
Twist-3 Distribution Functions in Single Transverse 

Spin Asymmetries 

 

 

 

 

 

 

 

 

 

Dissertation 

der Mathematisch-Naturwissenschaftlichen Fakultät 

der Eberhard Karls Universität Tübingen 

zur Erlangung des Grades eines  

Doktors der Naturwissenschaften  

(Dr. rer. nat.) 

 

 

 

 

 

 

vorgelegt von 

Daniel Marvin Rein 

aus Tübingen 

  

 

 

 

Tübingen 

2025 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Gedruckt mit Genehmigung der Mathematisch-Naturwissenschaftlichen Fakultät der 

Eberhard Karls Universität Tübingen. 

 

 

Tag der mündlichen Qualifikation:  16.03.2026 

Dekan: Prof. Dr. Thilo Stehle 

1. Berichterstatter: apl. Prof. Dr. Marc Schlegel 

2. Berichterstatter: Prof. Dr. Werner Vogelsang 

3. Berichterstatter: Prof. Dr. Alessandro Bacchetta 



Abstract

Single-spin asymmetries (SSAs) in the scattering of leptons off transversely polarized nucleons
are studied across several final states, with a particular focus on single-inclusive processes. Fully
analytic expressions for the spin-dependent cross sections are derived within collinear twist-3 fac-
torization. The calculations are performed at next-to-leading order (NLO) accuracy in perturba-
tive Quantum Chromodynamics (pQCD) for single-inclusive hadron production (�N↑ → hX), jet
production (�N↑ → jetX) and photon production (�N↑ → γX). Moreover, the γSIDIS process
�N↑ → �′γX is also considered, i.e. photon production in semi-inclusive deep inelastic scattering.

Within the employed collinear twist-3 factorization approach, results are expressed in terms
of twist-3 multiparton correlation functions, which describe either parton distributions inside a
transversely polarized nucleon or fragmentation into an observed hadron. The present analysis
focuses exclusively on the former, as only these distribution-type twist-3 functions contribute to
the transverse SSA in jet and photon production. For hadron production, twist-3 fragmentation
effects would also enter, but are not included here.

For the single-inclusive processes, the results derived in this work establish the validity of
collinear twist-3 factorization at one loop. The calculation reflects the typical complexity associated
with higher-twist observables, including the appearance of derivative terms of the twist-3 functions.
Each process exhibits unique features that render it particularly informative for probing twist-3
multiparton distribution functions. For hadron and jet production, the analytic results confirm that
the entire support in the longitudinal momentum fractions x, x′ of the qgq distribution functions
F q and Gq is accessed. This is also true for single-inclusive photon production, which introduces
additional, less-studied twist-3 distribution functions. The distinctive aspect of the γSIDIS process
is its ability to scan the x, x′ support of F q and Gq point-by-point.

To enable numerical predictions, a realistic model for these functions is constructed building on
the Sivers transverse-momentum–dependent parton distribution function (TMD) f⊥,q

1T . Based on
this model, an exploratory phenomenological analysis of the transverse SSA is conducted for the
kinematics of a future Electron-Ion Collider (EIC), and a comparison is made to HERMES data for
single-inclusive pion production (ep↑ → π±X). The NLO corrections are found to be significant
for both hadron and jet production, and all four processes are shown to be highly sensitive to
the functional form of the twist-3 distribution functions F q and Gq. Furthermore, regions in EIC
phase space where the γSIDIS asymmetry AγSIDIS

UT becomes particularly sizeable are identified.
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Kurzfassung

Die vorliegende Arbeit untersucht Einfach-Spin-Asymmetrien bei der Streuung von Leptonen an
transversal polarisierten Nukleonen für verschiedene Endzustände. Dabei liegt der Fokus insbeson-
dere auf einfach-inklusiven Prozessen. Vollständig analytische Ausdrücke für die spinabhängi-
gen Wirkungsquerschnitte werden innerhalb der kollinearen Twist-3-Faktorisierung hergeleitet.
Die Berechnungen erfolgen zur Genauigkeit der nächstführenden Ordnung in der perturbativen
Quantenchromodynamik für einfach-inklusive Hadron-Produktion (�N↑ → hX), Jet-Produktion
(�N↑ → jetX) und Photon-Produktion (�N↑ → γX). Darüber hinaus wird auch der γSIDIS-
Prozess betrachtet, die Photon-Produktion in semi-inklusiver tief-inelastischer Streuung.

Innerhalb der kollinearen Twist-3-Faktorisierung werden Ergebnisse durch multipartonische
Twist-3-Korrelationsfunktionen ausgedrückt. Diese beschreiben entweder die Verteilung von Par-
tonen im transversal polarisierten Nukleon oder die Fragmentation in ein beobachtetes Hadron.
Die vorliegende Arbeit behandelt dabei ausschließlich Ersteres, da nur die Verteilungsfunktionen
in Twist-3 zu den Spin-Asymmetrien bei der Jet- und Photon-Produktion beitragen. Bei der Pro-
duktion von Hadronen würden auch Twist-3-Fragmentationseffekte eine Rolle spielen; diese werden
hier jedoch nicht berücksichtigt.

Für die betrachteten einfach-inklusiven Prozesse zeigen die Ergebnisse dieser Arbeit, dass die
kollineare Twist-3-Faktorisierung auf Ein-Schleifen-Niveau gültig ist. Dabei zeigt sich auch die
typische Komplexität von Rechnungen in höherem Twist, insbesondere durch das Auftreten von
Ableitungstermen der Twist-3-Funktionen. Jeder Prozess hat gewisse Eigenheiten, die ihn beson-
ders geeignet machen für die Untersuchung von Verteilungsfunktionen in Twist-3. Die Ergeb-
nisse für Hadron- und Jet-Produktion zeigen, dass der gesamte Träger der qgq-Funktionen F q, Gq

bezüglich der longitudinalen Impulsanteile x, x′ abgerufen wird und in die Asymmetrie eingeht.
Dies gilt auch für die Photon-Produktion, welche zusätzlich noch weitere, bisher kaum erforschte
Twist-3-Verteilungsfunktionen einführt. Ein charakteristischer Aspekt des γSIDIS-Prozesses ist,
dass er die Möglichkeit bietet, den x, x′-Träger von F q und Gq Punkt für Punkt zu untersuchen.

Um numerische Vorhersagen zu ermöglichen, wird ein realistisches Modell dieser Funktionen
konstruiert. Es greift zurück auf erste Extraktionen der transversalimpulsabhängigen Parton-
verteilungsfunktion f⊥,q

1T (Sivers-Funktion). Basierend auf diesem Modell wird eine phänome-
nologische Analyse der Einfach-Spin-Asymmetrie durchgeführt – sowohl für die Kinematik eines
zukünftigen Electron-Ion Collider (EIC) als auch zum Vergleich mit HERMES-Daten zur einfach-
inklusiven Pion-Produktion (ep↑ → π±X). Es zeigt sich, dass die nächstführenden Korrekturen
einen signifikanten Einfluss auf die numerischen Ergebnisse für Hadron- und Jet-Produktion haben
und dass die Vorhersagen für alle vier Prozesse in hohem Maße von der genauen Form von F q und
Gq abhängen. Des Weiteren werden die Bereiche des EIC-Phasenraums identifiziert, in denen die
γSIDIS-Asymmetrie AγSIDIS

UT besonders groß wird.
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Chapter 1

Introduction

The concept of spin is omnipresent across modern physics and has been a central topic of research
throughout the development of contemporary science. One of the earliest breakthroughs was the
Stern–Gerlach experiment in 1922, which provided definitive evidence for angular momentum quan-
tization and the existence of intrinsic spin in quantum mechanics (see Ref.[1] for a recent review).
Later, the Dirac equation[2] gave a relativistic formulation of one-particle quantum mechanics and
revealed that spin is inherently a relativistic phenomenon and essential for constructing a conserved
total angular momentum.

Further theoretical advances led to the development of quantum field theory (QFT), which
replaces the one-particle view of the Schrödinger and Dirac equations with a framework based on
dynamical quantum fields. QFT is the foundational theory of particle physics and finds applica-
tions in many other fields, including statistical physics, solid-state physics, and condensed matter.
Among its many successes are first rigorous proofs of the spin-statistics theorem (see, for exam-
ple, Refs.[3, 4]) and the prediction of the anomalous magnetic moment of the electron (commonly
referred to as electron g− 2, see Ref. [5] for a modern review and Sec. 2.1.3 for further discussion).

Spin also plays a crucial role in high-energy physics and scattering experiments [6]. Although
early experiments employed unpolarized beams and targets, it has long been possible to polar-
ize both. The spin of particles in a beam or target can be aligned either parallel (longitudinal
polarization) or perpendicular (transverse polarization) to the direction of motion.

Measurements in longitudinally polarized processes, such as those by the European Muon Col-
laboration (EMC) on the helicity structure function of the proton [7], triggered extensive theoretical
and experimental efforts to improve understanding of the proton spin structure [8, 9, 10]. The EMC
revealed that only a moderate fraction of the proton spin originates from quarks, in complete con-
trast to the naive quark model, which attributes the spin entirely to the three valence quarks. This
discrepancy led to what became known as the ”proton spin crisis”[11]. A review of the current
status of this issue can be found in Ref.[12].

The other form of spin alignment is transverse polarization and it has also been accessible in
high-energy collision experiments since the 1970s; it is the central focus of this study. A key observ-
able in this context is the single-spin asymmetry (SSA), where exactly one of the involved particles
(either in the initial or final state) is transversely polarized, while all others are unpolarized. The
SSA is defined as:

AUT =
σ↑ − σ↓

σ↑ + σ↓ , (1.1)

where σ↑(σ↓) denotes the cross section for the configuration of spin up (down) of the polarized
particle.

SSAs have been measured across a wide variety of processes and experimental facilities, includ-
ing:

• Pion production at FermiLab [13, 14]

• Pion production at the Brookhaven Alternating Gradient Synchrotron [15]

• Pion, charged hadron, kaon, (anti-)proton and η-meson production at the Relativistic Heavy
Ion Collider(RHIC) [16, 17, 18, 19, 20, 21, 22, 23, 24]

• Pion and kaon production at HERMES [25]

• Jet production at RHIC [26, 24]
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• Photon production at RHIC [27]

• J/ψ production at RHIC [28]

In practice, experiments often report the analyzing power AN which accounts for incomplete po-
larization and potential luminosity imbalances between opposite spin orientations (cf. Ref. [16]):

PbeamAN =
N↑ −RN↓

N↑ +RN↓ , (1.2)

where N↑(N↓) are the event counts for spin-up (down) configurations, Pbeam gives the beam
polarization, and R = L↑/L↓ is the spin-dependent ratio of luminosities (relevant for polarized
beams but not for polarized final states). Although definitions vary slightly across facilities, these
quantities can be consistently related to each other to enable comparison between theory and
experiment. In this way, one gains insight into the non-perturbative quantities that describe the
structure of (or hadronization to) the involved particles.

Theoretically, SSAs are expected to be suppressed in perturbative QCD (pQCD) [29, 30], as
the numerator in Eq. (1.1) is power-suppressed compared to the unpolarized cross section in the
denominator by the hard scale Q, typically the transverse momentum of the final state particle.
This suppression arises because leading-power contributions to the SSA cancel out. The only
relevant twist-2 parton distribution function (PDF) for a transversely polarized nucleon is the
transversity PDF, which requires a helicity flip for non-zero amplitudes. However, helicity flips
are forbidden in massless QCD, as the perturbative quark–gluon–quark vertex conserves helicity.
Thus, one expects a power suppression by a factor mq/Q with small quark masses mq [29].

Contrary to these expectations, experiments showed an entirely different picture, finding an-
alyzing powers of up to 20% or more for certain pp↑ collisions. This sparked tremendous efforts
to develop a theory framework that can explain these large asymmetries. One such approach is
the collinear twist-3 factorization formalism, which systematically incorporates power-suppressed
contributions beyond leading twist.

In this framework, the (operational) twist t corresponds to a suppression factor (Λ/Q)
t−2

where Λ is a non-perturbative hadronic scale and Q is a large momentum scale. The leading-
power distributions like the aforementioned transversity PDF are of twist-2 (t = 2), i.e. they
have no suppression factor, while the collinear twist-3 formalism is specifically formulated in terms
of power-suppressed quantities of t = 3. These quantities can originate from small transverse
parton momenta, quark mass effects, or multiparton correlations. They may appear as distribution
functions as well as fragmentation functions. In practice, calculations at the twist-3 level are highly
involved, requiring the evaluation of many distinct contributions. This is true in particular for the
pp↑ collisions that were studied in the experiments listed above. Consequently, results are currently
limited to leading order (LO) accuracy [31, 32, 33, 34, 35].

To simplify the theoretical setup, lepton–nucleon scattering offers a cleaner alternative: replac-
ing one hadronic participant with a point-like lepton. This motivates the study of the following
processes in this work1:

• �(l)N↑(P ) → h(Ph)X, single-inclusive hadron production in the collision of leptons off trans-
versely polarized nucleons [36, 37]

• �(l)N↑(P ) → jet(Pj)X, single-inclusive jet production [36, 37]

• �(l)N↑(P ) → γ(Pγ)X, single-inclusive photon production (a future publication is planned,
the unpolarized case was calculated in Ref. [38])

• �(l)N↑(P ) → �′(l′)γ(Pγ)X, the production of photons in semi-inclusive deep inelastic scat-
tering, called γSIDIS [39]

In the three single-inclusive cases, the final-state lepton is unobserved, and the hard scale is set by
the transverse momentum of the observed final-state particle, while for γSIDIS several constraints
related to the momentum transfer Q have to be satisfied for a factorized description.

The single-inclusive processes differ fundamentally from typical deep-inelastic scattering (DIS)
and its semi-inclusive variant (SIDIS), including γSIDIS. The reason is that the virtuality q2

of the photon mediating the interaction between lepton and nucleon is not determined by the
external momenta. This complicates the kinematics, the momentum flow and consequently the

1This thesis is based to a large extent on publications for which the author made a substantial contribution, and
the corresponding references are indicated for each of the processes.
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entire calculation. This study presents the first next-to-leading order (NLO) results for these
single-inclusive processes within the collinear twist-3 formalism. The higher complexity compared
to processes with reconstructed q2 becomes apparent due to the explicit appearance of derivative
terms of the involved twist-3 functions. Because of this, the calculations presented in the following
chapters are conceptually new. They include novel features that are absent in existing NLO results
obtained in the collinear twist-3 formalism, e.g. for DIS (�N↑ → �′X) [40, 41], SIDIS (�N↑ →
�′hX) [42, 43], Drell-Yan (pp↑ → �+�−X) [44, 45] and hyperon production (e+e− → Λ↑X) [46].

The present study explicitly shows the correctness of collinear twist-3 factorization for the
selected single-inclusive processes at NLO, with all divergences canceling as expected. For hadron
production, existing HERMES data [25] for pions (ep↑ → π±X) allows for numerical comparison
with the obtained results. Previous studies [47, 48] reveal discrepancies that necessitate full NLO
analyses. While the results of this thesis can be seen as the first step in this direction, the twist-3
fragmentation effects would also have to be included, which are not addressed here because they
require a different calculational procedure.

Instead, this work focuses exclusively on twist-3 distribution functions. A model is built for the
twist-3 qgq functions F q and Gq in terms of the first transverse moment of the Sivers function f⊥,q

1T .
This enables a first numerical exploration of pion production in both HERMES and projected EIC
kinematics, as well as for jet, photon, and γSIDIS processes. The sensitivity of the numerical results
to the precise selection of model parameters is generally high, making it a promising opportunity
to constrain the model with experimental data.

Importantly, there are no twist-3 fragmentation effects for the latter three processes, so the
results presented here constitute the full NLO prediction. Although no experimental data yet exist
for these reactions, the phenomenological study presented in this work offers strong motivation for
future measurements at the EIC. The processes provide clean access to the twist-3 distribution
functions F q and Gq and probe their full support in longitudinal momentum fractions x, x′. In
addition to that, the γSIDIS process even allows a point-by-point scan of these functions in x and
x′, which is an unprecedented feature.

Ultimately, the goal is to achieve global fits of twist-3 functions at NLO accuracy, incorporat-
ing a diverse range of processes and kinematics. While extensive data exist for pp↑ and heavy-ion
collisions [13]-[28], corresponding NLO calculations in the collinear twist-3 formalism are still lack-
ing. For the processes covered here, the presented results lay the groundwork for such global
analyses when complimented with future experimental data. Overall, the study of transverse spin
observables remains a fascinating research area in the coming years from both the theoretical and
experimental point of view.

The structure of this thesis is as follows:

• Chapter 2 outlines the theoretical framework and calculational methods.

• Chapters 3–5 present detailed analyses of each single-inclusive process.

• Chapter 6 summarizes all analytical results.

• Chapter 7 provides a comprehensive phenomenological study.

• Chapter 8 concludes with a summary and outlook.
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Chapter 2

Formalism

This chapter establishes the general formalism and theory background relevant to this work. It
begins with a brief summary of selected theory concepts that provide the foundation of factoriza-
tion. Next, a precise definition of the single-spin asymmetries (SSAs) considered in the main part
of this work is given. Building on this, the extension of factorization to twist-3 and its application
to SSAs is discussed in detail, and the calculational procedure is presented using explicit examples.

2.1 Theory Background

Before diving into the actual twist-3 formalism, a summary is provided, highlighting some of
the most important theoretical concepts that build its foundation. The section begins with the
parton model established in the seventies by Feynman, Bjorken and Paschos, and then gives a
brief recap on Quantum Chromodynamics (QCD), with a focus on the Lagrangian of the theory.
This is followed by an in-depth discussion of the well-known feature of emerging divergences in
next-to-leading order (NLO) perturbative calculations. Different types of divergences as well as
the regularization method adopted in this work are reviewed. The section is concluded by a more
rigorous refinement of the parton model picture: the so-called factorization theorems. Moreover,
a formal definition is given for the parton distribution functions (PDFs) introduced in the parton
model. These definitions can then be extended to the twist-3 case.

2.1.1 Parton Model

The description of particle collisions including bound states posed a conceptual challenge in the
development of the theoretical tools and methods to compute cross sections for such processes.
The issue is that the underlying theory can typically not be solved exactly to find the explicit form
of the bound states. This is famously the case for Quantum Chromodynamics (QCD)1, the theory
of quarks carrying a color charge and the corresponding gauge bosons mediating their interactions,
the gluons. Quarks and gluons are the building blocks of nucleons and hence of matter in general.
The parton model, pioneered by Feynman, Bjorken and Paschos [53, 54, 55], is the first successful
approach to this challenge. Although the model is not restricted to this case, the following will
focus specifically on nucleons and QCD. The key assumption is that for a high-energy scattering
experiment, the nucleon can be thought of as a collection of quasi-free particles – the partons.
Then, the exchanged gauge boson mediating the interaction would only scatter off a single parton
and all other details of the nucleon can be neglected.

To illustrate this idea, consider a generic particle reaction characterized by a hard momentum
scale Q. This scale might, for example, represent the momentum transfer in the collision, and
”hard” means that it is much larger than a characteristic energy scale Λ of the nucleon, i.e.,
Q � Λ. The typical length and time scales of such a process are ∼ 1/Q � 1 and hence very
small. For example, values above Q = 100GeV are typical for modern accelerator facilities, which
translate to a length scale smaller than 0.01 fm, i.e. only a percent of the proton size [56]. Under
such conditions, the nucleon appears flat, frozen, and unexpected :

• Flat: Due to relativistic length contraction, the nucleon is compressed strongly in the direc-
tion of flight. As the virtual gauge boson ”passes through” it, it effectively ”sees” only one
parton.

1In case of QCD certain properties of the bound states can still be predicted by means of so-called lattice methods,
see Refs. [49, 50, 51, 52]
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Figure 2.1: Illustration of factorization in the parton model. The scattering off a bound state like
the nucleon (left) is approximated by the scattering off a single parton from that nucleon

(right).

• Frozen: Due to time dilation, the interaction among the nucleon’s constituents occurs on a
much longer timescale than the scattering off the single parton. Thus, internal interactions
can be neglected.

• Unexpected: At high energies, the particles move close to the speed of light, and no infor-
mation can be exchanged between them before the collision. The scattering occurs without
any prior interaction.

These arguments justify the approximation of the model, and the partons are assumed to move
collinearly with the nucleon, carrying a fraction x of its momentum. In practice, one computes the
cross section σ̂ for the partonic scattering, weights the result with the probability f i/N (x)dx to
find parton i with momentum xP inside the nucleon N and finally integrates over all momentum
fractions x and sums over all parton species i. Schematically this translates into the following
expression

σ ∼
∑
i

∫
dxf i/N (x)σ̂i(xP ) , (2.1)

where σ is a generic cross section and the probability density f i/N (x) is a so-called parton dis-
tribution function (PDF). PDFs cannot be determined from perturbative calculations since they
describe the non-perturbative structure of the nucleon2. Importantly, the PDFs are universal and
do not depend on the specific process being studied. This universality enables one to perform
global analyses, where theoretical predictions are fitted to experimental data across a variety of
processes and kinematic regions. PDF fitting is an active field and several collaborations regularly
publish their updated data sets, see e.g. Refs. [59, 60, 61].

To further illustrate the concept of the parton model via Feynman diagrams consider the deep-
inelastic scattering (DIS) process, �(l)N(P ) → �′(l′)X, where a lepton scatters off a nucleon.
The nucleon might break up into a collection of unobserved final state particles which are simply
indicated as X with total momentum PX . The scattering off the nucleon is indicated by the blob
in the left panel of Fig. 2.1, while in the parton model one adopts the point of view of the right
panel in Fig. 2.1 where the photon couples to a single quark. In contrast to the nucleon-photon
interaction, the quark-photon case only includes elementary degrees of freedom. Thus it can be
computed perturbatively using the Feynman rules of the theory. A perturbative expansion is
always valid in Quantum Electrodynamics (QED) and, more generally, in the electroweak sector of
the standard model, because the couplings are small. The more subtle point is that perturbation
theory can also be applied to QCD due to asymptotic freedom: the strong coupling αs(μ) is a
running coupling constant, i.e. it is a function of the scale μ. Asymptotic freedom implies that
αs decreases as μ increases. Therefore, at the hard scale Q of the partonic interaction, αs(μ = Q)
is small and a perturbative expansion becomes valid. This key feature of QCD was discovered by

2Nonetheless there are predictions from lattice QCD, see Refs. [51, 57] and for a very recent study making use
of machine-learning techniques Ref. [58]
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Gross, Wilczek, and Politzer in the early 1970s [62, 63] and earned them the Nobel Prize in 2004.
Conversely, αs strongly increases at small scales leading to the confinement of quarks into colorless
bound states called hadrons. The onset of confinement is characterized by the QCD scale ΛQCD

and it is the reason why individual quarks or gluons, or any colored state, cannot be observed in
isolation.

2.1.2 The QCD Lagrangian

Quantum Chromodynamics (QCD) is a centerpiece to this work, and a brief summary of its
formulation is given here. Formally, QCD is a Yang-Mills gauge theory of the special unitary
group SU(3) with Dirac fields in the fundamental triplet representation (cf. Ref. [56]). From a
less formal and instead more physically motivated point of view, QCD is the theory of quarks
and gluons and its Lagrangian is constructed in terms of quark fields qi,a and gluon fields Gα

μ .
Quarks, being spin-1/2 fermions, are described by Dirac spinor fields and i ∈ {1, 2, 3, 4} denotes
the corresponding spinor index, a ∈ {1, 2, 3} the color index and q ∈ {u, d, c, s, t, b} (up, down,
charm, strange, top, bottom) the quark flavor. For the gluon field, α ∈ {1, . . . , 8} denotes the color
index in the adjoint representation and μ ∈ {0, 1, 2, 3}3 the Lorentz vector index. The Lagrangian
is constructed by requiring invariance under the simultaneous, local gauge transformation of quark
and gluon fields

qi,a(x) →
[
e−igωα(x)tα

]
ab

qi,b(x) ≡ Uab(x)qi,b(x)

q̄i,a(x) → q̄i,b(x)
[
e+igωα(x)tα

]
ba

≡ q̄i,b(x)U
†
ba(x)

Gα
μ(x)t

α → −i

g
e−igωα(x)tαDμe

+igωα(x)tα ≡ −i

g
U(x)DμU

†(x) , (2.2)

where q̄ ≡ q†γ0 is the adjoint quark field, g is the strong coupling constant, and the ωα(x) are
real functions of space-time, while the SU(3) generators are denoted as tα. They are related to the
Gell-Mann matrices λα by tα = 1

2λ
α and they obey the commutation relation

[
tα, tβ

]
= ifαβγtγ

with the totally antisymmetric structure constants fαβγ . Moreover, the unitary transformation
matrix U is introduced and the covariant derivative D is defined by its action on the quark field

Dμq ≡
(
∂μ + igtαGα

μ

)
q . (2.3)

The gluon field strength tensor, required for the kinetic term of the gluons, is defined via a com-
mutator of covariant derivatives

Fμν ≡ Fα
μνt

α =
−i

g
[Dμ, Dν ] . (2.4)

With these ingredients, the QCD Lagrangian can be written as

LQCD =
∑

q=u,d,s,...

q̄
(
i /D −mq

)
q − 1

4

(
Fα
μν

)2
. (2.5)

To conclude, a few important remarks on some subtle details are in order:

• Bare quantities: The Lagrangian in 2.5 involves bare, unrenormalized fields, couplings, and
masses − unphysical quantities that still contain divergences [56]. They are related to their
physical counterparts by renormalization, and the basic ideas of this procedure will be dis-
cussed in Sec. 2.1.3.

• Quark masses: Gauge invariance does not strictly require that each quark flavor q appears
with its own mass mq, as in Eq. (2.5). More generally, one could allow a mass matrix m in
flavor space. However, it is always possible to redefine the quark fields such that this mass
matrix becomes diagonal [64], which recovers the above form of the Lagrangian.

• Quantization and gauge fixing: To formulate a quantum field theory, the so far classical fields
in Eq. (2.5) must be quantized. This is typically done using the path integral formalism. The
procedure requires the inclusion of additional, so-called gauge-fixing terms in the Lagrangian.
Faddeev and Popov [65] originally developed this method; a detailed treatment is beyond the
scope of this discussion.

3or μ ∈ {0, . . . , d− 1} in dimensional regularization, see Sec. 2.1.3
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Figure 2.2: Examples of divergent diagrams in a NLO calculation. (top left): Virtual UV and
IR divergence, (top right): Soft emission without a divergence, (bottom left): Soft emission

divergence, (bottom right): Collinear Divergence.

2.1.3 Divergences and Dimensional Regularization

As already elaborated on, the partonic scattering cross section can be calculated in a perturba-
tive expansion. It is well-known and discussed in standard texts such as Refs. [56, 66, 67] that,
starting at next-to-leading order (NLO), various types of divergent intermediate results arise. The
purpose of this subsection is to briefly outline the nature of these divergences and how they can
be regularized. The focus will be on the method of dimensional regularization due to ’t Hooft and
Veltman [68], which is by far the most widely used regularization scheme in practice. Much of the
following discussion draws on Ref. [69].

The first question to address is: What new features appear at NLO that lead to divergences?
There are two types of NLO contributions: virtual loop corrections with unconstrained loop mo-
menta and real corrections with an additional real particle in the final state and correspondingly a
more involved phase space. Across both types of NLO corrections one distinguishes the following
classes of divergences, illustrated by example diagrams in Fig. 2.2

• Ultraviolet (UV) divergences: These arise in loop integrals at infinite loop momentum if the
integrand does not fall off sufficiently fast.

• Infrared (IR) divergences: These occur at the opposite end − when the loop momentum goes
to zero. This can cause a divergence if the integrand contains a massless propagator.

• Soft divergences: A massless final-state particle, such as a photon or gluon, can lead to a
divergence in the phase space integration. This happens in the limit where the particle is
emitted with arbitrarily low energy.

• Collinear divergences: In high-energy processes, fermion masses are often neglected. When
a massless fermion emits a collinear photon or gluon, its propagator goes on-shell, resulting
in a divergence.

Each type of divergence will now be discussed in more detail, starting with the UV divergences
encountered in loop diagrams, such as the top-left diagram in Fig. 2.2.

A generic, four-dimensional loop integral at large momentum may take the divergent form

I ∝
∫

d4k
1

(k2)2
. (2.6)

Here, the integrand falls off too slowly as k → ∞, causing a UV divergence. However, the integral
would converge in less than d = 4 dimensions. Thus, in dimensional regularization, the integral is
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evaluated in a general, continuous number of spacetime dimensions d < 4, not restricted to integers.
In the end, the limit d → 4 is taken only after divergences have canceled. Crucially, dimensional
regularization preserves the symmetries of the theory, such as Lorentz and gauge invariance, which
is one of its major strengths. While the concept of non-integer dimensions is not intuitive, it is
widely applicable in a straightforward way.

Before examining explicit examples, a few general properties and notational conventions are
summarized. An arbitrary d-dimensional integral satisfies the following identities for linearity,
scaling and translations (a, b, c ∈ C)∫

ddk (af(k) + bg(k)) = a

∫
ddkf(k) + b

∫
ddkg(k)∫

ddkf(ck) = c−d

∫
ddkf(k)∫

ddkf(k + q) =

∫
ddkf(k) . (2.7)

In dimensional regularization, momenta become vectors with d components: k =
(
k0, k1, . . . , kd−1

)
.

The same applies to Lorentz tensors and the metric, which satisfies gμνgμν = d. It is convenient to
write the continuous dimension as d = 4−2ε, where ε ∈ R indicates the deviation from the physical
limit d = 4. To avoid confusion between this ε and the iε prescription of Feynman propagators,
the latter is from now on denoted as iδ .

While vectors and tensors are adapted to d dimensions, the Dirac γ matrices and the identity
can be kept 4-dimensional and the standard trace identities remain valid. However, contraction
identities change in 4− 2ε dimensions

γμγμ = (4− 2ε)1

γμγνγμ = −2(1− ε)γν

γμγνγργμ = 4gνρ1− 2εγνγρ

γμγνγργσγμ = −2γσγργν + 2εγνγργσ . (2.8)

The fifth gamma matrix γ5 requires special treatment. The following properties are mutually
consistent for d = 4, but are not compatible for d = 4− 2ε dimensions [70]

{γμ, γ5} = 0

Tr [γ5γ
μγνγργσ] 
= 0

Tr [γ5γ
μ1 . . . γμn ] = Tr [γμ1 . . . γμnγ5] . (2.9)

The original approach of t’Hooft and Veltman, Ref. [68], was to drop the anti-commutation property
of γ5. This aspect of dimensional regularization was later refined by Breitenlohner and Maison,
Ref. [71], and received the name BMHV scheme (or HVBM scheme). Alternative schemes that
maintain an anticommuting γ5 also exist (see Ref. [72]). The BMHV scheme is mathematically
consistent to all orders in perturbation theory, though it has its drawbacks for the treatment of
chiral gauge theories, such as the electroweak sector of the standard model − this is, however,
irrelevant for this work and the BMHV scheme will be used throughout.

The essential idea is that vectors, tensors and also the Dirac matrices γμ are split into a 4-
dimensional and a (d− 4)-dimensional part. For example

kμ = k̄μ + k̂μ , (2.10)

where k̄μ is the 4-dimensional and k̂μ the (d− 4)-dimensional part of a generic vector kμ. The two
parts life in separate subspaces and thus two arbitrary vectors kμ, qμ satisfy

k̄μq̂μ = 0, kμq̄μ = k̄μq̄μ, kμq̂μ = k̂μq̂μ . (2.11)

The fully antisymmetric levi-civita tensor and γ5 are defined as purely 4-dimensional objects, i.e.
γ5 = −i

4 εμνρσγ̄
μγ̄ν γ̄ργ̄σ. The cyclic property of the trace is preserved but γ5 only anticommutes

with the 4-dimensional part of other gamma matrices

{γ5, γ̄μ} = 0 [γ5, γ̂
μ] = 0 . (2.12)

The calculation of Dirac traces for this work has been performed using the Tracer Mathematica
package [73], which implements the BMHV scheme.
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Finally, dimensional regularization also affects the mass dimensions of fields and couplings. In
natural units, the action S =

∫
ddxL is dimensionless, implying

dim(L) = d

dim(q) = dim(q̄) = d−1
2

dim
(
Gα

μ

)
= d−2

2

dim(g) = 4−d
2 = ε

⇒ g → μεg , (2.13)

where the coupling g is redefined to maintain it as dimensionless. Analogously, in QED one
redefines e → μεe for the electric charge.

UV Divergences

The One-Loop Vertex Correction Given the prerequisites outlined above, one can now turn
to the explicit calculation of the example shown in the top-left panel of Fig. 2.2, the electron-photon
vertex correction in QED. The corresponding Feynman amplitude is given by

iMμ = ieμεū(p′)Γμu(p) , (2.14)

where u, ū are (adjoint) spinors and in zeroth order Γμ = γμ. Due to the kinematics, Γ can only
depend on q2. Based on current conservation one can show that it has the following form to all
orders in perturbation theory

Γμ = F1(q
2)γμ + F2(q

2)
iσμν

2m
qν , (2.15)

where F1, F2 are so-called form factors, m is the electron mass and one defines σμν ≡ i
2 [γ

μ, γν ]. In
the following, the one-loop correction to Γμ will be calculated for the case of an on-shell external
photon, i.e. q2 = 0. Applying the familiar Feynman rules one finds

Γμ = −ie2μ2ε

∫
ddk

(2π)d
γν

(
/k + /q +m

)
γμ (/k +m) γν

((k + q)2 −m2) (k2 −m2)
(
(p− k)2 −m2

γ

) . (2.16)

This calculation will contain both UV and IR divergences. To regularize the IR divergence, a fic-
titious photon mass mγ is introduced. Note, however, that also the IR divergence can be handled
using dimensional regularization, as will be explained below. As a first step to evaluate Eq. (2.16)
one can combine the three denominators into just one single denominator by the Feynman param-
eter method

1

ABC
=

∫ 1

0

dxdydzδ(x+ y + z − 1)
2

(Ax+By + Cz)
3 , (2.17)

with A,B,C replaced by the three propagators in Eq. (2.16). Next, one simplifies the resulting
expression using the relations q2 = p · q = 0 and p2 = m2. Subsequently, one introduces M2 ≡
(1− z)2m2 + zm2

γ and employs a substitution k → k − yq + zp. This leads to

Γμ = −2ie2μ2ε

∫ 1

0

dz

∫ 1−z

0

dy

∫
ddk

(2π)d
1

(k2 −M2)
3 ×

γν
(
/k + (1− y)/q + z/p+m

)
γμ

(
/k − y/q + z/p+m

)
γν . (2.18)

Since the integration over k is symmetric one can discard all linear terms in k in the numerator of
Eq. (2.18). One ends up with a quadratic term

Γμ
1 ∼ γν/kγμ/kγν ,

and a constant term

Γμ
2 ∼ γν

(
(1− y)/q + z/p+m

)
γμ

(
−y/q + z/p+m

)
γν .

For the quadratic term one can apply an identity from Eq. (2.8) and use the fact that the integrand
is independent of y to obtain

Γμ
1 = 4ie2μ2ε(1− ε)γαγ

μγα

∫ 1

0

dz(1− z)

∫
ddk

(2π)d
kαkβ

(k2 −M2)3
. (2.19)
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The tensor integral over k is symmetric under α ↔ β and thus must be proportional to the metric
gαβ , hence ∫

ddk

(2π)d
kαkβ

(k2 −M2)3
= Cgαβ =

gαβ

d

∫
ddk

(2π)d
k2

(k2 −M2)3
,

where the remaining integral can be found in the appendix of Ref. [66]. The resulting parameter
integral over z is well-defined for mγ → 0, meaning that there is no IR divergence in this part of
the result. Using another identity from Eq. (2.8) one arrives at

Γμ
1 =

e2(1− ε)Γ(ε)

(4π)2

(
m2

4πμ2

)−ε

γμ , (2.20)

where Γ(z) on the right-hand side of the above result is the Euler Gamma function.
The remaining constant term from the original numerator in Eq. (2.18) has six powers of k in

the denominator and only four in the numerator. Thus it is finite and one can already set ε = 0 at
this point. Additionally, one can make use of the Dirac equation for the spinors, /pu(p) = mu(p)
and ū(p′)/p′ = ū(p′)m as well as the fact that the denominator is independent of y. Furthermore,
one can also decompose this part into a term Γμ

2a ∼ γμ and a term Γμ
2b ∼ iσμνqν . For the former

one finds an explicit IR divergence in form of a logarithm of mγ

Γμ
2a =

e2m2

8π2
γμ

∫ 1

0

dz
(1− z)(1− 4z + z2)

m2(1− z)2 + zm2
γ

=
e2

8π2
γμ

(
log

(
m2

γ

m2

)
+

5

2
+O

(mγ

m

))
, (2.21)

while the latter is free of divergences and has the very compact form

Γμ
2b =

α

2π

iσμνqν
2m

, (2.22)

from which one directly concludes that

F2(0) =
α

2π
. (2.23)

Anomalous Magnetic Moment This is a famous result with a direct implication for the
anomalous magnetic moment of the electron. The term ”anomalous” is given because it is a
deviation from the prediction by the Dirac equation for the Landé factor g. The Landé factor
describes the relation between the magnetic moment μ and spin S of a particle of charge q and
mass m via

μ = g
q

2m
S , (2.24)

with the Dirac prediction for the electron g = 2. One can show that in QED the Landé factor is
related to the structure function F2 by

g = 2(1 + F2(0)) = 2
(
1 +

α

2π

)
⇒ g − 2 =

α

π
≈ 0.00232 . (2.25)

This one-loop correction for g was first given by Schwinger, Ref. [74], and constitutes a milestone
in the history of QED because it showed for the first time that loop corrections have real physical
implications. As indicated in (2.25) it is common to consider just the deviation g − 2 from the
Dirac prediction, coining the term ”electron g − 2” for the topic itself. Building on the work of
Schwinger, the theoretical predictions for the electron g− 2 have reached the order O(α5), mainly
due to the works of Laporta and Remiddi [75], and later Aoyama, Hayakawa and Kinoshita [76].
For their result, Kinoshita and collaborators computed an astounding 12,672 diagrams. At this
level of precision, one also has to include contributions by muons and tauons, by electroweak
interactions and also by QCD through the inclusion of quark loops. A modern review of the topic
is given in Ref. [5] and the experimental [77, 78, 79] and theoretical [5] values are given in the form
a ≡ (g − 2)/2

aEXP
e = 115 965 218 07.3(2.8)× 10−13

aSMe = 115 965 218 17.8(0.6)(0.4)(0.2)(7.6)× 10−13 . (2.26)

The errors given for the standard model prediction aSMe are the uncertainties of the four- and
five-loop QED coefficients, the error on the hadronic contributions and lastly the error on the
determination of the electromagnetic fine-structure constant α from measurements of the 87Rb
mass [80, 81, 82].
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Figure 2.3: Sketch of vertex renormalization at one-loop order. (left): zeroth order vertex,
(middle): NLO virtual correction, (right): counter term

Recently, the related muon g−2 has attracted a lot of attention because there is an equally pre-
cise theoretical prediction up to O(α5) in QED, see Ref. [83], which however deviates by 3.7σ from
the experimental result obtained at the Brookhaven National Laboratory (BNL) [84]. Such a large
deviation could imply physics beyond the standard model, which would undoubtedly be a break-
through discovery. The largest amount of the theoretical uncertainty originates from QCD effects
such as hadronic vacuum polarization (HVP) and hadronic light-by-light (HLbL) diagrams [83].
Due to the low characteristic scale for muon g − 2, one has to employ non-perturbative methods
like dispersion relations or lattice QCD. In the most recent White Paper of the Muon g−2 Theory
Initiative [85], the collaboration reports on major progress in the determination of the HLbL con-
tribution, including both the data-driven dispersive approach as well as lattice QCD. In particular
the inclusion of lattice QCD into the analysis has shifted their recommended theoretical value
towards the experimental result, such that the previous tension is no longer present for comparison
with the latest experimental average [84, 86, 87, 88, 89, 90]:

aEXP
μ = 116 592 071.5(14.5)× 10−11

aSMμ = 116 592 033(62)× 10−11 . (2.27)

Renormalization Back to the calculation of the structure function F1, one needs to combine
all previous results ∝ γμ

γμ + Γμ
1 + Γμ

2a =

[
1 +

α

4π

(
1

ε
+ 4− γE − log

(
m2

4πμ2

)
+ 2 log

(
m2

γ

m2

))]
γμ = F1(q

2 = 0)γμ ,

(2.28)
where the Euler-Mascheroni constant γE originates from the Taylor expansion of the gamma
function Γ(1 + ε) = 1− γEε+O(ε2). For completeness, the general result for q2 
= 0 reads

F1(q
2) = F1(0) +

α

4π

∫ 1

0

dx

[(
1− 2m2 − q2

m2r(x)

)
log (r(x))

+

(
2m2 − q2

m2r(x)
− 2

)(
1 + log

(
m2

γ

m2

))]

F2(q
2) =

α

2π

∫ 1

0

dx
1

r(x)
, (2.29)

where r(x) ≡ 1−x(1−x)q2/m2. Note that the new term ∝ q2 for F1 only contains an IR divergence
but no UV divergence. This is expected due to the very large loop momenta that are considered
for the UV divergence: since k2 � q2 it follows that q2 is negligible and that the divergence is
already captured in the simplified case q2 = 0.

Now that the UV divergence has been made explicit, the question is how to interpret it. Clearly,
a physical result cannot contain an infinity. In fact, the result in Eq. (2.29) is not yet complete and
it misses its corresponding counter term. The reason is that the couplings, masses and fields in the
Lagrangian are bare quantities, which themselves contain infinities. Still, one can do calculations
using the physical quantities, but then one also needs to consider the corresponding counter terms.
As an example, consider the interaction term of the QED Lagrangian

Lint.
QED = e0ψ̄0γμψ0A

μ
0 , (2.30)
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which is in terms of the bare charge e0, the bare electron spinors ψ̄0, ψ0 and the bare photon field
Aμ

0 . The bare quantities can be related to their physical equivalent by renormalization constants,
that are also divergent

ψ̄, ψ = Z
−1/2
2 ψ̄0, ψ0

Aμ = Z
−1/2
3 Aμ

0

e = Z2Z
1/2
3 Z−1

1 e0 . (2.31)

This can be plugged into Eq. (2.30); for the procedure of renormalization it is convenient to rewrite
it as follows

Lint.
QED = Z1eψ̄γμψA

μ = eψ̄γμψA
μ + (Z1 − 1)eψ̄γμψA

μ . (2.32)

Then, the first term on the rightmost side of the equation can be used to perform perturbation
theory, in terms of the physical charge and fields, and the second term generates the counter
terms that cancel possible UV divergences. The Lagrangian is still the same as before, nothing
has been added or subtracted. It was just reorganized such that all bare quantities are eliminated
and calculations can be done entirely in terms of physical quantities. The Feynman rule for the
vertex counter term is just the original vertex rule multiplied by the prefactor Z1 − 1. Including
all contributions shown in Fig. 2.3, one finds for the renormalized vertex

ieΓμ
ren(q) = ieΓμ + ie(Z1 − 1)γμ . (2.33)

To explicitly determine the renormalization constant Z1, one has to choose a renormalization
scheme. As long as the final result is finite, one is free to include an arbitrary constant in Z1.

A particular choice that is motivated from a physical point of view is the so-called On-Shell
scheme. One can show that F1(0) is related to the electric charge e and fixing F ren

1 (0) = 1 ensures
that the renormalized vertex is described by the physical charge e. This also uniquely fixes Z1.
The On-Shell scheme is well-suited for QED because of its correspondence to the classical theory
of electromagnetism: the charges and masses of the theory’s elementary degrees of freedom can be
measured. Hence, one can always find renormalization conditions that are motivated physically.

This is not the case for QCD where the elementary degrees of freedom cannot be observed
individually. Instead one can resort to making the simplest choice possible for the renormalization
constants. This is the concept of the Minimal Subtraction (MS) scheme where only the ε poles
are subtracted and nothing else. In practice, a slight refinement of this idea called the Modified
Minimal Subtraction (MS) scheme is the most commonly used version. In the MS scheme one
also subtracts the constants γE and log 4π, which are universally present in calculations using
dimensional regularization. Then, the vertex renormalization constant is given as

ZMS
1 = 1− α

4π

Sε

ε
+ O(α2) , (2.34)

where Sε ≡ (4π)ε/Γ(1− ε) = 1− (γE − log 4π)ε+O(ε2).
The process of eliminating UV divergences by appropriate counterterms is known as renormal-

ization. A theory is considered renormalizable if this procedure successfully absorbs all divergences
at every order in perturbation theory. There are many more interesting aspects to this topic that
would deserve a discussion. This is, however, beyond the scope of this work and the key takeaway
here is that both QED and QCD are renormalizable.

Figure 2.4: Relevant diagrams for the discussion of the IR divergence in the one-loop vertex
correction, illustrated for μ−μ+ → e−e+ scattering. (left): LO diagram, (right): The relevant

vertex correction.
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IR and Soft Divergences

Even after renormalization, the IR divergence in Eqs. (2.28) and (2.29) remains and must be
canceled by some other contribution. It is instructive to isolate the IR divergent part from the
renormalized structure function F1 in the On-Shell scheme as follows

F ren
1 (q2) = fIR (β) log

(
m2

γ

m2

)
+ IRfinite

fIR (β) =
α

2π

[
1 + β2

2β
log

(
1 + β

1− β

)
− 1

]

β =

√
1− 4m2

q2
; q2 > 4m2 . (2.35)

Contrary to before, the photon at the vertex is not a real, on-shell particle. Instead, it is virtual and
off-shell − its momentum q is fixed by the momenta of the external electrons, implying q2 > 4m2.

In general, a soft divergence, such as in the bottom-left diagram of Fig. 2.2, cancels such an
IR divergence when a physically meaningful, well-defined observable is constructed. Due to subtle
details like finite detector resolutions one has to be careful when defining observables to make sure
that they are actually measurable. If the observable is indeed well-defined, one can show that IR
and soft divergences always cancel. This subsection illustrates this cancellation using the process
μ−μ+ → e−e+, based on Ref. [69]. The relevant diagrams up to one-loop order are shown in
Fig. 2.4. The order O(α) correction to the LO cross section is given by the interference of the
diagrams in this figure. While additional loop corrections to the LO diagram exist, they are not
relevant here because the electron vertex is individually gauge-invariant and physically meaningful.
For example, the muon vertex correction must be treated independently: if muons were replaced
by quarks, the different charges would prevent combining the two contributions. Since the IR
divergent piece of Γμ multiplies the basic vertex γμ of the LO diagram, one can immediately write
down the differential cross section at NLO

dσ

dΩ

∣∣∣
LO+virt.

=
dσ

dΩ

∣∣∣
LO

×
(
1 +

α

π

[
1 + β2

2β
log

(
1 + β

1− β

)
− 1

]
log

(
m2

γ

m2

)
+ . . .

)
, (2.36)

where the ellipsis indicates IR finite pieces and other virtual corrections which are immaterial for
the present purpose.

The result is manifestly divergent for the limit mγ → 0, which would be problematic for a
physical observable. However, the exclusive process μ−μ+ → e−e+ is not measurable in practice:
any detector has a finite energy resolution Ξ below which it cannot detect particles. Therefore, if a
very soft photon with energy Eγ < Ξ is emitted, the final state becomes indistinguishable from the
pure e−e+ case. Such events are also recorded as μ−μ+ → e−e+, even though the actual process
was μ−μ+ → e−e+γ.

Hence, this soft photon process must be included to define a physically meaningful observable
that will, in the end, be IR finite. To show this explicitly, it suffices to consider photon emission
from the electron line as shown in Fig. 2.5 − for the same reason as before one can ignore emissions
from the muon line. The fact that the photon is soft (mγ ≈ 0) will be exploited in several places
during the calculation.

Figure 2.5: Real correction diagrams required for a well-defined observable. The IR divergence in
the one-loop electron-photon vertex correction in μ−μ+ → e−e+ scattering is canceled by soft

photon emission in μ−μ+ → e−e+γ.

20



An important observation is that the amplitude for each diagram factorizes into a term de-
scribing photon emission and the LO amplitude. Intuitively, one can imagine ”cutting” the soft
photon emission off the diagram, leaving the LO contribution. Because the photon momentum is
negligible, the electron (positron) momentum is unchanged by the emission. Making use of the
Dirac equation, the total amplitude iMreal in the soft photon limit is given as

iMreal = −e

(
pμ1

p1 · k
− pμ2

p2 · k

)
ε∗μ(k)× iMLO , (2.37)

where ε∗ is the polarization vector of the soft final-state photon, and p1, p2, k are the momenta of
the electron, positron, and photon, respectively (cf. Fig. 2.5). In the e−e+ rest frame one has

p1 =

(
E
p

)
, p2 =

(
E
−p

)
, k =

(
Eγ

k

)
, cos θ =

p · k
|p||k| , β =

|p|
E

=

√
1− m2

E2
, (2.38)

where β is the same as in the last line of Eq. (2.35). Note that for the algebra needed to simplify
the squared amplitude, the photon can be considered massless, mγ = 0, and thus Eγ = |k|.

The final step is the integration over the three-particle phase space of electron, positron and
photon. One can neglect the photon momentum k compared to the electron and positron momenta
p1, p2 inside the momentum conserving δ function, i.e. δ(p1+p2+k−q) ≈ δ(p1+p2−q). Then the
phase space factorizes into the ordinary two-particle phase space and an integral over the photon
degrees of freedom∫

dPS3 ≈
∫

dPS2

∫
d3k

(2π)32Eγ
=

∫
dPS2

1

8π2

∫ 1

−1

d cos θ

∫ Ξ

mγ

dEγ Eγ . (2.39)

Here, the k integral is performed in spherical coordinates and because of the absence of an azimuthal
dependence in the squared amplitude, that part of the integral simply yields a factor 2π. The lower
bound of the Eγ integral is set to the fictitious photon mass mγ to regularize the emerging IR
divergence and the upper bound reflects that only photons below the resolution Ξ of the detector
are considered in the observable. The angular integrals are straightforward to evaluate, leading to
the real correction cross section for soft photon emission

dσ

dΩ

∣∣∣
Eγ<Ξ

≈ dσ

dΩ

∣∣∣
LO

× α

π

[
1 + β2

2β
log

(
1 + β

1− β

)
− 1

]
log

(
Ξ2

m2
γ

)
. (2.40)

This has the correct form to cancel outmγ when combined with Eq. (2.36). All in all, the differential
cross section for the well-defined observable that has been constructed for muon-muon scattering
reads

dσ

dΩ

∣∣∣
obs

=
dσ

dΩ

∣∣∣
LO+virt.

+
dσ

dΩ

∣∣∣
Eγ<Ξ

=
dσ

dΩ

∣∣∣
LO

×
(
1 +

α

π

[
1 + β2

2β
log

(
1 + β

1− β

)
− 1

]
log

(
Ξ2

m2

)
+ . . .

)
. (2.41)

There is no more dependence on mγ in the final result, the IR divergence is eliminated! The key
is to define a suitable IR-safe observable. Note that the same calculations can be repeated for
the muon-photon vertex and emission of soft photons from the muon line. In general, defining a
suitable observable requires including all final states that are degenerate in energy. The Bloch-
Nordsieck Theorem, Ref. [91], then guarantees that virtual and real IR divergences always cancel
to yield an IR-safe result.

A crucial point is that this works to all orders in α, and in certain cases only the all-order
soft photon result is sensible. To see this, consider the logarithm log

(
Ξ2/m2

)
in the final result

Eq. (2.41) of the example calculation above. For a very good detector, the energy resolution is
pushed as low as possible and potentially much smaller than the electron mass. This would lead
to a large, negative contribution to the cross section which in turn could itself become negative!
The fixed-order perturbative expansion fails in such a scenario because α log

(
Ξ2/m2

)
is no longer

a small perturbation and one would need to include all orders of this term.
An all-order calculation for the emission of n soft photons is indeed possible and it was first

performed by Yennie, Frautschi and Suura [92]. Essential for this calculation is that not all soft
photons lead to an IR divergence but only those emitted from a real, on-shell particle. This is
sketched in Fig. 2.2. In the top-right diagram, the fermion that emits the photon is off-shell and
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thus the propagator with momentum p + k will not hit its pole. In contrast, for the bottom-
left diagram one has p2 = m2 and thus the denominator of the relevant propagator becomes
(p + k)2 −m2 = 2p · k → 0, i.e. it becomes singular and generates an IR divergence in the limit
where all components of the photon momentum k become small. Only diagrams of this type
have to be considered when studying the cancellation of IR divergences, which makes the all-order
calculation feasible.

Moreover, also the extraction of IR divergences from loop diagrams can be performed to all
orders. A further complication for these virtual contributions is that one has to do the renormaliza-
tion procedure to all orders as well. In the end, one finds that both real and virtual contributions
exponentiate and that the same kind of cancellation as in the example calculation for the electron-
photon vertex at O(α) takes place, but now inside the exponent. The generalization of the cross
section in Eq. (2.41) with soft photons included to all orders reads

dσ

dΩ

∣∣∣
obs

=
dσ

dΩ

∣∣∣
LO

× exp

(
α

π

[
1 + β2

2β
log

(
1 + β

1− β

)
− 1

]
log

(
Ξ2

m2

)
+ . . .

)
. (2.42)

Now, the cross section is always guaranteed to be IR-finite and positive even if the exponent itself
might become negative for very small detector resolutions Ξ. In particular, one exactly recovers
Eq. (2.41) when expanding the exponential in the above formula to first order in α. While the
examples and theorems presented above where all exclusively done in QED, the methods can also
be extended to QCD, see Ref. [93]. However, in QCD one also has to consider collinear divergences
such as in the bottom-right panel of Fig. 2.2 and then construct IR- and collinear-safe observables.
This will be discussed below.

First, a brief explanation on how one can handle IR divergences using dimensional regularization
is in order. This is the preferred method for higher order calculations as well as QCD because
there it quickly becomes cumbersome to keep a non-zero photon (or gluon) mass. To illustrate
how dimensional regularization is applied for IR divergences, consider the part Γμ

2a of the vertex
correction from Eq. (2.21), which contains the IR divergence and is given there for ε = 0. For
non-zero ε and vanishing photon mass mγ = 0 one finds

Γμ
2a =

α

2π

(
4πμ2

m2

)ε

γμ

∫ 1

0

dz(1− 4z + z2)(1− z)−1−2ε (2.43)

=
α

2π

(
4πμ2

m2

)ε

γμ 2− ε− 2ε2

2ε(1− ε)(1− 2ε)
=

α

2π
γμ

(
1

ε
+

5

2
+ log

(
4πμ2

m2

))
+ O(ε) ,

which matches Eq. (2.21) up to a logarithm when making the replacement 1
ε ↔ log

(
m2

γ

m2

)
. Thus

the IR divergence is also regularized in this case, but now in terms of the parameter ε instead of
a fictitious mass.

It is noteworthy that unlike UV divergences emerging in the momentum integral and requiring
ε > 0, the IR divergence originates from the Feynman parameter integral and requires ε < 0. The
different signs for ε in both cases make it necessary to first subtract the UV poles and subsequently
employ analytic continuation to ε < 0.

Of course, one also has to work out the phase space integration for the soft photon emission in
d dimensions

α

∫ Ξ

mγ

dEγ

Eγ
→ αμ2ε

∫ Ξ

0

dEγ E
−1−2ε
γ = − α

2ε

(
Ξ

μ

)−2ε

= α

(
− 1

2ε
+ log

(
Ξ2

μ2

))
+O(ε) . (2.44)

In this way, another 1
ε pole is generated that exactly cancels the pole encountered in (2.43) when

combining the virtual and real contributions. Thus, the considered example can be handled also
in dimensional regularization and the procedure generalizes to any IR-safe observable.

Collinear Divergences

The last type of divergences is exemplified by the bottom-right diagram in Fig. 2.2. When the
center-of-mass energy

√
s is much larger than the particle masses mp (i.e.

√
s � mp), one com-

monly sets mp ≈ 0. This is in particular the case in QCD, where computations are typically done
with vanishing quark masses. Another reason for this approach is that quark masses are not well
defined perturbatively.

In the regime
√
s � mp, also hard emitted photons (or gluons) can cause a divergence. This

divergence arises when the photon becomes collinear with the fermion. To get more explicit, one
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can go back to the angular integration in the e−e+ rest frame, defined by Eq. (2.38), which is part
of the phase space in the μ−μ+ → e−e+γ reaction, see Eq. (2.39). One specific integral one would
encounter is given by∫ 1

−1

d cos θ
1

(1− β cos θ)(1 + β cos θ)
=

1

β
log

(
1 + β

1− β

)
≈ log

( s

m2

)
, (2.45)

where one approximates β =
√

1− 4m2/s ≈ 1 − 2m2/s. The explicit logarithm log
(
s/m2

)
man-

ifestly shows the mass singularity. It originates from poles inside the integrand. For m 
= 0 it is
β < 1 and thus there are no poles inside the integration region for cos θ. But if m → 0 and con-
sequently β → 1, the denominator in the integrand of Eq. (2.45) vanishes for θ = 0, i.e. collinear
photon emission from the electron, and for θ = π, collinear emission from the positron (see the
definition of θ in Eq. (2.38)). So, the collinear limit introduces large logarithms that diverge in the

limit m → 0. One can show that they exponentiate, similarly to the logarithms log
(

m2
γ

m2

)
in the

previous discussion on IR-safety. For the example given there, μ−μ+ → e−e+γ, the cross section
has the following form in the limit

√
s � m

dσ

dΩ

∣∣∣
obs

=
dσ

dΩ

∣∣∣
LO

× exp

(
−α

π

[
log2

( s

m2

)
+ log

( s

m2

)
log

(
m2

Ξ2

)]
+ . . .

)
, (2.46)

where Ξ again denotes the energy resolution of a given detector and the ellipsis denotes terms
unrelated to the collinear divergence. The result contains a so-called Sudakov Double-Logarithm
log2

(
s/m2

)
, a leading-logarithmic enhancement arising from overlapping soft and collinear singu-

larities.
While the expression is IR-safe, it is not yet collinear-safe because the observable only includes

soft photons in the final state. This correctly cancels contributions by soft photons in the loop
diagrams. However, in a virtual correction, photons with arbitrary energy can become collinear to
the electron, i.e. also hard photons which are not accounted for by the allowed soft photon final
states. Nevertheless, one can eliminate the mass singularities by summing over all degenerate final
states. In general, one has to allow an arbitrary number of massless particles that are moving in
the same direction. Kinoshita performed a rigorous treatment of this subject for both QED and
QCD, followed by Lee and Nauenberg, cf. Refs [94, 95]. The so-called KLN theorem is named after
these three, and it states that it is always possible to define IR- and collinear-safe observables by a
suitable combination of final states (and initial states in the case of massive particles in QCD) in
a scattering process. The Bloch-Nordsieck theorem is a special case of the KLN theorem for QED.

The simplest example of an IR- and collinear-safe observable would be the total cross section
for μ−μ+ → X where X is any combination of electrons, positrons and photons, in particular soft
and collinear photons. Thus one has the required summation over degenerate final states for the
cancellation of divergences. Sterman and Weinberg proposed a more sophisticated observable, see
Ref. [96]. They considered the exclusive production of two back-to-back jets of electrons, positrons
and photons restricted to cones of a narrow size R (up to a small energy Ξ that is allowed outside
the cones to ensure IR-safety). Hard, collinear photons are included for both jets, and thus all
mass singularities cancel.

For this work, the most relevant collinear- and IR-safe observables are cross sections with
nucleons in the initial state and identified hadrons in the final state. An example is single-inclusive
hadron production, �N → hX, where X contains an unobserved final-state lepton and any number
of hadrons originating either from the nucleon remnants or from the hadronization of particles
produced in the hard scattering. Such observables include convolution integrals of the hard partonic
scattering cross section with parton distribution functions (PDFs) and fragmentation functions
(FFs), schematically

σ ∼ f̃q ⊗ σ̃ ⊗ D̃q . (2.47)

Here, the bare PDF f̃q, the partonic cross section σ̃ and the bare FF D̃q all contain collinear
divergences. However, the divergences are independent of the specific hard scattering process and
instead only depend on which nucleons are in the initial state and which hadrons are observed in
the final state. Moreover, the 1

ε poles from the partonic cross section exactly match those in the
bare PDF and FF. This means that one can define finite, renormalized PDFs fq and FFs Dq that
absorb the divergences of the hard scattering, also yielding a finite partonic cross section σ̂. As a
result, the cross section is given by a convolution of divergence-free quantities,

σ ∼ fq ⊗ σ̂ ⊗Dq , (2.48)

and is hence manifestly collinear-safe. This concept is the main idea of so-called factorization
theorems and a brief introduction is given in the following Section.
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2.1.4 Factorization and Operator Definition for Parton Densities

Factorization The parton model offers a very accessible approach for the description of hadronic
observables. However, it is not a derivation but rather an ”educated guess” based on strong
arguments. Nevertheless, the model can be extended into rigorous factorization theorems, see
Ref. [56]. There are several subtle details that would require extensive and lengthy discussion.
This is of course beyond the scope of this section and instead only the most important results
will be shown. For simplicity, the fragmentation of final state partons into hadrons will not be
considered in the following.

In the context of a proper factorization theorem the simple parton model formula in Eq. (2.1)
is modified as follows

σ (Q, . . . ) =
∑
i

(
σ̂i ⊗ f i/h

)
(Q,μ, . . . ) + O

(
ΛQCD

Q

)
(2.49)

where σ denotes a generic observable, σ̂i the partonic scattering cross section including parton
species i and f i/N the PDF for parton i inside the nucleon N . As before, Q is the hard momentum
scale of the process, which is much larger than the QCD scale, Q � ΛQCD. The ellipsis indicates
the possible dependence on other variables such as possibly a transverse momentum. The symbol
⊗ denotes a convolution integral of the partonic cross section with the PDF, typically over the
longitudinal momentum fraction x. This is similar to Eq. (2.1), but the convolution could, for
example, also include the transverse momentum kT of the parton in the case of transverse mo-
mentum dependent parton distributions (TMDs). A new feature of Eq. (2.49) are the so-called
power corrections indicated by O (ΛQCD/Q). Although they are power-suppressed they can still
be relevant in several kinds of processes.

Evolution Another important difference to the parton model is the explicit dependence of both
the partonic scattering and the PDF on a so-called factorization scale μ. This scale sets the bound-
ary between the short-distance and long-distance physics. The former is described by the pertur-
batively calculable, hard partonic scattering while the latter is described by the non-perturbative
PDFs. The generic observable σ, however, does not display μ dependence. Indeed, when including
all orders in perturbation theory the factorization scale must cancel out – it is arbitrary and thus
cannot be physical. This implies dσ

dμ = 0 from which one derives so-called evolution equations for
the PDFs. One can write them in the schematic form

df i/N

dμ
= P ⊗ f i/N . (2.50)

In this equation, P is a perturbatively calculable evolution kernel and ⊗ denotes a convolution.
In the case of PDFs these evolution equations have been derived by Dokshitzer, Gribov, Lipatov,
Altarelli and Parisi, see Refs. [97, 98, 99] for their precise forms. The treatment of evolution is a
rich topic on its own but since the focus of this work lies elsewhere the reader is referred to the
extensive literature for further details, for example the books [56, 67].

