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Abstract

This thesis explores the statistical mechanics of idealized model systems of
hard-core rods and “sticky” hard rods, as well as the behavior of a machine
learning algorithm. Rods are constrained to square and cubic-type lattices: in
monolayer confinement ((2+1)D), in the three-dimensional bulk (3D), and in
full confinement to two dimensions (2D).

We study rods in (2+1)D in a basic model system for early stages of thin film
growth with anisotropic particles. We write, develop, and execute a very large
array of kinetic Monte Carlo (KMC) simulations of the nonequilibrium dynam-
ics. The physics of monolayer growth with sticky hard rods is extremely rich.
The bounty of phenomena on metastable phases and complex phase transi-
tion kinetics we find has not been addressed before by comparable simulation
or analytical models. We identify at least five different phase transition sce-
narios; the different dynamical regimes are traceable in the 2D plane (“map”)
spanned by the reduced temperature (or attraction strength) and deposition-
flux–to–diffusion ratio. The rod-length as well as simple substrate potentials
further shift these regimes and alter the topology of the “map”, i.e. the set of
phase transition scenarios. The specific model choice for microscopic rotational
dynamics of rods is another, surprisingly important factor altering the kinetics
and, therewith, the morphological evolution.

For the limiting case of purely hard-core rods, we find excellent agreement
between KMC simulations and a corresponding lattice dynamical density func-
tional theory formulated for monolayer growth. The latter is based on a lattice
fundamental measure theory formulated for our hard-core rods on lattices.
Deviations to KMC simulations are most visible near jamming transitions. In
the same, purely hard-core limit, we compare the lattice rods to a continuum
model of hard spherocylinders – first in equilibrium, then under growth con-
ditions. These show strong qualitative similarities, despite entailing different
“equation-of-states” (virial coefficients).

We simulate 3D and 2D systems of hard and sticky hard rods in the grand
canonical ensemble to characterize their phase behavior, focusing on the
isotropic–nematic orientational transitions. The nature of 3D nematic ordering
is very different when compared to e.g. liquid crystal models in the continuum.
We find this transition is only weakly first-order in the purely hard-core limit.
Moreover, for rod-lengths 5 and 6, ordering is realized when one orientation
is suppressed rather than dominant – a unique feature of the fully discretized
degrees of freedom. We present the 3D bulk phase diagrams for sticky hard
rods at multiple rod-lengths, and another for full 2D confinement. In the
latter, a heightened competition between isotropic–nematic and vapor–liquid
ordering transitions leads to presumably tricritical behavior.

We train beta-variational autoencoders (β-VAEs) – an unsupervised and
generative machine learning algorithm – on configurations of the 2D sticky-
hard-rod model in order to better understand their learning capabilities and
limits. The algorithms appear to “coarse grain” the configurations of the hard
rods. The upper limit on the resolution, i.e. how detailed the reconstructed or
generated configurations appear, is set by the chosen latent-space dimension.
The specific level-of-resolution is also sensitive to the hyperparameter β, where
mode collapse occurs past a threshold value. We interpret the latent variables
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as fluctuating collective variables in the rod system. Intriguingly, at the thresh-
old state of β, these form a broad, “disentangled” coarse-graining hierarchy.
The first two latent variables are identifiable with the 2D thermodynamic or-
der parameter of the rod system. The paired encoding on latent space – the
means and variances for the multivariate Gaussian model posterior – renders
highly sensitive information to thermodynamic (Boltzmann-Gibbs) states of
the rod system. The full generative model appears to (approximately) repre-
sent a critical state that could be expected for a finite-sized system. However
the interpretability of the model remains limited as it does not represent a true
thermodynamic state.
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Zusammenfassung

Diese Arbeit beschäftigt sich mit der statistischen Physik idealisierter Modell-
systeme harter als auch attraktiver Stäbchen und dem Lernverhalten von ma-
schinellen Lernalgorithmen. Als Modellsysteme werden quadratische und ku-
bische Gittersysteme verwendet: Stäbchen in 2D eingeschränkter Geometrie, in
der (2+1)D-Monolage und im 3D „bulk“. Um fundamentale Erkenntnisse über
das Dünnschichtwachstum anisotroper Partikel zu gewinnen, modellieren wir
die Physik mit einem (2+1)D Stäbchensystem. Zu diesem Zweck wurden im
Rahmen dieser Arbeit kinetische Monte-Carlo (KMC) Simulationen entwickelt,
durchgeführt und deren Ergebnisse analysiert. Diese Simulationen sind spezi-
ell dafür konzipiert, die Nichtgleichgewichtsphysik dieser Systeme zu unter-
suchen. Im Falle attraktiver Stäbchen ist die beobachtete Physik sehr vielfältig,
beinhaltet metastabile Zwischenphasen und daraus resultierend eine komple-
xe Phasenübergangskinetik. Wir finden eine große Anzahl von physikalischen
Phänomenen, die bisher nicht in vergleichbaren Studien untersucht wurden.
Wir identifizieren und charakterisieren fünf unterschiedliche Phasenübergangs-
szenarien, die verschiedene dynamische Regime definieren. Diese können in
einer speziellen zeit-, temperatur- und quenchratenabhängigen Orientierungs-
ordnungsparameterkarte identifiziert werde. Die Topologie dieser Karte kann
mit Hilfe der Stäbchenlänge und einem attraktiven Substratpotential modifi-
ziert werden: Phasenübergangsszenarien können verschoben oder gar entfernt
werden. Ein weiterer wichtiger Stellparameter ist die spezifische mikroskopi-
sche Dynamik der Stäbchenrotation, die überraschenderweise einen enormen
Einfluss auf die Phasenübergangskinetik hat.

Für den Fall des Monolagenwachstums mit rein harten Stäbchen finden wir
eine hervorragende Übereinstimmung zwischen der KMC-Simulation und ei-
ner speziell für dieses Problem formulierten dynamische Dichtefunktionaltheo-
rie. Unterschiede können nahe am Einfrieren der Dynamik („jamming“) iden-
tifiziert werden. Ein analoger Vergleich mit einer Kontinuumssimulation von
Sphärozylindern zeigt für beide Simulationen qualitativ dieselbe Physik, ob-
wohl ihnen unterschiedliche „Zustandsgleichungen“ (Virialkoeffizienten) zu
Grunde liegen.

Um das Gleichgewichtsphasenverhalten dieser Stäbchensysteme in 2D und
3D zu charakterisieren, haben wir spezielle Simulationen im Großkanonischen
Ensemble durchgeführt, wobei der Fokus auf den isotrop-nematischen Orien-
tierungsübergang gelegt wurde. Die Natur des 3D-Orientierungsübergangs in
den Gittersystemen unterscheidet sich signifikant von dem in Flüssigkristall-
modellen. Der in Gittermodellen beobachtete isotrop-nematische Übergang ist
ein Phasenübergang von sehr schwacher erster Ordnung. Darüber hinaus konn-
te beobachtet werden, dass die Orientierungsordnung für Stäbchen der Länge
5 und 6 dadurch realisiert wird, indem eine der möglichen Orientierungen
unterdrückt wird. Final präsentieren wir Phasendiagramme für 3D-Systeme
attraktiver Stäbchen und ein weiteres für ein 2D-System. Im letzteren führt
die Konkurrenz zwischen dem isotropisch-nematischen und dem Gas-Flüssig
Übergang zu einem tri-kritischen Verhalten.

Um das Lernverhalten einer speziellen Klasse nicht-unterwiesener und ge-
nerativer maschineller Lernalgorithmen („beta-variational-autoencoders“ – β-
VAEs) zu erforschen, zu verstehen und somit eindeutiger interpretieren zu
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können, wurde diese Algorithmen mit den physikalischen Konfigurationen ei-
nes ausgiebig untersuchten 2D Systems harter Stäbchen trainiert. Wir kommen
zu dem Schluss, dass die Algorithmen die Komplexität der Stäbchenkonfigura-
tionen im Sinne eines physikalischen „coarse-graining“ reduzieren. Die obere
Grenze der Auflösung – d.h. wie „grobkörning“ die rekonstruierte oder gene-
rierte Konfiguration erscheint - wird dabei von der Dimension des latenten
Raums bestimmt. Desweiteren beeinflusst der Hyperparameter β diese Auflö-
sung: Wird der β-Parameter oberhalb eines bestimmten Schwellwertes justiert,
hat dies einen „mode collapse“ zur Folge. Ein wichtiges Ergebnis ist, dass
sich die latenten Variablen mit den kollektiven Variablen des physikalischen
Stäbchensystems identifizieren lassen. Interessanterweise formen die latenten
Variablen eine „entwirrte“ Hierarchie, wenn β einen Wert knapp unterhalb des
Schwellwert annimmt. Die ersten beiden latenten Variablen können generell
mit dem thermodynamischen 2D-Ordnungsparameter des Stäbchensystems
identifiziert werden. Die „paarweise“ Kodierungen im latenten Raum, die über
die Mittelwerte und Varianzen des Gaußschen Modells gegeben sind, liefern
sensitive Informationen über die thermodynamischen (Boltzmann-Gibbs) Zu-
stände des Stäbchensystems. Wenn das gesamte generative Modell hingegen
keinen wahren thermodynamischen Zustand repräsentiert, ist es nicht eindeu-
tig interpretierbar.
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Chapter 1

Introduction

Fools ignore complexity. Pragmatists suffer it. Some can
avoid it. Geniuses remove it.

Alan Perlis

This thesis addresses the physics of classical many-body systems of rod-
like particles, as well as machine learning pertaining to one class of algorithms.
We study the statistical mechanics of simple, highly-idealized model systems
of hard rods constrained to square and cubic-type lattices: in the bulk (3D),
in full two-dimensional confinement (2D), as well in monolayer confinement
((2+1)D), the latter of which is depicted in Fig. 1.1. This thesis also studies
unsupervised and generative machine learning by training specific algorithms
upon configurations of these hard-rod systems in 2D.

F I G U R E 1 . 1 : Artist’s depiction of the lattice model of hard-
core rods, shown for the case of (2+1)D monolayer confinement,
which we investigate in part II of this thesis (please see main
text). A cubic-type lattice (also in 3D) allows for only three possi-
ble rod orientations: standing (magenta) and two lying (yellow
and blue) orientations. In full 2D confinement, the lattice con-

straint allows for only two possible rod orientations.

We will consider hard (and “sticky”) rods in monolayer confinement (maxi-
mally one layer at a substrate) in order to better understand the nonequilibrium
dynamics of a generic model system for thin film growth with anisotropic par-
ticles. We will perform a very large array of kinetic Monte Carlo simulations
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that we designed, wrote and developed for this research purpose, which we
shall motivate in the following paragraphs.

In current times, a large body of research studies thin film growth with
rod-like organic molecules, where fundamentals for many modern materials
are being explored and established [1–6]. Producing films of organic molecules
with custom structural properties is a promising prospect: They have a huge po-
tential owing to their larger number of degrees of freedom (they are anisotropic
and entail complicated interaction potentials). Thus, various crystalline or even
amorphous states can occur at initial and throughout later stages of growth [7–
16]. In principle, the scales of resulting coherent structures could be modified if
the phase transition kinetics during self-assembly were fully understood. Yet,
there is a dearth of understanding to this end. For one thing, each molecular
system entails different thermodynamically stable as well as metastable struc-
tures, generally speaking. Moreover, whichever form of kinetics will depend
on control parameters of the growth experiment – the simplest are tempera-
tures and flux rate of newly deposited particles. In this driven nonequilibrium
setting of a constant deposition influx of new particles, the system can end
up visiting states that are non-ergodic. Therefore, the full story is very compli-
cated, and simple model systems are absolutely necessary for a fundamental
understanding.

We will discuss how organic molecular thin film systems can be understood
as situated in-between typical colloidal systems [17–19] and atomic systems
[20, 21]. Their strong directional interactions generate highly ordered (i.e. crys-
talline) structures, which may admit the use of a coarse-grained model with
discretized degrees of freedom.1 Our simple, dynamical, on-lattice model sys-
tem of anisotropic particles will demonstrate that the nonequilibrium physics
of thin film growth is very rich. It entails complex phase transition kinetics in-
volving metastable phases. Very basically, the orientational and translational de-
grees of freedom will be coupled in highly nontrivial ways, leading to collective
reorientation processes and a competition between the growth of differently-
oriented structures. Kinetic Monte Carlo (KMC) simulation methods that we
employ are perfectly attuned for lattice systems, and are event-driven [22–24],
allowing us to vary the dynamics across seven to eight orders of magnitude.
The phenomena and effects we will present have not been addressed by com-
parable simulation or analytical approaches before.2

In many soft matter model systems, the limit of very high temperatures (in
equilibrium) represents the case of purely hard-core interactions [25, 26]. This
is generally true when attractions remain short-ranged, which may be denoted
“sticky”. Purely-hard-core interacting systems are amenable to state-of-the-art
analytical approaches for complex liquids in equilibrium, i.e. fundamental mea-
sure theory (FMT) [27–30], which belongs to the broader scope of classical
density functional theory (DFT) [26, 31–33]. Moreover, dynamical density func-
tional theory (DDFT) is a dynamical extension to the equilibrium theory (see
also Refs. [31, 34–37]). It incorporates correlations, at least approximately, into
an effective equation-of-motion – of density distributions in nonequilibrium
conditions. Therefore, we will also present a detailed study on this limiting
case of monolayers of purely hard-core rods, comparing equilibrium [38] as
well as nonequilibrium (KMC) simulations to these analytical theories.

1A discussion thereof is found in Ch. 2.4.
2Please see the latter Sec. 1.2 for a more detailed discussion.
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Important for predicting structures grown in thicker, multi-layer films is a
good understanding of the bulk phase diagrams. However, these are often not
known, and molecules in solution can entail different phase behavior than in
thin films,3 which are typically grown under (ultra-high-)vacuum conditions [1,
3, 6]. If we introduce a new model for thin film growth, then understanding the
multilayer phase behavior (in semi-confinement with a substrate wall) would
be desirable, as well. In this thesis, we study the extreme limiting case – the 3D
bulk – of the same model we have introduced for thin film growth: hard and
“sticky” rods on cubic lattices.

From another viewpoint, although particle anisotropy has long been known
to induce orientational ordering in a bulk system, i.e. a nematic transition
[26, 39–42], the effect of constraining anisotropic particles to lattices is not
fully-understood. This is true despite the fact that though lattice systems have
traditionally held a special place in theory development [43–49]. Simple models
in the literature studying orientational transitions in the bulk are either only
discretized in rotational degrees of freedom, or are spin-like models on lattices
(no hard-core interactions). In this thesis, we contribute to both soft matter
physics as well as a broader field of statistical mechanics by characterizing the
isotropic–nematic transition and corresponding phase diagrams of systems of
hard, as well as sticky hard rods constrained to cubic (3D) and square (2D)
lattices.

Finally, we aim to explore the currently booming field of machine learning
by studying one particular unsupervised and generative algorithm – (beta-)
variational autoencoders [50–52]. In order to understand their capabilities and
limits better, we observe their learning behavior when trained upon configura-
tions of a well-characterized (well-understood) many-body model system: the
same model system of sticky hard rods in 2D confinement that we will have
characterized beforehand in this thesis. The so-called generative capabilities of
the algorithm originate from learning a probabilistic (approximative) model
of the observed data. In an exploratory study with some statistical-physics
“reverse engineering”, we attempt to understand what (beta-) variational
autoencoders are learning about the physical model system. For example, we
are interested in whether they are learning the most important macroscopic
properties like order parameters. We also hope to gain insight on the physical
meaning of the probabilistic model that is learned, i.e. whether it can be
interpreted in terms of thermodynamic (equilibrium) states of the system.

We have written this thesis out of a number of projects, where each ad-
dressed scientific questions that require different methodical approaches, but
also belong to different bodies of knowledge: We will investigate both equilib-
rium and nonequilibrium physics, as well as machine learning in this thesis.
Therefore, in the following motivation, Sec. 1.1, we will try to set the stage at a
very generic level. An introduction to each, specific research topic will follow
thereafter.

3Most basically, this can be understood as owing to the confinement setup. Please see discus-
sion in Ch. 2.2.
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1.1 A theoretical motivation

Idealizations in physics are the aim “to find the point of view from which the subject
appears in the greatest simplicity,” as Gibbs once said.4 In physics, we transcribe
the complex world into ideal (mathematical) entities and look for analogies
between seemingly disparate systems. Surely, we can “undo” some of the loss
of complexity by gradually adding details back, extending models step-by-
step. But, more importantly, we must be wary not to remove the very things in
a model that are giving it its realistic properties in the first place. To put it in
the famous words of Einstein, “Everything must be made as simple as possible. But
not simpler.” The dance between idealization – to be able to make practical use
of intelligible and actionable models – and the constant re-assessment of their
success and limitations sums up the daily business of (classical many-body)
physics. This thesis exemplifies this method-of-action and process, in which we
introduce and study the physics of very simple model systems of anisotropic
particles in equilibrium and nonequilibrium contexts.

Statistical mechanics attempts to connect the macroscopic world of systems
composed of many bodies with the microscopic physics of inter-particle interac-
tions. Arguably, the concept of a “body” in classical physics awakens a platonic
notion of a geometric object with well-defined boundaries. In this sense, we are
compelled to understand the behavior of a macroscopic system of discernible ob-
jects. Uncovering the laws governing dense assemblages of extended bodies is
the core of liquid state theory [26], which attempts to address, most fundamen-
tally, the effects of particle exclusion (hard-core repulsion), as well as “extra”
inter-particle interactions, usually presumed to be simple in character.

Colloidal systems can realize this platonic notion – of assemblages of mi-
croscopic, idealized bodies – in “real-world” experiments. The inter-particle
interactions are short-ranged and weak enough to allow for the study of particle
dynamics and self-assembly kinetics in real time due to the relatively large par-
ticle size (their response to forces is “slow”). Therefore, colloidal model systems
provide a place to look for how and why matter re-arranges into macroscopic
objects. They can aid us with a better understanding of the basic mechanisms
behind crystallization of atomic matter, where in the latter, particle rearrange-
ment dynamics are so fast that what are deemed as “many-body” effects are
virtually invisible. In contrast, in the realm of slower, soft-matter or colloidal
systems, subtler distinctions between “entropy-driven” versus “energy-driven”
effects are possible. Yet, even the platonically most simple of soft matter sys-
tems – that of hard spheres – continues to challenge our current theoretical
understanding in some of the most important questions: The full statistical
problem in equilibrium has not been solved exactly to date (in the case of our
two- or three-dimensional world), neither has that of the dynamics in nonequi-
librium conditions.

Phase transitions are probably the most poignant example of complex be-
havior in many-body systems, and are at the heart of the study of condensed
matter out-of-equilibrium. Lattice models have been pivotal, historically, for
opening up theoretical study thereof. “Why study a simple model like the Ising
[43] model?”, as Kadanoff puts it [53]. It had been used to prove that sponta-
neous magnetization was an emergent phenomenon [54, 55]. The simplicity
behind it (and other lattice models) has enabled us to formulate elementary

4Quoted in A. L. Mackay, Dictionary of Scientific Quotations, London (1994).
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questions: Under which conditions do phase transitions occur? What happens
upon changing the details of the microscopic model? It appears that many, if
not most systems showing critical behavior can be organized into particular
classes [44, 48, 56–58]. Only a few, simple aspects turn out to be relevant for
critical behavior, such as the range of inter-particle interactions, dimensionality
of the system, and symmetry – and not on many other details about a material.
Along these lines, lattice models can be considered the “fruit-flies” of statistical
physics, offering a steady place to work and return to foundational questions.

In contrast, many of the models studied in liquid state theory and soft
matter entail continuous degrees of freedom, in particular those exemplifying
entropy-driven orientational ordering: Colloidal systems of rods or liquid crys-
tals showcase a transition where individual particles become aligned, on aver-
age, in the same direction: the isotropic–nematic transition in three-dimensional
bulk [25, 26, 39, 40, 42, 59, 60]. Thus, orientational ordering is typically under-
stood in terms of continuous rotational degrees of freedom.

As to lattice models, orientational degrees of freedom have traditionally
been incorporated via spin-type interaction Hamiltonians (e.g. XY models) [49,
58]. However, these are fundamentally different, as these interaction poten-
tials are not hard-core-repulsive. A hard-body interaction implies a model of
extended bodies, where particles exclude volumes of space from other particles
during their motion – the basis of all entropy-driven phenomena. Lattice-model
counterparts to hard-body models from the continuum are lesser-known or
studied in the literature: We make a contribution in this thesis by investigating
systems of (long) hard rods on square and cubic lattices.

One question arises immediately – can lattice models be used as aliases for
soft matter systems, in particular when the particles are anisotropic? Clearly,
lattice and continuum models express fundamentally different symmetries. A
theoretical procedure to convert a continuum model of a rod to a discretized
version is not known, let alone may even be impossible. Nevertheless, know-
ing the phase diagrams in each case is imperative. Markov-Chain Monte Carlo
simulation methods [38, 61–63] are key in this regard. They render formally
exact estimates of observables in equilibrium (after properly accounting for
finite-size effects and statistical (sampling) errors). We study the phase behav-
ior of lattice models of hard rods in part III, as well as within part II of this
thesis. In part II, we compare lattice and continuum hard-rod systems directly
in monolayer confinement. In part III, we will find on-lattice models of hard
rods behave very differently, indeed, compared to well-known systems from
the continuum.

Complementary information can be gained when studying each system
under nonequilibrium conditions. There, collective dynamical phenomena can
occur such as (metastable) gelation, glassy behavior, or dynamical arrest. We
compare the nonequilibrium dynamics of hard rods in monolayer confinement
to a continuum model directly in part II of this thesis. While the continuum
model is simulated to undergo Brownian dynamics at local scales, the lattice
model presumes Markovian dynamics at the smallest relevant scale of treat-
ment, using the KMC approach. We will discuss these presumptions again in a
chapter on theoretical fundamentals, Ch. 3. Collective dynamical phenomena
like arrest and gelation will become strongly apparent in the lattice model, in
particular after the addition of “sticky” attractions.
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In our investigations of physics with simple model systems, we become part
of a larger quest: to search for effective physical laws at intermediate scales of
space and time. In statistical mechanical theory of equilibrium, time loses its
meaning. All relevant statistical relationships (in infinite time) are encapsulated
in a partition function or free energy function(al). If we can treat a density
distribution of particle occupation in space, as in density functional theory,
a free energy functional thereof is minimized in equilibrium (with a static
external potential or constraint), rendering a unique solution. In this picture,
the relevant laws of physics can be expressed, formally, in terms of stationary,
average quantities with fluctuations. Correlation functions are expressible as
higher-order derivatives of the functional [26, 58, 64–67].

However, finding a tractable solution to the generating functional (free en-
ergy functional or partition function) of interacting many-body systems poses
one of the greatest intellectual challenges in condensed matter and statistical
physics that, in the context of classical systems, remains unsolved for nearly
all two- and three-dimensional systems. Traditionally, mean-field approxima-
tions have been utilized with some notable success – e.g. for producing ap-
proximate phase diagrams, predicting scaling behavior, or even for modeling
near-equilibrium dynamics (which is another story worth discussing) [49, 65,
68]. As they fail to capture correlations correctly, relevant effects at mesoscopic
scales may be left out.

Systems of particles that entail both translational and rotational degrees of
freedom at the one-body scale (like hard rods) are particularly difficult cases.
The long-range correlative effects of hard-core repulsions in liquids are a major
challenge against mean-field approaches. Fundamental measure theory (FMT)
makes an astute attempt at incorporating correlations, specifically designed
for the case of hard-core repulsions [27–30, 32, 33, 69]. Fortunately, as long as
attractions remain short-ranged, these can be treated on an effective level – they
can be mapped to repulsive forces due to a depletant, at least for systems in
equilibrium conditions [70–72]. In this thesis in part II, we compare simulations
against FMT formulated for hard rods on lattices, both in the purely-hard-core
case, as well as for additional, short-ranged (“sticky”) attractions.

On the other side of the spectrum, systems far-from-equilibrium are more
than just intriguing, they are fundamental to our own existence: Life itself
[73] as well as computers and computation [74, 75] are inherently highly non-
equilibrium phenomena. A more tangible concept is pattern formation which
we observe in nature – ripples formed on sand due to wind or water, crystals,
or patterns generated by lifeforms, e.g. camouflage. Nonlinearities are inherent
in all these examples, which is why dynamics of nonequilibrium many-body
systems are so nontrivial [76, 77]. Patterns are synonymous with regularities,
thus with a reduction of complexity to something simpler and partially coher-
ent. If we seek to generate these simpler patterns, then, we may only need to
apply a few, simple rules recursively (which is how fractals form). The point
is however, that Nature comes up with the simpler rules herself, like a “blind
watchmaker”.5 (We can speak here, broadly, of emergent phenomena [79, 80].)
Therefore, nonequilibrium phenomena (such as thin film growth) challenge us
to uncover the “rules”, transcribable onto equations of motion for the important
system variables, whatever these may actually be.

5We borrow the phrase Richard Dawkins coined [78] to portray biological evolution via
natural selection.
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While dynamical systems theory [81–84] and nonlinear dynamics [85] can
carve out necessary, basic conditions for asymptotic limits like thermodynamic
equilibrium or steady states to be reached after infinite time, this is only partly
satisfying. Beginning at a microscopic level, we are hit with the reality of an
enormous number of degrees of freedom (of “possibilities”), all of which are
coupled (correlated) in nontrivial ways in a many-body system. Nonequilib-
rium statistical mechanics as a body of knowledge suffers from a long-standing
failure at finding a unified, principled approach. An “all-purpose” recipe to
extract a reduced (let alone tractable) set of equations of motion is still lack-
ing. The highly coupled nature of motion in a many-body system means, in
practice, assumptions are imposed in top-down fashion, and the approxima-
tions on the dynamics may be uncontrolled. The problem is no less easy for
cases where particles are anisotropic in shape (hard-core repulsion). Moreover,
strong confinement requires especial attention, as it can additionally generate
(or, conversely, destroy) correlative effects in fluids.

We explore a system combining all these aspects, where particles are both
anisotropic and confined to a monolayer, as well as treated in nonequilibrium
conditions.

Notably, the founders of statistical mechanics had attempted to explain
equilibrium phenomena from dynamical (or kinematic) considerations [86–
88]. Yet, historically, a different route was taken that postulated stationarity of
probability distributions (ensembles) in equilibrium, tied deeply to the ergodic
hypothesis [64, 89, 90]. This concept is at the basis of optimization principles
like that in density functional theory, developed much later. In contrast, vari-
ational approaches for nonequilibrium are not well-developed or standard in
the field [91, 92]. Dynamical simulations are thus crucially important for any
particular system of interest, and is often the only tool available.

From a theoretical point-of-view, the difficulty with nonequilibrium lies in
the non-Markovian nature of the dynamics of observables. The state of a system
becomes conditioned on its previous history, far back in time [93–97]. In fact,
outcomes can quickly change given a few, subtle adjustments of parameters
(temperature, speed of a driving protocol, experimental waiting times, slight
modifications in the microscopic constituents of the many-body system, num-
ber of particles, form of confinement, and any systematic or preparation errors).
In other words, systems far-from-equilibrium may be mercurial with respect
to such controllable (or uncontrollable) parameters. Yet, correlations in many-
body systems introduce coherence, generated via particle collisions, which can
ultimately steer the system towards its equilibrium state. Although involving
an intricate competition between internal and external forces, taking place at
various length- and time-scales, root causes for large-scale re-ordering may be
thermodynamic in nature if, for example, phase separation is involved. Thus,
typical behavior can indeed be ascribed to a nonequilibrium evolution, often
phenomenologically; the system may go though different epochs or regimes.

In thin film growth, the physics of the first monolayer is characteristically
different than that of later stages, where the system transitions from a quasi-2D
system to a multi-layer system [20, 21]. Within the sub-monolayer regime
itself, initial kinetics involving island nucleation are different from those
later, when e.g. island ripening and coalescence occurs. To our surprise,
however, we find in this thesis that even island-formation kinetics can
vary dramatically upon adjusting basic parameters. (The evolution of a
growing monolayer of rod-like particles goes well beyond the scope of
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standard, so-called “atomistic” models for submonolayer growth.) This
liability can be attributed in part to the anisotropic shape of rods as well as to
the confinement of the system, which introduces a number of metastable states.

Today, much of nonequilibrium behavior remains markedly ominous and
unpredictable, accompanied by a vast body of phenomenology that is growing
with ever more types of systems explored. Each can hold new surprises, which,
in turn, calls for a better understanding of the underlying physical principles.
The growth of thin films with rod-like particles is a particular example, rele-
vant for materials science, and e.g. the development of novel semiconductors
and optical devices [1–6]. As these technological developments reside at the
edge of our current understanding, simulations are remarkably empowering, in
particular when starting with simple model systems, giving us possibilities to
“reverse engineer” the effective laws we have been seeking in the first place.
We can vary and control parameters that may otherwise be very difficult or
practically impossible to do in experiments. Of course, the downside is that all
simulated models contain assumptions that can (unknowingly) break down
at some point, especially in nonequilibrium situations. Despite this, we can be
sure of one thing: the equilibrium versus nonequilibrium physics should be
consistent at long–time or quasistationary limits.

Throughout this thesis, we attempt to harmonize the above point, per-
forming analysis of the same structural observables in nonequilibrium as well
as in equilibrium conditions. In this way, we may be able to judge how far
from equilibrium a system is located along in its trajectory. A system will
retain many of its equilibrium properties under quasiequilibrium dynamical
conditions. In most other situations, however, like near phase boundaries,
where ergodicity will be lost, new sets of mesoscopic and macroscopic states
emerge in a highly intricate process difficult to capture with current theories
(for general cases). Crucially, the states visited are thermodynamically unstable
or, at best, metastable, which means the phase diagrammatic information will
not help us predict the short- or intermediate-timescale evolution. Dynamical
arrest such as jamming can occur, which is not accessible via analytical
approaches based on thermodynamical equilibrium, as far as we can tell.
Nonequilibrium conditions “store” a high potential for complexity in the often
largely unpredictable set of trajectories a system will take. The complexity is
reduced upon converging to the next thermodynamically stable state. In this
way, we can call nonequilibrium a “creative process”. Our concrete studies of a
driven, nonequilibrium system of hard, sticky rods (for monolayer growth) in
Ch. 5 should make this figurative description clearer, where we will discover
a bounty of surprising phenomena; despite a very high degree of model
simplicity.

Machine learning algorithms – where a large number of free parameters of
the learning system are optimized – are complex systems in and of themselves,
and will be subject to emergent phenomena [98, 99]: The process of learning is
known to involve phase transitions and threshold behavior. However, we can
also think of machine learning as finding a coherent and reduced model of the
world. Algorithms could be able to find coarse-grained versions of a complex,
intractable many-body system, for example. These ideas are highly intriguing,
and have motivated us to study the learning behavior of one algorithm, a
variational autoencoder [50–52], in Ch. 7 of this thesis. Arguably, if we were to



1.1. A theoretical motivation 11

understand exactly how to construct algorithms that model and predict the
dynamics or detailed properties of a physical many-body system correctly,
under quite general conditions and up to a controlled level of approximation,
we would succeed both in theory on learning as well as open up a new chapter
(era) in theoretical physics. This thesis tries to take a first, preliminary step by
investigating the capabilities of current, refined machine learning methods to
model complex, Boltzmann-distributed configurations of a many-body system
of hard rods.

Random properties: From thermal equilibrium to nonequilibrium and ma-
chine learning

Established theories of statistical physics of classical many-body systems view
these systems from a probabilistic point-of-view, representing the large number
of degrees of freedom as random variables. More than just a means to an end
in our descriptions of the universe, it is up to debate whether probability, or,
better, randomness, is an inherent property of the universe itself [100–102].

Aside from these semi-ontological questions, to use the techniques offered
by classical statistical physics in or near equilibrium, we often begin by cou-
pling a large assemblage of identical particles to a thermal bath. This allows
them to fluctuate and move randomly in space in time. As already alluded
to, the power of established theory lies in the simple notion that the relevant
variables have stationary statistics in equilibrium. Fluctuations, which are fun-
damental to the stochastic dynamics, are “simply” extractable from an equilib-
rium generating function (linear response theory). Thus, in principle, a min-
imized free energy (functional) (or maximized entropy for purely hard-core
particles) is the governing principle for the calculation of any quantity in equi-
librium, which takes on the form of expectation values. Crucially, estimates
suffer dependent on the (in-)accuracy of the free energy functional.

Equilibrium properties calculated in this manner do not explicitly consider
the sharp, microscopic trajectories of particles. The ergodic hypothesis guaran-
tees that contributing information of “sharp” particle trajectories will eventu-
ally be “annealed out”, given we wait long enough. This prompts the Marko-
vian character underlying the dynamics of macroscopic observables in equilib-
rium. In thermal systems, the annealing process is driven by the thermal bath.
Yet, when the temperature is sufficiently cool or the density of particles breaks
past a critical value, the system of interest will not be able to anneal away these
variables quickly enough, i.e. will not be able to forget its history. We now
enter the realm of nonequilibrium physics that is distinct in both phenomenol-
ogy and theoretical approachability. An extreme form – when the annealing
processes cease – renders long-lasting, quenched randomness, which is “never
forgotten”. Such quenched randomness emerges spontaneously in jamming
transitions, for example, where the particles become arrested due to frustration
in overly crowded particle packings. Even less-severe variants of nonequilib-
rium dynamics still imply that the ability to “anneal out” or relax all relevant
variables in the system is limited significantly. Synonymous is a loss of ergod-
icity, which can be restored if a system is allowed to relax (when driving forces
are turned off or the system becomes thermally isolated).

Randomness in nonequilibrium dynamics entails a different meaning, pos-
sibly: A system can take on one of many trajectories of the system given par-
ticular constraints (driving forces, temperature, volume, etc.) from a particular
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initial condition. Ergodicity can be broken (even transiently) [103–107]; all tra-
jectories that abide to constraints (both on dynamics including initial or at in-
termediate conditions where external forces are applied) are (equally) possible.
In contrast, in equilibrium, all possible states abiding to static constraints are ex-
plorable (and therewith equally justified) after infinite waiting or measurement
time, irrespective of the initial condition.

Modern machine learning algorithms that are generative are based on prob-
abilistic models of data, i.e. the data at hand is only a subset of all possible data
[51, 98, 108–111]. The learning challenge is to “figure out”, i.e. infer, a way to
represent the full set of data, given a few model presumptions. The optimal
or stationary solution to the objective function can be thought of as finding
an equilibrium with constraints. Yet, the constraints can frustrate the system
during the optimization process. We argue that a studying how an algorithm
learns when “fed” data that represents a model system from statistical me-
chanics may be fruitful – for understanding and interpreting their generally
complicated behavior, defining limits on their learning capabilities, and find-
ing ways to improve them. One example may be whether the learned models
sufficiently capture basic, physical quantities within datasets, such as order pa-
rameters, as well as functional dependencies such as measures of energy. This
constitutes the heart of our investigations within this thesis, where we apply
generative algorithms to data distributions of hard-rod configurations.

∗ ∗ ∗

In the following sections, we introduce the specific studies of this thesis,
while providing a literature review: Sec. 1.2 introduces our study of nonequilib-
rium thin-film growth with a lattice model in part II of this thesis. We study the
equilibrium properties of bulk systems of hard rods constrained to lattices in
III, which we introduce in Sec. 1.3. In Sec. 1.4 we introduce the study of part IV,
where we apply an unsupervised machine learning algorithm to configura-
tions of the two-dimensional system of hard rods. At the end of this chapter
in Sec. 1.5 , we provide a complete overview of the further organization of this
thesis – of chapters and corresponding scientific topics. Within the same sec-
tion, we will address the issue of co-authorship: This thesis presents the work
of multiple co-authored manuscripts that are readily published. Thereafter, we
will make a few statements on the scope of the numerical work done by the
author of this thesis, for all of this thesis.

1.2 A lattice model for monolayer growth with rod-like
particles at substrates

In part II of this thesis, we explore a very basic statistical-mechanical model
system under nonequilibrium conditions: One of hard-core, rod-like particles
on lattices confined to maximally one monolayer. In this particular dynamical
model set-up, the system is driven (or, in other terms, gradually quenched) by the
monotonic deposition of new particles from a virtual reservoir, emulating the
growth of a single film on a surface. We seek to understand the conditions
under which particular types of structure form, or which phase separation
kinetics are possible. In Ch. 5, our generic model system of sticky hard rods
– that we implement within kinetic Monte Carlo simulations – is defined by
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a very limited number of control parameters. However, these are more than
enough to generate a very rich variety of effects, i.e. multiple phase transition
scenarios and therewith many possibilities for the structural and dynamical
evolution during monolayer growth. The limiting case of purely hard-core
rods is studied, first, in Ch. 4, where we additionally compare the simulations
of growth to dynamical density functional theory.

Our motivation is twofold, to some degree: The first is rather pragmatic
in nature, aimed at a better theoretical understanding of the growth of thin
films at substrates with anisotropic molecules, tied to a large body of research
with multifarious phenomenology. The second, “ultimate” aim is exploring
nonequilibrium statistical mechanics of systems where orientational degrees
of freedom play a central role. In the specific set-up, the system is exposed to
a driving force – the monotonic deposition of new particles. This is interesting
from the fundamental perspective of phase transition kinetics. As we will see,
Ch. 5, the deposition–to–diffusion rate together with the (reduced) temperature
(or “sticky” attraction strengths) control the types of phase transition scenarios
in the monolayer. Every one of these can be characterized by a particular kind
of competition between metastable and stable phases having different particle
orientation.

As we shall discuss more deeply in Ch. 2.1 and Ch. 2.3, confinement will
induce various correlative effects: The phase behavior and dynamics in the rod-
systems will be fundamentally altered compared to bulk, and many otherwise
unstable states can become metastable or longer-lived.

Equilibrium information about these systems necessarily completes a full
understanding of the statistical mechanics of these systems. We study the equi-
librium properties of the limiting case of purely hard-core interactions in Ch. 4.
These are compared to those predicted by fundamental measure theory. For the
“sticky”-rod monolayer systems, we will also estimate the (stable-phase) vapor–
liquid binodals using grand-canonical Monte Carlo (GCMC) simulations.

The deposition of particles at surfaces represents the most basic mechanism for
the growth of thin films. Widely known systems are, for example, Langmuir
monolayers [112–117], i.e. amphiphilic molecules on a liquid water surface.
Orientational transitions of films of anisotropic particles at surfaces is of gen-
eral theoretical interest (e.g. Refs. [118–122]), where self-assembled monolay-
ers (SAMs) [123–126] can be regarded as prototypical cases. A generic feature
in SAMs is that they entail a transition between a “lying”- (λ-)phase and a
“standing”- (σ-)phase in a monolayer, the appearance of which depends on
the level of coverage. These orientational phases are associated with qualita-
tively different dynamics and kinetics of the system during (nonequilibrium)
growth [127]. Specifically, (depending on growth conditions) the λ-phase ap-
pearing first with the σ-phase subsequently indicates a change in the kinetics
of growth and gives rise to (at least) two regimes.

These lying and standing phases, and transitions thereof, are also reported
to occur in thin films of organic molecules grown at at substrates. Thin films
of organic semiconductors [128] are notable examples systems [2, 3, 5]. Almost
all of the typically-employed organic molecules are anisotropic (except for e.g.
C60), some of which are displayed in Fig. 1.2, and films of rod-like molecules
like pentacene, diindenoperylene and others are utilized in e.g. organic elec-
tronic devices and optical devices [9, 129–131]. Clearly, the scientific studies
on organic molecular films, as well as SAMs and Langmuir monolayers are
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F I G U R E 1 . 2 : Depiction of various organic molecules used in
organic molecular thin films. Source: Ref. [1].

strongly motivated by applications: Smooth surface coatings, functionalized
surfaces, or rough interfaces in films of mixed organic molecules can be de-
sirable, for example. Organic molecules seem particularly suited for tailored
photonic and optoelectronic properties (efficient solar cells) [2, 132–135]. Yet,
these experimental systems also allow the exploration of questions on structure
formation away from equilibrium at a more fundamental level.

Organic molecular beam deposition (OMBD) [1, 3, 6] is a technique with
which pristine thin films of these organic molecules are grown within a vacuum
chamber: particles are continually adsorbed onto a substrate via a vapor reser-
voir. As particles become mobile on the substrate, undergoing predominantly
random motion, they self-assemble into compact structures that grow, and may
further transform or even disappear during the nonequilibrium evolution. (A
brief introduction is given further below.)

Important for the motivation and context of this work is the following ob-
servation: the growth of organic molecular films is markedly distinct from that
of atomic crystalline films in the richer phenomenology involved. Grown thin
films with organic molecules entail a large variety of orientationally-ordered
(crystalline) states due to the particle anisotropy or, in other terms, highly di-
rectional forces between the molecules [1, 3, 9, 127, 136]. Phases with differing
molecular orientations co-occur or transform into one another at the submono-
layer and “ultra-thin-film” regimes [7, 137–148]. (Some of these may even be
metastable [13, 149–152].) Monolayer and thin-film phases distinguish them-
selves from the crystal phases and associated film morphology dominating at
later stages of film growth [11, 15, 16] We provide a review on the literature
around the monolayer stage in Sec. 1.2.1 below.

Early-stage kinetics of thin film growth with isotropic particles have been
approached analytically in terms of rate equations of time-dependent islands
number and sizes. The growth of islands are assumed to be driven by monomer
attachment-detachment kinetics [20, 21, 153, 154]. Yet, these traditional ap-
proaches come from the context of atomic crystallization from a vapor phase,
and are mean-field in character. Therefore, many-body correlative effects, such
as collective re-ordering processes, are not taken into account in any explicit
way. Moreover, potential intermediary phases are not considered; the conver-
sion from a vapor to a crystal phase is considered direct. However, organic
molecular films are described as having a pronounced, “soft-matter” character
[155]. We shall discuss this separately in Ch. 2.4, but, mention a few effects here:
“Liquid-like”-like wetting layers, a competition between and co-occurrence of
various crystalline phases, wetting transitions, and multiple phase separation
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processes are possible at various stages. In this view, self-assembly with organic
molecules may be better characterized as more “entropy-driven” due to parti-
cle extent and anisotropy, as well as effectively weaker bonding, in contrast to
the fast, “energy-driven” phase transformations involved in atomic matter.

This notion makes a study of the interplay between the equilibrium phase
diagram/equation-of-state and the dynamics of film formation for systems
of anisotropic particles particularly worthwhile. Already in 3D bulk rod-like
particles exhibit numerous phases (liquid, nematic, smectic of various kinds,
columnar and crystalline) (we also study 3D bulk systems of rod systems
constrained to lattices in this thesis, part III).6 Importantly, confinement can
completely “change the game” drastically regarding both the phase behavior
and dynamics (discussed more generally in Ch. 2.2). The high sensitivity of
organic molecular thin films to even small changes in molecular structure [156]
or to the type substrate [8] attests to the notion that confinement amplifies
subtle differences between systems: theoretical studies of monolayer systems
of anisotropic particle systems have concluded that that the details in the
microscopic interactions are crucially important to the ordering behavior [157],
where even the basic particle shape biaxiality can alter the entropy-driven
behavior [158]). At a most basic level, the coupling of translational and
orientational degrees of freedom is key to understanding complex fluids,
and dimensional confinement can select and enhance particular many-body
aspects.7

In part II, we take a “soft-matter” approach to thin film growth with rod-
like particles, aiming to extract generic principles on the statistical mechanics
of these systems. We introduce an idealized, microscopically “coarse-grained”
model system amenable to KMC simulations. The numerical advantages are
clear: We can simulate large systems over long times, i.e. up to high coverages
of the monolayer. Further, the extreme model simplicity allows us to employ
classical density functional theory and dynamical density functional theory.

A main feature of the idealized model is the locality of the configurational
Hamiltonians – rods are hard-core repulsive, and (later) have simple, nearest-
neighbor attractive interactions. The second main feature is that rods are con-
strained to a (simple cubic) lattice. The full model only contains a handful of
free parameters: (1) particle aspect ratio, (2) the attraction strengths between
rods (the case of sticky hard rods), (3) the strength of a simple substrate poten-
tial that biases an orientation of particles, (4) simple microscopic diffusion rates
of translational and rotational degrees of freedom (in the ideal-gas limit), (5)
and a constant particle influx (in the case of nonequilibrium film growth).

In investigating the equilibrium properties as well as the nonequilibrium
growth trajectories systematically, we attempt to provide a holistic view of
the phase separation kinetics and possible pathways taken from an empty
substrate towards a full monolayer. In addition to simulations, we explore
the capabilities of density functional theory in the form of fundamental mea-
sure theory [28, 30, 32, 33, 69, 159, 160] for analytical approaches of the purely
hard-core systems in equilibrium. Notably, this is an inherently many-body
approach, as FMT can express many-body correlation functions in the form
of functional derivatives. Further, we compare dynamical density functional

6Please see the introductory Sec. 1.3.
7A follow-up, deeper discussion is found in Ch. 2.
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theory (DDFT) [34, 35, 37, 161, 162] with KMC simulations [22–24, 163] in de-
scribing nonequilibrium dynamics of structural observables for the case of
purely hard-core rods.

The next section discusses and reviews the phenomenology of organic
molecular thin film growth around the monolayer stage. Section (Sec. 1.2.2)
motivates and discusses our approach in more detail. A brief review of related
simulation studies is also provided.

1.2.1 Phenomenology of monolayer-stage film growth with organic
molecules

Thin film growth

In OMBD (and general molecular beam deposition), thin films are grown onto
a substrate surface within ultra-high vacuum chambers, of a given vacuum
pressure, emanating from a vaporizing (hot) source of particles, and deposit-
ing (condensing or sublimating) onto a (cooler) substrate with whichever cho-
sen material properties. Thin-film growth is a dynamical nonequilibrium phe-
nomenon, where many processes – single or many-body in nature – compete
in an out-of-balance manner. In nonequilibrium, relative rates amongst all pro-
cesses render a way to measure the imbalance of forces in the system, which
drives the growth (or disappearance) of various structures. Figure 1.3 shows
a schematic of the basic processes assumed to play the most fundamental role
in the evolution of so-called “atomistic”-type of multilayer thin film growth –
with particles (atoms) that lack any anisotropy, e.g. metallic systems [20, 153,
163]. A deposition flux of rate F drives forward (increases) the number of parti-

F I G U R E 1 . 3 : Schematic of the basic processes involved in
the nonequilibrium evolution of thin film growth for atomistic

systems (no particle anisotropy). Source: Ref. [6].

cles on the substrate system. Diffusive processes (translational diffusion of rate
D) drive the system towards a global equilibrium, and inter-particle attractions
generally favor a localization of structures. (Evaporation or other dynamics
such as particle-swapping can also occur, generally, and multi-layer growth
models also consider intra-layer transport processes.) In Ch. 2 we provide a
more thorough discussion on the main driving forces during growth from the
standpoint of generic fluid systems.

The submonolayer stages of film growth entails the initial self-assembly
that will affect the subsequent growth kinetics at later stages, ultimately deter-
mining the macroscopic properties of multi-layer films [164, 165]. It is usually
described in terms of island formation and growth under deposition, and a later
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ripening and coalescence thereof. However, the case of elongated particles is
more complex owing to pronounced coupling of translational and orientational
degrees of freedom, hiding a greater potential for various self-assembly trajec-
tories during monolayer growth. We will review phenomena on monolayers
with organic molecules further below.

Macroscopic features such as thick islands and mounds or smooth layers
[20] are visible during later stages of growth. A combination of growth modes,
where both occur, may be possible [149]. These features may be tunable, in part,
via the flux [166] or temperature [167]. However, intermediate and later stages
of growth are not treated in the context of this thesis.8 We mention here that the
(real-time) evolution of morphology of thicker films is very often quantified
using x-ray scattering techniques. This can allow one to characterize the size
distribution and correlation lengths of domains within a film, as well as the
roughness of the film [9, 169].9

Around the monolayer stage of film growth: various phases and competing
structures

As mentioned, SAMs are known to show lying and standing phases [125, 127,
171]. Single-component monolayer films of organic molecules10 are known
to entail different crystal phases, appearing at various stages during the sub-
monolayer stages of growth, for example flat-lying, side-lying, and standing
dense phases [176–178]. Disordered or liquid-like phases [10, 13, 144, 147, 179–
183] also appear at higher coverages of the monolayer. A number of counterin-
tuitive effects can occur, for example, island morphology varies with temper-
ature in an inverted manner compared to that predicted by diffusion-limited
aggregation [178, 183].

Some of these structures are clearly unique to the monolayer: “thin film”,
“ultra-thin film”, “monolayer” or “bilayer” structures are reported for various
organic molecular thin films. Many of them are believed to be metastable [141,
147, 149, 155, 181, 183–186], and the molecular order appears poor (disordered)
[12, 150, 180], reported as having a “liquid-like” character [13]. Heating (and
cooling cycles) applied to pentacene in the submonolayer regime changes the
mean orientations in an irreversible way [182, 187], such that phases do not
reappear in the reverse cycle. “Annealing away” [12, 178, 180, 187–190] such
metastable or nonequilibrium phases into stable orientations is possible in
these cases. These metastable states are associated with kinetically trapped or
arrested particle re-orientation dynamics, where re-ordering may be enabled on
a many-body (collective) scale only [13, 182, 188]. These findings resemble those
of our studies of monolayer growth with sticky hard rods on lattices (Ch. 5),
where a standing-up transition may occur after a metastable, disordered state
decays that entails dynamic arrest, or when a stable phase nucleates out of

8This is investigated in a complementary piece of work parallel to this thesis (Ref. [168]). A
simulation code for multilayer growth with sticky hard rods was developed during the work
of this thesis, which we mention in the outlook of Ch. 5 and discuss again in the closing part of
this thesis.

9With grazing incidence x-ray scattering, one can obtain information on lateral spatial corre-
lation lengths, whereupon island sizes and shapes can be extracted [170].

10See also Refs. [146, 172–175] for additional single-component monolayer-film studies, in
addition to others cited in the main text.
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it. (We discuss more on general self-assembly in nonequilibrium and the soft-
matter-nature of monolayers of organic molecules in Ch. 2.4.) Clearly, then, the
state of the monolayer will affect subsequent growth kinetics [13, 191, 192].

We mention here another category of monolayer systems: That of mix-
tures of organic molecules. These have enjoyed attention in recent years [169,
193–200]: these systems can behave quite perplexedly at submonolayer densi-
ties. For example, a single component may form 3D islands, while the other
forms more regular crystals [201]. The phase behavior is much richer, naturally:
Ref. [202] reports at least three well-defined thermodynamically-stable mixed
phases in heteromolecular monolayers. The submonolayer phases of a single-
component system is disturbed by the second material, leading to a certain
level of disorder [203]. To this end, Ref. [204] compares different substrates,
and [156] compares different, but similar substances in bilayer formation. See
also Refs. [195, 196, 205–207].

The flux-versus-self-diffusion-rate F/D is a fundamental control parame-
ter for the size and frequency of compact structures in the system. This will
determine the particular shape of islands, i.e. they will change as a function
of temperature [178, 208, 209], coverage, and deposition flux rate [210]. How-
ever, in colloidal fluid systems, a metastable phase is postulated to precede
the crystallization or aggregation of a stable crystal phase in many systems.
Quite interestingly, we find this in our lattice model for thin film growth in
Ch. 5, and this metastable phase can even form compact islands at sufficiently
low temperatures. To this end, Ref. [211] reports on coexisting islands depen-
dent on temperature, hinting at a critical temperature above which one type
of morphology is observable during growth. (Coexisting islands of two types
have also been reported in Ref. [147], one of which includes a disordered, lying
phase that appears metastable.) Therefore, the temperature T is crucial for the
type of kinetics and structures that can occur, but, a higher F/D will prefer the
first phase, extending its lifetime towards later stages of monolayer growth. A
dynamical asymmetry persists between the two phases (see further discussion
on this aspect in Ch. 2.3.). This kind of “effect” of the flux has been reported
for rubrene [212]. A (disordered or line-like) lying phase was reported only
to occur for very low temperatures [11, 152, 181] or high flux rates [213] for
tetracene.

As to control of structures, the self-assembly involving metastable phases
in the monolayer have been ascribed to disordered structures emerging, rather
than compact islands [12, 212, 213]. Therefore, the level of disorder versus or-
der seems to be connected to the degree of (thermodynamic) stability, which is
why a characterization of thermodynamic properties (phase diagrams) in these
systems is pertinent. The nonequilibrium evolution can be understood as com-
ing from intricate ties between equilibrium phase boundaries and dynamics,
where the parameters F, D, and T, which adjust a competition among various
phases and (collective) processes at the monolayer regime. The specific choice
of substrate will also be a third key factor, as it changes the phase diagrams, as
well.

The modes of growth (see Fig. 1.4), crystal structures, phase transitions or
structural frustration occurring at the next stages are a function of the mono-
layer state, which can be seen as a template, in effect, for the future evolution
of the system. At later times (higher total coverage), competing surface free
energies of the film structures above can be cause for strain, which can relax
via dewetting transitions: Metastable monolayer phases can survive until the
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a) b) c)

F I G U R E 1 . 4 : Schematic representation of (multilayer) thin
film growth modes in the standard classification, see e.g. [20]: (a)
Frank-van-der-Merwe (layer-by-layer), (b) Vollmer-Weber (3D
islands), and (c) Stranski-Krastanov (islands-on-layers) growth.

Courtesy of C. Frank (Ref. [214]).
.

F I G U R E 1 . 5 : Co-occurrence or competition of phases during
growth of p-6P (para-sexiphenyl) at near-monolayer packing:
(1) A stable “bilayer” crystal phase forms during growth at the
same time as a “liquid-like” monolayer-phase. (b) A second
type of phase separation kinetics, where two island species ap-

pear, can occur upon annealing. Source: Ref. [13].

monolayer is completely filled [213]. A relaxation may first occur once the
second layer forms: Fig. 1.5(a) shows of co-occurrence of “monolayer” and
“bilayer” phases at near-monolayer packing, where the “monolayer” phase is
assumed metastable [183]. The monolayer phase may be “liquid-like”, starkly
different from the bilayer phase, and is suppressed with a higher substrate
temperature. Annealing the film (Fig. 1.5(b)) causes the monolayer phase to
transform in a dewetting transition, where a new regime of self-assembly and
kinetics begins. A co-occurrence of islands of different phases is also possible.
Such dewetting of the monolayer-phase is reported in many places, see e.g.
Refs. [12, 13, 142, 147];11 this could be behind a change in growth modes that
may appear counterintuitive [216].

The above discussion should make clear that the self-assembly processes
around the monolayer stage of growth are far from simple, and a more funda-
mental understanding with a generic model seems necessary. A generalized

11Notably, nematic thin films show similar features [122], and models of hard rectangles in
strong confinement confirm the possibility for two different out-of-plane ordering in one or two
“layers” [215].
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“map” of possible mesoscopic morphological structure formation during sub-
monolayer growth, and control thereof, is a desirable goal, in these respects –
one that investigates the role of inter-molecular attractions and repulsion, par-
ticle shape, substrate potentials, as well as dynamical control parameters like
diffusion constant D and flux rate F. (Refs. [190, 217–219] provide rough exam-
ples of phase diagrams as a function of coverage and temperature, yet, lack in
detail and will not be universal. Ref. [220] presents a diagram in much more
detail, but treats heteromolecular monolayer systems. Ref. [221] reproduces a
variety of monolayer phases in small-scale, specialized Monte-Carlo simulation
models.) Apart from equilibrium considerations, full-blown dynamical infor-
mation (to cite Ref. [149]) is required to capture all potential metastable phases
as well as other reproducible features that express inherently nonequilibrium
states (e.g. kinetic arrest). Understanding these intermediary states is crucial
for optimizing (and understanding) the material functionality of the organic
films [8, 156, 184, 194, 196, 201, 222–224], and is absolutely necessary for a coher-
ent picture of thin film growth with organic molecules. With our model system
(see below), we attempt to address this desire, in which we explore the effects
of a wide range of controllable parameters on dynamics and energetics of the
system during the nonequilibrium evolution of monolayer growth. The sim-
plicity and idealization of the model express an attempt to remain maximally
generic in order to gain broader insight into the statistical mechanics of these
monolayer systems.

Beyond the specific context of thin film growth, the self-assembly of com-
plex molecules or particles at surfaces has a broader context and motivation for
modern materials engineering [132, 225]. An avoidance of metastable phases
may alone be of considerable interest for self-assembly [133, 226]. Molecular
gels in confinement could offer mechanically flexible photovoltaic devices [134],
for example. Monolayer nanoparticle systems [227, 228] may be further relevant
for developing drug delivery or modeling biological systems [229]. Photonic
quasicrystals have been developed with rod-like nanoparticles [230]. Polymeric
films – those of long, flexible, chained molecules – likewise show complex phase
behavior at surfaces. These are other, basic classes of systems of interest [231]
with which some analogies to our model can be found.12 Thus, we may extend
the scope of our model system of hard rods on lattices to general self-assembly
in quasi-2D or extreme confinement [225].

1.2.2 A “soft matter” approach to monolayer growth with an ideal-
ized model system

Generic, large-scale simulations of thin film growth of rod-like particles growth
within or beyond the first monolayer in large-scale simulations, particularly
those on lattices, are rare [4, 233, 234]. Due to the computational bottleneck
of modeling a many-body system with processes having vastly different time-
scales, on-lattice models are a “must” if we want to understand self-assembly
involving large numbers of particles. Even so, event-driven algorithms like
kinetic Monte Carlo are algorithmically much more complex when considering
anisotropic particles. Another difficulty, theoretical in nature, is that nonequilib-
rium systems may be highly sensitive to fine details of a model, which we will

12Phase transformations with multiply coexisting or competing phases also is a topic of
interest for the design of multi-component alloy materials [232].
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be demonstrated by the model system we study in this thesis. Any constraints
on the local dynamics (particular rotational symmetries) and the energy scales
of interactions, as well as particular rates (energy barriers) of processes can fun-
damentally alter the evolution. (We demonstrate this point in Ch. 5). Not know-
ing which particular local particle “moves” should be employed for anisotropic
particles is an outstanding issue, particularly for multi-layer growth, where tra-
ditionally “solid-on-solid”-like models are employed [21, 163]. Moreover, the
exact rates of e.g. translational or rotational diffusion are not known, generally,
for any organic molecular thin film system. Other factors like desorption rates
or effective inter-particle interaction strengths remain somewhat elusive (We
discuss more in Sec. 1.2.1 below).

We take these uncertainties, technical challenges, and outstanding issues
into our hands in part II of this thesis. Only after understanding the full
premises of the model – by characterizing the equilibrium properties as well as
effects of changes in microscopic dynamics, by observing the nonequilibrium
evolution over e.g. seven to eight orders of magnitude in dynamics as well
as over a wide range of energetic parameters – can we become convinced of
its genericness and explanatory power. In doing so, we provide a uniquely
in-depth and broad study of monolayer growth with rod-like particles.

In Ch. 4, we first explore the case of purely-hard-core rods as a first step
towards more complex models, but also to initiate and investigate the accu-
racy of analytical approaches using density functional theory. The questions
we initially focus on are: What are the conditions under which orientational
transitions arise in monolayer of hard rods, and when do these correspond
to thermodynamic transitions? What role does rod length play in the thermo-
dynamic behavior? How does a substrate potential that biases an orientation
change the properties and character of growth in this model? Is a quasiequi-
librium description of growth possible? How does the flux–to–rotational-rate
of particles modify the nearness to quasiequilibrium? How does this model
compare to an off-lattice model?

In Ch. 5, we explore the lattice model system of monolayers of hard rods
with additional “sticky” attractions between rods. We attempt to address the
following questions: What is the role of rod length and strength of the short-
ranged attractions (or reduced temperature) on phase separation kinetics dur-
ing growth? Under which conditions can we still quantify “quasiequilibrium”?
Can we identify different dynamical regimes, where one type of phase separa-
tion kinetics dominates? Which phase transformation processes might produce
the bounty of phenomenology reported in experimental systems? What role
does the substrate potential play in these systems? How does the choice of
microscopic dynamics (“moves”) of rods in the KMC model change the mor-
phological and dynamical evolution? To which extent can we find analogies of
these systems to other soft matter model systems?

Quite generally, the existence of various stable and metastable phases can
give rise to various co-occurring or competing structures under highly nonequi-
librium conditions [116]. We will see in Ch. 5 that the nonequilibrium growth
of monolayers of hard, sticky rods is highly complex, indeed, owing to multifar-
ious (multi-step) phase separation processes involving metastable phases that
form dynamically arrested states. Thus, we find various “soft matter” features
such as a precursor-phase that can form a “gel” or “wetting layer” under suit-
able dynamical and energetic conditions. We report on organic molecular thin
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films at the sub-monolayer stage showing potentially similar soft-matter-like
features in Ch. 2.4.

The evolution at the initial stages of growth with rod-like molecules is fun-
damentally different from the picture painted by simple, atomistic models of
island nucleation-and-growth. A different, mesoscopic approach that correctly
accounts for the pronounced coupling of translational and orientational de-
grees of freedom may be needed. Some results of this thesis could aid in the-
oretical development to this end, which we discuss in the conclusion of Ch. 5
and in Ch. 8.

An idealized model

A natural starting point for a generic model is when the anisotropic particles
(rods) are purely hard-core. The role of additional attractions can be studied
afterwards, an approach which is typical when using colloidal model systems
to study ordering phenomena. The case of purely hard-core rods has a partic-
ular advantage, as alluded to earlier already: its density functional is tractable
with fundamental measure theory. One can obtain all equilibrium quantities
of interest by minimizing the density functional. We formulate the lattice DFT
of hard rods both in monolayers (also applicable for bulk and 2D systems of
part III) in Ch. 4. A dynamical extension of DFT in a near-equilibrium-type of
approach is dynamical density functional theory. In Ch. 4, we formulate the
lattice DDFT and compare the results to the kinetic Monte Carlo (KMC) simu-
lations. The theoretical interpretation of these lattice DDFT equations (in the
form of master equations) is discussed much more thoroughly in Ch. 3, as well
as kinetic Monte Carlo simulation methods and equilibrium versus nonequilib-
rium dynamics. Further, we address the case of sticky hard rods in Ch. 5 of this
thesis, for which a lattice FMT for sticky rods was developed in parallel to this
thesis using the depletion effect for effective attractions (an Asakura–Oosawa
model) in Ref. [72].

A second main form of idealization that we incorporate is the constraint of
the particles (rods) to a lattice. One motivation is the computational ease in mod-
eling such systems. The computational bottleneck in more faithful, molecular
dynamics simulations of thin film growth [4, 235–237] hinders large-scale in-
vestigations, and are not trimmed for revealing generic effects. Kinetic Monte
Carlo is a perfect candidate for idealized models as soon as these entail dis-
crete translational degrees of freedom, where a well-defined set of local particle
“moves” can be defined. Yet, this modeling approach implies drastic coarse-
graining of both the particle-particle interactions as well as orientations, which
are restricted to a set of solely three, namely, one perpendicular and two par-
allel orientation with respect to a substrate. Nevertheless, historically, lattice
models have played a central role in all branches of condensed matter physics
and field theory, and we can be confident that such a model will enable us to
explore basic questions around the self-assembly of thin films with anisotropic
particles.

An on-lattice model of hard rods may, in fact, in fact, have a somewhat
stronger affinity to organic molecular thin film systems due to the discretiza-
tion of degrees of freedom to a lattice. As mentioned, molecular orientational
degrees of freedom are likely highly selectively directional and nearly discrete
in translational degrees of freedom due to the energy minima on the energy
landscape provided by the surrounding substrate and islands. This may take
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the form of strong multipolar interactions, which has been shown in coarse-
grained simulations to produce a multitude of orientation and translational
order on periodic substrates [140, 238]. We model purely hard-core rods in
Ch. 4, which is arguably more “colloidal-like”, and sticky hard rods in Ch. 5.

To gauge the genericness of our fully on-lattice statistical model of rods, we
compare it directly to a continuum model of spherocylinders for the purely-
hard-core case in Ch. 4. Differences between lattice and continuum models are
not clear up front, pertaining to the bulk phase behavior that we study depth
in part III of this thesis. Restrained degrees of freedom do not imply simpler
phase behavior in any way or form: Restricted-orientation models of hard-core
rods show a rich phase diagram [239] – also true for the case of confinement
[240]. In (semi-) confinement, qualitative similarity to unrestricted-orientation
models [241] is found. We discuss more on lattice constraints and dimensional
confinement in Ch. 2.

On a related note, it has been observed that Langmuir monolayers (having
no underlying lattice of the substrate) and e.g. SAMs of thiols on gold (hav-
ing an underlying lattice) show different phase behavior [112, 125, 127]. The
crystallinity of the substrate obviously introduces additional constraints and
a potential having a periodic corrugation. Differences in their phase diagrams
are apparent, but both have in common that multiple phases with different tilt
structure are possible. Hence, whether an on-lattice model system will capture
main features in both cases is unclear up-front. Yet, strong directional forces
between molecules, such as in the case of organic molecules, may effectively
confine molecules locally, leading (rather quickly) to various well-ordered crys-
talline phases during self-assembly; a lattice restriction within a simple model
may be justifiable. We will discuss this aspect again further below.

In our idealized, “soft-matter” approach, we stick with simple particle at-
tractions: the rods studied in Ch. 5 entail short-ranged, “sticky” attractions.
Similarly, the interaction potentials with the substrate are also sticky, which
we investigate in Chs. 4 and Ch. 5. Attractions must be put in relation to kBT,
hence we can tune a reduced temperature in the model, moving the system
across different points in the phase diagram. Phase diagrams will be deformed
by the specific substrate interaction potential, as well, discussed in Ch. 2. A
final factor that modifies the thermodynamic aspects of the model system is
the rod-length (particle anisotropy), therewith adjusting the degree of energetic
and entropic contributions (a generic discussion is found in Ch. 2). Complex
phase separation kinetics during monolayer growth is directly tied to complex
phase diagrams of the confined systems.

Unfortunately, surface phase diagrams of the molecular systems are not
known, generally (see Refs. [190, 217–219]), and, may be highly particular to
each thin film system. Knowledge of binding energies are somewhat limited,
but a few studies can help us: Ref. [11] recently calculated single-particle bind-
ing energies of tetracene (an “aspect ratio” of possibly ∼ 3 . . . 4) with the sub-
strate of around (8 . . . 30)kBT (room temperature) on silicon, depending on the
lying or standing orientation. As they calculated a total energy with substrate
and a monolayer, using a gross lattice model we can say that ε ∼ −(3 . . . 4)kBT
and a biasing potential of the substrate (not adhesion energy, but regarding the
lying-standing energetic difference at the substrate) εsub ∼ −(7 . . . 10)kBT. This
substantial difference between orientations hints at a clear “lying”-preference
at the submonolayer stage (from a single-particle point-of-view).
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Dynamics is our model are assumed locally Markovian, i.e. the “internal”
dynamics of rods on the substrate can be considered diffusion-like (on a lattice).
We simulate hopping diffusion and random rotations, whose ideal-gas-rates
(“attempt” rates) constitute part of the basic dynamical parameters.13 The par-
ticle influx from a reservoir is modeled to deposit particles at a fixed “attempt”
rate, as well, completing the dynamical model specifications. By varying the
ratio of the flux–to–diffusion rates over many orders of magnitude, we can
surmise to be able to capture many of the relevant kinetics in the system.

Arguably, the self-assembly of crystal-phase structures with large length-
scales requires “sufficient” particle diffusion [145]. However, the exact self-
diffusion rates (translational and rotational) of the molecules at the substrates
are often not known. Dynamics have been characterized for specific molecule–
substrate combinations in Refs. [185, 242, 243].14, 15 Ref. [243] showed that dif-
fusion rates (and general character of the microscopic dynamics) of organic
molecules at substrates are highly sensitive to the particular interaction poten-
tials, i.e. the substrate-particle interaction. As to the nature of the dynamics,
such translational motion is strongly coupled to the rotational motion [185, 242–
244, 246]. In fact, the diffusive dynamics are also reported to be “1D-like”, de-
pending strongly on the substrate (metal, molecular, amorphous silicon) [247]
(apart from temperature). Note that motion on an amorphous or quasicrys-
talline substrates generally causes deviation from “free” 2D diffusion, even for
colloidal particles [248, 249]. This kind of 1D motion favors the formation of
rows [250], which are clearly visible in some reported studies [10, 14]. In other
cases, this could lead to “need-like” islands forming.16

In terms of a generic model, particularities like that of “1D-like” motion
befuddle which aspects are relevant for the formation of large-scale structures,
as well as which type of order appearing. Such details can usually be added in
later, on top of a generic model, in order to see their explicit effects.

We foreshadow that the choice of a coupled rotational- and translational-
diffusion “move”-set will have significant effects on evolution of morphology
in the monolayer. Yet, the main driving forces behind the phase separation
kinetics during growth remain thermodynamic in origin (in addition to the
external particle flux). This leads us to the following (general) discussion on
the role of thermodynamics in understanding and controlling self-assembly
during thin film growth.

Role of equilibrium in nonequilibrium, generally

By modifying the “attempt” rates of microscopic processes in the system (self-
diffusion rates D in translation and rotation, deposition flux F ) and tem-
perature, we adjust the likelihoods, in effect, of each phase appearing during
monotonous growth. Assuming Arrhenius laws are valid, the temperature di-
rectly adjusts the strength of (free) energy barriers involved in the formation
of mesoscopic structure, which means it can suppress or prefer such structures
with particular different orientational order. The ratio of the “attempt” rates

13As a note to the keen reader, we match these rates from the simulations to the transport
rates of the DDFT equations.

14We note here that Ref. [12] estimates a maximal diffusion rate of 2 · 10−9cm2s−1 for a 2D gas
phase for the specific system investigated.

15See also Refs. [244, 245].
16For more on “needle-like” islands, please consult to references within Ref. [251].
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adjust the relative power with which diffusive motion or the particle influx will
move the system from or towards the next global equilibrium state. The flux
will ultimately drive a monolayer across coexistence (stable) points in a phase
diagram. It also plays an important role in favoring the creation of coherent
structures (phases) at various mesoscopic scales (we discuss these topics more
extensively in Ch. 2.)

Our studies in Ch. 5 shall make clear that the emergence, transformation,
or disappearance of structure are related to the current position in the phase
diagram, as well as on the ratio D/F. In the highly non-Markovian evolution
during a phase transformation, the exact state depends crucially on the entire
history of the trajectory. Therefore, a large variety of characteristically differ-
ent trajectories are possible between beginning and end-states – of empty and
full monolayers. To illustrate this point in more detail, monolayer growth is,
in essence, a very “long” phase transition between two stable phases – a gas
and a dense (“crystalline”) phase at full density. How the system moves be-
tween these stable end-points depends on the system parameters of dynamical
rates, attractions (temperature), as well as rod-length, the substrate potential,
and even choice of modeled microscopic dynamics (how rotations are imple-
mented). For any given system, the main control axes are the ratio D/F and
reduced temperatures, i.e. attraction strengths, which we allude to more closely
in Ch. 2.3.1. We will show that these axes unveil a dividing line between two
major dynamical regimes, where within each a prominently different type of
phase separation kinetics occurs.

In practice, by observing sufficiently many variations of nonequilibrium
trajectories, “hidden” phase boundaries underneath binodals of the gas and
dense-phase can be unveiled, as well as dynamically arrested states. (Notably,
metastable phase boundaries are only detectable in out-of-equilibrium condi-
tions.) This has implications for tailed self-assembly. Pattern formation, gener-
ally, can be controlled once phase separation and phase transformation prop-
erties are understood in full [252, 253]. For customized self-assembly, then, an
experimenter could tune macroscopic properties such as temperature before
or during, or after the self-assembly process (annealing or cooling). He or she
could also interrupt the deposition process intermittently [254]. Further, the
ratio of deposition and desorption rates (which is shifted by the substrate poten-
tial strength) adjusts the supersaturation at the surface [166]. We discuss such
experiments – by means of simulations we performed preliminarily – in Ch. 5.
Further, a change of the substrate potential will alter the behavior dramatically,
which may even cause metastable phases to become stable if these potentials
strongly favor lying orientations of rods (we will show this effect in Ch. 5).

From the theory side, equilibrium information is necessary for quasi-
stationary and local-equilibrium approximations to equations-of-motion,
which may remain valid if the system is exposed to slowly varying forces. We
demonstrate this principle in Ch. 4 for the dynamics of monolayer growth
of purely hard-core rods, which almost always remain near-equilibrium
except for conditions of very fast deposition and strong substrate potentials
favoring a lying orientation. Further, in order to be able to be consistent with
thermodynamic equilibrium, a simulation or theoretical model on dynamics
must provide a well-defined equilibrium limit. Our studies in part II are
trimmed towards this requirement by the use of kinetic Monte Carlo, as well
as dynamical density functional theory that treats (local) balance conditions
leading the system to equilibrium (if the driving forces are turned off). (See
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Ch. 2.3 and Ch. 3). In our studies, we make use of fundamental measure theory,
which captures correlations during the evolution. This means the response of
the system to thermodynamic forces during growth might be modeled much
more faithfully than other mean-field approaches.

Related simulation studies

We briefly review here other simulation studies trimmed at modeling thin film
growth with anisotropic organic molecules at the monolayer stage. A popular
choice is molecular dynamics [4, 138, 139, 235–237, 255, 256], which, however, re-
stricts the number of particles and simulation times massively, as it is generally
only coarse-grained with respect to inter-atomic potentials. Simulations like
that of Ref. [4, 235] are situated towards the fine-grained-end of the spectrum;
these all-atom approaches model pentacene film growth on a substrate of C60
(fullerene) with about 100 particles. Even so, evidence for a lying–standing tran-
sition has been found. Ref. [139] addresses two potential growth modes at the
submonolayer stage depending on molecule-molecule and molecule-substrate
interactions. However, they simulated circa 10 pentacene molecules on amor-
phous SiO2. Nevertheless, the results hint at a reorientation transition even with
such small number of molecules. Ref. [236] finds that a pentacene molecules
persist in “disordered aggregates” of a lying orientation before attaching to a
standing crystalline phase. A transition point (density) is indicated,17 where-
upon a lying phase disappears. Unfortunately, only a single curve is provided
without a variation of kinetic parameters.) Ref. [237] likewise attests to the
different molecular morphologies appearing on substrates, including crystal
phases. Ref. [256] hints at a network-like structure of pentacene rods at low sub-
monolayer densities on a C60 substrate, as well as a low-ordered structure of
pentacene at higher submonolayer densities (Fig. 2 in the reference). Ref. [138]
models 6T (sexithiophene) monolayers grown through a sequence of depo-
sition and annealing steps. Post-deposition wetting effects were studied in
Ref. [142], which notes that the reported lying phase at the substrate may be a
precursor to stable island formation.

Systematic investigations including relations to thermodynamic phases
have been investigated more systematically in less generic models. Rod-like
molecules with multipolar interactions were modeled in a mixed lattice-
continuum model using kinetic Monte Carlo of 6P (sexiphenyl) molecules on
patterned substrates in Ref. [140, 257, 258], see also Ref. [250]. The simulations
by Kleppmann et al. have explored the feasibility of such hybrid models
for reproducing experimental phenomena for specific systems. (See also
simulations of more generalized particles with quadrupolar interactions in
[238].)

Full lattice models, like the one studied in this thesis, allow for much larger
systems to be investigated, numerically. Lattice models for thin film growth
with rods have already been modeled in the cases of dimers and “trimers” pos-
sessing short-ranged attractions (Refs. [233, 234]). In Ref. [233], different the
inter-particle interaction type and strengths were simulated in an exploratory
fashion for generating various forms of islands and ordered states therein.
In Ref. [234], the energetic parameters employed were tailed to thiophene
molecules on different substrates, motivated by quantum chemical calculations.

17Fig. 1 in Ref. [236]
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Although various patterns were observed to appear during the growth simula-
tions, upon variation of temperature and substrate type, the relation to equilib-
rium phases was not investigated. A clear explanation of the phenomenology
is lacking and many of the quantitative results are difficult to interpret. An
older lattice study (Ref. [120]) treats the phase behavior in monolayers from
an equilibrium perspective. It models non-hard particles with a head and tail
that are mobile on substrate, with the head confined to the substrate. They
address the equilibrium lying–standing transition at different conditions of
substrate potentials, densities or chemical potentials, and inter-particle interac-
tions. Notably, they detect liquid-vapor separation involved in the formation of
lying and standing states, where these two transitions are seen to be successive
(in density).18 The study clearly hints at complex behavior within monolayers,
seen even in most simple models. Ref. [259] studies growth kinetics around step
edges by utilizing a dimer model. Lastly, the effect of anisotropic interactions
was studied in a lattice system in Ref. [260], where particles are 1× 1× 1 in ex-
tent and entail anisotropic pair potentials, contrasting the behavior to atomistic
growth models.

∗ ∗ ∗

The next section introduces the next topic of this thesis, where we continue
to explore our generic lattice model of hard (and sticky) rods in other contexts:
We study the phase behavior around the isotropic–nematic transition in 3D
bulk as well as in 2D (full) confinement.

1.3 Phase behavior of hard (and “sticky”) rods on square
and cubic lattices

In part III of this thesis, we will explore the bulk phase behavior of an ex-
tremely idealized version of fluids composed of elongated particles. While the
behavior of e.g. liquid crystals is well-established, much less is known about
the ordering behavior of rods in on-lattice models. We aim to understand the
effect of discretizing the full degrees of freedom by characterizing the phase
behavior with Monte Carlo simulations – around the isotropic–nematic transi-
tion. This will come with a few surprises. From the technical side, we employ
Markov-Chain Monte Carlo simulations in the grand-canonical ensemble. As
mentioned earlier and in the context of the previous section, we will compare
our phase diagrams to those predicted by fundamental measure theory (FMT)
on the lattice [159, 160] (more references are listed further in the discussion
below).

After a motivation in the next few paragraphs, we will introduce the ba-
sic physics of bulk systems of rod-like particles in the continuum, specifically,
their orientational-ordering transitions. We also introduce some aspects of the
phase behavior of rods in 2D confinement. The ordering transition in partly-
discretized models (with continuous translational degrees of freedom) are re-
viewed thereafter. Finally, we will discuss what has been understood about
ordering behavior in fully discrete models of hard rods prior to the work in
this thesis.

18reminiscent of orientational behavior in SAMs discussed at the beginning of this section.



28 Chapter 1. Introduction

Can a hard-core interaction between anisotropic particles induce long-ranged,
so-called nematic order, where large domains of (nearly-)parallel rods distin-
guish themselves from the isotropic phase of the fluid? This question has laid
at the heart of a long history of studied on systems of rod-like particles be-
ginning in the middle of the last century. Indeed, systems with anisotropic,
hard or semi-flexible particles undergo a range of possible phase transitions
that induce preferred orientations. These are fundamentally entropy-driven,
due to the hard-core repulsion of the particles. Upon increasing the packing
fraction (number density) from an isotropic phase, a nematic transition occurs.
At higher packing fractions, smectic ordering of various kind occur, before a
crystalline phase is ultimately reached.

The phase behavior of continuum models of spherocylinders is well-
established. However, much less is known about lattice models of hard
rods, in particular for 3D systems. In part III of this thesis, we study the
isotropic–nematic transition of hard rods confined to lattices in 3D bulk with
Markov-Chain Monte Carlo (MCMC) simulations of equilibrium. Further, we
characterize the phase diagrams of sticky hard rods in 3D and 2D, for densities
around the isotropic-nematic transitions, A basic motivation of this (and all!)
parts of this thesis is the idea that lattice hard rods might provide alternative,
workhorse models for studying orientationally-induced order-disorder tran-
sitions in soft matter physics. Their genericness put aside, lattice models are
certainly computationally less expensive to simulate. One must ask, naturally,
how well on-lattice hard rods may actually serve as “aliases” for bulk nematic
systems. Self-evidently, discrete systems have symmetries fundamentally
different from those in the continuum. We allude to some underlying issues in
coming sections below, reviewing the known phase behavior of rod-like model
systems in the continuum, as well as in the studied examples of (partially-)
discretized models of rods.

The exact effects of discretizing both translational and orientational degrees
of freedom on the phase behavior are not clear up front. Prior to our first pub-
lished study on 3D systems of hard lattice rods, there had been no simulation
studies on lattice systems of hard rods in the 3D bulk. Therefore, in in Ch. 6 of
this thesis, we investigate the transitions of 3D bulk systems of hard, as well
as hard and sticky rods.19 The 2D systems of purely hard-core rods on lattices
have enjoyed much more attention in the last two decades. With our studies,
we fill a gap in the literature. Further, we will compare our simulation results
with lattice fundamental measure theory. Lattice variants of FMT have been
less popular, in general, as well [159, 160, 262–266], which also applies to lattice
DFT, more broadly [267–280]. Our direct comparison may aid future theoretical
developments for lattice density functionals.

A further motivation is to fully understand the possible phases of the sys-
tems of rods in (2+1)D monolayer confinement. These are the model systems
for early stages of thin film growth with anisotropic molecules, the topic of
part II of this thesis, and are introduced in Sec. 1.2. 2D systems of rods can
be considered a limiting case where an infinitely strong substrate potential bi-
ases the lying orientation. We characterize the phases of 2D systems of very
long, sticky rods in part III. Multilayer thin films “live” in the realm between

19We note up-front that during the time our research was done, Ref. [261] also investigated
the model of hard rods, with one complementary finding that we mention in the corresponding
chapter.
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the monolayer and 3D bulk. Therefore, the bulk 3D is another limiting case
whose phase behavior would complete a full understanding of surface films
(surface phases). Simulations of multilayer thin film growth with lattice rods is
an outlook of this thesis, and this thesis will provide a solid theoretical bedrock
towards work in this direction.

1.3.1 Bulk systems of rods in the continuum

Liquid crystals are probably the most famous kind of nematic systems [39, 281–
283]. Nematic systems engulf in a broader class of anisotropic, rod-like particles
that may entail various kinds of interactions in addition to steric repulsion
(e.g. paramagnetic, electrostatic, ferromagnetic, van der Waals, and depletion
interactions). Clearly implied by their name, all showcase the isotropic-nematic
transition that is in focus in part III of this thesis. Yet, hard-core spherocylinders
(e.g. in colloids) can show the same phases seen in many liquid crystal systems
(isotropic, smectic phases), without the need of added external forces of special
electrostatic of magnetic interactions, see Fig. 1.6 [42, 59, 60, 284]. Hard-bodied

F I G U R E 1 . 6 : Example configurations of different ordered
phases in a system of hard spherocylinders. Clockwise from
upper left: isotropic, nematic, smectic-A and ordered crystal
phases of a system of hard spherocylinders. Source: Ref. [26,

Ch. 12].

models of bulk liquid crystals are further reviewed in Refs. [40] and [26, Ch.
12.7].20

There is general agreement from the theoretical side about the behavior of
infinitely thin rods in the 3D continuum: It all started with Onsager’s pioneer-
ing study on the existence of a first-order transition between an isotropic and a
nematic state in a hard-rod fluid in the limit of infinitely long rods [41]. This was
an early, clear example of an entropy-driven phase transition. In the meantime,
the phase behavior of hard rods in the continuum has been fully established by

20Relatedly, see Ref. [25] for an overview of diverse hard-core colloidal systems.
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Bolhuis and Frenkel, see Refs. [18, 42]. Nematic ordering starts from a critical
aspect ratio L/D (ratio between length and diameter) of about 3.8. Symmetry
arguments and mean-field theory predict the transition to be first order, but an
associated density gap is hard to detect near the critical aspect ratio. This be-
comes clearly visible for L/D = 5 [285] and reaches the Onsager limit already
for L/D & 15. Colloidal bulk systems of spherocylinders [286] show strong
similarities to the phase diagram calculated by Bolhuis and Frenkel.21

The most accurate density functionals for hard, anisotropic particles have
been derived from Fundamental Measure Theory [292–298].22 Wittmann et al.
used mixed measures to derive a functional that is exact in the low-density
limit; for higher densities, typical FMT approximations were employed [296].
The corresponding phase diagram for hard spherocylinders showed almost
quantitative agreement with Ref. [42]. However, the FMT results showed an
almost constant density jump between the coexisting isotropic and nematic
states for aspect ratios starting from L/D & 3.5. Thus, the transition is strongly
first order for all aspect ratios.

In part III, we will see that the lattice model of purely hard-core rods entails
at best a weak first order isotropic–nematic transition, in stark contrast to the
models in the continuum. Further the lattice FMT that we employ will repro-
duce a wide density gap – a clear sign of weakness of the lattice FMT. Further,
the nature of the “nematic” phase on the lattice will be very different: It will not
be long-ranged; rather, it will show a mean orientational dominance in one of
three possible orientations (or, a directional suppression for the cases of L = 5, 6).
Albeit, the specific nematic direction fluctuates over the course of Monte-Carlo
time (on time-scales longer than other, “internal” fluctuations). We presume
this represents the same class of Ising “demixing” transitions that character-
izes 2D restricted-orientation models of rods. The latter will be discussed in
Sec. 1.3.2 further below.

Attractive rods in bulk

The case of rods with additional attractions has been studied mainly in the con-
text of the Asakura–Oosawa (AO) model, appropriate for systems of hard rods
where the addition of non-adsorbing polymers provides tunable attractions
through the depletion effect. Here, the concentration of polymers corresponds
to an inverse temperature. Mean-field theories such as free volume theory for
the AO model of rods and polymers [59, 60] predict a continuous and substan-
tial widening of the isotropic-nematic density gap.

In the case of small polymers (corresponding to short-ranged attractions),
the transition smoothly crosses over to a transition between an isotropic vapor
and a nematic liquid. This scenario is basically confirmed in simulations, but,
the nematic transition becomes metastable with respect to the isotropic vapor–
crystal transition in those cases [60, 285]. The widening of the coexistence

21Further experimental studies of colloidal systems of hard rods (though not addressing bulk
phase diagrams) include Refs. [287–291].

22For completeness, we mention here some older studies from the theoretical side of hard-
core (spherocylinder) bodies in the 3D continuum. Scaled-particle treatments of the hard-core
systems include Refs. [299–304]. Virial expansions were calculated by Frenkel et al., see the
review in Ref. [305]. Other approaches include Refs. [306–312]. Density-functional treatments of
spherocylinders were initiated by e.g. Refs. [313, 314].
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density gap has been observed experimentally in mixtures of fd-virus and
dextrane polymer mixtures [315]23 and in ones of boehmite rods and PDMS
or PS polymers [284], although arrested states appearing further complicates
matters.

Confinement to a two-dimensional continuum

History on the theory of two-dimensional systems of liquid crystals has not
progressed in a strictly straightforward manner. Straley (1971) [320] used a
theory based on the lowest-order approximation to the virial expansion of the
free energy (the Onsager limit) to determine whether nematic ordering exists,
but, was inconclusive. The existence of this phase transition was long put up
for debate, as an isotropic to nematic transition requires the breaking of the
symmetry of the continuous group of rotations. There were reasons to believe
that “true” phase transitions, involving the breaking of a continuous symmetry,
cannot take place in two dimensions [321]. Nevertheless, various theoretical ap-
proaches were developed, and e.g. Chakravarty and Woo (1975) [322, 323] sug-
gested that even further smectic and crystalline phases can be constructed by
taking short-range correlations explicitly into account. However, when treating
hard ellipses, Cuesta et al. (1989) argued that the first-order isotropic–nematic
transition known from 3D actually becomes continuous in 2D [324]. Such a
“destruction” of first-order phase transitions is typical for dimensional confine-
ment [325] (see discussion in Ch. 2.2). An integral-equation study on hard
ellipses with density functional theory thereafter [326] also excluded the pos-
sibility of the transition being first order. Later studies also suggested that the
isotropic–nematic transition is always continuous [327], and occurs for aspect
ratios L/D ≥ 7 in spherocylinders [327]. (The case of ellipses is a more sub-
tle [328, 329], and may even first occur for a ≥ 3.) In contrast, other forms of
2D liquid crystal models [330] show first order transitions, which bear anal-
ogy to spin-like models that we discuss further below. Ref. [331] investigated
the crossover between the continuous and first order transition in off-lattice
2D liquid crystal models. These, however, are not hard-core. The model of
hard rods studied in this thesis can “bridge” both sides – it has a tricritical
crossover between continuous or first order transitions, depending on the at-
traction strength between hard-core rods, and is an on-lattice model.

Since the translational degrees of freedom are continuous, fluctuations in
the average orientation may destroy the long-range order of a nematic state
(leading to a quasinematic state), decaying algebraically. However, anisotropic
hard particles (for which position and orientation degrees of freedom are cou-
pled) may still exhibit true, nematic long-ranged order, see the discussion in
Ref. [332]. Thus a continuous isotropic–quasinematic transition of Kosterlitz–
Thouless type [333–335] is possible, as well as an isotropic–nematic transi-
tion of first order. Interestingly, both types had been found in the hard ellipse
system [328] (first-order for aspect ratio 4 and continuous for aspect ratio 6),
though, Ref. [336] contradicts this and finds only continuous transitions. Fur-
ther 2D simulations of hard rods [327, 337] and hard ellipses in Refs. [329, 338]
seem to confirm algebraic decay (see also Ref. [339]; Ref. [340] confirms this is
for experimental systems of ellipsoids in quasi-2D confinement). Nevertheless,
some topics may still be open.

23Further studies with the fd-virus include Refs. [316–319].
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Notably, then, the quasinematic phase transition in 2D liquid crystals is re-
lated to the problem of melting hard-sphere crystals in 2D [341], which is de-
scribed by the KTHNY (Kosterlitz-Thouless-Halperin-Nelson-Young) mecha-
nism [342]; a hexatic phase appears (see early Monte Carlo studies in Ref. [343])
and the transition is topological. The planar spin models (XY) also show such
behavior [344]. Generally speaking, rod models like any other are exposed to
“pathological” problems encountered during dimensional crossover from 3D to
2D. The lattice models of 2D sticky rods studied in part III of this thesis will also
show quite “different” behavior from the 3D bulk, in that the weak first-order
isotropic-nematic transition at the purely-hard-core limit will be “destroyed”,
turning into a continuous transition. In doing so, the “sticky”-rod phase dia-
gram for the 2D system will entail a tricritical point.

We discuss confinement more generally in Ch. 2.2. Below, we discuss
known effects of discretizing degrees of freedom of rods on the isotropic–
nematic transition.

1.3.2 Lattice models of hard rods

The effect of constraining a system to a lattice on nematic ordering is not clear
up-front. “True” nematic ordering is long-ranged and represent the breaking of
a continuous symmetry. In analogy to the discussion of dimensional confine-
ment above, but also in Ch. 2, constraining degrees of freedom to a lattice is like
filtering out particular (Fourier) modes, which might destroy long-range order-
ing in its “own” way. Indeed, in our study of the ordering transition of long
rods on lattices in 3D likely belongs to the Ising universality class (a gas-liquid
transition): a discrete symmetry is broken instead. Correlated domains with
orientational order fluctuate strongly amongst the discrete set of realizations
of orientational order; the domains are always “short-ranged”.

Despite these subtleties, lattice models have often been introduced to take
up the role of a simplified version of a continuum model of interest, in the hope
they retain the basic physics, e.g. the type of phase transition. Most famously,
the Ising model enabled the understanding of liquid-vapor transitions.24 Other
well-known examples are lattice polymer models, which attempt to reduce the
vast configurational space of “true” polymers in the continuum.

For 2D systems, the Lebwohl-Lasher / XY-models [334, 346, 347] have early
taken on the role as basic models for phase transitions in liquid crystals. Also,
the Potts model in 2D or 3D (with discrete spin-orientation degrees of freedom)
[46] may serve as an approximate analogy to liquid crystals in the respective
dimensions [330]. However, the examples mentioned all share one common
feature: They are on-lattice, but have anisotropic potential-type interactions
that do not stem from local, steric-repulsion due to particle shape. They are
“spin-like” models.

On the other hand, in the broad scope of soft matter systems [348, 349],
steric repulsions play the central role (see Ch. 2) for crystallization, as well
as for other phase transformation processes and phase behavior [350–354]. In
this context, basic anisotropic-particle systems like liquid crystal models have
long been studied in addition to famous hard-sphere systems. However, these

24Note that, serendipitously, lattice models can sometimes be mapped onto each other: the
Ising model can be mapped onto to the linear XY model with an external field; the 2D dimer
problem (dimers) is equivalent to the ground state of a generalized XY-model [345].
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are essentially always treated in the continuum. Therefore, we argue that on-
lattice models of sterically anisotropic particles complement both the palette of
well-studied soft-matter model systems, as well as that of “spin”-type model
systems on the lattice.

Discretized orientations: Zwanzig models

The Zwanzig model [355] describes the model where the possible orientations
of the rods are discrete, pointing in the three Cartesian directions in 3D. Yet
the Zwanzig model allows for continuous translational degrees of freedom.
A density-functional treatment of the Zwanzig model for hard rods in three
dimensions (3D) using fundamental measure theory (FMT) shows many qual-
itative similarities in the phase diagram generated compared to the one for
continuum rods [239], but, additional phases do appear. Fundamental measure
theory for the Zwanzig model is described in Ref. [33]. Simulation results for
the phase diagram of the continuum Zwanzig model in 3D are not known to
us, neither are studies on the influence of additional attractions between the
rods.

When regarding the bulk behavior of 3D spherocylinders discussed above,
it is important to notice the following fact: rods constrained to a cubic lattice in
3D will not take on a continuum limit of hard spherocylinders simply by mak-
ing the lattice “denser”. This “dense” limit of the lattice renders the Zwanzig
model. Zwanzig found that rods that are long and hard render virial coeffi-
cients that scale very differently with their aspect ratio from those of hard-rod
models with unrestricted orientations. If a “conversion” between models is at
all possible poses a nontrivial theoretical question: They entail different rota-
tional symmetry groups, locally, which then couple to translational degrees of
freedom once particles are in mutual vicinity, a topic we discuss in Ch. 2 more
generally. Consequently, a second-virial approximation is not sufficient to lo-
cate the isotropic-nematic transition even in the limit of long rods. Zwanzig’s
argument about the virial coefficients should similarly apply to the 3D lattice
model, which we discuss in Ch. 6 when comparing to a model of continuous
spherocylinders.

The “isotropic–nematic” transition in the 2D Zwanzig model was shown
to be of a liquid-gas demixing type [356], presumably of the Ising universality
class. An early work with Monte-Carlo simulations also suggested such order-
disorder transitions when studying an on-lattice model of rods in Ref. [357].
Therefore, the correlations of orientations in the restricted-orientations 2D
model are even shorter-ranged than in 2D liquid crystals (algebraic decay).
We may conclude that in 2D lattice and continuum models show qualitatively
very different behavior with respect to the type of phase transition.

Fully discrete models

Theoretical studies of the bulk phase of the lattice models in 2D and 3D were
sparked by DiMarzio [358], having approached the problem from the context
of polymer theory. Their solutions are based on combinatorial considerations.
DiMarzio calculated the number of possible packings of rods—thus evaluated
the entropy – through approximating the probability of inserting a new rod
into a system already containing other rods. The approximation consists of
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treating all rods orthogonal to the rod that is to be inserted in a typical mean–
field fashion: one such orthogonal rods (of length L) is considered a ‘cloud’
of L independently–distributed obstacles (of size 1× 1 in 2D and 1× 1× 1 in
3D) for the rod to be inserted. DiMarzio, however, did not evaluate the bulk
state explicitly by maximizing the entropy. This appears to have first been
done by Alben [359] for the 3D model, who found a strong first order nematic
transition for rod lengths L ≥ 4. Notably, the DiMarzio entropy corresponds to
the exact solution on Bethe-like lattices [360] (see also the much earlier Ref. [361]
regarding such a connection).

As mentioned, the 2D Zwanzig rod has a demixing transition in 2D between
the two oriented states allowed [356]. This aspect and the associated critical
exponents are discussed in Refs. [362–364]. Therefore, a 2D mixture of rods can
be viewed as a binary system of particles (rods oriented in x– and y–direction,
respectively). The simulation studies show that the critical packing fraction
for the onset of demixing scales approximately as 4.8/L for large L [363, 365].
Alben’s solution [359] to the 2D lattice problem is in contrast to simulations
[366], which found demixing for L ≥ 7: Alben predicts demixing of the two rod
species occurs for L ≥ 4 above a critical packing fraction ηc(L) = 2/(L− 1).

At very high packing fractions η ≈ 1, theoretical arguments predict a
reentrant transition from the demixed to a disordered state bearing some
characteristics of a cubatic phase on a lattice [366]. This transition has been
studied in more detail using simulations in Refs. [367, 368]. For rods with
extensions mL× m (where mL, m are integer and L may be non-integer), the
phase diagram has been investigated in Refs. [365, 369], where (for m > 1) it is
shown that a columnar phase appears between the demixed and high-density
disordered phase (see also very early, related work on hard squared in 2D
in Refs. [370, 371]). Ref. [372] studied bidispersed systems, where further
interesting effects occur: When both the rod lengths are larger than 6, they
observe the existence of two ordering transitions at full packing, upon varying
the composition. See also the thesis of Kundu [373]. Ref. [374] studies a dimer
lattice gas model with nearest-neighbor exclusion.25

We will show in part III that in addition to the known effect of orienta-
tional “demixing” 2D systems, 3D systems of hard rods on the lattice demix in
a unique way: We will show how “nematic” phase corresponds to an excess of
any of three species, though the specific direction is transient and switches via
intermittent relaxation events. For intermediate rod lengths, this nematic “ex-
cess” actually turns into a “deficiency” of one rod species, a completely unique
feature of the fully discretized model, which has not been reported before. In-
deed, the nematic phase appears only for rod-lengths L ≥ 5, below which
a “normal” liquid–vapor transition between two isotropic states persists. Fur-
ther, in addition to the hard-core isotropic-nematic transition being discovered

25A mathematical proof of the existence of “nematic” orientational ordering on discrete lattices
was motivated by the conjecture of Heilmann and Lieb [375, 376] who originally considered
mixed systems of monomers and dimers. Directional ordering transitions [363, 366] has been
proven in agreement with the simulations, [377–379], additionally for polydisperse systems
[380]. Notably, relationships between planar spin (XY) models and dimer models had long been
discussed [345]. Yet, as collinearity of very short rods at low temperatures is predicted (for
hard-core systems mixed with monomers, a direct relevance for the model (or thermodynamic
ensembles!) employed in this thesis remains unclear.
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in 3D in simulation, we characterize the effect of attractions on the isotropic–
nematic phase transition for a large range of rod-lengths. As to 2D systems, we
investigate a large range of attraction strengths – much more than previously
investigated in the literature, providing a much “wider” view on the phase
diagram. We study the exemplary case of L = 10.

∗ ∗ ∗
In the next section, we introduce the third major topic of this thesis, machine

learning. We will use our gained knowledge of the 2D behavior of sticky hard
rods to better understand an unsupervised machine learning algorithms – by
training it on configurations of the model system and observing its ability to
extract thermodynamically-relevant information.

1.4 Unsupervised-machine-learning a “sticky” hard-rod
system in 2D

In this thesis in part IV, we study the learning behavior of a generic, unsu-
pervised, and generative learning algorithm – β-variational autoencoders (β-
VAEs). In an autodidactic-style approach, we train the algorithm on configura-
tions of a statistical system of “sticky” hard rods in 2D – whose thermodynamic
properties we understand. We characterize the phase behavior of physical sys-
tem in part III aforehand. In this way, we aim to find out more about the limits
and capabilities of the algorithm with an alternate viewpoint from statistical
mechanics.

The work in part IV is exploratory in character, hence, will render a number
of surprises. For example, we find that β-VAEs “coarse grain” configurations.
As we characterize the learning behavior over a wide range of parameters (β
and number of latent variables), we find the learning algorithm itself undergoes
a phase transition. This occurs upon a critical or threshold value β, whereafter
the effective level of coarse-graining is changed. The latent variables, which
we interpret as (fluctuating) collective variables in the rod system, become
“disentangled” and form a broad hierarchy at this critical state of β, after which
certain variables collapse. (This intriguing behavior may bear some analogy to
solidification of amorphous systems or to the appearance of goldstone modes
[381, 382].) We will find out that the first few variables express the global order
parameters in the system, i.e. the quantities reflecting the symmetry in the
system that is broken upon a thermodynamic phase transition. Higher-order
variables seem to express further “modes” in e.g. a fluid or a solid. These
algorithms thus learn a reasonable model system, to some extent. Yet, we will
see that their generative capacities are limited in their interpretability, and
suggest a few ways forward.

In the next section, Sec. 1.4.1, we will motivate machine learning more gen-
erally, thereafter alluding to deeper theoretical connections to statistical physics.
We will then foreshadow that our approach taken in this thesis will reveal in-
triguing learning behavior, which connect to a very fundamental topics: on
compression, critical phenomena, and coarse-graining. We provide a brief re-
view of current applications of learning algorithms to statistical physics, which
is a rapidly moving field. We describe β-VAEs very briefly in Sec. 1.4.2, as well
as review the limited number of applications to statistical physics that we have
found in the literature.
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1.4.1 Introduction to machine learning

Machine learning [383–390] is having dramatic effects on many areas of tech-
nology and science, being one of the most rapidly growing technical fields.
Algorithms can complete specialized tasks that we may deem as “complex”,
in the sense that we do not know (or want to know) how to formulate the ex-
act rules leading to a ‘correct’ answer. The key is that algorithms are capable
of learning rules implicitly, not imposed explicitly by human engineers [391].
Most dominant in recent years is the broad class of learning algorithms that
embody deep learning [108], which, however, has its origins date back to the
mid and latter part of the last century. Deep-learning is a form of representation
learning with multiple levels. With enough transformations chained on top of
one another, very complex functions can be learned [391]. Thus, deep learning
as well as many other machine learning algorithms can, loosely, “abstract away”
unimportant details in datasets. They discover underlying regularities or recur-
ring variables (patterns), the basis for making predictions on the data-sets. One
can say they try to “make sense” of large, complex data-sets, especially if we
impose a probabilistic model on the data, fundamental to the philosophy behind
VAEs that we study in part IV of this thesis.

Standard learning setups

As stated in Ref. [392, Ch. 1.1], most, if not all, known facets of intelligence
can be formulated as driven towards a goal, which can be stated generally
as, “Approximate a target concept given a bounded amount of data about it” [393].
In whichever way the target concept is to be understood, striving towards a
goal can be formulated as an optimization problem, generally [393]. A sharp
distinction should be made between learning generic features of datasets in the
learning problem and reproducing training data in a memorized fashion: This
is the central idea behind the generalization ability of an algorithm.

The “type” and meaning of the objective function depends on the class of
learning problem: they come in three main variants [383, 388, 389, 391, 394,
395]. In most applications, a more appropriate categorization is a mixture of
these. The first and most common, supervised learning, is the most intuitive, ar-
guably. Prototypical examples are classification and regression. In classification,
a machine learning algorithm learns to map data to categories distinguished
by labels (e.g. “cat” or “dog”), which augment the raw data (e.g. images), both
of which are passed to the algorithms during training. In this way, the cor-
rect answer is given to the learning agent during training. The machine then
provides predictions – probabilities – for each category of possible answers.
Supervised learning is specialized to the particular task and dataset, especially
when compared to unsupervised or reinforcement learning (see below). It is
probably the farthest from any general form of intelligence. Nonetheless, much
of the practical successes on representation learning have arisen in supervised
settings.

Yet, there is a deep desire to develop algorithms capable of performing well
without the need to label data. This leads to the class of unsupervised learning,
where a learning agent finds an internal representation of the data, discovering
hidden relationships within it. One can say they find natural “partitions” of the
data, given a few, basic model assumption. Most generally, correct answers are
not provided to the machine. The crux of these (seemingly) “free” algorithms
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is that model assumptions are required in order to be able to organize the data
into partitions, at all [396]. For example, in clustering, the data is rearranged
onto a low-dimensional manifold, abiding to a model that governs statistical
distances between data-points.26 In linear dimensional reduction techniques
like principal component analysis (PCA), the covariance matrix over data is diago-
nalized and the eigenvectors with the highest variance are selected. As we will
discuss in Ch. 3.6, this is akin to presuming a (global) Gaussian field theory of
the data. We mention that PCA represents a limiting case of VAEs [397]. VAEs
are also unsupervised algorithms, which are discussed separately below.

The third class encompasses reinforcement learning, which can be placed
somewhere in between supervised and unsupervised learning. We will not
describe them in detail. We only mention that unsupervised learning is more
“lax” about the goal of a learning task than with full supervision.

The deep connection to statistical physics

Alongside the “use and abuse” of deep learning methods and amidst their
striking success, there is an urgent intellectual desire to understand the “why’s”
and “how’s” of algorithmic learning from fundamentals. One of the lessons of
modern machine learning is that the most flexible (generic) learning systems
render the best predictive performance, especially when learning from large
data sets [390]. Physics-informed or physics-inspired algorithms [398–402] – as
well as methods to test algorithms – may offer new ways forward. The latter
case represents our approach in this thesis, in which we test an algorithm on
a well-understood and sufficiently idealized many-body system. In this way,
we can reveal what the algorithm is learning about the physics of the many-
body system, i.e. thermodynamic properties, fluctuations, or phase transition
boundaries, thereupon, we can judge model presumptions in the algorithms.

The deep theoretical ties between machine learning (information theory)
and statistical physics are associated with the many-body nature of the prob-
lem: a large number of degrees of freedom that a system can explore with
given, physical constraints. Citing Kirkpatrick et al. (1983) [403] in their sem-
inal work utilizing the Markov-Chain Monte-Carlo methods of Metropolis et
al. [404] for hard optimization problems,27 “There is a deep and useful connection
between statistical mechanics (the behavior of systems with many degrees of freedom
in thermal equilibrium at a finite temperature) and multivariate or combinatorial opti-
mization (finding the minimum of a given function depending on many parameters)
. . . This connection . . . exposes new information and provides an unfamiliar perspec-
tive on traditional optimization problems and methods.” Statistical thermodynamics
provides principles for assessing the entropic and energetic costs of manipulat-
ing information [75]. (See also Ch. 3.5.2 later in this thesis.) Moreover, theory
on frustrated many-body systems, i.e. spin glass theory [405], represented the
context in which learning theory was developed and understood in the 1980s–
1990s [406–415]. From a very general standpoint, then, statistical physics could
provide insight and clarification on basic questions [75, 102, 416–419]. In this
thesis in part IV, we aim to take a step in this direction.

26The model can consist of a few low-dimensional Gaussian distributions, and the number of
clusters is given by the user (it is a hyperparameter, i.e. a free model parameter (usually in the
cost function) that is fixed prior to the training or optimization procedure).

27a method well-known as simulated annealing
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As to physics-inspired methods, we note that canonical methods from statis-
tical field theory like variational mean field theory have been imported directly
into machine learning (e.g., see Ref. [420]). The VAEs we study in this thesis
utilize this approach, which we will explain in more detail in Ch. 3.

Compression, coarse-graining, and critical phenomena

Deep learning is traditionally described as finding a complex, parametrized
map between data and hidden representations. For a learning problem, the
true map may be unknown, hence learning is a type of inverse problem, where
arbitrary functions should be approximated. Nonlinearities in the networks are
known to be key to their representation power and expressibility.

It may be of no surprise, then, that learning entails critical phenomena. No-
tably, criticality and scaling appear naturally in biological or neuronal systems
[73, 421–426]: Systems poised at criticality may be “optimal” in response to bio-
logical or evolutionary adaptation pressures. Hence, optimal forms of learning
may be tied to a learning situated at a critical point [393, 427–430]. In this thesis
in part IV, we find that a β-variational autoencoder set at a threshold state of
its hyperparameter (i.e. a free model parameter in the cost function that is fixed
prior to the training or optimization procedure) learns a hierarchy of coarse-
grained variables in the rod system. The level-of-detail of the reconstructed or
generated images suffers after crossing the threshold, which is due to mode
collapse.

Trade-offs in the representation ability have long been known in other
contexts [431–433], where a characteristic power-law frequency of variables
is captured at an optimal (threshold) state.28 The ultimate goal of deep learn-
ing seems to be a trade-off between capturing predictive information and finding
representations that are maximally “relevant”29 while being maximally com-
pressed. Heuristically, it should separate “signal” from “noise” [438–440]. More
specifically, an optimal trade-off state30 may imply, for example, that every bit
of compression in the representation is equivalent to doubling the training data
(when regarding the impact on the generalization error) [449].

Though these topics may sound quite abstract, we see evidence for critical
or threshold phenomena, due to frustration or trade-offs, in our simple exper-
imentation with β-VAEs in part IV. We we apply them to configurations of
the 2D sticky-hard-rod system, where, specifically, the training dataset spans
widely across phase boundaries, i.e. is in an out-of-equilibrium state itself (or
approximately “critical”). Notably, the critical learning behavior will be tied to
learning a hierarchical “coarse-graining” of the configurations, which is quite
interesting from a theoretical perspective. A series of works has alluded to con-
nections between (deep) learning (or even PCA) and renormalization group
methods: These algorithms seem to work by realizing a hierarchical coarse-
graining procedure [417, 418, 427, 450–457]. The issue of symmetry is further im-
portant, as this reduces the amount of independent parameters. In our studies,

28We note that a broad the frequency distribution of variables is characteristic for the observa-
tion of Zipf’s law in various forms in nature and data, see Refs. [428, 434].

29Specifically, the predictive information is the mutual information between the training set
and an infinite test set [435], which quantifies the amount of information that the training data
provides about the underlying generative process. It is essentially a measure for the complexity
of such a process [436–438].

30Please refer to information bottleneck theory by Tishby and coworkers [441–446]. See also
Refs. [429, 447, 448].
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we will see that a data representation that provides a basis for the broken global
symmetries in the physical system is key to successful, as well as interpretable
learning. In our case, these will correspond to the three-fold degenerate, global
states that coexist (co-occur) at the tricritical point. Finally, we will see that the
learning systems can only compress the information in configurations at the
cost of coarse-graining them, where the upper limit on resolution upon coarse-
graining corresponds to the level of compression. We will see that changing the
architecture from a simple VAE to a deep-convolutional VAE does not necessar-
ily improve the results. We think the training data sets of the sticky-hard-rod
systems seems to pose a very difficult learning problem, i.e. they have to a
high level of complexity or a low level of irreducibility, especially as they span
across phase boundaries. Therefore, many open issues we will encounter are
highly stimulating from a theoretical perspective.

Applications of machine learning, generally, within statistical physics

Complementary to basic machine learning research, using algorithms as a tool
for physics [458] has become very popular in recent years, in the hope to “ac-
celerate” physics research [394, 449]. In the realm of statistical physics, much of
literature in the past few years has reported on automatic classification of (“self-
assembled”) structures, or on automatic “detection” of phase boundaries,31 in-
cluding topological phase transitions.32 Lattice spin models have been the most
popular choice for most of the works listed above – off-lattice and anisotropic-
particle systems have been explored in e.g. Refs. [485, 486]. There has been a
noticeable dominance towards quantum many-body systems [487]. The infa-
mous, intrinsically difficult problem of fully representing the many-body wave
functions is at the heart of many endeavors using artificial neural networks.33

Machine learning algorithms may become useful for physics on a much
more abstract level, as well. Discovering new physical concepts [501–503], iden-
tifying new experimental questions [502, 504], or even detecting consistencies
among different theories [505] are very attractive ideas that could be possible.
However, more “down-to-earth” applications to statistical field theory have
already found success: Extracting analytical forms of order parameters (gener-
ally of polynomial type) like with support vector machines may aid in theory
development of many-body model systems, which for the vast majority are
intractable [506–511].34 Machine learning has also been used in the context of
liquid state theory or classical density functional theory [513–515]. Approximat-
ing intractable statistical models, predicting, and generating properties thereof
– without the need for expensive (Monte Carlo) simulations – are very attractive
prospects [459, 512, 516–521].35 To this end, VAEs, which we apply and investi-
gate in this thesis, could be viewed as a possible method for approximating an
intractable partition function or free energy; however, under restrictive condi-
tions. We introduce the algorithm below on a very generic level, and report on

31See, for example, Refs. [352, 459–479] on automatic classification of structures and “detection”
of phase boundaries.

32See e.g. Refs. [480–484] for examples where topological transitions were detected.
33See e.g. Refs. [479, 488–500] for examples where many-body wave functions are represented

in neural nets.
34Other “explainable” AI methods used in this regard are reported in Refs. [510, 512].
35Other applications head towards overcoming finite-size scaling problems of in simulated

lattice systems [522, 523], or in identifying extensive parameters of statistical systems [524].
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related work in the context of applying them to statistical model systems from
physics.

1.4.2 Beta-variational autoencoders (β-VAEs)

To understand how variational autoencoders are set up, let us begin with a
standard autoencoder. An autoencoder attempts to reconstruct an input “as
best as possible”: input data is passed though an encoder through a bottleneck
layer, which is much lower-dimensional than the original data. This is where
the compressed representations of the data are encoded. A decoder maps these
back to the original space, outputting a reconstructed image of the input (see
schematic in Fig. 1.7). The basic objective function is “only” the reconstruction
error, which is a measure for the accuracy of the output for a given input.

F I G U R E 1 . 7 : A schematic of how an autoencoder neural net-
work is built up. An input image (here with three color chan-
nels) is passed through an encoder into a bottleneck layer,
where the latent space representation of the data is encoded
(compressed). The latent code is then passed through the de-
coder network, which outputs an approximate reconstruction
of the image. Encoder and decoder implementation is fully flex-
ible (fully-connected layers, convolutional layers, etc.), and the
optimization problem is to minimize the reconstruction error.

Source: Ref. [525].

In contrast to the deterministic autoencoders, (beta-) variational autoen-
coders (VAEs) [50–52] are neural networks that provide a probabilistic model
of the data. It is a generative model. Figure 1.8 provides a first view of how
the probabilistic model is realized by a neural network: An encoder network
maps an input x onto the latent space spanned by z, and represents the condi-
tional probability distribution, the model (approximate) posterior of the latent
variables, pφ(z|x). “φ” represents the trainable (free) parameters of the encoder
neural network. In the standard VAE model, this approximate posterior pre-
sumed to follow a fixed (tractable) form: A multivariate Gaussian, in fact, a
diagonal one. Hence, each image is encoded in terms of the multidimensional
means µ and variances σ of this distribution. A sampler network that draws a
random value z from this encoded distribution, and sends it to the probabilistic
decoder neural network, whose free parameters are denoted “θ”. The decoder
represents the probability distribution of observing x pθ(x|z) conditioned on
specified latent variable z. The output x′ is a probabilistic “reconstruction” that
is compared to the input x in the same manner as with an autoencoder. How-
ever, the VAE cost function will contain an “extra” term that judges how well
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the posterior pφ(z|x) matches a prior distribution (a unit Gauss), i.e. a VAE min-
imizes the so-called variational free energy to learn the (approximative) model
of the data. We will explain this notion and the full β-VAE algorithm in more
detail in Ch. 3.6.

F I G U R E 1 . 8 : A schematic of a variational autoencoder with
input x, output x′ and latent variables z. Please see main text

for a more detailed description. Source: Ref. [526].

VAEs are praised because they “work” for many types of data and are
highly robust (they are stable compared to GANs, for example). Yet, they, too,
show idiosyncratic behavior [527–529]: posterior collapse or “mode collapse”
[530, 531] occurs. Whether they are capable of “disentangling” representations
in latent space [532, 533] is a topic receiving quite a bit of attention in recent
years. Further, the images generated by VAEs are typically “fuzzy”, hence they
are less competitive with GANs for generating realistic images of faces, for
example. Therefore, many issues around VAEs remain open, and we aim to
judge their capabilities in our own way by applying them to physical data of
a model system we understand well – the configuration of sticky hard rods, in
Ch. 7.

Applications of VAEs to statistical physics

Applications of VAEs to statistical-physical systems is remarkably recent, given
their invention in the computer-science community in 2013–2014 [50, 51]. A
very brief application of VAEs was performed in 2017, which was compared to
other “dimensional reduction” and unsupervised methods [463]. VAEs were
employed in a customized architecture for quantum many-body systems in
Ref. [495] in 2018. In 2020, Ref. [534] further demonstrated the capability of
VAEs on the Ising model (apart from Ref. [463]), and Ref. [535] that on spin
glasses. Ref. [536] likewise utilizes generative aspects of VAEs for modeling
complex systems from quantum mechanics. VAEs were employed in Ref. [537]
to generate a reduced version of many-body dynamics in an application for
biophysics. (Related is the work of Ref. [538] using standard autoencoders.)
The detection of phase boundaries with unsupervised learning and discovery
of collective variables are related topics for which we provided a brief litera-
ture review in Sec. 1.4.1. We note further that principal component analysis
(PCA) is conceptually related to VAEs [397, 527], representing a limiting case.
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Applications of PCA are quite popular, as it is much easier, numerically and al-
gorithmically: PCA was applied to configurations of lattice models in Refs. [460,
462–464], as well as off-lattice models in Refs. [485, 486].

1.5 Overview and organization of this thesis

The remaining two chapters (Ch. 2 and Ch. 3) of part I of this thesis prepare and
engage the reader with underlying themes and the deeper physics behind the
research presented in subsequent parts of thesis. This includes a description
and assessment of the specific methods applied in this thesis.

We begin by discussing the physics of complex fluids of anisotropic par-
ticles in Ch. 2, where the pronounced coupling between the large number of
orientational and translational degrees of freedom makes way to intricate phase
behavior in bulk and in confinement. Moreover, this coupling leads to a large
number of possibilities of structure and dynamics in nonequilibrium, where
self-assembly occurs. We report on a “soft-matter” affinity of organic molecular
thin films, as well.

Chapter 3 provides a deeper theoretical backdrop on equilibrium and
nonequilibrium statistical mechanics, discussing probabilistic descriptions
in both cases. Quite generally, time- and spatial scales in a system reflect the
static and dynamical information of a fluid. Coarse-graining aims to provide
levels-of-descriptions when particular time and spatial scales are deemed
“relevant”, although the case of nonequilibrium dynamics requires care. At
the end of the day, limited or partly available information necessitates a
probabilistic description, the notion upon which statistical mechanics is
founded. This prospect about partial information forms a natural bridge
between statistical physics and machine learning, whereby the latter field is
rapidly developing and these connections have not been expended in full.
Markov-Chain Monte Carlo algorithms – more than mere calculation tools –
are rooted deeply in the basic postulates of equilibrium statistical mechanics.
KMC is closely related: it characterizes the numerical approach to “solve” the
formal, full N-body stochastic dynamics of a nonequilibrium system upon
a first level of coarse-graining, still remaining consistent with microscopic
causal relationships (action and reaction of particles). We compare and discuss
the approach to the nonequilibrium N-body problem with DDFT, whereby
equilibrium DFT will also have been be described. With conceptual overlap
from statistical field theory, the generative model of VAEs (machine learning)
finds an optimized effective model of data, which is probabilistic by necessity
and construction.

Part II of this thesis entails two chapters on our work on monolayers of hard
rods on planar substrates in an on-lattice model of hard-core rods. This study
was introduced in Sec. 1.2. In the first part of monolayers, Ch. 4, we investigate
the nematic ordering behavior of purely hard-core rods in equilibrium condi-
tions. In the second part of the chapter, we present the corresponding nonequi-
librium ordering behavior by programming and employing KMC simulations:
The growth of a full monolayer is driven by a deposition flux introducing new
particles onto the substrate. We compare the simulations results directly to an
analytical approach with DDFT. We also match the nonequilibrium dynamics
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in the lattice model with that of the off-lattice spherocylinder system, allowing
us to compare the two systems directly.

The second chapter of part II, Ch. 5, addresses the case of “sticky” hard
rods in the lattice model. Upon augmentation of our KMC simulation code to
account for sticky attractions between rods, we present an extensive study of
the evolution and kinetics during monolayer growth for this highly generic
and idealized model. The dynamics are varied over seven to eight orders of
magnitude and the sticky attraction strengths are varied over a large range.
The kinetics are very rich: We identify and discuss multiple phase transition
scenarios in the monolayer (related to e.g. metastable phases appearing). This
has not been reported elsewhere for comparable models, and there is currently
no theory that could predict this behavior, as far as we can reckon. We further
find clear effects upon varying rod-length, strength of substrate potentials,
and the specific choice of microscopic dynamics in the model regarding the
rotations of the rods. Many of our findings seem qualitatively compatible with
the reported literature that we introduced in Sec. 1.2, which opens up the
possibility for a new and deeper understanding of “real” thin film systems.

Part III of this thesis addresses the equilibrium phase behavior of hard
rods constrained to lattice in 3D bulk, as well as 2D. We introduced this piece
of work in Sec. 1.3. This part of the thesis contains one chapter (Ch. 6). Using
GCMC simulations, we first investigate the isotropic–nematic transition in
3D for hard-core rods, finding a uniquely weak transition that differentiates
the lattice systems from off-lattice systems of rods in the bulk. The latter is
also true for the nature of the transition: the “nematic” phase entails a clearly
different meaning on the lattice, realized in a particularly unusual way owing
to the discrete rotational degrees of freedom. Thereafter, we produce phase
diagrams for the case of sticky hard rods in 3D and 2D (via GCMC simulations).

Part IV of this thesis addresses the work on machine learning introduced
in Sec. 1.4, and contains one chapter (Ch. 7): We investigate beta-variational
autoencoders (β-VAEs), an unsupervised and generative machine learning
method: We see how these algorithm “learn” configurations of the 2D sticky-
hard-rod system of Ch. 6, reinterpreting and discovering intriguing aspects of
the algorithm from a physical point-of-view. The learning algorithm can clearly
distinguish between different thermodynamic phases, and we can use the la-
tent (hidden) variables to construct alternative order parameters, for example.
As it seems VAEs discover collective variables in the configurations, and auto-
matically encode local fluctuations thereof, these algorithms may be useful for
e.g. coarse-graining. We also compare the learned representations and quality
of a simple, “vanilla” β-VAEs to those of a deep convolutional β-VAEs.

Part V constitutes the closing of this thesis. In Ch. 8, we provide a general
discussion across the various projects of Chs. 4–Ch. 7. There, we tie together
findings in each research project in a broader context, integrating knowledge
gained from all projects. We also reassess the scope and feasibility of certain
approaches taken in this thesis to answer some of the original scientific ques-
tions. As part of a general outlook, we will discuss the directions in which we
sense fruitful ground, both theoretical, as well as applied in nature. The general
conclusions of our thesis are consolidated in Ch. 9.
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1.5.1 About co-authored publications incorporated into this thesis

We incorporate the work of four readily published manuscripts into Ch. 4
(two manuscripts) and Ch. 6 (two manuscripts) of this thesis. Each and every
one is a co-authored piece of work. References to the corresponding pairs of
publications are provided at the beginning of Chs. 4 and Ch. 6. Contributions of
the author of this thesis to each manuscript are stated therein, as well, including
e.g. which figures the author produced.

1.5.2 About programming, simulations, and numerical analysis per-
formed in this thesis

We would like to use this section to provide a rough overview of the numerical
work involved in producing and presenting data in this thesis.

Simulation programming and production

The author of this thesis was fully responsible for designing, planning, program-
ming, testing, executing and managing all KMC simulations in this thesis. Ev-
erything was written in C++, abiding to modern programming standards: The
simulation codes are fully object-oriented and utilize modern design patterns,
template metaprogramming, as well as diverse compile-time and runtime op-
timization “tricks”. We employed modern Boost libraries and even wrote our
own libraries. The program is well-tested, flexible and has even been extended
and tested for a number of future simulation studies36 that are out of the scope
of this thesis.37 The volume of the self-written KMC simulation code consists of
the order of 25, 000− 30, 000 lines of code (without whitespaces). This includes
testing modules, self-written libraries, and the portion of numerical analysis
routines that were written in C++. (Most “higher level” data analysis codes
were written separately in Python, see below).

Further, the author aided in the design, testing, and management of the
equilibrium GCMC (and successive umbrella sampling) simulations in Chs. 4, 5
and 6 that were finally written and executed by other co-authors.38 We stress
that nowhere in this thesis were simulation packages utilized: All numerical
simulations were generated from self-written program codes.39

Machine learning algorithms and training

The machine learning algorithms (β-VAEs) presented of Ch. 7 were all imple-
mented, trained, managed, and fully analyzed by the author of this thesis, in
the Python programming language. We employed the Keras libraries with a
Tensorflow backend. 40 Excluding a large round preliminary work, we trained
∼ 100 neural networks.

36We could simulate full 3D dynamics or 3D film growth. Already tested for preliminary
results are the following simulations: monolayer evaporation, heating, temperature-quenching
or cooling, interrupted growth or evaporation–deposition growth

37We also note that the author designed the underlying algorithm for rejection-free KMC
algorithms with anisotropic particles herself, and wrote the program code in a most basic form
in the context of a Master’s thesis.

38in the context of co-supervision of student theses and student summer internship projects
39Nota bene, this includes the codes of other co-authors, as well.
40The author greatly thanks colleagues S.-C. Lin, C. Mony, as well as M. Maeritz for assistance

in preliminary and exploratory stages of writing or running these types of or related algorithms.
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Numerical analysis and plotting

Part of the numerical analysis was performed using C++ with self-written rou-
tines, such as cluster detection schemes, morphological analysis routines,41 and
some dynamical analysis routines in Ch. 5, as well as a few statistical analysis
routines in Chs. 4. We employed Python for the bulk part of the numerical anal-
ysis and plots that were produced by the author of this thesis (intensively in
Chs. 5, 7). The plots originating from the author in Ch. 4 were produced using
grace. Apart from regular plotting, mostly done in Python, we have also pro-
duced a number of “artistic”, 3D visualizations in this thesis using the POV-ray
scripting language and program.

41The author thanks colleague J. Bleibel for a helpful code “stub”.
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Chapter 2

The Mesoscopic Nature of
Complex Fluids of Rods

For all bodies are in perpetual flux like rivers, and parts are
passing in and out of them continually.

Gottfried Wilhelm Leibniz [Monadology]

This chapter provides a background to some of the basic physic and phe-
nomenology of complex fluids, particularly those of hard rods which we study
in forthcoming parts of this thesis. We first address generic topics like impor-
tance of strongly coupled rotational and translational degrees of freedom in
systems composed of anisotropic particles. We then discuss phase behavior
and dynamics (of rods) in dimensional confinement, which are important for un-
derstanding the rod-systems explored in 2D (part III of this thesis) and (2+1)D
monolayer confinement (part II). We also attempt to illustrate potential effects
of discretized degrees of freedom on phase behavior, which represents a central
theme of this thesis and is a novel aspect of the research presented in it. We
also touch upon self-assembly or phase separation kinetics in such systems,
and become acquainted with the notion of nonequilibrium “driving forces” be-
hind thin film growth studied in part II. In line with our general discussion
of complex fluids, we argue and discuss how organic molecular thin films are
more soft-matter-like than atomic films and should display a wider range of
collective phenomena (associated with a higher variety or more complex phase
transition kinetics). We provide evidence from the literature in favor of this
position.

Packing problems have fascinated people for millennia,1 and the study of them
has produced a body of literature across many disciplines [353]. In which way
can we pack a surface or volume with a given hard-core object of particular
shape? Which (combination of) shapes or particle orientations allow for a reg-
ular tiling pattern in 2D or 3D? These express in part very old, unresolved
questions in discrete geometry (and number theory).2 Collections of polyhedra
display a vast array of such unique structures and packing geometries [228,
540–546], including quasicrystals [547]. Each makes way for different macro-
scopic properties [541], naturally, which can have novel electronic, optical, and

1with regards to Platonic and Archimedean solids
2As a simple example, the packing of ellipsoids can be more efficient than that of spheres

[539].



48 Chapter 2. The Mesoscopic Nature of Complex Fluids of Rods

dynamical properties – some of which may be highly desirable for fabricating
advanced electronic, photonic [230, 547, 548], and rheological devices.

Apart from practical uses and phenomenology, many deep questions re-
main unanswered. Understanding how macroscopic properties emerge in hard-
bodied systems represents a cardinal inquiry that encompasses a wide vari-
ety of scientific and practical problems. Below we discuss how rod-like par-
ticles that are hard-core will be subject to entropy-driven phenomena; their
anisotropy will highlight the important ties between orientational and transla-
tional degrees of freedom that are present in in all fluids. Certain mesoscopic
levels of ordering are inherent in all fluids. These surface most apparently in
nonequilibrium, where a broader bandwidth of relevant time-scales (ascribed
to various kinetics) spawns the mesoscopic character of structure and dynamics.
We venture to understand the formation of ordered structures in nonequilib-
rium for hard-rod fluids on lattices in part II. Equilibrium phases represent
stable, macroscopic states resulting from the complex interplay of many, indi-
vidual degrees of freedom – we study the phase behavior bulk systems of hard
rods on lattices in part III. Finally, unsupervised machine learning is able to
discern between different rotationally- and translationally-ordered states of a
liquid, which we demonstrate in our study in part IV of this thesis.

2.1 On structure and dynamics in complex fluids

We typically discern various phases of matter using structural arguments. Liq-
uids (and glasses, which are solids) in the continuum of space do not have pro-
nounced long-range translational or orientational order. They are amorphous
and homogeneous when considering larger time and spatial scales. Yet, a crucial
factor is that locally in space and time, homogeneous fluids show orientational
and translational ordering [352, 549].3 The key here is that complex fluids are
not composed of point-like particles – rather, the spatial extent of the particles is
key to the “higher order” structural quantification in fluids in equilibrium, and
are at the heart of fluctuations. The inherent coupling of degrees of freedom
gives rise to local, transient, coherent structures and dynamics, which are par-
ticularly important in nonequilibrium settings such as during phase separation,
where ever larger-scaled coherent modes emerge.

2.1.1 Rotational and translational degrees of freedom

Rotational and translational ordering play somewhat different roles in com-
plex fluid systems, which are crucial for understanding the phase behavior,
as well as nonequilibrium structure formation, of these systems, particularly
in the case of anisotropic particles. Arguably, the breakdown of translational
symmetry in liquids takes place intrinsically at a global scale, while the break-
down of rotational symmetry can be local, paraphrasing the discussions in
Refs. [352, 549]. Global translational symmetry implies conservation of linear
momentum across all mesoscopic (relevant) scales of treatment. Motion of in-
dividual particles in translational degrees of freedom are main contributors to
“holding up” this symmetry, if the system is ergodic. In contrast, local angular
degrees of freedom must couple to translational degrees of freedom in order to

3An exception may be e.g. fluid mixtures.
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transfer rotational energy along one dimension of space. Arguably, then, ow-
ing to this complication, a rotational symmetry is generally “easier” to break.
Before crystallization sets on in a metastable fluid of hard sphere colloids, for
example, transient clusters belonging to different symmetry groups appear and
disappear [550] – local orientational ordering is thus one of the key factors in
crystallization [551].

If the coupling between local rotational and these longer-ranged transla-
tional modes becomes strong enough, a global break of this symmetry is possible
(at long ranges):4 This characterizes the case of the isotropic-nematic transition
of long, hard rods in the 3D bulk (see also Ch. 1.3.1). The transition occurs when
both a high enough mean density is reached, i.e. when momentum transfer is
more efficient, and when rods are long enough, so that they can more easily
correlate their orientational states to the farthest reaches of space.

Although this long-ranged ordering transition is abrupt in nature (requir-
ing some amount of work), nematically-ordered fluids preserve much of their
liquid-like dynamics in translational degrees of freedom. The global break in
translational symmetry (a density gap, and therefore, an interface dividing
space) upon this kind of ordering is generally weak when compared to crystal-
lization.5 Subsequent transitions, at even higher densities, break the remaining
continuous rotational symmetries into various smectic phases [39, 282, 283],
which, however, still allow for a certain degree of continuous translational de-
grees of freedom (locally). The final, most difficult transition breaks the global,
continuous translational symmetry space – the solid crystal phase – where
a long-ranged crystal of discrete translational symmetry emerges. Therefore,
orientational ordering will generally occur, much more pronouncedly, before
translational ordering, which breaks the homogeneity of space [549, 551].

Fluids composed of many bodies have an innate capacity for a large diver-
sity of ordering phenomena. This owes to the complex coupling of translational
and rotational degrees of freedom, which correlate variables within and among
various mesoscopic scales, even in equilibrium. A single event of a symmetry
break beginning at a local scale, imposed from some outside source, will in-
duce an irreversible sequence of events [552, 553], finding a new organization
of the fluid. Self-assembly occurs in these kinds of nonequilibrium scenarios
(see Sec. 2.3 later on). Key are the mesoscopic unbalanced forces that character-
ize its non-Markovian dynamics at those scales, and fundamentally non-local
character of the fluid in out-of-equilibrium (we will further discuss such topics
in Ch. 3).

Confinement is discussed further on in Sec. 2.2, but we mention here, again,
the following aspect of 2D confinement (see also Ch. 1.3): 2D confinement con-
verts a “global”, long-ranged break of a continuous symmetry to that over on
quasi-long rages (algebraic decay in correlation functions of the order param-
eter) [321]. A break of a continuous symmetries is generally “easier” in 2D,
where many transitions lose their first-order character [325]. As to hard rods,
the nematic transition from the bulk becomes a “quasinematic” transition in 2D
[332]. Translational and rotational degrees of freedom couple differently in con-
finement, and, therewith the local and global ordering properties change. De-
termining the exact coupling between all rotational and translational degrees

4Note here that long-ranged ordering is only possible in breaking a continuous symmetry, as
far as theory goes [321].

5The packing fractions remain below those required for crystallization, i.e. the free energy
difference is weaker.
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of freedom is a most fundamental, yet one of the most nontrivial, currently
unresolved challenges of liquid state theory for inhomogeneous fluids in our
two and three dimensions of space. By the end this thesis, we will be able to
discuss the effect of confinement in comparing systems of (sticky) hard rods
constrained to lattices in purely 2D confinement, monolayer (2+1)D confine-
ment, and in the 3D bulk.

“Entropy-” versus “energy-driven” phenomena

Energy-driven structure formation is often distinguished, heuristically, from
that which is entropy-driven [554]: In the former, we associate the effects of at-
tractive forces to aggregation, for example. Further, attractions are required
for condensation of a fluid from a gas phase. In contrast, an ordering phe-
nomenon is often considered entropy-driven if the process correlates particles
over longer distances. This owes to repulsive forces, fundamentally: Repul-
sions lead to long-ranged order and large, spatially extended domains (large
coherence length). Crystallization of fluid systems is a phenomenon owing to
repulsive forces, most famously demonstrated in hard-sphere colloidal systems
[555–557]. A particle with spatial extent will exclude a configurational volume
from other particles (for a moment in time). We could regard many phenomena
in confinement as fundamentally entropy-driven for similar reasons, which we
discuss more in Sec. 2.2. Repulsive forces are thus key to the formation of spa-
tially extended structures with distinguished order. For this reason, in parts III
and part II of this thesis, we spend much of our efforts in studying the fully
hard-core repulsive systems of hard rods before investigating the competing
role of additional, short-ranged attractions.

A distinction between “energy-driven” and “entropy-driven” can be some-
what misleading under circumstances, as these represent extreme cases. Most
generally, a complex interplay of minimizing energy and maximizing entropy
characterizes the situation as a whole. One exception worth mentioning might
be systems with long-ranged attractive forces [558]. Such fluids appear to be
inherently non-ergodic [559–562]. As for short-ranged attractions, it turns out
we can map these, in equilibrium fluids, to repulsive forces arising from virtual
particles (i.e. analogs of polymers). The latter system is known as the Asakura-
Oosawa model [70] of mixtures of colloids with polymers. Then, the attractive
forces between nearby colloids are effective, arising from many-body interac-
tions. Specifically, the attractive interaction is calculated from an overlap of the
excluded volume of space available for polymers quantifies.6

2.1.2 Motion in complex fluids

In colloidal suspensions, the liquid in which colloidal particles are dispersed in-
duces the overdamped, Brownian-type motion in equilibrium. The background
liquid takes over the task of momentum transfer. This idea is quite central: The
motion of a fluid system of N particles through configuration space is “led”
by liquid motion of the M � N particles in the bath. A foundational idea be-
hind statistical mechanics is that phase space dynamics of isolated systems of
interest can be described by flow of an incompressible and immiscible fluid,

6As a speculative note, the isotropic-nematic transition, which generally entails a first-order
density gap, can maybe be seen as due to an effective attraction between rod midpoints owing
to excluded orientational states.
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i.e. Liouville’s theorem (See Ch. 3). The motion of the particles of interest is
modeled and reduced to stochastic, purely Markovian motion in equilibrium.
This assumption will be valid as long as M � N and enough free volume is
offered to the particles (i.e. the concentration of particles is below the jamming
transition so that there are no packing constraints). In other words, the bath
can be ‘integrated out”, so that a “sharp” (N + M) probability distribution
(of delta-functions) can be reduced to a N-body distribution, which is usually
further reduced to a “fuzzy” 1-body distribution in equilibrium settings: The
latter is normalized with a canonical partition function (or grand canonical for
systems coupled to particle reservoirs), which we discuss in much more detail
in the next chapter.

As mentioned, the stochastic motion of one spherical particle in equilib-
rium with an M-body bath is assumed to be Brownian, which is an inherently
“slow” process of transport due to dissipation: an essentially continuous spec-
trum of modes (Gaussian) couples to the degrees of freedom of a single par-
ticle. These originate from microscopic collisions with much smaller particles
of the surrounding bath. Dynamics of individual colloidal particles are Marko-
vian for equilibrium fluids. As colloidal particles also interact, however, the
dynamics entail a “mesoscopic” character even for a global equilibrium state,
where the characteristic relaxation times of the dynamics depend on the level-
of-treatment (i.e. for a given wave-number in Fourier space). Nevertheless,
ergodicity and equilibrium imply that the statistics are self-averaging, which
is even tied to the equipartition theorem. In nonequilibrium fluids, however,
this is not the case, for example during crystallization from a fluid of hard-core
particles. Collective modes of motion (which are damped out in equilibrium)
occur at a multitude of scales in the system [555, 557]. Transient, mesoscopic
features in the fluid become significant that show larger ranges of coherent
motion. A broad bandwidth of relaxation times is a dynamical signature of this
significant change in the system, almost “foreshadowing” the solid-state-type
of motion that will emerge.

The build-up of correlated features over sub-portions of phase space mean
that a fluid system gets “stuck” in dynamical traps [563, Ch. 11]. Abrupt
changes to structure and dynamics taking place in the fluid can be seen as
“escape” events from these traps. Fig. 2.1 illustrates this notion. Therefore, the
strong space-time dependencies in nonequilibrium hinders a clean separation
of length- and time-scales, which is prerequisite for a Markovian description at
the relevant scales of these dynamics.7

A large bandwidth of relaxation times signals a high degree of variability
in the dynamics, which becomes ever larger at critical points, for example (see
further discussions in Ch. 3). This is directly related to a highly susceptibility
to any disturbance. Clearly, a large variety of possible outcomes is a crucial in-
gredient for complex self-assembly in nonequilibrium. However, capturing the
broadest variety of outcomes is part of an essential tradeoff during machine
learning. In other words, the learning challenge can be to predict a specific
outcome with high precision while still encompassing a broad variety of pos-
sible outcomes in the same model. (See discussion in Ch. 1.4). We will see this
effect in in part IV in the form of a phase transition, internally, in the learned
representation of data.

7In this view, effects associated with with broken ergodicity like anomalous diffusion and
ageing occur [564, 565].
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F I G U R E 2 . 1 : Illustration of typical nonequilibrium time statis-
tics, here due to the existence of ‘dynamical traps’: (a) A pro-
jection of phase space with the region of the dynamical traps
where system motion becomes stagnated; (b) measured time
evolution for one of the projected phase state variables (meso-

scopic order parameters). Source: Ref. [563, Ch. 11].

