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ABSTRACT

Single-spin asymmetries (SSAs) in the scattering of leptons off transversely polarized nucleons
are studied across several final states, with a particular focus on single-inclusive processes. Fully
analytic expressions for the spin-dependent cross sections are derived within collinear twist-3 fac-
torization. The calculations are performed at next-to-leading order (NLO) accuracy in perturba-
tive Quantum Chromodynamics (pQCD) for single-inclusive hadron production (N1 — hX), jet
production (/NT — jetX) and photon production (/NT — vX). Moreover, the ySIDIS process
¢NT — ¢'~X is also considered, i.e. photon production in semi-inclusive deep inelastic scattering.

Within the employed collinear twist-3 factorization approach, results are expressed in terms
of twist-3 multiparton correlation functions, which describe either parton distributions inside a
transversely polarized nucleon or fragmentation into an observed hadron. The present analysis
focuses exclusively on the former, as only these distribution-type twist-3 functions contribute to
the transverse SSA in jet and photon production. For hadron production, twist-3 fragmentation
effects would also enter, but are not included here.

For the single-inclusive processes, the results derived in this work establish the validity of
collinear twist-3 factorization at one loop. The calculation reflects the typical complexity associated
with higher-twist observables, including the appearance of derivative terms of the twist-3 functions.
Each process exhibits unique features that render it particularly informative for probing twist-3
multiparton distribution functions. For hadron and jet production, the analytic results confirm that
the entire support in the longitudinal momentum fractions xz,z’ of the ggq distribution functions
F9 and G1 is accessed. This is also true for single-inclusive photon production, which introduces
additional, less-studied twist-3 distribution functions. The distinctive aspect of the ySIDIS process
is its ability to scan the z,z’ support of F'Y and G? point-by-point.

To enable numerical predictions, a realistic model for these functions is constructed building on
the Sivers transverse-momentum-dependent parton distribution function (TMD) fa:q. Based on
this model, an exploratory phenomenological analysis of the transverse SSA is conducted for the
kinematics of a future Electron-Ion Collider (EIC), and a comparison is made to HERMES data for
single-inclusive pion production (ep" — ¥ X). The NLO corrections are found to be significant
for both hadron and jet production, and all four processes are shown to be highly sensitive to
the functional form of the twist-3 distribution functions F'? and G9. Furthermore, regions in EIC

phase space where the vSIDIS asymmetry A?]STIDIS becomes particularly sizeable are identified.



KURZFASSUNG

Die vorliegende Arbeit untersucht Einfach-Spin-Asymmetrien bei der Streuung von Leptonen an
transversal polarisierten Nukleonen fiir verschiedene Endzusténde. Dabei liegt der Fokus insbeson-
dere auf einfach-inklusiven Prozessen. Vollstandig analytische Ausdriicke fiir die spinabhéngi-
gen Wirkungsquerschnitte werden innerhalb der kollinearen Twist-3-Faktorisierung hergeleitet.
Die Berechnungen erfolgen zur Genauigkeit der nachstfiihrenden Ordnung in der perturbativen
Quantenchromodynamik fiir einfach-inklusive Hadron-Produktion (¢{NT — hX), Jet-Produktion
((NT — jetX) und Photon-Produktion (/NT — 4X). Dariiber hinaus wird auch der ySIDIS-
Prozess betrachtet, die Photon-Produktion in semi-inklusiver tief-inelastischer Streuung.

Innerhalb der kollinearen Twist-3-Faktorisierung werden Ergebnisse durch multipartonische
Twist-3-Korrelationsfunktionen ausgedriickt. Diese beschreiben entweder die Verteilung von Par-
tonen im transversal polarisierten Nukleon oder die Fragmentation in ein beobachtetes Hadron.
Die vorliegende Arbeit behandelt dabei ausschliefllich Ersteres, da nur die Verteilungsfunktionen
in Twist-3 zu den Spin-Asymmetrien bei der Jet- und Photon-Produktion beitragen. Bei der Pro-
duktion von Hadronen wiirden auch Twist-3-Fragmentationseffekte eine Rolle spielen; diese werden
hier jedoch nicht beriicksichtigt.

Fiir die betrachteten einfach-inklusiven Prozesse zeigen die Ergebnisse dieser Arbeit, dass die
kollineare Twist-3-Faktorisierung auf Ein-Schleifen-Niveau giiltig ist. Dabei zeigt sich auch die
typische Komplexitdt von Rechnungen in héherem Twist, insbesondere durch das Auftreten von
Ableitungstermen der Twist-3-Funktionen. Jeder Prozess hat gewisse Eigenheiten, die ihn beson-
ders geeignet machen fiir die Untersuchung von Verteilungsfunktionen in Twist-3. Die Ergeb-
nisse fiir Hadron- und Jet-Produktion zeigen, dass der gesamte Trager der qgg-Funktionen F'4, G4
beziiglich der longitudinalen Impulsanteile x, 2z’ abgerufen wird und in die Asymmetrie eingeht.
Dies gilt auch fiir die Photon-Produktion, welche zusatzlich noch weitere, bisher kaum erforschte
Twist-3-Verteilungsfunktionen einfiihrt. Fin charakteristischer Aspekt des vSIDIS-Prozesses ist,
dass er die Moglichkeit bietet, den x, 2’-Trager von F'? und G? Punkt fiir Punkt zu untersuchen.

Um numerische Vorhersagen zu ermoglichen, wird ein realistisches Modell dieser Funktionen
konstruiert. FEs greift zurtick auf erste Extraktionen der transversalimpulsabhéingigen Parton-
verteilungsfunktion fjlq (Sivers-Funktion). Basierend auf diesem Modell wird eine phéinome-
nologische Analyse der Einfach-Spin-Asymmetrie durchgefiithrt — sowohl fiir die Kinematik eines
zukiinftigen Electron-Ion Collider (EIC) als auch zum Vergleich mit HERMES-Daten zur einfach-
inklusiven Pion-Produktion (ep” — 7%X). Es zeigt sich, dass die niichstfiihrenden Korrekturen
einen signifikanten Einfluss auf die numerischen Ergebnisse fiir Hadron- und Jet-Produktion haben
und dass die Vorhersagen fiir alle vier Prozesse in hohem Mafle von der genauen Form von F'¢ und
G abhéngen. Des Weiteren werden die Bereiche des EIC-Phasenraums identifiziert, in denen die
~SIDIS-Asymmetrie AgS%DIS besonders grofl wird.
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Chapter 1

Introduction

The concept of spin is omnipresent across modern physics and has been a central topic of research
throughout the development of contemporary science. One of the earliest breakthroughs was the
Stern—Gerlach experiment in 1922, which provided definitive evidence for angular momentum quan-
tization and the existence of intrinsic spin in quantum mechanics (see Ref.[1] for a recent review).
Later, the Dirac equation[2] gave a relativistic formulation of one-particle quantum mechanics and
revealed that spin is inherently a relativistic phenomenon and essential for constructing a conserved
total angular momentum.

Further theoretical advances led to the development of quantum field theory (QFT), which
replaces the one-particle view of the Schrodinger and Dirac equations with a framework based on
dynamical quantum fields. QFT is the foundational theory of particle physics and finds applica-
tions in many other fields, including statistical physics, solid-state physics, and condensed matter.
Among its many successes are first rigorous proofs of the spin-statistics theorem (see, for exam-
ple, Refs.[3, 4]) and the prediction of the anomalous magnetic moment of the electron (commonly
referred to as electron g — 2, see Ref. [5] for a modern review and Sec. 2.1.3 for further discussion).

Spin also plays a crucial role in high-energy physics and scattering experiments [6]. Although
early experiments employed unpolarized beams and targets, it has long been possible to polar-
ize both. The spin of particles in a beam or target can be aligned either parallel (longitudinal
polarization) or perpendicular (transverse polarization) to the direction of motion.

Measurements in longitudinally polarized processes, such as those by the European Muon Col-
laboration (EMC) on the helicity structure function of the proton [7], triggered extensive theoretical
and experimental efforts to improve understanding of the proton spin structure [8, 9, 10]. The EMC
revealed that only a moderate fraction of the proton spin originates from quarks, in complete con-
trast to the naive quark model, which attributes the spin entirely to the three valence quarks. This
discrepancy led to what became known as the ”proton spin crisis”[11]. A review of the current
status of this issue can be found in Ref.[12].

The other form of spin alignment is transverse polarization and it has also been accessible in
high-energy collision experiments since the 1970s; it is the central focus of this study. A key observ-
able in this context is the single-spin asymmetry (SSA), where exactly one of the involved particles
(either in the initial or final state) is transversely polarized, while all others are unpolarized. The
SSA is defined as:

ol —ot
ol +ot’

(1.1)

where o'(o) denotes the cross section for the configuration of spin up (down) of the polarized
particle.

SSAs have been measured across a wide variety of processes and experimental facilities, includ-
ing:

Ayr =

e Pion production at FermiLab [13, 14]

e Pion production at the Brookhaven Alternating Gradient Synchrotron [15]

Pion, charged hadron, kaon, (anti-)proton and n-meson production at the Relativistic Heavy
Ton Collider(RHIC) [16, 17, 18, 19, 20, 21, 22, 23, 24]

Pion and kaon production at HERMES [25]

Jet production at RHIC [26, 24]



e Photon production at RHIC [27]
e J/v production at RHIC [28]

In practice, experiments often report the analyzing power Ay which accounts for incomplete po-
larization and potential luminosity imbalances between opposite spin orientations (cf. Ref. [16]):

NT — RN*

PbeamAN = ma

(1.2)

where NT(NY) are the event counts for spin-up (down) configurations, Pyeam gives the beam
polarization, and R = LT/L} is the spin-dependent ratio of luminosities (relevant for polarized
beams but not for polarized final states). Although definitions vary slightly across facilities, these
quantities can be consistently related to each other to enable comparison between theory and
experiment. In this way, one gains insight into the non-perturbative quantities that describe the
structure of (or hadronization to) the involved particles.

Theoretically, SSAs are expected to be suppressed in perturbative QCD (pQCD) [29, 30], as
the numerator in Eq. (1.1) is power-suppressed compared to the unpolarized cross section in the
denominator by the hard scale @, typically the transverse momentum of the final state particle.
This suppression arises because leading-power contributions to the SSA cancel out. The only
relevant twist-2 parton distribution function (PDF) for a transversely polarized nucleon is the
transversity PDF, which requires a helicity flip for non-zero amplitudes. However, helicity flips
are forbidden in massless QCD, as the perturbative quark—gluon—quark vertex conserves helicity.
Thus, one expects a power suppression by a factor m,/Q with small quark masses m, [29].

Contrary to these expectations, experiments showed an entirely different picture, finding an-
alyzing powers of up to 20% or more for certain pp! collisions. This sparked tremendous efforts
to develop a theory framework that can explain these large asymmetries. One such approach is
the collinear twist-3 factorization formalism, which systematically incorporates power-suppressed
contributions beyond leading twist.

In this framework, the (operational) twist t corresponds to a suppression factor (A/Q)t_2
where A is a non-perturbative hadronic scale and @ is a large momentum scale. The leading-
power distributions like the aforementioned transversity PDF are of twist-2 (¢ = 2), i.e. they
have no suppression factor, while the collinear twist-3 formalism is specifically formulated in terms
of power-suppressed quantities of ¢ = 3. These quantities can originate from small transverse
parton momenta, quark mass effects, or multiparton correlations. They may appear as distribution
functions as well as fragmentation functions. In practice, calculations at the twist-3 level are highly
involved, requiring the evaluation of many distinct contributions. This is true in particular for the
pp! collisions that were studied in the experiments listed above. Consequently, results are currently
limited to leading order (LO) accuracy [31, 32, 33, 34, 35].

To simplify the theoretical setup, lepton—nucleon scattering offers a cleaner alternative: replac-
ing one hadronic participant with a point-like lepton. This motivates the study of the following
processes in this work!:

e ((I)NT(P) — h(Py)X, single-inclusive hadron production in the collision of leptons off trans-
versely polarized nucleons [36, 37]

e ((I)NT(P) — jet(P;)X, single-inclusive jet production [36, 37]

e ((I)NT(P) — ~(P,)X, single-inclusive photon production (a future publication is planned,
the unpolarized case was calculated in Ref. [38])

o ((I)NT(P) — ¢'(I')y(Py)X, the production of photons in semi-inclusive deep inelastic scat-
tering, called ~vSIDIS [39]

In the three single-inclusive cases, the final-state lepton is unobserved, and the hard scale is set by
the transverse momentum of the observed final-state particle, while for vSIDIS several constraints
related to the momentum transfer Q have to be satisfied for a factorized description.

The single-inclusive processes differ fundamentally from typical deep-inelastic scattering (DIS)
and its semi-inclusive variant (SIDIS), including vSIDIS. The reason is that the virtuality ¢
of the photon mediating the interaction between lepton and nucleon is not determined by the
external momenta. This complicates the kinematics, the momentum flow and consequently the

1This thesis is based to a large extent on publications for which the author made a substantial contribution, and
the corresponding references are indicated for each of the processes.



entire calculation. This study presents the first next-to-leading order (NLO) results for these
single-inclusive processes within the collinear twist-3 formalism. The higher complexity compared
to processes with reconstructed ¢ becomes apparent due to the explicit appearance of derivative
terms of the involved twist-3 functions. Because of this, the calculations presented in the following
chapters are conceptually new. They include novel features that are absent in existing NLO results
obtained in the collinear twist-3 formalism, e.g. for DIS (¢{NT — ¢ X) [40, 41], SIDIS (¢/NT —
¢'hX) [42, 43], Drell-Yan (pp" — £t~ X) [44, 45] and hyperon production (ete™ — ATX) [46].

The present study explicitly shows the correctness of collinear twist-3 factorization for the
selected single-inclusive processes at NLO, with all divergences canceling as expected. For hadron
production, existing HERMES data [25] for pions (ep" — 7% X) allows for numerical comparison
with the obtained results. Previous studies [47, 48] reveal discrepancies that necessitate full NLO
analyses. While the results of this thesis can be seen as the first step in this direction, the twist-3
fragmentation effects would also have to be included, which are not addressed here because they
require a different calculational procedure.

Instead, this work focuses exclusively on twist-3 distribution functions. A model is built for the
twist-3 ggq functions F'? and GY in terms of the first transverse moment of the Sivers function flLT’q.
This enables a first numerical exploration of pion production in both HERMES and projected EIC
kinematics, as well as for jet, photon, and vSIDIS processes. The sensitivity of the numerical results
to the precise selection of model parameters is generally high, making it a promising opportunity
to constrain the model with experimental data.

Importantly, there are no twist-3 fragmentation effects for the latter three processes, so the
results presented here constitute the full NLO prediction. Although no experimental data yet exist
for these reactions, the phenomenological study presented in this work offers strong motivation for
future measurements at the EIC. The processes provide clean access to the twist-3 distribution
functions F'¢ and GY and probe their full support in longitudinal momentum fractions z,z’. In
addition to that, the ySIDIS process even allows a point-by-point scan of these functions in x and
2/, which is an unprecedented feature.

Ultimately, the goal is to achieve global fits of twist-3 functions at NLO accuracy, incorporat-
ing a diverse range of processes and kinematics. While extensive data exist for pp" and heavy-ion
collisions [13]-[28], corresponding NLO calculations in the collinear twist-3 formalism are still lack-
ing. For the processes covered here, the presented results lay the groundwork for such global
analyses when complimented with future experimental data. Overall, the study of transverse spin
observables remains a fascinating research area in the coming years from both the theoretical and
experimental point of view.

The structure of this thesis is as follows:

e Chapter 2 outlines the theoretical framework and calculational methods.

Chapters 3-5 present detailed analyses of each single-inclusive process.

Chapter 6 summarizes all analytical results.

Chapter 7 provides a comprehensive phenomenological study.

Chapter 8 concludes with a summary and outlook.

10



Chapter 2

Formalism

This chapter establishes the general formalism and theory background relevant to this work. It
begins with a brief summary of selected theory concepts that provide the foundation of factoriza-
tion. Next, a precise definition of the single-spin asymmetries (SSAs) considered in the main part
of this work is given. Building on this, the extension of factorization to twist-3 and its application
to SSAs is discussed in detail, and the calculational procedure is presented using explicit examples.

2.1 Theory Background

Before diving into the actual twist-3 formalism, a summary is provided, highlighting some of
the most important theoretical concepts that build its foundation. The section begins with the
parton model established in the seventies by Feynman, Bjorken and Paschos, and then gives a
brief recap on Quantum Chromodynamics (QCD), with a focus on the Lagrangian of the theory.
This is followed by an in-depth discussion of the well-known feature of emerging divergences in
next-to-leading order (NLO) perturbative calculations. Different types of divergences as well as
the regularization method adopted in this work are reviewed. The section is concluded by a more
rigorous refinement of the parton model picture: the so-called factorization theorems. Moreover,
a formal definition is given for the parton distribution functions (PDFs) introduced in the parton
model. These definitions can then be extended to the twist-3 case.

2.1.1 Parton Model

The description of particle collisions including bound states posed a conceptual challenge in the
development of the theoretical tools and methods to compute cross sections for such processes.
The issue is that the underlying theory can typically not be solved exactly to find the explicit form
of the bound states. This is famously the case for Quantum Chromodynamics (QCD)?, the theory
of quarks carrying a color charge and the corresponding gauge bosons mediating their interactions,
the gluons. Quarks and gluons are the building blocks of nucleons and hence of matter in general.
The parton model, pioneered by Feynman, Bjorken and Paschos [53, 54, 55], is the first successful
approach to this challenge. Although the model is not restricted to this case, the following will
focus specifically on nucleons and QCD. The key assumption is that for a high-energy scattering
experiment, the nucleon can be thought of as a collection of quasi-free particles — the partons.
Then, the exchanged gauge boson mediating the interaction would only scatter off a single parton
and all other details of the nucleon can be neglected.

To illustrate this idea, consider a generic particle reaction characterized by a hard momentum
scale . This scale might, for example, represent the momentum transfer in the collision, and
”hard” means that it is much larger than a characteristic energy scale A of the nucleon, i.e.,
@ > A. The typical length and time scales of such a process are ~ 1/Q < 1 and hence very
small. For example, values above @ = 100 GeV are typical for modern accelerator facilities, which
translate to a length scale smaller than 0.01fm, i.e. only a percent of the proton size [56]. Under
such conditions, the nucleon appears flat, frozen, and unexpected:

e Flat: Due to relativistic length contraction, the nucleon is compressed strongly in the direc-
tion of flight. As the virtual gauge boson ”passes through” it, it effectively ”sees” only one
parton.

n case of QCD certain properties of the bound states can still be predicted by means of so-called lattice methods,
see Refs. [49, 50, 51, 52]
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P Py

Figure 2.1: Illustration of factorization in the parton model. The scattering off a bound state like
the nucleon (left) is approximated by the scattering off a single parton from that nucleon
(right).

e Frozen: Due to time dilation, the interaction among the nucleon’s constituents occurs on a
much longer timescale than the scattering off the single parton. Thus, internal interactions
can be neglected.

e Unexpected: At high energies, the particles move close to the speed of light, and no infor-
mation can be exchanged between them before the collision. The scattering occurs without
any prior interaction.

These arguments justify the approximation of the model, and the partons are assumed to move
collinearly with the nucleon, carrying a fraction z of its momentum. In practice, one computes the
cross section & for the partonic scattering, weights the result with the probability f¥/~ (z)dz to
find parton ¢ with momentum x P inside the nucleon N and finally integrates over all momentum
fractions = and sums over all parton species i. Schematically this translates into the following
expression

o~ Z / da f/N (2)6;(xP) (2.1)

where o is a generic cross section and the probability density [/~ (z) is a so-called parton dis-
tribution function (PDF). PDFs cannot be determined from perturbative calculations since they
describe the non-perturbative structure of the nucleon?. Importantly, the PDFs are universal and
do not depend on the specific process being studied. This universality enables one to perform
global analyses, where theoretical predictions are fitted to experimental data across a variety of
processes and kinematic regions. PDF fitting is an active field and several collaborations regularly
publish their updated data sets, see e.g. Refs. [59, 60, 61].

To further illustrate the concept of the parton model via Feynman diagrams consider the deep-
inelastic scattering (DIS) process, £(I)N(P) — ¢'(I')X, where a lepton scatters off a nucleon.
The nucleon might break up into a collection of unobserved final state particles which are simply
indicated as X with total momentum Px. The scattering off the nucleon is indicated by the blob
in the left panel of Fig. 2.1, while in the parton model one adopts the point of view of the right
panel in Fig. 2.1 where the photon couples to a single quark. In contrast to the nucleon-photon
interaction, the quark-photon case only includes elementary degrees of freedom. Thus it can be
computed perturbatively using the Feynman rules of the theory. A perturbative expansion is
always valid in Quantum Electrodynamics (QED) and, more generally, in the electroweak sector of
the standard model, because the couplings are small. The more subtle point is that perturbation
theory can also be applied to QCD due to asymptotic freedom: the strong coupling as(u) is a
running coupling constant, i.e. it is a function of the scale u. Asymptotic freedom implies that
as decreases as p increases. Therefore, at the hard scale @ of the partonic interaction, as(u = Q)
is small and a perturbative expansion becomes valid. This key feature of QCD was discovered by

2Nonetheless there are predictions from lattice QCD, see Refs. [51, 57] and for a very recent study making use
of machine-learning techniques Ref. [58]
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Gross, Wilczek, and Politzer in the early 1970s [62, 63] and earned them the Nobel Prize in 2004.
Conversely, o, strongly increases at small scales leading to the confinement of quarks into colorless
bound states called hadrons. The onset of confinement is characterized by the QCD scale Aqcp
and it is the reason why individual quarks or gluons, or any colored state, cannot be observed in
isolation.

2.1.2 The QCD Lagrangian

Quantum Chromodynamics (QCD) is a centerpiece to this work, and a brief summary of its
formulation is given here. Formally, QCD is a Yang-Mills gauge theory of the special unitary
group SU(3) with Dirac fields in the fundamental triplet representation (cf. Ref. [56]). From a
less formal and instead more physically motivated point of view, QCD is the theory of quarks
and gluons and its Lagrangian is constructed in terms of quark fields ¢; , and gluon fields G};.
Quarks, being spin-1/2 fermions, are described by Dirac spinor fields and ¢ € {1,2,3,4} denotes
the corresponding spinor index, a € {1,2,3} the color index and ¢ € {u,d,¢,s,t,b} (up, down,
charm, strange, top, bottom) the quark flavor. For the gluon field, o € {1,...,8} denotes the color
index in the adjoint representation and i € {0,1,2,3}3 the Lorentz vector index. The Lagrangian
is constructed by requiring invariance under the simultaneous, local gauge transformation of quark
and gluon fields

Ga(e) = [T  g,4(@) = Uan(@)gi0la)

q_i@(fﬂ) — (jivb(z) [6+i9wa(m)tm:| b = (ji,b(I)UIja(I)

Go(@)t - ’?Ze*igw“mt“Due+ww“<m>t“E%U(x)pum(l«), (2.2)

where ¢ = ¢'4" is the adjoint quark field, g is the strong coupling constant, and the w®(z) are
real functions of space-time, while the SU(3) generators are denoted as t*. They are related to the
Gell-Mann matrices A* by t* = $A® and they obey the commutation relation [t, 7] = i f*#7¢7
with the totally antisymmetric structure constants f*#7. Moreover, the unitary transformation
matrix U is introduced and the covariant derivative D is defined by its action on the quark field

Dy = (0, +1igt*Gy) q. (2.3)

The gluon field strength tensor, required for the kinetic term of the gluons, is defined via a com-
mutator of covariant derivatives

—1

F, = Ft% = [D,,D,] . (2.4)
g
With these ingredients, the QCD Lagrangian can be written as

Laov = Y aliD-m)a— ;(F3) (2.5)

q=u,d,s,...
To conclude, a few important remarks on some subtle details are in order:

e Bare quantities: The Lagrangian in 2.5 involves bare, unrenormalized fields, couplings, and
masses — unphysical quantities that still contain divergences [56]. They are related to their
physical counterparts by renormalization, and the basic ideas of this procedure will be dis-
cussed in Sec. 2.1.3.

e Quark masses: Gauge invariance does not strictly require that each quark flavor ¢ appears
with its own mass my, as in Eq. (2.5). More generally, one could allow a mass matrix m in
flavor space. However, it is always possible to redefine the quark fields such that this mass
matrix becomes diagonal [64], which recovers the above form of the Lagrangian.

e Quantization and gauge fixing: To formulate a quantum field theory, the so far classical fields
in Eq. (2.5) must be quantized. This is typically done using the path integral formalism. The
procedure requires the inclusion of additional, so-called gauge-fixing terms in the Lagrangian.
Faddeev and Popov [65] originally developed this method; a detailed treatment is beyond the
scope of this discussion.

Sor € {0,...,d — 1} in dimensional regularization, see Sec. 2.1.3
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Figure 2.2: Examples of divergent diagrams in a NLO calculation. (top left): Virtual UV and
IR divergence, (top right): Soft emission without a divergence, (bottom left): Soft emission
divergence, (bottom right): Collinear Divergence.

2.1.3 Divergences and Dimensional Regularization

As already elaborated on, the partonic scattering cross section can be calculated in a perturba-
tive expansion. It is well-known and discussed in standard texts such as Refs. [56, 66, 67] that,
starting at next-to-leading order (NLO), various types of divergent intermediate results arise. The
purpose of this subsection is to briefly outline the nature of these divergences and how they can
be regularized. The focus will be on the method of dimensional regularization due to 't Hooft and
Veltman [68], which is by far the most widely used regularization scheme in practice. Much of the
following discussion draws on Ref. [69].

The first question to address is: What new features appear at NLO that lead to divergences?
There are two types of NLO contributions: wvirtual loop corrections with unconstrained loop mo-
menta and real corrections with an additional real particle in the final state and correspondingly a
more involved phase space. Across both types of NLO corrections one distinguishes the following
classes of divergences, illustrated by example diagrams in Fig. 2.2

e Ultraviolet (UV) divergences: These arise in loop integrals at infinite loop momentum if the
integrand does not fall off sufficiently fast.

e Infrared (IR) divergences: These occur at the opposite end — when the loop momentum goes
to zero. This can cause a divergence if the integrand contains a massless propagator.

e Soft divergences: A massless final-state particle, such as a photon or gluon, can lead to a
divergence in the phase space integration. This happens in the limit where the particle is
emitted with arbitrarily low energy.

e Collinear divergences: In high-energy processes, fermion masses are often neglected. When
a massless fermion emits a collinear photon or gluon, its propagator goes on-shell, resulting
in a divergence.

Each type of divergence will now be discussed in more detail, starting with the UV divergences
encountered in loop diagrams, such as the top-left diagram in Fig. 2.2.
A generic, four-dimensional loop integral at large momentum may take the divergent form

4 1
I o /d ko (2.6)

Here, the integrand falls off too slowly as & — oo, causing a UV divergence. However, the integral
would converge in less than d = 4 dimensions. Thus, in dimensional regularization, the integral is
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evaluated in a general, continuous number of spacetime dimensions d < 4, not restricted to integers.
In the end, the limit d — 4 is taken only after divergences have canceled. Crucially, dimensional
regularization preserves the symmetries of the theory, such as Lorentz and gauge invariance, which
is one of its major strengths. While the concept of non-integer dimensions is not intuitive, it is
widely applicable in a straightforward way.

Before examining explicit examples, a few general properties and notational conventions are
summarized. An arbitrary d-dimensional integral satisfies the following identities for linearity,
scaling and translations (a, b, c € C)

/ddk (af(k) + bg(k)) a/ddkf(k) + b/ddkg(k)
/ddkf(ck) c‘d/ddkf(k)
/ddl-cf(k:Jrq) = /ddk:f(k:). (2.7)

In dimensional regularization, momenta become vectors with d components: k = (k;o, k.. k:d_l).
The same applies to Lorentz tensors and the metric, which satisfies g g, = d. It is convenient to
write the continuous dimension as d = 4 —2¢, where ¢ € R indicates the deviation from the physical
limit d = 4. To avoid confusion between this ¢ and the ie prescription of Feynman propagators,
the latter is from now on denoted as 4 .

While vectors and tensors are adapted to d dimensions, the Dirac v matrices and the identity
can be kept 4-dimensional and the standard trace identities remain valid. However, contraction
identities change in 4 — 2¢ dimensions

Y = (4-2)1
VY = 20 —e)y”
VA APy = 471 — 2ey"P
YA NPV = =297y + 267" (2.8)

The fifth gamma matrix 75 requires special treatment. The following properties are mutually
consistent for d = 4, but are not compatible for d = 4 — 2¢ dimensions [70]

{’YH?WS} = 0
Tr[ys9"y" "1 # 0
Trlysy* ...9fr] = Tr[y™..fmys] (2.9)

The original approach of t’'Hooft and Veltman, Ref. [68], was to drop the anti-commutation property
of v5. This aspect of dimensional regularization was later refined by Breitenlohner and Maison,
Ref. [71], and received the name BMHV scheme (or HVBM scheme). Alternative schemes that
maintain an anticommuting s also exist (see Ref. [72]). The BMHV scheme is mathematically
consistent to all orders in perturbation theory, though it has its drawbacks for the treatment of
chiral gauge theories, such as the electroweak sector of the standard model — this is, however,
irrelevant for this work and the BMHYV scheme will be used throughout.

The essential idea is that vectors, tensors and also the Dirac matrices v* are split into a 4-
dimensional and a (d — 4)-dimensional part. For example

ko= kP 4+ k" (2.10)

where k* is the 4-dimensional and k* the (d — 4)-dimensional part of a generic vector k#. The two
parts life in separate subspaces and thus two arbitrary vectors k*, g* satisfy

krg, =0,  krg, = K G, kMG, = kK g, (2.11)

The fully antisymmetric levi-civita tensor and 75 are defined as purely 4-dimensional objects, i.e.
V5 = T €urpa TV, The cyclic property of the trace is preserved but 75 only anticommutes
with the 4-dimensional part of other gamma matrices

{79} =0 [v5,4"] = 0. (2.12)

The calculation of Dirac traces for this work has been performed using the Tracer Mathematica
package [73], which implements the BMHYV scheme.

15



Finally, dimensional regularization also affects the mass dimensions of fields and couplings. In
natural units, the action S = [ d?zL is dimensionless, implying

dim(£) = d
dim(q) = dim(q) = G
dim (G7) = 5
dim(g) = H¢=¢
=9 — pg, (2.13)

where the coupling ¢ is redefined to maintain it as dimensionless. Analogously, in QED one
redefines e — pce for the electric charge.

UV Divergences

The One-Loop Vertex Correction Given the prerequisites outlined above, one can now turn
to the explicit calculation of the example shown in the top-left panel of Fig. 2.2, the electron-photon
vertex correction in QED. The corresponding Feynman amplitude is given by

iM* = depfu(p )T u(p) , (2.14)

where u, @ are (adjoint) spinors and in zeroth order I'* = *. Due to the kinematics, I' can only
depend on ¢?. Based on current conservation one can show that it has the following form to all
orders in perturbation theory

o ald
" = Fi(¢®)v" + Fa(g?) 5 (2.15)

where F}, F are so-called form factors, m is the electron mass and one defines o/ = £[y#,~"]. In
the following, the one-loop correction to I'* will be calculated for the case of an on-shell external
photon, i.e. ¢> = 0. Applying the familiar Feynman rules one finds

oo ez [ 4%k v (k+g+m) (K +m)y
o = it | @) (k+q)” —m?) (¥ —m?) ((p— k> —m2)

(2.16)

This calculation will contain both UV and IR divergences. To regularize the IR divergence, a fic-
titious photon mass m. is introduced. Note, however, that also the IR divergence can be handled
using dimensional regularization, as will be explained below. As a first step to evaluate Eq. (2.16)
one can combine the three denominators into just one single denominator by the Feynman param-

eter method
1

1
_— :/ dedydzé(xz +y+2—1) 2
¢ Jo

(Az + By + Cz2)*’

with A, B, C replaced by the three propagators in Eq. (2.16). Next, one simplifies the resulting
expression using the relations ¢> = p- ¢ = 0 and p?> = m?. Subsequently, one introduces M? =
(1—2)%m? + zmg and employs a substitution k& — k — yg + zp. This leads to

1 11—z d 1
r“ = —2i62u28/ dz/ dy/ d kd 3 X
0 0 (2m) (k2 — M?2)

VY (F+ (L= y)g + zp+m) v (F—yd + zp+m) v, . (2.18)

1B (2.17)

Since the integration over k is symmetric one can discard all linear terms in & in the numerator of
Eq. (2.18). One ends up with a quadratic term

Iy ~ kv kv
and a constant term
Ly~ (L= y)g +2p+m) 7" (—yg +2p+m)
For the quadratic term one can apply an identity from Eq. (2.8) and use the fact that the integrand
is independent of y to obtain
d?k ke ks
27‘r)d (k‘2 _ M2)3 :

1
Yy = 42'62#25(175)’}/0/7“’}/&‘/0 dz(lz)/( (2.19)
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The tensor integral over k is symmetric under « <+ 8 and thus must be proportional to the metric
B
g*”, hence

/ d? ke ks OB — g*? d? k2

(2m)d (k2 — M?)3 9T (2m)d (k2 — M2)3”’

where the remaining integral can be found in the appendix of Ref. [66]. The resulting parameter
integral over z is well-defined for m., — 0, meaning that there is no IR divergence in this part of
the result. Using another identity from Eq. (2.8) one arrives at

= < (1(;))5(6) ( 421#2) T, (2.20)

where I'(z) on the right-hand side of the above result is the Euler Gamma function.

The remaining constant term from the original numerator in Eq. (2.18) has six powers of k in
the denominator and only four in the numerator. Thus it is finite and one can already set € = 0 at
this point. Additionally, one can make use of the Dirac equation for the spinors, pu(p) = mu(p)
and u(p')p’ = u(p’)m as well as the fact that the denominator is independent of y. Furthermore,
one can also decompose this part into a term I';, ~ +* and a term I'y, ~ ic*"g,. For the former
one finds an explicit IR divergence in form of a logarithm of m,,

2,,2 1 2 2 2
p o oem- (1-2)(1—-42+2"%) e , m3 5 (&)
Toa = 557 /0 dz m2(1—2)2 +2m2 82 log | 2 | +5+0(2) ), (221)

while the latter is free of divergences and has the very compact form

a ot q,
Thy = 5- 5 (2.22)
from which one directly concludes that
@
F»(0) = o (2.23)

Anomalous Magnetic Moment This is a famous result with a direct implication for the
anomalous magnetic moment of the electron. The term ”anomalous” is given because it is a
deviation from the prediction by the Dirac equation for the Landé factor g. The Landé factor
describes the relation between the magnetic moment g and spin S of a particle of charge ¢ and

mass m via q
=g—S 2.24
p=95-5, (2.24)
with the Dirac prediction for the electron g = 2. One can show that in QED the Landé factor is

related to the structure function Fy by
g =201+ F0) =2(1+ 23) g2 =2 ~000232. (2.25)
™ ™

This one-loop correction for g was first given by Schwinger, Ref. [74], and constitutes a milestone
in the history of QED because it showed for the first time that loop corrections have real physical
implications. As indicated in (2.25) it is common to consider just the deviation g — 2 from the
Dirac prediction, coining the term ”electron g — 2” for the topic itself. Building on the work of
Schwinger, the theoretical predictions for the electron g — 2 have reached the order O(a®), mainly
due to the works of Laporta and Remiddi [75], and later Aoyama, Hayakawa and Kinoshita [76].
For their result, Kinoshita and collaborators computed an astounding 12,672 diagrams. At this
level of precision, one also has to include contributions by muons and tauons, by electroweak
interactions and also by QCD through the inclusion of quark loops. A modern review of the topic
is given in Ref. [5] and the experimental [77, 78, 79] and theoretical [5] values are given in the form
0= (g-2)/2

af*P = 11596521807.3(2.8) x 1073

M = 11596521817.8(0.6)(0.4)(0.2)(7.6) x 10713, (2.26)

The errors given for the standard model prediction a5 are the uncertainties of the four- and

five-loop QED coefficients, the error on the hadronic contributions and lastly the error on the

determination of the electromagnetic fine-structure constant o from measurements of the 8"Rb
mass [80, 81, 82].
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Figure 2.3: Sketch of vertex renormalization at one-loop order. (left): zeroth order vertex,
(middle): NLO virtual correction, (right): counter term

Recently, the related muon g — 2 has attracted a lot of attention because there is an equally pre-
cise theoretical prediction up to O(a®) in QED, see Ref. [83], which however deviates by 3.7¢ from
the experimental result obtained at the Brookhaven National Laboratory (BNL) [84]. Such a large
deviation could imply physics beyond the standard model, which would undoubtedly be a break-
through discovery. The largest amount of the theoretical uncertainty originates from QCD effects
such as hadronic vacuum polarization (HVP) and hadronic light-by-light (HLbL) diagrams [83].
Due to the low characteristic scale for muon g — 2, one has to employ non-perturbative methods
like dispersion relations or lattice QCD. In the most recent White Paper of the Muon g — 2 Theory
Initiative [85], the collaboration reports on major progress in the determination of the HLbL con-
tribution, including both the data-driven dispersive approach as well as lattice QCD. In particular
the inclusion of lattice QCD into the analysis has shifted their recommended theoretical value
towards the experimental result, such that the previous tension is no longer present for comparison
with the latest experimental average [84, 86, 87, 88, 89, 90]:

a ¥ = 116592071.5(14.5) x 10!
as™ = 116592033(62) x 107 (2.27)

Renormalization Back to the calculation of the structure function F}, one needs to combine
all previous results oc v#

a (1 m? m2
1+E <€+4—7E—log (47W2> + 2log <mg>>1 A= Fi(q® = 0)y,

(2.28)
where the FEuler-Mascheroni constant g originates from the Taylor expansion of the gamma
function T'(1 + &) = 1 — ype + O(e?). For completeness, the general result for ¢ # 0 reads

4T+ T, =

F(g) = F1(0)+4(:T/01dx KI—W) log (r(z))
() (o (22)
B} = ;Aldxr(lx)’ (2.29)

where 7(z) = 1—xz(1—x)g*/m?. Note that the new term ox ¢* for Fy only contains an IR divergence
but no UV divergence. This is expected due to the very large loop momenta that are considered
for the UV divergence: since k? > ¢2 it follows that ¢? is negligible and that the divergence is
already captured in the simplified case ¢? = 0.

Now that the UV divergence has been made explicit, the question is how to interpret it. Clearly,
a physical result cannot contain an infinity. In fact, the result in Eq. (2.29) is not yet complete and
it misses its corresponding counter term. The reason is that the couplings, masses and fields in the
Lagrangian are bare quantities, which themselves contain infinities. Still, one can do calculations
using the physical quantities, but then one also needs to consider the corresponding counter terms.
As an example, consider the interaction term of the QED Lagrangian

&Ep = cooruthoAf (2.30)
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which is in terms of the bare charge eg, the bare electron spinors 1, 99 and the bare photon field
Al. The bare quantities can be related to their physical equivalent by renormalization constants,
that are also divergent

1/_)71/) = Z2_1/21/_)07’¢)0
—1/2
Ar =z P aAr
e = Z,737Z7'e. (2.31)

This can be plugged into Eq. (2.30); for the procedure of renormalization it is convenient to rewrite
it as follows

Ln = Ziepyp AP = ey AP + (Z1 — Depyp Ar . (2.32)

Then, the first term on the rightmost side of the equation can be used to perform perturbation
theory, in terms of the physical charge and fields, and the second term generates the counter
terms that cancel possible UV divergences. The Lagrangian is still the same as before, nothing
has been added or subtracted. It was just reorganized such that all bare quantities are eliminated
and calculations can be done entirely in terms of physical quantities. The Feynman rule for the
vertex counter term is just the original vertex rule multiplied by the prefactor Z; — 1. Including
all contributions shown in Fig. 2.3, one finds for the renormalized vertex

iel't (q) = el +ie(Z7 — 1)y*. (2.33)

To explicitly determine the renormalization constant Z;, one has to choose a renormalization
scheme. As long as the final result is finite, one is free to include an arbitrary constant in Z.

A particular choice that is motivated from a physical point of view is the so-called On-Shell
scheme. One can show that Fj(0) is related to the electric charge e and fixing F;°"(0) = 1 ensures
that the renormalized vertex is described by the physical charge e. This also uniquely fixes Z;.
The On-Shell scheme is well-suited for QED because of its correspondence to the classical theory
of electromagnetism: the charges and masses of the theory’s elementary degrees of freedom can be
measured. Hence, one can always find renormalization conditions that are motivated physically.

This is not the case for QCD where the elementary degrees of freedom cannot be observed
individually. Instead one can resort to making the simplest choice possible for the renormalization
constants. This is the concept of the Minimal Subtraction (MS) scheme where only the & poles
are subtracted and nothing else. In practice, a slight refinement of this idea called the Modified
Minimal Subtraction (MS) scheme is the most commonly used version. In the MS scheme one
also subtracts the constants vg and log 4w, which are universally present in calculations using
dimensional regularization. Then, the vertex renormalization constant is given as

MS « S€ 2
Z7 =1——— + O0(a?), (2.34)
a7 ¢
where S. = (47)¢/T'(1 —¢) =1 — (yg — log4nm)e + O(£?).

The process of eliminating UV divergences by appropriate counterterms is known as renormal-
ization. A theory is considered renormalizable if this procedure successfully absorbs all divergences
at every order in perturbation theory. There are many more interesting aspects to this topic that
would deserve a discussion. This is, however, beyond the scope of this work and the key takeaway
here is that both QED and QCD are renormalizable.

+ +

Figure 2.4: Relevant diagrams for the discussion of the IR divergence in the one-loop vertex
correction, illustrated for p~p+ — e~e™ scattering. (left): LO diagram, (right): The relevant
vertex correction.
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IR and Soft Divergences

Even after renormalization, the IR divergence in Eqgs. (2.28) and (2.29) remains and must be
canceled by some other contribution. It is instructive to isolate the IR divergent part from the
renormalized structure function Fj in the On-Shell scheme as follows

ren/ 2 m?y .
Fi™(q%) fir (B) log <m2> + IR finite

firR(B) = a[1+5210g(1+6>—1]

o | 28 1-5
4 2
8 = J1- q—”;; @ > 4m?. (2.35)

Contrary to before, the photon at the vertex is not a real, on-shell particle. Instead, it is virtual and
off-shell — its momentum gq is fixed by the momenta of the external electrons, implying ¢% > 4m?.

In general, a soft divergence, such as in the bottom-left diagram of Fig. 2.2, cancels such an
IR divergence when a physically meaningful, well-defined observable is constructed. Due to subtle
details like finite detector resolutions one has to be careful when defining observables to make sure
that they are actually measurable. If the observable is indeed well-defined, one can show that IR
and soft divergences always cancel. This subsection illustrates this cancellation using the process
u~pt — e~et, based on Ref. [69]. The relevant diagrams up to one-loop order are shown in
Fig. 2.4. The order O(a) correction to the LO cross section is given by the interference of the
diagrams in this figure. While additional loop corrections to the LO diagram exist, they are not
relevant here because the electron vertex is individually gauge-invariant and physically meaningful.
For example, the muon vertex correction must be treated independently: if muons were replaced
by quarks, the different charges would prevent combining the two contributions. Since the IR
divergent piece of I'* multiplies the basic vertex v* of the LO diagram, one can immediately write
down the differential cross section at NLO

do do a1+ 82 1+ m2
0 =75 1+ - log| —— ) — 1|1 — 2.
dQ ILO+virt. dQ Lo x ( t T [ 23 o8 (1 B 0g m2 + ) (2.36)

where the ellipsis indicates IR finite pieces and other virtual corrections which are immaterial for
the present purpose.

The result is manifestly divergent for the limit m, — 0, which would be problematic for a
physical observable. However, the exclusive process u~u+ — e”e™ is not measurable in practice:
any detector has a finite energy resolution = below which it cannot detect particles. Therefore, if a
very soft photon with energy £, < = is emitted, the final state becomes indistinguishable from the
pure e~et case. Such events are also recorded as p~uT — e~e', even though the actual process
was p~put — e"ety.

Hence, this soft photon process must be included to define a physically meaningful observable
that will, in the end, be IR finite. To show this explicitly, it suffices to consider photon emission
from the electron line as shown in Fig. 2.5 — for the same reason as before one can ignore emissions
from the muon line. The fact that the photon is soft (m. =~ 0) will be exploited in several places
during the calculation.

P1

P2

Figure 2.5: Real correction diagrams required for a well-defined observable. The IR divergence in
the one-loop electron-photon vertex correction in u~u™ — e~ e™ scattering is canceled by soft
photon emission in p~ut — e~ety.
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An important observation is that the amplitude for each diagram factorizes into a term de-
scribing photon emission and the LO amplitude. Intuitively, one can imagine ”cutting” the soft
photon emission off the diagram, leaving the LO contribution. Because the photon momentum is
negligible, the electron (positron) momentum is unchanged by the emission. Making use of the
Dirac equation, the total amplitude iM,e, in the soft photon limit is given as

Pt Py
iM = —e — —= )€ (k) x iMio, 2.37
o = e (S = P ) x iMuo (2.37)
where €* is the polarization vector of the soft final-state photon, and p, po, k are the momenta of
the electron, positron, and photon, respectively (cf. Fig. 2.5). In the e"e* rest frame one has

E E E pk p| [ m2
= = k= R 0 =-—— = — = 1— — 2.
P1 <p> y P2 <_p> ) (k) , COS |p||k| ’ ﬂ E E2° ( 38)

where (8 is the same as in the last line of Eq. (2.35). Note that for the algebra needed to simplify
the squared amplitude, the photon can be considered massless, m, = 0, and thus E, = |k|.

The final step is the integration over the three-particle phase space of electron, positron and
photon. One can neglect the photon momentum k compared to the electron and positron momenta
p1,p2 inside the momentum conserving 0 function, i.e. §(py +p2+k—q) =~ §(p1+p2 —q). Then the
phase space factorizes into the ordinary two-particle phase space and an integral over the photon
degrees of freedom

43k I =
/dPS3 ~ /dPSZ/(Qﬂ')%Y = /dPSQW‘/_ldCOSQ/”anEWEy. (239)

Here, the k integral is performed in spherical coordinates and because of the absence of an azimuthal
dependence in the squared amplitude, that part of the integral simply yields a factor 2. The lower
bound of the E, integral is set to the fictitious photon mass m, to regularize the emerging IR
divergence and the upper bound reflects that only photons below the resolution = of the detector
are considered in the observable. The angular integrals are straightforward to evaluate, leading to
the real correction cross section for soft photon emission

do a1+ 52 1+ =2
EW<ENdQLOX7T|: 20 log(l_ﬂ — 1| log ol (2.40)

Y

do
dQ2

This has the correct form to cancel out m., when combined with Eq. (2.36). Allin all, the differential
cross section for the well-defined observable that has been constructed for muon-muon scattering
reads

do do|  do
d€Q lobs dQ2 LO+virt. dQ) E, <2

_ do o [14 62 1+ 8 =2
= ciflLoX(1+7T[ % log<15>—1}log<mZ)+...>. (2.41)

There is no more dependence on m., in the final result, the IR divergence is eliminated! The key
is to define a suitable IR-safe observable. Note that the same calculations can be repeated for
the muon-photon vertex and emission of soft photons from the muon line. In general, defining a
suitable observable requires including all final states that are degenerate in energy. The Bloch-
Nordsieck Theorem, Ref. [91], then guarantees that virtual and real IR divergences always cancel
to yield an IR-safe result.

A crucial point is that this works to all orders in «, and in certain cases only the all-order
soft photon result is sensible. To see this, consider the logarithm log (52 / m2) in the final result
Eq. (2.41) of the example calculation above. For a very good detector, the energy resolution is
pushed as low as possible and potentially much smaller than the electron mass. This would lead
to a large, negative contribution to the cross section which in turn could itself become negative!
The fixed-order perturbative expansion fails in such a scenario because « log (52 / m2) is no longer
a small perturbation and one would need to include all orders of this term.

An all-order calculation for the emission of n soft photons is indeed possible and it was first
performed by Yennie, Frautschi and Suura [92]. Essential for this calculation is that not all soft
photons lead to an IR divergence but only those emitted from a real, on-shell particle. This is
sketched in Fig. 2.2. In the top-right diagram, the fermion that emits the photon is off-shell and
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thus the propagator with momentum p + k£ will not hit its pole. In contrast, for the bottom-
left diagram one has p? = m? and thus the denominator of the relevant propagator becomes
(p+k)2—m?=2p-k — 0, ie. it becomes singular and generates an IR divergence in the limit
where all components of the photon momentum k become small. Only diagrams of this type
have to be considered when studying the cancellation of IR divergences, which makes the all-order
calculation feasible.

Moreover, also the extraction of IR divergences from loop diagrams can be performed to all
orders. A further complication for these virtual contributions is that one has to do the renormaliza-
tion procedure to all orders as well. In the end, one finds that both real and virtual contributions
exponentiate and that the same kind of cancellation as in the example calculation for the electron-
photon vertex at O(«) takes place, but now inside the exponent. The generalization of the cross
section in Eq. (2.41) with soft photons included to all orders reads

_do a [1+ 2 1+ =2
obsdQLoxeXp(w{ 25 10g(1—ﬁ>1]10g(m2>+'”)' (2.42)

Now, the cross section is always guaranteed to be IR-finite and positive even if the exponent itself
might become negative for very small detector resolutions =. In particular, one exactly recovers
Eq. (2.41) when expanding the exponential in the above formula to first order in «. While the
examples and theorems presented above where all exclusively done in QED, the methods can also
be extended to QCD, see Ref. [93]. However, in QCD one also has to consider collinear divergences
such as in the bottom-right panel of Fig. 2.2 and then construct IR- and collinear-safe observables.
This will be discussed below.

First, a brief explanation on how one can handle IR divergences using dimensional regularization
is in order. This is the preferred method for higher order calculations as well as QCD because
there it quickly becomes cumbersome to keep a non-zero photon (or gluon) mass. To illustrate
how dimensional regularization is applied for IR divergences, consider the part 'y, of the vertex
correction from Eq. (2.21), which contains the IR divergence and is given there for ¢ = 0. For
non-zero € and vanishing photon mass m., = 0 one finds

do
dQ

a (4np?\°© ! 1
rh, = — Folodz(1—4 H(1 —z) 172 2.43
b= g () v [ - ae 0 (243)
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2
which matches Eq. (2.21) up to a logarithm when making the replacement % < log % . Thus

the IR divergence is also regularized in this case, but now in terms of the parameter ¢ instead of
a fictitious mass.

It is noteworthy that unlike UV divergences emerging in the momentum integral and requiring
€ > 0, the IR divergence originates from the Feynman parameter integral and requires ¢ < 0. The
different signs for ¢ in both cases make it necessary to first subtract the UV poles and subsequently
employ analytic continuation to € < 0.

Of course, one also has to work out the phase space integration for the soft photon emission in
d dimensions

= dE = a =\ —2¢ 1 =2
ol 2e -1-2¢ _ _ % [ = _ _ =
a/m B = ap /0 dE, E; 5 (M) a( 52 + log <M2)> +0(). (2.44)
Y

In this way, another % pole is generated that exactly cancels the pole encountered in (2.43) when
combining the virtual and real contributions. Thus, the considered example can be handled also
in dimensional regularization and the procedure generalizes to any IR-safe observable.

Collinear Divergences

The last type of divergences is exemplified by the bottom-right diagram in Fig. 2.2. When the
center-of-mass energy +/s is much larger than the particle masses m,, (i.e. /s > m,), one com-
monly sets m,, ~ 0. This is in particular the case in QCD, where computations are typically done
with vanishing quark masses. Another reason for this approach is that quark masses are not well
defined perturbatively.

In the regime /s > m,, also hard emitted photons (or gluons) can cause a divergence. This
divergence arises when the photon becomes collinear with the fermion. To get more explicit, one
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can go back to the angular integration in the e”e* rest frame, defined by Eq. (2.38), which is part
of the phase space in the p~u*™ — e~eTy reaction, see Eq. (2.39). One specific integral one would
encounter is given by

! 1 1 1+8\ _ s
/1d0089(1—Bcos@)(l—i—ﬁcose) B BIOg (1—/8) ~ log (W) ’ (245)

where one approximates 8 = /1 —4m?2/s ~ 1 — 2m?/s. The explicit logarithm log (s/mz) man-
ifestly shows the mass singularity. It originates from poles inside the integrand. For m # 0 it is
B < 1 and thus there are no poles inside the integration region for cosf. But if m — 0 and con-
sequently 8 — 1, the denominator in the integrand of Eq. (2.45) vanishes for § = 0, i.e. collinear
photon emission from the electron, and for § = m, collinear emission from the positron (see the
definition of # in Eq. (2.38)). So, the collinear limit introduces large logarithms that diverge in the

2

limit m — 0. One can show that they exponentiate, similarly to the logarithms log ( =% ) in the
m

previous discussion on IR-safety. For the example given there, u~u™ — e~ et+, the cross section

has the following form in the limit /s > m

do do Q@ 9 ( S S m?
lobs ~ a2 lio <P <7r [log (2) + 108 (;3) toe <:)] * > : (246)

where = again denotes the energy resolution of a given detector and the ellipsis denotes terms
unrelated to the collinear divergence. The result contains a so-called Sudakov Double-Logarithm
log? (8 / mQ)7 a leading-logarithmic enhancement arising from overlapping soft and collinear singu-
larities.

While the expression is IR-safe, it is not yet collinear-safe because the observable only includes
soft photons in the final state. This correctly cancels contributions by soft photons in the loop
diagrams. However, in a virtual correction, photons with arbitrary energy can become collinear to
the electron, i.e. also hard photons which are not accounted for by the allowed soft photon final
states. Nevertheless, one can eliminate the mass singularities by summing over all degenerate final
states. In general, one has to allow an arbitrary number of massless particles that are moving in
the same direction. Kinoshita performed a rigorous treatment of this subject for both QED and
QCD, followed by Lee and Nauenberg, cf. Refs [94, 95]. The so-called KLN theorem is named after
these three, and it states that it is always possible to define IR- and collinear-safe observables by a
suitable combination of final states (and initial states in the case of massive particles in QCD) in
a scattering process. The Bloch-Nordsieck theorem is a special case of the KLN theorem for QED.

The simplest example of an IR- and collinear-safe observable would be the total cross section
for p~u™ — X where X is any combination of electrons, positrons and photons, in particular soft
and collinear photons. Thus one has the required summation over degenerate final states for the
cancellation of divergences. Sterman and Weinberg proposed a more sophisticated observable, see
Ref. [96]. They considered the exclusive production of two back-to-back jets of electrons, positrons
and photons restricted to cones of a narrow size R (up to a small energy = that is allowed outside
the cones to ensure IR-safety). Hard, collinear photons are included for both jets, and thus all
mass singularities cancel.

