; 1-dependent when D(x) = X and I(x) = Y or the
opposite; simple corruption when D(«x) = I(k) # X x Y, so when they are either equal to X
orY.

4.1.2 Constructing Joint Corruption as a Combination of Partial Ones

We now aim to enumerate all possible ways of constructing joint corruptions, i.e., of the
type k: X X Y ~ X X Y, by combining the nodes in Fig. 4.1 through the superposition
operation Def. 2.26. To this end, we introduce an additional condition to be imposed on the

combinations of partial corruptions.

Definition 4.4 (One-Step Markovian Corruption). A Markovian corruption, induced by
a kernel k € M(X xY,X x ), is said to be a one-step Markovian joint corruption if « is
formed as a superposition of two partial corruptions, i.e. T ® A, such that neither T nor A can
be further decomposed using the operations defined in Definitions 2.24-26 and 2.28.

This definition is intentionally crafted to capture the most fundamental forms of composable
corruption: those that occur in a single step, i.e., without further factorizing the kernels. By
identifying and analyzing these atomic components, we establish a clear and comprehensive
taxonomy of combined corruptions.
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KkEMAXXxY,XXY)
joint

KEMXXY,Y) ke MY, XXY)| ke MX, XXY) ] xeMXXY,X)

2-dependent , 1-param. joint . ' 1-param. joint . 2-dependent
Kk € M(X,Y) ke MY, Y) k€ MY, X) K € M(X,X)
1-dependent simple 1-dependent simple

Figure 4.1: Hierarchy of partial corruption types. The partial corruption types are hierarchically
organized based on their dependence on the instance X and label Y space, as depicted
through a tree structure. At the root of the tree lies the most general form of corruption,
where the domain and image spaces are the joint one X X Y, i.e.,, D(x) = I(k) = X X Y. The
arrows signify that a child node has its domain or image constant w.r.t. exactly one of the
variables in its parent. Therefore, the children nodes can be expressed as subcases of their
parent, but the parents generally cannot be expressed by only one of their children. The
partial corruption types that cannot be combined with others are shown in dotted boxes.
Note that corner cases involving independence from all variables or identity kernels are
excluded from this analysis.

T: X XY w X
®

/Axxywy\
Y w X T: X XY w X T X~ X T: X XY~ X

® ® ® ®
A X XY Y A X w Y A X XY w Y AY Y

N / N /

T: Y w X T: X » X

A X w Y AY w Y

Figure 4.2: Feasible combinations of partial corruptions. Joint corruptions, i.e. of type x: X X
Y ~» X x Y, are obtained by combining two compatible partial corruptions in Fig. 4.1. The
graph structure is induced by that of the partial corruption types. Notice that we can only
combine a partial corruption with I(t) = X with another such that I(1) = Y, following
Proposition 4.6. Therefore, the arrows signify that both 7 and A in a child node inherit their
domains from the parent node with either 7 or A constant w.r.t. exactly one of their domain
variables.
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Remark 4.5 It is also possible for a corruption kernel k € M(X X Y, X X Y) to not respect the
one-step condition in Def. 4.4. This case can occur in different ways: a first option is that T or A are
obtained through combination of other kernels; or, it can happen that T and A are not combined via
superposition; lastly, it can also happen that a factorization w.r.t. to Definitions 2.24-26 and 2.28
does not exist for k. We use a single umbrella term for all such kernels, called non-factorized joint
corruptions, and treat them as a distinct class in our analysis. In fact, what we are enforcing is a
non-factorized representation of all non-one-step Markovian corruptions. Later in this section, we
will also give examples of what can fall within this set of corruptions. While a full characterization of
these more general scenarios is beyond the scope of this work, we will observe that studying one-step
Markovian corruptions gives us many insights also on this distinct set of corruptions.

Using the requirements introduced until now to shape the objects of interest, we prove the

following statement.

Proposition 4.6. The set of feasible one-step Markovian corruptions x = T ® A is such that

I(t)=Xand IA) = Y.

Proof. According to Def. 4.2, we must map a joint probability distribution on X x Y into
another joint one. Hence, we must exclude the combinations of a simple corruption
with a 1-dependent corruption since such a pairing cannot generate a joint corruption.
Additionally, combinations such as T ® A with 1 € M(X, X xY)® A € M(X,Y) are not
allowed because, according to Def. 2.26, the measure on the corrupted labels would be
ill-defined. By taking A and 7 from the partial corruption in Fig. 4.1, enumerating all of their
possible combinations, and checking which of them are feasible, we can see that only the
ones with I(7) = X and I(A) = Y or I(1) = Y and I(A) = X respect the condition. Therefore,
fixing the notation so that 7 is an attribute corruption and A a label corruption, we get the
proposition. O

The set of feasible combinations is depicted and hierarchically organized in Fig. 4.2.
Proposition 4.6 formalizes a desirable property of corruption, allowing it to change the
distribution on attribute X and the distribution on label Y in a distinguishable way, either
independently or dependently. Therefore, corruptions with indistinguishable effects on
labels and attributes, such as 1-parameter joint ones, are incorporated in the class of joint
non-factorized corruptions, i.e. M(X X Y, X x Y).? In the next section we will see this is an

appropriate choice.

Lastly, we can state the following characterization result as a direct consequence of

Proposition 4.6.

3Note that a 1-parameter joint corruption can be seen as a subcase of a joint one, i.e., as the mapping
AecLXxY)- x(x,y,A) = Ax,A)1(y), where 1(y) only trivially depends on y since it is the matrix with
all entries equal to 1.
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Corollary 4.7. There are no one-step Markovian corruptions outside of those listed in Fig. 4.2,
and therefore it constitutes a complete taxonomy.

4.1.3 A Practical Example of Markovian Corruption

Here, we present an illustration of a Markov kernel (in the finite case) within a practical
scenario to facilitate the reader’s understanding of corruption through kernels. The
provided example is adapted from (Fogliato et al., 2020) which considers the prediction
of recidivism in the criminal justice system—predicting who goes on to commit future

crimes.

Surveys have shown that “in the case of drug crimes, whites are at least as likely as blacks
to sell or use drugs; yet blacks are more than twice as likely to be arrested for drug-related
offenses” (Rothwell, 2014). Given this, we consider the observed outcome “rearrest”,
denoted as Y € Y = {+1, -1}, as a corrupted version of the true outcome “reoffense”,
denoted as Y € Y := {+1, -1}, depending on the attribute X € X = {b, w}. Specifically, the
disparity between Y and Y can be captured by a higher probability of flipping the reoffense
label (Y = +1) to the no rearrest label (Y = —1) for white population (X = w) compared to
the black population (X = b):

a(w) > a(b), where a(x) == (Y = -1]Y = +1,X = x),

where 1) here indicates the conditional probability density of the corrupted random variable
Y on Y given the clean variables X, Y on X and Y respectively. Moreover, we employ the
additional assumption that the corruption arises solely from the hidden recidivists, and
not from erroneous arrests of individuals not committing the offense. In other words, the
probability of flipping the no reoffense label (Y = —1) to the rearrest label (Y = +1) is zero
for both the black and white populations:

B(w) = B(b) = 0, where B(x) := (Y = +1|Y = -1, X = x).

A possible Markov kernel modeling the setting would be therefore of the type A : XXY > Y,
exemplifying 2-dependent label corruption. More specifically, it can be written as a joint
kernel 6 ® A where 6: X ~» X. Being defined in discrete probability spaces, both 6 and
A can be expressed as matrices with entries representing conditional probabilities. In

particular, we rewrite for clarity A as its parameterized version /\| oy Y YforxeX,

4In order to define this conditional, we have to consider clean and corrupted learning problems, and a
coupling of the clean and corrupted data-generating distributions defining them. We omit it here for brevity.
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obtaining:

P(X =b| X =b) mi:mxzwq_r 1

vX=w|X=b) vX=w|X=w) 0 1
o P(Y =+11Y=+1,X=x) 0| [l-a(x) O
X=x " yp(Y=-1|Y=41,X=x) 1| | akx) 1|’

where the entries are determined according to the given problem setting. To illustrate, con-

sider an example of a(b) = 1/10 and a(w) = 1/5, yielding the following expressions:

1—a(b) 0} [9/10 o] [1 ~ a(w) o]
= and /\|X: = =
ad) 1 1/10 1 w a(w) 1

-t

4/5 0
1/5 1|°

From Def. 4.2 we know that defining a Markovian corruption requires specifying a learning
problem. In particular, it is necessary to fix the clean probability distribution for us to
observe the effect of the corruption kernel on it. Therefore, we consider a joint density on
X X Y in the form

O =1[1/4,1/4,1/4,1/4]7,
where the specific order is assumed to be
P =[p(X=bY=41),0X=bY=-1), (X =w,Y=+1), p(X =w,Y =-1)]".

Note that in finite spaces, the superposition operation Def. 2.26 reduces to the Kronecker
product, hence we write the joint corruption kernel 5® A: X X Y ~» X x Y as

9/10 0 0 O

o1 1'A|X:b0'A|X:w /\|X:h 0 1/10 1 0 O
®A= - "o o 45 o]’

0- AlX:b 1 AlX:w 0 A|X:w 0 0151

which is a 4 x 4 block diagonal matrix. Written in its probabilistic form, the entries of the
matrix representation would hence be the probability of X = #,Y = /| X = x,Y = y. Then
we can obtain a corrupted joint probability ¢ in the following manner:

9/10 0 0 0][1/4 9
o 1710 1 0 of|1/4] 1 |1
¢=0e8Ne=\"0 o 45 of 14| T30 |8
0o 0 1/5 1||1/4 12

In this case, the chain composition operation Def. 2.24 is reduced to matrix multiplication.
After applying the corruption kernel 6 ® A, the original clean learning problem with joint
probability ¢, is transformed into a distinct problem governed by ¢.
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4.1.4 On the Exhaustiveness of Markovian Corruptions

We now know from Corollary 4.7 that the taxonomy of one-step corruption is complete.
However, we also noticed that one-step corruptions are not the only possible type of
corruptions, as kernels can also come in different forms. We will now leverage a well-known
property of Markov kernels—their bijection with coupling of probability spaces—to define

an exhaustive taxonomy based on the one-step corruption one.

Definition 4.8 (Exhaustive Taxonomy of Corruptions). We say that a taxonomy of Markovian
corruptions is exhaustive if, for every possible pair of distributions ¢, ¢ € Aca(Z), there exists a
Markovian corruption from £(Z) to £(Z) s.t. ¢ = &¢ for all loss £ and model class H.

Proposition 4.9. The set of feasible one-step Markovian joint corruptions, together with the

set of non-factorized ones, constitutes an exhaustive taxonomy of Markovian corruptions.

Proof. Recall from Def.2.9 thata coupling is defined for two probability spaces (1, X(Z1), ¢1),
(Z2, Z(Z2), ¢2) as a probability space (Z1 X Z», Z(Z1) X £(Z2), @), such that the marginal
probabilities associated to ¢ w.r.t. Z;, i € {1,2}, are the respective ¢;. By construction,
Markov kernels with fixed input and output probabilities ¢, ¢ are in bijection with all the
possible couplings existing on Z x Z with two fixed probability measures; for us, ¢, ¢ (see
details in Appendix C). This, by definition, proves the exhaustiveness of the taxonomy, as it
implies that every corruption that is not one-step Markovian but still sends ¢ to ¢ has a

non-factorized representation. m|

4.2 Scope of the Taxonomy and Excluded Models

The proposed taxonomy enjoys an interesting property of Markov kernels, which is their
ability to give an alternative (non-factorized or one-step) stochastic representation to changes
of a probability distribution into another. It is important to keep in mind that these are
only possible representations. For some pairs (¢, §), there exist also representations not
within our taxonomy, as shown by the examples of multi-step corruptions included in the
next section (§ 4.2.1). They are also valid modeling choices for corruption, as they may
be functional to analyses different from ours; here we ascribed non-one-step cases to the
non-factorized joint corruption group, as our framework is enough for obtaining the results
presented in the next chapter. Nevertheless, studying the properties and consequences of
one-step corruptions gives hints on properties and consequences of what is included in the

non-factorized class. Again, this will be further discussed in § 4.2.1.

Focusing on what is instead included in our taxonomy, we get a novel perspective on how
to understand many existing works under a unified framework, hierarchically organized
based on the notion of dependence on the instance and label space. We reorganize the
corruption models outlined in Tab. 4.1 and illustrate them within our taxonomy, as depicted
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Corruption name

in literature Corruption type Kernel representation
Attribute noise simple T: X~ X

Style transfer 1-dep. Y w X
Adversarial noise 2-dep. T: XXY w X
Random classification noise ~ simple Az} Y
Class-conditional noise simple AY Y
Instance-dependent noise 1-dep. A X~ Y

Instance- & label-dependent 2-dep. L XXY Y

noise

Combined simple noise

two simple combined

(T: X ™ X)®@(A: Y w V)

Generalized target shift

two 2-dep. combined

T: XXY wX)®(A: X XY ~ Y)

Target shift min. simple, AY w Y,
& max. 1-dep. & 2-dep. combined (7: Y w» X)® (A: X XY > V)
Concept shift min. simple, AMY Y,
P max. two 2-dep. combined (T: XXY W X)Q(A: X XY ~» Y)
Covariate shift min. simple, T: X w X,

Sampling shift

max. 2-dep. & 1-dep. combined

(T: XXY > X)® (A: X » V)

Concept drift

can be any type, including
the non-factorized one

Mutually contaminated
distributions
Selection bias

non-Markovian corruption

Selection bias

non-Markovian corruption

Table 4.2: Illustration of the taxonomy with examples of existing corruption models. When
only one kernel is indicated, missing variables remain unchanged. “dep.” is short for
“dependent”. Details and references in Appendix A.
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in Tab. 4.2.° Notably, Tab. 4.2 unveils several new insights that are not readily evident from
Tab. 4.1.

Firstly, it enables a qualitative comparison of different corruption models by considering
their domain and image spaces (refer to Fig. 4.1 and Fig. 4.2). If a kernel exhibits more
complexities in its domain and image, it will induce a more intricate form of corruption.
Conversely, corruptions demonstrating less complexity in the domain and image of the
associated kernel can be regarded as subcases of those with greater complexity. For
example, instance- & label-dependent noise characterized as a 2-dependent label corruption
A: X XY ~» Y, is more intricate than class-conditional noise, a simple label corruption
A Y ~» Y, with more dependence on X the latter can be seen as a subcase of the former

with its kernel being constant w.r.t. X.

Secondly, it reveals that some corruption models in Tab. 4.1 correspond to multiple
corruption types or combinations of partial corruptions in our taxonomy. This is because
their definitions in Tab. 4.1 often consider the corruption of either the probability in the
X space or the Y space, leaving freedom for corrupting the other. In extreme cases like
concept drift, which assumes corruption only in the joint distribution, it can be of any
corruption type and may not even be factorized to partial corruptions.

Thirdly, it provides new insights into some corruptions that have been taken for granted to
share the same probabilistic nature as others, but turn out to be non-Markovian corruptions.
Examples include mutually contaminated distributions and selection bias, topics that will
be further elaborated in the following.

4.2.1 Multi-Step Corruption

In machine learning research, the corruption process typically involves two environments—
training and test time—but other settings are also possible. For example, scenarios involving
more than two spaces arise when learning from multiple domains (Ben-David et al., 2010),
or in the presence of concept drift over time (Widmer and Kubat, 1996; Gama et al., 2014;
Lu et al.,, 2019). By relaxing certain assumptions, the applicability of our framework can be
extended into such cases by combining one-step Markovian corruptions. In these cases,
kernels act in a “sequential” (Definitions 2.24 and 2.25) or “parallel” (Def. 2.26) manner,

enabling the modeling of more complex patterns of corruption.

Multi-Step Markovian Corruption To illustrate how one-step corruptions give insights
about non-one-step ones, consider a scenario with three environments X; X Y;, i = 1,2, 3.
We aim to model Markovian corruptions occurring among these spaces and represent them
using directed acyclic graphs, as usually done in causality literature (Pearl et al., 2016). In
this representation, an arrow indicates the presence of a non-trivial Markov kernel between
two spaces.

5Details about the relationships with these corruption instances are given in Appendix A, and discussions
on the relationships with other data shift taxonomies are given in Appendix B.
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Xl X y1
i X1 X Y, X1 X Y,
ya\ b
X3><J/3 szyz X3><y3 szyz X3><y3
(a) Chain structure. (b) Fork structure. (c) Collider structure.

Figure 4.3: Possible non-degenerate relations among three probability spaces. Arrows
represent non-trivial Markov kernel x € M(X; X Y;, X; X ;).

We focus on three corruption configurations depicted in Fig. 4.3, excluding triangular
structures with three arrows, as they lack a clear distinction between input and output
spaces, making the corruption flow not interpretable.

The first configuration is the chain structure shown in Fig. 4.3(b), where the spaces influence
each other sequentially. A concrete example is when «1: X ~» W models a feature extractor
for the attribute space X, and x>: W ~» X represents a corruption depending on the latent
features only. Although this structure does not strictly satisfy our one-step corruption
definition as per Def. 4.4, it can still be represented in our framework by composing kernels
as k := K1 o kp, with each «; being a one-step Markovian corruption. Similar structures also
occur in scenarios involving concept drift or online learning with corruption (Widmer and
Kubat, 1996; Cesa-Bianchi et al., 2010; Lu et al., 2019).

A second option is that the spaces relate according to the triangular structures shown in
Fig. 4.3(a) and (c). In particular, case (a) reflects assumptions made in settings combining
data from different domains (Ben-David et al., 2010; van Rooyen and Williamson, 2018;
Redko et al., 2022), where distinct observed distributions are assumed to arise from
a common underlying clean distribution but corrupted differently depending on their
environment. We can model this as a single Markov kernel obtained via superposition of
two others, i.e., x = k1 ® xp, with k1 € M(X1 X Y1, Xo x Wp) and k, € M(Xy X W1, X5 X W3).
As for case (c), it can be used to model scenarios with merged (noisy, or clean and noisy)
datasets, which is a fairly common practice in robustness research, e.g. Veit et al. (2017);
Fatras et al. (2022), as well as causality, e.g. (Gresele et al., 2022; Garrido Mejia et al., 2024).
The corruption would then be represented with a k € M(Xy X Yo X X5 X M3, X1 X M), with
a decoupled joint probability as input, e.g., ¢ = ¢2 X Ky, where Kk, is a degenerate kernel
and ¢, ¢3 are the clean underlying probabilities.

These three basic structures can be themselves combined to form more complex graphical
models, capturing relationships among n environments. Since these are built from
Markovian one-step corruptions or partial Markovian corruptions, our framework still
offers insights into these more complex combinations, which motivates our focus on one-step
corruptions.
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Multi-Step Non-Markovian Corruption. Consider two Markov kernels A € M(X X Y X
X,Y)and 1 € M(X,X). Let A be an element of the Borel sigma algebra on X x Y. We can
obtain a corrupted measure ¢ € A, (X X V) as

G(A) = (F x A)(A) = [(¢ oxxy A) X Tr](A)

[¢ oxxy Al(X,d) - Tr(dX)
(& 7)eA

:/ [/ A(x,y,f,dg)qb(dx,dy)] . [/ (x’,d%) n(dx")| ,
(X,5)eA (x,y)eXxyY x’eX

where ¢ € A (X X V) is the joint clean probability and 7 € A (X) the associated clean

X-marginal. It is apparent that the domain space of A does not respect the one-step

assumption: It assumes a coupling defining joint probability space on (X x Y x X), where
the latter X is meant to be equipped with the corrupted marginal probability 7 o 7, and
X X Y has marginal ¢. This modeling choice amounts to a corruption that does not act in a
“parallel” fashion on X and Y, i.e., through ®. The corruption of the label space happens
on a second time step, depending on the outcome of an initial corruption phase carried out
by 7 and only involving X.

Notice that, more in general, we cannot write the combined action of A and 7 as a unique
kernel x acting on ¢; the available operations do not allow it. Consequently, it cannot
be expressed as a single graphical model, although each individual step can. However,
we can write ¢(A) = [F x 7](A), with 7t := ¥ and F := ¢ oxxy A. This shows that the
resulting corruption is non-Markovian in how it acts on the clean probability ¢, but has

(almost) Markovian components.®

4.2.2 Mutually Contaminated Distributions

While being a term with less widespread recognition, mutually contaminated distributions
(mcp) (Blanchard and Scott, 2014; Menon et al., 2015; Blanchard et al., 2016; Katz-Samuels
etal., 2019) is a popular corruption model that has been studied in the literature under more
familiar names, for example, learning from positive and unlabeled data (Elkan and Noto, 2008;
Ward et al., 2009; Du Plessis et al., 2014, 2015; Kiryo et al., 2017) in the binary class case,
and learning from label proportions (Quadrianto et al., 2008; Yu et al., 2014; Liu et al., 2019;
Scott and Zhang, 2020; Tang et al., 2023). Despite the popularity, less is understood about
how mcp relates to other corruption models. Our framework offers new insights into such

relationships and demonstrates how mcp extends beyond Markovian corruptions.

To initiate this analysis, we first formally define mcp in the sense of Tab. 4.1. Fix a measurable
instance space X, and denote by ¢ a distribution over X X [K] for [K] := {1,2,--- , K} with
random variables (X, Y) ~ ¢.

Definition 4.10 (Katz-Samuels et al. (2019)). Let ¢(X = x|Y = k) be class-conditional

6The “almost” refers to A acting on ¢ via partial chaining instead of standard chaining. This is very similar
to our Markovian corruption definition, but it still is a slight relaxation.
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distribution and 1t be the base rate, i.e., the probability of Y = k, k € [K], s.t. ¢ = 1t X . Consider
some mixing probabilities {1ty k}me[m) ke[k], With Tk = 0 and 3, 7ty = 1. Then, the mcp
corruption model assumes that there is a general corruption from (€, H, @) to (¢, H, $), such that
the corrupted class-conditional distributions are of the form

K
PX=x|Y=m)= > mupp(X=x|Y =k VreX,
k=1

where m € [M] denotes the corrupted class.

This definition has some clear differences with our definition of corruption. First, Def. 4.10
uses the class conditional probabilities /(X = x|Y = k) instead of the joint probability.
In our language, this means expressing corruption via the experiment E. Secondly, their
mixing probabilities defined a mixing matrix IT := (7t k) me[m] ke[k] that is row-stochastic
instead of our column stochastic kernels. We can therefore translate the mcp into our

notation as in the following;:
() = ; /ﬂ /X (x, d%) (7, dy) E(y, dx) 7(d7) @)
= / [(m © (E 0 8)) X 7] (d%, dif) # / [(6® kM) o (R XE)| (d%,d),  (4.2)
A A

where now ¢ and ¢ are joint probabilities, xum (7, dy) = Iy, € MY, Y), and Y =
[max(K, M)] to get a square matrix. In particular, we underline that 7(d7) is a marginal
probability on the corrupted space, while 7(dy) is on the clean one. It is not specified by
Katz-Samuels et al. (2019) how the corrupted marginal probability is obtained, nor whether
it is the same one given in input as the clean one. Generally, we can always write the

following relationship:

A(d7) = /y (@, d7) m(d9), (43)

where Ap: Y v Y, so the variable 7] is defined on the clean probability space (Y, Z(Y), n).

Mutually Contaminated Distributions Model is Non-Markovian. The formula derived
above classifies mcp as multi-step, because plugging Eq. (4.3) in Eq. (4.1) violates Def. 4.4.
This gets even clearer when looking at Eq. (4.2): the right-hand side would imply that
there exists a single kernel in (6 ® xm)(x, 7,d%x,dy) € M(X x Y,X x Y) representing
the mcp corruption scheme, but such representation is not possible because of how the
Mcp kernel acts on E by definition. In addition, we underline that the existence of
(0 ® km)(x,¥,dx,dy) would still not make a viable Markovian corruption in the sense of
Def. 4.2 because of the variables not being compatible with the probability ¢ for generating
G(dz,dy) = (6 ® km)P)(dX, df) = [y, ., P(dx,dy) (6 ® xum)(x, §,d%, dy), the latter being
an ill-posed integral since we have two measureson y € Y.
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Menon et al. (2015) assume it plausible to have a corrupted label marginal totally unrelated
to the original clean one; we model this case as a degenerate kernel constantly equal to the
output probability, i.e. Ap(7,d7) = Ax(7, d¥) = 7(d). The other extreme case is for the
corrupted and clean marginals to not differ, and in such a case we are still in the presence
of a corruption that is not one-step. This is because, having Ay (77, ) = 6(7, dij) we write

the marginal

wtap) = [ A an i = [ o,an ).

Comparison with Class Conditional Noise. We can lastly look at the comparison of mcp
with class-conditional noise (ccN) to understand more in depth its non-Markovian nature.
Clearly we cannot reduce McD to ccn, as we have already shown above. However, Menon
et al. (2015, Section 2.3) prove that ccn can be mapped to the mcp model in the binary case,
and claim that ccn is a special case of Mcp. Their argument can be trivially extended to the
multi-class setting by taking
[Aclij#;
Z'l-zll[/ic]ijﬁj ,

where Ac is the Markov kernel associated to ccN, and 6 ® Ac would be its joint form. In

[kmlij =

plain words, the usual definition of ccn via Ac can be manipulated such that the s will
subsume the label corruption, and the marginal corruption of the mcp is assumed to be a
delta, i.e. Ap; = 6. However, it would still act on the clean probability as a non-Markovian
corruption, as we have proved above. We therefore gain a new insight on mcp: It cannot be
thought as a generalization of ccn; the two models can be equivalent in certain regimes of
their parameters, but they are in general non-comparable noise models when written in

their respective original definition.

4.2.3 Selection Bias

Another corruption model that has been widely studied in the literature is selection bias.
Different definitions have been proposed over the years, as we briefly discuss in Appendix A

in comparison with covariate shift.

We show that, under its classical formulation based on the Radon-Nikodym derivative,
selection bias cannot be captured within the Markovian corruption framework. In contrast,
under a probabilistic formulation, it does fall within this family. These two definitions are
therefore incompatible and cannot be jointly assumed in a single theoretical analysis. This
illustrates the utility of our kernel-based taxonomy, which classifies corruptions by their
probabilistic nature and provides a unified basis for understanding them.

Definition 4.11 (Chapter 3.2, Quifionero-Candela et al. (2008)). Let Z € R¥ and the Borel
o-algebra X.(Z) on Z form a measurable space. Consider a clean probability space (Z,X(Z), §)
and a corrupted one (Z,X(Z), ), from which we aim to learn. We define selection bias as a general
corruption such that € = (¢, H, ¢) and & = (¢, H, d), and that fulfills the following conditions:
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1. Support condition, or absolute continuity of the measures: 3 a € LY(Z,%(Z), ) s.t.
P(A) = fﬂ a(z)p(dz) VA € L(Z), where a is the (almost surely unique) Radon—Nikodym
derivative;

2. Selection condition: sup, ., a(z) < +oo.

Non-Markovian Definition of Selection Bias. Clearly, selection bias can in principle
include different instances of our taxonomy, since its type is not specified by its characterizing
conditions. We now try to understand if it meets the requirement for being Markovian
in the first place. Comparing it with the action of a general x € M(Z, Z) on the input
probability ¢, we get the condition

/ﬂ/ZK(z,dZ)qb(dz)=/ﬂa(z)q§(dz) VA € X(2) .

It is easy to check that the kernel satisfying the condition is k(z, dZ) = 0,(dZ)a(z), which
respects the definition of kernel, but does not fulfill the Markov property unless a(z) =
1Vz € Z. This kernel is defined such that ¢ is corrupted into ¢, but it does not preserve
mass for every input probability measure, therefore it is not what we are looking for to say

that selection bias is a Markovian corruption. Is this « the only possible guess?

Consider a general k € M(Z, Z). It can be rewritten through its density w.r.t. a suitable

measure, i.e.,

() = /ﬂ /Z K(z, d) p(dz) = /ﬂ /Z Kz, 2)W(d2) §(dz) VA € T(Z),

and defining B(Z) = fZ k(z,%) ¢(dz), we obtain ¢(A) = /ﬂ B(Z)v(dzZ) VA € L(Z).
Imposing « to act as selection bias, we get f(z) = a(z) Vz € Zandv = ¢ € Aca(Z), p = #

-a.e. On the other hand, the Markov condition asks
/ k(z,Z2)v(dZ) = / k(z,2)p(dz)=1 VzeZ = PBz)=alz)=1 VzeZ.
Z Z

Hence, we reached a contradiction and proved that selection bias cannot be directly
represented as a Markov kernel if we impose it to be acting on probabilities exactly as the
Radon-Nikodym derivative @. Obviously, there exists a Markovian corruption relating
¢ and ¢, since they are probability measures and our exhaustiveness argument holds.
Therefore, we can represent selection bias via a one-step Markovian corruption. However,
that would not reflect the “natural” definition of selection bias that acts through the

weighting function a.