Rare “escape” events also occur in Markov-Chain-Monte-Carlo pseudody-
namics, i.e. during simulations trimmed at simulating equilibrium properties
of a system in a given ensemble, once the system is near a critical, tricritical,
or at a coexistence point in the grand-canonical ensemble. Under these con-
ditions, each stable thermodynamic phase can be thought of as a metastable
state, between which the system can “jump” (see also discussion on symmetry-
breaking and phase transitions in Ch. 3.2.1, on mesoscopic balance conditions
in Ch. 3.3.4, and on mesostates in Ch. 3.221).

2.1.3 Order parameters for complex fluids

Standard approaches to characterize various phases in complex fluids imply
quantifying structural order parameters at given time-points. In the case of
hard rods, one can measure the density or packing fraction, as well as the
global orientational order parameter. In Markov-Chain Monte Carlo (MCMC)
simulations, a histogram can be constructed by collecting samples of an order
parameter over long MC time. Upon approaching a continuous phase transi-
tion point via adjusting an external force or macroscopic control parameter, an
initially unimodal distribution will become maximally broad, thereupon “split-
ting” into two or more peaks, depending on the broken symmetry of the order
parameter Q, as well as the order of the transition. See Fig. 2.2.

At coexistence in the grand canonical ensemble – considered in part III of
this thesis — multiple peaks can co-occur, where each may correspond to the
homogeneous and symmetry-broken phase, which depends on the chosen
order parameter. For example, one peak may arise for an isotropic phase (Q =
0) and two peaks of the two degenerate states of the broken-symmetry phase.
In any case, an abrupt transition typically entails a density difference between
an isotropic and a nematic phase. Hence, the densities ρ should, in theory, split
into two peaks. Yet, weak first order transitions are very difficult to discern
from continuous transitions due to a small density gap. We encounter such a
case in Ch. 6 for 3D systems of hard-core rods constrained to lattices. A multi-
dimensional order-parameter representation in the style of Fig. 2.3 below are
helpful, potentially. This is even more true for tricritical behavior, which we
will see for the 2D system of rods in Ch. 6.
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F I G U R E 2 . 2 : An example of a “split” histogram of a scalar or-
der parameter into two degenerate states upon a spontaneous
break of symmetry by means of adjusting an external field

strength. Source: Ref. [563, Ch. 11].

In equilibrium, the second-order moments reflect fluctuations in the system
as well as its susceptibility to externally-applied, conjugate fields (see also
fluctuation-dissipation theorem in Ch. 3.2). In GCMC simulations, the variance
of a global order parameter peaks (“diverges”) at the transition point. Higher-
order moments suffer from sampling error, but can be used to discern between
first- and second-order transitions in the form of reduced cumulants [62, 566].

“Collective” variables

A certain repeatable or re-occurring local pattern can be thought of as a local,
discrete symmetry of the system, and could be captured by a suitable order pa-
rameter. An average, nearly-constant-valued order parameter over some region
of space can be deemed a “collective” variable. Such mesoscopic ordering of
transient structures occur in out-of-equilibrium situations. For example, hard-
sphere colloids in the metastable supercooled or supersaturated state show pro-
nounced, transient local order than can be quantified with a bond-directional
order parameter denoted by “Q6” (see also Fig. 2.3).

Machine learning algorithms can be helpful, in these respects [567]: They
could help us in an automatized detection of the “relevant” variables in a
system (i.e. variables that repeat or represent coherent structures over some
portions of space and times). For equilibrium, these may embody order param-
eters, which was shown for many cases of machine-learning systems applied
to statistical model systems (see discussion in Ch. 1.4. We show in part IV of
this thesis that unsupervised machine learning automatically finds collective
variables of a fluid system, which possess an empirical quality. Each thermody-
namic (Boltzmann) distribution of configurations entails a different spectrum
thereof, and the algorithm further provides a model for the fluctuations of
these variables. Indeed, we show that the broadest spectrum of variables is
obtained at an internal critical state of the learning system. At this state, the
variables form a spatial coarse-graining hierarchy. Notably, critical behavior
seems plausible in this case, as the input data represents out-of-equilibrium
statistics, composed of configurations that span across phase boundaries – over
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a large section of configuration space sampled from various thermodynamic
ensembles.

Very important for the performance and interpretability of this learning al-
gorithm is that the microscopic coupling of translational and rotational degrees
of freedom should be properly represented at the microscopic scale – another
finding that connects to the most basic properties of complex fluids. We allude
to more on this aspect below.

Coupling between translational and rotational order

For a full structural description of a fluid, we must account of the coupling of ro-
tational and translational degrees of freedom at both the local, as well as global
scales.8 Two-dimensional or pairwise histograms of an order parameter and
density can aid in analysis of the fluid, see e.g. Fig. 2.3 for the example of the
local hexagonal order parameter Q6 and global density for the supersaturated
fluid of hard spheres (before crystallization sets in). For a representation of the

F I G U R E 2 . 3 : An example 2D histogram showing the relation-
ship between orientational order and density: Probability distri-
bution for a supersaturated state of hard spheres in the ρ−Q6

space. From Ref. [551].

coupling between translational and rotational order in this example, at least
three axes would be required, allowing for a distinction between fluid and crys-
talline translational order [568]. Hard rods on cubic lattices studied in part III
necessitate two-dimensional histograms for representing the orientationally
ordered (“nematic”, or orientationally demixed) phase (the order parameter
is two dimensional and distinguishes a three-fold symmetric state). A three
dimensional histogram (which we did not investigate, however), would aid in
visualizing density gaps between phases, for example.

As it turns out, machine learning algorithms that process configurations
of such systems are very sensitive to the choice of representation of rotational
and translational order locally (per site), which we show in part IV of this thesis.
A two-dimensional system of sticky hard rods on lattices around the “nematic”
(orientational demixing) transition entails a 2D order parameter that shows the
coupling between rotational and translational degrees of freedom. We show
that the full information on different global symmetries (different thermody-
namic states) is represented when each site of the 2D lattice is provided with at
least a two-dimensional basis – one that assigns the local state of the rotational

8See discussion in e.g. Refs. [549, 551].
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and translational degree of freedom, the latter in the form of a vacancy or occu-
pancy.9 Only upon this choice of basis can the algorithms easily and sufficiently
distinguish between different thermodynamic phases of matter, particularly
when first-order transitions separate these, which involve a density gap. The
algorithms are able to learn the analogy of the 2D global order parameter in an
unsupervised manner.

2.2 Confinement

Novel phenomena often appear under “finite-size” limitations on the fluid
systems [569], known as confinement. In its most basic form, confinement is the
notion of imposing boundary conditions upon a many-body system (a fluid),
realized by walls on two ends (slab geometry) or one one side (semi-confined
geometry) as in the case of fluids at a singular surface. In fact, two surfaces
with infinite separation from one another represent the limiting case of a single
wall, or semi-confinement. These boundaries inherently break the translational
symmetry of a bulk system [570]. Finite-size effects appear due to the finite width
of the capillary [571] that shift the bulk critical points. We discuss these in the
context of the critical Casimir effect below.

Confinement fundamentally changes the equilibrium phase behavior of sys-
tems. The shift of critical point positions can be substantial, and depend on the
inherent symmetries of the system (microscopic degrees of freedom), the geom-
etry of the boundaries (shape), the interaction potentials with the particles, and
any inherent patterns (crystal phases) on the walls themselves [124]. Surface
films with distinguished order can form, part of general wetting phenomena [124,
570, 572–575]:

In fact, the effect of a wall is so fundamental to understanding the physics
of complex fluids that the most sophisticated theories like density functional
theory10 are put to the test at a wall. A macroscopically homogeneous liquid of
hard-core particles in continuous space exposed to a surface will have its global
translational symmetry broken, whereupon local rotational symmetry will be
broken. Particles will become localized at the surface, increasing the density
locally. Changes to dynamics occur, which we discuss later in Sec. 2.2.1.

The irreversible change can take on the form of a phase transition, the
reason behind the wetting phenomena aforementioned. The kinetics of crystal-
lization, for example of hard-core particles are enhanced at a neutral surface, i.e.
heterogeneous nucleation [576, 577], which occurs much earlier than in the bulk.
In thermodynamic terms, the surface effectively lowers the free energy thresh-
old. More generally, confinement stabilizes phases not seen in equilibrium, i.e.
“more phases are thermodynamically stable”, citing Ref. [578], which depend heav-
ily on the confinement geometry (strength of confinement). These stabilized
states in confinement may be considered metastable states that disappear when
reaching a thermodynamic limit (unconfined systems) [253]. In this line of rea-
soning, phases with strong order will form at surfaces more easily than in the
bulk [579]. Nematic wetting layer or nematic thick film may form at the wall
“earlier” than a nematic transition in the bulk.

9We emphasize this point because most other examples from the machine-learning literature
we are aware of implement scalar values at each site (as a pixel in an image).

10More on the topic of DFT is presented in Ch. 3.
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Illustration: Critical Casimir effect

A most prominent example of confinement is the critical Casimir effect, where
effective forces appear when a binary fluid mixture is at its critical point. This
is characterized by universal scaling functions that depend only on the internal
symmetries of the system [571] and not on specific material properties. The
fluctuation spectrum, i.e., the energies and forms of the eigen-modes of the
fluctuating fluid, is affected by the geometry of the system. Introducing surfaces
imposes boundary conditions on the fluctuating field and thus determines
its mode spectrum: fluctuation modes are effectively “cut off”. This was first
considered by Casimir in 1948 for the electromagnetic field between electrostat-
ically neutral particles, and was anticipated for critical fluids by Fisher and de
Gennes [580, 581].

Colloidal particles are exposed to these forces when suspended in binary
liquids near their critical point, even though the colloidal particles themselves
may be unconfined (no wall) [582, 583]. From a microscopic viewpoint, when
two particles are close enough, the fluctuating solvent “notices” it is confined
in-between the surfaces. This modifies their effective pair potential interaction.
If the Casimir interaction is comparably strong to the thermal energy, then
the phase behavior of the colloids can be altered drastically [584, 585], and
the interactions become non-additive [586, 587]. Effective “surface forces” are
long-ranged in character and are the source of stress on the fluid.

2.2.1 Altering the nature of phase transitions

From the viewpoint of fluctuating fields, a fluid put between two parallel plates
at distance M, is exposed to a finite length-scale “cutoff”, the maximal correla-
tion length ξ that a system can manifest – this is the characteristic, mean length-
scale of the relevant order parameter of the fluctuating field or fluid. Exactly at
the critical point, ξ → ∞ should diverge, so M provides the only macroscopic
length-scale. The correlation length ξ remains finite above the critical point,
thus the ratio ξ/M governs the range of correlative forces [588]. The shift of
the bulk critical point follows scaling laws on functions of ξ/M [589]. This so-
called finite-size scaling must be accounted for when simulating bulk systems,
which are necessarily confined to a finite simulation box [38, 57, 61, 62, 590] and
is related to real-space renormalization techniques [591–593].

The surface tension between coexisting phases may be weakened, as the
relative width of the interface with respect to the system size will increase.
Indeed, the abrupt nature of first order transitions in 3D bulk can be completely
“destroyed” by dimensional crossover to 2D, becoming continuous in nature.
In fact, a critical length between two parallel plates may exit whereupon this
destruction occurs [325, 578, 594].

Reducing the dimensionality of a system to 2D enhances the thermally-
excited long-wavelength elastic modes (those in-plane), which dismantle per-
fect, long-ranged order (paraphrasing Ref. [324]). Therefore, orientational or-
dering is quasi-long-ranged, associated with algebraic decay in the correlation
of order parameters, at least for systems with continuous degrees of freedom in
2D. The model at the core of the theoretical development of these transitions
that are of the general Kosterlitz-Thouless-type [333, 334], where e.g. a hexatic
phase appears during the melting of hard-sphere crystals in 2D [341, 595], has
been the planar XY or rotor model [334], showing topological defects in the
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form of vortices [335]. Yet the behavior of “nematic” transitions in 2D liquid
crystals [342, 596] remained a debated topic for many decades, which we out-
lined in Ch. 1.3. Indeed, quasinematic transitions of the Kosterlitz-Thouless
type occur upon decreasing the distance between the walls confining a bulk
system below a critical threshold [597]. We discuss more on anisotropic-bodied
fluids below.

Confined fluids of rods

Fluids of rods entail a highly localized coupling between rotational and trans-
lational degrees of freedom, as each individual particle has its own rotational
degrees of freedom (in an equilibrium fluid). In fluids of hard spheres, for
example, one must move to mesoscopic variables like small clusters of parti-
cles in order to express rotational symmetries. Therefore, the effect of walls
on their coupling is pronounced. In general, anisotropic particles like rods
in confinement can render intricate structure and phase behavior [598, 599].
Surface-induced effects are also seen in liquid crystal and colloidal rod systems:
These include critical adsorption, and wetting and layering [121, 600, 601].

As discussed, an increased density at a wall induces orientational ordering
in the fluid that becomes inhomogeneous, macroscopically. Long, hard rods
show nematic ordering at a wall [602]: an example for the resulting inhomoge-
neous ordering is shown in Fig. 2.4 for various fixed “tilt” directions, known as
anchoring conditions.11 12 13 Sedimentation-diffusion experiments [286, 623] uti-

F I G U R E 2 . 4 : Depiction of anchoring conditions imposed from
a surface. (Top to bottom): Snapshots of simulated configura-
tions in the immediate vicinity of the (broad) nematic-isotropic
interface for various anchoring conditions: 0,30,60, and 90 de-

grees. From Ref. [602].

lize confinement in the presence of gravity by allowing non-gravity-matched
colloidal suspensions to settle on a planar surface, generating a gradient in
the pressure of the fluid above a hard wall (barometric law). Therewith, a
gradual change of phases occurs in the direction normal to the surface, includ-
ing the interfaces between coexisting phases (isotropic, nematic, and smectic

11Experimental techniques for measuring the anchoring transition in e.g. thin films of liquid
crystals includes ellipsometry [603–605].

12Such systems and others related have been explored in e.g. Refs. [119, 121, 579, 597, 602,
606–616].

13Density functional theory of such systems was been applied in Refs. [617–622].
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phases).14 We develop a simulation model inspired by sedimentation-diffusion
for hard spherocylinders deposited onto a surface in Ch. 4 as a colloidal thin-
film growth model.

A system will visit various metastable phases in various levels of confine-
ment, which then disappear when approaching the idealized thermodynamic
limit of an unconfined system [253, 625]. Thus, confined fluids of rod-like par-
ticles, like liquid crystal films, can be tuned, in principle, to show a large array
of structures. Any particular outcome is a product of the complex interplay of
the interfacial properties, applied external fields, and internal, “orientational”
torques due to elastic deformations in the bulk of the material above the sur-
face [579, 615, 626]. The particular properties of the particles like the rod length,
but also any magnetic moments play a key role [627]. By changing the surface
preparation, an external field, or the temperature [579, 600, 610, 611, 616, 628],
one can induce transitions between orientation states at the surface; further,
the thickness of wetting films can be adjusted. The topology of the confining
surfaces is also a factor. For example, rods confined to spherical surfaces render
significantly different phase behavior [629].

In any case, the continuous nature of the rotational degrees of freedom is
another key point in determining the type of ordering and structure. If we
discretize the orientational degrees of freedom, we end up with the Zwanzig
model, as discussed in Ch. 1.3. The wetting behavior [240, 630, 631] bears strong
analogy to that of spherocylinders [606], although the discrete rotational symme-
try may enhance the distinction between parallel orientations to the surface, in-
ducing a continuous surface phase with local biaxial ordering before first-order
nematic ordering or capillary nematization occurs. Indeed, our lattice model
of sticky hard rods of Ch. 5 exemplifies how the lying and standing orienta-
tions are highly distinguished, the former of which forms a metastable phase
in monolayer confinement that competes with the highly-ordered, standing-
phase.

Extreme forms of confinement

Although confinement can “destroy” first-order nematic transitions [157] or
cause quasi-long ranged order for rod-like systems, an extreme form of confine-
ment can completely rid particular wetting effects: No capillary nematization
occurs when the wall separation is smaller than about twice the length of the
spherocylinders [606]. Under extreme confinement, the phase behavior of rod
systems can be quite surprising: States appear that break anchoring constraints
or the symmetry imposed by the surfaces [632]. These states have lower symme-
tries than those of the corresponding stable states in bulk, analogous to the 2D
melting behavior of hard disks mediated by the KTHY mechanism [343, 633]
where a two-step and first-order hexatic transition can occur [595]. Indeed, a
three-stage melting transition has been observed in 2D liquid-crystal films [634]
that suggests the possible existence of two phases between the 2D solid and liq-
uid, much like the melting of hard spheres (disk) crystals in 2D: a hexatic phase
and, at a higher temperature, an intermediate liquid phase with hexatic-like
positional correlations but no long-range orientational order. Similar behavior
is found for weakly anisotropic (up to aspect ratio 3) hard rectangular rods in
narrow slit-like pores: Up to three differently-oriented macroscopic structures

14i.e. “stacking sequences”, see e.g. the theoretical work in Ref. [624].
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can be observed [215] depending on the width of the confining pore; see also
Refs. [158, 635] Further, Ref. [636] reports on the formation of monolayer- ver-
sus bilayer-phases in narrow confinement between two walls. Allowing for a
bilayer condition appears to change the 2D ordering behavior to a first-order
ordering transition [341]. Notably, these findings have spurred on debate [341]
and issues may still be open (a situation typical for many strongly confined sys-
tems). This notion may compatible, at least, with the abundance of phenomena
reported for organic molecules at the submonolayer stage, depending on the
specific systems (we introduced them in Ch. 1.2.1 and discuss them further in
Sec. 2.4 forthcoming.)

Lattice systems in the form of spin-type models have been studied in con-
finement beyond the XY or rotor models: e.g. the Blume-Capel model in con-
finement [637], the 3-state Potts models in confinement [325], or others [157,
346, 638]. In this thesis in part II, we treat an extreme form of confinement, a
monolayer system of hard rods in (2+1)-dimensions, as they can have three ori-
entational states, but 2D translational degrees of freedom (the “+1” dimension
is exclusive to rotational degrees of freedom). Therefore, the Blume-Capel and
3-state Potts models bear some analogy owing to three orientational degrees of
freedom. We discuss more on the effect of constraints of degrees of freedom to
a lattice in Sec. 2.2. To this end, the purely-2D setup has been a popular choice
for on-lattice hard rod models [362, 363, 366–369].

In this thesis, we study the lattice system of hard rods in (2+1)D monolayer
confinement and compare it to likewise confined systems of spherocylinders
in Ch. 4. Further, we study the pure 2D system of sticky hard rods in Ch. 6 and
the (2+1)D corresponding system under nonequilibrium (growth) conditions
in Ch. 5.

Dynamics

Quite basically, the altered dynamics within the system result from the con-
strained degrees of freedom. An an example, disordered solids in 2D con-
finement entail different vibrational spectra compared to 3D [639]. Dynamics
are more correlated compared to the bulk case, generally [640–642], the de-
gree of which will depend on the confinement setup [643] and on the specific
(anisotropic) interactions [644]. Intricate self-assembly phenomena at surfaces
such as thin film growth at surfaces (part II of this thesis) are products of the
highly correlative nature of dynamics in confinement [188, 221]. Anisotropic flu-
ids are particularly prone to such highly correlative dynamics in confinement
owing to their pronounced coupling of orientational and translational degrees
of freedom [17, 645–647]. The original isotropy of the rotational states of parti-
cles can be broken in various ways depending on the form of confinement and
on the substrate potential [648, 649].

Effects like frustration or jamming as well as anomalous diffusion [229,
249, 587, 643, 650, 651]15 are quite natural. Monolayers of spherocylinders or
ellipsoids show dynamical heterogeneity [653] and may form glasses [653–655].
Memory and ageing will play a different role compared to the bulk [564, 656].

15Effects of frustration may be visible from colloidal experiments of a layer of short hard
rods at full packing [652]. The cited experiment avoided gravity matching to the extent that the
gravitational torque force on standing particles is likely quite strong. Therefore, the effects seen
may be a form of jamming, rather. Further electrostatic forces between the colloidal rods may
need to be considered, too.
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In light of the above discussion of altered phase behavior, kinetics of phase
separation may have a different character [657]. More specifically, the creation
of filament-like structures may be an effect pronounced in 2D confinement
[658], which, notably, may imply that diffusion-limited aggregation is a likely
type of kinetics occurring in strongly confined systems.

2.2.2 Constraints to lattices: Qualitative analogies

As discussed, confinement breaks global symmetries of a bulk, allowing for
more thermodynamically stable phases to exist that would otherwise be unsta-
ble. For example, a (2+1)D confined system of lattice rods of part II can differen-
tiate between “lying” and “standing” states of rods (under certain conditions) –
such states lose their meaning in 3D bulk. Constraint to a lattice might entail
some degree of analogy to dimensional crossover, which for the case of rods
will alter the position, range and strength of various phase transitions [324].
The possible orientational and translational degrees of freedom are altered in a
fundamental way, becoming discrete. The high-frequency spatial modes “finer”
than the lattice constant will be cut off, which may allow low-frequency modes
to obtain a higher density of states (due to energy conservation).

If we regard the isotropic-nematic interface for hard-core rods, for exam-
ple, it might be expected to become broader on an cubic lattice than in the 3D
continuum, in congruence with the enhancement of low-frequency modes. In-
deed, the lattice system of hard rods in 3D bulk has an extremely weak first
order isotropic-nematic transition, which is one main result of our studies in
part III of this thesis. Additionally, it has been shown in Refs. [659, 660] that
the addition of quenched disorder (or site dilution) in systems with a strong
first-order transition can significantly weaken this transition. Ironically, then,
the constraint to a regular lattice might effectively cause frustration and disor-
der in the system, owing to the fact that the rods are more than one unit cell
in extent. The consequences can be rich: we will show that the behavior of the
lattice system in 3D is genuinely unique, as intermediate rod-lengths L = 5, 6
render an ordered state of the 3D system that is a pile-up of nearly 2D systems.

Closer inspection in the mesoscopic structure of the fluid does show hints
of the origin of this geometric “frustration”: We will show in part III how a
2D fluid structures of lattice rods (with attractions) is characterized by large,
mesoscopic domains of intermediate to high densities of rods – depending on
the attraction strength – that are highly incompatible with each other, sterically,
due to the discrete nature of the rotational degrees of freedom. If incompatible
domains become tightly packed, then “voids” appear at the interface between
domains, forming a gas phase. In Ch. 6, we show that this the vapor–fluid gap
widens rapidly below a threshold temperature (a tricritical point). In 3D, we
will see similar effects, where the widening occurs below a pseudo-tricritical
point, i.e. a small region in the phase diagram which looks like a tricritical point
if the density gap were to disappear above it. Such widening is predicted for
3D continuum models [42], but the effect may be much stronger in the lattice
system.16

As in confinement, if the relaxation of translational degrees of freedom (dif-
fusive transport) is hindered by local preferences of orientational order, strain

16There are no “mixed” or “in-between” orientations that could make the transition between
the isotropic gas (3 directions) and aligned liquid (1 direction) a more gradual transition by
varying the density.
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can arise, which then leads to dynamical heterogeneity, anomalous diffusion,
amorphous solids and jamming [661], gels [662] or glassy behavior [640, 641,
644, 663–668] – mesoscopic structures of varying degrees of symmetry compete.
We will see that the occurrence of jamming, as well as gel-like or glassy phases
appear in the lattice monolayer systems of rods in part II of this thesis. In-
deed, a crystallization process is postulated to be due to a competition of many
order parameters [551], where these types of order may “fractionate” locally
[556, 669], showing local orientational symmetries. Crystallization kinetics or
the processes governing cluster formation of a solid phase will be fundamen-
tally altered by particle shape and any constraints on the degrees of freedom
such as constraint to a lattice. This is important for understanding thin film
growth at the submonolayer stage, which we introduced in Ch. 1.2. We discuss
self-assembly in nonequilibrium further in Sec. 2.3.

Analogies to phase behavior of simpler models

As mentioned, other spin-like lattice models, where local orientational order is
included, may offer qualitatively similar behavior to our nematic rod models
on lattices and are worth mentioning. A planar spin model,[344], the XY-model
[334, 347], the Potts model [46], and the Lebwohl-Lasher model [346] are
examples of more-or-less well-known spin-type models for 2D systems that
may serve as approximate analogies liquid crystals in 2D or 3D [330]. In 2D,
the three-state Potts model shows tricritical behavior [670], as well as the
Blume-Capel model [671] and Blume-Emery Griffifths model [672, 673]. Gener-
ally, multicritical phenomena can arise from a competition of order parameters
[674] – in this case, it is the spatial ordering (gas-liquid) that competes with
orientational ordering (isotropic-nematic). As mentioned, the 3D Potts model
can also show tricritical behavior [675], or weak first-order transitions [659,
660, 676] particularly with site dilution. Precaution is necessary, however, as
these models neglect the strong coupling between positional and orientational
degrees of freedom due to hard-core exclusion (infinitely strong repulsion).

We can search for even more basic analogies to simple fluid mixture models
using mean-field theories: If we presume isotropic-nematic transition is similar
enough to continuous (Ising) gas-liquid demixing in a symmetrical fluid (which
is true particularly in 2D!), then phase diagrams of two-component fluids may
help us (AB models). In even such simple models, the critical behavior can meet
first-order-transition binodals in nontrivial positions in the phase diagram,
inducing tricritical points, a triple point, or critical end-points “right” of the gas-
liquid critical density [677], see Fig. 2.5. The 2D system of hard rods becomes
ordered via a an Ising-type demixing of orientational states, and we will show
that the phase diagram will render the tricritical behavior alluded to here. In
fact, in 2D, the two-component rod system might be even more similar to the
ABV mixture model of two fluid species plus vacancies [678, 679]. There, a line
of critical points will also meet a binodal separating a liquid and gas phase,
according to mean-field calculations. Nevertheless, if we consider 3D systems
of lattice rods, then it is clear that the three orientations of rods orientations
could macroscopically split: Two subgroups can form upon ordering, where
one of three species becomes either dominant or suppressed. In this way, the 3D
systems might also find analogy to the AB model in its demixing behavior into
subgroups of orientations. Indeed, we will see this analogy holds in part. III
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F I G U R E 2 . 5 : Potential phase diagrams of a mean-field model
of a symmetric binary fluid mixture (AB model). A line of crit-
ical points (the “λ-line”) influences the gas-liquid binodal in
nontrivial ways, leading to tricritical behavior (b) and (c) or crit-

ical end-points (a). From Ref. [677].

for the bulk behavior of 3D sticky rod systems of lattices. A notable difference
is that the “λ-line” will be realized by a line of weak first order transitions, in
accordance with the purely hard-core isotropic–nematic transition.

Furthermore, there may be metastable phases “hidden” beneath a “parent”
binodal in the AB model, shown in Fig. 2.6. At short enough lengths for lat-

F I G U R E 2 . 6 : A simple model of a two-component fluid mix-
ture (AB model) can contain metastable phases. A liquid-vapor
“parent” binodal envelops a hidden binodal with a metastable
critical point, indicating complex gas-liquid behavior. The spin-

odal lines are indicated with “S”’s. From Ref. [677].

tice rods in (2+1)D confinement, rods will split into “isotropic”,“lying” and
“standing” mesoscopic and macroscopic states. Indeed, the isotropic–standing
transition is the monolayer analogy of the isotropic–nematic transition: If these
demix, then we can expect the phase separation to entail metastable phases like
in the AB model shown. We will show this type of behavior in Ch. 5, where a
“lying” phase is a metastable intermediary to a “standing” dense phase entail-
ing a higher degree of order (is thermodynamically preferred). Therefore, the
AB model may be able to serve as a rough analogy for the phase behavior of
sticky rods on a simple cubic lattice confined to (2+1)D monolayers.

∗ ∗ ∗

As we discussed here (Sec. 2.2), both confinement and a constraint of de-
grees of freedom to a lattice (the inherent symmetries in a system) changes the
phase behavior and dynamics in systems. The exact nonequilibrium behavior
of complex fluids will be a function of the model specifics and dimensionality.
Nonequilibrium is the topic of the next section.
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2.3 Nonequilibrium: emergence of mesoscopic features

As we investigate thin film growth in part II of this thesis (introduced in Ch. 1.2),
we would like to discuss a few basic points on nonequilibrium.

Systems will be driven out-of-equilibrium when external, time-dependent,
non-conservative forces are applied, e.g. shear forces at the system bound-
aries.17 The imbalance of forces, originating at a local scale, generates a system-
wide response over the course of time, distributing energy and momentum un-
til a new equilibrium is reached. The way in which a complex system responses
to forces is most fundamental, a theme that will come up repeatedly in Ch. 3.
If a system is highly susceptible to change, a subtle change in control parame-
ters (external forces (potentials) or those controlling microscopic dynamics, i.e.
temperature) can set off a phase transition. In terms of thermodynamic terms,
a critical value of temperature, chemical potential, etc. is crossed. Near phase
boundaries, fluctuations in the system are dominated by ever more collective
behavior (See also Chs. 3.2 and 3.5.3), implying time-scales for relaxation are
stretched and the bandwidth of all possible processes increases.

At the very bottom of it, “nonequilibrium” means a disbalance of forces
generates currents throughout the system, and an arrow of time becomes no-
ticeable. If a stationary state is reached, forces are balanced at all relevant meso-
scopic and macroscopic scales. (We discuss more on balance conditions in terms
of a master equation for lattice systems in Ch. 3.3.) In equilibrium, all events
that occur can and will eventually reversed (although exactly when remains
stochastic), given we wait enough time. A balance of probability fluxes will
be guaranteed given sufficient integration time and a corresponding spatial
level-of-treatment, which is at the heart of the meaning of “coarse-graining”.

Self-assembly is the nonequilibrium evolution of a system where structures
with a certain form of order emerges with diverse length-scales, a process which
may entail various intermediate stages, however. In the most general form, self-
assembly of large, coherent structures expresses the fact that phase transition
kinetics are underway, i.e. forces of thermodynamic origin play a central role.
Soft matter systems and complex fluids show rich self-assembly phenomena,
directly related to their often complex equilibrium phase diagrams. We develop
on these notions below in Sec. 2.3.2 below. However, beforehand in Sec. 2.3.1,
we discuss nonequilibrium dynamics in the case of thin film growth.

2.3.1 Thin film growth

On reversibility versus irreversibility of events

During thin film growth, an external source of particles deposits these onto
a substrate, driving the direction of the nonequilibrium evolution of the sys-
tem: towards a full layer (in the case of monolayer constraint). The degree
of “nonequilibrium” versus “equilibrium” dynamics during this evolution is
difficult to quantify, generally, especially owing to memory effects. Ratios of
the relaxation rates in the system (which change in time) to the deposition
rate would, in theory, indicate the momentary competition in the system. How-
ever, in most practical cases, we cannot quantify the relaxation rates of diverse
processes during the evolution, moreover, the systems may be dynamically

17These systems are studied generally, for example, in active matter or driven colloidal systems
[17, 354, 680].
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heterogeneous. In the realm of our KMC simulation model, we can modify
the attempt self-diffusion rate D (defined for ideal-gas limit) and well as the
attempt flux F. “Attempt” means the moves will be rejected when a hard-core
repulsive interaction prevents a successful event (the dynamics are presumed
to remain locally Markovian and independent of other moves, directly). In this
way, a large ratio of attempt rates F/D will imply a highly nonequilibrium
character of the evolution, which can be understood as entailing a high degree
of irreversibility.

Random sequential adsorption (RSA) is ordinarily the term for the irre-
versible process of randomly depositing hard-core particles onto a surface or
defined space without any particle diffusion or further moves. This has been
explored in diverse lattice models, including for rods [136, 681–686]. The asymp-
totic packing fraction after which no further insertion can occur, the jamming
fraction, is a central quantity of interest. The nonequilibrium critical behavior
in these systems can be considered a limiting case for more general models in-
volving additional diffusion. Indeed, jamming transitions [353, 687, 688] occur
in both disordered liquid and solids under nonequilibrium conditions [661].
The irreversible nature of the dynamics means every event of a deposition for-
ever constrains the future evolution. Quenched randomness arises from the
interplay between the random source of particles and the hard-core repulsive
interactions. The randomness is not further annealed via a diffusive process,
which introduces a second, steady source of randomness in the system. No-
tably, introducing particle attractions will not change anything, as these are
only noticed if the system entails an annealing process (when variables fluctu-
ate).

In contrast, diffusive systems are coupled to bath, which provides an an-
nealing process. If the system reaches equilibrium (no deposition), any and all
changes to a system can be undone as long as we wait long enough. This is
synonymous with the ability to reach all states from any other state (the ergodic
hypothesis, see Ch. 3). Therefore, states will follow a stationary probabilistic
distribution weighted by a Boltzmann factor (with e.g. attractive interactions)
only after a very many annealing events have occurred. In these terms, fluctua-
tion of all system variables is the key mechanism in upholding the stationarity
of averaged quantities in equilibrium. It expresses the balance of forces in the
system, which have a microscopic origin.

Machine learning (which study in part IV of this thesis) is subject to similar
principles of balance in stationary conditions. Framed as an optimization prob-
lem, learning entails finding a stationary solution to a model equipped with a
large number of degrees of freedom. In fact, in enforcing balance, some degrees
of freedom may need to be “shut down” (contribute only very faintly) when
the model becomes effectively overdetermined. Variational autoencoders (see
introductory Sec. 1.4 and Ch. 3.6) show this kind of behavior, which we present
in Ch. 7.

In contrast to a balanced system, one which loses its ability to relax (anneal)
signals a loss of ergodicity. The ceaseless deposition of particles on a surface –
without the ability to reverse this (desorption) – is a clear source of irreversibil-
ity behind the clearly nonequilibrium character monolayer thin film growth
studied in part II of this thesis. Indeed, very fast deposition can generate partly
quenched disorder in the form of jammed or arrested states, which we show in
Ch. 4 and Ch. 5. Yet, in most cases of film growth, the system remains partly re-
versible, as diffusion only halts completely in these extreme cases. Generally, a
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higher degree of reversibility implies dynamics are closer to global equilibrium,
which can be aided by additional particle desorption [689–691].

Competing forces during monolayer growth

The nonequilibrium evolution in thin films is characterized by a competition of
forces in the system that affect variables of various mesoscopic scales of space
and time. As alluded to above, the random deposition of particles is the first
basic force, the driving force, coming from an external source. Microscopically,
the stochastic inflow of particles will first hinder the motion of neighboring
particles, correlating structures nearby and generating a higher local density (i.e.
a higher local chemical potential, so to speak, that may be highly imbalanced
globally). Secondly, random, thermal forces from the substrate (having a fixed
temperature) induces thermal motion of particles, i.e. diffusive motion, locally.
We may dub these “diffusive forces”, which are locally anti-correlative in nature
(at low average densities), as they transport particles away from their sources.
The induced particle currents eventually restore ergodicity of the system.

The two forces are in competition with each other: the former tends to
push the system away from global-scale equilibrium, while the latter pulls it
towards global equilibrium, in figurative terms. The continual exertion of both
forces throughout the system will generate a complex array of currents. An
exception, of sorts, occurs when forces inhibit each other. One such case we
have mentioned is dynamical arrest, when particles fail to diffuse, another is
jamming (of growth), when the successful deposition of particles essentially
halts.

The absolute energy scales of attractive forces can shift this competition
between diffusive and deposition forces. (In thermodynamic terms, only the
ratio to kBT is important, hence we may speak of the reduced temperature of
the system instead of attractive energy scales.) Strong attractive forces generate
correlated structures quickly at local scales, at the cost of a slowed relaxation at
larger scales, at least for fluid systems. Inter-particle attractive forces are thus in
competition with the diffusive forces. However, what we avoided mentioning
is that diffusive forces, repulsive in nature, drive the building-up of correlations
in liquids due to eventual particle collisions. Generally, then, phase separation
kinetics and structure formation arise from a ‘dance’ between between these
three types of forces. The processes can be quite intricate. For example, particle
deposition correlates densities at a local scale, which mean can accelerate island
growth kinetics (separating from a vapor) by increasing the supersaturation of
the vapor, effectively. On the other hand, a high flux can effectively “freeze out”
the competing diffusive mechanism in dense fluids, generating arrested states
and partly quenched randomness.

Part of the competition in thin film growth can be reduced to the ratio of
the attempt rates of diffusive and particle flux forces, i.e. D/F or F/D, reduc-
ing the three main types of forces above to two. The attraction strength ε or
reduced temperature T∗ = kBT/|ε| is the remaining other axis. F/D generally
controls the size-distribution of clusters. However, it also adjusts the likelihood,
during, and size-scales of metastable states that can appear during growth, in
a manner similar to the effect of T∗, given the system remains within a regime
of temperature. In Ch. 5, we will show how these two axes identify a divide of
the system into two main dynamical regimes, each dominated by a different
form of phase separation kinetics.
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Structurally, each regime either shows a “lying” versus a “standing” phase.
The former phase is metastable. It entails inherently different dynamics and,
therewith, phase separation kinetics. The latter may roughly be described as
more aggregation-like (forming network structures and gels), and may not
require overcoming an energy barrier. In contrast, the dynamical regime is
characterized when the “standing” phase separation kinetics dominate; these
are more “nucleation-and-growth”-like. The dynamical asymmetry between
both phases means that F/D and T∗ can favor of select one or the other, as they
effectively shift ‘free energy’ barriers in the system.

Diffusion-limited aggregation might be regarded as more strongly
nonequilibrium than, say phase-ordering processes governed by nucleation-
and-growth. The latter may be considered more “near-equilibrium”, and
require work to overcome a barrier. A strong flux-versus-self-diffusion will
favor this aggregation-sort of behavior, as the flux is locally correlative. A
weak F/D, on the other hand, will allow for more near-equilibrium phase
ordering kinetics to take over. This “closer-to-equilibrium”-type of phase
ordering is also visible by smooth interfaces (compact, round islands instead
of network structures with some degree of fractality). We note that how flux
compensates for the system being at higher temperatures has (long) been
recognized experimentally [3, 141] and is part of scaling theories for islands
nucleation and growth [153, 692]. Yet, uniquely for the case of rods at the
monolayer that we will show in Ch. 5, this mutually compensating behavior
between F/D and T∗ is also manifested in the adjustment of structure and
persistence of the metastable phase.

We mention in closing that desorption would constitute another compet-
ing force in the system, and would work together with diffusive forces as
a competitor to the deposition flux. (We discuss some preliminary results
on monolayer growth with desorption dynamics in Ch. 5). The supersatura-
tion at the substrate would be adjusted by the ratio of attempt-desorption-to-
attempt-flux ratio, which might even lead to a steady state condition (i.e. grand-
canonical equilibrium). Moreover, desorption will generally avoid the forma-
tion of metastable states, accelerates the relaxation towards thermodynamic
equilibrium (in an open system), therewith favoring thermodynamically-stable
phases. (Indeed, similar effects have been reported with regards to aggregate-
like structures in organic molecular thin films [691].)

2.3.2 Self-assembly of soft matter systems in nonequilibrium

Understanding the dynamics of complex fluids are fundamentally important
for the broad range of phenomena that occur out-of-equilibrium, often dubbed
“self-assembly” or “self-organization” processes. Much practical interest is in-
volved, as well applications (proper control of microstructure, e.g. domains
sizes, can make way to novel, super-strong materials, for example [693]), but
the phenomena manifest a broader, theoretical notion of “emergent properties”
of complex systems [694].

Generally speaking, phase boundaries are a prerequisite for the self-
assembly of complex structures in the form of compact islands, domains
and long-scale correlated structures. Phase separation kinetics [17, 695]
generally lay behind slow, collective processes seen in many-body systems.
Self-assembly induced by spinodal decomposition is a well-known protocol
to create structure having various length-scales. This is usually done via



2.3. Nonequilibrium: emergence of mesoscopic features 67

quenching, where an external variable (mostly temperature) is changed
extremely quickly to a new state into an unstable region (the spinodal) of a
phase diagram. The nucleation and growth of dense-phase clusters out of a
vapor is another mechanism. It should occur near the binodal lines, where
the fluids are considered metastable. This expresses the common notion that
a large fluctuation is required to initiate a spontaneous nucleation process,
which usually happens after waiting certain period of time.

Yet, in describing kinetic pathways to self-assembly, it is easy to jump to
conclusions on the exact mechanisms, however: Whether a structure forms
via spinodal decomposition or nucleation-and-growth, whether it is precursor-
mediated, or aggregation plays a role is not simple to discern [696–699] – even if
the model systems appear simple [700] – and require deep analysis [19]. These
are topics of basic research at current times. For a given position in the phase
diagram, several mechanisms of self-assembly can occur at the same time and,
equally important, other mechanisms may be impossible [701].

Disorder and arrest as a means to new order

Disorder and arrest are imminent parts of the nonequilibrium formation of new
structures having various length-scales. Long-lived macroscopic structure can
arise, generally, if diffusive mechanisms become limited, i.e. kinetically limited.
In some cases, aggregation – which generally forms non-compact, fractal-like
structures – [702] can lead to gelation [19]. These can span the entire system
in a network [703], which may form as the nucleation of fractal-like clusters
[704]. (Systems with short-range attractions seems particularly prone to such
scenarios [705], as a matter of fact.) These networks are spatially random, in
some measures (like partial fractality), and change only slowly [703, 706]. The
internal dynamics of gels remains liquid-like in that they are characterized by
longitudinal (liquid) vibrational modes [662]. Intriguingly, gels may often be a
transient state of matter [707–710], attesting to their inherently nonequilibrium
character.

Solids and liquids show similar properties when disorder is introduced by
dynamic arrest: When a liquid jams, it undergoes a transition from a flowing to
a rigid state [661], and the internal structure remains disordered in the solid as
well as the fluid phase. Glassy behavior entails kinetic arrest that is strikingly
similar to gelation [711].18

The deep relationship between metastable states and complex self-assembly
has long been recognized [713]. In fact, it has been postulated that metastable
gels are present, universally, in fluid-crystal phase diagrams in the form of hid-
den binodals [704, 714] (a hidden binodal is depicted for a model ‘AB’ binary
system in Fig. 2.6). In congruency, metastable states of matter may represent
necessary precursors to crystalline clusters [696, 715, 716]: The precursor rep-
resents the first step of “two-step” nucleation of hard-sphere crystals from
a metastable melt [669, 717]. As the onset and speed of nucleation has been
shown to be highly sensitive to particle polydispersity in hard-sphere fluids
[556, 669], we may be alerted to the possibility for even more complex behavior
for our systems of sticky hard rods on lattices, which can be thought of as a
mixtures of three rod species, to some extent. Confinement of the fluid system

18Colloidal systems of rods or liquid crystals, on a side note, show kinetic arrest and glassy
structures exist in 3D [667, 668, 712].
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may enhance these intrinsic but “hidden” fluid states, which may be why pre-
melting on surfaces is seen in many systems (i.e. surface “quasi-liquids”) [7,
718–722]. In Sec. 1.2, we provided some evidence that these kinds effects are
‘real’ in ultra-thin films of organic molecules at the initial stages of film growth:
They could take on the form of liquid-like, disordered phases precluding ther-
modynamically stable and well-ordered phases, those of which are often seen
in a bilayer regime (i.e. “bilayer” phases).

The emergence and evolution of metastable states, frustrated states, gels, or
glasses [723] expresses a highly nontrivial coupling of rotational and transla-
tional degrees of freedom [662, 724] that diminishes individual particle motion
substantially. This will depend on the relative rates of the external change (e.g. a
temperature quench) versus rotational and diffusion processes [725]. The same
should be true in considering the rate of particle deposition versus diffusion
rates – a “deposition quench” rate – which characterizes the basic nonequilib-
rium setup of thin film growth studied in this thesis. Our exploration of the
growth of sticky-hard-rod monolayers will show that both arrested dynamics
entailing quenched randomness, but also (annealed) collective dynamics like
growth of a stable phase cluster occur in the same system: First, kinetic arrest
is found during monolayer growth in our lattice model with purely hard-core
rods in Ch. 4, when a biasing substrate potential is very strong. Further, we
see metastable phases of lying orientation during monolayer growth model
of sticky hard rods in Ch. 5. The metastable phase forms disordered, liquid-
like structures that are network-forming. We characterize these as gel-like (see
further discussion below on viscoelastic fluids). We further see evidence that
this lying phase may be a precursor to the nucleation of a standing phase in
the monolayer, i.e. the thermodynamically-favored dense phase in the lattice
model. The system can become completely engulfed by the lying phase for very
long periods of time, in an arrested state that we call a “wetting layer”. The
conditions under which these phases appear are controllable by the external
parameters of deposition flux rate, the internal dynamics, and the system tem-
perature, as well as the external potentials induced by the substrate. Our model
system is highly instructive in the sense that it can be used to demonstrate ar-
rest, jamming, gelation, metastable “precursors”, and possibly glassy behavior
in the nonequilibrium evolution in forming a monolayer of a stable phase. Dif-
ferent dynamical regimes are clearly apparent despite the high simplicity of
the model system.

One clear way to guarantee that a broad variety of structures can be formed
is an inherently complex phase diagram. Mixtures of components can fulfill
this criterion with a certain amount of ease.19 Pronounced particle anisometry
is another method: A larger number of rotational states implies a larger variety
of ways to break the rotational symmetries of the system. Confinement plays an
additionally key role, as (partially) ordered states that are otherwise unstable
in the bulk become metastable or stable in strong confinement. Arising domain
patterns can generally be understood as a manifestation of spatially modulated
phases, stabilized by competing forces, dependent on the temperature, modu-
lating field, and modulation time-periods (i.e. relative time-scales) [728]. Very
generally, then, pattern formation accompanied by thermodynamic instability
and external forces renders a vast array of nonequilibrium phenomena on 2D

19One striking example is bijels [726, 727], which utilize spinodal decomposition among two
components before the third component is trapped at the domain interfaces.
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surfaces [729]. 2D phenomena are generally are more quaint (as discussed in
Sec. 2.2), owing to e.g. the topological nature of solid-phase transitions of the
Kosterlitz-Thouless-type.20 The salience of confinement is particularly visible
in non-equilibrium conditioned, especially with patterned substrates, render-
ing a complex of self-assembly pathways [248, 249, 731, 732]. With regards to
thin films, evaporation or drying [227, 733, 734] are examples of nonequilibrium
scenarios complementary to film growth that also entail and demonstrate this
complexity.

Viscoelastic fluids

Viscoelastic fluids show a rich phenomenology regarding phase separation
kinetics, see Refs. [724, 735]. Two or more structures that have a dynamical
asymmetry can form depending on the dynamical regime of the main processes
in the system. A basic model is a fluid composed of fast and slow components.
Dynamical asymmetries in viscoelastic fluids are presumed to arise due to ei-
ther the large size difference or a difference in transition temperatures between
the components of a mixture. Phase separation kinetics are complex, where
viscoelastic effects play a dominant role. Viscoelastic fluids can form two types
of mesoscopic structure: one network-forming and another compact structure
depicted in Figure 2.7. Paraphrasing Ref. [724], phase separation will lead to
a long-lived network (a transient gel) of the slow component, as long as their
attraction strength is strong enough. The reasoning is as follows: A long, inher-
ent relaxation time of one component means that stress that builds up during
a phase separation process will split asymmetrically among the components.
A network-like or sponge-like structures of the slow component forms in a
force-balance condition at these intermediate stages. Clearly, the phase trans-
formation kinetics involving such dynamically asymmetric components will
be more complicated than “typical” nucleation-and-growth [735].

The (2+1)D sticky rod model on the lattice with its metastable, gel-forming
may be better understood as mixture of fast and slow phase-separating com-
ponents. Network-like structure of a lying phase as well as compact structures
of a standing phase may form, depending on the dynamics of diffusion and
rotational rates as well as temperature. In the driven setting of nonequilibrium
growth, these will also depend on the external flux rate in our model, i.e. F/D
and the temperature are the main control axes.

∗ ∗ ∗

In nonequilibrium conditions, surprising and intricate structures at vari-
ous mesoscopic scales can be generated. One has some element on control,
particularly with respect to the external forces applied to such systems. In the
case of thin film growth, this would correspond to the flux rate; further con-
trol parameters that alter the microscopic dynamics include temperature and
diffusion rates. Dynamical arrest can occur in complex fluids brought out of
equilibrium, and seem to be part of the palette of possible kinetic pathways
towards solidification. In the next section, we discuss how organic molecular

20Arrested dynamics occur, naturally, in rod-like particle systems in “pure” 2D confinement,
as well as quasi-2D or monolayer confinement: Colloidal or liquid crystal particles in quasi-2D
confinement clearly show dynamic arrest and glassy phases [171, 730] other rod-like particle
systems show the same [653–655].
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F I G U R E 2 . 7 : A depiction of possible two structures formed in
viscoelastic phase separation, arising from an inherent dynami-
cal asymmetry between possible liquid states. Citing Ref. [724],
“The change in the particle configuration from an open tenuous (a) to
a compact structure (b) for colloidal suspensions. An open structure
corresponds to a transient gel. A transient gel state is in a higher en-
ergy state and the system tries to lower the energy by increasing the
number of the nearest neighbors. Mechanical stress originating from
inter-particle attractive interactions stretches the arms of a transient
gel and leads to their break-up. In this way, an open structure relaxes
to a lower-energy structure, namely, a compact structure.” Image

from Ref. [724].

thin films, too, are likely subject to these kinds of effects, rendering diverse soft
matter phenomena during self-assembly. Part II of this thesis will highlight this
in the model system we investigate for growth of monolayers with hard (and
sticky) rods.

2.4 Organic molecular thin films

Note: This section pertains to our study of a model system for monolayer-
stage thin film growth of organic molecules – part II of this thesis. The intro-
duction to the subject matter was given in Sec. 1.2.

Organic molecular films seem to lay somewhere between soft or colloidal mat-
ter, and atomic condensed matter with regards to phase transformation behav-
ior during thin film growth. We report on some literature below that shows
a commonness of organic molecular thin films to other soft matter systems.
The similarity between colloidal and molecular epitaxial multi-layer growth has
been discussed and quantified in some of the literature, see e.g. Ref. [736–738]
for isotropic particles or molecules such as C60.21

On a basic level, organic molecules entail a pronounced coupling of orien-
tational degrees of freedom owing to particle shape and potentials, and, there-
with, a potential for various entropy-driven phenomena not seen in atomic
systems. Rod-like particles from colloidal soft matter are well-known to entail
complex phase diagrams in bulk (See Sec. 1.3), and the underlying exclusion ef-
fects due to anisometry also “spill over” to distinctive behavior and pattern for-
mation in far-from-equilibrium situations [25, 744]. In particular, the situation
of confinement (at the substrate) generally enhances these effects: Anisotropic
particles can become caged in a way that localizes their rotational motion, a

21Colloidal crystallization on periodic substrates (via crystal-structured epitaxy) have been
explored for hard sphere systems [739–743]. The case of anisotropic (spherocylinder) colloids
crystallizing on patterned or periodic substrates remains to be shown experimentally and in
simulation, as far as we reckon.
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prerequisite for dynamical arrest [666, 745]. The phase transition kinetics con-
curring during growth may bear many similarities to that in soft matter systems
of anisotropic particles.

However, the degrees of freedom of organic molecules are more “discrete”
in character, arguably, than those of typical colloidal systems with simpler, usu-
ally less directional interaction potentials. The locally Markovian dynamics of
molecules at substrate assumed to be thermally activated by phonons, in con-
trast to a mediating fluid in the case of colloidal suspensions. A local vibration
at a certain attempt rate induces random hopping events – quite different from
Brownian-type motion in the short-time limit, which has a continuous power
spectrum. Thus, a lattice-based approach may be more faithful, in fact.22

Affinity of organic molecules to “soft matter” behavior

A central reason behind the soft-matter character of organic molecules [155]
is the relatively weaker strength and range of interactions [746], compared to,
say, metallic matter, and the potential anisotropy of the molecule. The lower
relevant temperature scales required for growth (sublimation or melting tem-
peratures) attests to effectively weaker attractions between molecules and with
the substrate (compared to kBT): The molecules represent “coarse-grainable”
objects with spatial extent, and assignment of 1

2 kBT thermal energy per degree
of freedom makes dynamics more intertwined among the degrees of freedom
and, therewith, “soft” than atomic systems. The pronounced coupling of the
translational with the rotational degrees of freedom of particles (see Ref. [247])
implies that many-body, collective reorganization processes are likely. The so-
lidification or sublimation process from a vapor will be more ‘complex’, en-
tailing a larger bandwidth of possible events along the evolution, in light of
previous discussion in Sec. 2.1.2. Therewith, the kinetics of self-assembly will
be intricate.

The weakened effective binding of the molecules can make growth more
prone to desorption and sensitive to subtle changes thereof [141, 145, 149, 689,
691, 747, 748]. The film roughness and quality are reported to be quite sensitive
to the specific vacuum pressure during growth [749]. Vapor-phase deposition
experiments also attest to this heightened sensitivity [151]. Thermodynami-
cally, this implies a lower surface free energy than metals: estimates confirm
this; moreover, the contribution of entropy is likely much larger [750]. Organic
molecular films are further sensitive to the roughness, heterogeneousness and
cleanliness of the substrate [145, 184, 219, 747, 751]. Lastly, while metals or
atomistic systems “need” a well-matched substrate lattice to grow films (these
will entail significant strain upon any lattice mismatch, and thick films may
not even form at all), the restriction is much looser for organic molecular films.
Quite the contrary is observed: weak adhesion to the substrate may even be
the key to epitaxial-type growth for organic molecules [16].

As structure at the initial stages of growth is allowed to be much more
amorphous (due to the lack of necessity for a crystalline substrate), long-term
memory in the form of strain can build up gradually in the film, relaxing at later
stages of growth in a collective re-ordering process. In other words, surface
phases or wetting layers of a lower degree of crystalline order may form, often

22The situation of organic molecules may be even more complex, as diffusive motion on a
substrate (with a particular crystal structure) may be nearly 1D [247, 250].



72 Chapter 2. The Mesoscopic Nature of Complex Fluids of Rods

described as “liquid-like” in character, and setting in from the very beginning
of growth [10–14, 251]. These are shown to dewet at a later time-point [12,
216]. In fact, wetting transitions in organic molecular films are reported broadly
and may occur at quite ‘late’ stages of growth, see also Refs. [9, 141, 149, 167,
169, 199, 213, 216].23 24 The particular choice of substrate interactions, just like
in other confined soft matter systems (see discussion in Ch. 2.2), will affect
the kinetics and possible self-assembly pathways – through the monolayer,
bilayer and multilayer stages of growth [7–9]. (As discussed before on systems
in confinement, the substrate effectively “deforms” the bulk phase diagram in
equilibrium, and changes the dynamics (kinetics) in nonequilibrium, see e.g.
Ref. [151].)

These wetting layers or surface phases at the submonolayer or ultra-thin
film stage are generally described as “loose” or “liquid-like”. The phenomenon
of surface “pre-melting” or “quasi-liquids” is an important topic of discus-
sion for surface phenomena, see Refs. [7, 718–722]). Such behavior could occur
for organic molecular systems, as well, see Refs. [10, 141, 212, 236, 237, 752].25

Monolayers of attractive colloidal spheres [743] or monolayers of binary hard
spheres [730] show these kinds of surface effects. Moreover, these dense, dis-
orderly phases may represent surface “precursors” to the formation of the
stable-phase crystal, an effect discussed for bulk colloidal crystallization from
a liquid [669, 715–717]. In general, then, “soft” phases might be a prominent
part of the growth of thin films with organic molecules. These can induce long-
ranged orientational correlations in the films. Large discrepancies in size distri-
butions of islands with different orientational order are reported to occur in the
monolayer regime [146]. We will see in our simple model for growth in Ch. 5,
as well.

Other “soft matter” capabilities at the submonolayer stage such as a
dendritic, network-forming structure might occur during sub-monolayer
growth on a substrate [753]. More generally, kinetically trapped or arrested
state may occur before the crystallization process of stable-phase islands, see
e.g. Ref. [188]. Fundamentally, a nontrivial competition between rotational
and translational degrees of freedom (in confinement) can render nonergodic,
glassy dynamics [665]. Indeed, we see a jammed state in purely hard-core
monolayers of hard rods if an external potential favors the lying orientation
strongly (in Ch. 4).26 Kinetic arrest is also found in our model for monolayers
of “sticky” hard rods with the spontaneous formation of a transient, gel-like
phase or “wetting layer”, composed of lying rods only, see Ch. 5. All in all,
organic monolayers show phenomenological affinity to other soft matter
systems, which differentiates them from atomic thin films. Relating to the
discussion in Sec. 2.3, we will expect the emergence and disappearance of
differently-ordered states as a function of density (time), temperature [149,
752], and dynamical rates (diffusion, flux) during monolayer growth.

23We note here that nematic thin films can only stably wet surfaces after a certain thickness
[122], which may help in interpreting various dewetting phenomena that are reported for thin
films of organic molecules, in particular at the second layer.

24The phenomena with organic molecular thin films that involve a “lying” liquid, as well as
1D-like ordering [10, 14] appear to overlap with those of organic Langmuir monolayers on metal
surfaces [115]. Langmuir monolayers can also entail metastable surface phases, seen e.g. upon
evaporation [117].

25For example 2D “lattice-gas-like” disordered phases are reported in Ref. [220], as well.
26See comparable effects of arrest in lattice models in Refs. [663, 664, 754].



2.4. Organic molecular thin films 73

As we foreshadowed in the introduction (Ch. 1.2), the phenomenology at
the monolayer stage of thin film growth with rod-like particles is rich due to
a fundamentally complex interplay of orientational and translational degrees
of freedom in confinement. Our studies in part II of this thesis will attest to
pronounced “soft-matter” effects during thin film growth.

This chapter discussed the mesoscopic aspects of complex fluids of rod-
like particles, regarding both structure and dynamics. We provided therein a
broader context of the systems of hard rods on lattices studied in this thesis. In
the next chapter, we shall delve deeper into the fundamentals behind statistical
mechanics of systems in equilibrium and nonequilibrium. On-lattice systems
in nonequilibrium are discussed more deeply, as well, in addition to statistical-
physical notions of – and some basics around – machine learning approaches
relevant for this thesis.
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Chapter 3

On Probabilistic Descriptions
of Classical Many-Body Systems

The actual science of logic is conversant at present only
with things either certain, impossible, or entirely doubtful,
none of which (fortunately) we have to reason on. Therefore
the true logic for this world is the calculus of probabilities

James Clerk Maxwell

This chapter will provide us with a fundamental background on statisti-
cal mechanics and associated techniques – regarding both equilibrium and
nonequilibrium systems – which are relevant for the research on hard-rod
models presented in subsequent parts of this thesis. We wish to discuss the
probabilistic approach taken for classical many-body systems from some of its
very basic postulates like ergodicity, which break down in nonequilibrium.
Thus, although statistical mechanics is well-developed for equilibrium systems,
nonequilibrium systems pose a great challenge, and a unifying approach is
lacking (we motivated this is Ch. 1.1 already). We argue that lattice systems of
hard rods studied in this thesis (particularly that for nonequilibrium thin film
growth in part II) are highly instructive, highlighting the importance dynamical
presumptions like locally-Markovian dynamics, which allow for nonequilibrium
descriptions based on Master equations. On a related note, we discuss the basis
of (and describe in more detail) kinetic Monte Carlo and general Markov-Chain
Monte Carlo algorithms, which are techniques employed in parts II and III of
this thesis. We also introduce density functional theory and discuss dynamical
density functional theory employed, as well.

Further, we discuss the connections between “effective” approaches a la
statistical field theory and machine learning algorithms, the latter of which we
employ in part IV, where in both cases variational principles can provide the
means to bounded approximations. The algorithms are discussed at the end
of this chapter. Aforehand, we illustrate deeper connections between statistical
mechanics and information theory, where thermodynamic concepts akin to
entropy play basic roles. These ideas are tied to historically famous debates on
the “paradox of irreversibility” and generally coarse-grained descriptions of
out-of-equilibrium systems.

Many-body systems of interacting particle systems are inherently complex, in
that in order to exactly predict the dynamical evolution of various emergent
phenomena, such as phase transformations, many – if not all – constituents
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would need to be taken into account, potentially. The deep nature of this com-
plexity may render even a hypothetically complete description practically use-
less: it might be unintelligible to a human, as abstraction is at the basis our of
cognition and understanding of the world. Only by narrowing our focus to a
limited window of length- and time scales can we make reasonable progress
toward quantitative understanding of natural phenomena [755]. Hence such an
abstraction of the system’s microscopic laws governing the motion of individ-
ual particles is imperative [756] – an abstraction of the full set of (deterministic)
equations-of-motion at the microscopic scale of, say, 1012 colloidal particles in
a suspension. This realization may also bear greater depth about the nature of
physical law itself. To quote P. W. Anderson in his 1972 paper on the philoso-
phy of meso- and macroscopic descriptions in condensed matter physics [757],
“The behavior of large and complex aggregates of elementary particles, it turns out,
is not to be understood in terms of a simple extrapolation of the properties of a few
particles. Instead, at each level of complexity entirely new properties appear, and the
understanding of the new behaviors requires research which I think is as fundamental
in its nature as any other.”

The logical structure is alluded to here: the derivation of the macroscopic
laws of physics should, in principle, succeed by means of different coarse-
graining stages from microscopic laws. The connection of microscopic physics
to the macroscopic laws is usually made in expectation values of physical quan-
tities, i.e. observables that quantify mean values. At the macroscopic scale, we
are making statements on typically realized values of quantities of the system
[758, 759]. Predictions are thus always statistical in nature as the science does
not deal with individual contributing objects any longer [64, Ch. 1.1]. Gibbs
makes this clear: “The laws of thermodynamics, as empirically determined, express
the approximate and probable behavior of systems of a great number of particles, or,
more precisely, they express the laws of mechanics of such systems as they appear to
beings who have not the fineness of perception to enable them to appreciate quantities of
the order of magnitude of those which relate to single particles, and who cannot repeat
their experiments often enough to obtain any but the most probable results” [89, p.
viii].

The logic may appear somewhat loose-ended, though, missing a central
point about what the theory is about: how can we agree on what is “macro-
scopic”, at all? Quoting Uhlenbeck (1963) [760, Ch. 1], “There is an element of
arbitrariness in the concept of the macroscopic . . . [I]n principle the macroscopic knowl-
edge of the state of the system depends so to say on the zeal of the observer and can
therefore not be defined in general. All one can say is that the macroscopic description is
a contracted description, which uses much fewer variables than required for the precise
microscopic specification. Also, in practice, it usually is clear what the macroscopic
variables are, since they are dictated by the experimental phenomena which one tries to
explain.” The problem here is to find an appropriate description of the “effective”
or “projected” processes [96, Ch. 2.5]. Once we can agree upon the macroscopic
states of interest, we can do the crucial step of clarifying which variables are
random [81]. Then, a cruder step is taken: we decide which of these mean val-
ues can substitute an entire set of microscopic states (the “contraction” step).
By such a partial contraction of information, we project the system onto a cer-
tain cross-section of our understanding. An irreversible step is taken into an
idealized macroscopic world, where mesoscopic quantities are precise with re-
spect to our measurement instruments, i.e. they become “sharp” objects in our
models: we describe mean (expectation) values and employ statistical density
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distributions (ensembles).
Yet, a method-of-approach for general, nonequilibrium scenarios consti-

tutes a central, not-fully-resolved challenge of the subject field. Existing for-
malisms include that of the Zwanzig and Mori [93, 761–763], advanced in light
of information theory and geometry by Balian et al. [756]. Yet, in practice, a
prioiri approximations (presumptions not necessarily based on experimental
evidence) are required at some point. “Bottom-up” approaches will not work
if we cannot specify a constraint or a known feature at a higher level. Feedback
from real-world experiments or simulations at the full N-body level will be
absolutely necessary in developing any such theory.

An information-theoretic perspective on many-body systems has been de-
bated and developed [64, 756, 764–766]. Importantly, as the irrelevant variables
are eliminated, they become “hidden” [96, p. 70], or lost. This is why informa-
tion is contracted, and the description becomes incomplete one. Only partial
statistics or typical values of the relevant observables remain. From this view-
point, then, reconstructing the initial conditions leading to the observable out-
come is an ill-posed problem, and these outcomes shall appear random, in spite
of deterministic microscopic laws [94, 95]. The necessary information required
for reconstructing the exact initial conditions of the system is lost. Such lost
information (our lack of knowledge) is quantified by statistical measures of
entropy. The more ignorant we become or pretend to be – in stages of coarse-
graining or contractions – the greater the information content “locked away”
will become. There is a thermodynamic “cost” of erasing details in the search
of a less complex description of reality [75, 436, 767].

A caveat remains, however: There is no obvious way to identify these rel-
evant variables that govern the macroscopic evolution. What should one a
priori choose to measure?1 How can we know which variables are simple, e.g.
Gaussian or follow a Markov process? Each choice renders different fundamen-
tal equations of motion, possibilities for mean-field approximations, and even
specific definitions of dissipation. It is sobering that most notions of nonequilib-
rium statistical mechanics and dynamics are thus relative [756]. This stands in
stark contrast to certain empirical findings, however: many systems display the
same, universal behavior when near critical points. Thus, some blatantly over-
simplified, “workhorse” models of statistical physics (e.g. the Ising model) owe
it to the benevolence of nature for being so “unreasonably” effective, at least
with regards to critical behavior [768]. Extremely modern developments in ma-
chine learning approached in this thesis in Ch. 7 that could offer a shimmer of
hope, as well: they appear well-suited for the task of separating relevant from
irrelevant variables, as they are designed to empirically separate “signal” from
“noise”, to say, by finding those variables that produce reliable and informative
statistical guesses. Even so, we may have to assort to “top-down” approaches
assuming a priori a certain form of dynamics or of statistical dependencies be-
tween variables, or doing approximations like perturbation theory, purely for
convenience or tractability issues. One can iteratively improve upon these by
cross-checking with experiments or simulations. Deviations are undeniably
useful: they may be clear signposts of e.g. left-out relevant degrees of freedom
at macroscopic scales (collective modes) or microscopic scales (conformational,

1Of course, looking at the Hamiltonian could help, especially if the systems is in a stationary
state.
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internal vibrational modes). Yet, we would not like to understate the level of
difficulty of the task.2

Probability densities over states are normalized measures; their normaliza-
tion constant is the partition function. To ensure properness of mesoscopic
descriptions in equilibrium situations, one would need to preserve the value of
the partition function exactly when transitioning between scales, which entails
transforming variables; formalisms for partition function(al)s in nonequilibrium
situations, exist, as well, [91]. Any transformation of a set of variables involves
re-defining interactions (couplings) between typically particles or fields into
some effective or collective entities. Explicitly reducing the total number of ran-
dom variables, in addition to tracking the effects of their transformation, is the
approach taken by the renormalization group (for systems near a critical point),
see e.g. [66, 768]. The validity of statistical field theory rests on the universal-
ity postulate, which means that particular classes of approximations should
apply across a variety of different systems in nature [57, 65–67, 769–771]. This
may not be limited to physics alone: Structure and dynamics evolve (naturally)
in biological systems in many regards. Statistical theories may be one of the
most powerful approaches in science in general, arguably best developed and
most rigorously testable within the context of physics [96, p. V]. On some level,
statistical mechanics offers generic principles that can apply to other fields of
sciences and and to physics at different scales of treatment. However, even this
theory is incomplete, in part, and the continuation of research thereof is perti-
nent. By studying simple model systems like those in this thesis, we hope to
make a humble contribution to this broad and abstract goal.

3.1 Phase space and thermodynamic equilibrium

As an abstraction that arises from our immediate perceptions of the world,
matter and energy in the macroscopic world – as considered, historically in
e.g. fluid mechanics, thermodynamics, and electromagnetism – were treated
as a continuum. In this view, continuous or piecewise-continuous functions
of space coordinates and time are the natural mathematical representation of
macroscopic physical quantities, A(x, t). Their evolution is governed by partial-
differential equations or by integro–differential equations [94, Ch. 2.1][95, Ch.
2.3].

In stark contrast to the continuum view on nature, the advent of an atomistic
theory of matter rendered a very different, microscopic description, namely of
many moving and interacting bodies: We begin with an isolated system of N
point-like particles who move along “sharp” trajectories. These are solutions
of the equations of motion of Hamilton [97, Ch. 3][88, Ch. II]. Given that all
particles have three translational degrees of freedom, the dynamical state of
the system at a given time-point is completely specified by 3N coordinates
qN = {q1, . . . , qN} and 3N momenta pN = {p1, . . . , pN}, defining points in
phase space. The time evolution for the microstates is given by a trajectory
function (phase variables) {qN(t), pN(t)}. The microscopic laws governing the
motion are given from the set of 6N coupled first-order partial differential

2Take the theory of a glass formation, for example [105].
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equations of the HamiltonianH(pN , qN ; t)

dqα(t)
dt

=
∂H(qN , pN ; t)

∂pα
(3.1)

dpα(t)
dt

= −∂H(qN , pN ; t)
∂qα

; . (3.2)

The standard example of a Hamiltonian is one where the particles interact with
potential energy Φ and an external field Vext:

H(pN , qN) = ∑
α

‖pα‖2

2mα
+ Φ(q1, . . . , qN) + Vext(q1, . . . , qN ; t) (3.3)

with the first term representing the kinetic energy. We can recover Newton’s
equations of motions:

dqα(t)
dt

=
∂H(qN , pN ; t)

∂pα
= pα/mα (3.4)

dpα(t)
dt

= −∂H(qN , pN ; t)
∂qα

= −∂U(qN)

∂qα
= fα(qN) , (3.5)

where on the right-hand sides we have mα as the mass of particle α and fα(qN)
as the vectorial force on particle with coordinate vector qα.

These are the usual assumptions of classical mechanics [88, Ch. I-III]. We
can be assured that it is possible to know all the positions and momenta of an
N-particle system to arbitrary precision at some initial time, and that the mo-
tion can be calculated exactly from integrating these equations of motion of the
phase variables given initial conditions (qα(t0), pα(t0)). The phase variables
represent here the microscopic dynamical states of the system. The number F
of conjugate pairs of variables specifies the number of degrees of freedom nec-
essary to completely characterize the dynamical system: If all particles retain
their degrees of freedom, then we have F = 3N for 3D space.

3.1.1 Key notions

Degrees of freedom

The standard meaning of “number of the degrees of freedom” F is the number
of actually independent variations that can be made in the coordinates. Con-
straints on the system that are inherent, such as two particles bound by a fixed
distance, will reduce the number of independent variations. There is a differen-
tiation between holonomic and non-holonomic constraints, where the system
is made in such a way that coordinates are connected by relations that hinder
their independent variation [88, p. 18]. Degrees of freedom enter the Hamilto-
nian in a quadratic manner (such as those that contribute to a kinetic energy, or
of harmonic oscillators). They are in effect “modes”; in equilibrium, the system
is quasiperiodic,3 i.e. a superposition of periodic motions. The equipartition of
energy says that each such quadratic degree of freedom contributes 1/2kBT to
the average energy for temperature T of the system and Boltzmann constant
kB. Deviations from this theorem arise with nonlinearities in the potential – the

3an observation studied by Poincaré (1899) [772, Appendix][760, 773].
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definition of degrees of freedom must be modified for nonlinear dynamical sys-
tems – and with quantum corrections [774, Ch. 3.5][81]. In any case, variables
with a given total number of degrees of freedom can be expressed in a collec-
tive manner, so that many particles are involved. Finding convenient forms or
the most simplifying collective variables is the key to describing many-body,
macroscopic states in statics and dynamics (see more below). “Coarse-graining”
aims to define constraints in order to reduce the number of degrees of freedom.

From the point of view of any equation of motion – from classical to quan-
tum mechanics, a “free” propagator solution is time-independent (no inho-
mogeneous part) and reflects the degrees of freedom of the body. Stationary
external fields will not affect the number of degrees of freedom, as these cou-
ple to the configurational variables only. Hence, momenta are the key parts
of phase space that indicates (statistically) independent “axes” along which a
system can transfer energy. Apart from this constituting a purely conceptual
note, it is key to interpreting machine learning algorithms that we employ in
this thesis in part IV, which we motivate later in this chapter in Sec. 3.6.

Integrals of motion: Conserved, invariant quantities

Integrals of motion Ci are quantities that are conserved over trajectories – every
trajectory can be characterized by special values ci of the dynamical variables
Ci(qN , pN), which are constraints defining the subspace Γ(qN , pN ; ci) of the
phase space accessible (“valid”) to the trajectory. Integrals of motion effectively
reduce the total number of degrees of freedom F, and can be included in
variational approaches via Lagrange multipliers. When Vext(qN ; t) = 0, then
one such integral of motion is the total energy E and particle number N.
If there is an invariance under choice of coordinate system with respect to
displacement and rotation (a symmetry persists), the total linear momentum

N
∑

α=1
pα and total angular momentum

N
∑

α=1
qα × pα are constants of motion,

in accordance with Noether’s theorem [775, Ch. 1][776, Ch. 6][765, Ch. 14].
Global symmetries of a system are generally important, as they may be spon-
taneously broken at phase transitions, which we touch upon later, see Sec. 3.2.1.

The identification of all the symmetries is crucial for constructing any field-
theoretic models, i.e. to write down the most generic Lagrangian or effective
Hamiltonian (discussed later) compatible with the symmetries of a system. In
general, quantities that are nearly conserved up-front may not be obvious, as
in some cases may only be determined experimentally [64, Ch. 4.1]

Constancy is an idealization, however: it is a matter of time-scales and of
intensity, dependent on the measurement time-window of a many-body system
(i.e. of the level of treatment) and on the precision of measurement. A constant
total (mean) energy, i.e. systems in thermodynamic equilibrium, means there is
no clear direction of time at the macroscopic level. The statistical treatment is
thus of stationary quantities (apart from stationary fluctuations) and effectively
time-independent (See discussion later about the “paradox” of irreversibility
in Sec. 3.5). In nonequilibrium systems, a nearly-constant energy corresponds
to e.g. metastable states that are long-lived – a direction of time is only very
weak. Highly non-stationary solutions of any equation of motion also imply
that energy is not conserved in the particular level of treatment.
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3.1.2 Impelled probability densities (?)

Apart from the practical and philosophical problem of keeping track of gigantic
amounts of details, discussed in the beginning of this chapter, is there some
other argument for necessitating many-body physics to be a statistical theory
[775, Ch. 1.1][90, Ch. I-IV][95, Ch. 2][94, Ch. 2][87, Ch. 1]?

Let us first continue our description of the microscopic world as above, and
assume that a property A takes on a particular (continuous) value at every
instant of time along the trajectory. If a measurement is done over a longer time
span then the macroscopic, observable quantity is

Aobs = A = A(qN , pN ; t) = lim
T→∞

1
T

T∫

t=0

A(qN , pN ; t) dt (3.6)

with T denoting the time interval, and the bar that of a time average. This def-
inition is also the basis for molecular dynamics simulations [777], as well as
equilibrium Markov-Chain Monte Carlo methods that we employed in this
thesis (see Sec. 3.4). Our experience tells us that the observational value will
converge to a stationary value, at least for systems we deem to be “in equilib-
rium”. However, we have not answered why is there a statistical outcome, in
the first place. Naively, if we know the laws of motion are deterministic and we
prepare a system in a microscopically exact initial condition, then the outcome
should be deterministic, not stochastic.

There are several arguable reasons why the macroscopic behavior is well-
describable via stochastic means: (1) It is practically impossible to know (mea-
sure) the exact initial state of a system; an ultimate “stop sign” would be quan-
tum uncertainty, yet any imperfect knowledge or measurements in space and
time lead to large deviations of the system given sufficient time. (2) Nonlin-
ear dynamical equations (for classical many-body motion) all “suffer” from
dynamical instability [778], a topic treated in e.g. ergodic theory of chaos [81]. (3)
Likewise, it is impossible to perfectly measure the system during its evolution-
ary trajectory: in effect, the “true” trajectory cannot be specified as a singular
entity, splitting into others at every moment as time passes. (4) Systems are
never fully isolated, and so the degrees of freedom and external influences are
uncontrollably ignored in the dynamical equations of motion Eqs. (3.1) and
(3.2). All together, we cannot specify the microscopic state to perfection when
requiring that macroscopically large spatial and time- spans should be treated.
At the end of the day, is a lack of perfect information the reason for the stochas-
tic nature of many-body systems? This more modern viewpoint [64, 766] has
been cause for hefty debate for decades.

Still, even if we accept the necessity for probabilities, can we formally obtain
the macroscopic expectation values of observational quantities from microscopic
dynamics? An old question that has been ruminated on since the time of Boltz-
mann and Gibbs. The older view on statistical mechanics, such as that of Fowler
(1936) [87], is that we ought to calculate time averages of dynamical variables
(phase variables). This is the standpoint Boltzmann took. Yet, for one thing,
infinite-time averages never can be made, and the time-average approach does
not leave room for the notion of rare or “exceptional” many-body motions
or events [779]. It might rule out a discussion at all about non-equilibrium
statistics, arguably, a critique that later e.g. Jaynes [766, 780] and Balescu [94]
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purported.
As a means to get around the looming problems with averaging observables

over dynamics, Gibbs introduced the concept of ensembles as phase-space prob-
ability densities, which we discuss in the following. Each ensemble imposes
unique macroscopic “known” constraints on the possible phase-space trajecto-
ries of the system. All “other” microscopic variables are effectively free to vary
whilst abiding to microscopic laws (i.e. respect the Hamiltonian). The hope is
that the ensemble provides a shortcut to calculating all possible outcomes of
many-body dynamical systems compatible with the constraints.4 By taking the
mean, the ensemble should render the stationary macroscopic observables that
we are seeking. Each ensemble introduces different constraints that reduce the
degrees of freedom in the system in different ways.

At the very bottom of it, to be certain of the equivalence of dynamical
versus ensemble averages, we would have to prove a postulate called the
ergodic hypothesis, which we discuss in Sec. 3.1.3 below: The ensemble at
every single time-point t0 in its copies of the system renders a random set of
phase variables

{
A(qN , pN ; t0)

}
. The mean of this set is equivalent to that of

measuring momentary values of a single system with A(qN , pN ; t) over long
periods of time t ∈ [0, T → ∞). Gibbs’ formulation of equilibrium statistical
mechanics has stood the test of time with regards to predictions, yet the
ergodic hypothesis sitting at the base of the theory has not been proved for
general situations.

The central idea of statistical mechanics, therefore, is that distribution func-
tions are the fundamental objects for a macroscopic description of the world.
They are “fuzzy” objects, encompassing a whole set of “sharp” points (micro-
scopic states) that could be measured. This idea will be developed further in
Sec. 3.1. The consistency of the microscopic–to–macroscopic picture fully rests
on the presumption of ergodicity [781–784], which we will discuss more in
forthcoming.

Classical phase space distribution functions

Gibbs introduced the idea of applying the laws of dynamics to “a great number of
independent systems, identical in nature but differing in phase, that is in their condition
with respect to configuration and velocity” [89]. In other words, the generation of
an ensemble5 means we consider an essentially infinite collection of independent
(non-interacting), individual systems characterized by identical microscopic
dynamics and identical macroscopic state variables that are fixed aforehand
(number of particles, volume, temperature, energy, etc.), yet differing in their
initial conditions [64]. Such a statistical description results from necessity – to
express equations explicitly and in a tractable way.

In doing so, we consider the average behavior of a collection of macroscop-
ically identical systems distributed over a range of states (microstates). In this
large number of copies, we can consider continuous changes of a particular
state when passing to neighboring states. In assigning a probability density in

4This is impossible to do, in practice
5Prior to Gibbs, Boltzmann [86] introduced the concept of an assembly, which is a collection

of weakly interacting systems, in his seminal treatment of the dynamics of dilute gases.
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phase space, the implicit assumption is that this density function has continu-
ous partial derivatives with respect to each macroscopic variable.6 The initial
conditions of the distribution function are considered to span the phase space
specified by the macroscopic constraints. Then phase space probability density
f (N)(qN , pN ; t) describes a probability (a fraction of systems)

f (N)(qN , pN ; t) dΓN (3.7)

of being in a microstate represented by a point {qN , pN} settled in the infinitesi-
mal surrounding volume dqNdpN ≡ dΓN at time t [775, Ch. I][88, Ch. III]. These
we call representative points: Each is the instantaneous state of any member sys-
tem of the ensemble, and the condition of the ensemble as a whole is then
given by a ‘cloud’ of such points. Ensemble averages are expectation values
of dynamical variables, computed with respect to the joint probability density
function f (N)(qN , pN ; t) over all possible dynamical states of the system. All
macroscopic properties of the system are now calculated as averages of an
ensemble, thus over all (virtual) members of an ensemble. For a macroscopic,
observable state M, the evolving probability distribution pM(t) can be inter-
preted as the fraction of systems in the ensemble that are in the observational
state M at time t. In this way, the statistical properties of the system depend
crucially on the probability measure, which is determined by constraints of the
system as a whole. If there is a higher probability density in a certain region
of phase space, then any system chosen at random is more likely to be in a
microstate located in that region.

The normalization condition for N corresponds to an integral over the
volume in phase space:

∫
f (N)(qN , pN ; t) dΓN = 1 . (3.8)

A most natural way to normalize f (N)(qN , pN ; t) to unity for such N identical
particles is by using the integration with the dimensionless volume element

dΓN =
1

N!(2πh̄)3N

N

∏
α=1

dqαdpα (3.9)

where h̄ is Planck’s constant. For systems allowed to exchange particles with
their surroundings, as in the grand canonical ensemble, the particle number N
becomes a discrete random variable. The normalization condition of the distri-
bution function sums over the different possible realizations of the normaliza-
tion for the N-particle phase-space distribution function, as in the following:

∞

∑
N=0

eβµN
∫

f (N)(qN , pN ; t) dΓN = 1 . (3.10)

The factor eβµ is known as the fugacity, a more detailed description of this
ensemble is given in Sec. 3.1.4.

6Paraphrasing Ref. [97, Ch. 3.3], if the system is Hamiltonian and all trajectories are confined
to the energy surface, one eliminates the energy as a variable, and considers the density function
defined on a surface of constant energy (effectively reducing the dimensionality of the system).
This eliminates the discontinuity when taking a derivative with respect to the energy.



84
Chapter 3. On Probabilistic Descriptions

of Classical Many-Body Systems

The normalizing factor of the distribution incites the definition of a partition
function for the given ensemble, which we describe more in Sec. 3.1.4 below.
The latter incorporates all of the relevant information of the system, a topic
which will re-arise in following sections, and is the key quantity for statistical
physics in equilibrium situations and the field-theoretic notions that follow (see
Sec. 3.2). According to the ergodic hypothesis (Sec. 3.1.3), all relevant statistics
– those of a measurable, meso- or macroscopic quantity – are stationary in
equilibrium, hence probability densities over microstates are time-independent.
Due to the constancy of total momenta (integrals of motion), they are usually
expressed purely in terms of configuration variables.

The microscopic connection (illustration)

Note: This section goes into further depth regarding the interpretation of the
microscopic versus macroscopic viewpoint of classical many-body dynamics,
which is not a central theme of this thesis, but may be interesting from a general
perspective; the reader may skip ahead to Sec. 3.1.3, if desired.

The relationship between the classical laws of motion and a statistical descrip-
tion is somewhat more subtle, where the following illustration is based heavily
on Refs. [95, Chs. 2, 3][94, Ch. 2]. Macroscopic quantities A(x, t) are fields in
physical space-time, (x, t), i.e. coordinates x and time t. Microscopic physical
quantities (which we will denote later as “a”) are dynamical functions of the
phase-space variables (q1, . . . , qN , p1 . . . , pN) ≡ (q, p), and may also depend on
the parameters (x, t).

Let us begin with a few basic concepts and definitions. The classical equa-
tions of motion at the microscopic level treat phase variables, which are 3N-
dimensional dynamical functions, obtained by solving the equations of motion
of microscopic trajectories

q(t) ≡ q(q(0), p(0); t) (3.11)
p(t) ≡ p(q(0), p(0); t) , (3.12)

with the initial conditions at t = 0. Their natural motion follows the solution of
the Hamilton equations-of-motion according to the time-independent Hamilto-
nianH(q, p). Thus, the microscopic dynamical functions representing physical
quantities can be written as a(q, p; x, t), whereby the macroscopic space-time
coordinates x and t can be considered parameters of these functions.

The Poisson operator7 is defined as

[H] ≡
N

∑
α=1

{
∂H
∂pα

∂

∂qα
− ∂H

∂qα

∂

∂pα

}
, (3.13)

which acts on the microscopic dynamical variables in the following way:

∂a(q, p; x, t)
∂t

=
N

∑
α=1

{
∂a

∂pα

∂

∂qα
− ∂a

∂qα

∂

∂pα

}
(3.14)

≡ [a,H] . (3.15)

7also called the Liouville operator, e.g. Ref. [26]
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Formally, Eqs. (3.14)–(3.15) can be solved by expanding a(q, p; t) as a power
series of t, upon defining a(q, p; t) ≡ a(t) and a(q, p; 0) ≡ a

a(t) = ∑
n

1
n!

tnb(n)(0) = ∑
n

1
n!

tn[H]na . (3.16)

This corresponds to

a(t) = e[H]ta , (3.17)

where e[H]t is the propagator. Owing to the properties of the Poisson bracket, it
acts on the dynamical variables in the following way:

a(q, p; t) = e[H]ta(q, p; 0) = a(e[H]tq, e[H]t p; 0) = a(q(t), p(t); 0) . (3.18)

Returning to the microscopic–macroscopic connection, we wish to describe
the world in terms of the fields A(x, t), whose expectation values will give us
observables. We are concerned with the map

a(q, p; x, t) −→ A(x, t) . (3.19)

In the macroscopic world, to obtain a probability mass density over phase
space, we would have to apply localization operation δ(qα(t)− x) on each par-
ticle α. The mass density measured for a particle to be at point x in space and
time t = 0 is a delta-function

f (N)(qα, pα; x, 0) = mδ(qα − x) . (3.20)

This singular function demonstrates the contrast between both viewpoints – the
“sharp” trajectories in the microscopic world with a probabilistic description
of the macroscopic world. A sum over all of particles renders the N-particle
density f (N)(q, p; x, 0):

f (N)(q, p; x, 0) = m
N

∑
α=1

f (qα, pα; x, 0) =
N

∑
α=1

m δ(qα − x) . (3.21)

To obtain the value of the density an arbitrary future time-point t in our
coordinate system, we apply the propagator e[H]t

f (N)(q, p; x, t) = e[H]t
N

∑
α=1

m δ(qα − x) =
N

∑
α=1

m δ(qα(t)− x) . (3.22)

In switching to a purely macroscopic description (the world we observe) in
physical space-time, we lose the precision of the microscopic trajectories, as we
must integrate out the phase space variables. Let f (N)(q, p) be the phase space
distribution function, chosen once for all, which defines the macroscopic state
of the system.

a(q, p; t) −→ A(x, t) (3.23)
≡ 〈a(q, p; x, t)〉 (3.24)

≡
∫

dqdp a(q, p; x, t) f (N)(q, p) . (3.25)
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We note here that the assumption that the macroscopic state of a system is
fully defined by f (N)(q, p) is a basic postulate of statistical mechanics. The
macroscopic physical quantity is a marginalized one.

Equation (3.25) can now be expressed in a “Heisenberg” picture,

A(x, t) =
∫

dqdp {e[H]t a(q, p; x, 0)} f (N)(q, p) . (3.26)

which defines the idea that the law of the macroscopic quantities in physical
space is induced by Hamiltonian dynamics on phase space. During an averag-
ing process, the dynamical quantities evolve in time while the initial state of
system is kept fixed, which is specified by the distribution function f (N)(q, p).
Alternatively, the whole time-evolution can be transferred to the phase space
distribution function if we perform the following operation:

f (N)(q, p; t) = e−[H]t f (N)(q, p) . (3.27)

Then the macroscopic quantity will be defined as:

A(x, t) =
∫

dqdp a(q, p; x) f (N)(q, p; t) (3.28)

where a(qN , pN ; x) = a(q, p; x, 0) In this “Schrödinger” picture, the time de-
pendence is in the distribution function f (N)(q, p; t). This resolves a nagging
problem with the “Heisenberg” representation that requires solving the equa-
tion of motion for each separate dynamical function (see the references given
at the start of this section). The microscopic quantity a(q, p; x) is now time-
independent.

The time-dependent distribution function f (N)(q, p; t) follows a partial dif-
ferential equation that is known as Liouville’s equation-of-motion, the basic equa-
tion of classical statistical mechanics:

∂

∂t
f (N)(q, p; t) = [H(q, p), f (N)(q, p; t)] (3.29)

Here we used the Poisson bracket specified in Eqs. (3.14)–(3.15). We will discuss
this equation more in the next section.

The conceptual transfer between two levels-of-description of our world
is summarized: Microscopic motion is described by “sharp” trajectories; at
the macroscopic level, the motion becomes that of a distribution function
f (N)(q, p; t) that is postulated to specify the macroscopic state in full. Yet, com-
paring microscopically resolved trajectories to probability densities over states
is not necessarily straightforward, particularly when in nonequilibrium condi-
tions.

Remark. These considerations should become more complicated for systems
coupled to thermal baths, which entail dissipative terms in the microscopic
Hamiltonian, and for systems in nonequilibrium. Both are exposed to non-
conservative forces, i.e. there is an explicit time-dependence in the microscopic
Hamiltonian H(q, p, t), and the notion of time-invariant, natural motion
does not hold any longer. Statistical mechanics of equilibrium rests upon
the microscopic–macroscopic connection in isolated systems that we have
illustrated above, before proceeding to describe open systems. We shall discuss
the ensembles in forthcoming sections.
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3.1.3 Evolution in isolated systems

The general form of a Hamiltonian in Eq. (3.3) contains a time-dependent
external potential Vext(q1, . . . , qN ; t). If this loses its time-dependence, then the
full Hamiltonian of the N-body system becomes time-independent [775, Ch.
1][88, Ch. II]. The rate of change of the Hamiltonian, in general form, calculated
from the equations of motion Eqs. (3.1) and (3.2),

dH(qN , pN ; t)
dt

= ∑
α

(
dpα

dt
∂H
∂pα

+
dqα

dt
∂H
∂qα

)
+

∂H
∂t

(3.30)

vanishes for this case:

dH(qN , pN ; t)
dt

=
∂H
∂t

=
∂Vext

∂t
= 0 . (3.31)

The integrals of motion now include at least the energy; they include the total
angular and linear momentum, as well, given the corresponding global sym-
metries of the system. We mentioned this in the first part of Sec. 3.1.

Liouville equation

In this isolated system, the time evolution of the phase space density
f (N)(qN , pN ; t) is governed solely by Liouville’s equation [88, Ch. III][775, Ch.
1][88, Ch. III][47, Ch. 4][779, 785], which we first introduced in Eq. (3.29),

0 =
∂ f (N)

∂t
+ ∑

α

(
∂ f (N)

∂qα

∂H
∂pα
− ∂ f (N)

∂pα

∂H
∂qα

)
(3.32)

≡ ∂ f (N)

∂t
−
[
H, f (N)

]
, (3.33)

which can be written in a more compact way with Poisson brackets as in
Eq. (3.33). It depends only on the fact that f (N)(qN , pN ; t) is a function of phase
space points, where the motion is governed by the canonical equations of
motion Eqs. (3.1) and (3.2). Written in alternative form,

0 =
∂ f (N)

∂t
+ ∑

α

(
∂ f (N)

∂qα

dqα

dt
− ∂ f (N)

∂pα

dpα

dt

)
(3.34)

Liouville’s theorem states that the motion of the points representing the
systems in phase space is similar to the motion of an incompressible fluid,
whose volume is preserved. This theorem and its other formal variants play
an important role for classical statistical mechanics. We mention here three
consequences [47, Ch. 4.1][786, Ch. 7.3].

(1) The right-hand-side of Eq. (3.32) is simply the total derivative of the

density in time, 0 = d f (N)

dt ; therefore, the density is conserved in phase space. It
describes the fact that the representative phase-space points accessed by the en-
semble are neither created nor destroyed during its entire evolution. There are
no attractors, which do appear in general dissipative dynamical systems (Hamil-
tonian or conservative systems have no dissipation). Dissipation is indeed tied
to a loss of information – hence a lack of conservation of such representative
phase space points, discussed in Sec. 3.5. Simply, put, if the system is isolated,
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not all the phase space is available to it, since the motion is constrained by the
conservation of energy.

(2) In accordance with this theorem, any extension in phase space would
retain its volume in relative parts, but change shape (get stirred around), which
may becomes so ‘filamentous’ over time. This is related with the notion of mix-
ing. Equation (3.33) (or Eq. 3.32) is a 6N dimensional analog of the continuity
equation of an incompressible fluid.

(3) Because of the conservative nature of the dynamical system, a point in
the region between two surfaces of constant energy (E, E + δE) will remain
in the region forever: Hence the time-evolution of any set of points in this
constrained area will remain there. In other words possible trajectories, i.e. N-
bodied phase functions X(t) = X(q1(t), . . . , qN(t), p1(t), . . . , pN(t)) will lie on
the surface H = E and enable one to define a stationary stochastic process.
This is important for a microcanonical ensemble (see below), which embodies a
uniform phase-space density over a small shell of energies (E, E + δE). Accord-
ingly, it remains uniform, which means it is time-independent. Establishing the
formal equivalence of time and space averages spawned the development of
ergodic theory.

Remark. We point out here that, crucially, the Liouville equation is invariant
under time reversal, i.e. to every solution f (N)(qN , pN ; t), there is a correspond-
ing solution describing the reversed evolution; the same states are visited, just
in reverse time-order (See, e.g., [775, Ch. 1.1.4]). The paradox addressed by
Loschmidt is that real systems are irreversible in character at meso- or macro-
scopic scales, i.e. their evolution is time asymmetric (See Sec. 3.5). However, vio-
lations of the Second Law of Thermodynamics are observable for small systems
[784]. As we have alluded to previously, it is virtually impossible to prepare
the exact time-reversed state, and real systems are by no means completely
isolated. Thus, we may have to admit here that this Hamiltonian model de-
scription of dynamics is condemned approximate, as the coupling to additional
degrees of freedom outside the systems. Even very weak coupling may affect
the dynamics of individual particles in a way to make the evolution sufficiently
unpredictable. The highly nonlinear solutions of the Liouville equation are
very sensitive to even a small violation of the time-reversal symmetry [775, Ch.
2].8 Equilibrium system coupled to baths, i.e. non-isolated equilibrium ensem-
bles (see further below), are affected by dissipative forces. Dissipation is tied
to a direction of time [436, 439, 784, 787, 788] as long we track high-resolution
dynamics of single particles, i.e. if we are fast enough in our measurements.

Conditions for statistical equilibrium

The condition on an ensemble for equilibrium is that the probability density
distribution is preserved by its associated dynamics, so that probabilities of
finding phase points in the various regions of space and associated statistics are
time-independent. An equilibrium distribution function f (N) = f (N)(qN , pN)
should remain one forever.9 What can we say about the density to make it a
function of the q’s and p’s in a manner independent of time for all time at all
points?

8For a potentially different viewpoint, arguing on the level of quasi-periodic recurrence, see
Ref. [71].

9Ref. [787, Ch. 4] addresses this rigorously.
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From the Liouville Eq. (3.34) we know the rate ∂ f (N)(qN ,pN ;t)
∂t at which the

density would be changing in time at any selected point in phase space. Hence
a uniform distribution

f (N)(qN , pN) = const (3.35)

would make the partial derivatives vanish

∂ f (N)

∂qα
=

∂ f (N)

∂pα
= 0 (3.36)

for all α, making

∂ f (N)(qN , pN ; t)
∂t

= 0 . (3.37)

More generally, if a the distribution f is a function of any integral of motion
of the system ci(qN , pN), which is itself a function of the coordinates and mo-
menta,

f (N) = f (N)(ci) , (3.38)

then we will get

dci

dt
= ∑

α

(
∂ci

∂qα

dqα

dt
+

∂ci

∂pα

dpα

dt

)
. (3.39)

The Liouville equation for the density will then render

∂ f (N)(ci)

∂t
= −d f (N)

dci
∑
α

(
∂ci

∂qα

dqα

dt
+

∂ci

∂pα

dpα

dt

)
= 0 , (3.40)

proving that this distribution will also be permanently maintained.

The microcanonical (N, V, E)–ensemble

As we discussed, a density distribution that is constant over the accessible re-
gion of phase space, or one that is explicitly a function of some integral of mo-
tion f (N)(qN , pN) = f (N)

(
ci(qN , pN)

)
, will remain explicitly time-independent

during the evolution of an isolated system evolution, i.e. ∂ f (N)/∂t = 0. The
most natural integral of motion is the total energy ci(qN , pN) ≡ H(qN , pN) = E.
In the microcanonical ensemble, the N-particle system is constrained to a sub-
volume of phase-space – into an infinitely thin “shell” of width δE where the
Hamiltonian takes on values between (E, E + δE).

The corresponding density distribution in phase space that we write as f (N)
eq

is defined as

f (N)
eq (qN , pN |N, V, E) = Cδ(H(qN , pN)− E) , (3.41)

where C satisfies a normalization condition.
Note that the system is supposed to be finite in size (with constant volume

V) as to guarantee a finite measure of each energy shell: Such a system would
therefore be placed in an idealized container with hard walls, exerting forces
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onto the system via purely elastic collisions:

Vext(qN) =

{
0 if qα ∈ V, α = 1 . . . N
∞ else.

(3.42)

The total Hamiltonian retains its general form as in Eq. (3.3). Any further
integrals of motion (e.g. total angular momentum for isotropic systems and
total linear momentum for homogeneous systems) can split up the energy
shells into “subshells” with corresponding values of the fixed constants. There
are no transitions between subshells. According to the ergodic hypothesis, a
microcanonical system moves through the whole subshell once it is in this
subshell.

If we calculate the ensemble average of the Hamiltonian, the internal energy,
then

U = 〈H〉 (3.43)

=
∫
H(qN , pN) f (N)

eq (qN , pN |N, V, E) dΓN (3.44)

=
∫
H(qN , pN)Cδ(H(qN , pN)− E) dΓN (3.45)

= E
∫

Cδ(H(qN , pN)− E) dΓN (3.46)

= E (3.47)

This corresponds to a time-average of the Hamiltonian (which remains a con-
stant E), in accordance with our assumption of ergodicity.

An equal probability density in phase space (Eq. (3.41)) – for a sub-volume
of a fixed energy– is the basic assumption for the existence of the microcanoni-
cal ensemble, and thus for the rest of equilibrium statistical mechanics. This is
on par with the Bayesian inference idea that all states are equally probable if we
have no prior information (the hypothesis of equal a priori probabilities [88]),
a viewpoint purported by Jaynes, which we will discuss in Sec. 3.5.2. How-
ever, proving this for Hamiltonian systems is far from easy and has led to the
development of ergodic theory (see below).

Ergodicity

Formulated by Boltzmann in 1871, the assumption at the foundations of sta-
tistical mechanics says that the long time average of the dynamical quantities
accessible to measurement is equal to the ensemble average of the same dy-
namical quantity taken with respect to a microcanonical ensemble (an isolated
system).

Formally, the flow of state points on the energy shell is defined ergodic, when
almost all points move in such a way that they pass through every small finite
neighborhood on the energy surface, i.e. each point samples small neighbor-
hoods over the entire surface during the course of its motion [48, App. C]. Ad-
ditionally important is the property of mixing [47, 789], so that the flow reaches
many, far-apart points of the system, though with ever “thinning” probability
density.
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Recall f (N)dΓN gives the probability of finding phase variables within the
element dΓN of the N-particle phase space of identical particles a la Gibbs’ en-
semble theory. We obtain the mean or ensemble average of dynamical variable
A(qN , pN ; t) of the system of N isolated particles as follows:

〈A(t)〉 f (N) =
∫

A(qN , pN ; t) f (N)(qN , pN ; t) dΓN . (3.48)

The observable 〈A〉 could vary at each time-point. However, according to
the ergodic hypothesis, the time-dependency of the statistics should disappear
for microcanonical equilibrium systems, when the probability densities become
stationary: f (N)(qN , pN ; t)→ f (N)

eq (qN , pN) for t→ ∞. Hence

〈A(t)〉 f (N) → 〈A〉 f (N)
eq

.

Expressed in another way, any single trajectory of the system should render
the same statistics in the long-time limit. Rather than following a full proba-
bility density, if we follow a single trajectory that we can denote formally as
δ (q(t), p(t)), then we should obtain the same averages as with a stationary
(equilibrium) ensemble

lim
τ→∞

1
τ

τ∫

t=0

δ (q(t), p(t)) A(qN , pN ; t) dt = 〈A〉
f (N)
eq

(3.49)

The left-hand-side of Eq. (3.49) represents what can be quantified “in practice”,
i.e. Eq. (3.6).

If the microcanonical ensemble is ergodic, then ergodicity applies to other
ensembles as well (in equilibrium): We can apply it to the statistics of coarse-
grained, mesoscopic states that are manifested, for example, due to a finite res-
olution of a measurement device, i.e. when {qN , pN} → {M}. A time-series
will render stochastic evolution of the system between these meso-states. The
occupation probabilities of the mesoscopic states will become stationary given
sufficient time – intuitively, because of the “self-averaging” properties of equi-
librium systems.

In a grand-canonical ensemble, for example (described in the next Sec. 3.1.4),
the number of particles is not fixed. The calculation of the ensemble averages
involves a summation over averages obtained from ensembles on the micro-
scopic level:

〈A(t)〉 f (N) = ∑
N

∫
A(qN , pN ; t) f (N)(qN , pN ; t) dΓN . (3.50)

In any case, ergodicity allows for a repeatability of measured statistics, so
that they do not depend on the time-point or on the measurement frequency,
so long as “enough” samples are gathered. The issue of repeatability of mea-
sured quantities, having stationary statistics, is intimately tied to these being
describable by Markovian dynamics [90, Ch. 1], which we discuss in Secs. 3.3
and 3.3.8. Yet, in nonequilibrium systems (Sec. 3.5.3), the time-windows may
never be “long enough”, which is associated with a loss of ergodicity.
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3.1.4 Gibbs equilibrium ensembles

A system can also be a subsystem of a larger system which is itself in equi-
librium, for example, when coupled to a heat bath. Exchanges of energy with
the bath cause observables in the subsystem to fluctuate. This is the canonical
ensemble. The grand canonical system additionally couples the subsystem to a
large bath (source) of particle.

Large, macroscopic environments (baths) lead to statistical constraints on
the systems of interest. All other, unconstrained variables of the system fluctu-
ate. Compatible with this viewpoint is the “MaxEnt” approach by Jaynes [790,
791]: all equilibrium ensemble distributions can be derived from the condition
that the information entropy functional is maximum; it is subject to constraints
imposed on the ensemble. In the canonical ensemble, the average energy is
constrained, as well as the normalization constant of the probabilities. In the
grand canonical case, the average particle number is additionally constrained.
We refer the reader to Refs. [48, 64, 92, 775] for explicit examples.

The canonical (N, V, T)–ensemble

The canonical ensemble [48, 64, 161, 785] is composed of systems of N identical
particles that can exchange energy with a large heat reservoir or bath, which is
so large that it maintains a constant temperature T for the system; it is denoted
(N, V, T). We set β = 1/kBT.

The canonical partition function ZN(V, T) is defined by

ZN(V, T) =
∫

dΓN e−βH(qN ,pN) (3.51)

with the phase space measure dΓN = 1
N!h3N dqNdpN (Eq. (3.9)).

The phase space density distribution f (N)
eq is the Boltzmann distribution –

the occupation probabilities of each microstate is proportional to e−βH(qN ,pN),
where the value of the energyH(qN , pN) varies:

f (N)
eq (qN , pN |N, V, T) =

1
N!h3NZN(V, T)

e−βH(qN ,pN) , (3.52)

with β = 1/ kBT.
In dealing with equilibrium fluid systems, often only the configurational

integral QN(T, V) is considered by integrating the momenta out of the partition
function. This is possible when the kinetic and potential energy terms of the
Hamiltonian separately depend on qN and pN (Eq. (3.3)), which is only the case
in equilibrium. (For homogeneous fluids, Vext(qN) is a global constant of the
coordinates.) After integration, we are left with the configurational integral

QN(V, T) ≡ 1
N!

∫

V

dqN e−βΦ(qN)+Vext(qN) (3.53)

which is related to the full partition function by

ZN(T, V) = Λ−3NQN(T, V) . (3.54)

Here, Λ is the de Broglie wavelength that normalizes the momentum space.
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Fundamental to statistical mechanics is the partition function. All statistical
relationships (correlations) between microstates can be obtained from it. Ther-
modynamics is recovered by relationship between the partition function and
the the Helmholtz free energy in this ensemble:

F(N, V, T) = −kBT lnZN(V, T) . (3.55)

Using this, one can derive further relations between thermodynamic state func-
tions. The first derivative of the log-partition function with respect to tempera-
ture renders the average “internal” energy, or inner energy U, of the system:

∂ lnZ
∂T

∣∣∣∣
N,V

=
1
Z

∂Z
∂T

∣∣∣∣
N,V

(3.56)

=
1

ZN(V, T)

∫
dΓN ∂e−βH

∂T
(3.57)

=
1

ZN(V, T)kBT2

∫
dΓNHe−βH (3.58)

≡ U
kBT2 (3.59)

where

1
ZN(V, T)

∫
dΓNHe−βH ≡ U . (3.60)

We can further derive the entropy from the thermodynamic relation

S = − ∂F
∂T

∣∣∣∣
N,V

. (3.61)

Inner energy, entropy, and free energy are related in one, famous equation
equation:

F = U − TS . (3.62)

The inner energy will fluctuate in the canonical ensemble. This is captured by
the specific heat, which depends on second derivatives of the partition function.
It can be shown to have the following form:

CV =
∂U
∂T

∣∣∣∣
N,V

(3.63)

=
1

kBT2

(
〈H2〉 − 〈H〉2

)
. (3.64)

Systems in these ensembles can show phase transitions (in dimensions greater
than one) due to the dissipative nature of the thermal bath. A standard example
is the Ising model; there, the specific heat diverges at the critical point (See
Sec. 3.2).

The grand canonical (µ, V, T)–ensemble

A grand canonical ensemble [26, 48, 64, 161, 785] is again composed of a system
of identical particles in thermal contact with an external reservoir, but can



94
Chapter 3. On Probabilistic Descriptions

of Classical Many-Body Systems

also exchange particles with an external particle reservoir that is considered
huge. The state of this particle reservoir is assumed to be exactly controllable
by a fixed value of a chemical potential µ, which is a macroscopic variable.
This chemical potential is, in view of our ensemble, a conjugate field to the
following “internal” variable: N, the particle number, in its expectation value
〈N〉. We explain the interpretation of conjugate fields more in Sec. 3.2 – they
couple the microscopic or “internal” degrees of freedom of a system with a
macroscopic system, by allowing these to fluctuate (have a variance), thereby
setting fixed expectation values once the system reaches a stationary solution
(equilibrium) under the new conditions. Discussion about these generalized
external forces is continued in Sec. 3.3.3) after having introduced probabilistic
many-body equations of motion in the form of master equations.

The normalization constant for densities in this ensemble is the grand
canonical partition function

Ξ(µ, V, T) =
∞

∑
N=0

∫
dΓN e−β(H−µN) (3.65)

=
∞

∑
N=0

zNZN(V, T) (3.66)

with activity or fugacity z = exp(βµN). The phase-space measure is dΓN =
1

N!h3N dqNdpN (which entails a combinatorial pre-factor of 1/N! in each term
within the sum).

The phase space density distribution over microstates of the system, de-
noted here as Ψ, is

Ψeq(qN , pN |µ, V, T) =
1

Ξ(µ, V, T)
e−βH(qN ,pN)+βµN . (3.67)

This describes a density over all microscopic phase space points with freely
varying number N, i.e over various microscopic phase spaces, as each is defined
on (qN , pN). In this sense, the microscopic system now has a new phase space
coordinate (a new degree of freedom), that which allows for a free energy
to realize a fluctuating number of particles. The N-body probability density
function over this extended phase space is

f (N)
eq (qN , pN ; N|µ, V, T) =

1
N!h3NΞ(µ, V, T)

zNe−βH(qN ,pN) . (3.68)

The grand potential function is defined by

Ω = −kBT ln Ξ , (3.69)

which plays the role of the canonical free energy in Eq. (3.55) in full formal
analogy.
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The average number of particles is given by the first derivative of the log-
partition function:

∂ ln Ξ
∂(βµ)

=
1
Ξ

∂Ξ
∂(βµ)

(3.70)

=
1
Ξ

∂

∂(βµ)

∞

∑
N=0

zNZN(V, T) (3.71)

=
1
Ξ

∞

∑
N=0

N zNZN(V, T) (3.72)

= 〈N〉 (3.73)

Fluctuations in the particle number can be shown to be the second derivatives
of the log-partition function. It is also the derivative of the expectation value of
the particle number:

∂

∂(βµ)
〈N〉 =

∂2

∂(βµ)2 ln Ξ (3.74)

= 〈N2〉 − 〈N〉2 . (3.75)

We employ the grand canonical ensemble in equilibrium studies of hard rods in
Ch. 6. It is also the ensemble in which density functional theory is formulated,
see below.

3.1.5 Density functional theory

Classical density functional theory (DFT) treats inhomogeneous systems of
large numbers of identical particles [30–33, 69, 161, 792, 793][26, Ch. 3]. It was
invented in 1964 by Hohenberg and Kohn to describe an inhomogeneous elec-
tron gas, which is why DFT is most commonly known in the context of quan-
tum systems. Crucially, they discovered a functional for the internal energy
depending solely on the electron density, but is valid for all external poten-
tials. Mermin generalized this to finite temperatures.10 The paradigm was later
adapted to classical systems. DFT is rooted on a formally exact variational prin-
ciple, where the equilibrium-averaged one-body density profiles come out of
functional minimization of the grand potential (the free energy in the grand
canonical ensemble); this is for general, inhomogeneous cases of fluids. The
theory is thus state-of-the-art for calculating equilibrium properties. The the-
ory operates in the grand-canonical ensemble (µ, V, T). A single-body density
is defined by a “classical trace”, which is simply an abbreviation for an integral
over phase space variables (rN , pN) [794, p.252]. For three dimensional space,

Trcl ≡
∞

∑
N=0

1
h3N N!

∫ ∫
dr1· · ·

∫
drN

∫ ∫
dp1 . . . dpN (3.76)

which reduces the N-body distribution to one of a single body in the config-
uration space. The momenta are integrated out because in equilibrium, they
can represent integrals of motion (constants) on any level, as long as one aver-
ages enough over time. The grand-canonical microstates are distributed with

10and references therein
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Ψeq(qN , pN |µ, V, T), according to Eq. (3.67). By defining a density operator

ρ̂(r) =
N

∑
k=1

δ(r− rk) (3.77)

for the position of each particle for an inhomogeneous fluid with N particles, we
can obtain the averaged one-body density by the grand-canonical ensemble
average 〈ρ̂(r)〉:

ρ(r) = Trcl

[
Ψeq(rN , pN |µ, V, T)

N

∑
k=1

δ(r− rk)

]
. (3.78)

The grand-canonical free energy (grand potential) Ω([ρ(r)]; T, µ, ) – at fixed
chemical potential µ and temperature T– can first be written, formally as a
functional of this reduced one-particle density. There is a unique grand po-
tential functional that becomes minimal for the equilibrium density [31]. The
variational problem is therefore expressed as

δΩ([ρ(r)]; T, µ, V)

δρ(r)
= 0 . (3.79)

The free energy functional is a Legendre transform of the grand potential:

Ω([ρ(r)]; T, µ, V) = F ([ρ(r)]; T)− µ
∫

drρ(r) . (3.80)

It can be split into three contributions:

F [ρ(r)] ≡ F id[ρ(r)] +F exc[ρ(r)] +F ext[ρ(r)] , (3.81)

where

F ext[ρ(r)] =
∫

dr ρ(r)Vext(r) (3.82)

is the external contribution to the free energy functional for a static external
potential Vext(r) that only couples to the configurational degrees of freedom
(a basic assumption about conservative fields). F id is the ideal term that repre-
sents an ideal-gas contribution, i.e. the entropic contribution from exchanging
particle positions over all of space. It is exactly expressed by

βF id =
∫

dr ρ(r)[ln(Λdρ(r))− 1] (3.83)

where Λ is the (irrelevant) de Broglie wavelength (compare Eq. (3.54)). Finally,
F exc is the excess free energy stemming from the particle interactions – the most
interesting and difficult part to obtain. It represents the part of the functional
that contains the full information about particle correlations. The variational
problem can now be expressed as

δΩ([ρ(r)]; T, µ)

δρ(r)
=

δF exc([ρ(r)]; T)
δρ(r)

+ kBT
(
ln(Λ3ρ(r)) + βVext(r)− βµ

)
= 0 . (3.84)
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At the heart of the theory is the one-to-one correspondence between the
density distribution and the position-dependent external potential. The equi-
librium density of a fluid under an external is that which uniquely minimizes
the grand potential functional given the external potential (as well as tempera-
ture and chemical potential). Schematically,

Vext(r)← ρ(r) ,

which implies a few things directly: Any application of an external field to
probe the system will generate a different (perturbed) density. One can learn
something about two-point correlation functions in the fluid this way. Indeed,
one can even “fix” one particle position at the origin and observe the structure
of the fluid around it, if desired. And so, all equilibrium properties can be
obtained given the knowledge of the excess functional – correlation functions
are expressed as functional derivatives of the free energy with respect to the
density (at equilibrium).

Yet, this presupposes having an exact excess functional, which is typically
unknown. The most sophisticated approaches are those of fundamental measure
theory (FMT) [27–30], which are constructed for hard-core particle systems and
truly attempt at generating all many-body correlations, not only 2nd-order
approximations. These had been formulated for general lattice systems of hard-
core particles by Lafuente, Cuesta, and colleagues [159, 160, 262–266]. Some of
the exact functionals that have been found are those of FMT, but constrained to
zero or one dimensions (one exception is the free energy functional found by
Percus for 1D fluids of hard rods [795]). In two and three dimensions, all these
functionals are approximate. In this thesis, we compare the quality of an FMT
functional for lattice rods in equilibrium in parts II and III.

∗ ∗ ∗

In this section, we discussed the fundamentals of (equilibrium) statistical
mechanics, including the ansatz of probability densities on phase space and the
hypothesis of ergodicity. We introduced Gibbs ensembles, which are relevant
for many further parts of this thesis. Specifically, we will work with the grand-
canonical ensemble in Ch. 4, in which the fundamental-measure-theory density
functional for hard rods in monolayer confinement will be derived. Moreover,
we perform Markov-Chain Monte Carlo simulations in the grand-canonical
ensemble in Ch. 6 to determine phase boundaries of the “isotropic–nematic”
and gas–liquid transitions in 2D and 3D systems of hard (and sticky) rods.

3.2 “Coarse-grained”, effective theories

Note: This section was written to provide a deeper understanding of prob-
abilistic descriptions of classical many-body systems. Specifically, it aims to
provide physical background behind probabilistic model approaches (varia-
tional mean field theory) used in a certain class of machine learning algorithms,
variational autoencoders, which are studied in part IV of this thesis. Moreover,
the discussion leads to notions of symmetry breaking, as well as phase transi-
tions more generally, in Sec. 3.2.1.
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Upon approaching a phase transition, in particular, at a critical point,
quantities at all (or, at least, many11) mesoscopic scales fluctuate – “collective”
properties become pronounced, involving many particles as correlations reach
across ever larger portions of space [65]. Can we find “high-level” descriptions
that render the correct macroscopic properties (mean values and fluctuations)
based on a few phenomenological parameters?12 As the long-wavelength-
contributions are strongest at phase transitions, a “top-down” approach is
typically taken, beginning with fluctuations of the global quantities such as
order parameters. Scaling of e.g. susceptibility functions upon approaching a
critical point quantifies the increasing contributions of ever larger wavelengths
to fluctuations in macroscopic state functions. Fortunately, scaling relations
are found to be rather universal in many systems observed in experiment. The
hypotheses of universality and scaling provide some “secure footing” on which
the construction of generic theories can be backed.

In statistical mechanics, we first distinguish between a microscopic and a
statistical state [796]. A microstate x is a single point in (N-dimensional) phase
space: It is a single “snapshot” of the system. Now, upon coupling this mi-
crostate to a thermal bath (a huge system that is itself in equilibrium ) with
temperature T, the system of interest moves between particular points in phase
space in a stochastic manner. x The probability distributions ascribed to these
points are the ensembles, which we discussed in Sec. 3.1. Any observable of
the microstate of a system – such as the Hamiltonian – ultimately fluctuates.

All thermodynamic properties of this system of interest could be extracted
from a partition function constructed by summing over all the microscopic states
in a weighted manner (Boltzmann weights)

Z(T) = tr
[
e−βH(x)

]
(3.85)

with β = 1
kBT , such as already defined in Eq. 3.51; the trace denotes here a gen-

eral sum-over-microstates. Eq. (3.85) alludes to the fact that many questions in
statistical mechanics can be reduced to formulating limit theorems for properly
normalized sums of random variables with dependencies given by a model [774,
p. 5]. The Boltzmann factor gives the probabilities of microstates of the sys-
tem so that an effective theory can be expressed in terms of new variables, the
field variables. The underlying uncertainty of the exact microstate of a system
(whose knowledge would require a kind of “high-resolution limit”) is taken
care of in the form of a new stochastic, fluctuating field, often defined on a con-
tinuum. The new field is then a coarse-grained version of the old. We illustrate
this with an example:

With an effective theory, i.e. statistical field theory [65–67, 768, 770, 797], we
could describe the system at a mesoscopic scale, where “important” collective
properties (e.g. large-scale fluctuations) are captured to a good approximation.
We are seeking for the laws of physics emerging at mesoscopic scales, given
knowledge at the microscopic scales.

We can try to invoke a notion of a field m(x) ≡ (m1, . . . , mN) (N-
dimensional field), where position is now a continuous variable x ≡ (x1, . . . , xd)

11in the case of first-order transitions
12Note that this is intimately tied to compression, i.e., can we extract a compressed version of

the complex system? We go back to this when discussing machine learning in Sec. 3.6.
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(d-dimensional space). m(x) is an averaged, local-scale order parameter. Then
eq. (3.85) can be written as

Z([m(x)], T) = tr
[
e−βH

]
=
∫
Dm(x)W [m(x)] , (3.86)

where, tr[]̇ corresponds to a trace over all microstates (microscopic realizations),
W [m(x)] are the corresponding probability weights for different microstates,
and Dm(x) denotes the measure over all possible realizations.13

Illustration

Let us consider the prototypical Ising Hamiltonian. The microscopic Hamilto-
nian is

H(s) = −J ∑
〈ij〉

sisj (3.87)

with J representing a universal coupling constants between spins si (which take
on values +1 or -1 in the original case, but we write them more generally as
vectors here), and 〈ij〉 denotes nearest-neighbor sums. To solve the full problem,
we need to calculate the partition function for the model (in the canonical
ensemble), whereby we treat configuration space only (no momenta):

Z([s], T) = ∑
i

e−βH(s) (3.88)

One should be stroke by the giant challenge that this harmless-looking equa-
tion poses: (1) Find a way to account for (“write down”) – in closed form – all
and every valid configuration s (for infinite systems!). This is the central chal-
lenge. This is even more difficult when the models entail space-filling units of
the fluctuating field that mutually exclude each other, such as hard rods. Imag-
ining this were possible, we could proceed to (2) calculate the proper statistical
weights of each of these configurations e−βH(s) (the Boltzmann factor), i.e. eval-
uate the Hamiltonian. We certainly would have had to write down all details
about the structures at all length-scales in order to evaluate the Hamiltonian.
Regarding hard-core particles plus vacancies,14 the problem would have been
fully solved once (1) is completed, as “valid” means abiding to a Hamiltonian
with infinite energies for overlaps. All this is impossible in nearly all cases of
2D and 3D systems, gases excluded.

An effective theory of the Ising model begins by imagining a coarse-grained
scalar order parameter, the magnetization field defined on positions r of spins s

m(r) =
1

Rd ∑
‖r−r′‖<R

s′ (3.89)

summing over spins in a ball or radius R in d dimensions. The radius R would

13Equation (3.86) is a functional integral of the fields m(x), also known as a path integral.
14The Ising model can be equivalently transformed into the lattice gas model of hard-core

particles with unit volume.
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set the scale of the coarse-graining. Alternatively, this amounts to a cutoff wave-
number Λ in Fourier space:

m(r) = m0 + (2π)−d
∫

k<Λ

dk mk exp(ik · r) (3.90)

where m0 is the global mean order parameter and mk represents the field value
for wave-number k. The two definitions of the coarse-grained magnetization
field are equivalent provided 2π/Λ ∼ R.

Performing an integration explicitly on the basis of the operation Eq. (3.89)
is generally intractable.15 We must postulate that a coarse-grained Hamiltonian
can be constructed on basic, global considerations alone.

First, we should agree that a coarse-grained Hamiltonian should depend on
the local magnetization and short range interactions, just like at the microscopic
scale between spins. This notion is called locality. The interactions can then be
expressed by gradients ∇m. We then consider the symmetries of the system, i.e.
translational and rotational (discrete groups), given the system is not exposed
to any nonuniform external force fields. Further, we should assure stability of
fluctuations around the equilibrium solution, i.e. no linear terms of the fields
or derivatives.

For the Ising example, the coarse-grained Hamiltonian will take on the
form of an expansion with respect to even powers of the field variables and
its gradients. We write it here as F [m(r)] as a d-dimensional integral (the
dimensions of space):

βF [m(r)] =
∫

ddr
[

t
2

m2 +
K
2
(∇m)2 + um4 + . . .

]
(3.91)

where t, K, and u are phenomenological coefficients which, unfortunately, are
nonuniversal, unknown functions of the original microscopic interactions, as
well as external parameters such as pressure and temperature T (since we have
to account for the entropy of the short-distance fluctuations lost in the coarse-
graining process). This is the “price we have to pay” for by our postulate of the
mathematical form of Eq. (3.91). The new weight for a particular configuration
of the field m(r) is

W [m(r)] = e−βH[m(r)] . (3.92)

The effective Hamiltonian above (also known as the Ginzburg-Landau Hamil-
tonian) can be regarded as an effective free energy: it is obtained by integrat-
ing over microscopic degrees of freedom while constraining averages thereof
to m(r). We develop on this point in the next subsection. Nevertheless, the
coarse-grained Hamiltonian (free energy) in Eq. (3.91) is a functional of the
field variables m(r).16

15Renormalization group methods can perform an iterative summation for calculating prop-
erties near critical points [593, 768, 798, 799]. A key aspect is self-similarity near criticality and
that the microscopic Hamiltonian remains fully local, like in the Ising model.

16We note that if we add a “kinetic energy” term of ( ∂m
∂t )

2, then we can model the dynamics
(propagation) of long-wavelength variables in the system. This time-dependence can be a useful
for modeling the growth of domains during phase separation kinetics [800], for example.



3.2. “Coarse-grained”, effective theories 101

The theoretical “structure” of statistical physics

Living in the macroscopic world, if we wish to understand the many-body
processes “behind the curtains” that give rise to our observables, we must probe
the system in one way or another. At the end of the day, this amounts to exerting
forces onto the system, which, when the latter has relaxed to equilibrium, will
shift the energies of microscopic states. For any microscopic Hamiltonian, we
can add a term that expresses the bias of a conjugate field variable. The term can
be set to zero when the bias is “turned off”. The fields are conjugate to mean
values in the system, whereby these mean values can be mesoscopic in nature,
i.e. fields over spatial position when treating, say, inhomogeneous systems.

Let us consider our microscopic Ising Hamiltonian further. We modify
Eq. (3.87).

H([s]) = −J ∑
〈ij〉

sisj −∑
i

hisi + · · · (3.93)

with J being the coupling constants between spins si, and h denoting the site-
dependent conjugate fields that couple the to the spin variables, meaning our
partition function is now also a function of these fields:

Z([s], h, T) = ∑
i

exp

(
−β H(s)|h=0 −∑

i
hisi

)
(3.94)

For homogeneous systems, the simplest biasing field is a constant, i.e. h→ h

H([s], h = h) = −J ∑
〈ij〉

sisj − h ∑
i

si . (3.95)

Here is the nontrivial structure of statistical mechanics: the fluctuating
variables are both the quantities averaged over to obtain observables and those
that generate the statistical outcomes of the observables by being part of the
Hamiltonian (Boltzmann weighting).

If we wish to define a local mean magnetization field m = {mi} and local
susceptibilities χ̂ = {χij}, they express the mean and and variance of the random
spin variables (in equilibrium):

mi ≡ 〈si〉 (3.96)

χij ≡
∂mi

∂hj
(3.97)

= β
(
〈sisj〉 − 〈si〉〈sj〉

)
(3.98)

= β
(
〈sisj〉 −mimj

)
(3.99)

≡ βCij (3.100)

where 〈sisj〉 are correlation functions of the local spins and Cij is the spin-spin
correlation function.
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More generally, partial derivatives of the free energy function generate our
local magnetization and susceptibility, i.e. connected correlations:

mi = − ∂F
∂hi

(3.101)

χij = − ∂2F
∂hi∂hj

(3.102)

The above expresses the fluctuation-response theorem17 that relates how the
statistical variables fluctuate in the presence of these conjugate fields, i.e exter-
nal stimuli. ∂F

∂hi
and ∂2F

∂hi∂hj
are response functions to the external fields.18

Equilibrium correlations functions are thus found by taking derivatives of
the free energy. By the relation

βF([s], h, T) = − lnZ([s], h, T) , (3.103)

we could also find that the partial derivatives of the partition function generate
correlation functions of the spin variables in powers of β (it is the moment
generating function):

∂Z
∂hi

= βZ 〈si〉 (3.104)

∂2Z
∂2hihj

= β2Z 〈sisj〉 (3.105)

...

In principle, one could try to expand the probabilities and conditional probabil-
ities every type of many-body structure in terms of these correlation functions.
For this reason we say that the partition function or the free energy functions
contains the full information.

The relation in Eq. (3.100), i.e.

Cij = kBTχij (3.106)

between two-point correlation functions and susceptibilities is in err for ap-
proximate distributions (see sections below). Likewise, it is only valid for the
equilibrium distribution (linear response regime) of a system. In fact, in the
linear response regime (very near or in equilibrium), the so-called fluctuation-
dissipation theorem holds:

〈s(t)〉h 6=0 −m = β
(
〈s(t)s(0)〉h=0 −m2) . (3.107)

Fluctuations of mesoscopic or macroscopic variable near equilibrium are de-
terminable (in principle) by this simple relation (Eq. 3.107). Far from equilib-
rium, however, fluctuations show a richer anatomy and their analytical form
becomes intractable, generally. Unfortunately, finding an approximation needs
to be handled on a case-by-case basis, usually requiring some form of a ‘hard’

17See also Refs. [96, 801–803] for more on the fluctuation-response theorem.
18We can also say that the free energy is the cumulant generating function.
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presumption on dynamics [93, 96].19

Gaussian models

As alluded to above, approximations to partition functions or their logarithms
are necessary for calculating statistical properties of many-body systems. Mean-
field methods neglect higher-order statistical dependencies among the field
variables (correlations), apart from fixing their mean. Landau theory ignores
fluctuations altogether.20 Gaussian models represent a first-order correction,
which allow for fluctuations while allowing the variables to remain statistically
independent. They are tractable owing to the inherent mathematical simplic-
ity of Gaussian distributions, which are fully determined by their means and
variances (covariance matrix). All higher-order cumulants vanish. A Gaussian
field theory for the free energy results from keeping the quadratic orders in the
Ginzburg-Landau expansion. The partition function under these assumptions
for d dimensions of space is

ZG([m], h) =
∫
Dm(r) exp

{
−
∫

ddr
[

t
2

m2 +
L
2
(∇2m)2 − hm

]}
. (3.108)

The free energy (also called the effective Hamiltonian) for homogeneous sys-
tems (translational invariance) can be written as

FG([m]) =
1
2

∫
dds dds′ m(s)H(2)(s− s′)m(s′) (3.109)

where the microscopic “kernel” H(2)(s− s′) is symmetric, positive, and local.
In the simplest examples, it represents a differential operator, a polynomial in the
laplacian ∇2

s :

H(2)(s− s′) ≡ K(−∇2
s)δ

d(s− s′) . (3.110)

For our Ising model, the microscopic kernels represent nearest-neighbor lapla-
cians, i.e. local curvature functions of the magnetization field.

Functional integrals like Eq. (3.86) are very often approximated via the
saddle-point approximation: The largest contributors to the integrals are the sad-
dle points, i.e. those where the first derivatives are zero. A Gaussian-model
offers a bounded approximation to the “true” integral (partition function) only
when in equilibrium, a point made in the discussion on variational mean field
theory below.

The renormalization group [593, 798, 799] provides a fixed-point iterative
transformation procedure of the system’s Hamiltonian so that the fixed point is
the critical point. This relies on the self-similarity of the system at the transition.
The renormalization fixed-point effective Hamiltonian (free energy) H∗ for a
Gaussian theory is a function of the gradients of the field m(r) alone [65]:

βH∗ ∝
∫

ddx (∇m(r))2 . (3.111)

19We note that various bounds on fluctuations as well as nonequilibrium work relations have
been derived for nonequilibrium steady states [787, 804–806].

20See also Refs. [49, 566, 794, 807].
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This relation may help in interpreting machine learning algorithms such as
PCA and variational autoencoders, which we introduce in Sec. 3.6, as they
work with Gaussian models, in effect, over statistical (input) data. The squared-
gradients represent eigenvectors of the effective field theory.

Variational mean field theory

Standard variational mean field theory [49, 794] allows one to approximate
the free energy of any system as a Gaussian theory of trial densities: Using
the prototypical Ising example, which is microscopically very easy to define
(with two possible states), the microscopic variables are discrete spins s. The
microscopic Hamiltonian Hmic is quadratic in form and local. The equilibrium
distribution over the whole state of all spins ρeq(s) can be approximated by
another, tractable distribution. The latter is parametrized in some form, i.e. in
terms of a trial density distribution ρvar({Θ}; [s]) with free parameters {Θ},
indirectly related to the spins s. An optimization problem is now formulated:
We minimize the variational free energy with respect to the free parameters of
the trial densities.

Remark. We could write, instead, that ρvar({Θ}; [s]) ≡ ρ({mα(s)}α), where
mα(s) is a multidimensional Hilbert space of continuous field variables. These
are continuous degrees of freedom that arise from the parametrization {Θ}
and are each distinguished by the index of α. This is the basic idea around
variational autoencoders, which we describe more precisely later in Sec. 3.6.

The minimized variational free energy is an upper bound on the true free
energy function in equilibrium situations. If one considers ρeq, the equilibrium
probability density, then the optimized variational mean-field approximation
ρvar will entail an error, or deviation about the true density:

ρvar ≡ ρeq + δρ . (3.112)

The correlations between the microscopic spins are calculated with the ensem-
ble average over the trial densities

〈sisj〉var =
∫

ds ρvar(s)sisj =
∫

ds ρeq(s)sisj +
∫

ds δρ(s)sisj (3.113)

will be accurate only up to linear order in δρ.
However, the free energy will be accurate to second order in the deviation

δρ,

Fvar = F eq + ∑
s

∂F
∂ρ(s)

∣∣∣∣
ρeq

δρ(s) +
1
2 ∑

si ,sj

∂2F
∂ρ(si)∂ρ(sj)

∣∣∣∣
ρeq

δρ(si)δρ(sj) + . . . .(3.114)

(As the free energy is an extremum, the second term in the expansion – the
linear term – vanishes.) Therefore, free energy differences can be represented
accurately by the variational free energy, while correlations among variables
may not.

The free energy is proportional to the logarithm of the partition function, so
it should entail the same topology. In a second order approximation, the saddle
points are assumed to be areas with “significant” local curvature on the free
energy surface, so that higher order terms can be neglected. From Eq. (3.102)
we see that this curvature is the susceptibility tensor in exact descriptions; in
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Gaussian approximate cases, the susceptibility shall contain errors that can be
large; yet, the relative depths of these minima will be well approximated, similar
to a least-squares approximation. The Gaussian approximation is a second-
order approximation, and assumes the effective free energy landscape over the
field variables is well-described by a distribution of local paraboloids.21 These
considerations are the basis for variational mean-field methods employed in
machine learning, i.e. for variational inference. We continue the discussion in
Sec. 3.6 and in part IV of this thesis.

3.2.1 Phase transitions

Ehrenfest (1933) [808] classified transitions by sorting them according two
which thermodynamic quantities undergo discontinuous jumps. A singularity
appears in the free energy and its derivatives, from which discontinuities of
physical quantities (e.g. order parameters) emerge upon approaching the tran-
sition point. Yet, the mathematical complexity of phase transitions in terms of
these singularities is greater than Ehrenfest had postulated, and the effects are
more subtle. According to modern classification schemes, of phase transition
comes in only two “kinds” [65, 789, 797]: First-order phase transitions [566] are
deemed discontinuous, where basic macroscopic quantities like an order param-
eter show a sudden jump as a function of temperature, pressure, or chemical
potential. Continuous transitions show different behavior in the changes of char-
acteristics of a system: Critical points are the positions in phase diagrams where
divergences in the susceptibility functions (fluctuations of the order parameter)
appear, without a discontinuous jump in the order parameter itself.

Consider a system described by a microscopic configurational Hamiltonian
H(x, λ) where λ = λ(t) represents a time-dependent external control parameter
that adjusts properties of the system directly at some mesoscopic or macro-
scopic scale. The control parameter can represent a conjugate field that each
microstate “feels” (Eq. (3.95)) which would “like to” bias the mean values at
the macroscopic scale. For example, the magnetic field or a chemical potential
biases the average magnetization or particle number of particles, respectively.
The control parameter may also directly control the (inverse) temperature of the
system (with respect to a reference temperature T0), which is, in effect conjugate
to the configurational Hamiltonian itself.

A continuous phase transitions occurs when an external control parameter
exceeds a certain, critical value λc. On approaching this critical point, observed,
large-scale dynamics become non-Markovian in character, which is tied to an
effect in Markov-Chain Monte Carlo (MCMC) simulations known as critical
slowing down. Two-time correlation functions (fluctuations) of structural vari-
ables diverge (in the thermodynamic limit), as well as spatial fluctuations, cap-
tured best by the variance of the most global structural variables of the system –
the order parameters. In our prototypical example of the Ising model, a transition
occurs when adjusting the temperature at zero external field conjugate to the
magnetization. Upon crossing through the critical point, an ordered (ferromag-
netic) phase (of two degenerate possible directions) forms spontaneously from
the disordered phase.

This transition can be more easily understood by considering the state of the
system “metastable” after the event [552]. The system will “jump” among the

21Also, the distribution of minima along the relevant (reaction) coordinates must be ‘friendly’
enough to guarantee mean behavior.
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the degenerate subset of states, metastable “mesostates”, which define separate
regions of phase space. Thus, ergodicity is not lost from a global point-of-view
(global balance). In MCMC simulations (described more in Sec. 3.4), this is
seen as “flips” back-and-forth between these regions (by observing the order
parameter values) that require very long waiting times to occur (similar to
Fig. 2.1). In effect, ergodicity is only lost transiently when measurement time is
shorter than that of these spontaneous flips.22

Symmetry breaking

In spontaneous symmetry breaking of a global-scale symmetry, the system
responds to a control field by introducing a nonzero biasing conjugate field to
the order parameter of the symmetry. Upon crossing λc, the order parameter of
the symmetry will now take on a degenerate set of possible “choices” (different
mean values). For continuous rotational symmetry breaking (the SO(n) group),
this will mean that directional ordering occurs over long spatial ranges, such as
in the XY model or nematic transitions. The Goldstone theorem states that the
order-parameter response functions (the fluctuations) will develop a pole if the
original state was uniform – the ‘Goldstone modes’ arise. Discrete symmetry
breaking such as the spin group Z2 will induce an ordering transition where a
discrete values of the magnetization is realized.

Symmetries and conservation laws are intimately tied in equilibrium sys-
tems, a manifestation of Noether’s theorem in classical and quantum mechanics.
An invariant or conserved quantity of any physical system expresses a symme-
try group, and mathematically are related to the Hamiltonian via commutation
operations (in quantum systems). In general, then, a break of a symmetry im-
plies that Hamiltonian is not conserved. At continuous transitions, the system
can be regarded as perturbed from an equilibrium state. In these terms, a sponta-
neous break of symmetry means the expectation values of the Hamiltonian in
terms of “quasi-averages” does not coincide with those of the equilibrium aver-
ages (at zero perturbation) [775, Ch. 2]. All correlation functions after the tran-
sition entail a non-zero “rest” term in their expectation values that expresses
one of the degenerate symmetric states persisting.

We note here that it is generally assumed that continuous symmetry break-
ing can only occur in d ≥ 3, where d is the dimension of the system, for short-
ranged-interacting systems [321]. Two-dimensional systems are well-known to
show quite ‘different’ phase behavior that e.g. entails only quasi-long-ranged
ordering upon the transition [333].

As in many simple fluids, a critical point λc marks the beginning of phase
separation, below which a line of first-order transitions persists. These abrupt
phase transitions break the global translational symmetry of the model, assuming
it began in a homogeneous state. The confinement of the system to a ‘corner’ of
phase space upon this kind of transition will have unavoidable thermodynamic
implications (as we have alluded to in Ch. 2.2): Entropy is decreased if the
full set of microstates is smaller. This needs to be compensated for via heat
dissipation, requiring work – the transition entails a gap in the free energy that
is significantly larger than kBT . Thus, crossing the phase boundary is “harder”
than in the case of continuous transitions. A first-order transition connects two
thermodynamic equilibrium (stable) states, which entail significant degrees of

22Truly “sharp” continuous transitions only really occur in infinite systems [66].
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global translational order (spatial homogeneity for fluids, a lattice structure for
solids). An example is the isotropic–nematic transition in the continuous bulk,
where the nematic phase preserves a “fluid” character regarding the midpoints
of rods.
Remark. Order parameters can be seen as collective variables of configuration
space, and express the main eigenvalues of a Gaussian (bilinear) part of the
free energy. In other words, in a system that shows symmetry breaking (like at
coexistence) the largest amount of information about the state of the system is
entailed in the order parameters alone – these express the best variable with
which to distinguish between microstates, among different regions of phase space.
(We also mentioned “collective variables” in general contexts of complex fluids
in Ch. 2.1.3.) This notion is relevant for interpreting machine learning methods
like variational autoencoders, which work with Gaussian ‘free energy’ models
of data, which we employ in part IV of this thesis. These are introduced in more
detail in Sec. 3.6.

Remarks on universality

In this thesis, we explore the phase behavior of highly idealized models – hard
rods on lattices – from the viewpoint that they may render good analogies for
more complicated systems (e.g. molecular). Experimentally shown in the mid-
dle of the last century, quantities like Tc (the critical temperature) are sensitive
to the details of the inter-particle interactions of a system. In contrast, critical
exponents can be universal, i.e. depending only on a small number of generic
features: They are the key quantifiers of the divergence behavior of macroscopi-
cally relevant quantities around critical points.23 This hypothesis of universality
[65, 66, 770, 809–812] boils down the large variety of critical phenomena ob-
served in systems to a few equivalence classes (universality classes). Therefore,
universality should ensure that essential features of critical behavior can still
be predicted even by rather crude models of physical systems: Though coming
from a very different physical context, liquid–vapor transitions, binary mix-
tures of liquids, as well as many alloys (showing order–disorder transitions)
belong to the same Ising universality class. In fact, in Ch. 6, we study the bulk
order–disorder transition in systems of hard-core rods of lattices in 2D and
3D, which (as far as we can tell) belong to the same universality classes in the
respective dimensions.