For this work, the most relevant collinear- and IR-safe observables are cross sections with
nucleons in the initial state and identified hadrons in the final state. An example is single-inclusive
hadron production, /N — hX, where X contains an unobserved final-state lepton and any number
of hadrons originating either from the nucleon remnants or from the hadronization of particles
produced in the hard scattering. Such observables include convolution integrals of the hard partonic
scattering cross section with parton distribution functions (PDFs) and fragmentation functions
(FFs), schematically

o~ fl®6® DI, (2.47)
Here, the bare PDF fq, the partonic cross section & and the bare FF D4 all contain collinear
divergences. However, the divergences are independent of the specific hard scattering process and
instead only depend on which nucleons are in the initial state and which hadrons are observed in
the final state. Moreover, the % poles from the partonic cross section exactly match those in the
bare PDF and FF. This means that one can define finite, renormalized PDFs f¢ and FFs D9 that
absorb the divergences of the hard scattering, also yielding a finite partonic cross section . As a
result, the cross section is given by a convolution of divergence-free quantities,

o~ f1®6® D!, (2.48)

and is hence manifestly collinear-safe. This concept is the main idea of so-called factorization
theorems and a brief introduction is given in the following Section.
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2.1.4 Factorization and Operator Definition for Parton Densities

Factorization The parton model offers a very accessible approach for the description of hadronic
observables. However, it is not a derivation but rather an ”educated guess” based on strong
arguments. Nevertheless, the model can be extended into rigorous factorization theorems, see
Ref. [566]. There are several subtle details that would require extensive and lengthy discussion.
This is of course beyond the scope of this section and instead only the most important results
will be shown. For simplicity, the fragmentation of final state partons into hadrons will not be
considered in the following.

In the context of a proper factorization theorem the simple parton model formula in Eq. (2.1)
is modified as follows

J(Q,...):Z(fri@fi/h) (Q,p,.‘.)+O<A(22CD> (2.49)

(2

where o denotes a generic observable, &; the partonic scattering cross section including parton
species i and /N the PDF for parton 7 inside the nucleon N. As before, @ is the hard momentum
scale of the process, which is much larger than the QCD scale, @ > Aqcp. The ellipsis indicates
the possible dependence on other variables such as possibly a transverse momentum. The symbol
® denotes a convolution integral of the partonic cross section with the PDF, typically over the
longitudinal momentum fraction z. This is similar to Eq. (2.1), but the convolution could, for
example, also include the transverse momentum kp of the parton in the case of transverse mo-
mentum dependent parton distributions (TMDs). A new feature of Eq. (2.49) are the so-called
power corrections indicated by O (Aqcp/Q). Although they are power-suppressed they can still
be relevant in several kinds of processes.

Evolution Another important difference to the parton model is the explicit dependence of both
the partonic scattering and the PDF on a so-called factorization scale p. This scale sets the bound-
ary between the short-distance and long-distance physics. The former is described by the pertur-
batively calculable, hard partonic scattering while the latter is described by the non-perturbative
PDFs. The generic observable o, however, does not display p dependence. Indeed, when including
all orders in perturbation theory the factorization scale must cancel out — it is arbitrary and thus
cannot be physical. This implies S—Z = 0 from which one derives so-called evolution equations for
the PDFs. One can write them in the schematic form

= P f/N. (2.50)

In this equation, P is a perturbatively calculable evolution kernel and ® denotes a convolution.
In the case of PDF's these evolution equations have been derived by Dokshitzer, Gribov, Lipatov,
Altarelli and Parisi, see Refs. [97, 98, 99] for their precise forms. The treatment of evolution is a
rich topic on its own but since the focus of this work lies elsewhere the reader is referred to the
extensive literature for further details, for example the books [56, 67].

Operator Definition of PDFs From the above discussion it is clear that the parton model
constitutes an approximation to a strict field theoretic treatment. Consequently, the picture of
parton densities (PDFs) as probability densities does not strictly apply either. The formally
correct way to introduce PDF's uses operator matrix elements. These so-called collinear quark-
quark correlators, see Refs. [56, 100, 101], are formulated in terms of the dynamical quark fields
and the nucleon state. As an example, the unpolarized quark PDF f} of flavor ¢ can be written as

o0
£10) = 5 [ e P WO W 03 Al 430 0) P ) (2.51)
— 00

Fig. 2.6 illustrates the momentum flow relevant to this operator definition. Moreover, P is the
parent nucleon’s momentum and S its spin vector with normalization S? = —1 and the constraint
P .S =0. In this definition, P is approximately light-like, i.e. P2 ~ 0, and n is another light-like
vector satisfying n? = 0 and P -n = 1. Besides these two conditions, n can be chosen arbitrarily
and is thus unphysical. Nonetheless, such a vector n is useful to write down the correlator in a
Lorentz-invariant way. It turns out that observables can always be written in a form independent
of n, and the arbitrariness in the choice of n is thus not a problem.

Between the nucleon states in Eq. (2.51) are the dynamical quark field g;; and its adjoint
i,o- Their Spinor indices are denoted j(i) and their color indices b(a). They are linked by a
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Figure 2.6: Schematic Feynman diagram illustrating the kinematics for the unpolarized quark
PDF of flavor ¢, f{ defined in Eq. (2.51), as well as the general quark-quark correlator of flavor g,
@7 presented in Eq. (2.53).

straight-path Wilson line W [0; An],, from An to 0. Note that the two quark fields are evaluated
at different space-time coordinates, i.e. at 0 and at An. Thus they behave differently under a local
SU(3) gauge transformation, cf. Eq. (2.2). The transformation law for the Wilson line is derived
in App. A, and one finds that it transforms in exactly the right way to render the whole expression
gauge invariant®

gip(An)  —  Upa(An)gja(An)
Gia(0) = Gc(0)UL,(0)
WI0;An],, = Uae(0)W[0; 0], Uf,(An) (2.52)

Furthermore, one recognizes that there is no scale dependence indicated anywhere in Eq. (2.51).
This is in contrast to the discussion given at the beginning of this section: proper factorization
formulas are formulated in terms of scale-dependent PDF's. The seeming mismatch is explained by
the fact that all fields in the definition of Eq. (2.51) are bare quantities — they are not the physical
ones found in nature. In fact, they contain UV divergences. This applies to Eq. (2.51) for both
quark fields g, g as well as the gluon fields G}; and the strong coupling constant g in the definition
of the Wilson line. Consequently, the definition of the quark density also contains divergences that
must be renormalized. The procedure requires the choice of a specific subtraction scheme, thus
introducing the scale dependence, i.e.

Fl@) == ).

So far, the whole discussion is based exclusively on unpolarized processes and the corresponding
unpolarized partonic cross sections and PDFs. In the following, it will be shown how one can extend
Eq. (2.51) to a more general form also featuring various other types of PDFs. This also includes
but is not limited to polarized PDFs. The discussion is mainly based on Refs. [100, 102], while
the notation and conventions are following Ref.[101]. The generalization is obtained simply by
removing 1t from Eq. (2.51), since 7t acts like a projector that singles out just the unpolarized
PDF. The relevant momentum flow is again shown in Fig. 2.6. This leads to the definition of the
quark-quark correlator ®7 of flavor ¢

q > d)‘ AT —
¥ @n PS) = [ GNP SIGOW 0] aOn)|P.S). (2:53)

ij
oo 2m

where the dependence on the auxiliary light-cone vector n as well as the nucleon momentum P
and its spin S has been indicated explicitly. While one cannot exactly calculate the correlator ®9,
one can parametrize it in terms of suitable structures. To do so, one analyzes its behavior under
hermitian conjugation, parity and time-reversal. This gives consistency conditions that constrain
which structures could possibly appear in the parametrization. The behavior of matrix elements

4for this reason, Wilson lines are also commonly called gauge links
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and fields under these discrete transformations as well as the consistency conditions for ®7 are
discussed in App. B. One finds

(@] = (07200,
® (win.P.S) = (1) @ (37, P, =5) (1),
(@) (5, P,S) = (=insC)y, ®F, (w37, P, S) (—ivs0),; (2.54)

Combining all of these constraints, one can write down the parametrization for the quark-quark
correlator @, following the conventions of Ref. [101]

#(0) = g (PFI) + M)~ M(S m)Pragla) + 5MS ) [Pl ikt 0
2 [P 8] shi@) — M (8~ (S mP) 1ogh(a) + M)

2

— M3(S - n)hysga(z) + MT [$ —(S-n)P, 7/1] 'yshg(x)> , (2.55)
where the nucleon mass is denoted by M. The nine distribution functions in Eq. (2.55) are all of
order O(1) such that the relative size of the different structures in the parametrization is entirely
given in terms of the factors of M and P. To further illustrate this point, it is convenient to slightly
rewrite the above equation. One can introduce the auxiliary vectors ny = Ple and n_ = P'n
as well as the nucleon helicity A = M (S - n) and the transverse component of the spin vector
St =8 — (S -n)P. Reordering the terms then yields

P = () - Mt — [ e a0

+ % (eq(x) + % [7/%7%_} Vsh(x) — $T759%(x)>

+2(]]\§7+)2 <7/lf:§1(56) — Mt_v595(z) + % {$T,7/i,} 75h§> , (2.56)

which matches the form given in Ref. [100]. The advantage of Eq. (2.56) is that it makes explicit
the suppression of the distribution functions in the second and third lines by powers of M/PT.
One defines the (operational) twist ¢ of a suppression factor (A/ P“‘)tiz7 where A is a characteristic
hadronic momentum scale. One identifies A = M and thus counts the first line of Eq. (2.56)
as twist-2 (¢ = 2), the second as twist-3 (¢ = 3) and the third as twist-4 (¢ = 4). The twist-2
functions f{, g{ h{ are the unpolarized, helicity and transversity PDFs. They can be interpreted
as probability densities just like in the parton model. The higher-twist distribution functions,
however, lack such a probabilistic interpretation (cf. Ref. [101]).

Nonetheless, all distribution functions have the same support property, namely —1 < = < 1.
Negative arguments correspond to the anti-quark counterparts that can be obtained via charge
conjugation of ®?. One finds the following relations (including functions up to twist-3) for the
C-even functions

A = —fi-)

M) = ()

hi(z) = —hi(-z), (2.57)
and the C-odd functions

o) = gi(-=

gr(z) = gp(-z

el(x) = el(—x). (2.58)

The quark—quark correlator’s role in collinear twist-3 factorization is summarized as follows.
Functions from the second line of Eq. (2.56) and their corresponding intrinsic contributions to
an observable, see Ref. [101], have to be considered in general. They do, however, not enter the
observables studied here. Two other twist-3 effects do matter: kinematical contributions from
correlators with nonzero quark transverse momentum k7, and dynamical contributions from cor-
relators containing a third field, such as the gluonic field strength F"? = n,F*?. Their definitions
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and parametrizations are provided in App. C. Of particular relevance is the quark-gluon-quark
correlator, which is also given here since it will be referred to regularly throughout this work

(oo} (oo}
spe) = [ @[ e e (P8 q(0) ig P (um) o) |P.S)
— 0o — 00

1 1
= 5MieP””S PFi(z,2") — §M SEPys Gz, 2') + ... (2.59)

Along with two quark fields g, ¢ familiar from Eq. (2.53), this correlator contains the gluonic field
strength tensor F"? = n,F"? and is parametrized in terms of the ggq functions F'¢, G9. These
functions depend on two longitudinal momentum fractions z, ' and are accompanied by other
twist-3 functions. These other functions, however, are simply indicated by the ellipsis in (2.59),
since they do not enter the studied observables. Again, the vector n is light-like, n? = 0, and
normalized by the condition P -n = 1 but otherwise arbitrary and thus unphysical. Also in the
collinear twist-3 case, all arbitrariness of n will eventually cancel out in an observable. To show
this explicitly, however, is more involved than for twist-2, see Ref. [101]. Moreover, the Wilson lines
required for gauge invariance of the matrix element are not shown for brevity. One also defines
ePmPS = P,n, SyetP? where € is the totally anti-symmetric tensor of sign convention €123 = +1.
Note that the transverse part a4 of any vector a* is defined via a transverse projector:

ap =ga,,  where ¢ =g" — Pt'n” — P'nt. (2.60)

Lastly, the letter F' in ®%. indicates that the correlator is defined using a field strength tensor F'
instead of a covariant derivative D, cf. Ref. [102]. Similarly, the functions F'?, G? are sometimes also
given the subscript F'T', where the additional T indicates transverse polarization. Nevertheless,
throughout this work these extra subscripts will be dropped in favor of an easier notation and
better readability.

2.2 Spin Asymmetry

To set the stage for the main part of this work, the key observable is defined: the transverse single-
spin asymmetry (SSA). It is commonly studied in the context of spin phenomena in high-energy
physics. For a generic particle collision, such as in a collider experiment, the SSA can be defined
as

o (St) — o (—5Sr)
g (ST) +o (—ST) '

Here, o(St) is the transverse-spin-dependent cross section and St the spin vector of the trans-
versely (T) polarized particle. The subscript UT indicates that the other involved particles are
unpolarized (U). The transversely polarized cross section in the numerator of (2.61) is given by
the difference of the cross sections with flipped spin, while the unpolarized counterpart in the de-
nominator is given as the sum. To be more precise, the generic ¢ is a short-hand for a differential
cross section. For example, in case of single-inclusive hadron production, ((I)NT(P) — h(Py)X
(external momenta indicated in brackets), it would stand for Ehdg—;h(ST).

A related observable that is also commonly considered in experiments is the right-left asymmetry
Apgy, which will be studied in the phenomenological analyses of Ch. 7. The beam direction and the
transverse spin vector St define a plane, and one simply counts the events with particles detected
to either the right or left side of this plane to compute the asymmetry. In terms of the azimuthal
angle ¢ of the observed final state particle and the azimuthal angle ¢g of the spin vector St , the
right-left asymmetry is given as

Aur = (2.61)

A _ is-‘:?ﬂdqso-((b’qss) _f¢ss+7rd¢o-(¢7¢s)
RL = o .
Jo Ao (e, 6s)

This type of asymmetry will be thoroughly analyzed in the numerics Chapter, Ch. 7.
Note that other quantities, such as a sin (¢ — ¢5) weighted cross section, are also used in
practice.

(2.62)

2.3 The Transverse SSA at Leading Order (LO)

Now that the foundation is laid out, one can turn to centerpiece of this study: the calculation of
SSAs in the collinear twist-3 approach. The formalism is an extension on the collinear factorization
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discussed in Sec. 2.1.4 for unpolarized or longitudinally polarized processes and some aspects of the
twist-3 case have already been hinted at. Collinear twist-3 factorization is commonly used in the
description of transverse-spin observables in single-inclusive hard processes, see Refs. [32, 103, 104].
This section starts the general discussion, with the process of single-inclusive hadron production,
(()NT(P) — h(Py)X, as an illustrative example. By reviewing the known leading order (LO)
result, the basic methods and concepts are introduced. The proceeding sections follow up on this
by showing the necessary steps to extend the calculation to next-to-leading order (NLO).

The kinematics of the hadron production process are defined as follows. The momenta of the
lepton, the nucleon and the produced hadron are labeled as {#, P* and Pj'. Their masses will
be denoted as my, M and My, respectively. The scattering process is assumed to happen on an
energy scale much larger than these masses. Hence, one negelcts my, M and M), wherever possible
and treats the momenta as light-like vectors ¢2 ~ 0, P ~ 0, P? ~ 0. Moreover, one introduces the
nucleon spin vector S* with the normalization S? = —1 and the constraint P-S = 0. The hadronic
Mandelstam variables for this process are defined as s = (I+P)? ~2l-P,t = (P— P,)> ~ —2P-P,
and u = (I — P,)? ~ —2l - P,. Note that s + ¢+ u > 0 for the single-inclusive reactions considered
in this work.

The application of the general formalism to single-inclusive lepton-nucleon scattering has been
discussed in a variety of publications, for example in Refs. [40, 41, 47, 105, 106, 107, 108, 109]. The
procedure will be presented step by step using schematic expressions, more details are reserved for
a separate chapter on /NT — hX.

The collinear twist-3 approach makes use of multiparton correlators like in Eq. (2.59) to de-
scribe the soft physics of the interaction. Such correlators have been discussed exhaustively in the
literature, for example in [101, 110, 111], and App. C gives an overview of the most important
aspects and definitions. The above references introduce terminology often used in the context of
collinear twist-3 factorization:

e Contributions to a SSA generated by an expansion of two-parton correlators in a transverse
momentum kr < 1, such as (C.1), (C.3), are called kinematical twist-3 contributions

e Three-parton correlators like (2.59) generate so-called dynamical twist-3 contributions. The
label ”dynamical” is given because of the third dynamical field in the matrix elements

e intrinsic contributions are generated by the twist-3 functions in the parametrization of the
ordinary quark-quark correlator, Eq. (2.53). But, they do not enter any observable in this
work

Refs. [47, 101] already calculated the SSA (2.61) in the collinear twist-3 formalism to LO
accuracy. Particularly important is the discussion in Ref. [101] on the role of the light-cone vector
n*, which is unphysical and enters the calculations via the soft matrix elements in (2.59) and App.C.
Since n* is not unambiguously defined, physical observables such as cross sections or SSAs must
not depend on a particular choice. For the leading-twist fragmentation functions in Egs. (C.14),
(C.15), or the photon-in-lepton distribution (C.20) this usually is not an issue. The arbitrary light-
cone vectors featured in their respective definitions are actually not present in the relevant terms of
their parametrizations. Hence, they do not even enter the calculation. On the other hand, things
become more complicated for subleading twist-3 matrix elements such as (2.59). Establishing the
independence of n* for the full result is a rather complex task in the twist-3 calculation beyond
LO, but also provides a good check on the correctness of the results. In fact, in Ref. [101] the LO
result for /NT — hX is computed for an arbitrary n. In contrast, the present work uses a fixed
choice for n,

nt=—2p/'. (2.63)

This avoids the computation of additional terms in intermediate steps, that will eventually cancel
out. With the fixed vector n* one can repeat the LO calculation and recover the result of [101]
(see Eq. (67) therein). Extended to d = 4 — 2¢ space-time dimensions, it reads

do vt Y , .
Ehidd_fgh(S) = 09(8) / dv / W Gro(v,w,e) > e2 [(F! -z (F)) (z,2) 2 Di(2)]
Vo o q
+h! ® S[HL,). (2.64)

Equation (2.64) employs a Lorentz-invariant, nucleon-spin-dependent prefactor oo (S). It appears
frequently below and is given as

o= () (i) (269
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There is an explicit factor of the nucleon mass M, leading to a typical (twist-3) power suppression.
In other words, if the transverse momentum of the detected hadron is large, the factor oo(S) dilutes
the SSA in (2.61). The integration in Eq. (2.64) is carried out using the dimensionless combinations
v, w of the hadronic Mandelstam variables s, ¢, u. Along with the integration boundaries they are
given by . )
T - —vu U s+t
x:£7 Zzl—vl’ xo(v) = T T, = —is_ . (2.66)

In terms of these new variables v and w, the LO hard partonic function 61,0 reads

1402 —g(1—w)?
(1—-v)*

q. (2.64) is identical to Eq. (67) of Ref. [101] if a transformation according to Eq. (2.66) is
performed along with setting ¢ = 0.

oLo(v,w,e) = 0(1—w). (2.67)

p+k'-k p‘1/z

=1/z K,
k=x P + k; A 99921' (xx') P

Figure 2.7: LO Feynman diagrams contributing to Eq. (2.64). Left: Kinematical twist-3
contribution, Right: Dynamical twist-3 contrlbutlon.

Two kinds of multiparton correlation effects contribute to the LO result in Eq. (2.64):

e Twist-3 distribution functions of the initial state nucleon such as the ggq function F'?, along-
side the twist-2 quark fragmentation function D (definitions in (2.59) and (C.14)). This
work will entirely focus on these twist-3 distributions of the initial nucleon; the derivation
and discussion of the corresponding contributions to the spin-dependent cross section at NLO
are the centerpiece of this study

o Twist-3 fragmentation functions of the final state hadronization process, indicated in (2.64)
by the hq ®%[ﬁ ru) term. This term features the leading-twist transversity quark distribution
hi and the imaginary part of a qgq fragmentation function Hpy (see Ref. [101]). Although
such contributions may constitute a numerically large part of the SSA (2.61), they are disre-
garded in this work, i.e. one sets %[ﬁpy] = 0. First, because the computational procedure
is entirely different from the twist-3 distribution effects highlighted below. And second, for
jet (see Ch. 4) and photon production (see Ch. 5), twist-3 fragmentation effects do not enter
and the presented derivations constitute the complete NLO result

Keeping in mind that only the effects due to multiparton distributions in the nucleon are
considered, one can further examine the LO formula in Eq. (2.64). The function F? is probed for
the special configuration 2’ = x of quark and gluon momentum fractions. This corresponds to a
situation where an additional soft gluon with vanishing longitudinal momentum is attached to the
hard part of the process (see Ref. [101]). Hence F(z,z) is called a soft-gluon pole matrix element
(SGP). In the literature, it is also known as the Efremov-Teryaev-Qiu-Sterman (ETQS) matrix
element [31, 32, 103, 112, 113]. Note that the ETQS-matrix element enters (2.64) along with a
derivative term F'(z,x) = L F(z,z) as a combination (1 — z-1)F(z, z).

Ref. [101] shows that there are two kinds twist-3 distribution effects to consider for (2.64): the
kinematical twist-3 contributions from quark-quark correlations (C.1) through the Sivers function

#1)"1, and the dynamical twist-3 contributions from quark-gluon-quark correlations (2.59). The
corresponding diagrams are shown in Fig. 2.7.

The kinematical effects are computed keeping a non-zero transverse momentum kr for the
incoming parton momenta, as indicated on the left in Fig. 2.7. First, one needs to integrate out
all §-function containing kp. Then, one Taylor-expands to first order around kr = 0. In this
way, the kr-dependence is shifted from the hard part to the Sivers function, giving rise to its first
transverse moment fL(l) Y. This method has been used at LO in Ref. [101], and the calculations
below extend it to NLO.

The right diagram in Fig. 2.7 generates the dynamical twist-3 effects at LO. One must compute
the interference of such an amplitude’s imaginary part with the real part of another amplitude to
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obtain a non-vanishing result. For the mentioned diagram in Fig. 2.7 a quark propagator gives rise
to the necessary imaginary part:

1 1 — P . ,
Ptk —k2+id  (t/)@ —atis) ¢ (H ~imle = $)> - (268)

The real part of the propagator is given by Cauchy’s principal value P/(z’ — ), but it does not
contribute to the SSA. On the other hand, the d-function comes with the required imaginary unit
i and fixes the momentum fraction ' = = such that one obtains the SGP function F(z,z).

In Ref. [101] it is explained how one needs to combine the kinematical and dynamical effects,
using the following identity

Sy = 4 P2, ). (2.69)

This equation relates the first transverse moment of the Sivers function flLT(l)’q and the SGP
function F(z, z) to each other. The relation was first derived in Ref. [114] and it is pivotal for this
work. For processes such as semi-inclusive deep inelastic scattering (SIDIS) with one hadron in
the initial and one hadron in the final state respectively, one uses the + sign as indicated in (2.69).
For Drell-Yan-like processes with two initial hadrons one needs a — sign instead. Eq. (2.69) serves
as a bridge between the kinematical and dynamical twist-3 effects.

Although the relation’s validity has been questioned in Ref. [115], it is absolutely essential for
the collinear twist-3 formalism. The LO formula (2.64) is independent of the unphysical vector
n# from Egs. (2.59), (C.1) only after kinematical and dynamical contributions are summed via
Eq. (2.69).

Additionally, one finds that the relation is also required to ensure color gauge invariance.
To check this, a parameter x is included in the metric tensor of gluonic polarization sums and
propagators:

(2.70)

khn? + kVnh
gt s () = — (gw . n+n> 7

k-n+1id
where k denotes the relevant momentum of the sum or propagator. The specific gauge is then given
by the choice of the parameter k, i.e. kK = 0 for Feynman and x = 1 for light-cone gauge. One
finds that, at NLO, kinematical and SGP contributions do indeed both display a k-dependence.
The parameter x only vanishes after Eq. (2.69) is applied to combine the two contributions. This
again underlines how essential Eq.(2.69) is for the collinear twist-3 approach.

It is noteworthy that there is an alternative method to compute the SGP contributions to a
SSA at NLO. It is based on Ward-Takahashi identities and yields equivalent results, see Ref. [116].

2.4 Setup of the NLO Calculation

The discussion above establishes the expression for the spin-dependent cross section within collinear
twist-3 factorization at leading order (LO). A few points are worth highlighting before turning to
the next stage of the calculation:

e Combining Kinematical and Dynamical Effects: It is essential to tie together kinemat-

ical contributions by the first transverse-moment of the Sivers function ff'T(l)’q and dynamical
soft-gluon pole contributions o< F%(x, x). This is achieved by employing the identity

@) = P (e, ).

Only then results are independent of the auxiliary light—cone vector n* and the gauge param-
eter £ introduced in (2.70). This relation is therefore indispensable for the collinear twist-3
formalism. At NLO, the function F¢ will also enter at different configurations of z, 2’ along
with the other ggq function G4

e Power Suppression: The prefactor 0¢(S) «x M in Eq. (2.65) shows explicitly that the
single-spin asymmetry (SSA) is a genuine twist-3 observable: at large hadron transverse mo-
mentum the nucleon mass M suppresses the polarized cross section relative to the unpolarized
one. The same prefactor is present at NLO.

e Fragmentation Effects: While the term h; ® S[Hpy] in Eq. (2.64) representing twist-3
qgq fragmentation contributions can be numerically sizeable, this work concentrates on the
initial-state (distribution) mechanism. For single-inclusive jet and photon production no
fragmentation-related twist-3 effects enter. Consequently, the following discussion assumes
S[Hpy] = 0.
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Figure 2.8: Diagram for the virtual vertex correction contributing to the kinematical part at
NLO. External momenta are the same as in Fig. 2.7 (left). One needs the interference of this
diagram with the LO diagram in Fig. 2.7 (left), and also the mirrored case.

These insights from the LO picture prepare the ground for the next step: incorporating NLO
corrections. At NLO, virtual loop and real-emission diagrams enter, singularities must be regular-
ized and eventually cancel, and the factorization of twist-3 matrix elements can be tested beyond
tree level. The following section will therefore develop the main concepts for the NLO calculation.
This work will cover the processes of single-inclusive hadron production /NT — hX, jet production
¢/NT — jetX and photon production /NT — ~X. Each of these will be discussed in detail in a
designated chapter. The general strategy, however, is the same for all three reactions and will be
presented in the following. To better illustrate the important concepts, example expressions for
the case of /NT — hX will be used.

2.4.1 Kinematical Twist-3 at NLO

First, some special features of kinematical twist-3 contributions at NLO are highlighted. Consider
a partonic hard factor 6(k,p,l,1’,r) that is a function of the external momenta of the initial (1)
and final (' =1+ k —p — r) lepton and the quark (k, p). The momentum r can either be a
loop momentum in case of virtual corrections, as in Fig. 2.8. Or it can be the momentum of
an undetected final state parton, for example a gluon, as in the real-gluon-emission diagrams of

Fig. 2.9.
To start the calculation, one employs an approximation to the parton momenta. For the
final state parton, only hadronization via the leading-twist fragmentation functions D?/ (@9 )(z) is

considered. Thus, the corresponding parton momentum is approximated by p* ~ 1/z P}.

For the initial quark momentum k* one must also capture the subleading-twist kinematical
effects. The left diagram of Fig. 2.7 indicates that one must adjust the usual parton model ap-
proximation and include a finite transverse momentum k/.. Optionally, one may choose to include
a term oc k2, which allows one to keep k? = 0. This simplifies several intermediate steps of the
calculation, and the kinematical approximation then reads

ko~ PR Ry (2.71)

First, the case of a single fragmenting quark in the final state is discussed. In addition to the
LO diagram (Fig. 2.7 left) this also includes the NLO virtual QCD vertex correction, see Fig. 2.8.
The order in which integrations and kp-expansions are performed is crucial. It is essential that
one keeps k7 # 0 in the virtual loop diagrams and integrates out all kp-dependent d-functions as
a first step. Only afterwards one can proceed with the expansion up to linear order in kp. If one
does not follow this order and first expands in kr, the result is ambiguous and can be incorrect.

To illustrate this point, consider the NLO vertex correction in Fig. 2.8. Suppressing the frag-
mentation function and z-integration, one can write the following expression for the result of the
loop integration

f dwl fdd_Qk‘T 1) (§ + 7§+ u + 2lT . k‘T) (0'() + lT . k‘T 0'1) (§,E,ﬂ,€) GPnkTST fﬁlq(aﬁ, ]4}%)
= [ A9 2kr 6 (L~ (1= X)) (00 + Ir - kr 1) (v,w,€) ePFrST (20 )2

Ty w w

— J A 2kr wo (00 + Ir - kr 01) (v, wo, €) MR 5T fip0 (20 k) (272)

Here, the loop correction (to all orders in €) is denoted as oo + lr - kr o1. It enters with a §-
function that is also encountered at LO. Because of the eventual Taylor expansion, only linear
terms in k7 are kept for the loop correction and the d-function. Conveniently, kp - 7 is the only
non-vanishing scalar product of external momenta with kp. This is due to the explicit choice
made in Eq. (2.63) for the light-cone vector n*, which determines the transverse direction via the
projector g4’ in (2.60).
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Figure 2.9: Diagrams that generate the kinematical twist-3 effects at NLO for the real-gluon
emission channel gg — ¢. One needs the squared modulus of the sum of these diagrams.

From the first to the second line of (2.72), the integration variable is transformed as before,
i.e. * = xo/w. The short-hand y = % allows to write the argument of the J-function in a
compact way. The J-function is then used to carry out the w-integration from the second to the
third line, fixing w = wg = 1/(1 — x). An implicit dependence of (2.72) on kr remains through
wo and x. One must keep this dependence in mind when Taylor-expanding the integrand to first
order in kp. After the expansion, the first transverse moment of the Sivers function is generated

as follows
/ APk kG kG fi77 (2, k7) = =M g fig (@) (2.73)

Eventually, Eq.(2.72) simplifies to

1(1),
Fia (o)

2t O (w 09) (v, w, £)
su(l —v) )

(al(v, w,e) +

TET—)

!/
Notably, a derivative term o ( f#l)’q) enters the above expansion.

w=1

(—:)30 (F50) (:vo)> . (2.74)

w=1

Next, the real-gluon-emission corrections of Fig. 2.9 are discussed. Here, the argument r in the
partonic factor &(k,p,l,l',r) denotes the momentum of an undetected final state gluon. Because
of this additional particle in the final state, the phase space integration becomes more complicated
compared to leading order. Similar to the case of virtual corrections discussed above, the order of
the next steps is important: One could try to immediately expand 6 (k,p,1,l’,r) in kr and then
perform the phase space integration. However, this would cause inconsistencies and possibly wrong
results. The other option is to do the phase space integral first while keeping k1 # 0 throughout.
Then one obtains a unique result for the integrated cross section 6(k,p,l,€) (I, integrated out).

The phase space integral and the corresponding integrated cross section are given as

2e
6(k,p,1,€) ~ (QMT /ddl’5+ (@) /ddr5+ (r?) 6D (k+ 11" —p—1)6(k,p, 1, U1, 2)
™
(2.75)
which can be simplified in a suitable reference frame. Imposing the condition k +1 —p = 0
corresponds to a partonic reference frame and it enables one to carry out all integrations except
for two angles ¢ and 6. In this frame, one finds for the momenta I’ and r

1 N
U'=k+l—p—r; r:5\/§+t+ﬁ+2kT-ZT(1,...,sin@cosqb,sin@sin¢,cos€), (2.76)

where one again encounters kp - I as the only scalar product of external momenta with kr, due
to the choice for n*, see Eq. (2.63). Making use of the J-functions and the conveniently chosen
reference frame, the phase space integral can be brought into the form

) S.T2(1—¢) [(S4+i+a+2kr-Ip\ [ o [ 1o
G(k,p,l,e) ~ 12n T = 20) < 2 ) /0 d¢ sin qb/o df sin 06(4,0,¢),
(2.77)

with S, = %. The remaining angular integration will be needed to all orders in ¢, as will
be explained below. Refs. [117, 118, 119] provide the necessary tools to perform these all-order
calculations. It turns out that, ahead of expanding around ¢ = 0, one has to do the Taylor

expansion in k.
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The fact that one has to be careful with the order of the expansions in kr and ¢ is due to
a unique feature that appears at NLO for twist-3 observables. Keeping k7 # 0 throughout the
phase space integration one finds (schematically) the following formula for the kinematical twist-3
contribution:

dz g2 stukT IT,11,6,K)  prksse rLla 9
" A(x, k1) DY(2), 2.78
/ / / T Grita+t2hy lp)te " g (@, k) Dy (2) (2.78)

where the partonic Mandelstam variables § = (I + zP)? = zs, t = (P — Py/2)* = %t, @ =
(I — Py/2)? = u/z have been introduced. Note that also the gauge parameter x (see (2.70))
explicitly appears in &, so (2.78) by itself is not gauge invariant at NLO. However, leading-twist
observables as well as the twist-3 observable considered here eventually turn out to be independent
of k. For the case of leading twist this is immediately apparent, since all terms proportional to
are also proportional to k7, and kr = 0. The gauge dependence also vanishes in case of the twist-3
calculation: After combining kinematical and SGP parts via Eq. 2.69, x cancels out exactly; this
will also be discussed in Sec. 3.2.

In addition, an explicit denominator (5 + £ 4 @ + 2 kg - I7)'+2¢ has been extracted which, for
kr = 0 (leading twist), typically displays a soft singularity at § + ¢ 4 @ = 0. Here, one needs to
Taylor-expand the factor

6(8,t, 0, kp - lp, p, e, k)
(3+t+a+2kp-Ip)itee

up to first order in kp, and the first transverse moment of the Sivers function is again generated
via Eq. (2.73). Explicitly, one finds the following expansion

—2(1 + 2¢) l7y6(3,t, 1, 1, €) N 1o (a(k B )) (8,t,4, pu, €, K)

)

(8 + ¢+ a)2t2e (8 +¢+a)ttee
and subsequently applies the change of variables z = 11:“v1 , © = 72 discussed in Sec. 2.3. Omitting
the v-integration as well as the FF DY, one can write Eq. (2.78) as follows:
/1d'w Ul(U,’LU,E) f]J_T(U (%) + 0-2(an7€"‘€) flJ_T(l) (%)) (2 79)
ww (-0 i—wr= ) |

Similar expressions to the second term oc 1/(1—w)!*2¢ are also commonly encountered in leading-

twist calculations. Such terms have a soft singularity for w — 1 that must be regularized via the
following formula:

W = —%5(1 —w) + ﬁ —e (W) + 02, (2.80)
+

where one can also replace ¢ — 2¢ if necessary. This expansion introduces the so-called plus-
distributions, which are defined via an integral with a suitable test function:

/1‘“”““’) - /d f()—l—f()log(l—z) (2.81)

w (1—w)y

Ydw (log(1 —w) ! log(l —w) (1 fay, 5

[ () s = [ [ ) (L) - 1) + Lot - ).

In the end, one finds that virtual contributions cancel the 1 - pole introduced by the expansion
in Eq. (2.80), ensuring IR-safety.

The first term in (2.79) is o< 1/(1 — w)?*2¢, meaning that the term causing the soft singularity
enters with a higher power. Consequently, the expansion in (2.80) does not apply. The higher power
is a result of the kr-expansion and thus a new, genuine twist-3 feature. Based on integration by
parts, a method to deal with these more singular terms is developed in App. E. Integration by
parts also introduces a derivative term ( #1))’ = m(F?)'. Thus, both virtual and real corrections
for the kinematical twist-3 effects generate derivative terms.

To summarize the concepts discussed so far, it is pivotal to perform the various steps for the
calculation of the kinematical part at NLO in the correct order:

1. Perform all integrations (to all orders in €) such that no § functions including the transverse
momentum k7 remain
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Figure 2.10: qg — ¢ channel diagrams that give the dynamical contribution at NLO. One needs
the interference of these diagrams with the ones in Fig. 2.9, at kpr = 0.
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2. Taylor expand the resulting expression to first order in kr and apply Eq. (2.73) to get the
L(1),q

first moment of the Sivers function f;,
3. Apply Eq. (2.80) to terms oc 1/(1 — w)**2¢. Additionally, there are terms oc 1/(1 — w)?*2¢
that need to be treated using the methods of App. E.1.

4. Eventually, one can expand the result around € =0

2.4.2 Dynamical Twist-3 at NLO

Next is the computation of QCD corrections to the LO diagram on the right of Fig. 2.7, generated
by dynamical twist-3 effects. Special features and observations at NLO are discussed as well as
the general strategy for the calculation of dynamical twist-3 effects at NLO. The radiation of an
unobserved gluon will serve as an illustrative example (see diagrams in Fig. 2.10). As discussed in
Sec. 2.3, the SSA requires an imaginary part in the hard scattering amplitudes. The only source of
this imaginary part at LO is the propagator (2.68), meaning that the LO formula (2.64) is entirely
given in terms of a SGP contribution o F(x,x). As will be demonstrated below, there are various
other sources of imaginary parts at NLO:

Integral contribution: To start, consider the following general form of dynamical twist-3
contributions at NLO

/dz/dm/ da'—— [ (2", 2) F(w,2') + 6°(2,2/,2) GY(2,2) | Di(2) + c.c.. (2.82)

This formula is specific to real-gluon-emission corrections to the leading order, given by the dia-
grams in Fig. 2.10. Since this partonic channel features quark-gluon (gg) correlations in the initial
nucleon as well as the fragmentation of a quark (¢) into the observed final-state hadron, it is re-
ferred to as qg — ¢ channel below. Unlike the LO case, cf. (2.64), both gggq functions F? and G4
enter at NLO.

The generic partonic factors 6-° are given by the interference of Feynman amplitudes: On the
one hand, an amplitude M, with an initial-state quark and a gluon (see Fig. 2.10), and on the
other hand, an amplitude M, with a single quark in the initial state (as in Fig. 2.9, but with
kr = 0). The formula (2.82) explicitly factors out an imaginary unit ¢ such that the numerator
of the partonic factors 61+% is real. Since the complex conjugate c.c. is added in (2.82), another
imaginary unit must appear in 61 for a non-zero contribution. This is where the small imaginary
parts 76 in the denominators of Feynman propagators become important, and the decomposition
of such a propagator in real and imaginary parts is given in Eq. (2.68).

At NLO, however, one also encounters certain propagators where the procedure of Eq. (2.68)
leads to problems in the subsequent phase space integration. An example for such a propagator
found in the qg — ¢ channel is given by

1,5

i
(p—k+k +7r)2+i5
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Here, the partonic momenta are approximated as in the right diagram of Fig. 2.7, namely k ~ z P,
k' ~ 2’ P and p ~ P,/z. Furthermore, r refers to the momentum of the unobserved final-state
gluon. Following Eq. (2.68), one would decompose this propagator as follows:

1 P (X s+ua—20-r
=———0((———m | , 2.83
p—k+k+r)2+i6 ... 2%-r—t (C 2k-r—t ) (2.83)

where ( = % is introduced for convenience. Using the d-function would fix z’ to a r-dependent
quantity, i.e. ' = 2/(r). Consequently, this r-dependence would also implicitly enter F(x,z’) and
G(z,2') in Eq. (2.82). Since both functions F' and G are essentially unknown, performing the
subsequent phase space integration over r* would become rather complicated. This is especially
true for the computation of the all-order-in-e¢ result. Of course, it is formally possible to do a
Taylor expansion in z’ of F'9 and GY. But then one also runs into several difficulties.

Instead, the approach used in this work is to keep the causal i¢ in Eq. (2.83) small but finite.
Then, one can perform the phase space integration before the z’-integral. In this case, imaginary
parts are not generated by a propagator decomposition as in (2.83). Consequently, x’ is not set
to a fixed value but can vary within the integration boundaries in (2.82). Hence, such contribu-
tions will be referred to as integral contributions in the following. For the integral contributions,
the imaginary parts emerge after phase space integration via the appearance of complex-valued
logarithms, for example:

| 1—(B24C?)/(A+id)° 1‘1—(32+C2)/A2
B\ T U —B/(Atd)? |71 - B/A?
+im (1 = Q)8(C) sgn (¢ - %)
with: A = —((1-0)5+¢t+a)/4
t ti
o sta(s+1t+a) -
TR .

Here, 6 denotes the Heaviside step function and sgn the sign function. The logarithm in (2.84)
produces an imaginary part for 0 < ¢ < 1, corresponding to 0 < z’ < . This applies to all complex
logarithms resulting from the phase space integration.

Since the calculation is performed in d = 4 — 2¢ dimensions, soft and/or collinear singularities
appear in the form of % poles. However, the aforementioned logarithms like (2.84) only show up
at order O(e"), i.e. they are not accompanied by any % poles. In this way one arrives at a result
of the following form for the integral contributions to the qg — ¢ channel:

v 1 1
/ dv/ dﬂ/ d¢ [5’1(1)7w’<)Ff1 (%) %)
Vo o w 0

+5%(0,w,Q) G (2,¢2)] Df (22), (285)

where the integration variables x and z are substituted by v and w as before. The partonic
functions &° are finite for d — 4 and depend neither on external kinematical variables s, t, u, nor
on the renormalization scale p.

Notably, 1% have discontinuities due to the sign functions from the complex logarithms as
in Eq. (2.84). This alone would keep the integrability of Eq. (2.85) intact. However, one finds
that there are singularities at ( = 0, ¢ = 1 and ( = w in the integrands (f1,2,3 are some generic
functions independent of ¢):

(=1 fi(v,w)
(1-¢)*’
¢—0 fQ(an)
¢
(—w fg(’U,’w)

510 (v, w — .
0 v,w, () —— (w=0) (2.86)

This behavior immediately indicates that the (-integral in (2.85) diverges.
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One must regularize the divergent contributions in terms of € to combine and eventually cancel
them with divergences from other sources. It is instructive to first consider the simpler example of

a partonic factor 6% (v, w, ¢) ol fo(v,w)/(1 = ¢). The basic idea is to move the problematic de-
nominator to the ggq functions F'9, G¢ and then add and subtract suitable terms to the numerator.
Let 6°(¢) = 62,(¢)/(1 — ¢) with a finite partonic function 62, such that the divergent behavior
is explicitly factored out. Then one can write

F (% ¢ R F (% ¢20) _ p (L Zo) [ (Zo 2o
FUOF (2,¢2) = 63,(0) (;U_iw) = ot | Do) : Gh8)  Fld 5")

Fint
= (O Fin (z0,w, Q) + 3°(Q)F (22,20) ,  (2.87)

where effectively a zero in the form 0 = F' (%, %0) - F (%, fu—o) has been added to the numerator.
The first term in the second line contains an integrable combination Fj,; of the function F' and
the finite partonic function 62 . Thus, it is integrable over the whole range 0 < ¢ < 1 and would
constitute the result for the integral contribution.

The partonic factor 5% in the second term is still divergent, but it is now accompanied by the
qgq function F (%2, 20) which is independent of ¢ and hence independent of #’. Thus, one can
go back to the stage before the phase space integration, where one still has the propagator (2.83).
Now, one can simply apply the d-function to fix x’ which is not a problem anymore because
7' does not enter the argument of F'¢ and, consequently, F'? remains independent of the gluon
momentum r. Then, the phase space integral over r can be carried out analytically to all orders
in €. The original divergence in ¢ will now show up as a % pole. Effectively, the divergence for
¢ — 1 from the integral contribution is shifted to a divergence for € — 0 in a pole contribution,
in this case a soft-gluon pole contribution. These pole contributions originating from adding
and subtracting terms in an intermediate step will be referred to as subtraction terms in the
following. Importantly, ”subtraction” in this context is not related to a subtraction as part of the
renormalization procedure.

Going back from the simplified example to the partonic factors in the gqg — ¢ channel, the
concept can be applied as follows: based on the singular structure (2.86), one may redefine the

partonic functions as

G (0, w,0) = (1= )P (w = ¢)* 62 (v,w, (). (2.88)

Indeed, the new partonic functions &Ill;f are now well-behaved and integrable. The factor ¢(1 —
¢)?(w — ¢)? and accordingly the divergent behavior is moved to the ggq functions in (2.85) as
follows:

(F,G) (5.¢%2)

w
Gl =P (w—¢)?
Next, one needs to add and subtract suitable terms from the numerator, namely Taylor expansions
of (F,QG) (%, %0) around the three poles up to the linear term in (. The integrable combinations
of the qgq functions then read

(F.G) (22,¢%) =

(2.89)

Fﬁlgtg)q(xo»va) 1 %v(%)

1
o —op

2 _ 2
+(<1<_1w)§3)3 ((5w? +2¢ — 3w — 4w() F7 (22, 29) + (w — ¢)(1 — w) w0 (2F7) (22, 0))
_m (<5 —4¢ — 3w + 2wC) F4 (0 20) gu — (1= w) 22 (F7 (Tﬁ,ff))
_% ((2¢ +w + 2w¢) F7 (£2,0) + (o (0oF1) (fj’vo))} ; (2.90)
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and

994 (0 a0 = 1 q(za rza
GInt ( 05 v() - CQ(I_C)Q(U)_C)Q [G (uﬂ(w)

M 2 _ _ q (zao _ _ q) (Zo
iy (O + 2= 8w —4w() G (320) + (w = (1 = w) o (8:67) (3 20))
T 0,67) (30,2
PO (a4 w0+ 200) G (22,0) + G (0:67) (22.0))] 291

Although it is not apparent at first glance, both modified functions (F, G)#’"? in Egs. (2.90),(2.91)
are integrable over 0 < ¢ < 1 and zg < w < 1. Consequently, one arrives at a well-defined,

convergent result for the integral contributions to the qg — ¢ channel, which can be written as

vy 1 dw 1 . R
[ [ o0 B w0
vo o w 0

+6_i5nt (Uv w, C) G?gt_}q (.1'0, w, C)] Dtl] (ﬂ) ’ (292)

1—v

It is interesting to note that the procedure described above to regularize the divergences in
the (-integral can also be applied in slightly modified ways. It is noteworthy that terms o< Cg
in 6%°(v,w, () are less divergent around the three (-poles. In particular, there is no divergence
around ¢ = w. Thus, it would suffice to factor out lower powers of 1 — (, ¢ and w — (. This
would in turn lead to different expressions for Fi29 77 and G{% "7 than those in Eqgs. 2.90 and 2.91.

Moreover, the subsequent parts of the calculation discussed below would also be different.

Pole contributions: One must of course add back the subtraction terms from Egs. (2.90),(2.91),
i.e. all terms beside (F, Q) (%, ¢ %) Like in the simplified example above, the variable ¢ does not
enter the qgq functions F, G for the subtraction terms, and these functions are only evaluated at
certain, special configurations of their arguments z, z':

e Soft-gluon pole (SGP): The function F' (%’, fu—o) and its derivative term in the third line
of (2.90) are evaluated on the x = &’ diagonal. This configuration is already familiar from
the LO result (2.64) as well as the kinematical twist-3 part in Sec. 2.4.1 (Egs. (2.79),(2.74)
with Eq. (2.69)). Physically, ' = z means that the initial-state gluon (see for example
Fig. (2.10)) has vanishing longitudinal momentum, i.e. it is a soft gluon. For the other ggq

function G only a derivative term enters the third line of Eq. (2.91) since G (2, £2) = (.

w’? w

e Soft-fermion pole (SFP): The functions F (%’,O), G (%“,O) are encountered in the fourth
lines of Egs. (2.90),(2.91), alongside their derivatives. Physically, 2’ = 0 means that an
initial quark enters a partonic amplitude (e.g. in the right diagram of Fig. 2.7) with zero
longitudinal momentum, hence the name soft-fermion pole.

e Hard pole (HP): The functions F' (%, ;UO), G (%, xo) appear in the second lines of Egs. (2.90),
(2.91). They are referred to as hard poles (HP) because neither the quark nor the gluon
entering the partonic amplitude are soft.

The HP, SGP and SFP subtraction terms can be calculated as explained for the simplified
example, see Eq. (2.87): Since the ggq functions F' and G are independent of the integration
variable ¢ (or z/), one can go back to Eq. (2.82), at the stage before the phase space integration.
Because of the independence of ¢ for the functions F), G, the decomposition (2.86) can be used
without any problems. Thus, the J-function fixes { = % in the partonic cross section
& as well as the prefactors of the subtraction terms (2.90),(2.91). Afterwards, the phase space
integration can be performed to all orders in € for all subtraction terms. This is the key advantage
of the procedure.

The HP functions F (22, ), G (£2,z0) only enter via the subtraction terms (2.90),(2.91). In
the gqg — ¢ channel, the gluon emission causes collinear singularities in the form of é poles. These
poles are canceled by the corresponding HP term in the renormalization formula (2.100) (third
and fifth line), which will be discussed in more detail below.

The SGP- and SFP-contributions, on the other hand, are also generated directly from Feynman
propagators in the partonic amplitudes,

(r—k+k)2+i5  (k-r)((—1+i) 2k-r (C—l —”5@—1)) 7 (2.93)
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along with (2.68) for the direct SGP-contribution, and

1 1 1 P .
(K —r2+i6  (2k-r)(—C+id)  2k-r (C + “T(s(C)) : (2.94)

for the direct SFP-contribution. In the end, one must add the direct SGP- and SFP-contributions
to the respective contributions from the subtraction terms. More details will be given below.

101!'!1[1111 T r r I 1 71 1T 1T T1T 7T
- -

s HP
SGP ]

Int

a SFP I

05} -

-10+ -

Figure 2.11: Region of support in momentum fractions z,z’ of the ggq functions F'?, G4. The
parts probed by the different contributions are indicated by ”int” for the integral contributions
and "HP”, ”SGP” and ”SFP” for the hard, soft-gluon and soft-fermion poles respectively

The different contributions encountered in this section are depicted in Fig. 2.11, where the
corresponding regions of the support in longitudinal momentum fractions z,z’ of the ggq func-
tions F'9,GY are indicated. Although only the colored triangle is probed directly, one needs to
keep in mind the symmetry properties of the ggq functions, namely F? (z,2') = +F?(2',x) and
G (z,2') = —G7(a',z). Thus, one also gains access to the region that is obtained from reflecting
the colored triangle about the SGP (x = z’) diagonal. Additionally, the behavior under charge
conjugation, i.e. F9(x,z') = F?(—x,—z') and GI (z,z’') = G? (—z,—x'), implies that one can also
reflect about the origin because the same support region is probed for antiquarks as for quarks. As
will be discussed in the corresponding sections in Ch. 3, the production channels gg — ¢ (Sec. 3.3)
and gq — ¢’ (Sec. 3.4) feature the qgq functions at different arguments and thus acces the top-left
and bottom-right regions in Fig. 2.11. Thus, combining all channels, the full support in z,z’ is
accessed at NLO.

2.4.3 Photon-in-Lepton Contribution at NLO

For processes like /N — hX, collinear singularities at NLO can also be caused by the unobserved
final-state lepton, if it is assumed to be massless. This is because the phase space integral contains
a configuration where final- and initial-state lepton momenta are collinear. In such a configura-
tion, a quasi-real photon is exchanged between lepton and nucleon and the corresponding photon
propagator goes on-shell, causing a divergence. In dimensional regularization, this leads to a %
pole. This happens independently of whether one considers a polarized or unpolarized process.

Ref. [120] discusses how one can deal with this issue, choosing either of the following two options:
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e Keep a non-zero lepton mass m, throughout and expand the result around m, = 0, only
keeping the log(my)-terms and those of order O(mY?)

e Work out the NLO contribution for m, = 0 and regulate the collinear singularity through di-
mensional regularization. The singularity is then canceled by a so-called Weizsdacker- Williams
contribution, generated by the photon-in-lepton density f; / Z, see Eq. (C.20)

In the first approach, it becomes more complicated to carry out the phase space integration.
Even more so for an all-order-in-€ result (see App. E). Regardless of this disadvantage, the finite
lepton mass regulates the aforementioned collinear singularity. In the end, one can expand around
me = 0 and a generic partonic factor takes the form (see [120]):

onLo (v, w, me, 1) = Giog (v, w, 1) 1og< ) + 60(v,w, p) + O (m log (m7)) - (2.95)

The logarithm in this expression might become rather large and require resummation because of
the small lepton mass in its argument. However, this is beyond the scope of this work.

In the second approach one needs to include contributions from quasi-real photons as partons
within the lepton, described by f;' /t see Eq. (C.20). Following Ref. [120] and in particular Eq. (23)
therein, one makes the following factorization ansatz. For the kinematical twist-3 contributions to
the transversely polarized cross section one has

real
Ehd kin / /dy/dx6 Y+ ) Wt (y) DI(z) x
dPh s+u 1,bare 1

@) o 2] (2.96)

and for the dynamical contributions,

do_criealfy dz 1 X p
yn / t Y
Eh dPh x / 272 / dy / dx /_1 dz’o (y + §+ﬂ> l,barc(y) Dg(’z) X

[Fq(x,x)&gifﬁ’{(y,x ', z2) + Gz, )c}gi,anlg(y,x ', 2)| . (2.97)

The partonic factors in these formulas are constructed from slightly modified versions of the NLO
Feynman diagrams discussed above: the lepton lines are removed and the exchanged virtual photon
becomes real with collinear momentum ¢* = y{*, where [* is the initial lepton’s momentum.
The partonic factors are of the order O(aemas) and because of the much simpler phase space,
their calculation is straightforward. As before, the necessary imaginary parts for the dynamical
contribution (2.97) are generated by propagator poles. Here, only SGP and SFP terms appear due
to the absence of propagators like in Eq. (2.83).

Since the renormalized photon-in-lepton distribution f'v/l Ms(ac7 w) in (C.23) is of order O(em),
the contributions (2.96) and (2.97) are of the order O(a?, a;). Thus, they can be matched to the
other NLO corrections from real-gluon radiation discussed above. In this way, the collinear % pole
of the photon-in-lepton contributions indeed cancels for each partonic channel, providing a good
consistency check for the calculation. Moreover, after one combines ”partonic photon” and other
NLO corrections, the artificial factorization scale p in (C.23) is canceled. Finally, one arrives at
the same conclusion as in Ref. [120]: one exactly recovers the expansion around m, = 0 given in
Eq. (2.95), meaning that both approaches yield identical results.

2.5 Renormalization of Multiparton Correlation Functions

The bare collinear correlation functions, for example in App. C, still contain ultraviolet (UV) di-
vergences. In dimensional regularization, these UV divergences appear as = poles in a perturbative
calculation at order O(ay) in the strong coupling constant. Through the process of renormaliza-
tion, for example using the popular MS-scheme, such poles are systemically removed. Although
the method is well established for twist-2 matrix elements®, the renormalization of bare twist-3
functions such as those given in App. C is more complicated since the corresponding splitting
kernels are more involved. The necessary formulas for the twist-3 correlation functions will be
presented below. This includes the renormalization of the bare ggq function in the soft-gluon
pole (SGP) configuration F! _(z,z) as well as the bare ¢yg functions in the soft-fermion pole

5the corresponding MS-renormalization equations for the fragmentation functions are given in App. C.5
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(SFP) configurations FY, (0,2),G?,  (0,z) and FY,  (=2,0),G%,  (-2,0). The former are
required for single-inclusive hadron and jet production, while the latter play an important role for

photon production.

