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Abstract

Numerical analysis is the branch of mathematics that studies algorithms that compute
approximations of well-debPned, but analytically-unknown mathematical quantities. Sta-
tistical inference, on the other hand, studies which judgments can be made on unknown
parameters in a statistical model. By interpreting the unknown quantity of interest as

a parameter and providing a statistical model that relates it to the available numerical
information (the Odata®), we can thus recast any problem of numerical approximation
as statistical inference. In this way, the Peld oprobabilistic numericsintroduces new
Ouncertainty-awareO numerical algorithms that capture all relevant sources of uncertainty
(including all numerical approximation errors) by probability distributions.

While such recasts have been a decades-long success story for global optimization and
quadrature (under the names of Bayesian optimization and Bayesian quadrature), the
equally important numerical task of solving ordinary dilerential equations (ODES) has
been, until recently, largely ignored. With this dissertation, we aim to further shed
light on this area of previous ignorance in three ways: Firstly, we present a brst rig-
orous Bayesian model for initial value problems (IVPs) as statistical inference, namely
as a stochastic bltering problem, which unlocks the employment of all Bayesian Plters
(and smoothers) to IVPs. Secondly, we theoretically analyze the properties of these new
ODE Pplters with a special emphasis on the convergence rates of Gaussian (Kalman)
ODE bilters with integrated Brownian motion prior, and explore their potential for (ac-
tive) uncertainty quantibcation. And, thirdly, we demonstrate how employing these
ODE blters as a forward simulator engenders new ODE inverse problem solvers that
outperform classical Ouncertainty-unawareO (Olikelihood-freeQ) approaches.

This core content is presented in Chapter|2. It is preceded by a concise introduction
in Chapter[1 which conveys the necessary concepts and locates our work in the research
environment of probabilistic numerics. The bnal Chaptefr|3 concludes with an in-depth
discussion of our results and their implications.



Kurzfassung

Die numerische Analysis ist der Zweig der Mathematik, der sich mit Algorithmen be-
schSftigt, welche Approximationen von wohldebnierten, aber analytisch unbekannten
mathematischen Grs8en berechnet. Die inferentielle Statistik studiert hingegen, welche
Aussagen Yber die unbekannten Parameter von statistischen Modellen getrolen werden
kSnnen. Indem wir die unbekannte LSsung eines numerischen Problems als einen solchen
Parameter interpretieren und indem wir ein statistisches Modell konstruieren (das diesen
Parameter in einen Zusammenhang mit den verfYgbaren Informationen stellt), kSnnen
wir jedes numerische Problem als statistische Inferenz reinterpretieren. Auf diese Art
fYhrt das GebietProbabilistische Numerikneue Ounsicherheitsbewusste® numerische Me-
thoden ein, welche alle relevanten Quellen von Unsicherheit (inklusive der numerischen
Unsicherheit) berYcksichtigen.

WShrend solche Umformulierungen bereits seit Jahrzehnten fYr globale Optimierung
und Quadratur (unter den Namen Bayesian Optimization und Bayesian Quadrature)
eine Erfolgsgeschichte sind, wurde die ebenso wichtige LSsung von Ordinary Dilerential
Equations (ODES) bis vor kurzem weitgehend ignoriert. Mit dieser Dissertation wollen
wir diese WissenslYcke mit drei BeitrSgen fYllen: Erstens prSsentieren wir ein erstes rigo-
roses bayesianisches Modell fYr Anfangswertprobleme (AWPe) als statistische Inferenz
- nSmlich als stochastisches Filterproblem. Dies erm3glicht die Anwendung aller baye-
sianischer Filter (und GIStter) fYr AWPe. Zweitens analysieren wir die Eigenschaften
von diesen neuer®DE Filtern - mit einer besonderen Betonung auf die Konvergenzra-
ten von Gau§ (Kalman) ODE Filtern mit einer integrierten Brownschen Bewegung als
Prior - und untersuchen ihr Potential fYr (aktive) Unsicherheitsquantibzierung. Drittens
demonstrieren wir, wie die Anwendung dieser ODE Filter als VorwSrtsI$ser neue Algo-
rithmen fYr Inversprobleme ergibt, welche die Samplee"zienz und Geschwindigkeit von
klassischen QunsicherheitsunbewusstenO (OlikelihoodfreienO) Algorithmen Ybertrelen.

Dieser Kerninhalt wird in Kapitel P] prSsentiert. Eine konzise Einleitung ist in Ka-
pitel [l zu Pnden, welche die nstigen Konzepte vermittelt und unsere Forschung in den
Kontext der probabilistischen Numerik einordnet. Das bnale Kapitgl| 3 schlie8t mit einer
Diskussion unserer Ergebnisse und derer Implikationen.
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Preface

We shall not cease from exploration
And the end of all our exploring

Will be to arrive where we started
And know the place for the brst time.

NT. S. Eliot (Four Quartets, OLittle GiddingO)

Imagine, dear reader, a group of scientists at a colee break of a conference for compu-
tational mathematics. Everybody is relaxed and, perhaps, tired from a jetlag, waiting
for the colee to kick in. One of the scientist (probably a younger one) is colloquially say-
ing to her colleagues: "The true solution of a numerical problem is unknown, otherwise
no approximation (and hence no numerical method) would be needed.” Her colleagues
sleepily nod along to this boring truism, but their drowsiness disappears as she goes
on: "Statistics is, amongst other things, the science of inferring unknown parameters.
Hence, both numerics and statics are concerned with estimating unknown quantities."
As her colleagues begin to listen with interests (some of them have never thought of this
clear parallel), they become more tense as she continues: "Hence, if we can provide a
statistical model in which the true solution is a parameter, we can employ methods from
statistical inference to compute a (posterior) probability distribution that captures our
incomplete knowledge of the true solution, including the uncertainty. In many cases,
classical numerical approximations can then be viewed as point estimates that are con-
tained in this probability distribution as a mean or mode." If she (notwithstanding the
increasing tension of some of her colleagues) would have the audacity to assert "Numeri-
cal analysis is but a subset of statistical inference which prioritizes worst-case bounds!",
passionate push-back (at least from the senior numerical analysts in the room) would
be guaranteed.

This bctional scenario is an archetype for the many (often tense) discussions my
probabilistic-numerics colleagues and | have experienced with other scientists. While
virtually everybody would agree with the Prst sentence of the above bctional quote,
many very capable scientists would not follow along to the statement that statistical
inference can be used for numerical problems. Even more would disagree with the claim
that numerical analysis is a subset of statistical inference. Since the argumentative steps
seem watertight to me, such conversations never failed to fascinate and bewilder me. In
particular with very senior scientists, it made me feel a little bit like the prisoner in the
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unexpected hanging paradogChow, 1998) who concludes that what happens to him (his
hanging) is logically impossible.

Of course, people will explain why, in their view, the above arguments are wrong or
misguided. To begin with, they might have the following fundamental objections (we
omit some less-convincing misconceptions here): They might assert that it is, generally,
absurd to use statistics for deterministic objects, and that the only true statistical model
would be a Dirac measure on the true solution which, however, is unknown. Or they
might claim that, since there is (a priori) no true statistical model, any model will
bias the bnal approximation. Or they might posit that the information (read: function
evaluations) used by numerical methods cannot be treated as data because "data has to
be collected or measured”, or point out that numerics might not be a strict subset of
statistics since the solution of Pnite numerical problems is known if enough compute is
available.

While these arguments are great starts for further thought, | believe that they ulti-
mately do not hold up to scrutiny. This is not the right place to give a detailed refutation;
but many of the relevant arguments can be found in Hennigt al. (2015),|Oates and
Sullivan (2019), and (to some extent) also in Ritter|(2000).

The oppositional scientists might also point out dilerent tendencies and emphases
in statistics and numerics: They might argue that, unlike statistics, numerics tends to
focus on well-posed problems, and that therefore uncertainty quantibcation (UQ) is not
as central to numerics. They might go on to posit that, due to relying on an oftentimes-
slow data collection process, computational cost is less important in statistics, leading to
costly methods, and that noise in the data makes UQ in statistics more essential than in
numerics. They might say that statistics uses reproducing kernel Hilbert spaces (RKHS)
to classify problems, while numerics settles for more elementary function spaces. They
might point out that the statistical model is an additional modeling assumptionon top
of the inevitable function spaceand that the quality of the posterior UQ will depend
on this choice (leading to complex trade-o!s between computational cost and statistical
expressiveness of the prior). Or, they might point out that numerical algorithms are
optimized for the worst case, while statistics has the average case in mind.

These arguments, however, are not a rejection (and maybe are in fact an implicit
acceptance?) of the basic arguments put forward above. They contain very important
distinctions which we try to comprehend and take up in our research. In fact, all of the
research presented in this thesis are informed and fueled by such considerations.

Lastly, and least productively, the opposing scientists might enumerate what prob-
abilistic numerics (PN) has not achieved yetNenumerating algorithms and bounds for
specibc numerical problems. But Rome wasnOt built in one day, and there is really no
need to respond to this charge.

Maybe you can, dear reader, imagine how mystiPed these arguments have left me,
who has (over the years of my PhD) become convinced that PN unibes statistics and
numerics and ol!ers (what | call) the three promises of PN
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1. more Rexibleclassibcationof problems by statistical model selection,
2. comprehensiveuncertainty quantibcation and
3. invention of new average-case-optimal algorithms,

all of which are covered (for the example of ODES) in this thesis.
In some communities, the jury is still out on which side of the argument prevails, but
[, for one, am sure that we will eventually be acquitted of our iconoclasm of numerical
analysis. This dissertation is thus written in the spirit of an enthusiastic OYesO to PN.
If it makes the logic and the three promises of PN more visible to you, dear reader, its
goal will be met.
N Hans Kersting, TYbingen, September 2020

How to read this thesis: Chapter [1 contains a concise introduction to todayOs
research environment of probabilistic numerics for ODEsNwithin the larger context
of modern numerical analysis and machine learning. We advise any reader unfamiliar
with PN to read it. No knowledge of our published papers, which are attached in the
Appendix, is required for the introduction. The summary (Chaptef R) and discussion
(Chapter[3) are based on all publications. Therefore, it might be necessary for the reader
to familiarize themself with the Appendix, to understand these chapters in full detalil.



1 Introduction

Ordinary di'erential equations (ODESs) are important all over science and engineering.
Originally introduced by |[Newton (1671), the vast list of their applications today includes:
trajectories of objects in classical mechanics, action potentials in brains, radioactive de-
cay in nuclear power plants, continuous limits of deep neural networks, shortest paths
on Riemannian manifolds, predator-prey dynamics in ecosystems and the spread of pan-
demics. Formally, the trajectory of such a systenx : [0,T] $ RY is described by an
ODE, written

X(t) = f (x(t), %! [0,T], (1.1)

for some bnal timeT > 0, with a vector beldf : R® $ RY capturing the mechanics
of the systenﬂ Under the assumptions of the (global) PicardbLindelsf theorem (Kelley
and Peterson| 2010, Corollary 8.35), the solutior is well-dePned given any bxed initial
value x(0) I R“. An ODE, eq. ), together with an initial condition x(0) = a! R

is therefore a well-posed problem callethitial value problem (IVP). The solution is
often summarized in a so-calle®ow map! ((a) = x(t), where x(t) is the solution of
eq. (1.1) with x(0) = a. In this dissertation, we restrict our attention to IVPs. Note,
however, that our results can be applied to boundary value problems (BVPs), where a
Pnal conditionx(T) = b! R is added, via shooting methods (Presst al, 2007, Section
18.1).

1.1 The paradigm of classical numerics

Almost all of numerical analysis (OnumericsO) is built on, what we propose to call, a
worst-case uncertainty-unaware paradigm

The classical paradigm isworst-case in precisely the sense of Ritter| (2000) which
we are going to concisely exemplify for ODEs next. To this end, we consider explicit
RK methods as an example (but analogous arguments hold for all other methods). As
presented in more detail in Haireret al. (1987, Chapter Il), RK methods are designed to
have the fastest-shrinking convergence rates, given a certain amounsdf N evaluations
of f per step. For an integration step0 $ h of sizeh > 0, they compute a numerical
estimate ¥(h) as follows: First, fori ! { 1,...,s}, function evaluations are collected

‘we only consider, without loss of generality, the autonomous casé (x(t)) but all claims below apply
to the more general casd (x(t), t).
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Figure 1.1 Butcher tableau for explicit RungeDKutta methods, see egs. (IL.2) arld (1.3).

according to
! $
g1
yi=f " xo+th ay®», (1.2)
j=1

which are then used to linearly predict forward in time:

#S

®(h) = xo+ h hy. (1.3)

i=1

The coe'cients ap;, 83,83, ...,851,85, ..+, 855 1,01,...,05,C,...,6 ! R are usually
summarized in aButcher tableay see Figurd 1]1.

But how are these coe'cients chosen? To see this, let us prst recursively debne
fO:RY$ RIby fOa) = a fP(@) = f(a) and f V(a) = [&,f " P &f](a). Now,
dilerentiating the ODE, eq. (L.1), (i' 1)-times by the chain rule yields

xW(t) = £ V) &x<°> (t)' , (1.4)

as proved in Appendix C.Ipb. Hence, the Taylor expansion afaround some timet !
[0,T] is given by

x(t+ h) = ’% rl]lf (i)&x(o)(t)| . (1.5)

i=0

The coe"cients in the Butcher Tableau, Figure[1.1, are chosen such thai(h), matches
as many summands of the Taylor expansion, eq. (1.5), with = 0, as possible. In
other words, they are chosen such that the maximal numerical errdix(h) ' ®(h)" is

in O(hP) (by TaylorOs theorem, if applicable), witlpp ! N as high as possible. How
p grows with s is depicted in Figure[1.2. RK methods are therefore designed to have
the (asymptotically) smallest error for the worst-casé with bounded p" order partial
derivatives (so that TaylorOs theorem is applicable).
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Figure 1.2 The minimal amount of stagess for O(hP) convergence in explicit RK meth-
ods; see Butcher| (2008, Section 32).

To see why we also call the classical paradigomcertainty-unaware , recall that
Hermite interpolation (Spitzbart, 1960) bts a polynomial of least-possible order using
both observations of the function and its (higher) derivative. Hence, RK methods of
order p can also be thought of (iteratively) performing Hermite interpolation, with

o +
txO) = fO®m@1) ;i=0,....p (1.6)

as data, in every steg $ t+ h. However, except for the pbrst integration ste@ $ h, the
starting value X(t) is only an estimate of the truex(t). Accordingly, the data of eq. [(1.p)
is inexact or OnoisyO as theis only a true equality if ¥(t) = x(t). In reality, however,
the numerical error"®(t) * x(t)" can accumulate quickly; see e.g. Figure 7.1. in Hairer
et al. (1987). Hence, fort > 0, RK methods falsely make the implicit assumption that
f O®(t)) = xW(t), i.e. that they extrapolate with exact data . In other words, they
are unaware of their numerical uncertainty. Figuré¢ 1]3 shows that this elect matters by
comparing the RungeDKutta method (RK4) with the corresponding # order Hermite
polynomial (Hermite4) with exact data, i.e. with
0 , , * +
t,xO) = fO(xt) ;i=o0,...,4 (1.7)

instead of eq. [(1.5). This is to say that Hermite4 receives the data that RK4 assumes
to receives and does not suler from the numerical uncertaintg(t) € x(t) that RK4
ignores. It does not exhibit uncertainty-unawareness because it has access to certain
data. Unsurprisingly, the Hermite4 method outperforms RK4 in all cases of Figufe 1.3
which shows that the underlying assumptions of classical numerics are too optimistic. As
x(t) and hencef ) (x(t)) are unknown, we cannot remove the uncertainty (like Hermite4
does), but we can model it and build more robust Quncertainty-aware® solvers. In fact,
the brst paper of this thesis|(Kersting and Henn|g, 2016) in Appendix|A introduces such
a solver.

1.2 The paradigm of probabilistic numerics

As an alternative, probabilistic numerics (PN) proposes amverage-case uncertainty-
aware paradigm
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Figure 1.3 This bgure shows how RK4 and Hermite4 perform on the linear and Van
der Pol ODE. The linear system is given by\(t) = x(t), x(0) = X, and the Van der Pol
system by (x1(t), X2(t) = (U(xa(t) " $x2(t)®" xa(t), “42), x(0) = (2, ' 5), p=5. The
left column shows the trajectories. The right column shows the maximal error up to
time t.
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information Z

Qol operator Q numerical methodB

Q

Figure 1.4 A conceptual diagram of numerical methods. Details in text.

This approach is best understood in a Bayesian framework although it can also be
realized in a non-Bayesian way, e.g. by sampling-based ODE solvers as discussed in
Appendix [C.1.2.

The idea of Bayesian numerical analysisas Prst specibed by Diaconis (1988), was

recently derived from measure-theoretic principles by Cockayee al. (2019) in a rigorous
way. We here give an intuitive high-level summary.

Let us prst, with the help of Figure[ 1.4, think conceptually about what a numerical
method is: Assume that our numerical task is to infer some quantity of interest (Qol) in
Q, e.g. the bnal pointx(T) ! RY of some ODE. This Qol is a feature of some unknown
function x ! X, e.g. the entire solutionx : [0,T] $ R The Qol can be extracted
from x by applying the information operatorQ : X $ Q to x, which is the projection
Q(x) = x(T) for ODEs. We can collect information orx in the information spaceZ via
the information operatorZ, e.g. information onX(t) ! R via evaluations off (x(t)) ! R®
in the spirit of eq. (1.6). Now, a numerical methodB is just an algorithm that receives
information in Z as an input and constructs an approximation of the Qol IQ as an
output. It usually does this by mapping the information back throughZ to construct
an approximation ¥ of x and, then approximate the Qol byQ(®); cf. above-mentioned
RungebKutta methods.

A (Bayesian) probabilistic numerical method (PNM) performs these steps in the fol-
lowing principled way. It explicitly starts with a prior p(x) over X and then (actively)
collects informationz ! Z according to some policy depending op(x) and Z, e.g. it
queriesZ at some points inx (for instance the mean ofp(x)). Given the information
z, the probability of x given z is captured by somelikelihood p(x | z). Application of
BayesO rule

p(x12)) p(z|x)p(x) (1.8)
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now yields aposterior p(x | z). The bnal output of the PNM is then the pushforward
of p(x | z) through Q, i.e. Q,(p(x | z)); cf. Debnition 2.5 in Cockayneet al. (2019) for a
more rigorous version.

Computing the pushforward Q, is trivial and straightforward. The interesting and
di"cult part is computing the posterior p(x | z). However, by eq.[(1.B), its tractability
only depends on the priorp(x) and the likelihood p(z | x). We will now explain how
the prior and likelihood are key to understanding how probabilistic numerics is both an
average-case and uncertainty-aware paradigm.

The prior p(x): Average-case numerical analysis (Ritter, 2000) is concerned with
Pnding approximations to a numerical problems which are optimal when the numerical
problem is sampled from a certain prior. For example, it is known that quicksort has
optimal complexity of all permutations when a uniform prior over all permutations is
assumed (Hoare, 1961). For non-Pnite problems, uniform priors do not exist; but these
problems can still be equipped with (subjective) priors. Due to its excellent computa-
tional properties, Gaussian process (GP) priors are especially popular. For example,
the GP-regression posterior mean is known to be average-case optimal for any GP prior
(Rasmussen and Williamss| 2006, Section 2.2). Consequently, Bayesian quadratureN
which simply adds a Qol operatorQ which integrates the estimated functionNis also
average-case optimal (OOHagan, 1991) for any GP prior. For ODEs, however, the prior
cannot be put on the problem depPnitiorf but on the solution x because GP regression
should be performed orx and not onf . It is still average-case numerics in an important
sense though: If the vector beld (x(t),t) of the ODE does not depend orx(t), then
solving the ODE is equivalent to solving the integral f (x,s) ds, for anyx ! RY. It can,
in fact, be shown that Bayesian ODE blters perform Bayesian quadrature for such vector
Pelds and are thereforaverage-case optimal on this subclass of ODEs; cf. Wangt al.
(2018).

The likelihood p(z|x): The likelihood p(x | z) links the unknown functionx ! X
tothedataz! Z. In many cases, it is simply a Dirac measure at some exact evaluation
of x at some input; for example in the case of GP regression (or Bayesian quadrature)
with exact observations. In the case of ODEs, we do not have exact evaluations, but
can only construct observations of the derivatives of(t) at somet ! [0,T] through
evaluations off (¥(t)), as explained in Sectiof 1]1. If we use normal distributions, this
implies a likelihood of the form

p(z | x) = N (z;f (8(1)), V) (1.9)

wherez is treated as information on the derivativex(t) and the varianceV is supposed
to model the error "f (x(t)) ' f (&(t))". Therefore, this non-Dirac likelihood models
the import of the numerical uncertainty (®(t) € x(t)) that classical numerical analysis
ignores. Therefore, we say that probabilistic numerics is (unlike classical numerics)
uncertainty-aware

10
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1.3 Numerics of ODEs: a solved topic?

ODEs areNdue to the century-long relentless work of analysts of the caliber of Leibniz,
Bernoulli and RichardsonNanalytically well-understood; seb Kelley and Petersph (2010)
or Tesch| (2012) for a comprehensive summary of the accumulated analytical theory. The
numerical analysis, however, was (absent modern computers) largely ignored until the
20": While Leonhard | Eulet (1768) (still mostly interested in the analysis of ODES)
invented the Prst numerical ODE solver now calle@ulerOs Methodnd [Bashforth and
Adams (1883) introduced a generalization today known asulti-step methodsthe inter-

est in numerical solvers grew in the 20 century alongside the relevance of computers.
The most important breakthrough was provided by RungebKutta (RK) methods, an-
other generalization of EulerOs method by Runge (1895) and Kiitta (1901), which collect
multiple vector beld evaluations along a single integration step; see Sectjon|1.1. RK
methods are the basis of today@mgle-step methodsAs the third industrial revolution
(aka digital revolution) took o! in the second half of the 20" and computers became
omnipresent, RK methods were further developed, by the likes of NASAOs Apollo pro-
gram (Fehlberg, 1969), and are still the general go-to solution for most applications. In
the past decades, excellent comprehensive books on the numerics of ODEs have been
published; see e.g. Hairest al|(1987), Hairer and Wanner|(1996), Deul3hard and Borne-
mann (2002), and Butcher (2008). Many numerical analysts therefore consider ODEs
to be a solved topic.

