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Abstract

In our highly digitalized world, computer programs are ubiquitous. There is a multitude of
high-level programming languages with complex language features that facilitate writing code
in a structured way. Eventually, however, this code must be executed on real hardware, which
is much less structured and cannot express complex high-level features directly. Compiling a
program from a surface language, used by programmers to write their programs, into instruc-
tions a real machine understands hence is a complicated task. A compiler should not only
generate machine code that correctly implements the intended behavior of the program written
in the surface language, but the generated code should also execute efficiently. This complicated
task is made possible by employing a compiler intermediate representation that bridges the gap
between high-level conveniences and low-level concerns.

Modern functional programming languages tend to exhibit a particularly high level of ab-
straction. While this often enables programmers to express programs in a concise and elegant
way, it also makes the compilation of such languages particularly challenging. This is exacer-
bated by the fact that modern programs often continually interact with external components,
which must be done in an asynchronous way to avoid blocking execution while waiting for the
result of the external component. Asynchronous communication requires the ability to express
non-local control flow. Compilers typically deal with this in one of two ways. Either they
add support for some kind of control operator in the runtime system, or they apply a trans-
lation to express non-local control effects in terms of other constructs present in the compiler
intermediate language.

One possibility for expressing non-local control flow is to use an intermediate language
that exhibits explicit consumers. A well-studied example are intermediate representations in
continuation-passing style (CPS). In continuation-passing style, the continuation, i.e., the rest
of the computation, is explicitly available as a term in the language. Languages in continuation-
passing style have long been established as an option for compiler intermediate languages. A
different option that has received much less attention so far are languages based on sequent
calculus. Sequent calculus is the sibling calculus of natural deduction, known from logic. While
natural deduction has long been used as a basis for functional programming languages, through
its correspondence with the lambda calculus by the Curry-Howard isomorphism, it took until
relatively recently to find a satisfying term-assignment system for the classical sequent calculus.
In contrast to natural deduction and lambda calculus, which are biased towards proofs corre-
sponding to producers, classical sequent calculus and languages based on it treat proofs and
refutations, which correspond to consumers, in a symmetric way. This makes such languages
an interesting alternative to continuation-passing style for intermediate representations.

In this thesis, we examine two different ways how explicit consumers can be used in the
compilation of functional programming languages. First, we consider intermediate languages
in continuation-passing style and translations into them. A question that naturally arises in
this context is whether it is possible to translate from continuation-passing style back to direct
style in which programs are usually written. This is not only of theoretical interest, but there
is also a practical aspect. While continuation-passing style has many benefits for intermediate
representations, it also comes with downsides compared to direct style. In particular, many
platforms provide a call stack, which programs in continuation-passing style do not make use
of. A suitable translation back to direct style could enable a compiler to reap the benefits of
both styles. In the first part of this thesis, we thus present the design of a translation back to
direct style having many properties that are important in the context of a compiler, laying the
groundwork for making such a translation practically applicable.

In the second part of this thesis, we go in the other direction, compiling down to machine
code. However, instead of using continuation-passing style, we examine intermediate languages
based on classical sequent calculus. We present a complete compilation pipeline, starting from a
functional surface language with interesting features, and ending with the generation of machine
code that can be executed on a real computer. We identify a normal form of our sequent-



calculus-based intermediate representation that is suitable for a surprisingly direct way of code
generation. The symmetric structure of languages based on classical sequent calculus makes
them a promising target, also with regard to optimizations, and our pipeline forms the basis
for future investigations.



Zusammenfassung

In unserer hochgradig digitalisierten Welt sind Computerprogramme allgegenwértig. Es gibt
eine Vielzahl von Hochsprachen mit komplexen Sprachmerkmalen, die das strukturierte Schreiben
von Code erleichtern. Letztlich muss dieser Code jedoch auf realer Hardware ausgefiihrt wer-
den, die weitaus weniger strukturiert ist und komplexe hochsprachliche Merkmale nicht direkt
ausdriicken kann. Ein Programm aus einer Ausgangssprache, in der Programmierer ihre Pro-
gramme schreiben, in Befehle zu kompilieren, die eine reale Maschine versteht, ist daher eine
komplexe Aufgabe. Ein Compiler sollte nicht nur Maschinencode erzeugen, der das beab-
sichtigte Verhalten des Programms korrekt umsetzt, sondern der erzeugte Code sollte auch
effizient ausgefiithrt werden. Diese anspruchsvolle Aufgabe wird durch den Einsatz einer Zwis-
chenrepriisentation im Compiler ermdéglicht, die die Liicke zwischen hochsprachlichen Annehm-
lichkeiten und maschinennahen Anforderungen iiberbriickt.

Moderne funktionale Programmiersprachen zeichnen sich oft durch ein besonders hohes Ab-
straktionsniveau aus. Dies ermoglicht es Programmierern zwar haufig Programme auf eine
pragnante und elegante Weise auszudriicken, macht jedoch zugleich die Kompilierung solcher
Sprachen besonders herausfordernd. Erschwerend kommt hinzu, dass moderne Programme oft
kontinuierlich mit externen Komponenten interagieren, was asynchron erfolgen muss, um die
Ausfithrung nicht zu blockieren, wiahrend auf das Ergebnis der externen Komponente gewartet
wird. Asynchrone Kommunikation erfordert die Fahigkeit, nicht-lokale Kontrollfliisse auszu-
driicken. Compiler gehen damit typischerweise auf zwei Arten um: Entweder sie fiigen dem
Laufzeitsystem Unterstiitzung fiir eine Art von Kontrolloperator hinzu, oder sie wenden eine
Ubersetzung an, die nicht-lokale Kontrolleffekte durch andere Konstrukte ausdriickt, die in der
Zwischenreprasentation des Compilers bereits vorhanden sind.

Eine Moglichkeit, nicht-lokalen Kontrollfluss auszudriicken, ist die Verwendung einer Zwis-
chenreprésentation mit expliziten Konsumenten (consumers). Ein gut untersuchtes Beispiel
hierfiir sind Zwischenreprésentationen im Continuation-Passing Style (CPS). Im Continuation-
Passing Style ist die Continuation, d.h. der Rest der Berechnung, explizit als Term in der
Sprache vorhanden. Sprachen im Continuation-Passing Style sind seit langem als Option
flir Zwischenreprisentationen in Compilern etabliert. Eine andere, bisher deutlich weniger
beachtete Moglichkeit sind Sprachen, die auf dem Sequenzenkalkil basieren. Der Sequen-
zenkalkiil ist das Gegenstiick zum natiirlichen Schliefsen, bekannt aus der Logik. Wéhrend das
natiirliche Schlieften durch seine Entsprechung mit dem Lambda-Kalkiil via des Curry-Howard-
Isomorphismus seit langem als Grundlage funktionaler Programmiersprachen dient, wurde erst
vergleichsweise kiirzlich ein zufriedenstellendes Termzuweisungssystem fiir den klassischen Se-
quenzenkalkiil gefunden. Im Gegensatz zum natiirlichen Schlieffen und dem Lambda-Kalkiil, die
auf Beweise, welche zu Produzenten (producers) korrespondieren, ausgerichtet sind, behandeln
der klassische Sequenzenkalkiil und darauf basierende Sprachen Beweise und Widerlegungen,
welche zu Konsumenten korrespondieren, auf symmetrische Weise. Dies macht solche Sprachen
zu einer interessanten Alternative zum Continuation-Passing Style fiir Zwischenreprésentatio-
nen.

In dieser Dissertation untersuchen wir zwei verschiedene Moglichkeiten, wie explizite Kon-
sumenten bei der Kompilierung funktionaler Programmiersprachen eingesetzt werden kénnen.
Zuniichst betrachten wir Zwischenrepriisentationen im Continuation-Passing Style sowie Uber-
setzungen in diese. Eine naheliegende Frage in diesem Zusammenhang ist, ob es moglich ist,
Programme aus dem Continuation-Passing Style wieder zurick in den Direktstil (direct style) zu
iibersetzen, in dem Programme iiblicherweise geschrieben werden. Dies ist nicht nur theoretisch
von Interesse, sondern hat auch praktische Relevanz. Zwar bringt der Continuation-Passing
Style viele Vorteile fiir Zwischenrepréisentationen mit sich, jedoch auch einige Nachteile im Ver-
gleich zum Direktstil. Insbesondere stellen viele Plattformen einen Aufrufstapel (call stack)
bereit, der von Programmen im Continuation-Passing Style nicht genutzt wird. Eine geeignete
Riickiibersetzung in den Direktstil konnte es einem Compiler ermdoglichen, die Vorteile beider
Stile zu nutzen. Im ersten Teil dieser Arbeit stellen wir daher das Design einer Riickiibersetzung



in den Direktstil vor, die viele Eigenschaften besitzt, die im Compiler-Kontext wichtig sind, und
legen damit die Grundlage fiir eine praktische Anwendbarkeit einer solchen Ubersetzung.

Im zweiten Teil dieser Arbeit gehen wir in die andere Richtung: Wir kompilieren bis hinunter
zu Maschinencode. Dabei verwenden wir jedoch nicht den Continuation-Passing Style, sondern
untersuchen Zwischenreprisentationen auf Basis des klassischen Sequenzenkalkiils. Wir présen-
tieren eine vollstdndige Kompilationskette, beginnend mit einer funktionalen Ausgangssprache
mit interessanten Eigenschaften, bis hin zur Erzeugung von Maschinencode, der auf einem
realen Computer ausgefiihrt werden kann. Wir identifizieren eine Normalform unserer sequen-
zenkalkiilbasierten Zwischenreprésentation, die sich fiir eine iberraschend direkte Moglichkeit
der Codegenerierung eignet. Die symmetrische Struktur von Sprachen, die auf dem klassischen
Sequenzenkalkiil basieren, macht sie, auch im Hinblick auf Optimierungen, zu einem vielver-
sprechenden Ziel, und unsere Kompilationskette bildet die Grundlage fiir zukiinftige Unter-
suchungen.
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1 Introduction

Compiling modern functional languages like Haskell, Scala, or OCaml to efficient machine
code requires compiler authors to bridge the gap between high-level conveniences and low-
level concerns. Key to making this task feasible is the design of suitable compiler intermediate
representations (IRs). Every such IR lives in the force field between a high-level source language
and a low-level target language: On the one hand, it should be close to the high-level language
to facilitate lowering into the IR, and on the other hand, it should be close to low-level
machine code to facilitate code generation from the IR. It should also be easy to work
within the IR, in order to implement and reason about optimizations. Designing a single
IR that simultaneously fulfills all the above needs is difficult: Lowering a source language into
the IR and reasoning about semantics-preserving rewrites usually requires complex language
constructs, such as higher-order functions, objects, or algebraic data types, that make invariants
hold by construction. In contrast, code generation from the IR and accurate reasoning about
execution cost are easier if the IR provides simple but unsafe low-level constructs for memory
allocations, operations on registers, or jumps. An example of an intermediate language of the
first kind is GHC’s Core, which is based on the polymorphic lambda calculus, while an example
of the second kind of IR is LLVM, which is a platform-independent assembly language.

Another important concern in the design of IRs is that modern programs are interactive and
continually communicate with external hardware and software components. This communica-
tion must be asynchronous in order to utilize hardware effectively: The communicating part
of the computation must be suspended, allowing other parts to run, and execution of the sus-
pended part must be continued once the result of the communication is ready. Programming
languages provide first-class support for this non-local control flow in the form of features like
resumable exceptions, generators, async IO, and effect handlers. One possibility to compile
such language features is to provide runtime support. Indeed, Haskell and OCaml recently
gained runtime support for stack switching in the form of control operators and effect handlers,
respectively'. Another option is to use an IR that can represent such non-local control flow
directly. Attractive candidates in this regard, which at the same time strike a balance between
the above design considerations, are IRs with explicit consumers.

But what is a consumer, anyway? To answer this question, first consider the kind of terms
typical programming languages are made of, which are producers. A producer creates a result,
generally from smaller parts. Examples found in many programming languages are arithmetic
operations, which produce a new integer from given ones, constructors of algebraic data types,
which can pack up several given parts, and function calls, which compute a result from given
inputs. Producers are ubiquitous in typical programming languages.

A consumer uses a previously produced result to do something with it, generally without
producing a further result. Consumers are not usually present in programming languages in
the same way producers are. Yet, there is always at least one consumer at every point in the
program, albeit an implicit one: the rest of the computation, i.e., the continuation or program
context.

Continuations

For example, consider the following function, which multiplies a given list of integers.

IFor Haskell, see the GHC proposal at https://github.com/ghc-proposals/ghc-proposals/pull/313, and for
OCaml see Sivaramakrishnan et al. (2021).
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def mult(l : List): Int {

l.case {

NilQ = 1,

Cons(x, xs) = x * mult(xs)
}

}

When we make the recursive call in the Cons branch, the rest of the computation consists of
multiplying the recursive result with the head x of the list. But how can we make this consumer
explicit, that is, how can we make it accessible to another part in the program? One way to
do so is to translate the program from standard direct style (DS) into continuation-passing
style (CPS). In CPS, every function receives an additional argument for passing the current
continuation into it at every call site. Instead of returning the computed result, functions invoke
the continuation with this result. The above example hence becomes (we use different styling
for better discriminability)

def mult(l : List1k : —lInt) {
l.case{
Nil() = k(1),
Cons(z, zs) = mult(zs | r=k(z * r))

}
}

mult has an additional parameter k for the continuation. In the recursive call, mult receives the
continuation r = k(z * r), which expects the recursive result r, multiplies it by the head = of
the list, and then continues with the outer continuation k.

It has been demonstrated that continuation-passing style is well-suited for use in a com-
piler IR (Steele, 1978; Appel, 1992; Kennedy, 2007), in particular in the presence of complex
non-local control flow. As continuations are explicit and named in CPS, they can be used in
non-pure ways, for example, invoking the same continuation twice, or not invoking a contin-
uation at all, thus facilitating non-local control flow without additional constructs. Explicit
continuations also enable several program optimizations by inlining and reduction (Schuster
et al., 2020) that would be much more difficult to achieve with implicit continuations in direct
style. Continuation-passing style and translations into it are well-studied and exist in many
different variants.

A naturally arising question is whether it is possible to translate programs from CPS back
to direct style. Direct-style translations have been studied as well (Danvy, 1992; Danvy and
Lawall, 1992; Sabry and Felleisen, 1993; Biernacki et al., 2020, 2021), albeit not as much as
CPS translations. Usually, they are presented as the inverse of some CPS translation. Having
well-behaved translations back and forth between DS and CPS is theoretically interesting, as
it helps to understand the relationship between the two styles. But DS translations are also
interesting from a more practical point of view in compilers using a CPS IR. CPS comes with a
few downsides (Maurer et al., 2017; Cong et al., 2019) compared to direct style. In particular,
many platforms have support for DS code since they come with a call stack where frames are
allocated, whereas in CPS, stack frames are allocated as closures on the heap (Farvardin and
Reppy, 2020). It can thus be beneficial for compilers to translate programs in CPS back to
direct style after processing them.

Structured Consumers

With first-class continuations, CPS features explicit consumers. However, there still is an
asymmetry between producers and consumers. While there is only one form of consumer, the
continuations, producers typically come in many different forms with different structures, such
as arithmetic operations, constructors of data types, or function abstractions. This begs the
question of whether we can also exhibit more and differently structured consumers explicitly.



1.1 Overview and Contributions

For example, a consumer for a constructor of an algebraic data type is a pattern match, and a
consumer for an object is a method called on it. In general, elimination forms for producers are
consumers for them. These are usually implicit in typical languages based on natural deduction,
because to apply an elimination rule, we first have to produce a corresponding value. Thus, the
consumer is built into a compound construct and is not itself a first-class entity.

However, when Gentzen (1935a) introduced natural deduction, which is biased towards
proofs, he also defined a sibling calculus, the (classical) sequent calculus, in which proofs and
refutations are completely symmetric. It is well-known (Howard, 1980) that, via the Curry-
Howard isomorphism, proofs in natural deduction correspond to terms of languages based on
the lambda calculus, i.e., to producers. A satisfying term assignment system for sequent calcu-
lus has only been given rather recently (Curien and Herbelin, 2000) with the Apfi-calculus. It
is completely symmetric for producers and consumers, with producers corresponding to proofs
and consumers corresponding to refutations. Producers and consumers interact when they meet
in a cut, which represents computation, written (p | ¢), where p is a producer and ¢ is a con-
sumer. In a language based on sequent calculus, the above example of multiplication of a list
of integers might look as follows.

def mult(l " List, o :™ Int) {
(1| case {
Nil()= (1| a),
Cons(z, zs) = (z * uB.mult(zs, B) | «)
b
}

In some respects, this is quite similar to the CPS version. In particular, the function mult
abstracts a consumer parameter with a covariable o, which is supposed to consume the result
the function computes, similar to the continuation in CPS. « is thus used in both branches of the
pattern match in the outer cuts. The above program also differs from the CPS version in some
regards, however. First, the recursive call of mult is not lifted out of the multiplication. Rather,
it locally abstracts over a consumer 5 with a p-abstraction, where S stands for the program
context that contains the multiplication by the head z of the list and then continues with the
outer consumer «. This is possible because, unlike a lambda abstraction, the u-abstraction is
generally not a value and hence does not hide the computation in its body from evaluation.
The sequent calculus version thus is structurally closer to the direct style version. Second, the
pattern match is separated from the scrutinee [ upon which it acts. They now meet in a cut,
with [ being the producer and the pattern match being the consumer. That is, the pattern
match is a first-class construct on its own, which can also be bound to a covariable and passed
as an argument. More generally, languages based on classical sequent calculus usually exhibit
structured consumers in the same way as structured producers.

These properties make intermediate representations based on sequent calculus an interesting
alternative to CPS for the compilation of functional programming languages.

1.1 Overview and Contributions

In this thesis, we investigate two different, yet related, ways how explicit consumers can be used
in the compilation of functional programming languages. Accordingly, the thesis consists of two
parts. An overview is given in Figure 1.1. It shows the numerous calculi that we will present in
the course of this thesis, and how they are related by translations and transformations between
them. We use dashed arrows for the connections that we discuss in a less precise and formal
way, or even leave implicit. We also use different kinds of arrows to indicate properties of the
translation or transformation they represent. We use — for isomorphisms (bijective), < for
monomorphisms (injective), and — for epimorphisms (surjective).
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1.1 Overview and Contributions

The upper half of the diagram concerns the first part of the thesis, where we consider
continuation-passing style and translations back to direct style. The usefulness of continuation-
passing style as a compiler intermediate language has been debated controversially in the lit-
erature for quite some time (Appel, 1992; Kennedy, 2007; Flanagan et al., 1993; Maurer et al.,
2017; Cong et al., 2019). CPS is particularly well-suited to compile and optimize programs that
make use of non-local control effects. However, programs in direct style may benefit from using
the call stack provided by many platforms, and are typically easier to understand. With the
ability to translate programs back to direct style, a compiler may reap the benefits of both CPS
and DS. To be practically usable, such a translation should satisfy a number of properties that
are of less concern for more theoretical considerations (Sabry and Felleisen, 1993; Sabry and
Wadler, 1997; Hatcliff and Danvy, 1994). For example, it should support complex non-local
control flow, but it should not generate unnecessary usages of control operators in direct style.
In Part I of this thesis, we examine the design of a translation back to direct style satisfy-
ing many of these properties. It is supposed to lay the groundwork for a practically usable
translation in a compiler.

While CPS has long been established as an intermediate representation for compilation down
to machine code, intermediate representations based on sequent calculus have received only
little attention so far (Downen et al., 2016). Such languages share many similarities with CPS,
but the symmetric treatment of producers and consumers makes languages based on classical
sequent calculus a promising alternative to languages based on CPS for compiler IRs that
is worth investigating further. In Part II of this thesis, illustrated in the lower half of the
above diagram, we will examine how intermediate representations based on classical sequent
calculus can be employed in the compilation of functional programming languages. We will
present a complete compilation pipeline, starting from an interesting practical surface language
and ending with executable machine code. The basic design forms a foundation for future
investigations, in particular with regard to optimizations enabled by the structure of sequent
calulus.

Before diving into the details, we give an overview of the two parts, walking through the
diagram in Figure 1.1, and summarizing the contributions.

1.1.1 Back to Direct Style

In the first part of this thesis, we examine translations from continuation-passing style back
to direct style. In Chapters 2 and 3 we present two calculi, one in direct style and one in
continuation-passing style. Both calculi allow for complex non-local control flow, but we also
identify their pure fragments, which only allow for trivial control flow. We further present a
translation from the DS language to the CPS language and a translation back to direct style.
We first consider the translations for the pure languages. This allows us to explain the main
ideas in a simple setting, before extending the translations to the more complex case of the
full languages. The calculi and translations between them are designed in such a way that
they satisfy several meta-theoretical properties. As both calculi are typed, they also allow for
a logical interpretation. In Chapter 4 we discuss how our calculi correspond to classical logic
in natural deduction. We further examine how close our CPS calculus is to classical sequent
calculus by comparing it to the Apji-calculus.

Related Publications The first part of this thesis is mostly based on the following publication:

Marius Miiller, Philipp Schuster, Jonathan Immanuel Brachthiuser, and Klaus Os-
termann. 2023. Back to Direct Style: Typed and Tight. Proc. ACM Program.
Lang. 7, OOPSLA1. DOI: https://doi.org/10.1145/3586056
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1 Introduction

Parts of Chapter 4 are further based on the following publication:

David Binder, Marco Tzschentke, Marius Miiller, and Klaus Ostermann. 2024.
Grokking the Sequent Calculus (Functional Pearl). Proc. ACM Program. Lang. 8,
ICFP. DOI: https://doi.org/10.1145/3674639

Contributions In Chapter 2, we present the following results:

We introduce the pure fragment AR of our DS calculus (Section 2.1). We further present
our CPS calculus A¢ (Section 2.2) and identify its pure fragment (Section 2.2.5).

Both calculi are typed and are given an operational semantics in terms of an abstract
machine. Both systems are type safe, manifested by the typical theorems of progress and
preservation.

We present a CPS translation C[ - ] from A" to A2 (Section 2.3.2) and a DS translation
D[ - ] from AZ" to AR (Section 2.3.3). Both translations are also defined on machine
states.

We show a number of meta-theoretical properties for the translations (Section 2.3.4),
such as well-typedness preservation and step-by-step semantics preservation. Moreover,
we show that the translations are syntactic inverses of each other.

While similar results have been described in the literature before (Danvy, 1992; Flanagan et al.,
1993), the simple setting of the pure languages allows us to explain our basic ideas without
getting lost in the complexity added by non-trivial control flow.

In Chapter 3 we present the following results, which form the main contributions of the first

part:

We extend the pure DS calculus by augmenting it with a set of control operators, resulting
in a calculus Ap that allows for non-trivial control flow (Section 3.1). Ap is still typed and
its abstract machine semantics is type safe.

We extend the CPS translation (Section 3.2.1) and the DS translation (Section 3.2.2) to
the full languages and abstract machines.

We show that the translations still satisfy several meta-theoretical properties (Section 3.2.3),
although some are weaker than in the pure case. In particular, semantics is not preserved
step-by-step anymore, but we can still give a tight global upper bound for the number of
steps taken.

We discuss how the languages can be extended with conditional statements to make them
more practically usable (Section 3.3).

In Chapter 4 we present the following results:

We discuss how our DS calculus corresponds to logical calculi in natural deduction (Sec-
tion 4.1). In particular, we show how our control operators enable classical reasoning, as
opposed to the pure calculus, which corresponds to intuitionistic logic.

We discuss how our CPS calculus corresponds to a double negation embedding of classical
logic into intuitionistic logic and how this makes it, in some respects, appear to be closer to
sequent calculus than to natural deduction (Section 4.3). To this end, we further examine
how the Apjfi-calculus (Section 4.2) compares to our CPS calculus.

We sketch how a translation back to direct style might proceed for the Apjfi-calculus
(Section 4.3.1).

The discussion in this chapter is less formal and precise, and the connections to logic are well-
known. Still, these logical considerations allow us to introduce the Apji-calculus, which forms
the basis for the intermediate languages in Part II, and to make a connection and draw a
comparison between the calculi in Part I and those in Part II.
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1.1 Overview and Contributions

1.1.2 Compiling with the Sequent Calculus

In the second part of this thesis, we examine how intermediate representations based on classical
sequent calculus can be employed in the compilation of functional programming languages.
We present a complete compilation pipeline, starting from a functional surface language with
interesting features, and show how to compile it down to machine code that can be executed
on a real computer. To do so, we use sequent-calculus-inspired languages throughout all the
intermediate stages. We give an overview of the compilation pipeline in Chapter 5. In Chapter 6
we extend our basic DS calculus Ap from Part I to a practically usable surface language Fun.
In particular, we add general algebraic data types and pattern matching, as well as algebraic
codata types (Hagino, 1989) and copattern matching (Abel et al., 2013). While data types
are a common feature in most modern (functional) programming languages, codata types are
less well-known. Codata types are similar to interfaces in object-oriented programming in that
they are defined by destructors similar to methods. Copattern matching is then used to define
an object of a codata type by implementing what happens on a destructor invocation on the
object. The duality between data and codata types is most clearly visible in a symmetric
language based on sequent calculus, which makes such a language an ideal candidate for an
intermediate representation in this regard. Our high-level intermediate representation Core is
based on the Apji-calculus, extended in a similar way how Fun is extended from \p.

As we eventually want to generate machine code, we derive a normal form for the sequent
calculus terms of Core that is suitable for code generation in Chapter 7. We first apply two
transformations on Core to name all terms and to shrink the language. Then we translate the
transformed version into a language AxCut with a slightly different structure. In AxCut the
structural rules of exchange, weakening, and contraction are made explicit by introducing a
language construct for them. In Chapter 8 we show how to generate code from AxCut programs
in a surprisingly direct way. We have implemented the complete compilation pipeline and
conducted benchmarks on a considerable number of programs, which we discuss in Chapter 9.

Related Publications The second part of this thesis is closely based on the following journal
article, currently under consideration for publication:

Marius Miiller, David Binder, Marco Tzschentke, Philipp Schuster, Klaus Oster-
mann, and Jonathan Immanuel Brachthduser. 2026. Compiling with the Sequent
Calculus. Submitted to ACM Trans. Program. Lang. Syst.

The journal article itself is based on the following publications:

Philipp Schuster, Marius Miiller, Klaus Ostermann, and Jonathan Immanuel Brachth&user.
2025. Compiling Classical Sequent Calculus to Stock Hardware: The Duality of
Compilation. Proc. ACM Program. Lang. 9, OOPSLA1. DOI: https://doi.org/
10.1145/3720507

David Binder, Marco Tzschentke, Marius Miiller, and Klaus Ostermann. 2024.
Grokking the Sequent Calculus (Functional Pearl). Proc. ACM Program. Lang. 8,
ICFP. DOLI: https://doi.org/10.1145/3674639

Contributions In Chapter 6 we present the following results:

— We present a typed functional surface language Fun with general data and codata types
(Section 6.1). Fun mixes different evaluation strategies, with data types being evaluated
with call-by-value order and codata types being evaluated with call-by-name order. More-
over, Fun supports complex non-local control flow through the use of control operators
for undelimited continuations.
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— We present a typed high-level intermediate language Core based on classical sequent calcu-
lus (Section 6.2). Core also features general data and codata types. Due to the symmetry
between producers and consumers, it naturally allows for complex non-local control flow.

— We present an efficient translation C[ - | from Fun to Core (Section 6.3). It borrows ideas
from one-pass, first-order, and compositional continuation-passing style translations to
avoid the generation of administrative redexes. The translation preserves well-typedness.

— We discuss what problems the additional features, not present in the calculi in Part I,
pose for translating Core back to direct style and sketch potential solutions (Section 6.4).

In Chapter 7 we present the following results:

— We present two transformations on Core, each targeting a smaller fragment of the whole
language (Section 7.1). The first transformation F( - ) is an efficient focusing transforma-
tion, which names all terms in argument position (Section 7.1.1). The second transforma-
tion S( - ) shrinks the language by removing several redundant constructs (Section 7.1.2).
Both transformations are type-preserving.

— We present a typed lower-level intermediate language AxCut (Section 7.2), which struc-
turally differs slightly from the shrunk fragment of Core. In particular, it features a
construct for explicit substitutions that encompasses the structural rules of exchange,
weakening, and contraction, which are explicit in AxCut, in contrast to the higher-level
calculi. AxCut comes equipped with a type-safe abstract machine semantics.

— We present a type-preserving translation X[ - | from the shrunk fragment of Core into
AxCut (Section 7.3). It infers explicit substitutions, with the goal of dropping objects not
needed anymore as early as possible and duplicating objects as late as possible.

In Chapter 8 we present the following results:

— We present a translation M - ] (Section 8.4) that directly generates RISC-V assembly
code (Section 8.1) from AxCut.

— We show how the design of AxCut facilitates a real-time garbage collection technique with
a fast path for linear usage, based on lazy reference counting.

In Chapter 9 we present the following results:

— We have implemented the complete compilation pipeline (Section 9.1). Besides targeting
RISC-V assembly code, it allows us to generate executable binaries for x86-64 and AArch64.

— We evaluate the performance of our approach by benchmarking our implementation
against several other compilers for various languages on a considerable benchmark suite
we have implemented (Section 9.2). The results demonstrate that the approach of our
compilation pipeline is viable.
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Abstract. Translating programs into continuation-passing style is a well-studied tool to
explicitly deal with the control structure of programs. This is useful, for example, for
compilation. A naturally arising question is whether there is an inverse translation back
to direct style. The answer to this question depends on how the continuation-passing
translation is defined and on the domain of the inverse translation.

In Chapter 2 we discuss the design of a typed language in continuation-passing style and
study a translation from a simply typed lambda calculus in direct style into this CPS
language and a translation back to direct style. To properly define the translation back to
direct style, we have to restrict the CPS language to its pure fragment, i.e., to trivial control
flow. Both translations are type-preserving. Moreover, both languages are equipped with
an abstract machine semantics, which is preserved by the translations step by step, giving
an operational correspondence between the two languages. In fact, the two translations
are full syntactic inverses with the CPS language restricted to trivial control flow.

In general, translating programs from continuation-passing style back to direct style re-
quires the use of control operators to account for the use of continuations in non-trivial
ways. In Chapter 3 we therefore extend the direct-style language with a set of control
operators that allow for non-trivial control flow. We then extend the translations into
continuation-passing style and back to direct style to the full languages, including the ab-
stract machines. The extended translations are still type-preserving and still preserve the
abstract machine semantics in a very precise way. Moreover, we show that the composi-
tions of the translations are still well-behaved. In particular, they are syntactic one-sided
inverses for the full languages.

In our typed setting, there is also a logical interpretation of our calculi, and the transla-
tion into continuation-passing style can be viewed as an embedding of classical logic into
intuitionistic logic. In Chapter 4 we discuss these logical aspects. Both the DS calculus
and the CPS calculus are based on natural deduction. However, the CPS calculus bears
some similarities to term-assignment systems for the sibling calculus of natural deduction,
the sequent calculus. The sequent calculus is a proof system that was designed as a more
symmetric alternative to natural deduction. A term assignment system for the classical
sequent calculus is the Apji-calculus. We compare our CPS calculus to the Apji-calculus
and briefly discuss what a translation from the Apji-calculus back to our DS calculus might
look like.

This part is mainly based on the following publication (Miiller et al., 2023):

Marius Miiller, Philipp Schuster, Jonathan Immanuel Brachthauser, and Klaus Ostermann. 2023. Back
to Direct Style: Typed and Tight. Proc. ACM Program. Lang. 7, OOPSLA1l. DOI: https://doi.org/10.
1145/3586056

Parts of Chapter 4 are additionally based on the following publication (Binder et al., 2024):
David Binder, Marco Tzschentke, Marius Miiller, and Klaus Ostermann. 2024. Grokking the Sequent

Calculus (Functional Pearl). Proc. ACM Program. Lang. 8, ICFP. DOI: https://doi.org/10.1145/
3674639
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2 Continuation-Passing Style and Direct
Style

Continuation-passing style (CPS) is a representation of programs where control flow is explicit
and named, which is why it is useful as a compiler intermediate representation (Appel, 1992;
Kennedy, 2007). It enables several program optimizations by inlining and reduction. More-
over, it is useful as an implementation technique for control operators, because the current
continuation is always immediately available. Continuation-passing style translations translate
a program to CPS. They are well-studied and exist in many different variants. In typed lan-
guages, they are defined as translations on types and terms. When interpreted logically, they
correspond to double-negation translations. However, CPS also has disadvantages (Maurer
et al., 2017; Cong et al., 2019), as programs are less readable, stack frames are allocated as
closures on the heap (Farvardin and Reppy, 2020), and control flow is potentially arbitrary,
destroying some of the guarantees of structured programming.

Direct style (DS) does not have these disadvantages. It is the preferred way in which to
write programs. Many platforms have support for DS code since they come with a call stack
where frames are allocated. In a typed language without control operators, programs directly
correspond to proofs in intuitionistic logic (Howard, 1980). In a typed language with control
operators, programs correspond to proofs in classical logic (Griffin, 1989). Direct-style trans-
lations translate a program from CPS back to DS. DS translations have been studied as well
(Danvy, 1992; Danvy and Lawall, 1992; Sabry and Felleisen, 1993; Biernacki et al., 2020, 2021),
albeit not as much as CPS translations. Usually, they are presented as the inverse of some CPS
translation. In a typed setting, DS translations can be seen as the inverse of a double-negation
translation.

Having well-behaved translations back and forth between DS and CPS is theoretically in-
teresting, as it helps to understand the relationship between the two styles. But there is also
a more practical aspect. Programmers want to write programs in DS, as they are easier to
read. However, some optimizations of programs are easier to accomplish in CPS, in particular,
advanced control-flow optimizations often amount to simple beta-reduction (Schuster et al.,
2020). Thus, it can be beneficial to translate programs to CPS for compilation, especially for
languages with control operators. On the other hand, programs in DS can often be executed
more efficiently, as frames are allocated on the stack and not on the heap. So, ideally, we
would also like to have the possibility of translating optimized programs back to DS to then
run them. To obtain theoretically satisfying results and also lay the groundwork for practical
usability, the DS language, the CPS language, the DS translation, the CPS translation, and
their combination should satisfy a number of meta-theoretical properties.

In this chapter, we restrict our focus to pure programs, i.e., programs with trivial control
flow. This allows us to explain the basic design of our calculi and of the translations between
them in a simple setting, providing the basis for the treatment of non-trivial control flow in
Chapter 3. In Chapter 4 we will discuss some of the logical aspects.

We present two languages in this chapter, AR" in direct style in Section 2.1, and Ac in
continuation-passing style together with its pure fragment A2 in Section 2.2.

— Both have a type system, which is useful for compiler intermediate representations, and
which means they admit a logical interpretation.

13



2 Continuation-Passing Style and Direct Style

— Both have an abstract machine with a small-step operational semantics. This allows us
to prove a stepwise operational correspondence.

— Both have the properties of progress and preservation (Theorems 1 and 2 for AR", The-
orems 4 and 5, and 7 and 8 for A\c and A", respectively). Well-typed programs do not
get stuck.

We present two translations between A" and A\2""®, a CPS translation and a DS translation,
in Section 2.3. We will extend them to the full non-pure languages in Chapter 3.

— Both translations are compositional, first-order, and one-pass. These are desirable prop-
erties of CPS translations and we argue of DS translations as well.

— Both preserve well-typedness (Theorem 10). This is important if we want to interpret
them as a double-negation translation and its inverse, respectively.

— Both preserve semantics (Theorems 11 and 14). Indeed, we prove a step-by-step corre-
spondence.

— Neither duplicates code. This is important if we want to actually use them in a compiler,
where code size matters.

Moreover, when taken together, these two translations have the following desirable properties.

— The translations are full syntactic inverses. When we translate a term forth and back, we
arrive at the same term (Theorems 17 and 18).

— We extend both translations to machine states, which allows us to freely translate back
and forth between arbitrary intermediate states.

2.1 The Pure DS Language \J"™

We first present our language AR in direct style. After briefly motivating the design, we
present the syntax and typing rules and give an operational semantics in terms of an abstract
machine.

2.1.1 Naming Intermediate Results

In CPS, the control flow of a program is made explicit by reifying the remaining computation
as a continuation at each computation step. This means that the evaluation order of pro-
grams is syntactically explicit. For example, assuming call-by-value evaluation order, the CPS
translation of a nested function call might look as follows.

Here k£ is the outer continuation. The evaluation order is made explicit by first calling the
inner function g and moving the call of the outer function f into the continuation Az = f(z, k)
passed to g. It would not be sound to translate the nested function call as follows.

CLrgB) i # f(Ako = 9(3, ko), F)

Here the result of the translation would not evaluate the call of the inner function g first, as
it is hidden inside a lambda abstraction that abstracts over its continuation. The translation
to CPS hence forgets about the original nesting structure of the translated term. We can also
write an equivalent term in the DS language that is not nested and for which we arrive at the

14



2.1 The Pure DS Language \}p"*

Syntax of A}

Statements s u= valz = s; s sequence
| rete return
| def f(z : 7){s}; s define
| f(e) call
Variables v u= z,f variables
Expressions e = v variables
| 0f1]... integers

Syntax of Types

Types T = T—T function type
| Int base type
Environment Type ' == Iax:71 extended environment
| 0 empty environment

Figure 2.1: The pure direct-style language A"

same result when translating to CPS. Assuming that we have let-bindings, denoted by val, we
get the following translation.

Clvalz = g(3); f(z)], = 9(3, Az = f(z, k))

Now, when translating the CPS term back to direct style, we do not know whether the term
originally was nested or not, so we have to pick one DS term. Choosing the sequenced version
makes the similarity between the DS version and the CPS version most apparent.

D[g(3, Az = f(z, k)] = valz = ¢(3); f(z)

With this choice, a round trip starting in DS, i.e., translating a DS term to CPS and back,
keeps the names of all intermediate results. To root out ambiguity when translating back and
forth, we design our DS language A\2"™® in such a way that naming intermediate results is always
required. This is just as in A-normal form and in fact, translating to CPS and back is essentially
how ANF came about (Sabry and Felleisen, 1992; Flanagan et al., 1993). There is a second
requirement in ANF, which is that sequencing must not be nested, but we do not demand this
for AB". Thus, our language is, in a sense, halfway in ANF and we also say that our calculus is
focused. The notion of focusing stems from the realms of proof search in logic (Andreoli, 1992).
It has been shown to correspond to the one half of the requirements of ANF demanding that
intermediate results are named (Binder and Piecha, 2022).

2.1.2 Syntax

Figure 2.1 defines the syntax of our pure DS language AR". We syntactically distinguish
between statements and expressions, i.e., we use a form of fine-grain call-by-value (Levy et al.,
2003). We will extend statements with control effects in Chapter 3, but expressions will stay
pure.

Syntax of Expressions

The only expressions are variables and literals. In particular, this means that there are no
anonymous functions, and each function must be given a name.
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2 Continuation-Passing Style and Direct Style

Statement Typing T'ks:T

I'tso:70 Da:70Fs:7 ''ke:r
[SEQUENCE] - [RETURN]
I'valzy = so;8 : 7 't rete : 7

e:7kFs:70 T, f:7—>710F s:7, fiT—=170€l T'ke:T
[DEFINE] [CALL}
PrHdeff(z:7){s0o};s:7r I'F f(e) : 7o
Expression Typing I'Fe:r
v:7€el
— |1
o 5 varl TF 10 ine

Figure 2.2: Typing rules for AJ".

Syntax of Statements

For a cleaner presentation, sequencing of statements and returning expressions is made explicit
with a keyword. Moreover, functions are always unary. Function application is always on a
single expression argument, which means that all intermediate results need to be named. This
greatly helps to make the correspondence between the DS language and the CPS language clear.
As explained above, while \2""® shares this property with ANF, it is different from the latter in
that we allow nesting of sequencing statements.

Syntax of Types

There is one base type Int and a standard function type. Typing environments are entirely
standard.