∗ ∗ ∗
In this section we discussed effective theories for systems from a static, field-
theoretic perspective. Later in this thesis, we will pinpoint ordering transitions
in systems of hard rods confined to lattices in part III for the cases of 3D bulk
and 2D confinement (using Markov-Chain Monte Carlo methods, described in
Sec. 3.4). Further, we will calculate the equilibrium phase behavior of rods in
various dimension (2D, 3D, (2+1)D) using density functional theory, specifically,
fundamental measure theory. This will be derived in Ch. 4. Variational autoen-
coders (described in detail in Sec. 3.6) are based on the variational mean-field
theory ansatz that we motivated in this section – we will employ them in Ch. 7.

23For static quantities in the canonical ensemble, for example, we first define the variable
τ ≡ (T− Tc)/Tc. The susceptibility χ (Eqs. (3.100) and (3.102)) in the Ising model, for example,
diverges upon approaching the critical point (scales) according to χ ∼ |τ|−γ, where γ is the
associated critical exponent.
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We shall now move our discussion to dynamics of systems of particles cou-
pled to a thermal bath. The dynamics of the N-body system with short-ranged,
as well as hard-core interactions are presumed to be stochastic dynamics on
the level of local, individual particle motion: The variables of the bath are effec-
tively “integrated out”, incorporated into transition rates of particles randomly
“hopping” between lattice sites. Later in this thesis in part II, we will investi-
gate nonequilibrium dynamics (during layer growth), which are modeled at
this locally-Markovian level of approximation. More on the loss of ergodic-
ity and inherently non-Markovian character of observed dynamics at larger,
meoscopic or macroscopic scales, e.g. during phase transitions, is discussed in
Sec. 3.5.3.

3.3 Master equations for dynamics in lattice systems

We mentioned in the last section that correlation functions have stationary, fi-
nite values in equilibrium systems. In equilibrium (and ergodic) systems, one
should observe a system moving stochastically between well-defined meso-
scopic states at some average rate. These dynamics typically express a Marko-
vian character (laid out more specifically in Sec. 3.3.8), and, therefore, can be
effectively described by master equations upon a first-level coarse-graining pro-
cedure. These master equations are the subject of this section in the context of
lattice systems, which present a discrete set of states between which the sys-
tem moves. These equations are also the basis for Markov-Chain Monte Carlo
methods, which we introduce in Sec. 3.4 thereafter.

As motivated previously in this chapter, a probabilistic description of a
many-body evolution is compatible with ignoring certain dynamical variables
on phase space; master equations can be tuned to various levels-of-description.
In this section, we focus on a fine-grained description, where the master equa-
tions can describe the equations of motion of single bodies coupled to a thermal
bath – the probability densities are “sharply” localized on the configuration
space of particles, but their momenta are effectively randomized: The motion
is presumed locally random (locally diffusive) and locally in equilibrium with
a bath. Thus, the dissipative nature of the thermal bath is a microscopic source
of uncertainty in this system, driving the basic type of stochastic evolution
inherent in all Monte Carlo methods. From this viewpoint, the master equa-
tions of N-body systems coupled to a bath can be “solved”, numerically, with
kinetic Monte Carlo simulations in this thesis (part II). These simulations are
described in more detail in Sec. 3.4, but, we shall discuss the transition rates in
this section (Sec. 3.3.4): At the fine-grained level of particles, we will see that
master equations capture the causality of events (“actio=reactio”) at a local
scale (although entailing some uncertainty to when the reaction comes due to
the random nature of motion at that scale). This expresses local force balance
and, thus, local energy conservation within the smallest ‘resolvable’ unit of
time. In fact, stationary master equations express a continuity equation.

Dynamics following master equations can be perturbed by nonequilib-
rium driving forces – when these do not interfere directly with the local
configurational Hamiltonian. In general, a “weak-coupling limit” means an
underlying configurational Hamiltonian is perturbed slightly; this will suffice
to determine the evolution of the probability density of state occupations. (The
master equation was originally derived for transitions between two states in



3.3. Master equations for dynamics in lattice systems 109

atomic systems by Pauli in 1928 [93, Ch. 3.3].) In a simpler model of reality,
then, we presume that dynamics at the level of individual particles holds
under the condition that external perturbations (like the deposition of new
particles during thin film growth) remain statistically independent of the
motion of particles (these remain locally Markovian). We discuss more on
coarse-graining, a description in terms of “mesostates” in out-of-equilibrium
conditions, and the breakdown of Markovian dynamics (at coarse-grained
scales) later in Sec. 3.5.

Master equations are differential equations for time-dependent probability
densities pj(t) of enumerable states {j} [107, 774, 813, 814],24 where the tran-
sitions between these states (at the relevant level of treatment, also in time)
are Markovian, i.e. statistically independent of the history of the trajectory. The
transition probabilities between states are denoted here as Wji:

0 = ∑
j

(
Wji(t)pj(t)−Wij(t)pi(t)

)
+

∂pi(t)
∂t

. (3.115)

The master equation (Eq. 3.115) shows a trade-off between a gain of proba-
bility flux towards state i from states j in the first term of the sum with time-
dependent transition rates Wji(t), and a loss of probability flux from state i to
state j on the second term in the sum with rates Wij(t), both balanced by the
time-derivative of the probability density.

We extend Eq. (3.115) to a more general case (which will be useful for
describing a nonequilibrium system of interest) by making the left-hand-side
inhomogeneous:

dpi(t)
dt

= ∑
j

(
Wji(t)pj(t)−Wij(t)pi(t)

)
+

∂pi(t)
∂t

. (3.116)

where the total change of probability in time to be in state i is entails a net
probability flow (the sum on the right-hand-side) between states, and a “source”
term ∂pi(t)

∂t with the partial derivative of the probability versus time. Note that
in most general cases, Wij 6= Wji. As we will see, systems that preserve a total

probability mean that dpi(t)
dt = 0, and the partial change of a probability in time

represents how a system flows between states in equilibrium.
We will see that master equations represent (inhomogeneous) continuity

equations found in classical field theories: those of many-body density distri-
butions and respective currents. We shall discuss the ansatz made by classical
dynamical density functional theory (DDFT) that was implemented in this the-
sis in Ch. 4, as well as kinetic Monte Carlo, implemented in Chs. 4 and 5.

Basic considerations: from deterministic motion (no bath) to stochastic mo-
tion (with bath)

The probability densities to find any particles in the full N-body phase space
is expressed as a N-body density distribution ρ(N)(sN , pN , t), i.e. for particles
in discretized phase space (sN , pN). (Please note that s denotes lattice sites,

24These probability densities of the state could be considered fields pj(r, t) over configurational
space r, as well.
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and not lattice spins like in Sec. 3.2.) The Hamiltonian can be any general
time-independent function of the phase space coordinates like Eq. (3.3). For
equilibrium, in general, the external forces must be time-independent, and the
inter-particle interactions only depend on coordinates (not momenta).

If all external forces are time-independent, the system is isolated, and the
N-body probability density should evolve in accordance with the Liouville
equation (Eq. (3.32)): the full motion is purely deterministic as long as we retain
the full information of all coordinates and momenta, as argued in Sec. 3.5. In fact,
this equation is a master equation for the N-body distribution of all particles
α = 1 . . . N. It has the form:

0 =
∂ρ(N)

∂t
+ ∑

α

(
∂ρ(N)

∂sα

dsα

dt
− ∂ρ(N)

∂pα

dpα

dt

)
. (3.117)

Given some initial condition of the phase space coordinates of all particles at
t = 0, (sα(0), pα(0)), the density ρ(N) will evolve in a deterministic manner,
where each dsα

dt and dvα
dt fulfill the Hamilton’s equations of motion, Eqs. (3.1)

and (3.2). (The Hamiltonian can be any general time-independent function of
the phase space coordinates like Eq. (3.3).)

In the next two sections, Secs. 3.3.1 and 3.3.2, we will attempt to motivate
and interpret the terms in the master equations for first one-, then N-body
systems while treating deterministic motion (no coarse-graining, yet). How-
ever, we shall move from the microscopic picture of trajectories, in terms of
the derivatives of the phase variables sα(t) and pα(t), to a picture in terms
of currents j(N)(s, t) and their derivatives: The master equation will then be
well-suited for describing systems coupled to thermal baths, where the motion
of individual particles becomes stochastic, in effect, if we wish to only treat the
sub-system of particles (not the bath). Coupling the system to thermal and
particle baths are discussed in Sec. 3.3.3 thereafter.

Note: The entire presentation and discussion in the following Secs. 3.3.1–
3.3.7 have a heuristic character, and we demonstrate no rigorous proofs or
derivations. The aim is to prepare the reader to understand both a DDFT
equation of motion for a nonequilibrium growth system of particles on lattices,
investigated in Ch. 4, as well as the counterpart, N-body particle simulations
(KMC) performed in the whole of part II. We also aim to discuss the general
difficulty of describing N-body systems of interacting particles analytically, as
well as the fundamental differences between equilibrium and nonequilibrium
in the context of dynamics on lattices.

3.3.1 One-body dynamics

Note: Some of the notation in this and following sections is based on the
lecture notes, Ref. [162].

To describe the evolution explicitly in terms of a time-dependent distribu-
tion over state space and time-dependent transition rates, the simplest place
to begin is for non-interacting particle systems, even one that is thermally iso-
lated (no bath, at first). Then each system (sα, pα) is completely decoupled from
all others, and we end up with equations motion for each one-bodied system,
separately.
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We need to “localize” the particles onto our chosen space-time (s, t). We
can use the delta function to localize the configurational phase variable s1

ρ(1)(s, t) = δ(s− s1(t)) (3.118)

we can define the localized particle current operator as

j(1)(s, t) = δ(s− s1(t))v1(t) (3.119)

where v1(t) = ṡ1(t) is the velocity variable of a particle. A general, even time-
dependent Hamiltonian will generate equations of motion that relate the rate
of change of the momenta to forces (Eq. (3.5)). Hence we define a localized force
field operator for completeness, where f1(t) is a force at time t:

f (1)(s, t) = δ(s− s1(t)) f1(t) (3.120)

The density operator can be further resolved spatially, as it represents a sum
over contributions at each lattice site:

ρ(1)(s, t) ≡∑
i

δ(si − s1(t)) ≡∑
i

ρ(1)(si, t) . (3.121)

The currents follow the same logic: we can define the localized particle current
operator as

j(1)(si, t) = δ(si − s1(t))v1(t) . (3.122)

and the localized force-field operator as:

f (1)(si, t) = δ(si − s1(t)) f1(t) . (3.123)

The dynamical equation for the density (resolved at each site of the lattice)
should be expressible by a master equation because of the conservative nature
of probability. We need to relate transition rates W of the generalized master
equation (Eq. (3.116)) to the physical quantities defined above, specifically, to
the current of Eq. (3.122). The evolution of the density will appear as:

dρ(1)(si, t)
dt

= ∑
〈ij〉

(
W(1)

i (sj, t)ρ(1)(sj, t)−W(1)
j (si, t)ρ(1)(si, t)

)

+
∂ρ(1)(si, t)

∂t

(3.124)

where n is the local coordination number (in the case of square or cubic lattices,
n = 2d, d being the dimension) and 〈ij〉 indicates nearest-neighboring sites, and
i 6= j. The transition rates of the single-particle distribution will be written in
a position-dependent form here, i.e. W(1)

j (si, t) ≡W(1)
ij (t). In the section below,

we will discuss how to “map” the deterministic motion on a lattice onto the
master equation.

Stationarity, transition rates

Crucially, as we first assume the system is completely conservative (and de-
terministic), and the particles are non-interacting, we know that the velocities
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will not change. We can thus reduce vi(t) → vi to a constant. The transition
probability should reflect a forward derivative of the density operator in space:
a gradient of the density, which will fully move from one position si to the neigh-
boring one sj within a unit time fixed by the velocity and lattice spacing. Thus,
the transition probability is re-scaled with the constant velocity of the particle,
in fact, with its component parallel to the forward direction.

The local unit directions u+
ij = sj − si (with j a positive spatial direction)

allow us to define local gradient operators ∇+
ij :

∇+
ij ρ(1)(si, t) =

∂ρ(si, t)
∂u+

ij
≡ ∂ρ(s, t)

∂sj

∣∣∣∣∣
s=si

(3.125)

As the particle mass remains local (it does not spread in the fully-resolved,
deterministic setting), the full mass moves from one unit cell to the next
within a time-step. Then, the local transition flux (the rate times the density)
between lattice sites should be proportional to the gradient in the density,
W(1)

j (si, t)ρ(1)(si, t) ∝ ∇+
ij ρ(1)(si, t). Taking account of the (constant) particle

velocity, we can interpret the transition rate as proportional to the local
gradient operator

W(1)
j (si, t) ≡ v(1) · u+

ij∇+
ij . (3.126)

Now, it is clear that in this case of fully resolved dynamics, the particle
can be at either position si or position sj at a fixed time-point t. So, the “gain”

term W(1)
i (sj, t)ρ(1)(sj, t) ≡ 0 from neighboring sites must vanish. The density

propagation in time is a purely “forward” evolution. Thus the sum in the master
equation (Eq. (3.116)) becomes

∑
〈ij〉

W(1)
j (si, t)ρ(1)(si, t) = ∑

〈ij〉
v(1)(u+

ij∇+
ij ρ(1)(si, t) (3.127)

= v(1) · ∇(si)ρ(1)(si, t) ≡ ∇(si) · j(1)(si, t)(3.128)

where in the last line we applied the definition in Eq. (3.122).
For isolated systems, the master equation is a continuity equation, as men-

tioned above. In our treatment of non-interacting particles, the master equation
governs the motion of singular particles, i.e. it is “resolved” one-body level,
over each lattice position si:

∂ρ(1)(si, t)
∂t

= −∇(si) · j(1)(si, t) = 0 . (3.129)

As we have not performed any act of coarse-graining, the equation of motion
for the one-body density over all sites retains the same mathematical form:

∂ρ(1)(s, t)
∂t

= −∇ · j(1)(s, t) = 0 . (3.130)

Notably, stationarity means a divergence-free particle current: A lack of sources
of energy density means a lack of “driving” currents that would introduce a
disbalance in the currents of Eq. (3.128). Before developing on this notion, we
will formulate the full N-body problem in the next section.
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3.3.2 Many-body dynamics

For many-body systems, we first define an operator for the N-body density:

ρ(N)(s, t) =
N

∑
α=1

δ(s− sα) ≡
N

∑
α=1

ρα(s, t) (3.131)

Similarly, the N-body currents

j(N)(s, t) =
N

∑
α=1

δ(s− sα)vα(t) ≡
N

∑
α=1

ρα(s, t)vα(t) (3.132)

and forces can be defined likewise:

f (N)(s, t) =
N

∑
α=1

δ(s− sα) fα(s, t) ≡
N

∑
α=1

fα(s, t)ρα(s, t) (3.133)

Following the discussion above, an isolated system with many, non-
interacting particles will continue to abide to a continuity equation:

dρ(N)(s, t)
dt

= −∇ · j(N)(s, t) = 0 . (3.134)

Interacting many-body dynamics: Highly correlated

Consider now short-ranged interactions between particles. In this case, we
must consider the (imbalance of) currents locally, where the interactions play
out.

If we want to have fully resolved dynamics, we need to localize the particles
at every site, i.e. have “spatially localized” operators for the N-body density
ready:

ρ(N)(si, t) =
N

∑
α=1

δ(si − sα) (3.135)

Similarly, the microscopic N-body currents

j(N)(si, t) =
N

∑
α=1

δ(si − sα)vα(t) (3.136)

and microscopic forces can be defined likewise:

f (N)(si, t) =
N

∑
α=1

δ(si − sα) fα(si, t) . (3.137)

Microscopically, the forces exerted on each particle will come from the
motion of the surrounding particles. Any external forces that are assumed
to decouple from the microscopic dynamics of each particle will contribute, as
well.

Unbalanced currents will emerge locally due to these forces. In equilib-
rium, these currents balance completely over a long-time average. The system
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becomes correlated in the sense that the many-body density evolution must cor-
rectly express an order-of-events at each site si at every time-point of the evolu-
tion. Therefore, formally, we would have to solve the full time-evolution equa-
tions for each spatially localized density distribution at every site ρ(N)(si, t).
The propagation of one localized density will ultimately affect that of all others.
It is clear that this is an impossible task, theoretically, without resorting to ap-
proximations (see discussion in Sec. 3.3.6). Simulations like kinetic Monte Carlo
are clearly in advantage, in this sense, as they can generate one version of the
ordering-of-events per execution (a random trajectory of the N-body system
on a lattice coupled to a thermal bath).

Remark. We note additionally that time-ordering of events is lost, in general,
when dissipative forces are at play. To be precise about our “fine-grained”,
N-body description, the exact time when an event (a particle hop) occurs re-
mains uncertain. Upon coarse-graining at a higher level, like in attempting to
reduce (perform a partial trace of) a many-body density (see Sec. 3.3.6), dissi-
pative forces are introduced in the act, in effect, as we lose information about
individual particle trajectories.

The full set of equations of motion on the N-body level is at hand in a single,
N-body equation-of-motion when we take the derivative of the master equation
(Eq. (3.134)) (the inhomogeneous term can be absorbed into the currents),

∂2ρ(N)(s, t)
∂t2 = −∇ · dj(N)(s, t)

dt
. (3.138)

By the definition of the N-body currents (Eq. (3.132)), we find after some steps
of calculation

dj(N)(s, t)
dt

=
d
dt

N

∑
α=1

ρα(s, t)vα(t) (3.139)

=
N

∑
α=1

∂ρα(s, t)
∂sα

dsα

dt
vα(t) +

N

∑
α=1

ρα(s, t)v̇α(t) (3.140)

= −∇ ·
N

∑
α=1

ρα(s, t)vα(t)vα(t) + f (N)(s, t)/m , (3.141)

where f (N)(s, t)/m =
N
∑

α=1
ρα(s, t)v̇α(t) is used. Therefore, the rate of change

of the many-body current is directly related to the gradient of a kinetic stress
tensor (that realizes transport) plus a many-body force.

The master equation for the N-body distribution on the lattice system is
a differential equation that is explicitly first-order in time and works on the
level of local, effective currents (fluxes). However, the transition rates for a flux
are explicitly time-dependent, and these represent first-order derivative objects
(velocities, rates). In terms of “Newton’s laws” above, we must evaluate the
imbalance of forces among the particles in-between time-steps. After a short-
time integration step in-between, we arrive at the currents again. The new
transition rates express the locally perturbed probability density currents.

On the fully-resolved microscopic level, a local divergence of currents, or the
difference between “gain” and “loss” terms of the master equation, results from
locally imbalanced forces – a “source” term of local energy density. A divergence
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in the currents (a local imbalance) at a local site si could be related by

f (N)(si, t− δt) · v ∼ −∇ · j(N)(s, t) , (3.142)

which, however, is delayed in time if we observe an imbalanced current at time
t. The left-hand side of Eq. (3.142) expresses the power of the force fields – the
work performed by the many-body forces per unit of time – which induces
the imbalanced current at a very brief moment later. Notice that the original
perturbation at site si must have a response that is non-local in space and
in time in order to guarantee an evolution of the system (a time-evolution
operator), which is why we must express the right-hand-side equations in
terms of the full N-body densities.

Thus, a simple, second-order response to the forces at the same site (in the
density variables) might be related to a gradient in density

f (N)(si, t− δt) ∼ −∇ρ(N)(sj, t + δt) (3.143)

which we interpret as “internal” forces (a diffusive term) in the system if the
system is isolated. In thermal systems, which we describe further below, this
corresponds to a “gradient-diffusion” force, i.e. will generate diffusive motion,
locally, in an ideal gas. The response to the current will eventually relax the
system towards equilibrium, beginning to even-out the densities in a second-
order of δt (in the integration step), which means in a squared order in space.
This is the basis for diffusive motion, which we describe further below.

Stationarity: Global balance of internal forces

The condition of a net force balance, then, is the sum of Eq. (3.142) over all sites
si. If energy is globally conserved (isolated systems), the sum is zero. Written
differently,

0 = ∇ · j(s, t) . (3.144)

The time-dependency of the total density is a global loss or gain of total proba-
bility. The global current becomes an integral of motion (jconst), which expresses
the possibility for a global steady state of the system. Stationarity in the form of
a master equation is thus fulfilled when the full sum over currents is zero. This
is called global balance, discussed further in Sec. 3.3.4.

Indeed, if a system renders an approximately balanced current for some
of the variables {s}m

i=1, m < N, then the system dynamics may be able to
be split into stationary and non-stationary contributions, in the style of some
near- or quasi-equilibrium approximations. Approaches that express mean
fluxes among mesostates – which are related to a mean waiting times – may
be applicable. (Please refer to the later discussions in Secs. 3.5.1 and 3.5.2.) We
discuss mesoscopic balance conditions in Sec. 3.3.4.

3.3.3 Response to generalized forces

Statistical mechanics is about connecting the microscopic world with a macro-
scopic description, in terms of particle number densities and current densities
(Sec. 3.1.2). To reduce the effective number of degrees of freedom from our
macroscopic viewpoint, it is useful to imagine the response of the system to
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some set of external forces, denoted here as “generalized forces”. These couple
to the microscopic velocities. In stationary states (for stationary solutions of
equations of motion), the “free” momenta define the available degrees of freedom
of the system (Sec. 3.1.1) – let us say there are F such degrees of freedom.

To repeat a crucial point, without reducing the distribution functions, i.e.
without any loss of information about the many-body dynamics in the system,
we can be sure the microscopic laws of physics are governed by Hamilton’s
equations of motion Eqs. (3.1) and (3.1). In non-isolated systems, the Hamil-
tonian will be time-dependent, and the evolution of the total energy in the
form of Eq. (3.30). The external potentials in the Hamiltonian (Eq. (3.3)) are
responsible for the time-dependence and generally complex evolution of the
system.

For weak disturbances to a system, a dynamical theory can be formulated
that is quasistationary in character (also called adiabatic): In so-called linear
response theory [68, 96, 97, 815], equilibrium time-correlation functions suffice
in describing a dynamical evolution, and the fluctuation-dissipation theorem,
Eq. (3.107), holds. The latter also guarantees that equilibrium will be reached
eventually. We will return to transport properties in thermal systems further
below, where we will discuss how dissipative forces of “bath” variables relate
to the fluctuations or correlations of the system variables.

More generally, however, we can write the Hamiltonian in the form [90, Ch.
1]

H(p1, . . . , pF; ξ1 . . . ξn) (3.145)

for F degrees of freedom (momenta) and ξi corresponding to generally-defined
external parameters (currents outside the system, positions of pistons, etc.) that
depend on time in some way or could be controlled. From Eq. (3.30) and (3.145)
we obtain

dH
dt

=
n

∑
i=1

fi
dξi

dt
, (3.146)

where

fi(p1 . . . pF; ξ1 . . . ξn) ≡
∂H
∂ξi

(3.147)

is a generalized force associated with parameter ξi.25 If, for example, ξi is the
displacement of a piston, then fi is the force on that piston. Therefore, the
equations of motion within the system will involve the time-varying conjugate
forces (parametrized by the changes in ξi) coupling to the momenta in some
general way; the configurational variables of the “internal” system will evolve
according to a local conservation of mass (probability) – a local continuity
equation – as long as the forces are not “infinitely” strong.

We can think of this setup as a way to “probe” a many body system with
our external, macroscopic world. An experimenter can control (fix!) only some
part of the full set of external parameters: The rest will evolve freely in response.
The nonequilibrium response within the system to the forces is captured by
the fluctuations of the momenta, the current-current correlation functions. The

25Notice the general form coming from the right-hand-side of Eq. (3.5) together with Eq. (3.30).
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work expended by the experimenter will thus generate nonequilibrium corre-
lations between the “internal” configurational variables in a manner generally
beyond linear response theory. Further, a weak “back-response” to the “outside”
system might also be measurable in the fluctuations among the external vari-
ables, as long as these are fixed to some mean values with a certain variability
(they are not completely independent).

The differential work performed on the system around time t is

δW(t) ≡
n

∑
i=1

fi dξi(t) . (3.148)

which is not a total differential for non-conservative forces. This can be related
to an increase of nonequilibrium entropy in the system δS (an entropy produc-
tion) and increase in thermal energy. Indeed, very strong (and fast) forces may
induce phase transitions (see Sec. 3.2.1). In such cases, the forces induce abrupt
changes in the energetics of the systems and, thus, to the degrees of freedom
(the “free” momentum variables) of the internal system. Furthermore, nonequi-
librium stationary states can emerge in driven nonequilibrium systems, such as
under shear (see Sec. 3.5.3), which completely change the nature of fluctuations
and meaning of susceptibility functions within the fluid.

On the other end of the spectrum, weak forces (linear response regime!) may
couple most strongly to only a subset of variables, i.e. those with the slowest or
fastest relaxation times. In the former, average exchange rates for mesoscopic
states (involving many particles) can change, or, in the latter, the microscopic
transport coefficients (diffusion rates) can be altered. The latter may represent
a slow change in temperature via the Einstein relation (Eq. (3.156)). Both these
extreme situations might be suitable for quasi-stationary approximations of dy-
namical equations. For example, we investigate quasiequilibrium dynamics,
during “slow” growth of a monolayer of purely hard-core rods in Ch. 4: There,
the slowly varying quantity is the total particle number density, a collective
quantity, for infinitely slow application of the external force (particle influx).

In any case, quantifying the response of nonequilibrium systems to external
forces is the key for any formulation of many-body dynamics. The advent of
nonequilibrium fluctuation relations [784, 805, 816–819] as well as the Jarzynski
equality [820] have been milestones in this direction, where the latter states the
following: work that external forces must perform to switch between between
nonequilibrium steady states is directly related to the equilibrium free energy
differences of these states.26 [97, Ch. 9] Current fluctuations signify energy
dissipation mechanisms in the system, and account for the global dynamical
state of a system.

Particle reservoir coupling (quasistationary treatment)

In equilibrium, the particle reservoirs are expressed as (local) fields conjugate
to the (local) particle numbers N(s). These are (local) chemical potentials µ(s).
The microscopic, perturbed Hamiltonian is

H(sN , vN ; µ) = H(sN , vN ; N)
∣∣∣
µ=0
−∑

i
µ(si)N(si) (3.149)

26These are defined on a mesoscopic level
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The equilibrium distribution of microstates Ψeq(sN , vN |T, µ) system represents
that of the grand canonical ensemble, i.e. for fixed temperature and chemical
potential (Eq. (3.67)). The (partial) derivatives of the free energy with respect
to the conjugate fields (see Sec. 3.2) render correlation functions or fluctuations
of the densities.

In the macroscopic world of the grand canonical ensemble, the particle
number N(s) is an expectation value, a spatial integral of the particle number
density operator at a localized position in space, Eq. (3.135).

∑
i

µ(si)〈N(si)〉 = ∑
si

µ(si)
∫

ds ρ
(N)
eq (si; N|µi) . (3.150)

The conjugate fields connect the microscopic world (phase space trajectories)
described by a microscopic Hamiltonian H(sN , vN ; µ) to the macroscopic de-
scription (configuration space densities in the grand canonical ensemble).

From the quasi-stationary point-of view, forces ascribed to the time-
dependent part of the Hamiltonian are dissipative, and will act on a system
in a stochastic manner. We describe this protocol for general thermal systems
below. The time-dependent microscopic Hamiltonian couples the generalized
forces of the bath to the number densities in each N-bodied system:

∂H(sN , vN ; t)
dt

∝ ∑
i

∂H(sN , vN ; t)
∂N(si)

N(si)

dt
≡∑

i
fµ(si, t)

N(si)

dt
. (3.151)

Here, fµ(si, t) are the generalized forces of the bath, which either insert or
remove a particle from the coordinate.

The particle reservoir introduces fluxes or currents of particles N(s)
dt . Local-

ized particle current density operators due to the bath can be expressed as

jµ(si, t) = ∑
α

δ(si − sα)
N(si)

dt
(3.152)

in analogy to Eq. (3.136). Crucially, these are assumed to be independent from
the “internal” currents within the system (under equilibrium conditions). (They
are “orthogonal” to the system of interest.) As these “new” currents fluctu-
ate, they enhance dissipation in accordance with the fluctuation-dissipation
theorem (Eq. 3.107). In this way, thermodynamically unstable states can de-
cay much more quickly and dynamics will “close in” to a “near-equilibrium”
regime more rapidly. We see evidence for this effect when simulating parti-
cle evaporation-deposition during a nonequilibrium evolution of thin film
growth,27 discussed in Ch. 5. Particles can be transported across large dis-
tances, in effect, accelerating “nucleation-and-growth” kinetics during phase
separation, for example. This may also imply that e.g. spinodal decomposition is
faster than in the canonical ensemble.28

It seems obvious, then, that a fluid in the grand canonical ensemble will
entail mesoscopic dynamics that are faster than in the canonical ensemble.
This idea should have practical consequences for dynamical models “utilizing”

27preliminary investigations
28To “localize” a density distribution (in space) in the grand-canonical ensemble means we

obtain a mean density – one over all sorts of many-body systems with variable N, which will
entail many different “internal” currents at each site over which an average will be taken.
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the grand canonical ensemble even for a canonical system, (e.g. DDFT, see
discussion of Sec. 3.3.6). In nonequilibrium, “spurious” currents arising from
exchanges from the bath may essentially ‘ameliorate’ e.g. jamming and any
other highly nonequilibrium states, producing systematic errors. As above
mentioned, phase separation kinetics may miss crucial features, as well.

On the other side of the same token, localized currents due to the coupling
with the bath (Eq. (3.152)) can be used as an ‘alias’ for diffusive particle motion
(one of the “internal” currents), at least for homogeneous fluids near equilib-
rium. A local diffusive current can be thought of as resulting from a particle
(double) exchange event with the bath, describable with a (local) chemical po-
tential difference between two states. The particle exchange motion is then a
stochastic analog of hopping motion between sites (deleting a particle and plac-
ing it somewhere else is similar to (fast) diffusion, at least in near-equilibrium
conditions). This idea is employed in a lattice DDFT (a master equation) for-
mulated in Ch. 4 of this thesis.

Thermal systems (linear response regime)

From the form of the master equation, we can induce that changes in current
densities and density distributions, owing to (imbalanced) forces, will propa-
gate (summing over all neighboring states). Therewith, it is easy to understand
where a delayed response to an external force comes from, and that this is
inherently stochastic (embodied by the transition rates).

If a fluid is homogeneous on the relevant scale of treatment, then we can
reduce the many-body density in equilibrium to a (mean) one-body density in
equilibrium. The mean two-point density-density correlations are connected to
the susceptibility (Eq. (3.106)). Thus, the linear response describes overdamped
motion of a mean particle in accordance with the fluctuation-dissipation theo-
rem (Eq. 3.107).

More generally, this expression is also valid for the N-body distribution in
equilibrium. Eq. (3.134) holds true for equilibrium systems coupled to a thermal
bath – in the long-time limit compared to the time-scale of the dynamics of the
bath. Microscopically, the thermal bath acts with dissipative forces on each
particle, i.e. the forces are assumed to be describable with stationary, stochastic
dynamics. In this view, forces act virtually instantaneously on the relevant
currents of the system of interest, and in a manner independent of the past.
This is a Markovian assumption that expresses the notion that the huge bath
is in equilibrium, internally, and with the physical system of interest. At the
“interface” between the two subsystems, random fluctuations persist, driving
the random motion of the system of interest. The forces on each particle can be
assumed to be delta-correlated (produce white noise) [96, Ch. 1.3], i.e.

〈 fα(t1) fα(t0)〉 = 〈‖ fα‖2〉δ(t1 − t0) (3.153)

with a constant proportionality factor assumed to be homogeneous in space.
A time-homogeneous process is described if the average correlation will not
depend on the specific moment in time anymore, only on ∆t = t1 − t0. The
random forces cause particle motion to be “overdamped” because the respond-
ing momenta will be randomized locally. (Technically, these exclude any inertial
forces.) The probability for an effective particle velocity vα will decay within a
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waiting time ∆t according to a Poisson process. The ensemble-averaged two-
time correlation of these particle velocities will decay exponentially within a
waiting time ∆t that is long enough to express the overdamped motion

〈vα(t + ∆t)vα(t)〉 =
〈 ∆t∫

0

d∆t′vα(t) · vα(t + ∆t′)

〉

= 〈‖vα(t)‖2〉 1
γ

e−γ∆t .

(3.154)

The prefactor expresses a mean kinetic energy that must be equal to the thermal
energy

m〈‖vα(t)‖2〉 ≡ kBT

in equilibrium (also when ∆t → ∞), a manifestation of the equipartition of
energy. The characteristic relaxation time 1/γ indicates, therefore, a time-scale
for dissipation of the mean kinetic energy.

Of course, these weak forces only contribute to an evolution of the physical
system if it perturbs the system (within the time-scale of measurement) in a
moment when the mean velocities (currents) have not yet become stationary.
In other words, “overdamped” depends on time-scale of the level-of-treatment.
A disturbance that generated a a small, imbalanced current will be related
to a gradient in the density (“gradient diffusion”), which is the beginning of
Brownian-type diffusive motion with diffusion rate D(s):

j(t) = −D(s)∇ρ(s, t) . (3.155)

A relaxation of particle density distribution follows the propagation of this
current, which we describe in the next section. The Einstein relation for equi-
librium fluids connects the diffusion coefficient D, which characterizes the decay
of the density fluctuations (see below), to the thermal energy and the random
forces:

D = MkBT . (3.156)

The proportionality factor is the particle mobility M, the ratio of a mean particle
drift velocity 〈vα〉 to the magnitude of the applied force that induces fluctua-
tions in the current, M = ‖〈vα〉‖ / ‖ fα‖.

Diffusion

We assume a fluid is describable by a one body density that is initially in equilib-
rium (a constant distribution). We now assume some non-conservative external
force fext(s, t) perturbs a system at a particular time-point in the ‘conservative’
evolution of the isolated system.29 It accelerates the motion of a single particle
very briefly, and generates a small, unbalanced current or probability flux at site
si at a minuscule time-step later. The unbalanced current will spread beyond
the originally local summation. If the current has the form j(s, t) = ds

dt∇ρ(s, t),

29It could equivalently mean that we “prepare” a system with an initial condition like a delta-
function at some point in space.
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then the long-time equilibrium limit will follow the global balance condition:

0 =
∂ρ(s, t)

∂t
−∇ · (ds

dt
∇ρ(s, t)) (3.157)

Before equilibrium is reached, after an initial period, the disturbance will propa-
gate in a way that is self-similar in time (it is a Wiener process), as a local response
to a disturbance force is only “just behind” and will locally relax with a brief
time delay (Markovian approximation). The generalized velocity variable ds

dt is
a diffusion coefficient D(s) = D, homogeneous, isotropic and constant for the
simplest kinds of particle interactions. The global balance condition

0 =
∂ρ(s, t)

∂t
− D∇2(ρ(s, t)) , (3.158)

expresses an equation-of-motion for ρ(s, t). The continuous-space and
continuous-time solution is a spreading Gaussian distribution, beginning at an
initial delta-distribution ρ(s, t = 0) = δ(s− s0):

ρ(s, t) =
1

√
4πDt

d exp
(
−‖s− s0‖2 /(2dDt)

)
, (3.159)

where the d indicates the dimension. These dynamics are purely Markovian
and fulfill the following relation of central importance for statistical mechanics:

〈‖s− s0‖2〉ρ(s,t) =
∫

s∈Γ

ds ρ(s, t) ‖s− s0‖2 = 2dDt (3.160)

for long times t, which means that the average variance or spread in the
position grows linearly with time.

Considering a lattice system with “fine-grained” resolution of densities
and currents, we can clearly emulate this diffusive mode of transport over long
times by stochastic “jump” processes between lattice sites. KMC simulations
(Secs. 3.3.4 and 3.4.1), utilized in part II of this thesis, model diffusive transport
of particles at a local level. Overdamped motion is assumed to occur at all times
when particles are mobile, otherwise, particles cannot move at all if they are
locally hindered due to hard-core repulsions. Additional attractive interactions
effectively reduce the diffusion rate, locally, by introducing an energy barrier
(the rate follows an Arrhenius law). We discuss this in the follows two sections.

3.3.4 Physical constraints on transition rates

In the absence of external time-dependent forces (not including the thermal
bath), probability distributions over states should reach the equilibrium sta-
tionary state( ρ(N)(sj, t)→ ρ

(N)
eq (sj)) from an arbitrary starting state, given we

wait long enough (t → ∞). The density ρ
(N)
eq (sj) now expresses that of one of

the thermodynamic (Gibbs) ensembles discussed in Sec. 3.1.4. A system coupled
to a bath with constant (lattice) volume will be represented with the canonical
ensemble. The same coupled to a particle reservoir will be describable with a
grand canonical ensemble (where N becomes a fluctuating variable).
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The equilibrium balance conditions are used to design transition rates for
events (“moves”) in Markov-Chain Monte Carlo (MCMC) simulations. These
pseudodynamics in phase space are used to sample the thermodynamic equilib-
rium (Boltzmann) distribution of N-body configurations: in essence, the chain
is a random walk (diffusive-type motion) through configuration space. We
shall discuss Markov-Chain Monte Carlo simulations in Sec. 3.4.2.

Global balance

We have discussed how global balance of currents is a property of isolated
systems, and is a continuity equation that expresses total energy conservation
(Sec. 3.130). Formally, this implies that transitions rates {Wi(sj, t)}must fulfill

∑
i

∑
j

(
Wi(sj, t)ρ(N)

eq (sj)−Wj(si, t)ρ(N)
eq (si)

)
= 0 (3.161)

once the distribution reaches equilibrium. There, time t loses its absolute mean-
ing and can be left out of the notation. On the flip side, any transition rates that
fulfill this condition will lead a nonequilibrium density ρ(N)(s, t) to global sta-
tionary solution (as long as the system is ergodic):30 Formally, then, a nonequi-
librium density representing a stationary state ρ

(N)
st (sj, t) may also fulfill

∑
i

∑
j

(
Wi(sj, t)ρ(N)

st (sj, t)−Wj(si, t)ρ(N)
st (si, t)

)
= 0 . (3.162)

On another note, sophisticated, high-performance MCMC algorithms for
equilibrium sampling have been developed that fulfill global balance, but,
break local or detailed balanced (not in this thesis) (see e.g. Ref. [821]).

Local (detailed) balance

Detailed balance imposes the strongest balance condition among every and all
pairs of states i and j, namely

Wi(sj, t)ρ(N)
eq (sj)−Wj(si, t)ρ(N)

eq (si) = 0 , (3.163)

in equilibrium. This ultimately means that there is perfect balance of forces at the
microscopic scale. The equilibrium densities are Boltzmann distributions over
microstates

ρ
(N)
eq (sj) ∝ exp

(
−H(sj)

kBT

)
, (3.164)

according to stationary, configurational Hamiltonians, i.e. local equilibrium.
To be more precise with the notion of local equilibrium in nonequilibrium

situations, consider the system is at state j in time t. For the next time iteration,
we perform a virtual displacement of the particle from sj to the state si within
an instantaneous time-scale δt, changing the probability density and Hamilto-
nian of the system, denoted here as ρ̃ and H̃, respectively, the latter of which is
implied in a changed transition rate W̃j(si, t). The condition can be formulated

30Formally, aperiodicity of the Markov chain must also be fulfilled.
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as

Wi(sj, t)ρ(N)(sj, t)− W̃j(si, t)ρ̃(N)(si, t + δt) = 0 . (3.165)

This clearly guarantees detailed balance in equilibrium for ρ(s, t) → ρeq(s),
when any non-conservative external fields are “turned off”. The main assump-
tion about local balance is a local Markovian one: the exchange of energy be-
tween neighboring microscopic states si and sj occurs faster than between next-
neighboring, and all other states of the system. Local equilibrium expresses a
microscopic continuity equation for short time-periods around time-point t. In
fact, local balance presumes the time-independent part of the Hamiltonian gov-
erning the system is local, i.e. composed of short-ranged particle potentials with
pairwise interactions, a fundamental ingredient to apply any field-theoretic no-
tions of coarse-graining (Sec. 3.2).31 The range of two-particle interactions sets
the “fine-grained” spatial (and time-scale) limits of local balance of currents: Lo-
cal balance only at somewhat larger (mesoscopic) scales express “cross-terms”
resulting from coupling between orientational states among particles, for ex-
ample. This connects with our discussion further above.

We assume the local microstates follow an equilibrium Boltzmann distri-
bution for the locally stationary configurational HamiltonianH(sj, [t]) around
each site sj, depending only implicitly on the absolute time-point of the macro-
scopic evolution. So, within an infinitesimal amount of time δt, the density
is:

ρ(N)(sj, t) ∝ exp−H(sj, [t])
kBT

(3.166)

ρ̃(N)(si, t) ∝ exp−H̃(si, [t + δt])
kBT

. (3.167)

The relevant quantity at the mesoscopic scale (where the dynamics become
stochastic) is the ratio of these transition rates

Wi(sj, t)
W̃j(si, t)

=
ρ̃(si, t + δt)

ρ(sj, t)
= exp

(
−∆jiH(s, [t])

kBT

)
. (3.168)

For systems with short-ranged attractive configurational Hamiltonians and
hard-core repulsion, it is possible to express a forward transition rate by

Wi(sj, t) ∝ min

{
1, exp

(
−H̃(si, [t + δt])−H(sj, [t])

kBT

)}
(3.169)

≡ min
{

1, exp
(
−∆jiH(sj, [t])

kBT

)}
(3.170)

where the minimum condition avoids double-counting the configurational
energy barrier between the states ∆jiH(s, [t]) with the reverse process. The
minimum condition implies there is a maximal rate for one direction, and a
smaller rate for the other direction. The form of Eq. (3.170) is known as the
Metropolis algorithm for MCMC methods (Sec. 3.4). Otherwise, one can choose

31Long-ranged interactions may pose a fundamental problem in that the systems may be
non-ergodic, see discussion in Sec. 3.5.3.
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to halve the effective energy barrier ∆jiH(sj, [t]) for each direction,

Wi(sj, t) ∝ exp
(
−∆jiH(sj, [t])

2kBT

)
(3.171)

Applied to a time-dependent density, local balance will express the fastest,
smallest-scale fluctuations in the system.

“Mesoscopic” balance (qualitative discussion)

Notice that nonequilibrium stationary states can be stationary of the global-
balance condition (Eq. (3.162)), as well. For example, a system can jump be-
tween various metastable states (i.e. there is no single, global minimum). For
example, this occurs at coexistence in the grand-canonical ensemble or in
a symmetry-broken phase (upon a continuous phase transition). There, the
Markov chain still fulfills this global condition, where dynamically-coarse-
gained, rare events characterize the dynamics among the states. (See also discus-
sion on mesostates in Sec. 3.5.1.)

Thus, at the mesoscopic level-of-treatment, transitions occur among subsets
or sub-partitions of phase space. Schematically, we can think of a partitioning
of phase space into mesoscopic states Γα ⊂ Γ. As we presume that the time-
scales between transitions among metastable states is much longer than that
of local dynamics, we can generally approximate the behavior as “equilibrium”
within each metastable state, i.e. forces are approximately balanced.32 Hence
any state si states within the subsystem sj ∈ Γα, would fulfill local balance (if
the subsystem is approximately isolated), i.e.

∑
sj∈Γα

(
Wi(sj, t)ρ(N)(sj|sj ∈ Γα)−Wj(si, t)ρ(N)(si|si ∈ Γα)

)
≈ 0 . (3.172)

The condition for restoring a global equilibrium state, however, after very long
times means this subsystem must still find a transition path to other regions of
phase space. Transition rates between coarse-grainable mesostates in this case
means the global balance condition is shifted “one level up” in coarse-graining.
Situations where mesoscopic balance occurs is at coexistence in the grand
canonical ensemble, for example, if we consider each stable phase a “metastable”
state in global equilibrium. This can be observed in MCMC simulations at
coexistence or upon crossing a critical point – the system will ‘jump’ between
symmetry-broken phases in a rare, abrupt event.

3.3.5 “Attempt” rates and random motion a la KMC

The proportionality factor in Eq. (3.170) is something like an “attempt” rate for
the transition, i.e. an a priori probability for the transition due to thermal motion
that decouples from the configurational Hamiltonian. Conceptually, an attempt
rate means microscopic motion faster than the considered level of coarse-graining: A
ratio of kinetic (thermal) energy kBT versus an energy barrier −U(i)

b (sj) would

32In this way, we can consider the subspace as a biased ensemble, part of a general class of
numerical “tricks” to accurately sample rare events in MCMC methods – umbrella sampling, for
example.
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render an effective rate

W0
ji ≡ exp

(
−U(i)

b (sj)

kBT

)
(3.173)

for an escape that happens at intermediate times of a locally balanced dynam-
ics between lattice sites. Eq. (3.173) is an example of an Arrhenius law. Sub-
microscopically (way below the resolution the fastest processes considered in
the master equation), this random motion is due to the coupling with a thermal
bath (Sec. 3.3.3). Thus, both the “attempt” motion is inherently stochastic and
renders “overdamped” dynamics.

Eq. 3.170 signifies that the random motion at site si can be considered a
“chain” of events: A successful “attempt” motion, before the local configura-
tional Hamiltonian is evaluated (which sets a lower limit on the local time-scale
∆t), and an uncertain “acceptance” motion conditioned on the attempt that will
slow the motion due to modified energy barriers evaluated at the intermediate
state (at ∆t). As the acceptance motion has less than one probability, it might
hinder the real motion completely. As this “motion” is virtual, alluded to above
in Sec. 3.3.4, it does not hinder the propagation of time t→ t + ∆t. In another
sense, the “attempt” motion is also virtual, but as it fixes the average minimal
required time-step ∆t (see below), we can call it “real” at the local scale. Both
the “attempt” motion and the (conditional) “acceptance” motion are inherently
overdamped and are suitably modeled by Poisson processes in-between time-
steps.

In a kinetic Monte Carlo (KMC) simulation (described more generally in
Sec. 3.4), the local random motion in the form of isotropic hopping diffusion
with rate Wi(sj, t) will be emulated by sampling a random direction i around sj
with relative probabilities

prel
(

ρ(N)(sj, t)→ ρ̃(N)(si, t + ∆t)
)
≡ Wi(sj, t)

∑
i′

Wi′(sj, t)
(3.174)

and by sampling a random, (bounded) value of a time-step ∆t. This is chosen
from a Poisson distribution of waiting times over each direction,

∆t(t) ∼ pwait(∆t) = exp

(
−∑

i′
Wi′(sj, t)∆t

)
. (3.175)

The time-steps are written here as a function of the time-point t since the
transition rates can change over time. In the case of many concurrent processes
in-between time-steps, the joint Poisson distribution must be considered. Note
here that in the assumption of randomized motion (momenta) due to a thermal
bath, the exact ordering-of-events of concurrent processes is unknown, which
we describe as a joint stochastic process. A random process (event or “move”)
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is sampled according to its relative rate versus the sum over all possible rates:

∆t(t) ∼ pwait(∆t) = exp

(
−∑

kl
Wl(sk, t)∆t

)
(3.176)

prel
(

ρ(N)(sj, t)→ ρ̃(N)(si, t + ∆t)
)
≡ Wi(sj, t)

∑
k,l

Wl(sk, t)
. (3.177)

Wl(sk, t) lists all processes (e.g. “hopping moves”) in the system from sites sk
to sl that are physically possible at time-point t (exclusions are due to hard-core
repulsions, for example).

We would like to remark on one detail here. If short-ranged soft repulsions
between particles are added in the model system, the Arrhenius, attempt rate
should absorb the repulsive potential This will shrink the minimal required
time-step to resolve the locally “faster” dynamics due to short-ranged and
weak repulsion. Away from other particles, the effective “hop” rate will be
smaller by shifting the energy barriers in the rates again. We assume that the
motion remains overdamped at the scales of the coarse-grained dynamics con-
sidered. As mentioned before, it is generally possible to split rates into many
contributions if we assume the underlying Hamiltonian is separable (additive).
Hence, (“weak”) static external potentials are assumed to decouple from the
other parts of the Hamiltonian and will not change the local Markovian or
“overdamped” character of the dynamics, either. Again, these potentials are in-
cluded in the (Arrhenius) energy barriers in the attempt rates. Slowly-changing
external potentials could be added into the local Hamiltonian of the acceptance
rates, as these are evaluated on-the-fly.

Within this locally-Markovian dynamical model of interacting particles,
any “fast” or “strong” changes to the system by external means (temperature
quenches, confinement potentials, rapid increase in particle number) or due to
“thermodynamic forces” (actually, a disbalance of “internal” forces due to an
unfavorable initial condition that causes phase separation, for example), break
the local balance of “internal” forces, generating currents in the system and,
therewith, a nonequilibrium response. Locally coherent structures at various
mesoscopic scales emerge (“collective variables”) in phase separation, for ex-
ample, which we observe in Ch. 5 during thin film growth with a system of
“sticky” hard rods.

3.3.6 Towards mesoscopic, analytical descriptions for nonequilib-
rium

Reduced distributions

We discussed the formal N-body dynamical evolution of interacting particles
in the form of a master equation on lattices in Sec. 3.3.2. The difficulty lies in the
system being highly correlated, and there is no easy way to extract the form of
these correlations, even of a reduced set. Formulating equations of mesoscopic
or macroscopic variables (order parameters) during the evolution will require
some approximations, such as quasi-stationary (thermal or overdamped) mo-
tion for at least a subset of variables.
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In isolated systems, the microscopic “evolution” is a natural motion that is
completely reversible in time. In Sec. 3.1.2 we described how a density dis-
tribution ρ(N)(qN , pN , t) can be defined in a clear way, given the “sharp” mi-
croscopic motion of phase variables (phase space trajectories). Unfortunately,
if we wish to describe the dynamical evolution in terms of a one-body den-
sity system ρ(1)(qN , pN , t), then we run into problems: In the thermodynamic
limit (N/V → ∞), this amounts to solving an infinite set of coupled integro-
differential equations. If particles interact with each other, then we cannot de-
couple these into a set of one-body equations of motion for the density func-
tions. In fact, the dependencies form a hierarchy of reduced s-body distribution
functions, known as the BBGKY (Bogoliubov–Born–Green–Kirkwood–Yvon)
hierarchy [26, 95]: Determining an f particle distribution means we need to
know the ( f + 1) particle distribution.

Knowledge of the one, two, and possibly three-body distribution functions
is usually sufficient for calculating relevant observables; however, these equa-
tions will not form a closed set of two or three equations [95, Ch. 4]. Therefore,
dynamical theories of equilibrium that work on the basis of two or three-bodied
distribution functions must entail some approximations or closure relations. The
Boltzmann or Vlasov equations, or even master equations of the reduced set are
some examples.

The typical master equations discussed in this chapter are valid within ther-
mal systems, which are a bit more subtle, as their form of natural motion in
equilibrium is stochastic (locally Markovian, “overdamped” motion).33 Fluc-
tuations at microscopic scales due to the thermal bath generate a very weak
uncertainty of the precise microscopic state at smallest scales treated.

Putting this subtlety aside, these systems will entail the same difficulty
in reducing the master equation for the “sharp” N-body distribution from
ρ(N)(s, t) to a one-body distribution function ρ(1)(s, t) ≡ ρ(s, t). We speculate
this has to do with the lost time-ordering of events when integrating out the
(N-1) other equations of motion. We may be forced to consider taking the limit
∆t → 0 in nonequilibrium conditions, for example, where we will need to
“resolve” the dynamics at ever shorter time- and length-scales. Thus, it may
be difficult or impossible to find a universal transition rate Wi(sj, t) between
discrete states si, sj at an exact time-point t for all realizations of the system.
DDFT makes an approximation which is quasistationary and mean in character,
which we describe below.

Weakly coupled systems can render a closed one-body equation for ρ(1)(s, t)
in a mean-field approximation, where correlation functions of order higher
than a certain number f can be neglected, while correlation functions of lower
order (≤ f ) can be expressed in terms of the one-particle reduced distribution
function [95, Ch. 5]. The resulting equations of motion are considered those of
a kinetic regime.

Approximation to one-body dynamics: DDFT

In density functional theory, static, configurational properties of equilibrium are
captured by the mean one-body density ρ(s) defined as a grand-canonical en-
semble average (a classical “trace” operator (Eq. 3.78)) of a localized one-body

33Note, however, that even deterministic motion, i.e. the microcanonical ensemble, can be
expressed in terms of a master equation (Liouville equation, or in a piecewise manner [774,
Ch. 5].
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function ρ̂(s) ≡ ∑
α

δ(s− sα). This mean density is also a functional derivative

of the grand potential functional with respect to an external (static) field:

ρ(s) =
δΩ[Vext(s)]

δVext(s)

∣∣∣∣
µVT

. (3.178)

If we define a “local” chemical potential via

µloc(s) = µ−Vext(s) (3.179)

then we can see that

ρ(s) = − δΩ[µloc(s)]
δµloc(s)

∣∣∣∣
VT

. (3.180)

Further, we can find the relation

δ2Ω[Vext(r)]
δVext(s)δVext(s′)

∣∣∣∣
µVT

= − δρ(s)
δVext(s′)

∣∣∣∣
µVT

(3.181)

= β
(
〈ρ̂(s)ρ̂(s′)〉 − ρ(s)ρ(s′)

)∣∣
µVT (3.182)

= χ(s, s′)
∣∣
µVT (3.183)

where the right-hand side expresses the response of the density with respect
to an external conjugate field at another position in space (See Sec. 3.2). The
density response is also known as a susceptibility χ(s, s′). This means that
the response is completely expressible in terms of the grand potential func-
tional Ω[ρ(s); Vext(s)]. We can also connect this response to the fluctuation-
dissipation theorem (Eq. (3.107)), which means that for weak perturbations
from equilibrium, the mean, time-dependent density ρ(s, t) will propagate ac-
cording to equilibrium response functions (Brownian diffusion).

This is a small motivation for DDFT. On the lattice system, we can begin by
assuming a local equilibrium of fluxes (Eq. (3.165)) defined by mean one-body
densities W̃j(si, [t])ρ(si, t) and W̃i(sj, [t])ρ(sj, t) along with some mean transi-
tion rates. The relative transition rate between the locations defines the micro-
scopic motion at site si, and can be considered to arise from a difference in an
external potential ∆ijVext(s) applied a neighboring site from si. By Eq. (3.179),
we can interpret the disturbance as a disbalance

∆ijµ(s) ≡ µ(sj)− µ(si) (3.184)

in the local chemical potential. The local chemical potential is related to the free
energy by a functional derivative

µ(si) =
δF (si)

δρ(si)
(3.185)

=
δF exc[ρ(s)]

δρ(si)
+

δF id[ρ(s)]
δρ(si)

≡ µexc(si) + µid(si) (3.186)



3.3. Master equations for dynamics in lattice systems 129

The “external field” disturbance is thus due to a local excess chemical potential
difference ∆ijµ

exc(s) between the sites.34

In terms of a local configurational “Hamiltonian” H̃(s, [t]) that depends on
the moment of the evolution implicitly, we have the local balance condition in
analogy to that of the full N-body evolution in Eq. (3.170):

W̃j(si, [t])
W̃i(sj, [t])

=
ρ(sj, t)
ρ(si)

exp
(
−β∆ijH̃(s, [t]) + β∆ijµ

exc(s, [t])
)

. (3.187)

However, density functional theory is a mesoscopic theory, working with mean
values of densities over a grand canonical ensemble. From its viewpoint, statis-
tics are obtained by long-time observation or an integration over phase space
variables – concepts we illustrated in Sec. 3.5.1. The microscopic character has
already been “integrated out”, and the local “Hamiltonians” will take on the
same value, to first order in space and time, so ∆ijH̃(s, [t]) ≈ 0. In this ap-
proximation, the ratio of the transition probabilities results from a difference in
excess chemical potentials:

W̃j(si, [t])
W̃i(sj, [t])

=
ρ(sj, t)
ρ(si, t)

exp
(

β∆ijµ
exc(s, [t])

)
(3.188)

≡ exp

(
β

δF exc
eq [ρ(s, t)]
δρ(sj, t)

− β
δF exc

eq [ρ(s, t)]
δρ(si, t)

)
. (3.189)

The DDFT ansatz in Eq. (3.189) says that the free energy functional that defines
the local excess chemical potential is that of equilibrium, only we evaluate it for
the nonequilibrium density. This means the response of the density function
will follow Eqs. (3.181) and (3.182).

The Eq. (3.188) allows for an a priori probability or an “attempt” rate that can
set a diffusion constant (particle mobility), for example, completely analogous
to the “attempt” rates for KMC simulations. Notice that we need not express
a minimum condition like in the general form of Eq. (3.170) since we can, in
effect, absorb the excess chemical potential differences into the “attempt” rate.
The ratio of the transition rates will render the difference in excess chemical
potentials.

Further, the assumption that the effective “Hamiltonians” take on the same
value at nearby lattice sites is only valid for simple hopping diffusion of point
particles. If the lattice objects are extended in space (like rods), then a transition
can occur over extended regions of space, depending on the motion (“move”)
considered. One must account for the possibility that certain lattice sites will
remain “blocked” during this local equilibrium period. This means we need
to define a (minimally) mesoscopic balance equation, i.e. fluxes will not follow
detailed balance (which is strictly pairwise and presumes all degrees of free-
dom can be decoupled completely), but, from a sum rule. This may lead to
a transition rate that has multiple terms in the exponent for one direction of
motion, while only one term in the exponent for another direction.

These are the general forms of the lattice DDFT equations that we shall
explore in the context of a lattice model of hard rods in Ch. 4, with one further

34It appears unnecessary to treat the ideal part of the chemical potential in the DDFT transition
rates, which we find empirically in Ch. 4; we argue here that in integrating out the microscopic
character (see next few sentences), their local difference becomes approximately zero.
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simplification: For homogeneous systems, we make the assumption that the
master equation only depends on particle orientation (which represent the
indexed mesoscopic states), but not position s.

The downside of effective approximations: limited “bandwidth”

Assuming that the microscopic structure and dynamics (governed by an un-
derlying microscopic Hamiltonian H̃ of the “sharp” N-body description) have
been “integrated out” comes with one important consequence: In the spirit of
“effective field theories (Sec. 3.2), an “effective” Hamiltonian H̃will always take
on larger values than the mean of the microscopic Hamiltonian:35

β∆H̃ ≈ − ln〈e−β∆H〉 ≥ −〈ln e−β∆H〉 ≡ β〈∆H〉 (3.190)

We presumed that ∆H̃ ≈ 0, hence the “true” relative rates can, at times, be
much faster or slower than than that offered by Eq. (3.188), which acts as a
lower bound on the possible relative transition rates: The bandwidth of rates
(time-scales differences) will be larger within the true system. The consequence
is that the time-evolution in the “true” system will be much slower. This is an
effect we see in KMC simulations in Ch. 5 when approaching phase boundaries,
at the point when the bandwidth of rates in the system is largest. Then, the
propagation of time slows, measurable in smaller required time-steps to resolve
all the time-ordering events in the N-body dynamics, i.e. ∆t ∝ 1

∑Wkl
where Wkl

represents the rates. A larger bandwidth about a mean total rate ∑Wkl ≈
〈W〉+ ∆W will imply the “extra” events must relax – with relaxation time 1

∆W
– in between events accounted for in the “mean” dynamics. Thus, a whole series
of events that are propagated in terms of the “mean” time-scales are effectively
cut out of the evolution.

Therefore, the DDFT evolution via Eq. (3.188) might be too too fast (lo-
cally, in time) as a nonequilibrium system can entail a larger heterogeneity
of energetically-activated processes, especially if particles are anisotropic. An-
other point is the level of localization, or the level of coarse-graining attempted.
The larger the spatial coarse-graining scale, the narrower the bandwidth of
events considered, capping the ability to capture highly nonequilibrium stages
of an evolution.36 We see this effect to some extent in Ch. 4 once a system is
brought to a highly nonequilibrium state entailing a high degree of dynamic
arrest (the case of jamming in a monolayer). The DDFT appears “too fast”, in
the sense of too “efficient” at dissipation. This is especially the case when the
(simulated) dynamics couple individual-particle rotational with translational
degrees of freedom.

35like constructing a ‘partition function’ over probable states, but, locally in time and space in
a “mesostate”

36A related topic is that of choosing a “grid” length in numerical solvers or more generally for
a lattice model, at least for equilibrium systems. In nonequilibrium, excluding events due to an
‘uncontrolled’ cutoff time-scale can change the future evolution drastically. We see will see these
effects, indirectly, in Ch. 5, where a different choice of local-scale dynamics of rods (coupling
the rotational and translation “moves” directly) on a lattice leads to different phase separation
kinetics, and, thus a different morphological and dynamical evolution of a system.
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3.3.7 Suggested improvements (speculative discussion)

In light of the above discussion, we suggest an improvement the DDFT
Eq. (3.188) that, however, remains purely speculative at this point. The
uninterested reader can proceed to Sec. 3.3.8.

We may effectively increase the bandwidth of the rates if we include higher-
order functional derivatives of the free energy, during a minuscule time-step
δt in-between a ‘mesoscopic’ transition time-scale ∆t.37 The additional term to
the excess chemical potential (perturbation field) might be written as

∆(2)
ij µexc(t) ∝

δF [ρ(s, [t])]
δρ(si, t− δt)δρ(sj, t− δt)

, (3.191)

for any “internal” dynamics like rotational or translational (effective) motion
of particles. The second derivatives of the free energy represent correlations of
excess chemical potentials in equilibrium.

Arguably, by employing correlation functions from derivatives of an equi-
librium free energy functional (the central ansatz of DDFT), we seem to be
implying that the fluctuation-dissipation theorem from equilibrium is fulfilled,
locally. It would be interesting in to explore in the future how well the amount
of dissipation is estimated with this ansatz.

Saddle points in the free energy are particularly interesting. They repre-
sent locally stationary points of the free energy surface (see Sec. 3.2, utilized in
Gaussian approximations and variational mean field theory). There, second
order gradient terms of the free energy – like in Eq. (3.191) – are nonzero, but
first-order gradient terms disappear.

Thus, although detailed balance is broken in nonequilibrium, we may still
be able resort to a “metastable” form of balance, which would reinstate approx-
imate continuity and energy conservation at a mesoscopic level. The saddle-
points contained in a second-order correction term might allow for the dynam-
ics to enter quasi-stationary (transient) states during the evolution, increasing
the effective bandwidth of events (effectively correlating the system in more
ways locally), potentially “slowing down” the dissipation. In other words, such
a correction term may introduce a small separation of time-scales in the dynam-
ics. Therefore, phase separation kinetics may be captured more accurately by in-
cluding these saddle points, in particular the entry to and exit from metastable
phases.

Self-consistent approaches (?)

Perturbative approximations like cumulant expansions are not necessarily self-
consistent and can violate conservation laws. An expansion should act, ideally,
as a bound on the (variational) free energy [822] or whatever other generat-
ing functional is central to the approximation.38 For dynamics, it seems we
would need to quantify a limit with respect to a local power or dissipation rate,
likely related to entropy production rates [804–806, 817, 823, 824]. Theoretical
approaches that begin with a functional form of dissipation rates and power

37This idea may bear resemblance to numerical integration with the so-called leap-frog
scheme.

38Please see a description of variational mean field theory in Sec. 3.2.
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like power functional theory [825, 826] may be promising, in line of our discussion.
There, densities are found after obtaining nonequilibrium currents (from the
functional minimization) by means of a continuity equation, i.e. the approach
is self-consistent and abides to a conservation law at relevant scales.

On a general note, if we do not correctly account for self-consistency (preser-
vation of energy per unit time) in the evolution of dynamics, then we mod-
ify a most fundamental aspect of dynamics: the causal structure of relevant
events occurring at the considered scales (see discussion in e.g. Refs. [784, 827]).
Causality is related to a visible “arrow” of time at the considered scale [788,
818, 828], and is at the heart of irreversible dynamics (see further discussion in
Sec. 3.5). A loss of causal relations implies a fundamental loss of information,
as time-ordering of events is lost (a “smearing out” of probability densities).
A coarse-grained model has less ways in which events can occur, and thus, be
reordered. Therefore, the reduction of dynamical complexity (bandwidth) in
nonequilibrium will need to be highly adaptive along the evolution.

Remark. Dissipation protocols can also be regarded as gauging the many-
body processes during an evolution, involving various number of variables
or particles. In accordance with our discussion of dynamical coarse-graining in
Sec. 3.5.1, a transition between two many-body mesostates m, m′ can be associ-
ated with a ‘free energy’ barrier:

Wm,m′ ∝ exp (−β∆m,m′F) . (3.192)

For first-order phase transitions to occur dynamically, then, the dissipative
power of the external forces must be sufficient to overcome such a energetic
barrier within a certain interval of time, in comparison to competing processes.
The rates provided by our initial DDFT formulation, Eq. (3.188) may not pro-
vide a correct bound on the “internal” dissipation rate or entropy production
in between local time-steps – the first-order term of the chemical potential dif-
ference represents an unstable ‘drift’ term, and not a saddle point. We need
to consider correlations of chemical potential differences when transitioning
among differently-oriented states of anisotropic particles, which amounts to
finding a mesoscopic balance condition.

3.3.8 Formal properties of Markovian dynamics

Any theory of equilibrium or nonequilibrium must address the question of how
a system initially in equilibrium responds to external stimuli in time, which
means we look at two-time correlation functions. A two-time autocorrelation
function is defined as

fA(t, t′) =
〈A(t′ + t)A(t)〉t′ − 〈A(t′)〉2t′
〈A(t′)2〉t′ − 〈A(t′)〉2t′

. (3.193)

The observable A(t′) is usually some kind of configurational average (an order
parameter) at time t′, making it one of the slowest variables in the dynamics.
The autocorrelation function may decay in a non-exponential manner that
could indicate a number of things: Stretched exponential decays are common
when approaching a liquid-solid transition in hard-sphere systems, for example
[557], and can indicate that the system entails a broad variety of relaxation
processes; on the other hand, the system may not yet be in equilibrium (often
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indicating that e.g. sampling is not good enough), or may have begun at a
highly nonequilibrium state and entails memory. (The latter would quantifiable
by varying the laboratory time t in relation to the time-difference ∆t = t′ −
t.) However, in the simplest of cases of Markovian dynamics, an exponential
relaxation will be observable, and the relaxation time τexp can be fit by the
ansatz

f (∆t) ≈ a exp(−∆t/τexp) (3.194)

for sufficiently long time differences (waiting times) ∆t.

Markov chains

For a stochastic chain of events in time to be Markovian, formally, the conditional
probability for the system to transition to state j at time-point t + ∆t must
depend only on our last observation of the system in state i at time t rather
than on the full history {si(t′)}t

0:

p(sj(t + ∆t)|{si(t′)}t
0) = p(sj(t + ∆t)|si(t)) (3.195)

We can say the dynamics of such a system that are local in time, and the evolution
proceeds in discrete time-steps ∆t. However, Markovian dynamics of many-
particle systems must also be local in space: Assuming the states are already
coarse-grained, we impose the condition of statistical independence to all other
states, their history included

p(sj(t + ∆t)|si(t), {sk 6=i(t′)}t
0) = p(sj(t + ∆t)|si(t)) , (3.196)

too.
The transition probability has to satisfy [774, Ch. 5]

p(sj(t + ∆t)|si(t))→ δ(sj(t)− si(t)), ∆t→ 0 . (3.197)

The next term in the expansion with respect to the time-step entails the transi-
tion rate Wi(sj):

p(sj(t + ∆t)|si(t)) = (1− a(si(t))∆t) δ(sj(t)− si(t))

+ ∆tWi(sj) +O((∆t)2) (3.198)

The factor a(si(t) is determined from the normalization condition for the con-
ditional probability, for t > t′, ∆t > 0:

1 = ∑
i

p(sj(t + ∆t)|si(t)) (3.199)

= 1− a(si(t)∆t + ∆t ∑
i

Wi(sj) +O((∆t)2) , (3.200)

i.e.

a(si(t) = ∑
i

Wi(sj) (3.201)

Eq. (3.198) implies that for small time-step ∆t, the system will either proceed
into the same state with a certain probability, or proceed to another state with
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a complementary probability. A trajectory of the random variable (s(t)) will
appear constant on longer time-scales, interrupted by random jumps.

A transition rate Wi(sj) thus characterizes the number of jumps – in chang-
ing between states i to j 6= i – over a certain time-period ∆t.

If the value of the changes within ∆t is variable, but follows a stationary
mean, this stochastic chain-of-events effective dynamics can be expressed as
Poisson processes. The Poisson process is characterized by a waiting time
distribution between events (transitions) that render a mean number of events.
The probability to be waiting to transition to si within a time-interval ∆t, given
the system is in sj, is an exponential decay:

pwait(sj → si, ∆t) = exp(−Wi(sj)∆t) . (3.202)

Notably, if many Poisson processes co-occur in the system, one needs to con-
sider a joint Poisson process. We cover this in Sec. 3.4 for kinetic Monte Carlo,
an algorithm that propagates time via Poisson waiting time distributions like
Eq. 3.202.

3.4 Markov-Chain Monte Carlo methods

Highly idealized systems – such as lattice models – are perfect candidates for
simulation methods based on Markov chains. Up front, the lattice models of
particle systems must readily be “coarse grained” on some basic level, spatially
and in dynamics, the latter of which can be presumed locally Markovian, i.e.
thermal motion of particles due to coupling with a thermal bath. These are
arguably one of the simplest possible types of local dynamics, and the N-body
system of simple particles following such dynamics is describable, in theory, by
the kind of N-body master equation motivated in Sec. 3.3. Kinetic Monte Carlo
(KMC) simulations emulate exactly these kinds of dynamics, in-equilibrium,
but also nonequilibrium conditions. In the latter case, we must assume the
external perturbation driving the nonequilibrium evolution do not affect the
local-scale dynamics of the system directly, i.e the dissipative part of the Hamil-
tonian does not couple to external perturbations and the Hamiltonian remains
local. We describe this method in Sec. 3.4.1 below.

Crucially, master equations describe an irreversible evolution of probability
fluxes towards the equilibrium end-state as soon as any such external perturba-
tions are “turned off”. In equilibrium, balance conditions should hold for any
relevant scale of treatment. As equilibrium guarantees various self-averaging
properties, dynamics will also appear Markovian at these various scales. In fact,
we can come up with our own, “make-pretend” version of system dynamics
at a microscopic level –single-particle “moves”– or mesoscopic level many-
particle, collective “moves” – as long as we are certain these lead to a globally
balanced state (and are ergodic, of course). Equilibrium Markov Chain Monte
Carlo algorithms utilize this “trick” for simulation equilibrium pseudodynamics.
We describe these in Sec. 3.4.2.

3.4.1 Kinetic Monte Carlo simulations

We employ kinetic Monte Carlo algorithms [22, 24] in this thesis in part II for
exploring nonequilibrium dynamics in a lattice model of hard rods. KMC (also
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called the “n-fold-way algorithm” [23, 163]) numerically solves the master equa-
tion that would describe the effective dynamics of particles with short-range
interactions coupled to thermal baths, where temperature is clearly-defined.
It is usually performed for discrete systems, i.e. on lattices, but can be used
for continuum systems in a coarse-grained approach, too (which we will not
discuss here). Random motion is inherent, therefore, owing to the thermal bath,
where an attempt rate quantifies microscopically diffusive or random-walk-type
of motion in the low-density limit.

KMC models the full N-body dynamics, where microscopic dynamics are
modeled as Poisson processes, i.e. locally Markovian dynamics. Thus, between
simulation time-steps, the full system is described by the full set of rates
{Wi(sj, t)} of the system. The simulation propagates time by the joint Poisson
process that describes the full system – it is inherently stochastic, then, and
each run of the simulation will generate a unique trajectory of the system that
is compatible with these assumptions (and with local physical laws enforced
by inter-particle interactions).

In any case,at each time-step, any possible processes can occur at any mo-
ment because we assume they are statistically independent. ‘Processes’ are
random, abrupt, discrete “events” that are distributed with a Poissonian prior.
In a Poisson process, abrupt events occur with a random waiting time between
events, the mean value of which is the reciprocal of the characteristic rate of the
process [829]. In a system with many independent Poisson processes (a joint
process), the characteristic waiting time for any event to occur is the reciprocal
of the sum over the individual rates.

Consider the set of possible transitions (with their rates) {Wi(sj, t)} between
any pair i 6= j of states. The full waiting distribution before the next follows

pwait([t], t′|{Wi(sj, t)}) = exp

(
−∑

i 6=j
Wi(sj, t) t′

)
(3.203)

for t′ > t. Therefore, the waiting time t′ − t ≡ ∆t(t) can be sampled from this
distribution at every time-step t of the KMC simulation:

∆t(t) =
1

∑
i 6=j

Wi(sj, t)
ln u (3.204)

for u ∼ Uniform(0, 1] is a random number in the unit interval. The total rate

Wtot(t) = ∑
i 6=j

Wi(sj, t) (3.205)

sets the time-scale at which the system is next expected to evolve forward
(when a “move” will next happen).

As discussed in Sec. 3.3.4, in an interacting many-body system, the transi-
tion rates will change in time with the evolving configurations, i.e. the Poisson
processes in the joint distribution are only independent between time-steps. The
“true” rates must be adjusted ad hoc after every forward evolution of the system
(after every time-step). In essence, we are updating the posterior probabilities
for events in the system at every time-point.

In the local Markovian assumption, these rates are adjusted to fulfill the
local-balance condition (Eq. (3.170)): The transition rate can be expressed, most
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generally, as

Wi(sj, t) = W0
ji min

{
1, exp

(
−∆jiH(s, [t])

kBT

)}
(3.206)

where W0
ij represents the “attempt” rate to transition between two positions (or

orientations, in the case of rods), (si, sj), and the “min” expression represents
a posterior probability for the event to occur, according to a (local equilibrium)
Boltzmann distribution. Typically, the attempt rates are independent of abso-
lute position s (for a uniform substrate potential, for example, in the case of
thin film growth with rods studied in this thesis). In line with our discussion in
Sec. 3.3.4, Eq. (3.206) sets the magnitude of the current generated by local forces,
which are a product of the configurational part of the HamiltonianH(s, [t]) at
the time-point t and the (unchanging) dissipative part of the Hamiltonian that
drives the thermal, random motion. (The subtlety here is that thermal systems
are dissipative (Sec. 3.3.3.)

The relative probability for a particular event to occur, i.e. that a particular
particle “hops” or e.g. rotates into a neighboring site(s), among all possible
events {Wi′(s′j, t)} at time t, is given by the ratio of its rate with the total rate
Wtot(t):

prel(Wi(sj, t)|{Wi′(s′j, t)}) ≡ Wi(sj, t)
Wtot(t)

. (3.207)

The algorithm must choose a random event according to this relative probabil-
ity at each time-step.

In its most general form, KMC is implemented to avoid rejection steps
completely while sampling the trajectories of the system, unlike “standard”
Metropolis-Hastings Monte Carlo algorithms. Only valid “moves” are calcu-
lated in-between time-step. A KMC simulation is thus “event-driven”, propa-
gating time only when something moves (when an event occurs). Instead of eval-
uating Eq. 3.206 after sampling a potential move from a prior (i.e. any particle in
the system can move in any direction), we update all rates in-between time-steps
(calculate the posterior probabilities) by evaluating Eq. 3.206. This, however,
comes at a cost of algorithmic-design complexity as well as run-time complex-
ity. The “updating” steps are nontrivial and rather involved for anisotropic
particles, such as long, hard rods (particularly in full 3D, which we have imple-
mented, along with rods in monolayer confinement). Rods are non-local (ex-
tended in space), and affect a much larger range of potential events, let alone
their affect on each other is not symmetric. (See part II of this thesis). We had to
design a new, customized algorithm for this purpose, the basic ideas of which
are illustrated farther below.

We employed an adaptive method [830] that allows us to reduce the compu-
tational overhead to some extent: Possible events are updated only according
to the hard-core potential between particles (whether or not they are ‘blocked’).
By ignoring the attractive interactions, at first, we reduce the number of up-
dating “checks” significantly between time-steps. However, we are required
to sample the correct (relative) rates later in an “accept-reject” Metropolis step.
Let us explain in more detail.

For hard-core systems with attractive forces the minimum-condition can be
split into two conditions – one for the hard-core part of the local Hamiltonian
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change, and one for the attractive part:

Wi(sj, t) ∝ min

{
1, exp

(
−∆jiHhard(sj, [t])

kBT

)}

×min
{

1, exp
(
−∆jiHatt(sj, [t])

kBT

)}
(3.208)

The hard-core potential seen from site sj is defined by the occupation prob-
ability (which is binary at the “fully-resolved” level of each particle) of the
neighboring lattice site si:

∆jiHhard(sj, t) =

{
0, if ρ(N)(si, t) = 0
∞, otherwise

(3.209)

The product of the minimum conditions implies, algorithmically, that second
conditions can be evaluated subsequently to the first during the simulation:
The hard-core repulsion is tracked at every moment using an algorithm that
suitably searches for the correct “free volume” for a particle (an “inverted
event-list index”), which we developed for hard rods on lattices. Together
with the attempt rate, the “hard-core” transition rate constitutes an upper limit
on the correct transition rate. Secondly, the “attractive” component, which
needs to evaluate the local energy around two different local configurations, is
evaluated a posteriori, after the upper limit of the rate has been used for the full
N-body time-propagation step (in the calculation of the total rate in Eq. 3.205
and in selecting any one of these random events with relative rate in Eq. 3.207).
Whenever an event has been chosen, the event is randomly accepted with a

probability min
{

1, exp
(
−∆jiHatt(sj,t)

kBT

)}
for the “attractive” part of the rate. We

employ this “hybrid” KMC method method in Ch. 5 for a system of “sticky”
hard rods.

As the N-body transition rates are evaluated between time-steps, the
stochastic equations of motion are effectively second-order in time. KMC is
thus a “full” dynamical N-body solver of the equations of motion, given that
a Markovian dynamics holds at the smallest scales considered (at the level
of each particle). Technically speaking, the evolution proceeds according to a
“forward” master equation, i.e. the unbalanced current that renders a forward
equation of motion.

dρ(N)(si, t)
dt

= −∑
j

Wij(t)ρ(N)(si, t) (3.210)

(The inhomogeneous part of the master equation Eq. (3.116) can be absorbed
into the sum over transition rates.) In the absence of external perturbations or
away from any phase transitions, the simulations will emulate motion of an N-
particle system in equilibrium system as long as Eq. 3.205 is properly calculated
(local balance). In nonequilibrium, where detailed balance is ultimately broken
owing to an external perturbation, the KMC algorithm will generate a possible
trajectory of the N-body system.
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3.4.2 Equilibrium MCMC sampling

The broader class of Markov Chain Monte Carlo methods is usually aimed at
equilibrium systems [38, 61–63][794, Ch. 6][57, Ch. 7]. The simulations offer
efficient methods for obtaining estimates of statistical quantities of the system
in equilibrium, which are formally exact. The accuracy of these estimates are
limited by the quality of the sampling.39

The ergodic hypothesis means that any dynamics that explore all of phase
space will ultimately render the same, static properties in the long time limit.
Consequently, we can generate the correct statistics using “fake” dynamics, as
long as these converge to equilibrium. We do not necessarily need to try to
emulate how “real-world” systems move. For example, molecular dynamics
simulations are more “faithful” in the dynamics to the motion of classical
bodies, but, are computationally too costly for exploring a long evolution of a
large system. The “point” of Markov Chain Monte Carlo (MCMC) methods is
to obtain high quality statistics of equilibrium structural quantities like order
parameters.

Quite simply, the Markov chain samples the equilibrium (Boltzmann) distri-
bution of configurational states through simulated time (MC “pseudo”-time),
corresponding to the number of simulation steps. The convergence of this
chain to equilibrium is only then guaranteed if the algorithmic motion through
phase space (“moves”) fulfills the local (detailed) balance condition when
reaching a Boltzmann distribution. The proposal and acceptance probabilities
of the “moves”, which are to be executed in the simulation, must be carefully
crafted when implementing the algorithm, which we will explain below. In
addition, all states in phase space must be accessible (ergodicity of the system),
and the algorithm must be aperiodic (will not get “caught” in a repeatable
loop).

The transition probability can be split into two parts: a probability for
an event to be chosen – the proposal probability πij that is usually “time”-
independent – and an acceptance probability πij(t) that will change with the
evolving configuration. This is completely analogous to the “attempt” and
“acceptance” motion discussed in the context of KMC simulation of dynamics.
Formally, then, the transition rates from state i to j can be reformulated as

Wj(si, t) = πj(si) · αj(si, t) . (3.211)

To fulfill local equilibrium, then,

πj(si)αj(si, t)p(si, t) = πi(sj)αj(sj, t)p(sj, t) (3.212)

implies that the acceptance rate (probability) can be formulated as

αj(si, t) = min
{

1,
πi(sj)p(sj, t)
πj(si)p(si, t)

}
. (3.213)

This is known as the Metropolis-Hastings sampling algorithm [404, 831].

39And finite-size effects, which, with more effort can be “scaled out” at phase transitions.
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Grand Canonical Monte Carlo (GCMC)

The form of p(i, t) can be Boltzmann-distributed according to the current
Hamiltonian or free energy of a system in the local equilibrium approxima-
tion. For grand-canonical ensembles, then, the global system variable N(t), or
the number of particles, will also enter the form of the probability

p(si, t|µ) ≡ p(si, t; N(t)|µ) ∝
1

N(t)!
e−βH(si ,[t])+βµN(t) (3.214)

given a fixed chemical potential µ. In such simulations, we introduce a combi-
nation of MC moves that are asymmetrical in their a priori probabilities, which
is why the Metropolis-Hastings algorithm is so useful. In these cases, we intro-
duce global “insertion” moves and “deletion” moves on the configuration of
the system:

Wins
N+1(N, t|µ) = πins αins

N+1(N, t|µ) (3.215)

The prior for the insertion move is

πins =
1
2

1
V

1
ν

,

given there are ν species of particles (orientations) in the system, for example.
The inverse deletion move (only valid for N ≥ 1)

Wdel
N−1(N + 1, t|µ) = πdel αdel

N (N + 1, t|µ) (3.216)

has an even simpler prior,

πdel =
1
2

if we choose to track a list of particles of size N(t) at all times that will certainly
be attempted to be deleted.

We employ these MCMC moves for grand canonical Monte Carlo (GCMC)
simulations in various chapters, particularly in part III on this thesis.

Remark. Cluster algorithms [38, 61–63] accelerate Monte Carlo simulations mas-
sively by decreasing the time intervals needed between samples for indepen-
dent statistics. Cleverly constructed cluster updates change a configuration at
collective scales rather than at local ones, meaning the Markov Chain explores
different parts of configuration space more quickly. 40 Yet the challenge remains
to construct proper updates. Typically, one relies on local symmetries in the
system. For example, in the Ising model, a local spin can be flipped, rendering a
different, physically valid configuration. When flipping entire clusters of spins
having the same spin direction, the same logic holds. Unfortunately for hard
rods, one cannot locally rotate a rod without producing particle collisions, gen-
erally, violating the physical rules. Therefore, in Ch. 6, we resort to the “default”
of using local updates exclusively. Options for other optimized algorithms are
discussed in the outlook of Ch. 6.

∗ ∗ ∗
40Notably, the dynamic universality class of a cluster algorithm (the scaling of e.g. susceptibil-

ities with time) is different than that of local updates; moreover, these classes can differ among
cluster algorithms (i.e. the Swendsen-Wang [832] versus the Wolff [833] variant) [834].
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Now that we have described the dynamics of lattice systems in terms of mas-
ter equations, and have discussed simulations thereof with KMC and MCMC
methods, we turn to more general discussion on the conceptual difficulties in
expressing the time-evolution of many-body systems, both in an out-of equilib-
rium, whereby the meaning of “coarse graining” will be illuminated.

∗ ∗ ∗

We have discussed Markov-Chain Monte Carlo methods, master equations,
as well as aspects of DDFT in the preceding sections. These topics have direct
relations to the research in this thesis. The next section is aimed at illustrat-
ing fundamental concepts, very general in nature. We will provide a broader
view of the concept of coarse-graining in equilibrium and near equilibrium.
Conceptual ties to information theory will be discussed, and concepts relevant
for machine learning will be given a broader setting. Finally, we discuss the
breakdown of Markovian dynamics in nonequilibrium. A discussion of the ma-
chine learning algorithms and concepts for part IV of this thesis will proceed
in Sec. 3.6 thereafter.

3.5 Irreversible dynamics and the role of coarse-graining

The success and aesthetics of equilibrium statistical mechanics lies in how a
single formula allows for the calculation of all thermodynamical quantities
given the input of a Hamiltonian, which is what determines in a nutshell the
evolution of the particles of a system.41 Its simplicity is based ultimately on the
ergodic hypothesis, were we can replace dynamical averages with ensemble
averages. Uniquely in equilibrium, we are allowed to lose the sense of time.
However, if we ask how this equilibrium is reached from an arbitrary starting
point, then there is no extraordinary simplicity any longer. It is the transition
from the well-defined beginning and end-states that is so enormously complex.
Thermal systems undergo irreversible dynamics, and describing the dynamical
evolution is at least as hard as correctly describing the static properties of the
system.

We discussed in Sec. 3.1 the underlying equations of motion of isolated
classical many-body systems, described by Hamilton’s canonical equations, or
for general probability densities, that of Liouville (for isolated systems). These
are completely time-reversible. Our experience in the macroscopic world stands
in stark contrast to this, as systems clearly evolve in one direction of time, most
pronouncedly towards an equilibrium end-state: How is it that macroscopic
dynamics breaks this time-symmetry, and entropy remorselessly increases, in
line with the second law of thermodynamics? This is the paradox of irreversibility
[82, 83, 758, 759, 764, 779, 835–838][789, Ch. 4], which has been a heated point
of debate for statistical physics. This point was first observed in the last cen-
tury (Loschmidt, Zermelo, Gibbs) and still creates controversy in current times.
Thermodynamics would not exist as it stands without irreversibility, making
this a pertinent issue.

Strictly speaking, no paradox arises if we only stick to calculating equilib-
rium values: These are assumed stationary, hence time-independent. On the

41paraphrasing Balescu [95, p. 1]
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other hand, behavior far from equilibrium is not time-symmetrical. A real con-
tradiction would arise if we could derive the asymmetrical equations from
the underlying symmetrical ones. We are therefore forced to accept that there
is some additional postulate looming around – show asymmetry in time and
non-dynamical in nature – that must be conjoined with the time-symmetrical,
internal, microscopic dynamical laws [90, Ch. 1]. However, although time re-
versibility may appear locally, the boundary conditions are not reversible: the
state of the system is fixed at its initial conditions, paraphrasing Ref. [101, p. 95].
Thus even a deterministic system, like cellular automata, that is highly com-
plex will take on a different evolution depending on these a priori conditions.
Indeed, causality at the microscopic scale, may lead to irreversible behavior at
the macroscopic scale if we can presume ergodicity (see Ref. [784].) The “extra”
postulate is causality in this case, where we leave the debate open to the reader.

Attempts to trace this irreversibility back to the microscopic level go back
far to the beginnings of modern statistical mechanics. In some approaches to
the matter, the devil is hidden in the details: “sufficiently unstable” dynam-
ical systems might allow for the definition of an ensemble of states, see the
work in Refs. [839, 840]. Ref. [841] showed (1980) that, roughly, partitioning the
continuum of space in to disjoint cells – no matter how finely [82] – renders
a “strongly” irreversible stochastic Markov process towards a stationary state
(equilibrium). Specifically, so-called Lyapounov variables that grow monoton-
ically in time can be found. These allow one to define a dynamical entropy
function, thus an “arrow of time” [841–843]. Refs. [84, 836] also outlined condi-
tions for being able to map a Liouvillian equation of motion to a probabilistic,
Chapman-Kolmogorov equation [774, 813] that defines a stochastic process. 42

Taking a step back, however, we postulate43 “all we need to do” is to solve
the formally exact Liouville equation. This should offer a natural starting point
for nonequilibrium dynamics.44 Completing an approach with Liouville is
easier said than done, however. Nobody ever solved a nontrivial Liouville
equation exactly for interacting systems, which is a fundamental problem.

Typical dissipative dynamical systems [840] (which per definition are not
isolated!) do follow irreversible evolution towards chaotic attractors, which can
represent the equilibrium end-points. Arguably, then, we might try to “include”
randomness into the evolution of classical phase space distribution functions
by assuming some part of the dynamics is due to a stochastic process, rendering
stochastic versions of the Liouville equation [96, Ch. 2.2][763]. The challeng-
ing question remains, however, under which conditions this would be a valid
assumption. Energy transfer with an external system (a bath) would break
the preservation of phase-space densities on the subsystem we are trying to de-
scribe, hence of Liouville’s theorem. The non-conservation of probability makes
way to an increase in entropy: This is an argument for incorporating an exter-
nal system when describing a nonequilibrium system with a clear end-point
(equilibrium).

Thus fundamentally unresolved is how to develop a stochastic descrip-
tion “simply” by algebraically transforming reversible, deterministic micro-
scopic equations of motion, paraphrasing Ref. [813, p. 251]. For many decades,

42Ref. [844] further discusses obtaining Markov chains from chaotic, deterministic dynamics.
43paraphrasing Ref. [96, Ch. 22]
44using the words of Zwanzig [761]
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nonequilibrium descriptions have been tailored to specific systems, where as-
sumptions about e.g. a separation of time-scales are introduced a priori (such
as nucleation theories for island growth in phase-transforming systems). More-
or less-well-understood “top down” stochastic approaches include Langevin,
master, or Fokker-Planck equations.

Intuitively, one can imagine that if an isolated system undergoes sufficiently
unstable dynamics, then a small perturbation (a measurement, or a weak cou-
pling with an external system) should induce the complex dynamics that differ
from the initial condition in each instance. If a fundamental uncertainty (a par-
titioning) in phase space is all that is needed to irreversibly march towards
equilibrium, then surely any act of coarse graining will induce irreversible be-
havior. Specific information about a system (its initial state) is lost, which is
why the notions around Shannon information entropy are further useful. In
attempting to describe the system with an initial probability density, parts of
it will “leak away” into variables that are not covered by the distribution. A
monotonic increase of a quantity that is regarded as entropy will be visible,
which necessitates an explicit time-dependency of a probability density distri-
bution in order to guarantee normalization. We discuss more on dynamical
coarse-graining near- or in-equilibrium later in Sec. 3.5.1.

Gibbs Entropy: Measure over coarse-grained states

Gibbs originally introduced the concept of coarse-graining phase space into
cells in an attempt to reconcile the irreversible approach of macroscopic states
to an equilibrium state. Boltzmann attempted to prove this with his famous
H-theorem for the Boltzmann equation [88, 765, 838], transport equations for
certain classes of gases.45 One can envision coarse-graining dynamics by di-
viding phase space into some cells, on which one can describe mean or typical
(maximally likely) values of occupation during a system evolution [789]. This
view was dwelled upon by Gibbs [836]:

In considering a system of N identical particles, we assume that available
volume of phase space Γ can be partitioned into a number Ω(M) of equal-
volume cells in congruency with some mesoscopic constraints; the mesoscopic
states {Xm} are here enumerable. We associate now an N-body density on
phase space to one on a reduced set of mesoscopic variables [845, Ch. 2][846]

ρ(N)(pN , qN)→ ρ(N)(Xm) .

First let us consider the case when the cell volumes are constant: |Γm| =
|Γ|/Ω(M). For each cell center, Xm ≡ (Qm, Pm) (representatives of each meso-
scopic state m), the Gibbs entropy for the equilibrium distribution over coarse-
grained phase space is

SG = − ∑
m∈Ω(M)

ρ(N)(Xm) log ρ(N)(Xm) . (3.217)

The above reduces to the Boltzmann-Planck formula of entropy as logarithm
of the total number of coarse-grained states

SB = kB log Ω(M) . (3.218)
45Yet, these already base on the existence of (reduced) density distributions on phase space

[95].
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Thus, entropy gives a measure of a countable number of mesostates in a system.
For a fully microscopic (fine-grained) description of phase space – in the mi-

crocanonical ensemble – the entropy for an equilibrium density is generalized46

as

Sfine = kB

∫
dΓNρ

(N)
eq (x) ln

c

ρ
(N)
eq (x)

, (3.219)

with c denoting a constant that varies from system to system, but can usually
be set as c = 1.47

For quantum mechanical systems, this quantity in equilibrium is given by
the von Neumann entropy [764, 847] given phase space density operators D
with a countable dimension:

S(D) ≡ −kBTrD ln D . (3.220)

In classical mechanics, these operators are the “sharp”, fully localized N-body
distributions ρ

(N)
eq (x) that we treated in Sec. 3.3. The von Neumann entropy

provides the lowest, most “fine-grained” limit on a measure of entropy in phase
space, equivalent to Eq. (3.219).

Equation (3.218) emerges after-the-fact that entire regions of phase space
have collapsed to single points, associated with representatives Xm. Therefore,
conversely, Boltzmann postulated that an entropy can be associated with every
phase space point. In this view, a coarse-grained mesostate Xm has an intrinsic
amount of entropy:

SB(Xm) = kB ln(c/|Γm|) (3.221)

A such definition can also be extended to non-equilibrium systems, which we
describe further below.

Information entropy

Shannon uncovered the information entropy in 1948 Ref. [848] by analyzing
messages transmitted across channels. The information that comes out of a
message-generating process48 is quantified by a weighted summation of contri-
butions from uniquely identifiable distributions. Intuitively, the more ordered
a system, the shorter the required length of description to fully characterize its
current or typical state. The Shannon entropy quantifies this a measure of the
“information content” and order [47, 92, 766, 849–851],

Ssh[p(x)] = −∑
x∈Γ

p(x) log p(x) (3.222)

which is regarded as the mean of the logarithmic likelihood of state x to occur,
from a frequentist point-of-view. If we write the Shannon entropy in terms
of the coarse-grained states Xm, instead, then by comparing Eqs. (3.217) and

46mostly thanks to Boltzmann and Gibbs
47This general form for equilibrium can be extended to other ensembles, that are non-isolated,

as well, as phase space is thus already “coarse-grained” or projected out (regarding the degrees
of freedom of the bath).

48A Markovian one
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(3.222) we see that the coarse-grained Boltzmann-Gibbs entropy is the special
case of the Shannon (information) entropy.

Conversely, Shannon’s quantification of information can be used to express
that the true microscopic state x of a system is hidden from us if we observe
only the mesoscopic or macroscopic world. A mesoscopic state Xm can be asso-
ciated with a bounded region of phase space Γ: Thus, the conditional probabil-
ity ρ(N)(x|Xm) expresses a density constrained by this boundary. The informa-
tion in the conditional density

S(ρ(N)(x|Xm)) = −kB

∫
dΓN ρ(N)(x|Xm) ln(ρ(N)(x|Xm)) . (3.223)

could be regarded as that “hidden” in the mesoscopic state.
The information entropy also opens up the possibility for quantifying rela-

tive levels of information. The Kullback-Leibler divergence (KL-divergence) [849–
851] after a work by its authors 1951 (Ref. [852]), or cross-entropy

DKL (p(x)||q(x)) =
∫
Dx p(x) log

(
p(x)
q(x)

)
≥ 0 (3.224)

is the relative entropy in physics and is strictly non-negative. (The integration
measure Dx is written here in continuous form, but can be discrete.) For ex-
ample, q(x) may be a prior probability (a steadfast reference) and p(x) might
represent a posterior probability, i.e. the probability distribution of states after
measuring the system in a concrete state.

The relative entropy of a particular mesoscopic state can be considered as
the KL-divergence of the constrained density versus that in equilibrium:

DKL

(
ρ(N)(x|Xm)||ρ(N)

eq (x)
)
= kB

∫
dΓN ρ(N)(x|Xm) ln

ρ(N)(x|Xm)

ρ
(N)
eq (x)

. (3.225)

This will be illustrated more further below.

3.5.1 Irreversible march towards equilibrium (illustrative)

This section is an illustration on ‘coarse-graining’ in nonequilibrium situations.
We would like to continue our discussion of coarse-graining from the viewpoint
of probability densities on phase space. A nonequilibrium density irreversibly
evolves towards the equilibrium stationary density – a rigorous description of
which, however, turns out to be a nontrivial task. We outline basic ideas on the
continual increase in entropy, dating back to Boltzmann and Gibbs [86, 88, 90,
764, 765, 779, 847]. We also discuss entropy production rates and a few “entropy-
like” quantities important for nonequilibrium. These are well-defined for sys-
tems with Markov-chain dynamics (which assume microscopically Markovian
dynamics) like those studied in part II of this thesis. When such a “Markovian-
ization” of nonequilibrium dynamics is possible is discussed thereafter.
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Dynamical entropy

The fine-grained dynamical entropy of a normalized time-dependent distribu-
tion function in phase space ρ(N)(qN , pN , t) is the analogy of Eq. (3.219):

Sfine(t) = kBHG(t) (3.226)

HG(t) = −
∫

dpNdqN/h6Nρ(N)(qN , pN , t) log ρ(N)(qN , pN , t) .(3.227)

The entropy for nonequilibrium distributions is always larger than that
of Eq. (3.218), maximizing when thermal equilibrium at a macroscopic state
is reached.49 During a nonequilibrium evolution, then, the “highest resolu-
tion” entropy of the underlying Liouville dynamics governed by Eq. (3.220)
or Eq. (3.227) will remain constant, and the H-function HG(t) or Boltzmann-
Gibbs entropy will not decrease. In case the dynamics of a system with a master
equation, the non-decrease of the H-function can be shown explicitly [88, 779].

This implies that nonequilibrium evolution will always sample more states
locally (in space and time) than a Liouville distribution would cover in equi-
librium – the relative volume of sampled states will grow. The nonequilibrium
Boltzmann entropy can be expressed as [779]

SB(t) = kB ln(cΩ(t)) (3.228)

describing the growth of a number of differentiable states Ω(t) covered by
the nonequilibrium distribution. Nonequilibrium dynamics of time-dependent
distributions can be interpreted as “error propagation” of local uncertainties in
phase space (the growth of a relative volume over microstates), generating an
increase in total “uncertainty” or entropy. This expresses a fundamental loss
of information about the microscopic state of the system. The heuristics of this
argument are illustrated in Fig. 3.1.

F I G U R E 3 . 1 : Coarse-grained trajectory from a clear initial con-
dition (a): the “propagation” of an uncertainty of the micro-
scopic state of a system eventually increases the total volume
of the coarse-grained trajectory (b) even if the underlying tra-

jectory is a Liouville evolution (c). Source: Ref. [789, Ch. 4].

49A basic assumption of statistical thermodynamics is that the equilibrium Boltzmann-Gibbs
entropy is the thermodynamic entropy [853].
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Irreversible evolution with master equations (illustrative)

Master equations are basic aliases for a conversion between different levels of
coarse-graining: from “fine-grained”, microscopic dynamics among states in
phase space to mesoscopic dynamics, and finally to macroscopic equilibrium
(if the system is allowed to equilibrate). In terms of phase space, then, mas-
ter equations can describe the evolution of any (nonequilibrium) probability
density.

Let us consider a probability density initially in equilibrium. The master
equation describes the conservative flow of probability among “sharp” states.
In the lattice system, this “sharp” evolution is analogous to Liouville dynamics,
as we described in Sec. 3.3. However, if the microscopic state of the system sud-
denly becomes uncertain at some point in time,50 i.e. is not sharp locally, then
the dynamics following will be irreversible, will make the probability density
“smear out”, and express an inevitable increase in entropy. This evolution is
inherently nonequilibrium.

At some future point, the visitation of microstates becomes independent
of any “previous” state – it is as if the system draws random samples of mi-
crostates from a prior distribution: the macroscopic equilibrium distribution.
The transitions between microscopic states might as well occur simultaneously,
over many different microscopic trajectories, implying that the true realization
of microscopic motion becomes hidden from us.

In nonequilibrium, we should be able to explicitly quantify the so-called
entropy production rate, which is always nonnegative in agreement with the sec-
ond law of thermodynamics [806, 854, 855]. In describing the motion of a single
body (in a Langevin picture), we expect the surrounding bath to contribute to
one part, and the stochastic movement of particles to another. The entropy pro-
duction is indeed linear in time [856], apart from fluctuations, and this increase
is proportional to the effective diffusion constant. The entropy production will
disappear at the maximum entropy state – after the densities “hit the walls”,
i.e. once the finite system size becomes noticeable.

The entropy production rate of a density ρ(N)(s, t) evolving according to a
master equation (Eq. (3.124)) can be calculated as

σ̇(ρ(si, t)) = −1
2

kB ∑
j 6=i

(
Wi(sj, t)ρ(N)(sj, t)−Wj(si, t)ρ(N)(si, t)

)
×

ln

(
Wj(si, t)ρ(N)(si, t)
Wi(sj, t)ρ(N)(sj, t)

)
≥ 0 . (3.229)

Therefore, a nonequilibrium evolution entails unbalanced fluxes exist and per-
sist in the system over long time-periods. If these fluxes decay to zero ev-
erywhere, then Eq. (3.229) is exactly zero, and the probability density reaches
equilibrium. We refer the reader to the references listed above for an explicit
calculation. The entropy production rate can thus quantify dissipation, which
ultimately guides the system towards equilibrium.

Using the same terms describe local balance conditions (Sec. 3.3.4), at the
fine-grained level, the transitions differ by a “virtual” time step taken δt to
evaluate the local Hamiltonian at any time-point t (Eq. 3.170). Defining the

50According to the discussion in Sec. 3.3.3, the initial uncertainty means that the system must
have been exposed to non conservative forces.
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local “forward” flux as p+(si, sj, t) = Wj(si, t)ρ(N)(si, t), and a local “backward”
flux as p−(si, sj, t + δt) = Wi(s̃j, t)ρ̃(N)(s̃j, t + δt). and the definition of the
Kullback-Leibler divergence (Eq. 3.224), we can write that locally, the entropy
production

σ̇(ρ(si, t)) =
1
2
(

DKL
(

p+(si, sj, t)||p−(si, sj, t + δt)
)
+ DKL

(
p−(si, sj, t + δt)||p+(si, sj, t)

))

(3.230)

is the symmetrized Kullback-Leibler divergence of the “forward” and “back-
ward” fluxes. However, the KL-divergence is only defined when all entries
are non-zero, which poses a problem for hard-core repulsive particles. Hence,
we can use the continuous version of the KL-divergence instead, the so-called
Jensen-Shannon divergence,

DJS(p+(si, sj, t)||p−(si, sj, t + δt)) ≡
1
2
(

DKL
(

p+(si, sj, t)||P+−(si, sj, t)
)
+ DKL

(
p−(si, sj, t + δt)||P+−(si, sj, t)

))

(3.231)

with P+−(si, sj, t) ≡ 1
2 (p+(si, sj, t) + p−(si, sj, t + δt)), which, by the way, can

“show” the arrow of time in Markov-chain dynamics (see e.g. Refs. [788, 857]).
In a coarse-grained description, the forward and backward fluxes will even-

tually equalize, expressing equilibrium. In the maximally fine-grained descrip-
tion, all microscopic transition fluxes will never become fully equalized, locally,
which could be interpreted as the thermal motion (fluctuations) of equilibrium.
This is what KMC simulations will capture (Sec. 3.4.1)– it will evolve the sys-
tem forward in time even in equilibrium. Yet, at that point, the localized Jensen-
Shannon divergence should level out to zero. Interestingly, as soon as transition
fluxes are balanced at a mesoscopic level (via a sum-over-states), the mean lo-
cal Jensen-Shannon divergence will obtain a minimal value that is nonzero. A
proper summation over many sites (an act of coarse-graining) should allevi-
ate this aspect, but highlights the coupling of microscopic degrees of freedom
in equilibrium (Ch. 2) – such as for fluids of long rods with rotational and
translational degrees of freedom.

Discussion: A “Markovianization” of dynamics

“Proper” dynamical coarse-graining is not an easy task, at all, generally. As in
any quantitative description of a system in nature, the first thing to do is to
specify the degrees of freedom on which we focus our attention, while ignoring
all others. In this general take on the problem [96, Ch. 2][756, 858], we seek to
separate an ensemble of trajectories (phase variables) into a “relevant” part and
an “irrelevant” one. The probability distribution of the “irrelevant” variables
must be preserved by the dynamics of the rest and are thus stationary among
themselves [763]. (They undergo a stationary dynamics in a sub-process [786,
Ch. 7].) Formally, we would apply operators that “project out” these irrelevant
variables from the full problem. However, the key diffuculty is knowing the
“correct” relevant variables.
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If we do a “Markovianization” protocol, probability distribution functions
only change at the particular (coarse-grained) time-point t, and not with its
history [95, Ch. 6.2, 9]. At the level of the Markovian dynamics, a simultaneous
separation of length-and time-scales is possible [96]. A “Markovianization”
implies, then, that the system entails quasi-stationarity to some degree, where
local Boltzmann statistics can be assumed. Markov-chain dynamics follow this
prescription, i.e. the dynamics of KMC employed for a lattice model of hard
rods in this thesis. The locally “overdamped” motion of particles means the
particle finds thermal equilibrium, locally, with a thermal bath – possible when
there is a huge separation of intrinsic time-scales between the motion of the
bath and that of the particles. The local equilibrium approximation is behind
the local (detailed) balance governing the transition rates, see Sec. 3.3.4). The
first “relevant” degree of freedom arises on the level of “escape” events to a
neighboring site, i.e. “hopping” events. These “mesoscopic” states are defined
after a first level of time-scale and length-scale separation.

In many practical situations, it may be helpful to describe general, out-of-
equilibrium “mesostates” with thermodynamic concepts like entropy and free
energy. For example, information theory and machine learning methods make
use of thermodynamic concepts for a large array of variational optimization
problems. Heuristically, if we wish to constrain a model about the world (or data)
to evidence, we will be exposing the model system (described by a probability
distribution) to effective, external “forces”. In the quasistationary approxima-
tion, this is similar to the effect of conjugate fields on an equilibrium system,
which we described and discussed in Secs. 3.2 and 3.3.3. Protocols as well as
bounds on how well a probabilistic model can adjust to evidence will be ther-
modynamic in character. Specifically in many probabilistic machine learning
methods (which we discuss later in Sec. 3.6) quantifying the “mismatch” be-
tween a model prior (and “in-equilibrium” distribution) and a model posterior
(and “out-of-equilibrium”, perturbed system) will be necessary. We attempt
to illustrate a few of these concepts below, given everything else we have dis-
cussed so far.

3.5.2 Ties to information theory and machine learning

The following discussion aims to illustrate concepts central for the genera-
tive machine learning model of variational autoencoders employed in this
thesis, remaining in the subject of equilibrium-versus nonequilibrium, as
well as coarse-graining. Many parts presented below are based heavily on
Ref. [859]. The ideas are part of a framework of stochastic thermodynamics,
where thermodynamic-like relationships (inequalities, bounds, etc.) can be
formulated for out-of-equilibrium systems. Therein, information theory (i.e.
computation and learning [74, 75]) can be formulated and quantified in
statistical-physical terms. We refer the interested reader to the corresponding
literature for in-depth discussions.

“Mesostates”, relative entropy and alike (illustrative)

We can define a “mesostate” (see Refs. [859, 860]) in an out-of-equilibrium
system if we observe it remaining there for a very long period of time. The state
itself may be a binned average or coarse-grained particle positions, for example.



3.5. Irreversible dynamics and the role of coarse-graining 149

Assume that any microstate x ∈ Γ is assumed to belong to only one mesostate
represented by Xm. This should be true for the period of time we measure the
system over its trajectory X(t). An infinitely long trajectory average would
generate equilibrium statistics and render the likelihood or probability of each
mesostate Xm

lim
τ→∞

1
τ

τ∫

0

dtδX(t)δX,Xm ≡ p(Xm) , (3.232)

which by presuming ergodicity can be compared to an ensemble average over
states belonging to the mesostate:

p(Xm) = ∑
x∈Γm

e−β(H(x)−F) ≡ e−β(Fm−F) . (3.233)

where F is the equilibrium free energy of the system with microscopic Hamil-
tonianH(x).

F = − 1
β

ln ∑
x∈Γ

e−βH(x) = − 1
β

ln ∑
x∈Γ

p(x) . (3.234)

The right-hand-side of Eq. (3.233) is a way to estimate a ‘free energy’ of the
mesostate state Fm via empirical data collection. Conceptually, the mesostate
can represent a set of states of a system biased or confined by external means

The internal energy of the mesostate Um = ∂
∂β (βFm) is a weighted inner

energy

Um = ∑
x∈Γ

p(x|Xm)H(x) ≡ 〈H(x)〉p(x|Xm) (3.235)

over conditional probabilities

p(x|Xm) =
e−β(H(x)−F)

p(Xm)
= e−β(H(x)−Fm) . (3.236)

The Shannon entropy over these conditional probabilities is

Sm = β2 ∂Fm

∂β
= −∑

x∈Γ
p(x|Xm) ln p(x|Xm) (3.237)

= −βFm + βUm . (3.238)

A relative entropy of the mesostate (compared to equilibrium) can be expressed
by the Kullback-Leibler divergence (Eq. (3.224))

Srel
m ≡ DKL(p(x|Xm)||p(x)) = ∑

x∈Γ
p(x|Xm) ln

p(x|Xm)

p(x)
(3.239)

= βFm ∑
x∈Γ

p(x|Xm) = βFm ≥ 0 (3.240)

which is equivalent to βFm if p(x|Xm) is normalized. The relative entropy is al-
ways greater than zero, so, constraint to a mesostate (for example when coarse-
graining states) implies an excess (positive) ‘free energy’.

The above notions may help interpret variational autoencoders (Sec. 3.6.2),
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which employ a variational free energy model that includes a relative entropy
term much alike Eq. 3.239. Specifically, if we might think of input data as
mesostates Xm constraining an equilibrium, unconstrained system of hidden
(latent) variables ({x}). In many probabilistic machine learning methods, the
task is to find the optimal latent variables that minimizes the relative entropy.
We might interpret this as minimizing the ‘free energy’ of a “hidden” model
exposed to the constraints of the data.

We would like to illustrate another concept important for variational autoen-
coders, which can be derived and understood within the (same) framework of
stochastic thermodynamics. an out-of-equilibrium ‘free energy’ functional can
be defined, over the constrained densities (we refer the interested reader to
Ref. [436] on more precise clarification):

Fneq[p(x|Xm)] ≡ 〈E(x, Xm)〉p(x|Xm) + β−1〈ln p(x|Xm)〉p(x|Xm) (3.241)

≡ 〈E(x, Xm)〉p(x|Xm) − β−1Sm (3.242)

(where we used the definition in Eq. (3.238)). The “energy” function E(x, Xm)
that the joint distribution p(x, Xm) is presumed to follow an exponential ansatz
as follows:

p(x, Xm) = p(x|Xm)p(Xm) = e−β(H(x)−F) ≡ e−βE(x,Xm) (3.243)

(using Bayes’ theorem in the first step). With this expression, we can re-write
this out-of-equilibrium ‘free energy’ functional as

Fneq[p(x|Xm)] ≡ −β−1〈ln p(x, Xm)〉p(x|Xm)

+β−1〈ln p(x|Xm)〉p(x|Xm)

(3.244)

which turns out to express, formally, the negative evidence lower bound at the
heart of the variational mean-field-theory ansatz in variational autoencoders,
shown later in Sec. 3.6.2 e.g. Eq. (3.274). In the variational problem, this
out-of-equilibrium ‘free energy’ functional should be minimized – with respect
to a “hidden” model (defined over free parameters).

Assuming mesostates are independent from each other, a free energetic
difference between these two can be inferred as

∆m,m′F = F′m − Fm = −β−1 ln
(

p(X ′m′)
p(Xm)

)
. (3.245)

Yet, independence (microstates can belong to only one mesostate over the
course of very long periods) implies that these two mesostates will have to
emerge during a system dynamics after the first state has fully relaxed. In this
case, the fluxes between the two states should balance

p(X ′m, t′|Xm, t)p(Xm) = p(Xm, t|X ′m, t′)p(X ′m) . (3.246)

which means we can express transition rates (when expanding for small
time-differences t′ − t) with a familiar exponential or Arrhenius relationship
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(Sec. 3.3.8):

W(Xm → X ′m)
W(X ′m → Xm)

= e−β∆m,m′ F = e−β∆m,m′U+∆m,m′S (3.247)

where

W(Xm → X ′m) =
∂

∂t′
p(X ′m, t′|Xm, t)

∣∣∣∣
t′=t

.

The waiting time for the transition to state X ′m, given the system starts fully in
state Xm, is thus describable by an Arrhenius law

pwait(Xm → X ′m, t) = e−β∆m,m′ Ft (3.248)

The above relations will fail to hold if the dynamics become non-Markovian
at the mesoscopic scale of treatment. ‘Spatial’ or time-like separation is then
ill-defined, and a coupling between the mesostates may become visible in the
form of wide, and non-exponential relaxations or broad-banded statistics of
relaxation times. Such broadening is seen in many cases where ergodicity is
lost, examples are liquids with long-ranged interactions or the transition to a
glass [68, 352, 861]. We discuss more on topics of nonequilibrium dynamics in
Sec. 3.5.3. We also find this kind of ‘broadening’ of spectra in machine learning
systems – within variational autoencoders – when it approaches a transition
point (in its internal state), see Ch. 7.

Foundational principles from information theory

As we investigate machine learning from a “statistical mechanics” point-of-
view in this thesis, we feel necessitated to discuss some of the better-known
and deepest ties between information theory and statistical mechanics. We
have seen that if we attempt to coarse-grain a physical system in equilibrium,
information-theoretic notions quantify, most generally, the statistical relation-
ships between variables among and across different levels. Jaynes [790, 791]
regarded statistical physics as a way to draw inferences – the probability distri-
butions – from limited data, such as the measured average energy per particle
in an assembly of particles, so that these is the least possible bias regarding
all other degrees of freedom [92]. The more biased a probability law, the more
information it carries [847].

In Jaynes’ maximum entropy (MaxEnt [92, 766, 790, 791]) procedure, one max-
imizes the Shannon-Gibbs entropy of a probability distribution function p(A)
on a set of (general) microstates x. The aim is to solve following variational
problem

S[p(x)] = −kB ∑
x

p(x) ln p(x)−∑
i

λiC[x] = max (3.249)

subject to additional constraint functions C[x] that define Lagrange multipli-
ers {λ} in the variational problem. They may fix expectation values such as
the average energy given by a Hamiltonian on the states, which is typically
an indication of large baths [92]. Probability conservation is fixed via a nor-
malization constant (ultimately rendering the partition function). These can
be used to derive the stationary ensembles for thermodynamic equilibrium, as
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we mentioned in Sec. 3.1.4. Note that as with any variational approach, (ther-
modynamic) predictors are only valid after the maximization procedure of the
entropy functional.

In this view on statistical laws, any other law compatible with the data
would entail a smaller statistical entropy (more than the minimal amount of in-
formation required). By choosing probabilities by means of maximum entropy,
we keep all the available information of a system while discarding any other
irrelevant information [847]. This agrees with a Bayesian inference viewpoint
frequently adopted in machine learning. In this way, statistical physics could
be a science about partially unknown (unmeasurable) states of a system (at
whatever level of resolution), given constraints on what is known. i.e. mean
values or known macroscopic constants of a system.

Kullback [851, Ch. 3] had theorized in 1959 that minimizing the Kullback-
Leibler divergence or relative entropy (“minimum discrimination information”)
can be a general principle when prior information is at hand. Maximizing
Shannon entropy is a special case when the prior is uniform, i.e. when we
only know the number of possible states.51 The Kullback-Leibler divergence
(Eq. 3.224) was derived by Shore and Johnson ([863, 864]) (1980-81) as the
minimizing functional (apart from a pre-factor) that is self-consistent with
measurement outcomes, without having to assuming anything about Shannon’s
function beforehand.

Yet, in physics, entropy extremization principles are typically only associ-
ated with equilibrium systems. Formulations for time-dependent systems, in
particular nonequilibrium systems, have been proposed in various contexts (e.g.
Ref. [865]), but have not found universal acceptance. A generating functional
[91, 775, 803] for dynamics should, in theory, allow one to derive nonequilib-
rium current fluctuations. A time-dependent extremization principle might
be discussed in terms of parametrized paths of a system [92, 803, 854, 866].
We refer the reader to the references for further discussion. In any case, lat-
tice systems following a discrete-time master equation are excellent candidates
for developing and testing theory on nonequilibrium. Significant progress has
been made in the last decades in the framework of Markov chain models [817,
819, 820, 855, 857, 859, 867, 868].

The relative entropy or Kullback-Leibler divergence has been a key quan-
tity in this context. It can be an indicator for the “arrow of time” in nonequilib-
rium [784, 788, 805, 818, 828]). (It is also directly related to the Fisher information
matrix, an important quantity within quantum many-body theory.) Variational
autoencoders, a machine learning algorithm explored in part IV of this thesis,
minimize a Kullback-Leibler divergence (the relative entropy in Eq. 3.239) to
find a stationary solution to a variational problem. The variational problem
can be formulated more specifically as minimizing the out-of-equilibrium ‘free
energy functional’ defined in Eq. 3.244. We described the algorithm employed
in this thesis in more detail in Sec. 3.6.

3.5.3 Breakdown of Markovian dynamics in nonequilibrium

Unsuitable places to attempt to coarse-grain a system are where ergodicity is
lost – around phase transitions, and in other far-from-equilibrium situations

51A uniform prior as being appropriate in such a case of ignorance is something Jaynes
showed using transformation group arguments in Ref. [862].
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where events in the system irreversibly change the future properties of the
system at various mesoscopic and macroscopic scales. On the other hand, these
are some of the most interesting places in physics, arguably, which may be
no accident. In this thesis, we investigate nonequilibrium dynamics in part II
for a model of thin film growth. Moreover, MCMC simulations (done in part
III of this thesis) trimmed at extracting equilibrium statistics are exposed to
nonergodic behavior at phase transitions. We see hints of ‘frustration’ during
training in a machine learning algorithm studied in part IV, which is likely
related to a loss of ergodicity, as well. Therefore, we aim to provide a general,
qualitative discussion below.

Generally: Broken ergodicity

Problems arise when a system begins to ‘fractionate’ its characteristic time-
scales for relaxation processes. Once some of these relaxation processes occur
on time-scales longer than the observation time, ergodicity will be lost. In these
terms, ergodicity can be an observed property, and its degree if breaking is re-
lated to the amount of observational information that can be collected. More-
over, it is related to whether system variables fluctuate in our time- and space-
window of observation. A gradual breakdown occurs, for example, during the
formation of a glass [105, 106]. During the formation of a glass in colloidal
systems, for example, the strong space–time coupling can be seen in the charac-
teristic time-scales for a relaxation in the fluid, which becomes strongly length-
scale dependent [104]. Metastable hard-sphere fluid states, where particles get
“caged”, also show a loss of ergodicity of the colloidal particles prior to the
onset of crystallization [103]. Systems with long-ranged forces are quite unique
cases in that they seem to be inherently non-ergodic – stationarity may be a
nonequilibrium steady state rather than Boltzmann equilibrium [558–562].

A system out-of-equilibrium lives in the realm of surprising (non-typical,
rare52), intricate, and unforeseeable characteristics (i.e. instabilities) [76]; the
evolution of our entire universe today included [869]. Nature’s talent to gen-
erate such intricacies when highly out-of-equilibrium (non-ergodic) is exem-
plified by our model system for thin film growth with hard rods (part II): In
Ch. 4, we uncover dynamic arrested, “jammed” states with unique structure.
In Ch. 5 we study the highly diverse array of kinetics and structure formation
with “sticky” rods in a nonequilibrium evolution between two stable, equilib-
rium states: from a low-density vapor phase to a high-density liquid phase (in
the lattice model).

In any case, time-dependent correlation functions in highly nonequilibrium
systems are different from those in equilibrium [870], and a broad distribution
of waiting times (or frequencies of events) can indicate a loss of ergodicity.
These are characteristic features of critical dynamics (see Sec. 3.2.1) and scaling,
which can occur observable in in a variety of machine learning problems (dis-
cussed also in Ch. 1.4). The case of variational autoencoders are investigated in
Ch. 7.

For Brownian dynamics (fully Markovian), a relationship exists between
space (a mean-squared displacement) ‖∆r‖2 and waiting time ∆t persists:

〈
‖∆r‖2

〉
∆r∼ρ(∆r,∆t)

= 2dD∆t (3.250)

52in the sense of equilibrium
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where the brackets indicate an ensemble average, d is the dimension. The pro-
portionality between an area (second degree in space), and time, is given by
the diffusion constant D. Note that the dynamics in the continuum can be
coarse-grained into a discrete-space and time- Markovian processes, e.g. with a
continuous-time random walk, which represents the same type of dynamics on
lattices. This proportionality between area and time (Eq. (3.156)) will disappear
when an equilibrium fluid falls out-of-equilibrium, where e.g. anomalous diffu-
sion occurs [107, 871]: the relationship between area and time may be ∝ ∆tα, for
some α < 1. The system will show ageing and memory, and effective equations
of motion of the integro-differential kind will have to include memory kernels,
for example. The non-Markovian character of a nonergodic system cannot be
‘rid of’ via a sum-over-states, i.e. any attempt to ‘Markovianize’ or coarse-grain
the system will be systematically in err.

Although we do not treat nonequilibrium steady states in this thesis, they
highlight inherent “space-time-” couplings that occur in nonequilibrium, gen-
erally, even for the arguably simplest of fluids. Nonequilibrium steady states
are the ‘next best thing’ to equilibrium, from a theoretical point-of-view, as the
macroscopic (static) state of the system is stationary. They may arise due to an
external, time-dependent driving force, e.g. a slowly oscillating field. Although
mean densities can be constant, for example, the striking difference to equilib-
rium becomes apparent when looking at the internal dynamics of the fluid (see
e.g. Ref. [872]). Fluids in nonequilibrium steady states can entail long-ranged
correlations that are Coulombic in their extent, i.e. proportional to∼ 1

r in 3D, and
∼ ln

( 1
r

)
in 2D [68, Ch. 5][873–875]. Clearly, a “sufficient” decay of correlations

is fundamental for equilibrium and Markovian dynamics.

Phase transformation

The emergence of new structures when crossing a binodal line is an expression
of an internal transformation of the dynamics of the system. In Sec. 3.2.1 we de-
scribed that thermal energy must be dissipated due to the work required from
the outside to cross the phase boundary. New modes of energy and momen-
tum transfer are opened up, and all remain coupled until the system reaches
a new equilibrium after long times. Initially, correlations become increasingly
‘stretched’ and decays can become power-law-like [68, 555], indicating a broad
spectrum of processes in the system, analogous to the behavior upon approach-
ing a critical point (see next paragraph). New structures appear throughout
the system and become increasingly large (i.e. “nucleation and growth”). Al-
though it will be difficult to coarse-grain the full dynamics, it is possible that
certain sub-sets of variables reach equilibrium faster than others, possibly is
some kind of hierarchical cascade.53 We observe the nonequilibrium dynamics
of diverse structural variables during phase separation in part II of this thesis
by modeling thin film growth in monolayers.

In Sec. 3.2.1 we described how a continuous phase transition through a
critical (point) is tied to a loss of ergodicity in a violent, singular event. Upon
approaching the critical point, the dynamics modeled by Markov chains will

53Effective dynamical field theories (of the Ginzburg-Landau type or Cahn-Hilliard equations)
can be used for describing the spatially extended (low-wavelength) variables during phase
separation kinetics [17, 68, 800]. These are mean-field based (see Sec. 3.2), providing an evolution
equation of an order parameter field.
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become increasingly detailed at ever finder time-scales, slowing down the sam-
pling of independent states in the simulation. This effect is denoted critical
slowing down [876], which is a bit misleading, as much more happens than ever
before: One needs ever more fine time-windows to capture the increasingly
broad spectrum of processes (which is directly calculated in kinetic Monte
Carlo, Sec 3.4). This shrinking of a characteristic time-window shows that
any attempt at coarse-graining the dynamics ultimately fails exactly at a true
critical point, which is defined for infinite systems. There, time- and length-
scales are governed by power laws (scaling theory describes the divergence of
correlation fluctuations). See remark below. For finite systems, such as those
simulated in MCMC methods, the phase transitions are not sharp, as these
pathological power laws are reduced down to “broad” spectra. The system
dynamics can become Markovian again after sufficiently long waiting times,
as the split between differently ordered macroscopic states is only metastable
(see Sec. 3.2.1).

Remark. Ref. [877] proved that such power-law decays cannot arise from purely
Markovian processes. They analyze the mutual information between random
variables generated by a general Markov process arising at two points in time
t1 and t2. This quantity decays exponentially for large separation |t2 − t1| in
the sense that it is possible to bound the mutual information by an exponential.
This illustrates again the deep tie between equilibrium dynamics (that of obser-
vational states of the system [90]) and Markovian descriptions (i.e of a possibility
to map it to a Markov chain).

∗ ∗ ∗

We have discussed probabilistic approaches in equilibrium and nonequilibrium
statistical mechanics. We illustrated and discussed the most fundamental ideas
behind equilibrium statistical mechanics, and discussed concepts relevant for
further parts of this thesis. We have also discussed the Markov-Chain Monte
Carlo methods relevant for the next two parts of this thesis. These can be used to
explore nonequilibrium dynamics of simple model systems under the assump-
tion that the dynamics of individual particles are Markovian at the microscopic
scale (KMC simulations) – this concerns part II of this thesis. At any larger
scale-of-treatment, however, the highly correlative nature of nonequilibrium
dynamics is related to an inability to separate length- and time-scales and non-
ergodicity. Finding an effective treatment of highly nonequilibrium systems is
a great challenge, and may even be impossible with a (partially) Markovian
prescription for general cases. Approaches that may be ‘near-equilibrium’ (to
quite some extent) like DDFT were also discussed in the context of master
equations for lattice systems. Finally, we motivated connections between statis-
tical mechanics and information theory, as well as the use of statistical-physical
concepts within probabilistic machine learning methods.

We close our discussion about equilibrium and nonequilibrium physics
with one point about the divergences of length- and time-scales at phase tran-
sitions: Essentially any empirical observable that is a function of the configu-
rations (linear sums or nonlinear transformations), if sampled over sufficiently
many steps during system dynamics, will entail the largest variance at phase
transition points. Generally speaking, machine learning algorithms aim at be-
ing able to capture a broad spectrum of possible states while still being able to
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accurately predict or distinguish a concrete state from the ‘rest’. The latter is es-
sentially an impossible task if the states (data) come from a system near or at a
critical point. This may be important for why machine learning algorithms can
“detect” phase transitions in physical data-sets – or, rather, distinguish between
phases – so well, which has been reported numerous times in the literature.

We shall discuss more general aspects of probabilistic modeling for machine
learning in the next section, Sec. 3.6. Therein we shall also introduce variational
autoencoders which are explored in this thesis.

3.6 Probabilistic modeling with machine learning

Many frontiers in modern machine learning research involve formulating prob-
abilistic models for data that incorporate known information [386, 390, 878, 879].
An abstract origin of data (an “unknown” stochastic generating process) is tied
our observations thereof (the dataset at hand). Specifically, probability densities
to observe data allow us to estimate how likely a specific example may be. An
ability to estimate statistical relationships of variables beyond just an expec-
tation (mean) value is another argument in favor of such “fuller”, inference
models of the world. Moreover, if we can infer a generative (stochastic) process
underlying observed data, then we can use this to produce similar data.

Aside from utilitarian aspects, the case could be made that learning to
generate data (that is convincing in multiple measures) is an ultimate “litmus
test” of the algorithm’s ability to capture generic features in the given dataset,
all the while having formulated a synthetic model of reality. This goes back
to the intuitive idea that if enough samples are seen during training, it should
be possible to extract something like the “essence” of the data – We should be
able to make predictions as well as capture all possible states that make up
the dataset. This is a much stronger statement than being able to making good
estimates of specific quantities in the data, i.e. “fitting” data, and represents a
Bayesian view on machine learning [390, 394, 850, 880].

Latent variable models, Bayesian modeling

A probabilistic model for data is expressed through the density pmodel(x) with
the introduction of unknown, hidden or latent variables z that are responsible for
some underlying features in the data, left unspecified [108, 394]. The formal
relationship between the observable data set x and these features is the integral

pmodel(x) =
∫

Ω(z)

dzp(z)pmodel(x|z) , (3.251)

where the conditional probability, the likelihood function p(x|z), represents the
probability of observing the dataset or sample x given the set of (unknown)
variables z. Ω(z) is the domain of the here continuous variables, typically
Ω(z) ≡ Rd with d being the dimensionality of the latent space. The prior
distribution on these latent variables is expressed by p(z). This prior can be
arbitrary, but is often set as a unit Gaussian. (In contrast, a uniform prior reflects
the hypothesis of equal a priori probabilities on phase space of statistical mechanics.)
Although Eq. 3.251 may seem trivial at first, it is the basis for a wide variety
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of sophisticated machine learning methods. The next paragraph attempt to
illustrate the genericness of the above relation.

Equation (3.251) expresses a key notion: The hidden variables – also known
as latent variables – are other ways to represent the data: This so-called represen-
tation learning [109, 391] can be of great utility for a physicist, as these variables
are a concrete characterization of a physical system: Representations that are
further tied to a probabilistic model, like in variational autoencoders (see be-
low), can model a process that generates the data, which us useful if we do
not know where the data came from or how to generate it (without e.g. MC
methods). In the other case that the underlying physical, generative process is
known, then these representations are an interesting alternative – at the very
least – for describing the system formally. In the best case, the variables are
interpretable and might follow some systematics, such as a coarse-graining hier-
archy, that can be incorporated into an analytical description. This appears to
be the case in our study with applying machine learning in Ch. 7. Probabilistic
machine learning models can thus serve as sophisticated, automatic “feature
extractors” or “representation vendors” for physical data.

Another interpretation of Eq. (3.251) is that the hidden variables are in-
termediaries, interacting with visible degrees of freedom in a possibly simple
manner, but rendering complex correlations between the visible degrees of free-
dom when integrated out (marginalized over). One can also interpret the hidden
variables as the degrees of freedom remaining after an integration, forming an
effective field theory of the data (see Secs. 3.2 and 3.5, as well as the introduc-
tory discussion in Ch. 1.4). We find this is consistent with collective variables
found by variational autoencoders in Ch. 7. This could make latent variable
models candidates for building analytical theories if these methods are applied
to a physical system, a crucial point of outlook discussed in the corresponding
chapter.

By the basic relation pθ(z)pθ(x|z) = pθ(x, z), we see that eq. (3.251) is
expressing a marginal likelihood or model evidence of observable variables (data)
when taken as a function of parameters θ:

pθ(x) =
∫

Ω(z)

dzpθ(x, z) , (3.252)

where pθ(x, z) is a so-called deep latent variable model or deep generative model over
both observable and latent variables. Further relationships can be expressed in
terms of the posterior distribution

p(z|x) = p(z)pmodel(x|z)∫
Ω(z)

dzp(z) pmodel(x|z) , (3.253)

The posterior in Eq. (3.253) represents the probability to observe a particular
set of latent variables after a set of inputs arrives.

Eq. (3.253) holds true because of Bayes’ theorem, which in simpler form
expresses a basic relationship between (unknown) probability distributions
and certain information: A general conditional distribution p(x|z) is related to
the conditional distribution (the posterior) p(z|x), which may be a “measurable
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quantity”, for example via

p(x|z) = p(z|x)p(x)
p(z)

. (3.254)

where p(x) is the marginal probability of observing x and p(z) likewise for the
hidden variable z – the prior.

Equations (3.251) and (3.253) are merely formal: A term such as pmodel(x|z)
may, in fact, be modeled by a stochastic neural network that is optimized in
parameters θ with respect to a particular objective function, written as pθ(x|z).
This is the case for variational autoecoders (see corresponding section below).
As an illustrative example, pθ(x|z) may be assumed to be Gaussian, and if
z is discrete, then qφ(z|x) – now a model for p(z|x) – becomes a mixture of
Gaussian distributions. In other cases, one assumes a Bernoulli form of pθ(x|z).
For continuous values of z, which is more convenient and can be realized a the
so-called reparametrization trick, the marginal likelihood pθ(x) can be seen as
an infinite mixture, which, in practice, could be more powerful than discrete
mixtures [878, Ch. 1.6].

This general, Bayesian type of approach allows for a full probabilistic model
at one’s disposition, rather than the first (at most few!) moments of a distribu-
tion (e.g. fitting). In principle, then, inference can be used to predict any of
the variables given any of the other variables by expressing their conditional
probabilities. Moreover, the features extracted in the latent space should be
telling us something generic about the dataset.54 In Ch. 7 we find that if data is
Boltzmann-Gibbs distributed, i.e. is composed of equilibrium configurations,
then a probabilistic latent-variables model (VAEs) can discover collective vari-
ables of the physical system (many-body features). The full set of these vari-
ables can be used to distinguish between thermodynamic phases, for example.
Further, for the probability to detect a certain feature in the data, this model
provides variances that can relate to the physical susceptibility of the system.

Tractability issues: Variational methods

A tractable posterior distribution p(z|x) might be lacking, which means that
pθ(x) is intractable. Hence we cannot differentiate it with respect to its param-
eters and optimize it, as can be done using maximal likelihood estimation on fully
observable models. Approximation of pθ(x) with a model inference distribution
qφ(z|x) becomes a necessary technique – we assume a particular analytical,
tractable form. This then allows for obtaining a tractable expression for pθ(x).
This describes the situation for variational autoencoders (which we describe
further below). One then optimizes an objective function with respect to the
parameters φ of the model. This may be deemed a “point-wise variational free
energy” F(x) that provides a tractable lower bound on the underlying, un-
known (log-) probability distribution of data p(x). The underlying methods
come from variational mean field theory (See Sec. 3.2).

Remark. Quite obviously, some vocabulary has been adopted from physics:
Energy-based models assume that the (generally unknown) distribution over data
x follows a Boltzmann distribution, p(x) ∼ exp(−E(x)), where E(x) is a scalar
function, i.e. part of the exponential family of probability distributions. These

54Clearly, the exact origin of a generic feature is an ill-defined inverse problem, as features are
found throughout entire ‘ensembles’ of data.
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are also called Gibbs distributions in the field, in analogy to Gibbs ensembles
that we discuss in Ch. 3.

Generative modeling

Infamous architectural examples of generative models – those where we can
generate fake examples of data closely resembling the training set – include
variational autoencoders (VAEs) (see below) and generative adversarial net-
works (GANs) [111]. These architectures are ‘idiosynchratic’ in their behavior,
i.e. latent variables may “collapse” that cause generated images to be of one
particular “type” only (GANs are more susceptible to this [881]). The question
of why generative models may or may not succeed for arbitrary datasets, and
which considerations about the sources of the data are necessary, play a central
role in current machine learning research.

The development of generative methods stems from a basic desire to find
methods that can represent data in many ways, i.e. flexible learning systems
that are useful for many tasks. In figurative terms, a learning systems should
gain a generic “understanding” about the data, i.e. should find a universal
representation of it. In contrast, while “standard” representation learning –
like standard autoencoders – is clearly useful and somewhat insightful, it still
depends on the end-task for which it will be applied for, i.e. on the specific
input–output setup. We need a different kind of setup where an algorithm
could, in principle, find “generalized” representations that would be useful
out-of-task. This means we first need to understand what fundamental, generic
properties a learning agent will try to “reverse engineer” when exposed to
sample input data. In order to venture towards “generalized” learning in all
earnestness, then, we may need to question deeply into the nature of physical
reality [109]. Let us explain.

From a more pragmatic point-of-view, generative algorithms should “gen-
erate” data (images) “just like” the training set, but, consistent with underlying
probabilistic model (the source that generates it). For VAEs, we will be forced to
impose a model for the data in an approximate posterior distribution (see fur-
ther below). The meaning behind these assumption, and even how well these are
founded, is part of what we explore in this thesis. As we apply the algorithms
to a statistical-mechanical model systems, we will be in a uniquely privileged
position to scrutinizing such model assumptions about the world – in this case,
the physical world.

Regarding ontological questions of generative modeling, we should proba-
bly presume that data is generated by or organizable according to a hierarchical
principle [417]. “Information” in data will also reflect some form of temporal
and spatial coherence [882]. Symmetry (and the breaking thereof) is another,
very fundamental principle that seems unavoidable for learning “reasonable”
representations, see e.g. Ref. [532]. We discussed this in Ch. 1.4.1. The ma-
chine learning literature discusses so-called “generating” or “salient factors of
variation” in datasets that should be represented (learned) in a “disentangled”
fashion by the learning agent [108, 109]. We are not sure about the physical defi-
nition or meaning of this elusive notion. Nonetheless, our studies with VAEs
in part IV of this thesis might contribute to similar foundational ideas about
generative modeling, arguing that we can test the compatibility of models and
representations with physical laws.
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3.6.1 Principal Component Analysis (PCA)

Principal component analysis (PCA) is an unsupervised method for dimen-
sionality reduction [388, Ch. 15] [386, Ch. 13][883, Ch. 10][389, Ch. 12][394][384,
Ch. 6]. In this utilitarian view, PCA provides a simple means for projecting data
onto two- or three-dimensional space, where we can use our intuition to further
interpret or process data. In contrast to clustering methods such as t-stochastic
neighbor embedding (t-SNE) (see e.g. [394]), PCA is a linear method, which is one
of its basic limitations, as any significant variations that embody a nonlinear
‘distortion’ in the data will be at best approximated with covariances. It can
be extended to a nonlinear mapping via a kernel transformation of the data in
kernel Principal Component Analysis, which is out of the scope of this discussion,
however.

PCA decomposes a dataset into eigenmodes via a diagonalization (rotation)
of the covariance matrix of the data. The basic assumption is that there is a
single Gaussian model (of high dimension) of the data (the mean is set to zero).
Thus, its can be viewed a projecting data onto a high-dimensional manifold
of uniform curvature in each direction, the curvature inversely related to the
variance of the data.

Viewpoint from statistical field theory

Note: We provide here a brief, unconventional discussion on PCA based
heavily on Ref. [454].

We can imagine that the dataset is a physical system with N variables {φi}N
i=1,

where N is large. For simplicity, we assume the means of these variables is zero.
As in standard field-theory approaches, we assume their fluctuations are nearly
Gaussian, hence for their joint probability density, following the exponential of
an effective Hamiltonian or action,

p({φi}) =
1
Z

exp

(
−1

2 ∑
i,j

φiKijφj −
1
4!

g ∑
i

φ4
i + . . .

)
. (3.255)

The coefficient g represents a weak kurtosis of the random variables. Eq. (3.255)
is also the maximum entropy density constrained to a covariance of the vari-
ables (second moment) and mean kurtosis (fourth moment), which makes it
arguably generic. The system is determined by a Gaussian if g = 0, where the
matrix Kij is the inverse of the covariance matrix defined by Cij =

〈
φiφj

〉
.