Operator Definition of PDFs From the above discussion it is clear that the parton model
constitutes an approximation to a strict field theoretic treatment. Consequently, the picture of
parton densities (PDFs) as probability densities does not strictly apply either. The formally
correct way to introduce PDFs uses operator matrix elements. These so-called collinear quark-
quark correlators, see Refs. [56, 100, 101], are formulated in terms of the dynamical quark fields
and the nucleon state. As an example, the unpolarized quark PDF fq

1 of flavor q can be written as

fq
1 (x) =

1

2

∫ ∞

−∞

dλ

2π
eiλx〈P, S|q̄i,a(0)/nijW [0;λn]ab qj,b(λn)|P, S〉 . (2.51)

Fig. 2.6 illustrates the momentum flow relevant to this operator definition. Moreover, P is the
parent nucleon’s momentum and S its spin vector with normalization S2 = −1 and the constraint
P · S = 0. In this definition, P is approximately light-like, i.e. P 2 � 0, and n is another light-like
vector satisfying n2 = 0 and P · n = 1. Besides these two conditions, n can be chosen arbitrarily
and is thus unphysical. Nonetheless, such a vector n is useful to write down the correlator in a
Lorentz-invariant way. It turns out that observables can always be written in a form independent
of n, and the arbitrariness in the choice of n is thus not a problem.

Between the nucleon states in Eq. (2.51) are the dynamical quark field qj,b and its adjoint
q̄i,a. Their Spinor indices are denoted j(i) and their color indices b(a). They are linked by a
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Figure 2.6: Schematic Feynman diagram illustrating the kinematics for the unpolarized quark
PDF of flavor q, fq

1 defined in Eq. (2.51), as well as the general quark-quark correlator of flavor q,
Φq presented in Eq. (2.53).

straight-path Wilson line W [0;λn]ab from λn to 0. Note that the two quark fields are evaluated
at different space-time coordinates, i.e. at 0 and at λn. Thus they behave differently under a local
SU(3) gauge transformation, cf. Eq. (2.2). The transformation law for the Wilson line is derived
in App. A, and one finds that it transforms in exactly the right way to render the whole expression
gauge invariant4

qj,b(λn) → Ubd(λn)qj,d(λn)

q̄i,a(0) → q̄i,c(0)U
†
ca(0)

W [0;λn]ab → Uae(0)W [0;λn]ef U
†
fb(λn) (2.52)

Furthermore, one recognizes that there is no scale dependence indicated anywhere in Eq. (2.51).
This is in contrast to the discussion given at the beginning of this section: proper factorization
formulas are formulated in terms of scale-dependent PDFs. The seeming mismatch is explained by
the fact that all fields in the definition of Eq. (2.51) are bare quantities − they are not the physical
ones found in nature. In fact, they contain UV divergences. This applies to Eq. (2.51) for both
quark fields q, q̄ as well as the gluon fields Gα

μ and the strong coupling constant g in the definition
of the Wilson line. Consequently, the definition of the quark density also contains divergences that
must be renormalized. The procedure requires the choice of a specific subtraction scheme, thus
introducing the scale dependence, i.e.

fq
1 (x)

ren.−−−→ fq,MS
1 (x, μ) .

So far, the whole discussion is based exclusively on unpolarized processes and the corresponding
unpolarized partonic cross sections and PDFs. In the following, it will be shown how one can extend
Eq. (2.51) to a more general form also featuring various other types of PDFs. This also includes
but is not limited to polarized PDFs. The discussion is mainly based on Refs. [100, 102], while
the notation and conventions are following Ref.[101]. The generalization is obtained simply by
removing /n from Eq. (2.51), since /n acts like a projector that singles out just the unpolarized
PDF. The relevant momentum flow is again shown in Fig. 2.6. This leads to the definition of the
quark-quark correlator Φq of flavor q

Φq
ij (x;n, P, S) =

∫ ∞

−∞

dλ

2π
eiλx〈P, S|q̄j(0)W [0;λn] qi(λn)|P, S〉 , (2.53)

where the dependence on the auxiliary light-cone vector n as well as the nucleon momentum P
and its spin S has been indicated explicitly. While one cannot exactly calculate the correlator Φq,
one can parametrize it in terms of suitable structures. To do so, one analyzes its behavior under
hermitian conjugation, parity and time-reversal. This gives consistency conditions that constrain
which structures could possibly appear in the parametrization. The behavior of matrix elements

4for this reason, Wilson lines are also commonly called gauge links
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and fields under these discrete transformations as well as the consistency conditions for Φq are
discussed in App. B. One finds[

(Φq)
†
]
ij

=
(
γ0

)
ik
Φq

kl

(
γ0

)
lj

Φq
ij (x;n, P, S) =

(
γ0

)
ik
Φq

kl

(
x; n̄, P̄ ,−S̄

) (
γ0

)
lj(

Φq
ij

)∗
(x;n, P, S) = (−iγ5C)ik Φ

q
kl

(
x; n̄, P̄ , S̄

)
(−iγ5C)lj , (2.54)

Combining all of these constraints, one can write down the parametrization for the quark-quark
correlator Φq, following the conventions of Ref. [101]

Φq(x) =
1

2

(
/Pfq

1 (x) + Meq(x) − M(S · n)/Pγ5g
q
1(x) +

1

2
M2(S · n)

[
/P , /n

]
γ5h

q
L(x)

− 1

2

[
/P , /S

]
γ5h

q
1(x) − M

(
/S − (S · n)/P

)
γ5g

q
T (x) + M2/nf

q
3 (x)

−M3(S · n)/nγ5gq3(x) +
M2

2

[
/S − (S · n)/P , /n

]
γ5h

q
3(x)

)
, (2.55)

where the nucleon mass is denoted by M . The nine distribution functions in Eq. (2.55) are all of
order O(1) such that the relative size of the different structures in the parametrization is entirely
given in terms of the factors of M and P . To further illustrate this point, it is convenient to slightly
rewrite the above equation. One can introduce the auxiliary vectors n+ ≡ 1

P+P and n− ≡ P+n
as well as the nucleon helicity λ ≡ M(S · n) and the transverse component of the spin vector
ST ≡ S − (S · n)P . Reordering the terms then yields

Φq(x)

P+
=

1

2

(
/n+f

q
1 (x) − λ/n+γ5g

q
1(x) − 1

2

[
/n+, /ST

]
γ5h

q
1(x)

)

+
M

2P+

(
eq(x) +

λ

2

[
/n+, /n−

]
γ5h

q
L(x) − /ST γ5g

q
T (x)

)

+
M2

2(P+)2

(
/n−f

q
3 (x) − λ/n−γ5g

q
3(x) +

1

2

[
/ST , /n−

]
γ5h

q
3

)
, (2.56)

which matches the form given in Ref. [100]. The advantage of Eq. (2.56) is that it makes explicit
the suppression of the distribution functions in the second and third lines by powers of M/P+.

One defines the (operational) twist t of a suppression factor (Λ/P+)
t−2

, where Λ is a characteristic
hadronic momentum scale. One identifies Λ = M and thus counts the first line of Eq. (2.56)
as twist-2 (t = 2), the second as twist-3 (t = 3) and the third as twist-4 (t = 4). The twist-2
functions fq

1 , g
q
1 h

q
1 are the unpolarized, helicity and transversity PDFs. They can be interpreted

as probability densities just like in the parton model. The higher-twist distribution functions,
however, lack such a probabilistic interpretation (cf. Ref. [101]).

Nonetheless, all distribution functions have the same support property, namely −1 < x < 1.
Negative arguments correspond to the anti-quark counterparts that can be obtained via charge
conjugation of Φq. One finds the following relations (including functions up to twist-3) for the
C-even functions

f q̄
1 (x) = −fq

1 (−x)

hq̄
1(x) = −hq

1(−x)

hq̄
L(x) = −hq

L(−x) , (2.57)

and the C-odd functions

gq̄1(x) = gq1(−x)

gq̄T (x) = gqT (−x)

eq̄(x) = eq(−x) . (2.58)

The quark–quark correlator’s role in collinear twist-3 factorization is summarized as follows.
Functions from the second line of Eq. (2.56) and their corresponding intrinsic contributions to
an observable, see Ref. [101], have to be considered in general. They do, however, not enter the
observables studied here. Two other twist-3 effects do matter: kinematical contributions from
correlators with nonzero quark transverse momentum kT , and dynamical contributions from cor-
relators containing a third field, such as the gluonic field strength Fnρ ≡ nμF

μρ. Their definitions
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and parametrizations are provided in App. C. Of particular relevance is the quark-gluon-quark
correlator, which is also given here since it will be referred to regularly throughout this work

Φq,ρ
F (x, x′) =

∫ ∞

−∞
dλ
2π

∫ ∞

−∞
dμ
2π eiλx

′
eiμ(x−x′) 〈P, S| q̄(0) ig Fnρ(μn) q(λn) |P, S〉

=
1

2
M iεPnρS /P F q(x, x′)− 1

2
M Sρ

T
/Pγ5 G

q(x, x′) + ... . (2.59)

Along with two quark fields q̄, q familiar from Eq. (2.53), this correlator contains the gluonic field
strength tensor Fnρ ≡ nμF

μρ and is parametrized in terms of the qgq functions F q, Gq. These
functions depend on two longitudinal momentum fractions x, x′ and are accompanied by other
twist-3 functions. These other functions, however, are simply indicated by the ellipsis in (2.59),
since they do not enter the studied observables. Again, the vector n is light-like, n2 = 0, and
normalized by the condition P · n = 1 but otherwise arbitrary and thus unphysical. Also in the
collinear twist-3 case, all arbitrariness of n will eventually cancel out in an observable. To show
this explicitly, however, is more involved than for twist-2, see Ref. [101]. Moreover, the Wilson lines
required for gauge invariance of the matrix element are not shown for brevity. One also defines
εPnρS ≡ PμnνSσε

μνρσ where ε is the totally anti-symmetric tensor of sign convention ε0123 = +1.
Note that the transverse part aμT of any vector aμ is defined via a transverse projector:

aμT ≡ gμνT aν , where gμνT ≡ gμν − Pμnν − P νnμ . (2.60)

Lastly, the letter F in Φq
F indicates that the correlator is defined using a field strength tensor F

instead of a covariant derivativeD, cf. Ref. [102]. Similarly, the functions F q, Gq are sometimes also
given the subscript FT , where the additional T indicates transverse polarization. Nevertheless,
throughout this work these extra subscripts will be dropped in favor of an easier notation and
better readability.

2.2 Spin Asymmetry

To set the stage for the main part of this work, the key observable is defined: the transverse single-
spin asymmetry (SSA). It is commonly studied in the context of spin phenomena in high-energy
physics. For a generic particle collision, such as in a collider experiment, the SSA can be defined
as

AUT ≡ σ (ST )− σ (−ST )

σ (ST ) + σ (−ST )
. (2.61)

Here, σ(ST ) is the transverse-spin-dependent cross section and ST the spin vector of the trans-
versely (T ) polarized particle. The subscript UT indicates that the other involved particles are
unpolarized (U). The transversely polarized cross section in the numerator of (2.61) is given by
the difference of the cross sections with flipped spin, while the unpolarized counterpart in the de-
nominator is given as the sum. To be more precise, the generic σ is a short-hand for a differential
cross section. For example, in case of single-inclusive hadron production, �(l)N↑(P ) → h(Ph)X
(external momenta indicated in brackets), it would stand for Eh

dσ
d3Ph

(ST ).
A related observable that is also commonly considered in experiments is the right-left asymmetry

ARL, which will be studied in the phenomenological analyses of Ch. 7. The beam direction and the
transverse spin vector ST define a plane, and one simply counts the events with particles detected
to either the right or left side of this plane to compute the asymmetry. In terms of the azimuthal
angle φ of the observed final state particle and the azimuthal angle φS of the spin vector ST , the
right-left asymmetry is given as

ARL =

∫ φs+2π

φs+π
dφσ (φ, φs)−

∫ φs+π

φs
dφσ (φ, φs)∫ 2π

0
dφσ (φ, φs)

. (2.62)

This type of asymmetry will be thoroughly analyzed in the numerics Chapter, Ch. 7.
Note that other quantities, such as a sin (φ− φs) weighted cross section, are also used in

practice.

2.3 The Transverse SSA at Leading Order (LO)

Now that the foundation is laid out, one can turn to centerpiece of this study: the calculation of
SSAs in the collinear twist-3 approach. The formalism is an extension on the collinear factorization
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discussed in Sec. 2.1.4 for unpolarized or longitudinally polarized processes and some aspects of the
twist-3 case have already been hinted at. Collinear twist-3 factorization is commonly used in the
description of transverse-spin observables in single-inclusive hard processes, see Refs. [32, 103, 104].
This section starts the general discussion, with the process of single-inclusive hadron production,
�(l)N↑(P ) → h(Ph)X, as an illustrative example. By reviewing the known leading order (LO)
result, the basic methods and concepts are introduced. The proceeding sections follow up on this
by showing the necessary steps to extend the calculation to next-to-leading order (NLO).

The kinematics of the hadron production process are defined as follows. The momenta of the
lepton, the nucleon and the produced hadron are labeled as lμ, Pμ and Pμ

h . Their masses will
be denoted as m
, M and Mh, respectively. The scattering process is assumed to happen on an
energy scale much larger than these masses. Hence, one negelcts m
, M and Mh wherever possible
and treats the momenta as light-like vectors �2 � 0, P 2 � 0, P 2

h � 0. Moreover, one introduces the
nucleon spin vector Sμ with the normalization S2 = −1 and the constraint P ·S = 0. The hadronic
Mandelstam variables for this process are defined as s = (l+P )2 � 2l ·P , t = (P −Ph)

2 � −2P ·Ph

and u = (l− Ph)
2 � −2l · Ph. Note that s+ t+ u > 0 for the single-inclusive reactions considered

in this work.
The application of the general formalism to single-inclusive lepton-nucleon scattering has been

discussed in a variety of publications, for example in Refs. [40, 41, 47, 105, 106, 107, 108, 109]. The
procedure will be presented step by step using schematic expressions, more details are reserved for
a separate chapter on �N↑ → hX.

The collinear twist-3 approach makes use of multiparton correlators like in Eq. (2.59) to de-
scribe the soft physics of the interaction. Such correlators have been discussed exhaustively in the
literature, for example in [101, 110, 111], and App. C gives an overview of the most important
aspects and definitions. The above references introduce terminology often used in the context of
collinear twist-3 factorization:

• Contributions to a SSA generated by an expansion of two-parton correlators in a transverse
momentum kT � 1, such as (C.1), (C.3), are called kinematical twist-3 contributions

• Three-parton correlators like (2.59) generate so-called dynamical twist-3 contributions. The
label ”dynamical” is given because of the third dynamical field in the matrix elements

• intrinsic contributions are generated by the twist-3 functions in the parametrization of the
ordinary quark-quark correlator, Eq. (2.53). But, they do not enter any observable in this
work

Refs. [47, 101] already calculated the SSA (2.61) in the collinear twist-3 formalism to LO
accuracy. Particularly important is the discussion in Ref. [101] on the role of the light-cone vector
nμ, which is unphysical and enters the calculations via the soft matrix elements in (2.59) and App.C.
Since nμ is not unambiguously defined, physical observables such as cross sections or SSAs must
not depend on a particular choice. For the leading-twist fragmentation functions in Eqs. (C.14),
(C.15), or the photon-in-lepton distribution (C.20) this usually is not an issue. The arbitrary light-
cone vectors featured in their respective definitions are actually not present in the relevant terms of
their parametrizations. Hence, they do not even enter the calculation. On the other hand, things
become more complicated for subleading twist-3 matrix elements such as (2.59). Establishing the
independence of nμ for the full result is a rather complex task in the twist-3 calculation beyond
LO, but also provides a good check on the correctness of the results. In fact, in Ref. [101] the LO
result for �N↑ → hX is computed for an arbitrary n. In contrast, the present work uses a fixed
choice for n,

nμ = − 2
tP

μ
h . (2.63)

This avoids the computation of additional terms in intermediate steps, that will eventually cancel
out. With the fixed vector nμ one can repeat the LO calculation and recover the result of [101]
(see Eq. (67) therein). Extended to d = 4− 2ε space-time dimensions, it reads

Eh
dσLO

dd−1Ph
(S) = σ0(S)

∫ v1

v0

dv

∫ 1

x0

dw
w σ̂LO(v, w, ε)

∑
q

e2q
[
(F q − x (F q)′) (x, x) z2εDq

1(z)
]

+hq
1 ⊗�[Ĥq

FU ]. (2.64)

Equation (2.64) employs a Lorentz-invariant, nucleon-spin-dependent prefactor σ0(S). It appears
frequently below and is given as

σ0(S) =

(
2α2

em

s(−u)

) (
4πM εlPPhS

s (−u)

)
. (2.65)
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There is an explicit factor of the nucleon mass M , leading to a typical (twist-3) power suppression.
In other words, if the transverse momentum of the detected hadron is large, the factor σ0(S) dilutes
the SSA in (2.61). The integration in Eq. (2.64) is carried out using the dimensionless combinations
v, w of the hadronic Mandelstam variables s, t, u. Along with the integration boundaries they are
given by

x =
x0

w
, z =

1− v1
1− v

, x0(v) =
1− v

v

u

t
, v0 =

u

t+ u
, v1 =

s+ t

s
. (2.66)

In terms of these new variables v and w, the LO hard partonic function σ̂LO reads

σ̂LO(v, w, ε) =
1 + v2 − ε(1− v)2

(1− v)4
δ(1− w) . (2.67)

Eq. (2.64) is identical to Eq. (67) of Ref. [101] if a transformation according to Eq. (2.66) is
performed, along with setting ε = 0.

Figure 2.7: LO Feynman diagrams contributing to Eq. (2.64). Left: Kinematical twist-3
contribution, Right: Dynamical twist-3 contribution.

Two kinds of multiparton correlation effects contribute to the LO result in Eq. (2.64):

• Twist-3 distribution functions of the initial state nucleon such as the qgq function F q, along-
side the twist-2 quark fragmentation function Dq

1 (definitions in (2.59) and (C.14)). This
work will entirely focus on these twist-3 distributions of the initial nucleon; the derivation
and discussion of the corresponding contributions to the spin-dependent cross section at NLO
are the centerpiece of this study

• Twist-3 fragmentation functions of the final state hadronization process, indicated in (2.64)
by the h1⊗�[ĤFU ] term. This term features the leading-twist transversity quark distribution
h1 and the imaginary part of a qgq fragmentation function ĤFU (see Ref. [101]). Although
such contributions may constitute a numerically large part of the SSA (2.61), they are disre-
garded in this work, i.e. one sets �[ĤFU ] = 0. First, because the computational procedure
is entirely different from the twist-3 distribution effects highlighted below. And second, for
jet (see Ch. 4) and photon production (see Ch. 5), twist-3 fragmentation effects do not enter
and the presented derivations constitute the complete NLO result

Keeping in mind that only the effects due to multiparton distributions in the nucleon are
considered, one can further examine the LO formula in Eq. (2.64). The function F q is probed for
the special configuration x′ = x of quark and gluon momentum fractions. This corresponds to a
situation where an additional soft gluon with vanishing longitudinal momentum is attached to the
hard part of the process (see Ref. [101]). Hence F q(x, x) is called a soft-gluon pole matrix element
(SGP). In the literature, it is also known as the Efremov-Teryaev-Qiu-Sterman (ETQS) matrix
element [31, 32, 103, 112, 113]. Note that the ETQS-matrix element enters (2.64) along with a
derivative term F ′(x, x) = d

dxF (x, x) as a combination (1− x d
dx )F (x, x).

Ref. [101] shows that there are two kinds twist-3 distribution effects to consider for (2.64): the
kinematical twist-3 contributions from quark-quark correlations (C.1) through the Sivers function

f
⊥(1),q
1T , and the dynamical twist-3 contributions from quark-gluon-quark correlations (2.59). The
corresponding diagrams are shown in Fig. 2.7.

The kinematical effects are computed keeping a non-zero transverse momentum kT for the
incoming parton momenta, as indicated on the left in Fig. 2.7. First, one needs to integrate out
all δ-function containing kT . Then, one Taylor-expands to first order around kT = 0. In this
way, the kT -dependence is shifted from the hard part to the Sivers function, giving rise to its first

transverse moment f
⊥(1),q
1T . This method has been used at LO in Ref. [101], and the calculations

below extend it to NLO.
The right diagram in Fig. 2.7 generates the dynamical twist-3 effects at LO. One must compute

the interference of such an amplitude’s imaginary part with the real part of another amplitude to
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obtain a non-vanishing result. For the mentioned diagram in Fig. 2.7 a quark propagator gives rise
to the necessary imaginary part:

1

(p+ k′ − k)2 + iδ
=

1

(−t/z)(x′ − x+ iδ)
=

−z

t

( P
x′ − x

− iπδ(x′ − x)

)
. (2.68)

The real part of the propagator is given by Cauchy’s principal value P/(x′ − x), but it does not
contribute to the SSA. On the other hand, the δ-function comes with the required imaginary unit
i and fixes the momentum fraction x′ = x such that one obtains the SGP function F q(x, x).

In Ref. [101] it is explained how one needs to combine the kinematical and dynamical effects,
using the following identity

f
⊥(1),q
1T (x) = +πF q(x, x) . (2.69)

This equation relates the first transverse moment of the Sivers function f
⊥(1),q
1T and the SGP

function F q(x, x) to each other. The relation was first derived in Ref. [114] and it is pivotal for this
work. For processes such as semi-inclusive deep inelastic scattering (SIDIS) with one hadron in
the initial and one hadron in the final state respectively, one uses the + sign as indicated in (2.69).
For Drell-Yan-like processes with two initial hadrons one needs a − sign instead. Eq. (2.69) serves
as a bridge between the kinematical and dynamical twist-3 effects.

Although the relation’s validity has been questioned in Ref. [115], it is absolutely essential for
the collinear twist-3 formalism. The LO formula (2.64) is independent of the unphysical vector
nμ from Eqs. (2.59), (C.1) only after kinematical and dynamical contributions are summed via
Eq. (2.69).

Additionally, one finds that the relation is also required to ensure color gauge invariance.
To check this, a parameter κ is included in the metric tensor of gluonic polarization sums and
propagators:

−gμν → −dμν(k, n) ≡ −
(
gμν − κ

kμnν + kνnμ

k · n+ iδ

)
, (2.70)

where k denotes the relevant momentum of the sum or propagator. The specific gauge is then given
by the choice of the parameter κ, i.e. κ = 0 for Feynman and κ = 1 for light-cone gauge. One
finds that, at NLO, kinematical and SGP contributions do indeed both display a κ-dependence.
The parameter κ only vanishes after Eq. (2.69) is applied to combine the two contributions. This
again underlines how essential Eq.(2.69) is for the collinear twist-3 approach.

It is noteworthy that there is an alternative method to compute the SGP contributions to a
SSA at NLO. It is based on Ward-Takahashi identities and yields equivalent results, see Ref. [116].

2.4 Setup of the NLO Calculation

The discussion above establishes the expression for the spin–dependent cross section within collinear
twist-3 factorization at leading order (LO). A few points are worth highlighting before turning to
the next stage of the calculation:

• Combining Kinematical and Dynamical Effects: It is essential to tie together kinemat-

ical contributions by the first transverse–moment of the Sivers function f
⊥(1),q
1T and dynamical

soft-gluon pole contributions ∝ F q(x, x). This is achieved by employing the identity

f
⊥(1),q
1T (x) = πF q(x, x) .

Only then results are independent of the auxiliary light–cone vector nμ and the gauge param-
eter κ introduced in (2.70). This relation is therefore indispensable for the collinear twist-3
formalism. At NLO, the function F q will also enter at different configurations of x, x′ along
with the other qgq function Gq

• Power Suppression: The prefactor σ0(S) ∝ M in Eq. (2.65) shows explicitly that the
single-spin asymmetry (SSA) is a genuine twist-3 observable: at large hadron transverse mo-
mentum the nucleon massM suppresses the polarized cross section relative to the unpolarized
one. The same prefactor is present at NLO.

• Fragmentation Effects: While the term h1 ⊗ �[ĤFU ] in Eq. (2.64) representing twist-3
qgq fragmentation contributions can be numerically sizeable, this work concentrates on the
initial-state (distribution) mechanism. For single-inclusive jet and photon production no
fragmentation-related twist-3 effects enter. Consequently, the following discussion assumes
�[ĤFU ] = 0.
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Figure 2.8: Diagram for the virtual vertex correction contributing to the kinematical part at
NLO. External momenta are the same as in Fig. 2.7 (left). One needs the interference of this

diagram with the LO diagram in Fig. 2.7 (left), and also the mirrored case.

These insights from the LO picture prepare the ground for the next step: incorporating NLO
corrections. At NLO, virtual loop and real-emission diagrams enter, singularities must be regular-
ized and eventually cancel, and the factorization of twist-3 matrix elements can be tested beyond
tree level. The following section will therefore develop the main concepts for the NLO calculation.
This work will cover the processes of single-inclusive hadron production �N↑ → hX, jet production
�N↑ → jetX and photon production �N↑ → γX. Each of these will be discussed in detail in a
designated chapter. The general strategy, however, is the same for all three reactions and will be
presented in the following. To better illustrate the important concepts, example expressions for
the case of �N↑ → hX will be used.

2.4.1 Kinematical Twist-3 at NLO

First, some special features of kinematical twist-3 contributions at NLO are highlighted. Consider
a partonic hard factor σ̂(k, p, l, l′, r) that is a function of the external momenta of the initial (l)
and final (l′ = l + k − p − r) lepton and the quark (k, p). The momentum r can either be a
loop momentum in case of virtual corrections, as in Fig. 2.8. Or it can be the momentum of
an undetected final state parton, for example a gluon, as in the real-gluon-emission diagrams of
Fig. 2.9.

To start the calculation, one employs an approximation to the parton momenta. For the

final state parton, only hadronization via the leading-twist fragmentation functions D
h/(q,g)
1 (z) is

considered. Thus, the corresponding parton momentum is approximated by pμ � 1/z Pμ
h .

For the initial quark momentum kμ one must also capture the subleading-twist kinematical
effects. The left diagram of Fig. 2.7 indicates that one must adjust the usual parton model ap-
proximation and include a finite transverse momentum kμT . Optionally, one may choose to include
a term ∝ k2T , which allows one to keep k2 = 0. This simplifies several intermediate steps of the
calculation, and the kinematical approximation then reads

kμ � xPμ − k2
T

2x nμ + kμT . (2.71)

First, the case of a single fragmenting quark in the final state is discussed. In addition to the
LO diagram (Fig. 2.7 left) this also includes the NLO virtual QCD vertex correction, see Fig. 2.8.
The order in which integrations and kT -expansions are performed is crucial. It is essential that
one keeps kT 
= 0 in the virtual loop diagrams and integrates out all kT -dependent δ-functions as
a first step. Only afterwards one can proceed with the expansion up to linear order in kT . If one
does not follow this order and first expands in kT , the result is ambiguous and can be incorrect.

To illustrate this point, consider the NLO vertex correction in Fig. 2.8. Suppressing the frag-
mentation function and z-integration, one can write the following expression for the result of the
loop integration∫

dx
x

∫
dd−2kT δ

(
ŝ+ t̂+ û+ 2lT · kT

)
(σ0 + lT · kT σ1) (ŝ, t̂, û, ε) ε

PnkTST f⊥,q
1T (x, k2T )

→
∫∞
x0

dw
w

∫
dd−2kT δ

(
1
w − (1− χ)

)
(σ0 + lT · kT σ1) (v, w, ε) ε

PnkTST f⊥,q
1T (x0

w , k2T )

→
∫
dd−2kT w0 (σ0 + lT · kT σ1) (v, w0, ε) ε

PnkTST f⊥,q
1T ( x0

w0
, k2T ) . (2.72)

Here, the loop correction (to all orders in ε) is denoted as σ0 + lT · kT σ1. It enters with a δ-
function that is also encountered at LO. Because of the eventual Taylor expansion, only linear
terms in kT are kept for the loop correction and the δ-function. Conveniently, kT · lT is the only
non-vanishing scalar product of external momenta with kT . This is due to the explicit choice
made in Eq. (2.63) for the light-cone vector nμ, which determines the transverse direction via the
projector gμνT in (2.60).
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Figure 2.9: Diagrams that generate the kinematical twist-3 effects at NLO for the real-gluon
emission channel qg → q. One needs the squared modulus of the sum of these diagrams.

From the first to the second line of (2.72), the integration variable is transformed as before,

i.e. x → x0/w. The short-hand χ = 2 t (lT ·kT )
s u (1−v) allows to write the argument of the δ-function in a

compact way. The δ-function is then used to carry out the w-integration from the second to the
third line, fixing w = w0 ≡ 1/(1 − χ). An implicit dependence of (2.72) on kT remains through
w0 and χ. One must keep this dependence in mind when Taylor-expanding the integrand to first
order in kT . After the expansion, the first transverse moment of the Sivers function is generated
as follows ∫

dd−2kT k
ρ
T k

σ
T f⊥,q

1T (x, k2T ) = −M2 gρσT f
⊥(1),q
1T (x) . (2.73)

Eventually, Eq.(2.72) simplifies to(
σ1(v, w, ε) +

2t ∂w(w σ0)(v, w, ε)

su(1− v)

) ∣∣∣∣∣
w=1

f
⊥(1),q
1T (x0)

+

(
2t

su(1− v)
σ0(v, w, ε)

) ∣∣∣∣∣
w=1

(
−x0

(
f
⊥(1),q
1T

)′
(x0)

)
. (2.74)

Notably, a derivative term ∝
(
f
⊥(1),q
1T

)′
enters the above expansion.

Next, the real-gluon-emission corrections of Fig. 2.9 are discussed. Here, the argument r in the
partonic factor σ̂(k, p, l, l′, r) denotes the momentum of an undetected final state gluon. Because
of this additional particle in the final state, the phase space integration becomes more complicated
compared to leading order. Similar to the case of virtual corrections discussed above, the order of
the next steps is important: One could try to immediately expand σ̂(k, p, l, l′, r) in kT and then
perform the phase space integration. However, this would cause inconsistencies and possibly wrong
results. The other option is to do the phase space integral first while keeping kT 
= 0 throughout.
Then one obtains a unique result for the integrated cross section σ̂(k, p, l, ε) (l′, r integrated out).

The phase space integral and the corresponding integrated cross section are given as

σ̂(k, p, l, ε) ∼ μ2ε

(2π)d−1

∫
ddl′δ+

(
(l′)2

)∫
ddrδ+

(
r2

)
δ(d) (k + l − l′ − p− r) σ̂(k, p, l, l′, r, ε) ,

(2.75)
which can be simplified in a suitable reference frame. Imposing the condition k + l − p = 0
corresponds to a partonic reference frame and it enables one to carry out all integrations except
for two angles φ and θ. In this frame, one finds for the momenta l′ and r

l′ = k + l − p− r; r =
1

2

√
ŝ+ t̂+ û+ 2kT · lT (1, . . . , sin θ cosφ, sin θ sinφ, cos θ) , (2.76)

where one again encounters kT · lT as the only scalar product of external momenta with kT , due
to the choice for nμ, see Eq. (2.63). Making use of the δ-functions and the conveniently chosen
reference frame, the phase space integral can be brought into the form

σ̂(k, p, l, ε) ∼ SεΓ
2(1− ε)

4(2π)3Γ(1− 2ε)

(
ŝ+ t̂+ û+ 2kT · lT

μ2

)−ε ∫ π

0

dφ sin−2ε φ

∫ π

0

dθ sin1−2ε θ σ̂(φ, θ, ε) ,

(2.77)

with Sε ≡ (4π)ε

Γ(1−ε) . The remaining angular integration will be needed to all orders in ε, as will

be explained below. Refs. [117, 118, 119] provide the necessary tools to perform these all-order
calculations. It turns out that, ahead of expanding around ε = 0, one has to do the Taylor
expansion in kT .
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The fact that one has to be careful with the order of the expansions in kT and ε is due to
a unique feature that appears at NLO for twist-3 observables. Keeping kT 
= 0 throughout the
phase space integration one finds (schematically) the following formula for the kinematical twist-3
contribution:∫

dz

z2

∫
dx

x

∫
dd−2kT

σ̂(ŝ, t̂, û, kT · lT , μ, ε, κ)
(ŝ+ t̂+ û+ 2 kT · lT )1+2ε

εPnkTST f⊥,q
1T (x, k2T )D

q
1(z) , (2.78)

where the partonic Mandelstam variables ŝ = (l + xP )2 = x s, t̂ = (xP − Ph/z)
2 = x

z t, û =
(l − Ph/z)

2 = u/z have been introduced. Note that also the gauge parameter κ (see (2.70))
explicitly appears in σ̂, so (2.78) by itself is not gauge invariant at NLO. However, leading-twist
observables as well as the twist-3 observable considered here eventually turn out to be independent
of κ. For the case of leading twist this is immediately apparent, since all terms proportional to κ
are also proportional to kT , and kT = 0. The gauge dependence also vanishes in case of the twist-3
calculation: After combining kinematical and SGP parts via Eq. 2.69, κ cancels out exactly; this
will also be discussed in Sec. 3.2.

In addition, an explicit denominator (ŝ + t̂ + û + 2 kT · lT )1+2ε has been extracted which, for
kT = 0 (leading twist), typically displays a soft singularity at ŝ + t̂ + û = 0. Here, one needs to
Taylor-expand the factor

σ̂(ŝ, t̂, û, kT · lT , μ, ε, κ)
(ŝ+ t̂+ û+ 2 kT · lT )1+2ε

up to first order in kT , and the first transverse moment of the Sivers function is again generated
via Eq. (2.73). Explicitly, one finds the following expansion

−2(1 + 2ε) lTσσ̂(ŝ, t̂, û, μ, ε)

(ŝ+ t̂+ û)2+2ε
+

lTσ

(
∂σ̂

∂(kT ·lT )

)
(ŝ, t̂, û, μ, ε, κ)

(ŝ+ t̂+ û)1+2ε
,

and subsequently applies the change of variables z = 1−v1

1−v , x = x0

w , discussed in Sec. 2.3. Omitting

the v-integration as well as the FF Dq
1, one can write Eq. (2.78) as follows:

∫ 1

x0

dw

w

(
σ1(v, w, ε) f

⊥(1)
1T

(
x0

w

)
(1− w)2+2ε

+
σ2(v, w, ε, κ) f

⊥(1)
1T

(
x0

w

)
(1− w)1+2ε

)
. (2.79)

Similar expressions to the second term ∝ 1/(1−w)1+2ε are also commonly encountered in leading-
twist calculations. Such terms have a soft singularity for w → 1 that must be regularized via the
following formula:

1

(1− w)1+ε
= −1

ε
δ(1− w) +

1

(1− w)+
− ε

(
log(1− w)

1− w

)
+

+O(ε2) , (2.80)

where one can also replace ε → 2ε if necessary. This expansion introduces the so-called plus-
distributions, which are defined via an integral with a suitable test function:∫ 1

z

dw

w

f(w)

(1− w)+
=

∫ 1

z

dw
1
wf(w)− f(1)

1− w
+ f(1) log(1− z) (2.81)∫ 1

z

dw

w

(
log(1− w)

1− w

)
+

f(w) =

∫ 1

z

dw

[
log(1− w)

1− w

(
1

w
f(w)− f(1)

)]
+

f(1)

2
log2(1− z) .

In the end, one finds that virtual contributions cancel the 1
ε pole introduced by the expansion

in Eq. (2.80), ensuring IR-safety.
The first term in (2.79) is ∝ 1/(1−w)2+2ε, meaning that the term causing the soft singularity

enters with a higher power. Consequently, the expansion in (2.80) does not apply. The higher power
is a result of the kT -expansion and thus a new, genuine twist-3 feature. Based on integration by
parts, a method to deal with these more singular terms is developed in App. E. Integration by

parts also introduces a derivative term (f
⊥(1)
1T )′ = π(F q)′. Thus, both virtual and real corrections

for the kinematical twist-3 effects generate derivative terms.
To summarize the concepts discussed so far, it is pivotal to perform the various steps for the

calculation of the kinematical part at NLO in the correct order:

1. Perform all integrations (to all orders in ε) such that no δ functions including the transverse
momentum kT remain
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Figure 2.10: qg → q channel diagrams that give the dynamical contribution at NLO. One needs
the interference of these diagrams with the ones in Fig. 2.9, at kT = 0.

2. Taylor expand the resulting expression to first order in kT and apply Eq. (2.73) to get the

first moment of the Sivers function f
⊥(1),q
1T

3. Apply Eq. (2.80) to terms ∝ 1/(1 − w)1+2ε. Additionally, there are terms ∝ 1/(1 − w)2+2ε

that need to be treated using the methods of App. E.1.

4. Eventually, one can expand the result around ε = 0

2.4.2 Dynamical Twist-3 at NLO

Next is the computation of QCD corrections to the LO diagram on the right of Fig. 2.7, generated
by dynamical twist-3 effects. Special features and observations at NLO are discussed as well as
the general strategy for the calculation of dynamical twist-3 effects at NLO. The radiation of an
unobserved gluon will serve as an illustrative example (see diagrams in Fig. 2.10). As discussed in
Sec. 2.3, the SSA requires an imaginary part in the hard scattering amplitudes. The only source of
this imaginary part at LO is the propagator (2.68), meaning that the LO formula (2.64) is entirely
given in terms of a SGP contribution ∝ F (x, x). As will be demonstrated below, there are various
other sources of imaginary parts at NLO:

Integral contribution: To start, consider the following general form of dynamical twist-3
contributions at NLO∫

dz

z2

∫
dx

∫ 1

x−1

dx′ i

x′ − x

[
σ̂1(x, x′, z)F q(x, x′) + σ̂5(x, x′, z)Gq(x, x′)

]
Dq

1(z) + c.c. . (2.82)

This formula is specific to real-gluon-emission corrections to the leading order, given by the dia-
grams in Fig. 2.10. Since this partonic channel features quark-gluon (qg) correlations in the initial
nucleon as well as the fragmentation of a quark (q) into the observed final-state hadron, it is re-
ferred to as qg → q channel below. Unlike the LO case, cf. (2.64), both qgq functions F q and Gq

enter at NLO.
The generic partonic factors σ̂1,5 are given by the interference of Feynman amplitudes: On the

one hand, an amplitude Mqg with an initial-state quark and a gluon (see Fig. 2.10), and on the
other hand, an amplitude Mq with a single quark in the initial state (as in Fig. 2.9, but with
kT = 0). The formula (2.82) explicitly factors out an imaginary unit i such that the numerator
of the partonic factors σ̂1,5 is real. Since the complex conjugate c.c. is added in (2.82), another
imaginary unit must appear in σ̂1,5 for a non-zero contribution. This is where the small imaginary
parts iδ in the denominators of Feynman propagators become important, and the decomposition
of such a propagator in real and imaginary parts is given in Eq. (2.68).

At NLO, however, one also encounters certain propagators where the procedure of Eq. (2.68)
leads to problems in the subsequent phase space integration. An example for such a propagator
found in the qg → q channel is given by

i

(p− k + k′ + r)2 + iδ
.
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Here, the partonic momenta are approximated as in the right diagram of Fig. 2.7, namely k � xP ,
k′ � x′ P and p � Ph/z. Furthermore, r refers to the momentum of the unobserved final-state
gluon. Following Eq. (2.68), one would decompose this propagator as follows:

1

(p− k + k′ + r)2 + iδ
=

P
...

− i π

2k · r − t̂
δ

(
ζ − ŝ+ û− 2l · r

2k · r − t̂

)
, (2.83)

where ζ ≡ x′
x is introduced for convenience. Using the δ-function would fix x′ to a r-dependent

quantity, i.e. x′ = x′(r). Consequently, this r-dependence would also implicitly enter F (x, x′) and
G(x, x′) in Eq. (2.82). Since both functions F and G are essentially unknown, performing the
subsequent phase space integration over rμ would become rather complicated. This is especially
true for the computation of the all-order-in-ε result. Of course, it is formally possible to do a
Taylor expansion in x′ of F q and Gq. But then one also runs into several difficulties.

Instead, the approach used in this work is to keep the causal iδ in Eq. (2.83) small but finite.
Then, one can perform the phase space integration before the x′-integral. In this case, imaginary
parts are not generated by a propagator decomposition as in (2.83). Consequently, x′ is not set
to a fixed value but can vary within the integration boundaries in (2.82). Hence, such contribu-
tions will be referred to as integral contributions in the following. For the integral contributions,
the imaginary parts emerge after phase space integration via the appearance of complex-valued
logarithms, for example:

log

(
1− (B2 + C2)/ (A+ iδ)

2

(1−B/(A+ iδ))2

)
= log

∣∣∣∣1− (B2 + C2)/A2

(1−B/A)2

∣∣∣∣
+iπ θ(1− ζ)θ(ζ) sgn

(
ζ − −û

ŝ+t̂

)
with : A = −((1− ζ)ŝ+ ζt̂+ û)/4

B = A+ ζ
t̂

2
+

t̂û

2(ŝ+ t̂)

C =

√
ŝt̂û(ŝ+ t̂+ û)

2(ŝ+ t̂)
, (2.84)

Here, θ denotes the Heaviside step function and sgn the sign function. The logarithm in (2.84)
produces an imaginary part for 0 < ζ < 1, corresponding to 0 < x′ < x. This applies to all complex
logarithms resulting from the phase space integration.

Since the calculation is performed in d = 4− 2ε dimensions, soft and/or collinear singularities
appear in the form of 1

ε poles. However, the aforementioned logarithms like (2.84) only show up
at order O(ε0), i.e. they are not accompanied by any 1

ε poles. In this way one arrives at a result
of the following form for the integral contributions to the qg → q channel:∫ v1

v0

dv

∫ 1

x0

dw

w

∫ 1

0

dζ
[
σ̃1(v, w, ζ)F q

(
x0

w , ζ x0

w

)
+σ̃5(v, w, ζ)Gq

(
x0

w , ζ x0

w

)]
Dq

1

(
1−v1

1−v

)
, (2.85)

where the integration variables x and z are substituted by v and w as before. The partonic
functions σ̃1,5 are finite for d → 4 and depend neither on external kinematical variables s, t, u, nor
on the renormalization scale μ.

Notably, σ̃1,5 have discontinuities due to the sign functions from the complex logarithms as
in Eq. (2.84). This alone would keep the integrability of Eq. (2.85) intact. However, one finds
that there are singularities at ζ = 0, ζ = 1 and ζ = w in the integrands (f1,2,3 are some generic
functions independent of ζ):

σ̃1,5(v, w, ζ)
ζ→1−−−→ f1(v, w)

(1− ζ)2
,

σ̃1,5(v, w, ζ)
ζ→0−−−→ f2(v, w)

ζ2
,

σ̃1,5(v, w, ζ)
ζ→w−−−→ f3(v, w)

(w − ζ)2
. (2.86)

This behavior immediately indicates that the ζ-integral in (2.85) diverges.
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One must regularize the divergent contributions in terms of ε to combine and eventually cancel
them with divergences from other sources. It is instructive to first consider the simpler example of

a partonic factor σ̃0(v, w, ζ)
ζ→1−−−→ f0(v, w)/(1− ζ). The basic idea is to move the problematic de-

nominator to the qgq functions F q, Gq and then add and subtract suitable terms to the numerator.
Let σ̃0(ζ) ≡ σ̂0

int(ζ)/(1− ζ) with a finite partonic function σ̂0
int, such that the divergent behavior

is explicitly factored out. Then one can write

σ̃0(ζ)F
(
x0

w , ζ x0

w

)
= σ̂0

int(ζ)
F

(
x0

w , ζ x0

w

)
1− ζ

= σ̂0
int(ζ)

⎛
⎜⎜⎜⎝F

(
x0

w , ζ x0

w

)
− F

(
x0

w , x0

w

)
1− ζ︸ ︷︷ ︸
Fint

+
F

(
x0

w , x0

w

)
1− ζ

⎞
⎟⎟⎟⎠

≡ σ̂0
int(ζ)Fint (x0, w, ζ) + σ̃0(ζ)F

(
x0

w , x0

w

)
, (2.87)

where effectively a zero in the form 0 = F
(
x0

w , x0

w

)
−F

(
x0

w , x0

w

)
has been added to the numerator.

The first term in the second line contains an integrable combination Fint of the function F and
the finite partonic function σ̂0

int. Thus, it is integrable over the whole range 0 ≤ ζ ≤ 1 and would
constitute the result for the integral contribution.

The partonic factor σ̃0 in the second term is still divergent, but it is now accompanied by the
qgq function F q

(
x0

w , x0

w

)
which is independent of ζ and hence independent of x′. Thus, one can

go back to the stage before the phase space integration, where one still has the propagator (2.83).
Now, one can simply apply the δ-function to fix x′ which is not a problem anymore because
x′ does not enter the argument of F q and, consequently, F q remains independent of the gluon
momentum r. Then, the phase space integral over r can be carried out analytically to all orders
in ε. The original divergence in ζ will now show up as a 1

ε pole. Effectively, the divergence for
ζ → 1 from the integral contribution is shifted to a divergence for ε → 0 in a pole contribution,
in this case a soft-gluon pole contribution. These pole contributions originating from adding
and subtracting terms in an intermediate step will be referred to as subtraction terms in the
following. Importantly, ”subtraction” in this context is not related to a subtraction as part of the
renormalization procedure.

Going back from the simplified example to the partonic factors in the qg → q channel, the
concept can be applied as follows: based on the singular structure (2.86), one may redefine the
partonic functions as

σ̂1,5
Int(v, w, ζ) ≡ ζ2(1− ζ)2(w − ζ)2 σ̃1,5(v, w, ζ) . (2.88)

Indeed, the new partonic functions σ̂1,5
Int are now well-behaved and integrable. The factor ζ2(1 −

ζ)2(w − ζ)2 and accordingly the divergent behavior is moved to the qgq functions in (2.85) as
follows:

(F,G)
(
x0

w , ζ x0

w

)
→ (F,G)

(
x0

w , ζ x0

w

)
ζ2(1− ζ)2(w − ζ)2

. (2.89)

Next, one needs to add and subtract suitable terms from the numerator, namely Taylor expansions
of (F,G)

(
x0

w , ζ x0

w

)
around the three poles up to the linear term in ζ. The integrable combinations

of the qgq functions then read

F qg→q
Int (x0, w, ζ) ≡ 1

ζ2(1− ζ)2(w − ζ)2
[
F q

(
x0

w , ζ x0

w

)
+

ζ2(1− ζ)2

(1− w)3w3

(
(5w2 + 2ζ − 3w − 4wζ)F q

(
x0

w , x0

)
+ (w − ζ)(1− w)x0 (∂2F

q)
(
x0

w , x0

))
−ζ2(w − ζ)2

(1− w)3

(
(5− 4ζ − 3w + 2wζ)F q

(
x0

w , x0

w

)
− 1

2
(1− ζ)(1− w) x0

w (F q)
′ (x0

w , x0

w

))

− (w − ζ)2(1− ζ)2

w3

(
(2ζ + w + 2wζ)F q

(
x0

w , 0
)
+ ζ x0 (∂2F

q)
(
x0

w , 0
))]

, (2.90)
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and

Gqg→q
Int (x0, w, ζ) ≡ 1

ζ2(1− ζ)2(w − ζ)2
[
Gq

(
x0

w , ζ x0

w

)
+

ζ2(1− ζ)2

(1− w)3w3

(
(5w2 + 2ζ − 3w − 4wζ)Gq

(
x0

w , x0

)
+ (w − ζ)(1− w)x0 (∂2G

q)
(
x0

w , x0

))
+
ζ2(w − ζ)2(1− ζ)

(1− w)2
x0

w (∂2G
q)

(
x0

w , x0

w

)
− (w − ζ)2(1− ζ)2

w3

(
(2ζ + w + 2wζ)Gq

(
x0

w , 0
)
+ ζ x0 (∂2G

q)
(
x0

w , 0
))]

. (2.91)

Although it is not apparent at first glance, both modified functions (F,G)qg→q
Int in Eqs. (2.90),(2.91)

are integrable over 0 ≤ ζ ≤ 1 and x0 ≤ w ≤ 1. Consequently, one arrives at a well-defined,
convergent result for the integral contributions to the qg → q channel, which can be written as∫ v1

v0

dv

∫ 1

x0

dw

w

∫ 1

0

dζ
[
σ̂1
Int(v, w, ζ)F

qg→q
Int (x0, w, ζ)

+σ̂5
Int(v, w, ζ)G

qg→q
Int (x0, w, ζ)

]
Dq

1

(
1−v1

1−v

)
. (2.92)

It is interesting to note that the procedure described above to regularize the divergences in
the ζ-integral can also be applied in slightly modified ways. It is noteworthy that terms ∝ CF

in σ̃1,5(v, w, ζ) are less divergent around the three ζ-poles. In particular, there is no divergence
around ζ = w. Thus, it would suffice to factor out lower powers of 1 − ζ, ζ and w − ζ. This
would in turn lead to different expressions for F qg→q

int and Gqg→q
int than those in Eqs. 2.90 and 2.91.

Moreover, the subsequent parts of the calculation discussed below would also be different.

Pole contributions: One must of course add back the subtraction terms from Eqs. (2.90),(2.91),
i.e. all terms beside (F,G)

(
x0

w , ζ x0

w

)
. Like in the simplified example above, the variable ζ does not

enter the qgq functions F,G for the subtraction terms, and these functions are only evaluated at
certain, special configurations of their arguments x, x′:

• Soft-gluon pole (SGP): The function F
(
x0

w , x0

w

)
and its derivative term in the third line

of (2.90) are evaluated on the x = x′ diagonal. This configuration is already familiar from
the LO result (2.64) as well as the kinematical twist-3 part in Sec. 2.4.1 (Eqs. (2.79),(2.74)
with Eq. (2.69)). Physically, x′ = x means that the initial-state gluon (see for example
Fig. (2.10)) has vanishing longitudinal momentum, i.e. it is a soft gluon. For the other qgq
function G only a derivative term enters the third line of Eq. (2.91) since G

(
x0

w , x0

w

)
= 0.

• Soft-fermion pole (SFP): The functions F
(
x0

w , 0
)
, G

(
x0

w , 0
)
are encountered in the fourth

lines of Eqs. (2.90),(2.91), alongside their derivatives. Physically, x′ = 0 means that an
initial quark enters a partonic amplitude (e.g. in the right diagram of Fig. 2.7) with zero
longitudinal momentum, hence the name soft-fermion pole.

• Hard pole (HP): The functions F
(
x0

w , x0

)
, G

(
x0

w , x0

)
appear in the second lines of Eqs. (2.90),

(2.91). They are referred to as hard poles (HP) because neither the quark nor the gluon
entering the partonic amplitude are soft.

The HP, SGP and SFP subtraction terms can be calculated as explained for the simplified
example, see Eq. (2.87): Since the qgq functions F and G are independent of the integration
variable ζ (or x′), one can go back to Eq. (2.82), at the stage before the phase space integration.
Because of the independence of ζ for the functions F,G, the decomposition (2.86) can be used
without any problems. Thus, the δ-function fixes ζ = ŝ+û−2l·r

2k·r−t̂
in the partonic cross section

σ̂ as well as the prefactors of the subtraction terms (2.90),(2.91). Afterwards, the phase space
integration can be performed to all orders in ε for all subtraction terms. This is the key advantage
of the procedure.

The HP functions F
(
x0

w , x0

)
, G

(
x0

w , x0

)
only enter via the subtraction terms (2.90),(2.91). In

the qg → q channel, the gluon emission causes collinear singularities in the form of 1
ε poles. These

poles are canceled by the corresponding HP term in the renormalization formula (2.100) (third
and fifth line), which will be discussed in more detail below.

The SGP- and SFP-contributions, on the other hand, are also generated directly from Feynman
propagators in the partonic amplitudes,

1

(r − k + k′)2 + iδ
=

1

(2k · r)(ζ − 1 + iδ)
=

1

2k · r

( P
ζ − 1

− iπ δ(ζ − 1)

)
, (2.93)
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along with (2.68) for the direct SGP-contribution, and

1

(k′ − r)2 + iδ
=

1

(2k · r)(−ζ + iδ)
= − 1

2k · r

(P
ζ
+ iπ δ(ζ)

)
, (2.94)

for the direct SFP-contribution. In the end, one must add the direct SGP- and SFP-contributions
to the respective contributions from the subtraction terms. More details will be given below.

Figure 2.11: Region of support in momentum fractions x, x′ of the qgq functions F q, Gq. The
parts probed by the different contributions are indicated by ”int” for the integral contributions

and ”HP”, ”SGP” and ”SFP” for the hard, soft-gluon and soft-fermion poles respectively

The different contributions encountered in this section are depicted in Fig. 2.11, where the
corresponding regions of the support in longitudinal momentum fractions x, x′ of the qgq func-
tions F q, Gq are indicated. Although only the colored triangle is probed directly, one needs to
keep in mind the symmetry properties of the qgq functions, namely F q (x, x′) = +F q (x′, x) and
Gq (x, x′) = −Gq (x′, x). Thus, one also gains access to the region that is obtained from reflecting
the colored triangle about the SGP (x = x′) diagonal. Additionally, the behavior under charge
conjugation, i.e. F q̄ (x, x′) = F q (−x,−x′) and Gq̄ (x, x′) = Gq (−x,−x′), implies that one can also
reflect about the origin because the same support region is probed for antiquarks as for quarks. As
will be discussed in the corresponding sections in Ch. 3, the production channels qq → q (Sec. 3.3)
and qq → q′ (Sec. 3.4) feature the qgq functions at different arguments and thus acces the top-left
and bottom-right regions in Fig. 2.11. Thus, combining all channels, the full support in x, x′ is
accessed at NLO.

2.4.3 Photon-in-Lepton Contribution at NLO

For processes like �N → hX, collinear singularities at NLO can also be caused by the unobserved
final-state lepton, if it is assumed to be massless. This is because the phase space integral contains
a configuration where final- and initial-state lepton momenta are collinear. In such a configura-
tion, a quasi-real photon is exchanged between lepton and nucleon and the corresponding photon
propagator goes on-shell, causing a divergence. In dimensional regularization, this leads to a 1

ε
pole. This happens independently of whether one considers a polarized or unpolarized process.
Ref. [120] discusses how one can deal with this issue, choosing either of the following two options:
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• Keep a non-zero lepton mass m
 throughout and expand the result around m
 = 0, only
keeping the log(m
)-terms and those of order O(m0


)

• Work out the NLO contribution for m
 = 0 and regulate the collinear singularity through di-
mensional regularization. The singularity is then canceled by a so-calledWeizsäcker-Williams

contribution, generated by the photon-in-lepton density f
γ/

1 , see Eq. (C.20)

In the first approach, it becomes more complicated to carry out the phase space integration.
Even more so for an all-order-in-ε result (see App. E). Regardless of this disadvantage, the finite
lepton mass regulates the aforementioned collinear singularity. In the end, one can expand around
m
 = 0 and a generic partonic factor takes the form (see [120]):

σ̂NLO(v, w,m
, μ) = σ̂log(v, w, μ) log
(

s
m2

�

)
+ σ̂0(v, w, μ) +O

(
m2


 log
(
m2




))
. (2.95)

The logarithm in this expression might become rather large and require resummation because of
the small lepton mass in its argument. However, this is beyond the scope of this work.

In the second approach one needs to include contributions from quasi-real photons as partons

within the lepton, described by f
γ/

1 , see Eq. (C.20). Following Ref. [120] and in particular Eq. (23)

therein, one makes the following factorization ansatz. For the kinematical twist-3 contributions to
the transversely polarized cross section one has

Eh
dσreal γ

kin

dPh
∝

∫
dz

z2

∫
dy

∫
dx δ

(
y + t̂

ŝ+û

)
f
γ/

1,bare(y)D

q
1(z) ×[

f
⊥(1),q
1T (x) σ̂real γ

kin (y, x, z)
]
, (2.96)

and for the dynamical contributions,

Eh

dσreal γ
dyn

dPh
∝

∫
dz

z2

∫
dy

∫
dx

∫ 1

x−1

dx′ δ
(
y + t̂

ŝ+û

)
f
γ/

1,bare(y)D

q
1(z) ×[

F q(x, x′) σ̂real γ
dyn,1(y, x, x

′, z) +Gq(x, x′) σ̂real γ
dyn,5(y, x, x

′, z)
]
. (2.97)

The partonic factors in these formulas are constructed from slightly modified versions of the NLO
Feynman diagrams discussed above: the lepton lines are removed and the exchanged virtual photon
becomes real with collinear momentum qμ = y lμ, where lμ is the initial lepton’s momentum.
The partonic factors are of the order O(αemαs) and because of the much simpler phase space,
their calculation is straightforward. As before, the necessary imaginary parts for the dynamical
contribution (2.97) are generated by propagator poles. Here, only SGP and SFP terms appear due
to the absence of propagators like in Eq. (2.83).

Since the renormalized photon-in-lepton distribution f
γ/
,MS
1 (x, μ) in (C.23) is of order O(αem),

the contributions (2.96) and (2.97) are of the order O(α2
emαs). Thus, they can be matched to the

other NLO corrections from real-gluon radiation discussed above. In this way, the collinear 1
ε pole

of the photon-in-lepton contributions indeed cancels for each partonic channel, providing a good
consistency check for the calculation. Moreover, after one combines ”partonic photon” and other
NLO corrections, the artificial factorization scale μ in (C.23) is canceled. Finally, one arrives at
the same conclusion as in Ref. [120]: one exactly recovers the expansion around m
 = 0 given in
Eq. (2.95), meaning that both approaches yield identical results.

2.5 Renormalization of Multiparton Correlation Functions

The bare collinear correlation functions, for example in App. C, still contain ultraviolet (UV) di-
vergences. In dimensional regularization, these UV divergences appear as 1

ε poles in a perturbative
calculation at order O(αs) in the strong coupling constant. Through the process of renormaliza-
tion, for example using the popular MS-scheme, such poles are systemically removed. Although
the method is well established for twist-2 matrix elements5, the renormalization of bare twist-3
functions such as those given in App. C is more complicated since the corresponding splitting
kernels are more involved. The necessary formulas for the twist-3 correlation functions will be
presented below. This includes the renormalization of the bare qgq function in the soft-gluon
pole (SGP) configuration F q

bare(x, x) as well as the bare qγq functions in the soft-fermion pole

5the corresponding MS-renormalization equations for the fragmentation functions are given in App. C.5
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(SFP) configurations F q
γ,bare(0, x), G

q
γ,bare(0, x) and F q

γ,bare(−x, 0), Gq
γ,bare(−x, 0). The former are

required for single-inclusive hadron and jet production, while the latter play an important role for
photon production.

2.5.1 Renormalization of the Bare qgq Function

The required renormalization formula for the bare SGP function F q
bare(x, x) is found from the

literature, see Ref. [121]. One can read off the relevant splitting function for F (x, x) from the
corresponding LO evolution equation given there. Ref. [121] explicitly shows only the non-singlet
case in Eq. (43). However, each individual quark flavor q also gets a contribution from the triple-
gluon correlation functions N(x, x′), O(x, x′)6. This contribution is independent of the quark flavor
q and is thus canceled out in the non-singlet case q − q′. The triple-gluon part is given explicitly
in Eq. (107) of Ref. [122]. Note that this reference misses some other terms, though, as elaborated
on in Ref. [121]. One arrives at the following renormalization formula

F q
bare(x, x, μ) = F q,MS(x, x, μ) +

αs(μ)

2π

Sε

ε
× (2.98)∫ 1

x

dw

w

[
Pqq(w)F

q,MS
(
x
w , x

w , μ
)

+
Nc

2

(
1 + w

(1− w)+
F q,MS

(
x
w , x, μ

)
− 1 + w2

(1− w)+
F q,MS

(
x
w , x

w , μ
))

+
Nc

2
Gq,MS

(
x
w , x, μ

)
−Nc F

q,MS (x, x, μ) δ(1− w)

+
1

2Nc

(
(1− 2w)F q,MS

(
− 1−w

w x, x, μ
)
+Gq,MS

(
− 1−w

w x, x, μ
))

+2Pqg(w)
w

x

((
NMS +OMS

) (
x
w , x

w , μ
)
−

(
NMS −OMS

) (
x
w , 0, μ

))]
+O

(
α2
s

)
,

where the renormalization/factorization scale μ is introduced as well as Sε = (4π)ε/Γ(1 − ε), a
convenient prefactor consistent with the MS-scheme at NLO. Pqq and Pqg are the well-known LO

q → q and g → q splitting functions (with CF =
N2

c−1
2Nc

= 4
3 for Nc = 3, and TR = 1

2 ),

Pqq(w) = CF

[
1 + w2

(1− w)+
+

3

2
δ(1− w)

]
,

Pqg(w) = TR

[
w2 + (1− w)2

]
. (2.99)

The numerous different contributions to Eq. (2.98) can be broken down as follows

• The SGP function F q,MS
(
x
w , x

w , μ
)
in the second line of (2.98) is generated by quark-quark

splitting. Such a term is familiar from the twist-2 PDFs and a similar term is also found in
the splitting kernel for the qγq functions below

• The third line of (2.98) includes contributions of the vector-type function F that are ∝ Nc.

They come with a + distribution and one has both a HP configuration F q,MS
(
x
w , x, μ

)
as

well as SGP configuration F q,MS
(
x
w , x

w , μ
)

• In the fourth line of (2.98) one encounters further contributions ∝ Nc. These include a non-

distributional HP configuration Gq,MS
(
x
w , x, μ

)
as well as a SGP contribution F q,MS (x, x, μ)

accompanied b a δ function

• The fifth line of (2.98) is suppressed by an overall factor 1
2Nc

. It includes another type of

HP configurations, namely F q,MS
(
− 1−w

w x, x, μ
)
and Gq,MS

(
− 1−w

w x, x, μ
)
. Notably, these

feature a negative first argument and correspond to quark-antiquark-gluon (qq̄g) correlations

• Finally, the triple-gluon functions
(
NMS, OMS

) (
x
w , x

w , μ
)
and

(
NMS, OMS

) (
x
w , 0, μ

)
are fea-

tured in the last line of (2.98). They enter with the quark-gluon splitting function Pqg.
Again, these terms are independent of the considered flavor for F q

bare and thus absent in the
non-singlet evolution equation

6for a definition see Eqs. (C.11) and (C.12)
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In addition to the ETQS matrix element F (x, x), the leading order formula (2.64) also includes
a contribution from the derivative term F ′ = d

dxF . The two terms enter via the combination(
1− x d

dx

)
F (x, x). Hence, the following MS-subtraction is needed

(
1− x d

dx

)
F q
bare(x, x, μ) =

(
1− x d

dx

)
F q,MS(x, x, μ) +

αs(μ)

2π

Sε

ε
× (2.100)∫ 1

x

dw

w

[
Pqq(w)

(
F q,MS − x

w

(
F q,MS

)′)(
x
w , x

w , μ
)

+
Nc

2

1 + w

(1− w)+

(
F q,MS − x

w

(
∂1F

q,MS
)
− x

(
∂2F

q,MS
)) (

x
w , x, μ

)
−Nc

2

1 + w2

(1− w)+

(
F q,MS − x

w

(
F q,MS

)′)(
x
w , x

w , μ
)

+
Nc

2

(
Gq,MS − x

w

(
∂1G

q,MS
)
− x

(
∂2G

q,MS
)) (

x
w , x, μ

)
−Nc

(
F q,MS − x

(
F q,MS

)′)
(x, x, μ) δ(1− w)

+
1

2Nc

(
F q,MS

(
− 1−w

w x, x, μ
)
− δ(1− w)F q,MS(0, x, μ)

)
+

1

2Nc

(
Gq,MS

(
− 1−w

w x, x, μ
)
+ δ(1− w)Gq,MS(0, x, μ)

)
− 1

2Nc

(
(1− 2w)x

[
∂1F

q,MS + ∂2F
q,MS

] (
− 1−w

w x, x, μ
))

− 1

2Nc

(
x

[
∂1G

q,MS + ∂2G
q,MS

] (
− 1−w

w x, x, μ
))

+
(
1− 2w2 + δ(1− w)

)
×

w

x

((
NMS +OMS

) (
x
w , x

w , μ
)
−

(
NMS −OMS

) (
x
w , 0, μ

))]
+O

(
α2
s

)
,

where a shorthand is used for the derivatives with respect to the first (second) argument of the
correlation functions, (∂1(∂2)(F,G)) (x, x′). The notation is defined in Eq. C.6. Note that integra-
tion by parts is applied for terms with a derivative of N or O. The even larger number of different
contributions to the renormalization formula (2.100) can be broken down in a similar way as for
Eq. (2.98) above. Note that the x-derivative can not only act directly on the integrand but also
on the lower integration boundary in (2.98). This generates additional boundary terms which are
accompanied by a δ(1− w) in (2.100).