Markovian Definition of Selection Bias. Interestingly, in the same Chapter 3.2 of
Quifionero-Candela et al. (2008), the authors also make use of the probabilistic defi-
nition of selection bias, as originally introduced by Rubin (1976). More precisely, they define
the probability ¢,(X = x,Y = y| S = 1) as the one generating the training samples, where
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S is some Bernoulli selection variable that determines whether a sample is included (or cor-
rupted). The test data are instead drawn from the uncorrupted distribution ¢ € Aca(X X V).
In other words, they assume two joint probability spaces on (X X Y x {0,1}): one clean,
where S and the data are independent, and the marginal data distribution is ¢; one with

dependence, and the data distribution is some ¢. It follows that these objects exist:

1. € Awa({0,1}), the marginal of S w.r.t. the clean joint probability on (X X Y x {0, 1});

2. kgt X XY ~» {0,1}, a degenerate kernel that assumes the value 7 regardless of
the point in X X Y it is evaluated on.” This is the kernel description of the random

sampling case, where S is independent of (X, Y);

3. ktr: {0,1} »» X X Y, the kernel representation of the biased training probability ¢,

ie.,
/ Kir(s = 1,d%, dj) = ¢t,((>2,3?) eA|S= 1)
ACXXY

Thus, we can write

P(A) = (R knP)(A) = (XP)(A),

for A C X x Y, while ¢ is the training distribution and ¢ the test one. This is therefore
a Markovian representation of selection bias, and it is used as definition of the involved
probability as if it was interchangeable with Def. 4.11. Having proved that Def. 4.11 leads
to a non-Markovian corruption, we know the two definitions of selection bias considered
here are at least not using same “representation” for the corruption process. In addition,
a Markovian corruption is generally not guaranteed to generate a corrupted distribution
respecting the absolute continuity condition. This particular kernel x = x o k¢, is defined
through the degenerate kernel «,;, and therefore (the support of) (Z) does not at all depend on
(the support of) ¢. The corruption process is only dependent on S and its relationship with
(X,Y) in a latent variable model. We conclude that the two definitions are not equivalent,
and should be used in conjunction only upon careful examination.

"This is equivalent to the definition of degenerate kernel we gave in Def. 2.23.



Chapter 5

Equivalent Learning Problems under
Corruption

Having identified all the types of one-step Markovian corruptions, a natural subsequent
question is how to systematically understand their effects on learning problems. We build
upon work from Williamson and Cranko (2024) and use equalities involving Bayes risk
(Data Processing Equality) to formalize such effects, and then leverage them to discuss
how different corruption types require different mitigation strategies. The mitigation we

investigate is loss correction.

5.1 Data Processing Equalities

Recently, in (Williamson and Cranko, 2024), Data Processing Equality results have been
studied within the supervised learning framework and from an information-theoretic point
of view. They have been inspired by the theory of comparison of statistical experiments
(Blackwell, 1951; Torgersen, 1991) and the information-theoretic Data Processing Inequality
(Polyanskiy and Wu, 2025), which relates Bayes risk after and before corruption. Their
work adapts the theory to machine learning, including more realistic assumptions such
as a restricted model class H, a fixed loss of interest ¢, and a fixed prior distribution.
Together with an experiment E, the fixed prior uniquely identifies the joint distribution
¢ € Aca(X X Y). More formally, their equalities are of the form

BRyog([70 X E] = BR ;[0 X E] ,

where the notation (-) indicates the action of some Markov kernel changing an object. In their
framework, the quantity E is a corrupted experiment in M(Y, X), which is computed either
asEot, 7€ M(X,X)orasAoE, A € M(Y,Y). The attainable prediction set is defined as
CoH :={(x,y)— L(h(x),y)|h € H S M(X,Y)}, and its corrupted counterpart ¢ o H is
obtained as the action of the kernel 7 or A on the set £ o H{—the same kernel acting on E

and determining E. We will formally give this statement later in Proposition 5.3.

55
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The equality trivially induces an equivalence relation on the space of all possible learning
problems, given the bijection between Markov kernels and couplings described in the

previous section. In its general form, we write it as

(oH, mXE)=w (L oH,nXE).

Williamson and Cranko (2024) only considered corruption acting on the sole experiment by
composition; specifically, they use what is referred to by us as simple X and Y corruption.
In our contributions we also adopt the equality approach, but relate the clean and corrupted
learning problems through Bayes risk. We prove equivalences that formally characterize how
problems are affected by different kinds of joint corruption; the kinds are identified by our

taxonomy.

This class of results cannot be directly considered as part of the comparison of experiments
theory, as we are not providing any inequality results and are considering a different setting.
Rather, we complement that line of work by identifying when problems are equivalent
in terms of appropriate measures of risk, and by analyzing how the structure of these

equivalences changes depending on the type of corruption applied.

While the equality of Bayes risks is a direct consequence of formalizing corruptions via
Markov kernels, we give precise formulas describing how the corruptions act on prior and
posterior distributions, as well as on the attainable prediction set £ o H. Accordingly, the
main goal of this section is to present qualitative results in terms of conserved “entropy””
between corrupted and clean learning problems, and establish a bridge between the
problems themselves. These results also lay the basis for the loss-correction framework in
Section § 5.2, as they enable a precise differentiation of the loss correction techniques based

on the corruption type.

5.1.1 Preliminary Properties

When introducing Markov kernels in Def. 2.14, we allowed it to be defined on different
input and output spaces. However, we also align with a more classical view of kernels as
related to Markov chains, considering them a modification of the same set of objects, while
rearranging the probability measure defined on it. Hence, a corruption from X X Y to Y
has to be considered as a parameterized version of the corruption on Y, where the parameter
is x. For this reason, we also introduced the partial chain composition operation Def. 2.28,
which allows chaining while keeping a specified free parameter. A degenerate sub-case

takes place when we deal with a kernel from X to Y.

Markov kernels prove themselves as a useful modeling choice not only because of their
interpretation and flexibility; they also have the property of preserving expectations under
certain modifications. For this result to hold, one should assume a certain setting for the

considered learning problems. A possibility is to take a more geometrical approach, e.g.

IFor readers interested in how exactly Bayes risk relates to entropy, we refer to Griinwald and Dawid (2004);
Williamson and Cranko (2024); Polyanskiy and Wu (2025).
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the one described in Section 19.2 of Aliprantis and Border (2006). Here we choose a less
involved one to present—but very similar in the imposed restrictions—and introduce one

key assumption on the loss function: we require it to be bounded.

This requirement restricts the definition of loss function we gave in § 3; positivity and
boundedness together ensure that the dual pairing can be used safely in the following proof.
In addition, we know that in this setting the Fubini—Tonelli theorem still holds, which is key
to many of the statements provided in this chapter.” We can now give a formal statement of

the aforementioned property of kernels.

Lemma 5.1. Consider a bounded loss £, a model h € M(X,Y), and a probability distribution
P on(XxY,XxY)standard Borel. Let k be a joint corruption kernel in M(X XY, X X Y).
Then,

R¢[12(€ oh)] = R,g(i,[f o hJ.

Proof. We know that Ry[f] := / f d¢, which is the definition of the dual pairing used to
connect functions and probability measures. Hence, the lemma holds by applying the
adjoint property in Remark 2.19. o

This result is central to enabling a general version of the Data Processing Equality, as it will
trivially hold for the unconstrained Bayes risk. What remains unknown is how the form of
the equality changes, specifically in terms of the clean distribution ¢ and the attainable

predictions ¢ o H, under different types of corruption.

Lastly, we specify that in all the following statements the joint corruption action on the
learning problem is written as the superposition 7 ® A, where I(7) = X and I(A) = Y. Their

full signature will be provided in each theorem.

Remark 5.2 The following section will focus on Bayes risk because of its connection with information
theory: The BR equalities (or, Data Processing Equalities) prove changes in the entropy measure
induced by some “learnable information”, i.e., the maximum amount of information contained in
some distribution w.r.t. a learning problem. We will elaborate more on this point in the upcoming
sections. However, Lemma 5.1 shows that the results are valid also for a sub-optimal hypothesis in
H. The equivalences proved in the following sections can also be seen as risk induced ones (opposed
to Bayes risk ones).

5.1.2 Existing Result: Data Processing Equalities for Simple Noise

As a first step, we can show that our framework subsumes the existing result proved by
Williamson and Cranko (2024). We give our own proof in Appendix D. In our taxonomy,
their “combined noise” corresponds to our superposition of simple label and attribute
noise, called “combined simple noise”.

2Note that this is not the most general setting for this theorem to apply, but it is a valid setting.



58 CHAPTER 5. EQUIVALENT LEARNING PROBLEMS UNDER CORRUPTION

Proposition 5.3 (Combined simple noise, Williamson and Cranko (2024)). Let ¢ be
a bounded loss function. Consider the clean learning problem (¢, H, ¢), E: Y ~» X its
associated experiment such that ¢ = 1y X E for a suitable vy, and F: X ~» Y its associated
posterior such that ¢ = mix X F for a suitable ix. Let (1: X ~» X)® (A: Y ~» Y) bea
corruption acting on this problem. Then, the kernel action on ¢ can be rewritten as

(t®Ad)p=nyo[(Eor)®A|
or, equivalently,
(t® )¢ =mnxo[t®(Fol). (5.1)
Then, the BR Data Processing Equality,
(z oH, (t® A) ¢) = (%(iuf o H), qb),
holds such that the functions contained in the new attainable prediction set satisfy

(Ao H) = {(x,y) — [2(Al, o h)](x) | h € H}.

A Fundamental Difference Between Label and Attribute Noise. Proposition 5.3 allows
us to observe some properties of corruption that will be conserved also in the subsequent,
more complex cases. Consider its hypotheses, i.e., T® A = 6 ® A being a corruption acting

only on labels. The formula in Eq. (5.1) therefore tells:
BRyog( [1x 0 (6 ® (Fo A))] = BR(MOrH)[nX X F|.

When looking at the right-hand side, we see that the A component only modifies the loss

function, and leaves the model class untouched, i.e.,
Ao H)=AloH.

That means, simple label (Markovian) corruptions are equivalent in Bayes risk to loss corruptions,
which is non-Markovian in the sense of Def. 4.2, but induced by a Markov kernel. On the

other hand, when considering T ® A = 7 ® 6, we obtain
BRyogs [Tcy o ((E °0T)® 6)] = BRz(poH) [T(y X E] ,

and in this case notice that the action of ¥ = 7 ® A affects the whole attainable prediction

set when considering the Bayes risk on the clean distribution.
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5.1.3 Novel Data Processing Equalities for Other Corruptions

We now present the results for each of the remaining corruption combinations in Fig. 4.2.
All proofs for this section are in Appendix D. From now on, we will refer to the BR equality,
defined as

(e oH,(t® X) ¢) = (%(M o H), gb). (5.2)

The following two results are a strict generalization of Proposition 5.3.

Theorem 5.4 (2-dependent 7, simple A). Let ¢ be a bounded loss function. Consider the
learning problem (¢, H, ¢) and suppose E: Y ~> X is its associated experiment such that
¢ = my X E for a suitable rvy. Let (1: X X Y ~» X) ® (A: Y ~> Y) be a corruption acting
on this problem. Then,

(t®A)¢p=(t®A)(my xE)=myo [(Eox 1) ® A].

and the BR Data Processing Equality in Eq. (5.2) holds such that the functions contained in
the new attainable prediction set satisfy

(Ao H) = {(x,y) — [2(A, o W)](x,y) | h € H}.

Here in Theorem 5.4 we have shown the BR equality for the experiment E. However, for
some corruptions the equalities are better formulated using the posterior kernel F, i.e.,
the discriminative formulation of a learning problem; this change allows us to gain more
insights about the form of the corrupted attainable prediction sets.

Theorem 5.5 (simple 7, 2-dependent A). Let ¢ be a bounded loss function. Consider the
learning problem (£, H, ¢) and suppose F: X ~» Y is its associated posterior such that
¢ = nix X F for a suitable mx. Let (t: X v X) ® (A: X X Y ~> V) be a corruption acting
on this problem. Then, the kernel action on ¢ can be written as

(t®d)p=(F®A)(nx xF)=nxo[t® (Foy A)],

and the BR equivalence Eq. (5.2) holds such that the functions contained in the new attainable
prediction set satisfy

Ao H) = {(x,y) = [2(Alry) o WI(x) | h e H}.

We can notice, thanks to Theorems 5.4 and 5.5, that when corruption involves dependent
structures in the factorization, the loss function or the whole attainable prediction set
are modified in a parameterized, dependent way. Consider, for instance, the action of
A: X X Y ~» Y on the attainable prediction set, when 7 = 6. By definition, it generates the
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measurable functions
Ao H = {(x,y) = M(h(x),x,y), h € H} = {(x,y) > (Al y) 0 W)},

which is a strong change in the definition of the loss function considered, although still a
valid choice. We additionally underline here that corruptions on Y only affect the loss function
and do not touch the model class, even in the dependent case.

The next theorems cover the factorizations involving 1-dependent corruptions. In the first
case, we are again forced to use either E or F, depending on the involved factors. We group

the two results into one theorem for brevity.

Theorem 5.6 (1-dependent, 2-dependent). Let ¢ be a bounded loss function. Consider the
clean learning problem (¢, H, ¢), suppose E: Y ~> X is its associated experiment such that
¢ = ny X E for a suitable mty, and F: X ~» Y its associated posterior such that ¢ = mx X F
for a suitable Ttx.

1. Let (t: Y ~» X)® (A: X X Y ~» Y) be a corruption acting on the problem. Then,
(t®d)¢ =(¥®A)(ny XE) =my o [t® (Eox A)]. (5.3)

The BR equivalence Eq. (5.2) holds such that the functions contained in the new
attainable prediction set satisfy

Ao H) = {(x,y) = [2(Mlx,y) o W) | h e H}.
2. Let (1: X XY ~> X)® (A: X ~» Y) be a corruption acting on the problem. Then,
(t®d)¢p = (@ A)(nx x F)nx o [(Foy 1) ® A].

The BR equivalence Eq. (5.2) holds such that the functions contained in the new

attainable prediction set satisfy

(Ao H) = {(x,y) = [t(Ax o W)](x,y) | h € H}.

Since the 1-dependent x and A combination is a subcase of both previous corruptions, we
can prove the result as a simple corollary. Notice that this implies both E and F formulations
hold.

Corollary 5.7 (1-dependent 7, general A). Let ¢ be a bounded loss function. Consider the
clean learning problem (¢, H, ¢), E: Y ~» X its associated experiment such that ¢ = my XE
for a suitable vy, and F: X ~» Y its associated posterior such that ¢ = mx X F for a suitable
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nix. Let (1: Y ~» X) ® (A: X ~> M) be a corruption acting on the problem. Then,
(t®A) ¢ =(t®A)(ny xE) =myo [t® (EoA)].

ot, equivalently,
(ted)p=(F@A)(nxxF)=nxo[(For)®A]. (5.4)

The BR equivalence Eq. (5.2) holds such that the functions contained in the new attainable
prediction set satisfy

(Ao H) = {(x,y) - [t(Als o W)](y) | h e H}.

In all the theorems involving a 1-dependent corruption, the attainable prediction set is
heavily modified. To better understand how, we take a closer look at the functions contained
in the clean and corrupted minimization sets. To see it in detail, we first need to slightly
rework the notation for the attainable prediction set. Consider the loss function {(-, y) as a

parameterized one, i.e., £,(-): Aca(Y) — Ryp; then, the set
LoH = {(x,y)— t(h(x),y)| h e HC M(X, Y)}
can be equivalently rewritten as

{(x,y) = (¢ oh)x)|heHC M(X,M)}.

In Eq. (5.3), we have again the kernel A € M(X X Y,Y) acting on the loss; hence, we

obtain
Z(X,y) = Z(, X, y) = /A\[(, X, y)

Therefore, we are inducing a more general notion of loss, namely
U: Aca(Y) x X x Y — Rsy.

Additionally, the whole composition with the model 7, i.e. ({x,) © h)(), is modified by the
action of T € M(Y, X), which “swaps” the input ¥ € X with y € Y in addition to modifying
the function itself. Combining them together, we get the new attainable prediction set

containing functions of the form

flx,y) = [%(?(x,y) °© h)](]/),

which is not anymore comparable to the initial form (£; o J)(%), nor interpretable as a

performance evaluation for the model /.

A similar strong modification is observed for the attainable prediction set in Eq. (5.4),
which contains functions of the form f(x,y) = [%(?x o h)] (y) = [%(;\Fx o h)] (y). Thatis
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caused both by the action of A € M(X,Y) on {(-, y), which results in a new loss function
Al(-) := AL(:, x), as well as the action of T on £ o .

The final result of the factorization, involving the most complex corruption case.

Theorem 5.8 (2-dependent «, general A). Let ¢ be a bounded loss function. Consider
the clean learning problem (¢, H, ), and let (1: X XY v X)@ (A: X XY ~» Y) bea
corruption acting on the problem. Then:

1. the action of such corruption on the joint probability ¢ is equivalent to the one of the
non-factorized joint corruption;

2. the BR Data Processing Equality in Eq. (5.2) holds;

3. the functions contained in the new attainable prediction set satisfy

#(Alo H) = {(X,Y) > [2(Aly,y 0 W](x,y) | h € H}.

This result is due to the full dependence on the joint space X x Y for both 7 and A, making
it impossible in general to derive a simplifying decomposition of the action on ¢ via
Definitions 2.24, 2.25 and 2.28. However, we can still distinguish the effect of A on the loss,
as achieved in all previous cases, and of 7 on the full attainable prediction set. For a detailed

analysis and proof, see Appendix D.

5.2 Loss Correction Mitigations from Equalities

We now leverage our corruption framework and the derived Data Processing Equalities to

reason about the fundamental question:
Can corruption be mitigated so as to guarantee accurate learning from corrupted data?

In our chosen formalization, the training data are drawn from a corrupted distribution
¢ := ¢, while evaluation is performed on data drawn from the original clean distribution
¢. We define accurate learning as the property that an optimal model, obtained via risk
minimization over a constrained model class using a corrupted training distribution,

coincides with the model trained on the clean distribution with the same model class.

While there is prior work on corruption mitigation, often approached by constructing
corrected loss functions tailored to specific types of corruption, such methods are typically
limited to a specific noise model. To overcome this limitation, we introduce the notion of
Bayesian inverse of a corruption kernel, which enables a principled and generalized form of
loss correction that, in theory, applies systematically to all one-step Markovian corruptions
captured in our taxonomy.



5.2. LOSS CORRECTION MITIGATIONS FROM EQUALITIES 63

5.2.1 Existing Work on Corruption-Corrected Learning

A vast amount of theoretical research on corruption-corrected learning has been conducted
in the fields of learning with noisy labels and learning under distribution shift. Their goal is to
achieve unbiased learning from biased data,” where “biased data” means corrupted data in

our context, while “unbiased” refers to the use of a corrected loss 7 that yields:
Rq;[? oh]=Rgy[loh],Vh (5.5)

with Rp[f] = / fdP. This equality can be obtained as a direct consequence of Lemma 5.1
when an appropriate loss correction is applied. When the Bayes risk is attained for some

h* € H, such unbiasedness directly implies accurate learning, formally written as

h* € argmin Rfi;[i oh] and k"€ argminRey[{ o k], (5.6)

heH heH
and therefore constitutes a stronger requirement. Given that Eq. (5.6) is not always a
well-defined condition in our setting, we prefer using Eq. (5.5). We refer to the family of

approaches for achieving such a goal collectively as corruption-corrected learning (cvr).

Here, we examine two well-established approaches to unbiased learning through such
loss correction, which serve as comparisons to our framework. We then highlight their
limitations and propose a generalized correction scheme grounded in Data Processing

Equalities to address them.

Reconstruction-based Method

The first one studies loss correction by means of a reconstruction matrix (van Rooyen and
Williamson, 2018; Patrini et al., 2017; Natarajan et al., 2013), which is derived from a
Markovian corruption A: Y ~» Y assumed to be reconstructible. In the finite space case,
reconstructibility means that the corruption kernel matrix admits a left inverse A* (so

A*A = I on functions over Y). The loss correction is then defined as

(), 7) = A O((x), 7) = )" Aypl(h(x), y), Ae MY, Y), (5.7)
Y

where A" is the reconstruction matrix, and A*¢ the matrix acting on the loss viewed as a
function of the label. This yields unbiased learning as per Eq. (5.5), since an analogue of

van Rooyen and Williamson (2018)’s Theorem 5 holds. In our notation, for all x € X and

he M(X,Y),

Eg_pouE(h(x), V)] 2" By-p[AE(h(x), V)]
By b (AN Gh(x), V)] = By [0(h(x), V).

3Existing literature defines unbiased learning via unbiasedness of the empirical risk estimator. This notion
is trivially implied by our Eq. (5.5).
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This method is called backward correction by Patrini et al. (2017), and the method of unbiased
estimators by Natarajan et al. (2013).

Such a reconstruction matrix A* is in general not a Markov kernel and may contain negative
entries, which can make the corrected loss negative and cause problems for optimization.
Moreover, although the underlying framework in these works is similar to ours, they can
only handle simple Y corruption, i.e., 6® A, A: Y w» Y, 6: X ~» X, and do not generalize

to more complex joint corruption cases.

Importance-weighting-based Method

A second line of work corrects loss functions through importance weighting (tw) (Shimodaira,
2000; Cortes et al., 2010; Sugiyama and Kawanabe, 2012), originally developed for covariate
shift, where the input distribution is corrupted by 7 such that I(7) = X while the conditional
distribution F remains unchanged. Under model misspecification (White, 1981),* w
provides a principled correction by requiring the clean data distribution to be absolutely
continuous w.r.t. the corrupted one, i.e., ¢ < @. The corrected loss takes the form

- . . d
I(h(x), §) = w(x) (h(x), §), w(x) = d—gm, (5.8)

where w(x) is called the importance weight, typically expressed via densities w.r.t. the
Lebesgue measure. This guarantees the unbiased learning goal in Eq. (5.5).

The key limitations of w are that it applies directly only to covariate shift, and that it depends
critically on the assumptions of absolute continuity as well as model misspecification.
Although recent work extends 1w to joint corruptions by weighting with w(x, y) = Z—g(x, v)
over the joint distribution (Liu and Tao, 2015; Fang et al., 2020, 2023), these methods remain
restricted by the absolute continuity requirement (at least on the overlapping support of ¢

and ¢), which is essential for the importance weights to be well-defined.

At first glance, the .w correction formula Eq. (5.8) looks similar to the ones we derive later,

however, it is not a subcase of our kernel-based loss correction. w operates by reweighting
dP
dg’
correction through kernel inversion. The two mechanisms are fundamentally different,

losses through the Radon-Nikodym derivatives whereas our framework performs
as Radon-Nikodym derivatives exist only under absolute continuity assumptions, while
kernel-based loss corrections are free from such restrictions and can systematically handle
general corruptions beyond that. In addition, Radon-Nikodym derivatives cannot be

represented as Markov kernels, as we have seen in § 4.2.3.

5.2.2 A Generalized Framework for Corruption-Corrected Learning

In cL, existing approaches such as reconstruction-based or importance-weighting based

methods are either designed for specific types of corruption, or rely on restrictive assump-

4By contrast, when the model is well specified, standard empirical risk minimization remains consistent
under covariate shift and w provides no benefit.
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tions, and therefore cannot resolve the question posed above in a systematic or general
way. To this end, we introduce the concept of the Bayesian inverse of a Markov kernel,
which enables a systematic analysis of cL across the wide range of corruptions in our

taxonomy.

Bayesian Inverse of a Markov Kernel

To study the cL problem within our framework, we first define a principled way to reverse the
corruption process. We introduce here the Bayesian inverse of a Markov kernel (Dahlqvist
et al., 2016; Cho and Jacobs, 2019), which preserves the Markov property and yields a

mathematically well-defined mechanism for inverting corruptions.

Definition 5.9 (Bayesian Inverse). Let ¢ € Ac.(Z1) be a probability distribution, and
k € M(Z1, Z2) be a Markov kernel with the property %¢ = ¢ for some ¢ € Aca(Z2). The
Bayesian inverse of « is defined as the Markov kernel xkt e M(Z>, Z4) such that it induces
together with ¢ the same coupling induced by x and ¢, i.e.,

(X K)AXB) = (¢ XK NAXB), VA X B € X(Z1) X L(Z2).

By taking A or B equal to the Z, or Z1, we respectively get the property of k" and « being
a “weak” inverse of each other.

Proposition 5.10. Let «: Z1 ~» Zp be a Markov kernel with the property ¢ = & ¢ for
¢ € Aa(Zn), q5 € Aca(Zp), and «t its Bayesian inverse. Then, «t reverses the action of x
for the fixed input and output probabilities, i.e.,

O(A) = (K')(A), VA € L(Z).

Remark 5.11 Recalling how we have defined the posterior kernel F € M(X,Y) in Def. 3.4,
nix XF =7y XE = ¢ € Aca(X X V),

we notice that F = EY. We will use this notation in the rest of this thesis.

We will refer to the Bayesian inverse of the corruption kernel as the cleaning kernel. In
general, the Bayesian inverse is not unique, since it corresponds to a class of equivalence
induced by the probability measures on Z; and Z,. However, we are always sure it exists
given the assumption of using standard Borel measure spaces when defining Markov
kernels (more details in Appendix C). This is a weaker existence condition w.r.t. the one

given for the reconstruction matrix.”

5Such a weaker condition comes at the price of the Bayesian inverse kernel being a typed inverse, meaning
that to compute k¥, we need not only the kernel « but also the initial probability ¢; having a different ¢ induces
a different Bayesian inverse. This point becomes clearer when considering the discrete case, as explained in
Remark 5.12.



66 CHAPTER 5. EQUIVALENT LEARNING PROBLEMS UNDER CORRUPTION

Remark 5.12 In the discrete case, the Bayesian inverse always exists and is defined by Bayes rule.
Furthermore, it is uniquely defined ¢-a.s. This is easy to see by unfolding Def. 5.9 into:

/B K(z1, A) p(dza) = /A k%(22, B) p(dz2) VA € X(Zp), VB € Z(Z).

This formulation extends the discrete Bayes” rule ¢(z2 | z1)$(z1) = ¢(z1| 22)P(22) Vz1, z2. Indeed,
in the discrete case, the Bayesian inverse always exists and can be expressed as

k'(z1] 20) = w Vz1,22 s.t. P(za) # 0.

P(z2)
This formula ensures the uniqueness of k't within the support of ¢, as all components are unique.
However, outside the support when ¢ is zero, the uniqueness may not hold.

The Bayesian inversion operation has the following desirable property of preserving the

expectations.

Proposition 5.13 (Inverse Data Processing Equality). Consider a learning problem (¢, H, ¢)
on (X xY,X xY),acorruption k € M(X XY, X xY),anda f € L o M(X,Y). Let { bea
bounded loss function. Then,
Ryl f(2)] = Reg[R'£(2)], (59)
and
BRyog( (@) = BRer(ror) (K),

where k" is the cleaning kernel and (R (£ o H), %) the (corruption) corrected problem.

Proof. The first part of the proof follows by applying Lemma 5.1 for ¥'%¢ = ¢, where the
equality holds because of Proposition 5.10. The second is proved by taking the infimum
over ¢ o H of both sides of Eq. (5.9). O

Remark 5.14 Notice that, even when a risk minimizer exists, Proposition 5.13 does not imply
Lo h* = RT(€ 0 i), but only that their risks coincide, i.e., By (€ o h*) = By [RT(€ 0 1*)] as functions
of (x,y) € X x Y. Under certain conditions on the learning problem, some minimizers h*, i* € H
exist such that £ o h* = R¥(€ o It*), but it is not necessarily the case that = h

In the following, we will make use of these facts assuming Z1 = 2o = X XY = Z, to

match the setting of our taxonomy of corruption.

Label Corruption Correction with Bayesian Inverse

Similarly to the reconstruction-matrix and importance-weighting approaches, we enforce
the condition in Eq. (5.5) and derive a principled loss correction method based on the

Bayesian inverse «' of the corruption kernel «.

We first illustrate this in the case of simple label corruption A: ¥ ~» Y. Consider its
associated cleaning kernel sending Q= (i LH, qS) to the clean one £ = (¢, H, ¢), i.e., the
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Bayesian inverse AT: Y/ ~» Y. By considering a corruption 6 ® A, 6 € M(X,X) and its

inverse 6 ® AT, Proposition 5.13 allows us to write
R¢;(;\+€ oh)=Rg(loh), where ¢ = (ox ® i)cp, VheH.
This directly yields the loss correction formula:
Uh(x), §) = AT O(), ), A" Y Y. (510)

The corrected loss satisfies the unbiased learning criterion in Eq. (5.5), and hence also

achieves the accurate learning goal in Eq. (5.6) when the minimizer exists.

Notably, in this simple label corruption case, our kernel-based correction in Eq. (5.10)
resembles the reconstruction-matrix correction in Eq. (5.7). However, the two differ

fundamentally, as illustrated below.

Example 5.15. Following van Rooyen and Williamson (2018, Sec. 4.1.2), consider symmetric label
noise in binary classification setting. The clean distribution is given by ¢ = (p1, p2) ", while the

A:[ o l—a}
1-0 o

Its associated reconstruction matrix exists, and it amounts to

. 1 l1-0 -0
A‘l—za'[ ]

corruption kernel is

while the Bayesian inverse takes the form

p1(1-0) p1o
AT = | P1(A=0)+p20 Pz(l—d)ﬂ?lﬁ}
p20 p2(1-0)
p1(1=0)+paoc  p2(1-0)+p1o

The two objects are clearly different, with the Bayesian inverse approach requiring the knowledge of

the clean probability values in order to compute the cleaning matrix.

We note that in simple corruption settings, such as A: Y ~» Y as discussed above, the
Bayesian inverse naturally takes the form A': Y ~» Y. However, for a joint corruption
kernel of the form x = 7 ® A, the Bayesian inverse does not, in general, distribute over ®;
that is, one typically has k" # 7f ® A". Consequently, in what follows, we assume that x is

one-step Markovian and therefore admits the form v ® A.

