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Preface

The proceedings of the informal logic colloquium held in March 1990 at the Seminar fiir
natiirlich-sprachliche Systeme (SNS) of the University of Tiibingen have been available
initially as a printed report and later as an internet resource that could be downloaded
from my website. As many of their results remain interesting, and as there have been
occasional references to these papers, they are republished here with a regular DOI to
facilitate access and citation.

Tibingen, June 2022
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Preface

In March 1990 an informal logic colloquium was held at the Seminar fiir
natiirlich-sprachliche Systeme (SNS) of the University of Tiibingen. It was
not devoted to a specific topic but covered various logical issues, presented
by researchers from Tiibingen and elsewhere. The style of these proceedings
is informal, as was the colloquium - some authors submitted extended
abstracts whereas others submitted drafts of papers or full papers.

The order of papers in this volume corresponds to the order of presentation
at the colloquium.

This is a prepublication, so authors retain full copyrights.

Tiibingen, June 1990
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BOUNDS FOR CUT ELIMINATION IN INTUITIONISTIC PROPOSITIONAL LOGIC

Jorg Hudelmaier

Synopsis

The central theorem of Gentzen's theory of proofs states that every deduction d (in classical
or intuitionistic, propositional or quantifier logic) can be tranformed into a deduction G(d)
which does not make use of the cut rule. Avoiding the use of a particular proof rule will,
obviously, have the effect that G(d) becomes longer than d, and Gentzen's algorithm for cut
elimination establishes an upper bound for the length 1(G(d)) of G(d) (GENTZEN {35].) lo
this article, I shall construct a (different) cut free deduction J(d) for the case of
intuitionistic propositional logic and derive considerably sharper upper bounds for [{J(d)).
Also, I shall use the methods developed for this purpose in order to set up an effective
decision method.
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Gentzen's upper bound for {(G(d)) depends on both the length {(d) and the cut degree g(d)
of d, viz. the maximum of the degrees, increased by 1, of cut formulas used in d; it has the form

o9(d)
1(G()) € 22 (a(d) 2'9)

The reason for the appearance of these hyperexponentials lies in the nature of Gentzen's algorithm
which proceeds by a double induction on both n=1{d) and g= g(d) with respect to the lexi-

- cographical order of pairs (n,g). It follows from results of WILKIE-PARIS [87] that in the case of

quantifier logic the enormity of these bounds cannot be avoided: there is no constant c such that
2." would be an upper bound independent of the cut degree of the particular d.

On the other hand, it is known that in the case of classical propositional logic a deduction d
can be transformed into a cut free deduction K(d) such that already

d
@y < 21O )

will hold (cf. GORDEEV [87]). This leads to the question whether a similar improvement over
Gentzen's nen elementary bound is also possible in the case of the intuitionistic propositional
calculus LJ. 1 shall answer this question affirmatively by defining an operator J acting on
LJ-deductions d with cut and producing cut free LI-deductions J{d) such that

2-4(d)
2
1) < 2° RRTE)

Having completed this task, I shall apply the methods used for these constructions to attack
the problem of giving an efficient, easily implementable decision procedure for intuitionistic
propositional logic. This procedure will be based on a special calculus for which, by its internal
structure, every sequence of backward applications of its rules must terminate after a number of
steps which is in a simple way bounded by the complexity .of the starting sequent. This gives a
tableau like procedure which may be implemented by a straightforward depth first search program.

The method to be used will obviously be different from Gentzen's lexicographic induction,
namely 1 shall apply the technique of inversion rules. Inversion rules for sequent caleuli (especially
the classical sequent calculus) are well known, and a strategy to use them in order to eliminate cuts
from a classical deduction & is described e.g. GORDEEV [87].

Now for the classical calculus we have a complete and well known list of inversion operators
for all connectives on both sides of a sequent:

M = uav,N

IAL M= uN
IR M = uAv,N M= vN
Iv M = uvv,N M= u,v,N
1+ M = u-=v,N M,u = v,N
EA M,uAv = N Muyv=—=N
EvL M,avv = N Myu= N
EvR Mauvy = N My=—=N
E-L Mu=v =N M = uN
E-R, M,y = N

M,u-#v = N



(Uere the left column denotes the name of an operator, the middle column shows the sequent it is
applied to and the right column gives the resulting sequent.) For intuitionistic logic, however, a
calculus is used which has sequents with only one formula on the right hand side. So the Iv- and
E-L-tules are not available because they would produce nonvalid sequents. As for Iv, used on the
left premiss of a cut with a disjunction, ils missing is not serious, and the removal of the cut
formula from the subdeduction leading to that premiss can be managed by the familiar methods.
The case of E-L is a different matter, and for this operator 1 shall substitute three new ones which
perform the transformations made in HUDELMAIER [87] :

if M,(uAv)ow = r is derivable then so is M, u-{v-w) =3 r
il M,(uvv)+w = r is derivable then so is M,u~w,v-w =
if M,(u-v)-*w = 1 is derivable then so is M,u,vow =1 .

Clearly, these transformations act precisely on the sequents which ESL would be applied to,
and appropriate applications of the cut rule will show them to be correct. In order to turn them into
real inversion rules, I have to construct operators E-A, E~v and E~++ which transform cut free
deductions of the left sequents into cul free deductions of the respective right sequents. This I do in
three lemmas, and it turns out, that these operators may be defined in such a way that E-= does
not increase the length of the given deduction, while E-+A and E-v at most double this length.

These transformations having been constructed, it is easily seen that E-A and E-v may be
used for reducing cuts in the same way as the well known classical inversion rules. As for E-, its
application is only useful in certain situations. But in this case there is a special transformation
which reduces all other cases to this particular one. The only remaining case, therefore, is when the
left immediate subformula of our implication is an atomic formula.For this type of formula we do
not have any inversion rule at all, but in this case also all the various forms of deductions which
may arise, may be reduced to a single possibility, which can be handled in a straightforward way.

Carrying out all these transformations will, obviously, increase the lengths of deductions,
and so I will need recursion parameters in order to measure them. I begin by defining a new degree
function deg for formulas:

deg(v) =2 if v is atomic,
deg(uav) =deg(u)- (1+deg(v))
deg(uvv) =1+deg(u)-+deg(v)
deg(u-+v) =1+deg(u) - deg(v).

If d is a deduction and V is a (full) branch of d then I set

(V) = Sum of the degrees of cut formulas on V
and '
7(d) := Mazimum of {V) for all branches of d ..

The reason behind these particular choices is simply the fact that the function j defined in this man-
ner depends only linearly on the length of the deduction and will decrease under application of the
operator RED to be defined now,
THEOREM 1 There is an operator RED converting every deduction d of a sequent s with
0 < j(d) '
into a deduction RED(d) of s such that
i (RED(d)) < j(d)
which at most doubles the length of d : I{(RED(d))< 2-{{d).

From this result imﬁediately follows
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THEOREM 2 There is an operator J converting every deduction d of a sequent s into a deduction
J(d) of this same sequent such that

I(d) is cut free and 1(I(d)) < 2j(d)- 1(d).

%g
and since for the traditional cut degree g of a formula v we have deg{v)< 22 and since the
maximal number of cut formulas on a branch of a deduction d is bounded by I(d), this gives the
result mentioned above. :

Turning now to the problem of giving a decision procedure for the calculus LI, I introduce
the calculus LH which works with the same sequents as L) and has the same axioms as LJ, namely
all sequents of the form M,y = v and whose rules are

(IIA) N=1u N=v (REA)' Mu,v=r
N = uAv M,uAv = r
(HIVL) N= 1 (KIVR) N=v (HEV) Mu==r Mv=r
M= uvv M= uvv Myuvw=—=r
(i) Mow == v
M= uy
(HE-a) Ma,v=r (HE-+A) M,u=(v-v) =r
: Maadyv =r . ° N, (eAv)w—=r
[a atomic] "
(HE-v) M, u-w,vow =) r (HE-+) M,u,viw =3 v H,w=r
H,(uvy)-w =31 ' N, (uv)v = r

This calculus has the property that for every one of its rules with premisses s' and s" and
conclusion s we have deg(s') < deg(s) and deg(s") < deg(s), where deg(s) is the sum of all deg(v) for the
formulas v of s. Thus every sequence of backwards applications of rules of LH starting with a
particular sequent s breaks off after at most deg(s) steps. Therefore the calculus LH has the
properties promised above. All that remains is to prove that it is equivalent with LJ.

While it is easily seen that every LH~deduction may be transformed into an LJ-deduction,
the converse part needs two further lemmas dealing with properties of LJ: ’

LEMMA There is an operator EP acting on cut free LJ-deductions d such that all the
impure instances of (E+) have the same principal formula u—v. EP{d) has the same
endsequent as d, is cut free, contains only pure instances of (E+) and satisfies

HEP(d)) < 2-1(d).



{Here an instance of (E- ) with principal formula u-v is called pure if

u is atomic and the left premiss is an axiom, or
u is not atomic and the left premiss is the conclusion of an I—rule with
principal formula u.) .

LEMMA There is an operator Q acting on cut free and pure LI—deductions. Q(d) is an
LH-deduction with the same endsequent s as d satisfying

Q) < 299 1),

Together with lemma 4, theorem 2 and the above remark on transforming LH-deductions
into LI-deductions this shows '

THEQREM 3 The caleuli LI and LH are equivalent: every LH-deduction is, essentizlly, an
L)-deduction, and if P is the iteration of EP then the operator D = PeQ transforms
every cut ftee LI-deduction d into an LH-deduction Q(P(d)).
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Makanin’s Algorithm -
A Survey and a Reformulation

Klaus U. Schulz
Seminar fiir natiirlich-sprachliche Systeme (SNS)
Universitat Tiibingen
Biesingerstr. 10, D-7400 Tiibingen, W.-Germany
E-mail: nfsejal@dtuzdvi.bitnet

Abstract: Makanin’s algorithm [Mak] shows that it is decidable whether a word equa-
tion has a solution or not. Makanin’s decision procedure is extremeiy complex and was
not designed for a direct implementation. But, since word equations offer a fascinat-
ing tool for the general treatment of strings efforts were made to improve the situation
{Pécuchet [Péc], Jaffar {Jaf], Kodcielski-Pachoiski [KoP)]) and an implementation is avail-
able now (Abdulrab [Abd]). We give a short introduction to the algorithm and present
then a pre-algorithm which allows a very simple partial analysis of word equations. In
some cases this analysis is even complete, in the remaining cases it influencea and sim-
plifies the remaining search which follows then Makanin's strategy. In combination with
another result (to be described in a forthcoming paper [Sch ]) we find a solution S of
& solvable equation E of length d now after at most | transformation steps following d
steps of the pre-algorithm, where [ is the sum of the lengths of the components X,' of S.

Introduction and Background

A word equation is an expression of the form oy ...04 == ok41...0p41 (k,1 2 1)
with letters o; from a two-sorted alphabet & UC where X = {z;,...,2,} is a finite set of
variables and C = {¢;,...,cm} (m 2> 1) is a finite set of coefficients. A solution (unifier)
is an assignment of words X; in the coefficient alphabet (the combined alphabet) to the
variables z; such that both sides of the equation become identical when all occurrences of
variables are replaced by these words. Thus, (X,Y) = (ab,b) is a solution of the equation
ayy == zb with variables z and y, for example. A forerunner of Makanin’s algorithm is
Plotkin’s semi-decision procedure for a-unification ([Plo], see also Siekmann [Sie]}. Since
some ideas of this procedure are relevant for Makanin’s algorithm and in particular for our
pre-algorithm we want to sketch the main idea. Suppose we want to find the solutions of
ayy == zb. This is an equation with head (e, z). For any solution (X,Y) with nonempty
words X and Y, either X = a or X = aX;. Accordingly we may try to solve the two
successor equations ayy == ab and ayy == az,b. But now it amounts to the same to
solve yy == b or yy = zb. (We use z instead of £, as variable. Thus the replacements
are r — a and r — az.) Equations of the latter type with two variables at the head have
three successors corresponding to the possibilities X =Y (replacement z — y), X =Y X,



(z — yz), Y = XY; (y — zy). In our case we get the equations y == b, y == zb and
yrzy == b. Thus, new variable names are always avoided and all replacement steps are
followed by a second step where the resulting two identical symbols at the head are erased.
It should be clear on intuitive grounds that the procedure establishes the solvability of any
solvable equation. If variables have several occurrences, however, it might happen that
the transformation steps lead to equations which are larger and larger and the algorithm
may not terminate in the unsolvable case. The equation zyazby == yzrbyaz, for example,
has the successor xyayzby == yzbyayz corresponding to the case X = Y X, and if we
continue to apply the same replacement z — yz, then the number of symbols will grow and
eventually exceed any given bound. A similar combinatorial ezplosion will occur in every
straightforward semi-decision procedure and for this reason it was an open problem for
years whether the solvability of word equations is decidable or not. Returning to Plotkin’s
procedure we may observe, however, that there is an important subcase where the length
of any successor equation cannot exceed the length of the original equation: if no variable
occurs more than twice, then at most two new symbols may result from a replacement step.
Then, at the second step, two symbols at the head are erased. Thus the length cannot
grow, only a finite number of equations may occur in the search tree. We may now stop
every branch as soon as we find an equation which is isomorphic to a predecessor. (The
argument is, roughly, the following: whenever we would find a solution, following such a
path, then there exists a similar solution in a different path starting at the predecessor.)
Following this strategy solvability can be established by means of a finite search tree.

1 Makanin’s Algorithm - A Survey

How is it possible to restrict the combinatorical explosion? Makanin’s decidability
result is strongly based on the following theorem of Bulitko [Bulj:

Theorem 1: If ¢ solvable equation has length d, then the equation has a minimal
4
solution where exponent of periodicily satisfies 3 < (Bd)zd .

A solution § = (Xi,..., X,) is mintmel if the length of the word X, ... X,, is minimal
with respect to the class of all solutions. The ezponent of persedicity of S is the maximal
number of periodical (consecutive) repetitions of a non-empty subword in a component X;
of the solution. It was Makanin’s central idea to use instead of word equations a new type
of structures, the so-called position equations, which allow

- to encode constraints which lead to a lower bound for the exponent of periodicity of
arbitrary solutions and

- to put the combinatorial explosion (which may be the result of the analysis via iterated
transformation steps) into these constraints.
For any number k£ the number of all (relevant) position equations with associated lower

bound b < k is finite. Bulitko’s theorem allows to exclude all position equations where b
is to large - the search space becomes finite. For the rest of this section we want
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{(1.1) to illustrate the concept of a position equation and the type of constraints Makanin
uses in order to get a lower bound for the exponent of periodicity of a solution, and
(1.2) to give a short description of the algorithm®*.
The second section will then be used to partially describe our own reformulation.

1.1 Domino-Towers, Position Equations and Boundary Connections

Definition 2: The sequence (X},...,X,) of non-empty words (”stone types”) may
be arranged to a domino-tower < Xy, By, Ci, Si >1<i<k of height k > 0 if the X; may be
ordered to a sequence

(possibly with many occurrences of the X;) with decompositions X, = B;C; (for non-
empty words B;, C;) (1 £1 < k) such that B;;y = 5;B; (1 <i < k—1)for possibly empty
words Sy,...,5%-1 and C;R; = Ci;1T; for possibly empty words R; and T} (1 <1 £ k-1).
The name ”domino tower” is motivated by the following figure. Here all parts of consecutive
words which have direct contact must be equal. Parts which do not have direct contact
are not restricted like that.

B, C
G,
B

! ] Ca X,
S X
03 X,\a :
T M

X,

Rs *

: Shift' 5
no Shiftl

(Ry = Ts = empty)

Xh-:
xh-l
A

* For a complete description it would be necessary to consider an encrmous amount of technical details.
This is impossible here. Thus we must necessarily stay at a rather informal level. We refer to [Mak] and to our

forthcoming paper [Sch].
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Let |X| denote the length of the word X.

Theorem 3 ([Mak], Lemma 1.4): Suppose the words X;,...,Xn may be arranged to
a domino tower < Xy, Bi,C;, Si >1<i<k of height k > 0. If the words 51,..., 5k satisfy
the “shift condition”

J—12 K =2|5Si41...5;215;| > 0,

then some word X; has the form X, = P*Q, where P is non-empty and has s 2 R%" -1
conseculive repelilions.

Let us now illustrate the concept of a position equation:

Example 4: Here is the graphical description of one of several position equations
which are assigned to the equation azbzz == zczyyy:

alz1} | blz

In a position equation, all variables have exactly two occurrences (this may be seen as an ar-
tificial imitation of the particular situation where Plotkins algorithm defines a decision pro-
cedure). The relative lengths of all occurrences of variables and coefficients are marked by
means of boundaries. A solution of such a position equation is an assignment of non-empty
words to the indecomposable columns which respects occurrences of coefficients and assigns
(via composition) the same word to both occurrences of the same variable. In our example
we have eight indecomposable columns. The words a, ¢, a, baca, b, a, ca, baca represent a
solution, the values of the variables of type z,y and z are (XY, Z) = (cabaca, baca, a).
The exponent of periodicity of a solution of a position equation is, by deinition, the expo-
nent of periodicity of the words which are assigned to the variables (which is trivial in our
example). As a result of transformation steps (which are applied to construct successor
equations which are "nearer to solutions” in some sense) more complex successor position
equations may occur which include some boundary connections. The definition of a solu-
tion then has to be enriched: a new condition demands that the words which are assigned
to the variables may be arranged to a domino tower of a certain length. If the position
equation satisfies certain normalization criteria (which will not be discussed here), then
these domino towers satisfy the shift condition of theorem 3 and we get in fact a lower
bound for the exponent of periodicity of an arbitrary solution, as described above. Let us

-15 =



give an example, to get an impression. The position equa.tidn

[Tl ] N&r.'lc-

(4,z,2,z,2,8).

3 N||n

Ay |Ag 1Az | Ay | A5 | Ag| A7 As

has a boundary connection (4, z,z, z, z,8) imposing the following restriction on solutions
S: suppose S assigns the nonempty words A,,..., Ag to the indecomposable columns.
Then boundary 4 defines the prefix Bf = A;A4;A4; of the word X assigned to z. Now §
assigns the same word X to . Thus BY is also a prefix of the word A, ... As. The position
of x and Z defines a second prefix Bf = A;Bf of X. Again, B is also a prefix of A3 ... A
and the relative position of z and Z shows that B = A, B is a prefix of X. B¥ is a prefix
of A, ... Ag which now determines the prefix Bf = B of the word Z which is assigned to
z (the left boundaries of Z and of z coincide). Now Bf is a prefix of A3 ... Ag. § satisfies
the boundary connection (4,xz,z,z,2,8) if Bf = A3 A4A5As A7 (8 is the right boundary of
column 7). To be a solution, S has to satisfy all boundary connections. In our example
this implies that the components X and Z of S may be arranged to the following domino
tower: 4
B C

Al A2 A3| A4 AS A6 A7 X

A2 ... .. A8
Al .. .. A7 X
A2 .. AB
Al L. .. A7 X
A2 . ... AB
A2 . ... AB z
A3 ... .. A7| AB

|

it

b ]

[ H

8

Thus theorem 3 gives a (still trivial) lower bound for the exponent of periodicity of such a
solution.

We may now describe the search tree of an equation E in the usual formulation of
Makanin’s algorithm.



1.2 The Search Tree

In the usual formulation of Makanin’s algorithm, the word equation E is immediately
translated into a corresponding finite set SPE(E) of position equations. E has a solution
if and only if at least one element PE of SPE(E) has a solution. Then a transformation
procedure (followed by a normalization step) is used in order to construct for any such
position equation PE a finite set of successors SPE(PFE) such that PE has a solution if
and only if at least one position equation PE' € SPE(PE) has a solution. Moreover, if
E (or PE) has a solution with exponent of periodicity s, then the corresponding solution
of the successor PE (or PE') has exponent of periodicity s’ < 3. Transformation has the
ultimate goal to erase a left part of the position equation, propagating constraints to the
remaining part. For this purpose, sometimes boundary connections have to be introduced.
Normalization is necessary in order to guarantee that all boundary connections satisfy the
shift condition (compare theorem 3). The second crucial property of the transformation
and normalization steps is that they never enlarge the number of occurrences of variables
and coefficients. Only the length and the number of boundary connections may grow. The
complete definition of a position equation (which is technically sophisticated and will not
be given here) shows that also a bound for the number of boundary connections may be
given and that for given number of occurrences of variables and coefficients and upper
bound for the length of connections the number of possible position equations is finite*.
Thus, if we follow an arbitrary path of the resulting tree, three possibilities exist: in the
first case we find a position equation which is solvable or unsolvable in some trivial sense.
Second, we might find a position equation which is isomorphic to a predecessor equation
which has occurred earlier in the same path. Then we may stop (the argument is the
same as in the special subcase of Plotkin’s procedure mentioned in the introduction). In
the remaining case, we will eventually find a position equation where the associated lower
bound for the exponent of periodicity of an arbitrary solution exceeds the upper bound for
the exponent of periodicity which we find for a minimal solution of E, applying theorem
1. Thus, concentrating the search on minimal solutions, we may stop at this point, too.
We end up with a finite search tree.

The transformation steps which are given in current formulations of Makanin’s algo-
rithm depend from the type of a position equation. A left part is erased only in certain
situations. We mention a result of {Sch]:

Lemma 5: There exists a transformation procedure which applies te arbitrary position
equations and has the property that at each transformation step a non-trivial left part of
the position equation is erased.

* More exactly this is true only for the set of all normalized admissible position equations. But we do not
want to go too far into technical details.
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2 SME-Systems

If F is translated into SPE(E), then the position of the variables in such a position
equation reflects exactly the position of the corresponding variables of the word equation
(compare example 4). This method has two disadvantages: (1) We have to deal with rather
complicated structures quite from the beginning. (2) If the word equation is long, then
the corresponding position equations are horizontally very long. Since the analysis via
transformation steps proceeds horizontally from left to right a solution is typically found
only after a considerable number steps.

We suggest a reformulation of the algorithm. Let us briefly sketch the new picture of
the search tree, definitions and details are given immediately. We start translating the word
equation E into an equivalent special multi-equation system (sme-system) SME(E). Such
an sme-system may be regarded as an equivalence class describing a whole set of position
equations. Nevertheless, both the internal representation and the transformation of an sme-
system is much simpler than for the corresponding position equations. As long as such a
system contains at least one ordinary two-sided equation we continue with transformation
steps similar to those of Plotkin’s procedure which are followed by simplification steps in
some cases. This first part of the search tree, where we use sme-systems only, is called
the flat part of the search tree and denoted by Tfi:(E). If the word equation E does
not have a variable which occurs more than twice, then the whole search tree Tasqi(E) is
flat. In the other case, we might eventually reach an sme-system which has only multi-
equations with at least three sides (we say that we have reached an open leaf of the flat
tree). These structures are now translated into position equations which are analyzed
as usual, using the uniform transformation given in [Sch]. The position equations which
we get via translation of sme-systems are horizontally very short and preferable to the
structures of the traditional approach.

Definition 6: An l-sided multi-equation M E over C, X’ has the form
11Ty ==021.:-02ky == ... == 011 ...0Lk;, (1)

where [ 2 2, k; 21 (1<i<Dando;; ECUX (1< <kl £i<1). A solution of
ME is a sequence
§ = (X1,-., Xa) )

of non-empty words over C such that all sides of (1) become graphically identical when we
replace every occurrence of z; by X; (1 < i < n). For k < k;, the word S(0;,...0;) is
defined in the obvious way, regarding S as a morphism fixing the coefficients (1 < j < I).
A special multi-equation system (sme-system) is a system of multi-equations where no
variable occurs more than twice. A sequence (2) is a solution of the system SME =
{ME,,...,ME,} if §isa simultaneous solution of all multi-equations ME; (1 <i <r).
An sme-system SMFE may be empty, in this case every sequence of the form (2) is a
solution.
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Definition 7: Let E be a word equation. The sme-system SM E(E) canonically
associated with E is defined as follows: for every variable z;, the n; occurrences of r; in E
are replaced by distinct new variables z;;,...,Zi ;. To the resulting equation we add a

multi-equation ;) == .., ==z, ,, in case n; > 1.
Example 8: The equation azbzr == zczyyy with variables ¢,y and z is translated
into
axybz zg T zl Zl
z || ¥2
2y€% z
2€23Y1Y2Y3 2} 25 || ys

with principal column (az bz x5, z2cz3y1y2y3)" and the columns associated with z, y and
z.

Lemma 9: If E has a solution § = (X,y,...,X,), then SME(E) has a corresponding
solution S’ which assigns X; to every variable z; ;. If SME(E) has a solution ', then the
words S'(z; ;) coincide (1 < j < n;). The assignment S(zi) = S'(xi)1) (1 <i < n) defines
a solution of E.

We are now ready to start the description of Tfiee(E).*

Definition 10: For every word equation E, the flat search tree Tgiq¢( E) is defined as
follows:

- The top node of Tf,¢(FE) is labelled with SME(E).

Suppose 7 is any node of Tjiq:(E), labelled with the sme-system SME. In the following
cases, 7 is a leaf of Ty ( E):

- If SME is empty, then 5 is a successful leaf.

- If SME is non-empty and all two-sided equations been completely resolved, i.e. if all
multi-equations of SME are at least three-sided, then 5 is an open leaf of Tyia:(E)
(the term "open” indicates that 7 is not a leaf of Tprqi(E)).

- ¥ SME is isomorphic to the label of a predecessor node, then % is a blind leaf.

- If SME contains an equation M E with head (a;,a;) with two distinct coefficients a;
and a;, then 7 is a blind leaf.

In the other case, if SME # B has a two-sided equation and is not an isomorphic copy
of a predecessor, then the successors of n are defined by means of a transformation and a
simplification procedure. For every sme-system SME; € Simpl(Trans(SME)) the node
n has one successor n; labelled with SME;. The transformation steps follow exactly the
corresponding transformation steps of Plotkin’s procedure as described above.

¢ Transformation (of the sme-system SME with two-sided equation M E):

* To simplify discussion we will not mention the various possibilities to recognize sme-systems which are
unsolvable in a more or less trivial sense. Thus, a more complete description would include various methods of

pruning blind branches.

- 19 -



(T1) Suppose that M E has head (o,0) with two identical entries. Then delete the head
symbols of M E and leave the other multi-equations unmodified. The resulting system

is the label of the unique successor of 5.

(T2) Suppose that M E has head (z;, j,, i, j,) with two distinct variables. Trans(SME)

has three elements SMFE; (1 <1 < 3):

(1) To get SME;, replace all occurrences of z;, ;, in SME by z;, ;,. Then delete the
head symbols of the distinguished equation and leave the other multi-equations
unmodified.

(2) To get SME,, replace all occurrences of z;, j, in SME by zi, j, i, j,- Then
delete the head symbols of the distinguished equation and leave the other multi-
equations unmodified.

(3) To get SME;,, replace all occurrences of #;, ;, in SME by x;, j,%i, ;- Then
delete the head symbols of the distinguished equation and leave the other multi-
equations unmodified.

(T3) Suppose that M E has head (z; j,ax) or (as,zi ;), where ay is a coefficient symbol.

Trans(SME) has two elements SME,,SMFE,:

(1) To get SME,, replace all occurrences of z;; in SME by ap. Then delete the
head symbols of the distinguished equation and leave the other multi-equations
unmodified.

(2) To get SME,, replace all occurrences of z; ; in SME by apz; j. Then delete the
head symbols of the distinguished equation and leave the other multi-equations
unmodified.

After the transformation it might happen that one side of the distinguished two-sided
equation of a structure SM E; is empty while the other is not. Then SM E; is not an sme-
system in the sense of definition 1. We erase it. If both sides of the two-sided equation are
empty after the transformation, then this equation is erased (resolved). If there is another
two-sided equation left, then we continue, Otherwise, if the system is non-empty we have
reached an open leaf.

¢ Simplification (of the sme-system SME):

The following simplification rules are applied until the system is erased or a system
SME' is reached which cannot be further simplified by the rules.
(51) If the multi-equation M E in SME has two identical sides of the form z; ; (where z; ;
is a variable), then erase both sides. If now M E has only one side, then erase ME.
(S2) If SME contains a multi-equation M E which has a side of the form a; (where q; is &
coefficient symbol) and if all other sides of M E have length 1 and are variables, then
replace all occurrences of these variables in SM E by a;. Erase MFE.

Theorem 11: (a) The mazimal length of a path in Tpa(E) does not exceed the
number (d!)?, where d = 2nl(E).
(b) E has a solution if and only f T1,(E) has a successful leaf or Tp1a¢(E) has an open
leaf which is labelled with a solvable sme-system,
(¢) If no variable occurs more than twice in E, then Tyi,:(E) does not have an open leaf.
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E is solvable if and only if T E) has a successful leaf.

Remark 12: It is simple to keep track of the solutions. We augment SME(E) by
the additional substitution list

(:1'.‘1,1, T2 1y+n- ,:I.',-,,l).

All replacements which occur during transformation or simplification are also applied to
this sequence. If the rule (Sy) is applied with the variable ;1 and ME is not empty,
then we replace z; ; in the substitution list by one of the remaining sides, etc. If we reach
a leaf labelled with an empty sme-system, then the substitution list defines a unifier of
the equation E. The technique may even be optimized since the structure of the columns
associated with the variables reflects the actual substitution list.

Example 13: Consider the equation azbzz == zczyyy. SME{azbzxr == zczyyy)
has the following representation:

aribzizg Ty Zl 21
2 |]22]-
Z3¢% T
2CZ3y1Y2Ys 2 ys | | 23
Replacing z; by e and using (S3) we get
71
zi1bazy ||z
ca Y2 ('? = C!.).
Y1Yyals | | X2
Ys

Here a is the z-entry of the substitution list. It is not necessary to store z- and y-entries
since we might use any line of the corresponding columns as substitution value. Combining
now two steps, we replace x1 by cazx,. After this step we may replace y; by z;:

Ui Iy
zibazx caz baz ecazr
! 2 ! Ya (-J - a) =+ 2 ! Y2 (-i -3 a)'
Y1lY2Ys T2 Yals z2
Ys Ya

Combining several steps, we may replace y, by bays, z2 by yzz, and y3 by z3:

T
cax
"{bav2| (o)
YaZ2 o

Now the principal column is completely resolved. We continue with the column associated
with z and add the value caz; to the substitution list (as z-entry). Combining two steps,
we may replace y2 by ca, then z; by ;:

T T
11 | baca (cazy,-,a) — baca (cazy, -, a).
T2 Ty
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By (S1), the matched occurrences of x; may be erased, substituting baca for x, in the
substitution list. The resulting column has only one line baca which is used as substitution
entry for y and erased. The final sme-system is empty and the substitution list shows that
(X,Y, Z) = (cabaca, baca, a) is a solution of azbzz == zczyyy.

Remark 14: When we reach an open leaf of Ty,:, then the naive transformation
strategy leads again to an explosion of the number of symbols: if, for example, a multi-
equation has the three-valued head (z,y, z) for variables z,y and z with two occurrences
and we consider the case where X is assumed to be a proper prefix of ¥ and of Z, then
four new occurrences of z are introduced, by the replacement. Then, when we take the
tail, only three occurrences of z are erased and the number of symbols grows. Thus we
have reached the point where we have to return to the concept of a position equation. The
translation of an sme-system into a set of position equations is obvious. We only have
to consider all possibilities how the entries of distinct lines of the same multi-equation
may be positioned with respect to each other. Then, after introducing the corresponding
boundaries, variables which have only one occurrence are erased.

Remark 15: Since the structure of the variable columns of SME(E) reflects the
structure of the components of a solution § = (X,,...,X,) of E lemma 5 shows that any
solution S of an equation E of length d is found after at most I = |X; ... X,| transformation
steps following the first d transformation steps of the flat tree.
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Two Theories of Propositional Quantification!
Nicholas Asher
The University of Texas at Austin & IMSV Stuttgart

1.Introduction

Natural language is replete with reference to abstract entities like propositions,
facts and their companion (and less abstract) events. Sentential nominalizations like
those underlined in (1) apparently refer to such abstract entities. We also appear to
quantify over such entities in (2):

(1.a) That Mary is wise is true.

(1.b) Mary's having won the Mathematics prize surprised the professors.
(1.c) The fact that Stan was Director made the Institute a lively place.
(1.d) The idea of Stan's flying to Austin was intriguing.

(2.a) Everything Mary believes is true.
(2.b) Every fact you discover may be relevant.
(2.c) Nothing you have said convinces me.

The question I would like to pose in this essay is a familiar one from analytic
philosophy since the turn of the century:2 what is the logical form underlying this
apparent reference and quantification over abstract entities? Two general theories
emerge, one a first order theory, the other a higher order theory of quantification.3 The
difficult task for such theories is to develop a coherent theory of quantification over
abstract objects that are suitably descriminated to be objects of attitudes. The task is

11 would like to thank Dan Bonevac, Anil Gupta, Herbert Hochberg, Rob Koons, Geoffrey Laforte,
and Per Lindstrom for helpful discussions on these matters. I would also like to thank Rich Thomason
for comments on an carlier draft of this paper read at the Second Conference on Logic and Linguistics in
Tuscon CA (1989). A drastically shortened version of some of the ideas in this paper a in the
g/r{gcecdmgs of TARK 11T, I_Jnfortm;?}t{cllz also some errors occur therein that I have tried to correct here.
re specifically, 1 did not in the T, paper make clear in my construction that I was clamun? a
compieteness proof for the axiomatization presented here below as R, relative to the class of all fixed
Eomts that could be defined by consistent additions to base partial models. I hope to have corrected this
ere.

2See for instance Russell's (1901) arguments in The Principles of Mathematics. The concern with
abstract entitics and their logic remained a concern throughout Russell's life.

?Many pecple have been sug gesting a first order th of abstract entities in the past few years-- for
instance Bealer (1983{, Tumer (1987), (1989), Aczel (1989). Higher order theories have found
advocates like Russell (1901) (1911}, Ramsey (1926), Prior {1960) ¢.g., and others like Fine, .
Cocchiarella, and Thomason (1980), and Menzel (1986). 1 will use Turner and Thomason as my main
sources here, but that is not because I have made a detailed survey of all the proposals.
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difficult because many attempts to do so have led to paradoxes concerning abstract
entities. These paradoxes have bedeviled philosophers and logicians since ancient
times.

There are two generally recognized families of paradoxes. One contains
paradoxes having to do with sentences and direct quotation contexts like the Liar. Then
there are paradoxes of application like the property version of Russell's paradox and the
family of associated set theoretic paradoxes (Burali-Forti, Russell, etc). Arthur Prior
(1961) and more recently Rich Thomason (1982) have argued that there is a third family
of paradoxes, the so called "paradoxes of indirect discourse,” which have to do with the
nature of propositions. Here is an example of such a paradox originally due to Jean
Buridan, embellished by Prior and Thomason: Suppose Prior is thinking to himself
only the following thought:

(3) Either everything that ] am thinking at the present moment or everything that

Tarski will think in the next instant, but not both, is false.
Suppose that at the next moment Tarski thinks that snow is white, By reasoning that is
valid in the simple theory of types, we conclude that Tarski was not able to think only
that snow is white, a bizarre and unwanted consequence of a logic for belief. Note that
this is a paradox about "entertaining," "thinking about" or "explicit” belief, not about
implicit belief. Nevertheless, since explicit belief is a seemingly plausible and useful
notion, the paradox has a bite to it.

In this paper I examine the intentional paradoxes from two points of view: (i) a
first order perspective in which the intentional paradoxes are merely a special case of
paradoxes direct discourse, and (ii) a higher order perspective like the one Prior and
Thomason advocate. Beginning with a representationalist's view of attitudes and
abstract entities, one can arrive at a natural formulation in a first order language of what
Prior is thinking to himself. This is the most congenial perspective perhaps to a
semanticist committed to a representational theory of attitudes and to a conceptualist
understanding of abstract entities in general. But the Prior-Thomason reconstruction of
the intentional paradoxes in higher order logic-- most notably in the simple theory of
types-- has merits of its own with regard to natural language semantics. I will give an
inductive definition for the propositional quantifiers, which appear to solve the
intentional paradox discussed by Thomason and Prior and one other difficulty for the
simple theory of types which Russell noticed. I end by drawing some comparisons
between the two theories.

The category of paradoxes of indirect discourse is potentially very varied. The
defining characteristic of a paradox of indirect discourse is that it does not directly
involve a quotational context. Clearly these paradoxes are not restricted simply to
attitude contexts. But many of these paradoxes of indirect discourse also have ties to
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the paradoxes of direct discourse, as the following example about facts makes out.
Those who believe in facts and take sentences to be bearers of truth would espouse
something like the doctrine that a sentence ¢ denotes (expresses, corresponds to or
whatever relation you like) a fact iff "¢ is true. But then the statement

(4.a) This sentence does not denote a fact
exhibits the same pathological behavior as the Liar sentence for obvious reasons. (4.a)
might be taken to be yet another example of the paradox of direct discourse, except that
it leads to a paradox of indirect quotation

(4.b) It is a fact that (4.a) does not denote a fact.
The paradox of indirect discourse appears when we take the sort of logic that ought to
govern contexts like it is a fact that. Surely, one might think (naively), if it is a fact that
p. then p, and if p, then it is a fact that p. In higher order logic we can easily express
this thought as a sentence; in first order logic it could be taken as an axiom schema.

Other ways of constructing paradoxes of indirect discourse do not depend on
direct discourse at all. There are paradoxes of intention (similar to Newcomb's
Problem and explored recently by Gaifman) that resemble at least semantic paradoxes.
Gaifman's puzzle gives a prima facie plausible example of a very odd, but desirable
goal. By having the intention to reach the goal, you in effect have the intention of not
getting it, because you know that if you have the intention to reach the goal you won't
reach it. Conversely, by having the intention not to reach the goal, you have the
intention of reaching it. This supposition results in a diagonal intention of achieving ¢
iff you don't intend to achieve ¢. This diagonalized intention appears to yield similar
difficulties for the logic of intention. Yet it has nothing to do with direct quotation at
least on the face of it; they appear to be properly classified as paradoxes of indirect
discourse.#

2. Representationalism, Conceptualism, Indirect Discourse and
First Order Logic

One thesis about abstract entities is the conceptualist's. The analysis of
propositional attitudes as attitudes towards representations (sentences in the language of
thought) with a certain determinate content® suggests that abstract entities like
propositions are constructs from representations. If one adopts a representationalist
view of attitudes, then the role of propositions and representations coincide. The
conceptualist makes propositions and other abstract entities equivalence classes of

4K oons (1987) contains a detailed exposition of some game-theoretic paradoxes and argues for their
similarity to the semantic paradoxes.

SFor details on the particular representational theory I use, see Asher (1986), (1987), (in press). But
many other philosophers and workers in CS espouse such theories.
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representations. For instance, propositions, the objects that are referred to by the that
clause in (1.a) and quantified over in (2.a) and (2.c), are equivalence classes of
representations under some suitable equivalence relation like sameness of functional
role. An equivalence relation like this one is needed to give propositions enough
structure to handle problems about the semantics of propositional attitudes.

The conceptualist should also say something about the structure of these
representations and their relations to natural language. Typically he does so by giving a
construction procedure from natural language discourse. For my brand of
conceptualist, the class of propositions is a countable, recursive set (assuming at most a
countable number of possible human languages). A similar story goes for facts, the
type of abstract object denoted in (1.b) and quantified over in (2.b), but I won't go into
details here. For my purposes here I can simplify the conceptualist's connection
between representations and sentences. 1 will model the conceptualist's propositions
with sentences (or equivalence classes of alphabetic variant sentences) of a langnage
with enough expressive power to express the content and structure of our beliefs as in
Asher and Kamp (1986) (1989). Such an approach construes quantification over
propositions as quantification over sentences, and from this philosophical perspective,
indirect discourse is much like direct discourse.

A cautionary note is in order, however. The use of sentences to model
representations allows us to make use of well-established techniques of recursion
theory. But we should not necessarily identify a system of representations with a
particular language, in particular a particular formal langauge. A system of
representation yields instead of sentences well-formed information structures. These
are not linguistic objects, though like sentences they are complexes constructed by
means of recursive rules from meaningful constituents. A more accurate way of
thinking of an information structure is to consider it a partial model. This analogy also
cautions one from making too close a connection between a language (like that of first
order logic) and a system of representations.