Example

As an illustration consider the following simple example.
def f(y : Int) : Int{
rety + 1

}7
val z = f(2);
retz + 2

Here, we define a function f that increments and then returns its parameter. We then call the
function f on a free variable z. Finally, we increment the result z by two and return it.

2.1.3 Typing Rules

The typing rules for AQ" are given in Figure 2.2. There are two typing judgments, one for
expressions and one for statements. There is one rule for each kind of expression and one rule
for each kind of statement. All of the rules are completely standard.

2.1.4 Operational Semantics

We define the operational semantics of AR"® in terms of an abstract machine. We could, in
principle, also give a substitution-based semantics using evaluation contexts instead of using an
abstract machine. It is well-known that these different kinds of operational semantics are equiv-
alent (Biernacka and Danvy, 2007). However, our abstract machine formulation is particularly
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2.1 The Pure DS Language \}p"*

Syntax of Machine States for \J"

Values V = {E (z:7)=s} closure

| 0f1]... integer
Environments E = E, 22—V binding

| ° empty
Stacks K = done underflow

| {E,(z : 7)=s} = K frame
Configurations M = (E| s|K) delimited execution

. . . . pure
Figure 2.3: Operational semantics of A\ .

Configuration Typing

E Feny T I'ks:T T Fstx K
F(E[s]K)

[DELIM]

Figure 2.4: Typing rules for machine states of AJ".

helpful to investigate the relationship between direct style and continuation-passing style, as it
explicitly models the stack. Moreover, using environments for function closures makes it easier
to uphold the restriction that only variables and numbers can occur in argument position.

Machine States

Figure 2.3 defines the syntax of the machine. A machine state, or configuration, consists of
a statement currently in focus, an environment, and a stack the statement returns to. Envi-
ronments are mappings from variables to values, where values are either closures or integers.
A stack is a list of frames whose last frame is an underflow frame that indicates the end of
evaluation. The final states of the machine are thus of the form (E || ret ¢ || done) with e being
the final result. We use done as a bottom frame to start evaluation of a closed program s
in state ( @ || s || done). Typing of the machine is unsurprising. Figure 2.4 defines the rule for
configurations, the full set of rules can be found in Miiller et al. (2023). For a machine state to
be well-typed, the free variables of the statement in focus must be covered by the environment.
Moreover, the type of the statement must agree with the type the stack expects.

(push) (E||valzog = so; s || K) — (Ellsoll{E, (=m0 : T0)=s} : K)
(ret) (E, v—=Vlretv|{Eo, (z : 7)=s} :: K) — (Eo, z—= V| s || K)
(reti)  (E|retd2||{Eo, (z : T)=s} = K) — (Eo, z—42] s || K)
(def) — (Elldeff(z : 7){s0}; s[|K) = (B, f={E (z:7)=s}|s|K)
(call)  (E, f—={Eo, (z : T)=>s}, v=V|f(v)||K) — (Eo,z—V|s|K)
(calli) (E, f—{Eo, (z : 7)=s}|f(42) | K) — (Eo, z— 42| s || K)

pure

Figure 2.5: Machine steps of AR .
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2 Continuation-Passing Style and Direct Style

Machine Steps

The evaluation steps of the abstract machine are defined in Figure 2.5. The rules are again
unsurprising. Rule push pushes a frame onto the stack, capturing the current environment,
and then continues execution with the first statement in focus. In the rules ret and reti for
returning to the stack, the environment of the frame is reinstated and a binding for the returned
value is added. Execution then goes on with the statement of the frame and with the remaining
stack. There must always be at least an underflow frame left for these rules to fire, otherwise
evaluation is finished. Rule def for defining a function adds a closure to the environment and
focuses on the remaining statement s. When calling a function f in rules call or calli, it is looked
up in the environment, and the environment that was captured in f is reinstalled. The body of
f comes into focus and an additional binding for the parameter is added to the environment.

Type Safety

AR satisfies the usual theorems of progress (Theorem 1) and preservation (Theorem 2). These
theorems have been shown in Idris 2 by an intrinsically typed implementation and the totality
of the step-function on machine states.

Theorem 1 (Progress (pure DS)).
For a machine state M in A3, if = M then either M is of the form (E|| rete || done) or there
exists a unique machine state M’ such that M— M .

Theorem 2 (Preservation (pure DS)).
For a machine state M in A", if = M and M— M then + M'.

Moreover, for a closed program with type 7, the expression resulting from evaluating it has the
same type.

Theorem 3 (Type preservation (pure DS)).
If b s : 7 and (| s| done) —* (E| rete| done), then T + e : 7 where E oy, T.

Proof. None of the machine steps can add a done, so the final done is the initial done. Thus,
e has the type that done expects, i.e., 7. ([

2.2 The CPS Language Ac

We now present our language Ac in continuation-passing style. Again, after briefly motivating
the design, we present the syntax and typing rules and give an operational semantics in terms
of an abstract machine.

2.2.1 Continuations are not Functions

One way to view CPS is as a restriction of the lambda calculus, where all calls are tail calls (Be-
langer et al., 2019; Paraskevopoulou and Grover, 2021). Under this point of view, continuations
are functions that represent the rest of the computation, but never return anything. To give
continuations a type, languages in CPS typically add a bottom type L and model continuations
with the following type signature:

T— 1

This implicitly marks continuations as consumers for their input, not producing a result. As
functions do not return either in CPS, their return type also is L. The fact that they are intended
to return a result is encoded by passing an additional continuation argument to functions, which
can then be invoked to consume the result. In CPS, the type 71 — 72 of a function hence becomes

(Tl,TQ*)J_)*)J_
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2.2 The CPS Language \c

Syntax of \c

Terms t o= letf(z :71k:—-7m){t}t function

| flere) application

| entk(z - 7){t}; ¢ continuation

| k(e) jump

| exit e exit
Variables v = z, f, k variables
Expressions e = v variables

| 0f1]... integers

Syntax of Types

Types T U= T—=T function type
| -7 continuation type
| Int base type
Environment Type ' == Iax:71 extended environment
| 0 empty environment

Figure 2.6: The continuation-passing-style language Ac.

Continuations differ from functions, however, in that they are not intended to return anything,
but rather represent the rest of the computation. Moreover, functions and continuations are
treated quite differently in practice during compilation, for example, when performing opti-
mizations. Furthermore, for our translation back to direct style, it is crucial that we can easily
distinguish functions from continuations. Therefore, we use a different language construct for
continuations and give them a built-in type different from functions. We will use an explicit
negation type =7 (Kennedy, 2007). This also allows us to keep function types as they are in
direct style.

2.2.2 Syntax

Figure 2.6 defines the syntax of our CPS language Ac. The syntax for expressions is identical
to that of AR"®. The only change in the syntax for types is that we add an explicit continuation
type — 7 for continuations expecting an argument of type 7. Note, however, that, while having
the same type as in )\'E,“re, functions in A¢ never return. In fact, no term ever returns, instead,
they will jump to the next continuation.

Syntax of Terms

Functions in this calculus have exactly one ordinary parameter, but they additionally have
a separate continuation parameter, which is syntactically separated with a bar. This is also
reflected in function application. The entk(z : 7){¢}; ¢ term can be used to construct a
continuation. Such continuations take exactly one parameter and are called with exactly one
expression. Moreover, there is a construct exit e that terminates the program with an expression
e.
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2 Continuation-Passing Style and Direct Style

Term Typing I'Ft

Le:7m,k:=mobto I, f:7=710HF 1t

L
PEletf(z : 71k :-7m0){to};t (L]
fi7=2170€l’ T'kFe:7 T'kFc:n1g 'ke:r
[APP} 7.[EXT]
I'F f(erc) ' - exite
Te:7kFt D)k:-7ThkHt k:-7el Tkre:7T
[CNT] [JMP]
T'Fentk(z : 7){to};t T+ k(e)
Expression Typing T'kFe:r
v:T1T el
— |1
T Vel TF 10

Figure 2.7: Typing rules for Ac.

Example

As an illustration, consider again the simple example from the end of Section 2.1, this time in
Ac-

letf(y: Inti1k: —Int){
k(y + 1)

C;lt ko(z) {
done(z + 2)

}7
f(:E | k‘())

The function f now receives a continuation parameter k. Instead of returning, it jumps to this
continuation with the result. After defining f, we construct a continuation kg, which represents
the rest of the program after the call to f. It increments z by two and calls the free top-level
continuation done. Finally, the call to f now receives this newly constructed continuation.

2.2.3 Typing

Figure 2.7 defines the typing rules for Ac. The judgment and rules for expressions are again the
same as in AR". In the judgment for terms, we see that since terms do not return anything, they
are only typed in an environment, but not against a type. The typing rules are unsurprising. In
rule LET the return type of the function being defined is the type expected by its continuation
parameter, as usual in CPS. Rule APP shows that the continuation expression ¢ of a function
application must have continuation type. In the following, we will thus usually assume ¢ to be
a variable.

2.2.4 Semantics

The operational semantics of A¢ is again given by an abstract machine.

Machine States

The syntax of the machine is shown in Figure 2.8. In contrast to the DS machine, a machine
state only consists of an environment and a term in focus, but no stack. Environments look
the same as in direct style, but the values are different (except for integers). Closures now
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2.2 The CPS Language \c

Syntax of Machine States for Ac

Values V o= {E, (z:71k:-7)=>1} function closure

| {E, (z : )=t} continuation closure

| 01| integer
Environments E == E, z—V binding

| . empty
Configurations M == (E|¢) execution

Figure 2.8: Operational semantics of Ac.

(let) (El|letf(z : 71k : =710){to}; t) —
(E, f—=A{E, (z : 71k : =19)=1 }| t)

(app) (E, f—={Eo, (z : Tk : m19)=>t},v=V, e W f(vie)) —
(Eg, z+—>V, k= W t)

(appi) (E, f—={Eo, (z : T1k : n71g)=>t}, c—> W f(421¢)) —
(Eo, z+—42, k= W || t)

(ent) (Ellentk(z : 7){t }; t) —
(E, k—={E, (z : T)=1t }||t)

(jmp) (E, k—{Eo, (z : T)=>t}, v=> V| k(v)) —
<E0,ZL"—>V||t

(impi) 2 1 T) =t} k(42)) -

E, kH{Eo, (ZL’
Eo, 2+ 42]| ¢)

Figure 2.9: Machine steps of A¢

come in two flavors: function closures with a continuation parameter and continuation closures
without one. This is also visible in the typing of values (the rules can be found in Miiller et al.
(2023)). While closures with a continuation parameter are of function type, those without are of
continuation type. Having an explicit exit term in the language, the final states of the machine
are now (E || exit e) with e being the final result. We define done to be { o, (z : 7) = exitz } and
define a closed program ¢ to have one free variable k and start evaluation in state (k +— done]|| ¢).

Machine Steps

The evaluation steps of the abstract machine are shown in Figure 2.9. Rule let for defining a
function adds a closure with a continuation parameter to the environment and focuses on the
remaining term. Calling a function f in rules app and appi essentially proceeds in the same way
as in AR, but instead of having a stack, there must be a binding for the continuation argument
in the environment. The rules cnt for defining and jmp and jmpi for calling a continuation
are similar, but a continuation closure is added to the environment and the call needs no
continuation argument.

Type Safety

Ac satisfies the usual theorems of progress (Theorem 4) and preservation (Theorem 5). These
theorems have been shown in Idris 2 by an intrinsically typed implementation and the totality
of the step-function on machine states.
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2 Continuation-Passing Style and Direct Style

Theorem 4 (Progress (CPS)).
For a machine state M in Ac, if = M then either M is of the form (E| exite) or there exists
a unique machine state M such that M— M’ .

Theorem 5 (Preservation (CPS)).
For a machine state M in Ac, if - M and M— M then + M.

Moreover, if a closed program with type 7 does not contain exit, then the resulting expression
has the same type. Note that if a program does contain exit, it may end with an expression
having a different type.

Theorem 6 (Type preservation (CPS)).
Ifk : =7 b t and t does not contain exit and (k+ donel| t) —* (E| exite),
thenT' b e : 7 where E o0 T

Proof. None of the machine steps can add an exit, so the final exit comes from calling the
initial done. Thus, e has the type that done expects, i.e., 7. O

2.2.5 Pure Fragment

The CPS calculus A¢ allows for first-class usage of continuations, i.e., it supports complex non-
local control flow. For example, a continuation can be duplicated and called multiple times, or
dropped and not called at all, as in the following function.

let tryReadingFile(path : Path| cont : - String) {
cnt onSuccess(_ ) { cont(“success”) };
cnt onFailure( ) { cont(“failure”) };
#readFile(path, onSuccess, onFailure)

}

This function uses a primitive asynchronous operation #readFile to read a file. The primitive
operation expects two continuations, one for success and one for failure, and invokes one of them
when ready. They are both defined in terms of the continuation passed to the encompassing
function tryReadingFile. The DS calculus AR does not support such non-trivial control flow,
it is pure. Therefore, to be able to translate from Ac back to AR, we have to restrict the
CPS calculus to its pure fragment. In Chapter 3 we will extend the DS calculus to support
non-trivial control flow and hence will be able to translate back from the full CPS language,
including the above example.

To rule out non-trivial control flow in Ac and hence restrict it to its pure fragment, we
have to make sure that there is exactly one free continuation variable representing the current
continuation in every term. This guarantees linear usage of the current continuation and rules
out the existence of any other continuation. To do so, we first remove the exit term from the
language. This means that terms must end in a call of a continuation or of a function that
gets passed a continuation, so there is always at least one free continuation variable. Moreover,
we remove the continuation type — 7 from the types, so that it can only appear in the typing
of continuation bindings. This ensures that continuations cannot be passed as arguments to
other continuations, nor as the non-continuation argument of functions. In other words, there
can never be more than one continuation argument in such calls. Finally, we adapt the typing
contexts and typing rules a bit. We require the typing context to always contain exactly one
binding with continuation type, say the right-most one, and we remove the old binding when a
new one comes into scope. We could alternatively use a separate singleton continuation context
for this. This ensures that only the current continuation can be called or passed to a function.
We adapt those typing rules in which continuations are bound, that is, LET and CNT, as follows.
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2.2 The CPS Language \c

Lz:rm,k:=-1mobt T,f:7—70,ke:7cF ¢
Dyke: e Eletf(z : 71k —70){to}; t

[LET]

e 7 ke m7ebto Tk :—=7H
Dy ke: ~7e Fenth(z : 7){to}; t

Whenever a new continuation variable is bound in a term, this new variable now represents
the current continuation and the old variable is removed. Note that with our restriction of the
context, all variables in I' in these rules must be of non-continuation type.

We also have to adapt the abstract machine to reflect these changes. As there is no exit
term anymore, we introduce a separate done value, which is bound to the one free variable of
a closed program in a start configuration, instead of defining done to be a continuation closure
whose body is exit. The final states now are of the form (E, k— done || k(e)). These changes
make the treatment more similar to what we have seen for the pure DS language A\2". We
could alternatively have used exit only as runtime term and still defined done in terms of it.
Similarly we could have introduced an exit statement for the runtime in A" and also defined
done in terms of it there. For simplicity, we stick with the primitive done here. We also adapt
the machine steps where continuations are bound.

(let) (E, c=V|letf(z : T1k : =10){t}; t) —
(E, f—{E, (z : 71k : =T0)=1t }, c— V| )

(ent) (E, c—=V]entk(z : 7){to}; t) —
(E, k—={E, c—>V,(z : 7)=1t }]|t)

In accordance with the typing rules LET and CNT, in rule let the function closure does not
capture the continuation in the environment and leaves it in place, while in rule ¢nt the contin-
uation closure does capture the continuation and removes it from the environment. Typing of
the environment of a configuration and our restriction of typing contexts also ensure that there
is always exactly one continuation closure in the environment of a configuration. Restricting the
rules this way is not strictly necessary because typing ensures the pure usage of continuations,
but having the restriction built into the machine simplifies the translations and theorems.

We call the pure fragment of our CPS calculus that we have just described A", and use it
in the translations from and into AR".

Type Safety

A" also satisfies the usual theorems of progress (Theorem 7) and preservation (Theorem 8).
These theorems have been shown in Idris 2 by an intrinsically typed implementation and the
totality of the step-function on machine states.

Theorem 7 (Progress (pure CPS)).
For a machine state M in A&, if = M then either M is of the form (E, k+— done|| k(e)) or
there exists a unique machine state M’ such that M— M .

Theorem 8 (Preservation (pure CPS)).
For a machine state M in \&""¢, if = M and M— M’ then + M.
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2 Continuation-Passing Style and Direct Style

def f(y: Int): Int { letf(y: Intik: —lint){ entf(y : Int){ val y = ret x;
ret y + 1 k(y + 1) cntko(z @ Int) { val z = ret y + 1;
}; IS done(z + 2) ret z + 2
val z = £(x); ent ko(z) { };
ret z + 2 done(z + 2) ko(y + 1)
}; };
f(z1ko) f(x)

(a) (b) (c) (d)

Figure 2.10: Left to right: (a) Original program in DS, (b) CPS program obtained by translation,
(¢) Transformed (contified) CPS program, (d) Program translated back to DS.

Moreover, for the pure fragment, we have again that the result of evaluating a closed program
with type 7 has the same type.

Theorem 9 (Type preservation (pure CPS)).
Ifk : =7 b t and (k— done|| t) —* (E, k> done| k(e)),
then' & e : 7 where E ey T

Proof. None of the machine steps can add a done, so the final done is the initial done. Thus,
e has the type that done expects, i.e., 7. ([

2.3 To CPS and Back to DS

We now present the translations between the pure DS language and the pure fragment of
the CPS language. We start with a basic example. Then we give the formal definitions of
the translations on terms and on the abstract machines. In either case, we state how the
translations act on typing derivations. Note, however, that no typing information is used in an
essential way and the same translations work in an untyped setting. In fact, typing information
is only needed for type annotations of parameters, and we often leave these annotations out in
the definition of the translations. At the end, we show several properties the translations have.

2.3.1 Basic Example

To illustrate our languages and translations, we start with the basic example in Figure 2.10. We
have already seen the programs in Subfigure 2.10a and Subfigure 2.10b in the previous sections.
For better discriminability, we again use colors for DS programs and boldface for keywords in
CPS programs.

Translating to CPS  From the AJ"™ program in Subfigure 2.10a, our CPS translation produces
the A2 program in Subfigure 2.10b. Running our DS translation on this program in CPS
produces exactly the original program in Subfigure 2.10a: It converts programs back to direct
style.

Transforming We now transform the CPS program into an equivalent one. An example for
such a transformation is contification, which specializes a function to one of its call sites. It is
often applied in optimizing compilers (Kennedy, 2007) that use CPS as intermediate language.
The program in Subfigure 2.10c is the result of applying contification to function f and its call
site. The function f has become a continuation, hence the name contification. Instead of taking
a continuation as a parameter, it now always jumps to k.
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2.3 To CPS and Back to DS

TrFs:7Txk) —T,k:-THt

Translation of Statements

Clrete], = k(e)

Clvalz = so; 5], = entko(z){C[s]; }; Clso];,  where ko fresh
CLF ()], = Je1k)

Cldef f(z){s0}; s], = letf(z1ko){C[s0], }; C[s], where ko fresh

Figure 2.11: Translation to pure continuation-passing style.

Translating back to DS Finally, we translate the manipulated CPS program back to direct
style. Subfigure 2.10d shows the result of our DS translation. In this example, the resulting
program is a sequence of bindings. All continuations have been eliminated. Running our CPS
translation on this program produces exactly the program in CPS shown in Subfigure 2.10c.

Both translations are defined for the pure languages without any side conditions. This allows
us to freely transform programs before translating back. On these pure languages, both of
our translations are inverses of each other, syntactically (Theorems 17 and 18). Finally, both
translations not only preserve semantics, but on the pure languages they also execute exactly
the same number of steps before reaching the final state (Theorem 11 and Theorem 14).

2.3.2 From Direct Style to Continuation-Passing Style

We first describe the CPS translation on statements and then show how to extend it to the
abstract machine. Note that expressions are translated trivially.

CPS Translation of Pure Statements

Figure 2.11 defines the CPS translation on statements. To avoid administrative redexes, the
translation has an additional input, which stands for the current continuation represented by
a continuation variable. The continuation variable is added to the typing context for the
translated statement.

As usual, return statements are translated to calls to the current continuation. Sequencing is
translated by defining a new continuation with the translation of the second statement as the
body, and then translating the first statement with this new continuation. A translated function
application, as usual, gets the current continuation as its continuation argument. For function
definitions, the translated function definition abstracts over a fresh continuation parameter,
which is then used to translate the body. The remaining statement is translated with the
original input continuation.

CPS Translation of Pure Machine

The extension of the CPS translation to the abstract machine is shown in Figure 2.12. As
can be seen in the translation on the typing judgments, stacks that expect values of type 7
themselves become values of type — 7.

In the translation of machine configurations, the stack is translated to a continuation closure
value that is added to the translated environment with a fresh variable, and this variable is
then used as the input continuation for the translation of the statement.

Environments are translated by pointwise translation of the bound values. For values there
are two cases: Integers are translated trivially and closures are translated in essentially the same
way as function definitions, but put together with the translated environment. For stacks, there
are two cases. done frames are translated to done values. The translation of a frame on top of a
remaining stack is similar to the case of machine configurations in that it adds the translation of
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2 Continuation-Passing Style and Direct Style

Translation of Values ‘ Fvar V7T — Fa Vo7 ‘
Cv[{E, (z : 7)=s}] = {Cg[E], (z : 71k : =70)=C[s], } where k fresh
Cv[19] = 19

Translation of Environments ‘ Ebteow I' —EFony T ‘
Cel o] = e

CEHE, I}—>V]] = CEHE]], I*—)Cv[[V]]

Translation of Stacks ‘ Thax K — Fa Vo7 ‘
Cx [ done] = done

Ck[{E, (z : T)=s} = K] = {Cg[E], k—=Cx[K], (z : T)=C[s],} where k fresh
Translation of Configurations ‘ FM —FM ‘
Cul(E|s|K)] = (Ce[E], k—Cx[K]|CLs],) where k fresh

Figure 2.12: Translation of machine to pure continuation-passing style.

the remaining stack to the translated environment with a fresh variable, and uses this variable
as input continuation for the translation of the body.

The translation illustrates the main difference between the DS machine and the CPS machine.
While the DS machine uses a runtime stack, the CPS machine reifies this stack as a chain of
nested continuation closures. There is one continuation closure per stack frame, closing over
the continuation closure that reifies the next stack frame.

2.3.3 From Continuation-Passing Style Back to Direct Style

Let us now consider the opposite direction. We first describe how the DS translation behaves on
terms and then extend it to the abstract machine. Again, expressions are translated trivially.
We give a bottom-up translation in the style of inference rules. While we could also easily give
a top-down translation for our pure languages, we will see in Chapter 3 that the style we use
here is more well-suited for the full non-pure languages.

DS Translation of Pure Terms

Figure 2.13 defines the translation on terms. Where the CPS translation has an additional
input, the DS translation has as an additional output a continuation variable standing for the
stack the translated term returns to. This variable is then removed from the environment. Let
us refer to this additional output as continuation output. In the pure case, this continuation
output is unnecessary, because we have ensured that there is always exactly one continuation
variable in the context, which stands for the current continuation, and the translated term must
return to this variable. But we will see in Chapter 3 that the continuation output is crucial for
programs with non-trivial control flow, since it tells us where we have to insert control operators
for non-pure usage of continuations.

The translation is bottom-up in that it first recursively translates the subterms. As explained
above, in the pure case the continuation output must always be the one continuation variable in
the context. There are two base cases without subterms. The translation of a function applica-
tion f(e1k) is again a function application with the continuation output being the continuation
passed to the function, which becomes the stack the translated term returns to. In the case of
calling a continuation k(e) the translation simply returns e with the continuation output being
the called continuation k. Again, this is the stack that the translated term returns to.
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Dk:=-7Ht —TFs:7~k)

Translation of Terms

[DPAPP] [DPJMP]

D[f(erk)] = f(e)~k Dlk(e)] = rete~k

D[to] = so~ ko D[t] = s~k
Dlletf(z1ko){to}; t] = def f(z){s0}; s~k

[DPLET]

DlIto]]ZSowk 'Dllﬂ]zswko
Dlentko(z){to}; t] = valz = s; s~k

[DPCnr)

Figure 2.13: Translation back to pure direct style.

For function definitions, the result of the translation is again a function definition in AB". The
translated body of the function definition must return to the continuation parameter kg, and the
continuation output of the remaining term is the continuation output of the whole statement.
The definition of a continuation becomes a sequencing statement. Here, the translated body of
the continuation definition determines the continuation output of the whole statement, while
the translation of the remaining term must return to the continuation ky defined for it.

DS Translation of Pure Machine

Figure 2.14 shows how the DS translation is extended to the abstract machine. Note how,
inverse to the CPS translation, values of type =7 become stacks that expect a value of type
7. Machine configurations are translated based on the translation s of the term in focus. This
s must return to k, which must be bound to the one continuation value in the environment.
This binding is removed from the translated environment and its translation is used as stack
for the translated machine configuration. The translation function on the environment is hence
only called on non-continuation bindings, which is always the case for the pure languages, as
we will see below. Environments are again translated by pointwise translation of the bound
(non-continuation) values.

For values, we distinguish continuation values from non-continuation ones. Non-continuation
values are integers, which are translated trivially, and function closures, which are again trans-
lated in essentially the same way as function definitions put together with the translated environ-
ment. Note that the environment captured in a function closure never contains a continuation
binding, as the function already binds a continuation variable itself. Continuation values are
translated to stacks. The done value is translated to the done frame. The translation of contin-
uation closures is similar to the translation of a machine configuration. The one continuation
binding % the closure must have captured is removed from the translated environment, and the
translation of the value bound to & is used as the remaining stack on top of which the frame
for the closure is put. This turns the chain of nested continuation closures into a list of stack
frames again, with one stack frame per continuation closure.

2.3.4 Properties

With the languages and translations in place, we want to show that the translations are well-
behaved. To this end, we show several meta-theoretical properties.
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2 Continuation-Passing Style and Direct Style

Translation of Values Fea VT — Fa VT

Dlto] = so~ ko
Dv[{E, (z : t1hko : ~to)=1}] = {De[E], (z : t)=5}

[DPFCLo]

—— [DPI
Dy[19] = 19 7™
Translation of Environments ‘ Etrenw I' —E Feny T ‘
——— [DEnv1 DENv2
DE[[.]]:.[ i) DplE, 2~ V] = Dg[E], 2~ Dy [V] [DENv2]
Translation of Continuation Closures ‘ Fval V@27 — 7 o K ‘
DPD
Dx[done] = done | one]
D[[to]] = SOW]C
[DPCCLo]
Dk[{E, k—=V, (z : t)=1t}] = {De[E], (z : t)=s} :: Dx[V]
Translation of Configurations FM —FM

D[t] = s~k
Du[(E, k= VIt)] = (De[E] | s Px[V])

[DPMcH]

Figure 2.14: Translation of machine back to pure direct style.
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2.3 To CPS and Back to DS

Typeability Preservation

We start with typeability preservation. This has been proven in Idris 2 by the intrinsic typing
of the languages and the various translation functions on them.

Theorem 10 (Typeability preservation).
All translations take typing derivations to typing derivations as stated above their definitions.

Semantics Preservation

Next, we prove semantics preservation. Since we use a small-step abstract machine semantics,
we can be very precise about how semantics is preserved. In fact, for our pure languages, we
have a step-by-step correspondence. In the following, we identify machine configurations and
frames that can be identified by weakening, contraction, or reordering of environments, except
for bindings of continuation type, which must be used linearly. Moreover, we consider equality
always modulo a-equivalence. The proofs are straightforward and are contained in those given
in Miiller et al. (2023).

We start with the CPS translation. For every step the DS machine takes, the CPS machine
also takes exactly one step.

Theorem 11 (Simulation of pure Cps).
If = Mand M— M, then Cpyy[ M] — Cp [ M'].

As a corollary, we obtain that the CPS machine takes exactly as many steps as the DS machine.

Corollary 12 (Operational reduction (pure CPS)).
If = M and M—" M, then Cyy[M] —="Cy[M].

Proof. By induction on n using Theorem 11. O

In particular, a closed term that evaluates to a result in DS, evaluates to the same result in
CPS in the same number of steps.

Corollary 13 (Evaluation (pure CPS)).
If £ s : 7 and (| s| done) =™ (E| rete|| done)
then (kw— donel|[C[s],)—=" (Ce[E], k> done| k(e)) where k is fresh.

Let us now look at the DS translation. Again, for every step the CPS machine takes, the DS
machine also takes exactly one step.

Theorem 14 (Simulation of pure D).
If = Mand M— M, then Dy [ M] — Dy [M].

We obtain similar corollaries to those the CPS translation above.

Corollary 15 (Operational reduction (pure DS)).

Proof. By induction on n using Theorem 14. O

Corollary 16 (Evaluation (pure DS)).
If bt with D[t] = s~k and (k> done||t) =" (E, k> done| k(e))
then ( || s|| done) =" (Dg[ E] || ret e|| done).
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Round Trips

Another interesting question is how the compositions of the two translations behave. For
our pure languages, the translations have the particularly pleasing property of being syntactic
inverses of each other.

Theorem 17 (Pure D is right inverse of pure C).
IfT' -t and D[ t] = s~k, thenC[s], = t.

Theorem 18 (Pure D is left inverse of pure C).
IfT' = s : 71, then D[C[s], ] = s~k where k is fresh.

We can extend this property to the abstract machines.

Theorem 19 (Right inverse for pure machines).
If = M, then Cyy[ D [M]] = M.

If by Vi 7, then Cy[Dy[V]] = V.

If Eteny T, then CE[ D[ E]] = E.

If by V@ =7, then Ck[Dk[V]] = V.

Theorem 20 (Left inverse for pure machines).
If £ M, then Dy [Cu[M]] = M.

If l_val V. T, then DV[[CVHV]H] =
IfEteny T, then Dg[Cr[ E]] = E.
IfT }_stk K, then DK[[CK[[K]]H = K.

V.

Semantics Reflection

The round-trip results show that we can go forth and back freely between the pure DS calculus
and the pure fragment of the CPS calculus during evaluation. In particular, we can reflect the
machine steps taken in either machine. That is, if there is a step between machine configurations
in the translated machine, then there must be exactly one step between the original states.

Corollary 21 (Pure D)y is step-reflecting).
Given = M and + M, then Dy [ M] — Dy [ M'] implies M— M.

Corollary 22 (Pure Cy; is step-reflecting).
Given = M and = M, then Coy [ M] — Car[ M'] implies M— M .

2.4 Conclusion

We have presented a translation from continuation-passing style back to direct style in a typed
setting on the pure fragment of our CPS calculus. It is the full syntactic inverse of our CPS
translation. Both translations are total and preserve the small-step evaluation of the abstract
machine semantics of the languages step-by-step, giving a 1-to-1 correspondence between the DS
calculus and the pure fragment of the CPS calculus. Moreover, both translations are first-order,
one-pass, and compositional, facilitating proofs by structural induction. Next, in Chapter 3,
we will extend the translations to non-pure programs with non-trivial control flow by endowing
the DS calculus with control operators.
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3 Non-Trivial Control Flow and Control
Operators

In Chapter 2 we have seen translations into continuation-passing style and back to direct style
on pure programs. We have presented the pure DS language Ap"® and the CPS language Ac
along with its pure fragment )\E”re. However, in A¢ continuations are first-class citizens and we
cannot express the resulting possibilities for non-pure usage of continuations in A2, Therefore,
to be able to translate the full CPS calculus back to DS, we need to extend the DS calculus
with control operators that enable non-trivial control flow in direct style. We call the resulting
language Ap. This also allows programmers to structure their DS programs using these control
operators. Translating CPS programs back to DS then requires the insertion of control operators
in some cases. Our goal is to insert them only where necessary, i.e., where continuations are
used non-trivially.

As an example, consider the programs in Figure 3.1. For better discriminability, we again
use colors for DS programs and boldface for keywords in CPS programs. The programs use the
following type of results that may either be a success or a failure.

data Result { Success(String), Failure(String) }

Furthermore, they use a primitive #readFile operation for asynchronous file access. It receives
a file path and two callbacks: one for success and one for failure.

Programming with control operators In Subfigure 3.1a we use control operators to define
a function readFile that returns a Result, but internally uses the asynchronous operation
#readFile. In the implementation of readFile, we use the control operator suspend to capture
and remove the current call stack and make it available under the name onReturn. We then
define two new processes onSuccess and onFailure, and invoke #readFile with these. Both
processes resume the original computation, one with Success and the other with Failure. It is
important to emphasize: The body of suspend does not run in the context of a call stack. This
means that we can neither return a value nor call a function. All we can do is call primitive
operations or resume processes. The same is true for the bodies of processes. The function
tryReadingFile can now be written straightforwardly in direct style. The function readFile
acts as a shield that protects the rest of the program from being infected by the asynchronous
nature of the operation #readFile.

Translating control operators to CPS We translate this program to CPS. The result is the
program in Subfigure 3.1b. This is roughly what we would have to write manually in a lan-
guage without control operators. The whole program, including the function tryReadingFile,
must be written in CPS. A CPS translation automates this process and can thus serve as an
implementation technique for control operators.

Transforming control operators We now transform the CPS program. We use some standard
inlining and reduction. The transformed version of the previous program is shown in Subfig-
ure 3.1d. Concretely, we have inlined readFile, inlined kg, and reduced the exposed matches on
known constructors. While this transformation is trivial in CPS, it would be difficult to achieve
the same result directly in DS due to the use of control operators. An optimizer performing
this transformation in DS would have to see through the control operators.
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3 Non-Trivial Control Flow and Control Operators

def readFile(path: Path): Result {
suspend { onReturn =
process onSuccess(content: String) {
resume onReturn(Success(content))
};
process onFailure(error: String) {
resume onReturn(Failure(error))
};
#readFile(path, onSuccess, onFailure)
}
}s

def tryReadingFile(path: Path): String {
val result = readFile(path);
match result {
case Success(_) = ret "success"
case Failure(_) = ret "failure"
}
}

(a) Original Ap program.

def tryReadingFile(path: Path): String {
suspend { cont =
process onSuccess(_) {
resume cont("success") };
process onFailure(_) {
resume cont("failure") };
#readFile(path, onSuccess, onFailure)
}
}

(c) DS translation of transformed version into Ap.

let readFile(path : Pathi onReturn : —Result){
cnt onSuccess(content) {
onReturn(Success(content))
b
cnt onFailure(error) {
onReturn(Failure(error))
};

#readFile(path, onSuccess, onFailure)

};

let iryReadingF'ile(path : Path| cont : = String) {
ent ko (result) {
match result {
case Success(_ ) = cont(“success”)
caseFailure(_ )= cont(“failure”)
}
};
readFile(path | ko)
}

(b) CPS translation into Ac.

let tryReadingFile(path : Pathi cont : = String) {
cnt onSuccess(_) {
cont(“success”) };
cnt onFailure( ) {
cont(“failure”) };
#readFile(path, onSuccess, onFailure)

}

(d) Transformed Ac program.

Figure 3.1: Example program using control operators to program with asynchronous IO.
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Translating control operators back to DS  Unfortunately, the resulting program is still in CPS
and does not use the call stack anymore. On platforms that have call stacks, it is often beneficial
to avoid programs in CPS since they might allocate continuations on the heap, rather than using
the stack. Luckily, we can translate this program back to direct style. Our translation results
in approximately? the program in Subfigure 3.1c. In this example, our translation had to insert
a use of the control operator suspend. There is no way around this, as the continuation cont is
used twice. The resulting function tryReadingFile has the same type as the original one, and
it can be used in direct style wherever the original function was used. Indeed, this is always the
case for our translations (Theorem 26). Moreover, of course, our translations guarantee that
the resulting programs have the same semantics (Corollaries 29 and 32).

In general, composing our translations between A¢ and Ap results in the same program when
starting at Ac. In the other direction, this is not always the case. Consider the following
contrived example on the left, which uses control operators to define the identity function.

def identity(a: A): A { let identity(a: A1k : = A){ def identity(a: A) {
suspend { k = k(a) ret a
resume k(a) } }
}
}

Our CPS translation yields the term in Ac in the middle. When we convert this program back
to direct style, we obtain the result on the right. Indeed, since the continuation is used trivially
in this example, the use of control operators is not needed. In such cases, the composition of
our translations will remove them. However, a round trip like this is not always a simplification,
even if it does not result in the same program. This is because different combinations of control
operators in a DS term that are not simplifications of one another can yield the same CPS
term. Nevertheless, a round trip will not insert an unreasonable amount of control operators,
as can be seen from the results on operational correspondence.

In this chapter we extend the pure DS language Ap"® from Section 2.1 with a set of control
operators in Section 3.1. We call the resulting calculus Ap.

— The extended language also extends the type system, which means that it also admits a
logical interpretation, which we will look at in Chapter 4.

— We also extend the abstract machine semantics to the full language. This allows us to
prove an operational correspondence with the full CPS language with tight bounds on the
number of steps.

— The extended language still satisfies the properties of progress and preservation (Theo-
rems 23 and 24).

In Section 3.2 we also extend the CPS translation and the DS translation from Section 2.3.

— Both translations are now defined on the whole language, in other words, they work on all
programs. This is important if we want to transform programs before translating back.

— Both are compositional, first-order, and one-pass.
— Both preserve well-typedness (Theorem 26).

— Both preserve semantics (Theorems 27 and 30). Indeed, while there is no step-by-step
correspondence anymore, we prove a step-wise correspondence with a global upper bound
on the number of steps.

2The actual result uses a more complicated combination of control operators in order to make the theorem of
operational correspondence true.
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3 Non-Trivial Control Flow and Control Operators

— Neither duplicates code.

— Both are implemented in the total programming language Idris 2 (Brady, 2020) to make
sure all cases are covered. The DS translation has a lot of corner cases and side conditions.

Moreover, when taken together, these two translations have the following desirable properties.

— While the translations are not full inverses anymore, the DS translation is still a syntactic
right inverse of the CPS translation. When we translate a term to DS and back, we arrive
at the same term (Theorem 33).

— We again extend both translations to machine states, which allows us to freely translate
back and forth between arbitrary intermediate states.

None of the existing pairs of CPS and DS translations in the literature have all of these properties
at the same time. A thorough comparison can be found in Section 3.4. We further consider
an extension of the calculi with a construct for conditional branching, and discuss how the
translations can deal with such constructs in Section 3.3. In Section 3.5 we conclude and briefly
lay out future work.

3.1 The DS Language with Control Operators Ap

We start by extending the pure DS language Ap"® with control operators to enable non-trivial
control flow. After briefly discussing the set of control operators we use, we present the exten-
sions of the syntax and typing rules and of the abstract machine.

3.1.1 Control Operators

There are several different control operators for undelimited continuations®, of which Landin’s
operator J (Landin, 1998, 1965a; Felleisen, 1987; Thielecke, 1998) likely is the oldest. The proba-
bly most well-known such control operators are call/cc or its variation let/cc (which Reynolds
(1972) called escape) and Felleisen et al. (1987)’s C. They capture the current continuation
and bind it to a variable that is made available in the body of the construct. The only difference
between call/cc and let/cc is that the former binds the continuation via a lambda, while
in the latter the binder for the continuation is built into the construct. The main difference
between call/cc and C is that the former leaves the captured continuation in place, while the
latter does not. Therefore, if the captured continuation is never invoked in the body, call/cc
behaves as a no-op, while C discards the continuation. This makes C a bit more powerful and
flexible than call/cc since the latter cannot discard the current continuation, but C can easily
express call/cc by simply wrapping a call to the just captured continuation around the body.

call/cc (At = s) = C(M\k = k(s))

Modeling C with call/cc necessitates an abortion operator that discards the current continu-
ation surrounding it. Using the abortion operator A of Felleisen et al., one can define

C(A\k = s) = call/cc (Ak = A(s))

suspend and run

The control operator suspend { k = s } that we use in our language Ap for capturing the current
continuation, has the binding k for the continuation built-in, similar to let/cc. Moreover, it

3There are yet more for delimited continuations, but we do not consider those here.
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3.1 The DS Language with Control Operators \p

is like C in that it is abortive, that is, it does not leave the captured continuation in place. As
we will see, this nicely fits the design of our translation back to DS.