We now extend this paradigm to the A: X X Y ~» Y case, as from Theorem 5.5 we see that
also in the dependent case, label corruption only affects the loss function.
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Theorem 5.16. Let (¢, H, ¢) be a clean learning problem with { being a bounded loss
function, and x a Markovian corruption on it. Let k* = 6® A, 6 € M(X, X)) be the cleaning
kernel reversing x, such that (R(€ o H), %) is its associated corrected problem. When

Ae M(Y,Y), we have
Uh(x),7) = A (h(2),7) YE §)eXxY,
while, when A € M(X x Y, Y) we have a more general notion of loss, i.e.,
Uh(%),%,7) = A0 (h(%),%,7) Y(E§eXXY,
with : Aa(Y) X X X Y — Ry. Similarly, when A € M(X,Y),
I(h(%),%) = (A0 (h(F),%) V(& 7 eXxY,
with £: Aca(Y) X X — Rsy.

Proof. Let us consider a general function in the set £7(¢ o H). Assuming x' = 6 ® 4,
0(%,dx) e M(X, X), it will take the form

R0 mE D) = G Ao mE D =Y, [ wi),5)0(E, o) AR, 7, d)

yeY

Now let A be a 2-dependent label corruption, i.e., in M(X X Y, Y). We can define the loss

correction ¢ as

(h(3), %, 9) > WD), %,7) = 3 / (i), y) (%, dx) A(%, 7, dy)

yeY

= / X(M)(h(x),a?,;]) 8(%, dx) = (AO)(h(), %, §),

where (h(%), % ,7) € Aca(Y) X X X Y. Hence, the case A(%, i, dy) and its subcases A(X, dy),
A7, dy) Comblned with an identity kernel on X do not change the hypothesis function.
Lastly, by definition of Markov transition, we have that when A € M(Y, YY)

i,5) = Y, [ Hh0,y)0(,d6) 247, dy) = (Ao, ),

yeYy

which respects the classical definition of loss function, as (h(%), ) € Aca(Y) x Y. This
proves the thesis, as by construction £(/(%), &, i) € ®t(¢ o H). Proposition 5.13 implies that
RT(¢ o H) makes Eq. (5.5) hold. O

For the dependent label noise cases, we need to relax the definition of loss function, and
allow it to take x as an additional input. This generalization is not unprecedented; for
example, it has been employed in Steinwart and Christmann (2008).
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Generalized Corruption-Corrected Learning with Bayesian Inverse

For corruptions that involve more than just label corruption, we cannot obtain loss corrections
using the same proof technique as Theorem 5.16. This is because, when applying the
risk conservation formula in Proposition 5.13, the model class itself is also affected by the
corruption kernel. Formally, assume k' = 1 ® A with I(t) = X and I(A) = Y. Then, Eq. (5.5)
becomes

Ry (£ 0 h) = Reg [ﬁ*(z o h)]

= Reo|(F@ DL )|, Vhe MX, ), (5.11)

which does not necessarily imply Eq. (5.6). In Eq. (5.11), the corruption effect on loss and
model class is in general indistinguishable; we are not able to rewrite the set (7 ® A)(loH) as
the composition o , let alone o H as per the cr case. Nevertheless, our framework still

allows for some new understanding on how attribute corruption may be corrected.

To this end, we formalize a new version of the cL paradigm, requiring to find a loss correction
formula ? that depends on ¢, i and x*. That is the generalized corruption-corrected learning
(cer) paradigm, defined as the condition

h* e argminR(i;[f oh] and k"€ argminRey[f o k], (5.12)
heH heH

with the additional factorization requirement for £1(€ o h), i.e.,
b(h,x,y)=R"oh)x,y), Vhe M(X,¥Y),xeX,yel, (5.13)

where  is a generalized loss £: H x X X Y — R.°

A key assumption made in the above paradigm is the existence of a minimizer for the
problems (¢, H, ¢) and (f, H, ¢); hence, for it to be used, a practitioner would need
to impose additional conditions. We will discuss the feasibility of the paradigm after
presenting the loss correction formulas. For now, we impose an additional assumption and

show that it is enough to imply the well-posedness of Gcr.

A1 Given the clean learning problem (¢, H, ¢), there exists a minimizer h* € H that
attains the Bayes risk value associated to it, i.e., BRgo((¢p) = Rp[{ o h7].

Lemma 5.17. Let (£, H, ¢) be a clean learning problem respecting Al, and x = T ® A a Markovian
corruption kernel in M(X X Y,X X Y) on it. Denote the risk minimizer for the clean problem
as h* € H. Then, if Eq. (5.13) is fulfilled by some I, h* is also the minimizer of the GcL-corrected
problem €, H, k), as per Eq. (5.12).

Proof. Consider the problem (£%(¢ o H), %) and assume that there is some (possibly

6As for the requirements of the factorization on the whole set of Markov kernels, it can be weakened for
instance to H if we know that the minimizer is contained in the set.
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generalized) loss function ? such that Eq. (6.13). By Proposition 5.13 and Eq. (5.13),
Ry(foh) "2 Reg| (2@ A)E o )| O27 Reg (T o 1),

which, taking infimum on the right- and left-most equations, implies the thesis. |

Hence, finding loss correction formulas respecting Eq. (5.13) and A1 allows us to use the

GcL correction paradigm.

Loss Correction Formulas. We now give the correction results for all the corruption case
lying within the ccL paradigm, while deferring their computation to Appendix E. Recall
that the notation f#u stands for the push-forward probability measure of the distribution u
through the function f, defined as (f#u)(A) = p(f 1 (A)) for a suitable set A. By definition
of kernel, 7 is a measure when fixing # € X, and by Proposition 2.16 h: X — A (Y)is a

measurable function; hence, we can write
(h#7)(R)(A) = 1(%, h™H(A)), A € AealY),

that is a family of distributions defined on a set of probability measures on Y, evaluated on
A and indexed by ¥. Since it is indexed and induced by Markov kernels, we can see it as a

posterior probability on the set Ac.(Y), given *.

Theorem 5.18. Let (¢, H, ¢) be a clean learning problem with £: Aqa(Y) X Y — Ryo
being a bounded loss function and such that A1 holds. Let k' = 1@ A € M(X XY, X X Y)
be the Markovian cleaning kernel reversing «, such that (R(€ o H), %) is its associated
corrected problem. Then, we can find a generalized loss £: H x X X Y — R respecting
the GeL paradigm. In particular:

1. When k" isofthe form (t: X ~» X)®@ (A: Y ~» Y),0r(1: X > X)® (A: XXY >
Y),or(t: X XY »» X)® (A: Y v Y), we have

Uh,%,5) =By (oM@ )] YE§HeXXY.

When both corruptions are simple, the AL formula remains unchanged. When A is
2-dependent, it induces A (u, %, 7). Lastly, we get (h#t)(%) = (h#t?)(%, /) when T is
2-dependent.

2. When ' is of the form (t: Y ~» X) ® (A: X ~» V), we have
U, %,9) = B, _ggo ) [A (1w, D] V(E §eXxY.

3. When 't is of the form (1: Y w» X)® (A: X XY w> M), 0r (T: X XY w X) ®
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(A: X ~» YY), we respectively have

=By (M w5 9)] VEPeXxY;
§) = Eu~(k#1)(f,g)[ﬁf(u,f)] V(% 7)eXXY.

o=
—~
S

tall

4. When «* is of the form (1: X x Y ~» X) ® (A: X X Y ~> Y), we have

Z(h,f, g) = ]Eu,‘(h#,[)(f’g)[/ie (u, f, g)] V(}?, g) S X X y B

Discussion of the ccL Paradigm and Its Correction Formulas. Theorem 5.18 provides a
constructive proof for the existence of ccL corrected losses, i.e., that respect both Eq. (5.12)
and Eq. (5.13), granted that A1 holds. What is therefore shown is that the ccL paradigm is
closely related to the cL one, but it is only defined for certain classes of learning problem, as
it imposes the existence of a minimizer s.t. the condition in Eq. (5.12) is well-posed. Within
our setup, laid out in § 2.2, we could fulfill the assumption by requiring the loss ¢ not only
to be positive, measurable and bounded but also continuous on A (Y) in the Euclidean
topology, and H := {li| h € H} € By(X) to be compact in the norm topology. This would
imply continuity of the functional heH— Ry [¢(h(x), y)], and therefore the existence of a

minimizer on the compact set H.

While ccv is on one hand adding more restrictive conditions, it is also weakening some of
the cL requirements: it asks the corrected loss to be only a generalized loss, which is then
used in the factorization condition Eq. (5.13). Having a generalized loss is necessary for
the attribute corruption, as standard losses may fail to mitigate this case. The following

example showcases one of such scenarios.

Example 5.19. Consider a simple neural network with one hidden layer of two ReLU neurons and a
softmax output,

h: X = Aa(Y), h(x) = softmax (Wz oreLu(Wix + b1) + b2),

where x € X C R%, y € Y = {0,1}, W; € R¥?, by € R?, W, € R?*?, b, € R?, and
oreLu(z) = max(0, z). Writing the hidden activations n; and logits explicitly, we get

n]-(x) = max{O,([Wl]j,x> + bl,j}/ ] =1,2,
zi(x) = ((Wali, n(x)) + b2,
ezi®)

hx); = ———
( )1 2]2:1 ez]-(x)

Here [W1]; denotes the j-th row of Wy and [Wa]; denotes the i-th row of Wy. For simplicity and
without loss of generality, we can choose by ; = 0 and the weights Wy to be always positive.

For our argqument, we want to consider the points in X C R? for which the ReLU activation makes
the model h(x) non injective: that happens if both pre-activations ([W1];, x) + by ; are negative,
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i.e., for the set of inputs

—b11 — [W b1y — [W;
Sy = {x=(xl,x2)€R2‘x2<min( 11— [Wili1x 12— | 1]2,1X1)}.

[Wil1,2 ’ [Wil2,2
Hence, we get that n1(x) = na(x) = 0, and therefore hi(x) = (0.5,0.5). This implies that
U(h(x1),y) = L(h(x2),y), YyeY, Vx; € Sy.

However, if we apply a deterministic attribute corruption kernel, i.e., k' = d py@ S with f: X — X
measurable and 6 € M(Y,Y), we have that

R0 H) = {ehf (), p) | h e H].

Imposing i(h(x), y) = l’(h(f(x)), y) as per the cL definition (i.e., stretching Eq. (5.10) to the attribute
corruption case), with U:Aa(Y)x Y — Ry, implies that

o((F ), y) = (), y) = B, y) = (RFE0), ),

for x1,x2 € Sy and for all y € Y. This yields a contradiction. Indeed, since h(x) is constant on Sy,
any standard corrected loss of the form E(h(x), y) must assign the same value to all x € Sy,. However,
one can construct a measurable transformation f (for instance, a suitable translation depending on
h) such that h(f(x1)) # h(f(x2)), which implies

Uh(f(x1)), y) # LR(f(x2)), y).

This contradicts the requirement that the corrected loss depends only on h(x). Therefore, in this case
a standard corrected loss {: Aca(Y) X Y — R cannot mitigate effect of this attribute corruption
effectively. The correction necessarily depends on h, which justifies the need for generalized losses in
the L framework.

The factorization requirement in Eq. (5.13) is the key property that defines ccL, as it
implies
Rig(f o h*) =Ry [RT(E0 hY)],

and by Proposition 5.13,
R,}(p(i oh) = R¢,(€ o h").

Since the factorization holds for every h € H, it follows that h* is also a minimizer
for the factorized corrected problem (¢, H, %¢). Investigating which conditions on the
learning problem ensure the factorization property is beyond the scope of this analysis.
The conclusion of our loss correction formulas is not to provide a new practical tool, but
to showcase how even under optimistic assumptions, loss correction techniques are too
complex and involved when dealing with attribute corruption kernels.

More in general, all the novel correction formulas found in this chapter are more complex
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than the ones defined in previous work (van Rooyen and Williamson, 2018; Patrini et al.,
2017), which only considers a label noise scenario similar to our ct for simple label corruption.
Our version, Theorem 5.16, further extends the setting by including the dependent label
corruption. The second set of results, included in Theorem 5.18, are instead fulfilling the
weaker conditions imposed by the ccL framework, but only for a subset of learning problems
for which an optimal model exists. Our loss correction formulas offer us an important
insight: under a Bayes risk point of view, there is another fundamental difference between label
and attribute corruption. They induce distinct corrupted learning settings, and traditional
loss correction does not ensure unbiased learning in the sense of cL in the presence of the

latter.

5.3 A Taxonomy of Corruption Consequences and Mitigations

In this chapter, we have leveraged our complete taxonomy of one-step Markovian corruptions,
based on Markov kernels, to understand how distributional changes of this sort influence a
learning problem. As a result, we identified an induced taxonomy of corruption consequences
and mitigations, reported in Tab. 5.1.

The consequences are here studied in the form of a qualitative comparison of the effects of
the corruption kernel on the data distribution ¢ and the attainable prediction set £ o H.
Formally, these are the data processing equalities and associated equivalences that we
proved in § 5.1. We underlined that, when the degree of corruption complexity we consider
is higher (identified by the partial hierarchy in Fig. 4.2), also the effects on the attainable
predictions ¢ o H have higher complexity. These results complement, rather than belong
to, the classical comparison-of-experiments tradition a la Blackwell (1951) and Torgersen
(1991), and expand previous work from Williamson and Cranko (2024). However, in this
framework, talking about “easier” or “harder” corruptions is not really adequate, as we
do not show that the structural complexity of corruptions (or equivalently, the corrupted
minimization sets) implies a harder optimization problem in terms of higher error rates. We
can instead conclude from our theorems that there is a fundamental difference between the
two corruption types: attribute noise alters the minimization set itself, making the induced
change to the model class inseparable from the change to the loss. Nevertheless, we are not
claiming that one cannot define a comparison of problems framework when using Markov
kernels. We point for instance to (Oyen et al., 2022) for an empirical study, and to our own

framework for quantitative comparison via inequalities in Part III of this thesis.

The corruption mitigation techniques studied in § 5.2 fall within the framework of loss
correction methods. This is not the only possible choice of mitigation techniques one can
develop, but it is one that is rather inexpensive (or at least, it is in the label noise case)
as it does not involve processing the dataset at hand or change the whole architecture; it
instead only targets a single function, the loss function, and re-weights it appropriately
depending on the corruption. Following existing literature, we name this type of mitigations

(generalized) corruption-corrected learning and identified instances in the literature that
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belong to this class. When minimized, the corrected losses will, by construction, give back
the optimal hypothesis /1" for the clean problem, and achieve accurate learning in the sense of
matching loss scores and in the distributional sense. However, we do not intend to propose
the formulas proved in Theorems 5.16 and 5.18 as new tools for defining robust losses.
These are complex and, in the generalized case, require possibly restrictive assumptions.
Instead, Theorem 5.18 is suggesting a negative result: even allowing a factorization £ o h* to
exist by weakening the loss requirements, classical loss correction formulas do not seem to
be enough for learning the correct model in a corruption setting that involves an attribute
corruption. One example of what kind of problems can arise is given in Example 5.19.
Instead, one should also account for the set of posterior probabilities 1*#1 and average on it,
instead of only “reweighting” the loss as done under the cL paradigm. This conclusion is,
furthermore, perfectly in line with the fundamental differences between label and attribute

corruption already observed in § 5.1.
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Part 111

Comparison of Learning Problems via
Inequalities

77






Chapter 6

Entropy and Information for
Unconstrained Learning Problems

To give a proper introduction and motivation to the third part of this thesis, we need
to focus on some information-theoretic concepts, analyze how they have been treated in
the more classical literature, and relate them to machine learning problems as we have
abstracted them in Part I. This chapter therefore covers the well-known connection between
entropy (Shannon, 1948) and the uncertainty of statistical decision problems (Blackwell, 1951;
DeGroot, 1962). Such a relationship has many interesting implications, the most central
arguably being that a form of data processing inequality (DPI) holds for decision problems;
this result is the basis for the comparison of experiments theory (Torgersen, 1991). This
is relevant to us as machine learning theorists because a statistical decision problem is
what we know as an unconstrained learning problem. Recalling Def. 3.2 and switching
to the machine learning setting, these problems consist of a data space X X Y, a learning
context (¢, M(X,Y), ¢) and a learning criterion BRy,r((x,y) = BR;. Hence, we talk about
unconstrained supervised learning problems, which are the only type of learning settings
we will discuss in the following sections; their less-explored constrained counterpart will
be studied in § 7.

6.1 From Shannon to DeGroot

The term entropy was first introduced by Clausius (1850) with the aim of explaining the

second law of thermodynamics. The law states that:

“There does not exist a machine that operates in a cycle (i.e., returns to its initial
state), produces useful work and whose only other effect on the outside world

is drawing heat from a warm body.”

That is, every such machine must also expend some amount of heat to a cold body. Clausius
defined entropy as an attribute of the cyclic machine, a transformative content, and proposed
that it must have the property of returning to its original value when the machine goes

79
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back to its initial state. Boltzmann (1877) later provided a microscopic interpretation of
entropy, connecting macroscopic disorder to the number of compatible microstates, and
Gibbs (1902) generalized this viewpoint to probability distributions over phase space. At
this stage, entropy was formally described as we still do it nowadays, i.e., as a functional of
a probability distribution. Within this new statistical physics framework, entropy quantifies
uncertainty about the microscopic configuration of a system consistent with macroscopic

constraints. One could then interpret entropy as measuring some lack of information.

Later, Shannon (1948) introduced an analogous functional in the context of communication
systems. Such a system roughly amounts to a transmitter, a communication channel and
a receiver; what is transmitted is a message containing some information. Key questions in
communication systems are how to make the messages arrive “intact”, and how much
of the message may be lost during transmission. Shannon worked on how to answer
these questions using entropy to measure the information content of messages. In this
setting, entropy and mutual information were defined operationally, without physical
interpretation, as quantities governing coding rates and channel capacity. However, the
connection with statistical mechanics was apparent, and was emphasized by Shannon
himself.! In particular, he justified his modeling choice of using the logarithm with
three, rather pragmatic, arguments: first, it had been observed to be “practically more
useful” in many engineering applications, as many important quantities “such as time,
bandwidth, number of relays, etc., tend to vary linearly with the logarithm of the number
of possibilities”; second, “it is nearer to our intuitive feeling as to the proper measure”,
because properties of the logarithm reflect certain semantics of the problem that Shannon
wanted to preserve in his formalization; last, “it is mathematically more suitable”, which is

an elegant way of saying that the logarithm allowed for simple computations.”

This historical note already highlights many key concepts that are central to our perspective
as well. We can start by noticing that, while entropy originated as a state function with a
(vague) informational interpretation, the quantity is then used to relate two objects, such as
states of some machines, collection of particles, or transmitted messages. Citing Brillouin

(2013)’s informal definition of information given in his Introduction,

“We consider a problem involving a certain number of possible answers, if we
have no special information on the actual situation. When we happen to be in
possession of some information on the problem, the number of possible answers
is reduced, and complete information may even leave us with only one possible
answer. Information is a function of the ratio of the number of possible answers
before and after, and we choose a logarithmic law in order to ensure additivity

of the information contained in independent situations.”

Entropy is measured in a setting that will undergo or has witnessed a transformation from
one state to another. Accordingly, throughout this work we use the term information to

refer to quantities that are measured in the presence of a transformation, and interpreted

LFor instance, see discussion under (Shannon, 1948, Theorem 2).
2Gee (Shannon, 1948, Introduction) for his full argumentation.



6.1. FROM SHANNON TO DEGROOT 81

as the difference between two beliefs about the state of a system. From this standpoint,
information can be regarded as the quantification of the strength of a relationship between
states, measured with respect to a chosen measure, unit, or task. The beliefs on the states
are formalized by entropy, which is compatible with entropy’s standard interpretations and
uses, but in a way that does not necessarily require the logarithmic form. Rather, the choice
of the functional defining entropy is understood as a design choice tied to the unit, task, or
notion of comparison one wishes to impose. This is still compatible with Shannon (1948)’s
pragmatic discussion of the logarithmic definition of entropy and mutual information,
since all we will be doing in the next sections is generalizing his concepts to a larger set of
problems. Such different problems, i.e. statistical learning problems, will specify different
needs and therefore require different design choices; to address this, we first follow the
steps of DeGroot (1962) and then generalize further.

Our standpoint avoids conflating the two distinct roles of information and entropy (dynamic
for the former, static for the latter) in measuring quantities related to a system. However, we
also acknowledge their conceptual and mathematical similarity, which justifies the practice
of regarding entropy as itself a measure of information. Indeed, our semantical distinction

of entropy and information is not universally adopted.

6.1.1 Mutual Information and Entropy

We now delve into the mathematical definitions of the objects described so far: entropy
and information. The simplest notion is entropy in the discrete case, as Shannon (1948)
introduced it.

Definition 6.1 (Shannon Entropy). Let Z be a countable space and ¢ € A.(Z) a discrete
probability distribution. We define the entropy of ¢ as

H(¢) = ) =2 log(¢s).

zeZ

A generalization of entropy to continuous variables is trickier to obtain. One widely
accepted attempt is differential entropy, which mimics the original definition but does not
preserve all the properties of its discrete counterpart H (see Theorem 2.7, and the warning
before it, in Polyanskiy and Wu (2025)). In particular, we remark that differential entropy
cannot be obtained as the limit of Shannon entropy (Polyanskiy and Wu, 2025, Eq. (2.21)), as
one would instead expect when switching from a discrete to an uncountable setting.

Definition 6.2 (Differential Entropy). Let (Z, 2(Z), ) be a standard Borel measure space, and ¢
a probability distribution such that ¢ < u. Then, we define the differential entropy of ¢ € Aca(Z)
w.r.t. uas

Hy(¢) = Ey [—log(i—ﬁ)] :

We follow Griinwald and Dawid (2004, Eq. (21)) in giving the above definition for a
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general measure, while noting that Polyanskiy and Wu (2025) gives it using the Lebesgue

measure.

Definition 6.3 (Conditional Entropy). Consider the standard Borel measurable spaces (Z;, 2(Z;))
fori e {1,2}, with m; € Aca(Zi) being their associated probabilities, and consider their coupling
generated by the Markov kernel x € M(Z1,Z>). Let u be a reference measure on the space
(Z2, Z(Z2)) such that &(z1) < p for all zy € Zy. We define the conditional entropy of k with
respect to 1y as

H#(K,Rl) = Eany(k(zl)) = / mt1(dzq).

[ 108 e |t

When all the involved sets are countable, and i is the counting measure, the definition simplifies to

H(x, m) = BxH(k(z1)) = ) [~log(is,.e,) 7,

21,22
With [Kz, 2, 2,2, being the matrix representation of the Markov kernel k and m = ;.

We choose the unusual notation taking as input both the regular conditional probability x
and the prior 71 to underline that the choice of the prior is central for fully specifying the
conditional entropy; other random-variable-based notations only emphasize the dependence

on the conditional distribution, which may be misleading.

Definition 6.4 (Kullback-Leibler Divergence). Let (Z, X(Z)) be a standard Borel measurable
space. The functional Dir: Aca(Z) X Aca(Z) — [0, +0], called the Kullback-Leibler (KL)
divergence, is defined as

Dec($ 1l 9) = / log(j—i) dé.

When the absolute continuity condition ¢ < ¢ does not hold, we assume the divergence to be +oo.

If we relax the definition and allow 1) to be a positive measure, the connection between
divergence and entropy becomes apparent:

Hy(¢) = =Dir(¢ [ ).

Definition 6.5 (Mutual Information). Consider the standard Borel measurable spaces (Zi, Z(Z;))
fori e {1,2}, with m; € Aca(Zi) being their associated probabilities, and consider their coupling
generated by the Markov kernel k € M(Z1, Zz) such that 1 X k € Aca(Z1 X Z2) is the resulting
joint distribution. We define the mutual information generated by x w.r.t. 7y as

I(x, 1) = Dgp(my X k|| 11 X Kry),

recalling that K, is a degenerate kernel constantly equal to o, and 1y is identified by marginalizing
the joint distribution 11 X x on Zp.
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Our kernel notation is quite different from the standard one, which usually relies on random
variables and writes mutual information as a function of two of them. In the setting used
by the definition, one would normally write mutual information as I(Z1, Z). Our notation
emphasizes that the core element of the definition is k: this measure of information aims to
quantify the effect of the transformation induced by the kernel, comparing it to the state
before its application. In addition, as we also noted for entropy, this quantity is only fully
identified if one of the two marginal distributions involved is fixed. These concepts become
even clearer when expressing mutual information through entropy (Polyanskiy and Wu,
2025, Theorem 3.4).

Proposition 6.6 (Mutual Information as Difference of Entropies). Consider the standard Borel
measurable spaces (Z;, L(Z;)) for i € {1,2}, m € Aca(Z1) an associated marginal probability, and a
Markov kernel x € M(Z1, Zz) such that 1 X k € Aca(Z1 X Z2) is the resulting joint distribution
on the product space and 1y is identified by marginalizing the joint distribution 111 X x on Z,. Then,
if Z1 is discrete,

I(K/ 7'(1) = H(TCZ) - H(K/ 7-[1)/

provided H(k, 1) < co. When Z, is uncountable, and assuming that u dominates both the
marginal 7ty and all Markov transition values «(z1), we have

I(x,m1) = Hy(m2) — Hy(x, ),

provided H(x, 111) < oo,

Remark 6.7 A consequence of the above proposition is that the gap between entropy and
conditional entropy is invariant under the choice of dominating reference measure used to
define the differential entropies. While the individual entropies H,(1t2) and H,(x, 7t1) depend on u,
their dependence cancels in the difference due to the definition via Radon—Nikodym derivative of

1 ® K, ie.,

d
I(K,nl):/bg(d(::%%) d(m ® x).

Hence mutual information is an intrinsic quantity associated with the joint distribution, consistent
with its representation as a Kullback-Leibler divergence. In particular, changes of dominating
measure modify entropy terms by additive expectation shifts that cancel exactly in the conditional
decomposition, so that only the joint law matters.

Hence we have shown that we can define mutual information in two different yet equivalent
ways: using Kullback-Leibler divergence or as difference of entropies.

6.1.2 Ways of Defining Generalized Information

As we already discussed at the beginning of this chapter, entropy and mutual information

were originally defined using the logarithmic function because of their original connection
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to communication systems; Shannon (1948) gives the list of his own intuitions for which
the logarithm seemed to be the most sensible choice. All of them are rather pragmatic,
appealing to practical observations as well as mathematical convenience. However, practical
arguments hold only as long as the field of application is not changed; looking at learning
problems, we are putting ourselves in a rather different field of application, and Shannon’s
information may become obsolete, or at least not the only suitable choice. As DeGroot
(1962) observes, “in any particular situation, the selection of an appropriate uncertainty
[i.e., generalized entropy] function would typically be based on the use to which the
experimenter’s knowledge about [the parameter of interest] is to be put.” In other words:
the tasks of interest should decide the measure of information (and entropy) used. For this
reason, we explore here other ways of defining entropy and information. We start doing so
by abstracting away from the quantities introduced in the previous section, starting from
considering f-divergences instead of the Kullback-Leibler divergence (Polyanskiy and Wu,
2025, Definition 7.1).

Definition 6.8 (f-divergence). Let f: (0, +00) — R be convex, and s.t. f(0) = lim,_,0+ f(z)
and f(1) = 0. Let ¢, be two probability distributions on (Z,2(Z)). Assuming ¢ < 1, we
define f-divergence as

Dol = [ 1 (Z—f;) ay.

Notice that, for f(t) := tlogt, we recover the KL divergence. In analogy with Shannon’s

setting, we define a more general notion of mutual information.

Definition 6.9 (f-Information). Consider the standard Borel measurable spaces (Z;, L(Z;)) for
i € {1,2}, with n; € Aa(Zi) being their associated probabilities, and consider their coupling
generated by the Markov kernel k € M(Z1, Zz) such that m1 X k € Aca(Z1 X o) is the resulting
joint distribution. Assuming 11 X K << 11 X Kn,, we define the f-information generated by x with

respect to 11 as
If(x,m1) = Dy(my X % || 11 X K7y)

with f: (0, +00) — R convex, and s.t. f(0) := lim, 0+ f(2z), f(1) = 0.

Now that we have generalized mutual information, what is its associated generalized

entropy? Following what we have done before, we could define it as

Hyf(¢) = =D(P |l ),

and hope that the difference of this entropy and its conditional counterpart would be
equal to the f-information. Unfortunately, f-information does not behave as nicely as
classical mutual information. Notice that a function that makes f-information equal to
the difference of f-entropies is such that f(xy) = f(x) + f(y); if we want f continuous, the
only choice is f(x) = clogx,c < 0. We therefore have to abandon this attempt and look
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elsewhere to define generalized entropy. Another line of work, tightly related to statistical
decision problems, investigated ways to define such an object: we review some of the main
contributions in the following.

According to Csiszdr (1969), it was Perez (1957) who first introduced the term “generalized
entropy” in the literature, even though for a slightly different object than what we use here.
DeGroot (1962) later described it as a notion of uncertainty, represented through a function
of a probability distribution; he then proceeds to characterize these functions, and gives
an example derived from statistical decision problems—the risk of the optimal decision
(Eq. 2.14). Griinwald and Dawid (2004) treated generalized entropy within a more modern
framework, also considering general spaces instead of finite-dimensional, and translated
the maximum generalized entropy principle into robust Bayes decision making. In all these
works, the used notion of information is different from the one arising from f-divergences:
they (implicitly or explicitly) consider information as derived from entropy. Therefore, let
us now go back to the realm of learning problems, and define their associated entropy and
information following DeGroot (1962)’s work.