1.4 The new challenges and chances of machine
learning

The inventors of classical methods for ODEs, however, did not foresee the advent of
the Fourth Industrial Revolution (Schwaly, |2017), in general, and of data-driven ma-
chine learning (ML) in particular. Therefore, we argue here, classical solvers may not
be prepared for the next generation of computer science. The shortcomings are twofold:
Firstly, classical solvers are not designed to interact with statistics and, by extension,
with ML systems. Hence, we consider them suboptimal for some ML tasks; see Sec-
tion [[.4.7 below. Secondly classical solvers are formulated in the paradigm of classical
numerics (see Sectioh 1.1) and have not utilized the recent successes of other paradigms
from ML (and statistics). Hence, we think that methods from ML can be used to solve
ODEs; see Sectiof 1.4.2 below. Some of the arguments presented next have been, in
more generic form, made in Hennigt al. (2015) and| Oates and Sullivan (2019).

11
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1.4.1 Challenges: Why do we need novel numerical methods
for ML tasks?

"Most of what is being called OAIO today, particularly in the public sphere, is
what has been called OMachine LearningO (ML) for the past several decades.
ML is an algorithmic Peld that blends ideas from statistics, computer science
and many other disciplines to design algorithms that process data, make pre-
dictions and help make decisions." NMichael Jordan| (2018)

Machine learning is a data-driven Peld: without data, no predictions; without predic-
tions, no improved decision making. The more noisy the data is, the more important is
statistics in general and uncertainty quantibcation|(Sullivan, 2015) in particular. How-
ever, this statistical uncertainty is not the only relevant kind of uncertainty.

Uncertainty can be subdivided into two high-level categories: aleatoric and epistemic
uncertainty.E] Aleatoric uncertainty signibPes any unknown outcome that is truly stochas-
tic, i.e. that is thought of as coming from as a random outcome that could be dilerent
if repeatedNsuch as a random number, a dice role or some phenomena in stochastic
gquantum mechanics. On the contrary, all unknown outcomes that are thought of as
non-stochastic (aka deterministic) are subsumed undepistemic uncertaintyNsuch as
the expected arrival time of a journey, a free model parameter or tomorrowQOs Weaﬂ'uer.

In ML, both sources of uncertainty play an important role (Gal, 2016). While the
aleatoric uncertainty is usually comprehensively treated by modeling the noise inher-
ent in the observations and (potentially) random numbers, the epistemic uncertainty is
often reduced to model uncertainty; see e.g. Kendall and Gal (2017). This, however,
completely ignores thenumerical uncertainty from imprecise numerical approximations.
This uncertainty can be signibcant (Henniget al., 2015%). For example, most of Bayesian
machine learning relies on Bayesian model averaging which has to rely on quadrature
in many cases|(Fragoset al., [2018). The uncertainty from the quadrature is, however,
largely ignoredNwhich the PN-method Bayesian quadrature can remedy (Bricét al),
2019).

Although ODEs are not as ubiquitous in ML as quadrature, they too add to the
numerical uncertainty in many situationsﬁ] In fact, ODE inverse problems are a ML
task on their own as they appear whenever the parameters of a dynamical system are
inferred. This thesis contains a paper| (Kerstinget al, [2020b) in Appendix[D which

’Note that this dichotomy resembles the dilerence between frequentism and Bayesianism: aleatoric
uncertainty assumes a repeatable frequentist experiment while epistemic uncertainty captures the
Bayesian belief distribution of some observer.

%The ongoing debate whether true randomness exists is beside the point, since this depbnition is only
concerned with how uncertainty is thought of. A random number, for example, is created by a de-
terministic random numbers generator, and it nevertheless makes sense to think of it as stochasticN
since it would be futile to model the underlying physics.

“To see the import of numerical uncertainty from another angle, note that numerical uncertainty is
an instance of logical uncertainty which is relevant for Al safety (Soares and Fallenstein, 2014).

12
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shows how PN can combine aleatoric and numerical uncertainty in such problems. Other
prominent cases of ODEs in ML include Hamiltonian Monte Carlo (Betancourt, 2017),
neural ODEs (Chenet al.,, 2018) and optimization (Scieuret al., 2017). In all of these
algorithms, statistical uncertainty interact with numerical uncertainty. Consider, for
example, the case of stochastic optimization.

Example (stochastic gradient descent): The gradient descent algorithm for an
objective function F has a well-known numerical interpretation as the integration of the
gradient Bow IVP, given by

X(t) = '& F(x), X(0) = Xg, (1.10)

using EulerOs method. Stochastic gradient descent algorithms, however, only receive eval-
uations of & F as information (Bottou et al., 2018, Section 3.2). This means that they
perform Euler steps with inaccurate information on the derivative. In other words, the
aleatoric (statistical) uncertainty from the gradient estimate is fed into EulerOs method
which will translate it into epistemic (numerical) uncertainty. Here, too, a joint treat-
ment of statistical and numerical uncertainty by PN might lead to better algorithms.

1.4.2 Chances: Is solving ODEs a ML task?

Judea Pear| (2018) recently caused a small scandal in the ML community by claiming
that "all the impressive achievements of deep learning amount to just curve ptting
While we do not fully agree with this provocative statement, it nicely highlights our
next point: If much (most?) of ML is a particularly e"cient way of curve btting (aka
regression), then all curve btting tasks should be ML tasks. Since ODE solvers bt the
solution curve x : [0,T] $ RY the application of ML regression-techniques to ODEs
should engender new solvers.

This insight has, in recent years, been brought to bear not only by us: ODE solvers
based on kernel ridge regression and deep learning have been introduced by Saitoh and
Sawano (2016, Chapter 5) and Raisst al. (2019) respectively. Our work uses Gaussian
Process (GP) regression (Rasmussen and Williams, 2006, Section 2.2) instead, because
the Bayesian paradigm comes with particular benebts over classical numerics (as we
explained in Section[ 1) and GPs are the only Bayesian non-parametric regression
technique with permissible computational cost (Ghahramanj, 2013, Section 4). Maybe
other regression techniques, such as regression trees (Segal,|1992), can also be applied
to ODEs in this spirit.

The rest of the thesis consists of a summary and discussion of our published papers
which are, in full, attached in the Appendix. In particular, we will concisely summarize
how thinking about ODEs as a ML task leads to the e"cient class of ODE solvers
now called ODE Plters and discuss how this research leads to thiaree promises of
probabilistic numericslisted in the Preface.
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Before we summarize our contribution taBayesian ODE blters we brst set the stage
by recalling Bayesian bltering for generic time series. This is didactically advantageous
because ODEs are just an example of a continuous signal: [0,T] $ RY which is
discretized by an ODE solver.

2.1 Gaussian bltering for generic time series

In signal processing, it is usually assumed that the signal is hidden but measurements
{yi;i=1,...,N} of the discretized state{x;; i =1, ...,N} are available. These states
and measurements are modeled in@obabilistic state space moddlSSM) consisting of

a dynamic model x; * p(x; | x;»1), and (2.1)
a measurement model y; * p(y; | X;). (2.2)

The dynamic model is usually thought of stemming from a continuous prior oR :
[0,T]$ RY. The measurement model is equivalent to a likelihood for the data provided
by the measurements. Unless very specibc information is available, this prior is chosen
to be a linear time-invariant (LTI) stochastic dilerential equation (SDE), written

p(x) * X(t)= FX(t) dt+ L dB(t), (2.3)

with Gaussian initial distribution N (mg, Pg) on X (0), where the drift and dilusion
matrices F,L | RP*P debne the deterministic and stochastic part of the dynamics
respectively. The unique solution of eq..3) is a GP with meam : [0,T]$ R® and
covariance matrixP : [0,T]$ RP®P given by

m(t) = A(t)m(0), and (2.4)

P(t) = A(DP(0A(t) + Q(1), (2.5)
where (A, Q) can be derived from(F, L) in closed form; see eqs. (C.Jf6) anfl (Cl77). Ac-
cordingly, (F,L) parametrize the priorp(x). Choosing the prior via(F,L) is fully anal-

ogous to prior selection for GP regression, as e.g. described in Rasmussen and Williams
(2006, Chapter 5), but restricted to GaussBMarkov processes; see Sedtioh 2.3. If the
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Algorithm 1 Generic Bayesian Filtering

1: Input: data {y;;i = 1,...,N}, initial distribution N (mq, Po), SSM egs. [(2.1)
and (2.3),i =1

2: repeat

3 i=i+1

4: compute predictive distribution p(X; | y1:i- 1) by eq. {2.1) fromp(X- 1 | y1:i» 1)

5. compute Pltering distribution p(x; | y1:i) by eq. (2.2) fromp(x; | yz:i» 1)

6: until i =N

measurement model is Gaussian as well, i.e.

p(yl |Xi)= N(yi;HXilR)i (26)

for matricesH, R, posterior distributions can be computed by very e"cient algorithms:
The Pltering distribution p(X; | y1;) can be computed by Gaussian (Kalman) pltering in
linear time O(N). The full posterior p(x; | y1.n) can be obtained by running RauchN
TungNStriebel (RTS) smoothing afterwards which maintains linear costNmuch faster
than the cubic cost of Rasmussen and Williams (2006). If the measurement model
is non-linear or non-Gaussian, non-linear Pltering (and smoothing) techniques can be
used to approximate the Pltering and posterior distributions by Gaussian (e.g. extend-
ed/unscented Kalman Plter) or sampling-based (e.g. particle pbltering) approximations.
A generic Bayesian Filtering algorithm is presented in Algorithni]1. More information
on generic Bayesian Pltering and smoothing can, e.g., be found in Anderson and Moore
(1979) and SSrkkS| (2013).

Example (Kalman Filtering): This example is instructive to build intuition and
see how fast Bayesian Filtering can be. Kalman Filtering computesxact bltering dis-
tributions p(x; | y14), i = 1,...,N, in the framework of Algorithm [1 if the dynamic

and measurement models are both linear and Gaussian. This is the case when the
dynamic and measurement model can be written gx(X; | X;» 1) = N (Ax;»1,Q) and

p(y; | Xi) = N (yi;HX;,R). In this case, the predictive and Pltering distributions are
Gaussians[(SSrkKS, 2013, Theorem 4.2), written

P(Xk | Yawr 1) = N(X;my P ), and  p(Xk | Yaxk) = N (Vi; My, Py). (2.7)

Both the prediction step (Line 4) and the update step (Line 5) of Algorithn{ L are now
cheap linear algebra computations.

¥ The prediction step is

m, = Amy- 1, P, = AP, jA'. (2.8)
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¥ The update step is

Ve = V' Hmy, S¢=HP H'+R, K =P H'S" (2.9)
me = my + KV, Pe= Pe ' K SK,. (2.10)

These steps are of cubic cost iD (due to the inversion ofS,), and (more importantly)
linear cost inN .

2.2 Two new constructions of state space models for
ODEs

As an e"cient Bayesian model for a temporal function, a probabilistic SSM is perfect
for the Bayesian paradigm of PN, as discussed in Sectipn|1.2. In our work, we have
introduced two distinct ways to debne such a SSM for ODEsNpublished in Kerstihg
and Hennig (2016) and Tronarpet al, (2019a). While both use the same dynamic model
(prior), they employ a dilerent measurement model (likelihood). While the prst model
from [Kersting and Hennig (2016) is more intuitive (as it resembles the internal logic

of classical solvers), the second model from Tronamt al. (2019a) is more rigorous
and general. Since the brst one creates (like RK methods; recall €q. |(1.2)) OdataO by
evaluating the vector beldf , we call it a SSM with generated dataThe second one does
not, and instead conditions Oon the ODE itselfO as we will see below. Accordingly, we
call it a a SSM without data

2.2.1 A dynamic model for ODEs

As explained above, the dynamic model is determined by choosing the drift and dilusion
matricesF,L ! RP*P of the SDE, eq. ). This prior, theD-dimensional stochastic
processX :[0,T]$ RP (the solution of the SDE), is only a suitable model if the ODE
solution x : [0,T]$ R? can be linearly extracted fromX :

X(t) * HoX(t), forsomeH,! R*P, (2.11)

Moreover, to incorporate information on the derivative,X(t) also has to be linearly
extractable:

X(t) * HX(T) forsomeH ! R®P, (2.12)

Given (Ho, H), we can Bexibly debne the SDE prior, ed. (2.3), by choosifg,L). We
discuss these choices below in Sectipn]2.3. The dynamic model for ODEs is therefore,
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like in egs. [2.4) and [(2.5), given by
p(x(t+ h) [x(t)) = N (x(t + h); A(h)x(t), Q(h)), (2.13)

with some initial distribution p(x(0)) = N (x(0); m(0), P(0)).

2.2.2 A Gaussian state space model for ODEs with generated
data

In our Prst publication (Kersting and Hennig, 2016), the SSM is completed with gen-
erated da"ta. Th"is means that at any timet ! [0,T], given some estimatg(x(t)) =
N (x(t);m (t), P (t)) of x(t), we can OgenerateO dgtaon X(t) via the equation

x(t) £ (xo) + £ (m (@©) = v, (2.14)
where the+ holds becausen’ (t) + x(t). In other words, we choose

pCa(t) [x(1) = N (X(t); yi, R), (2.15)

whereR , 0 is an additional hyperparameter for the covariance (matrix) of; as an
estimator of X(t). (See Sectiorf 2]4 for a discussion of how can be chosen.) The
complete SSM is now given by the dynamic model in ed. (2]13) and the measurement

model in eq. [2.6).

Why is this not a rigorous model?

The process of generating data resembles what classical ODE solvers do. Classical
ODE solvers also construct observations (OdataQ) of derivatives by evaludtiag some
estimate ®¥(t). The analogy becomes clear when one compares the data generation,
eq. (2.14), with the interpolation data RK methods receive from eq[ (1.6). But this
intuitive construction, comes at a cost regarding rigor.

The goal of Bayesian inference is to approximate the posterior as uniquely debned
by BayesO rule. To apply BayesO rule, three distinct objects are required: the prior,
the likelihood, and the data. These three components are supposed to be dilerent and
independent of each other. In our brst SSM, however, both the likelihood and the data
depend on the prior. To see this, recall from eq.8) that the predictive mean’ is
the mean of the predictive distributionp(X; | y1~ 1) which is a conditioned version of the
prior p(x) debned by the SDE, eq] (2}3). Hencg, = f (m; ) (the data) and Hm, (part
of the likelihood) depend on the prior.
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Algorithm 2 Bayesian ODE Filtering
1: Input:  IVP(x;,m, T), step sizeh > 0, SSM egs.|(2.13) and[ (2.17},=0
2: repeat
3: compute predictive distribution p(x(t + h) | z(0 : t)) by eq. (2.13) from
p(x(t) | z(t))
4: compute Pltering distribution p(x(t+ h)|z(t+ h)) by eq. (2.17) fromp(x(t +

h) | z(t))
5. t=t+h
6: until t+h>T

2.2.3 A Rexible state space models for ODEs without data

To design a rigorous model, we thus have to remove the dependence of data and likelihood
on the prior. But at any time t > 0, all estimates will have been computed by some
extrapolation scheme which will inevitably depend on the chosen model. Hence, the
only information independent of the prior is the ODE,X(t) = f (x(t)), itself. Since
both a model HyX (t) of x(t) and HX (t) of X(t) are contained in the state space by
construction, egs. [(2.111) and[(2.12), insertion of these models into the ODE yields the
following information

Z(t) = f (HoX (1)) " HX () =0. (2.16)

This is to say that, at any time t ! [0,T], we observe that the dilerence between the
implied derivative of our solution estimateH X (t) and our derivative estimateH X (t)
ought to be zero, according to our ODE. In the diagram of Figure 1.4, the image of the
information operator Z is thus {0} - R". The likelihood is accordingly dePned by

p(z(t) | x(1)) = N(0; f(x(t)) " X(t),R), (2.17)

with data z(t) . O, forallt! [0,T]. We introduced this SSM in more detail in Tronarp
et al| (2019a); see Appendik B]2. Moreover, we showed that this rigorous model is more
Bexible and contains the earlier models by Schobet al, (2019) and Kersting and Hennig
(2016); see Propositions B.2\3 ar{d B.2.4 in Appendix B.2.

Equipped with this general SSM, we can now debne Bayesian ODE Filtering, see
Algorithm PNwhich is completely analogous to Algorithm[3, except for the input (i.e. the
problem and the SSM).

A unibed Bayesian framework for ODE Plters

InTronarp et al. (2019a), we show that ODE Filtering with this more general SSM unibes
all existing ODE bplters and Bayesian quadrature with Markov kernels; see Appendix B.
In Proposition |B.2.1, we show that Gaussian ODE Pbltering (plus smoothing) applied
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2.3 New priors for Rexible model selection

to an ODE whose vector peld only depends on tinte(but not on x(t)) reproduces the
Bayesian quadrature approximation posterior; cf. Theorem 1 in Wangt al, (2018). In
Proposition[B.2.3, we show that ODE bltering in the Prst SSM in the sense|of Schaber
et al] (2019), with R = 0 in eq. (2.15), can be reproduced in this framework. As shown
in Proposition [B.2.4, the same holds true for ODE Pltering wittR > 0 as introduced
by [Kersting and Hennig (2016).

2.3 New priors for Rexible model selection

In all of our publications, except for Kersting and Mahserec| (2020) which models Fourier
components, we restrict our attention to SSMs that model the brst brg derivatives
of x(t). This is to say that we model thegvector-valued. function ok and its q Prst

derivatives by the (q+ 1)-dimensionalX = X©,....X©@ ' which solves
& . "
dX (1) = dXO),...,dX @ D), dX (1) (2.18)
| |
"o 1 0. 0% xop® P
: . 0: E . . oo
= Do- Codt+ - dB(t). 2.19
P 00 1068 XUy T 0% N (2:19)
Co - .o G X "

This class of SDEs, parame}rize&j by = (C,...,Cy), coincides with the GPs vvjth MatZrn
kernel (Hartikainen and SSrkkS| 2010) which is unsurprising since MatZrn processes
of this form are the standard model for GaussbMarkov processes wghcontinuous
derivatives. Our publications do not consider all choices @f but restrict their attention
toc=(0,...,0," #),#, ONi.e.tothe otimes Integrated Ornstein Uhlenbeck processes
(IOUP) and their special case, theg-times Integrated Brownian motion (IBM), if #=0.

The IBM prior has been known to be particularly useful for ODEs, since Schober
et al. (2014) proved that individual steps ofg-stage RK methods coincide with a GP
posterior mean with g-times IBM kernel forq! { 1,2,3 (and a likelihood analogous
to the one introduced in Sectioj 2.2]2). The deep reason for this is that the predictive
meanm’ (t + h) is a Taylor expansion of the previous Pltering meam(t), i.e.

. - 1l pi )
m’ (t+ h) “*E2 Ahym(t) ?'m(')(t), (2.20)
i=o I”
wherem®(t) is the Pltering mean estimate ok (t), which resembles the logic of RK
methods from eq. [(L.5f] Interestingly, the drifting (biased) g-times IOUP prior can

'Note that we here assume w.l.o.g. thatd = 1; see Appendi for a justibcation for the underlying
independent-dimensions assumption.

19



2 Summary

outperform the RK-like IBM prior on problems with bounded vector beld$s (Magnani

et al, [2017), while staying close enough to Taylor predictions to maintai®(h**) local
convergence rates. (It is currently not known under which conditions the IOUP prior
has the same convergence rates as IBM; see Renfark ¢.6.3.) Ttémes IBM prior is

an uninformative prior because it assumes a constant (i.e. non-driftingf” derivative
while the other derivatives are bxed by the fundamental theorem of calculus (as captured
by the 1s on the o!-diagonal of eq.[(2.19)). The IOUP prior introduces a drift on the
q" derivative which is more informative and therefore suboptimal in the worst-case, but
potentially better in the average-case when the dynamical system is on-average expected
to drift back to some equilibrium level. It remains to be seen if ODEs can be categorized
such that the whole MatZrn family, eq. [(2.18), becomes useful.

In a more radical deviation from classical numerics, we also introduced a SSM that
employs Fourier instead of Taylor expansions as predictions (Kersting and Mahsereci,
2020)Nwith the hope that this will be useful for periodic ODEs such as the Van-der-Pol,
FitzHughbNagumo, and LotkabVolterra oscillators. While the above models the sum-
mands of the Taylor expansion, this SSM accordingly models the Pt N summands
of the Fourier expansion (as well as the brsk summands of the derivative). Its dynamic
model (prior) is debned by the SDE from eq[ (2.3) with

/ 0
F =diag(Fs,...,F,), with blocks F; = .V(V’ Mo g=1..0  and (221)
0
L=0! RZ(J+1)$2(J+1), (222)

wherew, > 0 is the angular velocity. Notably, the SDE does not have a zero dilusioh,
since (unlike Taylor coe"cients) Fourier coe"cients are global and do not change with
t! [0,T]. The solution x(t) and its derivative X{t) can now be extracted, as described

in egs. [2.11) and[(2.12), by use of

Ho=1[1,0,1,0,...,1,0] | R®?*Y = and (2.23)
1 2
H= 0,00, 1w,0," 2wp,...,0," Jwy ! Rl$2(J+1) .

This prior can be completed by both the intuitive and rigorous measurement model.
The details of the construction are given in AppendiXx E. The resulting Fourier Plters
are, however, not practical yet and rely on support from IBM blters to learn in the
beginning of the time interval; see Appendix El4. We, however, believe that they will
become functional in the future because the proposed SSM is an approximation of the
periodic kernel (the standard model for periodic signals), as proved in (Solin and SSrkkS,
2014).
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2.4 Better probabilistic calibration by uncertainty-awareness

2.4 Better probabilistic calibration by
uncertainty-awareness

Recall from eq. [1.5) that classical solvers ignore the uncertainty stemming from the
fact that almost always X(t) € f (&(t)), for t > 0. The signibcance of this uncertainty-
unawareness is demonstrated above in Figure [1.2. [In Kersting and Hennlig (2016), we
therefore rectibed this shortcoming by modeling this mismatch probabilistically. In the
intuitive SSM from Section[2.2.2, we brst observe that, given a predictive distribution
N (m, ,P; ) overx(t) at some timet } [0,T], the true implied distribution over X(t) is
given by the pushforward measuré, N (m;,P; ) . Sincef is non-linear, conditioning
on it is intractable. We therefore propose to moment-match this pushforward measure
to a Gaussian, i.e. use the approximation
)3 3 * & '
N  f($dN@&m,P ), [ff'I$AN(@Sm P ) + f, N(m,P) (2.24)

instead. The integrals in eq.[(2.24) have to be approximated by numerical quadrature
which adds numerical uncertainty on topNin particular since only few evaluations of
are alordable for eacht. Hence, we propose to use Bayesian Quadrature (Briet al.,
2019) for the approximation, which captures this uncertainty probabilistically. In full
PN-spirit, the posterior BQ-variance estimate of the expectation integral is added to
the existing variance from extrapolation. The resulting algorithm,Bayesian Quadra-
ture ODE Filtering, in deed shows more adaptive and 3exible uncertainty calibration,
compared to the variance-lessR = 0; see eq.[(2.]5)) measurement model frgm Schaber

et al| (2019); see Appendix Aj4.