2.5.1 Renormalization of the Bare ¢qgq Function

The required renormalization formula for the bare SGP function F!  (x,z) is found from the
literature, see Ref. [121]. One can read off the relevant splitting function for F(z,z) from the
corresponding LO evolution equation given there. Ref. [121] explicitly shows only the non-singlet
case in Eq. (43). However, each individual quark flavor ¢ also gets a contribution from the triple-
gluon correlation functions N (z,x’), O(x,2')5. This contribution is independent of the quark flavor
g and is thus canceled out in the non-singlet case ¢ — ¢’. The triple-gluon part is given explicitly
in Eq. (107) of Ref. [122]. Note that this reference misses some other terms, though, as elaborated

on in Ref. [121]. One arrives at the following renormalization formula

__ s S
Fgare(aj’w7 M) = Fq7MS($7 m’ I‘L) + Mi X (2~98)
2 ¢
1
dw MS /e
/ - [qu(w) FOMS (;7 57/1)
s W
+— F %7x,/~1/ - F %7%7#
2 \Towyy 1 ) =gy T i)
N. = _
+7C GaMS (Z,z,1) — Ne FOMS (22 1) 6(1 — w)
+2NC ((1 — 2w) FOMS (=g g p)) + GOMS (flfwa,:c,u))
w . .
2P (w) = (NS 0%) (2, 2,0) - (N = 0%) (£,0.4) )] + 0 (a2),
where the renormalization/factorization scale y is introduced as well as S. = (47)°/T'(1 —¢), a

convenient prefactor consistent with the MS-scheme at NLO. Py, and F,, are the well-known LO

2
q — q and g — ¢ splitting functions (with Cp = J\;FNZl = % for N, =3, and Ty = %),

Py(w) = Tgw*+(1-w)?*]. (2.99)

1+ w? 3 }
w)|

The numerous different contributions to Eq. (2.98) can be broken down as follows

e The SGP function F#MS (%, - p) in the second line of (2.98) is generated by quark-quark
splitting. Such a term is familiar from the twist-2 PDFs and a similar term is also found in
the splitting kernel for the gvq functions below

e The third line of (2.98) includes contributions of the vector-type function I that are oc N,.
They come with a + distribution and one has both a HP configuration F%MS (%,x,,u) as
well as SGP configuration F4-MS (%, - ,u)

e In the fourth line of (2.98) one encounters further contributions < N.. These include a non-

distributional HP configuration GoMS (%, T, u) as well as a SGP contribution F4-MS (x,z,p)
accompanied b a ¢ function

e The fifth line of (2.98) is suppressed by an overall factor ﬁ It includes another type of

HP configurations, namely FaMS (—1*7“’90,30,/;) and G&MS (—kwa,.%‘,/L). Notably, these
feature a negative first argument and correspond to quark-antiquark-gluon (¢gg) correlations

e Finally, the triple-gluon functions (NNTS, Om> (%, %,u) and (NNTS, Om) (%, 0,;1) are fea-
tured in the last line of (2.98). They enter with the quark-gluon splitting function Pg,.
Again, these terms are independent of the considered flavor for F}?, _ and thus absent in the

are
non-singlet evolution equation

6for a definition see Egs. (C.11) and (C.12)
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In addition to the ETQS matrix element F'(z, z), the leading order formula (2.64) also includes
a contribution from the derivative term F’ = dd—zF. The two terms enter via the combination
(1 — x%) F(x,x). Hence, the following MS-subtraction is needed

(1 - xdz) bare(mv‘rvu) = (1 - "E%) Fq7Mis($a xvﬂ') + a;s_f) % X (2100)
b dw s T iy

e () () 0
e (2 ()

e (oS 2 (06S) —a (o Gq’MS))(%,x,u)

_N, <F‘1’MS F‘LMS >(x,o: w)

o 1)

+2]1V (Gq’MS( 1= wx,w,u)+5(17w)Gq’m(0,x,u))

72]1\[ ((17210)93 [31Fq’m+82Fq’m] (*kwa’xa#))

—2]1\[ (x {81Gq’m+32Gq’m} (—%$,zaﬂ))

+(1—2w?+ 601 —w)) x
(7 0%) () (75 - 0 (5.00)] + 0 o)

where a shorthand is used for the derivatives with respect to the first (second) argument of the
correlation functions, (01 (02)(F,G)) (x,z"). The notation is defined in Eq. C.6. Note that integra-
tion by parts is applied for terms with a derivative of N or O. The even larger number of different
contributions to the renormalization formula (2.100) can be broken down in a similar way as for
Eq. (2.98) above. Note that the a-derivative can not only act directly on the integrand but also
on the lower integration boundary in (2.98). This generates additional boundary terms which are
accompanied by a §(1 — w) in (2.100).

2.5.2 Renormalization of the Bare ¢vq Functions

Eq. (2.100) provides the only twist-3 renormalization needed for single-inclusive hadron production,
¢/NT — hX. On the other hand, photon production, /NT — X, requires several other formulas.
The process features an interference channel that contains ¢yg functions defined in Eq. (C.7) and
gvg functions defined in Eq. (C.8), which have quite involved splitting kernels as well. To the
best of the author’s knowledge, these results are not available in the literature; the derivation for
qvq follows below. To be more precise, one needs renormalization for a gy configuration. This
means that a quark and antiquark emitted from the nucleon participate in the partonic scattering
process on one side of the final state cut and only an emitted photon on the other side of the cut.
Consequently, the distribution functions enter as F(z’ —x,2') and G4 (2" — z,2'). Notably, this is
a different combination of x,z’ in their arguments compared to the hadron production case. The
splitting kernel receives contributions from three types of mixing, namely with:

1. The ggq functions F'9, G4
2. Themselves, the gvg functions FI, G

3. The gvg functions O}, 02

Mixing of gvq with qgq

Starting with the gqgq part of the splitting kernel, the relevant Feynman diagrams are shown in
Fig. 2.12. Let A denote the amplitude of the left-hand side of the final-state cut and B of the
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Figure 2.12: Feynman diagrams required for the splitting kernel of the gyq functions. These
diagrams contribute to the mixing of ¢yq with ggq functions.

right-hand side for a given diagram. Then, the contribution to the renormalization formula from
that diagram is schematically given by

% S S N[ s Y eny i@k P — Px))AB"®
/W('n—x)/w( 'n—x)/w (Q)z(ﬂ) (k+q—(P—Px)) :
(2.101)
The momentum q of the quark line going through the cut is restricted by a delta function 6+ (¢?) =
0(q - n)é(q?), alongside a Heaviside step function.

For the right diagram of Fig. 2.12 one employs the collinear approximation k' ~ z’P for the
quark and r ~ &P for the gluon. Demanding that the antiquark (drawn in red in Fig. 2.12) is
collinear to the gluon and takes a fraction w of its momentum, one finds £ = ’”‘T’”/ Similarly, for
the left diagram the correct approximations are k — k' ~ (z — /)P and r ~ %P.

Next, the functions F,G7 can be projected out from their corresponding correlator 2 via

7

FI = mepP"STr [1h®27]
1
Gl = oI (ST)p Tr [75%@3"’] . (2.102)

Subsequently, one can carry out the algebra for the Dirac traces, which can be done in d = 4
dimensions. The reason is that one only needs to extract the % pole in the end. The O(e)
corrections that one would get from calculating the traces for non-zero € are irrelevant. The
resulting expression will still contain an integral over the transverse component kr of the quark
momentum, which has to be done in d = 4 — 2¢ dimensions since it is the origin of the % pole.

Notably, one will encounter terms o (k7 - ST)2 in the integrand, which can be handled using the
identity
k2
/deT (kr - S1)° f (K2) = /deT <d_T2> f (k7). (2.103)

This is equivalent to a replacement (kg - S7)° — —k%/2 + O(e) inside the integrand. Afterwards,
one is left with just one integral, namely

492k Qd—2) [™ s
[aosig = e, el
27‘(’1_5 /u 1o e}

= - dk k—1—2em +/ dk k1720

L(1—¢e)2m)2=2 | Jo "
IR part UV part
- —2¢
UV limit 7% M (2104)

2w 2e

where Q(d) = 27rd/2/l“(d7/2) is the solid angle in d dimensions and S, = (47)¢/I'(1 —¢) is a
convenient constant for MS subtraction. The crucial point is that only the UV part is kept. The
IR part, however, is not considered for renormalization and it is not well-defined in a perturbative
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context. Putting everything together one obtains

9 / — MS (. ’ Qem S¢ dw 0 ( (CE —x ))
F’Y bare( —T,T 7/~‘L) - F,f/] (I —T,T ,,LL) + o %6(1/ w m X (2105)

[(m (w—(1—w)*) +2'(1—w)(l-2w)) FaMS (x/ + szx,,x’,u)
+(@1-w)—z(w+(1- w)2)) GoMS (m’ + %,xﬂu)}

Qem Se dw 0 (1_wa/) %
e, 2TV w 7
2r 2¢ 1) w aw+ 2/ (1 —w)

[(mwz —2'(1—w)(1 - 2w)) FoMS (m’ -z, —x— %,u)

+ (zw® +2'(1 — w)) GoMS (x’—;mx’—x— %,u)} + ...
(2.106)

for the vector-type gyq function FY. Analogously, the result for the axial-vector-type function G2
reads

1—w !
q / o MS /. / Qem Se dwe(T( —I))
Chamele! =) = G oo + G252 [ DI a0

[(m’(l —w) -z (w+ (1-w)?)) FoMS (a:’ + L””/,x',u)
+ (2 (w—(1=w)?) +2'(1 —w)(1 - 2w)) GoMS (m

1—w v
+@%6 /dw 9( — x) "

o 2 1) w zw+2/(1—w)
[(mwQ +2'(1 —w)) FoMS (m’ -z, — 1 — %,u)

+ (2w® —2'(1 - )(1—2w))Gq’m<x’—x,x'—x—%7;1)} + .

)]

w )

where the ellipsis indicates higher order terms of the splitting kernel as well as the contributions
for mixing with ¢yq and gyg functions. The expressions are rather lengthy but they share a lot of
similarities and can be broken down as follows
e The first integrals in (2.105) and (2.107) are generated by the diagram on the right of Fig. 2.12.
They feature the ggq functions F&-MS (a:’ + w%/, x, p) and G4MS (z’ + 1%/, x', u), which
are evaluated at positive arguments. For 2’ = z, a SGP contribution F ¢, MS (z,z, 1) is
generated, while G9MS vanishes in this case

e The second integrals in the above formulas are generated by the diagram on the left of 2.12 and
feature (Fq’NTS, Gq’NTS) <ac’ -z, —x— %7;4). The arguments are negative for 0 < 2’ < x
and thus one can interpret these as antiquark contributions. For 2’ = z, antiquark SFP
configurations (F q’m,G‘j’m> (£,0,p) are generated

In the actual calculation (see Ch. 5), one only needs the two SFP configurations of 2’ = x and
2’ = 0. For the former case one finds the following simplified formulas

—_— 1
q — q,MS Qem S q,MS Qem S dw
F’y,bare(o’ T, /u‘) - ny (07 €, M) + o 2€ F (.’E, z, ,Uz) + om 28 €q A T,U X (2108)
o (0 w2) P25 (20,00 — (o4 (1)) G755 (2,0, +
— 1
— ,MS Qem S MS Qem Sa dw
G’y bare(o Z /J) - G'qy (0,$,M> - o0 28 Fq (l‘ xr /L) + o %6,]/.qc ? X

[(w +(1- w)2) FoMS (—%,07/1) — (w —(1- w)2) GaMS (—%,O,u)} + ...,

where the ggq functions for quark g at negative arguments can be related to the corresponding
function for antiquark ¢ via Fi(—z,—2') = F(z,2') and G¥(—z,—2') = GI(z,2’). The second
case of SFP functions, i.e. F,(—z,0),G,(—x,0), can be obtained from Egs. (2.105) and (2.107) by
setting 2’ = 0 or alternatively from Eq. (2.108) by replacing @ — —x as well as using the symmetry
of F'4, Fi and the antisymmetry of G?, G% under interchange of their arguments. Both approaches
are consistent with each other, which provides a small check on the correctness of the derivation.
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N =

Figure 2.13: Feynman diagrams required for the splitting kernel of the ¢yq functions. These
diagrams contribute to the mixing of gyq functions with themselves.

Mixing of gqvq with ¢vq

The second part of the ¢yg splitting kernel describes their self-mixing; the relevant Feynman
diagrams are shown in Fig. 2.13. Note the important factors of 1/2 for the (anti-)quark self-energy
diagrams in the bottom of Fig. 2.13. They originate from the Z, renormalization factor of the
quark propagator and their appearance is well known from the derivation of evolution equations of
the ordinary twist-2 PDFs; see for example Ref. [123]. Notably, the contribution from the diagrams
of Fig. 2.13 to the correlator 27 (2’ — x, ') has a different schematic form than Eq. (2.101). The
reason is that there is no longer a quark line crossing the final state cut and consequently one has

/ A% kon ) / KW s n ) ¥(2w)d5<d>(k — (P - Py))AB". (2.100)

(2m) (2m)

Top Diagram  Consider first the top diagram in Fig. 2.13 and apply the collinear approxima-
tion ¢ =~ (P, k =~ xP. Unlike the qgq calculation, £ cannot be fixed immediately for the terms
below. Moreover, there is no on-shell condition for any particle crossing the final state cut in this
diagram. Consequently, there is one less ¢ function available than before and one more integral to
be evaluated. Applying Eq. (2.102) to project out F1,G2 from the corresponding correlator leads
to the intermediate result

d—21./ /
FIQ —22)) = acF/dﬁjd k/ R .0 x

gY (&P = K)Tx [sif Py, (K —2P)|
((gp k)4 i5) ((k')2 + i5> ((k' — 2P+ ié)
ascF/df/ s [ e »
V(P — K)Tr Wk nPys, (K — o)
((§P — kY 4 ié) ((/g')2 + ié) ((k’ —aP)’+ i5)

GI (¢ —x,2")

, (2.110)

with the quark momentum &’ given by the decomposition k¥’ = 2’ P 4 b'n + k/.. Furthermore, the
transverse projector of momentum p is defined as ¢'" (p) = ¢"* — (punw +puny) /(p - n).

One must explicitly keep the causal imaginary part in the Feynman propagators, denoted here
as 10, since the next step is to use contour integration for the b’ integral. In the end, one is again
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Figure 2.14: Sketch of the integration contour for the b’ integrals in Eq. (2.110) including the
position of all poles for 0 < 2’ < z. One has to distinguish between the cases £ > 2’ and £ < 2/
shown in blue and green respectively.

interested in the SFP configurations 2’ = x and 2’ = 0 and hence it is practical to assume 0 < '’ < x
to determine the position of the poles in the complex b'-plane. A sketch of the integration contour
including the position of all poles is shown in Fig. 2.14. One must separate the cases £ >
(displayed in blue), where two poles are inside the contour, and ¢ < ' (displayed in green), where
only one pole is inside the contour. Computing the necessary residues is straightforward and one
obtains the following schematic form for both F and G

1 (2 —z,2") 1 L Y T — ') A(x, 2’ z, '
P o [ ( [ i (k,T)2> FI(€ — 2,€) (¢ - ') A(w,2',6) + B, (,5» ,)
2.111

where the boundaries on the & integral follow directly from the support properties of F:j(f —x,§)
and 6 denotes the Heaviside step function. The k/. integral is the same as before, see Eq. (2.104),
and generates a % pole.

According to the step function, one splits up the £ integral into one part over the interval
(=14 z,2’) and a second part over the interval (z’,1). For the former one employs the substitu-
tion§{ =z — ””:fl and for the latter £ = %/ These substitutions may not seem intuitive. They can,
however, be motivated physically: assume the collinear approximation k ~ xP, k' ~ x’ P. Further-
more, assume that the quark of momentum k’ participating in the hard scattering is collinear to
the quark emitted from the nucleon with momentum ¢. Denoting the momentum fraction as w, i.e.
k' = wq one finds k' = wqg =2'P = £ = %’ Analogously, if the antiquark with momentum & — &’
is collinear to the emitted antiquark from the nucleon with momentum s and takes a fraction w of
its momentum, then one has k — k' =ws=(z —2')P=E&=x — ‘”‘Tx/ Using these substitutions,
one finds for the contribution of the top diagram in Fig. 2.13

1 a1
Fi(z' —x, ) %SECF(/ dwz—2(l - w)

v 21 € _e w  x(l—w)

i
/N
8\
S
8
8
I
8
g ZL\
N—

1 /
dw zw + 2’ (1 — w) , ,
e Ppa (el g 2 .
o W z(1 —w) 7(“’ x’“’))—’_
S Vodwar —2'(1 - w) ' ,
Gq !/ _ ! — %ic / et Gq T —x _ =z
@ - o e © e W z(l—w) 7( w w )

1 /

dwzw +2'(1 —w) ., (.

—_— gz 2.112
o w o ozl —w) G“’(“’ x’“’) o )
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where the ellipsis indicates the contributions by other diagrams as well as higher order terms.
Interestingly, the formulas for Fi and G are of identical form.

Self-Energy Diagrams Moving on with the two self-energy diagrams at the bottom of Fig. 2.13,
it turns out that they both give the same contribution. So, in the following, only the computation
of the bottom-left diagram is discussed. It is noteworthy that these kinds of diagrams are in fact
familiar from the derivation of evolution kernels of ordinary twist-2 PDFs, see Ref. [123]. Here, a
direct and explicit approach will be shown for their evaluation. One starts again with the schematic
form of Eq. (2.109) but, in contrast to before, one does not apply any collinear approximation just
yet. Labeling the momentum of the gluon in the loop as r (the green gluon line in Fig. 2.13,
bottom left), one has to deal with the following loop integral

o Ko (K =) mol ()
T = / 2m)? (12 4 45) ((/«)2 + ié) ((r — )+ w) ’ (2:15)

where again the transverse projector g, appears because of the choice of light-cone gauge, cf.
App. D. Since this projector is now in terms of the loop momentum 7 one also has to explicitly
include the #4 shown in the definition of Eq. (2.70). Another consequence is that a non-quadratic
denominator enters the integral. For this specific part one cannot apply the Feynman parameter
method, cf. Eq. (2.17), and contour integration will be used instead. Thus, one first splits up the
loop integral according to the two terms in g; . While doing so, one can already apply an identity
from Eq. (2.8) for a first small simplification

o a —2(1— o)k (K —¢)
T = / @m) (2 4 i8) (k) +i6) ((r = #)* + i) (21

_/ s (K =)+ (K =)
@) G2 o) () +i6) ((r = B +8) (r - n -+ i)

= j1 (k‘/) — jg (kj/) .

Here, the first integral J; (k') only contains quadratic denominators and the Feynman parameter
method can be applied. Then, because the integral of an antisymmetric integrand vanishes, one is
left with }6’}6' = (K )2 in the numerator, which cancels the corresponding denominator and one can
subsequently set (k' )2 = 0. After a Wick rotation of the remaining r integral it can be handled in
much the same way as previously the kp integral in Eq. (2.104), also discarding its IR part. As a
result one finds a rather compact expression

—1 —2e %

T (K) = ——zn

e = (2.115)

For the second integral, one first rewrites the numerator in a suitable way
EF (K =p) s+ (F =) =20 ner = (52 0= ) = )7 K+ 20Ky, (2116)

where the anti-commutation relations of the gamma matrices were used, as well as k' - n = 2/.
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Figure 2.15: Sketch of the integration contour for the ¢ integral in Eq. (2.120), including the
position of all poles for 0 < ' < x. Only the case 0 < £ < 2’ gives a non-zero contribution and
corresponds to the poles marked in red and blue.

Subsequently, one can further separate the integral accordingly

N , dvr 1
Kl = F ﬁ/ 2™ (12 4 45) ((r — k) + 2'5) (r-n+id)
f%/VL ddr r2
i ((k’)2 + i(S) / @m)? (12 4 i6) ((r — &)+ z'5) (r-n+1id)

ddr (r— k’)2
" / (2m)? (r2 +1d) ((r — k) + i5> (r-n—+1id)

ddr ren
/ (2m)d (r2 + i) ((T — k) + m) (r-n+id)

2z N / ddr r®
()2 + i0) R CLO LR (=) +i0) (- + i)

Ko

= Ko (k) — (J2.2 (K) + T28 (K))
((k/) +i6)
/ 21'/%/ ’
=224 (K) + 7—F—<YaTas () . (2.117)
((k’) +i6)

Again, explicit factors of (£’ )2 are canceled against the term (&’ )2 + 40 in the denominator where
possible. It is convenient to also decompose J3% as much as possible. Notice that its integrand
only contains k' and n such that in general it must be of the form Jg5 = A (k')* + Bn®. By
contracting both sides of this ansatz with k/, and n,, one finds expressions for the coeflicients A, B.
They are given in terms of the other integrals in the decomposition (2.117)

2 %
g Pa g1 ((k) j2)1+@_@_(“ j2,4>, (2.118)

z 2\ 2 2 2 z
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Plugging this back into Eq. (2.117) leads to a considerable simplification

(2.119)

T (k) = 2%/7/L <j2,1 P j2’4> .

k) +is o

The next thing to note is that J2 3 vanishes as § — 0 since the integrand becomes antisymmetric.
Thus, only J21 and J24 remain. Both can be evaluated using the same strategy. The loop
momentum r is decomposed as r# = EP*4(n*+rk and the ¢ integral is computed using the residue
theorem. One can set k' = 2’ P right away because of the absence of (k')” in the denominators and
after a bit of simplification one finds

g~ Pt _ /°° d1—% [ at2p /°° ¢ 1

! 3 d—2 — ! ; —r2,—id —rZ—id\
T _oo 2mE4id ) (2m)i24E(E — o) J_ o 2mi (C - ) (C _ 2(;71/))
(2.120)
While the residues of the two poles are easy to compute, one has to take some care in determining
the positions of the poles in the complex ¢ plane, which is sketched in Fig 2.15. The pole structure
depends on whether £ > 0 or £ < 0 and whether £ > 2’ or £ < 2/. From the fact that one could
close the semi-circle contour in either the upper or lower half-plane it is apparent that the poles
must be located on opposite sides of the real axis. Since the end result is needed in particular for
2/ =z and 2/ = 0, i.e. the SFP configurations, it is pragmatic to work with 0 < 2’ < z. Then
it follows that 0 < £ < a4’ is the only region with a non-vanishing contribution. After application
of the residue theorem and some simplification, the rr integral is the same as in Eq. (2.104).
Employing a substitution £ = z’« one arrives at the result

J2.4 —i 9.5 1/11—a jl/ll_a
_Yas = d = = d 2.121
J21 x (47r)2M € o a+id “ ' Jo a+id @ ( )

with the loop integral J; of Eq. (2.115). Lastly, after projecting out F1,G2 from the corresponding
correlator as previously, carrying out the remaining Dirac traces and simplifying the result while
making a small substitution & — 1 —« one finds the following contribution from each of the bottom
diagrams in Fig. 2.13 to the ¢-yq splitting kernel

o S, 3 ! do
Fi(a) —2,2) = —Cp2Fi(z' —a,2))(-2+2 [ —— ) +...
22" —a,2") 27TCF8 I (x m,z)( 5+ /0 1—a+i5>+
1
q (p — / - 9 % q (o — ! ,é 2/ dia 2.122
GI (2" —z,2') 27TCF€G,Y(JZ z,a:)( 2+ T ati +..., (2122)

where the ellipsis indicates contributions from other diagrams and higher order terms, as before.
Now, one can combine the contributions from the top diagram of Fig. 2.13, given in Eq. (2.112),
and the bottom diagrams, given in Eq. (2.122). The key observation is that the divergences of
the integrals for w,a — 1 exactly cancel each other and one can combine terms to form plus-
distributions. For this step it is useful to split the « integrals from the bottom diagrams as follows

[ e P [ e
o l—atis ), 1-a') _1-ati ® 1 -w+tis

1 ' 1 1
do da da dw
— = —log(l—2 _ 2.123
/0 1—a+1d /o 1—a+/m,1—a+i6 o8 ( I)+/x,1—w+i5’ ( )

which then leads to plus-distributions 1/(1 — w) defined as in Eq. (2.81). Finally, one arrives
at the following formulas for the ¢yq — ¢vq splitting kernel. The result for the vector-type ¢yq

function FY,  reads
MS g SE 3 MS
Fl e @ =22, p) = FIY° (@ 2,0, p) + %?CF (2FA‘Y7 (' —x, 2, )

Udw zw + 2/ (1 — w) q’m( /
e W z(l-—w)y 7

g|e
\
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=
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g
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=
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Figure 2.16: Feynman diagrams required for the gg-splitting kernel of the ordinary twist-2 PDF's.

q

+.bare Das identical shape

Interestingly, the formula for the axial-vector-type function G
_ 3 —_
G?‘hbare (:E/ 7:1771‘/7/1) = G?Y’MS (I/ *x,SC/,,LL) + 770}7 (2G?y’MS (I, *I,I/,,LL)

MS (z'—z z—x’'
Rl

dw zw +2'(1 —w) . 35

— = G? LA ... (212
o w o oz(l—w)y & (“’ x,w,u))+ (2.125)

22

The origins of the different terms in the above equations are briefly recapped as follows

e The ¢vyq functions (Fg’m,G%’m) (2 —x,2’, ) in the first lines of Eqgs. (2.124), (2.125)

are generated exclusively by the self-energy diagrams at the bottom of Fig. 2.13. They are
accompanied by a factor % which is reminiscent of the quark-quark splitting function Py,

e The integrals in the second lines are obtained by combining the first terms in the result (2.112)
of the top diagram in Fig. 2.13 with terms from the self-energy diagrams where the o integral
is split according to the first line in Eq. (2.123). This contribution features the ¢yq functions

(Fg’m,G%’m C”IT’C”,QU — I;f’,,u . In the 2/ = x configuration, the arguments of these

functions become independent of w and the remaining integral vanishes

e The last lines in (2.124), (2.125) combine the second terms in (2.112) with terms generated by
using the second line in (2.123). The ¢vyq functions (F;LMS, G%’MS) (r—/ —x, %, ,u) are fea-

w
tured in this contribution. For the case ' = z, the integrand simplifies to a plus-distribution,
and one can combine the first and last lines into the quark-quark splitting function P, defined
in (2.99)

Specializing to the SFP configuration ' = x one finds the somewhat simpler results

NS a, S [Hdw ~rq cw x
F';I,bare (ngjvﬂ) = nyl’MS (Oamau)+%§ ?qu(w)F,g’ 5 (IIT,EMUJ) +
1 q,MS asS. [!dw o MS (1w =z
G'y,bare (0,$,M) = G('y7 (071‘7/’6) + %? w P‘ZQ(w)G"/, (xT’ E’M) + .. ‘(2126)

The other SFP configuration 2’ = 0 can be obtained in two equivalent ways. Either by setting
2’ = 0 in Eqgs. (2.124), (2.125) or by letting © — —z in Eq. (2.126) and using the symmetry
properties of FZ, G under exchange of their arguments. Both approaches give the same result,
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Figure 2.17: Feynman diagrams required for the splitting kernel of the ¢vyq functions. These
diagrams contribute to the mixing of ¢yg with gvg functions.

which can be seen as a small consistency check on the derivation. Additionally, one could have
anticipated the appearance of the quark-quark splitting function P, because of the strong similarity
of the diagrams in Fig. 2.13 for the ¢vq functions and those in Fig. 2.16 for the ordinary twist-2
PDFs. The photon is merely a spectator in the gvq case and it is thus not surprising to find a very
similar result as for the PDFs. This further solidifies the correctness of the above derivation.

Mixing of gvq with gvg

The last element needed for the renormalization of F¥ and G4 is their mixing with the gyg functions
defined in Eq. (C.26). The relevant diagrams are shown in Fig. 2.17. Again, there is no particle
line crossing the final state cut. Thus, the calculational procedure is very similar to that presented
in the previous subsection, with the schematic expression shown in Eq. (2.109) as starting point.
Moreover, one also applies a collinear approximation in the form k ~ x P, ¢ =~ £ P with ¢ denoting
the momentum of the gluon shown in blue in Fig. 2.17. This is followed by employing Eq. (2.102)
to get expressions for F, G, leading to the intermediate result

o [ s [ ey [ e
[gh"ePPrS0L (€, € — x) + gl e TP 02(€, € — a) + gt e’ TP 02 (€ — 2,9)] x
T [ (K~ €P) v (K — 2P)]
()2 + i(;) (0 —&P)* +i0) (W = 2P)? + 1)
o[ o= dzdw;dk/? [ 32 5,
[ PP OL (€, € — @) + g P PIO2 (¢, € — 2) + ghl e PMS O (¢ — 2, )] x
x5tk v (K = €P) 7 (K = 2P)]
() +38) (' = €P)? +i8) (W —aP)® +i6)

/ /
Fi(z' —x,2)

GI (2 —x,2")

(2.127)

where O#, Og are the g-yg functions defined in Eq. (C.26) and a decomposition of the quark momen-
tum, ¥’ = 2’ P+b/'n+k/ is used. Furthermore, the transverse projector gi” = g"” —(P+n" + PnH)
is also present. After evaluating the Dirac traces in the above equation one can solve the b’ inte-
grals therein using contour integration. A sketch of the contour and the pole structure is shown in
Fig. 2.14. To determine the position of the poles it is of course essential to keep the causal 70 in
the Feynman propagators.

Additionally, it is assumed that 0 < z’ < x. This is motivated by the fact that one eventually
needs only the SFP configurations ' = x and 2’ = 0 for the calculation of the Interference channel
in /N7 — yX. Computing the necessary residues is straightforward, but one has to distinguish
the cases £ > ' (shown in blue in Fig. 2.14) and £ < 2’ (in green) and also deal with terms
o (kr - St)?. Fortunately, the handling of such terms is already covered by Eq. (2.103), i.e. via
replacing (k7 - St)? — —k2/2 4 O(e), which leads again to the kr integral of Eq. (2.104). Finally,
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one is left with the following schematic form for F¥

1
P e = 92 [ ae- a0 9 + B .9) Ohek )
+ ..., (2.128)

where the ellipsis is a placeholder for the terms accompanying O2 (¢, & —x) and O2(€ — ,€), which
have the same structure. The schematic form for G is completely analogous. As implied by the
Heaviside step function 8(§ —x), the integrals are split into a part covering the interval (—1 + z, z’)
and another part covering (z’, 1).

The procedure for the computation related to the right diagram in Fig. 2.17 is completely
analogous. The only difference arises in the distinction of cases for the contour integration. There,
one has to separate the cases £ < x—2’ and £ > x —2’. Consequently, one finds a slightly modified
schematic result for this diagram

SS&‘ ! / / /
Pl —aa) = 915 [ 4 -a =90’ + Dla.a',€) O}(€:¢ — o)

+.., (2.129)

As a final step for the left diagram in Fig. 2.17, one applies the same substitutions for £ as for
the top diagram in Fig. 2.13, discussed in the previous subsection. The two substitutions used for
the integrals in Eq. (2.128) can be summarized as:

1. Interval (—1 + @, «’): the antiquark of momentum k — k" takes fraction w of the gluon

’
M — r—x
momentum s (shown in red) = § =z — =%

2. Interval (x’,1): the quark of momentum k' takes fraction w of the gluon momentum ¢
(shown in blue) = & = %

For the right diagram in Fig. 2.17, on the other hand, one needs to employ different substitutions
for £. The two substitutions applied to the integrals in Eq. (2.129) are given as:

1. Interval (—1 + z,x — «’): the quark of momentum k' takes fraction w of the gluon

. _ x/
momentum s (shown in red) = { =z — =

2. Interval (x — a’,1): the antiquark of momentum k — k' takes fraction w of the gluon

momentum ¢ (shown in blue) = § = *—*

Some simplification using the symmetry properties given in (C.29) leads to the final result

S. 1 dw, x(1—w)—a'(1-2w)
I / _ Fq’MS o / %76 9

(20’1/73 (l‘ o a::ua:" a:'uja: , ,LL) + Og{,m (I _ w;)z'7 w';wvﬂ) + O’Qy’m (w'uf)w T — a:;}:r' ; H))

1 /
1-2
L Qs Se dw2wxw—|—x( w) "

2r € Jo w z(z' — 2w)
(20,1/m (%, % — $7M) + O%m (%’, % — m,ﬂ) + O%m (%/ —x, %,M)) +..., (2.130)
for the ¢yq function F 37bare. The corresponding result for G?ﬁbare is given by

NS as S, b dw 2w
o ; /’ — Gq’MS I , /, s Me habadiatndiiv:
(' —z, 2’ ) DI (2 =z, 2t ) + e ) w w

. S 17 _ !’ _ ’ 17
(O?yM (zu}z,x_mww’ll)_O’QY,MS (x_xwm’z/u)zylL))
1
o Se dw2w ¢ oNs (2 o 2,MS (' !
+%?af5?«% (ﬁ%—%@—q/(%—%%@)

o, (2.131)

Gq

~,bare

where the ellipsis indicates higher order terms or the contributions by other diagrams. The two
formulas above can be broken down into the individual contributions of the diagrams in Fig. 2.17
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e The first integrals fgcl_w, in Egs. (2.130), (2.131) combine contributions from the left diagram
in Fig. 2.17 corresponding toé =x— T’_T“”/ with contributions from the right diagram corre-

. These 1ntegrals feature (anti-)symmetric combinations of O1 MS O2 M3

sponding to £ =

*Il =L For 2/ = x, the gyg functions are independent of w and

at arguments x —
the integrals become trivial

x

e Contributions from the left diagram in Fig. 2.17 for £ = E/ and from the right diagram for
(2.130), (2.131). There, (anti-)symmetric

combinations of O}Y’NTS, O%Mis at arguments %/ and % — z are featured. In the case 2’ = =,
the integrals do simplify, but the gyg functions retain their w-dependence

/ . . 1
§ = x — - combine into the second integrals fx/ in

Once more, the special case of the SFP configuration 2’ = x is also given explicitly, while the other
SFP 2’ = 0 can be obtained either directly from Eqgs. (2.130), (2.131) or through symmetry of the
following formulas

as Se
Fl e O0,2,0) = F9MS (0,20, p0) + 25

e [P QU0 (00 (2wt ) + O (2,005, 0) + O (2152, 5,10)) +

(QOlMS(:c 0, 12) + O2MS (2,0, 1) + O (0, M))

21 € w T

x

MS Qg SE MS MS
G,Y bare (0,2, 1) = G?Y’MS (0,z, 1) + e (O MS (0,2, 1) — O2MS (z, 0,u)>

%% b dw 2w (02 (x 1;11;7#) 02 MS (xT’ E’M)> +.... (2.132)

x

This concludes the derivation of the ¢yq splitting kernels. All required twist-3 renormalization
formulas are now established. The hard-scattering calculations in the following chapters exhibit
the same collinear divergences, which are thus canceled by renormalization, leaving the spin-
dependent cross sections finite. In other words, collinear twist-3 factorization does indeed hold
for the considered observables.
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Chapter 3

Single-Inclusive Hadron
Production /NT — hX

3.1 Channel qg — ¢: Virtual Corrections

After establishing the overall setup, attention now turns to the individual channels, beginning with
the virtual corrections to the LO diagrams. As alluded to in the previous chapter, the kinematical
twist-3 contributions are generated by the first moment of the Sivers function f#l)’q. The LO is
represented by the left diagram of Fig. 2.7 and the corresponding NLO virtual correction is shown
in Fig. 2.8; this quark—photon vertex correction is the only virtual contribution relevant for the
kinematical twist-3 effects. The computational procedure is described in Sec. 2.4.1 (see Egs. (2.72),
(2.74)) and can be performed to all orders in €. The NLO result from Fig. 2.8 can be considered
gauge invariant because the gauge parameter x from Eq. (2.70) exactly cancels in the final results.
The choice for the light-cone vector n* in Eq. (2.63) greatly simplifies the loop integration because
the transverse momentum Il of the initial lepton remains as the single non-vanishing transverse
component of the external momenta. Notably, only the color factor Cr appears in the vertex
correction of Fig. 2.8.

Because the modified gluon propagator of Eq. (2.70) introduces denominators that are not
purely quadratic in the momentum, the loop integrals are handled as follows. First, perform a
Sudakov-type decomposition of the loop momentum,

" = (r-P)n" + (r-n) P* +rl,

with the transverse component defined by Eq. (2.60). Next, separate the integration into light-cone
and transverse components (in d — 2 = 2 — 2¢ dimensions) and first evaluate the r - P component
by contour integration. With the light-cone vector of Eq. (2.63), the transverse integrals can be
carried out analytically to all orders in €; the remaining component r - n is then also integrated
analytically.

The virtual corrections to the LO dynamical twist-3 contribution, shown in the right diagram
of Fig. 2.7, require more involved calculations. These corrections comprise three box diagrams
(Fig. 3.1), four vertex diagrams (Fig. 3.2), and one self-energy diagram (Fig. 3.3). The external
momenta in all of these diagrams are the same as in the right of Fig. 2.7. The various loops yield
three distinct color factors. For example, the left box diagram of Fig. 3.1 carries the factor % due
to the three-gluon vertex, the middle box is proportional to Cp — %7 and the right box to just
Cp. Altogether, only two independent color factors remain, C'r and

1\2fc , which are combined in the

. L b

>

Figure 3.1: Box diagrams of the NLO virtual corrections to the dynamical twist-3 contribution.
These diagrams come in interference with the LO diagram in Fig. 2.7 (left), with k7 = 0.
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Figure 3.2: Vertex correction diagrams of the NLO virtual corrections to the dynamical twist-3
contribution. The upper diagrams come in interference with the LO diagram in Fig. 2.7 (left),
with k7 = 0. The lower diagram is the interference of the LO dynamical twist-3 diagram of
Fig. 2.7 (right) and the vertex correction in Fig. 2.8, with k7 = 0.

Figure 3.3: Self-energy diagram of the NLO virtual corrections to the dynamical twist-3
contribution. This diagram comes in interference with the LO diagram in Fig. 2.7 (left), with
kpr = 0.

final result. The corrections to kinematical and dynamical twist-3 effects are eventually combined
using Eq. (2.69).

The two-body phase space of the virtual corrections is more restricted than in the real-emission
case. Consequently, the factorization formula for the dynamical twist-3 contributions (Eq. (2.82))
simplifies; the z-integration can be carried out directly using the §-function §(z — z¢) o §(1 — w).

As discussed earlier, a non-zero imaginary part must arise for the diagrams of Figs. 3.1, 3.2,
and 3.3 in order to yield a non-zero result for Eq. (2.82). At LO such an imaginary part originates
from the quark-propagator decomposition of Eq. (2.68), which produces a §(x — z’) and thus fixes
2/ = x = xy. Such propagators are also present for the virtual NLO corrections, generating the
familiar soft-gluon-pole (SGP) contribution associated with the ETQS matrix element F(zg,xo).
No soft-fermion or hard poles are produced because of the restricted phase space.

Additionally, loop integrals can also develop imaginary parts in certain regions of the xz’-
integration of Eq. (2.82), an effect known from other calculations such as the transverse SSA
in two-photon exchange DIS [40, 41, 105, 124].

For ' > x = xq, the left and middle box diagrams of Fig. 3.1, the upper vertex corrections of
Fig. 3.2, and the self-energy diagram of Fig. 3.3 generate such terms. Although x remains fixed at
xo, ' must be integrated from x( to 1. With the substitution 2’ = <2 and the symmetry properties
of the ggq functions (Eq. (C.5)), the resulting expression,

/ dv/ —Dq 1= ”vl) [&?””/%8 (x=mo, 2’ =2 e) F7 (%, 2)
+&§’w/>w (z=mp,2’ =2,¢) G (%’,xo)} , (3.1)
has the same structure as the hard-pole subtraction terms in Eqgs. (2.90) and (2.91). Including this
contribution is essential to cancel all collinear % poles.

Another non-zero imaginary part arises in the region 2’ < 0 from the middle and right box
diagrams of Fig. 3.1. Changing variables to 2’ = —1_wa0 and again using the symmetries of
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Eq. (C.5) leads to
/ dv/ — Dq

which probes the ggq functions at negative arguments. This structure matches the hard-pole terms
of the qqg — ¢ channel, where the relevant twist-3 matrix elements correspond to ¢gg correlations.
The contribution of Eq. (3.2) is again required to cancel the é poles in that channel. More details
of this cancellation are given later in Sec. 3.3.

Despite the many loop diagrams, the complete virtual correction assumes the compact form

doNLO, virt Qs /v1 /1 dw 2 (1-v | 1—
e g [ () o1 ()
h di-1Py, o0(5) 27 Ju, ‘ zo W ; “a \T=v =) ™
[6virt,SGP(Ua U},XH,S) ((1 + 6) F?— Lo (Fq)/) (.I‘Q,J?O)
+&virt,g,x’>x<v7wa X;ME) (Fq + Gq) ( LL'())
+6—virt,3,x’<0(vvwa X,Lns) (Fq + Gq) (77*%07390)] . (33)

) (6970 0, — a0, ) F (~ 1520, 10)

+6§’w/<0 (20, —1=2ag,¢) G (-1 xmxo)} ) (3.2)

With the short-hand notation x, = t‘“‘z and

I%(1—¢)

A(v, xu,€) = m

X;E(l _ ,U)—QE,UE ;

the partonic factors can be given to all orders in ¢

) B e ) —(2—¢e+2¢?)
Uvurt,SGP(vvwaXqu) - CF SE MA<U7XM’E) ULO(v’w’E) W’
R v(l+v) w't N (l—e—e2)+Cpe(l+e¢)
Rt A i e et o e i s e s B
A o(l + wite (2CF — 1—e—¢g?
O—Virt,%,x/<0(vv w, X/u 8) = SE A(Uv X,lu 5) (f )) (1 — ) ( F(l — E;gl — 25) ) (34)

The virtual SGP coefficient Gi¢,5gp depends only on Cr, even though several contributing loops
individually also contain IN.. Taking the sum, all N.-dependent terms cancel. Moreover, Gyirt,sGp
is proportional to the LO partonic factor 61,0 of Eq. (2.67). Expanding the remaining prefactor,

—(2-e+2?) 2 3
e2(1—2) €2 ¢ 8+0(),

reveals soft and collinear divergences identical to those in the unpolarized cross section (cf. Eq. (8)
of Ref. [120]). This is familiar from observations in polarized SIDIS [125]. The double pole —%
cancels once the real and virtual NLO corrections are combined.

3.2 Channel qg — ¢q: Real Corrections

This section analyzes features arising in the calculation of real-gluon—emission corrections. Because
the qg — ¢ channel served as an illustrative example of the general computational strategy in
Sec. 2.4, the focus will be on the more specific aspects of this channel.

The relevant NLO Feynman diagrams for the kinematical twist-3 contributions, generated by
the first moment of the Sivers function f;, L0, 4 are displayed in Fig. 2.9. These kinematical con-
tributions combine with the corresponding SGP terms through Eq. (2.69). As elaborated on in
Sec. 2.4, the kinematical real-gluon-emission contributions are gauge—dependent: the gauge param-
eter £ of Eq. (2.70) appears explicitly. This gauge dependence cancels only when the kinematical
and SGP pieces are added.

The NLO Feynman diagrams for the dynamical twist-3 contributions are shown in Fig. 2.10.
The procedure for evaluating these contributions follows Sec. 2.4: first one treats the integral
contributions in Eq. (2.92), which generates the subtraction terms in Egs. (2.90), (2.91). These
include hard-pole (HP), soft-gluon-pole (SGP) and soft-fermion-pole (SFP) pieces. The latter two
must subsequently be combined with their direct counterparts.
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A technical feature specific to the HP as well as the direct and subtraction SGP contribu-
tions plays an essential role in this calculation: in addition to factors 1/(1 — w)!*, that one
also commonly encounters in leading-twist observables, further factors such as 1/(1 —w)?™¢ and
1/(1 — w)3*¢ occur. The latter are even more singular in the limit w — 1. For example, a generic
HP or SGP function o(v,w,e) can be decomposed as follows:

7o) = u?%gw+u?%gw+u1%ﬁw+%M%W@’ (8:5)

where the remainder o, is integrable over 7y < w < 1. For the term 1/(1—w)'™ one can use the
familiar decomposition in Eq. (2.80). The other terms, 1/(1 —w)?**¢ and 1/(1 —w)3*¢, are handled
through analytic continuation and integration-by-parts identities described in App. E, producing
various derivatives of the ¢ggq functions F(x,2’) and G(z,2’) in the final result.

3.2.1 Hard Poles

The subtraction HP contributions generated from (2.90),(2.91) contain the HP configurations
(F,G) (%’,xo) of the ggq functions as well as the derivative terms —xq02(F, G) (w ,xg)l. The
former feature singular factors up to 1/(1 — w)3%¢, the latter only up to 1/(1 — w)?*¢. After ap-
plying the integration-by-parts identities of App. E, the result contains various derivative terms.
Schematically, one has

@) (53 wo)
(F,G) (22,29) P25, —%&FG(ﬁ,)
81(F G)(E’ 0)
pp. —T 82 F G
_-T082(F7 G) (%’370) A—E> { 50132 F.G ((19151 )) : (3'6)

At this stage, the HP terms are combined with the MS renormalization contributions given in
the third line of Eq. (2.100) as well as with the HP piece of the virtual corrections & Gyirt, s x/ >x
in the third line of Eq. (3.3). Integration by parts is performed on derivative terms containing
—2001 (F,G) (%2, 20) or 2303 (F,G) (%2,2¢), i.e. for terms that only include derivatives with re-
spect to the ﬁrst argument. This is done when the accompanying partonic factors are regular, but
not for distributional terms such as 1/(1 —w)y, (M)+, or 0(1 — w). Useful identities for

1—w
these integrations by parts are listed in App. E.
All % poles cancel except those coming with §(1 —w); these cancel later against the SGP terms.
The cancellation concerns only contributions with the color factor ., whereas Cr terms show no
é poles. The explicit HP result is presented in Eq. (6.8).

3.2.2 Soft-Gluon Poles

Direct SGP contributions arise when propagators such as Eqgs. (2.68) and (2.93) hit their poles.
Schematically, one can write these contributions in the following form

/5 02(30) Ul(xvx/) /
/dx 1 {(m’—x)(az’—m—&—w) +Jc’—x+i6 F(z,2") +c.c.. (3.7)

The second term fixes 2’ = x and projects out the ETQS function F(z,z). The first term,
proportional to §(x’ —x)/(z’ — x), is replaced by fd(i, 0(a’ — z) and integrated by parts, producing

a derivative of F(z,z). The expression then reduces to

2% o9(x) (x (0 F)(z,x)) + 2w o1 (z, x) F(x, x). (3.8)

The evaluation of the partonic functions o7 and oy follows the lines described above for the HP
contributions, with technical details again given in App. E.

A complete cancellation of % poles occurs. The process is particularly involved for terms coming
with §(1 — w), which can originate from the 1/(1 — w)'*¢ expansion (2.80) as well as from the
boundary terms generated by integration by parts in the HP sector.

1The notation for the partial derivatives of the functions F,G is defined Eq. (C.6)
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Cancellation of poles for the N, terms: For the second derivative F”'(x,z), there are only 1
poles accompanied by §(1 —w). They cancel once SGP and HP terms are combined.

For the first derivative —zoF’(z, x), cancellation of the §(1 — w) poles requires inclusion of the
direct SGP terms, SGP and HP subtraction terms generated through Eqgs.(2.90),(2.91), and the
renormalization term in the last line of Eq. (2.100). After these additions, all poles accompanied
by the plus distribution 1/(1 — w); also cancel, and the remaining % pole is regular in wj it is
integrated by parts and merged with the regular non-derivative terms multiplying F(z,z). To
complete the cancellation of all 1 poles for F(z,x) (without derivative) one has to include two
further contributions: first, the virtual HP correction Gyiy, o x'>x contains a factor 1/(1 — w)HE
that generates a §(1 — w) upon expansion via (2.80). At w = 1 the HP contribution effectively
becomes a SGP contribution that must be included for the cancellation of all % poles. Second,
one must also include the Weizsdcker-Williams (WW) contributions by the photon-in-lepton PDF

i 7t Then, one finally arrives at finite result for ¢ — 0

Cancellation of poles for the Cr terms: The Cp part of the SGP corrections is more involved
because it also contains kinematical twist-3 contributions. These are essential to cancel all % poles
and also for color-gauge invariance. Here too, all poles cancel once the following pieces are all
included

e Kinematical twist-3 terms — they become SGP contributions upon application of Eq. (2.69)
e Direct SGP contributions from propagator poles such as in (2.68) and (2.93)

e Subtraction SGP contributions generated from Egs. (2.90),(2.91)

e SGP terms in the renormalization of the ETQS function F(z,x), see Eq. (2.100)

e The renormalization of the twist-2 fragmentation function D{, see Eq. (C.17)

e The WW contributions by the photon-in-lepton density f;' / é, see Sec. 2.4.3

e The imaginary as well as SGP parts of the loop diagrams Gvirt,3,z'>2 and Gyire,sap, See
Eq. (3.4)

The final analytic NLO expressions for the SGP contributions, valid in d = 4, are shown in Eq. (6.6).

As in the HP sector, all regular non-distributional terms accompanying derivative contributions
are integrated by parts so that only §(1 — w) and plus-distributions remain. Identities used for
these manipulations are summarized in App. E.

3.2.3 Soft-Fermion Poles

The qg — ¢ channel also receives soft-fermion-pole contributions. These arise both from the SFP
subtraction terms in Egs. (2.90), (2.91) and from propagators in the diagrams of Fig. 2.10 whose
poles generate an imaginary SFP part, see Eq. (2.94). An additional WW piece is generated by
the photon-in-lepton mechanism of Eq. (2.97) (Sec. 2.4.3). The partonic cross sections accom-
panying (F,G) (%,O) and their derivatives —x02(F, G) (%,O) are straightforward to evaluate,
with no complications in the soft limit w — 1. Because of this simplicity the SFP factors can be
expanded directly in €. The derivative SFP terms —x02(F, G) (%070) originate solely from the
SFP subtraction terms and are finite for € — 0.

A residual collinear % pole remains even after adding the SFP subtraction, direct SFP, and
WW terms, indicating that there must be additional contributions for (F, Q) (%, O). Indeed, the
qq — q channel, which will be discussed in the next section, produces terms proportional to the
same SFP matrix elements. Combining these with the gg — ¢ SFP contributions removes the last
% poles and yields finite SFP cross sections.?

Since SFP renormalization terms appear neither in Eq. (2.100) nor in the LO cross section
(2.64), the SFP sector is independent of the renormalization scale u, though it retains a dependence
on the lepton mass my through the WW contribution. Eq. (6.6) presents the final SFP results.

3.3 Channel gq — ¢

The twist-3 calculation for the q¢ — ¢ channel parallels the procedure in Sec. 3.2 for the qg — ¢
channel. Figs. 3.4 and 3.5 show the corresponding Feynman diagrams. It turns out that neither

2A similar inter-channel cancellation of SFP contributions was observed in Ref. [126] for SIDIS.
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Figure 3.4: NLO real-emission diagrams with a gluon in the initial state. These diagrams come in
interference with several other diagrams for various channels. gqg — q : interference with the
diagrams in Fig. 3.5, with kr = 0, gq¢ — ¢’ : interference with the diagrams in Fig. 3.6, with

kr =0, gg — q : interference with themselves (kinematical part) and interference with the
diagrams in Fig. 3.7 (with k7 = 0, dynamical part).

K=x'P k-k'=(xx") P

< 7

Figure 3.5: NLO diagrams with a quark-antiquark pair in the initial state contributing to the
dynamical twist-3 part of the g¢ — ¢ channel. These diagrams come in interference with the
diagrams in Fig. 3.4, with kr = 0.

kinematical twist-3 nor SGP contributions appear in this channel. Soft divergences in the limit
w — 1 can be handled simply by means of Eq. (2.80).

This channel displays several symmetries for an exchange of quark-antiquark in the initial and
final states. As a consequence, it suffices to calculate the interference of the diagrams in Fig. 3.5
with those in Fig. 3.4 only. This corresponds to a quark-antiquark-gluon (ggg) correlation in the
initial state and quark fragmentation in the final state, hence labeled q¢ — ¢. However, all other
channels such as q¢ — ¢, g¢ — q, and qq — ¢ are directly related to the ¢qg — ¢ channel by the
aforementioned symmetries. Therefore, this channel simply obtains the label gqg — g.

The hadronic matrix element entering the factorized description of the q¢ — ¢ channel is the
quark-gluon-quark correlator (2.59). But, contrary to before, it is now evaluated at different light-
cone fractions, namely as ®%7.(z' — x,2’). The reason is the aforementioned ¢gg configuration
featured by this channel: antiquark and gluon switch roles compared to the gg — ¢ channel.
This flip results in different arguments for the ¢gq functions, specifically x — 2’ — x. Thus, the
factorization formula of Eq. (2.82) for the gg — ¢ channel has to be adjusted in the following way

d ! '
/ 2«’7j /d‘r ‘/1_1 dxl% [&qqﬁq)l(xvxlv Z) Fq(x/ - x’xl)
699795 (g 0! 2) G2 — a, gg’)] Di{(z) +c.c.. (3.9)

The partonic factors 6997%15(z, 2, 2) are obtained as interference of the diagrams of Figs. 3.4 and
3.5. Their color factor is Cp — N./2 = —ﬁ, meaning that the q¢ — ¢ channel is suppressed by a
factor 1/N? compared to the gg — ¢ channel.

Interestingly, the upper and lower diagrams of Fig. 3.5 form two independent classes of inter-

ference effects, since the virtual photon couples to either the quark or the antiquark respectively;
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one may treat the two cases separately, and splits the partonic functions in (3.9) accordingly,

_ 1 7 7
GUTLS (g ol 5) = ST 6.;1q—>q,1,5(x’$/’z) + a.gq—>q71,5(x7m/’z)] 7 (3.10)
C

where &12 in (3.10) refer to the interferences of the upper/lower two diagrams in Fig. 3.5 with
those in Fig. 3.4, respectively. The symmetries mentioned above are given in terms of a substitution
' — x — 2’ in (3.9). They allow to restrict oneself to the q7 — ¢ configuration of Fig. 3.5, and
they read explicitly:

6%?2_"1’1(% v, z) = &gi—’q’l(x, x—a' z)= 63?1_”’1(3:, x—12),
Bl z) = (= dl,2) = 6P e -0 (1)

The computational procedure for the two interference effects 67777 and 63777 differs. Starting

with the integral contributions, as described in Sec. 2.4.2, will demonstrate this feature. Analogous
to the qg — ¢ channel, the partonic factors contain poles at the endpoints ( = 0, = 1 as well as
in between at ( = w. To regularize these poles and render the integral contributions finite, one can
apply the same strategy as before, laid out in the paragraph following Eq. (2.86). In the present
case, the partonic functions &(; ») for the two interference effects carry different (-poles; they are
modified as follows:

&‘ff’ﬁq’m(v, w, ()

~qq—q,1,5
gfllntq7 (U7 w, C)

C(w—¢)? {1 (v, w,(),

(1—¢) 68705y w, ¢). (3.12)

Now, &‘f?ﬁggl"r} (v,w, () are well-behaved and integrable. The prefactors are shifted to the correla-

tion functions F, G (7(1 - () %, %) Subsequently, the poles are regularized by adding and sub-
tracting suitable terms from the numerator. Similar to the gg — ¢ channel, cf. Egs. (2.90),(2.91),

this leads to integrable combinations of the ggg functions FI(i]qt;_l)(;Q’ Gfgt_;q/z; They are given as

N 1 2o - 0 2w — —w
Fii (o, w, () = Cw—cp [Fq(—(l—ow’ U)—%Fq(—%xowo)
_ _ 2
S 0y 0, (150, 0) — Y )} RNCRE)
— 1 T T 2w — —w
Gitrom.0) = ot [0 (0 -0 3.0 - Et e (e m)
—W o [81Gq+(92Gq] (—%$0,CBO) - %72)26“1 (—i?,()):| s (314)
and
Rideowd) = g [F1-0-02c2) - F102)], 319
Gl a0 = o [0 (1= 0 2.c%) - 67 (0.2)] (3.16)

Through this procedure, the following types of subtraction terms are introduced

e The upper diagrams in Fig. 3.5 introduce HP subtraction terms x (F, GQ) (fl_Tw:co,xo) via

Eqs. (3.13), (3.14). Furthermore, also the derivative terms —z¢ (81 4 02) (F, G) (—1=% 0, z)
are generated. There are no other sources of HP terms in this channel.

e The other subtraction terms in (3.13), (3.14) are o< (F4,GY) (—22,0) = (F7,G7) (%2,0), i.e.
they are antiquark SFP contributions. They must be combined with direct SFP contributions,
as will be discussed below

e The lower diagrams in Fig. 3.5 only generate SFP subtraction « (F,G) (O7 %) via Egs. (3.15)
and (3.16). They must also be combined with direct SFP contributions. Subsequently, they
must be added to the SFP pieces from the qg — ¢ channel to cancel all % poles, see the
discussion below
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Given this overview, the computation of the various contributions will now be discussed one
by one in more detail, with the first one being the hard pole contributions. These contributions
can be calculated as in Sec. 3.2. The limit of w — 1 is less complicated, though, since one only
encounters terms o< 1/(1 — w)'*2¢ after phase space integration. Hence, one can simply apply
Eq. (2.80). Note that for the HP contribution one does not need to include any photon-in-lepton
terms (see Sec. 2.4.3).