The continuation captured by call/cc or C can be applied to an argument in the same
way as a function. However, as we have discussed in Section 2.2.1 already, continuations and
functions are different concepts, philosophically and practically. Continuations reify the rest
of the computation, representing the stack. In direct style, an invocation of a continuation
should hence rather be seen as installing the stack of the process it represents. Moreover, for
the purposes of our translation into CPS, it is particularly helpful to be able to distinguish an
invocation of a continuation syntactically. We therefore include a construct run(k){ s} that
runs the statement in its body in the context of the process bound to k. The previously used
form resume k(v) is simply syntactic sugar for run(k) { ret v }, which first installs the stack of
k and then immediately returns the value v to it.

Together, these two constructs suspend and run allow us to flexibly adapt the stack during
the translation back to direct style. Similar pairs of control operators appear in Materzok and
Biernacki (2012), Biernacka et al. (2011), and Kiselyov and Shan (2007).

process and exit

We include two more constructs in Ap. First, we include an exit statement to mirror the exit
term in the CPS language Ac. As suspend is abortive, we could also model this with suspend
and run by capturing the initial stack (consisting of a done frame) at the very beginning of the
program s.

suspend { kexir = run(kexit) { s } }

Then we could use run (ki) {ret e } instead of using exit e directly to end a program. In
a similar vein, in A¢c we could also use the initial free continuation variable instead of using
exit. However, in both cases, it is simpler and feels clearer to have exit directly available as a
language construct, and to define the initial stack or continuation in terms of it.

Second, we include a construct processk(z){s}; sp to construct a process and bind it to
a name k for the remaining statement sy. Being able to have named processes simplifies the
translation back to DS, because the continuations in our CPS language are explicitly named as
well. Again, we could also model this with suspend and run via something like

run(kexit) { valz = suspend { k= sy }; suspend{ = s}}

This installs an initial stack kexjt and pushes a frame for the process that, when invoked, ignores
the rest of the stack and runs its body s. The new stack is then captured and bound to variable
k in sg. This encoding, however, is arguably less clear and readable.

Hence, while in principle suspend and run suffice to allow for a translation back to direct
style, including exit and process makes the correspondence between the DS language and the
CPS language more apparent.

3.1.2 Syntax

Figure 3.2 defines the syntax of our DS language A\p. As we have seen for the pure fragment
AR" in Section 2.1, we syntactically distinguish between statements, which can have control
effects, and expressions, which cannot. The syntax of expressions is still exactly the same as
for AR"®, which we indicate by having it grayed out.

Syntax of Statements

The syntax of statements in A2 is extended with control operators. The control opera-
tor suspend { k = s} captures the current continuation, i.e., the current stack, and makes it
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3 Non-Trivial Control Flow and Control Operators

Syntax of \p

Statements s u= valz = s; s sequence
\ rete return
| def f(z : 7){s}; s define
| f(e) call
| processk(z : 7){s}; s process
\ suspend { k= s } suspend
| run(e) { s } run
\ exit e exit
Variables v =z, [,k variables
Expressions e u= v variables
\ o]1]... integers

Syntax of Types

Types T U= T—T function type
| -7 stack type
| Int base type
Environment Type | I extended environment
\ 1] empty environment
Context Type & =7 delimited context
| # undelimited context

Figure 3.2: The direct-style language A\p.

available as a process in its body s by binding it to variable k. As we have discussed in Sec-
tion 3.1.1 and will see shortly in the typing rules and the operational semantics, it is more akin
to Felleisen’s C than to call/cc, since it does not leave the stack in place. The counterpart
run(e) { s } runs statement s in the context of a process e. Using the processk(z : 7){s1 }; $2
statement, such a process can be constructed and bound to k£ in the environment for s;. A
program can be terminated with an expression e using exit e.

Syntax of Types and Context Types

The syntax of types is extended with a special type =7 for stacks expecting an argument of
type 7. This means that reified stacks can now be passed to functions as arguments. Stack
types correspond to continuation types in Ac. Typing environments are not changed.

In contrast to the pure DS language, we now have two kinds of contexts, and consequently two
kinds of context types. Besides the types 7 indicating that a statement runs in the delimiting
context of a stack it returns to, there is also the context type #, which signifies that a statement
is undelimited and does not return at all.

3.1.3 Typing

The typing rules for Ap are given in Figure 3.3. The judgment and rules for expressions stay
exactly the same. Statements, however, are now typed with a context type &, i.e., either with
an ordinary type 7 or with #. That is, some of them require a stack to be present, others
do not, yet others are polymorphic. The rules for sequencing, returning, function definition,
and application are still mostly unsurprising. But note that since the only purpose of the val-
construct is to sequence statements, it cannot be typed with context type #. It would, however,
be straightforward to add another construct that allows us to bind an expression to a variable
in a subsequent statement having an arbitrary context type. Moreover, in rule DEFINE, the
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3.1 The DS Language with Control Operators \p

Statement Typing T'ks:¢&
'ksp:7m7 Iag:70bFs:7T I'kFe:r
- — [SFQ[ HN(‘F,] e [RF,'HI(N]
' = Val(lk) = S0; S 7T ' Frete : 7
'z :7F s9: 70 r.v/)ITﬁTuF(S‘I&'[ | fiT7—=710 €T FF(,:T[ ]
DEFINE CALL
DEdeff(z:7){s0};s :& I'F f(e) : 7o
Iz 7k so: # F,k:ﬂTFs:§[P l 'Fe:r (]
I' b processk(z : 7){so}; s : & HOCESS 'k exite : # o
Dk :—-7Fs: # s ] I'ke:=7 FI—S:T[R]
'+ suspend{k=-s} : T e 'k run(e){s} : # o
Expression Typing 'ke:r
v:T el
—— [Var — vt
'+ L'ZT[ & l‘F'lH:Int[M]

Figure 3.3: Typing rules for Ap.

whole statement must have the same context type & as the rest of the statement s. This means
that such statements have context type # exactly when they occur in a context where no stack
is available.

The same is true for newly defined processes in rule PROCESS. Processes themselves never
return and as such the body of a process definition has context type #. Exiting a program
does of course not return either, as can be seen in rule EXIT. In rule SUSPEND, the overall
statement has type 7, thus the captured stack has type = 7. It is available in the body s under
the name k. The body does not return, and the captured stack is undelimited, so suspend can
be understood as shifting to the undelimited world. Dually, as rule RUN shows, run shifts back
to the delimited world. The delimiting process e has type — 7 and consequently the statement
s has to return a value of type 7. In the following, we will usually assume the expression e to
be a variable.

3.1.4 Operational Semantics

For the operational semantics of Ap we extend the abstract machine of AJ".

Machine States

Figure 3.4 defines the syntax of the machine. There are now two different modes of machine
states, one for delimited execution and one for undelimited execution. The delimited mode is
the same as for AJ". The statement in the undelimited mode, however, is non-returning and
thus there is no stack. Environments still map variables to values, but values can now also be
stacks. A stack is still a list of frames whose last frame is an underflow frame, but underflow
frames are now general frames, not only done frames. In fact, done is now defined to be the
underflow frame {e, (z : 7)=exitz }, just as in Ac. Note that while the syntax of closures
and underflow frames is the same, the body of a closure is a returning statement, whereas the
body of an underflow frame is undelimited. The final states of the machine are now of the form
(E||exite), again just as in Ac. We still use done as a bottom frame to start evaluation of
a closed program s in state ( e || s || done). Typing of the machine is unsurprising (Figure 3.5
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3 Non-Trivial Control Flow and Control Operators

Syntax of Machine States for \p

Values V = {E (z:7)=5s} closure
‘ K stack
| o]1]... integer
Environments E = E, z—V binding
| . empty
Stacks K = {E (z:7)=s} underflow
\ {E,(z : 7)=s} = K frame
Configurations M == (E| s K) delimited execution
| (E|l s) undelimited execution

Figure 3.4: Operational semantics of Ap.

Configuration Typing

EFeny T 'ks:7 T btk K EFeny T I'ks:#
[DF_LIM]
= (Ells | K) F(Ell's)

[UNDELIM}

Figure 3.5: Typing rules for machine states of \p.

defines the rules for configurations; the full set of rules is given in Miiller et al. (2023)). The
rule for delimited machine states is still the same as in )\'E)”re. For undelimited states, there is
no stack, so the statement in focus must be of type #.

Machine Steps

The evaluation steps of the abstract machine are defined in Figure 3.6. Rules push for pushing
a frame and call for calling a function are as in AR"®. But the rule for returning to the stack
now comes in two flavors, depending on whether there is more than one frame left on the stack
or not. Rule ret-1 is the same as in the pure DS language. However, if the frame returned
to was the last one, in rule ret-0, then the machine continues in undelimited mode. Similarly,
there are two rules for defining functions, def-1 and def-0, depending on whether the remaining
statement returns or not. We have omitted the rules for returning integers and calling functions
on integers, as they are essentially the same as the rules with variables. Rules proc-1 and proc-0
for defining a process are essentially the same as the ones for defining functions, but note that

(push)
(ret-1)
(ret-0)

Elvalzy = so; s| K)

{Eo, (z : T)=s} = K)
E, v V| retv|{Eo, (z : 7)=s})
(def-1) (E|[def f(z : 7){s0}; s | K)

(def-0) (E|[def f(z = 7) {s0}: )

{ Elso||[{E, (20 : T0)=s} : K)
(
(
(
(
(call) (E, f—={Eo, (z : T)=s}, v=> V] f(v)] K)
(
(
(
(

(

(Eo, z—= V|| s| K)
(Eo, z—= V|| s)

(E, f—={E, (z : T)=350 }]s]K)
(E, f—{E, (z : T)=s0}]s)
(Eog, z— V|| s | K)
(
(
(
(

E, v—V]|retv

E, k—{E (z: 7)=s}]|s|K)
E, k—{E, (z : 7)=s}|s)

E, k—~K]s)

E, v—K| s| K)

(proc-1) (E||processk(z : 7){s0}; s| K)
(proc-0) (z:7){s0};s)
E ||suspend { k= s } || K)

E, v—K]|run(v) {s})

E || process k(z

(sus)
(run)

N A

Figure 3.6: Machine steps of Ap.
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such a process always consists of one undelimited underflow frame instead of a closure. Rule
sus captures the current stack, binds it as a process to k in the environment, and executes the
undelimited statement in the body. In particular, if k£ is not used in the statement, then the
stack is discarded. Rule run looks up the process bound to variable v in the environment, and
runs the body s with this process installed as a stack. Note that the binding for the process in
the environment persists, as s may still contain v free.

Type Safety

Ap still satisfies the usual theorems of progress (Theorem 23) and preservation (Theorem 24).
These theorems have been shown in Idris 2 by an intrinsically typed implementation and the
totality of the step-function on machine states.

Theorem 23 (Progress (DS)).
For DS machine state M, if = M then either M is of the form (E| exite) or there exists a
unique machine state M such that M— M .

Theorem 24 (Preservation (DS)).
For DS machine state M, if = M and M— M’ then + M.

Moreover, if a closed program with type 7 does not contain exit, then the resulting expression
has the same type. Note that if a program does contain exit, it may end with an expression
having a different type.

Theorem 25 (Type preservation (DS)).
If b s : 7 and s does not contain exit and { o || s || done) —* (E|| exite), then T + e : T where
Eten I

Proof. None of the machine steps can add an exit, so the final exit comes from returning to
the initial done. Thus, e has the type that done expects, i.e., 7. O

3.2 To CPS and Back to DS with Control

Now that we have enabled our DS calculus to express non-trivial control flow, we can extend our
translations to CPS and back to DS from Section 2.3 to the full languages. We again state how
the translations act on typing derivations, but note that typing information is still only used for
type annotations of parameters, which we often leave out in the definition of the translations.
That is, the same translations still work in an untyped setting.

3.2.1 From Direct Style to Continuation-Passing Style

We first describe the CPS translation on statements and then show how to extend it to the
abstract machine. Expressions are still translated trivially.

CPS Translation of Statements

Figure 3.7 defines the CPS translation on statements. The translation still has an additional
input, which stands for the current continuation. But since there are non-returning statements
now, this continuation input is either a continuation variable as before or no continuation
(indicated with ). In the first case, the continuation variable is added to the typing context for
the translated statement, while in the second case, the typing context stays exactly the same.

The cases present in the pure translation (grayed out here) are still the same. This includes
returning, sequencing, function application, and function definition in the case where the re-
maining statement returns. For function definitions, there is a second case for a non-returning
remaining statement. In that case, the remaining statement is translated with no continuation.
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T, Teks:7xk) — T, k:-7,Ta bt TrFs:# xe) —THF

Translation of Statements

Clrete], = k(e)
Clvalz = so0; s], = cntko(z){C[s], }; Clso L,U where kg fresh
Clf(e)], = f(elk)

Cldef f(z) {s0}; 5],
Cldef f(z) {0 }; 5],
Clprocess ko(z) { s0 }; s],

let f(z1ko) {C[s0]}, }; C[s], where ko fresh
let f(z 1 ko) {C[s0]y, }s C[s], where ko fresh
entko(z){Clso], }; Cls1,

Clprocess ko(z) { s0 }; s], = cntko(z){C[so], }; Cls],
Clsuspend { ko = s }], = C[s], withk =k
Clrun(ko) {s}], = C[s],

Clexite], = exite

Figure 3.7: Translation to continuation-passing style.

Translation of Values ‘ Feal VT — Fa VT ‘
Cv[{E, (z : T)=s}] = {Cg[E], (z : 71k : =70)=C[s], } where k fresh
Cv[K] = Ck[K]

Cv[19] = 19

Translation of Environments ‘ Etenw ' —E Feny T ‘
C/[[ .ﬂ = [ ]

Ce[E, z—V] = Cg[E], z—Cy[V]

Translation of Stacks ‘ Thsk K — Foat Vi@ 7 ‘
Ck[{E (z : 7)=s}] = {Ce[E], (z : 1) =C[s],}

Ck[{E, (z : T)=s} = K] = {Cg[E], k—=Ck[K], (z : 7)=C[s],} where k fresh
Translation of Configurations ‘ FM —FM ‘
Cul(Ells)] = (Ce[E]IICIs],)

Cul[(E|s| K)] = (Ce[E], k—=Cx[K]|C[s],) where k fresh

Figure 3.8: Translation of machine to continuation-passing style.

The translation of defining a new process also has these two cases, i.e., the translation of the
remaining statement is the same as for function definition. The definition of a new process is
translated to a definition of a continuation with the same name, and its body is translated with
no continuation, as it is non-returning.

In the translation of suspend, the body is translated with no continuation, but the contin-
uation variable bound by suspend is replaced with the input continuation of the translation,
as the latter is the current continuation. Running a statement s in a process bound to ky is
translated by translating s with continuation input ky. The exit statement is translated to its
counterpart in Ac.

CPS Translation of Machine

The extension of the CPS translation to the abstract machine is shown in Figure 3.8. As there
are two different modes of machine configurations now, there are two cases in the translation.
The case for delimited configurations is still the same as in the pure case, using the binding
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for the translated stack as input continuation for the statement. For undelimited execution,
where there is no stack, the statement is translated with no input continuation in the translated
environment.

Environments are still translated by pointwise translation of the bound values. For values,
there is a third case now for the translation of stacks, since there can now be continuation
bindings in the environment. For stacks, instead of the case for done frames, there is a case for
general underflow frames now. These are essentially translated in the same way as definitions
of a new process but, similar to the translation of closures, put together with the translated
environment. The translation of a frame on top of a remaining stack stays the same.

3.2.2 From Continuation-Passing Style Back to Direct Style

Let us now consider the opposite direction. We first describe how the DS translation behaves on
terms, and then extend it to the abstract machine. Again, expressions are translated trivially.
The DS translation is bottom-up, and we give it in the style of inference rules. This way, we
can easily state the side conditions we often have for different cases.

DS Translation of Terms

Figure 3.9 defines the translation on terms. Where the CPS translation has an additional input,
the DS translation has an additional output, as we have already seen for the pure fragments.
If the translated term is delimited, as is always the case for the pure translation, there is an
additional variable as output standing for the stack the translated term returns to. This variable
is then removed from the environment. If the translated term is non-returning, then there is
no variable as output, again indicated by e, and the environment stays the same. Remember
that we refer to this additional output as continuation output. The translation is bottom-up
in that it first recursively translates the subterms. In contrast to the translation for the pure
fragments, we then decide what to do depending on the continuation outputs of the translated
subterms. In the non-pure cases, we have to use control operators, in particular the constructs
suspend and run in A\p, which allow us to flexibly adapt the stack where necessary. With the
bottom-up approach, we try to recognize where to insert these control operators in order to
minimize their use.

There are three base cases without subterms. The exit-term is translated to its counterpart
in Ap and does not return. For the translation of a function application f(e1k) we use the
function resetlfFree to first check whether the continuation parameter k appears free in f(e)
(which by typing means e = k).

resetlfFree(k)(s) = IF k € freeVars(s) THEN run(k){s}~> e ELSE s~k

If not, the translation has k as its output continuation, as this represents the current continua-
tion, i.e., the stack the translated term returns to. This is the pure case. Otherwise, we need a
control operator, since in a pure statement, the current continuation cannot be the argument of
a function. Specifically, we reset f(e) to run in the process bound to k, that is, run(k) { f(e) }.
Note that this statement then has no output continuation as it does not return. In the case of
calling a continuation k(e), typing makes it impossible that & is free in e (which would mean
e = k) since =7 # 7. Thus, the translation is still the same as for the pure languages; it simply
returns e with continuation output k. Again, this is the stack that the translated term returns
to. Without typing, we could again reset with k& upon free occurrence.

For function definitions, there are now quite a few cases to consider, depending on the contin-
uation outputs of translating the subterms. In any case, the result is again a function definition
in Ap, but we have to insert control operators in some cases.

Rules DLET1, DLET2, and DLET3 define a helper function that determines what happens
with the actual function definition, as this is independent of the remaining term. In abuse of
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i, k: -7, Taobt — T, T2k s: 7~k) 'kt — Tk s:#~e)

Translation of Terms

D[f(e1k)] = resetlfFree(k)(f(e)) [DArr] D[k(e)] = rete~k (D207}
D[[to]] = S0~ ko [DLETl]
D[letf(z1ko){to}] = def f(z){s0}
Dlto] = s~ [DLET2]

Dlletf(z1ko){to}] = def f(z){suspend { ko = s0 } }

D[t] = so~w v # ko

D[letf(z1ko){to}] = def f(z) { suspend { ko = run(wo) { 50 } } } [DLeTs]

D[[t]] = S5~ e
Dlletf(z1ko){to}; t] = D[letf(z1ko){to}]; s~ e [DLETN]

D[[t]] = s~k

Dlletf(x1ko){to}; t] = resetlfFree(k)(D[letf(z1ko){to}]; s) [DLerR]
Dﬂto]] = sg~ e [DCN 1}

Dlentko(z) {to } | = process ko(z) { s0 } B
D[[toﬂ:b‘oww [Dc 2]
Dlentko(z) {to }] = process ko(z) {run(z) { s} } NT
D[to] = so~ w v # T D[t] = s~ -

Dlentko(z) {to }; t] = resetlfFree(vo)(valz = suspend { ko = s }; s0)

D[ to ] else D[t] = s~e
Dlentko(z){to }; t] = Dlentko(z) {to }]; s~ o

[DCNTN}

Dlt] = so~ v # T D[t] = s~k k # ko
Dlentko(z){to }; t] = resetlfFree(vo)(valz = suspend { ko = run(k) { s} }; s0)

[DCNTROV]

D[ to ] else D[t] = s~k k # ko
Dlentko(x){to }; t] = resetlfFree(k)(D[cnt ko(z) { to }]; $)

[DCNTRO]

D] = so~ o w # T D[t] = s~ ko
Dlentko(z){t }; t] = resetlfFree(wy)(valz = s; so)

[DCNTRTV]

D[ to ] else D[t] = s~ ko
Dlentko(z){to}; t] = Dlentko(z) {to }]; run(ko) { s}~ e

[DCNTRT]

DE
Dlexite] = exite~e [DEx]

Figure 3.9: Translation back to direct style.
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notation, we use the same name for this helper function as for the translation function itself.
The pure case is in DLET1 where the translated body of the function definition returns to the
continuation parameter ky, which is the current continuation. Note that this means in particular
that ky is not free in the translated body, and we can just drop the continuation parameter. If
the translated body does not return, as in DLET2, the current continuation represented by the
function parameter must have been used in a non-pure way, so we have to insert a suspend to
capture the current stack. If the stack vy the translated body returns to is different from the
current continuation (DLET3), we also have to capture the latter, but we additionally have to
insert a run(wp) to reset the translated body with the proper stack.

Rules DLETN and DLETR then determine how to translate the whole term for function
definitions based on the result of translating the remaining term. If the translation of the
remaining term does not return, then neither does the whole statement. If it does return to the
stack k, we again have to check whether k occurs free in the translated term and reset with &
if it does. We are in the pure case if k£ does not occur free.

For the definition of a continuation, there are even more cases to consider. Depending on the
continuation output of the translation of the body sy, we either obtain a sequencing statement
or a definition of a new process.

The latter is the case if sy does not return or if it returns to the parameter z of the continu-
ation. In this case, the process just defined is non-pure and hence cannot represent the current
continuation. We have again defined a helper function for these two cases, DCNT1 and DCNT2,
which only acts on the actual definition of the continuation. In the case where the translated
body returns to z, we insert a run(z). In either of these two cases, we then distinguish three
cases for the translation of the remaining term ¢ to a statement s. The non-returning case
DCNTN and the case DCNTRO where s returns to a stack k different from the process ky just
defined, are similar to the corresponding cases of function definition, i.e., in the second case we
reset with k if it occurs free. In the third case DCNTRT where s returns to kg, we insert a
run(ky), as the process just defined is not the current continuation.

The case left to consider is when the translated body sy returns to a stack vy different from
the parameter xz. In this case, we translate to a sequencing statement that binds z and has s
as its second statement. Depending on the result s of translating the remaining term ¢, we have
to insert control operators. The pure case is when s returns to ky as in DCNTRTV. If s does
not return, as in DCNTNV, we have to insert a suspend to capture the current stack and bind
it to ky. Finally, in DCNTROYV where s returns to a stack & different from kg, we capture the
current stack to kg, and then reset with k. In any case, we have to check whether vy appears
free, in which case we have to reset the whole statement with .

DS Translation of Machine

Figure 3.10 shows how the DS translation is extended to the abstract machine. For machine
configurations, there are two cases now, depending on the continuation output of the translation
s of the term in focus. If s is non-returning, it is executed in an undelimited configuration
with the translated environment. If s returns to k, the value bound to k is removed from
the translated environment, and its translation is used as stack for the delimited machine
configuration, just as in the case of the pure translations. In contrast to the pure case, there
can now be an arbitrary number of continuation bindings in the environment E. This also
means that in the pointwise translation of environments, the bound values can now also be
stacks. We write E.rm(k) for removing the binding to %k from E.

For values, we still distinguish between returning and non-returning ones. Those that return
are integers, which are still translated trivially, and function closures, which are again translated
in essentially the same way as function definitions put together with the translated environment.
The pure case is rule DFCLO1 where the translated body returns to the continuation variable
bound by the function. The non-returning values, i.e., continuation closures, are translated
to stacks. The translation of these is similar to the translation of continuation definitions, in
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Translation of Values FeaV:iT — Fa VT

D[to] = so~ ko
Dv[{E, (z : T1ko : =T0)=>t }] = {De[E], (z : 7)= 50}

[DFCLo1]

D[[to = s9~ e
Dv[{E, (z : T1ko : =T0)=1t}] = {Dr[E], (z : 7)=suspend{ ko= s0}}

[DFCLo2]

DﬂtoHISOWUO Uo;éko
Dv[[{E, (IE s Tlko : —\T0)=>to}]] = {DE[[E]], (.’E : T):>suspend{k0:>run(v0){so}}}

[DFCLo3]

DVIE (o - )= 0}l = Dxl{E (o o)) O By =15 PV

Translation of Environments ‘ Eltenw I' —E Fenv T ‘

Do[e] = 0B DolE 75 V] = DR[El s Dy[v] oo
Translation of Continuation Closures ‘ Fval V@77 —7 Fgx K ‘
Dlt] = so~-e [DCCro1]
Dk[{E, (z : T)=t}] = {De[E], (z : T)=s0 }
Dlt] = 0o~z [DCCLo2]
Dk[{E, (z : )=t }] = {De[E], (z : 7)=run(z){ s0 } }
'D[[to]]:SoWk k;éx
Dr{E (@ )=t 1] = (De[ELmb), @ - T =] = Dr[EGR)] PO
Translation of Configurations FM —FM

D[t] = s~e
Du[(E|It)] = (Ds[E]|s)

[DMCHI]

D[t] = s~k
Dul(ENt)] = (De[E]rm(k) [|s | Px[E(K)])

[DMCHQ]

Figure 3.10: Translation of machine back to direct style.
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particular in the cases where the translated body does not return or returns to the parameter of
the continuation closure. The case where the translated body returns to a stack & different from
the parameter (DCCLO3) is more akin to the translation of a delimited machine configuration
in that the binding for £ is removed from the translated environment, and the translation of
the value bound to % is used as the remaining stack on top of which the frame is put. This is
as in the pure case.

3.2.3 Properties

With the full languages and translations in place, we want to show that they are still well-
behaved. To this end, we consider again the meta-theoretical properties we have shown for the
restriction to the pure fragments in Section 2.3.4.

Typeability Preservation

Typeability preservation still holds as before. This has been proven in Idris 2 by the intrinsic
typing of the languages and the various translation functions on them.

Theorem 26 (Typeability preservation).
All translations take typing derivations to typing derivations as stated above their definitions.

Semantics Preservation

Next, we consider semantics preservation. We do not have a step-by-step correspondence any-
more, but since we use a small-step abstract machine semantics, we can still be very precise
about how semantics is preserved, including upper and lower bounds for the number of steps the
translated machine takes. In the following, we again identify machine configurations and frames
which can be identified by weakening, contraction, or reordering of environments. Moreover,
we consider equality always modulo a-equivalence. The proofs are mostly straightforward and
are given in Miiller et al. (2023).

We start with the CPS translation. For every step the DS machine takes, the CPS machine
either takes no step or one step.

Theorem 27 (Simulation of Cyy).
If = M and M— M, then Cpr[ M] —7 Cor[ M']), where —" means 0 or 1 machine step.

The reason why the correspondence is not 1-to-1 is that there are steps for the control operators
suspend and run in the DS machine, but the CPS translation already includes those steps. For
example, in the translation of suspend { k£ = s }, we simply translate the body s and replace k
by the variable in the environment to which the current continuation is bound upon translating
the machine state. In the DS version, this capturing of the stack into the environment is done
in a machine step.

As a corollary, we obtain that the CPS machine takes at most as many steps as the DS
machine.

Corollary 28 (Operational Reduction (CPS)).
If = M and M—" M, then Cp [ M] =™ Cp [ M'] where m < n.

Proof. By induction on n using Theorem 27. O

In particular, a closed term that evaluates to a result in DS evaluates to the same result in CPS
in at most as many steps.

Corollary 29 (Evaluation (CPS)).
If b s:7and (e| s| done) =™ (E| exite)
then (k— donel|[C[s],)—=" (Ce[ E] || exite) where k is fresh and m < n.
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3 Non-Trivial Control Flow and Control Operators

Let us now look at the DS translation. The CPS machine needs fewer steps, but we can give an
upper bound for the DS machine: for every step the CPS machine takes, the DS machine takes
at least one and at most four steps. The reason is that we insert up to three control operators
for one construct during translation, each of which needs its own step in the DS machine.

Theorem 30 (Simulation of D).
If = Mand M— M, then Dy [ M] =0~ Dy [ M ], where =1=4 means 1, 2, 3, or 4 machine
steps.

‘We obtain corollaries similar to the CPS translation above.

Corollary 31 (Operational Reduction (DS)).
If = Mand M—"M, then Dy [ M] =™ Dy [M'] where m < 4n.

Proof. By induction on n using Theorem 30. ]

Corollary 32 (Evaluation (DS)).
If bt withD[t] = s~k and (k+> donel|| t) =™ (E| exite)
then (o || s|| done) =™ (Dg[ E] | exite) where m < 4n.

Round Trips

Let us look at the behavior of the compositions of the two translations. The translations are
not full syntactic inverses anymore, but after the round trip starting in A¢c we still obtain the
syntactically same term.

Theorem 33 (D is right inverse of C).
IfT' -t and D[t] = s~ k, thenC[s], = t.
IfT F t and D[t] = s~ e, then C[s], = t.

We can also still extend this property to the abstract machines.

Theorem 34 (Right inverse for machines).
If - M, then CM[[DM[[MH]] = M.

If o Vo7, thenCy[Dy][V]] = V.
IfEt+.n T, then Cx[De[E]] = E

]f l_val V: T, then CK[['DK[[V]]H = V.

This means, in particular, that the CPS translation is surjective and the DS translation is
injective. As we have seen at the beginning of this chapter, the converse is not true, since in
general, there are multiple DS statements, i.e., with different combinations of control operators,
that are mapped to the same CPS term. Therefore, we do not in general insert the same
control operators during the DS translation that are removed when CPS-translating. This also
means that there is some choice of which combination of control operators to insert in the DS
translation. The choices here are made in such a way that we can easily give the tight bounds
for the number of machine steps when evaluating.

Moreover, as the round trip also affects the environment and the stack, we cannot expect
that the original machine reduces to the one after the round trip. But semantics preservation
at least gives us that both machine configurations eventually evaluate to the same result (if
they terminate) with the given upper bound for the number of steps.

46



3.3 Extension with Conditionals

Syntax of \p

Statements s u= ... |ifethenselses conditionals
Syntax of \c

Terms t == ...|ifethentelset conditionals
Syntax of Expressions

Expressions e = ... |true |false booleans
Syntax of Types

Types T u= ...|Bool base type

Figure 3.11: Syntax for the extension of the languages with conditionals.

Semantics Reflection

From the round-trip result for Ac, we still get a corollary about reflection of machine steps
for the DS translation. If there is a step in the DS machine between translated machine
configurations, then there must be a step in the CPS machine between the original states. For
the CPS translation, we have no such result.

Corollary 35 (D), is step-reflecting).
Given = M and = M, then Dy [ M]— Dy [ M'] implies M— M.

3.3 Extension with Conditionals

The languages considered so far are rather minimalistic. To make them more practically usable,
we now show how they can be extended with conditional statements. Consider a DS translation
of an if statement,

D[if ethentyelset, ] = ifethen...s;...else...s5...~7

where D[ #1] = s1~ ki and D[ 2] = s2 ~ ko. Both branches have to return to the same stack
as the whole statement. Thus, if k&; = ks, we do not need any control operators, and the whole
statement returns to this stack. This is always the case for the pure fragment. However, if
k1 # ko, we have to insert control operators to adapt the stacks the two branches return to.

Biased Solution

An easy solution is to pick one branch and treat it as the preferred branch, adapting the other
one. Let us pick the second branch as the default. The translation is

D[if ethent; else ty ]| = if ethensuspend { ks = run(ky) { s1 } } else s~ ko

Figure 3.11 shows the straightforward syntax extensions for the two languages with conditionals.
As expressions and types are extended identically, they are shown only once. The scrutinee of
the conditionals is an expression, since all intermediate results have to be named. The typing
and operational semantics are straightforward and can be found in Miiller et al. (2023).

The CPS translation for conditionals is unsurprising, as either both branches are returning
or both are non-returning. In the first case, we translate both branches with the input continu-
ation of the whole statement; in the second case, we translate both branches without an input
continuation. The CPS translation is shown in Figure 3.12.
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Translation of Statements

C[if ethensyelse sy ]|, = ifethenC[s1 ], elseC[s2],
C[if ethensyelses; |, = ifethen(C[s1], elseC[s2],

Figure 3.12: Translation of conditionals to continuation-passing style.

Translation of Terms

'D[[tl]}:éﬁwk D[[tQ]]:SQWk

D[if ethent, else t; ] = if ethen s; else so ~ k

[DIFRR]

D[ti] = s1~ D[ta] = sa~e
D[if ethentielset; | = if ethen s; else s, ~ o

[DIFNN]

D[t] = s1~ o Dit2] = s2~k
D[if ethen ¢, else t; ]| = if e thensuspend { k = s; } else so ~~ k

[DIFRN]

Dlt] = si~k D[t2] = s2~~e
D[if ethen ¢, else t; ]| = if ethen s; elsesuspend { k= s2 } ~~ k

[DIFNR]

'D[[tll]zslwkj DﬂtzHZSQWkQ k‘1;ﬁk2
D[if ethent, else t; ] = if e thensuspend { kx = run(k;) { s1 } } else so ~ k»

[DIFRRD]

Figure 3.13: Translation of conditionals back to direct style.

As explained above, the interesting part of the extension is the DS translation. There are
different cases to consider. If both branches return to the same stack or no stack, then we do
not have to insert control operators, and the whole translated term returns to the common
stack in the former case or is non-returning in the latter case. The more interesting cases are if
the branches return to different stacks, or if one is returning and the other one is not. We have
explained the first case above. In the second case, we have several options: a) we can again
always adapt the branch that is not the preferred one, or b) we insert a run for the returning
branch, resulting in a non-returning statement for the whole term, or ¢) we insert a suspend
for the non-returning branch, resulting in a returning statement for the whole term. We choose
option c) since we aim to obtain a returning statement, as would be the case for a pure term.
In particular, in the case that the term surrounding the if is pure and the returning branch is
too, the only place where control operators are inserted is in the non-returning branch. The
DS translation is displayed in Figure 3.13.

The extension fits in seamlessly with our languages. All the properties we have given about
our languages and translations still hold exactly as stated.

Other Alternative Designs

While the above solution works without any changes to other parts of the DS translation, it is
a bit unsatisfactory with regard to avoiding the insertion of unnecessary control operators. For
example, if the continuation output of the preferred branch is not the current continuation, then
the whole if statement has to be adapted with control operators again. But in the case that the
current continuation is the one that the non-preferred branch returns to, this is unnecessary.
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We actually could have adapted the non-preferred branch instead, resulting in an overall if
statement that already returns to the correct stack. To do so, however, we would have to know
which continuation is the current continuation.

Passing the current continuation down One option is to pass this information downwards
during the DS translation by having an additional continuation variable as input for the DS
translation. This works well for the translation of terms. However, when extending the transla-
tion to the machine, things become more difficult. For intermediate machine states that are not
closed, it is not always clear which continuation is the current one at the top level of the term
in focus and for the bindings in the environment. A potential solution could be to annotate
machine states with the current continuation, and adapt this annotation appropriately when
taking a machine step. This approach thus appears to require some changes to the existing
languages, and more investigation is needed to understand whether it is actually feasible.

Non-deterministic translation There is another option that avoids passing down the current
continuation in the DS translation. We could instead try to defer the decision of which branch
of the conditional to adapt. Later, when the current continuation is known, we choose the
right one. To do so, we have to remember all possible translations for a conditional. Then the
translation for the case when the branches return to different continuations, as in our initial
example above, returns a list as follows

D[ if ethen t; else t; |
= [if ethen s; else suspend { k; = run(kz) { s2 } } ~ k1,
if e thensuspend { k; = run(k;) { s1 } } else s3 ~ ks,
if ethensuspend { k7 = run(k;) { s1 } } elsesuspend { k7 = run(k2) { s2 } } ~ k7]

Here k7 has to be replaced by the current continuation when it is known, if that case is chosen.
Now, if the translation of a subexpression yields a non-singleton list, we either pick the correct
option and return that as a singleton list if the current continuation is known, or we do the
further translation for all elements in the list and return the resulting list. This of course bears
some danger of exponential blowup if conditionals are nested deeply without information about
the current continuation in between.

At the top level, we then pick the right option in accordance with the current continuation.
However, similar to the solution that passes the current continuation downwards, for non-closed
machine states it is not always clear which is the current continuation at the top level, and hence
which option to pick if the translation yields multiple possible results.

3.4 Related Work

There is a huge body of work on translations back to direct style, and in this section we discuss
how they relate to what we have presented here. Figure 3.14 shows several properties and
whether they are shown to hold ( v') by the different translations or not ( X), or are conjectured

©).

3.4.1 Back to Direct Style | and Il

A direct-style translation was first considered by Danvy (1992). They only work on a pure
direct-style language, but extend their translation to a language with call/cc in a follow-up
paper (Danvy and Lawall, 1992). Both papers use higher-order translations to reduce admin-
istrative redexes at translation time. To deal with this in proofs, they factor out the adminis-
trative reductions for both translations and obtain staged versions, which is more thoroughly
investigated in Lawall and Danvy (1993). In the pure case, where the CPS language is restricted
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Typed One-Pass Small- Reduction Right Detects

First-Order Step Theory Inverse Pure
Composi- Preserv. DS Terms
tional
Calculi without control operators
Danvy (1992) X X X X 4 —
Sabry and Felleisen (1992) v X X 4 v —
Flanagan et al. (1993) X X v X v —
Sabry and Wadler (1997) O v O v v —
Danvy and Pfenning (1995) X X X X X —
Nielsen (2002) X v X X v —
Hatcliff and Danvy (1994) v X X X X —
Calculi with undelimited control
Danvy and Lawall (1992) X X X 4
Sabry and Felleisen (1993) O X X X X X
This work v 4 v
Calculi with delimited control
Kameyama and Hasegawa (2003) X X X X X X
Kameyama (2007) X X X X X X
Biernacki et al. (2020) X v X 4 v v
Biernacki et al. (2021) X v X 4 v 4

Figure 3.14: Summary of related work.

to the image of the CPS translation via an attribute grammar, they obtain as a result that the
DS translation is inverse to the CPS translation. For the language extended with call/cc, they
use a counting analysis for continuation identifiers to decide where to insert a control opera-
tor. This analysis checks whether a continuation identifier occurs free in the scope of another
continuation identifier. This is sufficient as they do not have an abortion operator. We instead
rely on a bottom-up translation to also capture the case when no continuation identifier occurs.
For these extended languages, the translations only satisfy the weaker property of forming a
Galois connection with respect to a kind of normalization, which is to be expected, since the
CPS translation removes superfluous control operators, which are not inserted again by the DS
translation. The normalization consists of performing a round trip, so on terms after a round
trip, the translations are inverse. As our DS translation is the right inverse of the CPS transla-
tion, we have a Galois connection in this sense, too. Note, however, that this is different from
a Galois connection with respect to reduction (see below), and neither paper above considers
reduction or equational theories at all.

3.4.2 Development of ANF

Another direct-style translation was studied by Sabry and Felleisen (1993). Their goal is to
derive a set of rewrite rules for the computational A.-calculus (Moggi, 1989). They achieve this
goal and present an equational theory that proves the same equations as the CPS counterpart.
This eventually leads to the system of A-normal forms for pure terms. They also give an
extension to a calculus with call/cc and an abortion operator, which together are equivalent
to the control operator C of Felleisen et al. (1987). The translations used in either case are based
on evaluation contexts, making them non-compositional. In the pure case, the DS translation
works on a CPS language that is closed under S-n-reduction and thus a bit larger than just
the image of the CPS translation. On the full languages, the translations are not inverse of
each other, but terms after a round trip are connected to the original terms with respect to an
equational theory. A round trip on the DS language brings terms into ANF. When restricting
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the DS language to ANF, the CPS translation becomes injective, so a restriction of the CPS
language to the image of the CPS translation makes the two translations inverses. Moreover,
with the correct rewrite rules for ANF, both translations preserve reduction. An argument for
ANF over CPS as a compiler intermediate language was made by Flanagan et al. (1993). There,
the result is extended to abstract machines for the two languages, similar to our result for the
pure fragment. A difference, however, is that the pure fragment of our language is not in ANF,
as we allow for nesting of val statements. For their extension with control operators, they do
not consider reduction, but only an equational theory. For this reason, their DS translation
inserts a call/cc for every binding of a continuation and explicit calls to the continuation, even
when unnecessary, in contrast to Danvy and Lawall’s and this work. In the end, they state that
their results also hold in a typed setting, but do not elaborate on that point much further.