2.5 New algorithms for ODE inverse problems

The all-inclusive managing of uncertainty (numerical and statistical) through compu-
tational chains with multiple steps is a long-term vision of PN |(Henniget al., 2015,
Chapter 3(d)). The most elementary such chain involving ODEs, is a®DE inverse
problemwhere the parametert! R" of a parametrized ODE, written

Xt = f (x(),#, x(0)=x! R, (2.25)
is to be inferred from noisy data
2(t) = x(t) + %! R% %* N(0,")), (2.26)

attimes 0/ t; < a4dé&ty, / T. Such problems are ill-posed which is to say that two
parameters# € # might bt the data equally well. Therefore, they rather fall under
the rubric of statistics (or machine learning) than numerical analysis. Accordingly,
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2 Summary

most existing work on ODE inverse problems deals with the statistical variancés;,
I =1,...,M elaborately while tacitly passing over the numerical uncertainty. In other
words, they treat ODE inverse problems as Olikelihood-free inferenceO (Cramnet]
2020) in that they do not model the likelihood of their numerical ODE solutions. The
most popular inverse problem solvers do this by computing the likelihood for a parameter
# as if the likelihood of the forward map,p(x; | #), was a Dirac distribution ! (x, * %)
(ignoring that % € x). This means that it employs theuncertainty-unaware likelihood
3 3
p(z[# = pz|[x)p(x [# dx, = pz|[x)' " B)dx, =N(z%,%), (2.27)

where x, denotes the solution of eq.[(2.25) for some bxe#l If we instead use the
(posterior) pbltering distribution p(x, | #) = N (x,;m;,P), we obtain the uncertainty-

aware likelihood
3

p(z|#H= pz|x)N(X;m,P)dx, = N(z;m, P +") (2.28)

in which the numerical and statistical variancesP and " , add up as they should see
Figure[D.2 for an illustration of how this likelihood is more suitable.

But we do not stop here, as the previous uncertainty-aware PN approaches did; see
Appendix[D.3.] for a comparative discussion of the preceding work. We recall that, for
every data time pointt; the Pltering distribution p(x; [ y1:)) = N (m;, P;) is the posterior
of a GP with mean

m, (t) = Xo + % (h:t)+ Rélliz" "K(ht, t)f (M) (00 t)), (2.29)

wherek’ = &k(t,t§/&t"and 'k = &k(t, t"j/&t&t"are derivatives of the kernek. Hence,
if we assume thatf (x,#) = ~ [L; x;# and omit the import of &f under the chain rule,
we can derive an estimatord of the Jacobian of the map# 0$ m, which only involves
guantities that the Gaussian ODE blter computes anyway. This estimator then gives
rise to cheap estimators of the gradient and Hessian of the log-likeliho&] namely

&E@)="J31P+" 'z’ m], and (2.30)
QE(z)=J'[P+" Iy] *J. (2.31)

These two advantages (uncertainty-awareness and gradient information) can then be
used to construct better sampling and optimization methods for ODE inverse problems
that outperform existing Olikelihood-free® methods; see Appepdix D for details of theory
and experiments.
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2.6 Theoretical analysis of ODE blters

Lastly, we support the above practical and conceptual advances by theory that comprises
both analogues to classical theory and new PN-specibc results. The former cover the
two main pillars of numerics, namely convergence rates and stability; the latter covers
connections between existing PN methods and the calibration of the posterior uncer-
tainty. The following results are all contingent to modest regularity assumptions oh
which are stated in the respective appendices.

2.6.1 Classical theory for ODE blters

In numerical analysis, the two main quality criteria for ODE solvers are convergence
speed and numerical stability. Theconvergence rates of Gaussian (Kalman) ODE
plters are analyzed in Kerstinget al, (2020a). It turns out that both the g-times IBM
and the IOUP prior (as their extrapolations do not deviate from Taylor expansions too
much) have polynomial local convergence rates of ordé(h?), for all g! N and all
measurements varianceR , 0in the intuitive SSM of Section[2.2.2; see Theorem C.6.2.
Moreover, if the varianceR shrinks at least at rate O(h%), the global convergence rate
for =1 is O(h" as proved in Theorenj C.7]7, and our experiments suggest that this
prst global result might generalize tay! { 2,3,...}.

Concerning numerical stability , we show in Theorem[ B.3J5 that the Gaussian
(Kalman) ODE Plter is A-stable, which is to say that the numerical solution of a linear
ODE with negative eigenvalues converges to zeroa$ 1  (Dahlquist, (1963).

2.6.2 Uncertainty calibration in ODE Plters

If the prior SDE, eq. (2.3), has a non-zero dilusion matrix_, the posterior uncertainty
of any ODE plter scales with the standard deviatiori > 0 of the Brownian motion. In
parallel work, a local (i.e. adaptive, step-wise) maximum-likelihood estimate fdr has
been provided by [(Schobeet al), 2019, Section 4). In Propositiori B.4]1, we provide a
global maximume-likelihood that does not have to be adapted in every step. Moreover, we
analyze both the uncertainty calibration for the Gaussian (Kalman) ODE blter and the
non-parametric particle blter. In Theoremi C.8/1, we show that (in the above-detailed
case where we proved that the global truncation error of the Gaussian ODE Pltering
mean is inO(h%)) the Bayesian credible intervals (aka. multiples of the posterior standard
deviation) shrink at exactly the same rate as well. For particle pbltering, we show (in the
weak sense) that the expested error of the particle approximation of the true Pltering
distribution shrinks asO(1/ J), whereJ is the amount of particles; see Theore.6.
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3 Discussion and Conclusion

In our research, we set out to investigate which benebts the paradigm of probabilis-
tic numerics brings to ODEs. We found out that ODEs can be e"ciently solved by
Bayesian ODE Pltering. To this end, we provided a rigorous probabilistic state space
model (SSM) that unlocks all Bayesian Plters for ODEs ( Gaussian or non-Gaussian) in
Tronarp et al. (2019a). Via the underlying SSM (prior and likelihood) and the choice of
intra-algorithmic approximations (in the measurement model), we can create both al-
gorithms which have very similar properties to classical methods (for a small overhead)
and completely new ones which defy all conventions. To advance both undertakings, we
showed that theg-times integrated Brownian motion (IBM) gives convergence rates com-
parable with classical methods, as it uses Taylor expansion predictions (Kerstiegal.,
2020a), and introduced a blter that employs Fourier predictions instead which might
turn out to be useful for periodic systems|(Kersting and Mahsereci, 2020). Moreover,
we provided one of the brst demonstrations for the long-term vision that passing un-
certainties through computational chains by PN |(Henniget al., |2015, Section 3(d)) can
improve performance: In Kerstinget al. (2020b), we showed that the uncertainty-aware
likelihood provided by a Gaussian ODE blter speeds up solutions of inverse problems
by providing more suitable parameters and thereby reducing the amount of necessary
forward solutions.

The research beld of PN in general, and of ODE blters in particular, is still in its early
stages. While some foundational ground is provided by this thesis (as well as by the one
of Schober (2018)), there are still many open questions. In this Pnal chapter, we discuss
which research questions immediately arise from our work in Sectipn|3.1 and how our
results advance the three promises of PN from the Preface in Sectjon|3.2.

3.1 Future research

The presented material might pave the way to new advances in theory, the development
of algorithms, and applications.

3.1.1 Theory

Our theoretical contributions (pertaining to convergence rates, stability analysis, and
uncertainty quantibcation) lead to further research questions. Firstly, the proofs of
the global convergence rates in Kerstingt al. (2020a, Theorem 14) for Kalman ODE
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3.1 Future research

plters are limited to the case ofg = 1 and g-times IBM prior. There are, however,
both conceptual (e.g., the Taylor expansion predictions of IBM priors) and experimental
reasons (see Figure C.2) to believe that these rates might extend do! { 2,3,...}.
Therefore, an attempt to generalize the proofs might bear fruits. We believe that the
bottleneck for such results is a generalization of Propositign C.7.2. Such an analysis
might also lead to a generalization of the uncertainty calibration in Kerstinget al.
(2020a, Theorem 15). Furthermore, the convergence rates of other ODE blters (e.g.,
the extended and unscented Kalman blter) should be examined. The latest analysis
(Tronarp et al, 2020), includes a convergence analysis for gll N for the maximum

a posteriori (MAP) estimate, which can be computed with the more-costly iterated
extended Kalman ODE smoother. It remains to be seen if such convergence rates also
apply to the pbltering mean, which we considered in Kerstingt al| (2020a).

Moreover, an extension of the stability analysis of Tronargt al. (2019a), which used
the concept of A-stability, is called for. In particular, it would be important to investigate
the stricter concepts of L-stability and B-stability (Hairer et al., 1987, Chapters IV.3
and IV.12) for ODE Pplters.

To fully capture the competitive performance, an average-case analysis "[la Ritter
(2000) might be necessary. In a worst-case sense (at least for SSM that modelghrest
derivatives ofx), one can never outperform (iteratedp” Taylor expansions as performed
by the Gaussian ODE Pplter with g-times IBM prior. However, for specibpc ODEs, a
ObiasedO deviation of Taylor expansions might be appropriate, as we postulate in Magnani
et al. (2017) for bounded derivative belds and in Kersting and Mahsereci (2020) for
oscillators. An average-case analysis might capture the utility of such approximations,
but seems di"cult for the following reason: Such an analysis would employ a prig(f)
instead of a priorp(x) which the SSM debnes via eq[ (218). Hence, we would have to
match a prior p(f ) to a prior p(x) which would require computing the pushforward of
p(f) through the map f 0% x. This computations is intractable, as it would require
computing the ODE solutionx for all f in the support of p(f ). It seems di"cult to bnd
good approximations here. As a Prst step, it might however su'ce to categorize problems
by p(x) and match properties off (e.g. by the amount of its continuous derivatives) to
this prior on x.

Furthermore, it is conceivable that more equivalences with classical methods can be
added to the known ones from| (Schobest al., [2019). These equivalences are usually
shown for the steady state (because otherwise the Kalman gains keep changing), and
the new steady states from Kerstinget al. (2020a, Proposition 10) might therefore help
to identify more such equivalences.

Lastly, it should be analyzed whether Bayesian ODE Plters can be viewed as an
approximation of a Bayesian probabilistic numerical method as debned [in Cockayne
et al. (2019, DebPnition 2.2). So far, no probabilistic ODE solver has satisbed this strict
debnition (because it is unclear how the information df(%(t)) relates tox sincex € &).
Since the OtrueO posterior which considers all possibilities of information is well-debned,
it should be possible to rank probabilistic methods by how precisely they approximate
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3 Discussion and Conclusion

this posterior; cf. Wanget al. (2018).

3.1.2 Development of algorithms

For forward problems , our foundational work in|Tronarp et al. (2019a) already spans

a vast domain of forward problem solvers, namely all Bayesian Plters and smoothers
as, e.g., collected in SSrkkS (2013). Hence, future research can endlessly continue to
invent new ODE solvers by translating methods from the ever-expanding literature of
Bayesian blters and smoothers to ODEs. Although such future research might create
very well-performing methods, it is (from a theoretical viewpoint) trivial.

It is more interesting to ask if ODE blters can go beyond signal-processing Plters.
And, here, the answer seems to be "Yes!" for the following reason: Conventional signal-
processing Plters receive Odatad from an external sensor, while ODE Pblters construct
either the data (in the intuitive SSM of [Kersting and Hennig (2016); see eq| (2[14)),
or the likelihood (in the rigorous SSM of Tronarpet al| (2019a); see eq/[(2.17)), by
evaluatingf . The vector Peldf , unlike external data collections, has a known structure
which can be exploited. In particular, iff (t,x) is independent of timet, and if x(t)
passes through a time point such thak(s) + x(t), for somes < t, the evaluations off
collected at time s will contain similar information on X(t) as onx(s) (for which they
were collected).

Let us consider this in more detail in the intuitive SSM (see Sectio.Z): A
Gaussian ODE Filter computes sequences of predictive distributiodN (m; ,P; );

i = 1,...,N} and Ppltering distributions {N (m;,P;);i = 1,...,N}. Given a pre-
dictive distribution, the implied data on X(ih) is given by the pushforward measure
p(X(ih)) = f,(N (m; ,P; )). To maintain the Gaussian framework, Kersting and Henng
(2016) propose to approximate this intractable measure by a moment-matched Gaus-
sian, as we recall from eq[(2.24). This means that the information on the sequence
{x(ih); m;, P}

) 3 ) 3 ) ) * & ) o
N yi= f(®dN(@E&m,P), [ff'I($dNEmi,P) + fi N(mi,P) .
(3.1)
Therefore, we have a sequence of estimators
3
{yi= f(@®dN($m; ,P ) i=1,...,N} (3.2)

of {X(ih); i =1,...,N} which have to be approximated by quadrature rules, i.e.

#N &
yi=  whi g (3.3)
j=1
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3.1 Future research

For each individual integral, it is known how to optimally choose the weight§w!’}"_;

and states{ 3“ )}J-”zl for both classical (Pres®t al., [2007) and Bayesian quadrature (Briol
et al,,[2019). Here, however, we have a series of related intervals where only the Gaussian
measure with respect to whichlf is integrated changes. Hence, we can re-use previous

evaluations{f ($(j));j =1,...,n;} to computey, at a later time k > i. To this end,
one could brst select a subset of statgs’’;j = 1,...,n;, i = 1,...,k" 1}, and
then complement it with additional states{$’;j = 1, ...,n;}. The optimal weights to

computey, are then implied by this choice of states (Novak and Wozniakowski, 2010).
To go even further, the series of integrals from ed. (3.2) could also be interpreted as a
series of integrals with related integrands

g% =f($PaN($m; ,P ) (3.4)

which could then be jointly treated as a Bayesian quadrature problem for multiple related
integrals, following| Xiaoyueet al. (2018) and| Gessneet al. (2019).

Maybe one could even try to predict how useful certain evaluations($) are at any
point t ! [0,T] in the algorithm. The earlier the time t, the more useful such an
evaluation would be because it can be re-used. Such a line of investigation might lead to
an adaptive version of Mohammadet al|(2019), where all evaluations of are performed
in the brst step to learn a model of the 3ow map to extrapolate forward.

More ideas for this kind of active learning of ODE Ppltering (i.e. the designed collection
of information from evaluatingf ) could be borrowed from the literature on active learn-
ing for GP regression|(Seet al., 2000), Bayesian Optimization |(Mockus and Mockus,
1991) and Bayesian Quadrature (Osbornet al., 2012).

On a separate note, it should be explored which statistical estimators are most useful.
Within Gaussian Pblters, one can either focus on the bltering mean (as we have in our
publications), the smoothing mean, or the MAP estimate| (Tronarpet al., 2020, Section
2.3) which are all computed by di'erent methods. In the case of particle blters, one
could also consider the modes of a distribution as an estimator.

Inverse problem

All ODE Plters can, of course, be part of inverse problem solvers as wellNincluding those
to be invented by the above-described means. In fact, Kerstirgg al| (2020b) provides

a detailed framework in which any ODE Plter can be incorporated into both (gradient-
based) optimization and sampling methods. Hence, each new ODE Plter implies a new
ODE inverse problem solver. This vast horizon of possibilities has only been explored
by Kersting et al, (2020b), i.e. only for Kalman ODE Plters with IBM prior. While
the insertion of other Gaussian blters (with di'lerent SSMs and approximation methods)
might outperform this Prst approach, particle bltering|(Tronarpet al.,[2019a, Section 2.7)
might provide a more signibcant advance since it can represent arbitrary distributions
on x(t) by samples.
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3 Discussion and Conclusion

To see this, recall that both| Conradet al. (2017) and Abdulle and Garegnani/ (2020)
employ sampling-based probabilistic ODE solvers, in a Bayesian inverse problem frame-
work, to sample from a non-Gaussian distribution of possible nhumerical approximations
of x. Since, in both cases, the target density of dilerent sample solutions is not known,
they have to use a pseudo-marginal MetropolisDHastings algorithm (Andrietial., 2010)
to approximate the posterior distribution. The exact same framework could be used with
the particle blter as a forward map which would eliminate the need to run a forward
map multiple times. This would probably provide an alternative sampling-based way,
to prevent numerical over-conpdence in ODE inverse problems. Such a method would,
thus, combine the Pltering of Kerstinget al. (2020b) and the pseudo-marginal sampling
of Conrad et al| (2017) and Abdulle and Garegnani| (2020).

3.1.3 Further applications

One of the main visions of PN is to propagate uncertainty through computational chains
(Hennig et al., 2015, Section 3(d)), and inverse problems are, as discussed in the preced-
ing paragraph, an elementary example of such problems. There is a huge number of such
chains, allover science and engineering, and (when no real data is involved) the passing
of numerical uncertainty along such chains seems straightforward, once the error of all
subroutines are quantibed by (Gaussian) probability measures. Maybe a more interest-
ing case are computational chains which link ODEs with data, such as in data-centric
engineering (Girolami,| 2020). It remains to be seen in which such settings a joint treat-
ment of numerical and statistical uncertainty with the help of PN can be recommended.
Due to our strong experimental results for ODE inverse problems (Kerstirgf al., [2020b,
Section 7), we expect them to be plentiful.

A promising next step could be taken by solving the ODEs of a geodesics manifold
that was learned from data [((Hauberg| 2018). This would go beyond our work, in a
fundamental way, because the uncertainty in the data would directly translate into
uncertainty over the vector beldf , i.e. into model uncertainty. In the intuitive SSM of
Section[2.2.B, this model uncertainty can be added to the measurement variarRBas
discussed in Kerstinget al. (2020a, Section 2.3).

On a separate note, our work on inverse problems could also spin o! other applica-
tions. First, the Jacobian estimatorJ of the forward map, as debned in eq[ (D.11),
approximates the true gradient&, x of x with respect to# Hence, this estimator could
be used in lieu of sensitivity analysis| (Rackauckast al., 2018) in all settings where
such gradients are requiredNsuch as neural ODES (Chest al, [2018). Secondly, simi-
lar inverse problem solvers could be developed, via the method of lines (Schiesser and
Gri"ths, |2009) for PDEs, and, via the probabilistic solver of John et al.| (2019), for
boundary value problems.
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3.2 Conclusion: the three promises of PN

To close the arch of this thesis, we Pnally return to the punch line of the Preface: our
advances of thehree promises of PN namely

1. more RRexibleclassibcationof problems by statistical model selection,
2. comprehensiveuncertainty quantibcation and

3. invention of new average-case-optimal algorithms.

Firstly (i), our recast of ODEs as a stochastic pltering problem has introduced a com-
plete and rigorous Bayesian model, a probabilistic state space model, as we detailed in
Section2.2. This has unlocked new ways tassify initial value problems. By choosing
the prior p(x), on the solutionx (via the dynamic model), we can include our prior belief
over the regularity and geometric properties af, as we exemplibped in categorizing ODEs
with bounded derivatives under an integrated OrnsteinBUhlenbeck prior and oscillating
ODEs under a Fourier prior (periodic kernel); see Secti¢n 2.3. For the case when nothing
is known a priori, we have identibed the integrated Brownian Motion prior as the go-to
solutionNbecause its Taylor-expansion predictions yield similar worst-case guarantees
as classical models, as we explained in Sectjon]|2.6. Such classibcations might make a
paradigm shift from a worst-case to an average-case treatment of ODEs possible.

Secondly (ii), these ODE Plters compute a full posterior measure ovemwhich can be
used toquantify uncertainty : In the case oé Gaussian,ODE blters, one can construct,
e.g., 0.95 Bayesian credible intervals ¢in," 2 P;,m;+2 P;] for x(t) from the Pltering
distribution N (m¢, P;). For non-Gaussian Plters, there is no standard way to represent
the uncertainty and the right uncertainty will depend on the exact shape (e.g., number
of modes) of the posterior. For both cases, we have, however, provided Prst theoretical
results on the posterior uncertainty calibration; see Sectidn 2.6.2. For Gaussian plters,
we have, moreover, described new ways to model the uncertainty over the information
on X(t) due to uncertainty over f, or where to evaluate it, by smart design of the
likelihood (measurement model); see Sectipn P.4. This might pave the way to a joint
handling of numerical (epistemic) and statistical (aleatoric) uncertainty, as we explained
in Section[3.1.3.

Thirdly (iii), the interpretation of ODEs as bltering problems unlocks a simple recipe
to invent new probabilistic ODE solvers: take a Bayesian blter (or smoother) from the
signal processing literature and apply it to ODEs. We have only used this recipe for
the most elementary blters so far (see Appendjx| B for a complete list), and expect to
see new such inventions in the future. Moreover, the explicit knowledge of gathering
information on X(t) via evaluations off enables us to go beyond knowledge of signal
processing by exploiting techniques from active learning. All of these inventions imme-
diately engender new inverse problem solvers; see Secfion 8.1.2. In machine learning,
the use of ODE blters could lead to more uncertainty-aware and robust algorithms, as
discussed in Sectioh 1.4.1.
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3 Discussion and Conclusion

We hope that the attentive reader will now be able to clearly see the benebts of PN
and relate to the mystibcation of our imaginary scientist from the Preface.
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A Active Uncertainty Calibration in
Bayesian ODE Solvers (Kersting
and Hennig, |2016)

Abstract: There is resurging interest, in statistics and machine learning, in solvers for
ordinary dilerential equations (ODES) that return probability measures instead of point
estimates. Recently, Conrad et al. introduced a sampling-based class of methods that
are Owell-calibratedO in a specibc sense. But the computational cost of these methods is
signibcantly above that of classic methods. On the other hand, Schober et al. pointed
out a precise connection between classic RungebKutta ODE solvers and Gaussian blters,
which gives only a rough probabilistic calibration, but at negligible cost overhead. By
formulating the solution of ODEs as approximate inference in linear Gaussian SDEs,
we investigate a range of probabilistic ODE solvers, that bridge the trade-o! between
computational cost and probabilistic calibration, and identify the inaccurate gradient
measurement as a crucial source of uncertainty. We propose the novel pltering-based
method Bayesian Quadrature bltering (BQF) which uses Bayesian quadrature to ac-
tively learn the imprecision in the gradient measurement by collecting multiple gradient
evaluations.