Furthermore, one only needs MS-renormalization terms for the SGP matrix element F(z,x),
but not for the quark FF D{. The relevant pieces are given in the last four lines of Eq. (2.100).
Finally, one must also include the virtual contribution of Gyir ¢ <0, see Egs. (3.3), (3.4). After
adding all terms, the NLO result for the HP contribution to the q¢ — ¢ channel becomes finite
and well-defined.

Next, the subtraction and direct antiquark SFPs need to be combined. The latter emerge from
a propagator hitting its pole similar to (2.94). Interestingly, the subtraction terms and the direct
contribution originate from different classes of interference effects: subtraction terms from class 1
(upper diagrams in Fig. 3.5) and direct contributions from class 2 (lower diagrams). This again
reflects the intricate interplay of seemingly unrelated dynamical twist-3 terms at NLO. Eventually,
the é poles cancel once the SFPs F, G(—%2,0) from the photon-in-lepton mechanism are added.

Similarly, the subtraction SFP contributions F, G (0, 72) from Egs. (3.15),(3.16) should be com-
bined with direct SFPs in 6997%"% (v, w, () rather than in 62979 (v, w, ). Moreover, one has
to add the corresponding SFP from the photon-in-lepton contribution. As already alluded to in
Sec. 3.2.3, the SFP contributions of the qg — ¢ and q¢ — ¢ channels must be combined to cancel
the last remaining % poles. Also recall that the final NLO SFP result is assigned to the qg — ¢
channel.

The analytical formulas for the g¢ — ¢ channel are shown explicitly in Eq. (6.9).

3.4 Channel ¢ — ¢

The calculation for the gqg — ¢’ channel resembles that for ¢g¢ — ¢. The main difference is that the
flavors of the fragmenting final-state quark and the initial quark—antiquark pair are not necessarily
the same. Additionally, since the color factor for this channel is T = %, it is only suppressed
by O (1/N.) relative to the qg — ¢ channel, rather than by O (1/NC2) like the g¢ — ¢ channel.
Nonetheless, in Ch. 7 it will turn out that this channel generally gives a negligible contribution to
the numerical results.

The interference of the two diagrams in Fig. 3.6 with those in Fig. 3.4 generates the partonic
functions for this channel. It contributes solely because quark and antiquark fragmentation into
the observed hadron differ; in contrast, it vanishes for jet production. It may, however, gain
importance when heavy quarks are involved, for example in D-meson production.

The qq¢ — ¢’ channel is “stand-alone” in the sense that it is finite and well behaved by itself.
No MS counterterms from neither the LO soft-gluon-pole (SGP) matrix elements nor the quark
fragmentation function are required to cancel collinear singularities. However, photon-in-lepton

%) must be included.
my t

Technically, the computation proceeds exactly as in the previous section for the g¢ — ¢ channel.
There is an antisymmetry property of the partonic functions when the fragmenting final-state quark
is replaced by an antiquark:

contributions generating logarithms of the form log (

&qq_)q/’m(x, ', z) = _&qq—>q/,15(x, 2, z). (3.17)
As a result, the ¢q¢ — ¢’ contribution enters with the difference of quark- and antiquark fragmen-
tation functions in the final NLO formulas.

Further symmetry properties reflect the exchange of quark and antiquark in the initial state:

&qq_w,’l(x, ¥, z) = —&q‘j_’ql’l(x, r—a,z2),

6995 (g 0! 2) = 469705 (g — 2 2). (3.18)

These relations ensure that the ggq functions also enter as differences F'979, G477 of their quark
and antiquark components.

The methods for calculating the integral contributions to this channel remain the same as before.
One finds that the partonic functions carry a divergent denominator C(%C This denominator is
moved to the ggg-functions, and subsequently one subtracts suitable SFP terms; this leads to the
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Figure 3.6: NLO diagrams contributing to the gg — ¢’ channel’s dynamical twist-3 part. These
diagrams come in interference with the diagrams in Fig. 3.4, with kp = 0.

definitions
, Fa(—(1—¢)% ¢2) —¢F9(0,20) — (1 —()F (=20
Fltilqt_)q (l‘wa;C) = ( ( C) w C w) 2(1 (C)w) ( C) ( w ) ; (319)
, GI(—(1—¢) %, ) —¢GI(0,20) — (1 —¢)Ga (-2, 0
Gl (o, w,¢) = C0-9%.¢%) CC(l—(C)w) A=0c (=30). (3.20)

These two combinations yield finite, well-behaved integral contributions.

Turning to the soft-fermion pole (SFP) terms, Eqgs. (3.19),(3.20) reveal two types of SFPs that
appear as subtraction terms. Together with photon-in-lepton SFPs, these exhaust all sources of
SEPs for this channel. Unlike the q¢ — ¢ channel, there are no direct SFP contributions. Both
types of SFPs, (F,G?) (O7 %) and (F?,G9) (—%,0), can be related to each other via charge
conjugation. Thus, one may interpret them as corresponding quark and antiquark distributions.
Combined with the symmetry properties (3.17),(3.18), this feature causes the channel to be driven
by the difference of quark- and antiquark correlations.

Explicit analytical results for this channel are presented in Eq. (6.14).

3.5 Channel g9 — ¢

The qg — g channel is computed in a similar way as the qg — ¢ case described earlier. The
partonic factors originate from

e an interference of the diagrams in Fig. 2.9 among themselves (kinematical twist-3 contribu-
tion, with non-zero kr), and

e an interference of the diagrams in Figs. 2.9 (with k7 = 0) and 2.10 (dynamical twist-3
contribution).

Here, however, the observed hadron arises from fragmentation of the final-state gluon rather than
the quark. This requires exchanging the external quark and gluon momenta in the diagrams of
Figs. 2.9 and 2.10, i.e. r* < pH. This exchange alters the momentum flow and therefore the
analytic expressions. The factorization formula for this channel involves the gluon fragmentation
function DY (Eq. (C.15)) instead of the quark fragmentation function DY. Because DY enters for
the first time at NLO, the only MS-renormalization needed to cancel collinear singularities is that
of the quark fragmentation function in Eq. (C.17).

The technical procedure parallels the qg — ¢ calculation but is less involved for two reasons:
first, the behavior in the w — 1 limit is simpler and second, no hard-pole (HP) contributions occur.
A notable feature is that the C'r component of the direct soft-gluon-pole (SGP) contributions
cancels exactly against the corresponding kinematical twist-3 term. Consequently, the surviving
direct SGP terms are proportional only to the color factor N,, reflecting a non-Abelian QCD effect.

In Addition to the direct contributions, one also gets SGP subtraction terms from the integral
contributions. They come with both color factors Cr and N.. For the integral contribution,
the partonic functions are again handled as described below Eq. (2.82): they share a singular

1

denominator o that is shifted from the partonic factors to the ggq functions. Then, one

subtracts SGP and SFP terms to ensure integrability, leading to the following finite combinations:

! — (g x
W[Fq(%’a 2) —((2- Q) F7 (22, 20) + S wg (F) (22, 22)

Flzgcﬁg(moaw»C) = C(l
—(1=¢)*F7 (%,0)], (3.21)
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Figure 3.7: NLO diagrams contributing to the gg — ¢’ channel’s dynamical twist-3 part. These
diagrams come in interference with the diagrams in Fig. 3.4, with kp = 0.

b
¢(1-¢)

G (w0, w, () = G (%, C5) + S5 a0 (0:G7) (3, %) — (1- 0?67 (%,0)

(3.22)
Adding the SGP subtraction terms from these expressions to the direct SGP contribution (pro-
portional to N.) as well as including both the photon-in-lepton terms and the renormalization of
D? in Eq. (C.17) (proportional to Cr) yields a finite SGP partonic cross section. One can apply
integration by parts to the derivative terms to simplify the results, which is straightforward since
no plus-distributions or delta functions accompany these derivatives.

Finally, one must combine the SFP pieces from the subtraction terms in Egs. (3.21) and (3.22)
with the direct SFP and photon-in-lepton SFP contributions. The collinear poles cancel completely,
leaving a well-defined finite result.

The explicit analytical expressions for the gg — ¢ channel are given in Eq. (6.18).

3.6 Channel gg — g

Lastly, this section highlights key features of the remaining channel gg — ¢q. This process involves
gluon—gluon correlations inside the transversely polarized nucleon and quark fragmentation in the
final state. Unlike the qg — ¢ and qg — g channels, where the kinematical twist-3 effects arise
from the first moment of the Sivers function alone, here, two kinematical distributions contribute at
NLO: G(T:l ) and AH:S}) (see Eq. (C.3)). The respective kinematical twist-3 terms are obtained from
the interference of the diagrams in Fig. 3.4 with themselves, for non-zero transverse momentum
kr.

For the dynamical twist-3 effects, one evaluates the interference of the diagrams in Fig. 3.7
with those in Fig. 3.4 (with k7 = 0). Both the symmetric d*#7 and antisymmetric f*#7 SU(3)
structure constants appear, so the factorized description involves both triple-gluon correlators
defined in Egs. (C.11) and (C.12). Thus, the schematic form of the dynamical contribution is

dz { ~ oT oT
/?/dx/dx’m[agm(m,x’,z) NP (z,2') + 62, (.2, 2) OF P (x,2") | Di(2) + c.c..

(3.23)
where the partonic functions O'(J;po are generated by the diagrams of Fig. 3.7. A remarkable sim-
plification emerges at this point: these diagrams contain no propagators of the type (2.83), the
usual source of logarithms with negative arguments (cf. Eq. (2.84)) that generate imaginary parts.
Their absence implies that there are no integral contributions in the gg — ¢ channel and therefore
no subtraction terms as in Eq. (2.90). This makes gg — ¢ the only partonic channel at NLO where
the transverse SSA originates exclusively from propagator poles.

The hard factors 6% exhibit such propagator poles at ' = x (previously called soft-gluon pole)
and at 2’ = 0 (previously called soft-fermion pole). Because only gluons from the nucleon enter
the hard scattering, both cases correspond to a gluon carrying vanishing longitudinal momentum.
Furthermore, the triple-gluon correlators Ny and Op (Egs. (C.11), (C.12)) are expressed in terms
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of combinations of
(N,O)(z,2"), (N,0)(z,z—2") and (N,0)(x',2" —z).

Consequently, the propagator poles cannot be tied to a unique region of the support of N and
O. Therefore, the identification as soft-gluon or soft-fermion poles is not adequate and will not be
used for this channel.

Decomposing the propagators into a principal value and a d-function (as in Eq. (2.68)) and
using the explicit factor i/ [z2'(x — 2')] in Eq. (3.23) yields terms proportional to ”§-function over
its argument”. As in Eq. (3.7), these can be rewritten as derivatives of d-functions,

o' —x) d , d(z') d ,
' —x __dx/é(x_x)’ x! __dac’é(x)

Subsequently, integration by parts produces derivative terms of N, O at several arguments. Using
the symmetry relations (C.13), the resulting expressions depend only on

(N,0)(z,x), (N,0)(z,0), i(N,O)(ac,ac), i(N,O)(a:,O) .
dz dx

Unlike the other channels, here the calculations were carried out with a general light-like vector
n#, parameterized as in Eq. (59) of Ref. [101], introducing two free parameters. Following the
method of that reference, the dependence on these parameters and hence on the choice of n* cancels
only if kinematical and dynamical twist-3 effects are properly related. The necessary relations for
the gluonic kinematical functions Gg} ) and AH:S}) are given in Eqgs. (13),(14) of Ref. [110] for d =4
— going to d = 4 — 2¢ dimensions they need to be extended as follows

G (@) = 4r (N(x,7) — (1+€)N(,0) ,
AHW (z) = =87 (1 — )N(z,0). (3.24)

Finally, one needs to add the relevant term from the renormalization formula of the SGP
function F9(x,x), given in the last two lines of Eq. (2.100). Furthermore, the photon-in-lepton
contributions to this channel must be included. Then, all collinear % poles cancel, leading to a finite
and well-behaved result. Integration-by-parts identities (Eq. (E.9)) are useful in demonstrating
these cancellations.

An intriguing outcome, presented in the final results in Eq. (6.23), is that the partonic hard-
scattering factors accompanying the triple-gluon functions (N, O)(x,z) coincide, whereas those
multiplying (N, O)(z,0) differ only by an overall sign.
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Chapter 4

Single-Inclusive Jet Production
(NT = jet X

Having established the NLO analytic formulas for single-inclusive hadron production in Sec. 2.3
and Ch. 3, one can adapt them to single-inclusive jet production, £(I) + NT(P) — jet(P;) + X. For
jets, no fragmentation functions are involved, and in particular there are no twist-3 fragmentation
effects. This means that, contrary to hadron production, the derivation given below gives the
complete result at NLO accuracy. Furthermore, the presence of less non-perturbative objects
makes it easier to extract the unknown twist-3 distribution functions F?,GY from fits to future
experimental data. The first step to go from hadrons to jets is to replace the quark and gluon
fragmentation functions (FFs) by d-functions:

ph/(@9 (11—%1)1,’“) _“5(1_11_%@1) =1 -wv1)d(v—u1). (4.1)

This simple procedure works for the LO contribution (2.64), but is not sufficient at NLO. The
reason is that final-state collinear divergences cancel for a jet cross section. For the hadron case,
however, collinear singularities had to be subtracted from the hard partonic cross sections, and
canceled by renormalization of the FFs. As was shown in Refs. [127, 128, 129], at NLO it is
relatively straightforward to account for this mismatch when the produced jet is relatively narrow.

4.1 Jet Definitions

To start the discussion, one first needs to specify in detail how the jet is defined. It is customary
to introduce a radius R that sets the size of the jet. For the so-called cone algorithms, see for
example Ref. [130], a particle a of pseudorapidity 7, and azimuth ¢, is defined as inside the jet j
if it is inside the circle of radius R centered around the jet’s counterparts n; and ¢;

Ry = (o —m5)" + (da — ¢5)° < RZ. (4.2)

Here the jet four-momentum P; is defined as the sum of all particle momenta p, inside the jet.
For the cone algorithms, the jet can also be defined geometrically, as a cone of half-opening angle
0. Particle a is counted as inside the cone if the angle 6,; between its three-momentum p, and
the jet’s three-momentum P; is smaller than the half-opening angle, 6,; < d. As was shown in
Ref. [131], both definitions can be connected for R,J < 1 using the relation

R =6 cosh (n;) . (4.3)

Another class of jet algorithms are the kp-type algorithms, cf. Ref. [132]. In addition to pseudora-
pidity 1, and azimuth ¢, they also take into account the transverse momentum k, 7 of a particle
a in the definition of the jet. As a starting point one defines the set of all particles in the final
state and computes the following distances

. R2
doy = min (ko) (bor)™ ) 722
daB — (ka,T)zp
R = (a—m)*+ (¢a— ), (4.4)
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where d;, is the distance between the particles a, b and d, g the distance between the particle a and
the initial beam. The algorithm then proceeds iteratively and starts out by finding the smallest
distance. If it is a d,; the particles a,b are combined into a single jet 5 by taking the sum of the
four-momenta, P; = pq + ppt. If it is a d,p, then particle ¢ becomes a jet j and is removed from
the set of final-state objects. The distances are recalculated (now possibly also between jets and
particles) and the procedure is repeated until the set of final-state objects (particles or jets) is
empty. The parameter p in Eq. (4.4) distinguishes different cases of k7 algorithms,

e p = 1: Inclusive kr algorithm
e p = 0: Inclusive Cambridge/Aachen algorithm
e p = —1: Anti-kp algorithm

For the present work, results are always given for kp-type algorithms. As will be shown below, at
NLO and working in a suitable approximation, it does not matter which kind of kp algorithm is
chosen, i.e. which value of p is specified.

4.2 Small Cone Approximation

If the jet radius R is small, R < 1, one can systematically derive analytical matching terms that
translate from the collinear-subtracted single-parton cross sections to a jet cross section [127, 128,
129]. This is called the small-cone approzimation (SCA) (or sometimes narrow-jet approximation,
NJA) and actually turns out to be rather accurate also at larger values of R, even out to R ~ 0.7.
The SCA has already been used to obtain the jet counterparts of the unpolarized and longitudinally
polarized NLO single-hadron cross sections in Refs. [120, 133]. It results in additional contributions
to the NLO partonic cross sections that depend on the jet definition and its radius R. Applying the
SCA to the present calculation, one finds that the jet-specific terms for the transversely polarized
cross section are different from the ones obtained for the unpolarized and longitudinally polarized
cross sections in [120, 133]. To explain the origin of this deviation, some details of the computation
are presented in the following.

The general strategy is applicable to any partonic hard scattering process ab(c) — jkl. This
could be, for example, the qg — ¢ channel’s kinematical part g — fqg or its dynamical part
Lqg — Lqg (with a third particle ¢ in the initial state). As discussed above, the first step is to
replace the FF D7(z) — 6(1 — z), which describes the case where just the final state quark of
momentum p forms the jet of momentum P; alone, i.e. p = P;.

Of course, also the final state gluon of momentum r could be inside the jet, in which case the
jet momentum would be given as the sum of the two parton momenta P; = p 4+ r. This case
is, however, not included when adapting the single-hadron cross section via (4.1). There, the jet
momentum is always given by P; = p no matter the direction in which the gluon is radiated. So,
the gluon could be inside the cone geometrically while not actually being counted as part of the
jet. The partonic cross section for this situation will be denoted as o4, in the following. Or,
vice versa, the gluon could form the jet and the quark be inside it but not be counted as part
of the jet — this will correspond to o) below. There is an elegant way to reconcile this issue
without repeating the calculation as a whole: Subtract the contributions o), 04(g) for the two
situations described above and then add back 0,44, the contribution for quark and gluon forming
the jet together. The jet cross section o; is then given schematically as

0j = (Uq - Uq(g)) + (‘79 - Ug(q)) + 049, (4.5)

where o4(0,) are the inclusive quark (gluon) cross sections adapted from the single-hadron results
(see Secs. 3.2 and 3.5), i.e. with FFs replaced by J-functions according to Eq. (4.1). In the SCA,
Tq(q)(R), 04(¢)(R) and 049(R) can be computed analytically. They depend on the jet radius R
and in the case of og44(R) also on the specific choice of jet-algorithm, which will be a kp-type
algorithm in this work. For the channels ¢q¢ — ¢ and gg — ¢ the replacement of the quark FF
by a d-function is already sufficient and they do not receive any R-dependent contributions in
the SCA. Furthermore, the channel q¢ — ¢’ vanishes identically since it is given in terms of the
difference of quark and antiquark FFs, which both get replaced by the same d-function and thus
cancel. Hence, the former quark fragmentation channel gg — ¢ and the former gluon fragmentation
channel qg — ¢ are the only ones to consider here.

Lthis way of combining particles into a jet corresponds to the widely used E-recombination scheme, cf. Ref. [130]

65



As discussed in Refs. [127, 128, 129] the SCA corresponds to an expansion around vanishing jet
radius R = 0 and the partonic cross sections take on the general form Alog (R) + B + O(R?). In
the following, the most important steps to extract the coefficients A and B for the partonic cross
sections oy(yy, 04(q) and gy are briefly summarized.

4.2.1 Former Quark and Gluon Fragmentation Channels

Starting with the case of former quark fragmentation o), the first thing to note is that this cross
section is independent of the choice for the jet algorithm since the jet is formed by a single parton.
Hence, for simplicity the following discussion is given for a cone algorithm.

Moving on, one needs to distinguish between two useful reference frames:

e The center-of-mass system (c.m.s.) of the initial lepton and nucleon. In this frame the
relevant four-momenta can be parametrized as follows

| = ?(1,...,0,1)
P = ?(17...,07—1)
P, = Pjr(coshn;,...,cosd;,sin¢;,sinhn;)
r = r°(1,...,siné, cos ¢,,sin b, sin ¢, cosh,.) . (4.6)

Note that the jet radius R as well as the half-opening angle § are defined with respect to
this frame. Also, the relation of Eq. (4.3) between R and d, see Ref. [131], is derived for
this frame only. One can express the jet Mandelstam variables s = (I + P)? ~ 2[ - P,
t=(P—P;)? ~—2P-Pjand u = (Il — P;)> ~ =2l - P; in terms of the jet’s transverse
momentum P;r and its pseudorapidity 7;, which will prove useful in what follows. The
relations read

t = - j,T\/§6+m U = — j,T\/geinj

tu —t—u

P; = — coshn; = ——.

3T S 7; N
e The ”partonic” frame. It is defined by the condition k +1 — p = 0, where [ is the lepton mo-
mentum, k is given in Eq. (2.71) and corresponds to the sum of initial parton momenta, and
p is the final-state-quark momentum. The partonic frame is used for the phase space inte-
gration, see Eq. (2.77), as well as for the following discussion. A convenient parametrization

(4.7)

is given by
I = 1°(1,...,sin¢,cosv)
E = Ek(1,...,—siny’, cose))
p = po(la"'aovl)
r = r°(1,...,sinf cos ¢,sin O sin ¢, cos §) , (4.8)

with some angles 1, 4’. The energy components can be expressed in terms of the partonic
Mandelstam variables § = (I + 2 P)? = x5, t = (x P — P;)? = at, 4 = (I — P;)? = u as well
as the scalar product kg - lp. They are given up to terms of order O (k:%) as

- Stat2kr-lr W _ St it 2%kl
2V/5 + L+ 0+ 2kp - Iy 2V/&+ 1+ 0+ 2kp - Iy
—f — 1 "
P’ = _ Y rozf\/§+t+ﬂ+2kT~lT. (4.9)
NG+t +a+ 2k Ir 2

Keep in mind that pseudorapidities and also the half-opening angle § of the jet cone are
different in the two frames. To make this distinction clear, the half-opening angle in the
partonic frame is denoted as ¢’

Back to the computation of the former quark fragmentation channel: the final-state gluon is inside
the jet if the angle of its three-momentum 7 with the quark’s three-momentum p is smaller than
0’. Thus one finds the approximation

por=pOr(1 — cos ) ~ pOr” (9;) +...=0 ((5’)2) ) (4.10)
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As a consequence, this scalar product can be neglected everywhere in the numerator of any ex-
pression and one only has to keep p - r if it appears as a denominator. Indeed, one finds terms
x ]_’%7" in the partonic cross sections before phase space integration, which are the only terms that
will contribute to the considered order in R. For all other terms, one can generally approximate
r A ;—gp which also simplifies other scalar products including r. The next step is to perform the
phase space integration, which involves angular integrals over the azimuthal angle ¢ of the gluon
as well as over the angle § < §’ between quark and gluon, cf. Eq. (2.77). Thus one needs the

following integral, expanded around ¢’ = 0

5 /Sinkzs o' B (5/)—25 /
/0 a7 (1+0(@)?)), (4.11)

1 —cosb’ e

where technically ¢ < 0 was required for convergence. Now, to go back to the lepton-nucleon
c.m.s. where the jet was defined in the first place, one needs to relate the original half-opening
angle § with the angle ¢’ in the partonic frame. In the SCA such a relation can be found without
explicitly specifying the Lorentz transformation matrix A. For now, let unprimed symbols denote
the quantities in the lepton-nucleon c.m.s. and primed symbols denote their counterparts in the
partonic frame. Of course, the scalar product of the quark and gluon momenta is Lorentz invariant
and being parallel to each other, p and r transform in the same way, giving

2 / 2
pora poro% _ (pO)’ (7‘0)/ (02) ~p
r0 r0)’
— = ( 0)/ , (4.12)
p (»°)

where the scalar products have been approximated for § < § < 1 and ¢’ < §’ < 1. The transfor-
mation of the angle 6 between quark and gluon directly follows from the above equations and the
half-opening angle of the jet cone obviously transforms in the same way, implying

P 540 (5% .
(P°)

In the present case of p = P; one can use Egs. (4.7) and (4.9) as well as the relation between R
and ¢ of Eq. (4.3) to directly relate &' and R as follows

B 4tu(§+£+a+2kT-lT)R2

§)?
@) s(f+ﬁ)2

(4.13)

This is an essential point for the computation of the kinematical contributions. As elaborated
on in Sec. 2.4.1, one needs to carry out the phase space integration keeping a non-zero kr at all
times and only afterwards expand in kr. Through Eq. (4.13) an additional kp-dependence enters
the description. This generates an extra term in the first order kp-expansion that could easily
be missed. However, this term is crucial to cancel all % poles when combining kinematical and
SGP contributions via Eq. (2.69). Also note that one encounters a term oc 1/(1 — w)?*2¢ in the
computation of the kinematical contribution to o,(,), which needs to be handled by means of the
procedure described in App. E.

Turning to the dynamical contribution to the partonic cross section oy, one finds that only
SGP terms x F4(x,x) enter, including a derivative term (F?)" (z,z). This is due to the simplified
kinematics in the SCA. Also note that in both the kinematical and the dynamical contributions
only the color factor C'r appears while N, is absent. Again, the phase space integration can be
carried out using Eqgs. (4.11) and (4.13), but for kr = 0. This completes the treatment of oy,
and the procedure for o4, is analogous. Notably, no SGP derivative term is present in that case
and at most terms o< 1/(1 — w)'*2¢ appear, which are dealt with in the conventional way using
Eq. (2.80).

4.2.2 Joint Jet Formation by Quark and Gluon

To complete the calculation of the jet-specific pieces one must compute the cross section oy
describing the case when quark and gluon of momenta g and r form the jet together, i.e. P; = p+r.
In the kp algorithms, two particles are merged into a jet if and only if their distance to each other is
smaller than both their beam distances. In the present case this translates to dqg < min (dgg, dgB),
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which implies Ryy < R, cf. Eq. (4.4). Interestingly, this is true regardless of the value for p, i.e. for
all kp-type jet algorithms. On the other hand, for a cone algorithm the quark and gluon would be
merged into the same jet if and only if R;; < R and Ry; < R. The different conditions for being
merged into the same jet lead to a dependence of o4y on the jet algorithm and for the present
work, the kp-type is chosen.

Because quark and gluon are combined into a single jet, one effectively has a two-particle final
state consisting of the jet alongside the unobserved lepton. This leads to a different phase space
integral compared to Eq. (4.11) for o4(4) and o4,). Still, it is true that only terms o p—lr contribute
to the considered order in R in the SCA. For all other scalar products involving ¢ or r it is useful
to write them in terms of the jet momentum P;. This is done by defining the fraction 0 < 7 < 1
of the jet momentum carried by the gluon, i.e. » = 7P; and p = (1 — 7)P;. Thus, one has the
following schematic form for the phase space integration (cf. Eq. (2.75))

2 E;6(r
o~ @:TLT / atrs* ((1)?) / Alra® (%) 0 (b4 11 = Py p(. T) RVRY)

where E; and E, are the energies of the jet and the quark respectively. The fraction of these two
energies appears because the quark of momentum p no longer forms the jet alone, i.e. E, # E;.

Next, the I’ integral is carried out using the d-dimensional é-function, setting I’ = k +1 — P;.
Since p-r = E,E,(1 — cosfy,), the angular dependence of the integrand is only through 6,,. Thus
it is convenient to use spherical coordinates for the momentum r and integrate out all angles beside
0. Here, it is important to distinguish between the polar angle of the gluon 6, with respect to
the jet axis and the angle between quark and gluon 64, i.e. 0, # 6,4. Lastly, one introduces the
substitution E, = 7E; for the gluon energy E,, which also implies E, = (1 — 7)E;. This leads to
the following expression

0l —xzo— # 2\ ¢ 1 Omax L 1-2¢
g S Oz (B)) () [ o [ 0

2(2m)2 s+t u2 1—7 1—cosfy,’
(4.15)
—SLH and S, = 1“((41”7);. The upper boundary 6., of the 6, integral depends on the
jet algorithm but is in any case of the order of the jet size R and thus assumed to be small in the
SCA, ie. 0, < Opax < 1.
At this point, one can do the first order kr-expansion for the kinematical part, i.e. for

a-kin(kT : lTvT)flLT(l)’q (1'0 - 2iiiT) .

where g =

Taking the derivative with respect to the transverse momentum kr, and subsequently setting
kr = 0 one finds explicitly

doyin(kr - I, 7) (1) 27, L(1),q)
lpg— -2 ’q — in(kr - lp =0, ( ’q) . 4.16

T A ky lp) kp=0"'T (o) 5110k (kr - lr ™) (fir (o) (4.16)
Because the é-function in Eq. (4.15) sets = to a kp-dependent quantity, a derivative term of the
first moment of the Sivers function is generated via Eq. (4.16). In contrast, for the dynamical
part one does not find a derivative term F'(z,z) of the SGP function. Upon adding kinematical

and dynamical contributions via Eq. (2.69) the partonic cross section multiplies the combination
(1 —2) Fi(z,z) of the SGP function and reads

. 1+ (1—17)2 1402 —e(1—0)? N
Okint+dyn(7) = CF (T L U(l —61(;)3 g Pyq(7,8)oL0(0,€) (4.17)

with the generalized quark-gluon splitting function P, (7, €) in d = 4 — 2¢ dimensions and a slight
variation 61,0(v,€) of the LO cross section of Eq. (2.67). Also note that v = vy, in accordance with
Eq. (4.1).

To complete the calculation, one needs to perform the 7- and 6,-integrals in Eq. (4.15). This
will be done as in Ref. [129], where a substitution from 6, to the invariant jet mass is employed,

m? = sz =2p-r=27(1- T)Ef(l —cos044) .

The relation between m? and the angles 6,, 6, is given as

B, = 1 m* 9 2B —m” (4.18)
cosbyg =1— ————— cosf, = ———— . .
2r(1 - 7)E} 27E; B2 —m?
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In the SCA, the small jet size R directly implies that m? < 1. Thus, approximating for a small
invariant mass and using x = ¢ one finds

o~ 2(_58(27&5(1 —w)oro(v,€) /01 d7 775(1 = 7) " Pyq(7,€) /Omfnax dan; (7222)5 . (4.19)

Now, one needs to find the upper bound m2 . consistent with the constraint R,, < R. To do so,
parametrize the momenta p,r and P; via their respective pseudorapidity n and azimuth ¢, and

using |Pj| = /E7 —m?2

COoS @ sin ¢
P, = E; | P; J ; L |P;| tanhn;
J ( i | ]‘coshnj’| ]|coshnj’| | tan 77])
cos¢, sing
= E,|1 “ P tanh
P p< " coshny,’ coshn,’ R
r = E (1, cos g singy ,tanhn,) . (4.20)
coshn, " coshn,

Based on these parametrizations one can evaluate the invariant mass m? and then approximate the
result for p,r and P; all being collinear to each other, i.e. for n, ~n, ~n; as well as 9, — n, < 1
and ¢, — ¢, < 1

2E,E,

2
= P (cosh (1, — 1) — — ¢r
M= e cosh (, — ) — cos (4 — 6)
EpEr ( 2 2) EpEr 2 E]2R2
—n) + — &, = P —7(l1—-7). (4.21
e (= + 6y 00°) = TR, < (o). (2D

Plugging this result back into the m2-integral in Eq. (4.19) and applying Eq. (4.7) leads to the
following expression for the 7- and m?-integrals (cf. Ref. [129])

1 (tuR2\ " [ Cp (tuR?\ "] 1 3 13 22
—C ( e ) /0 dr 772 (1 — 7) "2 Pyy(1,¢) = —7F < e ) [—6 —gte (—2 + 3)} :
(4.22)
As a final step, one collects all cross sections according to Eq. (4.5). The resulting expression
will still contain collinear % poles, though. This is because a MS subtraction was performed for the
cross sections o, and o4, absorbing collinear singularities into the quark and gluon FFs D}, DY.
This is, however, not appropriate for a jet cross section and one needs to add back the terms
that were inappropriately MS-subtracted. This leads to the desired cancellation of the remaining
% poles. Lastly, all regular, non-distributional terms accompanying F’(z,z) were integrated by
parts, as previously in the single-inclusive hadron calculation. The final jet results are presented
in Sec. 6.2 with explicit partonic factors given in App. F.2.
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Chapter 5

Single-Inclusive Photon
Production ¢(NT — v X

This chapter will study the third and final single-inclusive process considered in this work: the
photon production process £(I)NT(P) — ~(P,)X. Similarly to jet production highlighted in the
previous chapter, twist-3 effects only enter on the distribution side, i.e. via correlations in the
initial nucleon. Twist-3 fragmentation effects, on the other hand, are absent. The reason is that,
unlike hadrons, photons are elementary particles without internal structure. Consequently, the
following derivation yields the complete NLO result for this process.

The semi-inclusive analog of this process, dubbed vSIDIS, also constitutes an interesting observ-
able for the study of twist-3 distribution functions. It will be considered for the numeric analysis
in Ch. 7, and details on the corresponding calculation are given in Sec. 6.4. Related references
include [39, 109].

Figure 5.1: Overview of the production channels for single-inclusive photon production
¢/NT — vX. For each channel, one example diagram is shown, Left: Bethe Heitler, Middle:
Compton, Right: Interference

Being the gauge boson of QED, the photon not only couples to quarks but also to leptons,
opening up new production channels compared to hadron production. These channels can be
classified by the power of the fractional quark charge e, with which they enter:

e Bethe Heitler, eg, Fig. 5.1 left: For this channel, the observed final state photon is
emitted from the lepton line and the fractional charge only enters via the vertex including the
virtual photon and a quark. It turns out that the Bethe Heitler channel vanishes identically
for the transversely polarized cross section. As described in Ref. [109] this is to be expected,
since the photon emission happens exclusively on the lepton line. Then the same arguments
as given in Ref. [134] apply. Essentially, time-reversal symmetry forbids a non-zero transverse
SSA.

e Compton, efl, Fig. 5.1 middle: With the virtual photon coming from the lepton and
the observed final state photon being emitted exclusively from the quark line, this channel
is like quark-photon Compton scattering. It includes two production mechanisms for the
photon: it can either be radiated directly in a point-like QED vertex from the quark, or it
can be the result of fragmentation. The latter case is described by the quark-to-photon and
gluon-to-photon fragmentation functions (FFs) DY/ % and DY/ 9. Both cases can be obtained
from the results for hadron production derived in Ch. 3 as will be shown below.

e Interference, x eg, Fig. 5.1 right: Finally, there is the interference of diagrams where the
photon is emitted from the lepton line with diagrams where it is emitted from the quark line.
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This channel has a unique, uncommon feature: it is not only sensitive to twist-3 quark-gluon-
quark (ggq) functions F'9, G? but also to their quark-photon-quark (gvg) counterparts F¥, G4
(see App. C.7), and even gluon-photon-gluon (gvg) functions O,ly, 0,2Y (see App. C.8). A rare
example of another observable featuring g-yq functions is the transverse SSA in two-photon
exchange DIS, cf. Ref. [40]. Both ggq and ¢vyq functions enter this channel in a valence-like
combination, i.e. as the difference between quark and antiquark distributions.

Since the Bethe Heitler channel vanishes, one can write in general for the transversely polarized,
differential cross section for single-inclusive photon production

do do® do”!
’Yd3P7(S) - Wd3P7(5)+E’Yd3P‘Y(S)a (51)
with ¢ and ¢! denoting the Compton and Interference contributions respectively. The unpolarized
cross section constituting the denominator of the transverse SSA (2.61) was already calculated in
Ref. [38]. In the following two sections the Compton and Interference channels will be analyzed
in more detail for the case of transverse polarization, in particular the methods to perform the
corresponding calculations will be highlighted.

5.1 Compton Channel

As elaborated on in the introduction to this chapter, the transversely polarized cross section for
the Compton channel can be split in two parts corresponding to the production mechanism of the

observed final state photon: first the production via fragmentation described by the FFs Dg/ 7 and
DY/ 9 and second the direct production in a point-like QED hard-scattering vertex

dO’C dO.C,frag da.C,direct

o (8) = By (S) + By (S).
"B, "B, " @R,

(5.2)
The fragmentation contribution is generated by the same partonic hard scattering diagrams that
were featured in the calculation of the single-inclusive hadron production process. The only differ-
ence is that the quark-to-hadron and gluon-to-hadron FF's need to be replaced by their photonic
analogs

py* - Dy’ DY - DYI. (5.3)

Here, it is important to remark a subtle detail regarding the counting of the perturbative order. One
can show that the photonic fragmentation functions are of order O (cem/as). Consequently, the
lowest order for the photon production process is given for the convolution of the quark-to-photon

FF D}/ with the LO result given in Eq. (2.64), and it is of order O (a3,,/as). On the other hand,

convolution of the photonic FF's Dy/q, D?/g with the NLO results presented in Secs. 3.2-3.6 gives
the NLO contribution of order O (a?,,). Both the LO and NLO results from hadron production
are converted to the present case of photon production in the same way

do.C,frag dO-LO+NLO

Ewp, () = B

~ g ) . (5.4)

phiLpy/i

Turning to the direct photon production part, one can make use of the results for the qg — g
channel. Both gluon and photon are gauge bosons and share similarities regarding how they couple
to quarks. If one makes a suitable replacement for the gluon-to-hadron FF, i.e. DT/ 9(2) = 6(1—2),
one effectively gets a direct gluon production cross section. Then, one only needs to account for
the different couplings in QCD and QED, i.e. replace ag — e, as well as for the abelian versus
non-abelian nature of photons and gluons. This is achieved by replacing N, — 0, which gets rid
of all the gluon self-interaction diagrams, and Cp — eg. The same separation as for the gqg — ¢
channel into the different pole contributions, namely integral (Int), soft-gluon pole (SGP) and
soft-fermion pole (SFP), also applies to the direct Compton channel, leading to

C’F—>et217 N.—0, as—Qem

dO.C',direct dO—NLO’qg"Q
B (5 = BT "
d*Py d* P D9 (2)—6(1-2)
dO.C,Int do’C’SGP dO’C’SFP
= EBE,—— (S E,——— (S E,———(9) . 5.5
vy d‘SP’Y ( )+ Y dSP’Y ( )+ Y dSPA{ ( ) ( )
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5.2 Interference Channel

The Interference channel features a wide variety of Feynman diagrams contributing to the end
result, owing to the fact that also twist-3 quark-photon-quark (gvq) functions F4, G4 (see Sec. C.7)
and even gluon-photon-gluon (gvg) functions O,ly,O?y (see Sec. C.8) contribute. Contrary to the
Compton channel, there are no fragmentation contributions, meaning that the observed final-state
photon is always produced in a point-like QED hard scattering vertex. Consequently, no photon
FFs will enter the formulas for the cross sections. Also note that the twist-3 ggq and gyq functions
always enter as valence distributions, i.e. as the difference of quark and antiquark distribution.
The general form of the transversely polarized, differential cross section for this channel is given
by

Aot gy _ g Yo () 4 g donic' (g 4 p. 9oNLG (S) (5.6)
"BP, TP, "BP, e, '

5.2.1 NLO Real-Emission Contribution

The NLO real-emission contribution to the Interference channel has many similarities to the pre-
viously calculated channels in hadron production, such as the qg — g channel, see Sec. 3.5. It is
thus convenient to start the calculation with these real-emission contributions, i.e. to compute the
. I,real . . . . . ..
cross section oy o - One can easily check that there are no intrinsic contributions — unsurprisingly,

since this is also the case for all production channels in the single-inclusive hadron process.

Figure 5.2: NLO real-photon-emission diagrams in the Interference channel, where the photon is
emitted from the quark line. The interference of these diagrams with the ones from Fig. 5.3
generates the kinematical twist-3 effects.

k=.xP+kT

Figure 5.3: Same as Fig. 5.2, but for photon emission from the lepton line.

The first non-vanishing contributions are kinematical. They are given by the interference of
the diagrams in Figs. 5.2 and 5.3. The calculational procedure is the same as before and revolves
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around keeping a non-zero transverse quark momentum kr. Only after all phase space integrations
have been carried out, a first-order Taylor expansion around kp = 0 is performed. The methods
are described in more detail in Sec. 2.4.1. Note that there are only real but no virtual contributions
to the kinematical part of the Interference channel.

{+k—-p-r

Figure 5.4: NLO real-photon-emission diagrams in the Interference channel, where the photon is
emitted from the quark line. The interference of these diagrams with the ones from Fig. 5.3 (for
kr = 0) generates a dynamical twist-3 effect.

VD

Figure 5.5: Same as Fig. 5.4, but for photon emission from the lepton line. The interference of
these diagrams with the ones from Fig. 5.2, (for kr = 0) generates a dynamical twist-3 effect.

Next, to compute the dynamical contributions one needs to consider the interference of the
sum of the diagrams shown in Fig. 5.4 with the sum of the diagrams shown in Fig. 5.3 with
k7 = 0. Another contribution is generated by the interference of the sum of diagrams in Fig. 5.5
with those in Fig. 5.2, for kr = 0. As for the kinematical part, there are only real-photon-
emission diagrams and no virtual corrections. Also for the dynamical part, the technicalities of
the calculation are the same as for the hadron case, see for example Sec. 3.5. Note that there are
again factors such as 1/(1 — w)!*2¢ which diverge in the limit w — 1. They are taken care of by
the conventional expansion of Eq. (2.80). Using the relation of Eq. (2.69) to combine kinematical
and dynamical parts, one finds that the kinematical contribution exactly cancels against the direct
SGP contribution in this channel. This is a feature that was also observed in the gg — ¢ channel
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of Sec. 3.5 as well as for ySIDIS, see Ref. [109].

There are, however, also subtraction SGP terms originating from an integral contribution in the
dynamical part. This contribution is computed in the same way as before, following the methods
discussed below Eq. (2.82). Examining the pole structure of the resulting partonic cross sections,
one finds singularities at the integration boundaries ( = 0 and ( = 1. The singular behavior comes

from the denominator ﬁ, the same as for the gqg — g channel. This implies that one needs to

introduce the same integrable combinations of ggg-functions F'¢ and GY as given in Egs. (3.21) and
(3.22). Consequently, subtraction SGP contributions, including a derivative term, and subtraction
SFP contributions are generated. As already mentioned, the direct SGP terms cancel against the
kinematical contributions once Eq. (2.69) is applied and hence the subtraction SGP terms remain
by themselves. On the other hand, there are also direct SFP terms which need to be combined
with the subtraction SFP terms. To achieve a finite end result for both the SGP and SFP, one
needs to perform renormalization.

Interestingly, there are no singularities connected with the vanishing lepton mass m, = 0
and correspondingly no photon-in-lepton contributions are required. This is familiar from the
Interference channel in the unpolarized case, see Ref. [38].

5.2.2 LO Contribution

£

\ k+¢—p \ .

-k

k—k'=(x—x")P

Figure 5.6: LO real-photon-emission diagrams in the Interference channel. The interference of
these diagrams with the ones from Fig. 5.7 generates the LO dynamical twist-3 effects.

¢ k+€—p

Figure 5.7: LO lepton-photon Compton scattering diagrams. The interference of these diagrams
with the ones from Fig. 5.6 generates the LO dynamical twist-3 effects.

As mentioned in the previous subsection, there must be renormalization terms for the ggg-
functions F'9, G coming from a LO contribution of . These terms are necessary for a finite result
of the NLO real-emission contribution JI{I’EGSI in Eq. (5.6). However, this LO contribution does not
involve F'? or G but instead their photonic analogs, the gyg functions F¥, G4. The gyq functions
are defined in complete analogy to the ggq functions, but with the gluon field strength tensor
replaced by its electromagnetic counterpart, see Eq. (C.24). A direct implication of this fact is
that the ¢yq functions share the same symmetry and support properties, see Eq. (C.25).

The required renormalization formulas have been derived and collected in Sec. 2.5.2. In this
work it is conjectured that the gyg-functions are of order O (aem/as), in analogy to the (un-
)polarized photon PDFs f] and g, cf. Ref. [135], as well as the photon FFs D]. This implies that
the LO contribution to the Interference channel has the perturbative order O (a2, /a;), which is
the same as the LO contribution of the Compton channel discussed above in Sec. 5.1. There is
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no kinematical part to this LO contribution and the dynamical part is computed by taking the
interference of the sum of diagrams in Fig. 5.6 with the sum of diagrams in 5.7.

Technically, the twist-3 functions entering the results via the diagrams in Figs. 5.6 and 5.7
correspond to a quark-antiquark-photon (gg7y) configuration rather than a quark-photon-quark
(gyq) configuration. This is reflected by the fact that the functions enter the factorization formula
evaluated at a certain combination of the longitudinal momentum fractions x, z’, i.e. as Fi (' —
z,2') and G2(2' — z,2’). Also apparent from the Feynman diagrams is that one deals with a
two-particle final-state. This leads to simpler kinematics and consequently a rather compact result
for the spin-dependent cross section, given in Eq. (6.31).

Having computed the LO result, one can employ the renormalization formula in Eq. (2.108).
This formula describes mixing of the gyg functions F¥, G with the ggq functions F'9,GY. The
aforementioned % poles in the SGP and SFP parts of the NLO real-photon-emission contributions
indeed cancel upon inclusion of the renormalization terms, leading to the finite results presented
in Egs. (6.38) and (6.39).

H
n
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Figure 5.8: NLO virtual diagrams in the Interference channel. The interference of these diagrams
with the ones from Fig. 5.7 generates a dynamical twist-3 contribution at NLO. The diagrams are
Left: four vertex corrections, Middle: two box diagrams and Right: two self-energies.

5.2.3 NLO Virtual ¢y¢ Contribution

Considering the gyg-functions as O (aem /) opens up further production channels at NLO: one
needs to include diagrams that come with an extra factor of oy compared to LO, giving a contribu-
tion of order O (azm). The possible diagrams all feature loops with a virtual gluon and contribute
to aI{I’Eiort in Eq. (5.6). They are shown in Fig. 5.8 and can be classified as four vertex correction
diagrams (on the left), two box diagrams (in the middle) and two self-energy diagrams (on the
right). One needs to compute the interference of their sum with the sum of the two diagrams
shown in Fig. 5.7.

Note that this channel only has dynamical and no kinematical contributions. The evaluation
of the loop integrals was performed using Feynman gauge, i.e. for k = 0 in Eq. (2.70), such
that denominators could be combined using the Feynman parameter method. Each of the eight
diagrams in Fig. 5.8 leads to slightly different parameter integrals. Since an imaginary part must
be generated for a non-zero dynamical contribution it is important to keep the causal id from the
Feynman propagators, because it will determine the sign of said imaginary parts.

As before, there are two sources of imaginary parts:

e The decomposition of a propagator into principal value and J-function, such as in Eq. (5.7)

e Imaginary parts can also emerge from the Feynman parameter integrals encountered in the
loop integrations, in certain regions of z’, such as in Eq. (5.8)

A sketch of these two sources is shown in Fig. 5.9. On the left, a solid bar indicates a propagator
that goes on-shell corresponding to the following decomposition

1 S
kit x (P:c’—ac —imé (z )) . (5.7)
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Ty, Ty,

Figure 5.9: Sketch of possible sources for imaginary parts in the NLO virtual contribution to the
Interference channel. Left: the propagator marked with the solid bar goes on-shell, Right: the
Feynman parameter integral associated to the loop highlighted in light-blue develops an
imaginary part.

The 0-function in the imaginary part sets the longitudinal momentum fractions equal to each other,
i.e. ' = x, while due to the two-particle phase space one also has © = xg. Using the photonic
Mandelstam variables s = (I4+ P)? ~2]-P,t = (P—P,)? ~ —2P-P,and u = (I— P,)* ~ —-2[- P,
one has xp = 7. In terms of the dimensionless variable w = 2= the condition z = ¢ is given as
w = 1. Thus, contributions generated by the imaginary part of a propagator decomposition are
x §(1 —w).

On the right of Fig. 5.9 a situation is sketched where a Feynman parameter integral develops
an imaginary part. The integral could for example have the schematic form

e e R O R R

with the partonic analog = (zP — P’v)2 = xt of the Mandelstam variable t. The term in brackets
can become negative under the condition that z < 2/ < 1 and us < (1 — uy) (1 — %)7 generating
an imaginary part. One still has a two-particle phase space and consequently z = xg, but z’ is
restrained to an interval rather than fixed to a specific value by a d-function, unlike previously
for the propagator decomposition. Using the substitution 2’ = % one can write the contribution
generated by the imaginary part of a loop integral via a w-integral over the interval (zo, 1), i.e.

f;o %" without a é-function §(1 — w). Another possible region in 2’ that can generate imaginary
parts in the parameter integral is —1 + x < z’ < 0, which can also be mapped onto the same w
integral using the substitution x’ = —xolfT“’.

When extracting the imaginary parts from the loop integrals, one has to be careful with the
overall sign. A typical "mass” M? introduced by the Feynman parameter method always contains
a small negative imaginary part —id. This means that whenever the real part becomes negative,
i.e. Re {Mz} < 0, one is below the branch cut of the logarithm on the negative real axis. The
masses can enter integrals like in Eq. (5.8) with several different powers and the imaginary part

can be extracted via
Im {(a - ia)—"—f} 230 g(_a)(—a)""sinm(n + ), (5.9)

where a € R,n € Z and 0 denotes the Heaviside step function. For the present purpose one only
needs the cases n € {0, 1,2}, though.

One further technical detail is that in the calculation of the box integrals in the middle of
Fig. 5.8 one encounters a Hypergeometric function oF;(1,2;2 — &;1) = —%jrg This relation is
derived for € < —1, and by analytic continuation it will be also used for € > 0.

Having extracted the imaginary parts from the loop integrals one finds factors of 1/(1 —w)!*¢
that display a divergence in the limit w — 1. This divergence is readily regularized using the
expansion given in Eq. (2.80), which also introduces a part o< §(1 — w). This part has to be
combined with the contributions generated by a propagator decomposition such as in Eq. (5.7).

Still, the result one finds in this way is not yet free of % poles because one also has to consider
the renormalization of the ¢yg functions. The relevant part of the renormalization formulas is
the self-mixing of the ¢yg functions, see Eq. (2.126). These terms have to be plugged into the
LO result given in Eq. (6.31), leading to the desired cancellation of the remaining collinear diver-
gences. The final result for the NLO virtual gyq contribution is shown in Eq. (6.34) with partonic
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factors collected in the appendix in Eq. (F.98). The ¢yq valence distributions enter in a hard pole
configuration, i.e. as FI79(z, z(1 —w)), G (z, 2(1 — w)).

5.2.4 NLO Virtual gyg Contribution
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Figure 5.10: NLO virtual diagrams in the Interference channel. The interference of these
diagrams with the ones from Fig. 5.7 generates a dynamical twist-3 effect.

Considering the gygq functions FY, G2 to be of order O (aem/as) relative to their QCD coun-
terparts (the ggg functions F'? and GY), one must also account for additional contributions at
NLO. Specifically, a new set of multiparton twist-3 distribution functions appears. These are the
previously unexplored gvg functions O}Y and O?/, defined similarly to the symmetric ggg function
O (see App. C.8 and Eq. (C.26) for details). The gvg functions are also assumed to be of order
O (®tem/s) and will make a O (ai’m) contribution to the cross section. To the author’s knowledge,
O%, O% have not been addressed in the literature, making their appearance in this work especially
significant. They generate the second part of the NLO virtual contribution Ué’ggt in Eq. (5.6).

To perform the corresponding calculation one needs to compute the interference of the sum of
the three box diagrams depicted in Fig. 5.10 with the sum of diagrams in Fig. 5.7. The general
procedure is quite similar to the NLO virtual ¢yq contribution of the previous subsection. Like
before, there are only dynamical contributions but no kinematical ones for this channel. Again,
Feynman gauge and correspondingly x = 0 is assumed such that loop integrals can be evaluated
using the Feynman parameter method. Contrary to the gyq case, the imaginary parts for the
dynamical gyg contribution are generated exclusively through the parameter integrals of the loops.
There are no propagators that contribute an imaginary part.