3.4.3 Further Developments for Calculi Without Control Operators

In subsequent years, there were further developments in different directions for direct-style
calculi without control operators. Hatcliff and Danvy (1994) consider Moggi’s monadic meta
language A, (Moggi, 1991) in a typed setting and give a translation from an appropriate CPS
language back to the meta language, forming an equational correspondence. As the source
language is Ay, this forms a core for DS translations for different evaluation strategies, which
can be obtained by giving translations of different calculi into A,,; and back.

Sabry and Wadler (1997) improve upon previous results by considering a reduction theory
for A\, instead of merely equational correspondences. They show that their translations back
and forth form a reflection with respect to reduction, i.e., a Galois-connection with the DS
translation being the right inverse. This is a stronger result than that of Sabry and Felleisen
(1993), who only have a correspondence with respect to an equational theory for the composition
of the DS translation with the CPS translation (but already prove the remaining properties
of a Galois-connection). The CPS translation used in the paper is not quite compositional,
but this could be remedied easily by unfolding the translation a bit further. The authors
moreover conjecture that their results hold in a typed setting, and also when reduction in
arbitrary contexts is replaced by deterministic evaluation. Note that our work does not consider
a reduction theory, but only evaluation with an abstract machine. We have shown that the
translations on the pure fragment are two-sided inverses. Perhaps, since everything is named
in our calculi, this is not too surprising. It would be interesting to also consider a reduction
theory for our approach in general.

A somewhat different direct-style translation is given by Danvy and Pfenning (1995), who aim
to mechanically prove claims in Danvy (1992) about continuation parameters. It relies on a stack
of intermediate results maintained during the translation, promising more efficiency and simpler
proofs. In particular, Nielsen (2002) builds on the same technique to give a very simple proof by
structural induction that the first-order, one-pass and compositional CPS translation (Danvy
and Nielsen, 2003) is the left inverse of the DS translation. This kind of DS translation is partly
bottom-up in the sense that it uses the stack produced by subexpressions in some cases.

3.4.4 Back to Direct Style with Delimited Control

A bit later, some papers on direct-style translations for calculi with delimited control operators
appeared. Kameyama and Hasegawa (2003) consider a calculus with one level of shift and
reset, but as they deal with an equational theory, they insert a control operator for every
occurrence of a continuation binding, similar to Sabry and Felleisen (1993). They show that
their translations form an equational correspondence in an untyped setting. This result was
later extended to the CPS hierarchy (Kameyama, 2007).

Very recently, Biernacki et al. (2020) improved upon this result in a similar way Sabry and
Wadler (1997) improved upon earlier work (Sabry and Felleisen, 1993). They consider a reduc-
tion theory for an untyped calculus with shift and reset, and show that their translations back
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and forth form a reflection with respect to reduction. A similar result for shift0 and reset0
has been shown (Biernacki et al., 2021), too. To do so, they use a CPS calculus with a mildly
context-sensitive grammar tracking which continuation variable is the current continuation, and
reduction rules that are specifically designed to keep the calculus closed under reduction. This
makes it easy to recognize the combinators that are translated to control operators when going
back to direct style. It would be interesting to see whether our approach can be extended to
delimited control operators, too.

3.5 Conclusion and Future Work

We have presented a translation from continuation-passing style back to direct style in a typed
setting with undelimited control operators. It is the right inverse of our CPS translation,
and, as we have seen in Chapter 2, on the pure fragment even the two-sided inverse. Both
translations are total and preserve the small-step evaluation of the abstract machine semantics
of the languages with tight bounds. Moreover, both translations are first-order, one-pass, and
compositional, facilitating simple proofs by structural induction. Our DS translation is bottom-
up, in order to recognize where to insert control operators and minimize their use.

It is possible to choose between different equivalent possibilities of inserting control operators
for the DS translation in some cases. We have designed our translation in such a way that
it fits particularly nicely with the abstract machine. It would be interesting to investigate
whether different choices yield better results in other regards, such as the behavior of round
trips starting at the DS language. Passing down the current continuation might open up even
more possibilities in that respect. Moreover, it would be useful to also consider reduction
theories for our calculi, in particular, to be able to reason better about optimizations in the
CPS language (Torrens et al., 2024).

We have also shown an extension of our basic calculi with conditionals in such a way that all
theorems still hold as stated. However, in some cases the DS translation inserts more control
operators than necessary. We have sketched two more sophisticated approaches that should be
investigated further. Another interesting question is whether our translations can be extended
to delimited control operators by iterating the translations to CPS and back to DS. In that
regard, it might also be particularly interesting to investigate partial translations back to direct
style, that is, leaving the non-pure parts of the program in CPS. This way, no control operators
are needed anymore to translate back, while still having some of the advantages of executing
programs in direct style. Yet another interesting question is the interaction of continuations
with local mutable state. Having the possibility to execute the same continuation multiple
times requires to carefully ensure the correct backtracking behavior for state. A standard way
for CPS languages is to employ a kind of state-passing style, which stores the current state in
the closure of the captured continuation (Schuster et al., 2022). This yields a pure program
again that can be easily optimized. A translation back to direct style might then try to restore
the use of native local mutable state.
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Typed computational systems exhibit a direct correspondence to logical proof calculi via the
Curry-Howard isomorphism. Formulae correspond to types and proofs of a formula correspond
to terms of the corresponding type. In this chapter, we illustrate how our calculi from Chapters 2
and 3 relate to logical systems. The languages we have seen so far, in particular those in direct
style, are based on natural deduction, which was introduced by Gentzen (1935a). The term
language corresponding to natural deduction, in particular in the intuitionistic variant NJ, is
the lambda calculus. For the classical variant NK, the lambda calculus must be augmented
with control operators to account for classical reasoning, such as the law of excluded middle.
Classical logic can be embedded into intuitionistic logic by a double-negation translation, which
corresponds to a CPS translation.

In the same paper, Gentzen also introduced another calculus, the sequent calculus, for
studying natural deduction and for proving his famous Hauptsatz (Gentzen, 1935b), the cut-
elimination theorem. A satisfying term assignment for the sequent calculus has only been found
relatively recently with the A\pji-calculus (Curien and Herbelin, 2000). The Auji-calculus corre-
sponds to the classical sequent calculus LK. But with a restriction similar to the one we have
made for our CPS calculus A¢ to arrive at its pure fragment, one also obtains a term assignment
for the intuitionistic variant LJ. As it turns out, in some respects, Ac actually appears to be
closer to classical sequent calculus than to natural deduction.

Therefore, after illustrating how our DS language corresponds to classical natural deduction,
we discuss how our CPS language compares to classical sequent calculus and the Apji-calculus.
In this chapter, we hence segue from Part I of this thesis, which was about continuation-passing
style and translating back to direct style, into Part II, which will be about compilation with
the sequent calculus.

4.1 Classical Logic and Natural Deduction

The pure fragment AR" of our language in direct style is essentially a simply typed lambda
calculus, which corresponds to intuitionistic natural deduction (Howard, 1980), as embodied
by Gentzen’s NJ. While being blurred by the requirement that all functions in AJ"® must be
named, the correspondence is still visible.

e 7tk so 0 T.f :7T—=7T0bF s 7, fir=10€l Tke:r
= - - [DEFINE] — [CALL]
PrHdeff(x:7){so};s:7r L'+ fle) :7o

Ignoring the remaining statement, the definition of a function in rule DEFINE corresponds to the
introduction rule of implication, where the left premiss in DEFINE corresponds to the premiss
of the implication rule and the right premiss essentially corresponds to the conclusion of the
implication rule. Function application in rule CALL corresponds to the elimination rule of
implication.

The classical calculus NK is an extension of the intuitionistic NJ with an axiom such as the
law of excluded middle or double negation elimination. These axioms correspond to control
operators that extend the lambda calculus (Griffin, 1989), such as the control operators of our
full DS calculus Ap, which extend the pure fragment. Particularly, the control operator suspend
can be viewed as the axiom of double negation elimination, just as Felleisen’s C.
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T,k imm ks #

I' - suspend{k=s} :7

[SUSPEND]

In the judgment I' F s : #, the statement s does not return anything, because there is nowhere
to return to. Logically speaking, this means that it proves a contradiction. The suspend
statement is of type 7 when its body uses the current continuation of negation type —7 to
prove a contradiction. That is, the double negation of 7 is eliminated.

We can also give a logical interpretation for the typing rules of process and run as introduction
and elimination of the negation connective, respectively.

o 7k so:# Dk :m7mhk s & I'kFe:nr 'k s:7T
[PROCESS] [RUN]

[' - processk(z : 7){so};s : & TFrun(e){s} :#

Again, ignoring the remaining statement, the typing rule for process creates a proof of the
negation — 7 by deriving a contradiction from a proof of 7. The rule for run proves a contradic-
tion from a proof of =7 and a proof of 7. In a system where we define negation by means of a
bottom type as =7 = 7 — L, which is more standard in natural deduction, we could also view
the above rules as a special case of implication introduction and elimination, when replacing #
by L. This would correspond to modeling continuations as functions. Looking at the typing
rule of the run operator again, we see that it also resembles the cut rule of sequent calculus if
we interpret a proof of =7 as a refutation of 7. We will discuss the cut rule in more depth in
Section 4.2.

The typing rule for exit derives a contradiction from an arbitrary proposition.

I'kFe: 7

_ [EXIT]
I'F exite :#

This is not in general a sound logical rule and should rather be seen as an extra-logical rule to
terminate the computation.

With the above rules, it is possible to construct the classical proof of the law of excluded mid-
dle using the axiom of double negation elimination, embodied by suspend, (example left), and
to recover callcc, whose type corresponds to Peirce’s law (example on the right). Remember
that resume k(v) is simply syntactic sugar for run(k) {retv }.

def lawOfExcludedMiddle(): -A + A { def callcc(program: (A — B) — A): A {
suspend { k = suspend { k =
process kO(a: A) { def escape(a: A): B {
resume k(Inr(a)) }; suspend { _ = resume k(a) } };
resume k(Inl(k0)) run(k) { program(escape) }
} }
} }

Operationally, lawOfExcludedMiddle captures and removes the current stack k and uses it
twice. First, to construct a new process k0 of type -A. Then, to delimit a statement that returns
this new process injected as the left alternative Inl(k0). So in a sense, lawOfExcludedMiddle
tries to continue with the assumption that the proposition is not true, but when presented with
a proof, it backtracks and continues with that proof instead. callcc captures and removes the
current stack k, and then defines a function escape that, when called, will remove and discard
the current stack and resume with k, instead. callcc then reinstalls the stack k and calls the
given program with escape. The definition of escape accounts for the fact that we do not
model continuations as functions and have a separate construct to invoke them. Otherwise,
this definition of callcc is as the definition in terms of C we have seen in Section 3.1.1.
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4.2 Classical Sequent Calculus and the Apji-calculus

The sequent calculus was introduced by Gentzen as a more symmetric alternative to natural
deduction. Both the premises and conclusions consist of sequents I' - A, where both sides can
contain an arbitrary number of formulae in the classical version. Restricting the right-hand side
to at most one formula yields a system for intuitionistic logic. Thus, while in natural deduction
the basic system is intuitionistic and we have to add an axiom to make it classical, in sequent
calculus the basic system is classical and we have to restrict it to make intuitionistic. This
restriction is similar to the one we have imposed when restricting our CPS calculus A¢ to its
pure fragment. In Section 4.3 we will investigate the relation of A¢ and the sequent calculus in
more depth.

Natural deduction can also be framed with sequents having always exactly one formula on
the right-hand side, and this is usually done when drawing the comparison to type systems,
as in the previous section. The difference between sequent calculus and natural deduction is
that natural deduction uses right introduction and right elimination rules to act on the one
formula on the right, while sequent calculus has right introduction rules and left introduction
rules, but no elimination rules. Hence, natural deduction is biased towards proofs; it tries to
prove the formula on the right-hand side. In contrast, sequent calculus is symmetric in proofs
and refutations. There can be at most one active formula being currently under consideration.
If the active formula is on the right, we currently try to prove that formula; if it is on the left,
then we currently try to refute it.

For logical considerations, it is often left implicit which formula is currently active, but
term assignment systems for the sequent calculus (Curien and Herbelin, 2000; Wadler, 2003;
Zeilberger, 2008; Downen, 2017) make use of this. An active formula on the right types a
producer p (variously called program, term, proof, etc.), while an active formula on the left
types a consumer ¢ (variously called context, coterm, refutation, etc.). The other formulae
represent bindings in the typing context. There is a third syntactic category of statements s
(variously called commands, contradictions, etc.) for the case where no formula is currently
active. The first satisfying term assignment for classical sequent calculus was given by Curien
and Herbelin (2000) with the Apjfi-calculus. The syntax (of a slight variation) can be defined
as follows.

Syntax of \uj

Producers p =z Consumers ¢ 1= «

\ no. s | Az.s

| ()= (o
Statements s u= (p]|c)

Producers are either variables, u-abstractions, which allow to abstract over a consumer in a
statement, or function abstractions. They construct an element of some type and correspond
to expressions in most programming languages. Dually, consumers are either covariables, ji-
abstractions, which allow to abstract over a producer in a statement, or function-application
frames. They are not typically found as first-class entities in programming languages. Con-
sumers destruct an element of some type, and one can approximately think of them as continu-
ations or program contexts. Producers can only be bound to variables and consumers can only
be bound to covariables. For better distinguishability, we usually use small Greek letters for
covariables and small Latin letters for variables. The only statements in Auf are cuts, where a
producer and a consumer meet and interact. For example, to apply a function, it is cut with
an application frame.

Our definition of functions is slightly different from but equivalent to that of Curien and
Herbelin to make the similarity with our CPS calculus more apparent. Similar to how functions
in CPS bind an additional continuation parameter, our functions in Apji bind an additional
consumer parameter . The program context is always explicit in A\uji as a consumer, and can
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Producer Typing Thop ™o
z ™7 el a: "™ 17Fs
T [axR] SO T aerR]
'z ™7 '+ pas ™ 1
D,z ™ 7,0 ™ 79 F s
5 [FUN—R]
'k (z-a)=s ™ 771
Consumer Typing Tk e 1
a: ™ 717el T,z ™7k s
——— [Ax-1] ———— [Acr-L]
'kFa:™r '+ px.s =™ 1
Fkp:™s T'Fc¢:™ 19
[FUN—L}
PTE(p-c) ™ 17—>70
Statement Typing IFs

FFp:'”dT I'kec¢c:™ 7
L'E(plec)

[Cur]

Figure 4.1: Typing for Apfi.

be given a name with this additional consumer parameter, but also using p-abstractions. The
latter can hence be thought of as another form of control operator for undelimited continuations
that captures and reifies its surrounding context as a first-class consumer. It was originally
introduced by Parigot (1992) before it became a part of the Aujfi-calculus. The f-abstractions
dually reify a surrounding producer and name it, just as typical let-bindings found in many
programming languages.

Typing rules for \uji  There are three different typing judgments in Auji, one for each syntactic
category. While producers correspond to expressions in typical programming languages, their
judgment I" F p ¢ 7 is slightly different to make it explicit in the judgment that we are typing
a producer. Similarly, the judgment I' F ¢ : 7 for consumers makes it explicit that we are
typing a consumer. The judgment I' - s for statements indicates that statements do not have
a type by omitting a type annotation. Statements do not return anything, but rather represent
computations, as we will see below. We deviate from the standard notation in the literature
by collecting all bindings for producers and consumers in a single typing context I' instead
of partitioning them into two separate contexts I' and A on the left- and right-hand side of
the turnstile (Binder et al., 2024). We therefore annotate whether a binding is a producer or
a consumer with x ™ 7 or « :™ T, respectively. We call this annotation the chirality of the
expression, which is derived from the Greek word for hand. Our typing judgments hence deviate
from those of Curien and Herbelin as summarized in the following table.

Judgment Form Our notation  Curien and Herbelin (2000)
Typing Producers 'kFp:™r 'Ep:7]|A
Typing Consumers 'kec:™ 1 Flc:7FA
Typing Statements ks s: (T'FA)

The typing rules are given in Figure 4.1. While it is common to make the structural rules of
weakening, contraction, and exchange explicit in logical considerations of the sequent calculus,
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we leave them implicit for now. We will come back to these rules during the presentation of our
compilation pipeline in Section 7.3. The axiom rules AX-R and AX-L introduce variables and
covariables, respectively. They are the leaves of a derivation tree. The activation rules ACT-
R and Act-L type p- and f-bindings, respectively. The right introduction rule for functions
FUN-R adds the bound variable for its input type and the bound covariable for its output type
to the context for typing the statement in the function body. This shows that functions do not
return a result, as statements do not return. Instead, the result is cut with a consumer, similar
to how the result in CPS is fed into a continuation. The left introduction rule for functions
FUN-L creates an application frame from a producer of the input type and a consumer of the
output type. In rule CUT, we see that the producer and the consumer of the cut must have the
same type.

Operational semantics of \uii When a producer and a consumer of the same type meet in a
cut, they interact. Operationally, cuts correspond to redexes, but do not return a result. For
example, when cutting a function abstraction with an application frame, we can reduce the
application:

((z-a)=s|(p-c)—=slz—p, a—(

Here v+ t means standard capture-avoiding substitution of variable v by term t. The result
is another statement that we can evaluate further. p- and f-bindings are reduced in a similar
way.

(pa.s | ¢y — sla— ]
(p| pz.s)— slz—p]

From a logical perspective, cuts correspond to contradictions where a proof and a refutation of
the same proposition meet, and rewriting is done to eliminate cuts. Computation or reduction
hence corresponds to cut elimination.

There are two problems with the above evaluation rules, however. First, if, for example,
the producer in the application frame in the rule for function application is a p-abstraction,
p = upB.sy, then it contains a statement, i.e., an unevaluated computation. This is not a value,
and if we want to proceed by call-by-value evaluation, then we have to evaluate it first. To
do so, we can lift this computation to the top level and give its result a name that we use in
its place. This is called focusing (Andreoli, 1992; Curien and Munch-Maccagnoni, 2010), and
we have already seen this in the discussion of our DS calculus in Section 2.1.1. We can either
add additional evaluation rules, usually called ¢-rules, to lift sub-computations to the outside
of the statement we are evaluating, which is called dynamic focusing (Wadler, 2003). Or we
can perform a transformation on the code before we start evaluating it. This is called static
focusing (Curien and Herbelin, 2000) and results in a focused normal form that is a subset of
the syntax we have described so far. In the above example, (static) focusing would yield (here
F is the focusing function)

F((z - a)=s|(pf-so - ) = (uB-so | py-((z - @)= s|(y - ¢))) (yfresh)

That is, we obtain a cut of a pu- and a p-binding, the famous critical pair. This is the second
problem, the so-called fundamental dilemma of computation. Which side of the cut should
be reduced? The dilemma is resolved by choosing an evaluation strategy. For call-by-value,
we have to reduce the p-abstraction (otherwise we are back to where we started before focus-
ing). For call-by-name, we have to reduce the fi-abstraction, as we do not want to evaluate
the computation sy inside the p-abstraction then. The two evaluation strategies are dual to
each other (Wadler, 2003). The evaluation strategy thus also determines which producers and
consumers we have to lift out of argument positions during focusing, as we only have to lift the
ones we want to reduce. Instead of fixing a global evaluation strategy, it is also easily possible
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to make the decision how to reduce a critical pair locally, dependent on the type (Munch-
Maccagnoni, 2009). We will come back to this point below, and we will see this again when
we investigate our compiler with intermediate languages based on classical sequent calculus in
Part II.

4.3 Comparing Ac and A\uji

While the typing rules of our DS calculus A\p have a rather clear correspondence to natural
deduction, the typing rules in our CPS calculus A¢ look a bit different. In particular, terms are
not associated with a type, since they do not return. Instead, the result type of a function is
given by the type that the continuation of the function expects. This corresponds to a double-
negation embedding of propositions. In our types, this is not directly visible, since we use
an explicit negation connective instead of a bottom type and thus do not change the function
type. For a logical interpretation, the function type 7 — 7¢ in Ac should hence rather be read
as T — - 7. Classically, these are equivalent since double negations can be eliminated. The
typing judgment of terms I' F ¢ can be read as deriving a contradiction. This is more in line
with the typing judgment for (cut) statements in the Apfi-calculus, although with an explicit
bottom type L, terms could be typed with 1. In the typing rule for function definition, we
accordingly derive a contradiction from a proof of 7 and — 7y, which is again blurred by the
requirement that functions must be bound to a name.

Loy kim0t T, f i7—710b 1
LCEletf(z:71k:—-70){t};t

[LET]

When reading negation as refutation, i.e., the continuation as a consumer, this rule looks more
like the rule FUN-R of function definition in sequent calculus than the natural deduction rule
of A\p, in particular when giving the function a name via a cut with a fi-binding.

L,z 7 o0 7o F so L,/ = 1ok s
prd Fun-R — cns Act-L
Tk (z-ar) = s0:™ 17— 10 Tk iafs:™1 =710

Pk ((z-ar) = so|ff.s)

Here we have written «y to indicate how this covariable corresponds to the continuation k.
Despite this similarity, Ac is still based on natural deduction, as is more clearly visible in the
rule for function application, which is a (right) elimination rule.

fir—=10€l Tkp:ir Tkcinr

0
TFf(plo) [Aer]

In the sequent calculus, this hence becomes a left introduction rule for application frames
combined with a cut (Gentzen, 1935a,b; Ostermann et al., 2022).

[ s 10€l TFp™7r TFc: ™™g
. prd AX-R cns Fun-L
TE/™ 7= 70 TH(p ¢):™1 =10
X Cur
LE(fl(p-o))

We can still see that the function application rule App in Ac is a double negation embedding, as
we derive a contradiction from a proof of 7 and — 7, hence proving = —73. And when reading
the continuation as consumer, this again looks very similar to the above derivation for function
application in the Aup-calculus.
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Continuations vs Consumers

However, continuations and consumers are not the same. In fact, a consequence of being based
on natural deduction is that A¢c does not support consumers in the same way as producers.
Rather, consumers must always be modeled more indirectly as continuations with a negation
type. In particular, unlike in Apji, it is not possible to directly bind an application frame to
a (co)variable. Instead, it must be modeled as a continuation that abstracts over the function
that will be applied to it. The following correspondence is thus rather approximate.

entk(f) {f(p1¢)}; s & {paw.s | (p - ©))

This shows that even though continuations are first-class in Ac, there is no direct first-class
support for more structured consumers. Languages based on classical sequent calculus are
hence more flexible in this regard.

Instead of binding the application frame directly to a covariable, we can also use a [i-
abstraction in Apjfi to abstract over the function, corresponding more closely to continuations
in /\Q

ent k() {f(p1e)}; s = (pak.s [ af (f [ (p - ©)))

To make this correspondence work, we have to employ call-by-value evaluation order, ensuring
that the p-binding in the critical pair is reduced first.

More generally, we can model continuations in Ac with fi-abstractions in Aup by binding
them to a name with a p-binding. Application of a continuation is again modeled with a cut.

entk(z){so}; s = (pag.s| gz.so)
k(p) = (p|a)

There is a difference between continuations in Ac and fi-abstractions in Apg, however. While
in Ac it is possible to pass a continuation as an argument to another continuation, this is not
possible with a fi-abstraction. The reason is that the fi-abstraction is a consumer but abstracts
over a producer, so we cannot pass it another ji-abstraction. Similarly, the ordinary function
argument of a function must be a producer in Auji, but can be a continuation in Ac. The latter
restriction could be lifted by introducing a second function type in Auji that expects a consumer
as its ordinary argument. This does not exactly correspond to the usual function type anymore,
but rather to the so-called %¥-connective (pronounced par) (Binder et al., 2024).

Another option to lift the above restrictions is to add a negation type to the Apji-calculus.
The negation connective turns a producer into a consumer.

Syntax

Producers p = ... |o(z)=s Consumers c == ...|=(p)

Typing
Rm:”’dr#s FFp:”’dT
5 [CNT-R] -
'k —(z)=s ™ =71 'k =(p) ™ -7

[CNT—L]

Then we can model the continuations of A¢ as follows.

entk(z){so}; s = (-(z)=s0 | ik.s)

k(p) = (k[ =(p))
As k is a producer in A\uji, it can again be passed to another continuation or as the ordinary
argument of a function. However, it cannot be passed as the consumer argument of a function.

We could additionally change functions to take a producer of negation type instead of a con-
sumer, which would allow us to faithfully embed Ac into Apfi. This embedding then, of course,
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does not make use of consumers anymore in Apji. An alternative might be to instead convert
between producers of negation type and consumers as needed via

a7 — o(z)=(z|a) (zfresh)
k™ =7 — pgz.{k|-(z)) (zfresh)

Either way, this discussion shows that while A¢ and the Augi-calculus are quite similar in that
they make the control flow of a program explicit, they differ in how they express consumers. In
Ac the only consumers are continuations, which are represented as producers of negation type.
In Apfi there is direct support for more structured consumers, symmetric to producers. In Part
IT we will see how this duality of producers and consumers can be used in a compiler that uses
intermediate representations based on classical sequent calculus.

Evaluation Strategies and Focusing

There is another difference between A¢ and Aupfi. In Section 2.1.1 we have seen that a core
property of CPS is that the evaluation order is syntactically explicit. Translations into CPS
hence change the structure of the original program. Repeating the example of a nested function
call, a call-by-value translation would look as follows.

Clr(gB3) ] = entko(x) {f(z1k)}; 9(31ko)

This forces Ac to be in a focused form. In our DS language Ap, we therefore imposed a similar
restriction to make the correspondence between DS and CPS clearer. For languages based on
sequent calculus, focusing is a separate step, and the evaluation order is only determined by
how critical pairs are reduced, as we have discussed in Section 4.2. A translation of a nested
function call into Apjfi therefore might look as follows.

ClrgB)Ie = {f [ (pa (g [ B - a)) - ¢))

The nesting structure of the translated program is still the same as in the original version,
independent of the evaluation strategy. We will see how such a translation from a non-focused
DS language into a language based on sequent calculus can be defined in an efficient way in
more depth in Chapter 6. After focusing, the above term looks more akin to the CPS term
under call-by-value:

FCIf 9B 1) = (pa(g| B - ) [ pz{f [ (z - ¢))

But in contrast to CPS, it still does not prescribe the evaluation order; both are possible, and
the decision can also be made locally, based on the type.

4.3.1 Translating the Auji-calculus back to direct style

To conclude this chapter, we briefly look at how the Aufi-calculus can be translated back to
direct style, but in a less formal way than in the previous chapters. Such a translation can be
defined in a very similar fashion to the one for Ac, in particular if we consider a focused version
of Aufi where all arguments must be (co)variables and where all functions must have a name,
similar to the requirements we have imposed on Ap and Ac. While this fragment would not
be closed anymore under a standard substitution semantics, we could easily give an abstract
machine semantics similar to Ac. For a more in-depth discussion of translations forth and
back, in particular with respect to evaluation order and with an unfocused version, we refer to
the dissertation of Downen (2017) (Chapter IX). Downen’s languages feature data and codata
types, similar to the extended languages we will present in Chapter 6. Note, however, that the
data and codata types discussed there are less general than ours, in that they are restricted to
those that can be expressed in a pure DS language. This means that constructors of data types
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cannot have consumer arguments, and destructors of codata types always have exactly one
consumer argument. Moreover, Downen does not try to detect non-pure control flow and hence
inserts a control operator for every binding of a consumer. We do not discuss data and codata
types here, but will briefly come back to the additional challenges they present for translating
back to direct style in Section 6.4, after we have properly introduced them.

Remember that the translation back to direct style for A¢ is bottom-up and has an additional
continuation variable as output. The latter is now replaced by a covariable. Let us first assume
that there is no negation type. We have to consider all possible combinations of producers
and consumers that can meet in a cut, as allowed by the typing rules. However, due to our
requirement that functions must have a name, we can additionally rule out cuts of a function
abstraction with a covariable. Moreover, there cannot be a cut of a function abstraction with an
application frame. Such a cut could be immediately reduced anyway by simple renaming, since
application frames must consist of a variable and a covariable. Similarly, a cut of a variable
with a ji-binding and of a p-binding with a covariable could be immediately reduced, so we do
not consider them here. We also add one statement, however. To be able to write terminating
programs, we use an exit statement, corresponding to the exit term in Ac.

Thus, the base cases are the cut of a variable with an application frame, corresponding to
function application, the cut of a variable with a covariable, corresponding to the invocation of
a continuation, and the exit statement:

DI{f|(z- )] = f(z)~a« D[z |a)] = retz~« D[exitz] = exitz~~ o

Note that in contrast to Ac, the ordinary argument z cannot be a covariable in the case of
function application, so we do not have to check whether it occurs free in the translated term.
The cases left to consider are the following:

(- )= 50 | if.s) (navs | fiz.so) (naus | (z - B))

The cut on the left of a function abstraction with a g-binding corresponds to function defini-
tion, and the critical pair in the middle corresponds to the definition of a continuation. The
translation for them hence proceeds in the same way as for function definition and continuation
definition in Ac, respectively, deciding where to insert control operators based on the covariable
output. In A\p there is no way to bind an application frame directly to a variable, however, as
is done in the cut on the right. But as we have already seen before, we can simply wrap the
application frame into a fi-abstraction that abstracts over the function to apply to the frame.

(pacs | (z - B)) — (uees | af {f | (z - B)))  (f fresh)

Since the body of the fi-binding in this case is a function application with output covariable 3,
we can always turn this into a val-binding for f.

The question left to consider is how to treat a negation construct. For this, the interesting
cases are

(=(z) = s0 | fik.s) (k| —(2)) (pacs | =(z))

As we have seen above, the cut on the left also corresponds to a continuation definition, and
the cut in the middle corresponds to an invocation of a continuation, so they can be translated
accordingly. Importantly, however, the additional output of the translation for the continuation
invocation here is a continuation variable instead of a covariable, so there are two different kinds
of additional output now. For the cut on the right, we can again wrap the right-hand side into
a ji-abstraction.

(pas [ =(z)) — (paes [ pk(k [ =(2)))  (kfresh)

This again corresponds to a continuation definition, one that expects another continuation as
an argument, and is hence also translated in that way. With the negation construct, we now
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have two different models of continuations that we have to consider when translating back to
direct style. In fact, the negation type is a special case of codata types, as is the function type,
and we will briefly come back to the additional difficulties general codata types present for
translations back to direct style in Section 6.4.
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Abstract. Compiling a high-level functional programming language to machine code that
can be executed efficiently on a modern machine is complicated, since we have to tra-
verse many different levels of abstraction. This is particularly challenging if the language
contains some form of control effects and a mix of different evaluation strategies, such as
call-by-value data types and call-by-name codata types. In this part of the thesis, we tell
the complete story, starting from a simple functional programming language with control
effects and both data and codata types, and ending up with machine code for standard
platforms. What distinguishes our compiler from all other existing compilers for func-
tional programming languages is that, instead of natural-deduction-based languages like
the lambda calculus, we use sequent-calculus-inspired languages throughout all interme-
diate stages. These sequent-calculus-based languages are characterized by the first-class
nature of consumers, which represent program contexts. In this sense, we view this work
as a continuation, and generalization, of Andrew Appel’s landmark work on “Compiling
with Continuations”.

After providing an overview of the compilation pipeline in Chapter 5, we present our sur-
face language and a high-level intermediate language based on classical sequent calculus in
Chapter 6. Both languages feature general data and codata types. The surface language
supports control effects by providing a set of control operators for undelimited continu-
ations. This non-local control flow can be naturally expressed in a language based on
classical sequent calculus due to the symmetry of producers and consumers. We show how
our surface language can be translated into the high-level intermediate representation in
an efficient way. To forge a bridge to the first part of this thesis, we also consider the
challenges posed by general data and codata types in a translation back to direct style.

In Chapter 7 we derive a normal form for the terms of our intermediate language that
is suitable for direct code generation. To do so, we first apply two transformations, each
targeting a smaller fragment of the language. The focusing transformation binds all terms in
a program to a name, and the shrinking transformation removes redundant constructs from
the language. Then we translate the transformed version into a language with a slightly
different structure, making the structural rules of exchange, weakening, and contraction
explicit. All of these steps bring us closer to machine code. In Chapter 8 we then show
how we can generate machine code in a surprisingly straightforward way from the final
language derived in Chapter 7.

To evaluate our approach, we have implemented the complete compilation pipeline. More-
over, we have implemented a considerable number of benchmark programs. In Chapter 9
we discuss our implementation and present our benchmark results. We compare our im-
plementation against a number of compilers for different industrial and research languages.
The results demonstrate the viability of our approach.

This part is closely based on the following journal article, currently under consideration for publication:

Marius Miiller, David Binder, Marco Tzschentke, Philipp Schuster, Klaus Ostermann, and Jonathan Im-
manuel Brachthauser. 2026. Compiling with the Sequent Calculus. Submitted to ACM Trans. Program.
Lang. Syst.

The journal article itself is based on the following publications (Schuster et al., 2025a; Binder et al., 2024):
Philipp Schuster, Marius Miiller, Klaus Ostermann, and Jonathan Immanuel Brachthaduser. 2025. Com-
piling Classical Sequent Calculus to Stock Hardware: The Duality of Compilation. Proc. ACM Program.
Lang. 9, OOPSLAL. DOI: https://doi.org/10.1145/3720507
David Binder, Marco Tzschentke, Marius Miiller, and Klaus Ostermann. 2024. Grokking the Sequent

Calculus (Functional Pearl). Proc. ACM Program. Lang. 8, ICFP. DOI: https://doi.org/10.1145/
3674639
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5 Overview of the Compilation Pipeline

Continuation-passing style has long been established as an intermediate representation for com-
pilers (Steele, 1978; Appel, 1992). We argue — as other researchers have before us (Downen et al.,
2016) — that we should also examine Gentzen (1935a)’s classical sequent calculus as a basis for
an attractive IR that bridges the gap between high- and low-level languages. Sequent-calculus-
based intermediate representations have specific advantages that distinguish them from IRs
based on natural deduction, such as direct style or continuation-passing style. In this second
part of the thesis, we will thus present a full compilation pipeline from an interesting func-
tional surface language down to machine code, using IRs based on classical sequent calculus
throughout all intermediate stages.

Expressing advanced control flow and first-class contexts We have already introduced se-
quent calculus in Chapter 4, where we have also drawn a comparison to CPS. We have seen that
the symmetry between producers and consumers (Downen and Ariola, 2014; Ostermann et al.,
2022) makes term assignments for classical sequent calculus particularly well-suited to express-
ing control effects, without the need for a low-level encoding, such as state machines, or support
from a runtime system. Consumers are first-class: They can be named, and hence, they can
also be stored, duplicated, and dropped, similar to continuations in CPS. In fact, consumers can
model arbitrary program contexts directly, generalizing continuations. For example, consumers
can be function-application frames, making them first-class entities. Similarly, consumers can
be first-class pattern-matching contexts for algebraic data types. As an example, consider the
list data type, whose producers are terms built from its constructors Nil and Cons. Consumers
of that type are built by pattern matching on Nil and Cons and returning a statement in each
branch, as in the following consumer:

I's T,z ™ i64, zs ™ List[i64] - s
I' F case {Nil = s, Cons(z, zs) = sz } ™ List[i64]

[CasE]

The interesting thing to observe is that instead of a familiar case expression like p.case{...}
that combines the scrutinee and the branches in a single expression, the sequent calculus factors
these case expressions into three parts: a producer p, the (first-class) consumer case{{ ... }, and
the cut (p | case{...}) combining them.

Controlling evaluation order We have further seen that sequent-calculus-based languages can
naturally and uniformly express both call-by-value (CBV) and call-by-name (CBN) evaluation
order, while retaining much of the original nesting structure of a source program in direct
style. The two evaluation orders are both useful in different scenarios. While CBV is the well-
known standard strategy used in most languages, CBN allows for demand-driven and streaming
computation. The evaluation order in languages based on sequent calculus is determined by
how critical pairs are reduced. This decision can be made locally, instead of prescribing a global
evaluation order. While we can hence mix both evaluation strategies in the same program, we
must do so consistently. Classical sequent calculus facilitates this, since every logical connective
naturally comes in two polarities: positive and negative (Andreoli, 1992; Girard, 1991, 1993;
Munch-Maccagnoni, 2009; Downen and Ariola, 2020, 2021; Downen, 2017), together with shifts
that mediate between call-by-value and call-by-name (Zeilberger, 2008). To be able to mix
evaluation strategies, we employ both (positive) data types and (negative) codata types (Hagino,
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1989) in a surface language. For data types defined by their constructors, we use call-by-value,
while for codata types, which are a form of object-oriented feature defined by their destructors,
we use call-by-name. These choices ensure the validity of all n-laws (Curien and Herbelin, 2000;
Wadler, 2003).

In other words, the symmetric nature of sequent calculus leads to support for algebraic data
and codata types in one system in a perfectly dual way. We can take advantage of this during
compilation because it allows us to treat data and codata types in exactly the same fashion.
An IR based on sequent calculus hence retains the virtues of CPS, while being more general.
All of these features make classical sequent calculus a natural basis for a high-level compiler
intermediate representation for surface languages with control effects and codata types.

Compiling with the Sequent Calculus

An intermediate representation based on sequent calculus corresponds to a logical system quite
directly, and the symmetry between structured producers and consumers makes it appear to
be a high-level language. However, programs are run on real hardware where registers could
contain anything at any point, memory is an unstructured sequence of bytes, and code is an
unstructured sequence of instructions. A compiler IR should also make it easy to generate code
for such machines. How is it possible to bridge this gap between theoretical logical systems and
practical computer hardware?

As it turns out, with the right preparations, compilation from a modern high-level language
to machine code is surprisingly easy. In this paper, we show that, in fact, an intermediate
representation based on sequent calculus can serve as a bridge between high-level logical proofs
and low-level machine code. We transform its terms into a normal form which, on the one hand,
constitutes a fragment of classical sequent calculus and enjoys safety in the form of progress and
preservation. On the other hand, it admits a surprisingly direct translation to machine code
and has a small-step operational semantics with an abstract machine. We demonstrate how the
concepts of logic, in the form of types, typing judgments, and typing rules, can be used to impose
invariants, giving structure to machine code, registers, and memory. While the structure of an
IR based on sequent calculus is also very promising with regards to optimizations (Downen et al.,
2016; Binder et al., 2024), in this thesis we do not set out for an exploration of these. Rather,
we present a complete compilation pipeline, starting with a surface language with support for
different evaluation strategies, codata types, and control effects, and ending up with machine
code. This work is thus supposed to form the basis for future investigations.

Additionally, we have implemented the complete compilation pipeline. While in this thesis we
present code generation for RISC-V, our implementation can also generate code for the AArch64
and x86-64 instruction sets. In fact, we have executed all examples in this part of the thesis
on the latter two architectures, as well as a considerable number of benchmark programs of
varying size, which we compare against several other compilers for various languages. Even
though the other compilers produce optimized code, compared to our rather naive compilation
strategy, the benchmark results demonstrate that our approach is viable and produces code
that performs roughly in the same league as existing ahead-of-time compilers.

While we mostly produce slower code than the optimizing compilers, our performance still
falls within the same order of magnitude, and we expect substantial improvements after we
implement optimizations in our compiler. We will discuss the results in detail in Chapter 9.

In this chapter, we give an overview of our complete compilation pipeline, which, as already
shown in Chapter 1, can be illustrated as follows:
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Figure 5.1: Geometric mean of relative speedups over all benchmark programs compared to our
implementation, higher is better.
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We will explain the characteristics of each stage, represented by one of the boxes, and show how
each translation step, represented by the arrows, brings us from our high-level surface language
closer to machine code. In the subsequent chapters, we will discuss all of these stages and steps
in detail.