These observations yield a first order framework for quantifying over
propositions that exploits the sort of quantification found in the arithmetization of
syntax. On such an approach, we take various predicates like 'true’, ‘believe’, etc... to
take sentences as their objects. In writing down a translation of a sentential nominal like
(1.a), however, we must not put the sentence itself but a name of the sentence.
Consider a first order language L with identity, a denumerable infinity of individual
constants, and one distinguished predicate S (to be read as is a sentence). L(B, T) is the
language L expanded with a 2-place predicate B (to be read as believes that) and a 1-

6 we should think of a system of representations at least as an interpreted language-- not merely a
syntactic engine.

- 26 -



place truth predicate T. We include within the domain the set S of all sentences of L(B,
T), and we now relativize our quantifiers over propositions to quantifiers restricted to S.
Thus, (2.a) becomes on this framework:

(5) ¥x (8(x) ~ (B(m, x) ~ T(x)))

We would like to extend L to express beliefs about arithmetic. Thus, we should
countenance the possibility that some suitable extension of L be able to talk about the
syntax of its sentences. This makes it possible to prove instances of Goedel's
diagonalization lemma y « &("y"), where the instance of the 1-place predicate
variable § are B and T. As Tarski (1931), Montague (1963) and Thomason (1980)
showed, these instances of the diagonalization lemma are incompatible with very weak
assumptions about the logic of belief or truth. Let's call any theory containing instances
of the diagonalization lemma a self-referential theory. Techniques of Kripke (1975)
and Herzberger (1982) and Gupta (1982) permit the construction of models for self-
referential theories of truth and belief. A semantics for L can exploit these techniques in
several ways.” A model for L is a quintuple M = <W, A, R, D, [I> such that:
(i) W is a set (of possible worlds);
(ii) A is a subset of D ( a set of agents)
(iii) R is a function from agents in A to binary relations on W (wR,w' means
that w' is a doxastic alternative for K in w for agent a; [wR,] is the set
of alternatives to w for a € A);

(iv) D is a non-empty set {the domain of individuals);(iv) [] is a function which
assigns to each non-logical constant of L at each world a suitable
extension: if c is an individual constant of L, [c],, € D; and if Q is an n-
ary predicate of L, [Ql,, € D;

(v) foreach w e W, [S],, is the set of sentences of L;

(vi) each individual constant c is a rigid designator , i.e., for all w, w'e W, [c],,

= [cl,.

(vii) foreachd e D and we W, there is a constant ¢ of L such that fcly, p =

d.
A model for L(B, T) is a triple <M, [BI], {IT]> where M is a model for L, [Bl is an
intension for B relative to M (i.e., a function from Wy into g (Dpp) and [T] an
intension for T such that Vw € Wy [B],, CIS],,. I will call models for L(B, T) simply
models and models for L model-structures., A model structure M is extensional just in
case Wy is a singleton and <w,w> € Ry

"I here rehearse the work of Asher & Kamp (1986) and (1989).
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An important notion for this conception of a model is the idea of model coherence.
A model M is (doxastically and alethically) coherent iff the following statement is
satisfied for each sentence y and each world w € W,

(i) <a, y> € [Blyas ,, iff Iylyg o = 1 forall w' e [wR,]

(i) W & [Tl iff Dylayg = 1
A model structure M is essentially incoherent iff every model that expands M is
incoherent. The notion of coherence brings together two, independent features of the
models that are essential to the semantics of the attitudes, the alternativeness relation and
the extension of the B predicate. The alternativeness relation in the model structure
encodes plausible doxastic principles of reasoning and the basic doxastic facts that the
agent may uncover through reflection; the predicate B's initial extension represents what
an agent might in fact consciously believe. Coherent models are those models in which
the agent believes (or could come to believe through reasoning) all that is doxastically
possible for him to come to believe. Coherent models are those in which the agent can
use all the principles of reasoning encoded in the alternativeness relation to their full
effect. A similar story goes for truth: coherence connects the sentences in the extension
of the truth predicate with their extensions (truth values) in the model.

Models that are incoherent may become coherent through the process of model
revision. To define this notion, however, I need some auxillary notions. Define an
interpolation function on a set A to be any function f from g (A)2into g (A) such that
whenever Ay, Ap CAand Ay M Ay =gthen f(A{,Ay)2 Ajand f(A}, AN A2 =g
A revision scheme is a function ® defined on the class of all limit ordinals such that for
each A ®(}) is an interpolation function on the set S;_of sentences of L. Given a model
M and a revision scheme R, the revision sequence starting from M according to R is
the sequence { M %R}y Op, such that: MAR = <W,,, Dy, Ry, [1% >, where
f6]o. % = [B],, for all nonlogical constants 8 other than B and T, and [BJ* X and
[B]> X are defined as follows:

i) [Blo: R, ={Bl,; [Tl X, = AR,

i) IBIo+L Ry = {<a, ¢>: (VW'e Ry, ap) [plgre o =1)

iii) ITlo+L. Ry, = { @ : [@lpge o =1)

iv) [BMRyp o = R(A(BTy, By,), where Bty = (<a, ¢>:
Fy<AUVB)(y<P<h ~ ¢ € IBIBR )} and B-y, = {<a, ¢>:
(FY<AUYBYy<B<Ar — ¢ & [BIB-R , )}

8The fact that in some models the extension of the belief predicate at a world w may be inconsistent with
Th{fwR]) (see below) might be taken to be a drawback. But this feature serves a purpose; it models_
those situations in which agents hold conscious beliefs that upon reflection they would discard as being
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v) TR, o = RANTHy, Ty), where T+, = {@: Gy<M(YB)(y<B<h —~
¢ e [T, )} and By, = (¢: @YANVB)<BA ~ g ¢ ITIR
at,w))-

There are many different choices for revision schemes ®_obeying the local stability
principle, on which those sentences that become members of B+ (T+) at some world w
ought to be counted in the extension of B (T) at w at a limit ordinal stage A and those
sentences that become members of B-y, (T+y) ought not 1o be counted in the extension
of B (T) at w at a limit ordinal stage. % could be defined to be one of the Kripke
proposals for an inductive definition of the intensions of B and T or it could be one of a
wide variety of "semi-inductive” definitional schemes. In this section I shall most often
use an intensional version of Herzberger's semi-inductive definitions of the problematic
concepts.® By preserving classical logic, this approach appears to be slightly more
conservative in spirit than Kripke's inductive method (though often more difficult to
use). The Herzberger revision scheme h decrees that A"‘W =gand A(A)BT,,B,) =
B+t,,. Iwill call Herzberger revision sequences those revision sequences that employ
the Herzberger revision scheme 4.

There are certain conditions under which coherence cannot be achieved no
matter how many revisions are undertaken; in general, models in which paradoxical
forms of self-reference are present will not be coherent. The presence of incoherent
models leads to the following distinctions. ¢ is doxastically positively (negatively)
stable in a model M with respect to a revision scheme ®_at a world w iff ¢ € [BIB.
Rot,wforall B (pe [BIB Ry, | forall B). ¢ doxastically stabilizes at an ordinal o in
amodel M with respect to a revision scheme K (at a world w) iff o is the first ordinal
B such that @ is doxastically positively or negatively stable (at w) in B with Tespect to
K. Similarly, ¢ is alethically positively (negatively) stable in a model M with
respect to a revision scheme ® at a world wiff g e ITIB:. Ry, | forall (@ e [TIB.
Rat, w for all B), and ¢ alethically stabilizes at an ordinal o in a model M with respect
to arevision scheme ® (at a world w) iff o is the first ordinal B such that @ is
alethically positively or negatively stable (at w) in M B with respectto R. oisa
doxastic (alethic) stabilization ordinal for M (at w) with respect to R_iff every ¢ that
doxastically (alethically) stabilizes in M (at w) with respect to K stabilizes at some
ordinal < ot in M (at w) with respect to ®. There is also the more general notion of a
stabilzation ordinal: or M (at w) with respectto R o.is a stabilization ordinal for M
(at w) with respect to R iff o is a doxastic and alethic stabilization ordinal for M at w
with respect to R. If B is any ordinal greater or equal to the first (doxastic, alethic)
stabilization ordinal for ¢ with respect to %, the model 2f B, R is called a (doxastically ,
alethically) metastable model. Call ya doxastic (alethic) perfect stabilization ordinal for

9The Herzberger revisions scheme is the easiest of the semi-inductive schemes to manipulate.
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M with respect to K_just in case Y is a doxastic (alethic) stabilization ordinal for M with
respect to R, and ¢ € [BIY,, , iff ¢ doxastically stabilizes at some ordinal <yin # at
w with respect to R (¢ € [TH,, , iff ¢ alethically stabilizes at some ordinal <yin A
at w with respect to ). Finally call ya perfect stabilization ordinal for M with respect
to R _just in case Y is a doxastic & alethic perfect stabilization ordinal for # with respect
to R, and call MY a semi-stable model.

Just as when one predicate is defined semi-inductively, one can show that a
model revision sequence with the two predicates B and T defined as above eventually
yields a semi-stable model.

Proposition 1: Any Herzberger model revision sequence for L(B, T) yields a

semi-stable model #* and a periodic sequence of metastable models thereafter.
The proof of proposttion 1 follows a well-known path. A standard cardinality
argument immediately implies that any Herzberger model revision sequence must yield
amodel MY with ¥ a stabilization ordinal. The observation that the revision sequence
must yield a stabilization ordinal implies that every sentence that does not stabilize must
after a certain number { of revisions begin to show a cyclic pattern of evaluations after {
with period say 8. Suppose that the longest such period is 8. We may assume without
loss of generality that 8 <v. Now consider the limit ordinal A of the sequence Y+ 0, Y+
20, ... Ais a perfect stabilization ordinal, and so M* is semi-stable. Thereafter,
perfect stabilization ordinals must occur with a regular pattern, with all models M *
being semistable, for a = A,

If we confine our attention to the class of coherent models and chose the
appropriate alternativeness relation, we get a well-behaved theory of belief and truth--
for instance a sentential version of $4 + the Tarski biconditional for every sentence of
L.10 But in the general case, matters are much less satisfying. Essentially incoherent
model structures yield counterexamples to the axiom schema B('B"¢’ —~¢’) and to the
Tarski biconditional schema at arbitarily large successor, limit and perfect stabilization
ordinal stages in the revision process. Moreover, given essentially incoherent model
structures such that the revision procedure yields only incoherent models, the other
axiom schemata and axioms for the truth predicate like those in Turner (1987) are not
closed under the rule: if ¢ is an L-instance of one of the axioms then B'¢@’ is a theorem.
Nevertheless, the quantificational theory of first order logic is left intact. In particular
the axioms Vx ¢ ~ @(t/x), Vx( @ — ) — (Vxp — Vxy) and y — Vx y where x does
not occur free in y are valid in every M for o 2 1. That the variables of quantification
may range over sentences does not alter this fact.

19F0r details see Gupta (1982), Asher & Kamp (1989) thm 14. Care must be taken fo state this theory
given the limited resources of L needed to insure that models for L be coherent. But I won't bother to
give the details here. They are discussed at some length in Asher & Kamp (1989).
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The first order framework here entails that variables of quantification only occur
in argument positions to relational symbols; there are no variables occuring in predicate
positions. In particular variables do not occur in O-place predicate positions-- i.¢., in the
positions of sentences or formulas. So propositions are quantified over only insofar as
they are arguments to properties. This has to some extent a natural language
analogue.ll There is no quantification over the denotations of sentences in natural
language, it would seem, only over the denotation of sentential nominalizations. So, for
instance, there is no way to express in natural language the higher order formula Vp (p
v — p) except by quantifying over nominalizations and using a predicate like ‘true’ as
follows,

(6) Every proposition is such that either it or its negation is true.

If we atternpt to quantify in a natural language over sentences rather than sentential
nominalizations, we lose the verbs and predicates necessary to make grammatical
sentences in natural language. The first order approach to propositional quantification
appears to reflect the logical form of natural language, at least at first glance.

The first order quantification over propositions in this framework makes it
possible to translate Prior's problematic belief, which I expressed as (3). Before doing
so, however, we must include within our notion of an L(B, T) model a set of times I as
well as worlds and objects. Qur predicates for belief and truth will also now contain
argument places for terms referring to times. The revision procedures for predicates
will also be relativized to times, and there are a variety of ways the new revision
procedure might go. The most obvious is to require the following revisions to the
recursion clauses:

i) [BlX,,  =[Bl, ;ITI.- X, (= AR,

i) [BI+L R | ={<a, @, t> (VWe Ry ar) [9lare, o ¢ =1}

iii) [Tlo+1. Ry 1= (<0, t> : {olyr> w ¢ =1}

iv) BIMRy o = ROAN(BH, B™y,), where

Bty 1 = {<a, ¢, t> GYANVB)(y<P<h — <a, ¢, > € [BIBR /|
)}
and
By ; = {<a, @, t> Gy<A(VP)y<P<r — <a, ¢, t' > ¢ BB, |
)}
v) TR, o o = ROXTH, T-y), where
Tty = (<@, > GyRYBXY<B<A — <o, t> € [TIBR ,, )}
and

Ty = {<9, t> GYAVB(<BA —» <p, t>e [TBR, )}

1Noted for instance by Bealer (1982) Turner .(1987) As will be evident I do not think of this evidence
as that conclusive.
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Let's suppose that we also introduce designated constants to, t;, etc. to designate
elements of I and that predicates like T and B acquire an additional argument place for
the temporal parameter. Call this language L,. The reformulation of the revision
procedure for L, is quite obvious. Finally, now we can formalize and evaluate Prior's
thought within L.

(7) [Vx (S8(x) ~ (B(a, x, tp) = —true(x, 1)) v Vx (S(x) — (think(b, x, t;) —

—true(x, t1)))] & [3x (S(x) & (B(b, x, t;) & true(x, t;)) v Ix (S(x) &

think(a, x, to) & (true(x, to))]

This somewhat longwinded formula can be treated without paradox in the semi-
inductive theories of truth and belief with the Herzberger revision scheme.12 Consider
those models in which the model structures verify the snow is white for all times t. The
Herzberger revision scheme predicts that in the situation in which Tarski only believes
at t, that snow is white and Prior only believes (7) at to, (7) will be unstable,
alternatively true at one model revision and false at the next model revision. Kripke's
theory predicts that in such a circumstance (7) will get the value gap. In general the first
order theories of belief and truth using either inductive or semi-inductive schemes of
model revision treat (7) as pathological in a way similar to the Liar.

This theory of propositional quantification also does not lack for expressive
power. One can talk about common or mutual belief,!3 and one can make headway on
the semantics of attitude reports. Nevertheless, one can object to this treatment of
indirect discourse for two reasons. The first is that the rules for simple modalities (like
necessity) have to be rather drastically altered. Montague (1963) and Montague and
Kaplan (1960) showed that the axioms of T formulated for any 1-place predicate of
sentences was together with Robinson arithmetic inconsistent.}4 The
representationalist theory of attitudes and propositions-- in particular the parallel that I
have been stressing between representations and sentences-- make these conclusions of
Montague inescapable. But on the other hand, models for syntactic treatments of
modalities are now known, and a unified treatment of truth along with other
complementizers appears to be an advance for semantics. The standard modal logics
might be seen as approximations (or idealizations of) the logic of modal and attitudinal
complementizers. The axioms for these logics hold for the unproblematic parts of our
language-- those sentences that don't employ any self-reference. One is tempted to say
that the axioms are "usually true,” and in this they resemble rules of default reasoning.

121 should note that Krip_kc’s_ inductive definition of truth may also be used with (6) to solve the Prior-
Thomason paradoxes of indirect discourse. or 2 number of other semi-inductive shcmes .

13Gee my ' Common Knowledl&e and Model Revision ', talk delivered at the American Philosophical
Asgloc&ianon, Central Division Meetings in St. Louis, MO, 1986, The manuscript is available from the
author.

14 1 ater Thomason (1980.a) showed that weak S4 (S4 - the axiom schema B{" ¢ )~ @) formulated for
any l-place predicate was, mﬁmer with Robinson arithmetic and the assumption that one believed
something, inconsistent. For Montague the predicate might represent necessity or ‘it is known that'. In
Thomason's result, we might suppose that the one place predicate stands for 'it is believed that'
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It is only when we come across unusual propositions in which paradoxical self-
reference occurs that the standard axioms for truth and belief fail. we assume stability
and reason as if all statements are stable, Sometimes we have to revise our
assumptions.

A second objection to the syntactic approach to modalities relies on an old
argument of Church's. Church argued that sentences were an inappropriate object of
attitudes because that entailed that two monolingual speakers of different languages
could not share beliefs. But this objection obviously doesn't hold of representational
theories of attitudes. Representationalism is compatible and even encourages the idea
that there is a common representational system across humans who speak different
langnages. Stalnaker (1984) argues that humans and animals may share beliefs too, and
indeed here the postulation of a common representational system across species is less
plausible. But I think the representationlist has many replies to this challenge too. The
most attractive, I think, is to think of a relation between the representation and the
mental state it is supposed to characterize as somewhat flexible-- certainly more flexible
when reporting beliefs of other types of agents than adult humans. This proposal does
not entail a common representational system across species.

If one is persuaded by anti-representationalist arguments, however, one can
abstract away from the syntactic approach to modalities and still remain within a first
order theory of propositional quantification. Idon't applaud this move, since it is the
conceptualist’s thesis about propositions as sentence-like entities that yields useful
formal tools for dealing with propositional quantification and theories of truth and
belief. A more general approach would introduce a set of propositions P instead of
sentences of L as a subset of the domain of an LBT model. With each sentence of L,
we would associate an extension and an intension; the intensions of sentences on this
view would naturally in such a theory be an element of P, the extension a truth value.13
One would then add as in Turner (1989) an operator ¥ of the language that makes the
embedded sentence denote its intension rather than its extension. By supposing that
every sentence yields a unique element of P -- i.e., by taking as a valid principle 3!pp =
v for all ¢-- we may use the self-referential properties of L sentences to get at the
properties of self-referential propositions. On the other hand, we may exploit ¥, the
truth predicate of propositions and identity to define the liar directly as a sentence of our
language. Let 'p’ be a propositional constant of L and let L contain identity, a truth
predicate of propositions and the operator . Then the Liar is expressed by the
following sentence of L.:

p = V-true(p)

15 This use of extension/intension is due to Turner (1987) (1989).
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Though perhaps more abstract, it does not appear as though the generalization of the
sentential approach to a theory of first order propositions yields substantially different
results. Extensions to this fragment would include propositional functions and
propositions as one way of modelling properties and relations as well as propositions
(Aczel (1989), Tumer (1989)).16

2. Propositional Quantification and Higher Order Logic

2.1 Motivations

The first order theory of propositional quantification I have just sketched is
essentially limited in that it quantifies only over "argument place" positions. We could
quantify also over relations and properties, considering propositions to be 0-place
properties. Quantification over predicate positions is the syntactic criterion for a higher
order logic. The expressive power of higher order logic is quite attractive when
thinking about mathematical theories. When we think of a theory like standard set
theory or arithmetic we think of a certain canonical structure. We find the Lowenheim
Skolem Tarski theorems surprising, even paradoxical when applied to theories of these
structures (as we think of them naively) Higher order logic can describe these
structures up to isomorphism, and the Lowenheim Skolem Tarski theorems don't hold
for higher order theories.!” This is one sign that our mathematical views might be
couched in higher order, not first order terms.

There is also evidence in natural language of at least an indirect sort that we do
directly quantify over higher order objects, and not just their first order correlates that
some have assumed to be the denotions of sentential and verbal nominals. The evidence
has to do both with anaphoric reference to abstract entities and quantification. Consider
the following counterpart for verb phrases to the argument given by Bealer (1982) for
that clauses or sentential nominals,

John does everything that Mary does.

Mary solves math problems.

Therefore, John solves math problems.

I take this to be a valid inference, of the same general form as,
Everything that Mary believes is true.

16 Acze] (1989) proves completeness and soundness of a gencralized predicate logﬁ with quantification
ovcr_pﬂx_)smons-- something which we cannot do.  But this is because Aczel's E:Jage 1§ quite

restricted in ex ive power; there are operators on propositions like O and the truth functicnal
operators, but the language contains no predicates of propositions and no machinery with which to
construct instances of the diagonalization lemma that are the mark of self-referential theories.

17per Lindstrom suggested in conversation that one might explain our categorial mathematical thinking
by resorting to some direct grasp of certain structures. But if we think of the set of all subsets of a E}ven
set as being a well-defined notion, then for all intents and purposes we have espoused extensional higher
order logic. For a very good defense of the view that second order logic underlies mathematical practice
see Shapiro (1985).
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Mary believes that the collection of [Tlas for all metastable # is non-recursive.
Therefore it is true that the collection of [Ty for all metastable # is non-
recursive.

But while in the second argument it indeed looks like we are quantifying over the values
of that clauses or sentential nominalizations -- and one can make a good case that that is
first order quantification-- the first argument suggests a logical form in which
quantification is directly over a verb phrase (VP) denotation-- a function from
individuals to sentence extensions (or intensions). It is much less plausible
linguistically to suggest that all finite VPs are in fact singular terms of a first order
theory. For we must give some account of how the singular term denoting a property
and a noun phrase combine to give a sentence denotation, and at the same time we must
give a uniform account of the semanics of finite and infinite VPs.!3 The much simpler
and more plausible hypothesis is that this inference appears to involve a quantfication
over higher type objects-- second order quantification or higher.

Another bit of evidence for direct quantification over propositions occurs with
anaphoric reference to what a sentence expresses. Consider for instance.

Fred was an alcoholic. But none of us believed it until he announced he was

taking a leave of absence to go to a clinic for treatment.
The boldfaced pronoun is of interest, because it is linked anaphorically with the
previous sentence in the discourse above. The semantics of anaphora involves some
relation between the denotation of the pronoun (some sort of variable) and the
denotation or semantic value of the antecedent. In abstract entity anaphora it appears,
however, that here we are asked to identify the variable introduced by it with the
proposition expressed by the sentence (its intension). One could construct a theory of
abstract entity anaphora in which the variable is bound to a sentential nominalization--
the anaphoric process transforms the sentence into its nominal correlate. But a simpler
hypothesis is possible if one quantifies over sentence denotations or intensions; one
could give the logical form of the discourse above as 3p (p = Fred is an alcoholic &
none of us believed p...). Sentential quantification like this is not in general first order
definable, as Fine (1977) showed. So facts about anaphoric reference to propositions
in natural language indicates that quantification over sentential argument places leads to
a theory of higher order quantification.

A similar argument arises from VP ellipsis, an example of which is Fred likes a
drink after work and Sue does # too. One plausible semantic analysis of VP ellipsis is
that the null VP (indicated by @ in the example) introduces a variable bound to value of

18Chierchia's (1985) argues for distinguishing finite VPs as denoting unsaturated properties and infinite
VPs are nominalizations of finite VPs. The latter denote hypostizations of unsaturated properties

"nominal correlates” Chierchia calls them. A crucial feature of his account is that these nominal correlates
are of the wrong type to combine with NP denotations.
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the antecedent VP. For analogous reasons to those I have just sketched, VP ellipsis
also seems to offer prima facie evidence of higher order quantification in natural
language. One could make do with a first order theory of quantification, but the higher
order approach is more natural and in keeping with general assumptions about anaphora
and the semantics of VPs.

2.2 Standard Theory of Types
This train of thought leads to a different theory of propositional quantification,
the one that Thomason and Prior had in mind.19 Syntactically, propositional variables
and constants are (}-place property variables and constants. The language of
propositional quantification, L,, is thus a second order language. However, I shall
consider a natural extension, L, the language of the theory of simple types.20
Formulas are constructed in the usual manner from the truth functional connectives and
quantifiers. L, is a language containing individual and temporal constants and variables
for all finite types formed from the basic primitive types-- P (the set of propositions), E
(the set of individuals) and T (the set of truth values {0, 1}). Formulas are¢ defined for
each type using A-abstraction and functional application. So for instance, if { is a
formula of type T and x is a variable of type T', then Ax{ is a formula of type T — 7', and
if yis of type T — 7' and B is of type T, then y(f) is of type 7.
L has extensional and intentional versions of the connectives and quantifiers.
V, 3, &, v, —+, — will be the truth functional operators and quantifiers, while I, Z, N,
U, = and ~ will be the intensional correlates. Extensional identity, =, also has an
intentional correlate, =. I shall also assume that in the language there is also a function
constant v from propositions to their truth values as in Thomason (1980) (manuscript).
Note that vp is not considered to be a proposition!
We insure a homomorphism between extensional and intensional correlates if
we take the following as axioms:2!
(HOM)
forallp,q: ¥[pMNql="p&“q MipVdal=Ypvvq Vp=ql="p~—'q
forall {: Y[ IIxt{]=Vxtv{ Vv[Zxt{]= Ixtv
forallp: Y[~pl=—-'p
forallt, t: Vit=tl=vit=1t]

19There are artgnumems for getting rid of in doing natural language semantics. But I want to sidestep
those here, as they usually revolve around a treatment of properties (with one or more argument places!)
and this would lead us too far afield here.
20y is interesting to note that some difficulties such as those in the last section of the paper arise in full
type theory but not simple quantification over propositions and rties in intentional logic. This seems
1o cast doubt on the equivalence in inteniional logic between secogg order and full type theory. This

uivalence is a fact of extensional, higher order logic.
21 A weaker theory of propositions without (ABS) call it P-ABS would need to require of HOM in
addition that

v AxT A(B) = VA(BAT) if B is of T

P-ABS is already alluded to in fogmotc ?lp;bove.
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To get complete freedom in choosing one's intentional logic for the attitudes, it is better
to give for each usual extensional quantifier and connective an intentional operator and
quantifier. But for the statement of various truth definitions, it is very tiresome to read
recursive clauses for each quantifier and connective; so in what follows I shall illustrate
the various definitions by just exploiting the connectives, quantifiers and operators in
the first column of the above table. The rest of the cases are always entirely obvious,
and the interested reader may easily fill them in.

Once variables range over sentence denotations, it no longer make sense to take
these to be truth values a la Frege, Carnap and Montague, if we wish to justice to
propositional attitudes and other intensional contexts. Rather, we must take the
denotations of sentences to be propositions. A sentence will be true iff the proposition
it denotes is true. Thus, (2.a) expresses the proposition,

(8) Ip (believe(mary, p) = p).

(8) is a formula of L, in L, °believe’ is a second order predicate of individuals and
propositions. By the correspondence rules in (HOM) (7) and hence (2.a) are true just
in case,

Vp (Vbelieve(mary, p) — Vp),
where p ranges over the domain of propositions.

A standard intentional model with times of L, consists of a quadruple <E, {1, f,
F>. B is an inductively defined set of domains of various types, with non-empty sets
Eo, Ep, Ej and E7 (of individuals, propositions, times and truth values respectively) as
the basic types of objects. Other types are constructed from basic types as functions
from types to types. In a standard model, if T,, . .. T, are types, then the set of all
objects of type <Ti,...,To> E(< Ty, ..., T,>), = @ (E(T) XE(t2) X. .. X E(1,) ).
The interpretation of expressions of the other types are the functions constructible from
these basic types. I shall also assume that types are closed under functional
application.22 So

(FA) if v is of type T — ' and  of type T, then v({) € Ey
[] assigns an (intentional) interpretation to each expression of type t; the interpretation is
some element of E(T). The interpretation function of an intentional model respects A
abstraction and application in its assignments. That is, we have for any term o of type T
and any term Ax B of type T — T,
(ABS)
[AxBldal) = [B(x/al.

Our theory is intentional so the objects assigned to predicates of a language by

[] are properties and relations, not sets. Since sets are useful in the truth definition,

23AB_S) is an optional constraint. One might require simply that AxTA(B) and A(xY/B)) coincide in truth
value in every model, which could be imposed by HOM below
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however, intentional models have a function f that assigns to each object in atype a
certain extension. Let [] be the extension of [} and f to include the assignment of
denotations to complex terms of the form v¢p. Then Fis a function from P XTinto T =
{0, 1} such that:

i R(GQ@;,..a))=1iff da,}, .., [a,l> e fAGH

iLARENQY=1if RE)=R@=1

i f (~9=1-%(Q

iv. ; (TIx* ) = 1 iff # ( {(a)) = 1 for all objects a of type T

v. F(a=P)=1iff [afy = [B)

(similarly for the other operators)

If [l is a proposition, V¢ is a singular term denoting in 44 the truth value of [} in /.
It requires a special interpretation. Further, these singular terms may combine with truth
functional operators and quantifiers, which will have the usual recursive, semantic
clauses. Let us write [A]; M = 1if A denotes in M truth at t; [A]; M = 0 otherwise.

a. If A is of the form Vi where I9las is a proposition, then [Al; M = H®)

b.If A isof the form B & C, then [A}y, m=1iff [A]y M=1 and [Al, M= 1.

c. If A is of the form —B, then [A];, M = 1 iff [Aly M= 0.

d.If A is of the form ¥Vx* {, [Al;, M = 1 iff [{(a/x)];, M= 1 for all a of type T.

e. If A is of the form V[a = B, [Aly, M= F (o= P).

f.If A is of the form at(vo, t), [Aly M= F ().

(Similarly for the other operators)

Let Ty be the theory given by the axioms below and closed under the rule modus
ponens.
(i) v, where ¢ is a tautologous proposition.
(ii) VxT (M@ — Vy) — (Vx™V@ — Vx™y), where xTis a variable of any type .
(iii) Vx* V@ — Vo(t/x) where t is substitutable in ¢ for x¥, a variable of any type
T.
(iv) v — VxT Vo, where x* does not occur free in ¢ and is a variable of any
type T.
(v) The usual axiom and rule for identity: o = a), andif AR =P) =1,
then FY(B)) = Ry (P))
(vi) AxT @[a] = @(o/xT), where o is a term of type 1.2
To contains desirable axioms for identity, quantification and the truth functional
connectives. Given this definition of intentional models, every intentional modet for L,
M, verifies (HOM) as well as the usual rules of predicate logic and B-conversion.

23The appropriate axiom for P-ABS instead of the identity for functional application is the schema,
Ax® glo] ~ p(a/xT)
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Proposition 2: Let M be any intentional model. Then #/ is a model for for
(HOM) and for To.
The models for Ly, impose a structure on P.24 P is closed under the operations (1, ~;
I'T must be a function from PF — P, where PF is the set of propositional functions {f | f:
EUP — P}. I will take P to be an algebra whose atoms are given by the atomic
sentences of L.

Let's now formulate the intentional paradoxes or paradoxes of indirect discourse
within this theory. I'll assume some standard addition of constants for times and set of
times in the models for Lw. The proposition denoted by (3) is easily expressed in Ly,
and it is true just in case (9) holds.

(9} (Vp (VB(prior, p, to) ~ —at(Vp to) v Vp (VB(tarski, p, t;) — —at(¥p, to))) &

(3p (vB(tarski, p, to ) & at(vp, to))v 3p ( VB(prior, p, t1) & at(¥p, to)))
We can easily show: _
Proposition 3: There is no intentional model for L, ¢ such that Prior thinks

(9) at tp in M, Tarski thinks that snow is white at t,in A and 'snow is

white' is true at t, in M.
One should note that from the perspective of the simple theory of types, Prior's
"paradox” differs from the semantic paradoxes like the Liar and paradoxes of
application and comprehension like Russell's predicative paradox. There is no question
of inconsistency in the theory To or in HOM, and the simple intentional theory of types
is after all a highly restricted framework (in comparison, for instance, to ZF).
Nevertheless, Prior's thought experiment yields entirely unsatisfactory results.

2.3 The Partial Theory of Types

The reason why this theory of propositional quantification gets into difficulties
is not hard to discover, if we contrast the higher order theory of propositions with the
first order theory of the previous section. As the translations for (2.a) and (3) in higher
order logic make evident, the truth predicate has disappeared into the theory of
propositional quantification. The higher order theory of quantification (as Ramsey and
Prior might naturally have suggested) yields a "pro-sentential theory of truth,” on which
the truth predicate in English is just an anaphor, or perhaps even more simply a dummy
or redundant predicate needed because of the limitations of natural language syntax.
The theory of quantification has in effect swallowed up the truth predicate. To fix the
sort of difficulties that Priorean thought experiments like (3) give rise to, then, the

24A couple of facts about V are immediate once we realize it is a function constant in fact denoting 7.
First of all, ¥ does not iterate; so ¥ v @ isn't well-defined. Thus any identity statement like p ="V [~p] is
false in every model! Further , we might symbolize the Liar as ¥ p « —V p. But this sentence too is false
in every model; it is a simple contradiction. Thus, the stipulative version of the Liar does not pose any
problems in this higher order logic. Higher order logic says that the liar is false in every model. Note
also that the strong liar, whichsays that the Liar is false is logically true!
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natural suggestion is to do for quantification what Kripke and Gupta-Herzberger have
done for predicates like truth. Just as truth is defined inductively or semi-inductively
mirroring the restrictions of the Tarskian hierarchy, so too is quantification to be
similarly bounded by types until the construction is finished. My proposal complicates
the connection between propositions and their truth values in intentional models by
using either semi-inductive or inductive definitions for the domains of quantification.

2.3.1 A Semi-Inductive Theory of Propositional Quantification

Let me make the suggestion a bit more precise by looking at the semi-inductive
case first. Let M, be a standard intentional model for type-theory. I distinguish a
subset of Ep, Po, which contains just those propositions not containing propositional
variables or constants. We now define a revision sequence of models #{gy® as
follows. Let Mgu® = <E, [}, f, 7%>. We now define a recursion for ¥ on the
ordinals. 0= AP, U (P-Py X {0}). All the definitions for #and the assignment of
truth values to terms of the form v largely the same as before with the exception of the
quantified clauses:

i Ff%(Ga,,..a,)) =1iffda,], .., [a,]> e FAGD)

i. RUENY=1if K P)=K"P=1

. A9 =1-#%)

iv. FOANIIXTL) = 1iff R L@)=1forall aof type T=P.

v.  RNo=P)=1iff [o]ar= = [Plare

vi. If A is of the form v where [@las is a proposition, then [Alare = F

()

vii, I A isoftheform B & C, then [A]lg, ar= = 1iff [By, ar= =1 and [C};,

ae=1.

viii. If A is of the form —B, then [A}; ar« = 1iff [B]y as==0.
I A is of the form Vx? {, [Aly are = 1iff [((a¥/x)];, ag2=1 forall a®1
#P.
X. If A is of the form V[o = B], [A], ar* = F “(a = B).

(Similarly for the other operators and non-propositional quantifiers)

%

The clauses for the propositional quantifiers must be defined relative to previous models
in the sequence. We need a pair of clauses for successor and limit ordinal cases.

xia  FONTIXP ) = 1iff % “({(tP)) = 1 for all tP.
xiia. If A is of the form VxP {, Al agor1 = 1 iff [{@P/x)], are = 1 for all
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xib. RMIDF L =1iff PVa P a<i -~ FHIXP @) =1).
xiib. If A is of the form VxP {, [A] ara = 1iff 3B Vo (B< oo <A — [A],
Mo =1.
(Similarly for ZxP)
The first stage of our model revision procedure now may have a quantificational
incoherence in there. For instance, a quantificational proposition of the form nxPe will
be false in M0 even though all it's instances may be true. But this incoherence is erased
once the revision procedure gets started. We can still show that every model M °gy in
the revision sequence defined verifies (HOM).
Proposition 4: Let % °qq be a revision model for o > 1. Then M °qy is a
model for HOM.
The proof of proposition 4 proceeds by induction as before. The only interesting case
comes with the propositional quantifiers, and that case is easily proved from clauses vi.,
xi., and xii. But notice that this gives us a different correlation between a
quantificational statement and its instances:
Mouot! F Vp vo iff 7(@(p))=1foranyt € P.
Mour FVp Vo iff PVa (P a<i —~ FIIpg)=1)

Our model revision procedure now yields eventually a higher order semistable
model, as all sentences with a string of propositional quantifiers of a given depth that
will stabilize eventually do so. M3 is a higher order semistable model just in case 3is a
perfect stabilization ordinal for A with respect to the revision sequence above and F.
Let Y be such a model. Prior's belief, (9), is false at A7, if Tarski's belief is true.
Moreover, the truth of Tarski's belief, if it is a simple proposition, does not depend
upon Prior's thinking (9) or not thinking (9). So far so good. But a rather surprising
result is in store for us:

Proposition 5: There is no semi-inductive model such that such that (i) Prior

thinks (9) at to in M and nothing else, (ii) Tarski thinks that snow is white at

t,in M and nothing else, (iii) 'snow is white'is true at t, in M, and (iv) M is a

model of T,.

The proof proceeds by an examination of cases. We observe that on such a theory (9)
also has a 2 cycle interpretation. Any M0 cannot be a model of Ty, because the Ty
theorem @(cP) — IxP(xP) is false at M0, where cP is a propositional term. Successor
states MY+1 either fail to verify VxP y(xP) — y(cP/ xP), where  is either the
subformula

vB(prior, p, to) — —at(¥p to)

vB(tarski, p, t;) — —at(Vp, to)
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of (9); or they share the following difficulty with limit stages ¢, a¢ b (9) iff M E
VxP (VB(a, xP, to) — —v xP) iff 3B VY (BS Y <A ~ MYFVxP (VB(a, xP, 1p) — -~ xP).
So #* k —(9). But then by ordinary quantificational logic, M* & —(9) iff M k IxP
(VB(a, xP, to) & ¥ xP). But by the constraint (i) of the proposition, M* b —(9) iff M2 k
9.

Proposition 5 uses the Herzberger approach. But the same result holds for all of
the semi-inductive schemes that have been proposed in the literature: Herzberger's
Gupta's and Belnap's. Further, it appears that no supervaluation over successor stages
will give us T, as long as the successor stage revision models are defined in the way
above. Actually, the result isn't all that surprising. The semi-inductive approach
"preserves” classical logic in the first order case, because there is a truth predicate to
revise. Classical logic is preserved there at the cost of falsifying the Tarski truth
scheme. In the higher order case, the semi-inductive scheme falsifies the
quantificational axioms for propositional quantification. But these should, I think, be
considered part of the backbone of higher order logic. Any approach which does not
preserve these rules in some format is not a satisfactory approach to the version of the
intentional paradoxes cast in higher order logic.

2.3.2 An Inductive Definition of Propositional Quantification

A more satisfactory construction is available with an inductive definition like the
one used by Kripke (1975). I will first consider a simple case in which ¥ is a partial
standard intentional model for L, satisfying (FA) and (ABS). There are many reasaons
for looking at partial models besides those involving the paradoxes.Z> A partial
intentional model is just like a standard intentional model, except that the assignment
function f is partial and assigns extensions and anti-extensions to the basic properties. I
will refer to such functions with the symbol f*. Recall that the distinguished subset of
Pas, Po, contains just those propositions not containing propositional variables. An
inductive revision sequence is defined by setting 70 = #P, and the base partial model
MoK = <E, [, *, 0>, Mgg® = <E, ], f*, %>, and then requiring the following
constraint on F (which I call the partial model constraint PMC);

(PMC)
1. Fo and [Jaz> are closed under the usual semantical rules for a strong Kleene
interpretation of the truth functional connectives and non-propositional
quantifiers.

258ee for instance discussions in Langholm (1988), Muskens (1989). The types I have given are still

total (though not on the set of truth values due to the partiality of ¥). Muskens notes that it would
perhaps be better to have partial types in an extensional theory, and I might agree with his reasoning. If
so one could then modify the theory in the way he skeiches.
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2. All Mk"” verify identity statements of the form 8 = B, where B is any term.
Otherwise,
Mqk® kB = ' iff [B] = [B'] and both [B] and [B'] are defined in M K*
Mqk™ P =p'iff [B]= [P and both [B] and [B'] are defined in M k™
3. For propositional quantifiers (again I illustrate only for IT; the case for X is
completely analogous),
A. With regard to the successor case:
i.a FHUTIXP ) = 1if #*( () = 1 for all tP.
i.b. F+TIxP ) = 0 if 7°( {(tP)) = 0 for some P,
i.c. F+UTIxP {) undefined otherwise.
ii. If A is of the form VxP {,
a.[Alagar1 =1if [((P/x)]are =1 for all P
b. [Alago+1 =0 if [[(1P/x)]are = 1 for some P,
C. [Alafo+1 = undefined otherwise.
(Similarly as in i. and ii. for the existential quantifier)
B. The limit case may defined quite simply.
a. ﬁ = UB <h ?ﬁ
b. Jagr=Up < [acp
The QK sequence of models builds up inductively the values of the partial function g
and the extensional definition [] for each &. In M QKO no propositionally quantified
statements are given truth values. #AP,, however, does assign every atom in the
propositional algebra a truth value. After the first application of the inductive definition
M k! now verifies many propositions that quantify over propositions-- e.g. VEpp.
But notice that (9) will not get a value in A QKI. In fact (9) will not get a value
throughout the QK sequence. I will call the models in the QK sequence standard
partial models for L, The class Ao of fixed points of the QK sequence as defined by
PST gives us the minimal fixed point models definable on the class of all base partial
models for Ly,

Standard partial models are not models of (HOM). But they are models for a
closely related theory. We must make two changes to (HOM). First, we must define
correspondences for each pair of intensional and extensional connectives. Second we
must replace the idendties in (HOM) with rule equivalences. Call the resulting theory
(HOM":

(HOM")

Qg vpYd V=g [l

Vp&Vq VPVVq Vp—qu _...'Vp

vEvIIxIq) Vit EIQgRItLlq]
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L2 ¢ VIt=t] TV

Notice that as with the QH revision models, the correspondence between F and
[1 is not complete:

(i) M+ k Vp vo iff 7*(@(t/p)) = 1 forany te P.
Mok Vp vo iff F*(p(tp)) =0 for somet € P.
(i) Mx*1 k 3p vo iff F(e(t/p)) = 1 for some t € P.
MqgO+! 3p voiff F(e(i/p)) =0 foreveryt € P.

