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Four Facets of Forecast Felicity

Abstract

Forecasts are a central goal of machine learning. The current relevance of machine learning
in technological development and society motivates a renewed examination of fundamental
questions: What is the meaning or “goodness” of a prediction? What warrants the use
of a quantified and/or statistical prediction? I argue that forecasts are speech acts, which
as such do something. For example, a weather forecast warns of extreme precipitation.
Accordingly, forecasts should be measured by how felicitous they are, i.e., whether they
are successful in what they do. In this thesis, I examine felicity conditions for statistical
forecasts in relation to the aforementioned questions. I will focus on two, possibly over-
lapping, types of prevalent statistical forecasts. The first type is based on modeling an
aggregate which is relevant to the subject of the forecast. I show that notions of measura-
bility and randomness are not universally given model components. Instead, these aspects
are context-dependent modeling choices that determine the success of the prediction. The
second type of forecast is based on the individual assignment of numerical values that are
evaluated on an aggregate. I investigate the landscape of evaluation metrics with a focus
on calibration and its relationship to regret. I demonstrate that there are two accounts of
calibration currently conflated in literature. Furthermore, most evaluation metrics used in
machine learning, including certain types of calibration and regret, can be expressed as the
capital of a gambler betting against the forecaster. Beyond the aforementioned facets of fe-
licity conditions, I point out commonly overlooked, open questions, particularly with regard
to randomness, individuality, performativity, and communication of forecasts. A tabular
questionnaire designed to help understand, create, and analyze (in)felicitous forecasts on a
practical level concludes the work.
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Betreuer: Prof. Dr. Robert C. Williamson Rabanus Derr

Four Facets of Forecast Felicity

Zusammenfassung

Vorhersagen sind ein zentrales Ziel des maschinellen Lernens. Die aktuell beobachtbare Rel-
evanz des maschinellen Lernens in technologischer Entwicklung und Gesellschaft motiviert
die erneute Untersuchung grundlegender Fragen: Was ist die Bedeutung oder Güte einer
Vorhersage? Was rechtfertigt die Verwendung einer quantifizierten und/oder statistischen
Vorhersage? Ich argumentiere, dass Vorhersagen Sprechakte sind, welche als solche etwas
tun. Z. B. warnt eine Wettervorhersage vor extremen Niederschlägen. Dementsprechend
sollten Vorhersagen daran gemessen werden wie geglückt sie sind, d.h. wie erfolgreich sie
in ihrem Tun sind. In der vorliegenden Arbeit möchte ich Glückskriterien für statistis-
che Vorhersagen in Verbindung mit den vorher genannten Fragen untersuchen. Hierzu,
werde ich eine Unterscheidung zwischen zwei Arten von gängigen statistischen Vorhersagen
vornehmen. Die erste Arte basiert auf der Modellierung einer Gesamtheit welche für das
Subjekt der Vorhersagen von Relevanz ist. Ich zeige, dass Messbarkeit und Zufälligkeit
nicht universell gegebene Modellbestandteile sind. Stattdessen sind diese Aspekte kon-
textbezogene Modellierungsentscheidungen, welche den Erfolg der Vorhersage bestimmen.
Die zweite Art basiert auf der individuellen Zuweisung numerischer Werte, die auf einer
Gesamheit bewertet werden. Ich untersuche Bewertungsmetriken mit einem Schwerpunkt
auf Kalibrierung und deren Beziehung zu Regret. Ich zeige, dass es derzeit zwei Semantiken
für Kalibrierung gibt, die es zu trennen gilt. Darüber hinaus lassen sich die meisten Bew-
ertungsmetriken, die im maschinellen Lernen verwendet werden, einschließlich bestimmter
Arten der Kalibrierung und des Regret, als Kapital eines Spielers ausdrücken, der gegen
den Vorhersager wettet. Über die genannten Facetten von Glückskriterien hinaus verweise
ich auf oft übersehene, offene Fragen insbesondere im Bezug auf Zufälligkeit, Individual-
ität, Performativität und Kommunikation von Vorhersagen. Ein tabellarischer Fragebogen,
der auf praktischer Ebene dabei helfen soll (nicht) geglückte Vorhersagen zu verstehen, zu
erstellen und zu analysieren, rundet die Arbeit ab.

iv



Content

0 Prologue 1

0 The origin? 2

1 Motivation 3
1.1 Forecasts Are Everywhere . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Four Problems with Forecasts . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 An Additional Problem – The Truth Fetish . . . . . . . . . . . . . . . . . . 5

2 How to navigate? 9
2.1 Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2 Remarks on the Included Papers . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3 Additional Papers not Included in the Thesis . . . . . . . . . . . . . . . . . 11

I Forecasts as Speech Acts 12

3 What are Forecasts? 13
3.1 Forecasts are Utterances About Unobserved Attributes . . . . . . . . . . . . 13
3.2 Statistical Forecasts are Numerical Utterances About Attributes of Individ-

uals with Relationship to Aggregate . . . . . . . . . . . . . . . . . . . . . . 14

4 Forecast Felicity 17
4.1 A Primer on Speech Act Theory by Austin . . . . . . . . . . . . . . . . . . 17
4.2 Interesting Forecasts Are Speech Acts . . . . . . . . . . . . . . . . . . . . . 19

5 A Felicitous Framing of the Four Problems 22
5.1 What Does the Forecast Mean? – The Interpretation Problem . . . . . . . . 22
5.2 What Makes the Forecast “Good”? – The Evaluation Problem . . . . . . . 24
5.3 Is a Quantified Forecast Warranted? – The Measurability Problem . . . . . 25
5.4 Is a Statistical Forecast Warranted? – The Statisticalness Problem . . . . . 26

v



5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

II Statistical Forecast Felicity: Aggregate to Individual 29

6 The Measurement Resolution 30
6.1 The Felicitous Choice of Reference Class . . . . . . . . . . . . . . . . . . . . 31
6.2 No Measure In, No Measure Out . . . . . . . . . . . . . . . . . . . . . . . . 32
6.3 The Felicitous Choice of Measure . . . . . . . . . . . . . . . . . . . . . . . . 34
6.4 How to Practically Measure? . . . . . . . . . . . . . . . . . . . . . . . . . . 34

7 Fairness and Randomness in Machine Learning: Statistical Indepen-
dence and Relativization 36
The Personal Note . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
Summary: Fairness and Randomness in Machine Learning . . . . . . . . . . . . . 37
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
7.2 A Statistical Perspective on Machine Learning . . . . . . . . . . . . . . . . 45
7.3 Fair Machine Learning Relies on Statistical Independence . . . . . . . . . . 46
7.4 Statistical Independence Revisited . . . . . . . . . . . . . . . . . . . . . . . 49
7.5 Randomness as Statistical Independence . . . . . . . . . . . . . . . . . . . . 55
7.6 Von Mises’ Fairness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
7.7 The Ethical Implications of Modeling Assumptions . . . . . . . . . . . . . . 60
7.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
7.9 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

8 Systems of Precision: Coherent Probabilities on Pre-Dynkin Systems
and Coherent Previsions on Linear Subspaces 76
The Personal Note . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
Summary: Systems of Precision . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
8.2 What Is a (Pre-)Dynkin System? . . . . . . . . . . . . . . . . . . . . . . . . 89
8.3 Imprecise Probabilities Are Precise on a Pre-Dynkin System . . . . . . . . . 94
8.4 Extending Probabilities on Pre-Dynkin Systems . . . . . . . . . . . . . . . . 98
8.5 The Credal Set and Its Relation to Pre-Dynkin System Structure . . . . . . 106
8.6 A More General Perspective—The Set of Gambles With Precise Expectation 117
8.7 Conclusions and Open Questions . . . . . . . . . . . . . . . . . . . . . . . . 127
8.8 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

vi



III Statistical Forecast Felicity: Individual to Aggregate 143

9 The Evaluation Resolution 144

10 Three Types of Calibration with Properties and their Semantic and
Formal Relationships 147
The Personal Note . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
Summary: Three Types of Calibration . . . . . . . . . . . . . . . . . . . . . . . . 149
10.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
10.2 An Exemplary Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
10.3 Formal Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
10.4 Distribution Calibration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
10.5 Γ-Calibration as Self-Realization of Predictions . . . . . . . . . . . . . . . . 164
10.6 Calibration as Precise Loss Estimation . . . . . . . . . . . . . . . . . . . . . 171
10.7 What about groups? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
10.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
10.9 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

11 Evaluation Metrics As Averaged Outcomes of Fair Gambles 210
The Personal Note . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211
Summary: Forecast Evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212
11.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217
11.2 Formal Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222
11.3 The Evaluation Protocol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225
11.4 Characterization of Available Gambles . . . . . . . . . . . . . . . . . . . . . 231
11.5 Fair, Restricted and Rational Gamblers for Recovery of Evaluation Metrics 249
11.6 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 270
11.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 274
11.8 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 276

IV More Facets 284

12 Individual, Randomness and Predictiveness 285
12.1 Choice of Individual – Unit in Aggregates . . . . . . . . . . . . . . . . . . . 285
12.2 Randomness and Predictiveness – Two Sides of the Same Coin . . . . . . . 287

13 Beyond Felicity Conditions about the Statistical Nature 291
13.1 Communication – Forecaster and Receiver . . . . . . . . . . . . . . . . . . . 291
13.2 Performativity – Beyond the Concept in Machine Learning . . . . . . . . . 293

vii



V Epilogue 296

14 A Practical Conclusion 297

References 299

viii



Acknowledgments

There are about two reasons why I started my doctoral studies. I could continue studying
and learning and get paid for it. Plus, there was the pragmatic option as Bob joined the
University of Tübingen and Ulrike made me aware of this. After four years, the journey I
started 2021 seems to come to an end.
This document tries to summarize in a concise format what filled the time in between.
However, it mainly captures the academic part of it. It contains the miles walked during
this journey.
Apparently, Tim Cahill wrote at some point “A journey is best measured in friends, not
in miles”.1 Hence, I spent at least this single page2 on the non-academic side of doing a
doctoral study, “the friends”. In particular, I want to say:

Thank you!

To my colleagues, Armando, Ben, Chris (!), Laura, Nan, Raphael, Wenkai, to my supervisor
Bob, to Aaron and his group, Natalie, Ira, Yahav, Mirah, Varun, Sikata, Jessie and the
surrounding Uruguayan and Persian gang with Turkish member, to my “academic” friends
James, Julian, Min Jae, Rajeev, Jessie, to my friends in Tübingen and family around, and
all the persons I certainly forgot.
A special thanks I’d like to direct to my supervisor Bob. I was very happy to learn and
become a “Mini-Bob”, as Samira once called me.
A second special thanks is addressed to Karina and all the penguins of the world. There
is no water too cold or deep when you have a colony along with you.

1I have never read any book by Tim Cahill. But ChatGPT is sometimes good in finding quotes. I was
actually searching for a different proverb whose author I didn’t remember.

2According to Laura, I could be a little more sparing with my “thank you”s. So I’ll keep it short.

ix



Part 0

Prologue
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0
The origin?

It was a hot summer afternoon when Penelope set off for the Lyceum. Since early morning,
the heat from the sea had permeated the streets of Athens, enveloping the city as if under
a bell jar. Aristotle had instructed Penelope to find Tyrtamus.

Penelope had asked her uncle if he conjectured it would rain tomorrow. Aristotle, knowing
his young niece’s thirst for knowledge but also her shrewdness, had not wanted to answer. He
suspected one of her unusual ideas, which always surprised him, and did not want to be lured
into a trap with this question. Penelope surely already had an answer ready. Furthermore,
Tyrtamus had studied the signs of the weather more extensively than Aristotle.

“Tell me, Tyrtamus, will it rain tomorrow?” Penelope asked when she finally found her
uncle’s friend in the temple. “Let me study the signs,” replied Tyrtamus, glancing out
of a side door. “The plainest sign is that which is to be observed in the morning, when,
before the sun rises, the sky appears reddened over; and it indicates rain, either on the same
day, or generally within three days,” he quoted from the great work he had contributed to,
πϵρι σηµϵιων (On Signs). “Furthermore, moisture harbors the seeds of rain,” he continued,
looking at the alleys, “It will rain. But you have asked me the question for another reason.”
“ In the last year, I counted four days with rain and nine without rain which followed a day
like today,” Penelope replied without explaining herself first. “It will rain tomorrow if it is
one of the four days.” Barely surprised by the girl’s unusual counting activity, Tyrtamus
replied, “But child, where is the logic in your argument? Where is the truth?” “What do I
care about the truth when the fisherman who fears the storm stays in the harbor and the
farmer sows his seeds in the hope that the rain will make them grow?” 1

1Tyrtamus lived at the same time as Aristotle. He is better known as Theophrastus, a close colleague
and successor of Aristotle at the Peripatetic school of philosophy [Ierodiakonou, 2020]. Theophrastus is
usually considered the author of “On Signs,” but there is some controversy about this [Cronin, 1992]. “On
Signs” is considered one of the first meteorological studies, probably intended as a practical guide to weather
forecasting [Beardmore, 2013]. Penelope’s statistical thinking must have been revolutionary for its time.
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1
Motivation

1.1 Forecasts Are Everywhere

Forecasts are everywhere. Imagine your alarm driving you out of your cozy bed. You
prepare your cereal, open the newspaper – well, suppose you are as old-fashioned as I am in
this respect – and you’ll find on a central page the weather forecast. Before you walk to the
station to take the subway to work, you check the transporter’s app, which already shows
you how crowded the cars are expected to be [Deutsche Bahn AG, 2025]. While you are
waiting for the subway, an announcement is made that the tracks on which the subway will
arrive will change due to “predictive maintenance” [Carvalho et al., 2019]. Let’s stop this
example here. It is easy to imagine that our daily life is sprinkled with even more forecasts.

Historically, people have looked to the sky to see signs of the weather to come, at least since
ancient times [Beardmore, 2013]. Hence, arguably forecasting has been a central element
of human society for some time. Within the sciences, “forecasting” is a central goal that is
usually complemented by “explaining” [Carnap, 1986]. The importance of “forecasting” in
the sciences can be further substantiated by the existence of an “International Journal of
Forecasting” [International Institute of Forecasters, 2025], respectively the role of “instru-
mentalism” as a strand of philosophical thoughts which roughly speaking puts “forecasts”
to the center stage of science while denying their metaphysical content [Chakravartty, 2017].

The current wave of machine learning methods further amplifies the sections of life and re-
search in which forecasts play a role (for a summary of use cases see for instance [Petropoulos
et al., 2022]).1 Large parts of machine learning are devoted to producing forecasts:2 clas-

1At the Philosophy of Science Meets Machine Learning conference in Tübingen 2022, Jan-Willem Romeijn
entitled his talk “Machine Learning, or: The Return of Instrumentalism”.

2Forecasting, as Leo Breiman claims, is one of two central goals of statistics. Breiman classifies machine
learning, using other terms, as statistics [Breiman, 2001].
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sification, regression, online learning [Cesa-Bianchi and Lugosi, 2006, Shalev-Shwartz and
Ben-David, 2014] and many more.

Even during the current advent of “generative models”3 , such as generative pre-trained
transformers (GPT) [Radford et al., 2018] or diffusion models [Sohl-Dickstein et al., 2015],
forecasting remains at the core of machine learning.

First, several of those “generative methods” actually produce a probabilistic forecast before
sampling from it, e.g., language generation models sequentially predict the next token.
Second, samples are less informative than probabilistic forecasts, hence for certain purposes,
e.g., forecasts on unemployment rate will hardly be replaced by sampling steps. Third, a
series of samples can be used to reverse-engineer a probabilistic forecast, e.g., this can
be helpful for methods such as diffusion models which do not directly provide probabilistic
forecasts. In conclusion, forecasting remains highly significant as one of the goals of machine
learning.

I hope I have now convinced the reader that forecasts are ubiquitous, central to current
scientific practice and further (will be) promoted by the increasing use of machine learning
methods. Hence, what is the problem with those forecasts as otherwise I would not have
written this thesis about them?

1.2 Four Problems with Forecasts

Let us wind back to our imaginary self waking up and reading a weather forecast in the
newspaper. We read on page 14, “Chance of rain today: 60%.”. Ignoring how the forecast
has been constructed, we might readily ask ourselves two questions:

What does the forecast mean? The formulation in terms of a percentage opens up the
space for interpretation. Is the 60% here expressing a relative frequency of an event?
Is it a subjective belief of a meteorologist expressed in numbers? I call this problem
the interpretation problem.

What makes the forecast “good”? The fact that the forecast has been published in a
newspaper gives us reason to belief that the forecast is not simply made up. But,
how do we know it is “good”? In which way is the forecast “good” and is this “good”
relevant for us? I coin this the evaluation problem.

Less obvious, and potentially not on the first thought, an awake reader – not me in the
3Note that “generative models” here do not refer to what has been classically considered a generative sta-

tistical model, i.e., a model in which probability distributions over parameters interest are inferred [MacKay,
2003, Bishop, 2006]. Instead, the term “generative model” here simply refers to a method which produces
examples (apparently) sampled from a desired source distribution.

4



morning – might even go beyond that and wonder about the following even more funda-
mental questions:

Is a quantified forecast warranted? The forecast is given in form of a number. To
be able to provide a number, it was necessary to quantify the event “rain today”.
Quantification presupposes measurability. Is the event measurable? In what sense is
it measurable? This is what the measurability problem is about.

Is a statistical forecast warranted? 4 The fact that the rain forecast has been expressed
in terms of 60% chance suggests that the forecaster had to deal with randomness (cf.
[Eagle, 2021]). The attribute “rain” for today seems to be taken as being random in
some sense. Is it justified to treat the attribute as random? How does the “statisti-
calness” of the forecast relate to the presumed randomness of the attribute? This is
the statisticalness problem.

First, note that it was not necessary to refer to machine learning to ask those questions.
Nevertheless, machine learning motivated the study of those questions, as it makes forecasts
more prevalent in different and novel contexts. Second, there may be further questions an
even more awake reader might ask. The list is not exhaustive, but it captures the central
problems which motivate the studies which follow. Third, there is another problem I have
not yet mentioned which will motivate the type of glasses I will make us wear within this
work.

1.3 An Additional Problem – The Truth Fetish

What is the purpose of the forecast? Is 60% the true chance or probability that it
rains today? Are the forecasts meant to resemble the truth?

I already nudged the question towards whether the purpose of the forecasts is “truth”. But is
“truth” a universal purpose? There are at least two superficial ways to understand “truth”
in the context of forecasting. Truth is referring to an unobserved state of nature which
materializes in an attribute or outcome. In that, truth is comparable to a disposition, a
propensity of nature. It is the underlying generative process, e.g., described by a probability
distribution. Or, truth is the actual attribute or outcome which realized, e.g., “it rains
today”. Without starting a debate on the metaphysical nature of truth, I question that
truth, in either way, is the purpose of many forecasts.

In a social context forecasts surely influence the subject they are about. Think of the
example of an app which provides forecasts on the degree of utilization of trains. In this

4In Section 3.2, I precisely define “statistical forecast”.
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case, the “true” forecast becomes contested. It is part of normative considerations on “how
full should the train be”. In particular, in these scenarios forecasts are often (in)directly
linked to interventions. Hence, informing or defining the intervention is part of the purpose
and the intention of the forecast. This means that the involved translation from forecast to
action makes the “truth” of the forecast a secondary priority, irrelevant or ill-defined, e.g.,
in education [Liu et al., 2022] or criminal justice [Harcourt, 2007]. Finally, note that even
beyond social scenarios forecasts serve more purposes. For instance, a weather forecast has
the goal to warn people without the need that “truth” is the ultimate aim.

Motivating Forecast Felicity for Machine Learning Scholars The talk in ma-
chine learning is peppered with “true labels”, “true distributions”, “true probability” or
“true forecasts”. Among the 61 papers presented as Orals at NeurIPS 2024 there are 34
in which “true” appears.5 Sure, not all of these uses are related to forecasts and their
relation to truth, but the examples presented in Table 1.1 taken from the papers should be
convincing.

Machine learning arguably has a truth fetish in its rhetoric and culture [Moss, 2021, page
119][Aroyo and Welty, 2015], unnecessarily so.6 I’m not claiming that machine learning does
not aim (or should not aim) for finding “truth”, but I’m claiming that machine learning does
not need to find “truth” to still be relevant and/or useful.7 I suggest to center the purpose
or aim of a forecast in the discussion on the adequateness or success of the forecast. I want
to broaden the scope of the purposes or aims of forecasts beyond “truth”. For instance, does
the weather forecast successfully warn? I will use the term felicity borrowed from speech
act theory [Austin, 1975] to say: a felicitous forecast is a forecast which achieves its purpose
or aim in being a forecast [Franco, 2019]. A more detailed treatment of the relationship of
speech act theory and forecasting will be provided in Chapter 3.

I demonstrate that felicity and felicity conditions, i.e., conditions under which a forecast
is felicitous, are helpful for machine learning. First, they do not carry heavy semanti-
cal baggage in machine learning yet. Second, they refresh a debate in which universality
and monolithicness, e.g., in terms of finding truth in data [Williamson, 2024], are often
considered to be justified and desired goals. Felicity emphasizes relativization and contex-
tualization.

5For producing the statistics, ChatGPT was used to code a retrieval and automated checking algorithm.
6In fact, Moss [2021] goes deeper, demonstrating that the practice of machine learning implicitly and

explicitly claims to be neutral, objective, and inevitable. In that, roughly speaking, machine learning makes
itself being truth. From this perspective, I would in fact disagree that the truth fetish is unnecessary. Rather,
the truth fetish is the fuel in the hype engine of machine learning.

7This claim is analogous to the critique on mirrorism, the focus on mirroring the truth instead of aiming
for pragmatically or epistemically useful theories, in the psychological science as expressed in [van Dongen
et al., 2025].
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Reference Quote(s)
[Cai et al., 2024] “This analysis assumes the existence of true correspondences

between labels in the pretrained and downstream domains.”
(Emphasis added)

[Lin et al., 2024] “Moreover, as illustrated in Fig. 8b bottom, FlipClass
outperforms leading methods [55] by moving closer to the true
class distribution, yielding higher and less biased accuracies
across all classes.” and “FlipClass demonstrates a better fit to
the true distribution, whereas InfoSieve shows skewed
predictions.” (Emphasis added)

[Guo et al., 2024] “A more recent line of work [...] considers causal inference
under the assumption of independent causal mechanisms (ICM)
[...], which postulates that distinct causal mechanisms of the
true underlying generating process do not inform or influence
one another.” (Emphasis added)

[Xie et al., 2024] “Recently, Darrous et al. [2021] proposed a latent heritable
confounder MR method to estimate bi-directional causal effects
with a hierarchical prior on the true parameters.” (Emphasis
added)

[Amortila et al., 2024] “Following prior work [...], we assume that the latent states can
be uniquely decoded from observations, but that the true
decoder is unknown and must be learned.” (Emphasis added)

Table 1.1: Exemplary quotes from papers presented as Orals at NeurIPS 2024 referring to
“true parameters”, “true distribution”, “true underlying generating process” or others.

Motivating Forecast Felicity for Probabilists The reader may have wondered
why I avoided to use the word “probability”. For instance, the rain example deliberately
says “chance”. The reason is that I intent to not evoke any specific connotation or meaning
of “probability”.8

The four problems raised before are closely related to questions which have already been
asked (and partially answered) for probabilities. However, there are at least four reasons
which make the forecasting perspective appealing.

Relevance Forecasting is a frame which is very relevant to the modern debate on proba-
bilities (cf. [Höltgen, 2024]). A central element of machine learning is forecasting and
machine learning is currently one of the key applications of probability theory.

Demarcated Scope Forecasting makes it possible to ignore other uses or contexts in which
probabilities play a role, e.g., logical probabilities [Carnap, 1986], statements about

8“Chance” seemed a more ambiguous and vague term to me.
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beliefs and credences [De Finetti, 1974/2017], uses in statistics or probabilities as
a tool to make scientific error calculations more efficient [Glymour, 2001], in which
necessarily concepts, questions and statements get conflated.

Relation to Felicity As speech acts, forecasts bring all four problems into touch with
felicity conditions. It will follow that none of the problems allows for a universal,
decontextualized solution.

Contextualized Understanding of Probabilities Forecast felicity fruitfully contributes
to a contextualized understanding of probabilities. In [Dawid, 2017], Dawid dis-
sects the exemplary question, “What is “the risk” that Sam will die in the next 12

months?”.9 From the perspective of forecast felicity, such a question is ill-posed. A
more appropriate formulation would be: what is a felicitous forecast for the attribute
“dying in the next 12 months” for the individual Sam in a certain context? In par-
ticular, we first have to ask, what does the forecast do? Does it set the rate for a
life insurance company? Does it warn Sam in order to stop smoking? Only after we
have answered those questions we can assess the statistical felicity conditions. For
instance, what is a felicitous type of forecast to calculate a rate which Sam is willing
to pay, and the life insurance company is somewhat safe-guarded against high losses?
What is a felicitous evaluation metric which Sam cares about to evaluate the forecast
for his death, such that Sam would take the needed action, e.g., stop smoking, to
prolongate his life? Forecast felicity pushes us to ask pragmatically and epistemically
useful questions.

Goal of Thesis The goal of the thesis is to expose, highlight and structure implicit
and explicit choices necessarily made by forecasters. These choices partially determine the
success of the forecasting, hence the forecast felicity. I won’t suggest any universally “right”
choice. Felicity (conditions) will be the glasses to wear for this work. Relativization and
contextualization will be the primary new shades to see.

9In his paper, the term “risk” is based upon “probability”.
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2
How to navigate?

2.1 Structure

The thesis is structured in four main parts. Part I clarifies concepts and the narrative. After
a concise introduction of forecasts (Chapter 3) and a short primer on felicity (Chapter 4),
I demonstrate that forecasts, as for instance provided by machine learning algorithms, are
speech acts (Section 4.2). Based on this understanding, I reiterate and detail the four
problems identified before (Chapter 5).

In Part II, I focus on a type of statistical forecast which can roughly be summarized as
measuring the size of an aggregate (Chapter 6). This part is built upon the following two
papers which study a definition of randomness and the problem of measurability.

FR Rabanus Derr and Robert C. Williamson. Fairness and Randomness in Machine Learn-
ing: Statistical Independence and Relativization. New England Journal of Statistics
in Data Science, 3(1):55–72, 2025. – [Derr and Williamson, 2024] – Chapter 7

SP Rabanus Derr and Robert C. Williamson. Systems of Precision: Coherent Probabili-
ties on Pre-Dynkin Systems and Coherent Previsions on Linear Subspaces. Entropy,
25(9):1283, 2023. – [Derr and Williamson, 2023b] – Chapter 8

Part III is based on two works on the structure of evaluation metrics. The type of forecasts
investigated in this part are assignments of numerical values which are rationalized by the
evaluation on relevant aggregates (Chapter 9).

TTC Rabanus Derr, Jessica Finocchiaro and Robert C. Williamson. Three Types of Cal-
ibration with Properties and their Semantic and Formal Relationships. Journal of
Machine Learning Research, 27(110):1-52, 2026. – [Derr et al., 2026] – Chapter 10
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EM Rabanus Derr and Robert C. Williamson. Evaluation Metrics As Averaged Outcomes
of Fair Gambles. preprint, 2026. – [Derr and Williamson, 2025] – Chapter 11

In total, the four contributions in Part II and III cover the four facets of forecast felicity
mentioned in the title. The four facets do not correspond one-to-one to the four problems.

In the last Part IV, I supplement and diversify the four facets by briefly examining the role
of the individual in statistical forecasts, taking another look at randomness (Chapter 12),
and transcending the boundaries of statistical forecast felicity towards communication and
performativity (Chapter 13). This part highlights interesting avenues for future research.

Finally, the Epilogue V summarizes the thesis in a practical “4F-Questionnaire” designed
to assist and support forecast makers and receivers of forecasts. It makes explicit choices
and justification of choices to the end of felicitous forecasting.

2.2 Remarks on the Included Papers

The four papers listed above form the core of the thesis. The four papers are not included
in the chronological order of their development. The projects were started in the order, FR,
SP, EM and TTC. To each paper, I devoted a chapter which contains a personal note, a
summary, a translation table of important terms and symbols and the manuscript.

The published papers are kept as in the original publication. The not yet accepted contribu-
tion is included as the latest arXiv version dated June 23, 2026. Only minor modifications
were made, such as image size, table layout or section levels for appendices.

Instead of separate bibliographies, I decided to merge them in a single document. In single
cases, I updated bibliographic entries, for example due to publication, so that they may
now differ from the original citation.

There is no unified notation nor terminology across the papers. Hence, the terms and
symbols used in Chapter 7, Chapter 8, Chapter 10 and Chapter 11 differ, can be inconsistent
and are distinct to the unified notation and terminology in the other chapters. For instance,
what I introduce as “attribute” in Chapter 3 is called “outcome” in Chapter 11. To facilitate
the reading and understanding a table in each of the named chapters is provided. This table
gives the correspondences between key terms and symbols.

In addition, I have added a personal note to each article. It seems a rather exotic practice
to publish a short personal story about a scientific project within papers. Exceptions
fortunately exist, [Khrennikov, 2018, Meng, 2024]. For the apparent neutrality we loose the
story, thoughts, and motivations behind the work, which emphasize the environment and
labyrinths in which papers are written. This motivated me to add a subjective section to
every manuscript, which I hope will make it more accessible.
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2.3 Additional Papers not Included in the Thesis

During my doctoral studies, I have been involved in further projects which are not included
in this thesis. For the sake of completeness, I list them in the following.

(a) Rabanus Derr and Robert C. Williamson. The set structure of precision. International
Symposium on Imprecise Probability: Theories and Applications, PMLR, 2023. [Derr
and Williamson, 2023a]

(b) Christian Fröhlich, Rabanus Derr and Robert C. Williamson. Towards a strictly
frequentist theory of imprecise probability. International Symposium on Imprecise
Probability: Theories and Applications, PMLR, 2023. [Fröhlich et al., 2023]

(c) Christian Fröhlich, Rabanus Derr and Robert C. Williamson. Strictly frequentist
imprecise probability. International Journal of Approximate Reasoning, 168:109148,
2024. [Fröhlich et al., 2024]

(d) Armando Jose Cabrera Pacheco, Rabanus Derr and Robert C. Williamson. Aggregat-
ing Algorithm and Axiomatic Loss Aggregation. Transactions of Machine Learning
Research, 2025. [Cabrera Pacheco et al., 2024]

(e) Natalie Collina, Rabanus Derr and Aaron Roth. The Value of Ambiguous Commit-
ment in Multi-Follower Games. Games and Economic Behavior, Under submission,
2025. [Collina et al., 2024]

Note that the paper “The set structure of precision” is a conference version of the included
Paper SP.
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Part I

Forecasts as Speech Acts
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3
What are Forecasts?

Forecasts are everywhere, central to machine learning and “decorated” with some funda-
mental problems.1 Furthermore, forecasts are usually considered to be statements for which
we can at least assign a degree of truth, if not even judging them as being true or false. In
this Part I, I would like to argue that forecasts are speech acts for which truth conditions
are only partially relevant. A simple example would be that a warning system forecasting
storms does not need to provide “true” forecasts, but it should be successful in warning.
To this end, let me first clarify what I mean by a forecast.

3.1 Forecasts are Utterances About Unobserved Attributes

I define a forecast as an utterance about unobserved attributes. Even though the temporal
structure often is a definitional part of forecasts, i.e., a forecast about attributes has to be
made before the attributes are revealed, I consider this temporal structure of less importance.
For instance, an entity which takes pictures and states the probability that the picture
shows a dog, still does, in my conception, forecasting. The critical assumption I want to
make is that the forecasting entity has not observed the attributes yet, no matter whether
deliberately or not. Second, I’d like attribute to be interpreted relatively generally, such
that “showing a dog” or “it rains” are attributes. I use “attribute” to emphasize that it is
attributed to a certain subject of the forecast, such as a picture or a day. Third, I do not
want to make any assumption on how the forecasts comes into being. What matters is the
type of utterance.

1If the reader is not convinced yet, I’d suggest to either reiterate the previous chapter or skip to Chapter 5.
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3.2 Statistical Forecasts are Numerical Utterances About Attributes of
Individuals with Relationship to Aggregate

The forecasts I am concerned about are statistical. A statistical forecast is a numerical
utterance about unobserved attributes of an individual ι which bears a relationship to an
aggregate ℧ of which the individual is a part, i.e., ι ∈ ℧. A realized attribute “attributes” a
property to an individual ϱ(ι) = ℘.2 An “individual” should not necessarily be interpreted
as related to a person in a society. Instead I mean by “individual” some kind of unit defined
a priori. Then, an “aggregate” is simply a collection of such units.

It is not a priori clear whether a forecast is statistical or not. Consider the exemplary forecast
“Chance of rain today: 60%”. The formulation suggests that the numerical utterance about
the individual “today” bears a relationship to an aggregate of days, e.g., the percentage
is the fraction of days with similar weather conditions on which it rained. However, the
percentage can as well be some numerical expression of a belief of an expert about today
without any reference to an aggregate whatsoever. A mere forecast often cannot be claimed
to be statistical or not. Either the relationship to an aggregate is made explicit or has to
be assumed.

Origin of Statistical Forecasts As mentioned earlier, I do not restrict the definition
of a statistical forecast by the process from which the forecast originates. Hence, statistical
forecasts can be the result of a machine learning model [Vamathevan et al., 2019], an
expert judgment [Core Writing Team, 2023, European Central Bank, 2025], a numerical
computation [Hennig et al., 2022, MeteoSwiss], or something else.

Nevertheless, the processes and assumptions are highly relevant for the forecast’s felicity,
as I will discuss in the following Chapter 4 (cf., [Wang et al., 2024]). Further, even though
the forecast might be the product of some process, I will try to convince the reader that
the forecast should better be understood as the act of forecasting.

Two Types of Statistical Forecasts I broadly distinguish between two types of
statistical forecasts. These types are neither meant to be exhaustive, nor to be mutually
exclusive. The two types structure the discussion of felicity conditions. Certain felicity
conditions only apply to certain types of forecasts.

A2I The numerical utterance is an (idealized) measurement of the size of an aggregate
with respect to the attributes of interest, i.e., how large are the sub-aggregates which

2Even though I provide formal symbols for important terms used in the thesis, I don’t aim for a completely
mathematical treatment. The formalization is intended to facilitate understanding. I use exotic notation to
avoid overlap with the notation used in the main manuscripts included in this thesis (Chapter 7, 8, 10 and
11)
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share the attributes of interest. Formally, how large is {ι ∈ ℧ : ϱ(ι) = ℘} for different
possible realization of the attribute ϱ.
For instance, the forecast “Chance of rain today: 60%” can be the fraction of days
with similar weather conditions on which it rained. In this case, the forecast is a
measurement using relative counting. Being measurements, such forecasts are quan-
tities [Carnap, 1986, page 74].3 Quantities usually follow more relational rules then
just numerical values do, e.g., there exists an order relation and a “unit measure”
[Carnap, 1986].

I2A The numerical utterance is arbitrarily assigned to the individual, but evaluated on an
aggregate of which the individual is a part.
Those forecasts are not necessarily quantities. For instance, “Chance of rain today:
60%” can be an expert’s belief, as before (Section 3.2). But, different than before, if
the expert’s belief is evaluated on an aggregate, e.g., on all days of this year, then it
is a statistical forecast of Type I2A.

The distinction between the types largely corresponds to Philip Dawid’s separation of the
G2i (group to individual) and i2G (individual to group) approach [Dawid, 2017]. Dawid
considers the G2i approach as “the attempt to make sense of individual risk when Probability
is understood as a group phenomenon”. He considers this approach to be doomed. I take
a more moderate position in this work, extend the meaning of G2i to statistical forecasts
beyond individual risks and probabilities, and discuss the felicity of such forecasts. Dawid
places more hope in i2G in which “we take individual risk as a fundamental concept, and
explore what that implies about the behaviour of group frequencies”. Type I2A forecasts
differ in this aspect. I don’t consider them as being a fundamental concept. Instead, I argue
that the forecasts can be felicitous by solely justifying the appropriateness of the individual
forecasts on an overarching aggregate.

Forecasts and Probabilities Not every statistical forecast is a probability. For in-
stance, the forecast “Average rain amount today: 4mm” is not a probability but suggests
to be statistical as it refers to an average of an unspecified aggregate.

Nevertheless, there are statistical forecasts which are probabilities. For instance, if the
forecast “Chance of rain today: 60%” continues with “Chance of no rain today: 40%”,
then the forecast is a probability distribution on the event space “rain” and “no rain”. It
might then be, depending on the understanding of “probability”, considered a probability.
In fact, the way how I use the term “probability” within this thesis is that it should be

3I do not want to open an entire chapter on measurement theory. There are more ways to define quantities,
e.g., see [Tal, 2020]. Notably, measurement theory and measure theory are usually treated separately.
However, the statistical measurement of the size of aggregates here will be formalized in terms of measure
theory.
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stripped of its semantical load and simply be considered a mathematical probability dis-
tribution. Exceptions are clearly marked. Mathematically, a probability distribution is
an object which follows the rules of calculus of standard probability theory following [Kol-
mogorov, 1933] (translated in [Kolmogorov, 1956]), i.e., countably additive probabilities on
σ-algebras. Thus, both types of forecasts A2I and I2A can be probabilities, depending on
the properties of the measurement or the value assignment, i.e., whether they form a prob-
ability distribution. In fact, probabilistic forecasts simply fulfill a certain type of internal
consistency.

Internal Consistency Beyond the important relational aspect of individual to aggre-
gate, statistical forecasts are numerical. In particular, they usually follow internal consis-
tency criteria, e.g., rules of some calculus, which are either naturally derived from ideal-
ization arguments (Type A2I) or directly imposed (Type I2A). A simple example for an
internal consistency criterion would be that a forecaster who assigns 60% chance to rain
today, has to commit to 40% chance of no-rain today. Internal consistency guarantees a
minimal soundness of the forecast without referring to the relationship of the forecast with
the realized attributes.

More generally, a standard example for an imposed internal consistency is that the forecast
is a probability distribution. The understanding of “probability distribution” being an inter-
nal consistency criterion is supported by de Finetti’s development of coherence [De Finetti,
1974/2017]. De Finetti [1974/2017] provides a set of rationality axioms for assigning num-
bers to uncertain outcomes, which he calls “coherence”.4 Those axioms ensure that the
numbers follow, up to finite additivity, the rules of calculus of probabilities as promoted in
the seminal work by Kolmogorov.

There is no single choice of internal consistency for statistical forecasts. For instance,
the theory of imprecise probability allows for weaker internal consistency criteria, usually
called “coherence” as well [Walley, 1991, Augustin et al., 2014]. Hence, internal consistency
of forecasts will be part of the felicity conditions for forecasts (Paragraph 4.2).

The felicity of the forecast with respect to internal consistency depends on the context. If the
forecasts are meant to be used to calculate expected utilities under the forecast, probability
calculus guarantees mathematical soundness and comparability of expected utilities. If the
forecasts are meant to be used by defining the most likely attribute, the forecast does not
need to provide internal consistency as long as the order of probabilities is correct. In simple
words, internal consistency is not a universal requirement but should match the purpose
and aim of the forecast.

4In fact, this type of coherence is sometimes referred to as coherence1. De Finetti suggested another
equivalent coherence2 using Brier score [De Finetti, 1974/2017, Seidenfeld, 1985].
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4
Forecast Felicity

The general aim of this Part I is to argue that (statistical) forecast are, in the interesting
cases, speech acts and should be judged by felicity conditions. Remind the statistical forecast
“Chance of rain today: 60%” in the newspaper. Is it relevant whether the “true” chance
of rain today is 60%? Isn’t it more relevant whether the readers of the newspaper trust
the forecast, that the forecast is for the region in which the newspaper is published, that
the forecasts have been tested for the last half a year and have been shown to nudge Peter
to take his umbrella on those days when it rained? The forecast informs and this might
include to simply round the number to 60%, even though the “true” chance would have
been 61.435%. In this way, the forecast is a speech act. It is judged by felicity and not
truth conditions. Given that we have “statistical forecasts” on our table, let me briefly
summarize parts of speech act theory which are relevant to elaborate the argument.

4.1 A Primer on Speech Act Theory by Austin

In a seminal series of lectures, John Austin [Austin, 1975] scrutinizes the observation that
not all utterances are constantive statements. A constantive statement is what can be judged
to be true of false. Austin essentially noted that there exist utterances, e.g., “I promise I
finish proof-reading the PhD thesis by December.”, which are not really true nor false, and
rather become true by uttering them.1 He promotes the conception of an utterance as a
speech act, e.g., the promise is made.

1Arguably, he was not the first to pay attention to this use of language [Mulligan, 1987, Smith, 1990,
Grgic and Žagar, 2020].
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Components of Speech Acts Austin argues that the distinction between constantive –
true or false statement – and performative2 – making by saying – is not helpful to understand
speech acts [Austin, 1975, Lecture 11]. Instead, he pushes the focus on three sub-acts
performed within every speech act [Austin, 1975, page 101].3

Locutionary Act The actual utterance and the meaning of the utterance, i.e. the act of
saying something [Austin, 1975, page 99]. – My examiner said to me, “I promise I
grade the PhD thesis by November.” and meant committing to perform the act so
described.

Illocutionary Act The act performed in saying something [Austin, 1975, page 99]. – My
examiner made the promise to grade my PhD thesis by the last day of November.

Perlocutionary Act The (intentional) consequence or effect of the utterance [Austin,
1975, page 101]. – My examiner actually does the grading by the set time and thus
calms me that the defense of my dissertation will happen in this year.

Felicity Conditions In a first part of his lectures, John Austin proposes that the ques-
tion whether a constantive statement is true or false, is analogous to whether a performative
utterance is happy or unhappy, i.e. the act fails or does not fail [Austin, 1975, page 14].
For instance, “The tree is green.” can be judged to be true or false. While, “I name this
method ABTSOTA4.”, either actually names for the uttering person and others this method
“ABSOTA” or not. Austin then makes the point that the dichotomy on the judgment con-
ditions is as blurry as the constantive-performative line [Austin, 1975, page 150]. Hence, he
suggests to consider felicity conditions for any speech act.5

Along the lines of Austin, I understand a speech act to be felicitous if the speech act, which
comprises of sub-acts as dissected before, is successful in being performed. The conditions
which have to be satisfied to make the speech act felicitous are the felicity conditions.
The felicity conditions mainly, but not exclusively, refer to the illocutionary act within the
speech act. Let me provide some examples of felicity conditions for the utterance given
above, “I promise I finish grading the PhD thesis by November.”: (a) The utterance has
to be clearly articulated. This refers to the locutionary act. (b) The person uttering has
to be the examiner. Austin calls this felicity condition “misapplication” if it is not fulfilled
[Austin, 1975, A.2 on page 15 and 18]. (c) The person uttering has to intent to finish the
grading. The opposite is called “insincerity” by Austin [Austin, 1975, Γ.1 on page 15 and

2A performative utterance is an utterance such as “I warn you.”. The warning is the act itself.
3Scholarship has suggested different separations of sub-acts, e.g., [Searle, 1969].
4Always Better Than State Of The Art.
5Admittedly, Austin does not use the term “felicity condition”. Instead, he talks about the negative

“infelicities” whenever a speech act does not succeed for a certain reason, i.e., whenever certain felicity
conditions are not met.
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18]. (d) The person uttering actually needs to do the grading [Austin, 1975, Γ.2 on page 15
and 18]. This felicity conditions is in fact equal to the truth condition of “I grade the PhD
thesis by December.”.

It fills large parts of Austin’s lectures to discuss the overlap and extent of his suggested
classification of felicity conditions [Austin, 1975, page 15 and 18]. He further disentangles
truth conditions and felicity conditions. For our purpose it suffices to understand that truth
conditions and felicity conditions tightly interact. In particular, felicity conditions usually
encompass truth conditions. However, there is a crucial distinction between those truth
and felicity conditions, which is contextualization respectively relativization.

Contextualization and Relativization Truth conditions are, given the assumption
of unique truth, universal. However, felicity conditions – as the illocutionary and perlocu-
tionary act – are bound to the source of the utterance, the audience, and other parts of
the context [Austin, 1975, page 145]. In particular, any speech act is always performed in a
context and has a illocutionary and perlocutionary act included. Felicity conditions extend
the scope of true-false to success-failure in context.

In this work I will use contextualization and relativization exchangeably. Contextualization
is often understood as the existence of universal validity claims, but an embedding of an
utterance within a social, historical or cultural frame [Finlayson and Rees, 2023]. Hence,
contextualization accepts that “1 plus 1 is 2.” is universally true and “Human Rights”
are universally right, but there is a need of understanding them in context. Relativization
questions the existence of such universal validity claims [Baghramian and Carter, 2025]. My
choice is simply taken by convenience. I don’t want to make any claim about the existence
of universal validity claims.

Given this background on speech act theory let me embed forecasts in this theory. The
motivation for this move is that forecasts are speech acts rather than constantive statements
as I will demonstrate in the following.

4.2 Interesting Forecasts Are Speech Acts

There are forecasts which are speech acts. Forecasts warn about extreme weather events
[Deutscher Wetterdienst, 2025]. Forecasts inform school authorities about students’ ex-
pected drop-out rate [U.S. Department of Education, 2016]. Forecasts promise to predict
stock market prices in AI-driven portfolios [Kolanovic and Krishnamachari, 2017]. Forecasts
describe how the future of coastal regions will look like [Vitousek et al., 2017]. Forecasts
approve drugs for the next round of experimental studies [Vamathevan et al., 2019].

There are forecasts which are not speech acts. However, those forecasts are not being
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uttered in any context. They are uninteresting. There is no pragmatic value in them. They
do nothing.

Hence, (interesting) forecasts are acts, e.g., they warn, they inform, they promise, they
describe, they approve. In this respect they are performative, or better formulated in
Austin’s terms: the forecast has an illocutionary force. Note that this type of (illocutionary)
performativity differs from the type of (perlocutionary) performativity as understood in
machine learning (Section 13.2).

Felicity Conditions for (Statistical) Forecasts Forecasts as constantive state-
ments allow for judgment about their truth. Forecasts as general speech acts allow for
judgments by felicity conditions. This framing is better-suited for at least three reasons.

Aims, Purpose and Intentions of Forecasts The sole evaluation in terms of true or
false of forecasts falls short of the aims, purposes and intentions of forecasts. The
argument made here is closely aligned to what Franco [2019] writes about a speech act
perspective on science mainly focusing on explanations. Franco dissects different aims
of science, e.g., explanations to different audiences. Simply put, the “interests and
cognitive resources of the speaker and audiences” [Franco, 2019, page 1007] determine
the success of the act of explaining and not necessarily the truth of the explanation.
Science is typically taken to follow an ideal of approximating truth [Wimsatt, 2007].
Forecasts are closer to a certain use (in daily life) and such an ideal of truth is less
dogmatic, machine learning apparently being an exception (Section 1.3).

Context-Dependence Felicity conditions are context-dependent. The same forecast might
be felicitous in one and infelicitous in another context. For example, the weather fore-
cast in the newspaper is felicitous only if the reader is in the addressed geographical
region.

No Distracting Semantics Felicity conditions are not yet loaded with connotational bag-
gage in machine learning. I would like to fill the picture of felicity conditions for that
research field and promote its perspective on the aims and requirement for felicitous
forecasting.

To further convince the reader about the added value in discussing forecast felicity instead
of forecast truthfulness, let me provide a short non-exhaustive lists of potential felicity
conditions. The forecast is felicitous if,

a) the forecaster has the authority to provide the forecast. – A weather forecast by
the Deutsche Wetterdienst (German Weather Service) might be trusted, and has the
authority, while some random weather agency might miss this authority.
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b) the forecast is provided in a matching context, e.g., is relevant for the audience. – A
weather forecast for La Paz, Bolivia is likely to not be relevant for a German citizen.

c) the forecast is understandable by the audience. – A weather forecast given to children
in the kindergarten might not result in the desired preparation against an extreme
rain.

d) the forecast bears a relationship to the truth. – A weather forecast which uses a
lottery to choose the next prediction is not adequate for warning against extreme
weather events.

e) the truth conditions are relevant for the audience. – A weather forecast which has
been shown to be provide true forecasts during the night, is relevant only for persons
who need the truth conditions to hold during the night.

f) the truth conditions are relevant for the purpose, use or aim of the forecast. – A
weather forecast for extreme weather events should likely be tested for truth in a
different way than a weather forecast for daily temperature.

g) the forecast is internally consistent. – A weather forecast which predicts clear sky and
rain simultaneously seems of little use.

Concluding, the truth of the forecasts is clearly one, but not the only, part of this mosaic
which make a forecast felicitous. The type of felicity conditions given are relatively abstract
and largely do not care about the exact nature of the forecasts.

In particular, the given felicity conditions do not require the forecast to be statistical, i.e.,
that the forecast bears a relation to an aggregate. Those felicity conditions specific to
statistical forecasts, i.e., which concern the relationship of the individual to the aggregate, I
call statistical felicity conditions.6 With regard to statistical felicity conditions, I would now
like to reiterate and reinvestigate the four problems stated earlier wearing “felicity-glasses”.

6In Chapter 13, I address dimensions of felicity conditions that go beyond statistical aspects.
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5
A Felicitous Framing of the Four Problems

In Section 1.2, I asked four questions about a rain forecast in a newspaper: “Chance of rain
today: 60%”. Given the elaborations on the definition of forecast above we can consider
this rain forecast as a statistical forecast. Let me give us a deeper dive into the questions
raised before. In particular, the distinction between the two types of statistical forecasts
disentangles important aspects of the questions.

5.1 What Does the Forecast Mean? – The Interpretation Problem

What does it mean to have a chance of rain today of 60%? BBC Weather states that “It
means that out of 100 situations with similar weather, it should rain on 60 of those, and
not rain on 40.” (numbers changed) [BBC]. The German weather service (DWD) provides
an interpretation along the same lines [Deutscher Wetterdienst]. The US National Weather
Service (NWS) just refers to a further unspecified “probability that the forecast grid will
receive at least 0.01′′ of rain.” [National Weather Service]. The Australian Bureau of
Meteorology states that “this value refers to the likelihood of the selected location receiving
more than the minimum measurable amount of rainfall (0.2mm) over the 24 hours from
midnight to midnight” [Bureau of Meteorology (Australia), 2018]. Meteo Swiss explains
that the 60% chance refers to the relative number of numerical weather models which
forecast rain for a certain region where the numerical weather models have been initialized
differently [MeteoSwiss]. Finally, it would even be reasonable to consider the forecast to be
a subjective expert’s judgment [Murphy and Brown, 1984], hence the forecast is simply a
numerical belief.

In the given examples, it is clear that the way the forecast was made tightly interacts with
the meaning given to the numerical value. Hence, the interpretation problem is (partially)
induced by an opaque forecast maker. For instance, the rain forecast is not explained in
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detail in every new edition of the newspaper.1

Further, note that the interpretation problem for forecasts resembles the interpretation
problem for probabilities [Hájek, 2023], i.e., is a probability a belief, a relative frequency, a
propensity, is it objective or subjective? There is a silent premise that there is something
like a given “probability” and it is on us to interpret it. Analogously, there is something
like a given “forecast” and it is on us to interpret it.

Finally, the statistical forecasts usually bear a relationship to the aggregate of which the
individual is a part. Hence, the question for the meaning of a forecast should take this into
account.

It is for these three observations that the question, “What does the forecast mean?”, is better
replaced by: what is the relationship of the individual, whose attributes are forecasted, to an
aggregate? Then, we can ask about the felicity of the relationship within the context of the
forecast. It would thus be more appropriate to call the interpretation problem the relation
problem. To avoid confusion, I will adhere to the interpretation problem.

None of my included papers is specifically treating the interpretation problem. However,
there are two answers captured in the separation into Part II and Part III. The two types of
statistical forecasts let us further refine the question. Given that the forecast is of Type A2I,
i.e., the numerical value is a measurement of an aggregate relevant to the individual, we
need to clarify:

1. What is the aggregate?

2. What is the measure of the aggregate?

The first question is essentially the reference class problem, i.e., what is a felicitous reference
class. The second question requires the felicitous choice of a measure. I call this the
measurement resolution for the interpretation problem (Chapter 6).

For forecasts of the Type I2A, i.e., the numerical value is assigned individually and evaluated
on an aggregate, the following two questions are key:

1. What is the aggregate?

2. What is the evaluation?

Again, the first question is related to the reference class problem mentioned before. How-
ever, I contend that this reference class is different in kind. As the evaluation justifies the

1Interestingly, in [Gigerenzer et al., 2005] the study authors suggest to be more explicit about the reference
class when giving rain forecasts such as “30% chance of rain tomorrow” in order to facilitate the understanding
of the forecasts.
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forecast, I use the term evaluation resolution for this answer to the interpretation problem
(Chapter 9). It is closely related to the next problem.

5.2 What Makes the Forecast “Good”? – The Evaluation Problem

Forecasts should be “good”, e.g., if the weather forecasts said “Chance of rain today: 60%”
on the last ten days and it has not rained, the forecast seems not “good”. Hence, a “good”
forecast is consistent with an aggregate of observations. The consistency is checked by
means of evaluation. In other words, “goodness”, in my conception, is external consistency.

As observations are sometimes equated with “truth”, external consistency is closely related
to a truth condition (Section 1.3). It is rather immediate to argue that external consis-
tency is a felicity condition (see Chapter 11). The “goodness” of a forecast certificates
the usefulness, reliability and relation to the real world which contribute to the success of
the forecasting. Evaluations are relative or contextual. The forecast informing a surgery
requires a different evaluation, than a forecast of weather published in a newspaper. De-
pending on the context there is a choice to make, what is the relevant evaluation. To inform
this decision, we need to understand:

1. How different notions of evaluation relate.

2. What the limits of such evaluations are.

3. What the meaning or aim of an evaluation is.

This choice of evaluation is real. For instance, in the technical report on the GPT-4 model
by OpenAI the authors provide accuracy tables for certain benchmarks, alongside a diagram
depicting the calibration score [OpenAI (2023), 2024]. Calibration score and accuracy are
evaluation metrics which serve different purposes and are in a non-trivial relationship to
each other (cf., Chapter 11). A report of both evaluation metrics seemed necessary to
address different readers and their own aims and purposes. On the other hand, the EU AI
Act [European Parliament and Council of the European Union, 2024] Article 15 demands
“an appropriate level of accuracy” for high-risk AI systems. This demand is interpretable
as being “good” with respect to a relevant evaluation. In particular, the evaluation itself is
not defined, hence is a contextual felicity condition.

The thesis does not add to the literature which argues about the shift from evaluation of
forecasts to evaluation on interventions, e.g., [Liu et al., 2022, Wang et al., 2024, Zezulka
and Genin, 2025], neither to the challenge of AI evaluation or auditing, e.g., [Burden et al.,
2025]. In this thesis, I will consider a formal perspective on the evaluation problem. The
contributions add to the project on mapping the landscape of evaluation metrics which, e.g.,
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has been pursued by [Williamson and Cranko, 2023] for proper scoring rules, [Waghmare
and Ziegel, 2025] for parametrized scoring rules or [Gneiting, 2011] for loss functions. I use
the term “metric” not in a mathematical sense. Instead, the use of the term is consistent
with Chapter 11. An “evaluation metric” measures how “good” a forecast is with respect
to realized observations.

In Chapter 10 we – this work has been pursued together with Jessica Finocchiaro and Robert
C. Williamson – provide a formal and semantical relation structure for notions of calibrations
used in machine learning. In Chapter 11 we – this work has been pursued together with
Robert C. Williamson – summarize a large set of evaluation metrics, encompassing types
of calibration and regret, into a game-theoretic setup, in which evaluation is understood as
gambling.

Note that the evaluation problem mainly applies to forecast of the Type I2A. In particular,
the evaluation plays the significant role of defining the forecast as statistical. Nevertheless,
forecasts of Type A2I as well can be evaluated. However, these forecasts are, by definition,
assumed to be “good” (Chapter 6).

5.3 Is a Quantified Forecast Warranted? – The Measurability Problem

Statistical forecasts of Type A2I are not only numerical, they are quantified i.e., numbers
made through a process of measurement [Carnap, 1986, page 74]. A key feature of quantities
is that they have a unit measure [Carnap, 1986, page 73]. This begs the question, how to
choose the “unit”? Respectively, what is a felicitous choice of “unit”? Note that this
question essentially repeats the “What is the (idealized) measurement of the aggregate?”
in Section 5.1.

But even before that, quantities presuppose that the entity measured is measurable, i.e. that
the entity allows to be measured. Do we rightfully assume measurability? Let me clarify for
Type A2I forecasts: the measured entity is the aggregate of which the subject of forecast,
i.e., the individual, is a part (Section 3.2). For instance, the statistical forecast “Chance
of rain today: 60%” is actually the relative number of days on which it rained among the
aggregate of Mondays. Can we count the number of days in the aggregate of Mondays?

The measurability of the aggregate is not as clear as it might appear on the first glance. In
Chapter 8 we provide a list of examples, from quantum physics to decision theory, in which
universal measurability is questioned. I want to rely on a simple intuitive argument here.
If the precipitation has never been recorded, then the relative number of days on which it
rained is not defined, i.e., not measurable. This case is obviously made up, but missing
data is a huge issue, e.g., check the missing data files in the open data base of the German
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weather service (DWD).2 Then, how can measurability be a contextual felicity condition?
Because, precipitation might have been recorded at some places and not at others. The
relative number of rain days might be measurable for some geographical areas but not for
all.

Hence, in order to provide a felicitous, quantified, statistical forecast, we do not only require
a felicitous choice of measure, but as well a felicitous choice of measurability.

1. What is the structure of measurability? In other words, what are the aggregates which
we allow to be measured?

2. Can we provide any information about non-measurable aggregates?

3. What is the meta-structure of the structures of measurability? For instance, what are
the structures of measurability which allows more aggregates to be measurable than
a certain reference structure?

In Chapter 8 we – this project has been pursued together with Robert C. Williamson –
provide answers to those questions under the assumption that the measure fulfills some
weak internal consistency called additivity.

Finally, note that forecasts of the Type I2A might not be quantities in a narrow sense.
For instance, they can simply refer to classes, i.e., 1 refers to “rain” and 0 refers to “no
rain”, when doing weather classification. Respectively, they can be probability distributions
which I consider as purely mathematical object and not an abstract measure of likelihood.
The measurability problem is circumvent by assuming that the individual assignment of a
numerical value is without any direct semantical relation, but justified by evaluation.

5.4 Is a Statistical Forecast Warranted? – The Statisticalness Problem

Commonly, statistical inference is about to “predict as yet unobserved random variables
from the same random system that generated the data” [Cox, 2006, page 7]. Accordingly,
a potentially obvious definition, distinct to mine, could be: a forecast is statistical if the
attributes of the individual are random. As randomness is usually taken to be a universal
and absolute concept [Eagle, 2021], the statisticalness of the forecast is then a matter of the
forecasted subject.

But, the ubiquitous use of statistical forecasts in problems from text generation [OpenAI
(2023), 2024] to resource allocation in social problems [Perdomo et al., 2025] induce a
paradoxical question: are the phenomena under consideration random and hence ask for

2https://opendata.dwd.de/climate_environment/CDC/observations_germany/climate/daily/kl/
historical/
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a statistical treatment? For instance, are the GPT-forecasted tokens which are used to
coherently fill in a missing word in a text random [OpenAI (2023), 2024]? Is the drop-out
of a student from a high-school random [Perdomo et al., 2025]?

To clean up the ambiguity and vagueness around the concept “randomness”, let me use
operational and mathematical definitions of randomness. The only such definitions I am
aware of refer to an aggregate, most often sequences (Chapter 7 and Chapter 12). For this
reason, I need to presuppose that there is an aggregate to well-define randomness.

The aggregate is furthermore definitional for statistical forecasts. In my conception, sta-
tisticalness is that there exist a relationship to an aggregate. A numerical utterance about
unobserved attributes of an individual without any reference to an aggregate is not sta-
tistical. By a well-defined, felicitous assumption of randomness, the statisticalness of the
forecast is rationalized. Intuitively, if the aggregate is random, the individual attributes
are uncertain and require a statistical forecast. I will argue that randomness is indeed a
contextual, relative assumption. The assumption is a choice for which we need to answer:

1. What are the limits of what randomness can be?

2. What structure does the space of randomness have?

In Chapter 7, we – the work has been pursued together with Robert C. Williamson – we
provide answers to those questions. We suppose that forecasts are the limiting relative
frequency of a sequence, i.e., a specific instance of a Type A2I forecast. Then, we leverage
a precise mathematical definition of randomness following Von Mises [1919], Von Mises and
Geiringer [1964] to show that the choice of randomness is formed by epistemic, pragmatic
and ethical considerations.

In Section 12.2, I provide a sketch of an argument which Robert C. Williamson and I have
used in an earlier version of Chapter 11. It says that randomness is the dual concept
to predictiveness. In particular, “good” forecasts on certain observations, in the sense of
an evaluation (cf. Section 5.2), is equivalent to random observations with respect to the
forecasts. This way, forecasts of Type I2A are implicitly guaranteeing a felicitous choice of
randomness, as long as the evaluation has been chosen felicitously.

I’m convinced that the statisticalness problem still remains partially unsolved. It is for the
depth and the remaining ambiguity of those questions that I will provide answers only in a
demarcated frame (cf. Section 12.2).
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5.5 Conclusion

Forecast are speech acts. Forecasts do something. A successful speech act is felicitous.
Felicity, however, depends on the context. Thus, for a statistical forecast to be felicitous
requires context-dependent formal choices, such as evaluation metrics, definitions of ag-
gregates, randomness or measurability. The remaining thesis will investigate the space of
felicitous choices brought up by the four problems and consider why it is a choice3, how
the choice is structured, and what the consequences of the choice are. These are three
fundamental questions of relativization (or contextualization). First, the investigations will
start with the premise that the statistical forecast is an (idealized) measurement of an ag-
gregate (Forecast Type A2I). In a second part, the statistical forecast is individualized, but
evaluated on an aggregate (Forecast Type I2A).

3This has partially been answered in this chapter already.
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Part II

Statistical Forecast Felicity:
Aggregate to Individual
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6
The Measurement Resolution

At the beginning of the 20th century Hilbert’s call to mathematically treat the axiomati-
zation of physics provoked the modern development of the theory of probability [Hilbert,
1902, The Sixth Problem]. Hilbert considered probabilities to be part of physics [Gorban,
2018, Section 1.4]. Kolmogorov’s seminal book “Grundbegriffe der Wahrscheinlichkeitsrech-
nung”[Kolmogorov, 1933] can be seen as an offspring of this development. It dominates our
understanding and formal treatment of probabilities until today. Shortly before, von Mises
responded in “Grundlagen der Wahrscheinlichkeitsrechnung” [Von Mises, 1919] in a way
that was perhaps even closer to the problem raised by Hilbert. Von Mises aimed for a phys-
ical theory of probability about mass phenomena. First, an (idealized) quantity, how often
does an event occur, gets measured. Then, the obtained measurement is treated by the cal-
culus of probability. The result is a testable number about a mass phenomenon observable
in the world [Von Mises, 1981, Gillies, 2010]. This physical thinking is still prevalent in some
text books on probability, e.g., [Papoulis, 1965]. From von Mises’ perspective, probability
theory is a theory of measurable mass phenomena. It does not provoke the interpreta-
tion problem of probabilities already mentioned in Section 5.1 to which Kolmogorov’s more
abstract theory, potentially unwillingly and accidentally, contributed.

It is not by accident that my definition for a statistical forecast of the Type A2I reads as:
the numerical value of the statistical forecast is an (idealized) measurement of the size of an
aggregate with respect to the attributes of interest, i.e., how large are the sub-aggregates
which share the attributes of interest. The value of the statistical forecast is the (ideal-
ized) measurement. The meaning of the obtained quantity is created through the felicitous
measurement [Carnap, 1986, page 74]. This is an extreme operationalists’ point of view to
resolve the interpretation problem [Chang, 2021].1 I call this the measurement resolution.

1This extreme position on operationalism would potentially not be endorsed by one of its key figures
Percy W. Bridgman [Bridgman, 1954].
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The measurement resolution leaves central questions open:

1. What is the aggregate?

2. What is the measure of the size of the aggregate?

3. What is the relevance of the idealized measurement of the aggregate to the individual?

Let me first start with a short answer to the latest question before we go deeper into the
first two. I claim that the relevance of the measurement is given through the membership
of the individual to the aggregate which is measured. Hence, the measurement is not a
quantity obtained on the individual2, but a quantity obtained only through the existence
of the individual in the aggregate. Let’s consider a “classical” example in which one counts
the number of penguins which have the flu ϱ(ι) = 1 on an ice floe. The entirety of penguins
on the ice floe is ℧0. Let’s say, one out of 20 have the flu. Now, does the information that
1
20th of the penguins on the floe have the flu tell us anything about Peggy ι ∈ ℧0, who
I meet on the floe? No, that would be an ecological fallacy3. Peggy as well has no 1

20th
fraction of flu. But, Peggy is part of a group in which a penguin has the flu. This, I claim,
makes the measurement relevant for her.4

6.1 The Felicitous Choice of Reference Class

Let’s keep on looking at the penguin colony ℧1 and consider more than the single ice floe.
Taking into account all the neighbouring ice floes in the bay, we count 30 out of 300 penguins
have the flu. When I picked Peggy on the single floe I could have used the 1

20 as a forecast
that she has the flu. Now, for the entire bay, Peggy is part of an aggregate in which 1

10th
of the penguins have the flu. What is the “right” aggregate?

The choice described here is essentially the reference class problem for probabilities [Hájek,
2007]. The reference class problem has been first noted in frequential theories of probability
[Venn, 1876, Reichenbach, 1949]. For those theories, the probability of an event is equal
to the limit of the relative frequency of an event occurring in a sequence, i.e. the limiting
relative frequency (see Equation 6.1). The reference class problem asks: what is the “right”
sequence to consider?

The reference class problem is usually considered a central logical gap in frequential theories
of probability [Hájek, 1996, 2009]. There is no “right” reference class which assigns the

2There are philosophical positions which actually refer to the quantity as a quantity of the individual, a
“single case probability” [Fetzer, 1979] or “individual risk” [Dawid, 2017].

3This emptiness of aggregate statements for individuals seemed to motivate Clark Glymour to call prob-
abilities “The Science of Nothing” [Glymour, 2001].

4In the words of Dawid [2017], a forecast of the Type A2I is analogous to a “groupist” understanding of
probability.
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“true” probability to a singular event, i.e., a single case probability [Fetzer, 1979]. However,
subsequently Hájek [2007] argued that the reference class problem applies in a related
fashion to other (objectivist) interpretations of probability as well.

Our felicity glasses allow us to re-frame the reference class problem. I suggest to depart
from finding the “right” reference class, as if we could find the “true” probability of an
event in the right sequence. Instead, I would like to ask for a “felicitous” reference class.
What is the reference class which serves the purpose and aim of the forecast? The choice
might be informed by limited access to certain aggregates, justifications of relevance of other
aggregates and stability of the estimate.

The contextualized approached to the reference class choice is actually not just hypotheti-
cal. The German weather service (DWD) declares that the chance of rain forecasts are to
understood as “that in [n] out of [m] days for a forecasted weather situation it has rained
at the specified place” (n and m added, own translation from [Deutscher Wetterdienst]).
Hence, the reference class is chosen to be the set of days on which the same weather sit-
uation, according to some definition, has been forecasted. BBC weather states that “that
out of [m] situations with similar weather, it should rain on [n] of those, and not rain on
[m − n]” (n and m added, [BBC]). The reference class is defined by the set of days with
similar weather, and not forecasted weather. There is no “right” choice of reference class
for the forecast, but both can be felicitous.5

A valuable project for future research would be to further structure the choice of reference
class. By which conditions can a reference class be defined? What are the quantifiable
consequences of the choice?

Finally, note that the aggregate might be an idealization. For instance, if the forecast is
the limiting relative frequency, the aggregate itself is a countably infinite sequence. We
cannot observe this infinite sequence. But, like von Mises, we can consider the sequence
as an idealization of individual attributes – one of which pertains to the individual we are
forecasting about.

6.2 No Measure In, No Measure Out

When the aggregate is chosen, then how do we measure the size of the sub-aggregates which
share the attributes of interest, i.e., {ι ∈ ℧ : ϱ(ι) = ℘}? A simple and practical measure is
relative counting. Given the aggregate we count the number of individuals which share the
attribute of interest which we are interested in and divide by the size of the entirety of the

5I assume in this argument that the German weather service and BBC weather actually provide their
forecasts in the way described. I cannot check wether this is the case. Actually, it seems more likely that the
agencies do some model averaging and ensembling as described more in detail by Meteo Swiss [MeteoSwiss].
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aggregate. The number is used to forecast the attribute of an individual. That is what I
did for the penguin example before.

Note that the normalization of the measure is not crucial for a statistical forecast. I consider
a forecast “1” which states the number of penguins with flu on the ice floe as well as a
statistical forecast. Providing the forecast “1” about Peggy, would here simply refer to: she
is part of an aggregate of penguins in which one penguin has the flu.

Furthermore, the aggregate might be idealized and hence larger than countable. For in-
stance, limiting relative frequencies are measures of an idealized aggregate. Let ℧ = N be
an idealized aggregate and ϱ(ι) ∈ {0, 1} be a binary attribute for all ι ∈ ℧. Every ι ∈ ℧
can be interpreted as an individual penguin. The value ϱ(ι) is the attribute whether the
penguin has the flu or not. Hence, the sequence (ϱ(ι))ι∈℧ is an idealized aggregate of the
penguins in and around the bay. The limiting relative frequency, if it exists, is defined as,

lim
n→∞

|{ι ∈ ℧ : ϱ(ι) = 1, 1 ≤ ι ≤ n}|
n

. (6.1)

Hence, by definition the obtained number is the relative count of sick penguins, taken to
infinity. The size of the idealized aggregate of penguins which share the attribute “flu” is
the limiting relative frequency. This example is interesting for at least three reasons.

(a) The frequential theory of probability by von Mises is based upon this idealized mea-
surement. It is the starting point for the investigations on the statisticalness problem
in Chapter 7.

(b) The choice of measure directly imposes a certain internal consistency to the forecasts.
In particular, the measure is finitely additive, i.e., given a finite amount of disjoint out-
comes, e.g., “penguin flu”, “penguin vaccinated”, “penguin healthy, not vaccinated”,
we can add up the measurements to get the joint size [Von Mises, 1919, Schurz and
Leitgeb, 2008].6

(c) Furthermore, it turns out that the not every attribute pattern on the aggregate allows
for measurement. For instance, the following sequence 0100110000111100000000 . . .

(exponential growth of 0 and 1 segments), does not, as one can show, have a limiting
relative frequency [Fröhlich et al., 2023]. Hence, a sequence of penguins for which the
flu is distributed according to this sequence cannot get an idealized measurement in
this specific sense. We observe an instance of the measurability problem (Section 5.3,
see details in Chapter 8).

6The measure is not countably additive though. That is, for a countable set of disjoint attributes, the
measures do not add up. The counterexample is readily is explained. Consider the outcomes “being penguin
i” for all i ∈ N. This outcome is individualized for every penguin in the series. The relative size, i.e., the
limiting relative frequency, of each of those outcomes within the aggregate is 0. But, the joint outcome,
“being penguin” has clearly limiting relative frequency 1, which is not equal to the countable sum of 0s.
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In fact, standard probability distributions following Kolmogorov’s axiomatization can as
well be understood as idealized measurement.7 The aggregate defined by Kolmogorov is
the set ℧, an idealized penguin colony. Every ι ∈ ℧ refers to an individual penguin. A
(measurable) subset A ⊆ ℧ is equivalent to a subset of the penguin colony having the flu.
The probability of A defines the idealized measurement of the aggregate, in this case the
relative size of how many penguin have the flu in the aggregate. In total, Kolmogorov
requires to choose a probability space (℧,Σ, µ), where Σ is a σ-algebra and µ a probability
distribution. Hence, internal consistency and measurability are imposed choices by the
theory. In addition, there is the requirement to choose a probability measure.

How did we circumvent this basic choice of measure for limiting relative frequencies and
counting? We did not. First, counting is a particular measure which considers individuals as
“units”. Second, limiting relative frequency is simply one choice of extending the counting
measure to countable aggregates [Schurz and Leitgeb, 2008]. A closer look on the definition
of limiting relative frequency shows that for a fixed n one is simply counting the relative
amount of ϱ(ι) = 1 among the first n entries of the sequence. This number is then taken
to infinity. Instead, it would have been possible to mix the sequence first and then do the
relative counting on an ever increasing prefix. This would have result in a different measure.
No measure in, no measure out. There is a choice of measure.

6.3 The Felicitous Choice of Measure

The choice of measure is part of the felicity conditions. For instance, relative counts on finite
aggregates put equal weight on the contribution of an individual to the size of the aggregate.
A rain forecast which is based on the historical record of days on which a similar weather
situation has been forecasted and it rained, can potentially be adjusted by reweighting the
days depending on how similar the forecasted weather situation was. Which reweighting,
i.e., measure, is more appropriate depends on the circumstances. The felicity of the forecasts
depends on a felicitous choice of measure.

6.4 How to Practically Measure?

There remains a practical question: how is it possible to count individuals sharing attributes
on an aggregate, where the aggregate contains the relevant individual, without knowing the
individual’s attribute? If the attribute is known, then by definition there is no forecasting.
There are at least three options.

7This perspective is relatively unusual. More often, probability spaces following Kolmogorov are used as
abstract source of randomness (Chapter 7). An exception being [Dawid, 1985b, page 111].
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(a) In certain situations it is possible to measure the size of an aggregate which shares an
attribute without knowing the exact correspondence of attributes to individuals. For
instance, when the flu causes penguin to produce differently colored excrement, then
we can measure the amount of differently colored excrement on the ice floe when all
penguins are fishing under water. Such a situation essentially makes the penguins on
the ice-floe exchangeable. This scenario is not entirely made up. Waste water analysis
for drug use is a comparable type of counting [Van Wel et al., 2016].

(b) Commonly, Type A2I forecasts are rationalized by the inductive assumption that an
(idealized) measurement of an aggregate applies to an individual. I suggest to split
the inductive assumption in two steps. (a) It is assumed that the individual about
which the forecasts is uttered is part of an aggregate which has partially been observed
already. (b) It is assumed that the individual would not change the measurement.
Hence, this allows to make a measurement of the occurrence of an attribute relevant to
an individual whose attribute is unknown. For instance, the German weather service
forecasts the chance of rain by taking the relative count of days on which it rained
among the days with similar forecasted weather conditions [Deutscher Wetterdienst].
Then, it is assumed that the measurement applies to the next day. To justify the
inductive step it is common to fall back to idealized aggregates and measures, such as
sequences and limiting relative frequencies, as it is clear that a single individual only
marginally contributes to the obtained measure.

(c) The measurement can simply be considered hypothetical. In this scenario, the fore-
caster has to felicitously justify the hypothetical measurement.

Conclusion The measurement resolution responds to the interpretation problem. The
cost for the resolution is paid by the burden to make a felicitous choices of a reference class
and measure. Furthermore, the construction of Type A2I forecasts can render its evaluation
unnecessary. The felicitous choice of measurement essentially implies the assumption of the
“goodness” of the forecast (cf. Chapter 9).

In the following two chapters, I will turn to the subtle problem of measurability and the
use of a statistical forecasts of Type A2I. In particular, I will takes us on a more detailed
journey through von Mises theory of probability in the following, with which this chapter
started.
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7
Fairness and Randomness in Machine Learning:

Statistical Independence and Relativization

Author Contributions

Robert C. Williamson (RW) approached Rabanus Derr (RD) with the idea of linking fairness
in machine learning to randomness as formalized by Richard von Mises. RW supervised
and steered this project. Rabanus Derr wrote the majority of the paper, while RW took
over the internal reviewing and editing.

Note that different to the original, published work in the New England Journal of Statistics
in Data Science, I used the spelling “von Mises” with a lowercase “v” unless the name
appears at the beginning of the sentence.
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The Personal Note

On a sunny day, it must have been some time around May 2021, I met Bob for the first time
in person. A part from, “Oh, he is taller than I expected.” – thanks to his Zoom-camera
usually pointing right downwards to his chair – I remember that we essentially talked –
or better said, I listened – about some Austrian physicist. This physicist named Richard
von Mises, who lived and worked at the beginning of the last century, developed a theory
of probabilities, but in a different way than I was used to. The atoms of this theory were
sequences. Surprisingly, via some relative counting taking to the infinite the intuitive rules
of calculus of probabilities re-appeared from “nothing”. Further, Bob argued that von Mises
theory is tightly related to fairness in machine learning and randomness.

In the months before I started my PhD with Bob, I cycled through Scandinavia. In the
Norwegian landscapes, “randomness” echoed through my mind without hitting borders and
fading in the void. There was a “need” to fill the space.

Back in October, my first task was to translate a piece called “Die Widerspruchsfreiheit
des Kollektivbegriffs” [Wald, 1937] which essentially showed that the theory of Richard von
Mises was consistent. I never did the full translation and just jumped from one reading to
the next.

Before, I used to think probability theory was an extremely beautiful mathematical branch,
very profound and rich, right on the fine line of being practical enough to motivate and
theoretical enough to interest me. I have not anticipated the sea of meanings, concepts,
and theories which lay hidden there, beyond the superficial glimpse I had previously gained.

Rather early, the main take of the work, “randomness is fairness”, seemed clear to me. I
was more sure about its truth, than I had good arguments for it. The details were messy,
the text unpolished, the overall picture not well-structured and coherent. It took a lot of
iterations until the work got in the shape it is now. It made me learn to write a paper.
It was not always fun. It got me emotionally detached from the work. It got published
without getting helpful reviews. It got the first bit of my thesis.

Still, I think that this work contains some of the parts that I understand least within my
thesis. It includes parts where I fail to even formulate reasonable questions.

Summary: Fairness and Randomness in Machine Learning

Motivation Machine learning is used in society. Its uses has created and amplified
problems with societal dimensions, such as manipulation, privacy, fairness. One of those
problem topics grew into the field of “Fair Machine Learning” [Barocas et al., 2023].
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Its community came up with mathematical criteria of fairness in order to constrain algo-
rithms to fulfill them and check forecasts to be fair or not. The debate mainly revolved and
revolves around how to implement the fairness definitions and which fairness definitions are
the “right” one to use, their mutual incompatabilities, and their trade-offs. Little attention
is paid to the fact that three major types of fairness criteria, Independence, Sufficiency and
Separation, are built upon statistical independence and require some kind of grouping.

For instance, Independence demands that the probability of assigning a certain forecast to
an individual is statistically independent to the membership of the individual in a certain
sensitive group1 [Calders and Verwer, 2010, Kamishima et al., 2012, Dwork et al., 2012].

It is far from obvious what the options to group and their consequences are [Hu and Kohler-
Hausmann, 2020, Doh et al., 2025]. Similarly, it is unclear what statistical independence
means when referring exclusively to a mathematical definition.

Contributions In this work, we contribute to the these less treated, but central ques-
tions. The main tool we use is a mathematical theory of probability introduced by Richard
von Mises. He defines probabilities as limiting relative frequencies [Von Mises, 1919, Von Mises
and Geiringer, 1964, Von Mises, 1981]. We argue that statistical independence “as is”, which
refers solely to a mathematical definition based on Kolmogorov’s classical probability the-
ory, is insufficient to semantically underpin definitions of fairness. However, von Mises’
frequential theory offers one possible interpretation.

This perspective further implies that fairness understood as one of the criteria, Indepen-
dence, Separation or Sufficiency, and randomness, as defined by von Mises, become equiva-
lent. Different to Kolmogorov [1933], von Mises directly incorporated randomness via some
independence criterion in his theory. Probabilities, for him, only exist for random mass
phenomena. The equivalence implies that the set of groups for which predictions or actions
are fair is equivalent to the set of groups to which they are random and vice-versa, hence
showing a consequence of a certain grouping. Furthermore, the context-dependence and
contestedness of fairness undermines the often-claimed universality of randomness.

This work was carried out before I began to frame my thesis based on forecast felicity. For
this reason, the used terms and symbols in the subsequent sections differ from the ones used
before. I summarize the key concepts and their “translations” in Table 7.1.