A.1 Introduction

The numerical solution of an initial value problem (IVP) based on awrdinary di'erential
equation (ODE)

uM(t) = f &t,u(t),...,u(”" ”(t)' , u(0)= ug! RP, (A1)

ofordern! N, with u:R$ R°, f :[0,TI3R™ $ RP, T > 0, is an essential
topic of numerical mathematics, because ODEs are the standard model for dynamical
systems. Solving ODEs with initial values is an exceedingly well-studied problem (see
Hairer et al), [1987, for a comprehensive presentation) and modern solvers are designed
very e"ciently. Usually, the original ODE (A.1) of order n is reduced to a system of
ODEs of brst order

u’ft) = f (t,u(t)), u(0) = u,! RP, (A.2)
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which are solved individually. The most popular solvers in practice are based on some
form of RungebKutta (RK) method (as brst introduced in Runge (1895) and Kutia
(1901)) which employ a weighted sum of a bxed amount of gradients in order to itera-
tively extrapolate a discretized solution. That is, these methods collect OobservationsO
of approximate gradients of the solved ODE, by evaluating the vector beld at an
estimated solution, which is a linear combination of previously collected OobservationsO:
! $
#
yi=f "t+cghu+ wy%. (A.3)

j<i
The Pnal extrapolation step is a weighted sum of these gradients:

#
o(t + h) = u(t) + by;. (A.4)
i<s
The weights ofs-stage RK methods ofp-th order are carefully chosen so that the nu-

merical approximation @ and the Taylor series of the exact solutiom coincide up to the
term hP, thereby yielding a local truncation error of high polynomial order,

"U(te+ h) " B(t + h)" = O(h"*), (A.5)

for h $ 0. One can prove thats, p in general, but forp/ 4 there are RK methods
with p = s. Hence, allowing for more function evaluations can drastically improve the
speed of convergence to the exact solution.

The polynomial convergence is impressive and helpful; but it does not actually quan-
tify the inevitable epistemic uncertainty over the accuracy of the approximate solution
0 for a concrete non-vanishing step-size One reason one may be concerned about this
in machine learning is that ODEs are often one link of a chain of algorithms performing
some statistical analysis. When employing classic ODE solvers and just plugging in the
solution of the numerical methods in subsequent steps, the resulting uncertainty of the
whole computation is ill-founded, resulting in overconbdence in a possibly wrong solu-
tion. Itis thus desirable to model the epistemic uncertainty. Probability theory provides
the framework to do so. Meaningful probability measures of the uncertainty about the
result of deterministic computations (such as ODE solvers) can then be combined with
probability measures modeling other sources of uncertainty, including Oreal® aleatoric
randomness (from e.g. sampling). Apart from quantifying our certainty over a compu-
tation, pinning down the main sources of uncertainty could furthermore improve the
numerical solution and facilitate a more e"cient allocation of the limited computational
budget.

A closed framework to measure uncertainty over numerical computations was proposed
by Skilling (1991) who pointed out that numerical methods can be recast as statistical
inference of the latent exact solution based on the observable results of tractable compu-
tations. In this spirit, Hennig and Hauberg (2014) phrased this notion more formally, as
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Gaussian process (GP) regression. Their algorithm class, however, could not guarantee
the high polynomial convergence orders of RungebKutta methods. In parallel devel-
opment, Chkrebtii et al| (2016) also introduced a probabilistic ODE solver of similar
structure (i.e. based on a GP model), but using a Monte Carlo updating scheme. These
authors showed a linear convergence rate of their solver, but again not the high-order
convergence of classic solvers.

Recently, Schoberet al, (2014) solved this problem by bnding prior covariance func-
tions which produce GP ODE solvers whose posterior meaesactly match those of the
optimal RungebKutta families of prst, second and third order. While producing only
a slight computational overhead compared to classic RungePKutta, this algorithmNas
any GP-based algorithmNonly returns Gaussian measures over the solution space.

In contrast, Conrad et al. (2017) recently provided a novel sampling-based class of ODE
solvers which returns Bexible non-Gaussian measures over the solution space, but creates
signibcant computational overhead by running the whole classic ODE solvers multiple
times over the whole time interval[0, T] in order to obtain meaningful approximations
for the desired measure.

For practitioners, there is a trade-o! between the desire for quantibPed uncertainty on the
one hand, and low computational cost on the other. The currently available probabilistic
solvers for ODEs either provide only a roughly calibrated uncertainty (Schobeat al.,
2014) at negligible overhead or a more Pne-grained uncertainty supported by theoretical
analysis (Conradet al), 2017), at a computational cost increase so high that it rules
out most practical applications. In an attempt to remedy this problem, we propose an
algorithm enhancing the method of Schobeat al|(2014) by improving the gradient mea-
surement using modern probabilistic integration methods. By modeling the uncertainty
where it arises, i.e. the imprecise prediction of where to evaluate we hope to gain
better knowledge of the propagated uncertainty and arrive at well-calibrated posterior
variances as uncertainty measures.

A.2 Background

A.2.1 Sampling-based ODE solvers

The probabilistic ODE solver by Conradet al. (2017) modibes a classic deterministic
one-step numerical integrator#, (e.g. RungebKutta or multiderivative methods, cf.
Hairer et al.| (1987)) and models the discretization error o, by adding suitably scaled
i.i.d. Gaussian random variable§$} -0, ..k after every step. Hence, it returns a discrete
solution { Uy} k=0, .k On a mesh{t, = kh},- .. ¢ according to the rule

veey

U =# (U + & (A.6)

This discrete solution can be extended into a continuous time approximation of the ODE,
which is random by construction and can therefore be interpreted as a draw from a non-
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parametric probability measureQ,, on the solution spaceC® ([0, T],R"), the Banach
space of continuously dilerentiable functions. This probability measure can then be
interpreted as a notion of epistemic uncertainty about the solution. This is correct in so
far as, under suitable assumptions, including a bound on the variance of the Gaussian
noise, the method converges to the exact solution, in the sense th@t contracts to the
Dirac measure on the exact solutiorh, with the sameconvergence rate as the original
numerical integrator#,, forh $ 0: If ($n)k=. * N (0, Var(h)) with Var(h) = O(h**!),
then

sup EM"u' UME "t ah®, (A.7)

0&kh&T

This is a signibcant step towards a well-founded notion of uncertainty calibration for
ODE solvers: It provides a probabilistic extension to classic method which does not
break the convergence rate of these methods.

In practice, however, the precise shape &, is not known and Q,, can only be in-
terrogated by sampling, i.e. repeatedly running the entire probabilistic solver. Afte
samples,Q;, can be approximated by an empirical measur®,(S). In particular, the
estimated solution and uncertainty can only be expressed in terms of statistics@f(S),
e.g. by the usual choices of the empirical mean and empirical variance respectively or
alternatively by conbdence intervals. FoilS $1 , Q,(S) converges in distribution to
Qn which again converges in distribution td , for h $ 0:

Qn(S) %8 Q,5°1,. (A.8)

The theoretical mathematics in Conradet al. (2017) only concerns the convergence of
the latent probability measures{Qy}n-o. Only the empirical measures{ Qn(S)} s .
however, can be observed. Consequently, it remains unclear whether the empirical mean
of Qn(S) for a bxed step-sizéh > 0 converges to the exact solution a$§ $ 1 and
whether the empirical variance ofQ,,(S) is directly related, in an analytical sense, to the
approximation error. In order to extend the given convergence results to the practically
observable measurefQy(S)}s(n an analysis of the prst convergence i (A.8) remains
missing. The deterministic algorithm proposed below avoids this problem, by instead
constructing a (locally parametric) measure from prior assumptions.

The computational cost of this method also seems to mainly depend on the rate of
convergence ofQ,(S) $ Q, which determines how many (possibly expensive) runs of
the numerical integrator #,, over [0,T] have to be computed and how many samples
have to be stored for a su“cient approximation ofQ,. Furthermore, we expect that
in practice the mean ofQ,,, as approximated byQy(S) might not be the best possible
approximation, since in one step the random perturbation of the predicted solution by
Gaussian noisey, worsens our solution estimate with a probability of more tharil/ 2,
sinceNdue to the full support of Gaussian distributionsNthe numerical sample solution
is as likely to be perturbed away from as towards the exact solution andNdue to the
tails of Gaussian distributionsNit can also be perturbed way past the exact solution
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with positive probability.

A.2.2 A framework for Gaussian pbltering for ODEs

Describing the solution of ODEs as inference in a joint Gaussian model leverages state-
space structure to achieve e'"cient inference. Therefore, we employ a GaussbMarkov
prior on the state-space:A priori we model the solution function andq' 1) derivatives
(u,iu@, ..., u@ ) :[0,T1$ R as a draw from ag-times integrated Wiener process

X = (X1 = (Xt(l), e ,Xt(q))tT( 0.1] I-€. the dynamics ofX, are given by the linear
stochastic dilerential equation (Karatzas and Shreve, 1991; ksendal, 2003):

dX, = FX,dt+ LdW,, (A.9)
Xo=$ $* N(m(0),P(0)), (A.10)

with constant drift F ! R®9 and dilusion L ! RY given by

! $ I $
of, 0 ... O 0
-0 0 f, ... O: - 0
F=-: e, v, L= (A.11)
"0 o 0 fya% " oy
0 ... 0O 0 "

forallt! [0,T] and somef,,...,f4 ;! R, whereW, denotes ag-dimensional Wiener
process ¢, n). Hence, we are a priori expecting thau® behaves like a Brownian
motion with variance "2 and that u” is modeled by(q' 1' i)-times integrating this
Brownian motion. The fact that the (i + 1)-th component is the derivative of thei-th
component in our state space is captured by a drift matrix with non-zero entries only on
the prst o!-diagonal. The entriesf,, ..., f, ; are damping factors. A standard choice is
e.g.f; = i. Without additional information, it seems natural to put white noise on the
g-th derivative as the Prst derivative which is not captured in the state space. This gives
rise to Brownian noise on thé€q 1)-th derivative which is encoded in the dilusion matrix
scaled by variancé' 2. Hence, we consider the integrated Wiener process a natural prior.
For notational simplicity, only the case of scalar-valued functions, i.® = 1, is presented
in the following. The framework can be extended t® , 2 in a straightforward way by
modeling the output dimensions of as independent stochastic processes.

SinceX is the strong solution of a linear equation[(AJ9) with normally distributed
initial value X, it follows from the theory of linear SDEs |(Karatzas and Shreve, 1991)
that X is a uniquely-determined GaussbMarkov process. This enables Bayesian inference
in a highly e"cient way by Gaussian pbltering (Saatci, 2011)). For time invariant linear
SDEs like [A.9), the bxed matrices for Gaussian Pltering can be precomputed analytically
(SSrkk$) 2006).

In addition, Schoberet al, (2014) showed that forq/ 3 inference in this linear SDE
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yields RungebKautta steps.

Equipped with this advantageous prior we can perform Bayesian inference. The lin-
earity and time-invariance of the underlying SDE permits to formulate the computation
of the posterior as a Kalman blter (KF) (cf. (SSrkkS, 2013) for a comprehensive intro-
duction) with step sizeh > 0. The prediction step of the KF is given by

My n = A(h)my, (A.12)
P = A(h)PA(D)T + Q(h), (A.13)

with matrices A(h), Q(h) ! R®9 with entries

hj " . j"5i" 1
A(h)I,J =exp(hF)i,j = IJ) rraramrees fi+k%1
'
! $ ! $
a5l i a5l j
Q(h);; ="2" fio, %8 fiok, 708
k,=0 k,=0
h2q+1" i"]j
—— (A.14)
(@ Dg" HHN2gq+1" i j)
It is followed by the update step
z=y' Hmyy, (A.15)
S=HP,H"+R, (A.16)
K=P,H'S? (A.17)
Men = My + Kz, (A.18)
Pih = Pan' KHP Gy, (A.19)

whereH = €' I R¥%s the n-th unit vector.

Between the prediction and update step tha-th derivative of the exact solution%‘%
at time t+ h as a measurement for the-th derivative and the noise of this measurement
are estimated by the variabley and R. In order to derive precise values of and R from
the Gaussian predictionN (m, ,, Pi+1), we would have to compute the integrals

3
y= f(t+hmg,+ XN(X;0,P,) dx (A.20)

and
3 " "
R= f(t+hmy,+xX)f({t+hm,,+x)a

N (x;0,P.p) dx' yy', (A.21)
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which are intractable for most choices of . Below we investigate dilerent ways to
address the challenge of accurately approximating these integrals while not creating too
much computational overhead.

A.2.3 Measurement generation options for Gaussian bltering

Schoberet al, (2014) as, to the best of our knowledge, the Pbrst ones to point out the
connection between Gaussian Pltering and probabilistic ODE solvers, presents an algo-
rithm which simply evaluates the gradient at the predicted mean, which is equivalent to
setting y to be equal to its maximum likelihood estimator:

y=f(t+hmy,,), R=0. (A.22)

While ensuring maximum speed, this is clearly not an ideal measurement. In our
atomless predicted probability measuréN (m,, ,, P, ) the mean predictorm,, , is dif-
ferent from its exact value(u©@ (t + h), ..., u™(t+ h))"T almost surely. Hence, for a non-
constantf the estimate will be inaccurate most of the times. In particular this method
deals poorly with OskewedO gradient belds (a problem that leads to a phenomenon known
as OLady Windermeres farfO (Haisdral), [1987)). To get a better estimate of the exact
value ofy, more evaluations off seem necessary.

Therefore, we want to Pnd numerical integration methods which captugeand R with
su”cient precision, while using a minimal number of evaluations of . Possible choices
are:

(i) Monte Carlo integration by sampling

A
y= - f(t+hXx), (A.23)
N i=1
1 # T T
R= N f(t+ hx)f(t+ h,x)" " yy, (A.24)
i=1
Xi * N (Mgp, Pp), (A.25)

(which is not the same as the sampling over the whole time axis in (Conrad al.,
2017)).

(i) Approximation by a Prst-order Taylor series expansion:

f(t+ h,m,p,+ X)
4 f(t+ h,mg,,)+ &F (t+ h,m,, + x) &x (A.26)

46



A.2 Background

and thereby deriving moments of the linear transform of Gaussian distributions:

y=f(t+hmy.y), (A.27)
R= &f(t+ h,my,)P.p&f(t+ hm,,)". (A.28)

(i) Integration by Bayesian quadraturewith Gaussian weight function:

. & ‘T
y= (KO, f () (A.29)
R= k(x, xJw(x)w(x* dxdx® (TK (. (A.30)
with w(x) = N (X; Mg, Prep), kernel matrix K 1 RY®N with Ki; = k(x;,x;)

and (= (((@),...,((N)T I RN with ((i) = " k(x,x;)w(x) dx for a predebned
covariance functionk and evaluation points(x;)i=1,.. n (cf. section[A.2.4).

Our experiments, presented in Section A.3, suggest that BQ is the most useful option.

Monte Carlo integration by sampling behaves poorly if the trajectory of the numerical
solution passes through domain areas (as e.g. in the spikes of oscillators governed by non-
sti! ODEs) where f takes highly volatile values since the random spread of samples from
the domain are likely to return a skewed spread of values resulting in bad predictions of
y with huge uncertainty R. Hence, the posterior variance explodes and the mean drifts
back to its zero prior mean, i.,em; $ Oand"P,"$1 ,fort$1 . Thus, we consider
this method practically useless.

One may consider it a serious downside of Taylor-approximation based methods that
the gradient only approximates the shape of and thereby its mapping of the error
on an Oinbnitesimally small neighborhoodOmyt,,,. Hence, it might ignore the exact
value ofy completely, if the mean prediction is far o!. However, for a highly regular
f (e.g. Lipschitz-continuous in the space variable) this gradient approximation is very
good.

Moreover, the approximation by a brst-order Taylor series expansion needs an approx-
imation of the gradient, which explicit ODE solvers usually do not receive as an input.
However, in many numerical algorithms (e.g. optimization) the gradient is provided any-
way. Therefore the gradient might already be known in real-world applications. While
we Pnd this method promising when the gradient is known or can be e"ciently com-
puted, we exclude it from our experiments because the necessity of a gradient estimate
breaks the usual framework of ODE solvers.

In contrast, Bayesian quadrature avoids the risk of a skewed distortion of the samples
for Monte Carlo integration by actively spreading a grid of deterministic sigma-points. It
does not need the gradient df and still can encode prior knowledge ovdr by the choice
of the covariance function if more is known| (Briokt al., 2019). The potential of using
Bayesian quadrature as a part of a blter was further explored by PrYher and #imandl
(2015), however in the less structured setting of nonlinear Pltering where additional
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inaccuracy from the linear approximation in the prediction step arises. Moreover, SSrkkS
et al.| (2016) recently pointed out that BQ can be seen as sigma-point methods and
gave covariance functions and evaluation points which reproduce numerical integration
methods known for their favorable behavior (for example GaussbHermite quadrature,
which is used for a Gaussian weight function).

Due to these advantages, we propose a new class of BQ-based probabilistic ODE Pplters
named BQ Filtering.

A.2.4 Bayesian quadrature Pltering

The crucial source of error for bltering-based ODE solvers is the calculation of the
gradient measurementy and its varianceR (c.f. Section[A.2.2). We propose the novel
approach to use BQ to account for the uncertainty of the input and thereby estimatg
and R. This gives rise a novel class of pbltering-based solvers nani@ Filter (BQF).

As a bltering-based method, one BQF-step consists of the KF prediction stgp (A.12)b
(A.13), the calculation ofy and R by BQ and the KF update step [A.13)H(A.1D).

The KF prediction step outputs a Gaussian belieN (m,,,, P..,) over the exact so-
lution u(t + h). This input value is propagated throughf yielding a distribution over
the gradient at time t + h. In other words, our belief over&f (t + h,u(t + h)) is equal
to the distribution of Y := f (t, X), with uncertain input X * N (m,,P..). For gen-
eral f the distribution of Y will be neither Gaussian nor unimodal (as e.g. in Figure
[A.1). But it is possible to compute the moments of this distribution under Gaussian as-
sumptions on the input and the uncertainty overf (see for example Deisenroth (2009)).
The equivalent formulation of prediction under uncertainty clariPes as numerical inte-
gration claribes the connection to sigma-point methods, i.e. quadrature rules (SSrkkS
et al., 2016). Quadrature is as extensively studied and well-understood as the solution
of ODEs. A basic overview can be found in Presst al, (2007). Marginalizing overX
yields an integral with Gaussian weight function

3
E[Y]= f(t+ h,x)lgl(x;m,ﬁ, Pth) dx, (A.31)

=1 w(X)

which is classically solved by quadrature, i.e. evaluating at a number of evaluation
points (X;)i=1, ..~ and calculating a weighted sum of these evaluations. BQ can be
interpreted as a probabilistic extension of these quadrature rules in the sense that their
posterior mean estimate of the integral coincides with classic quadrature rules, while
adding a posterior variance estimate at low cost (SSrki al., [2016).

By choosing a kernek over the input space of and evaluation points(x;);=;, .. n, the
function f is approximated by a GP regression (Rasmussen and Williams, 2006) with
respect to the function evaluations(f (x;))i=1, .. n, Yielding a GP posterior overf with
meanm; and covariancek; denoted by GP(f). The integral is then approximated by
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integrating the GP approximation, yielding the predictive distribution for | [f ]:

3
L[f1*  GP(f )(X) &N (X; My, p, Prrpy) dX. (A.32)

The uncertainty arising from the probability measure over the input is now split up
in two parts: the uncertainty over the input valuex * N (0,1) and the uncertainty over
the precise value at this uncertain input, which can only be approximately inferred by
its covariance with the evaluation points(x;)i=; .. n, i.€. by GP(f ). These two kinds of
uncertainty are depicted in Figure] A.1. From the predictive distribution in [A.32), we
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Figure A.1: Prediction of function f (x) = 8sin(x) + x* (red) under uncertain input

X * N (x;1,1) (density in blue). GP(f) (black) derived from Gaussian grid evaluation
points with N = 3 (blue crosses) as mea# 2 standard deviation. True distribution of

prediction in blue. Gaussian bt to true distribution in yellow and predicted distribution
by BQ in green with crosses at means.

can now compute a posterior mean and variance bff ] which results in a weighted sum
for the mean

v ENET= (K S F o0 f (k) | (A.33)
with

3
(@)= Kk(x,x;)N (x;0,I) dx (A.34)
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and variance

R:= Var [1(f)]
= K(x, xJw(x)w(x* dxdx® (TK"*(, (A.35)

whereK ! RN®*N denotes the kernel matrix, i.eK;; = K(x;,X;)-

The measurement generation in BQF is hence completely debPned by the two free
choices of BQ: the kernek and the evaluation points(X;)i-; .. ,. By these choices, BQ
and thereby the measurement generation in BQF is completely debned. For the squared
exponential kernel (Rasmussen and Williams, 2006)

) 1 *
k(x,x§= t#exp ' ?x x*2 (A.36)
with lengthscale) > 0 and output variance# > 0, it turns out that y and R can be
computed in closed form and that many classic quadrature methods which are known
for their favorable properties can be computed in closed form (SSrkie$ al., [2016),
signibpcantly speeding up computations. For the scalar cas®® = 1, we obtain for
by straightforward computations:

: <
N RN
(@)= ——— ﬁexp 20279 (A.37)
and
33 #2
k(x, xJw(x)w(x¥ dxdx”= —— (A.38)
1+2"2)) 2
Hence, our BQ estimate fory is given by the sigma-point rule
N
y + W,f (t + h, Xi) (A39)
i=1
with easily computable weights )
Wi =[(TK . (A.40)
Also the varianceR takes a convenient shape
Rz * . (TK" (. (A.41)
1+2"2%) 2

For nD > 1, we get slightly more complicated formulas which are given in Deisenroth
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(2009).

The other free choice in BQ, the evaluation point$x;);-; .., can also be chosen freely
in every step of BQF. Usually, the nodes of BQ chosen are chosen so that the variance
of the integral estimate is minimized (cf! Briolet al. (2019)). For this algorithm, the
uncertainty has to be measured, not minimized though. Hence, we propose just to take
a uniform grid scaled byN (m,, ,, P, ,) to measure the uncertainty in a comprehensive
way.