2.5.2 Renormalization of the Bare qγq Functions

Eq. (2.100) provides the only twist-3 renormalization needed for single-inclusive hadron production,
�N↑ → hX. On the other hand, photon production, �N↑ → γX, requires several other formulas.
The process features an interference channel that contains qγq functions defined in Eq. (C.7) and
gγg functions defined in Eq. (C.8), which have quite involved splitting kernels as well. To the
best of the author’s knowledge, these results are not available in the literature; the derivation for
qγq follows below. To be more precise, one needs renormalization for a qq̄γ configuration. This
means that a quark and antiquark emitted from the nucleon participate in the partonic scattering
process on one side of the final state cut and only an emitted photon on the other side of the cut.
Consequently, the distribution functions enter as F q

γ (x
′−x, x′) and Gq

γ(x
′−x, x′). Notably, this is

a different combination of x, x′ in their arguments compared to the hadron production case. The
splitting kernel receives contributions from three types of mixing, namely with:

1. The qgq functions F q, Gq

2. Themselves, the qγq functions F q
γ , G

q
γ

3. The gγg functions O1
γ , O

2
γ

Mixing of qγq with qgq

Starting with the qgq part of the splitting kernel, the relevant Feynman diagrams are shown in
Fig. 2.12. Let A denote the amplitude of the left-hand side of the final-state cut and B of the
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Figure 2.12: Feynman diagrams required for the splitting kernel of the qγq functions. These
diagrams contribute to the mixing of qγq with qgq functions.

right-hand side for a given diagram. Then, the contribution to the renormalization formula from
that diagram is schematically given by∫

ddk

(2π)d
δ(k · n− x)

∫
ddk′

(2π)d
δ(k′ · n− x′)

∫
ddq

(2π)d−1
δ+(q2)

∑
X

∫
(2π)dδ(d)(k + q − (P − PX))AB∗ .

(2.101)
The momentum q of the quark line going through the cut is restricted by a delta function δ+(q2) =
θ(q · n)δ(q2), alongside a Heaviside step function.

For the right diagram of Fig. 2.12 one employs the collinear approximation k′ ≈ x′P for the
quark and r ≈ ξP for the gluon. Demanding that the antiquark (drawn in red in Fig. 2.12) is

collinear to the gluon and takes a fraction w of its momentum, one finds ξ = x−x′
w . Similarly, for

the left diagram the correct approximations are k − k′ ≈ (x− x′)P and r ≈ x′
w P .

Next, the functions F q
γ , G

q
γ can be projected out from their corresponding correlator Φq,ρ

γ via

F q
γ =

i

2M
ερ

PnSTr
[
/nΦq,ρ

γ

]
Gq

γ =
1

2M
(ST )ρ Tr

[
γ5/nΦ

q,ρ
γ

]
. (2.102)

Subsequently, one can carry out the algebra for the Dirac traces, which can be done in d = 4
dimensions. The reason is that one only needs to extract the 1

ε pole in the end. The O(ε)
corrections that one would get from calculating the traces for non-zero ε are irrelevant. The
resulting expression will still contain an integral over the transverse component kT of the quark
momentum, which has to be done in d = 4 − 2ε dimensions since it is the origin of the 1

ε pole.

Notably, one will encounter terms ∝ (kT · ST )
2
in the integrand, which can be handled using the

identity ∫
dd−2kT (kT · ST )

2
f
(
k2T

)
=

∫
dd−2kT

( −k2T
d− 2

)
f
(
k2T

)
. (2.103)

This is equivalent to a replacement (kT · ST )
2 → −k2T /2 + O(ε) inside the integrand. Afterwards,

one is left with just one integral, namely∫
dd−2kT

(2π)d−2k2T
= −Ω(d− 2)

(2π)d−2

∫ ∞

0

d|kT | |kT |d−5

= − 2π1−ε

Γ(1− ε)(2π)2−2ε

⎛
⎜⎜⎜⎝
∫ μ

0

dk k−1−2εIR︸ ︷︷ ︸
IR part

+

∫ ∞

μ

dk k−1−2εUV

︸ ︷︷ ︸
UVpart

⎞
⎟⎟⎟⎠

UV limit−−−−−→ −Sε

2π

μ−2ε

2ε
, (2.104)

where Ω(d) = 2πd/2/Γ(d/2) is the solid angle in d dimensions and Sε ≡ (4π)ε/Γ(1 − ε) is a
convenient constant for MS subtraction. The crucial point is that only the UV part is kept. The
IR part, however, is not considered for renormalization and it is not well-defined in a perturbative
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context. Putting everything together one obtains

F q
γ,bare(x

′ − x, x′, μ) = F q,MS
γ (x′ − x, x′, μ) +

αem

2π

Sε

2ε
eq

∫
dw

w

θ
(
1−w
w (x− x′)

)
x− x′(1− w)

× (2.105)[(
x
(
w − (1− w)2

)
+ x′(1− w)(1− 2w)

)
F q,MS

(
x′ + x−x′

w , x′, μ
)

+
(
x′(1− w)− x

(
w + (1− w)2

))
Gq,MS

(
x′ + x−x′

w , x′, μ
)]

+
αem

2π

Sε

2ε
eq

∫
dw

w

θ
(
1−w
w x′)

xw + x′(1− w)
×[(

xw2 − x′(1− w)(1− 2w)
)
F q,MS

(
x′ − x, x′ − x− x′

w , μ
)

+
(
xw2 + x′(1− w)

)
Gq,MS

(
x′ − x, x′ − x− x′

w , μ
)]

+ . . .

(2.106)

for the vector-type qγq function F q
γ . Analogously, the result for the axial-vector-type function Gq

γ

reads

Gq
γ,bare(x

′ − x, x′, μ) = Gq,MS
γ (x′ − x, x′, μ) +

αem

2π

Sε

2ε
eq

∫
dw

w

θ
(
1−w
w (x− x′)

)
x− x′(1− w)

× (2.107)[(
x′(1− w)− x

(
w + (1− w)2

))
F q,MS

(
x′ + x−x′

w , x′, μ
)

+
(
x
(
w − (1− w)2

)
+ x′(1− w)(1− 2w)

)
Gq,MS

(
x′ + x−x′

w , x′, μ
)]

+
αem

2π

Sε

2ε
eq

∫
dw

w

θ
(
1−w
w x′)

xw + x′(1− w)
×[(

xw2 + x′(1− w)
)
F q,MS

(
x′ − x, x′ − x− x′

w , μ
)

+
(
xw2 − x′(1− w)(1− 2w)

)
Gq,MS

(
x′ − x, x′ − x− x′

w , μ
)]

+ . . . ,

where the ellipsis indicates higher order terms of the splitting kernel as well as the contributions
for mixing with qγq and gγg functions. The expressions are rather lengthy but they share a lot of
similarities and can be broken down as follows

• The first integrals in (2.105) and (2.107) are generated by the diagram on the right of Fig. 2.12.

They feature the qgq functions F q,MS
(
x′ + x−x′

w , x′, μ
)
and Gq,MS

(
x′ + x−x′

w , x′, μ
)
, which

are evaluated at positive arguments. For x′ = x, a SGP contribution F q,MS (x, x, μ) is

generated, while Gq,MS vanishes in this case

• The second integrals in the above formulas are generated by the diagram on the left of 2.12 and

feature
(
F q,MS, Gq,MS

)(
x′ − x, x′ − x− x′

w , μ
)
. The arguments are negative for 0 < x′ < x

and thus one can interpret these as antiquark contributions. For x′ = x, antiquark SFP

configurations
(
F q̄,MS, Gq̄,MS

) (
x
w , 0, μ

)
are generated

In the actual calculation (see Ch. 5), one only needs the two SFP configurations of x′ = x and
x′ = 0. For the former case one finds the following simplified formulas

F q
γ,bare(0, x, μ) = F q,MS

γ (0, x, μ) +
αem

2π

Sε

2ε
eqF

q,MS(x, x, μ) +
αem

2π

Sε

2ε
eq

∫ 1

x

dw

w
× (2.108)[(

w − (1− w)2
)
F q,MS

(
− x

w , 0, μ
)
−

(
w + (1− w)2

)
Gq,MS

(
− x

w , 0, μ
)]

+ . . .

Gq
γ,bare(0, x, μ) = Gq,MS

γ (0, x, μ) − αem

2π

Sε

2ε
eqF

q,MS(x, x, μ) +
αem

2π

Sε

2ε
eq

∫ 1

x

dw

w
×[(

w + (1− w)2
)
F q,MS

(
− x

w , 0, μ
)
−

(
w − (1− w)2

)
Gq,MS

(
− x

w , 0, μ
)]

+ . . . ,

where the qgq functions for quark q at negative arguments can be related to the corresponding
function for antiquark q̄ via F q(−x,−x′) = F q̄(x, x′) and Gq(−x,−x′) = Gq̄(x, x′). The second
case of SFP functions, i.e. Fγ(−x, 0), Gγ(−x, 0), can be obtained from Eqs. (2.105) and (2.107) by
setting x′ = 0 or alternatively from Eq. (2.108) by replacing x → −x as well as using the symmetry
of F q, F q

γ and the antisymmetry of Gq, Gq
γ under interchange of their arguments. Both approaches

are consistent with each other, which provides a small check on the correctness of the derivation.
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Figure 2.13: Feynman diagrams required for the splitting kernel of the qγq functions. These
diagrams contribute to the mixing of qγq functions with themselves.

Mixing of qγq with qγq

The second part of the qγq splitting kernel describes their self-mixing; the relevant Feynman
diagrams are shown in Fig. 2.13. Note the important factors of 1/2 for the (anti-)quark self-energy
diagrams in the bottom of Fig. 2.13. They originate from the Z2 renormalization factor of the
quark propagator and their appearance is well known from the derivation of evolution equations of
the ordinary twist-2 PDFs, see for example Ref. [123]. Notably, the contribution from the diagrams
of Fig. 2.13 to the correlator Φq,ρ

γ (x′ − x, x′) has a different schematic form than Eq. (2.101). The
reason is that there is no longer a quark line crossing the final state cut and consequently one has∫

ddk

(2π)d
δ(k · n− x)

∫
ddk′

(2π)d
δ(k′ · n− x′)

∑
X

∫
(2π)dδ(d)(k − (P − PX))AB∗ . (2.109)

Top Diagram Consider first the top diagram in Fig. 2.13 and apply the collinear approxima-
tion q ≈ ξP , k ≈ xP . Unlike the qgq calculation, ξ cannot be fixed immediately for the terms
below. Moreover, there is no on-shell condition for any particle crossing the final state cut in this
diagram. Consequently, there is one less δ function available than before and one more integral to
be evaluated. Applying Eq. (2.102) to project out F q

γ , G
q
γ from the corresponding correlator leads

to the intermediate result

F q
γ (x′ − x, x′) =

−i

2
αsCF

∫
dξ

∫
dd−2k′T
(2π)d−2

∫ ∞

−∞

db′

2π
F q
γ (ξ − x, ξ) ×

gλη⊥ (ξP − k′)Tr
[
/n/k

′
γλ /Pγη

(
/k
′ − x/P

)]
(
(ξP − k′)2 + iδ

)(
(k′)2 + iδ

)(
(k′ − xP )

2
+ iδ

)
Gq

γ (x
′ − x, x′) =

−i

2
αsCF

∫
dξ

∫
dd−2k′T
(2π)d−2

∫ ∞

−∞

db′

2π
Gq

γ(ξ − x, ξ) ×

gλη⊥ (ξP − k′)Tr
[
γ5/n/k

′
γλ /Pγ5γη

(
/k
′ − x/P

)]
(
(ξP − k′)2 + iδ

)(
(k′)2 + iδ

)(
(k′ − xP )

2
+ iδ

) , (2.110)

with the quark momentum k′ given by the decomposition k′ = x′P + b′n+ k′T . Furthermore, the
transverse projector of momentum p is defined as gμν⊥ (p) = gμν − (pμnν + pνnμ) /(p · n).

One must explicitly keep the causal imaginary part in the Feynman propagators, denoted here
as iδ, since the next step is to use contour integration for the b′ integral. In the end, one is again
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Figure 2.14: Sketch of the integration contour for the b′ integrals in Eq. (2.110) including the
position of all poles for 0 < x′ < x. One has to distinguish between the cases ξ > x′ and ξ < x′

shown in blue and green respectively.

interested in the SFP configurations x′ = x and x′ = 0 and hence it is practical to assume 0 < x′ < x
to determine the position of the poles in the complex b′-plane. A sketch of the integration contour
including the position of all poles is shown in Fig. 2.14. One must separate the cases ξ > x′

(displayed in blue), where two poles are inside the contour, and ξ < x′ (displayed in green), where
only one pole is inside the contour. Computing the necessary residues is straightforward and one
obtains the following schematic form for both F q

γ and Gq
γ

F q
γ (x′ − x, x′) ∝

∫ 1

−1+x

dξ

(∫
dd−2k′T

(2π)d−2 (k′T )
2

)
F q
γ (ξ − x, ξ) (θ(ξ − x′)A(x, x′, ξ) +B(x, x′, ξ)) ,

(2.111)
where the boundaries on the ξ integral follow directly from the support properties of F q

γ (ξ − x, ξ)
and θ denotes the Heaviside step function. The k′T integral is the same as before, see Eq. (2.104),
and generates a 1

ε pole.
According to the step function, one splits up the ξ integral into one part over the interval

(−1 + x, x′) and a second part over the interval (x′, 1). For the former one employs the substitu-

tion ξ = x− x−x′
w and for the latter ξ = x′

w . These substitutions may not seem intuitive. They can,
however, be motivated physically: assume the collinear approximation k ≈ xP, k′ ≈ x′P . Further-
more, assume that the quark of momentum k′ participating in the hard scattering is collinear to
the quark emitted from the nucleon with momentum q. Denoting the momentum fraction as w, i.e.
k′ = wq one finds k′ = wq = x′P ⇒ ξ = x′

w . Analogously, if the antiquark with momentum k − k′

is collinear to the emitted antiquark from the nucleon with momentum s and takes a fraction w of
its momentum, then one has k − k′ = ws = (x− x′)P ⇒ ξ = x− x−x′

w . Using these substitutions,
one finds for the contribution of the top diagram in Fig. 2.13

F q
γ (x′ − x, x′) =

αs

2π

Sε

ε
CF

(∫ 1

x−x′

dw

w

x− x′(1− w)

x(1− w)
F q
γ

(
x′−x
w , x− x−x′

w

)
+

∫ 1

x′

dw

w

xw + x′(1− w)

x(1− w)
F q
γ

(
x′
w − x, x′

w

))
+ . . .

Gq
γ (x

′ − x, x′) =
αs

2π

Sε

ε
CF

(∫ 1

x−x′

dw

w

x− x′(1− w)

x(1− w)
Gq

γ

(
x′−x
w , x− x−x′

w

)
+

∫ 1

x′

dw

w

xw + x′(1− w)

x(1− w)
Gq

γ

(
x′
w − x, x′

w

))
+ . . . , (2.112)
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where the ellipsis indicates the contributions by other diagrams as well as higher order terms.
Interestingly, the formulas for F q

γ and Gq
γ are of identical form.

Self-Energy Diagrams Moving on with the two self-energy diagrams at the bottom of Fig. 2.13,
it turns out that they both give the same contribution. So, in the following, only the computation
of the bottom-left diagram is discussed. It is noteworthy that these kinds of diagrams are in fact
familiar from the derivation of evolution kernels of ordinary twist-2 PDFs, see Ref. [123]. Here, a
direct and explicit approach will be shown for their evaluation. One starts again with the schematic
form of Eq. (2.109) but, in contrast to before, one does not apply any collinear approximation just
yet. Labeling the momentum of the gluon in the loop as r (the green gluon line in Fig. 2.13,
bottom left), one has to deal with the following loop integral

J (k′) ≡
∫

ddr

(2π)d

/k
′
γλ

(
/k
′ − /r

)
γηg

λη
⊥ (r)

(r2 + iδ)
(
(k′)2 + iδ

)(
(r − k′)2 + iδ

) , (2.113)

where again the transverse projector g⊥ appears because of the choice of light-cone gauge, cf.
App. D. Since this projector is now in terms of the loop momentum r one also has to explicitly
include the iδ shown in the definition of Eq. (2.70). Another consequence is that a non-quadratic
denominator enters the integral. For this specific part one cannot apply the Feynman parameter
method, cf. Eq. (2.17), and contour integration will be used instead. Thus, one first splits up the
loop integral according to the two terms in g⊥. While doing so, one can already apply an identity
from Eq. (2.8) for a first small simplification

J (k′) =

∫
ddr

(2π)d

−2(1− ε)/k
′ (

/k
′ − /r

)
(r2 + iδ)

(
(k′)2 + iδ

)(
(r − k′)2 + iδ

) (2.114)

−
∫

ddr

(2π)d

/k
′
/r
(
/k
′ − /r

)
/n+ /k

′
/n
(
/k
′ − /r

)
/r

(r2 + iδ)
(
(k′)2 + iδ

)(
(r − k′)2 + iδ

)
(r · n+ iδ)

≡ J1 (k
′)− J2 (k

′) .

Here, the first integral J1 (k
′) only contains quadratic denominators and the Feynman parameter

method can be applied. Then, because the integral of an antisymmetric integrand vanishes, one is
left with /k

′
/k
′
= (k′)2 in the numerator, which cancels the corresponding denominator and one can

subsequently set (k′)2 = 0. After a Wick rotation of the remaining r integral it can be handled in
much the same way as previously the kT integral in Eq. (2.104), also discarding its IR part. As a
result one finds a rather compact expression

J1 (k
′) =

−i

(4π)2
μ−2εSε

ε
. (2.115)

For the second integral, one first rewrites the numerator in a suitable way

/k
′
/r
(
/k
′ − /r

)
/n+ /k

′
/n
(
/k
′ − /r

)
/r = −2 (k′)2 n · r −

(
r2 + (r − k′)2 − (k′)2

)
/k
′
/n+ 2x′/k′/r , (2.116)

where the anti-commutation relations of the gamma matrices were used, as well as k′ · n = x′.
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Figure 2.15: Sketch of the integration contour for the ζ integral in Eq. (2.120), including the
position of all poles for 0 < x′ < x. Only the case 0 < ξ < x′ gives a non-zero contribution and

corresponds to the poles marked in red and blue.

Subsequently, one can further separate the integral accordingly

J2 (k
′) = /k

′
/n

∫
ddr

(2π)d
1

(r2 + iδ)
(
(r − k′)2 + iδ

)
(r · n+ iδ)

+
−/k

′
/n(

(k′)2 + iδ
)
⎛
⎝∫

ddr

(2π)d
r2

(r2 + iδ)
(
(r − k′)2 + iδ

)
(r · n+ iδ)

+

∫
ddr

(2π)d
(r − k′)2

(r2 + iδ)
(
(r − k′)2 + iδ

)
(r · n+ iδ)

⎞
⎠

− 2

∫
ddr

(2π)d
r · n

(r2 + iδ)
(
(r − k′)2 + iδ

)
(r · n+ iδ)

+
2x′/k′(

(k′)2 + iδ
)γα ∫

ddr

(2π)d
rα

(r2 + iδ)
(
(r − k′)2 + iδ

)
(r · n+ iδ)

= /k
′
/nJ2,1 (k

′)− /k
′
/n(

(k′)2 + iδ
) (J2,2 (k

′) + J2,3 (k
′))

− 2J2,4 (k
′) +

2x′/k′(
(k′)2 + iδ

)γαJ α
2,5 (k

′) . (2.117)

Again, explicit factors of (k′)2 are canceled against the term (k′)2 + iδ in the denominator where
possible. It is convenient to also decompose J α

2,5 as much as possible. Notice that its integrand
only contains k′ and n such that in general it must be of the form J α

2,5 = A (k′)α + Bnα. By
contracting both sides of this ansatz with k′α and nα one finds expressions for the coefficients A,B.
They are given in terms of the other integrals in the decomposition (2.117)

A =
J2,4

x′ , B =
1

x′

(
(k′)2

2
J2,1 +

J2,2

2
− J2,3

2
− (k′)2

x′ J2,4

)
. (2.118)

47



Plugging this back into Eq. (2.117) leads to a considerable simplification

J2 (k
′) = 2/k

′
/n

(
J2,1 −

J2,3

(k′)2 + iδ
− J2,4

x′

)
. (2.119)

The next thing to note is that J2,3 vanishes as δ → 0 since the integrand becomes antisymmetric.
Thus, only J2,1 and J2,4 remain. Both can be evaluated using the same strategy. The loop
momentum r is decomposed as rμ = ξPμ+ζnμ+rμT and the ζ integral is computed using the residue

theorem. One can set k′ = x′P right away because of the absence of (k′)2 in the denominators and
after a bit of simplification one finds

J2,1 −
J2,4

x′ =

∫ ∞

−∞

dξ

2π

1− ξ
x′

ξ + iδ

∫
dd−2rT
(2π)d−2

i

4ξ(ξ − x′)

∫ ∞

−∞

dζ

2πi

1(
ζ − −r2T−iδ

2ξ

)(
ζ − −r2T−iδ

2(ξ−x′)

) .

(2.120)
While the residues of the two poles are easy to compute, one has to take some care in determining
the positions of the poles in the complex ζ plane, which is sketched in Fig 2.15. The pole structure
depends on whether ξ > 0 or ξ < 0 and whether ξ > x′ or ξ < x′. From the fact that one could
close the semi-circle contour in either the upper or lower half-plane it is apparent that the poles
must be located on opposite sides of the real axis. Since the end result is needed in particular for
x′ = x and x′ = 0, i.e. the SFP configurations, it is pragmatic to work with 0 < x′ < x. Then
it follows that 0 < ξ < x′ is the only region with a non-vanishing contribution. After application
of the residue theorem and some simplification, the rT integral is the same as in Eq. (2.104).
Employing a substitution ξ = x′α one arrives at the result

J2,1 −
J2,4

x′ =
−i

(4π)2
μ−2εSε

ε

(
− 1

x′

∫ 1

0

1− α

α+ iδ
dα

)
= −J1

x′

∫ 1

0

1− α

α+ iδ
dα , (2.121)

with the loop integral J1 of Eq. (2.115). Lastly, after projecting out F q
γ , G

q
γ from the corresponding

correlator as previously, carrying out the remaining Dirac traces and simplifying the result while
making a small substitution α → 1−α one finds the following contribution from each of the bottom
diagrams in Fig. 2.13 to the qγq splitting kernel

F q
γ (x′ − x, x′) = −αs

2π
CF

Sε

ε
F q
γ (x′ − x, x′)

(
−3

2
+ 2

∫ 1

0

dα

1− α+ iδ

)
+ . . .

Gq
γ (x

′ − x, x′) = −αs

2π
CF

Sε

ε
Gq

γ (x
′ − x, x′)

(
−3

2
+ 2

∫ 1

0

dα

1− α+ iδ

)
+ . . . , (2.122)

where the ellipsis indicates contributions from other diagrams and higher order terms, as before.
Now, one can combine the contributions from the top diagram of Fig. 2.13, given in Eq. (2.112),
and the bottom diagrams, given in Eq. (2.122). The key observation is that the divergences of
the integrals for w,α → 1 exactly cancel each other and one can combine terms to form plus-
distributions. For this step it is useful to split the α integrals from the bottom diagrams as follows∫ 1

0

dα

1− α+ iδ
=

∫ x−x′

0

dα

1− α
+

∫ 1

x−x′

dα

1− α+ iδ
= − log (1− (x− x′)) +

∫ 1

x−x′

dw

1− w + iδ∫ 1

0

dα

1− α+ iδ
=

∫ x′

0

dα

1− α
+

∫ 1

x′

dα

1− α+ iδ
= − log (1− x′) +

∫ 1

x′

dw

1− w + iδ
, (2.123)

which then leads to plus-distributions 1/(1 − w)+ defined as in Eq. (2.81). Finally, one arrives
at the following formulas for the qγq → qγq splitting kernel. The result for the vector-type qγq
function F q

γ,bare reads

F q
γ,bare (x

′ − x, x′, μ) = F q,MS
γ (x′ − x, x′, μ) +

αs

2π

Sε

ε
CF

(
3

2
F q,MS
γ (x′ − x, x′, μ)

+

∫ 1

x−x′

dw

w

x− x′(1− w)

x(1− w)+
F q,MS
γ

(
x′−x
w , x− x−x′

w , μ
)

+

∫ 1

x′

dw

w

xw + x′(1− w)

x(1− w)+
F q,MS
γ

(
x′
w − x, x′

w , μ
))

+ . . . . (2.124)
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Figure 2.16: Feynman diagrams required for the qq-splitting kernel of the ordinary twist-2 PDFs.

Interestingly, the formula for the axial-vector-type function Gq
γ,bare has identical shape

Gq
γ,bare (x

′ − x, x′, μ) = Gq,MS
γ (x′ − x, x′, μ) +

αs

2π

Sε

ε
CF

(
3

2
Gq,MS

γ (x′ − x, x′, μ)

+

∫ 1

x−x′

dw

w

x− x′(1− w)

x(1− w)+
Gq,MS

γ

(
x′−x
w , x− x−x′

w , μ
)

+

∫ 1

x′

dw

w

xw + x′(1− w)

x(1− w)+
Gq,MS

γ

(
x′
w − x, x′

w , μ
))

+ . . . . (2.125)

The origins of the different terms in the above equations are briefly recapped as follows

• The qγq functions
(
F q,MS
γ , Gq,MS

γ

)
(x′ − x, x′, μ) in the first lines of Eqs. (2.124), (2.125)

are generated exclusively by the self-energy diagrams at the bottom of Fig. 2.13. They are
accompanied by a factor 3

2 which is reminiscent of the quark-quark splitting function Pqq

• The integrals in the second lines are obtained by combining the first terms in the result (2.112)
of the top diagram in Fig. 2.13 with terms from the self-energy diagrams where the α integral
is split according to the first line in Eq. (2.123). This contribution features the qγq functions(
F q,MS
γ , Gq,MS

γ

)(
x′−x
w , x− x−x′

w , μ
)
. In the x′ = x configuration, the arguments of these

functions become independent of w and the remaining integral vanishes

• The last lines in (2.124), (2.125) combine the second terms in (2.112) with terms generated by

using the second line in (2.123). The qγq functions
(
F q,MS
γ , Gq,MS

γ

)(
x′
w − x, x′

w , μ
)
are fea-

tured in this contribution. For the case x′ = x, the integrand simplifies to a plus-distribution,
and one can combine the first and last lines into the quark-quark splitting function Pqq defined
in (2.99)

Specializing to the SFP configuration x′ = x one finds the somewhat simpler results

F q
γ,bare (0, x, μ) = F q,MS

γ (0, x, μ) +
αs

2π

Sε

ε

∫ 1

x

dw

w
Pqq(w)F

q,MS
γ

(
x 1−w

w , x
w , μ

)
+ . . .

Gq
γ,bare (0, x, μ) = Gq,MS

γ (0, x, μ) +
αs

2π

Sε

ε

∫ 1

x

dw

w
Pqq(w)G

q,MS
γ

(
x 1−w

w , x
w , μ

)
+ . . .(2.126)

The other SFP configuration x′ = 0 can be obtained in two equivalent ways. Either by setting
x′ = 0 in Eqs. (2.124), (2.125) or by letting x → −x in Eq. (2.126) and using the symmetry
properties of F q

γ , G
q
γ under exchange of their arguments. Both approaches give the same result,
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Figure 2.17: Feynman diagrams required for the splitting kernel of the qγq functions. These
diagrams contribute to the mixing of qγq with gγg functions.

which can be seen as a small consistency check on the derivation. Additionally, one could have
anticipated the appearance of the quark-quark splitting function Pqq because of the strong similarity
of the diagrams in Fig. 2.13 for the qγq functions and those in Fig. 2.16 for the ordinary twist-2
PDFs. The photon is merely a spectator in the qγq case and it is thus not surprising to find a very
similar result as for the PDFs. This further solidifies the correctness of the above derivation.

Mixing of qγq with gγg

The last element needed for the renormalization of F q
γ and Gq

γ is their mixing with the gγg functions
defined in Eq. (C.26). The relevant diagrams are shown in Fig. 2.17. Again, there is no particle
line crossing the final state cut. Thus, the calculational procedure is very similar to that presented
in the previous subsection, with the schematic expression shown in Eq. (2.109) as starting point.
Moreover, one also applies a collinear approximation in the form k ≈ xP, q ≈ ξP with q denoting
the momentum of the gluon shown in blue in Fig. 2.17. This is followed by employing Eq. (2.102)
to get expressions for F q

γ , G
q
γ , leading to the intermediate result

F q
γ (x′ − x, x′) = αs

∫
dξ

ξ(ξ − x)

∫
dd−2k′T
(2π)d−2

∫
db′

2πi
ερ

PnS ×[
gμνT ερPnSO1

γ(ξ, ξ − x) + gνρT εμPnSO2
γ(ξ, ξ − x) + gρμT ενPnSO2

γ(ξ − x, ξ)
]
×

Tr
[
/n/k

′
γν

(
/k
′ − ξ /P

)
γμ

(
/k
′ − x/P

)]
(
(k′)2 + iδ

)(
(k′ − ξP )

2
+ iδ

)(
(k′ − xP )

2
+ iδ

)
Gq

γ (x
′ − x, x′) = αs

∫
dξ

ξ(ξ − x)

∫
dd−2k′T
(2π)d−2

∫
db′

2πi
(ST )ρ ×[

gμνT ερPnSO1
γ(ξ, ξ − x) + gνρT εμPnSO2

γ(ξ, ξ − x) + gρμT ενPnSO2
γ(ξ − x, ξ)

]
×

−iTr
[
γ5/n/k

′
γν

(
/k
′ − ξ /P

)
γμ

(
/k
′ − x/P

)]
(
(k′)2 + iδ

)(
(k′ − ξP )

2
+ iδ

)(
(k′ − xP )

2
+ iδ

) , (2.127)

where O1
γ , O

2
γ are the gγg functions defined in Eq. (C.26) and a decomposition of the quark momen-

tum, k′ = x′P+b′n+k′T is used. Furthermore, the transverse projector gμνT = gμν−(Pμnν + P νnμ)
is also present. After evaluating the Dirac traces in the above equation one can solve the b′ inte-
grals therein using contour integration. A sketch of the contour and the pole structure is shown in
Fig. 2.14. To determine the position of the poles it is of course essential to keep the causal iδ in
the Feynman propagators.

Additionally, it is assumed that 0 < x′ < x. This is motivated by the fact that one eventually
needs only the SFP configurations x′ = x and x′ = 0 for the calculation of the Interference channel
in �N↑ → γX. Computing the necessary residues is straightforward, but one has to distinguish
the cases ξ > x′ (shown in blue in Fig. 2.14) and ξ < x′ (in green) and also deal with terms
∝ (kT · ST )

2. Fortunately, the handling of such terms is already covered by Eq. (2.103), i.e. via
replacing (kT ·ST )

2 → −k2T /2+O(ε), which leads again to the kT integral of Eq. (2.104). Finally,
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one is left with the following schematic form for F q
γ

F q
γ (x′ − x, x′) =

αs

2π

Sε

ε

∫ 1

−1+x

dξ (θ(ξ − x′)A(x, x′, ξ) +B(x, x′, ξ))O1
γ(ξ, ξ − x)

+ . . . , (2.128)

where the ellipsis is a placeholder for the terms accompanying O2
γ(ξ, ξ−x) and O2

γ(ξ−x, ξ), which
have the same structure. The schematic form for Gq

γ is completely analogous. As implied by the
Heaviside step function θ(ξ−x′), the integrals are split into a part covering the interval (−1 + x, x′)
and another part covering (x′, 1).

The procedure for the computation related to the right diagram in Fig. 2.17 is completely
analogous. The only difference arises in the distinction of cases for the contour integration. There,
one has to separate the cases ξ < x−x′ and ξ > x−x′. Consequently, one finds a slightly modified
schematic result for this diagram

F q
γ (x′ − x, x′) =

αs

2π

Sε

ε

∫ 1

−1+x

dξ (θ(x− x′ − ξ)C(x, x′, ξ) +D(x, x′, ξ))O1
γ(ξ, ξ − x)

+ . . . , (2.129)

As a final step for the left diagram in Fig. 2.17, one applies the same substitutions for ξ as for
the top diagram in Fig. 2.13, discussed in the previous subsection. The two substitutions used for
the integrals in Eq. (2.128) can be summarized as:

1. Interval (−1 + x,x′): the antiquark of momentum k − k′ takes fraction w of the gluon

momentum s (shown in red) ⇒ ξ = x− x−x′
w

2. Interval (x′,1): the quark of momentum k′ takes fraction w of the gluon momentum q

(shown in blue) ⇒ ξ = x′
w

For the right diagram in Fig. 2.17, on the other hand, one needs to employ different substitutions
for ξ. The two substitutions applied to the integrals in Eq. (2.129) are given as:

1. Interval (−1 + x,x − x′): the quark of momentum k′ takes fraction w of the gluon

momentum s (shown in red) ⇒ ξ = x− x′
w

2. Interval (x − x′,1): the antiquark of momentum k − k′ takes fraction w of the gluon

momentum q (shown in blue) ⇒ ξ = x−x′
w

Some simplification using the symmetry properties given in (C.29) leads to the final result

F q
γ,bare (x

′ − x, x′, μ) = F q,MS
γ (x′ − x, x′, μ) +

αs

2π

Sε

ε

∫ 1

x−x′

dw

w
2w

x(1− w)− x′(1− 2w)

x(x′ − x(1− w))
×(

2O1,MS
γ

(
x− x−x′

w , x′−x
w , μ

)
+O2,MS

γ

(
x− x−x′

w , x′−x
w , μ

)
+O2,MS

γ

(
x′−x
w , x− x−x′

w , μ
))

+
αs

2π

Sε

ε

∫ 1

x′

dw

w
2w

xw + x′(1− 2w)

x(x′ − xw)
×(

2O1,MS
γ

(
x′
w , x′

w − x, μ
)
+O2,MS

γ

(
x′
w , x′

w − x, μ
)
+O2,MS

γ

(
x′
w − x, x′

w , μ
))

+ . . . , (2.130)

for the qγq function F q
γ,bare. The corresponding result for Gq

γ,bare is given by

Gq
γ,bare (x

′ − x, x′, μ) = Gq,MS
γ (x′ − x, x′, μ) +

αs

2π

Sε

ε

∫ 1

x−x′

dw

w

2w

x
×(

O2,MS
γ

(
x′−x
w , x− x−x′

w , μ
)
−O2,MS

γ

(
x− x−x′

w , x′−x
w , μ

))
+
αs

2π

Sε

ε

∫ 1

x′

dw

w

2w

x

(
O2,MS

γ

(
x′
w , x′

w − x, μ
)
−O2,MS

γ

(
x′
w − x, x′

w , μ
))

+ . . . , (2.131)

where the ellipsis indicates higher order terms or the contributions by other diagrams. The two
formulas above can be broken down into the individual contributions of the diagrams in Fig. 2.17
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• The first integrals
∫ 1

x−x′ in Eqs. (2.130), (2.131) combine contributions from the left diagram

in Fig. 2.17 corresponding to ξ = x− x−x′
w with contributions from the right diagram corre-

sponding to ξ = x−x′
w . These integrals feature (anti-)symmetric combinations of O1,MS

γ , O2,MS
γ

at arguments x − x−x′
w and x′−x

w . For x′ = x, the gγg functions are independent of w and
the integrals become trivial

• Contributions from the left diagram in Fig. 2.17 for ξ = x′
w and from the right diagram for

ξ = x− x′
w combine into the second integrals

∫ 1

x′ in (2.130), (2.131). There, (anti-)symmetric

combinations of O1,MS
γ , O2,MS

γ at arguments x′
w and x′

w − x are featured. In the case x′ = x,
the integrals do simplify, but the gγg functions retain their w-dependence

Once more, the special case of the SFP configuration x′ = x is also given explicitly, while the other
SFP x′ = 0 can be obtained either directly from Eqs. (2.130), (2.131) or through symmetry of the
following formulas

F q
γ,bare (0, x, μ) = F q,MS

γ (0, x, μ) +
αs

π

Sε

xε

(
2O1,MS

γ (x, 0, μ) +O2,MS
γ (x, 0, μ) +O2,MS

γ (0, x, μ)
)

+
αs

2π

Sε

ε

∫ 1

x

dw

w

2w

x

(
2O1,MS

γ

(
x
w , x 1−w

w , μ
)
+O2,MS

γ

(
x
w , x 1−w

w , μ
)
+O2,MS

γ

(
x 1−w

w , x
w , μ

))
+ . . .

Gq
γ,bare (0, x, μ) = Gq,MS

γ (0, x, μ) +
αs

π

Sε

xε

(
O2,MS

γ (0, x, μ)−O2,MS
γ (x, 0, μ)

)
+
αs

2π

Sε

ε

∫ 1

x

dw

w

2w

x

(
O2,MS

γ

(
x
w , x 1−w

w , μ
)
−O2,MS

γ

(
x 1−w

w , x
w , μ

))
+ . . . . (2.132)

This concludes the derivation of the qγq splitting kernels. All required twist-3 renormalization
formulas are now established. The hard-scattering calculations in the following chapters exhibit
the same collinear divergences, which are thus canceled by renormalization, leaving the spin-
dependent cross sections finite. In other words, collinear twist-3 factorization does indeed hold
for the considered observables.
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Chapter 3

Single-Inclusive Hadron
Production �N↑ → hX

3.1 Channel qg → q: Virtual Corrections

After establishing the overall setup, attention now turns to the individual channels, beginning with
the virtual corrections to the LO diagrams. As alluded to in the previous chapter, the kinematical

twist-3 contributions are generated by the first moment of the Sivers function f
⊥(1),q
1T . The LO is

represented by the left diagram of Fig. 2.7 and the corresponding NLO virtual correction is shown
in Fig. 2.8; this quark–photon vertex correction is the only virtual contribution relevant for the
kinematical twist-3 effects. The computational procedure is described in Sec. 2.4.1 (see Eqs. (2.72),
(2.74)) and can be performed to all orders in ε. The NLO result from Fig. 2.8 can be considered
gauge invariant because the gauge parameter κ from Eq. (2.70) exactly cancels in the final results.
The choice for the light-cone vector nμ in Eq. (2.63) greatly simplifies the loop integration because
the transverse momentum lT of the initial lepton remains as the single non-vanishing transverse
component of the external momenta. Notably, only the color factor CF appears in the vertex
correction of Fig. 2.8.

Because the modified gluon propagator of Eq. (2.70) introduces denominators that are not
purely quadratic in the momentum, the loop integrals are handled as follows. First, perform a
Sudakov-type decomposition of the loop momentum,

rμ = (r · P )nμ + (r · n)Pμ + rμT ,

with the transverse component defined by Eq. (2.60). Next, separate the integration into light-cone
and transverse components (in d− 2 = 2− 2ε dimensions) and first evaluate the r · P component
by contour integration. With the light-cone vector of Eq. (2.63), the transverse integrals can be
carried out analytically to all orders in ε; the remaining component r · n is then also integrated
analytically.

The virtual corrections to the LO dynamical twist-3 contribution, shown in the right diagram
of Fig. 2.7, require more involved calculations. These corrections comprise three box diagrams
(Fig. 3.1), four vertex diagrams (Fig. 3.2), and one self-energy diagram (Fig. 3.3). The external
momenta in all of these diagrams are the same as in the right of Fig. 2.7. The various loops yield
three distinct color factors. For example, the left box diagram of Fig. 3.1 carries the factor Nc

2 due

to the three-gluon vertex, the middle box is proportional to CF − Nc

2 , and the right box to just

CF . Altogether, only two independent color factors remain, CF and Nc

2 , which are combined in the

Figure 3.1: Box diagrams of the NLO virtual corrections to the dynamical twist-3 contribution.
These diagrams come in interference with the LO diagram in Fig. 2.7 (left), with kT = 0.
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Figure 3.2: Vertex correction diagrams of the NLO virtual corrections to the dynamical twist-3
contribution. The upper diagrams come in interference with the LO diagram in Fig. 2.7 (left),
with kT = 0. The lower diagram is the interference of the LO dynamical twist-3 diagram of

Fig. 2.7 (right) and the vertex correction in Fig. 2.8, with kT = 0.

Figure 3.3: Self-energy diagram of the NLO virtual corrections to the dynamical twist-3
contribution. This diagram comes in interference with the LO diagram in Fig. 2.7 (left), with

kT = 0.

final result. The corrections to kinematical and dynamical twist-3 effects are eventually combined
using Eq. (2.69).

The two-body phase space of the virtual corrections is more restricted than in the real-emission
case. Consequently, the factorization formula for the dynamical twist-3 contributions (Eq. (2.82))
simplifies; the x-integration can be carried out directly using the δ-function δ(x− x0) ∝ δ(1−w).

As discussed earlier, a non-zero imaginary part must arise for the diagrams of Figs. 3.1, 3.2,
and 3.3 in order to yield a non-zero result for Eq. (2.82). At LO such an imaginary part originates
from the quark-propagator decomposition of Eq. (2.68), which produces a δ(x− x′) and thus fixes
x′ = x = x0. Such propagators are also present for the virtual NLO corrections, generating the
familiar soft-gluon-pole (SGP) contribution associated with the ETQS matrix element F (x0, x0).
No soft-fermion or hard poles are produced because of the restricted phase space.

Additionally, loop integrals can also develop imaginary parts in certain regions of the x′-
integration of Eq. (2.82), an effect known from other calculations such as the transverse SSA
in two-photon exchange DIS [40, 41, 105, 124].

For x′ > x = x0, the left and middle box diagrams of Fig. 3.1, the upper vertex corrections of
Fig. 3.2, and the self-energy diagram of Fig. 3.3 generate such terms. Although x remains fixed at
x0, x

′ must be integrated from x0 to 1. With the substitution x′ = x0

w and the symmetry properties
of the qgq functions (Eq. (C.5)), the resulting expression,∫ v1

v0

dv

∫ 1

x0

dw

w
Dq

1

(
1−v1

1−v

) [
σ̂	,x′>x
1

(
x = x0, x

′ = x0

w , ε
)
F q

(
x0

w , x0

)
+σ̂	,x′>x

5

(
x = x0, x

′ = x0

w , ε
)
Gq

(
x0

w , x0

)]
, (3.1)

has the same structure as the hard-pole subtraction terms in Eqs. (2.90) and (2.91). Including this
contribution is essential to cancel all collinear 1

ε poles.
Another non-zero imaginary part arises in the region x′ < 0 from the middle and right box

diagrams of Fig. 3.1. Changing variables to x′ = − 1−w
w x0 and again using the symmetries of
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Eq. (C.5) leads to∫ v1

v0

dv

∫ 1

x0

dw

w
Dq

1

(
1−v1

1−v

) [
σ̂	,x′<0
1

(
x0,− 1−w

w x0, ε
)
F q

(
− 1−w

w x0, x0

)
+σ̂	,x′<0

5

(
x0,− 1−w

w x0, ε
)
Gq

(
− 1−w

w x0, x0

)]
. (3.2)

which probes the qgq functions at negative arguments. This structure matches the hard-pole terms
of the qq → q channel, where the relevant twist-3 matrix elements correspond to qq̄g correlations.
The contribution of Eq. (3.2) is again required to cancel the 1

ε poles in that channel. More details
of this cancellation are given later in Sec. 3.3.

Despite the many loop diagrams, the complete virtual correction assumes the compact form

Eh
dσNLO, virt

dd−1Ph
= σ0(S)

αs

2π

∫ v1

v0

dv

∫ 1

x0

dw

w

∑
q

e2q

(
1−v1

1−v

)2ε

Dq
1

(
1−v1

1−v

)
×

[σ̂virt,SGP(v, w, χμ, ε) ((1 + ε)F q − x0 (F
q)′) (x0, x0)

+σ̂virt,	,x′>x(v, w, χμ, ε) (F
q +Gq)

(
x0

w , x0

)
+σ̂virt,	,x′<0(v, w, χμ, ε) (F

q +Gq)
(
− 1−w

w x0, x0

) ]
. (3.3)

With the short-hand notation χμ ≡ s u
t μ2 and

A(v, χμ, ε) ≡
Γ2(1− ε)

Γ(1− 2ε)
χ−ε
μ (1− v)−2εvε ,

the partonic factors can be given to all orders in ε

σ̂virt,SGP(v, w, χμ, ε) = CF Sε
πε

sin(πε)
A(v, χμ, ε) σ̂LO(v, w, ε)

−(2− ε+ 2ε2)

ε2 (1− 2ε)
,

σ̂virt,	,x′>x(v, w, χμ, ε) = Sε A(v, χμ, ε)
v(1 + v)

(1− v)4
w1+ε

(1− w)1+ε

Nc(1− ε− ε2) + CF ε(1 + ε)

(1− ε)(1− 2ε)
,

σ̂virt,	,x′<0(v, w, χμ, ε) = Sε A(v, χμ, ε)
v(1 + v)

(1− v)4
w1+ε

(1− w)ε
(2CF −Nc)(1− ε− ε2)

ε (1− ε)(1− 2ε)
. (3.4)

The virtual SGP coefficient σ̂virt,SGP depends only on CF , even though several contributing loops
individually also contain Nc. Taking the sum, all Nc-dependent terms cancel. Moreover, σ̂virt,SGP

is proportional to the LO partonic factor σ̂LO of Eq. (2.67). Expanding the remaining prefactor,

−(2− ε+ 2ε2)

ε2 (1− 2ε)
= − 2

ε2
− 3

ε
− 8 +O(ε) ,

reveals soft and collinear divergences identical to those in the unpolarized cross section (cf. Eq. (8)
of Ref. [120]). This is familiar from observations in polarized SIDIS [125]. The double pole − 2

ε2

cancels once the real and virtual NLO corrections are combined.

3.2 Channel qg → q: Real Corrections

This section analyzes features arising in the calculation of real-gluon–emission corrections. Because
the qg → q channel served as an illustrative example of the general computational strategy in
Sec. 2.4, the focus will be on the more specific aspects of this channel.

The relevant NLO Feynman diagrams for the kinematical twist-3 contributions, generated by

the first moment of the Sivers function f
⊥(1),q
1T , are displayed in Fig. 2.9. These kinematical con-

tributions combine with the corresponding SGP terms through Eq. (2.69). As elaborated on in
Sec. 2.4, the kinematical real-gluon-emission contributions are gauge–dependent: the gauge param-
eter κ of Eq. (2.70) appears explicitly. This gauge dependence cancels only when the kinematical
and SGP pieces are added.

The NLO Feynman diagrams for the dynamical twist-3 contributions are shown in Fig. 2.10.
The procedure for evaluating these contributions follows Sec. 2.4: first one treats the integral
contributions in Eq. (2.92), which generates the subtraction terms in Eqs. (2.90), (2.91). These
include hard-pole (HP), soft-gluon-pole (SGP) and soft-fermion-pole (SFP) pieces. The latter two
must subsequently be combined with their direct counterparts.
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A technical feature specific to the HP as well as the direct and subtraction SGP contribu-
tions plays an essential role in this calculation: in addition to factors 1/(1 − w)1+ε, that one
also commonly encounters in leading-twist observables, further factors such as 1/(1− w)2+ε and
1/(1− w)3+ε occur. The latter are even more singular in the limit w → 1. For example, a generic
HP or SGP function σ(v, w, ε) can be decomposed as follows:

σ(v, w, ε) =
σ3(v, ε)

(1− w)3+ε
+

σ2(v, ε)

(1− w)2+ε
+

σ1(v, ε)

(1− w)1+ε
+ σreg(v, w, ε) , (3.5)

where the remainder σreg is integrable over x0 < w < 1. For the term 1/(1−w)1+ε one can use the
familiar decomposition in Eq. (2.80). The other terms, 1/(1−w)2+ε and 1/(1−w)3+ε, are handled
through analytic continuation and integration-by-parts identities described in App. E, producing
various derivatives of the qgq functions F (x, x′) and G(x, x′) in the final result.

3.2.1 Hard Poles

The subtraction HP contributions generated from (2.90),(2.91) contain the HP configurations
(F,G)

(
x0

w , x0

)
of the qgq functions as well as the derivative terms −x0∂2(F,G)

(
x0

w , x0

)
1. The

former feature singular factors up to 1/(1− w)3+ε, the latter only up to 1/(1− w)2+ε. After ap-
plying the integration-by-parts identities of App. E, the result contains various derivative terms.
Schematically, one has

(F,G)
(
x0

w , x0

) App. E−−−−−→

⎧⎪⎨
⎪⎩
(F,G)

(
x0

w , x0

)
−x0∂1(F,G)

(
x0

w , x0

)
x2
0∂

2
1(F,G)

(
x0

w , x0

)
−x0∂2(F,G)

(
x0

w , x0

) App. E−−−−−→
{
−x0∂2(F,G)

(
x0

w , x0

)
x2
0∂1∂2(F,G)

(
x0

w , x0

) . (3.6)

At this stage, the HP terms are combined with the MS renormalization contributions given in
the third line of Eq. (2.100) as well as with the HP piece of the virtual corrections ∝ σ̂virt,	,x′>x

in the third line of Eq. (3.3). Integration by parts is performed on derivative terms containing
−x0∂1(F,G)

(
x0

w , x0

)
or x2

0∂
2
1(F,G)

(
x0

w , x0

)
, i.e. for terms that only include derivatives with re-

spect to the first argument. This is done when the accompanying partonic factors are regular, but

not for distributional terms such as 1/(1 − w)+,
(

log(1−w)
1−w

)
+
, or δ(1 − w). Useful identities for

these integrations by parts are listed in App. E.
All 1

ε poles cancel except those coming with δ(1−w); these cancel later against the SGP terms.
The cancellation concerns only contributions with the color factor Nc, whereas CF terms show no
1
ε poles. The explicit HP result is presented in Eq. (6.8).

3.2.2 Soft-Gluon Poles

Direct SGP contributions arise when propagators such as Eqs. (2.68) and (2.93) hit their poles.
Schematically, one can write these contributions in the following form∫

dx′ i
[

σ2(x)

(x′ − x)(x′ − x+ iδ)
+

σ1(x, x
′)

x′ − x+ iδ

]
F (x, x′) + c.c. . (3.7)

The second term fixes x′ = x and projects out the ETQS function F (x, x). The first term,
proportional to δ(x′−x)/(x′−x), is replaced by − d

dx′ δ(x
′−x) and integrated by parts, producing

a derivative of F (x, x). The expression then reduces to

2π

x
σ2(x) (x (∂2F )(x, x)) + 2π σ1(x, x)F (x, x) . (3.8)

The evaluation of the partonic functions σ1 and σ2 follows the lines described above for the HP
contributions, with technical details again given in App. E.

A complete cancellation of 1
ε poles occurs. The process is particularly involved for terms coming

with δ(1 − w), which can originate from the 1/(1 − w)1+ε expansion (2.80) as well as from the
boundary terms generated by integration by parts in the HP sector.

1The notation for the partial derivatives of the functions F,G is defined Eq. (C.6)
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Cancellation of poles for the Nc terms: For the second derivative F ′′(x, x), there are only 1
ε

poles accompanied by δ(1− w). They cancel once SGP and HP terms are combined.
For the first derivative −x0F

′(x, x), cancellation of the δ(1−w) poles requires inclusion of the
direct SGP terms, SGP and HP subtraction terms generated through Eqs.(2.90),(2.91), and the
renormalization term in the last line of Eq. (2.100). After these additions, all poles accompanied
by the plus distribution 1/(1 − w)+ also cancel, and the remaining 1

ε pole is regular in w; it is
integrated by parts and merged with the regular non-derivative terms multiplying F (x, x). To
complete the cancellation of all 1

ε poles for F (x, x) (without derivative) one has to include two
further contributions: first, the virtual HP correction σ̂virt,	,x′>x contains a factor 1/(1 − w)1+ε

that generates a δ(1 − w) upon expansion via (2.80). At w = 1 the HP contribution effectively
becomes a SGP contribution that must be included for the cancellation of all 1

ε poles. Second,
one must also include the Weizsäcker-Williams (WW) contributions by the photon-in-lepton PDF

f
γ/

1 . Then, one finally arrives at finite result for ε → 0

Cancellation of poles for the CF terms: The CF part of the SGP corrections is more involved
because it also contains kinematical twist-3 contributions. These are essential to cancel all 1

ε poles
and also for color-gauge invariance. Here too, all poles cancel once the following pieces are all
included

• Kinematical twist-3 terms − they become SGP contributions upon application of Eq. (2.69)

• Direct SGP contributions from propagator poles such as in (2.68) and (2.93)

• Subtraction SGP contributions generated from Eqs. (2.90),(2.91)

• SGP terms in the renormalization of the ETQS function F (x, x), see Eq. (2.100)

• The renormalization of the twist-2 fragmentation function Dq
1, see Eq. (C.17)

• The WW contributions by the photon-in-lepton density f
γ/

1 , see Sec. 2.4.3

• The imaginary as well as SGP parts of the loop diagrams σ̂virt,	,x′>x and σ̂virt,SGP, see
Eq. (3.4)

The final analytic NLO expressions for the SGP contributions, valid in d = 4, are shown in Eq. (6.6).
As in the HP sector, all regular non-distributional terms accompanying derivative contributions

are integrated by parts so that only δ(1 − w) and plus-distributions remain. Identities used for
these manipulations are summarized in App. E.

3.2.3 Soft-Fermion Poles

The qg → q channel also receives soft-fermion-pole contributions. These arise both from the SFP
subtraction terms in Eqs. (2.90), (2.91) and from propagators in the diagrams of Fig. 2.10 whose
poles generate an imaginary SFP part, see Eq. (2.94). An additional WW piece is generated by
the photon-in-lepton mechanism of Eq. (2.97) (Sec. 2.4.3). The partonic cross sections accom-
panying (F,G)

(
x0

w , 0
)
and their derivatives −x0∂2(F,G)

(
x0

w , 0
)
are straightforward to evaluate,

with no complications in the soft limit w → 1. Because of this simplicity the SFP factors can be
expanded directly in ε. The derivative SFP terms −x0∂2(F,G)

(
x0

w , 0
)
originate solely from the

SFP subtraction terms and are finite for ε → 0.
A residual collinear 1

ε pole remains even after adding the SFP subtraction, direct SFP, and
WW terms, indicating that there must be additional contributions for (F,G)

(
x0

w , 0
)
. Indeed, the

qq → q channel, which will be discussed in the next section, produces terms proportional to the
same SFP matrix elements. Combining these with the qg → q SFP contributions removes the last
1
ε poles and yields finite SFP cross sections.2

Since SFP renormalization terms appear neither in Eq. (2.100) nor in the LO cross section
(2.64), the SFP sector is independent of the renormalization scale μ, though it retains a dependence
on the lepton mass m
 through the WW contribution. Eq. (6.6) presents the final SFP results.

3.3 Channel qq → q

The twist-3 calculation for the qq → q channel parallels the procedure in Sec. 3.2 for the qg → q
channel. Figs. 3.4 and 3.5 show the corresponding Feynman diagrams. It turns out that neither

2A similar inter-channel cancellation of SFP contributions was observed in Ref. [126] for SIDIS.
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Figure 3.4: NLO real-emission diagrams with a gluon in the initial state. These diagrams come in
interference with several other diagrams for various channels. qq → q : interference with the
diagrams in Fig. 3.5, with kT = 0, qq → q′ : interference with the diagrams in Fig. 3.6, with
kT = 0, gg → q : interference with themselves (kinematical part) and interference with the

diagrams in Fig. 3.7 (with kT = 0, dynamical part).

Figure 3.5: NLO diagrams with a quark-antiquark pair in the initial state contributing to the
dynamical twist-3 part of the qq → q channel. These diagrams come in interference with the

diagrams in Fig. 3.4, with kT = 0.

kinematical twist-3 nor SGP contributions appear in this channel. Soft divergences in the limit
w → 1 can be handled simply by means of Eq. (2.80).

This channel displays several symmetries for an exchange of quark-antiquark in the initial and
final states. As a consequence, it suffices to calculate the interference of the diagrams in Fig. 3.5
with those in Fig. 3.4 only. This corresponds to a quark-antiquark-gluon (qq̄g) correlation in the
initial state and quark fragmentation in the final state, hence labeled qq̄ → q. However, all other
channels such as qq̄ → q̄, q̄q → q, and q̄q → q̄ are directly related to the qq̄ → q channel by the
aforementioned symmetries. Therefore, this channel simply obtains the label qq → q.

The hadronic matrix element entering the factorized description of the qq → q channel is the
quark-gluon-quark correlator (2.59). But, contrary to before, it is now evaluated at different light-
cone fractions, namely as Φq,ρ

F,ij(x
′ − x, x′). The reason is the aforementioned qq̄g configuration

featured by this channel: antiquark and gluon switch roles compared to the qg → q channel.
This flip results in different arguments for the qgq functions, specifically x → x′ − x. Thus, the
factorization formula of Eq. (2.82) for the qg → q channel has to be adjusted in the following way∫

dz

z2

∫
dx

∫ 1

x−1

dx′ i
x

[
σ̂qq→q,1(x, x′, z)F q(x′ − x, x′)

+ σ̂qq→q,5(x, x′, z)Gq(x′ − x, x′)
]
Dq

1(z) + c.c.. (3.9)

The partonic factors σ̂qq→q,1,5(x, x′, z) are obtained as interference of the diagrams of Figs. 3.4 and
3.5. Their color factor is CF −Nc/2 = − 1

2Nc
, meaning that the qq → q channel is suppressed by a

factor 1/N2
c compared to the qg → q channel.

Interestingly, the upper and lower diagrams of Fig. 3.5 form two independent classes of inter-
ference effects, since the virtual photon couples to either the quark or the antiquark respectively;
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one may treat the two cases separately, and splits the partonic functions in (3.9) accordingly,

σ̂qq̄→q,1,5(x, x′, z) = − 1

2Nc

[
σ̂qq̄→q,1,5
1 (x, x′, z) + σ̂qq̄→q,1,5

2 (x, x′, z)
]
, (3.10)

where σ̂1,2 in (3.10) refer to the interferences of the upper/lower two diagrams in Fig. 3.5 with
those in Fig. 3.4, respectively. The symmetries mentioned above are given in terms of a substitution
x′ → x − x′ in (3.9). They allow to restrict oneself to the qq̄ → q configuration of Fig. 3.5, and
they read explicitly:

σ̂qq̄→q,1
1,2 (x, x′, z) = σ̂qq̄→q̄,1

2,1 (x, x− x′, z) = σ̂q̄q→q,1
2,1 (x, x− x′, z) ,

σ̂qq̄→q,5
1,2 (x, x′, z) = −σ̂qq̄→q̄,5

2,1 (x, x− x′, z) = −σ̂q̄q→q,5
2,1 (x, x− x′, z) . (3.11)

The computational procedure for the two interference effects σ̂qq→q
1 and σ̂qq→q

2 differs. Starting
with the integral contributions, as described in Sec. 2.4.2, will demonstrate this feature. Analogous
to the qg → q channel, the partonic factors contain poles at the endpoints ζ = 0, ζ = 1 as well as
in between at ζ = w. To regularize these poles and render the integral contributions finite, one can
apply the same strategy as before, laid out in the paragraph following Eq. (2.86). In the present
case, the partonic functions σ̂(1,2) for the two interference effects carry different ζ-poles; they are
modified as follows:

σ̂qq→q,1,5
1,Int (v, w, ζ) ≡ ζ (w − ζ)2 σ̂qq→q,1,5

1 (v, w, ζ) ,

σ̂qq→q,1,5
2,Int (v, w, ζ) ≡ (1− ζ) σ̂qq→q,1,5

2 (v, w, ζ) . (3.12)

Now, σ̂qq→q,1,5
1,2,Int (v, w, ζ) are well-behaved and integrable. The prefactors are shifted to the correla-

tion functions F,G
(
−(1− ζ) x0

w , ζ x0

w

)
. Subsequently, the poles are regularized by adding and sub-

tracting suitable terms from the numerator. Similar to the qg → q channel, cf. Eqs. (2.90),(2.91),
this leads to integrable combinations of the qgq functions F qq→q

Int,1/2, G
qq→q
Int,1/2; They are given as

F qq→q
Int,1 (x0, w, ζ) ≡ 1

ζ (w − ζ)2

[
F q

(
−(1− ζ) x0

w , ζ x0

w

)
− ζ (2w − ζ)

w2
F q

(
− 1−w

w x0, x0

)
−ζ (ζ − w)

w2
x0 [∂1F

q + ∂2F
q]
(
− 1−w

w x0, x0

)
− (w − ζ)2

w2
F q

(
−x0

w , 0
)]

, (3.13)

Gqq→q
Int,1 (x0, w, ζ) ≡ 1

ζ (w − ζ)2

[
Gq

(
−(1− ζ) x0

w , ζ x0

w

)
− ζ (2w − ζ)

w2
Gq

(
− 1−w

w x0, x0

)
−ζ (ζ − w)

w2
x0 [∂1G

q + ∂2G
q]
(
− 1−w

w x0, x0

)
− (w − ζ)2

w2
Gq

(
−x0

w , 0
)]

, (3.14)

and

F qq→q
Int,2 (x0, w, ζ) ≡ 1

1− ζ

[
F q

(
−(1− ζ) x0

w , ζ x0

w

)
− F q

(
0, x0

w

)]
, (3.15)

Gqq→q
Int,2 (x0, w, ζ) ≡ 1

1− ζ

[
Gq

(
−(1− ζ) x0

w , ζ x0

w

)
− Gq

(
0, x0

w

)]
. (3.16)

Through this procedure, the following types of subtraction terms are introduced

• The upper diagrams in Fig. 3.5 introduce HP subtraction terms ∝ (F,G)
(
− 1−w

w x0, x0

)
via

Eqs. (3.13), (3.14). Furthermore, also the derivative terms −x0 (∂1 + ∂2) (F,G)
(
− 1−w

w x0, x0

)
are generated. There are no other sources of HP terms in this channel.

• The other subtraction terms in (3.13), (3.14) are ∝ (F q, Gq)
(
−x0

w , 0
)
= (F q̄, Gq̄)

(
x0

w , 0
)
, i.e.

they are antiquark SFP contributions. They must be combined with direct SFP contributions,
as will be discussed below

• The lower diagrams in Fig. 3.5 only generate SFP subtraction ∝ (F,G)
(
0, x0

w

)
via Eqs. (3.15)

and (3.16). They must also be combined with direct SFP contributions. Subsequently, they
must be added to the SFP pieces from the qg → q channel to cancel all 1

ε poles, see the
discussion below
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Given this overview, the computation of the various contributions will now be discussed one
by one in more detail, with the first one being the hard pole contributions. These contributions
can be calculated as in Sec. 3.2. The limit of w → 1 is less complicated, though, since one only
encounters terms ∝ 1/(1 − w)1+2ε after phase space integration. Hence, one can simply apply
Eq. (2.80). Note that for the HP contribution one does not need to include any photon-in-lepton
terms (see Sec. 2.4.3).