Tools and Sketch of Arguments Von Mises describes mass phenomena, which are
the subjects of his probability theory, by sequences. For instance, let (xi)i∈N be the sequence
of 0s and 1s which corresponds to the days on which it rained (1) or not rained (0) , i.e.,with

1The literature on fair machine learning often refers to “sensitive groups”, which are socially salient
groups defined for protection. Standard examples are race, gender or age.
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Unified Notation & Terminology Chapter 7
statistical forecast prediction
individual, ι element, individual, i ∈ N
aggregate, ℧ sequence, N
attribute, ϱ(ι) = ℘ outcome, x(i) = xi ∈ {0, 1}

measurement limiting relative frequency
“probability” if (xi)i∈N is collective

Table 7.1: Translation table – Fairness and Randomness in Machine Learning: Statistical
Independence and Relativization

xi ∈ {0, 1} for all i ∈ N. The probability of rain on those days of the sequences is the limiting
relative frequency of 1s, if it exists,

lim
n→∞

|{i ∈ N : x(i) = 1, 1 ≤ i ≤ n}|
n

,

and if the following crucial additional assumption holds: for a (at most countable) set of
selection rules S the limiting relative frequency does not change when the outcomes are
subselected by a selection rule. A selection rule is a sequence (sj)j∈N ∈ S with sj ∈ {0, 1}
for all j ∈ N and sj = 1 for infinitely many j ∈ N. The subselection condition is formalized
by, for every s ∈ S,

lim
n→∞

|{i ∈ N : x(i) = 1 and s(i) = 1, 1 ≤ i ≤ n}|
|{j ∈ N : s(j) = 1, 1 ≤ j ≤ n}|

= lim
n→∞

|{i ∈ N : x(i) = 1, 1 ≤ i ≤ n}|
n

.

Von Mises calls a sequence which has invariant limiting relative frequencies under a set of
selection rules S collective (Definition 7.2). The collective is random with respect to S.

Kolmogorov defines that two events are independent if their joint probability factorizes to
the individual probabilities, roughly denoted P (A∩B) = P (A)P (B). In contrast, von Mises
defines statistical independence between collectives and uses subselection again. Collective
x is independent of collective y if the collective x has invariant limiting relative frequencies
under the subselection defined by the collective y which can be treated as subselection
rule as long as its limiting relative frequency is greater than 0. Hence, randomness is
defined by statistical independence from subselection rules, and statistical independence is
an interpretable concept defined between collectives.

We suggest to re-interpret definitions of fairness with von Mises statistical independence.
That is, for instance, a sequence of binary predictions is fair with respect to a sensitive group,
if the prediction is independent of the sensitive group belonging (Definition 7.4). The von
Misesean reading would be, a collective of binary predictions is fair with respect to a sensitive
group if the relative limiting frequency of predictions subselected by group membership
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remains unchanged with respect to the relative limiting frequency of all predictions. In
other words, the frequency of prediction “1” is f on all individuals for which a prediction
has been given, and it is f on all individuals belonging to the sensitive group.

With this background it is rather immediate that fairness can be equated to randomness
through von Mises theory. A collective is not only random with respect to the subselection
rules, it is statistically independent to each selection rule. Hence, it is fair with respect to
the subselection rules (Proposition 7.5).

The summarized implications are that demanding fairness is randomization and randomness
is an ethical choice. In particular, there is no absolute and universal choice of randomness,
because otherwise there would be an absolute and universal choice of groups against which
to be fair. Nor is there perfect randomness, i.e., a collective which is random with respect
to all subselection rules. Such a sequence necessarily is almost constant, with only finitely
many exceptions of deviation. Even though, the investigation of fairness in machine learning
motivated this work, the consequences mainly touch our understanding of randomness.

Relation to Forecast Felicity The felicity condition I would like to understand
better through this work is not that the forecast is felicitous if it is fair. Instead, I would
like to shed light on the relationship of forecast felicity and randomness. This paper guides
towards some answer of the fourth problem, the statisticalness problem (Section 5.4).

Whenever the subject of the forecast is understood as a mass phenomenon, von Mises’
formalization is appropriate as a model. A collective describes the forecasted attributes.
Importantly, the collective as model implies the forecast to be of Type A2I.

The collective is an idealized aggregate of which the individual subject of the forecast is a
part. The relative limiting frequency is a measurement. Exemplarily, the forecast “Chance
of rain today: 60%” would be the result of the idealized measurement that today is part of
an infinite sequence of days ω ∈ Ω = N, where the limiting relative frequency of days on
which it rained, i.e., x(ω) = 0 for day ω ∈ N, is 0.6.

By definition a forecast of Type A2I is statistical. Furthermore, the forecast’s felicity de-
pends on the adequateness of the collective as formal description.

Central to the formal description is the definition of randomness. What forms the a felicitous
definition of randomness, i.e., the set of selection rules?

Epistemic Considerations Which subselections do we know to (not) change the limiting
relative frequency. For instance, the week days do not change the relative frequency
of days with rain, but the temperature of the nearby ocean being above 10◦C does.
Thus, it is easy to justify that Wednesdays are ignorable for a weather forecast. Is
might be harder to justify that ocean temperature above 10◦C is ignorable.
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Pragmatic Considerations Which subselections do we practically obtain and they do
(not) change the limiting relative frequency. For instance, we might deliberately
ignore and not measure whether the temperature of the ocean is larger than 10◦C,
even though this might be a selection rule which changes the relative frequency of
rainy days. For a coastal wind farmer such a choice could render the forecast useless,
for a banker in Hamburg who checks whether she should bring her umbrella to the
office it might not matter.

Ethical Considerations Our argument laid out in this work, adds a further aspect, the
ethical consideration. For instance, the subselection by race should not lead to chang-
ing limiting relative frequencies when the days are replaced by persons and “rain/no-
rain” is replaced by “pays back loan/does not pay back loan”. The forecast is ethically
inquired to make no difference, in terms of the limiting relative frequency, between
races.

Hence, the choice of randomness to adequately model the mass phenomenon has to be
relative to the context at hand. Randomness is a deliberate assumption of ignorance. The
choice has to be felicitous with respect to the act and context of the forecast derived from
the formal model.

Furthermore, the definition of randomness via a set of selection rules highlights at least
three further aspects:

i) “Perfect” randomness is uninteresting. The sequences which have no changing lim-
iting relative frequency with respect to all selection rules are (up to finitely many
exceptions) constant.

ii) Randomness can be almost trivial. If the set of selection rules S is empty, then every
sequence with converging limiting relative frequency is random.

iii) The set of selection rules S forms a pre-Dynkin system. Since a selection rule is a
binary sequence, it can equivalently be expressed as a subset of the natural numbers
A ⊆ N. The set of selection rules, i.e., every selection rule is a set, is closed under
complement and disjoint union. To illustrate, given two disjoint selection rules, e.g.,
Wednesdays and Thursdays in the above example, and both do not change the limiting
relative frequency. Then, the selection rule “Wednesdays or Thursdays” does not
change the limiting relative frequency. Hence, the space of von Mises’ randomness
definitions is the set of pre-Dynkin systems.
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Abstract

Fair Machine Learning endeavors to prevent unfairness arising in the context of machine
learning applications embedded in society. To this end, several mathematical fairness no-
tions have been proposed. The most known and used notions turn out to be expressed
in terms of statistical independence, which is taken to be a primitive and unambiguous
notion. However, two choices remain (and are largely unexamined to date): what exactly
is the meaning of statistical independence and what are the groups to which we ought to
be fair? We answer both questions by leveraging Richard von Mises’ theory of probability,
which starts with data, and then builds the machinery of probability from the ground up. In
particular, his theory places a relative definition of randomness as statistical independence
at the center of statistical modelling. Much in contrast to the classically used, absolute
i.i.d.-randomness, which turns out to be “orthogonal” to his conception. We show how
von Mises’ frequential modeling approach fits well to the problem of fair machine learning
and show how his theory (suitably interpreted) demonstrates the equivalence between the
contestability of the choice of groups in the fairness criterion and the contestability of the
choice of relative randomness. We thus conclude that the problem of being fair in machine
learning is precisely as hard as the problem of defining what is meant by being random. In
both cases there is a consequential choice, yet there is no universal “right” choice possible.
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7.1 Introduction

Under the name “Fair Machine Learning” researchers have attempted to tackle problems
of injustice, fairness, discrimination arising in the context of machine learning applications
embedded in society [Barocas et al., 2023]. Despite the variety of definitions of fairness and
proposed “fair algorithms,” we still lack a conceptual understanding of fairness in machine
learning [Passi and Barocas, 2019, Scantamburlo, 2021]. What does it mean for predictions
to be fair? How does the statistical frame influence fairness? Is there fair data and what
would it look like? For instance more concretely, how does a population of individuals and
their corresponding predictions look like if a provided definition of fairness is fulfilled?

We focus on a collection of widely used fairness notions which are based on statistical
independence e.g., [Calders and Verwer, 2010, Hardt et al., 2016, Chouldechova, 2017], but
examine them from a new perspective. Surprisingly, debates concerning these notions have
not questioned the role and meaning of statistical independence upon which they are based.
As we shall argue, statistical independence is far from being a mathematical concept linked
to one unique interpretation (see §7.4.2). This paper, in contrast to much of the literature
on fairness in machine learning, e.g., [Calders and Verwer, 2010, Dwork et al., 2012, Hardt
et al., 2016, Chouldechova, 2017], investigates what many definitions of fairness take for
granted: a well-defined and meaningful notion of statistical independence.

Another, less popular, strand of research investigates the role of randomness in machine
learning [Steinwart et al., 2009]. The standard randomness notion, independently and often
identically distributed data points, suffers the longstanding critique of being inadequate
(cf. [Shafer, 2007]). Again, statistical independence lies at the foundation of this, hitherto
unrelated to fairness, concept. (We will justify below our use of “randomness” as used here.)

At the core of both our observations is the unreflective use of a convenient mathematical
theory of probability. Kolmogorov’s axiomatization of probability theory, developed 1933 in
his book [Kolmogorov, 1933] (translated in [Kolmogorov, 1956]), dominates most research
in machine learning. As Kolmogorov explicitly stated, his theory was designed as a purely
axiomatic, mathematical theory detached from meaning and interpretation. In particular,
Kolmogorov’s statistical independence lacks such reference. However, the modeling nature
of machine learning and the arising ethical complications within machine learning applied
in society ask for semantics of probabilistic notions.

In this work, we focus on statistical independence. We leverage a theory of probability
axiomatized by von Mises [Von Mises and Geiringer, 1964] in order to obtain meaningful
access to probabilistic notions. (In leaning on von Mises we are directly following the ex-
plicit advice of Kolmogorov [1956, page 3, footnote 4].) This theory construes probability
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theory as “scientific”2 (as opposed to purely mathematical) with the aim to describe the
world and provide interpretations and verifiability [Von Mises and Geiringer, 1964, pages 1
and 14]. Von Mises’ theory of probability provides a mathematical definition of statistical
independence which describes statistical phenomena observable in the world. In particu-
lar, von Mises’ statistical independence is mathematically, but not conceptually, related to
Kolmogorov’s definition.

In this paper, we, to the best of our knowledge, are the first to apply von Mises’ randomness
to machine learning and to interpret randomness in machine learning in a von Mises’ way.
The paper is structured as follows:

In Section 7.2, we outline our statistical perspective on machine learning. We present the
“independent and identically distributed”-assumption (i.i.d.-assumption) as one commonly
used choice for modeling randomness. The further occurrence of statistical independence
as fundamental ingredient of fairness notions in machine learning (§7.3) pushes us to the
question: “How to interpret statistical independence in (fair) machine learning?” Remark-
ably, “Independence” governs many discussions around fairness in machine learning without
getting to a concrete meaning of this term. Its deeper semantics remain untouched even
in the considerably exhaustive book by Barocas et al. [Barocas et al., 2023, Chapter 3, p.
13].

We first dissect Kolmogorov’s widely used definition of statistical independence in Sec-
tion 7.4 before we propose another mathematical notion following von Mises. Von Mises
uses his notion of independence in order to define randomness. We contrast his definition
and the i.i.d.-assumption in Section 7.5. This reveals a general typification of mathematical
definitions of randomness which most importantly differ in the absoluteness respectively
relativity to the problem under consideration (§7.5.2).

Finally, we leverage von Mises’ definition of statistical independence to redefine three fair-
ness notions from machine learning (§7.6). Against the background of von Mises’ probabil-
ity theory, we then link randomness and fairness both expressed as statistical independence
(§7.7). Thereby, we reveal an unexpected hypothesis: randomness and fairness can be con-
sidered equivalent concepts in machine learning. Randomness becomes a relative, even an
ethical choice. Fairness, however, turns out to be a modeling assumption about the data
used in the machine learning system.

Due to the frequent use of the word “independence” with different meanings in this paper,
we differentiate. By “independence” we mean an abstract concept of unrelatedness and
non-influence [Simpson and Weine, 1989]. We use it interchangeably with “statistical in-

2We further use the term “scientific” in order to describe a theory modeling a phenomenon in the world
providing interpretations and verifiability in the sense of von Mises (spelled out more concretely in Sec-
tion 7.4.3). Any more detailed discussion, e.g., along the lines of Popper [2010], is out of the scope of this
paper.
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dependence” which emphasizes the probabilistic and statistical context. When referring to
the later introduced, formal definitions of statistical independence following Kolmogorov or
von Mises we explicitly state this. Finally, we assign “Independence” (capital “I”) to one
of the fairness criteria in machine learning which demands for statistical independence of
predictions and sensitive attribute [Barocas et al., 2023, Räz, 2021]. Despite the abstract ap-
pearance of this work, we consider it as part of the project to make the very abstract notion
of “independence” or “statistical independence” at least a bit more concrete — specifically,
we describe independence in terms of samples, not abstractions such as countably additive
probability measures. We ask (and try to assist) the reader to become aware of the implicit
assumptions taken about the concept of “independence”.

7.2 A Statistical Perspective on Machine Learning

Machine Learning ingests data and provides decisions or inferences. In this sense, at its core,
it is statistics3. Adopting this perspective, we understand machine learning as “modeling
data generative processes”. Statistics, respectively machine learning, asks for properties of
data generating processes given a collection of data [Wasserman, 2004, p. ix] [Bandyopad-
hyay and Forster, 2011, p. 1].

We assume that a data generative process occurs somehow in the world. We are confronted
with a collection of numbers, the data, produced by the process and acquired by measure-
ment. A “model” is a mathematical description of such a data generating process. This
description should allow us to make predictions in an algorithmic fashion. Thus, we require,
inter alia, a mathematical description of data — “a model for data collection” [Casella and
Berger, 2002, p. 207]. What is arguably the standard model of data is stated in [Devroye
et al., 1996, p. 11]:

We shall assume in this book that (X1, Y1), ..., (Xn, Yn), the data, is a sequence
of independent identically distributed (i.i.d.) random pairs with the same dis-
tribution[…].

Similar definitions can be found in many machine learning or statistics textbooks (e.g.,
[Casella and Berger, 2002, Def. 5.1.1]). Data (measurements from the world) is conceived
of (mathematically) as a collection of random variables which share the same distribution
and which are (statistically) independent to each other. Implicit in this definition is that
the data indeed has a stable distribution. The assumed independence can be interpreted

3Machine learning could be viewed as classical statistics with a stronger focus on algorithmic realizations
(cf. [Shalev-Shwartz and Ben-David, 2014, p. 6] or [Lafferty and Wasserman, 2006]). While there are ML
approaches that do not seem statistical in the classical sense (e.g., worst case online sequence prediction),
our general description still holds.
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as presumption of randomness of the data. Each data point was “drawn independently”4

from all others, with the obvious interpretation that each data point does not give a hint
about the value of any other.

The i.i.d. assumption is two-fold: 1) the assumption of identical distributions of a sample,
and 2) the mutual independence of points in the sample. The second assumption alone
captures and pertains to randomness [Humphreys, 1977, Section 3]. However, since the use
of i.i.d. is more common, we refer to this more specific assumption.

Even though many results in statistics and machine learning rely on the i.i.d. assumption
(e.g., law of large numbers and central limit theorem in statistics [Casella and Berger, 2002],
generalization bounds in statistical learning theory [Shalev-Shwartz and Ben-David, 2014]
and computationally feasible expressions in probabilistic machine learning [Devroye et al.,
1996]), it has always been subject of fundamental critique5. Other randomness definitions
are rarely applied, but exceptions exist [Vovk, 1993, Tadaki, 2014].

In summary, statistical conclusions often rely on the i.i.d.-description of data. This de-
scription embraces a model of randomness making randomness a substantial assumption
about the data in statistics and machine learning. Interestingly, statistical independence
lies at the foundation of another, hitherto unrelated, concept: many fairness criteria in fair
machine learning are expressed in terms of statistical independence.

7.3 Fair Machine Learning Relies on Statistical Independence

With the broad use of machine learning algorithms in many socially relevant domains, e.g.,
recidivism risk prediction or algorithmic hiring, machine learning algorithms turned out
to be part of discriminatory practices [Chouldechova, 2017, Raghavan et al., 2020]. These
revelations were accompanied by the rise of an entire research field, called “fair machine
learning” (cf. [Calders and Verwer, 2010, Chouldechova, 2017, Barocas et al., 2023]). We
do not attempt to summarize this large literature here. Instead, we simply take a snapshot
of the most widely known fairness criteria in machine learning [Barocas et al., 2023, p. 45].

4Observe that as a mathematical theory of data this already leaves a lot to be desired: you will not
find in any text a precise and constructive explanation of this process of “drawn independently”. To be
sure, the notion of “statistical independence” is well defined (see further below), as is a collection of random
variables. But not the mysterious process of “drawing from”. The closest we can come to such a description
of mechanism is the indirect abstract version: the data are created (by the world) in a manner that the
(mathematical theorem) of the law of large numbers holds, and that their empirical distribution converges
to the distribution which was given in the first place.

5Nicely summarized by Glenn Shafer in a comment on [Gammerman and Vovk, 2007] “The i.i.d. case has
also been central to statistics ever since Jacob Bernoulli proved the law of large numbers at the end of the
17th century, but its inadequacy was always obvious.” [Shafer, 2007].

46



7.3.1 Three Fairness Criteria in Machine Learning

The three so called observational fairness criteria, which are expressed in terms of statistical
independence, encompass a large part of fair machine learning literature: 6

Independence demands that the predictions Ŷ are statistically independent of group
membership S in socially salient, morally relevant groups [Calders and Verwer, 2010,
Kamishima et al., 2012, Dwork et al., 2012].

Separation is formalized as Ŷ ⊥ S|Y , i.e., the prediction Ŷ is conditionally independent
of the sensitive attribute S given the true label Y [Hardt et al., 2016].

Sufficiency is fullfilled if and only if Y ⊥ S|Ŷ [Kleinberg et al., 2017].

For the sake of distinguishing between the fairness criteria “Independence” and statistical
independence, we henceforth mark all fairness criteria by a leading capital letter. Each of
the notions appear in a variety of ways and under different names [Barocas et al., 2023,
p. 45ff]. From the perspective of ethics, the fairness criteria have been substantiated via
loss egalitarianism [Binns, 2018, Williamson and Menon, 2019], absence of discrimination
[Binns, 2018], affirmative action [Biddle, 2006, Räz, 2021] or equality of opportunity [Hardt
et al., 2016].

Certainly, statistical independence is not equivalent to fairness in general (a constellation
of concepts sharing a common name, and perhaps little else agreed by all) [Dwork et al.,
2012, Hardt et al., 2016, Räz, 2021]. The nature of fairness has been discussed for decades,
e.g., in political philosophy [Rawls, 1971], moral philosophy [Lippert-Rasmussen, 2006] and
actuarial science [Abraham, 1985]. The “essentially contested” nature of fairness suggests
that no universal, statistical criterion of fairness exists [Gallie, 1955]. How fairness should
be defined is a context-specific decision [Scantamburlo, 2021, Hertweck et al., 2021].

Nevertheless, in order to incorporate fairness notions into algorithmic tools we require math-
ematical formalisations of fairness definitions. The three named criteria dominate most of
the practical fair machine learning tools [Barocas et al., 2023, p. 45], presumably because
their simple definitions make it easy to incorporate them in learning procedures in a pre-,
in- or post-processing way [Barocas et al., 2023, Chapter 3, p. 20]. Regarding both the
reductionist definition of fairness and the pragmatic justification, we emphasize that our
argumentation is solely with respect to the fairness criteria named above.

The three fairness criteria are described as group fairness notions since each of the definitions
is intrinsically relativized with respect to sensitive groups. The definition of sensitive groups

6Obviously, there are other fairness notions in machine learning which we have not listed above and which
are not expressed as statistical independence, e.g., [Dwork et al., 2012, Kilbertus et al., 2017, Williamson
and Menon, 2019].

47



substantially influences the notion of fairness. For instance, via custom categorization one
can provide fairness by group-design (see [Menon and Williamson, 2018, Section H.3] for
a detailed discussion of the question of choice of groups). In addition, the meaning of
groups in a societal context influences the choice of groups as elaborated in [Hu and Kohler-
Hausmann, 2020], and as explored in a long line of work in social psychology [Campbell,
1958, Tajfel, 1974, Hogg and Abrams, 1998, McGarty, 1999, Castano et al., 2002]. We
contribute to the debate by drawing a connection between the choice of groups and the
choice of randomness in §7.7.1.

7.3.2 Independence in mathematics and the world

Behind the formalization of fairness as statistical independence, there is an apparently
rigid, mathematical definition of statistical independence. The fairness criteria presume
that we have the machinery of probability theory at our disposal and the relationship of
mathematics and the world is clear and unambiguous. However, as we elaborate further in
the following, there is no single notion of “the” mathematical theory of probability [Fine,
1973]. Furthermore, it is not clear what it means to be statistically independent when
talking of measurements in the world. Respectively, it is not obvious that the standard
formulation of statistical independence is the right one to use.

The current definitions of fairness in machine learning fail and even hurt in practice, be-
cause debates on fairness notions take for granted a commonly agreed meaning of statistical
independence. This common ground fatally does not exist given just the standard prob-
ability theory. Hence, given a specified scenario, e.g., hiring algorithm for public service
in Kenya, fair machine learning research should enable founded debates on the meaning
and purposefulness of deploying a specific notion of fairness, in particular those which re-
quire independence statements because their are algorithmically attractive. If the debate
in Kenya would rely on everybody’s - who are involved in the deployment process - intu-
itive understanding of statistical independence, it would result in a fatal misalignment of
reasonings.

We perceive this work as part of the project to emphasize the substantive character formal
notions of fairness should have. In other words, fairness is a societal and ethical concept
that does not allow for the separation of machine learning as technical tool on one side
and the idea of fairness in society on the other side. Debates on fairness have to consider
machine learning in society.

Hence, if we desire statistical independence to capture a fairness notion applicable to the
world, we ought to understand what the mathematical formulae signify in the world. Thus,
in addition to the debate about the fairness criteria, a debate on the interpretation of
statistical concepts in ethical context is required.
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In this work, we contribute to the understanding by scrutinizing the standard definition
of statistical independence. Motivated by the occurrence of statistical independence as
fundamental ingredient in randomness as well as fairness in machine learning, we first
detail the standard account due to Kolmogorov. What is statistical independence? How
does statistical independence relate to an independence in the world?

7.4 Statistical Independence Revisited

To make any sense of phenomena in our world, we need to ignore large parts of it in order to
avoid being overwhelmed. Hence, we usually assume or presume the phenomena of interest
depends only on a few factors and to be independent of everything else [Naylor, 1981].
Thus the concept of independence is inherent in a variety of subjects ranging from causal
reasoning [Spohn, 1980], to logic [Grädel and Väänänen, 2013], accounting [Cook, 2020],
public law [Murchison, 1992] and many more. Independence, as we understand it, grasps
the concept of incapability of an entity to be expressed, derived or deduced by something
else [Simpson and Weine, 1989].

7.4.1 From Independence to Statistical Independence

Of special interest to us is the concept of independence in probability theories and statistics
[Levin, 1980][Fine, 1973, Section IIF, IIIG and VH]. Independence in a probabilistic context
should somehow capture the unrelatedness between the occurrence of events, as has been
understood for centuries:

Two Events are independent, when they have no connexion [sic] one with
the other, and that the happening of one neither forwards nor obstructs the
happening of the other. [De Moivre, 1738/1967, Introduction, p. 6].

Modern probability theory loosely follows this intuition as we see in the following.

7.4.2 Statistical Independence as we know it lacks semantics

Since the axiomatization of probability theory developed by Kolmogorov [1933] (translated
in [Kolmogorov, 1956]), it displaced many other approaches. Mathematically, Kolmogorov’s
measure-theoretic axiomatization dominates all other mathematical formalizations to prob-
ability and related concepts.7 In particular, his definition of statistical independence devel-
oped a well-accepted, ubiquitous notion. In a simple form it is given by8:

7Exceptions exist, e.g., in quantum theory [Gudder, 1979] or in statistics [Vovk, 1993].
8For a rigorous definition see Appendix 7.6.
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Definition 7.1 (Simplified Statistical Independence following Kolmogorov). Two events
A,B are statistically independent iff

P (A ∩B) = P (A)P (B).

Independence plays a central role in Kolmogorov’s probability theory: “measure theory ends
and probability begins with the definition of independence” [Durrett, 2019, p. 37] (quoted
in [Tao, 2015]). However, Kolmogorov’s definition of independence is subtle and requires
closer investigation.

We employ a small toy example in order to convey the semantic emptiness of Kolmogorov’s
definition: consider the experiment of throwing a die. The events under observation are
A = {1, 2}, seeing one or two pips, respectively B = {2, 3}, seeing two or three pips. If the
die were fair, so each face has equal probability 1

6 to show up, the events A and B would
turn out to not be independent. In contrast, if the die were loaded in a very special way
p2 = p3 = 1

2 , p1 = p4 = p5 = p6 = 0, where pi refers to the probability of seeing i pips, the
events A and B would be independent following Kolmogorov’s definition.

Thus, statistical independence, even though defined over events, manifests in the correspon-
dence of how probabilities are mapped to events and why. The definition focuses on events.
But, the crucial ingredient is the probability. Thus, there is no unique interpretation of
statistical independence. A more detailed interpretation and meaning heavily depends on
the interpretation of probability in the first place.

Given this observation, we may ask for a notion of independence in the world, which is some-
how captured by Kolmogorov’s definition. Kolmogorov himself underlined the avowedly
mathematical, axiomatic nature of probability. His theory is in principle detached from any
meaning of probabilistic concepts such as statistical independence in the world [Kolmogorov,
1956, p. 1]. He even questioned the validity of his axioms as reasonable descriptions of the
world [Kolmogorov, 1956, p. 17].

However, one can possibly construct a notion of independence in world which is captured
by Kolmogorov’s definition. If one assumes one’s calculations about one’s beliefs on the
happening of events are governed by the mathematical rules laid out by Kolmogorov, then
Kolmogorov’s definition of statistical independence captures one’s (in-the-world) under-
standing of an independence of beliefs on the happening of events. This sketch of a purely
subjectivist account to statistical independence neglects a justification for the choice of
mathematical formulation and skips over any reference to an objective world. In conclu-
sion, Kolmorogov’s independence might capture a worldly concept. But, this independence
in the world is not uniquely attached to Kolmogorov’s definition.

There is a third major irritation arising from Kolmogorov’s definition. As observed already
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above, Kolmogorov treats events as the entities of independence. Though, against the back-
ground of De Moivre [1738/1967]’s intuition on statistical independence, we wonder about
this focus. Statistical independence, as De Moivre [1738/1967] already emphasized, refers
to altering “the happening of the event,” but not the event itself. It is not the independence
between the shown numbers of the die (whatever this means), but the independence of the
processes how the number showed up (loading the die, throwing the die, etc.) which are
captured by statistical independence.

This critique is not new. Von Mises already criticized the measure theoretical definition
by Kolmogorov in his book [Von Mises and Geiringer, 1964, p. 36-39]. In summary, he
argued that there is no interpretation of statistical independence of “single events.” The
unrelatedness, which the probabilistic notion of statistical independence is trying to capture,
locates in the process of reoccuring events, but not single events themselves. More recently,
Von Collani [2006] argued in a similar way. It is probability which brings the definition of
statistical independence to life and it is the question what probability means and why we
use it which links the mathematical definition to a concept in the real world.

In machine learning and statistics it is often presumed that the mathematical definition of
independence captures a worldly concept. As we argued in this section, this link is far from
being well-defined. However, if we consider machine learning as worldly data modeling, then
the natural question arises: what do we model when we leverage Kolmogorov’s statistical
independence? What do we mean by independence of events? In order to circumvent these
questions, we propose to look into another mathematical theory of probability. This theory
was led by the idea of modeling statistical phenomena in the world.

7.4.3 Statistical Independence and a Probability Theory with inherent Se-
mantics

Around 15 years before Kolmogorov’s Grundbegriffe der Wahrscheinlichkeitsrechnung [Kol-
mogorov, 1933] (translated as [Kolmogorov, 1956]), von Mises proposed an earlier axiom-
atization of probability theory [Von Mises, 1919]. His less known theory approached the
problem of a mathematical theory of probability through the lens of physics. Von Mises
aimed for a “mathematical theory of repetitive events.”

This aim included the emphasis on the link between real-world and mathematical idealiza-
tion. In particular, he offers interpretability and verifiability of his theory [Von Mises and
Geiringer, 1964, p. 1 and 14].9 For interpretation he defined probabilities in a frequency-

9Von Mises’ discussion pre-dates most of the modern work done in the philosophy of science. Popper
[2010], for instance, was inspired by von Mises’ conception of randomness and probability. While von Mises’
definition of verifiability and interpretability is arguably somewhat ill-conceived, nevertheless, he works, in
contrast to Kolmorogov’s theory which is of purely syntactical nature, on a semantical project, where the
connection of the real world and the mathematical formulation is of vital importance.
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based way (see Definition 7.2). This inherently reflects the repetitive nature of the phenom-
ena under description. By verifiability he referred to the ability to approximately verify the
probabilistic statements made about the world [Von Mises and Geiringer, 1964, p. 45].

In summary, von Mises’ theory, in our conception of machine learning, starts the “modeling
of data generating processes” on an even more fundamental level then it is currently done
via the use of Kolmogorov’s axiomatization. His aim for a mathematical description of
data-generating processes (the sequence of repetitive events) aligns to our perspective on
machine learning as laid out earlier (cf. Section 7.2). With von Mises we obtain access
to meaningful foundations for statistical concepts in machine learning. In particular, we
redefine and reinterpret statistical independence in a von Misesean way. This suggests
new perspectives on the problem of fair machine learning and the concepts of fairness and
randomness themselves.

For the further discussion, we summarize the major ingredients of Von Mises’ theory. Fortu-
nately, it turns out that von Mises’ notion of statistical independence, central to our discus-
sion, is mathematically analogous to the well-known Kolmogorovian definition. Thus, one’s
intuition on statistical independence is refined but its mathematical applicability remains.

7.4.4 Von Mises’ theory of Probability and Randomness in a Nutshell

Von Mises’ axiomatization of probability theory is based on random sequences of events
and the interpretation of probability as the limiting frequency that an event occurs in such
a sequence [Von Mises, 1919]. These random sequences, called collectives, are the main
ingredients of his theory. For the sake of simplicity, we stick to binary collectives. Thus,
collectives are 0-1-sequences with certain randomness properties which define probabilities
for the labels 0 and 1. Nevertheless, it is possible to define collectives respectively proba-
bilities on richer label sets. Collectives can be extended up to a continuum [Von Mises and
Geiringer, 1964, II.B ].

For notational economy, we note that a sequence taking values in {0, 1}, (si)i∈N can be
identified with a function s : N → {0, 1}.

Definition 7.2 (Collective [Von Mises and Geiringer, 1964, p. 12]). Let S be a set of
sequences s : N → {0, 1} with s(j) = 1 for infinitely many j ∈ N. In mathematical terms,
collectives with respect to S are sequences x : N → {0, 1} for which the following two condi-
tions hold.

1. The limit of relative frequencies of 1s,

lim
n→∞

|{i ∈ N : x(i) = 1, 1 ≤ i ≤ n}|
n
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exists.10 If it exists, then the limit of relative frequencies of 0s exists, too. We define
p1, respectively p0 = 1− p1, to be its value.

2. For all s ∈ S,

lim
n→∞

|{i ∈ N : x(i) = 1 and s(i) = 1, 1 ≤ i ≤ n}|
|{j ∈ N : s(j) = 1, 1 ≤ j ≤ n}|

= lim
n→∞

|{i ∈ N : x(i) = 1, 1 ≤ i ≤ n}|
n

= p1.

We call p0 the probability of label 0. Conversely, p1 is the probability of label 1.11 The
existence of the limit (Condition 1) is a non-vacuous condition. One can easily construct
sequences whose frequencies do not converge [Fröhlich et al., 2023].

The sequences s ∈ S are called selection rules. A selection rule selects the jth element of
x whenever s(j) = 1.12 Informally, a collective (w.r.t S) is a sequence which has invariant
frequency limits with respect to all selection rules in S. We call any selection rule which
does not change the frequency limit of a collective admissible. This invariance property of
collectives is often called “law of excluded gambling strategy” [Von Mises and Geiringer,
1964]. When thinking of a sequence of coin tosses, a gambler is not able to gain an advantage
by just considering specific selected coin tosses. The probability of seeing “heads” or “tails”
remains unchanged.

Von Mises introduced the “law of excluded gambling strategy” with the goal to define ran-
domness of a collective [Von Mises and Geiringer, 1964, p. 8]. A collective is called random
with respect to S. Consequently, von Mises integrated randomness and probability into
one theory. In fact, admissibility of selection rules is equivalent to statistical independence
in the sense of von Mises. But it is defined with respect to collectives instead of selection
rules.

Definition 7.3 (Von Mises’ Definition of Statistical Independence of Collectives [Von Mises
and Geiringer, 1964, p. 30 Def. 2]). A collective x with respect to Sx is called statistically

10The mathematically inclined reader might notice the requirement for an order structure to obtain a
definition of limit here. We use x as sequences with the standard order structure on the natural numbers.
However, x can be generalized to be a net on more arbitrary base sets [Ivanenko, 2010] .

11Von Mises called p0 chance as long as x is a sequence. When x is a collective, he called it probability.
12 We sweep under the carpet a substantial difference in von Mises’ definition of selection rules and our

definition. Von Mises allowed the selection rules to “see” the first n elements of the collective when deciding
whether to choose the n + 1th element [Von Mises and Geiringer, 1964, p. 9]. Our definition is more
restrictive. We require the selected position to be determined before “seeing” the entire sequence. We focus
on the ex ante nature of von Mises randomness but neglect his recursive formalism.
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independent to the collective y with respect to Sy iff the following limits exist and

lim
n→∞

|{i ∈ N : x(i) = 1 and y(i) = 1, 1 ≤ i ≤ n}|
|{j ∈ N : y(j) = 1, 1 ≤ j ≤ n}|

= lim
n→∞

|{i ∈ N : x(i) = 1, 1 ≤ i ≤ n}|
n

= p1,

where 0
0 := 0. When two collectives are independent of each other we write

x ⊥ y.

In comparison to admissibility, the collective y adopts the role of a selection rule. It is
in fact an admissible selection rule with the difference that a potentially finite number of
elements in x are selected (cf. [Gillies, 2010, p. 120f]). Conversely, von Mises’ randomness is
statistical independence with respect to sequences with infinitely many ones and potentially
no frequency limit. (For a general comparison between Kolmogorov’s and von Mises’ theory
of probability see Appendix 7.9.1 and Table 7.3.)

7.4.5 Kolmogorov’s Independence versus von Mises’ Independence

What is the relationship between Kolmorogov’s and von Mises’ definition of statistical
independence? On a conceptual level, the critique posed earlier, which questioned the
meaning of statistical independence between events following Kolmogorov, gets resolved.

Von Mises adopted a strong frequential perspective on probabilities which clarifies the map-
ping from real world to mathematical definition. He idealized repetitive observations by
infinite sequences and defined probabilities as limiting frequencies.13 Von Mises’ indepen-
dence states that there is no difference in counting the frequency of occurrences of an event
in the entirety of the sequences or in a subselected sequence. His independence forbids any
statistical interference between processes described as sequences. No statistical patterns
can be derived from one sequence by leveraging the other. Von Mises’ definition formalizes
the concept of statistical independence between processes of reoccuring events.

In contrast to Kolmogorov, von Mises’ definition does not evoke the conceptual obscurity.
His focus on idealized sequences of repetitive events restricts his definition of statistical
independence to specific applications with the gain of clarity in the goal of the mathematical
description. Von Mises’ definition of independence makes statistical independence more
concrete then Kolmogorov’s definition does.

13Without the idealization, again the mathematical description would miss a link to a worldly phenomenon.
The idealization in terms of infinite sequences is substantial. In fact, the legitimacy of this idealization is
the subject of another debate [Hájek, 2009]. Nevertheless, the idealization taken in von Mises’ framework is
explicitly and transparently stated. Kolmogorov’s axioms do not possess such a statement.
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On a more formal level, Kolmogorov defined statistical independence via the factorization
of measure (cf. Definition 7.6), whereas von Mises defined statistical independence via con-
ditionalization of measures. The invariance of the frequency limit of a collective with regard
to the subselection via another collective can be interpreted as the invariance of a prob-
ability of an event with regard to the conditioning on another event, i.e., “selecting with
respect to” is “conditioning on” (cf. Theorem 7.9 and Theorem 7.10).

Mathematically, it turns out that Kolmogorov’s definition and von Mises’ definition are both
special cases (modulo the measure zero problem in conditioning) of a more general form of
measure-theoretic statistical independence. A selection rule with converging frequency limit
is admissible (respectively, statistically independent), to a collective if and only if the two
are statistically independent of each other in the sense of Kolmogorov, when generalized to
finitely additive probability spaces (see Appendix 7.9.1 for a formal statement of this claim).
Thus, we can replace the known definition of statistical independence by Kolmogorov with
the definition by von Mises. Thereby, we give a specific meaning to statistical independence.

We have been motivated to dissect the notion of statistical independence for its central role
in fair machine learning. Von Mises’ definition drew us closer to a more transparent math-
ematical formalization of statistical independence for fairness notions in machine learning.
However, our discussion of von Mises’ theory skipped over a substantial part of his work so
far. Von Mises included a definition of randomness in his theory of probability. Much in
contrast to Kolmogorov: There is no definition of “randomness” in Kolmogorov’s Grund-
begriffe der Wahrscheinlichkeitsrechnung [Kolmogorov, 1933] (translated as [Kolmogorov,
1956]). Even more interestingly, von Mises’ definition of randomness is stated in terms
of statistical independence. The reader might notice that in Section 7.2 we already stum-
bled upon a heavily used notion of randomness in machine learning, which is expressed as
statistical independence (i.i.d.). How do i.i.d. and von Mises’ randomness relate to each
other? How does the close connection between statistical independence and randomness
complement our picture of the three fairness criteria from machine learning?

7.5 Randomness as Statistical Independence

The nature and definition of randomness seems as “random” as the term itself [Eagle, 2021,
Ornstein, 1989, Muchnik et al., 1998, Volchan, 2002, Berkovitz et al., 2006]. Usually, a very
broad distinction between two approaches to randomness is made: process randomness
versus outcome randomness [Eagle, 2021]. In this work, we focus on outcome randomness
and more specifically the role of randomness in statistics and machine learning.

Randomness is a modeling assumption in statistics (cf. Section 7.2). Upon looking into
statistics and machine learning textbooks one often finds the assumption of independent
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and identically distributed (i.i.d.) data points as the expression of randomness [Casella and
Berger, 2002, p. 207] [Devroye et al., 1996, p. 4].

We adopt von Mises’ differing account of randomness. The expression of randomness relative
to the problem at hand, particularly in settings with data models such as statistics, turns
out to be substantial.

7.5.1 Orthogonal Perspectives on Randomness as Independence in Machine
Learning and Statistics

Von Mises defined a random sequence as a sequence which is statistically independent to
a (pre-specified) set of selection rules respectively other sequences. In contrast, an i.i.d.-
sequence consists of elements each statistically independent to all others.

Both definitions are stated in terms of statistical independence. But, the relationship of
independence and randomness in terms of i.i.d. and in von Mises’ theory differ substantially.
Von Mises’ randomness is stated relative with respect to a set of selection rules. Further-
more, it is stated between sequences, respectively collectives. Whereas, in an i.i.d. sequence
randomness is expressed between random variables. The randomness definitions are in an
abstract sense “orthogonal.” We consider a concrete example for better understanding.

Horizontal Randomness. Let Ω = N be a penguin colony. Let s, f be two attributes of
a penguin, namely sex and whether a penguin has the penguin flu or not. Mathemat-
ically: s : Ω → {0, 1}, f : Ω → {0, 1}. So, penguins are individuals n ∈ Ω which we do
not know individually, but we know some attributes of them. Suppose we are given
a sequence f(1), f(2), f(3), . . . of flu values with existing frequency limit. This allows
us to state randomness of f with respect to the corresponding sequence of sex values
s, containing infinitely many ones and having a frequency limit, by: the sequence of
sex values s is admissible on f . Respectively, s and f are statistically independent of
each other. In the context of colony Ω a penguin having flu is random with respect
to the sex of the penguin.

Vertical Randomness. This is different to the i.i.d.-setting in which each penguin
i ∈ N obtains its own random variable Fi : Ω → {0, 1} on some probability space
(Ω,F , P ). Here, Fi encodes whether penguin i has the penguin flu or not. The se-
quence F1, F2, F3, . . . somehow represents the colony. The included random variables
share their distribution and are statistically independent to each other. The attribute
flu is not random with respect to the attribute sex here, but the penguins are random
with respect to each other. The random variables are (often implicitly) defined on
a standard probability space on Ω. The set Ω here does not model the colony. It
shrivels to an abstract source of randomness and probability.
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The choice of perspective, horizontal or vertical, on randomness expressed as statistical
independence is a question of the data model. The two types of randomness definitions are
distinct in a number of ways. For a summary see Table 7.2. Most importantly, horizontal
randomness is inherently expressed with respect to some mathematical object. Vertical
randomness lacks this explicit relativization. This typification of horizontal and vertical,
mathematical definitions of randomness is actually more broadly applicable.

Horizontal Randomness Vertical Randomness
Data points are modelled as: Evaluations of RVs RVs
Math. definition of randomness of: Sequences Sequences of RVs
Explicit relativization: Yes No

Table 7.2: Typification of horizontal and vertical randomness (“RV”=“random variable”).

To the set of vertical randomness notions one can add: exchangeability [De Finetti, 1929],
α-mixing, β-mixing [Steinwart et al., 2009] and possibly many more. The set of horizontal
randomness notions is spanned up by an entire branch of computer science and mathematics:
algorithmic randomness.

Algorithmic randomness poses the question whether a sequence is random or not. This
question arose in [Von Mises, 1919] within the attempt to axiomatize probability theory
[Bienvenu et al., 2009, p. 3]. In algorithmic randomness further definitions of random
sequences have been proposed. For the sake of simplicity the considered sequences consist
only of zeros and ones.

Four intuitions for random sequences crystallized [Porter, 2012, pp.280ff]: typicality, in-
compressibility, unpredictability and independence (see Appendix 7.9.3). For our purposes,
the key point to note is that a random sequence is typical, incompressible, unpredictable
or independent with respect to “something” (they are all relativised in some way). Each of
these intuitions has been expressed in various mathematical terms. In particular, formal-
izations of the same intuitions are not necessarily equivalent, and formalizations of different
intuitions sometimes coincide or are logically related (see Appendix 7.9.4).14 We mainly
stick to the intuition of independence in this paper. A random sequence is independent of
“some” other sequences [Von Mises, 1919, Church, 1940].

7.5.2 Relative Randomness Instead of Absolute, Universal Randomness

The definition of randomness for sequences is inherently relative. Even though, the notion
is relative with respect to “something,” most of the effort has been spent on finding the set

14For an overview of algorithmic randomness see [Uspenskii et al., 1990, Muchnik et al., 1998, Volchan,
2002, Downey and Hirschfeldt, 2010].
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of statistically independent sequences defining randomness [Church, 1940, Muchnik et al.,
1998].15

Naively, one could attempt to define a random sequence as: a sequence is random if and only
if it is independent with respect to all sequences. However, this approach is doomed to fail.
There is no sequence fulfilling this condition except for trivial ones such as endless repetitions
of zeros or ones (see Kamke’s critique of von Mises’ notion of randomness [Van Lambalgen,
1987]).

So instead, research focused on computability expressed in various ways (because it was
felt by those investigating these matters that computability was somehow given, or more
primitive, and thus a natural way to resolve the relativity of the notion of randomness).
Intuitively, randomness is considered the antithesis of computability [Porter, 2012, p. 288]:
something which is computable is not random. Something which is random is not com-
putable. If we then informally update the definition above we obtain: a sequence is random
if and only if it is independent with respect to all computable sequences [Church, 1940]16.
Analogous to the definition of computability [Porter, 2012, p. 165], this is taken as an
argument for the existence of the definition of randomness [Porter, 2012, p. 287].

In our work, we argue towards a relativized conception of randomness in line with work by
Porter [2012], Humphreys [1977] and Von Mises and Geiringer [1964]17. A relative definition
of randomness is a definition of randomness which is relative with respect to the problem
under consideration.18 In contrast, an absolute and universal definition of randomness
would preserve its validity in all problems. It presupposes the existence of the randomness.

Relative randomness with respect to the problem which we want to describe aligns to von
Mises’ theory of probability and randomness. Von Mises emphasized the ex ante choice
of randomness [Von Mises, 1981, p. 89] relative to the problem at hand [Von Mises and
Geiringer, 1964, p. 12]. First, one formalizes randomness with respect to the underlying
problem, then one can consider a sequence to be random or not. Otherwise, if we are given a
sequence, it is easy to construct a set of selection rules, such that the sequence is random with
respect to this set.19 This, however, undermines the concept of randomness, which should
capture the pre-existing typicality, incompressibility, unpredictability or independence of

15The analogous observation holds for all four intuitions (see Appendix 7.9.3 and [Muchnik et al., 1998]).
16To be precise, a random sequence following Church [1940] is independent to all partially computable

selection rules following von Mises (see Footnote 12).
17Humphreys [1977] presented randomness as relativized to a probabilistic hypothesis or reference class.

Porter [2012, p. 169] even postulated the “No-Thesis”-Thesis: any notion of randomness neither defines a
well-defined collection of random sequences nor captures all mathematical conceptions of randomness; confer
the logic of “essentially contested” concepts [Gallie, 1955], which, presumably, are unavoidably contested for
the same reason.

18In machine learning, a problem under consideration is, for instance, animal classification via neural
networks.

19This idea is transferable to other intuitions of randomness, for instance [Ville, 1939].
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a sequence (cf. [Vovk, 1993, p. 321]). Von Mises’ randomness intrinsically possesses a
modeling character, similar to our needs in machine learning and statistics.

Given its role as modeling assumption in statistics, randomness lacks substantial justifica-
tion to be expressed in any absolute and universal manner in this context. Neither are there
reasons why computability20 is the only mathematical, expressive way to encode one of the
four intuitions of randomness. The i.i.d. assumption, an absolute and universal definition of
randomness, does not fit this purpose. To appropriately model data we require adjustable
notions of randomness. Otherwise, we restrict our modeling choice without reason or gain.21

Equipped with the interpretation of statistical independence as randomness we now return
to our motivation for investigating statistical independence. ML-friendly fairness criteria
are built upon statistical independence. In contrast to Kolmogorov, von Mises’ statistical
independence transparently refers to a concept of independence in the real world. To clarify
the meaning of fairness expressed as statistical independence, we directly apply von Mises’
independence to the fairness criteria listed in Section 7.3 in the following.

7.6 Von Mises’ Fairness

With von Mises’ definition of statistical independence we have a notion at our disposal which
is conceptually focused on a more “scientific” perspective (i.e., making claims about the
world) of statistical concepts. Since it is mathematically related to Kolmogorov’s standard
account of statistical independence, Kolmogorov’s definition can, at many places, be easily
replaced by von Mises’ definition.

Let us denote the three presented fairness criteria in a von Mises’ way (cf. Section 7.4.5).

Definition 7.4 (Fairness as Statistical Independence). A collective x : N → {0, 1} (with
respect to a family of selection rules S) is fair with respect to a set of sensitive groups
G = {sj : N → {0, 1}|j ∈ J} if

x ⊥ sj ∀j ∈ J

The 0-1-sequences sj determine for each individual i whether it is part of the group or not
(according to whether sj(i) = 1 or sj(i) = 0). We call these groups “sensitive,” as these are
the groups which are of moral and ethical concern. In philosophical literature these groups

20Computability is often taken (at least by computer scientists) as a purely mathematical notion, detached
from the world. An alternate view, close in spirit to von Mises, is that computation is part of physics, and
thus needs to be viewed in a scientific, and not merely mathematical manner [Deutsch, 2011].

21This is not entirely true, as specific computability notions of randomness and the i.i.d.-assumption deliver
convergence results for random sequences, which can be used to guarantee low estimation error in the long
run.
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are often called “socially salient groups” [Altman, 2020, Loi et al., 2019].22 We see that
the connection between von Misesean independence and fairness arises from the observation
that the set of sensitive groups G is a family of selection rules, so that if G ⊆ S, then indeed
the collective x will be fair for G.

Following von Mises’ interpretation of independence, the given definition reads as follows:
we assume we are in the idealized setting of infinitely many individuals with values xi,
e.g., binary predictions. The predictions are fair if and only if there is no difference in
counting the frequency of 1-predictions in the entirety or in the sensitive group. (For
an illustration see Appendix 7.6.) A proper conceptualization of fairness requires such
immediate semantics, but a purely mathematical theory of probability cannot offer these
(see Section 7.4.2).

Each of the three fairness criteria is captured in Definition 7.4; the choice of fairness criterion
manifests in the collective under consideration:

Independence The collective x : N → {0, 1} consists of predictions; i.e., {0, 1} is the set
of predictions.

Separation The collective x : N → {0, 1} is obtained via the subselection of predictions
based on the sequence of true labels corresponding to the predictions.23

Sufficiency The true labels are subselected by predictions.

To enable intuitive access to the von Mises’ notions of fairness we provide a toy example
in Appendix 7.9.2. The three fairness criteria Independence, Separation and Sufficiency
encompass a large part of fair machine learning [Barocas et al., 2023, p. 45]. Von Mises’
statistical independence gives a consistent interpretation to all of them. In fact, von Mises’
independence opens the door to further investigations. To this end, we we recapitulate the
strong linkage between statistical independence and randomness in von Mises’ theory.

7.7 The Ethical Implications of Modeling Assumptions

Machine learning methods try to model data in complex ways. Derived statements, such
as predictions, then potentially get applied in society. In these cases one is obliged to ask
which ought-state the machine learning model should reflect [Passi and Barocas, 2019, Räz,
2021]. To enable a justified choice, statistical concepts in machine learning require relations
to the real world. Furthermore, modeling even requires understanding of the entanglement
of societal and statistical concepts.

22Intersections of sensitive groups are not necessarily independent.
23“Selecting with respect to” is “conditioning on.”
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We proposed one specific meaningful definition of statistical independence which can be
directly applied to the three observational fairness criteria from fair machine learning. In
addition, this von Mises’ independence is key to a relativized notion of randomness. Pulling
these threads together, we are now able to establish the following link: Randomness is
fairness. Fairness is randomness.

7.7.1 Randomness is Fairness. Fairness is Randomness.

The concepts fairness and randomness frequently appear jointly: Broome [1984] argues that
a random allocation of goods is fair under certain conditions. Literature on sortition argues
for just representation of society by random selection of people [Parker, 2011, Stone, 2011].24

Bennett [2011, p. 633] even states that randomness encompasses fairness.

With von Mises’ axiom 2 and Definition 7.4 we can now tighten the conceptual relation-
ship of fairness and randomness. The proposition directly follows from the definition of
randomness respectively fairness in the sense of von Mises.

Proposition 7.5 (Randomness is fairness. Fairness is randomness.). Let x be a collective
with respect to ∅ (the empty set). It is fair with respect to a set of sensitive groups (0-1-
sequences) {sj}j∈J , if and only if it is is random with respect to {sj}j∈J .

The given proposition establishes a helpful link. It gives insights into both of the concepts.
In particular, it substantiates the relativized conception of randomness in machine learning
as it presents randomness as an ethical choice.

Randomness as Ethical Choice

Randomness in machine learning is a modeling assumption (Section 7.2). Fairness is an
ethical choice.25 In light of Proposition 7.5 randomness gets an ethical choice and fairness
a modeling assumption. We now further detail this perspective.

We assume that we are given a fixed set of selection rules, which defines “the” random-
ness. As far-fetched as this may sound, if we, for example, accept the so called Martin-Löf
randomness as absolute and universal definition, then we exactly do this and fix the set of
selection rules to the partial computable ones (see Appendix 7.9.4). A sequence which is
random with respect to this specified set of selection rules is fair with respect to the groups
defined by the selection rules. Rephrased in terms of Martin-Löf randomness: a Martin-Löf
random sequence is fair with respect to all partial computable groups. Only non-partial-
computable groups (respectively sequences) can be discriminated against in this setting.

24Representativity here can be interpreted as typicality, thus one of the four intuitions for randomness.
25More specifically, the choice of operationalized fairness, one of the fairness criteria, and the choice of

groups.
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If we interpret statistical independence as fairness (Section 7.3), then fairness is as absolute
and universal as randomness here. Where did the “essentially contested” nature of fairness
[Gallie, 1955] leave the picture?

The set of admissible selection rules specifies the choice of sensitive groups, which indeed
is a fraught and contestable choice [Menon and Williamson, 2018, Section H.3]. Thus each
selection rule gets ethically loaded. Furthermore, the choice of collective, which we consider
as random, fixes the fairness criterion. In summary, the determination of randomness is
analogous to the determination of fairness.

However one defines randomness, it is an ethical choice. For symmetry reasons one can
equivalently state in machine learning: fairness is a modeling assumption. The random-
ness assumption has an ethical, moral and potentially legal implication. We need non-
mathematical, contextual arguments to each problem at hand which justify the adjustable
and explicit randomness assumptions.

Given that randomness is an ethical choice, an absolute, universal conception of randomness
counteracts any ethical debate in machine learning. Discussions about sexism, racism and
other kinds of discrimination and injustice persist over time without ever arrogating the dis-
covery of “the” fairness [Gallie, 1955]. But if “the” randomness as statistical independence
would exist, then “the” fairness as statistical independence would be an accessible notion.
For illustration, we reconsider Martin-Löf randomness. A Martin-Löf random sequence is
independent, respectively fair, to the set of all partial computable selection rules. But, it is
completely unclear what the ethical meaning of partial computable groups is. And, it re-
mains unsolved whether the groups given by gender are partial computable, when we desire
to be fair with respect to them. We conceive Proposition 7.5 as further counterargument
to an absolute, universal definition of randomness. Randomness is, like fairness, better
interpreted as a relative notion.

Further concluding, the equivalence of randomness and fairness highlights the deficiency of
fairness notions in machine learning. The equivalence only holds due to the very reduc-
tionist perspective on fairness in fair machine learning. Despite their regular co-occurrence
[Broome, 1984, Parker, 2011] [Bennett, 2011, p. 633], fairness and randomness are more
multi-facetted and non-overlapping concepts as illustrated in Proposition 7.5.

Fairy Tales of Fairness: “Perfectly Fair” Data

With the relationship between fairness and randomness in mind, we now turn towards ran-
dom data as primitive. Discussions in fair machine learning sometimes seemingly presume
the existence of “perfectly fair” data (e.g., as highlighted in [Räz, 2021, p. 134]), as if fair
machine learning merely tackles the cases where “perfectly fair” data is not available.

62



We interpret “perfectly fair” data as a collective with respect to all possible selection rules.
The data does not depend on any (sensitive) group at all. In other words, “perfectly fair”
data is “totally random” data. As we saw in Section 7.5.2 this is self-contradicting except
of the trivial constant case. “Perfectly fair” data does not exist or is statistically useless.

7.7.2 Demanding Fairness is Randomization: Fair Predictors are Randomiz-
ers

In practice, it is often unreasonable to assume random or fair data as in Proposition 7.5. In-
stead one demands for fairness respectively randomness of predictions. In these settings, fair
machine learning techniques are deployed to exhibit ex post fulfillment of fairness criteria.

We assume for the following discussion that the collective x consists of predictions, as in
the fairness criteria Independence or Separation. Fair machine learning techniques enforce
statistical independence of predictions and sensitive attributes. Rephrased, fair machine
learning techniques actually introduce randomness post-hoc into the predictions. Thus, fair
machine learning techniques can potentially be interpreted as randomization techniques.

Fairness-Accuracy Trade-Off — Another Perspective

We noticed that fair predictions are random predictions with respect to the sensitive at-
tribute. In contrast, accurate predictions exploit all dependencies between given attributes
and predictive goal, including the sensitive attributes. Thus, in fair machine learning
morally wrongful discriminative potential of sensitive attributes is thrown away by purpose.
On these grounds, it is not surprising that an increase in fairness respectively randomness
(usually) goes hand in hand with a decrease in accuracy [Wick et al., 2020]. Randomization
of predictions leads to the so called fairness-accuracy trade-off.

Concluding, via von Mises’ axiomatization we established: Randomness is fairness. Fair-
ness is randomness. Exploiting this new perspective, we unlock another perspective on fair
predictors as randomizers, demonstrate the nonexistence of “perfectly fair” data and treat
randomness as an ethical choice, which can be neither universal nor total. In particular,
the “essentially contested” nature of fairness is tied to the “essentially relative” nature of
randomness.

7.8 Conclusion

Fair machine learning attained an increasing interest in the last years. However, its con-
ceptual maturity lags behind. In particular, the interplay between data, its mathematical
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representation and their relation to fairness is encompassed by a veil of nescience. In this
paper, we contribute towards a better understanding of randomness and fairness in machine
learning.

We started from the most commonly used definition of statistical independence and ques-
tioned its representation due to a lack of semantics. Generally, we observe that in machine
learning, as in statistics, probability and its related concepts should be interpreted as mod-
eling assumptions about the world (of data). Von Mises aimed for exactly this “scientific”
perspective on probability theory. We lean on his statistical independence, which clari-
fies the relation to the real world, and his definition of randomness, which is relative and
orthogonal to the i.i.d. assumption, but similarly expressed as statistical independence.
Then by the three fairness criteria in machine learning we obtain a further interpretation
of independence, which we finally exploit to argue for a relative conception of randomness,
randomness as an ethical choice in machine learning and fair predictors as randomizers.

7.8.1 Future Work: Approximate Randomness and Fairness, Randomness as
Fairness via Calibration

Despite future conclusions in-between the topics fairness and randomness in other research
subjects as machine learning, we claim that a significant dimension is missing in the present
discussion. Practitioners usually deal with approximate versions of randomness, statistical
independence or fairness. Yet, approximation spans another dimension of choice beset
with pitfalls [Putnam, 1990/2011, Lohaus et al., 2020]. Several questions ranging from the
choice of approximation to the interference of concepts arise. Future work should detail the
implications of this choice.

Second, we conjecture that “Randomness is Fairness. Fairness is randomness.” can be
substantiated via the intuition of unpredictability. Starting from [Shafer and Vovk, 2019]
definition of unpredictability randomness, which is closely related to the calibration idea
presented in [Dawid, 2017], we can bridge to fairness as calibration as given in [Choulde-
chova, 2017]. A recent work by Cynthia Dwork and collaborators in fact show a formal link
between pseudo-randomness and fairness as calibration [Dwork et al., 2023]. This work,
however, still misses a more thorough discussion of the concepts of individual versus group
fairness in machine learning [Binns, 2020]. As a subproblem, which is contained therein,
the categorization into (sensitive) groups in fair machine learning deserves its own work.

Third, regarding a more thorough definition of statistical independence within the fairness
criteria, we are convinced that a subjectivist interpretation of probability might reveal
yet another perspective on the problem. We assume that the interplay between different
interpretations of probability and ethical concepts such as fairness still leaves room for many
important investigations.
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Fourth, there are certainly more frameworks to give an interpretation and concretization to
current notions in (fair) machine learning (cf. [Gillies, 2010, Fine, 1973]).

Last but not least, we already referred to sortition literature and random allocation. The
somewhat different relation between fairness and randomness in this literature leads us to
speculate that further fruitful discussions between the two concepts may develop.

In the jungle of statistical concepts such as probability, uncertainty, randomness, indepen-
dence etc. further relations to social and ethical concepts wait to be brought to light. And
machine learning research should care:

The arguments that justify inference from a sample to a population should
explicitly refer to the variety of non-mathematical considerations involved.
[Battersby, 2003, p. 11]
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7.9 Appendix

7.9.1 Generalized von Misesean Probability Theory

In this appendix we outline a theory of probability subsuming that of Kolmogorov and von
Mises.
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Kolmogorov’s notion of Independence

Kolmogorov axiomatized probability theory in his book [Kolmogorov, 1956] in a measure
theoretical way. He defined a probability space (Ω,F , P ) as a measure space with base set Ω,
σ-algebra F and normalized measure P . Events are elements of F , i.e., subsets of Ω, which
obtain a probability via P . Statistical independence is defined as a specific assignment of
probability to an intersection event.

Definition 7.6 (Kolmogorov’s Definition of Statistical Independence of Events [Kolmogorov,
1956, p. 9 Def. 1]). Let (Ω,F , P ) be a probability space. Two events A,B ∈ F are called
statistically independent iff

P (A ∩B) = P (A)P (B).

As we highlighted above, Kolmogorov’s axiomatization is, despite its success, not the only
mathematical theory of probability. Specifically, one can weaken the structure of the prob-
ability space and still work with concepts such as statistical independence, expectation,
conditioning (e.g., [Gudder, 1969, Chichilnisky, 2010, Narens, 2016]).

Finitely Additive Probability Space

We introduce a weaker measure structure, which we call finitely additive probability space.
Interestingly, this weaker structure includes the axiomatization of Kolmogorov and von
Mises as special cases. We define a finitely additive probability space modified from [Rao
and Rao, 1983, Def. 2.1.1 (7)]) as

Definition 7.7 (Finitely Additive Probability Space). The tuple (N,A, ν) is called a finitely
additive probability space for a base set N , a set of measurable sets A ⊂ P(N) containing
the empty set ∅ ∈ A and a finitely additive probability measure ν : A → [0, 1] satisfying the
following conditions:
(1) ν(∅) = 0,
(2) if A1, A2, A1 ∪A2 ∈ A and A1 ∩A2 = ∅ then ν(A1 ∪A2) = ν(A1) + ν(A2).

Observe that this definition does not impose any structural restrictions on the set of subsets
A.

Kolmogorov’s probability space is certainly a specific finitely additive probability space
in our sense, as every set σ-algebra contains the empty set and every countably additive
probability is finitely additive.

Analogously, von Mises implicitly uses a finitely additive probability space. This space
is given by (N,AvM, νvM), where N are the natural numbers and AvM, νvM are defined in
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the following.

First, we consider the finitely additive base measure

νvM(A) := lim
n→∞

|A ∩ Nn|
n

,

where A ⊂ N and Nn = {1, ..., n}. νvM is called the “natural density” in the number theory
literature [Nathanson, 2008, p. 256]. From this definition is not clear whether the given
limit exists. Thus, we define the set of measurable sets by

AvM := {A : νvM(A) exists},

which is called the “density logic” in [Pták, 2000]. It is a pre-Dynkin-system [Schurz and
Leitgeb, 2008].

We generalize Kolmogorov’s definition of statistical independence of events to finitely addi-
tive probability spaces.

Definition 7.8 (Statistical Independence of Events on a Finitely Additive Probability
Space). Let (N,A, ν) be a finitely additive probability space. Two measurable sets A,B ∈ A
are independent iff

1. A ∩B ∈ A

2. ν(A ∩B) = ν(A)ν(B)

Observe that the first condition is naturally fulfilled in Kolmogorov’s σ-algebra. In the case
of von Mises’ density logic, this constraint is strict. A pre-Dynkin-system is not closed
under arbitrary intersections.

Von Mises’ Admissibility and Kolmogorov’s Independence are Analogues

We now reconsider the definition of collectives and selection rules. Both are 0, 1-sequences
on the natural numbers, with the restriction that selection rules contain infinitely many
1’s and their frequency limit does not have to exist. Both sequences can be interpreted as
indicator functions on the natural numbers. So for x : N → {0, 1} and s : N → {0, 1} we
write X = x−1(1) and S = s−1(1) for the corresponding subsets of the natural numbers.

We want to show that von Mises’ admissibility condition is equivalent to the given definition
of statistical independence on finitely additive probability spaces. Actually, the equivalence
only holds for the slightly restricted case in which the selection rule itself possesses converg-
ing frequencies.
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Theorem 7.9 (Admissibility in von Mises setting implies Statistical Independence on
Finitely Additive Probability Spaces). Let x be a collective with respect to s. Suppose
furthermore that s has a converging frequency limit. Then X and S, the indexed sets cor-
responding to the collective (respectively selection rule) on the finitely additive probability
space (N,AvM, νvM) are statistically independent.

Proof. We know that

lim
n→∞

|{i : x(i) = 1 and s(i) = 1, 1 ≤ i ≤ n}|
|{j : s(j) = 1, 1 ≤ j ≤ n}|

= lim
n→∞

|{i : x(i) = 1, 1 ≤ i ≤ n}|
n

which we can rewrite as

lim
n→∞

|X ∩ S ∩ Nn|
|S ∩ Nn|

= lim
n→∞

|X ∩ Nn|
n

.

This gives

νvM(X ∩ S) = lim
n→∞

|X ∩ S ∩ Nn|
n

= lim
n→∞

|X ∩ S ∩ Nn|
|S ∩ Nn|

|S ∩ Nn|
n

= lim
n→∞

|X ∩ S ∩ Nn|
|S ∩ Nn|

lim
n→∞

|S ∩ Nn|
n

= lim
n→∞

|X ∩ Nn|
n

lim
n→∞

|S ∩ Nn|
n

= νvM(X)νvM(S),

by help of a standard result for the multiplication of sequence limits [Liskevich, 2014, The-
orem 3.1.7].

Theorem 7.10. Let X and S be two statistically independent events on the finitely addi-
tive probability space (N,AvM, νvM) with νvM(S) > 0, then the corresponding collective x,
indicator function of X, has the admissible selection rule s, indicator function of S.

Proof. It is given that

lim
n→∞

|X ∩ S ∩ Nn|
n

= νvM(X ∩ S)

= νvM(X)νvM(S) = lim
n→∞

|X ∩ Nn|
n

lim
n→∞

|S ∩ Nn|
n

.
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Furthermore νvM(S) > 0 implies that the corresponding selection rules selects infinitely
many elements and limn→∞

n
|S∩Nn| =

1
νvM(S) .

This implies

lim
n→∞

|X ∩ S ∩ Nn|
|S ∩ Nn|

= lim
n→∞

|X ∩ S ∩ Nn|
n

n

|S ∩ Nn|

= lim
n→∞

|X ∩ S ∩ Nn|
n

lim
n→∞

n

|S ∩ Nn|

= lim
n→∞

|X ∩ Nn|
n

lim
n→∞

|S ∩ Nn|
n

lim
n→∞

n

|S ∩ Nn|

= lim
n→∞

|X ∩ Nn|
n

.

We note some caveats regarding the preceding discussion.

1. We require the frequency limit for s to exist in Theorem 7.9. So the sequence S is not
an entirely general selection rule.

2. The condition νvM(S) > 0 in Theorem 7.10 ensures that we do not condition on
measure zero events. Furthermore, it guarantees at this point, that the indicator
function of S is a selection rule containing infinitely many ones. Besides that, its
frequency limit exists.

3. Even though given here only for the binary case. The argumentation can be extended
to continuum labeled collectives [Von Mises and Geiringer, 1964, II.B].

4. In our discussion, we focus on admissibility instead of statistical independence in the
sense of von Mises, since our argument finally focuses on the randomness interpretation
of statistical independence. Admissibility and von Mises’ statistical independence are,
despite the objects on which they are defined, equivalent.

5. Statistical independence in von Mises’ setting and Kolmogorov’s setting are not equiv-
alent. They are special cases of a more general form of statistical independence. So
they are mathematically analogous under mild conditions. But we emphasize the
conceptual difference. Von Mises refused to define statistical independence between
mere events [Von Mises and Geiringer, 1964, p. 35]. Instead he demanded statistical
independence to be defined between collectives underlining that independence is a
concept about aggregates, the collectives, not single occurring events.
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7.9.2 Von Mises’ Notions of Fairness in Practice

In practice we never observe infinite sequences, which are the building blocks of von Mises’
theory. Nevertheless, infinite sequences can be seen as idealizations of finite, observable
sequences. We make the following crucial and debatable assumption here: Given a sequence
of sufficient length, the frequencies observed in this sequences are arbitrarily close to the
limit of the frequency in the continuation of this sequence.

This assumption is critical for at least three parts:

1. We assume convergence (cf. [Fröhlich et al., 2023]).

2. In finite data we can only observe fractional frequencies, but not irrational ones (con-
verging frequencies do fill the entire [0,1]).

3. The frequency limit of any infinite sequence is not governed by any frequency observed
on a finite sequence.

For further simplification, we constrain ourselves to 0, 1-outcomes and 0, 1-decisions. In the
following, we call 1 as outcome or decision “positive”, comparable to a setting where the
1-label corresponds to “getting a loan” and 0 to “not getting a loan”.

We consider the following simple toy example: let X = R, Y = {0, 1}. The data points
of the 0 label are distributed according to a Gaussian distribution with mean −1 and
standard deviation 1. The data points of the positive labels are distributed according to
a Gaussian distribution with mean 1 and standard deviation 0.5. We consider the simple
logistic probabilistic predictor p(x) = ecx+a

1+ecx+a with c = 2 and a = −0.2 and x ∈ X. We
consider two groups: group A consists of all data points with values between −1 and −2,
group B consists of all data points with values between smaller than −1.5 or greater than
1.5. In this case, the input and sensitive groups are highly correlated. Figure 7.1 and
Figure 7.2 illustrate the example.

Since the predictor is probabilistic we have to introduce a threshold q ∈ [0, 1] which derives
a 0, 1-decision from the prediction. The following plots show how the frequency of positive
outcomes respectively positive decisions depending on the notion of fairness changes for
different decision-thresholds.

Independence We compute the frequency of positive decisions for each group and the
entirety. Independence requires these frequencies to be equal. See Figure 7.3.

Separation We compute the frequency of positive decisions given that the outcomes were
positive for each group and the entirety. Separation requires these frequencies to be
equal. See Figure 7.4.
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Figure 7.1: Generating Distribution and Predictor of the Toy Example

Figure 7.2: Groups in the Toy Example

Sufficiency We compute the frequency of positive outcomes given that the decision were
positive for each group and the entirety. Sufficiency requires these frequencies to be
equal. See Figure 7.5.

What do we learn from this toy example:

1. Our suggested notions have an empirical counterpart. Even though, the assumption
taken above is critical. Much in contrast to most literature in fair machine learning,
however, we (can) specify the idealization assumption explicitly. The regular setup
hides many of the concerns behind a curtain of acceptance.

2. We observe that there is nothing special about our definitions of fairness. The fre-
quential approach is intuitive and simplifies communication of technical results about
machine learning fairness in societal debates.

3. We did not allude to specific algorithms which guarantee accurate predictions under
fairness constraints. All such existing algorithms can be deployed in order to pro-
vide fair predictions following our definitions. Our notions are reinterpretations, not
entirely new setups.
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Figure 7.3: Frequency of Positive Decisions per Group depending on the Decision-Threshold

4. There is still a further, important, debate missing in this work. As pointed out in the
conclusion of the paper, further conceptual clarification has to account for approx-
imations of fairness notions to further enable principled argumentation in fairness
debates.

7.9.3 Four Intuitions of Randomness

Typicality A sequence is called random if it shares “some” characteristics of any possible
sequence. Martin-Löf and Schnorr formalized this idea via statistical tests [Martin-
Löf, 1966, Schnorr, 1977].

Incompressibility The information contained in a random sequences is (approximately) as
large as the sequence itself. The sequences cannot be compressed by “some” procedure
[Kolmogorov, 1965, Chaitin, 1966, Schnorr, 1972, Levin, 1973].

Unpredictability In a random sequence one can know all foregoing elements without being
able to predict by “some” procedure the next element [Ville, 1939, Muchnik et al.,
1998, Shafer and Vovk, 2019, Frongillo and Nobel, 2020, De Cooman and De Bock,
2022].

Independence A random sequence is independent of “some” other sequences [Von Mises,
1919, Church, 1940].

7.9.4 Relations between Randomness Definitions

We briefly outline some of the known relationships between various notions of randomness.
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Figure 7.4: Frequency of Positive Decisions given Positive Outcomes per Group depending
on the Decision-Threshold

Figure 7.5: Frequency of Positive Outcomes given Positive Decisions per Group depending
on the Decision-Threshold
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On one hand, there are mathematical expressions capturing the same randomness intuitions
meanwhile being mathematically distinct to each other.

For instance, the definition of a typical sequence following Martin-Löf [Martin-Löf, 1966]
implies Schnorr’s definition of typicality [Schnorr, 1971, 1977] but not vice versa [Uspen-
skii et al., 1990, p. 143]. Cooman and De Bock’s imprecise unpredictability randomness
[De Cooman and De Bock, 2022] is strictly more expressive than Vovk and Shafer’s un-
predictability randomness [Shafer and Vovk, 2019, Section 1.1] [De Cooman and De Bock,
2022, Theorem 37].

On the other hand, there are mathematical expressions capturing differing randomness
intuitions meanwhile being necessary, sufficient or even equivalent to each other. For
instance, the Levin-Schnorr theorem, simultaneously proven by Levin [Levin, 1973] and
Schnorr [Schnorr, 1972, 1977], established an equivalence of typicality following Martin-Löf
[Martin-Löf, 1966] and incompressibility following Levin [Levin, 1973] and Schnorr [Schnorr,
1972] based on the idea of [Kolmogorov, 1965] (e.g., see in [Volchan, 2002, Theorem 5.3]
and references therein). Cooman and de Bock expressed Schnorr [Schnorr, 1971, 1977]
and Martin-Löf randomness [Martin-Löf, 1966] in terms of an unpredictability approach
[De Cooman and De Bock, 2022]. Muchnik showed in [Muchnik et al., 1998] that all in-
compressible sequences, again following Levin and Schnorr’s prefix-complexity approach
[Schnorr, 1972, Levin, 1973] are unpredictable in his sense.

In Ville’s thesis Ville [1939] he attempted to generalize the idea of “excluding a gambling
strategy” (see Section 7.4.4) via a game-theoretic approach. He showed [Ville, 1939, p.
76] that for any set of admissible selection rules S he could construct a gambling strategy,
more exactly a capital process associated to a gambling strategy, which captures the same
randomness definition. The opposite direction is, however, impossible [Ville, 1939, p. 39].
But Ambos-Spies et al. Ambos-Spies et al. [1996] introduced a weaker form of Ville [1939]’s
randomness as unpredictability which is equivalent to Church’s randomness Church [1940]
as independence [Downey and Hirschfeldt, 2010, Section 12.3]. Finally, van Lambalgen
observed an abstract interpretation of “random with respect to something” as “independent
to” in [Van Lambalgen, 1990].

A prototypical, absolute and universal Notion of Randomness

One often referred absolute and universal definition of randomness is Martin-Löf’s typicality
approach [Buss and Minnes, 2013]. Martin-Löf’s randomness as typicality has been equiv-
alently formalized in terms of incompressibility and unpredictability (see Section 7.9.4).
Furthermore, a sequence, which is Martin-Löf random [Martin-Löf, 1966], is statistically in-
dependent to all partial computable selection rules [Church, 1940] [Tadaki, 2014, Theorem
11]. Contrarily, not every collective with respect to all partial computable selection rules
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is a Martin-Löf random sequence [Blum, 2009, p. 193]. So Martin-Löf’s definition is linked
to all four intuitions.

7.9.5 Kolmogorov’s versus von Mises’ Probability Theories in a Table

See Table 7.3.
Kolmogorov Von Mises

fundamental
structure

probability space (Ω,F , P ) collectives (xi)i∈N, implicitly (N,AvM, νvM)

base set (almost arbitrary) set Ω N

set of events σ-algebra F Dynkin-system AvM

probability finite positive measure limit of frequency sequence
probability
measure

countably additive finitely additive νvM

randomness no explicit mathematical defini-
tion

explicit mathematical definition

statistical
independence

factorization of joint distribution frequency limit doesn’t change under subselec-
tion

data model each data point a random vari-
able Xi on (Ω,F , P )

each data point an element in a collective (xi)i∈N

Table 7.3: Summary of main difference between Kolmogorov’s and von Mises’ probability
theories.

7.9.6 Penguin Colony Example for Fair Collective

See Figure 7.6.

lim
n→∞

nb

n
= pb

F M F M M F F F M F M M M M F

…

…

…

lim
n→∞

nb|F

n
= pb|F

Figure 7.6: Example for a subselection and fair collective. nb denotes the number of black
penguins among the first n-penguins. Blackness of penguins is distributed fairly with respect
to sex if pb = pb|F .
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8
Systems of Precision: Coherent Probabilities on

Pre-Dynkin Systems and Coherent Previsions on
Linear Subspaces
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Rabanus Derr (RD). RW supervised and steered this project. He wrote short paragraphs
(e.g., the link to intersectionality in the introduction) and took over the internal editing.
Rabanus Derr wrote the majority of the paper.
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The Personal Note

The frequential theory of probability by von Mises drew my attention beyond the first
project on fairness and randomness. While “Fairness and Randomness”, i.e., Chapter 7,
had finally been submitted and accepted for review, I had already crawled into a new rabbit
hole. The comparison of von Mises theory with the theory by Kolmogorov revealed a set
of differences. One of them being the set of events to which a probability is assigned.
Kolmogorov’s theory, built upon measure theory, defines this set to be a σ-algebra. Von
Mises derives this set from collectives. It forms a pre-Dynkin system, i.e., a set system
which is closed under complement and disjoint union.

After a little research I discovered that pre-Dynkin systems and the closely related Dynkin
systems have occurred in a wide range of research fields under various of names – I found
at least 12 names. I was fascinated that those strings have never been pulled together.

During the same time I learned more and more about imprecise probability (IP). IP ques-
tions whether a single probability distribution suffices as universal descriptive tool for un-
certainties. One flavor of IP extends single probability distribution to sets of probability
distributions. Under certain regularity conditions this set of probability distributions can
be represented by a lower and upper probability, comparable to lower and upper bounds.
Surprisingly, a regularity condition called coherence coincides with a concept of extendabil-
ity hidden in quantum probability. I stumbled over extendability when searching for more
cousins of (pre-)Dynkin-systems. I was truly fascinated and excited to find a link between
topics which apparently nobody has observed before.

Nevertheless, I definitely got more and more insecure about what to answer when people
asked me: “And, what is the use of this? What should I do differently when doing machine
learning?”. Well, it didn’t really help to see that at my first conference abroad, the ELLIS
(European Laboratory for Learning and Intelligent Systems) Doctoral Symposium 2022 in
Alicante, Spain, I presented the poster to notice that people joined mainly for my penguin
illustration but didn’t really take an interest in the set systems which are implicitly used
in machine learning, e.g., [Eban et al., 2014]. I needed to move forward.

Rather luckily, the SIPTA (Society for Imprecise Probability: Theories and Applications)
announced their call for papers with perfecti timing, Bob took notice of that and suggested
to submit. It was during the last steps to finish that Bob suggested to start the paper
with the question: What is the set of events on which an imprecise probability is precise?
The answer to the question formed the title. The ISIPTA (International Symposium on
Imprecise Probability: Theory and Applications) almost a year after Alicante, 2023 in
Oviedo, Spain, was an entirely different experience. Researchers were actually interested!
They were (mostly) not machine learning researchers, but maybe for the better.
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We extended the conference version to include an analogous development for imprecise
expectations and systems of random variables. The longer version got rejected by the
Internal Journal for Approximate Reasoning (IJAR), but we were invited to contribute to
a special issue by Entropy by two editors, physicists, to whose work we referred to.

Now, I’m uncertain about whether the set structure of precision serves well as a starting
point for expressing uncertainty. Quantum probability never seemed to get traction. It
feels a bit like that set structures are a dead-end. The tools are weak, hence they reoccur
or get re-invented here and there. But the tools are weak, hence they seem to not allow for
a strong theoretical development. I’m still unclear about the exact applicability that the
machine learning researchers around me were referring to. Maybe, I’m wrong and I just
don’t see it yet.