Nevertheless, just as for standard intentional models for type theory, we may show that
the axioms in (HOM) are verified in the following sense.

Proposition 6: Any partial intentional model M is a model for (HOM')
The proof of proposition 6 follows immediately from the constraints on partial models.

The rule equivalences in (HOM') form a weaker theory than (HOM) to be sure.
We only have a partial homomorphism from propositions to truth values respecting the
propositional and truth functional connectives and quantifiers. But we can still prove
the following with it. Define a L, formula ¢' in v normal form such that v occurs only
in front of atomic formulas. The rules in (HOM") allow us to prove

Proposition 7: Let ¢ be a formula of L, Then given (HOM"), there is a

formula @' in ¥ normal form such that @ F @'
Proposition 7 allows us to ignore the carrots once again.

Because the QK sequence of models is inductively defined and there is a fixed
set of propositions, one can show by the standard argument that the sequence reaches a
fixed point. I'll call any M k¥ model that is a fixed point of the definition a standard
fixed point model for L. Let R; be the following set of rules (cormresponding to the
strong Kleene interpretation of the connectives and quantifiers):

R,
1. The usual introduction and elimination rules for 3 V & and v generalized to
all types
2. The equivalences
—-—A —(A & B) —(A v B)
A —-A v—-B —A & -B

3. Theruley & —yt ¢
4. Suppose @(y) is a positive context (y is a constituent that is not under the
scope of any negations or relation symbols in prenex disjunctive form). Then if
V1 by, oy F oly).
5. The axioms

a.p=p

b. AxTA(B) = A(B/x)
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6.If cand o' are of type T — T and B, ' of type 7', then a=o' & B=P'F
a@) = a'(B)

7. Vukx ¢u) =Ax @'(u) F Ax ¢ = Ax @

8. The rules in (HOM")

Say that @ is a logical consequence of y relative to the class of models Ao justin
case if M € Ap and M Fy, then M F @.

Proposition 8: If ¢ } yis arule of R, then ¢ ka, w.

To illustrate, let us take one of the quantifier rules, the universal exploitation rule Vx ¢ +
o (t/x). Suppose for some M € Aq, M F Vx ¢. If x is of other than propositional
type, then by the constraints on ¥ given by the strong Kleene interpretation of the truth
functional connectives and non-propositional quantifiers, & F ¢(t/x) for any suitable
termt. Now suppose that x is of propositional type. By the construction of the
sequence QK Vx@ will be true only if all its instances are verified at some previous
stage, if ¢ is a successor or limit ordinal. In either case, since the construction is
inductive, this assures that 27 k ¢(t/x). The only other rule that may not be obvious is
the rule 4. Assume that , Fa, Y and that for some M € Aq, M F @(y;) where ¢(y)
is positive. We must now show M F ¢(y,). We do this by induction on the
complexity of ¢. If ¢ is empty then the result is obvious, so now assume for all
positive { of complexity less @, the result holds. Since ¢ is positive, there are several
cases to consider. First,  ={, v {,. Suppose that y; occursin {,. Then M kL, v
Co(yn) iff a1 EC; or ¥ kL, () iff, by the inductive hypothesis, M kL, or M F
Ca(yy) iff M F @(y,). The other truth functional cases are similar. Now suppose that
¢ =3x {. Since M is a fixed point model, it must contain the relevant instances to the
quantifier. So by the inductive hypothesis again, we see ¢asily that the desired result
follows.

Let g be the derivation relation defined by the rules in R;. A standard
argument will now prove the soundness of R, relative to A,. In fact we may consider a
wider class A of models, the class of all fixed points of partial base models that employ
the inductive revision procedure defined in (PMC) for successor and limit ordinals. To
define these models, we begin with a base partial model M = <E, [, f*, 70> and then
consider a partial base model expansion, M* = <E, [, f*, 70> where #*0is some
extension of 7V consistent with the strong Kleene valuation rules. We now exploit the
inductive revision procedure relative to all such M *. Let k5 be the consequence relation
defined over A. Then,

Proposition 9: For a set of sentences I'. if [ kg @, then T Fp o.

It appears that if we loosen the notion of a standard partial model for L to get
general partial models L, , we may also be able to prove a completness result for R;.
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A general model for Lg, from Henkin (1950) is a model in which the domains of
propositions, truth values, and individuals are as before and where if 1, . . . T, are
types, then the interpretation of a type < Ty, . .., T.> is a subsetof (It Xt 1X. ..
Xlt,]1); in a standard model [< t,, .. ., t.>] = @At I X[t ] X. . . Xzl ). Justas
there are standard partial models, there are also general partial models for L. Let kg be
the consequence relation defined over all general fixed point models-- all those fixed
point models definable relative to partial base general model expansions .

Proposition 10: For a set of sentences I, if ' kg ¢, then " kg ¢.

The outline of the proof relies on an adaptation of the Henkin method to partial models
proposed by Kamp (1984). What I shall do is show that if not I" g ¢ then there is a
partial model that verifies I" but does not verify ¢. So suppose not I'F ¢. Define ¢ to
be a positive formula just in case all negation signs in @ occur only on atomic formulae.
We may show that for every ¢ there is a positive ¢' that is R-equivalent to it (i.e. ¢ F
9.,

Using an enumeration of all positive formulae of Ly, we build up two maximal
sets Q and ¥ from I" and {¢} respectively as follows. I assume that infinitely many
constants of each type do not occur in the enumeration of the positive formulae.

1. Q=T X = {(P}

2.a. if not (2, U {yn41} F Z,) and Wy is not existential, then Qp,y =Q, U

{Wn+1); Ener= Zp

b. if not (Qa U (yn+1) F Z,) and Yne1 =3vE, then Qpy1 =Qa U (Y41,
(ci/v)} where c; is the first individual constant not appearing in Q, UZ, U
(Y1} s Zne1 = Za
c. if Q. U {Wn41) F Z, and iy is not universal, then Q41 = Qu; Zny1 = Za
U {vn+l)
d. if Q, U {yne1} F Z; and Y1 = Vv, then Qpyp = Qo j Zng1 = o U
{Wn+1, §(ci/v)} where c; is the first individual constant not appearing in £, U
s U {wne)

3Q=Upe 0 Qi Z=Uge 0 Zn

The next step is to show

Lemma 11:not Q FX
This is proved by an induction on £, and Z,.

I now construct a base partial intentional model M = <E, [I, f*, 7> from these
sets. First I inductively define the type structure E. Let Eoas = {[cO]): ¢ is an
individual constant occurring in Q U X}, where[clg = {d: Q+d=c}, and let Ej o7 =
{[y¥]q: v is a sentence occuring in Q U £}. 1define ET as the set of truth values using
the sentences and their negatesin Q. T={y:ye Q}; L= {y: -y e Q]. Now
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assume that E; and Ey are already defined as equivalence classes [a}g and [Blg
respectively. We define E; ¢ 1o be {[{lq: { is of the form Ax™ yand y occurs in Q U
Z). We further define for each [{lg in E; -¢ to be a function such that [(lo([alq) =
[Y(x¥/a)]q for any element []g of E;. We can easily check this definition by
exploiting (6) and (7) of R, and noting that for any ¢, &; € [a]q and AxY;, AxY; in
{0la . Axyy (o) = AxYz(a,). Further, if [§]1q = [{2]q, it follows that ; and {, agree
on all arguments. So Vu Axy;(x)(u) = Ax¥,(x)(u). By (7) we may conclude {, = ..
The set of all types E for 4 are those constructed from the basic types by this
procedure, and it obeys (FA).

The second step in defining the model is to specify the interpretation function.
Define [] as follows. If ¢ is a term of type 7, then [¢} = {¢]g € E;. Because of my
definition of the type structure and because of (5.b), [] obeys (ABS).

The third step is to specify extensions for intentional objects. Define f* such
that for [Blg € Ecy,, .., 1> F*(B) =<{<loulq, . . . [alo>: Ploy, ... o) e Q),
{<loulq, ... [aado>: P(a, ... a.) € X}, The first member of this set is the
extension of B, the second its antiextension.

The final step is to assign truth values to propositions. Define Fas tobea
function from Ep, to ET such that: if ¢ is of the form R(B,, . . . Bn), then Far(R(B;, . .
Bo)) = 1iff RBi, ... Pa) € Qand FagR(By, . .. Bu)) = 0iff RPBy, ... Pa) € E..
Given my definition of f*, 70 is correctly defined.

Now we must extend 044 to a function that verifies all of . We do this by
considering g7 U {Qp X {1} = 04y, where £2, is the part of €2 that contains
propositional variables or constants. F*04/ is obviously a fuction, and we can extend
P0y¢ to a partial function #* from Ep to E7 using the inductive revision procedure
defined in (PMC) for successor and limit ordinals. Let M* = <E, P, I, f, #%> be the
fixed point of that revision process. ¥ is easily shown to be consistent, since if not
then #*0,¢ must assign a formula and its negation both 1 or the same formula belongs
both to £ and to X, which is impossible by the construction. So 2 is a fixed point
model. Now we can show the following:

Lemma 12:44 is a partial model that verifies all of {2 and fails to verify Z.

Hence M “ verifies I" and fails to verify ¢.

We prove this by induction on the complexity of € QU . Suppose that ¥ is atomic
- of the form R(B;, . .- B.) The construction of #0 insures that ¢ k9 if & € Q and not
M kB if ¢ e Z. Suppose O =—wy and that ® € ). By the construction of Q, y & Q
and y must be atomic, But then y € I and 5o again by the definition of 7 af Wy and
so M k3. An entirely parallel argument holds if 3 € Z. The truth functional cases and
ordinary quantificational cases are straightforward. Suppose ¥ = Axa(p) € Q. By
(5.b)in Ry, &' = a(B/x) € £, and by the inductive hypothesis M ko'if o' € Q. M F




| srgumnent holds for the case 9. Z. ‘The anly mnsumshtforwardswi’ v "
quanuﬁed' statements of the form 3py and Vp v where pisa proposiuma{ qmm

| é Q. By the inductive hypothesm M b w(cp,lp) and so M F"Bp\v,
fixed point. Now suppose that 3 € Z. © e Z only if it implies ¢ or is itself ¢. So by
.. the construction procedmeof):andﬂ every instance \p(cp,fp)ofwnmstbeini}, since

isa ﬁxed pomt. Then by the inductive hypothesis it is not the case that M e \I’( .
for any instance W(cPy/p) of , and so not #® k 3py. The arguments where © --—-#W i
. are analogous to those for the existential case. Suppose 9 € Q. We must show M"* ko
Vp ‘V By the construction pmcedm'e and the fact that Vp\y b \p(cl’/p). every in ;

& " assume that o e E. By the construction of E an mstance \p(cpjlp) e X By‘the ‘
o inductive hypothesis then, not 20 b y(cP,/p). But this suffices to show that t is not the
A case that M® b O,
| With this lemrmma the end of the proof of proposition 9, the completeness proof,
is at hand. This completeness proof establishes a logic for partial fixed point models of S
proposinonal quanuﬁcanon, a loglc which I'll call partial, sxmple theory of ‘ -
PSTYE Bt i does $o by using general models, If we definie mﬂ‘é%%é’
means of the model theoretic properties of their standard models rather than by their
syntax, the use of general models for PST essentially assigns a higher order logic
syntax 4 first order logic semantics. But in this PST is no different from the standard =
simple theory of types (ST); with respect to standard partial intentional models PST i
sound just as with respect to standard intentional models, (ST) is sound. Byf_th_c E

.

1 J-tn

con]ecture in PST, is only X1, definable.?’ The major accomphsflment of-course- 8
that in PST, the intentional paradoxes are rendered harmless.

Of course PST isn't conservative in one respect. Classical logic is not valid in
-these models. Wecandobetteratmcpnoeofsomeeleganoe. Letusdivideour,
!anguagc into those sentences in which propositional consgants ar mable& neeur aﬂ" ;
those sentences in which they do not. Call the former Ly and the latter L - L,, Rl
the following set of rules and axioms.

Summh course there is a weaker logic than PST ﬂ:x gne corresponding to tl;; %heory of popoman:;-(FA)

a would the axiom of PST [+ with -

W%,m’m""“mmw F I P/ Wit Ax* plad - 9(o/x") o
‘The proof of this claim would follow the lines of that given by Van Bentham and Doets (1984). _




R2

1. All instances of T, restricted to L. - Lp

2. All instances of the rules of R, in L.
Now consider a restricted class of partial base models, those models ¥ = <E, {l, f,
F0>in which the assignment functions f are total. The base models then are classical
then and classical logic is valid in them when restricted to L-Ly,. T'll call such base
models classical base models. PST relative to the class of classical base models yields a
class of minimal fixed point models ®,. Classical base models also may have model
expansions. Call @, the class of all fixed point general models definable relative to
classical base model expansions using the inductive revision procedure given in PST
for successor and limit ordinals. @, € @,. Just as before, we have

Proposition 13:T kg, ¢ = T kg, ¢
By constructing first an L-L;, maximal saturated set in the ordinary way and then doing
the partial construction for L, like the one given for proposition 9, one can then get the
desired converse to proposition 13:

Proposition 14: I'kp, ¢=T g, ¢
The logic for the class of models @, I'll call PST+.

This still doesn't yield classical logic for propositional quantification. This is not
as bad as it seems, however; for all of mathematics might be done in Ly at the level of
individuals (we would have sets as individuals and axioms for them). For many
purposes outside natural language semantics and modelling cognitive attitudes, it would
seem as though we could dispense with the propositional part of this logic. If one really
wanted to have classical logic for propositional logic too, however, I conjecture that one
could resort to supervaluations as defining the interpretation of the connectives and
quantifiers rather than the strong Kleene rules and use the same construction procedure
as here.

2.4 Russell's Problem with the Theory of Types
Thomason's paper discusses another problem for the simple theory of types,
mentioned in an appendix to Russell's Principles of Mathematics. It motivates
Thomason's proposal for dealing with the intentional paradoxes, which uses a free logic
for the propositional quantifiers. My proposal solves this difficulty too though in a
manner different from what Thomason suggests.

The difficulty, due originally to Russell (1903), is that the simple theory of
types is too liberal in what it countenances as propositions and propositional functions.
For example in L, the term

(10) AxP If<P.P> (VFf = x & —Vfx)
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denotes a property of propositions,?® for any given F. Let's call the property of
propositions in (10) w. Then assuming Yw(Fw) v — vw(Fw), we get the following
disturbing result.29

(11) 3f<PP>Tg<PP> (V{Ff = Fg] & —VxP (¥fx « Vgx))
Since (11) holds for arbitrary F (underlying it is a simple cardinality argument), it holds
for the particular definition of F in (12)

(12) F= Ag<PP> VxP (Vgx - VX)
By the principles of identity (11) and (12) have worrisome consequences for the theory
of attitudes formulated within the simple theory of types. One such consequence is
(13):

(13) If<P.P>Ag<PP> (OVxO0 01 ( VBel(x, Ff ) «» VBel(x, Fg)) & —VxP (Vfx «

VX))

Such consequences may have led Russell to develop the Ramified Theory of
Types. Thomason points out correctly that by limiting what expressions denote higher
order objects in the models and by employing a free logic, one can avoid this
consequence. So one doesn't need the Ramified Theory to solve this difficulty.

Thomason's proposal won't work in the partial logic for propositional
quantifiers as I have defined it. Itis a valid principle of the partial logic PST that

(14) 3p V[p = 9]
This partial logic for the theory of types is no different from the classical theory of types
in this respect. But Thomason's proposal leads as he points out to unintuitive
consequences when dealing with the Intentional Paradoxes: it implies among other
things that the existence of propositions is 2 context dependent, speaker relative matter.
This collides with our intuitions about propositions. (14) also appears to be a needed
principle in the analysis of propositional anaphora in natural language. Even though

28The superscripts in the formulas {10)-(13) are there to make clear the types of variables involved.
2The proof is as follows:
Dropping carrots we have

1) w(Fw) v — w(Fw)

Now supgose(Fw)

Then by 25 and me(ﬁc(ﬁ)nmog (), Fu y(&(®) ~ h(y)))

4) 3f(F(f) = F(W) & —~f(F(W)))

So for some f

4 Fs‘Sfo) F(W) & —fo(F(w))
d(fo(Y) - w(y)}

o(F(w))
which is a cmu'adlcnon So now suppose

By thede9 Vt}oat:!(%f\)vpa an 8)
Soby thew WS (%E(? ;:)n ty E
w
Again this 1)3 a contradiction. Note that this proof is valid in Ta.

By (3) an
By (2) 63
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propositions are paradoxical or non-sensical, we may refer to them anaphorically.
Imagine the following dialogue:

(15) Cretan: Everything I say is false;

Socrates: 1 don't believe that;

According to the free logic proposai, the Cretan did not manage to express a
proposition in the circumstance in which the first sentence of (15) is the only sentence
he manages to utter. But then it appears that Socrates doesn't manage to have a belief--
or express a belief-- about the Cretan. The analysis of anaphora in (15) is a semantic
mystery, unless we assume there is some proposition the Cretan expresses. This seems
to cast doubt on the free logic approach, at least if we are interested in applying our
theory of propositional quantification to natural language semantics.

Russell's argument culminating with (11) is not valid in PST for the simple
reason that it relies on the excluded middle. So that motivation for introducing type-free
logic for higher order quantification dissolves. It's also not clear, however, that (13) is
such a bizarre consequence for a theory of simple types to countenance. The real import
of the difficulty hinges on what one takes to be the criterion of identity for types. Our
models say little about what identity of types should amount to. If one thinks of how
propositional functions might operate compositionally with propositions in a standard
model, cardinality arguments would dictate that the function from a tuple consisting of a
propositional function and its arguments to propositions could not be 1-1; (11) then is
simply a special case of a much more general argument. But this need not be
troublesome; one could have criteria of type identity such that yw(B) = w(B") but B % ',
This actually makes much more sense than (SIT) if one thinks that predicate terms
denote propositional functions.30 What this goes against, however, is a certain natural
criterion of identity for intentional objects that one might call a structural criterion of
identity for types (SIT):

(SIT) Let B and B’ be of type t and let y, ' be of type T — 7. Then y(B) =

() implies =y & B =f".

(SIT) together with the principle of indiscernibility of identicals contradicts (11). Thus
(SIT) + the principle of indiscernibility of identicals is inconsistent with the simple
theory of types (ST). There are at least trivial models of (PST), in which (SIT) + the
principle of indiscernibility of identicals are never refuted and are verified in the trivial
cases of where o(B) = o) (which must be true according to the constraints on ¥ in
models for PST). This may be small consolation to the lover of (SIT), but it seems that
one could fill out such models with more interesting examples of the application of

(SIT).

30Aczel (1989) warns that the application relation should not be taken to be structure creating for such
reasons. That is, he wants to deny that a(B) = o'(B") = a = o' & B = B', our principle (SIT).
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My solution to Russell's problem actually gives us an interesting comparison
with Russell's own solution-- the Ramified Theory of Types (RT). We have in effect
constructed models for certain versions of RT. But the orders of our theory are entirely
semantic and in the models not in the syntax or the proof theory-- as they should be. In
all versions of (RT), there is a function, Ord, from propositions to ® that recursively
assigns orders. In some versions,31 it is defined as follows. Let Dom(Q) in y be the
set of objects satisfying {, where the structure of @ is Q8 ({, 0).

Ord: Ep — ® such that:

If ¢ € Po, then Ord(9) = 1.
If ¢ = o = B then Ord(¢) = Max{Ord(c), Ord(B)} + 1.
If ¢ ==y, then Ord{(p)< Ord(y).
If * is a boolean two place connective and ¢ = o*f, then Ord(@)<
Max{ Ord(c), Ord(P)}.
If Q is a quantifier and @ = Q8vy, then Ord(gp) = Max{Ord(8) for de
Dom(Q}in y} + 1
Within PST Ord must be a partial function, because there are many propositions in our
setup that cannot be assigned an order-- Prior's proposition for instance. This definition
of order suggests a correlation between order and stages of revision in our model
theoretic framework. All intentional identities are verified at every stage of our revision
procedure, whereas in an RT model this is not the case. So let us define a translation
function *, such that:
If ¢ is atomic of the form R(a,, . . ., a,), then ¢* = ¢
If @ is atomic of the form o =o', then ¥ = Ipidq (p=a & q=0 & a='&
Vp=Vq).

If pis of the form { & vy, L v v, { — vy, 3L, etc. then ¢* = .

Recall the class of models @ used in proposition 14 and the subclass of minimal fixed
points ®g.

Proposition 15: Suppose ¢ is a proposition for which Ord is defined. Then

for ¢0 a classical base model, #° k @* iff Ord(¢)< n, where @* is defined

above. Vo = VP, if @ is & = P and ¢* = ¢ otherwise.
The proof of proposition 14 is by induction on n. The upshot of this proposition is that
if M € Py also yields a model of RT. If M € @, then jts RT reductis just like M
except that the domain of propositions in the reduct is just those set of propositions @
such that ¢* gets a truth value in #. The domain of propositions of the RT reduct also
has an order imposed on it by ORD.

To sum up then, there appear to be two solutions to the paradoxes of indirect
discourse. One familiar route uses a first order theory of quantification and a truth

311 folow Thomason (1989) and Church (1976) here.
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predicate. The other uses higher order logic, in particular the intentional version
presupposed by Russellians and spelled out in Thomason {(1980.b). By giving an
inductive definition of propositional quantification, we avoid the difficulties associated
with other solutions to the paradoxes concerning truth in higher order logic. The
partiality of PST and its cousins is located within what truth values propositions take
on, not, as in Thomason's proposal, the existence of propositions.

Let us now return briefly to the picture with the first order theory. The set of
valid sentences in all metastable models or semi-stable models, for instance, is clearly
not r.e., regardless of ones approach to propositions. If we consider a conceptualist
approach to intentional objects coupled with partial logic, we still do not get very far for
reasons adumbrated in Visser and Burgess-- at least if we want to talk of truth of
propositions in models defined over standard models of arithmetic.32 The analogue in
partial logic to the proposal by Turner for classical, first order theories, however,

appears to have a straightforward axiomatization if we follow the techniques given here.

The drawback is that one cannot have first order logic. The pro-sentential theory of
truth incorporated into propositional quantification appears to mitigate Liar-like
paradoxes, in that one can get a natural logic that includes first order logic. Somewhat
surprisingly, the system with the higher order syntax-- partial type theory-- ( or at least
with the typing of variables) turns out to have a more tractable notion of validity than
that of the classical, first order theory of propositions with a truth predicate for
propositions.

3. Models for Belief

This last section concludes with an extension of the theory of propositional
quantification to attitude contexts. One must be wary in concluding that higher order
logic is "safe" from other paradoxes related to the Liar. Once we have a belief or
knowledge predicate, we could, for a given propositional constant ¢, stipulate fc] = —
B(a, c). Alternatively, it seems as though we could stipulate:

(16) p =~B(a, p)
By our constraints on ¥ it follows that in every model in which (16) is true,

(17) vp +—VB(a, p)
Now suppose our semantics for attitude predicates is such that for every agent we
assign a belief state, a collection of propositions which is subject to certain closure
conditions. Then we may encode by means of these closure conditions the usual
doxastic reasoning principles and validate rules which correspond, say, to the logic
presented in Thomason (1980).33 We can still have such identities between

325ee Burgess (1986).
33Here would be the relevant closure principles for the 54 logic of Thomason (1980):
P—~qPES=qeS
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propositions as in (16). But p will never get assigned a truth value, and so it will be
undetermined whether a believes p. We must be careful not introduce any "essentially
ungrounded” propositions with such predicates as knowledge and belief into our
domain; if we do so completeness will vanish (we can no longer construct the models)
and the higher order theory of propositions becomes an uninteresting variant of the first
order theory.34 But PST can admit "contingent self-reference” without harmful effects.

PST gives us more than just a logic with a moderate amount of self-reference. It
also permits a variety of logics for the attitudes which go far beyond what a possible
worlds framework yields. The reason for this is sirople. If our semantics for attitudes
ascribes to an agent a set of propositions, then we may choose from a variety of closure
conditions. In particular we may assume very weak closure conditions-- such as those
detailed in Asher (1986). Nothing forces us in PST to require a closure condition on
S that exploits logical equivalence. In PST it is consistent to assume that two
propositions may be necessarily even logically equivalent without being identical. So
PST does not validate B(p) and } p ++ ¢ = B(qg), a rule which is provable in most
possible worlds semantics of attitudes. This rule leads to well-known, unintuitive
results in the semantics of attitudes. Thus, PST offers a semantics for attitudes beyond
that provided by possible worlds semantics in at least two ways. The PST semantics
for attitudes allows at least as much self-reference as any possible worlds semantics but
also does not succumb to problems of logical equivalence.

Let us get more concrete and define a variety of explicit logics of belief as well
as a logic for implicit belief within PST.35 I will take a belief model in PST to be a pair
<M, $>, consisting PST model M and a collection of states $. For each agent a in the
domain of individuals of 21, one assigns a subset S, of $. One element of S, so,
designates the beliefs of a, while the other elements designate beliefs of other agents.
Vs e S, s € Ep. We may now constrain the elements of S, to various closure
conditions. Postulates of "minimal rationality” might be the following, with
quantification over all sin all S; € $.

PEYyes=Q,yes

¢b) e s=Ixpx) € s
One could add many other closure conditions. Of particular interest might be the
fragment of relevance logic, advocated as an appropriate logic for belief by Levesque
(1984), the Kieene logic encoded in R,, and the rules of positive and negative

pe S=Bpe S
BE Sandptqg=qe S.
€ S=pe 3. _ . .
One could introduce any sort of constraints on S and get a vareity of logics for belief and other attitudes
in this way. One could do better than the ordmarg possible worlds semantics here because the logic of
ropositions is not constrainted by possible worlds. ***

3F‘;‘I'hus we cannot introduce an expression relation between sentences and propositions. See Asher &
Kamp (1986), Parsons (1974) for a discussion.

350me could choose the slightly stronger logic PST+ if one wanted to also.
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introspection. A formulation of the latter is slightly problematic, so I give one possible
way here. Suppose s represents the state of agent a. Then:

¢ € s = B(a, ¢) € s (positive introspection)

oe s= B, e s (negative introspection)

These logics, with the exception of the minimally rational closure conditions (I
would argue),36 all idealize the cognitive capacities of agents to some degree. So one
might wonder what sort of logic of implicit belief PST models furnish. To get such
models we may replace each collection of propositions in $ with a partial world, a world
with a Kleene valuation defined on it. At each world, w there will be designated one a-
belief world wy, a partial world depicting what a believes from the perspective of w.
We can think of this as a selection function taking worlds and agents as arguments; I
shall write the agent a world from the perspective of w as f(w, a). I evaluate formulas
as before with the following exception for belief formulas. I will write ky to designate
that a formula is satisfied at a given world relative to a model structure.

<M, $> by B(a, @) iff <M, $> Few a) ©-

<M, $> Fy, B(a, @) iff <, $> Fgw ) ¢
These are natural definitions for a semantics for belief within a partial setting. One
other natural assumption concerns what are agent worlds at a given world. Suppose
one assumes that if f(w', a) = w, then f(w, a) = w. Of interest is the axiomatization that
follows from them. In particular, the axiom corresponding to the closure principle of
positive introspection, B(a, @) F B(a, B(a, ¢)), as well as its converse B(a, B(a, ¢)) ¢
B(a, @) is valid. The corresponding axioms for negative introspection is not valid.
Also valid are the rules of R; and the following rule of belief closure:

Q1 - - - O Fy, then B(a, 9), .. ., B(a, ¢,) FB(a, )

Let us call this system R, and the set of all general fix point models based on the
semantics for belief systems @. I then close with a theorem, which falls out from the
same technique used for proposition 9 generalized to the usual sort of construction for
completeness proofs in modal logic.

Proposition 16: ¢ tr, v iff ¢ Fg .

Bibliography

Aczel, P. (1989): 'Algebraic Semantics for Intensional Logics, I' in in Properties, Types
and Meaning, Volume I: Foundational Issues, eds. Chierchia G., B. Partee and
R. Tumer, Dordrecht: Kluwer Academic Publishers, pp. 17-46.

Asher, N. (1986): Belief in Discourse Representation Theory', Journal of
Philosophical Logic 15, pp. 127-189.

368ee for instance Asher (1986).

- 55 -



Asher, N. (1988): "Reasoning about Knowledge and Belief with Self-reference and
Time', Proceedings of the Second Conference on Theoretical Aspects of
Reasoning about Knowledge, ed. M. Vardi.

Asher, N. & H. Kamp (1986): 'The Knower's Paradox and Representational Theories
of Atitudes’, in Theoretical Aspects of Reasoning about Knowledge, ed. J.
Halpern. Los Angeles: Morgan Kaufmann, pp, 131-148.

Asher, N. & H. Kamp (1989): 'Self-Reference, Attitudes and Paradox', in Properties,
Types and Meaning, Volume I: Foundational Issues, eds. Chierchia G., B.
Partee and R. Turner, Dordrecht: Kluwer Academic Publishers, pp. 85-158.

Bealer, G. (1982): Quality and Concept, Oxford: Clarendon Press.
Gupta, A. (1982): 'Truth and Paradox,’ Journal of Philosophical Logic 12, pp. 1-60.

Henkin, L. (1950): 'Completeness in the Theory of Types', Journal of Symbolic Logic,
15, pp. 81-91.

Herzberger, H. (1982); 'Notes on Naive Semantics,' Journal of Philosophical Logic
12, pp. 61-102.

Herzberger, H. (1982): 'Naive Semantics and the Liar Paradox,’ Journal of Philosophy
79, pp. 479-497.

Kaplan, D. & R. Montague (1960): 'A Paradox Regained,’ Notre Dame Journal of
Formal Logic 1, pp. 79-90.

Kamp, H. (1983): ‘A Scenic Tour Through The Land of Situations', manuscript.

Kripke, S. (1975): 'Outline of a New Theory of Truth,' Journal of Philosophy 72, pp.
690-715.

Langholm, T. (1988): Partiality, Truth and Persistence, CSLI Lecture Notes Series.

Levesque, H. (1984): 'A Logic for Explicit and Implicit Belief', AAAI Proceedings.

Montague, R. (1963): 'Syntactical Treatments of Modality, with Corollaries on
Reflexion Principles and Finite Axiomatizability,’ Acta Philosophica Fennica
16, pp. 153-167.

Muskens, R. (1989): Meaning and Partiality, Ph.D. dissertation, University of
Amsterdam.

Parsons, C. (1974): The Liar Paradox, Journal of Philosophical Logic 3, pp.381-412.

Prior, A. (1961): 'On a Family of Paradoxes', Notre Dame Journal of Formal Logic, 2,
pp. 16-32.

Russell, B, (1903): The Principles of Mathematics, London.

Ramsey, F. (1927), 'Facts and Propositions', Proceedings of the Aristotelian Society
supplementary volume 7, pp. 153-170.

Shapiro, S. (1985), 'Second-order Languages and Mathematical Practice’, Journal of
Symbolic Logic, 50 (1985), pp. 714-742,

- 56 =~



Thomason, R. (1982): ‘Paradoxes of Intentionality?’, manuscript of a paper read at the
1989 Conference on Attitudes and Logic at The University of Minnesota,
Minneapolis-Saint Paul, Minnesota.

Thomason, R. (1980.b): 'A Note on Syntactic Treatments of Modality', Synthese 44,
pp.391-395.

Thomason, R. (1980.b): 'A Model Theory for Propositional Attitudes', Linguistics and
Philosophy 4, pp.47-70.

Turner, R. (1989): "Two Issues in the Foundations of Semantic Theory' in Properties,
Types and Meaning, Volume I: Foundational Issues, eds. Chierchia G., B.
Partee and R. Turner, Dordrecht: Kluwer Academic Publishers, pp. 63-84.

Turner, R. (1987): 'Intentional Semantics’, manuscript.
Van Bentham, J. and Doets, K. (1984): 'Higher Order Logic' in Handbook of

Philosophical Logic , vol. 1, eds. Gabbay, D. & Guenthner G., Dordrecht:
Reidel Publishing Company, 274-329.

- 57 -



EXTENDING THE CURRY-HOWARD-TAIT INTERPRETATION TO
LINEAR, RELEVANT AND OTHER RESOURCE LOGICS!

by Dov M. GaBBAY? and Ruy J. G. B. pE QuEtrROZ3

(Working Draft May 2, 1990.)

1. Motivation

The so-called Curry-Howard-Tait interpretation {Curry 1934, Curry & Feys 1958, Howard
1980, Tait 1965, 1967) is known to provide a rather neat term-functional account of intuition-
istic imnplication. Could one refine the interpretation for other neighbouring logics to obtain
an almost as good account of the so-called ‘resource’ implications {e.g. linear, relevant) ?

We answer this question positively by demonstrating that just by working with side condi-
tions on the rule of assertabilily conditions for the connective representing implication (‘—")
one can capture those ‘resource’ logics. In the Curry-Howard-Tait interpretation such a rule
involves a A-agbstraction, which usually has a number of hidden assumptions (e.g., when ab-
gtracting ‘z’ from ‘T’ to make ‘Az.T”’, ‘T’ could have one, many, or even no free occurrences
of ‘z’). Type-theoretic presentation systems are particularly useful in handling a not-quite-
declarative feature of resource logics such as linear logic and relevant logic, namely the special
requirement saying that in order to allow ‘A — B’ to be derived as a theorem the assumption
‘A’ must be used in order to obtain ‘B’. This is because they are based on the identifica-
tion of propositions with types and of proofs/constructions with elements, thus allowing the
manipulation of proofs/constructions in the object language.

Based on such an extension of the propositions-are-types identification (Curry-Howard)
combined with the convertibility-based intensional interpretation (Tait), we attempt at a
classification of different systems of propositional implication (W, Ticket Entailment, linear,
relevant, entailment, strict, minimal4, intuitionistic, classical, linear classical, relevant classi-
cal, deductive relevant®) based on which axioms of the implicational calculus are allowed to be
derived from the presentation of ‘+’ subject to side conditions on the rule of —-introduction.
As each axiom corresponds to the type-scheme® of a stratified pure term of combinatory logic
{Curry & Feys 1958, Hindley & Seldin 1986), we can classify combinators through systems
of implication and vice-versa.” E.g., I, B, B’ and C are linear, whilst S is not linear but is

1A preliminary version of this paper was presented at the Informal Logic Colloguium, held at the Seminar
fir natarlich-sprachliche Systeme (SNS), Universitit Tibingen, on March 21-22, 1990, and the current version
shall appear in one volume of the series SNS-Berichte edited by P. Schroeder-Heister. {We are grateful to Prof
Schroeder-Heister for his kind invitatior to participate in the event.) While this is still a working draft, a
more developed version shall be presented at the Logic Colloguium ‘90, European Summer Meeting of the
Association for Symbolic Logic, Helsinkd, Firland, July 15-22, 1990.

?E-mail: (janet) dg@doc.ic.ac.uk.

*Supported by MEDLAR, ESPRIT Basic Research Action 3125, CEC. E-mail: (janet) rjq@doc.ic.ac.uk.

*In the sense of Jochansson 1936,

5Developed in Gabbay 1989 where it is also called ‘H-relevant’.

®For an elegant presentation of the notion of type-schemes (and ‘principal type-schemes'), inclinling its
relevance to the formulae-as-types interpretation, see chapter 14 of Hindley & Seldin 1986.

"We thank Dr Kosta Dosien for pointing out that similar work on classifying subsystems of implication was
done by Y. Komori (1983, 1989) and H. Ono {1988, and 1985 with Komori), although their framework was
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relevant (indeed, the derivation of the axiom corresponding to the type-scheme of S involves a
multiple and branching assumption discharge); K is not relevant but is (minimal) intuitionis-
tic (the derivation of the axiom for K involves a non-relevant/vacuous assumption discharge);
etc. By treating the proposition ‘A — B’ as an —-fype of A-terms, we shall demonstrate
how to formalise resource logics with Type Theory by working on side conditions on the A-
calculus abstraction rule (—-introduction). We shall give type-theoretic derivations of desired
axioms identifying the combinators (from combinatory logic) to which they correspond, as
well as conditions to invalidate derivations of undesired axioms for each particular system of
implication.®

Additionally, we develop a type-theoretic counterpart to Peirce’s rule, which allows us
to add as an extra condition to the presentation of the type/proposition ‘A — B’ giving us
classical implication. The idea is to introduce an extra condition to the A-abstraction rule
which discharges an assumption in the form of ‘y € A — B’ introducing a A-abstraction term
as a member of an atomic type ‘A’, given that the latter is obtained from the former. This
extra condition gives us a combinator we here call ‘P".%

The use of the term ‘resource’ has its origins in Gabbay’s investigations of systems of im-
plication through a technique which combines features of the object language and the meta-
language: the Metabox technique. In order to illustrate the use of the Metabox technique,
an algorithmic proof system methodology based on ‘Labelled Deductive Systems (LDS)’ de-

not the Curry-Howard-Tait interpretation with natural deduction, but Gentzen’s sequent calculi. We thank
Drs Komori and Ono for having sent us the still unpublished typescript. Dr Dosen has alse told us about
the ‘Lambek calcnlus’ (Lambek 1958), and van Benthem’s interpretations (e.g., van Benthem 1989), as well as
about his own recent work Dosen 1988, 1989,

. ®In his treatise on A-calculus (Barendregt 1981), Barendregt refers to a dissertation by G. Helman as an
application of restricted A-abstraction to relevant logic:

“The formulae-as-types idea gave rise to several investigations connecting typed A-calculus, proof theory
and some category theory, (...). Another direction is the connection between subsystems of logic and restricted
versions of the typed A-calculus (e.g. relevance logic and the typed Al-calculus), see Helman [1977}.”

{Barendregt 1981, p. 572.)

At the present moment we have not got hold of Helman’s work (Helman 1977), but it looks as though there
might be strong connections with part of what we are doing here.

®This is an attempt at further extending the Curry-Howard-Tait interpretation to a sound semantical
instrument which can be capable of handling logics as rule-based calculi (as opposed to truth-value-based
calculi). In other words, we claim that the interpretation should not be restricted to the intuitionistic case,
therefore we want the so-called Peirce’s aziom to be provable. But, of course, we want to do it on the conditicns
that an assumption can be discharged where it would not be possible te discharge it just by using the rules of
the calculus for the intuitionistic case. We are obviously moving away from the strictly intuitionistic principles
underlying the framework of, e.g., Howard 1980:

“Results following from cut elimination ir P{D) (e.g.) the nonderivability of Peirce’s Law (a« 2 8. D a) D a)
seem to be obtainable at least as easily from the normalizability of constructions.”
{(Howard 1980, p. 483.)