Furthermore, one only needs MS-renormalization terms for the SGP matrix element F (x, x),
but not for the quark FF Dq

1. The relevant pieces are given in the last four lines of Eq. (2.100).
Finally, one must also include the virtual contribution of σ̂virt,	,x′<0, see Eqs. (3.3), (3.4). After
adding all terms, the NLO result for the HP contribution to the qq → q channel becomes finite
and well-defined.

Next, the subtraction and direct antiquark SFPs need to be combined. The latter emerge from
a propagator hitting its pole similar to (2.94). Interestingly, the subtraction terms and the direct
contribution originate from different classes of interference effects: subtraction terms from class 1
(upper diagrams in Fig. 3.5) and direct contributions from class 2 (lower diagrams). This again
reflects the intricate interplay of seemingly unrelated dynamical twist-3 terms at NLO. Eventually,
the 1

ε poles cancel once the SFPs F,G(−x0

w , 0) from the photon-in-lepton mechanism are added.
Similarly, the subtraction SFP contributions F,G(0, x0

w ) from Eqs. (3.15),(3.16) should be com-

bined with direct SFPs in σ̂qq→q,1,5
1 (v, w, ζ) rather than in σ̂qq→q,1,5

2 (v, w, ζ). Moreover, one has
to add the corresponding SFP from the photon-in-lepton contribution. As already alluded to in
Sec. 3.2.3, the SFP contributions of the qg → q and qq → q channels must be combined to cancel
the last remaining 1

ε poles. Also recall that the final NLO SFP result is assigned to the qg → q
channel.

The analytical formulas for the qq → q channel are shown explicitly in Eq. (6.9).

3.4 Channel qq → q′

The calculation for the qq → q′ channel resembles that for qq → q. The main difference is that the
flavors of the fragmenting final-state quark and the initial quark–antiquark pair are not necessarily
the same. Additionally, since the color factor for this channel is TR = 1

2 , it is only suppressed
by O (1/Nc) relative to the qg → q channel, rather than by O

(
1/N2

c

)
like the qq → q channel.

Nonetheless, in Ch. 7 it will turn out that this channel generally gives a negligible contribution to
the numerical results.

The interference of the two diagrams in Fig. 3.6 with those in Fig. 3.4 generates the partonic
functions for this channel. It contributes solely because quark and antiquark fragmentation into
the observed hadron differ; in contrast, it vanishes for jet production. It may, however, gain
importance when heavy quarks are involved, for example in D-meson production.

The qq → q′ channel is “stand-alone” in the sense that it is finite and well behaved by itself.
No MS counterterms from neither the LO soft-gluon-pole (SGP) matrix elements nor the quark
fragmentation function are required to cancel collinear singularities. However, photon-in-lepton

contributions generating logarithms of the form log
(

s u
m2

� t

)
must be included.

Technically, the computation proceeds exactly as in the previous section for the qq → q channel.
There is an antisymmetry property of the partonic functions when the fragmenting final-state quark
is replaced by an antiquark:

σ̂qq̄→q′,1,5(x, x′, z) = −σ̂qq̄→q̄′,1,5(x, x′, z) . (3.17)

As a result, the qq → q′ contribution enters with the difference of quark- and antiquark fragmen-
tation functions in the final NLO formulas.

Further symmetry properties reflect the exchange of quark and antiquark in the initial state:

σ̂qq̄→q′,1(x, x′, z) = −σ̂qq̄→q′,1(x, x− x′, z) ,

σ̂qq̄→q′,5(x, x′, z) = +σ̂qq̄→q′,5(x, x− x′, z) . (3.18)

These relations ensure that the qgq functions also enter as differences F q−q̄, Gq−q̄ of their quark
and antiquark components.

The methods for calculating the integral contributions to this channel remain the same as before.
One finds that the partonic functions carry a divergent denominator 1

ζ(1−ζ) . This denominator is

moved to the qgq-functions, and subsequently one subtracts suitable SFP terms; this leads to the
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Figure 3.6: NLO diagrams contributing to the qq → q′ channel’s dynamical twist-3 part. These
diagrams come in interference with the diagrams in Fig. 3.4, with kT = 0.

definitions

F qq→q′
Int (x0, w, ζ) ≡ F q

(
−(1− ζ) x0

w , ζ x0

w

)
− ζ F q

(
0, x0

w

)
− (1− ζ)F q

(
−x0

w , 0
)

ζ(1− ζ)
, (3.19)

Gqq→q′
Int (x0, w, ζ) ≡ Gq

(
−(1− ζ) x0

w , ζ x0

w

)
− ζ Gq

(
0, x0

w

)
− (1− ζ)Gq

(
−x0

w , 0
)

ζ(1− ζ)
. (3.20)

These two combinations yield finite, well-behaved integral contributions.
Turning to the soft-fermion pole (SFP) terms, Eqs. (3.19),(3.20) reveal two types of SFPs that

appear as subtraction terms. Together with photon-in-lepton SFPs, these exhaust all sources of
SFPs for this channel. Unlike the qq → q channel, there are no direct SFP contributions. Both
types of SFPs, (F q, Gq)

(
0, x0

w

)
and (F q, Gq)

(
−x0

w , 0
)
, can be related to each other via charge

conjugation. Thus, one may interpret them as corresponding quark and antiquark distributions.
Combined with the symmetry properties (3.17),(3.18), this feature causes the channel to be driven
by the difference of quark- and antiquark correlations.

Explicit analytical results for this channel are presented in Eq. (6.14).

3.5 Channel qg → g

The qg → g channel is computed in a similar way as the qg → q case described earlier. The
partonic factors originate from

• an interference of the diagrams in Fig. 2.9 among themselves (kinematical twist-3 contribu-
tion, with non-zero kT ), and

• an interference of the diagrams in Figs. 2.9 (with kT = 0) and 2.10 (dynamical twist-3
contribution).

Here, however, the observed hadron arises from fragmentation of the final-state gluon rather than
the quark. This requires exchanging the external quark and gluon momenta in the diagrams of
Figs. 2.9 and 2.10, i.e. rμ ↔ pμ. This exchange alters the momentum flow and therefore the
analytic expressions. The factorization formula for this channel involves the gluon fragmentation
function Dg

1 (Eq. (C.15)) instead of the quark fragmentation function Dq
1. Because Dg

1 enters for
the first time at NLO, the only MS-renormalization needed to cancel collinear singularities is that
of the quark fragmentation function in Eq. (C.17).

The technical procedure parallels the qg → q calculation but is less involved for two reasons:
first, the behavior in the w → 1 limit is simpler and second, no hard-pole (HP) contributions occur.
A notable feature is that the CF component of the direct soft-gluon-pole (SGP) contributions
cancels exactly against the corresponding kinematical twist-3 term. Consequently, the surviving
direct SGP terms are proportional only to the color factor Nc, reflecting a non-Abelian QCD effect.

In Addition to the direct contributions, one also gets SGP subtraction terms from the integral
contributions. They come with both color factors CF and Nc. For the integral contribution,
the partonic functions are again handled as described below Eq. (2.82): they share a singular
denominator 1

ζ(1−ζ)2 that is shifted from the partonic factors to the qgq functions. Then, one

subtracts SGP and SFP terms to ensure integrability, leading to the following finite combinations:

F qg→g
Int (x0, w, ζ) ≡ 1

ζ (1− ζ)2

[
F q

(
x0

w , ζ x0

w

)
− ζ(2− ζ)F q

(
x0

w , x0

w

)
+ ζ (1−ζ)

2w x0 (F q)
′ (x0

w , x0

w

)
−(1− ζ)2 F q

(
x0

w , 0
)]

, (3.21)
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Figure 3.7: NLO diagrams contributing to the gg → q′ channel’s dynamical twist-3 part. These
diagrams come in interference with the diagrams in Fig. 3.4, with kT = 0.

Gqg→g
Int (x0, w, ζ) ≡

1

ζ (1− ζ)2

[
Gq

(
x0

w , ζ x0

w

)
+ ζ (1−ζ)

w x0 (∂2G
q)

(
x0

w , x0

w

)
− (1− ζ)2 Gq

(
x0

w , 0
) ]

.

(3.22)
Adding the SGP subtraction terms from these expressions to the direct SGP contribution (pro-
portional to Nc) as well as including both the photon-in-lepton terms and the renormalization of
Dq

1 in Eq. (C.17) (proportional to CF ) yields a finite SGP partonic cross section. One can apply
integration by parts to the derivative terms to simplify the results, which is straightforward since
no plus-distributions or delta functions accompany these derivatives.

Finally, one must combine the SFP pieces from the subtraction terms in Eqs. (3.21) and (3.22)
with the direct SFP and photon-in-lepton SFP contributions. The collinear poles cancel completely,
leaving a well-defined finite result.

The explicit analytical expressions for the qg → g channel are given in Eq. (6.18).

3.6 Channel gg → q

Lastly, this section highlights key features of the remaining channel gg → q. This process involves
gluon–gluon correlations inside the transversely polarized nucleon and quark fragmentation in the
final state. Unlike the qg → q and qg → g channels, where the kinematical twist-3 effects arise
from the first moment of the Sivers function alone, here, two kinematical distributions contribute at

NLO: G
(1)
T and ΔH

(1)
T (see Eq. (C.3)). The respective kinematical twist-3 terms are obtained from

the interference of the diagrams in Fig. 3.4 with themselves, for non-zero transverse momentum
kT .

For the dynamical twist-3 effects, one evaluates the interference of the diagrams in Fig. 3.7
with those in Fig. 3.4 (with kT = 0). Both the symmetric dαβγ and antisymmetric fαβγ SU(3)
structure constants appear, so the factorized description involves both triple-gluon correlators
defined in Eqs. (C.11) and (C.12). Thus, the schematic form of the dynamical contribution is∫

dz

z2

∫
dx

∫
dx′ i

xx′(x− x′)
[
σ̂f
στρ(x, x

′, z)Nστρ
F (x, x′) + σ̂d

στρ(x, x
′, z)Oστρ

F (x, x′)
]
Dq

1(z) + c.c. .

(3.23)
where the partonic functions σ̂f,d

στρ are generated by the diagrams of Fig. 3.7. A remarkable sim-
plification emerges at this point: these diagrams contain no propagators of the type (2.83), the
usual source of logarithms with negative arguments (cf. Eq. (2.84)) that generate imaginary parts.
Their absence implies that there are no integral contributions in the gg → q channel and therefore
no subtraction terms as in Eq. (2.90). This makes gg → q the only partonic channel at NLO where
the transverse SSA originates exclusively from propagator poles.

The hard factors σ̂f,d exhibit such propagator poles at x′ = x (previously called soft-gluon pole)
and at x′ = 0 (previously called soft-fermion pole). Because only gluons from the nucleon enter
the hard scattering, both cases correspond to a gluon carrying vanishing longitudinal momentum.
Furthermore, the triple-gluon correlators NF and OF (Eqs. (C.11), (C.12)) are expressed in terms
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of combinations of

(N,O)(x, x′) , (N,O)(x, x− x′) and (N,O)(x′, x′ − x) .

Consequently, the propagator poles cannot be tied to a unique region of the support of N and
O. Therefore, the identification as soft-gluon or soft-fermion poles is not adequate and will not be
used for this channel.

Decomposing the propagators into a principal value and a δ-function (as in Eq. (2.68)) and
using the explicit factor i/ [xx′(x− x′)] in Eq. (3.23) yields terms proportional to ”δ-function over
its argument”. As in Eq. (3.7), these can be rewritten as derivatives of δ-functions,

δ (x′ − x)

x′ − x
= − d

dx′ δ (x
′ − x) ,

δ (x′)
x′ = − d

dx′ δ (x
′)

Subsequently, integration by parts produces derivative terms of N,O at several arguments. Using
the symmetry relations (C.13), the resulting expressions depend only on

(N,O)(x, x), (N,O)(x, 0),
d

dx
(N,O)(x, x),

d

dx
(N,O)(x, 0) .

Unlike the other channels, here the calculations were carried out with a general light-like vector
nμ, parameterized as in Eq. (59) of Ref. [101], introducing two free parameters. Following the
method of that reference, the dependence on these parameters and hence on the choice of nμ cancels
only if kinematical and dynamical twist-3 effects are properly related. The necessary relations for

the gluonic kinematical functions G
(1)
T and ΔH

(1)
T are given in Eqs. (13),(14) of Ref. [110] for d = 4

− going to d = 4− 2ε dimensions they need to be extended as follows

G
(1)
T (x) = 4π (N(x, x) − (1 + ε)N(x, 0)) ,

ΔH
(1)
T (x) = −8π(1− ε)N(x, 0). (3.24)

Finally, one needs to add the relevant term from the renormalization formula of the SGP
function F q(x, x), given in the last two lines of Eq. (2.100). Furthermore, the photon-in-lepton
contributions to this channel must be included. Then, all collinear 1

ε poles cancel, leading to a finite
and well-behaved result. Integration-by-parts identities (Eq. (E.9)) are useful in demonstrating
these cancellations.

An intriguing outcome, presented in the final results in Eq. (6.23), is that the partonic hard-
scattering factors accompanying the triple-gluon functions (N,O)(x, x) coincide, whereas those
multiplying (N,O)(x, 0) differ only by an overall sign.
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Chapter 4

Single-Inclusive Jet Production
�N↑ → jetX

Having established the NLO analytic formulas for single-inclusive hadron production in Sec. 2.3
and Ch. 3, one can adapt them to single-inclusive jet production, �(l)+N↑(P ) → jet(Pj)+X. For
jets, no fragmentation functions are involved, and in particular there are no twist-3 fragmentation
effects. This means that, contrary to hadron production, the derivation given below gives the
complete result at NLO accuracy. Furthermore, the presence of less non-perturbative objects
makes it easier to extract the unknown twist-3 distribution functions F q, Gq from fits to future
experimental data. The first step to go from hadrons to jets is to replace the quark and gluon
fragmentation functions (FFs) by δ-functions:

D
h/(q,g)
1

(
1−v1
1−v , μ

)
→ δ

(
1− 1−v1

1−v

)
= (1− v1) δ(v − v1). (4.1)

This simple procedure works for the LO contribution (2.64), but is not sufficient at NLO. The
reason is that final-state collinear divergences cancel for a jet cross section. For the hadron case,
however, collinear singularities had to be subtracted from the hard partonic cross sections, and
canceled by renormalization of the FFs. As was shown in Refs. [127, 128, 129], at NLO it is
relatively straightforward to account for this mismatch when the produced jet is relatively narrow.

4.1 Jet Definitions

To start the discussion, one first needs to specify in detail how the jet is defined. It is customary
to introduce a radius R that sets the size of the jet. For the so-called cone algorithms, see for
example Ref. [130], a particle a of pseudorapidity ηa and azimuth φa is defined as inside the jet j
if it is inside the circle of radius R centered around the jet’s counterparts ηj and φj

R2
aj = (ηa − ηj)

2
+ (φa − φj)

2 ≤ R2 . (4.2)

Here the jet four-momentum Pj is defined as the sum of all particle momenta pa inside the jet.
For the cone algorithms, the jet can also be defined geometrically, as a cone of half-opening angle
δ. Particle a is counted as inside the cone if the angle θaj between its three-momentum pa and
the jet’s three-momentum Pj is smaller than the half-opening angle, θaj < δ. As was shown in
Ref. [131], both definitions can be connected for R, δ � 1 using the relation

R = δ cosh (ηj) . (4.3)

Another class of jet algorithms are the kT -type algorithms, cf. Ref. [132]. In addition to pseudora-
pidity ηa and azimuth φa they also take into account the transverse momentum ka,T of a particle
a in the definition of the jet. As a starting point one defines the set of all particles in the final
state and computes the following distances

dab ≡ min
(
(ka,T )

2p
, (kb,T )

2p
) R2

ab

R2

daB = (ka,T )
2p

R2
ab = (ηa − ηb)

2
+ (φa − φb)

2
, (4.4)

64



where dab is the distance between the particles a, b and daB the distance between the particle a and
the initial beam. The algorithm then proceeds iteratively and starts out by finding the smallest
distance. If it is a dab the particles a, b are combined into a single jet j by taking the sum of the
four-momenta, Pj = pa + pb

1. If it is a daB , then particle a becomes a jet j and is removed from
the set of final-state objects. The distances are recalculated (now possibly also between jets and
particles) and the procedure is repeated until the set of final-state objects (particles or jets) is
empty. The parameter p in Eq. (4.4) distinguishes different cases of kT algorithms,

• p = 1: Inclusive kT algorithm

• p = 0: Inclusive Cambridge/Aachen algorithm

• p = −1: Anti-kT algorithm

For the present work, results are always given for kT -type algorithms. As will be shown below, at
NLO and working in a suitable approximation, it does not matter which kind of kT algorithm is
chosen, i.e. which value of p is specified.

4.2 Small Cone Approximation

If the jet radius R is small, R � 1, one can systematically derive analytical matching terms that
translate from the collinear-subtracted single-parton cross sections to a jet cross section [127, 128,
129]. This is called the small-cone approximation (SCA) (or sometimes narrow-jet approximation,
NJA) and actually turns out to be rather accurate also at larger values of R, even out to R ∼ 0.7.
The SCA has already been used to obtain the jet counterparts of the unpolarized and longitudinally
polarized NLO single-hadron cross sections in Refs. [120, 133]. It results in additional contributions
to the NLO partonic cross sections that depend on the jet definition and its radius R. Applying the
SCA to the present calculation, one finds that the jet-specific terms for the transversely polarized
cross section are different from the ones obtained for the unpolarized and longitudinally polarized
cross sections in [120, 133]. To explain the origin of this deviation, some details of the computation
are presented in the following.

The general strategy is applicable to any partonic hard scattering process ab(c) → jkl. This
could be, for example, the qg → q channel’s kinematical part �q → �qg or its dynamical part
�qg → �qg (with a third particle c in the initial state). As discussed above, the first step is to
replace the FF Dq

1(z) → δ(1 − z), which describes the case where just the final state quark of
momentum p forms the jet of momentum Pj alone, i.e. p = Pj .

Of course, also the final state gluon of momentum r could be inside the jet, in which case the
jet momentum would be given as the sum of the two parton momenta Pj = p + r. This case
is, however, not included when adapting the single-hadron cross section via (4.1). There, the jet
momentum is always given by Pj = p no matter the direction in which the gluon is radiated. So,
the gluon could be inside the cone geometrically while not actually being counted as part of the
jet. The partonic cross section for this situation will be denoted as σq(g) in the following. Or,
vice versa, the gluon could form the jet and the quark be inside it but not be counted as part
of the jet − this will correspond to σg(q) below. There is an elegant way to reconcile this issue
without repeating the calculation as a whole: Subtract the contributions σq(g), σg(q) for the two
situations described above and then add back σqg, the contribution for quark and gluon forming
the jet together. The jet cross section σj is then given schematically as

σj =
(
σq − σq(g)

)
+

(
σg − σg(q)

)
+ σqg , (4.5)

where σq(σg) are the inclusive quark (gluon) cross sections adapted from the single-hadron results
(see Secs. 3.2 and 3.5), i.e. with FFs replaced by δ-functions according to Eq. (4.1). In the SCA,
σq(g)(R), σg(q)(R) and σqg(R) can be computed analytically. They depend on the jet radius R
and in the case of σqg(R) also on the specific choice of jet-algorithm, which will be a kT -type
algorithm in this work. For the channels qq → q and gg → q the replacement of the quark FF
by a δ-function is already sufficient and they do not receive any R-dependent contributions in
the SCA. Furthermore, the channel qq → q′ vanishes identically since it is given in terms of the
difference of quark and antiquark FFs, which both get replaced by the same δ-function and thus
cancel. Hence, the former quark fragmentation channel qg → q and the former gluon fragmentation
channel qg → g are the only ones to consider here.

1this way of combining particles into a jet corresponds to the widely used E-recombination scheme, cf. Ref. [130]
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As discussed in Refs. [127, 128, 129] the SCA corresponds to an expansion around vanishing jet
radius R = 0 and the partonic cross sections take on the general form A log (R) + B +O(R2). In
the following, the most important steps to extract the coefficients A and B for the partonic cross
sections σq(g), σg(q) and σqg are briefly summarized.

4.2.1 Former Quark and Gluon Fragmentation Channels

Starting with the case of former quark fragmentation σq(g), the first thing to note is that this cross
section is independent of the choice for the jet algorithm since the jet is formed by a single parton.
Hence, for simplicity the following discussion is given for a cone algorithm.

Moving on, one needs to distinguish between two useful reference frames:

• The center-of-mass system (c.m.s.) of the initial lepton and nucleon. In this frame the
relevant four-momenta can be parametrized as follows

l =

√
s

2
(1, . . . , 0, 1)

P =

√
s

2
(1, . . . , 0,−1)

Pj = Pj,T (cosh ηj , . . . , cosφj , sinφj , sinh ηj)

r = r0 (1, . . . , sin θr cosφr, sin θr sinφr, cos θr) . (4.6)

Note that the jet radius R as well as the half-opening angle δ are defined with respect to
this frame. Also, the relation of Eq. (4.3) between R and δ, see Ref. [131], is derived for
this frame only. One can express the jet Mandelstam variables s = (l + P )2 � 2l · P ,
t = (P − Pj)

2 � −2P · Pj and u = (l − Pj)
2 � −2l · Pj in terms of the jet’s transverse

momentum Pj,T and its pseudorapidity ηj , which will prove useful in what follows. The
relations read

t = −Pj,T

√
s e+ηj u = −Pj,T

√
s e−ηj

Pj,T =

√
tu

s
cosh ηj =

−t− u

2
√
tu

. (4.7)

• The ”partonic” frame. It is defined by the condition k+ l−p = 0, where l is the lepton mo-
mentum, k is given in Eq. (2.71) and corresponds to the sum of initial parton momenta, and
p is the final-state-quark momentum. The partonic frame is used for the phase space inte-
gration, see Eq. (2.77), as well as for the following discussion. A convenient parametrization
is given by

l = l0 (1, . . . , sinψ, cosψ)

k = k0 (1, . . . ,− sinψ′, cosψ′)
p = p0 (1, . . . , 0, 1)

r = r0 (1, . . . , sin θ cosφ, sin θ sinφ, cos θ) , (4.8)

with some angles ψ, ψ′. The energy components can be expressed in terms of the partonic
Mandelstam variables ŝ = (l + xP )2 = x s, t̂ = (xP − Pj)

2 = xt, û = (l − Pj)
2 = u as well

as the scalar product kT · lT . They are given up to terms of order O
(
k2T

)
as

l0 =
ŝ+ û+ 2kT · lT

2
√

ŝ+ t̂+ û+ 2kT · lT
k0 =

ŝ+ t̂+ 2kT · lT
2
√

ŝ+ t̂+ û+ 2kT · lT

p0 =
−t̂− û

2
√

ŝ+ t̂+ û+ 2kT · lT
r0 =

1

2

√
ŝ+ t̂+ û+ 2kT · lT . (4.9)

Keep in mind that pseudorapidities and also the half-opening angle δ of the jet cone are
different in the two frames. To make this distinction clear, the half-opening angle in the
partonic frame is denoted as δ′

Back to the computation of the former quark fragmentation channel: the final-state gluon is inside
the jet if the angle of its three-momentum r with the quark’s three-momentum p is smaller than
δ′. Thus one finds the approximation

p · r = p0r0(1− cos θ′) ≈ p0r0
(θ′)

2

2 + · · · = O
(
(δ′)2

)
. (4.10)
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As a consequence, this scalar product can be neglected everywhere in the numerator of any ex-
pression and one only has to keep p · r if it appears as a denominator. Indeed, one finds terms
∝ 1

p·r in the partonic cross sections before phase space integration, which are the only terms that
will contribute to the considered order in R. For all other terms, one can generally approximate

r ≈ r0

p0 p which also simplifies other scalar products including r. The next step is to perform the
phase space integration, which involves angular integrals over the azimuthal angle φ of the gluon
as well as over the angle θ′ < δ′ between quark and gluon, cf. Eq. (2.77). Thus one needs the
following integral, expanded around δ′ = 0∫ δ′

0

dθ′
sin1−2ε θ′

1− cos θ′
= − (δ′)−2ε

ε

(
1 +O

(
(δ′)2

))
, (4.11)

where technically ε < 0 was required for convergence. Now, to go back to the lepton-nucleon
c.m.s. where the jet was defined in the first place, one needs to relate the original half-opening
angle δ with the angle δ′ in the partonic frame. In the SCA such a relation can be found without
explicitly specifying the Lorentz transformation matrix Λ. For now, let unprimed symbols denote
the quantities in the lepton-nucleon c.m.s. and primed symbols denote their counterparts in the
partonic frame. Of course, the scalar product of the quark and gluon momenta is Lorentz invariant
and being parallel to each other, p and r transform in the same way, giving

p · r ≈ p0r0
θ2

2
=

(
p0

)′ (
r0

)′ (θ′)2
2

≈ p′ · r′

r0

p0
=

(
r0

)′
(p0)

′ , (4.12)

where the scalar products have been approximated for θ < δ � 1 and θ′ < δ′ � 1. The transfor-
mation of the angle θ between quark and gluon directly follows from the above equations and the
half-opening angle of the jet cone obviously transforms in the same way, implying

δ′ =
p0

(p0)
′ δ +O

(
δ3

)
.

In the present case of p = Pj one can use Eqs. (4.7) and (4.9) as well as the relation between R
and δ of Eq. (4.3) to directly relate δ′ and R as follows

(δ′)2 =
4tu

(
ŝ+ t̂+ û+ 2kT · lT

)
s
(
t̂+ û

)2 R2 . (4.13)

This is an essential point for the computation of the kinematical contributions. As elaborated
on in Sec. 2.4.1, one needs to carry out the phase space integration keeping a non-zero kT at all
times and only afterwards expand in kT . Through Eq. (4.13) an additional kT -dependence enters
the description. This generates an extra term in the first order kT -expansion that could easily
be missed. However, this term is crucial to cancel all 1

ε poles when combining kinematical and
SGP contributions via Eq. (2.69). Also note that one encounters a term ∝ 1/(1 − w)2+2ε in the
computation of the kinematical contribution to σq(g), which needs to be handled by means of the
procedure described in App. E.

Turning to the dynamical contribution to the partonic cross section σq(g), one finds that only

SGP terms ∝ F q(x, x) enter, including a derivative term (F q)
′
(x, x). This is due to the simplified

kinematics in the SCA. Also note that in both the kinematical and the dynamical contributions
only the color factor CF appears while Nc is absent. Again, the phase space integration can be
carried out using Eqs. (4.11) and (4.13), but for kT = 0. This completes the treatment of σq(g),
and the procedure for σg(q) is analogous. Notably, no SGP derivative term is present in that case
and at most terms ∝ 1/(1 − w)1+2ε appear, which are dealt with in the conventional way using
Eq. (2.80).

4.2.2 Joint Jet Formation by Quark and Gluon

To complete the calculation of the jet-specific pieces one must compute the cross section σqg

describing the case when quark and gluon of momenta q and r form the jet together, i.e. Pj = p+r.
In the kT algorithms, two particles are merged into a jet if and only if their distance to each other is
smaller than both their beam distances. In the present case this translates to dqg < min (dqB , dgB),
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which implies Rqg < R, cf. Eq. (4.4). Interestingly, this is true regardless of the value for p, i.e. for
all kT -type jet algorithms. On the other hand, for a cone algorithm the quark and gluon would be
merged into the same jet if and only if Rqj < R and Rgj < R. The different conditions for being
merged into the same jet lead to a dependence of σqg on the jet algorithm and for the present
work, the kT -type is chosen.

Because quark and gluon are combined into a single jet, one effectively has a two-particle final
state consisting of the jet alongside the unobserved lepton. This leads to a different phase space
integral compared to Eq. (4.11) for σq(g) and σg(q). Still, it is true that only terms ∝ 1

p·r contribute
to the considered order in R in the SCA. For all other scalar products involving q or r it is useful
to write them in terms of the jet momentum Pj . This is done by defining the fraction 0 < τ < 1
of the jet momentum carried by the gluon, i.e. r = τPj and p = (1 − τ)Pj . Thus, one has the
following schematic form for the phase space integration (cf. Eq. (2.75))

σ ∼ μ2ε

(2π)d−1

∫
ddl′δ+

(
(l′)2

)∫
ddrδ+

(
r2

)
δ(d) (k + l − l′ − Pj)

Ej

Ep

σ̂(τ)

p · r , (4.14)

where Ej and Ep are the energies of the jet and the quark respectively. The fraction of these two
energies appears because the quark of momentum p no longer forms the jet alone, i.e. Ep 
= Ej .

Next, the l′ integral is carried out using the d-dimensional δ-function, setting l′ = k + l − Pj .
Since p · r = EpEr(1− cos θqg), the angular dependence of the integrand is only through θqg. Thus
it is convenient to use spherical coordinates for the momentum r and integrate out all angles beside
θr. Here, it is important to distinguish between the polar angle of the gluon θr with respect to
the jet axis and the angle between quark and gluon θqg, i.e. θr 
= θqg. Lastly, one introduces the
substitution Er = τEj for the gluon energy Er, which also implies Ep = (1− τ)Ej . This leads to
the following expression

σ ∼ Sε

2(2π)2

δ
(
x− x0 −

(
−2kT ·lT

s+t

))
s+ t

(
E2

j

μ2

)−ε ∫ 1

0

dτ

(1− τ)2
τ−2εσ̂(τ)

∫ θmax

0

dθr
sin1−2ε θr
1− cos θqg

,

(4.15)

where x0 ≡ − u
s+t and Sε ≡ (4π)ε

Γ(1−ε) . The upper boundary θmax of the θr integral depends on the

jet algorithm but is in any case of the order of the jet size R and thus assumed to be small in the
SCA, i.e. θr < θmax � 1.

At this point, one can do the first order kT -expansion for the kinematical part, i.e. for

σ̂kin(kT · lT , τ)f⊥(1),q
1T

(
x0 − 2kT ·lT

s+t

)
.

Taking the derivative with respect to the transverse momentum kTσ and subsequently setting
kT = 0 one finds explicitly

lTσ
dσ̂kin(kT · lT , τ)

d (kT · lT )
∣∣∣
kT=0

f
⊥(1),q
1T (x0)−

2lTσ

s+ t
σ̂kin(kT · lT = 0, τ)

(
f
⊥(1),q
1T

)′
(x0) . (4.16)

Because the δ-function in Eq. (4.15) sets x to a kT -dependent quantity, a derivative term of the
first moment of the Sivers function is generated via Eq. (4.16). In contrast, for the dynamical
part one does not find a derivative term F ′(x, x) of the SGP function. Upon adding kinematical
and dynamical contributions via Eq. (2.69) the partonic cross section multiplies the combination(
1− x d

dx

)
F q(x, x) of the SGP function and reads

σ̂kin+dyn(τ) = CF

[
1 + (1− τ)2

τ
− ετ

]
1 + v2 − ε(1− v)2

(1− v)3
= Pgq(τ, ε)σ̃LO(v, ε) , (4.17)

with the generalized quark-gluon splitting function Pgq(τ, ε) in d = 4− 2ε dimensions and a slight
variation σ̃LO(v, ε) of the LO cross section of Eq. (2.67). Also note that v = v1, in accordance with
Eq. (4.1).

To complete the calculation, one needs to perform the τ - and θr-integrals in Eq. (4.15). This
will be done as in Ref. [129], where a substitution from θr to the invariant jet mass is employed,

m2 = P 2
j = 2p · r = 2τ(1− τ)E2

j (1− cos θqg) .

The relation between m2 and the angles θr, θqg is given as

cos θqg = 1− m2

2τ(1− τ)E2
j

cos θr =
2τE2

j −m2

2τEj

√
E2

j −m2
. (4.18)
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In the SCA, the small jet size R directly implies that m2 � 1. Thus, approximating for a small
invariant mass and using x = x0

w one finds

σ ∼ Sε

2(−u)(2π)2
δ(1− w)σ̃LO(v, ε)

∫ 1

0

dτ τ−ε(1− τ)−εPgq(τ, ε)

∫ m2
max

0

dm2

m2

(
m2

μ2

)−ε

. (4.19)

Now, one needs to find the upper bound m2
max consistent with the constraint Rqg < R. To do so,

parametrize the momenta p, r and Pj via their respective pseudorapidity η and azimuth φ, and

using |Pj | =
√
E2

j −m2

Pj =

(
Ej , |Pj |

cosφj

cosh ηj
, |Pj |

sinφj

cosh ηj
, |Pj | tanh ηj

)

p = Ep

(
1,

cosφp

cosh ηp
,
sinφp

cosh ηp
, tanh ηp

)

r = Er

(
1,

cosφr

cosh ηr
,
sinφr

cosh ηr
, tanh ηr

)
. (4.20)

Based on these parametrizations one can evaluate the invariant mass m2 and then approximate the
result for p, r and Pj all being collinear to each other, i.e. for ηp ≈ ηr ≈ ηj as well as ηp − ηr � 1
and φp − φr � 1

m2 =
2EpEr

cosh ηp cosh ηr
(cosh (ηp − ηr)− cos (φp − φr))

≈ EpEr

cosh2 ηj

(
(ηp − ηr)

2
+ (φp − φr)

2
)

=
EpEr

cosh2 ηj
R2

qg <
E2

jR
2

cosh2 ηj
τ(1− τ) . (4.21)

Plugging this result back into the m2-integral in Eq. (4.19) and applying Eq. (4.7) leads to the
following expression for the τ - and m2-integrals (cf. Ref. [129])

−1

ε

(
tuR2

sμ2

)−ε ∫ 1

0

dτ τ−2ε(1− τ)−2εPgq(τ, ε) = −CF

ε

(
tuR2

sμ2

)−ε [
−1

ε
− 3

2
+ ε

(
−13

2
+

2π2

3

)]
.

(4.22)
As a final step, one collects all cross sections according to Eq. (4.5). The resulting expression

will still contain collinear 1
ε poles, though. This is because a MS subtraction was performed for the

cross sections σq and σg, absorbing collinear singularities into the quark and gluon FFs Dq
1, D

g
1 .

This is, however, not appropriate for a jet cross section and one needs to add back the terms
that were inappropriately MS-subtracted. This leads to the desired cancellation of the remaining
1
ε poles. Lastly, all regular, non-distributional terms accompanying F ′(x, x) were integrated by
parts, as previously in the single-inclusive hadron calculation. The final jet results are presented
in Sec. 6.2 with explicit partonic factors given in App. F.2.
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Chapter 5

Single-Inclusive Photon
Production �N↑ → γX

This chapter will study the third and final single-inclusive process considered in this work: the
photon production process �(l)N↑(P ) → γ(Pγ)X. Similarly to jet production highlighted in the
previous chapter, twist-3 effects only enter on the distribution side, i.e. via correlations in the
initial nucleon. Twist-3 fragmentation effects, on the other hand, are absent. The reason is that,
unlike hadrons, photons are elementary particles without internal structure. Consequently, the
following derivation yields the complete NLO result for this process.

The semi-inclusive analog of this process, dubbed γSIDIS, also constitutes an interesting observ-
able for the study of twist-3 distribution functions. It will be considered for the numeric analysis
in Ch. 7, and details on the corresponding calculation are given in Sec. 6.4. Related references
include [39, 109].

Figure 5.1: Overview of the production channels for single-inclusive photon production
�N↑ → γX. For each channel, one example diagram is shown, Left: Bethe Heitler, Middle:

Compton, Right: Interference

Being the gauge boson of QED, the photon not only couples to quarks but also to leptons,
opening up new production channels compared to hadron production. These channels can be
classified by the power of the fractional quark charge eq with which they enter:

• Bethe Heitler, ∝ e2q, Fig. 5.1 left: For this channel, the observed final state photon is
emitted from the lepton line and the fractional charge only enters via the vertex including the
virtual photon and a quark. It turns out that the Bethe Heitler channel vanishes identically
for the transversely polarized cross section. As described in Ref. [109] this is to be expected,
since the photon emission happens exclusively on the lepton line. Then the same arguments
as given in Ref. [134] apply. Essentially, time-reversal symmetry forbids a non-zero transverse
SSA.

• Compton, ∝ e4q, Fig. 5.1 middle: With the virtual photon coming from the lepton and
the observed final state photon being emitted exclusively from the quark line, this channel
is like quark-photon Compton scattering. It includes two production mechanisms for the
photon: it can either be radiated directly in a point-like QED vertex from the quark, or it
can be the result of fragmentation. The latter case is described by the quark-to-photon and

gluon-to-photon fragmentation functions (FFs) D
γ/q
1 and D

γ/g
1 . Both cases can be obtained

from the results for hadron production derived in Ch. 3 as will be shown below.

• Interference, ∝ e3q, Fig. 5.1 right: Finally, there is the interference of diagrams where the
photon is emitted from the lepton line with diagrams where it is emitted from the quark line.
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This channel has a unique, uncommon feature: it is not only sensitive to twist-3 quark-gluon-
quark (qgq) functions F q, Gq but also to their quark-photon-quark (qγq) counterparts F q

γ , G
q
γ

(see App. C.7), and even gluon-photon-gluon (gγg) functions O1
γ , O

2
γ (see App. C.8). A rare

example of another observable featuring qγq functions is the transverse SSA in two-photon
exchange DIS, cf. Ref. [40]. Both qgq and qγq functions enter this channel in a valence-like
combination, i.e. as the difference between quark and antiquark distributions.

Since the Bethe Heitler channel vanishes, one can write in general for the transversely polarized,
differential cross section for single-inclusive photon production

Eγ
dσ

d3Pγ
(S) = Eγ

dσC

d3Pγ
(S) + Eγ

dσI

d3Pγ
(S) , (5.1)

with σC and σI denoting the Compton and Interference contributions respectively. The unpolarized
cross section constituting the denominator of the transverse SSA (2.61) was already calculated in
Ref. [38]. In the following two sections the Compton and Interference channels will be analyzed
in more detail for the case of transverse polarization, in particular the methods to perform the
corresponding calculations will be highlighted.

5.1 Compton Channel

As elaborated on in the introduction to this chapter, the transversely polarized cross section for
the Compton channel can be split in two parts corresponding to the production mechanism of the

observed final state photon: first the production via fragmentation described by the FFs D
γ/q
1 and

D
γ/g
1 and second the direct production in a point-like QED hard-scattering vertex

Eγ
dσC

d3Pγ
(S) = Eγ

dσC,frag

d3Pγ
(S) + Eγ

dσC,direct

d3Pγ
(S) . (5.2)

The fragmentation contribution is generated by the same partonic hard scattering diagrams that
were featured in the calculation of the single-inclusive hadron production process. The only differ-
ence is that the quark-to-hadron and gluon-to-hadron FFs need to be replaced by their photonic
analogs

D
h/q
1 → D

γ/q
1 D

h/g
1 → D

γ/g
1 . (5.3)

Here, it is important to remark a subtle detail regarding the counting of the perturbative order. One
can show that the photonic fragmentation functions are of order O (αem/αs). Consequently, the
lowest order for the photon production process is given for the convolution of the quark-to-photon

FF D
γ/q
1 with the LO result given in Eq. (2.64), and it is of order O

(
α3
em/αs

)
. On the other hand,

convolution of the photonic FFs D
γ/q
1 , D

γ/g
1 with the NLO results presented in Secs. 3.2-3.6 gives

the NLO contribution of order O
(
α3
em

)
. Both the LO and NLO results from hadron production

are converted to the present case of photon production in the same way

Eγ
dσC,frag

d3Pγ
(S) = Eh

dσLO+NLO

d3Ph
(S)

∣∣∣∣∣
D

h/i
1 →D

γ/i
1

. (5.4)

Turning to the direct photon production part, one can make use of the results for the qg → g
channel. Both gluon and photon are gauge bosons and share similarities regarding how they couple

to quarks. If one makes a suitable replacement for the gluon-to-hadron FF, i.e. D
h/g
1 (z) → δ(1−z),

one effectively gets a direct gluon production cross section. Then, one only needs to account for
the different couplings in QCD and QED, i.e. replace αs → αem, as well as for the abelian versus
non-abelian nature of photons and gluons. This is achieved by replacing Nc → 0, which gets rid
of all the gluon self-interaction diagrams, and CF → e2q. The same separation as for the qg → g
channel into the different pole contributions, namely integral (Int), soft-gluon pole (SGP) and
soft-fermion pole (SFP), also applies to the direct Compton channel, leading to

Eγ
dσC,direct

d3Pγ
(S) = Eh

dσNLO,qg→g

d3Ph
(S)

∣∣∣∣∣
CF→e2q, Nc→0, αs→αem

D
h/g
1 (z)→δ(1−z)

= Eγ
dσC,Int

d3Pγ
(S) + Eγ

dσC,SGP

d3Pγ
(S) + Eγ

dσC,SFP

d3Pγ
(S) . (5.5)
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5.2 Interference Channel

The Interference channel features a wide variety of Feynman diagrams contributing to the end
result, owing to the fact that also twist-3 quark-photon-quark (qγq) functions F q

γ , G
q
γ (see Sec. C.7)

and even gluon-photon-gluon (gγg) functions O1
γ , O

2
γ (see Sec. C.8) contribute. Contrary to the

Compton channel, there are no fragmentation contributions, meaning that the observed final-state
photon is always produced in a point-like QED hard scattering vertex. Consequently, no photon
FFs will enter the formulas for the cross sections. Also note that the twist-3 qgq and qγq functions
always enter as valence distributions, i.e. as the difference of quark and antiquark distribution.
The general form of the transversely polarized, differential cross section for this channel is given
by

Eγ
dσI

d3Pγ
(S) = Eγ

dσI
LO

d3Pγ
(S) + Eγ

dσI,virt
NLO

d3Pγ
(S) + Eγ

dσI,real
NLO

d3Pγ
(S) . (5.6)

5.2.1 NLO Real-Emission Contribution

The NLO real-emission contribution to the Interference channel has many similarities to the pre-
viously calculated channels in hadron production, such as the qg → g channel, see Sec. 3.5. It is
thus convenient to start the calculation with these real-emission contributions, i.e. to compute the
cross section σI,real

NLO . One can easily check that there are no intrinsic contributions − unsurprisingly,
since this is also the case for all production channels in the single-inclusive hadron process.

Figure 5.2: NLO real-photon-emission diagrams in the Interference channel, where the photon is
emitted from the quark line. The interference of these diagrams with the ones from Fig. 5.3

generates the kinematical twist-3 effects.

Figure 5.3: Same as Fig. 5.2, but for photon emission from the lepton line.

The first non-vanishing contributions are kinematical. They are given by the interference of
the diagrams in Figs. 5.2 and 5.3. The calculational procedure is the same as before and revolves
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around keeping a non-zero transverse quark momentum kT . Only after all phase space integrations
have been carried out, a first-order Taylor expansion around kT = 0 is performed. The methods
are described in more detail in Sec. 2.4.1. Note that there are only real but no virtual contributions
to the kinematical part of the Interference channel.

Figure 5.4: NLO real-photon-emission diagrams in the Interference channel, where the photon is
emitted from the quark line. The interference of these diagrams with the ones from Fig. 5.3 (for

kT = 0) generates a dynamical twist-3 effect.

Figure 5.5: Same as Fig. 5.4, but for photon emission from the lepton line. The interference of
these diagrams with the ones from Fig. 5.2, (for kT = 0) generates a dynamical twist-3 effect.

Next, to compute the dynamical contributions one needs to consider the interference of the
sum of the diagrams shown in Fig. 5.4 with the sum of the diagrams shown in Fig. 5.3 with
kT = 0. Another contribution is generated by the interference of the sum of diagrams in Fig. 5.5
with those in Fig. 5.2, for kT = 0. As for the kinematical part, there are only real-photon-
emission diagrams and no virtual corrections. Also for the dynamical part, the technicalities of
the calculation are the same as for the hadron case, see for example Sec. 3.5. Note that there are
again factors such as 1/(1− w)1+2ε, which diverge in the limit w → 1. They are taken care of by
the conventional expansion of Eq. (2.80). Using the relation of Eq. (2.69) to combine kinematical
and dynamical parts, one finds that the kinematical contribution exactly cancels against the direct
SGP contribution in this channel. This is a feature that was also observed in the qg → g channel
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of Sec. 3.5 as well as for γSIDIS, see Ref. [109].
There are, however, also subtraction SGP terms originating from an integral contribution in the

dynamical part. This contribution is computed in the same way as before, following the methods
discussed below Eq. (2.82). Examining the pole structure of the resulting partonic cross sections,
one finds singularities at the integration boundaries ζ = 0 and ζ = 1. The singular behavior comes
from the denominator 1

ζ(1−ζ)2 , the same as for the qg → g channel. This implies that one needs to

introduce the same integrable combinations of qgq-functions F q and Gq as given in Eqs. (3.21) and
(3.22). Consequently, subtraction SGP contributions, including a derivative term, and subtraction
SFP contributions are generated. As already mentioned, the direct SGP terms cancel against the
kinematical contributions once Eq. (2.69) is applied and hence the subtraction SGP terms remain
by themselves. On the other hand, there are also direct SFP terms which need to be combined
with the subtraction SFP terms. To achieve a finite end result for both the SGP and SFP, one
needs to perform renormalization.

Interestingly, there are no singularities connected with the vanishing lepton mass m
 = 0
and correspondingly no photon-in-lepton contributions are required. This is familiar from the
Interference channel in the unpolarized case, see Ref. [38].

5.2.2 LO Contribution

Figure 5.6: LO real-photon-emission diagrams in the Interference channel. The interference of
these diagrams with the ones from Fig. 5.7 generates the LO dynamical twist-3 effects.

Figure 5.7: LO lepton-photon Compton scattering diagrams. The interference of these diagrams
with the ones from Fig. 5.6 generates the LO dynamical twist-3 effects.

As mentioned in the previous subsection, there must be renormalization terms for the qgq-
functions F q, Gq coming from a LO contribution σI

LO. These terms are necessary for a finite result

of the NLO real-emission contribution σI,real
NLO in Eq. (5.6). However, this LO contribution does not

involve F q or Gq but instead their photonic analogs, the qγq functions F q
γ , G

q
γ . The qγq functions

are defined in complete analogy to the qgq functions, but with the gluon field strength tensor
replaced by its electromagnetic counterpart, see Eq. (C.24). A direct implication of this fact is
that the qγq functions share the same symmetry and support properties, see Eq. (C.25).

The required renormalization formulas have been derived and collected in Sec. 2.5.2. In this
work it is conjectured that the qγq-functions are of order O (αem/αs), in analogy to the (un-
)polarized photon PDFs fγ

1 and gγ1 , cf. Ref. [135], as well as the photon FFs Dγ
1 . This implies that

the LO contribution to the Interference channel has the perturbative order O
(
α3
em/αs

)
, which is

the same as the LO contribution of the Compton channel discussed above in Sec. 5.1. There is
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no kinematical part to this LO contribution and the dynamical part is computed by taking the
interference of the sum of diagrams in Fig. 5.6 with the sum of diagrams in 5.7.

Technically, the twist-3 functions entering the results via the diagrams in Figs. 5.6 and 5.7
correspond to a quark-antiquark-photon (qq̄γ) configuration rather than a quark-photon-quark
(qγq) configuration. This is reflected by the fact that the functions enter the factorization formula
evaluated at a certain combination of the longitudinal momentum fractions x, x′, i.e. as F q

γ (x
′ −

x, x′) and Gq
γ(x

′ − x, x′). Also apparent from the Feynman diagrams is that one deals with a
two-particle final-state. This leads to simpler kinematics and consequently a rather compact result
for the spin-dependent cross section, given in Eq. (6.31).

Having computed the LO result, one can employ the renormalization formula in Eq. (2.108).
This formula describes mixing of the qγq functions F q

γ , G
q
γ with the qgq functions F q, Gq. The

aforementioned 1
ε poles in the SGP and SFP parts of the NLO real-photon-emission contributions

indeed cancel upon inclusion of the renormalization terms, leading to the finite results presented
in Eqs. (6.38) and (6.39).

Figure 5.8: NLO virtual diagrams in the Interference channel. The interference of these diagrams
with the ones from Fig. 5.7 generates a dynamical twist-3 contribution at NLO. The diagrams are

Left: four vertex corrections, Middle: two box diagrams and Right: two self-energies.

5.2.3 NLO Virtual qγq Contribution

Considering the qγq-functions as O (αem/αs) opens up further production channels at NLO: one
needs to include diagrams that come with an extra factor of αs compared to LO, giving a contribu-
tion of order O

(
α3
em

)
. The possible diagrams all feature loops with a virtual gluon and contribute

to σI,virt
NLO in Eq. (5.6). They are shown in Fig. 5.8 and can be classified as four vertex correction

diagrams (on the left), two box diagrams (in the middle) and two self-energy diagrams (on the
right). One needs to compute the interference of their sum with the sum of the two diagrams
shown in Fig. 5.7.

Note that this channel only has dynamical and no kinematical contributions. The evaluation
of the loop integrals was performed using Feynman gauge, i.e. for κ = 0 in Eq. (2.70), such
that denominators could be combined using the Feynman parameter method. Each of the eight
diagrams in Fig. 5.8 leads to slightly different parameter integrals. Since an imaginary part must
be generated for a non-zero dynamical contribution it is important to keep the causal iδ from the
Feynman propagators, because it will determine the sign of said imaginary parts.

As before, there are two sources of imaginary parts:

• The decomposition of a propagator into principal value and δ-function, such as in Eq. (5.7)

• Imaginary parts can also emerge from the Feynman parameter integrals encountered in the
loop integrations, in certain regions of x′, such as in Eq. (5.8)

A sketch of these two sources is shown in Fig. 5.9. On the left, a solid bar indicates a propagator
that goes on-shell corresponding to the following decomposition

1

(k′ − k + p)
2
+ iδ

∝
(
P 1

x′ − x
− iπδ (x′ − x)

)
. (5.7)
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Figure 5.9: Sketch of possible sources for imaginary parts in the NLO virtual contribution to the
Interference channel. Left: the propagator marked with the solid bar goes on-shell, Right: the

Feynman parameter integral associated to the loop highlighted in light-blue develops an
imaginary part.

The δ-function in the imaginary part sets the longitudinal momentum fractions equal to each other,
i.e. x′ = x, while due to the two-particle phase space one also has x = x0. Using the photonic
Mandelstam variables s = (l+P )2 � 2l ·P , t = (P −Pγ)

2 � −2P ·Pγ and u = (l−Pγ)
2 � −2l ·Pγ

one has x0 = −u
s+t . In terms of the dimensionless variable w = x

x0
the condition x = x0 is given as

w = 1. Thus, contributions generated by the imaginary part of a propagator decomposition are
∝ δ(1− w).

On the right of Fig. 5.9 a situation is sketched where a Feynman parameter integral develops
an imaginary part. The integral could for example have the schematic form∫ 1

0

du1

∫ 1−u1

0

du2

(
−u1t̂

(
(1− u1)

(
1− x′

x

)
+ u2

x′

x

)
− iδ

)−ε

, (5.8)

with the partonic analog t̂ = (xP − Pγ)
2
= xt of the Mandelstam variable t. The term in brackets

can become negative under the condition that x < x′ < 1 and u2 < (1 − u1)
(
1− x

x′
)
, generating

an imaginary part. One still has a two-particle phase space and consequently x = x0, but x′ is
restrained to an interval rather than fixed to a specific value by a δ-function, unlike previously
for the propagator decomposition. Using the substitution x′ = x0

w one can write the contribution
generated by the imaginary part of a loop integral via a w-integral over the interval (x0, 1), i.e.∫ 1

x0

dw
w without a δ-function δ(1 − w). Another possible region in x′ that can generate imaginary

parts in the parameter integral is −1 + x < x′ < 0, which can also be mapped onto the same w
integral using the substitution x′ = −x0

1−w
w .

When extracting the imaginary parts from the loop integrals, one has to be careful with the
overall sign. A typical ”mass” M2 introduced by the Feynman parameter method always contains
a small negative imaginary part −iδ. This means that whenever the real part becomes negative,
i.e. Re

{
M2

}
< 0, one is below the branch cut of the logarithm on the negative real axis. The

masses can enter integrals like in Eq. (5.8) with several different powers and the imaginary part
can be extracted via

Im
{
(a− iδ)

−n−ε
}

δ→0→ θ(−a)(−a)−n−ε sinπ(n+ ε) , (5.9)

where a ∈ R, n ∈ Z and θ denotes the Heaviside step function. For the present purpose one only
needs the cases n ∈ {0, 1, 2}, though.

One further technical detail is that in the calculation of the box integrals in the middle of
Fig. 5.8 one encounters a Hypergeometric function 2F1(1, 2; 2 − ε; 1) = − 1−ε

1+ε . This relation is
derived for ε < −1, and by analytic continuation it will be also used for ε > 0.

Having extracted the imaginary parts from the loop integrals one finds factors of 1/(1−w)1+ε

that display a divergence in the limit w → 1. This divergence is readily regularized using the
expansion given in Eq. (2.80), which also introduces a part ∝ δ(1 − w). This part has to be
combined with the contributions generated by a propagator decomposition such as in Eq. (5.7).

Still, the result one finds in this way is not yet free of 1
ε poles because one also has to consider

the renormalization of the qγq functions. The relevant part of the renormalization formulas is
the self-mixing of the qγq functions, see Eq. (2.126). These terms have to be plugged into the
LO result given in Eq. (6.31), leading to the desired cancellation of the remaining collinear diver-
gences. The final result for the NLO virtual qγq contribution is shown in Eq. (6.34) with partonic
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factors collected in the appendix in Eq. (F.98). The qγq valence distributions enter in a hard pole
configuration, i.e. as F q−q̄

γ (x, x(1− w)), Gq−q̄
γ (x, x(1− w)).

5.2.4 NLO Virtual gγg Contribution

Figure 5.10: NLO virtual diagrams in the Interference channel. The interference of these
diagrams with the ones from Fig. 5.7 generates a dynamical twist-3 effect.

Considering the qγq functions F q
γ , G

q
γ to be of order O (αem/αs) relative to their QCD coun-

terparts (the qgq functions F q and Gq), one must also account for additional contributions at
NLO. Specifically, a new set of multiparton twist-3 distribution functions appears. These are the
previously unexplored gγg functions O1

γ and O2
γ , defined similarly to the symmetric ggg function

O (see App. C.8 and Eq. (C.26) for details). The gγg functions are also assumed to be of order
O (αem/αs) and will make a O

(
α3
em

)
contribution to the cross section. To the author’s knowledge,

O1
γ , O

2
γ have not been addressed in the literature, making their appearance in this work especially

significant. They generate the second part of the NLO virtual contribution σI,virt
NLO in Eq. (5.6).

To perform the corresponding calculation one needs to compute the interference of the sum of
the three box diagrams depicted in Fig. 5.10 with the sum of diagrams in Fig. 5.7. The general
procedure is quite similar to the NLO virtual qγq contribution of the previous subsection. Like
before, there are only dynamical contributions but no kinematical ones for this channel. Again,
Feynman gauge and correspondingly κ = 0 is assumed such that loop integrals can be evaluated
using the Feynman parameter method. Contrary to the qγq case, the imaginary parts for the
dynamical gγg contribution are generated exclusively through the parameter integrals of the loops.
There are no propagators that contribute an imaginary part.

The treatment of the parameter integrals follows the same principles as in the qγq case. Again,
there are two regions in x′ that can generate imaginary parts, x < x′ < 1 and −1 + x < x′ < 0,
and they are extracted according to Eq. (5.9). However, the required parameter integrals are more
involved and thus a more in-depth discussion is given. Due to the four propagators in the loop,
one needs to solve the following type of four-fold integrals including a ”mass” M2 (x, x′), which is
introduced through the Feynman parameter method

InM,ijk (x, x
′, ε) =

∫
Duui

1u
j
2u

k
3

(
M2 (x, x′)

)−n−ε

∫
Du ≡

∫ 1

0

du1du2du3du4δ (u1 + u2 + u3 + u4 − 1) . (5.10)

Here, the ”masses” for the three diagrams in Fig. 5.10 are from left to right given as

M2
1 (x, x′) ≡ −u2t̂

(
1− u2 − u3 −

x′

x
u4

)
− iδ

M2
2 (x, x′) ≡ −t̂

(
u1u2

x′

x
+ u2 (1− u2)

(
1− x′

x

)
+ u3

(
u1

x′

x
− u2

(
1− x′

x

)))
− iδ

M2
3 (x, x′) ≡ −u2t̂

(
1− u2 − u3 − u4

(
1− x′

x

))
− iδ . (5.11)
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The relation u1 + u2 + u3 + u4 = 1 helps in simplifying the expressions. A convenient substitution
for this type of parameter integrals can be found in Refs. [117, 136] and introduces new parameters
η1, η2 and ξ1, ξ2 in the following way

u1 = η1ξ1

u2 = η2(1− ξ2)

u3 = η2ξ2

u4 = η1(1− ξ1)

du1du2du3du4 = η1η2 dη1dη2dξ1dξ2 . (5.12)

The advantage of the substitution is that the η integrals factorize from the ξ integrals. The diagrams
on the left and right of Fig. 5.10 give a non-vanishing contribution for either x < x′ < 1 (left)
or −1 + x < x′ < 0 (right) respectively. Furthermore, also the ξ1 and ξ2 integrals factorize from
each other and all remaining integrals are representations of the Euler Beta and Hypergeometric
functions. For the middle diagram one gets contributions from both regions in x′, i.e. x < x′ < 1
and −1 + x < x′ < 0. In contrast to the other two diagrams, the ξ1 and ξ2 integrals do not
factorize. Still, one can trace everything back to either Beta or Hypergeometric functions using
suitable substitutions and the generalized binomial theorem. In the end, this leads to the following
results, again corresponding to the diagrams from left to right in Fig. 5.10

Im

{∫
Duui

2u
j
3u

k
4

(
M2

1

)−n−ε
}

= θ (x′ − x) sinπ(n+ ε)

(
−t̂

(
x′

x
− 1

))−n−ε (
1− x

x′
)
×

j!Γ(1 + i− n− ε)Γ(2 + k − n− ε)

(1− n− ε)Γ(4 + i+ j + k − 2n− 2ε)
2F1

(
−k, 1, 2− n− ε, 1− x

x′
)

Im

{∫
Duui

1u
j
2u

k
3

(
M2

2

)−n−ε
}

= sinπ(n+ ε)
Γ(2 + j + k − n− ε)Γ(1− n− ε)

Γ(4 + i+ j + k − 2n− 2ε)
×[

θ (−x′)
( −x′

x− x′

)1+j (
−t̂

(−x′

x

))−n−ε

×

k∑
n′=0

(
k
n′

) (
−x′
x−x′

)n′

(j + n′)!(−1)n
′

2 + i+ j + n′ − n− ε

Γ(2 + i− n− ε)

Γ(2 + j + n′ − n− ε)

+ θ (x′ − x)
(
1− x

x′
)1+i

(
−t̂

(
x′

x
− 1

))−n−ε
i!k!Γ(2 + i+ j − n− ε)

Γ(3 + i+ j + k − n− ε)

]

Im

{∫
Duui

2u
j
3u

k
4

(
M2

3

)−n−ε
}

= θ (−x′) sinπ(n+ ε)

(
−t̂

(
−x′

x

))−n−ε −x′

x− x′ ×

j!Γ(1 + i− n− ε)Γ(2 + k − n− ε)

(1− n− ε)Γ(4 + i+ j + k − 2n− 2ε)
2F1

(
−k, 1, 2− n− ε,

−x′

x− x′

)
. (5.13)

The final steps resemble the qγq case discussed in the previous subsection. First, one needs
to regularize divergences in the limit w → 1 originating from factors 1/(1 − w)1+ε, via the ex-
pansion (2.80). Then, one needs to add renormalization terms to cancel the remaining collinear
divergences. This is achieved by plugging the results of Eq. (2.132) for the qγq → gγg mixing
into the LO result given in Eq. (6.31). The end result is indeed free of 1

ε poles and thus finite.
The result is shown in Eq. (6.35), with partonic factors given in App. F.3, and it features the gγg
functions in a hard pole configuration, i.e. as O1

γ(x, x(1− w)), O2
γ(x, x(1− w)).
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Chapter 6

Analytical Results

This chapter constitutes a complete overview off all analytical results derived in the previous
chapters for the differential, transversely polarized cross sections of the considered processes. Each
of the different processes, i.e. single-inclusive hadron production �(l)N↑(P ) → h(Ph)X, the related
jet production �(l)N↑(P ) → jet(Pj)X as well as single-inclusive photon production �(l)N↑(P ) →
γ(Pγ)X and the γSIDIS process �(l)N↑(P ) → �′(l′)γ(Pγ)X, is presented separately in the following
sections. The parentheses denote the external four-momenta for each reaction.

The corresponding partonic cross sections are too lengthy to show here and are instead given in
Appendix F. The unpolarized counterparts required to calculate the spin asymmetries have already
been computed previously, namely in [120] for hadrons and jets, in [38] for single-inclusive photons
and both in [109] and [137] for γSIDIS.

The notation in the following will suppress several indices, sub-/superscripts and arguments of
functions in order to achieve a better readability and less cluttered expressions. To be specific,
the scale-dependence in all correlation and fragmentation functions will be omitted, the subscript
”FT” for the qgq functions will be dropped as well as the ”MS” superscript for the modified
minimal subtraction scheme. As an example, the notation will simply be F q(x, x′) instead of

F q,MS
FT (x, x′;μ). In addition to that, possible scale dependence or dependence on the lepton mass

m
 will generally be suppressed for partonic cross sections.
The results are expressed in terms of the usual mandelstam variables and their partonic coun-

terparts, the longitudinal momentum fractions x (distribution side) and z (fragmentation side), as
well as further useful variables and a convenient, spin-dependent prefactor

s = (l + P )
2
, t = (P − Ph)

2
, u = (l − Ph)

2
; ŝ = xs, t̂ =

xt

z
, û =

u

z

v0 =
u

t+ u
, v1 = 1 +

t

s
, x =

x0

w
, x0 =

(1− v)

v

u

t
, z =

1− v1
1− v

;

σ0(S) =
8πα2

em

s2
MεlPPhS

u2
. (6.1)

In the above equation, a shorthand notation for the contraction of the levi-civita tensor is used,
εlPPhS = lμPν(Ph)ρSλε

μνρλ, with the sign convention ε0123 = +1. Note that the mandelstam
variables t, u and also the prefactor σ0 are defined analogously via Pj for jet production and Pγ

for photon production. The kinematics for the γSIDIS process are quite different from the single-
inclusive processes and hence other variables will be employed for this case. They are given in the
corresponding section below.

6.1 Hadron Production

Starting point of this chapter is the NLO pQCD formula for the transversely polarized cross section
of single-inclusive hadron production �(l)N↑(P ) → h(Ph)X. The momenta of the external particles
are indicated in brackets. According to the discussion in Ch. 3 and Refs. [36, 37], the differential
cross section can be split up in the following manner

Eh
dσ
N↑→hX

NLO

d3Ph
= Eh

dσqg→q
NLO

d3Ph
+ Eh

dσqq→q
NLO

d3Ph
+ Eh

dσqq→q′
NLO

d3Ph
+ Eh

dσqg→g
NLO

d3Ph
+ Eh

dσgg→q
NLO

d3Ph
. (6.2)

Each of the five production channels in Eq. (6.2) is itself composed of several contributions which are
characterized by the longitudinal momentum fractions that enter the twist-3 correlation functions.
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All of the channels are discussed one by one in the following subsections.

6.1.1 Channel qg → q:

Based on the derivation presented in Sec. 3.2 one finds a decomposition of this channel into integral
(Int), soft-gluon pole (SGP), soft-fermion pole (SFP) and hard pole (HP) contributions

Eh
dσqg→q

NLO

d3Ph
= Eh

dσqg→q
Int

d3Ph
+ Eh

dσqg→q
SGP

d3Ph
+ Eh

dσqg→q
SFP

d3Ph
+ Eh

dσqg→q
HP

d3Ph
. (6.3)

The analytic expressions for the partonic cross sections encountered in the equations below are
shown in Appendix F.1.1.