The eigenvalues λν and eigenvectors {ui(ν)} of the matrix K fulfill

∑
j

Kijuj(ν) = λνui(ν) (3.256)

and allow the variables {φi} to be decomposed into modes {φ̃ν}

φi = ∑
ν

ui(ν)φ̃ν . (3.257)
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If g = 0, the modes are precisely the principal components. The Gaussian part
of the effective Hamiltonian is then

1
2 ∑

i,j
φiKijφj =

1
2 ∑

ν

λνφ̃2
ν . (3.258)

The variance of each such mode is determined by the inverse eigenvalue
〈φ̃2

ν〉 = 1/λν. Further, in the limit of large N, the spectral density distribution
of eigenvalues ρ(λ) = 1

N ∑
ν

δ(λ− λν) becomes a continuous function. There is

a largest eigenvalue Λ: the average variance of any variable is calculated as

1
N ∑

i
〈φ2

i 〉 =
1
N ∑

ν

1/λν −→
Λ∫

0

dλρ(λ)
1
λ

. (3.259)

In applying this formalism to datasets with many degrees of freedom, we
have no access to the underlying matrix K. However, we can estimate K with
the inverse of the covariance matrix as long as the dataset is close to following
a Gaussian, and as long as it is large enough. However, importantly, in systems
with symmetries such translation invariance, the eigenvectors of C should turn
out to be those of K. In fact, if the variables live in positions r in a d-dimensional
Euclidean space, a “kinetic energy” term induces correlations among the vari-
ables φ, enforcing similarity among neighbors, as in the Ginzburg-Landau ef-
fective Hamiltonian or free energy (see [65]),

1
2 ∑

i,j
φiKijφj −→

∫
dr(∇φ(r))2 (3.260)

The eigenvectors of this Gaussian field theory are divergence operators or
(Fourier) modes, thus the local Hamiltonian “kernel” is a laplacian, as men-
tioned in sec. 3.2. These can be indexed by a wave vector k, and the eigenvalues
are |k|2. If the original space has a lattice spacing a, then the maximum eigen-
value is Λ ∼ (π/a)2, in line with the ground harmonic state having one-half
wavelength.

Of course, it is not clear a priori whether or not this is the case. Closer inspec-
tion on the eigenvalue spectrum of PCA provides partial answers. It can first be
used to order the degrees of freedom along an axis (in the Gaussian case by the
wave-numbers). If the spectrum of the covariance matrix entails a limited num-
ber of low eigenvalues (with highest variance) that differ substantially from the
rest, then one can say that the system is genuinely low-dimensional. Usually
there is a continued variation in the magnitude of the eigenvalues; there may
even be power-law behavior, which is difficult to verify, however.

In such a broader-spectrum case, one can then “coarse grain” the model by
eliminating (averaging out) the modes that have small variance, i.e. those with
λ < Λ , which amounts to decreasing the limit Λ of the integral in eq. (3.259).
Though this might appear a trivial task, the joint probability density of the
remaining variables may be highly nontrivial, of which one could measure e.g.
fourth-order moments, in practice, to characterize such a progressive coarse-
graining transformation. This is at the heart of renormalization group analysis.
Hence, using PCA, we can ignore microscopic details in data that are irrelevant
for a more global model, “zooming out” to the stochastics of macroscopic,
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collective variables that are ranked in importance by their Gaussian-expected
fluctuations. The effective number of degrees of freedom upon this coarse-
graining is

Neff = N
Λ∫

0

dλρ(λ) . (3.261)

The average of the quadratic term in the effective Hamiltonian is automatically
proportional to this, as would be required for the entropy to grow extensively
with Neff.

Ref. [454] further discusses higher-order terms in the effective theory (e.g.
fourth order), whose contributions could become increasingly important in
each coarse-graining step if these terms represent relevant operators. Theoreti-
cally, a scaling function of re-scaled couplings g̃ differentiates both possibilities.
We simply mention this point and refer the interested reader to the reference.

3.6.2 Variational autoencoders

A variational autoencoder (VAE) is a method that combines neural networks
with (approximative) inference [878, Ch. 2][386, Ch. 20], using an ansatz stem-
ming from variational mean field theory (which we discussed in Sec. 3.2). A
neural network maps data in a nonlinear way to a latent variable space; an-
other maps latent space variables back to our physical space. We investigate
the learning behavior of these algorithms in part IV of this thesis when trained
on physical data, namely configurations of hard, “sticky” rods in 2D (from a bi-
ased Boltzmann-Gibbs distribution). We review very briefly the main concepts
of the algorithm in this section.

VAEs are known to reproduce the same kinds of results of PCA given the
neural networks are linear [397, 527]; however, PCA does not entail a statis-
tical model of the data in an explicit way. Moreover, the form of VAEs – in
that it maps data to a latent space and back – mimics standard autoencoder
neural networks (AEs). However, the maps in VAEs are stochastic, i.e. are not
deterministic, and are expressed in terms of probability densities. Hence, more
than employing just “added noise”, variational autoencoders provide a full
generative model of the data. We will discover in part IV that the process of
learning configurations is akin to discovering a hidden ‘energy landscape’,
where e.g. partly separated regions of latent space correspond to “mesostates”
of symmetry-broken phases.

The method was developed by Rezende (2014) [51], and by Kingma and
Welling (2013/2014) [50]. In terms of the machine learning literature, a VAE is
a latent variable model (a generative model) pθ(x, z) of observable variables
x (the data) and hidden, latent variables z. The model is specified by train-
able parameters θ. The VAE is composed of two parts, which in practice are
implemented as neural networks:

• An approximate posterior is used (the inference model) with additional
parameters φ, modeled by a stochastic neural network called the encoder

qφ(z|x) ≈ pθ(z|x) (3.262)
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• A decoder (also a stochastic neural network) models pθ(x|z), mapping
points from the latent space to the observable (data) space.

Figure 3.2 depicts the VAE in its neural-network setup, while Fig. 3.3 depicts
the probabilistic model of variational autoencoders. Generally, the data comes
from some complex, unknown distribution pD, whose samples we observe
empirically by the existence of data in a dataset D. The hidden variables are
assumed to take on a simple form, expressed by the prior p(z).55 The generative
model that is learned is

pθ(x, z) = pθ(x|z)p(z) (3.263)

The variational lower bound – as its name implies – is a formal lower bound on
the “true” log-likelihood of the data, and is to be maximized during training of
the encoder and decoder parameters {φ, θ} (see following sub-sections).

F I G U R E 3 . 2 : A schematic of a VAE implemented as a neu-
ral network (duplicated from Ch. 1.4.2, Fig. 1.8). An input im-
age x passes through an encoder network (flexible architecture)
that represents the approximate posterior qφ(z|x), where the
latent variables µ and σ are learned. A sample latent vector z
is drawn from the distribution, and sent through the decoder
network (flexible architecture) that represents pθ(x|z), render-
ing a probabilistic outcome for x′ (a particular “reconstructed”

input). Source: Ref. [526].

Central to the VAE method is a first assumption (I) that x is a stochastic
variable. Each empirical input x ∈ pD(x) from data will still be modeled by a
probability distribution. One can sample “fake” variants of a single instance of
data on the input side (as well as sampling from the latent-space prior faking
any kinds of similar data). The method models the probability of finding x
conditioned on latent variables p(x|z), hence a distribution of outputs when
marginalizing (sampling) over z. The latter p(x|z) = pθ(x|z) is the decoder –
either Bernoulli or of Gaussian distributions in standard cases. In practice, this
means the output values of the pixels of an input image (which are binary) will
follow a distribution, and will then take on values between 0 and 1 in the output
(if not sampled from the range). During training (see below), the parameters
θ are optimized (with constraints that involve the assumptions governing the
other parameters of the encoder φ) via a reconstruction loss term: The input and

55It is up to debate whether that more complex priors improve VAEs [529].
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(many) outputs are compared via either the binary cross-entropy function56 or
e.g. a mean-squared error (these are the standard cases).

The second central assumption (II) is that the approximate posterior in
latent space qφ(z|x) is assumed to be a diagonalized multivariate Gaussian over
n-dimensional variables z:

qφ(z|x) ≡ N
(

z; µ[x], Σkk′ [x]δkk′)
)

, (3.264)

where the covariance matrix Σ is diagonal with a vector of eigenvalues σ and µ
is the mean vector. These are both implicitly functions of x. The latent variables
are thus assumed to be uncorrelated in the hypothetical model:

qφ(z|x) ≡
n

∏
k=0

qφ(zk|x) (3.265)

where zk is the kth latent (field) variable. In practice, the algorithm will try to
enforce the diagonality across the latent variable dimensions given empirical
data x ∈ pD(x).

Both assumptions (I+II) together fix the functional form of the optimization
problem. Neither the reconstruction nor the assumption of uncorrelated latent
variables will be fulfilled strictly; the optimization should provides a “best fit”
between both (to second order in a “free energy” function), which, we will
discuss in our case study in Ch. 7, may make way for nontrivial competition
as soon as the dataset is highly unstructured, i.e. entails a high amount of
information (related to irreducible symmetries of the set).

Remark. We note that the assumption of a diagonal matrix can be loosened,
which, however, may not change much, qualitatively, as any non-diagonal
Gaussian can be diagonalized with a series of orthogonal transformations –
with a rotation matrix. The exact advantage has been reported to be unclear.
In practice, a non-diagonal covariance matrix amounts to an additional diago-
nalization step within each training step and, thus, more overhead. A deeper
exploration of the full-covariance-matrix Gaussian posterior of VAEs was not
investigated in this thesis.

In the discussion on PCA in the previous section, we saw that the eigen-
values of the covariance of the data, measured ‘directly’, are inversely related
to the variance expected by a Gaussian part of the effective free energy of the
data. VAEs are conceptually similar to PCA, except for two points: (1) The VAE
entails a Gaussian model of the original data after some nonlinear transforma-
tions via the encoder neural networks. Generally, then, it should be more adept
at finding a suitable Gaussian part of an “effective free energy” – for what-
ever variables best store the information of a Gaussian model. These latent or
“hidden” Gaussian variables need not at all be linear functions of the data. (2)
One can directly generate new data by sampling either from the approximate
posterior around all empirical data points qφ(z|x) (the distribution of which
will only slightly differ from the original dataset) or, better, via the prior p(z),
which should express the full (abstract) breadth of nonlinear features among
the data (via the generative model of the VAE). PCA cannot perform such a
generative step in any direct way, and only fits the mean and variance over all

56that abides more faithfully to the pixel-wise Bernoulli assumption
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of the empirical data, without a probability distribution over each individual
empirical data point.

Optimization: maximize the evidence lower bound

The variational or evidence lower bound (ELBO) – a lower bound on the log-
likelihood of the data in variational inference approximations – can be derived
using Jensen’s inequality for convex functions [850, p. 35][849, Ch. 2] directly, but
we demonstrate another derivation [878, Ch. 2.3]:

For an arbitrary inference model qφ(z|x) parametrized by (a set) φ arbitrar-
ily, we can write

log pθ(x) = 〈log pθ(x)〉z∼qφ(z|x) (3.266)

=

〈
log

pθ(x, z)
pθ(z|x)

〉

z∼qφ(z|x)
(3.267)

=

〈
log

pθ(x, z)qφ(z|x)
qφ(z|x)pθ(z|x)

〉

z∼qφ(z|x)
(3.268)

=

〈
log

pθ(x, z)
qφ(z|x)

〉

z∼qφ(z|x)
+

〈
log

qφ(z|x)
pθ(z|x)

〉

z∼qφ(z|x)
(3.269)

≡ Bθ,φ(x) + DKL(qφ(z|x)||pθ(z|x)) ,
(3.270)

Eq. (3.266) is possible because pθ(x) is completely independent of z, hence the
right-hand-size is a trivial statement. The quantity Bθ,φ(x) denotes the ELBO
and DKL(qφ(z|x)||pθ(z|x)) is the Kullback-Leibler- (KL-) divergence (relative
entropy) between the approximate and true posterior distributions, introduced
in eq. (3.224). Importantly, the KL-divergence is always nonnegative57:

DKL(qφ(z|x)||pθ(z|x)) ≥ 0 (3.271)

rendering zero when the two distributions are identical. Now, reordering equa-
tion (3.270),

Bθ,φ(x) = log pθ(x)− DKL(qφ(z|x)||pθ(z|x)) (3.272)
≤ pθ(x) . (3.273)

The ELBO is thus clearly a lower bound of the log-likelihood of data, thus the
task during training of the neural network is to maximize this lower bound. The
negative of the lower bound (which we denote as L ≡ −B) is also called the
variational free energy from variational mean field theory (see Sec. 3.2), which
should be minimized.

Here, the discrepancy between the true- and approximate-posteriors will
be reduced by the KL-divergence term when maximizing the ELBO. So, the
size of the gap (“tightness-of-bound”) between the ELBO and the marginal
log-likelihood of the data will be reduced the better the approximation of the
distribution pθ(z|x). This is a central notion around advanced improvements

57It satisfying the so-called Gibbs-inequality, a central inequality for information theory [850, p.
34] that is also underlies the variational principles for density functional theory [793]
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for VAEs – to make the approximate posterior more expressive and flexible via,
e.g. inverse autoregressive flow, see Ref. [884].

The ELBO Bθ,φ(x) can be re-written as [51, 386, 878]

Bθ,φ(x) =
〈
log pθ(x, z)− log qφ(z|x)

〉
z∼qφ(z|x) . (3.274)

The first term represents a negative “inner energy” function, while the second
the negative Shannon entropy of the approximate posterior, given a specific x.
Therefore, the name “pointwise free energy” is fitting; we interpret it as a local
free energy difference in an energy landscape.

Yet, to estimate the ELBO given empirical data, we need to reformulate it
once more in terms of the prior distribution: Since we can now write pθ(x, z) =
pθ(x|z)p(z), we find

Bθ,φ(x) =
〈
log pθ(x|z) + log p(z)− log qφ(z|x)

〉
z∼qφ(z|x) (3.275)

=

〈
log pθ(x|z)− log

(
qφ(z|x)

p(z)

)〉

z∼qφ(z|x)
(3.276)

≡ 〈log pθ(x|z)〉z∼qφ(z|x) − DKL(qφ(z|x)||p(z)) (3.277)

The first term in Eq. (3.277) is the so-called reconstruction error, and the second
term the Kullback-Leibler divergence between the approximate posterior and
prior on latent space. Eq. (3.277) is the practical form of the ELBO that can be
optimized during training of VAEs, i.e. during optimization of the parameters
{θ, φ}.

Reparametrization

We note that during optimization of the neural network via the standard
backpropagation algorithm for neural networks, it is necessary to make every
parametrization differentiable. The approximate posterior is the distribution
function qφ(z|x) assumed to be a Gaussian. The “reparametrization trick” was
developed in Ref. [51] that, when used with stochastic gradient descent [389,
Ch. 5] [387, Ch. 4][385, Ch. 3] – which essentially samples changes in global
states within small batches – means derivatives are defined and the algorithm
is extremely fast, even requiring only single samples to be generated per up-
date. Schematically, it means there is a “parallel” split of the neural network
in the layer that represents the latent variables, and every instance of input x is
associated with a parametrized random or stochastic field variable z over the
data

z([x]; φ) = µ[φ(x)] + εσ[φ(x)] . (3.278)

Here, ε is an n-dimensional random number that is normally distributed, where
n is the dimension of the latent space. The first term is the mean of the Gaussian
and the second is the root variance of the Gaussian defined by the approximate
posterior. The parameters of the neural network φ are optimizable and thus de-
fine a deterministic mapping function of the data x after training. The notation
φ(x) is thus clear. Fig. 3.2 shows this reparametrization in the basic setup of
the VAE as a neural network.
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Some initial remarks

Notice, also, that many inputs may produce the same value of z upon sampling,
given they are “close enough” in latent space and have overlapping Gaussian
distributions – in this way, the VAEs are able to model similarities in the data,
loosely speaking.

Notice that the number n of latent variables (the dimension of latent space)
is a hyperparameter. Thus, VAEs must operate on principles of compression
(the latent space is low-dimensional) given constraints (implied by competing
terms within the ELBO). We suspect there is an optimal trade-off between
compression (“global”, “ensemble” predictability) and reconstruction (“local”,
sample-wise predictability) – though we did not find formal investigations on
this in the literature. The (Shannon) information in the generative model of the
dataset is supposed to preserved in a best way while also finding a best “useful”
(tractable) representation in a latent space with finite degrees of freedom. As
this will never work perfectly except for data that is Gaussian (i.e. noise), there
will be some loss of information necessary in one way or another. First of all,
a finite number of independent degrees of freedom in latent space should be
related to compression, and will likely limit the level of “local” predictability.
An original image will never be perfectly encoded (lossy encoding!) into the
latent space of a VAE that aims in detecting generic features. Thus, why par-
ticular representations emerge in the latent space is a subject still open in the
literature. We shed significant light on this topic in the results of this thesis in
part IV.

In general, it is recommended to implement the encoder and decoder as
deep neural networks in order to increase the expressivity in the mappings
between both spaces, and to aid in extracting the “relevant” features in the data
(see introductory discussion on deep learning in Ch. 1.4, as well). However,
in this thesis, find that shallow neural networks may actually do job better if
one extends the dimension of latent space to very large number, i.e. wide-and-
shallow neural networks. (An additional factor must be considered in terms
of another hyperparameter β of the β-VAEs that we employ, which we shall
discuss in part IV.)

β-VAEs

The ELBO on Eq. (3.277) can be modified once more:

Bθ,φ(x; β) ≡ 〈log pθ(x|z)〉z∼qφ(z|x) − βDKL(qφ(z|x)||p(z)) (3.279)

where β is a hyperparameter fixed at the beginning of training. This formula-
tion of VAEs [52] allows one to shift the tradeoff between the two terms in the
loss or cost function

Lθ,φ(β) ≡ −
〈
Bθ,φ(x; β)

〉
x∼pD(x) (3.280)

that is estimated over some minibatch of data from the empirical distribution
pD(x). In recent years, much attention has been given to the phenomenon of
“disentanglement” of latent variables that can be adjusted via emphasis on the
KL-term [533]. We shed light on the topic in part IV of this thesis, where we
uncover a phase transition upon varying the hyperparameter β; at its vicinity,
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the latent representations become maximally decoupled and form a hierarchy
of sorts.
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F I G U R E 3 . 3 : Depiction of the probabilistic model of a VAE:
It learns a stochastic map between the data space {x}, which
is observable, and the latent (hidden) space of variables {z}.
The complex, empirical data distribution is pD(x), the a priori
distribution of latent variables pθ(z) is a unit Gaussian. The de-
coder/generator function ( a neural network) embodies pθ(x|z),
so that the joint probability distribution pθ(x, z) = pθ(x|z)p(z)
is the generative model learned. The exact posterior distribu-
tion (the inference model) pθ(z|x) is intractable and hence mod-
eled by an approximative distribution qφ(z|x), which is imple-
mented as a stochastic neural network, the encoder. See Ref. [878,

Ch. 2] (image taken from there).
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This chapter has reviewed and thoroughly discussed fundamental concepts
of probabilistic approaches to describing classical many-body systems in- and
out-of-equilibrium – with focus on the meaning of “coarse-graining”, the fun-
damental presumptions (and some debate) around equilibrium statistical me-
chanics, dynamical equations in the form of master equations (which are in-
tuitively illustrated when considering on-lattice systems), and Markov-Chain
Monte Carlo methods. The validity of Markovian or “coarse-grainable” as-
sumptions are challenged in nonequilibrium or nonergodic systems – many
open issues remain, as there is currently no unifying (or agreed-upon) formal-
ism for nonequilibrium systems.

In any case, the statistical behavior of a (highly correlated) system can be
quantified by information-theoretic measures, even in nonequilibrium e.g. for
dynamics following Markov chains (microscopically Markovian dynamics).
Apart from offering generic methods for statistical characterization, these mea-
sures quantify and may even manifest some of the most basic presumptions
about the physical world on which equilibrium statistical mechanics is based,
i.e. Jaynes’ principle of maximum entropy, to mention a famous example. Ma-
chine learning “utilizes” these measures in defining a learning problem (objec-
tive functions), where we motivated the “variational free energy” and Kullback-
Leibler divergence in the context of “mesostates” visited by an essentially near-
equilibrium (biased-ensemble) system following Markovian dynamics.

The fields of physics and machine learning relate in much more general
ways, too. Learning seems to follow the same principles of finding effective,
coarse-grained field theories (about data). Behavior of unsupervised machine
learning algorithms like PCA and variational autoencoders might be under-
stood in an alternative way, which is part of our motivation behind our ex-
ploratory work in part IV of this thesis.

The end of this chapter marks the end of part I of this thesis. The next parts
will cover the scientific studies that have been introduced in this first part. We
will provide an outlook that ties together the topics covered in this theoretical
chapter with all of the results in part V.
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Hard Rods in (2+1)D
Confinement: Monolayer

Growth
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Chapter 4

Monolayer Systems of Purely
Hard-Core Rods: Equilibrium
Theory and Growth Dynamics

Nothing is more practical than a good theory.

Ludwig Boltzmann

This part (part II) of this thesis has been motivated in Ch. 1.2: We aim to
characterize and explore an idealized model system for thin film growth with
rod-like particles at the submonolayer stage of growth. The model we present is
that of hard rods in simple cubic lattices confined to maximally one monolayer
((2+1)D). In this chapter, we treat only the limiting case of purely hard-core
rods. The general case of added attractions will be addressed in the latter Ch. 5.

The research aims behind the results presented in this chapter can be char-
acterized as the desire for methodical control, stemming from sophisticated,
equilibrium and near-equilibrium theory: classical density functional theory
and dynamical “extensions” thereof. Kinetics of phase separation processes
during layer growth will not be addressed, as no thermodynamic phase tran-
sitions occur in purely hard-core systems of rods (which we will discover).
This purely hard-core case studied in this chapter is not a faithful models for
organic molecular thin film growth – the next chapter will address the more
generic case of “sticky” hard rods. Nonetheless, the purely hard-core case is an
important limit, i.e. “high-temperature” behavior (in confinement).

We shall explore the equilibrium properties of the purely hard-core model
of rods, which is amenable to state-of-the-art analytic theory: Fundamental
measure theory (FMT) is formulated for the lattice rods. This theory is com-
pared to equilibrium Monte Carlo simulations in the grand canonical ensemble.
In order to obtain a fuller picture of the physics of hard-core rods in monolayer
confinement, we compare the lattice model to that of a continuum model – hard
spherocylinders.

After studying equilibrium, we shall explore the nonequilibrium and
quasi-equilibrium dynamics of the many-body systems during the deposition
of new particles (which represents an external driving force), measured in
terms of the evolution of global order parameters. We write, develop, and
employ kinetic Monte Carlo (KMC) simulations specifically for hard-core
rods, as well as for the monolayer-growth setup. As we remain in the purely
hard-core limiting case, the nonequilibrium growth of monolayers can be
formulated analytically within the framework of dynamical density functional
theory (DDFT) on the lattice based on the lattice FMT presented in the first half.
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A systematic, direct comparison to the KMC simulations is presented. Within
the same context of monolayer growth, we compare directly the trajectories
of global observables in the lattice model to those in continuum models with
hard spherocylinders.

The concepts we discuss here connect to much of those introduced and
discussed the previous part I of this thesis. We discussed fundamentals of the
physics of complex fluids of rods in Ch. 2.1; in particular, we stressed that their
pronounced coupling of rotational and translational degrees of freedom is the
key for ordering phenomenology. A broad motivation behind this thesis is that
lattice models are often useful to study a simpler version of a more complex
reality. This general idea was discussed in the introduction, Ch. 1.1. The lattice
model was originally conceptualized as a “coarse-grained” model of organic
molecules at substrates. The validity of this model assumption is what we aim
to find out, ultimately. We discuss this and other issues later in the closing
part (part V) of this thesis. The constraint of complex fluids of rods to lattices
was discussed preliminarily in Ch. 2.2.2 at a qualitative level. The general
idea of effective theories was described in the broad context of field theoretical
approaches in Ch. 3.2, while “coarse-graining” was discussed in Ch. 3.5: it is
tied to finding Markovian dynamics at the relevant level of description, i.e. a
quasi- or near-equilibrium description of an effective process (which may be
a “sub-process” in a system if the time-scales are sufficiently separated). As a
monolayer system represents a confined 3D fluid (to maximally one layer), we
have discussed basic aspects of confinement on phase behavior and dynamics
in Ch. 2.2.

This chapter addresses a theoretical treatment of monolayers by the use of
sophisticated methods for equilibrium fluids, in which we minimize a grand
potential functional of the one-body density distribution. The latter is classi-
cal density functional theory (DFT), for which we provided a background in
Ch. 3.1.5. Specifically, fundamental measure theory (FMT) is employed, whose
construction aims at a capacity for many-body correlations within the analytical
description. Fundamentals of equilibrium statistical mechanics were discussed
in Ch. 3.1. Equilibrium ensembles like the grand canonical ensemble – in which
DFT is defined – were discussed in Ch. 3.1.4. We shall compare the DFT results
to Markov-Chain Monte Carlo simulations in the grand canonical ensemble,
i.e. GCMC simulations, which we were discussed in Ch. 3.4.2.

We discussed nonequilibrium layer growth and self-assembly on a general
note, in the context of soft matter or complex fluids in Ch. 2.3. The irreversible
nature of nonequilibrium dynamics was discussed in Ch. 3.5, and fundamen-
tally non-Markovian dynamics in far-from-equilibrium scenarios – for example
in dynamically arrested states – were discussed in Ch. 3.5.3. We motivated, illus-
trated and discussed fundamentals on the nonequilibrium N-body dynamics
of hard-core particles on lattices in Ch. 3.3, which are describable in terms of
inhomogeneous master equations. Within that section (Ch. 3.3.6), we discussed
the ansatz made by dynamical density functional theory (DDFT), which is an
analytical approach attempting to include two-body correlative effects into
a reduced, one-body description of dynamics, albeit using a functional that
is well-defined in equilibrium only. Within Ch. 3.3.5 and more concisely in
Ch. 3.4.1, we discussed kinetic Monte Carlo (KMC) simulations that generate
example trajectories of the N-body system, where underlying dynamics are pre-
sumed Markovian at the microscopic scale (the dynamics are coarse-grained at
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a first level of treatment, i.e. that of the lattice). This simulation method is at the
heart of our study of nonequilibrium layer growth below. The organization of
this chapter is found below after making a few statements on published work.

4.1 Published work

This chapter is based heavily on the following two publications, where
multiple authors were involved:

M. Oettel, M. Klopotek, M. Dixit, E. Empting, T. Schilling, and
H. Hansen-Goos, “Monolayers of hard rods on planar substrates. I.
Equilibrium”. In: The Journal of Chemical Physics 145.7 (July 2016), p.
074902. D O I: 10.1063/1.4960618.

M. Klopotek, H. Hansen-Goos, M. Dixit, T. Schilling, F. Schreiber,
and M. Oettel, “Monolayers of hard rods on planar substrates. II.
Growth”. In: The Journal of Chemical Physics 146.8 (Jan. 2017), p. 084903.
D O I: 10.1063/1.4976308.

Contributions of author (MK)

We have decided to include all results of these publications in this chapter
in order to preserve the coherence of the scientific story, i.e. to offer a fuller
picture of monolayer growth with rods in the hard-core-particle limit. We state
the contributions of the author of this thesis (“MK”) below:

J. Chem. Phys. 145, 074902 (2016):
MK contributed to research via writing and running the first simulations of this
lattice model system of rods. MK contributed to the research, development, and
writing of the grand canonical Monte Carlo (GCMC) simulations in the context
of co-supervision of a student thesis (bachelor). MK produced a schematic and
3D visualizations (Figs. 4.2 and 4.6, respectively, in this thesis), and contributed
to editing the manuscript.

J. Chem. Phys. 146, 084903 (2017):
MK contributed substantially to research, collaboration, simulation develop-
ment, data visualization, data production, and writing the paper. All kinetic
Monte Carlo (KMC) simulations codes were written, developed, managed and
executed by MK. All plots, as well as many schematics and visualizations were
produced by MK. In many or most sections, MK was the main author of the text.
Exceptions are: the introduction (paper Sec. I), the description and analysis of
the DDFT (paper Sec. II), and summary/conclusions (paper Sec. VI). MK was
responsible for all final editing and the full journal submission process. MK
corresponded with editors and reviewers.

The first part of the results in this chapter (as of Sec. 4.4) presents the work
that is published in J. Chem. Phys. 145, 074902 (2016), where we characterize
the equilibrium properties of hard-rod monolayers, using theoretical methods
but also simulations. The second part of this chapter (Sec. 4.8) presents
the work published in J. Chem. Phys. 146, 084903 (2017), where we explore
the (nonequilibrium) growth of monolayers using simulations as well as
theoretical methods. Note that in certain places, we have modified the text, as

https://doi.org/10.1063/1.4960618
http://dx.doi.org/10.1063/1.4976308
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well as added to the original text of the publication. Throughout the course of
the chapter, we will indicate where we have contributed and in which manner
at the beginning of main sections. Also, we have completely re-written, as well
as massively extended and broadened the introduction to the model system,
aims of the study, and literature reviews in part I of this thesis (particularly in
Ch. 1.2.) We have also written our own conclusions, as well as an extended
discussion in Sec. 4.13.

An outline of the sections and corresponding topics of this chapter is pro-
vided in the next section.

4.2 Organization of this chapter

In Sec. 4.3, we will present the basic, static model definition of hard-core rods
in monolayer confinement, as well as the global-scale, thermodynamic orien-
tational order parameters investigated. In Sec. 4.4, we will describe the lattice
version of fundamental measure theory (FMT) for hard rod mixtures, as well
as illustrative examples like monolayer confinement, as well as 2D and the 3D
bulk. We study the properties of the monolayer systems in equilibrium via the
lattice FMT and comparative simulations for equilibrium conditions in Sec. 4.5.
In Sec. 4.6, we briefly describe our equilibrium Monte Carlo simulation method
in the grand canonical ensemble. Sec. 4.7 discusses and compares the equilib-
rium behavior of monolayers in the lattice model to that of a continuum model
of hard spherocylinders. After the end of the section, we will review briefly the
most important results of the first chapter.

The second half of this chapter investigates the growth of monolayers with
dynamical models. It begins in Ch. 4.8, where we describe very briefly the ki-
netic Monte Carlo (KMC) method for simulating hard rods on lattices with
diffusive-type motion and a deposition flux. Thereafter, in Sec. 4.9 a lattice dy-
namical density functional theory (DDFT) is formulated for monolayer growth
with hard rods, based on the equilibrium fundamental measure theory that we
presented in the first part of the chapter. We will then proceed to compare the
DDFT to “ground truth” KMC simulations in Sec. 4.10, discussing mostly the
quality of the analytical DDFT approach as well as its (in-)consistency with
the simulation, but also exploring the dynamics of a number of global-scale
(particle-averaged) observables during growth. A quasiequilibrium growth
description is possible in the monolayer of hard-core rods, as there are no
phase transitions for intermediate rod-lengths. Further, in Sec. 4.11, we will
have derived an expression for the effective 2D diffusion rate for “tumbling”
rods, which couple transitional as well as rotational degrees of freedom (these
out-of-plane rotational dynamics were implemented in the KMC model). In
Sec. 4.12, we shall present a lengthy comparison between dynamical models
of monolayer growth on the lattice (KMC) and continuum models employ-
ing spherocylinders. Two such models are implemented and compared to the
lattice model.

A summary and our conclusions are written in Sec. 4.13, where we also
provide an additional discussion.
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4.3 Static model definition of hard rods confined to
monolayers ((2+1)D)

l

(b)

F I G U R E 4 . 1 : Illustration of our lattice model for hard-rod
monolayers, as seen (a) in 3D and (b) projected on the x–y–
plane. Blue rods are oriented in x–direction, yellow rods in y–

direction and magenta rods in z–direction.

In the lattice model (Fig. 4.1) of (2+1)D monolayers, the rods can take on
three discrete orientations on a planar, square lattice – two lying and one stand-
ing. The three population densities are quantified as ρ1, ρ2, and ρ3, given as
a number per volume (area). All equilibrium properties in the form of order
parameters are calculated as a function of (average) total number density of
rods ρ = ρ1 + ρ2 + ρ3, which fluctuates about a mean in equilibrium in the
grand canonical ensemble.

The (global-scale) orientational order parameters that characterize the sys-
tem are

Q =
ρ3 − ρ1+ρ2

2
ρ1 + ρ2 + ρ3

,

S =
ρ1 − ρ2

ρ1 + ρ2
. (4.1)

Q 6= 0 signifies an excess (Q > 0) or depletion (Q < 0) of particles in the
z–direction (nematic state) while S 6= 0 signals order in the x–y–plane orthog-
onal to the nematic director (biaxial state). We will see that i.e. the nematic
ordering continually increases (with a nonzero slope) with increasing density.
The biaxiality does not play a role for rods of intermediate lengths L < 13 (at
least as predicted by the FMT, see corresponding Sec. 4.5). Therefore, the main
global orientational order parameter in focus will be Q. In this (2+1)D confined
system, the packing fraction

η = L(ρ1 + ρ2) + ρ3 (4.2)

also offers information on the global orientational state of the system, as the
contribution of lying rods (species 1 and 2) and standing rods (species 3) is
asymmetric.

∗ ∗ ∗

Now that we have defined the model, we begin the next section with the for-
mulation of an equilibrium approach to the behavior of the monolayer systems
of hard rods: Fundamental measure theory.
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4.4 Density Functional Theory for hard rods on lattices
(equilibrium)

4.4.1 Fundamental measure theory

The rod model used in this work is formulated, generally at first, on a simple
cubic lattice in d dimensions. A lattice point s is specified by a set of d integers
(s = (s1, ..., sd)). The lattice constant a is the unit of length. Hard rods are lines
(1D), rectangles (2D) or parallelepipeds (3D) with corners sitting on lattice
points and thus their geometry is specified by their extent in the Cartesian
directions which are again sets of d integers. The position of a rod is specified
by the corner whose lattice coordinates are minimal each (see Fig. 4.2). Hard
rods are not allowed to overlap (but they may “touch”, i.e. share surfaces), thus
the interaction potential for two rods Li and Lj of species i and j at positions si
and sj with extensions Li = (Li,1, ..., Li,d) and Lj = (Lj,1, ..., Lj,d) is given by

uij(si, sj) =

{
∞ ( fij = 1)
0 ( fij = 0)

(4.3)

Here, fij = f (si, sj, Li, Lj) is the rod overlap function given by

f (si, sj, Li, Lj) =
d

∏
k=1

θ(si,k, sj,k, Li,k, Lj,k) (4.4)

θ(si,k, sj,k, Li,k, Lj,k) =





1 (sj,k = {si,k − (Lj,k − 1), ..., si,k + (Li,k − 1)})

0 (otherwise)
(4.5)

The overlap function is 1 whenever there is overlap in all lattice dimensions,
meaning that the rods are disjunct for f = 0 (see. Fig. 4.2). Note that due to the
chosen convention for the rod location the overlap function is not symmetric
in the rod locations si and sj.

F I G U R E 4 . 2 : Definitions for the example of hard 2x3–rods in
d = 2. Rod location is specified by the position of the lower left
corner (i.e., the corner whose lattice coordinates are minimal).

Rods may “touch” (left picture) but not overlap (right).

In the following we consider such a rod mixture with ν species subject to
external fields Vext(s) = {Vext

1 (s), ...Vext
ν (s)} where Vext

j (s) acts on rod species
j. At lattice site s, the number density of rods per lattice site is specified by
ρ(s) = {ρ1(s), ..., ρν(s)} where ρj(s) is the density of rod species j, i.e. the
probability of a given site to be occupied by the lower left corner of a particle.
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In density functional theory, all equilibrium properties of a rod mixture in
external fields are obtained by minimizing the grand potential functional

Ω[ρ(s)] = F id[ρ(s)] +F ex[ρ(s)]−
ν

∑
i=1

∑
s
(µi −Vext

i (s)) ρi(s) (4.6)

with respect to the particle densities ρ(s). The chemical potential for rod species
i = 1...ν is denoted by µi If different species belong to the same type of rod
in different orientations, the corresponding chemical potentials must be equal
in equilibrium. F id[ρ(s)] denotes the ideal gas contribution to the free energy
functional, given by

F id[ρ(s)] =
ν

∑
i=1

∑
s

ρi(s)(ln ρi(s)− 1) . (4.7)

Energies are measured in units of kBT throughout this chapter.
The exact form of the excess free energy functional F ex is in general un-

known, in this work we will approximate it within the fundamental measure
approach. For lattice models of hard rods, this approach has been worked out
in Refs. [159, 160], resulting in an approximative form for F ex which we apply
in the present study (Lafuente-Cuesta functional).

(  )s w
(0,1)

w
(1,0)

w
(0,0)(  )s (  )s (  )s

s

w
(1,1)

s s s

F I G U R E 4 . 3 : The four FMT weight functions for a rod with
edge lengths L = (3, 2). The lattice point at which the weight
functions are evaluated is denoted by s. The thick points indi-

cate on which lattice points the weight function is 1.

The class of free energy functionals derived in Refs. [159, 160] makes use
of weighted densities nα(s) which are defined as convolutions of densities ρ(s)
with weight functions wα := {wα

1 , ..., wα
ν}:

nα(s) =
ν

∑
i=1

ρi ⊗ wα
i (s) (4.8)

Convolutions (⊗) on the lattice are defined as

( f ⊗ g) (s) = ∑
s′

f (s′)g(s− s′) . (4.9)

The d–dimensional index α = (α1, ...αd) specifies different weight functions
wα

i , with allowed values αi = 0, 1 only. The weight functions wα
i (specific for

species i) have the meaning of defining a support of rods Kα
i with edge lengths

Kα
i = (Kα1

i,1, ..., Kαd
i,d), i.e. they are 1 on points covered by Kα

i and 0 otherwise.
This can be formalized using the θ–function already employed for defining rod
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overlap (Eq. (4.5)),

wα
i (s) =

d

∏
k=1

θ(0, sk, αk, K1
i,k) . (4.10)

The edge lengths of rods Kα
i are related to those of the rods Li as follows:

Kαk
i,k = Li,k − (1− αk) (k = 1, ..., d) , (4.11)

i.e. whenever the index αj is 0, the edge length of Kαi
i in the dimension j is

shortened by 1 compared to the corresponding edge length of Li, otherwise
(αj = 1) the edge length is identical. In particular, for α = (1, ..., 1) all rods
Kαi

i are identical to Li. The meaning of the corresponding weighted density
n(1,...,1)(s) = η(s) is a local packing or volume fraction of rods at point s. Fig. 4.3
illustrates the four possible weight functions for a rods with edge lengths
L = (3, 2) on a 2D lattice.

As a second ingredient, the Lafuente-Cuesta functional needs the excess
free energy of a zero–dimensional (0d) cavity, Φ0d, i.e. a restricted domain on
the lattice which can only hold one particle at a time. Such a cavity may consist
of more than one point where the rod is positioned. Furthermore, for a mixture
the set of points {scav,i} specifying the allowed location of species i does not
need to coincide with the corresponding set {scav,j} for species j. Note that
the sets {scav,i} and {scav,j} are not independent since the 0D cavity property
is required to hold globally for the mixture, and not just for the individual
components. The free energy Φ0d(η) of such a cavity is a function only of the
total packing fraction η ≡ ηcav = ∑ν

i=1 ∑s∈{scav,i} ρi(s) in the cavity,

Φ0d(η) = η + (1− η) ln(1− η) . (4.12)

Using this 0d free energy, the Lafuente–Cuesta excess free energy functional is
given by

F ex = ∑
s
DαΦ0d(nα(s)) . (4.13)

Remember that α is a d–dimensional index with entries {0, 1} only. In Eq. (4.13),
Dα = ∏d

i=1 Dαi and Dαi is the difference operator acting on a function f (αi)
according to Dαi f (αi) = f (1)− f (0).

It can be shown that F ex as defined above yields the correct excess free
energy, Eq. (4.12), for any 0D cavity [159, 160]. In order to assess the accuracy of
the expression for situations of less severe confinement, we evaluate explicitly
the properties of different bulk systems in the forthcoming Ch. 6. In a first step,
however, we illustrate the construction of the Lafuente-Cuesta functional by
applying it to different mixtures in 1D, 2D, and 3D.

4.4.2 Special cases

Here we give the explicit functionals for some special mixtures. The equilib-
rium properties of examples (b) and (c) (2D and 3D systems) will be discussed
in Ch. 6 and those of example (d) (monolayer) in Sec. 4.5 below.
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(a) d = 1: Mixture of hard rods in one dimension. The excess free energy
functional is given by

F ex = ∑
s

(
Φ0d(n(1)(s))−Φ0d(n(0)(s))

)
. (4.14)

This is the well-known exact solution for the 1d lattice hard rod mixture,
derived in Ref. [159] following the recipe from Ref. [885], which treats the
1D continuum hard rod mixture. Another yet different derivation can be
found in Ref. [278].

(b) d = 2: A system of rods with length L and width 1 corresponds to the
binary mixture with rod lengths L1 = (L, 1) and L2 = (1, L). The excess
free energy functional is given by

F ex = ∑
s

(
Φ0d(n(1,1)(s))−Φ0d(n(0,1)(s))−Φ0d(n(1,0)(s))

)
. (4.15)

The weighted densities are given by

n(1,1)(s) = ρ1 ⊗ w(1,1)
1 (s) + ρ2 ⊗ w(1,1)

2 (s) ,

n(0,1)(s) = ρ1 ⊗ w(0,1)
1 (s) , (4.16)

n(1,0)(s) = ρ2 ⊗ w(1,0)
2 (s) .

Note that the weights w(0,1)
2 = w(1,0)

1 = 0 since they correspond to the
support of rods with width 0. Likewise w(0,0)

1 = w(0,0)
2 = 0.

(c) d = 3: A system of rods with length L and height/width 1 corresponds
to the ternary mixture with rod lengths L1 = (L, 1, 1), L2 = (1, L, 1) and
L3 = (1, 1, L). The excess free energy functional is given by

F ex = ∑
s

(
Φ0d(n(1,1,1)(s))−Φ0d(n(0,1,1)(s))−Φ0d(n(1,0,1)(s))

−Φ0d(n(1,1,0)(s))
)

.
(4.17)

The weighted densities are given by

n(1,1,1)(s) = ρ1 ⊗ w(1,1,1)
1 (s) + ρ2 ⊗ w(1,1,1)

2 (s)

+ ρ3 ⊗ w(1,1,1)
3 (s) ,

(4.18)

n(0,1,1)(s) = ρ1 ⊗ w(0,1,1)
1 (s) ,

n(1,0,1)(s) = ρ2 ⊗ w(1,0,1)
2 (s) , (4.19)

n(1,1,0)(s) = ρ3 ⊗ w(1,1,0)
3 (s) .

Similarly to case (b), the weights w(α1,α2,α3)
i = 0 whenever αj = 0 and i 6= j

since they correspond to the support of rods with width 0.

(d) d = 3 (confined), the monolayer: A system of rods with length L and
height/width 1 whose positions are constrained to a 2D–plane corre-
sponds to a 2D ternary mixture with rod lengths L1 = (L, 1), L2 = (1, L)
(rods lying in–plane) and L3 = (1, 1) (rods standing up). The excess free
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energy functional is given by formally the same functional as in (a),

F ex = ∑
s

(
Φ0d(n(1,1)(s))−Φ0d(n(0,1)(s))−Φ0d(n(1,0)(s))

)
, (4.20)

but now the weighted densities are given by

n(1,1)(s) = ρ1 ⊗ w(1,1)
1 (s) + ρ2 ⊗ w(1,1)

2 (s) + ρ3 ⊗ w(1,1)
3 (s) ,

n(0,1)(s) = ρ1 ⊗ w(0,1)
1 (s) , (4.21)

n(1,0)(s) = ρ2 ⊗ w(1,0)
2 (s) .

∗ ∗ ∗
In the following section, we shall present the results for the equilibrium

behavior (static properties) of monolayers of hard rods obtained from the lattice
FMT. We also compare these results with equilibrium simulations in the grand
canonical ensemble.

4.5 Results of lattice FMT for monolayers ((2+1)D)

Note: The author of this thesis contributed substantially in this section to
research and development of the simulations and corresponding data pre-
sented below (i.e. the Monte Carlo simulations for the lattice rods in the grand-
canonical ensemble). This encompasses Sec. 4.6, as well.

In the lattice model for the monolayer, we have a 2D ternary mixture of rod
lengths L1 = (L, 1), L2 = (1, L) (rods lying in–plane) and L3 = (1, 1) (rods
standing up).

The total density is ρ = ρ1 + ρ2 + ρ3 and the total packing fraction in the
plane is η := n(1,1) = L(ρ1 + ρ2) + ρ3. The order parameters Q and S are
the same as in Eqs. (4.1). Q > 0 signifies an excess of particles “standing–up”
(nematic state) while S 6= 0 signals demixing of “lying–down” particles (biaxial
state, if additionally Q 6= 0). In the bulk free energy density, f3d,conf(ρ, Q, S) =
f id
3d,conf + f ex

3d,conf, one can identify f id
3d,conf = f id

3d whereas the excess part becomes

f ex
3d,conf = Φ0d(L(ρ1 + ρ2) + ρ3)−Φ0d ((L− 1)ρ1)−

Φ0d ((L− 1)ρ2) .
(4.22)

At fixed total density ρ, the minimization of the free energy with respect to
Q and S gives the following picture. For “small” rod lengths L ≤ 12 there
is no biaxial state (S = 0, no demixing in the plane) but the “nematic” order
parameter Q monotonically and smoothly grows from 0 to 1 when the total
density varies between 0 and 1 (close-packed state of rods standing up). Results
for L = 4 . . . 10 are shown in Fig. 4.4(a) which demonstrates that for increasing
L the rods quickly “stand up”. The FMT results show excellent agreement with
Monte Carlo simulation results [120] on the same confined model for L = 4
and 6. For larger rod lengths (L = 8 and 10) the agreement with our grand
canonical Monte Carlo (GCMC) simulations (see end of this section) is only
slightly worse.

For L ≥ 13, FMT predicts reentrant demixing in the plane, i.e. in a cer-
tain interval [ρlow(L), ρup(L)] for the total density the biaxiality parameter will
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F I G U R E 4 . 4 : (a) Order parameter Q for rods standing up vs.
total density. Lines are results from FMT and symbols are re-
sults from Monte Carlo simulations reported in Ref. [120]. Thin
lines are results from our GCMC simulations where a running
average of 20 points on density intervals of 0.04 has been taken.
(b) Phase diagram from FMT showing a reentrant behavior for
mixing (S = 0) and demixing (S 6= 0) in the plane. The rod
length L is treated as a continuous variable. The critical point
occurs for a rod length of Lc ≈ 12.077 at a density of ρc ≈ 0.0828.

be nonzero, S 6= 0. This reentrant behavior is qualitatively understood as
follows. In the d = 2 model it was found that the critical density of demix-
ing of planar rods is ρ1 + ρ2 = 2/(L(L − 1)). For increasing L one there-
fore expects ρlow(L) → 0. On the other hand, for a certain L but increasing
ρ the fraction of planar rods initially grows, reaches a maximum and becomes
smaller again since the rods stand up, see Fig. 4.4(a). Therefore, if there ex-
ists a lower demixing density ρlow(L) then one would expect the existence
of a higher remixing density ρup(L) owing to the reduction of the planar rod
density. As in the d = 2 model, the demixing transition is continuous and
therefore the densities ρlow(L), ρup(L) can be found by the following argument:
Let µQ(ρ, Q, S) = ∂ f3d,conf/∂Q and µS(ρ, Q, S) = ∂ f3d,conf/∂S be chemical po-
tentials for the order parameters Q and S. For a mixed state (S = 0), we define
Qeq(ρ) through µQ(ρ, Qeq, 0) = 0. As before, we may expand

µS(ρ, Q, S) ≈ µ1,S(ρ, Q)S + µ3,S(ρ, Q)S3 + . . . (4.23)

At the de-/remixing densities one has the condition

µ1,S(ρ, Qeq(ρ))|ρ=ρlow[up] = 0, (4.24)

which needs to be solved numerically. The results are shown in Fig. 4.4(b),
showing the onset of demixing at L = 13 and a maximum density interval for
the demixed state at around L = 20.

The continuous behavior of Q(ρ) and the reentrant demixing are in fact very
similar to the behavior found in the FMT study of the restricted-orientation
model with continuous translational degrees of freedom [635]. There biaxial
ordering sets in at larger rod lengths, L ≥ 21.34.

The results of Fig. 4.4 suggest Q ∝ ρ, i.e. the continuous nematic ordering
sets in at ρ = 0. This can be understood easily in a low-density expansion of
the FMT excess free energy (4.22) which is exact up to second order. Assuming
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no biaxiality (S = 0) and combining ideal and excess part we find for the free
energy derivative with respect to Q:

µQ =
∂ f3d,conf

∂Q
≈ 2

3
ρ ln

1 + 2Q
1−Q

+
2
9

ρ2 ([2− L− L2] + [L− 1]2Q
)
+

O(ρ3) .
(4.25)

Note that in the excess part of µQ, at fixed density, there is a constant term
driving the system to Q > 0 for L ≥ 2. This differs from the 2D and 3D bulk
systems where the constant term is absent and thus Q > 0 (for low densities)
is always unfavorable in terms of free energy cost. The equilibrium solution
µQ = 0 at Q = Qeq is found to be

ρ =
3 ln 1+2Qeq

1−Qeq

[L2 + L− 2]− [L− 1]2Qeq
→ Qeq ≈

1
9
(L2 + L− 2)ρ . (4.26)

Hence, for large L the lattice model predicts a scaling Qeq ∝ ρL2.
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F I G U R E 4 . 5 : (a) Order parameter Q for rods standing up vs.
total density subject to a substrate potential (rod length L = 5).
The substrate potential is parametrized as −ε per unit length
such that v3 = −ε, v0 = −Lε and, thus, vQ = (2/3)(L − 1)ε.
Lines are DFT results, symbols results from GCMC simulations
(see end of this section). The error is smaller than the symbol
size. (b) FMT phase diagram (for nonzero substrate potential)
showing the reentrant behavior for mixing (S = 0) and demix-
ing (S 6= 0) in the plane. The critical points {Lc, ρc} are lo-
cated at {8.12, 0.123} for ε = 0.1, {6.72, 0.149} for ε = 0.1, and

{5.06, 0.197} for ε = 0.5.

4.5.1 Finite substrate potential

One may ask whether a finite substrate potential could alter the continuous
transition found above. It is natural to assume that the substrate potential acts
equally on the flat-lying species 1 and 2 and differently on the upright species
3. Hence the external contribution to the free energy becomes

f ext =
3

∑
i=1

Vext
i ρi = v0(ρ1 + ρ2) + v3ρ3 =

ρ

3
(2v0 + v3) +

2
3

ρQ(v3 − v0) . (4.27)
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Therefore the free energy derivative with respect to Q is modified as µQ →
µQ + ρvQ with vQ = 2

3 (v3 − v0). For the ideal gas limit this implies an initial
ordering on the substrate with order parameter

Qid =
exp(−3vQ/2)− 1
exp(−3vQ/2) + 2

. (4.28)

If the substrate is strongly attractive for the flat–lying species 1 and 2 (vQ � 0),
then we find Qid → −1/2. At nonzero densities, the solution of µQ = 0
(Eq. 4.25 with the external contribution) is obtained in the form ρ(Q). For small
deviations from equilibrium, Qeq = Qid + δQ, we can invert this function and
obtain

δQ ≈ 3
2

ρ
α− βQid

2(1 + 2Qid)−1 + (1−Qid)−1 (4.29)

with α = 2(L2 + L− 2)/9 and β = 2(L− 1)2/9. Although the range of validity
is very limited, it implies that the qualitative behavior for ρ→ 0 is unchanged
since the slope of δQ(ρ) is always positive. Thus the transition stays continuous.
However, for increasing vQ the “standing up” transition of the monolayer
becomes increasingly steep at moderate densities, see Fig. 4.5(a) where we show
the Q(ρ) behavior for L = 5. For these moderate densities the expansion
up to second order is not valid anymore. Especially for the case ε = 5 the
behavior near ρ = 0.2 looks as if Q(ρ) has a bifurcation point here, similar to
the demixing transition in the 2D bulk system discussed in teh forthcoming
Ch. 6. The density ρ = 0.2 = 1/L at which this apparent transition occurs is
the close–packing density for rods lying flat. However, for finite potentials it
is not a phase transition since Q(ρ) maintains its linear behavior of Q(ρ) with
nonzero slope at very small densities.

A finite substrate potential has a marked influence on the reentrant transi-
tion for demixing in the plane. The location of the phase boundaries has been
calculated using Eq. (4.24), with the condition µQ(ρ, Qeq, 0) = −ρvQ for Qeq.
Fig. 4.5(b) shows the phase boundaries for the demixed phase for substrate
potentials ε = 0.1, 0.2 and 0.5 in comparison with the case ε = 0. With in-
creasing substrate potential, the density range for the demixed phase widens
considerably and the critical point moves to smaller rod lengths.

4.6 Equilibrium grand-canonical Monte Carlo simula-
tions for lattice model

The simulation results for the lattice monolayer system were obtained using
grand canonical Monte Carlo (GCMC) simulations on an M × M lattice. We
treated the rods with a fixed orientation as a distinct species with corresponding
particle number Ni (i = 1 . . . 3). The chemical potential µ was equal for all three
species. In each GCMC step, insertion or deletion of a rod was chosen with
probability 1/2. Then, the species on which the insertion/deletion is performed,
was chosen with probability 1/3. For the insertion move Ni → Ni + 1, a random
lattice site was chosen. If no overlap with the existing rods occurs, the move
was accepted with probability

αins = min
(
1, M2/(Ni + 1) z exp(−∆Vext)

)
, (4.30)
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where z = exp(µ/(kBT)) and ∆Vext is the change in external energy upon
insertion of the rod. For the deletion move Ni + 1→ Ni, a particle from species
i was chosen randomly and removed with probability

αdel = min
(

1, (Ni + 1)/M2 z−1 exp(+∆Vext)
)

. (4.31)

We used lattices with M = 256 and 107 single moves for a data point with
no or small external potential. For stronger external potentials, we used 108

moves (ε = {1, 2}).

∗ ∗ ∗

In the following section, we will investigate the equilibrium behavior of a
monolayer of hard spherocylinders that constitutes a continuum model. This
shall serve as a comparison to the lattice model so that the effects of discretiza-
tion the degrees of freedom shall be made explicit, at least with respect to the
equilibrium behavior of static, global quantities like the nematic order parame-
ter.

4.7 Equilibrium monolayer systems of hard spherocylin-
ders

Note: The author contributed to the results in this section by generating
Fig. 4.6.

For the lattice monolayer discussed in the previous section it does not matter
which rod point or segment is actually fixed to the plane since all choices lead
to the same effective 2D model. Physically, fixing the end point corresponds
to the case of rods on a hard substrate while fixing some other rod point (e.g.
in the middle) applies to Langmuir monolayers. For a continuous model of
hard rods, there should be a difference between the two cases which is not
expected to be qualitative (with regard to the type of transition). As can be seen
below, the low-density behavior of long rods with large aspect ratios is actually
insensitive to the choice of confining plane. We will thus present simulation
results below only for the case of fixed mid-points.

4.7.1 DFT in an expansion up to second order in density

We consider hard spherocylinders with length L and diameter D whose centers
or ends are fixed on a plane. In order to investigate the nature of the orientation
transition, we consider a low-density expansion of the free energy. For the
well-studied model of hard rods in 3D, this method was used to establish the
onset of nematic order as a bifurcation and the nature as a first order transition
[886]. The free energy density up to second order in density, including the
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contribution from an external potential, is given by

F = F id +F ex +F ext (4.32)

F id =
∫

d2r
∫

dΩ ρ(r, Ω)(ln(ρ(r, Ω)Λ2)− 1) (4.33)

F ex =
1
2

∫
d2r

∫
dΩ

∫
d2r′

∫
dΩ′ ρ(r, Ω)ρ(r′, Ω′)ω(|r− r′|, Ω, Ω′) (4.34)

F ext =
∫

d2r
∫

dΩ ρ(r, Ω)Vext(r, Ω) (4.35)

Here, ρ(r, Ω) is an inhomogeneous particle density in two dimensions and
units of [length]−2 which depends on the space point r and the orientation of
the rod Ω = (θ, φ), specified by the polar angle θ and the azimuthal angle φ.
The integral over orientations is defined as

∫
dΩ =

1
4π

∫ π

0
sin θdθ

∫ 2π

0
dφ . (4.36)

Λ is the thermal de-Broglie length. ω(r, Ω, Ω′) is the overlap function between
rods for given orientations of and distance r between the particles. It is 1 if
there is overlap, otherwise zero. The external (substrate) potential Vext(r, Ω) is
measured in units of kBT.

We consider only orientation-dependent substrate potentials, Vext(Ω), and
bulk states, i.e. no spatial dependence of the density and introduce the orienta-
tion distribution f (Ω):

ρ(r, Ω) = ρ0 f (Ω) . (4.37)

Then the ideal, excess and external part of the free energy per particle (a =
aid + aex + aext) become:

aid =
∫

dΩ f (Ω)(ln(ρ0Λ2 f (Ω))− 1) , (4.38)

aex =
ρ0

2

∫
dΩ

∫
dΩ′ f (Ω) f (Ω′)β(Ω, Ω′) , (4.39)

aext =
∫

dΩ f (Ω)Vext(Ω) . (4.40)

Here, β(Ω, Ω′) =
∫

d2rω(r, Ω, Ω′) is the excluded area between the rod centers
(or ends) with fixed orientations of the rods.

In equilibrium, f (Ω) minimizes a. From δa/δ f = 0 we obtain

ln f (Ω) = − ln C−Vext(Ω)− ρ0

∫
dΩ′ β(Ω, Ω′) f (Ω′) , (4.41)

where C is a constant ensuring that f is properly normalized, i.e.
∫

dΩ f (Ω) =
1. It is determined by exponentiating Eq. (4.41) and integrating over Ω:

f (Ω) =
1
C

exp
(
−Vext(Ω)− ρ0

∫
dΩ′ β(Ω, Ω′) f (Ω′)

)
, (4.42)

C =
∫

dΩ exp
(
−Vext(Ω)− ρ0

∫
dΩ′ β(Ω, Ω′) f (Ω′)

)
.
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The orientation-dependent substrate potential gives rise to a non-constant
orientational distribution in the ideal-gas limit:

fid(Ω) =
exp(−Vext(Ω))∫

dΩ exp(−Vext(Ω))
, (4.43)

which is normalized to 1. We introduce the small deviation f1(Ω) := f (Ω)−
fid(Ω) and linearize Eq. (4.42) in f1:

f1(Ω)

fid(Ω)
= C1 − ρ0

∫
dΩ′β(Ω, Ω′)( fid(Ω′) + f1(Ω′)) (4.44)

C1 = ρ0

∫
dΩ

∫
dΩ′ fid(Ω)β(Ω, Ω′)( fid(Ω′) + f1(Ω′)) .

The constant C1 ensures the necessary normalization condition
∫

dΩ f1(Ω) = 0.
If one expands f1 in powers of ρ0 then one finds the leading order solution

f1(Ω) ≈ ρ0 fid(Ω)

(∫
dΩ

∫
dΩ′ fid(Ω)β(Ω, Ω′) fid(Ω′)

−
∫

dΩ′β(Ω, Ω′) fid(Ω′)
)

.
(4.45)

This expression is equivalent to Eq. (4.29) in the lattice model and shows that
any deviations from the ideal gas distribution are continuous and proportional
to the density ρ0.

In the absence of a substrate potential ( fid = 1), we can proceed fur-
ther. Without loss of generality, we put rod 1 at the coordinate center with
orientation (director) u1 = (sin θ1, 0, cos θ1)

T. Rod 2 has the director u2 =
(sin θ2 cos φ2, sin θ2 sin φ2, cos θ2)T. The excluded area depends in general on
the three angles θ1, θ2, φ2. If we consider only nematic order without biaxiality,
f (Ω) ≡ f (θ), then we can define the integrated overlap area

1
2π

∫
dφ2β(θ1, θ2, φ2) =: βφ(θ1, θ2) . (4.46)

If we take the polar angle (with respect to the interface normal) in the inter-
val [−π/2, π/2], symmetry considerations give us βφ(θ1, θ2) = βφ(−θ1, θ2) =
βφ(θ1,−θ2) = βφ(−θ1,−θ2). Since also f (θ) = f (−θ), the integration domain
over θ can be restricted to [0, π/2]. The nematic order parameter in the mono-
layer is defined by

Qnem =
∫ π/2

0
d(cos θ)P2(cos θ) f (θ) , (4.47)

where P2(x) is the second of the Legendre polynomials Pi(x). It is also useful
to introduce the Legendre coefficients of the excluded area:

Bij =
∫ π/2

0
d(cos θ)P2i(cos θ)

∫ π/2

0
d(cos θ′)P2j(cos θ′) βφ(θ, θ′) . (4.48)

Owing to the symmetry of the excluded area, projections only onto even Leg-
endre polynomials are nonzero. Using these definitions, the nematic order pa-
rameter in the case of no substrate potential is obtained by projecting with P2
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onto the solution for f1 in Eq. (4.45):

Qnem ≈ −ρ0B10 (4.49)

This is an interesting result since it tells us that Qnem ∝ ρ0 as long as the
leading off-diagonal Legendre coefficient of the excluded area is nonzero. This
is precisely the case in the monolayer system (see below), whereas in 3D this
coefficient vanishes. The linearity Qnem ∝ ρ0 is completely equivalent to the
linearity found in the lattice model in the absence of a substrate potential (see
Eq. (4.26)).

The linearized equation (4.44) is connected to an approximated free energy
per particle alin through δalin/δ f1 = 0. alin is quadratic in f1 and is defined to
give the the difference to the isotropic state:

alin =
1
2

∫ π/2

0
d(cos θ) f1(θ)

2 + (4.50)

ρ0

2

∫ π/2

0
d(cos θ)

∫ π/2

0
d(cos θ′)βφ(θ, θ′)(2 + f1(θ)) f1(θ

′) .

For the leading order solution (4.45), the free energy can be explicitly eval-
uated. It is convenient to use the Legendre expansion of the solution: f1 =

∑∞
i=1 f1,iP2i(cos θ) with f1,i = −(2i + 1)ρ0Bi0. Using furthermore Bi0 = B0i one

finds

alin ≈ −1
2

∞

∑
i=1

(2i + 1)ρ2
0B2

i0 , (4.51)

i.e. the free energy in the anisotropic state is always lower than in the isotropic
state.

For hard spherocylinders in the limit L/D → ∞ the excluded area does
not depend on whether the rod centers or ends are fixed to the plane. Through
geometric arguments (see next section below) we find

β(θ1, θ2, φ2) =
2LD

cos θmin
| sin γ| , (4.52)

θmin = min(|θ1|, |θ2|)
cos γ = cos θ1 cos θ2 + sin θ1 sin θ2 cos φ2 ,

where γ is the angle between the rods. Thus, we see that for long rods a scaling
Qnem ∝ Lρ0 is predicted, which is different from Q ∝ L2ρ found in the lattice
model. The numerical evaluation of the Legendre coefficient in Eq. (4.49) gives

Qnem ≈ 0.45 LDρ0 (L/D → ∞) . (4.53)

4.7.2 Excluded area for hard spherocylinders in the limit L/D → ∞

Here we briefly derive Eq. (4.52). The geometric definitions are given in Fig. 4.6.
For infinitely thin hard rods, the (maximum) distance of closest approach d/2
is given by

d/2 =
(L/2)

cos θmin

√
cos2 θ1 + cos2 θ2 − 2 cos θ1 cos θ2 cos γ . (4.54)
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A

B

C

λ

d/2

L/2

(b)

F I G U R E 4 . 6 : (a) and (b): Hard rods (spherocylinders) with
their mid points fixed on the substrate plane. The area enclosed
in dashed lines is the excluded area and can be approximated
by a rectangle with side lengths d and D′ in the limit L/D → ∞.
(c): Side view on the two hard rods from a perspective where

rod 2 is exactly hidden behind rod 1.

This is obtained from the law of cosines in the triangle ABC (see Fig. 4.6(b))
where λ = (L/2) cos θmax/ cos θmin and θmin[max] = min[max](|θ1|, |θ2|). If we
consider now a finite, small thickness D of the rods then rod 2 may slide past
rod 1 at a distance D′ to either side of rod 1 along the direction of d. This defines
the excluded area (enclosed in dashed lines in Fig. 4.6(a)). It is a rectangle with
side lengths d and 2D′. According to Fig. 4.6(c), the distance D′ is given by

D′ =
D

sin α
, (4.55)

where α is the angle of ez with the normal vector n to the plane spanned by the
two rods. This normal vector is given by

n =
u1 × u2

| sin γ| , (4.56)

where ui is the normalized director of rod i. Thus

cos α = n · ez =
sin θ1 sin θ2 sin φ2

| sin γ| . (4.57)

Insertion into Eq. (4.55) and some manipulations give

D′ = D
| sin γ|√

cos2 θ1 + cos2 θ2 − 2 cos θ1 cos θ2 cos γ
, (4.58)
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such that finally the excluded area becomes

β(θ1, θ2, φ2) ≈ 2D′d =
2LD

cos θmin
| sin γ| . (4.59)

4.7.3 Comparison to MC simulations

In order to validate the predictions from the previous section, we have per-
formed Monte Carlo (MC) simulations of hard spherocylinders (cylinders of
length L capped with two hemispheres of diameter D on either end) whose
centers are restricted to move within a plane (off lattice) while the orientation
vectors can take any direction in three-dimensional space. A cuboid simulation
box with periodic boundary conditions and dimensions Lx × Ly × (L + D) is
used. Configurations have been generated using single particle displacement
and rotations via the Metropolis scheme [404] as well as a specialized move
for small densities that forces particles to come close to each other. We pick
two random particles. If they are further apart than (L + D), we move one
into a circle of radius (L + D) around the center of mass of the other. To fulfill
detailed balance, the acceptance criterion of the inverse move (i.e. to remove
one particle from the proximity of another and to place it somewhere in the
plane) is simply multiplied by the ratio between the area of the simulation
plane (Lx × Ly) and the area of that circle (π(L + D)2). We generated configura-
tions for a fixed particle number N while varying the dimensions of the plane
Lx × Ly to change the area number density of the rods ρ0. After equilibration,
we generated at least 106 independent configurations for each value of L/D, N
and ρ0 to evaluate the nematic order parameter Qnem.
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F I G U R E 4 . 7 : (a) Finite system size analysis, rod length L/D =
10. The dashed and dotted horizontal lines are Qnem values ob-
tained for a system of freely penetrable rods for particle num-
bers N = 6400 and 500, respectively, while the solid line is the
DFT result (Eq. (4.53)). (b) Order parameter Qnem vs. ρ0(L/D)
plot for different aspect ratios L/D and numbers of rods N. The

horizontal lines are as in (a).

At low densities, the simulations are subject to strong finite–size effects,
which produce artifacts that might be misinterpreted as traces of a phase tran-
sition. In Fig. 4.7(a), we show Qnem(ρ0) at low densities for two different N.
Here, the horizontal lines mark the Qnem–values obtained in simulations of
freely penetrable rods. For an infinite number of particles, this value would be
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zero. However, since in the simulations we sum the orientational order tensor
over a finite number of particles its eigenvalues are not exactly zero and, there-
fore, the largest eigenvalue, corresponding to Qnem, is always larger than zero.
(This problem is not solved by the common strategy of taking twice the middle
eigenvalue instead of the largest eigenvalue. It is inherent in the restriction to
finite particle numbers [887].) The horizontal lines thus mark the limit of detec-
tion of a Qnem that truly signals orientational anisotropy for a given number of
particles N. For a given N, there appears a first (lower) density above which
orientational order is detectable, and a second (larger) density where the theo-
retically expected behavior Qnem ∝ ρ0 sets in. These two densities are particle
number dependent and shift towards zero with increasing N, and thus are not
signatures of an additional phase transition. The solid line in Fig. 4.7(a) is the
DFT result (Eq. (4.53)) derived in the previous section. For densities beyond the
second density, the simulation results are very close to the DFT result and the
density range where this occurs becomes larger with increasing system size.

The linearity Qnem ∝ ρ0 can also be seen in numerical results for a mono-
layer of ellipsoids [888] (Fig. 4 therein, for an aspect ratio of 10). The density
functional used in Ref. [888] reduces to Eq. (4.34) in the low–density limit and
should therefore comply with the present analysis, however, explicit expres-
sions have not been given in Ref. [888]. Corresponding Monte-Carlo simula-
tion results in Ref. [888] show agreement with the DFT results but low densities
have not been considered.

In Fig. 4.7(b), we show Qnem vs. ρ0(L/D), which is independent of the
aspect ratio L/D. System sizes are very similar here such that the finite size
effect discussed above is not visible.
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F I G U R E 4 . 8 : Order parameter Qnem vs. number density ρ0D2

for rods subject to an attractive substrate potential (L/D = 5).
The dashed lines are the results from the lattice model shown
in Fig. 4.5 while data points correspond to the off-lattice simu-
lation (errors smaller than symbol size). The substrate potential
is orientation–dependent defined by (a) Vext = −ε(L/D) sin θ
and, (b) Vext = −ε(L/D) sin2 θ, where θ is the angle between

rod director and the substrate normal.

In the presence of an attractive substrate potential (Fig. 4.8), we qualitatively
observe the same behavior as in the lattice model (in Fig. 4.5). We compare two
different potentials (a) Vext = −ε(L/D) sin θ and, (b) Vext = −ε(L/D) sin2 θ,
where θ is the angle between rod director and the substrate normal. Both
choices drive the system toward nematic order (rods “standing up"), with
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choice (b) the external free energy per particle (Eq. (4.40)) becomes

aext =
∫ π/2

0
dθ f (θ)Vext(θ) =

2
3

ε
L
D

(Qnem − 1) . (4.60)

Similar to the choice of the external potential in the lattice model (Eq. (4.27)),
the corresponding free energy contribution (apart from an additive constant) is
proportional to the nematic order parameter. The plots show qualitative agree-
ment with the lattice model as Qnem remains continuous and the “standing up"
transition becomes steeper with increasing substrate potential parameter ε.

For the moderate aspect ratios investigated here (between 3 and 10 in the
case of no substrate potential and 5 for the attractive substrate) no transition
to a biaxial state has been found. Such a biaxial state would correspond to
the demixing in the plane investigated in the lattice model. In Ref. [888], the
biaxial transition was investigated in more detail for their system of ellipsoids
on a plane and an effective substrate attraction mimicked by a restriction of the
polar angle to values between a nonzero limiting angle and π/2. Using DFT,
the authors find that the occurrence of a biaxial transition is very sensitive to
the limiting angle: for zero angle (no substrate potential) no transition has been
found in simulations for aspect ratios up to 20 whereas small nonzero angles
induce this transition.

∗ ∗ ∗

The first half of this chapter explored the equilibrium, static properties of
monolayers of purely hard-core rods in terms of a global order parameter Q
(orientational order) as a function of monolayer number density ρ. The focus
was on developing and exploring the capabilities of analytical theory, where
equilibrium simulations in the grand canonical ensemble provided the “ground
truth” comparison. As the systems remain purely hard-core in this section, we
were able to formulate a lattice FMT for rods of geometry L× 1× 1. We found
no thermodynamic phase transitions for the moderate rod-lengths explored
(L = 4 . . . 10) in this form of confinement: the “standing up” behavior of rods
from an isotropic vapor at low densities proceeds continually upon increased
number density, and is entropy-driven. For very long rods, L ≥ 13, FMT does
predict a phase transition – reentrant demixing in-plane (among the two lying
orientations) – but, we have not checked this against simulations. Additional
substrates that bias the lying orientation do not induce a phase transition, but,
for e.g. L = 5, a very narrow width of densities exists in which the order
parameter increases steeply – hence, we may dub this effect as a “pseudo-
phase-transition”: In the next section, we will see for longer rod-lengths that
dynamical arrest appears, we which suspect are associated with these regions of
high ‘free energy curvature’. We also compared the systems of hard rods in the
(2+1)D lattice model to a monolayer system of spherocylinders. We have found
qualitative agreement in their equilibrium phase behavior, yet, the models
entail different “equation-of-states” (virial coefficients) and are thus physically
incompatible. There is no way to convert one model into the other. This was
evidenced in the scaling of the second-virial coefficient of the spherocylinder
model, which does not seem to exist for the lattice.

In the next sections, we shall move on to exploring monolayer growth under
nonequilibrium conditions in models including dynamics.
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4.8 Growth of monolayers: From quasi-equilibrium to
nonequilibrium dynamics

Note: The author contributed majorly to the next half of this chapter. All
kinetic Monte Carlo simulations were written, developed, and executed by the
author. All data plots and schematics were generated and put into final form by
the author, as well. Exceptions are Figs. 4.17 and 4.20. We will make additional
notes about our contribution at the beginning of sections where this may not
be clear, i.e. where contributions are a mixture among different co-authors.

As of this section, we will investigate the nonequilibrium evolution of hard-rod
monolayers – with regards to macroscopic static properties such as the total
particle density ρ, packing fraction η, and nematic order parameter Q, in as
much analogy as possible to the investigations of equilibrium properties of the
last section. We first describe the simulations with kinetic Monte Carlo (KMC)
in Sec. 4.8.1. A dynamical DFT (DDFT) will be formulated for growth and then
cross-checked with the KMC simulations; it is first described in Sec. 4.9, and the
direct comparisons to the KMC simulations are presented in Sec. 4.10. We also
provide a derivation of the long-time translational diffusion rate of “tumbling”
rods, which were implemented in the KMC model, within the ideal gas limit
in Sec. 4.11. Finally, we investigate the behavior of growing monolayers of
hard spherocylinders (in the continuum) in Sec. 4.12. We shall first discuss how
to match the dynamics between models, and afterwards present quantitative
results, whereby we will explore two different continuum-model realizations
for monolayer growth.

4.8.1 Kinetic Monte Carlo Simulations

Note: This section represents text written by the author herself, and has been
modified and extended compared to the passages written in the corresponding
(second) publication.

We introduced kinetic Monte Carlo in Chs. 3.3.5 and 3.4.1 for the first time.
We discuss more technical aspects of the algorithm here for hard rods. To
refresh the basic concepts, KMC is suited for simulating dynamical systems
that can be characterized by a finite number of elementary processes occurring
with different rates (denoted ‘events’). An underlying assumption is that each
event j having a rate k j occurs via a Poisson-process with mean waiting time
1/k j. As events occur independently, the total random process of waiting for
any among all events is also Poisson-distributed with a mean waiting time
1/∑j k j. Specifically, this probability distribution of waiting times has the form
Pwait(t) = e−∑j k j/t.

In each KMC iteration step, a single, currently allowed event having
rate ki is chosen randomly among all such events with a relative probability

ki
ktot({C}) , ktot({C}) = ∑j k j, where {k j}j

∣∣
{C} 3 k j is the full list of allowed events

at this configuration. (Note that this list could include forbidden events [830],
but at the computational cost of rejecting them.) KMC is therefore effectively
“rejection-free”, at least in the variant of the algorithm used here, first pro-
posed in Ref. [23]. The waiting time since the last event, i.e. the increment
of time, is chosen according to the distribution Pwait(∆t, {C}), employing
∆t = −1/ktot({C}) ln u, with u ∈ (0, 1] chosen randomly and uniformly. The
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chosen event is executed. The list of allowed events must be updated according
to the new configuration by adding newly–allowed events and removing
forbidden ones.

This tracking of allowed and forbidden events makes KMC non-trivial,
illustrated here for the case of hard-core particles: An event might become
forbidden, for example, if a nearest neighbor rod is blocking the hopping or
tumbling move of a rod. Also, a new event must be added to the list once the
nearest neighbor(s) in the way moves away from the rod. We implement a
detection system that tracks proper neighborhood patterns. Such a system be-
comes increasingly complex the higher the degree of anisotropy of the particles.
Our algorithmic approach (see below) can be extended to general hard-core
lattice systems. As one sees, the rejection-free bonus of KMC comes at the cost
of algorithmic complexity to eliminate forbidden moves.

The kinetics of our lattice model (square lattice in the x–y-plane [substrate]
with unit length u, size M×M = 2562, periodic boundary conditions) is char-
acterized by the rates of the allowed single–particle processes. The first rate is
k0

hop for an explicit hopping process of a rod of orientation i (i = 1..3) on the
substrate, translating it by one lattice site in any of 4 directions. This process
may occur regardless of the orientation, and the rates are identical. The second
rate ktum is ascribed to a tumbling process, which changes the orientation of a
rod. Here, the rod is assumed to rotate around one of its ends. Specifically, the
tumbling process is split into two types – the first, a tumble ‘upward’ into the
z-direction from a lying orientation (i = 1, 2) to a standing one (i = 3). This
rate is denoted ku

tum. The second is a tumble ‘downward’ into the x–y-plane
from a standing orientation to a lying one. This is denoted kd

tum. The third rate
k1↔2 is the in-plane rotation between orientations 1 and 2 about the rod mid-
points. This constrains our investigations to rod-lengths L of odd number. All
rates are in units of inverse time. The final rate (orientation-specific) is kins

i for a
random influx of rods of orientation i, in units of inverse time multiplied by u2.
This influx of rods (corresponding to the insertion rate in the DDFT model) is
implemented as a random appearance of rods of orientation i at constant rate
kins

i per lattice site, whereby the move is rejected if overlap occurs, i.e. the rod
“disappears”. There is hence a monotonic, but nonlinear relationship between
number density ρ and simulated time (see Fig. 4.15(a) below).

Novel, rejection-free algorithmic implementation for anisotropic particles

We implement a rejection-free KMC algorithm developed in the spirit of Bortz
et al. [23] for highly anisotropic hard particles. We use a detection system for
tracking all allowed/forbidden events in current configurations that is (1) on–
the–fly during simulation and (2) localized around the change in configuration
during each MC step. We restrict our discussion in the following to purely
hard–core interactions between particles, although these considerations may
be extended to finite-ranged interaction potentials. Viewing the kinetics from
the point–of–view of a particle, a neighbor may exclude one of the particle’s
elementary moves (translations or rotations) if the neighbor gets close enough.
A similar statement holds from the point–of–view of the neighbor. According
to the KMC method, any of their excluded moves are removed from the current
list of possible events. The opposite may also be true – moves may suddenly be-
come possible if the particles have moved apart. These moves must be added to
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the current list of events. The act of forbidding or allowing the moves of a neigh-
bor is not commutative for anisotropic particles, in general.Fig. 4.9 shows this
situation for rotations of hard rods about their endpoints. This asymmetrical

z

x

✗ ✓

F I G U R E 4 . 9 : Illustration (out–of–plane) of two neighboring
rods and the space they need for rotations about their ends. The
left rod is blocked by the right rod, while the right rod is free to

rotate: their blockage is not symmetrical.

relationship between neighbors makes neighbor-lists unsuited for implemen-
tation. We outline a characteristically different method using what we denote
as ‘inverted list indices’ below.

We first take advantage of one feature unique to lattice systems: sites can
be tabulated. We implement a field over the lattice that represents the state of
occupancy at each site. Given this setup, each particle need only know the local
neighborhood pattern of occupancy around it. To clarify, a move by a particle
is only possible if a minimal finite volume around it is unblocked by other
particles. In addition, if simulations are not restricted to a plane, for example,
a move may also require particular sites around it to be occupied (such as in
multilayer growth with rods, where a particle may only rotate and translate
with occupied sites beneath it as to exclude forming overhangs). Hence, each
move by a particle needs this particular pattern around the particle in order to
be considered allowed; else, the move is forbidden. The abstract object represent-
ing the tracker for this neighborhood pattern is the inverted list index—it acts
as a local field over the lattice, moving with the particle and switching with
the particle’s orientation, accordingly (see Fig. 4.10). Any change occurring on
the lattice is evaluated by the affected inverted list indices, and if one changes
its state (allowed to forbidden, or vice versa) the inverted list index removes its
‘index’ from the list of allowed events. We note that we adapt the nomencla-
ture of inverted lists from computer science; for the case of (1× 1) particles,
Ref. [889] illuminates the situation: A list of events {ek} is stored, and a par-
ticular event ek is executed at spatial index (i, j) on the lattice (position of a
particle). An inverted list {e(i,j)} should allow one to quickly access index in
memory of the event occurring at position (i, j). This is useful when doing up-
dates locally around the place of each event. Our inverted list indices differ in
that they exhibit spatial extent and are rather more sophisticated; they perform
their updates themselves, i.e. they may add or remove their own indices from
the events list. They are merely called to re–evaluate their state if an occupancy
has changed within their local field.
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F I G U R E 4 . 1 0 : Visualization of the inverted list indices for
the event-driven KMC algorithm for hard rods, here for the
moves of a standing rod with L = 5. Represented are their
fields over discrete space, each colored differently. The moves
correspond to rotations downwards about the rod-end on the
substrate (gray), as well as translational hops to nearby planar
sites. Spurious pattern-checking above and beneath the plane
is done since the implementation was originally developed for

multilayer growth.

4.9 Dynamical DFT on a lattice

Note: The author’s contribution to the results of this section are in generat-
ing the plots and the KMC data points in Fig. 4.11, to editing the text, as well
as to research. The author contributed substantially to the preliminary research
and results that initiated the following work. The development and execution
of the quasiequilibrium theory, the DDFT theory, and execution of the numeri-
cal codes thereof are outside of the scope of the author’s direct contributions.

FMT for monolayers: A refresher

In the present work, we only need the free energy functional for the homo-
geneous case for the monolayer. Rods with dimensions 1× 1× L (in lattice
units) are confined to a substrate plane (square lattice) with their lower left
corner (see Fig. 4.1(a)). Thus, the monolayer becomes a 2D ternary mixture of
1× L rectangles with two possible orientations in the substrate plane and 1× 1
squares representing the upright rods (Fig. 4.1(b)). The bulk number densities
per unit square on the lattice are denoted by ρ1, ρ2 (1× L rods with orientation
in x– and y–direction, respectively), and ρ3 (1× 1 rods). The total density is
ρ = ρ1 + ρ2 + ρ3. The free energy density is given as a sum of an ideal gas part,
excess part and external part:

f = f id + f ex + f ext with (4.61)

β f id =
3

∑
i=1

ρi ln ρi − ρ , (4.62)

β f ex = Φ0d(L(ρ1 + ρ2) + ρ3)−Φ0d ((L− 1)ρ1)−Φ0d ((L− 1)ρ2) (4.63)

β f ext =
3

∑
i=1

ρiVext
i . (4.64)
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Here, β = 1/(kBT) is the inverse temperature which will be set to 1 from now
on, and

Φ0d(η) = η + (1− η) ln(1− η) . (4.65)

is the excess free energy of a zero–dimensional cavity (which can hold no or
only one particle) depending on its average occupation η ∈ [0, 1]. The substrate
potential is specified by the three constants Vext

i which can be different from
each other, in general.

4.9.1 Setup

The goal of our dynamic lattice DFT is to provide an equation for the time evo-
lution of the observables ρ1, ρ2, and ρ3 (or, equivalently, ρ, Q, and S) in a system
driven out of equilibrium by particle deposition at constant rates. We limit our
description to this tractable set of observables, i.e., a given configuration of
the system specified by these three observables stands for a much larger set
of different microstates of the nonequilibrium system. Thus we cannot expect
to reproduce trajectories of the system exactly. However, it is conceivable to
gradually improve the description by refining the set of observables, thereby
allowing for better discrimination of non-equilibrium configurations [890].

Within the framework provided by the observables ρ1, ρ2, and ρ3 the fol-
lowing formally–exact dynamic equations are readily obtained:

∂ρi

∂t
= αins

i pins
i + ∑

j 6=i
αj→iρj pj→i −∑

j 6=i
αi→jρi pi→j , (4.66)

where i = 1, 2, 3. The constants αins
i correspond to the deposition rates of the

individual orientation into an empty system. The parameters αi→j characterize
the particle mobilities, i.e., the probability for a single particle of orientation i in
an otherwise empty system to change its orientation and become a particle of
orientation j is given by αi→jdt. The complexity of the dynamics is contained in
the probabilities pins

i and pi→j, which denote the probability that an attempted
particle deposition or orientational transition, respectively, is successful in a
non–dilute system evolving along a certain non-equilibrium trajectory. These
probabilities depend on the history of the system and generally cannot be
expressed as functions of the ρi.

Expressions for the probabilities pins
i and pi→j can be obtained by employing

equilibrium-like approximations, applicable for a situation where the deposi-
tion rates αins

i are very small compared to particle mobilities αi→j. Using the
excess chemical potential µex

i of orientation i,

µex
i =

∂ f ex

∂ρi
(4.67)

from Eq. (4.63), we use the thermodynamic definition of an insertion probabil-
ity,

pins
i = e−µex

i =

{
(1−η)L

(1−(L−1)ρi)L−1 for i = 1, 2

1− η for i = 3 ,
(4.68)
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where η = L(ρ1 + ρ2) + ρ3 denotes the packing fraction of the system, equiva-
lent to the surface fraction of the substrate covered by a monolayer.

For the calculation of pi→j we need to specify exactly how the orientation
of a rod is changed under the given dynamics. To this end, we first consider a
model where a change in orientation from i to j is realized in two steps. First,
a rod with orientation i is removed from the system and, second, a rod with
orientation j is inserted into the system at a random lattice site. We refer to
these somewhat unrealistic dynamics as UNCO, denoting that removal and
insertion of a rod are spatially uncorrelated. The quasi–equilibrium limit of pi→j

under the UNCO dynamics is readily obtained as pi→j = pins
j . It can easily be

checked that with these probabilities Eq. (4.66) yields an equilibrium state with
ρi ∝ e−µex

i for t → ∞, provided that no particles are deposited, i.e., αins
i = 0.

These are precisely the equilibrium particle densities following a minimization
of the free energy f = f id + f ex using Eqs. (4.62) and (4.63), w.r.t. the ρi.

In order to compare the UNCO dynamic equations with our KMC simu-
lations we make use of the fact that the equilibrium phase diagram obtained
from Eqs. (4.62) and (4.63) does not feature biaxiality for L ≤ 12 (Sec. 4.5). We,
therefore, make the assumption that ρ1 = ρ2 also holds for the non–equilibrium
setting of the rod–lengths studied in the simulations (with L = 5 and 9 investi-
gated below). We consider two different modes of particle deposition: (i) per-
pendicular deposition and (ii) isotropic deposition. The corresponding deposi-
tion rates are (i) αins

1 = αins
2 = 0, αins

3 = αins and (ii) αins
1 = αins

2 = αins
3 = 1

3 αins.
Time is measured relative to particle mobility, which we assume to be isotropic
with αi→j = 1, where i 6= j. Results of the UNCO model are obtained by solv-
ing the set of differential equations numerically for an initially empty system.
Figure 4.11 shows the UNCO trajectories of the system for different deposi-
tion rates αins in the (η, Q) plane resulting from perpendicular and isotropic
deposition. Since the behavior for different rod–lengths L ≤ 12 is found to
be qualitatively the same in the model, we limit ourselves at this point to the
case L = 5. Results for rod–lengths L = 9 are shown in Sec. 4.10.2, where we
compare the dynamic DFT results to KMC simulations.

It is interesting to note that in the long-time limit t→ ∞ the UNCO dynam-
ics do not necessarily generate a configuration in which all the rods stand up,
i.e. for sufficiently fast deposition we find Q < 1 while η → 1. This is reflected
in the UNCO dynamic equations being stationary for η = 1, irrespective of the
value of Q, thereby allowing for a fully–covered surface with a certain fraction
of rods still in the λ orientation (i.e. lying down). While somewhat counter–
intuitive, this behavior is rooted in the non–locality of the UNCO dynamics.
Once a λ rod is chosen for a change in orientation, these particular dynamics
attempt to insert the rod after reorientation at a random site of the lattice. For
sufficiently large η this insertion is almost always impossible, even for a rod in
the σ orientation (i.e. standing up). As a result, the rod chosen to perform the
move remains at its initial site in λ orientation. Consequently, the system can
remain locked in a fully–packed configuration, preventing it from switching
out all the rods in the system to those with a perpendicular orientation (to the
surface).

More realistic local dynamics is provided by the CORR model, which per-
forms changes in orientation locally and takes correlations at the given site into
account. It is based on the simple observation that if a transition from a λ to σ
orientation is done locally, the move is always accepted since a rod lain down
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F I G U R E 4 . 1 1 : (a) Trajectories of the deposition of a mono-
layer of hard rods of length L = 5 represented in the (η, Q)
plane, where η denotes the covered surface fraction and Q de-
notes the degree of nematic order in the monolayer. The system
is initially empty (η = 0) and rods are deposited with different
rates αins measured relative to their rotational mobility. Rods are
perpendicular to the substrate upon deposition. The blue curve
corresponds to thermodynamic equilibrium. Results were ob-
tained using the UNCO (black) and CORR (red) dynamic lattice
DFT (see text). KMC simulations matched to the dynamics of
αins = 1 (fastest deposition) were performed (green circles, for
a description see below). Their error bars are smaller than the
symbols. (b) Same analysis, but for deposition with random
orientations i = 1 . . . 3 inserted with equal rates αins

i (isotropic
deposition). Error bars for KMC simulations (green) are dis-

played.

on the substrate automatically guarantees room for it to stand up at the same
location. Hence, in the CORR model, we employ p1→3 = p2→3 = 1. In order to
recover the correct equilibrium behavior in the stationary state without parti-
cle deposition, we must have p3→i = e−µex

i +µex
3 , where i = 1, 2. The remaining

transition probabilities are the same as in the UNCO model. Assuming no bi-
axiality (S = 0), results are obtained by solving the set of differential equations
numerically for various depositions rates, considering both perpendicular and
isotropic deposition. In Fig. 4.11 we show results of the CORR model for rods
of length L = 5. In particular, the theory predicts Q = 1 in the limit η = 1,
meaning that in the long–time limit with full surface coverage all the rods are
in σ orientation. It can easily be shown from the dynamic equations that, in
contrast to the UNCO model, stationarity in the CORR model requires η = 1
and ρ1 = ρ2 = 0. This implies ρ3 = 1 and, therefore, Q = 1.

Figure 4.11 includes data from KMC simulations (Sec. 4.8.1) with matching
dynamic parameters (Sec. 4.10.1 below). We note that for the error bars, here
and everywhere else, KMC data is first averaged into bins; thereafter the binned
data is averaged over six independent runs. Exceptions are for α < 10−3, where
data is collected from a single run; they are otherwise noted. The CORR model
appears to give an excellent description of the dynamics of rods of lengths
L = 5, particularly in the case of perpendicular deposition. Sec. 4.10.2 compares
the dynamic DFT results with our KMC simulations further for rod-length
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L = 9.

4.9.2 Finite substrate potentials

We consider the case where the substrate interacts via an attractive potential of
strength ε per segment touching the substrate:

Vext
i =

{ −ε (i = 3)
−Lε (i = 1, 2)

. (4.69)

Here, the rotational mobilities αi→j have to be partially modified. While the
mobilities in the substrate plane remain unchanged (i.e. unity in the present
normalization) the attractive interaction suppresses transition from a λ to σ
orientation, and within the present dynamics we have αi→3 = e−ε(L−1)/2 for
i = 1, 2. On the other hand, a transition from a σ to λ orientation is promoted,
leading to modified mobilities α3→i = eε(L−1)/2 for i = 1, 2. In both the UNCO
and the CORR models, these modified mobilities lead to stationary points for
αins = 0, which are identical to the equilibrium properties obtained by mini-
mization of the free energy functional with the appropriate external potential
in Eq. (4.69). Note that we will study the scenario of an attractive substrate
only in the case of perpendicular deposition, which means we may leave the
insertion rate unmodified.

4.9.3 Quasiequilibrium growth

When the flux rate is infinitely slow compared to all other kinetic parameters in
the monolayer, every moment of growth is fully described by thermodynamic
equilibrium. The change in density of species j through deposition within time
step dt is proportional to the flux rate as

dρ
dep
j = αins

j e−µex
j dt , (4.70)

The deposited particles become redistributed instantaneously (dρ
dep
j → dρj)

with conservation of the total number of particles,

dρdep = ∑
j

dρ
dep
j = ∑

j
dρj = dρ , (4.71)

such that the total chemical potential µ = µj, as well as the increments dµ = dµj,
are constant and equal among all species. Here, µj = ln ρj + µex

j . rij =
∂µi
∂ρj

and,
thus,

dµ = dµi =
3

∑
j=1

rijdρj (i = 1..3) . (4.72)

In our system ρ1 = ρ2. Solving for the two independent density increments we
obtain

dρi = Aidρ (i = 1, 3) (4.73)

where A1 = r13−r33
2r13+r31+r32−r11−r12−2r33

, A3 = 1− 2A1 and dρ is defined through
Eqs. (4.70) and (4.71). The total time increment in dρ can be re–scaled, dt? =
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αinsdt, such that the coupled system of equations in (4.73) does not depend
on the total flux αins anymore. The solutions ρi(t?) can then be found through
numerical integration.

4.10 Comparison between KMC simulations and theory
(DDFT)

Note: The author contributed substantially to all parts of this section: in
writing almost all of the text, to deriving the 2D translational coefficient for

“tumbling” rods and therewith to matching the dynamics between KMC and
DDFT, to generating all plots as well as being responsible for all of the KMC
simulations.

4.10.1 Matching KMC to DDFT

In the following we only consider the case where ku
tum = kd

tum ≡ ktum (no
biasing substrate potential). The rates for the tumbling and deposition process
are related to the rates defined in the DDFT equation (4.66) as follows:

αi→j ↔ 2ktum all combinations with i 6= j (4.74)

αins
i ↔ kins

i . (4.75)

where the relation means equality up to the same constant factor. The first
relation holds since we have fixed αi→j = 1 in DDFT globally. The factor
two arises from the fact that the rods can rotate into each orientation in one
of two rotational directions. Since one of the rates can be used to define the
time scale, a growth process only depends on ratios of rates. As introduced
before, we consider vertical deposition (αins

i = αinsδi,3) or isotropic deposition
(αins

i = 1
3 αins) with the total deposition rate αins; the same deposition rate holds

for the KMC model via kins = ∑i kins
i . We also assume isotropic transition rates

αi→j (see Sec. 4.9), analogous to ku
tum = kd

tum = ktum = k1↔2 in KMC. DDFT
predicts that there is no dependence of our observables on k0

hop. This is indeed
what we also observe in KMC (see Fig. 4.12). Our matching condition is hence
set by the single independent variable α characterizing the growth dynamics:

α :=
kins

2ktum
=

∑i kins
i

2ktum
≡ ∑i αins

i
αi→j

=
αins

1
. (4.76)

This variable is different from the single variable, commonly denoted F/D,
characterizing growth with isotropic particles, where F is the incoming flux
rate and D is the diffusion constant in the substrate plane. For our KMC model,
the translational diffusion constant D ≡ Dlatt

2D in the dilute limit (monolayer
density close to zero) is determined by both k0

hop and ktum:

Dlatt
2D /u2 =


1

2
ku

tum +
1

1 + 2 kd
tum

ku
tum

(
kd

tum −
1
2

ku
tum

)
 (L− 1)2

4
+ k0

hop (4.77)

≡ khop + k0
hop , (4.78)
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which is derived in the subsequent Sec. 4.11. One sees that hopping and tum-
bling (through an effective hopping rate khop) contribute to diffusion indepen-
dently.
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F I G U R E 4 . 1 2 : Dependency of growth dynamics of the mono-
layer of hard rods on the kinetic parameter k0

hop: There is vir-
tually none. The total number density is ρ and Q denotes the
degree of nematic order in the monolayer. Data with error bars
is from KMC simulations with L = 9, perpendicular deposition,
and two cases of the growth parameter α = 0.5, 0.05 (Eq. (4.76))
and different values of k0

hop/ktum. The solid curves are calcu-

lated by DDFT (CORR). The data set {k0
hop/ktum = 1000, α =

0.05} is averaged over two independent runs instead of six.

4.10.2 Results: DDFT vs. KMC

The case ku
tum = kd

tum (no substrate potential)

We calculate the dynamics via KMC and DDFT for L = 9. Since the total
density ρ grows during the deposition process, Q(ρ) is an indirect way to
visualize the time dependence of the nematic order Q(t), but in contrast to
Q(t), Q(ρ) can be directly compared with the equilibrium curve. In Fig. 4.13 we
compare KMC and DDFT (CORR) with varying degrees of growth; we employ
both perpendicular as well as isotropic deposition. There is very gratifying
agreement between theory and simulation, although with a small deviation
only in the isotropic deposition case. This is highlighted when we plot the order
parameter against the surface packing fraction η in Fig. 4.14. The deviation of
DDFT from KMC with isotropic deposition appears to amplify with long rods;
compare these results to L = 5 in Fig. 4.11(b) with α = 3. This is likely a
combination of effects: the density functional is less precise for longer rods
(Sec. 4.4), and the packing fraction η(= Lρ12 + ρ3) is particularly sensitive to
resulting errors in the number density ρ12 = ρ1 + ρ2; so, the error in η scales
with L. Apart from this, isotropic deposition with its random insertion of rod
species i = 1, 2 appears to emphasize errors in the calculation of ρ12. Fig. 4.15(a)
shows satisfactory correspondence between DDFT and KMC for total number
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F I G U R E 4 . 1 3 : Trajectories of the deposition of a monolayer of
hard rods of length L = 9 represented in the (ρ, Q) plane, for a
varying growth parameter α. Plotted are calculations with KMC
(symbols with error bars) and DDFT (CORR) (black lines) with
(a) perpendicular deposition and (b) isotropic deposition. The
red curves (EQUI) correspond to solutions from equilibrium

DFT.

density ρ for both deposition types, while Fig. 4.15(b) highlights the errors
when observing ρ12 alone.

The explicit evolution of observables in time such as in Fig. 4.15 can be
compared directly between DDFT and KMC if the kinetic rates, rather than their
ratios, are matched explicitly. We set ktum = 1

2 αi→j =
1
2 , as well as kins = αins

and observe the evolution of number densities during growth. If we re-scale
the time variable with the flux rate t? = αinst, the evolution of number densities
can be compared for different growth rates. Naturally, for decreasing flux rate
these curves converge to a single curve, the quasiequilibrium growth curve
obtained by the solution of Eq. (4.73). From Fig. 4.15(a) one sees that the time
evolution of the total density is very well-described by the quasiequilibrium
curve for all deposition rates. Since the quasiequilibrium curve is essentially
determined by the equation of state (through µ(ρi)), a measurement of ρ(t)
can be regarded as an effective measurement of the equation of state. This is
different for ρ12(t) (Fig. 4.15(b)) where the results for the fastest deposition rate
deviate considerably both in shape and magnitude from the quasiequilibrium
curve.

One may compare these results to a very simple generalization of the Lang-
muir growth model. The latter is formulated for the adsorption of isotropic
particles, corresponding to our lattice model with perpendicular rods only. The
insertion probability is proportional to the free substrate area, i.e. the time de-
velopment of the density is governed by ρ̇ = αins(1 − ρ) with the solution
ρ(t) = 1− exp(−αinst) = 1− exp(−t?). It describes our solution for perpen-
dicular deposition reasonably well.

The case ku
tum < kd

tum: attractive substrates

From the perspective of kinetics, the potential induces an additional energy
barrier for the rods to stand up, where the activated dynamics is described
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F I G U R E 4 . 1 4 : Trajectories of the deposition of a monolayer of
hard rods of length L = 9 represented represented in the (η, Q)–
plane for α = 0.5, 0.05. Curves are DDFT (CORR), symbols are
KMC data; green (PERP) indicates perpendicular deposition,
pink/violet (ISO) indicates isotropic deposition. The red curve

(EQUI) corresponds to solutions from equilibrium DFT.

by an Arrhenius law.1 The corresponding rates employed follow the DDFT
modeling (see Sec. 4.9.2):

ku
tum = ktume−(L−1)ε/2 (4.79)

kd
tum = ktume(L−1)ε/2 (4.80)

Figure 4.16 shows the resulting dynamics from both KMC and DDFT calcula-
tions for the nematic order parameter Q(ρ).

A key feature distinguishes the dynamics on attractive substrates from the
one on neutral substrates: the kinetic parameter k0

hop contributing to transla-
tional diffusion comes into play (compare Fig. 4.12). It appears that for large
k0

hop/ktum the Q(ρ)–curves converge to a single one which is approximately de-
scribed by the DDFT result. Now that tumbling moves are very rare events soon
after a rod is introduced, this parameter alone controls local equilibration of
the translational degrees of freedom. This likely means strong configurational
jamming (dynamical arrest) occurs when rod translations cannot contribute
to relaxation. Figure 4.16(b) shows that the surface becomes fully packed at
η = 1 at rather low densities ρ, illustrated in Fig. 4.16(d). In an unusual change
in character, the dynamics at full packing fraction is dominated by the rare
events of rods standing up with (perpendicular) deposition taking place at the
vacancies generated.

1We model the effect of an energy barrier only on rotational motion – the substrate does not
influence translational motion directly.
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rameters α = 0.5, 0.05; perpendicular– (PERP, green) as well
as isotropic–deposition growth (ISO, cyan/blue) is calculated
via KMC (symbols with error bars) and DDFT (CORR) (black
lines). (a) Total number density ρ and (b) number densities of
lying rods ρ12 = ρ1 + ρ2 versus time re-scaled with the flux rate
t? = αinst. The red curves (EQUI) – shown for both deposition
types correspond to infinitely-slow, quasiequilibrium growth

calculated from DFT.
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F I G U R E 4 . 1 6 : Growth of a monolayer of hard rods with
lengths L = 9 on attractive substrates under perpendicular de-
position: Dependency of growth dynamics on translational dif-
fusion. Indicated in the legend are values of the kinetic parame-
ter k0

hop/(2ktum) (symbols with error bars). Shown additionally
are DDFT calculations (black curves) as well as results from
equilibrium DFT (black dashed curves). The substrate strength
ε = 2.0. Growth with comparably small rate α = 0.05 is rep-
resented (a) in the (ρ, Q), and (b) in the (ρ, η) plane, where it
is seen that full packing is reached at relatively low densities.
The limiting case of all rods lying on the substrate (ρ ≡ ρ12) is
drawn in orange. (c) Same as (a), but for faster growth α = 0.5.
Data points represent binned averages within single runs. (d)
Illustration of a fully–packed configuration (η = 1) at interme-

diate density. The color code is the same as in Fig. 4.1.
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∗ ∗ ∗

Up to now, we have compared the KMC results of the growth of a
monolayer for purely hard-core rods on a lattice with the approach of DDFT.
Quasiequilibrium growth is possible at neutral substrates for a slow growth
rate α. We see strong qualitative overlap between DDFT and the simulations at
situations further from equilibrium at neutral substrates, i.e. for fast growth
rates, while errors or idiosyncrasies of the DDFT become conspicuous for
non-neutral substrates. The KMC simulations show us an onset of a dynamic
arrest (or a transient jamming transition) for strong substrate potentials, where
the growing monolayer becomes fully-packed η → 1 at number density
ρ < 1 and remains at this kind of state for a very long period of time until
the final state of ρ → 1 is reached. The DDFT we developed here does not
consider an explicit dependence of the rotational and translational degrees of
freedom, which becomes important in far-from-equilibrium situations (highly
non-Markovian dynamics) like when dynamical arrest sets in. We reiterate
that all investigations considered structural observables at a global scale like
orientational order parameter, packing fraction and number densities.

In the next section, we venture on to comparing the lattice model for growth
at neutral substrates with that of the continuum model of spherocylinders,
analyzed in equilibrium previously in Sec. 4.7. As in the equilibrium case, we
will discover qualitative overlap in the behavior of global structural order (the
order parameters Q and Qnem, respectively to each model).

4.11 Derivation of Dlatt
2D in the dilute limit

Note: This section is a direct contribution of the author of this thesis.

We begin by writing down the master equation describing the change of a
population density ρi(t) (i = 1..3) over time within the dynamics of an ideal
lattice gas of tumbling rods (pure hopping does not change the number of rods
in any orientation):

dρi(t)
dt

= ∑
j 6=i
−ρi(t)T(i→ j) + ρj(t)T(j→ i) , (4.81)

where T(i → j) is the transition rate for a rod to go from orientation i to j. We
are interested in steady–state ensemble properties—hence, we enforce that for
all i the left hand side of Eq. (4.81) is zero and the populations reach a stationary
state {ρ1, ρ2, ρ3}. This leaves us with the following condition for the transition
rates:2

∑
j 6=i

ρiT(i→ j) = ∑
j 6=i

ρjT(j→ i) . (4.82)

The transition rates are simply T(1 → 2) = T(2 → 1) = 2k1↔2, T(1 →
3) = T(2 → 3) = 2ku

tum, and T(3 → 2) = T(3 → 1) = 2kd
tum, where the

factor 2 arises because the rods can rotate into each orientation with positive
and negative rotation directions. One can easily show that the only linearly

2which can be interpreted as global balance in a Markov–chain Monte Carlo algorithm
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independent equation that remains is the following:

(ρ1 + ρ2)ku
tum = 2ρ3kd

tum (4.83)

Notice that any dependency on the in–plane rotations with rate k1↔2 drops

out of the equations. Defining ρ12 := ρ1 + ρ2, we obtain ρ12 = ρ3
2kd

tum
ku

tum
. Since

the total density is preserved, ρ = ρ12 + ρ3 = const., we find for the stationary
state:

ρ3

ρ
=

1

1 + 2 kd
tum

ku
tum

(4.84)

ρ12

ρ
= 1− 1

1 + 2 kd
tum

ku
tum

. (4.85)

These equations will be useful in steps that follow.
Returning to expressing the diffusion constant on an infinite 2D lattice, we

first consider the motion of the rods of length Lu only along one axis. The
first contribution to diffusion comes from a tumbling move in an average
time 1/ktum (where ktum is ku

tum or kd
tum) which displaces the center–of–mass of

the rods by (L− 1)/2 in units of u. According to Fick’s law for 1D diffusion
with diffusion constant D, 〈|∆x|2〉 = 2Dt we obtain the 1D contribution to
translational diffusion from tumbling as D = 1

8 ktum(L− 1)2 u2.
We next consider specifically the tumbles contributed by upright rods

(i = 3): The mean waiting time for the propagation to this mean–squared–
displacement is 1/kd

tum, as before. Therefore, this part of the 1D diffusion, is
ρ3
ρ

(L−1)2

8 kd
tum u2, where we included the probability ρ3/ρ for a rod being up-

right. Similarly, upward tumble moves of lying–down rods (i = 1, 2) occur at
timescales of 1/ku

tum. In this case, however, only one–half of the ρ12 popula-
tion (on average) contributes to the diffusion in 1D (that half aligned along the
corresponding 1D axis).

The second contribution to translational diffusion along a line is simply the
rate 1

2 k0
hop since, as before, the mean waiting time for the propagation of 1u2 is

1/k0
hop (and the same rate is assigned for all populations ρi).
In summary, the 1D–translational diffusion coefficient on a lattice in units

of space u is:

Dlatt
1D /u2 =

1
2

((
ρ3kd

tum +
1
2

ρ12ku
tum

)
(L− 1)2

4ρ
+ k0

hop

)
, (4.86)

where in 1D, the stationary densities are 1
2 ρ12 = ρ1 = ρ3. Inserting (Eqs. 4.84)

and (4.85) for the density ratios and observing that diffusion in 2D is simply
twice the diffusion in 1D,3 we obtain:

Dlatt
2D =


 1

1 + 2 kd
tum

ku
tum

kd
tum +

1
2


1− 1

1 + 2 kd
tum

ku
tum


 ku

tum


 (L− 1)2

4
+ k0

hop , (4.87)

3The MC moves occur with the same rates in both axes x̂, ŷ; we effectively add the indepen-
dent Poisson processes together to a process twice as fast in propagating the mean–squared
displacement.
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which can be rearranged straightforwardly to the form of Eq. (4.87).

Verification

We verify the form of Eq. (4.87) via KMC simulations of a ideal gas (no
interaction energy) of hard rods on an infinite 2D lattice doing hopping
and tumbling moves with input parameters L = 9 and various relations
of rates {k0

hop, kd
tum, ku

tum}. The translational diffusion is measured by fitting
a line through the ensemble–averaged mean–squared–displacement over
simulated time, given 2 · 104 rods and some 223 MC steps (depending on the
relative rates) after a certain equilibration time during which each ρi reaches
a stationary average value. The fit is weighted with the error bars of the data,
the error–of–the–mean (ensemble average). The fitted slope corresponds to 4
times the translational diffusion constant, in accordance with Fick’s law in 2D.
A series of such fitted slopes are measured over a few independent trials and
the agreement is excellent. The averaged fitted diffusion rate matches that of
Eq. (4.87) to within error bars. The 1D case was verified, as well, where the
fitted slope corresponds to twice the diffusion constant.

4.12 On-lattice rod model vs. continuum (hard sphero-
cylinders)

Note: The author contributed substantially to all parts of this section in writ-
ing almost all of the text, in generating all plots as well as being responsible
for all of the KMC simulations, to planning or designing the comparison con-
tinuum simulation models I and II, and to matching the dynamics between
models. Writing and execution of the Monte-Carlo simulation codes of hard
spherocylinders are outside of the scope of the author’s contribution.

Similarly to our investigation of equilibrium monolayers in Sec. 4.7, we will
explore the possibility to match our lattice results in the dynamic case to
corresponding results for a continuum model with hard spherocylinders. One
has to bear in mind, though, that the lattice model does not result from a
systematic coarse-graining procedure applied to the continuum model. Rather,
we attempt to match basic dynamic parameters (i.e. characteristic microscopic
times) and compare results.

We have performed MC simulations off-lattice (with small displacement
and rotation moves) of hard spherocylinders with length Lsph, diameter Dsph
and aspect ratio κ := Lsph/Dsph in the continuous 2D plane in a way analogous
to those of Sec. 4.7. The minuscule MC moves induce pseudodynamics that on
larger timescales (where time is measured by the number of MC sweeps) that
represent translational and rotational diffusive motion (over longer times). As
shown in Refs. [891–893], it is possible to define a unique MC time scale being
independent of the size of the MC change of any degree of freedom, and to
relate such an MC time scale to that of Brownian dynamics. As a matter of fact,
in our case we only need to relate the MC time scale to that of KMC for the
lattice model. Apart from the Brownian translational and rotational motion, the
continuum model also includes an external flux for introducing (depositing)
rods into the system.
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To compare growth between the lattice and continuum models it is nec-
essary to map the characteristic times of their microscopic dynamics (rates).
We proceed to do so in the case of a dilute gas )ideal-gas limit) of rods. In the
continuum model, these are {1/(FD2

sph), τdiff, τrot} (with F denoting the influx
or deposition rate per area and a unit area is chosen by D2

sph, τdiff the trans-
lational self-diffusion time and τrot a rotational relaxation time) – these must
be matched to the three characteristic times {1/(kinsu2), 1/ktum, 1/k0

hop} in the
lattice model (unit u = 1). We discuss this matching procedure generally below
before applying it to two specific continuum growth models in Secs. 4.12.3 and
4.12.4. Note here that as in Sec. 4.7, the order parameter used in the continuum
model is the largest eigenvalue, Qnem, of the nematic order tensor. Furthermore,
we address only the case of neutral substrates in these investigations.

4.12.1 Matching translational diffusion

In the continuum model, the translational self–diffusion time over a distance
Dsph is given by

τdiff =
D2

sph

Dcont
2D

. (4.88)

The equivalent time in the lattice model would be the translational self–
diffusion time over a distance u (lattice unit). Matching these gives

D2
sph

Dcont
2D

=
u2

Dlatt
2D

. (4.89)

For a dilute system of rods in the lattice model, the translational diffusion con-
stant is given by Dlatt

2D /u2 = k0
hop + khop(kd

tum, ku
tum) (see Eqs. (4.77),(4.78) and

the next subsection below), where k0
hop accounts for the explicit translational

move and khop is due to the tumbling move. For vanishing substrate potentials
(kd

tum = ku
tum ≡ ktum) the contribution from tumbling becomes

khop
∣∣
kd

tum=ku
tum

=
2
3
(L− 1)2

4
ktum . (4.90)

This value is fixed for a given tumbling rate and rod–length L.
In the continuum model (with given translational and rotational moves),

we measure Dcont
2D directly in a separate simulation where rods behave like an

ideal gas and the diffusion constant is extracted from the slope of the mean-
square displacement of a rod versus simulated time. In this way, the diffusion
rate from the translational move in the lattice model can be fixed to

k0
hop = Dcont

2D /D2
sph − khop(ktum) . (4.91)

The tumbling rate ktum entering the equation above is fixed by a concrete
rotational relaxation time (see below).

However, in Sec. 4.10.1 we showed that the dynamics does not depend
on k0

hop in the lattice model as long as there is no external potential. As our
investigation is restricted to this condition, the particular value of k0

hop does not
play any role for evolution of the total density and the orientational order and
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is put to zero. For a closer investigation of the case of finite substrate potential,
one would need to take the condition in Eq. ((4.91)) into account.

4.12.2 Matching rotational diffusion

In the continuum model, the rotational relaxation time τrot can be defined by
the relaxation time for nematic order, i.e. the characteristic decay time in the
autocorrelation function 〈Qnem(t)Qnem(0)〉 in a dilute system. We obtain this
decay time by recording the autocorrelation function in a system of sphero-
cylinders with no interactions and fitting it to an exponential (∝ exp(−t/τrot)).

In the lattice model, the corresponding autocorrelation function 〈Q(t)Q(0)〉
can be obtained analytically in the ideal-gas limit and the characteristic decay
time is τlatt

rot = (6ktum)−1. For given rotational moves in the continuum simula-
tion, the tumbling rate ktum is determined by matching these times.

Instead of using the characteristic decay time of orientational (nematic) or-
der, one might think of matching the rates for a transition from a standing–up
to a lying–down rod. In the lattice model, this would be affected by 4 possible
discrete moves, each with rate ktum. Thus, this transition time is 1/(4ktum). In
the continuum model, this transition time would be the first passage time for
a rotation from standing to lying, which we also determined in a simulation
with ideal spherocylinders. However, this first passage time is about 100 times
larger than the decay time for nematic order. Through the comparison of lattice
and continuum results (see below) we find that matching the decay time for
nematic order is sensible and matching the first passage time leads to grossly
different results. The reason is that in the autocorrelation function measures a
continuous change of order. A certain change ∆Q in the lattice model comes
about by a fraction of rods reorienting in the lattice model, whereas for a cor-
responding change ∆Qnem in the continuum model, the spherocylinders need
(on average) to reorient the same amount. The corresponding time needed is
much smaller than the first passage time for a rotation from standing to lying.

Deposition time and growth parameter

The characteristic time for deposition on the unit area for a dilute system does
not depend on the diffusional properties and is simply given by 1/kins (lattice,
u = 1) and 1/(FD2

sph) (continuum). Hence the growth parameter α must be
matched between lattice and continuum in the following way:

α =
kins

2ktum
= kins(3τlatt

rot ) = (FD2
sph)(3τcont

rot ) . (4.92)

4.12.3 Model I: Deposition as random ‘appearance’ of rods

In this model, the midpoints of the hard rods are constrained to a continuous
2D plane of size l2

Box = 200× 200D2
sph with periodic boundary conditions. They

rotate freely and diffuse along the substrate via small MC moves as to approx-
imate Brownian dynamics. Rotational moves are performed as described in
Ref. [894]. New rods are introduced to the monolayer (they ‘appear’) with a
global rate rins = F l2

Box. As in the lattice model, hard–core repulsion between
the rods means an attempt at inserting a rod at some position and with a cer-
tain orientation is rejected if it overlaps with another. Time progresses also for
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these unsuccessful deposition attempts, causing the number density of rods
to depend on time in a monotonic, but nonlinear way, see Fig. 4.19 below. As
in the lattice model, we employ two deposition conditions: one where rods
are deposited in a vertical orientation and another in random, isotropically-
distributed orientations. Results are presented below, whereby the parameters
are also indicated.

F I G U R E 4 . 1 7 : Illustration of continuum Model I for a mono-
layer of hard spherocylinders.

Our investigations are performed for rods of length L = 9 (lattice) and
aspect ratio κ = 8 (continuum) since the spherocylinders have total length
Lsph + Dsph. We note that results for κ = 9 are very similar and will not be
shown.

Results for model I

In Model I (see illustration in Fig. 4.17), where new rods ‘appear’ within the
monolayer, one might expect the evolution of the order parameters Q (lat-
tice) and Qnem (continuum) with the total number density ρ to look similar to
Fig. 4.13. Indeed, this is what we find in Fig. 4.18, where we varied the growth
parameters α over two decades. All continuum data are running averages over
a single run, and equilibrium data points for the lattice model are obtained
via Grand Canonical Monte Carlo simulations. Most striking in the figure is
the similar form of the curves for growth under perpendicular deposition with
respect to the equilibrium curve (Fig. 4.18(a)). In both models, the downward
dip of the order parameter and subsequent approach to the equilibrium curve
happens at about the same value of Q (Qnem), but it is shifted to higher densi-
ties in the continuum. For dilute systems, the shift in densities can be attributed
to the different two-body excluded volumes in the lattice and the continuum
model. If the lattice densities are multiplied by the ratio of the volumes, which
is approximately given by L2+L−2

9·0.45L (≈ 2.5 for L = 9) (Sec. 4.7), the agreement be-
tween the lattice and continuum models is quite good for continuum densities
ρD2

sph < 0.2, yet differences remain for higher densities.
Fig. 4.19 displays the dynamics of the total number density ρ versus the

re–scaled time t? = kinst (lattice) and t? = (FD2
sph)t (continuum), respectively.

The quasi-equilibrium growth curve for the lattice model (see Sec. 4.9.3) is
also shown in Fig. 4.19(b). For the continuum model with isotropic deposition
(Fig. 4.19(a)), there is little variation of ρ(t?) with α (as in the lattice model),
and the results seem to be well-described by a quasiequilibrium growth curve,
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F I G U R E 4 . 1 8 : Growth of a monolayer of hard spherocylin-
ders (κ = 8) using Model I (appearing rods) represented in
the (ρ, Qnem) plane: comparison to lattice model (black) with
matched kinetics. Monolayers are grown with perpendicular
deposition (a) and isotropic deposition (b). Red data points
correspond to thermodynamic equilibrium in the lattice (steep

curve) and continuum (shallow curve) models.

which would be attained for α→ 0. For perpendicular deposition, the results
for the highest growth rate (α ≈ 0.16) are different from those for the two lower
growth rates, but they converge for later times t? & 20. We point out a strong
difference when comparing these growth curves for the lattice and continuum:
In the continuum model, the density increases only very slowly beyond the
dilute limit (t? & 0.1). Since the quasiequilibrium growth curve is determined
only by the equation of state (through µ(ρ(θ)) where θ is the polar angle), this
indicates the equations of state in the lattice and continuum model, respectively,
are very different already for moderate densities. The continuum equation of
state for the full density range is not known. In Sec. 4.7 we only analyzed a
virial expansion up to second order. Already at this order we found a different
scaling of the second virial coefficient: it is ∝ LsphDsph for the continuum model
and ∝ L2 for the lattice model.
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F I G U R E 4 . 1 9 : Evolution with re–scaled time t? of number
densities ρ during monolayer growth in continuum Model I
and lattice. Perpendicular deposition (PERP) is shown in pur-
ple, while isotropic deposition (ISO) is shown in orange. Same
symbol shapes/line–style refer to the same growth parameter
α. (a) Continuum, κ = 8. (b) Lattice, L = 9. The green dashed
curves (EQUI) correspond to quasiequilibrium growth calcu-
lated with DFT. Deposition of a vapor of rods in the ideal-gas

limit (dotted lines) describes the initial slope in ρ(t?).

4.12.4 Model II: Deposition as sedimentation caused by a constant
force-field (“gravity”)

In this model, the hard rods move in 3D space via small rotations about their
midpoints and translation moves in 3D. They fall onto a square-well attractive
substrate (well depth = 50kBT, width = 0.05Dsph) in a box with periodic
boundary conditions in the substrate plane. The attractive substrate is not
of the sort described in Sec. 4.10 – rather, it acts as an “adherent” where the
rod experiences the well (with the orientation–independent depth) only if the
surface–to–surface distance to the substrate is less than the width of the square-
well potential. Thus it serves as a strong barrier against rods desorbing. Rods
diffuse and rotate by the same MC moves as in Model I, even though, now,
midpoints are unconstrained above the substrate and diffusion moves are
generated in 3D. Rods are generated with random positions and orientations at
the top of the box (l2

Box× lz = 50× 50× 100D3
sph) and inserted at a fixed rate rins;
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hence we only investigate isotropic deposition. They ‘fall’ to the bottom of the
substrate under an artificial gravitational force g. In order to disentangle gravity
and the adhesive substrate potential, we switch–off the gravity when the z-
coordinate of the rod midpoint is less than half a rod-length (Lsph + Dsph)/2,
where z is normal to the substrate. This model qualifies for 3D multilayer
growth, emulating thin film growth with, say, OMBD more closely; however,
we investigate only exemplary cases as the 3D nature of this model deviates
significantly from the lattice system in focus.

In order to match the characteristic deposition time, we need to determine
the deposition rate per unit area (flux) F. Our MC pseudodynamics result in
a net drift of the rods towards the substrate with velocity v = Γg, where the
mobility Γ is determined by the translational diffusion constant in 3D Dcont

3D
through Γ = Dcont

3D /kBT. The flux is then given by F = ρ3Dv = Dcont
3D /kBTρ3Dg,

where ρ3D is the 3D number density of rods well-above the substrate. In the
simulations, we fix ρ3D = 10−4/D3

sph and measure Dcont
3D through the slope in

the mean–squared displacement vs. time. Matching the flux between lattice
and continuum is achieved by appropriately choosing g.

For matching the self-diffusion time, we measure the diffusion rate Dcont
2D

(see Sec. 4.12.1), but, this time for an ideal gas of rods adhering to the substrate.
Note that although the MC moves for translations continue in 3D, the substrate
potential almost always causes a Metropolis rejection for a move escaping the
potential barrier. As this barrier is very thin (0.05Dsph), the restricted 3D diffu-
sion is effectively 2D diffusion. Similarly, we match the rotational relaxation
time by measuring the autocorrelation function for nematic order. We note that
orientational diffusion of rods in model II arises from a combination of mid-
point rotation moves and vertical moves since the rods must remain close to
the adhering substrate. This leads to an autocorrelation of Qnem not describable
by a single exponential. For determining τrot, we fitted the initial decay.

Our monolayer orientational observables are calculated strictly for rods
adhering to the substrate, with the number density in the monolayer denoted
by ρsubs. We additionally analyze the total density across the z-direction, in
particular as a ‘second layer’ may form.

Model II is depicted in Fig. 4.20.

Results for model II

Figure 4.21(a) displays growth of the monolayer in the (ρsubsD2
sph, Qnem) plane,

where Qnem is calculated for all rods adhering to the substrate (i.e. those con-
tributing to ρsubs). The equilibrium curve shown corresponds to that of rods
with fixed midpoints, i.e. the system in model I. For the two smaller growth
rates (α = 10−6 and 10−5) the nematic order in the monolayer is close to
the equilibrium curve, similar to model I. On the other hand, faster growth
(cyan squares, α = 10−4) shows different behavior: the nematic order is no-
ticeably lower, an effect also seen in the isotropic–deposition growth of model
I (Fig. 4.18(b)). Furthermore, at higher densities the monolayer does not con-
verge to a fully–ordered state. Qnem drops, instead. This is an effect of particles
accumulating on top of the first layer.

Figure 4.21(b) shows ρ(t?) for model II. The initial, linear behavior char-
acteristic of deposition on a dilute layer is similar to model I; however, for
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t* = 0.10 t* = 0.30

t* = 0.66

F I G U R E 4 . 2 0 : Snapshots of growth in Model II of growth
of monolayers of spherocylinders for aspect ratio κ = 8 and

growth parameter α = 10−5.

ρsubsD2
sph & 0.2 significant deviations appear. There, growth in model I be-

comes very slow (see Fig. 4.19(a), ISO curves). In model II, new rods increas-
ingly ‘hover’ above the monolayer, breaking the single–layer assumption and
leading to enhanced adsorption in the first layer. Convergence to a quasi–
equilibrium growth curve for low α can be seen only up to ρsubsD2

sph ≈ 0.3.
In the monolayer growth regime, two major differences between model I

and II can be observed. (i) The curve ρ(t?) in model I quickly bends over and
stays near ρD2

sph = 0.15 for a long time. This is not so in model II. Appar-
ently almost all the rods that are in the vicinity of the substrate reach it within
a short time–period. This happens since rods diffuse around in the vicinity
of the substrate and finally reach it after multiple “attempts”. The fluxes em-
ployed are small so that diffusion is a reasonably fast process. (For the lowest
α, the first rods reach the substrate not by the sedimentation drift but by bulk
3D diffusion). (ii) The growth parameters used to study model II are well in
the quasi–equilibrium growth regime for model I. Nevertheless, we see these
values of α generating clearly non–equilibrium behavior that also differ signifi-
cantly in character to model I. We conjecture that an effective α for model II is
actually higher than reported owing to the aforementioned bulk 3D diffusion.

In the regime past the monolayer, we comment on a few preliminary find-
ings: As aforementioned, in the vicinity of reduced densities of 0.6 in the mono-
layer, the nematic order drops due to a population of rods building up above
the monolayer, jamming up space for rods in the first layer. An exemplary distri-
bution of rods versus vertical height for this regime is shown in Figure 4.21(c).
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F I G U R E 4 . 2 1 : (a) Nematic order vs. density in the first grown
layer of hard spherocylinders (aspect ratio κ = 8) using model
II (rod sedimentation) for different values of α. Red data points
correspond to thermodynamic equilibrium in the continuum
model with fixed midpoints. (b) Evolution of the density in the
first grown layer ρsubs with re–scaled time t?. The deposition
curve for ideal gas particles (dotted lines) means that (on aver-
age) all drifting particles reaching the substrate will stick to it.
(c) Height above substrate versus 3D rod density for a growth
parameter α = 10−4 and t? = 2.3, corresponding to the last
point in (a). The increased density for z/Dsph > 4.5 signals the

formation of a disordered second layer.

Rods in the monolayer contribute to the measured density ρ(z) only up to
z/Dsph = 4.5; thus, increased density for larger z belongs to a second layer.
This second layer is very disordered as corresponding snapshots suggest (see
Fig. 4.20).

4.13 Summary, conclusions and discussion

Note: The following text is the author’s writing (she re-wrote, shifted the
focus of, and extended the conclusions written in the two publications). We
have also added a discussion, addressing some points for an outlook of this
chapter, in Sec. 4.13.2 below.

4.13.1 Summary and conclusions

In the first half of this chapter, we analyzed the equilibrium properties of hard
rods constrained to a cubic lattice in (2+1)D confinement (maximally one layer),
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where rods entail only three orientations and discrete translational degrees of
freedom. Their geometry is L × 1 × 1. The case studied in this chapter was
exclusively in the purely hard-core limit of particle interactions. We developed
and performed formally-exact Monte-Carlo simulations in the grand canon-
ical ensemble (GCMC), which served as a test for density functional theory
(DFT) in which the properties were explored. (Specifically, lattice fundamental
measure theory (FMT) was formulated for the rod system.) We find a contin-
ual “standing-up” of rods with increasing density, which is not a thermody-
namic phase transition – both with the FMT and in the GCMC simulations.
An attractive substrate that biases “lying” rods: does not change the continual
“standing-up” behavior, but, attractive energies per unit rod length which are
of the order of 5 kBT or larger induce near-“kinks” in the nematic order Q upon
increasing density ρ. These resemble (“pseudo-”) second-order transitions. (A
truly second-order transition is found, for instance, in the fully-2D-confined
system, which we discuss more in Ch. 6.) Monte Carlo simulations seem to
agree, although in these case, the systems were difficult to equilibrate (also in
the continuum model, see below). This may hint at the dynamically arrested
states (‘jamming’) at we find in dynamical simulations for monolayer growth
(see further below).

In order to better gauge the effects of restricted translational and ori-
entational degrees of freedom, we also compared the on-lattice model to
a continuum model with hard spherocylinders, which have unrestricted
in-plane-translational and orientational degrees of freedom. The continuum
model also shows the same, continual, entropically-driven “standing-up”
behavior; guaranteed at least from a DFT for the spherocylinders in a virial
expansion. Corresponding Monte-Carlo simulations seem to agree for large
system sizes, but results are masked by strong finite-size effects. The central
difference between lattice and continuum models is that they follow inherently
different “equation-of-states” regarding orientations versus number density.
In the continuum model, the order parameter Q scales with ρLD where L and
D are length and diameter of the rods (which was found out by the scaling
of the second virial coefficient). The lattice model does not show such scaling
behavior, which points at the fact that these models represent fundamentally
different systems.

In the second half of this chapter, we investigated (nonequilibrium) mono-
layer growth with long rods on lattices in monolayer confinement, in the same
purely hard-core limit. In the dynamical model on the lattice, a dynamical N-
body (“sharp”) distribution evolves according to an inhomogeneous master
equation, where microscopic dynamics in every time-step are presumed micro-
scopically Markovian – “diffusive” in the ideal gas limit. However, the non-
trivial part of the macroscopic, many-body dynamics (in purely hard-core sys-
tems) arises when microscopic dynamics becoming arrested – “moves” become
“forbidden” – in-between time-steps due to hard-core repulsive forces. After
specifying the microscopic “attempt” rates of basic “moves”, these dynamics
are simulated formally-correctly by kinetic Monte Carlo (KMC). However, we
implemented KMC as a rejection-free algorithm: It is event-driven, propagating
time forward only when something in the system actually moves. The simula-
tions we wrote and developed “from scratch” were conceptualized, first, with
a novel algorithmic implementation for hard-core, anisotropic particles. In fact,
the original conceptualization was meant for the more complex and general
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case of 3D growth simulations. In the monolayer, the long rods “move” via
in-plane and out-of-plane rotations, as well as translational hops to nearest-
neighboring sites (the full set of possible “moves” in the monolayer is much
smaller than for the generalized case of 3D growth.)

For a wide range of particle deposition rates, we find that monolayer growth
with hard rods can be described by “quasi-equilibrium” growth dynamics;
at least, when observing the global-scale order parameter mean-values only.
Quasi-equilibrium means that every value of Q as a function of the density ρ
corresponds to that for equilibrium. Deviations from quasi-equilibrium become
more pronounced when imposing an asymmetric “initial condition” on rod
orientation, i.e. when rods are deposited in the “standing” orientation only. The
underlying reason for this affinity to equilibrium in driven conditions is very
likely the lack of thermodynamic phase transitions in the monolayer. For the
same reason, the fluid system of rods (probably) remains homogeneous, more-
of-less, during the evolution. Therefore, we found the most relevant dynamical
parameter (for the range of parameters investigated) was the deposition-flux–
to–rotational-diffusion-rate ratio.

We also found that a proper scaling variable of the deposition–diffusion
dynamics is the re-scaled time t? = Ft, where F is the deposition “attempt”
flux (rejections occur due to hard-core repulsion), and t is simulated time. We
explored dynamics of particle number-densities ρ12 of lying rods as a function
of re-scaled time, as well as that of standing rods. In employing global-scale,
thermodynamics order parameters, where time plays no role in equilibrium,
the deviations from equilibrium-type growth are most visible when plotting
the nematic order Q against the packing fraction η. In the latter, “lying” and
“standing” orientations contribute asymmetrically and, thus, render more de-
tailed information than ρ. (This representation will be important for the next
chapter, where the system dynamics become heavily nonequilibrium.)

One focus of the study was in testing the quality of a lattice dynamical
density functional theory (DDFT), which was formulated for the lattice system
of purely hard-core rods. It is based on the FMT that was investigated in the
first half of the chapter. It was formulated for the case of a homogeneous fluid
(more “near-equilibrium”, no phase-separation), i.e. no spatial dependencies
were accounted for. Implied, also, is an independence of translational from
rotational degrees of freedom in the system. This seems to be the case, when
tested against KMC, as long as dynamics remains near-equilibrium. In the case
of strongly attractive substrates, the system loses ergodicity – dynamical arrest
occurs in the form of a (possible) nonequilibrium “jamming” transition. We did
not explore the physics of this case further, but, remark that the translational
and rotational degrees of freedom of the nonequilibrium ‘fluid’ appear highly
coupled in these cases: There is a clear, explicit dependence of the macroscopic
evolution on the hopping rate. The DDFT would need extensions to capture
this variability, and in its current form, appears to emulate the case of very
large hopping rate. Therefore, it seems to predict too “fast” dynamics (in other
words, high dissipation) and heads closer towards the quasi-equilibrium limit
– as far as we can tell from the data we presented. Exploring quantities relevant
for the dynamics in the system such as two-time and two-point correlation
functions, or currents – rather than macroscopic, (structural) mean quantities —
would be important in the future. This applies both to testing and developing
the DDFT, but, more generally, to understanding the loss of ergodicity in these
systems of highly anisotropic particles.
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Another focus of the study was to compare the nonequilibrium evolution
of the lattice model during monolayer growth to that of the continuum model
of hard spherocylinders. (We realized deposition with two different protocols
in the continuum model, accordingly). As the microscopic dynamics between
lattice and continuum models are fundamentally different, we first performed
a matching procedure: We matched the characteristic times for diffusion, relax-
ation of nematic order and deposition between lattice and continuum models in
ideal-gas limits. The results on the time-evolution of the nematic order shows
qualitative agreement between both models, much like in the equilibrium case.
The evolution of the total monolayer density is mainly determined by the quasi-
equilibrium “equation-of-state”, which differs between lattice and continuum.

4.13.2 Extra discussion and outlook

For this simple system, we have reached a good ‘methodological control’ with
the lattice and continuum treatments, allowing for the study of equilibrium,
dynamic effects and their interplay. However, we suspect that much of the qual-
itative and semi-quantitative overlap between continuum and lattice models,
as well as KMC and DDFT might owe to the following: With only hard-core
interactions, as far as we have seen, the systems of rods with intermediate rod-
lengths do not entail any thermodynamic phase transitions in the monolayer.
Thus, most of the nonequilibrium dynamics remain “quasi-equilibrium-like”.
We had to impose a particular initial condition – “perpendicular” deposition –
in order to see any deviations on global order parameters at early stages. Once
the monolayer densities reached some intermediate values, the global-scale,
structural order parameters are essentially equilibrated.

We also would like to comment that the purpose of event-driven kinetic
Monte Carlo simulations is to simulate over long time-scales when many dif-
ferent relaxation times in the system co-occur – it is a method that should help
us understand highly nonequilibrium systems, where collective as well as het-
erogeneous dynamics occur on the many-body scale (arising nonetheless from
individual particle motion with microscopically Markovian dynamics). For ex-
ample, the method can simulate long time-scales and many-particle systems
during a phase transition or in nonequilibrium steady states. They are key for
gaining insight where ergodicity is lost and where equilibrium and detailed
balance breaks down, e.g. into dynamically arrested states, phase transition
kinetics, and possibly glassy behavior. The author spent a very long time on
algorithmic conceptualization (a rejection-free KMC algorithm for anisotropic
particles was unknown to the literature before), early-stage and late-stage de-
velopment, writing, debugging, systematically testing, optimizing, and running
the simulation codes (all done alone and “from scratch”).

The near-equilibrium character of the systems studied in this chapter will
break down in the next chapter. Therefore, “methodically well-controllable”
descriptions of dynamics based on equilibrium presumptions will very likely
become invalidated: With additional “sticky” attractions, monolayer growth
with hard rods will be characterized by highly complex and intricate phase
transition kinetics, i.e from an isotropic vapor to a “standing” liquid, entailing
various metastable, intermediate states. In this chapter, the fluid was presumed
by the DDFT to remain “homogeneous” at all states, and the principal ratio
we found for these “near-equilibrium” dynamics was the growth parameter
α that measures the flux–to–rotational-rate. The only exception we found was
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when dynamical arrest (jamming) occurred, which became visible upon in-
troducing a strong substrate potential. There, the system dynamics (kinetics)
depended explicitly on the hopping dynamics. In the next chapter, the princi-
pal dynamical ratio will be the flux–to–translational-diffusion rate F/D during
monolayer growth: As monolayer growth will constitute the long and complex
phase transition (driven by a deposition “quench”) from an isotropic gas to
a “standing” liquid, the system loses its homogeneous character, and becomes
heterogeneous in dynamics and structural properties.

In this chapter, we unfortunately did not explore dynamical properties such
as structural fluctuations, currents (from the rates obtainable in KMC) and their
fluctuations: In other words we did not study two-time and two-point correla-
tion functions. A quantification thereof would present an advanced method-of-
study on the meaning of nonequilibrium-versus-“near-equilibrium”, as well as
on understanding how rotational and translational degrees of freedom couple
in the many-body system. From a practical point-of-view, this would provide
a better method of scrutinizing a DDFT against KMC simulations, as well as
the lattice-versus-continuum models. Information on the inherently different
dynamics between models is complementary to characterizing structural dif-
ferences like their different “equation-of-states” of global-scale (mean) order
parameters.

Conditions where ergodicity is lost states offer a setup in which to scrutinize
the accuracy of the DDFT model. We found the monolayer growth systems
entail transient jamming transitions when a substrate potential is strong. We
emphasize that these are highly interesting: They seem to be directly associated
with the “pseudo-phase-transition” points in the phase diagram (seen in the
equilibrium FMT). Thus, a high curvature of the free energy (in equilibrium)
seems related to non-ergodic, dynamically arrested states in nonequilibrium.
In retrospect, then, analyzing space- and time-dependent correlation functions
will be absolutely necessary for a better, fundamental understanding.

At extremely high deposition rates and strong substrate potentials (and for
very long rods), the possibility for visiting a series of arrested or jammed states
cannot be excluded. In fact, in the next chapter, we find evidence for other types
of arrested states that occur when particles are additionally attractive.

In this chapter, we explored the most basic form of an idealized model
system for monolayer growth of systems with rod-like particles – the case of
purely hard-core rods. This limiting case has been amenable to sophisticated
theoretical methods based on equilibrium theory. However, because of the lack
of thermodynamic phase transitions in monolayer confinement, the nonequi-
librium growth dynamics of monolayers was de facto rather “near-equilibrium”
in the parameter range we explored. The dynamics of order parameters (at the
coarse-grained, global scale) were well-describable by their equilibrium values
(quasiequilibrium growth), or, better, via a linear-response-like theory based on
an equilibrium functional (dynamical density functional theory). The one ex-
ceptional case we found – of jamming or arrest (i.e. a loss of ergodicity) during
growth under the influence of an attractive substrate potential – leaves open
many questions and opportunity for the future.

In the next chapter, we will be occupied with cases when monolayer systems
of rods go go far beyond such “near-equilibrium” conditions; we will be able
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to demonstrate the efficaciousness of our kinetic Monte Carlo simulations for
modeling the physics over many orders of magnitudes in the dynamical control
parameters. As simple addition of “sticky” attractions between rods induces
extremely rich many-body behavior during monolayer growth (not reported
elsewhere in comparable literature), where the system dynamics become het-
erogeneous, complex, and definitely can be called “highly nonequilibrium”.
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Chapter 5

Growth of Monolayers with
“Sticky” Hard Rods

Loveliest of lovely things are they
On earth that soonest pass away.
The rose that lives its little hour
Is prized beyond the sculptured flower.

William Cullen Bryant

The future influences the present just as much as the past.

Friedrich Nietzsche

In this chapter, we explore the nonequilibrium evolution of confined sys-
tems of hard rods on lattices with “sticky” (short-ranged attractions): we ex-
plore the behavior during monotonic growth, investigating the manifestation
of lying–standing transitions in the monolayer under varying nonequilibrium
conditions. This is an extension of the system studied in Ch. 4, yet the simple
addition of attractive interactions changes the game completely for the self-
assembly process. Our model now presents a many-body system that evolves
under highly nonequilibrium conditions, even at slower deposition. It shows
heightened sensitivity to any universal change in local dynamics (the param-
eters that govern these). As we discussed and foreshadowed in Ch. 2.3, the
inherently complex phase diagrams provide a large bandwidth of processes
during a nonequilibrium evolution; here, this is realized upon crossing (mul-
tiple) thermodynamic phase boundaries into non-stable regions during layer
growth.