We are trying to follow the trend initiated by Curry which is to devise systems of implication including
classical (NB.: classical implication, not classical logic, and we shall end up with something like an implicational
logic (to use a term of van Benthem 1989); e.g., we do not want ‘A V A’ to be provable regardless of A. but
we want ‘A — A’ to be a theorem under the condition of negation being defined as ‘~-A = A — F°.1 Fora
consistency proof of our modified framework, it is sufficient to show that one cannot prove a proposition which
does not have implication as its major connective. The notion of provable here is similar to Martin-Lof's:

“A formula is provable if there is a deduction of it all of whose assumptions have been discharged.”
{(Martin-Lof 1972, p. 96.)
Moreover, as we shall see below, such a consistency proof would find a parallel in Martin-Léi's consnslency
theorem. “Neo atomic formula ts proveble.” (Ibid., p. 102.)
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scribed in Gabbay 1989, a class of logics called resource logics is defined as a generalisation
of linear logic (Girard 1987). In a proof system with resource characteristic as p(m, n), where
m < n, it is required that each assumption be used at least m times but not more than n times.
Linear logic would require a proof system with resource characteristic p(1, 1), and for relevant
logic a proof system with resource characteristic p(1, 00) would be required. Here, instead of
using the Metabox technique, which deals with proofs via a ‘labelling’ discipline where each
assumption/step is given a new atomic label (‘label : formula’), we deal with those resource
logics via a type-theoretic presentation system based on the so-called ‘Curry-Howard-Tait’

interpretation where the form of judgement ‘proof € propesition’ finds an immediate parallel
with the one used in LDS.1°

In Gabbay 1989 the different logical implications are presented in a Hilbert system as:

Linear

A — A (reflezivity)

(A — B) — ((C — A) — (C — B)) (left transitivity)
(A — B) = ((B — C) —+ (A — C)) (right transitivity)
(A— (B — C))— (B — (A — C)) (permutation)

Modal T-strict
Add the schema below to linear implication:
(A — (A — B)) — (A — B) (contraction)

Relevant
Add the schema below to linear implication:
(A — (B — C)) — ((A — B) = (A — C)) (distribution)

(Minimal) Intuitionistic
Add the schema below to relevant implication:
A — (B — A) (truth)

(Full) Intuitionistic
Add the schema below to minimal implication:
F — A (absurdity)

Classical
Add the schema below to intuitionistic implication:
((A — B) — A) — A (Peirce’s rule)

19With respect to the réle of labels in deductive systems, we have found an interesting remark by Lambek
& Scott in their book on An Introduction to Higher Order Categorical Logic:

“Logicians should note that 2 deductive system is concerned not just with unlabelled entailments or sequents

A — B (as in Gentzen’s proof theory), but with deductions or proofs of such entailments. In writing f : A — B
we think of f as the ‘reason’ why A entails 8.”

(Lambek & Scott 1986, p. 47.)

In the framework we discuss here, the ‘reason’ is represented by the witnessing of a closed A-term {such as,
e.g., ‘Az.z € A — A’), whereas in Gabbay 1989, where the main data consist of axioms in a Hilbert-style
presentation, it is an auxiliary tool which plays a crucial réle in the description of the proof methodology.
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Now, according to the Curry-Howard-Tait interpretation one can treat a proposition of the
form ‘A — B’ as a —-iype of A-terms, and to say that the proposition is true is the same as to
say that one can find a pure closed A-term which is contained in it. That is the main principle
underlying the so-called constructive notion of validity, which supports the ‘propositions are
types’ identification, and whose seminal ideas stem from Curry’s theory of functionality,
Howard’s formulae-as-types notion of construction, and Tait's notion of convertibility which
establish the connections between cut-elimination and normalisation.!!

Notational remark. In what follows, the sign ‘O’ denotes the end of a definition, and ‘W
indicates the end of a proof.

2. Preamble

The idea of reading a formula as a type originates with Curry (1934) and is used to give a
A-calculus interpretation of an intuitionistic theorem. A formula of intuitionistic implicational
logic is a theorem if and only if, when read as a type, it can be shown to be non-empty using
the rules of term-construction, namely abstraction and application. By varying the natural
abstraction principles available in the A-calculus, we are able to extend the point of view
of formulae-as-types to some weak systems of implication {relevance, linear, etc.) as well as
to a system which is stronger than intuitionistic, namely classical implicational logic. The
weaker logics are called resource logics in the framework of Labelled Deductive Systems (LDS)
of Gabbay 1989. The research reported here can also be understood in the spirit of LDS,
where the labels are not words of a certain grammar (as in Gabbay 1989) but A-terms. As
pointed out in Gabbay 1989, the framework of LDS generalises the usual consequence relation
‘A1, ..., Ap F A’ between formulas to the more general notion ‘¢; : Ay, ...,f, : A, Ft: A’ where
‘t;” are labels. The logical ‘unit’ in LDS is not a well-formed formula A but a labelled well-
formed formula ¢ : A, t being a label which conveys some ‘meta-level’ information about
A. In modal logic t can be a possible world index and in the resource logics (which include
intuitionistic, linear and relevance logics), the label ¢ indicates what assumptions and rules
we used to prove A. The Curry-Howard-Tait interpretation can be viewed as a labelling
scheme for intuitionistic well-formed formulae and this paper generalises this scheme for other
resource logics. We take Church’s A-calculus and Curry’s combinatory logic as the building
blocks supporting our framework.

Let us then take a standard definition of the terms and operators needed to obtain a
A-calculus, and let us examine the abstraction rule more closely. In his treatise The Lambda
Calculus Barendregt defines:

2.1.1. DEFINITION. (i) Lambda terms are words over the following alphabet:

Vo, V1, .. variables,
A abstractor,
(,) parentheses.

11« Curry (1958) has observed that there is a close correspondence between arioms of positive implicational
propositional logic, on the one hand, and basic combinaiors on the other hand. (...) The following notion
of construction, for positive implicational propositional logic, was motivated by Curry’s observation. More
precisely, Curry’s observation provided half the motivation. The other half was provided by W. Tait’s discovery -
of the close correspondence between cut elimination and reduction of A-terms (W. W. Tait, 1965).”

(Howard 1980, p. 480.)
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(i1) The set of A-terms is defined inductively as follows:
MzeN
(2yMeA= (Az.M)e A;
(3) M,NeA= (MN)eA;
where 1 in (1) or (2} is an arbitrary vanable.

(Barendregt 1981, p. 22.)

Note that there are many hidden assumptions in the case (2) of the definition of A-terms,
e.g.:
{a) M may have no free occurrence of z:
{a.l) M is an open term, but contains no free occurrence of z;
(a.2) M is a closed term, thus contains no free variable at all;
(b) M may have one free occurrence of z:
(b.1) M may be of the form (Tz)’ (or ‘APPLY(T', z}’);
(b.2) M may be of the form ‘(zT)’ (or ‘APPLY(z,T)");
(¢) M may have more than one free occurrence of z:
(¢.1) the A-abstraction may cancel ezactly one of the free occurrences of z;
(c.2) the A-abstraction may cancel all free occurrences of z;

Moreover, in (3), where application is being defined (which can be done by juxtaposition
as in ‘(M N)’, or by an explicit non-canonical operator ‘APPLY(M, N)’ in the terminology used
here in this paper), ‘M’ is assumed to be of ‘higher’ level than ‘N’: ‘M’ is supposed to be
the ‘course-of-value’ of a function, while ‘N’ is assumed to be the argument.

Now, by working with some of these hidden assumptions one can use the simple typed A-
calculus together with the Curry-Howard-Tait interpretation to formalise a number of systems
of implication, as we shall demonstrate below.}?

3. Types and propositions

As pointed out above, the identification of propositions with types of their proofs/constructions
(the latter indicates the distinction from proof-trees), usually referred to as the ‘formulae-
as-types’ notion of construction, goes back at least to Curry’s results on the isomorphism
between the principal type-schemes of combinators and the axioms of the positive implica-
tional fragment of intuitionistic implication (Curry 1934). It has been given a more precise
presentation in Howard’s investigations on the isomorphism between natural deduction proofs

12 The classification of a number of systems of implication has been made by various people in the context of
the ‘Lambek calculus’ (Lambek 1958}, giving rise to what is sometimes referred to as the ‘Categorial Hierarchy’,
and has been used by many of those interested in the connections between the language of category theory,
A-calculus ard proof theory, such as, e.g.

“The general linguistic framework which arises here is that of a Categorial Hierarchy of different logical
calculi (‘categorial engines’). At the lower end lies the standard calculus of Ajdukiewicz {Ajdukiewicz 1937},
at the upper end lies the full constructive, or intuitionistic conditional logic, whose derivations correspond
to arbitrary lambda/application terms. In between lies a whole spectrum, not necessarily linearly ordered,
of calculi with stronger or weaker intermediate rules of inference. For instance, one important principle of
classification concerns the number of occurrences of premises which may be withdrawn in one application
of conditionalization. Only one occurrence at a time was withdrawn in Examples 1 and 3. This particular
restriction gives a very natural intermediate logic, which was already studied by Lambek as early as 1958, and
is often called after him.”

{van Benthem 1999, p. 10.)
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and terms of the A-calculus (Howard 1980) within the framework of Heyting arithmetic. Such
an identification, which also finds support in Godel functional interpretation of intuitionistic
logic via a system T of finite types (1958), has played an important réle in most developments
of some key notions of modern logic such as ‘constructive validity’ (see, e.g., Liuchli 196513
1970, Scott 1970) and ‘theory of constructions’ (see, e.g., Goodman 1970), as well as in some
attempts at reconciling category theory with constructive logics (such as, e.g., Lambek &
Scott 1986).

In order to make logical sense of the identification between propositions and types, we can
recall that it was in Frege’s Begriffschrift that the symbol ‘-’ (then meaning ‘is true’) first
appeared. It was motivated by the need for characterising a proposition (Frege's horizontal
bar, i.e. “—A’: ‘A is a proposition’) and distinguishing it from a judgement (Frege’s vertical
bar, i.e. ‘+ A’: ‘A is a true proposition’). In other words:

is true

‘A’ is a proposition, whereas ‘A is true’ is a judgement. A judgement of the form ‘A is true’
can only be made on the basis of the existence of a proof of the proposition A. Contrary
to the classical view, a proposition is not the same as a truth value. And in contrast to
the traditional proof-theoretic account of propositions and inference rules, a logical inference
is to be made from judgement(s) to judgement, and not from proposition(s} to proposition.
Both premisses and conclusions of inference rules are not propositions as in the usual case
even in traditional natural deduction presentations of logics, but judgements. This seems
to be a highly relevant refinement of the usual formalisation of mathematical procedures
into rules of inference, such as e.g., natural deduction style ¢ la Gentzen. The difference
between usual natural deduction presentation rules which have prepositions as premises and
conclusions, and Intuitionistic Type Theory where judgements are the objects on which the
rules of inference operate, is explained briefly in Martin-Lof’s illuminating account of the
often neglected distinction between the two logical concepts of proposition and judgement,
namely the written account of a series of lectures entitled ‘On the Meanings of the Logical
Constants and the Justifications of the Logical Laws’ given in Siena, Italy, in April 1983.14
Now, the identification of propositions with types gives us instruments to deal with judge-
ments which include its justification: in ‘a € A’ we are basically saying that ‘A is true because

134Thearem: A is a tautology of intuitionistic propositional calculus if and only if t{A) is definably non-
emply.”
“4There he says:

“We must remember that, even if a logical inference, for instance, a conjunction introduction, is written

A B

AL B
which is the way in which we could normally write it, it does not take us from the propositions A and B to the
proposition A & B. Rather, it takes us from the affirmation of A and the affirmation of B to the affirmation
of A & B, which we may make explicit, using Frege’s notation, by writing it ’

FA B
FA&LB
instead. It is always made explicit in this way by Frege in his writings, and in Principia, for instance. Thus
we have two kinds of entities here: we have the entities that the logical operations operate on, which we
call propositions, and we have those that we prove and that appear as premises and conclusion of a logical
inference, which we call assertions.”
(Martin-Lof 1985, pp. 204-5.)
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of a’. (E.g. in ‘Az.z € A — A’ we say that ‘A — A’ is true because we have a closed term
‘Az.z’ which inhabits it)
We shall be using here what has been named ‘Meaning-As-USE’ Type Theory (de Queiroz

& Maibaum 1990), a recent reformulation of Intuitionistic Type Theory (Martin-L6f 1975,
1984), where instead of Martin-L6f’s rules for the definition of types/propositions:

formation '

introduction

elimination

equality

we have the following rules, with corresponding purpose:

formation: toshow how to form the type-expression as well as when two type-expressions
are equal.

introduction: to show how to form the canonical value-expressions via the constructor(s),
as well as when two canonical value-expressions are equal.

reduction: to show how to normalise non-canonical value-expressions, by demonstrating

the effect of DESTRUCTOR(S) on the terms built up by constructor(s).
induction: minimality rule.

The —-type of A-terms is presented as:!5
—-formation

A type B type A=C B=D

A — B type A—-B=C~—-D
—-introduction
[z € A] [z € A]
b(z)e B b(z)=d(z)EB

Az.b{(z)E A—-B Az.b(z) = Azd(z)E A—B
—-reduction

[z € A]
e €A b(z) e B
APPLY(Az.b(z),a) = b(af/z) € B

—-induction

cEA—-B
Az APPLY(c,z)=c€ A — B

O

We shall be concerned here mainly with the first —-introduction and —-reduction. In the
actual proof-trees, we shall be making use of —-elimination:

15 An attempt at finding useful connections between the presentation of an —~type as a thecry of A-terms,

and the axiomatic presentation of a A-theory (such as in Barendregt 1981} is given in de Queiroz & Maibaum
1991.
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a€A ccA-B
APPLY(c,a) € B

*

which follows from the presentation of the —-type above (as shown in de Queiroz & Maibaum
1990).

Observe that unlike Barendregt’s set of Lambda terms, which included variables and appli-
cation-terms, our —+-type only contains A-abstraction terms (the rule of —-induction, which
is the counterpart to A-calculus 5-rule, is 2 kind of formal counterpart to that). Here those
Barendregt’s terms which are not A-abstractions can only be subterms. Thus, in order to
work with the hidden assumptions of the abstraction rule discussed in the previous section,
we need to look at the ‘b{z)’ of our first —-introduction, which can have the form of any of
Barendregt’s Lambda terms: a variable, an abstraction-term, or an application-term.

Now, we have to show that one can construct derivations of the Hilbert style axioms
given for linear, relevant and intuitionistic implication in Gabbay 1989, and how one can
draw the appropriate distinctions for each implication. At least since Curry’s theory of func-
tionality (1934) it is well known that there is a correspondence between the type-schemes
of combinators and the axioms of intuitionistic implication, Within the propositions-are-
types paradigm there is a correspondence between axioms of implication and —-types which
contain A-terms as elements or proofs/constructions of the corresponding axioms. So, com-
binators are mathematical objects which correspond to A-terms, which in their turn are
elements/proofs/constructions which belong to an —-type.1®

Moreover, just to make clear our own proof methodology, we should say that we read the
first rule of —-fntroduction, namely:

[z € A]
b(z)e B
Az.b(z)eA—- B

as follows: having made the assumption ‘z € A’, and arriving at the conclusion ‘6(z) € B’ by
means of ore (or none) of the rules available, then we can discharge the assumption by making
a A-abstraction of the assumption-term (‘z’) over the conclusion-term (‘5(z)’). In other words,
when constructing a proof-tree one can discharge an assumption if there is at least one proof
step between the assumption and the conclusion where the assumption is discharged. So,
in the construction of a proof of ‘Az.z € A — A’, as we shall see below, we need at least
reflexivity in order to arrive at a conclusion of the form ‘z € A’ from the assumption ‘[z € A]’.

1 When approaching a presentation of the Curry-Howard-Tait interpretation one has to be warned to specific
terminological diversions from conventional logical frameworks. In the framework of the interpretation ‘proofs’
refer to constructions, and not to the actual proof-trees, Without such a terminological warning misconceptions
may arise. E.g., in Lambek’s:

“The association of entities with proofs becomes even more striking when we compare the free typed
Schénfinkel algebra (generated by a set of letters) with pure intuitionistic implicational logic. Then

combinators = proofs.”
(Lambek 1980, p. 385.)

‘proofs’ should be understood as constructions (terms).
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Such a methodological requirement makes our framework slightly different from the one used
in chapter 15 of Hindley & Seldin 1986, where a proof of the latter is constructed as follows:

“EXAMPLE 15.4. In any system containing (—e) and (—i),

Fle o a.
Proof.

b
[x £ a]

Axx e o — a(—’ i-1).

D”
(Hindley & Seldin 1986, p. 208.)

(Here ‘(— i-1)’ indicates that at that particular step the assumption numbered ‘1’ was being
discharged by the introduction of the ‘—’.)1?

There is another relevant remark to be pointed out with respect to our proof methodology
and notation, and that is the following: our abstractor ‘A’ is used to abstract an element-
variable from a term, and not a type-variable. In this respect we agree with Hindley & Seldin,
who assign a type to A-terms as ‘(Ax*.M# )adﬁ’ (see p. 205), but we diverge from Howard’s

(1980) type-abstraction as in {(AX®.F8)*>F 18

171t must be noted, however, that Hindley & Seldin seem to adopt the same reading, in spite of the divergence
in the example just mentioned. Cf.:

“It {the rule of —-introduction)] is usually written thus:
(—1)

[x £ al
Meg
MxMesa—§3

()

In such a system, rule {—i) is read as "If x £ FV(L;...Ls), and M ¢ # is the conclusion of 2 deduction whose
not-yet-discharged assumptions are x £ a, L3 ¢ §1,...,Ly £ 8, then you may deduce

(Ax.M) £ (a — B},

and whenever the assumption x £ o occurs undischarged at a branch-top above M ¢ #, you must enclose it in
brackets to show that it has now been discharged.” ”
(Hindley & Seldin 1986, p. 206.)

(Our emphasis. Note that in the ‘t’ example, as well as in the ‘K’ example below, there is no conclusion of the
form ‘M ¢ #’. The introduction of the ‘—’, and corresponding assumption-discharge, is made straight from
the assumption.)

1849 Type symbols, terms and constructions

Byt a type symbol is meant a formula of P(D). We will consider a A-formalism in which each term has a
type symbol a as a superscript {whick we may not always write); the term is said to be of type a. The rules
of term formation are as follows.

(2.1) Variables X%, Y?, ... are terms
(2.2) A-abstraction: from F? get (AX‘.F”)"D'G.
(2.3) Application: from G*># and H* get (G*2FH?)"

{Howard 1980, pp. 480-1.)

Note that Howard’s constructions belonging to the formula/type of the form ‘e O 8 are built with a
A-abstraction which operates on type-variables rather than element-variables. That is not the case for the

framework we present here.
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Proofs and corresponding conditions for invalidation:

1. A — A (reflexivity)

_[z€eA]l
r=1r€A
z €A

Az EA— A

and we have the ‘identity’ construction, which corresponds to combinator ‘I’ = Az.z (Curry
& Feys 1958, p. 152; Hindley & Seldin 1986, p. 191).1° [ ]

2. (A —-B)—= ((C— A) — (C — B)) (left transitivity)

[r€C] [yeC—A]
APPLY(y,2) € A [z € A — B]
APPLY(z,APPLY(y,2)) € B
Az.APPLY(z, APPLY(y,2)) € C —= B
Ay. Az APPLY(z, APPLY(y,2)) € (C — A) — (C — B)
Az.\y.Az.APPLY(z,APPLY(y, 2)) € (A — B) — ({C — A) — (C — B))

which corresponds to combinator ‘B’ = Az.Ay.Az.APPLY(2z, APPLY(y, z)) (Curry & Feys 1958,
p. 152: Hindley & Seldin 1986, p. 191). In terms of a calculus of functions, ‘B’ would
correspond to the functor for the (left) composition of two functions.?? [ ]

3. (A—-B)— ((B— C)— (A — C)) (right transitivity)

[z€ A] [z€ A - B
APPLY(z,z) € B [y € B = C]
APPLY(y, APPLY(2,2)) € C
\z.APPLY(y, APPLY(z,2)) € A — C
Ay.Az.APPLY(y, APPLY(z,2)) € (B — C) — (A — C)
Az.Ay. Az APPLY(y, APPLY(z,z))€E (A= B) = (B—=C)— (A — C))

1*Here we have used one of the general rules of equality available in our type-theoretic framework, namely
the reflexivity rule:

IEA
r=z€A
followed by either one of the equality left or right:

a=bE A a=beEA
acA be A

2014 also guarantees, together with the previous combinator ‘I’, that there is a left identity function such
that, for all f: A — B, ‘fl4 = f°, as in the definition of a category as a deductive system in Lambek & Scott
1986, p. 52.
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which corresponds to a combinator which results from applying combinator ‘C’ to combinator
‘B’, or what Curry has called combinator ‘B”’ in Curry & Feys 1958, p. 379, and in Curry
1963, p. 118: *‘B” = Az.Ay.Az.APPLY(y, APPLY(z, 2)) (‘CB’ in Hindley & Seldin 1986, p. 191).
In terms of a calculus of functions, ‘B'” would correspond to the (right) composition of two
functions.?!

In order to invalidate the derivation above one would have to impose the restriction on
the A-abstraction rule such that the abstractions have to occur in the order ‘from higher to
lower subterms’. |

4. (A - (B —~ C)) — (B — (A — C)) (permutation)

[zEA] [r€eA—-(B-C)
[y € B] APPLY(z,2) € B - C
APPLY(APPLY(z,2),y) € C
Az APPLY(APPLY(z,z),y) € A — C
Ay. Az APPLY(APPLY(z,2),y}) € B — (A — C)
Az.Ay.Az.APPLY(APPLY(z,z),y) € (A = (B — C)) — (B - (A — C))

which corresponds to combinator ‘C’ = Az.Ay.Az.APPLY(APPLY(z, z),y) (Curry & Feys 1958,
p. 152; Hindley & Seldin 1986, p. 191). It is the counterpart to the rule of exchange of
Gentzen’s sequent calculi. In a calculus of functions it would correspond to the associativity
of composition.

In order to invalidate the derivation above one would have to impose the restriction on
the A-abstraction rule such that the abstractions have to occur in the order ‘from higher to
lower subterms’ within the order ‘from inner to outer subterms’. |

5. (A = (A — B)) — (A — B) (contraction)

v € A] [r€ A— (A — B)]

[y € A] APPLY(z,y) € A - B
APPLY(APPLY(z,y),¥) € B

Ay. APPLY(APPLY(z,3),y) € A— B

Az.Ay.APPLY(APPLY(z,%),y) € (A — (A — B)) - (A — B)

which corresponds to combinator ‘W’ = Az . Ay.APPLY(APPLY(z,y),y) (Curry & Feys 1938, p.
152; Hindley & Seldin 1986, p. 191). It is also the counterpart to the rule of contraction of
Gentzen’s sequent calculi.

The assumption ‘| [y € A][ is used twice and in a nested way. So, the restriction one has to
impose here is rather obvious: a A-abstraction will cancel one free occurrence of the variable
at a time. l

6. (A — (B = C)) — ((A = B) — (A — C)) (distribution)

#1gimilarly to the previous case, this also guarantees the identity to the right ‘1gf = 7, Ibid.

- 68 ~



DOV M. GABBAY AND RUY J. G. B. DE QUEIROZ

zeA]l [keA-(B-C)] [zeA]] [yeA-B
APPLY(z,z) e B — C APPLY(y,2) € B
APPLY(APPLY(z, z), APPLY(y, 2)) € C
| Az. APPLY(APPLY(z, z), APPLY(y,2)) € A — C
Ay.Az.APPLY(APPLY(z, z), APPLY(y, z)) € (A — B) — (A — C)
Az.Ay.Az APPLY(APPLY(z, z), APPLY(y, z)) € (A — (B - C)) — ((A = B) — (A — C))

which corresponds to combinator ‘S’ = Az.Ay.Az.APPLY(APPLY(z, z), APPLY(y, 2)) (Curry &
Feys 1958, p. 153; Hindley & Seldin 1986, p. 191). m

Note that the assumption " is used twice, and both occurrences are discharged in
one single abstraction ". To obtain a linear implication one has to restrict the discharging
abstraction to one occurrence of the assumption only. In other words, each discharge affects
only one (linear) path in the proof-tree, instead of affecting all branching occurrences like in
the proof above.

6a. (A —» B) — ({((A — (B — C)) = (A — C)) (variant of distribution)

[z € A] [z € A — B] [z € A [ye A—(B— C)]
APPLY(z,2) € B APPLY(y,2) € B — C
APPLY(APPLY(y, 2), APPLY(z,2)) € C
| Az, APPLY(APPLY(y, 2), APPLY(z,2)) € A — C
Ay.Az.APPLY(APPLY(y, 2), APPLY(z,2)) E(A - (B - C)) - (A = C)
Az.Ay.Az.APPLY(APPLY(y, z), APPLY(2,2)) € (A = B) = ({((A = (B — C)) — (A —~ C))

which corresponds to a variation of the ‘S’, precisely:
‘SC’ = Az.Ay.Az.APPLY(APPLY(y, z), APPLY(z, 2)). ]

Observe that the same remarks as to the ‘non-linearity’ of the discharge/abstraction made
for the previous case also applies for the case here.

7. A — (B — A) (truth??)

%3This axiom essentially represents that ‘a true proposition is implied by anything’, so we have accordingly
called it ¢ruth. As we shall see, a derivation of this axiom from the presentation of the —-type invoives a
non-relevant abstraction under the condition (a.1) of section 2 above, which is when abstraction is made over
an open term which contains no free occurrence of the variable. Additionally, by allowing a non-relevant
abstraction over closed terms (condition (a.Z) above), such as, e.g., in ‘Az.Ay.y € B — (A — A)'. one can
see how to relate this axiom to the following axiom of a deductive system defined in Lambek & Scott 1986, p.
48, ‘R2. 4 L4, T*, which comes from the categorical notion of termingl object and its existence linked to the
existence of a unique arrow Q4 : A —+ T for all objects A. If one has permutation (recall the tvpe-scheme of
combinator ‘C’ above), it is easy to see that:

(B—-{(A—-A)—~(A—~(B—A)

and vice-versa.
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Now we want to build a derivation of the above axiom and show where it can be invalidated
by the appropriate side condition. By imposing the condition that the abstraction can only
be made when there is indeed at least one free occurrence of the variable being abstracted
from the expression (‘6(z)’ in the case below), one can obtain a ‘relevant’ abstraction:

—-introduction

[z € A]
b(z)e B
Az.b(z)€e A— B

The proof-tree is:

[v € B]
[z € A]
AyzieB—- A

Az Ayz € A—- (B - A)

which corresponds to combinator ‘K’ = Az.Ay.z (Curry & Feys 1958, p. 153; Hindley & Seldin
1986, p. 191). It is also the counterpart to the structural rule of thining of Gentzen’s sequent
calculi. |

Note that the discharge/abstraction of the assumption [y € B][ is made over the expres-

sion ‘z’ in ‘, which prevents it from being considered ‘relevant’, given that the expression
‘z’ does not contain any free occurrence of ‘y’. (Such a ‘non-relevant’ discharge/abstraction
is called ‘vacuous discharge’ in Hindley & Seldin 1986.2%) So, the restricted A-abstraction to
be adopted in order to invalidate the derivation above is exactly the relevant abstraction, i.e.,
there must be at least one free occurrence of the variable in the term on which the abstraction
is operating.

2«EXAMPLE 15.3. In any system containing {—e) and (—i).
FK ea—g—a.

Proof. Here is a deduction of the required formula. In it, the first application of (—-i} discharges all
assumptions y « 3 that occur. But none in fact occur, so nothing is discharged. This is perfectly legitimate;
it is called ‘vacuous discharge’, and is shown by ‘(—i-v)".

1
[x e a]
Avxe o
Ayxea—f8—-a

(—i-v)

(=i-1}.

G”
{Hindley & Seidin 1986, p. 208.)
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As pointed out in Lambek 1989 (p. 234), in his The Calculi of Lambda-Conversion Church
already distinguished the relevant from the non-relevant A-abstraction.?* Most current text-

books, however, still omit such a restriction in the abstraction rule (see, e.g. Barendregt 1981,
and Hindley & Seldin 1986).

8. F — A (absurdity)

We assume that there is a distinguished proposition ‘¥’ which is taken to be empty (i.e.
no term, whether open or closed, is a member of it}, and a distinguished closed term ‘AL.’
such that

AL.e F— A

for any ‘A’. We say that ‘F — A’, for any ‘A’, is the type-scheme for a combinator we call
Q7.

With this axiom, and taking ‘<A = A — F’, we can prove Heyting’s axioms involving
(intuitionistic) negation,?® namely:

(i) ~-A—>(A—B) and

(i) ((A— B)A (A — -B)) — -A.

(i) (A—F)—(A-B):

[yeA] [z€eA—7F]

' APPLY(z,y) € F AM.¢F—~B
APPLY()\L.,APPLY(z,y)) € B
Ay.APPLY(AL. APPLY(z,y))E A — B
Az Ay.APPLY(A L., APPLY(z,y)) € (A — F) — (A — B)

(i) (A—-B)A(A = (B— 7)) = (A— F)

[re(A-B)A(A— (B - F)) [ze(A—=B)A(A— (B — F))
[y € A] FST(z) e A — B [y € A] SND(z) € A —~ (B — F)
APPLY(FST(z),y) € B APPLY(SND(z),y)E B — F

APPLY(APPLY(SND(z), y), APPLY(FST(z), y)) € F
\y.APPLY(APPLY(SND(z), y), APPLY(FST(z),1)) € A — F
Az.\y.APPLY(APPLY(SND(z), y), APPLY(FST(z), 7)) € (A = B)A(A — (B = F))) — (A —= F)

24 «[f M does not contain the variable r (as a free variable), then {Az M) might be used to denote a function
whose value is constant and equal to {the thing denoted by) M, and whose range of arguments consists of all
things. This usage is contemplated below in connection with the calculi of A-K-conversion, bai is excluded
from the calculi of A-conversion and X-8-conversion - for technical reasons which will appear.”

(Church 1941, pp. 6-7.)
25See the two axioms below:

X. b=p—(p—9q)
X1 Flp =g A{p— —q) = —p
{Heyting 1956, p. 101.)
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Moreover, to prove two of Ackermann’s axioms for negation (quoted in Gabbay 1988, p.
106), namely

(A — =B) — (B — ~A)

(A = _‘A) — "4,
we put ‘A = A — ¥’ and they become, respectively:

(A— (B = F)) = (B~ (A F))

(A= (A= F)= (A= F)

which are instances of the type-schemes of combinators ‘C’ (permutation), and ‘W’ (contrac-
tion), respectively.

We can also prove intuitionir ically that ‘-—(A v -A)"

[ve A]
inl{y)e AV({A - F) [ze (AV(A > F))— F]
APPLY(z,inl(y)) € F
Ay APPLY(z,inl(y)) € A = F
inr(Ay.APPLY(z,inl{y))) € AV (A V F) [z e (AV(A = F)) — F]
APPLY(z, inr(Ay.APPLY(z, inl{y)))) € F
Az.APPLY(z, inr(Ay.APPLY(z,inl(y)))) € (AV(A - F)) —~ F) = F

Note that we started with ‘y € A’, literally ‘y is a proof of A’, as an assumption. One can
also prove the same theorem by starting with ‘y € A — 7, literally ‘y is a proof of A — F
(i.e. 7A)’, but in this case one would need classical implication as we shall see below.

Similarly to the proof of ‘({AV(A — F)) — F) — F’above, we can prove intuitionistically
that ‘(~Av B) - (A — B)"

{({A—-F)vB)—~ (A - B):

[z€A] [yeA-7F] [t € B]
APPLY(y,z) € F AL.e F—~B t=tcB
(z € (A — F)V B] APPLY(AL.,APPLY(y,z)) € B teB

WHEN(z, ¢y.APPLY(AL., APPLY(y, 2)),¢t.t) € B
Az WHEN(z, cy.APPLY()\ L., APPLY(y, 2)),it0) € A — B
AzZ.Az.WHEN(z, cy APPLY(X L., APPLY(y, 2)), tt.0) € (A — 7}V B) — (A — B)-

It is proper to remark here that in such an interpretation of absurdity we have just given,
it is not the case that there are open terms of type ‘F'. What we are saying here is that there
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are closed terms of the form ‘AL.’ of type ‘¥ — A’ for any ‘A’.26

9. ((A — B) — A) — A (Peirce’s rule)?

In his Foundations of Mathematical Logic (1963) Curry presents an ‘inferential’ counter-
part to the axiomatic form of the Peirce’s rule as:

[A — B] [z € A - B

A b(zye A

y (in type-theoretic presentation: m)

in p. 182 of Curry 1963.

One of the usual presentations of the rule for reductio ad absurdum such as:

28 Howard’s observation that by introducing an absurdity type such as ‘¥’ one introduces open terms, does
not seem to be applicable to our case:

“(i) For —: add a new prime formula { to P(D). Then, for each formula &, introduce a term A™>%. {...) There
are open terms of type f; for example, the variable Xf-which is a construction of f—£”
(Howazd 1980, p. 483.)

In the present framework, a construction of ‘F — F’ is also of the form ‘A_L1.’, therefore a closed term. After
all, in onr interpretation absurdity implies anything, including absurdity itself. But that does not imply that
our framework is inconsistent in the sense that it produces an open term (such as Howard’s ‘X!’) as a member
of a closed type (such as Howards ‘f—f’}, as we shall see from our consistency result. (Briefly: similarly to
Howard’s case, any judgement of the form ‘s € F’ will not be a closed judgement, i.e., it will contain at least
one free variable. But, unlike Howard’s ‘X", ‘a’ could not be a construction of ‘F — ¥} This leaves us to
justify the equivalence of a term like ‘Az.z’ to the term ‘AL.’, given that both are terms of type ‘F — 7, but
we need not worry too much about it.

27TAs it is well known, this axiom does not find a straight counterpart in the type-schemes of Curry’s
combinators. Nonetheless, it seems unlikely that Curry intended his theory of functionality to be applicable
only to intuitionistic implication. Rather, he appeared to be more interested in defining families of calculi of
implication, which would also include a calcnlus of classical implication, such as his LC- (HC-, TC-) systems
as classical counterparts to intuitionistic LA- (HA-, TA-) systems, ‘A’ standing for ‘absolute’:

“4, The classical positive propositional algebra. In Sec. 4C5 we saw that the scheme

(ADB)DASA (15)
was not an elementary theorem scheme of an absolute implicative lattice, and in Sec. 4D1 a classical implicative
lattice was defined, in effect, as an implicative lattice for which (15) holds. This classical implicative lattice is
here called the system EC.

Acting by analogy with the absolute system, we can define classical positive propositional systems HC and

TC by adjoining to HA and TA, respectively, postulates in agreement with (15). The postulate for HC is the
scheme

Pc FADB DA:D AL
which is commonly known as “Peirce’s law™; that for TC is the rule
[ADB]
A »
Pk — A

(Curry 1963, p. 182))

So, pursuing what we believe to have been Curry’s ‘methodology’, which was to direct the chief concern
at the establishment of calculi {intuitionistic, classical, etc.) rather than at the interpretations, we want to
obtain a calculus of classical implication within the ‘propositions-are-types’ interpretation by extending the
conditions for closing a term (therefore binding a free variable and discharging an assumption), so that one
can obtain a closed pure term for ‘((A — B) — A} — A’.
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[-A]
A
N ‘

can be seen as a particular case of Peirce’s law in its deductive (non-axiomatic) presentation,
when negation is introduced (taking ~-A = A — F):

(A — 7]
A
A
where ‘B’ is instantiated with <#*.28

Now, if we use the formulation given by Curry to construct the proof-tree for the axiom
scheme ‘({A — B) — A} — A’ similarly to the one given above, we get:

[ye A — Bj [z € (A - B) — A]
APPLY(z,y) € A (%)

Ay.APPLY(z,y) € A

Az. Ay APPLY(z,y) € ((A—=B)— A)—> A

where the step ‘(*)’ is justified by Curry’s inferential presentation of Peirce’s law above. It
allows the rewriting of ‘(A — B) — A’ to ‘A’, in this direction.? In the opposite direction
the rewriting can be made with a weaker implication such as strict implication, as shown by
the following proof-tree:

28 Note that the axiom corresponding to Peirce’s rule has nothing to do with the axiom which introduces
negation (or better, absurdity). It only requires that the rules for assumption discharge with A-abstraction
be changed to cover the full power of classical implication. There are some slightly different views on this
particular point, such as, e.g. Lambek’s:

“The negationless formula A< (A<= (B<=A)) is a theorem classically but not in the system without negation.”
(Lambek 1980, p. 384.)

The system without negation referred to by Lambek corresponds to the system we had before introducing
the absurdity judgement. Peirce’s ariom cannot be expected to be a theorem of that system, given that the
extra conditions of assumption-discharge were not present in that system. But those extra conditions are not
introduced specifically to allow the handling of negation.

In the presentation of propositional calculus as a deductive system, Lambek & Scott also insist on the fact
that it is by introducing (double) negation that one obtains classical implication:

“If we want clgssical propositional logic, we must also require
RT. Le(LeA)—~A"
{Lambek & Scott 1986, p. 50.}

The point here is that the double negation above (R7) follows from the more general characteristic of
classical implication which is captured by Pesirce’s law and which is not intrinsically bound to the introduction
of {double) negation. In other words, one can have a negationless classical implication by dropping the absurdity
axiom (or Al.-gbstraction) from full intuitionistic implication and adding Peirce’s law.

2°Tt should come as no surprise that the A-term inhabiting the type ‘({A — B) — A) — A’ is the same as
‘(A - B} =~ A) — ({A— B) — A) as well as ‘(A — B} — (A — B)’, which is the term corresponding to
Curry’s ‘I’ = Az. Ay APPLY(x, y) (Curry & Feys 1958, p. 379}
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[ye A — B]
[z € A]

Ay.re{A—-B)— A

Az y.z € A— ((A - B)— A)

(Note that the abstraction " is not a relevant abstraction, but it is an intuitionistic one.)

To prove the classical double negation ‘((A — F)} — F) — A’ we can use the inferential
presentation of the Peirce’s law:

yeA-F] [e(A—F)— 7]

APPLY(z,y) € F ALLEF—A
APPLY(AL.,APPLY(z,y)) € A
Ay.APPLY(AL.,APPLY(z,y)) € A
Az.Ay.APPLY(AL.,APPLY(z,¥)) E((A - F)—= F)— A

As we have mentioned above, we can prove classically ‘-~(A V ~A)’ starting from the
assumption that ‘y € ~A’ (ie.,, ‘v € A — F').
[A — B]
—A
A

Indeed, using Curry’s , we have:

[ve A — F]
inr(y) e AV(A—=F) [z€(AV(A— F))— F]
APPLY(z, inr(y)) € F AL.e F—= A
APPLY(AL., APPLY(z, inr(y))) € A
Ay APPLY(A L., APPLY(z, inx(y))) € A
in1(AyAPPLY(AL., APPLY(z, inr(y))) € A V (A — %) [ce(AV(A =~ F)) ~ 7]

APPLY(z, in1{Ay.APPLY(A L., APPLY(z, inz(y))) € F

Az APPLY(z, in1(Ay.APPLY(A L., APPLY(z, inr(y))) € (AV (A — F)) — F) — F

Despite working well in most cases, Curry’s inferential counterpart to Peirce’s law does
not seem to be sufficient to prove the following theorem of classical implication (taking ~A =
A F)

((A—-A)-B)—-((A—B)—B)

[z € (A — B) — A] )
Ay APPLY(z,y)E (A —B)— A
Az Ay APPLY(z,y) € (A — B) — A) — ((A — B) — A)
where the step ‘(x)’ is justified by the rule of —-induction, the counterpart to A-calculus n-rule. Of course,
the additional coadition in Curry’s rule is that the consequent ‘(A — B) — A’ is identified with ‘A’.
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whose proof is left as an exercise by Curry in p. 279 of his Foundations of Mathematical
Logic (Curry 1963). We have been able to prove it using a reformulation of the inferential
counterpart to Peirce’s axiom which is framed as follows:

[A — B]

—B___
A

In the framework of the propositions-aie-types interpretation it would be framed as:

(provided ‘A — B’ is used as both minor and ticket)

[z € A— B
b(z,..,z)EB
Az.b(z,..,z) € A

meaning that if from the assumption that a term ‘2’ belongs to a type of the form ‘A — B’
one obtains a term ‘d(z)’ belonging to the consequent ‘B’ where ‘z’ appears both as a ‘higher’
and a ‘lower’ subterm of ‘b(z)’, then we can apply a Ax.-abstraction over the ‘6(z, ..., z)’ term
and obtain a term of the form ‘Az.b(z,...,z}’ belonging to the antecedent ‘A’, discharging the
assumption ‘z € A — B’.