5.1 The Surface Language Fun

The surface language Fun is in many regards an ordinary functional programming language,
with a simply typed lambda calculus such as AJ" from Section 2.1 at its core. However, it
also includes features that broaden the scope of our compilation technique beyond traditional
functional programming.

Top-level functions Programs in Fun are structured by top-level function definitions that are
not first-class. That is, these functions can only be called, but they cannot be passed to or
returned from other functions, distinguishing them from first-class functions. In return, these
top-level functions can be arbitrarily recursive, even mutually so, and are the only way to
express recursion in Fun. We want to stress, however, that Fun is not a first-order language; in
fact, it features a generalization of first-class functions, as we will see next.

Data and codata types Besides algebraic data types and pattern matching, Fun also features
codata types (Hagino, 1989) and copattern matching (Abel et al., 2013). While data types are
defined by their constructors, codata types are defined by destructors, which specify how their
inhabitants can be destructed or observed. Codata types are thus similar to interfaces defined by
abstract methods, as in object-oriented programming, and copattern matches can be thought
of as creating objects by implementing all methods. First-class functions are one important
example, since they can be defined as a codata type with one apply destructor (Setzer, 2003)
and with lambda abstraction corresponding to copattern matching on this destructor:
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Example 36 (Functions as Codata).

i64 — i64 = codataFun { apply(z : i64) : 64 }
Az.t = new { apply(z) =1}
tl t2 = tl.apply(tz)

Another typical example are streams defined by two destructors head and tail:

Example 37 (The Stream Codata Type).

codata Stream{ head : i64, tail : Stream}
def ascending(n : i64) : Stream{ new { head = n, tail = ascending(n + 1)} }
def three() : i64 { ascending(1).tail.tail.head }

In this example, the top-level function ascending defines an infinite stream of ascending integers,
and the definition three observes the third element of this stream.

Mixed evaluation strategies Fun is designed to maximize the number of valid reasoning prin-
ciples, among them the important class of n-laws. But the validity of n-laws in languages with
general recursion or side effects depends on the evaluation strategy: The n-laws for data types
are only valid under call-by-value order, and the 7-laws for codata types are only valid for call-
by-name (Binder et al., 2024; Downen and Ariola, 2020). For this reason, Fun uses call-by-value
for data types and call-by-name for codata types, which can be observed in programs with side
effects, such as this one:

Example 38 (Codata Types are CBN).

def zeros() : Stream{ println _i64(0); new { head = 0, tail = zeros() } }
def printAndHead() : i64 {let s = zeros(); printin_i64(42); s.head }

The top-level function zeros returns a stream of zeros and prints 0 when it is called. printAndHead
calls this function and binds the stream to the variable s, prints 42, and then observes the first
element of s. Since streams are a codata type, we evaluate the call of zeros by-name, and
printAndHead therefore first prints 42 and then 0, not the other way around. This ensures that
the definition of stream s can be n-expanded to

new { head = zeros().head, tail = zeros().tail }

without changing the semantics, enabling local reasoning about the behavior for the program-
mer.

Control operators Fun also supports non-local control effects using the control operators label
and goto, which are similar to suspend and run in \p from Section 3.1. In contrast to suspend,
however, label behaves more like 1et/cc (Reynolds, 1972) and not like Felleisen et al.’s C, as it
leaves the captured program context in place instead of removing it. Moreover, we use covari-
ables, denoted by lower-case Greek letters and annotated with cns, to represent the captured
program contexts. To illustrate the usage of these control operators, consider the multiplication
of a list of integers with early return.

Example 39 (Multiplication with Early Return).

def rmult(zs : List[i64]) : i64 { label o { rmultRec(zs, «) } }
def rmultRec(zs : List[i64], o ™ i64) : 164 {
zs.case { Nil =1, Cons(y, ys) = if y=0{gotox (0) } else { y * rmultRec(ys, ) } }

}
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Here we capture the current continuation in rmult, bind it to covariable «, and pass it as an
argument to rmultRec, which performs the recursion over the list. If rmultRec encounters a 0 in
the list, it immediately returns (without any stack unwinding) by throwing to the previously
captured continuation.

In the rest of this section, we use the code from Example 39 to illustrate all intermediate stages
of the compiler.

5.2 The High-Level Intermediate Language Core

In the first step (detailed in Section 6.3), we translate the surface language Fun into the high-
level intermediate language Core. The foundation of Core is the Apfi-calculus introduced in
Section 4.2, a term assignment system for classical sequent calculus. Similar to Fun, Core
supports data and codata types (Downen and Ariola, 2020) and top-level functions. As we have
seen for A\pji, the control flow in this language is made explicit using explicit consumers, similar
to how continuation-passing style uses explicit continuations. In contrast to CPS, however,
producers and consumers are completely symmetric in classical sequent calculus. Consider
again our running example from Example 39 of multiplication of a list with early return, this
time in Core.

Example 40 (Multiplication with Early Return in Core).

def rmult(zs ™ Listl[i64], 5 = i64) { (ua.rmultRec(zs, a, «) | B) }
def rmultRec(zs ™ List[i64], o := i64, B = i64) {
(zs | case {Nil= (1] 3),
Cons(y, ys)=ify=0{(0| ) } else { {y * py.rmultRec(ys, o, v) | B)}})

}

Similar to how functions in CPS receive an additional continuation argument, both top-level
functions have an additional covariable 3, which stands for the current program context, instead
of having a return type. This covariable is made available in the body of rmult, where it is bound
to a covariable « by a u-abstraction and then used twice when calling rmultRec. This implements
the control operator label. As in the original program, the first covariable « abstracted by
rmultRec is for returning early, which can be seen in the then branch of the conditional. There
we cut a with 0 when encountering a 0 in the list, hence returning directly to the program
context at the original call site of rmultRec. This implements the control operator goto. In the
else branch, we cut the result of the multiplication with the second consumer parameter S for
a normal return. In the recursive call of rmultRec, we still use « for early return, but abstract a
fresh covariable v to stand for the new program context. We will see how the latter is actually
bound to « in the next subsection.

The pattern match in the body of rmultRec is now a consumer term that is separated from its
scrutinee zs. Instead, it meets the latter in a cut. This also facilitates giving pattern matches
a name by binding them to covariables, making them first-class entities. The same is true for
destructors, which are also separated from the object they are called on. We will describe this
in more detail in Section 6.2.

The above example shows that top-level functions can have multiple consumer parameters,
which allows us to express different complex control structures directly. While rmult has one
consumer parameter, similar to standard CPS, rmultRec has two, one for normal return and
one for early return, which is more akin to double-barreled CPS. Similar to top-level func-
tions, destructors of codata types in Core also do not have return types, but instead receive
an additional consumer argument. For example, the codata type of first-class functions from
Example 36 becomes

codataFun { apply(z ™ i64, o :™ i64) }
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In general, destructors can also have multiple consumer parameters. In fact, top-level functions
and destructors can even have zero consumer parameters. Such definitions are not readily
expressed in Fun, where we always need a return type?.

Example 41 (Coroutining Send and Receive). As an example, consider the following two
mutually recursive declarations. Each of them defines two destructors, respectively stop and
push, and end and pull.

codataReceiver { stop, push(n :™ i64, rest :™ Sender) }
codata Sender { end, pull(next ™ Receiver) }

Together, they specify the protocol of interaction between a sender and a receiver of integers.
When we push an integer, we yield control to the receiver, describing the rest of the sending
behavior. Dually, when we pull, we describe the next receiving behavior. Potentially infinite
processes like these are best modeled with codata types. In the following, we create a sender
zeroes, which always responds with integer 0, and a receiver discard, which discards all integers
pushed into it.

def zeroes(r ™ Receiver) {
(r | push(0, new { end = exit 0, pull(next) = zeroes(next) }))

def discard(s :™ Sender) {
(s | pull(new { stop = exit 0, push(n, rest) = discard(rest) }))

def connect() { discard(new { end = exit 0, pull(next) = zeroes(next) }) }

In the definition of zeroes, we push a 0 and continue to behave as zeroes on the next pull. In
the definition of discard, we pull the next integer, and continue to behave as discard, ignoring
the next integer pushed. Both definitions exit the program upon completion, returning control
to the operating system. We connect the two processes, by calling the receiver discard with
the sender behaving as zeroes. They will coroutine between each other, until one of them is
finished, a potentially infinite process. There is no intermediary, no operating system, nor
runtime system between the two processes. They directly interact with each other, following a
common protocol that guarantees safety.

Having explicit control flow in the intermediate representation not only facilitates implementing
control operators and expressing complex control structures, but is also helpful during compila-
tion, as has been demonstrated for CPS (Appel, 1992; Kennedy, 2007). It makes the language
closer to what happens on a real machine. In particular, every branch of the abstract syntax tree
ends with a jump to another location, i.e., we can never fall through in branching constructs.

5.3 Transformations on Core

In the next step we apply two transformations on Core to bring it closer to a normal form that is
suitable for code generation. The focusing and shrinking transformations each target a smaller
fragment of Core.

5.3.1 Focusing

Static focusing (Andreoli, 1992; Curien and Herbelin, 2000) is a transformation that names
all intermediate computations and terms using p- and f-bindings so that only variables and
covariables are allowed to occur in argument positions. We illustrate the idea using our running
example from Example 40, the details are discussed in Section 7.1.1 (also cf. Section 4.2).

4To facilitate such definitions, we could add some kind of type expressing that a top-level function or destructor
does not return. We will come back to this point in Section 6.4.

72



5.3 Transformations on Core

Example 42 (Focusing of Multiplication with Early Return). The only part of the program
in Example 40 that has a non-(co)variable term in argument position is the else branch in
rmultRec. Focusing this statement yields (here F is the focusing function)

F((y * wy.rmultRec(ys, a, v) | B)) = (uy.rmultRec(ys, o, v) | fir-y * 7| B))

The p-abstraction is lifted out of the multiplication by generating a fresh name r for it, which
is bound by a ji-abstraction, and then cutting the latter with the lifted term. The variable r is
put in the place of the lifted term in the multiplication. Here we can see how the new program
context for the recursive call, consisting of the multiplication with y and the outer context [,
is bound to the covariable v abstracted for it during the translation into Core.

Giving names to all terms is common in many intermediate representations, such as A-normal
form (Flanagan et al., 1993), continuation-passing style, or SSA (Cytron et al., 1991). It
corresponds to how a real machine stores computed results in registers (or memory) and then
uses them in further computations.

5.3.2 Shrinking

Shrinking eliminates redundant constructs from the focused language by first inlining all com-
binations of producers and consumers into the cut statement, if allowed by typing, and then
transforming away several combinations. The resulting fragment Shrunk Core only consists of
statements. In particular, we eliminate critical pairs, i.e., cuts of a u- with a p-binding, such
as the one introduced by the focusing transformation in Example 42 above. As we have seen in
Section 4.2, these critical pairs play an important role in the reduction theory of our sequent-
calculus-based languages, determining the evaluation order. Eliminating them ensures that no
variable is ever bound to a p-abstraction and no covariable is ever bound to a ji-abstraction,
that is, these constructs only ever occur directly in cuts to give names to other constructs.
This way, when (co)variables occur in cuts, it is always clear from their type what they stand
for. Similarly, we eliminate completely unknown cuts (z | ), i.e., cuts of a variable with a
covariable. This leaves us only with statements for which there is a surprisingly straightforward
way to generate machine code. The details can be found in Section 7.1.2.

The way we eliminate unknown cuts and critical pairs is different for data types, codata
types, and built-in types like integers. For data and codata types, we use n-expansion, which is
guaranteed to be valid due to our choice of evaluation strategies. This is type-preserving and
only requires local changes. For built-in types, we need a different way, which is illustrated by
applying shrinking to our running example:

Example 43 (Shrinking of Multiplication with Early Return).

def rmult(zs ™ List[i64], 5 ™ Cont) { rmultRec(zs, 3, 5) }
def rmultRec(zs ™ List[i64], o :* Cont, 5 ™ Cont) {
(xs | case {
Nil= (1] fiz.(Ret(2) | B)),
Cons(y, ys) =
if y=0{
(0] pz.(Ret(z) [ )
}else {
(py.rmultRec(ys, a, v) | case {Ret(r) = (y * r | fiz.(Ret(z) | B)) })

H
}

First note that compared to the version in Example 40, the cut in the body of rmult has been
reduced by a trivial renaming, which illustrates another kind of statement eliminated by our
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transformation. Moreover, the type of the covariable § in the parameter list has been changed
to a data type Cont. The same is true for the covariables o and 8 in the parameter list of
rmultRec. The reason is that we now model the fi-abstractions of integers in critical pairs, i.e.,
the first-class consumers of integers, with a continuation data type Cont having one constructor
Ret(z :™ i64). That is, a pattern match of this type is a continuation for integers. This is visible
in the critical pair in the else branch in the body of rmultRec that was generated by focusing,
as discussed in Example 42. The fi-abstraction, which can also be viewed as a continuation for
integers, has been turned into a pattern match of type Cont. Consequently, all covariables for
consumers of integers are now of type Cont. Hence, the integers in cuts with such covariables
must be wrapped into a constructor Ret, as is visible in the cut with the multiplication and
also in the cuts with the integer literals in the other branches. To ensure that the argument
of the Ret constructor is a variable, we bind the result of the multiplication and the integer
literals to a name with a fi-binding first. We will see that wrapping integers into constructors
does not mean that we box integers, i.e., we do not allocate them on the heap.

5.4 The Lower-Level Intermediate Language AxCut

With the shrunk language, we are already close to a normal form of our intermediate represen-
tation for which we can directly generate machine code. The final step before doing so is to
translate into a representation with a slightly different structure, which we call AxCut. There
are two differences between Shrunk Core and AxCut. First, we eliminate a last redundancy from
Shrunk Core. Since data types and codata types are perfectly symmetric in classical sequent
calculus, we can use a unified syntax for them. For example, we can use the same notation for
binding a constructor to a variable and for binding a destructor to a covariable.

(K(o) | pz.s) & (pa.s|D(o)) — letv = X(0);s

Here we use v to stand for either a variable or a covariable, and X to stand for either a
constructor or a destructor. We could also have used such a notation in Core already, but we
decided not to do so, because we think that it is more intuitive to explicitly distinguish between
terms of data and codata types at that stage. For code generation, however, we treat data and
codata types in exactly the same way, and we think that the unified syntax is more appropriate
for low-level concerns. In particular, there are fewer cases to consider during code generation
and the syntax of the constructs is more suggestive. Still, for specific examples it may be helpful
to consider them from the viewpoint of either data types or codata types to help intuition. In
fact, we could take the unification one step further and also collapse data and codata types
themselves, resulting in a fully one-sided variant (Girard, 1987) of our language. However, as
this does not affect code generation in an essential way and we obtain virtually all benefits from
the unified syntax alone, we refrain from doing so here.

The second, and more important difference is that while the structural rules of weakening,
contraction, and exchange are implicit in all languages and fragments so far, i.e., variable usage
is arbitrary, we make these rules explicit in AxCut. We do so by adding a construct for explicit
substitutions (Abadi et al., 1991) substitute [I' := o]; s. Explicit substitutions define a new
environment I' for the remaining statement s based on the variables in scope. This construct
includes reordering variables by using them once in ¢ in the desired position, corresponding to
exchange, duplicating variables by using them multiple times, corresponding to contraction, and
dropping variables by not using them at all, corresponding to weakening. The other constructs
have to use variables linearly and in the correct order. The details will become clear when we
discuss the typing rules of AxCut in 7.2.1.

With the unified syntax of AxCut and after inferring explicit substitutions, our running
example of multiplication of a list with early return from Example 43 looks as follows (ignore
the colors for now, they only become relevant in 5.5).
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5.5 Code Generation

Example 44 (Multiplication with Early Return in AxCut).

def rmult(zs " List[i64], 8 : Cont) {
substitute [zs := xs, § := (8, v := S]; rmultRec(zs, 3, 7)

}

def rmultRec(zs ™ List[i64], o :* Cont, 5 ™ Cont) {
substitute [8 1= 8, a = a, zs := zs];
switch zs {
Nil = substitute [ := []; lit z < 1; substitute [z := z, § := []; invoke SRet(z),
Cons(y, ys) =
ify =0/
substitute [« := af; lit z <+ 0; substitute [z := 2z, @ := af; invoke v Ret(z)
}else{
substitute [ys 1= ys, o := o, y ==y, B = B;
createy = (y, 3){
Ret(r)= z <y * r; substitute [z := z, § := []; invoke S Ret(z)
b

rmultRec(ys, a, 7)

}
}

It is visible how explicit substitutions are used to duplicate the context £ in rmult, by using it in
two right-hand sides, and to drop one of the contexts in the Nil case and the then branch, by not
mentioning them on any of the right-hand sides. For the inference of explicit substitutions, we
follow garbage-free reference counting (Reinking et al., 2021) in that we aim to drop unneeded
variables as early as possible and duplicate variables as late as possible. This is why we drop
the contexts in the Nil case and the then branch with the substitution before binding the
integer (which is not necessary for correctness), instead of only doing so in the substitution
afterwards. Moreover, explicit substitutions rearrange the context appropriately before direct
jumps to top-level labels or indirect jumps via invoke but also for other constructs. This is the
case, for example, for the closure environment consumed by the closure ~ created by create or
to bring zs into the right position before pattern matching on it with switch. We will explain
the details of inferring substitutions in Section 7.3.

Explicit substitutions are helpful for code generation. The explicit information where variables
are duplicated and dropped is useful for memory management, especially for the reference
counting scheme we use. Explicit reordering of variables corresponds to register moves and
allows us to keep register allocation trivial.

5.5 Code Generation

Statements in AxCut are essentially certain normal forms of terms for classical sequent calcu-
lus, as we have derived in the previous subsections. Nevertheless, it is surprisingly simple to
directly generate code from AxCut. For each statement, we generate a sequence of machine
instructions. The variables in the (ordered) typing context of a statement directly correspond
to registers (see Section 8.2). We simply assign them left to right, with two adjacent registers
per variable. For memory management we use a reference counting scheme, facilitated by our
explicit substitutions, which tell us exactly where variables have to be shared and erased. The
details are explained in Chapter 8.
To illustrate the generated code, let us look at our running example again.
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Example 45 (Code Generation for Multiplication with Early Return). We generate the fol-
lowing machine code for the highlighted parts in Example 44.

rmult: Nil: then: Ret:
SHAREBLOCK x6 ERASEBLOCK x6 ERASEBLOCK x4 RELEASE x6
mv x8 x6 1i x7 1 ERASEBLOCK x10 lw x9 20 x6
mv x9 x7 mv x6 x4 mv x6 x4 lw x8 16 x6
j rmultRec mv temp x7 mv x7 x5 1w x7 12 x6
mv x7 x5 1i x7 0O mul x11 x7 x5
mv x5 temp S mv x6 x8
jr x7 0 jr x7 0 mv x7 x9
mv x5 x11
jr x7 0

The mv instruction performs a register move, 1i loads an integer into a register, 1w loads from
memory into a register, j jumps to a label, and jr jumps to an address in a register with an
offset. The machine instructions will be explained in more detail in Section 8.1.

We can see how the context is duplicated in rmult by SHAREBLOCK and dropped in the Nil case
and the then branch by ERASEBLOCK, which are macros for code that manipulates the reference
count. In the then branch, we also drop the tail of the list (by the second ERASEBLOCK) and
afterwards move the context that was not dropped into the two registers the erased context was
in. At this point, the remaining code for the Nil case and for the then branch is the same, apart
from the integer loaded (the ellipsis in the then branch stands for the same moves as in the
Nil case). In the end, both invoke the correct consumer with an indirect jump. When entering
the closure bound to v, we first load the closure environment and release the corresponding
memory block with the macro RELEASE, if there is no other reference, before performing the
code for the body statement. The details will become clear in Sections 8.3 and 8.4.

We have seen how each step in the compilation pipeline brings us closer to the machine code gen-
erated above, bridging the gap between complex and structured high-level language constructs
in the surface language, and simple unstructured low-level operations on a real machine. We
will explain all of these steps in detail in the course of this part of the thesis.
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6 Extending the Base Languages

In this chapter, we introduce our surface language Fun (Section 6.1) and our high-level inter-
mediate language Core (Section 6.2). Fun is in many respects an ordinary, expression-oriented,
functional programming language with a lambda calculus such as AR from Section 2.1 at its
core. For example, we do not support mutable state or some mechanisms often found in object-
oriented programming, such as inheritance. But the language is also more interesting than just
the lambda calculus, from which it is distinguished by several features, as already illustrated in
Section 5.1. In particular, Fun features control operators, similar to Ap from Section 3.1, but
also general data and codata types. These features are not only interesting from the point of
view of programmers using them, but also from a compilation perspective. The intermediate
language Core is directly based on classical sequent calculus. Its skeleton is the Apji-calculus
presented in Section 4.2, but extended in a similar way as for Fun, with arbitrary data and
codata types as in System CD of Downen and Ariola (2020).

After showing how to translate Fun into Core (Section 6.3), we conclude the chapter by briefly
considering what challenges the additional features pose when translating back to direct style
(Section 6.4).

6.1 The Surface Language Fun

We start with the surface language Fun. We first give the syntax and then the typing rules.
The operational semantics is mostly standard and we do not discuss it here, because we are
mainly interested in presenting the compiler pipeline.

6.1.1 Syntax

The syntax is presented in Figure 6.1. Terms p, which we also call producers in anticipation
of the languages that we are going to introduce later, include variables z, non-recursive let-
expressions letz = pq; pa, and calls f(o) to known top-level first-order functions. The latter
are defined with a label in the global program © with the syntactic form def f(I") : 7{p}. The
top-level function named main, whose return type we assume to be i64, serves as the entry point
into the program. All of these features are completely standard. In the declarations of top-level
functions, we use typing contexts I' to specify the number and types of the required arguments.
Similarly, instead of writing function calls as f(p, ..., ¢, ...), we use the syntactic category of
arguments o. Arguments are just lists of producer and consumer arguments; the latter will be
introduced in more detail later. We sometimes write e for one argument if we do not want to
distinguish producers and consumers. The use of contexts I' in declarations and of arguments
o in calls allows for a cleaner specification of the typing rules and transformation algorithms.

Three constructs in the language of producers pertain to operations on integers. There are
signed 64-bit integer literals n of type i64, arithmetic operations like addition p; + po and
conditional expressions like if p; =0{ ps } else { p3 }. These conditionals can compare integers
and evaluate to po if the condition is true, e.g., if p; evaluates to 0 here, and to ps otherwise.
As we will see, these primitives directly compile to corresponding machine instructions. Other
primitives would be treated similarly.

Most statically-typed functional programming languages provide a mechanism to define alge-
braic data types, introduce terms using constructors, and eliminate terms using pattern match-
ing. We write constructors as K (o) and pattern-matching expressions as p.case { K(I') = p, ... }.
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6 Extending the Base Languages

Syntax
For variables and names we assume that z, y, ... € VARIABLES, a, (3, ... € COVARIABLES,
T € TypENAMES, K, D, X € Taas, and f € LABELS.

Producers/Terms p u= z|letz = p;p| f(o)
| nlp+plifp=0{plelse{p}
| K(o) | pcase{ KI')=p, ...}
| p.D(c) | new{D(T)=p, ...}
| labela{p} | gotoa (p) | exitp

Consumers c = «

Types T u= 64| T

Arguments c == e|o,p|o,c

Typing Contexts P == e¢|Iz:7|Ta:™r

Declarations 6 == dataT{K({),...} |codataT{D(T) : 7,...} |deff(T") : 7{p}
Programs O == ¢|0,4

Figure 6.1: Syntax of Fun.

Data type declarations are specified on the top-level with the syntactic form data 7 { K (T'), ... }.
Computations whose result is of a data type are evaluated with call-by-value evaluation order.
Similar to the declaration of top-level functions, we use typing contexts I' to specify the number
and types of the parameters of constructors and arguments o for concrete arguments.

Codata types (Hagino, 1989; Downen et al., 2019) are the dual of data types described in the
previous paragraph. In distinction to data types, which use constructors to produce elements of
the type and pattern matching to consume elements, codata types use copattern matching (Abel
et al., 2013) to produce and destructors to consume elements of codata types. We write invo-
cations of destructors as p.D(o) and copattern-matching expressions as new { D(T') = p, ... }.
Just as for data types, codata type declarations are specified on the top-level with the syntactic
form codata T { D(I") : 7, ...}. In contrast to data types, computations whose result is of a
codata type are evaluated with call-by-name evaluation order. We have already seen the Stream
codata type in Example 37 in Section 5.1, and we have also illustrated the CBN evaluation order
in Example 38. We have also mentioned that first-class functions are just another codata type
with one apply destructor and lambda abstraction corresponds to copattern matching on this
destructor. This is illustrated in the following example, which maps a function over a list.

Example 46 (Mapping a Function over a List).

datalist[A]{Nil, Cons(z : A, zs : List[A])}
codataFun[A, B]{apply(z : A) : B}
def map(zs : List[i64], f : Fun[i64, i64]) : List[i64] {
zs.case { Nil = Nil, Cons(y, ys) = Cons(f.apply(y), map(ys, f)) }
¥

def increment(zs : List[i64]) : List[i64] { map(zs, new { apply(z)=z + 1})}

In this and the following examples, we often use type parameters A in the declaration of types.
However, these are only used for convenience in type definitions and there is no polymorphism
on the term level. In particular, in all types occurring in terms, these type parameters must be
instantiated with monomorphic types in a coherent way. One can think of them as being ex-
panded to one copy of the type definition for each instantiation before type checking. Therefore,
type parameters are not included in the formal syntax.

Data and codata types are dual concepts, as will become obvious once we have translated
them to our symmetric intermediate language. In fact, as we will see, we use exactly the same
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6.1 The Surface Language Fun

code generation for data and codata types. If we want to refer to a constructor or a destructor,
without distinguishing them, we also write X instead of K or D, and similarly, we write v to
stand for either a variable or a covariable. The latter will be introduced next.

The two constructs label a { p } and goto « (p) are control operators that respectively capture
and invoke a program context, or continuation, a. They are similar to suspend and run in
Ap, but in contrast to suspend, label behaves more like let/cc (Reynolds, 1972) and not
like Felleisen et al.’s C, as it leaves the captured program context in place instead of removing
it. The additional control operator exit p, which simply terminates the program, is also as in
Ap. The language Fun contains these control operators to illustrate that the sequent calculus is
naturally suited as a compilation target for languages that have complex non-local control flow.
We use covariables, denoted by lower-case Greek letters, to represent the captured program
contexts; in Fun they are the only available kind of consumers c. These consumers are first-
class entities, so it is possible to use them as arguments to constructors and destructors or to
pass them to top-level functions. We have already seen why this might be useful in Example 39
in Section 5.1, where we have implemented multiplication of a list of integers with early return.

6.1.2 Typing Rules

Typing in Fun is split into several different judgment forms defined in Figure 6.2. We forgo
the formal definitions of most of the rules for well-formedness of programs, declarations, and
contexts, only showing the rule for top-level functions. These well-formedness rules ensure that
all types and names of top-level functions used in a program are defined and that there are no
name clashes. Moreover, for top-level functions we require that the body of a top-level function
is well-typed in the environment abstracted by the function. The body is typed with respect
to the whole program, which means that top-level functions are allowed to be recursive, even
mutually so.

For arguments (to functions, constructors, or destructors), we have the typing judgment
O1T o : IV. Arguments o are well-typed against an environment I", if every producer and
consumer in ¢ is well-typed in context I with the type annotated for the corresponding variable
or covariable in T".

The forms ©1T F p : 7and ©1T F ¢ ™ 7 are used to type producers and consumers, re-
spectively. As the program O is not changed by any rule, and sometimes not even referenced,
we will often leave it implicit. Most of the rules are completely standard. Using the rules for
arguments makes it particularly easy to express checking arguments for constructors, destruc-
tors, and calls of top-level functions. For these rules, the order of (co)variables in the context
I’ from the declaration is important, as we always want to keep the order of arguments in o
as determined by the declaration. The most interesting rules are LABEL and GoTO. In rule
LABEL, the covariable « is bound and made available in the body p. The type of « is the same
as the type of p, which is also the type of the whole expression. This is because « represents
the current continuation and hence is a consumer for the value produced by evaluating p. Sim-
ilarly, in rule GOTO, the type of the covariable « is the same as that of the body p, but the
type 7' of the whole expression is arbitrary. This is because a continuation that was previously
bound to a by a label is invoked here, and thus the current continuation of the expression,
which would consume a value of type 7/, is discarded. The type of an exit expression is also
arbitrary because this terminates the program, but the type of the exit code must be i64. The
rules of these control operators show the difference to the control operators suspend, run, and
exit in Ap. Since label leaves the continuation in place instead of removing it, in contrast to
suspend, its body is not undelimited. Consequently, goto is not undelimited either, as there is
a continuation in place when goto is invoked, which is ignored, however. Similarly, exit in Fun
also is not undelimited. While this makes the control operators of Fun somewhat less flexible,
they are probably more intuitive. One can often think of label as installing a label — embodied
by a covariable — at some place in the program, to which one can jump with goto (hence the
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Well-Formed Declarations

Oir'+p:r
[WF—DEF}
O F def f(T") : 7{p}OxK
Argument Typing ‘ OIrTFo: I’
— |A
OITH o : o [Arca]
OIrko: I’ OIrTkFp:T OIrFo: I OIlFc:™r
n [ARGQ] 7 [ARGg]
OI'Fo,p : T,z : 7 OIT'Fo,c: I, a: ™71
z:17 €l I'Fp:m T Fop2 i oTa
V. - [LIT] L
FFI:T[AR] Fl_n|64 FF|etx:p1;p2:7'2 [ET]
' p1 :i64 T'F p2:i64 I'kFp:i6d 'kFpr:or 'kFp:r
- [PLUS] - [IFZ]
I'F p1 + p2 : 64 PFifp=0{p:}else{p2} : 7
a7k p:r F''kp:7 'k a:™r 'k p:i6d
[LABEL} 7 [GOTO] B PEE—— [EXIT]
T+ labela{p}: 7 'k gotoa(p) : 7 Ik oexitp : 7
dataT{..., K(I),...} €0© OIT ko T
[Cror]
OI'F K(o): T
dataT{Ki(T'1),...} €O I'Fp: T Vi:r,ril—pi:T[C ]
OIT + pcase{ Ki(T'1)=p1, ...} : T A
codataT{...,D(I'): 7,...} €O T'kp: T OIT ko T [Dror]
O+ p.D(o) : 7 oR
codataT{Dl(Fl):Th...}E@ Vi: I, F pi: 7 [N ]
OIT - new{Dy(T1)=p1,...}: T o
deffT): 7{...} €O OIl+o: T
[CALL]
OITF flo) : 7
Consumer Typing QI ¢ ™71
a:™ el
—— [Covar]
'ka: ™71

Figure 6.2: Typing rules for Fun.
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names). The typing rule for covariables, the only kind of consumer, simply checks whether the
covariable is in the context.

6.2 The High-Level Intermediate Language Core

Next, we introduce the high-level intermediate language Core. As before, we present the syntax
and typing rules, but leave out the operational semantics.

6.2.1 Syntax

The syntax of Core is presented in Figure 6.3. In our compilation pipeline, we perform two
transformations on Core, each of which targets a smaller fragment of the calculus, before we
translate the final fragment to a system called AxCut. The latter has a slightly different structure
that is more well-suited for code generation. All of these languages share the part of the syntax
given in the upper part of Figure 6.3.

This common part of the syntax consists of types and typing contexts, as well as the decla-
rations making up programs. It coincides mostly with the corresponding syntax of the surface
language Fun. A minor difference is that in typing contexts, we now annotate typing of pro-
ducer bindings with prd, dually to how typing of consumer bindings is annotated with cns.
We also call this annotation the chirality of the expression, which is derived from the Greek
word for hand, since in the original notation of sequent calculus, producers are introduced on
the right-hand side of a sequent, while consumers are introduced on the left-hand side. As in
our presentation of the Apji-calculus in Section 4.2, we do not follow this original notation,
which uses separate contexts for producers and consumers, but rather collect all bindings in
one context, as we did in Fun, and distinguish them with the chirality annotation. The crucial
difference to Fun, however, is that top-level functions and destructors in declarations of codata
types no longer have return types. This makes declarations of codata types exactly dual to
declarations of data types. That is, data and codata types syntactically only differ in their
polarity, where data types are also said to be positive and codata types are negative (Andreoli,
1992; Girard, 1991, 1993; Downen and Ariola, 2020, 2021; Downen, 2017).

The only non-terminals not defined in the upper part of 6.3 are statements s, which constitute
the bodies of top-level functions. These statements vary with the language in each compilation
phase, and the four different variants can be found in the lower part of 6.3, along with the
additional syntactic categories needed to define statements in each case. We can observe the
following differences between the languages, which we will study in detail in subsequent sections.

— The language Focused Core differs from Core at the positions marked with where
we enforce that in argument positions only variables or covariables are used instead of
arbitrary producers or consumers.

— The language Shrunk Core is obtained from Focused Core by inlining producers p and con-
sumers ¢ in the cut (p | ¢) and eliminating redundant constructs to shrink the language.
Since we have six producers and four consumers in Focused Core, this would result in 24
combinations, but 14 of those are either precluded by typing or can be eliminated. The
remaining ten combinations make up the majority of the statements of Shrunk Core.

— While Focused Core is a fragment of Core and Shrunk Core is a fragment of Focused Core,
the calculus AxCut has a slightly different structure. In particular, dual term constructs
in Shrunk Core are collapsed into one single form using a unified notation. For example,
the two statements (K (o) | gz.s) and (pa.s | D(o)) for binding constructors and de-

structors are combined into letv = X (o); s. Moreover, there is an additional construct
substitute to be explained later.

In the syntax of terms for Core, we can see that while Fun mostly consisted of producers with
the only consumers being covariables, terms in Core are divided into the three categories of
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Syntax of Types, Contexts, Declarations and Programs

Types

Chirality

Typing Contexts
Polarity
Declarations

Programs

Syntax of Terms
Core

Producers

Consumers
Statements
Arguments

Focused Core (Section 7.1.1)

Producers

Consumers
Statements
Arguments

Shrunk Core (Section 7.1.2)

Statements

Arguments

AxCut (Section 7.2)
(Co)Variables

Statements

Arguments
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data | codata
aT{XT),...}|deff(I'){s}
e 0,0

z | pas| K(o) | new{D([)=s,...}|n|p+0p
a| fiz.s| D(o) | case{ K(I')=s, ...}
(ple)|ifp=0{s}telse{s}|f(o)|exitp
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z|pas| K(o) | new{DI)=s,...} |n| z + z
a| fiz.s| D(o) | case{ K(I')=s, ...}
(ple) |ifz=0{s}else{s} | f(o)|exitz

e|lo, z |0, &

(K(0) | fin-s) | (pas | D(0)) | (K(o) | @) | (& | D(o))
(z |case{ K(I')=s, ...}) | (na.s |case{ K(I') =s, ... })
(new{ D) =s,...}|a) | (new{D(')=s,...}| fz.s)
(n||[u:s|) [ (z + 2| pz.s) |ifz=0{s}else{s} | f(o) | exitz

z |«

letv = X(0); s | invoke v X (o)

switchv { X(T')=s, ...} | createv = T'{ X(T")=s, ... }; s
litven;s|vev+v;s|ifv=0{s}else{s}

f(o) | substitute [I' := o]; s | exitv

e|o,v

Figure 6.3: Syntax of intermediate languages.
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producers, consumers, and statements, with producers and consumers being almost exactly
symmetric. Producers are variables, p-bindings, constructors of data types, and copattern
matches for codata types, and moreover, integer literals and arithmetic expressions. Dually,
consumers are covariables, ji-bindings, destructors of codata types, and pattern matches for
data types. The p- and p-bindings allow us to abstract over a producer or a consumer in a
statement. These constructs are new compared to Fun and, as we will see, can be used to
express let-bindings and the control operators label and goto.

A crucial difference to Fun is that the scrutinee, i.e., the component of a construct scrutinized
or acted upon, is no longer part of pattern matches and destructor calls. Rather, the two parts
of such expressions, one consumer and one producer, can now meet in a cut where they interact.
Cuts, and more generally statements, are thus the place where computation happens. They do
not return anything, but rather drive the evaluation of programs. This is what makes a language
based on sequent calculus surprisingly close to machine code, as we will see. In addition to cuts,
we also treat conditionals and calls of top-level functions as statements.

As an example, consider again the mapping of a function over a list discussed in Example 46.

Example 47 (Mapping a Function over a List in Core). Instead of having a return type B, the
destructor apply has an additional parameter « for a consumer of B. Similarly, the top-level
functions map and increment have a parameter 3 for a consumer of type List[i64] instead of a
corresponding return type.

datalist[A4] {Nil, Cons(z ™ A, zs :™ List[A])}
codataFun|[A, B]{apply(z :™ A, 8 :™ B)}
def map(zs ™ List[i64], f ™ Fun|i64, i64], o = List[i64]) {
(zs | case {Nil= (Nil | a),
} Cons(y, ys) = (Cons(uB.(f | apply(y, B)), py-map(ys, f, 7)) [ @) })

def increment(zs ™ List[i64], o :=* List[i64]) {
map(zs, new { apply(z, 8) = (z + 1| 8) }, @)

}

Inside the copattern match in increment, the incremented number x + 1 is cut with the con-
sumer [ abstracted by the destructor. Inside the pattern match in map, the constructors of
the list are cut with the outer consumer a abstracted by map. The two arguments of the Cons
constructor themselves abstract a covariable, which they use in their respective body statement.

Apart from the fact that the computations of the Cons constructor are not lifted out of their
positions to make the evaluation order explicit, this is quite similar to what the example would
look like in CPS and we will see this scheme again when we discuss the translation from Fun
to Core in Section 7.3. The lifting of computations out of argument position is a separate
step, which we will discuss in 7.1.1. This is facilitated by the p-abstractions, which allow us
to capture the current context without changing the nesting structure, because, in contrast to
lambdas, they are not generally values and hence do not hide the computation in their body.

6.2.2 Typing Rules

We will now discuss the typing rules for Core. As Focused Core and Shrunk Core are fragments
of Core, there is no need to change the typing rules for them. However, the typing rules for
AxCut are somewhat different and we will discuss them in Section 7.2.

As before, there are a number of judgment forms used to type expressions in Core, whose
rules are presented in Figure 6.4. Most of them are analogous to Fun, but since we now have
an additional syntactic category of statements, there is also a typing judgment for it, written
O + s. Moreover, since producers and consumers are symmetric in Core, so are their typing
rules. We will again often leave the program © implicit.
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Well-Formed Declarations O F 60K
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O F def f(I) {5} Ox [We-Der]
Producer Typing ‘ OITFp:™r ‘
Fa: ™1k s codata 7 {D:(I'1),...} €© Vi: I, T F s
=7 [ACT—R] - [NEW}
Ik opos ™71 OITFnew{D(T'1)=s1,...} ™ T
The rules VAR, CTOR, LiT and PLUS are identical to the ones in Figure 6.2.
Consumer Typing ‘ QI ¢ ™ ‘
F7Z‘Iprd7'FS dataT{Kl(Fl),...}EG \V/ZF7FZF81
e — [ACT—L] [CASE]
Ik gz.s ™1 OIT F case{ Ki(I'1)=s1, ...} ™ T

codata T {..., D(I), ...} €© OIlk-o: I
©TF Do) = T

[D’I‘OR}

The rule COVAR is identical to the one in Figure 6.2.

Statement Typing

Lk-p:™r FI—C:CHST[C} 'k p:™i64 I' = s FI—SQ[ |
IrZ
TF (p|ec) o T Fifp=0{s }else{s} : '
deffT){...} €O OITkFo: T 'k p ™ i64
[CALL] —_— [EXIT}
OIT + f(o) I F exitp

Figure 6.4: Typing rules for Core.
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As the rules for arguments are virtually identical to the ones for Fun in Figure 6.2, we leave
them out here. The same is true for several of the rules for producers and the rule for covariables,
as indicated in the figure. The only change in rule WF-DEF for well-formedness of top-level
functions is that the body is a statement now instead of a producer. Similarly, the only change
in rule NEW for copattern matches is that the bodies of the branches are statements now.