The treatment of the parameter integrals follows the same principles as in the ¢yq case. Again,
there are two regions in x’ that can generate imaginary parts, z < 2’ < 1 and -1+ 2z < 2/ < 0,
and they are extracted according to Eq. (5.9). However, the required parameter integrals are more
involved and thus a more in-depth discussion is given. Due to the four propagators in the loop,
one needs to solve the following type of four-fold integrals including a "mass” M? (x,z’), which is
introduced through the Feynman parameter method

I3 i (v,2'e) = /Duuﬁuéu’g (M2 (x,av’))_n_‘S

1
/Du = / duydugdugdugd (ug + ug + uz +ug — 1) . (5.10)
0
Here, the "masses” for the three diagrams in Fig. 5.10 are from left to right given as

!
M (z,2)) = —ust (1 — Uy — U3 — g;uél) — 40

’ ’ ’ ’
M22 (m,x/) = —i (’U,1U2$x + U2 (1 —’U,g) (1 — J;) + us (ulg; — U2 <1 — Z))) — 10

A
M2 (z,2") = —uot (1—u2 — U3 — Uy (1— Z)> —id. (5.11)
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The relation u; + us + u3 + uqg = 1 helps in simplifying the expressions. A convenient substitution
for this type of parameter integrals can be found in Refs. [117, 136] and introduces new parameters
71,72 and &1, & in the following way

up = mé
up = m2(l—E&)
uz = 22
Uy = 771(1 - 51)
dujdusdugduy = n1ne dnydnedéidés . (5.12)

The advantage of the substitution is that the n integrals factorize from the £ integrals. The diagrams
on the left and right of Fig. 5.10 give a non-vanishing contribution for either x < 2z’ < 1 (left)
or —1+x < 2’ <0 (right) respectively. Furthermore, also the & and & integrals factorize from
each other and all remaining integrals are representations of the Euler Beta and Hypergeometric
functions. For the middle diagram one gets contributions from both regions in 2/, i.e. x < 2’ <1
and —1 +x < 2’ < 0. In contrast to the other two diagrams, the & and &, integrals do not
factorize. Still, one can trace everything back to either Beta or Hypergeometric functions using
suitable substitutions and the generalized binomial theorem. In the end, this leads to the following
results, again corresponding to the diagrams from left to right in Fig. 5.10

i ] k 2\ —nN—¢& _ o . _A a’i_ e _E
Im{/Duu2u3u4(M1) } = 0z x)sm7r(n+5)< t(az 1)) (1 x/)x
JTA+i—n—e'2+k—n—c¢)
l1-n—egl@d+i+j+k—2n—2)

s e . r2+j+k—-n—-el'l—n-—¢)
Im{/Duuluéug(Mg) 6} = sinn(n+e) T(A+i+j+k—2n—2e)

oo () (4 ()
Zk: (’“) (%)n G+nM=D" poti—n—e)

") 24i+j+n —n—ec T2+j+n —n—¢)

L Fy (—k,1,2—n—5,1—3)

1,/

n
n’=0

i /o TV GEIT(2+i 45 —n—¢)
0’ —z)(1- L2 Y
+o(@ x)< x’) ( (x >) F(3+i+j+k:—n—€)]

i —n—e n ' Tt !
Im{/Duuéuéufj (Mg) } = f(—2)sinw(n+e) (—t (-Z)) x_l"xl X

JMl4+i—n—e)’'2+k—n—¢) -
F{-k1,2—-—n—¢——|. (5.13
(I—n—el(@d+i+tj+k—2n—2)"" - (5.13)

The final steps resemble the ¢yq case discussed in the previous subsection. First, one needs
to regularize divergences in the limit w — 1 originating from factors 1/(1 — w)!™¢, via the ex-
pansion (2.80). Then, one needs to add renormalization terms to cancel the remaining collinear
divergences. This is achieved by plugging the results of Eq. (2.132) for the ¢y¢ — ¢vg mixing
into the LO result given in Eq. (6.31). The end result is indeed free of 1 poles and thus finite.
The result is shown in Eq. (6.35), with partonic factors given in App. F.3, and it features the gvg
functions in a hard pole configuration, i.e. as O} (z,z(1 — w)), O3 (z, z(1 — w)).
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Chapter 6

Analytical Results

This chapter constitutes a complete overview off all analytical results derived in the previous
chapters for the differential, transversely polarized cross sections of the considered processes. Each
of the different processes, i.e. single-inclusive hadron production £(I)NT(P) — h(P;,)X, the related
jet production £(I)NT(P) — jet(P;)X as well as single-inclusive photon production ((I)NT(P) —
v(Py)X and the ySIDIS process £(I)NT(P) — ¢'(I')y(P,)X, is presented separately in the following
sections. The parentheses denote the external four-momenta for each reaction.

The corresponding partonic cross sections are too lengthy to show here and are instead given in
Appendix F. The unpolarized counterparts required to calculate the spin asymmetries have already
been computed previously, namely in [120] for hadrons and jets, in [38] for single-inclusive photons
and both in [109] and [137] for SIDIS.

The notation in the following will suppress several indices, sub-/superscripts and arguments of
functions in order to achieve a better readability and less cluttered expressions. To be specific,
the scale-dependence in all correlation and fragmentation functions will be omitted, the subscript
"FT” for the qgq functions will be dropped as well as the "MS” superscript for the modified
minimal subtraction scheme. As an example, the notation will simply be F9(z,2’) instead of

F};AS (z,2'; u). In addition to that, possible scale dependence or dependence on the lepton mass
my will generally be suppressed for partonic cross sections.

The results are expressed in terms of the usual mandelstam variables and their partonic coun-
terparts, the longitudinal momentum fractions x (distribution side) and z (fragmentation side), as
well as further useful variables and a convenient, spin-dependent prefactor

- t

s=(1+P)?, t=(P-P), u = (-P)%; s=uas, i=2, a=~—

z z

u t xg (I-v)u 1—wv
= =1 — = —_ = — =

Vo t+u7 U1 +57 X ’lU7 Zo ) t7 z 171}7

8ra?,, MeFPns
oo(S) = . (6.1)

52 u?
In the above equation, a shorthand notation for the contraction of the levi-civita tensor is used,
P PSS — lMPl,(Ph)pS)\eWp’\7 with the sign convention €22 = 4+1. Note that the mandelstam
variables ¢,u and also the prefactor og are defined analogously via P; for jet production and P,
for photon production. The kinematics for the vSIDIS process are quite different from the single-
inclusive processes and hence other variables will be employed for this case. They are given in the
corresponding section below.

6.1 Hadron Production

Starting point of this chapter is the NLO pQCD formula for the transversely polarized cross section
of single-inclusive hadron production £(I)NT(P) — h(P;,)X. The momenta of the external particles
are indicated in brackets. According to the discussion in Ch. 3 and Refs. [36, 37|, the differential
cross section can be split up in the following manner

T ’
g AT ol ol ol dofi ol
d3 Py, d3 Py, d3 Py, d3 Py, d3 Py, d3 Py,

Each of the five production channels in Eq. (6.2) is itself composed of several contributions which are
characterized by the longitudinal momentum fractions that enter the twist-3 correlation functions.
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All of the channels are discussed one by one in the following subsections.

6.1.1 Channel g9 — ¢:

Based on the derivation presented in Sec. 3.2 one finds a decomposition of this channel into integral
(Int), soft-gluon pole (SGP), soft-fermion pole (SFP) and hard pole (HP) contributions

dO'qg_HJ do.qg_>q do.qg_>q do.qg_>q do.qg_“]
E NLO - F Int E SGP E SFP E HP 6.3
"Ep, P, U ep, Ve, UM @R, (6.3)

The analytic expressions for the partonic cross sections encountered in the equations below are
shown in Appendix F.1.1.

Integral Contribution

Beginning the collection of results with the integral contribution one has

ded974 o [ Yaw !
E Int _ S 75/ d / 7/ d 2Dq
LES =N oo )27T . v o w Jo C;eq i (2) x
64879 (.. €) B8, €) + 63570 (0.0, G w €))L (6.)

where the flavor sum > ..q 0 Eq. (6.4) runs over quarks ¢ as well as antiquarks g. As alluded
to in previous chapters, the integral contributions feature certain linear combinations of twist-3
correlation functions evaluated at different momentum fractions. In case of the qg — ¢ channel
one has the following

Flzlgt%q (.230, w, C)

1
= Pw—gp e

—i—m ((5w2 +2¢ — 3w — 4w() Fi(z,z9) + (w — {)(1 — w) xo(aqu)(x,xO))
2 w — 2

‘M <(5 4G 3w+ 2u) F(ax) — 51 - ()1 - w)x(qu(x,x))
(w—Q)*(1—¢)?

OO (g4 w4 200) F(2.0) + G n(027) 0,0

1
(1= (w—¢)?

Gl (o, w, Q)

(G (x, Cx)

2 _ 2
+<C1(—1w>§iﬁ ((5w? +2¢ = 3w — 4w() G(x, x0) + (w — ¢)(1 — w) 2o (IG7) (2, 20))
L8 (w(lf)w()l2 9 2(0,6) ()
_(“"C)w# ((2¢ + w + 2wC) G¥(x, 0) + C 20 (82GY)(x, 0))} : (6.5)

Soft-Gluon Pole Contribution

Moving on with the soft-gluon pole contribution, the analytic formula reads

dod? 21 as [ U dw 2 Mg
E, &P, LTO(S)%_/UU dv/zowz%Dl(z)x

a,q

68Gpt (v.w) FU(x,) + 688p % (v, w) (20 (F1) (2, 2)
+68pln (v, w) (25 (1) (2,2)) + 685 %: p (v, 0) (a5 (91 F) (z, 2))

SGP,02F

68 (v w) (—0 (1G9 (x, 7)) + 6841 %3 4 (v, w) (25 (91GY) (2, 2)) | (6.6)
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Soft-Fermion Pole Contribution

Next is the result for the soft-fermion pole contribution

dod8 4 as M L dw
E SFP — S 75/ d / 2 Dq
h BP, o0(S) or /., v o W Eq,q: €q V1 (z) x

6%%;3;1(11, w) F9(z,0) + &g%;’fg;F(v, w) (—x0 (02 F7)(x,0))
—l—&%%;%f@, w) G4(z,0) + 6'51%;}%256;(1), w) (—z0 (02G9)(x,0)) | . (6.7)

Hard Pole Contribution
The qg — g channel results are concluded by the hard pole contribution

99—4q v 1
B~ aep [Ca [ S ae)
9.9
(68 (0, 0) P, 20) — 6 30 1 (0, 0) 0 (01 F) (2, o)
~ 5% oy (0, w) 20(02F ) (@, wo) + 611 k1 (v, w) 2 (9T F ) (x, 20)
ot ks, p (0, w) 23 (D10 F) (2, 30) + 615 3% (v, w) G(x, x0)
~0ifp .0 (v, w) 20(A1GN) (2, 20) — 5 51 (v, w) 20(92G7) (2, o)

+&gg;;§g(v, w) 23(07G) (2, m0) + 6155 45, ¢ (v, w) 23 (D10:G) (2, o) | - (6.8)

6.1.2 Channel gq — ¢:

Similar to the previous channel qg — ¢, the result for the channel g¢ — ¢ can be split up in terms
of several contributions

dO’qqA)q dO’qq*}q dO’qq*)q dO’qq*)q
E NLO — B Int E SFP E HP 6.9
"B, N ep, U eR, R, (6.9)

Note that in this case there is no soft-gluon pole contribution. Explicit analytical expressions for
the various partonic cross sections are listed in Appendix F.1.2.

Integral Contribution

Starting again with the integral contribution
dod9—a

Int as [ Pdw 1 2 1q
EhW - JO(S)%AO dv/xow/o d(;qul(z)x

A 1 N 5
[0 (0,0, €) FE3 90, 0,€) + 68837 (0, w,€) G 3o, w, )

O (v, w, ¢) B (o, w, §) + 614737 (v,w, () R8T (20, w,¢) |, (6.10)

one encounters two separate linear combinations, both for the vector-like function F'9 as well as
the axial-vector-like function G4

a0 = et [P0 Omca) - CEUZD P (- wna)
—% 2o [O1F9 + 2 F9) (—(1 — w)x, z0) — (11};7202 F1 (—@O)}

Gl .0 = ot [0 Q) - S 6 (- wina)
—w 20 [01GY + 2G9) (—(1 — w)x, 29) — (w;if)z G (—uz, 0)]

Fi3 o w.0) = 1 [F(=(1=O.Ca) = F(0,0)

Gl d) = Tz [61(-(1-Q.Co) — G (0.2)] (6.11)
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Soft-Fermion Pole Contribution

The soft-fermion pole contribution has the analytic form

do_qq%q « v1 1 dw
g, 29skp s / / 2
" PP, 00(S) or )., dv L ng e; DY (2) x

l%%;%(v, w) F9(—2,0) + 64395 (0, w) G (—z,0) |, (6.12)

Hard Pole Contribution

The concluding contribution for this channel is due to hard poles and reads

do_qq%q « V1 1dw
E, —HP = S—s/d/— 2 pe 6.13
i, o0(8) 5r [ v | 5D e D) x (6.13)

a9

&g‘?;gl(v, w) F1(—(1 — w)z, zg) — &g_ﬁ;;ﬁ (v, w) xo (O1F9 4+ 0, F1) (—(1 — w)z, z0)
+6%qp?é§’5(v, w) GY(—(1 —w)z,z0) — &%qp?&;?(v, w) 2o (1G9 + 2G9)(—(1 — w)z, z0) | -

6.1.3 Channel gq — ¢:
Next up, the channel gqqg — ¢’ only receives integral and soft-fermion pole contributions
dgda—>d doda—=d dgda=d
Ep—320— = B, — B3 6.14
"Ta3P, h TP, (6.14)

The partonic cross sections for this channel are written out explicitly in Appendix F.1.3.

Integral Contribution

The integral contribution can be given in the following way

dofd " as 7 Pdw [ ¢ _ pd
B e = JO(S)%/UO dv/zow/o d(%:(Dl—Dl)(z)x
Soe2 ot w0 w, ) P (@,) + 487 (0,0, 0) G (2,0)] (6.15)

q

where the correlation functions Fi,; and G are defined as

Fﬁlqtﬂql(m,g) = Fi(-(1-Qua,(x) - ggQ(%)x> —(1-¢) F(-=,0)
g = SEUZORCH=CE0N Z(1-0C1Ca0 (g

Contrary to the other channels, the flavor sums in the present case, » o, and > o> Only run over
quarks ¢(¢’) but not over antiquarks q(g’). The antiquark cases are already included in the partonic
cross sections because of their (anti-)symmetry properties, see Egs. (3.17) and (3.18).

Soft-Fermion Pole Contribution

This also applies to the soft-fermion pole contribution below which can be cast into the form

dgqq—m/

U1 1
SFP _ Qs dﬁ d
Brgap— = 00(5) %/UO du/xo - qz (pf = p¥') (=) x

> < [@g%?ﬁ;’l(% w) (F1(=w,0) — F(0,z))
q

FELTTS (0, w) (GU(—,0) + G0, m] - (6.17)
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6.1.4 Channel qg — ¢:

The results for the channel ¢gg — g can be decomposed as follows

doffi o’ dofd ! dodlp? dodip?
E — [, —Oln B, B, . 6.18
B3P, nEp, hep, TP B p, (6.18)

For explicitly written out expressions of all partonic cross sections featured in the following, refer
to Appendix F.1.4.

Integral Contribution

First is once more the integral contribution given as

dod979 as M Ldw 1
B — )% [ a [ 2 [ acpy
T = oo [ [ [acnre) «
3 €2 [0 (0,10,€) FE™ (., €) + 61597 (0,10,€) G o, . )], (6.19)
a,q

The linear combinations of ggq functions in Eq. (6.19) read

Fi (@, w,¢) = ﬁ F(xz,¢x) = (2= Q) FUz,2) + 5= 2g (F)(x,2)  (6.20)
—(1-¢)? Fq(ﬂc,O)]
G999 = 1 q ¢a=9 q 24
(o, w,¢) = a=oe Gz, x) + =20 (0GY)(z,2) — (1 - ()°G (1,0)1 .

Soft-Gluon Pole Contribution

Next, the soft-gluon pole contribution can be written as

dodlp? (
E,—SCP — & py
hBPp, / /
> el |685% (v, w) FU(x, ) — 6353%0 (v, w) o @G%(ﬂ%ﬂl’ (6.21)
q,q

Soft-Fermion Pole Contribution

Finally, the soft-fermion pole contributions to this channel read

dogfp? o
E = — D7
"B, / /
Z e lg%;%l v,w) F(x,0) + &g%?gdr’(v, w) GY(x, O)] . (6.22)
0.q

6.1.5 Channel gg — ¢:

The last remaining partonic channel for single-inclusive hadron production, the channel gg — ¢, is
described by the following analytic formula

do¥1d’ as [ tdw > a
B, &P, = 00(5)%/1)0 dv/moquq:qul(z)x

N (z,2) + O (z,z) + 6997 (v, w) O («,0) - N (2,0) , (6.23)

~64277 (v, w) ; -

with the special feature that there are neither integral nor hard pole contributions to this channel.
The corresponding partonic cross sections can be found in Appendix F.1.5.
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6.2 Jet Production

This section presents the explicit analytical result for the second single-inclusive process considered
in this work: jet production ¢(I)NT(P) — jet(P;)X. As elaborated on in Ch. 4, the transversely
polarized, differential jet production cross section at NLO is obtained within the small cone ap-
proximation, i.e. in the limit §, R < 1 for the jet half-opening angle ¢ and jet radius R. The result
reads

do ﬁzzgﬂetx ( daﬁlﬁgahX
N0 (S R) = B, NO__(g)
TdE 4P, D@9 () 5(1-2)
dJ@NTﬁJetX
+E; 71“33?1;“ (S R). (6.24)

In the above equation, the first term is obtained by simply replacing the quark and gluon frag-
mentation functions by a delta function, as indicated. The second piece is calculated in the SCA
and can be written as

d INT Sjet X

NLO,Jet def o dw
Z e &gé}”? (w, R)YF¥(x,z) + 6%??, (w,R) (—a (F1) (z, z)) |- (6.25)

The partonic cross sections in the above formula depend on the specific choice of the algorithm
used to construct the jet. They are given in Appendix F.2 for a kp-type algorithm [132], cf. the
discussion in Sec. 4.2.2. Note that the only partonic channels contributing to Eq. (6.25) are the
former qg — q and qg — g channels. The former q¢ — ¢ and gg — ¢ channels do not receive any
R-dependent contribution, i.e. it is sufficient to simply replace the quark fragmentation function
for these channels. The former q¢ — ¢’ channel identically vanishes because it was proportional
to the difference of quark and antiquark fragmentation functions, which both get replaced by the
same d-function and thus cancel.

6.3 Single-Inclusive Photon Production

Shifting to processes with measured photons in the final state, the next reaction to be presented
is the single-inclusive case ((I)NT(P) — ~(P,)X. Chapter 5 discusses how one can separate
contributions based on the power of the fractional charge e;. The power depends on whether the
photon is emitted from the lepton line (63, Bethe Heitler) or quark line (63, Compton), or one has
an interference of both cases (eg, Interference). For the transversely polarized, differential cross
section, the Bethe Heitler contribution vanishes and one finds the following form in pQCD at NLO

do do© do’
(S) = E7d3P.y (S) + EW@ (S) . (6.26)

By d3 P,
6.3.1 Compton Channel:

The Compton channel receives contributions from parton-to-photon fragmentation processes as
well as direct, hard scattering photon production. Thus one writes

dO'C dO.C,frag do.C,dircct

7@(5) - VW(S) + By &P, (S) . (6.27)

Both contributions can be obtained with some suitable adaptations (see Sec. 5.1) from the hadron
production process £(I) + NT(P) — h(P,) + X, for which the results are shown in Sec. 6.1 and
Refs. [36, 37].

Photon Fragmentation Contribution

For the photon fragmentation contribution one simply has to replace the parton-to-hadron frag-
mentation functions Df/ ‘ by parton-to-photon fragmentation functions D’1Y/ ‘. where i can stand
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for both quarks or gluons

daC,frag dO.LO—i-NLO

bwp, ) = B g,

(S) . (6.28)

Dty

Direct Photon Contribution

The direct photon production part can also be deduced from hadron production simply by utilizing
the analytical results for the gluon fragmentation channel, but reducing the gluon to a photon
(C F— eg, N, — 0, ag — aem) and replacing the gluon fragmentation function by a delta function

(D}9(z) = 6 (1 - 2))

CF*)Si, N.—0, as—Qem

da.C,dircct do-NLqugﬁg
Y s = gl "
d> Py d* P DM9(2)6(1—2)
do.C,Int do.C,SGP do.C,SFP
= E,—— E,— E,— . .2
vy d3P7 S) + Y d3P—Y (S) + Y dSPaY (S) (6 9)

As in the previous sections the various contributions to the total Compton cross section are denoted
as integral (Int), soft-gluon pole (SGP) and soft-fermion pole (SFP).

6.3.2 Interference Channel:

In contrast to the Compton channel treated in the preceding section, the Interference channel only
receives a direct photon production contribution of the following form

do! o _ g doto g | p dONIS g | doni’ (S) (6.30)
T3P, TBP, T AP, T AP, ' '

All partonic hard functions featured by the following formulas are collected in App. F.3. It is
important to note that since the photon is produced directly in a hard-scattering vertex, one has
z = 1. Consequently, in the following it is v =v; =1+ é with the photonic Mandelstam variables
s=({1+P)% t=(P—P)% (and u= (I - P,)?).

LO Contribution

The LO cross section can be written in the compact form

dof 1402 - .
By g, = 70() <—(1_U)2> > €2 [FI (w0, 0) + GI(x0,0)] (6.31)
q

with the gyq functions F,, G,. Note that here and in the following the sum ) q generally only runs
over quarks ¢ but not antiquarks ¢ unless explicitly stated. Furthermore, the correlation functions
enter as difference between the quark and antiquark case. Moreover, one also has NLO virtual
and real corrections. The virtual loop corrections can be split into a part that is again generated
by quark-photon-quark (gyg) correlations inside the nucleon and a second part featuring gluon-
photon-gluon (gvg) correlations

do_I,virt do_I,virt,q"/q dO_I,Virt,g'yg
E, dgNI_E,S (S) = EW% (S) + EV% (S) . (6.32)

The real corrections distinguish between integral (Int), soft-gluon pole (SGP) and soft-fermion pole
(SFP) contributions

wli ol ol ol
E S)=F S E,—=— (S E S) . 6.33
v d3P»Y ( ) ol dBP,-Y ( ) + v d3P7 ( ) + vy d3Pry ( ) ( )

NLO Virtual ¢y Contribution

Starting with the gyq virtual contribution at NLO, the corresponding analytic formula for the
transversely polarized, differential cross section can be written in a similar way as the leading
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order contribution

dogyta e 1+v? D dw
E NLO — S S _ / -
T adp, 7o )27r 1=v)2) ), w .
Z e [6{"”‘1 (v, w) FI79 (z, (1 — w)) + G5 (v, w) G (x,2(1 — w))] , (6.34)

q

NLO Virtual gyg Contribution

The second part of the NLO virtual correction features the gyg-functions O}/2 and can be written
as

dO_I,virt,g'yg o 1_’_7)2 duw
EV% = o) a e Zeq /wx[1’979(v7w)0$(m,x(1—w))

+&£,gvg (v, w) Og(a?,x(l —w)) + &é’g"’g (v, w) Og(m(l —w),z)|, (6.35)
where it is noteworthy that the sum in 6.35 runs over both quarks ¢ and anti-quarks q.

Integral Contribution

Now, turning to the real NLO corrections and beginning with the integral contribution in 6.33
one finds that the result can be expressed in a more compact form by introducing the linear
combinations F'9 £ G? of the qgq functions. The cross section then takes on the following form

O'I ,Int a dw
B3R = / / ac

Z [oiln% 0w, Q{3 (,0) + 6 (0w, QOFfLE _(2,0)] . (6.36)

where the following integrable combinations of the correlation functions have been used

g (P 6) G2 = OFL (0.2)

(1= Qz (0FL) (2,2) — (1= O)*FL (,0)) (6.37)

Ff 4 (2,€)

Soft-Gluon Pole Contribution

For the soft-gluon pole contribution in 6.33 there is no use in introducing F{ as above, since
Gi(xz,z) = 0, and one writes the cross section as follows

B ST e [fdu
Yap, T e [, w
Z [ ISGP (v,w) F1=1(z, ) + &1 SGP(U7w) (_wo(@(;q—é)(x’x))} . (6.38)
q

Soft-Fermion Pole Contribution

Finally, in the formula for the soft-fermion pole contribution to Eq. 6.33 it is again beneficial to
utilize the linear combinations F{ = F'? + G? to get more compact partonic cross sections UiSFP.
This yields

o Qo [ duw
E, = —em ==
" BP, IS
Soed [T (w,w) FE(2,0) + 655 (v,0) F(2,0)] (6.39)

q
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6.4 ~SIDIS

This chapter is concluded by a discussion of the ySIDIS process, {(I)NT(P) — ¢'(I')y(p,)X. It
is the semi-inclusive counterpart of the single-inclusive photon production process studied in the
preceding section and thus has some common features. The first one is that the cross section is
again split according to the power of the fractional charge e, into Bethe Heitler (63), Compton (63)
and Interference (e}) contributions. Furthermore, the Bethe Heitler contribution also vanishes for
this process.

The difference between the two processes is the observed final state lepton, which leads to
different kinematics. In addition to the external momenta one also defines the combinations g =
l—1U'—pyand ¢§ =1—1. Moreover, one has the related kinematic variables Q? = —¢2, QQ =
—§?, xp = Q*/(2P - q) and T = Q*/(2P - q).

Due to the more exclusive nature of the process, the cross section is differential not only in
the photon’s transverse momentum p., rapidity 77 and azimuthal angle ¢7 but also the respective
counterparts of the final state lepton, i.e. p%, n' and ¢'. For the final result of the transversely
polarized cross section at leading order in pQCD one finds (see Ref. [39])

dossiDIs a3, M, LT pus & Pis o
dplpdn d¢’ dpdn dé - 47TSQ8prT € O sipis T € 77 Oogipis| - (6.40)

Compared to an earlier derivation in [109] there are two modifications employed in the above
result. First, the set of four azimuthal spin correlations used in this reference, 'S, iP5,
l’T - Sp el Py and P,r-Sr efu PW, is over-complete in the sense that it can be reduced down to

just two independent quantities, namely e WS and eP1PrS , by means of the identity

gaﬁeuupo _ g#ﬁeavw + gVﬁeuam + gpﬁeuvom + goﬁeuvm .

. ’ v . . . L
Second, the cross sections Ui)SIDISvUi)SIDIS are given in terms of linear combinations of the ggq
functions F' and G

FS (z,2') = Zeé (FIt9 (z,2") £ GI*9 (z,2"))
Fi(z,2) = Y e (FI9(z,2) £ G (x,2")) . (6.41)

The cross sections can be written in the following way, as a sum of hard pole and soft-fermion pole
contributions

(97 ~n,¢’ (o7 n =, An,¢’(¢7 n =
J'Q:S(I%I)S = Z [JHP?,J@ )F+(xBavaﬂn)+UH13£¢ )F,(xBny»/in)
n=C,I
~n,d (¢ ~n,¢’ (o7
+o5h ) P wp, 0, ) + 6550 P @p,0,m)] . (642)

Unlike all other formulas presented so far, the scale dependence is explicitly shown in Eq. (6.42).
This is because the scale is chosen differently for Compton and Interference contributions, as well
as the Bethe Heitler contribution in the unpolarized case

KUBH = Q7 HC = Q7 Hr = QQ . (643)

Notably, there are no soft-gluon pole terms because of cancellations between kinematical and
dynamical contributions. The partonic cross sections are collected in Appendix F.4 along with
explicit expressions for the contracted levi-civita tensors ef#'S | ¢PHPS,
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Chapter 7

Numerical Study

In this chapter, numerical analyses for the transverse SSA (2.61) are performed for each of the
considered processes that were discussed in the previous chapters. The study is focused on the
upcoming Electron-Ton Collider. Thus, a typical center-of-mass (c.m.) energy accessible at the
EIC of /s = 100 GeV is considered in the following. Additionally, a comparison of the asymmetry
with HERMES data [25] is performed for ep’ — 7 X, at a somewhat lower c.m. energy of
Vs =7.25 GeV. In the case of ySIDIS, the influence of /s is explored even further by computing
the corresponding asymmetry A;’]S:,{DIS for \/s = 29 GeV as well as /s = 63 GeV (also accessible
at the EIC). The phenomenological study is carried out in the lepton-nucleon c.m. frame rather
than in the asymmetric laboratory frame. The single-inclusive differential cross sections and the
corresponding SSAs are considered in terms of the hadron’s, jet’s and photon’s pseudorapidity
Th, Nj, Ny and transverse momentum Py 7, Pjr, Py 1 respectively. The «SIDIS process is also
differential in the final state lepton degrees of freedom and consequently the numerical study is
more involved. This will be addressed below in the corresponding section.

The frame chosen for the single-inclusive processes is explicitly specified for the case of hadrons
in the following, but it is completely analogous for jets and photons. The direction of the lepton
defines the positive z-axis, such that positive pseudorapidity indicates the forward lepton direction:

o= 1Vs(1,0,0,+1),
Pt = %\/§(17O707_1)5
P!' = P, (coshny, cos gy, singy, sinhny,) , (7.1)

The hadronic Mandelstam variables are expressed in terms of 7, and P, r as

_Ph,T \/ge"r'flh ,
u = _Ph,T \/Ee_”h y (72)

again likewise for jet and photon production. The unpolarized cross section depends only on
pseudorapidity and transverse momentum, so the azimuthal angle ¢} of the observed final state
particle can be integrated out:

do

do
—— =21 P E . 7.3
dnp APy, T < " > (7:3)

d3 Py,

In contrast, the spin-dependent cross section contains the prefactor o((S) defined in Eq. (2.65),
which introduces a dependence on the azimuth ¢;,. To work out this dependence explicitly, one
must first parametrize the spin vector S. This vector is constrained by P-S = 0 and is normalized
to 2 = —1. Thus, in the chosen reference frame of Eq. (7.1), one can parametrize S as follows:

St = (SO, COS @, Sin Py, —SO) . (7.4)

The azimuthal angle ¢4 of the transverse components determines the location of the spin vector
in a plane transverse to the beam direction. For the present study, the right-left asymmetry Agy,
is considered. It is defined in Eq. (2.62) for a generic cross section and in the specific case of
single-inclusive hadron production it can be written as

¢s+27 do(S) i s+ do(S)
App = 22etm b G P aon ~ Jon IOk Grapy s aon

7.5)
27 do (
Io " 46n mrapi o
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The spin vector only appears through o((S) where it enters via a totally antisymmetric tensor as
e!PPr3  One can easily work out this term in the c.m. frame (7.1), along with (7.4). This leads to
a typical sin(¢s — ¢ ) modulation, which is then integrated according to (7.5) with the result that
one can effectively replace the Levi-Civita tensor as follows

elPPh,S — % stu Sin(gbs — ¢h) — 2\/ stu . (76)

To compute the various convolution integrals in the analytic results, one needs input distribu-
tions for the qgq functions F'?, GY for all flavors ¢, as well as for the ggg correlation functions N, O.
Since none of these functions are currently known to a satisfactory extent, a precise theoretical
prediction is not feasible. Furthermore, as discussed below (2.64), one would also need to in-
clude multiparton correlations in the fragmentation process for single-inclusive hadron production.
Again, the treatment of these twist-3 fragmentation effects is beyond the scope of this study.

However, one can study the generic effect of the NLO corrections compared to the LO approx-
imation for Agry. For this purpose, three scenarios are explored (labeled Scenario 0,1,2) for the
qg9q functions F'? and G? for u and d-quarks, assuming all other multiparton correlation functions
to vanish. An in-depth discussion of the model and in particular the three scenarios is given in
App. G.

For the plots shown below, the focus is on the pseudorapidity dependence of this observable
at fixed transverse momentum Py p, Pjr or P, r, which is set to 5 GeV throughout this study.
The default renormalization/factorization scale is chosen as the pion transverse momentum, that
is, g = P r (analogously for jets and photons).

Estimated Scale Dependence  Although the numerical implementation of QCD evolution
is standard for the leading-twist PDFs and FFs (cf. [59, 60, 61]), it is more involved for the
multiparton correlation functions: only few numerical codes have been released so far [121, 138],
and valid only at LO. The main purpose of the present numerical analysis is to see how much the
observable Agy, is affected by the NLO corrections to the partonic hard-scattering functions. The
analysis does not aim to provide cutting-edge predictions for Agry. For this reason, the numerical
code used for the plots below does not implement the proper scale evolution of the multiparton
correlation functions. Instead, an estimate is made. The twist-3 correlation functions F'? and G4
are formulated in terms of the unpolarized f{ quark PDFs (see Appendix G) as the only non-
perturbative input. Hence, the evolution of f{ is used to get a first approximation for the scale
dependence of the twist-3 functions and hence of the SSAs. In other words, it is assumed that the
evolution of the twist-3 functions follows that of the twist-2 PDFs. In view of the similarity of the
respective evolution kernels (see [121, 122]), this approximation is expected to be reasonable.

For f{, the scale is varied between p = Py 1/2 and p = 2P, r for pion production and analo-
gously for jets and photons. The theoretical uncertainty bands obtained by the approximated scale
dependence are only shown for the asymmetries. Nonetheless, the proper implementation of the
true scale dependence and the study of the dependence of the asymmetry on transverse momentum
remain important tasks for the future, once NLO corrections to the evolution of the twist-3 matrix
elements have also been derived.
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Figure 7.1: Unpolarized differential cross section (7.3) plotted vs. the pseudorapidity n of a 7+
(left) or a jet (right). The transverse momentum is fixed to 5 GeV in both cases. The NLO jet
cross section is plotted for two jet radii, Ry = 0.2 and Rs = 0.7.
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Unpolarized Hadron and Jet Cross Sections Starting point of the numerical study is the
denominator of the right-left asymmetry Agy in (7.5), the unpolarized NLO cross section. Here,
results are taken from Ref. [120] to calculate the cross sections for ep — 77X and ep — jetX,
given the kinematics of interest to the present study. For the proton’s PDFs, the MSTW2008
parameterization of [59] is used, and the DSS parameterization [139] for the pion FFs. The results
are presented in Fig. 7.1. Theoretical uncertainty bands are generated by varying the scale between
w=Pr/2and u = 2Pr.

The LO cross sections for both single-inclusive pions and jets receive sizable NLO corrections,
of about a factor two to three. This is in line with observations made previously in Refs. [120, 140].

7.1 Single-Inclusive m"-Production

7.1.1 Scenario O
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Figure 7.2: Cross sections for the various NLO channels of Eq. (6.2) plotted vs. the pion’s
pseudorapidity 0, at fixed transverse momentum P, 7 = 5GeV. The curves are produced for
Scenario 0 (G.16).

Turning to the transversely polarized case, first consider the ”minimalistic” Scenario 0 of
App. G.1: most parameters in Eq. (G.16) are set to zero, such that the contour plot of F? in
Fig. G.1 only shows very moderate variation in z,z’. Additionally, it is assumed that G = 0.

Figure 7.2 shows the NLO right-left cross section for this scenario. The different panels show
the individual partonic channels in Eq.(6.2). Each plot also shows separate curves for the different
pole contributions. The qg — ¢ gives the largest NLO correction. Notably, the hard-pole (HP)
contribution is dominating in this channel. The soft-gluon pole (SGP) contributions are of opposite
sign, but only partially cancel the HP contributions. The soft-fermion pole (SFP) and integral
contributions are negligible in this scenario. The channel qg — g is the second largest and it is
dominated by its SGP part. Again, SFP and integral contributions are negligible for this channel.
The two remaining channels q¢ — ¢ and qq — ¢’ are generated by ggg correlations. While they do
give a non-zero numerical results, they are irrelevant compared to gg — g and gg — g (note that
the y-axis is scaled by a factor 107> for the gg — ¢’ channel!).

7.1.2 Scenario 1

Moving on with Scenario 1, discussed in App. G.2, one now has moderately more ”off-diagonal
structure” for the ggq functions F, G4 (see Figs. G.2, G.3) compared to Scenario 0. In particular,
one now has G? # 0.

The NLO results for the spin-dependent cross section are shown for the various channels in
Fig. 7.3. Compared to before, the hard-pole contribution for q¢ — ¢ differs quite a lot. For
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Figure 7.3: Same as Fig. 7.2, but for Scenario 1.

q9 — g, the SFP and integral contributions roughly cancel against the SGP contribution; this
leads to a much smaller numerical contribution from this channel than in the previous Scenario 0.
For both the q¢ — ¢ and the qqg — ¢’ channel the NLO contributions increase in size for Scenario
1, but they remain negligible.

7.1.3 Scenario 2
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Figure 7.4: Same as Fig. 7.2, but for Scenario 2.

Scenario 2 is described in Appendix G.3, and the corresponding contour plots for the correlation
functions F' and G are shown in Figs. G.4, G.5. These plots show more variation away from the
2 = 2’ diagonal, due to the Fourier coefficients in Eq. (G.18) being multiplied by a factor of three
compared to Scenario 1 (G.17). Notably, a model calculation in Ref. [141] based on an overlap
representation of the functions F'¢ and G in terms of light-cone wave functions supports such a
behavior. In any case, all three scenarios agree with every known constraint.

Fig. 7.4 displays plots for the numerator of Agy in Scenario 2 for all contributing partonic
channels at NLO. As for the other scenarios, qg — ¢ is the dominating channel. Unlike previous
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Figure 7.5: Right-left asymmetry Agy of (7.5) plotted vs. the pion’s pseudorapidity 7, at fixed
transverse momentum P 7 = 5GeV.

scenarios, NLO corrections have a drastic impact. In particular, the q¢ — ¢ channel’s HP con-
tribution flips sign compared to Scenario 0. All other contributions, i.e., SGP, SFP and integral
contributions, are larger as well. Note that for all plots in Figs. 7.2,7.3,7.4 the LO curve is always
the same, since it is only sensitive to x = 2’ and thus not affected by the choice of model parameters
(cf. App. G). Comparing the second largest channel qg — g in Scenarios 0 and 2, one observes a
sign change of the NLO corrections. This is caused by non-trivial cancellations of SGP, SFP and
integral contributions. The other channels ¢q¢ — ¢ and gq — ¢’ are still irrelevant.

7.1.4 Asymmetry

Next, all partonic channels are added to calculate the right-left asymmetry Agy at NLO accuracy.
Fig. 7.5 shows the corresponding pseudorapidity plots, again at fixed pion transverse momentum.
All Scenarios are shown in a combined plot. The peak of the asymmetry is located in the far
backward region around 7, =~ —2. Recall that this is the nucleon direction in the chosen frame
(7.1). At the peak, a value of about —3.5% is predicted for the LO asymmetry. Moving to
forward rapidities, it drops to about —0.2 %. Following Refs. [120] and Ref. [48], a separate curve
is shown where NLO corrections are only included in the denominator of Agy. This roughly cuts
the asymmetry by half, in agreement with the two references.

The behavior of Scenarios 0 and 1 is generally similar to each other in Figure 7.5, when tak-
ing NLO corrections into account in both the numerator and the denominator. Near the peak,
corrections to the numerator overcompensate those to the denominator, thus increasing the asym-
metry. The opposite is true for the forward region, where the NLO corrections of the denominator
dominate. The NLO contributions have the largest effect for Scenario 2, where Agy, flips its sign
around the mid-rapidity region. One can expect that such a large deviation will be measurable at
an upcoming EIC and that the experimental data will distinguish between Scenario 2 and Scenarios
0 and 1.

Taking into account the simple estimate for the scale dependence of the asymmetry, only
moderate uncertainty bands for the NLO corrections are generated for Scenarios 0 and 1, and
a larger uncertainty for Scenario 2, such that the sign change around mid-rapidity is no longer
displayed as cleanly. Still, the uncertainty bands do not overlap in the backward rapidity region
and especially around the peak of the asymmetry, indicating that precise experimental data will be
able to constrain the model and provide new insights on the quark-gluon-quark correlations inside
the nucleon.

7.1.5 Comparison with HERMES

To conclude the numerical study of pion production, a few exploratory results are given for a
different facility than the EIC. To this end, kinematics relevant for comparison to HERMES data
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Figure 7.6: Ayr at LO and NLO for the three scenarios of qgq functions, compared to HERMES
data [25] for ep” — 7+ X (left) and ep’ — 7~ X (right).

[25] taken at c.m. energy /s = 7.25 GeV are chosen. The scale pu is set equal to the average pion
transverse momentum (Pr ) ~ 1.15 GeV accessed in the data set. Theoretical uncertainty bands
are estimated in the same way as before, see Paragraph 7 above. The scale is varied between the
lower and upper boundaries of the Pp-binning, yu = Pmm ~ 1 GeV and p = P"p" ~ 2.2 GeV.
For the pion FFs and the unpolarized proton PDFs the same data sets are choaen as before, i.e.
the DSS parametrization [139] and the MSTW2008 parameterization [59] respectively. It should
be stressed again that twist-3 fragmentation contributions are disregarded.

Figure 7.6 shows the asymmetries Ayp for 7% (left) and 7~ (right) production, as functions of
the pion’s Feynman variable xr. Both LO as well as the NLO results for the three scenarios, cf.
App. G, are presented. The main finding is that the NLO asymmetry is highly sensitive to the set of
twist-3 matrix elements chosen. This can be attributed primarily to an intricate interplay among
the various pole contributions. Furthermore, the preliminary uncertainty bands do not overlap
over a wide range in xp. This clean separation of the different Scenarios proves the potential of
experimental data for constraining the model.

Note that, arguably accidentally, Scenario 1 (App. G.2) actually describes the HERMES 7+
data rather well, while none of the scenarios does a particularly good job for 7=. The NLO
corrections are crucial in this context, and the complexity of the twist-3 framework at NLO becomes
apparent. By construction, the LO result is the same for each of the three model sets of twist-3
matrix elements since it only probes the x = x’ diagonal. For further comparison, the asymmetry
computed with NLO corrections only in the denominator (dashed lines) is shown as well. Thanks
to sizable positive NLO corrections for the unpolarized cross section it is strongly reduced relative
to LO, as was first observed in [48]. The presented results demonstrate that inclusion of NLO
corrections also in the numerator of Ay is essential for phenomenology.

7.2 Single-Inclusive Jet Production

To study the numerical NLO effects on the right-left asymmetry Agy, in jet production, the analyt-
ical result (6.24) for the NLO spin-dependent cross section is used, along with the NLO result for
the unpolarized cross section taken from Refs. [120, 133]. The input for the ggq functions F9, G4
are the same model Scenarios 0, 1, 2 as above. Exemplary numerical studies are carried out for
two jet radii, Ry = 0.2 and Ry = 0.7. Note that the results in (6.24) are obtained within the
small cone approximation (SCA), which was validated to be rather accurate even for the larger
considered jet radius Ry in Ref.[127]. The numerical results for Ar;, as well as its numerator are
shown in the following for the three Scenarios. As for single-inclusive pion production, the NLO
contributions to the numerator in (7.5) are separated by the various partonic channels. Note that
the gq — jet(q’) channel vanishes for jets.

The jet asymmetry is the cleaner observable compared to the pion asymmetry. The main
reason is that jet production is independent of fragmentation. As laid out before, this is pivotal
for the polarized case: There are no twist-3 fragmentation effects for jets. In this sense, the plots
presented below represent a complete NLO prediction for Ary, based on the adopted model of
App. G. Additionally, the asymmetry peaks in the backward rapidity region, which has a sizeable
event rate for jets: there, the event rate is larger roughly by a factor of 100 compared to pion
production.
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7.2.1 Scenario 0
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Figure 7.7: Contributions by the various NLO channels plotted versus the jet’s pseudorapidity n;
at fixed transverse momentum P; 7 = 5GeV and the full NLO asymmetry Agry, for two jet radii,
Ry = 0.2 and Ry = 0.7 at the EIC. The curves are obtained for Scenario 0 (G.16).

Starting again with Scenario 0, the plots in Fig. 7.7 establish which channels give the most
substantial contribution to the numerator of Ary. These are the channels originating from ggq
correlations (z' > 0), where either a radiated quark or gluon generates a jet. Unlike pion produc-
tion, however, the largest channel is not qg — jet(q) but rather qg — jet(g). This is because SGP
and HP contributions partially cancel for gg — jet(q), while SFP and integral contributions are
negligible. The gg — jet(g) channel, on the other hand, is larger because it does not receive HP
contributions and is generated solely by the SGP contribution. The ¢¢ — jet(q) channel remains
irrelevant.

The right-left asymmetry Agy, for single-inclusive jet production is shown in the bottom-right
plot of Fig. 7.7 as function of the jet’s pseudorapidity. In Scenario 0, it displays a similar behavior
for this process as for mT-production: again, the numerator receives slightly larger corrections
than the denominator of Agy. In contrast to the numerator and denominator individually, the
overall sensitivity of the asymmetry to NLO corrections is only moderate. The jet radius R also
has quite small impact on the NLO results. Moreover, one observes a strong similarity between
the jet results and their 7 counterpart in Fig. 7.5.

7.2.2 Scenario 1

Next, Scenario 1 (see (G.17)) is considered. Numerical results for this Scenario are shown in
Fig. 7.8. The general behavior is again similar to pion production in Fig. 7.3. Exceptions are the
HP contribution of the gg — jet(g) channel and the SFP contribution in the gg — jet(g) channel,
which noticeably differ from Scenario 0. As a result, the asymmetry displays a sign change that
indicates a larger NLO effect in Scenario 1 for jets compared to pions.

7.2.3 Scenario 2

Fig. 7.9 shows how this effect is further amplified in Scenario 2. Again, the HP contribution of the
qg — jet(q) channel as well as the SFP contribution in the gg — jet(g) channel have a significant
impact on Agry. The peak of the asymmetry is still in the backward pseudorapidity region between
—2 < 1n; < —1, but now with a positive value around +4 %. This means that NLO corrections
to the jet asymmetry are highly sensitive to the precise choice of model parameters, and thus of
the behavior of the ggq functions F'? and G? away from the diagonal at x = z’. Again, this is a
promising result for the potential of future EIC data: experimental results for Ary, or the related
Ayt might constrain these functions enough to rule out some of the model scenarios. To illustrate
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Figure 7.8: Same as Fig. 7.7, but for Scenario 1.

this key finding in an accessible way, all jet asymmetries at NLO within Scenarios 0,1 and 2 are
plotted together in Fig. 7.10, again for both jet radii.

7.3 Single-Inclusive Photon Production

The exploratory numerical study of transverse SSAs continues with single-inclusive photon produc-
tion e(l)p'(P) — v(P,)X. The plots presented in the following are obtained using the analytical
results for the transversely polarized cross section from Eq. (6.26) and the results for the unpolar-
ized cross section provided by Ref. [38]. Compared to the previously considered cases of hadrons
or jets in the final state, one needs additional non-perturbative input for the parton-to-photon
FFs. Here, the GRV NLO set of Ref. [142] is chosen. As elaborated on in Sec. 5.2, not only
the ggq functions F'?, GY enter the description of the transversely polarized cross section. In fact,
two further types of twist-3 multiparton distribution functions are introduced via the Interference
channel. These are the ¢vq functions F7, GI as well as the gvyg functions O,ly, O,Zy. For the former,

the same model as for the ggq case is adopted (see App. G) and simply scaled as follows

Fo=%mps g Semga (7.7)

[eF) Qg
The latter are not included in the numerical study, i.e. they are set to zero O% = O% = 0, just like
the triple-gluon functions N, O.

Starting point of this section is the unpolarized cross section, which is differential in the photon’s
pseudorapidity 7, and its transverse momentum P, 7. The cross section is given as in Eq. (7.3), but
with the subscripts h corresponding to the hadron replaced by ~ for the photon. The corresponding
plot is presented in Fig. 7.11 for a fixed transverse momentum P, 7 = 5 GeV. The central curve is
obtained for the choice u = P, r and theoretical uncertainties are estimated by varying the scale
w between p = P, p/2 and p = 2P, .

The cross section is of substantial size in the forward region of positive 7, but rapidly falls off
to zero when going to mid or backwards pseudorapidities. As discussed in Sec. 5.1, the parton-
to-photon FFs are of order O (aem/as) and thus one has to also consider NLO «; corrections to
be consistent with the given perturbative order of O (a2,,). The sum of LO and NLO is shown
as the blue dashed curve in Fig. 7.11. The main takeaway is that the NLO contribution has a
considerable effect on the size of the cross section, multiplying it by at least a factor of 2 over the
whole range in 7. The increase is most notable in the mid and backward regions, which however
remain small compared to the forward region.

One may regard the photon case as the middle ground between hadron and jet production
in terms of how clean it is as an observable to probe twist-3 multiparton distribution functions.
While photon production does feature its own FFs, they are at least not present in every production
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Figure 7.9: Same as Fig. 7.7, but for Scenario 2.
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Figure 7.10: Comparison of the NLO asymmetries Ar;, computed for Scenarios 0,1,2.

channel like for hadron production. Still, there are no FFs at all for jets and thus jet production
would be the cleanest observable of the three. Another similarity between jets and photons is the
absence of twist-3 fragmentation effects. Hence, the plots for both cases give the complete NLO
prediction based on the model built in App. G. From Figs. 7.1 and 7.11, one can conclude that
the unpolarized cross sections for hadron and photon production are roughly of comparable size,
while jet production has an approximately 100 times larger event rate.

7.3.1 Scenario O

Turning to the numerator of the right-left asymmetry (7.5), the numerical results for the ”minimal”
model Scenario 0 are shown in Fig. 7.12. They are separated into the Compton and Interference
channels following Eq. (6.26). The Compton channel is further split up into its fragmentation and
direct contributions, see Eq. (6.27). For a better comparison, each channel as well as the total
cross section are shown together in the bottom right panel of Fig. 7.12.

Both parts of the Compton channel as well as the Interference channel are of comparable mag-
nitude. However, due to the fragmentation channel giving a negative contribution to the total
cross section, there is a partial cancellation between the channels at moderate backward pseudo-
rapidities, which is also the region where the channels are individually the largest. In the forward
region the Compton channel becomes negligible compared to the Interference channel. Looking at
the two Compton channels separately, one finds that the fragmentation channel receives sizeable
NLO corrections for backward pseudorapidities, while the direct channel is entirely dominated by
its SGP contribution. On the other hand, NLO corrections to the Interference channel do not play
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Figure 7.11: Unpolarized differential cross section for photon production plotted vs. the photon’s
pseudorapidity 7, for fixed transverse momentum P, =5 GeV.

a significant role for this Scenario, whereat the virtual corrections are slightly larger than the real
corrections. Another interesting feature of this Scenario is that the Compton channel contributions
generally peak for negative values of 7, i.e. in the backward region, while the Interference channel
peaks in the forward region, at least for its dominant LO part.

7.3.2 Scenario 1

Next, the ”realistic” Scenario 1 including the axial-vector type ggq function G? and more ”off-
diagonal structure”, see App. G.2, is discussed. Notably, the plots have several qualitative differ-
ences compared to the previous Scenario. Starting with the Fragmentation channel in the top left
of Fig. 7.13, the NLO contribution changes sign slightly below 1, ~ —1 and the total LO plus
NLO contribution is in general smaller than before. A more drastic change can be observed for
the direct Compton channel, where the SGP contribution no longer dominates and also flips its
sign. Instead, the integral contribution is the largest and roughly twice as big as the SGP and
SFP contributions. This is interesting since for hadron or jet production the integral contributions
never dominate any production channel. The total contribution of the direct Compton channel is
more sizeable and has the opposite sign as in Scenario 0.

Unlike the LO Fragmentation channel, the LO contribution to the Interference channel is not
given by a SGP configuration but rather a SFP configuration of the involved distribution functions.
As a consequence, the LO Interference contribution is sensitive to the off-diagonal support of the
qvq functions. Hence, the specific choice for the model Scenario impacts the numerical results and
for Scenario 1 there is a sign flip compared to Scenario 0.

Furthermore, the NLO corrections become more important, although they remain small except
for the virtual corrections at far forward pseudorapidities 7, > 2. Comparing the different channels
in the bottom right of Fig. 7.13, one finds that they all contribute with the same sign and thus lead
to a much larger magnitude, with the largest contribution being generated by the direct Compton
channel.

7.3.3 Scenario 2

Finally, Scenario 2 is studied, which uses the largest Fourier coefficients in the model ansatz, see
App. G.3. Qualitatively, the plots shown in Fig. 7.14 are similar to Scenario 1. Most notably,
the NLO contribution to the Fragmentation channel becomes rather large and has the opposite
sign as the LO contribution. This leads to a moderately sized result for the combination of LO
plus NLO. Consequently, the contribution to the total cross section is quite negligible. This is in
contrast to Scenario 0, where the Compton fragmentation channel was actually dominating. In
the Interference channel, NLO contributions further increase in size. Interestingly, the peak of the
total Interference cross section shifts from forward pseudorapidity for Scenario 0 to the central
region around 7, ~ 0 for Scenarios 1 and 2. Overall, the direct Compton channel dominates the
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Figure 7.12: Cross sections for the Compton and Interference channels in Eq. (6.26) plotted vs.
the photon’s pseudorapidity 7, at fixed transverse momentum P, 7 =5 GeV. The curves are
produced for Scenario 0 (G.16).

total cross section, just like in Scenario 1, and it becomes even larger in magnitude. Excluding
Scenario 0, one also generally observes that the Interference channel is negligible for the total cross
section. This feature is familiar from the unpolarized and longitudinally polarized versions of the
process studied in Ref. [38].

7.3.4 Asymmetry

Combining all previous results into the right-left asymmetry Agy, one obtains the curves shown in
Fig. 7.15 for the three different scenarios. The uncertainty bands shown in this plot correspond to
the simple estimate for the scale dependence discussed in Par. 7 in the beginning of this chapter.
The non-perturbative input f{(x, 1) entering the model is simply evaluated at the scales y = P,
(central curve) as well as p = P, p/2 and p = 2P, 7.

The qualitative picture is the same in any of the considered Scenarios. The asymmetry peaks
at far backward pseudorapidity and monotonically decreases for increasing n,. The magnitude,
however, significantly differs between the Scenarios, in particular in the mid and backward pseu-
dorapidity regions. There one observes a clean separation of the three curves, even taking into
account the estimated uncertainty bands. This boosts confidence in the ability of future collider
facilities like the EIC to distinguish between different models and to constrain the twist-3 mul-
tiparton distribution functions. Still, it remains to be seen whether it is possible to disentangle
the impact of the various types of distribution functions, for example the ggq and gyq functions.
Moreover, the triple-gluon functions N, O along with the gyg functions O,ly, Off have not yet been
included in the numerical analysis. Consequently, it might prove to be rather challenging to extract
information on the individual functions from the experiment. Nonetheless, the exploratory study
performed in this chapter shows that there is a lot of potential and that one should be optimistic
towards the long-term goal of a global analysis.

7.4 ~SIDIS

The final section of this chapter presents numerical results for the ySIDIS process e(l)p'(P) —
e (I")y(py)X, i.e. the semi-inclusive production of an isolated real photon in electron-proton scat-
tering. The numerical predictions presented in the following are explicitly for electrons e and
(transversely polarized) protons p'. This section recaps parts of Ref. [39], i.e. it is based on the
work of a different collaboration than the rest of this chapter, and consequently uses different con-
ventions. The kinematics change compared to the previously considered single-inclusive processes
and one defines ¢ =1 —1' —p, and § = [ — . The reference frame chosen for the following analysis
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Vs =100GeV, P, r=5GeV, Scenario 1
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Figure 7.13: Same as Fig. 7.12, but for Scenario 1.

will be the electron-proton center-of-mass (CM) system with the proton moving along +2z and the
electron moving along —z (reversed compared to before, cf. Eq. (7.1)). The transverse proton spin
S is assumed to point along the +y axis. Some relevant kinematic variables are s = (P + [)2,
Q*=—¢% Q*=—@, zp = Q?/(2P-q), and Zp = Q*/(2P-§). The rapidity and transverse mo-
mentum of the scattered electron (produced photon), respectively, are ' (1) and p}. (p;.), with ¢’
(¢7) being the azimuthal angle of the latter. Note that the notation for the photon’s momentum,
rapidity and azimuthal angle slightly deviates from the previous sections, to match Ref. [39]. Given
these kinematical variables, the asymmetry A'[Y]S%DIS to be considered in the following analysis is

defined as

3 (doyr (1) — doyr({)) _ doyr(¢s=3%) |

AfySIDIS / Pl Y Y Y
urT (pTﬂnﬂd)?pT?n 7¢ ) dUUU dUUU

(7.8)

Here, the unpolarized cross section in the denominator was calculated in Refs. [109, 137], and the
transversely polarized counterpart in the numerator is given in Eq. (6.40). The proton spin along
the +y axis is denoted by 1 (J). Eq. (7.8) explicitly shows the dependence of AgS;DIS on the six
variables (p/r, 1, ¢',pr, 17, ¢") and Sec. 7.4.1 explores this phase space in an attempt to isolate in
which regions the asymmetry could be measurable at the EIC. The advantage of A;’]S:,{DIS is the
ability to probe the ggq functions F'?, G? point-by-point in their full support on x,z’. This is an
unprecedented feature of this observable. If the asymmetry is sizable enough to be measured at
the EIC, then first-of-its-kind information could be obtained on multiparton distributions in the
proton. In order to provide such estimates, the model built in App. G for F'? and G? is used below.