Summary: Systems of Precision

Motivation In order to describe uncertainties scholarship has moved beyond standard
probability distribution. Imprecise probabilities (IP) weaken the rules of probability calculus
[Walley, 1991, Augustin et al., 2014]. The field of imprecise probability has (sometimes
independent) developed into a fruitful forest of mathematical treatment of uncertainty in
finance, e.g., [Delbaen, 2002, Föllmer and Schied, 2011], decision theory, e.g., [Gilboa and
Schmeidler, 1989, Narens, 2016, Zhang, 2002], engineering, e.g., [Faes and Moens, 2020],
statistics, e.g., [Walley, 1991, Martin and Liu, 2013] and philosophy, e.g., [Schoenfield,
2012, Konek, forthcoming, Isaacs et al., 2022]. However, the simple question of on which
events are imprecise probabilities precise seemed to have obtained no attention.

On the other hand, standard probability theory presumes that probabilities are always
defined on an entire σ-algebra. But, literature on decision theory [Epstein and Zhang, 2001,
Zhang, 2002], quantum physics [Gudder, 1969, 1979, Pták, 2000], frequential probability
theory [Schurz and Leitgeb, 2008, Fröhlich et al., 2023], and machine learning [Eban et al.,
2014] observed that probabilities are sometimes only defined on fewer events than a σ-
algebra presupposes. Mainly, scholars noted that the intersection of arbitrary events does
not necessarily lead to a new event with a precise probability ascribed. That observation
contradicts the classical picture. The set structure of a σ-algebra, central to Kolmogorov’s
axiomatization, allows for countable intersections.

Hence, what can we say about the weaker event structure? What can we say about prob-
abilities for events which are not in this weaker event structure? What is the relationship
of this structure to the set of events on which an imprecise probability is precise? Overall,
how is uncertainty captured in the “set structure of precision”?

This work has been published before I began to think about forecast felicity. Therefore,
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the terms and formulations might differ to the surrounding chapters. The key terms are
“translated” in Table 8.1.

Unified Notation & Terminology Chapter 8
statistical forecast –
individual, ι element, ω ∈ Ω
aggregate, ℧ base set, Ω
attribute, ϱ(ι) = ℘ set, elements of set systems, events, A ⊆ Ω
measurement finitely additive probability µ

Table 8.1: Translation table – Systems of Precision: Coherent Probabilities on Pre-Dynkin
Systems and Coherent Previsions on Linear Subspaces

Contribution We show that the answer to both strands of questions revolve around
(pre-)Dynkin systems. Pre-Dynkin systems are set systems, i.e., sets of sets (respectively
sets of events), that contain the empty set, are closed under complement and finite disjoint
union. Dynkin system are furthermore closed under countable disjoint union.

The set structure of precision for imprecise probabilities are, under some conditions on the
imprecise probabilities, pre-Dynkin systems (respectively Dynkin systems, if further conti-
nuity conditions are added). The restriction of the imprecise probability to the set structure
of precision leads to a standard finitely (respectively countably) additive probability mea-
sure. This measure is defined on a (pre-)Dynkin system instead of a σ-algebra.

On the other hand, (pre-)Dynkin systems are the minimal structure of events on which
finitely (respectively countably) additive probabilities are defined. A precise probability de-
fined on a (pre-)Dynkin system is extendable in different ways. One of the ways requires the
probability to be coherent, a regularity condition central to imprecise probability. We show
that coherence is equivalent to extendability a regularity condition introduced in quantum
probability.

Finally, we span up a duality structure between the set of probability distributions which
are precise on a pre-Dynkin system and the pre-Dynkin system. In particular, we show
that such a set of probability distributions, under some additional restriction, identifies the
pre-Dynkin system. With this dual structure we close the loop between set structures and
probabilities on set structures.

An analogous treatment of imprecise expectations and random variables completes the work.

Tools and Sketch of Arguments Let us formally introduce pre-Dynkin systems and
finitely additive probabilities to intuitively explain the findings. We leave details and the
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treatment of Dynkin systems with countably additive probabilities, i.e., standard probabil-
ities, to the full paper (Chapter 8).

A set system D ⊆ 2Ω1 on some set Ω is a pre-Dynkin system (Definition 8.1) if and only if
all of the following conditions hold:

(a) ∅ ∈ D,

(b) D ∈ D implies Dc := Ω \D ∈ D

(c) C,D ∈ D with C ∩D = ∅ implies C ∪D ∈ D.

A finitely additive probability measure on a pre-Dynkin system D (Definition 8.9) is a function
µ : D → [0, 1] if and only if it fulfills the following two conditions:

(a) Normalization: µ(∅) = 0 and µ(Ω) = 1.

(b) Additivity: let A,B ∈ D and A ∩B = ∅. Then, µ(A ∪B) = µ(A) + µ(B).

A finitely additive probability measure µ on a pre-Dynkin system is extendable if and only
if there exists a finitely additive probability measure ν on 2Ω such that ν|D = µ (Defini-
tion 8.15).

Note that a probability measure defined as above but on an arbitrary set system can by
default be extended to a finitely additive probability measure on the smallest pre-Dynkin
system which encompasses the arbitrary set system. Hence, the restriction to pre-Dynkin
systems is without loss of generality (Theorem 8.10 and Proposition 8.25).

To get an intuition for the findings let us look at the set of probability measures which
coincide with a reference probability measure µ on a pre-Dynkin system D,

P := {ν ∈ ∆: ν|Dµ},

where ∆ is the set of all finitely additive probability measures on 2Ω. If P 6= ∅, then µ

is extendable, hence coherent (Theorem 8.19). Suppose µ is extendable (hence coherent).
Define µD(A) := infν∈P(A) and µD(A) := infν∈P(A) for all A ∈ 2Ω. Then, all sets A ⊆ Ω

such that µD(A) = µD(A) form a pre-Dynkin system, not necessarily D (Theorem 8.10
and Proposition 8.31). The reason is that measure zero sets impose additional constraints,
which make the probabilities coincide on more sets. If furthermore, |Ω| < ∞ and µ > 0,
then the pre-Dynkin system is equal to D (Theorem 8.37).

1We denote the power set of Ω by 2Ω.
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Relation to Forecast Felicity The measurability problem (Section 5.3) motivates
the study of the set structure of precision in the context of forecast felicity.

Suppose that the forecasts under consideration are of Type A2I. More specifically, we sup-
pose that the forecast is a finitely additive probability on a pre-Dynkin system (cf. Chap-
ter 6). Finitely additive probabilities on pre-Dynkin systems can be understood as idealized
measurements, much like a standard probability distribution on σ-algebra (Section 6.2). For
this, consider the set Ω to be an abstract aggregate. An individual is an element ω ∈ Ω.
An event, or set, A ⊆ Ω is a subset of the aggregate which shares the attribute of interest
for the forecast. The set A defines an binary indicator function which corresponds to the
attribution function ϱ (see Table 8.1). The probability of A, µ(A), if defined, is an idealized
measurement of the size of individuals which share the attribute.

Exemplarily, let Ω be the aggregate of days. The set A is the subset of rainy days. The
idealized measurement of the size of A, i.e., µ(A), is the forecast that it rains today. In this
case, µ(A) is literally a probability “measure”. But is µ(A) defined, respectively is A ∈ D
where D is the pre-Dynkin system on which the probability is defined?

To justify that the forecast is such an idealized measurement, one must assume that the
relevant attributes, i.e., events, are part of the pre-Dynkin system. In other words, the
assumption of measurability, i.e., being in the pre-Dynkin system, is required.

The prerequisite of measurability is often swept under the carpet. For instance in machine
learning, hardly any paper pays attention to the fact that measurability can break. However,
the series of works in different research fields (see the paragraph on Motivation above or
Section 8.1 in the original paper) show it does break.

The re-occuring pattern in those examples is that if there are two overlapping events which
are attributed a precise probability it is not a priori clear whether their intersection can get
assigned a precise probability. For instance, if the size of rainy days µ(A) is well-defined
and the size of warm days (temperature > 20◦C) is well-defined µ(B), then µ(A∩B) might
not well-defined. There may be numerous reasons. (a) The intersection is an extremely
rare event for which we practically cannot obtain any precise estimate. (b) The intersection
is practically not measurable with the devices at hand, e.g., because rain measurement
disturbs temperature measurement. This is indeed the case for social measurements, in
which if one question gets asked, the answers to a second question are distorted [Trueblood
and Busemeyer, 2011]. (c) The intersection is physically impossible to measure. It follows
that intersectability, hence measurability, is a relative and contextual choice.

To demonstrate that measurability can be (in)felicitously assumed and provided, reconsider
the two events A (days with rain) and B (days with temperature > 20◦C). A rain forecast
in a newspaper might deliberately ignore the intersection of rainfall and temperature mea-
surement and do “as if” rainfall and temperature do not interfere. An agricultural forecast
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should be more accurate and, accordingly, provide independent, simultaneous measurements
and statistics for rainfall and temperature. Respectively, if not possible, the forecast should
make explicit the shortcoming with respect to the interference between the two events. A
felicitous forecast requires a felicitous assumption of measurability.

Our elaborations in Chapter 8 provide a structure of the choice of measurability – the lattice
of pre-Dynkin systems. As we argued pre-Dynkin systems are the relevant set systems to
consider. They are ordered depending on their fine-grainedness from the trivial {∅,Ω} pre-
Dynkin system to the full power set 2Ω. Furthermore, we show that the assumption of
measurability can be circumvent by providing bounds to the precise forecasts.
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Abstract

In the literature on imprecise probability, little attention is paid to the fact that imprecise
probabilities are precise on a set of events. We call these sets systems of precision. We
show that, under mild assumptions, the system of precision of a lower and upper probabil-
ity form a so-called (pre-)Dynkin system. Interestingly, there are several settings, ranging
from machine learning on partial data over frequential probability theory to quantum prob-
ability theory and decision making under uncertainty, in which, a priori, the probabilities
are only desired to be precise on a specific underlying set system. Here, (pre-)Dynkin sys-
tems have been adopted as systems of precision, too. We show that, under extendability
conditions, those pre-Dynkin systems equipped with probabilities can be embedded into
algebras of sets. Surprisingly, the extendability conditions elaborated in a strand of work in
quantum probability are equivalent to coherence from the imprecise probability literature.
On this basis, we spell out a lattice duality which relates systems of precision to credal
sets of probabilities. We conclude the presentation with a generalization of the framework
to expectation-type counterparts of imprecise probabilities. The analogue of pre-Dynkin
systems turns out to be (sets of) linear subspaces in the space of bounded, real-valued func-
tions. We introduce partial expectations, natural generalizations of probabilities defined
on pre-Dynkin systems. Again, coherence and extendability are equivalent. A related but
more general lattice duality preserves the relation between systems of precision and credal
sets of probabilities.
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8.1 Introduction

Scholarship in imprecise probability largely focuses on the imprecision of probabilities. How-
ever, imprecise probability models often lead to precise probabilistic statements on certain
events or gambles, i.e., bounded, real-valued functions. In this work, we follow a hitherto
untaken route investigating the system of precision, i.e., the set structure on which an im-
precise probability is precise. (We elaborate the exact definition of imprecise probabilities
and expectation used here in Section 8.3 and Section 8.6). It turns out that (pre-)Dynkin
systems (as shown in Appendix 8.8.2, (pre-)Dynkin systems appear under plenty of names)
describe the set of events with precise probabilities (cf. Section 8.3). This event structure
is a neglected object in the literature on imprecise probability. In particular, it constitutes
a parametrized choice somewhat “orthogonal” to the standard. Roughly stated, existing
approaches to imprecise probability generalize the probability measure µσ in a classical
probability space (Ω,Fσ, µσ). Following Kolmorogov’s classical setup, Ω is the base set,
Fσ a σ-algebra and µσ a countably additive probability on Fσ. Approaches to imprecise
probability often do not even presuppose an underlying measure space (e.g., [Walley, 1991]).
However, they are often linked to finitely additive measure spaces (Ω,F , µ), where µ is a
finitely additive probability, and F is an algebra of sets (sometimes called a field). We start
by generalizing Fσ from a σ-algebra to a pre-Dynkin system.

This suggestion is practically motivated: what do the following scenarios have in common?

(a) A machine learning algorithm has access to a restricted subset of attributes. It can-
not jointly query all attributes simultaneously. This is called “learning on partial,
aggregated information” [Eban et al., 2014]. The reasons might be manifold: for pri-
vacy preservation, “not-missing-at-random” features, restricted data base access for
acceleration or multi-measurement data sets.

(b) Quantum physical quantities, e.g., location and impulse, are (statistically) incompat-
ible [Gudder, 1979].

(c) A preference ordering on a set of acts gives rise to precise beliefs on a set of events,
whereas this belief is not necessarily precise for intersections of such events [Epstein
and Zhang, 2001, Zhang, 2002].

In all of these scenarios, there does not exist a precise probability over all attributes and
events. Or, there is no such precise probability accessible. Two attributes might each
on their own exhibit a precise probabilistic description, while a joint precise probabilistic
description does not exist. On a more fundamental level, no intersectability is provided. A
precise probabilistic description of two events does not imply that the intersection of those
events possesses a precise probability. The set system for the description of the events with
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precise probabilities which independently turned up in the various, previously mentioned
fields of research is, again, the (pre-)Dynkin system.

The question of intersectability (or “intersectionality”) is of considerable interest in the
social sciences where it is used as a label to describe the problem of the joint effect of
various individual attributes on social outcomes [Cole, 2009, Shields, 2008, Weldon, 2008].
That this notion of intersectionality has something to do with set systems is clear already
from the fact that the Venn diagram pictured in Figure 8.1 is used as an illustration both for
the Wikipedia articles on hypergraphs [Anonymous, 2023a] (another name for a set system
[Berge, 1989]) and intersectionality [Anonymous, 2023b].

Figure 8.1: Exemplary illustration of Venn diagram for four sets (By RupertMillard, CC
BY-SA 3.0).

Needless to say, the concept as used in the social sciences is rich, complex, and somewhat
vague, which is not necessarily held to be a weakness: “at least part of its success has been
attributed to its vagueness” [Hancock, 2013] (p. 260). Our interest is in under what circum-
stances precise probabilities can be ascribed to events; we speculate that such formal results
may well contribute to a deeper empirical understanding of social intersectionality, without
resorting to fuzzy logic [Hancock, 2007] with its potential lack of operational definition as
argued for by Cooke [2004].

By rethinking the domain of probability measures, one might wonder about the origins of
Kolmogorov’s σ-algebra as the set system for events which possess probabilities. This links
back to the old problem of measurability [Elstrodt, 2018] (pp. 1–5). The measurability prob-
lem is the mathematical problem to assign a uniform measure to all subsets of a continuum.
Giuseppe Vitali showed in 1905 that this problem is not solvable for countably additive
measures [Elstrodt, 2018] (p. 5) (from [Vitali, 1905]). Hence, more restricted set systems
such as the σ-algebra arose. Isaacs et al. [2022] reconsidered this century-old discussion to
argue for rationality of imprecise probabilities. We take their argument even further. Inside
the borders of mathematical measurability, the set of events which ought to be assigned
probabilities is a modeling choice. Measurability is a modeling tool. We show that it is
naturally parametrized by the set of (pre-)Dynkin systems.

All of the preceding considerations bring us to the main question of this paper: What is the
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system of precision and how does it relate to an imprecise probability on “all” events? We
approach this question from three perspectives.

1. First, we show that, under mild assumptions, a pair of lower and upper probabilities
assign precise probabilities, i.e., lower and upper probability coincide, to events which
form a pre-Dynkin system or even a Dynkin system.

2. Second, we define probabilities on pre-Dynkin systems in accordance with the litera-
ture on quantum probability, in particular [Gudder, 1969]. We argue that probabil-
ities on pre-Dynkin systems, as well as their inner and outer extension, exhibit few
desirable properties, e.g., subadditivity cannot be guaranteed. Hence, extendability,
the ability to extend a probability from a pre-Dynkin system to a larger set struc-
ture, turns out to be crucial, as it implies coherence of the probability defined on
the pre-Dynkin system. This observation links together the research from probabili-
ties defined on weak set structures [Gudder, 1969, Zhang, 2002, Schurz and Leitgeb,
2008] to imprecise probabilities [Walley, 1991, Augustin et al., 2014]. Furthermore,
extendability guarantees the existence of a nicely behaving, so-called coherent exten-
sion. We finally show that the inner and outer extension of a probability defined on a
pre-Dynkin system is always more pessimistic than its corresponding lower and upper
coherent extension.

3. Last, we develop a duality theory between pre-Dynkin systems on a predefined base
measure space and their respective credal sets of probabilities. The credal sets consist
of all probabilities which coincide with the pre-defined measure on a pre-Dynkin sys-
tem. A so-called Galois connection links together the containment structure on the
set of set systems with the containment structure on the set of credal sets.

We conclude our presentation with a generalization to expectation-type counterparts of
imprecise probabilities in Section 8.6. These are often called previsions, e.g., in [Walley,
1991]. Our main question thus generalizes to: what is the system of precision and how
does it relate to an imprecise expectation on “all” gambles? In this case, by “system of
precision” we mean the set of gambles on which a lower and upper expectation coincide.

1. First, we propose a generalization of a finitely additive probability defined on a pre-
Dynkin system. More concretely, we define partial expectations which correspond to
expectation functionals which are only defined on a set of linear subspaces of the
space of all gambles. However, on those linear subspaces, they behave like “classical”
(finitely additive) expectations.

2. Second, we show that under some properties, imprecise expectations are precise on a
linear subspace of the linear space of gambles. (cf. Section 8.3)
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3. Third, we present a natural generalization of extendability for partial expectations,
which again turns out to be equivalent to coherence of the partial expectation.

4. Last, analogous to the lattice duality (A lattice is a poset with pairwise existing min-
imum and maximum. The duality is expressed via an antitone lattice isomorphism.)
described in Section 8.5, we present a lattice duality for linear subsets of the space of
gambles and credal sets which define coherent lower and upper previsions.

In summary, our work makes contributions in-between the research field of imprecise prob-
abilities, probabilities defined on general set structures, and partially defined expectation
functionals. Part of this work has been presented at the International Symposium on
Imprecise Probabilities: Theories and Applications under the title “The Set Structure of
Precision” [Derr and Williamson, 2023a]. The following version is a more complete and
exhaustive presentation of this conference version. We included all omitted proofs of the
conference version. We elaborated the content of Section 8.5. We added an entire section
about the generalization to expectation-type counterparts of probabilities on pre-Dynkin
systems (Section 8.6). We presented relations to different research areas in more detail. We
shortly discussed countably additive probabilities on Dynkin systems in the appendix, as
we put emphasis on finitely additive probabilities in the main text. Before we begin the
structural investigation of pre-Dynkin systems, we first introduce the used notation and fix
the mathematical framework.

8.1.1 Notation and Technical Details

As we deal with a lot of sets, sets of sets, and rarely even sets of sets of sets in this paper,
we agree on the following notation: sets are written with capital Latin or Greek letter, e.g.,
A or Ω. Sets of sets are denoted A. Sets of sets of sets obtain the notation A. As usual, R
is reserved for the set of real numbers, N for the natural numbers. The power set of a set
A is written as 2A.

In the course of this work, we require the notions of σ-algebras and algebras (of sets). An
algebra is a subset of 2Ω which contains the empty set and is closed under complement and
finite union. A σ-algebra is an algebra which is closed under countable union [Williams,
1991] (Definition 1.1). ( Our notion of an algebra should not be confused with the notion
of an algebra over a field.) (Probability) measures are denoted by lowercase Greek letters,
e.g., µ, ν and ψ, except for σ. Generally, we use “σ” to emphasize the countable nature of a
mathematical object. This becomes clear when we define Dynkin systems (Definition 8.1).
Other functions are denoted by lowercase Latin letters, e.g., f and g.

Regarding the technical setting, we roughly follow the setup of [Walley, 1991] (§3.6 and
Appendix D). For a summary, see Table 8.2. Let Ω be an arbitrary set. In several examples
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Table 8.2: Summary of important notations used.

Ω, 2Ω Base set and its power set
[n] Set {1, . . . , n}
D Pre-Dynkin system on Ω (Definition 8.1)
Dσ Dynkin system on Ω (Definition 8.1)

D(A) Pre-Dynkin hull of a set system A ⊆ 2Ω (Definition 8.1)
µ Finitely additive probability defined on D (Definition 8.9)

µ∗, µ∗ Inner respectively outer extension (Proposition 8.12)
µD, µD Lower respectively upper coherent extension (Corollary 8.20)
M(µ,D) Credal set of µ on D (Corollary 8.20)

ν Finitely additive probability defined on 2Ω

ψ Fixed, finitely additive probability defined on 2Ω

χA Indicator function of the set A ⊂ Ω
∆ Set of finitely additive probability measures on 2Ω, set of linear previsions

mψ : 2
2Ω → 2∆ Credal set function (Definition 8.23)

m◦
ψ : 2

∆ → 22
Ω Dual credal set function (Definition 8.28)

co Convex, Weak⋆ Closure
B(Ω) Set of real-valued, bounded functions on Ω
ba(Ω) Set of bounded, signed, finitely additive measures on 2Ω

E Partial Expectation (Definition 8.45)
S(Ω,A) Linear space of simple gambles on the set system A

B(Ω,Fσ) Linear space of bounded, Fσ-measurable functions
E Coherent lower prevision (Definition 8.49)
E Coherent upper prevision (Definition 8.49)
ν Linear prevision defined on B(Ω) (equivalent to ν above)
ψ Fixed, linear prevision defined on B(Ω) (equivalent to ψ above)

mψ : 2
B(Ω) → 2∆ Generalized credal set function (Definition 8.53)

m◦
ψ : 2

∆ → 2B(Ω) Generalized dual credal set function (Definition 8.54)

Ω = [n], where [n] denotes the set {1, . . . , n}. The set B(Ω) is defined as the set of all
real-valued, bounded functions on Ω. We call those functions gambles. For instance, χA,
the indicator function of A ⊆ Ω, is in B(Ω). The supremum norm, ‖f‖sup := supω∈Ω |f(ω)|
makes B(Ω) a topological linear vector space [Hildebrandt, 1934]. With ba(Ω), we denote the
set of all bounded, signed, finitely additive measures on 2Ω. In fact, ba(Ω) is the topological
dual space of B(Ω). So, in particular, every continuous linear functional ν ∈ B(Ω)∗ can be
identified with a bounded, signed, finitely additive measure [Hildebrandt, 1934]. ( As the
linear functional is defined on a normed space, continuity and boundedness are equivalent.)
For this reason, we use, with minor abuse of notation, the same notation for bounded,
signed, finitely additive measures and for continuous linear functionals in the dual space
of B(Ω), i.e., we write ν(f) =

∫
fdν. The dual space ba(Ω) gets equipped with the weak⋆

topology, i.e., the weakest topology which makes all evaluation functionals of the form
f∗ ∈ ba(Ω)∗ such that f∗(ν) :=

∫
fdν for some f ∈ B(Ω) continuous (for more details see,
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e.g., [Schechter, 1997] (p. 758)). With ∆ ⊆ ba(Ω), we denote the convex, weak⋆-closed
subset of finitely additive probability measures. The set ∆ plays a major role in Walley’s
theory of previsions, as the measures in ∆ are in one-to-one correspondence to his linear
previsions [Walley, 1991] (Theorem 3.2.2). The operator co is the convex, weak⋆ closure
on the space ba(Ω). We further introduce the following two notations: let F ⊆ 2Ω be an
algebra. Then, S(Ω,F) ⊆ B(Ω) denotes the linear subspace of simple functions on F , i.e.,
scaled and added indicator functions of a finite number of disjoint sets (cf. [Rao and Rao,
1983] (Definition 4.2.12)). Let Fσ ⊆ 2Ω be a σ-algebra. Then, B(Ω,Fσ) ⊆ B(Ω) denotes
the linear subspace of all bounded, real-valued, Fσ-measurable functions. Equipped with
these notions and tools we are ready for a first preliminary question.

8.2 What Is a (Pre-)Dynkin System?

In this work, the main objects under consideration are pre-Dynkin systems and Dynkin
systems. A (pre-)Dynkin system is a set system on Ω. It contains the empty set, is closed
under complement and (countable) disjoint union. More formally:

Definition 8.1 ((Pre-)Dynkin system). We say D ⊆ 2Ω is a pre-Dynkin system on some
set Ω if and only if all of the following conditions hold:

(a) ∅ ∈ D,

(b) D ∈ D implies Dc := Ω \D ∈ D

(c) C,D ∈ D with C ∩D = ∅ implies C ∪D ∈ D.

We call Dσ ⊆ 2Ω a Dynkin system if and only if the conditions (a), (b) and

(c’) let {Di}i∈N ⊆ Dσ, if for all i, j ∈ N with i 6= j it holds Di∩Dj = ∅ then
⋃
i∈NDi ∈ Dσ,

are fulfilled.

Observe that every Dynkin system is a pre-Dynkin system. We will denote pre-Dynkin
systems by the use of D, in contrast to Dσ for Dynkin systems. This should not be confused
with D(A) for A ⊆ 2Ω, which is the intersection of all pre-Dynkin systems which contain A,
i.e., the smallest pre-Dynkin system containing A. (For A = ∅ we define D(A) = {∅,Ω}.)
In other words, D(A) is the pre-Dynkin hull generated by A. The following short lemma
will be helpful in later proofs.

Lemma 8.2 (Closedness under Set Difference). Let D ⊆ 2Ω be a pre-Dynkin system, if
A,B ∈ D and A ⊆ B, then B \A ∈ D.
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Proof. Let A,B ∈ D and A ⊆ B. Then, (B \ A)c = Bc ∪ A. Since D is closed under
complement and disjoint union Bc ∪ A ∈ D. But, then again, the complement, B \ A,
is in D.

In classical probability theory, Dynkin systems appear as a technical object required for the
measure-theoretic link between cumulative distribution functions and probability measures
(cf. [Williams, 1991] (Proof of Lemma 1.6)). In particular, every σ-algebra, the well-known
domain of probability measures, is a Dynkin system. Thus, all statements within this work
are generalizations of classical probability theoretical results. We give a short example of a
pre-Dynkin system, which is not an algebra in the following. This example gets reused to
illustrate forthcoming statements.

Example 8.3. The smallest pre-Dynkin system, up to isomorphisms,which is not an algebra
can be defined on Ω4 := {1, 2, 3, 4}. It is given by D4 := {∅, 12, 34, 13, 24,Ω4}, where we
write 12 as a shorthand for {1, 2}.

Pre-Dynkin and Dynkin systems naturally arise in probability theory. For instance, the
set of all subsets A ⊆ N, such that the natural density µ(A) = limn→∞

|A∩[n]|
n exists is

a pre-Dynkin system DN but not an algebra [Schurz and Leitgeb, 2008]. It is sometimes
called the density logic [Pták, 2000] and constitutes the foundation of von Mises’ century-old
frequential theory of probability [Von Mises, 1919] (refined and summarized in [Von Mises
and Geiringer, 1964]). Intriguingly, this was used as an example by Kolmogorov [1927/1929]
of a measure defined on a restricted set system for which it is desired to extend the measure
to the power set 2N (cf. § 8.4); see the discussion in [Khrennikov, 2009b] (pp. 11–14), who
observed (page 14) that “the main problem is non-uniqueness of an extension” and that
such extended measures are impossible to verify from observed frequencies, because the
relative frequencies do not converge for events in 2N \ DN. The non-uniqueness is naturally
handled in the present paper by working with lower and upper previsions (or lower and
upper probabilities) (cf. [Fröhlich et al., 2023]).

Another class of Dynkin systems occurs in so-called marginal scenarios [Cuadras et al., 2002].
Marginal scenarios are settings in which marginal probability distributions for a subset of
a set of random variables are given, but not the entire joint distribution. This restricted
“joint measurability” of the involved random variables can be expressed via Dynkin systems
[Gudder, 1984] (Example 4.2), [Vorob’ev, 1962].

Pre-Dynkin systems are so helpful because they structurally align with finitely additive
probability measures. The same statement holds for Dynkin systems and countably additive
probabilities. If we know the probability of an event, then we know the probability of the
complement; i.e., the event does not happen. If we know the probability of several events
which are disjoint, then we know the probability of the union, which is just the sum.
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Probabilities following their standard definition go hand in hand with Dynkin systems. We
see this observation manifested in many following statements.

Remarkably, (pre-)Dynkin systems appeared under a variety of names (cf. Appendix 8.8.2).
Fundamental to all its regular, independent occurences in many research areas is the need
for a set structure which does not allow for arbitrary intersections.

8.2.1 Compatibility

(Pre-)Dynkin systems are not necessarily closed under intersections. However, when the
intersection of two sets (events) is contained in the (pre-)Dynkin system, we call the two
events compatible.

Definition 8.4 (Compatibility). Let A,B be elements in a pre-Dynkin system D, then A

and B are compatible if and only if A ∩B ∈ D.

This definition follows the definitions given in, e.g., [Gudder, 1969, 1973, 1984]. (It should
not be confused with the very similar, and sometimes equivalent, notion of commutativity
in logical structures [Narens, 2016] (Definition 14) (cf. Appendix 8.8.5).) Compatibility in
pre-Dynkin systems is a symmetric relation, but it is not necessarily transitive. Further-
more, it is complement inherited, i.e., if A,B are compatible in a pre-Dynkin system, then so
are A,Bc [Gudder, 1979] (Lemma 3.6). Lastly, compatibility, even though expressed as in-
tersectability, i.e., “closed under intersection”, can be equivalently expressed as unifiability,
i.e., “closed under union”.

Lemma 8.5 (Cup gives Cap gives Cup). Let D be a pre-Dynkin system and A,B ∈ D.
Then

A ∩B ∈ D ⇔ A ∪B ∈ D

Proof. Using Lemma 8.2 for pre-Dynkin systems, we can quickly see that the following two
decompositions give the desired equivalence:
For the “⇒”-direction: A ∪ B = (A \ (A ∩ B)) ∪ B. The fact A,A ∩ B,B ∈ D implies
(A \ (A ∩B)) ∪B ∈ D.
For the “⇐”-direction: A ∩ B = A \ ((A ∪ B) \ B). The fact A,A ∪ B,B ∈ D implies
A \ ((A ∪ B) \ B) ∈ D. (A related result for Dynkin systems is given in [Gudder, 1969]
(5.1).)

Example 8.6. We reconsider the set Ω4 and pre-Dynkin system D4 from Example 8.3. The
elements 12 and 34 are intersectable 12 ∩ 34 = ∅ ∈ D4 and unifiable 12 ∪ 34 = Ω4 ∈ D4.
The elements 12 and 13 are not intersectable 12 ∩ 13 = 1 /∈ D4 and not unifiable 12 ∪ 13 =

123 /∈ D4.
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The term “compatibility” underlines that closedness under intersection gets loaded with
further meaning in the context of probability theory. As we define in the next section, D
is the set of “measurable” events, i.e., events which get assigned a probability. Hence, two
events, A,B, are called compatible if and only if a precise joint probabilistic description,
i.e., a precise probability of A ∩ B, exists. For a more thorough discussion of the nature
of compatibility (and its cousin commutativity) we point to the literature on quantum
probability, e.g., [Khrennikov, 2009a] (Definition 3.12), or [Rivas, 2019].

Compatibility is not only a property of elements in pre-Dynkin systems. One can take
compatibility as a primary notion; i.e., one requires the statements of Lemma 8.5 and
[Gudder, 1979] (Lemma 3.6) to hold. Then, a set structure which contains the empty set
and the entire base set and is equipped with this notion of compatibility is a pre-Dynkin
system [Khrennikov, 2009b] (Definition 5.1). (It is called semi-algebra in [Khrennikov,
2009b] (Definition 5.1).)

Interestingly, the assumption of arbitrary compatibility is fundamental to most parts of
probability theory. σ-algebras, the domain of probability measures, are exactly those
Dynkin systems in which all events are compatible with all others [Gudder, 1973] (Theorem
2.1). Algebras are exactly those pre-Dynkin systems in which all events are compatible
with all others. Surprisingly, it turns out that, as well, all pre-Dynkin systems can be
dissected into such “blocks” of full compatibility. Every pre-Dynkin system consists of a
set of maximal algebras, which we call blocks. In particular, maximality here stands for the
following: there is no algebra contained in D such that some Ai is a strict sub-algebra of
this algebra. Similar and related results can be found in [Katriňák and Neubrunn, 1973,
Šipoš, 1978, Brabec, 1979, Vallander, 2016].

Theorem 8.7 (Pre-Dynkin Systems Are Made Out of Algebras). Let D be a pre-Dynkin
system on Ω. Then, there is a unique family of maximal algebras {Ai}i∈I such that D =⋃
i∈I Ai. We call these algebras the blocks of D.

Proof. For the proof, we require the definition of a compatible subset of D. A subset
A ⊆ D is compatible if all elements are completely compatible, i.e., any finite intersection
of elements in A is contained in D. This is indeed a stronger requirement than pairwise
compatibility (cf. Definition 8.4). Certainly, every subset A ⊆ D is compatible if and only
if every finite subset of A is compatible. Hence, compatibility is a property of so-called
finite character [Schechter, 1997] (Definition 3.46). Then, Tuckey’s lemma (e.g., [Schechter,
1997] (Theorem 6.20.AC5)) guarantees that any compatible subset of D is contained in
a maximal compatible subset. Since every element D ∈ D is in at least one compatible
subset, e.g. {∅, D,Dc,Ω} ⊆ D, the (unique) set of maximal compatible subsets {Ai}i∈I
covers the entire pre-Dynkin system D. It remains to show that the maximal compatible
subsets are algebras. Consider a maximal compatible subset Ai. First, ∅ ∈ Ai as ∅ is
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compatible to all sets in 2Ω. Second, Ai is closed under finite intersection, otherwise there
would exist a finite combination of elements A1, . . . , An ⊆ Ai such that A∩ :=

⋂n
j=1Aj ∈ D,

but A∩ /∈ Ai. Then, one can easily see that Ai ∪ {A∩} would be a compatible subset which
strictly contained Ai. This is impossible, since Ai is maximal. Finally, Ai is closed under
complement. Consider A ∈ Ai, we show that Ai ∪ {Ac} is again a compatible subset.
Let A1, . . . , An ⊆ Ai be an arbitrary finite collection of subsets, then A ∩

⋂n
j=1An ∈ D,

hence Ac ∩
⋂n
j=1An ∈ D [Gudder, 1979] (Lemma 3.6). By maximality of Ai, we then know

Ac ∈ Ai.

Example 8.8. The pre-Dynkin system D4 of Example 8.3 consists of the two algebras,
{∅, 12, 34,Ω4} and {∅, 13, 24,Ω4}.

Theorem 8.7 simplifies several follow-up observations. Instead of pre-Dynkin systems, we
can equivalently consider a set of algebras. However, not every union of algebras is a pre-
Dynkin system. If these algebras form a compatibility structure, i.e., a set of maximal
π-systems, which are non-empty set systems closed under finite intersections, then their
union is a pre-Dynkin system (Definition 8.59 and Theorem 8.60 in Appendix 8.8.1). Anal-
ogous results for Dynkin systems and σ-algebras exist and are given in Appendix 8.8.4. In
summary, pre-Dynkin systems are set structures which do not allow for arbitrary intersec-
tions but can be split into maximal intersectable subsets, their blocks.

8.2.2 Probabilities on Pre-Dynkin Systems

We require a notion of probability on a pre-Dynkin system to elaborate the relationship
of imprecise probability and the system of precision in the following. Probabilities are
classically defined on σ-algebras. We generalize this definition as e.g., stated in [Williams,
1991] (p. 18f) to pre-Dynkin systems.

Definition 8.9 (Probability Measure on a Pre-Dynkin System). Let D be a pre-Dynkin
system. We call a function µ : D → [0, 1] a finitely additive probability measure on D if
and only if it fulfills the following two conditions:

(a) Normalization: µ(∅) = 0 and µ(Ω) = 1.

(b) Additivity: let A,B ∈ D and A ∩B = ∅. Then, µ(A ∪B) = µ(A) + µ(B).

If condition (b) can be extended to countable subsets of D, then we call µ countably additive
probability measure on D: let I ⊆ N and {Ai}i∈I such that Ai ∈ D for all i ∈ I and
Ai ∩Aj = ∅ for i 6= j, i, j ∈ I and

⋃
i∈I Ai ∈ D. Then µ(

⋃
i∈I Ai) =

∑
i∈I µ(Ai).

For the sake of readability, we use “probability” and “probability measure” exchangeably.
Probabilities on pre-Dynkin systems are monotone, i.e., for A,B ∈ D, if A ⊆ B, then
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µ(A) ≤ µ(B). This can be seen when applying Lemma 8.2 and Definition 8.9. But, in
contrast to a probability defined on a σ-algebra, a probability on a pre-Dynkin system is not
necessarily modular, i.e., for A,B ∈ D, µ(A)+µ(B) = µ(A∪B)+µ(A∩B) [Denneberg, 1994]
(p. 16). (It is, however, possible to define modular probabilities on pre-Dynkin systems. This
leads to a fixed parametrization of probability functions already on simple examples [Navara
and Pták, 1998] (p. 125).) It is that sophisticated interplay of set structure and probability
function which leads us through this paper. In particular, why should we consider pre-
Dynkin systems?

8.3 Imprecise Probabilities Are Precise on a Pre-Dynkin System

As we now demonstrate, pre-Dynkin systems are, under mild assumptions, the systems
of precision. To make this formal, we solely require a normed, conjugate pair of lower
and upper probability which fulfill super (resp. sub)-additivity and possibly a continuity
assumption.

Theorem 8.10 (Imprecise Probability Induces a (Pre-)Dynkin System). Let ℓ : 2Ω → [0, 1]

and u : 2Ω → [0, 1] be two set functions, for which all the following properties hold:

(a) Normalization: u(∅) = ℓ(∅) = 0.

(b) Conjugacy: u(A) = 1− ℓ(Ac) for A,Ac ∈ 2Ω.

(c) Subadditivity of u: for A,B ∈ 2Ω such that A∩B = ∅, then u(A∪B) ≤ u(A)+ u(B).

(d) Superadditivity of ℓ: for A,B ∈ 2Ω such that A∩B = ∅, then ℓ(A∪B) ≥ ℓ(A)+ ℓ(B).

Then u and ℓ define a finitely additive probability measure µ := u|D = ℓ|D on the pre-Dynkin
system D := {A ∈ 2Ω : ℓ(A) = u(A)} ⊆ 2Ω. If either u fulfills

(e) Continuity from below: for An ∈ 2Ω with An ⊆ An+1 such that
⋃∞
n=1An = A ∈ 2Ω,

then
limn→∞ u(An) = u(A),

or ℓ fulfills

(e’) Continuity from above: for An ∈ 2Ω with An+1 ⊆ An such that
⋂∞
n=1An = A ∈ 2Ω,

then
limn→∞ ℓ(An) = ℓ(A),

then u and ℓ define a countably additive probability measure µσ := u|Dσ = ℓ|Dσ on the
Dynkin system Dσ := {A ∈ 2Ω : ℓ(A) = u(A)} ⊆ 2Ω.
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Proof. We start proving the first part of the theorem. Let

D := {A ∈ 2Ω : ℓ(A) = u(A)}. (8.1)

We show that D is a pre-Dynkin system. First, ∅ ∈ D by assumption (a). Second, let
D ∈ D. Then, u(Dc) = 1− ℓ(D) = 1− u(D) = ℓ(Dc) by the conjugacy relation. Third, let
{Ai}i∈I ⊆ D for finite I ⊆ N such that Ai ∩Aj = ∅ for all i 6= j, then

∑
i∈I

ℓ(Ai)
(d)

≤ ℓ

(⋃
i∈I

Ai

)
(⋆)

≤ u

(⋃
i∈I

Ai

)
(c)

≤
∑
i∈I

u(Ai)

Equation (8.1)
=

∑
i∈I

ℓ(Ai).

For (⋆), observe that ℓ(A) ≤ u(A) for all A ∈ 2Ω, since

ℓ(A) + ℓ(Ac) ≤ ℓ(A ∪Ac) = 1 = u(A ∪Ac) ≤ u(A) + u(Ac),

and thus,

ℓ(A) + ℓ(Ac) ≤ u(A) + u(Ac)

⇔ ℓ(A) + 1− u(A) ≤ u(A) + 1− ℓ(A)

⇔ ℓ(A) ≤ u(A).

Concluding, we define µ := ℓ|D = u|D for which it is trivial to show that it is a finitely
additive probability on D.

For the second part, we first notice that continuity from below and from above are equivalent
for conjugate set functions on set systems which are closed under complement [Denneberg,
1994] (Proposition 2.3). Next, we show that subadditivity of u and continuity from below
(of u) imply σ-subadditivity of u: for {Ai}i∈I ⊆ 2Ω such that I ⊆ N and Ai ∩Aj = ∅ for all
i 6= j with i, j ∈ I then u

(⋃
i∈I Ai

)
≤
∑

i∈I u(Ai). In the case that I is finite, subadditivity
of u is provided by assumption. For infinite I, we can construct an increasing sequence of
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sets, namely Bj =
⋃

1≤i≤j Ai, so that Bj ⊆ Bj+1. Furthermore,
⋃∞
j=1Bj =

⋃
i∈I Ai. Thus,

u

(⋃
i∈I

Ai

)
= u

 ∞⋃
j=1

Bj


(e)
= lim

j→∞
u (Bj)

= lim
j→∞

u

 ⋃
1≤i≤j

Ai


(d)

≤ lim
j→∞

∑
1≤i≤j

u (Ai)

=
∑
i∈I

u (Ai) .

The same argument holds analogously for superadditivity and continuity from above of ℓ
which is implied by continuity from below and the conjugacy relationship [Denneberg, 1994]
(Proposition 2.3). In summary, the proof of the first part can then be applied again, now
without the restriction that I ⊆ N is finite. Instead, it potentially is countable.

Example 8.11. Remember, Ω4 = {1, 2, 3, 4}. We define ℓ : 2Ω4 → [0, 1] by ℓ(1) = 0,
ℓ(2) = 0.3, ℓ(3) = 0, ℓ(4) = 0.3, ℓ(12) = 0.5, ℓ(34) = 0.5, ℓ(13) = 0.2, ℓ(24) = 0.8,
ℓ(14) = 0.3, ℓ(23) = 0.3, ℓ(123) = 0.5, ℓ(124) = 0.8, ℓ(134) = 0.5, ℓ(234) = 0.8, ℓ(Ω4) = 1

and u : 2Ω4 → [0, 1] by u(A) = 1 − ℓ(Ac). It is easy to show that ℓ and u fulfill the
assumptions (a), (b), (c) and (d) in Theorem 8.10. The imprecise probabilities u and ℓ

coincide on {∅, 12, 34, 13, 24,Ω4}, the pre-Dynkin system described in Example 8.3. The
example is illustrated in Figure 8.2. In this figure ℓ = µD4

and u = µD4
.

In summary, imprecise probabilities are, under mild assumptions, precise on a pre-Dynkin
system or even a Dynkin system. (The events in the system of precisions are called unam-
biguous events in the decision theory literature [Epstein and Zhang, 2001].) This, impor-
tantly, is also the case if the system of precision is strictly larger than the trivial pre-Dynkin
systems {∅,Ω}. Exemplarily, a pair of conjugate, coherent lower and upper probability (e.g.,
[Walley, 1991] (§2.7.4)) fulfills the conditions (a)–(d). However, in several cases (e.g., dis-
torted probability distributions), imprecise probabilities are just precise on the system of
certainty, i.e., the events which possess 0 or 1 probability (Proposition 8.69). Concluding,
the system of precision is a pre-Dynkin system D ⊆ 2Ω. What if we first define precise,
finitely additive probabilities on a pre-Dynkin system, i.e., we fix a system of precision? We
can then ask for “imprecise probabilities” deduced from this probability which are defined
on a larger set structure, e.g., an algebra in which the pre-Dynkin system is contained.
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Figure 8.2: Illustration of the running example. The dark elements are contained in the pre-
Dynkin system D on Ω = {1, 2, 3, 4}. The lower and upper coherent extension, respectively,
the inner and outer extension, are denoted at the sides of the elements in the set system as
shown in the example in the left upper corner. Elements in D possess a precise probability.

97



8.4 Extending Probabilities on Pre-Dynkin Systems

Precise probabilities on pre-Dynkin system naturally arise in many, distinct, applied sce-
narios as we argued in the Introduction (Section 8.1). However, we acknowledge that the
definition of probabilities on pre-Dynkin systems is mathematically cumbersome. The pos-
sibilities to prove standard theorems is very limited as the approaches by Gudder [1973,
1979], Gudder and Zerbe [1981] demonstrate. However, if we consider a probability defined
on a pre-Dynkin system as an imprecise probability on a larger set system with a fixed
system of precision, we possibly obtain a richer, mathematical toolkit to work with. In
this case the larger set system preferably is an algebra in which the pre-Dynkin system is
contained. It remains to clarify how we construct the imprecise probability from the precise
probability on the pre-Dynkin sytem.

8.4.1 Inner and Outer Extension

A simple but, as we show, unsatisfying solution is the use of an inner and outer measure
extension. It does not rely on imposing any conditions on the probability defined on the
pre-Dynkin system. We pay for this generality with the few properties that we can derive
for the obtained extension.

Proposition 8.12 (Inner and Outer Extension [Zhang, 2002] (Lemma 2.2)). Let D be a
pre-Dynkin system on Ω and µ a finitely additive probability measure on D. The inner
probability measure

µ∗(A) := sup{µ(B) : A ⊇ B ∈ D}, ∀A ∈ 2Ω,

and outer probability measure

µ∗(A) := inf{µ(B) : A ⊆ B ∈ D}, ∀A ∈ 2Ω,

define µ∗, µ∗ : 2Ω → [0, 1], i.e., all of the following conditions are fulfilled:

(a) Normalization: µ∗(∅) = 0, µ∗(Ω) = 1.

(b) Conjugacy: µ∗(A) = 1− µ∗(A
c), ∀A ∈ 2Ω.

(c) Monotonicity: for A,B ∈ 2Ω, if A ⊆ B, then µ∗(A) ≤ µ∗(B).

Furthermore, µ∗ is superadditive, for A,B ∈ 2Ω if A ∩ B = ∅, then µ∗(A ∪ B) ≥ µ∗(A) +

µ∗(B). But µ∗ is not generally subadditive.
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Example 8.13. For D4, as in Example 8.11, let µ : D4 → [0, 1] be defined as µ(∅) =

0, µ(12) = 0.5, µ(34) = 0.5, µ(13) = 0.2, µ(24) = 0.8, µ(Ω) = 1. The inner and outer exten-
sion of µ on D4 is µ∗(∅) = 0, µ∗(1) = µ∗(2) = µ∗(3) = µ∗(4) = 0, µ∗(12) = 0.5, µ∗(34) = 0.5,
µ∗(13) = 0.2, µ∗(24) = 0.8, µ∗(14) = 0, µ∗(23) = 0, µ∗(123) = 0.5, µ∗(124) = 0.8,
µ∗(134) = 0.5, µ∗(234) = 0.8, µ∗(Ω4) = 1 and µ∗ = 1 − µ∗. The inner and outer extension
are not coherent (Definition 8.18). In particular, the outer extension is not subadditive:
µ∗(14) = 1− µ∗(23) = 1 > 0.2 + 0.5 = (1− µ∗(234)) + (1− µ∗(123)) = µ∗(1) + µ∗(4). The
example is illustrated in Figure 8.2.

In conclusion, the inner and outer extension provides an imprecise probability, which is not
necessarily coherent (cf. Definition 8.18) and it does not fulfill the conditions required for
Theorem 8.10 to post hoc guarantee that the set of precision is a pre-Dynkin system. We
remark that there exist normalized, conjugate, monotone superadditive but not subadditive
pairs of probabilities, hence possibly inner and outer probabilities as defined here, whose
system of precision is not a pre-Dynkin system (see Example 8.14). For this reason we now
explore another, more powerful extension method.

Example 8.14. Let Ω3 := {1, 2, 3}. The probability pair defined by ν(∅) = ν(∅) = 0,
ν(1) = ν(1) = 0.2, ν(2) = ν(2) = 0.2 and ν(3) = 0, ν(3) = 0.6 is precise on {∅, 1, 2, 23, 13,Ω3},
which is obviously not a pre-Dynkin system.

8.4.2 Extendability and Its Equivalence to Coherence

In the following, we try to entirely embed pre-Dynkin systems equipped with a probability
into larger algebras. Then, we extend the probability defined on the pre-Dynkin system in
all possible ways to probabilities on the algebra. It turns out that this embedding is only
possible under certain conditions on the probability defined on the pre-Dynkin system. We
call this condition extendability. For the sake of generality, we focus on the extension of
finitely additive probabilities from pre-Dynkin systems to algebras here. We treat countably
additive probabilities, Dynkin systems and σ-algebras in Appendix 8.8.4. In addition, all
results until Section 8.4.3 can be formulated in more general terms for non-structured set
systems. For the sake of simplicity, we remain within the setting of probabilities defined on
pre-Dynkin systems in this work.

Extendability is the property that a probability measure defined on a pre-Dynkin system
can be extended to a probability measure on an algebra containing the pre-Dynkin system.
Formally:

Definition 8.15 (Extendability). Let D be a pre-Dynkin system on Ω. We call a finitely
additive probability measure µ on D extendable to 2Ω if and only if there is a finitely additive
probability measure ν : 2Ω → [0, 1] such that ν|D = µ.
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We defined extendability with respect to the power set 2Ω. In fact, any relativization to
an arbitrary sub-algebra of 2Ω is equivalent. A finitely additive probability defined on D
is extendable to any sub-algebra of 2Ω which contains D if and only if it is extendable to
2Ω [Rao and Rao, 1983] (Theorem 3.4.4).

The definition is non-vacuous [Gudder, 1984, De Simone et al., 2007]. For instance, a
probability measure on a pre-Dynkin System is not generally extendable to a measure on
the generated algebra (e.g., Example 3.1 in [Gudder, 1984]). If a probability is extendable,
its extension is in general non-unique.

Extendability of probabilities on (pre-)Dynkin systems has already been part of discussions
in quantum probability since 1969 [Gudder, 1969] up to more current times [De Simone and
Pták, 2010]. It as well has been of interest in frequential probability theory [Schurz and
Leitgeb, 2008] (Theorem 2). Several necessary and/or sufficient conditions on the structure
of D and/or the values of µ are known [Gudder, 1984, De Simone et al., 2007, De Simone and
Pták, 2010]. We present here a sufficient and necessary condition discovered by Horn and
Tarski [1948] and restated in [Rao and Rao, 1983] (Theorem 3.2.10). In fact, Theorem 8.16
can be stated for a more general definition of probabilities on arbitrary set systems e.g.,
[Rao and Rao, 1983] (Theorem 3.2.10), [Simone and Pták, 2006] (Proposition 2.2). For the
sake of simplicity, we restrict this result to pre-Dynkin systems and probabilities defined on
pre-Dynkin systems.

Theorem 8.16 (Extendability Condition [Rao and Rao, 1983] (Theorem 3.2.10)). Let D
be a pre-Dynkin system on Ω. A finitely additive probability measure µ on D is extendable
to 2Ω if and only if

m∑
k=1

χBk
(ω)−

n∑
j=1

χAj (ω) ≥ 0, ∀ω ∈ Ω =⇒
m∑
k=1

µ(Bk)−
n∑
j=1

µ(Aj) ≥ 0 (8.2)

for all finite families of sets in D: A1, . . . , An, B1, . . . , Bm ∈ D.

Example 8.17. For D4 as in Example 8.11 let µ : D4 → [0, 1] be defined as µ(∅) = 0, µ(12) =

0.5, µ(34) = 0.5, µ(13) = 0.2, µ(24) = 0.8, µ(Ω) = 1. The probability µ on D4 meets the
extendability condition.

Extendability proves to be more than a helpful mathematical property for embedding pre-
Dynkin systems and their respective probabilities into algebras. Whether a probability
defined on D can be extended to a probability on 2Ω is directly connected to the question
whether the probability measure on D is coherent in the sense of [Walley, 1991] (pp. 68, 84)
or not. Coherence is a minimal consistency requirement for probabilistic descriptions which
has been introduced in the fundamental work of De Finetti [1974/2017] and developed by
Walley [1991]. Shortly summarizing, an incoherent imprecise probability is tantamount to
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an irrational betting behavior, thus the name. Thus, extendability is, besides its mathe-
matical convenience, a desirable property of probabilities in pre-Dynkin settings.

We adapt here the definition of coherence of previsions in [Walley, 1991] (Definition 2.5.1)
to probabilities.

Definition 8.18 (Coherent Probability). Let A ⊆ 2Ω be an arbitrary collection of subsets.
A set function ν : A → [0, 1] is a coherent lower probability if and only if

sup
ω∈Ω

j∑
i=1

(χAi(ω)− ν(Ai))−m(χA0(ω)− ν(A0)) ≥ 0,

for any non-negative n,m ∈ N and any A0, A1, . . . An ∈ A. If A is closed under complement,
the conjugate coherent upper probability is given by ν(A) := 1 − ν(Ac) for all A ∈ A. If
furthermore ν(A) = ν(A) for all A ∈ A, we call ν := ν a coherent additive probability.

At first sight, the Horn-Tarski condition given in Theorem 8.16 and the coherence condi-
tion presented here already appear similar. This becomes even more apparent in Walley’s
reformulation of coherence for additive probabilities [Walley, 1991] (Theorem 2.8.7). In
the following, we show that this superficial similarity is indeed based on a rigorous link.
Surprisingly, Walley did not mention Horn and Tarski’s work in his foundational book.

Theorem 8.19 (Extendability Equals Coherence). Let D be a pre-Dynkin system on Ω. A
finitely additive probability measure µ on D is extendable to 2Ω if and only if it is a coherent
additive probability on D.

Proof. If µ is a coherent additive probability on D, then the linear extension theorem
[Walley, 1991] (Theorem 3.4.2) applies. Hence, a coherent additive probability ν : 2Ω → [0, 1]

exists, such that ν|D = µ. In particular, ν is a finitely additive probability following
Definition 8.9 on 2Ω [Walley, 1991] (Theorem 2.8.9).

For the converse direction, we observe that if µ possess an extension following Defini-
tion 8.15, then such an extension is a finitely additive probability on 2Ω following Defini-
tion 8.9. Hence, Walley [1991, Theorem 2.8.9] guarantees that the extension is a coherent
additive probability (Definition 8.18). Any restriction to a subdomain D ⊆ 2Ω keeps the
probability coherent and additive.

The linear extension theorem in Walley [Walley, 1991] (Theorem 3.4.2) used here is a
generalization of de Finetti’s fundamental theorem of probability [De Finetti, 1974/2017]
(Theorems 3.10.1 and 3.10.7). De Finetti’s theorem is furthermore interesting, as he explic-
itly states that a coherent additive probability defined on an arbitrary collection of sets can
be extended in a precise way (so lower and upper probability coincide) to some sets. De
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Finetti does not characterize this collection. Our Theorem 8.10, however, gives an answer
to this question: the collection forms a pre-Dynkin system. It is possible to recover the
statement by an argumentation using credal sets. Roughly, credal sets of coherent lower
probabilities consist of all dominating coherent additive probabilities. In the case here, ex-
tendability guarantees that the credal set of a probability defined on a pre-Dynkin system
is non-empty. Furthermore, Walley [1991] introduced another slightly weaker concept than
coherence, called “avoiding sure loss” which is equivalent to non-empty credal sets [Walley,
1991] (Corollary 3.3.4). Coherence and avoiding sure loss are equivalent for probabilities
defined on pre-Dynkin systems [Troffaes and De Cooman, 2014] (Theorem 4.12).

Theorem 8.19 provides a missing link between two strands of work: on the one hand, proba-
bilities on pre-Dynkin systems and related weak set structures have been closely investigated
in foundational quantum probability theory [Gudder, 1969, 1979] and decision theory [Ep-
stein and Zhang, 2001, Zhang, 2002]. On the other hand, coherent probabilities are central
to imprecise probability, in particular, the more general formulations of coherent previsions
and risk measures [Walley, 1991, Delbaen, 2002, Pelessoni and Vicig, 2003].

The reader familiar with the literature on imprecise probability might well not be surprised
by the equivalence of extendability and coherence. We still think that this link is indeed
valuable to be spelled out explicitly here. The concept of extendability and coherence have
been developed separately in two communities with different goals in focus. Coherence
tries to capture “rational” betting behavior [De Finetti, 1974/2017, Walley, 1991]. Extend-
ability links to what is sometimes called “quantum weirdness”. For readers familiar with
quantum probability, we sketch the relationship between extendability and the concepts of
compatibility and contextuality in the following.

Extendability, Compatibility and Contextuality

Extendability in quantum theory tightly interacts with a series of properties and concepts
which pervade discussions about the “specialness” of quantum theory in comparison to other
classical physical theories: compatibility, contextuality, hidden variables and more. To be
concrete, two measurements are compatible if, for any initial state, usually represented as
a probability distribution (cf. [Gudder, 1979]), there exists a joint measurement such that
a fixed joint distribution for both measurement outcomes exists, whose marginals are the
distribution of the single measurement [Busch et al., 2012, Xu and Cabello, 2018]. We re-
mark that this notion of compatibility is related, but not directly, to our Definition 8.4. If
measurements are incompatible, then there are potentially still states such that a joint distri-
bution of measurements exists. Only in the cases that no joint distribution of measurements
exists, i.e., extendability is not provided, a measuring observer observes contextual behavior
[Xu and Cabello, 2018]. Translated to the language of imprecise probability, contextuality
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amounts to non-coherence of a probabilistic description. Compatibility, in contrast, is a
structural notion. If any finitely additive probability on a pre-Dynkin system is extendable,
then the pre-Dynkin system, very roughly, resembles compatible measurements. We are
indeed not the first to notice intriguing links between imprecise probability and concepts
therein to quantum mechanics. Benavoli and collaborators recovered the four postulates of
quantum mechanics with desirability as a starting point [Benavoli et al., 2016] (Desirability
is a relatively general framework for imprecise probability [Walley, 2000].)

Extendability and Marginal Problem

A particularly helpful special case of probabilities defined on pre-Dynkin systems are marginal
scenarios. Marginal scenarios, as we already stated in Section 8.2, are settings in which sev-
eral (classical) marginal probability distributions, for instance, for three random variables
pX , pY , pZ , are given, but a joint distribution pX,Y,Z is not specified. We note that we do not
define random variables, marginals and probability distributions rigorously here. Instead,
we argue on a vague level to convey the intuition. Such marginal scenarios can be expressed
via probabilities on pre-Dynkin systems as laid out in detail in [Vorob’ev, 1962, Kellerer,
1964] and [Gudder, 1984] (Example 4.2). Central to marginal scenarios is the relation struc-
ture of the marginals. For instance, pX,Y , pZ as well as pX,Y , pY,Z or pX,Y , pY,Z , pX,Z form
marginal scenarios. The so-called marginal problem for marginal scenarios now asks whether
for all instantiations of the marginal scenario there exists a joint distribution, e.g., for all
pX,Y , pZ a joint distribution pX,Y,Z exists. In contrast, for some assignments pX,Y , pY,Z , pX,Z
there does not exist a corresponding pX,Y,Z . (The attentive reader might have noticed the
similarity to the notion of compatibility, for good reasons [Budroni et al., 2022] (§V.B.2).
Marginal scenarios are used to represent multi-measurement settings and compatibility
among the measurements.) This question was, some while ago, asked for probabilities
on finite spaces [Vorob’ev, 1962], countably additive probabilities [Kellerer, 1964], finitely
additive probabilities (cf. [Maharam, 1972]) and recently for even more general probabil-
ity models—sets of desirable gambles [Miranda and Zaffalon, 2018, Casanova et al., 2022].
A recurring theme in all those studies is the so-called running intersection property which
characterizes all solvable marginal problems. In other words, the running intersection prop-
erty guarantees that every instantiation of the marginal distributions is extendable. But
there exist marginal problems for which only specific instantiations of the marginal distri-
butions allow for extendability.

8.4.3 Coherent Extension

A probability on a pre-Dynkin system D, even when extendable, only allows for probabilistic
statements on D itself. However, extendability guarantees that a “nice” embedding into a
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larger system of measurable sets exists. More specifically, extendability expressed in terms
of credal sets provides a well-known tool for the worst-case extension of a probability from
a pre-Dynkin system to a larger algebra.

If a finitely additive probability on a pre-Dynkin system is extendable, then we can obtain
lower and upper probabilities of events which are not in the pre-Dynkin system but on a
larger algebra. We follow the idea of natural extensions, e.g., as described by [Walley, 1991]
(p. 136). In particular, [Walley, 1991] (Theorem 3.3.4 (b)) directly applies as long as a
probability on a pre-Dynkin system is extendable.

Corollary 8.20 (Coherent Extension of Probability). Let D be a pre-Dynkin system on Ω.
For a finitely additive probability measure µ on D we define the credal set

M(µ,D) := {ν ∈ ∆: ν(A) = µ(A), ∀A ∈ D} .

If µ on D is extendable to 2Ω, then ∀A ∈ 2Ω,

µD(A) := inf
ν∈M(µ,D)

ν(A), µD(A) := sup
ν∈M(µ,D)

ν(A).

define a coherent lower respectively upper probability on 2Ω.

Example 8.21. The coherent extension of µ on D4 as defined in Example 8.17 is µD4
=

ℓ and µD4
= u where, ℓ and u are defined as in Example 8.11 (cf. [Walley, 1991] (p.

122)). Figure 8.2 illustrates the coherent extensions. Even though coherent, µD4
is neither

supermodular nor submodular:

µD4
(12) + µD4

(13) = 0.5 + 0.2 > 0.5 + 0.0 = µD4
(123) + µD4

(1),

µD4
(1) + µD4

(2) = 0.0 + 0.3 < 0.5 + 0.0 = µD4
(12) + µD4

(∅).

This implies that as well µD4
is neither supermodular nor submodular [Denneberg, 1994]

(Proposition 2.3).

These lower and upper probabilities allow for at least two interpretations: We can assume
that a precise probability on a pre-Dynkin systems D ⊆ 2Ω just reveals its values on D,
but is actually defined over 2Ω. Then the lower and upper probability constitute lower and
upper bounds of the precise “hidden probability” on 2Ω, which is solely accessible on D. On
the other hand, we can even reject the existence of such precise “hidden probability”. Then
lower and upper probability are the inherently imprecise probability of an event in 2Ω but
not in D. (As remarked by Walley [1991] (p. 138), De Finetti [1974/2017] surprisingly only
considered the first mentioned interpretation.)

The obtained lower and upper probabilities represent the imprecise interdependencies be-
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tween all events of precise probabilities. We illustrate this statement: in the variety of
updating methods in imprecise probability we pick the generalized Bayes’ rule [Walley,
1991] (§6.4) to exemplarily compute the conditional probability of two events for the coher-
ent extension of a probability from a pre-Dynkin system. For A,B ∈ D such that µ(B) > 0,
the generalized Bayes’ rule gives [Walley, 1991] (Theorem 6.4.2):

µD(A|B) := sup
ν∈M(µ,D)

ν(A ∩B)

ν(B)
=

supν∈M(µ,D) ν(A ∩B)

µ(B)
=
µD(A ∩B)

µ(B)
, ∀A,B ∈ D

We can easily rearrange the above as µD(A ∩ B) = µD(A|B)µ(B). In this case the im-
precision of the probability of the intersected event is purely controlled by the conditional
probability µ(A|B) and not by the marginal, which is precise. So, the imprecision captured
by the lower and upper probabilities locates solely in the interdependency of the events. We
remark that Dempster’s rule gives the same conditional probability here [Dempster, 1967].

8.4.4 Inner and Outer Extension Is More Pessimistic Than Coherent Exten-
sion

We have presented two extension methods for probabilities defined on pre-Dynkin systems.
We relate the methods in the following. In the case of an extendable probability we can
guarantee the following inequalities to hold.

Theorem 8.22 (Extension Theorem—Finitely Additive Case). Let D be a pre-Dynkin
system on Ω and µ a finitely additive probability on D which is extendable to 2Ω. Then,

µ∗(A) ≤ µD(A) ≤ µD(A) ≤ µ∗(A), ∀A ∈ 2Ω.

Proof. Since D ⊆ 2Ω, we easily obtain

µ∗(A) = sup{µ(B) : A ⊇ B ∈ D}

= sup
{
µD(B) : A ⊇ B ∈ D

}
≤ sup

{
µD(B) : A ⊇ B ∈ 2Ω

}
= µD(A),

for all A ∈ 2Ω. The other inequalities follow by the conjugacy of inner and outer measure
and lower and upper coherent extension.

In words, Theorem 8.22 states that the inner and outer extension is more “pessimistic”
than the coherent extension. We use “pessimistic” in the sense of giving a looser bound
for the probabilities assigned to elements not in the pre-Dynkin system D but in 2Ω. We
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remark that Walley has shown that for a probability defined on a set algebra, inner and
lower coherent extension, as well as outer and upper coherent extension, coincide [Walley,
1991] (Theorem 3.1.5). Walley even characterizes the sets for which a unique coherent ex-
tension exists [Walley, 1991] (Theorem 3.1.9). In Appendix 8.8.4, we demonstrate analogous
inequalities for countably additive probabilities on Dynkin systems.

8.5 The Credal Set and Its Relation to Pre-Dynkin System Structure

In the earlier parts of the paper, we derived pre-Dynkin systems as the system of precision
for relatively general imprecise probabilities. Then, we showed that, under extendability
conditions, a precise probability on a pre-Dynkin system gives rise to a coherent imprecise
probability on an encompassing algebra. In other words, imprecise probabilities can be
“mapped” to pre-Dynkin systems and vice versa. We concretize these mappings in the
following. This manifestation then reveals structure in the interplay between the systems of
precision, i.e., pre-Dynkin systems, and coherent imprecise probabilities. In particular, we
argue that the order structure of pre-Dynkin systems can be mapped to the space of finitely
additive probabilities. This provides a (lattice) duality for coherent imprecise probabilities
with precise probabilities on pre-Dynkin systems. More concretely, the duality allows for
the interpolation from imprecise probabilities which are precise on “all” events to imprecise
probabilities which are precise only on the empty set and the entire set.

In the following discussion, we assume, in addition to the technicalities presented in Sec-
tion 8.1.1, that a fixed finitely additive probability on 2Ω, which we call ψ, is given. The
finitely additive probability ψ with the algebra 2Ω and the base set Ω constitute our “base
measure space” analogous to the choice of a base measure space in the theory of coherent
risk measures [Delbaen, 2002]. The probability ψ can be interpreted as the pivot point
around which we define increasingly imprecise coherent lower and upper probabilities. The
choice of ψ particularly influences the sets of measure zero, which will play a major role in
characterizing so-called bipolar-closed set systems. In comparison to the previous sections,
we use ψ instead of µ as “reference measure” to emphasize the difference that µ was defined
on a relatively arbitrary pre-Dynkin systems D on Ω, while ψ is defined and fixed on the
algebra 2Ω on Ω.

8.5.1 Credal Set Function Maps From Pre-Dynkin Systems to Coherent
Probabilities

Equipped with a reference measure ψ we define the credal set function. The name arises
due to its close link to the credal set as defined in Corollary 8.20.
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Definition 8.23 (Credal Set Function). Let ∆ be the set of all finitely additive probabilities
on 2Ω. For a fixed, finitely additive probability ψ ∈ ∆, we call

mψ : 2
2Ω → 2∆, mψ(A) := {ν ∈ ∆: ν(A) = ψ(A), ∀A ∈ A},

the credal set function.

Example 8.24. Let Ω4 = {1, 2, 3, 4} as in Example 8.3. With abuse of notation, we
define the probability ψ : 2Ω4 → [0, 1] via its corresponding point on the simplex ψ ∈ ∆,
ψ1 = 0.2, ψ2 = 0.3, ψ3 = 0.5, ψ4 = 0. It follows, e.g., mψ({12, 3}) = {ν ∈ ∆: ν1 + ν2 =

0.5, ν3 = 0.5}. In the subsequent examples, we implicitly assume the here defined ψ.

We stress that although not notated explicitly, the credal set function depends upon the
choice of ψ. For a fixed ψ on 2Ω, the credal set function mψ maps a subset of the algebra
2Ω to the set of all finitely additive probabilities which coincide with ψ on this subset. It
should be noticed that by definition of ψ, mψ(A) 6= ∅ for every non-empty A ⊆ 2Ω, because
ψ ∈ mψ(A) for every A ⊆ 2Ω.

This defined mapping now simplifies our discussion about how pre-Dynkin systems and
imprecise probabilities correspond. For instance, one can easily see that the extreme case
A = 2Ω corresponds to mψ(A) = {ψ} and A = ∅ to mψ(A) = ∆. More generally, we
observe the following two properties of the credal set function.

Proposition 8.25 (Credal Set Function is Invariant to Pre-Dynkin Hull). Let mψ be the
credal set function. For any A ⊆ 2Ω,

mψ(A) = mψ(D(A)).

Proof. We need to show that

{ν ∈ ∆: ν(A) = ψ(A), A ∈ A} = {ν ∈ ∆: ν(A) = ψ(A), A ∈ D(A)}.

The set inclusion of the right hand side in the left hand side is trivial. For the reverse
direction, consider an element ν ∈ ∆ such that ν(A) = ψ(A) for A ∈ A. Let

H := {A ∈ D(A) : ν(A) = ψ(A)}.

By Theorem 8.10 H is a pre-Dynkin system. Since A ⊆ H we know D(A) ⊆ H. Hence,
ν(A) = µ(A) for A ∈ D(A). This gives the desired inclusion. We remark that for A = ∅
the equality still holds, since D(∅) = {∅,Ω}.
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Example 8.26. The credal set mψ({12, 3}) = {ν ∈ ∆: ν1 + ν2 = 0.5, ν3 = 0.5} given in
Example 8.24 nicely illustrates Proposition 8.25:

mψ({12, 3}) = {ν ∈ ∆: ν1 + ν2 = 0.5, ν3 = 0.5, ν4 = 0} = mψ({∅, 12, 3, 4, 34, 123, 124,Ω4}).

Proposition 8.27 (Credal Set Function Maps to Weak⋆-Closed Convex Sets). Let mψ be
the credal set function. For every non-empty A ⊆ 2Ω, mψ(A) is weak⋆-closed convex.

Proof. The reference probability ψ is by definition coherent. Hence, for all non-empty
A ⊆ 2Ω, the set mψ(A) is the set of all ν ∈ ∆ which dominate ψ. This set is, by Theorem
3.6.1 in [Walley, 1991], weak⋆-closed and convex.

In words, the credal set on some set system coincides with the credal set on its generated
pre-Dynkin system. And the credal set of probabilities is always weak⋆-closed and convex.
Proposition 8.25 allows us to work with credal sets of arbitrary set systems instead of
the entire pre-Dynkin system. Thus, it resembles the well-known π-λ-Theorem, which is
fundamental to classical probability theory [Williams, 1991] (Lemma A.1.3). On the other
hand, this result justifies our focus on pre-Dynkin systems instead of arbitrary set systems.
We do not lose generality when considering pre-Dynkin systems instead of non-structured
sets of sets.

Proposition 8.27 guarantees that the images of the credal set function behave “nicely”.
Specifically, these weak⋆-closed convex sets correspond to coherent previsions, i.e., gen-
eralizations of coherent probabilities as already stated by Walley [1991] (Theorem 3.6.1).
We elaborate this observation in Section 8.5.4. In conclusion, credal set functions map
pre-Dynkin systems to coherent probabilities. What about the reverse mapping?

8.5.2 The Dual Credal Set Function

The following is a natural definition of a dual credal set function. We justify this name by
Proposition 8.29 below.

Definition 8.28 (Dual Credal Set Function). Let ∆ be the set of all finitely additive
probabilities on 2Ω. Fix a finitely additive probability ψ on 2Ω. We call

m◦
ψ : 2

∆ → 22
Ω
, m◦

ψ(Q) := {A ∈ 2Ω : ν(A) = ψ(A), ∀ν ∈ Q}

the dual credal set function.

The dual credal set function also depends upon ψ, but we do not notate this explicitly. The
dual credal set function maps an arbitrary set of finitely additive probability measures on 2Ω
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to the (largest) set of events on which all contained probabilities coincide. We remark that
each set of finitely additive probability measures can be linked to an imprecise probability.

We suggestively called the antagonist to the credal set function the “dual credal set func-
tion”. The duality appearing here is a well-known fundamental relationship between par-
tially ordered sets: a Galois connection. A Galois connection is a pair of mappings
f : X → Y and f◦ : Y → X on partially ordered sets (Y,≤) and (X,≤), which preserves
order structure (cf. Corollary 8.30). More formally, f and f◦ are a Galois connection if and
only if for all x ∈ X, y ∈ Y , x ≤ f(y) ⇔ y ≤ f◦(x) [Birkhoff, 1940] (§V.8). Galois connec-
tions, even though they do not form an order isomorphism, induce a lattice duality. We
exploit this lattice duality to provide an order-theoretic interpolation from no compatibility
at all to full compatability. For this purpose, we first establish the Galois connection.

Proposition 8.29 (Galois Connection by (Dual) Credal Set Function). The credal set
function mψ and the dual credal set function m◦

ψ form a Galois connection.

Proof. mψ and m◦
ψ form a Galois connection if and only if A ⊆ m◦

ψ(Q) ⇔ Q ⊆ mψ(A)

[Birkhoff, 1940] (§V.8). First, we show the left to right implication. We assume A ⊆ m◦
ψ(Q),

i.e. every ν ∈ Q coincides with ψ on A. Hence,

ν ∈ Q⇒ ν(A) = ψ(A), ∀A ∈ A

⇒ ν ∈ {ν ′ ∈ ∆: ν ′(A) = ψ(A), ∀A ∈ A} = mψ(A).

In case of the right to left implication, we suppose Q ⊆ mψ(A). Thus,

A ∈ A ⇒ ν(A) = ψ(A), ∀ν ∈ Q

⇒ A ∈ {A′ ∈ 2Ω : ν(A′) = ψ(A′), ∀ν ∈ Q} = m◦
ψ(Q).

The mappings involved in the Galois connection are antitone, i.e., they reverse the order
structure from domain to codomain. Their pairwise application is extensive, i.e., the image
of an object contains the object. In summary, the following rules of calculation hold:

Corollary 8.30 (Rules for (Dual) Credal Set Function). Let mψ be the credal set function
and m◦

ψ be the dual credal set function. For arbitrary A1,A2,A ⊆ 2Ω and Q1, Q2, Q ⊆ ∆,

A1 ⊆ A2 ⇒ mψ(A2) ⊆ mψ(A1), Q1 ⊆ Q2 ⇒ m◦
ψ(Q2) ⊆ m◦

ψ(Q1), (antitone)

Q ⊆ mψ(m
◦
ψ(Q)), A ⊆ m◦

ψ(mψ(A)), (extensive)

mψ(A) = mψ(m
◦
ψ(mψ(A))), m◦

ψ(Q) = m◦
ψ(mψ(m

◦
ψ(Q))), (pseudo-inverse).
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Proof. [Birkhoff, 1940] (§V.7 and V.8)

Proposition 8.29 provides a tool to further investigate the dual credal set function. The
reader might have noticed the similarity of the dual credal set function and the main question
of Section 8.3: given a lower and upper probability, on which set systems do both coincide?
In fact, we obtain an analogous result to Theorem 8.10, and again an imprecise probability
is mapped to the set of events on which it is precise.

Proposition 8.31 (Dual Credal Set Function Maps to Pre-Dynkin Systems). Let m◦
ψ be

the dual credal set function. For all non-empty Q ⊆ ∆, m◦
ψ(Q) is a pre-Dynkin system.

Proof. We show the statement by establishing the equality D(m◦
ψ(Q)) = m◦

ψ(Q). Trivially,
D(m◦

ψ(Q)) ⊇ m◦
ψ(Q). Furthermore,

D(m◦
ψ(Q))

C.8.30
⊆ m◦

ψ(mψ(D(m◦
ψ(Q))))

P.8.25
= m◦

ψ(mψ(m
◦
ψ(Q)))

C.8.30
= m◦

ψ(Q).

Proposition 8.32 (Dual Credal Set Function is Invariant to Weak⋆-Closed Convex Hull).
Let m◦

ψ be the dual credal set function. For any Q ⊆ ∆, m◦
ψ(Q) = m◦

ψ(co Q).

Proof. By Corollary 8.30, m◦
ψ(Q) = m◦

ψ(mψ(m
◦
ψ(Q))). Furthermore, Q ⊆ mψ(m

◦
ψ(Q)).

Via, Proposition 8.27 we obtain co Q ⊆ mψ(m
◦
ψ(Q)). Hence, the result follows.

Example 8.33. Let Q = {ν} where we identify the probability ν on 2Ω4 with an element
ν ∈ ∆4. For instance, ν1 = 0, ν2 = 0.5, ν3 = 0, ν4 = 0.5. It is easy to see that m◦

ψ(Q) =

D({12, 3}) as given in Example 8.26.

In summary, credal set functions map pre-Dynkin systems to weak⋆-closed convex credal
sets. Dual credal set functions map (weak⋆-closed convex) credal sets to pre-Dynkin systems.
In addition, the two functions form a Galois connection. In fact, every Galois connection
defines closure operators, i.e., extensive, monotone and idempotent maps [Schechter, 1997]
(Definition 4.5.a). The closure operators are defined as the sequential application of the
credal set function and the dual credal set function to subsets of ∆ or 2Ω. In symbols:
A 7→ m◦

ψ(mψ(A)), Q 7→ mψ(m
◦
ψ(Q)). In particular, these closure operators define bipolar-

closed sets.
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8.5.3 Bipolar-Closed Sets

Bipolar-closed sets are sets A ⊆ 2Ω such that A = m◦
ψ(mψ(A)), respectively, Q ⊆ ∆ such

that Q = mψ(m
◦
ψ(Q)). Most importantly, the bipolar-closed sets form two antitone isomor-

phic lattices ordered by set inclusion [Birkhoff, 1940] (Theorem V.8.20). This relationship
gives us a lattice duality between set systems and credal sets of probabilities. See Figure 8.3
for an illustration of bipolar-closed sets and the Galois connection.

𝒜
D(𝒜)

ℱ

P

m

m∘

m∘(m(𝒜))

Q
co(Q)

m(m∘(Q))

Figure 8.3: Galois connection between the lattice of pre-Dynkin systems and the set of
credal sets. In the illustrated case, we have m◦

ψ(Q) = m◦
ψ(mψ(m

◦
ψ(A))), respectively,

mψ(A) = mψ(m
◦
ψ(mψ(Q))). The set containment on both sides follows from Proposi-

tion 8.25, Corollary 8.30 and Proposition 8.32.

Example 8.34. The pre-Dynkin system D({12, 3}) already discussed in Example 8.26 and
Example 8.33 is a bipolar-closed set. In contrast, the set {12, 3} cannot be a bipolar-closed
set, as it is not a pre-Dynkin system.

More precisely, bipolar-closed sets in the set of finitely additive probability distributions are
weak⋆-closed convex (Proposition 8.27). These map to bipolar-closed subsets of 2Ω, which
are pre-Dynkin systems (Proposition 8.31). All of the stated properties of bipolar-closed
sets are necessary. But are they sufficient?

Sufficient Conditions for Bipolar-Closed Sets

In the search for sufficient conditions for bipolar-closed sets we focus on bipolar-closed
subsets of 2Ω. We leave bipolar-closed subsets of ∆ to future investigations. Already,
bipolar-closed subsets of 2Ω are surprisingly difficult to characterize. We show that bipolar-
closed sets are exactly the pre-Dynkin systems if the reference probability measure has
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support on all elements of a finite set. To this end, let us start with a simple implication of
Proposition 8.25 and Corollary 8.30.

Corollary 8.35. Let mψ be the credal set function and m◦
ψ be the dual credal set function.

For an arbitrary subset A ⊆ 2Ω we have

D(A) ⊆ m◦
ψ(mψ(A)).

Proof. By Proposition 8.25, m◦
ψ(mψ(A)) = m◦

ψ(mψ(D(A))). By Corollary 8.30, the state-
ment follows.

This corollary gives rise to the follow-up question: under which circumstances does D(A) =

m◦
ψ(mψ(A))? As the following theorem demonstrates, this question is closely connected to

the sets of measure zero of the base probability ψ and its problems (cf. [Rota, 2001]).

Proposition 8.36 (“Closedness” under Measure Zero Sets). Let mψ be the credal set func-
tion and m◦

ψ be the dual credal set function. Let A ⊆ 2Ω. For any A ∈ m◦
ψ(mψ(A)), if

ψ(A) = 0, then all B,C ∈ 2Ω such that B ⊆ A and C ⊇ Ac are in m◦
ψ(mψ(A)).