Definition 6.10 (Statistical Information and Generalized Entropy). Let {: Ac(Y) X
Y — Ry be a bounded loss, (X x Y,%L(X) x 2(Y), ¢) a standard Borel space with
¢ € Awa(X X Y). Let my € Aca(Y), tx € Aca(X) be their associated marginals, and
E € M(Y, X) the experiment matching the coupling, i.e., ¢ = my X E. Then, we define the
{-statistical information as

I(E, my) = H¢(my) — Hy(E, rty),

where the generalized entropy Hy(mty) and its conditional version Hy(E, Tty ) are respectively
defined as

Hy(my) = lpeiArclaf(y) Eyn [{(¢, Y)] = CBR¢(7y)
Hg(E, T(y) = EYNRYCBR[(E'(Y)) = BR[((P)

where the last equality in the definition of the generalized conditional entropy Hy(E, Ty)
holds because of Remark 3.8.

A natural question arises: are the two definitions of information and entropy related? A first

step towards answering this question can be made by considering Shannon entropy.

Proposition 6.11. Let fioe(p) = —log(p): ri(Aca(Y)) X Y — Rsg be the logarithmic loss
restricted to the relative interior of the simplex (as defined and discussed in Remark 3.15). Let
(X XY, LX) X Z(Y), ¢) be a standard Borel space with ¢ € Aa(X X Y), iy € Aca(Y)) the
associated marginal, and E € M(Y, X) the experiment s.t. ¢ = iy X E. Then, it holds that the
statistical information is equal to the f-information for f(t) = tlogt, i.e.,

Iflog(Er T(Y) = Itl—)t 10gt(E+/ 7TX)
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Proof. We prove the statement by noticing that, since {04 is a proper loss, i.e., a loss s.t. the
true generating probability Et, defined such that iy X E = mtx X ET (see Def. 5.9), attains
the value BRy, (¢), then

Hy,, (E, mty) = BRy, (nx X E') = H(E', ).
Similarly, for the prior entropy we notice that

CBRy,, () = inf yzy ~log([¥v]y) [nrly = Eyr, [~log(ry)] = Himy).

Unlike their logarithmic counterparts, it is not immediately obvious how to determine
whether an equivalence result holds for statistical and f-information, and the answer
depends on whether we are in a binary or multiclass learning setting. A first relation has
been proved in Theorems 1 and 2 of Osterreicher and Vajda (1993) for binary problems,
showing that every f-divergence is a {-statistical information and vice versa. A later
refinement, but still in the binary case, appeared in Reid and Williamson (2011) by adding
the relationship with Bregman divergence to the picture (Theorems 9 and 10).

Proposition 6.12 (Bridge Between {-Statistical Information and f-Information). Let Y =
{0,1} and (X, 2(X)) a standard Borel space. Consider an experiment E € M(Y, X) and a discrete
Ty € Aca(Y). For a suitable pair (f, €),°

I¢(Eo|| E1) = L(E, y) = CBRy(my) — BR¢(7ty X E).

The f-information computed above has a nice interpretation in terms of experiments: since
Eo = E(y = 0,dx) and E; := E(y = 1,dx) are the two possible realizations of a binary
statistical experiment, I; is measuring information by quantifying the “dissimilarity” (in

the sense of f-divergence) between the two.

Modern results extending this proposition to multiclass cases are included in Garcia Garcia
and Williamson (2012) and Williamson and Cranko (2024). Theorem 23 from Williamson
and Cranko (2024) finally generalized the Osterreicher and Vajda (1993) result to multiclass
problems by means of a new notion of information, the D-information. The authors show
that their notion of information* is a multi-distribution generalization of the f-divergence
(Williamson and Cranko, 2024, Section 3.2), and then prove it to be equal to Bayes risk, or

3Reid and Williamson (2011) provide examples of such pairs (Table 2), as well as a mapping from f to £ and
vice versa.

4Williamson and Cranko (2024)’s notion of D-information cannot be trivially included in our presentation,
as it does not respect the classical definition of information as a comparison of entropies before and after a
transformation. It in fact subsumes f-divergences, and therefore is a more general object than entropy and
information; it can in fact be equal to both, depending on the input. Looking at the information-risk bridge
result, the authors seem to align with the school of thought regarding (generalized) entropy as a notion of
information itself (indeed, in some literature, our Def. 6.1 is called Shannon information). This view is a valid
stance, although different from ours.
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generalized conditional entropy as we define it here.

Proposition 6.13 (D-Information-Risk Bridge). Suppose (X XY, Z(X) X L(Y), ¢) is a standard
Borel and €: Aca(Y) X Y — Ry be a bounded loss. Let 1 € Aca(Y) be the associated marginal,
and E € M(Y, X) and experiment. Consider the set 1 - sprl = {(1ty fy)yey | f € spré}. Then,

BR¢(t X E) = —I—n-ser(E)/

where I is meant as the D-information, defined as

o) = [ oo (j—i)du= [0 (fl—ﬁ)du,

with p being a reference measure on (X, X(X)), pp = —o_p being the concave support function
(Def. 3.21), and
dE
daE = (x — ﬁ(x))
d# d” yey

a vector of real functions on X.

6.2 Data Processing Inequalities for Entropy

One key property of mutual information is that it is always a non-negative quantity. This
property is proved by observing that H(m2) > H(x, 7t1) (Polyanskiy and Wu, 2025, Corollary
3.5), which formalized the idea that the uncertainty about a certain variable Z, decreases

once we have additional observations Z; giving us “information” on Z».

Generalized entropy also respects such a property, as proved in Theorem 2.1 (DeGroot,
1962) by additionally observing that conditional Bayes risk is concave (e.g., Wijsman, 1970,
Theorem 2). We give here a statement and a proof to introduce the reader to the technical
details of the result.

Proposition 6.14. Consider a joint probability space (X X Y, L(X) X L(Y), ¢), and its de-
compositions ¢ = E X my and ¢ = E' X nx, where E € M(Y,X) is an experiment and
ny € Aa(Y), mx € Aca(X) some compatible prior probabilities, i.e., my = Tix © Ef. Let
{: Aca(Y) X Y — Ry be a bounded loss function. Then, it holds that

CBR¢(my) = BR¢().

Proof. Let us remind the reader that conditional risk is a concave functional, and that
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Remark 3.8 holds in the unconstrained setting. Therefore, we can write that

BR¢(¢)) = Ex~ry CBR¢[ET(X)]

*) "
< CBRy[Ex-r ET(X)]
= CBRy[nx o ET]

= dnf By ()

= inf By l(¢,Y
IPGIAI;(y) Y~Tty (lzb )
where (%) holds by Jensen’s inequality. This proves the thesis, as the last line of the equation
is the prior Bayes risk. o

In other words, we proved that additional transformation of our prior induced by an
experiment reduces entropy. This can also be interpreted in statistical terms as, observing
an additional variable X related to Y decreases uncertainty. Recalling the interpretation
of information as the comparison of entropy (or, uncertainty) before and after some
transformation, we can derive a simple corollary from the above proposition, drawing a

connection with a core class of results of information theory: data processing inequalities.

Corollary 6.15 (Data Processing Inequality for a Non-Informative Experiment). Consider a
joint probability space (X X Y, L(X) X Z(Y), ¢), and a disintegration of the measure as ¢ = E Xy,
where E € M(X,Y) is an experiment and 1tx € Aca(X), iy € Aca(Y) compatible prior probability,
ie,my =mx o E. Let £: Aca(Y) X Y — Ry be a bounded loss function and En, € M(Y,X)a
non-informative experiment, i.e., E(y) = ntxVy (Def. 2.23). Then, it holds that

BR¢(Ery X Tty) > BRy(¢).
Proof. Observe that we can write

CBR = inf Ey ., W,Y
116,5%9) lplAny) Yoy 8, Y)

ca

* .
= f Ey. ((W,Y)d
¢€1Ar;(y) % ny/x (Y, Y)drx

(%)
R3.8 inf By Ex-n l(W,Y
IJ}EIAI;(y) Y Yy X U9’ (11[} )

=: BRy(En, X Ty),

where (x) holds because ¢(y’, Y) does not depend on X. |

Hence, the uncertainty of a joint probability with a non trivial coupling of the marginals is
always lower than the one of the decoupled marginals. However, the more interesting form
of data processing inequality includes far more complex cases than decoupled marginals.
We will explore here the existing results.
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6.2.1 Blackwell’s Comparison of Experiments

In his paper from 1951, Blackwell introduces a framework for comparing experiments.” Key
to this framework are two concepts: sufficiency and informativity of one experiment with
respect to another. The former appears in the literature under different names: famous
instances are Le Cam (1964)’s and Torgersen (1991)’s deficiency and Shiryaev and Spokoiny
(2000)’s randomization; different literature strains also refer to it as dominated experiments
(Strasser, 1985). The latter has been less investigated as the field progressed, and the word
“informativity” became synonym of sufficiency after an equivalence result was proved as
a joint effort of Blackwell, Sherman and Stein.® We report here in brief the key concepts
that lead to proving a general data processing inequality for Bayes risk, as well as the

equivalence result.

Definition 6.16 (Sufficiency). Consider two arbitrary measurable spaces (X, Lx) and (Y, Ly).
An experiment E € M(Y, X) is sufficient for another experiment E € M(Y, X) if there is a
Markov kernel x € M(X, X) such that E = E o k.

Remark 6.17 Degenerate Markov kernels «, € M(X,X), i.e., kernels that ignore their input
and output a fixed probability measure 1 on X, produce experiments E = E o x, that are totally
non-informative about their parameter Y. That is because such experiments are independent of the
original signal carried by E and therefore represent the minimal (worst) elements in the partial order
induced by sufficiency on M(Y, X). In fact, as a consequence Corollary 6.15, they will also have the

maximal Bayes risk.

Now consider a probability measure 1 on X: it can also be viewed as a degenerate experiment E,
that is constant in Y . Following the same reasoning as above, any degenerate experiment is sufficient
for another degenerate experiment. Applying Corollary 6.15 to all ordered pairs (Er,, Ex,) combined
with some 11y € Aca(Y), we get that all degenerate experiments have the same maximal Bayes risk,
and therefore minimal information content once a prior is fixed.

Definition 6.18 (Informativity). Consider two arbitrary measurable spaces (X, Lx) and (Y, Ly).
Let £: Aca(Y) X Y — Ry be a bounded loss function and E € M(Y, X) is an experiment. Let
Ap,p(E) the set of attainable (average) losses, i.e.,

A (B) = | (Bx-r 00, 1), By (OO YD) | € Hp < R,

where Hy contains all kernels such that their associated transitions h are measurable functions
mapping X to the decision space D C Aca(Y). An experiment E is more informative than

5He specifies that he did not come up with the concept entirely by himself, and refers to private communica-
tion with Bohnenblust, Shapley and Sherman. These results are only later made public, in (Bohnenblust et al.,
1949). We decide to still attribute the definition to Blackwell, as he has the merit of properly formalizing and
analyzing the concept.

6 A first proof was given in (Blackwell, 1953), but only in finite spaces; Boll (1955) extended the equivalence
to Polish state spaces. See (Khan et al., 2024) for a literature review and complete presentation of the equivalent
statements to Blackwell-Sherman-Stein theorem.
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another experiment E € M(Y, X) if

Ay p(E) 2 c0Arp(E) VI, VD.

We use the definition of informativity initially suggested by Blackwell (1951), with the
convex closure and possible equality of the sets. As shown by Khan et al. (2025) in Example
1, this is the necessary definition for properly arriving to a data processing result.”

Indeed, an inequality was proved for DeGroot (1962)’s notion of conditional entropy, called
“uncertainty functions”. Key to this theorem is the equivalence between sufficiency and
informativeness, first proved for finite Y/ and bounded X in (Blackwell, 1953). A modern

proof and formulation of this result is given by Khan et al. (2025) in their Theorem 1.

Theorem 6.19 (Blackwell-Sherman-Stein Theorem). For any two experiments E, Ee MY, X)
on arbitrary spaces (X, Lx) and (Y, Ly), sufficiency implies informativity. If there exists a measure
pon (X, X(X)) standard Borel such that E(y) < u for all y € Y, sufficiency and informativity are
equivalent.

Remark 6.20 Notice that when (X, X(X)) is standard Borel and Y is finite, we can pick p =
ﬁ 2y E(y) as the measure dominating all conditioned experiments E(y). Hence, the Blackwell-
Sherman-Stein Theorem holds as an equivalence.

6.2.2 DeGroot’s Uncertainty Functions

Informativeness as-it-is does not trivially induce a relationship between uncertainty func-
tions. The only result that can be immediately proved is included in (Blackwell, 1951,
Theorem 2), which is very close to a data processing inequality result, but it only applies
to finite sets X. Such a result later inspired De Groot’s work on measures of information
and entropy functions, which provides the missing result needed to understand the re-
lationship between informativity, sufficiency and Bayes risk inequality: he established
in (DeGroot, 1962, Theorem 4.3) that sufficiency implies the data processing inequality,

without constraints on the reference measure and using general uncertainty functions.

Theorem 6.21 (Data Processing Inequality for Uncertainty Functions). Consider an
experiment E sufficient for another experiment E, i.e., E = E o « for some x € M(X, X).
Let U : Aca(Y) — Rxo be an uncertainty function, assumed to be concave and L(Aca(Y))-

7Related work from the same authors (Khan et al., 2024) studies other notions of informativity and sufficiency,
that are more sophisticated and capture additional interesting properties. We do not review them here, as they
lead to a data processing inequality for randomized strategies, i.e., defining risk by averaging on a distribution
on PD. This has also been the focus of van Rooyen (2015). What we study here is instead a data processing
inequality for Bayes risk, that only deals with “pure strategies”, as the authors of (Khan et al., 2024, 2025) name
them.
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measurable, and V' the conditional uncertainty induced by it defined as

p
Sim, Y )(x)] s,
Y

Vi (E) = /X U(ET(X)) 2

where  is a reference measure such that E(y) < uVy € Y. Hence, it holds that

Vi, (E) < Voo (E)  Vmy, VU.

As remarked by DeGroot himself, one well-known uncertainty function is prior Bayes risk.
Hence we can state our data processing inequality of interest as a corollary.

Corollary 6.22 (Data Processing Inequality for Bayes Risk). Consider an experiment
E sufficient for another experiment E, ie., E = E o x for some xk € M(X,X). Let
{: Aca(Y) X Y — Ry be a bounded loss function. Then, it holds that

BRy(my X E) < BR¢(ny X E) Vmy, VL.

Proof. We define the uncertainty function U := CBR, for some bounded loss function ¢.
Applying Remark 3.8 proves the statement for Bayes risk. |

As a subsequent immediate result, we also obtain the inequality for statistical informa-
tion.

Corollary 6.23 (Data Processing Inequality for Statistical Information). Consider an experiment
E sufficient for another experiment E ie,E=Eo « for some k € M(X,X). Let iy € Aca(Y)
have full support and € be a loss function. Then, it holds that

I/(E, my) > I(E, my) VL.

Proof. The inequality trivially follows from Corollary 6.22 after noticing that CBR(mty) risk is

constant in the experiment, and therefore is not affected by modifying E into E = x o E. O

6.2.3 Uses and Structural Limitations of the Data Processing Inequality for
Learning Problems

The data processing result for Bayes risk and statistical information have interesting
consequences for learning problems. The interpretation of the inequality is that any
stochastic (and therefore, also deterministic) transformation of the data distribution cannot
decrease the best-case error, meaning that no additional useful (statistical) information for
the task can be created beyond what is already present in the original data distribution.
This principle has been widely used across several areas of machine learning, including
representation learning through the information bottleneck framework (Tishby et al., 1999),
generalization theory via information-theoretic bounds (Russo and Zou, 2016; Xu and
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Raginsky, 2017), and the study of invariances and sufficient representations in supervised
and unsupervised learning (Tishby and Zaslavsky, 2015; Shwartz-Ziv and Tishby, 2017;
Saxe et al., 2019). However, it mostly uses mutual information, and therefore assumes the
logarithmic loss when measuring entropy. As we have seen here, a learning problem with
a loss that is not the logarithmic one will instead have the goal of minimizing a different
entropy. What is the exact relationship between different kinds of entropy (and information)
based on the chosen loss is unclear. We do know that there exist bounds between the
Kullback-Leibler divergence and other f-divergences (Polyanskiy and Wu, 2025, Chapter
7), which can help in understanding such a relationship for specific pairs of problems by
using the entropy-divergence relationships from Propositions 6.12 and 6.13.

Blackwell’s work and his legacy not only differ from existing machine learning literature
because of the different learning problems considered. Most machine learning applications
use a specific architecture, optimization algorithm, data pipeline and other technical
solutions when training their models, and these factors contribute explicitly or implicitly in
constraining the model class H. Such constraints cannot be guaranteed to be included in
what is used in Blackwell (1951) definition of informativity (Def. 6.18). In addition, one
learning problem’s data distribution can be affected not only by attribute noise, but also
label or combined noise (see Part II). The tools we have described in this chapter cannot
account for these additional important aspects affecting a learning problem. In the next
chapter, we give an overview of existing work that already challenged these limitations,

and propose a novel way of dealing with them.



Chapter 7

Data Processing for Constrained
Learning Problems

In this chapter, we further generalize and analyze the inequality used in Corollary 6.22,
with the aim of addressing the limitations arising in machine learning when we want
to compare learning problems using the data processing inequality (see § 6.2.3). The
transition from unconstrained to constrained problems already introduces substantial
complications, discussed in detail in the next section. In particular, the result of DeGroot
(1962) does not extend to constrained Bayes risk. Moreover, as shown in Part I, the class
of admissible corruptions is much broader than attribute corruptions alone, and different
corruptions act differently depending on their signature. The classical formulation of the
data processing inequality excludes important cases such as label corruption and, more
generally, combined corruption, and it does not account for changes in the joint distribution

¢ = ny X E. Consequently, the DPI must be modified to account for these cases.

The following sections therefore develop a generalized DPI based on the functional
¢ € Apa(X X Y) = BReop (),

rather than restricting attention to comparisons between experiments. We also extend the
underlying class of probabilities from countably additive to finitely additive measures. This
extension is natural in view of the dual pairing between bounded measurable functions
and finitely additive measures (see § 2). Framed more broadly as a comparison of learning
problems, the generalized DPI admits several variants depending on which components are
held fixed and which are allowed to vary. In this way, the inequality can be used to compare
probabilities, losses, models, or combinations thereof. Note that the term ‘generalized’
is well justified: the classical DPI result will be recovered within our framework, which

additionally offers an alternative proof of the theorem.

Some of these alternative inequalities have been considered in the literature. For example,
Goel and DeGroot (1979, Section 5) studies the data processing inequality result assuming
fixed marginal probabilities. Feldman (1972) instead allows comparisons of experiments

93



94 CHAPTER 7. DATA PROCESSING FOR CONSTRAINED PROBLEMS

for a fixed model class and loss, while still quantifying over all priors. To our knowledge,
however, there is no prior work on data processing inequalities aimed at comparing model
class performance itself, that is, the composite set ¢ o H. Motivated by this gap, we
characterize a generalized DPI for fixed loss and model class while allowing ¢ to vary. This
perspective is not only novel, but also deliberately removes the least accessible component
of a learning problem—the data-generating distribution—and centers the analysis on the
loss and model class, which are specified by the practitioner and encode their domain

knowledge and needs.

Superprediction sets are useful objects for building a tool to answer our question, as we
can prove that such a Bayes risk inequality (or, Bayes risk ordering) is in fact equivalent to
set ordering in the space of superprediction sets. We then leverage this characterization
to prove sufficient conditions for the Bayes risk orderings to hold, and then proceed to
build an antipolar version of the ordering which is related to the strong version of the data
processing result. Two main differences distinguish our contributions from Blackwell’s and

DeGroot’s work:

1. The comparison of problems flavor we choose shifts the focus from the probability
distribution to the decision space (our model class H) and the evaluator (our loss
function ¢). We do so by studying the couple (¢, H), by combining them in the set
{ o H and taking its superprediction set;

2. We consider the actual attainable prediction losses by evaluating all models in H
through ¢; Blackwell’s attainable losses are in fact average losses, as we can see in
Def. 6.18. For the sake of simplicity, and to allude to the superprediction set, we call
the set £ o H the set of attainable predictions.

We now proceed to introduce the generalization of the data processing inequality, first to

constrained sets and then to joint distributions.

7.1 Comparison of Experiments in Constrained Case

A straightforward way to generalize the DPI to the constrained setting is to consider the

inequality
BRyog([11y X E] < BRyogs[Ty X (E 0 k)], (7.1)

where k¥ € M(X, X) is simple attribute corruption. A natural question is whether the
classical DPI result extends to this setting, that is, does Eq. (7.1) hold?

When the model is well-specified for both data distributions, the answer is yes, for all
nty and ¢, as both constrained Bayes risks assume the same value of the unconstrained
versions. The situation changes when the model class is constrained and not necessarily
well-specified: in this case there is no general relationship between conditional Bayes risk
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and full Bayes risk, as discussed in Remark 3.8, and Theorem 6.21 cannot be applied. Upon
further investigation, we discover that in this setting we are less fortunate than in DeGroot
(1962)’s framework: the inequality in Eq. (7.1) can fail to hold, and a simple counterexample
can be constructed.

Example 7.1 (Counterexample for Constrained DPI). Let X := {0,1} and Y := {0,1}. We
consider the experiment E and the joint data distribution ¢ in their matrix representation, with

columns being the Y-values and rows being the X-values:

1 1-
E = 0 , ¢ =mnyxE= po ,
01 0 p

where my = [1—p, p], p € (0,1) is some general label prior with full support.

Let £: Aca(Y) X Y — Ry be a loss function such that €(y, h,(x)) = 0 if and only if h,(x) = 1,
i.e., the model assigns probability one to the correct label. This implies that for hy(x) < 1 the loss
function will be strictly greater than zero. Let H = {h: X — A(Y)| hy(x) = 1= 064, } be a model
class with only one element in it. Written in matrix form, that element is equal to:

h:(g ;).

min By [(¢ o 1)(X, Y)] = €(10(0),0) * (1 = p) + £(m (1), 1) p > 0.

Evaluating the Bayes risk gives

If we consider the Markov kernel which puts full corruption on X, we obtain the corrupted

distributions,
(I-p) p
= (05 0.5) : ((1 ) E)
4 —P P
0.5 0.5 —— 5

This gives the Bayes risk,
min B [£(4(X), V)] = 0.5+ [ €(0(0), 0) * (1= p) + € (1), 1) * p |

which is half of the Bayes risk of the original task.

The example shows that the data processing inequality stated in Eq. (7.1) does not generally
hold. Although the construction uses extreme cases involving singleton model classes, the
same reasoning can be extended to settings with larger H. In the following section we
will focus only on generalized entropy, and try to find properties that can help prove data
processing inequality results. We do not focus on any related notion of information at this
stage, and leave it for future work. However, it is interesting to notice that one can still
meaningfully define a notion of constrained statistical information, which already appeared

in a simpler form in the literature.
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7.1.1 Predictive Information

Statistical information (Def. 6.10) is defined as the difference between some notion of entropy
and some notion of conditional entropy. While full Bayes risk can be used as a conditional
entropy, we cannot use CBRy.¢/(7y) as entropy and be sure to enjoy the non-negativity
property of their difference. Many different alternative measures of information can be
defined in a way that circumvents this issue, notably (Garcia Garcia and Williamson, 2012;
Williamson and Cranko, 2024; Finzi et al., 2026). We define here an immediate one, following
Xu et al. (2020) in introducing the notion of predictive families of models, and define a
possible notion of “constrained statistical information” with a generalized version of their

predictive information.

Definition 7.2 (Predictive Family). A model class H € M(X,Y) is a predictive family if,
for all probabilities that are in the image of H through X, the model class contains its associated
degenerate kernel hy. In formulas, we ask that

Ahn € MX,Y) | hn(x) =c 0 Vre | R(X).
heH

We denote the subset of these constant predictors as H, € H.
Definition 7.3 (Predictive Information). Let ¢ be a loss function, H a predictive family and

¢ € Aca(X X Y). Then, we call

Lo (¢) = BRyog, () — BRpow (),

the predictive ¢ o H-information of ¢.

Notice that our notion of information is a direct generalization of Xu et al. (2020)’s constrained

entropy and information.

Lemma 7.4 (Recovery of H-Information). Let H c M(X,Y) be a predictive family. Let
P € Aa(X X Y). If (p,y) € Aca(Y) X Y 1 liog(p, y) = —log(py) is the logarithmic loss, and
Hyy is the predictive (conditional) H-entropy (as per Xu et al., 2020, Definition 2), we have that

BRy, 07, (¢) = Hy(Y) and  BRy on(¢) = Hy(Y]X).
In addition, we recover their definition of predictive H-information, as
In(X,Y) = Ipor(P).

Proof. Let H(X) := Upeqr 1(X) € Aca(Y). The statement is proved by noticing that
. v ). 4 : _
Hi() = inf Bl-1og()] © inf By-aBy g~ 1og(H(0h)] = BRyn(0),

Hy(Y]X) : gqg%[—log([ﬁ(x)h)] =t BRy0r(9),

for some experiment E € M(X,Y) such that © X E = ¢, and for [#(X )]y) being the y-th
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entry of the vector h(X) € Aa(Y). The equality in (%) holds for this specific model class,
since Ex_py)[— log([h(X)]y)] is in fact independent from X. O

Analogously to Proposition 2 in (Xu et al., 2020) we can show some basic properties of the
constrained information.

Proposition 7.5 (Properties of Predictive Information). Let H and H' be predictive families
such that H C H’. For any distribution ¢ € Apa(X X Y):

1. Monotonicity: BRyoz(¢p) > BRyop ().
2. Non-Negativity: Ijoq((¢) > 0.

3. Respecting Independence: If X is independent of Y in ¢, then Ijop4(¢p) = 0.

Proof.
1. Follows by definition of Bayes risk.
2. Since H. € H by definition, the statement holds because of point 1.
3. Let H(X) = Upeq H(X) € Aca(Y) and ¢ = mtx X Ty

BReoy((9) = inf Bxery By, [(€ 0 M(X, V)] > ExenLinf By [(€ 0 HX, V)]]

= EX~7‘(X [hier;_f{’: EY~7‘(Y [(E o h)(Xr Y)]] = l[)€l7r‘}{/\’) EY~T[y [e(ll’/ Y)] = BR@O?‘{C (¢)I

which makes their difference zero.

Finally, we can immediately transfer the estimation results in (Xu et al., 2020) to our

information measure.

Definition 7.6 (Empirical Predictive Information). Let ¢ € A (X X Y). Let D be a finite,
independently and identically distributed sample from ¢. Let H be a predictive family and
{: Aca(Y) X Y — Ry be a loss function. The empirical predictive information w.r.t. £ o H is
given by,

5 . 1 o1
fon(D) = inf |oo D (Co M| = [inf s ), (Eo iy
yiED (x;,yi)ED

Proposition 7.7 (Estimation of Predictive Information). Let ¢ € Aca(X X Y). Let D bea
finite, independently and identically distributed sample from ¢. Let H be a predictive family and
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0: Aa(Y) X Y — Ry be a loss function, bounded on the set H(X) X Y = Upeqy (X)X Y by
the constant B > 0. Then for any 6 € (0, 0.5), with probability at least 1 — 20,

2log 1

[ Trore () — Tpope (D)] < 4Ry (€ 0 H) + 2B DT

where R, p| (£ o H) denotes the Rademacher complexity of ¢ o H with sample number | D), defined as

1D

(1 -2R)f ()

i=1

1
Rad|p|(F) = 7= Er

Ssu
1D P

fer

] , (7.2)

for a sample D = {z;};, a function class F = {z — f(z) € Ryo} and R = (R;); with R; i.i.d. and
Bernoulli distributed with parameter %

Proof. The argument laid out in Theorem 1 in (Xu et al., 2020) holds for general, bounded
L. O

For possible applications of this information estimator, see follow-up works on Xu et al.
(2020)’s predictive information (Ethayarajh et al., 2022; Lu et al., 2023; Fel et al., 2024).

7.2 Comparison of Attainable Predictions

We have discussed above why the classical data processing inequality result does not hold
in the constrained case. In fact, a similar counterexample to the one given in Example 7.1
can be built for label corruption and posterior kernel F = E*. With the aim of finding a
different data processing inequality that encompasses all meaningful transformations of
learning problems (attribute and label ones), and that we can hope to study with tools
different from Blackwell (1951)’s and DeGroot (1962)’s, we consider a generalized version
of the DPI (GDPI).

Definition 7.8 (Generalized Data Processing Inequality for Bayes Risk). Given a loss
function £: Aa(Y) X Y — R and a model class H € M(X, Y ), we write the generalized
data processing inequality for Bayes risk as

BRyoz((¢) < BRpopt(KP), ¢ € Apa(X XY), ke MX XY, X XY).

In words, we are asking the joint corruption x to be bad for a fixed whole learning
problem instead of solely for the experiment. Note that this version of the data processing
inequality is clearly more general than the one used in the statement of Corollary 6.22, as
choosing H = M(X,Y)and x € M(X, X) we obtain the classical data processing inequality
statement.