Such an alternative presentation of the inferential counterpart to Peirce’s aziom finds a
special case in another one of the standard presentations of the proof-theoretic reductio ad
absurdum, namely:

[-A] [A — F]
v - _F
Y which can also be presented as A

By using such an alternative to Curry’s formulation we can also prove the classical double
negation:

[y € A — F] e (A - F)—F|
APPLY(z,y) € F AL.e F— A
APPLY(A L., APPLY(z,y)) € A lye A - F)
APPLY(y, APPLY{A L.,APPLY(z,y))) € F
Ay.APPLY(y, APPLY(A.L.,APPLY(z,y))) € A
Az.Ay.APPLY(y,APPLY(A L., APPLY(z, y)NE(A - F) = F)— A

For the present framework, however, we shall restrict ourselves to Curry’s inferential
counterpart to Peirce’s law.3°

6. Consistency Proof

3%In fact, we are also investigating the possibility of having the axiom for Lukasiewicz’ many-valued logics
(implication), namely:
(A~B)—B)—((B-+A)-—A)

as a more general schema which would entail Peirce’s law. We are looking for a proof discipline for Lukasiewicz’
logics which would pethaps gives us an insight as to which discipline to adopt for classical implication.
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Following a technique presented in Martin-Lof 1972, we shall prove that our systems of im-
plication are consistent by arguing that no judgement of the form ‘m € M’ can be obtained
from the presentation of the —-type such that ‘m’ is not a closed term (i.e., contains a free
variable), Furthermore, because all firal judgements (at the bottom of proof-trees) must
involve closed terms only, one cannot prove ‘A — B’ for any A, B.

First of all, we recall that the only assumptions allowed in any step of a proof is of the
form ‘z € A" where ‘s’ is simply a (new) variable. If ‘y € A’ already appears in the proof,
then ‘y’ has to be used instead of ‘z’, which means that once a proposition/formula is given
a label, it cannot be given a new name.

Exceptions to the general rule that assumptions are placed in the top of the proof-tree
are introduced by:

(1) the rule of ¢ruth, where an assumption is allowed to be placed anywhere in the proof-
tree (except in the bottom, of course) to play the réle of the ‘b(x)’ in the —-introduction:

[y € B]
[z € A]

Ay EB — A
Az Ayt € A— (B — A)

(Note that the assumption {[z € A]{ is introduced in the middle, not at the beginning, of

a path in the proof-tree, to play the réle of the ‘b{z)’ for the Ay.-abstraction made in the
following step.)

(ii) the rule of absurdity, where a distinguished A-abstraction term, namely ‘A.L.’, is taken
for granted and does not involve an assumption discharge:

ALLEF— A

Now, looking at the general form of the rules of proof that we have available:

[z € A]
. . b(z) e B o a€A cEA- B
— -tntroduction N €A B — -elimination APPLY(c,q) € B

Note that with respect to the discharging of assumptions, only the —-introduction can
discharge.

If we want to extend the framework with conjunction and disjunction:

Ani a€ A be B A e c€c AAB c€EAAB
pair(a,b)€ AAB FST(c) € A SND(¢) € B

[t€ A] [y€B]
a€A beB Ve ccAVB d(z)eC e(y)eC
inl{a) € AVB inr(b)e AvB WHEN(c, cz.d(z),y.e(y)) € C
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we note that with respect to the capacity of discharging assumptions is:
A-i: none A-e: none

V-i: none V-e: some

Back to the —-case, which is the only case where all assumptions are discharged, the only
‘odd’ case is that of the counterpart of Peirce’s law, where a A-abstraction term is said to
belong to a ‘lower’ type and the assumption on the higher type is discharged:

[y€ A — B
blyye A
Ayd(y)e A

Here the higher type ‘A — B’ is discharged and the lower type ‘A’ is said to contain a
A-abstraction term ‘Ay.b(y)’.

7. Systems of implication and combinators

In Gabbay 1989 a classification of different systems of implication is given in terms of the
axioms chosen from a certain stock of basic axioms (pp. 31-2):

1. identity
A — A, which corresponds to the type-scheme of combinator “i’.

2. right transitivity
(A —B)— ((B— C)— (A — C)), which corresponds to the type-scheme of combinator
‘B”.

3. left transitivity
(A —B)- ((C— A) - (C — B)), which corresponds to the type-scheme of combinator
‘B’.

4. distribution
(A - B)— (((A—-(B—- C))— (A — C)), which is a variation of the type-scheme of
combinator ‘S’

5m,n (m,n) contraction
(A™ — B) — (A" — B), which is a generalisation of the type-scheme of combinator "W’,
namely (A — (A — B)) - (A — B).

6o. a-deduction
a — (B — a), which comprises variations of the type-scheme of combinator "K'. For
example, by saying that a has to be in implicational form we get a K_, for strict implication.

Tv. y-permutation
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(A - (y— C}} - (v = (A — C)), which corresponds to variations of the type-scheme
of combinator ‘C’. For entailment implication, one has to impose the condition that + must be
in implicational form (e.g., ‘P — Q'), and we here call the corresponding combinator *C_.".
If we impose that ‘A ¥ 4’ in the particular system, we have the variation ‘Cy’.

8. restart (Peirce’s rule)
((A = B) — A) — A, which corresponds to the type-scheme of our combinator ‘P”.

Based on the correspondence between the axioms and the type-schemes of combinators, we
can do the same classification done in Gabbay 1989, p. 33, but now in terms of the combinators
which would be obtained according to the side conditions on the rule of assertability conditions
for the logical connective of implication, namely —-introduction.

Systems of implication:

system name : combinators :

w |, B, B

Linear i,B,B, C

Modal T-Strict ,BB,C,W
Relevant ,B,B,C,S
Entailment |,B, B, S, C.
Ticket Entailment |, B, B,S,SC
Strict I,B,B, C, K.
Minimal ,B,B,CS, K
Intuitionistic LB, B,CS K, ir
Classical ,B,B.C5S, K, P
Linear Classical i, B, B, C, P
Relevant Classical i,B,B.CS, ¢
Deductive Relevant I, B, B Ck, S
LE-Linear Entailment 1|, B, B, C_.

Linear Intuitionistic I,B,B, CK,lr
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wC |, B, BY, P/

The systems are roughly ordered by proof-theoretic strength, and the system W is con-
sidered to be the weakest implicational system for which a reascnable deduction theorem
exists.3! Note that the most primitive combinators are I, B, B'(= CB), C and W, instead
of I, K and S. These were, in fact the primitive combinators in Curry’s earliest results on

combinatory logic, unlike Schonfinkel’s independent pioneering results using B, C, I, K, and
$.32

7. Finale

With the help of the distinction between a proposition (‘A’) and a judgement (‘a € A’),
together with the identification of propoesitions with types, one can have proof-objects ‘coded’
into the object language, so to speak. Such an ‘improvement’ on the syntactical tools of a
proof calculus seems to be particularly helpful in dealing with the so-called resource logics.
By making the type-theoretic equivalent of the A-calculus’ abstraction rule into a ‘resource’
abstraction where an extra condition is included requiring the existence of at least a free
occurrence of the variable being abstracted, one can provide a workable framework to present
resource logics via the so-called ‘Curry-Howard-Tait’-interpretation in a reasonably simple
way. We are currently working on the extension of the classification presented here for the case
of implication to first-order quantification, given that in the Curry-Howard-Tait interpretation
the universal quantifier is dealt with in a similar manner to implication.3® And indeed, by
presenting the universal quantifier in a similar way to implication as:

31Here we should mention a recent attempt by Y. Komori (in a handwritten memo — Komori 1930(?) -
which was kindly sent to us) to answer the question ‘What is the weakest meaningful logic?’ by saying that:
“The weakest meaningful logic is B Logic.”, where B is a logic with only one axiom (the one corresponding
to the type-scheme of combinator B) and a rule of modus ponens.

32«The earliest work of Curry (till the fall of 1927), which was done without knowledge of the work of
Schonfinkel [Schénfinkel 1924)], used B, C, W, and | as primitive combinators.”, p. 184 of Curry & Feys 1958.

323In Howard's account of the formulae-as-types notion of construction he defines constructions as terms built
up from prime terms by means of term formation as indicated by Prime terms, A-abstraction and Application:

“(i) Type symbols The prime type symbols are: 0 and every equation of H(D,A,V). From these we generate
all type symbols by the following two rules.

{a) From o and A get a D f and o A A.

(b) From « and a number variable x get ¥xa.

(ii) Prime terms These are:

(a) number variables x, y,...; constarts 0 and 1; fanction symbols for plus and times,

(b) variables X2, Y?,...,

(€) certain special terms, mentioned in §8, below, corresponding to axioms and rules of inference of H{D, A,
v).

(iii) A-abstraction:

(a) From F? get (AX*.F#)*>? as in §2.

(b} If x does not occur free in the type symbol of any free variable of F, form {AxF#)
(iv) Application:

(a) From F* and G*?# form (GF)” as in §2.

(by From G"*(*) and ¢ of type 0 form G(t)*(*).”

x 8

(Howard 1980, p. 485.)
Observe that for both implication (*(i.a)’, ‘(iii.a)’ and ‘(iv.a)’) and universal quaniification (*(i.b}), ‘(iii.b)’,
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V- formation

‘(iv.b)’) a A-system is used {with abstraction and application). Later he gives the following axioms for the
reducibility of terms:

“11. Normalisation of terms
For the theory of reducibility of terms we postulate the following contraction schemes
(i) (AX.F(X))*?*G contr F(G)?
(AxF(x))™*®¢  contr F(1)>*)
{..)”
(Ibid., p. 487.)

The equivalent of F-normalisation is postulated to the contraction of terms characterising implication, as
well as terms characterising universal quantification.

In the description of his type system F Girard also makes use of the notions of absiraction and application
in the definition of both implication and universal quantification, although in a way which is different from
Howard’s:

“Types are defined starting from fype variables X,Y, Z,... by means of two operations:

1. if U and V are types, ther U — V is a type.

2. if V is & type, and X a type variable, then IIX.V is a type.
There are five schemes for forming terms:

1. variables: £7, 37,27, .. of type T,

2. application: tu of type V', where t is of type I/ — V and u is of type U,

3. A-abstraction: AzV v of type U — V, where z¥ is a variable of type U and v is of type V,

4. universal abstraction: if v is a term of type V, then we can form AX.v of type IX.V, so long as the
variable X is not free in the type of a free variable of ».

5. universal application (sometimes called extraction): if ¢ is a term of type IX.V and U is a type, then tU
is a term of type V[U/X].

As well as the nsual conversions for application/A-abstraction, there is one for the other pair of schemes:
{(AX.0)U ~ o[U/ X}
(Girard 1989, pp. 81-2.)

Note that Howard’s way is to abstract on lype-variables (‘(,\X".F")"D‘s’) for implication and on element-

variables (*(AxF” )“ﬁ’) for universal guantification, whereas Girard’s way is to abstract on element-variables
(*AzY.v’) for implication (clanse 3 above) and on type-variables {*AX.¢") for universal quantification {clanse
4 above). Similarly to Martin-L5f (3984) we abstract on element-variables in both cases, the difference being
that for implication we can say that ‘Az.b(z) € A — B’ provided ‘b(z) € B’ on the assumption that ‘z € A’
whereas for universal quantification ‘Az.b(z) € Vz € A.B(z)’ provided ‘b(z) € B(z)’ (where ‘B{z) is a
type indexed by ‘z’) on the assumption that ‘z € A'. But unlike Martin-L6f’s unified treatment with a II-
type (and associated definitional equalities distinguishing ‘—’ from ‘Y’, namely, ‘A — B = (Ix € A)B’ and
‘(vx € A)B(x) = (IIx € A)B(r)’, Martin-L5{ 1984, p. 32.), we follow Howard’s and Girard’s approach of
dealing with implication and universal quantification by using separate type definitions.

Curry’s original insight concerning the treatment of universal quantification in a similar way to implication
is clear from his early “The Universal Quantifier in Combinatory Logic’ {Curry 1931):

“The combinator here defined I have called the formalizing combinator, because by means of it it is possible to
define the relation of formal implication for functions of one or more variables in terms of ordinary implication.
Thus if P is ordinary implication, it follows from Theorem 1 (below) that (¢$,.P) is that function of two
functions of n variables, whose value for the given functions f(z1,z3,..., tn) and g(z1, 2, ..., 2,) is the function
f(z1,...,2n) — g(z1,...,2n). Thus formal implication for functions of n variables is (B I,(¢x P))."”

{Curry 1931, pp. 165-6.)

and later comes the axioms:

“IB).  (HH  l=)fz — (9,2)f(gz)].
(I1C). (N (=9fz9) — (z.9)f(v, )]
{(TW). (N zefl=y) = (2)f(=,2)]
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[z € A] [z € A
A type B(z) type A=C B(z)=D(x)
Yz € A.B{x) type Vr € A.B(zx) =Vz € C.D(z)

V-introduction

[z € A] [z € A]
b(z) € B(z) b(z) = d(z) € B(z)
Az.b(z) € Yz € A.B(z) Az.b(z) = Az.d(z) € V2 € A.B(z)

V-reduction
[z € A]

a €A b(z) € B(x)
EXTR(Az.b{z),a} = b(a/z) € Bfa)

VY-induction

cEVz € AB(x)
Az EXTR(c,z) = c € Vz € A.B(z)

ad
one can see the correspondence of type-schemes of combinators, axioms of implication, and
axioms of universal quantification:34

(IK}). (r) [p — (x)Kpz].
(1IP). (f,.9) Uz)(fz — gz) — ((2)fx — (z)g%)].”

(Ibid., p. 170.)

The combined treatment is also made in the second volume of Combinatory Logic (with R. Hindley and J.
Seldin). In both cases the fundamental rule is a sort of modus ponens {(universal instantiation):

“Rurk II. OX,EU F XU,
RuLE P. PXY, XFY"
(Curry, Hindley & Seldin 1972, p. 427.)
#In Curry, Hindley & Seldin 1972 one already finds some of the parallels listed here, such as, e.g.:

“PK) FaDd.fDa,

{Ps} Fad .82y D:adf D.ady,
(o) b (Vz)az. D al,

(II2) FaD(Vo)a,

(TIP) F (Yz)(ez D Bz). D (Vz)oz O (Vz)Bz,”

(Ibid., p. 433.)
Note the parallel between PK and Iz, as well as between PS and IIP. Furthermore, following the same line
of reasoning another II-rule is soon defined mirroring PC — type-scheme for combinator ‘C’, namely ‘y D a. 3
B:D:ra Dy D B -, which is called II,:
“«(11,) F (Yz){(a D 8z). D .a D (Vz)Az” (Ibid., p. 439.}
{In fact, II;, II; and IIP, though not the parallel with the propositional PC, PK and PS, were already presented
in Curry’s own earlier work Curry 1963, p. 344.)

That would seem to justify why the structural similarity betweer implication and universal quantification,
which goes back at least as far as Heyting’s intuitionistic predicate calculus (Heyting 1946), is so naturally
reflected in the Curry-Howard-Tait interpretation. (And indeed, a form of both IIP and [I, without the
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l:

A— A

Yz € A A(z)

B:

(A-B)—((C—A)~(C-B)

Yz € A.B(z) — (Vz € C.A(z) — V2 € C.B(z))

B":
(A-B)—((B—C)~(A-C)
Vz € A.B(z) - (Vz € B.C(z) — Vz € A.C(x))

C:
(A-(B—-C) > (B=(A-C)
Yz € A.(B — C(z)) ~ (B — ¥z € A.C(z))

W:
(A-(A—-B))—~(A—-B)
(A — Vz € A.B(z)) — Vr € A.B(z)

S:
(A-(B-C))—~((A-B)—(A-C))
vz € A.(B(z) - C(z)) — (Vz € A.B(z) - Vz € A.C(z))

K:
A (B—A)
A-—-YreBA

For the counterpart of Peirce’s aziom
(A —B)— A)— A,

one would have
(Vz € A.B(z) = A) = A.

As an example, we can see that the following axiom would be valid only if the universal
quantifier is not linear:

Vi € A.(B(z) — C(z)) — (Vo € A.B(z) — Yz € A.C(z)) (distribution over individuals)
(parallel to ‘S’)

[te A]| [zeV¥z e AB(x)] |[lteA]|l [y€Vze A(B(z)— C(z))]
EXTR(z,t) € B(t) EXTR(y,t) € B(?) — C(¢)
APPLY(EXTR(y, t),EXTR(z,1)) € C(t)
At. APPLY(EXTR(y, t),EXTR(z, 1)) € Vz € A.C(z)
)\z.At.APPLY(EXTR(‘y, t),EXTR(z,t)) € Vz € A.B(z) - Vz € A.C(x)
Ay. Az AL APPLY(EXTR(y,t), EXTR(z,t}) € Vz € A.(B(z) — C(z)) — (Vz € A.B(z) — Vr € A.C(z2))
leftmost universal quantification already appear in Heyting 1946 as ‘Rule {v1)’ and ‘formula (7)’, respectively,

where it is said they both come from Hilbert & Ackermann’s Grundzige der theoretischen Logik, 2ud edition,
Berlin, 1938.)
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(Note that the abstraction is discharging assumptions non-linearly and cancelling more
than one free occurrence of the variable ‘¢’ in the expression ‘APPLY(EXTR(y,t),EXTR(z,1))’)
and similarly the following variant would not be valid if the quantifier is linear, given that
the universal abstraction is cancelling more than one free occurrence of the variable and in a
branching way:

Vr € AB(z) —» (Vr € A.(B(z) — C(z)) — V= € A.C(z)) (variant of distribution over
individuals) (parallel to ‘5C’)

te Al| [vevre AB(z)] [[te A]] [z€Vz € A.(B(z)— C(2))]
EXTR(y,t) € B(t) EXTR(z,t) € B(t) — C(t)
APPLY(EXTR(z, 1), EXTR(y, 7)) € C(t)
[ At.APPLY(EXTR(z, 1), EXTR(y, t)) € Vz € A.C(z)
Az.At.APPLY(EXTR(z,1), EXTR(y,1)) € Yz € A.(B(z) — C(z)) —» Vz € A.C(z)
Ay.Az. At.APPLY(EXTR(z,1),EXTR(y,t)) € Yz € A.B(z) — (Vz € A.(B(z) — C(z)) = Vz € A.C(z))

There is room for further extending the Curry-Howard-Tait interpretation to deal with
modal logics, if one makes a special (and useful) reading of the modal connective ‘0’. Looking
at implication and universal quantification as being fundamentally characterised by modus
ponens (or universal extraction), which in the Curry-Howard-Tait interpretation it is captured
by SB-normalisation, one can see that each implication/universal quantifier changes only its
assertability conditions rule according to the logic, the rules corresponding to the explanation
of the consequences - the ‘ultimate’ semantical rules, according to a particular semantical
standpoint explored in de Queiroz 1989 - remaining fixed. Now, locking at the modal ‘O’ as
a sort of second-order universal quantification, in a way such that:

O0A =YX € W(X — A)

(where ‘W’ would be a collection of types, or a type of types — ‘worlds’ —) we can see that
the same reasoning made for implication and first-order quantification can be carried through
for the case of modal logics. For example the axiom for the modal logic K finds a parallel in
the axioms for implication and first-order universal quantification which correspond to the $
(distribution) combinator:

Modal Logic K:

O(A —B) - (DA — OB)

which could be rewritten as:
VXeWX-(A-B)-(VXeW(X—-A)-VXeW.(X—-B))

and the parallel with the S combinator is quite clear: X is being distributed over the impli-
cation. Similarly to the case of implication and first-order universal quantification one can
find a parallel between axioms characterising different modal logics and the type schemes of
combinators. For example, the weakest rule characterising the so-called ‘standard normative
logics according to Chellas (1980), namely:
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A—-B
OA — OB
mirrors the type-scheme of the weakest combinator, namely B (i.e. left transitivity, in terms
of implication), if one thinks of ‘0’ as a combination of second-order universal quantification
and implication.

Concerning the ‘jump’ to second-order quantification observe that unlike the previous
cases (implication and first-order universal quantification) where we had only element vari-
ables (z,y, ..., etc.), now we have type variables (e.g. ‘X'). And indeed, in modal logics one
is dealing with higher-order objects, and therefore some kind of ‘higher-order modus ponens
(and universal abstraction)’ is needed.

Now, in order to characterise the ‘second-order’ normalisation one can make use of the
seminal results independently obtained by Girard {(1971) and Reynolds (1974) on second-order
typed A-calculus and polymorphism. In fact, an attempt at a formulation of the second-order
normalisation in a type-theoretic framework has been made with the development of a ‘type
of types’-Fix operator described in de Queiroz & Maibaum 1990.

RM
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Abstract

Problems in parsing conjoined phrases with conjuncts of different syntactic type can appar-
ently be overcome with techniques developed for type synthesis in A-calculus and programming
languages. We briefty review the notions of parameter-, subtype- and let-polymorphism devel-
oped in functional programming, and then exhibit an analogy to parsing of conjoined phrases
in natural langnages.

In particular, we show that a full exploitation of let-polymorphism allows to treat the
parsing of conjoined phrases by means of subsumption constraints, while sticking to unification
based parsing techniques. This refines S.Shieber’s [12] proposal to use subsumption constraints
in describing ‘polymorphic conjunction’. However, our refinement shows that there is a way
of parsing polymorphic conjunctions that avoids to raise instances of the semi-unification
problem, which has recently been proved undecidable.

Thus, while type synthesis for ‘polymorphic recursive definitions’ in programming is re-
ducible to semi-unification and hence undecidable, parsing of polymorphic conjunctions is less
complex (at least for the forms studied here). In contrast to suggestions of B.Rounds and
J.Dérre(1], polymorphic conjunctions do not lead to semi-unification problems, and I am not
aware of other linguistic phenomena that do.

1 Introduction

Simple examples - mostly taken from S.Shieber’s Thesis[12] and due to 1.Sag - suggest that con-
junction in natural language can be used to conjoin phrases of the same syntactic category, to yield
another phrase of this category:

Pat is ((stupid)AP and (healt.hy)AP)AP. : S (1
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Pat hired {(a Republican)NP and (a banker)NF)NP . g (2

If the conjuncts are of different syntactic types, the conjunction is ungrammatical:
Pat hired (a Republican)NP and (proud of it)AP. : ¥ (3)
Pat hired (a Republican)NF and (at the office) PP : * (4)
This may lead us to assume that and is of type
and:a x a—a, a= NP, AP, ... (5)

That is, and is parameier polymorphic in the sense that its type is a scheme with a free type
parameter o - ranging over all or some specified set of types. But with some verbs, the conjuncts
may be of different types:

Pat has become (a ba.nker)NP and (very oonservative)AP. : S (6)
Pat is (8 Republican)NP and {proud of it}AF. : § (7

Pat is (healthy)AP and (of sound mind)FP. : § (8)

That was (a rude remark)NT and (in very bad taste)’P. : § 9)

These examples pose two problems:

Problem 1 When is a conjoined phrase with conjuncts of different iype grammatical?

Problem 2 What is the type of the conjoined phrase, when the conjuncts are of different types?

Some of the examples indicate that ((x)NF and (y)AF) or ((x)NFP and (y)PP) are grammatical,
while others indicate that they are not. The same applies to similar constructs like or.

S.Shieber proposed a solution to these questions that essentially assigns a more general type to
conjunction, namely

and : oy X a3 — @, o Ca, azCa a = NP, AP, ... (10)

where the side condition a; C o poses a constraint on the types that may be substituted for the
variablea: r C & means that type 7 is subsumed by type ¢. The subsumption relation between types
should be effectively testable; hence we assume that it is given by some partial order between type
ezrpressions, inductively defined along the syntax of type expressions. Shieber alludes to one such
relation 7 £ o - which he writes as ¢ < 7 -, where 7 is a substitution instance of o.

A more accurate description of Shieber’s solution is given in Section 2. We will point out some
drawbacks of Shieber’s solution, and in particular will discuss whether - in parsing conjoined
phrases - it is necessary that we have to solve sets of inequations r C & between type expressions.
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The problem of deciding whether, given a set § of inequations, there is a solution or not, is called
the semi-unification problem.

Motivated by Shieber’s proposal, W.Rounds and J.Dérre[1] have studied this problem for feature
terms and shown that it is undecidable. The same problem for first order terms (or simple types)
arose in type synthesis for functional programming languages [3, 7, 5], in proof theory [10] and
in term rewriting [4]. A proof of undecidability for this case has been given by Kfoury e.a.[6].
Therefore, it seems worthwhile to have a careful study on whether Shieber’s proposal can be
modified so as to avoid raising instances of the undecidable semi-unification problem.

In Section 3, we will look at the corresponding work in type synthesis for programs, and intro-
duce various notions of polymorphism studied in this context: parameter polymorphism, LET-
polymorphism, and subtype polymorphism.

Using the basic idea behind LET-polymorphism, in Section 4 we introduce an improvement of
Shieber’s proposed analogy between AND- and LET-polymorphism. Section 5 demonstrates that
by using the same ideas as in Milner’s[8] typing rule for LET, a parsing strategy is possible that is
based on a principal iype property. This strategy avoids to raise instances of the semi-unification
problem, and gives decidability of typability for a new typing rule for polymorphic conjunction.

We only deal with polymorphic conjunctions in object position, and have to leave the case of subject
posilion to further studies. Thus the main point of the paper is the refined correspondence between
LET- and AND-polymorphism, and the demonstration that it is possible to add subsumption
constraints in specifying (some aspects of) a grammar, while sticking to unification-based parsing.

Acknowledgement: I wish to thank Bill Rounds for making me aware of a possible connec-
tion between semi-unification and Shieber’s subsumption constraints. Many thanks also to Fritz
Henglein for discussions and e-mails that kept my inierest in semi-unification alive.

2 Shieber’s Solution

In his Thesis, S.Shieber{12] proposed to exploit subsumption constraints in specifying natural
language grammars. The particular phenomenon mentioned in this connection was the pelymorphic
AND as presented by the examples in the Introduction. (Shieber’s proposal was based on the
LET-construct in the functional programming language ML, which will be explained in Section
3.) To describe Shieber’s proposal, I will replace the notation of unification grammar by the more
perspicious notation of type synthesis in programming. For simplicity, I also will replace feature
terms by simple type expressions. Let p, o, T, etc. range over {ype expressions, where

e Each type variable and each type constant is a type expression, and

e If G is a n-ary type constructor and a,,...,0, are type expressions, so is G(o1,...,0n).

We use a, 3 etc. as type variables. A {yping staiement is an expression e :o, where ¢ is an
expression of our formal (or natural) language L as specified by some grammar. A type environment
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(or lexicon) is a set I of typing statements for variables or constants of L.

We assume that a calculus is given by means of which one can detive judgemenis L + ¢ : o, asserting
that under the assumptions L, expression ¢ is of type . For natural language grammars, the
relation L F e : o (or rather the calculus for deriving such judgements) specifies when phrase e is
of (syntactic) type o relative to lexicon L. Algorithms that synthesize types to given programs
then correspond to parsing algorithms in natural language processing. Hence the slogan ‘parsing
as type inference’.

The three ingredients to Shieber’s proposal for analysing ‘polymorphic conjunctions’ are the fol-
lowing (S 1), (S 2) and (S 3). Points (S 1) and (S 2) address Problem 2, while (S 3) is concerned
with Problem 1.

S Use subsumption constraints ¢ € r, and the subtype axiom
(sub) ZUfe:o}t e:r, ifeCr.
(S 2) Use the following typing rule for polymorphic conjunction:

(and) Bt o ;nfe:)ef;ﬂ, fo Co,03Co.

(S3) Grammaticality of phrases f(a and b) depends on whether the argument type of the
(unary) verb (-phrase) f is the same as the type of the conjunction, i.e. use

EFf:o—71, Xk(epandey):o
(app) Et f(eyandey): r )

(S 1) and (S 2) have to be made more precise by specifying a notion of ‘subtype’, which may
depend on the set I of typing assumptions. Two syntactical notions of subtyping are relevant:
subtyping by instantiation of type variables (that are generic with respect to I), and subtyping of
records by adding additional fields. (See Section 3)

(S 2) simply says that the types of the conjuncts have to be subsumed by the type of the conjunction.
Thus the types of the conjuncts may be inconsistent with each other, but have to be consistent
with the type of the conjunction.

(S 3), which is just the traditional application rule from typed A-calculus, is less explicit in
Shieber[12]. It tries to account for the context in explaining when conjunctions are grammati-
cal, by noting that different verbs are more or less selective with respect to their arguments’ types.
This is somewhat of a restriction to conjunctions in object position, which we will follow below.

Example 1 (Shieber) Let the following types (motivated by Chomsky’s ‘X-bar theory’} be
given:

NP=[pn=+,v=—,bar=2], AP=[n=+,v=+,bar=12),
VP=[n=—-,v=+,bar=2), PP=[n=—v=—bar=12)], {11)
o = [bar = 2], r=[n=+,bar=12].
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Then by record-subtyping we have: NP and AP are subtypes of 7, and VP, PP, 7 are subtypes of

o, but VP and PP are nof subtypes of 7. Given an appropriate lexicon I, by (sub) and (and) we
can derive

T+ (healthy)AF and (of sound mind)? P.g, (12)
as AP CC ¢ and PP CC ¢. However, since PP [ 7 is not the case, (and) does not allow to derive
T+ (hea.lt.hy)APand {of sound mind)PP i T, (13)

Suppose that in addition {o the above, we can derive X+ Pat is : ¢ — 5, & I Pat became : 7 — S,
and L F Pat hired : NP -+ S. Then by (app) we can also derive

Tk (Pat is)° — S (heaithy and of sound mind)? : S, (14)
L F (Pat became)” ™ S {a banker and very conservative)T : S, (15)
T (Pat hired)NP -5 (a banker and a secreta.ry)NP : 5, (16)
but not
T+ (Pat became)” ~* S (healthy and of sound mind)® : *, or (17)
Zt+ (Pat hired)NP -8 (a banker and very conservative)” : *. (18)

The main objections to Shieber’s solution are that his rule (and) leads to unnecessary and seman-
tically dubious syntactic types - like ‘NP and AP’ -, and that it apparently does not even solve the
parsing problem it was designed for.

Problem 3 How can we parse polymorphic conjunciions, i.e. delermine their types?

Obviously, we first have to derive types for the constituents e; and ez of (e; and e3), with results
¢; : o say, and then find some type ¢ such that the applicability conditions oy C o hold. But it is
unclear

¢ whether we can decide if there is such o,
e whether we can decide if there is a unique one, or

¢ how we can choose one in case there are many.,

Of course there may be different answers for different subsumption relations C. It does not seem
obvious to me that the types that occur in linguistics form a nice lattice structure which would
guarantee positive answers to such questions. In fact, for one such relation, Dérre and Rounds(1]
have shown that solvability of sets of inequations  C o over feature algebras is undecidable.

Also, it may well be the case that the subsumption relation depends on the set ¥ of typing
assumptions, and thus be not a global relation; it wouid have to be adjusted to changes of T in
connection with the treatment of bound variables (as in the typing rule for A-abstraction, which ™
of course occurs only implicitly in natural language).
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3 Notions of Polymorphism in Programming

In this Section we sketch three notions of polymorphism in programming languages, to provide the
background for a new look at polymorphic conjunction in Sections 4 and 5.

a) Parametric polymorphism

The programmer can define functions f which have schematic types L f: a(a) — 7(a),
o not in X, and the parameters o can be instantiated to different types in different uses of
f. In fact, the programmer does not declare f to have a parametric polymorphic type, but
rather, a most general type scheme is automatically inferred (synthesized) from the defining
term for f, if the term is typable at all. This kind of typing discipline allows to take advantage
of polymorphic functions f in subject (predicate) position, i.e. (£[0,1,2,3], f{"abd”,”cde™]) is
a typable pair-expression, for f = reverse : a-list — a-list, say.

b) LET-polymorphism
As the familiar typing rule for A-abstraction demands that all occurrences of the abstracted
variable in the defining term have the same type, a functional like

F:=2f.(f]0,1,2,3), f[’ab”,” cde™)
that takes polymorphic functions as arguments, cannot be defined in languages like ML{2].
Hence, useful expressions like (F - reverse) cannot be typed either, due to the

Subterm Property: Any subterm of a typable term is typable,

which holds for the usual notions of typing for A-terms. To take advantage of polymorphic
functions in object position, as & in (F - 8), ML introduced a new syntactic construct, LET,
together with a new reduction rule

(let f = 5 in t) —,,, t[s/f] (19)

and a new typing rule

EHfio, ZU{f:01,...,f 105} F1:
(let) { GEI— (Iei{{zo: in t)f: : : =

ife<go;.

In this rule, T must not contain a typing statement for f, and ¢ <g o; means that o; is
obtained from ¢ by instantiating type variables not occurring in I, i.e. those that sometimes
are called generic with respect to .

Although ¢[s/f], (Af.t) - 8, and (let f = 5 in t) all have the same meaning, note that

e (let f = s in t) improves on (Af.f) - s as it avoids the untypable subterm Af.t, and

e (let f = & in 1) improves on ¢[s/ f] as it is syntactically more abstract, i.e. abstracts the
various occurrences of s in £[s/f] into one occurrence of s in (let f = 2 in t), replacing
the others by a bound variable f.
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In particular, the only occurrence of s in (let f = # in t) is in object position, and although
(let f = & in t} is of the same type as ¢[s/f], syntax analysis - including type inference - is
easier (i.e. more efficient) with (let f = s in t) than with t[s/f].

¢) Subtype polymorphism
This is relevant only when entering details of feature terms, which can be represented as
recursive records (as opposed to simple types = trees). We do not go into details in this
Preliminary Version, but only mention that we obtain a subrecord by adding additional
components to a record. {This has already been used in Example 1.)

4 An Improved Analogy Between LET and AND

‘We now summarize the main features of a modified treatment of polymorphic conjunctions. Exam-
ples and motivation of the typing rule will be given in Section 5, as well as proofs of the technical
claims concerning parsability.

By treating the polymorphic AND as a syntactic abstraction, in much the same way as LET is
used as a syntactic abstraction, we can exploit the lessons from LET-polymorphism.

¢ The AND in object position can be understood as an abbreviating syntactic construct, whose
meaning is captured by the implicit reduction rule

f(a and §) —_.. ((fa) and (f5)). (20)

¢ The type of f(a and b) should be the type of ((fa) and (f5)), and Shieber’s typing rule for
conjunction should be replaced by

(And) LFf:o-—7, Llhej:03, Lheg:op ifoy—spCo—r,
ZFf(eyandes):p ! andoy = pCo—T.

The rule {(And) has the following advantages over Shieber’s rule (and}:

e We avoid to type the ‘subexpression’ (¢; and e3). In particular, there is no need to establish
a semantics for (NP and PP)-phrases (etc., cf. the examples in the Introduction), which
would lead to dubious semantic entities.

o The fact that the verb f strongly restricts the possible grammaticality of f(a and b}, is
built into the typing rule. We can thus allow for fine-grained context-dependency, whereas
Shieber’s rule allows to type (a¢ and 3) independent of its context.

o In typing (fe; and fe;) we implicitly use parameiric polymorphie conjunction only, which is
more restrictive (hence less ‘overgenerating’} than Shieber’s sublype polymorphic conjunction.
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e The parsing problem of Shieber’s rule vanishes, as - exactly as for LET - we first derive the
type scheme o — 7 of f, and then can find the appropriate instances o; — p for typing
the conjuncts fe;, simply by unifying into different copies of the scheme o — 7 with ‘fresh’
generic variables,!

These advantages, and the typing rule, follow from the underlying analogy
f(aand ) = (let z = f in ((za) and (zb))), (21)

viewing the left hand side as the ‘natural language’ (variable free) version of the right hand side,
together with the restriction to parametric polymorphic conjunction.

Contrary to what seems to be suggested by Dérre/Rounds[1], by the rule given above we are not
forced to solve instances of the (in general undecidable) semiunification problem, when locking
whether the applicability condition of the rule is satisfiable. As indicated, this can be done by
unification, just as in the LET-rule.

However, parsing with ‘reflexive’ variants of polymorphic conjunction, which would be defined by
a rule like

i YU {es:01,e2: 02} (e;andes):o
(and-refl) T+ (e and 63) 1o ’

feyCo,02C 0.

might indeed lead to the semi-unification problem, as does the typing rule for ‘polymorphic recur-
sion’ of [7] and, similarly, [9, 3, 5):

(rec) Eu{f:alp---,f'-d'__nli's:o

SFrec s o s ffe<gey,..., 0 <p o,

I do not know of linguistic phenomena that would need the ‘reflexive polymorphic conjunction’
kind of rule.

5 Type Inference for Polymorphic Conjunction

Having set up our typing rule (And) for polymorphic conjunction, two questions should be settled
for a type inference calculus involving this rule:

¢ Is typability of expressions decidable? In other words, is there an algorithm that, given a set
¥ of typing assumptions and a term e, tells us whether there is a type o such that ZFe: o
is provable?

¢ Does the principal type property hold? That is, does every typable term have a most general
(or principal) type, such that all other types are instances thereof?

1This ia true at least if we restrict ourselves to parametric polymorphism (¢f. Section 5), i.e. use o <g o; as
subsumption relation o; T o. It is not quite clear whether it holds when parametric and subtype polymorphism are
combined, which seems necessary if we take feature terms as type expressions.
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To answer these questions, we will assume that a calculus is given that satisfies

(D 1) f L F e:0 is provable, and R is a substitution of types for type variables, then R(E)
e : R(o) is provable, too.

(D 2) For the calculus without rule (And), decidability of typability and the principal type prop-
erty hold. More precigely, we assume that there is an algorithm W such that:

1. W(X, e) terminates for every finite set T of typing assumptions and every term e, with
one of the following two results.

2. H W(Z,¢e) =(S,0), then S{E) I ¢ : o is provable and any other typing of e under some
instance of I is less general.

3. If W(Z,e) = fail, then e is not typable under any specialisation S(L) of Z.

In particular, we want to see whether (And) can be added to Milner’s[8] type inference algorithm
W for (core-) ML, without loosing these properties.? In this Section, we also restrict our no-
tion of polymorphism to parametric polymorphism. For a discussion on various combinations of
parametric with sub(record)type polymorphism, see [11].

5.1 The Semi-Unification Problem Raised by the Naive Typing Proce-
dure for Polymorphic AND

Suppose W is an algorithm with the above properties, which we want to extend to our rule (And).
Let a set of typing assumptions I and an expression ¢ := f(e; and e;) be given. To see whether
e can be typed, and find its most general typing in case it can, we would like to proceed as follows:

1. Use W(Z, f) to type the verb phrase {or function) f. If this does not fail and (Sp,0 — 7) is
the result, then So(X)} F f: o — 7 is provable, and is the most general typing for f.

2. Use W{(So(E),e1) to type ¢;, and assume that this succeeds with result (S;,01), so that
S5150(X) - ey : 0y is the most general typing for e; we are looking for.

3. Proceed similarly with ez, and let 525,5:(X) } €2 : 03 be the resulting most general typing
for e;.

4. To obtain the same set of typing assumptions in all three derivations, applying substitution
5,8, and S; to the first and second proof, respectively. We now have derived most general
t.ypings 323130(2) F f H SgSj(d --)T), SgSl.S'o(E) F €1 252(61), and .S'gSISn(E) + [
fitting to the top line of rule (And). For simplicity of notation, we assume from now on that
EFf:o0—1,EFe 101, and L F es: o9 are most general typings.

2Expressions like reverse ([0,1,2,3] and ["ab™,"cd”,"ef"]) might be useful in programming (similar to ‘map’-
constructs), perhaps with type ini-list x string-list, which would need a modification of (And).
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5. Choose a good candidate for the result type p, for example 7. (We will see later how to find
a most general p as the common type of fe; and fes.)

6. If the side conditions ¢; — p C o — 7 of (And) are satisfied, we can apply this rule and
obtain a derivation of L+ f(e; and e3) : p, which is most general (for optimal choice of p).

7. However, if the side conditions are not satisfied we cannot yet conciude that there is no typing
for f(ey and e3), but have to determine whether there is a specialization of the given proof
whose types do satisfy the side condition. A most general such specialization would provide
the principal typing for f(e; and e3) we were looking for.

Now, assume the subsumption relation 12 C 7, is defined via instantiation of variables generic with
respect to I, i.e. a8 1y <g 4. In order to find a specialization satisfying the side conditions, we
have to solve the following problem. We use a fresh type variable « instead of p, in order not to
put an unnecessary constraint on the solution:

Problem 4 Given £, 0 — 7, 0y — « and 63 — a, is there o subsiilution R such that

R(o — 1) <p(z) Rloi = a)

fori=1,2% And if so, what is the most general one, if that ezisis?
It is not hard to see that this problem is equivalent to the following cne:

Problem 5 Given I, ¢ — 1, o, and 02, and a fresh type variable o, are there substitutions K,
51 and S2 such that, for i = 1,2, we have S;R(oc — 7) = R(0; — a), and S; R(B) = R(B) for each
type vartable B free in ¥ ¢

This, however, is a special case of the following sems-unification problem, which has recently been
shown to be undecidable{6]:

Problem 6 Given a some inegqualions p; <; 0, § = 1,...,n, and some equations 7; = p;, j =

1,...,k, between firsi-order terms, do there ezist substitutions R, S,,...S, such that S;R(p;) =
R(o;) and R(rj) = R(y;) for alli <n and j <k?