Proof. Let A ∈ m◦
ψ(mψ(A)) for arbitrary A ⊆ 2Ω with ψ(A) = 0. Consider two sets

B,C ∈ 2Ω such that B ⊆ A, respectively, C ⊇ Ac. Then, ψ(B) = 0 and ψ(C) = 1.
Furthermore, for any ν ∈ mψ(m

◦
ψ(mψ(A))), we have ν(B) = 0 (respectively, ν(C) = 1).

Since mψ(m
◦
ψ(mψ(A))) = mψ(A), we obtain B,C ∈ m◦

ψ(mψ(A)).

A pre-Dynkin system D(A) can only coincide with m◦
ψ(mψ(A)) if subsets of measure zero

are included. Thus, Proposition 8.36 provides a further necessary condition for bipolar-
closed subsets of 2Ω. Yet, it turns out that the sets of measure zero as well can give a
sufficient condition for bipolar-closed sets at least in a finite setting.

Theorem 8.37 (Pre-Dynkin Hull is Bipolar-Closure in Finite, Discrete Setting). Let Ω =

[n]. Fix a finitely additive probability ψ on 2Ω such that ψ(A) > 0 for every A ∈ 2Ω \ {∅}.
Let D ⊆ 2Ω be a pre-Dynkin system. Then,

D = m◦
ψ(mψ(D)).

Proof. If D = 2[n] the result follows directly. Thus, from now on we assume D ⊊ 2[n]. The
set inclusion D ⊆ m◦

ψ(mψ(D)) is given by Corollary 8.35. We show D ⊇ m◦
ψ(mψ(D)) by

proving that for every B ∈ 2[n] \ D there exists ν ∈ mψ(D) such that ν(B) 6= ψ(B).

Let us consider an arbitrary B ∈ 2[n] \ D. Without loss of generality (Lemma 8.63) we can
decompose

B = BD ∪A,
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where BD ∈ D and A /∈ D is a weak atom with respect to D (Definition 8.62). Thus, we
can leverage Lemma 8.64: there exists ν ∈ mψ(D) such that ν(A) 6= ψ(A). Thus,

ν(B) = ν(BD) + ν(A) = ψ(BD) + ν(A) 6= ψ(BD) + ψ(A).

It follows that B /∈ m◦
ψ(mψ(D)), concluding the proof.

We emphasize that the statement does not hold as long as there are non-empty subsets of
Ω which get assigned zero probability.

Example 8.38 (Bipolar-Closure is Strictly Greater Than Pre-Dynkin Hull). Let Ω3 =

{1, 2, 3} and ψ({1}) = 1, ψ({2}) = 0, ψ({3}) = 0 constitute a base probability space. We
have D({1}) = {∅, 1, 23,Ω3}, but m◦

ψ(mψ({1})) = 2Ω.

Whether this theorem can be extended to more general sets Ω is an open question. Seem-
ingly, proofs along the line of Theorem 8.37 are doomed to fail, since one cannot argue via
probabilities on atoms of Ω.

8.5.4 Interpolation From Algebra to Trivial Pre-Dynkin System

In probability theory there is a choice to be made regarding which events should get assigned
probabilities [Kolmogorov, 1927/1929] (p. 52). This significant choice has (mathematically)
been standardized to form a (σ-)algebra (cf. standard probability space). But, already
Kolmogorov, the “father” of modern probability theory, emphasized that this choice is not
universal but should depend on the problem at hand. More recently, Khrennikov [2016]
argued that a more appropriate probabilistic modeling should appeal to weaker domains for
probabilities to, for instance, represent physical observations such as quantum phenomena.

In particular, it cannot always be taken for granted that all events are compatible with all
others, as implied by a (σ-)algebra (cf. Section 8.2.1). For instance, von Mises’ axiomatiza-
tion of probability inherently reflects potential incompatible events in terms of a pre-Dynkin
system [Von Mises and Geiringer, 1964, Schurz and Leitgeb, 2008]. In other words, there
is a choice to be made about the system of precision. Which sets should be compatible to
each other, and which should not? How do the choices of the systems of precision relate to
each other?

We neglect, without loss of generality, arbitrary systems of precision and focus on pre-
Dynkin systems (cf. Proposition 8.25). The range of choices is captured by the system of
pre-Dynkin systems.

Proposition 8.39 (Set of Pre-Dynkin Systems is a Lattice). The set D := {D ⊆ 2Ω : D =
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D(D)} is ordered by set inclusion. Furthermore, (D,⊆) is a lattice with

n∨
i=1

Di = D

(
n⋃
i=1

Di

)
n∧
i=1

Di =
n⋂
i=1

Di.

Proof. On the one hand, it is easy to show that the intersection of pre-Dynkin systems
forms a pre-Dynkin system again. On other hand, the smallest pre-Dynkin system which
contains a finite set of pre-Dynkin systems is by definition the pre-Dynkin system generated
by the union over all elements in this finite set of pre-Dynkin systems.

Example 8.40. Let Ω4 be as defined in Example 8.24. The minimal element in D then is
{∅,Ω4}. The maximal element is 2Ω4. For the sake of brevity, we omit all further elements
in D and remain with the observation that D4 of Example 8.3 and D({12, 3}) are elements
of D.

The lattice D spans a range of choices from D = 2Ω, i.e., complete compatibility and only
a single probability distribution in its credal set, namely mψ(2

Ω) = {ψ}, to D = {∅,Ω},
i.e., no compatibility and the entire space of probability distributions constitute its credal
set mψ({∅,Ω}) = ∆. How “close” D is to the algebra 2Ω determines how “classical” the
credal set behaves. In other words, (D,⊆) parametrizes a family of credal sets. Thus, it
parametrizes coherent probabilities. The knob of compatibility can be turned from trivially
nothing ({∅,Ω}), to everything (2Ω). How does the “amount of compatibility” of the pre-
Dynkin system map to the credal sets? Or, e.g., given two pre-Dynkin systems on which a
probability is defined, what is the credal set of the union of these systems?

Proposition 8.41 (Lattice of Dynkin Systems and Credal Sets). The credal set function
mψ (Definition 8.23) together with the lattice (D,⊆) provides a parametrized family of credal
sets for which hold (∀D1,D2 ∈ D):

mψ(D1 ∨ D2) = mψ(D1 ∪ D2) = mψ(D1) ∩mψ(D2)

mψ(D1 ∧ D2) = mψ(D1 ∩ D2) ⊇ mψ(D1) ∪mψ(D2).

Proof. Concerning the first equality, we observe that for arbitrary D1,D2 ∈ D

mψ(D1 ∨ D2) = mψ(D(D1 ∨ D2)) = mψ(D1 ∪ D2),
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by Proposition 8.25. Consequently,

mψ(D1 ∪ D2) = {ν ∈ ∆: ν(D) = ψ(D), ∀D ∈ D1 ∪ D2}

= {ν ∈ ∆: ν(D) = ψ(D), ∀D ∈ D1} ∩ {ν ∈ ∆: ν(D) = ψ(D), ∀D ∈ D2}

= mψ(D1) ∩mψ(D2).

The second line follows by the definition of infimum on the lattice of pre-Dynkin systems
and simple set containment: mψ(D1) ⊆ mψ(D1 ∩ D2) and mψ(D2) ⊆ mψ(D1 ∩ D2).

Unfortunately, the mentioned interpolation is slightly improper. It turns out that there are
pre-Dynkin systems D1 6= D2 such that mψ(D1) = mψ(D2).

Example 8.42 (Non-Injectivity of Credal Set Function). Let Ω3 = {1, 2, 3} and ψ({1}) =
1, ψ({2}) = 0, ψ({3}) = 0 constitute a base probability space, cf. Example 8.38. Then,
obviously mψ(D({1})) = mψ(2

Ω), but D({1}) 6= 2Ω.

The reason for this collision of credal sets is that not every pre-Dynkin system D ⊆ 2Ω is a
bipolar-closed set.

Proposition 8.43 (Credal Set Function is Injective on Bipolar-Closed Sets). Let mψ be the
credal set and m◦

ψ be the dual credal set function. Let D1,D2 ∈ D be pre-Dynkin systems,
which are bipolar-closed. If D1 6= D2, then mψ(D1) 6= mψ(D2).

Proof. We prove the claim by contraposition:

mψ(D1) = mψ(D2) ⇒ m◦
ψ(mψ(D1)) = m◦

ψ(mψ(D2)) ⇒ D1 = D2.

Hence, it is reasonable to focus on the set of bipolar-closed sets contained in 2Ω. We define
the set of interpolating pre-Dynkin systems C := {C ⊆ 2Ω : C = m◦

ψ(mψ(C))}. We know that
C ⊆ D (Proposition 8.31) and C is even a lattice contained in D.

Proposition 8.44 (Lattice of Bipolar-Closed Sets and Credal Sets). Let mψ be the credal
set function and m◦

ψ be the dual credal set function. The set of interpolating pre-Dynkin
systems C equipped with the ⊆-ordering forms a lattice:

n∨
i=1

Ci = m◦
ψ

(
mψ

(
n⋃
i=1

Ci

))
n∧
i=1

Ci =
n⋂
i=1

Ci.
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In particular, this lattice C is antitone isomorphic to the lattice of bipolar-closed sets in 2∆.
It holds (We denote the composition of functions with ◦.):

mψ(C1 ∨ C2) = mψ(C1 ∪ C2) = mψ(C1) ∩mψ(C2)

mψ(C1 ∧ C2) = mψ(C1 ∩ C2) = (mψ ◦m◦
ψ) (mψ(C1) ∪mψ(C2)) .

Proof. By Theorem V.8.20 in [Birkhoff, 1940], C is a lattice and mψ an antitone lattice
isomorphism on C. The equations hold by simple manipulations

mψ(C1 ∨ C2) = mψ(m
◦
ψ(mψ(C1 ∪ C2))) = mψ(C1 ∪ C2) = mψ(C1) ∩mψ(C2),

and

mψ(C1 ∧ C2) = mψ(m
◦
ψ(mψ(C1 ∩ C2))) = (mψ ◦m◦

ψ) (mψ(C1) ∪mψ(C2)) .

Note that C is not generally a sublattice of D. It is a lattice contained in the lattice D, but
the closure operator for the supremum is distinct. Interestingly, the order structure which
both lattices, D and C, induce on the set of credal sets via mψ is identical. Every set mψ(A)

for arbitrary A ⊆ 2Ω is bipolar-closed (Corollary 8.30). Hence, the lattice of bipolar-closed
sets in 2∆ is the domain of mψ for elements in D and C. In other words, the lattices D

and C provide one and the same parametrized family of credal sets, thus one and the same
parametrized family of imprecise probabilities.

In comparison to other parametrized families of imprecise probability, such as distortion
risk measures [Wirch and Hardy, 2001], which heavily rely on convex analysis, the duality
used here is structurally weaker. Lattice isomorphisms give a glimpse of structure to the
involved dual spaces. Convex dualities as exploited in [Fröhlich and Williamson, 2024]
are far more informative, but apparently not able to handle the structural knob which we
presented in this work: the set of sets which get assigned precise probabilities. Nevertheless,
a natural question arises from this lattice duality: how does this lattice duality relate to
a convex duality? We leave this question open to further research. A first attempt to an
answer is discussed in Appendix 8.8.3, where we link the parametrized family of distorted
probabilities to the pre-Dynkin system family of imprecise probabilities.
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8.6 A More General Perspective—The Set of Gambles With Precise Expec-
tation

To this point, we have exclusively focused on probabilities and set systems of events to
which we assign probabilities. In fact, there is a more general story to be told. In the
literature on imprecise probability, focus often lies on expectation-type functionals instead
of probabilities and on sets of gambles (bounded functions from the base set Ω to the
real numbers) instead of sets of events. One can easily see that the latter is more general
and can recover the former. Indicator functions of events are gambles. An expectation-
type functional evaluated on an indicator gamble of an event corresponds to a generalized
probability of the event. The converse direction, i.e., recovering a unique expectation-type
functional from an imprecise probability, however, is not always possible [Walley, 1991]
(§2.7.3). In the following, we reiterate several questions which we asked in the preceding
sections for probabilities and set systems.

8.6.1 Partial Expectations Generalize Finitely Additive Probabilities on
(Pre-)Dynkin Systems

We propose the following definition of partial expectation and show afterwards that it is a
natural generalization of finitely additive probabilities defined on (pre-)Dynkin systems.

Definition 8.45 (Partial Expectation). Let {Li}i∈I be a non-empty family of linear sub-
spaces of B(Ω). We call E :

⋃
i∈I Li → R a partial expectation if and only if all of the

following conditions are fulfilled:

(a) for any i ∈ I and for all f, g ∈ Li, then E(f+g) = E(f)+E(g), (Partial Linearity),

(b) for any i ∈ I and any f ∈ Li, then E(f) ≥ inf f , (Coherence).

We remark that for this definition, we leveraged the requirements for a linear prevision
(Definition 8.49) on a linear space given in [Walley, 1991] (Theorem 2.8.4). In other words,
a partial expectation is a functional which is defined on a union of linear subspaces and
behaves like a “classical” (finitely additive) expectation on each of the subspaces but not
necessarily on all simultaneously. It is a linear prevision when restricted to one of the
subspaces Li (cf. Definition 8.49).

There is a one-to-one correspondence of linear previsions and coherent additive probabilities.
For every coherent additive probability ν defined on an algebra A, there is a unique linear
prevision, which we equivalently denote ν, the set of all A-measurable gambles, which
agrees with the probability ν on the indicator gambles of the sets in A [Walley, 1991]
(Theorem 3.2.2). The following Proposition exploits this correspondence. A finitely additive
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probability defined on a pre-Dynkin system relates one-to-one to a partial expectation which
is defined on the set of linear spaces induced by the simple gambles on the blocks of the
pre-Dynkin system. To this end, we introduce the following two notations: let F ⊆ 2Ω be
an algebra. Then, S(Ω,F) ⊆ B(Ω) denotes the linear subspace of simple gambles on F , i.e.,
scaled and added indicator gambles of a finite number of disjoint sets (cf. [Rao and Rao,
1983] (Definition 4.2.12)). Let Fσ ⊆ 2Ω be a σ-algebra. Then B(Ω,Fσ) ⊆ B(Ω) denotes the
linear subspace of all bounded, real-valued, Fσ-measurable gambles.

Proposition 8.46 (Finitely Additive Probability on Pre-Dynkin System and its Partial
Expectation). Let D ⊆ 2Ω be a pre-Dynkin system. Let µ : D → [0, 1] be a finitely additive
probability defined on the pre-Dynkin system with block structure {Ai}i∈I . Then, µ is in
one-to-one correspondence to a partial expectation E :

⋃
i∈I S(Ω,Ai) → R defined on the

union of linear spaces of simple gambles induced by all blocks Ai of D.

Proof. By Theorem 8.7, we can decompose the pre-Dynkin system D into a set of blocks
{Ai}i∈I . Since, Ai ⊆ 2Ω for all i ∈ I, each of the blocks induces a the linear subspace of
simple gambles S(Ω,Ai) ⊆ B(Ω). Given a finitely additive measure µ : D → [0, 1], we now
define E :

⋃
i∈I S(Ω,Ai) → R by

E(f) :=

∫
fdµ|Ai if f ∈ S(Ω,Ai).

For every i ∈ I, E|S(Ω,Ai) is a linear prevision in one-to-one correspondence to the finitely
additive probability µ|Ai [Walley, 1991] (Theorem 3.2.2). Hence, conditions (a) and (b)
in Definition 8.45 are met [Walley, 1991] (Theorem 2.8.4). For f ∈ S(Ω,Ai) ∩ S(Ω,Aj)

(i 6= j, i, j ∈ I), we know that f ∈ S(Ω,Ai ∩ Aj) (Lemma 8.65), hence,∫
fdµ|Ai =

∫
fdµ|Ai∩Aj =

∫
fdµ|Aj .

Thus, E is well-defined and there is no other partial expectation which agrees with µ on
the indicator gambles of the sets in D.

The attentive reader might have noticed that we defined the partial expectation in Propo-
sition 8.46 on very specific linear subspaces of B(Ω), namely the linear subspaces of simple
gambles. In fact, the statement would still hold when enlarging the linear subspaces of sim-
ple gambles S(Ω,Ai) for every i ∈ I to linear subspaces of functions which are “convergence
in measure”-approximated by gambles in S(Ω,Ai). For more details, we refer the reader to
[Rao and Rao, 1983] (Definition 4.4.5 and Corollary 4.4.9).

But, it is not the case that we can extend the definition to all sets of bounded, Ai-measurable
functions, i.e., bounded functions whose pre-images of sets in the smallest algebra which con-
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tains all open sets of the real numbers are contained in Ai. For an algebra A ⊆ 2Ω, the set of
A-measurable gambles is not necessarily a linear subspace of B(Ω) [Walley, 1991] (p. 129).

This is different for a σ-algebra Aσ ⊆ 2Ω. The set of bounded, Aσ-measurable functions
B(Ω,Aσ) forms a linear subspace of B(Ω) [Walley, 1991] (p. 129). Here, measurability is
defined as the pre-image of every Borel-measurable set in R is in A. In this case, the set of
linear spaces on which the partial expectation is defined is given by all bounded, measurable
functions on the σ-blocks.

Proposition 8.47 (Finitely Additive Probability on Dynkin Systems and its Partial Ex-
pectation). Let Dσ ⊆ 2Ω be a Dynkin system on the base set Ω. Let µ : Dσ → [0, 1] be a
finitely additive probability defined on the Dynkin system. Then µ is in one-to-one corre-
spondence to a partial expectation E :

⋃
i∈I B(Ω,Ai) → R defined on the union of linear

spaces of measurable gambles induced by all σ-blocks Ai of Dσ.

Proof. By Theorem 8.71, we can decompose the Dynkin system Dσ into a set of σ-blocks
{Ai}i∈I . Since, Ai ⊆ 2Ω for all i ∈ I, each of the σ-blocks induce a linear subspace of B(Ω),
which we denote as B(Ω,Ai). Given a finitely additive measure µ : Dσ → [0, 1], we now
define E :

⋃
i∈I B(Ω,Ai) → R by

E(f) :=

∫
fdµ|Ai if f ∈ B(Ω,Ai).

For every i ∈ I, E|B(Ω,Ai) is a linear prevision in one-to-one correspondence to the finitely
additive probability µ|Ai [Walley, 1991] (Theorem 3.2.2). Hence, conditions (a) and (b) in
Definition 8.45 are met [Walley, 1991] (Theorem 2.8.4).

For f ∈ B(Ω,Ai)∩B(Ω,Aj) (i 6= j, i, j ∈ I), we know that f ∈ B(Ω,Ai∩Aj) (Lemma 8.66);
hence, ∫

fdµ|Ai =

∫
fdµ|Ai∩Aj =

∫
fdµ|Aj .

Thus, E is well-defined and there is no other partial expectation which agrees with µ on
the indicator gambles of the sets in D.

It remains to emphasize that there are partial expectations defined on families of linear
subspaces which are not induced by finitely additive probabilities on Dynkin systems. A
simple example is given by a linear space which does not contain the constant gamble
corresponding to the indicator gamble of the set Ω. Hence, the definition of a partial
expectation is indeed a generalization of the definition of a finitely additive probability on
a pre-Dynkin system.

Under the name “partially specified probabilities”, Lehrer [2012] introduced a closely related
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notion to our partial expectation. Lehrer, however, assumed that there is by definition an
underlying probability distribution over the entire base set (or better said, a σ-algebra on
the base set). Hence, his partially specified probabilities are by definition extendable (see
Definition 8.50), a fact, which he implicitly exploited by re-defining the natural extension
following [Walley, 1991] (Lemma 3.1.3 (e)) of partially specified probabilities [Lehrer, 2007]
(§3.2). Lehrer did not ask for the structure of the set of gambles with precise expectations,
nor did he draw any connection to Walley’s work, nor did he link his “partially specified
probabilities” to finitely additive probabilities on pre-Dynkin systems.

8.6.2 System of Precision—The Space of Gambles With Precise Expectations

In Section 8.3, we have shown that imprecise probabilities are precise on (pre-)Dynkin
systems. The natural analogue of this set structure of precision is the space of gambles
with precise expectation, which actually forms a linear subspace. The space of gambles
with precise expectation is known as a set of ambiguity-free or unambiguous gambles in the
finance and decision theory literature [De Castro and Chateauneuf, 2011].

Theorem 8.48. (Imprecise Expectations Are Precise on a Linear Subspace of Precise Gam-
bles) Let B(Ω) be the linear space of bounded, real-valued functions on Ω. Let L : B(Ω) → R
and U : B(Ω) → R be two functionals, for which all the following properties hold:

(a) Normalization: L(χΩ) = U(χΩ) = 1.

(b) Conjugacy: U(f) = −L(−f) for f ∈ B(Ω).

(c) Subadditivity of U : for f, g ∈ B(Ω), we have U(f + g) ≤ U(f) + U(g).

(d) Superadditivity of L: for f, g ∈ B(Ω), we have L(f + g) ≥ L(f) + L(g).

(e) Positive Homogeneity: for α ∈ [0,∞) and f ∈ B(Ω), we have L(αf) = αL(f) and
U(αf) = αU(f).

Then L and U coincide on the linear space S := {f ∈ B(Ω): L(f) = U(f)} ⊆ B(Ω), the
space of gambles with precise expectation, which contains all constant gambles.

Proof. We define

S := {f ∈ B(Ω): L(f) = U(f)}, (8.3)

and show that S forms a linear subspace of B(Ω). First, let f, g ∈ S, then

L(f) + L(g)
(d)

≤ L(f + g)
(⋆)

≤ U(f + g)
(c)

≤ U(f) + U(g)
Eq.8.3
= L(f) + L(g).
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For (⋆) observe that L(f) ≤ U(f) for all f ∈ B(Ω), since

L(f) + L(−f) ≤ L(0)
(a),(e)
= 0

(a),(e)
= U(0) ≤ U(f) + U(−f),

we have

L(f) + L(−f) ≤ U(f) + U(−f) ⇔ L(f)− U(f) ≤ U(f)− L(f) ⇔ L(f) ≤ U(f).

Second, let f ∈ S and α ∈ R. If α ≥ 0, then

L (αf)
(e)
= αL (f)

Eq.8.3
= αU (f)

(e)
= U (αf) .

Otherwise,

L (αf)
(b)
= −U (−αf) (e)

= αU (f)
Eq.8.3
= αL (f)

(b)
= −αU (−f) (e)

= U (αf) .

Third, S contains all constant gambles by (a), (b) and (e). Hence, we have shown that S
forms a linear subspace of B(Ω) which contains all constant gambles.

The choice of properties for the lower and upper expectation functional is not arbitrary. We
tried to resemble the properties involved in the analogous statement for lower and upper
probabilities (Theorem 8.10). One can easily check that a lower and upper expectation with
the given properties (a)–(d) forms a lower and upper probability as required in Theorem 8.10
if the expectation is restricted to indicator gambles. However, we added property (e),
positive homogeneity.

Without the property of positive homogeneity, the resulting set of gambles with precise
expectations would not form a proper linear subspace, as then one can only guarantee
closedness of S under rational multiplication. The condition of positive homogeneity “fills
up” the gaps with all real-scaled functions. Instead of positive homogeneity one can as well
demand a continuity assumption of the lower and upper functional L and U , e.g., [Walley,
1991] (Property (l) Theorem 2.6.1).

It is known that the system of precision of coherent lower and upper probability is a linear
space [Seidenfeld, 2023]. The derivation here slightly generalizes this to not necessarily
coherent lower and upper functionals L and U . We emphasize that coherent previsions (see
Definition 8.49) fulfill all of the demanded properties [Walley, 1991] (Theorem 2.6.1).

In Theorem 8.10, we did not only derive the structure of the system of precision for events,
we as well showed that the restriction of the lower and upper probability to this system give
us a probability defined on a (pre-)Dynkin system. In the statement here, we can define a
similar restriction P : S → R with P := L|S = U |S . However, P is not necessarily coher-
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ent and not necessarily a partial expectation. In other words, we cannot directly recover
a partial expectation on subdomain of B(Ω) induced by a lower and upper expectation
functional. For probabilities, this recovery was possible.

But, we can sidestep this restriction. Any pair of lower and upper expectations, as we
defined them here, induce a unique lower and upper probability. The resulting finitely
additive probability on the set structure of precision gives rise to a partial expectation
(Proposition 8.46) on a set of linear subspaces contained in the space of gambles with
precise expectation S of L and U .

A converse construction, however, is not possible. There is no unique lower and upper ex-
pectation functional with the given properties associated with a lower and upper probability
fulfilling the axioms of Theorem 8.10 [Walley, 1991] (§2.7.3). Concluding, lower and upper
expectation as defined here are not the “perfect” analogues of lower and upper probabilities.

This as well explains the mismatch between systems of precision for probabilities and ex-
pectations. A lower and upper expectation fulfills the properties of a lower and upper
probability but not vice versa. Hence, only weaker statements about the system of preci-
sion are possible for probabilities. As a result, the analogue of the set structure of precision,
a pre-Dynkin system, is the space of gambles with precise expectations, a single linear
subspace. In Definition 8.45, however, we equated pre-Dynkin systems with sets of linear
subspaces. In this case, a one-to-one correspondence between a finitely additive probability
on a pre-Dynkin system and a generalized expectation, concretely a partial expectation, can
be established. Hence, the analogy of pre-Dynkin systems and linear subspaces of gambles
depends on the correspondence of probability and expectation.

8.6.3 Generalized Extendability Is Equivalent to Coherence

Partial expectations are, as we have shown, a natural generalization of finitely additive
probabilities on pre-Dynkin systems. Hence, it is not far-fetched to ask for definitions of
coherence and extendability again, now in the more general context. It turns out that the
same story can be re-told on a more general scale: The definition of coherent probabili-
ties (Definition 8.18) is in fact just the reduction of the following definition of a coherent
prevision to indicator gambles.

Definition 8.49 (Coherent Prevision [Walley, 1991] (Definition 2.5.1)). Let L ⊆ B(Ω) be
an arbitrary subset of the linear space of bounded functions. A functional E : L → R is a
coherent lower prevision if and only if

sup
ω∈Ω

j∑
i=1

(fi(ω)− E(fi))−m(f0(ω)− E(f0)) ≥ 0,
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for non-negative n,m ∈ N and f0, f1, . . . fn ∈ L. If L = −L, the conjugate coherent upper
prevision is given by E(f) := −E(−f) for all f ∈ L. If, furthermore, E(f) = E(f) for all
f ∈ L, we call ν := E = E a linear prevision.

This definition of coherent previsions is substantiated by consistency of gamblers regarding
their betting behavior on gambles with uncertain outcome, e.g., [Walley, 1991] (§2.3.1).
Importantly, the rather opaque but general definition of coherence can be simplified greatly
for coherent previsions defined on linear subspaces of B(Ω). Theorem 2.5.5 in [Walley, 1991]
shows that coherence for lower previsions on linear subspaces can be expressed as super-
additivity, positive homogeneity, and accepting sure gains (see [Walley, 1991] (Definition
2.3.3)).

Having introduced the notion of a coherent prevision, we now envisage the link between par-
tial expectations and coherent previsions. We introduced extendability for finitely additive
probabilities on pre-Dynkin systems as a useful property. It guarantees that the probability
can “nicely” be embedded into “larger” finitely additive probability which is defined on an
encompassing algebra. Hence, the analogue for partial expectations is straightforward.

Definition 8.50 (General Extendability). A partial expectation E :
⋃
i∈I Li → R is extend-

able if and only if there exists a partial expectation E′ : B(Ω) → R such that E′|∪
i∈I Li

= E.

Interestingly, the extendability condition provided in Theorem 8.16 has a (more general)
cousin adapted to the setting of gambles instead of events.

Proposition 8.51 (Extendability Condition for Previsions). (cf. [Maharam, 1972] (The-
orem 6.1).) Let {Li}i∈I be a non-empty family of linear subspaces of B(Ω). A partial
expectation E :

⋃
i∈I Li → R is extendable if and only if for every finite collection of func-

tions f1, . . . , fn ∈ {Li}i∈I ,

n∑
i=1

fi ≥ 0 =⇒
n∑
i=1

E(fi) ≥ 0.

Proof. It seems that Theorem 6.1 [Maharam, 1972] is equivalent to our statement. However,
there is a subtlety which we want to argue here is indeed irrelevant. Extendability of a
partial expectation requires the existence of a positive, normed, linear functional on B(Ω),
whose restriction on the according linear subspaces coincides with the partial expectation.
Theorem 6.1 in [Maharam, 1972] only guarantees that a positive, linear functionals exists.
But, normedness of such functional is automatically given if χΩ ∈ Li for some i ∈ I.
Otherwise, we extend the partial expectation E to E′ : {αχΩ : α ∈ R}

⋃
i∈I Li → R such
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that

E′(f) :=

α if f ∈ {αχΩ : α ∈ R}

E(f) otherwise.

Then again, Theorem 6.1 [Maharam, 1972] applies.

Against the background that extendability and coherence define the same concept for finitely
additive probabilities on pre-Dynkin systems, the resulting equivalence of extendability and
coherence for partial expectations is of little surprise.

Proposition 8.52 (Extendability is Equivalent to Coherence). Let {Li}i∈I be a non-empty
family of linear subspaces of B(Ω). The partial expectation E :

⋃
i∈I Li → R is extendable

if and only if E is a linear prevision, i.e., is coherent.

Proof. If E is a linear prevision on
⋃
i∈I Li, then there is a linear prevision E′ : B(Ω) → R

such that E′|∪
i∈I Li

= E [Walley, 1991] (Theorem 3.4.2). Conversely, if E is an extendable
partial expectation, then its extension is obviously a linear prevision, and hence it is coher-
ent. The restriction of a coherent linear prevision to any subset of gambles is coherent (and
linear).

8.6.4 A Duality Theory for Previsions and Families of Linear Subspaces

In Section 8.5, we step by step spelled out an order relationship between the set structure
of precision and credal sets, a model for (coherent) imprecise probabilities. Naturally the
presented generalization begs the question whether a related relationship between credal sets
and the spaces of gambles with precise expectations exists. We answer affirmatively. We
redefine the credal and dual credal set function and shortly discuss its analogous properties.
Again, we require a “reference measure”. In this case, it is a fixed linear prevision ψ on
the space of all gambles B(Ω), which is indeed in one-to-one correspondence to a finitely
additive probability measure on 2Ω.

Definition 8.53 (Generalized Credal Set Function). Let ∆ be the set of linear previsions
on the Banach space B(Ω). For a fixed linear prevision ψ ∈ ∆, we call

mψ : 2
B(Ω) → 2∆, mψ(G) := {ν ∈ ∆: ν(g) = ψ(g), ∀g ∈ G},

the generalized credal set function.
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Definition 8.54 (Generalized Dual Credal Set Function). Let ∆ be the set of linear previ-
sions on the Banach space B(Ω). For a fixed linear prevision ψ ∈ ∆, we call

m◦
ψ : 2

∆ → 2B(Ω), m◦
ψ(Q) := {g ∈ B(Ω): ν(g) = ψ(g), ∀ν ∈ Q},

the generalized dual credal set function.

Why can we call those functions “generalized”? Simply because any system of sets is
equivalently represented as its set of indicator gambles which span their own linear space
of simple gambles, i.e., linear combinations of indicator gambles.

The generalized credal set function maps, as the credal set function in Definition 8.23,
to weak⋆-closed, convex subsets of ∆. The generalized dual credal set function, however,
reveals a first subtlety. It maps to linear subspaces of B(Ω). The dual credal set func-
tion following Definition 8.28 mapped to pre-Dynkin systems. In Proposition 8.46 and
Proposition 8.47, families of linear subspaces were the analogues of (pre-)Dynkin systems.
Here, a single linear subspace is the analogue of a pre-Dynkin system. For a first step
towards an explanation of this asymmetry, see Section 8.6.2. Finally, the pair of functions
constitute a Galois connection.

Proposition 8.55 (Properties of Generalized (Dual) Credal Set Function). Let mψ be a
generalized credal set function and m◦

ψ be a generalized dual credal set function. All the
following properties hold:

(a) The generalized credal set function mψ maps to weak⋆-closed, convex sets.

(b) The generalized dual credal set function m◦
ψ maps to a linear subspace.

(c) The generalized credal set function mψ and generalized dual credal set function m◦
ψ

form a Galois connection.

Proof. (a) We have fixed ψ to a linear prevision. Hence, it is coherent. For any G ⊆ B(Ω),
mψ(G) is the set of all linear previsions which dominate ψ on G. Theorem 3.6.1 in
[Walley, 1991] then states that this set is weak⋆-closed and convex.

(b) Let Q ⊆ ∆.

Additivity Let f, g ∈ m◦
ψ(Q). Then, for all ν ∈ ∆,

ν(f + g) = ν(f) + ν(g) = ψ(f) + ψ(g) = ψ(f + g),

i.e., f + g ∈ m◦
ψ(Q).
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Homogeneity Let f ∈ m◦
ψ(Q) and α ∈ R. Then, for all ν ∈ ∆,

ν(αf) = αν(f) = αψ(f) = ψ(αf),

i.e., αf ∈ m◦
ψ(Q). For homogeneity we need the easy fact that a linear prevision

is not only positive homogeneous but generally homogeneous. For this consider
a linear prevision ν and any gamble f ∈ B(Ω) with α < 0, then ν(αf) =

−ν(−αf) = αν(f).

(c) The two functions constitute a Galois connection (cf. Proposition 8.29), G ⊆ m◦
ψ(Q) ⇔

Q ⊆ mψ(G). To this end, we show the left to right implication,

ν ∈ Q ⇒ ν(g) = ψ(g), ∀g ∈ G ⇒ ν ∈ mψ(G),

and the right to left implication,

g ∈ G ⇒ ν(g) = ψ(g), ∀ν ∈ Q ⇒ g ∈ m◦
ψ(Q).

This concludes the proof.

Galois connections possess a series of helpful properties [Birkhoff, 1940] (§V.7 and V.8).
For instance, they give rise to a bipolar-closure operator. A non-empty subset Q ⊆ ∆ is
bipolar-closed if and only if Q = mψ(m

◦
ψ(Q)). A non-empty subset G ⊆ B(Ω) is bipolar-

closed if and only if G = m◦
ψ(mψ(G)). Furthermore, Proposition 8.55 provides necessary

conditions for bipolar-closed sets. For instance, a bipolar-closed set G ⊆ B(Ω) is a linear
subspace. But is every such linear subspace a bipolar-closed set? No.

Example 8.56. Let Ω2 := {1, 2}, then B(Ω2) = {α1χ{1} + α2χ{2} : α1, α2 ∈ R}. Hence,
linear functionals on B(Ω2) are defined via their behavior on the basis. Let ψ(χ{1}) = 1.
Then, {α1χ{1} : α1 ∈ R} ⊆ B(Ω2) is a linear subspace, but it is, as one can easily check,
not bipolar-closed, because the demand for normalization of any linear prevision ν which
coincides with ψ on χ{1} requires ν(χ{2}) = 0.

Again, it seems to be more intricate than expected to characterize bipolar-closed sets. For
pre-Dynkin systems and finitely additive measures we already collected some first hints that
sets of measure zero play an important role in the characterization of bipolar-closed sets. In
the case of linear subspaces and linear previsions, we observe a similar “combinatorial re-
striction”. In order to improve understanding, let us replace 2∆ by 2ba(Ω) in Definition 8.53,
Definition 8.54 and Proposition 8.55 (The proposition still holds.),which is equivalent to
stating that linear previsions are not necessarily normalized, nor positive. Then, by lever-
aging the Hahn–Banach-type Theorem 1.5.14 in [Rao and Rao, 1983], one can easily see

126



that linearity of a subset G ⊆ B(Ω) is not only a necessary, but as well a sufficient condition
for bipolar-closedness for those modified “credal set functions”. Thus, the restriction to
actual linear previsions makes the characterization of bipolar-closed sets more complex. A
compelling, more exhaustive answer still waits to be found.

Analogous to the discussion in Section 8.5.4, it is possible to provide a lattice duality and
interpolation scheme via the generalized (dual) credal set functions. Instead of the lattice
of pre-Dynkin systems (D,⊆), the interpolation is directed by the lattice of linear subspaces
(L,⊆) of B(Ω). As commonly known, the lattice of linear subspaces has the two operations
L1 ∧ L2 := L1 ∩ L2 and L1 ∨ L2 := lin(L1 ∪ L2). We denote the linear span with lin. Its
minimal element is the trivial zero vector linear subspace {0}. Its maximal element is the
entire space of all gambles B(Ω). Due to higher generality of the here-presented (dual)
credal set function, the interpolation provided is more fine-grained than for the previously
given interpolation by pre-Dynkin systems. The following set containment (trivially) holds:

{mψ(D) : D ∈ D} ⊆ {mψ(L) : L ∈ L},

where mψ(D) = mψ({χD : D ∈ D}). In other words, the lattice of pre-Dynkin systems is
“contained” in the lattice of of linear subspaces. However, as for pre-Dynkin systems the
interpolation via linear subspaces is improper. The reason for this is again that not every
linear subspace is bipolar-closed. By restriction to linear, bipolar-closed subspaces one can
clean up the setup. For details we refer to Section 8.5.4. We do not make explicit the
detailed reiteration of the same argument here.

In summary, we confirmed our findings of Section 8.5 extended to previsions. The general-
ized dual lattice setup underlines the structural consistency between the system of precision
and its corresponding imprecise probability.

8.7 Conclusions and Open Questions

In this paper, we have explicated relations between the systems of precision and imprecise
probabilities (respectively expectations). First, we have shown that the system of precision
forms a pre-Dynkin system (respectively, a linear subspace). This structural insight raises a
series of follow-up questions: how does the system of precision of a coherent prevision relate
to the set of desirable gambles of this prevision? How does the preference ordering change
the set structure of precision for the corresponding beliefs? What is the role of coherence
with respect to the system of precision?

Second, we defined finitely additive probabilities on pre-Dynkin systems. The equivalence
of extendability and coherence of such probabilities strengthens the link between quantum
probability and imprecise probability. We speculate that further insights can be obtained by
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exploiting this relationship. In addition, the generalization of finitely additive probabilities
on pre-Dynkin systems to partial expectations directly opens the door to machine learning
applications. In robust machine learning, the expected risk minimization framework is
extended to more general expectation functionals. Partial expectation can, possibly after
more computational investigations, deliver the desired robustness against dependencies in
specific domains, such as privacy preservation, “not-missing-at-random” features, restricted
data base access or multi-measurement data.

Finally, we developed a duality theory of systems of precision and imprecise probabilities
(respectively expectations). A Galois connection defines a parametrized family of imprecise
probabilities which follow an order structure provided by the lattice of pre-Dynkin systems
(respectively the lattice of linear subspaces).

In modern statistics, especially in machine learning, probabilistic statements are increasingly
tailored to individuals. Individual probabilistic statements, however, require justification.
One can interpret probabilities on pre-Dynkin systems as probabilities which do not allow
for such statements in the first place. One could perceive this fact as a weakness. We, in
contrast, embrace its strength, when for ethical, legislative or other reasons, individualistic
assignments are harmful, unjustifiable, forbidden or not desirable. We provide a first, rough
interpolation scheme via the lattice duality. It demonstrates the space of adjustability of
probabilistic assumptions in real-world scenarios. The involved pre-Dynkin systems are
mathematical definitions of levels of group resolution. The question of how to choose such
set-systems is related to the questions of intersectionality.

Several fundamental, technical questions remain open: how does the lattice duality imposed
by pre-Dynkin systems or linear spaces relate to other dualities, such as convex duality,
exploited in the field of imprecise probability. Can one easily characterize the bipolar-closed
sets? Why is there no clear analogy between pre-Dynkin systems and linear subspaces?

We leave this collection of intriguing questions open to future work contributing to an
understanding of the system of precision and the imprecise probability model.
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8.8 Appendix

8.8.1 Lemmas and Proofs

Compatibility Structure

We have shown in Theorem 8.7 that every pre-Dynkin system can be decomposed into a
union of algebras. A trivial follow-up question remains to be answered: is every union of
algebras a pre-Dynkin system? The general answer is no.

Example 8.57 (Union of Algebras is not Necessarily Pre-Dynkin System). Let Ω =

{1, 2, 3}. Then, A1 := {∅, 1, 23,Ω} and A2 := {∅, 12, 3,Ω} are algebras on Ω. However,
A1 ∪ A2 do not form a pre-Dynkin system, as e.g., 1 ∪ 3 = 13 /∈ A1 ∪ A2.

However, we can give sufficient conditions under which the union over a set of algebras
form a pre-Dynkin system. To this end, we have to introduce the so-called compatibility
structure, which is made out of π-systems.

Definition 8.58 (π-System). Let Ω be an arbitrary base set. A π-system I is a non-empty
subset of 2Ω such that for arbitrary A1, . . . , An ∈ I,

⋂
1≤i≤nAi ∈ I.

Definition 8.59 (Compatibility Structure). A set of π-systems {Ii}i∈I is called a compat-
ibility structure of A if and only if the following two conditions hold:

(a)
⋃
i∈I Ii = A

(b) For every π-system I ⊆ A there exist i ∈ I such that I ⊆ Ii.

A “compatibility structure” is a system of set systems. We call it compatibility structure,
because every finite intersection of elements in a π-system is compatible with every other
finite intersection of elements from the same π-system. The π-systems in the compatibility
structure are not necessarily disjoint. Given a set of π-systems, the union of these π-systems
is not necessarily a compatibility structure. In fact, there are possible incompatibilities be-
tween the π-systems (e.g., Example 8.57). It turns out that being a compatibility structure
is a sufficient condition for a set of algebras to form a pre-Dynkin system.
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Theorem 8.60 (Union of Algebras is Pre-Dynkin System if Compatibility Structure). Let
{Ai}i∈I be a family of algebras. If {Ai}i∈I is a compatibility structure, then A∪ :=

⋃
i∈I Ai

is a pre-Dynkin system.

Proof. We show that A∪ is a pre-Dynkin system if it is the union of the compatibility
structure. First, it contains the empty set. Second, if A ∈ A∪ there is an i such that
A ∈ Ai. Then Ac ∈ Ai, thus Ac ∈ A∪. Third, let {Aj}j∈[n] be a subset of A∪ with n ∈ N
such that Ak 6= ∅, Al 6= ∅ and Ak ∩ Al = ∅ for all k 6= l; k, l ∈ [n]. Thus, {Aj}j∈[n] ∪ {∅}
is closed under finite intersection. Hence, it is a π-system. By definition of a compatibility
structure, there is an i ∈ I such that {Aj}j∈[n] ∪ {∅} ⊆ Ai. Since Ai is an algebra, it is
closed under disjoint union. Thus,

⋃
j∈[n]Aj ∈ Ai ⊆ A∪.

Supremum of a Chain of Algebras Is an Algebra

The following lemma is used to prove that every pre-Dynkin system can be dissected into
algebras (Theorem 8.7).

Lemma 8.61 (Supremum of a Chain of Algebras is an Algebra). Let ({Ai}i∈I ,⊆) be a
non-empty chain of algebras. Then it has an upper bounding algebra Asup.

Proof. Let Asup =
⋃
i∈I Ai. Trivially, Ai ⊆ Asup for every i ∈ I. It remains to show

that Asup is an algebra. It is non-empty by construction. Consider any finite subset
{A1, . . . , An} ⊆ Asup. Without loss of generality, there exist j ∈ I such that {A1, . . . , An} ⊆
Aj . Thus,

n⋃
i=1

Ai ∈ Aj ⊆ Asup.

Furthermore, for every A ∈ Asup, there exist j ∈ I such that A ∈ Aj . Thus,

Ac ∈ Aj ⊆ Asup,

which concludes the proof.

Sufficient Conditions for Bipolar-Closed Sets

In order to give sufficient conditions for bipolar-closed sets we introduce the following notion.

Definition 8.62 (Weak Atom with Respect to Pre-Dynkin System). A weak atom with
respect to a pre-Dynkin system D on Ω is a set A ⊆ Ω such that every B ∈ D with B ⊆ A

is either B = ∅ or B = A.
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Weak atoms always exist, for instance the empty set is a weak atom with respect to any
pre-Dynkin system D on any non-empty set Ω.

Lemma 8.63 (Decomposition into Pre-Dynkin Set and Atom). Let D ⊆ 2Ω be a pre-Dynkin
system. Every element B ∈ 2Ω\D can be expressed as a disjoint union of an element BD ∈ D
and a weak atom A ∈ 2Ω \ D with respect to D.

Proof. We define BD ⊆ B as a maximal set BD ∈ D such that for all H ∈ D with BD ⊆
H ⊆ B we have H = BD. By Zorn’s lemma, such an element always exists. To see this,
consider the poset of all subsets of B which are in D ordered by set inclusion. Then, we
decompose B \ BD = A. Clearly, A 6= ∅. Furthermore, A /∈ D and there is no H ∈ D such
that H ⊆ A except of the empty set, otherwise BD would not have been maximal in our
sense. Both statements follow from the closedness of D under disjoint union. Thus, A is a
weak atom with respect to D.

With these definitions at hand we can show the following crucial lemma.

Lemma 8.64 (Weak Atoms Are Not in the Bipolar-Closed Sets – Finite, Discrete Setting).
Let Ω = [n]. We fix a finitely additive probability ψ on 2Ω such that ψ(F ) > 0 for every
F ∈ 2Ω \ {∅}. Let D ⊆ 2Ω be a pre-Dynkin system. Then, for every weak atom A with
respect to D such that A /∈ D, we have

A /∈ m◦
ψ(mψ(D)),

where mψ and m◦
ψ are defined following Definition 8.23 and 8.28, respectively.

Proof. We show the Lemma by constructing, for every weak atom A ⊆ Ω with respect to
D such that A /∈ D, a probability measure on 2Ω which coincides with ψ on the pre-Dynkin
system D but differs to ψ on the event A. Observe, weak atoms A /∈ D exist as long as
D 6= 2Ω (by Lemma 8.63). Second, the weak atom A contains an element i ∈ A such that
{i} /∈ D. Otherwise, A ∈ D.

So, we fix an arbitrary weak atom A with respect to D such that A /∈ D. Due to the
finiteness of [n] we can represent every measure ν ∈ ∆ as ν1, . . . , νn with the constraints
0 ≤ νk ≤ 1 and

∑n
k=1 νk = 1. With this in mind, we construct a probability ν ∈ ∆ such

that ν(B) = ψ(B) for all B ∈ D but ν(A) 6= ψ(A).

To this end, we define ν on all elements in [n]. We choose

νi = ψi + ϵ

for the i ∈ A specified earlier, with ϵ := mink∈[n] ψk. By assumption, ϵ > 0.
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By Theorem 8.7 we know that we can decompose D into sub-algebras. In fact, we can
decompose D into a finite set of sub-algebras as D is finite itself. Furthermore, set algebras
on finite sets are build upon a finite set of atoms [Rao and Rao, 1983] (Remark 1.1.17.(2)).
Those atoms form a partition of the finite set; hence, each set algebra on a finite set is in one-
to-one correspondence to a partition (cf. [Rao and Rao, 1983] (Proposition 1.1.18)). Hence,
D determines a family of partitions corresponding to its blocks. In detail, D =

⋃
o∈OAo for

set algebras Ao and finite O (Theorem 8.7). Then, we define {Bo}o∈O as the corresponding
set of partitions. In particular, D(Bo) = Ao. Thus, D =

⋃
o∈O D(Bo) = D(

⋃
o∈O Bo),

because ⋃
o∈O

D(Bo) ⊆ D(
⋃
o∈O

Bo) ⊆ D(D) = D =
⋃
o∈O

Ao =
⋃
o∈O

D(Bo).

For every partition Bo we have one Bo ∈ Bo such that i ∈ Bo. Obviously, Bo ∩ A 6= ∅. But
as well, Bo ∩ Ac 6= ∅. Otherwise, Bo ⊆ A, thus Bo = ∅, because A is a weak atom which
is not contained in the pre-Dynkin system D. Thus, there is at least jo ∈ Bo with jo /∈ A.
For one such jo, we define the probability

νjo := ψjo −
ϵ

|{jo : o ∈ O}|
.

By choice of ϵ and 1 ≤ |{jo : o ∈ O}| ≤ ∞ we have νjo ≥ 0. Observe, we divide ϵ by the
number of atoms on which we decrease the probability to guarantee normalization of ν.
Finally, for all l ∈ [n] \ ({jo : o ∈ O} ∪ A), we set νl = ψl. This assignment leads to the
following conclusions: ν(Bo) = ψ(Bo) for every o ∈ O. More generally, for all B ∈

⋃
o∈O Bo,

we have ν(B) = ψ(B).

The probability distribution ν is uniquely determined by the probability on the partitions,
because D = D(

⋃
o∈O Bo) (see above) and the π-λ-Theorem [Williams, 1991] (Lemma A.1.3).

So, ν ∈ mψ(D). But, ν(A) = ν({i}) + ν(A \ {i}) = ψ({i}) + ψ(A \ {i}) + ϵ 6= ψ(A). Thus,
A /∈ m◦

ψ(mψ(D)).

Intersection of Linear Subspaces

Lemma 8.65 (Intersection of Simple Gamble Spaces). Let A,B ⊆ 2Ω be two algebras.
Then,

S(Ω,A) ∩ S(Ω,B) = S(Ω,A ∩ B).

Proof. It is clear that S(Ω,A ∩ B) ⊆ S(Ω,A) and S(Ω,A ∩ B) ⊆ S(Ω,B), which makes
the right to left set inclusion obvious. For the left to right inclusion, observe that a func-
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tion f ∈ S(Ω,A) ∩ S(Ω,B) is a linear combination of indicator gambles of disjoint events
A1, . . . , An ∈ A, α1, . . . , αn ∈ R and a linear combination of indicator gambles of disjoint
events B1, . . . , Bm ∈ B, β1, . . . , βm ∈ R. Without loss of generality, we can demand that
all α1, . . . , αn (respectively β1, . . . , βm) have to be pairwise distinct, because we can replace
indicator gambles scaled with the same factor by the appropriately scaled indicator function
of the disjoint union of the events. Then, there is i ∈ [n] for every j ∈ [m] such that αi = βj

and vice versa. More importantly, there is i ∈ [n] for every j ∈ [m] such that Ai = Bj and
vice versa. Hence, {A1, . . . , An} = {B1, . . . , Bm} ∈ A ∩ B.

Lemma 8.66 (Intersection of Measurable Gamble Spaces). Let Aσ,Bσ ⊆ 2Ω be two σ-
algebras. Then,

B(Ω,Aσ) ∩ B(Ω,Bσ) = B(Ω,Aσ ∩ Bσ).

Proof. It is clear that B(Ω,Aσ ∩ Bσ) ⊆ B(Ω,Aσ) and B(Ω,Aσ ∩ Bσ) ⊆ B(Ω,Bσ), which
makes the right to left set inclusion obvious. For the left to right inclusion, observe that
for a function f ∈ B(Ω,Aσ) ∩ B(Ω,Bσ), the preimage of any Borel-measurable set in R is
contained in Aσ and Bσ.

8.8.2 Names of Pre-Dynkin Systems and Dynkin Systems

See Table 8.3 for a list of names for pre-Dynkin systems. Table 8.4 summarizes a list of
names for Dynkin systems.

Table 8.3: A summary of names for pre-Dynkin systems found in the literature.

pre-Dynkin system [Schurz and Leitgeb, 2008]
additive-class [Rao and Rao, 1983] (p. 2)
concrete logic [Ovchinnikov, 1999, De Simone et al., 2007]
partial field [Godowski, 1981]
quantum-mechanical algebra [Suppes, 1966]
semi-algebra [Khrennikov, 2009b] (p. 13)
set-representable orthomodular poset [Pták, 1998]

Table 8.4: A summary of names for Dynkin systems found in the literature.

Dynkin system [Jun et al., 2011]
d-system [Williams, 1991] (p. 193)
λ-class [Chow and Teicher, 1988] (p. 7)
quantum-mechanical σ-algebra [Suppes, 1966]
σ-class [Gudder, 1984]
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8.8.3 Credal Sets of Pre-Dynkin System Probabilities — Credal Sets of
Distorted Probabilities

To the best of the authors’ knowledge, there has not been any attempt to parametrize a
family of imprecise probabilities via the set of induced precise probabilities. In fact, a much
better known class of imprecise probabilities is parametrized via distortion functions [Wirch
and Hardy, 2001]. We use distorted probability functions as they regularly occur as examples
of imprecise probabilities [Walley, 1991, Wirch and Hardy, 2001, Fröhlich and Williamson,
2024]. In particular, there is a one-to-one correspondence of distorted probabilities as
defined in the following and so-called spectral risk measures, an important class of coherent
upper previsions often used in economics and finance [Fröhlich and Williamson, 2024].

Definition 8.67 (Credal Set of Distorted Probability). Let γ : [0, 1] → [0, 1] be a concave,
increasing function with γ(0) = 0 and γ(1) = 1. Let ψ denotes a finitely additive probability
on an algebra 2Ω on Ω. We overload the definition of a credal set

M(ψ, γ) := {ν ∈ ∆: ν(F ) ≤ γ(ψ(F )), ∀F ∈ 2Ω}.

How does the credal set of probabilities for distorted probabilities relate to the credal set
of probabilities for a probability defined on a Dynkin system?

Lemma 8.68 (Distortion Lemma). Let γ : [0, 1] → [0, 1] be a concave, increasing function
with γ(0) = 0 and γ(1) = 1. If γ is not the identity function, then γ(x) > x for all x ∈ (0, 1).

Proof. As γ is concave, it is, in particular, quasi-concave. Thus, x 7→ γ(x)
x is decreasing

[Rubshtein et al., 2016] (Definition 10.1.1). This gives the following inequalities:

γ(x)

x
≥ γ(x′)

x′
≥ γ(1)

1
= 1,

for 0 < x ≤ x′. This implies, if there were x ∈ (0, 1) such that γ(x) = x, then γ would be
the identity function. We excluded this by assumption, and thus it follows γ(x) > x for all
x ∈ (0, 1).

In the following Proposition, we show that the set of events on which all measures of a credal
set M(ψ, γ) coincide forms a pre-Dynkin system. Actually, it is the system of certainty,
i.e., the set of all events which get assigned either the value 0 or the value 1. We reuse
the notation of the dual credal set function m◦

ψ which, as we noted earlier, maps a set of
probabilities to the set structure on which those probabilities coincide.

Proposition 8.69 (Events of Precise Probability for Distorted Probabilities). Let γ : [0, 1] →
[0, 1] be a concave, increasing function with γ(0) = 0 and γ(1) = 1, which is not the iden-
tity function. Let ψ denote a finitely additive probability on an algebra 2Ω on Ω. Let
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M(ψ, γ) be the credal set (Definition 8.67) and m◦
ψ the dual credal set function (Defini-

tion 8.28). Let F0 := {F ∈ 2Ω : ψ(F ) = 0} denote the set of all measure zero sets and
F01 := {F ∈ 2Ω : ψ(F ) = 0 or ψ(F ) = 1} denote the set of all measure zero or one sets.
Then,

m◦
ψ(M(ψ, γ)) = D(F0) = F01.

Proof. We show the equality of all sets via a circular set containment.

(a) F01 ⊆ D(F0)

If F ∈ 2Ω such that ψ(F ) = 0, then clearly F ∈ F0 ⊆ D(F0). If F ∈ 2Ω such that
ψ(F ) = 1, then ψ(F c) = 0. Thus, F c ∈ F0 because pre-Dynkin systems are closed
under complement F ∈ D(F0).

(b) D(F0) ⊆ m◦
ψ(M(ψ, γ))

First, we write out

m◦
ψ(M(ψ, γ)) = {F ∈ 2Ω : ν(F ) = ψ(F ), ∀ν ∈ {ν ′ ∈ ∆: ν ′(F ) ≤ γ(ψ(F )), ∀F ∈ 2Ω}}

Since γ(0) = 0, it is easy to see that F0 ⊆ m◦
ψ(M(ψ, γ)). By Proposition 8.31, we

know that m◦
ψ(M(ψ, γ)) is a pre-Dynkin system. Thus, D(F0) ⊆ m◦

ψ(M(ψ, γ)).

(c) m◦
ψ(M(ψ, γ)) ⊆ F01

We show this set inclusion via contraposition. If F ∈ 2Ω has measure ψ(F ) ∈ (0, 1),
then F /∈ m◦

ψ(M(ψ, γ)). For this we have to argue that there is a measure νF ∈
M(ψ, γ) for every F ∈ 2Ω with ψ(F ) ∈ (0, 1) such that νF (F ) 6= ψ(F ).

Observe that γ ◦ ψ defines a normalized, monotone, submodular set function on 2Ω

[Denneberg, 1994] (p. 17). Furthermore, any normalized, monotone, submodular set
function induces a translation equivariant, monotone, positively homogeneous and
subadditive functional Lγ◦ψ on all f ∈ B(Ω) such that Lγ◦ψ(χF ) = (γ ◦ ψ)(F ) for all
F ∈ 2Ω [Huber, 1981] (p. 260), [Walley, 1991] (p. 130), [Denneberg, 1994] (Proposition
5.1, Theorem 6.3). Hence, Lγ◦ψ is a coherent upper prevision [Walley, 1991] (p.
65). Thus, Walley’s extreme point theorem applies [Walley, 1991] (Theorem 3.6.2
(c)). (Even though this theorem is stated in terms of coherent lower previsions, it
applies to coherent upper previsions, too. The weak⋆-compactness of the credal set
M(ψ, γ), which is given by the coherence of Lγ◦ψ and [Walley, 1991] (Theorem 3.6.1),
is crucial.) For any function f ∈ B(Ω), in particular any χF with F ∈ 2Ω, there
is a linear prevision f 7→ 〈f, ν〉 with ν ∈ ∆ on B(Ω) dominated by Lγ◦ψ such that
〈χF , ν〉 = Lγ◦ψ(χF ). More concretely, for any F ∈ 2Ω there is a νF ∈ M(ψ, γ)

such that νF (F ) = (γ ◦ ψ)(F ). If ψ(F ) ∈ (0, 1), then Lemma 8.68 applies and
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νF (F ) = (γ ◦ ψ)(F ) = γ(ψ(F )) > ψ(F ) gives the desired inequality. In conclusion,
there is no F ∈ 2Ω with measure ψ(F ) ∈ (0, 1) such that F ∈ m◦

ψ(M(ψ, γ)). This
implication finalizes the proof.

We call the set F01 a system of certainty for ψ. Hence, the system of precision of a dis-
torted probability is the system of certainty. Since the proposition clarifies the relation
from distorted imprecise probability to probability on Dynkin systems, the reverse question
immediately follows: when is M(ψ|D,D) ⊆ M(ψ, γ)? In other words, given an extendable
probability defined on a pre-Dynkin system, what is a distortion function of an extension
of this probability such that the credal set of the former is contained in the credal set of
the latter. The simple example below gives an instantiation of this problem for which it is
easy to find a solution. However, the problem is harder for more general cases.

Example 8.70. Let Ω = {1, 2} and ψ(1) = ψ(2) = 0.5. Let D = {∅,Ω}. Then, for the
admittedly extreme distortion function γ(0) = 0, otherwise γ(a) = 1, for a ∈ (0, 1] the credal
set M(ψ, γ) = ∆ is the set of all probability measures. Hence, M(ψ|D,D) = ∆ ⊆M(ψ, γ).

8.8.4 Dynkin Systems and Countably Additive Probability

In the main text, we presented the majority of the results for the general case: pre-Dynkin
systems and finitely additive probabilities. We did so, as we emphasize clearly here, not for
the sake of mathematical generality. There are probabilistic problems which demand for
the use of finitely additive probabilities, e.g., von Mises frequentistic notion of probability
[Von Mises and Geiringer, 1964, Schurz and Leitgeb, 2008]. As pre-Dynkin systems and
finitely additive probabilities walk hand in hand, so too do Dynkin systems and countably
additive probabilities. It is possible to strengthen some results when we assume Dynkin
systems and countably additive probabilities. Furthermore, countably additive probabilities
are more familiar to students of probability theory. Finitely additive probabilities still
eke out an exotic living [Rao and Rao, 1983, Kadane et al., 1986, Chichilnisky, 2010].
Nevertheless, they are central in large parts of literature on imprecise probability [Walley,
1991, Augustin et al., 2014].

Dynkin Systems

Many of the following results are analogous to the statements for pre-Dynkin systems. The
subsequent theorem is analogous to Theorem 8.7. We remark, however, that we cannot use
the same proof-technique as in Theorem 8.7 because the generalization of Lemma 8.61 to
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σ-algebras does not hold. Hence, we use a different technique to prove Theorem 8.71 for
Dynkin systems and σ-algebras.

Theorem 8.71 (Dynkin Systems are made out of σ-Algebras). Let Dσ be a Dynkin system
on an arbitrary set Ω. Then, there is a unique family of maximal σ-algebras {Ai}i∈I such
that Dσ =

⋃
i∈I Ai. We call these σ-algebras the σ-blocks of Dσ.

Proof. Since Dynkin systems are pre-Dynkin systems, Theorem 8.7 guarantees that Dσ is
constituted of a set of algebras {Ai}i∈I . Each algebra Ai is closed under finite intersection.
Thus, it is a “compatible collection” following the terms of Gudder [1973]. It follows that
Ai is contained in a sub-σ-algebra of Dσ by Theorem 2.1 in [Gudder, 1973]. As any sub-σ-
algebra is an algebra and Ai is maximal, i.e., there is no algebra contained in D such that
Ai is a strict sub-algebra of this algebra, Ai itself is a σ-algebra. Hence, Ai are the σ-blocks
of Dσ.

Not every union of σ-algebras is a Dynkin system (cf. Appendix 8.8.1). But, if a union of
σ-algebras forms a compatibility structure, then it is a Dynkin system.

Theorem 8.72 (Union of σ-Algebras is Dynkin system if Compatibility Structure). Let
{Ai}i∈I be a family of σ-algebras on an arbitrary Ω. If {Ai}i∈I is a compatibility structure,
then A∪ :=

⋃
i∈I Ai is a Dynkin system.

Proof. We show that A∪ is a Dynkin system if it is the union of the compatibility structure.
First, it contains the empty set. Second, if A ∈ A∪ there is an i such that A ∈ Ai. Then
Ac ∈ Ai, thus Ac ∈ A∪. Third, let {Aj}j∈J be a subset of A∪ with J ⊆ N such that Ak 6= ∅,
Al 6= ∅ and Ak ∩ Al = ∅ for all k 6= l; k, l ∈ J . Thus, {Aj}j∈J ∪ {∅} is closed under finite
intersection. It is thus a π-system. By definition of a compatibility structure there is an
i ∈ I such that {Aj}j∈J ∪ {∅} ⊆ Ai. Since Ai is a σ-algebra, it is closed under countable
disjoint union. Thus,

⋃
j∈J Aj ∈ Ai ⊆ A∪.

Technical Setup

In order to work on firm ground when introducing countably additive probabilities, we
change our basic technical setup. We summarize the used notations in Table 8.5. First, we
assume now that Ω is a Polish space, that is, a separable completely metrizable topological
space [Huber, 1981] (p. 20). We denote by Fσ the Borel-σ-algebra with respect to the
given topology. With ca(Ω,Fσ), we denote the space of all finite, signed countably additive
measures on (Ω,Fσ) (cf. [Huber, 1981] (p. 20)).

We define ∆σ ⊆ ca(Ω,Fσ) as the set of all probability measures on (Ω,Fσ). Every measure
in ∆σ is regular [Huber, 1981] (p. 20). The set ca(Ω,Fσ) is equipped with the total
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Table 8.5: Summary of used notations in Appendix 8.8.4.

Ω Polish Space
Dσ Dynkin system on Ω (Definition 8.1)
µσ Countably additive probability defined on Dσ (Definition 8.9)

σ(A) σ-algebra hull of set system A ⊆ 2Ω

Fσ Borel-σ-algebra on Ω
ca(Ω,Fσ) Set of bounded, signed, countably additive measures on Fσ

∆σ(Ω,Fσ) resp. ∆σ Set of countably additive probability measures on Fσ
Mσ(µσ,Dσ) σ-Credal set of µσ on Dσ (Proposition 8.77)
µDσ

, µDσ
Lower respectively upper coherent σ-extension (Proposition 8.79)

variation distance dTV (ν, ν ′) := supA∈Fσ
|ν(A) − ν ′(A)| [Aliprantis and Border, 2006] (p.

366). We emphasize that this is a different topology in comparison to the topology used
above. The weak⋆ topology is weaker than the topology induced by the total variation
distance.

Lastly, we denote the smallest σ-algebra which contains A with σ(A). We say that σ(A) is
the σ-algebra hull of A.

Dynkin Probability Spaces

The definition of probability measures on pre-Dynkin systems directly applies to Dynkin
systems, too. Analogous to Kolmogorov’s probability space, we can now leverage Defini-
tion 8.9 for a definition of a Dynkin probability space.

Definition 8.73 (Dynkin Probability Space [Gudder, 1969] (p. 296)). The triple (Ω,Dσ, µσ)

is called a Dynkin probability space if and only if (a) Ω is a non-empty base space, (b)
Dσ is a Dynkin system on Ω and (c) µσ is a countably additive probability measure on Dσ

following Definition 8.9.

Dynkin probability spaces have been called “quantum probability spaces” in quantum prob-
ability theory [Gudder, 1969]. Dynkin probability spaces generalize Kolmogorov’s proba-
bility spaces. If Dσ were a σ-algebra, then the Dynkin probability space would become a
classical probability space. Theorem 8.71 provides another interesting link between Dynkin
and classical probability spaces.

Proposition 8.74. Every Dynkin probability space (Ω,Dσ, µσ) defines a collection of clas-
sical probability space {(Ω,Ai, µi)}i∈I where Dσ =

⋃
i∈I Ai and µi := µσ|Ai are consistent,

i.e., µi(A) = µj(A) for any A ∈ Ai ∩ Aj and i, j ∈ I.

Such “multi-Kolmogorov” probability spaces have similarly been formalized in [Khrennikov,
2009a] (p. 32) or [Vorob’ev, 1962] (p. 154). The multiplicity of probability spaces has been
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interpreted as a collection of contexts. Each context possesses its own classical probability
space. (In quantum physics, we obtain classical behavior in single context and quantum
behavior across context. In machine learning, each marginal scenario gets equipped an own
probability space, i.e., an own context (cf. [Cuadras et al., 2002, Eban et al., 2014]).) Again,
as for pre-Dynkin systems and finitely additive probabilities, the question of embedding
Dynkin probability spaces into classical probability spaces arises.

Conditions for Extendability for Countably Additive Probabilities

Definition 8.75 (σ-Extendability). Let Fσ be the Borel-σ-algebra on a Polish space Ω and
Dσ a Dynkin system contained in this σ-algebra. With ∆σ we denote the set of all countably
additive probability measures on (Ω,Fσ). We call a countably additive probability µσ on Dσ

σ-extendable if and only if there is a countably additive probability measure ν ∈ ∆σ such
that ν|Dσ = µσ.

We call this extendability “σ” to emphasize the difference to Definition 8.15 and the proper-
ties of countably additive probability measures. Extendability of Dynkin probability spaces,
as well as for finitely additive probabilities on pre-Dynkin systems, has already been part
of discussions in quantum probability since 1969 [Gudder, 1969] up to more current times
[De Simone and Pták, 2010]. Most of the results, e.g., [Gudder, 1984, De Simone et al.,
2007, De Simone and Pták, 2010], are only stated in terms of finitely additive probability
measure and/or apply only on a structurally restricted class of Dynkin systems. A theorem
due to Maharam [1972] in the literature on marginal probabilities can be tweaked to give a
universal sufficient and necessary criterion for σ-extendability.

Theorem 8.76 (σ-Extendability Condition for Countably Additive Probability). Let Fσ
be the Borel-σ-algebra on a Polish space Ω and Dσ a Dynkin system contained in this
σ-algebra such that σ(Dσ) = Fσ. Let µσ be a countably additive probability on Dσ.
For each σ-block Ai of Dσ we assume that µi := µσ|Ai is inner regular, i.e., if µ(G) =

sup{µ(K) : K ⊆ G,K compact and measurable} [Schechter, 1997] (p. 808). The probability
µσ is σ-extendable if and only if

n∑
j=1

fj(ω) ≥ 0, ∀ω ∈ Ω =⇒
n∑
j=1

∫
Ω
fj(ω)dµij (ω) ≥ 0

for all finite families of measurable simple gambles {fj}j∈[n] ⊆ S(Ω,Dσ).

Proof. Proposition 8.74 separates the Dynkin probability space into a set of Kolmogorov
probability spaces. Then, Theorem 8.1 in [Maharam, 1972] applies. As technical require-
ments, we emphasize that Ω is a Hausdorff space and all restrictions µi are inner regu-
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lar. Thus, there exists a probability measure on the algebra generated by Dσ. Since the
probability measure is countably additive, Caratheodory’s Extension Theorem [Williams,
1991] (Theorem 1.7) states that it can be uniquely extended to the Borel-σ-algebra Fσ =

σ(Dσ).

Similar and related results can be found in [Vorob’ev, 1962, Kellerer, 1964, Horn and Tarski,
1948]. In particular, every so-called marginal scenario can be represented as a countably
additive probability on a Dynkin system (cf. [Vorob’ev, 1962], [Gudder, 1984] (Example
4.2)). Marginal scenarios often arise in practical setups. They are defined as settings in
which for a collection of random variables only specific partial joint distributions of the
random variables are given. For those scenarios there are purely combinatorial conditions
on the Dynkin system sufficient for the extendability [Vorob’ev, 1962, Kellerer, 1964].

Credal Set of Countably Additive Probabilities on Dynkin Systems

The credal set of probabilities which we defined in Corollary 8.20 contains finitely additive
probabilities, some of which might not be countably additive. For this reason we redefine
the credal set for countably additive probabilities. The credal set is the set of all countably
additive probabilities which coincide with the reference probability µσ on Dσ.

Proposition 8.77 (σ-Credal Set for Probabilities on Dynkin Systems). Let Fσ be the
Borel-σ-algebra on a Polish space Ω and Dσ a Dynkin system contained in this σ-algebra.
Let µσ be a countably additive probability on Dσ and ∆σ the set of all countably additive
probabilities on Fσ. We call

Mσ(µσ,Dσ) := {ν ∈ ∆σ : ν(A) = µσ(A), ∀A ∈ Dσ},

the σ-credal set of µσ on Dσ. If Mσ(µσ,Dσ) 6= ∅, then it is closed and convex.

Proof. Convexity Let {νi}i∈[n] ⊆Mσ(µσ,Dσ) and αi ∈ [0, 1] for all i ∈ [n] with
∑n

i=1 αi,
then

∑n
i=1 αiνi ∈Mσ(µσ,Dσ), because

n∑
i=1

αiνi(A) =

n∑
i=1

αiµσ(A) = µσ(A), ∀A ∈ Dσ.

Closedness We assumed ca(Ω,Fσ) to be equipped with the total variation distance. Hence,
of a set Q ⊆ ca(Ω,Fσ) can be identified via the convergence of sequences in Q

[Munkres, 2014] (Lemma 21.2).

Suppose ν1, ν2 . . . ∈ Mσ(µσ,Dσ) is a sequence of probability measures such that
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limn→∞ νn
TV
= ν. This directly implies set-wise convergence,

ν(A) = lim
n→∞

νn(A) = lim
n→∞

µσ(A) = µσ(A), ∀A ∈ Dσ.

It follows that ν ∈Mσ(µσ,Dσ).

In fact, one can even guarantee weak closure of the σ-credal set, since it is convex [Woj-
taszczyk, 1991] (Theorem II.A.4). Rather obviously, the following corollary holds.

Corollary 8.78 (σ-Extendability and σ-Credal Set). Let Fσ be the Borel-σ-algebra on a
Polish space Ω and Dσ a Dynkin system contained in this σ-algebra. The countably additive
probability µσ on Dσ is σ-extendable if and only if Mσ(µσ,Dσ) 6= ∅.

Thus, we can redefine the lower and upper coherent extension if the Dynkin probability
space is continuously extendable. This extension is then derived from a set of countably
additive probability measures.

Proposition 8.79 (Coherent σ-Extension of Probability). Let Fσ be the Borel-σ-algebra
on a Polish space Ω and Dσ a Dynkin system contained in this σ-algebra. Assume the
countably additive probability µσ on Dσ is σ-extendable. Then,

µDσ
(A) := inf

ν∈Mσ(µσ ,Dσ)
ν(A), µDσ

(A) := sup
ν∈Mσ(µσ ,Dσ)

ν(A), ∀A ∈ Fσ,

define a coherent lower (respectively, upper) probability on Fσ in the sense of [Walley, 1991].

Proof. First, we notice the every countably additive probability is also finitely additive. Via
Theorem 8.19 and application of Theorem 3.3.4 (b) in [Walley, 1991], we directly obtain
the result.

The coherent extension is one of two methods of measure extension presented in this pa-
per. Again, we ask how the coherent σ-extension relates to the inner and outer measure
construction.

Corollary 8.80 (Extension Theorem – Countably Additive Case). Let Fσ be the Borel-σ-
algebra on a Polish space Ω and Dσ a Dynkin system contained in this σ-algebra. Suppose
the countably additive probability µσ on Dσ is σ-extendable. Then,

µ∗(A) ≤ µDσ
(A) ≤ µDσ

(A) ≤ µ∗(A), ∀A ∈ Fσ.
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Proof. Since Mσ(µσ,Dσ) ⊆M(µσ,Dσ), clearly

inf
ν∈Mσ(µσ ,Dσ)

ν(A) ≥ inf
ν∈M(µσ ,Dσ)

ν(A), ∀A ∈ Fσ,

sup
ν∈Mσ(µσ ,Dσ)

ν(A) ≤ sup
ν∈M(µσ ,Dσ)

ν(A), ∀A ∈ Fσ.

Hence, the analogous Theorem 8.22 gives the result.

8.8.5 From Set Systems to Logical Structures and Back

In the year 1936, Stone demonstrated a celebrated representation result of logical algebras
[Stone, 1936]. In particular, he showed that any Boolean algebra can be equivalently repre-
sented by an algebra of sets and vice versa. This representation results opened the door to
many generalizations of the domain of probabilities (see [Narens, 2016] for a nice summary).
For instance, Boolean algebras can be replaced by weaker logical structures, such as ortho-
modular lattices. Interestingly, modular ortholattices and orthomodular lattices have been
investigated as representational structures for quantum theoretic descriptions and measure-
ments [Birkhoff and von Neumann, 1936, Husimi, 1937]. Furthermore, it turned out that an
analogue to Stone’s representation holds for some orthomodular lattices. Some orthomod-
ular lattices are isomorphic to pre-Dynkin systems [Godowski, 1981]. On the other hand,
every (pre-)Dynkin system is isomorphic to an (σ-)orthomodular poset, a order-theoretic
generalization of an orthomodular lattice (cf. [Brabec, 1979]). In summary, the investiga-
tion of probabilities on general logical structures parallels our work presented here. We,
however, have stuck to set structures as the domain of probabilities.
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Part III

Statistical Forecast Felicity:
Individual to Aggregate
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9
The Evaluation Resolution

Besides the frequential nature of von Mises theory of probability [Von Mises, 1919], his
definition of randomness (see Chapter 7) provoked many discussions [Khinchin, 2015]. A
major point of critique, the consistency of his theory, i.e., the existence of collectives which
are random with respect to a certain set of selection rules was at least solved 18 years after
the publication of [Von Mises, 1919] by Abraham Wald [Wald, 1937]. A further critique,
however, showed the need for extending the tools of von Mises theory. Von Mises’ notion of
randomness was not able to capture the law of the iterated logarithm and furthermore could
not rule out certain other phenomena which were considered to be non-random [Bienvenu
et al., 2009].

Subsequently, Jean Ville suggested to depart from frequencies and added “betting against
odds” to the theory to deal with this critique [Ville, 1939].1 He moved away from selection
rules and instead worked with betting strategies, respectively the development of a bettor’s
capital called martingale. He let bettors check whether they can win against a sequence
to define whether the sequence can be called random or not. Jean Ville formalized in a
different way what von Mises was after, a “law of excluded gambling system”.

Ville’s exposition proved fruitful in introducing (super-)martingales to the theory of proba-
bility and advanced the field of algorithmic randomness in its search to define randomness
[Bienvenu et al., 2009]. However, it took more than half a century before his game-theoretic
approach was taken more literally and triggered developments in probability theory [Shafer
and Vovk, 2019] and statistics [Ramdas et al., 2023].

Conceptually, game-theoretic probability and statistics does not need to formulate assump-
tions on the origin or meaning of probabilistic assignments. Instead, this field puts focus on

1Interestingly, Ville originally seemed to aim for improvement von Mises theory. His thesis is, potentially
due to the views of his supervisors, framed as a critique [Bienvenu et al., 2009].
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the testing of those assignments in order to pragmatically justify them without a claim to
any metaphysical content [Dawid, 2004, Shafer, 2024]. This strand of ideas motivated the
definition and study of forecasts of Type I2A.

Type I2A forecasts resolve the interpretation problem (Section 5.1) by evaluation, cf., eval-
uation resolution. There is no meaning in the forecast beyond the pragmatic value. The
forecast is usable for certain circumstances. The evaluation guarantees the usefulness of the
forecast.

Related ideas occur in [Gillies, 2010] and [Höltgen, 2024]. Gillies [2010] suggests to consider
falsification of probabilistic statements as the way to justify probabilities. Then, there is no
a priori rationalization of probabilistic assignments required. Höltgen [2024] circumvents
the interpretation problem of probabilities by asking what makes probabilistic forecasts on
uncertain systems useful. In particular, this work embraces, as my thesis, that forecasting
is one of the central use-cases of probabilities nowadays.

On a high-level we move from Richard von Mises in the last chapters to Jean Ville in the
upcoming chapters. A key difference in the theories and hence in the type of forecasts
is: the Type A2I forecasts and its related measurement resolution (Chapter 6) ignores the
individuality of the subject of forecast in the following sense. The (idealized) measure of the
aggregate which share the random attribute is equal for all individuals within the aggregate.
This is different for Type I2A forecasts. The numerical value assigned to the individuals
can differ within an aggregate. But, the assignment requires the evaluation on an aggregate
(cf. Section 12.1).

The aggregate, which can be understood as a reference class (cf. Type I2A forecasts), serves
a new purpose. Within an aggregate the individuals do not need to be exchangeable in
them being related objects, e.g., “repeated trials of the same event” [Dawid, 1985a], instead
within the aggregate the individuals need to be exchangeable in term of the performance
of the forecasting method. The “goodness” of the forecasts on the aggregate is meaningful
for an individual in the aggregate. The aggregate does not need to be substantially equal,
but evaluation-wise equal.

The distinction made between the two types of reference class is analogous to the distinction
between object- and meta-induction [Schurz, 2017]. Object-induction is what one can induce
from some objects to others. While meta-induction is what method is best for inducing from
objects to other objects. Exemplarily, with object-induction I transfer the average rain of
the last days to the next day. With meta-induction I transfer the performance of a rain
forecasting method on the last days to the next day.

Clearly, one central choice for felicitous Type I2A forecasts is the aggregate. Actually,
this choice is very known and common. Scholars choose their benchmarks to promote their
protein folding forecasts [Jumper et al., 2021]. Scholars prove that their weather forecasting
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methods have been performing well in the past [Bureau of Meteorology (Australia), 2025].
Scholars leverage adversarial example to show whether their image forecasting method is
robust [Szegedy et al., 2013, Goodfellow et al., 2014].

In this work we leave out the structure of the choice of aggregate, e.g., the design of bench-
marks [v. Kistowski et al., 2015, Reuel-Lamparth et al., 2024, Hardt, 2025], or its relation-
ship to inductive principles. However, another central choice, the evaluation metric, will be
the topic for the next chapters.
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10
Three Types of Calibration with Properties and

their Semantic and Formal Relationships

Author Contributions

The concept and results of the paper have been developed in mutual exchange mainly be-
tween Jessica Finocchiaro (JF) and Rabanus Derr (RD). At a turning point of the project
when we decided to change directions towards the study of the “elements of calibration”,
Robert C. Williamson (RW) suggested leading questions moving forward. The exact attri-
bution of contributions for the writing are hard to disentangle. JF was closely supervising
the writing process and suggested changes on different levels, up to writing entire para-
graphs. RW took over the internal editing. RD wrote most parts of the text.
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The Personal Note

It is hard to define when the story of this paper should begin.

Was it when Benedikt Höltgen joined our research group? He brought the interest in
calibration to the group. By “calibration” I mean the statistical connotation of the word,
the property of a forecast to reflect the actual statistics of an aggregate of outcomes.