The only rule for producers that has no equivalent in Fun is the right activation rule AcT-R,
which types p-abstractions. A p-abstraction turns a statement into a producer by abstracting
over a consumer in it. Dually, a fi-abstraction turns a statement into a consumer by abstracting
over a producer in it, as is visible in rule AcT-L. In the rules DTOR for destructors and CASE
for pattern matches, we can see that since these consumers have been separated from their
scrutinees, typing for destructors is now completely dual to constructors and typing for pattern
matches is completely dual to copattern matches.

In the typing judgment for statements, we can observe that they are typed without a return
type, as they represent computations. For typing of cuts in rule CUT, we require the producer
and the consumer to have the same type, which ensures that they are compatible and can be
reduced. As the branches of conditionals are now statements, so are the conditionals as a whole.
Moreover, since top-level functions do not return anymore, calls to them are statements as well.
Finally, termination of a program with exit is naturally a statement, as could already be seen
in Fun where its return type was arbitrary.

6.3 Translating Fun to Core

In this section, we show how to translate programs from the surface language Fun into the in-
termediate language Core. The translation shares some similarities with translations into CPS.
To avoid administrative redexes, we employ techniques found in one-pass, first-order, and com-
positional CPS translations (Danvy and Nielsen, 2003). As we need typing information in a few
places, the translation is defined over typing derivations. However, for ease of presentation, we
do not make this explicit in the definition. The translation preserves typeability (Theorem 49).

6.3.1 A One-Pass, First-Order, Compositional Translation

We start with the translation of top-level definitions, which works in essentially the same way
as for a CPS translation. The translated top-level function abstracts a fresh covariable a whose
type is the return type, and which is then used in the translation of the body, explained shortly.

Cldef f(T') : 7{p}] = deff(I', &« =™ 7){C[p],} (afresh)

Similar to the current continuation in a CPS translation, this covariable stands for the consumer
into which the result of the function call is supposed to be fed, i.e., the reified program context
at this place. The only exception is the main function, which is the entry point of the program.
We do not abstract an additional consumer parameter for it, but translate its body with a
top-level consumer fiz.exit z, which terminates the program with the value it receives.

C[def main(T") : i64{p}] = defmain(I) {C[P ], exits }

The parts of the translation concerning typing are mostly trivial. More precisely, as types are
either the built-in 64 or names of user-defined types, which are the same in both languages,
these do not have to be translated at all. Similarly, variables and covariables are also the same
in both languages, so we do not have to translate typing contexts either (apart from the trivial
prd-annotation for producers). The same is true for declarations of data types, but codata
declarations are different in Core, in that they no longer have a return type for destructors.
Instead, each destructor is endowed with a fresh covariable argument «; with this type during
the translation, similar to top-level definitions.

C[[codata T{Dl(I‘l) LTl . }ﬂ = codata T{Dl(Fl, aq ™ 7'1), . } (Oél, ...fresh)
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This covariable again stands for the current context at the place of a destructor invocation.
The translation for terms is shown in Figure 6.5. There is no translation of consumers in the
figure, as the only consumers in Fun are covariables, which do not have to be translated. For
ease of presentation, we do not state freshness conditions explicitly, but rather always implicitly
assume each (co)variable appearing in a translated term that is not already present in the source
term to be fresh. To avoid administrative redexes, the translation for producers is split into the
two mutually recursive functions C[ - ], which translates a producer in Fun to a producer in Core,
and C[ - ], which takes a consumer in Core as an additional argument and returns a statement.
The intuition is that C[p ], should be the same as (C[p] | ¢), but whenever this would result
in a redex, for example, if C[p] has the form pa.s, we inline the consumer and hence avoid
generating the administrative redex in the first place. For this to be sound, the consumer should
be a covalue. This is similar to how one-pass, first-order, compositional translations into CPS
avoid administrative redexes by taking the current continuation as an additional argument.
As with naive CPS translations, administrative redexes obscure the structure of the translated
program and increase its size significantly. This not only makes the code harder to read and
understand, but also makes later optimization passes more difficult and expensive to perform.
To illustrate how the translation avoids administrative redexes, consider the following example.

Example 48 (Translation of Let Bindings). A naive translation might introduce too many
p-abstractions, such as in

[letz = v.case {Tup(y1, yo)=11 + w2 }; f(2)]
= pa.{ufB(v | case { Tup(y1, y2) = (y1 + v [ B) }) | fz(uvy.f(z, 7) [ @)

Here, the outer p-binding abstracts the outer consumer «. The let directly corresponds to a fi-
abstraction, which is cut with the bound pattern match. The pattern match needs this consumer
in the body of its branch to continue execution. It is hence wrapped into a p-abstraction that
binds the consumer to the covariable 3, turning the pattern match into a producer. Similarly,
the call of the top-level function f also needs an additional consumer argument, as it does not
return in Core. It is hence also wrapped into a u-abstraction to turn it into a producer, which
is then cut with the outer consumer . However, these two cuts are administrative and could
be reduced right away. In contrast, our optimized translation directly yields

Clletz = v.case{Tup(y1, y2)=11 + v2 }; f(2)]
= pa.(v | case{Tup(yi, y2) = (1 + w2 | fiz.f(z, a)) })

which avoids the administrative cuts in the first place.

An important difference to CPS translations is that in most cases we do not lift terms out
of argument positions, but rather translate them in place by the function C[ - ] without an
additional consumer argument. To do so, we use p-abstractions locally, i.e., around the term
in argument position, to abstract over the current context. The bound covariable is then used
as consumer input to translate the argument term and the resulting Core statement becomes
the body of the p-abstraction, turning the statement into a producer in Core. This also means
that in contrast to CPS translations, we do not make the evaluation order explicit. The lifting
of terms is performed later in a separate step, which we will discuss in Section 7.1.1.

While it may seem that we introduce lots of administrative redexes this way, it is important
to note that we never introduce u-abstractions for ¢rivial terms, i.e., integer literals, arithmetic
operations, variables, constructors, and copattern matches. These terms have a corresponding
producer in Core, and we can in most cases just recursively translate the subterms without a
consumer input, where the translation of arguments in constructors simply amounts to trans-
lating each argument individually. The only somewhat more interesting case is the one for
copattern matches. Just as we saw in the translation of codata declarations, each destructor
abstracts an additional consumer parameter «;, standing for the program context when this
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destructor is called. This «; is then used to translate the body of the corresponding branch
into a statement. We argue that by translating trivial terms without a p-abstraction, we avoid
most administrative redexes. To see why, we note that nested calls of top-level functions or
nested destructor invocations do not really result in administrative redexes. As an example,
consider the translation of the following nested call of top-level functions:

ClARE)], = Alpa.fo(z, a), )

The p-abstraction will later be lifted by our focusing transformation F( - ) (cf. 7.1.1), resulting
in:

FCLA(R(2)].) = (pefo(z, @) | fiy-fi(y, )

A translation trying to inline the consumer would instead put the consumer containing the
outer call into argument position:

ClA(R@E)], = A, ay-hily, ¢))

But our focusing transformation would also lift the ji-abstraction, as we will see in 7.1.1, re-
sulting in the same statement as above. In general, inlining consumers in such nested calls only
puts the consumers into a different scope, but does not really result in administrative redexes.
For some other non-trivial terms, such as pattern matches, we might generate administrative
redexes when they occur in argument positions, but we argue that real programs are not typ-
ically written this way. They instead bind such terms to a name first, for which we do avoid
the administrative redex, as we have seen in Example 48.

The translation of the control operator label is a special case. While it does not seem to have
an equivalent in Core, it can actually be translated directly to a p-binding. Both constructs
abstract a covariable o to which the reified program context is bound. The body of the label
can then be translated with this « as consumer input to become the body of the u-abstraction.
This p-abstraction is never administrative, however, as it directly expresses the control operator
present in the original program. In fact, p-abstractions had originally been conceived as control
operators in Parigot (1992)’s Au-calculus, before they became part of the Auji-calculus.

When translating a producer in Fun that is not in argument position, we make use of the
additional consumer input in function C[ - ], to translate it to a statement in Core. Those
producers that have an equivalent in Core are translated in the same way as in argument
position, i.e., without an additional consumer input, and are then simply cut with the given
consumer. For the other constructs, we try to avoid cuts in order not to generate administrative
redexes.

The cut that we generate for the control operator label may look as though it could also be
reduced immediately by inlining the consumer input ¢ for the covariable a, but there are reasons
not to do so. For one, as explained above, this cut is not administrative. Moreover, reducing
this cut may duplicate ¢ since o may occur multiple times in the body. In the translation for
the other control operators, we ignore the consumer input. For exit, we simply translate the
body without consumer input, as it terminates the program anyway. Similarly, a goto jumps
to a reified program context bound to its covariable «, so instead of the given consumer input,
we use « to translate the body.

In the translation of a let-expression, the binding z and the remaining producer p, become
a [i-binding, which serves as a consumer for the translation of the bound producer p;. Here,
we have to distinguish two cases. As mentioned above, the consumer can only be inlined safely
if it is a covalue. However, ji-abstractions are only covalues if they are not of a codata type.
Thus, if p; is of a codata type, we simply cut its translation with the consumer. Otherwise, we
can avoid generating administrative u-bindings by passing the ji-abstraction as consumer input
to the translation of p;.

The translations of destructor invocations and pattern matches both proceed by translating
the scrutinee, with the new consumer input being the other part of the construct. For destructor
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Cl - ] : Producerfu — Producercore

Cln] = n Clp1 + p2] = C[m] + Clp=]
C[[f]] = T C[new{Dl(Fl):>p1, }]] = new{Dl(Fl,al):>C[[p1]]al,
C[K(o)] = K(C[eo]) Cllabela{p}] = paClpl,
Clp] = pacl[p], for all other producers p
Cl - ]]® . Producerryn, X Consumercoe — Statementcore
Cln], = (n]e) Clpr + p2]. = (Clp] + Clp2]|c)
Cl=z]. = (z]e¢)
Clf(o)], = f(C[o], ¢) Clexitp], = exitC[p]
Cllabela{p}], = (naClpl.lc)  Clgotoa(n)], = Clpl.
Clletz = pi; p2], = (Cl[pi]|fz.Clp2],) ifp1:codataT {...}
Clletz = p1;p2], = Clm HﬂI~C|IP2]]C otherwise
ClK(o)]. = (K(Clo])]¢) Clp-D(@)]. = L.(Clo])PasClp]p(a, )

Clnew { Di(I'1) = p1, ... }],
Clp.case { Ki(T'1)=p1, ... }].

<HEW{D1(F1, 041):>C[[p1]]a1, } | C>
C[[P]]case{K1<rl):>C[[p1]]CO,.“}

where co = pz.j(I)
with def j(T) {(z | ¢) }
and I := freeVars(c), z ™ 7 (where ¢ = 7)
Clif pr=0{p2}else{ps}]. = ifC[pm]={Clp:], telse{C[ps],,}
where co = jiz.j(T)
with def j(T) {(z | ¢) }
and I := freeVars(c), z ™ 7 (where ¢ ™ 7)
‘ C[ -] : Argumentsg,, = Argumentscy,.
C[[ [ ] ﬂ = e
Clo,p] = Clol, Clp]
Clo,a] = Clo], «
‘ By ()] : Argumentc,. X ((Co) Valuecore — Statementcore) — Statement core
B.(e)lk] = (el|pz.k(z)) ife#a
B,(a)[k] = k(a)

‘ Lo()[] : Argumentscy. X ((Co) Valuescore — Statementcore) — Statementcore

Ly(e)[k]
Ly(e 2 o)[k]

k(e)
By(e)[Aa.Ly(o)[Aas.k(a :: as)]]

Figure 6.5: Translation from Fun to Core.
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invocations, this is the destructor, where the given consumer input becomes the additional
argument a destructor requires. There is a problem, however: A destructor is only a covalue if
all its arguments are (co)values. We define values and covalues as follows:

Values v = n|z|Kw)|new{...} |p wherep " codataT {...}
Covalues q u= a| D(v)|case{...} | ¢ where ¢ / codataT{...}
Argument Values a == v|q

v o= e|u a

Argument values a are either values or covalues. We write v for a list of argument values. Values
consist of integers, constructors whose arguments are all argument values, copattern matches,
and all producers that are of a codata type. Dually, covalues consist of destructors whose
arguments are all argument values, pattern matches, and all consumers that are not of a codata
type. To ensure that we can safely inline a destructor, we thus lift all translated non-(co)value
arguments of the destructor before turning it into the consumer input of the scrutinee, i.e., we
bring the destructor into focused form (cf. 4.2). This is accomplished by the mutually recursive
functions B, (-)[-], and £,(-)[-]?, which both take a continuation as an additional argument.
This is similar to how the translation C[ - ], has an additional consumer input, but here the
continuation is a meta-level function abstracting the (co)value that is to replace a lifted term
in the statement out of which the term was lifted. Thus, when such a continuation is applied
to a (co)value, it returns a statement with this (co)value in the proper argument position. The
function B, ( -)[] distinguishes whether the given argument e is a (co)value or not. If not, e
must be a producer — since the only consumers that can occur are covariables — so the function
creates a fresh variable and uses a fi-binding to bind e in a cut. The body of the ji-binding
consists of the given continuation applied to the freshly generated variable. If the argument is
a (co)value a already, the function simply applies the continuation to a, putting the (co)value
back into its place. The function £, ( -)[-] simply maps B,(-)[:] over a list of arguments, but
in continuation-passing style.

For pattern matches, the new consumer input is the matching part, where we translate the
body of each branch with the given consumer input c¢. To avoid duplicating this consumer, and
hence the risk of exponential blowup, we introduce a join point if there is more than one branch.
CPS translations often do so by using second-class continuation bindings to avoid allocating
closures for join points (Kennedy, 2007; Cong et al., 2019). Here, we could bind the consumer
to a covariable via a p-binding, but since our covariables are first-class, this would allocate a
closure. To also avoid closure allocation, we instead introduce a join point by defining a top-
level function j, again implicitly assumed to be fresh, whose parameters are the free variables of
the conusmer ¢ and an additional fresh producer parameter z of the same type as c. The body
of j is a cut of x and ¢. The consumer input to translate the branches of the pattern match
then consists of a ji-abstraction which binds z and calls j with the free variables of ¢ and z as
arguments in its body. If ¢ is a very simple consumer, such as a covariable, we can of course
go without the join point. A similar duplication arises in the translation of conditionals, where
both branches are translated with the given consumer input, so we also introduce a join point
there. We note that the pi-abstraction used here for join points is not necessarily a covalue, as
it might be of a codata type. However, we can still safely inline it, because the fi-abstraction
is semantically equivalent to the given consumer c: It results from n-expanding c to a trivial
p-abstraction fiz.{z | ¢}, which is always valid (Downen and Ariola, 2018), and then replacing
the cut by a call to a top-level function that can be performed immediately since all arguments
are (co)variables.

The above translation preserves typeability.

Theorem 49 (Typeability Preservation).
Let p be a producer in Fun, T a typing context, and 7 a type. Moreover, let ¢ be a consumer in
Core.

5standing for: creating value Bindings and creating Lists of value bindings
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If© I deff(T') : 7{p} OK, then © - C[deff(T) : 7{p}] Ok.
IfTFp:7andT + ¢ 7, thenT F C[p] »* 7 andT + C[p]..

Proof Sketch. Straightforward induction. The only thing to keep in mind is that codata types
and top-level functions obtain an additional consumer argument instead of having a return
type. O

6.4 Translating the Extensions Back to DS

After having seen how our surface language Fun can be translated into our high-level inter-
mediate representation Core, we briefly pause the discussion of our compilation pipeline and
reconsider the translation back to direct style examined in Part I. Fun and Core feature general
data and codata types, not present in the calculi discussed in Part I. We now outline what addi-
tional challenges these features present when translating back to direct style. For simplicity, we
again assume a focused language, as in Section 4.3.1 (we will discuss focusing for Core in detail
in Section 7.1.1). We refer to the dissertation of Downen (2017) (Chapter IX) for a discussion of
an unfocused version, yet in a somewhat more restricted setting, as we have explained already
in Section 4.3.1.

6.4.1 Data Types

We start with data types. Constructors of data types can be translated back trivially, since
they are the same in direct style as they are in CPS or a language based on classical sequent
calculus. Pattern matching for data types essentially behaves like conditionals, which we have
discussed in Section 3.3. The main difference is that pattern matches are not restricted to
exactly two branches, but can also have only one branch or more than two. The case of only
one branch is simple: The consumer output for the whole translated pattern match simply is
the covariable to which the translated body of the one branch returns.

D[s] = s ~a

D[(z|case{ K(...)=>s})] = z.case{ K(...)=>s"}~a [DPM1]

In the case of two or more branches, we have to distinguish cases based on where the translated
bodies of the branches return to. If all of them return to the same covariable, we are in the pure
case, so we do not need control operators and the whole translated pattern match returns to
this covariable as well. If the translated bodies of the branches return to different covariables,
however, we need to insert control operators. For the two branches of conditionals, we have
discussed different approaches for doing so. One of them was the biased strategy of picking one
of the branches as preferred and adapt the other one. We could still do the same with more
than two branches, but consider the case where we have three branches and two of them return
to the same covariable, while the other one returns to a different covariable.

D[s1] = sf~a D[s2] = sh~p D[ss] = s4~p

If the first branch is the preferred one, then the biased strategy requires us to insert control
operators in both other branches.

D[[<I | case{Kl(...):>51, KQ(...):>527 K3()$83}>]]

= z.case{ Ki(...)= s,
Ks(...)=suspend { a=run(8) { s} } },
Ks(...)=suspend{a=run(f){si}}}~a

However, this requires more control operators than adapting the preferred branch instead.
Moreover, as the choice of the first branch to be preferred is arbitrary, chances are that the
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current continuation is the one that the other two branches return to, requiring another insertion
of control operators around the whole pattern match. When adapting the preferred branch in
the first place, this is not necessary. For pattern matches, it thus seems more reasonable to
apply a “majority wins” strategy, which assumes that the current continuation is the one that
the majority of branches returns to, adapting the other ones.

D[[<CC | case{Kl(...):>51, KQ(...):>82, Kg():>83}>]]
= z.case{ Ki(...)=suspend{ S =run(«o) {s] } },
KQ(...)?S&,
K3(-) =83}~ 0

If there is a tie between two sets of branches, then we are back to picking one of them arbitrarily.
We have also discussed alternative strategies for conditionals in Section 3.3, such as passing
the current continuation down during the translation, which can help to resolve the issues of
picking which branches to adapt. The same discussion applies to the more general case of
pattern matches.

6.4.2 Codata Types

We have discussed the DS translation of two special cases of codata types in Section 4.3.1,
functions and a negation type. Both are codata types with one destructor (Setzer, 2003), but
while the apply destructor of functions we have seen in Section 6.2 has exactly one consumer
parameter in Core, the destructor of the negation type, which we call not here, merely has a
producer parameter and no consumer parameter at all.

Delimited Function-like Destructors

The DS translation of functions removes the consumer parameter, whose type becomes the
return type of the function. This can be generalized to codata types with one destructor that
has more than one consumer argument. We can pick one of the consumer arguments to be
removed. In the translation from Fun into Core, we have seen that one consumer argument is
added to every destructor of a codata type as its last parameter. Hence, it is reasonable to
remove the last consumer parameter.

D[codata T {D(...,a = 7)}] = codata T {D(...): 7}

The invocation of the destructor is a base case (in general, we again have to check whether the
removed covariable occurs free in the translated term).

D[{z | D(...,a))] = z2.D(...)~«

For copattern matches, we distinguish the same cases as for functions, based on the translation
of the body statement. For example, in the pure case, we do not have to insert a control
operator.

Dlso] = sh~a
Dlnew{D(...,a)=s0] = new{D(...)=s}}

[DCM1P]

If the destructor is bound to a name, we wrap it into a fi-abstraction binding a fresh variable
before the translation, just as we did for application frames.

(pa.s | D(..., B)) — (ua.s| pz{z | D(...,B))) (xfresh)

Then we can treat it like a continuation, as we always do for critical pairs, and since the body
of the continuation can never return to the fresh parameter x of the continuation, it becomes
a let-binding for z.
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This treatment also scales to codata types with multiple delimited destructors that each have
at least one consumer parameter.

D[[codata T{Dl(, oy ™ Tl), DQ(..., Qg ’7'2), }]]
=codataT{Dy(...): 71, Da(...): T2, ...}

Destructor invocations can be treated in the same way as above, and in copattern matches we
can simply translate every branch independently in the same way as above.

Undelimited Continuation-like Destructors

The negation codata type, whose destructor does not have a consumer parameter, is translated
back to the special negation type in direct style, and its copattern matches and destructor
invocations are treated as continuations and invocations of them. We can also generalize this
to codata types with one destructor having multiple non-consumer parameters. To do so, we
can generalize the DS negation type, and let-bindings and process definitions, present in our
DS calculus A\p from Section 3.1, to multiple bindings.

DlcodataT{D(z: 7,...)}] = = (7, ...)

Then we can treat such codata types as continuations (with multiple arguments) for the trans-
lation to direct style, just as we did for the negation codata type.

However, if a codata type has multiple destructors with at least one of them having no
consumer parameter, then we cannot simply translate it to a negation type in direct style. A
possible solution could be to allow for non-returning destructors in DS codata types. In Ap
we had a context type # marking undelimited contexts, and we could allow destructors to be
marked in this way instead of having a return type.

Dlcodata T { D1 (..., a1 == 71), Da(...) }]
=codata T {Dy(...): 71, Do(...): #}

Such an undelimited destructor can then only be called in an undelimited context, and the
body of its branch in a copattern match has to be an undelimited statement. The branches in
a copattern match for delimited destructors and the invocations of delimited destructors can
still be translated as explained before. But for the undelimited destructors, which do not have
a consumer parameter, the translation of the corresponding branch in a copattern match rather
resembles the cases where a continuation is translated to a definition of a process. We expect
that the translated body of such a statement does not return, so if this is the case, we do not
insert control operators.

Dlsi] = ... D[s2] = s4~e
Dlnew{Di(...,c1)=..., Da(...)=s2] = new{Di(...)=..., Da(...) =55}

[DCMNR]

If the body sy of the undelimited destructor does return to a covariable s, we insert a control
operator to reinstall the stack bound to «y around the statement, run(as){ s5 }. Invoking an
undelimited destructor is still a base case, but one that does not return anywhere.

D[(z | Da(..))] = .Da(... )~ o

6.4.3 Top-Level Function Definitions

For top-level function definitions, considerations similar to those for codata types hold. If the
top-level definition has a consumer parameter, we can treat it in the same way as a codata
type with one delimited destructor. To translate top-level definitions without a consumer
parameter back to direct style, we also have to allow for undelimited top-level definitions in
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the DS language, which we can again mark with #. The DS translation can then proceed as
for undelimited destructors. Such top-level definitions can be thought of as top-level process
definitions.
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7 Normalizing Core to AxCut

In this chapter, we bring programs in the language Core into a normal form that is suitable for
compilation to machine code. We first apply two transformations (Section 7.1), each targeting
a smaller fragment of Core. Then we introduce our lower-level intermediate language AxCut
(Section 7.2), and translate the fragment resulting from the transformations on Core into it
(Section 7.3). AxCut has a slightly different structure than Core and its fragments, which allows
us to directly generate code from it (Chapter 8).

7.1 Transformations on Core

In this section, we apply two transformations on Core. The first one is a focusing transformation
that names all subterms. On this focused fragment, called Focused Core, we then apply a trans-
formation that shrinks the language by removing redundant constructs. The resulting fragment
is called Shrunk Core. Both transformations preserve typeability (Theorems 51 and 53).

7.1.1 Focusing Transformation

The focusing transformation F(-) is shown in Figure 7.1. It lifts terms out of argument
position, giving names to all these subterms, similar to A-normal form (Flanagan et al., 1993;
Binder and Piecha, 2022) or continuation-passing style. This is an extension of the static
focusing transformation (Andreoli, 1992; Curien and Herbelin, 2000), which usually only lifts
non-value producers of data types and non-covalue consumers of codata types, as discussed in
Section 4.2. The transformation targets the focused fragment of Core, presented in Figure 6.3,
where arguments of constructors, destructors, and calls to top-level definitions as well as the
producer arguments of conditionals, arithmetic operations, and terminating statements are
always (co)variables.

To illustrate the idea, consider the example of mapping a function over a list from Example 47.

Example 50 (Focusing of Mapping a Function over a List). There are two parts in the
program in Example 47 where non-(co)variable terms occur in argument position. First, in the
Cons branch in map, both arguments of Cons are p-abstractions. Focusing this statement yields

F((Cons(uB.(f | apply(y, B)), wy.map(ys, f, 7)) | a))
= (uB.(f | apply(y, B)) | wh.(uy.map(ys, f, v) | it.(Cons(h, t) | a)))

The p-abstractions are lifted out of the Cons by generating fresh names h and ¢ for them, which
are bound by ji-abstractions, and then cutting the latter with the lifted terms, one after the
other. The variables h and ¢ are put in the positions of the lifted terms in the Cons.

Second, the call of map in increment has a copattern match as an argument. While this is
not a computation, we still lift it and give it a name. Note that we also name the integer literal
in the addition inside the copattern match.

F(map(xs, new { apply(z, B)={(z + 1| 8) }, o))
= (new {apply(z, 8)=(1|ay.(z + y|B))} | iaf-map(zs, f, a))
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‘ ]:( : ) : DeﬁnitionCore - DeﬁnitionFocused Core

F(def f(I) {s}) = def f(I){F(s)}

‘ F(-) : Statementcore — Statementrocused Core

F((p1 + p2|c)) = B(p1)[Aa1.B(p2)[Aaz.(a1 + a2 | F(c))]]
F((K(o)]c)) = L(o)[Aas.(K(as) | F(c))]
F((p| D(o))) = L(o)[Aas.(F(p) | D(as))]
F({(p|c)) = (F(p) | F(e)) (for all other cuts)
F(ifp=0{si}else{s2}) = B(p)ra.if a=0{F(s1) } else { F(s2) }]
F(f(o) = L(o)[Aas.f(as)]
F(exit p) = B(p)[Ma.exit a]
F(-) : Producercore — Producerfocused Co
F(z) =z
F(pa.s) = poF(s)
]—'(new{Dl(Fl):>51 }) = I‘IeW{Dl(Fl)é]‘—(kﬁ), }
F(K(0)) does not occur
F(n) = n
F(p1 + p2) does not occur

F(a) = «

F(pzx.s) = pz.F(s)

F(case { Ki(I'1) = s1 H = case{ Ki(T'1)=F(s1), ...}
F(D(o)) does not occur

B(z)[k] = k()

Bljuces)[H] = (paF(s) | fizh(z))

B(K(0))[k = L(o)has.(K(as) | fio-b(z))]

B(new { D1 (T'1) = s1 Dkl = (new{D(T'1)= F(s1), ...} | pz.k(z))
B(n)[K] = (n|fizh(z))

Blp + p2)[] = B(p)arBlpa)Paz(ar + a2 | o k(2))]]

k()

(pack(a) | fuz.F(s))
L(o)[Aas.(pa.k(a) | D(as))]

(pock(a) | case { K1(T'1) = F(s1), ... })

gy
S
2
=
I

case { K1(I'1) = s1, ... })[k]

3
[ )
S

Il

k(e)
B(e)[ha.L(o)[Xas.k(a :: as)]]

Figure 7.1: The focusing transformation.
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To make the transformation one-pass and compositional, and hence avoid administrative re-
dexes, it is split into three mutually recursive functions F(-), B(-)[], and £(-)[]°, where
the latter two both take a continuation as an additional argument. B(-)[] and £(-)[] are
similar to the functions B, ( -)[-] and £,( - )[-] we have seen in the translation from Fun to Core
in 6.3.1, but here, the functions lift all non-(co)variable arguments, not only non-(co)values.
Their continuation is a meta-level function that abstracts the name given to a lifted term in
the statement out of which the term was lifted. Thus, when such a continuation is applied to a
concrete name, i.e., a variable or covariable, it returns a focused statement with this concrete
name in the proper argument position. Also similar to the translation from Fun to Core, we
leave freshness conditions for newly-bound variables and covariables implicit.

The interesting part for F(-) is its definition on statements for the cases where producers
and consumers occur in argument positions. All other parts of F( ) are simple congruences.
The idea is to lift all non-(co)variable producers and consumers in argument positions by calling
B(-)[-] —or L(-)[] in the case where a whole list of arguments is to be lifted — and pass the
statement itself in the continuation input. The function £( - )[-] simply maps B( - )[:] over a list
of arguments, but in continuation-passing style.

To avoid administrative redexes, the cases for a cut with a constituent that has other terms
in argument positions, i.e., a constructor or destructor or an arithmetic operation, are special-
cased. Otherwise, we would have to introduce spurious p- or fi-abstractions to turn statements
into producers or consumers. For example, for cuts with constructors we bind the arguments o
with

L(o)[Aas.(K(as) | F(c))]

The continuation abstracts the fresh names as outside of the cut and then puts them into the
argument positions. Without special-casing, we would have to abstract the names inside of the
cut and then turn the resulting statement into a producer again with a p-abstraction,

(pa.L(o)[Aas.(K(as) | «)] [ F(c))

This redex could immediately be reduced to arrive at the improved version. Note that typing
ensures that the counterpart of the cut in these special cases cannot itself be a special case.

The function B( - )[-] pattern-matches on a given producer or consumer, transforms it recur-
sively, and in most cases creates a fresh (co)variable and uses a p- or ji-binding to bind the
transformed term in a cut. The body of the u- or fi-binding consists of the given continuation
applied to the freshly generated (co)variable. In the case where the producer or consumer is
another constructor or destructor or an arithmetic expression, the functions B( - )[] or £(-)[]
are applied recursively to again lift the corresponding arguments. Otherwise, the function F( -)
is recursively applied to all substatements. The only exception is the case where the producer
or consumer is a (co)variable already. Here, the continuation is simply applied to it, which puts
the (co)variable into the argument position abstracted by the continuation.

The above transformation preserves typeability.

Theorem 51 (Typeability Preservation).

Let s be a statement in Core, ¢ a consumer, p a producer, I' a typing context, and T a type.
If© F deff(T'){s} OK, then © & F(deff(I'){s}) OK.

IfT' F s, thenT' = F(s).

IfT' - p > 7, thenT = F(p) " 7.

IfT' ¢ == 7, thenT + F(c) = 7.

Proof Sketch. Straightforward induction. As the types are not affected, the proof amounts to
showing that the cuts generated by lifting arguments are well-typed and that the (co)variables
to which the lifted arguments are bound have the same types as the latter. But since we can
simply choose the types of the fresh (co)variables for the p- and fi-bindings accordingly, this is
trivial. O

Sstanding for: Focusing, creating Bindings, and creating Lists of bindings
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7.1.2 Shrinking Transformation

The second transformation S( - ) removes redundant parts of the language by first inlining the
syntax of producers and consumers into statements, and then eliminating combinations that
are either impossible due to the typing rules or can be eliminated in a different way. The
resulting shrunk fragment of Core, presented in Figure 6.3, thus only consists of statements
without separate syntactic categories of producers and consumers. We only consider the cases
for which the transformation is interesting, all other cases are simple congruences.

Inlining Producers and Consumers in Cuts

Inlining all six possible producers and four possible consumers in cuts results in 24 different
combinations. Six of these combinations are precluded by typing. A constructor and a destruc-
tor, as well as a pattern and a copattern match, can never meet in a cut. Moreover, integer
literals and arithmetic operations can never be cut with a destructor or a pattern match. This
leaves us with the following 18 possibilities.

s = <K()|/1568>|<M0¢8|D()>\< ()|a>|<I|D()>
| (z | case { K(T' ) ) | {pa.s | case { K(T)=s, ... })
| (new{D(T)=s. ...} | a) | (new { D(T)= 7~~~}|ux-8>
| (n| fims) | o 4 o firs)
I (K

(0) | case { K(T)=s,...}) | (new{D()=s, ...} | D(o))
{paes | B) | {y | az.s) [ (paes | pz.s) | (z [ ) | (n]a) | (z + 2 ]a)

We will now eliminate the lower eight of these.

Removing Renaming

We start with the cases that can be eliminated by a simple (co)variable renaming. This is the
case where a variable or covariable meets a [i- or u-binding, but also where we pattern-match or
copattern-match on a known constructor or destructor, since the arguments o of constructors
and destructors only consist of (co)variables after focusing. These reductions hence never
introduce new cuts. We denote the (capture-avoiding) renaming of (co)variable v by vy in
statement s with s[v+— vg] and similar for multiple (co)variables.

S((pa.s | B)) = S(slarp])
Sy | pz.s)) = S(s [wHy])
S(Kj(o) | case{ Ki(T'1) =51, ...})) = S([T;~0])
(<new{D1(F1):581, 31 Di(0))) = S(s[T;0a])

Removing Critical Pairs and Unknown Cuts

Next, consider the case where a pu- and a ji-binding are cut, the critical pairs. To transform
those away, we distinguish between the three different kinds of types. We assume call-by-
value evaluation order for data types and call-by-name evaluation order for codata types, which
ensures that all n-laws hold for both kinds of types (Binder et al., 2024; Downen and Ariola,
2020). Therefore, we can n-expand the fi-binding in critical pairs of data types and the pu-
binding in critical pairs of codata types, based on their set of constructors and destructors,
respectively. Here we write X (T') to mean that the constructor or destructor is applied to the
(co)variables bound in T, in that order. To avoid exponential blowup, we share the statement
of the expanded side of the cut by lifting it into a join point on the top level, similar to how we
shared the consumer during the translation from Fun to Core. If there is only one branch, or if
the statement is a leaf, we can forgo the lifting.
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Sllpas | ) g) = (paS(s1) | case { Ki(T1) = (Ki(Th) | g (D)), ... })
where dataT{K1(I'1),...} €©® (I'y, ... fresh)
with def j(T') { S(s2) }
and I' := freeVars(S(s2))

S((po.si | iz.s2) ) = (new{D(I'1)= (pa.j(I') | Di(T'1)), ...} | pz.S(s2))
where codata T { D;(T'y), ...} € ©® (T'q, ... fresh)
with def j(T') {S(s1) }
and I' := freeVars(S(s1))

Moreover, completely unknown cuts, that is, cuts of a variable with a covariable, can be trans-
formed away in the same way for data types and codata types. That is, we n-expand the
covariable in cuts at data types and we n-expand the variable in cuts at codata types. In this
case, however, there is no risk of blowup.

Sz [a)p) = (z]|case{ Ki(T)= (Ki(I'1) [ ), ... })
where data T { K1(I'1), ...} € © (T, ... fresh)

Sz la)p) = (new{Di(I')=(z|Di(T1)), ...} [ )
where codata T{Di(T'1), ...} € ©® (I'q, ... fresh)

As an illustration, consider the following example.

Example 52. The top-level function range creates a list with entries from 0 to some integer
n. The entries of this list are doubled by the top-level function double and the result r is used
in the remaining term t.

let = double(range(n)); ¢

After translation and focusing, we obtain the following statement, where s is the result of
translating and focusing ¢.

(parange(n, a) | pz.{pB.double(z, B) | ir.s))

The type of the outer cut is List[i64], so to remove the critical pair, we n-expand the right-hand
side as follows.

(pa.range(n, «) | case { Nil=-(Nil | fz.jp(z))
Cons(y, ys) = (Cons(y, ys) | uz.jp(x)) })
def jp(z ™ List[i64]) { S({(uB.double(z, B) | ir.s)) }

Here we have introduced the join point jp to share the body of the expanded consumer, which
is now the body of jp. This body contains a critical pair of type List|[i64] again, so its transfor-
mation needs n-expansion again, and thus leads to code blowup if not shared. We have assumed
that s has no free variables, otherwise these would become additional arguments for jp.

Dealing with Built-In Types

For the built-in type i64, we cannot use n-expansion, so we need another way to resolve critical
pairs. The p-binding can be viewed as a continuation for integers. As we use call-by-value
evaluation for integers, we should find a different possibility to model this continuation in such
a way that the p-binding would be reduced first. To do so, we can define a new data type:

data Cont { Ret(z :* i64) }

A pattern match of this data type can indeed be viewed as a continuation for integers, the
only difference from the fi-binding being that the integer is wrapped into the constructor Ret.
This means that in all places where an integer is cut with a covariable, which now stands for a
consumer of type Cont instead of a fi-binding of type i64, we have to wrap the integer into a Ret.
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We also have to reflect this change in typing contexts and adapt these accordingly (in the cases
above, we have ignored this for ease of presentation). While this type is structurally identical
to a data type for boxed integers, with the Ret constructor corresponding to a box, we never
use it to actually box integers. Its purpose is not to facilitate a uniform representation as used
by many languages to implement polymorphism, but only to model first-class continuations for
integers.

There are three cases where covariables of type i64 occur in cuts: in a cut of a variable and
a covariable of type i64, in the cut of an integer literal with a covariable, and in the cut of an
arithmetic expression with a covariable. For the latter two cases, we further insert a fi-binding
to give the integer literal or the result of the arithmetic operation a name before wrapping this
name into a Ret, which is then cut with the covariable.

S((povsy | fiz.s52)i64) = (pa.S(s1) | case{Ret(z)=S(s2)})

S((2 | @)iga) = (Ret(z) | a)

S({(n|a)) = (n| pz.(Ret(z) | ) (z fresh)
S{{m + 2| a)) = (z + 22 | pz.(Ret(z) | @)) (z fresh)
ST, o = i64) = ST, a ™ Cont

ST, v X 1) = SM),v X1

We can see that no integer wrapped into Ret, that is, no producer of type Cont, is ever bound
to a variable. As will become clear later, this means that we never allocate memory for wrapped
integers on the heap. Indeed, they only appear in cuts with covariables in which the role of
the constructor is to pick a branch in the pattern match. As there is always just one branch,
the one for Ret, there is no overhead in modelling continuations for integers this way. We have
seen an illustration of this in Example 43 in Section 5.3.

The above transformation again preserves typeability.

Theorem 53 (Typeability Preservation).

Let s be a statement in Focused Core and I" a typing context.
If© I deff(T'){s} OK, then © - S(deff(T'){ s }) OKk.

IfT + s, then S(T') F S(s).

Proof Sketch. Straightforward induction.

The only case where types are affected is for covariables of type i64, which become consumers of
type Cont. As we have ensured that all producers of type i64 that are cut with such a covariable
are wrapped into a Ret constructor, typeability is preserved for these cases.

Moreover, for critical pairs at type i64, we turn the consumer from a fi-abstraction into a pattern
match of type Cont, so that the type fits with the covariable bound by the p-abstraction also in
this case. Since n-expansion does not affect types, the corresponding cases for data and codata
types are trivial, as well-typedness for the join points introduced is rather immediate.