Another promising choice is given by the roots of the physicistsO version of the Hermite
polynomials, since they yield GaussbHermite quadrature (GHQ), the standard numerical
guadrature against Gaussian measures, as a posterior mean for a suitable covariance
function (SSrkkSet al., 2016). For GHQ, e"cient algorithms to compute the roots and
the weights are readily available|(Presst al., |2007).

A.2.5 Computational cost

All of the presented algorithms buy their probabilistic extension to classic ODE solvers
by adding computational cost, sometimes more sometimes less. In most cases, evaluation
of the vector peldf forms the computational bottleneck, so we will focus on it here. Of
course, the internal computations of the solver adds cost as well. Since all the models
discussed here have linear inference cost, though, this additional overhead is manageable.
The ML-algorithm by Schoberet al. (2014) is the fastest algorithm. By simply recasting

a RungebKutta step as Gaussian Pltering, rough probabilistic uncertainty is achieved
with negligible computational overhead.

For the sampling method, the calculation of one individual sample d, amounts to
running the entire underlying ODE solver once, hence the overall cost % times the
original cost.

In contrast, the BQ-algorithm only has to run through [0, T] once, but has to invert

a ND 3 ND covariance matrix to perform Bayesian quadrature withN evaluation
points. Usually, N will be small, since BQ performs well for a relatively small number

of function evaluations (as e.g. illustrated by the experiments below). However, if the
output dimensionD is very large, Bayesian quadratureNlike all quadrature methodsNis
not practical. BQ thus tends to be faster for smalD, while MC tends to be faster for
large D.

When considering these computational overheads, there is a nuanced point to be made
about the value-to-cost trade-o! of constructing a posterior uncertainty measure. If a
classic numerical solver of ordep is allotted a budget ofM times its original one, it can
use it to reduce its step-size by a factor dfl, and thus reduce its approximation error
by an order MP. It may thus seem pointless to invest even such a linear cost increase
into constructing an uncertainty measure around the classic estimate. But, in some
practical settings, it may be more helpful to have a notion of uncertainty on a slightly
less precise estimate than to produce a more precise estimate without a notion of error.
In addition, classic solvers are by nature sequential algorithms, while the probabilistic
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extensions (both the sampling-based and Gaussian-bltering based ones) can be easily
parallelized. Where parallel hardware is available, the elective time cost of probabilistic
functionality may thus be quite limited (although we do not investigate this possibility

in our present experiments).

With regards to memory requirements, the MC-method needs signibcantly more stor-
age, since it requires saving all sample paths, in order to statistically approximate the
entire non-parametric measurd),, on C*([0, T], R). The BQ-algorithm only has to save
the posterior GP, i.e. a mean and a covariance function, which is arguably the minimal
amount to provide a notion of uncertainty. If MC reduces the approximation of),, to
its mean and variance, it only requires this minimal storage as well.

A.3 Experiments
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Figure A.2: Solution estimates constructed on the Van der Pol oscillatof (A.42). True
solution in red. Mean estimates of ML, MC and BQ in black, green, blue, respectively.
Uncertainty measures (drawn at two times standard deviation) as thin lines of the same
color.

This section explores applications of the probabilistic ODE solvers discussed in Section
[A.2] The sampling-based algorithm by|(Conract al., 2017) will be abbreviated as MC,
the maximum-likelihood Gaussian Plter ((Schobeet al., [2014)) as ML and our novel
BQ-based pblter (BQF) as BQ. In particular, we assess how the performance of the purely
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Figure A.3: Plot of errors of the mean estimates at = 18 of the methods MC (green)
and BQ (blue) as a function of the allowed function evaluations. Maximum likelihood
error in black. Single runs of the probabilistic MC solver as green crosses. Average over
all runs as green line.

deterministic class of Gaussian Pltering based solvers compares to the inherently random
class of sampling-based solvers.

We experiment on the Van der Pol oscillator| (Haireet al.,|[1987), a hon-conservative
oscillator with non-linear damping, which is a standard example for a non-sti! dynamical
system. It is governed by the equation

&u _ . L &U,
R = U(l u )a u, (A42)

where the parametein ! R indicates the non-linearity and the strength of the damping.
We setpy =5 on a time axis[10, 60] with initial values (u(10),u(10)) = (2, 10).

All compared methods use a model of order = 3, and a step sizen = 0.01. This
induces a state-space model given by a twice-integrated Wiener process prior (cf. [A.9))
which yields a version of ML close to second-order RungebKutta (Scholkeéml., 2014).
The same solver is used as the underlying numerical solve, in MC. For the noise
parameter, which scales the deviation of the evaluation point df from the numerical
extrapolation (i.e. the variance of the driving Wiener process for ML and BQ, and the
variance of $ for MC), we choose"? = 0.1. The drift matrix F of the underlying
integrated Wiener process is set to the default valuds = i fori =1,...,q" 1. The
covariance function used in BQ is the widely popular squared exponential (A]36), with
lengthscale) = 1 and output variance# = 1. (Since all methods use the same model,
this tuning does not favor one algorithm over the other. In practice all these parameters
should of course be set by statistical estimation.).

For a fair comparison in all experiments, we allow MC and BQ to make the same
amount of function evaluations per time step. If MC drawsN samples, BQ usedN
evaluation points. The Prst experiment presents the solutions of the presented algorithms
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Figure A.4: Plot of errors of the mean estimates at = 54 of the methods MC (green)
and BQ (blue) as a function of the allowed function evaluations. Maximum likelihood
error in black. Single runs of the probabilistic MC solver as green crosses. Average over
all runs as green line.

on the van der Pol oscillator {(A.42) on the whole time axis in one plot, when we allow
BQ and MC to make pve function evaluations. Then, we examine more closely how the
error of each methods changes as a function of the number of evaluation$ af Figure

and Figure[A.4.

A.3.1 Solution measures on Van Der Pol oscillator

Figure shows the solution estimates constructed by the three solvers across the
time domain. In all cases, the mean estimates roughly follow the exact solution (which
e.g. Gaussian bltering with Monte Carlo integration by samplind (A.23)P(A.25) does not
achieve). A fundamental di'lerence between the bltering-based methods (ML and BQ)
and the sampling-based MC algorithm is evident in both the mean and the uncertainty
estimate.

While the bltering-based methods output a trajectory quite similar to the exact solu-
tion with a small time lag, the MC algorithm produces a trajectory of a more varying
shape. Characteristic points of the MC mean estimate (such as local extrema) are placed
further away from the exact value than for pbltering-based methods.

The uncertainty estimation of MC appears more 3exible as well. ML and BQ pro-
duce an uncertainty estimate which runs parallel to the mean estimate and appears
to be strictly increasing. It appears to increase slightly in every step, resulting in an
uncertainty estimate, which only changes very slowly. The solver accordingly appears
overconbdent in the spikes and underconbdent in the valleys of the trajectory. The un-
certainty of MC varies more, scaling up at the steep parts of the oscillator and decreasing
again at the RRat parts, which is a desirable feature.

Among the class of Pltering-based solvers, the more rebned BQ method outputs a
better mean estimate with more conbdence than ML.
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A.3.2 Quality of estimate as a function of allowed evaluations

Figure[A.3 and Figure[ A.4 depict the value of the error of the mean approximation as a
function of the allowed function evaluationsN (i.e. N evaluation points for BQ andN
samples for MC) at time pointst; = 18 and t, = 54. Since the desired solution measure
Q;, for MC can only be statistically approximated by theN samples, the mean estimate
of MC is random. For comparison, the average of bve MC-runs is computed.

At the early time point t; = 18, all trajectories are still close together and the methods
perform roughly the same, as we allow more evaluations. There is a slight improvement
for BQ with more evaluations, but the error remains above the one of ML error.

At the later time t, = 54, BQ improves drastically when at least bve evaluations are
allowed, dropping much below the ML error.

The average error by MC appears to be not alected by the number of samples. The
ML error is constant, because it always evaluates only once.

A.4 Discussion

The conducted experiments provide an interesting basis to discuss the di'erences be-
tween Pltering-based methods (ML and BQ) and the sampling-based MC algorithm. We
make the following observations:

(i) Additional samples do not improve the random mean estimate of MC in expecta-
tion:
Since the samples of MC are independent and identically distributed, the expecta-
tion of the random mean estimate of MC is the same, regardless of the amounts of
samples. This property is reRBected in Figure A3 and Figufe A.4, by the constant
green line (up to random RBuctuation). Additional samples are therefore only useful
to improve the uncertainty calibration.

(i) The uncertainty calibration of MC appears more adaptive than of ML and BQ:
Figure[A.2 suggests that MC captures the uncertainty more 3exibly: It appropri-
ately scales up in the steep parts of the oscillator, while expressing high conbdence
in the Rat parts of the oscillator. The exact trajectory is inside the interval between
meanz 2 standard deviations, which is not the case for BQ and ML. Moreover, MC
produces a more versatile measure. The Pltering-based methods appear to produce
a strictly increasing uncertainty measure by adding to the posterior uncertainty
in every step. MC avoids this problem by sampling multiple time over the whole
time interval. We deem the resulting Rexibility a highly desirable feature. BQ also
outputs a meaningful uncertainty measure and we expect that adding Bayesian
smoothing (SSrkkS, 2013) would enable Pltering-based methods to produce more
adaptive measures as well.
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(i) The expected error of MC-samples (and their mean) is higher than the error of
ML:
In the experiments, MC produced a higher error for the mean estimate, compared
to both ML and BQ. We expect that this happens on all dynamical systemby
construction: Given U, the next value U,,; of a MC-sample is calculated by
adding Gaussian noiseh, to the ML-extrapolation starting in U, (cf. equation
(A.6)). Due to the symmetry and full support of Gaussian distributions, the
perturbed solution has a higher error than the unperturbed prediction, which
coincides with the ML solution. Hence, every MC-sample accumulates with every
step a positive expected error increment compared to the ML estimate. By the
linearity of the average, the mean over all samples inherits the same higher error
than the ML mean (and thereby also than the error of the more rebned BQ mean).

Summing up, we argue thatNat their current stateNPltering-based methods appear
to produce a ObetterO mean estimate, while sampling-based methods produce in some
sense a Obetter® uncertainty estimate. Many applications might put emphasis on a good
mean estimate, while needing a still well-calibrated uncertainty quantibcation. Our
method BQF provides a way of combining a precise mean estimate with a meaningful
uncertainty calibration. Sampling-based methods might not be able to provide this due
to their less accurate mean estimate. For future work (which is beyond the scope of this
paper), it could be possible to combine the advantages of both approaches in a uniped
method.

A.5 Conclusion

We have presented theory and methods for the probabilistic solution of ODEs which
provide uncertainty measures over the solution of the ODE, contrasting the classes of
(deterministic) bltering-based and (random) sampling-based solvers. We have provided
a theoretical framework for Gaussian Pltering as state space inference in linear Gaussian
SDEs, highlighting the prediction of the gradient as the primary source of uncertainty.
Of all investigated approximations of the gradient, Bayesian Quadrature (BQ) produces
the best results, by actively learning the shape of the vector bpetdthrough determin-
istic evaluations. Hence, we propose a novel bltering-based method nanBayesian
Quadrature Filtering (BQF), which employs BQ for the gradient measurement.

For the same amount of allowed gradient evaluations, the mean estimate of BQF
appears to outperform the mean estimate of state-of-the-art sampling-based solvers on
the Van der Pol oscillator, while outputting a better calibrated uncertainty than other
pltering-based methods.
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B Probabilistic Solutions to
Ordinary Dilerential Equations
as Non-Linear Bayesian Filtering:
A New Perspective (Tronarp
et al. , 2019a)

Abstract: We formulate probabilistic numerical approximations to solutions of ordinary
di'erential equations (ODES) as problems in Gaussian process (GP) regression with non-
linear measurement functions. This is achieved by debning the measurement sequence
to consist of the observations of the dilerence between the derivative of the GP and the
vector beld evaluated at the GPNwhich are all identically zero at the solution of the
ODE. When the GP has a state-space representation, the problem can be reduced to a
non-linear Bayesian bltering problem and all widely-used approximations to the Bayesian
pltering and smoothing problems become applicable. Furthermore, all previous GP-
based ODE solvers that are formulated in terms of generating synthetic measurements of
the gradient beld come out as specibc approximations. Based on the non-linear Bayesian
pltering problem posed in this paper, we develop novel Gaussian solvers for which we
establish favourable stability properties. Additionally, non-Gaussian approximations to
the Pltering problem are derived by the particle blter approach. The resulting solvers
are compared with other probabilistic solvers in illustrative experiments.

B.1 Introduction

We consider an initial value problem (IVP), that is, an ordinary dilerential equation
(ODE)

() = f (y(t),t), %! [0,T], y(0)=y,! R, (B.1)

with initial value y, and vector beldf : R®3 R, $ RY. Numerical solvers for IVPs
approximate y : [0,T] $ R" and are of paramount importance in almost all areas of
science and engineering. Extensive knowledge about this topic has been accumulated in
numerical analysis literature, for example, in Haireet al. (1987),/ Deul3hard and Borne-
mann (2002), and Butcher|(2008). However, until recently, a probabilistic quantibcation
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of the inevitable uncertaintybfor all but the most trivial ODEsBbfrom the numerical error
over their outputs has been omitted.

Moreover, ODEs are often part of a pipeline surrounded by preceding and subse-
guent computations, which are themselves corrupted by uncertainty from model mis-
specibcation, measurement noise, approximate inference or, again, numerical inaccuracy
(Kennedy and OOHagan, 2002). In particular, ODEs are often integrated using esti-
mates of its parameters rather than the correct ones. See Zhaeg al. (2018) and
Chen et al. (2018) for recent examples of such computational chains involving ODEs.
The Peld of probabilistic numerics (PN) (Hennig et al., |2015) seeks to overcome this
ignorance of numerical uncertainty and the resulting overconbdence by providipgoba-
bilistic numerical methods These solvers quantify numerical errors probabilistically and
add them to uncertainty from other sources. Thereby, they can take decisions in a more
uncertainty-aware and uncertainty-robust manner|(Paukt al., [2018).

In the case of ODEs, one family of probabilistic solvers (Skilling (1991), Hennig and
Hauberg (2014), and Schobegt al. (2014)) prst treated IVPs as Gaussian process (GP)
regression |(Rasmussen and Williams, 2006, Chapter 2). Then, Kersting and Hennig
(2016) and Schobeet al. (2019) sped up these methods by regarding them as stochastic
pltering problems ( ksendal, 2003). These completely deterministic bltering methods
converge to the true solution with high polynomial rates (Kerstinget al.,|2020a). In their
methods data for the OBayesian updateQ is constructed by evaluating the vector feld
under the GP predictive mean of/(t) and linked to the model with a Gaussian likelihood
(Schoberet al., 2019, Section 2.3). See also Wargal. (2018, Section 1.2) for alternative
likelihood models. This conception of data implies that it is the output of the adopted
inference procedure. More specibcally, one can show that with everything else being
equal, two dilerent priors may end up operating on dilerent measurement sequences.
Such a coupling between prior and measurements is not standard in statistical problem
formulations, as acknowledged in Schobet al. (2019, Section 2.2). It makes the model
and the subsequent inference di"cult to interpret. For example, it is not clear how to
do Bayesian model comparisons (Cockayret al., 2019, Section 2.4) when two dilerent
priors necessarily operate on two dilerent data sets for the same inference task.

Instead of formulating the solution of Eq. [(B.1) as a Bayesian GP regression problem,
another line of work on probabilistic solvers for ODEs comprising the methods from
Chkrebtii et al. (2016), Conradet al. (2017), Teymuret al. (2016), Lieet al. (2019),| Ab-
dulle and Garegnani|(2020), and Teymuet al. (2018) aims to represent the uncertainty
arising from the discretization error by a set of samples. While multiplying the compu-
tational cost of classical solvers with the amount of samples, these methods can capture
arbitrary (non-Gaussian) distributions over the solutions and can reduce over-conbdence
in inverse problems for ODEsNas demonstrated in Conraét al] (2017, Section 3.2.),
Abdulle and Garegnani (2020, Section 7), and Teymuat al. (2018). These solvers can be
considered as more expensive, but statistically more expressive. This paper contributes
a particle blter as a sampling-based Pltering method at the intersection of both lines of
work, providing a previously missing link.
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The contributions of this paper are the following: Firstly, we circumvent the issue of
generating synthetic data, by recasting solutions of ODESs in terms of non-linear Bayesian
pltering problems in a well debPned state-space model. For any bxed-time discretisation,
the measurement sequence and likelihood are also bxed. That is, we avoid the coupling
of prior and measurement sequence, that is for example present in Schoéteal. (2019).
This enables application of all Bayesian Pltering and smoothing techniques to ODEs as
described, for example, in SSrkkS (2013). Secondly, we show how the application of
certain inference techniques recovers the previous pltering-based methods. Thirdly, we
discuss novel algorithms giving rise to both Gaussian and non-Gaussian solvers.

Fourthly, we establish a stability result for the novel Gaussian solvers. Fifthly, we dis-
cuss practical methods for uncertainty calibration, and in the case of Gaussian solvers,
we give explicit expressions. Finally, we present some illustrative experiments demon-
strating that these methods are practically useful both for fast inference of the unique
solution of an ODE as well as for representing multi-modal distributions of trajectories.

B.2 Bayesian inference for initial value problems

Formulating an approximation of the solution to Eq. [B.1) at a discrete set of points
{t,}\., as a problem of Bayesian inference requires, as always, three things: a prior
measure, data, and a likelihood, which debne a posterior measure through BayesO rule.

We start with examining a continuous-time formulation in Sectiof B.2./1, where Bayesian
conditioning should, in the ideal case, give a Dirac measure at the true solution of Eq.
(B.1) as the posterior. This has two issues: (1) conditioning on the entire gradient peld
is not feasible on a computer in Pnite time and (2) the conditioning operation itself is
intractable. Issue (1) is present in classical Bayesian quadrature (Briet al., 2019) as
well. Limited computational resources imply that only a Pnite humber of evaluations
of the integrand can be used. Issue (2) turns, what is linear GP regression in Bayesian
quadrature, into non-linear GP regression. While this is unfortunate, it appears reason-
able that something should be lost as the inference problem is more complex.

With this in mind, a discrete-time non-linear Bayesian bltering problem is posed in
Section[B.2.2, which targets the solution of Eq.[(B]1) at a discrete set of points.

B.2.1 A continuous-time model

Like previous works mentioned in Sectioh Bl1, we consider priors given by a GP
X (t) * GP(®,k),

wherex(t) is the mean function andk(t, t* is the covariance function. The vectoiX (t)
is given by

& T & LT
X@t)y= x®wy ..., x@w) (B.2)
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where X @ (t) and X @ (t) model y(t) and y{(t), respectively. The remainingq’ 1 sub-
vectors in X (t) can be used to model higher order derivatives g{t) as done by Schober
et al. (2019) and|Kersting and Hennig|(2016). We debne such priors by a stochastic
di'erential equation ((ksendal, 2003), that is,

. o
X (0)* 1N M (0),"2(0) : (B.3a)
dX (t)= FX(t)+ u dt+ LdB(t), (B.3b)

where F is a state transition matrix, u is a forcing term, L is a dilusion matrix, and
B (t) is a vector of standard Wiener processes.
Note that for X ®(t) to be the derivative of X, F, u, and L are such that

dX D(t) = X @ (t) dt. (B.4)

The use of an SDENinstead of a generic GP priorNis computationally advantageous
because it restricts the priors to Markov processes due to ksendal (2003, Theorem
7.1.2). This allows for inference with linear time-complexity inN, while the time-
complexity is N3 for GP priors in general (Hartikainen and SSrkk$, 2010).

Inference requires data, and an associated likelihood. Previous authors, such as
Schoberet al. (2019) and Chkrebtii et al. (2016), put forth the view of the prior mea-
sure debning annference agent which cycles through extrapolating, generating mea-
surements of the vector Peld, and updating. Here we argue that there is no need for
generating measurements, since re-writing Eq. (B.1) yields the requirement

¥t fy(,1)=0. (B.5)

This suggests that a measurement relating the prior debned by Eq. (B.3) to the solution
of Eq. (B.I) ought to be debned as

Z@t) = XO@w)" f(XD),1). (B.6)

While conditioning the processX (t) on the eventZ(t) = 0 for all t ! [0,T] can be
formalised using the concept oflisintegration (Cockayneet al., 2019), it is intractable
in general and thus impractical for computer implementation. Therefore, we formulate
a discrete-time inference problem in the sequel.

B.2.2 A discrete-time model

In order to make the inference problem tractable, we only attempt to condition the
processX (t) on Z(t) = z(t) " 0 at a set of discrete time-points{t,}n-o. We consider
a uniform grid, t,,; = t, + h, though extending the present methods to non-uniform
grids can be done as described in Schobetr al. (2019). In the sequel, we will denote
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a function evaluated att,, by subscript n, for examplez, = z(t,). From Eq. (B.3) an
equivalent discrete-time system can be obtained (Grewal and Andrews, 2001, Chapter
3.7.3)[] The inference problem becomes

X * NgllF "E (B.7a)
Xns [ Xn* N A(h)X + 3(h), Q(h) (B.70)
Zo | Xn* N G‘X " P(CXn ), R (B.7¢)
z," 0, n=1,...,N, (B.7d)

where z, is the realisation ofZ,,. The parametersA(h), $(h), and Q(h) are given by

A(h) = exp(Fh), (B.8a)
3

$h) = Ohexp(F(h' *)ud*, (B.8b)
3

Q(h) = Ohexp(F(h' *)LL Texp(FT(h' *)) d*. (B.8¢)

Furthermore, C = [I 0 ... 0Jand & = [0 I O ... 0] Thatis, CX, = X and
&iX,, = X?. Ameasurement varianceR, has been added t@ (t,) for greater generality,
which simplibes the construction of particle blter algorithms. The likelihood model in Eq.
has previously been used in the gradient matching approach to inverse problems
to avoid explicit numerical integration of the ODE (see, e.gl|, Calderheaet al. (2008)).

The inference problem posed in Eq.[ (Bl7) is a standard problem in non-linear GP
regression|(Rasmussen and Williams, 2006), also known as Bayesian Pbltering and smooth-
ing in stochastic signal processing (SSrkkS, 2013). Furthermore, it reduces to Bayesian
quadrature when the vector Peld does not depend gn This is Proposition[B.2.1 below.

Proposition B.2.1. Let X(()l) =0, f(y(t),t) = g(t), y(0) =0, and R = 0. Then the
posteriors of { X ("}, are Bayesian quadrature approximations for

3nh
g(*)d*, n=1,...,N. (B.9)

A proof of Proposition[B.2.1 is given in AppendiX B.7.