Given the nature of the more general inequality, following Blackwell’s path is not feasible: a
notion of sufficiency for joint probabilities is not meaningful, as two probabilities are always
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related by at least a degenerate kernel constantly equal to one of the two. We therefore turn
our attention to studying the validity of Def. 7.8 for a fixed set of attainable predictions
while varying the probability distribution. As we have seen in Proposition 3.23, one can
relate the Bayes risk associated to a probability distribution ¢, a loss ¢, and a model class H
to the support function of the set spr (¢ o H) evaluated on ¢. Therefore, we can characterize
the Bayes risk inequality by means of geometrical properties. This is similar in spirit but not
equivalent to the work from Blackwell (1951) and DeGroot (1962), that we have analyzed in

the previous chapter.

To distinguish our contributions from previous work on informativity and sufficiency, we
call orderings for attainable predictions our flavor of the Bayes risk inequalities and their
characterizing geometrical properties (proved in the following). Recall that, in general,
an ordering on a set is defined as a binary relation between two elements of the said set,
e.g.

>:(a,b)— {a>0b,b> a,'not comparable’},

such that it is reflexive (a > a), antisymmetric (if 2 > b and b > a then a = b) and transitive
(ifa > band b > c thena > c); an ordering is a total ordering if all pairs are comparable,
ie,>:(a,b) » {a > b,b > a}. An ordering always induces an inverse ordering, e.g.,
<:(a,b)— {a <b,b < a,’not comparable’}. Classical orderings are the inclusion relation
on the powerset 2< of some Z, and the point-wise function comparison f > giff f(z) > g(z)

for all points z € Z and functions f, g: Z — R.

A useful yet less-known ordering is introduced in (Khan et al., 2024, Definition 4), which
compares experiments looking at their Bayes risk value. For a fixed prior probability, when
the Bayes risk of one experiment is consistently better over losses and action sets than
the risk of another, we say that the said experiment is Bayesian-better than the other. We

introduce a similar ordering for our attainable prediction sets.

Definition 7.9 (Bayesian-better-than Ordering for Attainable Predictions). Given two
sets of attainable predictions ¥ =l o H and G = V' o H', with {,{': Aa(Y) XY — Ry
bounded losses and H, H’ € M(X,Y),

F <wG © BRr(9) < BRG($) Vo € A(X X V).

Note that ¢ € Apa(X X V) = BR#(¢) is a well-defined functional, even if the loss function
is defined on A, (Y). That is because the finitely additive probabilities only appear in the

computation of the expectation, and do not affect the loss input.

As a first step in the direction of studying orderings and their relations, we recall that
the support function is in a natural correspondence with convex sets. Such natural

correspondence is formalized in the following lemma.

Lemma 7.10 (Duality between Closed, Convex Sets and Support Functions). Let Z be a
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Polish space and A C By,(Z) be closed convex and non-empty. Then,

A ={f € Bp(2): paw) < (f, u), u € ba(Z)}.

Proof. This lemma is a consequence of Property 1 in Lemma 3.22 and Theorem 7.51 in
(Aliprantis and Border, 2006). O

Hence, a first connection between orderings of support functions and sets can be immediately
proved.

Lemma 7.11 (Equivalence between Set and Support Function Orderings). Consider two
closed convex and non-empty sets ¥, G C Bp(X X Y). Then,

GeF e prwspgp) YuebaXxY),

assuming that —oo < —oo.

Proof. That set containment implies the inequality follows directly. The reverse direction is
a consequence of Lemma 7.10. O

Once the technical setup has been laid out, one can also recall another property of the
support function: the invariance to convex closure of the set, such that ps, 7 = pwspro
(Lemma 3.22 (P4)). In addition, we also aim to ultimately characterize the behavior of
learning problems, which involve probability measures Ay, instead of general, signed
measures ba. For this reason, it makes sense to prove the following key result in terms of
convex closures of sets and the set of finitely additive probability measures. What it proves
is that we can express the correspondence between support functions of superprediction
sets and closed convex sets in terms of a restricted class of measures, the finitely additive
probability distributions.

Lemma 7.12. Let 7 C By,(X X Y )0 non-empty. Then, it holds,

cosprf ={g € By (X XY) | psprr (@) < (g, D), VP € Apa(X X Y)}.

Proof. We start by considering the well-known relationship between sets and support
functions formulated in Lemma 7.10, which for cospr # amounts to

OsprF = {g € Bo(X X Y) | peosper (1) < (g, 1), Yy € ba(X x H)}.

Now notice that every bounded signed measure p € ba(X X Y) can be written as ay’ = p
for some u’ € By := {v € ba(X X Y): [|[v||l« = 1} and a € Ry, e.g. if u # 0, by choosing



7.2. COMPARISON OF ATTAINABLE PREDICTIONS 101
a = ||yl and p’ = g Thus, we can rewrite the set as

cosprf = {8 € Bp(X X Y) | pﬁsprf((u) < (g, [J>/ Vu e ba(X x Y)}
={g € By X XY) | pwsprr(an) <(g, au), YueBi,a €Rxo}
= {g € Bb(X Xy) | paspr?(/’l) < <g/ /J>’ Vlu €By }/

where the last step uses the linearity of the bilinear mapping and Lemma 3.22 (P4) of
support functions. Let us introduce a partition of B; into two sets of positive and signed

finitely additive measures with norm 1, such that,

P_'. = B] N ba(X X Ay)ZOI
P_ =B \ba(X X y)zo,
7)— UP+ = Bllp— mp‘*’ = @

Hence it holds that
cosprf ={g € By(XXY) | pssprr (W) < (g, ), YueP_UP,}.

We show now that for every ¢ € B,(X X Y), the condition pg5epr (1) < (g, ) is satisfied
for all u € P_, and thus we can neglect this set inside the condition. To this end, let us

rewrite the support function as

< = inf inf
pcospr?'(‘u) flgf<f, [J> + feBbg(lxy)zo<f’ H)z

by Lemma 3.19 and Lemma 3.22 (P5). Observe that for every measure p € P_ there exists
A € L(XxY)such that -1 < pu(A) < 0.! We can define a subset of functions in B;(X x.Y)x0
given by the scaled indicator function of this set, i.e., {axa | @ > 0} C Bp(X X Y)so. Hence,
we have that

(fo) < infaxa, ) = ap(A) = inf(f,p) = oo,

inf
feBL(XXY)z0 feBL(XXY)>0

as « gets arbitrarily large while u is bounded from below. Since infrer(f, u) is finite
because F # 0, it follows that pgepr# (1) = —00. Hence, we can indeed neglect #_ in the

condition, and write

cosprf ={g € By(X xY) | pssprer (1) < (g, 1), YueBi}
= {g € Bb(X Xy) | pﬁspr?"(‘i)) < <8r¢>/ V(Z) € P+}

We conclude the proof observing that, by monotonicity of positive measures, P, =
Apa(X X Y). O

INotice that this is not the negative set of X X Y w.r.t. i, as we are considering the family of finitely additive
measures. The Hahn decomposition theorem may not hold (Rao and Rao, 1983)[Chapter 2.6].



102 CHAPTER 7. DATA PROCESSING FOR CONSTRAINED PROBLEMS
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Figure 7.1: Hierarchy of set containment conditions, where the condition in Theorem 7.13
(bottom) and its equivalents are the weakest and the inclusion of the simple sets is the
strongest (top). The bottom level equivalences hold by definition of convex hull and
superprediction set.

G Ccosprf <—> F <=>sprG C cosprf

Theorem 7.13 (Equivalence between Set and Support Functions of the Superprediction
Orderings). Consider ¥,G C Byp(X X Y)so non-empty. Then, the condition

cosprf 2cosprG & pr(P) < pg(p) Vo € Apa(X X V).

Proof. That set containment implies the inequality follows directly from the fact that p is
the concave support function defined in Def. 3.21 as an infimum, and that it is immune
to convexification and closure of the set. The reverse direction is a consequence of
Lemma 7.12. O

The theorem above is a characterization of some generalized version of the data processing
inequality for Bayes risk. Key to this interpretation is Lemma 7.12, as it restricts the set
of measures on which we have to verify the inequality to the positive and normalized
ones. Further specializations of the function sets ¥ and G allow for using this result for
learning problems. In addition, we can make the set containment weaker or find equivalent
conditions by simply using properties of convex hulls. A complete hierarchy of the set
containment conditions is illustrated in Fig. 7.1.

Corollary 7.14. Let £,0': Aca(Y) X Y — Ry be bounded loss functions and H, H’ C
M(X, Y) model classes. The condition

cospr (£ o H) 2 cospr(¢’ o H’)
holds, if and only if

BRyo2(P) < BRpop () VP € Apa(X X Y).

Proof. The statement follows directly from Proposition 3.23 and Theorem 7.13. |

We can rephrase the above theorem as the following statement:



7.2. COMPARISON OF ATTAINABLE PREDICTIONS 103

“An ordering for attainable predictions, { oH < ¢’ oH’, induced by the data processing
inequality, is equivalent to the inverse inclusion order on the convex hull of the associated
superprediction sets, cospr (£ o H) 2 cospr(¢’ o H’).”

Observe that this property is quite similar to the equivalence of the Bayesian-better-
than and informativeness orderings, as illustrated in Khan et al. (2024). However, our
“informativeness” is not Blackwell’s analogous for the ¢ o H comparison, as it is instead
only defined as a property of the attainable predictions instead of attainable (average)
losses.

Remark 7.15 (Regularization) The subsethood condition characterizing the Bayes risk inequality
above can be achieved by H’ C H and € = {'. In other words, the Bayes risk of a smaller model
class evaluated with the same loss cannot decrease, and therefore we observe a best-case performance
degradation. This means that the benefits of reqularizing the model class cannot be seen at the Bayes
risk level.

7.2.1 Orderings under Corruption

We can provide another interpretation of Theorem 7.13 by stating a corollary focusing on
the comparison of Bayes risk computed for the same loss function and model class, but
on a corrupted distribution. In fact, thanks to Lemma 5.1, we know that this is equivalent
to comparing ¢ o H and & (¢ o H) through the Bayes risk ordering. A visualization of this
property is given in Fig. 7.2.

Corollary 7.16 (Orderings under Corruption). Let £: Aca(Y) X Y — Ry be a bounded
loss function and H € M(X,Y) a model class. Consider a Markov kernel x € M(X X
Y,X xY). Then, the condition

cospr(f o H) 2 cospr(k(f o H)),
holds, if and only if

BRyo((P) < BReop(K), Vo € Apa(X X V).

Proof. Define ¥ = {oH and G = k(£ oH) The statement follows directly from Theorem 7.13
together with Proposition 3.23 and Lemma 5.1. m|

We now focus on defining and analyzing the set of kernels ensuring comparability of a

clean and corrupted attainable prediction set.

Definition 7.17. Let {: Aqa(Y) XY — Ry be a bounded loss function and H € M(X,Y)
a model class, we define the set of Markov kernels for which the Bayes risk inequality holds as

K{loH) ={xe M(XXY,X XY)| BRiop(}) < BRpogy (k) Vp € Apa(X X Y)}.
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(a) Effects of different labgl corruption ker- (b) Two spr (£ o H) projected on the  axes,
nels on fog. Symmetric noise is s.t. the A .
. VR for f, (gray area) and Ao, (Violet area).
matrix representation’s diagonal values Th b% K dashed line i t}? i
are a, the anti-diagonal 1 — a. “Low” and ¢ black dashed [ne 1s the supportng

“high” refer to a being respectively lower hyperplane at fiog(r), 7 in the simplex
or higher than 1 — a. Aca(Y) (gray, dotted).

Figure 7.2: We consider a learning problem composed of: a model class H including all
Markov kernels whose transitions / are all measurable functions mapping to the relative
interior of Aca(Y); the logarithmic loss éog; |X| = 1;Y = {0, 1}. The corruption applied is a
label corruption, i.e., k = 6x ® A, only acting on the loss as depicted in panel (a). In the
asymmetric cases depicted here, we can graphically see that the generalized data processing
inequality does not hold, as the set containment condition is not fulfilled.

Panel (b) represents the clean and corrupted superprediction sets. The latter is such that some
parts of the loss function lie inside the set (drawn as a violet dashed curve). Here we instead
show that, for this learning problem and associated symmetric corruption, the generalized
data processing inequality holds because of Corollary 7.16, since Espr(?\&og oH) C
€0 spr({iog © H). In the next section (Proposition 7.27), we will formally prove that this holds
for a generalization of symmetric losses. To better understand visually why set containment
implies the Bayes ordering, notice that the Bayes risk associated to the clean problem and
7 = (0.3,0.7) is the length of the red line, connecting the origin to the hyperplane (dashed

line) and perpendicular to it; a similar observation holds for the corrupted superprediction
set.
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Note that the identity kernel 6x X Y € M(X x Y, X x Y) always belongs to this set, hence
it is ensured to be non-empty. Using Corollary 7.16, we can alternatively write,

K{loH)={xe M(XxY,XxY) | cospr(k(f o H))C cospr({ oH)}.

We now prove some useful properties of this set.

Lemma 7.18. Let 1,k € M(X XY, X x Y)and o € (0,1). Let £: Aca(Y) X Y — Ryg bea
bounded loss function and H € M(X,Y) a model class. For k := axi + (1 — a)xy,

spr(k(f o H)) C aspr(Ri(£ o H)) + (1 — a)spr(Ra(£ o H)).

Proof. Observe that, by definition, spr(&(¢ o H)) = spr(ak + (1 — a)ka(f o H)). Let u €
spr(aki + (1 — a)k1(£ o H)), then there exists h,, € H such that

(aky + (1= a)ko)({ o hy) = arky(f o hy) + (1 —a)ka(f o hy) < u,

where the equality holds by definition of superprediction set Def. 3.17. Let x,, := a®({ o
hy) + (1 = a)ko(€ o hy,) be the point bounding u from below. We can rewrite, for a € (0, 1],

u=ari(lohy)+u—xy)+(1-a)yRa(Cohy)=a|Ri(lohy)+ %(u —xy) | + (1= a)ka(l o hy),

where kl(FOhu)+%(u —x,,) is a point of the set spr(&1(£oH)), because u—x,, > Oand a € (0, 1).
Since also ®1(€ o hy,) € spr(R2(€oH)), we getu € aspr(Ri(LoH))+(1—a)spr(R1(foH)). O

Proposition 7.19 (K is a Convex Set). Let {: Aqa(Y) X Y — Ry be a bounded loss
function and H € M(X,Y) a model class. The associated set K(¢ o H) is convex.

Proof. Let k1,k2 € K(f o H) and a € [0,1]. We show that x := ak; + (1 — @)k € K, as
convexity then follows by a trivial inductive argument. By definition of K(¢ o ), it holds
that

Ri(loH) Ccospr(f o H), ie{l,2}. (7.3)

Then, considering the corrupted superprediction set, we can write

spr(k(£ o H)) L.<7;'18 aspr(Ri(f o H)) + (1 — a) spr(Ro(f o H)) E) cospr(f o H)

where (x) holds by convexity and the set containment in Eq. (7.3). Hence, it follows that
spr(k(£ o H)) C cospr(f o H), which implies the thesis. O

It is then a matter of simple computations to show a weaker type of Bayes risk inequality
based upon the definition of K(¢ o H) and Corollary 7.16. In words, we prove that for a
given distribution ¢ € Apa(X X V), a loss function £ and a model class H, we can construct



106 CHAPTER 7. DATA PROCESSING FOR CONSTRAINED PROBLEMS

a set of distributions 1 € Apa(X X Y) for which the Bayes risk is lower than for the reference
distribution ¢.

Corollary 7.20. Let ¢ € Apa(X X Y), £: Aca(Y) X Y — Ry be a bounded loss function and
H € M(X,Y) a model class. We can define the set of probabilities that can reach ¢ through some
x € K(l oH)as

K(¢o ?()fp = {&h | € K(£ o H)} € Apa(X X V),

where fc:rp denotes the adjoint Markov kernel operator of the Bayesian inverse K:; of k. Hence, the

data processing inequality holds on it, i.e.,

BRyog((¢) < BRiop(1)) Vi € K(£0 H) .

Proof. For every ¢ € Apa(X X Y) such that there exists k € K(¢ o H) with €y = ¢, it holds
by definition of K(¢ o H) that,

BRyo(¢) < BRpops (1) .

Under our assumption of standard Borel measure spaces for X, Y, we can characterize
the set of 1 s.t. the inequality holds using the Bayesian inverse of the Markov kernel
K € K(¢ o H) w.r.t. the chosen ¢ (see Def. 5.9). Hence, we can write ¢ := 1%2;(]5 We therefore
obtain the thesis. O

7.2.2 Convex Combination of Kernels on Superprediction Set

Corollary 7.16 teaches us that, for a general ¢ € Ap,y(X X Y), itis equivalent to understanding
and the superprediction set of k(¢ o H), to show a Bayes risk inequality. Understanding
what the effect of the kernel x is on ¢ o H, however, is non-trivial.

A first observation comes from the following: because of its normalization property
(x(A,z) =1Vz € Z, for some A € Z’), and because a kernel xk € M(X x Y, X x V) action

on a function is defined as,

0, ) = [ ety d@ )R, Vg e X,
we know that the kernel convexly combines the values of a mapping (x, y) — ((h(x), v)
for different (x, y)-pairs. For illustration, fix x € X and suppose that Y = {0, 1} is binary.
Choose a loss ¢, a model i € H with /i(x) = 7 and a label corruption A € M(X x Y, Y). We
are interested in the point g1 = (¢(rt, 0), {(rt, 1)) and its element-wise convex combinations
(A)x(m, 7) € co({€(m, y)}yey) for a fixed x. The effect of the kernel is the point g, =
(A€(r,0), A(rt, 1)). Note that because A is label corruption it does not have an effect on the
x € X, but it only depends on it. An illustration of all the possible outcomes for all possible
A kernels is given by Fig. 7.3a, i.e., the blue area. We will use the intuition gained through
this example to build conditions for the data processing inequality to hold.
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(a) Visualization of the effect of label corrup-

tion A € M(X x Y, ) on a loss function (b) Visualization of the effect of attribute cor-

o s ruption T € M(X, X) on a loss function
¢ evaluated on a PredlCthl’l o= h(x) € ¢, evaluated on a fixed model h € H and
Apa(Y) for some fixed x € X, assuming s;)me fixed y € Y, assuming X = {1,2}
Y ={0,1}. ’ ’ P

Figure 7.3: Visualization of a point ®({ o 1) given a point ¢ o h € spr({ o H), by corruption
type and properties. Blue area : corruption outcome for all possible kernels; Red line:
bistochastic corruption; Blue marks: points generated by a degenerate binary kernel (ones
only in one row, zeros otherwise).

Additional insights on possible strategies to prove a data processing result can come from
Proposition 7.19. The proposition shows that also the subset of kernels fulfilling the data
processing inequality for a given choice of loss and model class is convex. In general, this
gives us no knowledge on the extreme points of such a set knowing the ones of the whole
set of Markov kernels. Nevertheless, if we assume that we know which extreme points
generate such subset of kernels, we may get interesting results. We prove a first preliminary
result needed to proceed in this direction.

Proposition 7.21 (Generalized Data Processing Inequality with Convex Combination of
Kernels). Let x1,k2 € M(X XY, X X Y). Let {: Aca( V) X Y — Rsq be a bounded loss
function and H € M(X,Y) a model class such that ®;({ o h) € cospr(¢ o H) forall h € H and
ki € {x1,k2}. Then, for all x = axq + (1 — a)ko with a € [0,1],

BRyo#(P) < BRpop(KP), VP € Apa(X X Y).

Proof. The statement follows immediately from Proposition 7.19 and Corollary 7.16. O

We will now take a closer look at the label and attribute corruption, for which this result

will have different consequences.

7.3 Sufficient Conditions for the Bayes Risk Ordering

In the following, we leverage our characterization result (Corollary 7.16) to derive sufficient
conditions for the Bayes risk inequality in the case of dependent corruptions, while we
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find a new characterization for certain types of simple corruptions. These conditions apply
to specific families of learning problems and corruptions, where learning problems are
specified through assumptions on the loss function and the model class, but not on the
underlying probability distribution. Such distributional generality is required to obtain
a data processing result in the sense of Def. 7.8. Our objective is to identify learning
problems for which certain classes of Markov kernels are included in K(¢ o H). Since
K(¢ o H) is convex, it suffices to study its extreme points, which considerably simplifies the

analysis.

In the binary setting depicted in Fig. 7.3, all relevant kernel actions can be expressed as
convex combinations of deterministic kernels induced by constant functions (degenerate
binary kernels) or certain bijective functions (symmetric bistochastic kernels). Applying
Proposition 7.21, it is therefore sufficient to impose conditions on ¢ o H that guarantee
a decrease in Bayes risk under both degenerate and bistochastic kernels: under such
conditions, the generalized data processing inequality holds for all kernels. For larger
domains, the class of relevant kernels is substantially richer. Nevertheless, we keep in
mind these two fundamental cases as examples, while we establish sufficient conditions for
the generalized DPI with families of kernels that are generated by certain deterministic
kernels. As the extreme points of the set of Markov kernels are deterministic kernels
(Proposition 2.30), these sets will share a portion of their boundary with the set of all
Markov kernels with the same signature. We imagine that showing results for differently
constructed sets of kernels may require more sophisticated arguments; investigating the

GDPI1 for such cases is left as future work.

In the next section, we begin by showing that when the loss function and the model class
satisfy a suitable closure property with respect to label transformations, then optimal perfor-
mance as measured by the Bayes risk can only deteriorate under label corruptions induced
by such transformations, and vice versa. By strengthening this invariance assumption, we
extend the result to label corruptions that depend on the attribute x € X as a sufficient
condition. An important special case is that of bistochastic label corruption, for which we

derive sufficient conditions on ¢ and H ensuring that the Bayes risk inequality holds.

We then establish analogous results for attribute corruption and illustrate the corresponding
statements using commonly encountered and practically relevant transformations. Finally,
we present examples demonstrating that all conditions introduced in this section are

sufficient but not necessary for the Bayes risk inequality to hold.

Some Corruption Kernels of Interest

We give here definitions for different types of corruption kernels, which have a relevant

structure for our data processing results. They complement the taxonomy illustrated in

§ 4.
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Definition 7.22 (Structured Label Corruptions). Let X be an input space and Y be an
output space.

1. A Markov kernel A: X x Y x £(Y) — [0, 1] is called F -label corruption, if for
every x € X there exists a finite tuple (a7)ies € [0, 11 such that 3¢ ai =landa
finite set of measurable mappings f* € ¥ C {Y — Y} for every i € I, such that,

M Y XEY) - 0,11 (1,8) - ) alkp(y, B) Vy e Y, B e E(Y),

i€l
where the deterministic kernels « gx are defined as in Def. 2.21.

2. A Markov kernel A: Y X £(Y) — [0, 1] is called bistochastic label corruption, if it
is a F -label corruption where F is the set of all measurable, bijective mappings.

Analogously, we can also define the attribute corruption counterpart to the previous
definition.

Definition 7.23 (Structured Attribute Corruptions). Let X be an input space and Y be
an output space.

1. A Markov kernel t: X X Y X £(X) — [0, 1] is called G-attribute corruption, if for
every y € Y there exists a finite tuple (aiy)iel € [0, 11" such that 3¢, aiy =landa
finite set of measurable mappings giy € G C {X — X} forevery i € I, such that,

7,0 XX E(X) = [0,1];  (x,A) — Zafxgiy(y,s) Vxe X, A € Z(X),

i€l
where the deterministic kernels « . are defined as in Def. 2.21.

2. A Markov kernel T: X X Y x 2(Y) — [0, 1] is called bistochastic attribute cor-
ruption, if it is a G-label corruption where G is the set of all measurable, bijective

mappings.

The illustrations in Fig. 7.3 show how finite bistochastic kernels act on a point of the
superprediction set, and how this differs from a general corruption kernel. It suggests
that the GDPI may hold under assumptions on the superprediction set determined by the
corruption kernel structure.

Remark 7.24 On finite spaces, bistochastic corruptions are represented by doubly stochastic matrices,
as we know that the Birkhoff-von Neumann theorem holds (Birkhoff, 1946). The same statement
does not hold for general continuous spaces, which is a relevant observation to quantum mechanics.
We do not investigate here possible generalizations of the theorem, as it is an open problem outside
the scope of this manuscript, but we point the interested reader to some recent developments in this
direction, e.g., (Safarov, 2005; Piaunescu and Rdadulescu, 2017).
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7.3.1 Label Corruption

We start from the simplest form of label corruption in our taxonomy (§ 4): simple label

corruption generated by deterministic kernels.

Proposition 7.25. Let ¥ be a class of measurable functions f: Y — Y. Let us define,
L=co{dfe MY, Y)|feF},

where A is a deterministic kernel, equal to O (). Let £: Aca(Y) X Y — R be a bounded
loss and H € M(X,Y) a model class. The set containment condition

U {Aftoh|heH} CTDspr(t oH), (7.4)
feF

holds if and only if the generalized data processing inequality BRpoz(¢) < BRyog(Ach) holds
forall ¢ € Apa(X X Y), A € L.

Proof. By definition of superprediction set (Def. 3.17) the superprediction set containment
cosprG C cosprf holds if and only if G C cosprf. Choose ¥ = foH and G =
co (Urer {)A\ff ohl|he 7-(}) We know that G = )<, {;\Z oh|he 7-(},as

n n
(ALoh)(x,y) = [(Z aiAﬁe) o h] (x,y) = [Z ai(Agl o h)] (x, y).
i=1 i=1
Now noticing that paus(¢) = min{pa(P), pa(P)} < p.(¢) for () € {A, B} because of
properties of the infimum, we can apply the support function characterization result
from Theorem 7.13 and the equality between Bayes risk and support function from
Proposition 3.23 to obtain the thesis. O

Example 7.26 (Degenerate Simple Label Corruption). Let ¥ be the class of constant functions,
ie, f € F is such that f(y) = y. for some y. € Y and all y € Y. Because of the behavior of
the constant functions ignoring the input, we name the kernels in the induced L as “degenerate
corruptions”, in line with the caption in Fig. 7.3. For these kernels, the condition in Eq. (7.4)
translates to requiring a specific set of constant functions to be included in the superprediction set,

namely,
{(x, y) = U(h(x),y) = mig U(h(x),y’)| h e 7{} C cospr(f o H). (7.5)
y'e

In other words, it is sufficient to take a loss function { constant in y for the condition to be met.
However, the condition is not particularly relevant when studying learning problems. A more
constructive condition is found noticing that the condition in Eq. (7.5) can be further rewritten as

{x,y)— 22%3?23“”(”' y) = min Iquf{l’(li(X), y')| h e H} C cospr(f o H),
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which is asking for the vector of label-wise minimum losses to be included in the superprediction set.
To build sets of functions with such a property, we first pick the best performing h* for each attribute
x, which is possibly not in H; then, we select the y* for which such model achieves the lowest loss;
lastly, we impose that the loss function is constant only on certain probability values, i.e.,

0, y) = tp,y) ifIxeX|p=h(x)
T py ifp o veeX

and additionally impose h* € H. However, if the model h* covers the whole simplex, we will be
forced to require the loss to be always constant.

We now show that we can go beyond simple label corruption when strengthening the
assumptions on the £ and H combination.

Proposition 7.27 (Generalized Data Processing Inequality with # -Label Corruption).
Let Y be finite and F a class of functions Y — Y. Let {: Aca(Y) X Y — R be a bounded
loss function and H € M(X,Y) a model class. Consider the following conditions:

1. The loss function € is ¥ -symmetric, i.e., {(r,y) = {([rtsly, f(y)), forall f €
¥, where [15(,)]y denotes the corresponding coordinate-wise rearrangement of the
probability vector 1 € Apa(Y) induced by f;

2. The model class is ¥ -label-invariant, i.e., for every h € H, and every f € F, there
exists hy € H such that fzf(x) = [fz(x)f(y)]y,for all x € X;

3. The kernel is a F -label corruption A € M(X X Y, Y).

If all of these conditions are fulfilled, then BRyop(¢p) < BR,;O(H()V\(j)) forall ¢ € Apa(X X V).

Proof. We show that the application of the kernel A on the attainable predictions £ o H leads
to the subsethood condition co spr(A(f o H)) € cospr(f o H). Then, we apply Corollary 7.16.
We can write a generic element of A¢ o H as

At o h)(x, ) = /y i), ) AG, y,d@) = Y o /y £0(x), 7) (3, A7)

iel

= 3 afth(o), fE ) = Y af () ply, v)-

iel iel

By ¥ -label invariance, there exists P'lfix(x) = [l'z(x)f[x(y)]y s.t. hfix € H, hence (x,y) —
(LX) 2]y, ¥) € € o H by definition. It follows that

Z aff([h(x)fir(y)]y, y) € co(f o H) C cospr(f o H).

iel

O

Remark 7.28 In Proposition 7.25 we make use of the left implication chain in Fig. 7.1 while in the
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proof of Proposition 7.27 we make use of the right implication chain in Fig. 7.1. In particular, the
assumptions F -symmetry and F -label-invariance, essentially quarantee that the strong sufficient
condition A({ o H) C € o H holds for A being a F -label corruption. This assumption is not enough
to prove the necessity of the condition, differently from the approach used in Proposition 7.25.