The same problem occurred in trying to develop a type inference algorithm for the ‘polymorphic
recursion’ rule (rec) [3, 7, 5], and showed that typability is undecidable in the presence of (rec) [6]
- although the principal type property still holds [9].

Thus, in order to get a notion of polymorphic conjunction that admits decidability of typability
(and principal type property), we have to avoid raising instances of the semi-unification problem.
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N el§emi-Unificatica Problem in Decndmg Typability

We recali that th
the presence of (le
undecidability.

lil ar slde condmon as (And) and (rec) have, but typability in
ts decidable. Hence the subsumption conditions by themselves cannot cause

So how can one derive most general typings for (let z = f in ¢) without raising instances of the
semi-unification problem to satisfy the side conditions of (let)? We can assume that X does not
contain a typing statement for 2 and proceed as follows:

1. Suppose W(E, f) = (S, ), so S() I f : & is the most general typing for f.

2. For the i-th occurrence of z in e, let o; be a copy of o, where the generic variables are replaced
by fresh ones. If W(S(Z)U {z :01,...,2 : 63}, €) = (R, 7}, then the most general typing of
eis RS(E)U {z: R(01),...,z: R(on)} b e:T.

3. Adjust the set of assumptions in the first proof, obtaining RS(Z) | f : R(o) as most general
typing for f.

4. It can be shown that R(0) <grs(z) R(;) holds for each i, so we can apply (let) to obtain a
proof of RS(E) - (letz = fine):T.

It is not hard to see that W(X, (let x = f in e}) = (RS, r) indeed gives the most general typing.

The essential difference between (let) and (rec) is that in typing (let # = f in ¢), we can first derive
the most general typing o for f, then use copies of ¢ with fresh generic variables as (constraints
on the) assumed types for z in typing e. No such trick is possible in deciding typability of a
polymorphic recursive definition according to (rec), as we cannot generate a ”pattern” that would
constrain the assumed types for f in typing the defining term s of rec f.s. Similar problems arise
with the rules (and) or (and-refl).

5.3 Deciding Typability with Polymorphic AND

We now show that typability with respect to our rule (And) for polymorphic conjunction is decid-
able, and principal types exist. We adopt the method used for LET, and avoid the semi-unification
problems of the naive approach of Secticn 5.1.

The following tentative derivation is the motivation behind our rule {And), where we assume that
¥ does not contain a typing statement for z, and of course z does not occur in e; and es.

Lo ;=
LFfio—T YU{z:0;—plFze:p for 1,2 *)
' BUlz:ioy—p, x:03— p}F(ze; and ze3) 1 p (+4)
Yr(letz=f in(ze; and ze3)) i p (+e%y
Xt fley andes): p
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To turn this into a correct derivation, using the familiar rules for assumptions and function appli-
cation, we

e need and : p x p — p in (*), which follows if we use parameter polymorphic conjunction, i.e.
assume that for all , ‘and’ has type and : a x & — o,

e need ¢ — 7 <x 0; — p in (**), in order to satisfy the applicability condition of (let), and

e use our motivating analogy f(a and b) = {let z = f in (za and zb)), as a definition of poly-
morphic conjunction, to justify (***).

Thus, if we assume the first and last of these, we can turn (And) into a derived rule.

Theorem 1 With respect to rule (And), typability is decidable and the Principal Type Property
holds.

Proof: (Sketch) By the ideas sketched in discussing rule (let), we may assume that we already
have most general typings

Thf:e—7 and XU{z:0; > 7}t ze;:m,

such that ¢ — 7 <g 0; — 7; for i = 1, 2. However, we want the conjuncts fe; (but not necessarily
the e;!) be of the same type. So, if they are not, we have to find a specialization of the derivations
where they are. If r, and 3 are not unifiable, this is impossible. So suppose R is the most general
unifier of 1 and 7. Refine the derivations by applying R, to obtain derivations of

RE)Fr f:R(e — 1) and R(Z)U{z:R{g:)— p}t zei:p,

where p is R(r1) = R(r2). The only subtle point now is to see that the applicability conditions
R(e — 1) <p(x) R(0i) — p of (And) are satisfied. This follows from the fact that, as we can
assume that none of the generic variables of ¢ — 7 occurs in 7, R does not operate on these
variables, nor do they occur in a type substituted in by R. Hence from ¢ - 7 <z 0; — 7; We
obtain R(¢ — 7) <g(z) R(0:) — p and can apply (And) to get a derivation of

R(E)F (let 2 = f in (zey and zeg)) : p,

or R(X) - f(ey and e2) : p, respectively. By the construction, it also seems clear that this is the
most general typing. DO

‘We now have described how W has can be extended to decide typability and derive most general
typings for polymorphic conjunctions with respect to (And). Condition (D 1) remains true, if
stated with some technical restriction concerning the generic variables (cf. a similar Lernma in
[7]), and so W can be used for ‘and’s that are not at the ‘top-level’, too, as would be expected.

Here is a very simple example of an application of (And) in natural language. (There is no
specializing of the result type 7 to p.)
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Example 2 Let NP[noum = a] be a type expression for noun phrases, with number feature o
ranging over {singular, plural}, and S be the category of sentences. In derivations we can use

L |- Pat hired : NPfnum = a] — S,
I + a banker : NP[npum = singular],
L I two secretaries : NP[num = plural]

L F Pat hired {a banker and two secretaries} : S’ (22)
since the side conditions
NP[num = a] = S <z NP[pum = singular] — S, (23)

NP[bum = a] = S <y NP[num = plural] — S,
of (And) are satisfied, assuming « does not occur in I.
In contrast, taking this subsumption relation <z, Shieber’s rule would force upon us the typing
L I (a banker and two secretaries) : NP[num = o]

with variable (generic) number feature, which is technically all right, but unacceptable: the con-
junction must be of type NP{num = plural], for use in subject positions, for example. But then
(and)’s subsumption condition for the first conjunct, NP[num == singular] C NP[num = plural),
does not hold.

However, there is an alternative based on the notion of subrecord, which Shieber might think of: if
NP, without a number-feature, is a type of its own, with subtypes NP[oum = singular] T, NP and
NP[num = plural] C NP, by (and) we can derive

T F (a banker and two secretaries) : NP.

Thus, if we also have L I+ Pat hired : NP — §, by rule (app) we get the same typing for the whole
sentence, a8 with (And) above. Note that in this case, the unique least common supertype of
NP[num = singular] and NP[num = plural] is easily found by dropping the number fields. In
general, to compute the least common supertype (= feature structure) seems to be impossible,
according to the undecidability results of [1].

Finally, let us look at Shieber’s examples in the Introduction.

Example 3 Using our rule (And), together with subtyping by instantiation of generic variables,
we get

YHPatis:e — S, ¥  healthy : AP, Y I of sound mind : PP
L b (Pat is)® — S((bealthy)*P and (of sound mind)FT) :$

; (24)

provided the side conditions ¢ =S <y AP —S and ¢ —8 <y PP —5 hold. In order to
satisfy these, we need only modify ¢ and 7 in Shieber’s types of (11), using

c=[n=a,v=4bar=2] and r=[n=+,v="1,bar = 2] (25)
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instead, with variables a, 3, and ¥ not in £.2 The reader may check that then we get the same
partial order as in Example (1), and the same statements about grammaticality for all the example
sentences.

From the semantic view, there seems to be an advantage in not having a ‘type’ ¢ and r as in
(11), and not assign a type to ((healthy)AF and (of sound mind)F'P) etc. I would even tend to
assume that there is no ‘type’ NP, but only a parameterized family of types NP[num = singular],
NP[num = plural), etc. for other features. Clearly, in the process of parsing we have to deal with
partial knowledge about the syntactic types of phrases. But this does not mean that to each such

piece of knowledge there is a reasonable ‘syntactic type’ of phrases (far less: a corresponding class
of semantic entities for these).

In particular, the partial order on types given by subrecords might lead to untractable compu-
tational problems - in determining sups of feature structures, for example, - that could perhaps
be avoided by stressing parameter and LET-polymorphism, and thereby using another algebra of
types. I hope the examples demonstrate that there is at least some room in this direction.
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Unification Grammar is a version of extended phrase structure grammar which was invented by
Stuart Shieber. It continues the structuralist tradition of IC-Analysis, as done by R, Wells, Z.
Harris and others. The Context Free Grammars of N. Chomsky can be viewed as a formalization
of aspects of this tradition in the context of Post production systems. It proved equivalent to the
Backus-Naur-Form of programming language description. Whereas Chomsky tried to modify
phrase structure grammar by the introduction of transformations, there has been a tradition, begun
by G. Harman, to replace transformations by the use of complex categories and rule schemata. The
tradition of complex categories is even older than structuralism, as it goes back to the ancient
distinction, made by Dionysios Thrax (27d cent. b.d.) at the beginnings of traditional grammar,
between pwépn Adyow(Word Classes like Noun and Verb) and ma.pewéeva (supplementary
features of a word, like cases and numbers). This use of secondary categories has been made
popular by G. Gazdar in his Generalized Phrase Structure Grammar. Shieber’s Unification
grammar is a continuation of this trend. He explicitly considers the formal structure of complex
categories. His choice is the representation as graphs. But there is another possibility, i.e. to
represent complex categories by first order terms. Unification of terms as known from the literature
on automatic deduction can then be used instead of the conceptually more complicated graph
unification.

(1) Unification algorithm for terms (Loveland p. 78)

(1) If E1 ITand E2 IT are identical, then the expressions are unifiable and IT is a most general
unifier.

(2) Otherwise, let n be the leftmost point of disagreement, let ¢/ be the simple expression at
position n in E2 ITif ¢] is then a variable, otherwise let ¢/ be the simple exprassion at position n in
E1 I1, and let £2 be the simple expression at position n in the altemate E; IT (j € (1,2));

(a) if ¢! is a variable and does not occur in 12 then IT= ITv (11 / 2); goto (1).

(b) otherwise, El and E2 are not unifiable.
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Fast linear algorithms of first order term unification (with execution time bounded by a linear
function of the length of terms to be unified) are available (Paterson and Wegman).

A simplified version of the so called most famous syntax rule which goes back to Plato’s Sophistes
can be rendered in the following form

(2) Sentence -> NP( case(nom), number(x)) VP(number(x) tense(y)).

In this rule schema important linguistic facts like agreement in number between verb and subject
and nominative case assignment to the subject can be expressed quite naturally. A general concept
of term rewriting grammars arises quite naturally. These grammars are much like context free
grammars and differ only in that they use rule schemata formulated with terms containing free
variables instead of the atomar categories (nonterminal symbols) of context free grammars. The
definition of a derivation is quite straightforward. Every substitution instance of a rule schema is
one of an infinity of rewriting rules. We may control instantiation by the concept of unification,
which singles out useful substitution instances. We may define the language generated by such a
grammar as in the case of context free grammars.

One of the advantages of this conceptualization is that it makes possible a comparison with old
language theory schemes such as the language theory of Auto(mated) math(ematics) as developed
and described by de Bruijn and his coworkers since 1968, which is one of several versions of a
T(ype) A(ssignment system). TAs are connected with the theory of typed Lambda-Calculus, There
exist other versions like the system TAP of Reynolds-Girard second order polymorphic types and
the system of intuitionistic type theory by Martin-L&f, with which Automath may be compared.
The relevant Automath rules of type assignment are the following (in Reynolds’ notation):

(3) Rules for automath (Hindley & Seldin p. 232)

(te) Meldxcaf Nea
MNe (Ax e aB)N
(ti) (xe o)
Mep

Axe . Me Axe o. B

‘Now we can compare a third tradition besides PSG and TA, vs. the C(ategorial) G(rammars). A
wedding of Categorial grammar and Unification Grammar has already taken place in schemes like
C(ategorial) U(nification) G(rammar) and U(nification C(ategorial) G(grammar), which explicate
Montague’s dictumn of the existence of a categorial translation of every syntactic category. The
semantical functional category is the kemetl of every syntactic category in these schemes. Besides
this there exist modem versions of CG which are continuations of the Lambek calculus in the form
of contemporary extended categorial grammars. An early attempt to integrate A-calculus are
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Cresswell’s A-categorial languages. The more formal problems of this tradition can best be studied
by drawing on all these three traditions.

(4) the three traditions:

a) (extended) P(hrase) S{tructure) G(rammar)
b} (extended) C(ategorial) G(rammar)
¢) (extended) T(ype) A(ssignment Systems).

This is all the more interesting, as the arrow of functionality can be defined in the language theory
of Automath in the following way:

(5) Axea.p = a—>f, if x doesn't occur free in .
(te) then becomes

Me (a—>fB) Nea
MNef

I shall call the theory of the functionality arrow and first order terms the theory of variable
polymorphic types + functionality or terms + functionality, as instead of admitting only constant
basic types we allow every first order term as a basic category. The rule (3) can be expressed as a
rule schema in the following way:

(6) rewriting rule schema
B=>0a->p oo (=>isthe arrow of replacement, —> is the arrow of functionality) .

The systems must contain a lexicon as with ordinary categorial grammar in order to be linguistically
applicable besides the —>-elimination rule. By admitting the empty word and assigning categories

to them we can represent every term rewriting grammar as a term + functionality grammar.

(7) The rule t=>t]t3...ty of a term rewriting grammar corresponds to the assignment of (t1-> ...
(tp->t)...) to the empty word in a term + functionality grammar.

The other way round, a representation of term + functionality grammars as term rewriting
grammars is also possible via rule schema (6). Term + functionality grammars are even special
cases of term rewriting grammars, i.e. a binary term rewriting system.

(8) Binary term rewriting grammars with rule schemata of the type
t -> 1) t2, where the t; and t are first order terms, which possibly share variables, and lexical rule
schemata t-> w, where t is a first order term and w a non-empty word.
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Whereas unrestricted term rewriting systems generate the recursively enumerable languages, binary
term rewriting systems generate decidable languages. They are rather complex, as is shown by the
fact, that a single grammar in the class generates the class of satisfiable formulae of the
propositional calculus.

(9) A term rewriting grammar for boolean satisfiability

Satz-> S(w,x); S(w,x)-> N S(fx); S(f,x)-> N S(w,x); S(w,x)-> K S{w,x) S(w,x); S(f.x)-> K
S(w,x) S(f,x) / K S(f,x) S(w,x) / K S(f,x) S(f,x); S(x,y)-> Atomsatz(x,y); Atomsatz(x,y)-> p
Indices(x,y); Indices(x,f(y,z)) -> * Indices(x,z); Indices(x,f(x,z))-> ".

The grammar follows the syntax of propositional forms rather closely, but adds the information
contained in the truth table associated with the connectives to the syntax of formation rules. The
second argument of S(x,y) is a list of truth values of the variables in the order of the index of the
variable, which is expressed by a series of primes. The list is decomposed by the two rules
introducing the indices of the variables. The last rule imposes the truth value of the nth variable on
the nt! variable, when generating the nth prime.

We can form a binary term rewriting grammar by applying standard techniques like preunification
of the nonbranching rule with the branching rules and breaking rules with triple branching into two
rules with an intermediate polymorphic category. Thus, the element problem for binary term
rewriting grammars is NP-hard. There is, however, possibly a problem connected with this
grammar, as there scems to be a fast algorithm for the membership problem of binary term
rewriting grammars, suggested by the algorithm of Cocke, Younger, and Kasami.

[et us now address the question of whether the extra power of lambda types in Automath (which
correspond to the product types of Martin-Lf, i.e. types of the form I'TXe ¢.8) is useful in doing
natural langage syntax. I will fist present an example of a grammar which uses generalized lexical
rules and the term elimination rule (te) of Automath. I have to sketch the linguistic motivation of the
lexikal rules for plural noun phrases. First, plural noun phrases like "Studenten” have the same
form in every one of the four cases. This is the reason why we have to abstract from the case in the
lexical rule. Second, the syntax presupposed contains a rule like

(10a) VP(X) -> NP(a) VP(Xa)

which generalizes the sentence expansion rule and the VP expansion rule of old-fashioned
Syntactic Structure-like Grammars. a is the variable for the case of the noun phrase, which
corresponds to the last entry in the list of cases (Xa) demanded by the verb. Third, we may accept
the following slogan:

(10b) NPs are predicate functors (VP->VP)
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We are now in a position to understand the example,

(11) deduction of the grammaticality of "Studenten lesen”

(1)+ Axe Valenz.hae Kasus.Aye Kopf.Studenten e
Axe Valenz.)lae Kasus.Aye Kopf (VP(f(x,ford(a,pl,3ps)).y)->VP(x,y))

2)+ nile Valenz
(3) ( Axe Valenz.Aae Kasus.Aye Kopf.Studenten) nil €

( Axe Valenz.Aae Kasus.Aye Kopf.(VP(f(x,ford(a,p1,3ps)),y)

->VP(x,y))) nil
(4) Aae Kasus.Aye Kopf.Studenten €

.Aae Kasus.Aye Kopf.(VP(f(nil,ford(a,pl,3ps)),y)->VP(x,y))

(5t nom € Kasus

(6)+ kopf(pl.3ps) € Kopf

(7) Swudenten € (VP(f(nil,ford(nom,pl,3ps)),kopf(pl.3ps))
->VP(nil,kopf(pl,3ps)))

@)+ lesen € (VP(f(nil.ford(nom.pl.3ps)).kopf(pl.3ps))
(9) Studenten lesen € VP(nil,kopf(pl,3ps)))

In this example, the lines which are marked with + are lexical rules. Underlining shows application
of the rule (te). Besides, there are steps of lambda conversion. The features include head features
of the verb (Kopf)}, case lists (Valenz), and cases(Kasus). The last line says that "Studenten lesen"
is a zero place verb (with case list nil), i.e. a sentence.

The example shows that we can do syntax in the langnage theory of Automath. The use of
extended TA for the analysis of natural language is thus quite natural. The assignment of rule
schemata in term + functionality grammar corresponds to the assignment of Product- or Lambda-
Types in Automath-like Type assignment. Syntax can thus be viewed as controlled deduction by
the T1-elimination or the (te) rule. We have a choice between terms + functionality and product
categories. This choice is somehow analogous to the difference between doing classical logic via
free variable logic and doing it via quantification theory.

(12) Free variable logic : quantification theory =
Terms + Functionality : TI-Types

Both approaches should be pursued. An open question concerns the problem of deciding whether

Automath-like grammar can always be replaced by free variable + functionality grammar. In every
event, unification grammar should be studied in the context of extended type assignment systems,
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and vice versa extended type assignment systems should be studied in the context of mathematical
linguistics.

Aristotle’s m13ovs as well as the Stoic concept of ¥yxicaLs contain the germ of a theory of
product categories. Aristotle knew that a linguistic category like the type of Verbs corresponds to a
family of types. Each type of the family is a case of the verb (T1&oLs pjuaTos cp. Aristotle de
interpret. 17al10 ed. Mignucci varia lectio), an instantiation of the product category. Product
categories are pervasive in natural language. Perhaps, such a representation of the main categories
will also contribute to the problem of giving a semantics of the Tapewdeva in the classical
sense. In ordinary Montague semantics and related schemes they are hardly treated semantically in
a principled fashion.
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RUDIMENTARY KRIPKE MODELS
FOR THE HEYTING PROPOSITIONAL CALCULUS

Kosta Dogen

Matematicks Institut
Belgrade, Yugoslavia

The Heyting propositional calculus H is sound and complete with respect to
Kripke models based on quasi-ordered frames. Besides this class of Kripke models
there are many smaller classes of Kripke models with respect to which H is sound
and complete. For example, we can require from the frames of Kripke models that in
addition to being quasi-ordered they satisfy one or more of the following:

— the frame is partially ordered, i.e. we have added antisymmetry,

— the frame is generated, i.e. there is a point which is lesser than or equal to
every point,

~— the frame is a tree,

— the frame is a Jaskowski tree,

— the frame is finite.

The propositional calculus H is also sound and complete with respect to classes of
Kripke models which are all based on a single frame (for example, this frame may be
the disjoint union of all finite quasi-ordered frames), or with respect to classes which
contain a single Kripke model (like the class whose only member is the canonical model
for H, familiar from the Henkin-style completeness proof for H).

For all these classes of Kripke models the class of all quasi-ordered Kripke models
is the largest class, in which all are included. Here we will consider classes of models
with respect to which H can be shown sound and complete in which the class of all
ordinary quasi-ordered Kripke models is properly included. In producing models in
these wider classes we will feel free to tamper as much as we can with the conditions on
the underlying frames, while the conditions concerning valuations on these frames and
the definition of holding in a model will be practically identical as in ordinary Kripke
models for H. These new models are not meant to replace ordinary Kripke models for
the investigation of H. Neither are they meant to be philosophically significant. We
want to have them only as an instrument for the analysis of the inner mechanism of
Kripke models. But they might also raise some interesting technical questions.

The mood of this paper will be close to the mood of correspondence theory (which
started in modal logic [1}, and was more recently extended to intuitionistic logic [9]).
A number of our results will be of the form that a frame satisfies certain conditions

- 110 -



concerning its relation iff it satisfies certain conditions concerning valuations on it, or
something similar. However, this is not a paper at the level of correspondence theory,
because it does not go far enough. It only introduces notions, and proves for them
rather straightforward matters which perhaps could lead to a more advanced theory.

We will concentrate here only on propositional logic and leave aside a possible
extension of our approach to predicate logic. The paper will be divided into three
sections. In the first section we introduce our main generalization of Kripke models
for H, called rudimentary Kripke models. The frames of these models must be only
serial, but in the absence of reflexivity we assume for valuations on these frames a
condition converse to the usual heredity condition of ordinary Kripke models for H.
We prove that H is sound and complete with respect to rudimentary Kripke models,
and consider questions related to completeness. We show that in a certain sense
rudimentary Kripke models make the largest class of Kripke-type models with respect
to which H is strongly sound and complete.

In the second section we present a canonical Kripke model for H which, though
serial and transitive, is not reflexive, and is hence not an ordinary Kripke model, but
rudimentary. We also consider briefly at the end of this section a representation for
Heyting algebras which 1s in the background of our canonical model.

In the third section we consider rudimentary Kripke models where valuations are
defined inductively. We find necessary and sufficient conditions on frames for the
inductive character of rudimentary Kripke models of this type, which make a proper
subclass of the class of all rudimentary Kripke models. We also consider at the end of
this section some questions related to modal logic.

In a sequel to this paper [4] we shall consider three related topics. First, we shall
introduce a very general notion of Beth models for H, such that rudimentary Kripke
models may be conceived as a particular type of these models. These Beth models are
interesting because for them we make another assumption analogous to the converse
heredity of rudimentary Kripke models. We shall also consider such Beth models
where valuations are defined inductively.

Next we shall present in [4] the correspondence between on the one hand condi-
tions on frames of various types of rudimentary Kripke models and on the other hand
the characteristic schemata of Dummett’s logic, the logic of weak excluded middle and
classical propositional logic.

Finally, we shall consider in {4] a generalization of rudimentary Kripke models
which consists in restricting the conditions for rudimentary Kripke models only to
those points of our frames which are accessible from some point. In a rather natural
sense this makes the largest class of Kripke-type models with respect to which H is
sound and complete, though even larger classes may be envisaged.

1. Rudimentary Kripke models

QOur propositional language has infinitely many propositional variables, the propo-
sitional constant 1, and the binary connectives —, A and V. For propositional vari-
ables we use the schematic letters p,q,r,... ,p1,..., for formulae the schematic letters
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A, B,C,... Ay,...,and for sets of formulae the schematic letters T', A, ©,... ,T'y,....
As usual, A & B is defined as (4 = B)A(B — A) and -4 as A - 1. We denote
the set of all formulae by L, the set of all formulae in which 1 does not occur by Lt
and the set of all formulae in which only propositional variables and — occur by L™
In the metalanguage we use =, <=, &, or, not, V, 3 and set-theoretical symbols,
with the usual meaning they have in classical logic.

The Heyting propositional calculus H in L is axiomatized by the following usual
axiom-schemata:

A (B 4), (A= (B—C)) - (A— B) > (4—0)),

(C = A4) = ((C = B) = (C — (AAB)), (AAB) — 4, (AAB)— B,

A—-(AVB), Bo(AVB), (AVB)2((A—-C)—=((B—C)—=C)),

1= A,
and the rule modus ponens. It is well-known that this axiomatization is separative, in
the sense that an axiomatization of a fragment of H involving some connectives, among
which we must have —, is obtained by assuming modus ponens and all those axiom-
schemata from the list above in which the connectives of the fragment in question
occur. So the positive Heyting propositional calculus H in L* is axiomatized by

rejecting L — A, and the implicational fragment of H, i.e. the system H™ in L™, is
axiomatized by the first two axiom-schemata and modus ponens.

A frame is (W R) where W is a nonempty set and R is a binary relation on
W. Members of W, which in modal logic are called worlds, will here be called more
neutrally points. Weusez,y,z,...,2;,... formembersof W,and XY, Z,... , X;,...
for subsets of W. For a frame (W, R} a subset X of W will be called hereditary iff for
every
reX = Vy(z Ry = ye X),

and it will be called conversely hereditary iff for every z
Vy(z Ry = ye X) = z € X.
For a frame (W,R) and X,Y C W we have the binary operation — g defined by:

X opY={z:W(EzRy = {(yeX = yEY))}.

A pseudo-valuation v on a frame (W, R) is a function from L into PW, i.e. the
power set of W, which satisfies the following conditions for every A, B € L:

(vi) v(l) =2,
(v =) v(4 — B) = v(A) - g v(B),
(vA) v(AAB)=uv(A)Nv(B),
(vV) v(AV B)=v(A)Uv(B).
A valuation v on a frame (W, R) is a pseudo-valuation which satisfies:

(A-Heredity) for every formula A the set v(A) is heredilary,
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(Converse A-Heredity) for every formula A the set v(A) is conversely heredi-
tary.

A rudimentary Kripke model is (W, R,v) where (W, R) is a frame and v a valu-
ation on this frame. A formula A holds in (W, R,v) iff v(4) =W.

With our usual experience with Kripke models, instead of A-Heredity and Con-
verse A-Heredity we would expect only the following conditions:

(p-Heredity) for every proposttional variable p the set v(p) is heredi-
tary,

(Converse p-Heredity) for every propositional variable p the set v(p) is con-
versely hereditary.

Valuations would be defined by specifying v for propositional variables and using
(vi), (v —), (vA) and (v V) as clauses in an inductive definition. That A-Heredity
and Converse A-Heredity obtain would be derived by induction on the complexity
of A. Rudimentary Kripke models whose frames have properties which guarantee
that every v defined on them in such an inductive way satisfies A-Heredity and Con-
verse A-Heredity make an important proper subclass of the class of all rudimentary
Kripke models (we will study this subclass in the third section). Here, however, we
deal first with models where there is no guarantee that a pseudo-valuation which sat-
isfies p-Heredity and Converse p-Heredity will satisfy also A-Heredity and Converse
A-Heredity. In arbitrary rudimentary Kripke models A-Heredity and Converse A-
Heredity are not derived but stipulated; namely, we restrict ourselves to those pseudo-
valuations where these two heredity conditions have somehow been secured.

The following proposition shows that frames of rudimentary Kripke models cannot
be completely arbitrary:

Proposition 1. For every rudimentary Kripke model (W, R,v), the relation R is
serial, 1.e. Vz Iy (z Ry).

Proof. Since for every z we have z ¢ v( L), by Converse A-Heredity there is a y such
that 2 Ry and y ¢ v(1). g.e.d.

“The next proposition shows that we need not assume anything besides seriality
for frames of rudimentary Kripke models:

Proposition 2. If in the frame {W,R) the relation R 1s serial, then there is a
veluation v on (W, R).

Proof. On (W,R) where R is serial let v(p) be either W or @ and let v(1) = @.
Then using the conditions (v —), (vA) and (v V) we define v(A) for every formula A.
It is easy to check by induction on the complexity of 4 that v(A) is either W or @.
(The only interesting case in this induction is when A is of the form 4; — A,, and
we have v(A4;) = W and v(A,) = &; then v(A; — A2) = {z : notdy(z R y)} = O,
by using the seriality of R.) It is clear that A-Heredity and Converse A-Heredity
obtain if v(A) = W. If v(A) = @, then A-Heredity is vacuously satisfied and Converse
A-Heredity follows from the seriality of R. g.e.d.
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This proof shows that for every serial frame (W,R) the set {W,d} is closed
under the operations — g, N and U. (We call a frame (W, R) serial iff R is serial, and
similarly with models and other properties.)

A positive valuation vt on a frame (W, R) is a function from L* into PW which
satisfies all the conditions for valuations except (v 1), which does not apply anymore.
A positive rudimentary Kripke model is (W, R,v* ). In a positive rudimentary Kripke
model R can be completely arbitrary, even empty, as the following proposition shows:

Proposition 3. For every frame (W, R) there is a positive valuation vt on (W, R).

Proof. For every A € Lt let v1(A) = W, and check that v* is a positive valuation.
g.e.d.

This proof is based on the simple fact that for an arbitrary frame (W, R} the
set {W?} is closed under g, N and U. We can similarly show that in implicative
rudimentary Kripke models (W, R,v™ ), where v~ maps L™ into PW and satisfies
(v —), A-Heredity and Converse A-Heredity, R can also be completely arbitrary.

The valuations defined in the proof of Proposition 2 and the positive valuation
defined in the proof of Proposition 3 are trivial, since in every rudimentary Kripke
model of the first proof every two-valued tautology holds, and in the positive rudi-
mentary Kripke model of the second proof every formula of Lt holds. Of course, not
all rudimentary, or positive rudimentary, Kripke models are trivial in this way.

In a gquasi-ordered frame (W, R} the relation R is reflexive and transitive, and
because of reflexivity these frames are serial. Rudimentary Kripke models based on
such frames, which we will call quasi-ordered Kripke models, are the ordinary Kripke
models for H. The conditions for valuations which we have given above are necessary
and sufficient for valuations in these ordinary Kripke models, though with ordinary
Kripke models they are usually introduced in a different way. Namely, instead of
A-Heredity we assume only p-Heredity, whereas Converse A-Heredity is not assumed
in any form. The conditions (v 1), (v —), (vA) and (vV) are assumed exactly as
above. By induction on the complexity of A we can then demonstrate A-Heredity,
whereas Converse A-Heredity is an immediate consequence of the reflexivity of R. So
every quasi-ordered Kripke model is a rudimentary Kripke model, but not vice versa,
as Proposition 2 shows. As we have remarked, the rudimentary Kripke models of
the proof of Proposition 2 are trivial, but we will see below in Proposition 7 and in
the next section that there are nontrivial rudimentary Kripke models which are not
quasi-ordered.

We will now demonstrate that H is sound and complete with respect to rudimen-
tary Kripke models. For soundness we have the following proposition:

Proposition 4. If B is provable in H, then B holds in every rudimentary Kripke
model.

Proof. We proceed by induction on the length of proof of B in H. If B 1s an axiom,
the only case where we must invoke Converse A-Heredity is when B is of the form
(B1 — (By — Bs)) — ((B; — B;) — (B1 — Bj)), and this is why in the basis of the

induction we will consider only this case as an example.
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Suppose for B of the form above that for some = we have 2 ¢ v(B). We easily
infer that we must have y, z and ¢ such that:

z Ry and y € v(B;, — (B — By)),
y Rz and z € v(B;, — Bj),
z Rt, t€v(B;) and t ¢ v(Bs).

So t € v(B2) and by A-Heredity t € v(Bz — B3). Then from t ¢ v(Bj3), by Converse
A-Heredity, it follows that there must be a u such that t R u and u ¢ v(B3). By
A-Heredity u € v(B;), but since t € v(B; — B3) we obtain a contradiction.

For the induction step suppose that »(B;) = W and v(B;, — B;) = W. Next
suppose ¢ R y. Since ¢ € v(B; — B;) and y € v(B;) we obtain y € v(B,). So
Vy(z Ry = y € v(B,)), from which z € v(B;) follows by Converse A-Heredity.
g.e.d.

For completeness it is enough to appeal to the completeness of H with respect
to quasi-ordered Kripke models. Indeed, if B holds in all rudimentary Kripke models,
then B holds in all quasi-ordered Kripke models, and hence B is provable in H. So
we have:

Proposition 5. A formula B is provable in H iff B holds in every rudimentary
Kripke model.

We can similarly demonstrate the soundness and completeness of HY with re-
spect to positive rudimentary Kripke models, and of H™ with respect to implicative
rudimentary Kripke models.

In the background of the soundness of H with respect to rudimentary Kripke
models is the following algebraic fact. For every rudimentary Kripke model (W, R,v ),
the set {v(A) : A € L} contains & and is closed under the operations — g, N and U;
the algebra ({U(A) : A € L}, —»g,N,U, @) is a Heyting algebra. In terms of frames,
for every frame (W, R), every set A of hereditary and conversely hereditary subsets
of W which contains & and is closed under the operations — g, N and U is a Heyting
algebra. (For & to be conversely hereditary our frame must be serial.) When we verify
for X,Y,Z € A that

XNYCZ < XCY —pZ

we use the hereditariness of X from left to right, whereas the hereditariness of ¥ and
converse hereditariness of Z are used from right to left. Our frame may be such that
A never coincides with the set of all hereditary and conversely hereditary subsets of
W (this will become clear in the third section; see Proposition 19 and the comments
following this proposition).

For a frame (W,R), let us define R¥, where k > 0, by the following recursive
clauses:

Ry < z=y,
cR*'y <= 3:(zR*Fz & 2z Ry).
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It is clear that z R'y <= =z R y. Note that A-Heredity is equivalent with the
conditions that for every A and every z:

z € v(A) = Vy((Tk>m)z RFy = y € v(4)),

where m = 0 or m = 1. On the other hand, Converse A-Heredity is not equivalent with
the converse conditions, namely that for every 4 and every z the converse implication
obtains, with either m = 0 or m = 1, though it implies these converse conditions,
for both rm = 0 and m = 1 (the converse condition where m = 0 is vacuously true).
However, in the presence of A-Heredity, Converse A-Heredity is equivalent with the
converse condition where m = 1.

The soundness of H with respect to rudimentary Kripke models can be inferred
from the following proposition too:

Proposition 6. For every rudimentary Kripke model (W, R,v) there is a quasi-
ordered Kripke model (W,R',v') with the same W such that for every A we have
v(A) = v'(A).

Proof . For a rudimentary Kripke model (W, R, v) we define (W, R',v'} by stipulating
that = R’y iff (3k > 0)z R¥y, and +/(A4) = v(A). In other words, R' is the reflexive
and transitive closure of R, and v and v' coincide. Then we verify that (W, R',v') is
indeed a quasi-ordered Kripke model.

The only part of this verification which is not quite straightforward is when in the
verification that v' is a valuation on {W, R') we have to check that v’ satisfies (v —),
i.e. when we show that:

Vy((3k 2 0)zR*y = (yev(B) = yev(C)) iff
Vy(z Ry = (y € v(B) = yev(C))).

From left to right we just appeal to the fact that = Ry = (3k > 0)z R*Fy. For
the other direction suppose that for some y we have (3k > 0)z R*y, y € v(B) and
y ¢ v(C). If k=0, then z € v(B) and z ¢ v(C). Hence, by the Converse A-Heredity
of vin (W,R,v) we have a y such that £ R y and y ¢ v(C), and by the A-Heredity
of v in (W, R,v) we also have y € v(B). If k > 0, then for some z we have x R*~! 2
and z R y. It follows that z ¢ v(B — C). Either z = 2, in which case z ¢ v(B — C),
or z # z, in which case by the A-Heredity of v in {W,R,v) it again follows that
z ¢ v(B — C). Hence there is a y such that z Ry, y € v(B) and y ¢ v(C). g.e.d.

As a kind of converse of Proposition 6 we can demonstrate the following;:

Proposition 7. For every quasi-ordered Kripke model (W, R,v) there is a rudimen-
tary Kripke model (W™, R*,v*) which is not quasi-ordered such that for every A we
have v(A) = W iff v*(A) = W™.

Proof. HW' ={z':zeW}land WNW =0, let W* =W UW'. On W' we define
R’ by:
'Ry < (zRy & z #y),

- 116 =



and we let R* = RUR'U{{z’,z): x € W}. So the frame (W*, R*) consists of (W, R)
plus an irreflexive copy (W', R'} of (W, R) such that for every ' € W' and x € W we
have ' R* z. The frame (W*, R*) is not reflexive since (W', R'} is irreflexive, and if
there is a y € W distinct from £ € W such that R y, then (W*, R*} is not transitive,
since though we have ' R* z and z R* y, we don’t have z' R* y.

v (A) = {z' €e W' :z € v(4)}, let v*(A) = v(A) UV'(A). Tt is straightforward
to check that »* is a valuation on {(W*, R*) and that (W*, R*,v*) is a rudimentary
Kripke model such that our proposition is satisfied. g.e.d.

For W and W* as in the proof of Proposition 7, let f be a function from W* onto
W defined by f(z) = z and f(z') = z. Then f is a pseudo-epimorphism, or zigzag
morphism, from {(W*, R*) onto {W,R) (see [7], pp. 70-75; [1], pp. 174, 187; or [9],

2.4.2) since we have:

(Vz,t € W*)(zR*t = f(z)Rf(?)),
(Vz € W*)Vy e W)(f(z) Ry = (3te W*)(f(t) =y & zR*t)).

We also have for every z € W* and every formula A that:
z € v (A) = f(z) € v(A).

More generally, we can prove Proposition 7 by letting W™ be the disjoint union
of two or more sets W;, each in one-one correspondence with W. On W, for every
z,y € W such that z # y we have z; R; y; iff ¢ Ry, but for some z; € W; we may lack
z; R; r;, which makes (W;, R; } nonreflexive. In the relation R* on W* is included the
union of all the relations R; and moreover for every z; € W; we have an z; €¢ W;
such that z; B*z;. If one of the frames (Wj, R;) is nonreflexive, then (W* , R*) is
nonreflexive, whereas transitivity will fail if r; R* z; and z; R* zx but not z; R*z;
(in the proof of Proposition 7 above, transitivity fails for a different reason). The set
v*(A) is the union of all the sets v;(4) = {z: € W;:z € v(A)}. The frame (W,R} is a
pseudo-epimorphic image of (W*, R* } under f: W* — W defined by f(z;) = «, and
we have z; € v*(A) iff f(z;) € v(A).

Proposition 6 says that for every rudimentary Kripke model there is a quasi-
ordered Kripke model in which the same formulae hold, and since the converse is
trivially satisfied, it might seem that rudimentary Kripke models do not bring any-
thing new. However, they may bring something new if instead of holding in a model
we consider holding in a frame. We say that A holds in a frame (W, R) iff for every
valuation v on (W, R) we have that A holds in (W,R,v). Our soundness and com-
pleteness result of Proposition § can equivalently be expressed in terms of holding in
frames; namely B is provable in H iff B holds in every serial frame.

It is also true that B is provable in H iff B holds in every frame, for if a frame
(W,R) is not serial, then, since there are no valuations on (W, R}, it is vacuously
satisfied that for every valuation v on (W,R) every formula A holds in {W,R,v)}.
This is like accepting among our rudimentary Kripke models also models where W is
empty, since if W is empty, every formula A holds vacuously in (W, R, v }. The problem
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with these vacuous holdings is that every formula, even 1, will have a model, or a frame
in which it holds. So, we should exclude vacuous holdings from our considerations.

In [10] Sehtman gave an example of an intermediate propositional logic 8 incom-
plete with respect to any class of partially ordered frames, i.e. there is no class C of
partially ordered frames such that B is provable in S iff B holds in every frame in C. It
follows easily that there is no class C of quasi-ordered frames such that B is provable in
S iff B holds in every frame in C, since for every quasi-ordered frame there is a partially
ordered frame in which the same formulae hold (for the quasi-ordered frame (W, R) we
take the partially ordered frame (W', R') where with [z] = {y: 2 Ry & y Rz} we
have W' = {[z]: z € W} and [z] R’ [y] iff = R y). However, for all we know, it seems
possible that a logic like S be incomplete with respect to any class of quasi-ordered
frames but nevertheless complete with respect to a class of serial frames, where the
holding of formulae in serial frames is defined in terms of rudimentary Kripke mod-
els. In the proof of Proposition 6 we produced out of a rudimentary Kripke model
(W,R,v) a quasi-ordered Kripke model {W, R',v'} in which the same formulae hold,
but this does not mean that in (W, R} and (W, R') the same formulae will hold. Ev-
ery valuation v on (W, R) will induce an equivalent valuation v’ on (W, R'), as in the
proof of Proposition 6, but on (W, R' ) we might have valuations to which no valuation
corresponds on (W, R). For example, let in (W, R) not z R z; then for a v’ on (W, R}
we can have

z¢v'(A) and Wy ((Fk>1Dz Ry = yev'(4),
but for no v on (W, R) we can have
z ¢ v(A) and Vy((3k>1zR'y = yev(A)).