Remark B.2.2. The Bayesian quadrature method described in Propositipn B.2.1 con-
ditions on function evaluations outside the domain of integration fon < N . This
corresponds to the smoothing equations associated with E@B.7). If the integral on
the domain[0,nh] is only conditioned on evaluations ofy inside the domain then the
pltering estimates associated with E([B.7) are obtained.

'Here Oequivalent® is used in the sense that the probability distribution of the continuous-time process
evaluated on the grid coincides with the probability distribution of the discrete-time process [SSrkk$,
2006, Page 17).
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B.2.3 Gaussian Ppltering

The inference problem posed in Eq.[ (B|7) is a standard problem in statistical signal
processing and machine learning, and the solution is often approximated by Gaussian
pPlters and smoothers[(SSrkk$, 2013). Let us debng, = {z}L; and the following
conditional moments

Un " EXq | Zen), (B.10a)
" E " V[Xn IZl:n]1 (BlOb)
bn " EXp | Zene 4], (B.10c)
" E " V[Xn I Zy:ne 1]7 (B.lOd)

whereE[4|z;.,] and V[&4]|z,.,] are the conditional mean and covariance operators given
the measurementsZ,., = z;.,. Additionally, E[&|z;,c] = E[4 and V[a]|z.o] = V[ by
convention. Furthermore,p’ and" |, are referred to as the bltering mean and covariance,
respectively. Similarly,u, and" |, are referred to as the predictive mean and covariance,
respectively. In Gaussian Pltering, the following relationships hold betweely and "

P n P .
and Jpy1 and ™[4

ns1 = A(h)pun + $(h), (B.11a)
"he1 = A(h)" RAT(h) + Q(h), (B.11b)
which are the prediction equations[(SSrkk$, 2013, Eq. 6.6). The update equations, re-

lating the predictive momentsp;, and" |, with the blter estimate, pf;, and its covariance
"I, are given by (SSrkkS, 2013, Eq. 6.7)

S, = vle'lxn' f (CXpitn) | Zone 12+ R, (B.12a)
K, = clxn,ct,'lxn' f (CXp,tn) | Zye 123;1, (B.12b)
B, = Elc‘]Xn' f (CXp,tn) | Zpne 12, (B.12c)
Un = Un + Kn(za ' B), (B.12d)
P P S K], (B.12e)

where the expectation E), covariance {/) and cross-covariance@) operators are with
respect toX, * N (p,,"F). Evaluating these moments is intractable in general, though
various approximation schemes exist in literature. Some standard approximation meth-
ods shall be examined below. In particular, the methods of Schobet al. (2019) and
Kersting and Hennig (2016) come out as particular approximations to Eq[ (B.12).
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B.2.4 Taylor-series methods

A classical method in Pltering literature to deal with non-linear measurements of the
form in Eq. is to make a Pbrst order Taylor-series expansion, thus turning the
problem into a standard update in linear Pltering. However, before going through the
details of this it is instructive to interpret the method of Schoberet al. (2019) as an even

simpler Taylor-series method. This is Propositioh B.2|3 below.

Proposition B.2.3. Let R =0 and approximatef (CX,,t,) by its zeroth order Taylor
expansion inX,, around the pointp}

& ' & '
f CXpty +f Cpbt, . (B.13)

Then, the approximate posterior moments are given by

S, + & FPd + R, (B.14a)
K,+"Pdls ;, | (B.14b)
B+ &P focubLt, (B.14c)
W + M + Ko(z, ' B), (B.14d)
"Ee P KOS K] (B.14e)

which is precisely the update by Schobet al. (2019).

A First Order Approximation. The approximation in Eq. (B.14) can be rebned by
using a Prst order approximation, which is known as the extended Kalman plter (EKF)
in signal processing literature[(SSrkkS, 2013, Algorithm 5.4). That is,

& ' & !
f CXyth +f CHoLt,
&

C& - (B.15)
+ ‘Jf Cuﬁltn C Xn' IJE '
where J; is the Jacobian ofy $ f (y,t). The blter update is then
, & '

¢, =" J cui,t, C, (B.16a)
S, + G"FCl + R, (B.16b)
Ko+ "1CaSn | (B.16c¢)
SR CTISE BTN A (B.16d)
Un + Un + Ko(zo ' ), (B.16e)
R P KOS K] (B.16f)
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Hence the extended Kalman blter computes the residua, ' #,, in the same manner
as Schobeet al. (2019). However, as the blter gairk ,, now depends on evaluations of
the Jacobian, the resulting probabilistic ODE solver is dilerent in general.

While Jacobians of the vector peld are seldom exploited in ODE solvers, they play a
central role in Rosenbrock methods| (Rosenbrock (1963) and Hochbruekal. (2009)).
The Jacobian of the vector bPeld was also recently used by Teymat al. (2018) for
developing a probabilistic solver.

Although the extended Kalman Plter goes as far back as the 1960s (Jazwinski, 1970),
the update in Eq. (B.16) results in a probabilistic method for estimating the solution
of that appears to be novel. Indeed, to the best of the authorsO knowledge, the
only Gaussian pltering based solvers that have appeared so far are those by Kersting
and Hennig (2016). Magnanet al. (2017), and Schobeet al. (2019).

B.2.5 Numerical quadrature

Another method to approximate the quantities in Eq. ) is by quadrature, which
consists of a set of nodeSXn,j}le with weights {w, ;}j-; that are associated to the
distribution N (p5," ). These nodes and weights can either be constructed to integrate
polynomials up to some order exactly (see, e.g., McNamee and Stenger (1967) and Golub
and Welsch (1969)), or by Bayesian quadrature (Briogt al., 2019). In either case, the
expectation of a function+(X,) is approximated by

E[+(Xn)] + g Wi +(Xnj)- (B.17)
j=1

Therefore, by appropriate choices of the quantities in Eq. (B.12) can be approximated.
We shall refer to blters using a third degree fully symmetric rule (McNamee and Stenger,
1967) as Unscented Kalman blters (UKF), which is the name that was adopted when
it was Prst introduced to the signal processing community (Julieet al., [2000). For a
suitable cross-covariance assumption and a particular choice of quadrature, the method
of [Kersting and Hennig (2016) is retrieved. This is Propositioh B.2.4.

Proposition B.2.4. Let {Xn,j}le and{wn,j}le be the nodes and weights, correspond-
ing to a Bayesian quadrature rule with respect t& (uh," F). Furthermore, assume
R = 0 and that the cross-covariance betwee®X, and f (CX,,t,) is approximated as
zero, 2

1,
C &X,,f(CXp,tn) | Zinr1 + O. (B.18)

Then the probabilistic solver proposed in Kersting and Hennig (2016) is a Bayesian
guadrature approximation to Eq.(B.12).

A proof of Proposition[B.2.4 is given in AppendiX B.8.
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While a cross-covariance assumption of Proposition B.2.4 reproduces the method of
Kersting and Hennig (2016), Bayesian quadrature approximations have previously been
used for Gaussian Pltering in signal processing applications by PrYher and #imandl
(2015), which in this context gives a new solver.

B.2.6 A"ne vector belds

It is instructive to examine the particular case when the vector Peld in Eq.[ (B/1) is
a'ne. That is,

fy(t), 1) =$( y(t) + , (1). (B.19)

In such a case, Eq.[(B]7) becomes a linear Gaussian system, which is solved exactly by
a Kalman Pplter. The equations for implementing this Kalman Plter are precisely Eq.
(B.11) and Eq. (B.12), although the latter set of equations can be simplibed. Debne
H,= &" $(t,)C, then the update equations become

S,=H,""H! + R, (B.20a)
Kn=" EHJS}};, , (B.20b)
Hn = My + Ky ()" Hopy (B.20c)
"Fow Pk S KT (B.20d)

Lemma B.2.5. Consider the inference problem in Eg.(B.7) with an a'ne vector
peld as given in Eq.(B.19). Then the EKF reduces to the exact Kalman blter, which
uses the update in Eq(B.20). Furthermore, the same holds for Gaussian blters using a
quadrature approximation to Eq.(B.12), provided that it integrates polynomials correctly

up to second order with respect to the distributioh (p5," 7).

Proof. Since the Kalman blter, the EKF, and the quadrature approach all use Eqf. (B.11)
for prediction, it is su”cient to make sure that the EKF and the quadrature approxima-
tion compute Eq. (B.12) exactly, just as the Kalman blter. Now the EKF approximates
the vector beld by an a“ne function for which it computes the moments in Eq.[(B.12)
exactly. Since this a"ne approximation is formed by a truncated Taylor series, it is exact
for a"ne functions and the statement pertaining to the EKF holds. Furthermore, the
Gaussian integrals in Eq. [(B.12) are polynomials of degree at most two for a"ne vector
Pelds and are therefore computed exactly by the quadrature rule by assumptioril [

B.2.7 Particle bltering

The Gaussian Pltering methods from Sectidn B.2.3 may often su“ce. However, there are
cases where more sophisticated inference methods may be preferable, for instance, when
the posterior becomes multi-modal due to chaotic behavior or Onumerical bifurcationsO.
That is, when it is numerically unknown whether the true solution is above or below a
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certain threshold that determines the limit behaviour of its trajectory. While sampling
based probabilistic solvers such as those|of Chkrebgit al. (2016), Conradet al|(2017),
Teymur et al. (2016), Lieet al. (2019), Abdulle and Garegnani|(2020), and Teymuet al.
(2018) can pick up such phenomena, the Gaussian pbltering based ODE solvers discussed
in Section[B.2.3 cannot. However, this limitation may be overcome by approximating
the Pltering distribution of the inference problem in Eq. [(B.F) with particle blters that

are based on a sequential formulation of importance sampling (Doucett al., [2001).

A patrticle blter operates on a set of particles{xn,j}le, a set of positive weights
{Wh, }le associated to the particles that sum to one and an importance density(X+1 |
Xn,Zy). The patrticle pblter then cycles through three steps (1) propagation, (2) re-
weighting, and (3) re-sampling [(SSrkkS, 2013, Chapter 7.4).

The propagation step involves sampling particles at tima& + 1 from the importance
density:
Xn+1,j * g(Xn+1 | >(n,jizn)- (B-Zl)
The re-weighting of the particles is done by a likelihood ratio with the product of the

measurement density and the transition density of Eq.[ (B!7), and the importance den-
sity. That is, the updated weights are given by

p(Zn+1 | Xn+1)p(Xn+l | Xn)
& g(xn+1 IX.n1Zn+1)
Whet,j ) = Xnsrjr Xnj Waj, (B.22b)

- (Xn+1,Xn) = , (B.22a)

where the proportionality sign indicates that the weights need to be normalised to sum
to one after they have been updated according to Eq/ (B.22). The weight update is
then followed by an optional re-sampling step (SSrkkS, 2013, Chapter 7.4). While not
re-sampling in principle yields a valid algorithm, it becomes necessary in order to avoid
the degeneracy problem for long time series (Doucet al., 2001, Chapter 1.3). The
e"ciency of particle blters depends on the choice of importance density. In terms of
variance, the locally optimal importance density is given by (Doucett al., [2001)

9(Xn | Xn"1:20) ) P(Zn | Xn)P(Xn | Xn- 1) (B.23)

While Eq. (B.23) is almost as intractable as the full bltering distribution, the Gaussian
Pltering methods from Sectiori B.2]3 can be used to make a good approximation. For
instance, the approximation to the optimal importance density using Eq.| (B.14) is given
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by
S, = AQ(h)d&™ + R, (B.24a)
K,=Qhdad's?, . . (B.24b)
B, = GA(h)X, 1" f CA(h)X, 1.ty (B.24c)
o = A(h)Xpe 1+ Kn(zo ' 8B), (B.24d)
"0 =Q(h)" KnSiKny, (B.24e)
9(Xn | Xn* 1,Zn) = N (Xn; Mo, " n)- (B.24f)
An importance density can be similarly constructed from Eq.[ (B.16), resulting in:
¢, = @ 3 CAMXy 1ty C. (B.25a)
S, = C.Q(h)Cyh + R, (B.25b)
Kn=Q(h)CrS, ", . , (B.25¢)
B, = GAh)Xy 1" f CAh)Xp 1,th (B.25d)
Hn = A(h)Xpe 1+ Kn(zo " B), (B.25e)
"0 =Q(h)" KnSiKny, (B.25f)
9(Xn | Xnw 1:Z0) = N (Xns Hns " ) (B.250)

Note that we have assume@(h) = 0 in Egs. (B.24) and [B.25), which can be extended to
$(h) € 0 by replacingA(h)x,« 1 with A(h)x,- 1+ $(h). We refer the reader to Douceét al.
(2000, Section 11.D.2) for a more thorough discussion on the use of local linearisation
methods to construct importance densities.

We conclude this section with a brief discussion on the convergence of particle plters.
The following theorem is given by Crisan and Doucet (2002).

Theorem B.2.6. Let - (X,+1,X;,) in EQ. (B.22a) be bounded from above and denote the
true bltering measure associated with EqB.7) at time n by py and letg~ be its particle
approximation usingJ particles with importance densityg(X,+1 | Xn,Zn+1). Then, for
all n! Ng, there exists a constant, independent ofJ such that for any bounded Borel
function . : R“%Y ¢ R the following bound holds

Enc [(557,. 6'5pF,. §°1Y2/ c,a" V2., (B.26)

where5, . 6 denotes. integrated with respect top and E,c denotes the expectation over
realisations of the particle method, anda" is the supremum norm.

Theorem[B.2.6 shows that we can decrease the distance (in the weak sense) between
P and p} by increasingJ. However, the object we want to approximate i (the
exact pltering measure associated with Eq[ (B.7) fdR = 0) but setting R = 0 makes
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the likelihood ratio in Eq. (B.22a) ill-debPned for the proposal distributions in Egs.
(B.24) and (B.25). This is because, wheR = 0, then p(zns1 | Xn+1)P(Xn+1 | Xn) has
its support on the surface(k‘xn+1 = f (CXp+1,tnha) While Egs. [B.24) or [B.25) imply
that the variance of @'Xn+1 or C,.1 X 41 Will be zero with respect tog(xn+1 | XnsZn+1),
respectively. That is, g(Xn+1 | Xn,Zn+1) IS supported on a hyperplane. It follows that
the null-sets ofg(X,+1 | Xn,Zn+1) are not necessarily null-sets ab(z,+1 | Xp+1 )P(Xn+1 |
Xn) and the likelihood ratio in Eq. (B.22a) can therefore be undebned. However, a
straightforward application of the triangle inequality together with Theoren B.2.6 gives

Enc[(8,.6°5p0,. 6°1"%/ Ewc[(357,.6'5p;,. 67"+ Encl(50h,. 6507, . 67"
= Eucl(807.. 65, 972+ Bofl,. 6'500,. &
] ¢ 3 V2 s FR 6500, 6 (B.27)

The last term vanishes aRR $ 0. That is, the error can be controlled by increasing the
number of particlesJ and decreasingR. Though a word of caution is appropriate, as
particle plters can become ill-behaved in practice if the likelihoods are too narrow (too
small R). However, this also depends on the quality of the proposal distribution.

Lastly, while Theorem[B.2.6 is only valid if- (x,.1 , X») is bounded, this can be ensured
by either inBating the covariance of the proposal distribution or replacing the Gaussian
proposal with a StudentOs t proposdl (Cap®# al., [2005, Chapter 9).

B.3 A stability result for Gaussian plters

ODE solvers are often characterised by the properties of their solution to the linear test
equation

¥(t) = )y (1), y(0) =1, (B.28)

where ) is some complex number. A numerical solver is said to b&-stable if the
approximate solution tends to zero for any bxed step sitewhenever the real part of)
resides in the left half-plane|(Dahlquist, 1963). Recall that if, ! R®and$ ! R®? then
the ODE ¥{(t) = $ y(t), y(0) = Yy, is said to be asymptotically stable iflim.; y(t) =0
which is precisely when the real part of eigenvalues $fare in the left half-plane. That
Is, A-stability is the notion that a numerical solver preserves asymptotic stability of
linear time-invariant ODEs.

While the present solvers are not designed to solve complex valued ODEs, a real
system equivalent to Eqg. |(B.28) is given by

¥(t) = $ esy(t), Y (0)=[10], (B.29)
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where) = ).+ 1), and / 0

_ )1 )2
$rest = Yo )1 (B.30)

However, to leverage classical stability results from the theory of Kalman Pbltering we
investigate a slightly di'erent test equation, namely

¥(t) = $ y(t), y(0) = vo, (B.31)

where$ | R*™ is of full rank. In this case Egs. [(B.11) and[(B.20) give the following
recursion forp?

ne = (A(h) " A(NKH)ug, (B.32a)
wp = (1" K H)py, (B.32b)

where we recall thatH = &' C$ and z, = 0. If there exists a limit gainlim,, K, =
K4 then asymptotic stability of the Pblter holds provided that the eigenvalues fA(h)'
A(h)K4 H) are strictly within the unit circle (Anderson and Moore, 1979, Appendix C,
page 341). Thatis/lim,» M, =0 and as a direct consequendan,» p; =0.

We shall see that the Kalman Plter using an IWPRYg) prior is asymp}lotically stable.
For the IWP(q) process orR” we haveu =0, L = e, 7 %'%, andF =( L, g€l1)7 I,
whereg ! RY is the ith canonical eigenvector,%’? is the symmetric square root of
some positive semi-debnite matrize! R*®¢ 11 R*¢ is the identity matrix, and 7 is
KroneckerOs product. By using Eq[ (B.8), the properties of Kronecker products, and the
dePnition of the matrix exponential the equivalent discrete-time system is given by

A(h)= AD() 71, (B.33a)
$(h) =0, (B.33b)
Q(h) = QW (h) 7 %, (B.33c)

where A®(h) | REDE@D gnd QW (h) 1| RV @D gre given by (Kerstinget al.,
2020a, Appendix Af]

W'
Ai(jl)(h) = lig A (B.34a)

h20+3" " ]
2q+3" i' j)g+1" iD(g+1" Y

and l;¢; is an indicator function. Before proceeding we need to introduce the notions
of stabilisability and detectability from Kalman Pltering theory. These notions can be

Q" (h) = (B.34b)

Note that Kersting et al. (2020a) uses indexing,j =0, ...,qwhile we here use,j =1, ...,q+1.
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found in|Anderson and Moore|(1979, Appendix C).

Debnition B.3.1 (Complete Stabilisability). The pair [A, G] is completely stabilisable
if W'G=0 andw'A = /w ' for some constant/ implies|/| < 1 or w=0.

Depnition B.3.2 (Complete Detectability). [A, H]is completely detectable fAT,H ']
Is completely stabilisable.

Before we state the stability result of this section the following two lemmas are useful.

Lemma B.3.3. Consider the discretised IWP¢) prior on R as given by Eq.(B.33).
Let h > 0 and % be positive debnite. Then, thel 3 d blocks of Q(h), denoted by
Qii(h), i,j =1,2,...,q+1 are of full rank.

Proof. From Eq. (B.33¢) we haveQ; ; (h) = Qi(ﬁ)(h)% From Eq. (B.34h) andh > 0 we
have Qi(’lj)(h) > 0, and since%is positive debnite it is of full rank. It then follows that
Qi (h) is of full rank as well. ] ]

Lemma B.3.4. Let A(h) be the transition matrix of an IWP(q) prior as given by Eq.
(B-33a) and h > 0, then A(h) has a single eigenvalue given ty= 1. Furthermore, the
right-eigenspace is given by

Spanbl! e2! R ed])

wheree | R4D Y are canonical basis vectors, and the left-eigenspace is given by

SpanEyg:1 » €qarz s - - - » Egr1) dl-

Proof. Firstly, from Egs. (B.33a) and (B.34a) it follows that A(h) is block upper-
triangular with identity matrices on the block diagonal, hence the characteristic equation
Is given by

det(A(h)' /1)=@ " /)@Dd=0, (B.35)
we conclude that the only eigenvalue i = 1. To bnd the right-eigenspace letv' =
Wi, wi,...,Wgil, W ! R% i=1,2...,g+1 and solveA(h)w = w, which by using

Egs. (B.33a) and [(B.34a) can be written as

agl " | hr
(A(h)w), = Fw,+,, 1=1,2,...,9+1, (B.36)

r=0 '
where (3, is the Ith sub-vector of dimensiond. Starting with | = g+ 1 we trivially
have gy = Wgq. Forl = qwe havew, + wgq h = w, but h > 0, hencewg,; = 0.

Similarly for | = q' 1 we havewg 1 = Wy 1 + Wgh + Wgq h?/ 2 = Wy 3 + wgh + 0 8h?/ 2.
Again sinceh > 0 we havew, = 0. By repeating this argument we havew; = w;

®Anderson and Moore (1979) denotes the measurement matrix b T while we denote it by H. With
this in mind our notion of complete detectability does not diler from Anderson and Moore|(1979).
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andw; =0, i =2,3,...,q+1. Therefore all eigenvectorsv are of the formw' =
[wi,0",...,0"]! spanfy,e,,...,e]. Similarly, for the left eigenspace we have
T Fin T
(w A(h)), = FW,-- o 1=1,2,...,9+1. (B.37)
r=0 " -

Starting with | = 1 we have trivially that w] = w] . For| = 2 we havew, +wj h = wy but
h> 0, hencew; = 0. For| =3 we havew; = wj + wyh+ wi{h?/2 = w} + wyh+07 &%/ 2

but h > 0 hencew, = 0. By repeating this argument we havev; = 0,1 =1, ...,q and
Wg1 = W . Therefore, all left eigenvectors are of the form' =[07,..., 0", Wg,] !
Spangyg:1 » €qarz s - - - » Egqr1) dl- O O

We are now ready to state the main result of this section. Namely, that the Kalman
blter that produces exact inference in Eq[ (Bl7) for linear vector belds is asymptotically
stable if the linear vector beld is of full rank.

Theorem B.3.5. Let$ ! R%Y be a matrix with full rank and consider the linear ODE

¥(t) = $ y(t). (B.38)

Consider estimating the solution of Eq.(B.38) using an IWP(qg) prior with the same
conditions on%as in Lemma[B.3.3. Then the Kalman blter estimate of the solution to
Eq. (B.38) is asymptotically stable.