Corollary 7.29 (Generalized Data Processing Inequality with Bistochastic Label
Corruption). Let Y be finiteand F a class of functions Y — Y. Let £: Aca(Y) XY — Rxp
be a bounded loss function and H C M(X,Y) a model class. Consider the following
conditions:

1. The loss function € is symmetric, i.e., £(1,y) = {([7ts(y)ly, 0(y)), for all bijective
0: Y — Y, where [1,(y]y denotes the corresponding coordinate-wise rearrangement
of the probability vector Tt € Apa(Y) induced by o;

2. The model class is Y -permutation invariant, i.e., for every h € H, and every bijective
o: Y — Y, there exists hy, € H such that hy(x) = [h(x)g(y)]y,for all x € X;

3. The kernel is a bistochastic label corruption A € M(X x Y, Y).

If all of them are fulfilled, then BRysp() < BRyog((Ap) holds for all ¢ € Apa(X X V).

Proof. We apply Proposition 7.27 with its ¥ the set of all bijective functions from Y to
Y. O

Remark 7.30 The conditions in Corollary 7.29 agree with previous findings regarding robust losses.
In particular, Ghosh et al. (2017, Theorem 1) proves that symmetric losses are robust to low-rate
symmetric label corruption, as well other non-symmetric and attribute-dependent forms of labels
corruption (Theorems 2 and 3). Both cases are subsumed by our result, which includes all noise
rates, but in the form of an inequality.

Example 7.31. Let X = R? for some d € N, Y = {0, 1}. The loss function {(r, y) = (y — n)? is
symmetric. Any model class H € M(X,Y) such that for all x € X and h € H, thereis h’ € H
such that 1 — hi(x) = W'(x), is Y-permutation invariant. Hence, by Corollary 7.29, label corruption
does not degrade the performance of this learning problem.

7.3.2 Attribute Corruption

Analogously to Proposition 7.25 we can provide a sufficient condition for the Bayes risk

inequality under attribute transformations.
Proposition 7.32. Let F be a class of measurable functions f: X — X. Let us define,
T =cof{tre M(X,X)|feF}.

where Ty is a deterministic kernel, equal to Of(y). Let £: Aca(Y) X Y — Rso bounded and
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H < M(X,Y). The set containment condition

U {27(oh)| h e H} C Bspr(toH), (7.6)
feF

holds if and only if the generalized data processing inequality BRyog(¢) < BRyog((TP) holds
forall p € Apa(X X Y), 1€ T.

Proof. Choose# = {oH and G = co (Ufe(,r {(x,y) — tr(loh)(x,y) = 0(h of)x),y)|he 7-(})
We know that G = U eq {%(ﬁ oh)|he 7-(},because

[2(€ 0 m)](x,y) = l(za Tﬁ) l’oh)} x,y) = [Za Tf(“h)] (x, y),

i=1

as we can exchange the finite sum with the action of a kernel on some functions, as it is
defined via an integral of integrable functions. The rest of the proof is analogous to the one

of Proposition 7.25. o

Remark 7.33 (Recovery of Classical Data Processing Inequality for Bayes Risk) The standard
data processing result for unconstrained settings can be easily proved using a technique similar to
the proposition above. Let £: Aqa(Y) X Y — Ry be a bounded loss function, H = M(X,Y) and
T € M(X,X). Then, forall h € H,

t(foh):= / X@(fz(f),y) w(x, %), VY(x,y)eXxY.

We know that Proposition 2.30 holds. It follows that we can write T as the convex combination of
some deterministic Markov kernels. Hence, by definition of extreme points of a set, there exists a
finite set of measurable functions G € {g: X — X} and ag € [0,1] with Y 4eq g =1, such that,

T=Z(Xg’fg,
8€G

where T4 denotes the deterministic kernel corresponding to the function ¢ € G. Using the notation
T¢(X, x) for the matrix entry corresponding to row X, column x, we can write

2 o h) =/ ((h(%), y)zagfg(x %),
¥eX gEQ
= N [ e dD i@, 0 = Y a0,

8€G eX 8€G

forall (x,y) € X X Y, and where hy = h o g is a transition of some kernel hy in M(X,Y). By
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definition of all sets involved,

Z agf(flg(x),y) € co(f oH) C cospr(f oH).
§€G

The Bayes risk inequality follows by Corollary 7.16. Since the statements are true for a general loss €
and joint probability ¢, we can pick ¢ = ry X E and obtain that the inequality holds for all £, 1ty.
We therefore recover the classical DPI, as stated in Corollary 6.22.

As done for the label corruption case, we can go beyond the simple G-attribute corrup-

tion.

Proposition 7.34 (Generalized Data Processing Inequality with # -Attribute Corrup-
tion). Let F be a class of functions X — X. Let £: Aqa(Y) X Y — Ry be a loss function
and H € M(X,Y) a model class. Consider the following conditions:

1. The model class is F -attribute-invariant, i.e., for every h € H, and every f € F,
there exists flf € H such that hf(x) = fz(f(x)),for all x € X;

2. The kernel is a F -attribute corruption T € M(X X Y, X).
If both these conditions are fulfilled, then BRyo3(¢) < BRyop(T¢) holds for all ¢ €
Apa(X X V).

Proof. We show that the application of the kernel 7 on the set ¢ o H leads to the subsethood
condition cospr((¢ o H)) C cospr({ o H). Then, we apply Corollary 7.16. Observe that we

can write
H(Co h)(x, ) = /X (h(E), y)e(x, y, d(D)
= Yat [,y k) = Y G ).

iel iel

By G-attribute invariance, there exists h £ (x) = h( fl.y (x)) € H. It follows that

Dl t(i(f) (x)), y) € co(t o H) € Tspr(l o H).

iel

Remark 7.35 An analogous statement to Remark 7.28 holds.

Corollary 7.36 (GDPI with Bistochastic Attribute Corruption). Let {: Aqa(Y) X Y —
R0 be a loss function and H € M(X,Y) a model class. Consider the following conditions:

1. The model class is X-permutation invariant, i.e., given h € H, for every o: X — X
bijective and measurable, there exists h, such that h(o(x)) = he(x);
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2. The kernel is a bistochastic attribute corruption T € M(X X Y, X).

If both these conditions are fulfilled, then BRyo¢(¢) < BRyop(T¢) holds for all ¢ €
Apa(X X V).

Proof. Proposition 7.34 with F the set of all bijective functions from X to X. o

7.3.3 Sufficient but not Necessary Conditions

The set containment condition in Eq. (7.4) (respectively Eq. (7.6)) is necessary and sufficient
for all simple label corruption A € L (respectively 7 € 7°) to fulfill Corollary 7.16 only when
we impose the set containment condition for the closed and convexified super prediction
set. Considering the simple superprediction set would instead lead the condition to be only
sufficient, as it can be deduced from Fig. 7.1. We can construct a simple example to better

understand this phenomenon.

Example 7.37. Let X = {x} and Y = {0, 1}. A predictor is a distribution on Y which is defined
through the probability on y = 1, for which we simply write p € [0,1]. Let H = [0, y] for some
y € (0,0.5). Let ¢ be a cost-weighted loss function, i.e., {(y,p) =1p <y, y =1]+1[p >y, y =
0] + y1[p = y]. If y = 0.5, and neglecting the last tie-breaking summand, then ¢ is the 0-1-loss.
The restrictions put to £ and H lead to,

toH ={((x,00-0,(x,1) > 1),((x,00~y,(x, )~ y)}.

Let A be uniform bistochastic simple label corruption. Hence, it is the convex combination of
bistochastic simple label noises which are defined through the two permutations on Y by Birkhoff-von
Neumann theorem (Birkhoff, 1946). It is now a matter of simple computations to show that the
Bayes risk inequality is preserved for the uniform bistochastic simple label corruption, but not for
both simple permutation label noises.

As we mentioned earlier, Proposition 7.27 (respectively Proposition 7.34) are both built
upon sufficient conditions at the strongest level, namely x(¢ o H) C £ o H (cf. the top node
in Fig. 7.1). The sufficiency of this condition can be illustrated in multiple ways. A first
example is given by constructing an open model class that violate X-permutation invariance
without invalidating the Bayes risk inequality for bistochastic attribute corruption. An

analogous construction applies to bistochastic label corruption.

Example 7.38. Let X = {a,b} and Y = {0,1}. We consider binary probabilistic predictors
which are defined through points in Aca(Y)X. The model class Hoay ={ar (p,1-p), b
(1-p,p): p € (0,1]} € Apa(Y)X is not X-permutation invariant. However, for any bistochastic
attribute corruption T € M(X, X),

BRfO(]’[(o,lJ ((P) S BRfo(]‘[(o,lJ (%qﬁ)/
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forall ¢ € Apa(X X V) and all €. The reasoning is simple,

BR€°(H(0,1J(%¢) = BRf(fO‘H(o,u)((P) = f inf  (f,¢)

€t(LoH,1))
= 1 f ; 2 i f , = BR o .
feegle{[m](f ¢) feelf;{(m](f ¢) toH o1, (P)

Even without invoking closure conditions, which are irrelevant for infimum operators
appearing in the Bayes risk, we can show that X-permutation invariance is not a necessary

condition for the Bayes risk inequality under attribute corruption.

Example 7.39. Let X = {a,b}and Y ={0,1}. Let {: Aca(Y) XY — Ry be the 0-1-loss function.
We consider binary probabilistic predictors which are uniquely identified through points in [0, 1]1X]

because of the finiteness of all sets involved. The model class

MX,Y)>H ={(a— (0,1),b+— (0.9,0.1)),
(a— (1,0),b — (0.25,0.75)),
(a > (0.2,0.8),b > (0.15,0.85)),
(a — (0.6,0.4),b — (0.7,0.3)) },

here expressed in its Markov transition form for convenience, is not X-permutation invariant.
However, for any (including bistochastic) attribute corruption t € M(X, X),

BRé’o(H(QD) < BRFO‘H(%QD)/

forall € Apa(XXY),as t(€oH) = LoH. This is true because the loss function only distinguishes
between predictors using the threshold value 0.5. In other words, the class H is, through the lens of
¢, as powerful as M(X,Y).

7.4 Antipolar Sets and Inequalities

We now proceed to develop a framework based on antipolar sets and functions, which
expands what done until now for Bayes risk orderings. Leveraging these objects and
their properties, we introduce an antipolar data processing inequality and establish some
characterization results, both at the level of antipolar sets and at the level of the associated

antipolar support functions.

These results are then used in two ways. First, we obtain a characterization of the Strong
Bayes Risk Inequality in terms of an upper bound expressed via an antipolar support
function. Second, we show that the Strong Bayes Risk Inequality coefficient itself admits an
exact representation as the value of an antipolar support function evaluated at a certain
function.
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7.4.1 Antipolar Duality

Key objects for the following sections are antipolar sets and functions. They are the
concave counterparts of the more common polar and gauge functions, widely studied in e.g.
Rockafellar (1970); Hiriart-Urruty and Lemaréchal (2004); Chancelier and De Lara (2025).

We prove here relevant results for our concave setting.

Definition 7.40 (Antipolar Set). Consider the dual pairing (-, -): B,(Z) X ba(Z) — R for some
Polish space Z. Let A C By(Z) and B € ba(Z). The associated antipolar sets are defined as,

A = {p € ba(Z) | Vf € A, (f,u) 2 1)
B = {f € By(Z)| V€ B,(f,u) 2 1}

Definition 7.41 (Co-star-shaped and Shady Set). A non-empty subset A C By(Z) is said to be
shady if and only if it is convex, 0 ¢ A and such that,

[1,00) ACA.

The above property alone identifies co-star-shaped sets. We can give an equivalent definition for
sets B C ba(Z).

Proposition 7.42 (Properties of Antipolar Sets). Given A C By(Z):

(P1) A° = levels1(pn) = {p € ba(Z) | paa(p) > 1};
(P2) A° =T([1,00)A) ;
(P3) The mapping A > A° takes closed shady sets into closed shady sets;

(P4) A% = (|1, 00)A);

(P5) G € A = ([, )G ) € B([1,0)A) & A C G

(P6) (AA)° =AA for A £0, (AA)° =0 for A =0;

(P7) Given a collection of sets C in By(X x YY), it holds that (Jzec A)° = Nacc A°.
Analogous properties hold for B C ba(Z).

Proof.

(P1) True by definition.

(P2) (Penot and Zalinescu, 2000, Lemma 4.2)
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(P3) (Penot and Zalinescu, 2000, Lemma 4.2)
(P4) Follows from (P1).

(P5) The first = follows immediately. For the second =: pick any f’ € A°, by definition
(f,f") = 1forall f € A, hence in particular for all f € G, from which follows f’ € A°.
The direction < follows from (P4).

(P6) By definition, we can write

AAY = {p € ba(Z) | (f, 1) = 1 Vf € AA}
= {ueba(Z) (A, 1) = 1Vf € A}
= {weba(2) | (f, Aw) = 1Vf € A}
= {4 € Aba(D)| (', i) = 1Vf € A}.

It follows that, for A # 0, (AA)° = AA°. For A =0, we have

(AA)" = {u € ba(Z)[ (0, ) = 1} = 0.

(P7) “c” Let u € (Upec A)°. By definition, for every f € |zcc A we have (f, i) > 1. In
particular, for any fixed A € C, since A C (Jgec A, it follows that (f, u) > 1
forall f € A,ie. ue A°. As this holds for every A € C, we can conclude that

pe m?lec A

“2” Let u € Ngec A°. Then for every A € C we have (f,u) > 1forall f € A. If
f € Usec A, then f € A for some A € C, and hence (f, ) > 1. Therefore

HEe (Uﬂec ﬂ)o'

Definition 7.43 (Antipolar Support Function). Let A be a set in By(X X Y), its associated
antipolar support function p®: B,(X X Y) — Ry is defined as

po(f) =sup{A > 0| (f,u) > Apa(y) Yu€ba(X xY)}.

Notice that, since both the bilinear form { f, u) and the support function are 1-homogeneous
function, an equivalent definition of the antipolar support function only involves signed

measures of norm one, i.e.,

pr(f) =sup{A 20| (f,u) =2 Apa(y) , Vu € B1U{0}}.

Definition 7.44 (Antigauge Function). Let A be a set in By(X x V), its associated antigauge
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function f: B(X X Y) — Rso is defined as

Ba(f) =sup{A>0] f € A\A}.

One can prove that this formulation of the antigauge function is upper semi-continuous
when 0 ¢ A (Penot and Zalinescu, 2000, Proposition 2.4 (c)), unlike other available
definitions in the literature. It also holds that, if 0 ¢ ﬁ, the antigauge function does not
take the value +co. For a detailed discussion and proof, see from Example 2.1 on in Penot
and Zalinescu (2000).

Proposition 7.45 (Properties of Support Function and Antipolar). Given a closed shady set

A C By(2):

(P1) pa(u) = pa=(1) = ppa,+e0)a(1);
(P2) pa:(f) = Ba(f)and pa(f) = Ba-(f);
(P3) po(f) = pae(f);

(P4) For a general set B C By(Z), p(f) = p(f).

Proof.

1. Notice that the support function is invariant to convex closure and that A is closed
shady, hence the bipolar theorem holds (Proposition 7.42 (P4)) and proves the

statement.

2. We define the indicator function, which takes values

) 0 ifxe A, 77)
Lalx) = .
+oo  otherwise.

We observe it has the following connection with the support function,

o (f) “ED o ae(f) = sup (f,u) = sup (f, 1) — tae() = 1 au(f).
ue—A° ueba(Z)

The right hand side is known as the Legendre-Fenchel conjugate of a function,

F'(f) = sup (f,w)—F(w),
peba(Z)

computed for F = 14. Hence, we can apply Penot and Zalinescu (2000, Lemma 4.1)
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and get that

[(=Ba(f )T = qo(f) = —pa=(f).

As a consequence of the bipolar theorem (Proposition 7.42 (P4)) the closed and shady
set B .= A°iss.t. B = A. Thus,

[(=B-(W)'T = Lg(w) = —ps(p) .

To conclude the argument, we notice that under the assumption of A being closed and
shady, its 8 is a concave, upper semi-continuous function, therefore the biconjugate
theorem (Zalinescu, 2002, Theorem 2.3.3) holds for —f# and —f#-.

3. Consider the definition of antipolar of the support function:

p(f) = sup{d 2 0| (f, 1) = Apa() Vpt € ba(Z))
= sup{1 2 0| inf ((f, ) = Apa(p)) 2 0}

=sup{A>0]| —sup ((—f,y) + /\pﬂ(‘u)) > 0}
u

= sup{A 2 0| —sup ((~f, p) + () = 0}
u

( (7.7) 06
2 sup{d > 0| - _gay(=f) > 0} 2 sup{A > 0] f € (AA)*}

2 sup{A2 0| f € AA®} = sup{A 2 0| f € AA} = Ba(f),

where (%) is Lemma 4.1 in Penot and Zalinescu (2000). Notice that we are allowed to
use P6 here, since the case A = 0 cannot occur in the supremum. That is because, it
would cause the condition to become “f € (0A)*® = 0”, which cannot be met. Using
P2 again, we obtain the thesis.

4. As a consequence of Lemma 3.22, we get

poa(f) =sup{A = 0| (f,u) = Apa(y) VYu e ba(X xY)}
=sup{1 2 0| (f, 1) 2 Apa(t) Vit € ba(X x Y)} = pSa(f).

7.4.2 Antipolar Bayes Risk Inequality

Inspired by the analysis of the antipolars of superprediction set, loss and conditional Bayes
risk carried out in Williamson and Cranko (2023), we aim to study the antipolar version
of the Bayes Risk Inequality. First, we notice that a characterization result of the Bayes
Risk Inequality through subsethood holds also in the antipolar setting, for general shady
sets.
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Lemma 7.46. Given two shady sets ¥ ,G C By(LZ) and a dual pairing (-, -): By(Z) X
ba(Z) — R, the following statements are equivalent:

1. pg(p) < pr(p) Vu €ba(Z);
2. pgo(f) < pge(f) Vf € By(2);
3. P () < () Vf € Bu(Z);
4. GCF;

5 FoC G

Proof. We know already that 1 < 4 from the proof of Lemma 7.11 and that 4 < 5 because
of 5 of Proposition 7.42. Because of the bijection between support functions and closed
convex sets (Lemma 7.10), we know that also 2 & 5 holds. The statements in 2 and 3 are
equivalent because of Proposition 7.45 (P3). This concludes the proof. O

To be sure that the result above can be applied to the set co spr({ o H), we need to prove the

following lemmas.
Lemma 7.47. Consider a set F C By(X X Y)so. Then, it holds that
cosprf @ By(X xY)so C cosprF.

Proof. We show that cospr (cosprF @ Bj(X X Y)sg) = cosprF. We use Lemma 7.12,

hence we have to show that,

Pesspr(caspr FoB,(Xx¥)s0) (P) = Peospr (P), VP € Apa(X X ).

For this, note that, for all ¢ € Apa(X X YY),

(L3.19)
P spr(@spr F By (XxY)s0) (@) = Peospr FaBy(XxY)»08B, (XxY )0 (P)

(P5)
= PosprF (D) + P8, (Xx1)50(P) + P8, (xxY)se(P) = Peosprr (P),

because pg, (xxy).,(P) = 0as 0 € By(X x Y)so. O
Lemma 7.48. Let ¥ C Bp(X X Y)s0. If 0 ¢ cosprF, the set cospr F is shady.

Proof. Then, we use the logic given in (Williamson and Cranko, 2023, Lemma 18). For every
beBy(XxY)sgandall @ € [0, ), ab € By(X X Y)s0, hence,

cosprf @ ab C cosprf ,



122 CHAPTER 7. DATA PROCESSING FOR CONSTRAINED PROBLEMS
by Lemma 7.47. Since cospr ¥ € Bj,(X X Y)so, we can assume that b € cospr , hence,
cospr¥ @ ab=(1+a)cosprF C cospr¥ ,

which concludes the proof. |

Proposition 7.49 (Characterization of Antipolar Generalized Data Processing In-
equality). Let £: Aca(Y) X Y — Ry be a loss function and H € M(X, Y) a model class.
Let (-, -) be the canonical dual pairing relating B,(X X Y) and ba(X x V). Consider a
Markov operator & associated to a kernel k € M(X X Y,X x Y). Then, assuming that
0 ¢ cospr({ o H), the condition

cospr(€ o H)® C cospr(&(f o H))°
is equivalent to the Bayes Risk Inequality and to its antipolar counterpart

pz_ospr(fo’l{)(f) < pz_osprﬁ((’o‘]-()(f) Vf € By(<2).

as well as to all the statements in Lemma 7.46.

Proof. Consider the antipolar of the convex closure of the constrained superprediction set,
cospr({ o H)® ={¢p e ba(X x Y)|Vf e cospr(f o H), (f,¢) > 1}.
Using Lemma 7.46,
cospr(R(¢ o H)) S cospr({ oH) << cospr(foH)® C cospr(R(foH))°.

Given that Lemma 7.48 holds when 0 ¢ ¢ o H, we have that the corrupted superprediction
set is shady. Thus, there is a bijection between the antipolar functions and antipolar

superprediction sets. Applying Lemma 7.11 and Proposition 7.45 (P3) to the RHS, we get

pz_ospr(hﬂ)(f) = pz_ospr(ﬁ(h?-())(f) Vf € Bb(Z) :

Then rest of the thesis is a direct consequence of Lemma 7.46 and Theorem 7.13. m|

7.4.3 Strong Bayes Risk Inequality

We now reconnect with a more learning theoretic perspective and relate all the antipolar

objects to Risk-related ones.

Definition 7.50 (Minimal Relative Risk). Givenaset {oH C B(XXY)so such that co spr(foH)
is closed and shady, and a function f € By(X X Y)so, we define the quantity

f, ¢

1 S 0, +00).
$€Apa(XxY) BRyop( () ( )

MRo((f) =
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as the minimal relative risk of f.

The quantity above is well defined: When cospr(f o H) is a closed shady set, we know
that 0 ¢ cospr(f o H). Hence, for every ¢ € Apa(X X V) and f € B,(X x Y)>o we have
(f,¢) > 0 and BRyx(¢) > 0. In addition, as f is a bounded measurable function, and

¢ € Apa, the numerator will not diverge.

Proposition 7.51. Given a set £ o H C By(X X Y ), it holds that

MRyo((f) > p:pr(l,ow)(f) Vf € Bp(X x Y)so0.
Proof. By definition of Minimal relative risk and support function, we can write

f, ¢

in
$€Apa(XxY) BRyop((P)

(f, =2

" BRyog ()

MRo((f) =

= 1 f = v
peAmXY) ) = PR, () Y € By(X X Y)s0,

where Ry, = Ugea,, {W} C ba(X X Y)s¢. Let us now consider the antipolar set of
Rpar

<o

P.7.42 ﬂ { o) }O
BRyog ()

( R

PEApa HEAp,
_ ¢
—¢@a{f€Bb(XX~V) | <ﬂm> > 1}
= () {f € BuX xY) | (f, ) > BRep()}
PEAba
= m {feBuXXY) | (f, ¢)= psPr(eo«H)(ci))} 2 cospr(£ o H).
PEAba

Hence, by properties of the support function (Lemma 7.11),

Peosprieor(f) < pree (f) = Pesn roo)ray,) () = Pl +eoryy, (F)-

As Rp,, € [1,+0)Rp,,, we have the thesis. o

Definition 7.52 (Strong Bayes Risk Inequality). Let {: Aco(Y) X Y — Ry be a loss
function and H € M(X, Y) a model class. Let k € M(X xY,X xY) be a Markov kernel.
We refer as the Strong Bayes Risk Inequality to the following inequality,

BRyor(KP) = apor(K) BRpopi () Vo € Apa(X X Y),

where agog((K) is some suitable inflation coefficient.

We call this equivalence Strong Bayes Risk Inequality, aligning it with its classical information
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theoretic counterpart, called Strong Data Processing Inequality for the f-divergence,

Dk |l W) < s () Dy(¢ ),
R o/ (%
= o DGl

where x € M(X, X), P is the set of probabilities for which Dy takes positive and finite
values and 1¢(k) is a called a contraction coefficient.> To be compatible with our setting
while analogous to the above, the coefficient @ must take a different form than . In the
following, we give a suitable definition and show its connection to the antipolar support

function.

Definition 7.53 (Inflation coefficient). Let £: Aca(Y) X Y — Ry be a loss function and
H < M(X,Y) a model class inducing a shady co spr({ o H). Consider a Markov kernel
k€ M(X XY, X xY). Then, we define

pop(K) = n —BR{OG{(%@
e petby(XxY) BReop ()

Lemma 7.54 (Infimum over Minimal Relative Risk is Inflation Coefficient). Let £: Aa(Y) X
Y — Ry be a loss function and H € M(X,Y) a model class s.t. 0 ¢ co spr({ o H). Furthermore,
suppose that k € M(X XY, X X Y)s.t. 0 ¢ cospr(k({ o H)). Then,

Ao (K) = inf MRy, .
tor(K) P toH(f)

Proof. By swapping infima we obtain,

E
inf MRyop((f) T Z" inf in ot
feospr(k(toH)) fecosprik(EoH)) e (XxY) BReor ()
_ g inf rezs spr(z(eor)) B (f)
e hpa(XXY) BRo ()

Pi(tor)(P) Ls.
PRUGHMT LA i) -

" feMna(XxY) BRyog ()

Proposition 7.55. Let {: Aqa(Y) X Y — Ry be a loss function and H € M(X,Y) a
model class inducing a generalized superprediction set co spr(£ o H) s.t. 0 ¢ cospr(£ o H).
Consider a Markov kernel k € M(X X Y, X x Y) s.t. 0 ¢ cospr(k(f o H)). Let apops(x)
be its associated coefficient, defined as in Def. 7.53. Then, the following statements are
equivalent:

1. the Bayes Risk Inequality holds;

2More details at (Polyanskiy and Wu, 2025, Chapter 33.2).
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2. the Strong Bayes Risk Inequality holds with inflation coefficient agog((x) > 1;
3. it holds that MRyeq((f) = 1, Vf € cospr(r({ o H)).

Proof.
(1) = (2): This is an immediate consequence of the Bayes risk inequality.
(2) = (3): Lemma 7.54.
(3) = (1): The remaining implication is given by,

MRyop(f) > 1, Vf € cospr(k(f o H))

S inf M >1, Vf ecospr(kR({oH))
pehna(XxY) BReop( () ~
= Egb—(f)>1 Vf e cospr(R(f o H)), Vo € Apa(X X V)
BReop () ' )
= E¢(f) = BRpopi(¢), Vf € cospr(R(f o H)), VP € Apa(X X Y)
5 Bo()2 BRun($), ¥ € An(X xY)
ES BRyor (KP) 2 BRiopi (), Y € Apa(X X Y).

Corollary 7.56 (Sufficient Condition for Strong Bayes Risk Inequality). Let £: Aca(Y)X
Y — Ryg be a loss function and H < M(X,Y) a model class inducing a generalized
superprediction set cospr(¢ o H) s.t. 0 ¢ cospr({ o H). Consider a Markov kernel
ke M(X XY, X xY)s.t.0¢cospr(k(€ oH)). Then,

p:_ospr(fo‘]-{)(f) >1 Vf € Bb(X ><~y)>0
U

apor (k) 2 1

and

BRop( (K) = pori() BReo(P) Vb € Apa(X X V).

Proof. The result is given by

Passpritort)f) 2 1, Vf € cospr(R(£ o H))

P7.51 inf E(P (f)

n >1, Vf e cospr(R(f o H)).
€M (XxY) BRyop( () f pr(i( )

Then, we apply Proposition 7.55. |
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We conclude this section by remarking that, even if we have found new relationships
between the SDPI coefficients and quantities related to the learning problem, i.e., minimal
relative risk and antipolar support function, we are still far from proposing a formula for
computing the coefficient itself. This problem is known to be complex to tackle. Contraction
coefficients for f-divergence (see formula and short discussion under Def. 7.52) quantify
how much an information measure shrinks under the action of a Markov kernel k. As we
have already seen, the SDPI constant 1) for a given divergence Dy is defined as the smallest

value such that

D¢ [l &) < ns(e) De(d 1l ).

These coefficients depend intricately on both the choice of f-divergence and the structure
of the kernel x, and finding closed form expressions for them can be rather complex.
Classical cases include (Makur and Zheng, 2020): the x*-divergence, where 7,2 is proven
to be equal to the squared maximal correlation, and can be used to bound coefficients
for other choices of f; the Dobrushin coefficient for the total variation (f = 1|x — 1|); the
Kullback-Leibler divergence coefficient, which is typically harder to characterize but admits
closed-form expressions for certain families of distributions or kernels (see also Lee and
Makur, 2024).

In general, determining contraction coefficients remains a technically demanding problem,
with progress often limited to specific divergences or channel classes. This seems to be the
case also for our inflation coefficients. Nevertheless, we contributed a new class of objects,
namely the constrained version of the strong data processing inequality for Bayes risk and
its associated coefficient, and a set of preliminary results relating them both to geometrical
and learning theory quantities. We hope these can provide a new avenue for future research

at the intersection of information theory and machine learning theory.

7.5 New Data Processing Inequalities and Partial Validity Re-
sults

In this chapter, the constrained superprediction set was used to characterize the generalized
data processing inequality for Bayes risk in the constrained setting. This framework
provides a systematic method to compare different choices of loss and model class through
Bayesian orderings, which complements the existing literature on comparing experiments
or joint probabilities. The table summarizes the equivalent formulations of the generalized
data processing inequality we obtained, written in its most general setting which does
not necessarily include Markov kernels. These equivalences clarify the geometric and

functional structure underlying the inequality.