Integral Contribution

Beginning the collection of results with the integral contribution one has

Eh
dσqg→q

Int

d3Ph
= σ0(S)

αs

2π

∫ v1

v0

dv

∫ 1

x0

dw

w

∫ 1

0

dζ
∑
q,q̄

e2q D
q
1 (z)×[

σ̂qg→q,1
Int (v, w, ζ)F qg→q

Int (x0, w, ζ) + σ̂qg→q,5
Int (v, w, ζ)Gqg→q

Int (x0, w, ζ, )
]
, (6.4)

where the flavor sum
∑

q,q̄ in Eq. (6.4) runs over quarks q as well as antiquarks q̄. As alluded
to in previous chapters, the integral contributions feature certain linear combinations of twist-3
correlation functions evaluated at different momentum fractions. In case of the qg → q channel
one has the following

F qg→q
Int (x0, w, ζ) ≡ 1

ζ2(1− ζ)2(w − ζ)2
[F q(x, ζx)

+
ζ2(1− ζ)2

(1− w)3w3

(
(5w2 + 2ζ − 3w − 4wζ)F q(x, x0) + (w − ζ)(1− w)x0(∂2F

q)(x, x0)
)

−ζ2(w − ζ)2

(1− w)3

(
(5− 4ζ − 3w + 2wζ)F q(x, x)− 1

2
(1− ζ)(1− w)x(F q)′(x, x)

)

− (w − ζ)2(1− ζ)2

w3
((2ζ + w + 2wζ) F q(x, 0) + ζ x0(∂2F

q)(x, 0))

]
Gqg→q

Int (x0, w, ζ) ≡ 1

ζ2(1− ζ)2(w − ζ)2
[Gq(x, ζx)

+
ζ2(1− ζ)2

(1− w)3w3

(
(5w2 + 2ζ − 3w − 4wζ)Gq(x, x0) + (w − ζ)(1− w)x0(∂2G

q)(x, x0)
)

+
ζ2(w − ζ)2(1− ζ)

(1− w)2
x(∂2G

q)(x, x)

− (w − ζ)2(1− ζ)2

w3
((2ζ + w + 2wζ)Gq(x, 0) + ζ x0(∂2G

q)(x, 0))

]
. (6.5)

Soft-Gluon Pole Contribution

Moving on with the soft-gluon pole contribution, the analytic formula reads

Eh
dσqg→q

SGP

d3Ph
= σ0(S)

αs

2π

∫ v1

v0

dv

∫ 1

x0

dw

w

∑
q,q̄

e2q D
q
1 (z)×[

σ̂qg→q,1
SGP,F (v, w)F q(x, x) + σ̂qg→q,1

SGP,F ′(v, w) (−x0 (F
q)′(x, x))

+σ̂qg→q,1
SGP,F ′′(v, w) (x

2
0 (F

q)′′(x, x)) + σ̂qg→q,1
SGP,∂2

1F
(v, w) (x2

0 (∂
2
1F

q)(x, x))

+σ̂qg→q,5
SGP,∂1G

(v, w) (−x0 (∂1G
q)(x, x)) + σ̂qg→q,5

SGP,∂2
1G

(v, w) (x2
0 (∂

2
1G

q)(x, x))

]
, (6.6)
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Soft-Fermion Pole Contribution

Next is the result for the soft-fermion pole contribution

Eh
dσqg→q

SFP

d3Ph
= σ0(S)

αs

2π

∫ v1

v0

dv

∫ 1

x0

dw

w

∑
q,q̄

e2q D
q
1 (z)×[

σ̂qg→q,1
SFP,F (v, w)F q(x, 0) + σ̂qg→q,1

SFP,∂2F
(v, w) (−x0 (∂2F

q)(x, 0))

+σ̂qg→q,5
SFP,G (v, w)Gq(x, 0) + σ̂qg→q,5

SFP,∂2G
(v, w) (−x0 (∂2G

q)(x, 0))

]
. (6.7)

Hard Pole Contribution

The qg → q channel results are concluded by the hard pole contribution

Eh
ddσqg→q

HP

d3Ph
= σ0(S)

αs

2π

∫ v1

v0

dv

∫ 1

x0

dw

w

∑
q,q̄

e2qD
q
1(z)×[

σ̂qg→q,1
HP,F (v, w)F q(x, x0)− σ̂qg→q,1

HP,∂1F
(v, w)x0(∂1F

q)(x, x0)

−σ̂qg→q,1
HP,∂2F

(v, w)x0(∂2F
q)(x, x0) + σ̂qg→q,1

HP,∂2
1F

(v, w)x2
0(∂

2
1F

q)(x, x0)

+σ̂qg→q,1
HP,∂1∂2F

(v, w)x2
0(∂1∂2F

q)(x, x0) + σ̂qg→q,5
HP,G (v, w)Gq(x, x0)

−σ̂qg→q,5
HP,∂1G

(v, w)x0(∂1G
q)(x, x0)− σ̂qg→q,5

HP,∂2G
(v, w)x0(∂2G

q)(x, x0)

+σ̂qg→q,5
HP,∂2

1G
(v, w)x2

0(∂
2
1G

q)(x, x0) + σ̂qg→q,5
HP,∂1∂2G

(v, w)x2
0(∂1∂2G

q)(x, x0)
]
. (6.8)

6.1.2 Channel qq → q:

Similar to the previous channel qg → q, the result for the channel qq → q can be split up in terms
of several contributions

Eh
dσqq→q

NLO

d3Ph
= Eh

dσqq→q
Int

d3Ph
+ Eh

dσqq→q
SFP

d3Ph
+ Eh

dσqq→q
HP

d3Ph
. (6.9)

Note that in this case there is no soft-gluon pole contribution. Explicit analytical expressions for
the various partonic cross sections are listed in Appendix F.1.2.

Integral Contribution

Starting again with the integral contribution

Eh
dσqq→q

Int

d3Ph
= σ0(S)

αs

2π

∫ v1

v0

dv

∫ 1

x0

dw

w

∫ 1

0

dζ
∑
q,q̄

e2q D
q
1 (z)×[

σ̂qq→q,1
Int,1 (v, w, ζ)F qq→q

Int,1 (x0, w, ζ) + σ̂qq→q,5
Int,1 (v, w, ζ)Gqq→q

Int,1 (x0, w, ζ)

+σ̂qq→q,1
Int,2 (v, w, ζ)F qq→q

Int,2 (x0, w, ζ) + σ̂qq→q,5
Int,2 (v, w, ζ)Gqq→q

Int,2 (x0, w, ζ)
]
, (6.10)

one encounters two separate linear combinations, both for the vector-like function F q as well as
the axial-vector-like function Gq

F qq→q
Int,1 (x0, w, ζ) ≡ 1

ζ (w − ζ)2

[
F q (−(1− ζ)x, ζ x)− ζ (2w − ζ)

w2
F q (−(1− w)x, x0)

−ζ (ζ − w)

w2
x0 [∂1F

q + ∂2F
q] (−(1− w)x, x0)−

(w − ζ)2

w2
F q (−x, 0)

]

Gqq→q
Int,1 (x0, w, ζ) ≡ 1

ζ (w − ζ)2

[
Gq (−(1− ζ)x, ζ x)− ζ (2w − ζ)

w2
Gq (−(1− w)x, x0)

−ζ (ζ − w)

w2
x0 [∂1G

q + ∂2G
q] (−(1− w)x, x0)−

(w − ζ)2

w2
Gq (−x, 0)

]
F qq→q
Int,2 (x0, w, ζ) ≡ 1

1− ζ
[F q (−(1− ζ)x, ζ x)− F q (0, x)]

Gqq→q
Int,2 (x0, w, ζ) ≡ 1

1− ζ
[Gq (−(1− ζ)x, ζ x)− Gq (0, x)] . (6.11)
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Soft-Fermion Pole Contribution

The soft-fermion pole contribution has the analytic form

Eh
dσqq→q

SFP

d3Ph
= σ0(S)

αs

2π

∫ v1

v0

dv

∫ 1

x0

dw

w

∑
q,q̄

e2q D
q
1 (z)×[

σ̂qq→q,1
SFP,F (v, w)F q(−x, 0) + σ̂qq→q,5

SFP,G (v, w)Gq(−x, 0)

]
, (6.12)

Hard Pole Contribution

The concluding contribution for this channel is due to hard poles and reads

Eh
dσqq→q

HP

d3Ph
= σ0(S)

αs

2π

∫ v1

v0

dv

∫ 1

x0

dw

w

∑
q,q̄

e2q D
q
1 (z)× (6.13)

[
σ̂qq→q,1
HP,F (v, w)F q(−(1− w)x, x0)− σ̂qq→q,1

HP,∂F (v, w)x0 (∂1F
q + ∂2F

q)(−(1− w)x, x0)

+σ̂qq→q,5
HP,G (v, w)Gq(−(1− w)x, x0)− σ̂qq→q,5

HP,∂G (v, w)x0 (∂1G
q + ∂2G

q)(−(1− w)x, x0)

]
.

6.1.3 Channel qq → q′:

Next up, the channel qq → q′ only receives integral and soft-fermion pole contributions

Eh
dσqq→q′

NLO

d3Ph
= Eh

dσqq→q′
Int

d3Ph
+ Eh

dσqq→q′
SFP

d3Ph
. (6.14)

The partonic cross sections for this channel are written out explicitly in Appendix F.1.3.

Integral Contribution

The integral contribution can be given in the following way

Eh
dσqq→q′

Int

d3Ph
= σ0(S)

αs

2π

∫ v1

v0

dv

∫ 1

x0

dw

w

∫ 1

0

dζ
∑
q′

(
Dq′

1 −Dq̄′
1

)
(z)×

∑
q

e2q

[
σ̂qq→q′,1
Int (v, w, ζ)F qq→q′

Int (x, ζ) + σ̂qq→q′,5
Int (v, w, ζ)Gqq→q′

Int (x, ζ)
]
, (6.15)

where the correlation functions FInt and GInt are defined as

F qq→q′
Int (x, ζ) ≡ F q (−(1− ζ)x, ζ x)− ζ F q (0, x)− (1− ζ)F q (−x, 0)

ζ(1− ζ)

Gqq→q′
Int (x, ζ) ≡ Gq (−(1− ζ)x, ζ x)− ζ Gq (0, x)− (1− ζ)Gq (−x, 0)

ζ(1− ζ)
. (6.16)

Contrary to the other channels, the flavor sums in the present case,
∑

q and
∑

q′ , only run over
quarks q(q′) but not over antiquarks q̄(q̄′). The antiquark cases are already included in the partonic
cross sections because of their (anti-)symmetry properties, see Eqs. (3.17) and (3.18).

Soft-Fermion Pole Contribution

This also applies to the soft-fermion pole contribution below which can be cast into the form

Eh
dσqq→q′

SFP

d3Ph
= σ0(S)

αs

2π

∫ v1

v0

dv

∫ 1

x0

dw

w

∑
q′

(
Dq′

1 −Dq̄′
1

)
(z)×

∑
q

e2q

[
σ̂qq→q′,1
SFP,F (v, w) (F q(−x, 0)− F q(0, x))

+σ̂qq→q′,5
SFP,G (v, w) (Gq(−x, 0) +Gq(0, x))

]
. (6.17)
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6.1.4 Channel qg → g:

The results for the channel qg → g can be decomposed as follows

Eh
dσqg→g

NLO

d3Ph
= Eh

dσqg→g
Int

d3Ph
+ Eh

dσqg→g
SGP

d3Ph
+ Eh

dσqg→g
SFP

d3Ph
. (6.18)

For explicitly written out expressions of all partonic cross sections featured in the following, refer
to Appendix F.1.4.

Integral Contribution

First is once more the integral contribution given as

Eh
dσqg→g

Int

d3Ph
= σ0(S)

αs

2π

∫ v1

v0

dv

∫ 1

x0

dw

w

∫ 1

0

dζ Dg
1 (z)×∑

q,q̄

e2q

[
σ̂qg→g,1
Int (v, w, ζ)F qg→g

Int (x0, w, ζ) + σ̂qg→g,5
Int (v, w, ζ)Gqg→g

Int (x0, w, ζ)
]
, (6.19)

The linear combinations of qgq functions in Eq. (6.19) read

F qg→g
Int (x0, w, ζ) ≡ 1

ζ (1− ζ)2

[
F q(x, ζ x)− ζ(2− ζ)F q(x, x) + ζ (1−ζ)

2w x0 (F
q)′(x, x) (6.20)

−(1− ζ)2 F q(x, 0)

]

Gqg→g
Int (x0, w, ζ) ≡ 1

ζ (1− ζ)2

[
Gq(x, ζ x) + ζ (1−ζ)

w x0 (∂2G
q)(x, x)− (1− ζ)2 Gq(x, 0)

]
.

Soft-Gluon Pole Contribution

Next, the soft-gluon pole contribution can be written as

Eh
dσqg→g

SGP

d3Ph
= σ0(S)

αs

2π

∫ v1

v0

dv

∫ 1

x0

dw

w
Dg

1 (z)×

∑
q,q̄

e2q

[
σ̂qg→g,1
SGP,F (v, w)F q(x, x)− σ̂qg→g,5

SGP,∂2G
(v, w)x0 (∂2G

q)(x, x)

]
, (6.21)

Soft-Fermion Pole Contribution

Finally, the soft-fermion pole contributions to this channel read

Eh
dσqg→g

SFP

d3Ph
= σ0(S)

αs

2π

∫ v1

v0

dv

∫ 1

x0

dw

w
Dg

1 (z)×

∑
q,q̄

e2q

[
σ̂qg→g,1
SFP,F (v, w)F q(x, 0) + σ̂qg→g,5

SFP,G (v, w)Gq(x, 0)

]
. (6.22)

6.1.5 Channel gg → q:

The last remaining partonic channel for single-inclusive hadron production, the channel gg → q, is
described by the following analytic formula

Eh
dσgg→q

NLO

d3Ph
= σ0(S)

αs

2π

∫ v1

v0

dv

∫ 1

x0

dw

w

∑
q,q̄

e2q D
q
1 (z)×[

−σ̂gg→q
xx (v, w)

N (x, x) +O (x, x)

x
+ σ̂gg→q

x0 (v, w)
O (x, 0)−N (x, 0)

x

]
, (6.23)

with the special feature that there are neither integral nor hard pole contributions to this channel.
The corresponding partonic cross sections can be found in Appendix F.1.5.
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6.2 Jet Production

This section presents the explicit analytical result for the second single-inclusive process considered
in this work: jet production �(l)N↑(P ) → jet(Pj)X. As elaborated on in Ch. 4, the transversely
polarized, differential jet production cross section at NLO is obtained within the small cone ap-
proximation, i.e. in the limit δ,R � 1 for the jet half-opening angle δ and jet radius R. The result
reads

Ej
dσ
N↑→jetX

NLO

d3Pj
(S,R) =

(
Eh

dσ
N↑→hX
NLO

d3Ph
(S)

)∣∣∣∣∣
D

h/(q,g)
1 (z)→ δ(1−z)

+Ej

dσ
N↑→jetX
NLO, jet def

d3Pj
(S,R) . (6.24)

In the above equation, the first term is obtained by simply replacing the quark and gluon frag-
mentation functions by a delta function, as indicated. The second piece is calculated in the SCA
and can be written as

Ej

dσ
N↑→jetX
NLO, jet def

d3Pj
(S,R) = σ0(S)

αs

2π

∫ 1

x0

dw

w
×

∑
q,q̄

e2q

[
σ̂qg→jet
SGP,F (w,R)F q(x, x) + σ̂qg→jet

SGP,F ′(w,R)
(
−x (F q)

′
(x, x)

) ]
. (6.25)

The partonic cross sections in the above formula depend on the specific choice of the algorithm
used to construct the jet. They are given in Appendix F.2 for a kT -type algorithm [132], cf. the
discussion in Sec. 4.2.2. Note that the only partonic channels contributing to Eq. (6.25) are the
former qg → q and qg → g channels. The former qq → q and gg → q channels do not receive any
R-dependent contribution, i.e. it is sufficient to simply replace the quark fragmentation function
for these channels. The former qq → q′ channel identically vanishes because it was proportional
to the difference of quark and antiquark fragmentation functions, which both get replaced by the
same δ-function and thus cancel.

6.3 Single-Inclusive Photon Production

Shifting to processes with measured photons in the final state, the next reaction to be presented
is the single-inclusive case �(l)N↑(P ) → γ(Pγ)X. Chapter 5 discusses how one can separate
contributions based on the power of the fractional charge eq. The power depends on whether the
photon is emitted from the lepton line (e2q, Bethe Heitler) or quark line (e4q, Compton), or one has
an interference of both cases (e3q, Interference). For the transversely polarized, differential cross
section, the Bethe Heitler contribution vanishes and one finds the following form in pQCD at NLO

Eγ
dσ

d3Pγ
(S) = Eγ

dσC

d3Pγ
(S) + Eγ

dσI

d3Pγ
(S) . (6.26)

6.3.1 Compton Channel:

The Compton channel receives contributions from parton-to-photon fragmentation processes as
well as direct, hard scattering photon production. Thus one writes

Eγ
dσC

d3Pγ
(S) = Eγ

dσC,frag

d3Pγ
(S) + Eγ

dσC,direct

d3Pγ
(S) . (6.27)

Both contributions can be obtained with some suitable adaptations (see Sec. 5.1) from the hadron
production process �(l) + N↑(P ) → h(Ph) + X, for which the results are shown in Sec. 6.1 and
Refs. [36, 37].

Photon Fragmentation Contribution

For the photon fragmentation contribution one simply has to replace the parton-to-hadron frag-

mentation functions D
h/i
1 by parton-to-photon fragmentation functions D

γ/i
1 , where i can stand
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for both quarks or gluons

Eγ
dσC,frag

d3Pγ
(S) = Eh

dσLO+NLO

d3Ph
(S)

∣∣∣∣∣
D

h/i
1 →D

γ/i
1

. (6.28)

Direct Photon Contribution

The direct photon production part can also be deduced from hadron production simply by utilizing
the analytical results for the gluon fragmentation channel, but reducing the gluon to a photon(
CF → e2q, Nc → 0, αs → αem

)
and replacing the gluon fragmentation function by a delta function

(D
h/g
1 (z) → δ (1− z))

Eγ
dσC,direct

d3Pγ
(S) = Eh

dσNLO,qg→g

d3Ph
(S)

∣∣∣∣∣
CF→e2q, Nc→0, αs→αem

D
h/g
1 (z)→δ(1−z)

= Eγ
dσC,Int

d3Pγ
(S) + Eγ

dσC,SGP

d3Pγ
(S) + Eγ

dσC,SFP

d3Pγ
(S) . (6.29)

As in the previous sections the various contributions to the total Compton cross section are denoted
as integral (Int), soft-gluon pole (SGP) and soft-fermion pole (SFP).

6.3.2 Interference Channel:

In contrast to the Compton channel treated in the preceding section, the Interference channel only
receives a direct photon production contribution of the following form

Eγ
dσI

d3Pγ
(S) = Eγ

dσI
LO

d3Pγ
(S) + Eγ

dσI,virt
NLO

d3Pγ
(S) + Eγ

dσI,real
NLO

d3Pγ
(S) . (6.30)

All partonic hard functions featured by the following formulas are collected in App. F.3. It is
important to note that since the photon is produced directly in a hard-scattering vertex, one has
z = 1. Consequently, in the following it is v = v1 = 1+ t

s with the photonic Mandelstam variables
s = (l + P )2, t = (P − Pγ)

2 (and u = (l − Pγ)
2).

LO Contribution

The LO cross section can be written in the compact form

Eγ
dσI

LO

d3Pγ
= σ0(S)

(
− 1 + v2

(1− v)2

)∑
q

e2q
[
F q−q̄
γ (x0, 0) +Gq−q̄

γ (x0, 0)
]
, (6.31)

with the qγq functions Fγ , Gγ . Note that here and in the following the sum
∑

q generally only runs
over quarks q but not antiquarks q̄ unless explicitly stated. Furthermore, the correlation functions
enter as difference between the quark and antiquark case. Moreover, one also has NLO virtual
and real corrections. The virtual loop corrections can be split into a part that is again generated
by quark-photon-quark (qγq) correlations inside the nucleon and a second part featuring gluon-
photon-gluon (gγg) correlations

Eγ
dσI,virt

NLO

d3Pγ
(S) = Eγ

dσI,virt,qγq
NLO

d3Pγ
(S) + Eγ

dσI,virt,gγg
NLO

d3Pγ
(S) . (6.32)

The real corrections distinguish between integral (Int), soft-gluon pole (SGP) and soft-fermion pole
(SFP) contributions

Eγ
dσI,real

NLO

d3Pγ
(S) = Eγ

dσI,Int
NLO

d3Pγ
(S) + Eγ

dσI,SGP
NLO

d3Pγ
(S) + Eγ

dσI,SFP
NLO

d3Pγ
(S) . (6.33)

NLO Virtual qγq Contribution

Starting with the qγq virtual contribution at NLO, the corresponding analytic formula for the
transversely polarized, differential cross section can be written in a similar way as the leading
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order contribution

Eγ
dσI,virt,qγq

NLO

d3Pγ
= σ0(S)

αs

2π

(
− 1 + v2

(1− v)2

)∫ 1

x0

dw

w
×∑

q

e2q

[
σ̂I,qγq
1 (v, w)F q−q̄

γ (x, x(1− w)) + σ̂I,qγq
5 (v, w)Gq−q̄

γ (x, x(1− w))
]
, (6.34)

NLO Virtual gγg Contribution

The second part of the NLO virtual correction features the gγg-functions O1,2
γ and can be written

as

Eγ
dσI,virt,gγg

NLO

d3Pγ
= σ0(S)

αs

2π

1 + v2

(1− v)2

(∑
q,q̄

e2q

)∫ 1

x0

dw

wx

[
σ̂I,gγg
1 (v, w)O1

γ(x, x(1− w))

+ σ̂I,gγg
2 (v, w)O2

γ(x, x(1− w)) + σ̂I,gγg
3 (v, w)O2

γ(x(1− w), x)
]
, (6.35)

where it is noteworthy that the sum in 6.35 runs over both quarks q and anti-quarks q̄.

Integral Contribution

Now, turning to the real NLO corrections and beginning with the integral contribution in 6.33
one finds that the result can be expressed in a more compact form by introducing the linear
combinations F q ±Gq of the qgq functions. The cross section then takes on the following form

Eγ
σI,Int
NLO

d3Pγ
= σ0(S)

αem

2π

∫ 1

x0

dw

w

∫ 1

0

dζ ×∑
q

e3q

[
σ̂I,Int
+ (v, w, ζ)F q−q̄

I,Int,+(x, ζ) + σ̂I,Int
− (v, w, ζ)F q−q̄

I,Int,−(x, ζ)
]
, (6.36)

where the following integrable combinations of the correlation functions have been used

F q−q̄
I,Int,±(x, ζ) =

1

ζ(1− ζ)2
(
F q−q̄
± (x, xζ)− ζ(2− ζ)F q−q̄

± (x, x)

+ζ(1− ζ)x
(
∂2F

q−q̄
±

)
(x, x)− (1− ζ)2F q−q̄

± (x, 0)
)
. (6.37)

Soft-Gluon Pole Contribution

For the soft-gluon pole contribution in 6.33 there is no use in introducing F q
± as above, since

Gq(x, x) = 0, and one writes the cross section as follows

Eγ
σI,SGP
NLO

d3Pγ
= σ0(S)

αem

2π

∫ 1

x0

dw

w
×∑

q

e3q

[
σ̂I,SGP
1 (v, w)F q−q̄(x, x) + σ̂I,SGP

5 (v, w)
(
−x0(∂2G

q−q̄)(x, x)
)]

. (6.38)

Soft-Fermion Pole Contribution

Finally, in the formula for the soft-fermion pole contribution to Eq. 6.33 it is again beneficial to
utilize the linear combinations F q

± = F q ±Gq to get more compact partonic cross sections σ̂I,SFP
± .

This yields

Eγ
σI,SFP
NLO

d3Pγ
= σ0(S)

αem

2π

∫ 1

x0

dw

w
×∑

q

e3q

[
σ̂I,SFP
+ (v, w)F q−q̄

+ (x, 0) + σ̂I,SFP
− (v, w)F q−q̄

− (x, 0)
]
. (6.39)
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6.4 γSIDIS

This chapter is concluded by a discussion of the γSIDIS process, �(l)N↑(P ) → �′(l′)γ(pγ)X. It
is the semi-inclusive counterpart of the single-inclusive photon production process studied in the
preceding section and thus has some common features. The first one is that the cross section is
again split according to the power of the fractional charge eq into Bethe Heitler (e2q), Compton (e4q)
and Interference (e3q) contributions. Furthermore, the Bethe Heitler contribution also vanishes for
this process.

The difference between the two processes is the observed final state lepton, which leads to
different kinematics. In addition to the external momenta one also defines the combinations q =
l − l′ − pγ and q̃ = l − l′. Moreover, one has the related kinematic variables Q2 = −q2, Q̃2 =

−q̃2, xB = Q2/(2P · q) and x̃B = Q̃2/(2P · q̃).
Due to the more exclusive nature of the process, the cross section is differential not only in

the photon’s transverse momentum pγT , rapidity ηγ and azimuthal angle φγ but also the respective
counterparts of the final state lepton, i.e. p′T , η

′ and φ′. For the final result of the transversely
polarized cross section at leading order in pQCD one finds (see Ref. [39])

dσγSIDIS

dp′T dη′dφ′dpγT dηγdφγ
=

α3
emM

4πsQ8
p′T p

γ
T

[
εPll′S σφ′

γSIDIS + εPlPγS σφγ

γSIDIS

]
. (6.40)

Compared to an earlier derivation in [109] there are two modifications employed in the above
result. First, the set of four azimuthal spin correlations used in this reference, εPll′S , εPlPγS ,
l′T · ST εPll′Pγ and PγT · ST εPll′Pγ , is over-complete in the sense that it can be reduced down to

just two independent quantities, namely εPll′S and εPlPγS , by means of the identity

gαβεμνρσ = gμβεανρσ + gνβεμαρσ + gρβεμνασ + gσβεμνρα .

Second, the cross sections σφ′
γSIDIS, σ

φγ

γSIDIS are given in terms of linear combinations of the qgq
functions F and G

FC
± (x, x′) =

∑
q

e4q
(
F q+q̄ (x, x′) ± Gq+q̄ (x, x′)

)
F I
± (x, x′) =

∑
q

e3q
(
F q−q̄ (x, x′) ± Gq−q̄ (x, x′)

)
. (6.41)

The cross sections can be written in the following way, as a sum of hard pole and soft-fermion pole
contributions

σ
φ′(φγ)
γSIDIS =

∑
n=C,I

[
σ̂
n,φ′(φγ)
HP,+ Fn

+(xB , x̃B , μn) + σ̂
n,φ′(φγ)
HP,− Fn

−(xB , x̃B , μn)

+σ̂
n,φ′(φγ)
SFP,+ Fn

+(xB , 0, μn) + σ̂
n,φ′(φγ)
SFP,− Fn

−(xB , 0, μn)
]
. (6.42)

Unlike all other formulas presented so far, the scale dependence is explicitly shown in Eq. (6.42).
This is because the scale is chosen differently for Compton and Interference contributions, as well
as the Bethe Heitler contribution in the unpolarized case

μBH = Q, μC = Q̃, μI =

√
QQ̃ . (6.43)

Notably, there are no soft-gluon pole terms because of cancellations between kinematical and
dynamical contributions. The partonic cross sections are collected in Appendix F.4 along with
explicit expressions for the contracted levi-civita tensors εPll′S , εPlPγS .
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Chapter 7

Numerical Study

In this chapter, numerical analyses for the transverse SSA (2.61) are performed for each of the
considered processes that were discussed in the previous chapters. The study is focused on the
upcoming Electron-Ion Collider. Thus, a typical center-of-mass (c.m.) energy accessible at the
EIC of

√
s = 100GeV is considered in the following. Additionally, a comparison of the asymmetry

with HERMES data [25] is performed for ep↑ → π±X, at a somewhat lower c.m. energy of√
s = 7.25 GeV. In the case of γSIDIS, the influence of

√
s is explored even further by computing

the corresponding asymmetry AγSIDIS
UT for

√
s = 29 GeV as well as

√
s = 63 GeV (also accessible

at the EIC). The phenomenological study is carried out in the lepton-nucleon c.m. frame rather
than in the asymmetric laboratory frame. The single-inclusive differential cross sections and the
corresponding SSAs are considered in terms of the hadron’s, jet’s and photon’s pseudorapidity
ηh, ηj , ηγ and transverse momentum Ph,T , Pj,T , Pγ,T respectively. The γSIDIS process is also
differential in the final state lepton degrees of freedom and consequently the numerical study is
more involved. This will be addressed below in the corresponding section.

The frame chosen for the single-inclusive processes is explicitly specified for the case of hadrons
in the following, but it is completely analogous for jets and photons. The direction of the lepton
defines the positive z-axis, such that positive pseudorapidity indicates the forward lepton direction:

lμ = 1
2

√
s (1, 0, 0 ,+1) ,

Pμ = 1
2

√
s (1, 0, 0 ,−1) ,

Pμ
h = Ph,T (cosh ηh, cosφh, sinφh, sinh ηh) , (7.1)

The hadronic Mandelstam variables are expressed in terms of ηh and Ph,T as

t = −Ph,T

√
s e+ηh ,

u = −Ph,T

√
s e−ηh , (7.2)

again likewise for jet and photon production. The unpolarized cross section depends only on
pseudorapidity and transverse momentum, so the azimuthal angle φh of the observed final state
particle can be integrated out:

dσ

dηh dPh,T
= 2π Ph,T

(
Eh

dσ

d3Ph

)
. (7.3)

In contrast, the spin-dependent cross section contains the prefactor σ0(S) defined in Eq. (2.65),
which introduces a dependence on the azimuth φh. To work out this dependence explicitly, one
must first parametrize the spin vector S. This vector is constrained by P ·S = 0 and is normalized
to S2 = −1. Thus, in the chosen reference frame of Eq. (7.1), one can parametrize S as follows:

Sμ =
(
S0, cosφs, sinφs, −S0

)
. (7.4)

The azimuthal angle φs of the transverse components determines the location of the spin vector
in a plane transverse to the beam direction. For the present study, the right-left asymmetry ARL

is considered. It is defined in Eq. (2.62) for a generic cross section and in the specific case of
single-inclusive hadron production it can be written as

ARL =

∫ φs+2π

φs+π
dφh

dσ(S)
dηh dPh,T dφh

−
∫ φs+π

φs
dφh

dσ(S)
dηh dPh,T dφh∫ 2π

0
dφh

dσ
dηh dPh,T dφh

. (7.5)
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The spin vector only appears through σ0(S) where it enters via a totally antisymmetric tensor as
εlPPhS . One can easily work out this term in the c.m. frame (7.1), along with (7.4). This leads to
a typical sin(φs − φh) modulation, which is then integrated according to (7.5) with the result that
one can effectively replace the Levi-Civita tensor as follows

εlPPhS = 1
2

√
stu sin(φs − φh) → 2

√
stu . (7.6)

To compute the various convolution integrals in the analytic results, one needs input distribu-
tions for the qgq functions F q, Gq for all flavors q, as well as for the ggg correlation functions N,O.
Since none of these functions are currently known to a satisfactory extent, a precise theoretical
prediction is not feasible. Furthermore, as discussed below (2.64), one would also need to in-
clude multiparton correlations in the fragmentation process for single-inclusive hadron production.
Again, the treatment of these twist-3 fragmentation effects is beyond the scope of this study.

However, one can study the generic effect of the NLO corrections compared to the LO approx-
imation for ARL. For this purpose, three scenarios are explored (labeled Scenario 0,1,2 ) for the
qgq functions F q and Gq for u and d-quarks, assuming all other multiparton correlation functions
to vanish. An in-depth discussion of the model and in particular the three scenarios is given in
App. G.

For the plots shown below, the focus is on the pseudorapidity dependence of this observable
at fixed transverse momentum Pπ,T , Pj,T or Pγ,T , which is set to 5GeV throughout this study.
The default renormalization/factorization scale is chosen as the pion transverse momentum, that
is, μ = Pπ,T (analogously for jets and photons).

Estimated Scale Dependence Although the numerical implementation of QCD evolution
is standard for the leading-twist PDFs and FFs (cf. [59, 60, 61]), it is more involved for the
multiparton correlation functions: only few numerical codes have been released so far [121, 138],
and valid only at LO. The main purpose of the present numerical analysis is to see how much the
observable ARL is affected by the NLO corrections to the partonic hard-scattering functions. The
analysis does not aim to provide cutting-edge predictions for ARL. For this reason, the numerical
code used for the plots below does not implement the proper scale evolution of the multiparton
correlation functions. Instead, an estimate is made. The twist-3 correlation functions F q and Gq

are formulated in terms of the unpolarized fq
1 quark PDFs (see Appendix G) as the only non-

perturbative input. Hence, the evolution of fq
1 is used to get a first approximation for the scale

dependence of the twist-3 functions and hence of the SSAs. In other words, it is assumed that the
evolution of the twist-3 functions follows that of the twist-2 PDFs. In view of the similarity of the
respective evolution kernels (see [121, 122]), this approximation is expected to be reasonable.

For fq
1 , the scale is varied between μ = Pπ,T /2 and μ = 2Pπ,T for pion production and analo-

gously for jets and photons. The theoretical uncertainty bands obtained by the approximated scale
dependence are only shown for the asymmetries. Nonetheless, the proper implementation of the
true scale dependence and the study of the dependence of the asymmetry on transverse momentum
remain important tasks for the future, once NLO corrections to the evolution of the twist-3 matrix
elements have also been derived.

Figure 7.1: Unpolarized differential cross section (7.3) plotted vs. the pseudorapidity η of a π+

(left) or a jet (right). The transverse momentum is fixed to 5GeV in both cases. The NLO jet
cross section is plotted for two jet radii, R1 = 0.2 and R2 = 0.7.
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Unpolarized Hadron and Jet Cross Sections Starting point of the numerical study is the
denominator of the right-left asymmetry ARL in (7.5), the unpolarized NLO cross section. Here,
results are taken from Ref. [120] to calculate the cross sections for ep → π+X and ep → jetX,
given the kinematics of interest to the present study. For the proton’s PDFs, the MSTW2008
parameterization of [59] is used, and the DSS parameterization [139] for the pion FFs. The results
are presented in Fig. 7.1. Theoretical uncertainty bands are generated by varying the scale between
μ = PT /2 and μ = 2PT .

The LO cross sections for both single-inclusive pions and jets receive sizable NLO corrections,
of about a factor two to three. This is in line with observations made previously in Refs. [120, 140].

7.1 Single-Inclusive π+-Production

7.1.1 Scenario 0

Figure 7.2: Cross sections for the various NLO channels of Eq. (6.2) plotted vs. the pion’s
pseudorapidity ηπ at fixed transverse momentum Pπ,T = 5GeV. The curves are produced for

Scenario 0 (G.16).

Turning to the transversely polarized case, first consider the ”minimalistic” Scenario 0 of
App. G.1: most parameters in Eq. (G.16) are set to zero, such that the contour plot of F q in
Fig. G.1 only shows very moderate variation in x, x′. Additionally, it is assumed that Gq = 0.

Figure 7.2 shows the NLO right-left cross section for this scenario. The different panels show
the individual partonic channels in Eq.(6.2). Each plot also shows separate curves for the different
pole contributions. The qg → q gives the largest NLO correction. Notably, the hard-pole (HP)
contribution is dominating in this channel. The soft-gluon pole (SGP) contributions are of opposite
sign, but only partially cancel the HP contributions. The soft-fermion pole (SFP) and integral
contributions are negligible in this scenario. The channel qg → g is the second largest and it is
dominated by its SGP part. Again, SFP and integral contributions are negligible for this channel.
The two remaining channels qq → q and qq → q′ are generated by qq̄g correlations. While they do
give a non-zero numerical results, they are irrelevant compared to qg → q and qg → g (note that
the y-axis is scaled by a factor 10−5 for the qq → q′ channel!).

7.1.2 Scenario 1

Moving on with Scenario 1, discussed in App. G.2, one now has moderately more ”off-diagonal
structure” for the qgq functions F q, Gq (see Figs. G.2, G.3) compared to Scenario 0. In particular,
one now has Gq 
= 0.

The NLO results for the spin-dependent cross section are shown for the various channels in
Fig. 7.3. Compared to before, the hard-pole contribution for qg → q differs quite a lot. For
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Figure 7.3: Same as Fig. 7.2, but for Scenario 1.

qg → g, the SFP and integral contributions roughly cancel against the SGP contribution; this
leads to a much smaller numerical contribution from this channel than in the previous Scenario 0.
For both the qq → q and the qq → q′ channel the NLO contributions increase in size for Scenario
1, but they remain negligible.

7.1.3 Scenario 2

Figure 7.4: Same as Fig. 7.2, but for Scenario 2.

Scenario 2 is described in Appendix G.3, and the corresponding contour plots for the correlation
functions F and G are shown in Figs. G.4, G.5. These plots show more variation away from the
x = x′ diagonal, due to the Fourier coefficients in Eq. (G.18) being multiplied by a factor of three
compared to Scenario 1 (G.17). Notably, a model calculation in Ref. [141] based on an overlap
representation of the functions F q and Gq in terms of light-cone wave functions supports such a
behavior. In any case, all three scenarios agree with every known constraint.

Fig. 7.4 displays plots for the numerator of ARL in Scenario 2 for all contributing partonic
channels at NLO. As for the other scenarios, qg → q is the dominating channel. Unlike previous
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Figure 7.5: Right-left asymmetry ARL of (7.5) plotted vs. the pion’s pseudorapidity ηπ at fixed
transverse momentum Pπ,T = 5GeV.

scenarios, NLO corrections have a drastic impact. In particular, the qg → q channel’s HP con-
tribution flips sign compared to Scenario 0. All other contributions, i.e., SGP, SFP and integral
contributions, are larger as well. Note that for all plots in Figs. 7.2,7.3,7.4 the LO curve is always
the same, since it is only sensitive to x = x′ and thus not affected by the choice of model parameters
(cf. App. G). Comparing the second largest channel qg → g in Scenarios 0 and 2, one observes a
sign change of the NLO corrections. This is caused by non-trivial cancellations of SGP, SFP and
integral contributions. The other channels qq → q and qq → q′ are still irrelevant.

7.1.4 Asymmetry

Next, all partonic channels are added to calculate the right-left asymmetry ARL at NLO accuracy.
Fig. 7.5 shows the corresponding pseudorapidity plots, again at fixed pion transverse momentum.
All Scenarios are shown in a combined plot. The peak of the asymmetry is located in the far
backward region around ηπ ≈ −2. Recall that this is the nucleon direction in the chosen frame
(7.1). At the peak, a value of about −3.5% is predicted for the LO asymmetry. Moving to
forward rapidities, it drops to about −0.2%. Following Refs. [120] and Ref. [48], a separate curve
is shown where NLO corrections are only included in the denominator of ARL. This roughly cuts
the asymmetry by half, in agreement with the two references.

The behavior of Scenarios 0 and 1 is generally similar to each other in Figure 7.5, when tak-
ing NLO corrections into account in both the numerator and the denominator. Near the peak,
corrections to the numerator overcompensate those to the denominator, thus increasing the asym-
metry. The opposite is true for the forward region, where the NLO corrections of the denominator
dominate. The NLO contributions have the largest effect for Scenario 2, where ARL flips its sign
around the mid-rapidity region. One can expect that such a large deviation will be measurable at
an upcoming EIC and that the experimental data will distinguish between Scenario 2 and Scenarios
0 and 1.

Taking into account the simple estimate for the scale dependence of the asymmetry, only
moderate uncertainty bands for the NLO corrections are generated for Scenarios 0 and 1, and
a larger uncertainty for Scenario 2, such that the sign change around mid-rapidity is no longer
displayed as cleanly. Still, the uncertainty bands do not overlap in the backward rapidity region
and especially around the peak of the asymmetry, indicating that precise experimental data will be
able to constrain the model and provide new insights on the quark-gluon-quark correlations inside
the nucleon.

7.1.5 Comparison with HERMES

To conclude the numerical study of pion production, a few exploratory results are given for a
different facility than the EIC. To this end, kinematics relevant for comparison to HERMES data
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Figure 7.6: AUT at LO and NLO for the three scenarios of qgq functions, compared to HERMES
data [25] for ep↑ → π+X (left) and ep↑ → π−X (right).

[25] taken at c.m. energy
√
s = 7.25 GeV are chosen. The scale μ is set equal to the average pion

transverse momentum 〈Pπ,T 〉 � 1.15 GeV accessed in the data set. Theoretical uncertainty bands
are estimated in the same way as before, see Paragraph 7 above. The scale is varied between the
lower and upper boundaries of the PT -binning, μ = Pmin

π,T � 1 GeV and μ = Pmax
π,T � 2.2 GeV.

For the pion FFs and the unpolarized proton PDFs the same data sets are chosen as before, i.e.
the DSS parametrization [139] and the MSTW2008 parameterization [59] respectively. It should
be stressed again that twist-3 fragmentation contributions are disregarded.

Figure 7.6 shows the asymmetries AUT for π+ (left) and π− (right) production, as functions of
the pion’s Feynman variable xF . Both LO as well as the NLO results for the three scenarios, cf.
App. G, are presented. The main finding is that the NLO asymmetry is highly sensitive to the set of
twist-3 matrix elements chosen. This can be attributed primarily to an intricate interplay among
the various pole contributions. Furthermore, the preliminary uncertainty bands do not overlap
over a wide range in xF . This clean separation of the different Scenarios proves the potential of
experimental data for constraining the model.

Note that, arguably accidentally, Scenario 1 (App. G.2) actually describes the HERMES π+

data rather well, while none of the scenarios does a particularly good job for π−. The NLO
corrections are crucial in this context, and the complexity of the twist-3 framework at NLO becomes
apparent. By construction, the LO result is the same for each of the three model sets of twist-3
matrix elements since it only probes the x = x′ diagonal. For further comparison, the asymmetry
computed with NLO corrections only in the denominator (dashed lines) is shown as well. Thanks
to sizable positive NLO corrections for the unpolarized cross section it is strongly reduced relative
to LO, as was first observed in [48]. The presented results demonstrate that inclusion of NLO
corrections also in the numerator of AUT is essential for phenomenology.

7.2 Single-Inclusive Jet Production

To study the numerical NLO effects on the right-left asymmetry ARL in jet production, the analyt-
ical result (6.24) for the NLO spin-dependent cross section is used, along with the NLO result for
the unpolarized cross section taken from Refs. [120, 133]. The input for the qgq functions F q, Gq

are the same model Scenarios 0, 1, 2 as above. Exemplary numerical studies are carried out for
two jet radii, R1 = 0.2 and R2 = 0.7. Note that the results in (6.24) are obtained within the
small cone approximation (SCA), which was validated to be rather accurate even for the larger
considered jet radius R2 in Ref.[127]. The numerical results for ARL as well as its numerator are
shown in the following for the three Scenarios. As for single-inclusive pion production, the NLO
contributions to the numerator in (7.5) are separated by the various partonic channels. Note that
the qq → jet(q′) channel vanishes for jets.

The jet asymmetry is the cleaner observable compared to the pion asymmetry. The main
reason is that jet production is independent of fragmentation. As laid out before, this is pivotal
for the polarized case: There are no twist-3 fragmentation effects for jets. In this sense, the plots
presented below represent a complete NLO prediction for ARL, based on the adopted model of
App. G. Additionally, the asymmetry peaks in the backward rapidity region, which has a sizeable
event rate for jets: there, the event rate is larger roughly by a factor of 100 compared to pion
production.
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7.2.1 Scenario 0

Figure 7.7: Contributions by the various NLO channels plotted versus the jet’s pseudorapidity ηj
at fixed transverse momentum Pj,T = 5GeV and the full NLO asymmetry ARL for two jet radii,

R1 = 0.2 and R2 = 0.7 at the EIC. The curves are obtained for Scenario 0 (G.16).

Starting again with Scenario 0, the plots in Fig. 7.7 establish which channels give the most
substantial contribution to the numerator of ARL. These are the channels originating from qgq
correlations (x′ ≥ 0), where either a radiated quark or gluon generates a jet. Unlike pion produc-
tion, however, the largest channel is not qg → jet(q) but rather qg → jet(g). This is because SGP
and HP contributions partially cancel for qg → jet(q), while SFP and integral contributions are
negligible. The qg → jet(g) channel, on the other hand, is larger because it does not receive HP
contributions and is generated solely by the SGP contribution. The qq → jet(q) channel remains
irrelevant.

The right-left asymmetry ARL for single-inclusive jet production is shown in the bottom-right
plot of Fig. 7.7 as function of the jet’s pseudorapidity. In Scenario 0, it displays a similar behavior
for this process as for π+-production: again, the numerator receives slightly larger corrections
than the denominator of ARL. In contrast to the numerator and denominator individually, the
overall sensitivity of the asymmetry to NLO corrections is only moderate. The jet radius R also
has quite small impact on the NLO results. Moreover, one observes a strong similarity between
the jet results and their π+ counterpart in Fig. 7.5.

7.2.2 Scenario 1

Next, Scenario 1 (see (G.17)) is considered. Numerical results for this Scenario are shown in
Fig. 7.8. The general behavior is again similar to pion production in Fig. 7.3. Exceptions are the
HP contribution of the qg → jet(q) channel and the SFP contribution in the qg → jet(g) channel,
which noticeably differ from Scenario 0. As a result, the asymmetry displays a sign change that
indicates a larger NLO effect in Scenario 1 for jets compared to pions.

7.2.3 Scenario 2

Fig. 7.9 shows how this effect is further amplified in Scenario 2. Again, the HP contribution of the
qg → jet(q) channel as well as the SFP contribution in the qg → jet(g) channel have a significant
impact on ARL. The peak of the asymmetry is still in the backward pseudorapidity region between
−2 < ηj < −1, but now with a positive value around +4%. This means that NLO corrections
to the jet asymmetry are highly sensitive to the precise choice of model parameters, and thus of
the behavior of the qgq functions F q and Gq away from the diagonal at x = x′. Again, this is a
promising result for the potential of future EIC data: experimental results for ARL or the related
AUT might constrain these functions enough to rule out some of the model scenarios. To illustrate
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Figure 7.8: Same as Fig. 7.7, but for Scenario 1.

this key finding in an accessible way, all jet asymmetries at NLO within Scenarios 0,1 and 2 are
plotted together in Fig. 7.10, again for both jet radii.

7.3 Single-Inclusive Photon Production

The exploratory numerical study of transverse SSAs continues with single-inclusive photon produc-
tion e(l)p↑(P ) → γ(Pγ)X. The plots presented in the following are obtained using the analytical
results for the transversely polarized cross section from Eq. (6.26) and the results for the unpolar-
ized cross section provided by Ref. [38]. Compared to the previously considered cases of hadrons
or jets in the final state, one needs additional non-perturbative input for the parton-to-photon
FFs. Here, the GRV NLO set of Ref. [142] is chosen. As elaborated on in Sec. 5.2, not only
the qgq functions F q, Gq enter the description of the transversely polarized cross section. In fact,
two further types of twist-3 multiparton distribution functions are introduced via the Interference
channel. These are the qγq functions F q

γ , G
q
γ as well as the gγg functions O1

γ , O
2
γ . For the former,

the same model as for the qgq case is adopted (see App. G) and simply scaled as follows

F q
γ =

αem

αs
F q Gq

γ =
αem

αs
Gq . (7.7)

The latter are not included in the numerical study, i.e. they are set to zero O1
γ = O2

γ = 0, just like
the triple-gluon functions N,O.

Starting point of this section is the unpolarized cross section, which is differential in the photon’s
pseudorapidity ηγ and its transverse momentum Pγ,T . The cross section is given as in Eq. (7.3), but
with the subscripts h corresponding to the hadron replaced by γ for the photon. The corresponding
plot is presented in Fig. 7.11 for a fixed transverse momentum Pγ,T = 5 GeV. The central curve is
obtained for the choice μ = Pγ,T and theoretical uncertainties are estimated by varying the scale
μ between μ = Pγ,T /2 and μ = 2Pγ,T .

The cross section is of substantial size in the forward region of positive ηγ but rapidly falls off
to zero when going to mid or backwards pseudorapidities. As discussed in Sec. 5.1, the parton-
to-photon FFs are of order O (αem/αs) and thus one has to also consider NLO αs corrections to
be consistent with the given perturbative order of O

(
α3
em

)
. The sum of LO and NLO is shown

as the blue dashed curve in Fig. 7.11. The main takeaway is that the NLO contribution has a
considerable effect on the size of the cross section, multiplying it by at least a factor of 2 over the
whole range in ηγ . The increase is most notable in the mid and backward regions, which however
remain small compared to the forward region.

One may regard the photon case as the middle ground between hadron and jet production
in terms of how clean it is as an observable to probe twist-3 multiparton distribution functions.
While photon production does feature its own FFs, they are at least not present in every production
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Figure 7.9: Same as Fig. 7.7, but for Scenario 2.

Figure 7.10: Comparison of the NLO asymmetries ARL computed for Scenarios 0,1,2.

channel like for hadron production. Still, there are no FFs at all for jets and thus jet production
would be the cleanest observable of the three. Another similarity between jets and photons is the
absence of twist-3 fragmentation effects. Hence, the plots for both cases give the complete NLO
prediction based on the model built in App. G. From Figs. 7.1 and 7.11, one can conclude that
the unpolarized cross sections for hadron and photon production are roughly of comparable size,
while jet production has an approximately 100 times larger event rate.

7.3.1 Scenario 0

Turning to the numerator of the right-left asymmetry (7.5), the numerical results for the ”minimal”
model Scenario 0 are shown in Fig. 7.12. They are separated into the Compton and Interference
channels following Eq. (6.26). The Compton channel is further split up into its fragmentation and
direct contributions, see Eq. (6.27). For a better comparison, each channel as well as the total
cross section are shown together in the bottom right panel of Fig. 7.12.

Both parts of the Compton channel as well as the Interference channel are of comparable mag-
nitude. However, due to the fragmentation channel giving a negative contribution to the total
cross section, there is a partial cancellation between the channels at moderate backward pseudo-
rapidities, which is also the region where the channels are individually the largest. In the forward
region the Compton channel becomes negligible compared to the Interference channel. Looking at
the two Compton channels separately, one finds that the fragmentation channel receives sizeable
NLO corrections for backward pseudorapidities, while the direct channel is entirely dominated by
its SGP contribution. On the other hand, NLO corrections to the Interference channel do not play
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Figure 7.11: Unpolarized differential cross section for photon production plotted vs. the photon’s
pseudorapidity ηγ for fixed transverse momentum Pγ,T = 5 GeV.

a significant role for this Scenario, whereat the virtual corrections are slightly larger than the real
corrections. Another interesting feature of this Scenario is that the Compton channel contributions
generally peak for negative values of ηγ , i.e. in the backward region, while the Interference channel
peaks in the forward region, at least for its dominant LO part.

7.3.2 Scenario 1

Next, the ”realistic” Scenario 1 including the axial-vector type qgq function Gq and more ”off-
diagonal structure”, see App. G.2, is discussed. Notably, the plots have several qualitative differ-
ences compared to the previous Scenario. Starting with the Fragmentation channel in the top left
of Fig. 7.13, the NLO contribution changes sign slightly below ηγ ≈ −1 and the total LO plus
NLO contribution is in general smaller than before. A more drastic change can be observed for
the direct Compton channel, where the SGP contribution no longer dominates and also flips its
sign. Instead, the integral contribution is the largest and roughly twice as big as the SGP and
SFP contributions. This is interesting since for hadron or jet production the integral contributions
never dominate any production channel. The total contribution of the direct Compton channel is
more sizeable and has the opposite sign as in Scenario 0.

Unlike the LO Fragmentation channel, the LO contribution to the Interference channel is not
given by a SGP configuration but rather a SFP configuration of the involved distribution functions.
As a consequence, the LO Interference contribution is sensitive to the off-diagonal support of the
qγq functions. Hence, the specific choice for the model Scenario impacts the numerical results and
for Scenario 1 there is a sign flip compared to Scenario 0.

Furthermore, the NLO corrections become more important, although they remain small except
for the virtual corrections at far forward pseudorapidities ηγ > 2. Comparing the different channels
in the bottom right of Fig. 7.13, one finds that they all contribute with the same sign and thus lead
to a much larger magnitude, with the largest contribution being generated by the direct Compton
channel.

7.3.3 Scenario 2

Finally, Scenario 2 is studied, which uses the largest Fourier coefficients in the model ansatz, see
App. G.3. Qualitatively, the plots shown in Fig. 7.14 are similar to Scenario 1. Most notably,
the NLO contribution to the Fragmentation channel becomes rather large and has the opposite
sign as the LO contribution. This leads to a moderately sized result for the combination of LO
plus NLO. Consequently, the contribution to the total cross section is quite negligible. This is in
contrast to Scenario 0, where the Compton fragmentation channel was actually dominating. In
the Interference channel, NLO contributions further increase in size. Interestingly, the peak of the
total Interference cross section shifts from forward pseudorapidity for Scenario 0 to the central
region around ηγ ≈ 0 for Scenarios 1 and 2. Overall, the direct Compton channel dominates the
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Figure 7.12: Cross sections for the Compton and Interference channels in Eq. (6.26) plotted vs.
the photon’s pseudorapidity ηγ at fixed transverse momentum Pγ,T = 5 GeV. The curves are

produced for Scenario 0 (G.16).

total cross section, just like in Scenario 1, and it becomes even larger in magnitude. Excluding
Scenario 0, one also generally observes that the Interference channel is negligible for the total cross
section. This feature is familiar from the unpolarized and longitudinally polarized versions of the
process studied in Ref. [38].

7.3.4 Asymmetry

Combining all previous results into the right-left asymmetry ARL, one obtains the curves shown in
Fig. 7.15 for the three different scenarios. The uncertainty bands shown in this plot correspond to
the simple estimate for the scale dependence discussed in Par. 7 in the beginning of this chapter.
The non-perturbative input fq

1 (x, μ) entering the model is simply evaluated at the scales μ = Pγ,T

(central curve) as well as μ = Pγ,T /2 and μ = 2Pγ,T .
The qualitative picture is the same in any of the considered Scenarios. The asymmetry peaks

at far backward pseudorapidity and monotonically decreases for increasing ηγ . The magnitude,
however, significantly differs between the Scenarios, in particular in the mid and backward pseu-
dorapidity regions. There one observes a clean separation of the three curves, even taking into
account the estimated uncertainty bands. This boosts confidence in the ability of future collider
facilities like the EIC to distinguish between different models and to constrain the twist-3 mul-
tiparton distribution functions. Still, it remains to be seen whether it is possible to disentangle
the impact of the various types of distribution functions, for example the qgq and qγq functions.
Moreover, the triple-gluon functions N,O along with the gγg functions O1

γ , O
2
γ have not yet been

included in the numerical analysis. Consequently, it might prove to be rather challenging to extract
information on the individual functions from the experiment. Nonetheless, the exploratory study
performed in this chapter shows that there is a lot of potential and that one should be optimistic
towards the long-term goal of a global analysis.

7.4 γSIDIS

The final section of this chapter presents numerical results for the γSIDIS process e(l)p↑(P ) →
e′(l′)γ(pγ)X, i.e. the semi-inclusive production of an isolated real photon in electron-proton scat-
tering. The numerical predictions presented in the following are explicitly for electrons e and
(transversely polarized) protons p↑. This section recaps parts of Ref. [39], i.e. it is based on the
work of a different collaboration than the rest of this chapter, and consequently uses different con-
ventions. The kinematics change compared to the previously considered single-inclusive processes
and one defines q = l− l′ − pγ and q̃ = l− l′. The reference frame chosen for the following analysis
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Figure 7.13: Same as Fig. 7.12, but for Scenario 1.

will be the electron-proton center-of-mass (CM) system with the proton moving along +z and the
electron moving along −z (reversed compared to before, cf. Eq. (7.1)). The transverse proton spin
ST is assumed to point along the +y axis. Some relevant kinematic variables are s = (P + l)2,
Q2 = −q2, Q̃2 = −q̃2, xB = Q2/(2P ·q), and x̃B = Q̃2/(2P · q̃). The rapidity and transverse mo-
mentum of the scattered electron (produced photon), respectively, are η′ (ηγ) and p ′

T (pγ
T ), with φ′

(φγ) being the azimuthal angle of the latter. Note that the notation for the photon’s momentum,
rapidity and azimuthal angle slightly deviates from the previous sections, to match Ref. [39]. Given

these kinematical variables, the asymmetry AγSIDIS
UT to be considered in the following analysis is

defined as

AγSIDIS
UT (p′T , η

′, φ′, pγT , η
γ , φγ) ≡

1
2 (dσUT (↑)− dσUT (↓))

dσUU
=

dσUT (φs=
π
2 )

dσUU
. (7.8)

Here, the unpolarized cross section in the denominator was calculated in Refs. [109, 137], and the
transversely polarized counterpart in the numerator is given in Eq. (6.40). The proton spin along

the ±y axis is denoted by ↑ (↓). Eq. (7.8) explicitly shows the dependence of AγSIDIS
UT on the six

variables (p′T , η
′, φ′, pγT , η

γ , φγ) and Sec. 7.4.1 explores this phase space in an attempt to isolate in

which regions the asymmetry could be measurable at the EIC. The advantage of AγSIDIS
UT is the

ability to probe the qgq functions F q, Gq point-by-point in their full support on x, x′. This is an
unprecedented feature of this observable. If the asymmetry is sizable enough to be measured at
the EIC, then first-of-its-kind information could be obtained on multiparton distributions in the
proton. In order to provide such estimates, the model built in App. G for F q and Gq is used below.

To produce the plots, the choice for the non-perturbative input entering the observable must
be specified. For γSIDIS, this input is chosen differently from the previous sections of this chapter.
Now, the PDFs fq

1 used for the unpolarized cross section in the denominator of Eq. (7.8) will be
the central curves from CT18NLO, cf. Ref. [143]. Furthermore, the first moment of the Sivers

function f
⊥(1),q
1T , which enters the model for the qgq functions F q, Gq in Eq. (G.8), is also taken

from a different extraction. Here, the numerics are done using the central curves of the JAM3D-22

extraction of f
⊥(1),q
1T (x), cf. Ref. [144], specifically the one where (up and down) antiquarks are

included (see Sec. IV of Ref. [144]), i.e., q = u, d, ū, d̄.
As before, the full twist-3 evolution of the qgq functions F q, Gq will not be employed in the

analysis. Although numerical code to perform the proper evolution has been published in Ref. [138],
it would be beyond the scope of the present analysis to include it. Again, the goal is not to give
high-precision predictions, but rather to get a first estimate for the asymmetry AγSIDIS

UT and identify
regions of the phase space where it could become particularly large. Hence, the evolution of F q, Gq

is simply ”inherited” from the evolution of f
⊥(1),q
1T (x) in Eq. (G.8), which is sufficient for this

purpose. The JAM3D-22 Sivers function uses a DGLAP-type evolution, see Refs. [144, 145], with
the inclusion of a double-logarithmic Q2-dependent term to mimic the full twist-3 evolution. Any
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Figure 7.14: Same as Fig. 7.12, but for Scenario 2.

mixing with triple-gluon functionsN,O or off-diagonal qgq functions F q (x, x′) , Gq (x, x′) for x 
= x′

is ignored in the evolution.
The contributions to the γSIDIS process can be distinguished by the respective power of the

fractional charge eq entering the analytic result. One has the Bethe Heitler (BH) contribution (e2q),
Compton (C, e4q) and Interference (I, e3q). The scale μ is chosen differently for each of the three,
see Refs. [39, 109]

μBH = Q, μC = Q̃, μI =

√
QQ̃ . (7.9)

Due to the differences explained above, for example in the choice for the non-perturbative input, the
model Scenarios slightly change compared to the previously considered single-inclusive processes.
In the following, the modified Scenarios S0 and S1 of App. G.4 will be considered.

7.4.1 Numerical Estimates for the Electron-Ion Collider

This section presents selected results for AγSIDIS
UT , see Eq. (7.8), for kinematics relevant to a future

EIC. By sampling a wide kinematic range, the goal is to identify regions with large asymmetries.
This will be valuable information to guide future experiments. Thus, multi-dimensional ”heat
map” plots of

∣∣AγSIDIS
UT

∣∣ are presented. The plots are organized in coarser bins of (η′, p′T ) and finer
bins of (ηγ , pγT ) with φ′ and φγ fixed. With the user-friendly Google Colab notebook available
in [146] the reader can explore other choices of model parameters for F q, Gq as well as alternative
experimental configurations.

Note that kinematic points for which either Q2 < 1GeV2, Q̃2 < 1GeV2, or Q2 − Q̃2 < 1GeV2

are discarded as well as points that cause
∣∣AγSIDIS

UT

∣∣ > 1, as can sometimes happen for x, x′ → 1.
The color mapping in the plots indicates the different values for the asymmetries:

• purple: asymmetries close to zero

• light bluish/greenish: asymmetries of several percent

• red: asymmetries of at least 10%

As alluded to above, large asymmetries at the periphery of the subgraphs should be taken with
caution. Instead, one should focus on the central regions away from the edges, which provide the
most reliable estimates. Also note that the ”γSIDIS” superscript on the |AUT | label has been
dropped in all plots for brevity.

Fig. 7.16 shows the results for CM energy
√
s = 29GeV with φ′ = φγ = 0 for Scenario S0 of

Eq. G.19. Recall that this is the ”minimalistic” choice of parameters with most of them being set
to zero and inparticular Gq(x, x′) = 0. Away from the edges of the kinematics,

∣∣AγSIDIS
UT

∣∣ can be
around 3–5% at mid to backward rapidity of the outgoing electron (η′ = 0 or −1), mid to forward
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Figure 7.15: Right-left asymmetry ARL of (7.5) plotted vs. the photon’s pseudorapidity ηγ at
fixed transverse momentum Pγ,T = 5 GeV for all Scenarios.

rapidity of the photon (ηγ � 0), smaller outgoing electron transverse momenta (p′T � 3GeV), and
larger photon transverse momenta (pγT � 3GeV).

The same experimental configuration but now within Scenario S1 given by Eq. G.20 is displayed
in Fig. 7.17. Now, all parameters for F q, Gq are nonzero. Similar kinematic regions as previously
give the largest

∣∣AγSIDIS
UT

∣∣, but it is now 10% or more. Now, asymmetries around pγT ∼ 1GeV also
become measurable, in particular at mid-rapidity of the outgoing electron.

There are also some general findings for both scenarios: it is preferable for both the outgoing
electron and photon to be produced in the same direction (i.e., φ′ = φγ = 0 or φ′ = φγ = π) in
order to obtain the largest asymmetries. If φ′ = 0 and φγ = π (or vice versa), then the asymmetry

drops down to ∼1–3%. Furthermore, the regions of phase space where
∣∣AγSIDIS

UT

∣∣ is the largest do
not qualitatively change if different values for the d2-moments are used in the model of App. G.
This was confirmed explicitly by picking du2 = −0.00365, dd2 = 0 based on Ref. [147]. The same is
true for using a different extraction of the Sivers function, like the one from Ref. [148], which has
a larger magnitude and different x behavior than JAM3D-22.