To produce the plots, the choice for the non-perturbative input entering the observable must
be specified. For vSIDIS, this input is chosen differently from the previous sections of this chapter.
Now, the PDFs f{ used for the unpolarized cross section in the denominator of Eq. (7.8) will be
the central curves from CT18NLO, cf. Ref. [143]. Furthermore, the first moment of the Sivers

function f#l)’q, which enters the model for the ggg functions F'?,G? in Eq. (G.8), is also taken
from a different extraction. Here, the numerics are done using the central curves of the JAM3D-22
extraction of fllT(l)’q(x), cf. Ref. [144], specifically the one where (up and down) antiquarks are
included (see Sec. IV of Ref. [144]), i.e., ¢ = u, d, @, d.

As before, the full twist-3 evolution of the ggq functions F'¢, G? will not be employed in the
analysis. Although numerical code to perform the proper evolution has been published in Ref. [138],
it would be beyond the scope of the present analysis to include it. Again, the goal is not to give
high-precision predictions, but rather to get a first estimate for the asymmetry A'{]S%DIS and identify
regions of the phase space where it could become particularly large. Hence, the evolution of F'?, G?
is simply ”inherited” from the evolution of ff‘jgl)’q(x) in Eq. (G.8), which is sufficient for this
purpose. The JAM3D-22 Sivers function uses a DGLAP-type evolution, see Refs. [144, 145], with

the inclusion of a double-logarithmic Q?-dependent term to mimic the full twist-3 evolution. Any

99



Vs =100GeV, P, r=5GeV, Scenario 2

L0 0001 ~=gmsa_
— N \
—— LO+NLO

Fragmentation

-0.05

-0.10

[pb/GeV]

~0.15

dog,
dn,dPy,r

- Integral
---- SGP
---- SFP
— NLO

-0.05

-0.10

[pb/GeV]

-0.15
- Integral

--=- SGP
---- SFP

-==- Virtual
—— LO+NLO | %

—— Fragmentation
—— Compton

Interference
—— Total

-0.20

dog,
dnydPy,r

| |
b4 o
> o
g &

—-0.05

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Figure 7.14: Same as Fig. 7.12, but for Scenario 2.

mixing with triple-gluon functions N, O or off-diagonal qgq functions F'? (z,2'), G? (x,2’) for x #
is ignored in the evolution.

The contributions to the vSIDIS process can be distinguished by the respective power of the
fractional charge e, entering the analytic result. One has the Bethe Heitler (BH) contribution (e2),
Compton (C, e¥) and Interference (I, e3). The scale p is chosen differently for each of the three,

a
see Refs. [39, 109]

UBH = Q7 He = Qa mr = QQ . (79)
Due to the differences explained above, for example in the choice for the non-perturbative input, the
model Scenarios slightly change compared to the previously considered single-inclusive processes.
In the following, the modified Scenarios SO and S1 of App. G.4 will be considered.

7.4.1 Numerical Estimates for the Electron-Ion Collider

This section presents selected results for A"{JS:,{DIS, see Eq. (7.8), for kinematics relevant to a future

EIC. By sampling a wide kinematic range, the goal is to identify regions with large asymmetries.
This will be valuable information to guide future experiments. Thus, multi-dimensional ”heat
map” plots of |A7USTIDIS’ are presented. The plots are organized in coarser bins of (7', p/r) and finer
bins of (n7,p).) with ¢’ and ¢7 fixed. With the user-friendly Google Colab notebook available
in [146] the reader can explore other choices of model parameters for F'7, G? as well as alternative
experimental configurations.

Note that kinematic points for which either Q% < 1GeV2,Q? < 1GeV2, or Q2 — Q2 < 1GeV?
are discarded as well as points that cause ’A;}STIDIS} > 1, as can sometimes happen for z,z’ — 1.
The color mapping in the plots indicates the different values for the asymmetries:

e purple: asymmetries close to zero
e light bluish/greenish: asymmetries of several percent
e red: asymmetries of at least 10%

As alluded to above, large asymmetries at the periphery of the subgraphs should be taken with
caution. Instead, one should focus on the central regions away from the edges, which provide the
most reliable estimates. Also note that the ”4SIDIS” superscript on the |Ayr| label has been
dropped in all plots for brevity.

Fig. 7.16 shows the results for CM energy /s = 29 GeV with ¢’ = ¢7 = 0 for Scenario SO of
Eq. G.19. Recall that this is the "minimalistic” choice of parameters with most of them being set
to zero and inparticular G4(x,2’) = 0. Away from the edges of the kinematics, |A?JSTIDIS can be
around 3-5% at mid to backward rapidity of the outgoing electron (" = 0 or —1), mid to forward
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Figure 7.15: Right-left asymmetry Agy, of (7.5) plotted vs. the photon’s pseudorapidity 7., at
fixed transverse momentum P, r = 5 GeV for all Scenarios.

rapidity of the photon (1” 2 0), smaller outgoing electron transverse momenta (p. < 3GeV), and
larger photon transverse momenta (p). > 3 GeV).

The same experimental configuration but now within Scenario S1 given by Eq. G.20 is displayed
in Fig. 7.17. Now, all parameters for F'¢,G9 are nonzero. Similar kinematic regions as previously
give the largest |AgS;DIS , but it is now 10% or more. Now, asymmetries around pJ. ~ 1 GeV also
become measurable, in particular at mid-rapidity of the outgoing electron.

There are also some general findings for both scenarios: it is preferable for both the outgoing
electron and photon to be produced in the same direction (i.e., ¢’ = ¢? =0 or ¢ = ¢” = 7) in
order to obtain the largest asymmetries. If ¢’ = 0 and ¢ = 7 (or vice versa), then the asymmetry
drops down to ~1-3%. Furthermore, the regions of phase space where |AgSTIDIS| is the largest do
not qualitatively change if different values for the do-moments are used in the model of App. G.
This was confirmed explicitly by picking d§ = —0.00365, d = 0 based on Ref. [147]. The same is
true for using a different extraction of the Sivers function, like the one from Ref. [148], which has
a larger magnitude and different x behavior than JAM3D-22.

In Fig. 7.18, the xp,Tp coverage is displayed for the experimental setup in Fig. 7.17. The
left panel uses the same binning as in Fig. 7.17: 4 bins of 1/, 6 bins of p/., and 20 bins each
of 7 and pJ.. In the right panel a finer binning in 7’ and p/. is used, where each now has 10
bins. The xp = & diagonal is indicated by the dashed black line. In an experiment, only points
below this line are accessed. However, using the symmetry properties F? (z,2') = F?(2/,2) and
G (z,z') = —GY (2',x), one can reflect the points across this line. This means that information
Af[y]Sj{DIS

on F4, G at (xp,Zp) also gives information about the point (Zp,xp). The magnitude of
is again indicated using the same color scale as before. Thus, one can identify the regions of (z, ')
for F7,G? to which the observable A?]ST{DIS will be most sensitive: (x,z’) € ([0.2,0.8],[0,0.1]) and
(z,2") € ([0,0.1],]0.2,0.8]).

There is, however, a caveat to the direct probe of F'9 and G at off-diagonal momentum frac-
tions: the transversely polarized cross section (Egs. (6.40), (6.42)) depends not only on the HP
structure F4(xp,Zp) + GY(zp,Zp) but also the SFP structure F4(zp,0) + GY(zp,0). In most of
the phase space where |A2]STIDIS| is sizable, the SFP contribution is comparable or larger than the
HP, potentially ”diluting” the signal from F9(zp,Zg) and G?(zp,Zp). On the other hand, the
SFP functions F9(z,0) and GY(z,0) have never been extracted from experimental data either, so
sensitivity to them from AZS;DIS is also valuable.

In Fig. 7.19, the effect of larger EIC CM energies on the asymmetries is demonstrated, in this
case /s = 63GeV, using Scenario S1. There is a dramatic decrease in ‘A?]STIDIS‘ to basically
zero everywhere except at mid to forward rapidity of the outgoing electron (n’ = 0 or 1), forward
rapidity of the photon (n? 2 1), smaller outgoing electron transverse momenta (p/. < 2GeV at
electron mid-rapidity and p}. < 4 GeV at electron forward rapidity), and larger photon transverse
momenta (pj 2 5GeV, although at electron forward rapidity, p;. 2 1GeV can still give sizable

~

asymmetries). If the CM energy is further increased to /s = 141 GeV, the asymmetry is zero
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Figure 7.16: |A?JS§EDIS| vs. (0, plp, 7, ) for /s =29 GeV with ¢/ = ¢7 = 0 for Scenario SO. The
outer axes are bins of (', p/) and the inner axes are bins of (17, p.).

everywhere except at the most forward kinematics of ' =1 and 7 2> 2.

Finally, there exists in principle the possibility to experimentally disentangle the Compton (C)
and Interference (I) channels in Eq. (7.8). This could be done using an electron as well as a
positron beam. Figs. 7.16, 7.17, 7.19 show that both channels make similar-sized contributions to
A;’]S%DIS. Neither of them dominates the other over the full kinematic range. Specifically, a beam
charge asymmetry will cleanly probe the Interference channel on its own. This would be important
since the Interference channel is generated by valence-type ¢ — g (instead of ¢ + ) combinations of
multi-parton correlation functions (see Eq. (6.41)). Such information on ¢ — ¢ distributions would
be most helpful for separating quark- and antiquark correlation functions. Note that there is the
opportunity for a positron beam at Jefferson Lab [149, 150] as well as the EIC [151], and the beam
charge asymmetry would definitely be an interesting measurement at those facilities.
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Chapter 8

Summary and Outlook

In this thesis, an explicit and fully analytic derivation of transverse spin-dependent cross sections
within the formalism of collinear twist-3 factorization was performed. The results for several
single-inclusive final states in lepton-nucleon scattering were computed at NLO accuracy in pQCD,
demonstrating that the formalism holds at the one-loop level and thereby solidifying the theoretical
confidence in its validity.

The specific processes considered were the production of hadrons, jets and photons, /NT —
(horjetory) X. The focus was on multiparton distribution functions of the initial state nucleon,
while twist-3 fragmentation effects were disregarded. For jets and photons, where twist-3 effects
are absent on the fragmentation side, the derivations provide the complete NLO result.

For single-inclusive photon production, the inclusion of ¢yq and gvg distribution functions of
the nucleon was required. These functions are scarcely discussed in the literature and for the gvq
functions a detailed derivation of the necessary and previously unknown renormalization formulas
was given, while for the gyg case an explicit parametrization of the corresponding correlator was
derived. Furthermore, the vSIDIS process /NT — /v X was reviewed and a more compact form of
the known analytical result was presented.

In addition, a model was built for the twist-3 qgq functions F'9, G? entering the analytical for-
mulas. The model is consistent with all known constraints on the functions and can be customized
via the choice of parameters. Using this model along with results for the unpolarized cross sections
in the literature, the transverse SSA was calculated numerically.

The numerical analysis was performed for the expected kinematical setup of a future Electron-
Ion Collider (EIC) for each of the considered processes. For hadron production, a preliminary
comparison to existing HERMES data on ep! — 7T X was also performed. In general, NLO
corrections can be sizeable and the predictions are highly sensitive to the precise choice of model
parameters. Since the ggg functions are probed on their full support in longitudinal momentum
fractions x,z’, this implies that future precision data provided by the EIC can shed light on the
entirely unexplored region = # z’.

A special role is played by the ySIDIS process, as it offers the possibility for a point-by-point scan
of the z, x’ support. Regions of phase space where the corresponding asymmetry A'[Y]STIDIS becomes
largest were identified, and it was also shown that the x,z’ coverage in ySIDIS is well suited
to gain information about the off-diagonal support regions. Moreover, a google colab notebook
is available [146], allowing users to test arbitrary experimental setups and model parameters to
explore the numerical results even further.

The calculations for the single-inclusive processes highlighted in this work are the first of their
kind at NLO within the collinear twist-3 formalism. Previous NLO calculations have been restricted
to processes in which the photon virtuality ¢2 is fully determined by external momenta, leading to
simpler kinematics and, hence, less complex computations. This thesis thus represents a significant
milestone in the development of the formalism and lays the groundwork for its extension to pp'
collisions — a crucial step for comparison with the wealth of experimental data from RHIC.

A more direct extension would be to compute the twist-3 fragmentation effects in /NT — hX.
This would complete the theoretical picture and improve the comparison with the HERMES data
discussed earlier. However, it would also introduce further non-perturbative objects that need
to be modeled as there are no data sets available yet. Additionally, one should also include
the contributions by the triple-gluon functions NV, O and, in the case of single-inclusive photon
production, also the gvg functions O}Y, O,Qy for the numerical analyses. Again, this would require
further modeling.

The implementation of the proper twist-3 evolution of the ggq functions would also constitute a
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valuable improvement of this study. So far, only the twist-2 evolution of the PDF f{ was considered,
as it is the only non-perturbative input entering the model of App. G. The Honeycomb/Snowflake
code of Ref. [138] is publicly available and already implements LO twist-3 evolution. An NLO
version, which is needed to match the perturbative order of the present work, is however not
expected to become available in the near future. Access to proper twist-3 evolution would notably
enhance the phenomenological analysis. Moreover, it would also allow to produce plots versus the
transverse momentum pr of the observed final state particles.

Finally, there are some remarks on the next perturbative order, i.e. next-to-next-to-leading
order (NNLO). One could argue that the tools and methods developed in this work at NLO provide
the foundation to tackle NNLO. The four-particle phase space as well as the two-loop integrals,
which will both be necessary ingredients, could probably be computed using techniques from
leading power NNLO calculations. However, several non-trivial challenges must be acknowledged.
For the integral contributions, the extraction of imaginary parts will become more involved, as
one expects to also encounter polylogarithms. For the double-virtual corrections, extracting the
imaginary parts from the two-loop integrals will also become more difficult. This is in particular
due to the necessity of all-order-in-e results, or at least a general method to systematically retain
the 1/(1 —w)"™ "¢ terms. These terms already required special treatment at NLO and will probably
be even more laborious to handle at NNLO. Lastly, the real-virtual corrections may reveal entirely
new features that demand their own tools and methods. In summary, going to NNLO would
represent a truly monumental task.
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Appendix A

Wilson Lines

This appendix gives some further details on the definition and properties of Wilson lines. It focuses
on the most important aspects, which are used in the discussion of operator definitions for PDF's
in Sec. 2.1.4. It also gives some explicit derivations which are too lengthy for the main text.

A.1 Definition

First, a general definition for Wilson lines is given. Consider a path C parametrized by the
trajectory z#(s) with 0 < s < 1. The corresponding Wilson line is a path-ordered exponential (cf.
Ref. [56])

L qgm

W[C] = Pexp {ig /0 ds——G: (x(s))to‘} = Pexp {ig /C dz G (z)t"‘} , (A1)

where G is the gluon field of Lorentz index y and adjoint color index a and ¢* are the usual SU(3)
generators in the fundamental representation. For gluon correlators containing gluon field strength
tensors in their matrix elements, one correspondingly needs slightly modified Wilson lines. They
would include the generators of the adjoint representation in their definition.

The path-ordering symbol P introduced in Eq. (A.1) fixes the order of the terms when expanding
the exponential. It moves terms evaluated at larger parameters s to the left and those at smaller
s to the right. For example, let 1 > s,, > -+ > s > 0, and P be some permutation of {1,...,n}.
Then, the action of P on operators O(z(s)) evaluated along the trajectory z#(s) is given as

PO(z(spay)) ---O(x(spm))) = O(x(sn)) ... O(x(s1)) -

A.2 Gauge Transformation of Wilson Lines

An important fact is that the bilocal combination of fields g(w)W[C]q(v) is color gauge invariant
for a path C with endpoints 2(0) = v and z(1) = w. These combinations show up between the
nucleon states in operator definitions of PDFs, such as Eq. (2.51). To show their invariance, one
must know the transformation law of the Wilson lines.

One could, in principle, plug the transformed gluon field into the definition (A.1) and derive
an expression for the transformed Wilson line by brute force. It is, however, very difficult to arrive
at a concise and simplified result using this approach. A more elegant solution is presented, for
example, in the book by Peskin and Schréder [66]. The basis of the derivation is that Wilson lines
are the solution to the following first order differential equation’

d . dz? o

W) = —ig -G () W [a(1)] (42)
Here, W [x(t)] is the Wilson line for a path with trajectory z#(s), but the upper integration bound
of 1 in Eq. (A.1) is replaced by 0 < ¢t < 1. The boundary condition is that W (z(0)) = 1. The
solution of a first order differential equation is unique for a given boundary condition. Hence, a
solution W’ for the gauge transformed differential equation with correct boundary condition must

lanalogous to the time-evolution operator in quantum mechanics being the solution of the time-dependent
Schrédinger equation
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be the unique gauge transformation of the Wilson line. This solution, and consequently the gauge
transformed Wilson line, can be written as

W [z()] = U (z(£) W [2(5)] UT (2(0)) , (A-3)

where U is the unitary gauge transformation matrix introduced for the transformation of the quark
field in Eq. (2.2).

One immediately recognizes that the boundary condition W' (2(0)) = 1 is fulfilled exactly if
W (x(0)) = 1. Recall that the gluon field transforms as G (z)t* — (—i/g)U(x)D,U'(z) with
the covariant derivative D, = 0, +igG{;t*. Then, one quickly verifies that W' indeed solves the
transformed differential equation if and only if W solves the untransformed version:

d daz# @

gV @] = —ig—= (), (2() "W [2(?)]
%[U(x(t))wzﬂ (@(0))] = —igddi; [U((1)) (G% + 8,00%) 12U (a(2))]
x [U (2(t)) WU (2(0))]
—ig0,,w® ddt W + d;/tv = —zgdd [Got™ + D™ t*] W
dtW[ z(t)] = —ig%uGﬁ( () "W ()] - (A4)

Here, from the second to the third line the product rule is used for the ¢ derivative and both
sides are multiplied by Uf(z(t)) from the left as well as U(z(0)) from the right. This proves
the transformation law for the Wilson line. Consequently, one indeed finds that the bilocal field
combination is gauge invariant

q)W[Cla(v) —  qw)Ut (W)U (2(1) WICIUT (2(0)) U(v)q(v)
(w) (U (w)U (w)) WIC] (UT(0)U () q(v) = G(w)W[Clg(v).  (A.5)

=]

A.3 Reparametrization and Path Dependence

The path C of a Wilson line can always be reparametrized, z# — (a’)*. Such a reparametriza-
tion leaves the Wilson line unchanged, since it is merely a substitution for the integral inside the
exponential. However, Wilson lines do in general depend on the exact path C, even if the end-
points remain fixed. A special case and an exception to this rule is the path along a straight line
such as in Eq.(2.51), where only the endpoints matter. To see this, consider the product of two
Wilson lines along the same straight path defined by a vector n*, i.e. W [un; An] W [An;vn]. By a
quick calculation one shows that the derivative with respect to the midpoint A vanishes and thus
W [un; An) W [An; vn] = W [un; vn]. This property is sometimes used in parton densities to insert
an intermediate step at light-cone infinity [56]

W [un; vn] = W [um; con] W [oon; vn] = (W [con; un])t W [con; vn) (A.6)

This is part of the justification for the rather complicated link structure in the kinematical quark-
quark and gluon-gluon correlators (C.1), (C.3).

108



Appendix B

Discrete Transformation Laws

In this part of the appendix, a brief review on discrete symmetries of the fields is presented. The
main purpose is to collect the relevant properties for the quark and gluon fields such that the
behavior of the quark-quark correlator ®7 in (2.53) under these transformations can be studied.
From the transformation relations of 7 one can deduce a parametrization of this correlator in terms
of parton distribution functions (PDFs). To keep this appendix self-contained, the definition of ®4
is also given here:

> dA AT

@q(x;n,P,S):/ AP, Sq0)W [0: An] g(wn) | P, 5) (B.1)

— 00

with an auxiliary light-cone vector n, the nucleon momentum P and its spin S. The vector n is
unphysical since it only has to satisfy the constraints n? = 0, P-n = 1 and is otherwise arbitrary.
The fields inside the matrix element are the quark spinors ¢(An) and g(0). The straight-path Wilson
line W [0; An] ensures color gauge invariance. The variable x denotes the longitudinal momentum
fraction that the quark takes from the nucleon.

Another important ingredient is the translational property of the fields. While it is not a discrete
symmetry, it nonetheless proves useful in the following. One can shift the spacetime argument of
the fields by multiplying from the left and right with an exponential of the momentum operator
II. This shift also translates to the straight-path Wilson line, and one finds the relations

a(e) = eMg(w—y)e M
ij(x) = eiH‘yGZ(a:—y)e_m'y
Wilanivn] = MW (1 — Nns (v — A)n] e A7 (B.2)

In the following, hermitian conjugation, parity and time-reversal will be discussed one-by-one. For
each transformation, the corresponding behavior of the correlator ®?¢ will also be derived.

B.1 Hermitian Conjugation

Hermitian conjugation is applied to a general matrix element with color indices a1, .. ., a, as follows
I Tagan 7 = G 1) (B.3)
and for the fields and consequently the straight-path Wilson line one has
d'(z) = qla)’
o T @
(Gu (2)) = G(z)
W un;vn] = Wlvn;un] . (B.4)
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Having summarized the necessary prerequisites, one can also derive how the quark-quark correlator
@9 defined in Eq. (B.1) behaves under hermitian conjugation

[@qﬂij =(2},)" = [ Z %e”WRS@(owm;Am 4;(An)|P, S)*
= / Z e, Slan) (1), W An; 0] (+°),,, 04 0)| P, )
= /Z %G%WP,SI@(O) (1), W0 =2n] (4°) ;, ax(=An) P, S)
= /_Z %WWRS@(O) (7°),; W05 An] (1), ax(An)| P, S)

(Wo)ik (I)zl (Vo)zj : (B.5)

From the first to the second line, the hermitian conjugate of the fields and the Wilson line (cf. (B.4))
is taken. This is followed by applying the translational properties given in Eq. (B.2) and finally
a substitution A — —A\. Interestingly, the behavior of ®7 is identical to the gamma matrices, i.e.

()" =70y,

B.2 Parity

Next is parity. The transformation is described by the unitary operator P with PP = 1. Using the

notation r = (:UO, —x) for a general parity-reversed vector one has the following list of properties
P|P,S) = |P,-S)
Pe(x)Pt = ~%(z)
Pqx)Pt = (@)’
PG (x)Pt = G (2)
PW [un;vn] PT = W lun;va) . (B.6)

Keep in mind that the bar over a quantity can either mean reversed parity, which is the case for
vectors (Z, P, S,...), or it can denote the adjoint of a Dirac spinor (¢). Using these properties
one finds the following transformation law for the quark-quark correlator ®¢ under parity

< dA
¥ @nPS) = [ SRR SIPIPG0)PPW(0 ] P1Pa ()P PP S)

(B.7)
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B.3 Time-Reversal

Lastly, time-reversal is introduced via the anti-unitary operator 7 with 777 = 1 and T¢7TT = ¢*

for any complex number c. For a general matrix element with color indices a1, ..., a, one has
S 10 = ST a0y T (B.8)
Furthermore, one also has the following properties
T|P,S) = |P,S)
To@)T" = —insCq(-7)
Ta)T" = q(=z)(=irs0)
—i~ _ ~ —
TGL()T" = G (-7)
TW [un;vn] T = W [—pn; —val , (B.9)
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where C' = iv24Y is the charge conjugation matrix. Consequently, one finds for the quark-quark
correlator

(@) @nps) = [ e M ESITTGOT W0 T a0 T 7IP.S)

> dA —iAT /D Q= . = : =\ P
= [ LR SIa(0) (-i15C) W0~ (i75C)y (AP S)

dN L, = . i ) = =
= / §€+Z/\1<P, S1q(0) (_Z’VSC)U WI0; An] (—iv5C) ;. qr(AR)| P, S)

(—=i7v5C) . @1, (257, P, S) ( —i750),; - (B.10)

Again the substitution A — —\ is employed going from the second to the third line. This concludes
the collection of all necessary consistency conditions for ®¢ required to parametrize this correlator
in terms of PDFs.
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Appendix C

(Multiparton) Distribution and
Fragmentation Functions

This appendix collects the definitions for all (multiparton) correlation and fragmentation functions
relevant to the calculations presented in the main text. Most of the correlators shown in the
following have been studied thoroughly in the literature and Refs. [101, 110, 111] are only a handful
of the numerous works on this subject, serving as resources for further details. Additionally, two
rather exotic multiparton correlators are discussed, the quark-photon-quark and gluon-photon-
gluon correlators. The former is also featured in the transversely polarized cross section for the
two-photon exchange DIS process studied in Ref [40], while the latter has so far not been considered
in the literature (to the best of the author’s knowledge). Finally, a discussion on the various
conventions and notations found throughout the literature is given.

C.1 Quark-Quark Correlator

Starting point of the discussion is the bare, unrenormalized quark-quark correlator

3’ (z) = / %ei”<P,S|cj(O)W[O,oon] x

lim 0?2 (W[oon + zp, An + zr] q(An + 27)) |P, S)

ZTHO

1
- 5MeP”PSj}ﬁffT“)’q(x) T (C.1)

This definition contains a diagonal matrix element of two quark fields between nucleon states of
given momentum P and spin S. Gauge independence requires Wilson lines W[An, &n] from light-
cone position & to A along an additional light-like vector n* (see Ref. [101]). Apart from the two
constraints n? = 0 and P -n = 1, this vector is completely arbitrary. Nonetheless, n* defines the
transverse direction via the projector

gy’ =g — Pn¥” — P'nt | with df = ¢/’ a,, (C.2)

that separates out the transverse components a/, of an arbitrary vector a*. Given this definition,
transverse polarization translates to the constraint S* = S%, or n- S = 0.

The parameterization (C.1) features the collinear function #1)"1(30) which is commonly re-
ferred to as the first (transverse) moment of the Sivers function (see Refs. [152, 153]). It is
accompanied by the nucleon mass M and a factor e#**? P,n, S, = e nPS where € is the totally
antisymmetric tensor with %123 = +1. The ellipsis ... in (C.1) indicates that there are several more
terms in the parameterization which, however, do not enter the calculations in this work.

In the collinear twist-3 formalism the contribution to a transverse nucleon spin-dependent
observable generated via ®y is accompanied by partonic cross sections 65. These are calculated in

a kinematical approximation to the momentum k* of the initial state quarks (cf. Eq. (2.71))
2
[NEy L T

with a subsequent expansion in the quark’s transverse momentum k7. It is the first-order coefficient
O(kL) in this expansion that then constitutes the result for this contribution. Since they are an
indirect result of a non-zero transverse parton momentum, the contributions generated by Py
received the name kinematical twist-3 contributions in Ref. [101].
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C.2 Gluon-Gluon Correlator

Similarly to the quark-quark correlator one can define the following analog for gluons (see Ref. [110],
note that this reference uses a different sign convention for the e-tesnor):

wg(@) = [ SRS 0) Wi, on] x
—OOTr

lim 07 (W[oon + zr, An + 2] F™ (An + 27)) |P, S)

zp—0

M v M v n v
= —79% eP"SpG(Tl)(x) y (EP”S{“gT}p + P ”{“ST}) AHT(})(.%‘) +...,(C.3)

where F™" = n,F* and F™ are gluonic field strength tensors and an implicit sum over their
color indices (adjoint representation) is understood. Again, the ellipsis ... in (C.3) indicates terms

in the parameterization that do not enter the calculation. Like the collinear function ff‘T(l)’q(x)

from (C.1), the kinematical distributions G(Tl)(m) and AH(Tl)(x) in (C.3) are the first moments of
the corresponding transverse momentum dependent distributions (TMDs). For the same reason
as for the quark-quark correlator, the contribution to an observable generated by the gluon-gluon
correlator is counted as a kinematical twist-3 contribution.

C.3 Quark-Gluon-Quark Correlator

Highly relevant for this work is the quark-gluon-quark correlator
7 dA Oodlu‘ iz’ ip(z—x’
%P (z,2") = /ﬂ)o%/ioo%e’\ et ) x
(P, S1q(0) W(0, un]ig F"? (un) Wiun, An] g(An) | P, S)
1 1
iMieP"pS PFL(z,2") — §M SEPys Ghp(z,2') + ... (C.4)

The above matrix element contains, in addition to two quark fields ¢ and ¢, the gluonic field
strength tensor F** = n,F*?. Because of the appearance of this third dynamical quantum field,
contributions to spin observables generated by ® g are called dynamical twist-3 contributions (see
Ref. [101]). The quark-gluon-quark correlation functions F and G%.p, as introduced, for example,
in Ref. [101], are key to this work whereas other structures in the second line of Eq. (C.4), denoted
by ..., do not enter the calculation. The subscript FT indicates that the functions are defined
via a field strength tensor (F) rather than a covariant derivative and that they are only relevant
for transverse (T) spin polarization, see [102]. In order to ease the notation, this subscript F'T is
dropped everywhere throughout this work for all ggq functions.

The functions F' and G depend on two light-cone momentum fractions x and z’. Their support
is constrained by the conditions —1 < z,2’ < 1 and |z — 2’| < 1. Most importantly, the vector-
type function F' is symmetric under exchange x <> 2, while the axial vector-type function G is
antisymmetric:

F(z,2') = +F( z),
G(z,2') = -G, z). (C.5)

Consequently, G(z,x) = 0. The functions F9, G? also contain information on their correspond-
ing antiquark content in the region of negative x and 2/, that is, F(z,2’) = FI(—z,—2') and
Gi(z,2') = GI(—z,—2') [101].

Not only the ggq functions but also their derivatives are important for the computation of
transverse-spin observables. To illustrate the properties of these derivatives and introduce some
convenient notation, consider two generic functions F(x1,22) and G(x1,x2). Partial derivatives
are performed with respect to 1 or x4, followed by the replacement (z1,z2) — (z,2'). In this way,
one can easily examine how the (anti)symmetry properties of F' and G in (C.5) extend to their
derivatives. As a short-hand notation, one may introduce (n1, ne integers)

ormtne ,
(srrangs) (o1 =2z =),
1 2

n1+na
( 0 ¢ ) (x1 =x,29 = 2). (C.6)

ni no
Ox " x5

(07" 052 F)(w, 2")

(01052 G)(w,2") =
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If the ggq functions are assumed to be smooth, then the order of the partial derivatives is arbitrary.
In this notation it is easy to see that the (anti-)symmetry properties of the functions F, G are
inherited by their partial derivatives,

(011052 F)(w,a') = (0?03 F)(a', ),
(011052 G)(x,2") = —(07205*G)(a', ). (C.7)
Of particular interest is the so-called soft-gluon pole, where 2’ = z. From (C.7) follows:
(O1F)(z,2) = (0F)(z,2),  (FiF)(w,2) = (03F)(z,x),  (0102F)(w,2) = (0201 F)(z, ),
(01G)(z, ) = —(02G) (2, 2), (0?G)(x,2) = —(03G)(z, ), (810.G)(x,2) =0. (C.8)
An even shorter notation for derivative terms along the diagonal support can be used
Flz,x) = %F(aj,x) = (1 F + 0oF)(z,x) = 2(01 F)(x,2) = 2(0oF)(z, x),
F'(z,0) = L F(z,2) = (07F + 03F + 0105 F + 0,0, F)(, x). (C.9)

Lastly, the derivatives of antiquark correlation functions F2, G7 are considered. Their first partial
derivatives differ by a sign, while the second derivatives keep their sign, (i,5 = 1,2)

(aﬁF?)(‘%x/) = —(ain)(—.T, —33/), (alG?)(l‘,:L‘/) = _(aqu)(_x’ —:E/),
(0:0,FT) (2, 2') = +(8,0,F) (—z, '), (8,0,G7)(2,2") = +(8:0;G9)(—z, —').  (C.10)

C.4 Triple-Gluon Correlator

The next type of nucleon correlator needed in this work’s calculations is the triple-gluon correlator.
It appears in the following two varieties (cf. Refs. [110, 111]; note that these references use a
different sign convention for the e-tensor):

N/u/p .I l‘ / A\/\ djei)\mein(zlfx) > (Cll)
2 J_ o 27
(P, S]i fBY (F™(0) W[0, kn])* ig F"*P(kn) OW[kn, An] F™ (An))" | P, S)

= 2iM [¢V PP N (z,2) — g "N (2,2 — 2') — g e’"" N (2,2’ — 2)] ,

WP (z,2)) = / / dr i gin(z'—x) o (C.12)
(P, S|d*P ( F”“(O)W[O kn))® ig F"P(kn) (W[kn, An] F™(\n))" | P, S)
= 2iM ¢ e"T50(x,2) + g T O(z 2 — 2') + ght'e’T™90(a) 2/ — 7)) .

Here, d®78 and f*# are the totally symmetric/antisymmetric SU(3) structure constants. One
encounters the real-valued functions N(z,2’) and O(x,2’) with the same support properties as
Fi(z,2') and G4(z,z'), as well as certain symmetries:

support : lz], |2'], |z — 2’| <1
symmetry at diagonal : (N,0)(z,2") = (N,0)(2',x)
symmetry at origin : N(z,z') = —N(—z,—12")
O(z,2') = O(—z,—2'). (C.13)

Naturally, the contributions to a spin observable generated by the triple-gluon correlators Ny and
Op are counted as dynamical twist-3 contributions.

C.5 Fragmentation Functions

Turning to twist-2, this section introduces the more familiar parton-to-hadron fragmentation func-
tions (FFs). They describe the hadronization of a quark or a gluon into a specific hadron. Both
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FFs may be provided by the following well-known collinear fragmentation correlators (cf. the
review article [154] on FFs):

M) = ;zﬁ/m;ﬁe’*/ZmW[oom,o1q<0>|Ph;X><Ph;Xq(Am)wum,oomHm

_ —1+25]5 Dh/Q( )+, (C.14)
MO = ggoy e @R WO, com) P X)

(Pp; X|W[oom, Am] F™,(Am) |Q)
= —Z_2+2E gJ—l“’ D?/g(z) + PR (015)

These definitions introduce another light-cone vector m* with m? = 0 and m - P, = 1. This vector
m# may differ from n# in the definitions of nucleon correlators from before. Together, P}’ and m*
provide a different transverse projector

g =g — Pi'm” — Pymt. (C.16)

Note that that the hadron is observed with a fixed momentum P}’, and thus the summation over
intermediate states |Py; X) is incomplete, which is always the case for a fragmentation process.
Furthermore, |Q2) represents the full QCD vacuum state. The definitions (C.14),(C.15) are given in
d = 4 — 2¢ dimensions. The ellipsis in (C.14),(C.15) indicates other fragmentation functions that
do not enter the observables studied in this work.

As explained in Sec. 2.5, an MS-subtraction of UV-divergences emerging in the perturbative
calculation is required. Following the discussion in, e.g., Refs. [38, 120]) one needs to replace

D?/b(;re by the subtracted, MS-renormalized fragmentation function in the following way
h h/q,MS as(p) Se h/q,MS
Dl/qure(z :U’) = Dl/q (27/1‘)—’_ 1t € (PQ®D /@ )(Z,,U,)
(1) Se
$ 205 p o DI ) 1 02),  (©17)
where p denotes the renormalization/factorization scale, S. = (4m)¢/T(1 — €) is a convenient

prefactor consistent with the MS-scheme at NLO, and Py, Pyq are the well-known LO splitting
functions

Puw) = Cr[ i+ S - w) .
P,(w) = Cp [”(lw_“’y] . (C.18)
The convolution integral in Eq. (C.17) is defined as usual as
(P& D)(z, ) :/Z d;” P(w)D(Z,p) . (C.19)

C.6 Photon-in-Lepton Distribution

The photon-in-lepton distribution is defined in terms of the following matrix element (cf. Refs. [38,
120, 133)):

v/, pv _ dA etre ov op
M () = /_OO 5 O {LLE(0) B (No)le(D))
x ¥ ~
§1f€f/‘f( )+ (C.20)

The two photon field-strength tensors F7(x) = 0,7 (z) = 0,(9? A% (x) — 07 AP(z)), A being the
photon field, are to be evaluated between lepton states of momentum [#. The definition (C.20)
utilizes yet another light-cone vector o with 0> = 0 and o - = 1; the corresponding transverse

projector gr reads
g =g —1"o" — 1Yot (C.21)
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The photon-in-lepton distribution f; / Z(x) generates so-called Weizsacker-Williams (WW) contri-
butions that are required to cancel singularities that arise in the calculation for massless leptons.

Also the bare photon-in-lepton distribution f1 barc( ) has to be renormalized. The distribution
includes a UV-divergence that needs to be MS-subtracted. Following Ref. [120] the MS-subtraction
term reads

Qe Se

T 22 (P @ fi/ ) @) + O, (C22)

1,bare (.’L‘ /J) =

NS
YOS () +

where Pys(w) = Pyq(w)/CF is the lepton-to-photon QED splitting function and f*(z) the lepton-
in-lepton distribution which, at LO in QED, reduces to §(1 — z). In contrast to the QCD parton
distributions, the renormalized photon-in-lepton distribution f' / Z’MS(
QED perturbation theory, and one obtains [120],

x, ) can be calculated in

WEMS (4 )y = 2 p () log Ny +0(2) (C.23)
! ’ o 7 x2m? em/ '

f
It depends explicitly on the lepton mass my in the logarithm in (C.23). Since the renormaliza-
tion/factorization scale p is typically of the order of the hard scale of the underlying process, that
is, of the order of several GeV at least, the logarithm log (1%/(2? m?)) can potentially become
large and its resummation to all orders may be necessary. This is, however, beyond the scope of
this study.
More discussion on the treatment of the lepton mass my in (C.23) is included in Sec. 2.4.3.

C.7 Quark-Photon-Quark Correlator

In the computation of the Interference channel for single-inclusive photon production one encoun-
ters the following photonic analog of the quark-gluon-quark (ggq) correlator of Eq.(C.4). Following
Ref. [40] one introduces the quark-photon-quark (gyq) correlator in a very similar way

((I)»Y)qup (CC,ZL’/) _ [ / d/”L z)\z zu(a: w)
(P, S\Q( )W [0 AnJie F1°(un) g(An) [P, .S)

%Miepnps PFi(z,a") - §M S5 Pys GI(x,2") + ... (C.24)
Instead of the gluonic field strength tensor this definition includes the electromagnetic one, F'* =
n, FI'P. Since this tensor is gauge independent in the abelian case, one only needs a single Wilson
line for the two quark fields gq. Like previously, because of the three dynamical fields in the
qyq correlator it generates dynamical contributions. The functions F), and G, are analogous to
the vector-like function F' and the axial vector-like function G from Eq. (C.4). They have the
same properties in terms of support, symmetry and charge conjugation. It is well-known that
the (un)polarized twist-2 photonic parton distribution functions (PDFs) of the nucleon start at
the order O (aem/as) in the MS-scheme ([38, 135]). Thus, it is reasonable to conjecture that the
same applies for F', and G.,. Consequently, one has to include o, corrections to the leading order
qvq contribution. Then one is at order O ((aem/ozs) X agmas), which is consistent with the order
O (ai’m) for the contributions generated by qgq correlations. To conclude this section, a brief
summary of the properties of F7, G1 is given

support : |x\,\x’|,|x—x’\ <1

,a') = Fi(z',x)

') = ~Gi(a, z)

) (z,2") = (F2,G2) (—x, —2')

2 ) . (C.25)

symmetry at diagonal :

charge conjugation : (F

perturbative order : o
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C.8 Gluon-Photon-Gluon Correlator

Lastly, the gluon-photon-gluon (gvg) correlator is introduced as follows

d
(0,)" (z,2) = / / R pidagin(e! =) 5 (C.26)
PS| (F"(0) W0, An])® de F'?(kn) F™"%(An)|P, S)
= 2M [gh" OO0 (v, 2)) + g0 (w,2") + g e P 02 (2 1)

where two gluonic (F"*#, F"") and one electromagnetic (F7*) field strength tensor appear in a diag-
onal matrix element between nucleon states of momentum P and spin S. As before, shorthand nota-
tions for the contraction with the totally antisymmetric tensor are used, e.g. e?F'™5 = P,n,Sseltve,
with the sign convention €123 = 41.

To the best of the author’s knowledge this definition is new and has so far not been considered
in the literature. To parametrize this correlator the close resemblance to the triple-gluon case
with symmetric structure constant given in Eq. (C.12) is employed. To find possible terms for the
parametrization one needs to study the behavior of the correlator under hermitian conjugation,
parity and time-reversal. Due to the similarity of the triple-gluon and the gyg correlators, they
share the same transformation properties for all of these operations. Thus, one includes the same
Lorentz structures in the ansatz for the gyg correlator, i.e. gi’ePP™S, g?etPnS and ght'e?PmS | but
a priori each accompanied by its own, separate function

(04)5 7 (z,2") géﬁ"e"PnSO}y(I,x’) + g;pe“P”SOg(x, x') + gi}“e”P”SO:‘i(:c,x') . (C.27)

For the triple-gluon correlator there are symmetry relations between any permutation of the
three gluonic field strengths inside the matrix element. These relations, combined with the relation
derived from hermitian conjugation, can be used to eliminate all but one of the coefficient functions
of the Lorentz structures in the ansatz for its parametrization. Hence, there is only one twist-3
correlation function O(z,z’) in Eq. (C.12).

The gvg correlator in (C.26) has the property (O )l;, P (z,2") = — (0,)" («', z) for hermitian
conjugation, leading to O} (x,2’) = Ol(2/,z) and O2(z,2') = O3(a',x). Thus, the number of
independent coefficient functions in the ansatz (C.27) is reduced by one. Furthermore, there is
also a symmetry relation for an interchange of the two gluonic field strengths inside the matrix
element in Eq. (C.26) (Wilson lines are not shown for simplicity):

(0))p " (z,2") = / / 5 e ginta' o)
PS|F””Q An)ie F™P(kn) F™(0)| P, S)

(P,S| Frv-a (0) ie Fne((k—A)n) Frise (—An)|P,S)

B /°° dx [ dfe’ N (—) gin! (2’ (=)

— 00 — 00

(P, S| F’”’"’( Yie ™ (k'n) F™*(\'n)|P, S)
(09)F" (=2, —2), (C.28)
where a substitution A = =\, k = I*i — X is used. Plugging the ansatz in Eq. (C.27) into this
relation one finds O} (z,2") = Ol( ',—x) and O%(z,z") = O3(—2', —x). This, however, does not

further reduce the number of mdependent functlons and one is left Wlth the two gyg functions O1
and O2 Their properties can be summarized as follows

support : |lz|, |2'], |z — 2] <1
symmetry at diagonal : Ol(z,a') = OL(a',x)
symmetry at origin : oA (z,2") = O (—z, —a')
perturbative order : O (O:J) . (C.29)

C.9 Different Conventions and Notation

This section concludes the appendix with a ”dictionary” for the conversion between different con-
ventions for the twist-3 multiparton distribution functions discussed so far. When considering

117



their evolution equations it is often beneficial to employ a formulation in terms of functions of
three arguments x1, rs, r3, which are then constrained by x; + x2 + x3 = 0. This approach was
adopted for example in Refs. [121, 138]. Directly from the definitions given therein one can work
out the relations to the gggq functions defined in Eq. (C.4) as well as the triple-gluon functions in
Egs. (C.11) and (C.12). In the ggq case one finds a one-to-one correspondence

1
Fi(z,2") = mquq (=2 2 —x,x)
GY(z,2") = —ﬁAquq (=2’ 2’ —w,2), (C.30)

where the terms in brackets, i.e. the nucleon mass M and in case of the vector-type function an
additional minus sign, are only present for [121]. The additional sign is due to a different convention
€0123 = +1 for the antisymmetric tensor in Ref. [121], while both this work and Ref. [138] use
€923 = 11 instead. The case is more subtle for the triple-gluon functions. There one can only
express a given convention in terms of a linear combination of the other, for example

T (2’2" —2,2) = 2(=M)[-2N (z,2") + N (z,z —2') + N (2/, 2" — z)]
Tip (=2’ —z,2) = —=2(-M)[20 (z,2')+ O (z,2 —2') + O (2, 2" — )]
AT (=22’ —x,2) = 2(-M)[N (2,2 —2') — N (2/,2" — 2)]
AT (=22’ —z,2) = 2(—M)[O(2',2' —2)— O (z,x —a')], (C.31)

where, again, the brackets are only needed for conversion to Ref. [121]. Going one step fur-
ther, both references introduce definite-C-parity functions via §* (z1, 22, 23) = TfF (z1,29,23) —
AT (21,29, x3). For these one finds the conversions

St (2,2 —x,2) = 4(-M)[N(z',2" —2) — N (z,2"))
5 (=22’ —z,x) = —4(-M)[O(z',2' —x)+ O (z,2")], (C.32)
with the same caveat about the factor —M in brackets. For the calculations in this work only two

configurations are relevant, namely '’ = x and 2’ = 0. In both cases the conversion simplifies and
can be inverted to yield

1 1

N(SC,$) = 74(_M)3'+(*xa0,1’)* 8(_M)8:+(0a7$7x)
N(z,0) = —8(_1M)s+(o,—x,x)
1 _ 1 _
O(z,z) = —ms (—z,0,2) + m% 0, —z,x)
O(z,0) = —ﬁs—(o, —x,2). (C.33)
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Appendix D

Choice of Gauge and Light-Cone
Vectors

This appendix discusses the gauge conditions imposed throughout this work. In addition, the
special role of the light-cone vector n* is addressed, which is featured in several of the definitions
in the previous Appendix C for the (multiparton) correlation functions.

D.1 Light-Cone Gauge

First, note that this work makes use of a specific light-cone gauge for the gluon field G**(x), with
antisymmetric boundary conditions

n,G"*(x) =0 and GT(P 2= +00)+ G (P 2= —00) =0, (D.1)

where « is a color index in the adjoint representation. This gauge is familiar from other NLO calcu-
lations, e.g. for the production of polarized A particles in electron-positron collisions [46]. It leads
to simplifications since the gluonic field-strength tensors F* in the definitions (C.3),(C.4),(C.11),
and (C.12) reduce to (n - 9)G/., which can be easily inverted. In addition, the Wilson lines in
these definitions reduce to unity. All of this simplifies the handling of the qgg and triple-gluon
correlations.

In addition, the matrix element (C.1) simplifies in the light-cone gauge (D.1). However, one
must be careful when applying this gauge to the Sivers function fi;. As described in Ref. [114], in
light-cone gauge the Sivers function is generated by transverse Wilson lines at light-cone infinity
and the boundary conditions are important. According to Ref. [155], the anti-symmetric boundary
condition in (D.1) guarantees a non-zero Sivers function for both a DIS-like process (such as the
single-inclusive hadron production {N — hX) and a Drell-Yan(DY)-like process. However, the
Sivers functions in DIS and DY differ by a sign [156]. This is important for the following identity
derived for a DIS-type process in Ref. [114]

Fia2) = +nFi(z, ), (D.2)

which requires a sign change for a DY-type process.
On the other hand, the light-cone gauge (D.1) leads to slight complications for the calculation
of partonic hard factors at NLO: gluonic polarization sums as well as the numerator of gluonic
Feynman propagators are more complicated compared to covariant Feynman gauge. It is well
known that both must be modified in light-cone gauge (D.1) according to
kHnY + k”n“)

(D.3)

gV _y _ghv = _ [ gmv _
g = —d" (k,n) = (g kP PRy

where P denotes the Cauchy principal value prescription and a small imaginary part 0 is in-
cluded, which can become relevant for the computation of loop integrals, cf. the discussion below
Eq. (2.113). The parameter x switches between Feynman gauge (x = 0) and light-cone gauge
(k = 1). In the end, all terms proportional to « in the final result for the partonic hard factors
cancel upon application of Eq. (D.2). This means that the partonic hard factors coincide in Feyn-
man gauge and in light-cone gauge, indicating color gauge invariance. Hence, one can use the
gauge-invariant extensions of the twist-3 matrix elements (C.1),(C.4).

Nonetheless, it should be emphasized that the choice of a light-cone gauge (D.1) is certainly
not a necessity for an NLO calculation; one may also choose Feynman gauge instead.
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D.2 Choice of the Light-Cone Vector

Secondly, as discussed in Sec. 2.3, there is an additional potential dependence on the light-cone vec-
tor n# of physical observables through the parameterizations (C.1),(C.3),(C.4),(C.11) and (C.12).
In Ref. [101] it was shown for the LO contribution to the SSA (2.61) that an arbitrary light-cone
vector n* can be adopted, parameterized by the three external physical vectors of the process.
Applying the identity Eq. (D.2), one finds that all dependence on n# cancels in the final LO result,
Eq. (2.64). However, at NLO, working with an arbitrary light-cone vector n* would require the
computation of redundant terms that eventually cancel. To avoid this, the LO finding of Ref. [101]
is taken for granted also at NLO, and a specific light-cone vector is chosen right away

nt =-2pp. (D.4)

This corresponds to a natural choice in the frame where the nucleon momentum P* and the
momentum P}’ of the produced hadron are collinear along one axis, e.g. the z-axis. In this work it
is assumed that any arbitrariness of the choice (D.4) drops out at NLO once the constraint (D.2)
is applied.

The only exception where an arbitrary light-cone vector n* is kept in the same way as in
Ref. [101] is the gg — ¢ channel. There, one has the kinematical gluon distributions G(T1 ), AH;U
and the dynamical triple-gluon function N which need to be related to each other in a similar way
as the Sivers function ffalq and the SGP ¢gq function F'? in Eq. (D.2). Such relations are derived in
the literature in d = 4 dimensions, see [110], but for the present work one needs the O(g) extension
for d = 4 — 2e. By keeping a general n* and demanding that all arbitrariness cancels in the end,
one arrives at the following two relations

GYY = 4r(N(z,z) - (1+¢e)N(x,0))
AHY = —8r(1—¢e)N(x,0) (D.5)

Upon application of Eq. (D.5) one indeed finds that all arbitrary constants in the parametrization
of n#* cancel. Thus, the result is manifestly independent of the choice of n*.
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Appendix E

Analytic Continuation and
Integration by Parts

At several points throughout the various calculations of the main text, one finds terms of the form
1/(1 — w)™*¢ with n € N, n > 1 that require careful treatment with respect to the soft limit
w — 1. A priori such terms are only integrable on an interval (zp,1) under the condition that
e < —(n — 1). However, integration by parts can be applied to find an analytic continuation of
such terms that extends also to the region —(n — 1) < e < 0.

Although only the specific cases n = 2 and n = 3 are needed in the calculation, a closed form
can also be found for a general integer n. Let f be a sufficiently differentiable function satisfying the

boundary conditions f(1) = f/(1) = --- = f(»=2)(1) = 0 (where f(™ denotes the n-th derivative)
and let g be a real constant with 0 < zp < 1. Then the following identity holds
910 n 1 F( + E) dn—l
d d o) | E.1

This can be shown in a straightforward way by induction. The induction step from n to n + 1

looks like this:
1 T —n— 1
f (%) (1—w)"e / (1— )nfd
dw—2\w/ T iz dw 2/ zo
~/ZDO w(l_w)n+1+s —n—e¢ f(w) £0+ 0 w —n—¢ f(w)
1 _ _1\n—1 n—1
:/ dw 1 (-1 : I(1+¢) d 1<df(900)>
e nte(l—w)tel(n+e¢)dwr=t \dw” * ¥

[ GO D0t
B w(lfw)1+€1“(n+1+5)dw"

1

F(8) (E.2)

where the boundary term at w = 1 vanishes because ¢ < —n and the boundary term at w = xg
because f(1) = 0. It must be emphasized that one needs to apply the analytic continuation (E.1)
as the first step following the extraction of factors 1/(1 —w)""¢. Only afterwards one can proceed
with the small-¢ expansion and make use of the identity Eq. (2.80).

For completeness, this appendix also gives the explicit formulas for the specific cases n = 2 and
n = 3 that are encountered in the calculations, and with the generic function f replaced by the
functions that are relevant there.

E.1 Kinematical Contributions

For the analytic continuation of the term 1/(1—w)?*2¢ appearing in the computation of kinematical

contributions, such as in the qg — ¢ channel, it is convenient to use the following identity:

Ydw o) fid (3) 1 / duw [(Ouot) = o] (v, w,2) i (32)
ry W (1 —w)2t2e 142 w (1 —w)t+2e
!/
1 Y dw im(wwﬁ) o ( :LJ_T(I)> (%) (E.3)
142 /), w (1 —w)tt2e ' '
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E.2 Hard Poles

For the calculation of the hard-pole contributions in the gg — g-channel, that is, the partonic fac-
tors accompanying the functions F (%0, xo) and G (%, :co), one can apply the following identities:

"3 8 p(m _ _os(ve)
/ dw 3+a (u?’xo) - (1+€)(2+€) X
' d7w % (‘T% 812F) (w "TO) u?Z (7:170 alF) (%’IO) (E 4)
zo w (1_ )H_E ’ '
"2 08) gy o _02:e) [1dw g (ZodF) (5,70)
/ dw 1—w)2te F (% m0) = - 1tc /o, w (L= w)ire . (E.5)

The right-hand-sides of Eqgs. (E.4),(E.5) can then be expanded in ¢ using (2.80). Note that
the above procedure works for both correlation functions F' and G. The hard-pole subtraction
terms in (2.90),(2.91) also contain contributions of other derivative terms —xq (02F)(%2, 2) and
—20 (02G) (52, z0). These terms need to be dealt with in the same way as described in Eq. (E.5),
followed by application of (2.80), and (only afterwards) expansion in ¢.

Eventually, all results are organized in such a way that derivative terms are integrated by parts
as much as possible. This applies to all regular, non-distributional terms of the corresponding
partonic cross sections. Consequently, only delta- and plus distributions remain for the partonic
factors that accompany derivatives of the ggq functions. This procedure is performed using the
following list of useful formulas:

w 2

/ dﬂa(w)xg (8%F) (%,xo) = —(c(1)+ ‘7/(1)) F(z0,70) — —5— Zo F/(ifoaxo)

—|—/ %U [2w” o(w) + 4w® o' (w) + w* 0" (w)] F (22, z) ,

w

/1011010%(1—“’)(_330)(31F)(3,x0) _ /dl"F(O /1dwF(fE,x0). (E.6)

w w w (1—w); OU

/dﬂa(w)(—xo) (1 F) (22,20) = a(l)F(wo,xo)—/ %Uw(wg(w))’]?(%,xo),
o) B

E.3 Soft-Gluon Poles

The NLO computation of the SGP contributions (in the gg — ¢ channel) gets even more technical.
Consider the SGP subtraction terms in the third lines of Eqgs. (2.90),(2.91). As for the hard poles,
the all-order-in-e results for the partonic cross sections involve terms 1/(1 — w)3*¢, 1/(1 — w)?*¢
that are dealt with via Eq. (E.1), leading to the following two identities:

[af@a) 10 ) Cor )
(1 —w)3te 2+e)1+4e) Ju (1 —w)tte ’
FO) L ar oo F (5 50)
/dw w)2re = —1+E/Iodw 1= w)i+e . (E.7)

Moreover, the all-e-order results for the partonic cross sections also contain terms that are propor-
tional to a hypergeometric function along with a term 1/(1 — w)?+2¢,

P l—vtvw

2F1 (75, —&; 1—¢; L)
(]_ _w)2+26 :

This term needs extra care. One can again perform an integration by parts, which in turn requires
a derivative of the hypergeometric function, given by the following identity:

d " (1-v)2F1 (—5, —&l-g ﬁ) 1w - w)

—oFi (—e -l )= '
qu2fr(—e—e Si1vrow) =€ w(l—v+ow) w(l—v+vw)ite
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By means of this identity one derives the following integral:

Lo oh (‘5’ —eil-e %) F (35 I
[ - rwl

. (1— w)2+ee = Tiga ), M
dobi (—e el sty ) (~ao P/ (2.2)) (1 gyt p (s o)
(1 —w)t+t2e (= w) " w (1 — v+ vw) e
Tty 0Pt (—o —sl - 6 =ty ) F(22,2) s
(1— w)ite :

These expressions can now safely be expanded in € by virtue of Eq. (2.80) (with a replacement
€ — 2e where needed), and an expansion of the hypergeometric function

2Py (e el — & g ) = 1+ 2L (1555 ) + O (F) -

The partonic cross sections for the derivative parts F’ (fg IU) (0:G) (EO EO) of the SGP
subtraction terms in Eq. (2.90),(2.91) are accompanied only by a factor 1/(1 — w)?*¢ and can be

handled using (E.7),(E.8) in a similar way.