When specialized to the case of Markov kernels, both characterizing and sufficient conditions
for the Bayesian orderings were derived. These conditions are motivated by the way kernels

act on functions associated with the superprediction set, revealing how transformations



7.5. NEW DATA PROCESSING INEQUALITIES AND PARTIAL VALIDITY RESULTS 127

Objects Formula Reference

Set GCF -

pg (1) = pg (1)

Vi € ba(X x V) Lemma 7.11

Support Function

BRg(¢) = BRy(¢)

Bayes Risk Vo € Ap(X X ) Corollary 7.14
Antipolar Set G°2F° Lemma 7.46
- : P4 (f) < P (f) 5
Antipolar Support Function Vf e By (X x V) Proposition 7.49
. BRg((p) = BRT(TVC(P) > 0(7:(1{) BR(}?:((P) .
Bayes Risk CE MX XY, XXY), Vo A(X x ) Proposition 7.55
Inflation Coefficient ag(k) =1 Proposition 7.55
Minimal Relative Risk Ml\j?g )gz ! Proposition 7.55

Table 7.1: Equivalent statements proved in the manuscript, related to the Generalized Data
Processing Inequality. The sets ', G are assumed to be shady subsets of B;(X X Y)0 and
can be chosen such that ¥ = cospr({ o H) and G = cospr(k(¢ o H)).

of experiments translate into transformations of Bayes risk. A fundamental distinction
between label noise and attribute noise emerges also in the sufficient conditions derived for
the generalized data processing inequality. This difference may explain the absence of a
data processing result or Blackwell-Sherman-Stein-like theorem for label noise, even in the

unconstrained case. The role of the loss function is again central in this discrepancy.

In the final section, the relationship between the strong data processing inequality (SDPI)
for Bayes risk and the antipolar of the support function was examined. Both character-
izing and sufficient conditions for the SDPI were established. In particular, the inflation
coefficient can be simply related to the minimal relative risk. This yields an equivalent
formulation of the SDPI in terms of the minimal relative risk. Moreover, the SDPI—and
consequently the generalized data processing inequality—holds whenever the antipolar of
the superprediction set exceeds one.
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Chapter 8

Discussion and Future Work

This thesis advanced the understanding of how learning problems are formally related to
one another by adopting a twofold perspective: establishing equivalences and deriving
inequalities. Together with recent work by Mémoli et al. (2025), this introduces a substantial
amount of structure into the space of learning problems, addressing a gap that had
previously persisted in the literature. We summarize below the main insights gained and

remaining open questions, grouped by theme.

A Taxonomy of Markovian Corruption In §4 we introduced a taxonomy of Markovian
corruptions, studied its structural properties, and analyzed its advantages and limitations.
Its main strength lies in its exhaustiveness: it provides a full representation of all possible
pairs of probability distributions (one clean, one corrupted) as a corruption mechanism.
In addition, its formulation is sufficiently general to encompass many existing corruption
models in the literature (as shown in Tab. 4.2 and later in Appendix A) and provides a
solid theoretical foundation for systematic analysis of corruption effects and mitigations, as
shown in § 5.1 and § 5.2 (summary in Tab. 5.1). However, it does not align directly with
many existing taxonomies in the literature (Appendix B) and does not subsume all possible
corruption representations (§ 4.2.2 and § 4.2.3). Moreover, we did not investigate whether
our notion of hierarchical complexity corresponds to a form of learning complexity, i.e.,
whether higher degree of dependence of the corruption on the data leads to measurable
degradation in performance at the level of Bayes risk. Interestingly, recent results on
multi-class problems (Oyen et al., 2022) indicate that simple label corruption is significantly
easier to mitigate than dependent label noise. This suggests that our structural notion of
hierarchical complexity (based on dependence) may have operational consequences, but

this remains to be formally established.

On the Use of the Taxonomy The taxonomy as-is should not be understood as a tool
directly revealing new relationships between different types of corruption models, but
as a framework. Such a kind of analysis can only be done by choosing two models of

interest, manipulating them, and carefully comparing them, as we for instance do in the
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sections discussing multi-step corruptions, selection bias, and mutually contaminated
distributions, or in (Oyen et al., 2022) as explained above. Our work provides practitioners
with a schematic representation of what forms a (one-step) corruption model can take, and
therefore is an a priori step that enables the comparison of models. Consider a specific
example: a corruption model acting on labels, only dependent on labels, and acting on
a probability distribution by transforming it into another probability distribution. This
corruption must have a representation as a one-step Markovian corruption, as ensured by
our Proposition 4.9, since it cannot be non-factorizable—the type (image and domain being
X x Y) would not match this label noise setting. Note that the resulting Markov kernel
representation may differ from the “natural” one with which the label corruption was
originally defined. However, its existence allows models to be made directly comparable
as Markov kernels. Here comparable can be understood both as qualitative (e.g., my
corruption is dependent on X, so its consequences are more intricate than the simple noise
ones) or quantitative (e.g., comparing the values of the matrix representation of the kernel
for two corruptions of the same type, comparing the error rates, comparing some other
relevant metric). In Part I, we have only focused on a qualitative comparison, and did not

explore if this has any quantitative consequence.

What is Non-Markovian? What is Multi-Step? In § 4.2 we discussed examples that fall
outside the Markovian framework, as well as possible approaches and conceptual obstacles
in extending the taxonomy to such cases. Additional examples appear in Mémoli et al.
(2025). Future work could investigate extensions based on imprecise probability or more
general theories of corruption that do not rely on a fully specified probabilistic structure.
In addition, a systematic treatment of multi-step or non-Markovian corruptions remains

open.

Data Processing Equalities In § 5.1 we extended the framework of Williamson and
Cranko (2024) beyond simple corruptions and established equality results connecting the
Bayes risks of clean and corrupted supervised learning problems for all corruptions in our
taxonomy. These equalities demonstrate an equivalence between two learning problems:
one corrupted in a Markovian manner, and another described through a general corruption
that modifies the model class and loss function via an appropriate Markov kernel.

A central insight is that for corruptions acting solely on Y, only the loss function is affected,
while the model class remains unchanged. In contrast, for corruptions that also involve X,
both the loss function and the model class are altered through the corresponding factorized

corruption kernel.

General Loss Correction Formulas Building on the Bayes risk equalities, in § 5.2 we
derived corruption-corrected loss functions for all corruption types in our framework. This
required extending the classical notion of accurate learning under corruption, which is
no longer adequate once corruptions go beyond labels and affect attributes. Within this

generalized formulation, the hierarchical structure of the taxonomy induces corresponding
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changes in the optimization problem and determines how loss corrections can be computed
in abstract terms. The analysis shows that increasing corruption complexity (in terms of the
hierarchy in Fig. 4.2) leads to structurally more demanding correction schemes. In particular,
classical loss correction is insufficient to fully mitigate corruptions involving attributes,
revealing a further fundamental distinction between label and attribute corruption. Future
work can investigate the consequence of such formulas in practical settings, and how they

compare to existing and comparable loss correction techniques.

Characterization of Bayes Risk Orderings The results in § 7 employed the constrained
superprediction set to characterize the generalized data processing inequality for Bayes
risk in the constrained setting. The resulting framework provides a systematic way to
compare losses and model classes via Bayesian orderings, extending classical comparisons
of experiments or joint distributions. Tab. 7.1 summarizes the established equivalent
formulations, highlighting the geometric and functional structure underlying the inequal-
ity. When restricted to Markovian corruptions acting on the learning problems, both
characterizing and sufficient conditions for the Bayesian ordering were derived, based on
how kernels act on functions generating the superprediction set. The analysis reveals a
structural distinction between label noise and attribute noise, which may account for the
absence of a Blackwell-Sherman-Stein-type result for label noise, even in the unconstrained
case. The loss function plays a decisive role in this discrepancy. Finally, the strong data
processing inequality (SDPI) for Bayes risk was linked to the antipolar of the support
function. Characterizing and sufficient conditions were obtained also for this case, and the
inflation coefficient was shown to coincide with the minimal relative risk. This yields an
equivalent formulation of the SDPI in terms of minimal relative risk and implies that the
SDPI (and hence the generalized data processing inequality) holds whenever the antipolar
of the superprediction set exceeds one.

Can the Loss and Model Class be Treated as Distinct Entities? The reader may have
observed that many of our results in fact characterize the set { o, and that many definitions
and propositions are directly stated for a generic set ¥ of positive and bounded measurable
functions. This is not unseen: measures of model expressivity are in fact dependent on
the loss chosen, e.g., the Rademacher complexity we briefly introduced in Eq. (7.2). This
suggests that, although loss and model class are semantically different constraints on a
learning problem (the former “softer” than the latter), they can be formally coupled.

Information Theory for Constrained Problems In §7 we investigated the data processing
inequalities, both in their standard (§ 7.2) and strong (§ 7.4) formulations, and provided
many results for characterizing them, as well as proving sufficient conditions for the
inequalities to hold. We have done so focusing primarily on generalized entropy rather
than statistical information. The field of information theory, however, offers a broader range
of tools that may be relevant to constrained learning problems if appropriately translated.

In order to do that, we need alternative notions of information tailored to such a setting.
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Fortunately, the framework of Williamson and Cranko (2024) already provides notions of
unconstrained and constrained information that generalize f-divergences and are linked to
generalized entropy as defined here. An immediate continuation of our work would be to
exploit the characterization via superprediction sets within this context and to examine

how classical information-theoretic results adapt to constrained model classes.

A Data Processing Inequality that Better Serves Machine Learning Our results initiate
a study of data processing principles in constrained learning environments, building on the
classical work of Blackwell (1951) and DeGroot (1962). Given the nature of our results, we
can generally conclude that, in the Bayes optimal setting, the data processing equality is
expected to hold as long as the model class is large enough to be “robust” to the corruption
present in our data. This can be a useful sanity check for practitioners designing machine

learning architectures and losses, and studying their behavior on different datasets.

At present, however, these results do not directly connect to commonly used architectures or
settings. One possible bridge is the modeling of pre-trained representations on our theoreti-
cal framework. A representation can be formalized as amap f: X — X, corresponding to a
deterministic Markov kernel, or as a stochastic one if the model is inherently stochastic (e.g.,
variational autoencoders or diffusion models). Consider a pre-trained model T € M(X, X)
whose output is fed into a new linear classification layer, with only the final layer optimized
on task-specific data. Formally, this induces the learning problem (¢, TH, ¢). In such
a setting, it becomes meaningful to ask whether a data processing inequality for Bayes
risk holds uniformly, or whether specific choices of ¢ and H systematically violate it.
Investigating this question may contribute to explaining the empirical observation that
large pre-trained models often outperform task-specific models trained from scratch. This

direction provides a concrete avenue for further investigation.
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Appendix A

Existing Corruption Models

A Markov kernel-based taxonomy is substantially different from previous work. Therefore,
in this section, we carefully examine how existing corruption models fit into our taxonomy.
This involves reformulating them as specific instances of Markovian corruptions, thereby
unveiling their relationships within the corruption hierarchy presented in Fig. 4.1a.

The primary challenge stems from the lack of consistency across the literature; different
authors sometimes refer to the same corruption process with different names or use
the same name to denote different settings. For instance, classical studies on concept
drift (Widmer and Kubat, 1996; Lu et al., 2019) generally define it as a mismatch in the
joint distributions between two different learning environments, e.g., training and test
times. Meanwhile, works such as in Moreno-Torres et al. (2012) characterize it further by
necessitating unchanged attribute or label priors.

We attempt a partial unification of the corruption models we are aware of by establish-
ing connections as depicted in Tab. 4.2, while additional technical intricacies regarding

correspondences and relationships are elucidated in subsequent sections.

A1 Simple Corruptions

The most well-known and widely studied corruptions in the literature are the simple cases,
where the corruption solely acts on the feature space X or the label space Y. We discuss
below various examples of simple corruptions, i.e. in the sets M(X, X) and M(Y,Y), as
defined in Fig. 4.1.

Attribute Noise

The problem of attribute noise concerns errors that are introduced into the observations
of attribute X, leaving the labels untouched (Shackelford and Volper, 1988; Goldman and
Sloan, 1995; Zhu and Wu, 2004; Williamson and Cranko, 2024). Widely studied examples
of such errors include erroneous attribute values and missing attribute values. Instead
of observing (X, Y), in the first case, one can only observe a distorted version of X, e.g.,
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(X + N, Y) with some independent noise random variable N L X; in the second case, one’s

observation of X contains missing values.

Let X = (xjj)1<i<n,1<j<d be the complete input matrix, with |X| = n,and M = (m;j)1<i<n,1<j<d

be the associated missingness indicator matrix such that m;; = 1 if x;; is observed and
mjj = 01if x;; is missing. Then the corresponding observed input matrix is X, = X® M and
its missing counterpart is X;;, = X — X,, where © denotes Hadamard product. The missing
value mechanisms are further categorized into three types based on their dependencies
(Rubin, 1976; Little and Rubin, 2019):!

* Missing completely at random (MmcaRr): the cause of missingness is entirely random,
ie, p(M|X) = p(M) does not depend on X, or X,,. This corresponds to having a
trivial Markov kernel acting on the clean distribution, 7: {*} v X = p € A (X).

* Missing not at random (MNAR): the cause of missingness depends on both observed
variables and missing variables, i.e., p(M | X) = p(M | X,, X;). This case corresponds

to our non-trivial 7: X ~» X.

* Missing at random (MaR): the cause of missingness depends on observed variables
but not on missing variables, i.e., p(M | X) = p(M | X,). This case is a sub-case of the
non-trivial 7: X ~» X, which is not directly specifiable by our taxonomy because of
the different premises it is built on.

Class-Conditional Noise (ccN)

The problem of ccn arises in situations where, instead of observing the clean labels, one can
only observe corrupted labels that have been flipped with a label-dependent probability,
while the marginal distribution of the instance remains unchanged (Natarajan et al., 2013;
Patrini et al., 2017; van Rooyen and Williamson, 2018; Williamson and Cranko, 2024). ccN is
an example of simple label corruption, M(Y, V), that can be formulated as a corrupted
posterior. For classification tasks, Y is assumed to be a finite space. Therefore the corruption
A: Y ~» Y can be represented by a column-stochastic matrix T = (pij)1<i<|y,1<j<|y] Which
specifies the probability of the clean label Y = j being flipped to the corrupted label
Y =i,ie,Vi,j, pij = p(Y = i| Y = j). The corrupted joint distribution can be rewritten as
P=3y p(Y|Y)p(Y|X)p(X). In the literature, T is known as the noise transition matrix
with its elements p;; referred to as the noise rates, and is useful for designing loss correction
approaches (our results in § 5.2 significantly generalize existing loss correction results in
ceN to our broad class of simple, dependent and combined corruptions) (Patrini et al., 2017).
Prior to the proposal of the ccn model, early studies primarily focused on a symmetric
subcase of T in binary classification, known as random classification noise (rcN) (Angluin
and Laird, 1988; Blum and Mitchell, 1998; van Rooyen et al., 2015). Note that in rcN, the

output of the corruption A: Y ~» Y remains constant w.r.t. its parameters. Recently, some

! Assume the rows x;, m; are assigned a joint distribution, and X and M are treated as random variables.
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variants of ccn have been further developed, for example, in Ishida et al. (2017, 2019),
complementary labels are modeled via a symmetric T whose diagonal elements are all
equal to zero.

A.2 Dependent Corruptions

Although simple corruptions have been well studied and understood, more complexity
arises in dependent cases, yet they receive relatively less attention and understanding.
We discuss below examples of dependent corruptions in the sets M(Y, X), M(X,Y),
M(X xY,X)and M(X xY,Y), as defined in Fig. 4.1a.

Style Transfer

Style transfer refers to the process of migrating the artistic style of a given image to the
content of another image (Gatys et al., 2015; Johnson et al., 2016). The primary objective
is to recreate the second image with the designated style of the first image. In recent
developments, it has also been applied to audio signals (Grinstein et al., 2018). If we
represent the style of the first image by Y, and the second image and the reconstructed
image as X and X respectively, style transfer serves as an illustrative example of 7: Y ~» X
“corruption”. Note that the aim here is to learn how to corrupt instead of learning in the
presence of corruption. We mention this connection because our framework can also be
used with different purposes, but underline that our BR results are not applicable to this

case. The process of style transfer can be formulated as a corrupted posterior.

Adversarial Noise

In contrast to additive random attribute noise, adversarial noise is specifically crafted by
adversaries for each instance with the intent of changing the model’s prediction of the
correct label (Szegedy et al., 2013; Goodfellow et al., 2015; Papernot et al., 2016; Kurakin
et al.,, 2018; Hendrycks et al., 2021). Such adversarial examples raise significant security
concerns as they can be utilized to attack machine learning systems, even in scenarios where
the adversary has no access to the underlying model. The adversarial noise is an example
of T € M(X X Y, X) corruption that can be formulated as a corrupted experiment.

Instance-Dependent Noise (1pN)

As a counterpart to ccN, the problem of DN arises in situations where, instead of observing
the clean labels, one can only observe corrupted labels that have been flipped with an
instance-dependent (but not label-dependent) probability (Ghosh et al., 2015; Menon
et al., 2018). It is a special case of the 1Ln noise model, which we will describe later.
IDN is an example of A € M(X,Y) corruption that can be formulated as a corrupted
experiment.
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Instance- and Label-Dependent Noise (1LN)

ILN is the most general label noise model, which arises in situations where, instead of
observing clean labels, one can only observe corrupted labels that have been flipped with
an instance- and label-dependent probability (Menon et al., 2018; Cheng et al., 2020; Yao
etal., 2021; Wang et al., 2021). 1N is an example of A € M(X x Y, Y) corruption that can
be formulated as a corrupted posterior. Compared to the matrix representation T of the
ceN corruption k € M(Y, Y), the 1w corruption x € M(X X YV, Y) can be represented by
a matrix-valued function of the instance T(x) = (pij(x))<;<|y|,1<j<|v| Which specifies the
probability that the instance X = x with the clean label Y = j being flipped to the corrupted
label Y =i, i.e., Vi, ], pij(x) = p(Y =i|Y = j, X = x). Some subcases of LN have also been
studied in the literature, for example, the boundary-consistent noise, which considers a
label flip probability based on a score function of the instance and label. The score aligns
with the underlying class-posterior probability function, resulting in instances closer to the
optimal decision boundary having a higher chance of its label being flipped (Du and Cai,
2015).

A.3 Combined Corruptions

Given the simple and dependent corruptions, we can combine them to generate 2-parameter
joint corruptions, i.e., M(X x Y, X x Y). Below, we discuss some examples of combined
noise models illustrated in Fig. 4.1b.

Combined Simple Noise

The simplest combined corruption is the combined simple noise, where the observations
of attribute X are subject to some errors and the observed labels Y are flipped with a
label-dependent probability (Williamson and Cranko, 2024). Combined simple noise is
an example of 7: X ~» X ® A: Y ~» Y corruption that can be formulated as a corrupted

experiment.

Target Shift

In the literature, target shift, also known as prior probability shift, refers to the situation
where the prior probability p(Y) is changed while the conditional distribution p(X|Y)
remains invariant across training and test domains (Japkowicz and Stephen, 2002; He
and Garcia, 2009; Buda et al., 2018; Lipton et al., 2018). The definition is established by
assuming certain invariance from a generative perspective of the learning problem, that is,
considering it as a corruption of the experiment according to P = iy X E. However, when
examining the learning problem from a discriminative perspective, the change in p(Y) may
cause changes in both p(X) and p(Y | X) due to the Bayes rule. Existing frameworks for the
categorization of target shift do not capture these implications, as they are based on the
notion of invariance from a single perspective of the E direction. In contrast, our framework

categorizes corruptions based on their dependencies and therefore is advantageous by
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offering dual perspectives from both the E and F directions. Specifically, target shift is
asubcase of T: Y w» X ® A: X X Y ~ Y corruption and can be formulated either as a
corrupted experiment or as a corrupted posterior. The corrupted distribution is given by
P=(nyxE)o(t®A)orP =(nx xF)o(t®A).

Covariate Shift

In the literature, covariate shift refers to the situation where the marginal distribution
p(X) is changed while the class-posterior probability p(Y | X) remains invariant across
training and test domains (Shimodaira, 2000; Quifionero-Candela et al., 2008; Sugiyama
and Kawanabe, 2012; Zhang et al., 2020b). Similarly to target shift, the definition is based on
assuming invariance from the discriminative perspective of the learning problem, treating it
as a corruption of the posterior using P = mx X F. However, when viewed from a generative
perspective, changes in p(X) may lead to changes in p(Y) and p(X|Y) due to the Bayes
rule. Covariate shift is a subcase of 7: X X Y w» X ® A: X ~» Y corruption and can be
formulated either as a corrupted posterior or as a corrupted experiment. The corrupted
distribution is given by P=(nyxE)o(t®A)orP =(nx xF)o(1® A).

It is important to clarify that while covariate shift is sometimes used interchangeably with
sample selection bias in certain literature, the two are not synonymous. This point is also
mentioned by the author of the original covariate shift paper (Shimodaira, 2000) in the book
by Quifionero-Candela et al. (2008, Chapter 11): they claim covariate shift to be a special
form of selection bias when the latter is taken under assumption of missing at random,
and in general, selection bias without such a structure is difficult. However, based on our
definition of selection bias in Def. 4.11, it is not true that covariate shift is a special form of
selection bias. Nonetheless, various definitions exist in the literature and they can relate in

different ways.

We introduce here a classical definition of selection bias, which leads to the one we gave
in the main text (see Quinonero-Candela et al., 2008, Chapter 3.2). Let S be a binary
selection variable deciding whether a datum is included in the training set (S = 1) or
excluded from it (S = 0). The corrupted distribution by selection bias can be expressed
as P(X,Y) = P(X,Y|S = 1). By assuming the missing at random structure, where S
is independent of Y given X: P(S|X,Y) = P(S|X), we recover covariate shift where
P(X|S=1)#P(X)and P(Y| X,S) = P(Y| X).

Note that covariate shift is only harmful when the model class is misspecified (Shimodaira,
2000). This issue is typically addressed through importance-weighted empirical risk
minimization-weighting the training losses according to the ratio of the test and training
input densities (Sugiyama and Kawanabe, 2012; Fang et al., 2023). In such context, the
additional assumption of P < P is required so to obtain the weighted risk on the training
set to be equal to the risk on the test set. This assumption is therefore in contrast with
Def. 4.11, requiring for selection bias the support condition P < P.

More in general, selection bias necessitates both the support condition and the selection
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condition with bounded Z—g(xi, yi) Vi € [n], which are stronger than the original definition
of covariate shift assuming only the change of marginal distribution p(X) and the invariance
of the class-posterior probability p(Y | X). As a result, there exist covariate shift scenarios
that cannot be attributed to selection bias when P < P is not the case.

Generalized Target Shift

In the literature, generalized target shift refers to the situation where the prior probability
p(Y) and the conditional distribution p(X | Y) both change across training and test domains,
however, with some invariance assumptions in the latent space (Zhang et al., 2013; Gong
et al.,, 2016; Yu et al., 2020). Generalized target shift is a subcase of 7: X X Y ~» X ®
A: X XY ~» Y corruption that can be formulated as a corrupted experiment. Note that
simplified sub-examples can also manifest as a generalized target shift; however, it is
important to avoid degenerating into the basic 7: X ~» X corruption, as it would violate
the requirement of corrupting the label distribution.

Concept Drift, Concept Shift, and Sampling Shift

Concept drift refers to the situation where data evolves over time, leading to different
categorizations depending on the nature of the change. Typically, concept drift between
time point fp and t; is characterized by p,(X,Y) # py(X,Y) (Widmer and Kubat, 1996;
Gama et al., 2014; Lu et al., 2019). In our words, p;,(X,Y) can be seen as a corrupted
version of p,(X,Y). Given its generality, this case can be associated with every corruption
in our framework; therefore, the most general correspondence is the 7: X X Y ~» X ®
A X XY ~» Y joint Markov kernel.

There are two types of concept drifts popular in the literature:

¢ Concept shift (Vorburger and Bernstein, 2006; Widmer and Kubat, 1993; Salganicoff,
1997): in this case, p(Y | X) changes over time, and such changes can occur with or
without changes on p(X), often referred to as concept shift; in our framework, this is
asubcase of T: X XY ~» X ® A: X X Y ~» Y corruption. More details in Tab. B.1.

e Sampling shift (Tsymbal, 2004; Widmer and Kubat, 1993; Salganicoff, 1997): here,
p(X) changes over time while p(Y | X) remains invariant, also known as virtual drift;
in our framework, this is a subcase of 7: X X Y ~» X ® A: X ~» Y corruption. More
details in Tab. B.1.

However, in the literature, concept drift is also defined with more invariance assumptions.
For example, in Moreno-Torres et al. (2012), they define concept drift as p(Y | X) changing
while p(X) remains invariant or p(X | Y) changing while p(Y) remains invariant. Similar to
instance- and label-dependent noise and covariate shift, they are examples of 1: X XY ~» Y
corruptionand 7: X XY w» X® A: Y ~w» Y corruption that involve more corrupted spaces

at different time points.
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Comparison with Other

Taxonomies

We notice that most of the taxonomies available in the literature are based on the notion of
invariance, inducing taxonomies very different from ours. We here connect our work to
other categorization paradigms for distribution shifts, although without claiming it to be a

comprehensive review.

We divide taxonomies in two main groups: the traditional ones, focusing on identifying
which probability in the set {my, tx, E, F} is forced to be left invariant and which one is
forced to be corrupted (Moreno-Torres et al., 2012), and the causal ones, where a causal graph
structure is associated to the corruption process (Zhang et al., 2020a) and hidden structures
are possibly involved so that some latent feature is left unchanged by the corruption (Kull
and Flach, 2014; Subbaswamy et al., 2022). Notice that in none of the cited works the
corrupted distribution is assumed to have a specific form or to be “close enough” to the
clean one. We do not review these other cases, because too far from our point of view and

objective.

Focusing on the first case, a complete traditional taxonomy has four types of possible
corruptions. Taking into account which marginal or conditional probability is forced to
be corrupted, we obtain a finite number of corruption subcases of these four macro-types.
However, the different cases obtained may overlap, as it is schematically shown in Tab. B.1.
The cases that have a clear correspondence with ours are the ones leaving invariant a
marginal distribution, generating simple noises. All the other cases cannot be directly
mapped into our taxonomy, so we explicitly write the range of corruption types covered by

them.

As for causal taxonomies, based on causal graphs, they are more difficult to describe in a
unified way since different applications lead to different notations. We then avoid doing so,

and limit ourselves to qualitatively compare them with our work.

A common trend is to identify the current space we live in with a variable D, the domain or

153



154 APPENDIX B. COMPARISON WITH OTHER TAXONOMIES
. Name in DAG in
Corrupted  Invariant (Moreno-Torres et al., 2012)  (Kull and Flach, 2014) Ours
at least one
{na;?:n%} oy concept shift' /D subcase of
according to whenY — X X <Y K: X~ X
compatibility
at least one
{;;n(l):n%} x concept shift’ D\ subcase of
according to when X — ¥ X—-Y AsY Y
compatibility
at least a
at le?St Ty, prior probability D AY ¥
causing 7x .03 subcase, at most
E shift” when \ .
or F Y & X X <y K:XXYw X
to change ®
A X XY wY
atleast a
at least 1y, D k: X~ X
causing my r covariate shift* / subcase, at most
or E when X - Y X >y K: X XY w X
to change ®
A:XXY Y

Table B.1: Traditional taxonomies compared to ours.

environment, possibly taking values in N. This variable is then included in the causal graph
indicating on what it is acting, as done in the examples in Tab. B.1. In the case described by
Def. 4.2 we restrict it to take values in {0, 1}, the clean and corrupted environments. This
representation is again missing some of our corruptions, since it is only possible to encode X
and Y changing across domains and not whether other environments influence the current
one. The shifts in Kull and Flach (2014, Fig. 3) involving hidden variables (concept shift
subcases) resemble our idea of a “latent process” influencing the current environment, but
still fail to cover all the possible cross-domain influence in Fig. 4.1. An additional limitation
of the causal approach lies in the causal assumption itself; we are forced, in this setting, to
consider only one of E and F as a valid representation of the generative process, while in
our framework we are not forced to make this choice. However, we still use it when it is

available.

In both described classes of taxonomies, it is neither natural nor simple to define a hierarchy
of corruptions. In particular, in the traditional taxonomy the specification of what is
corrupted leaves room for other components to be forced to be influenced, creating overlaps
between cases. As for composing them, a DAG representation of a corruption model can
facilitate their chaining. Nevertheless, feasibility rules are rather complex and unclear,
given the overlapping nature of the corruptions and identifiability problems for causal
representations (Pearl, 2009).
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1635 sole attribute noise: (Shackelford and Volper, 1988; Goldman and Sloan, 1995; Zhu and Wu, 2004;
Williamson and Cranko, 2024)

1735 sole class-conditional noise: (Angluin and Laird, 1988; Blum and Mitchell, 1998; Natarajan et al., 2013;

Patrini et al., 2017; van Rooyen and Williamson, 2018; Williamson and Cranko, 2024); in general: (Yamazaki
et al., 2007; Alaiz-Rodriguez and Japkowicz, 2008)

185r label shift, or class imbalance: (Japkowicz and Stephen, 2002; He and Garcia, 2009; Buda et al., 2018;
Lipton et al., 2018; Tang et al., 2022)

19 (Shimodaira, 2000; Quinonero-Candela et al., 2008; Sugiyama and Kawanabe, 2012; Zhang et al., 2020b)
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Appendix C

Bayesian Inversion in Category
Theory

In this section, we provide a more formal definition of the Bayesian inverse of a Markov
kernel, based on some existing results from category theory applied to Bayesian learning
(Dahlqvist et al., 2016). In fact, Bayesian update is exactly kernel inversion. These results
guarantee the valid and proper utilization of the inverse kernel in the current paper.
Before delving into the details, we introduce relevant categorical concepts, establishing the
necessary background to proceed. For a comprehensive overview of category theory, we
recommend that interested readers refer to Mac Lane (2013).