The only cases left to consider are the ones where we remove renaming. But here we reduce well-
typed cuts to substatements, which must hence themselves be well-typed, so this is immediate
as well. O

7.2 The Lower-Level Intermediate Language AxCut

In the previous section, we have arrived at the fragment Shrunk Core whose terms only consist
of statements, many of which are certain kinds of cuts. Due to the duality between data and
codata types, the cuts that involve constructs for these come in pairs exhibiting a perfect sym-
metry. For example, (K(o) | fiz.s) and {ua.s | D(o)) are completely dual to each other. They
contain exactly the same kind of information and behave operationally exactly the same (Os-
termann et al., 2022), hence we can treat them in exactly the same way during code generation.
Therefore, we merge them into a single unified form letv = X (0); s, where v is either a vari-
able or a covariable, and X is either the name of a constructor or a destructor, as indicated in
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Figure 6.3. Similarly, cuts of a constructor or destructor with a (co)variable are represented by
invoke statements, cuts of (co)pattern matches with (co)variables become switch statements,
and (co)pattern matches bound by a u- or fi-abstraction are turned into create statements. To
avoid the use of cut syntax altogether, we also use a different syntax for binding integer literals
and results of arithmetic operations. The resulting statement forms thus are:

s u= letv = X(0); s | invoke v X (o)
| switchv { X(I')=s, ...} | createv = T{X(T)=s,...}; s
| litvemn;s|vev +v;s|ifv=0{s}else{s}
| f(o) | substitute I’ := o]; s | exitv

There is one new kind of statement that has not appeared so far, namely explicit substitu-
tions (Abadi et al., 1991) substitute [I' := o]; s. In fact, this is the final ingredient we need to
make our language suitable for a direct translation to machine code. In Core and the fragments
considered so far, the structural rules of weakening, contraction, and exchange were implicit,
i.e., variables could be used multiple times or not at all and independently of the order in
which they were introduced in the context. We will now make these rules explicit using ex-
plicit substitution statements, which define a new environment I' for the remaining statement
s based on the variables in scope. This includes reordering variables by using them once in
o, duplicating variables by using them multiple times, and dropping variables by not using
them at all. Substitutions happen simultaneously. Logically speaking, they can be thought of
as context morphisms (Hofmann, 1997). Instead of the notation I' := o, we also often write
lists of individual assignments as in v := vy, v§ := ¥g, ..., with the understanding that the
left-hand sides constitute I' and the right-hand sides constitute o.

Consequently, as we will see in the typing rules, the statements now consume a part of the
environment according to linear, or even ordered, logic. To make this consumption explicit
in all constructs, we annotate the closure environment I' in first-class usages of (co)pattern
matches, i.e., in the create construct. The exceptions from this scheme are the extra-logical
constructs, such as arithmetic operators or conditionals.

The resulting calculus is called AxCut. We discuss its typing rules in Section 7.2.1 and give
an operational semantics in Section 7.2.2. Finally, we present the translation from Shrunk Core
to AxCut in Section 7.3.

7.2.1 Typing Rules

The rule SUBSTITUTE for explicit substitutions makes the structural rules of weakening, con-
traction, and exchange explicit. It is the only place where sharing and erasing of variables
can occur and also the only way to reorder variables in the environment for the subsequent
statement s. The variables present in the old environment I' can occur in an arbitrary way in
the right-hand side ¢ in an explicit substitution. These variables are then given new names
according to the new environment I, with types according to the old bindings. The typing
judgment for the arguments o is thus still not ordered.

Fko: T 'k s
T I substitute [I” := o]; s

[SUBSTITUTE]

All other typing rules, except for those that can be thought of as extra-logical, follow the rules of
ordered type systems. The extra-logical constructs include integer literals, arithmetic operators,
conditionals, as well as the terminating statement exit v. For these constructs, the variables of
type i64 are merely required to be present in the environment, no matter at what position, and
are not consumed.
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T,v " i64 F s v P64 €T v ™64 €T T,v ™ i64 F s
———— [Li] [PLus]
'k litven; s ' v+ v + v s
v P64 €T v P64 €T I'F s I'F s
———— [Exu1] - [1rZ]
I F exitv PFifo=0{s }else{s:}

We could also cast these statements into a common form for external statements, which can
be instantiated as needed, thus providing a general way to extend the language with external
operations. These external statements provide a way to interact with the external environment,
e.g., for input and output or termination. They typically only act on external, i.e., non-logical,
types like the built-in machine integers.

I'tm: (Ty),... 'Fo: 1V 'l ks
I' - externm(o){(I'1)=s1, ...}

[EXTERN]

An external operation m can have an arbitrary number of inputs I, e.g., zero in the case
of literals, one for conditionals, and two for arithmetic expressions. They can also have an
arbitrary number of branches, each of which binds a number of variables (T';) in the environment
for its body statement s;. For example, terminal statements have zero branches, arithmetic
operations have one, and conditionals have two. Which assumptions and consequences an
external operation m has, is defined outside the system. In the rest of the paper, we will stick
to the operations we have seen thus far.

Rule CALL for calling top-level functions adheres to the requirements of ordered logic. It
ensures that the current type environment exactly matches the one assumed by the top-level
definition when calling it, i.e., all superfluous variables must have been dropped and the re-
maining ones must be in the correct order. Here we write f(I') to mean that the top-level
function is applied to the variables bound in I, in that order, although we could also leave this
information out since it is redundant now.

def f(I){...} €O
oIT F f(I)

[CALL]

The other typing rules are concerned with producers and consumers of logical types, i.e., data
and codata types. As they come in dual pairs, and since we use a uniform notation for these
constructs anyway, we can formulate their rules uniformly. To do so, we define the following
notation to connect the polarity and chirality and use it in the rules.

x1(data) := prd  xi(codata) := cns Xx2(data) := cns  x2(codata) := prd

We could also go one step further and turn the system into a fully one-sided sequent calcu-
lus (Girard, 1987). However, as this does not affect code generation in an essential way, we
refrain from doing so here.

We use the rules LET-7, parametrized by the polarity 7, to allocate a constructor or destructor
X in memory, and to bind the address to a variable in the remaining statement s. As the
arguments of X must all be variables, there are no subderivations for them anymore. Instead,
we require the part of the type environment I'g that constitutes the arguments of X to exactly
match its signature. This environment is consumed before the new binding is added for the
subderivation of s.

WT{...,X(F())...}E@ F,U:Xl(ﬂ')Tl—S
O, Ty - letv = X(I'o); s

[LET—TF]

While being rather high-level, this typing rule already embodies what happens on the machine
level when a let statement is executed. It is therefore instructive to briefly consider some low-
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level details at this point, which will be extensively discussed in Chapter 8. To provide some
intuition, consider the following illustration of the registers and memory.

Before r Lo

Registers

After r v

Registers
#(X)

Memory

rc T

The typing context corresponds to registers. Before the let statement, the registers contain
the part I' of the environment that remains for the subsequent statement and, next to it, the
part I'g that is consumed. During the execution of the let statement, a new memory block is
allocated and the registers corresponding to I'y are stored into it. The first field of the memory
block contains its reference count (rc). A pointer to this block is stored into the first register
after I', which is free now that I'y was consumed. The next register after this pointer is filled
with the tag for the constructor or destructor X according to the definition of its type. These
two registers constitute the variable v to which X was bound.

Similarly to the LET rules, in the CREATE rules, the closure environment I'y of the branches is
consumed. It must be used in each clause in addition to the parameters I'; of the corresponding
constructor or destructor.

7 T{Xi(T1),...} €0© L, v 2™ T Vi: Ty, To F s
©I1T, 'y - createv = Fo{X1(F1):>81,...}; S

[CREATE—W}

The intuition for what happens on the machine level is quite similar to the let statement.
The consumed closure environment is stored in a memory block pointed to by the first free
register. However, instead of a tag, the second register is filled with a pointer to the code for
the (co)pattern match. The above typing rule ensures that the closure environment is in the
appropriate registers. Hence, we do not have to explicitly pass the environment and we can
keep our types simple.

Dually to the LET and CREATE rules, in the SWITCH and INVOKE rules no new variable is
bound, but the top-most one in the environment is consumed. Thus, on the machine level, after
jumping to the correct branch, the corresponding parts of the environment previously stored in
a memory block are loaded back into registers. In the SWITCH rules, the rest of the environment
I must be used in each clause in addition to the parameters I'; of the corresponding constructor
or destructor.

7TT{X1(F1),...}€@ VlF,FlF&
01T, v X Tk switchv { X;(T'1) = s1, ...}

[SWITCH-T{']
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In the INVOKE rules, the rest of the environment I' must exactly match the signature of the
constructor or destructor, again because the variable restriction for arguments is baked into the
rules. This is similar to the call of top-level functions, and we could again leave the arguments
implicit.

xT{..,X(I),...} €0
O1T, v 2™ T  invoke v X (T')

[INVOKE—TI’]

Example 54 (Mapping a Function over a List in AxCut). To get acquainted with the system,
let us look again at the top-level definition map from Example 46, which maps a function over
a list, this time in AxCut.

def map(zs ™ List[i64], f ™ Fun[i64, i64], o = List[i64]) {
substitute [a := «, f := f, zs := xs];
switch zs {
Nil = substitute [« := aJ; invoke a Nil,
Cons(y, ys) =
substitute [y := y, fy =
create 3 = (f, ys, a) {Re
substitute [ys := ys, [ :
createy = (r, o) {

fof = f ys = ys, a = al;
t

r)=
=f,ri=r a:=qa

Nil=letrs = Nil; substitute[r := r, rs := rs, a := «]; invoke o Cons(r, 75)
Cons(z, zs) =
substitute [0 := a, 7 := 1, 2z := z, 28 1= z8];
letrs = Cons(z, zs); substitute [r := r, rs := rs, a := «]; invoke a Cons(r, rs)
h
map(ys, f, 7)

Sl’JbStitute ly ==y, B := B, fo := fo]; invoke fy apply(y, 5)
}
}

It is visible how explicit substitutions are used to drop the function f in the Nil case by not
mentioning it on any of the right-hand sides, and to duplicate the function in the Cons branch
by using it in two right-hand sides. Moreover, if necessary, explicit substitutions rearrange the
context appropriately before direct jumps to top-level labels or indirect jumps via invoke, but
also for other non-external constructs, e.g., for the closure environment consumed by the closure
~ created by create or to bring xs into the right position before the switch.

7.2.2 Operational Semantics

We define the semantics of AxCut in terms of an abstract machine, whose syntax is defined in
Figure 7.2. The corresponding typing rules are straightforward and can be found in Schuster
et al. (2025b). To ease presentation, we use the non-terminal b to denote a list of branches,

bu={X{T)=s,...}

The operational semantics is very close to what happens on a real machine. A machine config-
uration consists of a statement s under execution, a value environment E mapping variables to
values, and a program ©. The latter is required for jumping to top-level functions and does not
change during execution. We hence omit it from the definition of the individual steps. Values
are either constructor or destructor values { X; E } consisting of a name and a field environment,
or closures { E; b} consisting of a closure environment and branches, or machine integers.
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7.2 The Lower-Level Intermediate Language AxCut

Syntax of Machine States

Values V o= {X;E}|{Eb}|O|1]...
Environments E = 2V, ...
Configurations M == (s|E|©)

Stepping Relation

(let) (letv = X(T0); s||E, Eo) — (s||E,v—{X;Eo}) where Eg : T

(create) (createv = I'ob; s||E, Eo) — (s||E, v—{Eo; b}) where Eg : T

(switch) (switchv b || E, v—{X; Eo }) — (b(X)|E, Eo)

(invoke) (invokev X (o) ||E, v—{Eo; b}) — (b(X)| E, Eo)

(Gump)  (f(o) | E) - (6()IE)

(subst)  (substitute[v] := v1,...]; s||E) — (s]vi—=E(wn),...)

(lit) (litv<n; s| E) — (s||E, v—n)

(add) (v=uv + w25 s||E) — (s||E, v—E(v1) + E(v2))

(ifz) (ifv=0{s }else{s2}| E) — {(s1]|E) if E(v) =0
(s2 ]| E) otherwise

Figure 7.2: Small-step operational machine semantics of AxCut.

Figure 7.2 also defines the evaluation steps of the abstract machine. There is one rule for
each kind of statement, which mirrors its typing rule. Rule (let) creates a constructor or
destructor value by removing the part Eg corresponding to the variable environment I'y of the
constructor or destructor X from the value environment E, and then adding a corresponding
binding { X; Ep } to E. Dually, rule (create) creates a closure. It packages up the part Eq of
the environment corresponding to the closure environment I'y together with the branches b as
a new binding. Rule (switch) uses a constructor or destructor value by looking up the name X
in the value environment, and selecting the corresponding statement b(X) to execute. It then
removes the binding for the constructor or destructor value and adds the value environment
Eo. Rule (invoke) uses a closure by looking up the statement b(X) corresponding to X and
extending the value environment with the stored closure environment Eq. The typing rules
ensure that the arguments o of X line up exactly with the bindings in E and could hence be
omitted. Rule (jump) transfers execution to the statement O(f) of top-level function f defined
in program ©. We could again omit the arguments o here. Rule (subst) creates a new value
environment by looking up each variable in the bindings of the old value environment. Rules
(lit), (add), and (ifz) are as expected. There is no rule for exit since we consider a machine
state with exit as its statement as being terminal.

The only place where parts of the value environment are reordered, duplicated, or dropped
is in rule (subst) for explicit substitutions. Moreover, besides direct transfer of control in rule
(jump), there are two kinds of indirect transfer of control: rule (switch) where the constructor
or destructor name is unknown but the branches are known, and rule (invoke) where the
constructor or destructor name is known but the branches are unknown.

Type safety AxCut satisfies the usual theorems of progress (Theorem 55) and preservation
(Theorem 56). These theorems have been shown in Idris 2 by an intrinsically typed implemen-
tation (Schuster et al., 2025b) and the totality of the step-function on machine states.

Theorem 55 (Progress).
If = M, then either M is of the form (exitv || E||©) with v n in E or there exists a unique
machine state M such that M— M .

Theorem 56 (Preservation).
If - Mand M= M, then - M.
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7 Normalizing Core to AxCut

7.3 Translating Shrunk Core to AxCut

We now discuss how to translate the fragment Shrunk Core derived in Section 7.1 into AxCut.
To do so, we have to insert explicit substitutions and annotate the environment captured by
closures. As the placement of explicit substitutions may impact performance, the overall goal is
to insert substitutions in such a way that the register pressure is reduced as much as possible,
that is, such that there are as few variables in the environment as possible. Therefore, following
garbage-free reference counting (Reinking et al., 2021), the substitutions aim to drop unneeded
variables as early as possible and duplicate variables as late as possible. To illustrate the idea,
consider the following example.

Example 57. The top-level function consTwice receives an integer and a list and returns the
same list with the integer prepended twice.

def consTwice(v ™ i64, [y ™ List[i64], a ™ List[i64]) {
(Cons(v, ly) | ily.{Cons(v, I) | a))

We insert an explicit substitution before each statement, where for every free variable in the
statement we substitute this variable for itself in an order dictated by what variables the
statement consumes. This will exchange and weaken variables appropriately. When a variable
occurs free more than once, such as v here, we have to contract and rename it. To arrive in
AxCut, we also have to use its uniform notation, so the outer cut becomes a let statement, while
the inner cut becomes an invoke statement. The example in AxCut then looks as follows.

def consTwice(v ™ 64, ly :" List[i64], o ™ List[i64]) {
= v7

substitute [v := v, a 1= «, v : b == bl;
let ll = COIIS(U(), lo),
substitute [v := v, I} := }, a := af;

invoke o Cons(v, )

}

The arguments of the Cons constructors now exactly match the appropriate part of the context.

The translation is presented in Figure 7.3. To simplify the translation a bit, we assume all
variables in the program to be unique, i.e., there is no shadowing. The function for statements
X - ]]® receives as an additional input a type environment, which is supposed to be the envi-
ronment the currently translated statement should be typed in, according to the typing rules
of AxCut. For the translation of top-level definitions, the annotated signature I' is the environ-
ment in which its body s is typed, so we translate s with environment I". While there may be
variables that are not used, i.e., that do not occur free in s, we do not have to insert a substi-
tution here, as we will insert one at the beginning of the translation for each statement. The
only exceptions, where no substitution is inserted, are exit statements, which end the program
anyway, and the case of conditionals. For the latter, we can relinquish a substitution at the
beginning since, again, there will be an appropriate substitution in each of the branches and
there are no newly bound variables in the branches. Thus, no additional register will become
occupied before descending into the substatements.

The other cases where no variable is newly bound are cuts of constructors or destructors
with a variable, which become invoke statements, and the calls of top-level functions. These
are leaves of the AST without any substatements and the typing rules precisely dictate what the
environment has to look like. Note, however, that some variables may have to be duplicated.
For example, in a call to a top-level definition f(I'g), some variables from I" may occur multiple
times in I'g. To keep the variables in the environment unique, we pick fresh names for the new
environment after the substitution, and we write I'f, to indicate this (it of course suffices to only
pick fresh names for duplicated variables).
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7.3 Translating Shrunk Core to AxCut

X[ - 1 : Definitiongpnk core — Definition e,

X[def f(I) {s}]

def f(I) { X[ s ]}

X[ - ]]® : Statementshrunk core X Contextaxcut — Statementaxcut

X[(K(To) | fuz-s)

where
Xl (pas | DTo)) I
where
X[(K(To) | o) ]
X[(z | D(To)) I
X[(z | case{ Ki(T'1)=s1, ... }) ]
where

X[(new {Di(T1)=s1, ...} | a) ]y
where

X[ (pnos|case{ Ki(I'1)=s1, ... })Ip

where

X[ (new{ D:(T1)=>s1, ...} | fz.s) ]y

where
X[(n | /155-3>]]F

where
X[(z1 + 22| fiz.s)

where
X[ifz=0{s }else{s}]p
X[[f(Fo)]]p
X[exitz ]

substitute [[V := T7, T := Ig];

letz = K(T%); X[s]p

I = freeVars(s) C T

substitute [[V := T”, T := Tg];

leta = D(I'}); X[slp o

IV = freeVars(s) C T’

substitute [['f) := 'y, a := af; invoke a K (T'h)
substitute [['f) := I'g, z := z]; invoke z D(T')
substitute [ := I, zf := z];

switch :Ef { Kl(I‘l) = X[[S1 HF’,FN - }

I = |, freeVars(s;) C T

substitute " := I, of := af;

switch Oéf { Dl(r1) = X[[Sl HF’,FN - }

I = |, freeVars(s;) C T

substitute [ := I7, Ty := Ig[;

createa = Lo { Ki(I'1) = X[s1]p, pys -+
X[ =T e,

Lo = U, freeVars(s;) ' I' = freeVars(s) C T
substitute [ := I, 'y := I'g]

creater = Lo { D1(I') = X[ sy, pyo - 15
X[ =T g,

Lo = U, freeVars(s;) ' I = freeVars(s) C T
substitute [I'" := I']; litz < n; X[s] ,
I" = freeVars(s) C T

substitute [I" := I']; 2 <~ a1 + 225 X[ s ]
I = {m} U{z} UfreeVars(s)) CT
ife=0{X[s1 ] }else{ X[s2]}
substitute [ := To]; f(Th)

exit z

T

Figure 7.3: Translation from Shrunk Core to AxCut.
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7 Normalizing Core to AxCut

Next, consider the cases where a constructor or destructor meets a fi- or p-binding in a
cut. These are translated into let statements. Here, typing dictates that the part I'g of the
environment passed to the constructor or destructor must be the right-most part. Since there
is no shadowing, the minimal environment in which the translated remaining statement s can
be typed consists of the bindings I for the free variables of s, which must be contained in
I', extended with the newly bound variable. Hence, this is the environment passed into the
translation of s. The whole substitution then consists of the bindings for I and I'g, in this
order. There may be variables in I" which occur in both T and I'y, even multiple times in the
latter, and the substitution will clone them accordingly. Again, to keep variables unique, we
pick fresh names for I'g. There is no need to pick fresh names for the free variables of s, since
there can be no duplications within this set. All variables in I' that occur in neither IV nor
I'y are dropped. The order of the entries in IV can be arbitrary, but to keep the number of
exchanges small, it may be a good idea to arrange them in such a way that as few variables as
possible change positions.

The cases where a (co)pattern match is cut with a variable are translated into a switch.
Here, the variable matched on has to be right-most in the environment, and the remaining
environment I is shared among the branches, so the latter can be chosen to be the union of the
free variables in the statements of all branches. The environment for the recursive translation
of the substatement in each branch consists of IV extended with the newly bound variables for
that branch. We pick a fresh name for the variable we match on, as it may also occur in I".

Similarly, when a (co)pattern match is bound to a variable, which we translate into a create
statement, the closure environment I'y consists of the union of the free variables in all branches.
It has to be the right-most part in the environment. For the recursive translation of the
substatement in each branch, we extend I'y with the variables bound for the corresponding
branch. The remaining environment IV consists again of the free variables of the remaining
statement s. For the recursive translation of s, IV is again extended with the newly bound
variable. Since it is possible that there are variables that occur in both IV and T'y, we have
to pick fresh names for one of them to keep variables unique. But since both environments
occur in substatements, we have to reflect this renaming in the corresponding substatement.
We choose to rename I as it only occurs in one substatement s and write s[I"” +— I'f] to indicate
the renaming in s.

The cases for integer literals and arithmetic operations are similar. The only difference for
arithmetic operations is that the variables used as arguments cannot be dropped, even if they
do not occur free in the remaining statement, as they are not subjected to the ordered typing
discipline.

The inserted explicit substitutions often have little or even no computational content if the
context is unchanged. In the latter case, we can of course simply leave them out. To avoid
calculating the free variables of substatements repeatedly, we can annotate them in one pre-
pass. However, when we substitute renamed variables into substatements as in the create cases,
we have to update the annotations accordingly.

The above translation again preserves typeability.

Theorem 58 (Typeability Preservation).

Let s be a statement in Shrunk Core and T a typing context.
If© I deff(T'){s} Ok, then © + X[deff(T'){s}] Ok.
IfT s, thenT' - X[s]p.

Proof Sketch. By induction. As the types are not affected by this translation, the main problem
lies in adapting the typing contexts to the ordered typing discipline in the rules of AxCut. This
is not too difficult, however, since in the premise I' F o : TV of the SUBSTITUTE rule, we can
still access the context I' arbitrarily for o. O
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8 Code Generation - From AxCut to
Machine Code

In this chapter, we show how to generate machine code from our lower-level intermediate lan-
guages AxCut. On the one hand, AxCut is, at its core, a normal form of classical sequent calculus
as derived in the previous chapter, on the other hand, it admits a straightforward translation
into machine code. Indeed, the language constructs of AxCut already closely correspond to
concepts in machine code. For clarity, in this section, we explain our translation to a subset
of RISC-V (Waterman et al., 2014). There are other implementations targeting x86-64 and
AArch64, which we briefly discuss in Section 9.1.

8.1 RISC-V

Programs in RISC-V are a list of instructions, interspersed with labels /. Each instruction
consists of a mnemonic followed by one to three operands. The operands are either registers or
offsets, where the latter can be labels or immediate integers. For ease of presentation, we do
not take into consideration that the immediate integers of instructions can often only be 12-bit
integers’. Moreover, we freely use pseudo-instructions, which have to be desugared into actual
instructions. For example, the mv instruction is defined in terms of addi. In RISC-V there are
typically 32 registers, which we denote as x0, . . . ,x31, each holding a machine integer. Register
x0 is special in that it always contains the value 0.

Syntax of RISC-V

Instructions I == [: label Registers r == x0,...,x31
| add r r r  add registers Offsets 0 u= 1]i
| addi 7 r ¢ add immediate
| ov oo move register Labels I == 10|11 ...
| 1ird load immediate Immediates 7 == 0] 1]...
| lar! load address
BE jump
| jrro jump register
| beq 7 7 0o branch if equal
| lurir load word
| SWriT store word
| ecall system call

The addition instructions add and addi add their second and third operand and store the result
into the first operand register. The difference is that the third operand is a register for add
but an immediate for addi. Instructions for other arithmetic operations are similar. The mv
instruction copies the value of the second register into the first register. The load instruction
1i loads an immediate into its register operand, and the load instruction la loads an address
specified by a label into its register operand. Direct jump instructions j jump to an address
which is specified by a label or an immediate offset relative to the program counter. Indirect
jumps jr add the immediate offset operand to the register operand and jump to the resulting
address. The conditional instruction beq compares its operands and jumps to the given label

"This is because instructions all have the same fixed length. Bigger integers actually first need to be loaded
into a register, which is then used instead of the immediate operand.
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or immediate. Moreover, there are instructions 1w and sw for loading and storing a word from
memory. They both add their immediate operand to their second operand register to obtain
a memory address. Then they load into or store from their first register operand. Finally,
instruction ecall makes system calls.

8.2 Overview

Typing judgments in AxCut are of the form © 1" - s, where I is the type environment and s is
a statement. The translation to machine code is defined over typing derivations, as it uses the
type environment I'. A statement corresponds to a sequence of machine instructions. At each
point in the program, the environment I" describes the content of the hardware registers (Appel,
1992). Each variable in T' corresponds to two adjacent registers, corresponding to the two
components of values in the operational semantics in Figure 7.2. They are assigned from left
to right, starting with the first register not reserved for other purposes. We have three reserved
registers, one scratch register temp and two registers, heap and todo, for memory management.

r

x0 temp heap todo

Registers
0

Since register x0 is always 0, the first variable in I occupies registers x4 and x5, the second one
occupies registers x6 and x7, and so on. In the above illustration, there are thus two variables
in I'. Consequently, there can be at most 14 variables in the environment at the same time.
This restriction can be lifted, of course, by spilling any further variables to memory.

8.3 Code Generation By Example

In this section, we illustrate code generation on example programs, before giving the full formal
definition in Section 8.4.

8.3.1 Compiling Programs and Sequents

We first illustrate the fragment of AxCut that neither requires nor mentions any data or codata
types, i.e., that only consists of calls to top-level functions, substitute statements, and external
operations.

Definitions are Labels, Calls are Direct Jumps

In AxCut, a program is a list of type declarations and top-level function definitions. The
signature of a top-level function is the type environment I' it assumes. To call a top-level
function, the type environment I' must exactly match what is assumed by the definition, which
we track in the program ©. In the following example, we have two definitions, main and loop,
and from main, we call loop.

frCut Machine Code

def main(T) { main:
loop(T") defloop(T") € © j loop

) ———————— [Cau1] loop:

def loop(T') { OIT + loop(T)

}

110



8.3 Code Generation By Example

We translate each top-level function to the labeled translation of its body statement, and we
translate calls to direct jumps to the label. A crucial property, which stands in contrast to
most other intermediate representations, is that in our sequent-calculus-based intermediate
representations there is no a priori fixed concept of returning functions with a fixed calling
convention. Instead, signatures specify a protocol of interaction between a producer and a
consumer, which includes synchronous communication, i.e., returning function calls, as a special
case. Other examples would be throwing an exception, as in our running example with early
return, and coroutining with the caller. Our approach thus subsumes, for example, standard
continuation-passing style and double-barreled continuation-passing style, and enables mixing
different such calling and returning conventions in a program.

Explicit Substitutions are Parallel Moves

Before a call to a top-level function, the register contents must exactly be what the destination
expects. This means, in particular, that the order of the elements of I' matters. To change the
order of variables in AxCut, we use a substitute statement, which subsumes the structural rule
of exchange. In the following example, the rest of the statement runs in an environment where
the order of z and y is swapped, i.e., the old environment is I' = z :™ 64, y :* i64, the new
environment is IV = y ™ 64, z ™ i64, and the right-hand side in the substitute statement is
o=y, .

AxCut Machine Code

. . . . . . mv temp x5
z ™64,y ™64y, z:y P64, x ™ 64 464, z P64 ...
Y Y Y Y [SUBSTITUTE] mv x5 x7

z " 64, y " i64 - substitute[y = y, z = 1]; ... mv x7 temp

We translate explicit substitutions that change the order of variables to parallel moves (Rideau
et al., 2008), using the temporary register temp. Only the registers of the variables that change
their position participate in the moves. Each variable occupies two registers, but integers only
use the second one, so we do not have to swap registers x4 and x6 here. The structural rules
of weakening and contraction will be discussed in Section 8.3.3.

Externs are System Calls and Hardware Instructions

Every program runs in an external environment and eventually needs to terminate, output a
result, or interact with the outside world in another way. For this purpose, AxCut includes
external statements like exit, arithmetic expressions, and conditionals, which generally operate
on external types like built-in machine integers. In this example, we halt execution and exit
with the code in variable v.

AxCut Machine Code
v .prd |64 c T 1i x17 93
—F— [Exi] mv x10 x7
I' - exitv
ecall

We translate these external statements either to system calls, as in this example, or to hardware
instructions, like addition and branching. Here, as required by the Linux ABI, we load the
syscall number to x17, move its argument to x10, and call the environment with ecall.
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Summary

We have seen that it is possible to write programs in AxCut which just act on external types,
without considering logical types. The translation of external statements, like arithmetic oper-
ations or conditionals, depends on the target platform and consists of corresponding hardware
instructions or system calls. Top-level functions and calls to them are translated to assembly
labels and direct jumps. The signature of a top-level function communicates what variables
the function expects to be present, that is, which registers must contain what kind of content.
As the reordering of variables is accomplished by explicit substitutions, the code for the latter
performs the corresponding parallel moves of registers.

This makes AxCut in some sense a low-level language. At the same time, it is a fragment
of classical sequent calculus, with logical types, producers, consumers, and cuts between them,
which makes it a high-level language. Next, we will look at their translation to machine code.

8.3.2 Compiling Producers and Consumers

User-defined data and codata types are specified by their signatures, which can be arbitrarily
mutually recursive. In the following example, we define a data type Maybe with two constructors,
which contain either some integer or none. Exactly the same considerations are true for codata
types as well.

AxCut Machine Code Illustration
data Maybe { — —
prd s x0 heap x4 x5
}None(), Some(z P i64) Registers
0 ‘ 4

Memory
e rc 0 42

In machine code, signatures of data and codata types do not appear explicitly. However, they
implicitly define mutually dependent invariants about how values are laid out when stored in
memory, how they are loaded back into registers, and where in the code this happens. These
invariants are established and maintained by all programs by construction.

The picture shows an example where the first variable in a sequent I' = v ™ Maybe, ... is
bound to Some(42). Its tag 4 resides in register x5, and register x4 contains a pointer to a
memory block. The latter consists of four fields, each of which can store two words. The first
field serves as a header, containing a reference count, which we will come back to in Section 8.3.3,
and an as of yet unused word. The argument 42 is stored in the second field, corresponding to
the two registers the argument had occupied before it was stored. More arguments would be
stored in the other fields and, if necessary, in more blocks linked together.

In the following examples, we will explain this further. We consider let and switch statements
from the viewpoint of data types and new and invoke from the viewpoint of codata types. We
only do so to help intuition, and everything we say is valid from the dual viewpoint as well.

Constructors are Tags, Fields are Memory Blocks, Pattern Matches are Jump Tables

Let us now consider an example corresponding to the above picture. We construct a producer
of signature Maybe with let and immediately match on it with switch. The singleton sequent
vp ™ 64 becomes the field environment of the constructor Some(vy). Variable vy is no longer
available in the rest of the program, as it is moved into the constructor. In the rest of the
statement, the only variable in scope is v, a producer of type Maybe. When we match on v,
there are two subderivations, one for each of the two branches, in accordance with the signature
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of Maybe. Variable v is removed from the type environment, and, depending on the branch, the
constructor fields are added. The above picture corresponds to the situation after the let but
before the switch (also cf. the illustration in Section 7.2.1 again).

AxCut
F... x P64 ...
. - SWITCH
v :* Maybe F switch v { None() = ..., Some(z) = ... } I
ET
vo " 164 I let v = Some(vo); switch v { None() = ..., Some(z) = ...}
Machine Code
sw x5 12 heap jr x5 table None: Some:
ACQUIRE x4 table: R RELEASE x4
1li x5 4 j None 1w x5 12 x4
j Some

We translate the let statement to the machine code in the first column. The variable vy is in
register x5. We store it into a fresh block of memory on the heap at offset 12. We acquire
this block of memory into register x4 with the macro ACQUIRE, the details of which we explain
in Section 8.3.3. We then load the constructor tag for Some into register x5, overwriting the
contents of vy, which is gone now.

We translate the switch statement to the indirect jump and jump table table in the middle.
Constructor tags are offsets into jump tables. The order of the jump-table entries is determined
by the signature. The offsets are multiples of 4, the length of an instruction, hence the tag for
Some is 4. After jumping to the branch, we first load the field environment (as illustrated by
reading the picture in Section 7.2.1 in the reverse direction), if there is any, and then execute
the rest of the statement. In the branch for Some, the environment is loaded from the block
of memory pointed to by x4 and the block is released with the macro RELEASE, the details of
which we also explain in Section 8.3.3. The fields are moved into registers, which overwrites
the matched variable.

Objects are Virtual Tables, Closures are Memory Blocks, Destructor Invocations are
Indirect Jumps

We now consider the codata type of functions Fun[i64, i64] from Example 46. Intuitively, a
codata type is defined by what it can do rather than what it is. The only thing we can
do with a function is apply it to a value and a continuation to return the result to. Hence,
Fun[i64, i64] has a single destructor apply which accepts a producer and a consumer of an integer
as arguments. In the following example, we create a function f with create, which defines the
closure environment (v :™ i64) and a statement that implements the application destructor.
The statement must use the variable v, as well as the parameters z and «. Variable v is moved
into the closure and not available in the remaining statement. The function f is a producer of
type Funli64, i64]. We can use f in the remaining statement with invoke on a destructor. In
the example, we apply f to arguments r and S that were added to the environment after create
but before invoke. The environment must consist of exactly r, 8, and f, in this order.

AxCut
- - g - InvokE
r " 64, §:7°i64, f:" Funt invoke f apply(r,f)
f " Funt ... invoke f apply(r,5) o P64, o 64, v:"i64 - ...
- - - CREATE
v " i64 I create f = (v :"* i64){ apply(z,a) = ... }; ... invoke f apply(r,3)
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Machine Code

sw x5 12 heap table: apply:
ACQUIRE x4 j apply RELEASE x8
la x5 table 1w x9 12 x8
jr x9 0

We translate the create statement to first store register x5, which corresponds to v, in a block
of memory on the heap, which we then acquire into register x4. This is analogous to how the
field environment of a constructor is stored. We then generate the virtual table table with
one entry in the middle and load its address into register x5. This is dual to how we load
constructor tags. While in this example there is only a single entry in the virtual table, in
general, there can be zero or more. The implementation for each branch starts by loading the
closure environment from the corresponding block of memory and then releasing the block. In
the example, this block is pointed to by x8, occupied by the third variable in the environment.
In general, it must come after all destructor arguments, which are determined by the signature
of Funli64, i64].

We translate the invoke statement to an indirect jump to the virtual table, which must be in
register x9. This means that the instructions between create and invoke must have rearranged
the registers, putting the arguments for the destructor apply into registers x4, x5 and x6, x7.
The offset into the virtual table is given by the tag of destructor apply, which in this case is 0.
If there was more than one destructor, it could be different. This implements dynamic dispatch.

Exploiting the Symmetry between Data and Codata

Finally, we demonstrate some additional flexibility we gain from the symmetry of data and
codata types. Consider the signature of a data type Result that is either Ok or an Err. Types
like this are common return types in functions that want to signal an error condition to their
caller. Moreover, these functions are usually chained together and some languages provide
syntactic sugar for this.

AxCut Machine Code
dataResult { _
Ok(x ™ i64), Err(i ™ i64)

}

When compiling a chain of matches naively, each function in such a chain will store the result
in memory upon return, which the caller then immediately investigates. In AxCut, however, we
can represent pattern-matching contexts directly. While producers of type Result represent
expressions, consumers of the type represent their contexts. We create such contexts with
create, as in the following example.

AxCut

k ™ Result - f(k) z P64 ... i i64 - ...
createk = (){0k(z)= ..., Err(i)=...}; f(k)

[CREATE]

Machine Code

1i x4 null table: Ok: Err:
la x5 table j Ok
jf j Err
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We avoid storing intermediate results in memory, as we directly pass this context k to the top-
level function f. Intuitively, the context is a stack frame with two return addresses, known as
vectored returns [Peyton Jones (1992); Marlow et al. (2007)}. The statement in f then invokes k
with the corresponding destructor to select the control path, for example, with invoke k Err(e).
The values are returned in registers. This is another example of a definable protocol of inter-
action in AxCut.

Summary

We have seen how we translate the logical fragment of AxCut to RISC-V machine code. The
translation is straightforward, since language constructs in AxCut closely correspond to con-
cepts in machine code. The code for creating and using producers and consumers is dual, in
congruence with the abstract machine steps. Both let and create store values onto the heap.
But for let, the block of memory is paired with a tag and contains the corresponding arguments,
and for create, it is paired with a jump table and contains the closure environment. Similarly,
both switch and invoke perform indirect jumps with a tag being used as an offset into a jump
table. But for switch, the offset is unknown as it was bound by let, and for invoke, the jump
table is unknown as it was bound by create. In both cases, at the beginning of each branch,
the values stored in the memory block are loaded back into registers, as determined by the type
signatures.

So far, we have assumed that all variables, except in external statements, are used linearly.
Next, we describe how we translate the non-linear use of variables.

8.3.3 Compiling Weakening and Contraction

We first consider memory management for the fragment of AxCut that we have seen so far,
without the structural rules of weakening and contraction. Since values are used linearly,
memory management is trivial.

The Linear Fragment

We divide memory into blocks of the same size, which we store in a free list in register heap. It
is precisely the statements let and create, corresponding to cuts with an activation rule (i.e.,
wor 1), that acquire memory, and precisely the statements switch and invoke, corresponding
to cuts with an axiom rule, also known as deactivation, that release it.

Acquire and release When we store values, we acquire a fresh block of memory. We move
register heap into the destination, and load the next element of the free list, stored at offset
0, into heap. If the free list is empty, we fall back to bump allocation, as will be discussed
in Section 8.4. Alternatively, we could prepare the heap to be a linked list of free blocks at
program startup to make just this code work.

When we load values, we release the block of memory. We store the current head of the free
list at offset O in the block in the destination register, and move this block into register heap.

ACQUIRE x4 = mv x4 heap RELEASE x4 = sw heap 0 x4
1w heap O heap mv heap x4

The Non-Linear Rest

This simple implementation works for a linear language. However, AxCut also allows for non-
linear use of variables with explicit weakening and contraction as part of substitutions. There-
fore, as already illustrated in Section 8.3.2, we add a reference count to the start of each block of
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memory. When inspecting this reference count, we obviously have a reference to it. It therefore
counts the number of other references, starting at 0. Reference counting is an exceptionally
good fit for AxCut, because of a trivial but profound observation: As long as values are used
linearly, their reference count never changes. In other words, it is only the structural rules of
weakening and contraction that require us to inspect and update reference counts, and conse-
quently to track them at all. Even though we do track them, after a quick uniqueness check,
we enter the fast path described above. Since continuation frames are typically used linearly,
we hence get fast code for stack-like usage, even though we do not maintain a stack. Moreover,
the typing rules of AxCut naturally enforce that there are no cycles between blocks of memory.

More specifically, we use lazy reference counting (Weizenbaum, 1963, 1969). In combination
with the allocation of equal-sized blocks that we use, we have an implementation of constant-
time reference counting (Lam and Parreaux, 2024). With this strategy, the only waste of
memory is internal fragmentation due to the fact that each memory block might be larger than
needed. The main difference from the system of Lam and Parreaux (2024) is that we retain the
fast path for linear use of values. We do so by maintaining two free lists, one whose blocks can
be used immediately, which we also call the linear free list, pointed to by register heap, and
one where the children of blocks must still be traversed and erased, which we call the lazy free
list, pointed to by register todo.

x0 heap todo
Registers
0
i v
Memory Free

ﬁ —lERASEd lazily by ACQUIRE

(Potentially) In-Use

We acquire blocks from the linear free list as explained above, only falling back to the lazy
free list if the linear free list is empty. Releasing a block whose reference count is 0 puts it
onto the linear free list. There is no need to process the children since they are moved into
registers. Blocks are only put onto the lazy free list if the last reference to them is erased by
weakening. The above definitions of ACQUIRE and RELEASE have to be adapted accordingly, as
will be discussed in Section 8.4.

Share The structural rule of contraction allows for the duplication of formulas in a sequent.
We express the use of the contraction rule by mentioning the same variable more than once in
the right-hand side of an explicit substitution. Here, we share the variable f into variables f;
and f,. It is precisely in these cases that we have to increment the reference count of the block
of memory of f. The substitutions tell us exactly when, where, and how much these increments
happen. The block of memory of f is in register x4. We use the temporary register temp to do
the increment.
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AxCut Machine Code

f ™ Faun bk f, f: fi " Fun, fo :“ Fun fi :“* Fun, fo :*° Fun F ... 1w temp 0 x4

— . [SussTiTuTE] addi temp temp 1
f ™ Fun b substitute[fy := f, o = f]; ... sw tomp 0 x4

Erase The structural rule of weakening allows for ignoring irrelevant formulas in a sequent.
Since explicit substitutions define precisely the type environment by their left-hand sides, we
express weakening in AxCut by not mentioning a variable in any right-hand side of a substitution.
Here we erase the variable y.