As for the HP contributions, a list of useful formulas is given that facilitates the integration by
parts of all regular, non-distributional terms in the partonic factors accompanying the derivatives
of ggq functions:

[ Lotw) (oo (2,2) = o) Flaoao) - [ wlwolw) F(2,5).
'd _ (o myy = [ dw wtow) L,
[ ot tog ) (<ro P (5) = [ S TR ()
—/ d—ww(wa(w)) log(1 —w) F (&, L)
/ d?wa(w) (zg F" (20,20)) = o(1) (—z0 F'(z0,20)) — (wo(w))’ o F(xg,x0)

[ SR otw) (o @26) (2.2)) = o(1) (~a0 (WG (a0, 20)

_/ %"w(wa(w))’ (=20 (B:G) (22, 20)) . (B.9)
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Appendix F

Analytical Results for the
Partonic Cross Sections

F.1 Hadron Production

This appendix is a collection of all results for partonic cross sections that have been featured in
the several analytic NLO pQCD formulas of Sec. 6.1. The following subsections each present the

results for the different partonic channels one by one. The shorthand notations x, = :Tuz and
Xm = 1o respectively indicate a frequently encountered scale and lepton mass dependence.
e

F.1.1 Channel qg9 — q¢:
Integral Contribution

The partonic cross section that accompanies qungtﬁq in the result for the qg — ¢ channel integral
contribution in Eq. (6.4) reads explicitly

s )~ (Ne=2CR) (= 0Puw = 021+ ow =)
e A(1 - v) V1= 200+ 2(2C — Dvw + v2(w — ()2

—2CFv(w —¢)? (C2 +2(¢ = 1)¢*0’w (6w? — 8w + 3)

+20v (—C + (¢*+3¢ —3) w+1)
+0? (2 + (8¢ — 4¢% — 2) w? +2¢ (—4¢% +2¢ + 1) w)

+sgn(w — ) (C(C+ 1) +v* (¢ + ¢ + 2w? — 2¢w) + 2¢v(w — ¢)) )
N (v(w = 0% (¢(C+2) + 0% (¢ + (4¢3 = 2) w? + 2(1 — 20)Cw)

+o ((4¢% = 2) w —2¢?))
+sgn(w — ¢) (v*(w —¢)* ((¢ — 1)¢ + 2w” — 2¢w)
+20% (—(( = D+ w® = ¢+ Dw? + ¢ (3¢ = ¢ — 1) w)

+C(C+ Dv(w =) +2¢ (¢ — 1) w) )) , (F.1)
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with the sign function sgn(z). Analogously, for the function Gf¥, "% in Eq. 6.4 it is

o 7 (w,w, () =

4(1 —v)* V1= 2Cv +2(2¢ — Nvw + v2(w — ()2
+2CF v(w — ¢)? ((2 +2(¢ — 120w (6w? — 8w + 3)

+200 (—¢+ (P = ¢+ 1)w—1)

+0? (¢% + (8¢% — 4¢% — 2) w? +2¢ (—4¢% +2¢ + 1) w)

Fsgn(w — ) (¢ = D¢+ (¢ = 1)¢ +2u® = 26w) +2(o(w - () )
+Ne (v(w = 02 (¢ = 2 + 02 (¢ + (4¢3 = 2) w? +2(1 - 2)(w)
+v ((4¢2 —2) w —2¢%))

+sgn(w — ¢) (v*(w — ¢)* (2 + ¢ + 2w* — 2¢w)

+20% (=C(C+ D) +w® = ¢+ 3w’ + ¢33 + ¢+ 1) w)

w ((Nc —20F) ¢(1 = v)%0(w — O)2(1 + v(w - )

+(¢ = D)ol = O +2(¢ — 1)*Cw) )) . (F.2)

Soft-Gluon Pole Contribution

Next, the partonic cross sections of Eq. (6.6) are listed, which constitutes the qg — ¢ channel
soft-gluon pole contribution

A~ 1 A
GILEL (0w, Xy Xm) = NeGEEE% Ny (0,0, Xps Xm) (F.3)

~q9—q,1
+CF USGP,F,CF (Uv Wy X s Xm) )

where the partonic cross section is separated by color factors. The N, part reads,

. 1 ’
GHL TN (00, X Xm) = AV v (Vs X Xm) 6(1 — w)
log(1 — w) !
)1 ey
AL, (V) <1w | FAssar R (0 T

AL v, (v, w) 1og(xXom) + AL%lE ! v (v,w) log(1 — w)
AL () Tog(x) + ARG v, (v,w) Tog(1 — vw)
+AE e N, (0,w) log(1 = v) + A%E v, (v, w) log(1 — v + vw)
+AT S pn, (0 0). (F.4)

with the following ten coefficients,

9 — dv* — 1203 + 3802 — 49v + 18

1
A??SE%,F,NC(U’ Xps Xm) = 102 (1= 0) log(1 —v)
1402 1402 (I+v)
S | I L _LTuyy
2 (1 _ ’U)4 Og(Xu) 2 (1 _ ’U)3 Og(Xm) (1 _ U)4 Og(v)
_91)4 — 58v% — 15002 + 1500 — 108
24v (1 —v)* ’
1 1 + 1)2
A%?S?}%,F,NC (v) = _m )
gl 1+2? 3v* + 1603 — 4302 4 500 — 18
Ag?se%,F,Nc(va Xu) = N log(xy.) — 202 (1—0)t log(1 —v)
_ 100% — 6103 — 17602 + 151v — 108
12v (1 —wv)4 ’
20°(1 — 2w)w?* + v*w? (8w? —dw + 1
AL () = 202 (Bu” ~dw + 1)
RGE,E Ne 2(1—v)*(1 —ovw)?

2v3w(2w2+w—1) +v? (1—w2) —2vw+1
B 2(1—v)* (1 —vw)?

)
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AT () ) 71)210 (v3w? (Bw? — 2w + 1) + 20%w (—2w? + w — 2))
5,8GP, BN AT 2(1—v)*(1 —vw)?
v2w (v (—w2 + 6w + 1) — 2)
21— v)tf (1 —ww)?

1 1 + U2
A%?S_C);{D,F,NC (’U) = 2 (1 — ’0)4 )
g1 20%w?
Afscp . (00) = (1—v)2(1 —vw)?’
AT ) = v =200 +4702 =500 + 18 (v¥ — v +16) w
8,SGP,F N1 N 202 (1 —wv)* 49?2 (1 —v)?
~ (Bv— 5)w? 1—2vw
v (1-v)2 (1-v)2(1—-vw)?’
2974, _ vw
9,SGP,F,N. (v, w) 4(1—0v)2’
2
1 w* log(w)
A(llg,_gg}P,F,Nc (va) = (1 — ’LU)2
v} (w —1)%2(2w — 1) + 20%(w — 2)w + 20 — 2 N 1—v(2w—1)
(1—wv)* (1-v)(1—vw)?
_ 1402 n 13v* — 7602 — 9502 + 130v — 108
(1-2v)*1—w) 12v (1 —v)*
n (37114 — 12203 — 31302 + 228v — 192) w n (5114 + 380% — 63v + 30) w?
48v (1 —v)t 6v(l—v)*
(1703 +60% + v+ 8) w?  4v?w — v(5w +2) + 3 1 (F5)
48 (1 —v)* (1-v)3(1—vw)? 41 —-v+ow)’ ’

Notice that the last one, A({g,_S)g}%,F,NC (v,w), is regular as w — 1, despite the factors log(w)/(1—w)?

and 1/(1 — w). Its limit for w — 1 is

6v° + 49v* — 21003 — 31402 + 168v — 192
24v (1 —w)* ’

: q9—q,1 _
Ul}gll AlO,SGP,F,NC (v,w) =

The CF part in (F.3) takes a similar form as the N, part,

N 1 ;!
G e (00, X xm) = AT 6, (0, X Xm) (1 — w)
log(1 — w) !
71 71
+AYSGE R (V) (“U T ASsGrmee () Ty
+
1 ;!
+ALSEB m o (0sw) 10g(Xm) + ALSEE 7 0, (0, W) log(1 — w)
1 3
AL, (0,0) log() + AT o, (0,10) log(1— v)
+Ag?SE%}F,Cp (v, w) 10g(1 - ”) + Ag?sz%}F,CF (U’ w) log(l vt w)

1
JrAggEg}P,F,CF (v, w). (F.6)

with the following ten coefficients,

1+ 02
A o (0, X Xm) = ot log(v) (41og(1 — v) 4 2log(x,) — log(v))
9v5+41}4+12v3+30v2749v+1810 (1 ) 2v3+v2+61}7310 ()
2(v — 1)40? g - 1—v) 8\ Xu
1+ v? 1+ 02 45v° — 21v* — 3650° — 84002 + 780v — 540

—I—m log(xm) — SW log(v) +

60v (1 —v)? ’
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1402

1
Ag?sz;%,F,CF (v) = 8m )
1 1+ 22 vt + 1603 — 3902 + 50v — 18
A%?SE;%,F,CF (U7Xlt) = 4(1 — ’U)4 log(Xlt) + 02 (1 — U)4 log(l - U)
+75v5 — 340v* — 50903 — 244002 + 2280v — 1080
60v (1 —v)? ’
5,4 4,2 2
Aig£%1FC (ww) = 20°w* (2w — 1) — v*w? (8w? — 4w + 1)
HEEECE (1-v)4(1—vw)?
2v3w(2w2+w— 1) —v? (w2 — 1) —2vw+1
(1—v)*(1—vw)? ’
Q2901 (,w) = 6viw? B v3(8v — 17 w3 v? (31}2 —10v + 13) w? v2w
5,SGP, F.Cp LT  (1—wv)d (1—wv)* (1—wv)* (1—wv)*
74(2112—114—2) 2 — 4dow
(1—v)t (1—-0v)2(1 —vw)?’
AT ) - viw? (6w? — 8w + 3) + 4v3w? (3w — 2) + v? (Jw? —3) — 3
6,SGP,F,.Cp\" (1 _ U)4 )
gl 4v2w?
AZsaB rep(vw) = = 1—0)2(l—vw)?’
d9—al —3vt — 200 + 4302 — 500 + 18 (v* — 9v +16) w
Assar.ree(t,0) = ey Gp—r 202 (1= 0)?
L2 (308 — 8v° + 9v* + 3v® — 1102 + 13v — 5) w?
02 (1 —v)?
B 8v3(2v — 3)w?  12vtw? dvw — 2
(1—wv)* (1-v)* (1-v)21—-vw)?’
1 VW
Ag?sz%,F,cF (v,w) = —ma
6vtwt  8(v—2)v3w®  v? (3v? — 10v + 13) w?
—q,1 _
A(llg,sg;P,F,CF (U7w) = IOg(w) <_ (1 — U)4 + (1 — ’U)4 - (1 _ 7))4
2(3v* —20+3)  4(1+0%) (2w—1) dow — 2
(1—wv)* (1—v)*(1—w)? (I1-v)2(1—-vw)?
3vtwt LY (7603 — 150 + 6v + 1) w?
(1 —w)t 24(1 —v)*
(64v° — 210v* — 19503 + 360v% — 630v + 300) w?
30w (1 —wv)t
(11405 — 569v* — 11200% — 27350% + 1860v — 960) w
1200 (1 — v)4
_751}5 — 310v* — 53903 — 163002 + 2190v — 1080
60v (1 —v)*
4(1+2*) 8w —20(5w+2)+6 1

+(1_U)4(1—w) 1—v)B31—vw? 20—v+ovw)’ (F.7)

As for the N, part, the last coefficient appears to diverge for w — 1, but actually has the finite
limit

Jag—al —~2800° + 1097v" 4 1684v7 + 2880v% — 18900 + 960

m Ay sGp,F,Cr (v,w) = 60v (1 —v)?

li
w—1
The partonic cross section for the first derivative term can be decomposed as well. After

integration by parts only distributions appear in the analytic forms,

&g%;?l}‘l/ (Uv w, XIL) = NC &g%;?l’«"l/,Nc (Uv w, XH) + CF &g%;:}l’«"l/,Cp (vv w, X,u) ’ (F8)
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where the N, part reads

. _ log(1 — w)
ag%_r:,qﬁlgz\rc (v, w,xp) = Alll?S_(;%,lF/,Nc (v, xp) 6(1 —w) + Ag?s_c:%,ngNc (v) <1—w
+
1
1
+ALSEB v, (0, Xu) A—w),’ (F.9)
with coefficients
1+ 0? Tv* 4 1503 — 3302 4 41v — 14
q9—q,1 _
Al,SGP,F/,NC(Ua Xu) = —m IOg(Xu) - 402 (1 — ) log(1 —v)
6v* — 51v3 — 14202 4+ 1150 — 84
240 (1 —v)* ’
1 1+0?
Ag?sz%,F/,Nc (v) = —m )
g1 1402 6v? + 23v3 — 5202 + 59v — 20
Ag?SG%HF’,NC(U’ Xp) = — (1—v)t log(xu) — 402 (1 — v) log(1 —v)
1504 — 983 — 427v? + 376v — 240
_ 1ow v V7 + v . (F.10)
48v (1 —v)*
Furthermore, the C'r part reads
£q9—q,1 a9—q,1 a9—q,1 log(1 — w)
OSGP,F',Cp (v, w,xp) = AI,SGP,F’,CF (v, xp) 0(1 —w) + AQ,SGP,F’,CF (v) 1_w
+
1
1
+ALS B o (Vs X) A—w),’ (F.11)
with the coefficients
q9—q,1 1+0°
ATseprop W Xp) = A=y log(v) (4log(1 —v) + 2log(x ) — log(v))
11v* 4 1502 — 2902 4 41v — 14 1 +0? X
(1~ )+ 315 1og ()
202 (1 —v)4 og( U)+3(1—v)4 &\
+271}5 — 44v* — 669v° — 160002 + 1080v — 840
1200 (1 — v)4 ’
1 1 =+ 7}2
A%?S_C)}%’,F',CF (v) = SW )
Saql 1402 14v* + 2303 — 4402 4 59v — 20
ASScB o on(Uxn) = Ay sl + ) log(1 — v)
1205 — 170* + 15403 — 2 — 4
n v Tv* + 154v 775v° + 980v 00 ' (F.12)
400 (1 —v)*

The partonic cross sections accompanying the second derivative F”’ can similarly be written in the
following form, where again parts with different color factors have been separated

~ 7l ~ 71 ~ 71
Ugé;?F“ (v,w) = N U(s]g;??F'/,NC (v,w) + CF Ug%})?}w/,cp (v,w), (F.13)
with the N, part
1
A 1 1
O-(SI%_)P?F”,NC (’U,’LU) = A({?S—(;%,F”,NC (U) <6(1 — ’UJ) + (1_w)+> 5 (F14)
and the coefficient
1 vt — 403 — 1902 + 200 — 12
A9 — log(1l —v) — . F.15
1,SGP,F ,NC(U) 412 (1 _ ’U) Og( 1}) 48 v (1 — ’0)4 ( )
The Cg part reads
A 1 1 1
Ug%;?F",cF (v,w) = AY%EB rr.cp(®) (5(1 —w) + —w), )" (F.16)
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with the coefficient

log(1 —v) = 2v° — 5v* + 2203 — 12502 + 150v — 60

A9 - _ F.17
1,SGP,F".Cr (v) 202 (1 —v) 120w (1 —v)4 ( )

The other type of second derivative term in Eq. (6.6) has the partonic cross section 63%}’%’; v, w),
(e §

which can be cast into the very compact form

log(1 —v) vt —4v3 —190% + 20v — 12
599—4,1 — _ _ 108
USGPﬁ%F(U’w) A [Nc ( 402 (1 —v) + 48v (1 —v)*
log(1 —v)  20v° — 50vt + 2203 — 12502 + 1500 — 60
C - . F.18
Tor (21}2(1—0) 1200 (1 — v)* (F.18)

Next are the terms in Eq. (6.6) that appear in conjunction with the axial-vector type function
G. Since G(z,x) = 0 only derivatives can contribute to the SGP

A )5 ~ 5 “ 5
Jgé??ala(“vw) = Ncogéz?alc,zvc(%w)‘FCF Ug%;?alc,c}w(%w)’ (F.19)

where the partonic cross section is once more divided by color factors and the N, part reads
1
~ ] _ ,5 ,0
08t ion. (W) = Allsch b o, (0) 00— w) + ATsch by on. (0) Ty
»0 5
+ATSGP .0, (0, W) log(l —w) + AR5, ¢ v, (v) log(1 — v + v w)

5 5
+ALSCE 5,6, (0, w) log(1 — ) + AFSE T o v, (v, w) (F.20)

)

with the following six coefficients

2 4 3 2
a5 v° —13v+ 14 6v* — 39v° 4+ 150v° — 209v + 84
Atsaroan. (V) = gy sl —v) - 120(1—v)? ’
5 8—Tv 9v* — 34v® + 15507 — 2280 + 96
—q,5 _
Ascboanv) = g yplosll—v)+ 240 (1— o) ’
49905 (w,w) = v? (v(w? —w+1) +w—2)
3,8GP,0:G,N.\Us (1—wv)* ’
5 _ v
Azqif]s_é%,alc,m (v) = - 2(1—v)2’
3
5 v° 4 6vw + 7Tv — 10w — 8
Afsabaan, (v w) = 202 (1 —v)2 ’
49905 (v, w) 9ut — 340v% + 15502 — 2280+ 96 w (v* — 203 + T3v% — 128v + 60)
v,w) = — -
6,SGP,0,G, N \¥> 240 (1 —v)* 12v (1 —v)4
2(703 _ G2 — o —
~w? (To® —6v° —v - 8) (F.21)
24 (1 — v)*
The Cg part is given by
1
A ,5 _ [ ,5 [ ,5
68 .o w) = AiEh,co,(0) 01— w) + AR S ¢ o (V) 1—w);

5 5
+Ag?sz%,alc,cp (v,w) log(1 —w) + AZ?SE%V&G’CF (v) log(1 — v+ vw)

FAZES, 6 on(v,w) log(1 —v) + AVLE, o (v,w), (F.22)
also with six coefficients
2
19—9.,5 vt —=13v+ 14
ALSGRalG,cF (v) = T2 (1—02 (1—0)? log(1 —v)
+27v5 — 44v* — 3090 + 152002 — 2040v + 840
60v (1 —v)* ’
8 —Tv
—q,5 _
Ag,gsetf?,alc,cp (v) - _1}2 (1 — ,U)Q IOg(l - ’U)
18v° — 37v* — 12003 4 80502 — 1140v + 480
60v(1—wv)* ’
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20%(1 — w)(1 + vw)

,5 _
A%?S?;%,81G,Cp (U,U}) - (1 — ’U)4 )
5 v
AZ?S—C:%&G,CF (v) = 1—0v)2’
3
5 v° + 6vw + Tv — 10w — 8
Ag,gs_c:(f),alc,cp (v,w) = - 02 (1 —v)2 )
o5 180° — 37v* — 1200 + 80502 — 11400 + 480
AgsaP.o,a,op (VW) =
PEEO G 60v (1 —wv)?
L (26v° — 250* — 12002 + 37502 — 630v + 300)
30v (1 —wv)?
_w2 (20v* — 9% — 60 —v) 2wt . (F.23)
12(1 —v)* (1—wv)*
Finally, there is a contribution from the second derivative of G given as
~q9—4,5 — 501 2
USGP,B%G(v’w) = (1—w)— a—w), X
N (— log(l—v) vt — 4v3 4 2102 — 28v + 12
¢ 402 (1 —w) 48 v (1 —v)*
log(1 —v)  2v° — 5v* — 18v3 + 11502 — 1500 + 60
C (F.24
tor <2v2(1—v) 1200 (1 — v)* (F-24)

Soft-Fermion Pole Contribution

The gg — ¢ channel soft-fermion pole contribution is found in Eq. (6.7) and the corresponding
partonic cross sections are presented below. As before, a separation by color factors is made

68p s (tw,xm) = Neodfp Gy, (0,0, xm) + COr 6805 % 0, (v, 0, Xm) (F.25)
where the N, part reads
N 1 1 1
o&tp N, (0w, Xm) = ALEp N, (v, w) 10g(Xm) + ASGEp gy, (v, w) log(1 — w)

+ AL rb v, (v, w) log(1 — vw) + AL v, (0, w) log(1 — v)

+Ag?8;1q5,1F,Nc (v, w) log(1 —v+vw) + Ag,gS_I;qP,,lFﬁNc (v, w) log(w)

+ A v, (0, 0), (F26)
with seven coefficients
3,3 2,,2 2 _ 4v+5
AT ) = W et v (vt d)u
WEE, e (1—v)* (1-0v) 21 —v)4
v — 4o + 2 + 3—2v 1
(1—v)* (1-v)3(1—vw) 2(1-0v)%(1—-vw)?’
2 3,,,3 2 v—1 2 3 2 _ 4 + 5
Aggs_f:‘%le(U,w) _ 2w v*(3v — Dw _v(v v+5)w
BEE, e (1—wv)* (1 —wv)t 2(1—w)?
v? —4dv + 2 N 3—2v 1
(1—wv)t (1—v)3(1—vw) 2(1-v)2(1—-vw)?’
3 2,2
ATZEL (o) = _ow (v*(w — Dw? + v*(w — Nw + v — 1),
PEELENe (I-v)3P(1—-vw)?
49941 ( ) 20— 3 203 — 1002 + 160 — 9 w (v* — 50% — v + 5v — 4)
v,w) = - -
4,SFP,FNAT (1—-v)202w (1—wv)302 2(1—w)30?
2(3v —5)w?  4v*w —3v2w+1)+5
(1 —wv)202 2(1—v)p3(1—vw)2
1 vw(2ow —v —1)
Ag?SE;qP,F,NC ('U, 'lU) = 2 (1 _ ’U)3 )
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202 —4v+3  (2—v)vw _ v2 (20 + 1)w? B 40%°w — 3v(2w + 1)+ 5

AGSER v (0 0) = (1—v) 1—v)3 (1—v) 2(1—v)* (1 —vw)?
AL () = 71;4 — 203 + 2402 — 350 + 18 10v* — 2303 + 12602 — 203v + 108
7,SFP, BN 6(1—v)ivw 12(1 —v)tw
(5v* — Bv® — 290% 4+ 9v — 12) w
- 6(1—v)tv
B (331}4 — 1603 + 15502 — 238v + 120) w? n (31113 —60% —v — 8) w?
12(1 —v)tw 12(1 — v)4
4w —v(Tw +2) +5 1

21-vB3(1-vw)? 2(1-v)(l—v+vw)’ (F.27)

Similarly, the C'r part has the form

A 1 1 1
G8p pop (VW Xm) = AVEE g oy (VW) 10g(Xm) + AS’Sp 1 o (v, 0) log (1 — w)

,1 ,1

JrAg?S?“qu,F,CF (v, w) log(1 —vw) + AZ?[;‘%,F,CF (v, w) log(1 —v)

JrAgf]S?%’}ycF (v,w) log(l —v+vw) + AZ?SHF%}F’CF (v, w) log(w)
1

+A¥e b b0y (U, W), (F.28)

also with seven coefficients
AB2TL () = 5-3v  wv (v2—60+3) 2w?ev?(2-0)
1,8FP,F,Cp\U; 1— ) (1) (1—v)
n 2udv® 4w —3v(2w +1)+5
(1—wv)t (1—v)p3(1—vw)2 ~’

5—3v 3w 2w?v? (2—-3v)  4wdo?
A292e1 _
2,SFP,F,Cr (v,w) (1 — 1})3 (1 _ ’U)2 (1 _ 1})4 (1 _ 1})4
741;2111 —3v2w+1)+5
(1—-0v)3(1—vw)?
AT () = 2ow (V¥ (w — D)w? + v*(w — w4 v —1)
3,SFP,F,Cp\™> (1 _ 'U)3 (1 _ vw)2 ’
g 6 —4v 4o% — 2002 + 320 — 18
AZ,QSF%,F,CF (v,w) = (1—v)202w 02 (1 —v)?
L (v* =503 —v?+Bv—4) 4w’ Bv—5)  4v’w—v(6w+3)+5
02 (1 —v)3 02 (1 — )2 (1—0v)3(1—vw)?
1 vw (v(l —2w) + 1)
A%?S?%,F,Cp (v,w) = (1 — ’U)3 )
A?g?%iﬁg (ww) = — 5-3v  2w(2-0p 2w? v?(4v — 3) B 8w v?
SFP.FCr 1—0p (-0 I-of  (1-v)
4v%w —v(6w + 3) + 5
(I-v)3B(1—-—vw)?
1 9° — 22v% — Tv3 4 24002 — 390v + 180
A??S_)FqP,F,CF (U7 'LU) = 30,0 (1 _ U)4 w
_750° — 1600 — 1510° 4-1380v° — 22200 + 1080
60v (1 —wv)*
L (120° — 140 + 550 — 9002 + 1050 — 60)
15v (1 —wv)?
+w2 (1280° — 650* — 11503 + 70502 — 1260v 4 600)
30v (1 —wv)*
w3 v (521}3 —30% + 6v + 1) n 5w vt
6(1—v)* (1—wv)?
4w — 2 1
V3w 1{(7w+ )+5 . (F.29)
(1-v)3B(1—-vw)? l1-v)(1—-v+ovw)
Furthermore, the SFP contribution also has derivative terms which read
A[SI%;,%;F(M w, Xm) = NC &g%;,(la’;F,Nc (vv w, XWL) + CF &g%;,%;F,CF (U’ w, Xm) ) (F.30)
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where the N, part has the form

. 1 1 1
U(SI%;,%QF,NC(%“’) = A??S?%,BQF,NC(v7w) log(1 —v) + Ag?s?%,azF,Nc (v, w) log(w)

1
+A§?S_>qu),82F,NC (va) ) (F31)
with three coefficients

v (—6w? + 8w — 2) + 10w? — 12w + 3

,1 —
ALrb o, v, (V0) = 2wv? (1 —v)? 7
2
1 wov* (14 vw)
AZrb o, (V0) = (-t
Q2901 ( ) vt — 203 + 2402 — 350 + 18 Tv* — 1603 4 9602 — 144v + 72
, v,w) = -
3,SFP,0, F,N, \U> 12wv (1 —v) 12v (1 —v)4
(10t =907 +380 G0 +30) w (Bl —60° —v=8) w? (o
6v(l—v)* 24(1—wv)4 Y
The Cg part reads
R 1 1 1
S e (000) = AT, (010) 081 =) + AZED, ., (0, 0) g
1
+Ag,g8_>FqP,82F,NCF (v, w), (F.33)

with three coefficients

v (6w? — 8w + 2) — 10w? + 12w — 3

)1 _
Az?S?%,azF,Cp ('U, w) - w v2 (1 — ,U)Q )
1 203w?
A%?S?%,BZF,CF (va) = (1 — 11)4 )
1 —90v° + 22v* + Tv3 — 24002 + 390v — 180
Afsrtauror (0 0) = 60w (1 —v)*
+27v5 — 61v* — 1503 + 480v% — 780v + 360
30v(1—v)?
w (64v° — 150v* 4 150 + 360v% — 630v + 300)
30v (1 —wv)?
2v (2803 — 3902 + 6v + 1 4w’
who (280° 39" 4 6utl)  _wtw? (F.34)
12(1 —v)* (1—wv)*

Turning to SFP contributions by the function G, the corresponding partonic cross section is
given as

&g%—g’%s(v, w,Xm) = Ne &g%;,quNc (v, w, xm) + CF &g%;,%fcp (v, w, Xm) » (F.35)
where the N, part reads
&g%;,%:?zvc(v, W, Xm) = A??s?%’,%,m (v, w) log(Xm) + Ag?s?%’,%,m (v, w) log(1 —w)

+ASSEE 6., (0:w0) log (L — vw) + APgE T v, (v,w) log(1 —v)

+AYrb e n, (v, w) log(L — v +vw) + Afpbls x, (v, w) log(w)

5
+ATSep, 0, (0 0), (F.36)
with seven coeflicients
2
AVGE  (vw) = — A Gt ) Kt U
,SFP,G,N, (I—v)d  (1—v)3 2(1 — v)4 1—v)
4w —v(6w +3) + 5
2(1—-v)3 (1 —vw)? ’
2(1+vw? v*—do+2  v(5+v)w
A2979,5 _ v ( _ B
zre o () (1—v) (I-v)*  2(1-v)?

4v?w — v(6w + 3) + 5
2(1—v)3(1—vw)? ’
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v2w? B—v)vw 3v-5 4w —v(6w+3)+5

Asrton.(0w) = G AT TaCer T A—epd—vw)?
AT () = 20-3 208100 +160—-9 (3’ —v+4)w
G, Ne 207 v2 (1 —v)2w v2 (1 —v)3 202 (1 — )2
2(3v —5)w?  4v*w —3v(2w+1) +5
v2 (1 — )2 2(1—v)3(1—vw)?
2,2
AR (00) =~ 4 G
2v3w3 3v2w? 2—v)vw 202 —4v+3
Ag?s?“qu,sG,Nc(vﬂw) = (1 _ U)4 + (1 _ ’U>4 ((1 _ 3)>3 (1 _ U)4
40w — 3v(2w +1) +5
21— 0)3(1—vw)?
AggS_F)qP% ) = vt — 203 — 2402 4+ 37v — 18 _ 10v* — 3503 — 10202 + 181v — 108
PEEELNe 6(1—v)*vw 12(1 — v)*v
(51}4 —17v3 4 23v? — 33v + 12) w n (91}4 + 8v3 — 14902 + 2420 — 120) w?
6(1 —v)*w 12(1 — v)*v
(P =60 —v 8w 4w —v(Tw+2)+5 1 (F.37)
12(1 —v)* 2(l—v)p3(1—ovw)2 201 —-v)(1—-v+ow)

Likewise, the C'r part has the form

UL (0w, xm) = AVEEG o, (0,w) log(xm) + AFGE T ¢, (v, w) log(1 — w)

+ABGET o0 (0,w) log(1 —vw) + AXGZET, o (v,w) log(1 - v)
+Agf’S_F>%’7%70F (v,w) log(1 — v +vw) + AZ?S_I;I(IJ,SG,CF (v, w) log(w)
AT G cn (0 ), (135
with seven coefficients
20%w? 20w —2)v*w? v(v?—-6v+3)w  5-3
A({gs_ﬁ%% o (vw) = vw® (v Yvtw ( ) n v
,SFP,G,CF (1—v) (1— o)t (1— o)t (1—0)3
4v%w — 3v(2w + 1) +5
(1—v)p3(1—-vw)? ~’
20%(v+2w? v(*+6v—3)w 5-3v 4w 32w+ 1) +5

Afrbia. e (0w) = 1_ o) (1—v)* + (1—v)3 1-v)P3(1—-vw)?
ADIE ) = 2%w? 2B —vvw  2(5—-3v) 2 (4w —3v(2w+1)+5)
3,8FP,G,Cpi™ (1-v)3 (1—v)3 (1—-v)3 (1-v)3(1—vw)? ’

AT () = 6 — 4v 4 —200° +320—18  (3® —v+4)w

WEE, GO AT (1—-v)202w (1 —v)30v? (1—wv)20?

4(5 — 3v)w?  4v?w —v(6w +3) + 5
(1—v)202 (1-0v)3(1—-vw)?
2,2
Mo 00) = R
505 w2022+ Dw? 2w —2)vw  3v—5

AGisEp 6.0p (VW) = i 1 3 3

PEEE (1—-wv) (1—-wv) (1—-wv) (1—-wv)

4v?w — v(6w + 3) + 5
(1-0v)3(1—-vw)?
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—90v° + 220% — 3303 4 24002 — 3900 + 180

ArsrE .o (Uw) = 30(1 — v)ivw
+751;5 — 160v* + 12903 — 114002 + 2100v — 1080
60v (1 —v)*
(121)5 — 14v* — 7503 4 6002 — 1050 + 60) w
15v (1 —wv)*
(128v° — 185v* 4 32503 — 73502 + 1260v — 600) w?
30v (1 —wv)?
v (520% —270? + 6v + 1) w®  Svtw?
6(1 —v)? (1—wv)*
4v%w —v(Tw +2) +5 1 (F.39)
(1-v)3(1—vw)? 1-v)(1-v+ovw)’ '
There is also a SFP derivative term for G with the partonic cross section
6&p o w xm) = Neo@phe n, (0,0, Xm) + COr 68856 o (0,0, Xm) ,  (F.40)
where the N, part reads
. 5 5 5
Jg%;,%gG,NC (v,w) = A??s?%,aQG,NC(”a w) log(1 —v) + A;?SI:)‘qP,agc,Nc (v, w) log(w)
+AYGE o v, (v, w), (F.41)
with three coefficients
3—2 2(2v —3) (5 —3v)w
A9995 —
LSFP.0,0.N, (0, W) 202(1—v)2w  2(1—v)2  v2(1—v)2’
2
5 v2w (1 +vw)
A;?S_E)‘%,BQG,NC (U7 w) = - (1 o U)4 ?
49905 () = —vt 4203 + 2402 —3Tv + 18 Tv* — 1603 — 9602 + 144v — 72
3,8FP,0,G, N, \V> = 120(1—v)tw 12v (1 —v)*
11v* — 9% — 3802 + 57v — 30 3103 — 6v2 — v — 8) w?
_( v v Ve + 97V )w+( v v v )w.(F.42)
6v(l—v) 24 (1 —wv)*
The CF part has the analogous form
. 5 5 5
Ug%;%za,cp (v,w) = Ag?s?%,aza,cp (v,w) log(1 —v) + Ag,gs?lqa,%c,cp (v, w) log(w)
5
+AYGEE e nee (VW) (F.43)
with three coefficients
20—3 4(2v—-3)  2(3v—-H)w
q99—9,5 —
ATsep.o,a,0p (VW) = 2(1-v)2w 2(v—12  2(l—v)2’
5 203w?
Ag?s_l;lq)732GycF (U7 w) - (1 — ’0)4 ’
90° — 220* + 33v% — 24002 + 390v — 180
99—9,5 _
AS,SFP,BQG,CF (v,w) = 600 (1 —v)dw
B 270 — 61v* 4 6503 — 48002 4 780v — 360
300 (1 —wv)?
N (640° — 1500* + 5503 — 36002 + 630v — 300) w
300 (1—wv)?
2803 — 3902 4 6v + 1) w? s
711( v Ve + 6v + )w+ vIw ' (F.44)
12 (1 — v)t (1—v)*

134



Hard-Pole Contribution

In this paragraph the analytic results of all partonic cross sections encountered in Eq. (6.8) are
listed, which gives the gqg — ¢ channel hard-pole contribution

(v? — 14v +18) log(1 — v)
vt (1=0)? (1 - w)y
| 750° — 1000* + 1510® — 172002 4 24600 — 1080 _ 2(2v — 3) log(1 — v)
60v(1—v)*(1—w)+ v2w (1 —v)?
02 (75w — 9) + v1(22 — 130w) + v3(7 — 30w) — 2002 (w + 12) + 390v — 180
+
30vw (1 —wv)?
1+v? [log(l—w) (3v* 4+ 16v® — 430 + 500 — 18) log(1 — v)
(1—wv)* N 202(1—v)* (1 —w)y
(1+v?)log(x,)  16v* — 8503 — 176v% + 133v — 108
(1—v)*(1—w)y 1201 —v)* (1 —w)y
(viw +2v% + v?(w — 7) + 8v — 3) log(1 —v) (1 +v?) (log(1 — w) + log(xu))
v2 (1 —v)*w 2(1—v)*
18 + 4v2(6 + w) — v*(13w — 1) N 3(14v?) w (w? 4 2w — 1) log(w)
6v (1 — v)*w 6(1—v)*w(l—w)?
(35w? — 76w + 35 + v? (45w? — 53w + 2))
6(1—v)tw(l—w)

ot (v, w,x,) = Cr

+N,

1—w

(F.45)

The last two terms are individually divergent for w — 1 but combined they have a well-defined
limit.

o ) o 2705 — 44v* + 2910% — 160002 4 20400 — 840
(o2 v, w = —
HP, 0, L0 ) X r 600 (1 —v)i(l—w),
(v? — 13v + 14) log(1 — v)
v?(1-v)* (1 —w)y
AN 1+v?2 [log(l—w) N (30" + 15v% — 3702 + 41v — 14) log(1 — v)
l(1—v)t l—w ) 202 (1—v)* (1 —w)y
(1+v%)log(x,) | 6vt —51v° — 14202 + 1150 — 84
(F.46)
(I—-v)*(1—w)y 1201 —0v)* (1 —w)y
Gitp s (01 0) 51 0 (V)
o log(1 —v) 0% = 5ut +220° — 12507 + 1500 — 60
Flor (1 =v) (1 —w), 600 (1—v)t(1—w)y
log(1 — 440 — 1902 + 200 — 12
. og(l —v) v v 9v* + 20v (FaT)
202(1—v) (1 —w)y 24v(1—v)*(1—w)4
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2

g9l (v? — 6v + 6) log(1 — v)
Op o () = CF | S m iy,

_91)5 — 7ot + 17103 — 72502 + 900v — 360  (2v — 3) log(1 — v)

60v(1—v)*(1—w)y wv? (1 —v)?
+v5(30w —9) +v*(22 — 45w) + v3(7 — 10w) — 50%(w + 48) + 390v — 180
60wwv (1 —v)*
N 1+v% [log(l —w) N (3v* + 8v® — 1502 + 18v — 6) log(1 — v)
(1 —wv)t l—w ) 202 (1 —0v)* (1 —w)4
LY (24v (14 v?)log (xp) + 3v* — 6803 — 14302 + T4v — 72)
2402 (1 —v)* (1 —w)y
(2vtw + 20% + 0?2 (2w — 7) + 8v — 3) log(1 —v) (1 +v?)log(l —w)
202 (1 —v)tw 2(1 —v)4
B (14 v?) log(xu) B (1+ %) (1+w) log(w)
2(1—v)* 2(1—-v)*(1—w)
+1}4(2 —9w) + v3(70w — 4) — v?(w — 48) + v(68w — 70) + 36 . (F.48)
24vw (1 —wv)*
2

fqg—q,1 B (v? — 14v + 18) log(1 —v)  2(2v — 3)log(1 — )
ot (0w, x,) = Cr [ P -0 (1—w); (i -0

+75U5 —100v? — 3690 + 1640v% — 2460v + 1080
60v(1—v)*(1—w)4

+v5(9 — 75w) + 20%(65w — 11) + v3(30w + 33) + 20v? (w — 12) + 390v — 180]

30vw (1 —v)?
B (v? — 14v 4 18) log(1 — v) ~ 16v* — 730% + 160v> — 287v + 108
202 (1 —v)2 (1 —w)4 1201 —v)* (1 —w)y
viw — 20% + v (w + 7) — 8v + 3) log(1 — v) 1+ 02
+< 2 1 ) 7log (15 xu)
v2w (1 —v) 2(1 — )
v4 (13w — 1) + v3(2 — 5lw) — 4v2(w — 6) — v(41lw + 37) + 18
+
6vw(l—ov)t

+N,

. (F.49)

Because of anti-symmetry G?(xg, z9) = 0. As a consequence the plus-distribution 1/(1—w) could
be replaced by just 1/(1 — w) in (F.49).

o 270° — 44v* — 3090° + 152002 — 20400 + 840
g V. w =
HP.0, G F 600 (1 —0)* (1 —w),
(v? = 13v + 14) log(1 — v)
ZA -2 (- w)y
2 _ 130 + 14) log(1 — 1_ 3043 2 _
N | - (v —13v+14) log(1 —v) 60" — 39v% + 15002 — 2090 + 84 (F.50)
202 (1 —v)2 (1 —w)4 1201 —v)4 (1 —w)4
&Ii%?aqf’é: (v,w) = &glgp_,)aqfal)zc(% w)
_ log(1 —v) 205 — 5ot — 1803 + 11502 — 150v + 60
TP —0) (- w)y 60v(1—uv)t(1—w)y
log(1 — 4 — 40% 4+ 2102 - 2
WL - og(l —v) v v3 + 21w 8v + 12 (F.51)
202(1—v) (1 —w)4 240 (1—v)* (1 —w)y
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(v? — 6v +6) log(1 —v)
E =0 (1-w);
9v5 — Tv? — 18903 + 71502 — 900v + 360  (2v — 3) log(1 — )

1
Ot ona(v;wixu) = Cr

60v (1 —v)*(1—w)t + 2w (1 —v)?
v5(9 — 30w) + v* (45w — 22) + v3 (10w + 33) + 5v?(w — 48) + 390v — 180
Jr
60vw (1 —v)*
N (v? — 6v + 6) log(1 —v) B 3v* — 4403 + 14502 — 1900 + 72
¢ 202 (1—0)2 (1 —w)y 240 (1 —v)4 (1 —w)y
(201w — 203 + 022w 4+ 7) — 8v + 3) log(1 — v) 1402 w
+ 2 1 7 log (45 xu)
202w (1 —v) 2(1—w)
v (9w — 2) + v3(4 — T0w) + v*(w + 48) — 2v(34w + 37) + 36 (F.52)
24vw (1 —wv)? ' '

F.1.2 Channel qq — ¢:
Integral Contribution

The qq — q channel integral contribution in Eq. 6.10 features partonic cross sections that have the
following explicit form

~qq—q, _ b w 2
Oaa’ 0 w,0) = S e gyt P O (G0 - 1)

4( (
+v? (¢(2¢ — 1) + (8¢% — 4¢ — 2) w? + 2(3 — 4¢)Cw) — 2v (¢* — 3¢w + w))
(v

+sgn(w — ¢) (v*(w — ¢)* (¢(2¢ — 1) + 2w® — 2¢w)

+¢v (¢*(2¢ — 1) + (6¢ — H)w? +2(3 — 4¢)Cw) +2¢ (2¢* =3¢+ 1) w

+20% (=¢* + (C+ Dw® — (C+4)Cw® + (3¢ + ) w))] (F.53)
afr‘ft_;qs(v w,() = S e [o(w = ¢)* (¢ + v* (¢ + (4¢ — 2)w® — 2¢w)

Ne4(1=¢)¢(1 —v)*
+u ((8¢* = 6¢ — 2) w— 2¢%)) + sgn(w — ¢) (v (w — ¢)* (¢ + 2w* — 2(w)
02 (C4+((—1)w3+ﬁ2w2+( 3C3) w)
2(¢ -

+Cv (¢ + (5 — 4Q)w? +2¢(2¢ — 3)w) + ¢w)] | (F.54)
2 _ _ 2 _ _ 2 _ _
offfqu(v,w,C) = NicélC(zl)%v)‘l <2< SC 2 (1 1w_<C) Sgn(l = C)
v? (2¢2 =3¢C+2(4C2 —6C+ D) w? =242 =5¢C+ 1) w+1) +2(¢C - v(w—¢) +1
1-¢
+ L-v 5 (20041 - 20)(1 - w - )

[1—20(1 —w— ¢+ 2¢w) +v2(1 —w —()?]2
0% (1= Q) (263 =3¢ — 2) + (5 — 6Q)w® + (~6¢% +17¢ — 12) w?
+(2¢° + ¢ = 12¢+9) w) +v* (3¢ (2¢ = 5¢ + 3) + (3 — 4¢%) w?

— (4¢* —22¢* + 12¢ + 3) w) — v (—6¢% + 9¢ + 127w — 12¢w +w — 2) — 1)) . (F.55)
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1 vw <—<—2v2(1—<—w)2sgn(1—w—<)

Ofa’ (0,w,0)

N 4¢(1—v)? 1-¢
v (=C+ (2-4Quw? —21 - Qw+1) +2(1 — Qov((4¢ — Hw - ) + 1
+ ¢
+ Lov — (01— w— ¢)*(1 — 2w — 20)

[1—2v(1 —w—(+2¢w)+v32(1 —w—()?|2
+03 [(1 = ¢)*(5¢ — 2) + (5 — 16¢)w? + (—32¢* + 45¢ — 12) w?
+ (—16¢* +45¢% — 38¢ + 9) w] + v [-3(1 — )¢ + (32¢% — 22¢ + 3) w?
+ (—22¢2 +22¢ = 3) w] —v(( + 20w +w —2) — 1)) . (F.56)

Soft-Fermion Pole Contribution

Next, in Eq. (6.12) for the soft-fermion pole contribution to the gg — ¢ channel one has the
partonic cross sections

R —1 | 203w (2w? = 2w+ 1) + V% (—6w? + 2w — 1) + dvw — 1
Ug%;,qf;l(van(m) = ( ) ( 1 ) log xm
2N, (1-w)
vw(1l+ (1 — 4w)) 202 w? vw(1l+ v — 2vw)
EE log(l—v)—&—mlog(l—vw)— TEOE log(l —v+vw)
702 —8v+5 202(3v + Nw? | 4v’w?
n v 144 +v(v vlr )w_ v(v+4)w n ”w4 log(1 — w)
1-v)2w (1-v)2 (1-w) (1—-wv) (1—-w)
20%(5 — 2w)w? 4+ v? (—2w? + 6w — 1) + 20w — 1 Sv3w3 (70 —8v+4)w
+ logw — + 1
(1—wv) (1-v) (1—-v)
3402 — 20(3v — 1)w? 1
v+ vt —Tv+3 v(3v — Dw , (F.57)
(1—wv)* (1—wv)* 1-v)(1—v+ow)
B TORTIVIL —1 | 20%w (2w? — 2w + 1) + v? (—6w? + 2w — 1) + dvw — 1 log v
SFR,G 1% ™ Am 2N, (1—wv)* "
v(l4+v)w 20%w? vw(l 4+ v — 2vw)
vlaruw o) = 22 og(1 — vw) — log(1 —
+ (1) log(1 —v) =0 og(l —vw) =0 og(l—v+ovw)
N v _41)2—U—|—1+v(7v—|—3)w_ 6v2w? log(1 — w)
1—02w  (1L—_0)3 1—0)?® (1_v3) ®
—6v3w? + v? (6w? — 2w — 1) + 2vw — 1 8v?w? P+ —bv+1
log w + —
(1—wv)* (1—wv) (1—wv)
v(6v + 5)w 1
— F.58
I-0)f TO=o(l-vtvw) (F.58)

Hard-Pole Contribution

The gq — ¢ channel is concluded by the hard pole contribution in Eq. (6.13), where one has the
following partonic cross sections

~q9—rq,1 - 1 (1 L+ 1 2log(1
Gip (0w X)) = g |01 —w) (1_0)4(0gxu+ og(1—v))
2(1 +v?) v? (8w? — Tw + 1) — 9w + v(Tw — 3) — 8w + 2
(1 —v)t (1 —w)y (1—v)?
1+ 02 2v(1+v)w 1 — 4v3w? + v2(1 — dw)
- = eSS 1
=0 (log x, + 2 log(l —v)) + =9 ogv + Ao ogw
? (4w® — 6w? + 4w — 1) +0* (8w? — Jw + 2 2w—1) —
LY (4w w? + 4w )—1—(;} (;zi w+2) +v(2w — 1) wlog(lfw)  F50)
—v)tw
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. 1 1 [ (1+2?)(1-2w)
SIS (v, w, X)) = A o) (log x, + 2 log(1 — v))
v3 (—4w? + 5w — 1) + v?3(Tw — 2) + v(3 — 5w) + 8w — 4
Jr
(1—wv)
v? (—2w3+4w2—3w+1) + 02 (—6w2+7w—2) —vw+v—2w? +w
+ log(1 — w)
(1—v)*w
203w? + v? (4w — 1) + 2w — 1
1 F.60
+ 1—0) ogw| (F.60)
~qq9—q,5 1 1 +Uz
UHP,G ('U,'LU, X/L) = 727]\[0 — 5(1 — U)) m (IOgX“ + 210g(1 — U))
2(1 +v?) +v3+v2(w—|—4)—|—v(8w—l)+4
Aoy (- w); 1—op
1+0? 20 (14+v)w 1+ 4v3w? + v2(1 + 4w)
——Q ! 2 log(1 — —1 1
(1—v)4(°gX“+ og(l —v)) + =) 0gv + A=) ogw
03 (—4w?® + 6w? —dw +1) +0v*(Bw —2) — vw + v —w
log(1 — F.61
¥ SRt os(1—w)| (F.61)
44— 1| 1402
U%q;gG (v,w,xu) = N, [T =0t (log xu + 2 log(1 —v))
—v? +02(w—2) —dvw+v—2 203w +0*2w+1)+1
+ — log w
(1—wv) (1—-v)*
v? (2w® —4w? + 3w —1) — v} (w —2) +v(w — 1)+ w
log(1 — F.62
¥ e os1-w)| . (F2)

F.1.3 Channel gqq — ¢
Integral Contribution

For the q¢ — ¢’ channel integral contribution in Eq. (6.15) one has the following partonic cross
sections

&qq—ﬂz',l(v w, () = vw (2C—1)(1—v)2(1+v(w—C))

Int,1 T 4(1=v)*\ /1 —2Cv+2(2¢ — Dow + v2(w — ()2
+%sgn(w —0) (C2¢ = 1) + 0% (C(4C — 1) + dw? — 6¢w) + 2Cu(w - C))
+2?“ (2@ — 1)¢v*w (6¢ + 2(6¢ — L)w? + (2 — 16¢)w — 1)

+v (¢ + (8¢2 —4¢ —2) w? + ¢ (—4¢ — 2¢ + 3) w)

+C(C+(4C2—6C+3)w—1))>,

~qq—q’,1

!’
. 1
O—gl’(l]tTQQ i (’U’ 'I,U, ) = _O—Int,l (’U) w? 1 - C) 9
~ ! ~ 4 “ /1
29701 (4 qp, = Ufr(ftjq Y, w, ¢) + ofr(f;;q (v, w, ). (F.63)
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. _vw (1—v)*(+ov(w-0))
Ot (0w, () = 4(1—v)t ( V1 =2Cv+2(2¢ — )vw + v2(w — ()2

—%sgn(w =) (¢ + % (2¢% + ¢+ 4w® — 6Cw) + 2¢v(w — ()

2v

¢
+C(=C + (6¢ = 5)uw + 1))) :

( —2(1 = O)¢v®w (2w? — 2w + 1) + v (¢ + (4¢ — 2)w* + 3(1 — 2¢)¢w)

! !
Ui]gtzq So,w, () = Jraggtjq So,w,1 (),
’ ’ ’
oaa S, w,¢) = &fgaq 5w, w, ) + &fgg;q S (v, w,¢). (F.64)

Soft-Fermion Pole Contribution

The formula for the g — ¢’ channel soft-fermion pole contribution of Eq. 6.17 features the following
partonic cross sections

2 2 2
G (0w, Xm) = O i Gl + 207 (0* +2) w
SFP.F 2|\ (1-v)4 (1—v)* (1—v)

_ 202w 1 _ 1 o w (4Uw2 +v - 4w) oe(l — v
-0t T 0-02 (-0 —vw)> o8 Xom T T T o) BT
- ili)(;zrlv_wv)w) log(1 —vw) — ﬁ log(1 — v+ vw)
( 4otwt 3 4otw? . 2 (v? - 3v + 3) v?w? N (1—3v)vw . 1
1-v)* (A-v)* (1—-v)* (1-v)® = (1-v)?
1 dvtw? tw? 2 (vE 4 3v+ 1) v?w?
Ta-era fvw)) log(1 —w) + (‘(1 BT G T 1= o)
L vw 1 1 oot — 12vtw* 1203 (v + 2)w?
o~ oo TP 5
202 (202 + 8v + 1) w? 202w
B = ) +(1v)4] : (F.65)
ag—d’, 1 ot 4o+ Dw? 207 (0¥ + 2) w?
O5kp G (v xm) = 2 [((1—0)4 (1w " (1—v)4
202w 1 VW
T R T PR R T —Uw)> log Xm + T2 1 —p ) 281~V
B vw(l+vw) ool — vaw) — vw oo(l — v+ vw
=02 (1 —vw) 8 7 v0) — g sl —vrvw)
4otw? B 4otw? n 2(v? = 3v+3)v*w? (1 - 3v)vw n 1
1-v)* (A-v)* (1—-v)* (I1-v)?  (1-v)?
B 1 ol w At dtw® 2 (0® = 3u +3) v’
<1—v>2<1—vw>>1g(1 ”( ot T oy = op
ow 1 N 1 > log 1 — 4ot N 4ot
1-02 [1-02 1021w/ BY T—0vf  QA-v)S
202 w? 20w
SRl e

F.1.4 Channel g9 — g:
Integral Contribution

For the gqg — ¢ channel the collection of partonic cross sections is again started with the integral
contribution, cf. Eq. (6.19). Once more the splitting by color factors Cr and N, is performed,
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familiar from the qg — ¢ channel

Ui]r?:g 1(“ w,() = Cr Jgft%]pl (v,w,() + N U?xftﬁz\? 1(” w, (), (F.67)
with
Ol (v:w,C) = 2(%7})4 (=1 =20 —v%) = 2(1 = ()¢vw (6w” — 8w + 3)
—2(4(2—6(—1—%)112102—!—4(@“2—3C+1)02w+2(c2+C—2)vw+2v
(1+¢0 —v)*(1 +v(w = ())
\/1 —2Cv+2(2¢ — Dvw +v%(w — ()2
+sgn(w — ¢) <1 + v? <1 + 2(w<_C)2)>> , (F.68)
G199 (v, w,¢) = ﬁ (~@+0) = (¢+ (4 - 2) w? + 201 - 20)w)
—2(1 — 2¢)vw — sgn(w — ¢) (1 + 0% 402 (2C + 2% - 4w))
- (=) - 21— ¢ vt — O¥(—C + 20— 1)
[1—2¢v+2(2¢ — Dow + v2(w — ¢)?]2
+0? (¢ (¢* —2¢ = 3) + (11¢ — Nw® + (—19¢* + 4¢ + 3) w® + *(7¢ + 5)w)
+(¢ = 1) (=3¢(¢+ 1) + (14¢ = 5)w? + (2¢* = 2¢ + 1) w)
+v (3¢ +2¢+ (-6 +(+1)w—1)]), (F.69)
and
ai]g:g‘r’(v w,() = Cp Jﬁi%?j(u w, () + N, Uﬂfﬁ\?s(v w, (), (F.70)
with
Offt?’FS(v,w7 ) = ﬁ (Q(l — 20 —v?) +2(1 = O)¢viw (6w2 — 8w + 3)

+2 (4@2 —6C+ %) v2w? —4(¢2 =3¢+ 1) v w—2(1 - ()2 — Qvw+2v
(1-90 =v)*(1+v(w—-7))
V1 =2¢v +2(2¢ — Dvw + v2(w — ¢)2

tsgn(w — ¢) (1 ot o2 (2g 12 4u)))> , (F.71)

A w0 = g ((@- e (o (40— 2) w20 - 20w)
+2(1 — 2¢)vw — sgn(w — ¢) <1+v —v? ( C—I—Z“’ ))
1—w

n ( ) [

[1—2¢Cv+2(2¢ — Dvw + v2(w — ¢)?]2

v (¢ (P —4¢ +3) + (11¢ = 5)w® + (—19¢* 4+ 10¢ — 3) w* + ¢*(7¢ — L)w)
+0* (=3(¢ = 1)C+ (14¢> = 15¢ + 7) w® + (2¢* = 8¢* = ( + 1) w)
+v (3¢2 —4¢ + (—6¢* +13¢ = 5) w+1)]) . (F.72)

— (vt (w =03 (—C+2w+1)

Soft-Gluon Pole Contribution

Next are the partonic cross sections for the gg — g channel soft-gluon pole appearing in Eq. (6.21).
Again, separation by color factors is applied

A 1
Ug%;gF (v, w, Xps Xm) = Cr Jg%;gF o (Vs w, Xp) + Ne Ug%;,gF,NC(”’ W, Xm) , (F.73)
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with

. . 1
68 e 0w xn) = AT R0 (0, x) 6(1 = w)

1

)1 1

+A;?SZ;%,F,CF (U) (1 w)+ + Aggsié% F.Cr (’U w) IOg(X#)
)1 1

+AZ?SE’%7F7C'F (U’ log(l - ’LU) + Ag;qs?}gP,F,CF (Uv w) log(l - U)

w)
+A929L (v,w) log(l —v+vw) + A979:1 (v, w) log(w)
6,SGP,F,Cr\Us g 7,8GP,F,Cp\Us g
w).