In Fig. 7.18, the xB , x̃B coverage is displayed for the experimental setup in Fig. 7.17. The
left panel uses the same binning as in Fig. 7.17: 4 bins of η′, 6 bins of p′T , and 20 bins each
of ηγ and pγT . In the right panel a finer binning in η′ and p′T is used, where each now has 10
bins. The xB = x̃B diagonal is indicated by the dashed black line. In an experiment, only points
below this line are accessed. However, using the symmetry properties F q (x, x′) = F q (x′, x) and
Gq (x, x′) = −Gq (x′, x), one can reflect the points across this line. This means that information

on F q, Gq at (xB , x̃B) also gives information about the point (x̃B , xB). The magnitude of AγSIDIS
UT

is again indicated using the same color scale as before. Thus, one can identify the regions of (x, x′)
for F q, Gq to which the observable AγSIDIS

UT will be most sensitive: (x, x′) ∈ ([0.2, 0.8], [0, 0.1]) and
(x, x′) ∈ ([0, 0.1], [0.2, 0.8]).

There is, however, a caveat to the direct probe of F q and Gq at off-diagonal momentum frac-
tions: the transversely polarized cross section (Eqs. (6.40), (6.42)) depends not only on the HP
structure F q(xB , x̃B)±Gq(xB , x̃B) but also the SFP structure F q(xB , 0)±Gq(xB , 0). In most of

the phase space where
∣∣AγSIDIS

UT

∣∣ is sizable, the SFP contribution is comparable or larger than the
HP, potentially ”diluting” the signal from F q(xB , x̃B) and Gq(xB , x̃B). On the other hand, the
SFP functions F q(x, 0) and Gq(x, 0) have never been extracted from experimental data either, so

sensitivity to them from AγSIDIS
UT is also valuable.

In Fig. 7.19, the effect of larger EIC CM energies on the asymmetries is demonstrated, in this
case

√
s = 63GeV, using Scenario S1. There is a dramatic decrease in

∣∣AγSIDIS
UT

∣∣ to basically
zero everywhere except at mid to forward rapidity of the outgoing electron (η′ = 0 or 1), forward
rapidity of the photon (ηγ � 1), smaller outgoing electron transverse momenta (p′T � 2GeV at
electron mid-rapidity and p′T � 4GeV at electron forward rapidity), and larger photon transverse
momenta (pγT � 5GeV, although at electron forward rapidity, pγT � 1GeV can still give sizable
asymmetries). If the CM energy is further increased to

√
s = 141GeV, the asymmetry is zero
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Figure 7.16:
∣∣AγSIDIS

UT

∣∣ vs. (η′, p′T , ηγ , pγT ) for √s = 29GeV with φ′ = φγ = 0 for Scenario S0. The
outer axes are bins of (η′, p′T ) and the inner axes are bins of (ηγ , pγT ).

everywhere except at the most forward kinematics of η′ = 1 and ηγ � 2.
Finally, there exists in principle the possibility to experimentally disentangle the Compton (C)

and Interference (I) channels in Eq. (7.8). This could be done using an electron as well as a
positron beam. Figs. 7.16, 7.17, 7.19 show that both channels make similar-sized contributions to
AγSIDIS

UT . Neither of them dominates the other over the full kinematic range. Specifically, a beam
charge asymmetry will cleanly probe the Interference channel on its own. This would be important
since the Interference channel is generated by valence-type q− q̄ (instead of q+ q̄) combinations of
multi-parton correlation functions (see Eq. (6.41)). Such information on q − q̄ distributions would
be most helpful for separating quark- and antiquark correlation functions. Note that there is the
opportunity for a positron beam at Jefferson Lab [149, 150] as well as the EIC [151], and the beam
charge asymmetry would definitely be an interesting measurement at those facilities.
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Figure 7.17: Same as Fig. 7.16 but for Scenario S1
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Figure 7.18: Kinematic points x̃B vs. xB that enter the arguments of F q, Gq in Fig. 7.17
(
√
s = 29GeV with φ′ = φγ = 0 for Scenario S1). Left: binning as in Fig. 7.17, Right: finer

binning in η′ and p′T

103



0.1

1.08

2.06

3.04

4.02

5.0

√
s = 63GeV, φ′ = 0, φγ = 0, Scenario 1

p
′ T
(G

e
V
)

−2 −1 0 1

η′

−1.5 0.0 1.5 3.0 −1.5 0.0 1.5 3.0 −1.5 0.0 1.5 3.0

−1.5 0.0 1.5 3.0

1

4

7

10

−1.5 0.0 1.5 3.0 −1.5 0.0 1.5 3.0 −1.5 0.0 1.5 3.0

−1.5 0.0 1.5 3.0

1

4

7

10

−1.5 0.0 1.5 3.0 −1.5 0.0 1.5 3.0 −1.5 0.0 1.5 3.0

−1.5 0 1.5 3.0

1

4

7

10

p
γ T
(G

e
V
)

−1.5 0.0 1.5 3.0 −1.5 0.0 1.5 3.0 −1.5 0.0 1.5 3.0

−1.5 0.0 1.5 3.0

1

4

7

10

−1.5 0.0 1.5 3.0 −1.5 0.0 1.5 3.0 −1.5 0.0 1.5 3.0

−1.5 0.0 1.5 3.0

1

4

7

10

−1.5 0.0 1.5 3.0 −1.5 0.0 1.5 3.0

ηγ
−1.5 0.0 1.5 3.0

0.00

0.02

0.04

0.06

0.08

0.10

|AUT |

Figure 7.19: Same as Fig. 7.17 (Scenario S1) but for
√
s = 63GeV
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Chapter 8

Summary and Outlook

In this thesis, an explicit and fully analytic derivation of transverse spin-dependent cross sections
within the formalism of collinear twist-3 factorization was performed. The results for several
single-inclusive final states in lepton-nucleon scattering were computed at NLO accuracy in pQCD,
demonstrating that the formalism holds at the one-loop level and thereby solidifying the theoretical
confidence in its validity.

The specific processes considered were the production of hadrons, jets and photons, �N↑ →
(h or jet or γ)X. The focus was on multiparton distribution functions of the initial state nucleon,
while twist-3 fragmentation effects were disregarded. For jets and photons, where twist-3 effects
are absent on the fragmentation side, the derivations provide the complete NLO result.

For single-inclusive photon production, the inclusion of qγq and gγg distribution functions of
the nucleon was required. These functions are scarcely discussed in the literature and for the qγq
functions a detailed derivation of the necessary and previously unknown renormalization formulas
was given, while for the gγg case an explicit parametrization of the corresponding correlator was
derived. Furthermore, the γSIDIS process �N↑ → �′γX was reviewed and a more compact form of
the known analytical result was presented.

In addition, a model was built for the twist-3 qgq functions F q, Gq entering the analytical for-
mulas. The model is consistent with all known constraints on the functions and can be customized
via the choice of parameters. Using this model along with results for the unpolarized cross sections
in the literature, the transverse SSA was calculated numerically.

The numerical analysis was performed for the expected kinematical setup of a future Electron-
Ion Collider (EIC) for each of the considered processes. For hadron production, a preliminary
comparison to existing HERMES data on ep↑ → π±X was also performed. In general, NLO
corrections can be sizeable and the predictions are highly sensitive to the precise choice of model
parameters. Since the qgq functions are probed on their full support in longitudinal momentum
fractions x, x′, this implies that future precision data provided by the EIC can shed light on the
entirely unexplored region x 
= x′.

A special role is played by the γSIDIS process, as it offers the possibility for a point-by-point scan
of the x, x′ support. Regions of phase space where the corresponding asymmetry AγSIDIS

UT becomes
largest were identified, and it was also shown that the x, x′ coverage in γSIDIS is well suited
to gain information about the off-diagonal support regions. Moreover, a google colab notebook
is available [146], allowing users to test arbitrary experimental setups and model parameters to
explore the numerical results even further.

The calculations for the single-inclusive processes highlighted in this work are the first of their
kind at NLO within the collinear twist-3 formalism. Previous NLO calculations have been restricted
to processes in which the photon virtuality q2 is fully determined by external momenta, leading to
simpler kinematics and, hence, less complex computations. This thesis thus represents a significant
milestone in the development of the formalism and lays the groundwork for its extension to pp↑

collisions − a crucial step for comparison with the wealth of experimental data from RHIC.
A more direct extension would be to compute the twist-3 fragmentation effects in �N↑ → hX.

This would complete the theoretical picture and improve the comparison with the HERMES data
discussed earlier. However, it would also introduce further non-perturbative objects that need
to be modeled as there are no data sets available yet. Additionally, one should also include
the contributions by the triple-gluon functions N,O and, in the case of single-inclusive photon
production, also the gγg functions O1

γ , O
2
γ for the numerical analyses. Again, this would require

further modeling.
The implementation of the proper twist-3 evolution of the qgq functions would also constitute a
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valuable improvement of this study. So far, only the twist-2 evolution of the PDF fq
1 was considered,

as it is the only non-perturbative input entering the model of App. G. The Honeycomb/Snowflake
code of Ref. [138] is publicly available and already implements LO twist-3 evolution. An NLO
version, which is needed to match the perturbative order of the present work, is however not
expected to become available in the near future. Access to proper twist-3 evolution would notably
enhance the phenomenological analysis. Moreover, it would also allow to produce plots versus the
transverse momentum pT of the observed final state particles.

Finally, there are some remarks on the next perturbative order, i.e. next-to-next-to-leading
order (NNLO). One could argue that the tools and methods developed in this work at NLO provide
the foundation to tackle NNLO. The four-particle phase space as well as the two-loop integrals,
which will both be necessary ingredients, could probably be computed using techniques from
leading power NNLO calculations. However, several non-trivial challenges must be acknowledged.
For the integral contributions, the extraction of imaginary parts will become more involved, as
one expects to also encounter polylogarithms. For the double-virtual corrections, extracting the
imaginary parts from the two-loop integrals will also become more difficult. This is in particular
due to the necessity of all-order-in-ε results, or at least a general method to systematically retain
the 1/(1−w)n+ε terms. These terms already required special treatment at NLO and will probably
be even more laborious to handle at NNLO. Lastly, the real-virtual corrections may reveal entirely
new features that demand their own tools and methods. In summary, going to NNLO would
represent a truly monumental task.
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Appendix A

Wilson Lines

This appendix gives some further details on the definition and properties of Wilson lines. It focuses
on the most important aspects, which are used in the discussion of operator definitions for PDFs
in Sec. 2.1.4. It also gives some explicit derivations which are too lengthy for the main text.

A.1 Definition

First, a general definition for Wilson lines is given. Consider a path C parametrized by the
trajectory xμ(s) with 0 < s < 1. The corresponding Wilson line is a path-ordered exponential (cf.
Ref. [56])

W[C] = P̂ exp

[
−ig

∫ 1

0

ds
dxμ

ds
Gα

μ (x(s)) tα
]
= P̂ exp

[
−ig

∫
C

dxμGα
μ (x) tα

]
, (A.1)

where Gα
μ is the gluon field of Lorentz index μ and adjoint color index α and tα are the usual SU(3)

generators in the fundamental representation. For gluon correlators containing gluon field strength
tensors in their matrix elements, one correspondingly needs slightly modified Wilson lines. They
would include the generators of the adjoint representation in their definition.

The path-ordering symbol P̂ introduced in Eq. (A.1) fixes the order of the terms when expanding
the exponential. It moves terms evaluated at larger parameters s to the left and those at smaller
s to the right. For example, let 1 > sn > · · · > s1 > 0, and P be some permutation of {1, . . . , n}.
Then, the action of P̂ on operators O(x(s)) evaluated along the trajectory xμ(s) is given as

P̂O(x(sP (1))) . . . O(x(sP (n))) = O(x(sn)) . . . O(x(s1)) .

A.2 Gauge Transformation of Wilson Lines

An important fact is that the bilocal combination of fields q̄(w)W[C]q(v) is color gauge invariant
for a path C with endpoints x(0) = v and x(1) = w. These combinations show up between the
nucleon states in operator definitions of PDFs, such as Eq. (2.51). To show their invariance, one
must know the transformation law of the Wilson lines.

One could, in principle, plug the transformed gluon field into the definition (A.1) and derive
an expression for the transformed Wilson line by brute force. It is, however, very difficult to arrive
at a concise and simplified result using this approach. A more elegant solution is presented, for
example, in the book by Peskin and Schröder [66]. The basis of the derivation is that Wilson lines
are the solution to the following first order differential equation1

d

dt
W [x(t)] = −ig

dxμ

dt
Gα

μ (x(t)) tαW [x(t)] . (A.2)

Here, W [x(t)] is the Wilson line for a path with trajectory xμ(s), but the upper integration bound
of 1 in Eq. (A.1) is replaced by 0 < t < 1. The boundary condition is that W (x(0)) = 1. The
solution of a first order differential equation is unique for a given boundary condition. Hence, a
solution W ′ for the gauge transformed differential equation with correct boundary condition must

1analogous to the time-evolution operator in quantum mechanics being the solution of the time-dependent
Schrödinger equation
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be the unique gauge transformation of the Wilson line. This solution, and consequently the gauge
transformed Wilson line, can be written as

W ′ [x(t)] = U (x(t))W [x(t)]U † (x(0)) , (A.3)

where U is the unitary gauge transformation matrix introduced for the transformation of the quark
field in Eq. (2.2).

One immediately recognizes that the boundary condition W ′ (x(0)) = 1 is fulfilled exactly if
W (x(0)) = 1. Recall that the gluon field transforms as Gα

μ(x)t
α → (−i/g)U(x)DμU

†(x) with
the covariant derivative Dμ = ∂μ + igGα

μt
α. Then, one quickly verifies that W ′ indeed solves the

transformed differential equation if and only if W solves the untransformed version:

d

dt
W ′ [x(t)] = −ig

dxμ

dt
(G′)αμ (x(t)) tαW ′ [x(t)]

d

dt

[
U (x(t))W U† (x(0))

]
= −ig

dxμ

dt

[
U(x(t))

(
Gα

μ + ∂μω
α
)
tαU†(x(t))

]
×

[
U (x(t))W U† (x(0))

][
−ig∂μω

α dxμ

dt
tαW +

dW
dt

]
= −ig

dxμ

dt

[
Gα

μt
α + ∂μω

α tα
]
W

d

dt
W [x(t)] = −ig

dxμ

dt
Gα

μ (x(t)) tαW [x(t)] . (A.4)

Here, from the second to the third line the product rule is used for the t derivative and both
sides are multiplied by U †(x(t)) from the left as well as U(x(0)) from the right. This proves
the transformation law for the Wilson line. Consequently, one indeed finds that the bilocal field
combination is gauge invariant

q̄(w)W[C]q(v) → q̄(w)U†(w)U (x(1))W[C]U† (x(0))U(v)q(v)

= q̄(w)
(
U†(w)U(w)

)
W[C]

(
U†(v)U(v)

)
q(v) = q̄(w)W[C]q(v) . (A.5)

A.3 Reparametrization and Path Dependence

The path C of a Wilson line can always be reparametrized, xμ → (x′)μ. Such a reparametriza-
tion leaves the Wilson line unchanged, since it is merely a substitution for the integral inside the
exponential. However, Wilson lines do in general depend on the exact path C, even if the end-
points remain fixed. A special case and an exception to this rule is the path along a straight line
such as in Eq.(2.51), where only the endpoints matter. To see this, consider the product of two
Wilson lines along the same straight path defined by a vector nμ, i.e. W [μn;λn]W [λn; νn]. By a
quick calculation one shows that the derivative with respect to the midpoint λ vanishes and thus
W [μn;λn]W [λn; νn] = W [μn; νn]. This property is sometimes used in parton densities to insert
an intermediate step at light-cone infinity [56]

W [μn; νn] = W [μn;∞n]W [∞n; νn] = (W [∞n;μn])
† W [∞n; νn] . (A.6)

This is part of the justification for the rather complicated link structure in the kinematical quark-
quark and gluon-gluon correlators (C.1), (C.3).
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Appendix B

Discrete Transformation Laws

In this part of the appendix, a brief review on discrete symmetries of the fields is presented. The
main purpose is to collect the relevant properties for the quark and gluon fields such that the
behavior of the quark-quark correlator Φq in (2.53) under these transformations can be studied.
From the transformation relations of Φq one can deduce a parametrization of this correlator in terms
of parton distribution functions (PDFs). To keep this appendix self-contained, the definition of Φq

is also given here:

Φq (x;n, P, S) =

∫ ∞

−∞

dλ

2π
eiλx〈P, S|q̄(0)W [0;λn] q(λn)|P, S〉 , (B.1)

with an auxiliary light-cone vector n, the nucleon momentum P and its spin S. The vector n is
unphysical since it only has to satisfy the constraints n2 = 0, P · n = 1 and is otherwise arbitrary.
The fields inside the matrix element are the quark spinors q(λn) and q̄(0). The straight-path Wilson
line W [0;λn] ensures color gauge invariance. The variable x denotes the longitudinal momentum
fraction that the quark takes from the nucleon.

Another important ingredient is the translational property of the fields. While it is not a discrete
symmetry, it nonetheless proves useful in the following. One can shift the spacetime argument of
the fields by multiplying from the left and right with an exponential of the momentum operator
Π̂. This shift also translates to the straight-path Wilson line, and one finds the relations

q(x) = eiΠ̂·yq(x− y)e−iΠ̂·y

Gα
μ(x) = eiΠ̂·yGα

μ(x− y)e−iΠ̂·y

W [μn; νn] = eiΠ̂·λnW [(μ− λ)n; (ν − λ)n] e−iΠ̂·λn , (B.2)

In the following, hermitian conjugation, parity and time-reversal will be discussed one-by-one. For
each transformation, the corresponding behavior of the correlator Φq will also be derived.

B.1 Hermitian Conjugation

Hermitian conjugation is applied to a general matrix element with color indices a1, . . . , an as follows

〈f | [. . . ]a1,...,an
|i〉∗ = 〈i| [. . . ]†a1,...,an

|f〉 , (B.3)

and for the fields and consequently the straight-path Wilson line one has

q†(x) = q̄(x)γ0(
Gα

μ(x)
)†

= Gα
μ(x)

W† [μn; νn] = W [νn;μn] . (B.4)
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Having summarized the necessary prerequisites, one can also derive how the quark-quark correlator
Φq defined in Eq. (B.1) behaves under hermitian conjugation

[
(Φq)

†
]
ij
=

(
Φq

ji

)∗
=

∫ ∞

−∞

dλ

2π
e−iλx〈P, S|q̄i(0)W [0;λn] qj(λn)|P, S〉∗

=

∫ ∞

−∞

dλ

2π
e−iλx〈P, S|q̄l(λn)

(
γ0

)
lj
W [λn; 0]

(
γ0

)
ik
qk(0)|P, S〉

=

∫ ∞

−∞

dλ

2π
e−iλx〈P, S|q̄l(0)

(
γ0

)
lj
W [0;−λn]

(
γ0

)
ik
qk(−λn)|P, S〉

=

∫ ∞

−∞

dλ

2π
e+iλx〈P, S|q̄l(0)

(
γ0

)
lj
W [0;λn]

(
γ0

)
ik
qk(λn)|P, S〉

=
(
γ0

)
ik
Φq

kl

(
γ0

)
lj

. (B.5)

From the first to the second line, the hermitian conjugate of the fields and the Wilson line (cf. (B.4))
is taken. This is followed by applying the translational properties given in Eq. (B.2) and finally
a substitution λ → −λ. Interestingly, the behavior of Φq is identical to the gamma matrices, i.e.
(γμ)

†
= γ0γμγ0.

B.2 Parity

Next is parity. The transformation is described by the unitary operator P with PP† = 1. Using the
notation x̄ =

(
x0,−x

)
for a general parity-reversed vector one has the following list of properties

P|P, S〉 = |P̄ ,−S̄〉
Pq(x)P† = γ0q(x̄)

P q̄(x)P† = q̄(x̄)γ0

PGα
μ(x)P† = Ḡα

μ (x̄)

PW [μn; νn]P† = W [μn̄; νn̄] . (B.6)

Keep in mind that the bar over a quantity can either mean reversed parity, which is the case for
vectors (x̄, P̄ , S̄, . . . ), or it can denote the adjoint of a Dirac spinor (q̄). Using these properties
one finds the following transformation law for the quark-quark correlator Φq under parity

Φq
ij (x;n, P, S) =

∫ ∞

−∞

dλ

2π
eiλx〈P, S|P†P q̄j(0)P†PW [0;λn]P†Pqi(λn)P†P|P, S〉

=

∫ ∞

−∞

dλ

2π
eiλx〈P̄ ,−S̄|q̄l(0)

(
γ0

)
lj
W [0;λn̄]

(
γ0

)
ik
qk(λn̄)|P̄ ,−S̄〉

=
(
γ0

)
ik
Φq

kl

(
x; n̄, P̄ ,−S̄

) (
γ0

)
lj

. (B.7)

B.3 Time-Reversal

Lastly, time-reversal is introduced via the anti -unitary operator T with T †T = 1 and T cT † = c∗

for any complex number c. For a general matrix element with color indices a1, . . . , an one has

〈f | [. . . ]a1...an
|i〉∗ = 〈f |T †T [. . . ]an...a1

T †T |i〉 . (B.8)

Furthermore, one also has the following properties

T |P, S〉 = |P̄ , S̄〉
T q(x)T † = −iγ5Cq (−x̄)

T q̄(x)T † = q̄ (−x̄) (−iγ5C)

T Gα
μ(x)T † = Ḡα

μ (−x̄)

T W [μn; νn] T † = W [−μn̄;−νn̄] , (B.9)

110



where C = iγ2γ0 is the charge conjugation matrix. Consequently, one finds for the quark-quark
correlator

(
Φq

ij

)∗
(x;n, P, S) =

∫ ∞

−∞

dλ

2π
e−iλx〈P, S|T †T q̄j(0)T †T W [0;λn] T †T qi(λn)T †T |P, S〉

=

∫ ∞

−∞

dλ

2π
e−iλx〈P̄ , S̄|q̄l(0) (−iγ5C)lj W [0;−λn̄] (−iγ5C)ik qk(−λn̄)|P̄ , S̄〉

=

∫ ∞

−∞

dλ

2π
e+iλx〈P̄ , S̄|q̄l(0) (−iγ5C)lj W [0;λn̄] (−iγ5C)ik qk(λn̄)|P̄ , S̄〉

= (−iγ5C)ik Φ
q
kl

(
x; n̄, P̄ , S̄

)
(−iγ5C)lj . (B.10)

Again the substitution λ → −λ is employed going from the second to the third line. This concludes
the collection of all necessary consistency conditions for Φq required to parametrize this correlator
in terms of PDFs.
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Appendix C

(Multiparton) Distribution and
Fragmentation Functions

This appendix collects the definitions for all (multiparton) correlation and fragmentation functions
relevant to the calculations presented in the main text. Most of the correlators shown in the
following have been studied thoroughly in the literature and Refs. [101, 110, 111] are only a handful
of the numerous works on this subject, serving as resources for further details. Additionally, two
rather exotic multiparton correlators are discussed, the quark-photon-quark and gluon-photon-
gluon correlators. The former is also featured in the transversely polarized cross section for the
two-photon exchange DIS process studied in Ref [40], while the latter has so far not been considered
in the literature (to the best of the author’s knowledge). Finally, a discussion on the various
conventions and notations found throughout the literature is given.

C.1 Quark-Quark Correlator

Starting point of the discussion is the bare, unrenormalized quark-quark correlator

Φq,ρ
∂ (x) =

∫ ∞

−∞

dλ

2π
eiλx〈P, S| q̄(0)W[0,∞n] ×

lim
zT→0

i∂ρ
zT (W[∞n+ zT , λn+ zT ] q(λn+ zT )) |P, S〉

=
1

2
M εPnρS /P f

⊥(1),q
1T (x) + ... . (C.1)

This definition contains a diagonal matrix element of two quark fields between nucleon states of
given momentum P and spin S. Gauge independence requires Wilson lines W[λn, ξn] from light-
cone position ξ to λ along an additional light-like vector nμ (see Ref. [101]). Apart from the two
constraints n2 = 0 and P · n = 1, this vector is completely arbitrary. Nonetheless, nμ defines the
transverse direction via the projector

gμνT ≡ gμν − Pμnν − P νnμ , with aμT ≡ gμνT aν , (C.2)

that separates out the transverse components aμT of an arbitrary vector aμ. Given this definition,
transverse polarization translates to the constraint Sμ = Sμ

T , or n · S = 0.

The parameterization (C.1) features the collinear function f
⊥(1),q
1T (x) which is commonly re-

ferred to as the first (transverse) moment of the Sivers function (see Refs. [152, 153]). It is
accompanied by the nucleon mass M and a factor εμνρσPμnνSσ ≡ εPnρS , where ε is the totally
antisymmetric tensor with ε0123 = +1. The ellipsis ... in (C.1) indicates that there are several more
terms in the parameterization which, however, do not enter the calculations in this work.

In the collinear twist-3 formalism the contribution to a transverse nucleon spin-dependent
observable generated via Φ∂ is accompanied by partonic cross sections σ̂∂ . These are calculated in
a kinematical approximation to the momentum kμ of the initial state quarks (cf. Eq. (2.71))

kμ � xPμ − k2
T

2x n
μ + kμT ,

with a subsequent expansion in the quark’s transverse momentum kT . It is the first-order coefficient
O(k1T ) in this expansion that then constitutes the result for this contribution. Since they are an
indirect result of a non-zero transverse parton momentum, the contributions generated by Φ∂

received the name kinematical twist-3 contributions in Ref. [101].

112



C.2 Gluon-Gluon Correlator

Similarly to the quark-quark correlator one can define the following analog for gluons (see Ref. [110],
note that this reference uses a different sign convention for the ε-tesnor):

Φg,μνρ
∂ (x) =

∫ ∞

−∞

dλ

2π
eiλx〈P, S|Fnμ(0)W[0,∞n] ×

lim
zT→0

i∂ρ
zT (W[∞n+ zT , λn+ zT ]F

nν(λn+ zT )) |P, S〉

= −M

2
gμνT εPnSρG

(1)
T (x)− M

8

(
εPnS{μgν}ρT + εPnρ{μSν}

T

)
ΔH

(1)
T (x) + . . . ,(C.3)

where Fnμ ≡ nαF
αμ and Fnν are gluonic field strength tensors and an implicit sum over their

color indices (adjoint representation) is understood. Again, the ellipsis ... in (C.3) indicates terms

in the parameterization that do not enter the calculation. Like the collinear function f
⊥(1),q
1T (x)

from (C.1), the kinematical distributions G
(1)
T (x) and ΔH

(1)
T (x) in (C.3) are the first moments of

the corresponding transverse momentum dependent distributions (TMDs). For the same reason
as for the quark-quark correlator, the contribution to an observable generated by the gluon-gluon
correlator is counted as a kinematical twist-3 contribution.

C.3 Quark-Gluon-Quark Correlator

Highly relevant for this work is the quark-gluon-quark correlator

Φq,ρ
F (x, x′) =

∫ ∞

−∞

dλ

2π

∫ ∞

−∞

dμ

2π
eiλx

′
eiμ(x−x′) ×

〈P, S| q̄(0)W[0, μn] ig Fnρ(μn)W[μn, λn] q(λn) |P, S〉

=
1

2
M iεPnρS /P F q

FT (x, x
′)− 1

2
M Sρ

T
/Pγ5 G

q
FT (x, x

′) + ... . (C.4)

The above matrix element contains, in addition to two quark fields q̄ and q, the gluonic field
strength tensor Fnρ ≡ nμF

μρ. Because of the appearance of this third dynamical quantum field,
contributions to spin observables generated by ΦF are called dynamical twist-3 contributions (see
Ref. [101]). The quark-gluon-quark correlation functions F q

FT and Gq
FT , as introduced, for example,

in Ref. [101], are key to this work whereas other structures in the second line of Eq. (C.4), denoted
by ..., do not enter the calculation. The subscript FT indicates that the functions are defined
via a field strength tensor (F) rather than a covariant derivative and that they are only relevant
for transverse (T) spin polarization, see [102]. In order to ease the notation, this subscript FT is
dropped everywhere throughout this work for all qgq functions.

The functions F and G depend on two light-cone momentum fractions x and x′. Their support
is constrained by the conditions −1 ≤ x, x′ ≤ 1 and |x − x′| ≤ 1. Most importantly, the vector-
type function F is symmetric under exchange x ↔ x′, while the axial vector-type function G is
antisymmetric:

F (x, x′) = +F (x′, x) ,
G(x, x′) = −G(x′, x) . (C.5)

Consequently, G(x, x) = 0. The functions F q, Gq also contain information on their correspond-
ing antiquark content in the region of negative x and x′, that is, F q̄(x, x′) = F q(−x,−x′) and
Gq̄(x, x′) = Gq(−x,−x′) [101].

Not only the qgq functions but also their derivatives are important for the computation of
transverse-spin observables. To illustrate the properties of these derivatives and introduce some
convenient notation, consider two generic functions F (x1, x2) and G(x1, x2). Partial derivatives
are performed with respect to x1 or x2, followed by the replacement (x1, x2) → (x, x′). In this way,
one can easily examine how the (anti)symmetry properties of F and G in (C.5) extend to their
derivatives. As a short-hand notation, one may introduce (n1, n2 integers)

(∂n1
1 ∂n2

2 F )(x, x′) ≡
(

∂n1+n2F

∂xn1
1 ∂xn2

2

)
(x1 = x, x2 = x′) ,

(∂n1
1 ∂n2

2 G)(x, x′) ≡
(

∂n1+n2G

∂xn1
1 ∂xn2

2

)
(x1 = x, x2 = x′) . (C.6)
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If the qgq functions are assumed to be smooth, then the order of the partial derivatives is arbitrary.
In this notation it is easy to see that the (anti-)symmetry properties of the functions F , G are

inherited by their partial derivatives,

(∂n1
1 ∂n2

2 F )(x, x′) = (∂n2
1 ∂n1

2 F )(x′, x) ,
(∂n1

1 ∂n2
2 G)(x, x′) = −(∂n2

1 ∂n1
2 G)(x′, x) . (C.7)

Of particular interest is the so-called soft-gluon pole, where x′ = x. From (C.7) follows:

(∂1F )(x, x) = (∂2F )(x, x), (∂2
1F )(x, x) = (∂2

2F )(x, x), (∂1∂2F )(x, x) = (∂2∂1F )(x, x),

(∂1G)(x, x) = −(∂2G)(x, x), (∂2
1G)(x, x) = −(∂2

2G)(x, x), (∂1∂2G)(x, x) = 0 . (C.8)

An even shorter notation for derivative terms along the diagonal support can be used

F ′(x, x) ≡ d
dxF (x, x) = (∂1F + ∂2F )(x, x) = 2(∂1F )(x, x) = 2(∂2F )(x, x),

F ′′(x, x) ≡ d2

dx2F (x, x) = (∂2
1F + ∂2

2F + ∂1∂2F + ∂2∂1F )(x, x). (C.9)

Lastly, the derivatives of antiquark correlation functions F q̄, Gq̄ are considered. Their first partial
derivatives differ by a sign, while the second derivatives keep their sign, (i, j = 1, 2)

(∂iF
q̄)(x, x′) = −(∂iF

q)(−x,−x′), (∂iG
q̄)(x, x′) = −(∂iG

q)(−x,−x′) ,
(∂i∂jF

q̄)(x, x′) = +(∂i∂jF
q)(−x,−x′), (∂i∂jG

q̄)(x, x′) = +(∂i∂jG
q)(−x,−x′) . (C.10)

C.4 Triple-Gluon Correlator

The next type of nucleon correlator needed in this work’s calculations is the triple-gluon correlator.
It appears in the following two varieties (cf. Refs. [110, 111]; note that these references use a
different sign convention for the ε-tensor):

Nμνρ
F (x, x′) =

∫ ∞

−∞

dλ

2π

∫ ∞

−∞

dκ

2π
eiλxeiκ(x

′−x) × (C.11)

〈P, S|i fαβγ (Fnμ(0)W[0, κ n])
α
ig Fnρ,β(κn) (W[κn, λ n]Fnν(λn))

γ |P, S〉

= 2iM
[
gμνT ερPnSN(x, x′)− gνρT εμPnSN(x, x− x′)− gρμT ενPnSN(x′, x′ − x)

]
,

Oμνρ
F (x, x′) =

∫ ∞

−∞

dλ

2π

∫ ∞

−∞

dκ

2π
eiλxeiκ(x

′−x) × (C.12)

〈P, S| dαβγ (Fnμ(0)W[0, κ n])
α
ig Fnρ,β(κn) (W[κn, λ n]Fnν(λn))

γ |P, S〉

= 2iM
[
gμνT ερPnSO(x, x′) + gνρT εμPnSO(x, x− x′) + gρμT ενPnSO(x′, x′ − x)

]
.

Here, dαγβ and fαγβ are the totally symmetric/antisymmetric SU(3) structure constants. One
encounters the real-valued functions N(x, x′) and O(x, x′) with the same support properties as
F q(x, x′) and Gq(x, x′), as well as certain symmetries:

support : |x|, |x′|, |x− x′| ≤ 1

symmetry at diagonal : (N,O)(x, x′) = (N,O)(x′, x)
symmetry at origin : N(x, x′) = −N(−x,−x′)

O(x, x′) = O(−x,−x′) . (C.13)

Naturally, the contributions to a spin observable generated by the triple-gluon correlators NF and
OF are counted as dynamical twist-3 contributions.

C.5 Fragmentation Functions

Turning to twist-2, this section introduces the more familiar parton-to-hadron fragmentation func-
tions (FFs). They describe the hadronization of a quark or a gluon into a specific hadron. Both
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FFs may be provided by the following well-known collinear fragmentation correlators (cf. the
review article [154] on FFs):

Δh/q(z) =
1

Nc

∑
X

∫ ∫ ∞

−∞

dλ

2π
e−iλ/z 〈Ω|W [∞m, 0] q(0) |Ph;X〉〈Ph;X| q̄(λm)W[λm,∞m] |Ω〉

= z−1+2ε /Ph D
h/q
1 (z) + ... , (C.14)

Δh/g
μν (z) =

1

N2
c − 1

∑
X

∫ ∫ ∞

−∞

dλ

2π
e−iλ/z 〈Ω|Fm

μ(0)W[0,∞m] |Ph;X〉 ×

〈Ph;X|W[∞m,λm]Fm
ν(λm) |Ω〉

= −z−2+2ε g⊥μν D
h/g
1 (z) + ... . (C.15)

These definitions introduce another light-cone vector mμ with m2 = 0 and m ·Ph = 1. This vector
mμ may differ from nμ in the definitions of nucleon correlators from before. Together, Pμ

h and mμ

provide a different transverse projector

gμν⊥ ≡ gμν − Pμ
hm

ν − P ν
hm

μ . (C.16)

Note that that the hadron is observed with a fixed momentum Pμ
h , and thus the summation over

intermediate states |Ph;X〉 is incomplete, which is always the case for a fragmentation process.
Furthermore, |Ω〉 represents the full QCD vacuum state. The definitions (C.14),(C.15) are given in
d = 4 − 2ε dimensions. The ellipsis in (C.14),(C.15) indicates other fragmentation functions that
do not enter the observables studied in this work.

As explained in Sec. 2.5, an MS-subtraction of UV-divergences emerging in the perturbative
calculation is required. Following the discussion in, e.g., Refs. [38, 120]) one needs to replace

D
h/q
1,bare by the subtracted, MS-renormalized fragmentation function in the following way

D
h/q
1,bare(z, μ) = D

h/q,MS
1 (z, μ) +

αs(μ)

2π

Sε

ε
(Pqq ⊗D

h/q,MS
1 )(z, μ)

+
αs(μ)

2π

Sε

ε
(Pgq ⊗D

h/g,MS
1 )(z, μ) +O(α2

s) , (C.17)

where μ denotes the renormalization/factorization scale, Sε = (4π)ε/Γ(1 − ε) is a convenient
prefactor consistent with the MS-scheme at NLO, and Pqq, Pgq are the well-known LO splitting
functions

Pqq(w) = CF

[
1 + w2

(1− w)+
+

3

2
δ(1− w)

]
,

Pgq(w) = CF

[
1 + (1− w)2

w

]
. (C.18)

The convolution integral in Eq. (C.17) is defined as usual as

(P ⊗D)(z, μ) =

∫ 1

z

dw

w
P (w)D

(
z
w , μ

)
. (C.19)

C.6 Photon-in-Lepton Distribution

The photon-in-lepton distribution is defined in terms of the following matrix element (cf. Refs. [38,
120, 133]):

Φγ/
,μν(x) =

∫ ∞

−∞

dλ

2π
eiλx 〈�(l)|F oν

γ (0)F oμ
γ (λ o)|�(l)〉

= −x

2

g̃μνT
1− ε

fγ/
(x) + ... . (C.20)

The two photon field-strength tensors F oσ
γ (x) = oρF

ρσ
γ (x) = oρ(∂

ρAσ(x)− ∂σAρ(x)), A being the
photon field, are to be evaluated between lepton states of momentum lμ. The definition (C.20)
utilizes yet another light-cone vector oμ with o2 = 0 and o · l = 1; the corresponding transverse
projector g̃T reads

g̃μνT ≡ gμν − lμoν − lνoμ . (C.21)
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The photon-in-lepton distribution f
γ/

1 (x) generates so-called Weizsäcker-Williams (WW) contri-

butions that are required to cancel singularities that arise in the calculation for massless leptons.

Also the bare photon-in-lepton distribution f
γ/

1,bare(x) has to be renormalized. The distribution

includes a UV-divergence that needs to be MS-subtracted. Following Ref. [120] the MS-subtraction
term reads

f
γ/

1,bare(x, μ) = f

γ/
,MS
1 (x, μ) +

αem

2π

Sε

ε
(Pγ
 ⊗ f


/
,MS
1 )(x, μ) +O(α2

em) , (C.22)

where Pγ
(w) = Pgq(w)/CF is the lepton-to-photon QED splitting function and f 
/
(x) the lepton-
in-lepton distribution which, at LO in QED, reduces to δ(1− x). In contrast to the QCD parton

distributions, the renormalized photon-in-lepton distribution f
γ/
,MS
1 (x, μ) can be calculated in

QED perturbation theory, and one obtains [120],

f
γ/
,MS
1 (x, μ) =

αem

2π
Pγ
(x)

[
log

(
μ2

x2 m2



)
− 1

]
+O(α2

em) . (C.23)

It depends explicitly on the lepton mass m
 in the logarithm in (C.23). Since the renormaliza-
tion/factorization scale μ is typically of the order of the hard scale of the underlying process, that
is, of the order of several GeV at least, the logarithm log

(
μ2/(x2 m2


)
)
can potentially become

large and its resummation to all orders may be necessary. This is, however, beyond the scope of
this study.

More discussion on the treatment of the lepton mass m
 in (C.23) is included in Sec. 2.4.3.

C.7 Quark-Photon-Quark Correlator

In the computation of the Interference channel for single-inclusive photon production one encoun-
ters the following photonic analog of the quark-gluon-quark (qgq) correlator of Eq.(C.4). Following
Ref. [40] one introduces the quark-photon-quark (qγq) correlator in a very similar way

(Φγ)
q,ρ
F (x, x′) =

∫ ∞

−∞

dλ

2π

∫ ∞

−∞

dμ

2π
eiλx

′
eiμ(x−x′) ×

〈P, S| q̄(0)W[0, λn] ie Fnρ
γ (μn) q(λn) |P, S〉

=
1

2
M iεPnρS /P F q

γ (x, x
′)− 1

2
M Sρ

T
/Pγ5 G

q
γ(x, x

′) + ... . (C.24)

Instead of the gluonic field strength tensor this definition includes the electromagnetic one, Fnρ
γ =

nμF
μρ
γ . Since this tensor is gauge independent in the abelian case, one only needs a single Wilson

line for the two quark fields q. Like previously, because of the three dynamical fields in the
qγq correlator it generates dynamical contributions. The functions Fγ and Gγ are analogous to
the vector-like function F and the axial vector-like function G from Eq. (C.4). They have the
same properties in terms of support, symmetry and charge conjugation. It is well-known that
the (un)polarized twist-2 photonic parton distribution functions (PDFs) of the nucleon start at
the order O (αem/αs) in the MS-scheme ([38, 135]). Thus, it is reasonable to conjecture that the
same applies for Fγ and Gγ . Consequently, one has to include αs corrections to the leading order
qγq contribution. Then one is at order O

(
(αem/αs)× α2

emαs

)
, which is consistent with the order

O
(
α3
em

)
for the contributions generated by qgq correlations. To conclude this section, a brief

summary of the properties of F q
γ , G

q
γ is given

support : |x|, |x′|, |x− x′| ≤ 1

symmetry at diagonal : F q
γ (x, x

′) = F q
γ (x

′, x)
Gq

γ(x, x
′) = −Gq

γ(x
′, x)

charge conjugation :
(
F q̄
γ , G

q̄
γ

)
(x, x′) =

(
F q
γ , G

q
γ

)
(−x,−x′)

perturbative order : O
(

αem

αs

)
. (C.25)
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C.8 Gluon-Photon-Gluon Correlator

Lastly, the gluon-photon-gluon (gγg) correlator is introduced as follows

(Oγ)
μνρ
F (x, x′) =

∫ ∞

−∞

dλ

2π

∫ ∞

−∞

dκ

2π
eiλxeiκ(x

′−x) × (C.26)

〈P, S| (Fnμ(0)W[0, λ n])
α
ie Fnρ

γ (κn)Fnν,α(λn)|P, S〉

= 2iM
[
gμνT ερPnSO1

γ(x, x
′) + gνρT εμPnSO2

γ(x, x
′) + gρμT ενPnSO2

γ(x
′, x)

]
,

where two gluonic (Fnμ, Fnν) and one electromagnetic (Fnρ
γ ) field strength tensor appear in a diag-

onal matrix element between nucleon states of momentum P and spin S. As before, shorthand nota-
tions for the contraction with the totally antisymmetric tensor are used, e.g. ερPnS = PμnνSσε

ρμνσ,
with the sign convention ε0123 = +1.

To the best of the author’s knowledge this definition is new and has so far not been considered
in the literature. To parametrize this correlator the close resemblance to the triple-gluon case
with symmetric structure constant given in Eq. (C.12) is employed. To find possible terms for the
parametrization one needs to study the behavior of the correlator under hermitian conjugation,
parity and time-reversal. Due to the similarity of the triple-gluon and the gγg correlators, they
share the same transformation properties for all of these operations. Thus, one includes the same
Lorentz structures in the ansatz for the gγg correlator, i.e. gμνT ερPnS , gνρT εμPnS and gρμT ενPnS , but
a priori each accompanied by its own, separate function

(Oγ)
μνρ
F (x, x′) ∝ gμνT ερPnSO1

γ(x, x
′) + gνρT εμPnSO2

γ(x, x
′) + gρμT ενPnSO3

γ(x, x
′) . (C.27)

For the triple-gluon correlator there are symmetry relations between any permutation of the
three gluonic field strengths inside the matrix element. These relations, combined with the relation
derived from hermitian conjugation, can be used to eliminate all but one of the coefficient functions
of the Lorentz structures in the ansatz for its parametrization. Hence, there is only one twist-3
correlation function O(x, x′) in Eq. (C.12).

The gγg correlator in (C.26) has the property
(
O∗

γ

)μνρ
F

(x, x′) = − (Oγ)
νμρ
F (x′, x) for hermitian

conjugation, leading to O1
γ(x, x

′) = O1
γ(x

′, x) and O2
γ(x, x

′) = O3
γ(x

′, x). Thus, the number of
independent coefficient functions in the ansatz (C.27) is reduced by one. Furthermore, there is
also a symmetry relation for an interchange of the two gluonic field strengths inside the matrix
element in Eq. (C.26) (Wilson lines are not shown for simplicity):

(Oγ)
μνρ
F (x, x′) =

∫ ∞

−∞

dλ

2π

∫ ∞

−∞

dκ

2π
eiλxeiκ(x

′−x) ×

〈P, S|Fnν,α(λn) ie Fnρ(κn)Fnμ,α(0)|P, S〉︸ ︷︷ ︸
〈P,S|Fnν,α(0) ie Fnρ((κ−λ)n)Fnμ,α(−λn)|P,S〉

=

∫ ∞

−∞

dλ′

2π

∫ ∞

−∞

dκ′

2π
eiλ

′(−x)eiκ
′(−x′−(−x)) ×

〈P, S|Fnν,α(0) ie Fnρ(κ′n)Fnμ,α(λ′n)|P, S〉
= (Oγ)

νμρ
F (−x′,−x) , (C.28)

where a substitution λ = −λ′, κ = κ′ − λ′ is used. Plugging the ansatz in Eq. (C.27) into this
relation one finds O1

γ(x, x
′) = O1

γ(−x′,−x) and O2
γ(x, x

′) = O3
γ(−x′,−x). This, however, does not

further reduce the number of independent functions and one is left with the two gγg functions O1
γ

and O2
γ . Their properties can be summarized as follows

support : |x|, |x′|, |x− x′| ≤ 1

symmetry at diagonal : O1
γ(x, x

′) = O1
γ(x

′, x)

symmetry at origin : O(1,2)
γ (x, x′) = O(1,2)

γ (−x,−x′)

perturbative order : O
(

αem

αs

)
. (C.29)

C.9 Different Conventions and Notation

This section concludes the appendix with a ”dictionary” for the conversion between different con-
ventions for the twist-3 multiparton distribution functions discussed so far. When considering
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their evolution equations it is often beneficial to employ a formulation in terms of functions of
three arguments x1, x2, x3, which are then constrained by x1 + x2 + x3 = 0. This approach was
adopted for example in Refs. [121, 138]. Directly from the definitions given therein one can work
out the relations to the qgq functions defined in Eq. (C.4) as well as the triple-gluon functions in
Eqs. (C.11) and (C.12). In the qgq case one finds a one-to-one correspondence

F q (x, x′) =
1

(−M)
Tq̄F q (−x′, x′ − x, x)

Gq (x, x′) = − 1

(M)
ΔTq̄F q (−x′, x′ − x, x) , (C.30)

where the terms in brackets, i.e. the nucleon mass M and in case of the vector-type function an
additional minus sign, are only present for [121]. The additional sign is due to a different convention
ε0123 = +1 for the antisymmetric tensor in Ref. [121], while both this work and Ref. [138] use
ε0123 = +1 instead. The case is more subtle for the triple-gluon functions. There one can only
express a given convention in terms of a linear combination of the other, for example

T+
3F (−x′, x′ − x, x) = 2(−M) [−2N (x, x′) +N (x, x− x′) +N (x′, x′ − x)]

T−
3F (−x′, x′ − x, x) = −2(−M) [2O (x, x′) +O (x, x− x′) +O (x′, x′ − x)]

ΔT+
3F (−x′, x′ − x, x) = 2(−M) [N (x, x− x′)−N (x′, x′ − x)]

ΔT−
3F (−x′, x′ − x, x) = 2(−M) [O (x′, x′ − x)−O (x, x− x′)] , (C.31)

where, again, the brackets are only needed for conversion to Ref. [121]. Going one step fur-
ther, both references introduce definite-C-parity functions via F± (x1, x2, x3) = T±

3F (x1, x2, x3) −
ΔT±

3F (x1, x2, x3). For these one finds the conversions

F+ (−x′, x′ − x, x) = 4(−M) [N (x′, x′ − x)−N (x, x′)]
F− (−x′, x′ − x, x) = −4(−M) [O (x′, x′ − x) +O (x, x′)] , (C.32)

with the same caveat about the factor −M in brackets. For the calculations in this work only two
configurations are relevant, namely x′ = x and x′ = 0. In both cases the conversion simplifies and
can be inverted to yield

N(x, x) = − 1

4(−M)
F+(−x, 0, x)− 1

8(−M)
F+(0,−x, x)

N(x, 0) = − 1

8(−M)
F+(0,−x, x)

O(x, x) = − 1

4(−M)
F−(−x, 0, x) +

1

8(−M)
F−(0,−x, x)

O(x, 0) = − 1

8(−M)
F−(0,−x, x) . (C.33)
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Appendix D

Choice of Gauge and Light-Cone
Vectors

This appendix discusses the gauge conditions imposed throughout this work. In addition, the
special role of the light-cone vector nμ is addressed, which is featured in several of the definitions
in the previous Appendix C for the (multiparton) correlation functions.

D.1 Light-Cone Gauge

First, note that this work makes use of a specific light-cone gauge for the gluon field Gμ,α(x), with
antisymmetric boundary conditions

nμG
μ,α(x) = 0 and Gα

T (P · x = +∞) +Gα
T (P · x = −∞) = 0 , (D.1)

where α is a color index in the adjoint representation. This gauge is familiar from other NLO calcu-
lations, e.g. for the production of polarized Λ particles in electron-positron collisions [46]. It leads
to simplifications since the gluonic field-strength tensors Fnρ in the definitions (C.3),(C.4),(C.11),
and (C.12) reduce to (n · ∂)Gρ

T , which can be easily inverted. In addition, the Wilson lines in
these definitions reduce to unity. All of this simplifies the handling of the qgq and triple-gluon
correlations.

In addition, the matrix element (C.1) simplifies in the light-cone gauge (D.1). However, one
must be careful when applying this gauge to the Sivers function f⊥

1T . As described in Ref. [114], in
light-cone gauge the Sivers function is generated by transverse Wilson lines at light-cone infinity
and the boundary conditions are important. According to Ref. [155], the anti-symmetric boundary
condition in (D.1) guarantees a non-zero Sivers function for both a DIS-like process (such as the
single-inclusive hadron production �N → hX) and a Drell-Yan(DY)-like process. However, the
Sivers functions in DIS and DY differ by a sign [156]. This is important for the following identity
derived for a DIS-type process in Ref. [114]

f
⊥(1),q
1T (x) = +πF q(x, x) , (D.2)

which requires a sign change for a DY-type process.
On the other hand, the light-cone gauge (D.1) leads to slight complications for the calculation

of partonic hard factors at NLO: gluonic polarization sums as well as the numerator of gluonic
Feynman propagators are more complicated compared to covariant Feynman gauge. It is well
known that both must be modified in light-cone gauge (D.1) according to

−gμν → −dμν(k, n) ≡ −
(
gμν − κP kμnν + kνnμ

k · n+ iδ

)
, (D.3)

where P denotes the Cauchy principal value prescription and a small imaginary part iδ is in-
cluded, which can become relevant for the computation of loop integrals, cf. the discussion below
Eq. (2.113). The parameter κ switches between Feynman gauge (κ = 0) and light-cone gauge
(κ = 1). In the end, all terms proportional to κ in the final result for the partonic hard factors
cancel upon application of Eq. (D.2). This means that the partonic hard factors coincide in Feyn-
man gauge and in light-cone gauge, indicating color gauge invariance. Hence, one can use the
gauge-invariant extensions of the twist-3 matrix elements (C.1),(C.4).

Nonetheless, it should be emphasized that the choice of a light-cone gauge (D.1) is certainly
not a necessity for an NLO calculation; one may also choose Feynman gauge instead.
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D.2 Choice of the Light-Cone Vector

Secondly, as discussed in Sec. 2.3, there is an additional potential dependence on the light-cone vec-
tor nμ of physical observables through the parameterizations (C.1),(C.3),(C.4),(C.11) and (C.12).
In Ref. [101] it was shown for the LO contribution to the SSA (2.61) that an arbitrary light-cone
vector nμ can be adopted, parameterized by the three external physical vectors of the process.
Applying the identity Eq. (D.2), one finds that all dependence on nμ cancels in the final LO result,
Eq. (2.64). However, at NLO, working with an arbitrary light-cone vector nμ would require the
computation of redundant terms that eventually cancel. To avoid this, the LO finding of Ref. [101]
is taken for granted also at NLO, and a specific light-cone vector is chosen right away

nμ = − 2
tP

μ
h . (D.4)

This corresponds to a natural choice in the frame where the nucleon momentum Pμ and the
momentum Pμ

h of the produced hadron are collinear along one axis, e.g. the z-axis. In this work it
is assumed that any arbitrariness of the choice (D.4) drops out at NLO once the constraint (D.2)
is applied.

The only exception where an arbitrary light-cone vector nμ is kept in the same way as in

Ref. [101] is the gg → q channel. There, one has the kinematical gluon distributions G
(1)
T , ΔH

(1)
T

and the dynamical triple-gluon function N which need to be related to each other in a similar way
as the Sivers function f⊥,q

1T and the SGP qgq function F q in Eq. (D.2). Such relations are derived in
the literature in d = 4 dimensions, see [110], but for the present work one needs the O(ε) extension
for d = 4 − 2ε. By keeping a general nμ and demanding that all arbitrariness cancels in the end,
one arrives at the following two relations

G
(1)
T = 4π (N(x, x)− (1 + ε)N(x, 0))

ΔH
(1)
T = −8π(1− ε)N(x, 0) (D.5)

Upon application of Eq. (D.5) one indeed finds that all arbitrary constants in the parametrization
of nμ cancel. Thus, the result is manifestly independent of the choice of nμ.
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Appendix E

Analytic Continuation and
Integration by Parts

At several points throughout the various calculations of the main text, one finds terms of the form
1/(1 − w)n+ε with n ∈ N, n > 1 that require careful treatment with respect to the soft limit
w → 1. A priori such terms are only integrable on an interval (x0, 1) under the condition that
ε < −(n − 1). However, integration by parts can be applied to find an analytic continuation of
such terms that extends also to the region −(n− 1) < ε < 0.

Although only the specific cases n = 2 and n = 3 are needed in the calculation, a closed form
can also be found for a general integer n. Let f be a sufficiently differentiable function satisfying the
boundary conditions f(1) = f ′(1) = · · · = f (n−2)(1) = 0 (where f (n) denotes the n-th derivative)
and let x0 be a real constant with 0 < x0 < 1. Then the following identity holds∫ 1

x0

dw
f
(
x0

w

)
(1− w)n+ε

=

∫ 1

x0

dw
(−1)n−1

(1− w)1+ε

Γ(1 + ε)

Γ(n+ ε)

dn−1

dwn−1
f
(
x0

w

)
. (E.1)

This can be shown in a straightforward way by induction. The induction step from n to n + 1
looks like this:∫ 1

x0

dw
f
(
x0

w

)
(1− w)n+1+ε

= − (1− w)−n−ε

−n− ε
f
(
x0

w

) ∣∣∣∣1
x0

+

∫ 1

x0

dw
(1− w)−n−ε

−n− ε

d

dw
f
(
x0

w

)
=

∫ 1

x0

dw
−1

n+ ε

(−1)n−1

(1− w)1+ε

Γ(1 + ε)

Γ(n+ ε)

dn−1

dwn−1

(
d

dw
f
(
x0

w

))

=

∫ 1

x0

dw
(−1)n

(1− w)1+ε

Γ(1 + ε)

Γ(n+ 1 + ε)

dn

dwn
f
(
x0

w

)
, (E.2)

where the boundary term at w = 1 vanishes because ε < −n and the boundary term at w = x0

because f(1) = 0. It must be emphasized that one needs to apply the analytic continuation (E.1)
as the first step following the extraction of factors 1/(1−w)n+ε. Only afterwards one can proceed
with the small-ε expansion and make use of the identity Eq. (2.80).

For completeness, this appendix also gives the explicit formulas for the specific cases n = 2 and
n = 3 that are encountered in the calculations, and with the generic function f replaced by the
functions that are relevant there.

E.1 Kinematical Contributions

For the analytic continuation of the term 1/(1−w)2+2ε appearing in the computation of kinematical
contributions, such as in the qg → q channel, it is convenient to use the following identity:

∫ 1

x0

dw

w

σ1(v, w, ε) f
⊥(1)
1T

(
x0

w

)
(1− w)2+2ε

= − 1

1 + 2ε

∫ 1

x0

dw

w

[
(∂wσ1)− 1

wσ1

]
(v, w, ε) f

⊥(1)
1T

(
x0

w

)
(1− w)1+2ε

+
1

1 + 2ε

∫ 1

x0

dw

w

1
wσ1(v, w, ε)

x0

w

(
f
⊥(1)
1T

)′ (
x0

w

)
(1− w)1+2ε

. (E.3)
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E.2 Hard Poles

For the calculation of the hard-pole contributions in the qg → q-channel, that is, the partonic fac-
tors accompanying the functions F

(
x0

w , x0

)
and G

(
x0

w , x0

)
, one can apply the following identities:

∫ 1

x0

dw
σ3(v, ε)

(1− w)3+ε
F

(
x0

w , x0

)
=

σ3(v, ε)

(1 + ε)(2 + ε)
×∫ 1

x0

dw

w

1
w3

(
x2
0 ∂

2
1F

) (
x0

w , x0

)
− 2

w2 (−x0 ∂1F )
(
x0

w , x0

)
(1− w)1+ε

, (E.4)∫ 1

x0

dw
σ2(v, ε)

(1− w)2+ε
F

(
x0

w , x0

)
= −σ2(v, ε)

1 + ε

∫ 1

x0

dw

w

1
w (−x0 ∂1F )

(
x0

w , x0

)
(1− w)1+ε

. (E.5)

The right-hand-sides of Eqs. (E.4),(E.5) can then be expanded in ε using (2.80). Note that
the above procedure works for both correlation functions F and G. The hard-pole subtraction
terms in (2.90),(2.91) also contain contributions of other derivative terms −x0 (∂2F )(x0

w , x0) and
−x0 (∂2G)(x0

w , x0). These terms need to be dealt with in the same way as described in Eq. (E.5),
followed by application of (2.80), and (only afterwards) expansion in ε.

Eventually, all results are organized in such a way that derivative terms are integrated by parts
as much as possible. This applies to all regular, non-distributional terms of the corresponding
partonic cross sections. Consequently, only delta- and plus distributions remain for the partonic
factors that accompany derivatives of the qgq functions. This procedure is performed using the
following list of useful formulas:∫ 1

x0

dw

w
σ(w)x2

0

(
∂2
1F

) (
x0

w , x0

)
= − (σ(1) + σ′(1)) F (x0, x0)−

σ(1)

2
x0 F

′(x0, x0)

+

∫ 1

x0

dw

w

[
2w2 σ(w) + 4w3 σ′(w) + w4 σ′′(w)

]
F

(
x0

w , x0

)
,∫ 1

x0

dw

w
σ(w) (−x0) (∂1F )

(
x0

w , x0

)
= σ(1)F (x0, x0)−

∫ 1

x0

dw

w
w (wσ(w))

′
F

(
x0

w , x0

)
,∫ 1

x0

dw

w

log(1− w)

w
(−x0) (∂1F )

(
x0

w , x0

)
=

∫ 1

x0

dw

w

F
(
x0

w , x0

)
(1− w)+

−
∫ 1

x0

dw

w
F

(
x0

w , x0

)
. (E.6)

E.3 Soft-Gluon Poles

The NLO computation of the SGP contributions (in the qg → q channel) gets even more technical.
Consider the SGP subtraction terms in the third lines of Eqs. (2.90),(2.91). As for the hard poles,
the all-order-in-ε results for the partonic cross sections involve terms 1/(1 − w)3+ε, 1/(1 − w)2+ε

that are dealt with via Eq. (E.1), leading to the following two identities:∫ 1

x0

dw
F

(
x0

w , x0

w

)
(1− w)3+ε

=
1

(2 + ε)(1 + ε)

∫ 1

x0

dw
1
w4

(
x2
0 F

′′ (x0

w , x0

w

))
− 2

w3

(
−x0 F

′ (x0

w , x0

w

))
(1− w)1+ε

,∫ 1

x0

dw
F

(
x0

w , x0

w

)
(1− w)2+ε

= − 1

1 + ε

∫ 1

x0

dw
1
w2

(
−x0 F

′ (x0

w , x0

w

))
(1− w)1+ε

. (E.7)

Moreover, the all-ε-order results for the partonic cross sections also contain terms that are propor-
tional to a hypergeometric function along with a term 1/(1− w)2+2ε,

2F1

(
−ε,−ε; 1− ε; w

1−v+v w

)
(1− w)2+2ε

.

This term needs extra care. One can again perform an integration by parts, which in turn requires
a derivative of the hypergeometric function, given by the following identity:

d

dw
2F1

(
−ε,−ε; 1− ε; w

1−v+v w

)
= ε

(1− v) 2F1

(
−ε,−ε; 1− ε; w

1−v+v w

)
w(1− v + v w)

− ε
(1− v)1+ε(1− w)ε

w (1− v + v w)1+ε
.
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By means of this identity one derives the following integral:

∫ 1

x0

dw
2F1

(
−ε,−ε; 1− ε; w

1−v+vw

)
F

(
x0

w , x0

w

)
(1− w)2+2ε

= − 1

1 + 2ε

∫ 1

x0

dw ×⎡
⎣ 1

w2 2F1

(
−ε,−ε; 1− ε; w

1−v+vw

) (
−x0 F

′ (x0

w , x0

w

))
(1− w)1+2ε

− ε (1− v)1+ε F
(
x0

w , x0

w

)
(1− w)1+ε w (1− v + vw)1+ε

+

1−v
w (1−v+vw) ε 2F1

(
−ε,−ε; 1− ε; w

1−v+vw

)
F

(
x0

w , x0

w

)
(1− w)1+2ε

⎤
⎦ . (E.8)

These expressions can now safely be expanded in ε by virtue of Eq. (2.80) (with a replacement
ε → 2ε where needed), and an expansion of the hypergeometric function

2F1

(
−ε,−ε; 1− ε; w

1−v+vw

)
= 1 + ε2 Li2

(
w

1−v+vw

)
+O

(
ε3

)
.

The partonic cross sections for the derivative parts F ′ (x0

w , x0

w

)
, (∂2G)

(
x0

w , x0

w

)
of the SGP

subtraction terms in Eq. (2.90),(2.91) are accompanied only by a factor 1/(1− w)2+ε and can be
handled using (E.7),(E.8) in a similar way.

As for the HP contributions, a list of useful formulas is given that facilitates the integration by
parts of all regular, non-distributional terms in the partonic factors accompanying the derivatives
of qgq functions:∫ 1

x0

dw

w
σ(w)

(
−x0 F

′ (x0

w , x0

w

))
= σ(1)F (x0, x0)−

∫ 1

x0

dw

w
w (w σ(w))

′
F

(
x0

w , x0

w

)
,∫ 1

x0

dw

w
σ(w) log(1− w)

(
−x0 F

′ (x0

w , x0

w

))
=

∫ 1

x0

dw

w

w2 σ(w)

(1− w)+
F

(
x0

w , x0

w

)
−

∫ 1

x0

dw

w
w (w σ(w))

′
log(1− w)F

(
x0

w , x0

w

)
,∫ 1

x0

dw

w
σ(w)

(
x2
0 F

′′ (x0

w , x0

w

))
= σ(1) (−x0 F

′(x0, x0))− (w σ(w))′
∣∣∣
w=1

F (x0, x0)

+

∫ 1

x0

dw

w
w

[
w2 (w σ(w))

′]′
F

(
x0

w , x0

w

)
,∫ 1

x0

dw

w
σ(w)

(
x2
0

(
∂2
1G

) (
x0

w , x0

w

))
= σ(1) (−x0 (∂1G) (x0, x0))

−
∫ 1

x0

dw

w
w (w σ(w))

′ (−x0 (∂1G)
(
x0

w , x0

w

))
. (E.9)

123



Appendix F

Analytical Results for the
Partonic Cross Sections

F.1 Hadron Production

This appendix is a collection of all results for partonic cross sections that have been featured in
the several analytic NLO pQCD formulas of Sec. 6.1. The following subsections each present the
results for the different partonic channels one by one. The shorthand notations χμ = su

tμ2 and
χm = su

tm2
�
respectively indicate a frequently encountered scale and lepton mass dependence.