So we ask the following question:

(1) Is there an intermediate propositional logic incomplete with respect to any
class of quasi-ordered frames but complete with respect to a class of serial
frames?

~ When we show that a logic like Sehtman’s S is incomplete with respect to any
class of quasi-ordered frames we find a formula B which is not a theorem of S but
which holds in every quasi-ordered frame in which all the theorems of S hold. In
order to show that B is not a theorem of S, or of a similar logic, we can use a more
general type of frames (like the general, or first order, frames in modal logic; see 7],
pp. 62-67). Can serial frames be used for the same purpose, namely:

(2) Isthere a set of formulae I' and a formula B such that in every quasi-ordered
frame in which all the members of " hold B holds too, whereas there is a
serial frame in which all the members of I' hold and B does not hold?

A positive answer to (1) entails a positive answer to (2), but (2) seems to be a weaker
question.

A question related to (1) is:
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(3) Is there an intermediate propositional logic incomplete with respect to any
class of serial frames?

Let I' F B mean as usual that there is a proof of B in H from hypotheses in I'. A
positive answer to (3) would show that it is impossible to prove for H the completeness
direction of the following strong soundness and completeness for every I' and B:

I' + B iff for every serial frame (W, R), if all the members of T hold in (W, R),
then B holds in (W, R).

Sehtman’s result mentioned above shows that such a strong completeness fails when
we replace serial by quasi-ordered or partially ordered frames. However, we can easily
establish the following strong soundness and completeness for H:

Proposition 8. For every I' and B:

I' b B iff for every rudimentary Kripke model (W,R,v), if all the members
of T hold in (W,R,v}, then B holds in (W,R,v}.

Before proving this proposition let us note that its right-hand side:
(*) for every (W, R,v), g UC)=W = v(B)=W

is equivalent for rudimentary Kripke models with the seemingly stronger assertion:
(%) for every (W,R,v), Neer v(C) € v(B).

That (*) implies (*x) follows from the fact that for every rudimentary Kripke model
(W,R,v) and = € W, the submodel generated by z, i.e. (W, Ry, vy ) where:

W, ={yeW: (3k > 0)z R*y},
(Vy,z e W, )(yR,2 < y R 2z),
v(A) =v(A)NW,,

is a rudimentary Kripke model. Suppose that in (W, R,v) we have z € (¢ v(C).
Then by the A-Heredity of v in (W, R, v}, in (W, R;,v; } we have (Y¢er v:(C) = W,
and by (%) we obtain v ,(B) = W,;. So z € v(B). That (*x) implies (x) follows
immediately from the definitions and does not rely on either A-Heredity or Converse
A-Heredity.

Proof of Proposition 8. The soundness direction is a simple corollary of Proposition
4. For if I' - B, then by the deduction theorem either B is provable in H or for some
n > 1 and some Ci,...,Cy € T we have that C; — (C2 — ... = (C, — B)...)
is provable in H. In either case (**) obtains (in the latter case we apply A-Heredity
and Converse A-Heredity). The completeness direction follows immediately from the
fact that this implication obtains when we replace rudimentary Kripke models by
quasi-ordered Kripke models. g.e.d.

An analogous strong soundness and completeness can also be proved for H* with
respect to positive rudimentary Kripke models, and for H™ with respect to implicative
rudimentary Kripke models.
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Let us say that (W R,v) is a pseudo-Kripke model iff (W,R) is a frame and
v a pseudo-valuation; A holds in (W, R,v) iff v(A) = W. (The logic in L sound
and complete with respect to all pseudo-Kripke models is axiomatized in [2].) We
can interpret Proposition 8 as saying that A-Heredity and Converse A-Heredity are
sufficient conditions on pseudo-Kripke models for obtaining the strong soundness and
completeness of H. That these two heredity conditions are also in a certain sense
necessary will be inferred from the following two propositions, which are an immediate
consequence of definitions:

Proposition 9. A pseudo-valuation v on a frame (W, R) satisfies A-Heredity iff for
every B and C we have v(B) C v((C — C) — B).

Proposition 10. A pseudo-valuation v on a frame (W, R) satisfies Converse A-
Heredity iff for every B and C we have v((C — C) — B) C v(B).

Now we can prove the following:

Proposition 11. The class of ell rudimentary Kripke models is the largest class of
pseudo-Kripke models with respect to which H is strongly sound end complete in the
sense that for every I' and B, T' - B iff (*x).

Proof. The sufficiency of A-Heredity and Converse A-Heredity follows from Propo-
sition 8. Next we show their necessity. Since for H, for every B and C we have
{B} F (C - C) = B and {(C —+ C) — B} I B, for each of our pseudo-Kripke
models (W, R, v}, for every B and C we must have v(B) = v((C — C) — B). Then
we apply Propositions 9 and 10. g.e.d.

(Note that {B} I (C — C) — B is related to the deduction theorem, whereas
{{(C = C) — B} I B is related to modus ponens.)

Though (*) and (**) are equivalent for rudimentary Kripke models, (*) does not
imply (**) for every pseudo-Kripke model. For example, that v(B) = W implies
v((C — C) — B) = W is satisfied for every pseudo-Kripke model, but v(B) C
v((C — C) — B) may fail in the absence of A-Heredity. So we cannot replace (%) by
(+) in Proposition 11. We will see in the last section of [4] that the class of rudimentary
Kripke models is properly included in the largest class of pseudo-Kripke models with
respect to which H is strongly sound and complete in the sense that for every T’
and B, T' B iff (¥); and the latter class is properly included in the largest class of
pseudo-Kripke models with respect to which we can prove the ordinary soundness and
completeness of H.

The Kolmogorov-Johansson, or minimal, propositional calculus J in L is obtained
by rejecting L. — A from our axiomatization of H. This system does not differ essen-
tially from HY, and it is not difficult to obtain a soundness and completeness result
for J with respect to “rudimentary” Kripke models which differ from rudimentary
Kripke models for H only in not requiring v( 1) = &; the set v( L) can be an arbitrary
hereditary and conversely hereditary set. “Rudimentary” Kripke models for J need
not be serial, and their frames may be completely arbitrary. (So Johansson may after
all have been right in calling J minimal.)
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2. A canonical rudimentary Kripke model

We shall now consider a nontrivial rudimentary Kripke model which is not quasi-
ordered, but is analogous to the canonical partially ordered Kripke model familiar
from the Henkin-style completeness proof for H.

A set of formulae I is consistent iff for some A not ' F A; the set I is deductively
closed iff for every A we have that ' + A implies A € I'; and T has the disjunction
property iff for every A and B we have that AVB €Tl impliesA€Tlor BT A set
of formulae which is consistent, deductively closed and has the disjunction property
will be called a prime theory.

A set of formulae T’ will be called A-mazimal iff A ¢ T’ and for every B, either
BelorB— AeT. It is easy to check that a prime theory I" is maximal (in the
sense that for every prime theory A if ' C A, then ' = A) iff T is 1L-maximal (the
same holds when we replace prime theories by consistent deductively closed sets).

Let W, = {T': T' is a prime theory}, and let us define on W, the relation R, by:
TR A & (I'=A &EAT is A-mazimal ) or TCA

where I' C A means that I is a proper subset of A. Next let v.(A) = {I' € W, : A €T}
We shall call (W,, R., v, ) the canonical rudimentery Kripke model for H. This model
differs from the usual canonical Kripke model for H only in the definition of R.; in
the usual canonical Kripke model I' R, A is defined as I' C A. Let us first prove the
following proposition:

Proposition 12. The canonical rudimentary Kripke model for H i3 ¢ rudimentary
Kripke model.

Proof. It is clear that W, is nonempty and that (W, R.) is a frame. That the
conditions (v L), (vA) and (v V) are satisfled for v, follows immediately from the
definition of prime theories. To verify (v —) for v, we show that for every prime
theory I and every A4 and B:

(I) A-Bel' & VA(TR.A = (A€ A = BeA)).

- From left to right this follows immediately from the fact that I' B, A implies
I' C A. For the other direction suppose A — B ¢ I'; hence B¢ T'. If A € I" and for
some C the set I is C-maximal, we have I’ R, ', A€ T and B ¢ T'. If A € I" and there
is no C such that I' is C-maximal, then for some D we have D ¢ I"and D — B ¢ T,
and we extend I' U {D} to a prime theory A such that A€ Aand B¢ A. f A¢T,
we extend I' U {A} to a prime theory A such that A € A and B ¢ A.

If in (I) we let A be C' — C, then since in H we have B « ((C — C) — B) we
immediately obtain A-Heredity and Converse A-Heredity for v.. ¢.e.d.

To prove the strong corpleteness of H with respect to rudimentary Kripke models
we could use the canonical rudimentary Kripke model instead of the usual canonical
Kripke model for H. As for the usual canonical model, if not I" I B, then there is a
prime theory A such that ' C A and B ¢ A.
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The canonieal rudimentary Kripke model for H is serial. as it follows from Propo-
sition 1 {and as can directly be proved by copying the argument in the proof of Propo-
sition 12). This model is also transitive, but it is not reflexive. Let I'yg be the set of
theorems of H. The set I'y is a prime theory for which there is no A such that I'yg is
A-maximal. Otherwise there would be an A which is not a theorem of H such that for

a propositional variable p foreign to A we would have that pV (p — 4) is a theorem
of H. So we don’t have 'y R. I'y.

The set 'y 1s not the only prime theory I for which there is no A such that T
is A-maximal. Such are also all the prime theories 'y = {C : {B} + C'} where B is
a Harrop formule nonequivalent to { in H; that ['p is a prime theory follows from
the fact for Harrop formulae B we have that if {B} + C, v Cy, then either {B} + C)
or {B} F C; (see {6} or {8], p. 55). That there is no A such that I'g is A-maximal is
shown as follows. Suppose A € T'g, i.e. not {B} I A; then for a p foreign to both B
and A we have that not {B} I p (otherwise we would have {B} + L, and hence also
{B}+ A) and not {B} F p — A (otherwise we would have {B} - (C — C) — A, and
hence {B} b A). The prime theory 'y is a particular case of a ['g where B is the
Harrop formula ¢ - g.

When we build the canonical Kripke model for H, if we assume the definition of
the canonical valuation v., then A-Heredity implies for every I’ and A:

(II) TR, A = T CA,

Converse A-Heredity implies for every T and every B:
(IIl}y B¢TI' = Al R. A & B¢ A),

and one direction of the condition ( v'—r) implies for every I' and every A and B:
(I4+=) A—- B¢l = 3A(TR. A & AcA & B¢ A)

The other direction of (v —) and the conditions (v 1), (v A) and (v V), together with
(II), (1II) and the requirement that ' be included in every I', imply the definition of
prime theories. For prime theories ' and A we have that (I <) implies (III), and (II)
is equivalent with the converse of (I<). So (II) and (I <) are equivalent with (I} of
the proof of Proposition 12, and as this proof shows, (I) is necessary and sufficient for
verifying that (W,_, R.,v.) is a rudimentary Kripke model.

In the usual canonical Kripke model for H we take for R, the largest relation
possible, and we identify R, with the subset relation C. But, as our canonical rudi-
mentary Kripke model shows, we need not do that. We can take a relation on prime
theories properly included in C which will also satisfy (I). Qur new relation R, is serial,
but it is not reflexive. It is also tramsitive, though this is not needed for rudimentary
Kripke models.We leave open the following question:

(4) Can we define on W, a relation R, which satisfies (I) and is not transitive,
or neither transitive nor reflexive?

Let now W, be the set of all prime theories which for some A are A-maximal,
and define on this W, the relation R. and v, as for our canonical rudimentary Kripke
mode! for H. Then R, coincides with C, and {W,, R.,v. ) is a partially ordered Kripke
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model for H. To verify this we establish that if notI' - A, then there is a prime theory
A such that I' € A and A is A-maximal. So our canonical rudimentary Kripke model
for H has a partially ordered canonical Kripke model for H as a proper submodel.

In the background of our canonical rudimentary Kripke model for H lies a rep-
resentation theorem for Heyting algebras. For a Heyting algebra (A, —,A,V, 1), let
W4 = {x : z is a prime filter of A}. For a € A, a prime filter = will be called a-
mazimal iff a ¢ = and (Vb € A} b€z orb— a€ ). Then we define on W, the
following relation analogous to our R,:

rRay <= (z=y & (Ja € A)z is a-mazimal) or z C y.

If fla) = {z € Wa :a €z}, then ({f(a): a € A},—r,,N,U, D) is a Heyting algebra
isomorphic to our initial Heyting algebra A by the mapping f. As before, the relation
R 4, though it must be transitive, need not be reflexive. If A is the Lindenbaum algebra
of H and z is the principal filter generated by the equivalence class of a Harrop formula
nonequivalent to L, then z is a prime filter for which there is no a € A such that z is
a-maximal (which is shown by an argument analogous to what we had above for the
prime theories I'g).

3. Inductive Kripke models

In this section we study frames for which it is enough to assume that pseudo-
valuations on them satisfy p-Heredity and Converse p-Heredity in order to infer by
induction on the complexity of A that A-Heredity and Converse A-Heredity are satis-
fied. These frames and the corresponding rudimentary Kripke models, which we will
call inductive, will be more like ordinary frames and Kripke models for H, but we
shall see that they need not be quasi-ordered.

In ordinary Kripke models for H besides the conditions for pseudo-valuations we
assume only p-Heredity. That A-Heredity is satisfied in full generality is then proved
by induction on the complexity of A. The transitivity of R is a sufficient condition for
this induction to go through. {Actually, in the induction step we use the transitivity
of R only for the case when A is of the form A; -+ A;, and then we don’t need the
induction hypothesis; see Proposition 23 below. The instance of A-Heredity where A
is L is satisfied vacuously.) Before showing that the necessary and sufficient condition
on frames for this induction to go through is weaker than transitivity we introduce
the following notions.

For a frame (W, R} and an arbitrary X C W let:

Cone X = {y : (Ir € X)(3k > 0)z R*y},
Cone™ X = {y : not (3z € X)(3k > 0)y R* z}.

The operations Cone and Cone™ are connected with hereditary sets by the following
two propositions, whose straightforward proofs will be omitted:

=123 -



Proposition 13. For every frame (W, R) and every X C W, the set Cone X s the
least hereditary superset of X.

As a corollary of this proposition we obtain that X is hereditary iff Cone X = X.

Proposition 14. For every frame (W,R) end every X C W, the set Cone™ X is
the greatest hereditary set disjoint from X.

So, in particular, the sets:

Cone{z} = {y: (Ik > 0)z R*y},
Cone {z} = {y : not (3k > 0)y R* z}

are hereditary. It is clear that y € Cone{z} iff z ¢ Cone™{y}. It is also clear that
for every X C W in a frame (W, R) the sets:

Cone,, X = {y: (Iz € X)}(3k > m)z R* y},
Cone,, X = {y: not (3z € X)(3k > m)y R z},

where m > 0, are hereditary.

We shall say that a relation R in a frame (W, R} is weakly transitive iff
Vr,z(z R’z = Jt(z Rt & t € Cone{z} & z € Cone{t})).

Then we can prove:

Proposition 15. In a frame (W, R) the relation R is weakly transitive iff for every
pseudo-valuation v on (W, R), if v satisfies p-Heredity, then v satisfies A-Heredity.

Proof. From left to right we proceed by induction on the complexity of A in order
to show that v satisfies A-Heredity. The crucial case in the induction step is when
A is of the form A, — A,. Suppose for some z and y that 2 € v(4; — A3),z Ry
and y ¢ v(Ay — Az). Then for some z we have y R z, z € v(A;) and z ¢ v(4;). So
there is a t such that z R ¢, (3k > 0)zR*t and (3m > 0)t R™ 2. By the induction
hypothesis we get ¢ € v(A;), but since £ R t we also have t € v(A4;). Then again by
the induction hypothesis » € v{A;), which is a contradiction.

For the other direction suppose that for some z, y and z we have z Ry, ¥y R =
and
Vt((z Rt & t € Cone{z}) = =z ¢ Cone{t}).

Then by Propositions 13 and 14 it is clear that there is a pseudo-valuation v which
satisfies p-Heredity such that v(p;) = Cone{z} and v(p;) = Cone™{z}. We know
that z ¢ Cone{t} iff t € Cone~{z}. It follows that z € v(p1 — p2), but since
z € v(p1) and z ¢ v(p2) we have y ¢ v(py — p2). So v does not satisfy A-Heredity.
g.e.d.

This proposition shows that in every weakly transitive frame (W, R} the set A of
all hereditary subsets of W contains @ and is closed under the operations — g, M and
U. Moreover, the weak transitivity of R is not only sufficient but also necessary for
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that to be the case. The algebra (A4, —g,N,U, @)} is a distributive lattice with zero
which for every X,Y, Z € A satisfies:

XNYCZ = XCY =g Z

The converse implication may fail. For example, let X = W —g &, ¥V = W and
Z = &; then a dead end z, i.e. a point z such that there is no y for which z R y, will
belong to (W — g @}NW but cannot belong to &. So our algebra A is not necessarily
a Heyting algebra.

Weak transitivity is satisfied by transitive frames, but it is clear that this is a
weaker condition than transitivity. This condition is exclusively tied to the connective
— and it is not invoked in any other part of the proof of Proposition 15, not involv-
ing —.

However, in connexion with rudimentary Kripke models we are not interested in
inferring A-Heredity from p-Heredity, as we did in the proof of Proposition 15, but
we want to infer A-Heredity and Converse A-Heredity from p-Heredity and Converse
p-Heredity. In other words, we want to infer that a pseudo-valuation which satisfies
p-Heredity and Converse p-Heredity is a valuation. In order to show what are the
necessary and sufficient conditions on frames for this, we shall introduce the following
notions.

For a frame (W,R) a nonempty subset X of W will be called an w-chain
from z iff there is a mapping f from the ordinal w onto X such that f(0) = z and
(Vn € w)f(n) R f(n+1). Let w(z) = {X € W : X is an w-chain from z}. An

w-chain from z makes an infinite sequence o123 ... such that z¢ = z and for every
n > 0 we have £, R z,41. Since f in the definition of w-chains need not be one-one,
there may be repetitions in the sequence z¢z,z3 ..., and an w-chain need not be infi-

nite; it may actually be the singleton {z} if £ R z. In arbitrary frames there may be
points z such that w(z) is empty; for example, £ may be a dead end. For every z the
set w(z) is nonempty iff our frame is serial.

For a frame (W,R) and X C W let
CLoX ={y: (VY €w(y))Y NX #£ @}

The set Cl,, X contains all the points y such that every w-chain from y intersects
X. Every y such that w(y) is empty will also belong to Cl, X, since for such a y
it is vacuously satisfied that every w-chain from y interesects X. The operation Cl,
satisfies for every X, Y CW:

X C ClL, X,
Cl,Cl, X = Cl, X,
Cl, X UCL Y C ClL,(X UY),

and in serial frames we also have Cl, @ = &, but we need not have:

Cl(XUY)C Cl, X UCL Y.
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So Cl,, is not quite a topological closure operation. If X and Y are hereditary subsets
of W, we also have:

CL(XNY)=Cl,XNCLY.

The operation Cl,, is analogous to an operation which naturally arises in connexion
with Beth models (see [5], 3.2, and the section on rudimentary Beth modekin [4]).

It is clear that if X is a conversely hereditary subset of W in a frame (W, R) and
y ¢ X, then (3Y € w(y)) Y NX = &. The operation Cl, in connected with conversely
hereditary sets by the following proposition:

Proposition 16. For every frame {(W,R) and every X C W, the set Cl, X is the
least conversely hereditary superset of X.

Proof. To show that Cl, X is conversely hereditary suppose y ¢ CL, X. Then there
isaY € w(y) such that YNX = @ and a z € Y such that y R 2. The set Y NCone{z}
is an w-chain from z disjoint from X, i.e. z ¢ Cl, X.

To show that Cl, X is the least conversely hereditary superset of X suppose Y
is conversely hereditary and X C Y, and let there be an z such that z € Cl, X, i.e.
(VZ € w(z)})ZNX # &, and z ¢ Y. Since Y is conversely hereditary there is a
Z' € w(z) such that Z'N X = @, which is a contradiction. So Cl, X C Y. ge.d

As a corollary of this proposition we obtain that X is conversely hereditary iff
Cl,X =X.

Propositions 16 and 13 show that Cl,, is analogous to Cone. Is there an operation
analogous to Cone ™, which applied to X would give the greatest conversely hereditary
set disjoint from X? The following example shows that such an operation need not
exist. Lef W = {0,1,2} and R = {{0,1),{0,2),(1,1),{2,2)}. Then the greatest
conversely hereditary set disjoint from {0} does not exist ({1} and {2} are conversely
hereditary, but {1,2} is not).

‘The following proposition connects the operation Cl,,, and conversely hereditary
sets, with reflexivity:

Proposition 17. In a frame (W, R} the relation R is reflezive iff for every X C W
we have Cl, X = X.

Proof. { = ) Suppose R is reflexive and z € CL, X. Then {z} € w(z), and hence
reX.

(<) Suppose for some ¢ notz R z. Then for every ¥ € w(z) we have Y N {y :
tRyl#D,ieezc€Cl,{y: 2 Ry},butz ¢ {y: =z Ry}. ¢e.d

The following proposition connects the operation Cl, with hereditary sets:

Y
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Proposition 18. For every frame (W,R) and every hereditary X C W, the set
Cl, X 13 hereditary.

Proof. Suppose z € Cl, X, 2 Ryand Y € w(y). Then {z} UY € w(z), and hence
({z}UY)NX # O, i.e forsome z € {z}UY wehavez € X. Ifz€ Y, thenY NX # .
If 2¢ Y, then 2 =z, and y € Y N X since X is hereditary. Soy € Cl, X. q.e.d.

Hence, ConeCl, ConeX = Cl,ConeX. However, we don’t always have
Cl,ConeCl, X C ConeCl_, X, ie. we can have a conversely hereditary set X
such that Cone X is not conversely hereditary. For example, let our frame have
W = {a,b}U{0,1,2,... } and let R = {{a,0), (5,0)}U{{n,n+1): n € w}. Then {a} is
conversely hereditary, but Cone{a} is not, since b ¢ Cone{a} and b € Cl,, Cone{a}.

We are now ready to show what are the necessary and sufficient conditions on
frames for inferring that every pseudo-valuation which satisfies p-Heredity and Con-
verse p-Heredity is a valuation. We shall say that in a frame (W, R) the relation R is
prototransitive iff

Vz,z(z R*z = (VZ € w(2))3t(z Rt & t € Cl, Cone{z} & t¢ Cl, Cone™ Z)).

This condition says that if x R? z, then for every w-chain Z from z there is a ¢ such
that z R ¢, every w-chain from t intersects Cone{z}, and there is an w-chain from ¢
which is disjoint from Cone™ Z. If for X,Y C W we have that for every £ € X there
is ay € Y such that (3k > 0)z R* y (i.e. for every z € X we have Y N Cone{z} # Q)
we shall say that X is a shedow of Y. The last conjunct above, which claims that
there is an w-chain from t which is disjoint from Cone™~ Z, says that this w-chain
from t is a shadow of the w-chain Z. Note that the consequent of the condition of
prototransitivity is satisfied vacuously if w(z) is empty. -

Every transitive relation is prototransitive. For suppose R is transitive, z R? z
and Z is an w-chain from 2. Then we have z R z, z € Cl,, Cone{z} and there is an
w-chain from z, namely Z itself, which is a shadow of the w-chain Z. We also have
that every weakly transitive relation is prototransitive, but of course prototransitivity
entails neither weak transivity nor transivity.

We shall say that in a frame (W, R) the relation R is protoreflezive iff
Yz (VX1,X2 €w(z))Iy(zc Ry & y ¢ Cl,Cone™ X; & y ¢ Cl,Cone™ Xj).

This condition says that if X; and X; are w-chains from z, not necessarily distinct,
then there is a y such that 2 R y and from y we have an w-chain which is a shadow of
X1 and an w-chain which is a shadow of X;. Every reflexive relation is protoreflexive.
For if R is reflexive, then for w-chains X; and X; from » we have z R z, and X, is
a shadow of X; and X, a shadow of X;. Of course, protoreflexivity does not entail
reflexivity.

We can now prove the proposition for which we have been preparing all along:
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Proposition 19. In ¢ frame (W,R) the relation R is serial, prototransitive and
protoreflezive iff for every pseudo-valuation v on (W, R), 1if v satisfies p- Heredity and
Converse p-Heredity, then v satisfies A-Heredity and Converse A-Heredity.

Proof. ( = ) We proceed by induction on the complexity of 4 in order to show that
v satisfles A-Heredity and Converse A-Heredity. In the basis of this induction we use
the seriality of R in order to demonstrate that v(l) is conversely hereditary. That
v{Ll) is hereditary is satisfied vacuously.

In the induction step we first prove that v(A4; — Aj) is hereditary. So suppose
for some zr and y that ¢ € v(4; — Az), r Ry and y ¢ v(A; — A;). Then for
some z we have y R z, z € v(4,) and z ¢ v(A4;). By the Converse A-Heredity of
the induction hypothesis there is a Z € w(z) such that Z Nv(A;) = . So by the
prototransitivity of R there is for this Z a ¢ such that z R ¢, t € Cl,, Cone{z} and
t ¢ Cl,Cone™ Z. If t ¢ v(A;), then there is a U € w(t) such that U Nv(4,;) = &,
which contradicts t € Cl, Cone{z} and Cone{z} C v(A;); we used the Converse
A-Heredity and A-Heredity of the induction hypothesis. So ¢t € v(A4,), and since
z R t, we obtain £ € v(A;). But there is a U € w(t) which is a shadow of Z, and
U C v(Ajy) by the A-Heredity of the induction hypothesis. This is in contradiction
with Z Nwv(A4;) = @ and the A-Heredity of the induction hypothesis.

For the converse hereditariness of v(A; — A2) suppose z ¢ v(A; — A2), 1.e. there
is a y such that z Ry, y € v(A4;) and y € v(A2). By the converse A-Heredity of the
induction hypothesis there is a z such that y R z and z ¢ v(A4;). By the A-Heredity
of the induction hypothesis z € v(4,), and so y ¢ v(A4; — A;). Note that we did not
appeal to any particular property of R in this paragraph.

For the hereditariness and converse hereditariness of v(A4; A A;), and for the
hereditariness of v(A4; V Ay}, we do not appeal to any particular properties of R, and
we will omit these easy cases. It remains to consider the converse hereditariness of
v(A; V As). Sosuppose z ¢ v(A;VAz), ez ¢ v(A;) and z ¢ v(Az). By the Converse
A-Heredity of the induction hypothesis there is an X € w(z) such that X;Nv(A4,) =2
and an X, € w(z) such that X; Nv(A;) = &. So by the protoreflezivity of R there
is a y such that t Ry, y ¢ Cl,Cone™ X, and y ¢ Cl,Cone™ X,. If y € v(4,),
then for the Y € w(y) which is a shadow of X| we would have ¥ C v(A;), which
is in contradiction with X Nv(A4;) = @; we used the A-Heredity of the induction
hypothesis. So y ¢ v(A,), and we obtain analogously y ¢ v(A2), which means y ¢
'U(Al \% Ag)

(<=) If R is not serial, then v(_L) is not conversely hereditary. Suppose R is not
prototransitive, i.e. for some z, y and z we have ¢ Ry, y R z and there is a Z € w(z)
such that

Vi((z Rt & t € Cl, Cone{z}) = t € Cl, Cone™ Z).

Then by Propositions 13, 14, 16 and 18 it is clear that there is a pseudo-valuation v
which satisfies p-Heredity and Converse p-Heredity such that v(p;) = Cl, Cone{z}
and v(p;) = Cl, Cone™ Z. It follows that z € v{(p1 — p2). We also have z € v(p;)
and z € v(p2), because Z N Cone~ Z = & (otherwise for some t € Z we would have
t € Cone™ Z, but t R°%). So y ¢ v(p; — p;), and A-Heredity fails.
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Suppose R is not protoreflezive, i.e. for some z there are X, X2 € w(r) such that
Vy(z Ry = (y € Cl,Cone™ X, or y € Cl, Cone™ X3)).

Then by Propositions 14, 16 and 18 it is clear that there is pseudo-valuation v which
satisfies p-Heredity and Converse p-Heredity such that v(p,) = Cl, Cone™ X; and
v(p2) = Cl,Cone™ X;. It follows that Vy(z Ry = y € v(p: V p2)). However,
z ¢ v(p1), because X; NCone~ X; = &, and analogously z ¢ v(p2). So z ¢ v(p1 Vp2),
and Converse A-Heredity fails, g.e.d.

Proposition 19 shows that in every frame (W, R} which is serial, prototransitive
and protoreflexive, the set A of all hereditary and conversely hereditary subsets of W
contains & and is closed under the operations — g, N and U. Moreover, the seriality,
prototransitivity and protoreflexivity of R are not only sufficient but also necessary
for that to be the case. As we know, {4, —g,N,U,d) is a Heyting algebra.

The seriality of R is exclusively tied to L, so that if we restrict ourselves to pseudo-
valuations v from L, we can omit the requirement of seriality from the left-hand side
of Proposition 19. Similarly, prototransitivity is exclusively tied to — and protore-
flexivity to V. So, if we restrict ourselves to pseudo-valuations v from L™, we need to
keep only the requirement of prototransitivity on the left-hand side of Proposition 19.
The same holds if pseudo-valuations are from the {—, A) fragment of L, and if they are
from the (—, 1) or (—,A, 1) fragment, we need seriality and prototransitivity. Seri-
ality is equivalent with the condition that & is conversely hereditary, prototransitivity
with the condition that for every X,Y C W the set Cl, Cone X — Cl, ConeY is
hereditary, and protoreflexivity with the condition that for every XY C W the set
Cl, Cone X U Cl,, ConeY is conversely hereditary. This is shown as in the proof of
Proposition 19.

We shall call frames (W, R) where R is serial, prototransitive and protoreflexive
inductive frames. An inductive Kripke model is then defined as a (W, R, v} such that
(W, R) is an inductive frame and v, called an nductive valuation, is a pseudo—valuation
which satisfies p-Heredity and Converse p-Heredity. Proposition 19 guarantees that
inductive valuations on inductive frames are valuations, i.e. that inductive Kripke
models are rudimentary Kripke models. In every inductive Kripke model (W, R, v},
for every propositional variable p, the set v(p) may be any hereditary and conversely
hereditary subset of W we choose. In an arbitrary rudimentary Kripke model this is
not the case, since the set of all hereditary and conversely hereditary subsets of W
need not be closed under the operations —g, N and U. A fortiori, it will not be a
Heyting algebra with these operations.

If holding in frames is defined in terms of inductive valuations, instead of valua-
tions of rudimentary Kripke models, then H is not sound with respect to serial frames
but it is sound and complete with respect to inductive frames. Inductive frames do
not make the largest class of frames which would give this soundness and complete-
ness, because pseudo-valuations need not satisfy exactly A-Heredity and Converse
A-Heredity in order to secure the soundnes of H. As we will show in the last section
of [4], somewhat weaker forms of these conditions will also do. However, we know
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that A-Heredity and Converse A-Heredity are necessary for the strong soundness and
completeness of Proposition 11.

We may also envisage frames of the type (W, R, A'), called general inductive
Jrames, where (W, R) is an inductive frame and A' is a subalgebra of the Heyting
algebra {A, —g,N,U, @) of all hereditary and conversely hereditary subsets of W.
These frames are analogous to the general, or first-order, frames in modal logic (see
(7], pp. 62-67). If we restrict inductive valuations on (W, R, .A') to those which take
values in A', we obtain that H is sound and complete with respect to all general
inductive frames. Ordinary inductive frames may be conceived as a particular type
of general inductive frames where A’ is the Heyting algebra of all hereditary and
conversely hereditary subsets of W. At an even more general level we would have
general rudimentary frames of the type (W, R, A) where (W, R} is a serial frame and
A a particular set of hereditary and conversely hereditary subsets of W which contains
@ and is closed under the operations — g, N and U. Valuations on these frames would
be restricted to those which take values in A.

If holding in frames is defined in terms of pseudo-valuations which satisfy only
p-Heredity, as for ordinary Kripke models for H, then H is not sound with respect to
inductive frames. We know that in this sense H is sound and complete with respect to
quasi-ordered frames, but there is an interesting class of frames properly in between
the class of inductive frames and the class of quasi-ordered frames with respect to
which H is also sound and complete in this sense. This is the largest class of frames
such that every pseudo-valuation on a frame in this class which satisfies p-Heredity will
also satisfy A-Heredity and Converse A-Heredity. Frames in this class, called weakly
quasi-ordered frames, satisfy weak reflexivity:

Ve(Jk>1)zRkz
and weak transitivity from Proposition 15:
Vr,z(z R*z = Jt(z Rt & t € Cone{z} & z € Cone{t})).

Reflexivity of course entails weak reflexivity but not vice versa. Also every quasi-
ordered frame is weakly quasi-ordered but not vice versa.
The following proposition about weak reflexivity is analogous to Proposition 17:

Proposition 20. In ¢ frame (W, R) the relation R is weakly reflezive iff for every
hereditary X C W we have Cl, X = X.

Proof. ( = ) Suppose R is weakly reflexive, X C W is hereditary and z € Cl, X.
From weak reflexivity it follows that there i1s an w-chain Z from z in which z is
cyclically repeated. Since Z N X # @ and X is hereditary we get = € X.

(<) Suppose for some z not (Ik > 1)z R¥z. Then the set Cone;{z} =
{y : (3k > 1)z R¥y} is hereditary and = € Cl, Cone;{z}, but = ¢ Cone;{z}.
g.e.d.

As a corollary we obtain:
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Proposition 21. In a frame (W R) the relation R is weakly reflezive iff for every
pseudo-valuation v on (W, R), if v satisfies p-Heredity, then v satisfies Converse p-
Heredsty.

Propositions 15 and 21 from right to left show that weak reflexivity and weak
transitivity are necessary if we want to infer A-Heredity and Converse A-Heredity
from p-Heredity. That these conditions are also sufficient follows from Propositions
15 and 20 from left to right.

We can easily verify that weakly quasi-ordered frames could alternatively be de-
fined by assuming weak reflexivity and prototransitivity. So weak reflexivity, which
entails seriality and protoreflexivity, is really the new assumption we make when we
pass from the class of inductive frames to its proper subclass made of all weakly
quasi-ordered frames.

We have already shown in Proposition 15 that the weak transitivity of Rin a frame
(W, R) is necessary and sufficient for the set A of all hereditary subsets of W to contain
@& and be closed under the operations — g, N and U. However, (A, =g, N, U, J) need
not have been a Heyting algebra. Proposition 20 shows that the weak reflexivity of R
is necessary and sufficient to make every member of A conversely hereditary. So for
every weakly quasi-ordered frame, (A, —g,N,U, @) is a Heyting algebra.

We also prove the following opposite of Proposition 21:
Proposition 22. In a frame (W,R) we have

Vz,y(zr Ry = (VY ew(y))zeY)

iff for every pseudo-valuation v on (W, R), if v satisfies Converse p-Heredity, then v
satisfies p- Heredity.

Proof. ( = ) Suppose z € v(p), 2 R y and y € v(p). Then by Converse p-Heredity
there is a ¥ € w(y) such that Y Nv(p) = &. But since z Ry we have that z € Y,
which is a contradiction.

(«) Suppose for some z and y that z R y and there is a Y € w(y) such that
z ¢ Y. Then by Proposition 16 it is clear that there is a pseudo-valuation which
satisfies Converse p-Heredity such that v(p) = Cl,{z}. We infer that z € v(p) and
y ¢ v(p), i.e. p-Heredity fails. ¢.e.d.

This proposition shows what happens if we define holding in frames in terms of
pseudo-valuations which satisfy only Converse p-Heredity and expect these pseudo-
valuations to give rise to rudimentary Kripke models. We know that frames for rudi-
mentary Kripke models must be serial, and with seriality the condition of Proposition
22 entails that if z R y, then z € Cone{y}, which with A-Heredity would give that for
every A we have z € v(A) iff y € v(A). But with that, every theorem of the classical
propositional calculus would hold. Of course, the condition of Proposition 22 need not
be satisfied by quasi-ordered frames.

We have characterized inductive frames and weakly quasi-ordered frames by con-
ditions on pseudo-valuations which indicate that we can define inductively valuations
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on these frames. Is there a similar characterization of quasi-ordered frames in terms
of conditions necessary and sufficient to make valuations inductively definable in some
way? The condition on pseudo-valuations which corresponds to reflexivity is contained
in Proposition 17, which says that in reflexive frames (W, R}, and only in reflexive
frames, every subset of W is conversely hereditary. So reflexivity implies Converse

A-Heredity. On the other hand, transitivity secures the hereditariness of v(A4; — Az),
as the following proposition shows:

Proposition 23. In a frame (W, R) the relation R is transitive iff for every pseudo-
valuation v on (W, R) and every A, and A; the set v(A; — A) is hereditary.

Proof. ( = ) Suppose z € v(A; — A3), x Ry, y R z and z € v(A4;). Then by the
transitivity of R we have z R z, and hence z € v(4;).

(<) Suppose z Ry, y Rz and not = R z. Let v(py) = {z} and v(pz) = @ (we
may also take v(py) = W — {z}). It follows that z € v(p, — p;) and y & v(p; — p2).
g.e.d.

This proposition from left to right shows that when for transitive frames we
prove by induction on the complexity of A that pseudo-valuations on them which
satisfy p-Heredity satisfy A-Heredity, in the induction step we don’t need the induction
hypothesis for the case when A is of the form A; — As.

Though the conditions corresponding to reflexivity and transitivity are sufficient
for the inductive character of valuations, it is not clear what conception of this in-
ductive character would make reflexivity and transitivity also necessary. No doubt,
quasi-ordered Kripke models stand out by their simplicity and naturalness, and they
are not very far from weakly quasi-ordered rudimentary Kripke models. But it is not
clear how the exclusive concern with quasi-ordered Kipke models could be justified by
saying that only these models would work.

The previous results show that the assumptions of reflexivity and transitivity for
ordinary quasi-ordered Kripke models for H are not exactly in the same position.
Transitivity secures prototransitivity and weak transitivity, which are tied to implica-
tion. Reflexivity secures protoreflexivity, which is tied to disjunction, but it secures
also seriality and weak reflexivity, which are not tied to disjunction. Reflexivity also
secures at one stroke Converse A-Heredity. With reflexivity we have reduced an as-
sumption about valuations to an assumption purely about frames, which does not
mention valuations.

If reflexivity is written as R® C R, the converse condition R € R® would be
sufficient for A-Heredity as reflexivity is sufficient for Converse A-Heredity. How-
ever, though we can replace Converse A-Heredity by reflexivity, we cannot replace
A-Heredity by R C R°. By assuming R C R° we would immediately bring in classical
propositional logic.

Among inductive frames we find frames in which R is serial, transitive and satisfies
branching density:

Vz,z1,z2((z Rzy & 2 Rz3) = Jy(z Ry & y Rz & y R zy)),
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which is a stronger version of protoreflexivity. These inductive frames need not be
weakly quasi-ordered. That H is sound and complete with respect to these frames,
with inductive valuations, was shown in [3]. These frames are interesting because
they are the frames with respect to which the normal modal propositional logic K4N
can be shown sound and complete (of course, with usual modal valuations on these
frames). The system K4N is axiomatized by adding to the weakest normal modal
propositional logic K the following axiom-schemata:

(s) ~—0O-(4— 4),
(t) OA— 004,
(bd) O(0A v OB) — (00A v OB).

This system is the weakest normal modal propositional logic in which H can be em-
bedded by the modal translation which prefixes [J to every proper subformula which is
a propositional variable or an implication. (This is shown in [3]; the language in [3] has
— as primitive instead of 1, but the modal translation just mentioned does not differ
essentially from the translation considered there in connexion with the minimality of
K4N since here [1 is not prefixed to 1.} The schema (bd) defines branching density
on frames, in the sense that a frame satisfies branching density iff every instance of
(bd) holds in this frame (with respect to usual modal valuations). That in the same
sense (s) defines seriality, and (t) transitivity, are among the oldest examples in the
correspondence theory of modal logic (see [1]).