AxCut
T " Result, y ™ Maybe F z : z :"* Result T ™ Result F ...
p ord - [SUBSTITUTE}
z P Result, y :” Maybe b substitute [z := z]; ...
Machine Code Illustration
lw temp O x6 " y
> —_—
beq temp x0 then Before x0 temp todo x4 x5 x6 x7
addi temp temp -1 Registers
sw temp O x6 0
j done [
then: l
sw todo O x6 Memory o
mv todo x6
done:
x
After T
x0 todo x4 x5 x6 x7
Registers
0
*L[
Memory ‘

It is precisely in these cases that we have to decrement the reference count. If it already was 0,
meaning that this was the only reference to the block of memory, we put it onto our lazy free
list in register todo, as in the above illustration. Otherwise, we decrement the reference count.

Summary

Our strategy for memory management is guided by and optimized for linearity. We know
precisely the positions where memory management happens, dictated by explicit structural
rules embodied by the substitute statements. Explicit substitutions are the only way to drop
and duplicate variables, so the code for them appropriately decrements and increments the
reference counts of memory blocks associated with the dropped and duplicated variables. All
operations take constant time, independent of the number of live or dead blocks.
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‘ M][ - ] : Definitionpycp — I ‘

M def f(I') {5 }] = f:M[s]

‘ M][ -] : Statementaxcur — I* ‘

M[F(M)] =3f
M substitute [I” := o]; s] = SHARE[[Y := 0]
Erase [V := o]
Move IV := o]
M][s]
Mexitv] = 1i x17 93
mv x10 (REG2 v)
ecall
Mlitv<n; s] = 1li (REG2v)n
M[s]
M[[ V4= U1 + v2; S]] = add (REGQ U) (REGQ ’111) (REGQ 1}2)
M[s]
M[ifv=0{s }else{s2}] = beq (REG2v) x0 [
M[sz2]
l: M[s1] (I fresh)
M([letv = X (To); s] = StorE (REG1 v) T
1i (REG2 v) (INDEX X)
M[s]

M| createv = I'g b; 5] STorE (REG: v) I'g

la (REGQ U) l

M[s]

l: VTABLE b Tg (I fresh)
M switchv b ] = jr (REG2v) {

l: JTABLEOT (I fresh)
M invoke v X (T') ] = jr (REG2v) (INDEX X)

Figure 8.1: Translation to RISC-V.

8.4 Translation from AxCut to RISC-V

The translation from AxCut into RISC-V is defined in Figure 8.1. It uses auxiliary definitions
from Figure 8.2 and Figure 8.3. Note that while we have used syntax highlighting for code
macros such as RELEASE in the previous sections, we use small caps (e.g., RELEASE) in the
formal definitions. We use functions REG; and REG, to map variables to the registers they
occupy. Similarly, we use functions OFFSET; and OFFSET3 to calculate the offsets for variables
into an environment stored in a memory block.

We translate each top-level definition to a label in RISC-V followed by the translation of the
corresponding statement, and we translate calls to top-level definitions to direct jumps. We
translate explicit substitutions to erase and share the variables appropriately, and to perform
parallel moves before the translation of the remaining statement. The parallel-moves algorithm
reassigns the registers according to the substitution and is described by Rideau et al. (2008),
formalizing a folklore result that the assignment can be performed in linear time with at most
one temporary register. In the definition of SHARE, we first check for each variable from the old
environment how many times it is assigned to variables in the new environment. If this number
is greater than 1, the variable has been duplicated and the reference count of the corresponding
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Auxiliary Definitions

SHARE [V := o] (T, v X 7) = 1F NUMREFsv [l := o] > 1
SHAREBLOCK (REG: v) (NUMREFS v [[V := o] — 1)
SHARE [[V := o]T
ErRaASE[Y := o] (T, v X 7) = 1F NUMREFSv[[Y := 0] = 0

EraseBLock (REG: v)
ErasSe [V := o]T
SHAREBLOCK r n = beq r x0! (1 fresh)
lw temp O r
addi temp temp n
sw temp O r

l:
ERASEBLOCK r = beqrx0h (v, lp fresh)
lw temp O r
beq temp x0 by
addi temp temp -1
sw temp O r
jh
lo: sw todo O 7
mv todo r
l1 :
REG1 v first register of variable v
REG2 v second register of variable v
INDEX m four times index of constructor or destructor X in its signature
OFFSET v first memory offset for v in environment
OFFSET2 v second memory offset for v in environment
MovE [V := o] parallel moves for assignments [[V := o]
NuMREFs v IV := o] number of variables v is assigned to in [[V := o]
SHAREFIELDS 1 SHAREBLOCK f 1 for all fields f in block r
ERASEFIELDS r EraseEBLOCK f for all fields f in block 7
temp reserved register for temporaries
todo reserved register for lazy free list
heap reserved register for linear free list

Figure 8.2: Auxiliary definitions for the translation.
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memory block is incremented accordingly by SHAREBLOCK. The variable could, however,
also contain an object that has no associated memory block in its first register. Therefore,
SHAREBLOCK first checks whether the register indeed points to a memory block. Similarly, in
ERASE we check whether a variable does not occur in the new environment at all. If this is
the case, we erase its memory block with ERASEBLOCK. The latter again first checks whether
there actually is a memory block before loading its reference count. It then distinguishes two
cases. If there is another reference to this block, the reference count is non-zero and is simply
decremented. If the reference count is zero, the block is prepended to the lazy free list pointed
to by todo.

We translate external statements depending on the target platform. For example, a terminal
exit statement is translated to an appropriate syscall by first loading the syscall number and
the exit code into registers and then executing an ecall instruction. Integer literals are loaded
with an 1i instruction, and arithmetic operators are translated to a corresponding instruction
with the appropriate registers. Conditionals become conditional branching instructions such as
beq. This requires only one fresh label, since, by construction, the code for the other branch
cannot fall through. Either the program ends there, or there will be a direct or indirect jump
to another location. In particular, control flow can be joined again by jumping to the same
location in both branches.

The remaining statements are those concerned with producers and consumers. The duality
of producers and consumers leads to dual translations.

We translate the creation of a constructor or destructor with let by first storing the registers
corresponding to the environment I'y into a free block of memory. We assume that heap always
points to a free block that is immediately usable, so we use this block in STOREV (Figure 8.3)
to perform the stores. ACQUIRE then moves the address in heap into the first register for
the constructor or destructor. Since we use equal-size memory blocks to obtain constant-time
memory management, it may be necessary to link multiple blocks together if the environment
to be stored does not fit into one block. The necessary plumbing for doing so and also for
zeroing unused fields in a block is not shown here. The second register for the constructor or
destructor is loaded with the index of the tag in the signature of its type, multiplied by 4 to get
an offset in code. Finally, we generate the code for the translation of the remaining statement.

When the environment is stored, we have to restore the invariant that heap always points
to a free block of memory. To do so, ACQUIRE distinguishes three cases. If the linear free list
pointed to by heap contains a further block, then the first field of the previously free block is
non-zero as it contains the address of the next block. The latter is loaded into heap and the
reference count of the previously free block is initialized to 0.

Before

x0 heap todo r
Registers
0
\[ [ N
Memory ‘
After x0 heap todo T
Registers
0
[
] L
Memory ‘
0

Otherwise, the lazy free list pointed to by todo is checked. If it does contain a block, this is
the new free block heap now points to. Its first field is set to 0, effectively unlinking it from
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the lazy free list, and, since the fields of this block were not erased recursively when it was put
on the lazy free list, this is done now.

Before

x0 heap todo T
Registers
0
|
ﬁ
Memory
0
[ ¥
Todo ‘
/ \
/ \
After x0 heap todo T
Registers
0
|1
] [
{
Memory
0
——
0

Todo

If the lazy free list does not contain a block either, which is indicated by a 0 at the memory
location todo points to, we fall back to bump-allocation from the remaining big chunk of
memory.

Before x0 heap todo T
Registers
’ l
]
Memory
0
0 0 0 0 0 0 0 0 0 0
Alter x0 heap todo r
Registers
0
|1
] [
Memory
0
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Auxiliary Definitions (continued)

JTABLE{ X;(T;) = s; } T = 3l (I; fresh)
JTaBLEB { X;(Ty) = s }T'I;
JTABLEB { X1(T1) = s1, b} T (h, ) ly : LoaDp (REG; z) Ty (z fresh after I)
M[[ S1 H B
JTABLEBbHT'{
VTABLE { Xi(I';) = s; } To = il (I; fresh)
VTABLEB { X;(Ti) = s; } To l;
VTaBLEB { X1(T'1) = s1, b} To (&, 1) ly : LoaDp (REG; ) T'g (z fresh after I'y)
M[[ S1 ]] B
VTABLEB bI'g [
LoaprT = RELEASEr
LoapVrT
LoapVr (I', v :X 1) = 1w (REG2 v) (OFFSET2 v) r
1w (REG1 v) (OFFSET1 v) T
LoapVrT
STOREr T = STOREVT
ACQUIRE T
StoreV (I, v :X 7) = sw (REG2 v) (OFFSET2 v) heap
sw (REG; v) (OFFSET; v) heap
STOREV T
ACQUIRE r = mv 7 heap (L, b, I3 fresh)

lw heap O heap
beq heap %0 i
sw x0 Or
ik
li : mv heap todo
1w todo O todo
beq todo x0 I3
sw x0 O heap
ERASEFIELDS heap
bk
l3 : addi todo heap 32
I :

RELEASE = 1w temp O 7 (h, & fresh)
beq temp x0 [
addi temp temp -1
sw temp O r
SHAREFIELDS 7
ik
li : sw heap O 7
mv heap r

I :

Figure 8.3: Auxiliary definitions for the translation (continued).
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We translate the usage of a constructor or destructor bound to variable v (switch) to a jump
instruction that adds the second register of v to the address of a jump table [ and then jumps
to the resulting address. Since that value is exactly the index in the signature multiplied by 4,
the jump ends up at the entry of the jump table for that tag. The jump table is labeled with a
fresh label and consists of one entry for each branch, and each entry is a jump to a fresh label
for the corresponding branch. We translate each branch first to the corresponding label, then to
loading the environment I';, and finally the translation of the branch statement, as can be seen
in the definition of JTABLEB (Figure 8.3). When loading the environment, the corresponding
memory block is released. To do so, RELEASE first checks whether its reference count is zero.
If this is the case, the memory block is prepended to the linear free list pointed to by heap.
Otherwise, there is a reference from somewhere else. Then, the reference count of the block
is decremented and its fields are shared since there is now an additional reference to them in
the registers they are loaded into. Sharing the fields requires loading them into registers, so
to avoid loading the fields twice, we could also share each field only after it has been loaded
anyway, and we do so in our implementation (making LOAD and STORE a little less dual than
in Figure 8.3).

Dually to the creation of a constructor or destructor, we translate the creation of a closure
with create to a virtual table [, which is placed right after the code for the remaining statement.
Before the code of the remaining statement, we store the closure environment I'g to memory,
which moves the address of the corresponding memory block into the first register of the closure.
We then load the address of the virtual table into the second register. For the virtual table, we
translate each branch to first load the closure environment I'g and then execute the translated
statement.

The usage of a closure v with invoke is translated to an indirect jump to the address in the
second register of v, adding the index of the constructor or destructor. Restoring the closure
environment is taken care of at the destination. The arguments of the constructor or destructor
are already in the corresponding registers, as ensured by our typing rules.

8.4.1 Section Summary

AxCut serves as a bridge between classical sequent calculus and machine code. In this section,
we have presented a direct translation from AxCut to RISC-V. AxCut supports, in addition to
algebraic data types, also control effects and codata types. Yet, the generated code does not
require any runtime system. In the next section, we describe our implementation and present
benchmarks.
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O Evaluation

In the previous chapters, we have described the full compilation pipeline from the surface
language Fun, via the sequent-calculus-based intermediate representations Core and AxCut,
down to machine code. In this section, we briefly discuss our Rust implementation of the
compilation pipeline (Section 9.1), and report benchmarking results (Section 9.2). The Rust
implementation of the compiler described in this thesis is available at Miiller et al. (2025a). The
benchmarks are available at Miiller et al. (2025b). We conclude with the discussion of related
work in Section 9.3.

9.1 Implementation

We have implemented the full compilation pipeline in Rust®. We parse a textual representation
of the surface language Fun and perform simple typechecking during which we instantiate all
type parameters in type declarations with monomorphic types, as described in Section 6.1.
The implementation of the compilation pipeline mostly follows the descriptions in the previous
sections. We first translate the typechecked programs into the intermediate language Core, then
perform the focusing and shrinking transformation, before translating into AxCut. The main
difference from the presentation in Chapter 7 is that we translate into the unified syntax of
AxCut before performing the linearization pass on that non-linearized version. Moreover, the
implementation uses a fully one-sided version of AxCut. Both of these differences are minor.

Our implementation not only generates code for RISC-V, but also supports compilation to
x86-64 and AArch64. Both of these work in a very similar way. In fact, most of the logic
of code generation is performed in an abstraction layer, and the different backends mainly
implement the details in which they differ. The implementation currently neither performs
register allocation nor does it perform any optimization passes. Moreover, register and memory
layout could be improved significantly.

RISC-V

The implementation of the translation to RISC-V closely follows the presentation in Chapter 8.
The main difference to the code presented there is that we use the slightly more performant
version for loading and sharing fields of memory blocks we have described. For the RISC-V
backend we have currently not implemented any platform-dependent plumbing to turn the
generated assembly code into a complete routine that can be executed.

x86-64

The code we generate for x86-64 is again very similar to the translation in Chapter 8. However,
since we want to create an executable to run on a Linux system, we emit code for the Yasm
Assembler?, a more performant rewrite of the Netwide Assembler (NASM)!°. The emitted code
also contains the plumbing which turns it into a callable assembler routine. We then use the
object code generated for this assembler routine by Yasm and link it with a tiny driver program
written in C that gathers command-line options, allocates memory that can be used by the

8https://www.rust-lang.org
Shttps://github.com/yasm/yasm
Ohttps://nasm.us
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routine, and calls the routine with these arguments. We also link it with a tiny runtime that
currently only implements simple C functions for printing integers, but can be extended in the
future. In general, the instructions for x86-64 are different from those for RISC-V, of course.
However, we only use a small subset of basic instructions (like, mov, add, jmp, cmp, etc.), so
that the differences for the translation are minor. Still, one practically important difference is
that in x86-64 there are only 16 registers compared to 32 registers in RISC-V. To allow for more
than six variables to be live at the same time, we spill variables onto the stack, which we do
not use for any other purpose.

AArch64

We can moreover generate code for AArch64, again in a very similar way. We emit code that
can be processed by a standard assembler such as the GNU assembler!!. Using the same C
driver and runtime as for x86-64, the resulting executables can be run on a Linux system and
have also been tested on an Apple M1. Even though there are 32 registers on AArch64, we have
also implemented spilling for variables in this backend, since we have found that in some larger
programs it can still be too restrictive to allow for at most 14 variables to be live at the same
time.

9.2 Benchmarks

To evaluate the performance of the code produced by our compilation pipeline, we have imple-
mented a benchmark suite consisting of a considerable number of programs of varying size. We
compare the programs written in our surface language Fun with a selection of industrial and
research languages. All benchmarks were conducted on a 9th Gen Intel(R) Core(TM) i5-9500
running Arch Linux. The running times were measured using the command-line benchmarking
tool hyperfine'?, which we configured to perform 3 warmup runs before taking the measure-
ments. Since many of our benchmark programs are highly recursive and we run them on large
inputs, we have increased the default stack size to avoid overflowing the C call stack. While our
approach does not make use of the call stack, we had to allocate a sufficiently large amount of
heap space at the beginning of the programs in our compiler, as our implementation currently
does not dynamically demand more memory from the operating system.

Systems

We compare the running time of a range of different systems with the implementation of our
compilation pipeline: SML/NJ, MLton, OCaml, Koka, Effekt, and Rust. These systems have
been chosen for their different implementation strategies of data and functions, usage of the run-
time stack, optimizations, and memory management. For each of them, we manually translated
programs into the respective language.

SML/NJ* (110.99.8) is a compiler for Standard ML (Milner et al., 1997) that uses an inter-
mediate representation based on continuation-passing style (Appel, 1992) and directly generates
machine code from it after applying several transformations and optimizations. Being based on
CPS, it does not generally make use of the runtime stack. It uses copying generational garbage
collection.

MLton'* (20210117) is an optimizing whole-program compiler for Standard ML. It uses a
sequence of intermediate representations and directly generates machine code from the last one.
It uses generational garbage collection with a mix of copying and mark-compact.

Uhttps://wuw.gnu.org/software/binutils/
Phttps://github.com/sharkdp/hyperfine
Bhttps://wuw.smlnj.org
Yhttp://mlton.org
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9.2 Benchmarks

OCaml® (5.3.0) directly generates machine code (with ocamlopt) from its intermediate
representations, but does not perform too many optimizations. It uses generational garbage
collection, with a mix of copying and mark-and-sweep.

Koka'® (Leijen, 2014) (3.2.2) generates C code (Xie and Leijen, 2021) and invokes a C com-
piler to generate machine code. It uses garbage-free reference counting (Reinking et al., 2021)
and optimizes programs to use in-place mutation and tail-recursion modulo cons (Lorenzen
et al., 2023). We have invoked it with full optimizations (i.e., -02).

Effekt!” (Brachthiuser et al., 2020) (0.45.0) generates LLVM'® code (Muhcu et al., 2025) and
invokes the LLVM toolchain to optimize programs and generate machine code. Similar to Koka,
it also uses garbage-free reference counting, and LLVM performs significant optimizations.

Rust (1.89.0) also generates LLVM code and invokes the LLVM toolchain to optimize pro-
grams and generate machine code. It uses a mix of linearity and borrowing (Weiss et al., 2021)
for garbage collection. It also features opt-in reference-counted references, which we use in some
benchmarks to get shareable data structures for better comparison. Similar to Koka, we have
invoked it with full optimizations (i.e., --opt-level=3).

All of these compilers perform optimizations to varying degrees, while our compilation pipeline
for Fun does not perform any of them. Still, as some of the compilers might rely on optimiza-
tions to ensure good code quality, we have decided to run them with optimizations enabled.
The goal of these benchmarks is thus not to show raw performance, but to demonstrate that
the implementation of our approach actually works and is comparable to existing compilers
when it comes to performance.

Programs

Table 9.1 lists the benchmark programs for which we have measured the running times, along
with short descriptions and the arguments used to run them. For all programs but Fish, the
first argument is the number of iterations, i.e., how often the main part of the program was
executed in one run. Most of the benchmark programs are taken from the Manticore benchmark
suite’® (marked with %) and a few are taken and adapted from Haskell’s NoFib suite (Partain,
1993; Chen and Parreaux, 2024) (marked with ). We have chosen those programs from these
suites that can be implemented with the features we currently support in Fun, leaving out
programs that need features like floating point numbers, strings, and more general 10. The
limited amount of features is not fundamental, however, and we plan to add support for more
features in the future. The benchmark programs are complemented by a few micro benchmarks
we wrote ourselves (Schuster et al., 2025b).

The programs vary in size, from just a few lines to several hundred lines of code. They allow
us to measure several different aspects of (functional) programming languages, such as pushing
and popping stack frames via recursion, first-class functions and indirect calls, allocation and
deallocation of data types, linear and non-linear usage of data types, returns to pattern matching
contexts, and also loops and operations on integer values. We believe that together these
programs provide a good spectrum for assessing the performance of various language features.
None of these programs uses advanced control flow features like exceptions or control operators,
which we measure and report separately in Section 9.2.

Results

Figure 9.2 and Figure 9.3 show the benchmarking results of the various programs in the different
systems. The figures show the speedup factors of the other systems relative to the implemen-

Bhttps://ocaml.org
https://koka-lang.github.io/koka/doc/index.html
https://effekt-lang.org

Bhttps://1lvm.org
https://github.com/ManticoreProject/benchmark
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Program Arguments Description

Ack* 4,3, 10 The Ackerman function

Boyer 2,9 The Boyer constraint solver

Constraints' 1,6 Tolmach and Nordin’s constraint solver
Cryptarithmif 1,1 Cryptarithm solver

Deriv* 1000000, 5, 7 Symbolic differentiation

Divrec* 1000, 20000 Recursively calculates division by 2
EraseUnused 1, 10000 Calculates N by needlessly allocating linked lists
Evenodd* 10, 20000000 Recursively calculates if the input is even or odd
FactorialAccumulator 1, 10000000 Calculates the factorial with a magic constant
Fib* 1, 39 Calculates Fibonacci numbers

TailFib* 10000000, 44 Calculates Fibonacci numbers with tail recursion
Fish' 150 Generates lines for a fractal image

Geal 10, 400 Calculates the greatest common divisor
Integer! 1, 4500001 Integer operations (x,+,...) on ranges
IterateIncrement 1, 100000000 Computes N using higher-order functions

Less! 400 Hirschberg’s LCSS algorithm

Life* 1, 800 Simulates the Game of Life

LookupTree 1, 10000000 Calculates N by creating a binary tree
Motzkin* 1,20 Calculates Motzkin numbers

MatchOptions 1, 10000000 Computes N using a chain of pattern matches
Merge* 500, 50000 Creates two lists and merges them

Minimax* 1 Solves Tic-Tac-Toe with the Minimax algorithm
Nqueens* 1,11 Solves the Nqueens problem

Perm* 1,3,9 Calculates permutations of lists

Primes™ 10, 20000 Implements the Sieve of Eratosthenes

Sudan* 1000000, 2, 2, 2 Calculates the Sudan function

SumRange 1, 10000000 Sums a range of numbers

Tak* 1000, 21, 20, 11 Calculates the Takeuchi function

Takl* 100, 21, 20, 11 ~ Tak using lists to encode natural numbers
Cpstak® 100, 21, 20, 11  CPS-transformed Tak

Table 9.1: Used arguments and descriptions of benchmark programs. Those marked with * are
from Manticore, those marked with  are from NoFib, those without a mark are our
own micro benchmarks.
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tation of our compiler, which serves as the baseline. Thus, values greater than 1 mean shorter
execution times, i.e., the other system performs better. We have chosen a logarithmic scale,
since for some programs the speedups (or slowdowns) are rather large. In particular, this is
the case for IterateIncrement where Effekt, Rust, and Koka optimize the program to be con-
stantly under the measuring threshold, independent of the used argument. The same is true
for the Rust version of MatchOptions.

1070.4 4
1070.3 4
1070.2 4

1070.1 4

SML/NJ Effekt OCaml Rust Koka MLton

107-0.1

107-0.2

Figure 9.1: Geometric means of relative performance results on a logarithmic scale.

In general, we can see that even though the implementation of code generation for our com-
pilation pipeline itself is fairly simple and we do not perform any optimizations, running times
are comparable with state-of-the-art compilers. However, we can also see that compile-time
optimizations make a significant difference. This is also visible when looking at the geometric
means of the relative speedups for the different languages over all benchmark programs shown
in Figure 9.1.

MLton, which is specifically designed to optimize functional language features aggressively,
exhibits the highest mean speedup (roughly factor 2.32) and is also faster than our compiler
for almost all programs, though to a somewhat varying degree.

Koka, which also performs several optimizations specifically for functional programs but in
addition relies on a state-of-the-art C compiler for lower-level optimizations, exhibits a signifi-
cant mean speedup (roughly factor 1.69) as well. Its speedups across the individual programs
vary a bit more though, with some programs also being slower than the code produced by our
compiler.

The same is true for Rust (roughly factor 1.66), which, however, puts significantly less focus
on optimizing functional features like first-class functions or linked lists used by many programs,
and we do not go to great lengths to avoid cloning, so a smaller speedup is to be expected.
We note though, that for Deriv we used vectors from Rust’s standard library instead of linked
lists, since otherwise the performance is unreasonably slow. It should also be noted that Rust
drops the whole memory allocated before the program ends, while the memory management
of the other languages in principle allows leaving the cleanup of allocated memory to the OS
after the end of the program. This can make a significant difference in some programs, such as
EraseUnused.

OCaml optimizes much less aggressively, and consequently exhibits a significantly smaller
mean speedup (roughly factor 1.17). This is, however, exacerbated a bit by three negative
outliers in our micro benchmarks (LookupTree, MatchOptions, SumRange), in which OCaml
performs considerably worse. These outliers are likely due to the garbage collector not being
properly tuned for such use cases.

They are even worse for SML/NJ, which in the mean generates considerably slower code
compared to our compiler (roughly factor 0.55), but across the programs has a more varied
performance. Its compilation approach using a CPS-based intermediate representation is the
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Figure 9.3: Relative performance results on a logarithmic scale (M-Z).

one that is probably closest to our approach among the compilers we compare against, so we
deem the results to be particularly interesting. This also shows that while the mean gives a
rough indication of performance, it should be interpreted with some care.

The mean performance of Effekt is quite close to that of our compiler (roughly factor 0.93).
To support tail calls and control effects, like our compiler, Effekt does not make significant
use of the C call stack. However, in contrast to our implementation, Effekt supports a more
general form of delimited continuations, as do Koka and OCaml. Effekt’s calling convention
and memory management currently seem to come with an overhead in some benchmarks.

The programs in all languages are written in such a way that all implementations are as close
to each other as possible. For some languages, in particular Rust and Effekt, more idiomatic
versions would likely be considerably more performant. That said, we expect that the results
for our compiler will significantly improve once we implement optimizations, increasing the
competitive ability of our approach further. We leave exploring optimizations to future work.

Programs with Control Operators

To assess the performance of control operators, we have further implemented variations for a
few of the above benchmark programs, also taken from the Manticore suite. All of them are
recursive, often highly so. They only differ from the original versions in that they unnecessarily
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Figure 9.4: Relative performance results on a logarithmic scale for Goto-benchmarks.

use control operators in a few places with the goal of measuring the overhead they cause.
We measure them separately and do not factor them into the geometric means, because the
languages we benchmark against wildly vary in what control operators they support, making
them less comparable.

In our surface language Fun, we use the label and goto constructs, which is why we have
added the suffix Goto to the names of the original versions. In the Goto-versions, we insert a
label around the initial call of the function computing the result and then pass the captured
consumer to the call. The functions thus all receive an additional consumer argument, which
they invoke instead of returning normally. Except for recursive tail calls, we insert another
label around each function call, capturing the current consumer and passing it to the call,
that is, all functions still return to the same context as in the original version and there is no
short-cutting. The only exception to this scheme is EvenoddGoto, where only one of the two
mutually recursive functions receives an additional consumer argument, while the other keeps
returning normally.

In the other languages, we have used different control operators. In SML, i.e., for SML/NJ
and MLton, we have used callcc and throw, since they have essentially the same semantics as
label and goto and hence are mostly comparable. In OCaml we have used exception handlers.
In place of label, we insert an exception handler handling raised exceptions in a trivial way, and
instead of invoking a consumer, we raise an exception to model returns. The functions thus of
course do not receive an additional argument. In Koka and Effekt we use effect handlers to model
exception handlers. Rust has no direct support for control operators. One possibility would be
to write the program in monadic style with the Result type, which results in programs with
roughly the same performance as the original ones. This is quite different from using control
operators, however, so we have chosen not to include them in the comparison. Another option
would be to raise unwinding panics and catch them. This mechanism is not intended to be used
as a general exception mechanism, however, and it is quite slow, so we have not included these
versions either.

Figure 9.4 shows the results for the Goto-benchmarks. We can see that the relative per-
formance with respect to our compiler has degraded for all other systems when comparing
with the relative performance for the original versions, but to varying degrees. For SML/NJ
and OCaml, the relative performance has not degraded too much, with the exception of the
EvenoddGoto-benchmark, where it has degraded dramatically. OCaml’s exception handlers are
rather fast and SML/NJ’s approach using continuation-passing style is well-suited for imple-
menting callcc. The reason why EvenoddGoto is such an outlier is likely because the nesting
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depth of control operators in it is particularly high (several millions) compared to the other
programs (several thousands for AckGoto and a few tens for the others). MLton, in contrast,
is much less well-tuned towards using callcc, and its relative performance has dropped rather
strongly. For EvenoddGoto, MLton’s performance was even too slow to measure it. The rel-
ative performance of Koka and Effekt has also degraded significantly, with Koka having the
strongest decline. This shows that the considerably more powerful effect handlers are more
difficult to implement efficiently, and potentially also block further optimizations. Notably, the
relative performance of Effekt and Koka for EvenoddGoto also dropped more than for the other
programs, but not as dramatically more as for OCaml and SML/NJ. This indicates a good
performance scalability of effect handlers in Koka and Effekt. In general, while the comparison
here is not quite fair because the control operators in the languages differ in their expressiveness
and the examples are somewhat artificial, the partly orders-of-magnitude advantage of our com-
piler over the other approaches is an encouraging indication that our technique is particularly
well-suited for implementing control operators.

0.3 Related Work

We discuss term assignments for classical sequent calculus, which our intermediate representa-
tions are explicitly based on. After a brief discussion of codata types and control operators,
we compare our systems with other kinds of intermediate representations that are most closely
related.

9.3.1 Term Assignments for Sequent Calculus

Curien and Herbelin (2000) present the Apji-calculus as a term assignment for Gentzen (1935a,b)’s
classical sequent calculus LK. They introduce the three syntactic categories of terms, contexts,
and commands (which we call statements) and lay the foundation for other term assignments
for classical sequent calculus. They only consider the logical connective of implication and
globally fix the evaluation order to be either call-by-value or call-by-name.

Wadler (2003) presents a similar term assignment for LK, the dual calculus, where contexts
are called coterms and commands are called statements. The dual calculus is based on conjunc-
tion, disjunction, and negation instead of implication. It also fixes a global evaluation order, but
is designed to make the duality between call-by-value and call-by-name obvious. This duality
had already been observed before by Filinski (1989).

Zeilberger (2008) explains a symmetric logical system of proofs and refutations, introduces a
term assignment for it, and relates the logical concepts of polarity and focusing to the evaluation
order within programs. He uses daimons (Girard, 2001) for external effects and explicit substi-
tutions for structural rules. His system does not a priori allow for variables that stand for pairs,
but he shows that this is admissible. His system features logical connectives, including logical
shifts that mediate between call-by-value and call-by-name, but does not allow for user-defined
data and codata types. The approach of relating the polarity of types to evaluation orders
and using shift connectives to mediate between them is discussed in more detail by Zeilberger
(2009) and Munch-Maccagnoni (2009, 2013).

Downen (2017) has devoted an entire thesis to bringing the duality inherent in sequent calculi
into the world of programming languages by providing various term assignments for symmetric
logical systems. Our work is based on many of his insights. Many of these have been published
independently, for example, symmetric user-defined data and codata types (Downen and Ariola,
2014), a tutorial explaining a computational interpretation of classical logic via focusing (Dow-
nen and Ariola, 2018), and how to mix call-by-value and call-by-name for arbitrary data and
codata types within the same program (Downen and Ariola, 2020).

Ostermann et al. (2022) present a fully symmetric calculus, which has not only left and
right introduction rules like sequent calculi, but also left and right elimination rules. They list
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these for a large number of positive and negative logical connectives and their duals. They
explain how elimination forms can be recovered from opposite introduction rules using their
core language constructs of axiom, cut, and activations, i.e., y- and fi-abstractions.

9.3.2 Codata Types

Codata types were originally invented by Hagino (1989). They had the most success in proof
assistants such as Agda, where they help circumvent certain technical problems that arise when
trying to model coinductive types. Copattern matching as a way to create producers of codata
types was popularized by Abel et al. (2013), although the basic idea of the concept had been
around before that, see, e.g., Zeilberger (2008). But probably the best starting point to learn
more about codata types is an article written by Downen et al. (2019).

9.3.3 Control Operators and Classical Logic

The label/goto construct that we are using in Fun is an example of control operators for unde-
limited continuations, of which Landin’s operator J (Thielecke, 1998; Felleisen, 1987; Landin,
1965a) likely is the oldest. Their translation into Core uses p-abstractions, which are also a
form of control operator that was originally introduced by Parigot (1992) before it became a
part of the Apjfi-calculus of Curien and Herbelin (2000). Control operators have an important
relationship to classical logic via the Curry-Howard isomorphism. This relationship was discov-
ered by Griffin (1989); a more thorough introduction can be found in Sgrensen and Urzyczyn
(2006).

9.3.4 Intermediate Representations

Compiling programming languages via continuation-passing style is a long and ongoing tradi-
tion (Steele, 1978; Appel, 1992; Kennedy, 2007). In continuation-passing style, functions ex-
plicitly call their continuation instead of returning to their implicitly available calling context.
Our approach is more general in that our intermediate languages allow for multiple arbitrarily
structured explicit contexts. This subsumes, for example, double-barreled continuation-passing
style for implementing exceptions. We can mix different such calling and returning conventions
within the same program. Finally, our contexts are fully first-class, following classical sequent
calculus.

Appel (1992) describes the full compilation pipeline of the SML/NJ compiler, which uses
CPS as intermediate representation. While SML does support control operators for unde-
limited continuations, just as we do, it does not exhibit general codata types nor different
evaluation strategies. The structure of Appel (1992)’s pipeline is somewhat similar to ours.
After translating from the typechecked surface language into CPS, it includes transformations
for closure conversion, which have later been improved upon (Shao and Appel, 2000), and for
register spilling. This ensures that every variable can directly correspond to a register. The
transformed representation is then compiled to an abstract machine that is fairly close to ma-
chine code and from which several different platforms can be targeted, although there also is
an alternative LLVM backend by now (Farvardin and Reppy, 2021). Our treatment of closures
is quite a bit simpler since we use flat closures with two registers to represent them and we do
not support recursive closures directly, although we can easily express the latter using top-level
functions. We have no transformation for register spilling, since we simply spill variables that
do not fit into registers to the stack, which we do not use for other purposes (except calling
runtime functions) anyway. The runtime of Appel (1992)’s system includes a tracing garbage
collector, while we use a lazy constant-time reference counting scheme, facilitated by our use
of explicit substitutions. Moreover, (Appel, 1992) performs register allocation and extensive
optimizations, which we also plan to do in the future.
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An alternative to continuation-passing style is A-normal form (Sabry and Felleisen, 1992;
Flanagan et al., 1993). The result of every non-trivial computation is bound to a variable,
which facilitates code generation. For the same reason, we bind every non-variable expression
and context to a (co)variable. While continuation-passing style and A-normal form syntactically
fix the evaluation order, this is not the case for our focused language, where the evaluation order
is determined by how critical pairs are resolved. We only do so during our shrinking pass, based
on the polarity of types. Thus, after shrinking, and in particular in the AxCut language, the
evaluation order is syntactically explicit.

Leiffa et al. (2015) present an intermediate representation where, unlike in lambda-lifted
representations, there are no scopes and top-level definitions do not receive parameters. Rather,
the nesting of scopes follows from the use of variables. With our explicit substitutions in
AxCut, we can similarly view our top-level functions as not taking parameters, but instead
being annotated with the free variables they assume to be present.

Maurer et al. (2017) and Cong et al. (2019) each present an intermediate representation with
some form of control operator that reifies the current context and gives a name to it. In both
of these works, the use of this name is restricted and it is not first-class. In contrast, we can
give names to arbitrary contexts and use them in unrestricted ways. Moreover, our notion of
context is more general and goes beyond returning to it with an argument.

Downen et al. (2016) present an intermediate representation that is explicitly based on se-
quent calculus. However, being in the context of the GHC Haskell compiler forced some design
decisions in order to maintain a direct correspondence to the existing intermediate representa-
tion of Haskell. In particular, consumers are restricted in order to keep the system pure. The
authors write:

However, it still remains to be seen how an unrestrained, and thus more cohesive
and simpler, classic sequent calculus would fare as the intermediate language of a
compiler.

Our work can be seen as the first part of answering this question.
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In this thesis, we have presented two different ways how explicit consumers can be used in the
compilation of functional programming languages. Explicit consumers enable complex non-local
control flow without the need for runtime support. They make the control flow of programs
explicit, and thus enable optimizations by simple inlining and reduction that are difficult to
achieve otherwise, in particular in the presence of non-trivial control flow.

Back to Direct Style

Continuation-passing style is a well-studied example of a system with explicit consumers, namely
continuations. Its use as a compiler intermediate language has been long established. However,
CPS also comes with downsides. In particular, it does not make use of the call stack provided
by many platforms and instead allocates stack frames on the heap, which can lead to worse
performance. A translation back to direct style opens up the possibility for a compiler to get
the best of both worlds by translating programs into CPS, transforming them there, and then
translating back to DS. We have taken an important step in this direction with the design of a
DS translation satisfying many properties that are important to make it usable in a compiler.
In particular, it never inserts unnecessary control operators or duplicates code, and it works
on the full language. Still, it is possible to make different design choices for the insertion of
control operators. We have designed our translation to fit particularly nicely with our abstract
machine. From a compiler perspective, it would be useful to also consider reduction theories for
our calculi, in particular, to be able to reason better about optimizations in the CPS language.

There are several interesting directions for future work. While our basic calculi are quite
minimal, we have also discussed potential solutions for extensions with features like condition-
als and data and codata types, which should be investigated further. Another important future
direction is to extend our approach to languages featuring more powerful delimited continua-
tions, facilitating, e.g., the application of the translation for the compilation of effect handlers.
A promising idea is to adapt our calculi and translations in such a way that they can be iterated,
thus supporting the whole CPS hierarchy. It would also be interesting to consider partial trans-
lations back to direct style that leave the parts of the program exhibiting non-trivial control
flow in CPS. This would avoid the need for the support of control operators, while still having
some of the benefits of executing programs in direct style. Yet another interesting consideration
is the interaction of continuations with local mutable state. A CPS language might use some
sort of state passing and a translation back to direct style might then try to restore the use of
native local mutable state where possible.

Compiling with the Sequent Calculus

CPS is not the only possibility for an intermediate language with explicit consumers. Languages
based on classical sequent calculus take the idea of explicit consumers even further by making
them symmetric to producers, thus exposing the structure of consumers in the same way as
for producers. This makes such languages a promising alternative to CPS for intermediate
representations. We have presented a full compilation pipeline with intermediate representa-
tions based on classical sequent calculus. We have started with a functional surface language
Fun, exhibiting general data and codata types, as well as control operators for undelimited
continuations, and ended up with machine code for several different platforms. The interme-
diate representation Core, used as target for Fun, is directly based on fully symmetric classical
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sequent calculus. To facilitate code generation, we have identified AxCut as a fragment of this
term assignment for sequent calculus proofs together with a normalization into this fragment.
It serves as a bridge between the logical system and bare-metal machine code. The symmetric
nature of classical sequent calculus naturally facilitates expressing control effects without the
need for a runtime system, and enables a uniform representation of data and codata types. The
high-level structure of the logical system is reflected as invariants imposed on the generated
machine code and its use of registers and memory.

Our benchmarking results are promising, showing that our approach is comparable to so-
phisticated compilers for other languages that produce optimized code, even though our im-
plementation is, as of yet, rather simple and does not perform any optimizations. Similar to
compilers using CPS, we do not make use of the call stack. This is to some degree ameliorated
by having a separate linear free list in our memory management system. It will be interesting
to further investigate the impact on performance once we have implemented optimizations. A
potential avenue for improvements in this regard could be to selectively apply the techniques of
our translation back to direct style for parts of programs that exhibit pure stack-like usage. Fur-
thermore, we believe that the uniform and principled representation of programs, expressions,
and contexts in our sequent-calculus-based intermediate representations not only admits many
standard optimizations but also opens up many new optimizations across various language fea-
tures. It will be particularly interesting to investigate the compilation of high-level features for
structuring interactive programs, such as async/await, coroutines, or effect handlers, via this
compilation pipeline in the future. Finally, we hope that the simplicity of code generation from
AxCut makes an equally simple mechanized proof of its correctness possible.
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