F.1.1 Channel qg → q:

Integral Contribution

The partonic cross section that accompanies F qg→q
Int in the result for the qg → q channel integral

contribution in Eq. (6.4) reads explicitly

σ̂qg→q,1
Int (v, w, ζ) =

w

4(1− v)4

(
(Nc − 2CF ) ζ (1− v)2v(w − ζ)2(1 + v(w − ζ))√

1− 2ζv + 2(2ζ − 1)vw + v2(w − ζ)2

−2CF v(w − ζ)2
(
ζ2 + 2(ζ − 1)ζ2v3w

(
6w2 − 8w + 3

)
+2ζv

(
−ζ +

(
ζ2 + 3ζ − 3

)
w + 1

)
+v2

(
ζ2 +

(
8ζ3 − 4ζ2 − 2

)
w2 + 2ζ

(
−4ζ2 + 2ζ + 1

)
w
)

+sgn(w − ζ)
(
ζ(ζ + 1) + v2

(
ζ2 + ζ + 2w2 − 2ζw

)
+ 2ζv(w − ζ)

) )
−Nc

(
v(w − ζ)2

(
ζ(ζ + 2) + v2

(
ζ2 +

(
4ζ2 − 2

)
w2 + 2(1− 2ζ)ζw

)
+v

((
4ζ2 − 2

)
w − 2ζ2

))
+sgn(w − ζ)

(
v3(w − ζ)2

(
(ζ − 1)ζ + 2w2 − 2ζw

)
+2v2

(
−(ζ − 1)ζ3 + w3 − ζ(ζ + 1)w2 + ζ

(
3ζ2 − ζ − 1

)
w
)

+ζ(ζ + 1)v(w − ζ)2 + 2ζ
(
ζ2 − 1

)
w
) ))

, (F.1)
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with the sign function sgn(x). Analogously, for the function Gqg→q
Int in Eq. 6.4 it is

σ̂qg→q,5
Int (v, w, ζ) =

w

4(1− v)4

(
(Nc − 2CF ) ζ(1− v)2v(w − ζ)2(1 + v(w − ζ))√

1− 2ζv + 2(2ζ − 1)vw + v2(w − ζ)2

+2CF v(w − ζ)2
(
ζ2 + 2(ζ − 1)ζ2v3w

(
6w2 − 8w + 3

)
+2ζv

(
−ζ +

(
ζ2 − ζ + 1

)
w − 1

)
+v2

(
ζ2 +

(
8ζ3 − 4ζ2 − 2

)
w2 + 2ζ

(
−4ζ2 + 2ζ + 1

)
w
)

+sgn(w − ζ)
(
(ζ − 1)ζ + v2

(
(ζ − 1)ζ + 2w2 − 2ζw

)
+ 2ζv(w − ζ)

) )
+Nc

(
v(w − ζ)2

(
(ζ − 2)ζ + v2

(
ζ2 +

(
4ζ2 − 2

)
w2 + 2(1− 2ζ)ζw

)
+v

((
4ζ2 − 2

)
w − 2ζ2

))
+sgn(w − ζ)

(
v3(w − ζ)2

(
ζ2 + ζ + 2w2 − 2ζw

)
+2v2

(
−ζ3(ζ + 1) + w3 − ζ(ζ + 3)w2 + ζ

(
3ζ2 + ζ + 1

)
w
)

+(ζ − 1)ζv(w − ζ)2 + 2(ζ − 1)2ζw
) ))

. (F.2)

Soft-Gluon Pole Contribution

Next, the partonic cross sections of Eq. (6.6) are listed, which constitutes the qg → q channel
soft-gluon pole contribution

σ̂qg→q,1
SGP,F (v, w, χμ, χm) = Nc σ̂

qg→q,1
SGP,F,Nc

(v, w, χμ, χm) (F.3)

+CF σ̂qg→q,1
SGP,F,CF

(v, w, χμ, χm) ,

where the partonic cross section is separated by color factors. The Nc part reads,

σ̂qg→q,1
SGP,F,Nc

(v, w, χμ, χm) = Aqg→q,1
1,SGP,F,Nc

(v, χμ, χm) δ(1− w)

+Aqg→q,1
2,SGP,F,Nc

(v)

(
log(1− w)

1− w

)
+

+Aqg→q,1
3,SGP,F,Nc

(v, χμ)
1

(1− w)+

+Aqg→q,1
4,SGP,F,Nc

(v, w) log(χm) +Aqg→q,1
5,SGP,F,Nc

(v, w) log(1− w)

+Aqg→q,1
6,SGP,F,Nc

(v) log(χμ) +Aqg→q,1
7,SGP,F,Nc

(v, w) log(1− v w)

+Aqg→q,1
8,SGP,F,Nc

(v, w) log(1− v) +Aqg→q,1
9,SGP,F,Nc

(v, w) log(1− v + v w)

+Aqg→q,1
10,SGP,F,Nc

(v, w) . (F.4)

with the following ten coefficients,

Aqg→q,1
1,SGP,F,Nc

(v, χμ, χm) =
v5 − 4v4 − 12v3 + 38v2 − 49v + 18

4 v2 (1− v)4
log(1− v)

− 1 + v2

2 (1− v)4
log(χμ)−

1 + v2

2 (1− v)3
log(χm)− (1 + v)v

(1− v)4
log(v)

−9v4 − 58v3 − 150v2 + 150v − 108

24 v (1− v)4
,

Aqg→q,1
2,SGP,F,Nc

(v) = − 1 + v2

(1− v)4
,

Aqg→q,1
3,SGP,F,Nc

(v, χμ) = − 1 + v2

(1− v)4
log(χμ)−

3v4 + 16v3 − 43v2 + 50v − 18

2 v2 (1− v)4
log(1− v)

−10v4 − 61v3 − 176v2 + 151v − 108

12 v (1− v)4
,

Aqg→q,1
4,SGP,F,Nc

(v, w) =
2v5(1− 2w)w4 + v4w2

(
8w2 − 4w + 1

)
2 (1− v)4 (1− vw)2

−2v3w
(
2w2 + w − 1

)
+ v2

(
1− w2

)
− 2vw + 1

2 (1− v)4 (1− vw)2
,
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Aqg→q,1
5,SGP,F,Nc

(v, w) = −v2w
(
v3w2

(
3w2 − 2w + 1

)
+ 2v2w

(
−2w2 + w − 2

))
2 (1− v)4 (1− vw)2

−v2w
(
v
(
−w2 + 6w + 1

)
− 2

)
2 (1− v)4 (1− vw)2

,

Aqg→q,1
6,SGP,F,Nc

(v) =
1 + v2

2 (1− v)4
,

Aqg→q,1
7,SGP,F,Nc

(v, w) =
2v2w2

(1− v)2 (1− vw)2
,

Aqg→q,1
8,SGP,F,Nc

(v, w) = −v4 − 20v3 + 47v2 − 50v + 18

2 v2 (1− v)4
−

(
v3 − 9v + 16

)
w

4 v2 (1− v)2

− (3v − 5)w2

v2 (1− v)2
+

1− 2vw

(1− v)2 (1− v w)2
,

Aqg→q,1
9,SGP,F,Nc

(v, w) =
vw

4 (1− v)2
,

Aqg→q,1
10,SGP,F,Nc

(v, w) =
w2 log(w)

(1− w)2
×(

v3(w − 1)2(2w − 1) + 2v2(w − 2)w + 2v − 2

(1− v)4
+

1− v(2w − 1)

(1− v) (1− v w)2

)

− 1 + v2

(1− v)4(1− w)
+

13v4 − 76v3 − 95v2 + 130v − 108

12 v (1− v)4

+

(
37v4 − 122v3 − 313v2 + 228v − 192

)
w

48 v (1− v)4
+

(
5v4 + 38v2 − 63v + 30

)
w2

6 v (1− v)4

+

(
17v3 + 6v2 + v + 8

)
w3

48 (1− v)4
+

4v2w − v(5w + 2) + 3

(1− v)3(1− v w)2
+

1

4(1− v + v w)
. (F.5)

Notice that the last one, Aqg→q,1
10,SGP,F,Nc

(v, w), is regular as w → 1, despite the factors log(w)/(1−w)2

and 1/(1− w). Its limit for w → 1 is

lim
w→1

Aqg→q,1
10,SGP,F,Nc

(v, w) =
6v5 + 49v4 − 210v3 − 314v2 + 168v − 192

24 v (1− v)4
.

The CF part in (F.3) takes a similar form as the Nc part,

σ̂qg→q,1
SGP,F,CF

(v, w, χμ, χm) = Aqg→q,1
1,SGP,F,CF

(v, χμ, χm) δ(1− w)

+Aqg→q,1
2,SGP,F,CF

(v)

(
log(1− w)

1− w

)
+

+Aqg→q,1
3,SGP,F,CF

(v, χμ)
1

(1− w)+

+Aqg→q,1
4,SGP,F,CF

(v, w) log(χm) +Aqg→q,1
5,SGP,F,CF

(v, w) log(1− w)

+Aqg→q,1
6,SGP,F,CF

(v, w) log(χμ) +Aqg→q,1
7,SGP,F,CF

(v, w) log(1− v w)

+Aqg→q,1
8,SGP,F,CF

(v, w) log(1− v) +Aqg→q,1
9,SGP,F,CF

(v, w) log(1− v + v w)

+Aqg→q,1
10,SGP,F,CF

(v, w) . (F.6)

with the following ten coefficients,

Aqg→q,1
1,SGP,F,CF

(v, χμ, χm) =
1 + v2

(1− v)4
log(v) (4 log(1− v) + 2 log(χμ)− log(v))

−9v5 + 4v4 + 12v3 + 30v2 − 49v + 18

2(v − 1)4v2
log(1− v)− 2v3 + v2 + 6v − 3

(1− v)4
log(χμ)

+
1 + v2

(1− v)3
log(χm)− 5

1 + v2

(1− v)4
log(v) +

45v5 − 21v4 − 365v3 − 840v2 + 780v − 540

60 v (1− v)4
,
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Aqg→q,1
2,SGP,F,CF

(v) = 8
1 + v2

(1− v)4
,

Aqg→q,1
3,SGP,F,CF

(v, χμ) = 4
1 + v2

(1− v)4
log(χμ) +

7v4 + 16v3 − 39v2 + 50v − 18

v2 (1− v)4
log(1− v)

+
75v5 − 340v4 − 509v3 − 2440v2 + 2280v − 1080

60 v (1− v)4
,

Aqg→q,1
4,SGP,F,CF

(v, w) =
2v5w4(2w − 1)− v4w2

(
8w2 − 4w + 1

)
(1− v)4 (1− v w)2

+
2v3w

(
2w2 + w − 1

)
− v2

(
w2 − 1

)
− 2vw + 1

(1− v)4 (1− v w)2
,

Aqg→q,1
5,SGP,F,CF

(v, w) =
6v4w4

(1− v)4
− v3(8v − 17)w3

(1− v)4
+

v2
(
3v2 − 10v + 13

)
w2

(1− v)4
+

v2w

(1− v)4

−4
(
2v2 − v + 2

)
(1− v)4

+
2− 4vw

(1− v)2(1− v w)2
,

Aqg→q,1
6,SGP,F,CF

(v, w) =
v4w2

(
6w2 − 8w + 3

)
+ 4v3w2(3w − 2) + v2

(
9w2 − 3

)
− 3

(1− v)4
,

Aqg→q,1
7,SGP,F,CF

(v, w) = − 4v2w2

(1− v)2 (1− v w)2
,

Aqg→q,1
8,SGP,F,CF

(v, w) =
−3v4 − 20v3 + 43v2 − 50v + 18

v2 (1− v)4
+

(
v3 − 9v + 16

)
w

2 v2 (1− v)2

+
2
(
3v6 − 8v5 + 9v4 + 3v3 − 11v2 + 13v − 5

)
w2

v2 (1− v)4

−8v3(2v − 3)w3

(1− v)4
+

12v4w4

(1− v)4
+

4vw − 2

(1− v)2 (1− v w)2
,

Aqg→q,1
9,SGP,F,CF

(v, w) = − vw

2(1− v)2
,

Aqg→q,1
10,SGP,F,CF

(v, w) = log(w)

(
− 6v4w4

(1− v)4
+

8(v − 2)v3w3

(1− v)4
− v2

(
3v2 − 10v + 13

)
w2

(1− v)4

+
2
(
3v2 − 2v + 3

)
(1− v)4

+
4
(
1 + v2

)
(2w − 1)

(1− v)4 (1− w)2
+

4vw − 2

(1− v)2 (1− v w)2

)

− 3v4w4

(1− v)4
+

v
(
76v3 − 15v2 + 6v + 1

)
w3

24(1− v)4

−
(
64v5 − 210v4 − 195v3 + 360v2 − 630v + 300

)
w2

30 v (1− v)4

−
(
114v5 − 569v4 − 1120v3 − 2735v2 + 1860v − 960

)
w

120 v (1− v)4

−75v5 − 310v4 − 539v3 − 1630v2 + 2190v − 1080

60 v (1− v)4

+
4
(
1 + v2

)
(1− v)4(1− w)

− 8v2w − 2v(5w + 2) + 6

(1− v)3 (1− v w)2
− 1

2(1− v + v w)
. (F.7)

As for the Nc part, the last coefficient appears to diverge for w → 1, but actually has the finite
limit

lim
w→1

Aqg→q,1
10,SGP,F,CF

(v, w) =
−280v5 + 1097v4 + 1684v3 + 2880v2 − 1890v + 960

60 v (1− v)4
.

The partonic cross section for the first derivative term can be decomposed as well. After
integration by parts only distributions appear in the analytic forms,

σ̂qg→q,1
SGP,F ′(v, w, χμ) = Nc σ̂

qg→q,1
SGP,F ′,Nc

(v, w, χμ) + CF σ̂qg→q,1
SGP,F ′,CF

(v, w, χμ) , (F.8)
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where the Nc part reads

σ̂qg→q,1
SGP,F ′,Nc

(v, w, χμ) = Aqg→q,1
1,SGP,F ′,Nc

(v, χμ) δ(1− w) +Aqg→q,1
2,SGP,F ′,Nc

(v)

(
log(1− w)

1− w

)
+

+Aqg→q,1
3,SGP,F ′,Nc

(v, χμ)
1

(1− w)+
, (F.9)

with coefficients

Aqg→q,1
1,SGP,F ′,Nc

(v, χμ) = − 1 + v2

(1− v)4
log(χμ)−

7v4 + 15v3 − 33v2 + 41v − 14

4 v2 (1− v)4
log(1− v)

−6v4 − 51v3 − 142v2 + 115v − 84

24 v (1− v)4
,

Aqg→q,1
2,SGP,F ′,Nc

(v) = − 1 + v2

(1− v)4
,

Aqg→q,1
3,SGP,F ′,Nc

(v, χμ) = − 1 + v2

(1− v)4
log(χμ)−

6v4 + 23v3 − 52v2 + 59v − 20

4 v2 (1− v)4
log(1− v)

−15v4 − 98v3 − 427v2 + 376v − 240

48 v (1− v)4
. (F.10)

Furthermore, the CF part reads

σ̂qg→q,1
SGP,F ′,CF

(v, w, χμ) = Aqg→q,1
1,SGP,F ′,CF

(v, χμ) δ(1− w) +Aqg→q,1
2,SGP,F ′,CF

(v)

(
log(1− w)

1− w

)
+

+Aqg→q,1
3,SGP,F ′,CF

(v, χμ)
1

(1− w)+
, (F.11)

with the coefficients

Aqg→q,1
1,SGP,F ′,CF

(v, χμ) =
1 + v2

(1− v)4
log(v) (4 log(1− v) + 2 log(χμ)− log(v))

+
11v4 + 15v3 − 29v2 + 41v − 14

2 v2 (1− v)4
log(1− v) + 3

1 + v2

(1− v)4
log

(χμ

v

)
+
27v5 − 44v4 − 669v3 − 1600v2 + 1080v − 840

120 v (1− v)4
,

Aqg→q,1
2,SGP,F ′,CF

(v) = 8
1 + v2

(1− v)4
,

Aqg→q,1
3,SGP,F ′,CF

(v, χμ) = 4
1 + v2

(1− v)4
log(χμ) +

14v4 + 23v3 − 44v2 + 59v − 20

2 v2 (1− v)4
log(1− v)

+
12v5 − 17v4 + 154v3 − 775v2 + 980v − 400

40 v (1− v)4
. (F.12)

The partonic cross sections accompanying the second derivative F ′′ can similarly be written in the
following form, where again parts with different color factors have been separated

σ̂qg→q,1
SGP,F ′′(v, w) = Nc σ̂

qg→q,1
SGP,F ′′,Nc

(v, w) + CF σ̂qg→q,1
SGP,F ′′,CF

(v, w) , (F.13)

with the Nc part

σ̂qg→q,1
SGP,F ′′,Nc

(v, w) = Aqg→q,1
1,SGP,F ′′,Nc

(v)

(
δ(1− w) +

1

(1− w)+

)
, (F.14)

and the coefficient

Aqg→q,1
1,SGP,F ′′,Nc

(v) =
1

4 v2 (1− v)
log(1− v)− v4 − 4v3 − 19v2 + 20v − 12

48 v (1− v)4
. (F.15)

The CF part reads

σ̂qg→q,1
SGP,F ′′,CF

(v, w) = Aqg→q,1
1,SGP,F ′′,CF

(v)

(
δ(1− w) +

1

(1− w)+

)
, (F.16)
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with the coefficient

Aqg→q,1
1,SGP,F ′′,CF

(v) = − log(1− v)

2 v2 (1− v)
+

2v5 − 5v4 + 22v3 − 125v2 + 150v − 60

120 v (1− v)4
. (F.17)

The other type of second derivative term in Eq. (6.6) has the partonic cross section σ̂qg→q,1
SGP,∂2

1F
(v, w),

which can be cast into the very compact form

σ̂qg→q,1
SGP,∂2

1F
(v, w) = δ(1− w)

[
Nc

(
− log(1− v)

4 v2 (1− v)
+

v4 − 4v3 − 19v2 + 20v − 12

48 v (1− v)4

)

+CF

(
log(1− v)

2 v2 (1− v)
− 2v5 − 5v4 + 22v3 − 125v2 + 150v − 60

120 v (1− v)4

)]
. (F.18)

Next are the terms in Eq. (6.6) that appear in conjunction with the axial-vector type function
G. Since G(x, x) = 0 only derivatives can contribute to the SGP

σ̂qg→q,5
SGP,∂1G

(v, w) = Nc σ̂
qg→q,5
SGP,∂1G,Nc

(v, w) + CF σ̂qg→q,5
SGP,∂1G,CF

(v, w) , (F.19)

where the partonic cross section is once more divided by color factors and the Nc part reads

σ̂qg→q,5
SGP,∂1G,Nc

(v, w) = Aqg→q,5
1,SGP,∂1G,Nc

(v) δ(1− w) +Aqg→q,5
2,SGP,∂1G,Nc

(v)
1

(1− w)+

+Aqg→q,5
3,SGP,∂1G,Nc

(v, w) log(1− w) +Aqg→q,5
4,SGP,∂1G,Nc

(v) log(1− v + v w)

+Aqg→q,5
5,SGP,∂1G,Nc

(v, w) log(1− v) +Aqg→q,5
6,SGP,∂1G,Nc

(v, w) , (F.20)

with the following six coefficients

Aqg→q,5
1,SGP,∂1G,Nc

(v) = −v2 − 13v + 14

2 v2 (1− v)2
log(1− v)− 6v4 − 39v3 + 150v2 − 209v + 84

12 v (1− v)4
,

Aqg→q,5
2,SGP,∂1G,Nc

(v) =
8− 7v

2 v2 (1− v)2
log(1− v) +

9v4 − 34v3 + 155v2 − 228v + 96

24 v (1− v)4
,

Aqg→q,5
3,SGP,∂1G,Nc

(v, w) =
v2

(
v
(
w2 − w + 1

)
+ w − 2

)
(1− v)4

,

Aqg→q,5
4,SGP,∂1G,Nc

(v) = − v

2(1− v)2
,

Aqg→q,5
5,SGP,∂1G,Nc

(v, w) =
v3 + 6vw + 7v − 10w − 8

2 v2 (1− v)2
,

Aqg→q,5
6,SGP,∂1G,Nc

(v, w) = −9v4 − 34v3 + 155v2 − 228v + 96

24 v (1− v)4
− w (v4 − 2v3 + 73v2 − 128v + 60)

12 v (1− v)4

−w2 (7v3 − 6v2 − v − 8)

24 (1− v)4
. (F.21)

The CF part is given by

σ̂qg→q,5
SGP,∂1G,CF

(v, w) = Aqg→q,5
1,SGP,∂1G,CF

(v) δ(1− w) +Aqg→q,5
2,SGP,∂1G,CF

(v)
1

(1− w)+

+Aqg→q,5
3,SGP,∂1G,CF

(v, w) log(1− w) +Aqg→q,5
4,SGP,∂1G,CF

(v) log(1− v + v w)

+Aqg→q,5
5,SGP,∂1G,CF

(v, w) log(1− v) +Aqg→q,5
6,SGP,∂1G,CF

(v, w) , (F.22)

also with six coefficients

Aqg→q,5
1,SGP,∂1G,CF

(v) =
v2 − 13v + 14

v2 (1− v)2
log(1− v)

+
27v5 − 44v4 − 309v3 + 1520v2 − 2040v + 840

60 v (1− v)4
,

Aqg→q,5
2,SGP,∂1G,CF

(v) = − 8− 7v

v2 (1− v)2
log(1− v)

−18v5 − 37v4 − 120v3 + 805v2 − 1140v + 480

60 v (1− v)4
,
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Aqg→q,5
3,SGP,∂1G,CF

(v, w) = −2v2(1− w)(1 + vw)

(1− v)4
,

Aqg→q,5
4,SGP,∂1G,CF

(v) =
v

(1− v)2
,

Aqg→q,5
5,SGP,∂1G,CF

(v, w) = −v3 + 6vw + 7v − 10w − 8

v2 (1− v)2
,

Aqg→q,5
6,SGP,∂1G,CF

(v, w) =
18v5 − 37v4 − 120v3 + 805v2 − 1140v + 480

60 v (1− v)4

+
w (26v5 − 25v4 − 120v3 + 375v2 − 630v + 300)

30 v (1− v)4

−w2 (20v4 − 9v3 − 6v2 − v)

12 (1− v)4
+

2w3 v4

(1− v)4
. (F.23)

Finally, there is a contribution from the second derivative of G given as

σ̂qg→q,5
SGP,∂2

1G
(v, w) =

(
δ(1− w)− 2

(1− w)+

)
×[

Nc

(
− log(1− v)

4 v2 (1− v)
− v4 − 4v3 + 21v2 − 28v + 12

48 v (1− v)4

)

+CF

(
log(1− v)

2 v2 (1− v)
+

2v5 − 5v4 − 18v3 + 115v2 − 150v + 60

120 v (1− v)4

)]
.(F.24)

Soft-Fermion Pole Contribution

The qg → q channel soft-fermion pole contribution is found in Eq. (6.7) and the corresponding
partonic cross sections are presented below. As before, a separation by color factors is made

σ̂qg→q,1
SFP,F (v, w, χm) = Nc σ̂

qg→q,1
SFP,F,Nc

(v, w, χm) + CF σ̂qg→q,1
SFP,F,CF

(v, w, χm) , (F.25)

where the Nc part reads

σ̂qg→q,1
SFP,F,Nc

(v, w, χm) = Aqg→q,1
1,SFP,F,Nc

(v, w) log(χm) +Aqg→q,1
2,SFP,F,Nc

(v, w) log(1− w)

+Aqg→q,1
3,SFP,F,Nc

(v, w) log(1− v w) +Aqg→q,1
4,SFP,F,Nc

(v, w) log(1− v)

+Aqg→q,1
5,SFP,F,Nc

(v, w) log(1− v + v w) +Aqg→q,1
6,SFP,F,Nc

(v, w) log(w)

+Aqg→q,1
7,SFP,F,Nc

(v, w) , (F.26)

with seven coefficients

Aqg→q,1
1,SFP,F,Nc

(v, w) = − v3w3

(1− v)4
− v2w2

(1− v)3
− v

(
v2 − 4v + 5

)
w

2(1− v)4

−v2 − 4v + 2

(1− v)4
+

3− 2v

(1− v)3(1− v w)
− 1

2(1− v)2(1− v w)2
,

Aqg→q,1
2,SFP,F,Nc

(v, w) = − 2v3w3

(1− v)4
+

v2(3v − 1)w2

(1− v)4
− v

(
3v2 − 4v + 5

)
w

2 (1− v)4

−v2 − 4v + 2

(1− v)4
+

3− 2v

(1− v)3(1− v w)
− 1

2(1− v)2(1− v w)2
,

Aqg→q,1
3,SFP,F,Nc

(v, w) = −vw
(
v3(w − 1)w2 + v2(w − 1)w + v − 1

)
(1− v)3 (1− v w)2

,

Aqg→q,1
4,SFP,F,Nc

(v, w) =
2v − 3

(1− v)2 v2 w
− 2v3 − 10v2 + 16v − 9

(1− v)3 v2
− w (v4 − 5v3 − v2 + 5v − 4)

2 (1− v)3 v2

+
2(3v − 5)w2

(1− v)2 v2
− 4v2w − 3v(2w + 1) + 5

2 (1− v)3 (1− v w)2
,

Aqg→q,1
5,SFP,F,Nc

(v, w) =
vw(2vw − v − 1)

2 (1− v)3
,

130



Aqg→q,1
6,SFP,F,Nc

(v, w) =
2v2 − 4v + 3

(1− v)4
+

(2− v)vw

(1− v)3
− v2(2v + 1)w2

(1− v)4
− 4v2w − 3v(2w + 1) + 5

2 (1− v)3 (1− v w)2
,

Aqg→q,1
7,SFP,F,Nc

(v, w) = −v4 − 2v3 + 24v2 − 35v + 18

6 (1− v)4 v w
+

10v4 − 23v3 + 126v2 − 203v + 108

12 (1− v)4 v

−
(
5v4 − 5v3 − 29v2 + 9v − 12

)
w

6 (1− v)4 v

−
(
33v4 − 16v3 + 155v2 − 238v + 120

)
w2

12 (1− v)4 v
+

(
31v3 − 6v2 − v − 8

)
w3

12 (1− v)4

−4v2w − v(7w + 2) + 5

2 (1− v)3 (1− v w)2
+

1

2 (1− v) (1− v + v w)
. (F.27)

Similarly, the CF part has the form

σ̂qg→q,1
SFP,F,CF

(v, w, χm) = Aqg→q,1
1,SFP,F,CF

(v, w) log(χm) +Aqg→q,1
2,SFP,F,CF

(v, w) log(1− w)

+Aqg→q,1
3,SFP,F,CF

(v, w) log(1− v w) +Aqg→q,1
4,SFP,F,CF

(v, w) log(1− v)

+Aqg→q,1
5,SFP,F,CF

(v, w) log(1− v + v w) +Aqg→q,1
6,SFP,F,CF

(v, w) log(w)

+Aqg→q,1
7,SFP,F,CF

(v, w) , (F.28)

also with seven coefficients

Aqg→q,1
1,SFP,F,CF

(v, w) =
5− 3v

(1− v)3
+

w v
(
v2 − 6v + 3

)
(1− v)4

+
2w2 v2 (2− v)

(1− v)4

+
2w3 v3

(1− v)4
− 4v2w − 3v(2w + 1) + 5

(1− v)3 (1− v w)2
,

Aqg→q,1
2,SFP,F,CF

(v, w) =
5− 3v

(1− v)3
+

3w v

(1− v)2
+

2w2 v2 (2− 3v)

(1− v)4
+

4w3 v3

(1− v)4

−4v2w − 3v(2w + 1) + 5

(1− v)3 (1− v w)2
,

Aqg→q,1
3,SFP,F,CF

(v, w) =
2vw

(
v3(w − 1)w2 + v2(w − 1)w + v − 1

)
(1− v)3 (1− v w)2

,

Aqg→q,1
4,SFP,F,CF

(v, w) =
6− 4v

(1− v)2v2w
+

4v3 − 20v2 + 32v − 18

v2 (1− v)3

+
w

(
v4 − 5v3 − v2 + 5v − 4

)
v2 (1− v)3

− 4w2 (3v − 5)

v2 (1− v)2
+

4v2w − v(6w + 3) + 5

(1− v)3 (1− v w)2
,

Aqg→q,1
5,SFP,F,CF

(v, w) =
v w (v(1− 2w) + 1)

(1− v)3
,

Aqg→q,1
6,SFP,F,CF

(v, w) = − 5− 3v

(1− v)3
− 2w (2− v)v

(1− v)3
+

2w2 v2(4v − 3)

(1− v)4
− 8w3 v3

(1− v)4

+
4v2w − v(6w + 3) + 5

(1− v)3 (1− v w)2
,

Aqg→q,1
7,SFP,F,CF

(v, w) =
9v5 − 22v4 − 7v3 + 240v2 − 390v + 180

30 v (1− v)4 w

−75v5 − 160v4 − 151v3 + 1380v2 − 2220v + 1080

60 v (1− v)4

+
w

(
12v5 − 14v4 + 55v3 − 90v2 + 105v − 60

)
15 v (1− v)4

+
w2

(
128v5 − 65v4 − 115v3 + 705v2 − 1260v + 600

)
30 v (1− v)4

−w3 v
(
52v3 − 3v2 + 6v + 1

)
6 (1− v)4

+
5w4 v4

(1− v)4

+
4v2w − v(7w + 2) + 5

(1− v)3 (1− v w)2
− 1

(1− v) (1− v + v w)
. (F.29)

Furthermore, the SFP contribution also has derivative terms which read

σ̂qg→q,1
SFP,∂2F

(v, w, χm) = Nc σ̂
qg→q,1
SFP,∂2F,Nc

(v, w, χm) + CF σ̂qg→q,1
SFP,∂2F,CF

(v, w, χm) , (F.30)
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where the Nc part has the form

σ̂qg→q,1
SFP,∂2F,Nc

(v, w) = Aqg→q,1
1,SFP,∂2F,Nc

(v, w) log(1− v) +Aqg→q,1
2,SFP,∂2F,Nc

(v, w) log(w)

+Aqg→q,1
3,SFP,∂2F,Nc

(v, w) , (F.31)

with three coefficients

Aqg→q,1
1,SFP,∂2F,Nc

(v, w) =
v
(
−6w2 + 8w − 2

)
+ 10w2 − 12w + 3

2w v2 (1− v)2
,

Aqg→q,1
2,SFP,∂2F,Nc

(v, w) =
w v2 (1 + v w)

(1− v)4
,

Aqg→q,1
3,SFP,∂2F,Nc

(v, w) =
v4 − 2v3 + 24v2 − 35v + 18

12w v (1− v)4
− 7v4 − 16v3 + 96v2 − 144v + 72

12 v (1− v)4

+

(
11v4 − 9v3 + 38v2 − 63v + 30

)
w

6 v (1− v)4
−

(
31v3 − 6v2 − v − 8

)
w2

24 (1− v)4
. (F.32)

The CF part reads

σ̂qg→q,1
SFP,∂2F,CF

(v, w) = Aqg→q,1
1,SFP,∂2F,CF

(v, w) log(1− v) +Aqg→q,1
2,SFP,∂2F,CF

(v, w) log(w)

+Aqg→q,1
3,SFP,∂2F,NCF

(v, w) , (F.33)

with three coefficients

Aqg→q,1
1,SFP,∂2F,CF

(v, w) =
v
(
6w2 − 8w + 2

)
− 10w2 + 12w − 3

w v2 (1− v)2
,

Aqg→q,1
2,SFP,∂2F,CF

(v, w) =
2v3w2

(1− v)4
,

Aqg→q,1
3,SFP,∂2F,CF

(v, w) =
−9v5 + 22v4 + 7v3 − 240v2 + 390v − 180

60w v (1− v)4

+
27v5 − 61v4 − 15v3 + 480v2 − 780v + 360

30 v (1− v)4

−w
(
64v5 − 150v4 + 15v3 + 360v2 − 630v + 300

)
30 v (1− v)4

+
w2 v

(
28v3 − 39v2 + 6v + 1

)
12 (1− v)4

− v4w3

(1− v)4
. (F.34)

Turning to SFP contributions by the function G, the corresponding partonic cross section is
given as

σ̂qg→q,5
SFP,G (v, w, χm) = Nc σ̂

qg→q,5
SFP,G,Nc

(v, w, χm) + CF σ̂qg→q,5
SFP,G,CF

(v, w, χm) , (F.35)

where the Nc part reads

σ̂qg→q,5
SFP,G,Nc

(v, w, χm) = Aqg→q,5
1,SFP,G,Nc

(v, w) log(χm) +Aqg→q,5
2,SFP,G,Nc

(v, w) log(1− w)

+Aqg→q,5
3,SFP,G,Nc

(v, w) log(1− v w) +Aqg→q,5
4,SFP,G,Nc

(v, w) log(1− v)

+Aqg→q,5
5,SFP,G,Nc

(v, w) log(1− v + v w) +Aqg→q,5
6,SFP,G,Nc

(v, w) log(w)

+Aqg→q,5
7,SFP,G,Nc

(v, w) , (F.36)

with seven coefficients

Aqg→q,5
1,SFP,G,Nc

(v, w) = − v3w3

(1− v)4
− v2w2

(1− v)3
− v

(
v2 − 4v + 5

)
w

2(1− v)4
− v2 − 4v + 2

(1− v)4

+
4v2w − v(6w + 3) + 5

2 (1− v)3 (1− v w)2
,

Aqg→q,5
2,SFP,G,Nc

(v, w) = −v2(1 + v)w2

(1− v)4
− v2 − 4v + 2

(1− v)4
− v(5 + v)w

2 (1− v)3

+
4v2w − v(6w + 3) + 5

2 (1− v)3 (1− v w)2
,
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Aqg→q,5
3,SFP,G,Nc

(v, w) =
v2w2

(1− v)3
− (3− v) v w

(1− v)3
+

3v − 5

(1− v)3
+

4v2w − v(6w + 3) + 5

(1− v)3 (1− v w)2
,

Aqg→q,5
4,SFP,G,Nc

(v, w) =
2v − 3

v2 (1− v)2 w
− 2v3 − 10v2 + 16v − 9

v2 (1− v)3
+

(
3v3 − v + 4

)
w

2 v2 (1− v)2

+
2(3v − 5)w2

v2 (1− v)2
− 4v2w − 3v(2w + 1) + 5

2 (1− v)3 (1− v w)2
,

Aqg→q,5
5,SFP,G,Nc

(v, w) = − v2w2

(1− v)3
+

v(1 + v)w

2 (1− v)3
,

Aqg→q,5
6,SFP,G,Nc

(v, w) =
2v3w3

(1− v)4
+

3v2w2

(1− v)4
+

(2− v)v w

(1− v)3
+

2v2 − 4v + 3

(1− v)4

−4v2w − 3v(2w + 1) + 5

2 (1− v)3 (1− v w)2
,

Aqg→q,5
7,SFP,G,Nc

(v, w) =
v4 − 2v3 − 24v2 + 37v − 18

6 (1− v)4 v w
− 10v4 − 35v3 − 102v2 + 181v − 108

12(1− v)4v

+

(
5v4 − 17v3 + 23v2 − 33v + 12

)
w

6(1− v)4v
+

(
9v4 + 8v3 − 149v2 + 242v − 120

)
w2

12(1− v)4v

−
(
7v3 − 6v2 − v − 8

)
w3

12(1− v)4
− 4v2w − v(7w + 2) + 5

2 (1− v)3 (1− v w)2
− 1

2 (1− v) (1− v + v w)
.(F.37)

Likewise, the CF part has the form

σ̂qg→q,5
SFP,G,CF

(v, w, χm) = Aqg→q,5
1,SFP,G,CF

(v, w) log(χm) +Aqg→q,5
2,SFP,G,CF

(v, w) log(1− w)

+Aqg→q,5
3,SFP,G,CF

(v, w) log(1− v w) +Aqg→q,5
4,SFP,G,CF

(v, w) log(1− v)

+Aqg→q,5
5,SFP,G,CF

(v, w) log(1− v + v w) +Aqg→q,5
6,SFP,G,CF

(v, w) log(w)

+Aqg→q,5
7,SFP,G,CF

(v, w) , (F.38)

with seven coefficients

Aqg→q,5
1,SFP,G,CF

(v, w) =
2v3w3

(1− v)4
− 2(v − 2)v2w2

(1− v)4
+

v
(
v2 − 6v + 3

)
w

(1− v)4
+

5− 3v

(1− v)3

−4v2w − 3v(2w + 1) + 5

(1− v)3 (1− v w)2
,

Aqg→q,5
2,SFP,G,CF

(v, w) =
2v2(v + 2)w2

(1− v)4
− v

(
v2 + 6v − 3

)
w

(1− v)4
+

5− 3v

(1− v)3
− 4v2w − 3v(2w + 1) + 5

(1− v)3 (1− v w)2
,

Aqg→q,5
3,SFP,G,CF

(v, w) = − 2v2w2

(1− v)3
+

2(3− v)v w

(1− v)3
+

2(5− 3v)

(1− v)3
− 2

(
4v2w − 3v(2w + 1) + 5

)
(1− v)3 (1− v w)2

,

Aqg→q,5
4,SFP,G,CF

(v, w) =
6− 4v

(1− v)2v2 w
+

4v3 − 20v2 + 32v − 18

(1− v)3v2
−

(
3v3 − v + 4

)
w

(1− v)2v2

+
4(5− 3v)w2

(1− v)2v2
+

4v2w − v(6w + 3) + 5

(1− v)3 (1− v w)2
,

Aqg→q,5
5,SFP,G,CF

(v, w) = −v(1 + v)w

(1− v)3
+

2v2w2

(1− v)3
,

Aqg→q,5
6,SFP,G,CF

(v, w) =
4v3w3

(1− v)4
− 2v2(2v + 1)w2

(1− v)4
+

2(v − 2)vw

(1− v)3
+

3v − 5

(1− v)3

+
4v2w − v(6w + 3) + 5

(1− v)3 (1− v w)2
,
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Aqg→q,5
7,SFP,G,CF

(v, w) =
−9v5 + 22v4 − 33v3 + 240v2 − 390v + 180

30(1− v)4vw

+
75v5 − 160v4 + 129v3 − 1140v2 + 2100v − 1080

60 v (1− v)4

−
(
12v5 − 14v4 − 75v3 + 60v2 − 105v + 60

)
w

15 v (1− v)4

−
(
128v5 − 185v4 + 325v3 − 735v2 + 1260v − 600

)
w2

30 v (1− v)4

+
v
(
52v3 − 27v2 + 6v + 1

)
w3

6(1− v)4
− 5v4w4

(1− v)4

+
4v2w − v(7w + 2) + 5

(1− v)3 (1− v w)2
+

1

(1− v) (1− v + v w)
. (F.39)

There is also a SFP derivative term for G with the partonic cross section

σ̂qg→q,5
SFP,∂2G

(v, w, χm) = Nc σ̂
qg→q,5
SFP,∂2G,Nc

(v, w, χm) + CF σ̂qg→q,5
SFP,∂2G,CF

(v, w, χm) , (F.40)

where the Nc part reads

σ̂qg→q,5
SFP,∂2G,Nc

(v, w) = Aqg→q,5
1,SFP,∂2G,Nc

(v, w) log(1− v) +Aqg→q,5
2,SFP,∂2G,Nc

(v, w) log(w)

+Aqg→q,5
3,SFP,∂2G,Nc

(v, w) , (F.41)

with three coefficients

Aqg→q,5
1,SFP,∂2G,Nc

(v, w) =
3− 2v

2 v2 (1− v)2 w
+

2(2v − 3)

v2 (1− v)2
+

(5− 3v)w

v2 (1− v)2
,

Aqg→q,5
2,SFP,∂2G,Nc

(v, w) = −v2w (1 + v w)

(1− v)4
,

Aqg→q,5
3,SFP,∂2G,Nc

(v, w) =
−v4 + 2v3 + 24v2 − 37v + 18

12 v (1− v)4 w
+

7v4 − 16v3 − 96v2 + 144v − 72

12 v (1− v)4

−
(
11v4 − 9v3 − 38v2 + 57v − 30

)
w

6 v (1− v)4
+

(
31v3 − 6v2 − v − 8

)
w2

24 (1− v)4
. (F.42)

The CF part has the analogous form

σ̂qg→q,5
SFP,∂2G,CF

(v, w) = Aqg→q,5
1,SFP,∂2G,CF

(v, w) log(1− v) +Aqg→q,5
2,SFP,∂2G,CF

(v, w) log(w)

+Aqg→q,5
3,SFP,∂2G,NCF

(v, w) , (F.43)

with three coefficients

Aqg→q,5
1,SFP,∂2G,CF

(v, w) =
2v − 3

v2 (1− v)2 w
− 4(2v − 3)

v2 (v − 1)2
+

2(3v − 5)w

v2 (1− v)2
,

Aqg→q,5
2,SFP,∂2G,CF

(v, w) = − 2v3w2

(1− v)4
,

Aqg→q,5
3,SFP,∂2G,CF

(v, w) =
9v5 − 22v4 + 33v3 − 240v2 + 390v − 180

60 v (1− v)4 w

−27v5 − 61v4 + 65v3 − 480v2 + 780v − 360

30 v (1− v)4

+

(
64v5 − 150v4 + 55v3 − 360v2 + 630v − 300

)
w

30 v (1− v)4

−v
(
28v3 − 39v2 + 6v + 1

)
w2

12 (1− v)4
+

v4w3

(1− v)4
. (F.44)
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Hard-Pole Contribution

In this paragraph the analytic results of all partonic cross sections encountered in Eq. (6.8) are
listed, which gives the qg → q channel hard-pole contribution

σ̂qg→q,1
HP,F (v, w, χμ) = CF

[(
v2 − 14v + 18

)
log(1− v)

v2 (1− v)2 (1− w)+

−75v5 − 100v4 + 151v3 − 1720v2 + 2460v − 1080

60 v (1− v)4 (1− w)+
+

2(2v − 3) log(1− v)

v2 w (1− v)2

+
v5(75w − 9) + v4(22− 130w) + v3(7− 30w)− 20v2(w + 12) + 390v − 180

30 v w (1− v)4

]

+Nc

[
1 + v2

(1− v)4

(
log(1− w)

1− w

)
+

+

(
3v4 + 16v3 − 43v2 + 50v − 18

)
log(1− v)

2v2(1− v)4 (1− w)+

+
(1 + v2) log(χμ)

(1− v)4 (1− w)+
+

16v4 − 85v3 − 176v2 + 133v − 108

12v(1− v)4 (1− w)+

−
(
v4w + 2v3 + v2(w − 7) + 8v − 3

)
log(1− v)

v2 (1− v)4w
−

(
1 + v2

)
(log(1− w) + log(χμ))

2 (1− v)4

+
18 + 4v2(6 + w)− v4(13w − 1)

6v (1− v)4w
+

3
(
1 + v2

)
w

(
w2 + 2w − 1

)
log(w)

6 (1− v)4w (1− w)2

−
(
35w2 − 76w + 35 + v2

(
45w2 − 53w + 2

))
6 (1− v)4w (1− w)

]
. (F.45)

The last two terms are individually divergent for w → 1 but combined they have a well-defined
limit.

σ̂qg→q,1
HP,∂1F

(v, w, χμ) = CF

[
− 27v5 − 44v4 + 291v3 − 1600v2 + 2040v − 840

60 v (1− v)4 (1− w)+

+

(
v2 − 13v + 14

)
log(1− v)

v2 (1− v)2 (1− w)+

]

+Nc

[
1 + v2

(1− v)4

(
log(1− w)

1− w

)
+

+

(
3v4 + 15v3 − 37v2 + 41v − 14

)
log(1− v)

2 v2 (1− v)4 (1− w)+

+

(
1 + v2

)
log(χμ)

(1− v)4 (1− w)+
+

6v4 − 51v3 − 142v2 + 115v − 84

12 v (1− v)4 (1− w)+

]
. (F.46)

σ̂qg→q,1
HP,∂2

1F
(v, w) = σ̂qg→q,1

HP,∂1∂2F
(v, w)

= CF

[
log(1− v)

v2 (1− v) (1− w)+
− 2v5 − 5v4 + 22v3 − 125v2 + 150v − 60

60 v (1− v)4 (1− w)+

]

+Nc

[
− log(1− v)

2 v2 (1− v) (1− w)+
+

v4 − 4v3 − 19v2 + 20v − 12

24 v (1− v)4 (1− w)+

]
. (F.47)
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σ̂qg→q,1
HP,∂2F

(v, w, χμ) = CF

[(
v2 − 6v + 6

)
log(1− v)

v2 (1− v)2 (1− w)+

−9v5 − 7v4 + 171v3 − 725v2 + 900v − 360

60 v (1− v)4 (1− w)+
+

(2v − 3) log(1− v)

w v2 (1− v)2

+
v5(30w − 9) + v4(22− 45w) + v3(7− 10w)− 5v2(w + 48) + 390v − 180

60w v (1− v)4

]

+Nc

[
1 + v2

(1− v)4

(
log(1− w)

1− w

)
+

+

(
3v4 + 8v3 − 15v2 + 18v − 6

)
log(1− v)

2 v2 (1− v)4 (1− w)+

+
v
(
24 v

(
1 + v2

)
log (χμ) + 3v4 − 68v3 − 143v2 + 74v − 72

)
24 v2 (1− v)4 (1− w)+

−
(
2v4w + 2v3 + v2(2w − 7) + 8v − 3

)
log(1− v)

2 v2 (1− v)4 w
−

(
1 + v2

)
log(1− w)

2(1− v)4

−
(
1 + v2

)
log(χμ)

2 (1− v)4
−

(
1 + v2

)
(1 + w) log(w)

2 (1− v)4 (1− w)

+
v4(2− 9w) + v3(70w − 4)− v2(w − 48) + v(68w − 70) + 36

24 v w (1− v)4

]
. (F.48)

σ̂qg→q,1
HP,G (v, w, χμ) = CF

[(
v2 − 14v + 18

)
log(1− v)

v2 (1− v)2 (1− w)+
+

2(2v − 3) log(1− v)

v2 w (1− v)2

+
75v5 − 100v4 − 369v3 + 1640v2 − 2460v + 1080

60 v (1− v)4 (1− w)+

+
v5(9− 75w) + 2v4(65w − 11) + v3(30w + 33) + 20v2(w − 12) + 390v − 180

30 v w (1− v)4

]

+Nc

[
−

(
v2 − 14v + 18

)
log(1− v)

2 v2 (1− v)2 (1− w)+
− 16v4 − 73v3 + 160v2 − 287v + 108

12 v (1− v)4 (1− w)+

+

(
v4w − 2v3 + v2(w + 7)− 8v + 3

)
log(1− v)

v2 w (1− v)4
+

1 + v2

2(1− v)4
log

(
1−w
w χμ

)
+
v4(13w − 1) + v3(2− 51w)− 4v2(w − 6)− v(41w + 37) + 18

6 v w (1− v)4

]
. (F.49)

Because of anti-symmetry Gq(x0, x0) = 0. As a consequence the plus-distribution 1/(1−w)+ could
be replaced by just 1/(1− w) in (F.49).

σ̂qg→q,1
HP,∂1G

(v, w) = CF

[
27v5 − 44v4 − 309v3 + 1520v2 − 2040v + 840

60 v (1− v)4(1− w)+

+

(
v2 − 13v + 14

)
log(1− v)

v2 (1− v)2 (1− w)+

]

+Nc

[
−

(
v2 − 13v + 14

)
log(1− v)

2 v2 (1− v)2 (1− w)+
− 6v4 − 39v3 + 150v2 − 209v + 84

12 v (1− v)4 (1− w)+

]
.(F.50)

σ̂qg→q,1
HP,∂2

1G
(v, w) = σ̂qg→q,1

HP,∂1∂2G
(v, w)

= CF

[
log(1− v)

v2 (1− v) (1− w)+
+

2v5 − 5v4 − 18v3 + 115v2 − 150v + 60

60 v (1− v)4 (1− w)+

]

+Nc

[
− log(1− v)

2 v2 (1− v) (1− w)+
− v4 − 4v3 + 21v2 − 28v + 12

24 v (1− v)4 (1− w)+

]
. (F.51)
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σ̂qg→q,1
HP,∂2G

(v, w, χμ) = CF

[(
v2 − 6v + 6

)
log(1− v)

v2 (1− v)2 (1− w)+

+
9v5 − 7v4 − 189v3 + 715v2 − 900v + 360

60 v (1− v)4 (1− w)+
+

(2v − 3) log(1− v)

v2 w (1− v)2

+
v5(9− 30w) + v4(45w − 22) + v3(10w + 33) + 5v2(w − 48) + 390v − 180

60 v w (1− v)4

]

+Nc

[
−

(
v2 − 6v + 6

)
log(1− v)

2 v2 (1− v)2 (1− w)+
− 3v4 − 44v3 + 145v2 − 190v + 72

24 v (1− v)4 (1− w)+

+

(
2v4w − 2v3 + v2(2w + 7)− 8v + 3

)
log(1− v)

2 v2 w (1− v)4
+

1 + v2

2(1− v)4
log

(
1−w
w χμ

)
+
v4(9w − 2) + v3(4− 70w) + v2(w + 48)− 2v(34w + 37) + 36

24 v w (1− v)4

]
. (F.52)

F.1.2 Channel qq → q:

Integral Contribution

The qq → q channel integral contribution in Eq. 6.10 features partonic cross sections that have the
following explicit form

σ̂qq→q,1
Int,1 (v, w, ζ) =

1

Nc

w

4(1− ζ)ζ(1− v)4
[
v(w − ζ)2 (ζ(2ζ − 1)

+v2
(
ζ(2ζ − 1) +

(
8ζ2 − 4ζ − 2

)
w2 + 2(3− 4ζ)ζw

)
− 2v

(
ζ2 − 3ζw + w

))
+sgn(w − ζ)

(
v3(w − ζ)2

(
ζ(2ζ − 1) + 2w2 − 2ζw

)
+ζv

(
ζ2(2ζ − 1) + (6ζ − 5)w2 + 2(3− 4ζ)ζw

)
+ 2ζ

(
2ζ2 − 3ζ + 1

)
w

+2v2
(
−ζ4 + (ζ + 1)w3 − (ζ + 4)ζw2 +

(
3ζ3 + ζ

)
w
))]

, (F.53)

σ̂qq→q,5
Int,1 (v, w, ζ) = − 1

Nc

w

4(1− ζ)ζ(1− v)4
[
v(w − ζ)2

(
ζ + v2

(
ζ + (4ζ − 2)w2 − 2ζw

)
+v

((
8ζ2 − 6ζ − 2

)
w − 2ζ2

))
+ sgn(w − ζ)

(
v3(w − ζ)2

(
ζ + 2w2 − 2ζw

)
−2v2

(
ζ4 + (ζ − 1)w3 + ζ2w2 +

(
ζ − 3ζ3

)
w
)

+ζv
(
ζ2 + (5− 4ζ)w2 + 2ζ(2ζ − 3)w

)
+ 2(ζ − 1)ζw

)]
, (F.54)

σ̂qq→q,1
Int,2 (v, w, ζ) =

1

Nc

v w

4 ζ (1− v)4

(
2ζ2 − 3ζ − 2v2(1− w − ζ)2sgn(1− w − ζ)

1− ζ

+
v2

(
2ζ2 − 3ζ + 2

(
4ζ2 − 6ζ + 1

)
w2 − 2

(
4ζ2 − 5ζ + 1

)
w + 1

)
+ 2(ζ − 1)v(w − ζ) + 1

1− ζ

+
1− v

[1− 2v(1− w − ζ + 2ζw) + v2(1− w − ζ)2]
3
2

(
2ζ + v4(1− 2w)(1− w − ζ)3

+v3
(
(1− ζ)2

(
2ζ2 − 3ζ − 2

)
+ (5− 6ζ)w3 +

(
−6ζ2 + 17ζ − 12

)
w2

+
(
2ζ3 + ζ2 − 12ζ + 9

)
w
)
+ v2

(
3ζ

(
2ζ2 − 5ζ + 3

)
+

(
3− 4ζ2

)
w2

−
(
4ζ3 − 22ζ2 + 12ζ + 3

)
w
)
− v

(
−6ζ2 + 9ζ + 12ζ2w − 12ζw + w − 2

)
− 1

))
, (F.55)
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σ̂qq→q,5
Int,2 (v, w, ζ) =

1

Nc

v w

4 ζ (1− v)4

(−ζ − 2v2(1− ζ − w)2 sgn(1− w − ζ)

1− ζ

+
v2

(
−ζ + (2− 4ζ)w2 − 2(1− ζ)w + 1

)
+ 2(1− ζ)v((4ζ − 1)w − ζ) + 1

1− ζ

+
1− v

[1− 2v(1− w − ζ + 2ζw) + v2(1− w − ζ)2]
3
2

(
v4(1− w − ζ)3(1− 2w − 2ζ)

+v3
[
(1− ζ)2(5ζ − 2) + (5− 16ζ)w3 +

(
−32ζ2 + 45ζ − 12

)
w2

+
(
−16ζ3 + 45ζ2 − 38ζ + 9

)
w
]
+ v2

[
−3(1− ζ)ζ +

(
32ζ2 − 22ζ + 3

)
w2

+
(
−22ζ2 + 22ζ − 3

)
w
]
− v(ζ + 2ζw + w − 2)− 1

))
. (F.56)

Soft-Fermion Pole Contribution

Next, in Eq. (6.12) for the soft-fermion pole contribution to the qq → q channel one has the
partonic cross sections

σ̂qq→q,1
SFP,F (v, w, χm) =

−1

2Nc

[
2v3w

(
2w2 − 2w + 1

)
+ v2

(
−6w2 + 2w − 1

)
+ 4vw − 1

(1− v)4
logχm

+
vw(1 + v(1− 4w))

(1− v)3
log(1− v) +

2v2w2

(1− v)3
log(1− v w)− vw(1 + v − 2vw)

(1− v)3
log(1− v + v w)

+

(
v

(1− v)2 w
− 1 + 4v

(1− v)2
+

v
(
7v2 − 8v + 5

)
w

(1− v)4
− 2v2(3v + 1)w2

(1− v)4
+

4v3w3

(1− v)4

)
log(1− w)

+
2v3(5− 2w)w2 + v2

(
−2w2 + 6w − 1

)
+ 2vw − 1

(1− v)4
logw − 8v3w3

(1− v)4
+

(
7v3 − 8v + 4

)
w

(1− v)4

−v3 + v2 − 7v + 3

(1− v)4
+

2v(3v − 1)w2

(1− v)4
+

1

(1− v) (1− v + v w)

]
, (F.57)

σ̂qq→q,5
SFP,G (v, w, χm) =

−1

2Nc

[
2v3w

(
2w2 − 2w + 1

)
+ v2

(
−6w2 + 2w − 1

)
+ 4vw − 1

(1− v)4
logχm

+
v (1 + v)w

(1− v)3
log(1− v)− 2v2w2

(1− v)3
log(1− v w)− vw(1 + v − 2vw)

(1− v)3
log(1− v + v w)

+

(
− v

(1− v)2 w
− 4v2 − v + 1

(1− v)3
+

v(7v + 3)w

(1− v)3
− 6v2w2

(1− v)3

)
log(1− w)

+
−6v3w2 + v2

(
6w2 − 2w − 1

)
+ 2vw − 1

(1− v)4
logw +

8v2w2

(1− v)4
− v3 + v2 − 5v + 1

(1− v)4

−v(6v + 5)w

(1− v)4
+

1

(1− v) (1− v + v w)

]
. (F.58)

Hard-Pole Contribution

The qq → q channel is concluded by the hard pole contribution in Eq. (6.13), where one has the
following partonic cross sections

σ̂qq→q,1
HP,F (v, w, χμ) = − 1

2Nc

[
δ(1− w)

1 + v2

(1− v)4
(logχμ + 2 log(1− v))

+
2(1 + v2)

(1− v)4 (1− w)+
+

v3
(
8w2 − 7w + 1

)
− 9v2w + v(7w − 3)− 8w + 2

(1− v)4

− 1 + v2

(1− v)4
(logχμ + 2 log(1− v)) +

2 v (1 + v)w

(1− v)4
log v +

1− 4v3w2 + v2(1− 4w)

(1− v)4
logw

+
v3

(
4w3 − 6w2 + 4w − 1

)
+ v2

(
8w2 − 9w + 2

)
+ v(2w − 1)− w

(1− v)4 w
log(1− w)

]
, (F.59)
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σ̂qq→q,1
HP,∂F (v, w, χμ) =

1

2Nc

[
(1 + v2) (1− 2w)

(1− v)4
(logχμ + 2 log(1− v))

+
v3

(
−4w2 + 5w − 1

)
+ v2(7w − 2) + v(3− 5w) + 8w − 4

(1− v)4

+
v3

(
−2w3 + 4w2 − 3w + 1

)
+ v2

(
−6w2 + 7w − 2

)
− vw + v − 2w2 + w

(1− v)4 w
log(1− w)

+
2v3w2 + v2(4w − 1) + 2w − 1

(1− v)4
logw

]
, (F.60)

σ̂qq→q,5
HP,G (v, w, χμ) = − 1

2Nc

[
− δ(1− w)

1 + v2

(1− v)4
(logχμ + 2 log(1− v))

− 2(1 + v2)

(1− v)4 (1− w)+
+

v3 + v2(w + 4) + v(8w − 1) + 4

(1− v)4

− 1 + v2

(1− v)4
(logχμ + 2 log(1− v)) +

2 v (1 + v)w

(1− v)4
log v +

1 + 4v3w2 + v2(1 + 4w)

(1− v)4
logw

+
v3

(
−4w3 + 6w2 − 4w + 1

)
+ v2(3w − 2)− 2vw + v − w

(1− v)4 w
log(1− w)

]
, (F.61)

σ̂qq→q,5
HP,∂G (v, w, χμ) =

1

2Nc

[
1 + v2

(1− v)4
(logχμ + 2 log(1− v))

+
−v3 + v2(w − 2)− 4vw + v − 2

(1− v)4
− 2v3w2 + v2(2w + 1) + 1

(1− v)4
logw

+
v3

(
2w3 − 4w2 + 3w − 1

)
− v2(w − 2) + v(w − 1) + w

(1− v)4 w
log(1− w)

]
, (F.62)

F.1.3 Channel qq → q′:

Integral Contribution

For the qq → q′ channel integral contribution in Eq. (6.15) one has the following partonic cross
sections

σ̂qq→q′,1
Int,1 (v, w, ζ) =

v w

4 (1− v)4

(
(2ζ − 1)(1− v)2(1 + v(w − ζ))√

1− 2ζv + 2(2ζ − 1)vw + v2(w − ζ)2

+
1

ζ
sgn(w − ζ)

(
ζ(2ζ − 1) + v2

(
ζ(4ζ − 1) + 4w2 − 6ζw

)
+ 2ζv(w − ζ)

)
+
2v

ζ

(
2(ζ − 1)ζv2w

(
6ζ + 2(6ζ − 1)w2 + (2− 16ζ)w − 1

)
+v

(
ζ2 +

(
8ζ2 − 4ζ − 2

)
w2 + ζ

(
−4ζ2 − 2ζ + 3

)
w
)

+ζ
(
ζ +

(
4ζ2 − 6ζ + 3

)
w − 1

) ))
,

σ̂qq→q′,1
Int,2 (v, w, ζ) = −σ̂qq→q′,1

Int,1 (v, w, 1− ζ) ,

σ̂qq→q′,1
Int (v, w, ζ) ≡ σ̂qq→q′,1

Int,1 (v, w, ζ) + σ̂qq→q′,1
Int,2 (v, w, ζ) . (F.63)
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σ̂qq→q′,5
Int,1 (v, w, ζ) =

v w

4 (1− v)4

(
− (1− v)2(1 + v(w − ζ))√

1− 2ζv + 2(2ζ − 1)vw + v2(w − ζ)2

−1

ζ
sgn(w − ζ)

(
ζ + v2

(
2ζ2 + ζ + 4w2 − 6ζw

)
+ 2ζv(w − ζ)

)
−2v

ζ

(
− 2(1− ζ)ζv2w

(
2w2 − 2w + 1

)
+ v

(
ζ2 + (4ζ − 2)w2 + 3(1− 2ζ)ζw

)
+ζ(−ζ + (6ζ − 5)w + 1)

))
,

σ̂qq→q′,5
Int,2 (v, w, ζ) = +σ̂qq→q′,5

Int,1 (v, w, 1− ζ) ,

σ̂qq→q′,5
Int (v, w, ζ) ≡ σ̂qq→q′,5

Int,1 (v, w, ζ) + σ̂qq→q′,5
Int,2 (v, w, ζ) . (F.64)

Soft-Fermion Pole Contribution

The formula for the qq → q′ channel soft-fermion pole contribution of Eq. 6.17 features the following
partonic cross sections

σ̂qq→q′,1
SFP,F (v, w, χm) =

1

2

[(
4v4w4

(1− v)4
− 4v3(v + 1)w3

(1− v)4
+

2v2
(
v2 + 2

)
w2

(1− v)4

− 2v2w

(1− v)4
+

1

(1− v)2
− 1

(1− v)2(1− v w)

)
logχm +

w
(
4vw2 + v − 4w

)
(1− v)2 (1− v w)

log(1− v)

− vw(1 + v w)

(1− v)2 (1− v w)
log(1− v w)− v w

(1− v)2
log(1− v + v w)

+
( 4v4w4

(1− v)4
− 4v4w3

(1− v)4
+

2
(
v2 − 3v + 3

)
v2w2

(1− v)4
+

(1− 3v)vw

(1− v)3
+

1

(1− v)2

− 1

(1− v)2 (1− v w)

)
log(1− w) +

(
− 4v4w4

(1− v)4
+

4v4w3

(1− v)4
− 2

(
v2 + 3v + 1

)
v2w2

(1− v)4

− vw

(1− v)2
− 1

(1− v)2
+

1

(1− v)2(1− v w)

)
logw − 12v4w4

(1− v)4
+

12v3(v + 2)w3

(1− v)4

−2v2
(
2v2 + 8v + 1

)
w2

(1− v)4
+

2v2w

(1− v)4

]
, (F.65)

σ̂qq→q′,5
SFP,G (v, w, χm) =

1

2

[(
4v4w4

(1− v)4
− 4v3(v + 1)w3

(1− v)4
+

2v2
(
v2 + 2

)
w2

(1− v)4

− 2v2w

(1− v)4
+

1

(1− v)2
− 1

(1− v)2(1− v w)

)
logχm +

v w

(1− v)2 (1− v w)
log(1− v)

− vw(1 + v w)

(1− v)2 (1− v w)
log(1− v w)− v w

(1− v)2
log(1− v + v w)

+

(
4v4w4

(1− v)4
− 4v4w3

(1− v)4
+

2
(
v2 − 3v + 3

)
v2w2

(1− v)4
+

(1− 3v)vw

(1− v)3
+

1

(1− v)2

− 1

(1− v)2 (1− v w)

)
log(1− w) +

(
− 4v4w4

(1− v)4
+

4v4w3

(1− v)4
− 2

(
v2 − 3v + 3

)
v2w2

(1− v)4

− vw

(1− v)2
− 1

(1− v)2
+

1

(1− v)2(1− v w)

)
logw − 4v4w4

(1− v)4
+

4v4w3

(1− v)4

− 2v2w2

(1− v)4
+

2v2w

(1− v)4

]
. (F.66)

F.1.4 Channel qg → g:

Integral Contribution

For the qg → g channel the collection of partonic cross sections is again started with the integral
contribution, cf. Eq. (6.19). Once more the splitting by color factors CF and Nc is performed,
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familiar from the qg → q channel