Was it when I moved to Philadelphia for a five months long research stay at the University
of Pennsylvania. Several of the students in the group of Aaron Roth and Michael Kearns,
who I visited, studied in great detail how to achieve calibrated forecasts in online prediction
scenarios.

Was it when I visited James Bailie, a friend of mine whom I got to know during the ISIPTA
conference 2023, in Cambridge, Massachusetts. Asking Bob whom to visit in the Boston
area, he referred me to Jessica Finocchiaro. Jessie was a PostDoc at Harvard University that
time. She very kindly invited me to give a talk entitled “4 Facets of Evaluating Predictions”.
That is were the title of the thesis originates. The content of the talk, however, was covering
parts of the project presented in Chapter 11.

Jessie and I vibed, we thought about doing some project together. Our first ideas, e.g., elici-
tation of decision maker’s preferences to provide useful schemes to evaluate forecasts, largely
didn’t survive. I was back in Tübingen again, and Bob joined our endeavor. We converged
to sharing confusion and interest in what this mysterious “multi-calibration”, “omnipredic-
tion”, “swap-multicalibration”, “agnostic learning”, and what not, actually meant. The
list of newly related notions circulating around calibration kept growing month by month.
We were convinced that it should be possible to clean up the mess of definitions a bit by
generalizing and using the tools of property elicitation. This was a natural choice as Jessie
has academically grown up with them. Plus, those tools were already used in the “4 Facets
of Evaluating Predictions”-project.

It turned out that a clean generalization was, even after more than 100 assumptions of
smoothness, not in our reach. Omniprediction and its cousins didn’t want to be treated in
a framework which generalized the type of forecasts.

We hopped from narrative to narrative in order to collect as many of our thoughts and
insights about calibration under one theme. One can now find a big chunk, but not all
what we encountered, in “Three Types of Calibration with Properties and their Semantic
and Formal Relationships”. The manuscript summarizes the academic side of the story
whose beginning is yet to be defined.
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Figure 10.1: Number of query results, each being a paper, for the title search term “cal-
ibration” in the categories cs.LG (Computer Science – Machine Learning) and stat.ML
(Statistics – Machine Learning) per year on arXiv. Since the API of arXiv provided dif-
ferent query results for different batch sizes (51,67, 103, 121), I have chosen the maximum
among those numbers.

Summary: Three Types of Calibration

Motivation In the 1950s, 60s and 70s, a branch of metereology and statistics aimed
for finding mathematical functions which captured adequacy when comparing forecasts
and actual realized weather events [Brier, 1950, Murphy and Epstein, 1967, Murphy and
Winkler, 1977]. One of the suggested evaluation criteria read as follows, if on the days
on which the forecaster predicted “Chance of rain: p%”, it actually rained p% of them,
for all p ∈ [0, 100], the forecast is “calibrated” or “reliable” [Murphy and Epstein, 1967].
Calibration made its way through statistics [Scheffe, 1973, Dawid, 1984, 1985a, Gneiting and
Katzfuss, 2014, Gneiting and Resin, 2023] and during the last decade obtained an increasing
interest in the machine learning community (Figure 10.1)1. First, calibration is motivated
as it arguably guarantees “equal meaning across groups” when enforced on them [Kleinberg
et al., 2017, Hu, 2025]. Second, calibration promises usefulness of forecasts without the
need to specify the down-stream decision maker [Foster and Vohra, 1997, 1999, Noarov and
Roth, 2024, Roth and Shi, 2024].

For these motivations, scholarship has come up with dozens of differing definitions of cali-
bration departing from the original definition as given above (cf. Chapter 10). Their formal
relationships are part of ongoing investigations [Zhao et al., 2021, Błasiok et al., 2023, Garg
et al., 2024]. Furthermore, the aims of the definitions partially differ. In this way, there is
a more critical, but less prominent question beyond the formal relationships: what are the
semantic relationships of notions of calibration?

1The code for the retrieval has been produced with the help of ChatGPT.
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Contributions We – the work has been pursued together with Jessica Finocchiaro and
Robert C. Williamson – suggest to focus on two accounts of calibration which we name
self-realization and precise loss estimation. Most existing notions of calibration can be
understood through one or both of these accounts.

Forecasts which are calibrated in a self-realizing way fulfill the following condition: on the
instances to which the forecasts assigned a certain summary statistic, the summary statistic
of those instances is equal to the forecasted one. Hence, the forecasts realize themselves in
a certain way. This self-referential aspect make this account attractive. For instance, it is
used to argue that a decision maker who consistently responds to a forecast will not regret
the choice of action [Foster and Vohra, 1999, Noarov et al., 2023, Noarov and Roth, 2024,
Roth and Shi, 2024]. Or, if the forecasts inform several agents, self-realization guarantees
that the agents will behave in equilibrium, they expect to see a pattern of actions which will
actually materialize [Foster and Vohra, 1997, Kakade and Foster, 2008, Foster and Hart,
2018, 2021].

The account of precise loss estimation adds another aspect to what makes a forecast use-
ful. A useful forecast does not only inform which action to take, but as well provides an
estimation of its consequences. In other words, a calibrated forecast following the precise
loss estimation-account provides an estimate of the consequence when the decision maker
takes the best action when informed with a forecast. The exact formulation requires the
formalization of a decision maker as a utility maximizing agent. The consequences are the
expected utilities.

Using the abstraction of properties, i.e., functions from probability distributions to value
sets such as the mean or the median, we show that forecasts which are full probability
distributions and fulfill an appropriate notion of calibration can serve both the purpose of
self-realization and of precise loss estimation. However, we identify both accounts as distinct
and independently reachable ideals. It is possible to provide predictions which are self-
realizing but not precise loss estimators and vice-versa. Hence, we provide a tree structure
of semantic and formal relationships which we prove to hold not only in the exact but as
well in the approximate case under additional smoothness assumptions. Finally, we show
that omniprediction, a newly occurring learning paradigm [Gopalan et al., 2022b,a, Globus-
Harris et al., 2023, Deng et al., 2023, Gopalan et al., 2024b, Garg et al., 2024], exploits a
more generally usable characteristic of self-realization calibration. Being calibrated is a
necessary condition for the optimal minimization of a multitude of loss functions, as long
as the loss functions share their ideal minimizer, i.e., elicit the same property.

Tools and Sketch of Argument The starting point for our discussion will be the
vanilla form of calibration. To avoid confusion, the reader is asked to fully detach from the
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interpretation of the forecast as being a measurement here. In particular, the semantics
given to a probability space in Section 7 do not fit the semantics of the underlying proba-
bility space as used here. In fact, I will adopt the often used, but sloppy, way of defining
random variables without explicitly writing out the abstract probability space underneath
the definitions. For a translation of terms and symbols see Table 10.1. Let X be a random

Unified Notation & Terminology Chapter 10
statistical forecast prediction, f(x) ∈ R
individual, ι x ∈ X
aggregate, ℧ input set, X
attribute, ϱ(ι) = ℘ outcome, label, y ∈ Y
measurement –

Table 10.1: Translation table – Three Types of Calibration with Properties and their Se-
mantic and Formal Relationships

variable on X ⊆ R and Y a random variable on Y = {0, 1} distributed jointly according to
D. Let f : X → [0, 1] be a measurable function. It represents a forecast of the probability
DY |X=x(Y = 1) = E[Y |X = x]. The forecaster f is vanilla calibrated on the distribution D
if and only if, for all γ ∈ imf2,

E(X,Y )∼D[Y |f(X) = γ] = γ.

Let’s give this formula rain-forecasting semantics. The random variable Y is stating “no
rain” Y = 0 or “rain” Y = 1. While X is a time point, an individual, e.g., a day. Hence f(X)

is the probability of rain on day X. If the actual probability of rain E(X,Y )∼D[Y |f(X) =

γ] = DY |f(X)=γ(Y = 1) on the days which share the forecast γ, is γ, then the rain forecaster
is calibrated.

As it turns out, it is not necessarily relevant that the forecaster is calibrated on all of its
forecasted values. Let’s imagine a decision maker who is about to carry or not carry the
umbrella through the day. The decision maker is described by the loss Table 10.2. Assuming
that the decision maker is an expected utility maximizer, the decision maker will take the
umbrella as long as the rain forecasts predicts a probability higher than 0.5. Formally,

2I denote the image of a function f as imf .

DM with ℓ R ¬R
U 1 1
¬U 2 0

Table 10.2: Loss (ℓ) of decision maker (DM) observing rain (R) or no rain (¬R), and having
the actions carrying the umbrella (U) or not carrying the umbrella (¬U).
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Γ: [0, 1] → {U,¬U} is the decision function such that Γ(0.6) = U , Γ(0.5) = ¬U .

Hence, a desired guarantee called distribution calibration with respect to Γ is: on the days
on which the decision maker (not) took its umbrella, the actual average rainfall was equal
to the average forecast on those days. Formally,

E(X,Y )∼D[Y |Γ(f(X)) = A] = E(X,Y )∼D[f(X)|Γ(f(X)) = A], A ∈ {U,¬U}.

It is a rather immediate consequence that vanilla calibration implies distribution calibration
with respect to Γ (Proposition 10.4).

Another appropriate formulation called Γ-calibration is: if the decision maker would have
known the average rain situation on the days on which the decision maker has (not) taken
the umbrella, they did (not) take the umbrella anyway. Formally,

Γ
(
E(X,Y )∼D[Y |Γ(f(X)) = A]

)
= A, A ∈ {U,¬, U}.

Γ-calibration formalizes self-realization. The decision taken by the decision maker are con-
sistent in the following sense. On the days when the decision maker took the umbrella
with them, their loss increased if they did not take the umbrella with them, and vice versa.
This is called no swap-regret (cf. Proposition 10.7 and Proposition 10.28). The former dis-
tribution calibration with respect to Γ implies the later Γ-calibration (Proposition 10.6 and
Proposition 10.25). Notably, it is possible to provide Γ-calibrated forecasts which are not
distribution calibrated, e.g., when the forecaster simply recommend the best action to take
without giving any probabilistic information.

Another reasonable position is that the forecasts should fulfill,

E(X,Y )∼D[ℓ(Y,Γ(f(X)))] = EŶ∼f(X)[ℓ(Ŷ ,Γℓ(f(X))].

In words, as long as the decision maker follows the decision function Γ, the expected loss
inferred from the forecaster f is equal to the actual realized average loss. To remind the
reader, Γ is the the best response by assumption of expected utility maximization. This
criterion is rather weak, but gives at least an average estimate of the consequences of
the best response action. We call it decision calibration borrowed from [Zhao et al., 2021].
Decision calibration formalizes precise loss estimation. Again, decision calibration is implied
by distribution calibration (Proposition 10.12 and Proposition 10.34). However, the reverse
direction and the relationship to Γ-calibration is more complicate (Proposition 10.11 and
Section 10.6.3).

In the full paper (Chapter 10) we extend the statements and definitions to arbitrary func-
tions Γ, then called properties, and the approximate case. In contrast to the previous
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projects, felicity conditions and different notions of calibration are immediately related.

Relation to Forecast Felicity The evaluation problem (Section 5.2) asks for a felic-
itous choice of evaluation of forecasts. Our provided semantic segmentation of calibration
and the implication structure sketched before (depicted in Figure 10.2 and Figure 10.7)
helps to structure the choice.

For instance, a vanilla calibrated probabilistic rain forecast for today, such as “Chance of
rain today: 60%”, would (a) guarantee decision makers to not regret their action instead
of swapping to a different one, and (b) let the decision makers estimate consistently their
expected loss when responding to the forecasts as if they were true.

However, imagine instead of “Chance of rain today: 60%” a simple umbrella symbol corre-
sponding to a 0 or 1. This forecast would suggest an action for the reader of the newspaper.
This forecast can be self-realizing. It can serve the aim and purpose it is made for.

On the other hand, a farmer might not be happy about the replacement, as she would
rather try to estimate her actual loss in Euros if the mowed grass starts to rot due to the
rain. An agricultural forecast requires different semantics of the notion of calibration.

Note that in these scenarios the choice of the forecast interferes with the choice of evaluation.
It turns out that the choice of forecast is part of felicity considerations. The farmer needs
a probability distribution instead of a mere umbrella symbol to pursue calculations.

153



Abstract

Fueled by discussions around “trustworthiness” and algorithmic fairness, calibration of pre-
dictive systems has regained scholars’ attention. The vanilla definition and understanding
of calibration is, simply put, on all days on which the rain probability has been predicted to
be p, the actual frequency of rain days was p. However, the increased attention has led to
an immense variety of new notions of “calibration.” Some of the notions are incomparable,
serve different purposes, or imply each other. In this work, we provide two accounts which
motivate calibration: self-realization of forecasted properties and precise estimation of in-
curred losses of the decision makers relying on forecasts. We substantiate the former via
the reflection principle and the latter by actuarial fairness. For both accounts we formulate
prototypical definitions via properties Γ of outcome distributions, e.g., the mean or median.
The prototypical definition for self-realization, which we call Γ-calibration, is equivalent to
a certain type of swap regret under certain conditions. These implications are strongly
connected to the omniprediction learning paradigm. The prototypical definition for precise
loss estimation is a modification of decision calibration adopted from Zhao et al. [2021].
For binary outcome sets both prototypical definitions coincide under appropriate choices
of reference properties. For higher-dimensional outcome sets, both prototypical definitions
can be subsumed by a natural extension of the binary definition, called distribution cali-
bration with respect to a property. We conclude by commenting on the role of groupings
in both accounts of calibration often used to obtain multicalibration. In sum, this work
provides a semantic map of calibration in order to navigate a fragmented terrain of notions
and definitions.
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10.1 Introduction

Calibration has increasingly gained interest since it seems to provide a mathematical cri-
terion of “trustworthy”3 predictions [Noarov and Roth, 2024] and it is a major component
of studies on algorithmic fairness [Chouldechova, 2017, Hébert-Johnson et al., 2018]. Fur-
thermore, the advent of capable, deep learning techniques gave rise to investigations of
calibration of general deep neural networks [Guo et al., 2017] and large language models
[Cruz et al., 2024, OpenAI (2023), 2024, Kalai and Vempala, 2024].

While calibration has become a quantity of interest in empirical studies [OpenAI (2023),
2024, Perdomo et al., 2025, Cruz et al., 2024], theoretical works came up with dozens of new
(and old) definitions of calibration investigating particular relationships between them. To
name a few: Γ-calibration [Noarov and Roth, 2023], decision calibration [Zhao et al., 2021],
U -calibration [Kleinberg et al., 2023], class-wise calibration [Kull et al., 2019], confidence
calibration [Guo et al., 2017], Global Interpretable Calibration Index [Cabitza et al., 2022],
distance to calibration [Błasiok et al., 2023], smooth calibration [Foster and Hart, 2018].
The “jungle” of current notions of calibration is difficult to navigate.

As a result, wide-spread use of the term “calibration” has blurred the boundaries of what
is meant by it. However, all usages have in common that calibration is either a criterion to
judge predictions in light of obtained data or the process of fulfilling such a criterion. In
this work we stick to the former (cf. [Höltgen and Williamson, 2023]). Our goal is not to
provide an exhaustive list of notions of calibration.4 Instead, we follow our main question:
What is the abstract purpose of calibration? This way we provide a semantic map
and guide through key notions of calibration and their central relationships.

Calibration is often contrasted with pure predictive accuracy [Cruz et al., 2024, Van Cal-
ster et al., 2019, Seidenfeld, 1985]. While predictive accuracy guarantees the “usefulness”
of predictions, calibration guarantees the “trustworthiness” of the predictions. The “useful-
ness” narrative is readily justified. Expected risk minimization, the core principle behind
a large portion of learning techniques, is the negative analogue of expected utility maxi-
mization. The lower the risk, the more useful the predictions are, when measured with the
corresponding loss (respectively negative utility) function.

The “trustworthiness”-narrative, however, requires a more detailed explanation. We iden-
tified two accounts of calibration which could justify it:

3We hesitate to attempt a concise definition of trustworthiness in this work for the ambiguity and vague-
ness of its purpose and meaning. Instead, we write “trustworthiness” to emphasize to the reader that the
term itself is and should be loaded with more than the formal intuitions for some facets of trustworthiness
presented in this work.

4After trying this for some time, we gave up on this journey due to the immense variety and subtleties
of the suggested variants of calibration.
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Self-realization: For the instances where some value c was forecasted, the actual outcomes
can be summarized to a value close to c.

Precise Loss Estimation: The forecasted values let one provide estimates of incurred
losses (for certain loss functions) which are close to the actual materialized losses.

While these accounts are not an exhaustive list, these two paradigms account for the ma-
jority of calibration motivations. We found a third account of calibration in the literature
which focuses on the approximate equivalence of means. Here, predictions are calibrated
if the average of outcomes is equal to the average of predictions on certain subgroups or
even individuals [Dawid, 1985a, Zhao et al., 2020, Luo et al., 2022, Höltgen and Williamson,
2023]. This account is somewhat located between the narratives of “usefulness” and “trust-
worthiness.” Note that all accounts extend on a certain facet of the binary vanilla calibration
definition (Definition 10.1) which has historically motivated previous definitions.

To uncover the two central accounts of this work, we rewrite current definitions of cali-
bration using the language of properties [Osband, 1985, Fissler and Ziegel, 2016, Lambert
et al., 2008]. Properties, simply put, are functions from distributions on the outcome set Y
to some value set R, e.g., R = R or R = ∆(Y). We distinguish between optimization-level
and decision-level properties. Optimization-level properties specify the actual predicted
entity, e.g., full distribution, mean, α-quantile, or best action. Decision-level properties
most often correspond to downstream uses of the optimization-level property, such as deci-
sion makers informing their discrete action via a prediction about outcome probabilities, or
ranking of classes being used to deduce the top-k most likely outcomes. Decision-level prop-
erties borrow their name since they generalize maximum expected utility decision makers.
Notably, decisions are often discrete, and therefore hard to optimize directly, necessitating
the distinction between (often continuous) optimization-level properties and (often discrete)
decision-level properties. Properties subsume not only utility-based decision makers, but
rather arbitrary statistical properties of distributions as well, such as quantiles5, ratios of
expectations, or class marginals, to name a few. Furthermore, the elicitability and identifi-
ability of properties as detailed in Section 10.3 relate properties to loss functions and their
optimization criterion. This makes properties a useful vehicle to study calibration in the
abstract.

Our contributions are summarized as follows:

1. We subsume many existing definitions under three core types of definitions of cali-
bration: distribution calibration with respect to a (decision-level) property Φ (Defini-
tion 10.2), property calibration with respect to an abstract property Γ (Definition 10.5)
and decision calibration with respect to a set of loss functions L (Definition 10.9).

5Calibrated quantiles are relevant for conformal predictions [Jung et al., 2023].
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2. We show that all types of definitions of calibration collapse in the case of binary out-
come sets and appropriate choices of Φ,Γ and L (Proposition 10.11). More generally,
we argue that distribution calibration is the central “parent” notion which implies
both of the others (Proposition 10.6 and Proposition 10.12), as summarized in Fig-
ure 10.2. When generalizing to the approximate case, see Propositions 10.25 and 10.34
and Figure 10.7 in the appendix.

3. We elaborate on property calibration as a prototypical definition for the account
of self-realization. We show it can equivalently be expressed as a type of swap
regret (Proposition 10.7 and Proposition 10.28). Furthermore, we prove that self-
realization is inherited by refined properties— those properties Φ that can be defined
by composing a function with some original property Γ (Proposition 10.8 and Propo-
sition 10.31), a characteristic of the notion which is exploited in omniprediction (cf.
Proposition 10.33).

4. We contextualize decision calibration as a prototypical notion of precise loss estima-
tion. In particular, we show it requires simultaneous precise Bayes risk estimation
for several loss functions of interest (Proposition 10.15). Furthermore, we dissect the
relationship between self-realization and precise loss estimation, concluding that these
accounts are incommensurable (Section 10.6.3).

5. We provide a non-exhaustive categorization of existing notions of calibration in the
three types in Table 10.3 and Table 10.4.

The distinction of the three types of definitions of calibration and their relationship to
the presented accounts of self-realization and precise loss estimation has, to the best of
our knowledge, not been made in the literature. Properties have been used to formalize
calibration in [Gneiting and Resin, 2023] and [Noarov and Roth, 2023]. Some of the formal
relationships have been discussed already in literature (e.g., distribution calibration implies
decision calibration has been argued for in [Zhao et al., 2021]), but not within the more
general picture of properties.

In this work, we pay attention on how to define calibration beyond binary outcomes. We
largely ignore another strand of work on calibration notions which focus on how to approx-
imate (binary) Vanilla calibration. Different choices (e.g., “distance to calibration” [Bła-
siok et al., 2023], “calibration decision loss” [Hu and Wu, 2024], “cutoff calibration er-
ror” [Rossellini et al., 2025], “smooth calibration” [Foster and Hart, 2018], “projected smooth
calibration” [Gopalan et al., 2024a]) yield different decision-theoretic and empirical approx-
imability guarantees. Rossellini et al. [2025], Haghtalab et al. [2024] give a more in-depth,
axiomatic discussion about calibration error metrics. Our treatment is largely agnostic to
the choice of metrics to capture the approximation, though the relationship between prop-
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erties and the existence of calibration metrics satisfying normative axioms is an interesting
line of future work.

Figure 10.2 graphically summarizes the two strands which we will follow in this work.
The figure depicts the idealized “perfect” calibration case. For approximate notions the
implications require additional assumptions (Figure 10.7). Clearly, we don’t expect the
reader to yet make sense of the definitions and implications.

No Swap Regret
w.r.t. ℓΓ

Definition 10.26

Self-Realization Precise Loss Estimation

No Swap Regret
w.r.t. ℓΦ

Definition 10.26

P. 10.7 Φ-Calibration
Definition 10.5

Precise Bayes Risk Estimation
Definition 10.14

Decision Calibration w.r.t. LΓ

Definition 10.9

Distribution Calibration w.r.t. Γ

Definition 10.2

Proposition 10.6 Proposition 10.12

Proposition 10.8

P. 10.7

Proposition 10.15

Γ-Calibration
Definition 10.5

Figure 10.2: Relationships between Notions of Calibration. Implications under perfect
calibration, finite Y and elicitable property Γ and Φ. The three types of calibration are
marked in different colors. The abstract accounts of calibration are shaded.

10.2 An Exemplary Motivation

Let us walk through an example to get an intuitive understanding of the subtleties of
different formalizations of calibration.

Perdomo et al. [2025] study the Dropout Early Warning System (DEWS) implemented at
Wisconsin Public Schools. Based on state level testing in the 8th grade, the system predicted
on-time high school graduation likelihood. Hence, the DEWS predictions themselves, i.e.,
the optimization-level property, are probability forecasts on a binary outcome set. As the
authors observe, the forecasts are not perfectly calibrated following binary vanilla calibration
(Definition 10.1), i.e., the graduation rate of students who get a certain prediction p is not
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p.

The predictions of the DEWS are given to the department authorities who define three
risk categories “high risk,” “medium risk,” and “low risk” for dropout. The risk category
determines the measures to be taken to increase the graduation likelihood. In other words,
the risk categories form the decision-level property. Are the predictions calibrated condi-
tioned on the risk categories, i.e., is the average graduation rate among all persons who are
categorized as “high risk” (or “medium risk” or “low risk”) equal to the average prediction
score of those persons? This property, which we call distribution calibration with respect to
the risk categories (Definition 10.2), is not fulfilled as immediately derived from [Perdomo
et al., 2025, Figures 1 and 2].

But, the average graduation rate among all persons who are categorized as “high risk”
is lower than the average graduation rate in all other categories (for the other categories
respectively). In other words, the “high risk” category self-realizes. Hence, the predictions
are property calibrated (Definition 10.5).

Finally, self-realization of the decision-level property is not necessarily the intention of
calibration. Instead one can ask whether the department authorities can estimate their
expected loss in mis-assigning students to the wrong group. For this one would need to
introduce a loss function, whose minimizer is the risk category assignment. Note that several
such loss functions exist. Depending on the choice of the loss function, the predictions are
precisely estimating the loss, i.e., the predictions are decision calibrated (Definition 10.9),
or not.

Exactly, how calibrated the DEWS predictions are is irrelevant for the lessons we want to
convey in this section. Some of the notions of calibration are fulfilled to a lesser degree
than others. We use this example to demonstrate that there is no “right” definition of
calibration. This leaves a choice open which type and definition of calibration to consider in
a contextualized problem. This choice has semantics and implications which we disentangle
in the following.

10.3 Formal Setup

Data Distribution Let (Ω,Σ, λ) be a standard probability space. Let X (and Y) be
an input set (and outcome set) respectively. For the sake of simplicity, we assume that
those sets are finite dimensional Euclidean spaces or finite sets, equipped with the standard
Borel-σ-algebra B(X ) (respectively B(Y)). We define two random variables X : Ω → X and
Y : Ω → Y. The distribution induced on X × Y by the joint random variable (X,Y ) is
denoted D, and called the data distribution. The set of all data distributions is denoted
∆(X × Y). For the expected value of a measurable function g : X × Y → R we write
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E(X,Y )∼D[g(X,Y )] or simply ED[g(X,Y )].

The marginals are denoted DX (respectively DY ). We write push-forward measures such
as for a measurable map f : X → R as Df(X). Conditional distributions, e.g., conditional
probability of Y given X are written as DY |X∈A, where A ∈ BX and DX(A) > 0. For the
corresponding conditional expectation for a measurable function g : Y → R we write,

ED [g(Y )|X ∈ A] := EY∼DY |X∈A
[g(Y )] .

We pay attention to not conditioning on measure 0 events. For that reason, we refer to
the support of a measure, suppDf(X), which is the set {r ∈ R : Df(X)({r}) > 0}. By P
we mean a subset of ∆(Y) the set of all probability distributions on the measurable space
(Y,B(Y)). We call a data distribution D regular with respect to P if and only if for every
A ∈ B(X ) it is true that DY |X∈A ∈ P . Finally, we denote the Iverson-brackets as J·K, i.e.,JAK = 1 if A is true, JAK = 0 otherwise.

Properties Let R be a set of property values equipped with a metric m; i.e., (R,m)

forms a metric space. Generally, we see three common choices of value sets: (i) if R ⊆ R
is an interval, we set m to be the absolute difference, (ii) if |R| < ∞, we set m to be the
discrete metric. Finally, (iii) if R = ∆(Y), we set m to be the total variation distance. Fur-
thermore, (R,B(R)) is a measurable space for B(R) being the Borel-σ-algebra induced by
the topology given via m. A measurable function Γ: P → R is called a property.6 Without
loss of generality we assume that Γ is surjective. To distinguish between optimization-level
and decision-level properties we sometimes use Γ and Φ respectively. In Section 10.6, we
additionally use Θ to denote Bayes risk properties (defined later, Definition 10.13).

A property is continuous iff Γ is continuous with respect to the total variation distance on
P and the metric m on R. In particular, a property is Lipschitz continuous iff Γ is Lipschitz
continuous with respect to the total variation distance on P and the metric m on R.

A property Γ: P → R is called elicitable if there exists a loss function ℓ : Y ×R → R which
is measurable in the first variable for all fixed γ ∈ R in the second variable and such that,

Γ(P ) ∈ arg min
γ∈R

EY∼P [ℓ(Y, γ)],

for all P ∈ P . In the case ℓ elicits Γ, we say the loss ℓ is P-consistent with respect to Γ.
Overloading notation, we sometimes write ℓ(P, γ) = EY∼P [ℓ(Y, γ)]. An elicitable property
can be understood as a “best response” for a minimum expected loss decision maker.

A property Γ: P → R is called identifiable if there exists an identification function V : Y ×
6Note that measurability can be guaranteed by inducing a σ-algebra on P or simply referring to the

Borel-σ-algebra on ∆(Y) induced by the total variation distance, in particular if Y is finite.
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R → R which is measurable in both variables, and

Γ(P ) = γ ⇔ EY∼P [V (Y, γ)] = 0,

for all P ∈ P . We overload notation and write V (P, γ) = EY∼P [V (Y, γ)].

A measurable function f : X → R is called a Γ-predictor for the property Γ : P → R. Prop-
erties, as well as property predictors can be simply stacked to vectors, e.g., the distribution
predictor f : X → ∆(Y) is a (Γy)y∈Y -predictor, where Γy denotes the property: probability
of outcome y ∈ Y .

10.4 Distribution Calibration

Calibration has been well-studied long before its evolution as a “trustworthiness” criterion
or “fairness” criterion (as multi-calibration) in machine learning [Murphy and Epstein, 1967,
Murphy and Winkler, 1977, Dawid, 1982, DeGroot and Fienberg, 1983].78 Calibration was
considered part of a canon of “goodness”-measures of (meteorological) forecasts [Murphy
and Epstein, 1967, DeGroot and Fienberg, 1983]. In particular, calibration captured the
following intuition: if it rains a p-proportion of times on the days on which the prediction
is p for rain, the predictions are calibrated. Definition 10.1 makes this formal.

Definition 10.1 (Binary Vanilla Calibration). Let X ⊆ R be an input set and Y = {0, 1}
a binary outcome set. A predictor f : X → [0, 1] predicting the mean, i.e., the probability
DY |X=x(Y = 1) = E[Y |X = x], is calibrated on a distribution D ∈ ∆(X × Y) if and only
if, for all γ ∈ suppDf(X)

9,

E(X,Y )∼D[Y |f(X) = γ] = γ.

Consider f : X → P to be a full distribution forecast for a finite Y. It is not always relevant,
nor attainable to provide full distribution estimates which are calibrated conditioned on the
distributional predictions. In particular, in high-dimensional class probability prediction
problems it is not realistic to achieve reasonable calibration guarantees [Roth and Shi,
2024, Noarov and Roth, 2024]. The number of events to condition on grows exponential
in the dimensionality of the outcome set Y. Hence, scholarship suggested conditioning on
“decision-events” [Noarov et al., 2023, Roth and Shi, 2024], marginals [Kull et al., 2019],

7In some of the older literature the terms “reliability” and “validity” were (inconsistently) used instead
of “calibration”.

8Murphy and Winkler [1977] provide the first calibration plots, objective frequency versus prediction.
9We refer to the support of the push-forward measure to exclude that we condition on measure zero sets.

In other words, our calibration conditions focus only on substantially often predicted values. That has the
side-effect that a predictor which predicts each value only on measure zero sets is directly calibrated. Note
that this is a theoretical artifact which does not play a role for any empirical distribution D.
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or top-labels [Guo et al., 2017, Gupta and Ramdas, 2021]. In other words, the number of
conditioning events is reduced by focusing only on the “relevant” ones.10

We subsume all those notions via a specified property. For the sake of readable notation
we use Γ as the symbol for the property here, even though it can refer to a decision-level or
optimization-level property. For instance, Γ could be the map which maps all distributions
to one of their marginals (cf. [Kull et al., 2019]) or best responses with respect to some
utility function (cf. [Noarov et al., 2023]).

Definition 10.2 (Distribution Calibration with Respect to Γ). Let Γ: P → R be a property
and D a data distribution on X × Y regular wrt. P, where Y is finite. Let f : X → P be a
distributional predictor. The predictor f is distribution calibrated with respect to Γ on D

if for all γ ∈ suppDΓ◦f(X),11

ED[JY = yK|Γ ◦ f(X) = γ] = ED[fy(X)|Γ ◦ f(X) = γ], ∀y ∈ Y ,

where fy(x) ∈ [0, 1] denotes the y-component of the prediction f(x) ∈ ∆(Y) for x ∈ X . The
predictor f is α(γ)-approximate distribution calibrated with respect to Γ on D if for every
γ ∈ imΓ ◦ f , α(γ) ∈ R,

|ED[JY = yK − fy(X)|Γ ◦ f(X) = γ]| ≤ α(γ), ∀y ∈ Y .

We illustrate Definition 10.2 in Figure 10.3, where we demonstrate exactly (left) and ap-
proximately (right) satisfying distribution calibration with respect to the property Γ(p) =

arg maxy py representing the mode.

Note that, in principle, Y does not need to be finite. However, it simplifies notation and fa-
cilitates understanding. We provide definitions and results for general Y in Appendix 10.9.1.
Note that if Y is infinite, most predictions actually directly refer to properties and not the
full distribution (e.g., in Gaussian Process Regression, the mean and covariance are esti-
mated, which are properties of the full distribution).

10.4.1 Distribution Calibration is Inherited

Distribution calibration with respect to some property is naturally inherited by refined
properties. A property Φ is refined by another property Γ, if there exists a mapping which
applied on Γ gives Φ.

10An interesting perspective on the conditioning events is given in [Grünwald et al., 2020, Section 2.3].
The author essentially describes calibrated predictors as “safe” summaries of a certain set of probability
distributions, in our case the observed distribution D. The choice of conditioning events is then tantamount
to a choice of uses for which the predictor is a “safe probability”.

11Since Y is finite, we have P ⊆ R|Y|. Hence, the distribution calibration condition is equivalent to
DY |Γ◦f(X)=γ = ED[f(X)|Γ ◦ f(X) = γ].
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Y = 0 Y = 1

Y = 2

P(Y|f(0))
f(0)
P(Y|f(1))
f(1)
P(Y|f(2))
f(2)
P(Y| (f(X)) = 0)
E(f(X)| (f(X)) = 0)

(a) Approximate distribution calibration with re-
spect to Γ.

Y = 0 Y = 1

Y = 2

P(Y|f(0))
f(0)
P(Y|f(1))
f(1)
P(Y|f(2))
f(2)
P(Y| (f(X)) = 0)
E(f(X)| (f(X)) = 0)

(b) Perfect distribution calibration with respect to
Γ.

Figure 10.3: Illustration of distribution calibration. The outcome set is defined as Y =
{0, 1, 2}, the input set X = {0, 1, 2}. We define Γ(P ) = arg maxy∈Y P (Y = y). The level
sets of Γ are drawn in different shades of gray. The left-directing markers denote the true
conditional distribution for different choices of x ∈ X . The right-directing markers denote
the predicted distribution by a predictor f . The purple markers are convex combinations
of the blue and red markers, where the convex combination is defined through the marginal
distribution on X which is in our case fixed to be uniform. The dashed lines highlight
the deviation from the true outcome distribution conditioned on a value of Γ ◦ f versus the
expected forecast conditioned on a value of Γ◦f . Only the forecasts change when comparing
Figure 10.3b versus Figure 10.3a.

Definition 10.3 (Property Refinement [Frongillo and Kash, 2021, Definition 12]). A prop-
erty Φ: P → R′ is called refined by Γ, if Γ: P → R is a property such that there exists a
function ϕ : R → R′ with Φ = ϕ ◦ Γ.12

Proposition 10.4 (Distribution Calibration is Inherited). Let Γ: P → R be a property
and D a data distribution on X × Y regular wrt. P, where Y is finite. Let f : X → P be a
distributional predictor . Suppose, furthermore, that for every x ∈ X , f(x) ∈ suppDf(X).13

If the predictor f is α(γ)-approximate distribution calibrated with respect Γ on D, then it is
α′(c)-approximate distribution calibrated with respect to Φ := ϕ ◦Γ for all ϕ : R → R′ where
α′(c) := supγ∈suppDΓ◦f(X) : ϕ(γ)=c

α(γ).
12Property refinement is intricately related to the notion of indirect property elicitation [Frongillo and

Kash, 2021, Finocchiaro et al., 2024, 2021].
13This technical assumption is necessary to exclude problems with aggregations of measure zero sets related

to our definitional choice that our calibration conditions only hold almost everywhere. The assumption is
essentially equivalent to assuming that f maps to at most countably many different values. The assumption
re-appears in Proposition 10.8 and Proposition 10.9.2.
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Proof. By assumption, for all γ ∈ suppDΓ◦f(X),

|ED[JY = yK − fy(X)|Γ ◦ f(X) = γ]| ≤ α(γ), ∀y ∈ Y .

Hence, in particular, for all c ∈ suppDΦ◦f(X) and all y ∈ Y ,

α′(c) = sup
γ∈suppDΓ◦f(X) : ϕ(γ)=c

α(γ)

≥ EG∼DΓ◦f(X)
[α(G) | ϕ(G) = c]

= EG∼DΓ◦f(X)
[|ED[JY = yK|Γ ◦ f(X) = G]− ED[fy(X)|Γ ◦ f(X) = G]| | ϕ(G) = c]

≥
∣∣∣EG∼DΓ◦f(X)

[ED[JY = yK|Γ ◦ f(X) = G]− ED[fy(X)|Γ ◦ f(X) = G] | ϕ(G) = c]
∣∣∣

≥ |ED[JY = yK|Φ ◦ f(X) = c]− ED[fy(X)|Φ ◦ f(X) = c]| .

Note that the supremum in the first line is well-defined, because for every x ∈ X , f(x) ∈
suppDf(X).

Under mild geometric conditions on the predictions, perfect distribution calibration with
respect to all elicitable binary properties implies distribution calibration (Appendix 10.9.3).
This statement can be understood as a reverse implication to Proposition 10.4. Figure 10.4
illustrates the idea of property refinement and inheritance of distribution calibration.

Distribution calibration with respect to Γ forms the entry point to the two accounts of
calibration mentioned earlier (cf. Figure 10.2 and Figure 10.7). Distribution calibration is
close to the account of mean-matching briefly mentioned in the introduction. However, this
account puts more focus on groups and individuals, i.e., information provided through the
input X (cf. [Höltgen and Williamson, 2023]).

10.5 Γ-Calibration as Self-Realization of Predictions

Central to vanilla calibration is the self-referential aspect in the conditioning, i.e., given
the predicted Bernoulli distribution has parameter γ, the actual distribution of outcomes
is Bernoulli-distributed with parameter γ. In this section we generalize calibration around
this perspective.14

As observed by Jung et al. [2021, 2023] and Gupta et al. [2022], the expectation operator
14The self-referential aspect is similar in nature to a widely discussed principle for deference of belief in

philosophy, the reflection principle [Molinari, 2023]. Van Fraassen [1984] introduced the reflection principle
to argue that reflection of subjective beliefs of future selves is a requirement for rationality of the agent.
In a footnote, Seidenfeld [1985, p. 276] suggest a definition of “subjective calibration” which resembles our
Definition 10.5 and the reflection principle as defined in [Van Fraassen, 1984]. Unfortunately, we were not
able to identify the work the author refers to.
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Y = 1 Y = 2

Y = 3

P(1) P(2) P(3)
P(1) P(3) P(2)
P(2) P(1) P(3)
P(2) P(3) P(1)
P(3) P(1) P(2)
P(3) P(2) P(1)

Figure 10.4: Illustration of property refinement and inheritance of distribution calibration.
The outcome set is defined as Y = {0, 1, 2}, the input set |X | = 6. We define Γ(P ) =
(y1, y2, y3) such that P (Y = y1) ≥ P (Y = y2) ≥ P (Y = y3) and Φ(P ) = arg maxy∈Y P (Y =
y). The level sets of Γ have colored boundaries listed in the legend. The level sets of Φ
are drawn in different shades of gray. The property Γ refines Φ. We assume that f is
a distributional predictor whose predictions are marked as dots. The color of the dots
represents Γ ◦ f(x). The lines indicate the convex combination of predictions happening
when conditioning on Φ ◦ f(X) instead of Γ ◦ f(X). Since the level sets of Φ are all convex
the line is always contained within a single level set.

in Definition 10.1 can be replaced by moments, respectively quantile functions. From these
works, Noarov and Roth [2023] distilled a general definition of calibration with respect to
properties. Different to Noarov and Roth [2023] we ignore groupings based on input X.
Hence, we consider Γ-calibration and not “multi”-Γ-calibration.

Definition 10.5 (Γ-Calibration [Noarov and Roth, 2023]). Suppose (R,m) is a metric
space. Let Γ: P → R be a property and D a data distribution on X ×Y regular wrt. P. Let
f : X → R be a Γ-predictor. Then, f is Γ-calibrated on D if for every γ ∈ suppDf(X),

Γ(DY |f(X)=γ) = γ.

The Γ-predictor f is α(γ)-approximate Γ-calibrated on D if for every γ ∈ suppDf(X),

m(Γ(DY |f(X)=γ), γ) ≤ α(γ).

Central to the definition is the self-realization aspect. The property of the distribution of
outcomes, on which the predictor f predicted γ, actually is γ. The reader familiar with
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[Noarov and Roth, 2023] might question the use of a general property Γ in Definition 10.5.
For a discussion see Appendix 10.9.4.

Gneiting and Resin [2023] introduced “T-calibration” (Definition 2.7 therein), which is a
measure-theoretic definition of Γ-calibration. The authors already note that certain prop-
erties Γ are not sensible for calibration following [Noarov and Roth, 2023, Definition 3.2],
but only give necessary not sufficient conditions for the sensibility (cf. Appendix 10.9.4).

In practice it is rarely the case that a Γ-predictor is perfectly Γ-calibrated. However, there
are algorithms, such as [Noarov and Roth, 2023, Algorithm 1] which post-hoc approximately
calibrate Γ-predictors (for identifiable Γ). In that context, remember our conventions for
m listed in Section 10.3, e.g., if R is an interval on the real line, then m is set to be the
absolute difference for simplicity. However, the choice of metric m is worthy of its own line
of inquiry (cf. Section 10.1).

In addition, observe that in many existing definitions the authors commit to a specified
aggregation of α(γ) over all γ ∈ imf . For instance, [Noarov and Roth, 2023] consider the
expected squared value, α := Eγ∼Df(X)

[α(γ)2]. For a summary of such aggregations see
[Garg et al., 2024]. We illustrate Definition 10.5 in Figure 10.5.

10.5.1 Distribution Calibration Implies Γ-Calibration

Distribution calibration with respect to a property Γ almost immediately implies Γ-calibration.
The argument naturally seems correct, but it requires careful treatment of convex combi-
nation of distributions on which distributional predictions with equal property values have
been made. For the sake of readability, we restrict Proposition 10.6 to finite Y. The exten-
sion to more general Y requires more technical machinery. We give the statement in the
appendix (Proposition 10.22).

Proposition 10.6 (Distribution Calibration with Respect to Γ implies Γ-Calibration). Let
Γ: P → R be a property with convex level sets and D a data distribution on X × Y, where
Y is finite, regular wrt. P. Let f : X → P be a predictor which is distribution calibrated
with respect to Γ. Then, Γ ◦ f is Γ-calibrated.

Proof. We have to show that for all γ ∈ suppDΓ◦f(X),

Γ(DY |Γ◦f(X)=γ) = γ. (10.1)

Let γ ∈ suppDΓ◦f(X) be arbitrary. By distribution calibration with respect to Γ,

DY |Γ◦f(X)=γ = ED[f(X)|Γ ◦ f(X) = γ].
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Y = 0 Y = 1
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P(Y|f(0))
f(0)
P(Y|f(1))
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P(Y|f(2))
f(2)
P(Y| (f(X)) = 0)
P(Y| (f(X)) = 1)

(a) Perfect Γ-calibration.

Y = 0 Y = 1

Y = 2

P(Y|f(0))
f(0)
P(Y|f(1))
f(1)
P(Y|f(2))
f(2)
P(Y| (f(X)) = 0)

(b) Perfect Γ-calibration II.

Y = 0 Y = 1

Y = 2

P(Y|f(0))
f(0)
P(Y|f(1))
f(1)
P(Y|f(2))
f(2)
P(Y| (f(X)) = 0)
P(Y| (f(X)) = 1)

(c) Approximate Γ-calibration.

Figure 10.5: Illustration of Γ-calibration. The outcome set is defined as Y = {0, 1, 2}, the
input set X = {0, 1, 2}. We define Γ(P ) = arg maxy∈Y P (Y = y). The level sets of Γ are
colored respectively drawn in different shades of gray. The left-directing markers denote
the true conditional distribution for different choices of x ∈ X . We assume that f is a
distributional predictor (right-directing markers) which is then fed into Γ. The dots denote
the true outcome distribution conditioned on a value of Γ◦f . If the dot is in the level set of
the same color, then the prediction is perfectly Γ-calibrated. Note that Figure 10.5a uses the
same predictions and outcome distributions as Figure 10.3a showing that predictions could
be perfect Γ-calibrated while only being approximately distribution calibrated with respect
to Γ. Figure 10.5b shows that Γ-calibration does not necessarily require the true conditional
distributions to all live in the correct level set. Only the predictor f is changed from
Figure 10.5a to Figure 10.5b. Figure 10.5c then changes the true conditional distribution
compared to Figure 10.5a but fixes f , which lead to the violation of the perfect Γ-calibration
constraint.
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Lemma 10.42 applied to D, f and A := {x ∈ X : Γ ◦ f(x) = γ} gives,

Γ(ED[f(X)|Γ ◦ f(X) = γ]) = γ,

hence Equation 10.1 follows.

The implication can, in general, not be extended to a bi-implication. Figure 10.3a and
Figure 10.5a are illustrations for the same predictor, which is approximately distribution
calibrated but perfectly Γ-calibrated. The intuition is that Γ-calibration makes the grid for
testing calibration coarser.

The above Proposition 10.6 holds for arbitrary properties with convex level sets. In the
approximate case, we show that the implication continues to hold if the property Γ is
Lipschitz continuous (Appendix 10.9.2). Note that discrete properties Γ don’t fulfill this
condition, because a slight mismatch of the average predictions can lead to a catastrophic
mismatch in the corresponding Γ-values.

10.5.2 Γ-Calibration is Equivalent to Low Swap Regret

Property calibration can be equivalently reformulated for loss (respectively identification)
functions, if the property is elicitable (respectively identifiable).15

Proposition 10.7 (Perfect Γ-Calibration via Loss Function or Identification Function).
Let Γ: P → R be a property and D a data distribution on X × Y regular wrt. P. Let f be
Γ-calibrated on D.

(a) Suppose Γ is elicitable with ℓ, then f is Γ-calibrated on D if and only if, for all
γ ∈ suppDf(X),

ED [ℓ(Y, γ)|f(X) = γ]− min
γ̂∈imΓ

ED [ℓ(Y, γ̂)|f(X) = γ] = 0.

(b) Suppose Γ is identifiable with V , then f is Γ-calibrated on D if and only if, for all
γ ∈ suppDf(X),

ED [V (Y, γ)|f(X) = γ] = 0.

Proof. By definition of elicitability and identifiability.
15Already in [Davis, 2016] the terms “calibration” and “identification” got linked to each other. However,

their Definition 4.2 of calibration is largely disconnected from the use of the term in current machine learning
literature.
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Statement (a) is essentially a “no swap regret” statement. The predictor f is compared
with the best prediction γ̂∗ on the sets on which the predictor f predicted a value γ. If
statement (a) is not perfectly but approximately fulfilled, we call it “low swap regret”.
No swap regret is different from precise loss estimation as we argue in Section 10.6. The
no swap regret transfers to the approximate case, i.e., low swap regret. For that, certain
regularity assumptions on the property Γ and its identification function V are needed. In
Appendix 10.9.2 we argue for the general correspondence and link it to the work on swap
multicalibration and swap-agnostic learning [Gopalan et al., 2024b].

10.5.3 Γ-Calibration is Inherited

There is a commonplace gap between optimization-level Γ and decision-level properties Φ

which trades off continuity for a granularity unnecessary for decision-making. Given this
gap, we have to ask if self-realization with respect to Γ extends to a related Φ. In the
sequel, we show that self-realization, as Γ-calibration, is inherited by refined properties
(Definition 10.3).16 That way, calibrated forecasts for optimization-level properties provide
calibrated estimates for decision-level properties. In the language of decision making, Γ-
calibration guarantees low swap regret for downstream decision makers.17

Proposition 10.8 (Γ-Calibration is Inherited by Refined Properties). Let Γ: P → R be
a property, D a regular data distribution on X × Y with respect to P. Suppose that Y is
finite and f is a Γ-predictor which is Γ-calibrated on D. Suppose, furthermore, that for
every x ∈ X , f(x) ∈ suppDf(X). Then, for every property Φ with convex level sets and
which is refined by Γ, the Φ-predictor ϕ ◦ f , where ϕ is defined following Definition 10.3, is
Φ-calibrated on D.

Proof. We have to show that,

Φ(DY |ϕ◦f(X)=v) = ϕ ◦ Γ(DY |ϕ◦f(X)=v) = v,

for all v ∈ suppDϕ◦f(X). Fix v ∈ suppDϕ◦f(X) for the following. Let us define the prob-
abilistic predictor h : X → P where x 7→ DY |f(X)=f(x). The mapping is measurable by
definition, as f is measurable by assumption. Let A := {x ∈ X : ϕ ◦ f(x) = v}. Since, f is
Γ-calibrated, and for all x ∈ X , f(x) ∈ suppDf(X), it holds,

Γ(h(x)) = Γ(DY |f(X)=f(x)) = f(x)

16The argument seems more involved then necessary. This is a consequence of carefully arguing about
convex combinations of outcome distributions analogous to Proposition 10.6.

17This provides a major motivation for self-realization in the first place [Noarov and Roth, 2024].
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for all x ∈ A. Hence, in particular,

Φ(h(x)) = v,

for all x ∈ A. By the law of total expectation, we obtain, for all y ∈ Y ,

DY |ϕ◦f(X)=v(Y = y) = ED[JY = yK|ϕ(f(X)) = v]

= EG∼Df(X)
[ED[JY = yK|f(X) = G]|ϕ(G) = v]

= EG∼Df(X)

[
DY |f(X)=G(Y = y)|ϕ(G) = v

]
.

It follows by definition of h, A and because Y is finite, DY |ϕ◦f(X)=v = EDX
[h(X)|X ∈ A].

Applying Lemma 10.42 to h, D and A gives,

Φ(DY |ϕ◦f(X)=v) = Φ(E∼DX
[h(X)|X ∈ A]) = v.

The above statement can be extended to more general Y beyond finiteness (Proposi-
tion 10.23).

Given that the Γ-predictor f is not perfectly calibrated, we show two approaches to elaborate
the inheritance statement for approximately calibrated f in the appendix. First, we show
that if Γ is Lipschitz, a relaxed inheritance statement continues to hold (Proposition 10.31).
b) Second, we argue that if the decision-level property Φ is elicited by a Lipschitz loss
function ℓ, a relatively weak assumption, then approximate Γ-calibration implies low swap
regret with respect to this loss function ℓ (Proposition 10.33). In particular, the second
approach is contextualized within the paradigm of “omniprediction” [Gopalan et al., 2022b]
(Section 10.9.2).

The inheritance of self-realization is central to the rationale of using calibration. It provides
low swap regret guarantees for a large class of loss functions (Proposition 10.33). Each such
loss function corresponds to an elicitable property, a “decision-level” property. For instance,
this decision-level property can model a person who is about to decide whether to take or
not to take their umbrella with them given a probabilistic forecast on rain. However, self-
realization can have largely decoupled effects on the usefulness of the predictions for the
“decision-level” properties, respectively the decision makers. A calibrated prediction can be
more useful to one than to another decision maker (Appendix 10.9.7).
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10.6 Calibration as Precise Loss Estimation

In contrast with the account laid out above, Zhao et al. [2021] motivate calibration differ-
ently. They consider a predictor to be calibrated, if it can precisely18 estimate the average
loss incurred to the individuals. Formally, the intuition can be captured by a type of loss
outcome indistinguishability [Gopalan et al., 2022a] following [Zhao et al., 2021].

Definition 10.9 (Decision Calibration (Modified from Zhao et al. [2021])). Let Γ be an
elicitable property and L be a set of P-consistent loss functions ℓ : Y ×R → R with respect
to Γ. Let D be a data distribution on X × Y regular wrt. P and f : X → P a distribution
predictor. The predictor f is β-approximate decision calibrated for L, if for all ℓ ∈ L,∣∣∣E(X,Y )∼D[ℓ(Y,Γ(f(X)))− EŶ∼f(X)[ℓ(Ŷ ,Γ(f(X))]]

∣∣∣ ≤ β.

In the original definition [Zhao et al., 2021, Definition 2] the loss function ℓ and the elicited
property Γ can be independent of each other. For instance, the loss function might pe-
nalize deviations of f(X) from the mean, while Γ maps f(X) to the median. That is a
semantic mismatch. We were not able to identify a convincing justification for this choice,
hence we neglect this degree of freedom for our purposes. Hence, we suggest a definition
which generalizes “decision outcome indistinguishability” beyond the binary [Gopalan et al.,
2022a].

In our definition we follow the presentation by Fröhlich and Williamson [2024]. They back
the intuition of “calibration via precise loss estimation” from an actuarial point of view
referring to the ideal of actuarial fairness [Arrow, 1978]:

The forecaster should offer actuarially fair insurance for the uncertain loss [...].
Actuarial fairness here means that in the long run, the forecaster neither loses nor
profits from offering insurance under the data model. [Fröhlich and Williamson,
2024, p. 12]

In other words, both parties get a fair deal. The forecaster could, without getting bankrupt,
ask for a certain premium to all its decision makers based on the forecast and in turn cover
all losses the decision maker might encounter because of the uncertain outcomes. Decision
calibration fits to the narrative of “trustworthiness” via precise loss estimates encouraged
by Kirchhof et al. [2024] and Yoo and Kweon [2019] and which can be traced back to at
least [Rukhin, 1988]. Note in those papers precise loss estimation is usually desired for
every individual. In contrast, we focus on average precise loss estimation here. Decision

18We deliberately refer to “precise” loss estimates as we focus on the internal consistency of the loss
estimates and not the actual closeness to the truth (accuracy) [Everitt, 2002, p. 295].
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calibration enforced on sub-groups based on input X bridge between the two extremes:
individual precise loss estimation versus average precise loss estimation (cf. Section 10.7).

Decision calibration, like all other so far named notions of calibration, grows on the ground
of binary vanilla calibration (cf. Proposition 10.11). We show that on binary outcome sets
decision calibration with respect to the set of simple loss functions, also known as “cost-
weighted misclassification losses”, is equivalent to binary vanilla calibration. Simple loss
functions play a key role in defining the spectrum of proper loss functions for binary outcome
sets, [Schervish, 1989] (for a modern proof see [Reid and Williamson, 2011, Theorem 16]
and an independent rediscovery [Kleinberg et al., 2023]).

Definition 10.10 (Simple Loss Function). Let q ∈ [0, 1]. A loss function ℓq : {0, 1} ×
{a, b} → R is called simple if it has the form,

ℓq(y, c) = qJy = 0, c = aK + (1− q)Jy = 1, c = bK.
The loss ℓq elicits the simple binary property,

Γq : ∆(Y) → {a, b};P 7→

a if P (Y = 1) > q

b if P (Y = 1) ≤ q.

We overload the notation of a simple loss function with its proper loss cousin: ℓq : {0, 1} ×
[0, 1] → R, ℓq(y, p) = ℓq(y,Γq(p)).

The equivalence of decision calibration and binary vanilla calibration has already been
discussed in [Zhao et al., 2021, Theorem 1]. However, their proof is hard to follow and makes
heavy use of the independent choice of the decision function and the loss function, which
we hesitated to commit to (see discussion below Definition 10.9). Hence, our statement
requires a weaker definition of decision calibration. On the other hand, our result only
holds on binary outcome sets and requires predictors with finitely many output values,
arguably a mild assumption for practical settings.19

Proposition 10.11 (Decision Calibration Equivalent to Vanilla Calibration for Binary
Outcome Set). Let Y = {0, 1} and suppose X is arbitrary. Let D be a data distribution on
X × Y regular wrt. P. Suppose that f : X → [0, 1] is a mean-predictor, i.e., it predicts the
probability of Y = 1, and suppose that |imf | < ∞ and DX(f(x) = v) > 0 for all v ∈ imf .
Then, f is calibrated if, and only if, f is decision calibrated with respect to all simple loss
functions {ℓq : q ∈ [0, 1]}.

Proof. First, we consider two different cases. Let finf := infγ∈imf γ.
19For an intuitive argument why Proposition 10.11 should hold see the example provided in [Höltgen,

2024, Section 2.2].
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(a) If finf > 0, then Lemma 10.45 applies, hence f matches the averages, i.e., E(X,Y )∼D[Y−
f(X)] = 0.

(b) If finf = 0, then Lemma 10.46 applies because imf is finite, hence f matches the
averages, i.e., E(X,Y )∼D[Y − f(X)] = 0.

Lemma 10.44 can be used to show that for all q ∈ [0, 1], E(X,Y )∼D[Y − f(X)|f(X) ≤
q] = 0 and E(X,Y )∼D[Y − f(X)|f(X) > q] = 0. It remains to show that for all v ∈ imf ,
E(X,Y )∼D[Y − f(X)|f(X) = v] = 0. If v = 0, this is already given. For every v ∈ imf \ {0}
there exists v′ ∈ imf ∪ {0} such that v′ < v (because imf is finite). We have,

E(X,Y )∼D[Y − f(X)|f(X) ≤ v]

= PD(f(X) ≤ v′)E(X,Y )∼D[Y − f(X)|f(X) ≤ v′]

+ PD(f(X) = v)E(X,Y )∼D[Y − f(X)|f(X) = v]

= PD(f(X) = v)E(X,Y )∼D[Y − f(X)|f(X) = v] = 0,

which gives the desired result.

In light of Proposition 10.11, the “precise loss estimation”-account is another generaliza-
tion of binary vanilla calibration whose semantic focus is distinct from the self-realization
discussed in § 10.5. Furthermore, precise loss estimation via decision calibration is also a
child of the general notion of distribution calibration.

10.6.1 Distribution Calibration Implies Decision Calibration

Rather unsurprisingly, distribution calibration (Definition 10.2) implies decision calibra-
tion (Definition 10.9). This holds not only in the perfect case but as well in the case
of approximate calibration if the loss function corresponding to the property of interest
is bounded (Appendix 10.9.2). Proposition 10.12 (respectively the approximate version
Proposition 10.34) has been proven in [Zhao et al., 2021, Proposition 2]. However, we were
not able to follow all steps of the proofs. For this reason we provide a full argument here.

Proposition 10.12 (Distribution Calibration Implies Decision Calibration). Let D be a
data distribution on X ×Y, where Y is finite, regular wrt. P. Let f : X → P be a distribu-
tional predictor which is distribution calibrated with respect to Γ on D. Then, f is decision
calibrated with respect to LΓ := {ℓ : ℓ is P-consistent loss function for Γ}.

Proof. The predictor f is distribution calibrated with respect to Γ on D if for every γ ∈
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suppDΓ(f(X)),

DY |Γ◦f(X)=γ(Y = y) = EX∼DX
[fy(X)|Γ ◦ f(X) = γ], ∀y ∈ Y , (10.2)

where fy(x) ∈ [0, 1] denotes the y-component of the prediction f(x) ∈ ∆(Y) for x ∈ X .

Let ℓ ∈ LΓ be arbitrary. For every γ ∈ suppDΓ(f(X)), we have,

E(X,Y )∼D

[
ℓ(Y, γ)− EŶ∼f(X)[ℓ(Ŷ , γ)]|Γ ◦ f(X) = γ

]
= E(X,Y )∼D [ℓ(Y, γ)|Γ ◦ f(X) = γ]− E(X,Y )∼D

[
EŶ∼f(X)[ℓ(Ŷ , γ)]|Γ ◦ f(X) = γ

]
=
∑
y∈Y

DY |Γ◦f(X)=γ(Y = y)ℓ(y, γ)− EX∼DX

∑
y∈Y

fy(X)ℓ(y, γ) Γ ◦ f(X) = γ


=
∑
y∈Y

(
DY |Γ◦f(X)=γ(Y = y)− EX∼DX

[fy(X)|Γ ◦ f(X) = γ]
)
ℓ(y, γ)

= 0,

by Equation (10.2). Hence, it follows,

E(X,Y )∼D

[
ℓ(Y,Γ(f(X)))− EŶ∼f(X)[ℓ(Ŷ ,Γ(f(X)))]

]
= 0.

Is the reverse direction true? Proposition 10.11 provides an affirmative answer in the case
of binary outcomes. However, the proof is not immediately extendable beyond the binary.
The question remains open for future work.

10.6.2 Precise Bayes Risk Estimation

Analogous to self-realization we obtain a clearer picture of the purpose of decision calibration
when rewriting in terms of properties. To this end, we introduce Bayes pairs. A Bayes pair
unifies the minimizer (elicited property) and the minimization value (Bayes risk) of a loss
function.20 Hence, following the account of precise loss estimation the Bayes risk is of
central importance here. Being calibrated in the sense of precise loss estimation, is then
tantamount to precise estimation of the Bayes risk.

Definition 10.13 (Bayes Pair [Embrechts et al., 2021]). Let ℓ : Y × R → R be a loss
20The importance of eliciting Bayes pairs is also studied by [Fissler and Ziegel, 2016, Frongillo and Kash,

2021, Finocchiaro et al., 2021].
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function. The property pair (Φℓ,Θℓ) is called a Bayes pair, if, for all P ∈ P,21

Φℓ(P ) = arg min
ϕ∈R

EY∼P [ℓ(Y, ϕ)],

Θℓ(P ) = min
ϕ∈R

EY∼P [ℓ(Y, ϕ)].

By definition, Φℓ is elicitable. That the Bayes risk Θℓ is elicitable on level sets of Φℓ is
less obvious. To see this, observe that there exists a Φ−1

ℓ (ϕ)-consistent loss function for
Θℓ for every ϕ ∈ imΦℓ [Embrechts et al., 2021]. We proceed by defining precise Bayes risk
estimators.

Definition 10.14 (Precise Bayes Risk Estimator). Let ℓ : Y×R → R be a loss function with
corresponding Bayes pair (Φℓ,Θℓ). Let D be a regular data distribution. A (Φℓ,Θℓ)-predictor
f = (g, h) is a β-precise Bayes risk estimator if,

|ED[ℓ(Y, g(X))− h(X)]| ≤ β.

This definition is extremely weak. The predictor h estimates the loss of g but only has
to fit it on average. Additionally, there is no demand placed on the quality of g. The
definition can be significantly strengthened if precise Bayes risk estimation is demanded on
subgroups or individuals (cf. Section 10.7). Note that such Bayes risk predictors exist in
current literature. For instance, they are called “uncertainty module” [Kirchhof et al., 2024]
or “loss prediction module” [Yoo and Kweon, 2019]. It follows rather immediately that a
decision calibrated full probability predictor is a precise Bayes risk estimator.

Proposition 10.15 (Decision Calibration Implies Precise Bayes Risk Estimation). Let L be
a set of P-consistent loss functions ℓ : Y ×R → R with corresponding Bayes pairs (Φℓ,Θℓ).
Let D be a data distribution on X × Y regular wrt. P and f : X → P a β-approximate
decision calibrated predictor for L. Then, for all ℓ ∈ L the predictor (Φℓ ◦ f,Θℓ ◦ f) is a
β-precise Bayes risk estimator.

Proof. We can rewrite the criterion of decision calibration as,∣∣∣ED[ℓ(Y,Φℓ(f(X)))− EŶ∼f(X)[ℓ(Ŷ ,Φℓ(f(X))]]
∣∣∣ = |ED[ℓ(Y,Φℓ(f(X)))−Θℓ(f(X))]| ≤ β.

(10.3)

21Under the restriction that R is compact both properties are guaranteed to be measurable [Aliprantis
and Border, 2006, Theorem 18.19].
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10.6.3 When Self-Realization Implies Precise Loss Estimation

In the sections before we explored the landscape of calibration as self-realization and as
precise loss estimation. We introduced two prototypical notions of calibration using prop-
erties for each of the two worlds: property calibration and precise Bayes risk estimation.
In the following section, we present several results and examples which shed light on the
complicated relationship between the notions.

If we have access to a predictor which predicts a Bayes pair and is property-calibrated
with respect to the involved Bayes risk property, then the predictor is a precise Bayes risk
estimator (Proposition 10.16). That is, property calibration for the property (Γ,Θ) implies
precise Bayes risk estimation.

Proposition 10.16 (Self-Realization Implies Precise Loss Estimation). Let (Φℓ,Θℓ) be a
Bayes pair corresponding to a loss function ℓ and D a data distribution on X × Y regular
wrt. P. If a (Φℓ,Θℓ)-predictor f = (g, h) is α(ϕ, θ)-approximate (Φℓ,Θℓ)-calibrated, then f

is a α-precise Bayes risk estimator, where α := E(ϕ,θ)∼Q[|α(ϕ, θ)|] and Q := D(g(X),h(X))

Proof.

|ED[ℓ(Y, g(X))− h(X)]|

= |E(ϕ,θ)∼Q[E(X,Y )∼D|g(X)=ϕ,h(X)=θ[ℓ(Y, ϕ)]− θ]|

≤ E(ϕ,θ)∼Q[|Θℓ(DY |g(X)=ϕ,h(X)=θ)− θ|]

≤ E(ϕ,θ)∼Q[|α(ϕ, θ)|] = α.

The implication cannot be generally extended into a bi-implication as the following example
shows. In this example, we construct a Bayes pair predictor, i.e., a predictor which predicts
the first and second component of a Bayes pair, which estimates the Bayes risk precisely.
However, this predictor is not calibrated with respect to the first or second component of
the Bayes pair. A instantiation of this example would be a (M,V)-predictor, mean and
variance predictor, which precisely estimates the Bayes risk, but is not (M,V)-calibrated,
nor is the first component of the predictor M-calibrated, i.e., mean-calibrated, or the second
component V-calibrated, i.e., variance-calibrated. In that sense, self-realization is “stronger”
than precise loss estimation.

Example 10.17 (On the Necessity of Self-Realization for Precise Loss Estimation). The
following example is based on an arbitrarily chosen Bayes pair. The idea is that a predictor
of the Bayes pair which swaps the elicited value, i.e., the first component of the Bayes pair,
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can still precisely estimate the Bayes risk. In other words, the predictor is biased, but still
precisely estimate its error.

Let (Φℓ,Θℓ) be the Bayes pair corresponding to the loss function ℓ : Y × R → R. Let D
be a data distribution on X × Y. Let (Φℓ,Θℓ) be the Bayes pair corresponding to the loss
function ℓ : Y ×R → R. Suppose that there exist A ⊆ X , such that 1 > DX(A) > 0 and

Φℓ(DY |X∈A) = ϕA, Θℓ(DY |X∈A) = EDY
[ℓ(Y, ϕA)|X ∈ A],

Φℓ(DY |X∈A) = ϕA, Θℓ(DY |X∈A) = EDY
[ℓ(Y, ϕA)|X ∈ A],

where ϕA 6= ϕA.

Let (f, g) be a stacked predictor of the Bayes pair (Φℓ,Θℓ). Suppose that,

f(x) =

ϕA for x ∈ A

ϕA for x ∈ A.
,

g(x) =

EDY
[ℓ(Y, ϕA)|X ∈ A] for x ∈ A

EDY
[ℓ(Y, ϕA)|X ∈ A] for x ∈ A.

.

We can directly show that (f, g) is a precise loss estimator,

ED[ℓ(Y, f(X))− g(X)]

= DX(A)EDY
[ℓ(Y, f(X))− g(X)|X ∈ A] +DX(A)EDY

[ℓ(Y, f(X))− g(X)|X ∈ A]

= DX(A)EDY
[ℓ(Y, ϕA)− g(X)|X ∈ A] +DX(A)EDY

[ℓ(Y, ϕA)− g(X)|X ∈ A]

= 0.

On the other hand, f is clearly not Φℓ-calibrated, because,

Φℓ(DY |f(X)=ϕA
) = Φℓ(DY |X∈A) = ϕA 6= ϕA,

Φℓ(DY |f(X)=ϕA) = Φℓ(DY |X∈A) = ϕA 6= ϕA.

Furthermore, g is not Θℓ-calibrated, because

Θℓ(DY |g(x)=EDY
[ℓ(Y,ϕA)|X∈A]) = Θℓ(DY |X∈A)

= EDY
[ℓ(Y, ϕA)|X ∈ A] < EDY

[ℓ(Y, ϕA)|X ∈ A],
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and,

Θℓ(DY |g(x)=EDY
[ℓ(Y,ϕA)|X∈A]) = Θℓ(DY |X∈A)

= EDY
[ℓ(Y, ϕA)|X ∈ A] < EDY

[ℓ(Y, ϕA)|X ∈ A],

by (strict) consistency of the loss function ℓ.

However, precise loss estimation always requires one to predict not only the property of
interest but as well the corresponding Bayes risk. For instance, a pure mean predictor
f as in Example 10.17 can be perfectly calibrated but still misses the information for
being a precise Bayes risk estimator. In that sense, Γ-calibration and precise Bayes risk
estimation are incommensurable as they are properties of different predictors. There is a
type mismatch. This explains why distribution calibration, which requires full prediction
estimates, subsumes both: all properties of a distribution including the Bayes risks are
refined by the full distribution.

Nevertheless, Example 10.17 can be strengthened. If Y is binary, then the mean predictor
identifies the full distribution. But even then, there exist predictors which are perfectly deci-
sion calibrated with respect to the squared loss (which implies precise Bayes risk estimation
cf. Proposition 10.15), but still are not mean calibrated. We argue in the following, that
decision calibration is too weak to imply property calibration (cf. Proposition 10.11). More
concretely, we show in the following lemma that for any continuous loss function which
elicits the mean there is a constant mean-predictor which is decision calibrated with respect
to the loss function, independent of the data distribution. Hence, depending on the data
distribution the constant mean-predictor is not mean-calibrated, as we argue afterwards.

Lemma 10.18 (Existence of Constant Decision Calibrated Mean Predictor). Let Y = {0, 1}
and X = R. For any continuous proper loss function ℓ : {0, 1}× [0, 1] → R which elicits the
mean on Y, there is a (constant) mean predictor f : X → [0, 1] which is decision calibrated22

for {ℓ} on every data distribution D on X × Y.

Proof. First, we argue that there exist q∗ ∈ [0, 1] such that ℓ(0, q∗) = ℓ(1, q∗). This is true,
because of properness, for all q ∈ [0, 1],

ℓ(0, 0) ≤ ℓ(0, q)

ℓ(1, 1) ≤ ℓ(1, q).

22We abuse the term decision calibration here a bit. Decision calibration following Definition 10.9 is
defined for probabilistic predictors. In our present case, the predictor is a mean predictor. However, the
mean fully identifies a distribution because we are in a binary setting.
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Which implies that h : q 7→ ℓ(1, q)− ℓ(0, q), fulfills,

h(0) = ℓ(1, 0)− ℓ(0, 0) ≥ 0

h(1) = ℓ(1, 1)− ℓ(0, 1) ≤ 0.

By continuity of h, because of continuity of ℓ, it follows by the intermediate value theorem,
that there exists q∗ ∈ [0, 1] such that h(q∗) = 0.
Second, let us rewrite the decision calibration condition, for data distribution D,

E(X,Y )∼D[ℓ(Y, f(X)− EŶ∼(1−f(X),f(X))[ℓ(Ŷ , f(X)]]

= EX∼DX
[EY∼DY

[ℓ(Y, f(x)|X = x]− EŶ∼(1−f(x),f(x))[ℓ(Ŷ , f(x)|X = x]].

Define p(x) := DY |X=x({1}) and focus on the inner part of the expectation conditioned on
X = x,

EY∼DY
[ℓ(Y, f(x))|X = x] = p(x) (ℓ(1, f(x))− ℓ(0, f(x))) + ℓ(0, f(x))

EY∼(1−f(X),f(X))[ℓ(Y, f(x))|X = x] = f(x) (ℓ(1, f(x))− ℓ(0, f(x))) + ℓ(0, f(x)).

That is, the inner difference is,

(p(x)− f(x)) (ℓ(1, f(x))− ℓ(0, f(x))) ,

which is 0 if f(x) = q∗. This proves the statement.

It is now a matter of a simple construction for a specific data distribution D to show that
a mean-predictor is decision calibrated but not mean-calibrated.

Example 10.19 (Decision-calibrated Mean-Predictor Which is Not Mean-Calibrated). Let
Y = {0, 1} and X = R. Pick f : X → [0, 1] to be a constant predictor f(x) = q∗ which is
decision calibrated for the continuous proper loss function ℓ : {0, 1}× [0, 1] → R. Let D be a
data distribution on X×Y with EY∼DY

[Y ] = q 6= q∗. Then, clearly f is not mean-calibrated,

M(DY |f(X)=q∗) = q 6= q∗.

10.7 What about groups?

Certain frameworks like fair machine learning demand calibration on subgroups defined
through the input space X . Hence, one can understand calibration in fair machine learning,
as asking for “equally good self-realization of predictions on sensitive subgroups” or “equally
precise loss estimation on sensitive subgroups”. The notions of calibration we considered

179



can easily be extended to subgroups. For instance, by taking a supremum over subgroups in
Definition 10.5 one recovers the notion of multi-calibration used in [Noarov and Roth, 2024].
Respectively, a precise Bayes risk estimator following Definition 10.14 can be strengthened
by checking for precise Bayes risk estimation on all relevant subgroups. Note that the choice
of groups on which a certain notion of calibration ought to hold is independent of the choice
of the notion itself.

In the extreme case, those subgroups could be enforced to the level of individuality [Zhao
et al., 2020, Luo et al., 2022]. Then, “trustworthiness” meets “usefulness” again. The Bayes
optimal predictor is the only predictor which achieves “trustworthiness” on all individuals.
In particular, it is possible to equalize “trustworthiness” on arbitrary subgroups without
losing on “usefulness”. However, it is not possible to equalize “usefulness” on arbitrary
subgroups without losing on “trustworthiness” [Barocas et al., 2023, Proposition 4 & 5].

Concluding, all considerations made on the semantics of the three different types of calibra-
tion considered in this work plus their formal relationships directly transfer to the fairness
setting with multiple groups.

10.8 Conclusion

This work started with the promise to provide semantical structure in the chaotic world
of calibration notions. We consider as our main contribution to semantically and formally
separate two concerns calibration wants to solve: self-realization and precise loss estimation.
Both accounts differently motivate a certain type of calibration. However, they can be
bridged by distribution calibration.

How do existing notions relate to the three different types? Table 10.3 and Table 10.4
summarize a list of existing notions and their categorization in the three different types.
Note that we make a distinction between formal strict derivatives, i.e., our suggested notion
generalizes the notion in the list, and definitions which follow the type of definition more
broadly.

What is the learning for a practitioner? We have not provided any new algorithm nor have
we suggested the notion of calibration. But, our work shapes the debate on what is the
right notion. It highlights implications (see Figure 10.2 and Figure 10.7), incommensu-
rabilities (see Section 10.6.3) and equivalences (Proposition 10.36, Proposition 10.25 and
Proposition 10.11). If those relationships are ignored, this may lead to unforeseen, unin-
tentional consequences or may unnecessarily complicate a prediction problem23. Our work
helps to define a set of questions which are relevant to formalizing a real-world prediction

23For instance, in the example given in Section 10.2 any calibration beyond the ranking is unnecessary,
since the policy is bound to the rankings only [Perdomo et al., 2025].
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Formally Strict
Derivative Name Reference

Distribution Calibration

class-wise calibration [Kull et al., 2019]
confidence calibration [Guo et al., 2017]
event-conditional unbiasedness
(without groupings via X ) [Noarov et al., 2023]

Γ-Calibration

Γ-calibration (without groupings via
X )

[Noarov and Roth, 2023]

T -calibration [Gneiting and Resin, 2023]
quantile calibration [Kuleshov and Deshpande,

2022]

Decision Calibration
decision calibration [Zhao et al., 2021]
decision outcome indistinguishabil-
ity

[Gopalan et al., 2022a]

Table 10.3: Categorization of existing notions of calibration in the three different types
following by which type the notion is formally generalized. This table does not claim to
contain a complete list of all definitions of calibration.

Comparable Type of
Definition

Name Reference

Distribution Calibration distribution calibration [Song et al., 2019]
calibration safety [Grünwald et al., 2020]

Γ-Calibration marginal coverage calibration [Räth and Ludwig, 2025]
calibration safety [Grünwald et al., 2020]

Decision Calibration

loss outcome indistinguishability [Gopalan et al., 2022a]
IP-calibration
(without groupings via X ) [Fröhlich and Williamson,

2024]

Table 10.4: Categorization of existing notions of calibration in the three different types
following a broader comparability of the account. This table does not claim to contain a
complete list of all definitions of calibration.

problem. What are the predictions we can or should get? What and who are the agents
which use the predictions? Is one of the two accounts laid out desired as quality criterion
of the predictions? Finally, our work advocates leaving the formal distinctions between
evaluation metrics behind (Proposition 10.28) and re-focus on the actual purpose of evalua-
tion: estimation of usefulness, self-realization or guarantees on the estimation of usefulness.
Particularly, calibration is only a part of this bigger picture.
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10.9 Appendix

10.9.1 Distribution Calibration for General Y

Our definition of distribution calibration (Definition 10.2) with respect to a property Γ asks
for Y to be finite. This is not a logically required part of the definition and rather simplifies
the presentation. We can define distribution calibration on arbitrary Y by referring to
measurable sets A ∈ B(Y). We restrict all definitions and statements in this section to the
perfect case.

Definition 10.20 (Distribution Calibration with Respect to Γ on General Y). Let Γ: P →
R be a property and D a data distribution on X ×Y, regular wrt. P. Suppose that P ⊆WTV

is a subset of a Banach space equipped with the total variation distance. Let f : X → P be
a distributional predictor. The predictor f is distribution calibrated with respect to Γ on
D if for every γ ∈ suppDΓ◦f(X) and A ∈ B(Y),

DY |Γ◦f(X)=γ(A) = ED[fA(X)|Γ ◦ f(X) = γ]. (10.4)

In the following we extend Proposition 10.4, Proposition 10.6, Proposition 10.8 and Propo-
sition 10.12 to general Y using the new definition of distribution calibration. We summarize
the extension in Table 10.5. All statements are given for perfect calibration. Note that with
the additional statements of this section the implications in Figure 10.2 hold for general Y
(Figure 10.6). To prove the implication structure we need to extend our technical machinery
a bit. The technical ideas are heavily inspired by [Noarov and Roth, 2023].

Some Background on Bochner Integration In the course of the following state-
ments we use Bochner integration. Bochner integration is a straight-forward generalization
of Lebesgue integration. Hitherto, we were referring to distributions on finite Y, e.g.,
f(x) ∈ P ⊆ R|Y| and computed expectations such as EDX

[f(X)]. Given that Y is infi-
nite, f(x) is not in a Euclidean space anymore. Hence, we need to pay attention whether
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Statement Finite Y General Y
Distribution calibration is inherited Proposition 10.4 Proposition 10.21
Distribution calibration implies property calibration Proposition 10.6 Proposition 10.22
Property calibration is inherited Proposition 10.8 Proposition 10.23
Distribution calibration implies decision calibration Proposition 10.12 Proposition 10.24

Table 10.5: Summary of extended statements from Y to general Y.

No Swap Regret
w.r.t. ℓΓ

Definition 10.26

Self-Realization Precise Loss Estimation

No Swap Regret
w.r.t. ℓΦ

Definition 10.26

P. 10.7 Φ-Calibration
Definition 10.5

Precise Bayes Risk Estimation
Definition 10.14

Decision Calibration w.r.t. LΓ

Definition 10.9

Distribution Calibration w.r.t. Γ

Definition 10.2

Proposition 10.6 Proposition 10.12

Proposition 10.8

P. 10.7

Proposition 10.15

Γ-Calibration
Definition 10.5

Figure 10.6: Relationships between Notions of Calibration. Implications under perfect
calibration, infinite Y and elicitable property Γ and Φ. The three types of calibration are
marked in different colors. The abstract accounts of calibration are shaded.

EDX
[f(X)] is well-defined. For that reason, we assume that P ⊆ WTV , where WTV is a

Banach space of measures equipped with the total variation distance. By assumption f is
measurable and it is easy to see that, ED[‖f(X)‖TV ] ≤ 1 < ∞, hence, EDX

[f(X)] ∈ WTV

is a well-defined Bochner integral [Diestel and Uhl, 1977, II.2 Theorem 2]. By definition we
have, for all A ∈ B(Y),

EDX
[f(X)](A) = EDX

[fA(X)],

where fA(x) denotes the probability assigned to the measurable set A by the probability
measure f(x). That is we can rewrite the distribution calibration condition (Equation 10.4)
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to

DY |Γ◦f(X)=γ = ED[f(X)|Γ ◦ f(X) = γ]. (10.5)

Proposition 10.21 (Distribution Calibration is Inherited (General Y)). Let Γ: P → R
be a property and D a data distribution on X × Y regular wrt. P. Let f : X → P be a
distributional predictor. Suppose, that for every x ∈ X , f(x) ∈ suppDf(X). If the predictor
f is distribution calibrated with respect to Γ on D, then it is distribution calibrated with
respect to Φ := ϕ ◦ Γ for all ϕ : R → R′.

Proof. Pick any v ∈ suppDΦ◦f(X). By definition of the conditional distribution, we have,

DY |Φ◦f(X)=v(A) = EG∼DΓ◦f(X)
[DY |Γ◦f(X)=G(A)|ϕ(G) = v].