The self-assembly of a full monolayer from a vapor phase entails an end-
state – a dense phase of upright-standing rods (a consequence of entropy, as we
saw in the previous chapter). The pathways towards the dense-phase end-state
state are manifold. We will encounter various metastable phases and transient
states along the way. The monolayer system of rods unfolds a remarkably
large diversity of pathways, making them quite interesting from a theoretical
perspective. We see strong similarities to phenomena reported in the literature
on organic molecular thin film growth at the monolayer stages. We reviewed
these in the introduction in Ch. 1.2, as well as in Ch. 2.4.

The system of purely-hard-core rods of the previous chapter 4 represents a
limiting case of the monolayer, where, according to the equilibrium analysis,
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only thermodynamically stable states dominate the character of the evolution. The
only exception we found is a quasi-stationary, long-lived nonequilibrium states
in the form of jamming near a pseudo-phase-transition point, where the curvature
of the free energy is strong. These appear when the substrate potential of
strength usub strongly biases a lying orientation of the rods, an effect even
more pronounced for long rods like L = 9.

Sticky-hard-rod monolayers studied in this chapter entail an additional at-
traction strength ε, where, in equilibrium, only its relation to kBT is relevant
for equilibrium information. Therefore, we denote T∗ ≡ kBT/|ε| as the re-
duced temperature (see Sec. 5.1 below). In our emulation of a thin-film growth
experiment, the self-assembly of compact structures from a vapor phase (i.e.
islands and other morphological forms) is now possible, representing what
happens in the vapor–solid (sublimation) or vapor–liquid coexistence region.
Note that in this simple lattice model, the stable dense phase is captured by a
dense, upright-oriented, quasi-2D liquid on the substrate. The most basic ther-
modynamic parameters T∗ and ρ span a two-dimensional phase diagram in
confinement. During layer growth, the system is pushed through this thermo-
dynamically non-stable region of the phase diagram via the deposition flux.
Depending on the basic rates of processes in the system and on the strength of
ε and usub, the evolution will pick up on various “in-between” quasistationary
states that are metastable and (or) dynamically arrested. Phase diagrams for
the monolayer lattice model predicted from density functional theory indicate
a vapor–high-density-liquid transition for low enough temperatures, as well
as metastable intermediate states.

During the nonequilibrium evolution of layer growth, the most basic dy-
namical parameters are the particle flux F, and the hopping self-diffusion rates
D (khop) along with the rotational rates krot, which represent “attempt” rates
during the MC dynamics (the maximal possible rates, please refer to Ch. 2.3
and Ch. 3.3.5). In the last chapter the systems remained rather homogeneous at
macroscopic scales. Therefore, the relevant reduced parameter was the flux-to-
out-of-plane-rotational-rate α.1 However, in “sticky” monolayers, the systems
become highly inhomogeneous. The translational self-diffusion rate D plays
a central role, determining the structural length-scales of dense phases sepa-
rating from a vapor, as well as the kinetics (i.e. the likelihoods of these phases
over times). This is true even for self-assembly scenarios without deposition,
i.e. upon a temperature quench, see Sec. 5.8. The relevant reduced parameter for
the growth kinetics during deposition is the deposition-flux-to-diffusion-rate
F/Dhop ≡ F/D. The rotational self-diffusion rate plays a subordinate role, at
first, for a most general understanding. However, the exact microscopic dynam-
ics (the realization of MC moves) – which we can vary in our model – plays
a significant role for the shape of compact islands and the kinetics, which we
demonstrate, as well (Sec. 5.6).

The monolayer systems entail multiple phases with inherent, dynamical
asymmetries which are cause for highly distinguished types of trajectories of
the system during growth. In the nonequilibrium evolution, the three main
dynamical control parameters are T∗, D, F, which shift the likelihood and
endurance of particular mesoscopic states during deposition, as we discussed

1The translational degrees of freedom express more “global”-scale ordering that is harder (in
the sense of free energy) to realize than the more “local-scale” ordering inherent to orientational
degrees of freedom (see generic discussion in Ch. 2.1).
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quite generally in Ch. 2.3. The flux rate F represents the rate with which
external non-conservative forces are applied. It is locally correlative in its effect
on the fluid, similar to the effect of adjusting the attraction strength ε between
rods, or the reduced temperature T∗. A clear dichotomy in the kinetics will
become visible, related to the occurrence of a gel-forming, lying phase that
appears metastable. Complex self-assembly pathways occur even for the most
basic case of neutral substrates. With substrate potentials, dynamical regimes
are shifted, and certain transitions may even become thermodynamically stable.
We also explore the effects of rod-length as well as the choice of microscopic
dynamics in the model, which will ultimately change the phase transition ki-
netics in the system (certain dynamical regimes may be excluded, for example.)

The organization of this chapter is as follows: In Sec. 5.1 we introduce and
specify the dynamical simulation model of sticky hard rods in more detail.
Sec. 5.2 provides information on the equilibrium phase behavior of sticky-hard-
rod monolayers in the lattice model, obtained from GCMC simulations and
density functional theory. In Sec. 5.3, we provide an overview and general de-
scription of various self-assembly scenarios with respect to lying and standing
orientations in the growing monolayer. We focus on L = 3 as the most basic
system before moving to other cases. We discuss and list the various phase
transition scenarios that we find in this model at the end of the corresponding
section.

The effect of attractive substrates on systems with rods of length L = 3 is
studied in Sec. 5.5. Results for longer rods (L = 5) are presented in Sec. 5.4.
A further finding is that the self-assembly is strongly sensitive to the chosen
microscopic dynamics – particularly of the out-of-plane rotations. This is pre-
sented in 5.6. We present results on the dimer model L = 2 in Sec. 5.7, including
the effect of attractive substrates. Other potential simulated experiments with
monolayers – like annealing, quenches, or evaporation – are briefly discussed
in Sec. 5.8. We provide a general discussion in Sec. 5.9. Finally, we provide our
conclusions and outlook of our study in this chapter in Sec. 5.10.

5.1 Model and methods

We study a dynamical model of sticky hard rods of dimensions L× 1× 1 on
a neutral, planar substrate, whereby the rods take on three-dimensional orien-
tations in space that is defined as a lattice, i.e. two lying orientations and one
standing are defined. Apart from hard-core repulsion forbidding them to over-
lap, the rods have a short-range attraction between them that is proportional
to their mutually adjacent area aij (in units of lattice area) for two rods i and j,

Uij = aij
ε

kBT
, (5.1)

where ε < 0 is the unit attractive energy and kB = 1 the unit Boltzmann
constant. We define the reduced temperature as T∗ ≡ kBT/|ε|, as only the relation
to kBT is a relevant variable, thermodynamically. Figure 5.1 depicts the sticky
attraction between two adjacent, lying rods. Note that two standing rods will
have adjacent area aij = L, two lying rods of the same orientation will have
area 1 ≤ aij ≤ L depending on the positioning. Adjacent rods of different
orientations ω ∈ {1, 2, 3} will always have aij = 1. As Uij ∝ ε, adjusting the
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j

i
aij

F I G U R E 5 . 1 : Schematic on the “sticky” attraction between lat-
tice rods: Two lying rods of lengths L = 3 will have a ‘sticky’
attraction proportional to their adjacent area aij = 1, sown here
for a single, unit area. This can be greater than 1 for parallel ad-
jacent rods. Two adjacent, standing rods (not shown) will entail
aij = L, i.e. binding energies are maximal when two rods are

perfectly aligned in parallel orientations.

reduced temperature T∗ ≡ kBT/|ε| in the system changes the local attractive
energy, accordingly.

The microscopic dynamics of these particles are presumed to be locally
Markovian, hence nearest-neighbor hops and particle rotations are the main
“ingredients” for the “internal” dynamics of these on-lattice rod systems, which
we simulate with kinetic Monte Carlo (see below).

5.1.1 Dynamical model via kinetic Monte Carlo

The dynamical model is defined as follows: As in the last chapter, we apply the
external driving force of monotonic deposition of rods with rate F for an attempt
to deposit a rod at a random position. If the position is occupied, the move is
rejected. We employ the “isotropic” deposition mode, where all three orienta-
tions are attempted at the same rate. The rods undergo translational (hopping)
diffusion, with an attempt rate that reflects the self-diffusion of an ideal gas of
non-rotating rods, Dhop = k0

hop. The rotational rates apply to “in-plane” and
“out-of-plane” rotational moves, which can be defined in various ways. Each
choice will deflect the full translational diffusion rate D on the substrate (in an
ideal gas of rods). For odd-valued rod-lengths L = 3, 5, . . . , we chose rotations
that are are decoupled from the hopping moves (“central rotations”), unlike
in the last chapter, where we implemented “tumbling” rotations in the out-of-
plane direction. The in-plane rotations are defined around rod-centers, and are
fixed to k1↔2 = 10 (unless otherwise noted). Similarly, the out-of-plane rota-
tions are set to ku

rot = 10 and kd
rot = 10 for “upward” and “downward” rotations,

accordingly.2 The values will be adjusted depending on the strength of the sub-
strate potential usub, which biases either move (this will be explained in further
text). In other words, “initial” rates are universally set as ku

rot = kd
rot = 10 ≡ krot

for neutral substrates, unless otherwise noted. We specify a dimensionless pa-
rameter γ, which represents the ratio of the translational diffusion attempt
rate to that of rotational diffusion in the out-of-plane direction. It is defined
by γ ≡ k0

hop/(2krot) for neutral substrates. On non-neutral substrates, the up-

ward rotational rate ku
rot < kd

rot (see below), hence this parameter captures the
downward rate only, i.e. γ ≡ k0

hop/(2 ∗ kd
rot).

2For “central” rotations, the full rotational rates are 2ku
rot and 2kd

tum, accordingly.
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For even-valued rod-lengths L = 2, 4, . . . , a different rotational set is em-
ployed, where the rods rotate around end-points both out-of-plane (like in the
last chapter, Ch. 4), as well as in-plane, the latter case of which we call “shuf-
fling”. The translational and rotational “moves” now couple in the ideal-gas
limit. We have provided expressions for the long-time 2D translational self-
diffusion rates for all these scenarios, including for substrate potentials that
break the symmetry of the rates in the out-of-plane directions, in Sec. 5.1.2).

Modification of rejection-free algorithm for hard-core rods to “sticky” rods

We employ the same algorithm we developed for hard-core rods, described
extremely briefly in Ch. 4 using objects we denote as “inverted indices”. Let
us review this: Each particle “move” (translation, rotation) is associated with
an extended structure on the lattice (an inverted event-list index) that detects
whether or not the move is blocked or free (“allowed”). Other particles that
move in the system can change the allowance state of any of such moves via
their hard-core “blocking” action. Any changes to the binary “allowance” state
then is forwarded, either removing or adding the changed-state move to the
corresponding list of all valid moves in the system. The main KMC algorithm
then propagates motion and time forward in the system (according to locally
Markovian dynamics, i.e. locally Poisson statistics of random, abrupt events)
when one such valid event is then selected from the list of all valid events,
using the relative probability weighted with each move’s “attempt” rate). The
time-step — when this selected event occurs — is chosen randomly according
to the joint Poisson process of all valid processes (using the sum of all rates)
in the system. We remind the reader that we had discussed KMC algorithms
more generally within Ch. 3.

The “sticky” interaction goes into the calculation of the local transition rates
(moves). We employ a Metropolis step using a local equilibrium approximation
(discussed within Ch. 3), where, once chosen, a local particle move ν is accepted
with probability

psticky = min
{

1, exp(−∆νUsticky/kBT)
}

. (5.2)

The local change in the attractive part of the local Hamiltonian upon the poten-
tial move is denoted here as ∆νUsticky. As the KMC algorithm is event-driven
for hard-core repulsion, like in the previous chapter, we apply this Metropolis
accept-or-reject step for the attractive part only – our KMC algorithm is a hybrid
of purely event-driven KMC and Metropolis-Hastings Monte Carlo.

This works well for local attractive interactions, as the maximal possible
rate of each move is that for free particle with no neighbors. (Other forms of
local repulsion would shift this maximal possible rate.) The advantage of our
“hybrid” approach – where events that will be rejected are left in the KMC event
lists [830] – is a reduction of overhead and run-time complexity: A nearly O(1)
operation is calculating the total rate Ktot = ∑i ki. Selecting a random event is
another O(1) operation, and, importantly, the insertion and removal of events
from the lists are also ∼ O(1) operations when using optimized containers (i.e.
hash maps). We note that “standard” KMC algorithms are usually rejection-free,
but, updating all rates in the system would become computationally overly
complex for long, anisotropic rods: The “sticky” energies would have to be re-
calculated for all possibly affected particles in every time-step. Moreover, with
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a “standard” KMC approach, one would typically resort to using tree-like data
structures (as there are so many possible values of rates of various events in
the system), where the calculation of the total rate Ktot and removing or adding
particles would much slower, computationally. We note here that the largest
computational bottleneck we typically encounter is either a dense, fluid-like
system where particles remain highly mobile, or, when the system encounters
a fully globally arrested state, where the monolayer growth process is hindered
as the packing fraction becomes nearly unity (because the deposition events
are also calculated in an attempt–accept-or-reject manner).

In this chapter, non-neutral substrates are defined by an external “sticky”
potential usub < 0 that acts per unit area “touching” the substrate, in the same
spirit as in Ch. 4. The “downward” and “upward” rotational attempt rates
become asymmetrical under the influence of this external field. We note on
a slight modification in the implementation of the rates compared to the last
chapter, while retaining local balance: Here, the “downward” rotational rate
remains kd

rot ≡ krot, while the “upward” rate is reduced according to a Boltz-
mann factor: ku

rot = krot exp(−(L−1)|usub|/kBT), where the exponential argument
has units of kBT (which we set to unity).

We provide an overview of the default KMC rates of rod “moves” in Tab. 5.1.
Further, we provide a list of the relevant dynamical and energetic sets of pa-
rameters that fix the nonequilibrium model system in Tab. 5.2.

R AT E VA L 3 M E A N I N G A N D N O T E S

F 0.1 – 1× 10−6 Deposition flux rate (per lattice site)
k0

hop 1,10,60 Translational hopping rate,
value for any of 4 directions

ku
rot 10 Out-of-plane, “central” rotation upwards 4

kd
rot 10 Out-of-plane, “central” rotation downwards 5

krot 10 Out-of-plane rotation rate (= ku
rot = kd

rot) (neutral substrates),
separate for any direction

ktum 10 Out-of-plane, “tumbling” rotation rate in any direction
= kd

tum = ku
tum ≡ krot (neutral substrates),

for odd- or even-valued L, implemented in Secs. 5.7, 5.6 6

k1↔2 10 In-plane rotation rates around rod-centers,
requires L odd, value defined for either direction 7

kshuff 5 In-plane rotation rates around rod-ends,
principally for any L, implemented in Sec. 5.7,
value defined for either direction 8

TA B L E 5 . 1 : Overview of moves and default “attempt” rates
that are implemented in KMC models for sticky hard rods of
various variety. (The choices of rotational “moves” — kd

tum ver-
sus kd

rot or kshuff versus k1↔2 — will change throughout this
chapter, and will be noted accordingly.)
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N O TAT I O N M E A N I N G

D Ideal-gas translational self-diffusion rate
F Deposition attempt flux rate

F/D Deposition–to–diffusion rate (one main “axis”)
γ ≡ D/2kd

rot Diffusion–to–out-of-plane-rotational rate
ε “Sticky” attraction strength,

ε∗ = ε/kBT is dimensionless
T∗ ≡ kBT/|ε| Reduced temperature (another main “axis”)

1/|ε| Inverse “sticky” attraction strength,
often interchanged with 1/|ε∗| (dimensionless)

usub Substrate potential attraction strength
(a “third” axis)
often interchanged with u∗sub = usub/kBT (dimensionless)

L Rod-length (a “fourth”, implicit axis)

TA B L E 5 . 2 : Overview of the relevant dynamical and energetic
parameters for a nonequilibrium evolution in the KMC model.
We note which basic parameters which consider the main “axes”
adjusting the self-assembly kinetics. The reduced quantities ε∗

and u∗sub are often used interchangeably in this chapter with
ε and usub: All energetic quantities are to be understood in
units of kBT. Likewise, all rates are to be understood as the
occurrences of events per unit time (diffusion and flux rates are

also to be understood in terms of unit area).

Note on diffusion rates

In most experimental systems, one can only adjust the self-diffusion rate via
lowering the temperature, as diffusion hopping process is generally presumed
to be thermally activated. Therefore, standard approaches vary the “attempt”
translational self-diffusion rate D with temperature according to an Arrhe-
nius law, i.e. D(T) = D0kBT exp(−ED/kBT), where ED is some (fixed) diffusion
barrier depending on the material properties of the substrate, and D0 is an
“attempt”. Unfortunately, changing the diffusion rate via increasing the tem-
perature also changes the position in the phase diagram. This complicates the
general picture of possibly dynamical scenarios (phase transition kinetics) that
can occur. Therefore, in our simulation model system, we decouple the “at-
tempt” self-diffusion rates from the attraction strength and vary the attraction
strength independently.

3Default values or range of values
4The full rotation upwards from a lying orientation is actually implemented to be 2ku

rot for
“central” rotations, requires odd-valued L.

5The full rotation downwards from a standing orientation is actually implemented to be
2 ∗ ku

rot for “central” rotations, requires odd-valued L.
6alluded to here for neutral substrates only (kd

tum = ku
tum)

7The full rotation rate in-plane is thus 2k1↔2.
8The full rotation rate in-plane is 4kshuff.
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5.1.2 Expressions for D2D for any choice of rotational moves and
substrates

In this section, we provide analytical expressions for the effective 2D transla-
tional diffusion rate D2D ≡ D of an ideal gas of rods on lattices that perform
hops as well as rotations not along the rod centers: The latter propagate the center-
of-masses of rods across space, which implies that translational and rotational
degrees of freedom are coupled at the one-body scale. This section is an exten-
sion of our derivation of D2D in Ch. 4.11 that treated the case of “tumbling”
rotations on neutral substrates. We now consider the generalized case where
ku

tum 6= kd
tum (i.e. substrate potentials). Further, we provide the diffusion rate

when particles can “shuffle” in-plane, as well (e.g. the case of dimers studied
in this chapter).

Hopping diffusion

The first rate that contributes to translational motion is k0
hop for an explicit

hopping process of a rod on the substrate, in any of 4 directions. For an ideal
gas of rods performing only hopping moves in a 2D plane, the relation between
the hopping rate and the diffusion constant can be shown to be

Dhop = k0
hop . (5.3)

Out-of-plane tumbling

Now, if we let rods rotate about their ends in the out-of-plane direction, we
speak of “tumbling” rotations, denoted by ktum. This process can be split into
a tumble ‘upward’ with rate ku

tum, and one ‘downward’ with kd
tum. There is

a twofold degeneracy of each of these processes between orientations i = 3
and i = 1, 2 due to each orientation having two possible directions to rotate
into. This case was utilized in Ch. 4. These tumbles occur alongside in-plane
rotations about the rod-center with rate k1↔2, which do not contribute to trans-
lational diffusion.

Following the logic in the derivation of Ch. 4.11, an ideal gas of rods only
tumbling has the following diffusion constant in a projected 1D dimension:

Dtum
1D (L, ku

tum, kd
tum) =

1
2

(
ρ3

ρ
kd

tum +
1
2

ρ12

ρ
ku

tum

)
×





L2

4
, L even

(L− 1)2

4
, L odd

. (5.4)

The previous derivation treated populations of rods in each orientation in
a stationary state (equilibrium) where dρi

dt = 0 for i = 1..3. One can easily show
that the following relations arise from the stationarity condition dρ

dt = 0:

ρ3

ρ
=

1

1 + 2 kd
tum

ku
tum

(5.5)

ρ12

ρ
= 1− 1

1 + 2 kd
tum

ku
tum

(5.6)
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Here, ρ12 = ρ1 + ρ2. Hence the final form for the diffusion rate in 2D, which is
simply twice the diffusion rate along one projected axis, is

Dtum(L, ku
tum, kd

tum) =


1

2
ku

tum +
1

1 + 2 kd
tum

ku
tum

(
kd

tum −
1
2

ku
tum

)
×

×





L2

4
, L even

(L− 1)2

4
, L odd

.

(5.7)

The default case of neutral substrates is ascribed through kd
tum = ku

tum =
ktum = 2kshuff. Eq. 5.7 becomes

Dtum(L, ktum) =
2
3

ktum ×





L2

4
, L even

(L− 1)2

4
, L odd.

(5.8)

In-plane shuffling (combined with out-of-plane tumbling)

Another set of possible rotations are when rods pivot at their ends in plane.
These microscopic kinetics are suited for simulations with rods of even lengths
L = 2, 4, 6 . . . , which have no well-defined center, but can be used for any rod
length.

With respect to the in-plane rotations denoted here as kshuff — the rods
“shuffle” along the substrate in doing pivots around their ends — these have
a fourfold degeneracy for each orientation i = 1, 2. To match the rates of the
in-plane rotations k1↔2 for even-L cases, one must consider the total rate of
in-plane rotations per orientation: 2k1↔2 = 4kshuff.

The full diffusion constant on the substrate in the dilute limit has an addi-
tional term compared to Eq. 5.7 due to shuffling in-plane. To see this, one first
considers half of the population ρ12, e.g. the ρ1 population that can displace its
center-of-mass during one event. There are indeed two directions that the rod

propagates in simultaneously, hence ||∆~r|| =
√

2L
2 (even L) or

√
2(L−1)

2 (odd L) af-
ter a shuffle move. This process can be done in one step in two ways: by rotating
clockwise and counterclockwise, which defines the unit time-step of the prop-
agation: ∆t = (2kshuff)

−1. Following Fick’s law 〈||∆~r||2〉 = Dshuff∆t, and the
fact that are two populations of lying rods that contribute to the mean-squared
displacement, which doubles the left-hand-side,9 we solve for the shuffling
diffusion constant:

Dshuff(kshuff, [ρ12]) =

(
ρ12

ρ
2kshuff

)
×





L2

4
, L even

(L− 1)2

4
, L odd.

. (5.9)

We have written this implicitly as a function of ρ12, as we are considering the
ideal gas on a whole. The full contribution will depend on the in- and outflux

9Eq. 5.6 still holds for this case because in-plane rotations are assumed to be isotropic (i.e.
there is no demixing in-plane)
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of orientations, which are fixed by ku
tum and kd

tum (for the case of out-of-plane
tumbles). Using Eqs. 5.5 and 5.6, the final result for the long-time translational
diffusion rate due to shuffling in-plane and out-of-plane tumbles is

Dshuff+tum(L, kd
tum, ku

tum, kshuff) = 2kshuff


1− 1

1 + 2 kd
tum

ku
tum


×

×





L2

4
, L even

(L− 1)2

4
, L odd.

(5.10)

For the simpler case of neutral substrates, we set kd
tum = ku

tum = ktum = 2kshuff.
The full diffusion rate for an ideal gas L = 2 becomes

D(L, ktum = 2kshuff) = Dhop +
4
3

kshuff ×





L2

4
, L even

(L− 1)2

4
, L odd.

(5.11)

Summary

The full 2D diffusion rate for hops + central rotations is simply

D(k0
hop) = Dhop , (5.12)

which represents the default case in this chapter.

The full 2D diffusion rate for hops + tumbles is

D(L, ku
tum, kd

tum, k0
hop) = Dhop + Dtum(L, ku

tum, kd
tum) , (5.13)

which characterizes the cases of L = 3, 5, 9 at neutral substrates (ku
tum = kd

tum)
presented in Sec. 5.6.

The full 2D diffusion rate for hops + tumbles + shuffles is likewise

D(L, ku
tum, kd

tum, kshuff, k0
hop) = Dhop + Dshuff+tum(L, ku

tum, kd
tum, kshuff) , (5.14)

which characterizes the case of dimers (L = 2) in Sec. 5.7.

5.2 Information on equilibrium phase diagrams from
other methods

Phase diagrams from lattice FMT (for neutral substrates)

Before moving on to the results from our KMC simulations, we will discuss the
phase diagrams predicted by FMT in Ref. [72], reproduced in Fig. 5.2:

For L = 3 at neutral substrates, Fig. 5.2(b), a first-order vapor–liquid tran-
sition characterizes the phase separation of an isotropic gas and a “standing”
liquid state (a distinction between a solid or a liquid “standing” state cannot
be made in this lattice model), where the binodal is indicated by the solid
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black line. This “parent” binodal engulfs further binodals that are metastable,
enabling liquid-liquid phase separation in the system. The metastable criti-
cal point is labeled “Tcr,2” in the phase diagram; we denote it inversely as
“εcrit, meta, denem”. Displayed are two binodals that nearly coincide up to their
right-hand-sides at higher densities: The green-dotted indicates what would
correspond to an isotropic-vapor–isotropic-liquid transition. (Note that for the
green-dotted line, the isotropy was enforced in the functional minimization. It
is supposed to show that the purple dot-dashed line “nearly” corresponds to
a transition between isotropic states.) The purple dot-dashed line marks the
metastable binodal between two low-ordered states. In our simulation results
during growth, it is difficult to discern exactly between low-ordered states, as
some of them are metastable and the phase transformation process occurs quite
rapidly from the beginning. Yet, as we will present in the coming sections, we
find evidence for a lying fluid (nearly Q < 0), a nearly Q ≈ 0 mixed fluid state,
and a standing fluid (Q > 0), which may be the candidates for this metastable
phase separation process. Hence the metastable lines computed by FMT in the
phase diagrams are only partly helpful, at least for making us aware of a wide
variety of phenomena that are possible, in particular metastable critical points.

At very low temperatures, a metastable reentrant demixing in the substrate
plane is also predicted by FMT, in the red dot-dashed line. We do not see
“2D” demixing at all during growth in a wide variety of circumstances (apart
from very long rods, L = 9): it is an artifact of the DFT. The FMT also pre-
dicts another metastable critical point (Tcr,nem, which we denote inversely with
“εcrit, meta, nem”) below which a first-order “nematic–nematic” transition occurs
between two differently-ordered states, at high densities. We think the inter-
pretation during growth, where phase separation kinetics are ongoing, may be
different: We find a standing-up transition that occurs from a lying “wetting
layer”, especially enhanced for slightly attractive substrates, within certain dy-
namical regimes defined by (F/D and 1/|ε| or reduced temperature T∗). In
nonequilibrium conditions, it seems very difficult to determine the densities of
metastable transitions one phase separation sets in. During growth, we see this
specific example of standing up at densities past ρ > 1/L (neutral substrates).
Critical points of metastable transitions, however, may be spotted from a wide
variety of trajectories explored. The phase behavior regarding stable binodals
for longer rods L > 3 is predicted to be similar topologically to the case of L = 3.
The metastable binodals or transitions may be altered by the length of the rods,
according to the FMT, i.e. the “nematic–nematic” transition in the black dashed
line might become stable for longer rods. We think that an additional, strongly
attractive substrates makes this transition stable, which we will present later in
this chapter.

For L = 2 at neutral substrates, two critical points in the system are stable.
The vapor–standing-liquid transition analogous to that of L = 3 is indicated
in the solid black lines. FMT predicts an overlap of two binodals that become
metastable, after the black binodal, when sufficiently extending below from a
stable critical point Tcr,2 in Fig. 5.2(a). The two binodals (green dotted and pur-
ple dashed) are the analogs of those for L = 3, i.e. a gas–isotropic–liquid tran-
sition and a vapor–“denematic”-liquid transition between two low-ordered
states. Indeed for neutral substrates, we see an isotropic fluid with intermedi-
ate density forming during growth, a feature we cannot find for L = 3. Yet, just
like with L = 3, a preciser interpretation from our simulation results remains
difficult.
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F I G U R E 5 . 2 : Phase diagram for sticky hard rods with length
L = 2 (a) and L = 3 (b) calculated with a lattice-FMT for
the “sticky” monolayer systems we study in this chapter: The
“sticky” attractions implemented in an Asakura-Oosawa-type
model, where “polymers” induce short-range attractions. See
text for a description. Taken from Ref. [72]. The temperature T

corresponds to our reduced temperature T∗.

Stable binodals from GCMC simulations (for neutral substrates)

Figure 5.3 displays our simulation estimates of the “parent” binodal – of the
demixing of an isotropic gas and a “standing”, high-density phase – for rod-
lengths L = 3, 4, 5 at neutral substrates. We employed GCMC simulations for
this purpose, just like in the last chapter, employing “sticky” attractions here.10

See Ch. 3 for a general description of the GCMC method. Note that no finite-size
analysis was performed. For L = 3, we see that the “parent” binodal is lower
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F I G U R E 5 . 3 : Estimates of the isotropic-vapor–standing-liquid
binodals obtained from GCMC simulations for rod-lengths L =
3, 4, 6: Reduced temperature T∗ versus global mean density ρ of
the monolayer. The used simulation box size is 256× 256 and
no finite-size analysis was performed. Estimated errors in the

density are smaller than the symbols.

than that predicted by FMT, at least for the low- and high-density regimes. The
exact position of the critical point is not known, but we have estimated it to be
around ε = −0.625 from our simulations on 256× 256 lattices.11

10Produced data are courtesy of E. Empting and P. Quiring.
11This information is courtesy of P. Quiring.



5.3. Results on monolayer growth for rod-lengths L = 3 237

∗ ∗ ∗

In the coming sections, our KMC simulations will unveil a vast number of
ways in which structure and dynamics evolve in nonequilibrium conditions –
during monolayer growth, on the way to a full monolayer. This seems tied to
the complexity of the phase diagram (predicted by the FMT) that we discussed
in this section. Note that the KMC simulations of the forthcoming sections were
specified in Sec. 5.1.1.

In the following section (Sec. 5.3), we will first focus on the monolayer
growth behavior of rods with L = 3 on neutral substrates. FMT predicts that the
equilibrium behavior with slightly longer rods should be qualitatively similar
to that for L = 3. Longer rods and neutral substrates can change the onset of
metastability of various transitions, which is why these are treated thereafter.
We will treat the case of dimers quite later in this chapter, after studying a series
of systems with even-valued rod-lengths L. We will discuss the metastable
phases in these systems in a retrospective manner at the end in Sec. 5.9 at the
end of this chapter.

5.3 Results on monolayer growth for rod-lengths L = 3

We shall present and discuss the findings for monolayer growth with rods of
length of L = 3 in this section. We present selected results for growth with rods
of length L = 5 in Sec. 5.4. Growth with sticky dimers is presented in Sec. 5.7
afterwards. The effects of substrate potentials that bias lying rods are discussed
in Sec. 5.5 for L = 3 and in Sec. 5.7.2 for L = 2.

5.3.1 Different phase transition scenarios and categorization

Monolayer growth with L ≥ 3 shows a wide variety of behavior depending on
F/D as well as the reduced temperature T∗ ≡ kBT/|ε|. For the latter, we will
adopt the convention of discussing the (inverse) attraction strength ε or 1/|ε|,
instead.

We find five different phase transition scenarios in the monolayer depend-
ing on these two “axes”, which we list below. As a ‘disclaimer’ of prior to
presenting the results, we wish to make clear that any conclusions or cate-
gorical distinctions we draw are based on careful study over a wide variety
of parameters. We additionally integrate knowledge obtained under slightly
modified conditions (an additional external potential, slightly longer rods) that
are presented in later sections.

Due to historical reasons, in writing this chapter, we will often describe the
phenomenology in terms of “ε-regimes” (I-III). However, this categorization
does not integrate the dependency of the (complex) phase transition kinetics
on F/D. This categorization was motivated from an equilibrium standpoint,
i.e. from the point-of-view of describing the systems relative to critical points
in the phase diagram whose positions we can only infer with high uncertainty.
The (approximate) FMT, described in Sec. 5.2, predicts at least three critical
points, at least two of which represent metastable transitions.

We will discover a very rich variety of phase transition scenarios charac-
terizing the kinetics of monolayer growth. These are function of the reduced
temperature T∗ ∼ 1/|ε| and the relative rate of flux-to-diffusion, F/D. In fact,
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F/D can be thought of as a deposition quench rate, analogous to a gradual tem-
perature quench experiment. We shall adopt this term in forthcoming sections
of this chapter. The scenarios we categorize are the following:12

(A) “Hard–rod–like” growth of a monolayera

(B) Isotropic–fluid–to–standing transition via “nucleation” and growth
of clusters

(C) Competition of lying- and standing-cluster formation

(D) Low-density-lying-gel and standing-cluster formation

(E) Formation of standing clusters out of a dense, lying–gel phase
aThis involves no thermodynamic phase transition, see Sec. 5.3.2.

These scenarios can be shifted in the (1/|ε|, D/F)–parameter-space for
longer rods, which we present in Sec. 5.4, as well as for shorter rods (dimers),
which we present in Sec. 5.7 much later. This is also true when adding substrate
potentials to the system, which we present in Sec. 5.5. Finally, some of these
scenarios may “drop out” when the rod dynamics are defined with a different
set of microscopic “moves”, which we present in Sec. 5.6.

We will first discuss our observations phenomenologically, tracing three
ε-regimes (I-III) by means of analyzing a large number of observables during
growth, and by varying a large number of dynamical parameters. In the next
few sections, we will focus on Q (nematic order parameter), ρ (number density
of the monolayer), ρ12 (lying number density) and ρ3 (standing number densi-
ties. In Sec. 5.3.7 thereafter, we will introduce our cluster analysis methods, and
extract cluster number densities, cluster sizes, morphological measures in the
form of Minkowski functionals, as well as percolation probabilities. We will an-
alyze observables pertaining to the dynamics of the nonequilibrium systems in
Sec. 5.3.8, i.e. the number densities of mobile particles, the nematic order of the
mobile subsystem, and rotational and translational fluxes in the system in the
form of relative rates. We have provided a table of the observables presented in
this section in Tab. 5.3. By combing through this large number of observables,
we will then be able to identify and fully characterize the scenarios (A)–(E). The
detailed discussion thereof is found at the end of this section, Sec. 5.3.9. Before-
hand, we will collect evidence for regions in the (1/|ε|, D/F)–parameter-space
where these scenarios show up.

We also note here that almost all data-points presented in the plots of this
chapter stem from a single run on a M × M = 256 × 256 grid.13 The focus
of our studies has been to explore behavior over a widest possible range of
dynamical parameters (F/D, long simulated times) rather than quantitative
precision. All points in plots represent binned (running) mean values, whose
often invisible error bars are calculated with a standard errors within bins.

12These scenarios describe the most “basic” case of L = 3 at neutral substrates, simulated
with the “standard” set of microscopic “moves” defined in Sec. 5.1.1. See further text on changes
thereof.

13exceptions include the case of ε = −0.33 for L = 3, performed on a 512× 512 grid.
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O B S E R VA B L E D E S C R I P T I O N

Q Nematic order parameter
ρ Number density of rods on the substrate

ρ12 Lying number density
ρ3 Standing number density
η Packing fraction (coverage of monolayer)

n/M2 Number density of clusters
〈i〉 Mean cluster size (“mass” of clusters)
W0 Minkowski functional: total “outline” of connected regions
W1 Minkowski functional: total area of connected regions
χ Euler characteristic: (positive:) number of separate clusters

and (negative:) number of holes in connected regions
Perc. prob. Probability that any cluster percolates
ρmob., trans. Number density of rods that are

translationally mobile (in at least one direction)
ρmob., rot. down Number density of standing rods that are

rotationally mobile (in at least one direction)
Qmob, trans. Nematic order of translationally mobile rods
Qmob., rot. Nematic order of out-of-plane-rotationally mobile rods
Jtrans., rel. Total translational flux

relative to total “internal” motion flux
Accept. ratio “Sticky” acceptance ratio of all “internal” moves

α that can be rejected due to “sticky” binding energies only

TA B L E 5 . 3 : Overview of observables measured during mono-
layer growth that are presented in this entire section (Sec. 5.3).
See Sec. 5.3.7 for details on Minkowski functionals and cluster
analysis, as well as Sec. 5.3.8 for details on the dynamical ob-

servables (bottom 6 rows).

5.3.2 ε-Regime I: “Hard–rod–like” monolayer growth

At high reduced temperatures, no phase transition should occur according to
thermodynamics: With very weak attractions, i.e. at ε ≈ −0.33,−0.4, we can
describe the dynamics during monolayer growth as “hard-rod-like”, which we
categorize as ε-regime I.14 We have provided a few further quantitative results
in App. A.1, but, the nonequilibrium dynamics in this regime are not in the
focus of this thesis. Briefly, a subtle transition from quasiequilibrium behavior
to nonequilibrium behavior of globabl obervables can be observed in Fig. 5.4
with increasing F/D, where the nematic order parameter is plotted versus the
surface packing fraction. The subtlety bears strong analogy to that seen in the
last chapter at high rates α = F/(2krot) for the iostropic (“ISO”) deposition
mode (Ch. 4). Interestingly, even at these weak values of ε, we observe that the
lying orientation of rods is favored over the standing orientation for the highest
values of F/D, especially visible when analyzing the structure of the fluid
using nearest-neighbor cluster-detection schemes. These are explained later in
Sec. 5.3.7. In particular, there is a peak in the size of the lying regions in Fig. 5.5,
which corresponds to a density (not shown) around ρ ≈ 0.33, which will

14Notation: ε is used here as a dimensionless quantity in units of kBT, i.e. it represents the
reduced quantity ε∗ = ε/kBT.
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reappear as a density at which global dynamic arrest occurs for lower values
of ε or reduced temperature. (Please refer to App. A.1 for more figures. The
former foreshadows a lying phase that will emerge for lower 1/|ε| (discussed
further below).15

ε-Regime I
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0.5
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Q L = 3

ε = −0.33

hard rods

F/D =10−1, γ = 0.05

F/D =10−2, γ = 0.5

F/D =1.67×10−3, γ = 3

F/D =10−3, γ = 0.5

F/D =1.67×10−4, γ = 3

F/D =10−4, γ = 0.5

F/D =1.67×10−5, γ = 3

F/D =10−5, γ = 0.5

F/D =1.67×10−6, γ = 3
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ε = −0.4

F I G U R E 5 . 4 : Nematic order parameter Q versus packing frac-
tion (coverage) during growth of a monolayer for ε-regime I at
varying F/D (L = 3): shown for ε = −0.33 (top) and ε = −0.4
(bottom). It seems quasiequilibrium growth is possible for low
values of F/D. The gray dashed curve represents quasiequilib-
rium growth for purely hard-core rods (ε = 0), from which both
sets of trajectories deviate only mildly over the large range of
F/D’s explored. Note that the ε = −0.33 system was simulated

on a larger lattice of M×M = 512× 512.

15The kinetics of (potential) jamming transitions, which we saw for hard-core rods at attractive
substrates, are not studied here, but would be worthy of attention for a more complete dynamical
picture of the monolayer rod systems.
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ε-Regime I

10−3 10−2 10−1 100 101 102

t? = Ft

10−3

10−2

10−1
ρ

12

L = 3

ε = −0.33

hard rods

F/D =10−1, γ = 0.05

F/D =10−2, γ = 0.5

F/D =1.67×10−3, γ = 3

F/D =10−3, γ = 0.5

F/D =1.67×10−4, γ = 3

F/D =10−4, γ = 0.5

F/D =1.67×10−5, γ = 3

F/D =10−5, γ = 0.5

F/D =1.67×10−6, γ = 3

10−3 10−2 10−1 100 101 102

t? = Ft

10−2

10−1

ρ
12

L = 3

ε = −0.4

F I G U R E 5 . 5 : Lying number density ρ12 versus re-scaled time
t? ≡ Ft during growth of a monolayer for ε-regime I at varying
F/D (L = 3): shown for ε = −0.33 (top) and ε = −0.4 (bottom).
It seems quasiequilibrium growth is possible for low values
of F/D. The gray dashed curve represents quasiequilibrium
growth for purely hard-core rods (ε = 0), from which both sets
of trajectories deviate only mildly over the large range of F/D’s

explored.

5.3.3 Around the critical point: The role of fluctuations and F/D

Spatial fluctuations (heterogeneity) in the orientational order become notice-
ably amplified upon approaching a vapor–liquid critical point, which we esti-
mate lies in the interval 0.4 < |εcrit| < 0.7, very roughly estimated to be near
|εcrit| ≈ 0.62 for neutral substrates via GCMC simulations.16 Our simulated
case of ε = −0.5988 seems to be very near a critical point, where we have ana-
lyzed the kinetics from the time traces of various observables more extensively.
(We will encounter these in later parts of this chapter). Such amplified local
structures are visible in configuration snapshots shown in Fig. 5.6, shown for
rather low F/D. In App. A.1, we additionally compared cases of very weak

16This information is courtesy of P. Quiring, but, we cannot estimate how large the uncertainty
is at the current moment.
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attractions (ε = −0.33) with the system near the critical point (see results below
for the latter).

Local, transient structures (what we dub as nonequilibrium spatial fluctu-
ations) are a strong function of F/D. Those entailing a lower degree of local
ordering are effectively “pulled up” by the nonequilibrium driving force, the
deposition quench rate F/D: Local structures with a standing orientation are
much smaller and are suppressed over lying local structures that are favored in
these nonequilibrium conditions. Hence, the global order parameter Q drops
for high F/D, which can be seen in Fig. 5.7. In the figure, we have plotted the
nematic order parameter Q versus the monolayer packing fraction η (surface
coverage) along a growth trajectory. A high F/D (a fast deposition quench
rates) effectively freezes out these energetically unfavorable structures, i.e. the
relaxation of structures in the fluid is clearly hindered, and dynamical arrest
begins to play a very important role for the kinetics.

To support this we have performed structural analysis of simulation snap-
shots using cluster-detection routines (nearest-neighbor connected regions),
the analysis of which is found in App. A.1. Growth at ε near the critical point
εcrit, we find that lying connected regions are larger for nonequilibrium growth
conditions (a higher F/D) compared to those for low-F/D growth trajectories.
In contrast, standing connected regions are much smaller on average. In partic-
ular, there is a peak in the size of the lying regions around ρ ≈ 0.33, which will
reappear as a density at which global dynamic arrest occurs for lower values
of ε (or reduced temperature).

ε = −0.5988, near critical point εcrit, F/D = 1.67× 10−4

F I G U R E 5 . 6 : Snapshots of configurations of the monolayer
during growth for ε = −0.5988, projected to be very near the
first critical point εcrit. The monolayer fluid entails strong spa-
tial fluctuations in density and order. Yet, dynamics in this ex-
ample are for a low deposition quench rate, when local lying
structures are allowed to relax (F/D = 1.67× 10−4 and γ = 3).
Colors: standing rods (magenta), lying rods (blue and yellow).
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Monolayer growth near critical point εcrit

high F/D,

non-re
laxed fluctuatio

ns

isotropic
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F I G U R E 5 . 7 : Nematic order parameter Q versus packing frac-
tion (coverage) during growth of a monolayer for ε-regime I at
varying F/D (L = 3): shown for ε = −0.5988. Compared to
low values of F/D, at high F/D local structures (spatial “fluc-
tuations”) of lying order, whose relaxation is hindered by the
driving force (not visible in the lower F/D-case in Fig. 5.6).
The gray dashed curve represents quasiequilibrium growth for
purely hard-core rods (ε = 0), serving as a general reference in

forthcoming plots alike.

5.3.4 ε-Regime II: Large, standing islands forming from surround-
ing

At lower reduced temperatures, we find new behavior that motivates us to
categorize ε-regime II, which we associate with the region −1 · · · − 0.8 / ε ≤
εcrit ≈ −0.6 : Compact clusters “nucleate” and grow, separating from a “vapor”
or thin fluid, and end up forming large, standing islands (scenario (B)). At very
low F/D, this represents vapor–liquid separation between a thin fluid with
isotropic orientational order and an upright-standing (“nematic”) dense phase.
A visualization of the growth (or coarsening) of such standing clusters during
monolayer growth within this regime is seen in the top two rows of Fig. 5.8
(magenta clusters).

A subtle distinction can be made between standing, compact clusters that
form in regime II and regime IIIa (see next Sec. 5.3.5): The standing islands are
more “fuzzy” in character in regime II – less compact and fluctuating more
strongly at their interface to the surrounding vapor or fluid.

(Although we provide results for this regime further below, additional plots
to this regime are found in App. A.2.)

Quite a different scenario of the inevitable standing-up of rods is displayed
in Fig. 5.11: A highly nonequilibrium, arrested state of mixed orientation even-
tually begins to stand up after reaching some maximal packing fraction near
η → 1. This aggregate forms during rapid monolayer growth (high F/D, such
as F/D = 10−1).

The nematic order parameter Q versus packing fraction η is seen in Fig. 5.9
to take on much more extreme paths compared to ε-regime I for the same
range of F/D’s, entailing a broader bandwidth of dynamics at various scales:
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In the driven setup with monotonic deposition, the monolayer is continually
“quenched” into thermodynamically unstable regions in the phase diagram –
we can call F/D a deposition quench rate. Phase separation between a vapor of
thin fluid and a standing, dense fluid sets in somewhat delayed after crossing
the predicted binodal density, see Fig. 5.10, albeit this or any transition will
be “smeared out” due to the dynamical nature of the system. An unavoidable
dilation time is an expression of the (nonequilibrium) response of structural
variables to changes in the dynamical state (i.e. applied forces to the system).
The delayed effect is particularly pronounced for high deposition quench rates
F/D that are comparable or faster than the structural re-ordering process at
the given state.17 We remind the reader that we have separately estimated the
binodal densities for intermediate attraction strengths for L = 3, 4, 6 at neutral
substrates with equilibrium GCMC simulations, see Fig. 5.3.

We will give a detailed overview and description of all observed phase tran-
sition scenarios for sticky monolayers of rods with L = 3 at neutral substrates
in Sec. 5.3.9 at the end of Sec. 5.3.

17A delay time before nucleation-and-growth is to be expected upon crossing a binodal, as
the fluid is metastable.
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F I G U R E 5 . 8 : Configuration snapshots at three densities dur-
ing monolayer growth in ε-regime II and the crossover region of
ε-regime IIIa (see Sec. 5.3.5) for varying ε at neutral substrates.
Here, F/D = 1.67× 10−5 and γ = 3.0 are fixed. The monolayer
density ρ as well as re-scaled time t? ≡ Ft increases from left-
to-right, specific values can be found on top of each snapshot.
From top-to-bottom, the values of the attraction strength are
ε ∈ {−0.7,−0.8,−1.0}. In regime II, large, standing-phase (ma-
genta) islands may grow, depending on F/D. These are more
“fuzzy” in comparison to the standing islands that form in ε-
regime IIIa. An isotropic “vapor” phase surrounding the clus-
ters is composed of both standing and lying rods (depicted as

blue and yellow).
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ε-Regime II (upper part)
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F I G U R E 5 . 9 : Nematic order parameter Q versus packing frac-
tion during growth of a monolayer for ε-regime II [ε = −0.7
(top), ε = −0.8 (bottom)] at different F/D conditions, as in-
dicated in the legend (L = 3). The green lines indicates the
equilibrium packing fractions ηl

c at the left binodals, estimated
from GCMC simulations. The gray dashed curve represents
quasiequilibrium growth for purely hard-core rods (ε = 0).

Compare to regime I in Fig. 5.4.
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F I G U R E 5 . 1 0 : Global order parameter Q versus global density
ρ at fixed attraction strengths for a sweep over F/D (L = 3)
within regime II [ε = −0.7 (left), ε = −0.8 (right)]. Green
lines indicate the left binodal densities estimated from GCMC

simulations (right binodals are very near ρ = 1).

ε = −0.8, regime II (deep), F/D = 1× 10−1

F I G U R E 5 . 1 1 : Visualized snapshots of a highly nonequilib-
rium system, grown rapidly, within ε-regime II in a mixed-
orientation aggregate or arrested state at high packing with
Q ≈ 0, thereupon standing up in into a Q > 0 system with
small structural length-scales. Magenta depicts standing rods,
while yellow and blue depict lying rods. Here, ε = −0.8 and
L = 3. The dynamical parameters are F/D = 1 × 10−1 and

γ = 0.05.
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5.3.5 ε-Regime III: Lying “gel” or “wetting layer” before standing
islands

We categorize ε-regime III (ε / −1 ) when we suspect that a second, metastable
critical point is crossed, as predicted by the FMT. We first estimate it to be sit-
uated around εcrit, meta, denem ≈ −1 for neutral substrates, and will return to
another estimation later in Sec. 5.3.9, after exploring this regime and various
forms of quantitative analysis more thoroughly in coming sub-sections. Char-
acteristic for this regime is that a conspicuous, lying dense phase grows and
ripens during the monolayer growth evolution – we discover it can be either
in a loosely-packed for or a thick form depending on ε and F/D. Phase transi-
tion scenarios (C), (D) and (E) will be involved in 1/|ε|-regime III, which we
summarize and tie together at the end of this main section (Sec. 5.3.9).

The lying dense phase be seen quite easily in the simulation snapshots
shown in Figs. 5.12 and 5.13 (the blue–yellow areas), representing the change
in the nonequilibrium evolution by varying ε and the deposition quench rate
F/D. The lying phase phase is transient, i.e. it will decay under unfavorable
dynamical conditions: it fails to appear or survive long for low F/D, pointing
at its inherent metastability. We also performed experiments with “interrupted
growth” and temperature quenches from a “hot” monolayer (see discussion in
Sec. 5.8), which demonstrates a decay of the lying phase at fixed density (no
driving deposition). The phase of matter has a higher degree of spatial and
2D orientational disorder compared to the standing liquid seen during growth,
entailing a lower packing fraction, as well. As discussed in Sec. 5.3.2, local
structures with a lying orientations are favored in nonequilibrium conditions,
as the “entropic” barrier for visiting this phase is likely lower. (We note here
that additional plots to this regime can be found in App. A.2.)

We observe that initial clusters (see Figs. 5.12, 5.13, and 5.14) have a lying
orientation, highly amorphous in shape (have a low degree of ordering), and
quickly form network-like structures. The latter may ultimately percolate under
proper conditions of F/D or 1/|ε| – see the visualization of monolayer growth
at three snapshots in Fig. 5.12 for the deepest shown attraction strength in
regime III. As aforementioned, the (percolating) network (regions with blue
and yellow rods in the figure) ripens or coarsens, appearing to form a “gel”-like
phase of matter. We note here that network-forming gels in colloidal systems
arise when a colloid-poor suspension separates from a colloid-rich solution.
In any case, we find that the thermodynamically favorable standing phase is
hindered by the lying phase, growing later see lower left corner of Fig. 5.12.
(We will explain phase transition scenarios (C) and (D) in more detail later on,
as mentioned.) The standing phase is seen to compete with with the network-
forming lying phase, and eventually “eats” it up.

All in all, the growth of monolayers in regime III is characterized by a
competition and (or) co-occurrence of lying and standing phases, the latter of
which is thermodynamically stable and forms stable clusters even at higher
reduced temperatures in regime II. This competition can be tuned by varying
the attraction strength ε (reduced temperature T∗) as well as the deposition
quench rate F/D. A stronger ε or a larger F/D delays the appearance of the
standing phase (see Fig. 5.14, and Fig. 5.9 of regime II). In turn, a high F/D
favors the appearance of the thermodynamically unfavorable, but locally favor-
able (in space and time) lying phase, as shown in Figs. 5.12–5.14. This phase
seems to appear prior to the standing phase universally, quickly forming out
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of lying aggregates. It entails a lower degree of spatial order with respect to
translational as well as orientational degrees of freedom. The “nucleation-and-
growth” behavior of the thermodynamically favored, standing islands with
higher degree of order is hampered or delayed by the formation and growth
of this lying phase. We infer a “two-step” nucleation process from preliminary
temperature quenching experiments at constant densities, as well (see Sec. 5.8).
We will present quantitative analysis providing strong evidence for nontrivial
phase separation kinetics in coming sub-sections.

Extreme cases of the lying phase occurs in ε-regime III upon very fast
deposition quench rate F/D (upper-rightmost image in Fig. 5.13) and for very
strong attraction strengths |ε| (bottom-rightmost image in Fig. 5.12), where the
monolayer becomes nearly fully-packed (η → 1) with a clearly negative order
parameter (Fig. 5.14). At very high deposition quench rates F/D, the resulting
structure is fine-grained in its microstructure, which we can characterize as a
nonequilibrium arrested state. It can also be considered a densely-packed gel,
or a “wetting layer”, especially for stronger |ε|. Subtle distinctions depending
in the degree of translational and rotational order between these nearly-fully-
packed Q < 0-states may exist, but, the kinetics (which we summarize later in
Sec. 5.3.9) will appear similar. We describe these in forthcoming sub-sections.

Nevertheless, we have categorized ε-regime III into regime IIIa (around
ε ≈ −1) and regime IIIb (−1.5 > ε ) partly due to the density and level of
orientational order of the “gel” that we can see both from simulation snapshots
and in global observables like Q, which we describe more below. The case of
ε ≈ −1.5 seems to be near a crossover case, which we denote as regime IIIab.
We speculate that the differences between IIIa and IIIb may be due to another
metastable critical point, from the thermodynamic point-of-view. The FMT
(Sec. 5.2) predicts “Tcr,nem” (i.e. the reduced T∗cr,nem) in Fig. 5.2(b), below which
a nematic–nematic transition between two highly dense liquids of different
nematic order should occur. This lies somewhat below the first metastable
critical point in the reduced-temperature- (or ε-) representation.

The variables F/D and |ε| are visibly analogous to one another from the
snapshots in Figs. 5.12 and 5.13. We discussed in Ch. 2.3 how they are both
locally correlative, in effect. In Fig. 5.12, we varied the attraction strength |ε|
at fixed F/D, finding an appearance of a lying phase at stronger attraction
strengths. In the latter figure, we varied F/D for a fixed value of ε within ε-
regime IIIb (ε = −2), where a lying phase can form aggregates as well as
clusters alongside standing islands. In both figures, the extreme cases of highly
compact standing islands as well as a fully-packed monolayer of nearly 2D
character (with nematic order near Q→ −0.5) are possible. Notably, selecting
an ε in regime II would not display this inverse relationship, as a lying phase
does not occur.

ε-Regimes IIIa and IIIab

As we find the behavior of ε = −1 subtly different from that of deeper ε during
growth: The lying arrested state that forms in Fig. 5.14 at high F/D begins
to “stand up” in a steep, nearly vertical increase in Q at nearly fixed η (or a
noticeably increase when plotted against ρ in Fig. 5.16 (top)) after reaching a
maximal packing fraction – somewhat less sharply than in stronger-|ε| cases
(for fast F/D), see the later Figs. 5.15 and 5.16 for comparison. The case of ε =
−1.5 is probably a crossover case between regime IIIa and regime IIIb, which
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is why we call this case “regime IIIab)”. It is able to form a densely-packed gel
or wetting layer, where η → 1 for e.g. F/D = 1× 10−1 in Fig. 5.14 (bottom). In
what we deem as clearly regime IIIa (ε = −1), we only see maximally a looser
gel forming in competition with standing islands at moderate F/D (scenario
(D) described later in Sec. 5.3.9). Extreme cases for high F/D show a Q < 0
state with high packing fraction. This stands in contrast to regime IIIb (below),
where this lying phase becomes a pronounced, thick gel which can persist for
a long portion of the evolution. More evidence for differences in kinetics will
be visible in quantitative analysis of the next subsections.

ε-Regime IIIb

At lower reduced temperatures, 1/|ε| / 0.5 (which we categorize as ε-regime
IIIb shown in Fig. 5.15), the lying “gel” phase can become very dense. The
densely-packed arrested state becomes a “wetting layer” (this arrested state
becomes more pronounced for longer rods and attractive substrate potentials
which we discuss later in this chapter). Via visual inspection, we can report that
the dynamics therein appear to remain “liquid-like”, as we observe perpetual
fluctuations (random motion) at local scales by visual inspection. This globally
arrested state – a densely-packed gel or wetting layer – seems to persist very
long, even longer than reasonable computational time at deep values of 1/|ε|.
The time-scales for which the lying phase persists are partly to be estimated or
extrapolated from Figs. 5.17 and 5.18 for the global density ρ and the global
lying density ρ12 during growth, correspondingly: The lifetime of a “wetting
layer” for regime IIIb (e.g. ε = −2, F/D ∼ 10−2) is likely to be around at least
∆t∗ ∝ 101 − 102 units for t∗ ≡ Ft corresponding to the re-scaled time variable
that we introduced in the last chapter.

We note that a long lifetime gives credence to the notion of overcoming a
metastable “free energy” barrier (under driven conditions) in order to induce
the new (standing) dense phase.18 If this is true, then the escape from this
wetting layer could involve a first-order transition, where standing islands
nucleate and grow out of the wetting layer. Hints for this scenario can be
seen in Fig. 5.16 (top right): There is an abrupt increase in Q upon crossing
the critical density ρ ∼ 1/L at high deposition quench rates, visible for data
on ε = −2. However, it is difficult to distinguish whether this transition has
thermodynamic origins. In any case, we can say the dynamics are arrested.
Moreover, for many other explored parameters in ε-regime IIIb, our simulations
got “stuck” at the η ≈ 1 state, and the simulation time expired before this
transition scenario was captured.

Evidence for a first-order-type of thermodynamic transition existing in the
monolayer growth systems (phase transition scenario (E) discussed in Sec. 5.3.9)
mounts after particular modifications of this L = 3 system: It becomes clearly
visible upon introducing a weak substrate potentials that favors the lying phase,
the phenomenology of which we present in Sec. 5.5. It is also more visible in
the case of longer rods (L = 5), which we present in Sec. 5.4. (We also see
this type of transition is also visible for dimers (L = 2) at attractive substrates,
see Sec. 5.7.2.) Monolayer growth is almost put to a halt when a such wetting
layer forms, seen in a near “plateau” of ρ(t?) in Fig. 5.17, where for ε ≤ −3.33

18We are cautious to use the phrase “free energy barrier” for these highly nonequilibrium
situations.
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only the onset thereof is captured, as the simulation expired upon reaching this
“wetting layer”.

Another phase transition scenario can be observed in ε-regime IIIb: As
shown in Fig. 5.19, pronounced, compact islands of the lying phase may com-
pete with standing islands. One may speculate this stage might occur upon
crossing the metastable critical point Tcr,nem predicted by FMT (Fig. 5.2(b)), be-
tween two “nematic” phases, i.e. a lying–standing transition. We see a different
form of three-phase demixing in what we dubbed as “regime IIIb”: vapor, ly-
ing islands, and standing islands, and islands with lying–standing demixing.
Some of the compact islands appear to be split between lying an standing
phases, which we dubbed as “two-faced” (Fig. 5.19). In the figure, early stages
of the evolution are characterized by both lying and standing compact islands
appearing and competing, which we will discuss later in Sec. 5.3.9 as a typi-
cal part of phase transition scenario (C). However, at later stages of the same
trajectory, the lying phase forms a (very coarse) “gel”-network with standing
islands coarsening or growing at the same time (phase transition scenario (D)).
This means this is likely a borderline case of (D) and (C).

Likewise in this ε-regime, the aforementioned “wetting layer”, at nearly
full packing fraction, has noticeably lower nematic order over longer periods
of the growth trajectory than the arrested state seen in ε-regime IIIa (compare
Fig. 5.14). Also, this dynamically arrested state at nearly perfectly full packing
fraction η ≈ 1 sets in at lower values of F/D than in regime IIIa, which attests
to a higher stability of this “wetting layer”. Later in Sec. 5.3.9, we will see that
this low-Q-wetting layer corresponds to a different dynamical regime of the
monolayer, where phase transition scenario (E) happens.

Two main “axes” controlling structure formation

We have attempted to demonstrate the effect of these two competing “axes”
on the global nematic order Q by varying D/F over seven orders of magni-
tude and 1/|ε| over a rather large range. Extreme cases of growth trajectories
are seen best in the (η, Q)-plane, which become more disparate for lower tem-
peratures, given the same set of parameters F/D. Just as a higher diffusion
D/F (at fixed temperature) increases the bandwidth of possible events in be-
tween flux time-steps (farther reaches of space can be correlated via diffusive
transport), and, thus, the complexity of the many-body processes at play, a
very low reduced temperature T∗ (or inverse attraction strength 1/|ε|) can
have an analogous effect: As it “halts” motion locally (traps particles at first
temporarily), long-ranged correlations can build up, leading to highly non-
Markovian dynamics and collective, partly deterministic motion. Resulting
structures are multifarious depending on the two main “axes” – 1/|ε| and D/F
– which control the likelihood and lifetimes of metastable phases, as well as the
early stages of nucleation-and-growth kinetics, setting the final length-scales
of phase-separated structures in the system (at any given density).

To visualize the effect of the two “axes” controlling the nonequilibrium
dynamics, we have provided a map of configuration snapshots during growth
in the (ln(1/|ε|), log(D/F))–plane in Figs. 5.20 – 5.23. (We do not display the
configurations of regime I.) Just as we have shown in Figs. 5.13 and 5.12 before,
in regime III the lying dense phase (blue and yellow rods) forms network-
like structures, which are favored at low D/F and can even dominate the
entire monolayer. At very low reduced temperatures, compact lying islands
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can form and compete with standing islands (magenta-colored clusters), where
the lying phase appears to be metastable. At very high D/F, only standing
clusters survive in regime III. In our categorization of ε-regime II, the only
compact phase that grows in the form of islands is that of a standing orientation.
In regimes II and III, higher densities imply larger length-scales in the system,
as more time has passed and more power is exerted by the external deposition
force (which enhances growth and ripening at late stages).



5.3. Results on monolayer growth for rod-lengths L = 3 253

ε-Regimes IIIa–IIIb

ε
=
−

1.
0

ε
=
−

1.
5

ε
=
−

2.
0

ε
=
−

3.
33

at
tr

ac
ti

on
st

re
ng

th
|ε
|

monolayer density ρ during growth

F I G U R E 5 . 1 2 : Configuration snapshots at three densities dur-
ing monolayer growth via deposition for varying attraction
strength |ε| within ε-regimes IIIa–IIIb at neutral substrates: ε ∈
{−1.0,−1.5,−2.0,−3.33}. The dynamical parameters are fixed
at
{

γ = 3.0, F/D = 1.67× 10−4}. The “gel”-like, metastable ly-
ing liquid phase (blue and yellow) that can grow and ripen
appears for stronger rod–rod attractions. It can form a wetting
layer upon ρ ' 1/L ≈ 0.33 for strong attractions and fast depo-

sition (see also example for ε = −2.0 in Fig. 5.13).
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F I G U R E 5 . 1 3 : Configuration snapshots at four densities
during monolayer growth in ε-regime IIIb (upper part) for
varying F/D at neutral substrates. Here, ε = −2.0 and
the dynamical parameters are (top–to–bottom) (γ, F/D) ∈{
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faster deposition rates F/D.
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F I G U R E 5 . 1 4 : Nematic order parameter Q versus packing
fraction (coverage) during growth of a monolayer for ε-regime
III at varying F/D (L = 3): IIIa at ε = −1 (left) and IIIab at ε =
−1.5 (right). The green lines indicate the packing fractions of
the left binodals estimated by GCMC simulations (for ε < εcrit).
The gray dashed curve represents quasiequilibrium growth for
purely hard-core rods (ε = 0). Please compare to regime II in

Fig. 5.9.
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F I G U R E 5 . 1 5 : Nematic order parameter Q versus packing
fraction (coverage) during growth of a monolayer of trimers
deep in ε-regime III at varying F/D (L = 3). Trajectories are
more extreme in the (Q, η)–plane compared to ε-regime IIIa
(Fig. 5.14). For very strong ε (ε = −4), Q remains nearly con-
stant during the increase in coverage, indicating a nearly bal-
anced, co-occurring growth of both lying and standing dense
phases (discussed later, these are scenarios (C) and (D)). A
nearly-2D “wetting layer” for η = 1 forms with a rapid de-
position quench F/D (scenario (E)). “Only” the standing phase
survives and grows ever earlier at ever smaller values of F/D
(a limiting case of scenario (C)): At ε = −4, F/D ∝ 10−8 does

not yet suffice.
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within ε-regimes IIIab–IIIb. Estimates of left vapor–liquid bin-
odals are not displayed, as are very near 0. Nearly ρ ≈ 0.38, the
order parameter seems to undergo a (smeared out) “standing
up” transition from a lying arrested state or “wetting layer”.
Later, we will see this occurrence corresponds to the dynamical
regime when phase transition scenario (E) happens. The simu-
lations were terminated around this point for deeper ε, they got

“stuck”, despite “high” F/D.
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Regime IIIab Regime IIIb (upper part)

10−3 10−2 10−1 100 101 102

t? = Ft

0.0

0.2

0.4

0.6

ρ

L = 3

ε = −1.5

10−3 10−2 10−1 100 101 102

t? = Ft

0.0

0.2

0.4

0.6
ρ

L = 3

ε = −2

hard rods

F/D =10−1, γ = 0.05

F/D =10−2, γ = 0.5

F/D =1.67×10−3, γ = 3

F/D =10−3, γ = 0.5

F/D =1.67×10−4, γ = 3

F/D =10−4, γ = 0.5

F/D =1.67×10−5, γ = 3

F/D =10−5, γ = 0.5

F/D =1.67×10−6, γ = 3

Regime IIIb (deep) Regime IIIb (very deep)

10−1 100 101

t? = Ft

0.2

0.4

0.6

ρ

L = 3

ε = −3.33

10−1 100 101

t? = Ft

0.2

0.4

0.6

ρ

L = 3

ε = −4

hard rods

F/D =10−2, γ = 0.05

F/D =10−3, γ = 0.5

F/D =10−4, γ = 0.5

F/D =1.67×10−5, γ = 3

F/D =10−5, γ = 0.5

F/D =1.67×10−6, γ = 3

F/D =10−6, γ = 0.5

F/D =1.67×10−7, γ = 3

F/D =10−7, γ = 0.5

F/D =1.67×10−8, γ = 3

F I G U R E 5 . 1 7 : Global number density ρ rods versus time t?

rescaled with the attempt flux rate at fixed attraction strengths
for a sweep over F/D (L = 3) within ε-regimes IIIab–IIIb. A
near plateau is reached when the lying phase dominates the
monolayer at nearly full packing fraction (a “wetting layer”
forms). Later, we will see this occurrence corresponds to the
dynamical regime when phase transition scenario (E) happens.
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rescaled with the attempt flux rate at fixed attraction strengths
for a sweep over F/D (L = 3). The maximal reachable value
is ρ12 ≤ 1/L ≈ 0.33, which is almost perfectly reached when
the lying phase dominates the monolayer at nearly full packing
fraction in regime IIIb. Later, we will see this occurrence corre-
sponds to an extremely deep position in the dynamical regime

when phase transition scenario (E) happens.
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F I G U R E 5 . 1 9 : Snapshots during growth of a monolayer with
L = 3 in ε-regime IIIb (deep), showing the existence of large,
compact lying (blue–yellow) and standing (magenta) islands (a
borderline case between phase transition scenarios (C) and (D)).
As a subtlety, some islands become “two-faced” islands split
between both phases. A network-like structure of lying rods
forms later on, where eventually the vacancies are suppressed
and eliminated. Thereafter, the stable standing phase begins
to “eat up” the surviving lying phase. Specific parameters are

ε = −3.33, F/D = 1.67× 10−6, and γ = 3.0.
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5.3.6 Quantitative results: Effect of ε at fixed F/D on global order
parameters

This section provides further quantitative results for growth of rods with length
L = 3, showing the effect of ε when fixing dynamics with a particular F/D
and γ. Figures 5.24–5.29 each show different aspects of the three ε-regimes
we described before: We present here the behavior of the global nematic order
parameter Q, global density ρ, lying density ρ12, and the standing density ρ3.
(Note that some of the specific data-points are re-plotted from previous figures).
These types of plots are found in later sections of this chapter for other cases,
which is why we provide them here for our standard case of L = 3 at neutral
substrates.

Figure 5.24 shows the effect of the reduced temperature on the global ne-
matic order parameter during growth. Beginning with “warmer” temperatures
in regimes I and II , we notice a drastic change in the behavior at ε = −1.5
or ε = −2 depending on the ratio F/D. These signal a pronounced appear-
ance of a lying phase (regime III), which decreases the global order parameter.
If the order parameter becomes negative, which occurs for low reduced tem-
peratures, the monolayer can become arrested at full packing η ≈ 1 with a
lying global-mean orientation (the displayed simulations were cut off if the full
packing fraction was reached). This is not the “end” state of the monolayer,
which should be for Q → 1. This fully-packed “wetting layer” is favored by
low temperatures and high F/D. The nematic order parameter plotted against
global density ρ is displayed in Fig. 5.25. Its time-evolution of Q is found in
Fig. 5.26. The dynamics of the global density ρ, global lying density ρ12, and
standing density ρ3 are plotted against a rescaled time variable t? = Ft, are
likewise found in Figs. 5.27, 5.28 and 5.29, correspondingly.

∗ ∗ ∗

Up to this point, the quantitative analysis presented included global or-
der and number densities only. In a nonequilibrium system, especially one in
which phase separation occurs, quantities that encode some information of
mesoscopic-scales variables in the system provide another view on the struc-
tural evolution. We analyze and present cluster number densities, morpholog-
ical measures, and percolation points in the following Sec. 5.3.7. Further, in-
formation extracted on the dynamics (motion) in the system provides comple-
mentary information about the evolution. We have constructed and analyzed
particular dynamical observables from the rates of processes in the system,
presented in Sec. 5.3.8.
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M O N O L AY E R G R O W T H (L = 3):
Nematic order Q vs. packing fraction η

0.00 0.25 0.50 0.75 1.00
η

−0.5

0.0

0.5

1.0

Q

L = 3

F/D =1× 10−1

γ = 0.05

0.00 0.25 0.50 0.75 1.00
η

−0.5

0.0

0.5

1.0

Q

L = 3

F/D =1× 10−2

γ = 0.5

0.00 0.25 0.50 0.75 1.00
η

−0.5

0.0

0.5

1.0

Q

L = 3

F/D =1.67× 10−3

γ = 3.0

0.00 0.25 0.50 0.75 1.00
η

−0.5

0.0

0.5

1.0
Q

L = 3

F/D =1× 10−3

γ = 0.5

0.00 0.25 0.50 0.75 1.00
η

−0.5

0.0

0.5

1.0

Q

L = 3

F/D =1.67× 10−4

γ = 3.0

0.00 0.25 0.50 0.75 1.00
η

−0.5

0.0

0.5

1.0

Q

L = 3

F/D =1× 10−4

γ = 0.5

hard rods

ε = −0.33

ε = −0.4

ε = −0.599

ε = −0.7

ε = −0.8

ε = −1

ε = −1.5

ε = −2

ε = −3.33

ε = −4

0.00 0.25 0.50 0.75 1.00
η

−0.5

0.0

0.5

1.0

Q

L = 3

F/D =1.67× 10−5

γ = 3.0

0.00 0.25 0.50 0.75 1.00
η

−0.5

0.0

0.5

1.0

Q

L = 3

F/D =1× 10−5

γ = 0.5

F I G U R E 5 . 2 4 : Nematic order parameter Q versus packing
fraction (coverage) during growth of a monolayer of trimers
at fixed F/D conditions: Comparison of attraction strengths ε.
Beginning from weak |ε|, regime II sets in around ε / 0.6 ≈ εcrit
(rough estimate from GCMC simulations). Regime IIIa sets in
around εcrit, meta, denem ≈ −1.0, regime IIIab in ε ≈ −1.5, and
regime IIIb below that. Note the striking similarity to Fig. 5.14,
which was plotted in each case for varying F/D in regime IIIa–
IIIab. The hard-rods curves represents quasiequilibrium growth

for ε = 0.
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M O N O L AY E R G R O W T H (L = 3):
Nematic order Q vs. number density ρ
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F I G U R E 5 . 2 5 : Global order parameter Q versus global density
ρ (at a fixed F/D) for a sweep over attraction strengths (L = 3).

Compare to Fig. 5.24.
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M O N O L AY E R G R O W T H (L = 3):
Nematic order Q vs. re-scaled time t?
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F I G U R E 5 . 2 6 : Global order parameter Q versus global density
ρ (at a fixed F/D) for a sweep over attraction strengths (L = 3).

Compare to Fig. 5.24.
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M O N O L AY E R G R O W T H (L = 3):
Number density ρ vs. re-scaled time t?
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F I G U R E 5 . 2 7 : Global density ρ versus time t? rescaled with
the attempt flux rate (at a fixed F/D) for a sweep over attraction
strengths (L = 3). Compare to Fig. 5.24. The log–log-scaled

plots plot is found in the appendix (app. A.2, Fig. A.10).
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M O N O L AY E R G R O W T H (L = 3):
Lying number density ρ12 vs. re-scaled time t?
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F I G U R E 5 . 2 8 : Global density ρ12 of lying rods versus time t?

rescaled with the attempt flux rate (at a fixed F/D) for a sweep
over attraction strengths (L = 3). Compare to Fig. 5.24. The
linear–log-scaled plots plot is found in the appendix (app. A.2).
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M O N O L AY E R G R O W T H (L = 3):
Standing number density ρ3 vs. re-scaled time t?
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F I G U R E 5 . 2 9 : Global density of standing rods ρ3 versus
time t? rescaled with the attempt flux rate (at a fixed F/D)
for a sweep over attraction strengths (L = 3). Compare to
Fig. 5.24. The linear–log-scaled plots plot is found in the ap-

pendix (app. A.2).
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5.3.7 Further quantitative analysis: Clusters and morphology

In the following we shall present results of cluster statistics of (separately) ly-
ing and standing phases from simulation snapshots. We analyze growth only
in ε-regimes II and III, where phase separation occurs. We have implemented
a 2D, nearest-neighbor cluster detections scheme using the Hoshen-Kopelman
algorithm [895] as a basis.19 We note that we have not analyzed short-time fluc-
tuations in the snapshots, hence a distinction between equilibrium fluctuations
like in regime I and stable clusters that grow are technically difficult. We con-
sider stable clusters after an (arbitrarily set) minimal cluster size that we reduce
for stronger |ε|: For regime II we chose imin = 10, for regime IIIa–IIIab20 we
chose imin = 7 and deep in regime IIIb we chose imin = 4 across any choice of
orientation (lying or standing clusters). An important point of specification is
that we construct or detect connected regions or clusters based on solely lying
particles (a subset of ρ12) or standing particles (a subset of ρ3). We can also detect
clusters defined as nearest-neighbors of any orientation, a few results of which
we also present below. We clarify our use of notation regarding the orientation
of particles is the cluster detection schemes below in Tab. 5.4.

N O TAT I O N M E A N I N G F O R C L U S T E R D E T E C T I O N

lying Search for connected regions
composed solely of lying rods

standing Search for connected regions
composed solely of standing rods

“any” Search for connected regions
composed of any and all rods

TA B L E 5 . 4 : Notation and meaning of orientational labels used
to distinguish between different types of nearest-neighbor clus-

ter detection cases.

We have further analyzed the clusters detected from the snapshots using
Minkowski functionals Wν,21 which are morphological measures stemming
from integral geometry, using the marching square algorithm of Ref. [896] (see
an application thereof in Ref. [897]). As explained in the reference, such func-
tionals can be defined by integrals of curvatures using differential geometry of
smooth surfaces. Their numerical calculation is relatively “easy”, especially for
lattice systems: The Minkowski functionals are additive, so that in the detection
program, a double for-loop over all pixels results in the overall value of the
functionals.

In our quasi-2D case, the functional W1 represents the total area or “mass” of
clusters in configurations. The functional W0 the total boundary length “surface
area” of clusters22 The topology can be further described by the Euler character-
istic χ, which counts the number of clusters minus the number of holes in the
system (it detects boundaries forming closed loops). In forthcoming plots, we
normalize all quantities with the system size M2, as these functionals should
scale with it (for our physical system without boundary walls). Note that these

19We have modified this scheme to consider most cases of avoiding double-counting clusters
that extend across the periodic boundary conditions.

20as well as ε = −2, which is at the upper part of region IIIb
21The standard notation is actually “Mν”
22The circumference W0 is measured in the 1-norm: The unit circle has circumference 8.
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functionals must also be differentiated between lying, standing, and “any” as
described in Tab. 5.4. All the functionals were processed after detecting clusters,
which only count after reaching a minimal cluster sizes imin that we described
above.

Growth of regions of the standing, stable phase

We emphasize up-front that as we are analyzing clusters under driven nonequi-
librium conditions. Growth laws of cluster numbers will be modified compared
to at constant-density conditions, which are more typically investigated in the
field of soft matter. (We have preliminarily investigated the growth laws at
constant densities upon temperature-quenching, see Sec. 5.8.)

The cluster number densities of the stable, standing phase are found in
Figs. 5.31 and 5.30 plotted as a function of ρ and t?, respectively. In regime
II (ε = −0.7,−0.8), the growth of standing clusters is noticeably delayed in
comparison to that of regime III (ε ≤ −1). The left binodals set in at later
densities in regime II, as depicted in Fig. 5.3. Fig. 5.31 clearly demonstrates how
the onset of cluster growth is delayed towards higher densities, or later times
in Fig. 5.30, the higher the deposition quench rate F/D. However, the minimal
density (at lowest F/D at which the onset is visible should correspond to the
left binodal density, which appears to be the case for regime II (for which we
know the densities). In regime II, there is no significant change in the induction
time of nucleation. The cluster number density shows its steepest growth rate
there (compared to all other regimes), and saturates later on. Further in regime
II, the cluster number densities drop rapidly after reaching a maximal value:
this signifies the onset of coalescence of islands. The mean cluster size “takes off”
in this region, as coalescence rapidly increases the size of clusters, see Fig. 5.32.
The Minkowski functionals W0 (total length of the standing-region borders)
and W1 (total area of the standing phase) in Figs. 5.33 and 5.34 continue to
increase as the phase separation process continues with the unceasing addition
of new particles.

The lying phase of regime III (which should set in at very low densities,
according to the equilibrium FMT-predicted boundaries), which can later form
a , aggregate or form a “wetting layer” in regime IIIb, clearly hinders the growth
of the stable-phase clusters (standing clusters), see Fig. 5.32 (ε = −2, F/D =
10−2). Deep in regime IIIb, at ρ ≈ 0.05 in Fig. 5.31 for the case of ε = −4 seems
to show rapid slowing in the growth of clusters for many cases of F/D. Visual
inspection shows the appearance of both lying and standing compact islands
for this density. In any case, the numbers increase again between ρ ≈ 0.3− 0.4,
which we know from analysis in the previous sections to signify the “escape”
from a nearly-fully-packed, lying “wetting layer”.

One important point is that the cluster detection scheme may be picking up
on quenched, random fluctuations,23 which persist once the lying phase begins
to dominate. However, discerning between classically nucleated clusters and a
quenched form of density fluctuations is impossible via static analysis (of snap-
shots): An extended analysis in the future would correlate motion (rotational
and translational fluxes) at the rim of the clusters with the structural signatures
(for which we have already implemented the basic numerical scheme), possibly

23even though we have set a minimal cluster size cutoff (imin, described above)
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better discerning the nature of the high-density ‘clusters’. Returning our discus-
sion to the lying “wetting layer”, a standing-up transition from it signifies the
rapid growth of the standing, quenched fluctuations (clusters). This may be a
rather interesting phenomenon unique to the driven nonequilibrium dynamics
of this system. We will further discuss the behavior when adding weak sub-
strate potentials in Sec. 5.5, as the system can form vacancies (a vapor) between
the lying and standing clusters, which might better signify the existence and
growth of more classical “clusters” rather than quenched fluctuations. Further,
preliminary analysis of temperature-quenching experiments at constant densi-
ties (rapidly reducing the temperature) – Sec. 5.8 – provide further evidence
that the nucleation and growth of these standing clusters is clearly hindered
by the lying phase in regime III, showing off a two-step process via two power
laws.

We have also plotted the cluster number densities composed of any orienta-
tion, for completeness, in Figs. 5.35 and 5.36.

Evolution of the network-forming Q < 0 lying phases or Q ≈ 0 nonequilib-
rium aggregates

We provide the Minkowski functionals W0, W1 and Euler characteristic χ of the
lying phase in Figs. 5.37, 5.38 and 5.39, respectively. One might be confused
by the presence of connected lying regions for regime II – at very low F/D
this signifies that the vapor phase entails large enough density fluctuations
in a lying orientation – the vapor phase may even entail more lying than
“isotropic” domains, which might be in agreement with the FMT predictions for
a “denematic” gas–liquid transition. Visual inspection verifies that the “vapor”
phase does contain many lying rods that are transiently connected in a nearest-
neighbor fashion. During very fast deposition, the monolayer system forms a
Q ≈ 0 aggregate, which dominates the system up to very high packing fraction.
The morphological analysis for regime II in these cases are that of this highly
nonequilibrium state. Even more so, the lying rods in this aggregate form a
percolating network, see next subsection, which is another hint that the particle
dynamics are out-of-equilibrium and arrested.

In ε-regime III, the lying phase mostly exists in the form of a liquid phase
that can be described as “gel-like” (see previous discussions). The functional
W1 gives an estimate for the total area (packing fraction) of this phase, which
reaches a maximal value (possibly almost 1) before eventually decaying, as it
is metastable. The functional W0 can provide an estimate to the boundary (line
area) of this phase to the vapor or standing phase. For fast growth in regime III,
the line area can show a loop, indicating morphological reordering processes
before the phase decays. The Euler characteristic χ in this time period decays
and rapidly switches sign, indicating a predominance of “holes’ rather than
closed clusters in the system (notice the characteristic does not consider any
minimal cluster number and is purely topological and morphological in nature).
The percolation of the lying phase is discussed in the next section, occurring
near, but not exactly at the zero-crossing-point of the Euler characteristic.
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Percolation transitions under driven nonequilibrium conditions

During growth, the topology of the dense phases becomes fundamentally dif-
ferent upon a percolation event, where a cluster spans the entire system. Perco-
lation transitions are of fundamental interest for statistical-mechanical systems,
and exemplify self-organized criticality found in many kinds of many-body
systems. In our case, we can see evidence for a nonequilibrium percolation tran-
sition, in the sense that it appears during the driven nonequilibrium growth of
a monolayer. We define the percolation “probability” as the binned average
over evolving snapshots that entail binary values for percolating clusters (1 in-
dicates any detected cluster percolates, 0 indicates that no detected cluster has
percolated).24

If we analyze the lying phase only, the percolation transition gives crucial
information about the network structure of the lying, Q < 0 phase of matter in
regime IIIb. Figs. 5.40 and 5.41 below show our results for the percolation of the
lying phase versus re-scaled time and density, respectively. After this point, the
phase of matter “ripens”, where local length-scales in the gel grow, which we
can see via visual inspection as well as in quantitative measures like the total
area (W1 in Fig. 5.34) and the Euler characteristic (χ in Fig. 5.39). As this gel
phase is transient, however, an anti-percolation point also appears, after which
the phase of matter inevitably decays. The time-span between the percolation
and anti-percolation point is an excellent measure for the lifetime of the phase
in these driven nonequilibrium conditions, as its growth and decay are quite
rapid.

One interesting finding is that even regime II shows a lying percolation
and anti-percolation transition in Figs. 5.40 and 5.41. The anti-percolation point
gives us information when the lying phase (if it had percolated) irreversibly dis-
solves. Unfortunately, we cannot verify this for all values of F/D, as our simu-
lations ended prematurely.25 Exceptions are seen for the extremely high deposi-
tion quench rate, F/D = 1× 10−1. This is evidence for a highly nonequilibrium
state in regime II, where only standing compact clusters can form at low enough
deposition rates, and signifies arrested dynamics of (lying) rods. The percola-
tion transition occurs soon after the estimated equilibrium left binodals that are
found in Fig. 5.3. The anti-percolation transitions for a fast deposition quench
F/D = 10−1 of regime II (ε = −0.7,−0.8) occurs around ρ ∼ 0.42− 0.45. This
is coincidentally near the green (isotropic–isotropic) boundary line predicted
by FMT in Fig. 5.2(b).

As we have discussed in this chapter and in Ch. 2.3, a fast deposition quench
F/D is akin to lowering the temperature, in some respects: In regime II, where
a does not form, the metastable transition at lower temperatures seems to be
foreshadowed by quenching the system rapidly (via deposition). Moreover, a
right thermodynamic binodals of regime II are comparable to the densities of
the anti-percolation transition in this highly nonequilibrium evolution. Con-
nections between dynamical percolation and metastable binodals in the phase
diagram are not clear at all from the theoretical side, and the topic may be
worthy of further attention with more focused investigations.

24We only analyzed single runs, which is why the probabilities are highly prone to noise.
25At this point we would like to communicate that the institute at which the author wrote

this thesis has poor management of electricity infrastructure. Unnecessary power cuts were
announced less than two weeks in advance, forcing us to stop many of our simulation runs for
deep ε’s prematurely.



276 Chapter 5. Growth of Monolayers with “Sticky” Hard Rods

Further, we analyzed the percolation behavior of connected regions formed
by any orientation of rods, in Figs. 5.42 and 5.43. Physically, the percolation
transition for very low F/D, when there is a vapor phase, can signify the anti-
percolation point of the vapor itself, i.e. when it is is split into disconnected re-
gions. In cases of very high deposition quench rates, this should also be roughly
true, but we emphasize that even a “vapor” phase can be out-of-equilibrium.
For high deposition quench rates, the percolation of the system occurs earlier
(in time and ρ) for deeper reduced temperatures (a slight “switch” between
ε = −4 and ε = −3.33 is visible, but may not be significant). The “sticky” at-
traction between rods certainly seems to favor the connectedness of the rods
in the system. As the quench rate F/D is lowered, the re-scaled time-points
at which this occurs begin to separate ever more depending on the reduced
temperature. Many of the “late” transitions seem to occur around t? = 1, corre-
spond to densities in the range of ρ = 0.35− 0.6. At these densities, FMT pre-
dicts a load of things happening in the equilibrium phase diagram: At densities
around ρ ∼ 0.3− 0.4, FMT predicts the system to cross a “denematic gas–liquid
binodal” between two states of low degree of order. Further, the FMT predicts
another metastable boundary at global densities around ρ = 0.55 for a reduced
temperature that is probably situated in the middle of our regime II: the FMT
denotes this point as the first-order transition between two differently-ordered
phases (a “nematic–nematic” transition). Whether or not the percolation points
only coincidentally agree with the metastable binodals or boundary lines is
fully unclear, but, offers food for thought for future investigations.

To this end, the percolation points of the standing connected regions is
shown in Figs. 5.44 and 5.45. In many low F/D cases where the simulations did
not terminate prematurely, the standing percolation transitions occur around
t? = 1. A “late” case is found for F/D = 10−3, where the standing phase
percolates around t? ≈ 30. This happens after the lying aggregate or “wetting
layer” had to be overcome, the percolation transition occurring at very high
density (ρ ∼ 0.68).

We are well aware that percolation data presented here are noisy and partly
incomplete, as many simulation runs would have to be continued for higher
densities. Nevertheless, we hope these results still prove a point, namely, that
the percolation behavior contains crucial information on structure formation in
the monolayer, depends on the dynamical parameters of the driving force, and,
thus, depends on the history of each trajectory. Relationships to thermodynam-
ics are completely open and seem worthwhile investigating, as this would be
a fundamental connection between driven nonequilibrium behavior and equi-
librium theory; specifically, unexpected nonequilibrium information might be
contained in the FMT free energy functional. Averaging over multiple runs to
obtain preciser estimates of these transitions remains out of the scope of this
thesis.
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S TA N D I N G C O N N E C T E D R E G I O N S:
Cluster number density vs. re-scaled time t?
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versus re-scaled time t?(at a fixed F/D) for a sweep over attrac-

tion strengths (L = 3).
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S TA N D I N G C O N N E C T E D R E G I O N S:
Cluster number density of clusters vs. density ρ
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F I G U R E 5 . 3 1 : Cluster number density of clusters composed
of standing particles versus global density ρ (at a fixed F/D)

for a sweep over attraction strengths (L = 3).
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Mean cluster size 〈i〉 vs. density ρ
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global density ρ (at a fixed F/D) for a sweep over attraction
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S TA N D I N G C O N N E C T E D R E G I O N S:
Minkowski functional W0 vs. re-scaled time t?
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F I G U R E 5 . 3 3 : Minkowski functional W0 of standing clusters
versus versus re-scaled time t? (at a fixed F/D) for a sweep over

attraction strengths (L = 3).
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S TA N D I N G C O N N E C T E D R E G I O N S:
Minkowski functional W1 vs. re-scaled time t?
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F I G U R E 5 . 3 4 : Minkowski functional W1 of standing clusters
versus re-scaled time t?(at a fixed F/D) for a sweep over attrac-

tion strengths (L = 3). Compare to Fig. 5.33.
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A N Y D E N S E - P H A S E O R C O N N E C T E D R E G I O N:
Cluster number density vs. re-scaled time t?
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F I G U R E 5 . 3 5 : Cluster number density of clusters composed
of particles of any orientation versus re-scaled time t?(at a fixed

F/D) for a sweep over attraction strengths (L = 3).
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A N Y D E N S E - P H A S E O R C O N N E C T E D R E G I O N:
Cluster number density vs. density ρ
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F I G U R E 5 . 3 6 : Cluster number density composed of particles
of any orientation versus global density ρ (at a fixed F/D) for a

sweep over attraction strengths (L = 3).
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LY I N G C O N N E C T E D R E G I O N S:
Minkowski functional W0 vs. re-scaled time t?
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F I G U R E 5 . 3 7 : Minkowski functional W0 of lying clusters ver-
sus re-scaled time t?(at a fixed F/D) for a sweep over attraction

strengths (L = 3).
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LY I N G C O N N E C T E D R E G I O N S:
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F I G U R E 5 . 3 8 : Minkowski functional W1 of lying clusters ver-
sus re-scaled time t?(at a fixed F/D) for a sweep over attraction

strengths (L = 3). Compare to Fig. 5.37.
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F I G U R E 5 . 3 9 : Euler characteristic χ of lying connected clus-
ters versus re-scaled time t? (at a fixed F/D) for a sweep over

attraction strengths (L = 3). Compare to Fig. 5.38.
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F I G U R E 5 . 4 0 : Probability that the lying phase percolates (a
binary value for unbinned data) versus re-scaled time t? (at a

fixed F/D) for a sweep over attraction strengths (L = 3).
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F I G U R E 5 . 4 1 : Probability that the lying phase percolates (a
binary value for unbinned data) versus re-scaled time t? (at a

fixed F/D) for a sweep over attraction strengths (L = 3).
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F I G U R E 5 . 4 2 : Probability that the any connected cluster (a
dense phase formed from any rod orientation) percolates versus
re-scaled time t? (at a fixed F/D) for a sweep over attraction

strengths (L = 3).
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F I G U R E 5 . 4 3 : Probability that the any connected cluster (a
dense phase formed from any rod orientation) percolates ver-
sus versus global density ρ(at a fixed F/D) for a sweep over

attraction strengths (L = 3).
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F I G U R E 5 . 4 4 : Probability that the standing phase percolates
(a binary value for unbinned data) versus re-scaled time t? (at

a fixed F/D) for a sweep over attraction strengths (L = 3).
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F I G U R E 5 . 4 5 : Probability that the standing phase percolates
(a binary value for unbinned data) versus re-scaled time t? (at

a fixed F/D) for a sweep over attraction strengths (L = 3).



5.3. Results on monolayer growth for rod-lengths L = 3 293

5.3.8 Further quantitative analysis: Dynamical properties

A nonequilibrium system may show dynamical heterogeneity, in general, in
particular a system undergoing phase transformation processes. Information
about dynamical heterogeneity is contained in quantities sensitive to dynamics
such as the number of mobile particles. For the locally Markovian dynamics
of hard-core particles in a lattice, the distinction between “mobile” and “im-
mobile” is easy: The former is true when a particle is allowed to perform a
“move”, i.e. no hard-core repulsion is blocking it. To this end, we have ana-
lyzed configurational snapshots in a very different way comparing to the last
section: We are able to reconstruct the event-lists of KMC “moves” from each
snapshots, allowing us to access information on the dynamics during the sim-
ulation ex situ. Further, we can calculate both the “hard-core” and “hard-core
+ sticky-attraction” rates. We remind the reader that the KMC algorithm is a
hybrid, rejection-free for steric (hard-core) repulsions and requiring an extra
MC accept-or-reject step for additional “sticky” attractions.

Mobile particles

In the nonequilibrium system of the monolayer, many particles will be hin-
dered in their individual degrees of freedom. Dynamics during global reorga-
nization process due to a phase transformation acquire a collective character,
involves many length-scales. Therefore, we have set out to quantify the mo-
bility in the system – first, with the number of mobile particles, which we can
discern between different types of moves (rotations, translational hops). From
a practical point-of-view, there are no comparable observables that are defined
within the unstable region inside the binodal from thermodynamic equilibrium
theory, hence, quantifying this provides unique information on the state of the
system.

In Fig. 5.46, we present the results of the (unique) number of translationally
mobile particles in the system as a function of monolayer density ρ during
growth. These particles can be of any orientation. In regime I (ε = −0.5988),
where growth is hard-rod-like and, thus, much closer to equilibrium, the num-
ber density of mobile particles takes on the highest value across the board, in
agreement with our argumentation above. The same is true for the rotationally
mobile particles, more specifically, for standing particles“rotating downwards”
(the density of mobile particles for rotating upwards is equivalent to ρ12, which
has been presented in Fig. A.11), see Fig. 5.47.

Fig. 5.46 signifies a few more features worthy of attention. The point where
the monolayer becomes almost completely filled (dynamically arrested) in a
nonequilibrium intermediary state (in the mixed aggregate or lying “wetting
layer”) is now clearly visible, i.e. where ρmob., trans. reaches 0 or becomes mini-
mal or shows a near-“kink” in past regime IIIa (ε / −1.5) – these densities are
around ρ ∼ 0.35− 0.41, depending on F/D. As in the discussion of Sec. 5.3.7,
this region may represent a region between two metastable binodals, signifying
different vapor–liquid transitions; however, this remains speculative. In any
case, translationally mobile particles deep in regime III, when can be found in a
vapor phase, at an interface between a vapor and dense liquid, or within a non-
fully-packed nonequilibrium aggregate that is partly homogeneous. Finally,
Fig. 5.46 shows regime III clearly distinguished from regime II or I: the trajec-
tories of ρmob., trans are bundled up to some transition density ρ ∼ 0.05− 0.15
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depending on F/D, after which the trajectories “split” apart. We note that num-
ber densities of mobile particles represent conditional probabilities of the system
entailing particle numbers, which clearly fluctuate in contrast to the global den-
sity ρ (which would only fluctuate if we were to allow for desorption moves,
see Sec. 5.8). We have provided plots showing the variances of ρmob., trans, cal-
culated from running bins, in App. A.2.

To assess the orientation of translationally mobile particle, we have calcu-
lated the nematic order

Qmob., trans. ≡
ρ3

mob., trans − 1
2 ρ12

mob., trans

ρmob., trans.
, (5.15)

where ρ3
mob., trans. represents the number density of standing mobile particles,

etc., resulting in the plots of Fig. 5.48.
Interestingly, the general form of Qmob., trans. looks quite familiar, like Q(ρ)

of Fig. 5.25. However, there are subtle differences with new information: The
values of ρ at which Qmob., trans. “takes off” coincide with the minima or “kinks”
of ρmob., trans. in Fig. 5.47, and a much steeper increase is seen in the curves of
Qmob., trans. than in Q. This implies that the proportion of standing mobile parti-
cles increases significantly after the nearly-fully-packing aggregate or “wetting
layer” has maximized its extent. We rationalize this as follows: A lying particle
in a 2D wetting layer that rotates upward instantly creates a vacant space for
translational motion (that is (L− 1)× 1 units in lateral size). Another subtle
difference we report on is that the curve of Qmob., trans.(ρ) can sometimes show
a brief, nearly-linear increase between ρ ∼ 0.35− 0.43 (see e.g. cases where
F/D ∈ {1× 10−2, 1.67× 10−3, 1× 10−3}). We are not sure how to interpret this
currently.

The nematic order Qmob., rot. of the out-of-plane rotationally mobile particles
(those which can lay down or stand up) of the system, which we calculate
in complete analogy to Eq. 5.15, is presented in Fig. 5.49. The curves now
look very different from those of the global Q(ρ) plots. For plots in regime
III, i.e. ε = −1.5,−2, we see how the nematic order can change from from lying
Qmob., rot. < 0 to isotropic or standing Qmob., rot. ' 0 for intermediate and low
F/D. We inspected the re-scaled time-points at which this occurs (not shown
here): The lying–standing transition viewed from rotational mobile particles
seems to coincide with the times just after the monolayer has the largest number
of standing clusters, before the latter beginning to drop (Fig. 5.30). If a vapor
phase surrounding clusters in thin, then standing particles have the best chance
to rotate downwards when they are situated at the cluster rim. Therefore, this
order parameter is probably picking up on the total curvature of standing
clusters, which is likely maximal around this point in time.

Relative fluxes

We now continue our exploration of dynamical variables based on the fluxes
(rates) in the system – in other words, the magnitudes of currents in the system.
In Fig. 5.50, we present the total translational flux, as a relative ratio to the total
motion flux in the system (of “internal” dynamics excluding deposition moves).
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To clarify, the quantity of interest is

Jtrans., rel. ≡
∑

µ∈{ktrans}
jµ

∑
ν

jν
, (5.16)

where for either µ or ν,

jν ≡ k0(ν)×min
{

1, e−∆H/(kBT)
}

(5.17)

represents the “true” rate of a move of a particle indexed by ν (the KMC
simulation accounts for the hard-core part only before applying a Metropolis
step for the “sticky” attractions). The quantity ∆H is the change in the local
configurational Hamiltonian around the particle, k0(ν) is the attempt rate of
the move, and “µ ∈ {ktrans}” signifies that the particle move indexed by µ is in
the set of all translational moves in the system.

The relative flux of translational motion in the system shows the formation
of a plateau deep in regime IIIb (ε = −3.33,−4) at very low F/D, where
we see large lying and standing islands forming, reaching a peak near unity
when the monolayer becomes fully packed with a “wetting layer”. The plateau
seems to indicate a situation in which the translational flux relative to all other
kinetics in the system is constant. We think this might indicates that, at best, a
linear growth of relative length-scales in the system occurs during at this time.
Visual inspection shows a “scaling up” of the lying and standing clusters in the
system, the former of which are less compact than the co-occurring, standing
islands. A more exact exploration of this plateau may be interesting for future
investigations.

“Sticky” acceptance ratio for total particle motion flux (“internal” dynamics)

We define the “sticky” acceptance ratio of the total “internal”-motion flux (not
including deposition) at any one point in time as follows:

α ≡
∑
ν

jν

∑
ν

jhard
ν

, (5.18)

jν is the “true” rate defined by Eq. (5.17), and

jhard
ν ≡ k0(ν)×min

{
1, e−∆Hhard/(kBT)

}
(5.19)

represents the KMC rate updated in our simulations, which has already ac-
counted for hard-core repulsionsHhard, but not for the sticky attraction Usticky
(H = Hhard + Usticky). The observable indicates the probability that anything
(any rods) will move, given we only consider mobile particles: The probability
is less than one because of the binding energies between rods. For hard-core
rods, this ratio should always remain unity.

The results for the “sticky” acceptance ratio during growth is shown in
Fig. 5.51. Clearly, the acceptance ratio shrinks for stronger attraction strengths,
generally. As a system is cooled, the total motion in the system is reduced, i.e.
the total currents are weaker. This ratio further picks up on singular events
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in the system dynamics, such as when the system becomes arrested with the
formation of a high-density aggregate or “wetting layer”. In any case, the (log
of the) acceptance ratio α contains crucial information on the dynamics: As
each flux term jν is weighted with a Boltzmann factor of the differential local
configurational energy (potential energy), the log of the ratio α quantifies an
effective, differential work that can be performed by motion-inducing bath
(the intrinsic, “overdamped” dynamics) within the given time-step – the part
that will lead to a true change in the system. (Differential work lost within the
current time-step due to the hard-core repulsion of rods is separate from this
quantity).

In future work, it would be interesting to explore fluctuations of this quan-
tity. Quantifying global nonequilibrium current fluctuations is the central task
for a rigorous theoretical approach, where fundamental bounds on these have
been derived for steady-state conditions, as mentioned in Ch. 3. However, such
an undertaking remains outside of the scope of this thesis. One could also ex-
tend this analysis to an acceptance ratio based on the total “true” rate in the
system, including the deposition flux: Rejections arise when lattice sites are
occupied at the places where a particle (of a random orientation) should be
inserted. This total rate would contain further structural information – about
the coverage of the system.

∗ ∗ ∗

In this section we explored observables on dynamical properties (mobility
of the system, fluxes, and the forward-propagation of the system) during the
driven, nonequilibrium evolution of the monolayer system. These have offered
complementary insight into the monolayer growth process, in particular non-
structural quantities that characterize motion in the system. Up to now, we
have extensively investigated the L = 3 system at neutral substrates, and have
attempted to identify and classify various phenomena during the self-assembly
evolution. We consolidate our findings in the next section, where we outline
the various phase transition scenarios that appear in ε-regimes II and III.
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T R A N S L AT I O N A L M O B I L I T Y:
Number density ρmob., trans. vs. monolayer number density ρ

0.0 0.2 0.4 0.6
ρ

0.0

0.1

0.2

0.3

ρ
m

ob
.,

tr
an

sl
.

L = 3

F/D =1× 10−1

γ = 0.05

0.0 0.2 0.4 0.6
ρ

0.0

0.1

0.2

0.3

ρ
m

ob
.,

tr
an

sl
.

L = 3

F/D =1× 10−2

γ = 0.5

0.0 0.2 0.4 0.6
ρ

0.0

0.1

0.2

ρ
m

ob
.,

tr
an

sl
.

L = 3

F/D =1.67× 10−3

γ = 3.0

0.0 0.2 0.4 0.6
ρ

0.0

0.1

0.2

ρ
m

ob
.,

tr
an

sl
.

L = 3

F/D =1× 10−3

γ = 0.5

0.0 0.2 0.4 0.6
ρ

0.0

0.1

0.2

ρ
m

ob
.,

tr
an

sl
.

L = 3

F/D =1.67× 10−4

γ = 3.0

0.0 0.2 0.4 0.6
ρ

0.0

0.1

0.2

ρ
m

ob
.,

tr
an

sl
.

L = 3

F/D =1× 10−4

γ = 0.5

ε = −0.599

ε = −0.7

ε = −0.8

ε = −1

ε = −1.5

ε = −2

ε = −3.33

ε = −4

0.0 0.2 0.4 0.6
ρ

0.0

0.1

0.2

ρ
m

ob
.,

tr
an

sl
.

L = 3

F/D =1.67× 10−5

γ = 3.0

0.0 0.2 0.4 0.6
ρ

0.0

0.1

0.2

ρ
m

ob
.,

tr
an

sl
.

L = 3

F/D =1× 10−5

γ = 0.5

F I G U R E 5 . 4 6 : Translationally mobile particles: Number den-
sity ρmob., trans. versus global density ρ (at a fixed F/D) for a

sweep over attraction strengths (L = 3).
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R O TAT I O N A L M O B I L I T Y (downwards):
Number density ρ3

mob., rot. down vs. monolayer number density ρ
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F I G U R E 5 . 4 7 : Rotationally mobile particles (rotations down-
wards): Number density ρ3

mob., rot. down of standing rods versus
global density ρ (at a fixed F/D) for a sweep over attraction

strengths (L = 3).
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N E M AT I C O R D E R O F PA R T I C L E S T H AT C A N T R A N S L AT E:
Nematic order Qmob., trans. vs. monolayer number density ρ
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F I G U R E 5 . 4 8 : Translationally mobile particles: Nematic order
Qmob., trans. versus global density ρ (at a fixed F/D) for a sweep

over attraction strengths (L = 3).
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N E M AT I C O R D E R O F PA R T I C L E S T H AT C A N R O TAT E

( O U T - O F - P L A N E ):
Nematic order Qmob., rot. vs. monolayer number density ρ
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F I G U R E 5 . 4 9 : Rotationally mobile particles (out-of-plane ro-
tations): Nematic order Qmob., rot. versus global density ρ (at a

fixed F/D) for a sweep over attraction strengths (L = 3).
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T R A N S L AT I O N A L F L U X:
Total relative flux vs. monolayer number density ρ
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F I G U R E 5 . 5 0 : Total relative rate for translational motion, nor-
malized by the total flux for all moves in the monolayer (ex-
cluding deposition events from external source) – see Eq. (5.16)–
versus global density ρ (at a fixed F/D) for a sweep over attrac-

tion strengths (L = 3).



302 Chapter 5. Growth of Monolayers with “Sticky” Hard Rods

R O TAT I O N A L + T R A N S L AT I O N A L F L U X:
“Sticky” acceptance ratio vs. monolayer number density ρ
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F I G U R E 5 . 5 1 : “Sticky” acceptance ratio for “internal” motion
(all moves in the monolayer excluding deposition events from
the external source), given by Eq. (5.18), versus global density
ρ (at a fixed F/D) for a sweep over attraction strengths (L = 3).
Any rejected moves only arise due to “sticky” binding energies
and not due to hard-core repulsion. We calculated this and all
dynamical observables ex situ from simulation snapshots by

reconstructing the KMC event-lists.
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5.3.9 Characterizing the main phase transition scenarios

In this section, we will summarize our findings presented so far. The large
number of investigated observables combined with the microscopic pictures
seen in the simulation snapshots offers us the unique possibility to characterize
four different phase transition scenarios for monolayer growth differing signif-
icantly from “hard-rod-like” growth at high reduced temperatures (in scenario
(A)). Importantly, these scenarios are a function of both the reduced tempera-
ture or attraction strength (i.e. 1/|ε|) and the deposition quench rate F/D. The
ε-regimes we have used to categorize the results thus far do not tell the whole
story.

(A) “Hard–rod–like” growth of a monolayer

We have not analyzed the kinetics for this scenario in high detail – please con-
sult to Sec. 5.3.2 for a brief report and description of the observed behavior. For
very fast deposition quench rates F/D, a logical consequence is a jamming tran-
sition, which represents a “hard” limit on dynamics in the monolayer growth
system. Locating these transitions and characterizing their kinetics is out of the
scope of this thesis.

(B) Isotropic–fluid–to–standing transition via “nucleation and growth” of
clusters

The specific example of phase transition scenario (B) that we present in
Figs. 5.52–5.53 is defined by the pair of parameters (F/D = 1× 10−3, ε = −0.7),
or (log10(D/F) = 3, ln(1/|ε|) = 0.356). We now attempt to describe the kinet-
ics of scenario (B) in forthcoming paragraphs with the data in the presented
figures. Please note that we will often use the term “growth rate” for quantities
plotted in a double-logarithmic scale as an alias for the derivative of quantities
in this representation.

Up to t? ≈ 0.1 (ρ ≈ 0.6), we observe an isotropic fluid forming under the
deposition protocol. The lying and standing densities, ρ12 and ρ3, respectively,
growth in a power-law-like fashion – they entail almost the same growth law
(see Fig. 5.52, top figure). While the growth of ρ12 slows down significantly
afterwards, finally saturating at t? ≈ 0.4 (ρ12 ≈ 0.1, ρ ≈ 0.2), ρ3 still follows the
same power law up to t? ≈ 0.2. Thereafter, the growth appears to ‘change
gears’, taking on a second power for a slightly faster growth rate. It shifts
another gear down to significantly slower power-law-like growth around t? '
0.5. The lying density ρ12 decreases continuously for t? ' 0.4. Consequently,
the nematic order parameter Q begins increasing at t? ' 0.1 and shows its
fastest growth rate when ρ12 reaches its maximum (at saturation).

We further deduce a number of interesting characteristics on the growth of
standing clusters. They grow at the expense of a prior lying phase (which is
non-compact and forms aggregate-like structures): The formation of connected
regions of lying rods (number densities) can be deduced from χlying, which
counts the number of clusters at low densities (Fig. 5.52, bottom figure). It
sets in earlier (t? ≈ 0.04) than the “nucleation” of standing clusters (t? ≈
0.1), which shown for the cluster number density nstanding/M2 of only nearest-
neighbor standing rods (Fig. 5.52, middle figure). The cluster number density
nany/M2 of “any”-oriented nearest-neighboring particles (Fig. 5.52, bottom
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figure), also shows the signature of an earlier formation of clusters that are
not solely standing. The nany increases, reaches its maximum at t? ≈ 0.2, and
decreases thereafter.

Lying (“any”) connected clusters (nearest-neighbor structures that are
larger than imin in number) begin growing at t? ≈ 0.08 – this can be inferred
from the discrepancy between nany and nstanding. The Minkowski functionals
of this lying phase (Fig. 5.52, bottom figure), which measure the boundary “1D
surface” W0 and “total amount” W1, display exactly the same dynamics: the
curves overlap.26 We rationalize this with a possibly fractal-like structure of the
lying phase (network-like): compact clusters are not visible, visually. These
two lying functionals increase rapidly upon t? ≈ 0.1, ending up in a sharp
maximum at t? ≈ 0.4, decreasing rapidly thereafter. The absolute value of
the Euler characteristic27 of the lying phase |χlying| reaches a plateau in the
interval 0.15 < t? < 0.8. This indicates that the microstructure of the lying
connected regions is self-similar, as ρ12 has saturated and ρ3 still follows its
second power law. The absolute value of the Euler characteristic starts to drop
when “holes” predominate the structure of the lying phase: the growth of the
standing phase happens at the expense of the lying phase.

The cluster number density of the standing phase nstanding/M2 (Fig. 5.52,
middle figure) initially grows in a power-law-like-manner in the interval 0.1 <
t? < 0.2 before the “nucleation” process slows down. It finally comes to a
halt at around t? ≈ 0.5. (Note that the Minkowski functional Wstanding

0 ob-
tains an inflection point at the same time.) The growth of these clusters sets
in around t? ≈ 0.2 — it is delayed compared to the growth of the lying con-
nected clusters, which we already explained above. Their growth rate, as can
be inferred from the average cluster sizes 〈istanding〉 over time, increases until
the end of the simulation. We can deduce that their growth mainly stems from
the standing-up of the lying connected regions: At t? ≈ 0.3, the nematic order
Qmob. rot. of rotationally mobile particles (Fig. 5.53, middle figure) decreases
until it reaches a minimum at Q ∼ −0.1, where it remains until the end of the
simulation. At the same time, the probability of rotating downwards, seen in
ρmob. rot. down, decreases continually. For t? > 0.5, the standing cluster number
densities nstanding/M2 drops significantly due to the growth and (or) coarsen-
ing of the standing phase. This sets in when the system begins to percolate,
seen in the percolation plots for “any”-oriented connected regions in Fig. 5.53
(top figure). The standing phase percolates around t? ≈ 1.2. At the same time,
the absolute value of the Euler characteristic of the standing phase |χstanding|
reaches a sharp maximum, and Wstanding

0 (the boundary “1D area”) saturates.
To summarize, we have identified four time intervals: In the first,

t? < 0.1, non-compact lying connected regions (clusters) form. In the second,
0.1 < t? < 0.4 standing clusters “nucleate and grow”, during which the
formation of lying connected clusters slows down. Growth and (or) coarsening
of the standing phase occurs in the interval of 0.4 < t? < 1.2. The standing
phase seems to grow in expense of the lying phase (it looks like aggregate-like
structures or a fluid). In the last time interval we simulated, t? & 1.2, the

26Note the two curves entail separate y-axes, hence they overlap apart from a scaling factor.
27Note that elsewhere in this chapter (in Sec. 5.3.7), the absolute value operation was not

applied to the Euler characteristic. Any zero-crossing of χ will be visible as a very sharp “drop”
and “return” in the |χ|-representation.
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standing phase coarsens and percolates.

We would like to make a note that a growth trajectory for the case of ε =
−0.5988, very near the estimated critical point εcrit, seems to display essentially
the same kinetics described here: We have plotted some of the same quantities
in the same type of overlay in Fig. A.4 in App. A.1.

(C) Competition of lying- and standing-cluster formation

The specific example of this phase transition scenario we present in Figs. 5.54–
5.55 is defined by the pair of parameters (F/D = 1 × 10−4, ε = −1.5) or
(log10(D/F) = 4, ln(1/|ε|) = −0.405). We attempt to describe the kinetics
in the data in forthcoming paragraphs.

Similarly to scenario (B), we observe the same power-law-type growth
in the number densities ρ12 and ρ3 at early times (Fig. 5.54, top figure), but,
lasting for a much shorter time span (in the interval t? < 0.04, ρ . 0.05). The
next time interval is 0.04 < t? < 0.1, where we see the number density of
lying rods ρ12 heading towards a constant value of about 0.02 all the while
ρ3 shows power-law-like growth with a larger growth rate than in the first
time interval. Thereafter, in the interval 0.1 < t? . 0.3, ρ12 drops substantially,
during which the standing-rod density ρ3 crosses over to a third power law
with a slower growth rate. A last time interval is t? & 0.3, where growth of the
standing rod density ρ3 slows down and the tiny amount of remaining lying
rods ρ12 disappears continually (this will be split into two intervals, again, in
the discussion below).

Regarding the clusters of the lying phase (Fig. 5.54, bottom figure), at the
earliest times we observe lying clusters forming: The “any” cluster number
density, the lying Minkowski functionals and as well as the absolute value of
the lying Euler characteristic (which corresponds to the cluster number density
at low densities) all grow. This growth comes to a halt, indicating the onset
of the second time interval, when the formation process of the lying phases
“freezes”. In stark contrast, the standing phase only “nucleates” within the first
time interval (Fig. 5.54, middle figure) and undergoes a mixture of “nucleation
and growth” within the second interval. In the latter, the “nucleation” slows
down, whereupon the number density nstanding/M2 of standing clusters levels
off to a nearly constant value in the third time interval. The mean cluster
size 〈istanding〉 shows constant growth rate (power-law-like) during this period,
while the amount Wlying

1 of the lying phase, and the sizes of the clusters decrease
dramatically (which can be inferred from the mild decrease in nany/M2 and
drop in |ξlying|). Note that the Minkowski functionals for the lying phase Wlying

1

and Wlying
0 overlap almost exactly apart from a scaling factor, an effect we are

not sure how to explain. In the third time interval, the standing phase “eats up”
the remaining lying phase. Closer inspection reveals that the final time interval
is, in fact, split into two. Up to around t? ≈ 0.8, both growth and coarsening
of the standing phase occurs, while in the last sub-interval, the standing phase
mainly coarsens. There, the system heads towards a percolating state (for “any”
and standing clusters are equivalent at that point, see Fig. 5.55, top figure),
where the number of clusters drops rapidly to unity and the growth process is
maximally accelerated.
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These different time-intervals can be identified easily in the dynamical
observables (Fig. 5.55, middle and bottom figures). Most striking is the time
trace of the relative translational motion flux Jtrans., rel. (relative to the total
“internal” motion flux). This quantity shows a pronounced loop: It increases
in the first time interval, levels off to a nearly constant value in the second,
decreases in the third, increases slightly in the first half of the fourth interval,
and increases more rapidly thereafter.

(D) Low-density-lying-gel and standing-cluster formation

The specific example of phase transition scenario (D) that we present in
Figs. 5.56–5.57 is defined by the pair of parameters (F/D = 1.667× 10−4, ε =
−2), or (log10(D/F) = 3.778, ln(1/|ε|) = −0.693).

As in scenarios (B) and (C), ρ12 and ρ3 in Fig. 5.56 (upper figure) display the
same power-law-like growth in a first time interval (t? < 0.15, ρ / 0.13) before
Q begins to increase. Afterwards, the growth of ρ12 slows down and saturates
at around t? ≈ 1 (ρ ≈ 0.4, ρ12 ≈ 0.2). The standing number density ρ3 follows
the same power law until t? ≈ 0.5, smoothly crossing over to a second power
law that sets in at t? ≈ 1.

The lying phase percolates at t? ≈ 0.4 (Fig. 5.57, top figure), and forms
a low-density gel when ρ12 approaches its maximum value. The percolation
point is very near when the absolute value of the Euler characteristic |χlying|
shows a sharp drop to zero (the zero-crossing of χ without the absolute value):
Holes now dominate the topology of the lying phase.

Lying and standing clusters begin forming right from the beginning
(Fig. 5.56, bottom two figures). We see only a very short time interval
(t? < 0.03) where constant “nucleation” rates persist. While the lying phase
coarsens significantly upon t? > 0.07, which can be inferred from nany/M2

and the Minkowski functionals and Euler characteristic of the lying phase,
the time interval between 0.04 < t? < 1 seems to be a complex interplay of
“nucleation”, growth and coarsening of the standing phase.

Once the lying, low-density gel has formed t? ≈ 0.4, the rotational mobility
of the system is carried by rods predominantly in the lying orientation, which
always have a non-zero probability to stand up and are hence mobile (see
Qmob., rot. in Fig. 5.57, middle figure). The total number of translationally mobile
particles ρmob., transl. decreases, the population of which is dominated by rods in
the standing orientation, i.e. Qmob., transl. > 0. At around t? ≈ 0.2, the standing
phase percolates (Fig. 5.57, top figure) and, consequently, the dynamics in the
system slows down significantly. The standing phase coarsens at around this
time.

(E) Formation of standing clusters out of a dense gel phase

The specific example of phase transition scenario (E) that we present in
Figs. 5.58–5.59 is defined by the pair of parameters (F/D = 1.67× 10−2, ε =
−2), or (log10(D/F) = 2, ln(1/|ε|) = −0.693).

In contrast to the scenarios discussed so far, the number densities of lying
(ρ12) and standing rods (ρ3) do not show a synchronous power-law-type growth
at earliest times (t? < 0.15, ρ < 0.1) (Fig. 5.58, top figure). The lying phase
grows significantly more quickly than the standing phase and, consequently,
the nematic order parameter Q becomes negative. Within this time interval, we
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observe the formation and growth of clusters of both lying and standing phases,
indicated by |χlying| and nany, as well as nstanding/M2, respectively (Fig. 5.58,
bottom two figures).

In the second time interval (0.15 < t? < 1), the growth of ρ12 slows
down and saturates at around 0.3, which is near the maximal possible value of
1/L ≈ 0.33. Within the same time interval, the standing-rod density ρ3 grows
with a second power law with a much slower growth rate. The nematic or-
der parameter reaches Q reaches its minimum value of about −0.3. Moreover,
the lying phase forms a percolating gel (the lying percolation point is around
t? ≈ 0.25 in Fig. 5.59, top figure), which becomes more dense until the end
of this time interval. The “any” cluster number density nany (Fig. 5.58, bottom
figure) reaches a maximum at the beginning of this time interval and shows
an enormous drop until reaching its minimal value of unity at the end of this
second time interval. The percolated gel remains stable until the end of the
simulation. The absolute value of the lying Euler characteristic |χlying| shows
a sharp “dip” near the percolation point t? ≈ 0.25, indicating the dominance
of holes over clusters in the network-like lying phase thereafter, reaching a
maximal value at the end of the second time interval. The nematic order drops
down to around Q ≈ −0.3.

In the third time interval we identify (1 < t? <∼ 40), the number density
of lying rods ρ12 remains constant, while that of standing rods (ρ3) continually
increases its growth rate. The total number density saturates in the first “half”
of the time interval (t? < 5), and increases again in the second half (Fig. 5.58, top
figure). Careful inspection of all these observables and of simulation snapshots
suggests that the microstructure of the gel coarsens, at first, up to times of t? ≈ 5,
during which Wlying

0 decreases and Wlying
1 increases (Fig. 5.58, bottom figure).

The microstructure of the gel becomes finer, again, around ∼ 5 < t? <∼ 40.
Yet, it appears to remain self-similar, which we deduce from the observation
that the Euler characteristic χlying does not change much during this time. The
time-trace of the standing cluster number density nstanding (Fig. 5.58, middle
figure) shows a nearly constant, low “nucleation” rate of standing clusters
over the second and third time intervals (0.15 < t? < 40). The mean cluster
sizes thereof 〈istanding〉 indicate a slow, but constant growth rate, as well. The
standing phase “nucleates” from within the lying, dense gel, and grows very
slowly at the expense of the lying phase. The time-trace of the standing cluster
number density nstanding clearly shows a “two-step-nucleation” scenario. The
crossover occurs between the first and second time interval.

We identify a last time interval (t? > 40), where the lying density ρ12 de-
creases while the standing density ρ3 increases significantly. The number den-
sity of standing clusters nstanding/M2 decreases, while their mean size 〈istanding〉
“explodes” (Fig. 5.58, top and middle figures). The standing phase grows and
coarsens, “eating up” the lying phase. It heads towards its percolation point at
around t? ≈ 100 (Fig. 5.59, top figure.

Based on our observations, we propose that scenario (E) indicates the for-
mation of a lying gel that is stable over long periods of time. We would expect to
see that the gel phase observed in scenario (D) becomes stable for stronger de-
position quench rate F/D or when the attraction strength |ε| becomes stronger.
Indeed, we will see that this fits with the picture we will present in the next
subsection, i.e. Fig. 5.60.
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Extrapolation “maps” of Q in the (ln(1/|ε|), log(D/F))–plane

The different scenarios can be pinpointed visually in a sequence of extrapola-
tion maps of the global nematic order Q in the (ln(1/|ε|), log(D/F))–plane at
fixed densities. We present these in Fig. 5.60. We first remark that a cubic extrap-
olation scheme has been employed (to guarantee continuous and differentiable
extrapolated functions) among the grid values.28 Hence, some caution is neces-
sary when considering grid-points far from supporting points or within large
gaps between such points. Supporting points for the extrapolation scheme are
from our simulation datasets, and their positions are indicated in small, ma-
genta circles.

In Fig. 5.60, we see that at very high reduced temperatures or for very weak
attractions, indicated by high ln(1/|ε| in the “map”, the nematic order becomes
slightly positive at early stages of film growth ρ = 0.051 (top left image). The
value of Q is nearly independent of the applied deposition quench rate (or,
inversely, of D/F). With increasing density (progressing among the figures
from left-to-right and top-to-bottom, the nematic order increases monotonically,
reaching values of Q ≈ 0.3 . . . 0.7 at ρ = 0.353 (bottom right figure) at these
values of ln(1/|ε|. The observed increase in Q is stronger for smaller deposition
quench rates F/D (larger D/F). The rectangular area that is green in color at
ρ = 0.15 (top right figure) corresponds to where scenario (A) is found.

At medium and strong attraction strengths (0 < ln(1/|ε|) < −1.5) and
small–to–medium deposition quench rates F/D (large–to–medium D/F), we
can identify a green–brownish–purple “blob” region in the lower right region
of the diagram for ρ = 0.051 (top left figure), corresponding to values of Q > 0.2
(the standing phase dominates). Upon increasing the density to ρ = 0.353
(bottom right figure), values of Q ∼ 0.7 . . . 1.0 are reached. The “blob” region
best identifiable at ρ = 0.051 corresponds to where phase transition scenario (C)
is found.

At medium and strong attraction strengths (0.2 < ln(1/|ε|) < −1.5)
medium–to–high deposition quench rates F/D (medium–to–low D/F), a trian-
gular region of blue color can be identified: This shows the area where Q < 0
(i.e where the lying phase dominates), which is seen in the lower-left corner of
all diagrams. This represents where scenario (E) will be found.

The phase transition scenario (B) is best identifiable in ρ = 0.271: It is seen
for medium attraction strengths (0.5 > ln(1/|ε|) ≥ 0) and for all deposition
quench rates F/D where the values of Q > 0.2. This corresponds to a trape-
zoidal region in the map. Note that we have checked snapshots from simula-
tions in this region to verify.

Between all these regions, a clearly visible white “coastline” connects the
(x, y)–coordinates (0.5,∼ 0.4) and (∼ 6.5,−1.5). Along this gel-transition line
is where we find phase transition scenario (D).

We further propose that by extrapolating the gel line to high deposition
quench rates (to even lower values of D/F), we should find a gel–to–jamming
transition. At this point, translational motion would be effectively frozen-out
by the deposition flux, where thermodynamics would find its hard limit. The
corresponding temperature may give a fair estimate for the critical tempera-
ture of the isotropic–vapor–standing–transition, or critical value εcrit. We have
extrapolated the white gel line in the upper two maps up to the lowest-shown
x-axis value of x = 0.5 = log10(D/F), obtaining a y-axis value of y ≈ 0.4 . . . 0.5.

28We have used the Scipy numerical library in Python3 for these purposes.
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The corresponding value of ε ≈ −0.67 · · · − 0.61 would increase slightly if the
transition sets in at somewhat lower values of D/F. Notably, the ballpark es-
timates of εcrit ≈ −0.5988 from our KMC simulations and εcrit ≈ −0.625 from
GCMC simulations (reported in Sec. 5.2) are very close to this extrapolation
value.

Moreover, the gel line (scenario (D)) meets the lower end of the trapezoidal
region of scenario (B) and the upper-left-corner of the region for scenario (C) in
an uncertain, “triple” region. Regions (B) and (C) meet along the extrapolated
line around a crossing point with (x, y)–coordinates (2, 0.2). The correspond-
ing value of ε ≈ −1.2 may provide an estimate of the position of one of the
FMT-predicted metastable critical points, i.e. εcrit, meta, denem or εcrit, meta, nem cor-
responding to the reduced critical temperatures “Tcrit,2” and “Tcrit,nem” in the
FMT phase diagram Fig. 5.2(b)). This would be situated just in-between our
older categorization of ε-Regime IIIa (ε = −1) and Regime IIIab (ε = −1.5).
A denser grid (with more simulation points) would be helpful to clarify these
issues with more certainty.29

To this end, simulating this region (at low values of D/F) for larger systems
and for more values of ε is feasible for future investigations. Particularly useful
may be the same mobility plots that we have used in our analysis so far. It
would be most interesting to verify this, as it would attest to a deep and the-
oretically unexplored connection between jamming transition, arrested states,
and thermodynamic critical points. We will discuss a hunch we have about
these unexplored relationships again in Chs. 6 and 8.

∗ ∗ ∗

In the next section, we will explore rods that are somewhat longer (L = 5),
where we will see that these systems are (very likely) characterized by the same
phase transition scenarios (A)–(E). Some subtleties and other features of the
phase transition scenarios that we have presented so far will become clearer
for the case of longer rods.

29We are well aware that finite-size effects can play a significant role in out-of-equilibrium
conditions. Future investigations of these scenarios for larger lattice sizes may be necessary.
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S C E N A R I O ( B ):
Isotropic–fluid–to–standing transition via “nucleation and growth” of clusters

10−2 10−1 100

t?

−0.5

0.0

0.5

1.0

Q

0.0

0.2

0.4

0.6

ρ

10−3

10−2

10−1

ρ
12

10−3

10−2

10−1

ρ
3

L = 3

F/D =1× 10−3

ε = −0.7 Q

ρ

ρ12

ρ3

10−1 100

t?

10−5

10−4

10−3

10−2

n
st

an
d

in
g
/M

2
,
|χ

st
an

d
in

g
|/M

2

101

102

103

〈ist
an

d
in

g
〉

0.0

0.1

0.2

0.3

W
st

an
d

in
g

0
/M

2

0.0

0.2

0.4

0.6

W
st

an
d

in
g

1
/M

2

F/D =1× 10−3

ε = −0.7 nstanding/M 2

〈istanding〉
W standing

0 /M 2

W standing

1 /M 2

|χstanding|/M 2

10−2 10−1 100

t?

10−5

10−4

10−3

n
an

y
/M

2
,
|χ

ly
in

g
|/M

2

0.00

0.05

0.10

0.15

W
ly

in
g

0
/M

2

0.00

0.05

0.10

W
ly

in
g

1
/M

2

F/D =1× 10−3

ε = −0.7

nany/M 2

W lying

0 /M 2

W lying

1 /M 2

|χlying|/M 2

F I G U R E 5 . 5 2 : Exemplary case of phase transition scenario (B):
First set of the time-traces of of various observables – the global
order parameters and number densities in the top figure, stand-
ing clusters statistics and Minkowski functionals in the middle
figure, and “any” cluster numbers and lying Minkowski func-
tionals in the bottom figure (L = 3, neutral substrates). The
specific example is defined by the pair of parameters (F/D =
1× 10−3, ε = −0.7), or (log10(D/F) = 3, ln(1/|ε|) = 0.356).
Please refer to Tab. 5.3 for clarification on observables and nota-

tion, and the main text for a description of the figures.
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S C E N A R I O ( B ) (continued):
Isotropic–fluid–to–standing transition via “nucleation and growth” of clusters
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F I G U R E 5 . 5 3 : Exemplary case of phase transition scenario
(B): Second set of the time-traces of various observables – the
percolation probability for connected structures the top figure,
mobilities and nematic order of mobile particles in the middle
figure, and relative translational flux and “sticky” acceptance
ratio in the bottom figure (L = 3, neutral substrates). Please see

caption of Fig. 5.52.
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S C E N A R I O ( C ):
Competition of lying- and standing-cluster formation
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F I G U R E 5 . 5 4 : Exemplary case of phase transition scenario
(C): First set of the time-traces of of various observables – the
global order parameters and number densities in the top figure,
standing clusters statistics and Minkowski functionals in the
middle figure, and “any” cluster numbers and lying Minkowski
functionals in the bottom figure (L = 3, neutral substrates). The
specific example is defined by the pair of parameters (F/D =
1× 10−4, ε = −1.5) or (log10(D/F) = 4, ln(1/|ε|) = −0.405).
Please refer to Tab. 5.3 for clarification on observables and nota-

tion, and the main text for a description of the figures.
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S C E N A R I O ( C ) (continued):
Competition of lying- and standing-cluster formation
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F I G U R E 5 . 5 5 : Exemplary case of phase transition scenario
(C): Second set of the time-traces of various observables – the
percolation probability for connected structures the top figure,
mobilities and nematic order of mobile particles in the middle
figure, and relative translational flux and “sticky” acceptance
ratio in the bottom figure (L = 3, neutral substrates). Please see

caption of Fig. 5.54.
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S C E N A R I O ( D ):
Low-density-lying-gel and standing-cluster formation
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F I G U R E 5 . 5 6 : Exemplary case of phase transition scenario
(D): First set of the time-traces of of various observables – the
global order parameters and number densities in the top figure,
standing clusters statistics and Minkowski functionals in the
middle figure, and “any” cluster numbers and lying Minkowski
functionals in the bottom figure (L = 3, neutral substrates). The
specific example is defined by the pair of parameters (F/D =
1.667 × 10−4, ε = −2), or (log10(D/F) = 3.778, ln(1/|ε|) =
−0.693). Please refer to Tab. 5.3 for clarification on observables
and notation, and the main text for a description of the figures.
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S C E N A R I O ( D ) (continued):
Low-density-lying-gel and standing-cluster formation
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F I G U R E 5 . 5 7 : Exemplary case of phase transition scenario
(D): Second set of the time-traces of various observables – the
percolation probability for connected structures the top figure,
mobilities and nematic order of mobile particles in the middle
figure, and relative translational flux and “sticky” acceptance
ratio in the bottom figure (L = 3, neutral substrates). Please see

caption of Fig. 5.56.
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S C E N A R I O ( E ):
Formation of standing clusters out of a dense gel phase
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F I G U R E 5 . 5 8 : Exemplary case of phase transition scenario (E):
First set of the time-traces of of various observables – the global
order parameters and number densities in the top figure, stand-
ing clusters statistics and Minkowski functionals in the middle
figure, and “any” cluster numbers and lying Minkowski func-
tionals in the bottom figure (L = 3, neutral substrates). The
specific example is defined by the pair of parameters (F/D =
1× 10−2, ε = −2), or (log10(D/F) = 2, ln(1/|ε|) = −0.693).
Please refer to Tab. 5.3 for clarification on observables and nota-

tion, and the main text for a description of the figures.
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S C E N A R I O ( E ) (continued):
Formation of standing clusters out of a dense gel phase
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F I G U R E 5 . 5 9 : Exemplary case of phase transition scenario
(E): Second set of the time-traces of various observables – the
percolation probability for connected structures the top figure,
mobilities and nematic order of mobile particles in the middle
figure, and relative translational flux and “sticky” acceptance
ratio in the bottom figure (L = 3, neutral substrates). Please see

caption of Fig. 5.58.
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M O N O L AY E R G R O W T H (L = 3) :
Extrapolated “maps” of nematic order Q at fixed densities

F I G U R E 5 . 6 0 : Extrapolated maps of the nematic order oc-
curring during growth as plotted in the (ln(1/|ε|), log(D/F))-
plane at six different densities during growth (L = 3, neu-
tral substrates). This includes ε-regimes I (top three data-point
rows), II (next two data-point rows) and III (bottom five data-
point rows). Magenta circles indicate supporting data points
from simulation. The logarithm of the y-axis is taken in order
to show more even spacing between sampled points. A cubic

extrapolation scheme is employed.
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5.4 Growth with longer rods

5.4.1 Results for L = 5

As shown by our GCMC simulations in equilibrium, the stable critical point
for L = 5 is higher (at higher reduced temperatures) than L = 3, see Fig. 5.3.
In our growth simulations that we elaborate on below, we can deduce that
the metastable critical points, which define our “ε-regime III” will move to-
wards higher reduced temperatures ( weaker |ε|). Maps of configurations in
the (ln(1/|ε|), log(D/F))–plane are provided in Figs. 5.62–5.65 further below,
as well as as a corresponding map of the order parameter Q in Fig. 5.68. Before-
hand, Fig. 5.61 presents the evolution of the order parameter Q as a function
of packing fraction η, in full analogy to the analysis for L = 3 (Fig. 5.24). The
order parameter is also plotted versus ρ and t? = Ft in Figs. 5.66 and 5.67,
accordingly. The dynamics of the global density ρ, lying density ρ12, standing
density ρ3, and packing fraction η are plotted against the rescaled time t? = Ft
in Figs. 5.69, 5.70, 5.71, and 5.72, respectively.

Qualitative similarities to L = 3

We observe that the general behavior during monolayer growth is qualitatively
very similar to the L = 3 case. The different phase transition scenarios as
described in the previous section (Sec. 5.3.9) seem part of L = 5 systems, as
well. However, a complete analysis of island statistics, cluster morphological
analysis, and dynamical observables are outside of the scope of this thesis. We
will, nevertheless, be able to infer the three basic ε-regimes I–III similar as for
L = 3.

“Hard-rod-like” growth (ε-regime I) is seen for the topmost row of images
(ε = −0.33) in Figs. 5.62–5.63. The evolution of the nematic order parame-
ter Q visible in Figs. 5.61, 5.66 and 5.67 also show very little change upon
faster deposition quench rates F/D. At ε = −0.5, only standing clusters grow,
hinting at an “ε-regime II” like in the case of L = 3, see second row of im-
ages from the top in Figs. 5.62–5.63. We further speculate a metastable criti-
cal point εcrit, meta, denem ' −0.7 for L = 5, below which the lying phase ap-
pears in aggregate-like clusters or network-like structures (possible “regime
IIIa”). This is seen in the third row of images from the top in Figs. 5.62–5.63.
Analogously to L = 3, we think a second metastable critical point might be
around εcrit, meta, 2D demix / −1, where we observe the formation of compact
lying islands co-occurring with standing islands (“regime IIIb”), as well as a
“wetting layer” with noticeably low nematic order (certainly for ε = −1.5).
Please consult to the fourth and fifth rows of images from the top in Figs. 5.62–
5.63. The case of ε = −1.5 (fifth row) also shows the “standing up” from a
lying arrested state or wetting layer slightly past ρ ' 1/L = 0.2, visible at
F/D = 10−2 . . . 10−4 in Fig. 5.66. Seen in the time-trace of Q in Fig. 5.67, a
prolonged period of time is required to overcome the “wetting layer”, towards
Q > 0 (in analogy to the cases we see for ε-regime III for L = 3). At even lower
F/D = 1.67× 10−5 a co-evolution of the lying phase (amorphous islands or
very coarse “gel”) and standing islands endures until very late stages.

The topology of Q in the (ln(1/|ε|), log(D/F))–plane at fixed density is dis-
played in Fig. 5.68. This shows similarities to that of the L = 3 case in Fig. 5.60,
yet is less detailed than the data presented here owing to less points available
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in our simulation dataset. Nevertheless, in this representation the “gel line” can
be identified: It connects the points (1, 0.5) and (4.5,−0.5) in the displayed pair
of coordinates [(log(D/F), ln(1/|ε|))]. Note that this gel line looks different
than that for L = 3 in Fig. 5.60. There seems to be a “kink” at the coordinates
(2.5, 0.35) for ρ = 0.15. We propose with an argument similar to that discussed
in in Sec. 5.3.9 that as this indicates the onset of arrested dynamics for a “criti-
cal” low value of D/F, that allows us to estimate a metastable critical point. The
corresponding y-value renders εmeta ≈ −0.7. For ρ = 0.05 the “gel line” looks
almost horizontal for log10(D/F) up to a value of 3. Via similar reasoning, we
propose the critical point of the isotropic–standing transition may be found by
extrapolating this nearly horizontal line towards very low D/F, which may be
around a y-value of ∼ 0.9 (although more data would be necessary), rendering
εc ≈ −0.5. Therefore, the simulated curves for ε = −0.33,−0.5 may be very
near the critical point (above and below it), which matches to how we catego-
rized these cases via “ε-regimes I and II” before. Nonetheless, more simulation
points would be necessary for a better estimate and clearer “maps”.

Figs. 5.62 and 5.63) show, quite intuitively, how the lying clusters or islands
(regime IIIb) are noticeably larger in surface area in comparison to the L =
3 case of Sec. 5.3. Additionally, the higher degree of anisotropy favors the
percolation of lying aggregate structures at lower densities, as different parts
of space can more easily be bridged when rods are longer (requiring fewer
rods to be localized in such a bridge). We report that the percolation transitions
occur at earlier densities than L = 3 (not shown here), in alignment with the
earlier “wetting layer” or lying arrested state. Figs. 5.64 and 5.65) display the
system at intermediate densities, approaching the maximal-η states when the
system forms a lying “wetting layer” or arrested state. They also demonstrate
“two-faced” islands that occur in regime III for low F/D. Further comments on
the configurations are found in the corresponding captions.

Subtle difference to L = 3: Pronounced loops in packing fraction

Apart from qualitative similarities, an important, subtle difference of growth
with monolayers with rods of length L = 5 appears in comparison to those with
L = 3. From Fig. 5.61 we can infer that the evolution entails more pronounced
loops in the packing fraction for the cases of ε = −0.7,−1, as well as the
beginnings of loops for ε = −1.5 at particular values of F/D. The loops can be
seen in the time trace of the packing fraction in Fig. 5.72. We observe therein the
formation of new vacancies or an expansion of the volume available to a vapor
while the global nematic ordering increases. This occurs at global densities
between ρ ∼ 0.1 . . . 0.2. We will find this kind of behavior for shorter rods at
L = 3 at weakly attractive substrates (usub = −0.5) in Sec. 5.5.1 later on, as
well as for even longer rods in Sec. 5.6. The loops become more pronounced for
longer rods, as a longer lying rod that stands up leaves a much larger vacant
space. The L = 3 case at neutral substrates does seem to entail such loops
within regime III (see Fig. 5.24), but, these are very weak and thus difficult to
spot. Nevertheless, such loops originate from a collective “standing up” process
in the monolayer.