It is not clear whether the other conditions we have met in connexion with induc-
tive frames: weak reflexivity, weak transitivity, protoreflexivity and prototransitivity,
may be defined by modal schemata. The sentences by which we have introduced these
conditions are not first-order. The following first-order condition related to weak re-
Hexivity:

Vz (z R* z),

where k > 0, is defined by the modal schema [1¥A — A, where [1°A4 is A and (3¥+1A4
is OO% A. Similarly, the following first-order condition related to weak transitivity:

Vz,z(zR%z = 3t(z Rt & 2 R*t & tR™2)),
where k,m > @, is defined by:
OB - O™C) - [*0O*B — C).

The schema (t), i.e. 04 — [J%2A4, is equivalent to this schema when k = m = 0.
However, this does not yet solve the question:

(5) Are weak reflexivity, weak transitivity, protoreflexivity and prototransitivity
definable by modal schemata?

A similar, but different, question is:

(6) Can we axiomatize sets of modal formulae which bold in inductive frames,
or weakly quasi-ordered frames?
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K a modal system M is sound and complete with respect to a class of frames
C (via modal valuations) and H is also sound and complete with respect to C (via
rudimentary Kripke model valuations), we cannot immediately conclude that H must
be embeddable in M by a modal translation. For example, the modal system sound
and complete with respect to serial frames is D, i.e. K+(s), but H cannot be embedded
in D by the modal translation which embeds H in K4IN; we obtain the same thing with
several other natural modal translations (as will be shown in a paper devoted to modal
translations in normal modal logics), and it is unlikely that any modal translation
would work. To put it roughly, it is as if p-Heredity and Converse p-Heredity require
an infinity of operators [J to be prefixed to every p, and in the absence of modality
reduction principles like [JA « [OCJA, which is probavle in K4N, no finite amount of
operators [J would do.

The canonical rudimentary Kripke model for H of the previous section, though
serial and transitive, is not reflexive. It is clear that it is also not weakly reflexive.
However, we leave open the following question:

(7) Does the frame of the canonical rudimentary Kripke model for H satisfy
branching density, or at least protoreflexivity?

With this question we conclude our preliminary investigation of rudimentary
Kripke models. As announced in the introduction, we shall consider some further
topics related to rudimentary Kripke models in [4].
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Valuation Semantics for Modal Logics

(Abstract)

Cesar A. Mortari

In this paper we make a presentation of valuation semantics for some systems of modal logic, and
of its main byproduct, the generalized truth-tables (GTTs for short).

Valuation semantics were first introduced by Andréa Loparié, in a 1977 paper, for the modal
propositional logic K (see [Lo}). In order to give a brief describtion of what valuation semantics is, let us
take as a starting point a semantics for the classical propositional logic PL: there we see that a model is
nothing more than an assignment of truth-values (o the propositional variables, since the value of complex
formulas can be calculated if the value their subformulas have is known, We could also say, in other
words, that a model for PL is a function f from wfis into truth-values obeying certain conditions (like
F—A) # A), for instance).

If we now consider a possible-world semantics for some intensional logic, we notice that the
structure of a model undergoes a deep change: one doesn’t talk anymore about only one assignment
{which, in a sense, describes a possible world), but about a whole set (a “universe”) of them. The value of
a formula whose main operator is an intensional one thus depends also on the value its subformulas get on
various other worlds which are accessible. Here is where the famous accessibility relations come into the
picture: formally, a model is now a wiple <W, R, V>, where W denotes a set of worlds, R is a binary
(acessibility) relation over W, and V is a function which takes arguments in formulas and worlds and goes
into truth-values. The beauty of this construction is that one can get models for different modal logics by
laying different conditions upon the relation R. (For instance, requiring of it to be reflexive singles out a
class of models which characierizes the logic T.) On the other hand, in spite of models changing in this
way, truth definitions for intensional operators like ‘¢ (for “it is possible that...””) are still given as usual,
namely by means of necessary and sufficient conditions (iff-conditions: “© A is true iff this-or-that holds™).

' Valuation semantics proceed the other way round: a model, which is called a valuation, is just one
“world” (a function from wifs into {(,1} having some special properties); that is, one doesn’t have to
introduce a set of worlds and an accessibility relation, The change comes with respect to truth definitions
for intensional operators, which now appear in the form “if ©A is true then such-and-such conditions hold;
and if ©A is false then such-and-such other conditions hold”.

One could argue, of course, about the propriety of the statement “a model is just one world”, since
to evaluate a formula one also has to take other valuations (i.e.: other models) in consideration. More than
that, when all is said and done a valuation ends up being proved 10 be the characteristic function of a
maximal consistent set. In a sense, then, the whole could be like saying, in the setting of a possible-world
semantics, that the only universe (model) you have to consider is the class of all MCSs and, besides, you
don’t have to bother about introducing accessibility relations. This can be a question of secing things this or
that way. In the paper we'll also prove a kind of equivalence between valuation and possible-world
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semantics — which is not surprising at all, since the same formulas have to come out as valid. To sum
things up, the main difference lies on the fact that valuations are not declared g priori to be characteristic
functions of MCSs; unlike possible-world models, they are defined inductively for certain sequences of
formulas; it is only afterwards that they are generalized and proved to be characteristic functions of MCSs.
And it is exactly because they are so defined that they generate in an easy way decision procedures, namely
the GTTs, which allow us to examine all relevant models to some formula,

Back to historical matters, Lopari¢ and I gave, some years after her original paper, a valuation
semantics for the minimal tense logic Ki ([LM]; it was presented in 1980 as a short communication on the
4th Brazilian Conference on Mathematical Logic). In my master dissertation, under her supervision, 1
extended this semantics to several other tense logics as well, including here some naive logics combining
time and modality. ([Mol, Mo2]) In my dissertation there were also some problems left open, like to
adequately define a valuation semantics for 84, still a tough and open case.

Now to GTTs. One can, of course, argue about the propriety of the name “truth-table”. They
certainly neither are, nor pretend to be, connective-defining truth-tables — as we have, for instance, the one
defining the truth-function “conjunction™

Al1l1 O
1 1 0
0 00

We already know that intensional operators like “it is necessary that ...” are not truth-functional
(where the value a formula gets depends exclusively on the values of its subformulas). Thus, if one takes
the expression “truth-table” in this narrow sense, as meaning something that defines a truth-function, then
GTTs are not truth-tables, but something else (“truth-tableaux”, maybe). On the other hand, we also talk

(perhaps by abuse of the language) about the truth-table for some formula A, like the following one for
a—{b—a):

alb | boa | a—(b—>a)
111 1 1
01 0 1
10 |1 1
0 0 1 1

If we thus understand “truth-table” as denoting this kind of construction, then certainly GTTs
deserve the name. With GTTs the procedure is pretty much the same as in the classical, truth-functional
case: we also build, for some wif A, a sequence Aj,...,A, of its subformulas, where A = A, is the last
element; next we assign values to the propositional variables, and after having done this we compute values
for the remaining formulas of the sequence. The difference is that the value of a modalized A; in a certain
line j of the GTT now depends not only on the value in j of its subformulas, but also on the values which
some other wifs can take in other lines. It should now not be surprising at all that through this construction

- 137 -



one can also determine whether A is valid (meaning it is true on all lines) or not. In this way, we could

obtain things like the following:
1 2 8 4 5 6
F Y| vV | OF O~y Chy (17
1) 1 0 1 1 1 1
2| o 1 0 1 1 1
3 11 0 1 0 0 1
49 | © i 0 0 0 1

This is a truth-table {(in K) for >——p — >p. Which, as one can see, is a valid formula.
In the paper we present, in a first part, valuation semantics for normal modal logics. This exiends,

with new results, Lopari¢’s and my own work on the subject. A second part considers valuations for
classical modal logics; and, in a third one, we define GTTs for some logics taken as examples. As a last
part, we discuss, for some of the logics, how to implement (in C) the construction of GTTs.
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A Dynamic Modal Semantics for Default Reasoning and Generics

Nicholas Asher & Michael Morreau
Version I, April 1990

1. Points of Departure
1.1. Patterns of Generic Reasoning

For many years linguists and philosophers have been interested in the meaning of generic
sentences like birds fly and dispositional sentences like copper conducts electricity. For about
ten years computer scientists have been interested too, but the meaning of such expressions and
the reasoning appropriate to them remain elusive. A degree of consensus has however emerged
about some simple patterns of generic reasoning to which any acceptable account of the
semantics of generics must do justice. Here, by way of introduction, are some of these patterns.
They appear in order of increasing complexity.

DEFEASIBLE MODUS PONENS
From birds fly and Tweety is a bird, it follows that Tweety flies. But from birds fly, Tweety
is a bird, and Tweety does not fly it does not follow that Tweety flies.

Closely related to the defeasible modus ponens is what we call

DEFEASIBLE TRANSITIVITY
From birds fly and sparrows are birds it follows that sparrows fly. But from those who eat
slowly enjoy their food and those who are disgusted by their food eat slowly together with
the analytic fact that those who are disgusted by their food do not enjoy their food it does not
follow that those who are disgusted by their food enjoy their food.

One pattern of generic reasoning which is now very familiar from the Artificial Intelligence
literature is the

NIXON DIAMOND
From Republicans are non-pacifists, Dick is a republican, Quakers are pacifists, and Dick 1s
a Quaker it intuitively neither follows that Dick fs a non-pacifist, nor that he Is a pacifist..

This scepticism dissappears if we substitute in the above quakers who are republicans for
quakers, since we then want to draw the conclusion that Dick is a pacifist. This idea that
defeasible information about subkinds should take precedence over defeasible information
about the kinds which subsume them gives rise to a fourth pattern which we call the

PENGUIN PRINCIPLE
From birds fly, Tweety is a bird, penguins do not fly, Tweety is a penguin, and penguins are
birds it follows that Tweety does not fly.

That penguins do not fly is a defeasible fact about penguins, a rule which admits exceptions.
That penguins are birds, on the other hand, is a matter of taxonomical fact to which there are no
exceptions. It is interesting that swapping this taxanomical fact for the weaker defeasible fact
does not change our intuitions about the penguin principle:

WEAK PENGUIN PRINCIPLE
From adults are employed, Sam is an adult, students are not employed, students are adults
and Sam is a student it follows that Sam is not employed.
Here is one last intuitively valid pattern of generic reasoning which does not fit into the above
list of increasingly complex argument forms, the
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DUDLEY DOORITE
From republicans are politically motivated, quakers are politically motivated and Dudley
Doorite is either a republican or a quaker, it follows that Dudley Doorite is politically
motivated.

We don't claim that these are the only argument forms; merely that any honest and sane person
must agree to them. The consensus disappears however with more complicated examples. As
soon as they involve more than three sorts and more complicated relations between these,
intuitions about the validity of argument forms tend to degrade quite rapidly. We think that a
theory of generic meaning which does descriptive justice to these relatively simple argument
forms has pretty good credentials as a normative theory in more complicated cases where
intuitions waver.

1.2. The Ghost in the Machine

If argument forms just cited are the semantic facts which any acceptable theory of generics must
save, then none of the better known theories of nonmonotonic reasoning is an acceptable theory
of generics. While circumscription, autoepistemic logic and - with some qualifications - Reiter’s
default logic all provide representations for generic sentences which save the simpler patterns of
defeasible modus ponens and the nixon diamond, none of these formalisms throws much light
on the penguin principle, where specific information takes precedence. The problem is by now
familiar in the field of non-monotonic reasoning as the problem of multiple extensions. Coding
the premises of the penguin principle up in the manner of circumscription by means of a
multitude of "abnormality predicates,” for example, we find that minimisation of abnormality
results in two kinds of minimal models. There are models where Tweety is an abnormal bird
but a normal penguin, and consequently does not fly. But in addition there are others where he
is a normal bird but an abnormal penguin, and does fly. Because of these latter and if you will
undesirable models it then does not follow that Tweety does not fly, and we see that
circumscription does not handle the penguin principle adequately. Similar problems confront
default logic and autoepistemic logic. The solution which proponents of these theories have
suggested is as familiar as the problem: the order in which default rules fire needs to be
constrained; the predicates to be minimized in the case of circumscription need to be prioritized.
They thus commit themselves to the

HYPOTHESIS OF THE GHOST IN THE MACHINE

That specific information takes precedence over general information is not to be accounted
for by the semantics of generic statements itself. Rather, it is due to the intervention of a
power which is extraneous to the semantic machinery, but which guides this machinery to
have this effect (by ordering the defaults, deciding the priorities of predicates to be
minimized, or whatever).

This brings us to our second motivational point. It remains unclear exactly what kind of
reasoning it is that we do with generics, whether it belongs to logic or to pragmatics. But
whatever kind of reasoning it is, that more specific information takes precedence is intrinsic to
it, and the penguin principle should emerge naturally from the semantics of generic sentences
without the intervention of a user. We want the ghost exorcised from the machine. The issue
here is not just a methodological nicety, a question of whether logic should be set up this way
or that. The problem with pushing some of the meaning of expressions up out of the formalism
by delegating work to ghosts is that it makes it very unclear how such expressions could ever
be nested. Generic expressions of various kinds, including habitual expressions like smokes,
are however very often nested. Here are some examples: If politicians are dishonest, their party
is normally in decline, people who normally don't drive don't normally fly either, kinds of
animals that normally have feathers are normally kinds of animals that fly. And an interstellar
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traveler might be able to establish the truth or otherwise of our conjecture that normally, if birds
fly, the gravitational constant g is not higher than 10.5. Here is final really complex example,
in which genericity and counterfactuality combine with knowledge and belief: Nicholas believes
that if he were Michael, then maybe fast cars would interest him, while Michael knows that if
he were Nicholas, then aeroplanes would most certainly intrigue him,

1.3. The Intensionality of Generic Information

A necessary feature of any non-monotonic logic that seeks to give a semantics to natural
language sentences expressing defaults-- like generic sentences, or sentences using adverbs like
typically and normally, is that it be intensional. It is by now very familiar that, say, birds fly is
not to be understood as a universal quantification over all individual birds, stating that they all
fly. But it is a surprisingly common misconception that generics and statements about typical or
normal cases are to be analysed by means of other extensional quantifiers, for example most.
In fact it is easy to find examples showing that there is no simple relationship at ali between

most-sentences and the corresponding generics.

EXAMPLE

Take any natural number other than zero, say 10,000. Now there are infinitely many natural
numbers larger than this, but just a finite number of smaller ones, so it is true that most natural
numbers are larger than 10,000. But it is senseless or at best false to make the corresponding
generic statement that natural numbers are larger than 10,000. And it sounds equally silly to say
that natural numbers are typically larger than 10,000, or that they are normally so.

EXAMPLE

Suppose you have an urn in which there are 20 balls and 19 of them are white, while 1 is black.
So it is true that most of the balls in the urn are white. It is senseless or false to say that balls in
the urn are white.

These two examples make the same point. The extensional most-statement is true while the
corresponding generic one is not. In the next example it is just the other way around, the generic
statement being true while the corresponding most-statement is false:

EXAMPLE Here is an exerpt from our forthcoming book on turtles:
Giant marine turtles normally live to reach a grand old age ... One hundred years or more
is not exceptional. Most of them however, in fact the vast majority, have no such luck.
They fall prey to preditors within the first hours of their lives, while scurrying akcross the
beach from their hatching grounds to the sea.

If as we believe the semantics of generics is closely tied up with defaults, then these examples
suggest that the semantics of default logic, and perhaps of other forms of nonmonotonic
reasoning too, are best thought of in a non-extensional way. Modal semantics is the best
understood kind of intensional theory, so it seems worth while to see to what extent technigues
from modal logic can be adapted to the semantics of generics.

1.3. Generic Information and Belief Revision

Traditionally semantics is concerned with the truth conditions of expressions, and it is their
truth conditions which are taken to determine their logic. The search for truth conditions has
been conspicuously unsuccessful in the case of generics, but there is a newer semantic
paradigm which throws more light on them. According to this paradigm it is not the truth
conditions of expressions which matter in explicating their meaning and logic, but the changes
which they bring about when they are added to bodies of information or belief. On this
epistemic approach, to believe that birds fly is, roughly speaking, to revise your beliefs in such
a way that on learning that something is a bird, you assume that it can fly (unless you already
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belicved that it cannot, of course, and until you learn that it cannot). This is the semantic
intuition underlying the epistemic account of generic meaning given below.

2. Dynamic, Modal Semantics for Generics and Default Reasoning
2.1 The Language of Modal Default Logic

Consider a first-order language L augmented with a binary generalized quantifier >x. Formulas
of the language L are the usual first'order formulas together with the following: if @(x) and
Y(x) are first-order formulas with just x free, then @(x) >x y(x) is a sentence. Boolean
combinations of such sentences with each other and with first-order formulas are allowed, but
>x may not be nested. A treatment of the nested >x language is promised in the next version of
this paper.

We \lw)n{)lc presently develop a non-monotonic entailment notion = but we begin with its
monotonic core, F, the part of I= which is not defeasible.

2.2. The Monotonic Core

The monotonic entailment notion k is to be defined by means of belief revision structures

<P, +>, of which P is a set of belief states and + a revision function mapping pairs comprising
belief states and L sentences onto other belief states. Thus for any state s and sentence @ €
Ly, s+ stands for the the result of updating s with ¢. We now turn to each of these two
components in turn.

2.2.1. BELIEF STATES

Let W be the set of all the possible worlds for L, although for the sake of simplicity we assume
a (non-empty) domain D of individuals which is constant accross them. The interpretation of L
in these possible worlds is completely standard. Furthermore, it is assumed that for any such
individual d € D the language contains a constant d such that for any possible world w € W,
[d]w = d. Now we have:

DEFINITION A belief state s, t2, ... is a pair (P,*) where
i) PCW,and
il *: PX W — oW, where foreverype oW and w e P, ¥(w,p) Cp.

Here o'W stands for the power set of W. Intuitively, P represents the beliefs of a state (P,*)
about what is actually the case, a sentence being supported by this state just in case it is true at
each of the worlds in P. The normality function *, on the other hand, represents the beliefs
which (P,*) has about what is nonmally the case. Thus, for example, a state which believes that
birds fly (represented Bx >x Fx) will be one where for each individual d € D and each world w
e P, *(w, [Bd]) € [Fd]. (Here {¢] is the set {w € W: w F @] of possible worlds where ¢ is
true). This sort of function is familiar from conditional logic.! It provides every possible world
w with "windows", by means of which are visable all those worlds in which p holds along
with everything else which is normally associated with p. And this for any proposition p. To
return to the example, in a state which believes that birds fly, every possible world w has, for
any individual d, a Bd window through which (only) worlds are visible where both Bd and Fd
hold. Also borrowed from conditional logic is the following interpretation of L sentences
relative to possible worlds and selection functions:

DEFINITION  For any possible world w and worlds selection function *:

 Fora simple language with unembedded conditionals, we may simplify matiers and consider a normality function that
is constant across worlds.
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for >x-free o:
W, * k @ iff w k ¢ in the normal sense of k.
for >x -free ¢x and yx:
w, * bk @x >x yx iff forall e D, *(w, ¢0) C[yd]
The usual clauses for disjunction, negation, conjunction and so on.

Fixing the above informal discussion into a definition, we can now define the following support
relation F between belief states and sentences of Ls.:

DEFINITION  For any belief state (P,*) and sentence ¢ € Ly:
(P,*) F ¢ justin case for all we P, w, * F ¢.

Among all belief states, there is one which has special significance. This state stands for the
happy condition of an uncorrupted believer who is innocent of everything except logic. It is

denoted:

This state is defined to be (W, =), where = is the function that maps, for every world w, every
set of possible worlds onto itself. In this blissful state of ignorance any possible world atall
might yet turn out to be the actual world, and any possible world where some sentence is true is

a normal possible world where that sentence is true.2

2.2.2. UPDATES

We now go on to define the function by means of which beliefstates are updated with L>
sentences. For the meantime the update function will be only partial, being defined for all belief
states but only for sentences which are >x- free, or of the form ¢ x >x yx. Note that all of the
patterns of generic reasoning described earlier are entirely within this fragment of L.

DEFINITION: For each belief state (P,*), define (P,*)+¢ accordingly as ¢ is >x-free or of the
form @x >x wx:
1 where @ is >x_free
(P.*)+ =defn P N [9],%), and
ii.  where @ is of the form @x >, yx,
(P!*)+q) =defn (Pv 9),
in which @ is the normality function defined by:

for each de D and for each w € P: ®(w, [@dl) =defn *(w, [¢d]) M [yd],
and otherwise €@ coincides with *,

The first clause says that on leaming that Sam is a dodo, the set of ones epistemic possibilities
is reduced to those possible worlds where Sam is a dodo. The second clause says that on
learning that Birds fly, the sets of worlds where Sam, Tommy, Ully etc. are normal birds are to
be reduced to those worlds where Sam, Tommy, Ully etc. are birds which fly. The following
facts about updates are worthy of note:

FACTS:

s+QF @
sk iff s+p=s

2 This is one way of thmkmE about what it is to have no informaftion about what is normally the case, but not the

only way. Another is to think of ignorance, about say whether or not birds fly, as having among ones epistemic

possibilities some possible worlds where it holds that birds fly, and others wﬁere it is not so that birds tly. We are

cﬂcl)irsnmg 1o think that this second explication of ignorance is the better one, and will adopt it in the next version of
paper.
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(s+Q)+y = (s+y)+o that is, updates are order-insensitive.

Now letting a belief revision model be any pair <B,+> of which f is a set of belief states and +
defined as above, we define the monotonic core entailment notion F as follows:
DEFINITION: ForI'CLs,¢ € L

I" F ¢ iff for all belief revision models <, +>and alls € B,if sk I thens k.

FACTS:
F @, where ¢ is a theorem of first-order logic.
Fo>x @
Q> T
FO>x Y& 0> L o>y &
Fo&y>x9

There are other desirable axiom schemes which are not validated by the semantics as it stands.
The following one cormresponds to the Dudley Doorite argument scheme:

(DD) o>y &L>xy > ovi>y

The question immediately arises of whether there are extra static requirements which could be
placed on belief states, and extra dynamic requirements which could be placed on the update
function, which would validate the above scheme (DD). The answer is in both cases yes:

DEFINITION: A worlds selection function * respects unions just incase for all possible worlds
w and all sets p and q of possible worlds; *(w, p Uq) € *(w,p) U *(w, q).

It is now not difficult to verify that the scheme (DD) expresses the requirement that selection
functions respect unions, in the sense that this scheme is valid just incase all selection functions
respect unions. Now we need a new definition before showing how a dynamic restriction can
be placed on the revision function which guarantees that (the selection functions of) belief states
resulting from revisions respect unions. We define the relation « on belief states. Intuitively,
(P,*} « (Q,# means that (P.*) is stronger than (Q,#) as far as information about normality is
concerned, while agreeing with (P,*) about what is in fact the case. Formally, this relation is
defined to be the following partial order:

DEFINITION: (P,*) « (P,#) justin case for all we P, pe W, *(w,p) C#(w, p).

Now starting from the update function + defined earlier, which is not guaranteed to deliever
belief states which respect unions, we show how to define a new update function @ which is
guaranteed to do so. To this end consider, for any belief state (P,*) and sentence @, the set {s:5 «
(P,*)+@ and s respects unions} of all belief states stronger than (P,*)+¢ which verify the
scheme (DD). We know that this set is non-empty. It contains a state using the selection
function * such that for arbitrary q, *(w, q) = ¢ . It is not difficult to very that any « chain of
belief states within this set has aselement, maximal on «, which is in this set. Zorn's lemma then
informs us that it has a unique «-maximal element. This partially justifies the following
definition:

DEFINITION: For each belief state (P,*) and sentence ¢ for which + is defined, let (P,*)&¢ be
the «-maximal element of {s: s « (P,*)+@ and s respects unions}.

What this definition gives us, intuitively, is the weakest state stronger than s + @ that validates
(DD). From now on we shall take + to be defined as @ is in the definition just given.
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2.3. The Non-Monotonic Periphery

So far one might notice something odd about this system that purports to be non-monotonic. It
is monotonic. To get non-monotonicity, we need to refine and make precise two intuitive
notions. To conclude from the fact that birds fly and that Tweety is a bird that Tweety flies, we
need to make two assumptions:

1) that we know no other facts than what we are given (in particular, we don't know that

Tweety does not fly) and

2) that everyone and everything is as normal as these facts allow.
The first notion can be made precise using the notion of updating. "Knowing no more than
{1, ... ¥a}" comes to being in the belief state

(...( @ +FY)+Y2)+.. )+ Y

Finding a technical way of making the second assumption of maximal normality requires a bit
more work. First we expand our belief revision models to triples <f, + ,<>, adding a relation
< which is defined on all belief states (that is, not just on those in B). Intuitively, s< T just in
case T strengthens s by assuming some individual to be more normal in some respect than s
assumes him to be. This relation we define in terms of the following one, which is intended to
say what it is for an individual & to be considered no less normal a ¢ in a belief state (Q, #) than
in a weaker belief state (P, *):

DEFINITION:

(P, :)< 5. (Q, #) iff

L Q =P\ ({pdN\Uyw e P *(w, [9d])), FPN(Uw e P *(w, [¢3] ) # g, and
ii. Q=P Otherwise.

while foreach w € P and foreachp e (W)

iii.  #(w,p) =*w, pP)\([(P3\ *(w, {@d]), If ¥(w, p) N *(w, [@d] )% &
iv. #(w, p) = *(w, p) Otherwise.

This definition is in need of some elaboration. What is it now for an individual 8 to be
considered no less normal a ¢ in a belief state (Q, #) than in a weaker belief state (P, *)?
Clauses i. and ii. say what this means as far as epistemic possibilities are concemed. If, as we
intend, *(w, [¢8]) stands for the set of possible worlds in which, as far as an isolated w and *
are concerned, an individual 8 is a normal @, then Uy ¢ P *(w, [98])) is the set of possible
worlds in which a whole belief state (P,*) considers & to be a normal ¢. Clause i., then, requires
Q to "strengthen" P by removing from P those possible worlds in which 8, though a @, is not
considered by (P, *) to be a normal ¢. The restriction on clause i. and clause ii. together express
that if (P,*) already believes & to be an abnormal ¢, then the assumption that 9 is 2 normal ¢ can
no longer be made while keeping all the information in (P,*). Clauses iii. and iv. do for a belief
state's beliefs about what normally holds exactly what i and ii. did for its beliefs about what
aclztually holds (as encoded in the set of epistemnic possibilities) and will not be given a separate
gloss here.

FACT: If for all we P, *(w, [¢d] ) = [¢d], then (P,*)<; o, (Q, #) only if (P,*)=(Q, #).

What this intuitively means is that if a state (P,*) carries no contingent information about what
normally holds when 8 is a ¢, then assuming & to be a normal ¢ does not change (P,*) in any
way. It is worth verifying this fact by simplifying i. and iii. of the above definition on the
assumption that for all we p, *(w, [¢8] ) = [¢d].
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Now we define s< T just in case there are 9, @x such that 5 o, T. Because < is everywhere
defined, we can (and do) require belief revision models to be closed under it. That is, we
require that for any belief revision model <P, + ,<> and belief states s, T with s< tand s € 3,
we have T € B. This relation is reflexive and (apart from these 1 element cycles) well-founded.
Such relations may be called capped. It is easy to check that the reflexivity of < is established
by any O together with an empty predicate, say x#x. Establishing that there are no < cycles
involving more than one belief state is left to the reader as a useful exercise. Likewise worth
verifying is the following: Defining positive sentences to be those in whose prenex normal
form only >-free sentences appear in the scope of the negation sign, we have:

FACT: Positive sentences are stable under the assumption of normality. That is, for all positive
sentences @ and belief states s, T with s< 1,ifsF @ then Ttk @.

In fact all of the premises of the argument forms we set out to capture fall within the positive
fragment of the language. So this fact justifies using the relation to say what it is to assume that
everyone and everything is as normal as is consistent with the hard (positive) beliefs which one
has in some particular belief state. It is simply to move to a maximal element of a < chain
leading from that belief state.

Reasoning about generics intuitively inolves, we said, two things: assuming that the premises
of an argument are all one knows, and assuming that everyone and everything is as normal as is
consistent with these premises. Now that we have fixed the former notion into our semantics as
updating @) with the premises, and the latter notion as following < chains of the resulting
belief state to their maximal elements, the following dynamic definition of the non-monotonic
consequence notion |= will not come as a surprise. Letting s+I" stand for the result of updating
s with all the elements in I, we have:

DEFINITION
T I~ @ iff for all s such that @+ 'S max s, sk ¢.

Note that since< is capped, any< chain leading from a belief state (which verifies any set of
sentences ') has a maximal element. As a result if I” is monotonically consistent, then I is non-
monotonically consistent. Also note that I' F ¢ = I' |= @, and that since the monotonic notion of
consequence contains all the classical validities, our non-monotonic consequence relation is
supraclassical. Now defining @x, Wx, and {x to be independent formulas just in case for each
de D, each formula of the form (—)@x &(—)yx&(—)x is true in some we W, we have for
independent @x, yx, and {x the following facts:

FACTS
¢ >x ¥, ¢(d) |=y(d), butnot
¢ >x ¥, (), ~y(@ I= y(d). (Defeasible Modus Ponens)
P>x Y, ¥>x L= 9>x {, butnot
O>x W ¥>x L, o>x Ll=@>x L (Defeasible Transitivity)
not{ ¢ >x ¥, { >x =y, 0@, {(@ = w(d (or—y(@)}. (Nixon Q)
¢>x Ly>xCkF@vy)>x L {Dudley Dorite)

The Penguin Principle is for us, from a motivational point of view, a very important one: it is
the pattern of generic reasoning in which specific takes precedence over general information
which has been haunting most formalisms for non-monotonic reasoning. The restricted
language in which we have been working does not allow us to state it in its strong form,, since
we do not have strict implication at our disposal with which to state that penguins, strictly, are
birds. We can however state it its weak form, which only makes use of default implications:

¢ >x ¥, ¥ >x L, ¢ >x =L, o) = ~{(d) (Weak Penguin Principle)

- 146 -



The penguin principle is not validated by the semantics as it stands. So just as with the Dudley
Doorite principie (DD), the question arises as to whether there are static and dynamic
constraints which, when placed on belief states and the update function respectively, would
validate it. And once again the answer is in both cases yes:

DEFINITION: A worlds selection function * respects specificity just in case for all possibie
worlds w and all sets p, q and r of possible worlds:
If *(w, p) S q\r and ¥(w,q) C 1, then *(w, @) C r\p

As with (DD), we appeal to « in showing how a dynamic restriction can be placed on the
revision function which guarantees that (the selection functions of) belief states resulting from
revisions respect specificity. The argument is completely analogous to that used in validating
(DD). Starting from the update function + which is not guaranteed to deliever belief states
which respect specificity, we define a new update function @ which is guaranteed to do so. To
this end consider, for any belief state (P,*) and sentence @, the set {s:s « (P,*)+p and s respects
specificity). We know that this set is non-empty. It contains a state using the selection function
* such that for arbitrary q, *(w, q) =g . It is not difficult to very that any «-chain of belief states
within this set has a element, maximal on «, which is in this set. Zom's lemma then informs us
that it has a unique «-maximal element. This partially justifies the following definition:

DEFINITION: For each belief state (P,*) and sentence ¢ for which + is defined, let (P,*)®@ be
the «-maximal element of (s:s « (P,*)+@ and s respects specificity}.

Taking + to be defined as @ is in the definition just given we have, for independent ¢x, yx, and
{x, the following fact:

FACT: ¢ >x Y,y >x §, ¢>x =L, ¢d) I= ~{(d)

This and a selection of the other facts above are illustrated in the next section.

3. Some Worked Examples

We now illustrate the above facts by going through some of the patterns of generic reasoning
which were our original motivation.. We will do a modus ponens, and then defeat it. We will
look at transitivity, and see it defeated too. Finally, we will go through the weak penguin
principle. To make things more perspicuous we introduce the following double simplification:
Firstly, we restrict ourselves to a language containing just three (monadic) predicates. And
secondly, we restrict ourselves to domains containing just a single element. The first restriction
is insignificant in that no surprises are in store when the language is expanded to include other
predicates. The second restriction is more significant since, while the illustrations given below
do just as well for domains with more than one individual, some interesting new questions
relating to the lottery paradox show up there, We turn to this matter in the second version of this
paper.

A few words on how the diagrams below are to be read. What we see in each case is the
evolution of a belief state as it is updated by means of the + function. Then, once all of the
premises of the argument form in question have been read in, we follow < chains to their
maxima and check whether the conclusion of the argument is believed. Dots represent possible
worlds, and circles the epistemic possibilities which are the first components of belief states.
Worlds selection functions, the second components, are represented by means of arrows
leading from possible worlds to (other) possible worlds, which arrows are marked p, g, r etc.
A p-arrow leading from a possible world v to a possible world w means that w € *(v, p).
Where many p-arrows lead from a world to an equivalence class of possible worlds, we replace
them for clarity's sake by a p-balloon. Thus for example
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To distinguish these balloons which represent selection functions from the circles which
represent sets of epistemic possibilities, the latter have been drawn with bold lines.

We adopt furthermore the convention that where p-arrows lead from every epistemic possibility
of a state to every possible world in p (recall that this holds for every p in the naive state, and
just means that the selection function in question carries no contingent generic information
about p) none of the p-atrows have been drawn in. In order to justify this convention (and in
order to follow the diagrams below) it is well worth noticing that where no [@d8] -arrows have
been drawn into a belief state (P,*), (P,*)<; o (Q, #) only if (P,*)=(Q, #). This simple
consequence of the fact given directly after the definition of < 4 o, justifies the above convention,
since it means that in finding our way along < chains we can forget all about invisable arrows.
To make things clearer we also leave out any arrows we are no longer interested in (say
because we have already reached the maximum of a chain and they do not bear on whether or
not the conclusion of the argument we are interested in is believed or not).

3.1. Modus Ponens ...

We verify that B >x F, B3 I= F3. In the language with non—logical symbols {S,B,F, §} we
have in total eight possible worlds, so that @ is the following state:

B F6--56

B&—F5 S8 —B5F5 55

BS —F5 S8

—B& F§ 58

—B&—F5 S8

—B5—F5 S8

Updating this state with the premise B >x F, the selection function is modified such that [B&]-
arrows run only to (all) worlds in {F8). The resulting state is as follows, in which all arrows are
[B}-arrows.

BB Fb -84

—BSF3 S5

—~B3F5—S3
—B§ -Fd S —BS ~F5 -5

Next we update with the second premise, B3, which has the effect of shrinking the set of
epistemic possibilities to those worlds where B is true. This results in the following belief
state:
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—B3F5 538

B8 F5 S8

—B5-F8S8  —B3—Fb-S8

We now have to follow to their maximal elements all < chains leading from this belief state, and
there check to see whether the conclusion of the modus ponens is believed. In fact, as the reader
can verify with pencil and paper, there is a unique such maximal element, and it is this:

BS —F5 S5 —B& F5 55

B3 —F5 -85 —B3 F§ S8

—B8—F3 55 —B& —F5 S8

Clearly this is a belief state which supports F8. So we have just verified that B > F, B3 |= Fd.
3.2. ...and the defeat of Modus Ponens
We want now to see how adding —F9 to the premises of the previous argument defeats the

conclusion that F3. That is, we want to verify that not B >x F, B§, —F9 |= F3. To this end,
after updating with Bd above we update with —F3, thereby arriving at the following belief state:

B3 F3 88 B§ F8 8%

B3 —F5 $5 —BSF5 S5

B5—F5-$3 —B3 F5 —S5
~B§—F8 85 ~B5F§ 58

It is not difficult to check, now, that this belief state is itself a maximal element of < (since the
only way for this state to bear the relation < to any other state is in virtue of the failure clauses
iii. and iv. of the definition of <, which leave everything as it is).

Clearly this state supports —F9, and does not support F8. So B >x F, B3, —F8 |~ —F8, and not
B >x F, B§, —F8 I= F§.

3.3. Transitivity...

- 149 -



We now want to show that S >y B, B >x Fl= S >x F. To this end we update @) successively
with § >x B and B >x F, obtaining as a result the following belief state (here [Sd]-arrows are
continuous, while the [S8]-arrows are broken). Below this state have been drawn the only two
nontrivial < chains, at the end of each of which the conclusion of the argument, S >x F, is
believed. This validates the argument.

B5—F5 85 —B3F553

—~B3~F5 S5 —B5 —F§ —S§

—B38 —Fb S§

Note that as required to show that S >x B, B >x FI= § >x F, each of these < maximal states
believes that S >x F.
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3.4. ...and Transitivity Defeated

We now want to see what happens if information is added to the effect that sparrows do not fly
(this is of course not true, but that does not matter. Pretend for the moment that sparrow is our
word for penguin). Then the conclusion that sparrows fly should no longer follow, so we now
want to show that it is not so that S >x B, B >x F, S >x —F |= S >x F. Updating the naive
belief state @ with the premises S >x B, B >x F, S >x —F, we arrive at the belief state
represented below. Leading down from it are again (the only two non-trivial) < chains,
terminating at their maximal elements. At none of these maximal elements is S >x F believed,
which is as we wanted it to be.

—B5—F558  —B§—F5-S3

B8 —F8 83

—B5 —F5 S8

B& F5 S

—~—B5F8 58

—B3 —F5 S5 B8 —F§ S5
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3.5. The Weak Penguin Principle

As a last worked example we now go on to verify an instance of the weak penguin principle.
Again pretending that sparrows are penguins (so as to make good use of the work already done
above), we show that S >x B, B >x F, S >x —F, $3 |= —FJ. To this end, as in the example
above is updated with successively S >x B, B >x F, § >x —F, but this time S§ is added
t0o. This results in the following belief state, under which the (only two non-trivial) < chains
have once again been drawn. Clearly their two maximal elements believe —F9, the conclusion of
the weak penguin principle. Which is what was needed.

BS —F5 S5 ~B8 F558
B&Fd S8 —B& F3 -85
—B&—F5 53 —B5—F5-S3
A\ sf \
B8 F555 B5 F5—S8

—B3 —Fd 86 —BJ —F6 -53

A -

BBF5S58 B& F3-$5 B&F5 S5 B3 F3 S8

BS —F5 54 -B5§ F5 55 B3 —F5 54 —B5 F558

B3 —F5 S5 *-B FB S8 B3 —F5 S5 B F§—S8
~B5—F5S5  —BS—-F&-Sb ~B5—F556  —BS-F8—Sb
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4, Comparisons with other Approaches to Nonmonotonic Reasoning

In a sense, the theory of nonmonotonic reasoning with which this one compares best is the
theory of nonmonotonic semantic networks due to Touretzky, Horty and Thomason (1987).
Their theory, like this one, takes defeasible modus ponens, defeasible transitivity and the
penguin principle to be the argument forms which a theory of nonmonotonic reasoning must
validate, and like this one their theory validates the penguin principle without recourse to a
ghost. One important way in which this this approach differs from theirs, however, is its
greater expressive power. With our modal semantics, boolean combinations of concepts are
immediately at hand. This results in the validity in our theory, but not in theirs, of argument
schemes in which composite concepts inherit properties from the parts of which they are
composed-- e.g. Dudley Doorite. Another point where the greater expressive power of this
theory shows up is in what might be called cyclic default theories, of which a simple example
would be birds fly together with flying things are birds (presumably true before the advent of
acroplanes). Such theories cannot be represented in semantic networks for technical reasons
having to do with the inheritance algorithm, but present no special difficulty for us.

Another theory of generics and defaults to which this one bears some resemblence at the
level of technical realisation is that of Delgrande (1987). His, like ours, belongs to the tradition
of possible worlds semantics, rebuilding the Stalnaker-Lewis semantics of conditionals as a
semantics for generics. And his, like ours, takes a generic like Birds fly to mean more or less
that any individual bird can under normal circumstances fly. In spite of coming from the same
philosophical nest, the two theories diverge in important ways. First ours is dynamic; his is
not. More significantly, Delgrande’s theory, like practically everybody elses, makes use of
various mechanisms built on top of the basic semantics in order to get things working properly.

A final point of comparison is Veltman's (1989) theory, by which we were originally
inspired. Although also a modal semantics for defaults and also dynamic, Veltman's theory
differs from ours in at least the following ways: a) he restricts himself to a propositional
language, whereas we give a semantics for a default quantifier with exceptions; b) in Veltman,
default rules are not defeasible. Once they follow from some premises, they continue to follow
no matter how the premises are added to. Clearly such a semantics cannot account for the
pattern of defeasible transitivity.
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