As f is distribution calibrated with respect to Γ on D, we have,

DY |Γ◦f(X)=G(A) = EX∼DX
[fA(X)|Γ ◦ f(X) = G],

for allG ∈ suppDΓ◦f(X). In particular, that is for allG such thatDG∼Γ◦f(X)(ϕ(G) = v) > 0,
because for every x ∈ X , f(x) ∈ suppDf(X). Hence,

DY |Φ◦f(X)=v(A) = EG∼DΓ◦f(X)
[EX∼DX

[fA(X)|Γ ◦ f(X) = G]|ϕ(G) = v],

Finally,

DY |Φ◦f(X)=v(A) = EX∼DX
[fA(X)|Φ ◦ f(X) = v].

Proposition 10.22 (Distribution Calibration with Respect to Γ implies Γ-Calibration
(General Y)). Let Γ: P → R be a property with convex level sets and D a data distribution
on X×Y, regular wrt. P. Suppose that P ⊆WTV is a subset of a Banach space equipped with
the total variation distance. Let f : X → P be a predictor which is distribution calibrated
with respect to Γ. Then, Γ ◦ f is Γ-calibrated.

Proof. We have to show that for all γ ∈ suppDΓ◦f(X),

Γ(DY |Γ◦f(X)=γ) = γ. (10.6)

Fix any such γ. Based on Corollary 8 in [Diestel and Uhl, 1977] reproduced in [Noarov and
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Roth, 2023], we have,

ED[f(X)|Γ ◦ f(X) = γ] ∈ cof({x ∈ X s.t. : Γ ◦ f(x) = γ}).

In particular,

Γ(ED[f(X)|Γ ◦ f(X) = γ]) ∈ Γ(cof({x ∈ X s.t. : Γ ◦ f(x) = γ})) = {γ},

because Γ has convex level sets. It follows by Equation 10.5,

Γ(DY |Γ◦f(X)=γ) = Γ(ED[f(X)|Γ ◦ f(X) = γ]) = γ.

Proposition 10.23 (Γ-Calibration is Inherited by Refined Properties (General Y)). Let
Γ: P → R be a property, D a regular data distribution on X ×Y with respect to P. Suppose
that f is a Γ-predictor which is Γ-calibrated on D. Suppose, furthermore, that for every
x ∈ X , f(x) ∈ suppDf(X). Then, for every property Φ with convex level sets and which
is refined by Γ, the Φ-predictor ϕ ◦ f , where ϕ is defined following Definition 10.3, is
Φ-calibrated on D.

Proof. We have to show that,

Φ(DY |ϕ◦f(X)=v) = ϕ ◦ Γ(DY |ϕ◦f(X)=v) = v,

for all v ∈ suppDϕ◦f(X). Fix v ∈ suppDϕ◦f(X) for the following. Let us define the prob-
abilistic predictor h : X → P where x 7→ DY |f(X)=f(x). The mapping is measurable by
definition, as f is measurable by assumption. Let A := {x ∈ X : ϕ ◦ f(x) = v}. Since, f is
Γ-calibrated, and for all x ∈ X , f(x) ∈ suppDf(X), it holds,

Γ(h(x)) = Γ(DY |f(X)=f(x)) = f(x)

for all x ∈ A. Hence, in particular,

Φ(h(x)) = v,

for all x ∈ A. By the law of total expectation, we obtain, for all B ∈ B(Y),

DY |ϕ◦f(X)=v(Y ∈ B) = ED[JY ∈ BK|ϕ(f(X̃)) = v]

= EG∼Df(X)
[ED[JY ∈ BK|f(X) = G]|ϕ(G) = v]

= EG∼Df(X)

[
DY |f(X)=G(Y ∈ B)|ϕ(G) = v

]
.
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It follows by definition of h, A and properties of the Bochner integral, DY |ϕ◦f(X)=v =

EDX
[h(X)|X ∈ A]. Based on Corollary 8 in [Diestel and Uhl, 1977] reproduced in [Noarov

and Roth, 2023], we have,

ED[h(X)|X ∈ A] ∈ coh(A).

In particular,

Φ(ED[h(X)|X ∈ A]) ∈ Φ(co(A) = {v},

because Φ has convex level sets.

Proposition 10.24 (Distribution Calibration Implies Decision Calibration (General Y)).
Let D be a data distribution on X × Y, regular wrt. P. Let f : X → P be a distributional
predictor which is distribution calibrated with respect to Γ on D. Then, f is decision
calibrated with respect to LΓ := {ℓ : ℓ is a bounded, P-consistent loss function for Γ}.

Proof. Let ℓ ∈ LΓ be arbitrary. Because ℓ is bounded, the following expectations are well-
defined. For every γ ∈ suppDΓ◦f(X), we have,

E(X,Y )∼D

[
ℓ(Y, γ)− EŶ∼f(X)[ℓ(Ŷ , γ)]|Γ ◦ f(X) = γ

]
= E(X,Y )∼D [ℓ(Y, γ)|Γ ◦ f(X) = γ]− E(X,Y )∼D

[
EŶ∼f(X)[ℓ(Ŷ , γ)]|Γ ◦ f(X) = γ

]
=

∫
y∈Y

ℓ(y, γ)dDY |Γ◦f(X)=γ − EX∼DX

[∫
y∈Y

ℓ(y, γ)df(X) Γ ◦ f(X) = γ

]
= 0,

The last equality holds, because, by [Diestel and Uhl, 1977, II.2 Theorem 6] and distribution
calibration,

EX∼DX

[∫
y∈Y

ℓ(y, γ)df(X) Γ ◦ f(X) = γ

]
=

∫
y∈Y

ℓ(y, γ)dEX∼DX
[f(X) Γ ◦ f(X) = γ]

=

∫
y∈Y

ℓ(y, γ)dDY |Γ◦f(X)=γ .

It follows, legitimately ignoring γ ∈ imΓ ◦ f such that DX(Γ ◦ f(X) = γ) = 0,

E(X,Y )∼D

[
ℓ(Y,Γ(f(X)))− EŶ∼f(X)[ℓ(Ŷ ,Γ(f(X)))]

]
= 0.
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10.9.2 Approximate Calibration

In the above, we left approximate versions of calibration relatively untouched. In the fol-
lowing section, we extend several statements beyond perfect calibration. Figure 10.7 sum-
marizes the findings of this appendix analogously to Figure 10.2 for the perfect calibration
case.

Low Swap Regret
w.r.t. ℓΓ

Definition 10.26

Self-Realization Precise Loss Estimation

Low Swap Regret
w.r.t. ℓΦ

Definition 10.26

P. 10.28 Approximate
Φ-Calibration
Definition 10.5

β-Precise Bayes Risk Estimation
Definition 10.14

Approx. Decision Calibration w.r.t. LΓ

Definition 10.9

Approx. Distribution Calibration w.r.t. Γ

Definition 10.2

Proposition 10.25 Proposition 10.34

Proposition 10.31

Proposition 10.33

P. 10.28

Proposition 10.15

Approximate
Γ-Calibration

Definition 10.5

Figure 10.7: Relationship between Approximate Notions of Calibration. Implications Under
Approximate Calibration and Finite Y. Further conditions are stated in the referenced
propositions. Those conditions particularly contain Lipschitz and Smoothness assumptions.
The three types of calibration are marked in different colors. The abstract accounts of
calibration are shaded.

Approximate Distribution Calibration Implies Approximate Γ-Calibration

In Proposition 10.6 we have shown that distribution calibration implies property calibration
for all properties with convex level sets. We extend this statement to approximate versions
of calibration in the following. To this end, we assume that the property Γ is Lipschitz
continuous.

Proposition 10.25 (Approximate Distribution Calibration w.r.t. Γ implies approximate
Γ-Calibration for Lipschitz continuous Γ). Let Γ: P → R with R ⊆ R be a K-Lipschitz
property with convex level sets and D a data distribution on X × Y, where Y is finite,
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regular wrt. P. Let f : X → P be a distributional predictor that is α(γ)-approximately
distributionally calibrated with respect to Γ. Then, Γ ◦ f is |Y|Kα(γ)-approximately Γ-
calibrated.

Proof. Since Γ is real-valued, the metric m is the absolute difference. We have to show that
for all γ ∈ suppDΓ◦f(X),

|Γ(DY |Γ◦f(X)=γ)− γ| ≤ |Y|Kα(γ). (10.7)

Pick any γ ∈ suppDΓ◦f(X). Lemma 10.42 applied to D, f and A := {x ∈ X : Γ ◦ f(x) = γ}
gives,

Γ(ED[f(X)|Γ ◦ f(X) = γ]) = γ.

Second, the total variation distance between DY |Γ◦f(X)=γ and ED[f(X)|Γ ◦ f(X) = γ] is
bounded above for all γ ∈ suppDΓ◦f(X),

sup
A⊆Y

∣∣∣∣∣∣
∑
y∈A

DY |Γ◦f(X)=γ(Y = y)− ED[fy(X)|Γ ◦ f(X) = γ]

∣∣∣∣∣∣ ≤ |Y|α(γ)

where fy(X) denotes the y-component of the prediction f(X) ∈ ∆(Y). This follows from
the fact that f is α(γ)-approximate distribution calibrated with respect to Γ. Hence, by
applying Γ and exploiting the Lipschitzness of Γ, we obtain the desired Equation (10.7).

Approximate Γ-Calibration is Equivalent to Swap Regret

Γ-calibration is equivalent to swap regret not only in the perfect case, but as well in the
approximate case. To this end, we formally introduce a distributional definition of swap
regret similar in spirit to [Cesa-Bianchi and Lugosi, 2006, p. 91] and introduce additional
regularity assumptions on Γ and its identification function V .

Definition 10.26 (Swap Regret). Let Γ: P → R be an elicitable property with P-consistent
scoring function ℓ : Y × R → R and D a data distribution on X × Y regular wrt. P. Let
f : X → R be a Γ-predictor. The Γ-predictor f has β(γ)-bounded swap regret on D if for
every γ ∈ suppDf(X),

ED [ℓ(Y, γ)|f(X) = γ]− min
γ̂∈imΓ

ED [ℓ(Y, γ̂)|f(X) = γ] ≤ β(γ).

One of the crucial insights in [DeGroot and Fienberg, 1983] was that mean-calibration re-
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lates to swap regret for the squared loss function.24 In this section, we more generally
show that if the property, which ought to be calibrated, is identifiable with a certain reg-
ular identification function, approximate calibration is equivalent to low swap regret. In
particular, this extends the equivalence spelled out in Proposition 10.7 to the approximate
case in Proposition 10.28, which requires certain regularity conditions on the identification
function given in Definition 10.27.

Definition 10.27 (Conditions on Identification Functions). Let R ⊆ R be an interval
and Γ: P → R an identifiable property with identification function V : Y × R → R. Let
γ, γ′ ∈ imΓ. The identification function V is called

oriented if and only if for all P ∈ P , V (P, γ) > 0 ⇔ γ > Γ(P ).

locally non-constant if and only if there exists N > 0 such that for all P ∈ P, N |γ −
Γ(P )| ≤ |V (P, γ)|.

locally Lipschitz if and only if there exists M > 0 such that for all P ∈ P, |V (P, γ)| ≤
M |γ − Γ(P )|.

Let us shortly discuss the regularity conditions. Orientedness is arguably a weak assump-
tion. Finocchiaro and Frongillo [2018] have shown that in finite dimensions, i.e., |Y| < ∞,
there exists a reweighting of any identification function, such that the reweighted identi-
fication function is oriented and identifies the same property.25 Furthermore, we obtain
orientedness for free in the main theorem of [Steinwart et al., 2014]. The non-constantness
and Lipschitzness assumptions have been considered, in its non-local variant, in the con-
text of composite properties [Noarov and Roth, 2023, Assumption 5.2 and 5.3]. Note that
N ≤ M by definition, which intuitively captures the idea that an identification function
cannot be more non-constant than Lipschitz-smooth. In Appendix 10.9.5 we provide several
examples of properties beyond the mean which have identification functions which fulfill all
of the above properties.

Proposition 10.28 (Approximate Γ-Calibration Equivalent to Low Swap Regret). Let
Γ: P → R with R ⊆ R be an identifiable property with oriented, bounded identification
function V : Y × R → R measurable in both its inputs with respect to the standard Borel-
σ-algebra on the sets Y,R and R. Then, Γ is elicitable with P-consistent scoring function
ℓ : Y ×R → R,

ℓ(y, γ) :=

∫ γ

γ0

V (y, r)dr + κ(y), (10.8)

24Globus-Harris et al. [2023] and Gopalan et al. [2024b] extend this relationship to multi-calibration and
swap agnostic learners.

25Finocchiaro and Frongillo [2018] show that the reweighted identification function is monotone increasing,
which implies orientedness.
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for some γ0 ∈ imΓ and κ : Y → R having a finite expected value with respect to all P ∈ P.
Let f be a Γ-predictor and D a regular data distribution.

1. Suppose V is locally Lipschitz on P with parameter M . If f is α(γ)-approximately
Γ-calibrated, then f has β(γ) := M

2 α(γ)
2-bounded swap regret.

2. Suppose V is locally non-constant on P with parameter N . If f has β(γ)-bounded
swap regret, then f is α(γ) :=

√
2
N β(γ)-approximate calibrated.

Proof. Lemma 10.29 does almost all of the heavy lifting. It remains to apply Equation 10.10
to DY |f(X)=γ for all γ ∈ suppDf(X),

|ℓ(DY |f(X)=γ , γ)− ℓ(DY |f(X)=γ ,Γ(DY |f(X)=γ))| ≤
M

2

(
γ − Γ(DY |f(X)=γ)

)2 ≤ M

2
α(γ)2,

to obtain the first statement. For the second statement, we rewrite Equation 10.11 for
DY |f(X)=γ for all γ ∈ suppDf(X),

|γ − Γ(DY |f(X)=γ)| ≤
√

2

N
|ℓ(DY |f(X)=γ , γ)− ℓ(DY |f(X)=γ ,Γ(DY |f(X)=γ))| ≤

√
2

N
β(γ).

Lemma 10.29 (Identification Function Defines Consistent Loss Functions). Let Γ: P →
R with R ⊆ R be an identifiable property with oriented, bounded identification function
V : Y × R → R as in Proposition 10.28. Then, Γ is elicitable with P-consistent scoring
function ℓ : Y ×R → R,

ℓ(y, γ) :=

∫ γ

γ0

V (y, r)dr + κ(y), (10.9)

for some γ0 ∈ imΓ and κ : Y → R having a finite expected value with respect to all P ∈ P.

(a) If furthermore, V is locally Lipschitz with parameter M , then ℓ is locally Hölder-smooth
with parameters (M2 , 2), i.e., for all γ ∈ R,

|ℓ(P, γ)− ℓ(P,Γ(P ))| ≤ M

2
(γ − Γ(P ))2 . (10.10)

(b) If furthermore, V is locally non-constant with parameter N , then ℓ is locally anti
Hölder-smooth with parameters (N2 , 2), i.e., for all γ ∈ R,

N

2
(γ − Γ(P ))2 ≤ |ℓ(P, γ)− ℓ(P,Γ(P ))|. (10.11)
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Proof. The first statement has been proved in [Steinwart et al., 2014]. We provide a reitera-
tion of the argument for the sake of completeness, and because we will reuse some equations
for the additional statements.

For any P ∈ P , we want to show that EY∼P [ℓ(Y, γ)] > EY∼P [ℓ(Y,Γ(P ))] for all γ ∈ R,
γ 6= Γ(P ). Let us first consider the case that γ > Γ(P ). Hence,

EY∼P [ℓ(Y, γ)]− EY∼P [ℓ(Y,Γ(P ))]

= EY∼P [ℓ(Y, γ)− ℓ(Y,Γ(P ))]

= EY∼P

[∫ γ

Γ(P )
V (y, r)dr

]
.

Since V is measurable and bounded in both variables we can apply Fubini’s theorem, this
gives

EY∼P

[∫ γ

Γ(P )
V (y, r)dr

]
=

∫ γ

Γ(P )
EY∼P [V (y, r)]dr, (10.12)

finally, since V is oriented,∫ γ

Γ(P )
EY∼P [V (y, r)]dr =

∫ γ

Γ(P )
V (P, r)dr > 0.

The case γ < Γ(P ) follows analogously.

(a) Let γ > Γ(P ), then,

|ℓ(P, γ)− ℓ(P,Γ(P ))| =

∣∣∣∣∣
∫ γ

Γ(P )
V (P, r)dr

∣∣∣∣∣
=

∫ γ

Γ(P )
|V (P, r)|dr

≤
∫ γ

Γ(P )
M |r − Γ(P )|dr

=
M

2
(γ − Γ(P ))2.

The analogous computation with swapped signs holds for γ < Γ(P ).
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(b) Let γ > Γ(P ), then,

|ℓ(P, γ)− ℓ(P,Γ(P ))| =

∣∣∣∣∣
∫ γ

Γ(P )
V (P, r)dr

∣∣∣∣∣
=

∫ γ

Γ(P )
|V (P, r)|dr

≥
∫ γ

Γ(P )
N |r − Γ(P )|dr

=
N

2
(γ − Γ(P ))2.

The analogous computation with swapped signs holds for γ < Γ(P ).

Hence, for the right choice of loss function, Γ-calibration and low swap regret can be used
equivalently. Along the lines of [Gopalan et al., 2024b, Theorem 3.3], we extend the equiv-
alence relationship to group-wise definitions of calibration via [Noarov and Roth, 2023,
Definition 2.10] in Appendix 10.9.6. However, we do not achieve a direct generalization of
[Gopalan et al., 2024b, Theorem 3.3 (1.) swap multicalibration ⇐⇒ (3.) swap-agnostic
learner] by going from the mean (as in their work) to more general identifiable properties.
Hence, we provide a bridge from calibration for general identifiable properties to swap regret
notions, going beyond [Noarov and Roth, 2023]. Nevertheless, the mean is a good example
to illustrate Proposition 10.28.

Example 10.30. Let Γ be the mean and V (y, γ) := γ − y its identification function. In
this case, N =M = 1. The mean is elicited by the squared loss,

ℓ(y, γ) =
1

2
(y − γ)2 =

∫ γ

0
V (y, r)dr +

1

2
y2.

Hence, a Γ-predictor f on a regular data distribution D has 1
2α(γ)

2 swap regret if, and only
if it is α(γ)-approximately calibrated (cf. [Gopalan et al., 2024b, Theorem 3.3]).

Inheritance of Approximate Γ-Calibration

For the approximate analogue of Proposition 10.8 we require the refined property to be
Lipschitz.

Proposition 10.31 (Approximate Γ-Calibration is Inherited by Refined Properties). Let
Γ be a property, D a data distribution on X × Y regular wrt. P, f a Γ-predictor and
Φ = ϕ ◦ Γ a property refined by Γ with convex level sets. Assume further that ϕ is Lipschitz
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(with constant K), Y is finite and for every x ∈ X , f(x) ∈ suppDf(X). If f is α(γ)-
approximately Γ-calibrated on D, then ϕ ◦ f is Cα′(ϕ(v))-approximately Φ-calibrated, where
α′(v) := supγ∈ϕ−1(v).

Proof. It is given that,

|Γ(DY |f(X)=γ)− γ| ≤ α(γ),

from which simply follows,

|ϕ ◦ Γ(DY |f(X)=γ)− ϕ(γ)| ≤ Kα(γ).

Then, by Proposition 10.8,

|ϕ ◦ Γ(DY |ϕ◦f(X)=v)− v| ≤ Kα′(v),

where α′(v) = supγ∈ϕ−1(v) α(γ).

The Lipschitz-condition on the property is strong. For instance, it rules out discrete prop-
erties. However, we will argue that in the case of elicitable properties we can still give
guarantees about self-realization in terms of low swap regret (Proposition 10.33). This
statement requires an arguably mild regularity condition on the loss function.

Definition 10.32 (Locally Outcome Lipschitz Loss Function). Let Γ: P → R. Suppose
a loss function ℓ : Y × R′ → R elicits a property Φ: P → R′. It is called locally outcome
Lipschitz with respect to Γ with constant B, if for all v ∈ imΦ, γ ∈ imΓ, P ∈ Γ−1(γ) and
P ′ ∈ P,

|ℓ(P, v)− ℓ(P ′, v)| ≤ Bm(Γ(P ′), γ). (10.13)

If Y is finite, Γ is the full distribution, i.e., R = ∆(Y) and ℓ a bounded function, then ℓ is
locally outcome Lipschitz (Appendix, Lemma 10.43). Furthermore, the assumptions made
in [Gopalan et al., 2024b] imply Definition 10.32 for Γ being the mean on a binary outcome
set.

Proposition 10.33 (Low Swap Regret Guarantee for Refined Properties). Let Γ: P → R
be a property, D a data distribution on X × Y regular wrt. P and f a Γ-predictor which is
Γ-calibrated on D. Let Φ: P → R′ be a property which is refined by Γ, i.e., Φ := ϕ ◦ Γ for
some ϕ : R → R′.

If Φ is elicitable with loss function ℓ, locally outcome Lipschitz with respect to Γ with constant
B, and if f is α(γ)-approximately Γ-calibrated, then the swap regret of ϕ ◦ f with respect to
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ℓ is bounded above by 2BEγ∼Df(X)
[α(γ)|ϕ ◦ γ = v] for all v ∈ suppDϕ◦f(X).

Proof. Let P ∈ Γ−1(γ), by Definition 10.32 Equation (10.13), for all γ ∈ suppDf(X),

ED
[
ℓ(Y, ϕ(γ))− ℓ(Y,Φ(DY |ϕ◦f(X)=ϕ(γ))|f(X) = γ

]
= ℓ(DY |f(X)=γ , ϕ(γ))− ℓ(DY |f(X)=γ ,Φ(DY |ϕ◦f(X)=ϕ(γ)))

= ℓ(DY |f(X)=γ , v)− ℓ(P,Φ(DY |ϕ◦f(X)=ϕ(γ)))

+ ℓ(P,Φ(DY |ϕ◦f(X)=v))− ℓ(DY |f(X)=γ ,Φ(DY |ϕ◦f(X)=v))

≤ ℓ(DY |f(X)=γ , v)− ℓ(P,Φ(DY |ϕ◦f(X)=v)) +Bm(Γ(DY |f(X)=γ), γ)|

≤ ℓ(DY |f(X)=γ , v)− ℓ(P, v) + ℓ(P, v)− ℓ(P,Φ(DY |ϕ◦f(X)=v))

+Bm(Γ(DY |f(X)=γ), γ)

≤ ℓ(P, v)− ℓ(P,Φ(DY |ϕ◦f(X)=v)) + 2Bm(Γ(DY |f(X)=γ), γ)

≤ 2Bα(γ).

It follows that, for all v ∈ suppDϕ◦f(X),

ED
[
ℓ(Y, ϕ(γ))− ℓ(Y,Φ(DY |ϕ◦f(X)=ϕ(γ))|ϕ ◦ f(X) = v

]
≤ 2BEγ∼Df(X)

[α(γ)|ϕ ◦ f(X) = v] .

An analogous proof holds for distributional calibration with respect to Γ and a locally
outcome Lipschitz loss function with respect to Γ. The proof is an adapted version of parts
of the proof of the main theorem in [Gopalan et al., 2024b].

The inheritance of self-realization is closely connected to “(swap) omniprediction” intro-
duced by [Gopalan et al., 2022b, 2024b]. Informally, a (swap) omnipredictor provides pre-
dictions which allow for a simple post-processing to achieve low regret against a comparison
base line for a large variety of losses. In particular, (swap) omnipredictors involve “for all”
quantifiers about a set of losses.

Non-Refining (Swap) Omniprediction Proposition 10.28 already involves an “omni”-
type statement. The statement holds for all loss functions defined following Equation (10.8).
Yet, there is no property refinement necessary.

Refining (Swap) Omniprediction The inheritance rule makes use of the refinement
function ϕ. This refinement function generalizes the post-processing function kℓ in [Gopalan
et al., 2022b]. In particular, Proposition 10.33 can be plugged together for a set of loss
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functions. For instance, let f be a Γ-calibrated Γ-predictor on a data distribution D. Then,
those predictions guarantee low swap regret for all loss functions which are locally outcome
Lipschitz with respect to Γ. Hence, this is an “omni”-type regret statement, related to the
main theorem in [Gopalan et al., 2024b]. In there, the authors focused on a very specific
set of losses which are convex, Lipschitz and locally outcome Lipschitz with respect to the
mean. However, their main theorem is generalized to multi-calibration with respect to
groups. We push aside this further complexity in this work (cf. Section 10.7). Hence, our
statement is less general in the scope of groupings, but more general in the scope of sets of
loss functions and predicted properties.26

Approximate Distribution Calibration Implies Approximate Decision Calibra-
tion

Subject to mild assumptions on the boundedness of the loss function ℓ which elicits the
property of interest Γ, Proposition 10.12 can be generalized from perfect to approximate
calibration.

Proposition 10.34 (Approximate Distribution Calibration Implies Approximate Decision
Calibration). Let D be a data distribution on X × Y, where Y is finite, regular wrt. P
Let f : X → P be a distributional predictor α(γ)-approximately distribution calibrated with
respect to Γ on D. Then, f is CEγ∼DΓ◦f(X)

[α(γ)]-approximate decision calibrated with respect
to LΓ,C := {ℓ : ℓ is P-consistent loss function for Γ and supr∈R

∑
y∈Y |ℓ(y, r)| ≤ C <∞}.

Proof. The predictor f is α(γ)-approximate distribution calibrated with respect to Γ on D if
for every γ ∈ suppDΓ◦f(X),∣∣DY |Γ◦f(X)=γ(Y = y)− ED[fy(X)|Γ ◦ f(X) = γ]

∣∣ ≤ α(γ), ∀y ∈ Y ,

where fy(x) ∈ [0, 1] denotes the y-component of the prediction f(x) ∈ ∆(Y) for x ∈ X .

Let ℓ ∈ LΓ,C be arbitrary but fixed. For all γ ∈ suppDΓ◦f(X), we have,∣∣∣E(X,Y )∼D

[
ℓ(Y, γ)− EŶ∼f(X)[ℓ(Ŷ , γ)]|Γ ◦ f(X) = γ

]∣∣∣
=

∣∣∣∣∣∣
∑
y∈Y

(
DY |Γ◦f(X)=γ(Y = y)− EX∼DX

[fy(X)|Γ ◦ f(X) = γ]
)
ℓ(y, γ)

∣∣∣∣∣∣
≤
∑
y∈Y

∣∣DY |Γ◦f(X)=γ(Y = y)− EX∼DX
[fy(X)|Γ ◦ f(X) = γ]

∣∣ |ℓ(y, γ)|
≤ α(γ)

∑
y∈Y

|ℓ(y, γ)| ≤ Cα(γ).

26Note that [Lu et al., 2025] as well consider generalizations of the set of loss functions.
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The result follows by taking the expectation over γ ∼ DΓ◦f(X). For detailed steps from the
first to the second term see the proof of Proposition 10.12.

10.9.3 Distribution Calibration with Respect to all Binary Properties Im-
plies Full Distribution Calibration

It follows relatively immediately that distribution calibration with respect to the full distri-
bution implies distribution calibration with respect to any property. The reverse direction
requires one to think about a set of properties. We show that if a forecast is perfectly
distribution calibrated with respect to all binary, elicitable properties, it is distribution cal-
ibrated with respect to the full distribution. This statement requires some technical-looking
assumption on separability via hyperplanes. If the number of different predicted forecasts
is finite, which is arguably a mild assumption in practice, then this separability assumption
holds.

Lemma 10.35. If |imf | < ∞, then for every p ∈ imf there exists a hyperplane H = {x ∈
R|Y| : 〈a, x〉 = b} such that p ∈ H and 0 < ϵ ≤ infh∈H ‖h− q‖ for every q ∈ imf \ {p}.

Proof. The proof follows by contradiction. Let us assume that for some point p ∈ imf there
is no hyperplane such that p ∈ H and 0 < ϵ ≤ infh∈H ‖h− q‖ for every q ∈ imf \ {p}. That
is, for every hyperplane H such that p ∈ H there is qH ∈ imf \ {p} with infh∈H ‖h− q‖ < ϵ

for every ϵ > 0. It follows that such qH ∈ H, because infh∈H ‖h− q‖ = 0. Now, since there
are uncountably many such hyperplanes H but |imf | <∞ we get into a contradiction.

Proposition 10.36 (Recovering Distribution Calibration by Distribution Calibration with
respect to all Binary, Elicitable Properties). Let D be a regular data distribution on X ×Y,
where Y is finite. Let f : X → P be a distributional predictor. Suppose that pD(f(X) =

q) > 0 for all q ∈ imf .

If the predictor f is distribution calibrated with respect to all binary elicitable properties
Φ: ∆(Y) → {0, 1}, then it is distribution calibrated with respect to the full distribution on
D.

Proof. Let us pick an arbitrary p ∈ imf . We show that there exist two elicitable, binary
properties Φp,Φp such that,

Φp(q) = Φp(q), ∀q ∈ imf \ {p}

Φp(p) 6= Φp(p).
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Then, we can argue that there is a ∈ {0, 1} such that

ED[JY = yK − fy(X)|Φp ◦ f(X) = a] = 0

ED[JY = yK − fy(X)|Φp ◦ f(X) = a] = 0,

where, with some c ∈ [0, 1],

ED[JY = yK − fy(X)|Φp ◦ f(X) = a]

= cED[JY = yK − fy(X)|Φp ◦ f(X) = a] + pD(f(X) = p)ED[JY = yK − fy(X)|f(X) = p].

Hence, because pD(f(X) = p) > 0,

ED[JY = yK − fy(X)|f(X) = p] = 0.

Since p ∈ imf was picked arbitrarily, this shows the claim.

Nevertheless, it remains to argue that there exist such two elicitable, binary properties
Φp,Φp as demanded above. We show this by the prooving the existence of two hyperplanes
such that all points q ∈ imf except for p stay on the same side of both hyperplanes, but
p switches the side. As proven in [Lambert, 2019, Theorem 1], properties are elicitable
if and only if the level sets form a power diagram, i.e., the intersection of the simplex
∆(Y) ⊆ R|Y| with a Voronoi diagram. For our purpose, it suffices to know that a hyperplane
in R|Y| defines a binary, elicitable property. In fact, every binary elicitable property can be
expressed through a corresponding hyperplane. Let

Φp(q) =

0 if 〈a, q〉 > b− ϵ∥a∥
2

1 otherwise.
.

and

Φp(q) =

0 if 〈a, q〉 > b+ ϵ∥a∥
2

1 otherwise.
.

Then,

Φp(p) = 0 6= 1 = Φp(p),

but for all q ∈ imf \ {p},

Φp(p) = Φp(p),
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because if Φp(q) = 0 (the analogous argument holds for Φp(q) = 1), then

〈a, q〉 > b− ϵ‖a‖
2

,

which implies,

〈a, q〉 ≥ b+ ‖a‖ϵ > b+
ϵ‖a‖
2

by formula of distance to a hyperplane,

ϵ ≤ inf
h∈H

‖h− q‖ =
|〈a, q〉 − b|

‖a‖
⇔ ‖a‖ϵ+ b ≤ 〈a, q〉.

10.9.4 A Note on Sensibility for Calibration

The reader familiar with [Noarov and Roth, 2023] might question the use of a general
property Γ in Definition 10.5. The authors introduce “sensibility” for calibration which
requires that the true property predictor is calibrated with respect to Definition 10.5. As
the authors show therein, a property is only sensible for calibration if and only if the
level sets (pre-images) of property values are convex. Steinwart et al. [2014] in turn, have
proven that if the property is strictly locally non-constant, a minor technical assumption,
and continuous, then convexity of the level sets of the property is equivalent to elicitability
(respectively identifiability). If the property is discrete and its image finite, and the outcome
set is finite, then convex level sets are not sufficient for the elicitability of Γ [Lambert, 2019,
Pg. 12].27 Hence, even if we require Γ to be sensible to calibration, Definition 10.5 extends
to discrete properties with convex level sets, which are potentially neither identifiable nor
elicitable. This justifies the definition of Γ-calibration with respect to any Γ with convex
level sets. Furthermore, even if a property Γ is not sensible for calibration, a Γ-predictor
could still be Γ-calibrated. However, in this case optimal individual prediction via the true
property predictor and calibration are not compatible. Nevertheless, Γ-calibration is still a
fulfillable criterion.

10.9.5 Examples of Properties with Regular Identification Functions

A priori it is unclear whether there exist interesting, non-trivial, identifiable properties with
identification functions fulfilling the assumptions put forward in Definition 10.27. For this
reason we provide a short list of examples.

27Instead the level sets have to form a Voronoi diagram [Lambert, 2019, Theorem 1].
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Example 10.37. Mean An easy example for a property with a monotone, locally non-
constant, locally Lipschitz identification function is the mean, with identification func-
tion V (y, γ) := (y − γ), because

EY∼P [(Y − γ)] = Γ(P )− γ.

Quantiles One identification function for a τ -quantile is Vτ (y, γ) := (1−τ)Jy < γK−τJy >
γK. For a loss function, which elicits the τ -quantile see e.g., [Rockafellar and Uryasev,
2002]. Assuming that P is atomless,

V (P, γ) = EY∼P [(1− τ)JY < γK − τJY > γK]
= (1− τ)EY∼P [JY < γK]− τEY∼P [JY > γK]
= (1− τ)P (Y < γ)− τ(1− P (Y ≤ γ))

= (1− τ)P (Y < γ)− τ(1− P (Y < γ)− P (Y = γ))

= (1− τ)P (Y < γ)− τ(1− P (Y < γ))

= P (Y < γ)− τ.

Hence, the identification function is monotone. For local Lipschitzness we have to
assume that the cumulative density function of P is Lipschitz with parameter L around
the τ -quantile of P . For instance, this is true for β-distributions. Then, we get

|P (Y < γ)− τ | = |P (Y < γ)− P (Y < γ∗)| ≤ L|γ − γ∗|,

where γ∗ is the τ -quantile. Finally, if the cumulative distribution function induced
through P is locally non-constant with parameter N > 0 around the τ -quantile of P ,
then via the same argument it follows that the identification function is locally non-
constant (e.g., β-distribution). In summary, the identification function Vτ for the
τ -quantile inherits the continuity properties from the cumulative distribution function
of the probability distribution. Hence, the assumption is fulfilled when restricting the
space of possible conditional probability distributions defined through the regular data
distribution D.

Ratios of Expectations Let g, h : Y → R be measurable functions and N < h(y) < M

for all y ∈ Y. The ratio of expectations Γ(P ) = EP g(Y )
EP h(Y ) is identified by,

V (y, γ) = h(y)γ − g(y),
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because

V (P, γ) = EP [h(Y )]γ − EP [g(Y )] = 0

if and only if,

EP [g(Y )]

EP [h(Y )]
= γ.

Furthermore, V is oriented, locally Lipschitz with M ,

|V (P, γ)| = |EP [h(Y )]γ − EP [g(Y )]|

=

∣∣∣∣EP [h(Y )]

(
γ − EP [g(Y )]

EP [h(Y )]

)∣∣∣∣
= |EP [h(Y )]|

∣∣∣∣(γ − EP [g(Y )]

EP [h(Y )]

)∣∣∣∣
≤M |γ − Γ(P )| .

and locally non-constant with N ,

|V (P, γ)| = |EP [h(Y )]γ − EP [g(Y )]|

=

∣∣∣∣EP [h(Y )]

(
γ − EP [g(Y )]

EP [h(Y )]

)∣∣∣∣
= |EP [h(Y )]|

∣∣∣∣(γ − EP [g(Y )]

EP [h(Y )]

)∣∣∣∣
≥ N |γ − Γ(P )| .

Mean and Variance The identification function of the mean M is V (y, γ) := (y−γ). On
the v-level set of the mean the variance V can be identified with Vv(y, γ) := y2−v2−γ.
Note that for P ∈M−1(v),

Vv(P, γ) = EY∼P [Y
2 − v2 − γ] = V(P )− γ.

Quantile and CVar The identification function of a τ -quantile Qτ is given above. The
CVarτ is identified on the v-level set of the τ -quantile with Vv(y, γ) = v+ 1

1−τ max(0, y−
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v)− γ. Note that for P ∈ Q−1
τ (v)

Vv(P, γ) = EY∼P

[
v +

1

1− τ
max(0, Y − v)

]
= v +

1

1− τ
EY∼P [max(0, Y − v)]− γ

= CVarτ (P )− γ,

The second last line follows from [Rockafellar and Uryasev, 2002, Theorem 10].

10.9.6 Calibration-Swap Regret Bridge under Groups

We call c : X → {0, 1} a group if c is measurable and D(c(X) = 1) > 0. The set C denotes
a collection of groups.

Definition 10.38 (C-Robust Γ-Swap-Learner). Let C be a collection of groups and Γ a real-
valued, identifiable property with oriented, locally Lipschitz (M) and locally non-constant
(N) identification function V . Let ℓ be a loss function induced through V following Equa-
tion (10.8). Let D be a data distribution on X × Y regular wrt. P. A Γ-predictor f is a
β-approximate C-robust Γ-swap-learner on D, iff, for all c ∈ C,

ED [ℓ(Y, f(X))|c(X) = 1] ≤ min
h∈Mf (X ,R)

ED [ℓ(Y, h(X))|c(X) = 1] +
β

ED [c(X)]
,

where Mf (X ,R) is the set of all measurable functions from (X , σ(f)) to (R,B(R)), where
σ(f) is the σ-algebra induced by the Γ-predictor f and B(R) the Borel-σ-algebra on R.

The definition of a C-robust swap-learner inspired by minimax regret in distributional robust
optimization. Formalized as an optimization problem the regret here is a special case of
a minimax regret optimization problem as in [Agarwal and Zhang, 2022]. The class of
functions F in their Equation (1) is Mf (X ,R) in our case and the set of probability
distributions P in their Equation (1) corresponds to the conditional probabilities on X ×Y
induced by conditioning on the groups C in our case. The predictor f ∈ Mf (X ,R).

Proposition 10.39 (l2-Multicalibration implies Robust Swap-Learner). Let C be a collec-
tion of groups and Γ a real-valued, identifiable property with oriented, locally Lipschitz (M)
and locally non-constant (N) identification function V . Let ℓ be a loss function induced
through V following Equation (10.8). Let D be a data distribution on X × Y regular wrt.
P. Let f be α-approximately (C, ν)-multicalibrated following Definition 15 in [Noarov and
Roth, 2023]. Then, f is a M

2 α-approximate C-robust Γ-swap-learner.

201



Proof.

α ≥ sup
c∈C

EX∼DX
[c(X)] · Eγ∼Df(X)|c(X)=1

[|Γ(DY |f(X)=γ,c(X)=1)− γ|2]

P10.28
≥ 2

M
sup
c∈C

EX∼DX
[c(X)]·

Eγ∼Df(X)|c(X)=1

[
ED [ℓ(Y, γ)|f(X) = γ, c(X) = 1]− min

γ̂∈imΓ
ED [ℓ(Y, γ̂)|f(X) = γ, c(X) = 1]

]
=

2

M
sup
c∈C

ED [c(X)ℓ(Y, f(X))]

− EX∼DX
[c(X)] · Eγ∼Df(X)|c(X)=1

[ min
γ̂∈imΓ

ED [ℓ(Y, γ̂)|f(X) = γ, c(X) = 1]]

=
2

M
sup
c∈C

ED [c(X)ℓ(Y, f(X))]− min
h∈Mf (X ,R)

ED [c(X)ℓ(Y, h(X))] .

The final step is a consequence of conditional expectations and the following argument.
For every c ∈ C, applying [Rockafellar and Wets, 2009, Theorem 14.60] with T = {x ∈
X : c(x) = 1} and A = B(X ) ∩ T gives,

Eγ∼Df(X)|c(X)=1

[
min
γ̂∈imΓ

ED [ℓ(Y, γ̂)|f(X) = γ, c(X) = 1]

]
= Eγ∼Df(X)|c(X)=1

[
min
α∈R

ED [ℓ(Y, α)|f(X) = γ, c(X) = 1]

]
= min

h∈Mf (X ,R)
Eγ∼Df(X)|c(X)=1

[ED [ℓ(Y, h(X))|f(X) = γ, c(X) = 1]]

= min
h∈Mf (X ,R)

ED [ℓ(Y, h(X))|c(X) = 1] .

Proposition 10.40 (Robust Swap-Learner implies l2-Multicalibration). Let C be a collec-
tion of groups and Γ a real-valued, identifiable property with oriented, locally Lipschitz (M)
and locally non-constant (N) identification function V . Let ℓ be a loss function induced
through V following Equation (10.8). Let D be a data distribution on X × Y regular wrt.
P. Let f be a β-approximate C-robust Γ-swap-learner. Then, f is 2L2

N β-approximately
(C, ν)-multicalibrated following Definition 15 in [Noarov and Roth, 2023].
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Proof.

β ≥ sup
c∈C

ED [c(X)ℓ(Y, f(X))]− min
h∈Mf (X ,R)

ED [c(X)ℓ(Y, h(X))]

= sup
c∈C

ED [c(X)ℓ(Y, f(X))]

− EX∼DX
[c(X)] · Eγ∼Df(X)|c(X)=1

[
min
γ̂∈imΓ

ED [ℓ(Y, γ̂)|f(X) = γ, c(X) = 1]

]
= sup

c∈C
EX∼DX

[c(X)]·

Eγ∼Df(X)|c(X)=1

[
ED [ℓ(Y, γ)|f(X) = γ, c(X) = 1]− min

γ̂∈imΓ
ED [ℓ(Y, γ̂)|f(X) = γ, c(X) = 1]

]
P10.28
≥ N

2
sup
c∈C

EX∼DX
[c(X)] · Eγ∼Df(X)|c(X)=1

[
|Γ(DY |f(X)=γ,c(X)=1)− γ|2

]
,

reversing the steps of the proof of Proposition 10.39.

10.9.7 Self-Realization Does Not Imply Equal to Usefulness for All

In the following appendix we provide a short example to show that calibration does not
imply that the low swap regret guarantee is equally useful for all. Note that conceptually
the statements could seem strange to the reader. The predictor in our case has access
to the nature’s outcome. This surely is unrealistic. Nevertheless, it does not undermine
the argument that a perfectly calibrated predictor exists which is of different usefulness to
different downstream decision makers.

For the example we reuse simple loss functions (Definition 10.10. They describe binary-
valued elicitable properties on binary outcome sets. The optimal achieveable risk, Bayes
risk, for a distribution P ∈ ∆(Y) for Y = {0, 1} is given by,

Bq(P ) := EY∼P [ℓq(Y,Φq(P ))].

Lemma 10.41 (Calibration Does not Guarantee Cost Parity for Arbitrary Downstream
Decision Makers with Equal Bayes Risk). Let X be finite (with size T ), Y = {0, 1}. Let ℓc
and ℓd be simple losses with c, d ∈ (0, 1) and d < c. For every choice of c, d there exists
a data distribution D ∈ ∆(X × Y) regular wrt. P with the X -marginal being the uniform
distribution and Q ∈ ∆(Y) being a constant conditional distribution DY |X=x such that

(i) the Bayes risks are equal Bc(Q) = Bd(Q).

(ii) and there exists a calibrated predictor p : X → ∆(Y) such that,

|E(X,Y )∼D[ℓc(Y,Φc(p(X)))]− E(X,Y )∼D[ℓd(Y,Φd(X))]| ≥ C,
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for some C ∈ R.

Proof. We first define the stationary conditional distribution Q on the binary outcome set
via q ∈ [0, 1]. Let q = 1

1−c
d

+1
. Observe d < 1

1−c
d

+1
< c.

It remains to check the Bayes risk condition,

Bc(Q) = (1− c)q

=
1− c

1−c
d + 1

= d

(
1− 1

1−c
d + 1

)
= d(1− q) = Bd(Q).

Now, let us define the predictor p.

We define the following prediction function for every ω ∈ Ω: if y(ω) = 0, then p(X(ω)) = f

for some f ∈ [0, 1] such that d < f < q. If y(ω) = 1, then with probability

x :=
(1− q)f

q(1− f)
,

the prediction is p(X(ω)) = f , otherwise p(X(ω)) = 1. Since f < q and d, c ∈ (0, 1),

0 < x =
(1− q)f

q(1− f))
< 1.

For the second, note that all predictions p(X(ω)) = 1 are calibrated by definition. For the
predictions p(X(ω)) = f we have

EY∼Q[Y |p(X) = f ] =
qx

(1− q) + qx

=
q (1−q)fg(1−f)

(1− q) + q (1−q)fq(1−f)

=

(1−q)f
1−f

(1−q)(1−f)
1−f + (1−q)f

1−f

=

(1−q)f
1−f
(1−q)
1−f

= f.
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So, we can finally show the statement

|E(X,Y )∼D[ℓc(Y,Φc(p(X)))]− E(X,Y )∼D[ℓd(Y,Φd(X))]|

= |EX∼DX
[qx(1− c)− (1− q)d]|

= (1− q)

∣∣∣∣ f

1− f
(1− c)− d

∣∣∣∣
≥ C,

because f
1−f (1− c)− d 6= 0 if f < q.

In other words, the predictions, even though they are calibrated and hence fulfilling some
notions of omniprediction (cf. Section 10.5.3), do not guarantee that the predictions are
equally useful for every decision maker. This holds despite the forecasting task itself being
equally difficult as measured by the Bayes risk.

10.9.8 Proofs and Lemmas

Lemma 10.42. Let Γ: P → R be a property with convex level sets and D a data distribution
on X × Y regular wrt. P. Suppose that Y is finite and define A ⊆ X . Let f : X → P be a
distributional predictor such that Γ(f(x)) = γ for all x ∈ A. We have,

Γ(ED[f(X)|X ∈ A]) = γ.

Proof. Because |Y| < ∞, f(x) ∈ R|Y| for all x ∈ A. Hence, ED[f(X)|X ∈ A] ∈ R|Y|. It
remains to show that ED[f(X)|X ∈ A] is in the level set Γ−1(γ) ⊆ R|Y|. For that, we use
the convex indicator function I : P → R with d 7→ Jd ∈ Γ−1(γ)K

I(ED[f(X)|X ∈ A]) = JED[f(X)|X ∈ A] ∈ Γ−1(γ)K
≤ ED

[Jf(X) ∈ Γ−1(γ)K|X ∈ A
]

= 0,

by Jensen’s inequality. Hence, ED[f(X)|X ∈ A] ∈ Γ−1(γ).

Lemma 10.43. Let Y be finite and Γ be the full distribution property, and thus R = ∆(Y).
If ℓ : Y ×R → R is a bounded loss function, then ℓ is locally outcome Lipschitz with respect
to Γ.

Proof. Let Φ be the property elicited through ℓ. For all v ∈ imΦ, γ ∈ imΓ, P ∈ Γ−1(γ) and
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P ′ ∈ P ,

|ℓ(P, v)− ℓ(P ′, v)|

= |
∑
y∈Y

(P (Y = y)− P ′(Y = y))ℓ(y, v)|

≤ C|
∑
y∈Y

(P (Y = y)− P ′(Y = y))|

≤ C
∑
y∈Y

|(P (Y = y)− P ′(Y = y))|

≤ Cm(Γ(P ′), γ),

because m is the total variation distance.

Lemma 10.44 (When Decision Calibration is Equivalent to Calibration on Decision Sets).
Let Y = {0, 1} and X arbitrary and D be a data distribution on X × Y regular wrt. P.
Suppose that f : X → [0, 1] is a mean-predictor, i.e., it predicts the probability of Y = 1.
Furthermore, suppose f matches the average, i.e., E(X,Y )∼D[Y − f(X)] = 0. Let ℓq be a
simple loss function with parameter q ∈ [0, 1]. In addition, suppose PD(f(X) ≤ q) > 0.
Then, f is calibrated on the decision sets of ℓq, i.e., E(X,Y )∼D[Y − f(X)|f(X) ≤ q] = 0 and
E(X,Y )∼D[Y − f(X)|f(X) > q] = 028, if and only if, f is decision calibrated with respect to
the loss function ℓq.

Proof. Let us rewrite the decision calibration term,

EX∼DX
[EY∼DY |X=x

[ℓq(Y, f(x))]− EY∼f(X)[ℓq(Y, f(x))]]

= EX∼DX
[P (Y = 0|X = X)qJf(X) > qK + P (Y = 1|X = X)(1− q)Jf(X) ≤ qK

− (1− f(X))qJf(X) > qK − f(X)(1− q)Jf(X) ≤ qK]
= EX∼DX

[(P (Y = 1|X = x)− f(X))qJf(X) > qK
+ (f(X)− P (Y = 1|X = x))(1− q)Jf(X) ≤ qK]

= qEX∼DX
[(P (Y = 1|X = x)− f(X))Jf(X) > qK]

+ (1− q)EX∼DX
[(f(X)− P (Y = 1|X = x))Jf(X) ≤ qK]

=: L(q).

28If f matches the average, the first assumption implies the second.
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Note that the following two equations hold,

EX∼DX
[(P (Y = 1|X = x)− f(X))Jf(X) > qK]

= EX∼DX
[(P (Y = 1|X = x)− f(X))|f(X) > q]PD(f(X) > q)

= E(X,Y )∼D[(Y − f(X))|f(X) > q]PD(f(X) > q),

and,

EX∼DX
[(f(X)− P (Y = 1|X = x))Jf(X) ≤ qK]

= EX∼DX
[(f(X)− P (Y = 1|X = x))|f(X) ≤ q]PD(f(X) ≤ q)

= E(X,Y )∼D[(f(X)− Y )|f(X) ≤ q]PD(f(X) ≤ q).

With these reformulations at hand, it is easy to see that calibration on decision sets of ℓq
implies decision calibration with respect to the loss function ℓq, because,

L(q) = qEX∼DX
[(P (Y = 1|X = x)− f(X))|f(X) > q]PD(f(X) > q)

+ (1− q)EX∼DX
[(f(X)− P (Y = 1|X = x))|f(X) ≤ q]PD(f(X) ≤ q)

= q0PD(f(X) > q) + (1− q)0PD(f(X) ≤ q) = 0.

The reverse implication requires a bit more reasoning. We argue via contraposition. Let us
assume that E(X,Y )∼D[Y − f(X)|f(X) ≤ q] 6= 0. Then,

E(X,Y )∼D[Y − f(X)]

= EX∼DX
[(P (Y = 1|X = x)− f(X))|f(X) > q]PD(f(X) > q)

+ EX∼DX
[(P (Y = 1|X = x)− f(X))|f(X) ≤ q]PD(f(X) ≤ q)

= 0.

Hence,

EX∼DX
[(P (Y = 1|X = x)− f(X))|f(X) > q]PD(f(X) > q)

= −EX∼DX
[(P (Y = 1|X = x)− f(X))|f(X) ≤ q]PD(f(X) ≤ q),

respectively,

EX∼DX
[(f(X)− P (Y = 1|X = x))Jf(X) > qK]

= EX∼DX
[(f(X)− P (Y = 1|X = x))Jf(X) ≤ qK].
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Now,

L(q) = EX∼DX
[(P (Y = 1|X = x)− f(X))|f(X) ≤ q]PD(f(X) ≤ q)

6= 0,

because PD(f(X) ≤ q) > 0 by assumption.

Lemma 10.45 (Matching Averages by Non-Extremal Predictions I). Let Y = {0, 1} and X
arbitrary and D be a data distribution on X ×Y regular wrt. P. Suppose that f : X → [0, 1]

is a mean-predictor, i.e., it predicts the probability of Y = 1. Furthermore, we assume there
exists finf := inf im f > 0. Then, f matches the average, i.e., E(X,Y )∼D[Y − f(X)] = 0, if
and only if f is decision calibrated with respect to the loss function ℓ finf

2

.

Proof. Observe,

E(X,Y )∼D[Y − f(X)] = E(X,Y )∼D

[
(P (Y = 1|X = x)− f(X))Jf(X) >

finf
2

K] .
and

L

(
finf
2

)
=
finf
2

EX∼DX

[
(P (Y = 1|X = x)− f(X))Jf(X) >

finf
2

K]
+

(
1− finf

2

)
EX∼DX

[
(f(X)− P (Y = 1|X = x))Jf(X) >

finf
2

K]
=
finf
2

E(X,Y )∼D[Y − f(X)].

Since finf
2 > 0, L(finf) = 0 if and only if E(X,Y )∼D[Y − f(X)] = 0.

Lemma 10.46 (Matching Averages by Non-Extremal Predictions II). Let Y = {0, 1} and
X arbitrary and D be a data distribution on X × Y regular wrt. P. Suppose that f : X →
[0, 1] is a mean-predictor, i.e., it predicts the probability of Y = 1. Furthermore, assume
finf := inf im f = 0, and |imf | <∞, hence there exists v ∈ [0, 1] such that v > 0 but v < v′

for all v′ ∈ imf \ {0}. Then, f matches the average, i.e., E(X,Y )∼D[Y − f(X)] = 0, if and
only if f is decision calibrated with respect to the loss functions ℓv and ℓ0.

Proof. It holds L (0) = 0 and L (v) = 0. In detail,

L (0) = EX∼DX
[(f(X)− P (Y = 1|X = x))Jf(X) = 0K] = 0.
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L (v) = vEX∼DX
[(P (Y = 1|X = x)− f(X))Jf(X) > vK]

+ (1− v)EX∼DX
[(f(X)− P (Y = 1|X = x))Jf(X) = 0K]

= vEX∼DX
[(P (Y = 1|X = x)− f(X))Jf(X) > vK] = 0.

Hence, since v > 0, EX∼DX
[(P (Y = 1|X = x)− f(X))1 [f(X) > v]] = 0. Consequently,

EX∼DX
[(P (Y = 1|X = x)− f(X))Jf(X) > vK]

+ EX∼DX
[(f(X)− P (Y = 1|X = x))Jf(X) = 0K]

= E(X,Y )∼D[Y − f(X)] = 0.
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11
Evaluation Metrics As Averaged Outcomes of Fair

Gambles

Author Contributions

Rabanus Derr (RD) pitched the idea of “available gambles” at the yearly retreat of the
Foundations of Machine Learning Systems group. Then, the paper’s content got refined in
exchange with Robert C. Williamson (RW). In particular, RW pointed RD to the concept of
“felicity” from speech act theory. RD did the writing. RW took over the internal reviewing.
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The Personal Note

The FMLS group has the wonderful tradition – it can be called that way as it happened for
three times already – of a yearly retreat for about four days. In the atmosphere of Black
Forest we take time to update each other on the next projects to pursue, obtain feedback,
play some fun ML-Hype-Powerpoint-Karaoke and simply chat about this and that. During
the retreat of 2023, I presented an idea which boiled down to two observations. First, a
property of a distribution like a mean, which are called elicitable because they can be elicited
by expected loss minimization, defines a credal set. A credal set is a closed, convex set of
probability distributions. The construction is: the set of probability distributions which
share the mean is convex and, under mild restrictions, closed. Second, the set of random
variables whose expected values under all those distributions is equal or lower than zero, is
equal to the set of random variables which are smaller or equal to y 7→ α(y −m) for some
α ∈ R, where y is the unknown and m the mean.

What provoked those observations? Partially the mysterious “calibration” (see Section 10)
and partially the intriguing game-theoretic probability and statistics. Game-theoretic prob-
ability aims for establishing probability theory on the ground of game protocols and betting
strategies instead of measure theory [Shafer and Vovk, 2019]. Tests in game-theoretic statis-
tics are taken as literal bets on hypothesis.

With “The Game” at its core, that is how I called the evaluation protocol, I tried to link
together four facets of forecast evaluation: calibration-type of evaluations, loss- or regret-
type of evaluations, randomness and predictiveness. The mathematical framework using
dual Lp-spaces was fun to sort out. But, the amount of mathematical and non-mathematical
concepts stirred in a single pot hardly convinced any reader of a draft (thanks to Aaron
Roth) or audience of a presentation (thanks to the audience at Harvard University where
Jessie invited me).

The project was called “Four Facets of Forecast Felicity”. Sounds familiar? Bob suggested
this alliterative title and pointed me to felicity. It was first the alliteration that convinced
me. Then, I got persuaded by forecast felicity as a concept.

After several of iterations the four facets got shrunk to two. Additionally, the mathematical
framework switched. Luckily, the project got a new title. Hence, the former title was left
for the thesis.

The resulting work is, I think, the one I’m most attached to. I think it is a nice contribution.
It is mathematical and conceptual and shapes my thinking about evaluation of forecasts.
Many of the existing relations are captured. The mix of techniques and literature was a lot
of fun. I would call it the most rabanus paper.

Game-theoretic probability and statistics is still one of the topics I’m very excited about.
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I am convinced that the developments are underappreciated. Meanwhile, there are simple
fundamental questions unsolved, e.g., the role of non-negativity of supermartingales in the
theories [Koolen et al., 2025], the power of supermartingale to falsify and verify (!) certain
statistical hypothesis, the role of falsifiability of statistical hypothesis versus the actual
falsification [Olszewski and Sandroni, 2011].

Summary: Forecast Evaluation

Motivation As articulated in the Summary 10, calibration has regained a lot of interest
in the machine learning community. But surely, calibration is not the only quality criterion
used for forecasts. Loss functions, regret types and deviates numerically certify the “good-
ness” of forecasts with respect to realized observations at least as long as calibration [Brier,
1950, Murphy and Epstein, 1967].

Most of the new developments in machine learning share the interest in defining evaluation
objectives of forecasts and then providing algorithms which computationally solve them
[Bartlett et al., 2006, Jung et al., 2021, Globus-Harris et al., 2023, Deng et al., 2023, Gopalan
et al., 2024b, Garg et al., 2024]. Less prominently, evaluations can certify forecasts.

Hence, evaluation metrics are measures to the end of certifying the “goodness” of forecasts.
The contextualization of evaluation as forecast’s felicity demands us to ask (cf. Section 5.2):
What is the structure of the choices of evaluation metrics? How felicitously choose an eval-
uation metric? How do calibration-type and regret-type evaluation metrics relate? What
are reasonable meta-criteria evaluation metrics should fulfill?

Contributions The presented answers require a dip into game-theoretic thinking in
probability and statistics [Shafer and Vovk, 2019, Ramdas et al., 2022]. As before the
terminology is not streamlined with the surrounding chapters. Hence, I provide a summary
of the most important notations and terms in Table 11.1.

Unified Notation & Terminology Chapter 11
statistical forecast forecast, vt ∈ V
individual, ι round, individual, t ∈ T
aggregate, ℧ input set, T = {1, . . . , n}
attribute, ϱ(ι) = ℘ outcome, yt ∈ Y
measurement –

Table 11.1: Translation table – Evaluation Metrics As Averaged Outcomes of Fair Gambles

We suggest to start with an evaluation protocol in which first, the forecaster suggests a
forecast, then a gambler provides a gamble, i.e., a mapping from potential outcomes to
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some currency, and finally a nature reveals the realized attribute or outcome. The protocol
is repeated for every instance, i.e., individual. We then show that many existing evalua-
tion metrics can be considered “as if” they would be the resulting capital of the gambles’
outcomes, when the gambler would have played under certain intuitive conditions (Propo-
sition 11.4 and Section 11.5).

The central condition placed on the gambler is that it is fair. That means that the gambler
is only allowed to play gambles which the forecaster, under its (probabilistic) forecast,
literally expects to lead to a non-positive value of the gamble. Hence, forecaster expects
the gambler to loose money. It turns out that this condition is equivalent to demanding
that a forecaster cannot gain any capital whenever the forecaster would know the realized
attribute or outcome in advance (Proposition 11.6). Note that no capital means, that the
corresponding evaluation metric would stay zero or tends to negative. Fairness is, that we
argue, a reasonable meta-criterion for any evaluation metric.

In addition, we equip the gambler with its own belief about the next realized attribute
or outcome. We assume that the gambler behaves rationally with respect to its belief.
Depending on the alignment of this belief with the actual realized outcomes or attributes,
the gambler’s capital is easier or harder to be kept low from the perspective of the forecaster.

Finally, the gambler is artificially restricted in its available gambles. This way it is prevented
that the gambler can simply increase its stakes on every instance, which would render
previous values of gambles ignorable (cf. Saint Petersburg paradox [Anonymous author,
2025]).

Beliefs and restrictions form two axis which span up the space of evaluation metrics. With
appropriate choices we can recover existing evaluation metrics (Section 11.5). Further-
more, within this structure we show general bounds between metrics (Proposition 11.42
and Proposition 11.45). Beliefs and restrictions form the two knobs to turn when tuning
for a felicitous evaluation metric.

Tools and Sketch of Argument The full paper treats forecasts to be properties of
probability distributions, e.g., the mean, the median, a quantile, the full distribution, which
are elicitable (respectively identifiable) (Definition 11.7 and Definition 11.8). For intuition,
a simple probabilistic forecasting setting with binary outcomes, e.g., rain forecasting, is
sufficient.

Let T := {1, . . . , n} be an aggregate of individuals, e.g., days. Let Y := {0, 1} be a binary
outcome set. The evaluation protocol is as follows. For every individual t ∈ T ,

1. Forecaster forecasts the probability of Y = 1, vt ∈ [0, 1].

2. Gambler gambles Gt ∈ R{0,1}.
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3. Nature reveals outcome yt ∈ Y .

The gambler’s capital is the averaged realized value of all played gambles, i.e., K :=
1
|T |
∑

t∈T Gt(yt). Note that a gamble Gt is a mapping from the potential outcomes {0, 1} to
the reals, hence, a point in R2.

The gambler is fair, if Evt [Gt] ≤ 0 for all t ∈ T . If vt = δ(yt), i.e., the forecaster is
clairvoyant and puts Dirac measures on the realized outcomes, then fairness is equivalent
to the gambler obtaining capital K ≤ 0 (Proposition 11.6).

Let us consider two illustrative instantiations of a restriction and a belief of gambler. First,
restrict the gambler A to play the following gambles Gt(y) = (y − v)2 − (y − c)2 for all
t ∈ T , where c ∈ [0, 1] is some constant. By definition of the gambles, the gambler A plays
fairly. Furthermore, assume that the gambler A is clairvoyant, i.e., it knows the revealed
forecast in advance. The resulting capital of the gambler A is the Brier score [Brier, 1950]
(Proposition 11.35),

K =
1

|T |
∑
t∈T

(yt − vt)
2.

Second, assume that the gambler B is restricted to play gambles such that ‖Gt‖1 ≤ 1,
i.e., the gamble is in the l1-norm ball. If the gambler B has the averaged belief bt =
1

|Tγ |
∑

t′∈Tγ δ(y
′
t) where Tγ := {t ∈ T : vt = γ}. That is, the gambler B has a true belief

about the average outcome on the individuals on which γ was predicted. The resulting
capital of the gambler B is the expected calibration score, e.g., [Gopalan et al., 2022a,
Definition 3.1],

K =
∑

γ∈{vt : t∈T}

|Tγ |
|T |

∣∣∣∣∣∣ 1

|Tγ |
∑
t∈Tγ

yt − γ

∣∣∣∣∣∣ .
To provide an intuition how the two scores relate, first note that if we scale up the norm
ball times four, the gambler B is less restricted than gambler A. However, gambler A has a
more refined belief about the outcomes. For this reason, the two scores are incomparable,
as they do not match along one of the axis.

We furthermore show that a gambler A who would be allowed to arbitrarily scale its gambles
could, in principle, achieve the same scores as a gambler B who could arbitrarily scale its
gambles (Corollary 11.25). Hence, in the asymptotic restriction regime both gambler are
equally “powerful”, when neglecting their difference in beliefs.

Relation to Forecast Felicity Forecast evaluation is part of the felicity conditions.
We argue that forecast evaluation is gambling. Thus, a forecast is felicitous if the forecasts
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cannot be gambled against successfully by a fair gambler under certain conditions.

As for calibration (Section 10), there is no single right choice of evaluation. Imagine a rain
forecaster. Is it required to be calibrated or achieve a low Brier score? This is a discussion
as old as the use of probabilistic forecasts [Murphy and Epstein, 1967].

The evaluation protocol provides a rich structure of evaluation metrics with two main
features interesting for felicitous forecasts. (a) An evaluation metric corresponding to an
unfair gambler can arguably not guarantee felicity. (b) The choice of evaluation metric is
governed by two axis, the restriction and belief of the gambler.

The gambles test1 the forecasts. A high resulting capital of the gambler does not necessarily
correspond to an actual currency, but it is a measure of evidence.

The evaluation problem is potentially the most prominent among the problems given in the
introduction. It is most easily identifiable as a felicity condition, hence a relative choice.

1In fact, the gambles actually test the forecasts as being statistical hypothesis, cf. game-theoretic statistics
and e-values Shafer et al. [2011], Grünwald et al. [2020], Ramdas et al. [2023]. For an elaboration see
Section 11.6.1.
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Abstract

Machine learning is about forecasting. When the forecasts come with an evaluation metric
the forecasts become useful. What are reasonable evaluation metrics? How do existing
evaluation metrics relate? In this work, we provide a general structure which subsumes
many currently used evaluation metrics in a two-dimensional hierarchy, e.g., external and
swap regret, loss scores, and calibration scores. The framework embeds those evaluation
metrics in a large set of single-instance-based comparisons of forecasts and observations
which respect a meta-criterion for reasonable forecast evaluations which we term “fairness”.
In particular, this framework sheds light on the relationship on regret-type and calibration-
type evaluation metrics showing a theoretical equivalence in their ability to evaluate, but
practical incomparability of the obtained scores.
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11.1 Introduction

In the current practices of machine learning, the evaluation of forecasts has become a cor-
nerstone of scientific progress [Blum and Hardt, 2015, Hardt, 2025]. For instance, OpenAI
reports loss scores and calibration scores for GPT-4 on different tasks [OpenAI (2023),
2024]. The inventors of the GraphCast weather forecasting model provide several metrics,
among them root mean squared error [Lam et al., 2023]. The introduction of AlphaFold was
accompanied by a series of evaluation metrics, e.g., accuracy or absolute difference, used to
discuss the quality of the protein folding forecasts [Senior et al., 2020]. On the more formal
side machine learning scholars have come up with dozens of evaluation metrics: different
types of (proper) loss functions [Williamson and Cranko, 2023], a multitude of calibration
notions [Derr et al., 2026, Gopalan and Hu, 2025], and numerous types of regret [Cesa-
Bianchi and Lugosi, 2006]. What do all these evaluation metrics share? In which
regard do the evaluation metrics differ? How can they be viewed from a unified
perspective?

Among the used metrics, two main types have crystallized, one which we call regret-type and
one which we call calibration type. Regret-type evaluation metrics compare a loss incurred
by a predictor with the loss of some comparison predictor. Regret-type evaluation metrics
require a loss function and a comparison baseline, which is either explicitly or implicitly
given.2 Regret-type evaluation metrics include external regret [Cesa-Bianchi and Lugosi,
2006, page 80], swap regret [Cesa-Bianchi and Lugosi, 2006, page 91], and loss scores (cf.
Table 11.2).

Calibration-type evaluation metrics (traditionally) compare average outcomes to average
forecasts on certain instances [Dawid, 1985a, 2017, Höltgen and Williamson, 2023]. Those
metrics have been generalized beyond the average, as e.g., mean and variance calibration
[Jung et al., 2021], quantile calibration [Jung et al., 2023] or property calibration [Gneiting
and Resin, 2023, Noarov and Roth, 2023, Derr et al., 2026]. This raises the questions:
What is the relationship between the regret-type and calibration-type evalua-
tion metrics? What is the structure of the regret-type and the calibration-type
evaluation metrics? (cf. Section 11.6.2)

Towards answering the posed questions we commit to a general framework which we call
an evaluation protocol. This protocol is based upon the game-theoretic probability setup
developed in [Shafer and Vovk, 2005, 2019]. Roughly summarized, the evaluation protocol
consists of a nature, a forecaster and a set of gamblers. For every forecast, (fair)3 gambles by
the gamblers are played and evaluated on the actual outcome revealed by nature. For each

2For instance, loss scores have an implicit baseline which is the predictor which knows the truth and
hence often, depending on the definition of the loss function, incurs 0 loss.

3A gamble is fair if the forecaster literally expects the gamble to not be favorable for the gambler.

217



gambler, the average realized value of the gambles is summarized as its capital. The capital
is the obtained score. It shows how much the forecasts and outcomes match, the bigger
the capital the worse they match. Examples for scores are the expected calibration error,
false positive rate, false negative rate, accuracy, mean squared error, multicalibration, bias
in the large, external regret, swap regret, Brier score, and the log loss. With our machinery
we will argue that all those (and many more) scores obtained by evaluation metrics
are averaged realized values of (fair) gambles.

Warm-Up Let’s shortly illustrate the evaluation protocol in a little example. Let (yt)t∈T

be a tuple of binary outcomes, i.e., yt ∈ {0, 1} for all t ∈ T . Furthermore, let (vt)t∈T be
a tuple of probabilistic forecasts, vt ∈ [0, 1] for all t ∈ T . For every instance t ∈ T , a
forecast vt is made, and let us suppose there is a gambler, who chooses to play the gamble
Gt : y 7→ (y − vt)

2 − (y − yt)
2. Such a gamble is fair, that is,

Evt [Gt] = (1− vt)Gt(0) + vtGt(1) ≤ 0.

In other words, the forecaster expects the gambler to not win. Hence, if indeed the gambler
achieves a large capital, it disproves the abilities of the forecaster. Crucially, the gambler,
when playing Gt makes use of the actual outcome yt (see the definition). This (hypothetical)
information is not accessible to the forecaster in this fictive play.

Now, when we actually evaluate the gambles on the binary outcomes, and average, we
obtain,

1

n

∑
t∈T

Gt(yt) =
1

n

∑
t∈T

(yt − vt)
2 − (yt − yt)

2 =
1

n

∑
t∈T

(yt − vt)
2, (11.1)

which is the Brier score an evaluation metric introduced in meteorology [Brier, 1950] and
used to evaluate class probability estimates.

It is the case that besides the Brier score, all kinds of calibration, e.g., expected calibration
error, and regret-type evaluation metrics can be embedded in a comparable fashion. In
particular, all those metrics respect that the gambler only plays fair gambles. However, to
generally reveal the underlying gambling structure it is necessary to move beyond binary
outcomes and simple probabilistic forecasts.

11.1.1 Paper Outline

First, we summarize our contribution and clarify relevant terms and the scope of our work
in the current section. Then, we introduce the formal setup (Section 11.2). We require
some machinery from convex analysis in infinite dimensional spaces. The complexity of the
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mathematical tools is needed to accurately reflect a wide range of evaluation metrics used
in settings from classification to regression. We continue by constructing the evaluation
protocol based on game protocols used in game-theoretic probability. We characterize the
set of evaluation metrics which are representable in the evaluation protocol. Furthermore,
we adapt a “sanity” condition for the gamblers which we call fairness (Definition 11.5) from
[Shafer and Vovk, 2019].4 Essentially, a gambler is fair if it only plays available gambles, i.e.,
gambles which the forecaster assumes, in expectation, to lead to a non-positive outcome.
We show that this criterion is equivalent to guaranteeing that whenever the forecaster is
“clairvoyant”, i.e., exactly forecasts the true outcome, the gambler will not increase its
capital above 0 (Proposition 11.6).

The general evaluation protocol allows forecasts to correspond to sets of probability distri-
butions, cf. imprecise probabilities [Augustin et al., 2014]. We demarcate a subset of such
forecasts using the concepts of elicitablity and identifiability from statistics, e.g. [Gneit-
ing, 2011, Steinwart et al., 2014]. Equipped with these tools, we present our contributions
which can be separated into two main parts (Section 11.4 and Section 11.5). Finally, we
contextualize our findings in the literature on evaluation of forecasts (Section 11.6).

Contributions – Section 11.4 First, we develop a duality which allows us to fully
characterize the set of available gambles. The central results of this part are summarized
in Figure 11.1.

1. We show that (unscaled) regret gambles and calibration gambles (cf. Section 11.4.2),
which are central to the recovery results in Section 11.5, are both available (Proposi-
tion 11.10 and Proposition 11.11). Furthermore, we fully characterize the set of avail-
able gambles in case the forecasts are aligned to elicitable (Theorem 11.13) or iden-
tifiable Properties (Theorem 11.15). In particular, scaled regret gambles (respectively
calibration gambles) approximately dominate all available gambles. These statements
are based upon a general polar duality between closed, convex sets of probability
distributions, i.e., credal sets, and convex cones of gambles, i.e., available gambles
(Theorem 11.22).5

2. The characterizations lead to the insight that scaled regret gambles are, in principle,
equally powerful as calibration gambles. Both those types dominate the same set of
available gambles (Corollary 11.25).

4In [Shafer and Vovk, 2019], the authors use the term “available” gambles, but don’t formally define it.
5This duality is known for different technical setups, e.g., [Föllmer and Schied, 2011, Benavoli et al.,

2017], however, not for the C(Y)-ca(Y)-pairing, cf. Section 11.4.5.
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Contributions – Section 11.5 Second, we further constrain the gamblers to recover
existing evaluation metrics and reveal a two-dimensional hierarchy of evaluation metrics.

1. For the recovery of existing evaluation metrics, we introduce two further conditions
on the gamblers, restrictiveness and rationality. A restricted gambler is bounded to
gambles in a certain set. Intuitively, there is a capital constraint set on the gambler.
For rationality, we equip the gambler with a belief about the outcome, comparable to
an alternative hypothesis of what the gambler actually believes is true, and demand
that the gambler optimizes the choice of gamble with respect to the expected value
under this belief. By tuning restriction and rationality, we obtain the evaluation
metrics summarized in Table 11.2. For instance, the capital of a set of gamblers with
access to all gambles with a bounded norm and a (true) belief about the average
outcome on the subsets in which a certain value has been predicted is aggregated
to calibration scores (Proposition 11.38). The two dimensional structure, restriction
and belief, leads to the conclusion that standard calibration scores and standard loss
scores are incommensurable in the sense that they differ in both the dimensions.

2. We provide a hierarchy along the dimension of restrictions via set-containment (Propo-
sition 11.42) and along the dimension of beliefs via refinement (Proposition 11.45)
which generalize known inequalities between calibration and swap regret (Corollary 11.43),
between regret notions (Corollary 11.47) and between calibration notions (Corol-
lary 11.48).

11.1.2 Clarification of Terms and Scope

Evaluation as Certificate The question of how one should evaluate forecasts has
always been part of debates since the beginning of machine learning [DeGroot and Fien-
berg, 1983, Schervish, 1989, Gneiting, 2011, Williamson and Cranko, 2023]. However, large
parts of machine learning literature concentrate on evaluation of forecasts as “modeling an
objective”, e.g., [Bartlett et al., 2006, Jung et al., 2021, Gupta and Ramdas, 2022, Deng
et al., 2023]. We focus on evaluation of forecasts as “providing a certificate of quality”, a
perspective shared by the classical literature on the evaluation of meteorological forecasts
[Brier, 1950, Murphy and Epstein, 1967]. In particular, the evaluation of forecasts is critical
for the value of a forecast. Forecasts on their own are of limited value. When they come
with an accompanying guide how to evaluate them, they become useful. The evaluation of
forecasts make the forecasts, cf. [Dawid, 2017, Höltgen, 2024, Perdomo and Recht, 2025].
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Restriction on gambler

Belief of gambler Regret Gambles Lγ Norm Ball Bα

Average outcome External Regret
(Proposition 11.31)

Bias in the large
(Proposition 11.36)

Average outcome
on prediction-groups

Swap Regret
(Proposition 11.33)

Calibration Score
(Proposition 11.38)

Average outcome
on subgroups

Group-Wise Swap Regret
(Proposition 11.34)

Multicalibration Score
(Proposition 11.39)

Exact knowledge of
true outcome

Zeroed Loss Score
(Proposition 11.35)

Individual Calibration Score
(Proposition 11.41)

Table 11.2: Comparison of belief and restrictions of gambler and the resulting evaluation
metrics. The corresponding propositions where the recovery is shown are referenced below
the metric. We neglect details about the type of aggregation, the outcome set Y and the
forecasted property Γ. A prediction-group is a set of instances which share the predicted
value γ. A subgroup is a set of instances which share the predicted value γ and a certain
attribute S.

Clarification of Terms To be clear, the test for consistency of forecasts with obser-
vations is what we call evaluation.6 The actual mapping from forecasts and outcomes to
some real number is what we call an evaluation metric and the resulting number the score.

No Algorithmic Solution In this work, we suggest an abstract evaluation protocol
to map the landscape of evaluation metrics. We do not propose any algorithmic solution
to give forecasts optimizing an evaluation metric.7 Even though the evaluation-protocol is
motivated by game-theoretic probability and statistics [Ramdas et al., 2023], we do not give
claims about equilibria or convergence.

Helpful Untruth The evaluation protocol is not meant to be real, in the sense that
the protocol is actually carried out. Instead, the evaluation protocol is a fictive play, a
“helpful untruth” [Vaihinger, 1911]. By proceeding “as if” there were gamblers who play

6This is what has been called “empirical evaluation” by Murphy and Epstein [1967]. The same authors
name another type of evaluation, which they refer to as “operational”, concerned with the value of the
forecast to the user.

7Nevertheless, we mention the work by Abernethy et al. [2011] and the summary by Perdomo and Recht
[2025] which highlight the versatility of online learning algorithms via Blackwell approachability (respectively
defensive forecasting) for a large classes of evaluation metrics treated in this work. In particular, [Perdomo
and Recht, 2025] makes a related point to ours, in emphasizing the defining role of the evaluation for the
forecasts.
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to test forecasts, we recover existing evaluation metrics and discover their structural re-
lationships.8. For instance, we will equip the gamblers with knowledge about the actual
outcomes, knowledge which the forecaster might not have. Clearly, this cannot be true in
an actual evaluation scenarios, but it helps to understand what different evaluation metrics
do.

11.2 Formal Setup

Let Y be a compact and metrizable topological space. We call Y the outcome set. Let Σ(Y)

be the Borel-σ-algebra on Y. The set of signed measures with bounded variation on Σ(Y) is
denoted as ca(Y). The set of continuous real-valued functions on Y is denoted C(Y). Note
that every such function is measurable. Furthermore, every such function is integrable with
respect to a measure ϕ ∈ ca(Y), which defines a bilinear mapping,

〈·, ·〉 : ca(Y)× C(Y) → R; 〈ϕ, f〉 :=
∫
fdϕ.

The space C(Y) (respectively ca(Y)) can be normed by the supremum norm ‖f‖∞ 7→
supy∈Y f(y) (respectively total variation). The space ca(Y) is isomorphic to the norm
dual of C(Y), i.e., every linear continuous mapping C(Y) → R can be written as f 7→
〈ϕ, f〉 [Aliprantis and Border, 2006, Theorem 14.15]. Hence, the two spaces C(Y) and
ca(Y) together with the bilinear mapping form a dual pairing [Aliprantis and Border, 2006,
Definition 5.90].

The normed space C(Y) (respectively ca(Y)) can be re-topologized in σ(C(Y), ca(Y)) topol-
ogy, i.e., the topology which makes all evaluation functionals continuous. An evaluation
function is defined as ϕ∗ : C(Y) → R, f 7→ 〈ϕ, f〉, for some ϕ ∈ ca(Y). Analogously, the
space ca(Y) allows for the σ(ca(Y), C(Y)) topology, i.e., the topology which makes all eval-
uation functionals, f∗ : ca(Y) → R, ϕ 7→ 〈ϕ, f〉 for f ∈ C(Y), continuous. The topologies
σ(C(Y), ca(Y)) and σ(ca(Y), C(Y)) are weak topologies in the sense of [Schechter, 1997, p.
758].

The norm-topology and the weak-topology relate to each other as summarized in the follow-
ing lemma. Set containment of topologies can be understood as fine-graining or strength-
ening a topology. If topology T1 is contained in another topology T2, then all open sets of
T1 are open sets in T2 [Aliprantis and Border, 2006, p. 24].

Lemma 11.1 (A Hierarchy of Topologies on C(Y)). Let C(Y) be a Banach space defined by
8In this regard, we follow the arguments by Vaihinger [1911] and Appiah [2017] that deliberately wrong

assumptions can help to deepen our understanding of the world.
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the supremum norm ‖·‖∞ and ca(Y) the paired space. We have the following containment,9

σ(C(Y), ca(Y)) ⊆ σ(‖ · ‖∞).

If S ⊆ C(Y) is convex and closed with respect to σ(‖ · ‖∞), then it is closed with respect to
σ(C(Y), ca(Y)).

Proof. The set containment is a special case of [Schechter, 1997, 28.13.b]. The second
statement follows from [Schechter, 1997, Theorem 28.14.a], since C(Y) with the norm-
topology is a locally convex topological vector space [Schechter, 1997, p. 688].