We further provide plots on observables sensitive to the mobility of the
system in Figs. 5.73 and 5.73. In the former, we have plotted the number density
of translationally mobile particle versus the packing fraction η (in contrast to ρ,
which was the variable plotted for the case of L = 3 in Fig. 5.46). This quantity
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displays a “loop” simultaneously to when a loop in the packing fraction occurs.
We can additionally see that when the loop occurs after η = 0.5, the loop is
associated with a leveling off and prompt drop of the number of translationally
mobile particles thereafter (see F/D = 1.67× 10−2 . . . 1× 10−3}). If the loop
occurs at lower packing fraction (see F/D ≤ 1.67× 10−4}), then the numbers
increase for some time before eventually decreasing. If the loop occurs near
η = 1 (in the case of e.g. ε = −1.5, F/D = 1.67× 10−4}), then the system is
seen to escape from the arrested state of a lying arrested state or wetting layer.
The case of ε = −1.5, very likely deep in regime IIIb, shows a nearly parabolic
trajectory of ρmob., trans. up to F/D = 1× 10−4, indicating the formation of the
above-mentioned lying arrested state or wetting layer (the same behavior is
seen for L = 3).

The rotational mobility of standing particles (rotating downwards) is dis-
played in Fig. 5.74. The “cusps” and “loops” seen in the curves of ρ3

mob., rot. down
are unique to these longer rods (they are “smeared out” for L = 3), and show-
case the collective reordering dynamics in the system in a rather conspicuous
way – those that occur when loops in the packing fraction appear (or during
time-periods when the packing fraction is constant).
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M O N O L AY E R G R O W T H W I T H L O N G E R R O D S (L = 5):
Nematic order Q vs. packing fraction η
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F I G U R E 5 . 6 1 : Nematic order parameter Q versus packing
fraction (coverage) η during growth of a monolayer of L = 5
rods at various fixed F/D conditions: Comparison of attrac-
tion strengths ε. The case of ε = −0.33 is likely very close
to εcrit (visual inspection shows strong density fluctuations:
Fig. 5.63). Regime II likely sets in somewhere in the interval
of εcrit, meta, denem ∈ (∼ −0.33,−0.5]. The case of ε = −0.7,−1
likely belong to regime IIIa, although the latter case is likely
around εcrit, meta, denem2. The case of ε = −1.5 belongs to regime
IIIb. The hard-rods curve represents quasiequilibrium growth

for ε = 0.
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M O N O L AY E R G R O W T H W I T H L O N G E R R O D S (L = 5):
Nematic order Q vs. number density ρ
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F I G U R E 5 . 6 6 : Global order parameter Q versus global density
ρ (each plot is at various fixed F/D) for a sweep over attraction

strengths (L = 5, neutral substrates). Compare to Fig. 5.61.
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M O N O L AY E R G R O W T H W I T H L O N G E R R O D S (L = 5):
Nematic order Q vs. re-scaled time t?
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t? (each plot is at various fixed F/D) for a sweep over attraction

strengths (L = 5, neutral substrates). Compare to Fig. 5.61.
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M O N O L AY E R G R O W T H W I T H L O N G E R R O D S (L = 5):
Extrapolated “maps” of order parameter Q at fixed densities

F I G U R E 5 . 6 8 : Extrapolated maps of the nematic order param-
eter in the (ln(1/|ε|), log(D/F))–plane at four different densi-
ties during growth with longer rods (L = 5, neutral substrates).
This includes ε-regimes I (first data-point row), II (second data-
point row) and III (bottom three data-point rows). Magenta cir-
cles indicate supporting data points from simulation. A cubic

extrapolation scheme is employed.
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M O N O L AY E R G R O W T H W I T H L O N G E R R O D S (L = 5):
Number density ρ vs. re-scaled time t?
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F I G U R E 5 . 6 9 : Global density ρ versus time t? rescaled with
the attempt flux rate (each plot is at various fixed F/D) for
a sweep over attraction strengths (L = 5, neutral substrates).

Compare to Fig. 5.61.
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M O N O L AY E R G R O W T H W I T H L O N G E R R O D S (L = 5):
Lying number density ρ12 vs. re-scaled time t?
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F I G U R E 5 . 7 0 : Global density ρ12 of lying rods versus time t?

rescaled with the attempt flux rate (each plot is at a fixed F/D)
for a sweep over attraction strengths (L = 5, neutral substrates).

Compare to Fig. 5.61.
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M O N O L AY E R G R O W T H W I T H L O N G E R R O D S (L = 5):
Standing number density ρ3 vs. re-scaled time t?
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F I G U R E 5 . 7 1 : Global density ρ3 of standing rods versus re-
scaled time t? for a sweep over attraction strengths (L = 5,

neutral substrates). Compare to Fig. 5.61.
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M O N O L AY E R G R O W T H W I T H L O N G E R R O D S (L = 5):
Packing fraction η vs. re-scaled time t?
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F I G U R E 5 . 7 2 : Global density ρ12 of lying rods versus re-
scaled time t? (each plot is at a fixed F/D) for a sweep over
attraction strengths (L = 5, neutral substrates) for long times.

Compare to Fig. 5.61.
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T R A N S L AT I O N A L LY M O B I L E particles:
Number density ρmob., trans. vs. monolayer packing fraction η
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F I G U R E 5 . 7 3 : Translationally mobile particles: Number den-
sity ρmob., trans. versus packing fraction η (at a fixed F/D) for a

sweep over attraction strengths (L = 5).
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R O TAT I O N A L LY M O B I L E particles (downwards):
Number density ρ3

mob., rot. down vs. monolayer packing fraction η
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F I G U R E 5 . 7 4 : Rotationally mobile particles (rotations down-
wards): Number density ρ3

mob., rot. down versus packing fraction
η (at a fixed F/D) for a sweep over attraction strengths (L = 5).
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5.5 Growth at attractive substrates (L = 3)

The effect of substrate potentials during growth is important for understanding
the full scope of morphological and dynamical evolution of these systems. In
“real-world” growth experiments, the properties of the substrate can bias a
particular orientation [1, 6, 16, 123, 125, 751], which may also correspond to
different binding energies for either case. Indeed, we reported on estimates of
this kind from the literature in part I of this thesis.

In our model system, the unit attraction strength usub is defined as described
in Sec. 5.1: An additional energy barrier of (L− 1)usub must be overcome by a
lying rod in order to stand up, which reduces the rotational rate upwards when
compared with the inverse process (a rotation downwards). On the other hand,
a standing rod attempting to lay down experiences no extra energy barrier.
Attractive substrates that bias a lying orientation clearly favor the formation of
the disorderly lying phase – both at higher temperatures and lower F/D than
at neutral substrates.

Let us take a minute to reflect on the potential effect of this substrate
potential on the phase diagram. Attractive substrate potentials may pre-
sumably “pull up” the metastable vapor–lying-liquid phase separation
binodal, stabilizing a “2D” (Q < 0) or Q ≈ 0 liquid phase, depending on
the strength of |usub|. Indeed, a few preliminary GCMC simulations show
that a lying phase can become stable for sufficiently strong |usub|. We see this
kind of transition during monolayer growth, indeed, which we report on below.

Note that additional plots for this section are found in App. A.3.

5.5.1 Weak substrate potentials (usub = −0.5)

“Weak” substrate potentials (usub = −0.5) already induce quite a few no-
ticeable changes to the evolution of the system, which we first present visu-
ally in Figs. 5.75–5.79. These are “maps” of configuration snapshots in the
(ln(1/|ε|), log(D/F))–plane in complete analogy to Figs. 5.20–5.23 for neutral
substrates. For ε-regime III, and at lowest values of D/F, Fig. 5.75 suggests
a shift of (metastable) binodal lines (last three rows), as standing clusters are
barely visible. In contrast, lying rods form pronounced clusters. At higher den-
sities of ρ = 0.15, Fig. 5.76, a low-Q-valued dense vapor or weak fluid spans
the system for regimes II and IIIa, a feature not seen for neutral substrates. For
lower reduced temperatures, this fluid forms a network or a loosely-packed gel.
In the latter scenario, we observe co-occurring standing clusters for the largest
D/F. This co-occurrence becomes more pronounced for ε = −1.5 at higher den-
sities (Figs. 5.77 and 5.78). Around ρ = 1/L ≈ 0.33 (Fig. 5.78), the lying gel is
seen to thicken, becoming the “wetting layer” we discussed in the previous sec-
tions. The case of ε = −1 displays pronounced thinning of the 2D fluid phase
surrounding the growing, standing clusters. This phase now collects at the rim
of the standing clusters, resembling a “surface” fluid of sorts. We depict this sce-
nario more clearly in Fig. 5.80. At even higher densities, Fig. 5.79, the “standing
up” transition from the (nearly complete) 2D “wetting layer” is visible deeper
in regime III for intermediate D/F. Fig. 5.81 shows the evolution of the mono-
layer for ε = −1.5 up to ρ = 0.638: A competition between the lying gel and
standing-phase island growth persists even past these densities. Such an elon-
gated competition up to high densities is visible at neutral substrates for lower
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reduced temperatures, i.e. ε = −2 at F/D = 10−2. On attractive substrates,
ε = −2 shows much clearer evidence for a first-order lying-standing transition
occur after forming a lying “wetting layer” around ρwet ≈ 1/L ≈ 0.33, where
the nematic order parameter almost reaches Q = −0.5. We show a visualization
of this transition in Fig. 5.82.

We suspect, then, that regimes II and III may have shifted “upwards”. This
also means that the phase transitions scenarios (B)–(E) have moved upwards.
Owing to a a lack of (initial) evidence for a network-forming lying phase (phase
transition scenario (D)), the case of ε = −1 (which had corresponded to “weak”
regime IIIa for neutral substrates) may have moved up into “regime II”, al-
though more simulated parameters would be necessary. Further, the case of
ε = −0.7 (originally regime II) does not show pronounced, standing cluster
formation from an isotropic liquid like on neutral substrates (phase transition
scenario (B)). It may be that the substrate potential has shifted this case “up-
wards” towards the boundary of regime I. The “standing-up” transition from
a 2D “wetting layer” (scenario (E)) may become stable for even stronger |usub|,
which we will show next section.

Enhanced competition of lying and standing “liquid” phases for
ε = −1.5,−2 at low deposition quench rates

Fig. 5.83 shows, how the lying phase forms aggregate clusters, then a gel, co-
occurring with the growth of standing islands. The lateral size of the structures
are enhanced at the same F/D as for neutral substrates (compare Fig. 5.13):
This is because of the weaker |ε| necessary for this scenario to occur. As weaker
attractions allow for a higher mobility of particles, the structures become larger
in analogy to a larger diffusion rate. Therefore, weak substrates are quite in-
teresting for their ability to enhance and therewith highlight aspects of the
phase diagram at neutral substrates. (Quantitative analysis of cluster sizes and
mobility in the system remains outside of the scope of this thesis.)

Quantitative results

Quantitative results on the nematic order Q, as well as the number densities ρ
and ρ3 are found in Fig. 5.84 for a slow deposition quench rate F/D, Fig. 5.85 for
a medium deposition quench rate, and in Fig. 5.86 for an even faster deposition
quench. We see from Fig. 5.84 that the case of ε = −2 for low F/D forms
a very low-Q “wetting layer” (the curve of Q(ρ)). However, the “standing
up” transition out of it is still “smeared out”: The case of medium and faster
deposition quench rates, Figs. 5.84 and 5.86 show a “sharp” transition. This
means the transition remains metastable even for ε = −2. In any case, the sharp
transition for ε = −2 occurs at ρ = 1/L, and the nematic order of the lying
phase is nearly perfectly Q = 0.

Loops in the packing fraction for ε = −1,−1.5 are are visible for slow,
medium, and fast deposition quench rates F/D, but also (subtly) for ε = −2.
We had discussed such loops in Sec. 5.4, which are equally conspicuous for
monolayer growth at neutral substrates with longer rods. The visualization for
the cases of ε = −1,−1.5 in Figs. 5.80 and 5.81, respectively, show the “reason”
behind these loops – they are related in one case to the thinning of the 2D fluid
between growing, standing rods (collecting at their rims). In the other case,
vacant spaces open up between standing islands and the thick, lying gel. The
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weak loop for the case of ε = −2 also introduces vacancies between a lying gel
and standing islands, see Fig. 5.82. However, in this case, the standing islands
seem to grow out of the lying wetting layer, rather than growing in parallel to
a network-forming gel (like for ε = −1.5).

The loops in the packing fraction can be seen in the plots of packing fraction
versus re-scaled time in Fig. 5.87. The evolution of the lying number densities
are shown in Fig. 5.88 thereafter. These number densities show a characteristi-
cally steep drop during the times when the system shows the loops in packing
fraction, meaning this phenomenon is related to sharp decay of lying rods
which likely get incorporated into the lower-packing-fraction standing islands.
This would certainly explain an affinity of lying rods to the rim of standing
islands like in Fig. 5.80.

We remark on one more finding: Fig. 5.90 (bottom right) shows a case
where early on the nematic order Q forms a dip near Q ∼ −0.5 before rapidly
increasing. Visual inspection shows the formation of lying clusters early on,
where standing rods begin to enter the scene, eventually competing with the
lying clusters like in Fig. 5.89 at further stages. A steady conversion of the
clusters succeeds at the higher densities in Fig. 5.89. In the future, analyzing
the translational and rotational fluxes in the system in the style of Sec. 5.3.8
could be of aid for interpreting this behavior.

We end our discussion of weakly attractive substrate potentials with a final
plot (Fig. 5.90), showing the dependency of the Q(η) trajectories as a function
of F/D, plotted for original regimes II and III, where we indicate verbally how
the regimes may have shifted (in the caption). To foreshadow the next section,
regime IIIb seems to be characterized by a “sharp” transition of a 2D-liquid–
standing-liquid of first order, but the transition remains metastable. The onset
of stability might move upwards towards higher reduced temperatures for
even stronger substrates, making the “2D” phase stable, and therewith this
“standing up” transition at full packing fraction stable.
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F I G U R E 5 . 7 5 : Effect of weak substrate potentials usub =
−0.5: Map of snapshots during growth as plotted in the
(ln(1/|ε|), log(D/F))–plane at ρ = 0.051 within ε-regimes II
and III (L = 3), whereby the logarithm of the y-axis is taken
in order to show more even spacing between sampled points.
From top-to-bottom, the values of ε = −0.7,−0.8,−1,−1.5,−2.
Compare to Fig. 5.20 for neutral substrates. Please see
Figs. 5.76–5.79: Phase transition scenario (C) seems to occur
for (5.8,−0.4). The coordinates (4.75,−0.4), (4,−0.52), (4,−0.4)
and (4.75,−0.52) are more difficult to judge, as they may share
many features characteristic of scenarios (E) and (D) or even (C).
A somewhat modified phase transition scenario (B) (for stand-
ing islands separating from a Q < 0 fluid) seems to occur for
coordinates (4, 0), (4.75, 0), (4, 0.25) and (4.75, 0.25), but possi-

bly also above, as well.
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F I G U R E 5 . 7 6 : A continuation of Fig. 5.75 for ρ = 0.15. Now,
a low-Q-valued fluid with intermediate packing fraction spans
the system for regime II and IIIa (top three rows). For lower
reduced temperatures, this lying fluid form a gel. In this regime
for highest D/F, standing clusters become visible. Compare to

Fig. 5.21 for neutral substrates.
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F I G U R E 5 . 7 7 : A continuation of Fig. 5.75 for ρ = 0.271. Com-
pare to Fig. 5.22 for neutral substrates.

F I G U R E 5 . 7 8 : A continuation of Fig. 5.75 for ρ = 0.33.
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F I G U R E 5 . 7 9 : A continuation of Fig. 5.75 for ρ = 0.353. Com-
pare to Fig. 5.23 for neutral substrates.

|usub| = 0.5 < |ε| = 1

F I G U R E 5 . 8 0 : Visualized snapshots of standing island for-
mation out of a Q < 0 dense vapor or fluid (phase transition
scenario (B)), coinciding with subtle demixing of the fluid and a
low-density vapor phase (the former of which collects at the is-
land rim). The system entails a loop in the packing fraction, see
Fig. 5.87, occurring for weakly attractive substrates and moder-
ate inter-particle attractions (usub = −0.5 and ε = −1) (L = 3).
The dynamical parameters are F/D = 1.67 × 10−5, γ = 3.0.
Please take notice of the affinity of a nearly 2D fluid at the rim

of the islands.
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|usub| = 0.5 < |ε| = 1.5

F I G U R E 5 . 8 1 : Visualized snapshots of standing island for-
mation out of a dense lying gel or wetting layer (phase tran-
sition scenario (E) or marginally (D)), coinciding with subtle
demixing of the lying fluid and a vapor phase (the latter of
which collects at the island rim). The system entails a loop in
the packing fraction, see Fig. 5.87, occurring here for weakly
attractive substrates and moderate inter-particle attractions.
(usub = −0.5 and ε = −1.5) (L = 3). The dynamical parameters
are F/D = 1× 10−4, γ = 3.0. Notice the affinity of vacancies
(the vapor) in the vicinity of the islands, which is practically the

opposite case as in Fig. 5.80.

|usub| = 0.5 < |ε| = 2

F I G U R E 5 . 8 2 : Visualized snapshots of standing islands form-
ing out of the lying-phase (2D) wetting layer (phase transi-
tion scenario (E)), co-occurring with a phase separation pro-
cess with a vapor (vacancies). This example corresponds to
weakly attractive substrates and strong attractions, and is at
a stage well after ρ > 1/L at around ρ ≈ 0.44 in this case. Here,
usub = −0.5 and ε = −2 and L = 3. The dynamical parameters
are F/D = 1× 10−4 and γ = 0.5. The right figure shows that
a vapor (vacancies) form at late stages, corresponding to the

subtle loop in the packing fraction of Fig. 5.87 (top right).
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|usub| = 0.5 < |ε| = 1.5

F I G U R E 5 . 8 3 : Visualized snapshots of competing low-density
lying-phase gel and standing-phase islands (phase transition
scenario (D)), occurring for weakly attractive substrates and
moderately strong attractions: usub = −0.5 and ε = −1.5 and
L = 3. The dynamical parameters are F/D = 1.67 × 10−5,
γ = 3.0. In this phase-competition scenario, larger structures
form than at neutral substrates for similar values of F/D: A

weaker |ε| is required for this type of scenario to occur.

Monolayer growth with W E A K S U B S T R AT E P O T E N T I A L S (usub = −0.5):
Slow deposition quench rate F/D
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F I G U R E 5 . 8 4 : Effect of weak substrate potential on global
observables for a sweep over ε during monolayer growth with
fixed conditions (F/D = 1.67× 10−5). Here, γ = 3.0. The gray
dashed curves represent quasiequilibrium growth for purely
hard-core rods (ε = 0, usub = −0.5). See also Fig. A.19 in

App. A.3.
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Monolayer growth with W E A K S U B S T R AT E P O T E N T I A L S (usub = −0.5):
Medium deposition quench rate F/D
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F I G U R E 5 . 8 5 : Effect of weak substrate potential (usub = −0.5)
on global observables for a sweep over ε during monolayer
growth with fixed conditions (F/D = 1× 10−4). Here, γ = 0.5.
The gray dashed curves represent quasiequilibrium growth for

purely hard-core rods (ε = 0, usub = −0.5).
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Monolayer growth with W E A K S U B S T R AT E P O T E N T I A L S (usub = −0.5):
Somewhat faster deposition quench rate F/D
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F I G U R E 5 . 8 6 : Effect of weak substrate potential on global ob-
servables for a sweep over ε during monolayer growth with
fixed conditions (F/D = 1.67× 10−5). Here, γ = 3.0. The gray
dashed curves represent quasiequilibrium growth for purely
hard-core rods (ε = 0, usub = −0.5). See more figures in

App. A.3.
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Monolayer growth with W E A K S U B S T R AT E P O T E N T I A L S (usub = −0.5):
Packing fraction η vs. re-scaled time t?
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F I G U R E 5 . 8 7 : Global packing fraction η and ρ12 for a sweep
over ε during monolayer growth for three fixed conditions with
weak substrate potential usub = −0.5: F/D = 1.67 × 10−5

(left) F/D = 1× 10−4 (right) and F/D = 1.67× 10−4 (bottom).
Loops in η are visible for ε = −1 as well as for ε = −1.5
at lower F/D (top left and right), while only very subtle at
F/D = 1.67 × 10−4 (bottom). A reduction in η is associated
with a vapor phase expanding or a thin lying fluid thinning.
The beginning of a loop is also visible near η . 1 for ε = −2 at
very late times for lower F/D (top left and right), where later
η = 1 is the final end-state, see Fig. 5.82. Here, γ = 3.0 (left and

right) and γ = 0.5 (top right). See also Fig. 5.88.
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Monolayer growth with W E A K S U B S T R AT E P O T E N T I A L S (usub = −0.5):
Lying number density ρ12 vs. re-scaled time t?
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F I G U R E 5 . 8 8 : Global lying density ρ12 for a sweep over ε
during monolayer growth for three fixed conditions with weak
substrate potential usub = −0.5: F/D = 1.67× 10−5 (top left)
F/D = 1× 10−4 (top right) and F/D = 1.67× 10−4 (bottom).

See Fig. 5.87.

|usub| = 0.5 < |ε| = 2

F I G U R E 5 . 8 9 : Visualized snapshots of competing, compact,
lying-phase and standing-phase islands (phase transition sce-
nario (C)), occurring here for weak attractive substrates and
strong attractions for low deposition quench rate F/D. Here,
usub = −0.5 and ε = −2 and L = 3. The dynamical parameters
are F/D = 1.67× 10−6, γ = 3.0. This scenario clearly occurs
for usub = 0, but, to get such large islands, much stronger at-

tractions with values of ε = −3.33 or ε = −4 are required.
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Monolayer growth with W E A K S U B S T R AT E P O T E N T I A L S (usub = −0.5):
Effect on original ε-regimes II and III
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F I G U R E 5 . 9 0 : Effect of a weakly attractive substrate on the
nematic order parameter Q versus packing fraction (cover-
age) during growth of a monolayer, shown for four values of
ε = −0.7 (now “higher up” in regime II) [upper left] ε = −1
(possibly shifted to regime II (?)) [upper right], ε = −1.5 (pos-
sibly remaining in regime III) [bottom left], and ε − 2} (still

regime IIIb) at varying F/D (L = 3, usub = −0.5).
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5.5.2 Moderate substrate potentials (usub = −1)

Substrate potentials of usub = −1 clearly enhance the lying phase: Trajectories
land in a lying, wetting layer or arrested state with Q ≈ −0.5. This can be seen
in Q(η), Q(ρ), ρ(t?), and ρ3(t?) in Fig. 5.91, where we have displayed results
for a “slow” deposition quench case of F/D = 1.67× 10−5. At this value of
F/D, these cases of ε = −1.5,−2 (and marginally ε = −1), this wetting layer
becomes 2D, and the a “sharp” lying–standing transition occurs thereafter. We
discuss more on this in forthcoming. For ε = −1,−0.8,−0.7, visual inspection
shows the lying phase behaving more “fluid-like” than for stronger ε. We show
separate quantitative results on Q(η) for the case of ε = −0.7, at varying F/D
in Fig. 5.92. For all values thereof, the trajectories go through a lying, arrested
state at nearly full packing η ≈ 1.

For the cases of ε originally in regime IIIb, ε = −2 (not shown), all trajecto-
ries that we simulated go through a “sharp” standing-up transition at η = 1, for
rates varying from 10−4 − 1.67× 10−6, which suggests this transition may be
thermodynamically stable. We suspect that the critical point for the metastable,
lying phase (the isotropic-vapor–2D-liquid transition) have now been “shifted
upwards” sufficiently, leaving the left and right binodals packing fractions at
these low reduced temperatures very near ηl ≈ 0 and ηr ≈ 1.

Standing-cluster formation from the arrested 2D phase

Yet, all investigated cases display the growth of standing clusters from a
“sea” of a lying, arrested phase (wetting layer or dense gel) (scenario (E)
from Sec. 5.3.9). The shape of the standing-up clusters varies heavily with
ε = −0.7,−0.8 and ε ≤ −1, which are much more compact and round in the
latter case (higher ‘surface’ tension). Importantly, moderate attractive substrate
potentials enforce a Q < 0 wetting layer even for ε’s originally in regime II
(which at neutral substrates was only characterized by standing-island growth
for low F/D or a Q ' 0 nonequilibrium aggregate for high F/D): We depict
this lying–standing transition at full packing fraction for “higher” effective
temperature (ε = −0.7) in Fig. 5.95. We remind the reader that this behavior
was not seen in the case of ε-regime II at neutral substrates, which formed
standing clusters (no clear lying gel). At high deposition rates (F/D ∼ 10−1), a
Q ≈ 0, mixed-orientation arrested state was converted into a Q > 0 “aggregate”
quite rapidly, see Fig. 5.11. Now, with a substrate potential of usub = −1,
much lower rates of F/D ∼ 10−5 are sufficient to produce a globally arrested
state or wetting layer. We may need to move to much lower F/D (possibly
F/D ∼ O(10−8 . . . 10−9) to see whether a co-occurrence of a lying gel and
standing islands at non-full packing fraction (scenario (D) categorized in
Sec. 5.3.9) is still possible (which is computationally expensive).

We did not see the above-reported “nucleation” of standing islands out of
the wetting layer so prominently for neutral substrates (phase transition sce-
nario (E)) because our simulations did not proceed long enough – they got
“stuck” at the Q < 0–wetting layer. Regarding a mechanism to get the growth
process started, we postulate that the insertion of vertical rods into rare vacan-
cies (via the deposition flux) might suffice. It would be interesting to pinpoint
the exact mechanism in future studies, particularly for understanding phase
transition kinetics under these driven nonequilibrium conditions in much more
general terms. The “standing up” via phase separation of a Q = −0.5 and
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Q = 1 fluid will likely be very similar to the “two-step nucleation” and growth
scenario that we described for scenario (E). We would have to take a closer look
at the time-traces of all observables in the future. In any case, the deposition
setup in these monolayer growth experiments is quite unique. In this discussed
case, as soon as particles stand up, vacancies are left open for new particles to
get inserted into by the incoming flux. This will keep the packing fraction full
during this phase transition and very likely accelerates the growth process.

At neutral substrates, during a rapid deposition quench (high F/D), density
fluctuations that render very fine, serendipitous ‘clusters’ of standing rods (ag-
gregates) get “quenched” (frozen) into the globally arrested state. Much later,
the “standing up” transition takes advantage of these quenched aggregates, in
effect, which grow rapidly from the surrounding dense, arrested fluid. This ren-
ders non-round standing islands surrounded by the nearly-2D liquids. Thus,
the arrested state stores “nuclei”, in effect, for later periods. The phase transi-
tion is two-step, then, which corresponds to scenario (E) that we categorized in
Sec. 5.3.9. More detailed analysis on kinetics both at neutral and non-neutral
substrates would be highly interesting, and represent one potential outlook
from this work.
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Monolayer growth with M O D E R AT E S U B S T R AT E P O T E N T I A L S

(usub = −1)
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F I G U R E 5 . 9 1 : Effect of moderate substrate potential (usub =
−1) on global observables for a sweep over ε during monolayer
growth with fixed conditions (F/D = 1.67 × 10−5, γ = 3.0).
Note that ε = −2 and ε = −1.5 behave differently – the former
has a plateau in the density over t?. The cases of ε = −0.7,−0.8
and mildly ε = −1 show “softer” lying–standing transitions at
ρ ≈ 0.33. The gray dashed curves represent quasiequilibrium
growth for purely hard-core rods (ε = 0, usub = −1). See more

figures in App. A.3.
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Monolayer growth with M O D E R AT E S U B S T R AT E P O T E N T I A L S

(usub = −1):
Effect on original regime II
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F I G U R E 5 . 9 2 : Effect of intermediately strong attractive sub-
strate on the nematic order parameter Q versus packing fraction
(coverage) during growth of a monolayer, shown for four val-
ues of ε = −0.7 (originally ε-regime II) at varying F/D (L = 3,

usub = −1).

|usub| = 1 > |ε| = 0.7

F I G U R E 5 . 9 3 : Visualization of the lying–standing transi-
tion at full packing, occurring here for originally ε-regime II
(ε = −0.7) under the influence of moderate substrate po-
tentials (usub = −1)(L = 3). The dynamical parameters are

F/D = 1.67× 10−5, γ = 3.0.
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5.5.3 Strong substrate potentials (usub = −2)

As in the case of intermediately strong substrates, strong substrate potentials
(usub = −2) strengthen the “lying–standing” transition between a lying 2D
liquid or gel and a standing liquid (scenario (D) as categorized in Sec. 5.3.9). In
fact, all trajectories explored in Fig. 5.94 end up at this transition, which appears
noticeably “sharp”. We depict an example of this transition for the “warm” case
of ε = −0.7 (originally regime II) in Fig. 5.95. For stronger attractions (ε = −1)
originally in regime IIIa, the standing phase seems to nucleate out of the lying
liquid, forming round standing clusters signaling a higher surface tension than
for ε = −0.7. We depict this in Fig. 5.96.

Monolayer growth with S T R O N G S U B S T R AT E P O T E N T I A L S (usub = −2)
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F I G U R E 5 . 9 4 : Effect of strong substrate potential (usub = −2)
on global observables for a sweep over ε during monolayer
growth with fixed conditions (F/D = 1.67 × 10−5, γ = 3.0).
The gray dashed curves represent quasiequilibrium growth for
purely hard-core rods (ε = 0, usub = −2) See more figures in

App. A.3.

At lower densities, we see clear evidence for a purely 2D fluid for ε =
−1.5 (originally regime IIIa (deep)). At densities around ρ ∼ 0.25 the gel
coarsens enough to form rounded cavities (vapor “bubbles”), see Fig. 5.97.
These then shrink and disappear when the 2D “wetting layer” forms at ρ =
1/L ≈ 0.333. For stronger attraction strengths ε = −2 (originally regime IIIb)
at low values of F/D, we see the formation of round, compact 2D islands
separating from a vapor, which eventually coalesce see Fig. 5.98. It seems that
independent of usub, the formation of large, compact lying clusters crucially
depends on ε being in regime IIIb (. −2). ε = −1,−1.5 form much more
“amorphous” and elongated 2D islands that form a network at high enough
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|usub| = 2 > |ε| = 0.7

F I G U R E 5 . 9 5 : Visualization of the lying–standing transition
at full packing, occurring here for originally regime II (ε = −0.7
) under the influence of strong substrate potentials (usub =
−2,L = 3). The dynamical parameters are F/D = 1.67× 10−5,
γ = 3.0. Compare to the case of weaker substrate potentials in

Fig. 5.93.

|usub| = 2 > |ε| = 1

F I G U R E 5 . 9 6 : Visualization of the lying–standing transition
at full packing, occurring here for strong substrate potentials
and moderate-to-weak attractions (ε = −0.7, usub = −2 and
L = 3). The dynamical parameters are F/D = 1.67 × 10−5,
γ = 3.0. The standing-liquid clusters are more rounded than in

Fig. 5.95.

densities. Nevertheless, strong substrate potentials seems to make the lying–
standing transition from a 2D wetting layer stable within both regimes IIIa
and IIIb; therefore, a “sharp” transition is visible, while for ε = −0.8,−0.7 this
transition is “soft”. ε = −1 seems to be the “sharp”–“soft” intermediary case.
It would be interesting to map out the “soft” versus “sharp” transitions as a
function of F/D and 1/|ε|, as well as usub in a more detailed way in future
analysis.
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|usub| = 2 > |ε| = 1.5

F I G U R E 5 . 9 7 : Visualized snapshots of a 2D dense gel coarsen-
ing before the lying-phase (2D) wetting layer forms, occurring
here for strong attractive substrates and stronger attractions.
Here, usub = −2 and ε = −1.5 and L = 3. The dynamical

parameters are F/D = 1.67× 10−5, γ = 3.0.

|usub| = 2 = |ε| = 2

F I G U R E 5 . 9 8 : Visualized snapshots of solely lying-phase clus-
ters (2D clusters) and subsequent coalescence before the lying-
phase (2D) wetting layer forms, occurring for strong attractive
substrates and strong attractions. Here, usub = −2 and ε = −2
and L = 3. The dynamical parameters are F/D = 1.67× 10−6,

γ = 3.0.

5.5.4 Overview of effect of substrate potentials on trajectories

We show the effect of the substrate potential strength (from “none” to “strong”,)
on regime II (originally) in Fig. 5.99, showing the evolution of global structural
– nematic order Q, particle density ρ, and standing particle density ρ3. The
same types of plots are shown for ε = −1,−1.5,−2 (originally regime III)
in Figs. 5.100, 5.101 and 5.102. A case of even lower deposition quench rate
F/D = 1.67× 10−6 for ε = −2 is shown in Fig. 5.103.

∗ ∗ ∗

The above analysis of monolayer growth with attractive substrate poten-
tials for L = 3 has demonstrated a simple but powerful concept: Weak and
intermediate substrate potentials elongate, in effect, the time-scales with which
collective reordering processes of orientational order occur in these systems. In
doing so, aspects of self-assembly that are otherwise only found very briefly at
early stages of growth or for very strong inter-particle attraction strengths |ε|
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at neutral substrates can endure for a long period of time. In turn, the length-
scales of structures formed with these kinetics are much larger. Another point
we found is that strong or intermediate substrate potentials might cause other-
wise arrested states due to nonequilibrium deposition to have a more thermo-
dynamic character, particularly in reduced-temperature regime II. In particular,
the 2D-lying-liquid–standing transition at full packing fraction appears much
“sharper”, in the sense of a first-order-like transition with growth of standing
clusters from a lying phase in the cases of intermediate and strong substrate po-
tentials. This scenario only happens in regime III for neutral substrates. Many
questions remain unanswered, but, the phenomena are quite intriguing. Strong
attractive potentials cause regime IIIa to form a large 2D liquid ( standing clus-
ters are completely absent), while regime IIIb forms large, compact 2D clusters
(again without standing clusters). The “2D” phase may have become stable for
strong enough attraction strengths.
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Monolayer growth with A N Y S U B S T R AT E P O T E N T I A L:
Effect on original regime II, ε = −0.7, F/D = 1.67× 10−5
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F I G U R E 5 . 9 9 : Effect of substrate potentials on global observ-
ables for ε = −0.7 (originally regime II) during monolayer
growth with fixed conditions (F/D = 1.67 × 10−5, γ = 3.0)

(L = 3).
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Monolayer growth with A N Y S U B S T R AT E P O T E N T I A L:
Effect on original regime IIIa, ε = −1, F/D = 1.67× 10−5
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F I G U R E 5 . 1 0 0 : Effect of substrate potentials on global ob-
servables for ε = −1 (originally regime IIIa) during monolayer
growth with fixed conditions (F/D = 1.67 × 10−5, γ = 3.0)

(L = 3).
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Monolayer growth with A N Y S U B S T R AT E P O T E N T I A L:
Effect on original regime IIIa (deep), ε = −1.5, F/D = 1.67× 10−5
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F I G U R E 5 . 1 0 1 : Effect of substrate potentials on global ob-
servables for ε = −1 (originally “deep” in regime IIIa) during
monolayer growth with fixed conditions (F/D = 1.67× 10−5,

γ = 3.0) (L = 3).
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Monolayer growth with A N Y S U B S T R AT E P O T E N T I A L:
Effect on original regime IIIb, ε = −2, F/D = 1.67× 10−5
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F I G U R E 5 . 1 0 2 : Effect of substrate potentials on global observ-
ables for ε = −2 (originally regime IIIb) during growth with

fixed conditions (F/D = 1.67× 10−5, γ = 3.0).
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Monolayer growth with A N Y S U B S T R AT E P O T E N T I A L:
Effect on original regime IIIb, ε = −2, F/D = 1.67× 10−6
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F I G U R E 5 . 1 0 3 : Effect of substrate potentials on global ob-
servables for ε = −2 during growth with fixed conditions
(F/D = 1.67× 10−6,γ = 3.0) (L = 3). Note that data-points
for usub = −1 often overlap exactly with those for usub = −2,

which is why they may be hidden.
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5.6 Other findings (sensitivity to choice of microscopic
dynamics)

We report here on a further finding about monolayer growth with at neutral
substrates for L ≥ 3: The evolution of the monolayer depends very strongly on
the specific set of rotational moves (and their rates). In this section, we show
the effect of implementing tumbling-moves for out-of-plane rotations (imple-
mented in Ch. 4 for the purely-hard-core case) instead of central rotations, about
the rod center (projected onto the plane). At the very bottom of it, tumbling
rotations couple the translational and rotational degrees of freedom even at the
one-body level. The ideal-gas diffusion coefficient D for translational motion is
modified according to Eq. 5.13. Other changes in the specifications on the out-
of-plane rotational rates are that the rotational rates ku

tum = kd
tum = ktum ≡ 1.

Note that we have changed the in-plane rotational rate (between two lying
species) to k1↔2 ≡ 0.3, as well,30 but we think this should play a subordinate
role.

In Fig. 5.104, we present quantitative results for L = 3 on the global nematic
order parameter Q as a function of monolayer packing fraction η. Notably, the
nematic order barely drops below zero, at best. The suppression of the lying
orientation due to kinetic limitations thus avoids the formation of a Q < 0
“wetting layer” at intermediate F/D for ε-regime III (ε / −1). Instead, the
system always forms a Q ≈ 0 aggregate state, which was actually charac-
teristic for regime II in our categorization of Sec. 5.3 (for our standard set of
“moves”). Hence, scenario (E) categorized in Sec. 5.3.9 are absent. This can be
seen, roughly, in the extrapolation “map” of Q in the (ln(1/|ε|), log(D/F))–
plane in Fig. 5.105, as well: No areas of (dark) blue color (low values of Q)
appear, which are associated with the formation of a thick gel or wetting layer.
(Please compare to Fig. 5.60 for L = 3 with central, out-of-plane rotations.)

On another note, we report on a small finding unique for these dynamics:
we can see subtle “standing–lying–standing” loops in Q for the case of F/D =
6× 10−3, 6× 10−4 and ε = −3.33 for L = 3 (regime IIIb, deep) in Fig. 5.104. We
argued that these loops are signs of collective standing-up processes (kinetics)
which may require more analysis with, e.g. dynamical observables on fluxes
and particle mobility. Generally, then, a re-assessment and re-categorization of
the growth kinetics seems necessary, as some of the phase transitions scenarios
we categorized in the central-rotations case for L = 3 do not appear. An analysis
of the time-traces of global observables and morphological measures, as well
as island statistics, and so forth remains outside of the scope of this thesis,
however.

Initial argumentation

This choice of tumbling dynamics means the rotational and translational de-
grees of freedom couple even at the one-body scale. At the microscopic level,
the dynamics could be more heterogeneous, a subject which would be worth
exploring in future analyses. The failure of a low-Q wetting layer forming (sce-
nario (E)) also gives credence to the notion that the system is more strongly
out-of-equilibrium, as even a globally metastable, nonequilibrium steady state
(the “next” best thing to a global equilibrium state, in some sense) is completely

30for historical reasons
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missed. Yet, the thermodynamically stable end-state – the standing phase – ap-
pears in a manner where more fractal-like islands (see Sec. 5.6.2 below) hint at
aggregation-like island formation mechanism.31

5.6.1 Longer, tumbling rods (L = 5, 9): Clearly altered phase transi-
tion scenarios and kinetics

The influence of tumbling rotations versus out-of-plane rotations about the rod
centers unveils itself even more visibly for longer rods. Results on the global
order parameter Q versus monolayer packing fraction for monolayer growth
with sticky rods of lengths L = 5 are shown in Fig. 5.106. Likewise, we present
the results for monolayers of very long rods (L = 9) in Fig. 5.107.32 It appears
that the tumbling rotations hinder the formation of a high-packing-fraction
Q ≈ 0 altogether, reaching a maximal packing fraction at high deposition
quench rates with ε = −2.5 for L = 5. Compared to L = 3, however, the
global order Q can dip below zero somewhat more strongly. This dip is even
stronger for L = 9. The latter case displays strong loops in the packing fraction
during growth, which is rational considering the large discrepancy between
the packing fraction of a lying and standing rod (8 units of area per rod).

Finally, the trend of the trajectories of Q(η) for various reduced tempera-
tures in Fig. 5.106 and 5.107 hint at a non-monotonic dependency on F/D. These
curves depend crucially on the value of γ, the ideal-gas ratio of the diffusion-
to-rotational-rates ratio. Moreover, we discuss below how the ideal gas transla-
tional diffusion rate of tumbling rods may be an unsuitable dynamical param-
eter to describe a reduced competition “axis” comparing “internal” transport
time-scales with the flux rate (“F/D”).

We have provided further extrapolated “maps” of Q in the (ln(1/|ε|), log(D/F))–
plane for L = 5 in Fig. 5.108 and for L = 9 in Fig. 5.109 for completeness.
Compared to systems with central rotations with L = 5 (Fig. 5.68), the case of
L = 5 with tumbling rotations clearly shows a lack of a pronounced wetting
layer or dense lying gel (dark blue in the color bar). A “gel line” is much less
clear and more data points would be necessary to make the topology of the
map clearer.

The case of the “map” for L = 9 in Fig. 5.109 looks quite different from
all other “maps” we have seen so far in this chapter: First of all, the “gel line”
that can be inferred from the white “coastline” seen for ρ = 0.05, 0.08, is curvy.
One potential ‘problem’ may be our usage of Eq. (5.13) for a measure of D,
which represents an ideal-gas limit of tumbling lateral transport. Possibly, a
weighted harmonic mean of the translational and rotational degrees of freedom
may represent a reduced axis “F/D”, as well. We remark on this again further
below. On the other hand, a curvilinear gel line may be expressing something
important about dynamical arrest, and how it is manifested in the coupling
between rotational and translational degrees of freedom.

Secondly, it appears as though this (curvy) gel line “hits a wall” at coordi-
nates (3.1,−1.2) to (3.1, 1.1), left of which Q ∼ 0.1−−0.2 for ρ = 0.05. Q is
greater than zero, but, remains lower than Q above y-values of∼ 1.5 – up to the
last density displayed, ρ = 0.15. We propose this may be another dynamically
arrested state (partial jamming at low D/F). The upper point might provide

31This supports the potential view of a somewhat more “energy-driven” type of self-assembly.
32for which we currently have no comparative results with the original move-sets.
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an estimate for a critical point, i.e. ε ≈ 0.33. The hump in the “gel line” at den-
sities ρ = 0.05, 0.08 may also indicate another, metastable critical point at the
second peak from the left around (4.2, 0.7), which would correspond to a value
of ε ≈ 0.5. Future investigations with a larger number of simulation points and
larger lattice sizes would be necessary to test this hypothesis.

As the coupling between rotational and translational degrees of freedom
is highly nontrivial in nonequilibrium, an empirical measure for the transport
properties, i.e. the total translational flux would shed more light on the coupling
as well as on the general kinetics in the system. This can be done quite easily
with our written routines described in Sec. 5.3.8. We comment that clarifying
the role of the coupling of rotational with translational degrees of freedom may
be further important when considering multi-layer growth. We refer the reader
to the discussion in Sec. 5.9.

5.6.2 Diamond-like standing islands when rods tumble

The available simulation data for L = 5 with tumbling rotations cover lower
reduced temperatures than that for out-of-plane rotations about the rod centers.
We were able to discover another feature of longer rods at low reduced tem-
peratures: The most striking difference to short rods or to higher temperatures
(e.g. regime IIIa) for L = 5 is that standing islands tend to become fractal-like
in shape. More specifically, due to the underlying symmetry of the lattice, their
shape can be deemed as roughly diamond-like and pointy. We provide a visual
example of these diamond-like fractal islands in Fig. 5.110.33 The shape is in
stark contrast to islands seen for L = 5 with central, out-of-plane rotations in
Figs. 5.62–5.65. This tendency towards non-round islands is highly pronounced
for very long rods (L = 9).

The diamond-like shape of the islands can be understood from a micro-
scopic kinetic picture, and is geometric in nature: A round standing monomer
at the center of our coordinate system can get rods attached to it at all four
Cartesian directions along its boundaries. With tumbling rotations, lying rods
can first get attached to the monomer in these four radial directions. A subse-
quent standing up via tumbling occurs within one ∆t-time-step. In contrast,
with central, out-of-plane rotations, the radially attached lying rods must first
rotate upwards, which breaks the local bond, and subsequently hop back to-
wards the standing monomer, which is at best a (∆t)2-order process that addi-
tionally requires overcoming a local energy barrier (the sticky attraction bond).
Therefore, the central-rotations scheme renders rather near-equilibrium, and
lesser aggregation- or attachment-driven kinetics of standing island growth,
roughly speaking. Therefore, the rather fractal-like shape of standing islands
with tumbling rotations signals their more strongly out-of-equilibrium growth.
This type of island shape is seen, weakly, for L = 3 at the lowest temperature
investigating using the tumbling rotations (ε = −3.33).

As to very long rods, the total binding energy between two (standing)
rods scales linearly with their length. Moreover, the entropic contributions are
more strongly shifted when compared contrast to central rotations: Each lying
rod moving with central rotations will introduce a gap of length (L − 1)/2
between rod and nucleus when detaching for an upwards rotation, which scales

33Although we have analyzed quantitatively the radius of gyration of islands, a quantitative
presentation of this kind remains outside of the context of this thesis.
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linearly with L. Therefore, the diamond-like shapes will be highly pronounced
for L = 9, and the kinetics in the monolayer will be altered more strongly.
Generally, longer rods will emphasize variations in the curvature of islands or
other features in the monolayer more strongly.

Fig. 5.111 shows later stages of growth after such diamond-, fractal-like is-
lands have formed and later coalesce. Notably, the lying gel that evolves in
parallel to the islands leaves behind highly irregular vacant spaces once it de-
cays. This effects the evolution and shape of nearby islands, where the zig-zag
patterns at high densities (rightmost figure) appear “defective” where the lying
gel once reigned. During this time, large loops appear in the packing fraction,
see Fig. 5.107 (the bottommost-right corresponds to the chosen images).

“Maps” of configurations for monolayer growth with L = 9 in the
(1/|ε|, D/F)–plane at fixed densities is found in Figs. 5.112–5.115, where we
point out some of the phenomenology in detail in the captions. Specifically,
the diamond-like islands tend to elongate into strips at higher densities,
within the temperature regime that presume to be a variant of “ε-regime III”
(ε . −1). A dense gel seems to form in this region, too, hence we speculate
a connection between the formation of a network, a gel, of the lying liquid
and diamond-like-shaped standing islands. Further, at higher densities, the
elongated diamond-like islands begin to coalesce into approximate zig-zag
patterns of the standing phase. Regarding the other regimes for L = 9, judging
from quantitative analysis on global structural variables and visual inspection,
we expect that highest value of ε = −0.1 investigated belongs to regime I.
Further, we assume something similar to “ε-regime II” is seen for the cases
of ε = −0.33 and ε = −0.5 explored in our data-sets, the latter case of which
may be very close to a potential “regime III”, however. Specifically, for this
projected “regime II”, a dense-phase, lying network that mimics a gel is lacking.
Further, the standing islands are much more round in shape. However, a new
characterization of the phase transition scenarios seems necessary for longer
rods, as various phases may become metastable (i.e. demixing in-plane, see
next Sec. 5.6.3), in addition to the tumbling dynamics that further changes the
game.

5.6.3 Further effect: 2D demixing for very long rods

A keen observer might notice one more prominent, new feature in Figs. 5.112–
5.115, i.e. the case of monolayer growth with very long rods: The configurations
hint at 2D demixing – where large domains of only one lying orientation (blue
and yellow in the figures) are visible – in certain cases of density and D/F,
within what presume are ε-regimes I–III. As the system in regimes II and III
will begin to condense into standing islands, this demixing behavior may dis-
appear once the “2D” vapor complementary to the standing phase becomes thin
enough. A strong dependency on the dynamical parameters is imminent if
the transition is transient (metastable) due to this mechanism. The specific
microscopic dynamics may also play a significant role, especially if this tran-
sition competes with standing-island aggregation and growth. A comparison
to results for growth with L = 9 with a different choice microscopic dynamics
would be desirable in the future.
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Preliminary quantitative analysis show evidence for 2D demixing via an
abrupt nonzero mean of the reduced 2D demixing order parameter

|S| ≡ | ρ1 − ρ2 |
ρ1 + ρ2

(5.20)

at quite low densities. However, we leave the quantitative results for an outlook
of this thesis. Regardless, we would like to mention that the FMT predicts a
first-order “reentrant demixing” transition of this kind, which is supposed to
be metastable even for L = 3 at very low temperatures. We have not seen
evidence for this transition for L = 3 during growth. However, FMT also
predicts this transition can become stable once rods become longer. This may
agree with our preliminary findings here. Analysis of the 2D demixing order
parameter (Eq. (5.20)) for larger simulated systems will provide more certainty
on these issues (we have already simulated 512× 512 systems in sporadic cases
of regimes I, II, and III).

∗ ∗ ∗

We can conclude the following points from the analysis of this section about
models of thin film growth with anisotropic particles: As the relaxation of Q
occurs at a local, mesoscopic level in a dynamically heterogeneous system, the
competition between translational and rotational degrees of freedom may be
nearly as important as the competition between incoming flux F and diffu-
sion constant D. The choice of microscopic dynamics in a model system for
e.g. thin film growth will affect the outcomes. Specifically, tumbling rotational
dynamics favor diamond-like, standing-island shapes at low enough reduced
temperatures, an effect much more prominent for longer rods. In any case, the
metastable lying phase remains an inherent part of growth within a model
system of “sticky” rods, although tumbling rotations reduce its intensity or
predominance. Evidence at hand suggests that 2D demixing behavior may oc-
cur for very long rods during growth before standing islands grow; a more
detailed investigation may be necessary.
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D Y N A M I C S W I T H T U M B L I N G R O TAT I O N S (L = 3):
Nematic order Q vs. packing fraction η
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F I G U R E 5 . 1 0 4 : Nematic order parameter Q versus packing
fraction (coverage) η during growth of a monolayer of L = 3
rods at various fixed F/D conditions with tumbling rotations:
Comparison of attraction strengths ε. Here, out-of-plane rota-
tions are implemented as tumbling moves, which changes the
character of the morphological and dynamical evolution signif-
icantly, compare Fig. 5.24 [notice: mismatching legends]. The
gray dashed curve represents quasiequilibrium growth with

purely hard-core rods (ε = 0).
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D Y N A M I C S W I T H T U M B L I N G R O TAT I O N S (L = 3) :
Extrapolated “maps” of nematic order Q

F I G U R E 5 . 1 0 5 : Extrapolated maps of the nematic order in the
(ln(1/|ε|), log(D/F))–plane at four different densities during
growth (L = 3, neutral substrates), simulated with tumbling
rotations. Magenta circles indicate supporting data points from
simulation. A cubic extrapolation scheme is employed, hence,
please consider this map as a qualitative one. This “map” shows
quite different topology compared to the case of central rota-

tions in Fig. 5.60, but, entails far fewer points than the latter.
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D Y N A M I C S W I T H T U M B L I N G R O TAT I O N S (L = 5):
Nematic order Q vs. packing fraction η
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F I G U R E 5 . 1 0 6 : Nematic order parameter Q versus packing
fraction (coverage) during growth of a monolayer of longer rods
(L = 5) at various fixed F/D conditions with tumbling rotations:
Comparison of attraction strengths ε. Here, out-of-plane rota-
tions are implemented as tumbling moves, which changes the
character of the morphological and dynamical evolution sig-
nificantly, compare Fig. 5.61 [notice: mismatching legend]. The
gray dashed curve represents quasiequilibrium growth with

purely hard-core rods (ε = 0).
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D Y N A M I C S W I T H T U M B L I N G R O TAT I O N S (L = 9):
Nematic order Q vs. packing fraction η
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F I G U R E 5 . 1 0 7 : Nematic order parameter Q versus pack-
ing fraction (coverage) during growth of a monolayer of
very long rods (L = 9) at various fixed F/D conditions
with tumbling rotations: Comparison of attraction strengths
ε. The case of ε = −0.1 is likely in “regime I”, while ε =
−0.33,−0.5 likely “regime II” or already “III”. The topology
in the (ln(1/|ε|), log(D/F))–plane may be quite different, how-

ever, see Fig. 5.109 and corresponding main text.
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D Y N A M I C S W I T H T U M B L I N G R O TAT I O N S (L = 5) :
Extrapolated “maps” of nematic order Q

F I G U R E 5 . 1 0 8 : Extrapolated maps of the nematic order in
the (ln(1/|ε|), log(D/F))–plane at five different densities dur-
ing growth (L = 5, neutral substrates), simulated with tum-
bling rotations. Magenta circles indicate supporting data points
from simulation. A cubic extrapolation scheme is employed,
hence, please consider this map as a qualitative one. This “map”
shows quite different topology compared to the case of centra’

rotations in Fig. 5.68.
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D Y N A M I C S W I T H T U M B L I N G R O TAT I O N S (L = 9) :
Extrapolated “maps” of nematic order Q

F I G U R E 5 . 1 0 9 : Extrapolated maps of the nematic order in
the (ln(1/|ε|), log(D/F))–plane at five different densities dur-
ing growth (L = 9, neutral substrates), simulated with tumbling
rotations. Magenta circles indicate supporting data points from
simulation. A cubic extrapolation scheme is employed, hence,
please consider this map as a qualitative one. The topology is
very different from all other maps so far, e.g. Figs. 5.60, 5.68,
5.105, 5.108 and entails a vertical “wall” for a curvilinear “gel
line”, which can be inferred at the lowest two densities, span-

ning from coordinates (3.1, 1.1) to (4.9, 0).
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F I G U R E 5 . 1 1 0 : Visualization of “diamond-”, fractal-like
standing islands (magenta) forming for very long rods at low
reduced temperatures (L = 5). Note that tumbling rotations are
employed here, which seem to additionally favor this feature,

apart from a very low reduced temperature.

F I G U R E 5 . 1 1 1 : Visualization of late stages of the monolayer
evolution after “diamond-”, fractal-like standing islands (ma-
genta) formed for very long rods at low reduced temperatures
for very long rods (L = 9). Note that tumbling rotations are em-
ployed here, which seem to additionally favor this feature, apart
from a very low reduced temperature. The associated dynami-
cal and energetic parameters are and {F/D = 1.42× 10−5, γ =
35.33} and ε = −3 (neutral substrates). The lying gel (blue and
yellow) leaves pronounced vacant regions behind once it de-
cays, leaving a mark on the further morphological evolution of

the standing phase.
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5.7 Monolayer growth with dimers (L = 2)

We continue our exploration of the monolayer growth with “sticky” rods for
the specific case of dimers (L = 2). FMT predicts that the second, metastable
critical point εcrit, meta, denem for L = 3 becomes stable for dimers, see Sec. 5.2.
The behavior of the system for higher reduced temperatures (closer to εcrit),
therefore, should take on a quite different character in comparison. On the
other hand, the phase behavior at very deep reduced temperatures should
appear similar to that of L = 3 within regime IIIa (projected from FMT). In
the subsequent Sec. 5.7.1, we will see that this argument seem to hold, indeed;
moreover, we shall discover similarities between the systems of sticky dimers to
that of L = 3 at weakly attractive substrates, which was investigated in Sec. 5.5.
We shall explore the effect of attractive substrates on the dimer systems, too, in
Sec. 5.7.2.

5.7.1 Dimers at neutral substrates

The general behavior of the global order parameter Q on the packing fraction
over varying attraction strength ε is shown in Fig. 5.116, at fixed dynamical
parameters. Compared to similar values of ε for L = 3 at neutral substrates,
Fig. 5.24, as well as even longer rods, e.g. Fig. 5.61, the order parameter ‘stands
up’ significantly less pronouncedly. This is certainly due to the weaker binding
energies of neighboring rods that have a standing orientation, whose magni-
tude varies with rod length via Lε. However, more obvious is the lack of a
strongly negative global order parameter Q during growth, even for strong
attraction strengths. There are only two parameter combinations where Q < 0
during growth: For F/D = 6.98× 10−3 and ε ∈ {−2,−3}

We will attempt to address two main issues below that will be relevant for
the characteristic behavior of dimers: First, we discuss the phase behavior at
higher and intermediate temperatures (relative to εcrit). Secondly, the dimers
require different microscopic dynamics owing to their even-valued L: tumbling
and shuffling rotations are implemented, which can change the kinetics and
morphology (we isolate this effect in Sec. 5.6).

(1) Phase behavior. The phase behavior at relatively high temperatures, but
still below εcrit, seems to entail a different character than L = 3 at neutral
substrates. If the system is just below εcrit,2, The dimer systems should cross
through three fluid regions that are stable: at low, medium, and high densities.
We conjecture that the case of ε = −1 is near εcrit,2 from the phenomenological
evidence for monolayer growth . More precise information on the phase
boundaries can be obtained from GCMC simulations, which, however, remains
beyond the context of this thesis.

(2) Microscopic rotational dynamics. First noted in the methods section
(Sec. 5.1), the microscopic dynamics we employ for the case of dimers imple-
ment out-of-plane rotations in a tumbling fashion, and in-plane-rotations in a
shuffling fashion. The ideal-gas diffusion coefficients D of the long-time limit
are calculated according to the formulas derived and presented in Sec. 5.1.2.
Tumbling and shuffling rotations are necessary because of the even-valued
rod-length, rendering a rod center point ill-defined on the simple cubic lattice.
Sec. 5.6 describes phenomenologically how the choice of microscopic dynamics
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affects the morphological and dynamical evolution of the monolayer systems.
Specifically, the influence of “tumbling” out-of-plane rotations are visible
when comparing observables during monolayer growth to those arising from
microscopic dynamics with central rotations (done for L = 3, 5). Apart from
energetic considerations (weaker binding energies), the altered coupling of
out-of-plane rotational and translational degrees of freedom should contribute
to the different character of the Q(η)-curves for L = 2 in a major way: These
change the kinetics, which fundamentally begin at the microscopic scale.

Discussion on phenomenology

Configurations of the systems of dimers during monolayer growth are visu-
alized in the (1/|ε|, log(D/F))–plane at several densities in Figs. 5.117–5.121.
There, we begin with the case of ε = −1, which appears to be near the second
critical point εcrit,2. Around or below this value, we see isotropic (Q ≈ 0) clus-
ters distinguished from a vapor, although the interface may be very broad.34

At high densities ρ & 0.5 (Figs. 5.120–5.121), standing (or Q > 0) clusters (or
fluctuations) seem to appear out of these isotropic-fluid clusters. At lower re-
duced temperatures, around 1/|ε| = 0.8 (ε = −1.25), pronounced standing
clusters appear for high values of D/F at ρ ∼ 0.15. An isotropic or lying fluid
appears to collect at the rim of the islands (see Figs. 5.118–5.120), very much
like the phenomenon we have observed for L = 3 at weakly attractive sub-
strates in regime II. This effect is also visible for 1/|ε| = 0.67 (ε = −1.5) and
low deposition quench rates F/D.

Diamond-like shapes (elongated strips of a standing phase) are seen for
the case of dimers. We discussed diamond-like islands in Sec. 5.6.2, in compar-
ison. The strips appear at intermediate values of D/F and at lowest reduced
temperature after (ρ ∼ 0.5), see Figs. 5.120 and 5.121). We had found that “di-
amond” shapes are associated with the choice of tumbling rotations of a rod,
rather than rotations out-of-plane around a rod center, the latter of which are
only possible for odd rod-lengths. The effects of an irreducible coupling of ro-
tational and translational degrees of freedom can be significant, even for the
shortest possible rods (dimers). However, these diamond strips seem to disap-
pear if we choose higher D/F – islands become compact, round and for highest
D/F, even square-like. The latter represent more equilibrium island shapes.
Compared to our findings on longer rods in Sec. 5.6 ( L ≥ 5), the “diamond
effect” (of coupling rotational with translational degrees of freedom directly) is
arguably weaker for dimers, and becomes marked at much higher densities. At
these densities, previous clusters have coalesced and large strips form approxi-
mate zig-zag patterns. Transitions in shapes in the system, which are indirect
indicators for fundamentally different types of dominating force fields in the
system, are interesting topics that can be investigated in more detail the future.

At low D/F, we can observe an isotropic Q ≈ 0 aggregate-like fluid with
small spatial length-scales for the presented reduced temperatures. Yet for
1/|ε| . 0.5 (ε . −2), a lying phase that forms aggregate-like structures become
visible. This appears to be the metastable gel-phase that we have seen for
longer rods. Lying clusters are visible in Fig. 5.118 at ρ = 0.15. Note that
although easily performed, quantitative analysis of the cluster statistics, shape,

34Future quantitative analysis could include measuring the order parameters of clusters.
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morphological quantifiers and of percolation behavior remains outside of the
scope of this work.

Further quantification of the evolution of global structural quantities –
Q versus the global density ρ, lying density ρ12 versus time re-scaled with
the attempt flux, and global density versus re-scaled time – are presented in
Figs. 5.122, 5.123, and 5.124, correspondingly. The time-evolution of Q is shown
in Fig. 5.125. Finally, we present a (gross) projected map of the global order
parameter Q versus D/F in Fig. 5.126, shown for various values of global
density ρ. Compared to L = 3 (Fig. 5.60), Fig. 5.126 shows a less pronounced
lying global order at D/F = O(103) for relatively low temperatures (compared
to εcrit). The figure supports how a weaker lying-standing divide is realized
during monolayer growth at a fixed density – this divide first becomes visible
the course of increased density. In other words, the dimer systems will very
likely entail weaker dynamical heterogeneity during growth, in particular
to that of rotational motion. Again, although easily performed, quantitative
analysis of dynamical variables (particle mobility, rotational and translational
fluxes) remains outside of the scope of this thesis.

We note that the gel line – a dividing line between two main dynamical
regions, where either a lying gel forms or only standing clusters – might be
located in the lower left corner of the (1/|ε|, log(D/F))–plane, seen in Fig. 5.126
for Q, or in the images of Figs. 5.119 and 5.120.
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Nematic order Q vs. packing fraction η
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Nematic order Q vs. number density ρ
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density during growth of a monolayer of dimers (L = 2) at fixed
F/D conditions (neutral substrates): Comparison of attraction

strengths ε. See Fig. 5.116.
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Number density ρ12 vs. re-scaled time t?
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Number density ρ vs. re-scaled time t?
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Nematic order Q vs. re-scaled time t?
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“Map” of nematic order Q

F I G U R E 5 . 1 2 6 : Extrapolated map of the nematic order
Q occurring during monolayer growth as plotted in the
(1/|ε|, log(D/F))-plane at five different densities for dimer
(L = 2, neutral substrates). Magenta circles indicate support-
ing points from simulation. A cubic extrapolation scheme is
employed, as well as the same color range as in Fig. 5.60. Note

that the y-axis is not scaled logarithmically here.
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5.7.2 Dimers at attractive substrates

The effect of an additional attractive substrate that favors a lying orientation
is explored in this section. The trajectories of Q(η) for various ε ≤ −1.25
(where are neutral substrates we expect lying clusters to form early on) at
fixed growth conditions of F/D are shown in Fig. 5.127 for the case of weak
(usub = −0.5, top-left figure), intermediate (usub = −1, top right figure), and
strong (usub = −2, bottom figure) substrate attractions. Clearly, very strong
attractive substrates (bottom figure) force all trajectories at the explored values
of ε to go through a 2D wetting layer. Weak substrate attractions bias the
trajectories towards more of lying clusters or -gel at low densities, where the
case of ε = −1.25 shows a negative value of Q up to a packing fraction of
about η ∼ 0.7. The intermediate case of usub = −1 seems most interesting for
the range of parameters explored here, as a noticeable competition between
lying and standing phases causes a dichotomy of trajectories, where in one
case, the lying phase can dominate completely, and in the other, both lying and
standing phases (clusters or gel in the former case, clusters in the latter) appear
and grow during monolayer growth. See also Figs. 5.128, 5.129, and 5.130 for the
trajectories of global structural variables Q(ρ), ρ(t?), and ρ12(t?), respectively.
The phenomenology for growth with dimers at substrates with usub = −1 is
quite similar to that for L = 3 at weakly attractive substrates (usub = −0.5), see
Sec. 5.5.1, Nonetheless, we still witness the formation of vacancies between a
2D phase and standing islands at very high packing fraction (see Figs. 5.138
and 5.139 further below), but, the effect on η is too small for this short rod
length to be noticeable in the form of a loop.
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M O N O L AY E R G R O W T H W I T H D I M E R S O N AT T R A C T I V E S U B S T R AT E S:
Nematic order Q vs. packing fraction η
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F I G U R E 5 . 1 2 7 : Nematic order parameter Q versus packing
fraction η during growth of a monolayer of dimers at attractive
substrates: Comparison over a sweep of ε at fixed F/D, shown

for usub ∈ {−0.5,−1,−2}.
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M O N O L AY E R G R O W T H W I T H D I M E R S O N AT T R A C T I V E S U B S T R AT E S:
Nematic order Q vs. monolayer density ρ
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during growth of a monolayer of dimers at attractive substrates:
Comparison over a sweep of ε at fixed F/D, shown for usub ∈

{−0.5,−1,−2}.
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M O N O L AY E R G R O W T H W I T H D I M E R S O N AT T R A C T I V E S U B S T R AT E S:
Monolayer density ρ vs. re-scaled time t?
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ing growth of a monolayer of dimers at attractive substrates:
Comparison over a sweep of ε at fixed F/D, shown for usub ∈

{−0.5,−1,−2}.
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M O N O L AY E R G R O W T H W I T H D I M E R S O N AT T R A C T I V E S U B S T R AT E S:
Lying density ρ12 vs. re-scaled time t?
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Case of strong inter-particle attractions: ε = −3

In this small section, we focus on the case where dimers are very sticky, i.e. ε =
−3. The substrate potential usub clearly shifts the competition between lying
and standing phases for these deep reduced temperatures. For usub = −0.5,−1,
the lying phase appears metastable, where a strong quench F/D favors its for-
mation, seen in Fig. 5.131 (top two figures) for Q(η). As described above, strong
substrate potentials usub = −2 (bottom figure) force all trajectories through a
2D wetting layer, from which standing islands form in a first order transition.
At usub = −0.5 (top left figure) such a lying aggregate does form for rapid
growth, but with weaker negative order. Fig. 5.132 (top left) displays the den-
sity at which this nonequilibrium transition occurs, ρ ≈ 1/L = 0.5. Similarly to
the case of L = 3, we think the binodals of the vapor–2D-liquid (lying liquid)
transition for strongly attractive substrates are at packing fractions (left and
right) ηl ≈ 0, ηr ≈ 1. We provide results for ρ(t?) and ρ12(t?) in Figs. 5.133,
5.134 as well, for completeness.

V E R Y S T I C K Y D I M E R S O N AT T R A C T I V E S U B S T R AT E S :
Nematic order Q vs. packing fraction η
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F I G U R E 5 . 1 3 1 : Nematic order parameter Q versus packing
fraction η during growth of a monolayer of very sticky dimers
(ε = −3) at attractive substrates: Comparison over various

values of F/D for usub ∈ {−0.5,−1,−2}.

Discussion

We attempt to provide a visual illustration of how the substrate potential af-
fects structure during monolayer growth in Figs. 5.135–5.139 for the case of very
sticky dimers (ε = −3). Configurations at fixed values of the density are plotted
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V E R Y S T I C K Y D I M E R S O N AT T R A C T I V E S U B S T R AT E S :
Nematic order Q vs. monolayer density ρ
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F I G U R E 5 . 1 3 2 : Nematic order parameter Q versus mono-
layer density ρ during growth of a monolayer of very sticky
dimers (ε = −3) at attractive substrates: Comparison over vari-

ous values of F/D for usub ∈ {−0.5,−1,−2}.

in the (usub, D/F)–plane. On a very general note, differences between configu-
rations are initially more subtle, especially at lower values of D/F in Fig. 5.135,
where small clusters either of lying or standing kinds form. These initial differ-
ences intensify as monolayer growth proceeds, see Figs. 5.137 and 5.139 as a
stark comparison. All cases with initially predominantly lying clusters begin
to form a wetting layer at intermediate densities (Fig. 5.137). Even later, the
standing-up transition is imminent and begins at high densities (Figs. 5.138–
Figs. 5.139). In contrast, all cases with initially predominantly standing clusters
form large, compact, standing islands quickly and up to around ρ = 0.5, where
ripening and coalescence occur in many cases.

The attractive substrate potential shifts a competition between lying and
standing phases in a strongly analogous way to 1/|ε|. It represents another axis
determining the dynamics, kinetics, and structure formation during monolayer
growth. We could clearly draw a gel line or a “competition line” diagonally
through the middle of Figs. 5.135–Figs. 5.139; the difference here is that the
y-axis is now usub and not 1/|ε|. Along this diagonal, we may find a phase
transition scenario where the gel competes with standing clusters, i.e. possi-
bly scenario (D) or even (C), as the 2D phase seems to form compact islands
therein. We would have to analyze the kinetics is more detail to determine
which scenario is proper, or if any new scenarios have arisen. In any case, this
proposed gel line divides two (or possibly three, the diagonal included) dy-
namical regimes: below the dividing line, the system seems to end up in phase



400 Chapter 5. Growth of Monolayers with “Sticky” Hard Rods

V E R Y S T I C K Y D I M E R S O N AT T R A C T I V E S U B S T R AT E S :
Monolayer density ρ vs. re-scaled time t?
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during growth of a monolayer of very sticky dimers (ε = −3) at
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for usub ∈ {−0.5,−1,−2}.

transition scenario (E), where standing clusters eventually “nucleate” and grow
out of a dense, lying gel that forms a wetting layer. Above this dividing line,
the standing phase seems to win the competition very quickly and only stand-
ing clusters survive. We presume this is our previously characterized phase
transition scenario (C), but, again, more detailed analysis are more data-points
in the “map” are necessary.

The full attractive substrate potentials on rods scale with the rod length,
i.e. adhesive energy between rod and substrate is proportional to L. Therefore,
the time-scale during which the dynamics are characterized by a metastable
lying phase are shifted by the substrate potential, which introduced a barrier
for upward rotations. In the most simple case of an ideal gas, the time-scales of
upward rotations take on a simple Arrhenius form (exponential of the barrier).
Many-body or collective processes, such as the formation of a new phase, will
show an elongated time-scale for the initiation of self-assembly processes in-
volving upward rotations. (The sticky adhesion obviously forms an additional
local energy barrier to stand up if within a purely 2D phase.) The total flux
(current) of any self-assembly process will therefore show strong dependency
on this substrate potential.

As a last remark to the standing-up transition out of the wetting layer,
Fig. 5.139 at D/F = O(104) implies that a stronger attractive potential (usub =
−2) generates larger standing islands compared to weaker attractive poten-
tials. However, this may be misleading, somewhat, as the monolayer density
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V E R Y S T I C K Y D I M E R S O N AT T R A C T I V E S U B S T R AT E S :
Lying density ρ12 vs. re-scaled time t?
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F I G U R E 5 . 1 3 4 : Nematic order parameter Q versus packing
fraction η during growth of a monolayer of dimers at attractive
substrates for usub ∈ {−0.5,−1,−2}: Comparison over various

values of F/D at fixed ε = −3.

is fixed, and the time-points at which the structures appeared are mixed up. To
this end, the standing-up transition for usub = −2 should entail a larger free
energy barrier – the cluster formation rate will take on an Arrhenius pre-factor
that represents the rotational rate upwards for a single particle surrounded by
lying rounds, in line with our discussion above. Therefore, we would have to
compare the time-points after the wetting layer has formed, as well as the time-
points after “nucleation” first set in. In other words, an analysis of the fluxes
in the system would be beneficial here, in the style of Sec. 5.3.8. However, this
shall remain outside of the scope of this thesis.

∗ ∗ ∗

The above study case of sticky dimers at attractive substrates exemplifies
the highly non-Markovian nature of large-scale structure evolution in these
monolayer systems of rods. More specifically, all of them entail two competing
phases with inherently different time-scales, structural order, and self-assembly
mechanisms. Dimers and shorter rods like L = 3 are particularly nice examples,
as they can form perfectly-packed lying phases (which we dubbed wetting lay-
ers) with strong enough substrate potentials – the case of attractive substrate
potentials for very long rods has not been investigated, but, we suspect the
wetting layer may show consistent imperfections due to steric frustration. Fur-
ther, dimers can form equilibrium-shaped islands (square-like) of standing rods
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V E R Y S T I C K Y D I M E R S O N AT T R A C T I V E S U B S T R AT E S

F I G U R E 5 . 1 3 5 : Visualized snapshots of the monolayer sys-
tem of sticky dimers on attractive substrates in the plane of
the two axes usub and D/F for density ρ = 0.15 and ε = −3.
Snapshots are approximately 128 × 128 unit-sized cutouts of
the configurations, which are 256× 256 in size. The same color
scheme is used here as in e.g. Fig. 5.20. In all cases, we see the
formation of clusters; for strong potential substrates, these are
lying. For no or weak substrates, the can be standing or mixed

in form.
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V E R Y S T I C K Y D I M E R S O N VA R I O U S S U B S T R AT E S

F I G U R E 5 . 1 3 6 : A continuation of Fig. 5.135 for ρ = 0.25. For
low D/F, the lying phase begins forming a network, while at
high D/F, both types of clusters become larger or begin coalesc-
ing in the case of lying clusters. In this image series (Figs. 5.135–
5.139), we could draw a gel line diagonally through the image,
separating two (or three, the diagonal included) main dynami-

cal regimes.
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V E R Y S T I C K Y D I M E R S O N VA R I O U S S U B S T R AT E S

F I G U R E 5 . 1 3 7 : A continuation of Fig. 5.135 for ρ = 0.353. For
low D/F, the lying-gel becomes increasingly dominant, while
for high F/D, the lying phase has coarsened to length scales
comparable to the system size. The standing islands at weaker
or no substrate potentials have also coarsened and are square-

like in shape owing to the underlying square lattice.
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V E R Y S T I C K Y D I M E R S O N VA R I O U S S U B S T R AT E S

F I G U R E 5 . 1 3 8 : A continuation of Fig. 5.135 for ρ = 0.5.
For low D/F, the wetting layer is complete for stronger sub-
strate potentials. Some defects therein persist in the case of
usub = −0.5, as well as usub = −1 at somewhat higher D/F.
At neutral substrates at this density, the lying phase only sur-
vives in the form of large amorphous clusters. The coarsening
and coalescence of standing islands continues from Fig. 5.137.
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V E R Y S T I C K Y D I M E R S O N VA R I O U S S U B S T R AT E S

F I G U R E 5 . 1 3 9 : A continuation of Fig. 5.135 for ρ = 0.6. For
low D/F and strong substrate potentials, the standing-up tran-
sition out of the wetting layer is visible in the form of large
standing islands. In contrast, at neutral substrates, a subtle zig-
zag structure of the standing phase is visible, which is likely an
effect of the microscopic dynamics of tumbling rotations that
lead to these growth structures (discussed in the previous sec-
tion). For high D/F and weak and neutral substrates, the stand-

ing islands continue to coarsen and coalesce.
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more easily than longer rods, compare Figs. 5.23 (L = 3) and 5.65 (L = 5), as
the binding energies are weaker.
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5.8 Other experiments

We report here on general findings from other “experimental” techniques that
we have employed in our studies. A quantitative presentation remains outside
of the scope of this thesis.

Temperature quenches from a “hot” state and “interrupted growth”

We have preliminarily investigated phase separation kinetics at fixed densities
via employing instantaneous temperature quenches from an equilibrium fluid
state (the hard-rod limit). As for regime ε-III (with a metastable “lying phase),
the formation standing islands is hindered by the metastable lying aggregate
structure, providing clear evidence that the formation of the standing phase is a
two-step process. We observe at least two power laws for the growth of standing
clusters within ε-regime III.

Notably, other sources in the thin film growth literature for organic
molecules have proposed the same idea: the growth of crystallites (the
standing phase in our lattice model) arising via a two-step process from an
aggregate precursor was discussed in Ref. [236] (see further references therein).
We have motivated this possibly universal feature in many soft matter or
colloidal model systems in Ch. 2. We stress that this topic is at the limit of our
current understanding of crystallization in hard-core repulsive systems from a
fluid phase and would be worthwhile to investigate in the context of a lattice
model, particularly one that shows this feature in semi-confinement.35

We have also experimented with interrupted growth, where at a certain den-
sity or time-point the deposition is “turned off”, allowing the self-assembly
to continue via microscopic diffusive processes of translational and rotational
type. To this end, we report that the decay or further coarsening before a decay
of the metastable gel can be observed depending on the density and original
growth conditions. Information on decay dynamics (possible multi-step pro-
cesses) and corresponding time-scales of the decay should be theoretically of
high relevance: Relaxation times and processes from each such “interrupted”
configuration can provide quantifiable information about a “free energy land-
scape” visited during a growth trajectory. This is an outlook of the systematic
work presented in this chapter.

Annealing after growth

We have implemented another “experiment” and produced a few preliminary
results therewith: Upon initializing the system at an “interrupted” config-
uration from a growth trajectory, we are able to heat the reduced tempera-
ture of the system T∗ ≡ kBT/ε in a slow and steady manner (at a constant
rate). Specifically, the reduced temperature T∗ evolves in time t according to
T∗(t) = T∗(0)− A ∗ t, with A representing the annealing rate. As we have ex-
plained in the beginning of this chapter, the reduced temperature in our model
affects the local interaction strength only, and not the diffusion rate. It goes
into the calculation of the local Hamiltonian change ∆H(ε)/kBT, part of the
acceptance probability of a local “move”.

35Yet, true “nucleation” may not occur in 2D, but, these issues would have to be explored
more thoroughly outside of the context of this thesis.
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The usefulness of these annealing experiments are manifold. For example,
observing the decay rate of the metastable phase as a function of cooling speed
and density will further inform us about its metastability, and, therewith, about
the “free energy” landscapes visited during growth. Preliminary results com-
ing from these experiments further indicate that fluctuations system currents
(motion fluxes) serve as better indicators for presence and disappearance of the
metastable phase, compared to structural observables.36

On a final note, we suspect re-cooling the system after heating will show
that a metastable state cannot re-appear (the metastable phase irreversibly
decays), at least if we heat and cool very slowly, and as long as we remain within
the “parent” liquid–vapor binodal. This may be relevant for interpreting e.g.
Ref. [182], who applied heating-and-cooling cycles to thin films of pentacene
(around the monolayer stage).

Growth with desorption events (evaporation–deposition dynamics)

Desorption changes the kinetics during growth quite drastically. We have de-
veloped a KMC scheme to allow for desorption events, at a fixed attempt rate
k0

evap, which is accepted according to the same kind of Metropolis condition
as all other moves, i.e. the change in inner energy that would occur upon a
desorption pevap = {1, exp (−∆Usticky/kBT)} ≡ exp (−∆Usticky/kBT) for “sticky” at-
tractions, as ∆Usticky > 0 due to the breaking of particle bonds (the “vacuum”
energy is zero). (In the best possible scenario of a particle without binding
nearest neighbors, this value is null, rendering an acceptance rate of 1).

Generally, the capacity for desorption equilibrates the system much more
quickly and efficiently. The evaporation–deposition kinetics emulate that of a
grand canonical ensemble, with additional diffusion “moves”. If the system
reaches a stationary state, the chemical potential is expressed by the ratio of the
attempt flux and desorption rates, exp(βµ) = F/k0

evap for β = (kBT)−1.37

The deposition events represents additional currents in the system that
exchange matter with a source. The addition of a near “chemical potential”
“accelerates” the motion in and growth of the monolayer, the latter is important
because we can reach densities of ρ = 1 very quickly depending on F/k0

evap
and ε. We find altered behavior of the nematic order Q in time in other ways, as
well: For example, under certain conditions for regime IIIb, the nematic order
obtains a pronounced peak before decaying again, a feature we did not find in
the monotonic deposition.

More generally, we think that this setup will allow us to reacher longer
simulated time-scales. What we find in preliminary runs is that the wetting
layer (scenario (E)) can very quickly form up to full scale. The “nucleation” of
standing islands can also be detected for L = 3 at neutral substrates, which was
unreachable, in effect, with the monotonic-deposition setup. For time-periods
where a semi-monotonic growth (in ρ) is observable, standing islands become
very large in short periods of time, bearing some analogy to a heightened D/F
in the system, and, therefore, scenarios (B) and (C) could be explored at late
stages. Finally, the gel might decay much more quickly, which would allow us
to pinpoint the “gel line” (scenario (D)) more “sharply” in the “maps” of Q

36As the cooling rate is a constant Poisson process in the system, any changes in currents can
be gauged with the statistics of the cooling events.

37This can be shown quite easily, in a similar approach to how we derived the acceptance rate
for our GCMC simulations in Ch. 3.4.2.
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in the (ln(1/|ε|), log(D/F))–plane. Therefore, weak-desorption experiments
could aid in delineating all dynamical regimes in the monolayer with higher
precision.

Further, exploring this behavior would be a systematic step for interpret-
ing results from our full 3D model of growth, where particles may be de-
posited from a vapor-phase source of particles above the substrate (similar
to “model II” of the previous chapter for the continuum model of spherocylin-
ders). Monolayer–desorption will be commonplace in this semi-confinement
setup.

On a last note, an extreme case could also be studied: The random desorp-
tion of particles from a fully-packed monolayer, i.e. the full jamming transitions.
These findings may both be interesting for comparison to similar experiments
on thin films, as well as for comparing to lattice models investigating inverse
bond percolation, see e.g. Ref. [898]. We make a few remarks on the importance
of these transitions again in the discussion Sec. 5.9.

5.9 Discussion

We would like to use this section to emphasize a few fundamental points on
the complex nonequilibrium evolution in the “sticky” monolayer systems. This
may be relevant for the thin-film growth literature on organic molecules, as
well as for model approaches thereof. This discussion extends to generic self-
assembly in soft matter systems, too, as well as the study of general nonequi-
librium systems.

The lying vs. standing phases and dynamical asymmetry: General discus-
sion

A lying phase or a lying wetting-layer is clearly favored by substrate potentials
that bias lying rods, which may be important for understanding experimental
systems of thin films. If this constitutes the “thin film phase”, it should also be
preferred by a high flux at later stages of growth, according to Ref. [213]. Indeed,
this is what we find. If a phase is metastable, it should disappear for extremely
low deposition quench rates F/D or warmer temperatures: The literature for
similar molecules like pentacene [138, 182, 187], PTCDA [180, 186] or SnPc
[152] show these kinds of effects. Post-growth waiting should have a similar
effect [142, 899, 900].38 These also features we can verify also using the other
experiments of heating and interrupting growth.

Each type of phase structure – lying or standing – has its own inherent
relaxation times. These will each depend on temperature; however, standing
rods in the middle of an island will have 4Lε binding energy, while lying rods
in the middle of, say, a lying island will have 2(L + 1)ε < 4Lε binding energy
(for all “rods”, L > 1): A lower (reduced) temperature (stronger attractions)
widens the dynamical gap between relaxation times owing to energetic but
also the entropic asymmetry between the phases – the standing phase has a
higher degree of ordering than the lying phase. A substrate potential increases
an effective lying-energy with (L− 1)usub more units. Therefore, it will further
shift the energy–entropy contributions to structure formation, and broaden the

38Deposition with a high kinetic energy [901] may enable the system overcome such free
energy barriers (even at very low temperatures).
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bandwidth of relaxation times in the nonequilibrium system. One example
is how the lifetime of a metastable lying phase lifetime prolonged by weak
substrate potentials. Energetic and entropic contributions discussed above also
depend on L: longer rods will “widen the dynamical gap” during the mono-
layer growth experiment, as well. As a function of binding energies, substrate
potential, F/D, and rod-length, the number of processes with varying time-
scales will overlap. Any “sharp”, thermodynamic phase transition between
differently-ordered states will be “smeared out” and accompanied by a num-
ber of in-between states.

On a most general level, asymmetry of dynamics in the nonequilibrium sys-
tem (which owes to a disbalance of generalized forces on different many-body
scales) — which depend on rod orientation and position (i.e. inhomogeneities)
— is the basic reason behind the complex evolution we observe. The aspect ra-
tio of the rods and the amount of anisotropy of the interactions (between rods
and substrate) are parameters that adjust this dynamical asymmetry. Under the
driven deposition, F/D also shifts the competition by hindering or allowing
the relaxation of slow processes. The system can become arrested in a portion
of its degrees of freedom, i.e. in the lying, metastable “wetting layer” (a dense
gel), or show a network-forming gel of lower density

Ref. [735] discusses (transient) gel- or network-forming phase separation
processes in colloidal suspensions in detail, and we refer the reader for an
expert’s take on this topic. The authors claim the formation of this metastable
gel may be a generic feature of short-ranged attractions in colloidal systems
(see also Ref. [902]). A colloidal suspension is a mixtures of small molecules
and large, heavy colloidal particles; therefore, it is a dynamically asymmetric
mixture, where two components entail microscopic dynamics at disparate time-
scales. Further, the dynamic arrest involved with this high-density gel bears
similarities to glassy behavior, i.e. particles become caged and the system is in
a non-ergodic state. Notably, these discussions revolve around 3D suspensions.
Gels and network structures form in many colloidal systems (3D) out of fractal-
like aggregate clusters [19, 703].

In our case, we see this gel-phase in a (2+1)D (quasi-2D) confined system,
which is quite intriguing. Indeed, kinetics of gel formation – which is more
“aggregation-like” – may bear similarities to spinodal decomposition in that it
seems to involve no energetic barriers [19]. In other contexts, early-stage phase
separation kinetics of the fluid-crystal states in colloidal systems may involve
a reversible form of aggregation [696, 698]. This would agree with a (necessary)
appearance and decay of metastable states for the crystallization initiation. Our
lattice model may be used in the future to help understand basic mechanisms of
phase transformation on a general level, then. More generally, this lattice model
might shed light on glassy versus arrested dynamics, which are often difficult
to discern in off-lattice systems.39 We mentioned in Sec. 5.3.8 that analyzing the
cross-correlation between translational and rotational mobility in the system
should shed more light on the nature of the arrested dynamics.

The effects of substrate potentials: Remarks and outlook

We would like to remark on one subtle observation on the lying phase: Whether
or not the lying phase forms large-scale, compact islands (which arises due to

39See Refs. [662, 709, 903, 904] for additional literature on dynamics within gels.
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an elongated competition time-scale for phase transition scenario (C)), com-
pared to a loose gel co-occurring with standing islands (phase transition sce-
nario (D)), may not be affected by a weak substrate potential usub. Weak sub-
strate potentials elongate the time-scales with which the lying phase persists,
thus seems to enhance the coarsening process. The phase transition scenario
may not have changed, however. In the future, we could specify the kinetics
with more precision under these conditions, and provide a further dynamical
“map” with the third axis, usub.

On a related note, it would be interesting to further explore the difference
between the “soft” lying–standing transitions at full packing versus “sharp”
transitions we observed from a 2D wetting layer or liquid, under the influence
of various substrate potentials in Sec. 5.5. These “soft” versus “sharp” transi-
tion points could be plotted in the same style of the “maps”, i.e. in the plane of
(ln(1/|ε|), log(D/F)), which would inform us about the onset of metastability
of these transitions under different conditions.

Arrested states, jamming, percolation: Remarks and outlook

We had begun to explore the percolation (and anti-percolation) behavior of
both the lying phase, as well as of “any” connected region in the monolayer
systems during a deposition quench. Exploring the percolation transition upon
temperature quenches, i.e. spinodal decomposition, would render additional
information about how this ties to the specific driven nonequilibrium setup.
The same holds for the interrupted-growth experiments we described. We
report that percolation in random sequential adsorption experiments has been
explored in the context of hard-core rods in Refs. [682, 684, 898, 905–908].

Fundamentally related to these percolation models are jamming transitions
in the same random-sequential adsorption setup [681, 683, 685, 909, 910] (see
also references above). We saw a form of (partial) jamming in Ch. 4 for much
longer rods at very strong substrates, as well as when the 2D wetting layer
forms in the case of “sticky” rods at attractive substrates (monolayer growth
halts transiently). Nevertheless, our model entails additional diffusive motion
which changes the nature of these transitions, connecting them to phase sep-
aration in ways that leave many questions open. We have provided a table
(Tab. 6.1) with 2D jamming and percolation transition densities in Ch. 6.8.4 in a
later chapter for future reference. Most importantly, perhaps, we proposed that
the crossing of a gel line in our “maps” of Q in the (ln(1/|ε|), log(D/F))–plane
should indicate an unavoidable jamming line at low D/F. This might offer a
way to estimate (metastable) critical point(s) in the “sticky” rod system. Future
exploration thereof would be most interesting, as it would tie a knot between
nonequilibrium transitions like jamming with thermodynamic transitions in a
system.

Caution and challenges for potential analytical approaches to monolayer
growth

It seems that the growth of structures in monolayers with sticky hard rods will
not follow universal self-assembly kinetics of one type, generally speaking. This
is even true within early-time regimes of monolayer growth, i.e. “nucleation
and growth” of islands. We observed a wide compendium of phase transition
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scenarios: at least the scenarios (A)–(E) categorized for L = 3 at neutral sub-
strates (Sec. 5.3.9). Depending on the main axes of growth – F/D, ε, as well as
usub, particular phases will be favored or suppressed. Further, we have found
that the systems are highly sensitive to the choice of microscopic dynamics
(Sec. 5.6) – whether they couple rotational and translational motion directly (i.e.
tumbling) or not. Hence this factor must also be considered when attempting
to formulate e.g. rate equation models or even employing more sophisticated
methods like DDFT. We have not explored the effect of γ (the ratio of the trans-
lational diffusion rate to the out-of-plane rotational rate in the ideal-gas limit)
on growth systematically. Careful inspection hints that the monolayer systems
are much more sensitive to γ when employing tumbling rotations, as well as for
very long rods, where rotations downward are easily hindered due to crowding.
Generally, any strongly nonequilibrium system will be highly sensitive to the
details of the microscopic dynamics due to the nonlinear nature of the system.
The nontrivial coupling of rotational and translational degrees of freedom will
be much more sensitive to model details if out-of-equilibrium.

On a specific note, in our model, the character of the lying phase seems to
pose a challenge for standard rate-equation approaches – those that describe
island “nucleation and growth” in the submonolayer stage of thin film growth.
Our observation that “nucleation” is a two-stage process is one important point.
Another is that either compact islands, network-like structures, or a wetting
layer of the lying phase can form, which is adjusted both by temperature and
F/D. It is not clear how to incorporate the formation and competition of a gel
into classical rate-equation approaches for island growth.

Island shape and internal order: Remarks on literature

As already discussed, the specific rates of moves, the length of rods, and re-
duced temperature in the system can strongly influence the shape of islands.
Far-from-equilibrium situations, where relative time-scales matter, can mean
systems are highly sensitive to such details. This highlights the importance
of knowing the specific dynamics if one wants to properly emulate an experi-
mental system of thin film growth with molecules. Indeed, many other exper-
imental and theoretical studies have touched upon the topic of island shape.
For one focused on phase separation kinetics, see Ref. [911], see also discus-
sions in Refs. [21, 912]. Also, Ref. [913] demonstrates the role of edge-hopping
on island rims. Ref. [183] (submonolayer growth with organic molecule p-6P)
reports on round islands appearing at lower temperatures and fractal-like is-
lands at higher temperatures, which is exactly in reverse of diffusion-limited
aggregation models for simpler systems. We suspect that (changes in) local
rotational dynamics may be at play, but leave this to speculation. Also, we can
conclude from our model system that discerning the crystal phase of the clus-
ters is crucial in these types of analyses, as metastable-phase clusters entail
different morphology.

Ref. [4] had reported briefly on KMC simulations with “trimers” (unpub-
lished elsewhere) [Fig. 6 of the reference] showing very similar diamond-,
fractal-like morphology of standing islands. This morphology appears when
employing our tumbling dynamical model. However, details of the simula-
tions in the corresponding reference are not provided. Ref. [234] provides more
details on their KMC simulations of “trimers” , namely, they are identical to
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that of Ref. [233], which implements tumbling rotations. Yet, the type of or-
der within islands is (completely) different than in our model, especially for
the case of predominantly standing islands. The latter are characterized by a
semi-homogeneous mixture of lying and standing rods – a feature we never
see in our model system. Different interaction potentials are described for the
“dimer” models in Ref. [233]. (The individual interaction strengths – as well as
the dependencies on relative particle orientations – are varied in an exploratory
fashion). Therefore, we deduce that a very different set of interaction potentials
was implemented for the “trimer” models, as well, compared to our “sticky”
attractions. The specific form of the interaction potentials between rods will
influence the composition and morphology of islands in a major way, which
was demonstrated in Ref. [233].

“Time” and dynamical observables: General discussion and outlook

Time in the nonequilibrium system can be rescaled with the external reference
clock, namely, of the the attempt rate of the external driving force F. In this
way, we have compared how much “effort” (t? = Ft) is required in order to
induce a particular type of change in the system. This driven nonequilibrium
setting means that state variables of the system can be plotted not against the
thermodynamic parameter ρ, but, against t? = Ft, instead. In essence, the re-
scaled time represents a total attempt work (number of particles provided to
the system) performed by the external force. Thus, t? ≡ 1 represents when
the external driving force would have been able to form a full monolayer
(density of 1) if the particles are non-interacting, i.e. for an ideal gas of rods.
We note here one observation from our data: many “important” events during
monolayer growth, such as percolation of the system (“any” connected region)
or formation of the “wetting layer” seem to occur in close vicinity of this time-
point.

Dynamical quantities can distinguish equilibrium from nonequilibrium flu-
ids in ways that are superior to structural quantifiers (observables) [104, 557,
914]. Preliminary results from our side suggest that a “sharper” detection of
nonequilibrium transitions (metastable boundaries and entry into or exit from
nonergodic regions) is retrieved when observing fluctuations of dynamical quan-
tities like global rates (fluxes), which represent magnitudes of currents in the
system. Currents and forces are the fundamental quantities in nonequilibrium,
see discussions throughout Ch. 3. We had presented results on fluxes and par-
ticle mobility in Sec. 5.3.8 for the case of L = 3 at neutral substrates. We also
mentioned there that initial efforts have been made to observe the spatial cor-
relation and cross-correlation functions of fluxes in the system (an analysis of
spatial statistics of rates reconstructed ex situ from simulations snapshots).

Current fluctuations are fundamentally bounded in nonequilibrium steady
states [854, 855]. The arrested states in the monolayer – the gel, wetting layer,
and jammed states that we reported in the previous Ch. 4 are particular exam-
ples of transient quasi-stationarity. Moreover, the total motion fluxes (proba-
bilities) in each KMC step is related to the entropy production in the system,
which we alluded to in Ch. 3.5.1. Such “easily”-measurable dynamical quan-
tities from KMC simulations are fundamental to the nonequilibrium physics,
and could be used to explore novel approaches such as power functional theory
[825]. The monolayer systems studied here could serve as a workhorse model,
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in this sense, especially the fact that on-lattice systems have enjoyed much less
attention on this particular forefront of basic research.

∗ ∗ ∗

All in all, the monolayer model system of hard “sticky” rods seems highly
versatile for exploring nonequilibrium structure formation, kinetics and dy-
namics. As it is a completely generic model, the material properties and self-
assembly phenomena it renders under nonequilibrium conditions may con-
nect to many, specialized soft matter, molecular matter, and nano-particle sys-
tems. However, the combination of confinement and anisotropic particles in
this driven nonequilibrium setup makes the outcomes of self-assembly highly
sensitive to model details. Therefore, precaution must be taken when attempt-
ing to deduce specific protocols for custom self-assembly, for example.

5.10 Conclusions and outlook

We explored the nonequilibrium growth of monolayers composed of sticky
hard rods in a lattice model, serving as an idealization for the initial growth of
thin films of anisotropic particles like organic molecules. The self-assembly
process of a monolayer formation is complex, entailing various metastable
phases and transformation processes before reaching the stable end-state of
a full monolayer. The main axes controlling the nonequilibrium competition of
various (metastable) phases – their length-scales, appearance and metastable
duration – are shown to be the flux-to-diffusion ration F/D (the deposition
quench rate), the “sticky” inter-particle attraction strength |ε| (or equivalently,
the reduced temperature T∗ = kBT/|ε|), the substrate potential strength |usub|
biasing lying orientations, and the microscopic dynamics (tumbling- versus
central-rotations). The quantities 1/|ε| and D/F define the two main axes in
various “maps” we have presented, i.e. those of Q and configurational snap-
shots, which have helped us discern different dynamical regimes of monolayer
growth. We found at least five different phase transition scenarios that divide
the (ln(1/|ε|), log(D/F)–plane into corresponding regions (for our standard
case of rod-length L = 3 at neutral substrates).

Thus, the transition to a standing, full-density monolayer from an empty
monolayer has many possibilities. The aforementioned five phase transition
scenarios are labeled scenarios (A)–(E). In writing this chapter, we had originally
categorized the phenomena in terms of “ε-regimes”, which is somewhat sub-
optimal, as these do not account for the dependency on dynamical parameters
(F/D). We will add a tag of this older categorization in the following reiterated
list of scenarios:

• Scenario (A): “Hard-rod-like” monolayer growth for “hot” monolayers or
weakly-attractive rods, in which no phase separation occurs (within “ε-
regime I”). Jamming and dynamical arrest must occur for very low D/F,
but, we have not explored these transitions or range of parameters in this
thesis. The kinetics change when lowering the reduced temperatures (or
1/|ε|) close to the isotropic–standing critical point, which, in fact, seem
very similar to those of scenario (B), see next item.
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• Scenario (B): A transition from an isotropic fluid or vapor to a standing
phase via “nucleation and growth” of standing clusters. Ripening, coales-
cence, and eventually coarsening of the standing phase is accompanied
by the standing phase percolating at late stages. (This scenario seems to
occur within “ε-regime II”.)

• Scenario (C): A competition of lying- and standing-cluster formation
(compact clusters of both phases). The formation of the lying phase pre-
cedes that of “nucleation” of standing clusters. The lying phase competes
with the “nucleation and growth” process of the standing phase, slowing
them down at first, but, rejuvenating growth of the standing phase at
later stages, when the standing phase “eats up” the lying clusters. (This
seems to occur within “ε-regimes IIIa, IIIab, IIIb”.)

• Scenario (D): A lying phase forms amorphous, aggregate clusters, which
soon form a low-density gel that percolates and coarsens thereafter.
The standing phase “nucleates” after the lying phase has aggregated
of formed, and begins growing in competition with the lying gel – a
co-occurrence the a lying, network-forming gel and standing clusters is a
poignant structural feature of this scenario. The standing clusters grow
at the expense of the lying phase, eventually “eating up” the lying gel .
This scenario lies in-between scenarios(C) and (E), please see next item.
(This scenario occurs within “ε-regimes IIIa, IIIab, IIIb”.)

• Scenario (E): A dense gel of lying rods dominates the system, forming
a wetting layer, where the monolayer becomes fully-packed near η → 1
at a global nematic order of Q < 0. The standing phase finally grows
islands out of this dense gel phase, where the waiting period can be very
long. (This scenario occurs within “ε-regimes IIIab–IIIb”.) Depending
on the position of 1/|ε|, this occurs at fast or “medium” F/D – it is the
left-hand-side of the dynamical regimes regarding an x-axis of log(D/F).

We also report on further findings on the effect of substrate potentials usub:

• Scenario (E) is better seen (and our simulations ran long enough) for
weakly attractive substrates usub = −0.5, which likely shift the onset of
metastability of the lying phase. Loops in the packing fraction are clearly
visible, as well, which are indicative of a collective standing-up process.
These loops may be an inherent part of scenarios (B), (C), (D), and (E), but,
are simply amplified under the influence of the substrate potential.

• Weakly attractive substrates might only shift the areas in the
(ln(1/|ε|), log(D/F))–plane at which each phase transitions scenario
would be found.

• Strong or intermediate substrate potentials bias the orientation of the
initial, isotropic fluid or vapor to a 2D fluid or vapor, which likely even
becomes a thermodynamically stable 2D liquid at low enough reduced
temperatures. Standing up out of a 2D wetting layer of the fully-packed
2D liquid can appear as a “sharp”; in some cases of 1/|ε| and D/F, how-
ever, it may remain “soft”. A detailed and deeper exploration on the shift-
ing and introduction of new dynamical regimes with substrate potentials
would be interesting for the future.
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• As a comment, we suspect that this standing-up transition may fore-
shadow a dewetting transition in systems where the monolayer con-
straint would be removed (e.g. bilayers).

We have also provided quantitative results on the evolution of clusters
or nearest-neighbor connected regions during monolayer growth – composed
of standing rods, lying rods, or “any”-oriented rods. We also performed mor-
phological analysis by means of Minkowski functionals of these connected
regions, which have provided additional insight and means to discern the
different phase transition scenarios. We also quantified (roughly) percolation
transitions (as well as an anti-percolation transition) for these three types of
nearest-neighboring connected structures. We note these transitions occur un-
der these unique nonequilibrium conditions of a deposition quench. We have
also quantified observables that render crucial dynamical information, comple-
mentary to the global (mean) and configurational observables we quantified.
The mobility of particles in their translational and rotational degrees of freedom
provides insight into statistics of single-particle dynamics during phase sepa-
ration, when the system is dynamically heterogeneous. The orientational order
of these mobile particles provides further detail on the lying–standing compe-
tition dynamics (“gymnastics”). In an exploratory manner, we also quantified
the relative translational flux (motion probabilities) in the systems, as well as
a “sticky” acceptance ratio during the nonequilibrium dynamics. Fluctuations
and cross-correlation of motion fluxes (i.e. currents) would be a next step in
future investigations.

We presented many results in the (ln(1/|ε|), log(D/F))–plane, as these can
be used to distinguish between the main dynamical regimes in the monolayer.
In particular, we found that the “maps” of Q at fixed densities are attuned
to the different dynamics, where we can trace the boundaries of the different
phase transition scenarios within them – a gel line can be see for phase tran-
sition scenario (D), for example. We can also detect which dynamical regimes
have not been explored in our datasets, for example, that extremely low-values
of D/F will render crucial information on jamming transitions or further ar-
rested states. We may marginally see these low-D/F jamming effects for L = 5
and L = 9, which we describe below. In particular, however, high deposition
quench rates F/D may give us the possibility to determine a good estimate for
critical reduced temperatures, both metastable and stable. We proposed how to
extrapolate these from the gel line, for example, or from the place where the
gel line meets a (potential) jamming transition. Further, we might be able to
estimate the critical densities of these stable or metastable transitions from the
series of maps at different values ρ – for example, at which ρ the value of Q at
the “critical” point of (log(D/F), ln(1/|ε|) drops below zero. A more detailed
exploration would be most interesting in the future.

We have explored monolayer growth with longer rods L = 5:

• The evolution with rods of length L = 5 shows many similarities to that
with L = 3, although differences include pronounced loops in the pack-
ing fraction during a collective, standing-up transition, like for weakly
attractive substrates with L = 3.

• Further, the topology of the “maps” of Q in the (ln(1/|ε|), log(D/F))–
plane shows subtly different features that may hint at altered relation-
ships between dynamically arrested states and metastable critical points
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that we presume exist in the system. The low-D/F “half” might have
a “‘kink” in the gel-line that could indicate the value of 1/|ε| for a
metastable transition. More simulated data points in the “map” would
be necessary to clarify.

We reiterate here another important finding from our studies:

• We have found that the type of microscopic moves modeled for the single-
particle motion of anisotropic rods plays a significant role, both for the
evolution of structure and well as kinetics during monolayer growth.
Specifically, we compared different out-of plane rotational dynamics: tum-
bling rather than central rotations.

• Tumbling dynamics induce diamond-like and more fractal islands of the
stable, standing phase. In the central-rotations case, islands remain more
round. Thus, the shape of islands is a function of the coupling between ro-
tational and translational degrees of freedom, which are coupled directly
(even at the one-body scale) for tumbling rotations.

• Further, these tumbling dynamics change the kinetics of the system.
Without having explored the kinetics in detail, we have not seen the
widespread dominance a dense, lying gel. Phase transition scenario (E)
seems to be avoided – universally, even, for L = 2, 3, 5, 9.

Very long rods (L = 9) were investigated in the context of tumbling
rotational dynamics, which seem to highlight and emphasize the collective,
standing-up kinetics that generate loops in the packing fraction. Also, the stand-
ing island shape is diamond-like:

• The evolution at proper values of 1/|ε| and F/D – for a phase transition
scenario probably similar to (D) or (C) – is characterized by diamond-
like standing islands, which later turn into strips and begin forming zig-
zag patterns. These are also tied to large loops in the packing fraction
during growth, which are related to steric inhibition of the lying phase
and the highly irregular shape of the vacancies that open up once this
phase eventually decays.

• Further, we see preliminary evidence for 2D demixing – of the two lying
species of rods – at early stages of growth with very long rods. FMT
predicts this transition for much lower rod-lengths, too. However, we fail
to detect this clearly for L = 3, 5 in our growth simulations.

• Moreover, we find evidence for another kind of dynamical arrest in the
case of L = 9 , for tumbling rods, which is visible in the different topology
of the “maps” of Q in the (ln(1/|ε|), log(D/F))–plane. The lower-end of
the D/F scale seems to entail an end-point (a “wall”) for the gel line that
might indicate the value of 1/|ε| for a metastable transition, at the point
of dynamical arrest of a portion of the degrees of freedom in the system.

We further explored dimers:

• Dimers show similarities to L = 3. At neutral substrates, we see evidence
for behavior similar to phase transition scenario (B), (C), (D) in our range
of parameters studied. Yet, there may be differences at higher reduced
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temperatures, where FMT predicts two stable critical points. More simula-
tion data and careful analysis over many observables would be necessary
to clarify this feature.

• Owing to the even-valued length, the microscopic dynamics of rotations
are of the (out-of-plane) tumbling- and (in-plane) shuffling-type, which
affect the general phenomenology in a way explored for other rod-lengths:
At neutral substrates, phase transition scenario (E) seems to be avoided
(the wetting layer fails to form).

• At moderately strongly attractive substrates, dimers behave similarly to
L = 3 at weakly attractive substrates, i.e. phase transition scenario (E) is
recovered.

• At very strong substrates, we presume the 2D phase (lying) is stable,
just like what happens for L = 3. The substrate potential usub is another
axis controlling dynamical regimes in the monolayer, also for this case of
L = 2.

• Regarding standing island morphology, square-like islands are seen for
the dimers at high D/F, i.e. a near-equilibrium shape on the square lattice.
At lower D/F, irregular standing islands that may have a diamond-like
component can be spotted.

All of the phase transition scenarios discussed and their kinetics, which we
are not fully explored for all cases, are unique to the nonequilibrium set-up of
a deposition quench, i.e. to the driving force. Kinetics at constant densities could
be investigated further upon reduced-temperature quenches, i.e. slow or rapid
cooling (or heating), which we had begun to explore in this chapter, as well.
However, owing to the new phenomenology, a deeper analysis of the large
set of readily-simulated data for these other experiments – further including
evaporation–deposition dynamics and interrupted growth – remains outside
the scope of this thesis. Nonetheless, studies on annealing (heating) monolayers
at constant densities provide further means to discover e.g. metastable phase
boundaries. Relaxation of the system after interrupting the deposition process
should offer a means to quantify a distance from equilibrium at any moment in
time, via the relaxation time. Future work could quantify the relaxation times
as a function of monolayer growth time, offering a unique window into e.g.
a “free energy landscape” through which the system traverses as a function
of (F/D, 1/|ε|, usub, γ). Further, evaporation–deposition dynamics emulate a
system that can eventually reach grand-canonical equilibrium. The latter can
“accelerate” the equilibration of the system, in that the lying, metastable phase
is converted into the thermodynamically stable standing phase in lesser sim-
ulation time (scenario (D) will likely be possible in only a very narrow range
of parameters). Yet, we have seen that a weak desorption rate can also quickly
drive the formation of the metastable wetting layer (scenario (E)), from which
we can simulate the growth of standing islands given the right conditions
(a computationally difficult case to simulate with the monotonic-deposition
setup). In scenarios (B) and (C), island sizes quickly increase (like the effect of
a large diffusion coefficient D), as these dynamics correlate spatially separated
regions efficiently. Therefore, weak-desorption experiments can aid in a fuller
and preciser delineation of all dynamical regimes in the monolayer, as they will
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allow us to simulate to later times, i.e. later stages of the phase transition kinet-
ics, and because the system will “want” to reach the nearest quasistationary
state much more quickly.

We have attempted to compare our results to the predicted phase diagrams
from state-of-the-art equilibrium approaches (FMT for sticky hard rods)
with the phenomena seen in our growth experiments. The FMT seems to
capture some features correctly – such as the potentials for metastable phase
separation involving fluids with different nematic order, as well as the “parent”
vapor-liquid separation that indicates the formation of standing, stable-phase
islands. However, we failed to find a metastable demixing transition between
two rod-orientations in-plane for short rods. Further, we are not sure how to in-
terpret all of the metastable transitions, e.g. one predicted to occur between two
differently-ordered states at high number densities. We suspect this may corre-
spond to the standing-up transition from the nearly-2D wetting layer (scenario
(E)), but, clarification would be helpful. It would be interesting to try to extract
the metastable critical densities from our simulations, at which we find the
onset of different dynamical regimes (in temperature) — in the manner we pro-
posed above using the crossing of the gel line with a jamming line, for example.

From a practical point-of-view, the work in this chapter represents a broad
presentation of a novel, simple, generic model system for submonolayer
growth with anisotropic molecules. Unlike many other studies of lattice
models of rods with KMC simulations in the literature, we have attempted
to incorporate information from thermodynamics, and discussed the the role
of metastable phases. We have also found that these highly nonequilibrium
systems are highly sensitive to the choice of moves in the simulation, an effect
which is likely most pronounced at the submonolayer stage. The shape of
islands and the morphological evolution are affected by a coupling between
rotational and translational degrees of freedom at the one-body scale, in the
(2+1)D ideal-gas limit. Further, the outcomes are dependent on the specific
relative rates that include those of rotations, not only of F/D. Lastly, the
nonequilibrium trajectories, and therewith the competition of various stable
and metastable phases are again highly sensitive to any evaporation processes
in the system (desorption). Therefore, we have shown how these model sys-
tems can be used to demonstrate the fundamental causes behind specific types
of self-assembly phenomena, i.e. the phase transition kinetics. On the other
hand, extreme caution must be taken in model presumptions, and experiments
in the future should offer much more specific information before relying on
simulation for interpretation. Specifically (and ideally), each system of interest
should be characterized in the types of microscopic dynamics (in the vapor
and at island times), their rates (order-of-magnitudes), the binding energies
among particles in the quasi-2D setup, the binding energies to the substrates,
and desorption rates. Otherwise, model simulations will unduly fail to provide
specific parameter protocols for morphological evolution. If each system
(molecule + substrate + deposition conditions) has a dramatically different
phase diagram, including different (metastable) transitions, differences in
outcomes of structure formation may be significant; however, we postulate
that universal behavior may still be found if at least the thermodynamic
properties like the multiplicity and relative positions of critical points of
different systems remain similar. The proximity of a nonequilibrium evolution
to equilibrium – given fixed control parameters – is a function of these critical
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points. An aspect unexplored here is another choice of interaction potential,
e.g. one that favors or suppresses tip-tip interactions. These will change the
metastable phases (as the type of ordering can change), and therewith could,
under conditions, unfold another competing phase during growth.

This work has also unveiled many points that we feel deserves further
attention from a fundamental standpoint. For example, the “nucleation and
growth” of the standing phase is at least a two-step process (seen in scenarios
(B), (C), (D), and (E) – inhibited by a lying and lowly-ordered fluid phase or
aggregate that in extreme cases becomes a gel, a liquid or a wetting layer.
When the nucleation or growth of the standing phase occurs in terms of phase
transition scenario (E) may also be a function of usub, which we would have to
explore in the future. Nonetheless, multi-step “nucleation-and-growth” kinetics
are of fundamental importance for many soft matter systems – from proteins to
colloidal systems – and may occur in thin films of molecules form at surfaces,
as well.

Further, we have emphasized and demonstrated the unique effects of
(2+1)D confinement on systems of anisotropic particles, as well as one on a
lattice, where a clear competition between lying and standing dense-phase
orientations is manifested. Unlike atomistic models of submonolayer growth,
the picture is much more intricate, complex and surprising: Both lying and
standing phase can co-occur, wetting layers can form that may be unique to
the first layer, and a 2D gel (network-forming, metastable phase) has been
discovered. As the competing phases form and rearrange (and decay) at
different rates and with different (power) laws, these monolayer systems
show strong analogies to viscoelastic fluids that can be addressed in the
future: they have the potential for two phases of matter with different intrinsic
time-scales. Moreover, one of the phases is network-forming and forms a gel,
a characteristic accompanying its inherent metastability. This discovery for
the sticky-hard-rod model in monolayer confinement is quite intriguing, and
would be most interesting to explore in other model systems (other lattices
or off-lattice). We are not aware of literature addressing 2D gels in quasi-2D
confinement anywhere else.

The sensitivity of the nonequilibrium systems of rods to the choice of mi-
croscopic dynamics, i.e. to the coupling of rotational and translational degrees
of freedom even at the one-body level, is a somewhat surprising and funda-
mental point. Aspects like shape of islands and statistics thereof during growth
will be altered accordingly. Unfortunately, this fact may be more than incon-
venient for approaches using standard mean-field rate equations and classi-
cal nucleation models, as the microscopic degrees of freedom are “integrated
out”, per definition – and it is not clear how to perform such an integration
for these highly correlative systems. Rod systems in confinement entail much
more complexity in their behavior than point-like or atomistic model systems,
generally speaking, and will represent a challenge for analytical theory. This
high complexity coming from an arguably most simple model system might be
a blessing, however, when venturing towards fundamentally new directions
for nonequilibrium physics. For example, it would be interesting to explore this
system with power functional theory. Moreover, these simulations can be seen
as generator of configurations and motion, i.e. time-dependent datasets, stem-
ming from a practically simple, well-defined nonequilibrium process. Therefore,
we think such a model system could be very useful for fundamental questions
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on machine learning, especially of inferring physical laws, as well as causality,
by means of existing or new algorithms. We will explore machine learning on
equilibrium data in Ch. 7, which is our first step in this direction.

Finally, the holistic view on submonolayer growth we have provided in
this chapter should be very interesting for the community experimenting with
growth with anisotropic organic molecules like thiophenes and conjugated
molecules. Our findings in this chapter have strong places of overlap with
many “unusual” reported effects of organic molecules during earliest stages of
film growth – we had reviewed and discussed these in part I of this thesis.

The work presented in this chapter stands for the beginning of a number
of research directions in which also more specific research questions around
this model could also be addressed. A clear specification of the dynamical
regimes in the (ln(1/|ε|), log(D/F))–plane is the next logical step. Character-
izing the jamming transitions and other potential arrested states at even lower
D/F are important ingredients, and we proposed we may be able to determine
estimates for critical points that are both stable and metastable be means of
crossing points of e.g. the gel lines with the jamming transition points (or sim-
ilar). Further, the percolation transitions during growth could also be charted
into dynamical diagrams. The evaporation–deposition experiments, as well as
heating or cooling, should aid in characterizing this diagram. As the dynamical
setup is different, however, we suspect they will entail new effects and open
up a whole new set of questions.

The apparent success of the FMT to capture many relevant features, at least
from an equilibrium perspective, makes us hopeful that a DDFT-type approach
may generate reasonable results. It would be most interesting if DDFT can
model properly the formation of the network-forming gel, as analytical theories
on gelation that directly incorporate many-body correlations (like the FMT)
seem to be lacking in the literature.

Extended analysis of dynamical observables that we have presented like
current fluctuations (correlations between fluxes), the latter of which is very
feasible with the current analysis routines around simulation snapshots, are
fundamental quantifiers of the nonequilibrium systems. Moreover from the
technical side, we have readily implemented multilayer growth KMC simu-
lations of sticky rods of any length. The deposition setup is similar to vapor-
phase deposition experiments (see implementation in Refs. [168, 915]). This
could open up a new chapter towards multi-layer growth that will very likely
involve diverse dewetting transitions (i.e. of the 2D wetting layer seen in the
monolayer) as well as a completely new kinetics.

This chapter has allowed us to engage with the complex, intricate, and
fascinating character that many-body systems of short-ranged-attractive, hard-
core-repulsive, and anisotropic particles can take on in driven nonequilibrium
conditions. The particular case of a lattice model of hard rods for layer growth
at substrate, in retrospect, seems an ideal theoretical system for investigating
the role of translational and rotational degrees of freedom, as orientationally-
ordered states distinguish themselves more potently in an on-lattice model,
let alone one in confinement. We have seen competition of phases with two
intrinsic length and time-scales. The metastable phases that enter the scene
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might be inevitable precursors to the formation of compact islands. This comes
in the form of lying, 2D gel or clusters. It can even form a wetting layer. As
compact island formation and growth co-occurs, this model system highlights
how dynamical asymmetries between differently-ordered states, accompanied
by time-scale overlap, are an inherent part of a complex of kinetic pathways.
Further, dynamical arrest and (metastable) critical points might be connected
in very deep ways that are not obvious within the context of current status of
statistical-mechanical theory.

Admittedly, monolayer growth of purely hard-core rods from Ch. 4 gen-
erated a much narrower variety of trajectories (or phase transition scenarios)
than that of sticky hard rods. The exception we found is the case of jamming
occurring under the influence of highly attractive substrate potentials. The
central difference between “sticky” and purely hard-core rods is that in the
former, coherent structures can form at large scales due to the phase separation
processes involved. In turn, the collective dynamics entail much longer
intrinsic time-scales (waiting times, relaxation times) as many more particles
are directly involved.

The end of this chapter marks the end of part II of this thesis, where we have
explored model systems for thin film growth of rod-like particles confined to
a monolayer in an idealized lattice model. The next part of this thesis (part III)
explores the bulk behavior of the same lattice model of hard rods – with regards
to equilibrium (static) properties.
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Part III

Phase Behavior of Hard Rods on
Lattices in the 3D Bulk and 2D
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Chapter 6

The Isotropic–Nematic
Transition on Cubic and Square
Lattices

It is not order only, but unexpected order, that has value.

Henri Poincaré

In this chapter, we shall present the phase behavior of lattice hard rods
in the 3D (and 2D) that were mainly analyzed using GCMC simulations – a
collaborative work based on two publications with multiple co-authors. We
will state our contributions in Sec. 6.1 below. The introduction to this part of
the thesis was provided in the introduction Ch. 1.3.

While the hard-rod system on lattices has been investigated extensively in
the 2D case, an open gap in the literature persists for 3D systems. Additionally,
the case of sticky rods is investigated, which has been investigated for 2D sys-
tems in a limited (weak) regime of “sticky” attractions, which we will discuss
in this chapter. The 3D case has remained likewise unexplored. We focus on the
isotropic–“nematic” transition, whereby we use the quotation marks because
the ordering is not long-ranged. This will become clearer in the first half of this
chapter. We also note that our investigations exclude a full characterization of
high-density phases in 2D as well as 3D, where for both, other phase transitions
or non-ergodic regions may occur.

In Ch. 4, the FMT for purely hard-core rods on lattices was presented. This
constitutes a state-of-the-art theoretical approach that can also be applied to the
2D and 3D cases. We will present the results in this chapter. We note that this
FMT has been further developed for short-range attractions using the depletion
effect (the addition of “polymers”) in Ref. [72]. This will be compared with our
simulations for sticky rods in this chapter.

The scope of the research presented in this chapter addresses the follow-
ing scientific questions: What are the conditions in which an isotropic–nematic
transition occurs on cubic lattices, and is this comparable to that of continuum
models, i.e. liquid crystal models for the bulk? What is this nature of this order-
ing transition, and what are the proper order parameters to describe it? What
are the phase diagrams for the same systems with additional “sticky” (short-
ranged) attractions between rods? How well does the lattice FMT perform,
presented formally in Ch. 4, compared to the simulations? What does the ad-
dition of sticky attractions do to the ordering behavior of the system in full 2D
confinement? What is the phase diagram of 2D sticky-hard-rod systems?
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We have already discussed many basics on the physics of orientational or-
dering in the first part of this thesis, part I. More specifically, we reviewed
isotropic–nematic ordering in continuum systems, as well as partially dis-
cretized systems and 2D systems in Ch. 1.3. Ordering in complex fluids of
rod-like particles was discussed on a generic level in Ch. 2.1, where a coupling
between rotational with translational degrees of freedom in a fluid lays behind
the phase behavior, i.e. many-body, collective behavior. We provided a qual-
itative, preliminary discussion on the constraint of fluids (of rods) to lattices
in Ch. 2.2.2. We discussed fundamentals of equilibrium statistical mechanics
and Gibbs ensembles, Markov-Chain dynamics on lattices, as well as grand-
canonical Monte Carlo simulations within Ch. 3.

6.1 Published work

This work and text in this chapter are based heavily on the following two
publications:

A. Gschwind, M. Klopotek, Y. Ai, and M. Oettel, “Isotropic–
nematic transition for hard rods on a three-dimensional cu-
bic lattice.” In: Physical Review E 96.1 (July 2017), p. 012104.
D O I: 10.1103/PhysRevE.96.012104.

P. Quiring, M. Klopotek, and M. Oettel. “Nematic and gas–liquid transi-
tions for sticky rods on square and cubic lattices”. In: Physical Review E
100.1 (July 2019), p. 012707. D O I: 10.1103/PhysRevE.100.012707.

We state the contributions of the author of this thesis, “MK”, below. We also
mention that we have “moved” some of the published results from the publi-
cation corresponding to Ch. 4 to this chapter in Sec. 6.4, where we present all
predicted results for an FMT for hard rods that correspond to 3D and 2D phase
behavior.

Contributions of author (MK)

We have decided to present all of the quantitative results of the two above-
mentioned publications in order to preserve the coherence of the results and
scientific story. Our contributions are as follows:

Phys. Rev. E 96, 012104 (2017):
MK contributed to research in the context of co-supervision of student the-
ses (bachelor and master), as well as supervising a summer internship with
Y. Ai in the context of a DAAD RISE scholarship. The GCMC as well as suc-
cessive umbrella sampling simulations were written and developed under the
co-supervision of MK. MK wrote a portion of the discussion section of the pa-
per (comparison to other hard-rod-like systems), and contributed to editing the
manuscript. MK contributed to the planning, description, and final editing of
multiple figures, and generated Figs. 6.2(b)–(c) herself.1

1MK also provided minor help in the submission process as well as in the correspondence
with the editor and reviewers.

https://doi.org/10.1103/PhysRevE.96.012104
https://doi.org/10.1103/PhysRevE.100.012707
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Phys Rev. E 100, 012707 (2019):
MK contributed to research in the context of co-supervision of student theses
(bachelor and master). The GCMC as well as successive umbrella sampling
simulations were written and developed under the co-supervision of MK (this
paper represents a succession of the research presented in the previous paper.)
MK wrote a portion of the introduction (on 2D systems), and contributed
to editing the text and figures of the paper. MK was responsible for the full
submission process and corresponded with editors and reviewers.

We have modified and added to the discussions, and have re-written the
conclusions, which are contained in Secs. 6.8 and 6.9, accordingly (see next
section on the organization of this chapter). We have re-written and extended
significantly the introductory discussion on these topics in Ch. 1.3 of this thesis.
A deeper background can be found when reading the generic discussion on
the physics of hard-rod systems in Ch. 2. At an even more fundamental level,
we discussed equilibrium statistical mechanics, dynamics on lattices, as well
as the intimately-related Markov-Chain Monte Carlo methods in Chs. 2 and 3.

6.2 Organization of this chapter

The organization of this chapter is as follows: In Sec. 6.3 we specify the model
studied in the first part of this chapter – that of purely hard-core rods, which
serves as the most basic case. We present results of an FMT for purely hard-
core lattice system of hard rods in Sec. 6.4, where this lattice FMT for rods
was presented for the first time in Ch. 4 for the case of (2+1)D confinement. In
Sec. 6.5 we present simulation results on 3D systems of purely hard-core rods,
where we will discover that a lattice system of long rods entails a very weak
first-order isotropic–nematic transition. We will also discover that a suitable
orientational order parameter for the 3D system of rods on lattices is, in fact,
two-dimensional, which we describe at the end of Sec. 6.5. We then move on
to the same lattice systems of hard-core rods with sticky attractions in the 3D
in Sec. 6.6, where the isotropic–nematic becomes strongly first-order at low
reduced temperatures. We will study the phase diagrams. We will also present
results on the ordering transitions and phase diagram of a 2D system of sticky
hard rods, which we will see entails a tricritical point, in Sec. 6.7. (These 2D
systems will be used in a study on machine learning in the next chapter, Ch. 7.)
We have provided a lengthy discussion in Sec. 6.8, where we also discuss ideas
and open issues as an outlook of the work presented chapter. Our conclusions
are provided in Sec. 6.9.

6.3 The hard-rod model on cubic lattices

We consider a simple cubic lattice in 3D, the unit cell length is set to 1. Hard
rods are parallelepipeds with extensions L× 1× 1 and corners sitting on lattice
points. The position of a rod is specified by the corner whose lattice coordinates
are minimal each. They are allowed to touch (i.e., share corners or faces), but,
forbidden to overlap. The cubic lattice restricts possible orientations to three,
and we refer to rods oriented in x-, y-, and z-directions as species 1, 2, and 3,
respectively. Species densities ρi are defined as number of rods of species i (Ni)
per lattice site, ρ = ρ1 + ρ2 + ρ3 is the total density and η = ρL ≤ 1 is the total
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packing fraction. We introduce bulk nematic order parameters Qi and biaxiality
order parameters Si by

Qi =
ρi − ρj+ρk

2
ρ

, (6.1)

Si =
ρj − ρk

ρj + ρk
, (6.2)

where (ijk) is a cyclic permutation of (123).
An allowed configuration of the system is given by the set of all rod posi-

tions S = {sj,k} where j = 1, 2, 3 indicates the species and k = 1 . . . Nj the rod
number and in which the rods do not overlap. The total number of allowed con-
figurations is denoted by N ({Nj}). The grand partition function of the system
is defined by

Ξ(zi) =
3

∑
i=1

∞

∑
Ni=0

zNi
i

Ni!
N ({Nj}) , (6.3)

where zi = exp(βµi) is the fugacity of species i (β = 1/(kBT) is the inverse
temperature and µi is the chemical potential of species i). In a bulk system all
zi are equal, zi = z. Note that the 3 possible particle orientations can be treated
as an internal property of particles such that the grand partition function in
the bulk can be written alternatively as a single sum over the total number of
particles:

Ξ(z) =
∞

∑
N=0

zN

N!
N ′(N) , (6.4)

where N ′(N) is the total number of allowed configurations having N parti-
cles with three possible orientations each. The grand canonical average of an
observable A({Nj}) is defined by

〈A〉 = 1
Ξ

∞

∑
N=0

zN

N! ∑
S

A({Nj}) . (6.5)

6.4 Lattice-FMT (theory) for purely hard-core rods in 2D
and 3D

Note: The author of this thesis did not contribute in a major way to the re-
sults in this section (Sec. 6.4). They are reproduced from a co-authored publica-
tion listed at the beginning of Ch. 4. We present these, nonetheless, to complete
a fuller picture of lattice models of hard rods.

A general FMT functional for hard rod mixtures on lattices with arbitrary
dimensions has been derived by Lafuente and Cuesta [159, 160]. For our
specific case of interest – of rods with length L and width 1 – please consult
to the basic definitions provided in Ch. 4.4. Therein we presented the FMT for
rods for the first time in the context of hard-rod monolayers.
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F I G U R E 6 . 1 : (a) FMT results for purely hard-core rods in 2D:
Demixing order parameter S as a function of the total packing
fraction for different rod lengths L. Dotted lines correspond to
the approximate solution near the onset of demixing (Eq. (6.16)).
(b) Corresponding results for the 3D bulk. Liquid–nematic bin-
odal in the plane spanned by the inverse rod length 1/L and the
packing fraction η. Square symbols show the packing fraction
of the coexisting nematic state, circles the packing fraction of

the coexisting liquid state.

We need the free energy density in the 3D bulk, homogeneous case for the
present chapter:

f = f id + f ex with (6.6)

β f id =
3

∑
i=1

ρi ln ρi − ρ , (6.7)

β f ex = Φ0D(Lρ)−
3

∑
i=1

Φ0D ((L− 1)ρi) . (6.8)

Here, β = 1/(kBT) is the inverse temperature which is set to 1 and

Φ0D(η) = η + (1− η) ln(1− η) . (6.9)

is the excess free energy of a zero–dimensional cavity (which can hold no
or only one particle) depending on its average occupation η = [0, 1]. The
equilibrium bulk state is found by minimizing f at constant total density ρ
with respect to the order parameters Q ≡ Qi and S ≡ Si (for one specific
i). We have found stable states only for S = 0 and Q ≥ 0. Isotropic–nematic
coexistence is determined by equating the chemical potential µ = µ1 = µ2 = µ3
(with µi = ∂ f /∂ρi) and pressure p = µρ− f between the isotropic and nematic
states.

Two dimensions: the binary mixture with rod lengths L1 = (L, 1) and L2 =
(1, L)

In the bulk, both densities (ρ1 and ρ2) and all weighted densities are constant.
We introduce the total density ρ := ρ1 + ρ2 and denote by η := n(1,1) = Lρ the
total packing fraction. Furthermore, n(0,1) = (L− 1)ρ1, n(1,0) = (L− 1)ρ2 and
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S = (ρ1 − ρ2)/ρ is an order parameter for the demixed state. We refrain from
calling S a nematic order parameter, since the alignment of rods corresponds
just to a demixed state between species 1 and 2, and the corresponding transi-
tion has the character of a liquid–vapor transition [356]. The bulk free energy
density, f2d(ρ, S) = f id

2d + f ex
2d , written in dependence on the variables ρ and S

becomes

f id
2d =

3

∑
i=1

ρi ln ρi − ρ , (6.10)

f ex
2d = Φ0d(ρL)−Φ0d ((L− 1)ρ1)−Φ0d ((L− 1)ρ2) , (6.11)

ρ1 =
ρ

2
(1 + S) , (6.12)

ρ2 =
ρ

2
(1− S) . (6.13)

At fixed ρ, the equilibrium demixing parameter Seq is found by solving µS =
∂ f2d/∂S = 0. For L ≤ 3, the mixed state (Seq = 0) is the only solution and f is
minimal there, For L ≥ 4 there exists a critical packing fraction ηc < 1 above
which three solutions S = {0,±Seq} signal demixing: The solutions S 6= 0 have
lower free energy. At ηc, there is no jump in the demixing parameter which is
the behavior also observed at a liquid–vapor transition. One may thus expand

µS(η, S) ≈ µ1,S(η)S + µ3,S(η)S3 + . . . (6.14)

and find the critical packing fraction by solving µ1,S(ηc) = 0, with the solution

ηc =
2

L− 1
. (6.15)

The equilibrium demixing Seq(η) in the vicinity of ηc can be approximated by
solving µS = 0 for S using the Taylor approximation (6.14), giving

Seq =

√
−µ1,S(η)

µ3,S(η)
≈
√

η − ηc

√
3

2(L− 2)
(L− 1) . (6.16)

The behavior of Seq(η) near ηc born out by the approximate theory is, of course,
of mean-field type.

These findings can be compared with simulation work which finds the
demixing transition for L ≥ 7 [366] and a critical packing fraction ηc ≈ 5/L
[363]. Thus, FMT overestimates the tendency to demix. Note, however, that the
demixing follows from a single functional, unlike other approaches which as-
sume distinct expressions for the isotropic and the demixed phase free energies
[363]. For very high packing fractions η ≈ 1, theoretical arguments predict a
reentrant transitions from the demixed to a disordered state which bears some
characteristics of a cubatic phase on a lattice [366]. This transition has been
studied in more detail using simulations in Refs. [367, 368]. The present FMT
functional, however, does not give this transition. For rods with extensions
m × mL (where m, mL are integer and L may be non-integer), the phase dia-
gram has been investigated in Ref. [365, 369], where (for m > 1) it is shown that
a columnar phase appears between the demixed and high-density disordered
phase.
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Three dimensions: the ternary mixture with rod lengths L1 = (L, 1, 1), L2 =
(1, L, 1) and L3 = (1, 1, L)

The total density is ρ = ρ1 + ρ2 + ρ3 and the total packing fraction is η :=
n(1,1,1) = Lρ. We define the order parameters

Q =
ρ3 − ρ1+ρ2

2
ρ1 + ρ2 + ρ3

,

S =
ρ1 − ρ2

ρ1 + ρ2
. (6.17)

Q 6= 0 signifies an excess (Q > 0) or depletion (Q < 0) of particles in
z–direction (nematic state) while S 6= 0 signals order in the x–y–plane or-
thogonal to the nematic director (biaxial state). The bulk free energy density,
f3d(ρ, Q, S) = f id

3d + f ex
3d , written in dependence on the variables ρ, Q and S

becomes

f id
3d =

3

∑
i=1

ρi ln ρi − ρ , (6.18)

f ex
3d = Φ0d(Lρ)−Φ0d ((L− 1)ρ1)

−Φ0d ((L− 1)ρ2)−Φ0d ((L− 1)ρ3) ,
(6.19)

ρ1 =
ρ

3
(1−Q)(1 + S) , (6.20)

ρ2 =
ρ

3
(1−Q)(1− S) , (6.21)

ρ3 =
ρ

3
(1 + 2Q) . (6.22)

Minimization of the total free energy density with respect to Q and S shows
that the model has a stable nematic state (Q = Qmin > 0, S = 0) for L ≥ 4.
Note that the director could also be oriented along the x– or y–axis instead
of the chosen z–axis. A pure nematic state with director along the x[y]–axis
and order parameter Q′ is equivalent to a minimum free energy state with
Q = −Q′/2 and S = ±3Q′/(2 + Q′) using the order parameters (6.17). This
is therefore not a biaxial state. The associated liquid–nematic transition is of
first order, and we have determined coexistence between the liquid and the
nematic state by performing the common tangent construction for the free
energy density f3d(ρ, 0, 0) (liquid phase) and f3d(ρ, Qmin, 0) (nematic phase),
which implies equality of the chemical potential µ = (∂ f3d)/(∂ρ) and pressure
p = µρ − f3d. Results are shown in Fig. 6.1(b). The packing fractions of the
coexisting nematic state are very well described by ηc,nem = 3.58/L, and the
gap in packing fractions of the coexisting states has a maximum of ≈ 0.08 at
L = 8 and tends to zero as L→ ∞.

Note that for off-lattice ellipse systems in 3D, the critical aspect ratio is
around Lc ≈ 4 [336].

∗ ∗ ∗

The lattice FMT that has been presented here will be used to predict the
isotropic–nematic transition at different rod-lengths L. We compare these di-
rectly to our GCMC simulations in forthcoming Sec. 6.5.3.
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6.5 Simulation results for the isotropic–nematic transi-
tion of hard-core rods on cubic (3D) lattices

Note: The following results and discussions are almost identical to those
in the corresponding publication listed at the beginning of this chapter. The
author of this thesis contributed to the research method described in Sec. 6.5.1,
as well as to research and results of Secs. 6.5.2, 6.5.4, and 6.5.5. The results in
Sec. 6.5.3 are outside of the scope of our contribution, which we have neverthe-
less presented here for completeness.

6.5.1 Grand canonical Monte Carlo (GCMC) simulations for purely
hard-core rods

We have simulated the model on cubic lattices with size V = M3. We have
worked with lattice sizes between M = 50 and M = 170, depending on rod
length. In each step, a particle insertion attempt or deletion attempt was cho-
sen with probability 1/2. For an insertion move, the orientation and the po-
sition of the particle was picked randomly. For the deletion move, one of the
particles in the system was chosen randomly. Detailed balance was obeyed:
the insertion move was accepted with a probability min(1, 3zV/(N + 1)) if it
led to an allowed configuration, and the deletion move was accepted with a
probability min(1, N/(3zV)). N indicates the number of particles before the
insertion/deletion move was attempted.

To compute densities and orientation variables, we stored various “time” se-
ries of the rod numbers Ni(t), measured every 107 moves (otherwise noted). In
isotropic states, Ni(t) fluctuated around 〈N〉/3, and equilibrium was reached
promptly. On the other hand, one species having a pronounced majority was a
typical sign of being in e.g. the nematic state; there, intervals of alternating ma-
jority species were observed in the time series. We assumed full equilibration
of the system if of the order of 10 such intervals occurred. This criterion was of
course difficult to fulfill deep in the nematic phase. The collected time series
were used to calculate averages 〈A〉 and probability density distributions P(A)
(histograms).

The signature of a first–order transition in a GCMC simulation is usually a
double peak in the probability density distribution P(N), and the peaks should
have equal area at coexistence (fugacity zcoex). In the vicinity of coexistence be-
tween an isotropic and a nematic state with excess of one species, the probability
density distribution of one of the nematic order parameters (say P(Q1)) should
furthermore exhibit three peaks: one peak centered at Q1 ≈ 0 and two peaks
centered at Q1 = q > 0 and Q1 = −q/2, where the second peak corresponds to
the species 2 or 3 being the majority species. Consider the distribution P(Qmax)
with Qmax = max

i
(Qi): it should exhibit a double–peak structure located at

Qmax ≈ 0 and Qmax = q > 0. On the other hand, a transition to a nematic state
with excess of two species is best observed via the distribution P(Qmin) with
Qmin = min

i
(Qi). It should likewise exhibit a double–peak structure located at

Qmin ≈ 0 and Qmin = q < 0.
A negative nematic order parameter in continuum models for rods would

correspond to rods preferentially orienting perpendicular to a director. This
has not been reported in the literature for uniaxial hard rods like those in our
lattice model.
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6.5.2 Main findings for rod-lengths L = 5 . . . 25

To detect a first order transition, we seek to find a double peak in the histograms
of particle number P(N), which would be indicative of a density gap. However,
for all rod lengths up to L = 25, it was too hard to detect any clear sign of a
double peak in P(N), indicating that a hypothetical density difference between
isotropic and nematic states is very narrow.

For L = 5, the distributions P(Qmin) and P(Qmax) show a single peak near
zero for packing fractions up to 0.9 (z = 95), indicating a stable isotropic phase.
Yet analysis below and in further sections of this chapter shows that L = 5
and L = 6 show an “unusual” nematic phase, and for L = 5 this occurs
at very high fractions, indeed. For L = 6, upon varying fugacity z between
2.2 and 2.9, P(Qmin) transforms from one fairly sharp peak near zero, via a
very broad peak (resulting from an overlap of two broad peaks), and finally
to a moderately sharp peak at Qmin < 0. The nematic transition goes from
anisotropic state to a nematic state with two excess species (negative order
parameter). Results for P(Qmin) for several z (illustrating this transition) are
shown in Fig. 6.2(a), and a series of snapshots in Fig. 6.2(c), which display cuts
in the plane defined by the two excess species for z = 3.8 (in the nematic
phase). The snapshots show that the system separates into weakly coupled
layers that are effectively only populated by the excess species (i.e. 2D systems).
Therefore, the transition is effectively a 2D transition, yet for L < 7, it is well-
established that there is no 2D nematic demixing [366]. Hence the layered
2D configurations will be isotropic in-plane. We note that Qmin (or Qmax)—in
contrast to N—is particularly sensitive to incomplete thermalization of the
system (i.e. insufficient exploration of all possible equilibrium configurations),
which happens with the local algorithm used once this layering occurs.

For L ≥ 7, upon varying z, P(Qmax) transforms from having one peak
near zero, via a broad two-peak structure, and finally to a single peak with its
maximum at Qmax > 0. This indicates a transition from an isotropic state to a
nematic state with one excess species (positive order parameter). P(Qmax) and
P(η) are shown in Fig. 6.3 for rod lengths 8 and 25, among several values of
z, respectively. The vicinity of coexistence is characterized again by two peaks
in P(Qmax) smeared out broadly, yet the corresponding peaks in P(η) show
no sign of splitting or of significant broadening. Therefore, the transition must
entail a very small density gap, pointing to a weak first order transition, at most.