Proof. From Eqg. (B.7) we have that the Kalman blter operates on the following system

Xne1 = A()X + QY2 (N)Wouy, (B.39a)
Z, = HX,, (B.39b)

whereH =[" $,1,0,...,0] and W, are i.i.d. standard Gaussian vectors. It is su"-
cient to show that [A(h), H] is completely detectable andA(h), QY ?(h)] is completely
stabilisable (Anderson and Moore, 1979, Chapter 4, page 77). We start by showing
complete detectability. If we letw’ = [wi,..., W], w ! R% i =1,2,...,q+1,
then by Lemma we have thatw'AT(h) = /w' for some/ implies that ei-
ther w = 0 or w' = [w],0",...,0"] for somew; ! R% and/ = 1. Furthermore,
WHT =" wi$" +w) =0 implies that w, = $w;. However, by the previous argu-
ment, we havew, = 0, therefore0 = $w; but $ is full rank by assumption sow; = 0.
Therefore, [AT(h), H "] is completely detectable. As for complete stabilisability, again
by Lemma, we havev'A(h) = /w T for some/, which implies eitherw = 0 or
w' =[07,...,0",wy,] and / = 1. Furthermore, since the nullspace oQ"?(h) is the
same as the nullspace @(h), we have thatw' QY 2(h) = 0 is equivalent tow'Q(h) = 0,
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which is given by
1 2
WTQ(h) = Wg+1 Qge11(h) ... Wg+1 Qg+1, ¢ (h) =0,

but by Lemma[B.3.3 the blocksQ;; (h) have full rank sowg,; = 0 and thusw = 0.

To conclude, we have that[A(h), Q¥2(h)] is completely stabilisable and[A(h), H] is
completely detectable and therefore the Kalman Plter is asymptotically stable..]1 [

Corollary B.3.6. In the same setting as Theorein B.3]5, the EKF and UKF are asymp-
totically stable.

Proof. Since the vector Peld is linear and therefore a"ne Lemmnja B.2.5 implies that EKF
and UKF reduce to the exact Kalman Plter, which is asymptotically stable by Theorem
B.3.5. O O

It is worthwhile to note that $. is of full rank for all [); ),]" ! R?*\{ 0}, and
consequently Theorenh B.3]5 and Corollary B.3.6 guarante A-stability for the EKF and
UKF in the sense of Dahlquist (1963} Lastly, a peculiar fact about Theoren] B.3.5 is
that it makes no reference to the eigenvalues & (i.e. the stability properties of the
ODE). That is, the Kalman blter will be asymptotically stable even if the underlying
ODE is not, provided that, $ is of full rank. This may seem awkward but it is rarely the
case that the ODE that we want to integrate is unstable, and even in such a case most
solvers will produce an error that grows without a bound as well. Though all of the
aforementioned properties are at least partly consequences of using IW[P&s a prior
and they may thus be altered by changing the prior.

B.4 Uncertainty calibration

In practice the model parameters,(F,u,L), might depend on some parameters that
need to be estimated for the probabilistic solver to report appropriate uncertainty in
the estimated solution to Eq. [B.1). The dilusion matrix L is of particular importance
as it determines the gain of the Wiener process entering the system in Eq. (B.3) and
thus determines howOdiluse@he prior is. Herein we shall only concern ourselves with
estimating L, though, one might anticipate future interest in estimatingF and u as well.
However, let us start with a few words on the monitoring of errors in numerical solvers
in general.

B.4.1 Monitoring of errors in numerical solvers

An important aspect of numerical analysis is to monitor the error of a method. While
the goal of probabilistic solvers is to do so by calibration of a probabilistic model, the

“Some authors require stability on the line!; = 0 as well (Hairer and Wanner,|1996). Due to the
exclusion of origin EKF and UKF cannot be said to be A-stable in this sense.
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approach of classical numerical analysis is to examine the local and global errors. The
global error can be bounded but is typically impractical for monitoring error|(Hairer
et al,, 1987, Chapter 11.3). A more practical approach is to monitor (and control)
the accumulation of local errors. This can be done by using two step sizes together
with Richardson extrapolation (Hairer et al., 1987, Theorem 4.1). Though, perhaps
more commonly this is done via embedded RungebKutta methods (Haietral., 1987,
Chapter 11.4) or the Milne device|Byrne and Hindmarsh|(1975).

In the context of blters, the relevant object in this regard is the scaled residual
S, Y2(z,' B,). Due to its role in the prediction-error decomposition, which is depned
below, it directly monitors the calibration of the predictive distribution. |Schoberet al.
(2019) showed how to use this quantity to electively control step sizes in practice. It
was also recently shown in (Kerstinget al., 2020a, Section 7), that in the case af=1,
pxed"? (amplitude of the Wiener process) and Integrated Wiener Process prior, the
posterior standard deviation computed by the solver of Schobet al. (2019) contracts
at the same rate as the worst-case error as the step size goes to zeroNthereby preventing
both under- and over-conbdence.

In the following we discuss elective strategies for calibrating when it is given by
L = "U for bxed U thus providing a probabilistic quantiPcation of the error in the
proposed solvers.

B.4.2 Uncertainty calibration for a"ne vector pelds

As noted in Sectior] B.2.6, the Kalman Plter produces the exact solution to the inference
problem in Eq. (B.7) when the vector beld is a"ne. Furthermore, the marginal likelihood
p(z;.n ) can be computed during the execution of the Kalman Plter by the prediction error
decomposition |(Schweppe, 1965), which is given by:

BN
P(zin) = P(Z1) P(Zn | Z1:ne 1)
n=2
& (B.40)
= N(z\;B, Sn).
n=1
While the marginal likelihood in Eq. (B.40) is certainly straightforward to compute
without adding much computational cost, maximising it is a dilerent story in general.
In the particular case when the dilusion matrix L and the initial covariance" , are
given by re-scaling bxed matrices = "I and " , = " 24, for some scala" > 0, then
uncertainty calibration can be done by a simple post-processing step after running the
Kalman Plter, as is shown in Propositiof B.4]1 below.

Proposition B.4.1.  Letf(y,t) =$( t)y+,(t), " o= "2y, L ="K, R =0 and denote
the equivalent discrete-time process noise covariance for the prior modEl, u, Y) by
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@(h). Then the Kalman Pblter estimate to the solution of

(1) = f(y(t), 1)

that uses the parameter§y, , " O,A(h) $(h), Q(h)) is equal to the Kalman blter estimate
that uses the parametergps, ,'UO,A(h) $(h), Q(h)) More specibcally, if we denote the
pblter mean and covariance at timen using the former parameters by ," F) and the
corresponding blter mean and covariance using the latter parameters (i , 'UF) then
(uh, " Ry = (wh, 20y, Additionally, denote the predicted mean and covariance of the
measurementZ, by g, and Qn, respectively, when using the parametef$s, uO,A(h)

$(h), Q(h)). Then the maximum likelihood estimate of?, denoted b)@,ﬁ, is given by

1 # TEr D
@ = =" (z' )Nz ) (B.41)

n=1

Proposition[B.4.1 is just an amalgamation of statements from Tronarpt al. (2019b).
Nevertheless, we provide an accessible proof in Appenflix B.9.

B.4.3 Uncertainty calibration for non-a"ne vector pelds

For non-a"ne vector belds the issue of parameter estimation becomes more complicated.
The Bayesian bltering problem is not solved exactly and consequently any marginal
likelihood will be approximate as well. Nonetheless, a common approach in the Gaussian
bltering framework is to approximate the marginal likelihood in the same manner as the

pltering solution is approximated [(SSrkkS, 2013, Chapter 12.3.3), that is:

&N
p(ZlZN ) + N (Zn; f}“l’ Sn)’ (B42)

n=1

where s, and S, are the quantities in Eq. [B.12) approximated by some method (e.g.
EKF). Maximising Eq. (B.42) is a common approach in signal processing (SSrkkS, 2013)
and referred to asquasi maximum likelihoodin time series literature (Lindstrsm et al.,
2015). Both Eq. (B.14) and Eq. [(B.16) can be thought of as Kalman updates for
the case where the vector beld is approximated by a piece-wise a"ne function, without
modifying " o, Q(h), and R. For instance the a"ne approximation of the vector peld
due to the EKF on the discretisation intervallt,,t,+1) IS given by

) & : & :
oM ="f Cpi.ty ' I CHp,ty Cuy, (B.43a)
) & '
$.(1)= J Cuq,ty (B.43Db)

Ry, 1) = 8a(t)y + %(1). (B.43c)
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While the vector beld is approximated by a piece-wise a"ne function, the discrete-time
bltering problem Eq. [B.7) is still simply an a"ne problem, without modibcations of
"o, Q(h), and R. Therefore, the results of Propositiol still apply and the'?
maximising the approximate marginal likelihood in Eq. [(B.42) can be computed in the
same manner as in Eq.[(B.41).

On the other hand, it is clear that dependence ot? in Eq. (B.12) is non-trivial in
general, which is also true for the quadrature approaches of Sectjon B|2.5. Therefore,
maximising Eq. (B.42) for the quadrature approaches is not as straightforward. How-
ever, by Taylor series expanding the vector beld in Eq.[ (B.12) one can see that the
numerical integration approaches are roughly equal to the Taylor series approaches pro-
vided that Y}, is small. Therefore, we opt for plugging in the corresponding quantities
from the quadrature approximations into Eq. {[B.41) in order to achieve computationally
cheap calibration of these approaches.

Remark B.4.2. A local calibration method for" 2 is given by (Schobeet al/, [2019, Eq.

(45)), which in fact corresponds to anh-dependent prior, with the dilusion matrix in

Eqg. (B.3) L = L(t) being piece-wise constant over integration steps. Moreover, Schober
et al. (2019) had to neglect the dependence '0f on the likelihood. Here we prefer the
estimator given in Eq. (B.41) since it is attempting to maximise the likelihood from the
globally dePned probability model in EqB.7), and it succeeds for a'ne vector belds.

More advanced methods for calibrating the parameters of the prior can be developed
by combining the Gaussian smoothing equations (SSrkkS, 2013, Chapter 10) with the
expectation maximisation method (Kokkalaet al.,|2014) or variational Bayes|(Taniguchi
et al., 2017).

B.4.4 Uncertainty calibration of particle blters

If calibration of Gaussian blters was complicated by having a non-a"'ne vector beld,
the situation for particle blters is even more challenging. There is, to the authorsO
knowledge, no simple estimator of the scale of the Wiener process (such as Proposition
[B.4.1) even for the case of a'ne vector belds. However, the literature on parameter
estimation using particle methods is vast so we proceed to point the reader towards some
alternatives. In the class of o!-line methods, Schset al. (2011) uses a particle smoother
to implement an expectation maximisation algorithm, while| Lindsten (2013) uses a
particle Markov chain Monte Carlo methods to implement a stochastic approximation
expectation maximisation algorithm. One can also use the iterated bltering method of
lonides et al. (2011) to get a maximum likelihood estimator, or particle Markov chain
Monte Carlo (Andrieu et al., [2010).

On the other hand, if on-line calibration is required then the gradient based recursive
maximum likelihood estimator by Doucet and Tadi$|(2003) can be used, or the on-line
version of iterated Pltering by Lindstrsmet al. (2012). Furthermore, Storvik (2002)
provides an alternative for on-line calibration when su“cient statics of the parameters
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are pnite dimensional and can be computed recursively m An overview on parameter
estimation using particle blters was also given hy Kantast al. (2009).

B.5 Experimental results

In this section we evaluate the dilerent solvers presented in this paper in dilerent sce-
narios. Though before we proceed to the experiments we dePne some summary metrics
with which assessments of accuracy and uncertainty quantibcation can be made. The
root mean square error (RMSE) is often used to assess accuracy of Pltering algorithms
and is debned by

oa
RMSE = Nl "y(nh)' Cuf"2

n=1
In fact y(nh)' Cuf, is precisely theglobal errorat time t,, (Hairer et al.,[1987, Eq. (3.16)).
As for assessing the uncertainty quantibcation, the?-statistics is commonly used| (Bar-
Shalomet al., 2001). That is, in a linear Gaussian model the following quantities
& 't L& '
y(nh)' Cpi [C"RCT ' y(nh)' Cuf ,n=1,...,N,

are i.i.d. ' %(d). For a trajectory summary we debne the average’-statistics as

18 & ' & :
2 = N yh)' cub [T iCTT ! y(nh) Cuf
n=1

For an accurate and well calibrated model the RMSE is small arl® + d. In the succeed-

ing discussion we shall refer to a method producir182 <d or "2 >d asunderconbdent
or overconbdentrespectively.

B.5.1 Linear systems

In this experiment we consider a linear system given by

/) ) 0
— 1 2
$= 90 37 (B.44a)
W) =$y(1), yO) =e. (B.44b)

This makes for a good test model as the inference problem in E¢. (B.7) can be solved
exactly, and consequently its adequacy can be assessed. We compare exact inference
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by the Kalman plter (KF)[ (see Section B.2.6) with the approximation due to Schober
et al| (2019) (SCH) (see Propositiori B.2/3) and the covariance approximation due to
Kersting and Hennig (2016) (KER) (see Propositiof B.2]4). The integration interval is
set to [0, 10]and all methods use an IWPg) prior for g = 1,2,...,6, and the initial
mean is set toE[X V) (0)] = $" y(0) for j = 1,...,q+ 1, with variance set to zero
(exact initialisation). The uncertainty of the methods is calibrated by the maximum
likelihood method (see Propositiol), and the methods are examined for 10 step
sizes uniformly placed on the interva[10 3, 10 1.

We examine the parameterg ; = 0 and ), = 0 (half a revolution per unit of time
with no damping). The RMSE is plotted against step size in Figurg B|1. It can be seen
that SCH is a slightly better than KF and KER for g=1 and small step sizes, and KF
becomes slightly better than SCH for large step size while KER becomes signibcantly
worse than both KF and SCH. Forg > 1, it can be seen that the RMSE is signibcantly
lower for KF than for SCH/KER in general with performance dilering between one
and two orders of magnitude. Particularly, the superior stability properties of KF are
demonstrated (see Theorein B.3.5) fay > 3 where both SCH and KER produce massive
errors for larger step sizes.

Furthermore, the average 2-statistic is shown in Figure. All methods appear to
be overconbdent foig = 1 with SCH performing best, followed by KER. On the other
hand, for1 < q < 5, SCH and KER remain overconbdent for the most part, while KF
is underconbdent. Our experiments also show that unsurprisingly all methods perform
better for smaller|) ,| (frequency of the oscillation). However, we omit visualising this
here.

Finally, a demonstration of the error trajectory for the brst component ofy and the
reported uncertainty of the solvers is shown in Figurg Bl3 foh = 10" % and q = 2.
Here it can be seen that all methods produce similar errors bars, though SCH and KER
produce errors that oscillate far outside their reported uncertainties.

B.5.2 The logistic equation

In this experiment the logistic equation is considered:

¥ = ry(®@" (), yO)=14a10" (B.45)

which has the solution:
exp(rt)

y() = Uy, 1+exp(rt)

(B.46)

In the experimentsr is set tor = 3. We compare the zeroth order solver (Proposi-
tion (Schoberet al., [2019) (SCH), the brst order solver in Eq. [(B.16) (EKF),

5Again note that the EKF and appropriate numerical quadrature methods are equivalent to this
estimator here (see Lemm% B.Zﬁ).
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Figure B.1: RMSE of KF, SCH, and KER on the undamped oscillator using IWRY{)
priors forg=1, ..., 6 plotted against step size.
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Figure B.2 Average' ?-statistic of KF, SCH, and KER on the undamped oscillator

using IWP(q) priors for q=1, ..., 6 plotted against step size. The expected?-statistic
is shown in black (E).

Error

Figure B.3: The errors (solid lines) andt 2 standard deviation band"s (dashed) for KF,
SCH, and KER on the undamped oscillator withq = 2 and h = 10" 2. A line at 0 is
plotted in solid black.
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a numerical integration solver based on the covariance approximation in Proposition
(Kersting and Hennig, 2016) (KER), and a numerical integration solver based on
approximating Eq. (B.12) (UKF). Both numerical integration approaches use a third
degree fully symmetric rule (see McNamee and Stenger, 1967). The integration interval
is set to [0, 2.5]and all methods use an IWPg) prior for g=1,2,...,4, and the initial
mean ofX®, X @ and X ® are set toy(0), f (y(0)), and J; (y(0))f (y(0)), respectively
(correct values), with zero covariance. The remaining state componerxs’),j > 3 are
set to zero mean with unit variance. The uncertainty of the methods is calibrated by
the quasi maximum likelihood method as explained in Sectign B.4.3, and the methods
are examined for 10 step sizes uniformly placed on the interyidlo *, 10 1].

The RMSE is plotted against step size in Figurg Bl4. It can be seen that EKF and
UKF tend to produce smaller errors by more than an order of magnitude than SCH and
KER in general, with the notable exception of the UKF behaving badly for small step
sizes andg = 4. This is probably due to numerical issues for generating the integration
nodes, which requires the computation of matrix square roots (Juliet al., 2000) that
can become inaccurate for ill-conditioned matrices. Additionally, the average-statistic
is plotted against step size in Figur¢ B.5. Here it appears that all methods tend to be
underconbdent forq = 1, 2, while SCH becomes overconbdent fgr= 3, 4.

A demonstration of the error trajectory and the reported uncertainty of the solvers is
shown in Figure[B.3 forh = 10" * and q= 2. SCH and KER produce similar errors and
they are hard to discern in the bgure. The same goes for EKF and UKF. Additionally,
it can be seen that the solvers produce qualitatively dilerent uncertainty estimates.
While the uncertainty of EKF and UKF brst grows to then shrink as the the solution
approaches the bxed point ay(t) = 1, the uncertainty of SCH grows over the entire
interval with the uncertainty of KER growing even faster.

B.5.3 The FitzHughNNagumo model

The FitzHughBNagumo model is given by:
/0 D) C *F
Y:i.(t) - EC yl(t) 1T + yZ(t) G (B47)
B Ly a+ by(t)

where we sef(a,b,c) = (.2,.2,3) and y(0) =[' 1 1]. As previous experiments showed
that the behaviour of KER and UKF are similar to SCH and EKF, respectively, we
opt for only comparing the latter to increase readability of the presented results. As
previously, the moments ofX @ (0), X @ (0), and X ®(0) are initialised to their exact
values and the remaining derivatives are initialised with zero mean and unit variance.
The integration interval is set to [0, 20] and all methods use an IWPg) prior for q =
1,...,4 and the uncertainty is calibrated as explained in Sectioh B.4.3. A baseline
solution is computed using MATLABO®de45 function with an absolute tolerance of
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Figure B.4 RMSE of SCH, EKF, KER, and UKF on the logistic equation using IWP{)
priors forq=1, ..., 4 plotted against step size.
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Figure B.5: Average' 2-statistic of SCH, EKF, KER, and UKF on the logistic equation

using IWP(q) priors for q=1, ..., 4 plotted against step size. The expected?-statistic
is shown in black (E).

10 ** and relative tolerance ofl0 *2, all errors are computed under the assumption that
ode45provides the exact solution. The methods are examined for 10 step sizes uniformly
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Error

Figure B.6: The errors (solid lines) andt 2 standard deviation bands (dashed) for KF,
SCH, and KER on the logistic withq=2 andh =10 *. A line at 0 is plotted in solid
black.

placed on the interval[10 3,10 ].

The RMSE is shown in Figure[ B.F. Forq = 1 EKF produces an error orders of
magnitude larger than SCH and foig = 2 both methods produce similar errors until the
step size grows too large, causing SCH to start producing orders of magnitude larger
errors than EKF. For g = 3,4 EKF is superior in producing lower errors and additionally
SCH can be seen to become unstable for larger step-sizesh(at 5410 2 for g= 3 and
ath + 2410 ? for g = 4). Furthermore, the averaged °-statistic is shown in Figurel B.8.

It can be seen that EKF is overconbdent fog = 1 while SCH is underconbdent. For
g = 2 both methods are underconbdent while EKF remains underconbdent fg= 3, 4
but SCH becomes overconbdent for almost all step sizes.

The error trajectory for the Prst component ofy and the reported uncertainty of the
solvers is shown in Figurg BJ9 foh = 540 2andq= 2. It can be seen that both methods
have periodically occurring spikes in their errors with EKF being larger in magnitude but
also briefer. However, the uncertainty estimate of the EKF is also spiking at the same
time giving an adequate assessments of its error. On the other hand, the uncertainty
estimate of SCH grows slowly and monotonically over the integration interval, with the
error estimate going outside the two standard deviation region at the prst spike (slightly
hard to see in the bgure).

B.5.4 A Bernoulli equation

In this following experiment we consider a transformation of Eq.[ (B.45),(t) =  y(t),
for r = 2. The resulting ODE for/ (t) now has two stable equilibrium points/ (t) = =1
and an unstable equilibrium point at/(t) = 0. This makes it a simple test domain
for dilerent sampling-based ODE solvers, because dilerent types of posteriors ought
to arise. We compare the proposed particle blter using both the proposal Eq. (B.24)
(PF(1)) and EKF proposals (Eq. (B.25)) (PF(2)) with the method by (Chkrebtii et al,
2016) (CHK) and the one by (Conradet al., 2017) (CON) for estimating/ (t) on the
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interval t ! [0, 5] with initial condition set to /, = 0. Both PF and CHK use and
IWP( ) prior and set R = 1h?*!. CON uses a RungeDbKutta method of ordeg with
perturbation variance h®**/[2q(q!)?] as to roughly match the incremental variance of
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Error

Figure B.9: The errors (solid lines) andt 2 standard deviation bands (daﬂshed) for KF,
SCH, and KER on the FitzHughBNagumo model witly=2 andh =5 410 2. A line at
0 is plotted in solid black.

the noise entering PF(1), PF(2), and CHK, which is determined byQ(h) and not R.

First we attempt to estimate y(5) = 0 for 10 step sizes uniformly placed on the interval
[10 3,10 Jwith 1 =1 and 1 = 10" *°. All methods use 1000 samples/particles and they
estimatey(5) by taking the mean over samples/empirical measures. The estimateygb)
is plotted against the step size in Figuré B.10. In general, the error increases with the
step size for all methods, though most easily discerned in Figures B.1Ob dnd BJ10d.
All in all it appears that CHK, PF(1), and PF(2) behave similarly with regards to the
estimation, while CON appears to produce a bit larger errors. Furthermore, the elect
of 1 appears to be the greatest on PF(1) and PF(2) as best illustrated in Figufe B.10c.