C.1 Categorical Concepts

To begin, let Mes be the category of measurable spaces with measurable maps as morphisms,
and Pol be the category of Polish spaces, i.e., separable metric spaces for which a complete
metric exists, with continuous maps as morphisms. The functor 8 : Pol — Mes associates
any Polish space to the measurable space with the same underlying set equipped with the
Borel o-algebra, and interprets continuous maps as measurable ones. Measurable spaces in
the range of B are standard Borel spaces, which are important because the regular conditional
probabilities are known to exist in them, but not in general (Faden, 1985). Therefore, they
will be used as the building block of the Krn category in the subsequent Bayesian inversion

theorem.

The Giry monad is the monad on a category of suitable spaces which sends each suitable
space X to the space of suitable probability measures on X. In this case, the set of suitable
spaces is the one of the Mes category induced by the functor 8. To define it more formally,

we now consider the triple (P, y, 0):

e the functor P is such that we assign to every space X in Mes the set of all probability
measures on X, P (X). This is equipped with the smallest o-algebra that makes the
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Categorical Probabilistic
Kleisli category of Giry monad G, K¢ measurable spaces as objects and Markov kernels as arrows
arrows in category 1 | K¢ M(X,Y) where X and Y have marginals ¢ and ¢, respectively

subset of the above M(X, Y) with

arrows in category 1 | F measure-preserving maps induced by identity kernels 6

Kleisli composition og chain composition o in P1 with transitional kernels

a§ : Homgen (X, -) = (X, -) product composition x in P2 with a kernel and a probability

Table C.1: Comparison of categorical concepts in Dahlqvist et al. (2016) and probabilistic
concepts in this paper.

evaluation function evg: P(X) — [0, 1] = P — P(B) measurable, for B a measurable

subset in X;

e the multiplication of the monad, u: P? = P, is defined by

ux(Q)(B) = [b s

eP(X
* the unit of the monad, 6: Id = %, sends a point x € X to the Dirac measure at x.

This equips the endofunctor #: Mes — Mes into a monad, that is, the Giry monad

G = (P, u, 0) on measurable spaces.

The Kleisli category of G, denoted by K, has the same objects as Mes, and the morphism
k: X ~» Y in K{ is a kernel k: X — P(Y) in Mes. The Kleisli composition of kernel
k: X ~w Y withA: Y w Zisgivenby A og k = pz o P(A) o k. The action of the functor P
on a kernel results, by definition, in the push-forward operator P (x)(-) := (-) o k!, defined
on a suitable space of probabilities. Hence, og is the same as the chain composition we
defined in Def. 2.24.

C.2 The Bayesian Inversion Theorem

Dahlqvist et al. (2016) investigates how and when the Bayesian inversion of the Markov
kernel is defined, both directly on the category of measurable spaces, and indirectly by
considering the associated linear operators (i.e., Markov transition, see Cinlar, 2011). Below,
we only introduce the first result of the Bayesian inversion theorem, given the focus of
Markov kernels we have in the current paper, and then describe the pseudo-inversion

operation in Def. 5.9 in a more formal way.

The category of Markov kernels considered here is that of typed kernels. Their definition
is tied to a fixed probability ¢» on X and a fixed probability i) on Y, so that k og ¢ = 1),
instead of being characterized for every probability on X and every reachable output. In
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general, one can define Markov kernels as operators on the space of probabilities; that is
not our interest, as we tie the concept of corruption to a specific pair of clean and corrupted
distributions. This remark is also crucial for understanding our notion of exhaustiveness in
Appendix C.2.1.

The key object for building the inversion operation is the Krn category, similar to our notion
of space of Markov kernels M(X,Y), but with an equivalence relation acting on it. We
describe its construction in the following steps.

1. Let F: Mes — K be the functor embedding Mes into K¢ which acts identically on
spaces and maps measurable arrows k: X — Y to Kleisli arrows F(x) = 0 o k. This
means that F(x) only allows one possible jump at each x in X, with 6 an identical

jump (i.e., a deterministic kernel on Y).

2. It further induces the category 1 | F of probabilities ¢: 1 ~» P(X), denoted by
(X, @), and morphisms « : (X, ¢) w5 (Y, 1) as degenerate arrows F(x): X ~ Y s.t.
Y = F(x) og ¢ = P(x)(¢h) = ¢ o kL. In more familiar terms, this is saying that 1 is the
push-forward of ¢ along «. 1 | F includes all measure-preserving maps induced by

degenerate arrows.

3. When the arrows are not degenerate, we obtain the supercategory 1 | K¢ with the
same objects. Specifically, in this category, an arrow from (X, ¢) to (¥, ¢) is any
Kleisli arrow x: X w» Y s.t. 1 = k og ¢, and the arrows are what we denoted as
M(X,Y), where X has marginal probability ¢ and Y has marginal probability 1.

4. Markov kernels cannot be inverted as they are, because of their non-singularity.
Lemma 3 in Dahlqvist et al. (2016) characterizes it by proving that for a kernel
k: (X, p) w (Y, V) there are ¢p-negligibly many points jumping to y-negligible sets.

Once the non-singularity is understood, we can define an equivalence relation on 1 | K¢
that allows a well-posed definition of the inverse kernel.
Definition C.1. For all objects (X, §), (Y, V), Rix,¢),,y) is the smallest equivalence relation on

Homygco(X,Y) such that

(x,x") € Rxp) vy © K=« ¢-as.

They prove R to be a congruence relation on 1 | K¢ in their Lemma 4. This congruence

relation allows us to define the quotient category, with proper morphisms.
Definition C.2. The category Krn is the quotient category (1 | K¥€)/R .

Having defined the category, we have to build the functions that are going to consti-
tute the Bayesian inversion operator, i.e., a bijection between Homg,n((X, ¢), (¥, ¢)) and
Homg (Y, ¢), (X, ¢)). There are two mappings between the Krn category and the space
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of couplings associated to (X, ¢), (¥, ¢). The first is equivalent to the product composition
we defined in Def. 2.25 applied to a kernel (i.e. conditional probability) and a probability,
and is formally written as

ayy s Homen (X, ), (Y, 9)) = T((X, 9), (Y, ) st a’y(x)(BxxBy) 3=/ k(x)(By)dp,

xeByx

with T((X, ¢), (Y, ¢)) € P(X x Y) the typed couplings associated to the marginals
(X,9),(Y,¢). The second is defined as its inverse operation, and it is decomposing
a joint probability along a fixed marginal distribution (aka, disintegrating it), i.e.,

Dy : T((X, ), (Y, 1)) = Homgen((X, ¢), (Y, 1))
s.t. Dﬁ()/) = P(mty) o n;r(, y eI((X,0),(Y,¢)),

and y(Bx x By) = / DY () (x)(By)dp,

xeBx

with (-)*: adjoint operator. As one is the inverse of the other, they are both obviously
bijective and the one-to-one correspondence between typed kernels and couplings is proved.
Hence, we formally define the Bayesian inverse as in the following:

Definition C.3. The Bayesian inverse of a typed kernel « from (X, ¢) to (Y, 1), is defined as
O ikt = (D% o P(mty X ) o aﬁ) (x),

with P(ny X 1tx) : T((X, §), (Y, ¢)) = T(Y, ¢), (X, §p)) being the permutation map.

As the Bayesian inverse has been defined as a bijection between Homg,r((X, ¢), (¥, 1))
and Homg.n (Y, ¥), (X, ¢)), it is always guaranteed to exist in this setting.

Proposition C.4 (Bayesian Inversion Theorem). The Bayesian inverse of a typed kernel « from
(X, @) to (Y, ) exists and is equivalently one of the following objects:

1. k7 : (Y, ¥) = (X, ) € Krn when « is seen as element of Krn, such that (xt o ) og 1 =
5Y°G¢a”d(KOK+)°G¢=5X oG ¢ ;

2. k7Y~ X € M(Y, X) when « is seen as element of M(X, YY), such that (k" og k) og 1 =g
5y°G¢a”d(K°GK+)°G<P =R 0x 96 ¢ -

Here, 6. indicates the identity kernel on the set (-), induced by the Dirac delta distribution.

Proof. The statement in (1) is a direct consequence of Dahlqvist et al. (2016).As for (2), we
are only using Def. C.1. |

Remark C.5 We can understand the Bayesian inverse of a corruption kernel x € M(Z, Z) from
(Z,X(Z), ¢) to (Z,X(Z), ¢) that distorts P(A) = /ﬂ /Z k(z,dz) ¢(dz) YA € Z as a Markov



C.2. THE BAYESIAN INVERSION THEOREM 161

kernel k" € M(Z, Z) satisfying

/K(z,ﬂ) B (dz) :/ k'(z,B) p(dz) VA e L(Z), Be L)
B A

This formulation extends the discrete Bayes” rule P(Z | z)$(z) = P(z | 2)P(Z) Vz,Z € Z. Hence, in
the discrete case, the Bayesian inverse always exists and can be expressed as

k'(z]2) = wforz,i € Zwith (z) # 0.

()
This formula ensures the uniqueness of k't within the support of ¢, as all components are unique.

Houwever, outside the support when ¢ is zero, the uniqueness may not hold, requiring a non-fixed
value for Z € Z where <z~)(2) =0.

In the continuous case, the Bayesian inverse may not exist. To ensure k' € M(Z, Z) is well-defined,
it must satisfy the conditions of being a Markov kernel, as defined in Def. 2.14, where the mapping
z — «'(2, B) is L(Z)-measurable for every set B € L(Z), and the mapping B — «'(Z,B) isa
probability measure on (Z,L(Z)) for every Z € Z, for the standard Borel space (Z, 2(Z)).
Under this condition, the Bayesian inverse always exists, and it is uniquely defined within the
support of , where uniqueness is represented by an equivalence class of kernels that are p-a.s. equal.

C.2.1 Exhaustiveness of Markovian Corruption

As we noticed in Appendix A, Markov kernels are not the only possibility for modeling
corruption, but we proved that given a clean and corrupted space we can always find a
Markov kernel that connects the two distributions. In particular, we define the operations
a§ and Dg for typed kernels, where one is the inverse of the other by construction
(Appendix C.2). They are the operations representing the bijection between the space of
Markov kernels typed for ¢, ¢ and the space of couplings with marginals ¢, 1. Hence, they
are proving that for each couple of probability spaces, there exists a Markov kernel sending one into

the other corresponding to a possible associated coupling.



162 APPENDIX C. BAYESIAN INVERSION IN CATEGORY THEORY



Appendix D

Proofs for Data Processing
Equalities

Recall that 7ty is a prior distribution on Y, and the notation «(X) stands for the Markov
transition « evaluated on the random variable X, e.g., E(Y), E*(X), while its deterministic
counterpart is the evaluation «(x). The kernel 6 denotes a kernel equal to the Dirac delta
from (Z, 2(Z)) to (Z, (L)), i.e., the identity kernel.

In the proofs we will use a continuous notation for measures on Y, for the sake of simplicity
and homogeneity. However, notice that all the A kernels are actually (parameterized)
stochastic matrices, i.e.,, A = [A;,] where A5, = p(Y =7|Y =y) for simple corruptions, and
Agy(x) =p(Y = 7Y = y, X = x) for dependent corruptions. Note that both y and 7 range
in Y, and thus they are square matrices. In Theorem 5.5 and Lemma D.2, the kernel A
acting on the function ¢ o H is actually the transpose of the stochastic matrix A:

Aty o h)(x) = Z Ax, y)(dg) €(h(x), §)

jey

—Z/\ (x) £7(h(x)) =2 AT(x) - (& o h)(x).

ey

Below, Theorems 5.4 and 5.5 are proved based on the Lemmas concerning BR changes
under dependent X and Y corruptions, respectively.

Lemma D.1 (Attribute Corruption). Let ¢ be a bounded loss. Consider the learning problem
(¢, H,p)and E: Y ~» X its associated experiment such that ¢ = my X E for a suitable my. Let
T ® O be a corruption acting on this problem, with t € M(X X Y,X) and 6 € M(Y,Y). Then,
we obtain

(507-(,(%69 5)(1)) = (EO‘H,ny o ((Eox1)® 6)) = (%(307-(),711/ XE).

163
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Moreover, if T € M(X, X), we have
(€ oH,(T® 5)¢) = (f oH,nyo ((Eo1)® 6)) = (%(f oH), ty XE) .

Proof. Let A € L(X XY), and 71, be the y-th entry of the 7y probability vector. By definition
of all the objects involved, the action of 7 ® 6 on ¢ is

B(A) = /( . /( oy TR 3,4 9, )
%,§)€ x,y)eXX

- [ S ([ e ) o,
(%,y)eA xeX

| yeY

[ S Eex 0@,y | = [ e (Eex 0 90)] ).
(%, §)eA

| yeY

We can hence rewrite the risk w.r.t. gf) =1y o[(Eox T)® 0] as

5y(dﬂ)ﬁ

B [0, 7)) = D [ / @), 9) ( / ) f(w)(df)é(y)(dx))

yey,
7y

> [ et ot vian) ewan]

yey LJxe

=> [ / [2(5¢, o h)](x,y)E(y)(dx)] my (D.1)
yey

= E(x,v)~(myxE) [ (208 0 M) (X, Y)] .

Let Ey(di) = (E ox 1)y(dX). We have that the associated BR is

ﬁg}E(X Y)~myo[(Eox1)®6] [f(h(X) Y))] mlnEY~Tcy ~E [f(h(X) Y))]

= BRyoy([11y 0 (E® 0)],

MR E (v~ ey xE) [(2(86y 0 M))(X,Y)] = i, Boc)~oxe) [F(X, )]

= BRi(rom)[ty X E], (D.2)

which are equal given the previous computations. We have defined and used in Eq. (D.2)
that f(x,y) = [%(5@, o h)]|(x,y),h € H. Such functions are the ones populating the
attainable prediction set 7({ o H), denoting that 7 acts on the composition of the loss and

model class while 6 only acts on ¢ and leaves it unchanged. If 7 is simple, then the equations
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from Eq. (D.1) lead to a slightly different model class:

BRu [y o ((E 0 1) ® 0)] = min [ / [f(éfyom](x)lé(y)(dx)]ny
e yey xeX

B fergg}nw) [./ Xf(x,y)E(y)(dX)] Tty = BRi(ro)(Ty X E) .
° yey LJxe

O

Theorem (2-dependent 7, simple A, Theorem 5.4). Let { be a bounded loss. Consider the
learning problem (£, H, ¢) and E: Y ~» X its associated experiment such that ¢ = my X E fora
suitable ty. Let (T: X XY ~» X) ® (A: Y ~»> V) be a corruption acting on this problem, then, we
obtain

(€0, 2o 1)) = (€0 H, my o ((Eox )@ A)) = (2(1E 0 H), my X E).
The functions contained in the new attainable prediction set are defined as
(Ao H) = {(x,y) - [£(Ae, o W)](x,y), h € H}.

Proof. With this corruption formulation, we can replicate the proof of Lemma D.1 up to

Eq. (D.1) by simply plugging in A instead of 6. Therefore, we obtain the thesis. |

We remark that in this case qi~) # 1y x E with E"y(df) = (E ox 1),(d%), i.e., the corrupted
experiment is not given by the sole action of 7, but also by the influence of A. That is
clarified further by corruption formula ¢ = 71, o [(E ox 7) ® A]. We conclude that, in this
more general case, it does not make sense to distinguish the effect of corruption on E and

Tt.

Lemma D.2 (Label Corruption). Let ¢ be a bounded loss. Consider the learning problem (¢, H , ¢)
and E*: X ~»> Y its associated posterior such that ¢ = rix X E for a suitable tx. Let 6 ® A bea
corruption acting on this problem, with A € M(X x Y, Y) and 6 € M(X, X). Then, we obtain

(307-(,(5@)7\)9{)) = (307-(,7'(;( o (6® (E* oy /1))) =ur (AEO?’(,T(X XE+).
Moreover, if A € M(Y,Y), we have

(507—(,(5@)1)(]5) = ((’07—(,7ZX0(6®(E+O)\))) = ()A\(JO?(,HXXEJF).
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Proof. Let A € X(X x Y). By definition of all the objects involved, the action of T® 6 on ¢ is

/ ) (Z i, y)(dg)é*(x)(dy)) 6:(d) mx (dx)

yey

() = /( -

- /@,g)eﬂ

We can hence rewrite the risk w.r.t. ¢ := 7ix o [(Ef oy 1) ® 6] as

/ X(E+ oy A)x(d) 5, (d%) nx(dx)] = [nx o (BT oy ) ® 6)] (A).

By~ [(0HX), V)] = /X Ze(h(w)(z Ay, d7) E ()(dy) || 6:(d0) mx(d)

reX |7eY yey

:Lx, Z(Z"(W)rW(x,y,dﬂ))E*(x)(dy) 0 (d%) mx (dx)

feX |yeY \jeY

= /x N Z( /x ex(ﬁf)(h,;,x,y)éx(df))lé*(x)(dy)} tx (dx)

ved

- / x 2 (AO0E), 2, y) ) EF () ey) | mx(d) (D3)

| yeY
= Ex v)~(nyxE) [AO(hx, X, V)] = B v)~(ayx) [(Ax,v) © B)(X)] -

Similarly to the proof provided for Lemma D.1, we can switch to BR and obtain
BRyog([11x © ((E" 0y 1) ® 6)] = BRj g (ix X ET),
with functions A¢(h(x), x, y) = (ﬁf(x/y) oh)(x) e AMoH. If Ais simple and 6 € M(X, X),

then Eq. (D.3) leads to a simpler model class:

> (A0(x), y)#(x)(dy)] nx(dx)
ey

Ez\’y

BRyoy[Ttx © ((EJr oN)® )] = min/
heH Jy

- min / |2 £ pE @ | )

feA(loH) vy

= BR}j o) (Tx X ET).

Theorem (simple 7, 2-dependent A, Theorem 5.5). Let { be a bounded loss. Consider the
learning problem (¢, H, ¢) and E*: X ~» V its associated posterior such that ¢ = 7x X E fora
suitable x. Let (1: X ~» X)® (A: X X Y ~» V) be a corruption acting on this problem, then,
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we obtain
(€ oH,(T® )v\)qb) = ((’ oH,mxo(t® (Et oy A))) = . (%(/AW oH), mx X E+) .
The functions contained in the new attainable prediction set are defined as
#AL o H) = {(x,y) = [2(Alr,y) 0 WI(x), h € H}.

Proof. With this corruption formulation, we can replicate the proof of Lemma D.2 up
to Eq. (D.3) by simply plugging in 7 instead of 6 € M(X, X). Therefore, we obtain the
thesis. 0

Theorem (1-dependent and a 2-dependent, Theorem 5.6). Let ¢ be a bounded loss. Consider
the clean learning problem (£, H, ), E: Y ~» X its associated experiment such that ¢ = iy X E
for a suitable Ty, and ET: X ~»> Y its associated posterior such that ¢ = 1x X ET for a suitable rtx.

1. Let (t: Y ~» X)® (A: X X Y ~» Y) be a corruption acting on the problem, then, we obtain
(€oH, ko 1)p) = (£0H, v o (@ (Eox 1)) = (2(1E 0 H), iy X E).
The functions contained in the new attainable prediction set are defined as

2(AL o H){(x,y) > 2[Aly,y) o h](y), h € H}.

2. Let (1: X XY ~» X)® (A: X ~» Y) be a corruption acting on the problem, then, we obtain
(€07, 7@h)p) = (£0H, mx o ((ET 0y 1)® A)) = (2(A0 0 F), mx x E)
The functions contained in the new attainable prediction set are defined as
2(AL o H){(x, y) — t[Aby o h](x,y), h € H}.

Proof. Consider point 1 and let A € X x Y. By definition of all the objects involved, the

actionof T® A on ¢ is

= [ 1Y ([ A et . o,

yed

- [ Y Eex v anety, dom,
(&,§)eA

| yeY

) /( feA Z (t® (Eox M) (y,d%,di) ty | = [y X (1® (E ox A))] (A).
Y€ | yeY
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We can then write the associated risk w.r.t. gf) =1y X (t® (Eox A)) as

Bgp)-l0(H(R), V)] =
vy,
7ey

- /X(/X(Z /l(x,y,d?)l’(fl(f),]?))T(y,di))E(y)(dx) m,

[ E(fl(f), 7) (/ Ax,y,di) E(y)(dx))] (y,d%) my
xeX xeX

7€y

) _‘/x'eX (‘/fve(\’(ig(x'y) ° h)(®) T(y, df)) E(y)(dx)

= / X[%(M(x,y) o () E(y)(dx)] Tty

Tty

= Ex y)~(nyxE) | (FAlx vy 0 1)(Y)] ,

which proves the thesis when minimizing over & € H. For proving point 2, we first rewrite
the action of T® A on ¢ as

7 _ - g
P(A) = /(;z,y)ey{ /xex Ax, d7) (Z t(x,y,dX)E (x,dy)) 1ix (dx)

yey
- /(f,weﬂ

and repeat a similar argument but for the E' kernel. We find a minimization space of

/ A, dg) (B oy 1), d) nx(dx)] = [nx x (1® (E" oy 1))] (),

functions f(x, y) := 7[Ay o h](x, y). Thus, we obtain the thesis. O

Corollary (1-dependent 7 and A, Corollary 5.7). Let { be a bounded loss. Consider the clean
learning problem (£, H, ¢), E: Y ~» X its associated experiment such that ¢ = my X E for a
suitable vy, and E*: X ~» M its associated posterior such that ¢ = mx X Ef for a suitable Ttx. Let
(t: Y »» X)® (A: X ~> V) be a corruption acting on the problem, then, we obtain

(f oH,(T® i)q{)) = (f oH,myo(t1® (Eo /\))) = (%(ﬁf oH), my X E) .
or, equivalently,
(F oH,(nx XxENo(t® )\)) = ((’ oH,mix o ((EJr 0T)® /\)) =i (%()A\F oH), tx X E+) .
The functions contained in the new attainable prediction set are defined as
Al o H) = {(x,y) = [2(Aly 0o h)](y), h € H}.

Proof. We can replicate the proof of Theorem 5.6 by simply substituting A(x, 47) in place
of A(x, y,d7) in the first point, and 7(y, dX) for 7(x, y, d¥) in the second point. We then in
both cases obtain functions f(x, y) := 2[(A0)y 0 h](y), i.e. comparing a point x with a kernel
on Ac(X) parameterized by y. Therefore, we obtain the thesis. o
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Theorem (2-dependent x and A, Theorem 5.8). Let { be a bounded loss. Consider the clean

learning problem (¢, H, @), and let (t1: X X Y ~» X) ® (A: X X Y ~» Y) be a corruption acting
on the problem. Then:

1. the action of such corruption on the joint probability ¢ is equivalent to the one of the
non-decomposed joint corruption;

2. the action on the attainable prediction set { o H induces the following BR-equivalence

(6, H,(t® A)p) = (2(A o H), ¢);

3. the functions contained in the new attainable prediction set are defined as
210 H) = {(x,y) = (2Rl o W, y), € H}.

Proof. Let A € L(X xY). By definition of all the objects involved, the action of t® A on ¢ is

o= Y ([ i v e
%,j)e xe

| yeY

= /( e / (Z%(x,y)(dfwx,y)(dyf)h‘"*(x)(dy))nx(dx)
X,y)e X€

X\ jey

In both the formulations above, obtained by factorizing the joint probability ¢ in two
different ways, we cannot isolate the action of one between A and 7 on E' or E. That is,
because of the dependence of A and 7 on the couple (x, ), and because the action of a kernel
on a probability via a combination of Definitions 2.24, 2.25 and 2.28 requires sequential
integration. This concludes point 1.

As for point 2, we now want to consider the action on functions. This uses integration w.r.t.
the corrupted variables (¥, ), and therefore allows sequential integration. We have that
the associate risk is equal to

Ex v)~5L(A(X), V)] = / (®), 7) Z( /GXT(x,y,df)/\(x,y,dy)E(y)(dx))n

X, jey yey

5|

( / ( l’(h(f),ﬂ)A(x,y,d?))T(x,y,df)E(y)(dx)) y
Y

yey |/¥eX je

= Z / (/ /\[(h(f),x,y)T(x,y,df)E(y)(dx))] n
yey xeX
yey ©

= E(x v)~(nyxE) | (FAlx vy 0 M) (X, Y)] .
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Following the same reasoning, we can also write

E(X,Y)Nqs[f(fl(i)rY)] = Eix y)~(xxety | (R lx vy 0 1))(X, Y)]

We prove point 2 and 3 minimizing both the obtained risk equalities w.r.t. h € H. |



Appendix E

Proof for Generalized
Corruption-Corrected Learning with

Bayesian Inverse

In this section, we give the proofs for the generalized loss correction theorem stated in § 5.2.
Recall that we define the push-forward probability distribution of / through 7 as

(h#1)(%)(A) = (&, " Y(A)), A C Aca(Y).

Theorem (Theorem 5.18). Let (¢, H, ¢) be a clean learning problem with : Aqa(Y) X Y — Ryo
being a bounded loss function and such that A1 holds. Let kKT=10le M(XxY,X xY)be
the Markovian cleaning kernel reversing «, such that (R¥(£ o H), %) is its associated corrected
problem. Then, we can find a generalized loss £ H x X x Y — Ry respecting the GcL paradigm.

In particular:

1. When k" is of the form (1: X w» X) @ (A: Y w V), 0r (1: X > X) ® (A: X X Y w V),
or (1: X XY »» X)® (A: Y ~» V), we have

i(h,%,7) = Euw(h#f)(f,y)[ﬁz (u,%,9)] V& §jeXxY.

When A is simple, it induces A (u, %, 7) = Al (u, 7). Lastly, we get (h#7)(%, §) = (h#1)(%)
when t is simple. All of the above cases define a corrected loss as £: H X X X Y — Ry,.

2. When «* is of the form (1: Y ~» X) ® (A: X ~» V), we have
i(h,%,7) = ]Euw(h#T)(g)[M (u,%)] VY §)eXxY,
with ¢: 7‘(><X><y —>R20.

3. When % is of the form (1: Y ~» X) @ A: X XY w M), or (1: X XY ~w X) ®

171
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(A: X ~» YY), we respectively have

U, %, 9) = By o)A 0, 2, 9)] V(E T eX XY,
?(h, X, _1?) = EuN(h#T)(f,}])[ﬁe (u, %)] V(f,?) eXxYVY,

withl: Hx X xY — Ry.

4. When «" is of the form (1: X X Y ~» X) ® (A: X X Y ~» V), we have
U, %, 9) = By oM W, 5, )] V(E G eX XY,

withl: Hx X xY — Ry.

Proof. Let us consider a general function in the set £1(¢ o H),

#ton) ::Z/

yey xeX

0, )G g, dxdy) = Y [ HGh0,9) (c0 N(E, 3 vy
yey xeX

By Lemma 5.17, we are ensured that finding a loss correction formula ¢ that respects
Eqg. (5.13) is enough to ensure that such a loss respects the gcL paradigm. Hence, we
consider the functions in the set 1(¢ o H) and define an ad hoc 7 depending on how %

affects £ o H.

We have already seen in Theorem 5.16 how loss correction formulas are identified by a A
that is simple, 1- or 2-dependent. For this reason, we compute step by step the simplest
case of attribute corruption (a simple 7) combined with a more complex label corruption
(2-dependent 1), and understand how attribute corruption influences the loss correction

formulas. All remaining cases can be computed with small variations.

Consider «' such that k" = 7 ® A with 1 € M(X,X)and A € M(X x Y, Y). We can define
the loss correction 7 as

2,9 = > / E(h(x), y) (%, dx) AR, §, dy)
yey xeX

= Z / Clu,y)(® RN du) MR, §, dy)
yey xeh(X)
= [ Anstw e i), (E1)
xeh(X)
where u = u(dy) € Awa(Y) and i(X) = {h(x)| x € X}. The following equality holds:

el = [ e ) = (i#0(3) € Aol

by definition of H as a subset of M(X, ) and using the definition of /i#7. We remark that
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(%, (h)"Y(du)) is then a probability in Aca(Aca(Y)). Hence we can rewrite Eq. (E.1) as

i(h,z,7) = / o A0z, §) T(%, (1) (du)) = By ey (A, %, 7))

This is the same correction formula found in point 1.

As for more dependent attribute corruptions, i.e. ©(%, 7, dx), the action on the hypothesis
will be dependent on §j. Therefore, we obtain #(h, %, §) = Ef(f,g,hfl(-))[(/w)(”' %,17)] , where
only the simple label noise can be considered, given the missing result for the BR equality
in the D(t) = D(A) = X X Y case. Hence, for the remaining points 2, 3 and 4, we follow the
same procedure deployed in the above, using the action formula of dependent corruptions
as described in the proof of Theorems 5.6 and 5.8, and obtain the thesis by fulfilling the ccL
requirement in Eq. (5.13). O