We refer to the set of all non-positive gambles

C(Y)≤0 := {f ∈ C(Y) : f ≤ 0} = {f ∈ C(Y) : sup f ≤ 0},

i.e., that is the negative orthant. For notational convenience we introduce the following
shortcut when A is a subset of C(Y) or ca(Y),

R≥0A := {ra : r ∈ R≥0, a ∈ A},

which is called the cone generated by A. It is closed under multiplication with a positive
scalar. If A is convex, i.e., closed under convex combinations, then R≥0A is a convex cone
(Lemma 11.52).

The subset of probability measures, i.e., ϕ ∈ ca(Y) such that ϕ(A) ≥ 0 for all A ∈ Σ(Y) and
µ(Y) = 1, on Σ(Y) is denoted as ∆(Y) ⊆ ca(Y). If ϕ ∈ ∆(Y), we define the expectation
operator,

Eϕ[f ] := 〈ϕ, f〉.

For elements in ca(Y) we use, by default, greek letters, ϕ, ψ ∈ ca(Y). A special case
of a probability distribution is the Dirac-distribution on an element y ∈ Y denoted as
δ(y) ∈ ∆(Y), which gives Eδ(y)[f ] = f(y). For elements in C(Y), termed “gambles”, we use
latin letters f, g ∈ C(Y).

The setup we chose, i.e., the pairing of C(Y) and ca(Y) spaces, is not the most general
framework in which our statements hold. We conjecture that a more general pairing of
locally convex topological vector spaces would lead to the same results, given meaningful
definitions for properties of distributions exist. The reason for this is that the crucial Bipolar
Theorem P3 holds in those more general cases. However, since those general spaces might

9We denote the topology induced by the supremum norm as σ(∥ · ∥∞).
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include the often unfamiliar finitely additive probability measures we decided to simplify
statements by restricting ourselves to the C(Y) and ca(Y) pairing. On the other hand, we
need to work with abstract Banach spaces, since we do not want to restrict our statements
to hold for finite Y. This way our setup encompass regression tasks. If Y would be finite
the topologies of the Banach spaces would collapse to the Euclidean topology and the
convexity argument could be carried out in finite dimensional Euclidean spaces. This step
mainly simplifies the topological parts of the proofs, i.e., closure of sets, but not the duality
statements.

We have summarized the most important definitions used in this paper in Table 11.3. Not all
of the denoted concepts have already been introduced, but will be introduced subsequently.
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11.3 The Evaluation Protocol

The evaluation protocol is at the core of this study. We first give an intuitive introduc-
tion of it, which we formalize in Definition 11.2. The evaluation protocol is illustrated in
Figure 11.2. Then, we shortly discuss the definition of Forecaster, before we characterize
which evaluation metrics can be represented by the evaluation protocol. It turns out that
further restrictions need to be set on the gamblers to demarcate reasonable representable
evaluation metrics. This will lead us to the characterization of available gambles in the next
section.

The evaluation protocol is conducted in (potentially concurrent) rounds, indexed by the
round parameter T := {1, . . . , n}, n ∈ N. It mainly revolves around three entities: Na-
ture, Forecaster and a set of gamblers.10 Roughly summarized, the protocol does “as if”
Forecaster forecasts the next outcome of Nature, Gambler gambles against this forecast,
and lastly Nature reveals an outcome. The gamble is evaluated on the outcome. Finally,
the gambles’ values are aggregated to Gambler’s capital. Semantically, Forecaster’s goal
is to keep Gambler’s capital low, while Gambler’s job is to cast doubt on the forecast and
increase its own gain. We generally assume that positive outcome values of gambles are
“good” and negative are “bad”. Hence, we take on Gambler’s perspective.

Definition 11.2 (Evaluation Protocol). We call (Y,Γ, T, v,GI , y) evaluation protocol,
where

(a) Y is an outcome space.

(b) Γ: Q→ 2V is a property (Section 11.3.1) and some σ(ca(Y), C(Y))-closed, convex set
of distributions Q ⊆ ∆(Y) and V some set.

(c) T := {1, . . . , n}, n ∈ N is a set of instances.

(d) v : T → V is a forecaster.

(e) y : T → Y is a nature.

(f) GI := {Gi : i ∈ I} for some finite index set I, where Gi : T → C(Y).

For every t ∈ T ,

i) Forecaster forecasts property Γ, i.e., vt ∈ V.

ii) informed by the forecast, for every i ∈ I, the gambler Gi plays the gamble Git ∈ C(Y).
10We henceforth use a first capital letter when referring to a gambler, a forecaster or a nature, when using

the word as name.
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iii) Nature reveals an outcome yt ∈ Y.

The capital11 of the ith gambler is the average realized value of all played gambles, i.e., for
all i ∈ I,

K(Gi) :=
1

|T |
∑
t∈T

Git(yt).

Note that we explicitly make a distinction between generic gambles g ∈ C(Y), and gambles
played by the ith gambler Gi at instance t, which is denoted Git ∈ C(Y). When there is no
index i, then the gambler is denoted G, and its gamble at instance t, Gt.

11.3.1 Forecaster Forecasts a Property Value

What do we mean by “Forecaster forecasts property Γ”? We were motivated to use the
construction via Γ because there are plenty of types of forecasts in machine learning. Fore-
casts in machine learning include full distribution estimates over classes (class probability
estimation), means (regression), quantiles (quantile regression), and many more. All those
forecasts share that they are properties of a distribution on the outcome set.

Let Q always denote a σ(ca(Y), C(Y))-closed, convex set of distributions Q ⊆ ∆(Y) The
set Q is the domain of a property Γ: Q → 2V12 which is a map to some subset of all
possible property values V, e.g., the mean, the median, the mode. We follow the exposition
of Gneiting [2011, §2.2] allowing the property to map to sets of property values.13 The
property value set V is deliberately general, as it could be equal to the real line R, e.g.,
for means (cf. [Gneiting, 2011]), to a finite-dimensional vector space Rd (cf. [Frongillo and
Kash, 2015]), a discrete set {1, . . . , n} (cf. [Lambert, 2019]) or the set of all distributions
∆(Y) (cf. [Gneiting and Raftery, 2007, Williamson and Cranko, 2023]).

We say that a forecaster forecasts a property Γ or is aligned to property Γ, if the forecast vt ∈
V provides an estimate of the property Γ for every t ∈ T [Gneiting, 2011].14 What matters
to us is that a forecasted property value corresponds to a set of probability distributions
which possess the announced property value. This is formalized using the pre-image of a
property value.

11For the sake of readability, we do not make explicit the dependencies of the exact type of the capital
K(Gi), which clearly depends on more than only the gambler.

12We denote the power set of a set A as 2A.
13Thereby, we allow for an elicitable property with non-strict consistent scoring functions (cf. Defini-

tion 11.7). For example, both possible elements in {0, 1} are the median of a uniform Bernoulli distribution
on this set.

14Within the assumption that the forecaster exactly provides its own estimate of the property, we hide
the fact that the forecaster can freely choose the predicted value among the set of possible property values.
In principle, the forecaster could be bound to a certain hypothesis class which disallows certain predictions.
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Definition 11.3 (Level Set of Property). Let γ ∈ V. The level set of a property Γ: Q→ 2V

is defined as

Γ−1(γ) := Γ−1({γ}) = {ϕ ∈ Q : γ ∈ Γ(ϕ)}.

We assume level sets to be non-empty in the following, i.e., Γ(Q) = V.

Hence, for every forecast γ ∈ V there is a corresponding, implicit, set of probability distribu-
tions Γ−1(γ) ⊆ ∆(Y). We call such a set forecasting set. By the generality of the definition
of a property, every non-empty set P ⊆ ∆(Y) is a forecasting set for some property Γ. If
the property Γ is not of interest, we neglect to mention the property and directly refer to
the forecasting set P.

Concluding, a forecaster forecasts a property Γ if the forecasts provide an estimate of the
property Γ. This estimate is in the set V. Equivalently, one can understand a forecaster as
forecasting a set of probability distributions in ∆(Y) which share a property value. This
abstraction step from a single probability distribution to a set of probability distributions
will be shown to be necessary to fully capture the variety of evaluation metrics and linking
calibration and regret.

11.3.2 The Protocol is Based on a Game-Theoretic Probability Protocol

Our evaluation protocol is closely related to Protocol 6.11 and 6.12 in [Shafer and Vovk,
2019]. However, in contrast to theirs:

Modifications Their forecasts are closed, convex sets of probability distributions. Our
forecasts are aligned to properties. They aggregate the capital via addition. We
aggregate the capital via average15. Furthermore, Shafer and Vovk [2019] leave the
gambler with a restricted set of options (called “offer”). So far, we did not incorporate
this constraint. However, we will introduce this additional constraint in Section 11.3.4.

Extensions They consider a single gambler, while we treat several gamblers at once.
Where we make no assumptions on the exchange of information between Forecaster,
the gamblers and Nature, they assume that the involved agents have access to the
past moves of all agents.

Purpose We are focusing on different conditions put on a gambler G in order to recover and
understand existing evaluation metrics. They aim for a recovery of measure-theoretic
probability statements via game-theoretic tools.

15Actually, this was mainly a choice of convenience as it makes some of the recovery results (Section 11.5.1)
more streamlined.
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11.3.3 More Than Single-Instance-Based Evaluation Metrics can be Repre-
sented by the Protocol

Having introduced the evaluation protocol, a first simple question is which evaluation met-
rics are representable via the evaluation protocol?

We understand a general evaluation metric as a map, for some finite T := {1, . . . , n}, from
outcomes and corresponding forecasts to some real number, YT × VT → R. We call an
evaluation metric representable in an evaluation protocol if there exists (Y,Γ, T, v,GI , y)
following Definition 11.2, such that some aggregation A : R|I| → R of the capitals of the
gamblers is equal to the evaluation metric. In other words, the representable evaluation
metric is “as if” there were gamblers who aggregate their capital.16 The set of representable
evaluation metrics is readily characterized. Essentially, the argument is the (un)currying of
the the gamblers’ functions.

Proposition 11.4 (Characterization of Representability). Let T := {1, . . . , n}, Y be an
outcome set and V a set of property values. An evaluation metric m : YT × VT → R
is representable in an evaluation protocol, if and only if, there exists a set of functions
f it : Y×V → R indexed by t ∈ T and i ∈ I for some finite I and an aggregation A : R|I| → R,
such that for all y ∈ YT and v ∈ VT ,

m((yt)t∈T , (vt)t∈T ) = A

( 1

|T |
∑
t∈T

f it (yt, vt)

)
i∈I

 .
The proof is deferred to Appendix 11.8.1. In particular, every single-instance-based evalua-
tion metric is representable (Appendix 11.8.1, Proposition 11.50). A single-instance-based
evaluation metric (cf. [Sandroni, 2003, Fortnow and Vohra, 2009]) is a metric which is an
aggregation of comparisons between forecast and outcome for each instance.

Despite the generality of evaluation metrics which are representable by the protocol, there
exist evaluation metrics which do not fit into this form. In [Sandroni, 2003] the authors
consider general evaluation metrics, what they call “tests”, which have access to all fore-
casts and outcomes at once and can compare and analyze predictions and outcomes across
rounds. Furthermore, the gamblers only gamble against the actual forecasts for the out-
comes and do not have the power to ask for forecasts for unrealized outcomes.17 In oracle-
access outcome indistinguishability (respectively code-access outcome indistinguishability)
the “distinguisher”, which are (computationally implementable) test functions, have access

16We do not delve deeper in the discussion for reasonable aggregation functionals, see [Fröhlich and
Williamson, 2024, Höltgen and Williamson, 2023, Cabrera Pacheco et al., 2024] for the discussion of aggre-
gations for evaluation metrics.

17In this regard, the forecast evaluation is prequential [Dawid and Vovk, 1999], respectively has no oracle-
access [Dwork et al., 2021].
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to predictions made for unobserved instances (respectively access to the description of the
circuit which produced the predictions) [Dwork et al., 2021]. The evaluation protocol is a
powerful, but not all-encompassing framework for evaluation metrics.

11.3.4 Fairness of the Gambler is a Minimal Criterion for Reasonable Eval-
uation Metrics

It is easy to see that the capital K, and hence the aggregated capitals, is an essentially
meaningless quantity so far. For instance, a gambler can simply provide a constant posi-
tive function as gamble, which does not provide any information about the quality of the
forecasts on the respective outcomes. For this reason, let us introduce a first, elementary,
minimal criterion to which the gamblers have to adhere.

We define a fair gambler as one which only plays gambles available to it. Intuitively, a
gamble is available if and only if the forecaster (literally) expects the gamble to incur a loss
to the gambler for all probabilities in the forecasting set. In other words, Forecaster allows
Gambler to play all gambles which Forecaster assumes to be not desirable.18 We borrow
the concept of availability from [Shafer and Vovk, 2019, Protocol 6.11 / 6.12].

Definition 11.5 (Fair Gambler, Availability, Set of Available Gambles). In an evaluation
protocol (Y,Γ, T, v,GI , y), the ith (i ∈ I) gambler Gi is fair, if and only if, for all t ∈ T ,
Git is available, i.e.,

sup
ϕ∈Γ−1(vt)

Eϕ[Git] ≤ 0.

For the set of available gambles at time t ∈ T we write,

GΓ−1(vt) :=

{
g ∈ C(Y) : sup

ϕ∈Γ−1(vt)

Eϕ[g] ≤ 0

}

A gambler which violates the availability criterion has an unfair advantage in increasing
its capital against Forecaster. Hence, if we interpret the gambler’s capital as an evaluation
metric, this metric would not serve the purpose to guarantee “good” forecasts, since the
resulting capital would most likely not relate to a quality of the forecasts.

The availability criterion is a necessary, but not sufficient meta-criterion for reasonable
forecast evaluators in our protocol. Assuming that the forecaster is “clairvoyant”, i.e., it
does know the next outcome of Nature, we would expect any reasonable evaluation metric to

18Availability is negative “desirability”[Shafer and Vovk, 2019, p. 131], a concept used in the literature
on imprecise probability [Walley, 2000]. Desirable gambles are all gambles for which the forecaster assumes
that playing those will not lead to a loss, i.e., choosing a desirable gamble and evaluating this gamble at an
outcome of Nature will lead to a “benign” outcome.
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state that the forecasts are perfect. The following proposition shows that this is equivalent
to fairness of the gambler.

Proposition 11.6 (Sanity Check). Let (Y,Γ, T, v,GI , y) be an evaluation protocol. Let v
be “clairvoyant”, i.e., vt := Γ(δ(yt))

19. The capital of any gambler Gi with i ∈ I is lower
or equal to zero, i.e., K(Gi) ≤ 0, if and only if, the gambler is fair.

Proof. Fix any gambler Gi for some i ∈ I. We first show that the capital of the gambler is
upper bounded, if the gambler only plays available gambles. The set of gambles available
to the gambler is strongly restricted: for any Git ∈ GΓ−1(vt) it holds, Eδ(yt)[Git] ≤ 0, which is
equivalent to Git(yt) ≤ 0. Hence,

K(Gi) =
1

|T |
∑
t∈T

Git(yt) ≤ 0.

We show the reverse direction by contraposition. Assume that the capital of the ith gambler
is larger than zero. Then there exists a gamble Git, such that Git(yt) > 0. However, this
implies that Eδ(yt)[Git] > 0, from which follows that Git /∈ GΓ−1(vt).

Fairness of the gambler can thus be interpreted as Type-I error freeness. The null hypothesis,
i.e., the forecast, cannot be rejected via available gambles, if the null hypothesis is true. In
fact, this interpretation is well-founded, as availability is tightly related to game-theoretic
hypothesis testing (Section 11.6.1).

However, a fair gambler does not necessarily guarantee the quality of forecasts either. A
forecast can still be uninformative, even though several fair gamblers didn’t obtain a large
capital. For instance, the forecaster who predicts a property whose level set comprises of
all distributions on Y, i.e., a vacuous forecast, will enforce any fair gambler to play non-
positive gambles (Lemma 11.53). Hence, the gambler’s capital stays non-positive K ≤ 0.
However, the forecasts might not necessarily be “good”, in terms of describing the outcomes
by Nature appropriately.

The difficulty of evaluating arbitrary set-valued probabilistic forecasts is a known issue and
part of a longer debate on scoring rules for imprecise probabilities (cf. Appendix 11.8.4). In
conclusion, availability is necessary, but not sufficient to guarantee “good” forecasts. It is a
meta-criterion for reasonable evaluation metrics representable by our evaluation protocol.

19We assume that δ(yt) ∈ Q for all t ∈ T to guarantee that the forecaster is well-defined.
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11.4 Characterization of Available Gambles

The evaluation protocol is a general tool to describe evaluation metrics (Section 11.3.3)
based on protocols from game-theoretic probability (Section 11.3.2). The fairness crite-
rion on gambler is a minimal sanity check, that every reasonable evaluation metric should
fulfill (Section 11.3.4). However, it remains unclear whether existing evaluation metrics
are representable and fulfill the fairness criterion? Towards answering this question, we
will first respond to: What is the potential of fair gamblers to disprove Γ-aligned
forecasters? Which gambles can be played?

In other words, we ask for a characterization of the set of available gambles. For general Γ
this question can only be answered to a limited extent. Essentially, it is possible to argue
that the set of available gambles is equal for some level set of Γ and the closed, convex hull
of the very same level set (Section 11.4.6). For a more exhaustive description we have to
restrict ourselves to certain properties Γ which fulfill additional constraints.

As we will argue, elicitable (respectively identifiable) Γ do not only allow for clean charac-
terizations of the corresponding sets of available gambles, but as well form the two pillars on
which regret-type (respectively calibration-type) evaluation metrics are based. The state-
ments and relationships are summarized in Figure 11.1.

For instance, we will show that (unscaled) regret gambles such as,

{y 7→ (y − γ)2 − (y − c)2 : c ∈ V}, (11.2)

are available, if the property Γ, which is forecasted, is elicited by the loss function ℓ : y 7→
(y − c)2 (cf. Section 10.1). We are interested in regret gambles as they mimic the structure
of regret-type evaluation metrics such as external or swap regret (Section 11.5.2). And
as it turns out, what elicitability is for regret-type evaluation metrics, identifiability is for
calibration-type evaluation metrics [Noarov and Roth, 2023]. Let us formally introduce
those concepts.

11.4.1 Elicitable and Identifiable Properties

We have argued that machine learning systems generally forecast properties (denoted Γ),
i.e., mappings from a set of distributions to subsets of property values. We have given
examples, such as the mean, the median, or a full class probability estimate. Those specific
properties are furthermore elicitable (respectively identifiable). Elicitability guarantees that
the property is the solution of an expected loss minimization problem [Osband, 1985]. A
property which is identifiable can be characterized by a so-called identification function
[Osband, 1985, Gneiting, 2011].
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Definition 11.7 (Elicitability and Consistent Scoring Function). Let Γ: Q → 2V be a
property. A function ℓ : Y × V → R is called a consistent scoring function for Γ if, for all
γ ∈ V, ℓγ : y 7→ ℓ(y, γ) ∈ C(Y), and

Eϕ[ℓγ ] ≤ Eϕ[ℓc]

for all ϕ ∈ Q, γ ∈ Γ(ϕ), c ∈ V. We can equivalently write

Γ(ϕ) ⊆ arg min
c∈V

Eϕ[ℓc].

A property which has a consistent scoring function is called elicitable.

Definition 11.8 (Identifiability and Identification Function). Let Γ: Q→ 2V be a property.
A function ν : Y × V → R is called an identification function of Γ if, for all γ ∈ V,
νγ : y 7→ ν(y, γ) ∈ C(Y), and

Eϕ[νγ ] = 0 ⇔ γ ∈ Γ(ϕ),

for all ϕ ∈ Q. A property which has an identification function is called identifiable.

The prototypical example of an elicitable and identifiable property is the mean. A corre-
sponding scoring function is ℓ(y, γ) = (y−γ)2. An identification function is ν(y, γ) = y−γ.
Another standard example is the τ -pinball loss which elicits the τ -quantile [Gneiting, 2011].
Furthermore, proper scoring rules [Williamson and Cranko, 2023] are consistent scoring
functions. They elicit the entire distribution [Savage, 1971]. The corresponding property is
the identity function, i.e., Γid : Q→ 2Q, ϕ 7→ {ϕ}.

When V = R, elicitable properties are, neglecting technicalities, identifiable and vice-versa
[Lambert et al., 2008, Steinwart et al., 2014]. This is not necessarily true for more general
V ⊆ Rd [Fissler and Ziegel, 2016]. It is a matter of simple computations to show that
elicitable properties and identifiable properties have convex level sets. This result goes back
at least to [Osband, 1985].20 Furthermore, the corresponding level sets are closed. Hence,
if the forecaster provides a property value v ∈ V for an elicitable or identifiable property Γ,
then implicitly this corresponds to a closed, convex forecasting set Γ−1(v) ⊆ ∆(Y).21

Proposition 11.9 (Convex and Closed Level Sets). For all γ ∈ V the level set Γ−1(γ) ⊆
∆(Y) of an elicitable or identifiable property Γ is credal, i.e., convex and σ(ca(Y), C(Y))-
closed.

The proof of the statement is deferred to Appendix 11.8.2. The statement has been shown
20For finite Y and finite V level sets are not only convex but are the result of a Voronoi-partition intersected

with the simplex [Lambert, 2019].
21We call such sets credal sets (Definition 11.20) for reasons explained in Section 11.4.6.
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under a variety of differing technical setups. We provide a proof as we have not found any
such statement for the dual pairing between ca(Y) and C(Y). The proof idea is not novel.
The details are our contribution.

11.4.2 Warm-Up: Regret Gambles and Calibration Gambles are Available

Elicitable properties are minimizers of loss functions. Identifiable properties are identified
by a zero-condition. What do those characteristics of properties have to do with regret and
calibration?

In the following warm-up, we shortly argue that (unscaled) regret gambles, for some γ ∈ V ,

Lγ := {ℓγ − ℓc : c ∈ V} (11.3)

and calibration gambles, for some γ ∈ V ,

Vγ := {ανγ : α ∈ R}, (11.4)

are available if the forecasted property Γ is elicitable (respectively identifiable). Those
structured gambles, i.e., unscaled regret gambles and calibration gambles, are the atoms
of regret-type and calibration-type notions, as we will argue exhaustively in Section 11.5.
However, we will need a more detailed understanding of all available gambles before we can
fully recover used evaluation metrics.

Proposition 11.10 ((Unscaled) Regret Gambles are Available). Let Γ: Q → 2V be an
elicitable property with consistent scoring function ℓ : Y × V → R. For every γ ∈ V such
that Γ−1(γ) 6= ∅,

Lγ ⊆ GΓ−1(γ).

Proof. The statement is a direct consequence of the consistency of the scoring function ℓ.
For every g ∈ Lγ , g = ℓγ − ℓc for some c ∈ V , and so,

sup
ϕ∈Γ−1(γ)

Eϕ[g] = sup
ϕ∈Γ−1(γ)

Eϕ[ℓγ − ℓc] = sup
ϕ∈Γ−1(γ)

Eϕ[ℓγ ]− Eϕ[ℓc] ≤ 0,

as Eϕ[ℓγ ] ≤ Eϕ[ℓc] for all ϕ ∈ Γ−1(γ), see Definition 11.7.

Proposition 11.11 (Calibration Gambles are Available). Let Γ: Q→ 2V be an identifiable
property with identification function ν : Y ×V → R. For every γ ∈ V such that Γ−1(γ) 6= ∅,

Vγ ⊆ GΓ−1(γ).
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Proof. The statement is a consequence of the properties of the identification function ν.
For every g ∈ Vγ , g = ανγ for some α ∈ R, and so,

sup
ϕ∈Γ−1(γ)

Eϕ[g] = sup
ϕ∈Γ−1(γ)

Eϕ[ανγ ] = sup
ϕ∈Γ−1(γ)

αEϕ[νγ ] = 0,

as Eϕ[νγ ] = 0 for all ϕ ∈ Γ−1(γ), see Definition 11.8.

Hence, unscaled regret gambles and calibration gambles are in the arsenal of a fair gam-
bler to discredit a forecaster aligned to an elicitable (respectively identifiable) property.
Nevertheless, the boundaries of availability offer more freedom than the suggested gambles
above. In fact, for forecasts corresponding to elicitable (respectively identifiable) properties
we can characterize the full set of available gambles. This way we argue that in principle
the gamblers can leverage regret-gambles or calibration-gambles equivalently, i.e., with the
same ability to test forecasts, when the regret-gambles are allowed to be scaled.

11.4.3 Characterizing Available Gambles of Forecasts of Elicitable Prop-
erties

If the property Γ is elicitable, then, so we argue, scaled regret gambles,

Sγ := {β(ℓγ − ℓc) : β ∈ R≥0, c ∈ V}, (11.5)

dominate, up to approximation, all available gambles.

In order to provide a full characterization of available gambles for forecasts aligned to
elicitable properties we have to introduce the concept of a superprediction set. This con-
cept originates from the literature on proper scoring rules [Kalnishkan and Vyugin, 2002,
Kalnishkan et al., 2004, Dawid, 2007].

Definition 11.12 (Superprediction Set). Let ℓ : Y ×V → R be a scoring function. We call

spr(ℓ) := {g ∈ C(Y) : ∃c ∈ V , ℓc ≤ g},

the superprediction set of ℓ.

The superprediction set consists of all gambles which incur no less loss than for some c ∈ V .
Positive values have to be interpreted as “bad” here. Superprediction sets largely describe
the behavior of loss functions [Williamson and Cranko, 2023].

For our characterization we require convexity of the superprediction set. Convexity of
the superprediction set is not a strong assumption for consistent scoring functions. For
instance, every consistent scoring function induces a proper scoring rule, e.g., [Gneiting,
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2011, Theorem 3], which, in finite dimensions, has a surrogate proper scoring rule with a
convex superprediction set with same conditional Bayes risk [Williamson and Cranko, 2023,
Section 3.4]. The proper scoring rule and its surrogate are equivalent almost everywhere
[Williamson et al., 2016, Proposition 8]. On the other hand, it is possible to directly
convexify the superprediction set by taking the convex closure of V and extending the scope
of ℓ (cf. “randomized acts” in Section 3.2 in [Grünwald and Dawid, 2004]).

With this tool at hand we can provide a full characterization of the set of available gambles
in the case that the property Γ is elicitable. The proof is provided in Section 11.4.7. It
requires the introduction of more concepts from the literature on imprecise probabilities
(Section 11.4.6).

Theorem 11.13 (Available Gambles of Elicitable Property-Forecasts). Let Γ: Q → 2V be
an elicitable property with scoring function ℓ : Y×V → R which has a convex superprediction
set. For a fixed γ ∈ V such that Γ−1(γ) 6= ∅, we define

Hℓγ := cl{g ∈ C(Y) : g ≤ β(ℓγ − ℓc) for some β ∈ R≥0, c ∈ V}. (11.6)

Then,
Hℓγ = GΓ−1(γ).

Hence, the set of available gambles can be, up to approximation in σ(C(Y), ca(Y))-topology,
expressed as all gambles which are upper bounded by some scaled regret gambles (Equa-
tion (11.5)). It turns out that the closure is crucial here. Even in the finite dimensional
case in a simple example, it is easy to show that {g ∈ C(Y) : g ≤ α(ℓγ − ℓc) for some α ∈
R≥0, c ∈ V} is not closed.

Example 11.14. Let us Y := {0, 1} and Γ be the mean with consistent scoring function
ℓ(y, γ) := (y − γ)2. In this simple setup, the mean identifies the distribution. For simplifi-
cation we assume that Forecaster states v = 0.4, i.e., the forecasting set is the singleton set
with the distribution (0.6, 0.4) ∈ ∆(Y).

First, we observe that in our simplified setup C(Y) ≡ R2, ca(Y) ≡ R2, ≤ is the coordinate-
wise order and the considered topology is the Euclidean topology. For a detailed discussion
of those simplifications see the proof of Corollary 11.16. We further leverage an analogous
representation of the set

{g ∈ C(Y) : g ≤ α(ℓγ − ℓc) for some α ∈ R≥0, c ∈ V} = Sγ + C(Y)≤0,

where C(Y)≤0 := {g ∈ R2 : g ≤ 0} is the negative orthant. We show that Sγ is open and
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argue that this implies Sγ + C(Y)≤0 is open. Some calculations give

S0.4 =
{
α(0.16− c2, 0.16− (1− c)2) : c ∈ [0, 1], α ∈ R≥0

}
.

Furthermore, solving for c ∈ [0, 1] and α ∈ R one notices (−0.4, 0.6) /∈ S0.4. It would require
c = 0.4 with α = ∞. However, for every ϵ > 0, we can give a point ℓϵ ∈ S0.4 such that
‖(−0.4, 0.6)− ℓϵ‖2 ≤ 1√

2
ϵ. For instance, such a point is given by,

ℓϵ := βϵ(0.16− c2ϵ , 0.36− (1− cϵ)
2) (11.7)

for cϵ := 0.4 + ϵ and βϵ :=
1
2ϵ . Concluding, the set S0.4 is arbitrarily close to (−0.4, 0.6)

but (−0.4, 0.6) is not included. The Minkowski-sum with C(Y)≤0 does not change this fact,
since it only adds points which are smaller. However, the points we gave are approximating
(−0.4, 0.6) from below. See Figure 11.3 for an illustration.

Identifiable properties are closely related to elicitable properties [Steinwart et al., 2014].
Hence, we pursue the natural follow-up question of the previous section: what is the set of
available gambles in the case the forecasts are aligned to an identifiable property?

11.4.4 Characterizing Available Gambles of Forecasts of Identifiable Prop-
erties

We show that if Γ is an identifiable property with identification function ν : Y ×V → R, the
set of available gambles for the property-induced forecasting set is defined by all gambles
g ≤ ανγ for some α ∈ R, where γ ∈ V is the forecasted property, or it can be approximated
by such g. In other words, every available gamble is (approximately) dominated by a
calibration gamble.

Again, the proof is deferred to later (Section 11.4.8). The characterization follows analogous
steps in comparison to the proof of Theorem 11.13.

Theorem 11.15 (Available Gambles of Identifiable Property-Forecasts). Let Γ: Q → 2V

be an identifiable property with identification function ν : Y × V → R. For a fixed γ ∈ V,
we define22

Hνγ := cl{g ∈ C(Y) : g ≤ ανγ for some α ∈ R}. (11.8)

Then,
Hνγ = GΓ−1(γ).

Unlike the characterization in Theorem 11.13, the closure of the set of gambles upper
22Closure is taken with respect to σ(C(Y), ca(Y))-topology.
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bounded by calibration gambles can be neglected in finite dimensions. We can show that
Hνγ is closed, if |Y| <∞.

Corollary 11.16 (Theorem 11.15 in Finite Dimensions). Let Y be finite. Let Γ: Q → 2V

be an identifiable property with identification function ν : Y × V → R. For a fixed γ ∈ V,

Hνγ = {g ∈ C(Y) : g ≤ ανγ for some α ∈ R} = GΓ−1(γ).

11.4.5 Proving the Characterizations

Let us now turn to proving the stated theorems. In the next three subsections, we first show
that for a general forecasting set P ⊆ ∆(Y) (Section 11.3.1) the set of available gambles
forms a structured convex cone called an offer. We then demonstrate that if the forecasting
set is convex and closed, then the offer is in one-to-one correspondence with the forecasting
set, i.e., the forecasting set characterizes the offer, and the offer characterizes the forecasting
set. Finally, we leverage the obtained results to characterize the set of available gambles for
elicitable and identifiable properties.

The proof ideas for the statements in Section 11.4.6 are not new (e.g., [Föllmer and Schied,
2011, Benavoli et al., 2017]). However, we are not aware of any work which has proved
Theorem 11.18 and Theorem 11.22 for the C(Y)-ca(Y)-duality.

11.4.6 The Set of Available Gambles is a Structured Convex Cone Called
Offer

Every set of available gambles possess a specific structure lent from convex analysis. They
form what we call an offer. We borrow this term from [Shafer and Vovk, 2019, § 6.4] who
use it for an analogous structure to which we compare below.

Definition 11.17 (Offer). We call a set G ⊆ C(Y) an offer if all of the following conditions
are fulfilled:

O1. If g, f ∈ G, then g + f ∈ G. (Additivity)

O2. If f ∈ G and α ≥ 0, then αf ∈ G. (Positive Homogeneity)

O3. If g ∈ G, then inf g ≤ 0. (Prohibiting Sure Gains)

O4. Let g ∈ C(Y), if sup g ≤ 0, then g ∈ G. (Default Availability)

O5. The set G is closed with respect to the σ(C(Y), ca(Y)) topology. (Closure)
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Closure, additivity and positive homogeneity demand that an offer G is a closed, convex
cone containing the zero element in C(Y). Default availability then implies that all non-
positive gambles are available. “Prohibiting Sure Gains” ensures that Gambler does not
safely increase its capital via a gamble.23

Definition 11.17 is closely related to the definition of offer [Shafer and Vovk, 2019, § 6.4].
First, our definition works for gambles in C(Y)-spaces, while Shafer and Vovk [2019] consider
more generally functions from Y to the extended real line.24 Their axiom G1 is equivalent
our O1. Their axiom G2 is equivalent to our O2. Their axiom G4 is equivalent to our
O3. Their axiom G3 together with G2 implies our O4. Our O4 together with O1 implies
their axiom G3. Finally, their axiom G0 and G5 are closure conditions analogous to our
O5 adapted to the respective function spaces. As detailed in [Shafer and Vovk, 2019, § 6.7]
offers are the sign-flipped counterparts of sets of desirable gambles [Walley, 1991].

Theorem 11.18 (Available Gambles Form an Offer). Let P ⊆ ∆(Y) be a forecasting set.
The set,

GP :=

{
g ∈ C(Y) : sup

ϕ∈P
Eϕ[g] ≤ 0

}
⊆ C(Y),

is an offer.

In order to provide the proof, we introduce so-called upper expectations which are closely
related to forecasting sets.

Definition 11.19 (Upper Expectation). A functional E : C(Y) → (−∞,∞] for which the
following axioms hold is called an upper expectation.

UE1. If f1, f2 ∈ C(Y), then E[f1 + f2] ≤ E[f1] + E[f2]. (Subadditivity)

UE2. If f ∈ C(Y) and c ∈ [0,∞), then E[cf ] ≤ cE[f ]. (Positive Homogeneity)

UE3. If f1, f2 ∈ C(Y) such that f1 ≤ f2, then E[f1] ≤ E[f2]. (Monotonicity)

UE4. If c ∈ R, then E[c] = c. (Translation Equivariance)

UE5. For every α ∈ R the set {f ∈ C(Y) : E[f ] ≤ α} is σ(C(Y), ca(Y))-closed. (Lower
Semicontinuity)

23There are subtle differences between our notion of “Prohibiting Sure Gains” and the related notion
of “avoiding sure loss” in imprecise probability, e.g., [Walley, 1991, Section 3.7.3]. Mainly, our definition
contains a sign flip.

24The reason why we restrict ourselves to a smaller function space of gambles is that otherwise the
representability of upper expectations (Definition 11.19) as support functions over closed, convex sets of
probability distributions requires more technical tools which are beyond the scope of this paper, cf. [Delbaen,
2002, Section 5].
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We first show that EP [g] := supϕ∈P Eϕ[g] for any P ⊆ ∆(Y) is an upper expectation. Then,
the set of all gambles with non-positive upper expectation form an offer.

Proof. Let EP [g] := supϕ∈P Eϕ[g]. We observe that [Aliprantis and Border, 2006, p. 251]

EP [g] := sup
ϕ∈P

Eϕ[g] = sup
ϕ∈coP

Eϕ[g],

where co denotes the σ(ca(Y), C(Y))-closure of the convex hull of P.

Hence, we can apply the fundamental representation result for support functions and closed
convex sets [Aliprantis and Border, 2006, Theorem 7.51]. It guarantees that EP satisfies
axioms UE1,UE2 and UE5. Since, P ⊆ ∆(Y) it follows coP ⊆ ∆(Y) because ∆(Y) is
σ(ca(Y), C(Y))-closed [Aliprantis and Border, 2006, Theorem 15.11] and convex. Transla-
tion equivariance UE4 follows because, for all c ∈ R≥0,

sup
ϕ∈P

Eϕ[c]
UE2
= c sup

ϕ∈P
Eϕ[1] = c,

because P ⊆ ∆(Y), respectively, for all c ∈ R<0,

sup
ϕ∈P

Eϕ[c]
UE2
= c inf

ϕ∈P
Eϕ[1] = c,

because P ⊆ ∆(Y). Monotonicity UE3 follows because P ⊆ ca(Y)≥0.

It remains to show that the set of gambles for which the upper expectation is non-positive
form an offer. Let GP :=

{
g ∈ C(Y) : EP [g] ≤ 0

}
. We step-by-step prove all axioms that

GP has to fulfill to be an offer. Axiom O1 follows from axiom UE1. Axiom O2 follows from
axiom UE2. Axiom O3 is given, because if inf g > 0, then E[g] ≥ E[inf g] > 0 by axiom UE3
and axiom UE4, from which follows that g /∈ {g ∈ C(Y) : E[g] ≤ 0}. Axiom O4 follows
from axiom UE3 and axiom UE4. Let g ∈ C(Y) with sup g ≤ 0. Then E[g] ≤ E[sup g] ≤ 0

implies g ∈ GE. Axiom O5 directly follows from axiom UE5.

The set of all available gambles is an offer. This reformulation, in fact, is not a one-way
street. Given an arbitrary offer we can provide a forecasting set whose set of available
gambles is exactly the offer (Theorem 11.22). This forecasting set is convex and closed. We
call such forecasting sets credal.

Definition 11.20 (Credal Set). We call a non-empty set P ⊆ ∆(Y) a credal set if all of
the following conditions are fulfilled

CS1. Let p1, . . . , pn ∈ P and α1, . . . , αn ∈ R≥0 such
∑n

i=1 αi = 1, then
∑n

i=1 αipi ∈ P.
(Convexity)
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CS2. The set P is closed with respect to the σ(ca(Y), C(Y))-topology. (Closure)

The term “credal set” is borrowed from the literature on imprecise probability [Augustin
et al., 2014]. We emphasize that a credal set is not necessarily linked to any kind of a belief
of Forecaster. We use the term here to describe a forecasting set with a particular structure.
Note that coP is a credal set for every forecasting set P ⊆ ∆(Y).

To formally state Theorem 11.22 we introduce polar sets.

Definition 11.21 (Polar Set). We define the polar set for non-empty W ⊆ C(Y) and
non-empty V ⊆ ca(Y) as

W ◦ := {ϕ ∈ ca(Y) : 〈ϕ, g〉 ≤ 1, ∀g ∈W},

respectively

V ◦ := {g ∈ C(Y) : 〈ϕ, g〉 ≤ 1, ∀ϕ ∈ V }.

Finally, we are able to spell out a one-to-one correspondence between credal sets and offers.

Theorem 11.22 (Representation: Credal Sets – Offers). Let G ⊆ C(Y) be an offer. The
set

PG := G◦ ∩∆(Y) ⊆ ca(Y)

is a credal set, such that

G =

{
g ∈ C(Y) : sup

ϕ∈PG

Eϕ[g] ≤ 0

}
= (R≥0PG)

◦.

Conversely, let P ⊆ ∆(Y) be a credal set. The set

GP := (R≥0P)◦ ⊆ C(Y)

is an offer, such that

P := G◦
P ∩∆(Y).

Thus, every offer G is in one-to-one correspondence to a credal set P.

In order to show Theorem 11.22, we use several helpful properties of polar sets.

Proposition 11.23 (Properties of Polar Set). For non-empty W1,W2 ⊆ C(Y) we have:
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P1. If W1 ⊆W2, then W ◦
2 ⊆W ◦

1 .

P2. The set W ◦
1 is non-empty, convex, σ(ca(Y), C(Y))-closed and contains the zero ele-

ment.

P3. If W1 is non-empty, convex, σ(C(Y), ca(Y))-closed and contains the zero element,
then W1 = (W ◦

1 )
◦.

P4. If W1 is a convex cone, then W ◦
1 = {ϕ ∈ ca(Y) : 〈ϕ, g〉 ≤ 0, ∀g ∈ W1}, which is a

convex cone.

P5. (C(Y)≤0)
◦ = ca(Y)≥0.

Analogous results hold for V1, V2 ⊆ ca(Y).

Proof. Statement P1 and P2 follow from Lemma 5.102 in [Aliprantis and Border, 2006].
Statement P3 is the famous Bipolar Theorem [Aliprantis and Border, 2006, Theorem 5.103].
The Statement P4 can be found on p. 215 in the same book. It remains to show State-
ment P5.

Since C(Y)≤0 is a convex cone, we leverage Property P4 to get:

(C(Y)≤0)
◦ = {ϕ ∈ ca(Y) : 〈ϕ, g〉 ≤ 0, ∀g ∈ C(Y)≤0}.

We can easily see that for every ϕ ∈ ca(Y)≥0, 〈ϕ, g〉 ≤ 0 for all g ∈ C(Y)≤0. For the reverse
direction, consider any ϕ ∈ ca(Y) such that ϕ is negative on a measurable set A. We show
that such ϕ /∈ (C(Y)≤0)

◦. Let g(y) := −Jy ∈ AK25. Obviously, g ∈ C(Y)≤0. Furthermore,

〈ϕ, g〉 =
∫
Y
gdϕ =

∫
A
gdϕ+

∫
Y\A

gdϕ = −
∫
A
dϕ > 0.

It follows that ϕ /∈ (C(Y)≤0)
◦. Hence, (C(Y)≤0)

◦ ⊆ ca(Y)≥0.

Furthermore, we guarantee that the polar of an offer is non-trivial.

Lemma 11.24 (Polar of Offer is Non-Trivial). Let G ⊆ C(Y) be an offer. Then, G◦ 6= {0}.

Proof. If G◦ = {0}, then G = G◦◦ = {0}◦ = C(Y) (Proposition 11.23). But this offer G is
not legitimate, since it violates Axiom O3.

The proof of Theorem 11.22 is given in five steps. First, we show that PG is a credal set
by going through the axioms. Then, we argue that G =

{
g ∈ C(Y) : supϕ∈PG Eϕ[g] ≤ 0

}
=

25We denote the Iverson-bracket as J·K, i.e. JSK = 1, if S is true, 0 otherwise.
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(R≥0PG)
◦. Thirdly, GP is shown to be an offer. After that, we prove P := G◦

P ∩ ∆(Y).
Finally, we argue that the mapping between offers and credal sets is bijective.

Proof. of Theorem 11.22

1. Let G ⊆ C(Y) be an offer. We show that G◦ ∩ ∆(Y) ⊆ ca(Y) is a credal set. First,
C(Y)≤0 ⊆ G (Condition O4). Thus, G◦ ⊆ ca(Y)≥0 by Proposition 11.23, State-
ment P1 and Statement P5. Furthermore, G◦ is σ(ca(Y), C(Y))-closed and convex
(Proposition 11.23, Statement P2). In particular, G◦ contains at least one element
ϕ ∈ ca(Y)≥0, such that ‖ϕ‖q = 1. We can easily see this fact, because if ϕ ∈ G◦

is not equal to zero, then ϕ′ := ϕ
∥ϕ∥q ∈ G◦ (Proposition 11.23, Statement P4) and

‖ϕ′‖q = 1. Importantly, such a non-zero ϕ ∈ G◦ exists (Lemma 11.24). From all
these considerations it follows that the intersection G◦ ∩∆(Y) is non-empty. Further-
more, it is σ(ca(Y), C(Y))-closed and convex, because both G◦ and ∆(Y) fulfill those
intersection-stable properties.

2. We have,{
g ∈ C(Y) : sup

ϕ∈PG

Eϕ[g] ≤ 0

}
= {g ∈ C(Y) : 〈ϕ, g〉 ≤ 0, ∀ϕ ∈ PG}

= {g ∈ C(Y) : 〈rϕ, g〉 ≤ 0, ∀ϕ ∈ PG , ∀r ∈ R≥0}

= {g ∈ C(Y) : 〈t, g〉 ≤ 0, ∀t ∈ R≥0PG}
P4
= (R≥0PG)

◦

= (R≥0(G◦ ∩∆(Y)))◦

= ({rϕ : r ∈ R≥0, ϕ ∈ G◦, ϕ ∈ ∆(Y)})◦

= ({rϕ : r ∈ R≥0, ϕ ∈ G◦} ∩ {rϕ : r ∈ R≥0, ϕ ∈ ∆(Y)})◦

= (R≥0G◦ ∩ R≥0∆(Y))◦

P4
= (G◦ ∩ R≥0∆(Y))◦

= (G◦ ∩ ca(Y)≥0)
◦

O4
= (G◦)◦

P3
= G.

3. Let P ⊆ ca(Y) be a credal set. We show that GP = (R≥0P)◦ is an offer. First,
GP is σ(C(Y), ca(Y))-closed (Condition O5), a convex cone (Condition O2 and O1)
that contains the zero element (Proposition 11.23, Statement P2 and P4). Further-
more, R≥0P ⊆ ca(Y)≥0 implies (R≥0P)◦ ⊇ C(Y)≤0 which is Condition O4 (Propo-
sition 11.23, Statement P1 and P5). For any g ∈ (R≥0P)◦ we have that inf g ≤ 0,
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otherwise c := inf g > 0, hence,

〈ϕ, g〉 =
∫
Y
gdϕ ≥

∫
Y
cdϕ = c

∫
Y
dϕ > 0,

for some ϕ ∈ P (Axiom O3).

4. We have,

PG = G◦ ∩∆(Y) = ((R≥0P)◦)◦ ∩∆(Y) = P.

5. For the bijectivity of the mapping, we have shown G̃ = GPG̃
for any offer G̃ and

P̃ = PGP̃
for any credal set P̃. Hence, the mapping between offers and credal sets has

a left and a right inverse, hence is a bijection.

In conclusion, every forecasting set provides a set of available gambles which fulfills the
axioms of an offer. An offer in turn is in one-to-one correspondence with respect to credal
sets, forecasting sets which are closed and convex. We will make use of the obtained
statements in the following two sections in which we characterize the set of available gambles
if the forecasting sets are not obtained through arbitrary properties, but if the properties
are elicitable (respectively identifiable).

11.4.7 Proof of Theorem 11.13: Characterizing Available Gambles of Fore-
casts of Elicitable Properties

Via the introduced notion of an offer (Definition 11.17) and the fundamental correspondence
Theorem 11.22, we can show that the set of available gambles for a forecast aligned to an
elicitable property is defined through the set of scaled regret gambles.

Proof. First, we show that Hℓγ is an offer following Definition 11.17:

• O1: Let g, f ∈ Hℓγ , then,

f + g ≤ αf (ℓγ − ℓcf ) + αg(ℓγ − ℓcg)

= (αf + αg)

(
ℓγ −

(
αf

αf + αg
ℓcf +

αg
αf + αg

ℓcg

))
≤ (αf + αg) (ℓγ − ℓc′)

with (αf + αg) ∈ R≥0 and c′ ∈ V . Such a c′ exists because ℓcf , ℓcg ∈ spr(ℓ) and the
superprediction set spr(ℓ) is convex by assumption.
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• O2: Let g ∈ Hℓγ and r ≥ 0. Then rg ≤ rα(ℓγ − ℓc) with rα ∈ R≥0.

• O3: Let g ∈ Hℓγ , then there is α ∈ R≥0 and c ∈ R such that g ≤ α(ℓγ − ℓc). In
particular, inf g ≤ inf α(ℓγ − ℓc). Hence, we require that inf α(ℓγ − ℓc) ≤ 0 for every
α ≥ 0. This is guaranteed because there exist ϕ ∈ Γ−1(γ) 6= ∅ such that 〈ϕ, ℓγ−ℓc〉 ≤ 0

by consistency of the scoring function. Thus, Lemma 11.54 applies.

• O4: Let g ∈ C(Y) with sup g ≤ 0, then g ≤ α(ℓγ − ℓc) for α = 0. Thus, g ∈ Hℓγ .

• O5: By definition of Hℓγ (11.6).

Then, we compute

H◦
ℓγ ∩∆(Y)

(a)
= {g ∈ C(Y) : g ≤ α(ℓγ − ℓc) for some α ∈ R≥0, c ∈ V}◦ ∩∆(Y)

(b)
= {ϕ ∈ ca(Y) : 〈ϕ, g〉 ≤ 0, ∀g ∈ C(Y) s.t. g ≤ α(ℓγ − ℓc) for some α ∈ R≥0, c ∈ V} ∩∆(Y)

= {ϕ ∈ ∆(Y) : 〈ϕ, g〉 ≤ 0, ∀g ∈ C(Y) s.t. g ≤ α(ℓγ − ℓc) for some α ∈ R≥0, c ∈ V}
(c)
= {ϕ ∈ ∆(Y) : 〈ϕ, α(ℓγ − ℓc)〉 ≤ 0, ∀α ∈ R≥0, c ∈ V}

= {ϕ ∈ ∆(Y) : α (〈ϕ, ℓγ〉 − 〈ϕ, ℓc〉) ≤ 0, ∀α ∈ R≥0, c ∈ V}

= {ϕ ∈ ∆(Y) : 〈ϕ, ℓγ〉 ≤ 〈ϕ, ℓc〉, ∀c ∈ V}

=

{
ϕ ∈ ∆(Y) : arg min

c∈V
〈ϕ, ℓc〉 = γ

}
= {ϕ ∈ ∆(Y) : Γ(ϕ) = γ}

= Γ−1(γ).

(a) For convex sets containing zero, such as,

A := {g ∈ C(Y) : g ≤ β(ℓγ − ℓc) for some β ∈ R≥0, c ∈ V} ,

we have clA = A◦◦, which implies A◦◦◦ = A◦ = (clA)◦ (Proposition 11.23).

(b) We have shown that {g ∈ C(Y) : g ≤ α(ℓγ − ℓc) for some α ∈ R≥0, c ∈ V} is a cone in
the first part of the proof. Thus, Proposition 11.23 Statement P4 applies.

(c) We know that for every g ∈ C(Y) such that g ≤ α(ℓγ − ℓc) for some α ∈ R≥0 and
c ∈ V ,

〈ϕ, g〉 = 〈ϕ, α(ℓγ − ℓc) + g − α(ℓγ − ℓc)〉

= 〈ϕ, α(ℓγ − ℓc)〉+ 〈ϕ, g − α(ℓγ − ℓc)〉

≤ 〈ϕ, α(ℓγ − ℓc)〉,
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because ϕ ≥ 0 and g − α(ℓγ − ℓc) ≤ 0.

We have already proven that Γ−1(γ) is a credal set for all γ (Proposition 11.9). Furthermore,
credal sets and offers are in one-to-one correspondence (Theorem 11.22). It follows that
GΓ−1(γ) is equal to Hℓγ .

11.4.8 Proof of Theorem 11.15: Characterizing Available Gambles of Fore-
casts of Identifiable Properties

The characterization of available gambles for forecasts aligned to identifiable properties
follows analogously.

Proof. First, we show that Hνγ is an offer following Definition 11.17:

• O1: Let g, f ∈ Hνγ , then f + g ≤ αfνγ + αgνγ = (αf + αg)νγ , with (αf + αg) ∈ R.

• O2: Let g ∈ Hνγ and c ≥ 0. Then cg ≤ cανγ with cα ∈ R.

• O3: Let g ∈ Hνγ , then there is α ∈ R such that g ≤ ανγ . In particular, inf g ≤ inf ανγ .
Hence, we require that inf ανγ ≤ 0 for every α ∈ R. To see this we remind the reader
that Γ−1(γ) is non-empty (by assumption), i.e., there exist ϕ ∈ ∆(Y) such that
〈ϕ, νγ〉 = 0. Thus, Lemma 11.54 applies for νγ and −νγ , which gives the desired
result.

• O4: Let g ∈ C(Y) with sup g ≤ 0, then g ≤ ανγ for α = 0. Thus, g ∈ Hνγ .

• O5: By definition of Hνγ (11.8).

Then, we compute

H◦
νγ ∩∆(Y)

(a)
= {g ∈ C(Y) : g ≤ ανγ for some α ∈ R}◦ ∩∆(Y)

(b)
= {ϕ ∈ ca(Y) : 〈ϕ, g〉 ≤ 0, ∀g ∈ C(Y) such that g ≤ ανγ for some α ∈ R} ∩∆(Y)

= {ϕ ∈ ∆(Y) : 〈ϕ, g〉 ≤ 0, ∀g ∈ C(Y) such that g ≤ ανγ for some α ∈ R}
(c)
= {ϕ ∈ ∆(Y) : 〈ϕ, ανγ〉 ≤ 0, ∀α ∈ R}

= {ϕ ∈ ∆(Y) : α〈ϕ, νγ〉 ≤ 0, ∀α ∈ R}

= {ϕ ∈ ∆(Y) : 〈ϕ, νγ〉 = 0}

= {ϕ ∈ ∆(Y) : Γ(ϕ) = γ}

= Γ−1(γ).

(a) For convex sets containing zero, such as A := {g ∈ C(Y) : g ≤ ανγ for some α ∈ R},
we have clA = A◦◦, which implies A◦◦◦ = A◦ = (clA)◦ (Proposition 11.23).
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(b) We have shown that {g ∈ C(Y) : g ≤ ανγ for some α ∈ R} is a cone in the first part
of the proof. Thus, Proposition 11.23 Statement P4 applies.

(c) The top to bottom inclusion is trivial. Since we consider all g ∈ C(Y) such that
g ≤ ανγ , we in particular consider all ανγ for α ∈ R. For the reverse set inclusion, we
know that for every g ∈ C(Y) there is α ∈ R such that g ≤ ανγ . Thus,

〈ϕ, g〉 = 〈ϕ, ανγ + g − ανγ〉

= 〈ϕ, ανγ〉+ 〈ϕ, g − ανγ〉

≤ 〈ϕ, ανγ〉,

because ϕ ≥ 0 and g − νγ ≤ 0. Hence, we can simply focus on all ανγ functions,
instead of the previously specified g.

Recall that we have already proven that Γ−1(γ) is a credal set for all γ (Proposition 11.9).
Furthermore, credal sets and offers are in one-to-one correspondence (Theorem 11.22). It
follows that GΓ−1(γ) is equal to Hνγ .

The proof of Corollary 11.16 then simply requires to show that the set of gambles upper
bounded by calibration gambles is closed for finite Y.

Proof. of Corollary 11.16 We have to show that,

Fνγ := {g ∈ C(Y) : g ≤ ανγ for some α ∈ R},

is σ(ca(Y), C(Y))-closed in a finite dimensional ca(Y)-space, i.e., Fνγ = Hνγ

Given that Y is finite, C(Y) (respectively ca(Y)) reduces to Rd for d = |Y|. The topology
induced by the supremum norm is equivalent to the Euclidean topology [Schechter, 1997,
p. 580] and the equivalent to the σ(C(Y), ca(Y))-topology [Schechter, 1997, 28.17 (e)]. In
short, we can use the standard topology on finite dimensional Euclidean spaces to express
the next results.

First, we observe that we can write Fνγ in terms of a Minkowski-sum

Fνγ = {g ∈ C(Y) : g − ανγ ≤ 0 for some α ∈ R}

= {ανγ : α ∈ R}+ {g ∈ C(Y) : g ≤ 0}.

Let us introduce the shorthands Vγ := {ανγ : α ∈ R} for the line and C(Y)≤0 := {g ∈
C(Y) : g ≤ 0} for the negative orthant.

We distinguish between two simple cases:
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Case 1 Assume that νγ ≥ 0 or −νγ ≥ 0. Axiom O3 guarantees that there exist at least
one y ∈ Y such that ±νγ(y) = 0. We denote the subset of those y’s in which νγ is
zero Y0 ⊆ Y . It is relatively easy to see that

Fνγ = {g ∈ C(Y) : g(y) ≤ 0, ∀y ∈ Y0}.

The left to right set inclusion is clear by definition of Fνγ . For the right to left set
inclusion choose αg := maxy∈Y\Y0

(
g(y)
νγ(y)

)
for arbitrary g ∈ C(Y) such that g(y) ≤ 0

for all y ∈ Y0. Then, g ≤ αgνγ . Concluding, the obtained set is closed in the Euclidean
topology.

Case 2 In the other case, we have to leverage a result on the closedness of Minkowski-sums
going back to Debreu [1959]. A Minkowski-sum is closed if Vγ and C(Y)≤0 are closed
and the asymptotic cones of Vγ and C(Y)≤0 are positively semi-independent [Border,
2019-2020, Theorem 20.2.3] or [Debreu, 1959, p. 23 (9)].

Asymptotic cones, roughly stated, form the set of directions in which a set is un-
bounded. Positively semi-independent requires that for v ∈ Vγ and o ∈ C(Y)≤0,
v + o = 0 implies v = o = 0. In our case, Vγ and C(Y)≤0 are closed cones, i.e.,
for all α ∈ R and elements v ∈ Vγ and o ∈ C(Y)≤0 it holds αv ∈ Vγ respectively
αo ∈ C(Y)≤0. Hence, the asymptotic cones of Vγ and C(Y)≤0 are the sets themselves
[Border, 2019-2020, Theorem 20.2.2 f) i)].

It remains to show that the two sets are positively semi-independent, which follows
from the following observation. If a + o = 0 for a ∈ C(Y) and o ∈ C(Y)≤0, then
a ∈ C(Y)≥0 where C(Y)≥0 := {g ∈ C(Y) : g ≥ 0}. Now, Vγ ∩ C(Y)≥0 = {0} because
there exist y, y′ ∈ Y such that νγ(y) < 0 and νγ(y

′) > 0. Hence, a = 0, which implies
o = 0.

11.4.9 On the Relationship of Unscaled Regret and Calibration Gambles

In Section 11.4.2 we have argued that (unscaled) regret gambles and calibration gambles
are both available. The characterization theorems (Theorem 11.13 and Theorem 11.15)
complete the picture. Scaled regret gambles and calibration gambles are, up to topological
approximation, dominating all available gambles.

To remind the reader, if a gamble g dominates another gamble h, then playing gamble g is
favorable to the gambler. No matter which outcome y ∈ Y realizes, the value g(y) ≥ h(y).
In other words, scaled regret gambles (respectively calibration gambles) are among the
best gambles a gambler can play to disprove Forecaster to provide adequate forecasts. In
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principle, a gambler has no need to explore any other gambles than the scaled regret gambles
or the calibration gambles. However, practically relevant evaluation metrics due to further
restrictions put on the gambler embrace a broader scope of available gambles (Section 11.5).

Nevertheless, the characterization statements offer two further interesting consequences.
First, in the case that a property is elicited by several distinct loss functions26, the set of
available gambles does not change. Hence, the set of of scaled regret gambles still (approx-
imately) dominate all those available gambles. But, the sets of unscaled regret gambles for
difference loss functions are not necessarily equal.

Second, in the case that a property is identifiable and elicitable27, then scaled regret gambles
are equally describing the set of all available gambles as calibration gambles do.

Corollary 11.25 (Duality of Calibration and Regret). Let Γ: Q → 2V be an identifiable
and elicitable property with identification function ν : Y × V → R and scoring function
ℓ : Y × V → R which has a convex superprediction set. Let γ ∈ R such that Γ−1(γ) 6= ∅.
Then,

Hℓγ = Hνγ .

Proof. The statement is a simple consequence of Theorem 11.13 and Theorem 11.15.

One may interpret this statement as that, in principle, scaled regret is as powerful as calibra-
tion in proving Forecaster’s forecast wrong. With this statement we provide another facet of
a decades-old discussion on the relation of loss (or regret) and calibration (Section 11.6.2).

Scaled regret gambles, to the best of our knowledge, have not been used to construct an
evaluation metric,28, but, calibration gambles have been (Section 11.5.3). The equivalence in
Corollary 11.25 states that optimizing for an evaluation metric expressed through calibration
gambles is equivalent to optimizing for an evaluation metric expressed through according
scaled regret gambles. Hence, scaled regret gambles have implicitly been used already.
However, unscaled regret gambles seem to be of more relevance to current machine learning
as we observe in the following section. The relationship of regret-type evaluation metrics
and calibration-type evaluation metrics is thus more subtle than Corollary 11.25 suggests.

26For instance, the mean is elicited by all Bregman-divergences [Gneiting, 2011].
27Continuous, real-valued, elicitable properties are, under mild technical conditions, identifiable and vice-

versa [Lambert et al., 2008, Steinwart et al., 2014].
28However, activation functions, such as introduced in [Cesa-Bianchi and Lugosi, 2006, § 4.6], allow for

restricted scaling by 0 or 1.
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11.5 Fair, Restricted and Rational Gamblers for Recovery of Evaluation
Metrics

We already observed that a small capital of a fair gambler does not necessarily guarantee
“good” forecasts. (a) A gambler playing constant negative gambles (which are available
by default) does not prove anything about the forecasts. (b) A gambler who has access
to arbitrarily scaleable gambles can always upscale a single gamble such that the resulting
capital is essentially dominated by the result of this single gamble (Example 11.55).

Towards more reasonable evaluation metrics, we introduce two further conditions on the
gambler, which turn out to be sufficient to elicit several known evaluation metrics. We
demand the gambler to have a restricted set from which its gambles can be chosen. One
might interpret this as budget constraint. This way gambles cannot be arbitrarily scaled.
Furthermore, we equip the gambler with a belief about the actual distribution from which
the next outcome is realized. The gambler behaves rationally, i.e., as an expected utility
maximizer, with respect to its belief. One might interpret the belief as alternative hypothe-
sis about the distribution of the outcome. This way the gambler will not play unfavourable
gambles such as constant negative ones. In conclusion, we obtain a two-dimensional struc-
ture of evaluation metrics based on the type of forecast, choice of belief and the restriction
summarized in Table 11.2.

For instance, the capital of a gambler which is restricted to play regret gambles and has a
(true) belief about the average outcome is equal to external regret (Proposition 11.31. Or,
the capital of gamblers with access to all gambles with a bounded norm and a (true) belief
about the average outcome on the subsets on which a certain value has been predicted is
aggregated to calibration scores (Proposition 11.38). Roughly speaking, the belief expresses
a certain knowledge which gets more and more refined in Table 11.2 from top to bottom
(Proposition 11.45), while the restriction gets less stringent in Table 11.2 from left to right
(Proposition 11.42). Besides that the recovery results justify the usefulness of the evaluation
protocol in understanding current evaluation metrics, the above statements shed light on
the debated duality of calibration scores and loss scores Section 11.6.2.

Let us formally introduce restriction and rationality for the gamblers in an evaluation pro-
tocol.

Definition 11.26 (Fair, Restricted and Rational Gambler). Let (Y,Γ, T, v,GI , y) be an
evaluation protocol. Fix an index i ∈ I. Let R ⊆ C(Y) such that 0 ∈ R. Let bt ∈
∆(Y) ∪ {□}29 for every t ∈ T . The gambler Gi in the evaluation protocol is called fair,
restricted and rational if for all t ∈ T , all of the following conditions are fulfilled:

29We use □ as a placeholder for a fully non-informative belief about the next outcome.
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(a) Git ∈ GΓ−1(vt). (Availability, Fairness)

(b) Git ∈ R. (Restrictiveness)

(c) If bt ∈ ∆(Y), then

Ebt [Git] ≥ Ebt [g],

for all g ∈ GΓ−1(vt) ∩R. (Rationality)

(d) If bt = □, then Git = 0. (Opt-Out)

We shortly discuss three key aspects of the newly introduced conditions on Gambler: (a)
the option to withdraw from gambling, i.e., there is no obligation for Gambler to gamble.
(b) the relationship of rationality and optimality with respect to an alternative hypothesis
and (c) the content of the belief.

(a) No Obligation to Gamble. The belief bt for some t ∈ T is not necessarily a
distribution, but as well can be equal to □. If bt = □, then Gambler is not willing to
commit to any precise belief. We use □ as a placeholder for a fully non-informative belief
about the next outcome. Assuming maxmin-rationality following [Gilboa and Schmeidler,
1989], we can recover the opt-out rule. The following proposition simply shows that the
gamble g∗ = 0 is an optimal action facing the full ambiguity of the own belief.

Proposition 11.27 (Opt-Out is Maxmin-Rationality wrt. Vacuous Belief). Let R ⊆ C(Y)

such that 0 ∈ R and □ = ∆(Y). If g∗ = 0, then

inf
ϕ∈□

Eϕ[g∗] ≥ inf
ϕ∈□

Eϕ[g],

for all g ∈ GP ∩R.

Proof. By definition of g∗, infϕ∈□ Eϕ[g∗] = 0. Let us assume that,

inf
ϕ∈□

Eϕ[g] > 0.

It follows that infy∈Y g(y) > 0, because for every y ∈ Y , there exists δ(y) ∈ □. This is a
contradiction, as g ∈ GP and GP is an offer (Theorem 11.18) with condition O3.

(b) Rationality is Type-II Error Minimization. The belief of Gambler is nothing
else than an alternative hypothesis suggested against the “null hypothesis” made by Fore-
caster. The introduction of an alternative hypothesis for testing probabilistic statements is
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not new and at least goes back to the seminal work by Neyman and Pearson [1933]. Essen-
tially, alternative hypotheses try to control the Type-II error of a probabilistic statement.
We can provide analogous interpretations to the conditions on Gambler: Availability roughly
guarantees control over Type-I error, the false rejection of true forecasts. Rationality min-
imizes the Type-II error, the false acceptance of a wrong forecast. This correspondence is
not surprising for readers familiar to the literature on e-values. The availability criterion
is captured in the definition of e-value itself, while rationality is expressed through growth
rate optimality [Grünwald et al., 2020]. There are some central differences, though. For a
detailed discussion see Section 11.6.1.

(c) Belief can be True. As it turns out in Section 11.5.1, many existing evaluation
metrics summarize the capital of the gamblers which play “as if” they would know parts of
the outcomes of Nature. Usually, alternative hypothesis express external knowledge about
a certain phenomenon. We will leverage our a posteriori perspective to align belief to truth.
If the beliefs of an agent are aligned to truth, the beliefs can be called knowledge.

Definition 11.28 (Alignment to Truth). Let (Y,Γ, T, v, {G}, y) be an evaluation protocol
and denote by bt ∈ ∆(Y) ∪ {□} for every t ∈ T the belief of G. We define Tβ := {t ∈
T : bt = β}. The beliefs (bt)t∈T are aligned to truth, if for all β ∈ {bt : t ∈ T}, β = □ or
β = 1

|Tβ |
∑

t∈Tβ δ(yt) ∈ ∆(Y).

We illustrate the three conditions on the gambler in Figure 11.4.

Finally, we provide a simple derivative of a fair, restricted and rational gambler, which
is only approximately rational. In fact, this definition let’s us ignore the σ(C(Y), ca(Y))-
closure of sets in later results (e.g., Proposition 11.39).

Definition 11.29 (Fair, Restricted and Approximately Rational Gambler). Let
(Y,Γ, T, v,GI , y) be an evaluation protocol. Fix an index i ∈ I. Let R ⊆ C(Y) such that
0 ∈ R. Let bt ∈ ∆(Y) ∪ {□} for every t ∈ T . The ith gambler Gi in the evaluation protocol
is called fair, restricted and approximately rational if for all t ∈ T , all of the following
conditions are fulfilled:

(a) For all t ∈ T , Git ∈ GΓ−1(vt). (Availability, Fairness)

(b) For all t ∈ T , Git ∈ R. (Restrictiveness)

(c) For all t ∈ T with bt ∈ ∆(Y), then

Ebt [Git] ≥ Ebt [g]− ϵ,

for all ϵ > 0 and g ∈ GΓ−1(vt) ∩R. (Approximate Rationality)
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(d) For all t ∈ T with bt = □, then Git = 0. (Opt-Out)

11.5.1 Recovery of Existing Evaluation Metrics

Machine learning scholars have introduced many notions which try to capture the quality of
forecasts [Cesa-Bianchi and Lugosi, 2006, Williamson and Cranko, 2023, Derr et al., 2026].
We suggest that our approach via evaluation protocols (Definition 11.2) and fair, restricted
and rational gamblers (Definition 11.26) provides an insightful framework to recover and
structure several of those notions.

In the following, we provide a series of results, which follow a simple scheme summarized
in Proposition 11.30.

Proposition 11.30 (Schematic Recovery Proposition). Set up the evaluation protocol, in
particular, the outcome space Y and the predicted property Γ. Define several gamblers by:

(a) Defining Gambler’s beliefs.

(b) Restricting the allowed gambles.

The aggregated capital among the gamblers is equal to some known metric of evaluation.

11.5.2 From Gambles to Regret

Let us start with a simple finger exercise. We show that within the evaluation protocol
with a certain choice of beliefs and restrictions, we can recover external regret. The proof
is relatively direct and largely builds upon a specially structured restriction, which bounds
the gambler to (unscaled) regret gambles.

Proposition 11.31 (Recovery of External Regret). Let (Y,Γ, T, v, {G}, y) be an evaluation
protocol with Γ: Q→ 2V being an elicitable property with consistent scoring function ℓ. We
define a fair, restricted and rational gambler G such that:

(a) On every instance t ∈ T the gambler G has a (true) belief bt about the average outcome
distribution,

bt = D̂Y :=
1

|T |
∑
t′∈T

δ(yt′) ∈ Q.

(b) On every instance t ∈ T the gambler is restricted to Lvt := {ℓvt − ℓc : c ∈ V}.
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Then, the reweighted capital of the gambler G is equal to,

|T |K(G) =
∑
t∈T

ℓ(yt, vt)−min
c∈V

ℓ(yt, c),

which is external regret.

Proof. Let us consider a fixed instance t ∈ T . Given the gambler’s belief, the fair, restricted
and rational gambler plays (Lemma 11.32),

Gt : y 7→ ℓ(y, vt)− ℓ(y,Γ(D̂Y )).

In total, we obtain the following aggregated capital for Gambler G,

K(G) =
1

|T |
∑
t∈T

Gt(yt) =
1

|T |
∑
t∈T

ℓ(yt, vt)− ℓ(yt,Γ(D̂Y )).

The statement follows.

Lemma 11.32 (Gamble for Rational Gambler Restricted to Regret Gambles). Let
(Y,Γ, T, v,GI , y) be an evaluation protocol with Γ: Q→ 2V being an elicitable property with
consistent scoring function ℓ. Fix t ∈ T and consider a fair, restricted and rational gambler
Gi with belief bt ∈ Q and restriction Lvt := {ℓvt − ℓc : c ∈ V}. Then, in this round t ∈ T ,
the fair, restricted and rational gambler Gi plays the gamble,

Git : y 7→ ℓ(y, vt)− ℓ(y,Γ(bt)).

Proof. The statement follows because,

Ebt [Git] = Ebt [ℓvt − ℓΓ(bt)]

D11.7
≥ max

c∈V
Ebt [ℓvt − ℓc]

= max
g∈Lvt

Ebt [g]

P11.10
= max

g∈GΓ−1(vt)
∩Lvt

Ebt [g].

Arguably, the knowledge of Gambler is “too” coarse to provide a hard benchmark. Hence, we
suggest to make the beliefs more “fine-grained” (cf. Definition 11.44). In Proposition 11.33
we equip a set of gamblers with a true belief about the average outcome on all instances on
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which the forecaster forecasted a certain fixed valued, which lets us recover swap regret (cf.
Example 4.4 in [Cesa-Bianchi and Lugosi, 2006]).

Proposition 11.33 (Recovery of Swap Regret). Let vT := {vt : t ∈ T} and Γ: Q → 2V

be an elicitable property with consistent scoring function ℓ. Let (Y,Γ, T, v,GvT , y) be an
evaluation protocol. For every γ ∈ vT , we define a fair, restricted and rational gambler Gγ

such that:

(a) On all instances Tγ := {t ∈ T : vt = γ}, the gambler Gγ has a (true) belief bγt about
the average outcome distribution,

bγt = D̂Y |γ :=
1

|Tγ |
∑
t′∈Tγ

δ(yt′) ∈ Q.

On all other instances T \ Tγ, the gambler has belief bγt = □.

(b) The gambler is restricted to play gambles in Lγ := {ℓγ − ℓc : c ∈ V}.

Then, the re-weighted (by |T |) and summed up capitals of all gamblers Gγ is equal to,

|T |
∑
γ∈vT

K(Gγ) = max
σ∈{V→V}

∑
t∈T

ℓ(yt, vt)− ℓ(yt, σ(vt)),

which is the definition of swap regret following [Cesa-Bianchi and Lugosi, 2006, Example
4.4].

Proof. Let us fix a gambler Gγ for some γ ∈ vT . Consider a fixed instance t ∈ Tγ . Given
the gambler’s belief, the fair, restricted and rational gambler plays (Lemma 11.32)„

Gγt : y 7→ ℓ(y, γ)− ℓ(y,Γ(D̂Y |γ)).

For any fixed instance t ∈ T \ Tγ , the gambler’s belief bγt = □ is vacuous, hence by Def-
inition 11.26, Gγt = 0. In total, we obtain the following aggregated capital for a gambler
Gγ ,

K(Gγ) =
1

|T |
∑
t∈Tγ

Gγt (yt) =
1

|T |
∑
t∈Tγ

ℓ(yt, vt)− ℓ(yt,Γ(D̂Y |γ).
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The statement follows by aggregating the capitals of the different gamblers,

|T |
∑
γ∈vT

K(Gγ) =
∑
γ∈vT

∑
t∈Tγ

ℓ(yt, vt)− ℓ(yt,Γ(D̂Y |γ)

=
∑
γ∈vT

max
c∈V

∑
t∈Tγ

ℓ(yt, vt)− ℓ(yt, c)

= max
σ∈{V→V}

∑
γ∈vT

∑
t∈Tγ

ℓ(yt, vt)− ℓ(yt, σ(vt))

= max
σ∈{V→V}

∑
t∈T

ℓ(yt, vt)− ℓ(yt, σ(vt)).

By refining the belief to group-wise knowledge about the average outcome given a prediction
we obtain a notion which we term group-wise swap regret score. This notion is analogous
to multicalibration (Section 11.5.4).

Proposition 11.34 (Recovery of Group-Wise Swap Regret Score). Let S ⊆ 2T be a set
of groups and vT := {vt : t ∈ T}. Let (Y,Γ, T, v,GvT×S , y) be an evaluation protocol with
Γ: Q→ 2V being an elicitable property with consistent scoring function ℓ. For every γ ∈ vT

and S ∈ S we define a fair, restricted and approximate rational gambler Gγ,S such that:

(a) On all instances Tγ,S := {t ∈ T : vt = γ}∩S, the gambler Gγ,S has a (true) belief bγ,St
about the average outcome distribution,

bγ,St = D̂Y |γ,S :=
1

|Tγ,S |
∑

t′∈Tγ,S

δ(yt′) ∈ Q.

On all other instances T \ Tγ,S, the gambler has no belief.

(b) The gambler is restricted to play gambles in Lγ := {ℓγ − ℓc : c ∈ V}.

Then, the reweighted and aggregated capital of the gamblers Gγ,S is equal to,

sup
S∈S

∑
γ∈vT

|K(Gγ,S)| = 1

|T |
sup
S∈S

max
σ∈{V→V}

∑
t∈S

ℓ(yt, vt)− ℓ(yt, σ(vt)),

what we call group-wise swap regret score.

Proof. Fix γ ∈ vT and S ∈ S. Let us consider a fixed instance t ∈ Tγ,S . Given the gambler’s
belief, the fair, restricted and rational gambler plays (Lemma 11.32),

Gγ,St : y 7→ ℓ(y, γ)− ℓ(y,Γ(D̂Y |γ,S)).

255



For any fixed instance t ∈ T \ Tγ,S , the gambler’s belief bγ,St = □ is vacuous, hence by
Definition 11.26, Gγ,St = 0. In total, we obtain the following aggregated capital for the
gambler Gγ,S ,

K(Gγ,S) =
1

|T |
∑
t∈Tγ,S

Gγt (yt) =
1

|T |
∑
t∈Tγ,S

ℓ(yt, γ)− ℓ(yt,Γ(D̂Y |γ,S)).

The statement follows,

sup
S∈S

∑
γ∈vT

∣∣K(Gγ,S)
∣∣ = sup

S∈S

∑
γ∈vT

∣∣∣∣∣∣ 1

|T |
∑
t∈Tγ,S

ℓ(yt, γ)− ℓ(yt,Γ(D̂Y |γ,S))

∣∣∣∣∣∣
= sup

S∈S

∑
γ∈vT

1

|T |
max
c∈V

∑
t∈Tγ,S

ℓ(yt, vt)− ℓ(yt, c)

=
1

|T |
sup
S∈S

max
σ∈{V→V}

∑
γ∈vT

∑
t∈Tγ,S

ℓ(yt, vt)− ℓ(yt, σ(vt))

=
1

|T |
sup
S∈S

max
σ∈{V→V}

∑
t∈S

ℓ(yt, vt)− ℓ(yt, σ(vt)).

Finally, we push the knowledge of a gambler to the extreme and assume it is “clairvoyant”.
This way we recover standard, but zeroed, loss scores. Arguably, that is the most widely
used evaluation metric in machine learning and often summarized in benchmark tables, e.g.,
accuracy, false positive rate (FPR), false negative rate (FNR), mean squared error (MSE),
Brier score, cross entropy loss. The zeroed form of the loss scores might seem strange on
the first sight. It is the average loss of the forecaster subtracted by the loss a forecaster
which has access to the next outcome would have. For most loss functions, if the forecaster
knows the outcome, then the loss is equal to 0. Formally, ℓ(y,Γ(δ(y)) = 0 for all y ∈ Y .
This is true for instance for the Brier score, accuracy or cross entropy loss. Hence, we call
the scores “zeroed” as the perfect forecaster would achieve loss score 0.

Proposition 11.35 (Recovery of Zeroed Loss Scores). Let (Y,Γ, T, v, {G}, y) be an evalu-
ation protocol with Γ: Q→ 2V being an elicitable property with consistent scoring function
ℓ and fair, restricted and rational gambler G such that:

(a) On every instance t ∈ T the gambler G is “clairvoyant”, i.e., has a (true) belief bt
about the outcome revealed by Nature, i.e., bt = δ(yt) ∈ Q.

(b) The gambler is restricted to play gambles in Lvt := {ℓvt − ℓc : c ∈ V}.
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Then, the capital of the gambler G is equal to,

K(G) =
1

|T |
∑
t∈T

ℓ(yt, vt)−
1

|T |
∑
t∈T

ℓ(yt,Γ(δ(yt)).

Proof. Let us consider a fixed instance t ∈ T . Given the gambler’s belief, the fair, restricted
and rational gambler plays (Lemma 11.32),

Gt : y 7→ ℓ(y, vt)− ℓ(y,Γ(δ(yt)).

In total, we obtain the following aggregated capital for Gambler G,

K(G) =
1

|T |
∑
t∈T

Gt(yt) =
1

|T |
∑
t∈T

ℓ(yt, vt)− ℓ(yt,Γ(δ(yt)).

In all of the above propositions, the reader might remain disappointed in that the restriction
to Lvt (respectively Lγ) artificially forces the gambler to recover certain types of regret.
Clearly, regret gambles are available. However, they form only one particular choice for
evaluating a forecast within the framework of a fair evaluation protocol. Hence, we are not
exploiting the full freedom of available gambles.

In the next section, the restriction of the gambles will appear more natural. In particular,
the results will require a full characterization of available gambles.30

11.5.3 From Gambles to Calibration

The following recovery results share with the above the order in which the belief of the
gambler(s) is refined step-by-step. However, we consider another restricted set of gambles
from which Gambler can choose which is defined through the scaled norm ball Bα := {g ∈
C(Y) : ‖g‖ ≤ α} for some norm ‖ · ‖ on C(Y) and we assume that the predicted property Γ

is identifiable. In particular, the first two statements consider mean predictors in the binary
setting. The reason for this is that most of the existing notions focus on this limited setup.

First, we recover bias in the large (for binary outcomes) following [Murphy and Epstein,
1967] (for more modern formulations see [Vovk et al., 2005] or the generalization to sub-
groups called “accuracy in expectation” [Hébert-Johnson et al., 2018]31).

30The use of the full characterization is marked by reference to Theorem 11.15 (respectively Corol-
lary 11.16).

31We can recover the exact formulation of “accuracy in expectation” for a subgroup by simply assuming
that the gambler in Proposition 11.36 has a true belief about the average outcome on the subgroup, and a
vacuous belief, i.e., □, outside the subgroup (cf. Proposition 11.39)

257



Proposition 11.36 (Recovery of Bias in the Large). Let (Y,Γ, T, v, {G}, y) be an evaluation
protocol with Y = {0, 1} and Γ being the mean. We define a fair, restricted and rational
gambler G such that:

(a) On every instance t ∈ T , the gambler G has a (true) belief bt about the average outcome
distribution,

bt = D̂Y :=
1

|T |
∑
t′∈T

δ(yt′) ∈ ∆(Y).