As discussed in part I of this thesis quite generally, variances in order pa-
rameters will be indicators of phase transition points. We define the variances
Var(Qmax(z)) = 〈Q2

max〉 − 〈Qmax〉2 (likewise for Var(Qmin)). The maximum
of Var(Qmax(z)) or Var(Qmin(z)) signals the point of strongest orientational
fluctuations, and is hence used to locate the coexistence fugacity.

For L = 8 as an example, we have investigated finite-size effects on the be-
havior of 〈Qmax(z)〉 and Var(Qmax(z)) more closely to examine their influence
on the isotropic–nematic transition point. Fig. 6.4 shows these functions when
varying the lattice extension from M = 50 to 168. For a first order transition,
〈Qmax(z)〉 should exhibit a jump at zcoex, whereas zcoex would be a bifurcation
(critical) point for a second order transition. In any case, a finite system size
smears the jump or bifurcation. With increasing M, 〈Qmax(z)〉 becomes steeper
in the coexistence region (see Fig. 6.4(a)). The curves intersect at a common
point for lattice extensions between 50 and 64, indicative of a second-order
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F I G U R E 6 . 2 : Purely hard-core rods: (a) The distribution
P(Qmin) from GCMC for L = 6 (M = 75, bin size δQ = 0.005)
and for several fugacity values between z = 2.2 (isotropic state),
z = 2.6 (near coexistence) and z = 2.9 (nematic state). Near co-
existence the maximal relative error estimates in the middle of
the histogram are (possibly exaggerated) at ∼ 40%, attributed
to by Qmin de-correlating very slowly. (b) Illustration: A slice
through the preferred plane in the nematic phase with negative
order parameter. (c) Slices in the preferred plane at subsequent
lattice points on the plane normal: One sees very few particles
of the minority species and the particle positions of the major-
ity species (patches of horizontal and vertical particles) do not
correlate between the subsequent layers, thus the slices approx-
imately correspond to independent 2D rod systems. Snapshots

are for z = 3.8, M = 64.

transition. However, the intersection shifts to a lower value of z for M = 100
and more so for M = 168, pointing toward a weak first order transition, con-
sistent with the smeared two–peak structure in P(Qmax). The corresponding
behavior of Var(Qmax(z)) is shown in Fig. 6.4(b): its peak sharpens and slightly
shifts to lower z for increasing M. The peak position for the largest lattice exten-
sion M = 168 is what we use to define zcoex. The peak height in Var(Qmax(z))
shrinks with increasing M. This is not quite consistent with a first–order transi-
tion for which the peak height should stay constant. One sees that the average
〈Qmax〉 at coexistence (Fig. 6.4(a)) decreases for increasing lattice size. The order
parameter is below 0.1 at coexistence for M = 168. We additionally performed a
finite-size analysis using two-dimensional order parameters known from three-
state Potts models in Sec. 6.5.5 for the system with L = 8. It points towards a
weak first-order transition, but we cannot rule out a continuous transition with
certainty.
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Figures 6.4(c) and (d) show 〈Qmax(z)〉 and Var(Qmax(z)) in the transition
region for rod length L = 25 and large lattice extension (M = 170). Here, the
peak in the variance Var(Qmax(z)) is readily pronounced for this lattice size,
and the average value 〈Qmax(z)〉 is around 0.2 at coexistence, i.e. it is larger
than for L = 8, but the increase is very moderate. There is no evidence that a
sizeable jump in nematic order takes place at coexistence.
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F I G U R E 6 . 3 : Purely hard-core rods: (a) The distribution
P(Qmax) from GCMC for L = 8 (M = 70, bin size δQ = 0.01,
measured every 5 · 107 MC moves) and for several fugacity
values between z = 0.1 (isotropic state), and z = 0.43333 (ne-
matic state). The maximal relative errors in the middle of the
histograms near coexistence ( z = 0.37000, z = 0.38667) are
estimated at ∼ 8%. (b) The corresponding distribution P(η)
for three fugacity values z = 0.1 (isotropic state), z = 0.38667
(near coexistence) and z = 0.43333 (nematic state) (all mea-
sured every MC move). The maximal error estimates at the
peaks of the histograms are smaller than the line thickness. (c)
The distribution P(Qmax) from GCMC for L = 25 (M = 170,
bin size δQ = 0.005, measured every 107 MC moves) and for
several fugacity values between z = 0.0106 (isotropic state),
and z = 0.0113 (nematic state). The maximal relative errors in
the middle of the histograms near coexistence are estimated at
∼ 6 − 8%. (d) The corresponding distribution P(η) for three
fugacity values z = 0.01 (isotropic state), z = 0.011025 (near
coexistence) and z = 0.0113 (nematic state) (all measured ev-
ery MC move). The maximal error estimates at the peaks of the

histograms are smaller than the line thickness.
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F I G U R E 6 . 4 : Purely hard core rods: (a) Average value
〈Qmax(z)〉 in the transition region from GCMC for L = 8 and
lattice extensions ranging from M = 50 to M = 168 (mea-
sured every 5 · 107 MC moves for M = 64, 70, 100, every 107

otherwise). The location of the coexistence fugacity zcoex is de-
termined by the peak position of Var(Qmax(z)) for the largest
lattice site. The maximal relative errors for 〈Qmax〉 near coexis-
tence are estimated to less than 1% for M = 168, attributed to
by the small variance (see (b)) at large system size. (b) The vari-
ance Var(Qmax(z)) in the transition region for L = 8 and lattice
extensions ranging from M = 50 to M = 168. (c) Average value
〈Qmax(z)〉 in the transition region for L = 25 and lattice exten-
sion M = 170. (d) The variance Var(Qmax(z)) in the transition

region for L = 25.
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6.5.3 Comparison to lattice FMT

Lattice FMT predicts a strong first order transition for L ≥ 4 to a nematic state
with one excess species (positive order parameter), as discussed in Sec. 6.4. We
did not find stable states with a negative order parameter. The phase diagram
resulting from FMT and GCMC is shown in Fig. 6.5. As described before, we
were not able to detect a density gap between isotropic and nematic states in
our GCMC simulations. Surprisingly, GCMC simulations and the FMT show
similar packing fractions for the coexistence state. We have investigated this
more closely by examining 〈η(z)〉 and 〈Qmax〉(〈η〉).
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F I G U R E 6 . 5 : Phase diagram of the purely hard-core rod
model in the 1/L–η plane: Comparison between FMT (dashed
lines) (coexisting nematic states in red and coexisting isotropic
states in black) and GCMC simulations (blue symbols). For
L = 7, 8, 16 and 25 the nematic state has a positive order param-
eter (full symbols), whereas for L = 6 the nematic state has a

negative order parameter (open symbol).

The behavior of 〈η〉(z) is captured very well by FMT, except for some mild
disagreement in the coexistence region, see Fig. 6.6. A system with very short
rods (L = 2) resembles rather a hard lattice gas (no phase transition), and so
the FMT results lie on top of the GCMC data. With longer rods L = 8 and 25
the high- and low-density limits render good agreement with GCMC, but near
coexistence the FMT data show a van der Waals loop characteristic for a first
order transition (visible for L = 8). This is absent in the simulations.

A side-by-side comparison of 〈Qmax〉(〈η〉) unveils stronger disagreement,
see Fig. 6.7. For L = 8, FMT predicts much more pronounced nematic order for
a given z. The closeness of the values for ηcoex (GCMC) and ηcoex of the nematic
state (FMT) thus might only be a serendipitous accident. For L = 25, the FMT
and GCMC results agree somewhat more. It is actually not clear whether FMT
and GCMC would agree in the limit L → ∞ in the vicinity of the nematic
transition. FMT renders the correct second and third virial coefficient, and
deviates from the fourth on. Although the nematic transition shifts to lower
packing fraction with increasing L, higher virial coefficients affect the particular
location of the transition, as Zwanzig analyzed in the case of a hard rod model
with restricted orientational and continuous translational degrees of freedom
[355]. This is not the case for hard rod models with continuous orientations,
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F I G U R E 6 . 6 : The expectation value of the packing fraction 〈η〉
as a function of the fugacity z for rod lengths L = 2, 8 and 25
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results (full lines) and GCMC simulations (symbols)(error bars
are smaller than the symbols). The van der Waals loop on the
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where it can be expected that a second–virial approximation is sufficient for
L→ ∞ [355].
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F I G U R E 6 . 7 : The expectation value 〈Qmax〉 as a function of the
expectation value 〈η〉. Black lines are FMT results, black dashed
lines mark the packing fractions at coexistence from FMT and
red dashed lines mark the packing fraction at coexistence from
GCMC. (a) Rod length L = 8, symbols show GCMC results for
the two lattice extensions M = 64 (blue) and 168 (red). (b) Rod
length L = 25, red symbols show GCMC results for a lattice

extension M = 170.

6.5.4 Other findings for the purely-hard-core rod systems on cubic
lattices

A finite-size “layering” effect

Our simulations showed a particular finite-size effect that appeared for small
systems (e.g. M = 32 and L = 8): the system was composed of stacked lay-
ers populated with preferably one species, whereby the type of species varied
randomly across the layers. We estimated that the entropic gain per particle
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for this layering configuration decreases inversely proportional to system size,
thus this effect should vanish with larger box sizes (as confirmed by the simu-
lations).

Successive umbrella sampling

We have also implemented biased sampling methods in addition to the
standard GCMC algorithm. Specifically, we used successive umbrella sampling
[916], which samples equilibrium configurations strictly within a particular
interval or “window” of a given observable (e.g. N or Q) via biasing the
ensemble, then shifting the “window” successively over the whole range
of such intervals to obtain histograms P(N) or P(Q) with higher resolution
at the tails of the distribution (the method captures the statistics of rare
configurations better than standard GCMC). As P(N) or P(Q) did not show a
clear signature for a first–order phase transition, however, these investigations
did not lead to better results. This sampling method applied to observables
Qmax or {S̃i, Q̃i} (see discussion in Sec. 6.5.5) might be more promising, but
preliminary trials thereof remain inconclusive.

At the end of this chapter, we will discuss how dynamical analysis of the
Markov-Chain pseudodynamics seem to be a very promising, alternative ap-
proach to purely structural sampling analysis. We have (unfortunately) ignored
the information contained in system dynamics (even if applying an equilibrium
“method”) in this thesis, however.

6.5.5 Two-dimensional order parameters for orientational ordering
in 3D

In this section, we apply a general approach for constructing multidimensional
order parameters, developed for q–state Potts models [590]. The discussion
in Ref. [590], done in the canonical ensemble, can be mapped directly to the
purely entropic lattice model treated in the grand–canonical ensemble. This
can be done by identifying the temperature with the chemical potential, and
the spin states with the rod species. Regarding the symmetries of the order
parameter, our lattice model is equivalent to a three–state Potts model where
the symmetry–broken phase consists of three equivalent states (each of the
Cartesian axes can be a preferred direction). According to Ref. [590], the or-
der parameter dimensionality is two, and orthogonal axes in order parameter
space are formed by pairs (Q̃i, S̃i) of unnormalized nematic and biaxial order
parameters (Eqs. (6.1) and (6.2)):

Q̃i = ρi −
ρj + ρk

2
, (6.23)

S̃i =

√
3

2
(ρj − ρk) , (6.24)

where (ijk) is a cyclic permutation of (123). In 2D histograms P(S̃i, Q̃i), a single
peak around the origin signals an isotropic state, whereas three peaks with the
same distance from the origin and with a threefold symmetry signal a nematic
phase. The simultaneous occurrence of all four peaks would correspond to
nematic–isotropic coexistence. In Fig. 6.8, we show P(S̃i, Q̃i) for three values
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of z in a system with rod length L = 8 and lattice extension M = 100. While
the isotropic and nematic state can be clearly identified, the histogram near the
transition (middle graph in Fig. 6.8) shows a broad distribution. The four peaks
(expected for coexistence) cannot be identified clearly.
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F I G U R E 6 . 8 : 2D histograms P(S̃1, Q̃1) for three thermody-
namic states in the purely hard-core rod model in 3D: (top-left)
Isotropic (z = 0.35), (top right) near the transition (z = 0.37667),
and (bottom) above the transition in the nematic state (z =

0.38667), as obtained for L = 8 and M = 100.

In order to facilitate a distinction between first order and continuous transi-
tions, Ref. [590] introduces the reduced cumulant

gM = 2− 〈m
4
i 〉

〈m2
i 〉2

, (6.25)

where mi is the radial distance in the order parameter plane, mi =
√

Q̃2
i + S̃2

i .
Cumulants for different lattice extensions M will intersect at zcoex. In the case
of a first order transition, gM will develop a minimum for increasing M below
zcoex, and zcoex − zmin (where zmin is the position of the minimum) scales as
1/M3. In Fig. 6.9 we show gM for the system with L = 8. The common inter-
section at z ≈ 0.38 confirms the transition activity identified via the position
of the maximum in Var(Qmax) for the largest system (M = 168). However, our
largest system M = 168 is just large enough to see an indication of a minimum
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in gM; therefore, we cannot do a finite size analysis for the position of the mini-
mum. Nevertheless, the existence of the minimum would point toward a weak
first order transition. Investigations much more extensive than the present one
would be needed to establish the order of the transition unambiguously.
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F I G U R E 6 . 9 : The reduced (Binder) cumulant gM in a purely
hard-core rod system with L = 8 for different lattice extensions

M.

∗ ∗ ∗

This 2D order parameter representation will be the basis for our analysis
for “sticky” hard rods in Sec. 6.6.

Later in this thesis, in Ch. 7, we will also see how a two-dimensional order
parameter constructed for a two-dimensional system of rods on lattices will be
highly useful for machine learning problems, i.e. the “basis” in which configu-
rations can be represented should represent the two global-scale order parame-
ters of the system in 2D: the demixing parameter S̃2D ≡ ρ1 − ρ2 as well as the
packing fraction η L(ρ1 + ρ2). Two-dimensional systems of hard, “stick” rods
on square lattices is the topic of the upcoming Sec. 6.7. First, we will discuss
the results we have obtained on 3D systems of “sticky” hard rods in the next
section.

6.6 Phase behavior of “sticky” hard rods on cubic (3D)
lattices

Note: The author of this thesis contributed to the methods, general research
and presentation of results in all following subsections.

The previous section (Sec. 6.5) had considered purely hard-core rods (T∗ = ∞)
in the 3D system. In this section we extend the study to sticky hard rods.

6.6.1 Model and order parameters

We consider quadratic lattices in 2D and cubic lattices in 3D, where the unit
cell length is set to 1. Hard rods are parallelepipeds with extensions L× 1 (in
2D) or L × 1 × 1 (in 3D) and are defined by L consecutively-covered lattice
points in one Cartesian direction. We define a binary occupancy field O(s),
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whose values are 1 for lattice points s covered by rods and 0 otherwise. The
position of a rod is specified by the lattice point it covers having minimal
coordinates (in each dimension). The rods are forbidden to overlap, i.e. there
is no double occupancy of a lattice point. The quadratic lattice restricts the
number of possible orientations to two, the cubic lattice to three, and we refer
to rods oriented in x– resp. y– resp. z–direction as species 1 resp. 2 resp. 3.
Species densities ρi are defined as number of rods of species i (Ni) per lattice
site, ρ = ∑D

i=1 ρi is the total density, η = ρL ≤ 1 is the total packing fraction
and D is the number of dimensions.

We consider sticky attractions between rods with an energy −ε (ε > 0) per
touching segment of neighboring rods (see Fig. 6.10). The internal energy of a
non–overlapping (valid) rod configuration ω can therefore be written as

U(ω) = −ε ∑
〈ss′〉

O(s)O(s′) + N(L− 1)ε , (6.26)

where the sum is over neighboring site-pairs 〈s, s′〉 of the lattice and contributes
whenever both sites are occupied. The second term corrects the over-counted
adjacent sites within each rod (N is the total number of rods). With these ingre-
dients, the grand partition function of the system is defined by

Ξ(zi) =
∞

∑
N1=0

..
∞

∑
ND=0

D

∏
i=1

zNi
i

Ni!
∑
ω

e−βU(ω), (6.27)

where zi = exp(βµi) is the fugacity of species i (with inverse temperature
β = 1/(kBT) and chemical potential µi of species i). ∑ω represents the sum
over all non–overlapping configurations with Ni rods. In a bulk system, all zi
are equal (zi = z) and the grand partition function can be written in a single–
component form as

Ξ(z) =
∞

∑
N=0

zN

N! ∑̃
ω

e−βU(ω̃) . (6.28)

∑ω̃ is now the sum over all non–overlapping configurations with N = ∑D
i=1 Ni

rods. This is the considered case in this work. The phase diagram of the model
is spanned by the total packing fraction η and the reduced temperature T∗ =
kBT/ε.

Order parameters

In the 2D case, we introduce the normalized order parameter

S =
ρ1 − ρ2

ρ
(6.29)

measuring the demixing of rods oriented in x– and y– direction. Note that
demixed states with S and −S are equivalent since exchanging rods with x
and y orientation is a symmetry of the model. The strength of demixing is
characterized by |S| and will be used below to determine the transition between
isotropic and demixed states.

More symmetries exist in the 3D case: any permutation of the rod orien-
tations renders an equivalent state. In this respect, our lattice model mimics
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touching segment 
with energy -ϵ

rod coordinate

unit cell

F I G U R E 6 . 1 0 : A 2D scheme of the model of hard rods on
lattices. The two crossed out rods are representing forbidden
overlap, i.e. the double occupation of a lattice cell. The common
surface of touching segments of neighboring rods are shown in

green.

a three-state Potts model where the symmetry-broken phase consists of three
equivalent states (each of the Cartesian axes can be the preferred (or negatively-
preferred) direction in the demixed phase). As we discussed in the previous
Sec. 6.5.5, the order parameter dimensionality must be two, and orthogonal
axes in order parameter space are formed by pairs (Q̃i, S̃i) of unnormalized
nematic and biaxial order parameters:

Q̃i = ηi −
ηj + ηk

2
, (6.30)

S̃i =

√
3

2
(ηj − ηk) , (6.31)

where (ijk) is a cyclic permutation of (123). States of the system can be repre-
sented in the Q̃–S̃ order parameter plane. Fig. 6.11 shows a schematic of prob-
ability distributions (histograms) of bulk states in the order parameter plane
as expected in a finite system in the grand canonical ensemble. An isotropic
state is given by a peak in the origin. A nematic state with one majority species
and two alike minority species (no biaxiality) renders three equivalent states,
which arrange in a triangle pointed towards the right on the Q̃i–axis in the
order-parameter plane. This state is the “nematic+” state. A nematic state with
one minority species and two alike majority species renders a such triangle
pointed towards the left (“nematic−” state). The hypothetical case of a nematic
state with nonzero biaxiality would render six equivalent states. We have not
found stable biaxial states in all systems of 3D hard-core and hard-core “sticky”
rods (next section), however.

The overall degree of nematic order can be captured by the scalar order
parameter

m =
√

η2
1 + η2

2 + η2
3 − η1η2 − η1η3 − η2η3 (6.32)

for which m2 = Q̃2
1 + S̃2

1 = Q̃2
2 + S̃2

2 = Q̃2
3 + S̃2

3 holds.
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F I G U R E 6 . 1 1 : Schematic histograms for isotropic and nematic
states in the Q̃1–S̃1 order parameter plane, as expected for a

finite system in the grand canonical ensemble.

6.6.2 Grand canonical Monte Carlo (GCMC) simulations for “sticky”
rods

The grand-canonical average of an observable A(ω̃) is defined by

〈A〉 = 1
Ξ

∞

∑
N=0

zN

N! ∑̃
ω

A(ω̃)e−βU(ω̃) (6.33)

and is computed by a grand-canonical Monte-Carlo simulation algorithm in
a quadratic or cubic simulation box with linear length M. We describe the
algorithm below.

Generic case of GCMC algorithm

The acceptance probability of the algorithm for inserting a “sticky” rod is
denoted by αins (“αN→N+1”) and for deleting a “sticky” rod by αdel (“αN→N−1”).
Here, we extend the GCMC algorithm described in Sec. 6.5.1 to its generalized
form:

αins = min
(

1, πN+1→N
πN→N+1

z
N+1 e−β(U(ω̃N+1)−U(ω̃N)

)
(6.34)

αdel = min
(

1, πN−1→N
πN→N−1

N
z e−β(U(ω̃N−1)−U(ω̃N)

)
, (6.35)

where π is a proposal probability for inserting (N → N + 1) or deleting a rod
(N → N − 1). The ratio of the proposal probabilities in αins is equal to DMD

for D dimensions of space (in our case, 2 or 3); in αdel, the propsal probability
is equal to 1/(DMD).

For an insertion, the move is rejected automatically if it would cause an
overlap of particles, i.e. the corresponding change in configurational part of
the Hamiltonian would be ∆H ≡ H(ω̃N+1) −H(ω̃N) ≡ ∞, where H is the
local configurational Hamiltonian. The full, local configurational Hamiltonian
can be written as H = Hhard + U with Hhard = {0, ∞ for non-overlapping or
overlapping configurations, accordingly. We discussed the GCMC algorithm
in a very generic setting and it in more detail in Ch. 3.4.2.

“Flip moves”

In this case of “sticky” hard rods, we will implement additional “flip moves” :
after a successful insertion of a rod into the lattice we check if the inserted rod
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(a) (b)

F I G U R E 6 . 1 2 : Schematic of a “flip move” utilized in the
GCMC simulations. Depicted is that of a 6× 6 square of rods
oriented in x–direction (a) to a 6× 6 square of rods oriented in
y–direction (b). The green squares are z-rods oriented perpen-

dicular to the xy–plane.

is part of an (L× L)–square fully covered by L parallel rods. The orientations
of all rods within such a square are flipped randomly in-plane (please see fig.
6.12). Since there is no change in the internal energy, detailed balance holds.
The flip move improves the performance of the algorithm at high densities.

In general, phase transitions in this system are accompanied by a change in
packing fraction and in order (|S| or m). We pinpoint the transition by the loca-
tion of sharp peaks in var(η) and var(|S|), var(m) in the z–T∗ plane. Here, var
denotes the variance var(A) = 〈A2〉 − 〈A〉2 of an observable A. If a transition
is sufficiently strongly first order, we pinpoint the transition by the location of
the two peaks in P(η) having equal area, where P(η) is the histogram (prob-
ability distribution) of packing fractions for given z, T∗. This also renders the
packing fractions of the coexisting states. For low T∗ (strong attractions), we
employ successive umbrella sampling (SUS) [917].

Finite-size scaling and Binder cumulant K2

We performed a finite–size scaling (FSS) for selected systems to determine the
location of critical transitions more precisely. For this, the Binder cumulant
K2(A) = 〈A2〉/〈|A|〉2 of an order parameter A is plotted for a few system sizes
M over a temperature domain near the critical temperature T∗c . The latter is
then determined by the crossing point of the cumulants [38].

6.6.3 Results for L = 4: A lone, gas–liquid transition

For short rods, there is only a liquid-gas transition without nematic ordering.
Similarly as in purely-hard case, no nematic transition could be detected in

the range T∗ = 1.85 . . . ∞ and η = 0.00 . . . 0.90 for systems with rod-length
L = 4. Yet, these systems show a gas–liquid transition. For a system size
M3 = 323, we have determined binodal points through double peaks in P(η)
(see Fig. 6.13(a)). The critical point was determined using FSS with the cu-
mulant K2(η(z) − 〈η(z)〉), where z is the fugacity at phase coexistence (see
Fig. 6.13(b)). Here, the critical temperature T∗c ≈ 1.92 is the T∗–coordinate of
the approximate crossing point of the K2 curves. The corresponding critical
packing fraction ηc ≈ 0.40 was obtained in Fig. 6.13(a) as the η–coordinate of
the intersection of the horizontal line T∗ = T∗c and the line connecting the mean
of the coexisting liquid and gas packing fractions on the binodal, 1

2 (ηl − ηg).
Owing to the small system size, the histogram P(η) shows two distinct peaks
for T∗ > T∗c , as well.
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F I G U R E 6 . 1 3 : (a) Resulting phase diagram for L = 4 in 3D.
Binodal points (blue symbols with error bars) are from the lo-
cation of equal–area peaks in P(η) and a system size M3 = 323.
The error was estimated from the peak-fitting procedure. The
critical temperature T∗c was obtained by FSS (see (b)) and the
critical packing fraction is at the intersection of the line con-
necting the mean packing fraction of isothermal binodal points
(blue dashed line) with horizontal line at T∗c (red dashed line).
(b) Binder cumulants K2 for three different system sizes for tem-
peratures near T∗c . The critical point value of K2 for the 3D Ising

model is shown as a horizontal line.

6.6.4 Results for L = 5, 6: The gas–liquid and isotropic–nematic−
transitions

Systems with rod-length L = 5 show an isotropic–nematic− transition that per-
sists for all investigated temperatures (down to T∗ = 2.1). The corresponding
transition packing fractions ηnem(T∗) become smaller with decreasing temper-
ature, but, depend on T∗ only weakly, overall. The weak-first-order character
changes very little with decreasing temperatures, as can be seen in the value of
var(η) at the transition. The latter increases from 1 · 10−6 (T∗ = ∞) to 8 · 10−6

for T∗ = 2.1, which points to a very small coexistence gap (see also below
for estimates of the coexistence gap from var(η)). Additionally, there is a gas–
liquid transition with a critical temperature above T∗ = 2.1. We have deter-
mined coexisting states (isotropic gas and isotropic liquid) using SUS down to
T∗ = 2.1. Unfortunately, for temperatures further below we encountered equi-
libration problems. Therefore, we can only speculate that the line of isotropic–
nematic transitions ends on the binodal, far “right” on the liquid side. Since the
isotropic–nematic transition stays very weakly first order, such an end-point
would amount to being a pseudo-critical end-point, which is presumably hard
to resolve in simulations.

Systems with rod-length L = 6 show an isotropic–nematic− transition
which shifts toward lower packing fractions as T∗ decreases (similarly to
L = 5). In contrast to the case of L = 5, we observe particle–number fluctua-
tions increasing substantially with decreasing T∗. In Fig. 6.15(a) we show five
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F I G U R E 6 . 1 4 : Resulting phase diagram for L = 5 in 3D for
a system size M3 = 643. The hard rod transition corresponds
to T∗ = ∞ and is located at a packing fraction ηnem

c ≈ 0.88 (in
agreement with our results in Sec. 6.5 and with Ref. [918]).

isotherms for var(m(z)) and var(η(z)) in the temperature interval T∗ = 2.9...2.5.
Peak locations of var(m) and var(η) agree and signify the nematic transition in
harmony. Curves of var(η(z)) show a broad background signal with a sharp
peak whose maximum increases from ≈ 3 · 10−5 at T∗ = 2.857 to ≈ 2 · 10−3 at
T∗ = 2.5. Away from the sharp peak (in the background), the corresponding
histogram P(η) is described by a single Gaussian peak with variance σ. The
grand–canonical fluctuation relation for particle numbers in a finite system
with volume V expresses that

var(η) =
L

Vβ
〈η〉χ = σ2 , (6.36)

where χ = [ηi(∂p/∂ηi)]
−1 is the isothermal compressibility. The background

noise displays a broad, secondary peak, which corresponds to a maximum
in the compressibility χ, and can be viewed as the supercritical ‘precursor’
of the gas–liquid transition. The nematic transition contributes to var(η) at
the position of the sharp peak. At the two lowest temperatures in Fig. 6.15(a)
(T∗ = 2.500 and 2.538) the corresponding histogram P(η) displays clear double–
peaks that are characteristic of the first–order nature of the transition. The peaks
are approximately described by Gaussians exp[−(η − ηi)

2/(2σ2
i )] where ηi

is the peak position (coexistence packing fraction) and σi a peak width. At
coexistence, contributions to var(η) arise from the compressibilities χi of the
bulk states, from switches between the coexisting bulk states and lastly from
additional fluctuations at the interface between these. At low temperatures,
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these latter fluctuations are small and var(η) becomes:

var(η) =
1
4
(η1 − η2)

2 +
L

2Vβ
(〈η1〉χ1 + 〈η2〉χ2) (6.37)

≈ 1
4
(η1 − η2)

2 +
1
2
(σ2

1 + σ2
2 ) .

The extracted coexistence gap |η1 − η2| from Eq. (6.37) agrees well with the
coexistence gap determined from the peak locations in P(η) for low temper-
atures. We could not identify two well–separated peaks in P(η) anymore for
T∗ & 2.54 . Thus, there must also be non–negligible interface fluctuations in
play contributing to var(η) . Nevertheless, we can estimate an upper limit from
Eq. (6.37) for the coexistence gap |η1 − η2| from the excess (over–background)
height of the peak in var(η(z)) at z = zcoex, as the background is described
by the second term on the right-hand-side of Eq. (6.37). We assumed that the
binodal with this coexistence gap is situated symmetrically around 〈η〉(zcoex).

The resulting phase diagram is shown in Fig. 6.15(b) (with binodal points
both from double–peaks in P(η) and from the construction using var(η)). Upon
decreasing the temperature, we observe a gradual opening of the coexistence
gap. In a rather small temperature window (T∗ = 2.6...2.5) the coexistence gap
widens rapidly. The binodal describes coexistence of a low-density isotropic
gas and a high-density nematic− liquid. As described, resolving the coexistence
gap widening is not easy owing to the strong fluctuations in the system.

The assumption of a first-order character of the nematic transition for all
temperatures is reasonable given (i) the symmetry of the model, (ii) the estab-
lished weak first-order character for hard rods (T∗ → ∞) (presented in Sec. 6.5)
and (iii) corresponding results for continuum models. Nevertheless, we inves-
tigated the finite–size behavior of the system more closely at two temperatures
around T∗ = 2.6. In Fig. 6.16, the behavior of var(m) as a function of linear
system size M is shown at the two temperatures T∗ = 2.577 and T∗ = 2.632,
at each of their coexistence fugacities zcoex. One may attempt to fit the data
with a power law var(m) ∝ Md−3. For a first order transition, d = 3 in three
dimensions. At the lower temperature T∗ = 2.577, we recognized two peaks
in the histogram P(η) for a system size M = 120 (green stars in Fig. 6.15(b)).
This is consistent with the behavior of var(m) in the double-logarithmic plot in
Fig. 6.16(a), which indicates a change of slope at M . 100. A double peak in
P(η) could not be resolved at the higher temperature T∗ = 2.632. Consequently,
the slope d 6= 3 up until M & 100 in Fig. 6.16(b), indicating critical behavior,
which, however, changes for larger M. Unfortunately, a fit would not be reli-
able for larger M owing to the small number of fully de-correlated Monte-Carlo
samples.

The phase behavior is in contrast, quantitatively, to existing theoretical treat-
ments of the isotropic–nematic transition both in lattice and continuum systems.
For the lattice system, the phase diagram from the FMT functional derived in
Ref. [72] is reproduced in Fig. 6.17. For hard rods, the FMT predicts a strong
first order transition from an isotropic to a nematic+ state with a coexistence
gaps ∆η ≈ 0.07. With increasing attractions (lower T∗), the coexistence gap sig-
nificantly widens already at high temperatures and crosses smoothly over to a
transition between a thin isotropic gas and a dense nematic+ liquid (thick black
line in Fig. 6.17). Additionally, we show the isotropic gas–liquid binodal (green
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dashed line in Fig. 6.17, obtained by a restricted minimization of the FMT func-
tional with m = 0) and the onset of metastability of the nematic phase (black
dot-dashed line in Fig. 6.17). The qualitative behavior of these lines is strikingly
similar to the phase diagram obtained by simulations, the gas–liquid critical
temperatures T∗c are close, but the critical packing fraction ηc differs.
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F I G U R E 6 . 1 5 : (a) Variances of order parameters m and η, i.e.
var(m) and var(η), on isotherms as a function of ln z for a system
size M3 = 643. The temperatures (for pairs of curves from left
to right) are T∗ = 2.500, 2.538, 2.577, 2.703 and 2.857. Vertical
lines indicate ln z where var(m) and var(η) are maximal. Blue
vertical lines additionally indicate that at this coexistence fugac-
ity two peaks in P(η) were distinguishable. (b) Resulting Phase
diagram for L = 6 in 3D for a system size M3 = 643. Binodal
points connected by thick blue lines were determined using his-
tograms P(η) that showed two clearly-resolvable peaks. SUS
was used at the lowest temperature. An upper limit for the coex-
istence gap (binodal points connected by thin blue lines) were
estimated from var(η), see text. Green stars are binodal points
from two peaks in P(η) at T∗ = 2.577 for a large system size

(M3 = 1203).
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phase.
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6.6.5 Results for L = 8: The gas–liquid and isotropic–nematic+ tran-
sitions

The hard–rod system with rod-length L = 8 shows an isotropic-nematic+ tran-
sition which also persists for lower temperatures. As for L = 6, the transition
widens and becomes one between an isotropic gas and a nematic liquid within
a rather short temperature interval (here at around T∗ = 3.721). As before,
we pinpoint binodal points for T∗ . 3.721 through the locations of the two
peaks in P(η). For T∗ & 3.721 we obtain them from var(η) as an upper limit by
Eq. (6.37). The behavior of var(η(z)) and var(m(z)) is very similar to the case
of L = 6, see Fig. 6.15. The resulting phase diagram is shown in Fig. 6.18.
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F I G U R E 6 . 1 8 : Resulting phase diagram for L = 8 in 3D for
a system size 643. Binodal points connected by thick blue lines
were determined using histograms P(η) which showed two
clearly resolvable peaks. Binodal points connected by thin blue

lines were estimated from var(η) as for L = 6.

We illustrate the behavior of the system at coexistence for one state above
T∗ = 3.721 (where we have a weak first-order transition) and one state be-
low T∗ = 3.721 (where we have a strong first-order transition). Histograms
in the Q̃–S̃ order parameter plane are shown in Fig. 6.19(a) for T∗ = 5.814
and Fig. 6.19(b) for T∗ = 3.636. At the higher temperature, two peaks in P(η)
were not discernible. This translates into a broad distribution in the Q̃–S̃ order–
parameter plane. Unfortunately, this precludes an application of SUS methods
on Q̃–S̃–histograms to extract the coexisting packing fractions. In contrast, we
see a clear superposition of isotropic and nematic peaks at the lower tempera-
ture, i.e. a superposition of the first two histograms in the schematic Fig. 6.11.

∗ ∗ ∗

The 3D systems of “sticky” hard rods presented in this section show a
diverse array of phase diagrams, depending on rod length. For L = 8 the gas–
liquid and isotropic–“nematic” transitions seem to “compete” at where the
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F I G U R E 6 . 1 9 : Two-dimensional-order-parameter Q̃-S̃ his-
tograms taken at the isotropic-nematic+ transition for two tem-
peratures: (a) T∗ = 5.814, showing a weakly first-order, and (b)

T∗ = 3.636, a clearly first-order transition for L = 8 in 3D.

binodal begins to widen. We will see that in 2D, this becomes a true tricritical
point – the system that we study in the next section.
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6.7 Phase behavior of “sticky” hard rods on square (2D)
lattices

Note: The author of this thesis contributed to the presentation of the results
in this section, as well as to general research and methods. The system pre-
sented here will be the case system studied with machine learning algorithms
in Ch. 7 of this thesis.

The 2D system on square lattices has enjoyed some attention, especially the
case of hard rods without attractions. The initial focus was on the onset of
the second-order transition from an isotropic to a demixed state where one
of the two rod species dominates. This demixing is found for L ≥ 7 in sim-
ulations [366]. The critical packing fraction for the onset of demixing scales
approximately as 4.8/L for large L [363, 369]. At very high packing fractions
η ≈ 1, theoretical arguments predict a re-entrant transition from the demixed
to a disordered state bearing some characteristics of a 2D cubatic phase on a
lattice [366]. This transition has been studied in more detail using simulations
in Refs. [367, 368].

Some effects of sticky attractions have been characterized using simulations
in Ref. [919]. On the one hand, critical temperatures T∗c (but no critical densities)
of the gas–liquid transition have been estimated from adsorption isotherms. T∗c
was shown to increase from ≈ 0.7 (L = 2) to ≈ 1.3 (L = 10). On the other hand,
the demixing transition was investigated for T∗ = 2 . . . 8 (i.e., well above the
gas–liquid transition). As for purely hard–core rods, the demixing transition
was shown to be second order and sets in for L ≥ 7. The critical packing
fractions ηdemix

c were determined using the Binder cumulant and finite-size
scaling. It was shown that ηdemix

c (T∗) increases with decreasing T∗ for a fixed
L, a somewhat surprising result, i.e. the isotropic phase becomes more stable
with increasing attractions between the rods. Naively, one would expect the
opposite, namely that the tendency to demix would increase with stronger
attractions since the latter favor parallel alignment.

These results leave open the question of the global phase diagram for L ≥
7. We have determined it for the exemplary case of L = 10. We locate the
demixing packing fraction ηdemix

c (T∗) at the maxima in var(|S|), and the gas–
liquid binodal points via successive umbrella sampling. The results are shown
in Fig. 6.20.

As can be seen in Fig. 6.20, starting from T∗ = ∞ and decreasing T∗ we
reproduce the increase in ηdemix

c (T∗). There is a small shift towards lower
packing fractions compared with the results of Ref. [919], which is induced
by the finite system size M = 128 used here. Approaching T∗c , the transition
line ηdemix

c (T∗) changes slope and terminates on the gas-liquid binodal. Thus
the terminal point is most likely a tricritical point. This entails (and is seen in
our simulations) that below T∗c the coexisting liquid is in a demixed state.

Phase diagrams in 2D for sticky rods were investigated in Ref. [72] using
density functional theory (DFT) in the form of lattice fundamental measure the-
ory (FMT). The FMT predicts the same topology of the phase diagram, i.e. a line
of second-order demixing transitions for decreasing temperatures, which end
in a tricritical point. However, there are serious quantitative discrepancies. The
packing fractions ηdemix

c (T∗) are much smaller in the FMT, and the tricritical
point is at a much higher temperature. In simulations, the gas–liquid binodal
is very flat around T∗c , similar to the behavior of simple liquids in 2D. The FMT
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the gas–liquid binodal. For the system size 1282, we estimate
the location of the tricritical point at(T∗c , ηdemix

c ) ≈ (1.33, 0.52).

renders a binodal that is considerably distorted toward higher temperatures.
It also does not recover the unusual behavior of increasing ηdemix

c (T∗) with
decreasing T∗.

All these discrepancies point to an important role played by larger-scale
fluctuations. Simulation snapshots near ηdemix

c (T∗) show that the system splits
into larger domains where the rods are oriented in either one or the other
directions, yet the order parameter |S| remains small (see Fig. 6.21(a)–(c)). At
high temperatures, these domains are loosely packed, but become increasingly
dense for lower T∗ where attractions become more important. To quantify these
domains, we consider the orientation–specific binary occupancy fields Ox(s)
and Oy(s) (which are 1 for lattice points covered by x–oriented and y–oriented
rods, respectively, and 0 otherwise). We define new binary occupancy fields
OX(s) and OY(s) by the following rule:

OX(s) =





1
(s cannot be covered by a y–oriented rod,
given occupancy Ox)

0 (otherwise)
(6.38)

OY(s) =





1
(s cannot be covered by an x–oriented rod,
given occupancy Oy)

0 (otherwise)
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F I G U R E 6 . 2 1 : Snapshots of rod occupation fields at three
states in the vicinity of the demixing line. Rod occupation fields
Ox and Oy for (a) T∗ = ∞, z = 0.24 (〈η〉 = 0.48), (b) T∗ = 2,
z = 0.0022 (〈η〉 = 0.59) and (c) T∗ = 1.5, z = 0.0004 (〈η〉 = 0.58).
Corresponding snapshots for OX and OY in (d), (e) and (f). The

system size is M2 = 2002.

In essence, OX defines more-or-less compact X–domains (belonging to x–
oriented rods) whose points cannot be covered by a y–oriented rod. Likewise
OY defines Y–domains, see also Fig. 6.21(d)–(f). One recognizes that the system
is covered to a large extent by X– and Y–domains with a few voids. One can
define an order parameter S′ by

S′ =
ηX − ηY

ηX + ηY
, (6.39)

where ηX[Y] = area(X[Y])/M2 is the packing fraction of the X[Y] domain, with
M2 being the total area of the system. Interesting is that |S′| ≈ |S|, i.e., |S′| is
an equivalent order parameter. A total packing fraction ηXY = ηX + ηY of X–
and Y–domains is furthermore useful to define, as well as packing fractions of
rods inside these domains, i.e. ηx,X = LNx/area(X) for x–oriented rods inside
X–domains and ηy,Y for y–oriented rods inside Y–domains, likewise. The total
packing fraction is η = ηx,XηX + ηy,YηY.

The behavior of ηdemix
c upon variation of temperature can now be rational-

ized. For zero attractions, ηXY is rather high but the packing fractions inside the
domains are moderate. Furthermore ηx,X ≈ ηy,Y. With increasing attractions,
ηXY is only slowly decreasing but ηx,X, ηy,Y increase substantially. This leads to
the shift of the demixing transition to higher densities. At around T∗ . 2, ηXY
begins to decrease substantially, whence more voids appear in the system (see
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F I G U R E 6 . 2 2 : The behavior of the average packing fraction
in the X[Y] domains, the packing fraction of the domains them-
selves, and the rod packing fraction vs. attraction strength 1/T∗

(for constant order parameter |S| = 0.5, close to the demixing
transition). Data are for a system size M2 = 2002.

Figs. 6.22 and 6.21(f)). This ‘signals’ the approaching gas–liquid transition, and
now ηdemix

c decreases again.

∗ ∗ ∗

In part IV, we will investigate unsupervised and generative machine learn-
ing algorithms. We will use data of configurations of this 2D model system,
much like those of Fig. 6.21 as input to the machines. The fluctuating domains
in 2D are important for interpreting what and how these machine learning
systems learn about the 2D rod configurations.

6.8 Discussion and outlook

Note: The author of this thesis wrote parts of the discussion sections of the
publications corresponding to this chapter. Below, we have included these and
extended the discussions further, addressing new topics, in part, as well as
discussing open issues and interesting ideas for future studies.

6.8.1 On the weak first-order isotropic–nematic transition and com-
parison to other models

Some of the following comparisons have already been discussed in the intro-
duction (Ch. 1.3.1).

It is interesting to evaluate the use of lattice models of rods for a possible
simplified description of continuum models. Yet, these models appear to be
quite different in nature. We discussed much already in Ch. 1.3. In retrospect of
the results presented here, we would like to (re-)address some findings of the
isotropic-nematic transition in 3D continuum systems, as well as similarities
for the “unusual” nematic phases for L = 5, 6 in 3D.
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FMT of Zwanzig models: Martinez-Raton [239] calculated the full phase diagram
of the Zwanzig model in 3D using an approximate FMT. A nematic state with
negative order parameter is found in conjunction with layering, similar to our
findings for L = 5, 6. Ref. [624] also contains Zwanzig-models of boards.

Boards and cuboids in the 3D continuum: These models release the restriction on
orientation, but retain the particle anisometry and shape of the aforementioned
Zwanzig models. Refs. [920–922] simulated bulk properties of hard tetragonal
parallelpipeds, having found a parquet phase and smectic phases for the case
of cuboids with two short, symmetrical axes (i.e. rods). These are absent in the
Zwanzig models. Likewise rich phase diagrams for thin board-like colloids are
mapped out in Ref. [923].2

Simulations of continuum hard rods (spherocylinders) in 3D: Spherocylinders have
proven to be the most sought-after simulated model with regards to hard
anisotropic particles in the 3D continuum. The simulation studies by Bolhuis
and Frenkel [18, 42] used MC simulations with ∼ 500 particles in the canonical
ensemble. The isotropic–nematic transition was not detectable for small aspect
ratios L/D ≤ 5.0, i.e. it was not possible to detect a density jump between
coexisting states. The order parameter Qnem(ρ) showed weak hysteresis, but
a jump in Qnem between coexisting states (a clear signature of a first order
transition) was not determined. The transition density is estimated from the
‘kink’ in the Qnem–ρ–curve at the (arbitrary) value Qnem = 0.4. For L/D ≥ 15
a density jump of > 10% had been found, the absolute value of the density
jump was maximal at around L/D = 20. The nematic order parameter of the
nematic phase at coexistence was found to be 0.784 at L/D = 15 and further
increases when the aspect ratio lengthens. So, for L/D ≥ 15, the transition
is very strongly first order. Vink et al. [916] employed grand canonical MC
techniques. For L/D = 15 they confirmed the sizable density jump, and at co-
existence the probability distribution P(ρ) showed two clearly separated peaks.

Continuum hard rods in 2D: In 2D continuum models with anisotropic particles,
simulations have addressed the case of hard needles [332] and hard ellipses
[328, 329]. Since the particle orientation is indeed a continuous variable—in
contrast to lattice models—fluctuations in the average orientation may destroy
the long–range order of a nematic state (leading to a quasinematic state);
however, anisotropic hard particles (for which position and orientation degrees
of freedom are highly coupled) may still exhibit true, nematic long-range order,
see the discussion in Ref. [332] Thus a continuous isotropic–quasinematic
transition of Kosterlitz-Thouless type is possible, as well as an isotropic–
nematic transition of first order. Interestingly, both types had been found in
the hard ellipse system [328] (first order for aspect ratio 4 and continuous for
aspect ratio 6), though, Ref. [336] contradicts this and finds only continuous
transitions. This topic may still be an open one. Nevertheless, since the 2D
lattice rod model shows an Ising–type, demixing transition, we may conclude
that in 2D lattice and continuum models show qualitatively very different
behavior with respect to the type of phase transition.

2An experimental realization boards focusing on biaxial phases is reported in Ref. [924].
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On the theory side, the most accurate density functionals for hard
anisotropic particles have been derived from Fundamental Measure Theory
(FMT) [292–298]. Wittmann et al. used mixed measures to derive a functional
that is exact in the low-density limit; for higher densities, typical FMT
approximations were employed [296]. The corresponding phase diagram for
hard spherocylinders showed almost quantitative agreement with Ref. [42].
However, the FMT results showed an almost constant density jump between
the coexisting isotropic and nematic states for aspect ratios starting from
L/D & 3.5. Thus the transition is strongly first order for all aspect ratios.

It hence appears that for moderate aspect ratios, strong orientational
fluctuations cause the isotropic–nematic transition to be weakly first order,
both on the lattice and in the continuum. The lattice model exhibits in addition
the peculiarity of a nematic state with negative order parameter (for L = 5, 6).
The lattice and the continuum stand in contrast to each other for large aspect
ratios since we have not found evidence for a strong first-order transition.
Moreover, it does not seem that a smooth crossover in the topology of the
phase diagram is possible from the lattice to the continuum: this was shown
by a study using a second-virial density functional with variable orientational
degrees of freedom [925].

We would like to extend our claim that lattice models of hard rods with
sticky attractions are a worthwhile complement and counterpart to existing lit-
erature on continuum models. We suggest a few similar model systems: Hard
rods with non-unit width [368] and rods on triangular lattice [367] have only
been studied in the hard-core case. Hard, polydisperse rods were studied in
a random-sequential-adsorption-setting in Ref. [685], but it seems the equilib-
rium phases have not been determined even for the hard-core case.

6.8.2 Unexplored regions of the phase diagrams

On finite-size effects and proposals on surface-layering behavior in semi-
confinement

The “layering” effect which we found in finite-sized systems for purely hard-
core rods (Sec. 6.5.4) may be an interesting point for future simulation studies
of the hard-rod systems in semi-confinement: We discussed in the introductory
part of this thesis (part I) that so-called finite-size effects are a manifestation of
confinement. Quite generally, states that are unstable in the bulk can become
metastable in confinement; states that are metastable in the bulk can become
thermodynamically stable in confinement (depending on the confinement con-
dition). This “layering” may hint at a wetting/layering transition that would
occur when the system is exposed to attractive walls. As these and any wetting
transitions are relevant for multilayer thin film growth with long rods, it would
certainly be interesting to simulate this case in the future.

To this end, we project that semi-confined system of rod lengths L = 5, 6
could show a layering transition very near, but slightly before the isotropic–
“nematic−” transition of the bulk which we have characterized. As the system
already forms 2D-like “sheets”, the entropic barrier to a 2D-like layering or wet-
ting transition at the wall should be small. As to longer rods, the first layering
transition may be of the kind discussed in the above paragraph, where layers
switch between all three orientations – or, at least, where large lateral domains
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of one predominant species “stack up”. Nonetheless, our GCMC simulations
can be modified easily to consider the case of a a hard, attractive wall.

Nonequilibrium transitions, metastable states and connection to (2+1)D sys-
tems

We showed example phase diagrams for simple model systems of mixtures (AB
models) in Ch. 2.2.2, Fig. 2.5. The topology of the phase diagrams bear strong
resemblance to the 3D systems (or, rather, the 2D systems) if we image the
weak-first-order transition to be continuous instead. The reason is, probably,
that the ordering transitions in the lattice model are of demixing-type, where
in 3D the three orientational species into two subsets (one dominant species
and two suppressed, or vice versa). We project that analogy may be extended
in light of Fig. 2.6: very likely, various metastable states exist below the pseudo-
tricritical points. The finite-size effects we reported and discussed above, i.e.
“layering”, is one example.

These metastable states are difficult to detect in the grand canonical ensem-
ble, where particle number fluctuations compel a much more rapid dissolution
thereof. Hence investigations in the canonical ensemble seem a worthwhile
task. To this end, we have developed a full 3D KMC code for sticky rods on cu-
bic lattices as an extension of the project of Ch. 5. KMC simulations model local
dynamics in the same way as local-move canonical MC simulations (and is ad-
ditionally event-driven). As we have further developed the code for “growth”,
“heating”, or “quenching”, as we mentioned in Ch. 5.8, a detection of metastable
critical points might be possible using one, if not a combination of these dy-
namical experiments.

We note that the “nematic” phase for L = 5, 6 in 3D, where one species of
rods is suppressed and the system nearly decouples into 2D systems, may be
an “echo” of the monolayer system with a kinetically arrested “lying” phase
rods at nearly full packing (See Ch. 5). We also note that the full 2D case
of confinement represents a limiting case of (2+1)D confinement with very
attractive substrates. There, we say that the “lying” phase in the monolayer can
become stable. Moreover, the 2D-demixing behavior was seen in the monolayer
for very long rods (L = 9), which is close to our studied case of L = 10 here for
full 2D confinement.

Quantifying metastable phases is crucially important for the fundamental
understanding of phase transformation kinetics which we discussed in Ch. 2.3.
As we demonstrated in Ch. 5 for the sticky rod systems in monolayer confine-
ment ((2+1)D), these metastable phases are products of partial dynamical arrest
and are connected to gelation of the system. This can further connect to percola-
tion processes in these systems. The major question we have not addressed is
where these metastable states and nonequilibrium transitions occur for the 3D
bulk. We will discuss more broadly the topic of dynamical information from
MCMC simulations further below in Sec. 6.8.5.

Jamming and percolation transitions are important, generally, for the study
of disordered solids (i.e. to understand the formation of rigid bodies) [661]. It
would be most interesting to pass through the isotropic–demixing transition
binodal for the 3D systems with the above-mentioned canonical-ensemble sim-
ulation approach. A gelation or a percolation transition could occur ‘on the
way’ towards the demixed phase, and may be pronounced where the demixing
transition sets in at very high densities (i.e. low temperatures) for L = 5. To
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this end, we have provided a list of the reported jamming and percolation tran-
sitions of the 2D and 3D hard rod lattice models that we found in the literature
in Sec. 6.8.4 below. We discuss potential relationships to the phase diagrams
we characterized on a speculative level, as well. Note that nonergodic regions
in the phase diagrams have been reported and discussed in Refs. [914, 926] for
the two-dimensional case of lattice systems of purely hard-core rods. Hence a
fuller investigation of metastable and arrested states in the “sticky” models in
both the 2D and 3D settings would be quite interesting.

Reported metastable and high-density phases

We have not investigated the possibility of high-density phases in the 3D sys-
tem, owing to limitations of our simple grand-canonical algorithm. These high-
density phases could include a completely disordered phase of cubatic-type,
which could be similar to the high-density phase in 2D [366, 367]. This prob-
lem should be treated with optimized algorithms similar to those for 2D in
Ref. [367] for example.

In this regard, the preprint of Ref. [918] (arXiv:1705.10531v1) appeared
on aXiv.org during the publication process of our work. They simulated purely
hard-core rods in 3D higher densities using the aforementioned optimized
algorithm. They find another high-density phase that is 2D-like, similar to the
layered nematic phase, but that appears metastable. They could also show that
the layered nematic phase with q < 0 not only appears for L = 5, 6 but also for
L = 7 at high packing fractions of around 0.9. The corresponding findings for
the isotropic–nematic(q > 0) transition are similar to ours. The systems studied
were smaller than ours, therefore this transition appeared to be critical in the
size regime used.

6.8.3 On the lattice FMT (speculative discussion and outlook)

It seems that the lattice FMT does not capture the strong fluctuations in
nematically-ordered domains properly, overestimating the strength of the first-
order transitions in the hard-core and weak-attraction limit. We have shown
(in 2D) the importance of domains with one particular orientational order for
the fluctuations of the system. Large-scale clusters (domains) in the systems
are thus of fundamental importance for the phenomenology: the lattice FMT
of Ref. [265] is based on a finite set of lattice clusters or of partially-ordered
sets in the system. Interestingly, the authors discuss similarities of their ansatz
to a Bethe lattice. We have mentioned that the current FMT for the purely
hard-core case, in 2D and 3D, correspond exactly to the entropy of hard rods
on a Bethe-like lattice of Ref. [360], which obviously has a different lattice
topology (it should be a square or cubic lattice). Understanding the inherent
lattice topology of a lattice-FMT may be an interesting point worthwhile to
explore in the future.

FMT for machine learning and accelerated MC algorithm

Also, in the next chapter, Ch. 7, we will see how machine learning can au-
tomatically discover such fluctuating domains in the rod systems. Therefore,
combining a lattice FMT (e.g. based on a “cluster expansion”) with machine



6.8. Discussion and outlook 465

learning may represent a novel scientific endeavor in which both fundamen-
tals of statistical mechanics as well as new, physics-inspired machine learning
algorithms could be studied. This is part of a broader outlook of this thesis.

Regarding equilibrium MCMC sampling, we report at attempted at a grand-
canonical cluster-algorithm that employs local (grand-canonical) equilibrium
within a definable cluster in the style of Fischer and Vink [356]. However, the
acceptance rates are very small due to constraining translational degrees of
freedom to a lattice (unlike the case in the paper).

A more innovative idea would be modify the accelerated algorithm of
Kundu, Rajesh et al., who use a 1D density functional of hard rods during
the MCMC scheme. We speculate the 2D or 3D lattice FMT could possibly as
a “guidance” free energy in the form of a proposal distribution for a transition
along a particular reaction coordinate (e.g. the nematic order parameter). Incor-
porating this into a fully detailed-balance scheme might resemble the innova-
tive methods reported in Refs. [927–929], where they used machine learning for
the proposal transition. Other options include parallel tempering or simulated
annealing techniques [930, 931].

6.8.4 Jamming and percolation transitions from literature and spec-
ulative comparison

2D RSA

Random sequential adsorption (RSA) of rods on square lattices has been stud-
ied quite extensively for 2D systems, see e.g. Ref. [681, 683–685, 906, 910, 932].
Percolation transitions under RSA conditions are related to the jamming tran-
sitions. We list the 2D jamming, percolation, and inverse percolation packing
fractions (when percolation disappears from a fully packed system) and cor-
responding packing fractions for the 2D case below in Tab. 6.1, which were
reported in Ref. [908].

L η2D
jam ρ2D

jam η2D
perc ρ2D

perc η2D
perc, inv ρ2D

perc, inv

2 0.864 0.432 0.462 0.231 0.450 0.225
3 0.824 0.275 0.423 0.141 0.415 0.138
5 0.792 0.158 0.347 0.158 0.367 0.073
6 0.785 0.131 0.315 0.053 0.350 0.058
9 0.772 0.086 0.249 0.028 0.311 0.035

10 0.769 0.077 0.231 0.023 0.301 0.030

TA B L E 6 . 1 : Jamming, percolation, and inverse percolation
packing fractions η and number densities ρ for the random se-
quential adsorption of hard rods on 2D (square) lattices. Data

are from Ref. [908].

For the 2D case we studied in this chapter, L = 10, the jamming transi-
tion (η2D

jam = 0.769) appears right of the isotropic–demixing transition packing
fractions for temperatures above the tricritical point (Fig. 6.20). It would meet
the top of the right half of the binodal that we estimated. Notice that this jam-
ming transition is for absolutely no diffusive motion; jamming transitions can
also occur under nonequilibrium conditions with diffusive motion, where the
particle attraction strength plays a role. Therefore, it would be interesting to
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quantify arrested dynamical transitions in 2D for various attraction strengths
in a dynamical model like KMC.

We have provided these results for a potential connection to the monolayer
systems of hard, sticky rods studied in Ch. 5, where a 2D system is a limiting
case of very strong substrate potentials.

3D RSA

In 3D, Refs. [686, 933] studied the RSA jamming and percolation transition of
hard rods on cubic lattices (See also selected results in [934]). We summarize
the reported results on transition points in Tab. 6.2.

L ηiso,3D
jam ηiso,3D

perc η
para,3D
jam

4 0.780344 0.1800 0.803892
4∗ 0.7808 – –
5 0.736061 0.1555 0.792284
6 0.701346 0.1364 0.784637
6∗ 0.7026 – –
7 0.673355 0.1218 –
7∗ 0.6749 – –
8 0.650282 0.1089 –
8∗ 0.5858 – –
24 0.507750 0.0411 –

TA B L E 6 . 2 : 3D jamming and percolation packing fractions for
the random sequential adsorption of hard rods on cubic lattices,
in either isotropic (iso) deposition or parallel (para) deposition.
Data without any notation are from Refs. [686, 933], which over-
lap; rows denoted with stars (*) are from Ref. [934] using quite
small (183) lattices sizes, but both sets are subject to finite-size

effects.

We discuss below a loose comparison of the data-points in Tab. 6.2 to the
“isotropic–nematic” transitions in 3D studied in this chapter:

L = 4: the 3D RSA percolation threshold ηiso,3D
perc = 0.1800 appears to be quite

close to the left demixing fraction at low temperatures (T∗ ≈ 1.885) for sticky
rods in 3D (Fig. 6.13).

L = 5: (the “unusual” phase diagram in Fig. 6.14), the 3D jamming fractions
are somewhat lower than the isotropic–demixing transition fractions, around
ηc ≈ 0.85 for lower temperatures (Fig. 6.14). However, it is not clear what
happens in the region between the vapor–liquid binodal and the when the
isotropic–demixing transition line for temperatures around T∗ ≈ 2. It would
be interesting if there were a direct relation to the 3D jamming transition in
this “gray area”.3 Further, just like for L = 4, the 3D percolation transition
ηiso,3D

perc ≈ 0.156 is very close to the lowest measured binodal fraction —
sampling difficulties arose at lower temperatures (as far as we recall).

3In contrast to the RSA data, we failed to perform finite-size scaling analysis, which is some-
thing that would need to be done in order to make precise statements.
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L = 6: (Fig. 6.15), the 3D jamming transition packing fraction is somewhat
higher than the hard-rod isotropic–demixing transition density at T∗ = ∞.
Notably, our highest reported value of the isotropic–demixing demixing
density at low temperatures is very near the reported ηiso,3D

jam ≈ 0.701. As far
as we reckon, we experienced equilibration problems in our GCMC algorithm
beyond this density (at lower temperatures).

L = 7, 8, 25 (“long” rods where the nematic phase entails one predominant
species): the 3D jamming transition packing fraction for isotropic deposition
is much higher than that of the the isotropic–demixing transition at high
temperatures (T∗ = ∞). A comparison at very low temperatures would lie
beyond the range we investigated for L = 8 (Fig. 6.18).

Possibly, then, the 3D RSA jamming and percolation limits could be fore-
shadowing low-temperature left- and right- binodal densities that delineate
easily accessible regions for a local GCMC algorithm. We ponder whether this
may be likewise the case for the “triple” region of the L = 5 phase diagram. All
of this is speculation, however. Analyzing dynamical properties of the local-
move GCMC simulation, apart from structural variables, should shed more
light onto arrest and jamming behavior in the hard-rod-model. We discuss the
topic of dynamical information in the next subsection.

6.8.5 Dynamical information (speculative discussion and outlook)

Recent work in Ref. [914] discussed the nonequilibrium (nonergodic) nature of
a high density transition for the 2D hard rod system. This spurs on thoughts
on dynamics that we alluded to further above, and wish to argue in more
length in this section. Most generally, it would be useful to quantify dynamical
quantities from the Markov-Chain pseudodynamics. In particular, this seems
useful more accurately describing the phase behavior in regions of the phase
diagram where we remain unsure about the behavior: For example, for lengths
L = 5, 6, 8 in 3D in the region where the isotropic–nematic transition widens
or where the variance of the order parameter Q meets the vapor-liquid binodal
(a possible pseudo-tricritical point). Also, high-density regions for the sticky
model in 2D could be explored, as well as the dynamics around the tricritical
point.

As discussed throughout this thesis, dynamics are inseparable for the sta-
tistical properties of systems, and are fundamental when these are marginally
ergodic or lose ergodicity. Fast compression algorithms can be employed on
the Markov-Chain time-series data, for example those described in Refs. [914,
926]. Also discussed in this thesis is the notion that many-body variables (and
order parameters) are heterogeneous in space and time, even in equilibrium.
Therefore, local-scale order parameters could provide a better resolution of
phase boundaries (see Refs. [914, 926]), analogous to how finite-size scaling
behavior allows us to predict the true critical points of system. Other types of
order of the hard rod systems are reported to appear at very high densities that
are distinct from the nematic transitions discussed in this chapter [365, 368, 369,
918]). These would require other order parameters.

Further, as we discussed further above, there may be metastable binodals
hidden underneath the stable binodals (particularly for for L = 5, 6) in 3D, and
for the 2D systems. This is suggested by analogous two-component mixture
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models that have such phase diagrams, see Ref. [677] and Fig. 2.6. Notably, such
metastable binodals and further demixing lines exist for the “sticky” monolayer
system we studied in Ch. 5. These metastable phases may not be resolvable
in any easy way in the grand canonical ensemble, and would likely require an
addition of diffusion-type moves, at minimum. Hence the extension of GCMC
pseudodynamics that include local diffusion may not only help in equilibration,
but also gives us new information on dynamics, especially if most of the MC-
moves are predominantly diffusion-moves over insertion–deletion moves. An
analysis would help clarify outstanding issues about the phase diagrams, as
argued above.

In our simulations, we encountered an imminent problem of memory of
the initial condition at high densities, and effects of hysteresis depending on
the density at which the algorithm equilibrated. In retrospect, this ordering
transition (Fig. 6.15) may actually indicate glassy dynamics or a gel, for example
(See also Fig. 11 in Ref. [724]) that we indeed find in a confined system of sticky
rods in Ch. 5.

We also mention that both diffusion and insertion-deletion dynamics can
be implemented with kinetic Monte Carlo (KMC): We have programmed this
already for sticky rods in a monolayer in Ch. 5; moreover, the KMC code has
been written for fully 3D dynamics (or growth at a surface), as well. This
is an outlook from this thesis. The advantage of KMC is that the dynamics
are tracked directly by the algorithm, and analysis of the spatial and time
correlations of these dynamics is quite straightforward.

Additionally, machine learning algorithms could aid in this process [935].
Variational autoencoders applied in the upcoming Ch. 7 – that we even applied
to 2D sticky-rod systems, at intermediate densities – are shown to be able to
decipher phases of matter very succinctly. They could be of help in many of the
above-mentioned issues.

6.9 Conclusions

Note: This text is the author’s writing (the conclusions have been re-written,
when, for example, comparing to those contained in the publications).

In the first half of this chapter, we investigated purely hard-core rods of size
L× 1× 1 on a cubic (3D) lattice in a Monte Carlo simulation study. The Monte
Carlo simulations are performed in the grand-canonical ensemble, where we
utilized cubic lattice up to M = 168 in linear size. In this on-lattice model,
the fully discretized degrees of freedom (rotational and translational) lead
to interesting characteristics of the isotropic–nematic phase transition, which
differs substantially compared to liquid-crystal-type models in the continuum.

We have observed a “nematic” transition for L ≥ 5 (where we studied
L = 6, 8, 25 in detail). For L = 5, 6, the nematic state entails a negative order pa-
rameter: ordering is realized by the dominance of two orientational directions
simultaneously. The type of ordering changes for L ≥ 7, where the nematic
state entails a positive order parameter: one of the three orientations domi-
nates. To detect the nematic phase, we first described the system using either a
“maximum” (or “minimum”) nematic order parameter; later, we found that a
two-dimensional order parameter analogous to that of three-state Potts models
is superior for describing the orientational ordering of the system.
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We have investigated rod lengths up to L = 25 and have found evidence
that the isotropic–nematic transition is of very weak first order for all rod
lengths 5 . . . 25. Yet, deciding on the type of the transition is very difficult de-
spite using large systems containing several 105 particles. The nematic order
is very small near the transition. We deduce that these systems entail strong
fluctuations in the order parameter, which broaden the probability distribu-
tion over the order parameter significantly. This near-“destruction” of the first-
order transition complements results for 2D systems, where earlier studies have
shown that the ordering transition is non-long-ranged (“pseudonematic”) and
presumably of the Ising universality class [366]. Notably, the ordering transi-
tion occurs in 2D for L ≥ 7, which is the length at which we first observe an
ordering transition with a single dominant orientation (see above).

We additionally compared the transition at various rod-lengths to those
predicted by a lattice fundamental measure theory (FMT). This turns out to be
the bulk is equivalent to the DiMarzio entropy [358] (who, in fact, described
the entropy from a mean-field approach), as well as the solution of the entropy
on Bethe-like lattices [360].4 The FMT overestimates the strength of nematic
ordering strongly, which we attribute to a systematic failure at capturing the
strong orientational fluctuations. One way to improve the FMT may be include
extending the 0D cavities (of the theory) to include more than one particle in
order to capture correlations between differently-oriented particles better [160,
265].

In the second half of this chapter, we presented and described the phase
diagrams of the same hard-core rods with additional “sticky” (short-ranged)
attractions for 3D (cubic) lattices, as well as in 2D (square lattice). This was
likewise a GCMC simulation study. The additional attractions induce a gas–
liquid transition that competes with the orientational ordering transitions. The
phase diagrams are both qualitatively and quantitatively different from those
of comparable model systems of the continuum (e.g. spherocylinders with
short-ranged attractions).

In the 3D system, the weak-attraction limit is similar to the purely-hard-
core limit we studied in the first part: the isotropic–nematic transitions are
weakly first order, and strong fluctuations in orientational order likewise play
a significant role. (The coexistence density gap is not resolvable in histograms
of the particle numbers.) As in the hard-core case, at rod-lengths L = 5, 6,
the orientationally-ordered phase entails a suppression of one of three parti-
cle species (orientations), which we deemed a “nematic−” transition. Longer
rods likewise show one dominating species, which we deemed a “nematic+”
transition. Upon increasing attractions (or decreasing the reduced tempera-
ture), this weak-first-order character persists down to a transition temperature
region. Thereafter, the coexistence density gap widens dramatically, i.e. the
transition becomes strongly first-order in character and represents a separation
of an isotropic gas and nematic liquid. Therefore, for small system sizes, where
the weak-first-order transition appears continuous, the phase diagrams can be
understood a line of critical isotropic–nematic transitions hitting a gas–liquid
binodal at a tricritical point. We will see this is truly the case for 2D systems
further below. However, the above-mentioned transition temperature region
depends heavily on rod-length, and even is manifested with a different phase

4A related discussion can also be found in Ref. [265].
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diagram topology for the case of L = 5: The transition to a nematic phase oc-
curs at much higher packing fractions, and does not seem to meet the critical
point of the gas–liquid binodal, which appears at lower densities.

We compared the 3D phase diagrams with those from a lattice fundamental
measure theory for sticky rods: Qualitative similarities are visible; however,
we think these (still) fail at properly capturing strong fluctuations in the orien-
tational order, which are manifested in large, sterically-incompatible nematic
domains. We found this behavior when observing the 2D system, in particular,
which we describe below.

In the 2D system (on a square lattice), the nematic phase is manifested by
the demixing of the two possible particle species (orientations). We presented
results for the exemplary case of L = 10 (long rods). For weak attractions,
the isotropic–nematic transition remains continuous, forming a line of critical
points for increasing attractions that presumably terminates at a tricritical
point. Thereafter, a gas–liquid binodal widens substantially. In the region just
above the tricritical point, the line of critical points bends in an unexpected
way: the transition moves to higher densities upon increasing the tempera-
ture before moving to lower densities again, which seems counterintuitive.
However, upon visual inspection of the configuration snapshots, as well as a
special quantitative analysis of the orientationally ordered domains, we have
rationalized this behavior: Stronger attractions cause these domains to become
more compact internally, but do not change the demixing order parameter
significantly. Upon increasing the attractions further, the domains become so
compact that they effectively pull together, leaving room for voids between
them. In other words, the high steric incompatibility of the domains frustrates
the packing problem and voids open up at the interfaces of the domains.
This is the beginning of the gas–liquid demixing transition at the (presumed)
tricritical point.

Outlook

These studies have highlighted the role of highly-discriminating orientational
domains of one type of order (strong fluctuations) in the lattice models. We
discussed how these may point to ways of improving the FMT – in particular,
cluster-based methods or multi-particle cavities are examples.

As to the phase diagrams, novel analysis methods such as compression
schemes and complexity measures on the Markov-Chain time-series – i.e. us-
ing the pseudo-dynamics of the system for dynamical information – may offer
a way to decipher any “gray areas” of the phase diagrams. For example, ar-
eas near the (pseudo-)tricritical regions, as well as other nonergodic regions of
the phase diagrams (i.e. macroscopically arrest states) that can occur at high
densities and very strong attractions. Refs. [914, 926] have recently demon-
strated such approaches for the purely hard-core 2D systems. Moreover, ex-
ploring the “internals” of the liquid–gas binodals, i.e. characterizing poten-
tial metastable critical points, would offer new (out-of-equilibrium) informa-
tion about the phase diagrams. In particular, the systems of L = 5, 6 would
likely show very different metastable phases and percolation behavior than for
L ≥ 7 in the bulk. A study of dynamical jamming and percolation transitions
would likewise offer complementary, nonequilibrium information about e.g.
critical behavior in these systems. (We discussed how jamming transitions in
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the random-sequential-adsorption setup have received much more attention,
regarding investigation of lattice models of hard rods.) Dynamical jamming
transitions as well as percolation could be investigated via the KMC simula-
tions we developed in Ch. 5.

Finally, characterizing the surface phases of these systems is the next log-
ical step (putting the system in semi-confinement with an attractive wall), in
connecting to the (2+1)D monolayer-confined systems studied in part II. These
would be important for understanding structure and phase transitions in mul-
tilayer thin films.

As to the simulation side, we experimented with cluster-moves in the grand
canonical ensemble for these systems of long rods. However, the constraint of
the degrees of translational degrees of freedom to the lattice resulted in very
low acceptance probabilities. We think a combination of the lattice FMT (pos-
sibly also for sticky rods) with the standard GCMC algorithm could possibly
render a novel, DFT-inspired accelerated Monte Carlo algorithm — by employ-
ing the DFT functional for proposal probabilities, and guaranteeing detailed
balance on the full acceptance probability. To this end, machine learning might
offer another interesting method: this will become clearer after presenting our
studies in machine learning in Ch. 6.

The end of this chapter marks the end of part III of this thesis, where we
explored the statistical mechanics of hard-rod systems constrained to lattices
in the case of 3D bulk, as well as 2D. We have characterized the latter case of
2D for sticky hard rods, which is useful for the next part of this thesis, part IV.
There, we explore a machine learning algorithm by using configurations of
the 2D lattice model of sticky rods as training data. In that way, we aim to un-
derstand whether an unsupervised, generative learning algorithm can recover
physical principles of the coarse-grained, thermodynamic properties of these
systems. We also seek to understand better the limits of the algorithm, in partic-
ular its generative properties. Thus, the characterization of the tricritical phase
behavior in the 2D sticky hard-rod model system in this preceding chapter will
be of fundamental importance for analysis and interpretation of the algorithm.
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Part IV

Machine Learning of 2D Systems
of Hard Rods on Lattices
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Chapter 7

Fluctuating Collective Variables:
On Variational Autoencoders
Learning 2D “Sticky”-Hard-Rod
Configurations

The means of obtaining as much variety as possible, but
with the greatest possible order... is the means of obtaining
as much perfection as possible.

Gottfried Wilhelm Leibniz

In this chapter, we shall explore the behavior of beta-variational-autoencoders
(β-VAEs) after training them on (biased) Boltzmann-Gibbs-distributed config-
urations of the 2D “sticky” hard rod model characterized in Ch. 6. We had
introduced this part of the thesis quite broadly in the context of machine learn-
ing in Ch. 1.4. We delved into probabilistic modeling for machine learning as
well as described the basic theory behind variational autoencoders in Ch. 3.6.
We described the algorithm in detail in Ch. 3.6.2.

Presented in the last chapter, the 2D sticky-hard-rod system entails two
competing transitions meeting at a tricritical point: A continuous orientational
ordering transition as well as a vapor–liquid transition. Therefore, representing
a three-fold symmetry (a two-dimensional order parameter, see Ch. 6) will be
crucial in the data pre-processing step. We remind the reader that we discussed
the coupling of orientational and translational degrees of freedom, as well as
related multidimensional order parameters, quite generally in Ch. 2.1, as well.

As the dimension of the original configurations is much larger than the
latent space, we expect the β-VAEs (as well as other algorithms) to coarse grain
the configurations. The term “coarse-graining” is used loosely; we discussed
coarse-graining in Ch. 3. We will see that the VAEs find collective variables in
statistical ensembles,1 which can be regarded as “hidden features” of the fluid.

The inference model of the VAE presumes a Gaussian approximate poste-
rior on the latent variables. This implies that latent variables fluctuate even for a
single input data (one configuration); thus, “microstate” fluctuations are part of
learning the generative model. (We discussed Gaussian field models in Ch. 3.2.)
In fact, the strength of fluctuations of collective variables in ensembles of config-
urations is key to how the VAE discovers them in the optimization problem. In
turn, the collective variables and the fluctuations provide important statistical

1we briefly discussed collective variables in Ch. 2.1.3
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information on thermodynamic ensembles themselves. The statistics over the
learned model parameters will become excellent detectors of phase transitions,
and possibly even their order (first or second order).

We will see effects of “internal” frustration in the learning problem, induc-
ing threshold behavior upon varying a fundamental hyperparameter β at fixed
latent-space dimension. The former adjusts a trade-off between matching the
approximate posterior to the prior on latent space and the quality of the im-
age reconstruction. At a threshold state, we will discover that the character
of the learned variables changes drastically, forming a kind of coarse-graining
hierarchy, among other effects like the “mode collapse” of high-order variables.

7.1 Organization of this chapter

This chapter is organized as follows: Sec. 7.2 refreshes the reader of the physical
model system of sticky hard rods in 2D that was investigated in Ch. 6, in case
the reader had skipped the previous chapter. The input datasets, composed of
configurations of the rod system, are specified in detail – including a key differ-
ence between the thermodynamic properties of the training and test datasets
we employ. Further, the variational autoencoders, are described and specified.
In Sec. 7.3, we discuss the importance of the choice of data representation for
the hard-rod configurations, which is a first finding of this study. Sec. 7.4 dis-
cusses and presents quantitative results demonstrating how the VAEs appear
to “coarse-grain” the statistical system of rods upon varying the dimension of
the provided latent space. In Sec. 7.5 we discuss and interpret the latent vari-
ables of the VAE – they can find the order parameters of the physical system,
as well as higher-order collective variables that fluctuate in the homogeneous
hard-rod fluid. Thereafter, in Sec. 7.6, we study more carefully phenomena that
we observe when varying the hyperparameter β (a parameter in the cost func-
tion fixed prior to optimization). In Sec. 7.7, we discuss how the probabilistic
model of VAEs offers us an alternative characterization of equilibrium states (if
provided as input) that is highly sensitive to thermodynamic properties, such
as positions of phase transition points as well as the order of the transition.
In Sec. 7.8, we will present a few comparative results, as well as an important
preliminary finding on VAEs with deep-convolutional neural-network archi-
tectures. Thereafter in Sec. 7.9, we briefly report on a few other experiments
with machine learning, for example other algorithms. A general discussion and
prospective ideas are provided in Sec. 7.10 thereafter. We state our conclusions
of this chapter in Sec. 7.11

7.2 Model and methods

7.2.1 Physical model system (the input data)

The definition of the 2D sticky-hard-rod model system was also presented in
Ch. 6: The physical model system is that of hard rods on a quadratic lattice in
2D, where hard rods are rigid parallelepipeds with extensions L× 1 and are
defined by L consecutively-covered lattice points in one Cartesian direction.
We fix the rod-length to L = 10 in this study. We define an occupancy field O(s),
whose values are 1 for lattice points s covered by rods and 0 otherwise.
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The hard rods are forbidden to overlap one another, i.e. there is no double
occupancy of a lattice point. The quadratic lattice restricts the number of possi-
ble orientations to two, and we refer to rods oriented in horizontal and vertical
directions as species 1 and 2, respectively. Species densities ρi are defined as the
total number of rods of species i (Ni) normalized with the system size, which
is M2 = 1282 square units. The total density (which goes between 0 and 1) is
ρ = ∑2

i=1 ρi, and the total packing fraction is 0 ≤ η = ρL ≤ 1.
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touching site 1×ε

rod coordinate

unit cell

F I G U R E 7 . 1 : 2D scheme of the model. The two crossed out
rods are representing forbidden overlap, i.e. the double occu-
pation of a lattice cell. The common surface of touching seg-
ments of neighboring rods are shown in green. Reproduced

from Ch. 6.

The rods in the system have additional short-ranged, “sticky” attractions
on top of the hard-core repulsion between rods, the strength of which is quan-
tified by a (fixed) ε, so that the unit binding energy is −|ε| between touching
segments of nearest-neighboring rods (see Fig. 7.1). The internal energy of a
valid “sticky”-rod configuration x can therefore be written as

U(x) = ε ∑
〈ss′〉

O(s)O(s′)− N(L− 1)ε, (7.1)

for ε < 0, where the sum is over neighboring sites s, s′ of the lattice and gives
a contribution whenever both sites are occupied. The second term corrects for
the over-counted adjacent cites within each rod, which is a rigid entity (N is the
total number of rods).

Notation

An equilibrium (Boltzmann-Gibbs) distribution of rods in the grand-canonical
(µchem, V, T) ensemble is defined by a fixed chemical potential µchem, volume
V, and temperature T. In this study, grand-canonical ensembles in the physical
system are equivalently identified by the variables ( f , V, T∗). The fugacity
is the variable f ≡ exp(µchem/kBT), kB is the Boltzmann constant. Further,
T∗ ≡ (kBT)/|ε| is the reduced temperature of the system. As the only relevant
quantities are relative to kBT, we can set kBT ≡ 1. The volume of the 2D physical
system V = M2 = const is constant in all data employed in this study.

Remark. Standard notation for the chemical potential µ, fugacity z, and inverse
temperature β would be easily confused in this study: The mean variables on
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F I G U R E 7 . 2 : Example configurations of the 2D sticky rod sys-
tem: Red lattice sites indicate vacant sites, green those occu-
pied by vertical rods, and blue those by horizontal rods. The
“nematic” (demixed) phase is characterized by mostly blue or
green configurations, while the isotropic phase has both. A gas
phase is characterized by mostly red color in the image. The
rod-lengths are L = 10 units, their widths are unity. The area of

the system is M2 = 1282

N O TAT I O N M E A N I N G

L = 10 Rod-length (fixed!)
µchem Chemical potential

f = exp(µchem/(kBT)) Fugacity
V System volume (area) V = M2 = 128× 128
M Linear system size (of the box) M2 = 128× 128
ε “sticky” attraction strength

T∗ Reduced temperature = (kBT)/|ε|
s Lattice site
x Configuration sample or input sample

U(x) Inner energy of a configuration, see Eq. (7.1)
ρ Number density of rods, see Eq. (7.3)
η Packing fraction of rods η ≡ Lρ

S Unnormalized demixing parameter, see Eq. (7.3)
c Complex-valued 2D (tricritical) order parameter,

see Eq. (7.13)

TA B L E 7 . 1 : List of physical quantities of 2D “sticky” hard-rod
model system: Notation and meaning.

latent space encoded by VAEs are denoted “µ”. The latent variables are denoted
by “z”. The hyperparameter entering the cost function (the negative evidence
lower bound, see further below) is denoted β. For this reason we provide a list
of the variables and their meanings in Tab. 7.1 and in Tab. 7.2 later.

Competing gas–liquid and orientational-ordering phase transitions

Let us discuss the phase behavior of the “sticky” hard rod system in 2D. This
will be relevant for interpreting the behavior during and after learning. The
phase diagram of the model we have quantified in Ch. 6 (Fig. 7.3) is spanned by
the total (mean) packing fraction η and reduced temperature T∗ = kBT/|ε|. A
line of critical points (black line) separates the isotropic (both species are at hand
at the same time) and “nematic” or, rather demixed phase, where one of two
orientation-species dominates over a longer period of Monte-Carlo-time. In
this symmetry-broken phase the system “jumps” back-and-forth between two
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possible mesostates, in effect, and shows large, fluctuating domains with only
one species, see e.g. Fig. 6.21.) The line begins at T∗ = ∞, the limiting case of
purely hard-core rods, down to a (presumed) tricritical point, indicated in red.
Below the tricritical point, this orientational-ordering transition becomes first
order: The demixing of orientational states “competes” or is coupled with with
the separation of the fluid in a vapor (low-density) and liquid (high-density).
The 2D system of very long rods is highly correlative, in the sense that we dis-
cussed in Ch. 2.2: rotational and translational degrees of freedom are strongly
coupled in the 2D systems. At low temperatures, the global translational sym-
metry of the fluid begins to break: Vacancies (which allow for translational
motion) are rare inside the highly-dense domains of the demixed phase (within
which only one orientation-species persists); vacancies are predominant in the
vapor phase. The blue points in Fig. 7.3 indicate the estimated binodal of this
first-order transition.
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F I G U R E 7 . 3 : Phase diagram of 2D sticky hard rods on a
square lattice for L = 10 in the reduced–temperature – packing–
fraction plane, (a) reproduced from Ch. 6 and (b) zoomed in to
near the tricritical point. Note the black points were obtained
with a normalized version of the nematic order parameter (Eq.

7.3).

The tricritical phase behavior implies the system entails the possibility for
three types of (“stable”) states: (1) A high-vacancy phase ρ & 0, which would
correspond to many “red” areas in configurations represented in Fig. 7.2; (2)
a “demixed” state with predominantly horizontal rods, ρ ≈ ρ1 � 0; and (3)
the other, degenerate broken-orientational-symmetry state with predominantly
vertical rods, ρ ≈ ρ2 � 0. Such a “tri-state” (at the tricritical point) is best ex-
pressed by a two-dimensional order parameter – a pair of one-dimensional, scalar
order parameters: (ρ, S). Here, ρ is the total density and S is the unnormalized
orientation-demixing order parameter. (Please note this difference of definition to
compared to Ch. 6, where S indicated a normalized order parameter):

ρ ≡ ρ1 + ρ2 (7.2)
S ≡ ρ1 − ρ2 (7.3)
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The degenerate demixed states with S and −S are thermodynamically equiva-
lent (equally represented over long enough Monte-Carlo-time), since exchang-
ing of rods with horizontal and vertical orientations represents a rotational
symmetry of the model. In Ch. 3.2.1, we discussed how such symmetry-broken
states may be considered “metastable”, in effect, especially for finite system
sizes. Later, we will see that the unsupervised machine learning algorithm in-
deed “lumps” states with +S or −S together, respectively, as if these represent
different stable states of the system.

7.2.2 Monte-Carlo data generation and thermodynamic properties
of data-sets

We employed Markov-Chain Monte Carlo simulations in the grand canonical
ensemble (GCMC) to generate all data. We described the algorithm in more
detail in Ch. 6. An equilibrium ensemble is characterized by the triple ( f , V, T∗)
that we discussed in Sec. 7.2.1, where the simulation box size is 128× 128 ≡ V.
In every equilibrium ensemble, particle numbers N fluctuate.

Data-set type I: Biased Boltzmann-Gibbs ensembles (training)

After some period of experimentation, we found that employing biased ensem-
bles, biased in the particle number N, for the training data is conducive for
learning. Specifically, a continuous variable N that is approximately evenly-
distributed is helpful. Variational autoencoders and many other algorithms
model continuous variables in latent space. The technique of successive um-
brella sampling (SUS) [916] produces an even-N-histogram of samples by confin-
ing the system successively in particle-number “windows”.2 All training data
was generated in these biased ensembles, which are not equilibrium Gibbs-
Boltzmann ensembles. In our empirical observations, a very important factor
for success and interpretability of learning about many different phases of the
hard-core rod system is that input data spans across phase boundaries – more-
over, when the order parameters are nearly-evenly distributed over the samples
from phase space. We will discuss this point more succinctly in Sec. 7.3.

All results on VAEs presented correspond to a training set biased ensembles
at fixed reduced temperature T∗train = 1.401. The training set comprises of ∼
1.4× 105 configurations. In all cases (also training data, see below) we leverage
the S→ −S symmetry of the rod model by rotating the configurations by 90◦

and adding them to the data-sets, which, however, makes them statistically
dependent. Yet, we observed that the latent-space representations will become
“balanced” much more easily, i.e symmetric around null. A “rotation” of input
images is standard practice in the machine learning literature.

Note that as the machine learning is fully unsupervised, and no explicit
information about the thermodynamic variables f and T∗ is transferred to the
learning system. We will propose related ideas for improvements on VAEs in
Sec. 7.10.

Data-set type II: Equilibrium Boltzmann-Gibbs ensembles (only for testing)

Testing data comprises of sets of Boltzmann-Gibbs equilibrium ensembles de-
fined by fixed ( f , V, T)). In most cases, the testing data stems from simulations

2a technique we also employed in the studies presented in Ch. 6
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below the training temperature. In fact, the test sets are situated in part well
below the tricritical temperature: at fixed chemical potentials and temperatures
at or below the training reduced temperature T∗test = 1.401 . . . 1.266. Each tem-
perature entails between ∼ 1× 105 . . . 2× 105 configurations.

Note that in some cases, we test the VAEs in the biased ensembles, as well –
either at the same training temperature, but out-of-sample compared to training
data, or at different reduced temperatures. We will make a note whenever this
type of data-set is employed is the case.

7.2.3 Variational autoencoders

Variational autoencoders are generative models, entailing a full probabilistic,
inference model of data. We described these concepts and the fundamentals of
the algorithm in detail Ch. 3.6. The encoding–decoding aspect of VAEs means
that they bear some resemblance to deterministic autoencoders (AEs) (Fig. 1.7).
(We even compared the VAEs to AEs, as well, in preliminary work. We remark
on this in Sec. 7.9.) The most basic parts are reviewed here:

The encoder neural network maps the input into a latent space, where the
encoding contains a pair on multidimentional variables (µ, σ), which represent
the parametrization of a posterior distribution of latent variables z over the
input data x (the probability density of an encoding in latent space conditioned
on each ground-truth configuration x). Crucially, the posterior over z is approx-
imate – it is assumed to be a diagonal multidimensional Gaussian following
p(z|x) ≈ N (µ, σ). (The dimension of latent space is a hyperparameter, which
is set aforehand, and which we denote dim(z).) Thus, VAEs model local fluctu-
ations of each configuration in latent space, making them inherently stochastic,
in stark contrast to deterministic autoencoders: On a repeated sampling, the
random encoding is assumed, on average, to be positioned at vector µ away
from the center of latent space (0), fluctuating about this mean position with
variance σ2. Figure 7.4 shows an example of such generated samples in the
original space, a set {x′}which are conditioned on a single ground-truth x. The
generated images are obtained by sending a randomly sampled z (distributed
according to the parametrized p(z|x) = N (µ, σ)) through the decoder network.
The encoder, sampler, and decoder encoder is visible in Fig. 7.5 further below.
Note that the assumption of a diagonal Gaussian for the posterior distribution
is a mean-field assumption.

As we will discover in Sec. 7.5, the sampled variables z indicate collective
variables or spatial “modes” in the hard-rod configurations (analogous to local
domains, etc.).

Training the parameters of the neural networks is formulated in an op-
timization problem. The cost function is written as a trade-off between the
quality of the reconstructed or generated images, {x′} compared to x, as well
as the quality of the encoding according to an imposed probabilistic model of
the latent variables p(z|x) ≈ N (µ, σ). The first part – the reconstruction cost
– represents the “stochastic autoencoder” capability of the neural network. It
ensures that a direct relationship (a map) persists between the latent variables
and the physical space, and is denoted by the term Lmse(x, x′).

The second part of the cost function enforces the faithfulness of the proba-
bilistic (inference) model over the latent variables. As in physics, information
is relative, hence the efficiency of the probabilistic encoding is judged via a rel-
ative entropy of the posterior distribution of latent variables to the model prior.
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x g (µ(x))

{x′}

F I G U R E 7 . 4 : Generating random configurations from
the Gaussian posterior model p(z|x) = N (µ, σ), where
(µ(x), σ(x)) are encoded variables of the single input configura-
tion x (top left). (Top right): The decoded image using the means
µ(x) only, which we denoted “g(µ(x))”. (Bottom): Example gen-
erated samples {x′} by sampling z ∼ N (µ, σ) and sending the
variables through the decoder. This VAE was trained with hy-
perparameters dim(z) = 128 and β = 8. The ground-truth
configuration x was generated from simulations at temperature

T∗ = 1.299.

The specific form of the prior is assumed to be irrelevant, in theory, hence a sim-
ple prior that further provides a nice normalization of latent space should suf-
fice: A multidimensional unit Gaussian p(z) = N (0, 1) is the standard choice.
The relative entropy or Kullback-Leibler (KL-) divergence between the approximate
posterior and model prior is written in a term DKL (N(µ, σ)||N (0, 1)), and
represents a variational free-energy gap (for every x) that should be minimized.
Please note that we discussed topics of variational mean-field approximations
in a much broader, physical context in Chs. 3.2 and 3.5.2.

The cost function is minimized during training is an expectation value of
the reconstruction cost and KL-loss over random (mini-) batches of input data.

LVAE =
〈
Lmse(x, x′) + βDKL (N(µ, σ)||N (0, 1))

〉
batch(x) . (7.4)

In β-VAEs, which we study in this chapter, the KL-loss is multiplied by a factor
β (Eq. (7.4)), as we are investigating the more flexible and generalized version
[52, 533]. The KL-loss between the unit Gaussian prior and diagonal-Gaussian
posterior is explicitly

DKL (N(µ, diag(σ))||N (0, 1)) =
1
2

dim(z)

∑
k=1

(
σ2

k + µ2
k − ln(σ2

k )− 1
)

, (7.5)
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N O TAT I O N M E A N I N G

x Configuration sample or input sample
x′ Reconstructed configuration or decoded sample

x′ ≡ g(z), where z ∼ p(z|x) is sampled
φ(s) physical “field” over sites, congruent to vector x, φ(s) .

= x.

It is binary on each channel ν: φ(s) =
3
∑

nu=1
φν(s) =

3
∑

ν=1
δν(s)

φ′(s) output “field” over sites, congruent to vector x′, φ′(s) .
= x′.

It is a continuous distribution on each occupancy channel ν:

φ′(s) =
3
∑

nu=1
φ′ν(s) =

3
∑

ν=1
Berν(s)

z Latent variable(s) (multidimensional)
dim(z) Dimension of latent space

µ “Mean” vector of latent space encoding (multidimensional),
which is a function of x

σ “Standard deviation” vector of latent space encoding,
which is a function of x

p(z|x) Approximate posterior of the model, p(z|x) ≡ N (µ, diag(σ))
p(z) Prior of the model on latent space

p(z) ≡ N (0, 1)
p(x|z) Conditioned likelihood of x
p(x) Likelihood of x
LVAE Cost function of β-VAEs

Eq. (7.4) or Eq. (3.280)
β hyperparameter of β-VAEs, see Eq. (7.4) or Eq. (3.280)

DKL(·||·) Kullback-Leibler divergence (relative entropy), see Eq. (3.224)
LMSE Reconstruction cost: average mean-squared-error-term,

LMSE = 〈‖x− x′‖2〉, Eq. (7.4) or Eq. (3.280)

TA B L E 7 . 2 : List of quantities related to the β-VAEs: Notation
and meaning.

where µ(x) and σ(x) are functions of each input data image x. We also note that
in the standard VAE implementation, only a single shot of generated images x′,
i.e. only a single z is sampled from the posterior, is required for a reasonable
estimation of the error on the reconstruction.

In our study, we employ the mean-squared error as a reconstruction cost
function:

Lmse =
〈∥∥x− x′

∥∥2
〉

batch(x)
, (7.6)

which sums point-wise errors between x and x′ over all sites s. This is then
averaged over a mini-batch of input data. Tab. 7.2, we provide a list on the
notation of quantities surrounding the topic of the variational autoencoders.

7.2.4 Implementation of VAEs

The “vanilla” VAEs studied in this work have a shallow and wide neural
network architecture. However, we will also compare this architecture to that
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of deep convolutional VAEs in Sec. 7.8. The “vanilla” architecture is described
below.

The “Vanilla-VAE” neural network

F I G U R E 7 . 5 : Sketch of the “vanilla” VAE implemented.
Shown is the flattening of the data at the input side (converting
a M×M× 3 matrix to a M2 ∗ 3 linear vector), and the reverse
operation on the output side. The input image can be thought of
as a “field” φ(s) that sums over field contributions in three chan-
nels (red–green–blue), which are binary for the “sharp” input
configuration. Not shown is that the input x is subsequently
transformed linearly in its range of values from [0, 1] (binary
values) to [−1, 1]. The encoder network is composed of a sin-
gle hidden layer (fully connected) with a nonlinear activation
function (see Tab. 7.3), where two latent vectors are encoded
in parallel, (µ(x), σ(x)), which represent the “mean” and “stan-
dard deviation” of the approximate posterior function p(z|x). A
single, random latent vector z is sampled from the distribution
before it is sent through the decoder network, which “mirrors”
the encoder in form. The final output layer employs a Softmax
activation function, so that the output values are probabilities
between 0 and 1 (a Bernoulli distribution, in effect). The output
“field” over lattice sites φ′(s) now has a “fuzzy”, probabilistic
character. The random output is denoted x′ = g(z). Note that
the relative sizes of the layers are not to scale. All golden areas

indicate dense connections (between all nodes).

We used a standard implementation of variational autoencoders, which
we denote the “vanilla-VAE” architecture, illustrated in Fig. 7.5. Tab. 7.3 lists
the specifications that we will describe in this paragraph. Our “vanilla”-VAE
entails a single hidden layer and fully-connected layers (no convolutional layers,
for example). The binary input images of size 128× 128× 3 (3 color channels,
red–green–blue) are flattened to a one-dimensional array,3 and the scalar values
of the occupation probabilities are transformed to the range −1 . . . 1 (this may
aid learning). A fully connected layer with PreLu (parametric ReLu) activation
is made to a hidden layer of dimension 256 (with an exception for when the
latent space dimensions 256: then this layer is 512-wide). This is then fully

3i.e. the multidimensional array is now represented in an elongated, 1D array, where the
original dimension fo space is lost, in effect
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VA E P R O P E R T Y VA L U E O R N O T E

Connections Dense (fully-connected)
Activation functions PreLu (parametric ReLu)

Output activation Softmax
Regularization technique Early stopping

(Optional) BatchNormalization in encoder and decoder
Optimizer Adam (or RMSProp)

Learning rate 0.00002 (or higher if BatchNormalization employed)
Hidden layer dimension 256 for dim(z) ≤ 128

2× dim(z) for dim(z) ≥ 256
Latent dimensions explored dim(z) = 16 . . . 1024

Values of β explored Depends on dim(z), β = 0.001 . . . 32
Number of trainable parameters Depends on dim(z). For dim(z) = 128:

Encoder: 12,649,216 Decoder: 12,665,344

TA B L E 7 . 3 : Specifications of “vanilla” β-VAE neural network:
parameters and setting.

connected with two parallel layers, the µ and the σ layers of the Gaussian
latent encoding, having dimensions dim(z). These are functions of x, as the
encoder network plays the role of the parametrized map. A sampler function
then uses these as input to draw a single dim(z)-dimensional random variable
distributed as N (µ, σ). The decoder, which maps a sampled z back to physical
space, i.e. x′ = g(z) with x′ corresponding to the output image. It is essentially
a “mirror” of the encoder: The output of the sampler is fully connected with the
mirrored hidden layer of the encoder (with PreLu activation), and this is fully
connected to the output layer, which has a Softmax activation since the input
is binary (the output should be an approximate “mirror” image of the input).
The output array is then be reshaped to the original image size 128× 128× 3.
We employ the Adam optimizer [878] with a learning rate of 0.00002 (which is
increased if we employ batch normalization, see below). We implement the Keras
libraries with the Tensorflow backend, as well as the scikit-learn libraries for e.g.
principal component analysis complementary to the neural networks.

Reconstruction cost

The original formulation of VAEs utilizes a binary-crossentropy reconstruction
cost function instead of the mean-squared error. We report that using the binary-
crossentropy cost function produced qualitatively similar results on the output.
The matching to the prior on latent space may have been somewhat better,
under conditions, but the latent variables were less interpretable (e.g. order
parameters were not well-identifiable, for example.) Careful analysis thereof
remains outside of the scope of this thesis.

Regularization

We employed the technique of so-called early stopping, which halts the training
process whenever the generalization error (the out-of-sample cost measure) be-
gan increasing. This is described in the literature as a type of regularization, in
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effect, which prevents over-fitting (where the generalization error increases).4

Selection criterion of “fully-ranked” latent spaces

Most of the analysis in this chapter is done for cases of β-VAEs where the latent
space preserved its full rank (i.e. no mode collapse), where all latent variables
participate or show fluctuations when measured on the test data set. We will
discuss our findings in the results later. Notably, judging whether the VAE
had “full rank” was also possible by performing PCA (a linear transformation)
on the (sampled) latent space codes z over test data. The importance ratio or
singular values revealed the rank of the latent space.

Usage of batch normalization

We report here on our experience with employing batch normalization in both
the encoder and decoder, which we began to employ late in our study. Batch
normalization applied in-between layers re-centers and rescales the data com-
ing out of the last layer to unit variance. The mean and variances are estimated
from the current minibatch of input data. We found it generally stabilizes train-
ing and, crucially, avoids the need for early stopping: we found universally
that the cost function levels off to a constant without increasing again (i.e. over-
fitting was avoided). This method is thus particularly useful for training VAEs
on very large latent dimensions. In these cases, we additionally increased the
size of the hidden layer in the encoder and generator, which made the fully-
connected networks very large (and wide). The final cost function was typically
slightly lower (about 10%) than in the case of early stopping without batch nor-
malization. However, this method seems to fundamentally change the behavior
of the VAEs, including our finding that it avoids mode collapse at given values
of β where the original architecture failed to. Moreover, the “form” of the first
two latent variables (which are identifiable with the physical order parameters,
see Sec. 7.5) changes somewhat regarding the shape of their empirical posterior
histograms. Therefore, this method is quite interesting, but, would have to be
explored separately in a systematic manner outside of the scope of this thesis.

7.3 Data representations (preprocessing) and order pa-
rameter fields

As we discussed in Sec. 7.2.1, the tricritical behavior in the system implies three
macroscopic states of the system: The system can be in one of two degenerate,
high-density states upon an orientational demixing transition – states charac-
terized by positive and negative in demixing order S. The systems can also be
in an isotropic state – a vapor or low-density phase below a tricritical point,
which separates from a high-density liquid having demixed orientational order.
Hence, we may imagine the rod system as one with three “species”, in effect:
two rod species and one for vacancies. In this way, the 2D “sticky” hard-rod
system has the same ‘spirit’ as a three-state Potts model, for example.

4Note that this “regularization” technique is different from ‘standard’ techniques, as no term
with a Lagrange multiplier is added to the cost function.
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Order parameter fields

From the point-of-view of a statistical field theory [65], let us assume that
we can represent all three types of macroscopic states locally, as well. As the
total probability for any three states at a single site is unity, this constrains the
number of macroscopic degrees of freedom per site to two. This implies we can
introduce a two-dimensional order parameter for the state of a system that we
denote as Q̂. This can conveniently be defined on the complex plane as

Q̂ =
3

∑
ν=1

Qνei 2π
3 (ν−1) . (7.7)

Each Qν will be expressed terms of the two quantities: the density ρ and orien-
tational demixing parameter S.

Following our presumptions, we now associate Qν at the local scale with
a field φ(s) over each site s: Qν → φν(s). The order parameters on the global,
mean scale in a homogeneous, equilibrium fluid state arise from the mean over
all sites:5

φν ≡
1

M2 ∑
s

φν(s) = Qν . (7.8)

In a hard-core particle model, these fields arise from combinations of “sharp”
occupancies of horizontal or vertical rods, as well as a vacancies, all of which
are mutually exclusive, i.e. they correspond to delta-functions:

φν(s) ≡ δν(s) (7.9)

for any occupancy δnu of each “species” ν. Therefore, the order parameter Q̂
follows

Q̂ ≡ c ≡ φ1 + φ2ei 2π
3 + φ3ei 4π

3 . (7.10)

Note that we have now renamed Q̂ into c.6

We can now begin to express Q̂ or c in terms of the density ρ (or packing
fraction η = ρL) and orientational demixing parameter S. The complement to
the “vacancy” density (species index “0”)

1− φ0(s) ≡ ρL ≡ η (7.11)

is simply the full packing fraction of the rod system. Likewise, the density of
rod occupancies of species “1” and “2” follow

ρ1(s)− ρ2(s) ≡ SL . (7.12)

Therefore, our 2D order parameter c expresses the global ordering properties
via

c =

(
1− 3

2
Lρ

)
+ i

(√
3

2
LS

)
, (7.13)

5An ensemble average may also be implied here
6inspired by the word “color”
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where total density ρ is found along the real axis, and the demixing order
parameter S likewise on the imaginary axis:

Input data representations

We have discussed in detail the representation of 2D global order parameters in
to local, 2D order parameter fields because this is highly relevant for machine-
learning of configurations of a physical model system like that of “sticky” hard
rods. Fundamentally, we found that the features of configurations learnt by the
algorithm depend crucially on the raw-data form in which the configurations
are presented.

As an example, we trained a VAE on dataset with a local (site- or pixel-
wise) data representation of φ(s) ∈ {0,−1, 1} for {vacancy, horizontal, vertical}-
species-occupancy. Although this will correctly represent the demixing order
parameter S at the local scale, an ambiguity regarding vacant sites arises, which
are supposed to entail φ(s) = 0 – the value of 0 may be interpreted as “either
-1 or 1” by the machine learning algorithms. We verified this with both addi-
tional convolutional VAEs and (linear) principal component analysis (PCA):
The demixing order parameter S is easily identified as the first latent variable
(approximately), while the algorithms struggled (or failed) at identifying the
total density ρ or packing fraction η as a second variable that stands out from
higher-order variables.

We summarize this finding on the role of choice of representation (i.e. of the
dimensionality of the input data basis) in our following “rule-of-thumb”: The
local, site-wise data representation (usually of binary digits) should have at
least as many degrees of freedom as that of the macroscopic order parameters.
In our case of the “sticky” hard-rod, on-lattice system in 2D, a two- or three-
dimensional representation of the local order parameter facilitated PCA and
the VAEs in identifying two latent variables to both the total density and the
demixing order parameter. One option we confirm is to represent each lattice
site s with the complex vector

φ̂(s) ∈
{

1, ei 2π
3 , ei 4π

3

}
, (7.14)

which one can to convert a two-dimensional, real-valued vector with the fol-
lowing form:

φ̂(s) ∈
{
(1, 0), (−1/2,

√
3/2), (−1/2,−

√
3/2)

}
. (7.15)

In this chapter, we chose a three-dimensional representation as three ‘RGB’-
color channels for an input image, e.g.

φ(s) ∈ {(1, 0, 0), (0, 1, 0), (0, 0, 1)} . (7.16)

Therefore, each index ν indicates the color channel.
Indeed, this introduces more sparsity into the data (the input data is not in

a fully-compact representation, i.e. its volume is effectively expanded), which
may be an arguable reason why this representation is conducive to the general
stability and interpretability of the learned representations in latent space. In
our own words, this expansion of the input data space contains implicitly
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discernible information on fundamentally physical (and, therefore, generative)
facts about the datasets – that particles are hard-core repulsive.

In fact, one could further expand the input data basis to 1 + 2L dimensions
per lattice site in order to represent every “part” of the rod of length L in
separate dimensions. However, as in our case L = 10, this would result in
21 dimensions per site, which would have been computationally unfeasible
for this study. Nonetheless, this 21-dimensional representation should render
additional, implicit information about the rigidity of the particles on top of
the hard-core repulsion. We postulate that considering similar preprocessing
“tricks” could be interesting for real-world datasets, as well.

Output data representations

The output images of a VAE x′ are likewise expressible as local fields φ′(s). A
crucial, physical difference between input and output is that at each channel
ν, the fields take on continuous values between 0 and 1 such that a summation
over all channels renders unity. We attempted to explore VAEs in a standard
setup, where this kind of output is most commonly propagated in the literature.
In any case, this output realized with a Softmax activation layer is inherently
smooth, which stands in stark contrast to the hard-core-repulsive nature of our
physical model system. As this is a weak point in the context of our investiga-
tions, modifications – like drawing a random color according to the Bernoulli
probabilities at each pixel – could be explored in future studies.

Macroscopic properties contained in the training data-sets

We also mention one more finding related to the macroscopic features con-
tained in the training data-sets: In Sec. 7.2.2, we described how we generated
training data according to a biased ensemble (SUS scheme) in to produce “even”
data in the density: If the training data contained a prominent “gap” in the den-
sity (which arise from producing data from unbiased grand canonical ensembles
below the tricritical point), the algorithms did not identify the order parameters
consistently. As VAEs and PCA model continuous variables in latent space, the
learning task seemed more difficult when the data-sets entailed “gaps” in the
macroscopic features (order parameters).

7.4 “Coarse-grained” configurations

We have found that the VAEs appear to “coarse-grain” configurations of the
rod systems. This term is somewhat loosely-meant, but, the idea will become
clear when observing the reconstructed or generated configurations of Figs. 7.6
and 7.7.

It appears from Figs. 7.6–Fig. 7.7 that dim(z) sets the maximal spatial ‘mode’,
i.e. the maximal the cutoff level-of-resolution representable by the VAE. In this
sense, dim(z) is a fundamental parameter that controls the degree of coarse-
graining. Another that adjusts the resolution is the hyperparameter β. It can in-
duce mode collapse past a threshold value, which effectively reduces the “coarse-
graining” dimension. This topic will be discussed in Sec. 7.6. We will use the
term of a fully-ranked latent-space model for VAEs whose latent variables all
showed a high level of significance. Specifically, the mean fluctuations of the
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variables, when measured on the test data-set, remained significant (did not
drop to nearly 0). We will describe this issue in more detail in Secs. 7.5 and 7.6.

An increased latent dimension allows for more and more details or local
structures to come into view, resembling the allowance of more, collective
(harmonic), “Fourier-like” modes. We will see in the next subsection how this
analogy may entail some element of truth.

7.4.1 Maximal resolution cutoff: quantitative results

We trained the VAEs with various latent dimension sizes dim(z) = 2 . . . 1024;
for dim(z) = 2 . . . 256, we trained them at the same, fixed value of β = 4 and
compared the properties of the outputs. Only up to dim(z) = 256 did we find a
full “rank” of latent space, which is a crucial criterion for comparable results in
the following. Figure 7.8 displays larger images of the output of these VAEs for
one configuration, where we have taken the means µ(x) as an input x (shown
in the top row) to the decoder.

To shed light on how the dimension of latent space affects the physical prop-
erties of reconstructed configurations, we quantify their reconstruction error
(mean-squared error) as well as physical errors from observables in Figs. 7.9–
7.12. The test sets are cross the phase-transition fugacity at every fixed tem-
perature. (These temperature are in every case below the training temperature
T∗train = 1.401). All averages represent (grand-canonical) ensemble averages at
fixed fugacities (test data-set type II, see Sec. 7.2.2).

We observe a monotonous decrease in reconstruction error (top-left) and
error in the inner energy (top-right) when increasing the latent dimension.
This overall decrease appears throughout the entire range fugacities (packing
fractions near 1) tested (not shown). The peak is always found at the phase
transition fugacity.

In contrast, the error in the absolute value of the angle of the the complex
(2D) order parameter c show more complicated behavior, shown in Figs. 7.9–
7.12 (bottom left) for various test temperatures above and below the tricritical
point. In the isotropic phase (left of the phase transition lines shown in gray),
all VAEs represent the complex angle quite well. At the phase transition, the
error peaks, where fluctuations in the physical system are strongest. However,
just after the phase transition, in the orientationally-demixed phase, all VAEs
are prone to much larger error in |c|. We report that this observable show much
stronger error than that of only the density or of |S| (not shown here); the angle
represents a correlation between ρ and S. Past the phase transition point, the
value of S will jump back-and-forth strongly between values of S > 0 and
S < 0, and the density is much lower. Therefore, the larger error in the absolute
value of the angle points at an increased difficulty in capturing all relevant
macroscopic information in the orientationally-demixed phase. Moreover, the
error increases with larger spatial dimension, which hints at a fundamental
tradeoff between the accuracy of macroscopic correlations versus microscopic
correlations. Note that, in contrast, all VAEs accurately reproduce the variance
of | arg(c)| – the curves in Figs. 7.9–7.12 (bottom right) are indiscernible from
the ground truth. Yet, the increase in the error after the phase transition is also
related to the value of β, which we will discuss in Sec. 7.6.
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Errors of physical observables = detectors of phase transitions

At this point we draw attention to the observation that these error measures
are all excellent detectors of phase transition points in the physical system, from
the posterior side of the VAE model (given input data). In fact, the errors in
“energetic” quantities like the mean-squared error and inner energy resemble
physical order parameters. On the other hand, errors in order parameters re-
semble more fluctuations in physical order parameters. This validates other
findings in the literature on this regard, in that the reconstruction error [463]
– or even the error of some predicted output in a supervised setting – “detect”
thermodynamic phase transition points.

Importantly, the inner energy and order parameters are calculated in fun-
damentally different ways: For each configuration, the real and complex parts
of the order parameter c are obtained as sums over all lattice sites (Eq. 7.10). In
contrast, the inner energy (Eq. 7.1) entails a sum over a multiplication between
nearest neighbors, hence this quantity detects correlations at the single-site
scale. The mean-squared error, however, does not multiply two neighboring
lattice sites: It is a point-wise comparison between x and x′.

Intensities of gradients of order-parameter fields

We further investigate how the VAEs perform in the gradients within each
configuration (image). The gradients of fields using the first color channel are
associated with the packing fraction field η(s). We take its gradient ∇η(s),
where s indicates each lattice position, and average over all positions, and take
the squared-norm ‖ · ‖2 of the result (i.e. a sum-over-squares over all lattice
sites). These values are then averaged within the thermodynamic ensemble,
as well. The results are shown in Fig. 7.13–7.16 (left figures), where we again
varied the VAE dimension dim(z), and observed the gradients across test data
in equilibrium thermodynamic ensembles.

The gradients in the second and third color channels represent the gradient
of the orientational-demixing-order-parameter field S(s); hence we calculate
∇S(s) and the squared-norm, as well as the ensemble-average in the same way
as before. The results are shown in Fig. 7.13–7.16 (right figures).

“Harmonic-like” approximation

We can conclude from Fig. 7.13–7.16 that larger latent dimensions are tied with
greater intensities of the gradient fields, which seems intuitive when looking
at the example reconstructed configurations in Fig. 7.8. However, we can ob-
serve one important feature in the plots: The nearly-even spacing in the y-axis,
which is presented in a logarithmic scale, indicates there is an approximately
linear relationship between latent space dimension dim(z) and the intensity
of the gradients. This further supports the picture of “coarse graining”: The
latent space dimension seems to restrict an upper cutoff wavelength in the
images; moreover, this gives credence to how the VAE appears to follow a
harmonic-like approximation model of the input space. The latter notion is
also compatible with the model prior of VAEs – a unit Gaussian distribution
over latent variables. We will see in Secs. 7.5 and 7.6 that the latent variables
represent “collective variables” in the configurations. Under some conditions,
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these seem to represent spatial “modes” that are “Fourier-” or “solid-state-like”
in character.
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R E C O N S T R U C T E D ( G E N E R AT E D ) I M A G E S for trained VAEs vs.
I N C R E A S I N G dim(z)

dim(z) = 16

dim(z) = 32

dim(z) = 64

dim(z) = 128

Ground truth

F I G U R E 7 . 6 : A series of example output (reconstructed) im-
ages from VAEs of increasing latent-space dimension dim(z) =
16 . . . 128 (fully-ranked). The data correspond to the test set sim-
ulated under the conditions as the training set. All of the VAEs
had a single hidden layer in encoder and decoder of dimension
256. The ground truth images are in the bottom row. See also

next Fig. 7.7.
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R E C O N S T R U C T E D ( G E N E R AT E D ) I M A G E S (continued) for trained VAEs
vs. I N C R E A S I N G dim(z)

dim(z) = 256

dim(z) = 512

dim(z) = 1024

Ground truth

F I G U R E 7 . 7 : A series of example output (reconstructed) im-
ages from VAEs of increasing latent-space dimension dim(z) =
256 . . . 1024 (of full rank). All of the VAEs entailed a single hid-
den layer in encoder and decoder of dimension 2 × dim(z)
(which are larger than in Fig. 7.6), which is one reason why
the colors are brighter and the images are less “fuzzy” than in

Fig. 7.6.
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R E C O N S T R U C T E D ( G E N E R AT E D ) I M A G E S (close-up) for trained VAEs vs.
I N C R E A S I N G dim(z)

ground truth

dim(z) =2 4 8 16

dim(z) =32 64 128 256

F I G U R E 7 . 8 : A more detailed look at one reconstruction: De-
coded, “coarse-grained” images of the latent means µ(x) for an
example input example x, which we denoted “g(µ(x))”, versus
VAEs trained at various value of the latent space dimension
dim(z) (bottom), increasing in powers of 2. For all VAEs, the
value of β = 4 and the latent spaces are fully-ranked. (Top):

Ground-truth configuration (input).
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VAEs with different dim(z)’s tested A B O V E T R I C R I T I C A L P O I N T

Errors in reconstruction, inner energy and order parameter
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F I G U R E 7 . 9 : VAEs with different latent-space dimension
dim(z): (Top left) reconstruction error, (top right) absolute er-
ror in reconstructed inner energy (normalized by lattice size
M2 = 1282), (bottom left) errors in the angles of complex order
parameter c(x′), and (bottom right) variances of the angle of the
order parameter – all versus versus log-fugacity for test data at
T∗ = 1.351, above the tricritical point. The gray vertical line
indicates an estimate of the transition fugacity from the peak in

var(|S|/ρ). β = 4 for all VAEs.
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VAEs with different dim(z)’s tested A R O U N D T R I C R I T I C A L P O I N T

Errors in reconstruction, inner energy and order parameter
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F I G U R E 7 . 1 0 : Same as Fig. 7.9, but for test data at T∗ = 1.333,
around the tricritical point.
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VAEs with different dim(z)’s tested B E L O W T R I C R I T I C A L P O I N T

Errors in reconstruction, inner energy and order parameter
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F I G U R E 7 . 1 1 : Same as Fig. 7.9, but for test data at T∗ = 1.299,
below the tricritical point.
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VAEs with different dim(z)’s tested B E L O W T R I C R I T I C A L P O I N T

Errors in reconstruction, inner energy and order parameter
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F I G U R E 7 . 1 2 : Same as Fig. 7.9, but for test data at T∗ = 1.282,
below the tricritical point.
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F I G U R E 7 . 1 3 : VAEs with different latent-space dimensions
dim(z): Ensemble averages of the squared-norm of gradients
in reconstructed order-parameter fields of the output configura-
tions x′, calculated using the (left) first color channel (∼ packing
fraction) and (right) the last two channels ( ∼ demixing order
parameter). Ground-truth values are in the dot-dashed curve
(“GT”). This is for test data at T∗ = 1.351, below the tricritical

point. Note the logarithmic scale on the y-axis.
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VAEs with different dim(z)’s tested A R O U N D T R I C R I T I C A L P O I N T

Average square-gradients in local order-parameter fields
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F I G U R E 7 . 1 4 : Same as Fig. 7.13, but for test data at T∗ = 1.333,
below the tricritical point.

VAEs with different dim(z)’s tested B E L O W T R I C R I T I C A L P O I N T
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F I G U R E 7 . 1 5 : Same as Fig. 7.13, but for test data at T∗ = 1.299,
below the tricritical point.

VAEs with different dim(z)’s tested B E L O W T R I C R I T I C A L P O I N T
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F I G U R E 7 . 1 6 : Same as Fig. 7.13, but for test data at T∗ = 1.282,
below the tricritical point.
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7.5 Latent variables: Fluctuating “collective variables”
in the hard-rod system

We find that the VAEs in the fully-connected architecture “first” learn latent
variables {zk}. k = 1 . . . dim(z) that are identifiable with the 2D order parame-
ter of the sticky-hard-rod system, i.e. similar to the order parameters ρ and S. In
fact, we found that principal component analysis (PCA) on the same data-set
(a method which can be considered a limiting case of VAEs with linear decoder
and encoder) finds these variables exactly. Fig. 7.18 demonstrates this notion for

E M P I R I C A L H I S T O G R A M S O F F I R S T T W O L AT E N T VA R I A B L E S

Tested on data that is uniform in density ρ

F I G U R E 7 . 1 7 : Empirical histograms of the first two latent
variables on test data: means (µ1, µ2) (top left), log-variances(

ln(σ2
1 ), ln(σ2

2 )
)

(top right) and stochastic samples (z1, z2),
where z ∼ p(z|x) = N (µ(x), diag(σ(x))) is drawn from the
Gaussian model posterior (bottom right). The test data here
are uniform in density, i.e. composed of biased Boltzmann-Gibbs
equilibrium ensembles (“type I” )(T∗ = 1.333). The hyperpa-
rameters β = 8 at dim(z) = 128 corresponds to the learning

system with a strong β (see Sec. 7.6).

an example VAE. Plotted are empirical histograms over the first two latent vari-
ables, taken from test data-sets that are uniform in density ρ (data-set type I from
Sec. 7.2.2): In the top-right, the empirical histogram over the means µ1, µ2 are
displayed. In the bottom row, the empirical histogram over the sampled latent
variables z1, z2, generated according to the model posterior probability distribu-
tions p(z|x) = N (µ, diag(σ)) are shown. The corresponding histogram over
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the logarithm of the first two σ’s are shown in the bottom-left figure. When com-

F I G U R E 7 . 1 8 : Empirical histograms of the physical 2D order
parameters, ρ and S, measured on on test data uniform in den-
sity (of the same “type I” as the training set) (T∗ = 1.333). Com-

pare to Fig. 7.17.

paring with physical order parameters plotted in Fig. 7.18, figure 7.17 compels
the notion that the first two latent variables, approximately identify with the
two (scalar) order parameters of the system: the particle number ρ (or packing
fraction η) and the demixing order S (rotated by about 45 degrees).

The higher-order variables k ≥ 3 are very different in character. In Fig. 7.19,
we present empirical histograms of many latent variables k = 1 . . . 8, 16 . . . 128
for three test-sets at difference reduced temperatures, all of which are uniform
in density (“type I”). Apart from the first two variables k = 1, 2 (the “order
parameters”), the VAEs learn a nearly perfectly symmetric unit-Gaussian dis-
tribution of variables (around the center of latent space, which is zero). Their
alignment around zero and normalization to unit standard deviation is en-
forced during training by matching the posterior distribution (i.e. empirical
histograms on the training set) to the prior, which is a unit Gaussian. Thus,
we infer that the higher-order variables represent structural “fluctuations” in
the hard-rod fluid – their symmetry is not broken in the data-sets. We note
here that this VAE has a rather “high” value of β, which is related to the strong
separation of the first two variables from the rest. These topics are discussed in
Sec. 7.6.

In fact, the latent variables represent “collective variables” in the configu-
rations, which will become increasingly clear in the next section, Sec. 7.6. We
may also consider σ2 as “generalized susceptibilities”, as they describe the vari-
ance of the variables z at a local scale in latent space. Beforehand, however, we
should point out one more aspect on Fig. 7.17: The bottom-left plot with the
logarithm of the (inverse) σ’s show nearly perfectly linear segments. Closer
analysis has revealed that the three parallel segments correlate very strongly
with the system chemical potential (or log-fugacity) – when tested on data-sets
of type II (Boltzmann-Gibbs ensembles) like in Fig. 7.20 further below. This will
also become more apparent in upcoming plots in Sec. 7.6. Therefore, it appears
as if the VAE learns to encode conjugate fields to the physical order parameters –
in the logarithm of the inverse σ’s.

We also provide similar figures as the ones above for the case where test
data-sets are “bunched together” from equilibrium Boltzmann-Gibbs ensem-
bles (i.e. simulated at different fugacities), in Figs. 7.20, 7.21, and 7.22. Crucial
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to note is that in 7.21, where the physical order parameters are plotted, we see
a large “gap” in the middle, representing rarely sampled states (the number
of samples in each bin is highly concentrated around three extremal points in
the plane, which makes it hard to see them). If we were to reduce the tempera-
ture even further, a “forbidden” gap in the density arises due to the first-order
transition. The VAEs also show these “rare places” in the middle of the first
two latent variables, shown in Fig. 7.20. The rare configurations are better vi-
sualized in the histograms in Fig. 7.22, where we can clearly see at least three
peaks in the first two latent variables (the “order parameters”). We also see that
the higher-order variables remain “nearly Gaussian” with nearly unit variance,
despite the stark contrast in the thermodynamic distribution of the data.

Sorting the latent variables

In order to speak of a first, second, or third latent variable, we must order them
according to some protocol: We have found a (number of) a ways to judge
their relative importance or “participation”, via empirical trial-and-error. The
statistics over each σ-encoding are the key to “sorting” the latent variables,
indexed by k.

For the rest of this chapter, we will present results where we ordered the
latent variables according to the following function γ(k):

γ(k) ≡
〈

1/σ2
k

dim(z)
∑

l=1
1/σ2

l

〉

x∼pdata(x)

(7.17)

The ordering is then chosen by sorting the variables from highest to lowest
values of γ(k). Whenever we present results of a VAE, the ordering of the
variables according to γ(k) is calculated from the same test set pdata(x): The out-
of-sample data complementary to the training set, i.e. configurations generated
from biased ensembles (“type I”) at the training reduced temperature T∗ =
1.401. In this way, we preserve the consistency of the ordering across different
test sets (for example, of “type II”).

We report that we also tried the following ordering functions:〈
1/σk

dim(z)
∑

l=1
1/σl

〉

x∼pdata(x)

(highest-to-lowest),

〈
1
σk

〉
x∼pdata(x)

(highest-to-lowest),
〈

1
σ2

k

〉
x∼pdata(x)

(highest-to-lowest),

and

〈
σ2

k
dim(z)

∑
l=1

σ2
l

〉

x∼pdata(x)

(lowest to highest). The results on the ordering of the

variables did not change significantly when applied to the same test data-set,
at least for a number of VAEs we have trained (e.g. a VAE with dim(z) = 128
and β = 8).7

7Very few variable-numbers k in the “middle” of the ordering function (versus k) may have
swapped positions, for example.
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7.5.1 The generative model prior: Like at a critical point

The inference model of VAEs equips us with the possibility to generate new con-
figurations unconditioned on input data – sampling from the prior distribution
on latent space, p(z). From Figs. 7.20 and 7.21, we can infer from just the first
two latent variables that the unit Gaussian interval, zk = −1 . . . 1, for k = 1, 2
is situated exactly within the rare-configuration “gap” at the center of latent
space – for the case of T∗ = 1.333, which is the estimated tricritical point. There-
fore, we infer that the model prior is generating the rare, thermodynamically
unstable configurations which would correspond to a critical point, possibly
at an effectively higher temperature. Indeed, the same histogram provided for
a much higher T∗ = 0.4, which is above the training temperature, does show
thermodynamically stable configurations therein – shown in Fig. 7.23. There-
fore, we postulate that there may be a hidden relationship between the model
prior and the physical reduced temperature of the system. This has led us to a
startling result, which we present in the next paragraph. Beforehand, Fig. 7.24
depicts a collection of randomly generated configurations by sampling from
the prior and sending the drawn variables through the decoder. Indeed, we
see how all system variables fluctuate wildly within the model prior, which
may appear like a critical point. The possibly “effectively higher” system tem-
perature may be understood as a loss of information via the “coarse-graining”
procedure. In the future, it would be interesting to explore this analysis for
much larger VAEs, with e.g. dim(z) = 1024.

The physical reduced temperature and the KL-loss

We have uncovered a startling empirical result: the reduced temperature of the
physical system can be gauged using the Kullback-Leibler divergence (KL-loss)
of the posterior of the latent variables with the prior. The term is calculated
according to Eq. (7.5). We have taken a mean over test data-sets that are uni-
form in density (“type I”) in order to have comparable data distributions across
temperatures. The results are found in Fig. 7.25. This seems rather remarkable:
VAEs are capable of discerning the thermodynamic reduced temperature of the
hard-rod model system, although trained at different temperatures. The mean
relative entropy to the prior – for data spread widely across phase space – is
thus an measure for the reduced temperature, which is one of the three funda-
mental parameters to indicate the particular thermodynamic ensemble of the
physical system (in equilibrium), i.e. ( f , V, T∗). We suspect that a comparison
at different temperatures at the critical or coexistence fugacities – in Boltzmann-
Gibbs ensembles – will render the same trend. Proving this remains outside of
the scope of this thesis, however.

No clear interpretability

With the current form of the VAEs, we cannot reasonably test the thermody-
namic truthfulness of generated configurations from the model prior. There is
no explicit way to control fundamental variables that define Boltzmann-Gibbs
ensembles (i.e. temperature and fugacity). The above finding is certainly en-
couraging, nonetheless, that the VAEs may have the capacity to learn to repre-
sent true ensembles, given a modified setup. We discuss some ideas at the end
of this chapter in Sec. 7.10.
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E M P I R I C A L H I S T O G R A M S O F L AT E N T VA R I A B L E S

Test data-sets are uniform in density (“type I”)
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F I G U R E 7 . 1 9 : Empirical histograms of latent variables zk, for
various k’s (the components are ordered by γ(k)) for test data
that is uniform in density (“type I”). This represents the same
VAE as presented in Fig. 7.18, where the first two variables are
highly discernible from the rest (discussed more in Sec. 7.6).
The higher-order variables are all nearly unit Gaussians. The
top figure represents configurations simulated at the training
reduced temperature, the middle at the tricritical temperature,
and the bottom well-below the tricritical temperature in biased
ensembles. Notice the high degree of similarity across the three

panels.
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E M P I R I C A L H I S T O G R A M S O F F I R S T T W O L AT E N T VA R I A B L E S

Tested on data that represent Boltzmann-Gibbs states (“type II”)

F I G U R E 7 . 2 0 : Empirical histograms of the first two latent
variables on test data representing Boltzmann-Gibbs ensem-
bles: means (µ1, µ2) (top left), log-variances

(
ln(σ2

1 ), ln(σ2
2 )
)

(top right) and stochastic samples (z1, z2), where z ∼ p(z|x) =
N (µ(x), diag(σ(x))) is drawn from the Gaussian model poste-
rior (bottom right). The test data here are uniform in density, i.e.
composed of Boltzmann-Gibbs equilibrium ensembles (“type
II” )(T∗ = 1.333, which is at the tricritical point). Compare with
the same observables tested on uniform data-sets in Fig. 7.17.

F I G U R E 7 . 2 1 : Empirical histograms of the physical 2D order
parameters, ρ and S, measured on on test data representing
Boltzmann-Gibbs ensembles ( “type II” ) (T∗ = 1.333, which

is at the tricritical point). Compare to Fig. 7.18 and Fig. 7.20.
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Test data-sets that represent Boltzmann-Gibbs states (“type II”)
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F I G U R E 7 . 2 2 : Empirical histograms of latent variables zk,
for various k’s (the components are ordered by γ(k)) for test
data representing Boltzmann-Gibbs ensembles (“type II”). The
higher-order variables all remain nearly unit Gaussians. The top
figure represents configurations simulated below the training
reduced temperature but above the tricritical point, the middle
at the tricritical temperature, and the bottom well-below the tri-

critical temperature in biased ensembles.
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Tested on data that represent Boltzmann-Gibbs states (“type II”)

F I G U R E 7 . 2 3 : Empirical histograms of the first two latent
variables on test data representing Boltzmann-Gibbs ensem-
bles: means (µ1, µ2) (top left), log-variances

(
ln(σ2

1 ), ln(σ2
2 )
)

(top right) and stochastic samples (z1, z2), where z ∼ p(z|x) =
N (µ(x), diag(σ(x))) is drawn from the Gaussian model poste-
rior (bottom right). The test data here are uniform in density, i.e.
composed of Boltzmann-Gibbs equilibrium ensembles (“type
II” )(T∗ = 4, which is well above the training temperature). We
see how the thermodynamically unstable “gap” in the middle
of latent space (see Fig. 7.20) is now covered by data-points at

this reduced temperature.
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S A M P L I N G F R O M T H E P R I O R:
Grid of 10× 10 generated configurations {x′ = g(z)}

via sampling z ∼ p(z) from the prior

F I G U R E 7 . 2 4 : A grid of 10× 10 sampled configurations x′,
where random values of z ∼ p(z) were sampled from the unit
Gaussian prior and subsequently sent through the decoder, de-

noted here by “g(z)”.
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G A U G I N G T H E R E D U C E D T E M P E R AT U R E

Kullback-Leibler divergence term DKL versus reduced temperature T∗

for data-sets uniform in density
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F I G U R E 7 . 2 5 : The empirical average of the Kullback-Leibler
divergence between model posterior and prior of the latent vari-
ables versus reduced temperature of the rod system, tested over
data-sets that are uniform in density, i.e. “type I”. We find an
approximately linear relationship between the two, where a fit
is shown in the dashed line. The training reduced temperature
is indicated in orange (the data is nonetheless complementary
to training data). Fit parameters: slope: -0.43, y-crossing: 1.23.
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7.5.2 Possible probabilistic model of VAEs

The introduction of the latent variables z in VAEs is equivalent to the introduc-
tion of a joint probability distribution p(x, z) with the hope that key aspects of
the data distribution p(x) =

∫
dzp(x, z) can be modeled with more ease. The

implementation of VAEs fixes both

p(z) =
∫

dxp(x, z) = N (0, 1) , (7.18)

p(z|x) = N (µ(x), diag(σ(x))) (7.19)

to Gaussian distributions, so p(x) appears to be heavily constrained. A model
joint distribution fulfilling these constraints is given by

p(x, z) ∝ exp

(
−∑

i

(zi − xc,i)
2

2(σ′i )
2

)
g(x⊥) exp

(
−∑

i

z2
i

2

)
, (7.20)

where the configuration variables x are split into a set of collective variables xc
(with same dimensionality as z) and “orthogonal” variables x⊥. The distribu-
tion in “orthogonal” variables g(x⊥) remains unknown but is also of no further
interest. Additionally,

∫
dx =

∫
dxcdx⊥ should hold. The mean value and the

variance in the distribution p(z|x) (Eq. (7.19)) are then given by

µi = xc,i
σ2

i
(σ′i )

2 , σ2
i =

(σ′i )
2

1 + (σ′i )
2 (7.21)

and the (model) data distribution is given by

p(x) ∝ exp
(
−x2

c,i
σ2

i
2(σ′i )

4

)
g(x⊥) . (7.22)

In essence, according to this model, the VAE approximates the data distribution
by Gaussians in collective variables xc which are (up to a factor) given by
the mean values µ of Eq. (7.19). The collective variables are determined by
the optimization process (learning) in an unsupervised manner, i.e. no prior
knowledge is actually assumed apart from the form of the Bayesian model in
Eqs. (7.18) and (7.19).

In our GCMC simulation of training data, p(x) is actually distributed ac-
cording to a complicated Boltzmann distribution (the training data was further
in a series of biased ensembles via the successive umbrella sampling scheme).
Nevertheless, it appears to be reasonable to approximate p(x) by Gaussians
in certain collective variables by the central limit theorem, especially in equi-
librium conditions. Standard, practical examples are the energy distribution
in canonical simulations or the particle number distribution in grand canon-
ical simulations. The novel aspect here is that the VAE itself identifies these
variables automatically, and can even form a coarse-graining hierarchy under
conditions (see Sec. 7.6).

In preliminary investigations, we see how the distributions of latent vari-
ables from reconstructed (generated) images – fed back into the VAEs – tend
towards a local Gaussian. Therefore, the VAEs may model how local fluctua-
tions eventually propagate an initial sets of collective variables (from initial
configurations) towards a local ‘equilibrium’ distribution thereof. However,
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these findings and a more precise validation of the above suggested model are
out of the scope of this thesis.

7.6 The effects of β on latent variables

So far, we have not described the role of the hyperparameter β. Let us first
begin with the KL-loss function, which describes how well the posterior distri-
bution of latent variables matches to the prior. Figure 7.26 displays the KL-loss
of Boltzmann-Gibbs equilibrium datasets at one exemplary temperature. In
varying across different log-fugacities ln( f ), we cross a phase boundary (indi-
cated in the gray vertical line). The original motivation behind increasing β is
to tax the KL-loss in the cost function, which should decrease the mismatch
to the model prior. We see that across all ensembles, the KL-loss is lower for
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F I G U R E 7 . 2 6 : VAEs with different β’s: Comparison of full
KL-loss between approximate posterior and prior distribution,
versus log-fugacity for VAEs of dim(z) = 128 and varying β.
The data-sets are in Boltzmann-Gibbs ensembles at T∗ = 1.299,
which is below the tricritical point. The gray vertical line is the
estimated position of the coexistence (phase transition) fugacity.

higher β; except for regions far left and right from the critical point, where at
β ≈ 9, we see a “flip” in this ordering. Indeed, we have found that β ≈ 9 is a
threshold value (for VAEs at dim(z) = 128) – it is the point of “mode collapse”,
where some of the highest-k variables lose their “participation” in γ(k). In fact,
we have interpreted this as a phase transition in the learning system.
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7.6.1 “Mode collapse” = collapse to (uninformative) model prior

We can investigate the state of the variables by averaging their σ’s over data-
sets of type I, i.e. uniform in density, in Fig. 7.27 (top). We observe the “mode
collapsed” variables at the far end of the component spectrum, occurring for
β ≥ 9.

We can further describe an energetic quantity: the KL-loss of each individ-
ual variable. Due to the diagonal Gaussian assumption of the approximate
posterior (as well as prior), the KL-divergence can be evaluated component-
wise. This is defined as

DKL(k) =
1
2
(
σ2

k + µ2
k − ln(σ2

k )− 1
)

, (7.23)

which we quantified in Fig. 7.28 over the same uniform-density data-sets as
above. The values of DKL(k) for “mode collapsed” variables are clearly signif-
icantly lower than that for “participating” variables. The variables have col-
lapsed to the model prior, which also matches to their maximal (root) “suscepti-
bility” σk ≈ 1, on average, which is the standard deviation of the unit Gaussian
prior. In this sense, mode collapsed variables are “stuck” at the center of latent
space – they become part of the uninformative prior distribution, serving as a
“background” for the relative information that the model posterior generates.
The effective “rank” of the latent space is reduced.

We note that this mode collapse is quite weak – effects of “mode collapse”
on the reconstructed configurations is too subtle to tell by eye, as demonstrated
in Fig. 7.29. Reconstructions for a particular configuration x are shown. The
only thing we may be able to discern is that at β = 10, the images are a bit
blurrier.

We find much stronger forms of mode collapse for very large networks,
where the “rank” is reduced over a much larger range. There, we observe
that there are multiple “steps” in the participation ratio γ(k), for example.
A quantitative presentation remains outside of the scope of this thesis, but,
we present images of reconstructed configurations for these large networks in
Fig. 7.30. There, once can better see how the reduction of the rank lowers the
“coarse-graining” resolution, where we provided comparisons to fully-ranked
VAEs.

7.6.2 Changing histograms of latent variables with varying β

Let us now consider the values of β prior to mode collapse: β ≤ 8 in the
examples studied above. Figure 7.31 presents the results of the distributions
of a subset of all variables in latent space; a uniform data distribution is used
(“type I”). We can observe how lowering the value of β < 4 induces a drastic
change in the distributions. The “order parameters” k = 1, 2 are now not
“alone”, as higher-order variables also discern themselves from a unit Gaussian
distribution. In the next section, Sec. 7.6.3, we will see how this results from an
“entanglement” of the order parameters with higher-order collective variables.
They become “mixed” in effect. Afterwards, we present results of the statistics
of the zk’s and σk’s over thermodynamic ensembles.
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M O D E C O L L A P S E O F L AT E N T VA R I A B L E S upon threshold β:
Mean σk of each latent variable and participation ratio γ(k)
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F I G U R E 7 . 2 7 : Dependency on β: Empirical mean over vari-
ables σk (top figure), estimated from the entire data-set, which
is uniform in density (“type I”). The same reduced temperature
T∗ = 1.299 is employed as in Fig. 7.26. The variables are sorted
according to γ(k) at the training temperature; each curve repre-
sents a separate VAE with a different β, all have dim(z) = 128.

The threshold value of β is approximately 9.
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M O D E C O L L A P S E O F L AT E N T VA R I A B L E S upon threshold β:
Component-wise KL-loss of each variable
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F I G U R E 7 . 2 8 : Dependency on β: Empirical mean over
component-wise KL-loss. Please see caption of Fig. 7.27. The
mode-collapsed variables entail very low KL-loss, as they effec-

tively collapse to the uninformative prior distribution.

E F F E C T O F β O N R E C O N S T R U C T E D I M A G E S
x

g (µ(x)) g (µ(x)) g (µ(x)) g (µ(x)) g (µ(x)) g (µ(x))

β = 1 2 4 6 8 10

F I G U R E 7 . 2 9 : Effect of β on reconstructed images: Recon-
structions of the means µ(x) versus VAEs trained with vari-
ous β. (Top): ground-truth configuration. (Bottom rows): From
left to right, the values are β ∈ {1, 2, 4, 6, 8, 10}. The value
dim(z) = 128 for all VAEs, and their ranks are all 128 except
for the case of β = 10, whose rank is around 100. Differences
are very subtle as long as no significant mode collapse occurs:

compare to Fig. 7.30
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E F F E C T O F “ M O D E C O L L A P S E ” O N R E C O N S T R U C T E D ( G E N E R AT E D )
I M A G E S for very large dim(z)’s

dim(z) = 1024, fully-ranked (β = 0.5)

dim(z) = 1024, collapsed: “highest” rank ≈ 260 (β = 6)

dim(z) = 512, fully-ranked (β = 2.25)

dim(z) = 512, collapsed: “highest” rank ≈ 250 (β = 4)

Comparison: dim(z) = 256, fully-ranked (β = 2.25)

F I G U R E 7 . 3 0 : Effect of mode collapsed on output images,
shown for VAEs with very large dim(z). All collapsed VAEs
have comparable “highest” rank of around 250 or 260. A com-
parison to a VAE of fully-rank with dim(z) = 256 is shown at
the bottom. All VAEs here employed batch normalization on

encoder and decoder.
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E F F E C T O F β on E M P I R I C A L H I S T O G R A M S O F L AT E N T VA R I A B L E S:
Test data-sets that represent uniform data-sets states (“type I”)
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F I G U R E 7 . 3 1 : Effect of β: Empirical histograms of latent vari-
ables zk, for various k’s (the components are ordered by γ(k))
for test data uniform in density (“type I”). Four different VAEs
are compared, each trained on a different value of β. For high β,
the first two components are unique, and higher-order compo-
nents form a Gaussian (top left). For low β (bottom right), many
variables are not Gaussian distributed, i.e. they are skewed and
deformed. On the other hand, components 1 and 2 are reflected
around the zero point. The other two cases are intermediates
between these two extremes. Note that not all latent component

have been plotted (there are 128).
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7.6.3 Effects of β on the character of the latent variables

Since the decoder allows us to visualize the latent variables, we now explore
if the latent variables ‘look’ different upon increasing β. In this section we will
use a VAE with dim(z) = 256, in contrast to the previous sections. We also use
test sets uniform in density (“type I”).