+AYH r o (v, (F.74)
The eight coefficients are
2 3 2 4 3 2
49—a.l o (1+0?) 20% + 502 + 1 vt — 8v3 + 902 — 6v
ATSGP pop (U X0) = Wl‘)gxzt"'mlo%(l—”) - 11 —0) )
41991 3w (1 +v2)
ZSGPFC'F() - 2(171})4 )
2 2,2
Aggsz%ch (w) = — 6vtw? N Svtw? B (3v? = 2v + 3) V2w 2
g (1=ov)t  (1-v)t (1—-v)t (1—-v)?
(2 — 4w)
(1—v)(1—v+vw)?’
A929L () = 6viwt 03 (8v — 1)w? B v? (302 — 20 + 3) w? v+ Dw
4sap,Fcp\VW) = 1—v) (1—0)t (1—wv)4 2(1 —v)?
. 2 v(2 — 4w) —
1-v)2 (1-v)Q1—-v4+ovw)?’
: 2 2,2
ATLEL (o) = - 120tw? N 16v'w® 2 (3v* =20 +3)v*w L2
g (1I=v)t  (1—-v)t (1—v)? (1-v)?
v(2 — 4w) —
1-v) I -v+ow)?’
a1 4v2w?
AggSG%’ F.Cr (lU? w) = (1 — U)2 (1 v+ ’U’UJ)2 )
4,.,4 3 -1 3 2 3 2 _ 2 3 2 92
Aggsz;%lzrc (v,w) = 6viw®  0°(8v—Dw® v (3v v+3)w 3
F (1—v)* (1—v)* (1—v)* (1—-w)?
n v(dw —2) +2
1-v)(1—v+ovw)?’
2
Aggs_c;)gﬁch (v,w) = 3vtw? 3 203(8 + v)w?  v? (11v — 2) w? N v (v —dv+1)w
r (1—v)* (1—wv)* (1—wv)4 2(1 —w)?
303 — 2602 + 31v — 14 11-3 4
et v - . (F.75)
21 —v)4 1-v)(1-v+vw) (1—-v+vw)?
The N_.-part reads
Ag?};gFlN (v, w, xm) = A({gs_G)%lFN (v, Xm) 6(1 — w)

1
“‘qus_é% [ A )ﬁ + A:qzqs_é% ro, (Vs w) log(xm)
+A?s€% F,N, (v, w) log(1 —w) + qusé% F,N, (v, w) log(1 —v)
+Aggsz%1F ~, (v, w) log(1 —vw) + Aggsz% r.n, (U, w) log(w)
w)

+Aggs?}% I ACKOR (F.76)
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with the eight coefficients

3202420 1—2v (1 + v)v?
A998 ) = T T e () + o og(1 — v) — Y
1,SGP7F,NC(/U7X ) 2(1_1})4 Og(X )+ 2(1—’1])4 Og( U) 4(1_1])4 ’
1 v(3—0)
A%?S_C)}%,F,NC (U) = 4 (1 o 1))3 ’
203w (v + 1)w? 1 3—w
A2979:1 - _ _
3.5GP,EN. (V10) G0t " (ot TU=0f (1=0P0—vw)
n 3—2v 1
1—-vP1-—vw)?2 (A-v)2(1—-vw)d’
3vdw? v v+ Dw? ol +v)w 3—w
A9979:1 - _
15687, (V) SI—0)f T (-0 T I0-0F (1-oP(-vw)
n 3—2v 1 n 1
1-vpP31—-vw)?2 (A-0v20-vw)? (1-—0v)3’
3 2
1 v (1 —w)w
Ag?S_C,;gP,RNc (v,w) = - (1—vB31—vw)?’
203 (1 — w)w?
99—9,1 —
Assap,rn, (VW) = (1-v)3(1—vw)3’
3vdw3 v2 (1 + v)w? 3—w
A2979:1 — _
756,k () ) 2(1—wv)4 (1—v)* (1-2v)3(1—vw)
3—2v n 1 1
(1—0v)pB3(1—vw)2 (1—-v)2(1—vw)® (1-—v)3’
A8 () = 3w (1420w v (140w N 8v? — 320 + 25
ssaran (W) = ST T At ATt T 20 (- vw)
7v3+402729v+26+ 2
4(1 — v)4 l1-v)(1-v+ovw)
21 —13v 1 3

21— (1—vw)? 2(I1—vtovw)? + =02 (1=vw) L(F.T7)

The SGP contribution associated to the axial-vector gqgq function G has the rather simple form

v(2CF — N,) (1}2 <2w2 — 4w + 1) — 1)

5 w) = 20 =0 log(1 — w)
w (Cp(l —v)+ N (1 —v+0?)) v3w?(2Cr — N,)
_ 1 ) —
T og(1 —v) — = log(w)
N.v2w VW (v3 (6w2 — 8w + 3) — 4 v — 2)

+7(1_v)310g(17v+vw)+C’p 20— 0)

vw (v(1—2w) + 3v — 2)

N,
+ 2(1— )

(F.78)

Soft-Fermion Pole Contribution

Separated by color factors, the partonic cross sections of the qg — g channel soft-fermion pole
contribution in Eq. (6.22) reads explicitly

~ ’1 ~ ’1 R ’1
G&tp % (0w, Xm) = Cr 68ip %0, (Vw0 Xm) + Ne 6858 %, (0,0, Xom) (F.79)
with
A )1 1
68tp Fon (0w Xm) = AVEE p o, (v, w) log(xm)

+ALGE o (0,w) log(1 — w) + AYGE T o (v,w) log(1 =)
,1 1
+AZ?S?%,F,CF (v,w) log(1 —v+vw) + A%?S?%,F,CF (v, w) log(1 —vw)

)1 1
+Ag?S?%,F,CF (v, w) log(w) + Ag?s?*g),F,CF (v,w), (F.80)
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and the seven coefficients

v2w? (v2 2uw? — 2w + 1) — 2vw + 1)

—g,1 _

A[{?SF%,F,C’F (v,w) = (IT—v)(1—vuw) )
2,11 (92
AL () = V2w (Vw(2w — 1) 4+ v(2 — 4w) + w) ,
2,SFP,F,.Cr (1 _ ’1))4 (1 7 vw)
3 2 ()2 2

AZQS?%IFC (ww) = _w(?vw(?w—1)+v (w? —4w+1) —v (w —|—w—1)—|—w)’

SFP,F,Cr 1-v)p3(1—-vw)

1 vw (14 v(l —2w))
AZ?S_)F%,FZCF (’U,’U}) = (1 7 U)3 )
2

P s vw (Vw(2w —1) —v(w+ 1) + 1) 7

S EE (1-v)P(1l-vw)

2,2 ()2
ATTL () - v2w? (vV3(6w — 1) — dv(w + 1) + 3) ’
6,SFP,F,Cr (1I—v)*(l—vuw)
3 2 2

ADEL () = Bviw! | 20°(2u 45w v (30 +200% —3v -2 w

SEEHCE (1—v)* (1—v)* 2(1 —w)*

1 1
S L - + (F.81)

(1-v)3 (I-v)(l—-v+vw) (1-0v)?’
The N, part reads

A ,1 g—g,1
6&ie pn. (Vw xm) = AYqE gy (v,w) 1og(xXm)

FAYGE v (v, w) log(1 — w) + AYGE v (v,w) log(1 —v)
FAYGEE Y v (0,w) log(1 — v+ vw) + ALGE L\ (v, w) log(1 - vw)

)1 1
+AF D b v (v, w) log(w) + AFed 1y (v, w) (F.82)
also with seven coefficients

v2w? (v3w (2w2 — 2w + 1) + 02 (76w2 + 4w — 2) + Svw — 2)

A (00) = . ,
41959,1 (0.w) = v2w (v3w2(2w —1) - 20%w (w2 + 2w — 1) + v (3w2 + 4w — 2) - Qw)
2,SFP,F,N, \Vs 21— o) (I —vw)? ;
A9 () = - (30 —v+Dw® v(l+v)w 3—w
P Ne AT (1—w)3 (1-v)2  2(1-0v)3(1—-vw)
1 1
+2(1 —v)2 (1 —vw)? * (1—-v)3’
A ) = PR
ABDTL () = vw (Vdw? (4w — 1) + v3(2 — Jw)w + 2vw + v + 1)
5,SFP,F,N. Vs 21— 0P (1—vw)? .
ATTL ) - v?w? (Vdw(bw — 1) — 2v% (w? + 6w — 1) + v(5w + 4) — 2)
6,SFP,F,N.\V> 21— o) (1 —vw)? .
3w v (Tv? + Tv — 4) w? 20w 4—w
AN (00) = gt ( 21— )t 1 =P T2(1—0p
7 —4v 1 1

2(1—vP(1-vw) +2(1—v)(1—v+vw) + (1—v)2(1—vw)2'(F'83)

Analogously, the partonic cross sections for the axial-vector part accompanying the function G
can be written as

GEBE (W, w, Xm) = Cp 680 %00, (0,0, Xm) + Ne 680 %y (0,0, Xm) - (F.84)
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. ~ . . . ~ 1
Here, the axial-vector part ag%;gd is quite similar to the vector part ag%;%;

2(1—1}—2v)w

O8ke & (0,0 m) = G8E e (v 0 Xm) + = log(1 =)
402 w? 402 (1 — 3v)w?
U og(1 — ww) — L O
+(1—1;)3 og( vw) 1= o) og(w)
Zw? (v? (6w? — 8w+ 3) — 16v(w —1) — 1
+v w? (v? (6w w + 3) v(w—1) )7 (F.85)
(1—wv)?
and
R R 2 (1—v+20%)w?
AT o) = g o) + 22 gy
42w 2(1 — 3v)v? vw? (v (6w — 5) — 4v + 3)
L AU (1 — —1 (F.86
s loa(1 = vw) + 2 o) + = (F.56)

F.1.5 Channel gg — ¢:

Lastly, the explicit results for hadron production are concluded with the two partonic cross sections
of Eq. (6.23), which constitutes the result for the gg — ¢ channel

. 1
O (0.0 X ) = AT (000m )DL =) AFL )
+A5%27 (v, w) log(xm) + Af%;" (v, w) log(1 — w)
+A (v, w) log(xu) + A%, " (v, w) log(1 — vw)
gg;q( w)log(l —v) + Agf;q(v, w) log(w) + Agf’;q(v, w), (F.87)
where one has the following nine coefficients
20—1v+1 1+ 02 v?— (1 —v)?
AZT29(0, Xom = T (k) + e log(Xp) +
1l,xx (va DXH) (1 _ 'U)4 Og(X ) + (1 _ U)4 Og(X} ) + (1 _ U)
Bv—2)v+2
W2V T 20601 —
(1 —wv)* og(l —v),
2 — 20 + 3v?
Aggz_';q(v) = (1 _ ’U)4 )
PP 11 Co Tt Rt S T Ve B O T2
zz A B (1—wv)* (1-v)31—vw)3 ’
904 2B+ ) w?+3v —dv+5  4(2 —v)v*w? + (3 —v)(1 — 3vw)
A4 Tx (va) = )4 - —\3 — 3 )
(1—-v) (1-2v)3(1—-vw)
2 2
Agg;zq(v’w) _ (1 tv ) (1 — 2w ) 7
(1—wv)*
AT, w) = 20%w?((v — 3)vw + v + 1) ’
(1-v)3(1—-vw)?
2 2
A0 ) v (—6vw? + v + 41 —1-2w? 4(2 — v)v?w? + (3 — v)(1 — 3vw) 7
(1-v) (1-v)3(1—-vw)?
2w+ Dw? +v -3 42 —v)v*w? + (3 —v)(1 — 3vw)
Aggx::q(v7w) = — .\3 + — oN\3(1 _ 3 )
(1-v) (1-v)3(1—vw)
8v2w — 2(v + 1) (4v — Dw? + (19 — Tv)v — 20
Aggﬁq(vaw) = (1—v)t
1202 — 450 + 34 15v — 23 6
F.88
Ao —vw) T A0 —vw)? T G=vRi—vap &8
and
N 1
G980 70, W, Xy X)) = 1gm5>q(v7Xm»XM) (1- )+Agg£q( )m
+A§%0 (v, w) log(xm) + Af%0 " (v, w) log(1 — w)
+A3%0" (v, w) log(x) + Al%e " (v, w) log(1 — vw)
+A%%0 (v, w) log(1 — ) + A% 5" (v, w) log(w) + Agg? (v, w)  (F.89)
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again with nine coefficients

v — v ’U2 — v 2
A"{?m?q(v, Xm» Xu) = 2((1_1)1})4“ log(Xm) - &jiv)‘l IOg(Xﬂ) + 8 U;4
(2(_131}):)4_2 log(1 —v),
- v — 302
aggi - R
A99—4 0P (4w —2) +4v—4 42— v)oPw? + (3 v)(1 — 3vw)
Sa0” (W) = (1— o)t (1—0)3(1 —vw)? ’
991 v(v(6w? —3) +4) + 2w -5 42— v)vPw? + (3 —v)(1 - 3vw)
& vw) = =0 1= oP(l—ow)? ’
14 2) (1 —2w?
AL (v, w) = 0 (1)_( oy ) :

20%w? (—4v?w? (3 — vw) + v(v + 9w + v — 3)
B (1—0)3(1—vw)? ’
((Bv—2)v2 +2) w? —v? —4dv+1 A2 = v)v*w? + (3 = v)(1 - 3vw)

AF (v, w)

4994 _

70 (U, W) (1— ) (1-0v)31—-vw)3 7
AL (g, ) = _2(4U2 +o+1)w?+v—3 A2 = v)vPw® + (3 — v)(1 — 3vw)

8,20 A (1—-v)3 (1—-2v)3(1 —vw)3 ’

99—q 2 (7Tv? +v —4) w? + 8v? + 8(1 — 2v)vw — 23v + 25
A9,w0 (v,w) = — o \4

(1-v)
120% — 49v + 38 15v — 23 6

(I-v)1—-vw) (1-v)3(1-vw)?

(1—v)2(1 —vw)3’ (F-90)

F.2 Jet Production

In this part of the appendix the partonic cross sections for the jet-specific contribution of Eq. (6.25)
are collected. Their explicit forms depend on the choice of jet algorithm, see Ref. [129], and here
they are given for the kr-type algorithms. Because of the delta function §(1 — z) one has a fixed
value for the kinematical variable v, namely v = v; = 1 + f As before, the color factors are
factored out explicitly (in this case there is only a C'p-contribution)

~qg—jet(g)

53 e (w, Ry ) = Cp 635 (w, R pr) + O 68857500 (w, Ry ) (F.91)
where the first part corresponds to former quark fragmentation and reads
j j ~ log(1 — w)
~ et et et
e, Rop) = ATGESE p(Ro) 81— w) + AT - (1w
+
—jet(q) 1
+A(21?SGJP,jgt,F(Ra i) m
FALLND prog (R22(1— w)? 2 ) + AP o (F92)
with
3 2 2
—jet(q) AP 4+ 907 + 120 + 1 — 4(1 + v°) log(v) 9 tu
Agf]SGjlg,j(CIt,F(R’ lu) - 2(1 _ ’U)3 log (R St}l«z)
L+o? o, (1+v)? 1+0? 15 5 o
—2m log (U) +4(1 _ v)3 lOg(U) + (1 _ ’[})3 (? — g'ﬂ' ) s
2
jet(q) _ 1+w
A({?SEJP,_]'Z@F _4m )
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qg—jet(q) (0 +0)? = (1 + %) log(v) o 1+ v? ( 2 tu )
AZ,SGP,jet,F(R7 IU’) = 4 (1 _ 1})3 2(1 _ 1})3 IOg R sp2 )
e 6uviw? 40320 —3)wd  v? (30 - 8u +9) w? Lo Lt v?
3,8GP, jet, I (1—w)3 (1—w)3 (1—w)3 (1—w)3"~
409=5e(@) _ 10v*w? 4113(311 — 4)w? B v? (5v% — 8v + 19) w?
4,SGP, jet,F (1 - U)3 (1 7 U)3 (1 7 ’U)3
4o (v + 20+ 3 1 3
Ao (VP 20+ )w74( +v) . (F.93)
FEE (1—0)?

The analogous result for former gluon fragmentation is given as

~ jet jet jet ]-
Ugf;?fjeg,g}(wv Ropu) = AS?SEJP,SZE,F(R, ©)o(1 —w) + AZ?SEJP,SZE,F 0=w),

AL L log (R2 v*(1 — w)? jgz) + AW L (F.04)

with
; v (1+02 u
Ag?s_c?gfggg,p(R, p) = ((1_11)3) (log (RQJ?) + 2log(v) + 1) )
A997iet(9) 2 (1+2?)
1,SGP, jet,FF — (1 o 1))3 ’
qagiets) 6vtwt  Svtw? N (3v% — 20 + 3) v2w? N 4
2,SGP, jet,F (1 —’U)3 (1 _,U)S (1 —1})3 1—v4+vw
2(1 — v) 2
(1—-v+ovw)2 1-v’
- 100! 40330 —2w®  v? (5v? —10v+9)w? 20 (v —dv+1)w
A9-et(g) _ _ _
3,SGP, jet,F (1 _ U)3 (1 _ v)3 (1 _ U)3 (1 _ v)3
2 (v3 — 60% + 50 — 2 4(1 —
206t 5u—2)  41-v) (F.95)
(1—wv)3 l—v+ovw
There is also a derivative term
~qg—je je e log(1 — w)
L) (w, Rou) = O <A8?SEJPTSZE’F,(R, 61— w) + AL (1 -
+
jet 1
+ALdet) ason w)+> : (F.96)
with
e 1402 u
AN Ry = oo {2 log?(v) + (3 + 2 log(v)) log (32 %) -5 %ﬂ :
A99—iet(a) _ 4 (1+v%)
1,SGP, jet,F’ (1 — ’U)3 3
‘ 2(1+0?) 1(1+0?)
qg—jet(q) _ 2 tu
AYSGP, jet, = _Wl (R suz) BT log(v) . (F.97)

F.3 Single-Inclusive Photon Production

In this appendix the explicit analytical expressions for the partonic cross sections featured in the
results for single-inclusive photon production are listed. Note that only the formulas for the Inter-
ference channel are shown, since the Compton channel can be obtained from hadron production,
as elaborated on in the main text. In this channel one only has direct photon production and as
a consequence v =v; = 1 + ﬁ throughout this section.
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NLO Virtual ¢y Contribution

Starting with the loop corrections, one finds the following results for the contribution by quark-
photon-quark correlations in 6.34

_ 2 1 2
&{»Q“/4<07w’_%> _ [3log<_u(1 v))_?)(v +v+ )_ﬂ'

2 prv v+ 1 6
SIRIER S R S
frlons) - B 0]
)

WA

() () T

w

NLO Virtual gyg Contribution

The other NLO virtual correction, generated by gluon-photon-gluon correlations in 6.35, reads

1,979 o u 8v _ 4
o1 (v,w, uz) {4log( ) 02+1} 01l —w) + 0—w),

1 —0)(1 —w) 8v
+4log Zow )_1)2+1
R 2(v+1)2 4 2(v+1)32
I,9vg _u _ _ 1_ _
o (v,w, 'uz) [4log( ) 21 }6( w) + 0w, T
51009 (0,0, - ) = ( )+ 1) _ _ul - v —w)
g (v,w, u2> = 1 (14+6(1 —w)) + 4log Zow . (F.99)

Integral Contribution

Moving on with NLO real corrections and starting with the integral contribution given by Eq. 6.36
one finds

~1,Int

2 j—
Sen (< B (lfvwg(ll—?)‘&rw*) (¢ = v*w?
U+ (U7 w, C)

2— v (w — 1)?
2(v — D (v(w —1) + 1)2(¢ +v(w — ()2 (2¢% = 2¢ + v*( 1)
+2¢v(w—1)4+1) + sgn(w — ()¢

200 — 1)2(C + v(w — ()2 (C+ vt (w —¢)* = v (3¢ + ¢+ 2w” — 4w — 2w)
2((2 4 ¢ 2 w v (w —¢) +v(2¢ — 2¢w +w) — 1
v (C +¢ ) (2 C)) (v—l)\/v2(w—C)2—QCv+(4C—2)vw+1
o=+ o(w-D)((w-1)—1)+w—1)

(v =1)?(v(w = 1) + 1)

sLInt e, _ sgn(w — ()v*(w —¢) v2wlw — O — Cu (2 w? — 2w — w
o_ ( ’ ’C) (1}71)2((4*’[1(’([}7())2( ( C) C (C +C+ 2C )

sen (¢ — e iEs ) (€~ Devte?
() = D P s ¢ e
¢ (CoP(w — Q) +0(2¢ — 2w +w) — 1) vu?
+2(2¢ — Dv(w —¢) +2) + 2o —1)v/o%(w P 2T (= Jow il  w-1)

¢ a0, 12 (_ — Nw? 4+ 2w) + 03 5y
o TR T e ¢~ D (A 2w 4 2w) 0 (G 246 - 5)
(6= 80w + 4w —1) — v (C+ (C— 2w —2(C — 2w +1) +v(C — 2w +3) — 1) . (F.100)
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Soft-Gluon Pole Contribution

Next is the soft-gluon pole contribution given in 6.38. The partonic cross sections read

A 1,SG u SG u SG 1 SG
01[ P (U, w, —P) = A{,l P (’U, _P) (5(1 - ’LU) + A{72 P (’U) m + A‘ll73 P (v,w)
2
,SGP " (v?+1) u 1
Al,l <'U,*F> = 7mlog 7;(1 77.}) -+ % — ]. log(l 77.})

v(v?—2v+5 1
(4(1]_1)2) il
5(v?+1)
2(v—1)2
v?w? (v2 = 2v(w + 1) + 1)

(0= DF(u(w — 1) + 1)2
1+ v2w? (20w + (v — 1)?)

I,SGP
A1,2 (v) = -

,SG
A7SY (0, w)

log (1 —v)*(1 — w) + w)

+t1o ” log(v(w—1)+ 1)+ -1 =1) £ 1) log(w)
(v(v(P?*ww—-12+v(3(w—1)w—-1) +2w? - 3w+ 1) —w+1) — 1) oe(l — w
* W= 120w —1) +1)? log(1 —w)
(v?(w —1)% — 20w — 1) 5v2w? 4(v —1) v—9
I R Sl proway sl o o B sy g
(v? —4v+5) (v—1)° (v3 +20% — 17v 4+ 24) (v — 1)?

20 —2)4 (v —12w—1) —w)®  2(v—=2)*((v—1)*(w 1) —w)

(vt = 7v3 + 230 = 3Tv + 26) (v — 1) (=305 — 8v? + 12303 — 2940% + 206v + 8) w

200 —2)4 (v — 1)2(w — 1) — w)? 4(v—2)3(v —1)?
+71)6 — 68v° + 287v* — 68103 + 97102 — 791w + 285

2(v —2)4(v — 1)2 ; (F.101)
and
A1, B 4 U2(2w272w+1)+v(276w)+5
Ué SGP (v, w) ((1 —v)ww(w—1)+1) - (1—v)2w > log(1 — w)

_zlog(l_v)_F2v2w<v2+(v—4)vw—|—v—2)1g((lv)i}(lw)+1>

(1—-vPww-1)+1)
(V2 —4v+5)(1—v)? N v (=v®+ T =170 + 13) (1 —v)
2(2 — v)tw (— (V2 (w—1)) + 20w —1)+1)*  (2—v)*w (= (2 (w - 1)) +2v(w—1) +1)
20* — 14v% 4+ 3302 — 220 — 5 (20° — 3v* — 1603 + 31v? — 6v — 2) w
22— )41 —v)w (2—v)2(1—-v)3
508 — 250° 4 27v* + 3103 — 3602 — 38v + 24
a 2(2 —v)3(1 —v)3 ‘

(F.102)
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Soft-Fermion Pole Contribution

Finally, the results for the partonic cross sections of the soft-fermion pole contribution in 6.39 are
shown

F v+ 1) (w—1)2 u(l —w
61’8 P (v,w,—%) = —( —E"U )(1)2 ) log (— (llﬂ )) + 1 i ” log(1 — vw)
v? (—2w? + 2w — vw — vw(2 —vw
(v (-2 +(i g 1)12) +2 1) log(1 — v) + Mmg(v(w —1)+1)
v (20w? = 2vw + v — 2w + 1) 20(w —1) 9
( (v_1)2 N (vl)(v(w1)+1)2> log (v*(1 — w))
20%w? (vi(w — 1) + v(w — 1) + 2) (1—v)%(1—w) (w — 2)w
e () ¢ T e
B 2(v—1) —3vt +120% — 17v% 4 160 — 16
(v—2)2((v2—2v)w—0v2+2v—1) 2(v —2)%(v—1)?
i 1 +v(vz+v—8) (v2+6v—3)w2
vw—1)+1 (v—2)(v—1 B 2(v—1)
SIS ) = A g (L) ) B o)
w? o (v? —4v+5)v—1 —20% + 13v% — 34v 4+ 29
o log(l =) 20 —2)4 ((v—1)2(w— 1) — w)* 2(v—=2)*(v—-1)
(v3 — 6v2 + 150 — 12) (v — 1) (05 + Tvt — 450% + 5302 + 4v — 8) w?
(v —2)* (V2w — v — 20w + 2v — 1) 2(v—2)2(v—1)3
(—21}6 + 110° — 19v* + 120 — 1702 + 290 — 8) w . (F.103)

(v =2 1)?
F.4 ~SIDIS

This part of the appendix gives the explicit formulas for the partonic cross sections that appear
in the final result for the ySIDIS reaction in Eq. (6.42). The expressions are organized according
to their type of pole contribution, i.e. hard pole (HP) or soft-fermion pole (SFP), by the kind of
linear combination of the ggq functions (+), by the type of azimuthal spin correlation (¢’ or ¢7),
and by the production channel (Compton or Interference). In total there are 16 different hard
scattering coeflicients listed below. Recall that these results were already obtained in a different
form in Ref. [109]. In the following, the same dimensionless kinematic variables are used as in
Ref. [137], defined via the relations

P-l=13Q%, P-U= 1Q2 '

Z'P’YZ%Q257 l/ Q2ﬁa
PP, = 3Q%, Q° :( *6+5)Q2~ (F.104)
Note that these variables are also related to g, Zp as follows
1 1-— !
rp=———, iB:ﬂ. (F.105)
a—ao —vy a—«

Using these relations, v and g can be eliminated in favor of «, o/, 8, 8/, xg. In terms of these
variables the azimuthal spin correlations have the compact form

PU'S = %3 ao/ (1—B+B)sin(gps —¢'), P9 = %3\/% sin (¢s — ¢") . (F.106)

Moreover, there are several short-hand notations for the different denominators that will appear
in the formulas below

Di=1-8+p, Dy=1—-2zp(a—d), Dy=1-B+p8 —zg(a—ad). (F.107)
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Hard Pole Contributions

The HP contributions for F'+ G are given by the following partonic cross sections

- 16 (a2 + (0/)2) z%

~Co'
THP+ T aD, D2 ’
s 16 (a2 + (a')g) % (Dla’ﬁ’xg +a« (52 -8+ 1)6’) TR+ Dlﬁ’)
e afB' D1 D3 ’
o 16 (v — &) (042 + (a')Q) 3
THP+ = aD\ Dy D3 ’
, 16 (a2 + (0/)2) % (af — o' B)
s = - . (F.108)
HP,+ Oéﬂﬂ/Dg

The analogous results for F' — G have the slightly more lengthy partonic cross sections

16
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+20% (a%(8 - 1)8— 0B (28 +1) + (/) (8' +1)°) ) |
8 1 (a2
5D Dy 17 (D (80 ()7 + 2057
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—daa' B (28" + B+ B +a’ (366" + ' +26+1)zp + 1)
+4(a)* B (B +1) (28 — B+ o (B +1) 75 +2)
+0? (48— 1B + o (8) wp + (B(128 - 1) + o' Blap) ) +2D38')
16333
~ aD?D, (1 — Dy) D2
+20p (=0 (8= 1)%p — a (@) ((8)° + 288 + 8 + 8) s + () (8 + 1) ap
+a? (B (1-B)+ (28— )d/Bop+ (B 1) (B+ pdzp — 1)) + D} (¢/ —a)),
161‘3
afp'Dy (1 — Dy) D3
+ 5% (¢ + 20 (azp 3o'zp — 1) + 1)) + o’ (2d/zp (zp + 1) + 1))
+ (6’)2 (2 (=B +d'xp (=B +2d'2p — 3aBrp +2)+ 1) — af)
+o (B)° 20z (ap +1)+1) — a8 — 1)28 (202 (azp — 1) + 1)) . (F.109)

(D} +2D1d/ (B' + 1) zp

(2D1 (@) (B +1)zp

(B (=B (' +a)(zp (o' —a+4dad’rp) — D1 + D3 + 2)

Soft-Fermion Pole Contributions

The soft fermion pole contributions for the combination F + G feature the following partonic cross

sections

~C,¢'
OSFP,+

~I,¢
OSFP,+

~C,p7
OSFP,+

A 1,07
OSFP,+

16 (B (8 +2) + (8- 2)8 — 225 (8- Do’ +a (8 + 1)) + (a2 + (o)) a3, + 2)
04D1D2D3 ’
16 (8 (8'+2) + (8-2)8 - 225 (8- Do’ + a (8 + 1)) + (a2 + () ) % + 2)
B Oé,B/DlDQ ’

(B (B +2)+(B-2)B—225((B— 1) +a (8 +1))

16(a—a)zp
OéDlD%Dg

+ (024 (@)) 2% +2) |

16z5 (af’ — Ba’)
afBpB' D1D3

(a4 (@)) ot +2) . (F.110)

(B (8" +2)+(8-2) —2z5((B— 1) +a(f +1))
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And for the F' — G combination one finds

~C,¢’

16 (w5 (o (82 + (8 +1°) —a (8 +1)° + (8-2)8)) + D (82 + (9 +1)°) )

OsFP— T aD2Dy Dy
2 12 1 ( 22 / 2
e (ab1 (82 + () Z;;;z;zﬁ (82+@+1) )),
755 = aproppy (08 (97 + (8= 102) 25 — 200 (841 + (8- 2)8)
+(@) (82 + (8 + 1) wp + Do’ (82 + (8 + 1°) —aDy ((8)° + (8-1)?)) ,
g - (o887 +(B-1?) - '8 (8 + (5 + 1)) .

afB' D1 Do
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Appendix G

Model Ansatz for the qgq
Functions

This appendix provides details on the model input for the gggq functions F?(x,z’') and G4(z,z’)
for the quark flavors ¢ = w,d that are used to perform the numerical studies in Ch. 7. Starting
point is the soft-gluon pole matrix element F'(x,z). It can be related to the first TMD moment

of the Sivers function f#l)’q using (2.69), which in turn has been extracted in the literature from
global data fits, in particular from SIDIS. For more information on the status of the fits, the reader
is referred to the recent comprehensive review of TMDs [157]. This work makes use of an early
extraction of flJ'T(l)’q, given in [148], the reason being its simple numerical implementation. This
parametrization is sufficient for the purpose of the phenomenological study, namely exploring the
impact of NLO effects on the single-spin observable Agy, in (7.5). The analysis does not aim to
give cutting-edge predictions, for which one would use more recent, state-of-the-art extractions.
In Ref. [148], f‘T(l)’q is parameterized at a scale g = 1.55 GeV as follows:

M7 (k)

7 F(z, 2, 10) = fin (@, o) = —LNU(z) f1(x, o) @mv

(G.1)

with M the nucleon mass, the flavor-independent mass parameters M; = 0.583 GeV and (k2.) =
0.25GeV?, e = 2.7182. .. the Euler constant, and fi(x, po) the MSTW2008 quark PDF for flavor
g [59] evaluated at the scale pg. The flavor-dependent factor N?(x) has the form

agt+Bq

Ni(z) = N9z% (1 — x)f@q —(aq +Bq)
Qgq q

aq” Bg

with flavor-dependent parameters N7, o, 5, whose values can be found in Ref. [148] for the flavors
q = u,d,s. However, this work will only include ¢ = u, d and the distribution functions for strange
quarks s will be set to zero throughout. The SGP matrix element for negative x can be related
via charge conjugation (see the discussion below (C.4)) to the first TMD moment of the antiquark

Sivers function (g = @, d),

)

@ o) (G.2)

As can be seen from Eq. (2.64), the SGP input (G.1) is already sufficient to produce predictions
for the right-left asymmetry Agr; at LO. However, the NLO result necessitates input for F and G
on their full support. Both functions are essentially unknown in the ”off-diagonal” region = # x’
and have never been extracted from data (to the author’s knowledge). Therefore, one has to resort
to models for these correlation functions.

As a first step, ”polar coordinates” are introduced via z(r,¢) = 7 cos (gp—i— %), ' (r,p) =
7 sin (4,0 + %), with

ﬂ'Fq(—aj7 —CC,,LL()) =

r = x? + (2')2,
—Z +arctan(a’/z), x>0,2" >z,

p = 3% 4+ arctan(z’/z), <0, (G.3)
o 4+ arctan(2’/z), z>0,2' <uz.

Notice that the polar angle ¢ is counted from the diagonal axis 2’ = x instead of from the z-axis.
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Then, consider the ggq correlation functions as functions of r and ¢, with r €]0,v/2], ¢ €
[0,27]. Due to the use of polar coordinates both F(r, ¢) and G(r, ¢) are 2m-periodic in ¢, that is,
F(r,¢) = F(r,o+2n) and G(r,¢) = G(r,¢ + 2m). This feature allows to express both functions
as Fourier series,

o0

Fi(r,p) = Y [AL(r) cos(ng) + D (r) sin(ne)] ,
n=0

o0

Gi(rp) = Y [Ck(r) cos(ng) + Bi(r) sin(ng)] . (G4)

n=0

The important symmetry constraints (C.5) of the correlation functions under z <+ z’ can be
conveniently implemented into the Fourier Series (G.4). In particular, it is easy to see that the
symmetry of F, i.e. F(x,2') = +F(2',2) & F(r,p) = +F(r,2m — ), enforces that all Fourier
coefficients D, (r) vanish. Similarly, antisymmetry of G, that is, G(z,2') = —G(2',z) & G(r,p) =
—G(r,2m — v), means that all Fourier coefficients C,,(r) also vanish.

Furthermore, one can easily implement the relation between F(z,x) and flJ‘T(l)’q in Eq. (2.69)
as follows,

1
Fi(rp=0) = = {507 (25) = A4r) + AL(r) + AY(r) + A4(r) + .,
Fi(rp=m) = — f1T1>’q (Z) = 480) - AL(r) + A3(r) — AY(r) +
These constraints can be translated into constraints for the Fourier coefficients Ay and Ay,
IVANINGY! 1(1),
q _ 7 sq T q T q q _ A4 _

a4 = 5= (A (z) + 50 () - A80) - AL — AL - .
1 1(1), r 1(1),q ( r

At = 5 (A () — 0 () — AL - A% — A — . (G)

Implementing (G.5) into (G.4) yields, (¢ = ¢ denotes the sum/difference of quark and antiquark
distributions as in (G.5))

1

1(),q+q ( » 1(M),q—q ( r
Fir,p) = gfn“q Q(ﬁ)+; T () cosle)

+Z [A3,,(r) (cos(2nep) — 1)] + Z Ag, 11 (r) (cos((2n + 1)) — cos())] |

n=1

Z ) sin(nep)] . (G.6)

Up to this point, the two Fourier expansions in (G.6) are exact and model-independent. In partic-
ular, the Fourier coefficients A, (r), B,(r) depend on r = /a2 + (2’)2. In other words, for every
Fourier component n there are two (unknown) functions A4, (r), By,(r) that should ideally be fitted
to experimental data. This would be an impossible task to do for all Fourier components. However,
the series (G.6) are quite useful for building a parameterization that can be used as input for the
numerical study of the observable Agy, in (7.5) at NLO. For this, some simplifying assumptions
are needed.

First, Fourier series often converge quite fast on an interval [0,27]. Whether it does, depends
of course on the series. For now, assume that keeping six free parameters for each flavor already
constitutes a reasonable approximation to the exact series. To be specific, all Fourier coefficients
for n > 8 in case of F and for n > 7 in case of G will be set to zero, i.e., A?_ ¢ (r) =0, B, (r) = 0.
If this assumption turns out to be wrong for some reason, for instance, because the explanation of
experimental data may require a higher precision, one is free to add more Fourier components and
truncate the series (G.6) at higher n.

The second assumption is about the functional form of the Fourier coefficients A% (r), Bd(r).
In a first step, they are replaced by the modified coefficients a (r), b? (r) according to

_ 1 L)t (-
A%:2,4,6,.‘.(T) = o ( hata (\/5) ai:274,6,..‘(7")7
L 1 4—q [ r
Al _i35.(1) = %flT( b (ﬁ) py35..(7),
1
Bi(r) = ——fi () v (G.7)



The idea is that the ”size” or ”scale” of the gqgq functions F' and G is roughly set by the SGP
diagonal determined by the extraction (G.1). Under this assumption, the modified coefficients
an (1), by (r) may vary on the order of magnitude of 1, but not, say, 1000.

Third, the modified coefficients in (G.7) are approximated to be constants with respect to the
radius r. Thus, replace the functions a(r), b1(r) by their mean values al(r) — (al(r)) = al,
by (r) — (b (r)) = b,

The following model ansétze result from the implementation of all assumptions:

1, 1(),q+q
q - = ; r
F (T7 90) model 2 flT (\/5)

1+ [af, (cos(2nyp) — 1)}]

M«

_'_%f#l),q*@ (%) [cos(go) + [agn_H (cos((2n + 1)) — cos(cp))ﬂ ,

n

M- L

1,14 q+q [ r
@) o = Rl ()

ol [bd sin(nep)] . (G.8)
mode 1

3
I

Effectively, the models (G.8) enable a description of the functions F'?, G9 by six parameters,
separately for each flavor. These parameters are collected as entries in a vector in the following
way (note the specific ordering of the even and odd Fourier coefficients for F'):

a? = (agﬂgﬂg;agﬂgva?),
b = (b‘f,bg,bg,bz,bg,bg). (G.9)

It is noteworthy that no matter which values the vectors a?, b? take, the soft-gluon pole is always
provided by the extraction (G.1). It is the only constraint available from data for the functions F’
and G.

In order to smoothen the transition of the functions F' and G at the boundaries |z| = 1, |2/| = 1,

|z — 2’| = 1 of their support it is helpful to introduce an envelope function, for example of the
following form:
2 2
/! _ - = - -
6(:1,'71' ) - <1 +e50 ($2_1)3 ]‘) <1 +e50((m/)2_1)3 1) X

2
(1 T 1) 61— [e)6(1— /)0 —|z—2]). (C.10)

The function e(z,z’) in (G.10) is approximately unity, except in the vicinity of the boundary
lz] = 1, || = 1, |z — 2’| = 1. Multiplying the function e(z,z’) in (G.10) with the model
expressions (G.9) does not significantly alter the model but ensures smoothness of the functions F’
and G even at the boundary. In particular, it ensures F(z,1) = F(1,2') = G(z,1) = G(1,2') =0
and (0o F)(z,1) = (01 F)(1,2") = (02G)(x,1) = (01G)(1,2') = 0. Therefore, the model is adapted
as follows

Fi(r, ) — Fi(r, ) e(x,z') 5 Gi(r,o) — GY(r, ) e(x,z').

model model model model

Constraints from Lattice QCD There exists another source of information on F' from lattice
QCD that one may apply here as well. One can express the second moment of the genuine twist-3
part of the DIS structure function ga, the so-called di moment, in terms of the fully integrated ggq
function F'?9. This feature has been discussed, for example, in [158, 159]. Interestingly, one can
interpret the moment ds as a probe of the color Lorentz force, mediated by the strong force in the
nucleon [160, 161]. The connection between di and F¢ is as follows,

1 1
d3 = 7/ dx/ da’ F(z,2'). (G.11)
-1 -1

In Refs. [147, 162, 163, 164] the dy moments for up and down quarks were computed on the lattice.
The values found in [147] are

dy = —0.00365(25) ; di=0. (G.12)

Despite the limitations related to unphysical pion masses or renormalization schemes, these values
constrain the size of the function F9. Due to the linearity of the model (G.8) in the Fourier
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Figure G.1: Correlation functions F*(z,2') (left) and F¢(x,2’) (right) for Scenario 0.

coefficients a?, it is easy to implement the lattice constraint (G.12). One simply inserts Eq. (G.8)
into (G.11) to obtain

I§ 4+ I3 af + I af + I af + I af + I af + I a? = dj, (G.13)

1 1
—/ dm/ dz' F4(r, p)
-1 Ja
1 1
I? —Ig—/ dx/ da’ Fi(r, p)
-1 Ja

Solving these constraints for the Fourier coefficient ad (for example) allows one to express it as a
function of the remaining coefficients and thus remove one degree of freedom,

where

Iy

model, a?=0 ’

(G.14)

model, af=1, a‘;#=0 '

1
al = F(dg — I+ TIal + I{al + Il ad + ITal + I o)) . (G.15)
2

It must be emphasized that no constraint similar to (G.13) is known for the correlation function
G.

The following three scenarios for the correlation functions based on three specific choices of
Fourier coefficients (G.9) are used in the numerical analyses of Ch. 7. Each scenario is consistent
with the constraint (G.11) for the moments d%, dd.

All scenarios are formulated in terms of the first TMD moments of the Sivers functions flJ‘T( D+
and hence, via Eq. (G.1), in terms of the unpolarized twist-2 PDFs f{. The corresponding rela-
tions can strictly hold only at one scale ug, since the evolutions of the flJ‘T(l)’quq and f{ differ.
Nevertheless, as discussed in Sec. 7, the numerical studies assume ff}(l)’q'm and f} to be related in
the same way at all scales, simply as a rough means of mimicking the scale evolution of the twist-3
qgq functions.

G.1 Scenario 0

The Fourier coefficients (G.9) for the first scenario are fixed as follows:

a* = (1.1578,0,0;0,0,0) ,

a® = (1.0173,0,0;0,0,0) ,

b* = (0,0,0,0,0,0),

b = (0,0,0,0,0,0) . (G.16)

This choice sets the correlation function G to zero, and provides a correlation function F' that is as
“levelled” as possible by utilizing only the first three Fourier components cos(0yp), cos(1g), cos(2¢)
in the model ansatz (G.8). Note that an additional choice a3 = 0 would violate the da-constraint
(G.13). Scenario 0 is visualized via contour plots of F'? in Fig. G.1. NLO contributions to the
asymmetry Agy within this scenario are minimal in the sense that G = 0 and the plots in Fig. G.1
show little ”structure” of F9.
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Figure G.2: Same as Fig. G.1, but for Scenario 1.
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Figure G.3: Correlation functions G*(z,z') (left) and G%(z,z') (right) for Scenario 1.

(.2 Scenario 1

This scenario populates most of the Fourier coefficients (G.9) for the u- and d-quark correlation
functions with relatively moderate values between —1 and 1. Doing so generates a non-vanishing
correlation function G. As before, the dp-constraint from Lattice QCD (G.14) is satisfied. This
scenario is somewhat more "realistic” as far as the sizes of the correlation functions are concerned.
To be specific, the Fourier coefficients in Scenario 1 are

Y= (25308,-2,-%;—3,-1,—-3),

¢ = (-03429,2,2:1.1,1),

b = (-25308,1,%,1,2,3),

b? = (0.3429,-3%,-2,-1,-2,-1). (G.17)

The contour plots for the resulting u- and d-quark correlation functions F4(z,z’) are shown in
Fig. G.2, and the corresponding correlation functions G¢ for up and down quarks in Fig. G.3
shows. Note that the symmetry and antisymmetry properties of F' and G under exchange x < 2’
are well visible in Figs. G.2 and G.3.
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Figure G.5: Same as Fig. G.3, but for Scenario 2.

.3 Scenario 2

Finally, Scenario 2 is similar to Scenario 1, but with three times larger Fourier coefficients in order
to magnify the effects of the NLO corrections on Agy. Specifically, the coefficients read

a* = (5.2767,-2,—-2;—1,-3,—1) ,

al = (-3.0634,2,2:1,3,1),

b* = (—5.2767,1,2,3,2,1),

b¢ = (3.0634,-1,-2,-3,-2,-1) . (G.18)

As for the other two scenarios, the constraint (G.11) on da by lattice QCD is satisfied also here.
The resulting contour plots for the u- and d-quark correlation functions F'? are shown in Fig. G.4,
while Figure G.5 presents the corresponding contour plots for G.

G.4 ~SIDIS Scenarios SO and S1

The numerical analysis for the ySIDIS process /NT — ¢’y X in Sec.7.4 is based on Ref. [39], which

uses a different extraction of the first moment of the Sivers function flJ‘T(l)’q, namely the set provided
by JAM3D-22 , cf. Ref. [144]. The initial scale is then u2 = 2 GeV?, and the evolution of F'9, GY in

Eq. (G.8) is simply "inherited” from the evolution of the JAM3D-22 flJ'T(l) (z) extraction. Moreover,

the dy moments for u and d quarks are chosen as d§ = 0.026(4)(13),d4 = —0.0086(26)(146), taken
from Ref. [163]. As a consequence, the determination of the coefficient a according to Eq. (G.15)
gives a different value, even if all other coefficients al are chosen as before. This leads to the
following two modified ySIDIS versions for the Scenarios 0 and 1 from before. They will be labeled
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Figure G.6: F9 vs. (z,2') at a scale u? = 4GeV? for Scenario SO for the up quark (left) and
down quark (right) in a proton. Recall that G = 0 for Scenario SO.

as ”S0” and "S1”, and Figs. G.6, G.7 show the resulting "4 (x, 2’) and G*%(z, 2’) from these two
scenarios. The coefficients read explicitly

a® = (-0.2691,0,0;0,0,0)
a® = (0.7822,0,0;0,0,0)
b* = (0,0,0,0,0,0)
b = (0,0,0,0,0,0), (G.19)
for Scenario SO and
“= (1.1585,-2,-2, -1 -1, 1)
= (- 06658,3,%%1%)
b = (—1.1585,1,%,1,2, 1)
b* = (0.6658,—%,—2,-1,-2 -1y, (G.20)

for Scenario S1.
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Figure G.7: F4 vs. (z,2') (top row) and G? vs. (z,2’) (bottom row) at a scale u? = 4 GeV?
for Scenario S1 for the up quark (left) and down quark (right) in a proton.
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bution. This diagram comes in interference with the LO diagram in Fig. 2.7 (left),
with kr = 0. . . . . e
NLO real-emission diagrams with a gluon in the initial state. These diagrams come
in interference with several other diagrams for various channels. gqg — q : interfer-
ence with the diagrams in Fig. 3.5, with k+ = 0, gq¢ — ¢’ : interference with the
diagrams in Fig. 3.6, with kr = 0, gg — ¢ : interference with themselves (kinemat-
ical part) and interference with the diagrams in Fig. 3.7 (with k7 = 0, dynamical
PATt).
NLO diagrams with a quark-antiquark pair in the initial state contributing to the
dynamical twist-3 part of the gq¢ — ¢ channel. These diagrams come in interference
with the diagrams in Fig. 3.4, with kp =0. . . . .. .. .. ... .. ...
NLO diagrams contributing to the ¢¢ — ¢’ channel’s dynamical twist-3 part. These
diagrams come in interference with the diagrams in Fig. 3.4, with kr =0. . . . . .
NLO diagrams contributing to the gg — ¢’ channel’s dynamical twist-3 part. These
diagrams come in interference with the diagrams in Fig. 3.4, with kpr =0. . . . . .

Overview of the production channels for single-inclusive photon production /NT —
~X. For each channel, one example diagram is shown, Left: Bethe Heitler, Middle:
Compton, Right: Interference . . . . . . ... ... ... ... ... ...
NLO real-photon-emission diagrams in the Interference channel, where the photon
is emitted from the quark line. The interference of these diagrams with the ones
from Fig. 5.3 generates the kinematical twist-3 effects. . . . . . .. ... ... ...
Same as Fig. 5.2, but for photon emission from the lepton line. . . . .. ... ...
NLO real-photon-emission diagrams in the Interference channel, where the photon
is emitted from the quark line. The interference of these diagrams with the ones
from Fig. 5.3 (for kr = 0) generates a dynamical twist-3 effect. . . . . . ... ...
Same as Fig. 5.4, but for photon emission from the lepton line. The interference
of these diagrams with the ones from Fig. 5.2, (for k7 = 0) generates a dynamical
twist-3 effect. . . . . ..o
LO real-photon-emission diagrams in the Interference channel. The interference of
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LO lepton-photon Compton scattering diagrams. The interference of these diagrams
with the ones from Fig. 5.6 generates the LO dynamical twist-3 effects. . . . . . . .
NLO virtual diagrams in the Interference channel. The interference of these dia-
grams with the ones from Fig. 5.7 generates a dynamical twist-3 contribution at
NLO. The diagrams are Left: four vertex corrections, Middle: two box diagrams
and Right: two self-energies. . . . . . . .. .. L o
Sketch of possible sources for imaginary parts in the NLO virtual contribution to
the Interference channel. Left: the propagator marked with the solid bar goes on-
shell, Right: the Feynman parameter integral associated to the loop highlighted in
light-blue develops an imaginary part. . . . . . .. .. ... ... ... ... ..
NLO virtual diagrams in the Interference channel. The interference of these dia-
grams with the ones from Fig. 5.7 generates a dynamical twist-3 effect. . . . . . . .

Unpolarized differential cross section (7.3) plotted vs. the pseudorapidity 7 of a 7+
(left) or a jet (right). The transverse momentum is fixed to 5 GeV in both cases.
The NLO jet cross section is plotted for two jet radii, Ry = 0.2 and R, =0.7. . . .
Cross sections for the various NLO channels of Eq. (6.2) plotted vs. the pion’s
pseudorapidity 7, at fixed transverse momentum P, ; = 5GeV. The curves are
produced for Scenario 0 (G.16). . . . . . .. . . ...
Same as Fig. 7.2, but for Scenario 1. . . . . . . . .. ... oL
Same as Fig. 7.2, but for Scenario 2. . . . . . . . ... oL
Right-left asymmetry Agy, of (7.5) plotted vs. the pion’s pseudorapidity 7, at fixed
transverse momentum P, 7 =5GeV. . . . ... .. 0000000
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Contributions by the various NLO channels plotted versus the jet’s pseudorapidity
7; at fixed transverse momentum P;r = 5GeV and the full NLO asymmetry Agry,
for two jet radii, Ry = 0.2 and Ry = 0.7 at the EIC. The curves are obtained for
Scenario 0 (G.16). . . . . . . L
Same as Fig. 7.7, but for Scenario 1. . . . . . . . .. ... L.
Same as Fig. 7.7, but for Scenario 2. . . . . . . ... oo
Comparison of the NLO asymmetries Ag;, computed for Scenarios 0,1,2. . . . . . .
Unpolarized differential cross section for photon production plotted vs. the photon’s
pseudorapidity n, for fixed transverse momentum P, =5 GeV. . . .. ... ...
Cross sections for the Compton and Interference channels in Eq. (6.26) plotted vs.
the photon’s pseudorapidity 7, at fixed transverse momentum P, 7 = 5 GeV. The
curves are produced for Scenario 0 (G.16). . . . . . ... ... ... ..
Same as Fig. 7.12, but for Scenario 1. . . . . . . . ... ... ... ... ....
Same as Fig. 7.12, but for Scenario 2. . . . . . . . ... ... ... ...
Right-left asymmetry Agy, of (7.5) plotted vs. the photon’s pseudorapidity 7, at
fixed transverse momentum P, r =5 GeV for all Scenarios. . .. ... ... ...
’AgSTIDIS’ vs. (0, plp, 7, py) for /s = 29GeV with ¢/ = ¢7 = 0 for Scenario SO0.
The outer axes are bins of (1, p’) and the inner axes are bins of (7, pJ). . . . . .
Same as Fig. 7.16 but for Scenario S1 . . . . . . .. ... ... ... ... ...,
Kinematic points g vs. xp that enter the arguments of £'¢, G? in Fig. 7.17 (/s =
29 GeV with ¢ = ¢7 = 0 for Scenario S1). Left: binning as in Fig. 7.17, Right:
finer binning in o’ and p/r . . . ..
Same as Fig. 7.17 (Scenario S1) but for v/s=63GeV . . . . . ... ... ... ...

Correlation functions F“(x, ") (left) and F?(z,2') (right) for Scenario 0.

Same as Fig. G.1, but for Scenario 1. . . . . . . . . . ... ...
Correlation functions G*(z,2’) (left) and G¢(x,z’) (right) for Scenario 1.

Same as Fig. G.1, but for Scenario 2. . . . . . . . ... o oL
Same as Fig. G.3, but for Scenario 2. . . . . . . . .. ...
F% vs. (z,2') at a scale u? = 4GeV? for Scenario SO for the up quark (left) and
down quark (right) in a proton. Recall that G = 0 for Scenario SO. . . . . . . ..
F4vs. (z,2') (top row) and GY vs. (z,2') (bottom row) at a scale u? = 4 GeV?
for Scenario S1 for the up quark (left) and down quark (right) in a proton.
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