(b) The gambler is restricted to play gambles in B1 := {g ∈ C(Y) : ‖g‖1 ≤ 1} where ‖ · ‖1
is the l1-norm.32

Then, the capital of the gambler G is equal to,

K(G) =

∣∣∣∣∣ 1

|T |
∑
t∈T

(yt − vt)

∣∣∣∣∣ ,
which is the definition of bias in the large for binary outcomes following [Murphy and
Epstein, 1967].

Proof. Let us consider a fixed instance t ∈ TS . Given the gambler’s belief, the fair, restricted
and rational gambler plays (Lemma 11.37),

Gt :

y 7→ y − vt if ED̂Y
[Y ] > vt

y 7→ vt − y otherwise.

In total, we obtain the following aggregated capital for the gambler G,

K(G) =
1

|T |
∑
t∈T

yt − vt if ED̂Y
[Y ] > γ

vt − yt otherwise.

=
1

|T |

∣∣∣∣∣∑
t∈T

(yt − vt)

∣∣∣∣∣ .

Lemma 11.37 (Gamble for Rational Gambler Restricted to Norm Ball - Binary Y). Let
(Y,Γ, T, v, {G}, y) be an evaluation protocol with Y = {0, 1} and Γ being the mean. Fix
t ∈ T and consider a fair, restricted and rational gambler G with belief bt ∈ ∆(Y) and

32The l1-norm is well-defined as C(Y) = R2 here.
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restriction B1 := {g ∈ C(Y) : ‖g‖1 ≤ 1}. Then, in this round t ∈ T , the fair, restricted and
rational gambler G plays the gamble,

Gt :

y 7→ y − vt if Ebt [Y ] > vt

y 7→ vt − y otherwise.
.

Proof. The statement follows because,

Ebt [Gt] = |Ebt [Y ]− vt|

= max
α∈[−1,1]

α (Ebt [Y ]− vt)

= max
α∈[−1,1]

Ebt [ανvt ]

(∗)
= max

α∈R and ∥ανvt∥1≤1
Ebt [ανvt ]

≥ max
g∈{g∈C(Y) : g≤ανvt ,α∈R}∩B1

Ebt [g]

(C11.16)
= max

g∈GΓ−1(γ)∩B1

Ebt [g].

Equation (∗) is true because ‖ανγ‖1 = |α|‖νγ‖1 = |α| for all γ ∈ V .

It is not a far way to the recovery of bias in the small [Murphy and Epstein, 1967], better
known as standard calibration. The beliefs’ of the gambler in the following proposition are
equal to the beliefs’ of the gamblers in Proposition 11.33.

Proposition 11.38 (Recovery of Calibration Score). Let vT := {vt : t ∈ T}, Y = {0, 1}
and Γ being the mean. Let (Y,Γ, T, v,GvT , y) be an evaluation protocol. For every γ ∈ vT ,
we define a fair, restricted and rational gambler Gγ such that:

(a) On all instances Tγ := {t ∈ T : vt = γ}, the gambler Gγ has a (true) belief bγt about
the average outcome distribution,

bγt = D̂Y |γ :=
1

|Tγ |
∑
t′∈Tγ

δ(yt′) ∈ ∆(Y).

On all other instances T \ Tγ, the gambler has belief bγt = □.

(b) The gambler is restricted to play gambles in B1 := {g ∈ C(Y) : ‖g‖1 ≤ 1} where ‖ · ‖1
is the l1-norm.33

33The l1-norm is well-defined as C(Y) = R2 here.
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Then, the re-weighted (by |T |
|Tγ |) and squared capitals of all gamblers Gγ is equal to,

∑
γ∈vT

|T |
|Tγ |

K(Gγ)2 =
∑
γ∈vT

|Tγ |
|T |

 1

|Tγ |
∑
t∈Tγ

yt − γ

2

, (11.9)

which is the definition of calibration score following [Foster and Vohra, 1998]. Furthermore,
the accumulated, absolute capitals of all gamblers Gγ indexed by γ is equal to,

∑
γ∈vT

|K(Gγ)| =
∑
γ∈vT

|Tγ |
|T |

∣∣∣∣∣∣ 1

|Tγ |
∑
t∈Tγ

yt − γ

∣∣∣∣∣∣ , (11.10)

which is the definition of expected calibration score (ECE), e.g., following [Gopalan et al.,
2022a, Definition 3.1].

Proof. Let us fix a gambler Gγ for some γ ∈ vT . Let us consider a fixed instance t ∈ Tγ .
Given the gambler’s belief, the fair, restricted and rational gambler plays (Lemma 11.37),

Gγt :

y 7→ y − γ if ED̂Y |γ
[Y ] > γ

y 7→ γ − y otherwise,

For any fixed instance t ∈ T \ Tγ , the gambler’s belief bγt = □ is vacuous, hence by Defi-
nition 11.26, Gγt = 0. In total, we obtain the following aggregated capital for the gambler
Gγ ,

K(Gγ) =
1

|T |
∑
t∈Tγ

Gγt (yt)

=
1

|T |
∑
t∈Tγ

yt − γ if ED̂Y |γ
[Y ] > γ

γ − yt otherwise.

=
1

|T |

∣∣∣∣∣∣
∑
t∈Tγ

yt − |Tγ |γ

∣∣∣∣∣∣ .
Thus,

∑
γ∈vT

|T |
|Tγ |

K(Gγ)2 =
∑
γ∈vT

|T |
|Tγ |

 |Tγ |
|T |

∣∣∣∣∣∣ 1

|Tγ |
∑
t∈Tγ

yt − γ

∣∣∣∣∣∣
2

=
∑
γ∈vT

|Tγ |
|T |

 1

|Tγ |
∑
t∈Tγ

yt − γ

2

,
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and

∑
γ∈vT

|K(Gγ)| =
∑
γ∈vT

|Tγ |
|T |

∣∣∣∣∣∣ 1

|T |
∑
t∈Tγ

yt − γ

∣∣∣∣∣∣ .

The previous two recovery results might seem slightly restrictive as the predictive scenarios
were simply estimating the mean of a binary outcome. However, this restriction is not
necessary as the following recovery result shows. In particular, we refine the beliefs of the
gamblers by adding group membership information. The recovered notion of multicalibra-
tion generalizes parts of Proposition 11.38.

Proposition 11.39 (Recovery of (Generalized) Multicalibration Score). Let S ⊆ 2T be a
set of groups and vT := {vt : t ∈ T}. Let (Y,Γ, T, v,GvT×S , y) be an evaluation protocol
with Y ⊆ R and Γ: Q → 2V being an identifiable property with identification function ν.
Furthermore, we assume there is no γ ∈ V such that Γ−1(γ) = Q. For every γ ∈ {vt : t ∈ T}
and S ∈ S we define a fair, restricted and approximate rational gambler Gγ,S such that:

(a) On all instances Tγ,S := {t ∈ T : vt = γ}∩S, the gambler Gγ,S has a (true) belief bγ,St
about the average outcome distribution,

bγ,St = D̂Y |γ,S :=
1

|Tγ,S |
∑

t′∈Tγ,S

δ(yt′) ∈ Q.

On all other instances T \ Tγ,S, the gambler has no belief.

(b) The gambler is restricted to play gambles in Bαγ
:= {g ∈ C(Y) : ‖g‖ ≤ αγ} where

αγ = ‖νγ‖ for some norm ‖ · ‖.

Then, the reweighted and aggregated capital of the gamblers Gγ,S indexed by γ and S is
equal to,

sup
S∈S

∑
γ∈vT

|T |
|Tγ,S |

K(Gγ,S)2 = sup
S∈S

∑
γ∈vT

1

|T ||Tγ,S |

 ∑
t∈Tγ,S

ν(yt, γ)

2

,

which is approximate (S, ν)-multicalibration [Noarov and Roth, 2023, Definition 4.2]34.
34This is a generalization of L2-multicalibration following Definition 2.3 in [Garg et al., 2024].
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Furthermore, the aggregated capital of the gamblers Gγ,S indexed by γ and S is equal to,

sup
S∈S

∑
γ∈vT

∣∣K(Gγ,S)
∣∣ = sup

S∈S

∑
γ∈vT

|Tγ,S |
|T |

∣∣∣∣∣∣ 1

|Tγ,S |
∑
t∈Tγ,S

ν(yt, γ)

∣∣∣∣∣∣ ,
which is a generalization of L1-multicalibration [Garg et al., 2024, Definition 2.3].

Proof. Fix γ ∈ vT and S ∈ S. Define αγ = 1
∥νγ∥1 . Note that ‖νγ‖1 > 0, because otherwise

νγ = 0 which implies that Γ(ϕ) = γ for all ϕ ∈ ∆(Y), which we ruled out by assumption.

Let us consider a fixed instance t ∈ Tγ,S . Given the gambler’s belief, the fair, restricted and
approximate rational gambler plays (Lemma 11.40),

Gγ,St :

y 7→ ν(y, γ) if ED̂Y |γ,S
[νγ ] > 0

y 7→ −ν(y, γ) otherwise,

For any fixed instance t ∈ T \ Tγ,S , the gambler’s belief bγ,St = □ is vacuous, hence by
Definition 11.29, Gγ,St = 0. In total, we obtain the aggregated capital for the gambler Gγ,S ,

K(Gγ,S) =
1

|T |
∑
t∈Tγ,S

Gγ,St (yt)

=
1

|T |
∑
t∈Tγ,S

ν(yt, γ) if ED̂Y |γ,S
[νγ ] > 0

−ν(yt, γ) otherwise.

=
1

|T |

∣∣∣∣∣∣
∑
t∈Tγ,S

ν(yt, γ)

∣∣∣∣∣∣ .
Thus,

sup
S∈S

∑
γ∈vT

|T |
|Tγ,S |

K(Gγ,S)2 = sup
S∈S

∑
γ∈vT

|T |
|Tγ,S |

1

|T |2

 ∑
t∈Tγ,S

ν(Y, γ)

2

= sup
S∈S

∑
γ∈vT

1

|T ||Tγ,S |

 ∑
t∈Tγ,S

ν(Y, γ)

2

,
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and

sup
S∈S

∑
γ∈vT

∣∣K(Gγ,S)
∣∣ = sup

S∈S

∑
γ∈vT

1

|T |

∣∣∣∣∣∣
∑
t∈Tγ,S

ν(yt, γ)

∣∣∣∣∣∣
= sup

S∈S

∑
γ∈vT

|Tγ,S |
|T |

∣∣∣∣∣∣ 1

|Tγ,S |
∑
t∈Tγ,S

ν(yt, γ)

∣∣∣∣∣∣ .

Lemma 11.40 (Gamble for Rational Gambler Restricted to Norm Ball - Y ⊆ R). Let
(Y,Γ, T, v, {G}, y) be an evaluation protocol with Y ⊆ R and Γ: Q→ 2V being an identifiable
property with identification function ν. Furthermore, assume there is no γ ∈ V such that
Γ−1(γ) = ∆(Y). Fix t ∈ T and consider a fair, restricted and approximately rational gambler
G with belief bt ∈ Q and restriction Bαvt

:= {g ∈ C(Y) : ‖g‖ ≤ αt} where αt = ‖νvt‖ for
some norm ‖ ·‖.35 Then, in this round t ∈ T , the fair, restricted and approximately rational
gambler G plays the gamble,

Gt :

y 7→ ν(y, vt) if Ebt [νvt ] > 0

y 7→ −ν(y, vt) otherwise,

Proof. The statement follows since for every ϵ > 0,

Ebt [Gt] = |Ebt [νvt ]|

= max
α∈[−1,1]

Ebt [ανvt ]

(i)
= max

α∈R and ∥ανvt∥1≤αt

Ebt [ανvt ]

(ii)

≥ max
g∈Fνvt

∩Bαt

Ebt [g]

(iii)

≥ max
g∈Hνvt

∩Bαt

Ebt [g]− ϵ

(iv)
= max

g∈GΓ−1(vt)
∩Bαt

Ebt [g]− ϵ,

because,

(i) It holds ‖ανvt‖ = |α|‖νvt‖ = |α|αt.

(ii) By defining Fνvt := {g ∈ C(Y) : g ≤ ανvt for some α ∈ R}.
35Note that ∥νvt∥ > 0, because otherwise νvt = 0 which implies that Γ(ϕ) = vt for all ϕ ∈ ∆(Y), which

we ruled out by assumption.
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(iii) Equation 11.8 and for every ϵ > 0 and every h ∈ Hνvt
there exists an f ∈ Fνvt such

that |ED̂Y |S
[h]− ED̂Y |S

[f ]| < ϵ by definition of σ(C(Y), ca(Y))-closure of Fνvt .

(iv) Theorem 11.15.

Finally, we equip the gambler with “clairvoyance”, analogous to Proposition 11.35. We
recover a notion of individual calibration inspired by Equation (4) in [Luo et al., 2022] (cf.
[Höltgen and Williamson, 2023] for the notion of calibration on individuals).

Proposition 11.41 (Recovery of Individual Calibration Score). Let (Y,Γ, T, v, {G}, y) be
an evaluation protocol with Y ⊆ R and Γ: Q → 2V being an identifiable property with
identification function ν. Furthermore, we assume there is no γ ∈ V such that Γ−1(γ) =

∆(Y). We define a fair, restricted and approximate rational gambler G such that:

(a) On every instance t ∈ T the gambler G is “clairvoyant”, i.e., has a (true) belief bt
about the outcome sampled from a distribution chosen by Nature, bt = δ(yt) ∈ Q.

(b) The gambler is restricted to play gambles in Bαγ
:= {g ∈ C(Y) : ‖g‖ ≤ αγ} where

αγ = ‖νγ‖ for some norm ‖ · ‖.

Then, the capital of the gambler G is equal to,

K(G) =
1

|T |
∑
t∈T

|ν(yt, vt)|.

Proof. Define αt = 1
∥νvt∥1

. Note that ‖νvt‖1 > 0, because otherwise νvt = 0 which implies
that Γ(ϕ) = vt for all ϕ ∈ ∆(Y), which we ruled out by assumption.

Given the gambler’s belief, the fair, restricted and approximate rational gambler plays
(Lemma 11.40),

Gt :

y 7→ ν(y, vt) if ν(yt, vt) > 0

y 7→ −ν(y, vt) otherwise.

In total, we obtain the following aggregated capital for the gambler G,

K(G) =
1

|T |
∑
t∈T

Gt(yt) =
1

|T |
∑
t∈T

|ν(yt, vt)|.
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The given recoveries only cover a small fraction of all existing notions. However, as the
breadth of provided recoveries suggests, more notions can be recovered by adopting the
evaluation protocol, the restriction and the belief on a fair, restricted and (approximately)
rational gambler. As the proofs share a lot of their structure, we do not provide more
examples in this work.

11.5.4 On the Relationship between Regret and Calibration: Second Act

Besides that the recovery results justify the usefulness of the evaluation protocol in under-
standing current evaluation metrics, the above statements shed light on the debated duality
of calibration scores and loss scores (cf. Section 11.6.2). See Table 11.2 for a summary.

(Zeroed) Loss scores are the result of a clairvoyant gambler with a restriction to regret
gambles, while calibration scores are the result of forecast-wise informed gamblers with a
restriction to the unit ball. Hence, calibration scores are in two dimensions, belief and
restriction, different to (zeroed) loss scores. That makes any comparison between the scores
misled.36 In contrast to the observation that in general scaled regret gambles are to a certain
extent equivalent to calibration gambles (Section 11.4.9).

11.5.5 Bounds on Evaluation Scores by Hierarchy on Beliefs and Restric-
tions

What is possible is the comparison along a single dimension. For instance, what is the
relationship between two notions when the belief is fixed but the restriction is loosened? Or
what is the relationship between two notions when restriction is fixed, but the beliefs of one
gambler are more informative about the true outcomes than the beliefs of another gambler?
We provide capital bounds along both dimensions. On the one hand, a set-theoretic order
on the restrictions provides a hierarchy on the capital of gamblers with fixed belief. On the
other hand, a refinement order (Definition 11.44) of the beliefs provides a hierarchy on the
capitals of gamblers with fixed restriction.

Let us first take a look on the dimension of restrictions. Intuitively speaking, a gambler
which has access to more gambles can choose “better” gambles which make the gambler
richer than one which has access to less gambles. Interestingly, the following more general
proposition can be used to recover a known result on a bound of swap regret by calibration
scores (Corollary 11.43).

36One might be inclined to state that this comparison would be a comparison between “apples and oranges”.
This can be a fitting allegory, as on an abstract level the comparison between spherical objects seems
implementable. In our case, the comparability of sets of available gambles for regret and calibration as in
Section 11.4.9 forms exactly this abstraction.
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Proposition 11.42 (Hierarchy of Capital by Order on Restrictions). Consider an evalua-
tion protocol (Y,Γ, T, v, {G,G′}, y). Let G and G′ be fair, restricted and rational gamblers
with, for every t ∈ T , equal beliefs bt ∈ ∆(Y)∪ {□} which are aligned to truth, but different
restricting sets Rt ⊆ R′

t ⊆ C(Y) such that 0 ∈ Rt. Suppose whenever bt = bt′ for t, t′ ∈ T ,
then vt = vt′, Rt = Rt′ and R′

t = R′
t′. Then, the accumulated capital of the gambler G is

smaller than the accumulated capital of the gambler G′,

K(G) ≤ K(G′).

Proof. First, we rewrite,

K(G) =
1

|T |
∑
t∈T

Gt(yt) =
1

|T |
∑
β∈bT

∑
t∈Tβ

Gt(yt) =
∑
β∈bT

|Tβ |
|T |

1

|Tβ |
∑
t∈Tβ

Gt(yt), (11.11)

where Tβ := {t ∈ T : bt = β} and bT := {bt : t ∈ T}. Let us focus on a single β ∈ bT . If
β = □, then Gt = G′

t = 0 for t ∈ Tβ and we are done. Hence, suppose that β 6= □.

By assumption, for every t ∈ Tβ, vt, Gt, G′
t are constant, hence we write without loss of

generality, vβ , Gβ , G′
β. By rationality of the gamblers, for every t ∈ Tβ,

Eβ [Gt] ≥ Eβ [g]

for all g ∈ Gβ ∩ GΓ−1(vβ), and, for every t ∈ Tβ,

Eβ [G′
t] ≥ Eβ [g]

for all g ∈ G′
β ∩ GΓ−1(vβ). It follows, for all t ∈ Tβ,

Eβ [Gt] ≤ Eβ [G′
t],

because Gβ ⊆ G′
β. Furthermore, for all t, t′ ∈ Tβ, Gt = Gt′ (as well as G′

t = G′
t′), i.e., we

can write Gβ (respectively G′
β instead).

By alignment to truth (Definition 11.28),

1

|Tβ |
∑
t∈Tβ

Gt(yt) = Eβ [Gβ ].

With the last two observations we can continue rewriting Equation (11.11),

∑
β∈bT

|Tβ |
|T |

Eβ [Gβ ] ≤
∑
β∈bT

|Tβ |
|T |

Eβ [G′
β ] =

1

|T |
∑
t∈T

G′
t(yt) = K(G′).

266



For Proposition 11.42 two hidden assumptions are of crucial importance. (a) The beliefs
have to be aligned to truth. This guarantees that the expected outcome of the gamble
aligns to the true (average) outcome. (b) The forecasts and restrictions have to be constant
for instances for which the belief is constant. This guarantees that the set of gambles from
which both gamblers choose remains constant. Otherwise, it is hard to show the superiority
of the choice of one gambler over the choice of another gambler.

We can directly apply Proposition 11.42 to better understand the relationship between
calibration scores and swap regret. We recover Theorem 12 in [Kleinberg et al., 2023],
which exists in different formulations and flavors at several places of the literature (cf.
Section 11.6.2)

Corollary 11.43 (Recovery of Theorem 12 in [Kleinberg et al., 2023]). Let Y = {0, 1} and
vT := {vt : t ∈ T}. Let Forecaster vt ∈ [0, 1] predict the mean, denoted as Γ, for all t ∈ T .
Let ℓ : {0, 1} × [0, 1] → [−1, 1] be a consistent scoring function for Γ. For a fixed tuple of
outcomes (yt)t∈T , the swap regret with respect to ℓ of the forecaster v is upper bounded by
the re-scaled expected calibration error,

max
σ∈{V→V}

∑
t∈T

ℓ(yt, vt)− ℓ(yt, σ(vt)) ≤ 4
∑
γ∈vT

|Tγ |

∣∣∣∣∣∣ 1

|Tγ |
∑
t∈Tγ

yt − γ

∣∣∣∣∣∣ .
Proof. First, we define ℓ′ := 1

4ℓ and an evaluation protocol (Y,Γ, T, v, {G, G̃}, y). For every
γ ∈ {vt : t ∈ T} let us introduce two fair, restricted and rational gamblers: Gγ and G̃γ .
Both share their beliefs bγt = D̂Y |γ ⊆ ∆(Y) for all t ∈ Tγ := {t ∈ T : vt = γ} and bγt = □ for
all t ∈ T \ Tγ . The beliefs are aligned to the truth (Definition 11.28). But the gamblers are
differently restricted, Gγt ∈ L′

γ and G̃γt ∈ B1. Where L′
γ := {ℓ′γ − ℓ′c : c ∈ [0, 1]}. Note that

L′
γ ⊆ B1, as for every g ∈ L′

γ ,

‖g‖1 = ‖ℓγ − ℓc‖1 = |ℓ(1, γ)− ℓ(1, c)|+ |ℓ(0, γ)− ℓ(0, c)| ≤ 1,

because ℓ′ : {0, 1} × [0, 1] → [−1
4 ,

1
4 ].

By Proposition 11.38 Equation 11.10 the right hand side of the above inequality can be
written as,

|T |
∑
γ∈vT

K(G̃), and |T |
∑
γ∈vT

K(G).

respectively for the left hand side (Proposition 11.33). The inequality then follows by
Proposition 11.42 and rescaling the loss from ℓ′ to ℓ.
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Along the dimension of beliefs, we define a hierarchy on the beliefs by their fine-grainedness.
Essentially, the more fine-grained a belief is, the more informed the gambler with the belief.

Definition 11.44 (Refinement of Belief). Let T := {1, . . . , n} and bt, b′t ∈ ∆(Y) ∪ {□} for
every t ∈ T . We define Tβ := {t ∈ T : bt = β} and bT := {bt : t ∈ T}. The beliefs (bt)t∈T are
refined by (b′t)t∈T , if for all β ∈ bT , β = □ or b′t ∈ ∆(Y) for all t ∈ Tβ and β = 1

|Tβ |
∑

t∈Tβ b
′
t.

Refinement of belief does not require any belief to be aligned to truth (Definition 11.28).
However, by comparing the Definition 11.44 to Definition 11.28, we observe that, beliefs
(bt)t∈T are aligned to truth, if and only if, (δ(yt))t∈T refines (bt) under an appropriate choice
of evaluation protocol.

The more informed a gambler is about the true outcomes the better it can optimize its
capital. That is what we formalize in the following.

Proposition 11.45 (Hierarchy on Capital by Refinements on Belief). Consider an evalua-
tion protocol (Y,Γ, T, v, {G,G′}, y). Let G and G′ be fair, restricted and rational gamblers
with, for every t ∈ T , equal restriction Gt ⊆ C(Y) such that 0 ∈ R, but different beliefs
bt, b

′
t ∈ ∆(Y)∪{□} for every t ∈ T . Suppose whenever bt = bt′ and b′t = b′t′ for t, t′ ∈ T , then

vt = vt′ and Gt = Gt′. If the beliefs (b′t)t∈T are aligned to truth and (b′t)t∈T refines (bt)t∈T ,
then the accumulated capital of the gambler G is smaller than the accumulated capital of
the gambler G′,

K(G) ≤ K(G′).

Proof. First, we rewrite, analogous to the proof of Proposition 11.42,

K(G) =
1

|T |
∑
t∈T

Gt(yt) =
1

|T |
∑
β∈bT

∑
t∈Tβ

Gt(yt) (11.12)

=
∑
β∈bT

|Tβ |
|T |

1

|Tβ |
∑
t∈Tβ

Gt(yt) (11.13)

=
∑
β∈bT

|Tβ |
|T |

∑
t∈Tβ

|Tβ′ |
|Tβ |

∑
t∈Tβ′

1

|Tβ′ |
Gt(yt), (11.14)

where Tβ := {t ∈ T : bt = β}, bT := {bt : t ∈ T} and Tβ′ = Tβ ∩ {t ∈ T : b′t = β′} for
β′ ∈ {b′t : t ∈ Tβ}.

Let us focus on the last sum over t ∈ Tβ′ . Clearly, bt and b′t are constant for all t ∈ Tβ′ .
Hence, by assumption, for all t ∈ Tβ′ vt and Gt are constant. We rewrite without loss
of generality vβ′ and Gβ′ . Furthermore, by fairness, restrictiveness and rationality of the
gamblers, for all t, t′ ∈ Tβ′ , Gt = Gt′ ∈ Gβ′ ∩ GΓ−1(vβ′ )

(respectively G′
t = G′

t′ ∈ Gβ′ ∩
GΓ−1(vβ′ )

), i.e., we can write Gβ′ (respectively G′
β′ instead). We open two cases:
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Suppose β′ = □. Then, β = □ by refinement of belief (Definition 11.44), hence Gβ′ =

G′
β′ = 0. Thus,

∑
t∈Tβ′

1

|Tβ′ |
Gt(yt) = 0 =

∑
t∈Tβ′

1

|Tβ′ |
G′
t(yt).

Suppose β′ ∈ ∆(Y). Focusing on the gambler G′, for every t ∈ Tβ′ ,

Eβ′ [G′
β′ ] ≥ Eβ′ [g]

for all g ∈ Gβ′ ∩ GΓ−1(vβ′ )
, in particular,

Eβ′ [G′
β′ ] ≥ Eβ′ [[Gβ′ ].

Since (b′t)t∈T is aligned to truth,

∑
t∈Tβ′

1

|Tβ′ |
Gt(yt) = Eβ′ [Gβ′ ] ≤ Eβ′ [G′

β′ ] =
∑
t∈Tβ′

1

|Tβ′ |
G′
t(yt).

Combining both of the cases and Equation (11.12) gives the result.

As in Proposition 11.42, we need consistency assumptions on the restrictions and forecasts
when the beliefs don’t change. Again, this guarantees that the more informed gambler
actually chooses among the same set of gambles the superior one (in terms of final capital)
in comparison to the less informed gambler. Otherwise the statement does not hold in
general as the following examples shows.

Example 11.46. Proposition 11.45 does not hold if the restriction G varies arbitrarily
over time. For instance, let Y = {0, 1}, Γ be the mean, T = {t1, t2, t3}, v = ( 5

12 ,
5
12 ,

5
12),

y = (0, 1, 0) and G,G′ be two fair, restricted and rational gamblers with beliefs bt = 1
3 for

all t ∈ T respectively (b′t)t∈T = (12 ,
1
2 , 0) and restrictions (Gt)t∈T = (B1, C(Y)≤0, C(Y)≤0).

We observe the following:

1. Both gamblers have beliefs which are aligned to truth. The beliefs of G′ refine the
beliefs of G.

2. Both gamblers, as being rational and restricted with C(Y)≤0, play Gt = G′
t = 0 for

t ∈ {t2, t3}.

3. For t = t1, the gambler G plays Gt1 : y 7→ 5
12 − y, while the gambler G′ plays G′

t1 : y 7→
y − 5

12 .
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As a result, the capitals compare as follows,

K(G) =
1

3

(
0 + 0 +

5

12

)
≥ 1

3

(
0 + 0− 5

12

)
= K(G′).

The attentive reader might have noticed that in Table 11.2 we essentially provided a hier-
archy of refining beliefs, from D̂Y over D̂Y |γ to δ(yt). This suggests the two trivial recovery
corollaries below. External regret is upper bounded by swap regret, which is upper bounded
by (zeroed) loss score. Bias in the large is upper bounded by calibration score (ECE), which
is upper bounded by individual calibration score. We omit the detailed proof as the state-
ments follow almost immediately. The ideas are simple. From external to swap regret/bias
in the large to calibration score: For every gambler with constant belief D̂Y |γ which we in-
troduce in Proposition 11.33, we introduce a gambler with constant belief D̂Y . Then, apply
Proposition 11.45. From swap regret to zeroed loss scores/calibration score to individual
calibration score: Directly apply Proposition 11.45.

Corollary 11.47 (Recovery of Known Order of Regret Scores). Let Y ⊆ Rd, |T | < ∞,
yt ∈ Y for all t ∈ T , vt ∈ V for all t ∈ T and Γ: Q → 2V an elicitable property with
consistent scoring function ℓ. It holds,∑
t∈T

ℓ(yt, vt)−min
c∈V

ℓ(yt, c) ≤ max
σ∈{V→V}

∑
t∈T

ℓ(yt, vt)− ℓ(yt, σ(vt)) ≤
∑
t∈T

ℓ(yt, vt)− ℓ(yt,Γ(δ(yt)).

Corollary 11.48 (Recovery of Known Order of Calibration Scores). Let Y = {0, 1}, |T | <
∞, yt ∈ Y for all t ∈ T , vt ∈ [0, 1] for all t ∈ T and Γ: Q → [0, 1] be the mean with
identification function ν(y, γ) = y − γ. It holds,∣∣∣∣∣ 1

|T |
∑
t∈T

(yt − vt)

∣∣∣∣∣ ≤ ∑
γ∈vT

|Tγ |
|T |

∣∣∣∣∣∣ 1

|Tγ |
∑
t∈Tγ

yt − γ

∣∣∣∣∣∣ ≤ 1

|T |
∑
t∈T

|yt − vt|.

11.6 Related Work

The content of this paper has been motivated by and built upon several strands of work. We
contextualize our findings in two sections. One section focuses on the testing of forecasts.
The other section concentrates on the duality of regret and calibration.

11.6.1 Testing Forecasts

Our suggested evaluation protocol for the recovery of existing notions was motivated by
existing literature.
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Meteorology and historical probabilistic forecast evaluation. Historically,
the question of how to evaluate (probabilistic) forecasts has been a major concern in me-
teorology (e.g., [Brier, 1950, Murphy and Epstein, 1967]). With the advent of powerful
machine learning systems which produce forecasts of arbitrary kinds, we can observe the
renaissance of old debates on what constitutes a “good” (weather) forecast. In [Murphy and
Epstein, 1967], the authors suggest a separation of operational evaluation, what is the value
of the forecast to the user, and empirical evaluation, how well do forecasts and observations
align. Even though, we don’t fully agree to the meaningfulness of this separation we do
want to highlight in this respect that our work is focusing on “statistical adequateness”
criteria alone. We are convinced that for a “successful” forecast more adequateness criteria
have to be met (cf. Section 11.7.1).

Manipulability and the limit of sequential tests. The testing of (sequential)
forecasts has received interest in the economics literature. In particular, this strand of
literature has been concerned with the manipulability of tests, i.e., whether Forecaster can
fake knowing the truth and still pass a test. Key contributions included proofs which show
that if a test is complete, i.e., a test accepts the truth (which is type-I error freeness), then
the test is manipulable [Foster and Vohra, 1998, Lehrer, 2001, Sandroni, 2003, Olszewski
and Sandroni, 2011]. Central to these results is the option for Forecaster to randomize over
possible forecasts [Vovk et al., 2005, Vovk, 2005, 2007, Olszewski and Sandroni, 2011]. We
showed in Proposition 11.6 that in our evaluation protocol completeness is equivalent to a
fair gambler, i.e., a gambler which only plays available gambles. In follow-up works, scholars
argued about the existence of non-manipulable but complete tests, e.g., in [Fortnow and
Vohra, 2009] the authors show that the faking forecaster is computationally “complex”,in
[Shmaya, 2008] the author suggests a Borel-set construction of a non-manipulable test via
the axiom of choice, and in [Olszewski and Sandroni, 2009] the authors equip the test to
ask for counterfactual queries which makes it resilient to manipulating forecasts.

Forecast evaluation as test - From classical tests to e-variables and non-neg-
ative supermartingales. Finally, the evaluation of a forecast can equivalently be un-
derstood as a classical statistical test (e.g., [Neyman and Pearson, 1933]) whether the (com-
posite) null hypothesis, i.e., the forecasting set defined through the forecast and the fore-
casted property, fits to the data observed, i.e., what Nature reveals. Recently, e-values, a
replacement for p-values, have gained increasing attention [Grünwald et al., 2020, Vovk and
Wang, 2021]. Essentially, e-variables, i.e., unrealized e-values, is a gambling approach to
testing statistical hypothesis testing. The studied questions and the setup in this work has
been motivated by the surrounding field of game-theoretic probability and statistics [Shafer
and Vovk, 2019] (going back to [Ville, 1939]).
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E-variables are, in our language, gambles, for which the availability constraint (Defini-
tion 11.5) is replaced by an expectation being equal or less than 1 and the restriction (Defi-
nition 11.26) is replaced by non-negativity. The analogue of rationality (Definition 11.26) is
growth rate optimality (GRO). An e-variable is growth rate optimal, if its expected logarith-
mic value is maximal under the alternative hypothesis. In our case, a gambler is rational, if
the expected values of its gambles is maximal under its belief, which is the alternative hy-
pothesis. Hence, our rationality demand is comparable to GRO up to the concave monotone
transformation of the “units” of the gamble’s outcome.

In the realm of game-theoretic statistics, the closest work to ours is [Casgrain et al., 2022].
Casgrain et al. [2022] propose test supermartingales (non-negative supermartingales with
initial expected value less or equal to 1) introduced in [Shafer et al., 2011] to test a com-
posite null hypothesis which is equivalent to the level sets which we consider for elicitable
(respectively identifiable) properties (cf. Definition 11.3 and Proposition 11.9). Test su-
permartingales are, (a) a special case of an e-process [Ramdas et al., 2022], which is the
sequential generalization of an e-value [Ramdas et al., 2023] and (b) a sum of available
gambles plus an initial value in [0, 1].

A central difference between ours and their work is that in [Casgrain et al., 2022] the authors
consider a stationary forecaster. In our setting, Forecaster can provide a new forecast for
every instance. That is why we concentrate on identifying properties of single-instance based
gambles, while [Casgrain et al., 2022] consider sequential tests. Nevertheless, they provide
answers to related questions. The authors identify a subset of the possible supermartingales
which tests the level set null hypothesis. In comparison, we provide full characterizations of
the set of available gambles, i.e., “instance-wise tests” (Theorem 11.13 and Theorem 11.15).
The authors maximize the power of their test, i.e., minimize the type-II error, based on GRO
against an alternative hypothesis which is the empirical distribution of the seen instances.
We consider rationality, the analogue of GRO as laid out above, against an alternative
hypothesis which can include the actual outcomes of unseen realizations. This is obviously
irrealistic, hence, we emphasis that our (recovery) results can only be interpreted as “as if”-
statements. Finally, they state that the test supermartingales which they suggest for level
sets of identifiable properties are more powerful, than for elicitable properties [Casgrain
et al., 2022, p. 9 & 10]. We observe an analogous hierarchy in Section 11.4.9.

Because of the multiplicative structure of the test supermartingales in [Casgrain et al., 2022]
and the logarithm in the GRO criterion [Grünwald et al., 2020], we summarize on an abstract
level, that our theory is providing an “additive analogue” to the more “multiplicative” theory
of game-theoretic statistics.
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11.6.2 Duality of Regret-Type and Calibration-Type Consistency

In Section 11.4.9 and Section 11.5.4 we stumble upon a fundamental duality of consistency
criteria of probability assignments: regret-type and calibration-type consistency criteria.

Internal consistency. In understanding “consistency” as internal consistency, i.e., the
probability assignments on a single happening are not contradicting, the loss-type and
calibration-type duality dates back at least to [De Finetti, 1974/2017]. De Finetti suggested
two different definitions of internal consistency, what he calls coherence [Schervish et al.,
2009]. One definition, the regret-type, states that a probabilistic assignment is coherent if it
minimizes a scoring rule. The other definition, the calibration-type, requires that a gambler
with access to available, scaled calibration gambles (cf. Theorem 11.4.4) does not get rich
by gambling across events. If one type of coherence is fulfilled then the probabilities follow
the standard rules of probability, e.g., sum to one, disjoint additivity.37

External consistency. On the other hand, we can understand “consistency” as ex-
ternal consistency, i.e., the probability assignments match empirical observations. Anal-
ogous to internal consistency there exist equivalence statements between regret-type and
calibration-type definitions. First, to our knowledge, were DeGroot and Fienberg [1983,
Equation 4.1 & 4.2] who provide a direct translation of calibration scores to swap regret
scores for the Brier scoring function. Similar bridges have been established in Foster and
Vohra [1998] and [Foster and Vohra, 1999, Section 2.3]. Independent of these works, Dawid
[1985a, Theorem 8.1] showed that a (computably) calibrated (computable) forecast has
lower proper scoring rule than any compared computable forecast for infinite time horizon.

More recently, equivalences between regret and calibration criteria of forecast regained
interest. The reason for this is that multicalibration, a generalization of calibration, was
introduced as a possible candidate to guarantee fair forecasts [Chouldechova, 2017, Hébert-
Johnson et al., 2018]. For instance, Globus-Harris et al. [2023, Theorem 3.2] provide a
characterization for multicalibration as kind of a “swap regret”. Closely related Gopalan
et al. [2024b] showed the equivalence of “swap regret” omnipredictor and multicalibrated
predictor. The equivalence relationship between “swap regret” and calibration has been
generalized beyond the mean in [Derr et al., 2026]. Finally, Kleinberg et al. [2023, Theorem
12] and Noarov et al. [2023] give results which imply low swap regret for (multi-)calibrated
predictors for relatively general loss functions.38 In particular, we recover [Kleinberg et al.,

37Schervish et al. [2009] trace back accounts for coherence of probabilistic statements and show limits
when it comes to their generalization to imprecise probabilities. This has been done for the approach via
calibration gambles in the seminal works of Walley [1991] and Williams [2007]. An analogous generalized
theory for losses is still under development [Konek, 2023].

38Surprisingly, already DeGroot and Fienberg [1983, Theorem 4] made some unnoticed progress in that
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2023, Theorem 12] in Corollary 11.43 using the more general Proposition 11.42.

The close relationship between regret-type external consistency and calibration-type exter-
nal consistency becomes apparent time and again. Nevertheless, cases are made advocating
calibration over regret [Foster and Vohra, 1998, Zhao et al., 2021, Kleinberg et al., 2023]
other cases are made arguing for the advantages of regret over calibration [Schervish, 1985,
Seidenfeld, 1985, Dawid, 1985a]. Our Section 11.4.9 and Section 11.5.4 highlight why the
debate “calibration versus regret” needs to be done at the right level of comparison: along
the level of available gambles (Section 11.4.9) or along the level of scores (Section 11.5.4).

Elicitation and identification of properties. Finally, the strand of statistical lit-
erature on property elicitation mentioned already in Section 11.3.1 provides further rela-
tionships between the regret and the calibration world. Because of the centrality of scoring
functions, regret, on an abstract level, is linked to elicitability (Definition 11.7). To re-
mind the reader, a property is elicitable if it minimizes a consistent scoring function. The
fundamental result by Steinwart et al. [2014] generalizes the equivalence of elicitable and
identifiable properties, if the property is real-valued and continuous given in [Lambert et al.,
2008]. In particular, a sufficiently differentiable scoring function which elicits a property
and an identification function which identifies the same property are linked via the gradi-
ents of the scoring function [Fissler and Ziegel, 2016, Theorem 3.2]. Then, in [Noarov and
Roth, 2023] and [Gneiting and Resin, 2023] calibration got understood as approximating
the identification criterion of a forecast. Similar to [Gopalan et al., 2022c, Deng et al., 2023]
they observe that standard calibration, e.g., Proposition 11.38, largely is based on a specific
instance-wise comparison between observation and forecast, namely y−v. This comparison
is an identification function of the mean. Hence, [Noarov and Roth, 2023] and [Gneiting
and Resin, 2023] generalized this instance-wise comparison to arbitrary identification func-
tions. In particular, Noarov and Roth [2023] identified the set of calibratable properties
by the set of elicitable respectively identifiable properties. Concluding, calibration, on an
abstract level, is linked to identifiability. If elicitablity and identifiability both are given,
then equivalence of the two worlds calibration and regret is, at least to a certain extent
modulo scaling, given (Corollary 11.25).

11.7 Conclusion

We have argued that most used evaluation metrics used in machine learning can be viewed
as the result of a fair gambling protocol between a forecaster and a gambler with certain
restrictions and beliefs. Provocatively written, all machine learning evaluation is gam-

regard. They argued that swap regret is controlled by the calibration of Forecaster. The authors didn’t use
the term “swap regret”. We refer to Equation (5.5) in their work as swap regret.
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bling. We are convinced this insight adds to the debate on the value of current evaluation
practice in machine learning when facing (social) reality, e.g., [Liu et al., 2022, Wang et al.,
2024]. For instance, we can now ask whether we want to let the success of gamblers decide
which methods to favor when doing breast cancer prediction, e.g., [Chen et al., 2025]?

Furthermore, our work sheds light on the relationship of regret-type and calibration-type
evaluation metrics. Both those types of metrics are fair. The difference of the types are
different restrictions on the set of gambles which the gambler is allowed to play beyond
the available ones. Then, a meaningful comparison between the obtained scores is possi-
ble when the belief is fixed, e.g., individual calibration scores with loss scores, standard
calibration scores with swap regret or multicalibration scores with group-wise swap regret.
Nevertheless, scaled regret-type evaluation metrics can, in principle, make up for the dif-
ference between the set restrictions. Regret and calibration are two flavors of evaluation
metrics, theoretically equivalent in their power, practically not comparable.

11.7.1 Future Work

Several interesting, open questions remain to be answered in future work. For instance, can
we characterize the set of available gambles for a forecasting set induced by an elicitable
or identifiable property by a criterion beyond calibration or regret? Related to this, how
can it be guaranteed that a forecasting set of an arbitrary property, which we only demand
to be credal, adequately describes Nature’s outcome (cf. Appendix 11.8.4)? On the other
hand, what are more meta-criteria for reasonable evaluation metrics beyond “fairness”?
Finally, how does this evaluation protocol interact with evaluation methodologies, e.g.,
benchmarking [Hardt, 2025], which provide more semantics to the obtained scores?
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11.8 Appendix

11.8.1 Representability of Evaluation Metrics

Proposition 11.49 (Characterization of Representability). Let T := {1, . . . , n}, Y be an
outcome set and V a set of property values. An evaluation metric m : YT × VT → R is
representable in an evaluation protocol, if and only if, for all y ∈ YT and v ∈ VT , there
exists a set of functions f it : Y ×V → R indexed by t ∈ T and i ∈ I for some finite I and an
aggregation A : R|I| → R, such that,

m((yt)t∈T , (vt)t∈T ) = A

( 1

|T |
∑
t∈T

f it (yt, vt)

)
i∈I

 .
Proof. Given T, v, y and V, let Γ: Q → 2V be arbitrary and define the evaluation protocol
(Y,Γ, T, v,GI , y), where for every i ∈ I, we define a gambler Gi such that Git : y 7→ f it (y, vt).
Then, the capital of each such gambler is,

K(Gi) =
1

|T |
∑
t∈T

f it (yt, vt).

By choosing the appropriate aggregation function A we obtain,

A[(K(Gi))i∈I ] = A

( 1

|T |
∑
t∈T

f it (yt, vt)

)
i∈I

 .
The reverse direction follows analogously, by demanding that for every i ∈ I and t ∈ T

there is a function fG
i

t (·, vt) : y 7→ Git(y).

In particular, every single-instance based evaluation metric is representable.

Proposition 11.50 (Single-Instance Based Evaluation Metrics are Representable). Let
T := {1, . . . , n}, Y be an outcome set and V a set of property values. The single-instance
based evaluation metric m : YT × VT → R,

m((yt)t∈T , (vt)t∈T ) = A[(ft(yt, vt))t∈T ],

for some aggregation function A : RT → R, and some ft : Y × V → R for each t ∈ T is
representable in an evaluation protocol.

Proof. Given T, v, y and V, let Γ: Q → 2V be arbitrary and define the evaluation protocol
(Y,Γ, T, v,GI , y), where for every t̃ ∈ T , we define a gambler Gt̃ such that Gt̃t = 0 if t 6= t̃
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and Gt̃
t̃
: y 7→ ft̃(yt̃, y). Then, the averaged capital of each such gambler is,

K(Gt̃) =
1

|T |
ft̃(yt̃, vt̃).

By choosing the appropriate aggregation function A′, which is A′[(rt)t∈T ] = A[|T |(rt)t∈T ]
for (rt)t∈T ∈ R|T |, we obtain,

A′[(K(Gt))t∈T ] = A[(ft(yt, vt))t∈T ].

11.8.2 Elicitable or Identifiable Properties Have Convex and Closed Level
Sets

Proposition 11.51 (Convex and Closed Level Sets). For all γ ∈ V the level set Γ−1(γ) ⊆
∆(Y) of an elicitable or identifiable property Γ is credal, i.e., convex and σ(ca(Y), C(Y))-
closed.

Proof. Let Γ be elicitable with scoring function ℓ. By Definition 11.7, for all γ ∈ V ,
ℓγ ∈ C(Y). Hence, all integrals are well-defined. Fix any γ ∈ V . By assumption in
Definition 11.3, Γ−1(γ) 6= ∅. The convexity of the level sets follows by a straightforward
argument comparable to [Steinwart et al., 2014, Appendix B Theorem 13]). Let ϕ1, ϕ2 ∈
Γ−1(γ) and α ∈ [0, 1], for all γ′ ∈ V ,

〈αϕ1 + (1− α)ϕ2, ℓγ′〉 = α〈ϕ1, ℓγ′〉+ (1− α)〈ϕ2, ℓγ′〉

≥ α〈ϕ1, ℓγ〉+ (1− α)〈ϕ2, ℓγ〉

= 〈αϕ1 + (1− α)ϕ2, ℓγ〉,

hence, αϕ1 + (1− α)ϕ2 ∈ Γ−1(γ) by convexity of Q. For the closure, observe that

Γ−1(γ) := {ϕ ∈ Q : γ ∈ Γ(ϕ)}

= {ϕ ∈ Q : Eϕ[ℓ(Y, γ)] ≤ Eϕ[ℓ(Y, c)], ∀c ∈ V}

= {ϕ ∈ Q : 〈ϕ, ℓγ − ℓc〉 ≤ 0, ∀c ∈ V}

= {ϕ ∈ ca(Y) : 〈ϕ, ℓγ − ℓc〉 ≤ 0, ∀c ∈ V} ∩Q

=
⋂
c∈V

{ϕ ∈ ca(Y) : 〈ϕ, ℓγ − ℓc〉 ≤ 0} ∩Q,

is σ(ca(Y), C(Y))-closed since {ϕ ∈ ca(Y) : 〈ϕ, ℓγ − ℓc〉 ≤ 0} is closed by the definition of
σ(ca(Y), C(Y))-topology and any intersection of closed sets is closed.
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Let Γ be identifiable with identification function ν. By Definition 11.8, for all γ ∈ V ,
νγ ∈ C(Y). Hence, all integrals are well-defined. Fix any γ ∈ V . By assumption in
Definition 11.3, Γ−1(γ) 6= ∅. The convexity of the level sets follows directly by the definition
of identification function. For the closure, observe that

Γ−1(γ) := {ϕ ∈ Q : γ ∈ Γ(ϕ}

= {ϕ ∈ Q : 〈ϕ, νγ〉 = 0}

= {ϕ ∈ ca(Y) : 〈ϕ, νγ〉 = 0} ∩Q

= {ϕ ∈ ca(Y) : 〈ϕ, νγ〉 ≤ 0} ∩ {ϕ ∈ ca(Y) : 〈ϕ, νγ〉 ≥ 0} ∩Q,

is σ(ca(Y), C(Y))-closed.

11.8.3 Additional Lemmas and Examples

Lemma 11.52 (Convex Cone). If A ⊆ C(Y) or A ⊆ ca(Y) is convex, then R≥0A is a
convex cone.

Proof. Note, R≥0A is closed under positive scalar multiplication. It remains to show that for
r1a1, r2a2 ∈ R≥0A the sum r1a1 + r2a2 ∈ R≥0A. To this end, we choose r′ := r1 + r2 ∈ R≥0

and a′ := r1
r1+r2

a1 +
r2

r1+r2
a2 ∈ A by convexity. We note r′a′ ∈ R≥0A and r′p′ = r1a1 +

r2a2.

Lemma 11.53 (Vacuous Forecasts Only Make Non-Positive Gambles Available). Let P =

∆(Y). Then,

{g ∈ C(Y) : sup
ϕ∈P

Eϕ[g] ≤ 0} = C(Y)≤0.

Proof. Note that P is credal, i.e., σ(ca(Y), C(Y))-closed and convex. Theorem 11.22 and
Proposition P5 give

{g ∈ C(Y) : sup
ϕ∈P

Eϕ[g] ≤ 0} = GP = (R≥0P)◦ = (ca(Y)≥0)
◦ = C(Y)≤0.

Lemma 11.54. Let f ∈ C(Y). If there exists ϕ ∈ ∆(Y) such that 〈ϕ, f〉 ≤ 0, then inf f ≤ 0.

Proof. Let us give a proof by contraposition. Suppose that inf f > 0. Then, for all ϕ ∈
∆(Y), 〈ϕ, αf〉 ≤ 0, because ϕ(A) ≥ 0 for all A ∈ Σ(Y).
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Example 11.55 (Dominance of Single Gamble by Scaleability). Consider an evaluation
protocol (Y,Γ, T, v, {G}, y) with K(G) = 1

|T |
∑

t∈T Gt(yt). Pick an arbitrary t̃ ∈ T and
change the gamble G′

t̃
= αGt̃ for α ∈ [0,∞). The updated capital is,

K(G′) =
1

|T |
∑
t∈T

Gt(yt) +
1

|T |
(α− 1)Gt̃(yt̃),

hence,

K(G′)

α
=

1

|T |α
∑
t∈T

Gt(yt) +
α− 1

|T |α
Gt̃(yt̃)

α→∞−→ Gt̃(yt̃).

11.8.4 Availability Criterion for Imprecise Forecasts

The problem of “What is a good precise forecast?” has been part of debates for decades
[Schervish, 1989, Schervish et al., 2009, Gneiting and Raftery, 2007, Gneiting, 2011, Zhao
and Ermon, 2021, Zhao et al., 2021]. However, the more general, “what are “good” imprecise
forecasts?”, regains focus just recently [Zhao and Ermon, 2021, Gupta and Ramdas, 2022,
Konek, 2023, Verma et al., 2025, Fröhlich and Williamson, 2024, Singh et al., 2025]39. The
question’s answer has not been settled yet. We hope our work can contribute by clarifying
the problem setup.

One of the central problems in evaluating imprecise forecasts is the fine balance of (de-
)incentivizing imprecision. A vacuous forecast, i.e., the totality of all probability distribu-
tions, is, for example, a forecast in which a fair player cannot increase his capital beyond
0. In this paper, we circumvent the “problem of imprecision” by requiring the forecaster
to make property-based forecasts. More specifically, in our approach, we focus on the
evaluation of imprecise forecasts which are level sets of elicitable (respectively identifiable)
properties.

39Arguably, Schervish et al. [2009] started this project during the search for a generalization of de Finetti’s
coherence type II. The first generalization of de Finetti’s coherence type I already let to the development of
the field of imprecise probability [Walley, 1991, Williams, 2007].
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Figure 11.1: Graphical summary of the results in Section 11.3.4. The mathematical nota-
tions are explained in Table 11.3. The central element is the polar duality between closed,
convex sets of probability distributions, i.e., credal sets, and convex cones of gambles, i.e.,
available gambles (highlighted in gray). We show that the set of available gambles, i.e.,
unfavorable gambles for a gambler, with respect to a forecasting set induced by an iden-
tifiable (respectively elicitable) property is equal to the set of gambles bounded above by
calibration gambles (respectively scaled regret gambles). For example, the forecast of the
set of probability distributions which share the mean M ∈ R, are tested by the set of gam-
bles which are upper bounded by α(y −M) for some α ∈ R, respectively upper bounded
by β(y −M)2 − β(y − C)2 for some β ≥ 0 and C ∈ R. Roughly speaking, calibration and
scaled regret are the most stringent forms of testing a forecast.
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Set of probability
distributions on Y ∆(Y) := {ϕ ∈ ca(Y) : ϕ ≥ 0, ϕ(Y) = 1}

Set of continuous
real-valued functions on Y C(Y)

Forecasting set P ⊆ ∆(Y)

Domain of property Q ⊆ ∆(Y), σ(ca(Y), C(Y))-closed and convex
Property of distribution Γ: Q→ 2V

Level set of property Γ−1(γ) := {ϕ ∈ Q : Γ(ϕ) = γ}, Definition 11.3

Consistent scoring
function for property Γ

ℓ : Y × V → R s.t. Γ(ϕ) = arg minc∈V Eϕ[ℓc],
short ℓγ : y 7→ ℓ(γ, y), Definition 11.7

Identification function
for property Γ

ν : Y × V → R s.t. Eϕ[νγ ] = 0 ⇔ Γ(ϕ) = γ,
short νγ : y 7→ ν(γ, y), Definition 11.8

Credal set closed and convex P ⊆ ∆(Y), Definition 11.20
Forecaster aligned to property Γ v, for every t ∈ T := {1, . . . , n}, vt ∈ V , Definition 11.2
Set of gamblers with index set I GI := {Gi : i ∈ I}, Definition 11.2

ith gambler Gi for i ∈ I

Gamble at instance t of ith gambler Git ∈ C(Y)

Generic gamble g ∈ C(Y)

Nature y, for every t ∈ T := {1, . . . , n}, yt ∈ Y , Definition 11.2
Capital of ith gambler Gi K(Gi), Definition 11.2

Available gamble g ∈ C(Y) such that supϕ∈Γ−1(v) Eϕ[g] ≤ 0, Definition 11.5
Set of available gambles GΓ−1(v), Definition 11.5 and GP , Theorem 11.18

Offer G ⊆ C(Y) additive, positive homogeneous
coherent, default available and closed, Definition 11.17

(Unscaled) regret gambles Lγ := {ℓγ − ℓc : c ∈ V}, Equation (11.3)
Scaled regret gambles Sγ := {β(ℓγ − ℓc) : β ∈ R≥0, c ∈ V}, Equation (11.5)

Calibration gambles Vγ := {ανγ : α ∈ R}, Equation (11.4)
Superprediction set for

scoring function ℓ
spr(ℓ) := {g ∈ C(Y) : ∃c ∈ V , ℓc ≤ g}, Definition 11.12

Table 11.3: Summary of important definitions.
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Figure 11.2: Evaluation Protocol following Definition 11.2 – The Game is played in (po-
tentially concurrent) rounds, for every t ∈ T . In a single round, first Forecaster provides
a forecast aligned to a property Γ, then the ith gambler reacts with a gamble, and finally
Nature reveals an outcome. The realized values of the gambles are aggregated along the
axis of all played rounds.
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Figure 11.3: Available Gambles in the setup as described in Example 11.14 – We fix Fore-
caster to v = 0.4. The set of available gambles is shaded in light blue. The set of calibration
gambles is given by the blue line. An exemplary available gamble G = (−0.4, 0.6) is marked
as a blue dot. The set of regret gambles for fixed β = 1 is drawn in green. An approximation
of G via rescaled regret gambles ℓϵ as in Equation (11.7) is shown in green.
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(a) (b) (c)

Figure 11.4: Illustration of a fair, restricted and rational gambler. – (a) Exemplary set of
available gambles for a two-element outcome set (blue). (b) Restriction to norm ball B1

(orange). (c) Optimal choice of gamble (green dot) with respect to a belief (green line).
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12
Individual, Randomness and Predictiveness

I elaborated on four facets of statistical forecast felicity in the previous chapters. It is not the
scope, and I believe it cannot be the scope, of this work to fully flesh out an exhaustive list of
statistical felicity conditions, their relationships and their intrinsic relative and contextual
choices.

Nevertheless, I want to further expand from the four facets to two more. These additional
facets are central for felicitous, statistical forecasting but have not received the attention
they deserve. Both this and the following chapter can be regarded as summarizing open
arguments or thoughts. They outline the path for potential future work.

12.1 Choice of Individual – Unit in Aggregates

The aggregate played a major role in the choices made explicit so far (Chapter 6 and
Chapter 9). In the context of a statistical forecast, I defined an aggregate as the collection
of individuals (Section 3.2). Hence, another more atomic question is: what (respectively
who) is the individual about whose attributes the forecast is made?

An individual, as emphasized, is not necessarily to be understood as an individual person.
In the rain forecasting example, the individual was one day. It would also be reasonable
to consider the individual to be one hour, so “Chance of rain between 10 am and 11 am:
60%”, or one week “Chance of rain this week: 60%”. Again, we seek for felicity of this
choice. An hourly rain forecast is helpful for a cyclist to know when to leave home and
when to return. A weekly rain forecast is helpful for a farmer to know when to mow the
lawn. The universally right individual does not exist.

An illustrative real-world forecasting scenario towards the felicitous choice of an individual
is [Perdomo et al., 2025]. In this study the authors investigate the policy success of drop-out
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early warning systems for public school students. The predictive systems provide drop-out
risks on the level of students. The authors observe that a predictive system which provide
overall drop-out risks on the level of schools would likely be sufficient to achieve comparable
policy success.

The Individualization Narrative The narrative of “individualized forecasts” is part
of the success story of machine learning. Apparently, machine learning methods enable to
provide forecasts which are tailored to single individuals most often persons (cf. [Suriyaku-
mar et al., 2023]). That promise is tightly related to personalized insurance [Fröhlich and
Williamson, 2024]. In this section, I question the depth of the individualization.

First, “individualized forecasts” presume the existence of an ultimate individual. If, as in
a social forecasting scenarios, we understand an individual as an individual person, then
it might seem natural to assume that there exist an atomic individual, the person, which
cannot be dissected further. However, it seems reasonable to consider the individual “You
in the morning” and “You in the evening” to be two different individuals for whom different
forecasts are desired. Hence, I doubt that we can reasonably presume the existence of
universal atoms in forecasting scenarios.

Second, what is the usefulness of an “individualized forecast” when the forecast itself is
statistical, which arguably most machine learning forecasts are. A statistical forecasts
necessarily needs to refer to an aggregate. An individualized Type A2I forecast aims for
an unreachable ideal, the singleton aggregate. Type I2A forecasts allow to distinguish
between individuals even within groups, hence to be individualized [Dawid, 2017]. But
this individualization is a hollow promise, as its justification, the evaluation, demands an
aggregate again [Wang et al., 2024, Recht, 2025].

The individual statistical forecast is justified because of the adequate performance of the
forecaster on an overarching aggregate. However, whether the individual profits from the
forecast quality on the aggregate depends on the context. In [Suriyakumar et al., 2023]
the authors observe that the individualization of forecasts can lead to worse forecasting
performance on certain subgroups. Their findings can be understood as a type of Simp-
son’s paradox on the level of forecasting performance. Their results challenge the narrative
“individualized forecasts”. Concluding, it remains the difficulty of a felicitous choice of
individual.

Aggregate and Individual The choice of individual strongly interacts with the choice
of aggregate. What is an aggregate when defining an individual in one scenario could be
an individual in a different scenario [Latour, 2012]. The relationship of the individual and
aggregate within forecast felicity remains underexplored in this thesis, but is of significant
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interest [Tarde, 2012]. A more detailed elaboration of the relationship between the choice of
individual, the choice of aggregate and the statisticalness of the forecasts are left for future
work. The operationalization of individual as individualization, along the lines of Gilbert
Simondon, e.g., [Simondon, 1992, Voss, 2020], could provide a helpful starter.

12.2 Randomness and Predictiveness – Two Sides of the Same Coin

In Chapter 7, I already guided us through a definition of randomness and its relationship to
forecast felicity. In this section, I’ll argue that the evaluation of forecasts implicitly defines a
notion of randomness. Hence, Type I2A forecasts implicitly guarantee the randomness of the
forecasted attributes, which then resolves the demand for a felicitous choice of randomness
in the felicitous choice of an evaluation. Parts of this section have been included in a first
version of Chapter 11.

A Hand-Wavy Intuition Let us start with a hand-wavy intuition why “good” forecasts
on a aggregate of realized attributes is tantamount to “random” attributes with respect to an
aggregate of forecasts. Caution, I’ll throw around not-further-discussed and vague concepts.
A forecasting method which “performs well” essentially provides “all the information” about
the yet to be realized attributes. Hence, any more detailed view on the attributes will simply
result in observing “noise”. The “signal” is captured by the forecast. The attributes seem
to be “random” with respect to the forecasts.

The duality switch I turn is, instead of asking whether the forecasts match the realized
attributes, I ask whether the realized attributes match the forecasts. At first sight this
perspective seems odd, but in fact it is intrinsic to an entire field of research: algorithmic
randomness. Realized attributes which match the forecasts are random with respect to the
forecasts. This observation is not new, [Vovk and Shen, 2010, Vovk, 2020, Dwork et al.,
2023], but receives little attention from the machine learning community.

Short History of Algorithmic Randomness Let’s start from the beginning. Math-
ematical literature on randomness started with the groundbreaking, frequential axiomati-
zation of probability by von Mises [Von Mises, 1919]. Instead of using randomness as an
ascription to a source of outcomes, he tried to capture whether a realized sequence of out-
comes is random or not. This distinction is sometimes called “process” versus “product”
randomness [Eagle, 2021].

In a nutshell, von Mises’ random sequences (called “collective” by Von Mises [1919]) are
defined as sequences for which the “law of the excluded gambling strategy” holds [Von Mises,
1919]. Remember that a gambling strategy is defined as a selection rule by von Mises.
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If every selection rule strategy would be excluded, then no non-trivial sequence would be
random (Section 7), thus the amount of selection rules, i.e., the abilities of the gambler, have
to be restricted. The arguably standard approach faces this definitional question via tools of
computation. For instance, the gambler has access to all “computable” gambling strategies,
i.e., all computable selection rules [Church, 1940]. Hence, randomness and computability are
opposed. This idea culminated in the theory of algorithmic randomness, e.g., [Martin-Löf,
1966, Uspenskii et al., 1990, Bienvenu et al., 2009, Eagle, 2021].

For the sake of simplicity, scholarship usually analyzes the randomness of infinite sequences
of 0’s and 1’s, i.e., idealized infinite aggregates with realized binary attributes.1 Further,
the problem setup asks for a forecasting system with respect to which the sequence is called
random or not.2 A forecasting systems is a method which sequentially produces forecasts
for every next individual.

Definitions of algorithmic randomness try to capture which sequences under the forecasting
systems are considered random or not. Roughly stated, algorithmic randomness sorts out
specific “computably structured” sequences such as e.g., 01010101010 . . .. The arguably
standard notion of randomness in this literature is the so-called Martin-Löf randomness
[Uspenskii et al., 1990]. This notion, introduced by Per Martin-Löf, defines a sequence to
be random if it passes all computable, statistical tests with respect to a forecasting system
[Martin-Löf, 1966]. Interestingly, for our purposes, this notion can be expressed equivalently
in terms of gambling strategies and evaluation criteria [Vovk and Watkins, 1998, Vovk and
Shen, 2010, De Cooman and De Bock, 2021].

Three Notions of Randomness with Evaluations Let me roughly introduce three
notions of randomness which share that they are expressed in terms of evaluation criteria
for forecasts.

In [Nobel, 2004] Andrew Nobel introduced memoryless sequences.3 For a chosen loss func-
tion, a sequence is memoryless if no finite-horizon Markov predictor, i.e., a function which
is allowed to look back on finitely many elements of the past sequence, performs better
than a constant forecasting system.4 In other words, if the asymptotic regret of any finite-
Markov predictor against the best constant forecasting system is larger or equal to zero,
then the sequence is memoryless. Hence, the definition of memoryless is built upon the
evaluation a constant forecasting system in comparison to finite-Markov predictors. If a

1More general treatments can be found for instance in [Gács, 2005] or [De Cooman and De Bock, 2021].
2In fact, most often the definitions need a probability model. Every probability model can, under some

restrictions, be understood as a forecasting system, cf. [Dawid and Vovk, 1999, §3.1.1], [Lehrer, 2001], [Shafer
and Vovk, 2019, p. 193] or Shafer and Vovk [2019, p. 177]).

3The work got extended in [Frongillo and Nobel, 2017] and [Frongillo and Nobel, 2020].
4Different to the randomness definitions below, the forecasting system is required to be constant for this

definition.
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constant forecasting system performs “well”, then the realized attributes are memoryless.

The definition of game-randomness [Vovk and Shen, 2010] requires the mathematical tools
of prequential probability [Dawid, 1984, Dawid and Vovk, 1999, Shafer, 2021], lower semi-
computability [Martin-Löf, 1966, Gács, 2005, Vovk and Shen, 2010] and superfarthingales5.
In the author’s terms, a sequence is game-random, if every lower semicomputable superfar-
thingale is bounded on the sequence.In simpler words and neglecting the technicalities, a
sequence is game-random, if every computable and fair gambler (a) gambles on every next
element of the sequence, (b) adds up the realized values of the gambles and (c) does not
get infinitely rich. Importantly, computability is meant to capture the notion of lower semi-
computability. Fairness is defined with respect to the forecasting system as in the protocol
of Section 11. Hence, the forecasts are evaluated by the gambles. Only if the forecasts are
“good”, the sequence, i.e., the realized attributes, is “random”.

A formally related notion is predictive-complexity-randomness. In a series of work starting
with [Vovk and Watkins, 1998], Vladimir Vovk and collaborators elaborated a definition
of predictive complexity which captures the unpredictability of a sequence.6 Predictive
complexity is roughly the accumulated loss the best computable expert would incur on a
sequence. A predictive-complexity-random sequence with respect to a forecasting system is
a sequence on which the forecasts perform at least as good as the best computable expert.
Hence, as for memoryless sequences, randomness is captured by a regret-type definition.
“Good” forecasts make the realized attributes “random”.

Note that predictive complexity with respect to the logarithmic loss, sometimes called
cross-entropy-loss, is equivalent to Levin’s semimeasures [Zvonkin and Levin, 1970] and
hence its predictive-complexity-randomness is equivalent to Martin-Löf-randomness Vovk
and Watkins [1998]. Furthermore, game-randomness is under mild assumptions as well
equivalent to Martin-Löf randomness [Vovk and Shen, 2010, Corollary 1].

In conclusion, randomness in the given examples is expressed through the evaluation of a
forecasting system on an infinite sequence of realized attributes. All notions share that if
the forecasting system is evaluated to perform well, the sequence is called random. This
justifies our earlier statement: it is mathematically equivalent to state that forecasts fit
realized attributes or realized attributes fit forecasts, but the semantic changes. Forecasts
which match realized attributes are “good”. Realized attributes which match forecasts are
“random” with respect to those forecasts.

A critical reader might question the implicit stretch from infinite sequences to finite aggre-
gates in the argument above. Practical scenarios are bound to observe only finitely many
forecasts and finitely many realized attributes.

5Superfarthingales are the prequential analogue of supermartingales.
6For a nice summary see the PhD-thesis by Yuri Kalnishkan [Kalnishkan, 2002].
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There are at least three responses to sweep this concern off the table. (a) There exist at-
tempts to formalize randomness on finite aggregates [Putnam, 1990/2011] and [Kolmogorov,
1965]. However, their relationship to evaluation is yet to be explored. (b) One can inter-
pret the actual realized attributes and forecasts as the start of an idealized sequence. Then,
predictiveness on a finite aggregate would by assumption imply randomness on an infinite
sequence. (c) I am convinced that the conceptual idea of randomness is not bound to infi-
nite sequences. It is an artifact of the formalization that randomness is defined by a subset
of the uncountable set of sequences. In principle, other kinds of aggregates, like functions
on the real numbers [Kac, 1982, Leśkow and Napolitano, 2006, Napolitano and Gardner,
2022] or nets [Ivanenko, 2010] would be imaginable to be the subject of a definition of ran-
domness. Analogously, a randomness definition for finite aggregates would then be a rule
which excludes certain aggregates to be non-random. It is not a far stretch to simply define
random aggregates as the ones on which a forecasting system performs well.

Accepting the argument, it follows that the predictiveness of a forecaster implies the ran-
domness of the realized attributes. Hence, a felicitous choice of evaluation would imply a
definition of randomness. This randomness, in turn, suffices as argument for a felicitous,
statistical forecast. The choice of randomness serves as inherently felicitous modeling choice.
It matches the felicitous evaluation. Different to forecasts of Type A2I, Type I2A forecasts
seem to not require an elaborate choice of randomness.
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13
Beyond Felicity Conditions about the Statistical

Nature

The exemplary list of felicity conditions presented in Paragraph 4.2 included conditions
reaching beyond the statistical nature of forecasts. This is a natural consequence of under-
standing a forecast as a speech act. Austin’s felicity conditions, e.g., [Austin, 1975, page 15
and 18], for speech acts share this generality.

Hitherto, I focused on statistical felicity conditions. In this section, I want to risk a glimpse
beyond statistical aspects of forecasts. I picked two topics, communication and performa-
tivity. Both are central to felicitous forecasting. Both have partially been treated in a
formal, mathematical way. And, both are full of unanswered, but interesting questions.

13.1 Communication – Forecaster and Receiver

Forecasts as speech acts are uttered in a context of receivers. Forecasts hence are commu-
nicated with at least two parties involved, the forecast and the receiver.

Understandability and Understanding One of the infelicities Austin is alluding to
are “misunderstandings” [Austin, 1975, page 22]. Hence, a prerequisite for a felicitous
forecasts is that it is understandable to the receivers and understood by them in accordance
with the forecaster’s aims and purposes. Otherwise the communication of the forecast fails.

I have not paid attention to this relatively fundamental aspect, which is practically impor-
tant as the study by [Gigerenzer et al., 2005] showed. A forecast like “Chance of rain today:
60%”1 is understood in a variety of ways, sometimes matching the forecaster’s meaning

1In fact, they studied the question of what people understood under “30% chance of rain tomorrow”.
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sometimes not.

A reason for these misunderstandings was and is the multitude of meanings of such rain
forecasts given by the forecasting agencies (cf. Section 5.1 and [Stewart et al., 2016]). As
a worrying or amusing side note, even experts of the professional atmospheric science com-
munity hold different understandings of the probabilistic rain forecasts, and they do so with
great conviction [Stewart et al., 2016].

The understandability and the understanding of a forecast with respect to the intended
receivers of the forecast is part of the success of it. It drives the receivers to change beliefs,
take actions, or react more generally.

Decision Schemes by Receivers A standard way to avoid the understanding problem
is to assume a certain decision scheme by the receiver. The seminal work by von Neumann
and Morgenstern [1953] laid the foundation of decision theory and provided a formal treat-
ment of such decision makers. The expected utility maximizer is an idealized agent which is
governed by a utility function which specifies the utility for a yet unobserved attribute and
a possible decision. Such an agent reacts to a probabilistic forecast as if it were the true
probability distribution by taking the decision which maximizes the expected utility. Von
Neumann and Morgenstern furthermore showed that agents which have a structured pref-
erence relationship on different probability distributions over the outcomes actually behave
as if they would be governed by such a utility function [von Neumann and Morgenstern,
1953].

This model of response to a forecast essentially underpins most of the evaluation structures
which we have seen before. Loss functions, necessary for notions of regret, are negative util-
ities which determine the optimal forecasting model. Calibration is (partially) rationalized
by the argument that any decision maker profits, in terms of no swap regret, from calibrated
forecasts (cf. Section 10). Note that the link between decision theory and statistics has a
history dating back far beyond machine learning forecasting systems, e.g., [Wald, 1950].

An interesting tweak to the assumption of a certain response behavior is the introduction of
competing interests between forecaster and receiver. [Jain and Perchet, 2024, Tang et al.,
2025] and [Feng and Tang, 2025] are formal studies of how a receiver can be nudged to
certain decisions while the forecasts still fulfills a certain evaluation criterion. In particular,
the response behavior is rationalized as it is, under certain conditions, for the receiver’s
best, i.e., minimizing a certain swap regret (Definition 10.26). This information design
following the idea of Bayes persuasion [Kamenica and Gentzkow, 2011] exemplarily shows
that truth is not the ultimate goal of the forecast here, but the felicity through the eyes of
the forecaster.
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From Decision-Support to Discourse-Support In a forthcoming work by Sebastian
Zezulka and Konstantin Genin [Zezulka and Genin, 2025], they argue that we should not
take for granted certain response behavior. Forecasts need not only support the decisions to
take by the receivers, but support the discourse among the receivers to improve, in their case,
policy decisions. They define discourse-supportiveness based on Habermas’ “communicative
rationality” [Habermas, 1998].

Their argument relies on the assumption that the forecasts are performative in the sense
that they change the subject of the forecast (Section 13.2). In a nutshell, suppose that
the receivers react in some general, but pre-specified, way to a forecast by a decision.
Suppose that the receiver is subject of the forecast. Then, optimal forecasting, i.e., decision
support, intertwines epistemic and pragmatic interests. They suggest to disentangle them
via counterfactual, causal estimation, which they claim to be discourse-supportive.

Interaction between Forecaster and Receiver Finally, the communication of
forecasts is not bound to be a one-way street. In fact, often forecaster and receiver interact
in more complicated ways, e.g., to form a forecast [Charusaie et al., 2022, Charusaie and
Samadi, 2024, Collina et al., 2025b,a].

Open Questions In all those aspects of communicating forecasts there wait several in-
teresting question yet to be answered:

Receiver Models for Statistical Forecasts What are other models of receivers’ reac-
tions to forecasts which respect the statisticalness of the forecast not through uncer-
tainty expressed by a probability distribution but because of their relationship to an
aggregate? What is the role of individual and aggregate for the reactions in those
models?

Formalization of Discourse-Supportiveness How can discourse-supportiveness be for-
malized beyond counterfactual forecasting?

Competing Interests To which extent can forecasts simultaneously serve competing in-
terests of forecasters and receivers?

Agreement and Understandability How does “agreement” in the interaction between
forecaster and receiver relate to the understanding and understandability of forecasts?

13.2 Performativity – Beyond the Concept in Machine Learning

Let me know dive a deeper into the scenario sketched before. Machine learning applied in
social context, e.g., traffic prediction, credit default risk, leads to scenarios in which the
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subjects of forecasts react to the deployment of the method, hence change the forecasting
problem and in particular the data distribution on which the machine learning model is
trained on.

Performativity in Machine Learning This phenomenon has been studied as perfor-
mativity in machine learning [Perdomo et al., 2020].2

A special subtype of performativity, in the sense of machine learning, is the response of the
subjects of forecasts to the forecasts [Kim and Perdomo, 2023]. This is a restricted setting.
The more general model assumes that machine learning deployment changes the entire
distribution of covariates and predictands. A good example of such restricted setting is the
forecast about the utilization of trains such as implemented by the Deutsche Bahn [Deutsche
Bahn AG, 2025]. The forecast directly influences the behavior of potential travelers and
thus utilization. In contrast, the much-discussed rain forecast does not change the rain.3

Performativity in Speech Act Theory When earlier (Section 4.1) referring to “per-
formatives”, was I referring to the machine learning understanding? No, performativity is a
natural and rich concept in speech act theory. To shortly remind the reader, Austin [1975]
suggests to look at three subacts of a speech act, the locutionary, illocutionary and per-
locutionary act. Interestingly, both the illocutionary and the perlocutionary act are tightly
related to performativity.

The perlocutionary act is the (intentional) consequence or effect of the forecast. Performa-
tivity in machine learning is most often part of this act. The reaction of the subject of a
forecast to change its attributes, e.g., “take the train”, is a consequence of the forecast.

The illocutionary act of forecasting is in the forecasting itself. The forecast does warn,
inform, promise, describe, approve, hence, shapes reality. This performativity is more
subtle but constructs our (social) reality. To illustrate, a warning rain forecast brings to
existence the warning. The world is different after the warning.

Different to the perlocutionary act, the illocutionary act in forecasting has, to the best of
my knowledge, eluded mathematical formalization so far. In machine learning we are in
the situation of separating between constantives and performatives. One of Austin’s main
goals in [Austin, 1975] was to replace this separation by a unified treatment as speech acts
with all their sub-acts included. Hence, I believe that a treatment of the illocutionary act
in the formal words and language of machine learning would indeed be fruitful.

2Note that for research on economics or sociology, performativity is not a new concept, e.g., [Luhmann,
1984]. For instance, MacKenzie and Millo [2003] observed that the Black-Scholes-Merton option pricing
theory [Black and Scholes, 1973, Merton, 1973] indeed reified.

3At least if we disregard the fact that people’s behavior can, in principle, change the weather conditions.
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Furthermore, an extension of the project “forecasts as speech acts” can be “machine learning
as act”. This leads to the rich and developing question: how does machine learning make
(social) reality? For instance, through construction of evaluation schemes [Wang et al., 2024,
Recht, 2025], through definitions of variables [Hu and Kohler-Hausmann, 2020, Fröhlich and
Williamson, 2024], through use in everyday life [Bareither, 2024], and many more ways not
mentioned. I leave this to future work.
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14
A Practical Conclusion

This thesis introduces forecast felicity and focuses on statistical forecasts. In particular, I
attempt to resolve four problems, what does the forecast mean, how to determine whether
the forecast is “good”, what is the argument that the forecast is a quantity, what is the
argument that the forecast is statistical. I mainly focus on four facets captured by the
four projects which form the core of this thesis. The facets do not map one-to-one to the
problems. In their entirety they sketch a picture of statistical forecast felicity which I want
to summarize and translate into the following “4F-Questionnaire” (Table 14.1).

The questionnaire serves as a practical tool that results from the questions examined. It
makes explicit internal choices required for statistical forecasting. Furthermore, the ques-
tionnaire asks for an argument why the choice is felicitous. Hence, it supports agencies who
provide forecasts to check the relevant aspects of their forecasts. A priori, it should help to
produce felicitous forecast i.e., forecasts which meet their aim and purpose. A posteriori, I
should facilitate the analysis why a forecast has not been felicitous.

To exemplify, consider, for a last time, the forecast “Chance of rain today: 60%” and let me
iterate through the questionnaire. I presume that the forecast is used by farmers to decide
on when to mow their lawns (cf. [Deutscher Wetterdienst (DWD), 2025]). The forecast
supports the mowing decision. The choices made and the arguments presented are made
up. The arguments might require further extension or corroboration. Note that the scope of
the argument is again a choice depending on the context, e.g., what are the stakes involved?

I would be “felicitous” to see weather agencies providing felicitous explanations of their pre-
cipitation forecasts. Forecast felicity is more than a theoretical concept. It is a practical tool
to understand, construct, analysis (un)successful forecasts. Forecast felicity is everywhere.
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What is the choice? What is the argument for
the felicity of the choice?

Statistical Forecast

Individual Day. Decision on mowing is made for
a day.

Aggregate Days with similar forecasted
weather, average temperature
within ±2◦C and pressure within
±50, hPa, over the past 10 years
within a 10, km radius.

Due to climate change, older
data is not reliable for future pre-
dictions. Similarity measure has
shown relevance in tests for pre-
cipitation forecasting.

Type Forecast Type A2I but addition-
ally evaluated as Type I2A fore-
casts.

Additional evaluation supports
conclusiveness of forecasts.

Forecast of Type A2I

Measurability In the range of −2◦C to 31◦C for
the forecasted weather situation,
measurability is given. Other-
wise not.

Sufficient past reference data ex-
ists for statistical claims.

Measure Relative number of days, rounded
to 5%.

Simple measure and rounding fa-
cilitates understanding. Mowing
decision is supported.

Randomness Aggregate of days is random
with respect to relative humidity
and/or maximum temperature.

Similarity defined through rel-
ative humidity and/or temper-
ature does not change relative
count.

Forecast of Type I2A

Internal Consistency Given through relative count. Mowing decision is supported as
this is usually taken on a subjec-
tive and varying threshold on the
chance of rain.

Evaluation metric Binary distribution calibration. Calibration guarantees that con-
sequences of mowing decision
can be estimated.

Randomness. By calibration and see above. Resolved because predictions are
calibrated and randomness with
respect to certain additional in-
formation is guaranteed above.

Table 14.1: The 4F-Questionnairem makes internal choices required for statistical forecast-
ing explicit. Exemplary forecast, “Chance of rain today: 60%”.
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