In Fig. 7.32 we visualize the “axes” of latent space, ordered by the hierarchy
γ(k), with exponential spacing between their numbers k. The first two maximal
and minimal components (k = 1, 2, top and bottom rows) represent scalar fields:
the red, green, and blue extrema of our complex physical order parameter c. The
red component represents vacancies, the green and blue represent demixing
order with one particle species. The components 4 and 8 resemble low-order
harmonic modes. The images become more “fuzzy” further along the line of
k’s, however. The reduced intensity of the modulations in within images seems
to be an expression of the smaller likelihood (“energy”) of these components
in the system. Hence, for practical purposes, we plot the coordinates with
emphasized amplitude in Figure 7.33. This can be achieved by scaling the
amplitude of a latent space vector – the farther a vectors goes astray from 0, the
more intense (“certain”) the variables become. In other words, the distance of
a vector component from the unit Gaussian prior at the center of latent space
is an expression for its discernibility from most probable states.

Interestingly, then, near the threshold values, the collective variables form
a “coarse-graining” hierarchy: The correlation length or characteristic length-
scale within the images reduces roughly by a factor of 1/2. The ordering of the
coordinates of latent space according to their σ’s (γ(k)) is thus also an indicator
of a hierarchy in length-scale within decoded collective variables.

The latent space coordinates around the threshold value of β resemble
strongly the eigenvectors found by principal component analysis on the same
input data, which performs a linear transformation (singular value decompo-
sition). We will not present the results here, but, comment more on this in
Sec. 7.9. We only mention that this could imply the encoder (and decoder) be-
come nearly- or partly-linear at the threshold state. These “modes” may be
considered “solid-state-like” in comparison to those for weaker beta (see fur-
ther text).

For weaker values of β, in Figs. 7.34 and Fig. 7.35, the length-scales are
in the decoded latent variables become lesser separated among components
(they become “entangled”. The interpretability of these collective variables
declines substantially as soon as this mixing dominates. Moreover, this explains
the phenomenology we described in the previous section, in that the “order
parameters” are mixed into different latent-space components.
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min
1 2 4 8 16 32 64 128 256

max
1 2 4 8 16 32 64 128 256

F I G U R E 7 . 3 2 : Coordinates of latent space: Generated images
from the maximal value (top row) and minimal value (bottom
row) of the coordinate zk from the set of all configurations in
the test set, where k is written above the images. The reduced
temperature used to determine the minimum and maximum
values of zk in the test data is T∗ = 1.299, although these do not
significantly different for other temperatures. This VAE corre-
sponds to β = 4 (“strong”) for dim(z) = 256, near the threshold

value.

min
1 2 4 8 16 32 64 128 256

max
1 2 4 8 16 32 64 128 256

F I G U R E 7 . 3 3 : Coordinates of latent space: Generated images
from the maximal value (top row) and minimal value (bottom
row) of the coordinate zk, scaled by a factor of 10. k is written

above the images. See caption in Fig. 7.32.

min
1 2 4 8 16 32 64 128 256

max
1 2 4 8 16 32 64 128 256

F I G U R E 7 . 3 4 : Coordinates of latent space with weaker length-
scale decoupling among components, β = 1.0 for dim(z) = 256.

Compare to Fig. 7.33.
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min
1 2 4 8 16 32 64 128 256

max
1 2 4 8 16 32 64 128 256

F I G U R E 7 . 3 5 : Coordinates of latent space with very weak
length-scale decoupling among components (strong “entangle-

ment”): β = 0.1 for dim(z) = 256. Compare to Fig. 7.34.

7.6.4 Statistics of latent variables in thermodynamic ensembles

In this section, we present a large number of plots that show the statistics of
the latent variables over Boltzmann-Gibbs thermodynamic ensembles (upon
varying ln( f )). The plots are presented for fully-ranked VAEs with dim(z) =
128, having values β = 8 (“high”), β = 4 (“intermediate”) and β = 2 (“low”).
The threshold value for this dim(z) is around 9; hence, the first case represents
the “threshold” state before mode collapse. As we discovered in the previous
section, this implies that β = 8 will have “disentangled” latent variables, with
a strong length-scale separation in the collective variables on the output side.
The second case, β = 4 shows a moderate amount of “entanglement” of mixing
of length-scales in the output. The last case, β = 2, shows even stronger mixing
or “entanglement” of spatial length-scales in the output.

In Figs. 7.36–7.37, we can observe how the highly “disentangled” represen-
tation indeed gives all variables k ≥ 3 a centered mean 〈zk〉 ≈ 0 with mild
fluctuations about, except near phase transition points (indicated in vertical
gray lines). The variance in these higher-order variables peaks at the phase
transition. In contrast, the variance in the first two variables obtains an inflec-
tion point. This is true across all reduced temperatures (temperatures).

In Figs. 7.38–7.39, we present the results on 〈σk〉, as well as 〈ln(1/σk)〉 for
this “high” value of β. For all k’s, 〈σk〉 finds a minimum just before the phase
transition fugacities. In contrast, 〈ln(1/σk)〉 obtains its maximum just before.
The distances between curves for different k′s remain nearly constant across all
thermodynamic ensembles – reminiscent of a constant “momentum” gap in be-
tween. Moreover, we can observe that 〈ln(1/σk)〉 is nearly linearly dependent
on ln( f ) (the chemical potential), as as we move farther from the phase tran-
sition points. In fact, this trend continues, but, we have cropped the range of
fugacities in these plots to near the transition points. This means that 〈ln(1/σk)〉
seems to be directly correlated to the chemical potential, which is a conjugate
variable to the density ρ. Therefore, we have found evidence that VAEs “map”
conjugate fields to order parameters in variables like 〈ln(1/σk)〉. This is quite
intriguing and could be thought through more deeply in the future.

In Figs. 7.40–7.43, we have presented results of the same analysis for β = 4
(“moderate”). As this system entails a slightly higher degree of “entanglement”



7.6. The effects of β on latent variables 521

of latent variables, the first few components will “include” order-parameter-
like behavior (i.e. like that of k = 1, 2 for β = 8).

In Figs. 7.44–7.47, we have presented results of the same analysis for β = 2
(“weak”). As this system entails a high degree of “entanglement” of latent
variables. We have provided the full set of plots for completeness.

∗ ∗ ∗

We have provided more analysis on the role of beta in the physical “faith-
fulness” of the output configurations, for example, as well as other empirical
“experiments” in App. B.



522
Chapter 7. Fluctuating Collective Variables: On Variational

Autoencoders Learning 2D “Sticky”-Hard-Rod Configurations

VAE with a H I G H VA L U E O F β (strong length-scale separation in collective
variables)

Tested A B O V E A N D A R O U N D T R I C R I T I C A L P O I N T:
Ensemble-average of sampled variables zk for increasing latent components k
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F I G U R E 7 . 3 6 : Ensemble-average of the sampled variables
zk (left column) and their empirical variances (right column)
shown for different components k versus log-fugacity (thermo-
dynamic ensembles): The separate VAEs are tested on thermo-
dynamic ensembles at three different temperatures above (top)
and around (bottom two) the tricritical temperature. The VAE
of dim(z) = 128 and β = 8 was trained on the standard training
temperature T∗train = 1.401. This value of β is near the thresh-
old value, indicating that the collective variables found by the
VAE are much more “disentangled” and approximately sepa-
rate spatial length-scales in a hierarchy. The components were
ordered by γ(k) evaluated at T∗train. The gray vertical lines indi-
cate approximate phase transition fugacities of the rod-model,

estimated from GCMC simulations. See next Fig. 7.37.
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VAE with a H I G H VA L U E O F β (strong length-scale separation in collective
variables)

Tested B E L O W T R I C R I T I C A L P O I N T:
Ensemble-average of encoded variables zk for increasing latent components k

−9.00 −8.95 −8.90 −8.85 −8.80
ln f

−2

−1

0

1

〈z
k
〉

dim(z) = 128

T ∗ = 1.299

β = 8.0

−9.00 −8.95 −8.90 −8.85 −8.80
ln f

0.0

0.5

1.0

1.5

2.0

2.5

va
r(
z k

)

dim(z) = 128

T ∗ = 1.299

β = 8.0

−9.050 −9.025 −9.000 −8.975 −8.950
ln f

−2

−1

0

1

〈z
k
〉

dim(z) = 128

T ∗ = 1.282

β = 8.0

−9.050 −9.025 −9.000 −8.975 −8.950
ln f

0.5

1.0

1.5

2.0

2.5

va
r(
z k

)

dim(z) = 128

T ∗ = 1.282

β = 8.0

comp. k
1

2

3

4

5

6

8

16

32

64

128

−9.15 −9.10 −9.05
ln f

−2

−1

0

1

〈z
k
〉

dim(z) = 128

T ∗ = 1.266

β = 8.0

−9.15 −9.10 −9.05
ln f

0.0

0.5

1.0

1.5

2.0

2.5

va
r(
z k

)

dim(z) = 128

T ∗ = 1.266

β = 8.0

F I G U R E 7 . 3 7 : Ensemble-average of the sampled variables
zk (left column) and their empirical variances (right column)
shown for different components k versus log-fugacity (thermo-
dynamic ensembles): The separate VAEs are tested on thermo-
dynamic ensembles at three different temperatures below the

tricritical temperature. See also caption of Fig. 7.36.
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VAE with a H I G H VA L U E O F β (strong length-scale separation in collective
variables)

Tested A B O V E A N D A R O U N D T R I C R I T I C A L P O I N T:
Ensemble-average of encoded variables σk or ln(1/σk) for increasing latent

components k
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F I G U R E 7 . 3 8 : Ensemble-average of the encoded variables
σk or ln(1/σk) shown for different components k versus log-
fugacity (thermodynamic ensembles): The separate VAEs are
tested on thermodynamic ensembles at three different tempera-
tures above (top) and around (bottom two) the tricritical temper-
ature. The VAE of dim(z) = 128 and β = 8 (near the threshold
value of β) was trained on the standard training temperature
T∗train = 1.401. The components were ordered by γ(k) evalu-
ated at T∗train. The gray vertical lines indicate approximate phase
transition fugacities of the rod-model, estimated from GCMC

simulations. See next Fig. 7.39.
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VAE with a H I G H VA L U E O F β (strong length-scale separation in collective
variables)

Tested B E L O W T R I C R I T I C A L P O I N T:
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components k
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F I G U R E 7 . 3 9 : Same as Fig. 7.38, but tested on thermodynamic
ensembles at three different temperatures below the tricritical

temperature.
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VAE with a M O D E R AT E VA L U E O F β (moderate length-scale separation in
collective variables)

Tested A B O V E A N D A R O U N D T R I C R I T I C A L P O I N T:
Ensemble-average of sampled variables zk for increasing latent components k
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F I G U R E 7 . 4 0 : Ensemble-average of the sampled variables
zk (left column) and their empirical variances (right column)
shown for different components k versus log-fugacity (thermo-
dynamic ensembles): The separate VAEs are tested on thermo-
dynamic ensembles at three different temperatures above (top)
and around (bottom two) the tricritical temperature. The VAE
of dim(z) = 128 and β = 2 was trained on the standard train-
ing temperature T∗train = 1.401. This value of β is much lower
than the threshold value, indicating that the collective variables
found by the VAE are much more “entangled” and are not orga-
nized according to spatial length-scales in images. The compo-
nents were ordered by γ(k) evaluated at T∗train. The gray vertical
lines indicate approximate phase transition fugacities of the rod-
model, estimated from GCMC simulations. See next Fig. 7.41.
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VAE with a M O D E R AT E VA L U E O F β (moderate length-scale separation in
collective variables)

Tested B E L O W T R I C R I T I C A L P O I N T:
Ensemble-average of encoded variables zk for increasing latent components k
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F I G U R E 7 . 4 1 : Ensemble-average of the sampled variables
zk (left column) and their empirical variances (right column)
shown for different components k versus log-fugacity (thermo-
dynamic ensembles): The separate VAEs are tested on thermo-
dynamic ensembles at three different temperatures below the

tricritical temperature. See also caption of Fig. 7.40.
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VAE with a M O D E R AT E VA L U E O F β (moderate length-scale separation in
collective variables)

Tested A B O V E A N D A R O U N D T R I C R I T I C A L P O I N T:
Ensemble-average of encoded variables σk or 1/σk for increasing latent

components k
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F I G U R E 7 . 4 2 : Ensemble-average of the encoded variables
σk or ln(1/σk) shown for different components k versus log-
fugacity (thermodynamic ensembles): The separate VAEs are
tested on thermodynamic ensembles at three different temper-
atures above (top) and around (bottom two) the tricritical tem-
perature. The VAE of dim(z) = 128 and β = 2 (well below
the threshold value of β) was trained on the standard training
temperature T∗train = 1.401. The components were ordered by
γ(k) evaluated at T∗train. The gray vertical lines indicate approx-
imate phase transition fugacities of the rod-model, estimated

from GCMC simulations. See next Fig. 7.43.
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VAE with a M O D E R AT E VA L U E O F β (moderate length-scale separation in
collective variables)

Tested B E L O W T R I C R I T I C A L P O I N T:
Ensemble-average of encoded variables σk or 1/σk for increasing latent

components k
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F I G U R E 7 . 4 3 : Ensemble-average of the encoded variables σk
(left column) or 1/σk (right column) shown for different com-
ponents k versus log-fugacity (thermodynamic ensembles): The
separate VAEs are tested on thermodynamic ensembles at three
different temperatures below the tricritical temperature. See

also caption of Fig. 7.42.
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VAE with a L O W VA L U E O F β (weak length-scale separation in collective
variables)

Tested A B O V E A N D A R O U N D T R I C R I T I C A L P O I N T:
Ensemble-average of sampled variables zk for increasing latent components k
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F I G U R E 7 . 4 4 : Ensemble-average of the sampled variables
zk (left column) and their empirical variances (right column)
shown for different components k versus log-fugacity (thermo-
dynamic ensembles): The separate VAEs are tested on thermo-
dynamic ensembles at three different temperatures above (top)
and around (bottom two) the tricritical temperature. The VAE
of dim(z) = 128 and β = 1 was trained on the standard train-
ing temperature T∗train = 1.401. This value of β is much lower
than the threshold value, indicating that the collective variables
found by the VAE are much more “entangled” and are not orga-
nized according to spatial length-scales in images. The compo-
nents were ordered by γ(k) evaluated at T∗train. The gray vertical
lines indicate approximate phase transition fugacities of the rod-
model, estimated from GCMC simulations. See next Fig. 7.45.
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VAE with a L O W VA L U E O F β (weak length-scale separation in collective
variables)

Tested B E L O W T R I C R I T I C A L P O I N T:
Ensemble-average of encoded variables zk for increasing latent components k
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F I G U R E 7 . 4 5 : Ensemble-average of the sampled variables
zk (left column) and their empirical variances (right column)
shown for different components k versus log-fugacity (thermo-
dynamic ensembles): The separate VAEs are tested on thermo-
dynamic ensembles at three different temperatures below the

tricritical temperature. See also caption of Fig. 7.44.
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VAE with a L O W VA L U E O F β (weak length-scale separation in collective
variables)

Tested A B O V E A N D A R O U N D T R I C R I T I C A L P O I N T:
Ensemble-average of encoded variables σk or 1/σk for increasing latent

components k
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F I G U R E 7 . 4 6 : Ensemble-average of the encoded variables σk
or 1/σk shown for different components k versus log-fugacity
(thermodynamic ensembles): The separate VAEs are tested
on thermodynamic ensembles at three different temperatures
above (top) and around (bottom two) the tricritical temperature.
The VAE of dim(z) = 128 and β = 1 (well below the threshold
value of β) was trained on the standard training temperature
T∗train = 1.401. The components were ordered by γ(k) evalu-
ated at T∗train. The gray vertical lines indicate approximate phase
transition fugacities of the rod-model, estimated from GCMC

simulations. See next Fig. 7.47.
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VAE with a L O W VA L U E O F β (weak length-scale separation in collective
variables)

Tested B E L O W T R I C R I T I C A L P O I N T:
Ensemble-average of encoded variables σk or 1/σk for increasing latent

components k
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F I G U R E 7 . 4 7 : Ensemble-average of the encoded variables σk
(left column) or 1/σk (right column) shown for different com-
ponents k versus log-fugacity (thermodynamic ensembles): The
separate VAEs are tested on thermodynamic ensembles at three
different temperatures below the tricritical temperature. See

also caption of Fig. 7.46.
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7.7 Sensitivity to thermodynamic states (empirical find-
ings)

In the coming section, we will present the statistics of the absolute values of la-
tent variables across different thermodynamic ensembles. In sec. 7.7.2, we will
explore the statistics of further quantities that are functions of thee pairwise
encoding (µ, σ) such as the Kullback-Leibler divergence, along with another
observable. We can also construct alternative order parameters on latent space
using principal component analysis on the latent variables, which very sharply
distinguish detect the phase transition fugacities. This is shown in Sec. 7.7.3.
The analysis here represents a collection of empirical findings that together
make one main point about VAEs: The encoded representation contains highly
sensitive information about the thermodynamic states of the system in test
data-sets. This even includes data at vastly different reduced temperatures
than that of the training data-set. All observables presented here can be used
to “detect” phase boundaries, and possibly even discern the order of a phase
transition (first or second order). This may be interesting for practical applica-
tions in physics, but also attest to our finding that VAEs must learn (implicitly)
important thermodynamic properties, which is necessary in order to minimize
the objective function. This includes, of course, the generative aspects of the VAE
model, which possibly mimics learning an effective, free-energy-like generating
function of the hard-rod system.

The example VAE we investigate here is one with dim(z) = 128 and β = 8,
which is near the threshold value before we observed mode collapse. Therefore,
the decoded latent variables show a strong separation of spatial length-scales
(they are “disentangled”).

7.7.1 Absolute values of “order-parameter” and “fluctuation” collec-
tive variables

Quite generally, we might consider each “fluctuation” collective variable, in-
dexed k ≥ 2 as a mesoscopic order parameter in the fluid of rods. In theory,
a spatially-inhomogeneous external potential imposed onto the hard-rod sys-
tem would bias these variables – thus, the “fluctuation” collective variables
can be considered conjugate variables to higher-order, inhomogeneous exter-
nal potentials. (See Ch. 3.2 for a generic discussion of conjugate fields.) In the
homogeneous fluid systems in equilibrium without such an inhomogeneous
potential the variables remain “fluctuations”.

In Figs. 7.48–7.51 below, we observe the behavior of both the first two
“order parameter” as well as examples of higher-order “fluctuation” collective
variables across thermodynamic ensembles. At first, we observe the statistics
of |zk| in 7.48–7.49; thereafter, we observe the statistics of |µk| in 7.50–7.51.
Both sets of plots look quite similar, qualitatively. However, the means |µk|
entail much less noise, and the higher-order variables are much more closely-
distributed. This is expected given the “extra” fluctuations contained in the z’s
due to the Gaussian variances σ2.
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F I G U R E 7 . 4 8 : Ensemble-average of the absolute value of sam-
pled variables |zk| (left column) and the variances (right col-
umn) shown for different components k versus log-fugacity
(thermodynamic ensembles): The separate VAEs are tested
on thermodynamic ensembles at three different temperatures
above (top) and around (bottom two) the tricritical tempera-
ture. The VAE of dim(z) = 128 and β = 8 (near the threshold
value of β) was trained on the standard training temperature
T∗train = 1.401. The components were ordered by γ(k) evalu-
ated at T∗train. The gray vertical lines indicate approximate phase
transition fugacities of the rod-model, estimated from GCMC

simulations. See next Fig. 7.49.
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F I G U R E 7 . 4 9 : The same as Fig. 7.48, but tested on thermo-
dynamic ensembles at three different temperatures below the

tricritical temperature.
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F I G U R E 7 . 5 0 : Ensemble-average of the absolute value of en-
coded means, |µk| (left column), and their ensemble variances
(right column) shown for different components k versus log-
fugacity (thermodynamic ensembles): The separate VAEs are
tested on thermodynamic ensembles at three different temper-
atures above (top) and around (bottom two) the tricritical tem-
perature. The VAE of dim(z) = 128 and β = 8 (near the
threshold value of β) was trained on the standard training tem-
perature The gray vertical lines indicate approximate phase
transition fugacities of the rod-model, estimated from GCMC
simulations.T∗train = 1.401. The components were ordered by

γ(k) evaluated at T∗train. See next Fig. 7.51.
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F I G U R E 7 . 5 1 : The same as Fig. 7.50, but tested on thermo-
dynamic ensembles at three different temperatures below the

tricritical temperature
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7.7.2 Observables combining µ’s and σ’s

The component-wise Kullback-Leibler divergence DKL(k)

The Kullback-Leibler (KL-) divergence in the cost function (Eq. (7.4)) defines
a relative entropy between the model posterior distribution (the multivari-
ate, diagonal Gaussian of latent variables conditioned on input) and the prior
distribution– unit Gaussian on latent space. Due to the diagonal form of this
model, the evaluation is a sum-over-latent-components k. We present the be-
havior of the component-wise DKL(k), defined previously in Eq. 7.23, across
thermodynamic ensembles in Figs. 7.52 and 7.53 (for a single, trained VAE),
whereby k is ordered according to the ordering function γ(k).

The plots clearly show how the first two latent variables are characteristi-
cally different from the higher-order variables: Their relative entropy is always
higher compared to other variables, i.e. their distribution is much less unit-
Gaussian-like compared to the rest. This is intuitive, as these two variables rep-
resent the scalar order parameters of the rod model system, while higher-order
variables are identifiable as “fluctuations” in the configurations (see discussion
in Sec. 7.5). The higher-order variables also show peaks very near the estimated
phase transition fugacities indicated in gray, vertical lines (but, somewhat be-
fore the transition for Fig. 7.52). The empirical variances of the KL-divergences
appear to constitute another set of “order parameters” of the rod-model sys-
tem: The first two components “take off” at the phase-transition fugacities like
typical thermodynamic order parameters, while the higher-order components
look like typical variances of thermodynamic order parameters.

It would be interesting to explore other empirical moments of these quan-
tities in the future. For example, this and other latent “observables” could be
used to construct reduced fourth-order (Binder) cumulants to distinguish be-
tween first-order and second-order transitions in the rod-model system.

Observable R(k)

Regarding the histograms of the means µ and log-variances σ for the first
two components in Fig. 7.17, we were compelled by the similarity in their
general shape, if one takes the absolute value of µ. Hence, we constructed the
observable

R(k) ≡
〈

ln
(

1
σk

)〉
〈|µk|〉 (7.24)

measured for each latent variable k. The averages 〈·〉 represent thermodynamic
ensemble-averages (as well as further data-binning in very narrow bins of ln f ),
resulting in Figs. 7.54 and 7.55. To our surprise, this observable seems to be
able to capture the differences between first and second order transitions in a
rather remarkable way: Above the tricritical temperature (Fig. 7.54, top figure),
R(k) of the first two components k = 1, 2 (the components identifiable with
the scalar order parameters of the rod system) have an inflection point of R(k)
at the transition temperatures. In contrast R(k) of higher-order components
(which are identifiable with “fluctuations”) entail their maxima around the
phase transition, much like in the plots for DKL(k) (Fig. 7.52). However, the R(k)
curves “pierce through” the maxima of R(k) of higher-order components when
above the tricritical temperature. Near the tricritical temperature (Fig. 7.54,
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bottom two figures), i.e for the cases T∗ = 1.333, 1.316, the two sets of curves of
R(k) for k = 1, 2 and k ≥ 3 just barely “touch” at the phase transition fugacity.
Below the tricritical temperature (Fig. 7.55), the curves of R(k) entail a gap
between two sets k = 1, 2 and k ≥ 3 at the transition fugacity. We also provided
the variances of this quantity in the right columns of Figs. 7.54 and 7.55, where
the change from a second-order to a first-order transition is also clearly visible
in the shape of the curves of R(k) for k = 1, 2.

The observable R(k) is likely expressing an energy difference, which is why
it bears strong similarities to the quantity DKL(k) in its empirical variances
(Figs. 7.52 and 7.53). As we have already found that ln(1/σk) could represent
conjugate field variables to the “order parameters” of k = 1, 2, which are mostly
encoded in the µk’s, we suspect that the quantity R(k) is expressing impor-
tant fluctuation–response relationships (the response to conjugate fields). This
would be interesting to explore in the future.
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F I G U R E 7 . 5 2 : Behavior of DKL(k) defined in Eq. (7.23) per
latent component k (left column) versus log-fugacity (thermody-
namic ensembles), as well as variances thereof (right column):
The separate VAEs are tested on thermodynamic ensembles at
three different temperatures above (top) and around (bottom
two) the tricritical temperature. The VAE of dim(z) = 128 and
β = 8 (near the threshold value of β) was trained on the stan-
dard training temperature T∗train = 1.401. The components were
ordered by γ(k) evaluated at T∗train. The gray vertical lines indi-
cate approximate phase transition fugacities of the rod-model,

estimated from GCMC simulations.See next Fig. 7.53.
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Tested B E L O W T R I C R I T I C A L P O I N T
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F I G U R E 7 . 5 3 : Behavior of DKL(k) defined in Eq. (7.23) per
latent component k (left column) versus log-fugacity (thermody-
namic ensembles), as well as variances thereof (right column):
The separate VAEs are tested on thermodynamic ensembles at
three different temperatures below the tricritical temperature.

See also caption of Fig. 7.52.
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F I G U R E 7 . 5 4 : Behavior of R(k) defined in Eq. (7.24) per la-
tent component k (left column) versus log-fugacity (thermody-
namic ensembles), as well as variances thereof (right column):
The separate VAEs are tested on thermodynamic ensembles at
three different temperatures above (top) and around (bottom
two) the tricritical temperature. The VAE of dim(z) = 128 and
β = 8 (near the threshold value of β) was trained on the stan-
dard training temperature T∗train = 1.401. The components were
ordered by γ(k) evaluated at T∗train. The gray vertical lines indi-
cate approximate phase transition fugacities of the rod-model,

estimated from GCMC simulations.See next Fig. 7.55.
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F I G U R E 7 . 5 5 : Behavior of R(k) defined in Eq. (7.24) per latent
component k (left column) versus log-fugacity (thermodynamic
ensembles), as well as variances thereof (right column): The
separate VAEs are tested on thermodynamic ensembles at three
different temperatures below the tricritical temperature. See

also caption of Fig. 7.54.
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7.7.3 PCA on z’s: Further “order parameters”

We have explored the possibility of using the first two latent variables for
quantitative, reduced order parameters on latent space. We report that these
can be used to “detect” phase transitions; however, as the variables are not
fully orthogonal to further latent variables, this observable was somewhat
suboptimal. To alleviate the problem of this residual “rotation” in latent space,
we performed PCA on the latent variables and extracted the first two latent
components. We then defined

q̂PCA
12 ≡ zPCA

1 + izPCA
2 , (7.25)

which is measurable empirically over the ensembles in the training data-sets.
In Figs. 7.56 and 7.57, we present the results of this order parameter across dif-
ferent thermodynamic ensembles, varying the latent space dimensions dim(z).
Note that all VAEs had a fully-ranked latent space. Note that we performed
PCA on the full set of grand-canonical ensembles at one testing temperature
T∗, and then plotted the results of the ensemble average of the norm ‖ · ‖ of
this complex (2D) order parameter versus the fugacity in Figs. 7.56 and 7.57.

All VAEs contain two axes in latent space that are distinguished signifi-
cantly from the remaining dim(z) − 2 axes – we have not provided plots of
the explained variable variance (eigenvalues) here. Nonetheless, the results
in Figs. 7.56 and 7.57 clearly show that the reduced-representations in latent
space can be used to construct an order parameter that very sharply “detects”
the phase transition points – the variances all peak at the estimated critical or
coexistence points in the rod model (the gray vertical lines). In fact, these may
point out small errors in our estimations thereof, but, a clarification is outside
the scope of this thesis. “Sharp” observables like these could have interesting
practical implications for theory in many model systems of physics. In the fu-
ture, one could investigate whether reduced fourth-order cumulants could be
constructed out of latent variables, for example, in order to enable a highly pre-
cise method for determining the true critical points in the models. Of course, it
would be necessary to evaluate these quantities on differently-sizes input con-
figurations; this is one outlook arising from the quantitative analysis presented
here.

We also note that the case of dim(z) = 32 seems particularly adept at
detecting the phase transition (the variance is highest at the transition fugacity
across all temperatures); subtle differences in the training duration and success
thereof could be to blame, as we employed early-stopping techniques.

We repeated the same experiment as above for VAEs trained on different
values of β, shown in Figs. 7.58 and 7.59. One can observe that an increase
in β is associated with a larger amplitude of the averages

〈
‖q̂PCA

12 ‖
〉
, as well

as smaller amplitude of var
(
‖q̂PCA

12 ‖
)

within the thermodynamic ensembles;
the latter is particularly visible at the phase-transition fugacities (vertical gray
lines) across all test reduced-temperatures. As beta controls how strongly the
Kullback-Leibler divergence term in the cost function is enforced (Eq. (7.5)), this
behavior of the latent order parameter can be rationalized as follows: As the
posterior distributions must match the unit-Gaussian prior, they are “pulled”
towards the unit-circle center of latent space. The “order parameters” found in
the first two latent variables will thus become more distorted and less spread-
out, which causes their empirical variance among data to shrink; in other words,
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different phases become somewhat less discernible at the cost of a more effi-
cient representation and obedience to the generative model prior. In fact, we
have observed more evidence for this by comparing the VAEs to deterministic
autoencoders (AEs) (which might be similar to the case of β = 0 (see Sec. 7.9).
AEs tend to “use up” the full expanse of latent space, resulting in less compact
representations.
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F I G U R E 7 . 5 6 : Behavior of ‖q̂PCA
12 ‖ defined by Eq. (7.25) ver-

sus log-fugacity (thermodynamic ensembles) over different
VAEs of sizes dim(z) (left column), as well as variances thereof
(right column): The separate VAEs are tested on thermody-
namic ensembles at three different temperatures above (top)
and around (bottom two) the tricritical temperature. The VAEs
of dim(z) = 128 and β = 4 were all trained on the standard
training temperature T∗train = 1.401. The gray vertical lines indi-
cate approximate phase transition fugacities of the rod-model,

estimated from GCMC simulations. See next Fig. 7.57.
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F I G U R E 7 . 5 7 : Behavior of ‖q̂PCA
12 ‖ defined by Eq. (7.25) ver-

sus log-fugacity (thermodynamic ensembles) over different
VAEs of sizes dim(z) (left column), as well as variances thereof:
The separate VAEs are tested on thermodynamic ensembles at
three different temperatures below the tricritical temperature.

See also caption of Fig. 7.56.
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F I G U R E 7 . 5 8 : Behavior of ‖q̂PCA
12 ‖ defined by Eq. (7.25)

versus log-fugacity (thermodynamic ensembles) over VAEs
trained on different β’s (left column), as well as variances
thereof (right column): The separate VAEs are tested on thermo-
dynamic ensembles at three different temperatures above (top)
and around (bottom two) the tricritical temperature. The VAEs
of dim(z) = 128 and β = 4 were all trained on the standard
training temperature T∗train = 1.401. The gray vertical lines indi-
cate approximate phase transition fugacities of the rod-model,

estimated from GCMC simulations. See next Fig. 7.59.
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F I G U R E 7 . 5 9 : Behavior of ‖q̂PCA
12 ‖ defined by Eq. (7.25)

versus log-fugacity (thermodynamic ensembles) over VAEs
trained on different β’s (left column), as well as variances
thereof: The separate VAEs are tested on thermodynamic en-
sembles at three different temperatures below the tricritical tem-

perature. See also caption of Fig. 7.58.
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7.8 Comparison to deep convolutional VAE

In this section, we compare the learned representations of the hard-rod system
in the “vanilla”-VAE to that of a deep convolutional variational autoencoders
(DC-VAEs). One motivation is that convolutional networks are esteemed effi-
ciently extracting local features, and the two dimensional nature of the images
is preserved upon applying convolution operations. On the other hand, fully-
connected layers may be better-suited at global summation operations. The
“vanilla”-VAEs at the center of this study used a single hidden layer, and are
therefore very simple. One may, naively, expect them to have more trouble ac-
curately capturing local-scale features in the configurations of rods. We will see
whether these arguments hold in the results in Sec. 7.8.2 after presenting the
neural network specifics below.

In the encoder, a series of convolution and pooling operations constitutes
a processing unit between the input and the hidden layer(s), which are then
connected to the latent layer. The “mirrored” opposite is true for the decoder,
i.e. the “near-opposite” processing unit is situated between the last hidden
layer and the output. Fig. 7.60 illustrates the basic set-up of the DC-VAE our
implementation. The details on the convolutional blocks are described in the
next subsection.

F I G U R E 7 . 6 0 : Basic depiction of the deep convolutional β-
VAE (DC-VAE), compare to “vanilla”-VAE in Fig. 7.5. The en-
coder and decoder both have large convolutional and pooling
processing units adjacent to the input and output, respectively.

Golden areas indicate dense connections (fully-connected).

7.8.1 Neural network details

Each of the neural networks is composed of 6 “blocks” where 2D convolution
operations are combined with a pooling operation and nonlinear activation
function. We further employ two fully-connected layers coming into and out
of the latent encoding, for reasons related to . For the decoder, which is almost
a “mirror image” of the encoder, the “transposed” 2D convolution operation
is used together with an upsampling operation to increase the dimension. All
the operations we have employed for the results presented here can be seen in
Figs. 7.61 and 7.62, which are schematics of the dimension-changing operations
in the encoder and decoder, respectively.8 Tab. 7.4 provides more specifications
of the network and training protocol. Note that the decoder has about 10%
more free parameters, which arose due to difficulties in matching the output

8Note that the length-scales of the boxes are displayed in a logarithmic fashion
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dimension properly. We have experimented with a number of modifications to
this network (convolution filter sizes, usage of BatchNormalization, optimizer
functions, dropout), and found the results and behavior to be similar across
the board. We also experimented with deterministic AEs with a very similar
architecture, which we will report on briefly in Sec. 7.9.

F I G U R E 7 . 6 1 : Detailed schematic of the deep convolu-
tional encoder employed, showing resulting dimensions (triplet
numbers) after each operation: convolutions (the number of
“Conv2D” filters with 2D filter size is indicated), average pooling
(“AvePool” with 2D pooling filter size) as well as fully-connected

layers (“Dense”).

F I G U R E 7 . 6 2 : Detailed schematic of the deep convolutional
decoder employed, showing resulting dimensions (triplet num-
bers) after each operation: transposed convolutions (the num-
ber of “Conv2DTransp” filters with 2D filter size is indicated),
upsampling (“Upsampling” with scaling filter size) as well as

fully-connected layers (“Dense”).

7.8.2 Quantitative results: Direct comparison to “vanilla-VAE”

Figures 7.63 and 7.64 (top left) show that the DC-VAEs are superior compared to
the “vanilla”-VAEs regarding the mean-squared error reconstruction cost. On
the other hand, the squared-norm of the gradients in the images (bottom right
figures) are more intensely represented by DC-VAEs (the values are higher).
This seems intuitive, as the series of convolutional operations performed on the
images should “pick up” higher frequencies in the images. When inspecting
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D C - VA E P R O P E R T Y VA L U E O R N O T E

Connection types Dense, Conv2D,
Conv2DTransposed, Pooling, Upsampling
see Figs. 7.61 and 7.62

Activation functions PreLu (parametric ReLu)
after Conv2D or Conv2DTransposed
and before Pooling or Upsampling

Convolution filter sizes (3× 3) or (5× 5)
Convolution padding ‘valid’

Output activation Softmax
Regularization technique 1 Early stopping
Regularization technique 2 Dropout layers (only 8% dropout),

in Encoder and Eecoder
at or after 2048 (Dense) layer

(Optional, not in Sec. 7.8.2) BatchNormalization between conv. and activation
Optimizer Adam

Learning rate 0.00006
Hidden (Dense) layer dimensions 2048 and 256

Latent dimension dim(z) = 128
Values of β β = 0.5 . . . 8

Number of trainable parameters Encoder: 906,064 Decoder: 1,047,891

TA B L E 7 . 4 : Specifications of deep convolutional β-VAE neural
network (DC-VAE): parameters and setting.

reconstructed images in Fig. 7.65, we see how the DC-VAE generates sharper
borders between separate domains of a mean color. Therefore, DC-VAEs appear
to delineate the “mesoscopic” ordering domains in the rod configurations.
This could have interesting practical applications for theoretical physics– we
discussed in Ch. 6 how exactly these kinds of ordering domains are crucial for
the phase behavior and phenomenology of the “sticky” hard-rod systems on
lattices. Current forms of analytical theory in the form of fundamental measure
theory do not account for these domains properly.

Somewhat surprisingly, DC-VAEs are not superior to the “vanilla”-VAEs in
other measures: The error in the inner energy U (top right figures) are rather
comparable between both architectures in the isotropic, low-density states (left
of the phase transition fugacities). After the orientational-demixing transition
(and gas-liquid separation for data below the tricritical point), the vanilla-VAE
outperforms the DC-VAE in the inner energy. The inner energy (Eq. 7.1) is
calculated via a sum over nearest-neighbor products of pixels in the images;
surprisingly, then, sums over local-scale correlations in images seem to be bet-
ter represented by the vanilla-VAE. The DC-VAE seems to be underestimating
the local-scale fluctuations and is over-confident about the local order param-
eter fields within domains. Contributions from smaller vacancy-pockets (red)
like those in Fig. 7.65 are important for the calculation of U. The vanilla-VAE
does not have the capability to fully resolve the small pockets, either, but in-
corporates them into weakly fluctuating “fuzz”. This “insecurity” also leads to
lower gradients in the images as well as lower confidence on the correlation
between global S and ρ (which is captured by the angle in c). The green patch in
figure 7.65 (center) is almost unrecognizable “fuzz” for the vanilla-VAE; but, on
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C O M PA R I S O N T O D C - VA E:
Test data A B O V E T H E T R I C R I T I C A L P O I N T:

Reconstruction error, error in inner energy, and squared-norm of gradients in
order parameter fields
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F I G U R E 7 . 6 3 : DC-VAEs with different β’s: Reconstruction
error (top left), absolute error in reconstructed inner energy (top
right), that of the angle in the order parameter (bottom left), and
squared-norm of the gradients of the packing fraction fields
in each configuration. The test data is at T∗ = 1.351, above
the tricritical point). dim(z) = 128 for all VAEs. The vertical
gray line indicates the thermodynamic phase transition fugacity
from an isotropic (S ≈ 0) to an orientationally-demixed state
(|S| > 0). The blue curves indicate the results of a “vanilla”-

VAE with the same value of dim(z), and β = 2.

average, the vanilla-VAE likely captures blue-red nearest-neighbor correlations
better.

From another perspective, the value of β = 2 in the vanilla-VAE is related
to a high degree of “entanglement” in the latent variables. We saw in Sec. B.1
that the strength of the “entanglement” significantly affects the quality of this
particular observable. This becomes more obvious in Figs. 7.66 and 7.67 be-
low, which show decoded latent variables in both cases. At this value of β,
the “vanilla” variables appear significantly “entangled” (a weak degree of spa-
tial length-scale separation). In contrast, the DC-VAE entails a few decoded
variables that have approximately separated-out order-length-scales in the im-
ages (“demixed” order parameter fields). Therefore, the DC-VAE appears to
be more efficient at finding “disentangled” order parameters than the vanilla-
VAE. When decoding the empirical extremal values along each axis (in the
data-sets), the decoded latent variables of the DC-VAE show a significantly
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F I G U R E 7 . 6 4 : Same as Fig. 7.63, but for T∗ = 1.266 (well
below the tricritical point).

higher amplitude of color, which indicates that the DC-VAE is more “secure”
locally about having found the order parameters of the hard-rod model system.
It also suggests a higher level of efficiency in the learned representation.

On a side note, we found mode collapse at similar values of β ∼ 8 . . . 9 for
both architectures.

High complexity of the data-sets

Altogether, however, the differences between both architectures are much more
subtle than we expected. We suspect this has to do with the datasets of con-
figurations from the sticky-hard-rod model: The culprit may be the hard-core
repulsive interactions. The highly correlative nature of many-body systems
with hard-core repulsive interactions is a well-known and fundamental aspect
of liquid state theory and soft matter physics (see discussion in Ch. 2).

Machine learning has been successfully applied to other statistical model
systems in the literature, which are most often of the lattice-“spin-type”, e.g.
Ising models, where generated images on the output can represent physically
valid configurations, if we were sample each pixel on the output to an e.g. binary
value. Here, we have spatially-extended particles that are hard-core repulsive,
i.e. the particles exclude free volumes of space, and output configurations (even
if sampled to binary values per pixel, and not continuous values between 0 and
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DC-VAE vanilla-VAE x

F I G U R E 7 . 6 5 : Comparison between DC-VAE (left) and
vanilla-VAE (middle) reconstruction of an input image (right),
using the means parameter µ. The image is a sample from the
orientationally-demixed phase (blue, horizontal rods dominate)
and entails a very high packing fraction (few total “red” pixels).

1 2 4 8 16 32 64 128

1 2 4 8 16 32 64 128

F I G U R E 7 . 6 6 : Decoded extremal coordinates (measured over
data-sets) of latent variables for the DC-VAE: β = 2 and
dim(z) = 128. Artifacts of the boundaries of the image, due
to convolution windows, are visible. Notice that the first circa
8 variables are quite “disentangled” regarding a lack of mixing
multiple length-scales of different color, and are quite bright in

color (no enhancement applied).

1, as implemented currently) will not necessarily be physically valid. In effect,
this interaction generates a nontrivial thermodynamic entropy (i.e. free energy
in purely hard-core repulsive systems). The highly-esteemed DC-VAEs did not
necessarily outperform the simple architecture massively; this may support the
notion that our data-sets are more difficult to learn than e.g. spin-type model
systems. The amount of information in the datasets is very likely extremely
high.9

Preliminary finding: DC-VAEs learn “conjugate-field” representations

Preliminary evidence suggests that DC-VAEs learn a “conjugate-field” repre-
sentation compared to the fully-connected, “vanilla”-VAE architecture. It ap-
pears as if DC-VAEs encode the fugacity and another field conjugate to the
demixing-order-parameter S in a combination of the first few latent variables.
This would be quite stimulating, as the generative model could be more “useful”
by fixing the “fugacity”, for example – a generating function of “ensembles”.10

A presentation of the results is outside of the scope of this thesis.

9This idea is also in congruency with our observation that all architectures “coarse-grain” the
images according to gross length-scales, which is set by the latent space dimension, i.e. achieving
a high resolution requires huge latent-space dimensions and fine-tuning of β.

10Not clear is the issue of “temperature”, however.
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F I G U R E 7 . 6 7 : Same as Fig. 7.66, but for the vanilla-VAE with
β = 2 and dim(z) = 128. Note that images entail only a weak
separation of length-scales of each color (the order parameter
fields are “mixed”), compared to Fig. 7.66. The colors are much
less intense in these variables, indicating a higher level of “inse-
curity” of the predictability of the variables, as well as a lower

efficiency of the representation.

Nonetheless, this “conjugate” representation may be quite rational: Convo-
lution operations are much more “near-sighted” (local-scale) than global sum-
mations performed in fully-connected networks. Also, fundamental measure
theory for hard-core particle systems provides a free energy functional based
on convolution operations of density fields (distributions). Thus, convolutions
may be ‘mathematically correcter’ operations for expressing free energies in
the statistical mechanical system.

7.9 Other experiments

In this section, report on choosing different training temperatures, for the case
of the “vanilla” VAEs. We also experimented with deeper VAEs, entailing two
hidden layers. Thereafter, we briefly report on our experiences with other un-
supervised or generative machine learning algorithms.

Training on data at different reduced temperatures

We report that comparable training data-sets at lower reduced temperatures
seemed to represent an “easier” task for the VAEs to learn. The convergence
was faster, particularly after applying batch normalization, and the cost func-
tion was generally lower, depending on the given hyperparameters. Results
thereof remain outside of the scope of this thesis. We mention, however, that
this may be intuitive: At lower reduced temperatures, configurations entail
low-spatial-wavelengths more frequently, i.e. the many-body system becomes
ever more “collective” or coherent at mesoscopic scales.

On a related note, we did not present results for the VAEs tested on higher
temperatures than the training temperature. Preliminary investigations show
that they show much higher errors, and are much less capable at “detecting”
the critical points. At higher temperatures, single of few-particle degrees of free-
dom (variables) become more important. These are likely “out-of-range”, i.e.
cut-off by the latent space dimension. The lowest-order (most “macroscopic”)
degrees of freedom – the order parameters – are learned first.
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Deeper VAEs with two hidden layers

We explored an extension of the “vanilla-VAE” architecture (Fig. 7.5), where
we incorporated a second hidden layer, symmetrically in both encoder and
decoder, twice the size of the smaller hidden layer (the latter of which is 256
or 2 × zdim). We did not change the training data-set. Learning was much
more unstable, and the usage of batch normalization seems to be even more
important in these respects. In particular, upon varying β, we observed two
mode-collapse events. However, it was very difficult to obtain a fully-ranked
latent-space dimension larger than 256, which still was the determining fac-
tor for the level of “coarse-grained” resolution of the hard-rod configurations.
In contrast, however, the configurations were less “fuzzy” than those gener-
ated from the “vanilla” architecture – like the DC-VAE, it seems that the VAE
was able to achieve a higher degree of certainty of local order-parameter fields.
In the future, it would be interesting to continue this exploration on larger
datasets, and to study the two successive mode collapsing events more care-
fully. We suspect that one of the VAE states becomes metastable after a certain
value of β is crossed.

Principal component analysis

Principal component analysis is known to be related to VAEs as a limiting
case of a linear VAE, see e.g. Ref. [397]. It is purely linear, unlike our neural-
networks used in this study, and its generative capabilities are quite limited.
Nevertheless, we have seen strong similarities between PCA and VAEs in our
model study: The “reconstructed” (inverted) principal component basis vectors
look quite similar to those we find for β-VAEs with large latent dimension near
the threshold state, where the collective variables appeared “disentangled”.
We concluded conversely, then, that the VAEs become nearly-linear (showing
“solid-state-like” modes in the rod system) at the threshold state.

Tested on the ferromagnetic Ising model (not shown in this thesis), we
found that the principal component basis vectors identify with local gradient
operators, i.e. ∇m(s), where m(s) is the local field magnetization. This makes
sense in light of Gaussian field-theoretic models (Ch. 3.2), the linear nature
of PCA, and the global homogeneity (global translational symmetry!) of the
hard-rod model (at least in equilibrium states above the tricritical point).

Deterministic autoencoders (“vanilla” and deep-convolutional)

We explored deterministic autoencoders, regularized in the latent space encod-
ing using a Euclidean-norm regularization term (L2-AEs). The cost function

LL2−AE =
〈
Lmse(x, x′) + λ‖z‖2〉

batch(x) , (7.26)

entails a Lagrange multiplier λ, which represents a hyperparameter of the sys-
tem that we varied between 1 and 10, along with varying dim(z) = 16 . . . 512.
The two architectures we explored were fully analogous to the “vanilla-VAEs”
and DC-VAEs; the only difference was the lack of the σ-variables in the bottle-
neck, and a sampler (no random z is generated).

We report that in both cases, the AEs identified the two-dimensional order
parameter of the system. In fact, the empirical distribution over the first two
latent variables was very similar to that of the means µ’s in VAEs with a small
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value of β. Conversely, then, a weak-β-VAE appears to behave quite similar
to a deterministic autoencoder, which is quite intuitive. We observed mode
collapse, as well. A quantitative presentation of the results on AEs is outside of
the scope of this thesis, however.

7.10 Discussion

Possible improvements on basic choices for the learning setup

In the future, it would be important to explore more deeply the role of the
reconstruction cost function: We mentioned in Sec. 7.2.3 that we employed the
mean-squared error instead of the binary-cross-entropy, which could be a flaw
of this study. We saw how the latent representations lose their interpretability
in comparison, as the “order parameters” are less easily identifiable. However,
we would have to investigate the “generalized susceptibilities” (the σ’s) in
more detail, as well as vary β over a larger range before making conclusions.

Further, we mentioned in Ch. 7.3 that an arguably weak point of our choice
of setup was that the output data representation, the field φ(x′), takes on con-
tinuous values between 0 and 1. This represents a physically different system,
locally, than the input data, where pixels take on binary values owing to the
hard-core repulsion between rods. In the future, it would be interesting to test
a setup where the decoder is inherently stochastic, generating a binary-valued
sample in the output layer. In principle, the VAE might be taxed more strongly
from misrepresenting local-scale correlations, especially where pixels belong
to an individual rod. However, we think that a reconstruction error in the form
of a mean-squared error or binary cross-entropy are suboptimal, as they per-
form pixel-wise operations. In Sec. 7.10.1 further below, we will make a few
suggestions for reconstructions functions that would enforce local correlations
in images directly.

After having analyzed the results of the generative model, we suspect that
training on the tricritical temperature of the “sticky”-hard-rod model would
be beneficial both for the interpretability of the VAE, as well as quantitative
results. First of all, we discussed how training at lower reduced temperatures
was associated with somewhat more “ease” during training, which we attribute
to the dominance of lower spatial frequencies (i.e. large, dense particle clusters).
These, in turn, are more “coarse-grainable” by the VAEs. However, the tricritical
temperature represents an inherently symmetric state where all states in the
rod model – the low-density state (dominated by red in configurations), as well
as the two forms of the high-density, de-mixed states – show critical behavior
(i.e. these will be power-law-distributed). As the Gaussian prior appears to be
approximately a critical state or coexistence state of the hard-cord system, it
seems reasonable to allow the system to train around this maximally symmetric
state.

“Coarse-graining”, hierarchical organization principles, and critical states

We would like to highlight two aspects that we found VAEs “do”: They pro-
duce “coarse-grained” configurations in a generative model and find collective
variables that can even be organized according to a hierarchy. While both are
theoretically interesting (and quite deep), they could be “useful”, as well, of-
fering potential applications within physics. (We will discuss a few such ideas
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that tie together other topics of this thesis in the discussion Ch. 8.) We discussed
how (generative) learning, in general, might be based on these principles of
“coarse-graining” and hierarchical organization in Ch. 1.4. Moreover, we have
seen that the learning of collective variables that form a spatial hierarchy is
tied to “power-law-like” behavior and the threshold state of the machine: the
“participation ratio” of the variables becomes maximally broad and flat before
“mode collapse” during training. From this work, we propose that optimal
learning will mean a learning machine is poised at a critical state, i.e. at an out-
of-equilibrium state where ergodicity is (nearly)11 lost – these ideas have been
discussed much more broadly in the literature on learning, as well, which we
reviewed briefly in Ch. 1.4.

Hard-core repulsive systems are “hard” to learn

As we mentioned in Sec. 7.8, the hard-core-repulsive part of the sticky-hard-
rod model might pose a uniquely difficult challenge for learning systems. It
generates configurational data-sets that are highly “complex” – in other words,
the amount of irreducible or incompressible information in our training sets
may be high. This sounds intuitive from the point of view of liquid state theory:
As we discussed in Ch. 2, hard-core repulsion between particles is the basis
for the complex, many-body relationships in liquids. The esteemed successes
of machine learning algorithms applied to statistical-mechanical model sys-
tems from physics overwhelmingly arise from application to lattice spin-type
models. (Please see the brief literature review provided in Ch. 1.4.) Therefore,
hard-core model systems from physics provide excellent data sets testing the
limits and capabilities of machine learning algorithms, and are complemen-
tary to prototypical model systems like Ising models. Intuitively, then, much
more complex latent models would be necessary for better capturing correla-
tions at various length-scales in the rod-model system. We discuss a number of
prospective ideas within the next section.

7.10.1 Ideas and potential improvements to VAEs, generally

From our studies, we conclude that a fundamental weak point of the VAE prob-
abilistic model is in their designed posterior model. In its current form, the
posterior distribution assumes a diagonal Gaussian across all dimensions of
latent space. When the VAEs are applied to configurations of hard-core particle
systems, this presumption seems completely nonphysical. In order to capture
many-body correlations in a generative model of the physical system, consis-
tently and across all kinds of neural network architectures, it seems impertinent
to make the posterior model on latent space more complex. We think a latent-
variable model that accounts for higher-order correlations (three-, four-body
correlations) among latent variables would be a promising endeavor. (Please
see the discussion further below).

Employing VAEs whose posterior is a non-diagonalized Gaussian would be
a first case to test. Certainly, the covariance matrix can be diagonalized with a
unitary transformation, which, in principle, could be taken over by the encoder.
Nonetheless, not clear is how the quality of physical quantities on the output

11For finite-sized systems, ergodicity is always restored and true power laws do not exist –
they are represented by very broad distributions
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would be changed, as well as the interpretability of the latent space regarding
order parameters, the physical reduced temperature, etc.

On another note, invertible neural networks are quite interesting options. In
these architectures, nonlinear maps between layers are realized by invertible
functions only, which makes a decoder unnecessary, and more computational
power (i.e. a deeper network) can be allocated towards the encoder. One choice
of architecture that we have already begun to experiment with is realNVP [936].
Apart from practical appeal, this may be more amenable to interpretation as
well as present interesting applications for theory development in physics [519].

Physics-inspired latent-variable models, I.

The sub-optimality of the variational approximation in VAEs has been dis-
cussed in the literature [884, 937, 938]. There seems to be general agreement
that a more complex model on the latent variables would be highly desirable
– i.e. a more complex approximate posterior distribution p(z|x) of the latent
variables.

We propose that physics might offer some help: As mentioned afore, in
soft matter physics, hard-core repulsions induce highly correlative behavior in
liquids. Exactly describing the state of a liquid in equilibrium conditions, in
two or three dimensions of space, represents one of the unresolved “holy grails”
of statistical mechanics, which we motivated in part I of this thesis. The most
sophisticated theories for purely hard-core repulsive systems of particles are
found in the context of classical density functional theory – specifically, fun-
damental measure theory (FMT), which has been discussed (and explored) in
most previous chapters of this thesis. We think that incorporating an FMT func-
tional into the learning problem – one that governs the free energy of physical
systems like hard spheres or hard rods (either in the continuum or in on-lattice
models like those studied in this thesis) – would represent a novel way forward.
As the modern FMT functionals attempt to capture many-body correlations in
liquid systems, these could enhance the latent-space or probabilistic model of
data. However, future studies would need to clarify uncertain issues like com-
putational feasibility (the FMT functional would need to be minimized during
training), as well as the role of hyperparameters of the model – like an external
potential on the hard-core-particle model system (of the latent model).

Physics-inspired latent-variable models, II.

A latent model of data that emulates physical motion (an equation of motion
pertaining to a physical system) is a potential physics-based approach that
has already been initiated in the literature recently: Hamiltonian motion has
been the basis for generative learning algorithms found in Refs. [401, 402]. Time-
dependent data of statistical-physical model systems in out-of-equilibrium con-
ditions could offer novel ways to test these algorithms. The kinetic Monte Carlo
simulation trajectories of sticky-hard-rod-model in monolayer confinement of
Ch. 5 represents one class of example systems from nonequilibrium statisti-
cal physics that could be employed for these purposes. The key challenge to
learning nonequilibrium dynamics will be that coherence in time or a proper
ordering-of-events will have to be predicted – at the relevant many-body (collec-
tive) level of description accessible and learnable by the machine. These are
very interesting prospects for future research.



562
Chapter 7. Fluctuating Collective Variables: On Variational

Autoencoders Learning 2D “Sticky”-Hard-Rod Configurations

We propose that putting in more physics into machine learning algorithms,
generally, seems important both for the interpretability of the algorithms, as
well as for the quality and genericness of learning: A physics-based approach
might offer unique advantages – one could define learning systems that guar-
antee specific conservation laws – for example, of energy in the case of Hamilto-
nian motion, which implies a symmetry of the direction of time (i.e. reversibility
in (virtual) “time” of the latent model). A conservation of other physical quan-
tities like momentum would represent fundamental, hidden symmetries in the
data. On the other hand, a novel generative model could be constructed on the
basis of breaking these symmetries – upon perturbing an “equilibrium” latent
model via external “forces”.

To this end, we propose that motion of a many-body system, particularly, a
dissipative system coupled to a thermal bath (a local Markovian approximation
of dynamics) may be better suited for many learning problems, as this would
undeniably enhance the complexity (and thus capacity) of the latent model.
It would also offer a clearer interpretation of convergence to an equilibrium
state (a stationary solution), as well as potential possibilities to transition be-
tween different equilibrium states in a manner that would abide to physical
law. Physics-inspired architectures that emulate dissipative physical systems
out-of-equilibrium are not known to us. A synergy between nonequilibrium
many-body physics and machine learning represents one, broader outlook of
this thesis.

Physics-inspired latent-variable models, III.

Further, a latent space model that emulates Boltzmann-Gibbs distributions (i.e.
grand canonical ensembles, or any other thermodynamic ensemble) would of-
fer a higher degree of interpretability, as well as novel control on the generative
model. This would require, for example, an introduction of one-dimensional
“fugacities” as well as “reduced temperature” variables that condition the gen-
erative model, possibly in the form of a hierarchy of model priors (see next
paragraph). In any case, latent space “phase diagrams” could be spanned by
these thermodynamic conditioning parameters, and relationships between the
true phase diagrams and those generated by the model could be explored. This
would have a large number of interesting practical applications for physicists.
Moreover, this would offer a unique window into the learning problem and
offer formal, physics-based explanations to the learning behavior.

Other ideas to latent-variable models

On another note, the “tri-state” symmetry of a physical model system with
a tricritical point leaves us questioning whether a multimodel prior may aid
the learning problem for input systems with vastly different thermodynamic
phases. Refs. [939, 940] explore and discuss multimodal priors; hierarchical
priors are discussed in [941]. We can only speculate that the latter could aid the
learning of a coarse-graining hierarchy of collective variables in complex fluids
(thermodynamic physical systems).

With regards to our analysis of VAEs in this chapter, we further speculate
that a discrete latent-space representation may be advisable for learning the fully
discretized lattice model, and possibly beneficial for the ‘problem’ of hard-core
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repulsions between the rods. Discrete-latent-space models have been discussed
in e.g. Refs. [942, 943].

Physics-inspired reconstruction cost functions

We also see potential for physics-inspired reconstruction cost functions. A
Landau-Ginzburg-type effective Hamiltonian (see Ch. 3.2) might constitute
a mean-field approach for a cost function that includes square-order terms on
“order parameter fields” in the input and output data, as well as squared gradi-
ents thereof, analogous to our analysis of reconstructed images in Sec. 7.4. The
gradient operations can be implemented via convolutional operations, which
would be computationally feasible with current libraries and GPU architec-
tures. Moreover, a cost function that judges whether correlations either within
or among output images are captured correctly (within mini-batches, for exam-
ple) would be desirable, as well.

We found in our investigations that the error in the inner energy is more sen-
sitive to physically-relevant (thermodynamic) features in the configurations.
The inner energy was calculated as a sum over nearest-neighbor products over
pixels, hence contains information on local correlations within images. An er-
ror thereof could be calculated on-the-fly via convolutional operations,12 as
well (which is the numerical method we utilized, in fact, in our ex-situ calcula-
tions thereof). We stress that an “Ising-type” of nearest-neighbor Hamiltonian
over pixels could be applied for general data-sets as well, and is not neces-
sarily bound to data-sets representing statistical model systems from physics.
Investigations would be needed to clarify whether this idea is truly computa-
tionally feasible, however, and whether it would suffice to capture correlations
in hidden-layer (compressed) representations, instead.

7.11 Conclusions and outlook

We have studied a popular generative, unsupervised machine learning algo-
rithm, β-VAEs, in this chapter. By applying the algorithm to datasets of con-
figurations of a physical system of sticky hard rods in 2D, we have explored
the capabilities, limits, and interpretability of the algorithm. The VAEs were
implemented in a standard way using neural networks with only one hidden
layer in the encoder and decoder. We later compared this implementation with
deep convolutional neural networks. We explored the more flexible variant of
standard VAEs, where the hyperparameter β is adjustable – it controls the de-
gree to which the model posterior distribution of latent variables should match
to the diagonal Gaussian prior.

We trained the VAEs on one reduced temperature in a biased series of
ensembles, spanning across phase boundaries. The test data we employed were
Boltzmann-Gibbs equilibrium ensembles of the grand canonical type – having
different reduced temperatures than the training set. In this way, we sought
out to explore which thermodynamic properties the VAEs are able to capture.

We have found that the algorithms “coarse-grain” the configurations of
the physical system, and the resolution is limited by the dimension of latent
space dim(z). Roughly speaking, level of resolution scales with∼ log(dim(z)).

12using 3× 3 convolutional windows with a fixed filter which has 1’s on the “+” in the middle,
and 0’s at the corners
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However, this is only approximately true when the set of learned variables
is fully-ranked. In contrast, “mode collapse” during training means some of
the variables are ignored, i.e. they do not contribute to fluctuations in the
dataset. In these cases, the output images have roughly the same level of coarse-
graining-resolution as a fully-ranked VAE with a smaller dim(z). The second
fundamental hyperparameter β is responsible for this mode collapse (given
the training dataset does not change). We propose that the two axes could
span a “phase diagram”, i.e. in the (β, dim(z))–plane, representing the internal
learning states of the VAE. Further transitions are possible: we found such
double-transition behavior in preliminary experiments on VAEs with deeper
(two-hidden-layer-), fully-connected architectures.

We interpreted the latent variables as “collective variables” in the assem-
blages (data-sets) of configurations – as long as the latent space remains fully-
ranked (see further below). The VAE models a Gaussian posterior distribution
of each variable with means µ and variances σ2 for every input, i.e. it models a
distribution of “similar” configurations for every single input. The information
about each configuration is encoded in these pairs of variables. While most of
the variance of the latent variables – measured in states across thermodynamic
phase boundaries – is contained in the µ’s, the σ2’s are interpreted as “general-
ized susceptibilities”. We have used them (or their inverses) to order the latent
variables according to a “participation ratio”. Both variables together seem to
contain highly sensitive information to the thermodynamic state of the rod
system – we have quantified a wide variety of latent “order parameters” and
latent-space observables using this paired encoding. All of these “detect” phase
boundaries with ease; moreover, some of them may be used to distinguish the
order of the phase transition (first or second order).

The character of the learned latent variables depends strongly on β. If
the VAE is fully-ranked, collective variables typically appear “liquid-like” or
“entangled”, judging from decoded images thereof. The first two latent vari-
ables (indexed k = 1, 2) are exceptions: these identifiable with the thermody-
namic order parameters of the system. We have conducted a study on a physical
model system with a tricritical point; therefore, the first two variables represents
the two-dimensional global order parameter. Higher-order variables (indexed
k ≥ 3) seem to represent “fluctuation” collective variables in the fluid – they are
distributed nearly symmetrically around the zero-point of the latent space for
all thermodynamic ensembles, and their absolute values peak around all phase
transition fugacities. At least, this is true for VAEs trained with sufficiently
large values of β (see further below) – for lower β (in the simple architecture)
the order parameters are much more weakly identifiable – in fact, only in the
empirical variances (not in the means) of the latent variables.

Due to the three-fold symmetry of the system (tricritical ordering), the VAEs
set the “zero” or center of latent space at a point representing tri-critical or co-
existence states. This is best visible in the first two latent variables (the order
parameters), as their symmetry is clearly broken in different thermodynamic
states. We interpret that the full generative model, i.e. the unit Gaussian prior,
is the tricritical point of the phase diagram, despite training at higher tempera-
tures. A multivariate Gaussian might be a fair approximation for a finite-sized
physical system. Yet, we can only be partly sure about this interpretation of the
generative model. In particular, we cannot discern exactly how the physical
temperature of the system is encoded, although the Kullback-Leibler diver-
gence between model posterior and model prior (the relative entropy) does
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show a monotonic relationship with the reduced temperature. In the fully-
connected neural network, the fugacity or chemical potential seems to be en-
coded in the logarithm of the inverse σ’s, although this can vary somewhat
depending on the training conditions. This opens up prospects for the future:
incorporating basic thermodynamic parameters such as the reduced temper-
ature or fugacity (indirectly, possibly) would offer a much higher degree of
interpretability as well as interesting applications.

Intriguing phenomena occur around the threshold value of β, before the
onset of mode collapse (before the latent space is reduced in rank, in effect).
Around the threshold state, the decoded latent variables form a hierarchy over
spatial correlation-lengths in images; the collective variables now represent
nearly-separate, characteristic length-scales in images. A doubling of the level-
of-resolution occurs after every log2(k) variables (k = 1 . . . dim(z) indicates
the latent variable number), approximately. These decoded variables mimic
somewhat closely the reconstructed principal components that are learned by
principal component analysis, which is a linear (unsupervised) method that
finds gradient-like operators in the configurations (i.e. it represents a global
Gaussian theory). Heuristically, then, the distortions of learned features in the
hard-cord model appear “stretched out” at this threshold state. In this way, the
higher-order variables variables (k ≥ 3) become “disentangled” and possibly
“solid-state-like” in character (i.e. like Goldstone modes).

Moreover, the sorting scheme of the variables, the “participation ratio”
based on the σ’s, for example, shows the flattest (broadest) distribution over
the variables (indexed by k’s). This might be expected for self-organized critical
behavior, in that power-law-like distributions are involved. Past the threshold
value of β, a portion of variables do not participate in the datasets (they are
ignored), and seem to represent “localized” modes, as they represent at the
highest spatial frequencies (rather than low-frequency, collective modes). The
critical behavior in the VAEs may be intuitive, in fact, as the training data-sets
are out-of-equilibrium, in effect: they span across phase boundaries and, there-
fore, do not represent a single, equilibrium ensemble. We discussed that this
behavior of VAEs might be analogous to when a liquid becomes frustrated
at the onset of solidification (i.e. glassy behavior, relaxation of long-ranged
tensions in a material, etc.). Detailed investigations in the future would be in-
teresting both for machine-learning as well as for physics, as implications could
be much broader.

We sought to understand whether the “hard limit” on spatial resolution via
dim(z) is due to the shallow, simple neural network model that we used – with
one hidden layer. In a direct comparison, we explored the learning behavior of
a deep convolutional VAE (DC-VAE) on the same data-sets. We find that even
these show the same, general type of “coarse-graining” behavior: The coarse-
graining resolution of output images is limited by dim(z). Also, mode collapse
of latent space occurs upon a critical β. Quantitative results show that both
the “vanilla”-VAE and DC-VAE have advantages and disadvantages in their
ability to preserve physical quantities on the output — like the inner energy,
order parameters, and gradients thereof. Most intriguingly, however, prelimi-
nary findings suggest that DC-VAEs may learn a “conjugate” representation of
latent variables compared to the fully-connected VAEs. More detailed investi-
gations are needed, but, this would suggest that DC-VAEs learn a model that is
theoretically more useful. Nonetheless, in the future, a generative model that
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would be conditioned on thermodynamic control parameters of Boltzmann-
Gibbs ensembles would make VAEs much more interpretable and guaranteed
useful regarding their generative properties (at least for physics).

In order to obtain realistic output images (which is the pragmatic goal be-
hind all generative models like VAEs), where clusters of only a few individual
rods are roughly identifiable in the output images, latent space dimensions
(and rank) need to exceed dim(z) > 512, at least. This was surprising, as the
standard VAEs we found in the literature have reported much smaller latent
dimensions suffice for many, real-world datasets. We deduce the following: the
dataset of physical configurations of hard-core rods in 2D may present a very
difficult learning problem. It may be nearly impossible to compress the informa-
tion to only a few latent variables (it may be highly irreducible), especially with
the simple, standard VAE probabilistic model. We propose that the hard-core
part of the interaction Hamiltonian makes this model much more challenging
to learn. Many other models explored in the literature of the lattice-“spin” type,
which may be one reason for their general success and popularity. A more so-
phisticated generative model would be necessary, i.e. a more complex posterior
distribution of latent variables that can better “deal with” the highly correla-
tive nature of hard-core interactions. We have proposed a number of ways to
realize (potentially) physics-inspired models for these purposes. A model that
captures many-body correlations based on fundamental measure theory for
hard-core particles, for example, might render improvements for real-world
data-sets, as well.

Lastly, we found that the initial data preprocessing is a crucial step in the
success and stability of the learning problem, as well as for the interpretability
of the latent variables. Specifically, a local (pixel-wise) representation that
reflects the three-state (tricritical) symmetry of the thermodynamic (global)
order parameter was crucial for the particular problem at hand – of the
2D sticky-hard-rod system. In this kinds of representation, then, the lattice
configurations represent order parameter fields – the thermodynamic order
parameters are found easily by the learning system thereafter. We found this
is also true for other, unsupervised machine learning algorithms we tested:
principal component analysis, as well as deterministic autoencoders. This did
not help our experimentation with generative adversarial networks (GANs),
which remained notoriously unstable.

All in all, VAEs succeed in an ability to mimic configurations of a physical
system of hard-core, sticky rods. This is true given a few collateral factors
like a very large latent-space dimension, a correct value of β to avoid “mode
collapse”, given we pre-process the data properly. Specifically, to the latter, the
“pixel-wise” data (at the local scale) should be able to represent the symmetry
break occurring at the global scale during thermodynamic phase transitions.

Deep convolutional neural networks do not necessarily out-perform much
simpler implementations of the encoder an decoder regarding the physical
properties of reconstructed configurations. This may point to a very large
amount of information contained in the datasets. In turn, these data-sets are
uniquely adept for testing machine learning algorithms. We propose this high
“complexity” may be attributed in part to the hard-core repulsive interactions
between rods, i.e. the Hamiltonian is neither completely local nor “soft”. Hard-
core-repulsive systems may embody a more difficult class of problems (in the
context of physical many-body systems) to learn.
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Although they encode sensitive thermodynamic information implicitly, we
found VAEs are not fully interpretable in terms of which thermodynamic as-
pects of the hard-rod systems they learn. In order to enhance the interpretability
of the generative model, we think it would be important to construct a proba-
bilistic model that mimics Boltzmann-Gibbs ensembles, i.e. one that incorpo-
rates fundamental thermodynamic parameters such as temperature, fugacity
(chemical potential), and volume (or pressure). This could be of high interest
for a number of practical applications – for example, for accelerating physical
simulations. This could be useful as well as interesting for real world data-sets,
as well, as it might offer a way for directly controlling statistical features within
the generative model. We also propose that “pseudo”-dynamics of traversing
latent space could be modeled within a quasi-stationary or adiabatic approxi-
mation –i.e. linear response theory – which could have interesting applications
for both fields of study.

Physics-inspired models on latent space seem to be the next logical step.
Not only are “any” higher-order correlations important – models that abide to
laws of physics could capture causal relations, especially if the model follows an
equation of motion, i.e. dynamics. On the side of reconstructions, cost functions
that are likewise physics-based could be constructed. A Landau-Ginzburg-type
effective Hamiltonian might constitute a simpler, mean-field ansatz for a cost
function. However, a cost function that judges correlations between output
images would be desirable, as well. Future investigations would be needed
to clarify whether any such cost functions are computationally feasible – they
need to be computed quickly, and compatible with GPU architectures.

An enhanced interpretability and (potentially) power of machine learning
algorithms – by incorporating physics of statistical mechanics of equilibrium –
is one, general outlook arising from this work for the future. We think ‘putting
more physics into machine learning’ should include knowledge of nonequilib-
rium physics, as well: Nonequilibrium systems both entail a high capacity for
complexity in dynamics and evolution of structures (they can be very “creative”
given only a few adjustable parameters, as we saw in Ch. 5). An inherently
out-of-equilibrium learning system could be better at learning very different
kinds of tasks, arguably, which could allow for the development of more gen-
eral forms of artificial intelligence.

This end of this chapter marks the end of part IV of this thesis. This was
also the last part dedicated to presenting scientific studies. The closing part of
this thesis (part V) begins at the next chapter (Ch. 8), where we will discuss
outcomes of this thesis as well as open-ended issues across different chapters
and on a general level. The conclusions of this thesis are written in Ch. 9.
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Closing
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Chapter 8

General Discussion

Chaos at the bottom means order at the top.
Order at the bottom means chaos at the top.

Stephen K. Hayes

This chapter tries to tie together general aspects of the theoretical, prepara-
tory discussion in Chs. 2 and 3 with the results in Chs. 4–7. We also reassess the
feasibility and scope of the scientific aims behind some of the research engaged
in this thesis. In doing so, we arrive at a number of prospective ideas. These
may reflect specific and promising routes for continuation of the research, but
also more fundamental questions about many-body systems.

8.1 Employing on-lattice models as simpler aliases for
complicated systems

One aim of this thesis has been to investigate to what extent we can employ
lattice models as simpler “imitations” for more complex systems (soft matter
or organic molecular matter). We have seen that the thermodynamic, bulk
behavior is quite different in comparison to continuum models of rods, in
particular with respect to the isotropic–nematic transition (Ch. 6). Systems of
hard rods in monolayer confinement were compared to a continuum model
with spherocylinders, which represent a system with colloidal-type dynamics
and phase properties. In monolayers, these models show qualitative overlap.
However, the thermodynamic phase transitions are lacking (Ch. 4). Hence
despite different equation-of-states (or, rather, different virial coefficients), at
the macroscopic scale, the general standing-up transition may be similar among
models.

We have also explored the lattice model of rods in monolayer confinement
for the purpose of modeling thin film growth with organic molecules at the ini-
tial stages. With sticky hard rods (Ch. 5), we see a large variety of effects which
may shed light on phenomena reported in the literature that we reviewed in
Ch. 1.2 and Ch. 2.4.

The advantages and disadvantages of the lattice model depends on which
effects they are supposed to imitate, i.e. which time- and length- (and energy-
)scales we are interested in. However, in nonequilibrium conditions, these time-
and length-scales are generally non-separable due to a loss of ergodicity. We
found in Ch. 5 that in nonequilibrium, the specific choice of microscopic dy-
namics is crucial for the evolution at the macroscopic scale, as well as all other
mesoscopic scales “in-between”. From our additional investigations on com-
paring lattice and continuum models in Ch. 4 we predict the following: whether
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one uses a colloidal-type model with continuous degrees of freedom or a lat-
tice model will fundamentally alter the nonequilibrium dynamics; therefore,
kinetics during phase transitions. (The direct comparison we made was for
the case of purely-hard-core-rod systems, which lacked thermodynamic phase
transitions, i.e. showed no poignant phase separation kinetics.) From the equi-
librium side, we saw in Ch. 6 how thermodynamic properties fundamentally
change depending on the types of model, i.e. the strength of first-order tran-
sitions. (In the lattice model, the isotropic–nematic transition is very weakly
first order, while in the continuum, this is well-known to be a strong first-order
transition.)

8.2 Lessons learned from the behavior of lattice models

8.2.1 Constraint to lattices: Fluctuating domains exclusive to one
orientationally-ordered state

In Ch. 6, we saw the lattice model produces large, “loose” nematic domains
that exclude the other orientation, which we presented at least for the 2D case
of “sticky” rods. We think this exclusive-orientation-domain-forming behavior
should also apply to the 3D case, especially as we found particularly unusual
phase behavior for L = 5, 6, where the system splits into 2D-like (transient)
sheets composed of two of three orientations. Nematic ordering for longer rods
is characterized by the transient dominance of only one orientation; the demix-
ing behavior is likely of the Ising universality type. Near the transition point,
this exclusive-orientation domain-forming behavior is key to the phenomenol-
ogy. The dynamics of domains (fluctuations) and associated phase transition
kinetics would be necessary to characterize for a fuller understanding of the
many-body system. We have ignored, frankly, dynamics both in our studies on
phase behavior in Ch. 6 that accessible in the Markov-Chain pseudodynamics,
and in Ch. 4, where we only observed them mean motion of globally-summed
quantities (thermodynamic-order-parameter means).

We mention, further, that quantifying and understanding domain fluctua-
tions and related two-time correlation functions is important for developing
better e.g. density functionals for equilibrium theory. A domain- or cluster-
based (lattice-) FMT like in Ref. [265] represents one way forward. On-lattice
models of hard-core particles like the rod systems like we have studied provide
unique testing ground for such approaches.

Lastly, we saw that machine learning (Ch. 7) can automatically “pick up”
on collective variables – those whose fluctuations among and within different
thermodynamic states are most significant. These could be aliases for domains
in the fluid, which have nonlinear boundaries. It would be most interesting to
clarify this point in the future, as it could be useful for theory development,
particularly when studying nonequilibrium transitions like jamming or the
formation of arrested states. Moreover, machine learning might offer ways
forward to faster equilibrium simulations: the learned model could provide a
biasing potential, in terms of the encoded collective variables, for proposing
new configurations during an equilibrium Monte Carlo simulation.1 This idea
represents one outlook of this thesis.

1The biasing potential might be expressible through the Kullback-Leibler divergence between
a model posterior and model prior in the VAE, for example.
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8.2.2 Constraint to lattices: Consequences for phase behavior

We saw in this thesis how phase behavior in lattice models can be unique and
quite different from that of continuum models. This is due to fully constraining
particle degrees of freedom to a lattice, i.e. to a discrete set. Interestingly, analo-
gies can be found to dimensional confinement: The first-order isotropic–nematic
transition in the 3D we studied for lattice hard rods is nearly “destroyed”, be-
come weakly first order (Ch. 6). A “destruction” of first-order transitions is
known to occur in strong confinement, which we discussed in Ch. 2. In 2D,
we saw how the isotropic–nematic transition (a demixing transition) is indeed
“destroyed”, i.e. it is critical until it reaches a tricritical point. We have not in-
vestigated as to why in detail, but, alluded to confinement and discretization
in a general way in Ch. 2. We speculate on related issues below and in Sec. 8.6
later on.

The weakening of the isotropic–nematic transition could be tied to a general
tendency towards enhanced mesoscopic ordering in the fluid: We discussed
the fluctuating domains of exclusively one of three degenerate states of ori-
entational order above. In the 3D bulk (Ch. 6), this demixing behavior is not
a nematic phase transition with long-ranged ordering; rather, a dominant di-
rection is transient, fluctuating among all possible ordered directions. In fact,
this ordering can be manifested in a suppression of one of three directions, for
rod-length L = 5, 6. These systems split into nearly-decoupled 2D-like systems
(again, another form of mesoscopic ordering), which appears unique to fully
on-lattice systems of rods. The latter is not a smectic phase, as the rods are
not orientationally ordered within these nearly-2D sheets. Further, the nature
of the 2D transition is most likely a demixing transition of two orientational
species (i.e. it is not long-ranged, it is mesoscopic), which has been argued for
2D Zwanzig models [356].

As to the (presumed) tricritical behavior of 2D, sticky hard rods (part III),
tricritical behavior occurs in other, spin-type lattice models with discrete orien-
tational states in 2D (Potts, Blume-Emery-Griffiths, etc.) (see Chs. 1.3, 2.2.2 and
2.2). This may not be a unique lattice feature: In a specific short-range-attractive
liquid-crystal model, Ref. [331] reports on a crossover from the Kosterlitz-
Thouless-type of isotropic–quasinematic transition in 2D to tricritical behavior
depending on the range of the attractive part of the pair-potential. Therefore,
these features could also be inherent in other continuum models. Another fea-
ture of commonness between lattice and continuum is that ordering phase sets
in for L = 7 in 2D, which is similar to the minimum aspect ratio required for
2D spherocylinders of ∼ 7. In 3D, nematic ordering sets in for L = 5 on the
lattice, and an aspect ratio of 3.8 for spherocylinders (see Ch. 1.3). It would be
interesting to compare rods on the lattice with non-unit width (and depth).

We compared a hard-rod lattice model with a continuum model of sphero-
cylinders in monolayer confinement (Ch. 4). They show qualitative overlap in
the standing-up ordering behavior (which is entropy-driven), which, however,
was compared in systems that lack thermodynamic phase transitions. They
entail different “equation–of-states” regarding the dependency of the orien-
tational order parameter ordering on the density (i.e. virial coefficients). The
continuum model shows scaling behavior with regards to the rod geometry,
while the lattice model does not (as far as we can tell). One cannot take a dense-
lattice-limit of the lattice model, for example, to produce the continuum model.
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We did not explore jamming transitions or dynamically arrested states dur-
ing monolayer growth in this thesis. This would offer a sharper level of scrutiny
when comparing the monolayer systems between lattice and continuum mod-
els, for example: dynamical scaling laws upon approaching a nonequilibrium
(or equilibrium) critical point would be rigorous quantifiers of their funda-
mentally different behavior. We saw arrested behavior in our studies of purely
hard-core monolayers (Ch. 4): The author of this thesis recalls that the case of
simulating attractive substrates for the hard spherocylinders in the Monte Carlo
simulations generated quite “interesting” configurations that were associated
with a difficulty in equilibration (transient arrest). In our KMC lattice model,
we saw dynamical arrest (a nonequilibrium jamming transition), which occurs
at attractive substrates.

We demonstrated that systems of hard, sticky hard rods on lattices in (2+1)D
monolayer confinement (Ch. 5) effectively split between a lowly-ordered, 2D
lying phase and highly-ordered standing phase. The lying phase is metastable,
a feature particular to this form of strong confinement. A direct comparison to
a continuum model would be useful. To this end, Ref. [944] models continuous
spherocylinders in open, semi-confinement (not monolayers) with different in-
teraction potentials, from which it is difficult to make any concise statement
regarding the monolayer phases (apart from the observations that an ordered
standing phase tends to form more than one layer, and disordered phases can
also occur). However, we have argued that our findings may be qualitatively
consistent with experimental or simulated systems of organic molecules at
substrates (Ch. 1.2). These show similar phenomenology like a “disorderly”,
uniquely-monolayer phase that appears metastable, forming a wetting layer in
some cases; or, at least, large-scale structures that can be amorphous in shape.
Further, these can co-occur with stable, crystalline structures (in analogy to our
standing islands) during submonolayer growth. Hence, clarifying the role of
lattice restrictions in monolayer confinement for sticky- or attractive-hard-rod
systems would be important: Identifying the features in an idealized, generic
dynamical model that reflect or retain the relevant physics faithfully, while re-
maining generic, is an ultimate aim of physics models. Moreover, understand-
ing lattice restrictions in various forms of confinement would contribute to a
deeper understanding of many-body physics, quite generally.

Lattice modifications and future exploration

We saw how “sticky” attractions widens the isotropic–nematic coexistence gap
(also seen in continuum models) substantially below a pseudo-tricritical point.
Inspired by this, polydisperse mixtures of rod-lengths, which can be thought
to inducing effective attractions via the exclusion effect, might render more
similarities to a bulk 3D systems in the continuum. A polydisperse mixture in-
creases the number of ways to couple orientational and translation degrees of
freedom. Finer lattice structures (containing for rotational states, like triangular
lattices) or those containing sub-lattices, i.e. those with multiple scales should
also increase this diversity. However, the specific choice of lattice or sub-lattice
will be key for the strength and type of coupling between rotational and trans-
lational degrees of freedom. Regarding the monolayer systems, a triangular
lattice or a sub-lattice model might “bridge the gap” better between our cubic-
model system and organic molecules, allowing for more kinds of ordered states
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to form. Regarding the 3D bulk, it would be interesting to explore the isotropic–
nematic transition of hard rods on these different types of lattices, whether one
of them can induce behavior mimicking that in the continuum models better.

To this end, we also discussed how the FMT derived for the 2D and 3D
hard-core lattice models (the results are given in Ch. 6) renders the same en-
tropy functional as for rods on Bethe-like lattices [360]. The latter types of lattice
is (somewhat) network-like in its topology; therefore, the FMT might entail a
certain degree of recursion, although we leave this notion rather unspecified in
this discussion. From the point-of-view of theoretical development of function-
als, it would be interesting to test whether the current FMT derived by Lafuente
and Cuesta [159, 160] may actually be better-suited for hard-core particle models
on lattices with sub-lattice structures.

8.3 Generic, on-lattice models for nonequilibrium thin
film growth with anisotropic particles

We infer from our studies of monolayer growth in part II the following: In order
for a lattice model system to emulate “real-world” self-assembly phenomena at
surfaces, it will need to will need to capture just the ‘right’ variety of mesoscopic
ordering phenomena, which is related to capturing the correct collective states
and associated time-scales in nonequilibrium. Therefore, an (optimal) trade-off
between simplicity (idealism of the model) and complexity (a high ‘bandwidth’
of (co-occurring) collective processes (kinetics) and resulting structures.

We have seem that a simple elongation of particle shape, from 1× 1× 1
cubes into L× 1× 1 rods, generates highly complex ordering phenomena, en-
tailing with at least two, if not more competing phases growing in the mono-
layer2 As we saw in Ch. 5, the specific choice of microscopic dynamics (“tum-
bling” versus “central” rod rotations out-of-plane) changes the phase separa-
tion kinetics and morphologic evolution in the monolayer significantly. This
issue requires more care and attention than might be expected. Generally,
we predict that energy scales (potential depth and width) should change the
nonequilibrium kinetics, and the models thereof would need to be assessed
case-by-case.

More specific models with an extra degree of particle anisotropy, i.e.
“boards”, should entail phases in equilibrium (see e.g. Ref. [368] for the
hard-core case), and, therewith even more kinetic pathways in nonequilibrium
(during layer growth). Nonetheless, these types of models could be interesting
for specific organic molecular systems whose molecules have three symmetry
axes.

Further, we discussed how desorption seems to play a significant role, as
well (from preliminary investigations). Desorption and re-adsorption dynamics
introduce a higher degree of reversibility into the model, i.e. the system finds
the “next” quasistationary (metastable) or equilibrium state more quickly. This
should have a dramatic effect on the kinetics and all resulting morphology, e.g.
island shape and collective reordering processes. This should be taken into ac-
count when performing multi-layer, 3D growth simulations (an outlook of this
thesis). A “vapor-phase deposition” model similar to model II in Ch. 4 will gen-
erate different growth results than a “solid-on-solid”-type of 3D growth model.

2given rods entail short-range attractions and hard-core repulsions.
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In other words, the specific MC-moves matter, even for multilayer growth with
much simpler, 1× 1× 1 “point-particle” models. In an upcoming publication
(Ref. [168]), we found that vapor-deposition or solid-on-solid-type growth mod-
els show different kinetics and, therewith, predict a different evolution of thin
film growth.

We suspect that different models of short-ranged attractive rods or elon-
gated particles (lattice or continuum) might find something in common in mono-
layer confinement: For long enough particles, the main orientational differences
– between lying and standing – may be associated with two different phases. A
pronounced competition of these phases during layer growth will be visible if
the lying phase is metastable (i.e. due to an inherent dynamical asymmetry),
as seen in our findings in Ch. 5. Their dynamical asymmetry is tied to their dif-
fering degrees of local order. Therefore, the combined situation of monolayer
confinement and particle elongation, as well as short-ranged attractions may
generate similar phenomena across different models. An exploration thereof
would underscore and give credence to the genericness of the simple lattice
model explored in this thesis.

Prospect: multilayer growth modeling

A motivation arising at the end of this thesis is to continue modeling thin film
growth with “sticky” attractions in multilayer growth simulations. In writing
the codes for sticky-hard-rod monolayer growth with various rotational moves
in the context of part II of this thesis, the author has already included the pos-
sibility for simulating bulk 3D dynamics. We mentioned this in the outlook of
Ch. 5. (We note that the event-driven KMC codes are complicated algorithmi-
cally for anisotropic particles when implementing full 3D dynamics; we can
implement all rod-length and different choices of rotational moves, i.e.rotations
around rod-centers, near-center, and at the rod-ends.) These nonequilibrium
simulations would be complemented with equilibrium GCMC simulations in
semi-confinement, i.e. to find out the surface phases of the 3D system of sticky
hard rods. (Existing GCMC codes need only be modified to include an attrac-
tive wall).

8.4 On the phase transformation kinetics during mono-
layer growth with rod-like particles

We saw in Ch. 5 how the kinetic pathways to a full monolayer depend on
(reduced) temperature (interaction strengths), the flux-rate–to–diffusion-rate
(the deposition quench rate), as well as particle shape (rod length) and substrate
potentials. In the coming paragraphs, we discuss this model as a rough analogy
to a crystallization process from a fluid phase (in the bulk).

Metastable intermediate phases may be universal features of crystallization
out of a fluid phase (see also discussion in Ch. 2). In fact, amorphous, liquid-
like precursors are reported for colloidal crystallization [7, 669, 699, 715–721].
Moreover, these may be more 2D-like in their ordering, even though crystal-
lization occurs in the bulk [945]. The pathways to crystallization may very
often be non-classical in nature [699], i.e. not describable by means of monomer
attachment.
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We argued in this thesis that organic molecules forming crystal films on
substrates may share these features owing to their anisotropic, extended shape
and directional interaction potentials. Kinetics of cluster growth at the sub-
monolayer stage seems to be highly “non-classical” under various conditions,
deduced from our studies in Ch. 5.

Indeed, some examples from the organic-thin-film literature attests to non-
classical as well as multi-step cluster growth kinetics. Liquid-like, lying pre-
cursors or “non-nucleating liquids” are reported to precede the formation of
well-ordered crystal phases [10, 12, 141, 179, 181, 212, 236, 237, 751, 752, 946].
Clearly, precursor phases will change the scaling behavior of nucleation and
growth of the standing (high-ordered crystal) islands, as well as the resulting
morphology (island shape).3, 4 Two different Arrhenius-type rates for island
formation are reported at high and low substrate temperatures [183]. Bimodal
island sizes are also reported in e.g. [913].

These low-ordered, lying phases are described as forming very large-scale
structures [947] (see also Refs. [13, 183]). Moreover, the standing (stable “crys-
tal”) structure may first be stable in the second layer, hence second-layer dewet-
ting accompanies the growth evolution in a number of reported examples: It
can occur before, but near the full packing fraction [13, 946]; at the onset of full
packing [12, 182, 188, 189], or after annealing a film having full coverage [182,
187]. Further, in the literature, amorphous wetting-layers and crystal island-
forming phases were reported to co-occur in rubrene [212], as well as in p-6P
[13, 146, 183] and other substances [147]. This may resemble the lying–standing
transition out of a wetting layer, or the occurrence of islands of different orien-
tation that we found in our model system. A high sensitivity of kinetics to the
substrate, which shifts this nonequilibrium competition, is also reported in the
literature [740],

8.4.1 General remarks on rate-equation approaches

Analytical models of the kinetics at the early submonolayer stage of thin film
growth have historically constructed “nucleation-and-growth”-type rate equa-
tions. These model one-body kinetics in the form of monomers attaching and
detaching from islands [699], by means of single-particle diffusive transport
[20, 113, 124, 153, 154, 163, 165, 689, 748, 948–950]. Such nucleation theories rest
on the assumption that the critical nucleus is amenable to a thermodynamic
description, i.e. that a free energy difference between the crystal and the va-
por drives the spontaneous nucleation and growth of islands of the crystal
phase, which is surrounded by a vapor. As mentioned, presuming that the ki-
netics are effectively one-dimensional implies they should be describable by
just a single reaction coordinate. This general idea is borrowed from first-order
phase transitions between phases with the same or similar translational sym-
metry (fluid order), most notably simple gas–liquid transitions. But the fluid–
to–solid phase transition is different, as both the translational and orientational
symmetries of the liquid are broken upon crystallization [551]. The hard-rod
systems we investigated entail much more structural and dynamical complex-
ity owing to the rotational degrees of freedom, which couple non-trivially to

3We have e.g. Refs. [178, 183, 208, 209, 212, 251] in mind, in these regards.
4Ref. [251] investigates “bimodal growth modes” in the submonolayer regime that different

from simpler nucleation models. The results are interpreted as due to so-called “hot precursors”,
a population of monomers that is highly mobile.
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the translational degrees of freedom in a many-body (fluid) system. An effec-
tively one-dimensional process implies, in contrast, a gigantic gap of length
and time-scales between one-body and all other variables in the system. Thus,
the equations are mean in character – both in space and time: For example, no
cluster-cluster correlations or memory effects are taken into account.

Seeking for a master set of kinetic equations may be dangerous, in general,
but specifically for anisotropic-particle systems (i.e. monolayer growth of rod-
like particles). When systems are in nonequilibrium, a priori assumptions about
the dynamics may easily become uncontrolled. The (generally-accepted) pre-
sumption that crystal nucleation (from a liquid) can be described by purely
diffusive-driven processes is up to hefty debate [951]. Indeed, many-body cor-
relative processes (collective motion) seems to be most fundamental in hard-
sphere model systems, where crystallization is purely entropy-driven [555–557].
Moreover, which variables are relevant in the nonequilibrium evolution are not
clear up-front [952]. Our findings in Ch. 5 of a lying gel than can span the
entire system, or, in other cases, a lying liquid that precedes and competes in
the “nucleation” of a dense phase, bears no resemblance to that of “nucleation-
and-growth” of compact islands of a stable (standing) phase from a 2D vapor.
Thus, the formation of the standing phase (“crystal”) goes through a disorderly
intermediary state before the stable phase “nucleates” and grows. The phase
transformation kinetics are not direct (i.e. isotropic-vapor–standing-liquid or
(-crystal)) and much more subtle. Notably, the aggregation-like formation ki-
netics of the lying gel phase will (very likely) not involve an energy barrier [19,
696]. All of these findings attest to the striking reality of how orientational and
translational degrees of freedom are non-trivially coupled in the process; this
is also true, more generally, for crystallization from a bulk fluid (in 3D) [551]. A
description thereof would, thus, certainly go beyond simple nucleation theories
[549, 551, 699, 951, 953–955].

As mentioned before in this thesis, literature on organic molecular sys-
tems already discussed the possibility of two-step phase transition kinetics,
see Ref. [236] and e.g. Refs. [256, 956].5

Rate equation models for multi-component systems have received little at-
tention, as well. We have found only rare exceptions in the literature in e.g.
Refs. [958, 959]. On a related note, simulation studies trimmed at the effect of
“impurities” (a sparse amount of a third phase that may be mobile or position-
ally fixed) for monolayer growth are found in Refs. [960–963].6 As for the ABV
model,7 the topic for monolayer and multilayer growth will be addressed in
an upcoming work [915] outside of the scope of this thesis.

8.5 Applying machine learning to a statistical model sys-
tem of rods

Another aim of this thesis was to apply machine learning algorithms, preferably
unsupervised in nature, to statistical model systems. The model system of 2D
rods was a suitable candidate, as we had explored its phase behavior in part III
in addition to a fully-tested simulation system to generate data.

5See also Ref. [957].
6Also, distinguished properties of island growth when modeling anisotropic interactions has

been addressed in Ref. [260].
7two-component systems plus vacancies
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High complexity of data-sets: hard-core repulsive model systems from
physics

The Ising and other spin-like models have been a favorite choice in the litera-
ture, which, however, entail much less inherent complexity than the hard-rod
system of sticky hard rods in 2D: At the end of the day, the hard-core repulsive
interactions in our sticky-hard-rod system generate pronounced many-body
correlations in the fluids, where a significant portion of order-parameter fluctu-
ations are highly non-local at even intermediate densities. The system shows
a strong coupling of rotational and translational degrees of freedom (which
we discussed quite generally in Ch. 2), which, arguably, makes it a much more
challenging test system for modern machine learning algorithms.

Moreover, the system entails a tricritical point, which in our studies with
machine learning has highlighted many important aspects about the role of
properly representing macroscopic- versus microscopic-scale symmetries be-
fore (in data preprocessing) as well as during learning (in the nature of the
learned, latent representations).

Sparse and symmetric input-data representations

To the former, we saw the importance of properly represented input data, in
that data should express the (three) globally-ordered states inherent to the
system – it should express this at the local scale, as if each point in space entails
a 2D microscopic order parameter. This notion alludes to the concept of locality
of a Hamiltonian, further related to whether the degrees of freedom can be
decoupled even at the smallest scale of treatment (no long-ranged interactions
that couple particles in a direct manner). This is a fundamental assumption
behind field-theoretic, coarse-grained approaches to many-body systems, i.e.
Gaussian field models that we discussed in Ch. 3. Arguably, then, we might
conclude that learning with a Gaussian (local) model is easier if the relevant
physical quantities contained in the input data are represented in a statistically
independent manner. In other words, sparse input representations enhance
the discernibility between macroscopic (gross) properties in the data. Further,
the symmetry of the input data – by providing data from across “far reaches”
of phase space – helps the VAEs identify global order parameters. These are
quantities that identify with the global symmetries that are broken upon phase
transitions.

8.6 Other thoughts (speculative discussion)

8.6.1 Towards mesoscopic approaches to monolayer growth (with
rods)

In light of the above discussion, structure formation in the monolayer might
be describable in terms collective motion (modes) that are functions of both
translational and rotational degrees of freedom in the system. These may fur-
ther be coupled – different from a first-order Gaussian theory, for example that
variational autoencoders employ. Mode coupling theory may offer a theoreti-
cal framework that expresses these basic physical ideas [665]. A description of
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nonequilibrium dynamics or phase transformation kinetics in a coupled-mode
representation is certainly not new [964, 965].8

The collective variables and fluctuations found by VAEs in Ch. 7 might
provide a novel and modern way to proceed. Fluid or solid systems entails dif-
ferent vibrational density of states and types of modes [966–969]. It would be
interesting, further, to explore the learning of growth trajectories (rather than
merely configurations). This would represent an interesting prospective out-
look of this thesis and would tie together research on nonequilibrium statistical
mechanics with machine learning.

Coarse-grained, continuum field equations-of-motion in the style of Cahn-
Hilliard or phase-field modeling [225, 227, 734, 970, 971] are more popular ana-
lytical approaches to kinetics of phase transformations. These, however, retain
a mean-field character [972]. As we have discussed, the FMT of sticky-hard-rod
monolayers captures many relevant features of the monolayer systems unique
to a nonequilibrium setting, at least in the form of metastable states. Master-
equation-type equations-of-motion in the style of the DDFT approach for hard
rods in Ch. 4, take account for two-body correlations from an equilibrium func-
tional. However, the kinetics of 2D gel or wetting layer formation during the
“crystallization” process to a stable thermodynamic state may need more pre-
cise analysis. As the DDFT equations-of-motion are diffusion-like in character,
we are not sure what kind of kinetics it could predict, especially if aggregation
is involved. To the latter, dynamics are far from diffusion-like and the kinetics
do not involve energy barriers. One question is whether additional ‘hydrody-
namic’ terms can account for some of the behavior [973], but this belongs to the
realm of speculation.

Surprisingly little has been done to characterize the sublimation (vapor–
crystal) kinetics on surfaces from first principles in large-scale simulations of
simpler, well-known model fluids. Vapor–crystal phase transition kinetics for
2D Lennard-Jones systems were addressed only a few years ago [658]. In con-
trast, phase separation kinetics (nucleation, growth, spinodal decomposition,
and coarsening) at constant densities (“quenches”) were studied long before
for ABV models in Refs. [678, 972, 974–977]; ternary systems have also been
studied in in Refs. [978–980]. As to experimental investigations on the kinetics,
properties at fixed coverages or chemical potentials could render crucial infor-
mation – preciser relationships between the chemical potential differences and
growth laws might be extractable, for example [113, 124, 748, 948].

8.6.2 Alternative approaches to nonequilibrium physics and com-
plex systems

In Ch. 3.3.7, we opened up a discussion about potential (what we dubbed)
“self-consistent” approaches for stochastic descriptions of nonequilibrium sys-
tems. Dynamics on the full N-body level should arise from proper accounting
of (nonequilibrium) many-body forces (in their strengths as well as likelihoods
or frequencies in time). These generate currents in the system. Within a for-
malism referred to as Power Functional Theory [825, 826], the nonequilibrium
(reduced) one-body densities (i.e. the structure) is generated as a consequence
of the continuity equation after the physical dynamics are determined from
a variational problem. We feel the lattice model of sticky hard rods studied

8The idea of a modulation of spatial modes has also motivated other approaches [728].
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in Ch. 5 may be an ideal candidate for theory development to this end, as it
is defined by only a few free parameters. Yet, it entails a richness of testable
phenomena: Metastable transient states as well as multiple dynamical regimes
with different scaling behavior would be key effects to reproduce in a “good”
theory.

Moreover, we discussed in Ch. 3.3 how a loss of the time-ordering-of-events
is fundamentally tied to dissipation: The simplest example is coupling to a bath,
which induces thermal, random motion of particles. In light of this, it seems ever
more important to quantify dissipation or irreversibility precisely for any effec-
tive description of a nonequilibrium system. A measure of irreversibility for a
time series of measurement was defined in Ref. [857] as the Kullback–Leibler
divergence between the probability density of a time-series realization and that
of its time-reversal conjugate; the earlier Ref. [788] uses the Jensen-Shannon
divergence (a similar quantity) [849, 851] instead. We discussed these measures
in Ch. 3.5.1, as well.

These topics have much common ground with modern information theory
(e.g. theory on computation). For example, a transfer of information is inher-
ently time-asymmetric, and is embodied by the so-called transfer entropy, which
is a conditional mutual information: it can distinguish between driving and
response in time-evolving systems, i.e. detect causality [981–983]. Harmoniz-
ing a theory of information exchange and general nonequilibrium dynamics
would constitute a foundational endeavor (additional Refs [983–985] venture
in this direction). A formalism about the conservation or loss of causal rela-
tionships in complex or many-body system (for example, via a path-integral
formulations [102, 827]) would certainly be interesting for machine learning
research.

8.6.3 Machine learning: Criticality and potentially “optimal” states

In the machine learning systems we studied, β-VAEs, we saw critical-like be-
havior manifested in two ways. First, the learning system with the highest
level of interpretability – tied to the maximal discernibility between physical
“order parameter” variables and “fluctuation” collective variables – is the sys-
tem poised at an “internal” critical point or threshold point (of β). Scaling re-
lationships in nonequilibrium [965, 986] – whenever they may exist – express
a high correlation of events of the past with those now. Systems are subject
to a broad bandwidth of characteristic length-scales and time-scales whenever
power-law behavior reigns. Indeed, we saw in Ch. 7 how the participation ratio
or hierarchy of the latent variables (quantified as a function of their modeled
susceptibilities) was broadest around a threshold or critical state of β. Secondly,
the generative model on latent space (the prior) appears to correspond to the
tricritical point of the physical model system. Therefore, we infer there must
be a deep relationship between critical behavior and optimal forms of learning.
We alluded to this issue on a very general level in the introduction, Ch. 1.4.1,
as well.

Notably, at a critical state, systems are inherently out-of-equilibrium. Un-
derstanding the “dynamics” (the learning dynamics) during training (via e.g.
stochastic gradient descent) seems a pertinent issue both for developing better
algorithms as well as for an interpretation of the learning process. We think
nonequilibrium statistical mechanics – which we studied in the context of an
example system in Ch. 5 – could offer insight and help in this direction.
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Final note: Disorder and order – two sides of the same token

Though the lattice models were studied in this thesis for often pragmatic rea-
sons, they confront us with the fundamental notions of symmetry and the role
of disorder versus order, particularly in out-of-equilibrium situations. An affin-
ity of nonequilibrium liquids to quantum mechanical systems has long been
noticed in their vibrational density of states [967]. Nonergodic (nonequilibrium)
classical many-body systems show similarities to Anderson localization [987,
988], where a many-body wave-function is localized in the presence of disor-
der in the solid [989, 990]. Generally, the introduction of disorder has a similar
effect to both liquids and solids, where their vibrational spectra entail intrigu-
ing features [382, 639, 903, 904, 991–996] such as localized modes. Therefore, it
would be interesting to clarify the connection between quenched disorder (frus-
tration and arrested states) and phase ordering kinetics at a more fundamental
level. The (2+1)D monolayer systems show an astonishingly broad variety of
phase separation scenarios, which makes them well-suited for foundational
questions.

We showed machine learning can learn collective variables of a physical
systems: The automatized discovery of relevant variables in highly nonequi-
librium systems would be highly useful, from a practical point-of-view. More-
over, it would be most interesting to see if β−VAEs may find the dynamical
regimes that we discovered in monolayer growth with sticky hard rods: More
specifically, one could explore whether machine learning can learn to decipher
between different types of phase separation kinetics in physical systems. Even
more interesting would be whether a simple, generative model of the nonequi-
librium system like that learned by β-VAEs suffices to predict the full breadth of
possible self-assembly trajectories – while retaining sufficient predictive power
to precisely “simulate” trajectories. To this end, the machine learning algo-
rithms would have to be trained in time-dependent data, which represents a
clear outlook of this thesis. We note that as our monolayer model system for
nonequilibrium has an extremely small amount of free parameters (diffusion
rates, flux rate, rod-length and interaction strength), it seems to be highly suited
for such exploratory and novel investigations.

Machine learning dynamics, which may be interpreted as the relaxation
kinetics of a statistical system from an initially quenched-disordered state,
should be exposed to this same “dance” between order and disorder. Under-
standing this in more detail and in a rigorous way would be part of a quest
towards foundations on the physics of complex systems. Bringing together
statistical mechanics of both equilibrium and nonequilibrium systems with ma-
chine learning seems a promising and hopeful endeavor for the next decades.
As Stephen Hawking stated at the dawn of the new millennium,9 “I think the
next century will be the century of complexity.”

9On January 23, 2000 (San Jose Mercury News)
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Chapter 9

Summary and Final Conclusions

What we observe is not nature itself, but nature exposed to
our method of questioning.

Werner Heisenberg

This thesis endeavored on understanding the statistical mechanics of highly
idealized model systems of hard rods (as well as sticky hard rods) fully con-
strained to square or cubic-type lattices – in 2D, (2+1)D monolayer confinement,
and in the 3D bulk – using Monte Carlo simulation methods. We studied ori-
entational transitions and phase behavior of the systems in equilibrium condi-
tions using simulations in the grand canonical ensemble. In many cases, results
were compared directly to analytical theory in the form of classical density
functional theory. In order to better understand early stages of thin film growth
with anisotropic particles, i.e. nonequilibrium physics, we studied systems of
rods in monolayer confinement using kinetic Monte Carlo simulations. We fur-
ther explored the behavior of a machine learning algorithm by using the 2D
hard-rod model as input data, in the form of configurations, in order to better
understand the algorithm, its limits and capabilities.

Below, we review each part of this thesis, and summarize the findings and
conclusions of our studies. In Sec. 9.2 afterwards, we will state our final conclu-
sions.

9.1 Summary

In part I of this thesis (Chs. 1–3), after a general introduction, we delved into
fundamentals of complex fluids of rods. We then discussed fundamentals on
equilibrium statistical mechanics, and illustrated a generic treatment of dy-
namics on lattices by means of a master equation. We also discussed the basis
of the simulations algorithm employed in this thesis – kinetic Monte Carlo
(KMC) and Markov-Chain Monte Carlo methods for simulating equilibrium
ensembles. Moreover, we highlighted and discussed the unresolved, theoreti-
cal difficulty of describing nonequilibrium many-body systems by analytical
means. We highlighted fundamental connections between statistical mechan-
ics and information theory, in particular with respect to concepts surrounding
entropy. We also discussed machine learning and the algorithm of variational
autoencoders that we later investigated in this thesis.

In part II of this thesis (Chs. 4 and 5), we studied the nonequilibrium dynamics
of systems of hard-core rods in monolayer confinement ((2+1)D)) in a lattice
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model. Rods have geometry L× 1× 1, and are fully discretized in their rota-
tional and translational degrees of freedom. We also characterized their equi-
librium phase behavior, in particular for the limiting case of purely hard-core
rods. The next paragraphs describe our findings.

In chapter 4, we analyzed the equilibrium properties of systems of rods in
the purely hard-core limiting case of rod interactions. This (first) study represents
a collaborate effort (J. Chem. Phys. 145, 074902 (2016), please see corresponding
chapter). We developed and performed formally-exact Monte-Carlo simula-
tions in the grand canonical ensemble (GCMC), which served as a test for den-
sity functional theory (DFT) in which the equilibrium properties were explored.
Specifically, lattice fundamental measure theory (FMT) was formulated for the
rods system. Rods continually stand-up with increasing density, which is a
purely entropic effect. Strongly attractive substrates that bias lying rods induce
(only) “pseudo-”-second-order transitions, i.e. a near-“kink” in the order pa-
rameter upon increasing the density. In the same context, the on-lattice model
was compared to a continuum model of hard spherocylinders in monolayer
constraint. They show qualitative similarities in the behavior of global-scale
order parameters. However, key differences (e.g. scaling behavior and differ-
ent “equation-of-states” or virial coefficients) point at the fact that these models
represent fundamentally different systems.

We then investigated (nonequilibrium) monolayer growth with long rods
on lattices in monolayer confinement, in the same purely hard-core limit. This
study was likewise a collaborate effort (J. Chem. Phys. 146, 084903 (2017), please
see corresponding Ch. 4). We studied the many-body, dynamical system by
means of (formally-exact) KMC simulations. The simulations we wrote and
developed from scratch were conceptualized, first, with a novel, rejection-free
algorithmic implementation for hard-core, anisotropic particles. For a wide
range of particle deposition rates, we found that monolayer growth with hard
rods can be described by quasiequilibrium growth dynamics. The underlying
reason for this affinity to equilibrium in driven conditions is very likely the lack
of thermodynamic phase transitions in the monolayer (in the purely-hard-core
case). Using the KMC simulations, we tested the quality of a lattice dynamical
density functional theory (DDFT), which was formulated for the lattice system
of purely hard-core rods. This seems to perform well as long as the system
retains a near-equilibrium character, associated with a decoupling of rotational
and translational degrees of freedom. In the case of strongly attractive sub-
strates, the system loses ergodicity – dynamical arrest occurs in the form of a
(possible) nonequilibrium jamming transition. We did not explore the physics
of this case further, but, an explicit dependence of the macroscopic evolution
on the hopping rate of particles was found. The DDFT would need extensions
to capture this variability, and in its current form, appears to emulate the case
of very large hopping rate. Exploring quantities relevant for the dynamics in
the system such as two-time and two-point correlation functions, or currents
would be important in the future.

Also using the KMC simulations, we compared the nonequilibrium evolu-
tion of the lattice model during monolayer growth to that of the continuum
model of hard spherocylinders. (We realized deposition with two different
protocols in the continuum model, accordingly). Qualitative agreement in
the evolution of global order parameters was found between both models.
Much like in the equilibrium case, differences arise mainly due to different
“equation-of-states”.
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Further in part II, in chapter 5, we presented a broad as well as in-depth
investigation into nonequilibrium systems of sticky hard rods on lattices in
(2+1)D confinement. The model studied was an idealization for the initial
growth of thin films of anisotropic particles like organic molecules. We wrote,
developed and performed a very large number of (specifically-designed and
developed) KMC simulations: We varied the relevant dynamics in the systems
over seven to eight orders of magnitude and the temperature over a wide range
of values (across multiple (presumed) critical points). We also varied the rod-
lengths (L = 2, 3, 5, 9) and explored different substrate attraction strengths.

The physics of monolayer growth with sticky hard rods is very rich, show-
ing a wide variety of possible kinetic pathways towards the stable end-state
of a full monolayer of standing rods: these include (a competition with)
metastable phases and collective reorganization processes. The dynamical
model is defined fully only by a handful of main control parameters: the
flux-to-translational-diffusion ratio F/D (the deposition quench rate) and
the specific microscopic rotational dynamics. The energetics are defined by
the “sticky” inter-particle attraction strength |ε| (or equivalently, the reduced
temperature T∗ = kBT/|ε|), as well as the rod-length L. We found at least
five different phase transition scenarios (labeled (A)–(E)) that divide the
(ln(1/|ε|), log(D/F)–plane – the two main axes that define a dynamical
“map” of the order parameter – into corresponding regions. The rod-length,
the substrate potential strength, as well as the specific choice of microscopic
rotational dynamics (tumbling versus central rotations in the out-of-plane
direction) all shift these dynamical regimes, and can even change the topology
of the “map” by excluding or introducing new phase transition scenarios.

For the best-studied case of L = 3 at neutral substrates, we deduced the fol-
lowing scenarios: (A) “Hard-rod-like” monolayer growth for weakly-attractive
rods, in which no phase separation occurs. (B) A transition from an isotropic
fluid or vapor to a standing phase via “nucleation” and growth of standing
clusters. (C) A competition of lying- and standing-cluster formation (compact
clusters of both phases appearing). (D) A lying, low-density gel competing
with and accompanying the “nucleation-and-growth” of standing clusters. (E)
A dense, lying gel forms a wetting layer, from which standing clusters grow.

Weak substrate potentials seem to shift the scenarios in the (ln(1/|ε|),
log(D/F)–plane, generating large-scaled competing structures in scenario (C),
and inducing scenario (E) more easily. They also enhance collective standing-
up kinetics, generating loops in the (evolving) packing fraction, for example.
Strong or intermediate substrate potentials (very likely) induce a thermody-
namically stable 2D (lying) liquid at low enough reduced temperatures. The
evolution with rods of length L = 5 shows many similarities to that with
L = 3, although differences include pronounced loops in the packing fraction
like those seen for weakly attractive substrates with L = 3. Further, their as-
sociated “maps” of Q in the (ln(1/|ε|), log(D/F))–plane could indicate two
metastable critical points more clearly (see below). Additional simulations
would be needed clarify this point. We find evidence that growth with very
long rods (L = 9) includes 2D (in-plane) demixing at early stages, as well, an
effect predicted by a lattice FMT for these systems. We proposed that crossing
points of e.g. the gel line (scenario (D)) with other transition lines associated
with dynamical arrest could be used to estimate the position of metastable crit-
ical points – both their reduced temperature (attraction strength) as well as the
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density (potentially).
The specific choice of out-of-plane rotational dynamics is another, surpris-

ingly important factor effecting the kinetics, and therewith the morphological
evolution in the growing monolayer. Tumbling dynamics generate diamond-
like-shaped islands, which are even more pronounced for longer rods. Further,
scenario (E) seems to be avoided completely, i.e. a wetting layer does not form
(at neutral substrates), and collective standing-up processes are highly pro-
nounced in the form of loops in the packing fraction. We also explored dimers
(L = 2), which also avoid scenario (E) at neutral substrates. It is then recovered
for moderate substrate strengths.

We provided quantitative results on the evolution of clusters or nearest-
neighbor connected regions during monolayer growth – composed of standing
rods, lying rods, or “any”-oriented rods. We also performed morphological
analysis by means of Minkowski functionals of these connected regions, which
have provided additional insight and means to discern the different phase
transition scenarios. We also quantified (roughly) percolation transitions (as
well as an anti-percolation transition) for these connected structures. We con-
structed and quantified observables like the particle mobility in rotational or
translational degrees of freedom. These render crucial dynamical information
complementary to that contained in global (mean) structural observables.

We also performed preliminary experiments with e.g. monolayer heating,
temperature quenches, interrupted growth, and evaporation–deposition dy-
namics. These could render further, deep insight into the phase separation ki-
netics and nonequilibrium properties of these systems. Regarding evaporation–
deposition dynamics, weak desorption can “accelerate” the system toward the
next quasistationary (metastable) or stable state, which seems like an interest-
ing prospect for future studies.

In part III (Ch. 6), we investigated hard-core rods of size L × 1× 1 on a cu-
bic (3D) lattice in Monte Carlo simulation studies, performed in the grand-
canonical ensemble. In the fully on-lattice model, the discretized degrees of
freedom (both rotational and translational) lead to interesting characteristics of
the isotropic–nematic phase transition, which differs substantially compared
to liquid-crystal-type models in the continuum.

We first studied purely hard-core rods. This represented a collaborate effort
(Phys. Rev. E 96, 012104 (2017), please see corresponding Ch. 6). We observed
a nematic transition for L ≥ 5 (where we studied L = 6, 8, 25 in detail). For
L = 5, 6, the nematic state entails a negative order parameter: ordering is re-
alized by the dominance of two orientational directions simultaneously. The
type of ordering changes for L ≥ 7, where the nematic entails a positive order
parameter: one of the three orientations dominates. We (later) found that a
two-dimensional order parameter analogous to that of three-state Potts models
is superior for describing the orientational ordering. Importantly, we found
evidence that the isotropic–nematic transition is weakly first order, which is in
stark comparison to the behavior of continuum models. The weak-first-order
character is hidden in even rather large system sizes, where the transition ap-
pears to be a continuous one. We found evidence first in very large systems
of size M3 = 1683. Indeed, the system shows highly pronounced fluctuations
in the order parameter around the transition state. Lattice fundamental mea-
sure theory (FMT) very likely fails at capturing these strong fluctuations, and
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massively overestimates the strength of the (first-order) transition. In fact, the
functional is equivalent to a mean-field-type entropy formulated much earlier
in other contexts.

We proceeded to simulate and analyze the phase behavior of the same lat-
tice model of hard rods with additional “sticky” attractions, first in the 3D bulk,
as well as in full 2D confinement. This study likewise was performed in a collab-
orate context (Phys. Rev. E 100, 012707 (2019), please see corresponding Ch. 6).
The additional attractions induce a gas–liquid transitions that compete with the
orientational ordering transitions. The phase diagrams are both qualitatively
and quantitatively different from those of comparable model systems of the
continuum (e.g. spherocylinders with short-ranged attractions). In the 3D sys-
tem, the isotropic–nematic transitions remain weakly first-order for the limit of
weak attractions. Upon increasing attractions (or decreasing the reduced tem-
perature), this weak-first-order character persists down to a transition tempera-
ture region. Thereafter, the coexistence density gap widens dramatically, i.e. the
transition becomes strongly first-order in character and represents a separation
of an isotropic gas and nematic liquid. The transition-region depends heav-
ily on rod-length, and even is manifested with a remarkably different phase
diagram topology for the case of L = 5.

In the 2D system (on a square lattice), the nematic phase is manifested by
the demixing of the two possible particle species (orientations). We presented
results for the exemplary case of L = 10 (long rods). For weak attractions,
the isotropic–nematic transition remains continuous, forming a line of critical
points for increasing attractions that presumably terminates at a tricritical point.
Thereafter, a gas–liquid binodal widens substantially. In the region just above
the tricritical point, the line of critical points bends in an unexpected way: the
transition moves to higher densities upon increasing the temperature before
moving to lower densities again, which seems counterintuitive. However, we
have rationalized this behavior by observing that the internal density of large
nematic domains increases for stronger attractions. These domains are highly
sterically-incompatible at their boundaries since they contain exclusively one
rod orientation. Vacant spaces open up between domains at the onset of the
gas–liquid demixing transition at the (presumed) tricritical point.

In part IV (Ch. 7), we explored the behavior of a machine learning algorithm.
(Beta-) variational autoencoders (β-VAEs) are powerful neural-network archi-
tectures capable of learning abstract representations of data as well as a gener-
ative model thereof – in an unsupervised fashion. To better understand them
as well as interpret their limits and generative capabilities, we applied β-VAEs
to a statistical (physical) model system which we characterized in this thesis:
to datasets of configuration snapshots of the 2D, sticky-hard-rod system.

We uncovered that they “coarse-grain” the configurations, and the level
of coarse-graining depends crucially on the latent space dimension. The level
also depends on the hyperparameter β, which can induce mode collapse upon
a threshold value – a phase transition occurs. This threshold varies with the
latent-space dimension provided. We interpreted the latent variables (the inter-
nal representation) as “collective variables” in the hard-rod system, whereby
the first two variables are identifiable with the 2D order parameter for the
tricritical phase behavior of the hard-rod system. As the probabilistic model
encodes both means and variances in an approximate (Gaussian) posterior
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distribution over latent variables, the variances may be interpreted as “gener-
alized susceptibilities”. These render additional information on fluctuations of
the variables in the system, and can be used to rank the collective variables
in the test data. Interestingly, at the threshold state of the system, just before
mode collapse, we saw that the character of the collective variables changes
drastically. They form a coarse-graining hierarchy, become disentangled, and
their fluctuations in the data are most broadly distributed across latent dimen-
sions. The Gaussian prior seems to represent, very roughly, a (tri-)critical or
coexistence thermodynamic state, albeit one that remains uninterpretable. As
the thermodynamic state parameters do not condition the generative model, it
cannot sample thermodynamic states and is limited in interpretability.

We found that the specific choice of data representation during preprocess-
ing is of central importance for the success of the algorithm as well as the
(partial) interpretability of the learned representations. Ideally, the informa-
tion at the microscopic scale of the particles should be represented in a basis
that reflects the possible realizations of the relevant global order parameters. In
this way, any broken global symmetries in the system upon thermodynamic
phase transition(s) will be detected with ease. Moreover, the resulting sparse
input representation may be beneficial in more general contexts. Indeed, we
tested the β-VAEs on a wide range of datasets belonging to different Boltzmann-
Gibbs equilibrium distributions (in grand canonical ensembles), i.e. even dis-
tributions with different temperatures than the training set. Errors in physical
observables on the output like energy, order parameters, or gradients thereof
each detect, quite sharply, the thermodynamic phase transition points, i.e. the
critical and coexistence chemical potentials in the rod system. Further, observ-
ables on the latent encoding of the data are likewise adept at detecting phase
transitions, and possibly even the order of the transitions.

We compared the “vanilla”-VAEs that we studied in much more depth
to deep-convolutional β-VAEs. We found these are likewise limited by the
chosen latent space dimension in their ability to “coarse-grain” configurations.
They did not necessarily out-perform the “vanilla”-VAEs on various measures.
Intriguingly, however, preliminary findings suggest that DC-VAEs may learn a
“conjugate” representation of latent variables compared to the fully-connected
VAEs. This may be more theoretically more useful. On a final note, the dataset
of physical configurations of hard-core rods in 2D may present a very difficult
learning problem. We argued that the highly-correlative nature of hard-core
repulsions produce configurational datasets with an unusually high amount of
complexity.

Finally, as part of the closing of this thesis, in Ch. 8, we provided a general dis-
cussion. We tied together findings about the effects of full lattice constraints on
phase behavior as well as related phenomenology. We discussed challenges in
finding a generic model for thin film growth with molecules, as well as related
rate-equation approaches. We discussed our method-of-approach to better un-
derstanding and characterizing machine learning, i.e. the task of learning the
configurational realizations of an idealized, many-body model system from
physics. We also discussed a few prospective and speculative ideas that have
arisen while writing this thesis.



9.2. Final conclusions and outlook 589

9.2 Final conclusions and outlook

All in all, we saw that lattice models can be very helpful for explaining physics
of systems in equilibrium and nonequilibrium conditions. This owes to their
inherent simplicity, which, however, also defines their limits. Simple model sys-
tems are excellent and necessary for theoretical development. We need to find
abstractions over the immense complexity contained in many-body systems.
However, even seemingly simple systems can be highly intricate, in particular
when in nonequilibrium conditions. In this thesis, we unveiled unexpected com-
plexity generated from a very simple, dynamical model system of anisotropic
particles – of a lattice model of sticky hard rods. We showed the model can be
very useful for understanding basics of the nonequilibrium physics of thin film
growth with anisotropic particles, which was the particular nonequilibrium
setting in focus.

Each such idealization implies a separation of time-, energy-, or spatial-
scales in a system (or degrees of freedom), which is either on-purpose or not.
Understanding the full implications of each model of a many-body system is
not clear up front, especially when a system is modeled under nonequilibrium
conditions. Fundamentally, global energy or mean values thereof are not con-
served, which is tied to the loss of ergodicity – this can result in a vast array
of unexpected behavior. For example, we saw that even fine adjustments to
dynamical or energetic model assumptions can lead to vastly different results
in a nonequilibrium evolution. Nonequilibrium many-body systems, therefore,
are inherently difficult to control theoretically, in the sense that an “all-purpose”
procedure to properly coarse-grain nonequilibrium many-body systems is cur-
rently not known or well-established. Therefore, one must be cautious not to
oversimplify a model for complicated systems in out-of-equilibrium conditions,
where various presumptions on the dynamics can very easily break down. The
long-time outcomes in the model may go vastly astray when compared to the
behavior of the more complicated system in mind.

Even in equilibrium, a lattice model will not be equivalent or a (rigrously)
coarse-grained counterpart to a more complicated system with fully continu-
ous degrees of freedom. We can attest to this for the case of anisotropic, hard-core
model systems that we compared in this thesis. We demonstrated how order-
ing and phase behavior in simple lattice models of hard rods is remarkably
different from that of continuum counterpart models. The bulk behavior of
the lattice models regarding the isotropic–nematic transition is quite differ-
ent when compared to that of liquid-crystal-type models in the continuum. In
the monolayer, qualitative overlap between the lattice and continuum models
of anisotropic particles might persist due to the strong level of confinement,
where the major, many-body events will ultimately involve a transition from a
low-density isotropic (or lying) state to a high-density standing state. However,
the direct comparison we presented in this thesis was for the case of purely
hard-core rod systems in the monolayer, which lacked thermodynamic phase
transitions. Therefore, some aspects around the comparability of lattice and
continuum models of rods in strong, monolayer confinement remain open.

From our studies on VAEs, we have uncovered that a generative machine
learning method applied onto configurations of a physical model system ren-
ders an intriguing, alternate model of the physical system. The model produces
“coarse-grained” versions of configurations, identifies the order parameters of
the physical system, and possibly even conjugate variables thereof. Further,
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they discover higher-order, collective variables that represent structural fluctu-
ations in the fluid. As the generative model appears to approximate the tricrit-
ical point of the physical model system, this form of learning appears deeply
connected with critical behavior. Moreover, deep convolutional architectures
may provide a higher level of interpretability and utility from a theoretical per-
spective, as they potentially render “conjugate” models that could mimic an
approximate free energy functional.

Therefore, generative machine learning algorithms seem to have the po-
tential to learn statistical physics. We state the following (rough) postulate: In
order to organize large, complex data in abstract, compact (and useful) pieces
of information in a machine with finite capacity, machine learning will ulti-
mately have to “do” thermodynamics or statistical mechanics in one form or
another – representing different “thermodynamic” states may be one of the
only reasonable ways to (implicitly) group data according to gross similarities.
In general, we think ‘putting in’ more physics into machine learning is a clear
way forward, especially knowledge of the statistical mechanics of hard-core
particle systems (e.g. like that of hard rods), which are highly correlative in
nature. In turn, we have seen that if we apply machine learning to a complex,
(hard-core) many-body system from physics, which we understand well, then
we can begin to learn how machine learning works. We think this protocol may
help open up the black box of many algorithms, as well as offer novel ideas.
Efforts towards a closer synergy between both fields seems a promising for the
future.



591

Appendix A

Appendix for monolayer growth
with “sticky” rods

This appendix pertains to Ch. 5 of this thesis.

A.1 Growth of monolayers in ε-regime I or around εcrit

Way above the critical point, we observe the dynamics of a monolayer that
resemble that of hard rods, at least for the investigated parameter range of
F/D (the quench rate). Figs. A.1 and A.2 display the behavior for ε = −0.33
for neutral substrates, which is well above the vapor–liquid critical point εcrit.
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F I G U R E A . 1 : Evolution of the order parameter Q versus num-
ber density (left) and surface packing fraction η (right) for sys-
tem of hard rods with length L = 3 with sticky attraction ε =
−0.33, shown for various sets of kinetics parameters {γ, F/D}.
Very fast growth with {γ = 0.05, F/D = 0.1} differs from
{γ = 0.5, F/D = 0.01}, though they are described by the same
hard-rod-like-growth parameter α = γF/D = 0.005 . These re-
sults were obtained with a larger lattice size of M×M = 5122.
The solid curves are purely-hard rods (ε = 0) in equilibrium.

Upon approaching the critical point for lower temperatures, the monolayer
fluid entails stronger fluctuations in density and order parameters. This is
natural for systems near critical points. The evolution of global quantities such
as the nematic order parameter and packing fractions unveil a pronounced
sensitivity of the trajectories of the system to the specific relative rate of the
quench rate F/D in Fig. A.3 when compared to higher reduced temperatures
(Fig. A.1).
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F I G U R E A . 2 : Evolution of the density(left) and lying-rod den-
sity ρ12 (right) versus rescaled time for system of hard rods
with length L = 3 with sticky attraction ε = −0.33, shown
for various sets of kinetics parameters {γ, F/D}. It is more
apparent in the right figure that very fast growth with {γ =
0.05, F/D = 0.1} differs from {γ = 0.5, F/D = 0.01}, though
they are described by the same hard-rod-like-growth parame-
ter α = γF/D = 0.005 . The solid curves represent purely-hard

rods (ε = 0) growing in quasiequilibrium.
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F I G U R E A . 3 : Evolution of the order parameter Q versus num-
ber density (left) and surface packing fraction η (right) for sys-
tem of hard rods with length L = 3 with sticky attraction
ε = −0.5988, close to the critical point, shown for various sets of
kinetic parameters {γ, F/D}. The solid curves are purely-hard

rods (ε = 0) in quasiequilibrium.
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F I G U R E A . 4 : Multiple order parameters and observables plot-
ted over the time-trace for an exemplary case of fixed dynamics,
F/D = 1× 10−5, for growth of a monolayer with ε = −0.5988
near the critical point (L = 3). The kinetics already have the

same signature as scenario (B), see Fig. 5.52.
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Structural quantification: Nearest-neighbor connected clusters

These structures can be quantified per moment in time with the help of cluster
detection schemes, which detect nearest-neighboring particles from simula-
tion snapshots. The mean “cluster” sizes of lying particles at high deposition
rates is higher compared to that of slower F/D. The opposite is true for stand-
ing particles. We stress here that the structural quantities analyzed represent
nearest-neighbor connected regions. The detection schemes are explained in
Sec. 5.3.7.

Interestingly, both for ε-Regime I (Fig. A.5) and near the critical point
(Fig. A.6), we find that the mean cluster size of lying rods peaks around ρ ≈ 0.33,
a density at which or near which (slightly after) the system can become arrested
for lower reduced temperatures (regimes II and III).
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F I G U R E A . 5 : Average measured nearest-neighbor cluster size
〈i〉 larger than the cutoff imin versus monolayer density dur-
ing monolayer growth via deposition at ε = −0.33 (regime
I): (Top) Nearest neighbor detection scheme using particles of
any orientation, (middle) only lying nearest-neighboring parti-
cles, (bottom) only standing nearest-neighboring particles. Note
that the ε = −0.33 system was simulated on a larger lattice of

M×M = 512× 512.
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F I G U R E A . 6 : Average measured nearest-neighbor cluster
sizes 〈i〉 larger than the cutoff imin versus monolayer density
during monolayer growth via deposition at at ε = −0.5988,
which is close to the critical point: (Top) Nearest neighbor
detection scheme using particles of any orientation, (middle)
only lying nearest-neighboring particles, (bottom) only standing
nearest-neighboring particles. Compare to Fig. A.5. Fast growth
favors larger average cluster size especially when just above the

critical point εcrit.
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A.2 Additional plots for neutral substrates, L = 3,
regimes II and III
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F I G U R E A . 7 : Global order parameter Q rods versus time t?

rescaled with the attempt flux rate at fixed attraction strengths
for a sweep over F/D (L = 3).

Below we provide an overview in Figs. A.17 and 5.12 of the growth of
monolayers via deposition at temperatures below the second critical point in
for the nematic order parameter and packing fraction.
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(Fig. 5.27).
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F I G U R E A . 1 1 : Global density ρ12 of lying rods versus time t?

rescaled with the attempt flux rate (at a fixed F/D) for a sweep
over attraction strengths (L = 3) for long times. Compare to

Fig. 5.24.
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F I G U R E A . 1 2 : Monolayer growth via deposition below first
critical point at ε = −0.7: Upright-cluster number density (left)
and average size (right), calculated for clusters of size greater
than imin. After hitting the binodal (dotted line), the clusters
increase in number and size, though the onset for clusters larger
than imin is delayed for very fast F/D, which initially generates

many small clusters.
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F I G U R E A . 1 4 : Evolution of the order parameter Q versus
number density (left) and surface packing fraction η (right) for
system of hard rods with length L = 3 with sticky attraction
ε = −2, below the second critical point, shown for various sets
of kinetics parameters {γ, F/D}. The solid curves are purely-

hard rods (ε = 0) in equilibrium.
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various sets of kinetics parameters {γ, F/D}. The solid curves
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F I G U R E A . 1 6 : Schematic overview of snapshots during
growth as plotted in the (ε, D/F)-plane at three different den-
sities for regime III. This is for L = 3 and neutral substrates.
Snapshots are approximately 128 × 128 unit-sized cutouts of

the configurations, which are 256× 256 in size.
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F I G U R E A . 1 7 : Evolution of order parameter
and packing fraction during monolayer growth for

ε ∈ {−1.0,−1.5,−2.0,−3.33}
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T R A N S L AT I O N A L LY mobile particles:
variance of number density ρmob vs. monolayer number density ρ
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F I G U R E A . 1 8 : Translationally mobile particles (out-of-plane
rotations): Variance of number density ρmob versus global den-
sity ρ (at a fixed F/D) for a sweep over attraction strengths
(L = 3). The variance was calculated from running bins of data-

points.
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A.3 More results on growth at attractive substrates (L =
3)

We provide here additional plots in the analysis of growth of monolayers with
sticky rods at attractive substrates (Ch. 5.5).

10−3 10−2 10−1 100 101 102

t? = Ft

−0.5

0.0

0.5

1.0

Q
L = 3

F/D =1.67× 10−5

usub = −0.5

hard rods

ε = −0.7

ε = −0.8

ε = −1

ε = −1.5

ε = −2

10−3 10−2 10−1 100 101 102

t? = Ft

10−4

10−3

10−2

10−1

100

ρ
3

L = 3

F/D =1.67× 10−5

usub = −0.5

10−3 10−2 10−1 100 101 102

t? = Ft

10−3

10−2

10−1

100
ρ

12

L = 3

F/D =1.67× 10−5

usub = −0.5

F I G U R E A . 1 9 : Time-trace of global observables during
growth with fixed conditions (F/D = 1.67 × 10−5) for weak

substrate potentials usub = −0.5.
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substrate potentials usub = −0.5.
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Appendix B

Appendix to study on variational
autoencoders

This appendix pertains to Ch. 7.

B.1 Output space: quantitative comparisons for chang-
ing β

To quantify or gauge the ‘physical’ consistency of the VAE, we treat the output
like true configurations of the “sticky” hard-rod system: We measure the error
in quantities such as the inner energy, the fluctuations of order parameters, and
gradients thereof, as all these can be calculated on the “field” quantities, i.e.
pixel-wise at every channel and site, in both the output configurations as well
as the input. Treating the images as local order parameter fields was key to
successful and interpretable learning with VAEs, which we reported in Sec. 7.3.
Therefore, in the section below we systematically probe the thermodynamic,
and, therefore, physical “truthfulness” of the output data (conditioned on input)
by applying the trained VAEs to test data in Gibbs-Boltzmann ensembles (just
like the analysis above).

The reconstruction error, as well as error in inner energy, the angle of the 2D
physical order parameter field, and the intensity of the gradients in the order-
parameter fields are presented in Figure B.1. The reconstruction error (top left)
does steadily suffer with higher β; the intensities of the gradients do, as well
(bottom left). Yet, the error in the inner energy calculation and angle of the
complex order parameter c do yield a more complex dependency. In particular,
it appears as though β = 10 for this particular dim(z) is a bit “out of line”. This
is already past the threshold state, which is around β = 9 for dim(z) = 128.

The accuracy of the reconstructed configurations and their physical charac-
teristics versus β depend crucially on the latent-space dimension, shown as a
comparison in Fig. B.2 for a thinner and thicker network. The larger the latent-
space dimension given (and the higher the capacity the network has), the more
sensitive a VAE is to small changes in β.
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B.2 Successively “turning on” latent variables (ex-
ploratory)

In this section, we present more results in an exploration of the learned latent
representations. Let us consider a VAE near a threshold value of β, where the
latent variables show a hierarchy, as described in Sec. 7.6. We can successively
“turn on” latent variables of each image. This is possible because the latent vari-
ables over entire test data sets (i.e. over large spans of thermodynamic states)
are centered around zero. (We found this in Sec. 7.5.) Figure B.3 shows quanti-
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F I G U R E B . 3 : Successively “turning on” variables in the la-
tent space (fix others to zero) for VAEs that learned a pro-
nounced coarse-graining hierarchy of collective variables (i.e.
separated or “disentangled” spatial modes): Reconstruction er-
ror (top left), absolute error in reconstructed inner energy (top
right), error in the order parameter (bottom left)and intensity
of gradients (bottom right) versus log-fugacity for test data at
T∗ = 1.299, below the tricritical point. VAE with β = 4 and

dim(z) = 256.

tative results of the output after applying this scheme: The reconstruction error
(top left figure) behaves, remarkably, nearly identically to that contained in
Fig. 7.11 which varies dim(z), instead. Hence, we might be “coarse-graining”
the reconstructed images, at least judged by the nearly-even spacing of the
curves (which represent exponential increases of the number of variables) in
the mean-squared error. However, the inner energy (top right figure) reveals
somewhat different behavior to the same observable found in Fig. 7.11. The
same is true when observing the errors of the angle of the complex order param-
eter (bottom left figure) and intensity of the gradients (bottom right). Thus, this
“coarse-graining” is only approximate. Visual inspection of the reconstructed
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configurations after successively “turning on” variables (not shown here) at-
tests to this. The variables are not exactly orthogonal to one another, so, the
spatial modes still mix to some degree and are not cleanly separated into a
hierarchy.

This mixing of spatial modes is the key feature of the latent variables for
VAEs with small β, apparent in Figs. 7.34 and 7.35. We repeated the same ex-
periment for this case of VAEs. The results of the reconstruction error in inner
energy are presented in Fig. B.4. We report analogous behavior of all plots
for other tested temperatures T∗ = 1.351, 1.333, 1.266. The reconstruction er-
ror does not show near-even spacing between the curves for exponentially-
increasing numbers of components. Interestingly, however, the error in the in-
ner energy does show much more regular spacing in the demixed phase (past
the phase transition point indicated in the vertical gray line). Moreover, the
form of the curves is completely different compared to those in Fig. B.3 (top
right). The inner energy is calculated using a multiplication operation over
nearest-neighbor sites on the lattice: it contains information on correlations
within each image. Hence, this error quantity seems to reflect the total informa-
tion contained in all subsets of latent variables, while the mean-squared error
(which is only a pixel-wise comparison) only does when the latent variables
form a spatial coarse-graining hierarchy.
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F I G U R E B . 4 : Successively “turning on” variables in the la-
tent space (fix others to zero) for VAEs that learned a weak
coarse-graining hierarchy of collective variables (i.e. mixed of
“entangled” spatial modes): Absolute error in reconstructed in-
ner energy at T∗ = 1.299, above the tricritical point. (left): β = 1
and (right): β = 0.1 (very weak) for dim(z) = 256. Contrast to

Fig. B.3 (top row).
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