σ̂qg→g,1
Int (v, w, ζ) = CF σ̂qg→g,1

Int,CF
(v, w, ζ) +Nc σ̂

qg→g,1
Int,Nc

(v, w, ζ) , (F.67)

with

σ̂qg→g,1
Int,CF

(v, w, ζ) =
v w

2 (1− v)4
(
−ζ(1− 2v − v2)− 2(1− ζ)ζv3w

(
6w2 − 8w + 3

)
−2

(
4ζ2 − 6ζ + 1

ζ

)
v2 w2 + 4

(
ζ2 − 3ζ + 1

)
v2 w + 2

(
ζ2 + ζ − 2

)
v w + 2v

+
(1 + ζ)(1− v)2(1 + v(w − ζ))√

1− 2ζv + 2(2ζ − 1)vw + v2(w − ζ)2

+sgn(w − ζ)

(
1 + v2

(
1 +

2(w − ζ)2

ζ

)))
, (F.68)

σ̂qg→g,1
Int,Nc

(v, w, ζ) =
vw

4 (1− v)4

(
−(2 + ζ)− v2

(
ζ +

(
4ζ − 2

ζ

)
w2 + 2(1− 2ζ)w

)
−2(1− 2ζ)vw − sgn(w − ζ)

(
1 + v2 + v2

(
2 ζ + 2w2

ζ − 4w
))

− (1− v)

[1− 2ζv + 2(2ζ − 1)vw + v2(w − ζ)2]
3
2

[
−1− ζ + v4(w − ζ)3(−ζ + 2w − 1)

+v3
(
ζ2

(
ζ2 − 2ζ − 3

)
+ (11ζ − 7)w3 +

(
−19ζ2 + 4ζ + 3

)
w2 + ζ2(7ζ + 5)w

)
+(ζ − 1)v2

(
−3ζ(ζ + 1) + (14ζ − 5)w2 +

(
2ζ2 − 2ζ + 1

)
w
)

+v
(
3ζ2 + 2ζ +

(
−6ζ2 + ζ + 1

)
w − 1

)])
, (F.69)

and

σ̂qg→g,5
Int (v, w, ζ) = CF σ̂qg→g,5

Int,CF
(v, w, ζ) +Nc σ̂

qg→g,5
Int,Nc

(v, w, ζ) , (F.70)

with

σ̂qg→g,5
Int,CF

(v, w, ζ) =
v w

2 (1− v)4
(
ζ(1− 2v − v2) + 2(1− ζ)ζv3w

(
6w2 − 8w + 3

)
+2

(
4ζ2 − 6ζ + 1

ζ

)
v2 w2 − 4

(
ζ2 − 3ζ + 1

)
v2 w − 2(1− ζ)(2− ζ)v w + 2v

+
(1− ζ)(1− v)2(1 + v(w − ζ))√

1− 2ζv + 2(2ζ − 1)vw + v2(w − ζ)2

+sgn(w − ζ)
(
1 + v2 − v2

(
2ζ + 2w2

ζ − 4w
)))

, (F.71)

σ̂qg→g,5
Int,Nc

(v, w, ζ) =
v w

4 (1− v)4

(
−(2− ζ) + v2

(
ζ +

(
4ζ − 2

ζ

)
w2 + 2(1− 2ζ)w

)
+2(1− 2ζ)vw − sgn(w − ζ)

(
1 + v2 − v2

(
2 ζ + 2w2

ζ − 4w
))

+
(1− v)

[1− 2ζv + 2(2ζ − 1)vw + v2(w − ζ)2]
3
2

[
1− ζ + v4(w − ζ)3(−ζ + 2w + 1)

+v3
(
ζ2

(
ζ2 − 4ζ + 3

)
+ (11ζ − 5)w3 +

(
−19ζ2 + 10ζ − 3

)
w2 + ζ2(7ζ − 1)w

)
+v2

(
−3(ζ − 1)2ζ +

(
14ζ2 − 15ζ + 7

)
w2 +

(
2ζ3 − 8ζ2 − ζ + 1

)
w
)

+v
(
3ζ2 − 4ζ +

(
−6ζ2 + 13ζ − 5

)
w + 1

)])
. (F.72)

Soft-Gluon Pole Contribution

Next are the partonic cross sections for the qg → g channel soft-gluon pole appearing in Eq. (6.21).
Again, separation by color factors is applied

σ̂qg→g,1
SGP,F (v, w, χμ, χm) = CF σ̂qg→g,1

SGP,F,CF
(v, w, χμ) +Nc σ̂

qg→g,1
SGP,F,Nc

(v, w, χm) , (F.73)
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with

σ̂qg→g,1
SGP,F,CF

(v, w, χμ) = Aqg→g,1
1,SGP,F,CF

(v, χμ) δ(1− w)

+Aqg→g,1
2,SGP,F,CF

(v)
1

(1− w)+
+Aqg→g,1

3,SGP,F,CF
(v, w) log(χμ)

+Aqg→g,1
4,SGP,F,CF

(v, w) log(1− w) +Aqg→g,1
5,SGP,F,CF

(v, w) log(1− v)

+Aqg→g,1
6,SGP,F,CF

(v, w) log(1− v + v w) +Aqg→g,1
7,SGP,F,CF

(v, w) log(w)

+Aqg→g,1
8,SGP,F,CF

(v, w) . (F.74)

The eight coefficients are

Aqg→g,1
1,SGP,F,CF

(v, χμ) =
v
(
1 + v2

)
(1− v)4

logχμ +
2v3 + 5v2 + 1

2 (1− v)4
log(1− v)− v4 − 8v3 + 9v2 − 6v

4 (1− v)4
,

Aqg→g,1
2,SGP,F,CF

(v) =
3 v

(
1 + v2

)
2 (1− v)4

,

Aqg→g,1
3,SGP,F,CF

(v, w) = − 6v4w4

(1− v)4
+

8v4w3

(1− v)4
−

(
3v2 − 2v + 3

)
v2w2

(1− v)4
+

2

(1− v)2

+
v(2− 4w)− 2

(1− v) (1− v + v w)2
,

Aqg→g,1
4,SGP,F,CF

(v, w) = − 6v4w4

(1− v)4
+

v3(8v − 1)w3

(1− v)4
− v2

(
3v2 − 2v + 3

)
w2

(1− v)4
− v(v + 1)w

2(1− v)3

+
2

(1− v)2
+

v(2− 4w)− 2

(1− v) (1− v + v w)2
,

Aqg→g,1
5,SGP,F,CF

(v, w) = − 12v4w4

(1− v)4
+

16v4w3

(1− v)4
− 2

(
3v2 − 2v + 3

)
v2w2

(1− v)4
+

2

(1− v)2

+
v(2− 4w)− 2

(1− v) (1− v + v w)2
,

Aqg→g,1
6,SGP,F,CF

(v, w) =
4v2w2

(1− v)2 (1− v + v w)2
,

Aqg→g,1
7,SGP,F,CF

(v, w) =
6v4w4

(1− v)4
− v3(8v − 1)w3

(1− v)4
+

v2
(
3v2 − 2v + 3

)
w2

(1− v)4
− 2

(1− v)2

+
v(4w − 2) + 2

(1− v) (1− v + v w)2
,

Aqg→g,1
8,SGP,F,CF

(v, w) =
3v4w4

(1− v)4
− 2v3(8 + v)w3

(1− v)4
+

v2 (11v − 2)w2

(1− v)4
+

3v
(
v2 − 4v + 1

)
w

2(1− v)4

+
3v3 − 26v2 + 31v − 14

2(1− v)4
+

11− 3v

(1− v)(1− v + v w)
− 4

(1− v + v w)2
. (F.75)

The Nc-part reads

σ̂qg→g,1
SGP,F,Nc

(v, w, χm) = Aqg→g,1
1,SGP,F,Nc

(v, χm) δ(1− w)

+Aqg→g,1
2,SGP,F,Nc

(v)
1

(1− w)+
+Aqg→g,1

3,SGP,F,Nc
(v, w) log(χm)

+Aqg→g,1
4,SGP,F,Nc

(v, w) log(1− w) +Aqg→g,1
5,SGP,F,Nc

(v, w) log(1− v)

+Aqg→g,1
6,SGP,F,Nc

(v, w) log(1− v w) +Aqg→g,1
7,SGP,F,Nc

(v, w) log(w)

+Aqg→g,1
8,SGP,F,Nc

(v, w) , (F.76)
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with the eight coefficients

Aqg→g,1
1,SGP,F,Nc

(v, χm) =
v3 − 2v2 + 2v

2 (1− v)4
log(χm) +

1− 2v

2 (1− v)4
log(1− v)− (1 + v)v2

4 (1− v)4
,

Aqg→g,1
2,SGP,F,Nc

(v) =
v (3− v)

4 (1− v)3
,

Aqg→g,1
3,SGP,F,Nc

(v, w) = − 2v3w3

(1− v)4
+

v2(v + 1)w2

(1− v)4
+

1

(1− v)3
− 3− v

(1− v)3 (1− v w)

+
3− 2v

(1− v)3(1− v w)2
− 1

(1− v)2 (1− v w)3
,

Aqg→g,1
4,SGP,F,Nc

(v, w) = − 3v3w3

2 (1− v)4
+

v2(v + 1)w2

(1− v)4
+

v(1 + v)w

4 (1− v)3
− 3− v

(1− v)3 (1− v w)

+
3− 2v

(1− v)3 (1− v w)2
− 1

(1− v)2 (1− v w)3
+

1

(1− v)3
,

Aqg→g,1
5,SGP,F,Nc

(v, w) = − v3(1− w)w2

(1− v)3 (1− v w)3
,

Aqg→g,1
6,SGP,F,Nc

(v, w) =
2v3(1− w)w2

(1− v)3 (1− v w)3
,

Aqg→g,1
7,SGP,F,Nc

(v, w) =
3v3w3

2 (1− v)4
− v2(1 + v)w2

(1− v)4
+

3− v

(1− v)3 (1− v w)

− 3− 2v

(1− v)3(1− v w)2
+

1

(1− v)2(1− v w)3
− 1

(1− v)3
,

Aqg→g,1
8,SGP,F,Nc

(v, w) =
3v3w3

2 (1− v)4
− v2(1 + 2v)w2

2 (1− v)4
− v

(
1 + v2

)
w

4(1− v)4
+

8v2 − 32v + 25

2 (1− v)4 (1− v w)

−v3 + 4v2 − 29v + 26

4(1− v)4
+

2

(1− v) (1− v + v w)

− 21− 13v

2 (1− v)3 (1− v w)2
− 1

2 (1− v + v w)2
+

3

(1− v)2 (1− v w)3
.(F.77)

The SGP contribution associated to the axial-vector qgq function G has the rather simple form

σ̂qg→g,5
SGP,∂2G

(v, w) =
v(2CF −Nc)

(
v2

(
2w2 − 4w + 1

)
− 1

)
2 (1− v)4

log(1− w)

−w
(
CF (1− v) +Nc

(
1− v + v2

))
(1− v)3

log(1− v)− v3w2(2CF −Nc)

(1− v)4
log(w)

+
Ncv

2w

(1− v)3
log(1− v + v w) + CF

v w
(
v3

(
6w2 − 8w + 3

)
− 4v2 + v − 2

)
2(1− v)4

+Nc

v w
(
v2(1− 2w) + 3v − 2

)
2 (1− v)4

. (F.78)

Soft-Fermion Pole Contribution

Separated by color factors, the partonic cross sections of the qg → g channel soft-fermion pole
contribution in Eq. (6.22) reads explicitly

σ̂qg→g,1
SFP,F (v, w, χm) = CF σ̂qg→g,1

SFP,F,CF
(v, w, χm) +Nc σ̂

qg→g,1
SFP,F,Nc

(v, w, χm) , (F.79)

with

σ̂qg→g,1
SFP,F,CF

(v, w, χm) = Aqg→g,1
1,SFP,F,CF

(v, w) log(χm)

+Aqg→g,1
2,SFP,F,CF

(v, w) log(1− w) +Aqg→g,1
3,SFP,F,CF

(v, w) log(1− v)

+Aqg→g,1
4,SFP,F,CF

(v, w) log(1− v + v w) +Aqg→g,1
5,SFP,F,CF

(v, w) log(1− v w)

+Aqg→g,1
6,SFP,F,CF

(v, w) log(w) +Aqg→g,1
7,SFP,F,CF

(v, w) , (F.80)
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and the seven coefficients

Aqg→g,1
1,SFP,F,CF

(v, w) =
v2w2

(
v2

(
2w2 − 2w + 1

)
− 2vw + 1

)
(1− v)4 (1− v w)

,

Aqg→g,1
2,SFP,F,CF

(v, w) =
v2w

(
v2w(2w − 1) + v(2− 4w) + w

)
(1− v)4 (1− v w)

,

Aqg→g,1
3,SFP,F,CF

(v, w) = −w
(
2v3w(2w − 1) + v2

(
w2 − 4w + 1

)
− v

(
w2 + w − 1

)
+ w

)
(1− v)3 (1− v w)

,

Aqg→g,1
4,SFP,F,CF

(v, w) =
v w (1 + v(1− 2w))

(1− v)3
,

Aqg→g,1
5,SFP,F,CF

(v, w) =
v w

(
v2w(2w − 1)− v(w + 1) + 1

)
(1− v)3 (1− v w)

,

Aqg→g,1
6,SFP,F,CF

(v, w) =
v2 w2

(
v2(6w − 1)− 4v(w + 1) + 3

)
(1− v)4 (1− v w)

,

Aqg→g,1
7,SFP,F,CF

(v, w) = − 3v4w4

(1− v)4
+

2v3(2v + 5)w3

(1− v)4
− v

(
3v3 + 20v2 − 3v − 2

)
w2

2(1− v)4

− vw

(1− v)3
− 1

(1− v)(1− v + v w)
+

1

(1− v)2
. (F.81)

The Nc part reads

σ̂qg→g,1
SFP,F,Nc

(v, w, χm) = Aqg→g,1
1,SFP,F,Nc

(v, w) log(χm)

+Aqg→g,1
2,SFP,F,Nc

(v, w) log(1− w) +Aqg→g,1
3,SFP,F,Nc

(v, w) log(1− v)

+Aqg→g,1
4,SFP,F,Nc

(v, w) log(1− v + v w) +Aqg→g,1
5,SFP,F,Nc

(v, w) log(1− v w)

+Aqg→g,1
6,SFP,F,Nc

(v, w) log(w) +Aqg→g,1
7,SFP,F,Nc

(v, w) , (F.82)

also with seven coefficients

Aqg→g,1
1,SFP,F,Nc

(v, w) =
v2w2

(
v3w

(
2w2 − 2w + 1

)
+ v2

(
−6w2 + 4w − 2

)
+ 5vw − 2

)
2 (1− v)4 (1− v w)2

,

Aqg→g,1
2,SFP,F,Nc

(v, w) =
v2w

(
v3w2(2w − 1)− 2v2w

(
w2 + 2w − 1

)
+ v

(
3w2 + 4w − 2

)
− 2w

)
2 (1− v)4 (1− v w)2

,

Aqg→g,1
3,SFP,F,Nc

(v, w) = −
(
3v2 − v + 1

)
w2

(1− v)3
+

v(1 + v)w

(1− v)3
− 3− v

2 (1− v)3 (1− v w)

+
1

2 (1− v)2 (1− v w)2
+

1

(1− v)3
,

Aqg→g,1
4,SFP,F,Nc

(v, w) = −v w (1 + v(1− 2w))

2 (1− v)3
,

Aqg→g,1
5,SFP,F,Nc

(v, w) =
v w

(
v3w2(4w − 1) + v2(2− 9w)w + 2vw + v + 1

)
2 (1− v)3 (1− v w)2

,

Aqg→g,1
6,SFP,F,Nc

(v, w) =
v2w2

(
v3w(6w − 1)− 2v2

(
w2 + 6w − 1

)
+ v(5w + 4)− 2

)
2 (1− v)4 (1− v w)2

,

Aqg→g,1
7,SFP,F,Nc

(v, w) = − 4v3w3

(1− v)4
+

v
(
7v2 + 7v − 4

)
w2

2 (1− v)4
+

2vw

(1− v)3
+

4− v

2 (1− v)3

− 7− 4v

2 (1− v)3 (1− v w)
+

1

2 (1− v) (1− v + v w)
+

1

(1− v)2 (1− v w)2
.(F.83)

Analogously, the partonic cross sections for the axial-vector part accompanying the function G
can be written as

σ̂qg→g,5
SFP,G (v, w, χm) = CF σ̂qg→g,5

SFP,G,CF
(v, w, χm) +Nc σ̂

qg→g,5
SFP,G,Nc

(v, w, χm) . (F.84)
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Here, the axial-vector part σ̂qg→g,5
SFP,G is quite similar to the vector part σ̂qg→g,1

SFP,F

σ̂qg→g,5
SFP,G,CF

(v, w, χm) = σ̂qg→g,1
SFP,F,CF

(v, w, χm) +
2
(
1− v − 2v2

)
w2

(1− v)3
log(1− v)

+
4v2 w2

(1− v)3
log(1− v w)− 4v2(1− 3v)w2

(1− v)4
log(w)

+
v2 w2

(
v2

(
6w2 − 8w + 3

)
− 16v(w − 1)− 1

)
(1− v)4

, (F.85)

and

σ̂qg→g,5
SFP,G,Nc

(v, w, χm) = σ̂qg→g,1
SFP,F,Nc

(v, w, χm) +
2
(
1− v + 2v2

)
w2

(1− v)3
log(1− v)

− 4v2w2

(1− v)3
log(1− v w) +

2(1− 3v)v2w2

(1− v)4
log(w) +

vw2
(
v2(6w − 5)− 4v + 3

)
(1− v)4

. (F.86)

F.1.5 Channel gg → q:

Lastly, the explicit results for hadron production are concluded with the two partonic cross sections
of Eq. (6.23), which constitutes the result for the gg → q channel

σ̂gg→q
xx (v, w, χm, χμ) = Agg→q

1,xx (v, χm, χμ)δ(1− w) +Agg→q
2,xx (v)

1

(1− w)+

+Agg→q
3,xx (v, w) log(χm) +Agg→q

4,xx (v, w) log(1− w)

+Agg→q
5,xx (v, w) log(χμ) +Agg→q

6,xx (v, w) log(1− v w)

+Agg→q
7,xx (v, w) log(1− v) +Agg→q

8,xx (v, w) log(w) +Agg→q
9,xx (v, w) , (F.87)

where one has the following nine coefficients

Agg→q
1,xx (v, χm, χμ) =

2(v − 1)v + 1

(1− v)4
log(χm) +

1 + v2

(1− v)4
log(χμ) +

v2 − (1− v)2

(1− v)4

+
(3v − 2)v + 2

(1− v)4
log(1− v) ,

Agg→q
2,xx (v) =

2− 2v + 3v2

(1− v)4
,

Agg→q
3,xx (v, w) =

2v
(
−2vw2 + v − 2

)
+ 4

(1− v)4
− 4(2− v)v2w2 + (3− v)(1− 3vw)

(1− v)3(1− v w)3
,

Agg→q
4,xx (v, w) =

−2
(
3v2 + 1

)
w2 + 3v2 − 4v + 5

(1− v)4
− 4(2− v)v2w2 + (3− v)(1− 3vw)

(1− v)3(1− v w)3
,

Agg→q
5,xx (v, w) =

(
1 + v2

) (
1− 2w2

)
(1− v)4

,

Agg→q
6,xx (v, w) =

2v2w2((v − 3)vw + v + 1)

(1− v)3(1− v w)3
,

Agg→q
7,xx (v, w) =

v
(
−6vw2 + v + 4

)
− 1− 2w2

(1− v)4
+

4(2− v)v2w2 + (3− v)(1− 3vw)

(1− v)3(1− v w)3
,

Agg→q
8,xx (v, w) =

2(v + 1)w2 + v − 3

(1− v)3
+

4(2− v)v2w2 + (3− v)(1− 3vw)

(1− v)3(1− v w)3
,

Agg→q
9,xx (v, w) =

8v2w − 2(v + 1)(4v − 1)w2 + (19− 7v)v − 20

(1− v)4

+
12v2 − 45v + 34

(1− v)4(1− v w)
+

15v − 23

(1− v)3(1− v w)2
+

6

(1− v)2(1− v w)3
, (F.88)

and

σ̂gg→q
x0 (v, w, χm, χμ) = Agg→q

1,x0 (v, χm, χμ)δ(1− w) +Agg→q
2,x0 (v)

1

(1− w)+

+Agg→q
3,x0 (v, w) log(χm) +Agg→q

4,x0 (v, w) log(1− w)

+Agg→q
5,x0 (v, w) log(χμ) +Agg→q

6,x0 (v, w) log(1− v w)

+Agg→q
7,x0 (v, w) log(1− v) +Agg→q

8,x0 (v, w) log(w) +Agg→q
9,x0 (v, w) (F.89)
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again with nine coefficients

Agg→q
1,x0 (v, χm, χμ) = −2(v − 1)v + 1

(1− v)4
log(χm)− 1 + v2

(1− v)4
log(χμ) +

(2− v)2

(1− v)4

+
(2− 3v)v − 2

(1− v)4
log(1− v) ,

Agg→q
2,x0 (v) =

−2 + 2v − 3v2

(1− v)4
,

Agg→q
3,x0 (v, w) =

v2
(
4w2 − 2

)
+ 4v − 4

(1− v)4
+

4(2− v)v2w2 + (3− v)(1− 3vw)

(1− v)3(1− v w)3
,

Agg→q
4 (v, w) =

v
(
v
(
6w2 − 3

)
+ 4

)
+ 2w2 − 5

(1− v)4
+

4(2− v)v2w2 + (3− v)(1− 3vw)

(1− v)3(1− v w)3
,

Agg→q
5,x0 (v, w) = −

(
1 + v2

) (
1− 2w2

)
(1− v)4

,

Agg→q
6 (v, w) = −2v2w2(−4v2w2(3− vw) + v(v + 9)w + v − 3)

(1− v)3(1− v w)3
,

Agg→q
7,x0 (v, w) =

(
(8v − 2)v2 + 2

)
w2 − v2 − 4v + 1

(1− v)4
− 4(2− v)v2w2 + (3− v)(1− 3vw)

(1− v)3(1− v w)3
,

Agg→q
8,x0 (v, w) = −2

(
4v2 + v + 1

)
w2 + v − 3

(1− v)3
− 4(2− v)v2w2 + (3− v)(1− 3vw)

(1− v)3(1− v w)3
,

Agg→q
9,x0 (v, w) =

2
(
7v2 + v − 4

)
w2 + 8v2 + 8(1− 2v)vw − 23v + 25

(1− v)4

− 12v2 − 49v + 38

(1− v)4(1− v w)
− 15v − 23

(1− v)3(1− v w)2
− 6

(1− v)2(1− v w)3
. (F.90)

F.2 Jet Production

In this part of the appendix the partonic cross sections for the jet-specific contribution of Eq. (6.25)
are collected. Their explicit forms depend on the choice of jet algorithm, see Ref. [129], and here
they are given for the kT -type algorithms. Because of the delta function δ(1 − z) one has a fixed
value for the kinematical variable v, namely v = v1 = 1 + t

s . As before, the color factors are
factored out explicitly (in this case there is only a CF -contribution)

σ̂
qg→jet(q+g)
SGP, jet,F (w,R, μ) = CF σ̂

qg→jet(q)
SGP, jet,F (w,R, μ) + CF σ̂

qg→jet(g)
SGP, jet,F (w,R, μ) , (F.91)

where the first part corresponds to former quark fragmentation and reads

σ̂
qg→jet(q)
SGP, jet,F (w,R, μ) = A

qg→jet(q)
0,SGP, jet,F (R,μ) δ(1− w) +A

qg→jet(q)
1,SGP, jet,F

(
log(1− w)

1− w

)
+

+A
qg→jet(q)
2,SGP, jet,F (R,μ)

1

(1− w)+

+A
qg→jet(q)
3,SGP, jet,F log

(
R2v2(1− w)2 t u

s μ2

)
+A

qg→jet(q)
4,SGP, jet,F , (F.92)

with

A
qg→jet(q)
0,SGP, jet,F (R,μ) =

4v3 + 9v2 + 12v + 1− 4(1 + v2) log(v)

2(1− v)3
log

(
R2 t u

s μ2

)
−2

1 + v2

(1− v)3
log2(v) + 4

(1 + v)3

(1− v)3
log(v) +

1 + v2

(1− v)3
(
13
2 − 2

3π
2
)
,

A
qg→jet(q)
1,SGP, jet,F = −4

1 + v2

(1− v)3
,
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A
qg→jet(q)
2,SGP, jet,F (R,μ) = 4

(1 + v)3 − (1 + v2) log(v)

(1− v)3
− 2

1 + v2

(1− v)3
log

(
R2 t u

s μ2

)
,

A
qg→jet(q)
3,SGP, jet,F = − 6v4w4

(1− v)3
+

4v3(2v − 3)w3

(1− v)3
− v2

(
3v2 − 8v + 9

)
w2

(1− v)3
+ 2

1 + v2

(1− v)3
,

A
qg→jet(q)
4,SGP, jet,F = − 10v4w4

(1− v)3
+ 4

v3(3v − 4)w3

(1− v)3
− v2

(
5v2 − 8v + 19

)
w2

(1− v)3

−4v
(
v2 + 2v + 3

)
w

(1− v)3
− 4

(1 + v)3

(1− v)3
. (F.93)

The analogous result for former gluon fragmentation is given as

σ̂
qg→jet(g)
SGP, jet,F (w,R, μ) = A

qg→jet(g)
0,SGP, jet,F (R,μ) δ(1− w) +A

qg→jet(g)
1,SGP, jet,F

1

(1− w)+

+A
qg→jet(g)
2,SGP, jet,F log

(
R2 v2(1− w)2 t u

s μ2

)
+A

qg→jet(g)
3,SGP, jet,F , (F.94)

with

A
qg→jet(g)
0,SGP, jet,F (R,μ) = −v

(
1 + v2

)
(1− v)3

(
log

(
R2 t u

s μ2

)
+ 2 log(v) + 1

)
,

A
qg→jet(g)
1,SGP, jet,F = −2v

(
1 + v2

)
(1− v)3

,

A
qg→jet(g)
2,SGP, jet,F =

6v4w4

(1− v)3
− 8v4w3

(1− v)3
+

(
3v2 − 2v + 3

)
v2w2

(1− v)3
+

4

1− v + v w

− 2(1− v)

(1− v + v w)2
− 2

1− v
,

A
qg→jet(g)
3,SGP, jet,F =

10v4w4

(1− v)3
− 4v3(3v − 2)w3

(1− v)3
+

v2
(
5v2 − 10v + 9

)
w2

(1− v)3
− 2v

(
v2 − 4v + 1

)
w

(1− v)3

−2
(
v3 − 6v2 + 5v − 2

)
(1− v)3

− 4(1− v)

1− v + v w
. (F.95)

There is also a derivative term

σ̂
qg→jet(q)
SGP, jet,F ′(w,R, μ) = CF

(
A

qg→jet(q)
0,SGP, jet,F ′(R,μ)δ(1− w) +A

qg→jet(q)
1,SGP, jet,F ′

(
log(1− w)

1− w

)
+

+A
qg→jet(q)
2,SGP, jet,F ′

1

(1− w)+

)
, (F.96)

with

A
qg→jet(q)
0,SGP, jet,F ′(R,μ) = − 1 + v2

(1− v)3

[
2 log2(v) + ( 32 + 2 log(v)) log

(
R2 t u

s μ2

)
− 13

2 + 2
3π

2
]
,

A
qg→jet(q)
1,SGP, jet,F ′ = −4

(
1 + v2

)
(1− v)3

,

A
qg→jet(q)
2,SGP, jet,F ′ = −2

(
1 + v2

)
(1− v)3

log
(
R2 t u

s μ2

)
− 4

(
1 + v2

)
(1− v)3

log(v) . (F.97)

F.3 Single-Inclusive Photon Production

In this appendix the explicit analytical expressions for the partonic cross sections featured in the
results for single-inclusive photon production are listed. Note that only the formulas for the Inter-
ference channel are shown, since the Compton channel can be obtained from hadron production,
as elaborated on in the main text. In this channel one only has direct photon production and as
a consequence v = v1 = 1 + t

s throughout this section.
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NLO Virtual qγq Contribution

Starting with the loop corrections, one finds the following results for the contribution by quark-
photon-quark correlations in 6.34

σ̂I,qγq
1

(
v, w,− u

μ2

)
=

[
3

2
log

(
−u(1− v)

μ2v

)
− 3

(
v2 + v + 1

)
v2 + 1

− π2

6

]
δ(1− w)

+

[
log

(
−u(1− v)

μ2v

)
+

(1− v)2

v2 + 1

]
1

(1− w)+
+

(
log(1− w)

1− w

)
+

+
3

2
− log(w)

1− w

σ̂I,qγq
5

(
v, w,− u

μ2

)
=

[
3

2
log

(
−u(1− v)

μ2v

)
− π2

6
− 9

2

]
δ(1− w)

+ log

(
−u(1− v)

μ2v

)
1

(1− w)+
+

(
log(1− w)

1− w

)
+

− 7

2
− log(w)

1− w
. (F.98)

NLO Virtual gγg Contribution

The other NLO virtual correction, generated by gluon-photon-gluon correlations in 6.35, reads

σ̂I,gγg
1

(
v, w,− u

μ2

)
=

[
4 log

(
−u(1− v)

μ2v

)
− 8v

v2 + 1

]
δ(1− w) +

4

(1− w)+

+4 log

(
−u(1− v)(1− w)

μ2vw

)
− 8v

v2 + 1

σ̂I,gγg
2

(
v, w,− u

μ2

)
=

[
4 log

(
−u(1− v)

μ2v

)
− 2(v + 1)2

v2 + 1

]
δ(1− w) +

4

(1− w)+
− 2(v + 1)2

v2 + 1

σ̂I,gγg
3

(
v, w,− u

μ2

)
= −2(v + 1)2

v2 + 1
(1 + δ(1− w)) + 4 log

(
−u(1− v)(1− w)

μ2vw

)
. (F.99)

Integral Contribution

Moving on with NLO real corrections and starting with the integral contribution given by Eq. 6.36
one finds

σ̂I,Int
+ (v, w, ζ) =

sgn
(
ζ − v2(1−w)w

(1−w)(1−v)2+w

)
(ζ − 1)v2w2

2(v − 1)(v(w − 1) + 1)2(ζ + v(w − ζ))2
(
2ζ2 − 2ζ + v2(w − 1)2

+2ζv(w − 1) + 1) +
sgn(w − ζ)ζ

2(v − 1)2(ζ + v(w − ζ))2
(
ζ + v4(w − ζ)2 − v3

(
3ζ2 + ζ + 2w2 − 4ζw − 2w

)
+v2

(
ζ2 + ζ − w2

)
− (ζ − 1)v(2w − ζ)

)
+

ζv2(w − ζ) + v(2ζ − 2ζw + w)− 1

2(v − 1)
√
v2(w − ζ)2 − 2ζv + (4ζ − 2)vw + 1

−v(−ζ + v(w − 1)(ζ(w − 1)− 1) + w − 1)

(v − 1)2(v(w − 1) + 1)2

σ̂I,Int
− (v, w, ζ) = − sgn(w − ζ)v2(w − ζ)

(v − 1)2(ζ + v(w − ζ))2
(
v2w(w − ζ)2 − ζv

(
ζ2 + ζ + w2 − 2ζw − w

)

+ζ
(
ζ2 + ζ − 3ζw + w

))
+

sgn
(
ζ − v2(1−w)w

(1−w)(1−v)2+w

)
(ζ − 1)ζv2w2

2(v − 1)(v(w − 1) + 1)2(ζ + v(w − ζ))2
(
5ζ2 − 6ζ + v2(w − ζ)2

+2(2ζ − 1)v(w − ζ) + 2) +
ζ
(
ζv2(w − ζ) + v(2ζ − 2ζw + w)− 1

)
2(v − 1)

√
v2(w − ζ)2 − 2ζv + (4ζ − 2)vw + 1

+
v2w2

(v − 1)2

+
ζ

2(v − 1)2(v(w − 1) + 1)2
(
v4(w − 1)2

(
−ζ + 4(ζ − 2)w2 + 2w

)
+ v3

(
ζ + 2(4ζ − 5)w3

+(6− 8ζ)w2 + 4w − 1
)
− v2

(
ζ + (ζ − 2)w2 − 2(ζ − 2)w + 1

)
+ v(ζ − 2w + 3)− 1

)
. (F.100)
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Soft-Gluon Pole Contribution

Next is the soft-gluon pole contribution given in 6.38. The partonic cross sections read

σ̂I,SGP
1

(
v, w,− u

μ2

)
= AI,SGP

1,1

(
v,− u

μ2

)
δ(1− w) + AI,SGP

1,2 (v)
1

(1− w)+
+ AI,SGP

1,3 (v, w)

AI,SGP
1,1

(
v,− u

μ2

)
= −

(
v2 + 1

)
(v − 1)2

log

(
− u

μ2
(1− v)

)
+

(
1

2v
− 1

)
log(1− v)

−v
(
v2 − 2v + 5

)
4(v − 1)2

+
1

2

AI,SGP
1,2 (v) = −5

(
v2 + 1

)
2(v − 1)2

AI,SGP
1,3 (v, w) =

v2w2
(
v2 − 2v(w + 1) + 1

)
(v − 1)3(v(w − 1) + 1)2

log
(
(1− v)2(1− w) + w

)
+
1 + v

1− v
log(v(w − 1) + 1) +

v2w2
(
2vw + (v − 1)2

)
(v − 1)3(v(w − 1) + 1)2

log(w)

+

(
v
(
v
(
v2w(w − 1)2 + v

(
3(w − 1)2w − 1

)
+ 2w2 − 3w + 1

)
− w + 1

)
− 1

)
(v − 1)2(v(w − 1) + 1)2

log(1− w)

+

(
v2(w − 1)2 − 2vw − 1

)
(v(w − 1) + 1)2

log(1− v) +
5v2w2

(v − 1)2
− 4(v − 1)

(v(w − 1) + 1)2
+

v − 9

v(w − 1) + 1

+

(
v2 − 4v + 5

)
(v − 1)5

2(v − 2)4 ((v − 1)2(w − 1)− w)
3 +

(
v3 + 2v2 − 17v + 24

)
(v − 1)2

2(v − 2)4 ((v − 1)2(w − 1)− w)

+

(
v4 − 7v3 + 23v2 − 37v + 26

)
(v − 1)3

2(v − 2)4 ((v − 1)2(w − 1)− w)
2 +

(
−3v5 − 8v4 + 123v3 − 294v2 + 206v + 8

)
w

4(v − 2)3(v − 1)2

+
7v6 − 68v5 + 287v4 − 681v3 + 971v2 − 791v + 285

2(v − 2)4(v − 1)2
, (F.101)

and

σ̂I,SGP
5 (v, w) =

(
4

(1− v)w(v(w − 1) + 1)
− v2

(
2w2 − 2w + 1

)
+ v(2− 6w) + 5

(1− v)2w

)
log(1− w)

−w

v
log(1− v) +

2v2w
(
v2 + (v − 4)vw + v − 2

)
(1− v)5(v(w − 1) + 1)

log

(
(1− v)2(1− w)

w
+ 1

)

+

(
v2 − 4v + 5

)
(1− v)3

2(2− v)4w (− (v2(w − 1)) + 2v(w − 1) + 1)
2 +

v
(
−v3 + 7v2 − 17v + 13

)
(1− v)

(2− v)4w (− (v2(w − 1)) + 2v(w − 1) + 1)

+
2v4 − 14v3 + 33v2 − 22v − 5

2(2− v)4(1− v)w
−

(
2v5 − 3v4 − 16v3 + 31v2 − 6v − 2

)
w

(2− v)2(1− v)3

−5v6 − 25v5 + 27v4 + 31v3 − 36v2 − 38v + 24

2(2− v)3(1− v)3
. (F.102)
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Soft-Fermion Pole Contribution

Finally, the results for the partonic cross sections of the soft-fermion pole contribution in 6.39 are
shown

σ̂I,SFP
+

(
v, w,− u

μ2

)
= −

(
v2 + 1

)
(w − 1)2

(v − 1)2
log

(
−u(1− w)

μ2

)
+

1

1− v
log(1− vw)

+

(
v2

(
−2w2 + 2w − 1

)
+ 2vw − 1

)
(v − 1)2

log(1− v) +
vw(2− vw)

(v − 1)2
log(v(w − 1) + 1)

+

(
v
(
2vw2 − 2vw + v − 2w + 1

)
(v − 1)2

− 2v(w − 1)

(v − 1)(v(w − 1) + 1)2

)
log

(
v2(1− w)

)
+
2v2w2

(
v2(w − 1) + v(w − 1) + 2

)
(v − 1)4(v(w − 1) + 1)2

log

(
(1− v)2(1− w)

w
+ 1

)
+

(w − 2)w

(v − 1)2
log(w)

− 2(v − 1)

(v − 2)2 ((v2 − 2v)w − v2 + 2v − 1)
+

−3v4 + 12v3 − 17v2 + 16v − 16

2(v − 2)2(v − 1)2

+
1

v(w − 1) + 1
+

v
(
v2 + v − 8

)
w

(v − 2)(v − 1)2
−

(
v2 + 6v − 3

)
w2

2(v − 1)2

σ̂I,SFP
− (v, w) = −2(v − 4)v2w2

(v − 1)5
log

(
(1− v)2(1− w)

w
+ 1

)
− 2v2w2

(v − 1)2
log(w)

−w2

v
log(1− v)−

(
v2 − 4v + 5

)
(v − 1)3

2(v − 2)4 ((v − 1)2(w − 1)− w)
2 +

−2v3 + 13v2 − 34v + 29

2(v − 2)4(v − 1)

−
(
v3 − 6v2 + 15v − 12

)
(v − 1)

(v − 2)4 (v2w − v2 − 2vw + 2v − 1)
+

(
v5 + 7v4 − 45v3 + 53v2 + 4v − 8

)
w2

2(v − 2)2(v − 1)3

+

(
−2v6 + 11v5 − 19v4 + 12v3 − 17v2 + 29v − 8

)
w

(v − 2)3(v − 1)3
. (F.103)

F.4 γSIDIS

This part of the appendix gives the explicit formulas for the partonic cross sections that appear
in the final result for the γSIDIS reaction in Eq. (6.42). The expressions are organized according
to their type of pole contribution, i.e. hard pole (HP) or soft-fermion pole (SFP), by the kind of
linear combination of the qgq functions (±), by the type of azimuthal spin correlation (φ′ or φγ),
and by the production channel (Compton or Interference). In total there are 16 different hard
scattering coefficients listed below. Recall that these results were already obtained in a different
form in Ref. [109]. In the following, the same dimensionless kinematic variables are used as in
Ref. [137], defined via the relations

P · l = 1
2Q

2α , P · l′ = 1
2Q

2α′ ,

l · Pγ = 1
2Q

2β , l′ · Pγ = 1
2Q

2β′ ,

P · Pγ = 1
2Q

2γ , Q̃2 = (1− β + β′)Q2 . (F.104)

Note that these variables are also related to xB , x̃B as follows

xB =
1

α− α′ − γ
, x̃B =

1− β + β′

α− α′ . (F.105)

Using these relations, γ and x̃B can be eliminated in favor of α, α′, β, β′, xB . In terms of these
variables the azimuthal spin correlations have the compact form

εPll′S =
Q3

2

√
αα′ (1− β + β′) sin (φS − φ′) , εPlPγS =

Q3

2

√
αβγ sin (φS − φγ) . (F.106)

Moreover, there are several short-hand notations for the different denominators that will appear
in the formulas below

D1 = 1− β + β′ , D2 = 1− xB (α− α′) , D3 = 1− β + β′ − xB (α− α′) . (F.107)
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Hard Pole Contributions

The HP contributions for F +G are given by the following partonic cross sections

σ̂C,φ′
HP,+ = −

16
(
α2 + (α′)2

)
x2
B

αD1D2
3

,

σ̂I,φ′
HP,+ =

16
(
α2 + (α′)2

)
x2
B

(
D1α

′β′xB + α
(
β2 − (β + 1)β′)xB +D1β

′)
αββ′D1D2

3

,

σ̂C,φγ

HP,+ =
16 (α− α′)

(
α2 + (α′)2

)
x3
B

αD1D2D2
3

,

σ̂I,φγ

HP,+ = −
16

(
α2 + (α′)2

)
x3
B (αβ − α′β′)

αββ′D2
3

. (F.108)

The analogous results for F −G have the slightly more lengthy partonic cross sections

σ̂C,φ′
HP,− = − 16

αD2
1 (1−D2)D2

3

(
D2

1 + 2D1α
′ (β′ + 1)xB

+2x2
B

(
α2(β − 1)β − αα′β (2β′ + 1) + (α′)2 (β′ + 1)

2
))

,

σ̂I,φ′
HP,− =

8

αββ′D1 (1−D2)D2
3

(
D1xB

(
6α′ (β′)2 + 2αβ2

−β′ (2β (α′ + α)− 6α′ + α
(
αα′x2

B + 2
)))

+ x2
B

(
−4α3(β − 1)β2xB

−4αα′β′ (2ββ′ + β′ + β + α′ (3ββ′ + β′ + 2β + 1)xB + 1)

+4 (α′)2 β′ (β′ + 1) (2β′ − β + α′ (β′ + 1)xB + 2)

+α2
(
4(β − 1)β2 + α′ (β′)2 xB + (β(12β − 1) + 1)α′β′xB

))
+ 2D2

1β
′
)
,

σ̂C,φγ

HP,− = − 16xB

αD2
1D2 (1−D2)D2

3

(
2D1 (α

′)2 (β′ + 1)xB

+2xB

(
−α3(β − 1)2xB − α (α′)2

(
(β′)2 + 2ββ′ + β′ + β

)
xB + (α′)3 (β′ + 1)

2
xB

+α2 (β′ (1− β) + (2β − 1)α′β′xB + (β − 1) (β + βα′xB − 1))
)
+D2

1 (α
′ − α)

)
,

σ̂I,φγ

HP,− =
16xB

αββ′D1 (1−D2)D2
3

(β′ (−β (α′ + α) (xB (α′ − α+ 4αα′xB)−D1 +D3 + 2)

+β2 (α′ + 2α (αxB (3α′xB − 1) + 1)) + α′ (2α′xB (α′xB + 1) + 1)
)

+(β′)2 (2α′ (−β + α′xB (−β + 2α′xB − 3αβxB + 2) + 1)− αβ)

+α′ (β′)3 (2α′xB (α′xB + 1) + 1)− α(β − 1)2β (2αxB (αxB − 1) + 1)
)
. (F.109)

Soft-Fermion Pole Contributions

The soft fermion pole contributions for the combination F +G feature the following partonic cross
sections

σ̂C,φ′
SFP,+ =

16
(
β′ (β′ + 2) + (β − 2)β − 2xB ((β − 1)α′ + α (β′ + 1)) +

(
α2 + (α′)2

)
x2
B + 2

)
αD1D2D3

,

σ̂I,φ′
SFP,+ = −

16
(
β′ (β′ + 2) + (β − 2)β − 2xB ((β − 1)α′ + α (β′ + 1)) +

(
α2 + (α′)2

)
x2
B + 2

)
αβ′D1D2

,

σ̂C,φγ

SFP,+ = −16 (α− α′)xB

αD1D2
2D3

(β′ (β′ + 2) + (β − 2)β − 2xB ((β − 1)α′ + α (β′ + 1))

+
(
α2 + (α′)2

)
x2
B + 2

)
,

σ̂I,φγ

SFP,+ =
16xB (αβ′ − βα′)

αββ′D1D2
2

(β′ (β′ + 2) + (β − 2)β − 2xB ((β − 1)α′ + α (β′ + 1))

+
(
α2 + (α′)2

)
x2
B + 2

)
. (F.110)
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And for the F −G combination one finds

σ̂C,φ′
SFP,− =

16
(
xB

(
α′

(
β2 + (β′ + 1)

2
)
− α

(
(β′ + 1)

2
+ (β − 2)β

))
+D1

(
β2 + (β′ + 1)

2
))

αD2
1D2D3

,

σ̂I,φ′
SFP,− = −

16
(
αD1

(
β2 + (β′)2

)
xB +D2β

′
(
β2 + (β′ + 1)

2
))

αββ′D1D2
,

σ̂C,φγ

SFP,− =
16xB

αD2
1D

2
2D3

(
α2

(
(β′)2 + (β − 1)2

)
xB − 2αα′

(
(β′ + 1)

2
+ (β − 2)β

)
xB

+(α′)2
(
β2 + (β′ + 1)

2
)
xB +D1α

′
(
β2 + (β′ + 1)

2
)
− αD1

(
(β′)2 + (β − 1)2

))
,

σ̂I,φγ

SFP,− =
16xB

(
αβ

(
(β′)2 + (β − 1)2

)
− α′β′

(
β2 + (β′ + 1)

2
))

αββ′D1D2
. (F.111)
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Appendix G

Model Ansatz for the qgq
Functions

This appendix provides details on the model input for the qgq functions F q(x, x′) and Gq(x, x′)
for the quark flavors q = u, d that are used to perform the numerical studies in Ch. 7. Starting
point is the soft-gluon pole matrix element F q(x, x). It can be related to the first TMD moment

of the Sivers function f
⊥(1),q
1T using (2.69), which in turn has been extracted in the literature from

global data fits, in particular from SIDIS. For more information on the status of the fits, the reader
is referred to the recent comprehensive review of TMDs [157]. This work makes use of an early

extraction of f
⊥(1),q
1T , given in [148], the reason being its simple numerical implementation. This

parametrization is sufficient for the purpose of the phenomenological study, namely exploring the
impact of NLO effects on the single-spin observable ARL in (7.5). The analysis does not aim to
give cutting-edge predictions, for which one would use more recent, state-of-the-art extractions.

In Ref. [148], f
⊥(1),q
1T is parameterized at a scale μ0 = 1.55GeV as follows:

π F q(x, x, μ0) = f
⊥(1),q
1T (x, μ0) = − 1

2N
q(x) fq

1 (x, μ0)
√
2e

M3
1 〈k2T 〉

M (M2
1 + 〈k2T 〉)2

, (G.1)

with M the nucleon mass, the flavor-independent mass parameters M1 = 0.583GeV and 〈k2T 〉 =
0.25GeV2, e = 2.7182 . . . the Euler constant, and fq

1 (x, μ0) the MSTW2008 quark PDF for flavor
q [59] evaluated at the scale μ0. The flavor-dependent factor Nq(x) has the form

Nq(x) = Nq xαq (1− x)βq
(αq + βq)

αq+βq

α
αq
q β

βq
q

,

with flavor-dependent parameters Nq, αq, βq whose values can be found in Ref. [148] for the flavors
q = u, d, s. However, this work will only include q = u, d and the distribution functions for strange
quarks s will be set to zero throughout. The SGP matrix element for negative x can be related
via charge conjugation (see the discussion below (C.4)) to the first TMD moment of the antiquark
Sivers function (q̄ = ū, d̄),

π F q(−x,−x, μ0) = f
⊥(1),q̄
1T (x, μ0) . (G.2)

As can be seen from Eq. (2.64), the SGP input (G.1) is already sufficient to produce predictions
for the right-left asymmetry ARL at LO. However, the NLO result necessitates input for F and G
on their full support. Both functions are essentially unknown in the ”off-diagonal” region x 
= x′

and have never been extracted from data (to the author’s knowledge). Therefore, one has to resort
to models for these correlation functions.

As a first step, ”polar coordinates” are introduced via x(r, ϕ) = r cos
(
ϕ+ π

4

)
, x′(r, ϕ) =

r sin
(
ϕ+ π

4

)
, with

r =
√
x2 + (x′)2 ,

ϕ =

⎧⎪⎨
⎪⎩
−π

4 + arctan(x′/x), x ≥ 0 , x′ ≥ x ,
3π
4 + arctan(x′/x), x < 0 ,
7π
4 + arctan(x′/x), x ≥ 0 , x′ < x .

(G.3)

Notice that the polar angle ϕ is counted from the diagonal axis x′ = x instead of from the x-axis.
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Then, consider the qgq correlation functions as functions of r and ϕ, with r ∈ ]0,
√
2], ϕ ∈

[0, 2π]. Due to the use of polar coordinates both F (r, ϕ) and G(r, ϕ) are 2π-periodic in ϕ, that is,
F (r, ϕ) = F (r, ϕ + 2π) and G(r, ϕ) = G(r, ϕ + 2π). This feature allows to express both functions
as Fourier series,

F q(r, ϕ) =
∞∑

n=0

[Aq
n(r) cos(nϕ) +Dq

n(r) sin(nϕ)] ,

Gq(r, ϕ) =

∞∑
n=0

[Cq
n(r) cos(nϕ) +Bq

n(r) sin(nϕ)] . (G.4)

The important symmetry constraints (C.5) of the correlation functions under x ↔ x′ can be
conveniently implemented into the Fourier Series (G.4). In particular, it is easy to see that the
symmetry of F , i.e. F (x, x′) = +F (x′, x) ⇔ F (r, ϕ) = +F (r, 2π − ϕ), enforces that all Fourier
coefficients Dn(r) vanish. Similarly, antisymmetry of G, that is, G(x, x′) = −G(x′, x) ⇔ G(r, ϕ) =
−G(r, 2π − ϕ), means that all Fourier coefficients Cn(r) also vanish.

Furthermore, one can easily implement the relation between F (x, x) and f
⊥(1),q
1T in Eq. (2.69)

as follows,

F q(r, ϕ = 0) =
1

π
f
⊥(1),q
1T

(
r√
2

)
= Aq

0(r) +Aq
1(r) +Aq

2(r) +Aq
3(r) + ... ,

F q(r, ϕ = π) =
1

π
f
⊥(1),q̄
1T

(
r√
2

)
= Aq

0(r)−Aq
1(r) +Aq

2(r)−Aq
3(r) + ... .

These constraints can be translated into constraints for the Fourier coefficients A0 and A1,

Aq
0(r) =

1

2π

(
f
⊥(1),q
1T

(
r√
2

)
+ f

⊥(1),q̄
1T

(
r√
2

))
−Aq

2(r)−Aq
4(r)−Aq

6(r)− . . . ,

Aq
1(r) =

1

2π

(
f
⊥(1),q
1T

(
r√
2

)
− f

⊥(1),q̄
1T

(
r√
2

))
−Aq

3(r)−Aq
5(r)−Aq

7(r)− . . . . (G.5)

Implementing (G.5) into (G.4) yields, (q ± q̄ denotes the sum/difference of quark and antiquark
distributions as in (G.5))

F q(r, ϕ) =
1

2π
f
⊥(1),q+q̄
1T

(
r√
2

)
+

1

2π
f
⊥(1),q−q̄
1T

(
r√
2

)
cos(ϕ)

+
∞∑

n=1

[Aq
2n(r) (cos(2nϕ)− 1)] +

∞∑
n=1

[
Aq

2n+1(r) (cos((2n+ 1)ϕ)− cos(ϕ))
]
,

Gq(r, ϕ) =

∞∑
n=1

[Bq
n(r) sin(nϕ)] . (G.6)

Up to this point, the two Fourier expansions in (G.6) are exact and model-independent. In partic-
ular, the Fourier coefficients An(r), Bn(r) depend on r =

√
x2 + (x′)2. In other words, for every

Fourier component n there are two (unknown) functions An(r), Bn(r) that should ideally be fitted
to experimental data. This would be an impossible task to do for all Fourier components. However,
the series (G.6) are quite useful for building a parameterization that can be used as input for the
numerical study of the observable ARL in (7.5) at NLO. For this, some simplifying assumptions
are needed.

First, Fourier series often converge quite fast on an interval [0, 2π]. Whether it does, depends
of course on the series. For now, assume that keeping six free parameters for each flavor already
constitutes a reasonable approximation to the exact series. To be specific, all Fourier coefficients
for n ≥ 8 in case of F and for n ≥ 7 in case of G will be set to zero, i.e., Aq

n≥8(r) = 0, Bq
n≥7(r) = 0.

If this assumption turns out to be wrong for some reason, for instance, because the explanation of
experimental data may require a higher precision, one is free to add more Fourier components and
truncate the series (G.6) at higher n.

The second assumption is about the functional form of the Fourier coefficients Aq
n(r), B

q
n(r).

In a first step, they are replaced by the modified coefficients aqn(r), b
q
n(r) according to

Aq
n=2,4,6,...(r) ≡ 1

2π
f
⊥(1),q+q̄
1T

(
r√
2

)
aqn=2,4,6,...(r) ,

Aq
n=1,3,5,...(r) ≡ 1

2π
f
⊥(1),q−q̄
1T

(
r√
2

)
aqn=1,3,5,...(r) ,

Bq
n(r) ≡ − 1

π
f
⊥(1),q+q̄
1T

(
r√
2

)
bqn(r) . (G.7)
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The idea is that the ”size” or ”scale” of the qgq functions F and G is roughly set by the SGP
diagonal determined by the extraction (G.1). Under this assumption, the modified coefficients
an(r), bn(r) may vary on the order of magnitude of 1, but not, say, 1000.

Third, the modified coefficients in (G.7) are approximated to be constants with respect to the
radius r. Thus, replace the functions aqn(r), b

q
n(r) by their mean values aqn(r) → 〈aqn(r)〉 = aqn,

bqn(r) → 〈bqn(r)〉 = bqn.
The following model ansätze result from the implementation of all assumptions:

F q(r, ϕ)
∣∣∣
model

=
1

2π
f
⊥(1),q+q̄
1T

(
r√
2

) [
1 +

3∑
n=1

[aq2n (cos(2nϕ)− 1)]

]

+
1

2π
f
⊥(1),q−q̄
1T

(
r√
2

) [
cos(ϕ) +

3∑
n=1

[
aq2n+1 (cos((2n+ 1)ϕ)− cos(ϕ))

]]
,

Gq(r, ϕ)
∣∣∣
model

= − 1

π
f
⊥(1),q+q̄
1T

(
r√
2

) 6∑
n=1

[bqn sin(nϕ)] . (G.8)

Effectively, the models (G.8) enable a description of the functions F q, Gq by six parameters,
separately for each flavor. These parameters are collected as entries in a vector in the following
way (note the specific ordering of the even and odd Fourier coefficients for F ):

aq = (aq2, a
q
4, a

q
6; a

q
3, a

q
5, a

q
7) ,

bq = (bq1, b
q
2, b

q
3, b

q
4, b

q
5, b

q
6) . (G.9)

It is noteworthy that no matter which values the vectors aq, bq take, the soft-gluon pole is always
provided by the extraction (G.1). It is the only constraint available from data for the functions F
and G.

In order to smoothen the transition of the functions F and G at the boundaries |x| = 1, |x′| = 1,
|x − x′| = 1 of their support it is helpful to introduce an envelope function, for example of the
following form:

e(x, x′) =

(
2

1 + e50 (x2−1)3
− 1

) (
2

1 + e50 ((x′)2−1)3
− 1

)
×(

2

1 + e50 ((x−x′)2−1)3
− 1

)
θ (1− |x|) θ (1− |x′|) θ (1− |x− x′|) . (G.10)

The function e(x, x′) in (G.10) is approximately unity, except in the vicinity of the boundary
|x| = 1, |x′| = 1, |x − x′| = 1. Multiplying the function e(x, x′) in (G.10) with the model
expressions (G.9) does not significantly alter the model but ensures smoothness of the functions F
and G even at the boundary. In particular, it ensures F (x, 1) = F (1, x′) = G(x, 1) = G(1, x′) = 0
and (∂2F )(x, 1) = (∂1F )(1, x′) = (∂2G)(x, 1) = (∂1G)(1, x′) = 0. Therefore, the model is adapted
as follows

F q(r, ϕ)
∣∣∣
model

→ F q(r, ϕ)
∣∣∣
model

e(x, x′) ; Gq(r, ϕ)
∣∣∣
model

→ Gq(r, ϕ)
∣∣∣
model

e(x, x′).

Constraints from Lattice QCD There exists another source of information on F from lattice
QCD that one may apply here as well. One can express the second moment of the genuine twist-3
part of the DIS structure function ḡ2, the so-called dq2 moment, in terms of the fully integrated qgq
function F q. This feature has been discussed, for example, in [158, 159]. Interestingly, one can
interpret the moment d2 as a probe of the color Lorentz force, mediated by the strong force in the
nucleon [160, 161]. The connection between dq2 and F q is as follows,

dq2 = −
∫ 1

−1

dx

∫ 1

−1

dx′ F q(x, x′) . (G.11)

In Refs. [147, 162, 163, 164] the d2 moments for up and down quarks were computed on the lattice.
The values found in [147] are

du2 = −0.00365(25) ; dd2 = 0 . (G.12)

Despite the limitations related to unphysical pion masses or renormalization schemes, these values
constrain the size of the function F q. Due to the linearity of the model (G.8) in the Fourier
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Figure G.1: Correlation functions Fu(x, x′) (left) and F d(x, x′) (right) for Scenario 0.

coefficients aq, it is easy to implement the lattice constraint (G.12). One simply inserts Eq. (G.8)
into (G.11) to obtain

Iq0 + Iq2 a
q
2 + Iq4 a

q
4 + Iq6 a

q
6 + Iq3 a

q
3 + Iq5 a

q
5 + Iq7 a

q
7 = dq2 , (G.13)

where

Iq0 ≡ −
∫ 1

−1

dx

∫ 1

−1

dx′ F q(r, ϕ)
∣∣∣
model,aq=0

,

Iqi ≡ −Iq0 −
∫ 1

−1

dx

∫ 1

−1

dx′ F q(r, ϕ)
∣∣∣
model, aq

i=1, aq
j  =i=0

. (G.14)

Solving these constraints for the Fourier coefficient aq2 (for example) allows one to express it as a
function of the remaining coefficients and thus remove one degree of freedom,

aq2 =
1

Iq2
(dq2 − (Iq0 + Iq4 a

q
4 + Iq6 a

q
6 + Iq3 a

q
3 + Iq5 a

q
5 + Iq7 a

q
7)) . (G.15)

It must be emphasized that no constraint similar to (G.13) is known for the correlation function
G.

The following three scenarios for the correlation functions based on three specific choices of
Fourier coefficients (G.9) are used in the numerical analyses of Ch. 7. Each scenario is consistent
with the constraint (G.11) for the moments du2 , d

d
2.

All scenarios are formulated in terms of the first TMD moments of the Sivers functions f
⊥(1),q+q̄
1T

and hence, via Eq. (G.1), in terms of the unpolarized twist-2 PDFs fq
1 . The corresponding rela-

tions can strictly hold only at one scale μ0, since the evolutions of the f
⊥(1),q+q̄
1T and fq

1 differ.

Nevertheless, as discussed in Sec. 7, the numerical studies assume f
⊥(1),q+q̄
1T and fq

1 to be related in
the same way at all scales, simply as a rough means of mimicking the scale evolution of the twist-3
qgq functions.

G.1 Scenario 0

The Fourier coefficients (G.9) for the first scenario are fixed as follows:

au = (1.1578, 0, 0; 0, 0, 0) ,

ad = (1.0173, 0, 0; 0, 0, 0) ,

bu = (0, 0, 0, 0, 0, 0) ,

bd = (0, 0, 0, 0, 0, 0) . (G.16)

This choice sets the correlation function G to zero, and provides a correlation function F that is as
“levelled” as possible by utilizing only the first three Fourier components cos(0ϕ), cos(1ϕ), cos(2ϕ)
in the model ansatz (G.8). Note that an additional choice aq2 = 0 would violate the d2-constraint
(G.13). Scenario 0 is visualized via contour plots of F q in Fig. G.1. NLO contributions to the
asymmetry ARL within this scenario are minimal in the sense that G = 0 and the plots in Fig. G.1
show little ”structure” of F q.
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Figure G.2: Same as Fig. G.1, but for Scenario 1.

Figure G.3: Correlation functions Gu(x, x′) (left) and Gd(x, x′) (right) for Scenario 1.

G.2 Scenario 1

This scenario populates most of the Fourier coefficients (G.9) for the u- and d-quark correlation
functions with relatively moderate values between −1 and 1. Doing so generates a non-vanishing
correlation function G. As before, the d2-constraint from Lattice QCD (G.14) is satisfied. This
scenario is somewhat more ”realistic” as far as the sizes of the correlation functions are concerned.
To be specific, the Fourier coefficients in Scenario 1 are

au =
(
2.5308,− 2

3 ,− 2
3 ;− 1

3 ,−1,− 1
3

)
,

ad =
(
−0.3429, 2

3 ,
2
3 ;

1
3 , 1,

1
3

)
,

bu =
(
−2.5308, 1

3 ,
2
3 , 1,

2
3 ,

1
3

)
,

bd =
(
0.3429,− 1

3 ,− 2
3 ,−1,− 2

3 ,− 1
3

)
. (G.17)

The contour plots for the resulting u- and d-quark correlation functions F q(x, x′) are shown in
Fig. G.2, and the corresponding correlation functions Gq for up and down quarks in Fig. G.3
shows. Note that the symmetry and antisymmetry properties of F and G under exchange x ↔ x′

are well visible in Figs. G.2 and G.3.
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Figure G.4: Same as Fig. G.1, but for Scenario 2.

Figure G.5: Same as Fig. G.3, but for Scenario 2.

G.3 Scenario 2

Finally, Scenario 2 is similar to Scenario 1, but with three times larger Fourier coefficients in order
to magnify the effects of the NLO corrections on ARL. Specifically, the coefficients read

au = (5.2767,−2,−2;−1,−3,−1) ,

ad = (−3.0634, 2, 2; 1, 3, 1) ,

bu = (−5.2767, 1, 2, 3, 2, 1) ,

bd = (3.0634,−1,−2,−3,−2,−1) . (G.18)

As for the other two scenarios, the constraint (G.11) on d2 by lattice QCD is satisfied also here.
The resulting contour plots for the u- and d-quark correlation functions F q are shown in Fig. G.4,
while Figure G.5 presents the corresponding contour plots for G.

G.4 γSIDIS Scenarios S0 and S1

The numerical analysis for the γSIDIS process �N↑ → �′γX in Sec.7.4 is based on Ref. [39], which

uses a different extraction of the first moment of the Sivers function f
⊥(1),q
1T , namely the set provided

by JAM3D-22 , cf. Ref. [144]. The initial scale is then μ2
0 = 2GeV2, and the evolution of F q, Gq in

Eq. (G.8) is simply ”inherited” from the evolution of the JAM3D-22 f
⊥(1)
1T (x) extraction. Moreover,

the d2 moments for u and d quarks are chosen as du2 = 0.026(4)(13), dd2 = −0.0086(26)(146), taken
from Ref. [163]. As a consequence, the determination of the coefficient aq2 according to Eq. (G.15)
gives a different value, even if all other coefficients aqn are chosen as before. This leads to the
following two modified γSIDIS versions for the Scenarios 0 and 1 from before. They will be labeled
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Figure G.6: F q vs. (x, x′) at a scale μ2 = 4GeV2 for Scenario S0 for the up quark (left) and
down quark (right) in a proton. Recall that Gq = 0 for Scenario S0.

as ”S0” and ”S1”, and Figs. G.6, G.7 show the resulting Fu,d(x, x′) and Gu,d(x, x′) from these two
scenarios. The coefficients read explicitly

au = (−0.2691, 0, 0; 0, 0, 0)

ad = (0.7822, 0, 0; 0, 0, 0)

bu = (0, 0, 0, 0, 0, 0)

bd = (0, 0, 0, 0, 0, 0) , (G.19)

for Scenario S0 and

au = (1.1585,− 2
3 ,− 2

3 ;− 1
3 ,−1,− 1

3 )

ad = (−0.6658, 2
3 ,

2
3 ;

1
3 , 1,

1
3 )

bu = (−1.1585, 1
3 ,

2
3 , 1,

2
3 ,

1
3 )

bd = (0.6658,− 1
3 ,− 2

3 ,−1,− 2
3 ,− 1

3 ) , (G.20)

for Scenario S1.
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