Additionally, kernel density estimates for the di'lerent methods are made for time
pointst=1,3,5for1=1,q=1,2 andh = 10" *,5410 2. In Figure[B.11 kernel density
estimates forh = 10" * are shown. Att = 1 all methods produce fairly concentrated uni-
modal densities that then disperse as time goes on, with CON being a least concentrated
and dispersing quicker followed by PF(1)/PF(2) and then last CHK. Furthermore, CON
goes bimodal as time goes on, which is best seen in or 1 in Figure [B.11e. On the
other hand, the alternatives vary between unimodal (CHK i B.11f, also to some degree
PF(1) and PF(2)), bimodal (PF(1) and CHK in Figure B.11€), and even mildly trimodal
(PF(2) in Figure B.116).

Similar behaviour of the methods is observed fdr =5 410 2 in Figure[B.11, though
here all methods are generally more concentrated.

B.6 Conclusion and discussion

In this paper, we have presented a novel formulation of probabilistic numerical solution of
ODEs as a standard problem in GP regression with a non-linear measurement function,
and with measurements that are identically zero. The new model formulation enables the
use of standard methods in signal processing to derive new solvers, such as EKF, UKF,
and PF. We can also recover many of the previously proposed sequential probabilistic
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Figure B.10 Sample mean estimate of the solution af = 5.

ODE solvers as special cases.

Additionally, we have demonstrated excellent stability properties of the EKF and
UKF on linear test equations, that is, A-stability has been established. The notion of
A-stability is closely connected with the solution of sti! equations, which is typically
achieved with implicit or semi-implicit methods (Hairer and Wanner, 1996). In this
respect our methods (EKF and UKF) most closely bt into the class of semi-implicit
methods such as the methods of Rosenbrock type (Hairer and Wanner, 1996, Chapter
IV.7). Though it does seem feasible the proposed methods can be nudged towards the
class of implicit methods by means of iterative Gaussian pbltering (Bell and Cathey, 1993;
Garcia-Fernandezet al., [2015; Tronarpet al., [2018).

While the notion of A-stability has been fairly successful in discerning between meth-
ods with good and bad stability properties, it is not the whole story| (Alexander, 1977,
Section 3). This has lead to other notions of stability such as-stability and B-stability
(Hairer and Wanner, 1996, Chapter 1V.3 and 1V.12). It is certainly an interesting ques-
tion whether the present framework allows for the development of methods satisfying
these more strict notions of stability.

An advantage of our model formulation is the decoupling of the prior from the like-
lihood. Thus future work would involve investigating how well the exact posterior to
our inference problem approximates the ODE and then analysing how well di'erent ap-
proximate inference strategies behave. However, for$ 0, we expect that the novel
Gaussian blters (EKF,UKF) will exhibit polynomial worst-case convergence rates of the
mean and its credible intervals, that is, its Bayesian uncertainty estimates, as has already

85



B Probabilistic Solutions To ODEs As Bayesian Filtering ((Tronarpet al., 2019a)

3| 4 ek =

2 |- — 4 !

11 0 1 15410 2 0 5410' 2

y y
(d) g=2,t=3
a0! 2
i F -
0.5 | —
AR\
0
0 1 0.25 0 0.25
y y
(e)g=1,t=5 (f) g=2,t=5

Figure B.11 Kernel density estimates of the solution of the Bernoulli equation fon =
10 ' and 1 = 1. Mind the dilerent scale of the axes.

been proved in |(Kerstinget al., [2020a) for O-th order Taylor-series blters with arbitrary
constant measurement varianc® (see Sectiofi B.2)4).

Our Bayesian recast of ODE solvers might also pave the way toward an average-case
analysis of these methods, which has already been executed|in (Ritter, 2000) for the
special case of Bayesian quadrature. For the PF, a thorough convergence analysis simi-
lar to Chkrebtii et al. (2016), Conradet al. (2017), Abdulle and Garegnani|(2020) and
Del Moral (2004) appears feasible. However, the results on spline approximations for
ODEs (see, e.g/, Loscalzo and Talbgt, 1967) might also apply to the present methodol-
ogy via the correspondence between GP regression and spline function approximations
(Kimeldorf and Wahba,|1970).
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Supplementary Material for Tronarp
et al. (2019a)

B.7 Supplement I: Proof of Proposition B.2.1. |

In this section we prove Propositiof} B.2]1. First note that, by Eq. [(B.4), we have

1 2
dc X @ (1), X @(s)

1 2
m = C X@(),X®s), (B.48)

where C is the cross-covariance operator. That is the cross-covariance matrix between
X (1) and X @ (t) is just the integral of the covariance matrix function ofX ®. Now

debne
= ' >

. & . & '
XM= %O T X" =10+, (B.49a)
1 2
g = g'(h) ... g"(Nh) , (B.49b)
1 2
zZ'=z1 ... 7 . (B.49c¢)

Since Equation [B.3) dePnes a Gaussian process we have K& and X @ are jointly
Gaussian distributed and from Eq. [(B.48) the blocks o€[X ¥, X @] are given by

3

1 2 nh 1 2
cx® x®@ = C X@(t), X @(mh) dt
0

n,m

which is precisely the kernel mean, with respect to the Lebesgue measure[@mh],
evaluated atmh, see |(Briolet al., 2019, Section 2.2). Furthermore,

1 .2 1 2
vV X®@ _=cC X @ (nh), X @ (mh) ,
that is, the covariance matrix function (referred to as kernel matrix in Bayesian quadra-

ture literature (Briol et al.,|2019)) evaluated at all pairs in{h,...,Nh}. From Gaussian
conditioning rules we have for the conditional means and covariance matrices given
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B.8 Supplement II: Proof of Propositior‘ B.Z.%l

X®@ " g=0, denoted byEp[X (1)(nh)] and Vp [X @ (nh)], respectively, that
2 2 &
Ep X(l)(nh) = E X(l)(nh) +w, z+qg' E x(z)
1 2 & 1
= Ex<1)(nh) +w, g EX(Z) ,

1 1
Vp x(l)(nh) =V x<1>(nh) " w,V x(z) wy,
where we used the fact thatz = 0 by debnition andw, are the Bayesian quadrature

weights associated to the integral of over the domain[0,nh], given by (see Briolet al.
(2019, Proposition 1))

D 1 2 F
C X @ (nh), X @ (h)
"1

1
T-yX® :
1 2
C X @(nh), X @(Nh)

B.8 Supplement II: Proof of Proposition B.2.4

To prove Proposition[B.2.4, expand the expressions f@, and K, as given by Eq.

E12:

2
r PGJT"‘ \ f(an,t ) | Z1n2 1

' G'CXn,f(CXn, n) | Zyne 1

Sn

: c;xn,f(cxn,t)lzln . G’T
¢t P@T+Vf(cxn,t ) | Zinn
& 2
Koz " PG CXpf (CXoty) [ Zim s S,
+ "ﬁG,'TS;l,

+

where in the second steps the approximatio@[X,,,f (CX,,t,) | Zin» 1] + 0 was used.
Lastly, recall that z, " 0, hence the update equations become

S, + &Pl + Vlf (CXp,tn) | Zone 12, (B.52a)
K,+" Ee’ﬂs;;;, . , . (B.52b)
Wh + Hn + Ky EF(CXnity) | Zeney * Chif (B.52c)
nEe P KOS KL (B.52d)
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When E[f (CX,,ty) | zine 1] @and V[f (CX,,,t,) | Z1n» 1] are approximated by Bayesian
quadrature using a squared exponential kernel and a uniform set of nodes translated
and scaled byp, and " I, respectively, the method of Kersting and Hennig (2016) is
obtained. O

B.9 Supplement IlI: Proof of Proposition B.4.1

Note that (i}, "]E) is the output of a misspecibed Kalman blter (Tronargt al., |2019b,
Algorithm 1). We indicate that a quantity from Egs. (B.11) and (B.12) is computed
by the misspeciPed Kalman Plter by For example 0- is the predictive mean of the
misspecibed Kalman blter. If [ = "2UF and pf = pf holds then for the prediction
step we have

Mhey = A(h)h + $(h) = A(h)EE + $(h) = Whsy
- A" FAT(h) + Q(h),
"2 A(h)URAT(h)+ &(h) |

—_ u 24P
- un+1’
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B.9 Supplement Ill: Proof of Proposition B.4.jl

where we used the fact thaQ(h) = " 2®(h), which follows fromL = " U and Eq. (B.8).
Furthermore, recall thatH,,,;, = &' $(t,.,)C, which for the update gives

Sh+1 = Hps" nna HrT+1
= II2Hn+1 'un+l Hr-wr+l
="24 ...
Knaa =" nat HrT+1 S:Hll
=" z'urF\)ﬂ Hr-1r+1 " 2§n+1]“ !
= I!]n+1 HrT+1 gn+11
=K ..
By = Hpug UE+1 "L (th)
= Hpn nrl:])+1 " (t)
= l‘Zn+1a
“Eﬂ = UE+1 + K (Zosr ' Bhae)

— ~P % 1 >
- un+1 + I(In+1 (Zn+1 Zh+l)

= Qs -
" E+1 =" f.)+1 " Kpa Sn+1Kr—1r+1
="? I0E+1 ' K\ln+1 gn+1 K\Igﬂ
v
It thus follows by induction that p§ = @), "5 = "2UF 5 =@, and S, = "29, for

n, 0. From Eq. (B.40) we have that the log-likelihood is given by

2

logp(zin) =log N (z,:8,S,)
n=1

%

=log = N (z;2,"28)
n=1
= MlogIIZI #\l (Zn' Z‘h)Tgn 1(an z‘h)
2 - 2||2 *

Taking the derivative of log-likelihood with respect to" ?

following estimating equation

and setting it to zero gives the

 Nd I
O = F + 2(u 2)2 =1 (Zn zh)-rgl'\ 1(Zn 24'1)!
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B Probabilistic Solutions To ODEs As Bayesian Filtering ((Tronarpet al., 2019a)

which has the following solution
n 2 — 1 #\I

=g @ W8N ).
n=1
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C Convergence Rates of Gaussian
ODE Filters (Kersting et al.
2020a)

Abstract: A recently-introduced class of probabilistic (uncertainty-aware) solvers for or-
dinary di'erential equations (ODESs) applies Gaussian (Kalman) Pltering to initial value
problems. These methods model the true solutiox and its brst g derivatives a priori

as a GaussbMarkov process, which is then iteratively conditioned on information
about X1 This article establishes worst-case local convergence rates of orgerl for a
wide range of versions of this Gaussian ODE Plter, as well as global convergence rates
of order q in the case ofg = 1 and an integrated Brownian motion prior, and analyses
how inaccurate information onXicoming from approximate evaluations of alects these
rates. Moreover, we show that, in the globally convergent case, the posterior credible
intervals are well calibrated in the sense that they globally contract at the same rate as
the truncation error. We illustrate these theoretical results by numerical experiments
which might indicate their generalizability toq!{ 2,3,...}.

C.1 Introduction

A solver of an initial value problem (IVP) outputs an approximate solution®: [0,T] $
RY of an ordinary dilerential equation (ODE) with initial condition:

xD(t) = ((jj)t((t) = f (x(t)), %! [0,T], (C.1)
x(0)= xo ! RY.

(Without loss of generality, we simplify the presentation by restricting attention to the
autonomous case.) The numerical solutiok is computed by iteratively collecting infor-
mation on x™(t) by evaluating f : R* $ RY at a numerical estimatex(t) of x(t) and
using these approximate evaluations of the time derivative to extrapolate along the time
axis. In other words, the numerical solution (orestimator) ¥ of the exact solution (or
estimand) x is calculated based on evaluations of the vector peld(or data). Accord-
ingly, we treat ¥ itself as an estimator, i.e. a statistic that translates evaluations off
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into a probability distribution over C([0, T]; RY), the space of continuously dilerentiable
functions from [0, T] to RY.

This probabilistic interpretation of numerical computations of tractable from intractable
guantities as statistical inference of latent from observable quantities applies to all nu-
merical problems and has been repeatedly recommended in the past (PoincarZ, 1896;
Diaconis,1988| Skilling] 1991; OOHagan, 1992; Ritter, 2000). It employs the language
of probability theory to account for the epistemic uncertainty (i.e. limited knowledge)
about the accuracy of intermediate and Pnal numerical computations, thereby yielding
algorithms which can be more aware ofNas well as more robust againstNuncertainty
over intermediate computational results. Such algorithms can output probability mea-
sures, instead of point estimates, over the Pnal quantity of interest. This approach, now
called probabilistic numerics (PN) (Hennig et al., 2015; Oates and Sullivan, 2019), has
in recent years been spelled out for a wide range of numerical tasks, including linear
algebra, optimization, integration and dilerential equations, thereby working towards
the long-term goal of a coherent framework to propagate uncertainty through chained
computations, as desirable, e.g., in statistical machine learning.

In this paper, we determine the convergence rates of a recent family of PN methods
(Schoberet al., [2014; Kersting and Hennig, 2016; Magnarat al., 2017; Schobeet al.,
2019; Tronarpet al., |2019a)which recast an IVP as astochastic pltering problent k-
sendal, 2003, Chapter 6), an approach that has been studied in other settings (Jazwinski,
1970), but has not been applied to IVPs before. These methods assuangriori that
the solution x and its brstq ! N derivatives follow a GaussbMarkov process that
solves a stochastic di'erential equation (SDE).

The evaluations off at numerical estimates of the true solution can then be regarded
as imperfect evaluations okl which can then be used for a Bayesian update ®f. Such
recursive updates along the time axis yield an algorithm whose structure resembles that
of Gaussian (Kalman) Pltering [(SSrkkS, 2013, Chapter 4). These methods add only
slight computational overhead compared to classical methods (Scholeral., 2019) and
have been shown to inherit local convergence rates from equivalent classical methods in
specibc cases (Schobet al., |2014; Schobeet al., [2019). These equivalences (i.e. the
equality of the Pltering posterior mean and the classical method) are only known to hold
in the case of the integrated Brownian motion (IBM) prior and noiseless evaluations of
f (in terms of our later notation, the caseR . 0), as well as under the following
restrictions:

Firstly, for q!{ 1,2,3, and if the brst step is divided into sub-steps resembling those
of RungebKutta methods, an equivalence of the posterior mean of the brst step of the
plter and the explicit RungebKutta method of ordeq was established in Schobest al.
(2014) (but for q!{ 2,3} only in the limit as the initial time of the IBM tends to '1 ).
Secondly, it was showrby Schoberet al. (2019) that, for g = 1, the posterior mean after
each step coincides with the trapezoidal rule if it takes an additional evaluation éf at
the end of each step, known as P(EC)1. The same paper shows that, dor 2, the Plter
coincides with a third-order Nordsieck method| (Nordsieck, 1962) if the Plter is in the
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steady state, i.e. after the sequence of error covariance matrices has converged. These
results neither cover blters with the integrated OrnsteinBUhlenbeck process (IOUP) prior
(Magnani et al., 2017) nor non-zero noise models on evaluationsfaf

In this paper, we directly prove convergence rates without Prst btting the Plter to
existing methods, and thereby lift many of the above restrictions on the convergence
rates. While the more-recent work by Tronarpet al., (2020) also provide convergence
rates of estimators ofx in the Bayesian ODE Pltering/smoothing para-digm, they con-
cern the maximum a posteriori estimator (as computed by the iterated extended Kalman
ODE smoother), and therefore diler from our convergence rates of the Pbltering mean
(as computed by the Kalman ODE Plter).

C.1.1 Contribution

Our main resultsNTheorems[C.6.2 and C.7]7Nprovide local and global convergence
rates of the ODE Plterwhen the step sizeh goes to zero Theorem[C.6.2 shows local
convergence rates di*! without the above-mentioned previous restrictionsNi.e. for a
generic Gaussian ODE Pplter for alg! N, both IBM and IOUP prior, Bexible Gaussian
initialization (see Assumptions C.2 and C.3), and arbitrary evaluation nois® , 0. As

a brst global convergence result, Theorem C.7.7 establishes global convergence rates of
h9 in the case ofg = 1, the IBM prior and all bxed measurement uncertainty models
R of orderp ! [1,1 ] (see Assumptior] C.4). This global rate of the worst-case error
is matched by the contraction rate of the posteriorcredible intervals, as we show in
Theorem[C.8.1 Moreover, we also give closed-form expressions for the steady states in
the global caseand illustrate our results as well as their possible generalizability tp, 2

by experiments in Appendix C.9.

C.1.2 Related work on probabilistic ODE solvers

The Gaussian ODE Plter can be thought of as a self-consistent Bayesian decision agent
that iteratively updates its prior belief X overx: [0,T]$ R (and its brstqderivatives)
with information on Xifrom evaluating f E] For GaussbMarkov priors, it performs exact
Bayesian inference and optimally (with respect to the.2-loss) extrapolates along the
time axis. Accordingly, all of its computations are deterministic andNdue to its re-
striction to Gaussian distributionsNonly slightly more expensive than classical solvers.
Experiments demonstrating competitive performancevith classical methodsare pro-
vided in|Schoberet al. (2019, Section 5).

'Here, the word OBayesianO describes the algorithm in the sense that it employs a prior over the
guantity of interest and updates it by Bayes rule according to a prespecibed measurement model (as
also used in Skilling (1991); Chkrebtii et al. (2016); Kersting and Hennig (2016)). The ODE blter
is not Bayesian in the stronger sense df Cockaynet al.| (2019), and it remains an open problem
to construct a Bayesian solver in this strong sense without restrictive assumptions, as discussed in
Wang et al.| (2018).
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Another line of work (comprising the methods fromChkrebtii et al. (2016); Conrad
et al. (2017); Teymuret al. (2016); Lieet al. (2019);| Abdulle and Garegnani (2020); Tey-
mur et al. (2018) introduces probability measures to ODE solvers in a fundamentally
dilerent wayNby representing the distribution of all numerically possible trajectories
with a set of sample paths. To compute these sample paths, Chkrebét al.| (2016)
draws them from a (Bayesian) Gaussian process (GP) regressi@gnrad et al. (2017);
Teymur et al, (2016); |Lie et al. (2019); Teymur et al| (2018) perturb classical esti-
mates after an integration step with a suitably scaled Gaussian noise; and Abdulle and
Garegnani (2020) perturbs the classical estimate instead by choosing a stochastic step-
size. While|Conrad et al. (2017);| Teymur et al. (2016); Lie et al. (2019); Abdulle and
Garegnani [2020); Teymuret al. (2018) can be thought of as (non-Bayesian) Ostochastic
wrappersO around classical solvers, which produce samples with the same convergence
rate, [Chkrebtii et al] (2016) employsNlike the PlterNGP regression to represent the
belief onx. While the Gaussian ODE Pplter can convergence with polynomial order (see
results in this paper), However, Chkrebtiiet al, (2016) only show brst-order conver-
gence rates and also construct a sample representation of numerical errors, from which
samples are drawn iteratively. A conceptual and experimental comparison between the
plter and|Chkrebtii et al. (2016) can be found in Schobeet al. (2019). An additional
numerical test against Conradet al. (2017) was given by Kersting and Hennig (2016).
Moreover,| Tronarp et al. (2019a) recently introduced a particle ODE Pplter, which com-
bines a Pltering-based solver with a sampling-based uncertainty quantibcation (UQ),
and compared it numerically with|Conradet al. (2017) and| Chkrebtiiet al. (2016).

All of the above sampling-based methods can hence represent more expressive, non-
Gaussian posteriors (as e.g. desirable for bifurcations), but multiply the computational
cost of the underlying method by the number of sample©DE Pplters are,in contrast, not
a perturbation of known methods, butnovel methodsdesigned for computational speed
and for a robust treatment of intermediate uncertain values (such as the evaluations
of f at estimated points). Unless parallelization of the samples in the sampling-based
solvers is possible and inexpensive, one can spend the computational budget for gen-
erating additional samples on dividing the step sizé by the number of samples, and
can thereby polynomially decrease the error. Its Gaussian UQ, however, should not be
regarded as the true UQNin particular for chaotic systems whose uncertainty can be
better represented by sampling-based solvers, see e.g. Coneadal. (2017, Figure 1)
and [Abdulle and Garegnani [(2020, Figure 2)Nbut as a rough inexpensive probabilis-
tic treatment of intermediate values and Pnal errors which is supposed to, on average,
guide the posterior mean towards the truex. Therefore, it is in a way more similar
to classical non-stochastic solvers than to sampling-based stochastic solvers and, unlike
sampling-based solvers, puts emphasis on computational speed over statistical accuracy.
Nevertheless, its Gaussian UQ is su“cient to make the forward models in ODE inverse
problems more Ouncertainty-awareQ; [see Kersénhgl. (20200, Section 3).

Accordingly, the convergence results in this papesoncern the convergence rate of the
posterior mean to the truesolution, while the theoretical results fromTeymur et al.
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(2016); Chkrebtii et al. (2016);|Conradet al. (2017); Lie et al. (2019); Abdulle and
Garegnani (2020); Teymuret al. (2018) provide convergence rates of the variance of the
non-Gaussian empirical measure of samples (and not for an individual sample).

C.1.3 Relation to bltering theory

While Gaussian (Kalman) bltering was Prst applied to the solution of ODEs hy Kersting
and Hennig (2016) anc Schobeet al. (2019), it has previously been analysed in the
pltering, data assimilation as well as linear system theory community. The convergence
results in this paper are concerned with its asymptotics when the step sikgaka time
step between data points) goes to zero. In the classical bltering setting, where the
data comes from an external sensor, this quantity is not treated as a variable, as it is
considered a property of the data and not, like in our case, of the algorithm. Accordingly,
the standard books lack such an analysis for$ ONsee|Jazwinski (1970); Anderson and
Moore (1979); Maybeck|(1979) for bltering, Lavet al. (2015); Reich and Cotter (2015)
for data assimilation and| Callier and Desoer| (1991) for linear system theoryNand we
believe that our convergence results are completely novel. It is conceivable that, also for
these communities, this paper may be of interest in settings where the data collection
mechanism can be actively chosen, e.g. when the frequency of the data can be varied or
sensors of dilerent frequencies can be used.

C.1.4 Outline

The paper begins with a brief introduction to Gaussian ODE bltering in Appendik C|2.
Next, Appendices C.B and CJ5 provide auxiliary bounds on the Bow map of the ODE
and on intermediate quantities of the Plter respectively. With the help of these bounds,
Appendiceg C.6 andl C.7 establish local and global convergence rates of the Pltering mean
respectively. In light of these rates, AppendiX C.8 analyses for which measurement noise
models the posteriorcredible intervals are well calibrated. These theoretical results are
experimentally conPrmed and discussed in Appendix C.9. Appendix Cl10 concludes
with a high-level discussion.

C.1.5 Notation

We will use the notation [n] := {0,...,n" 1}. For vectors and matrices we will use
zero-based numbering, e.gx = (Xg,...,Xg 1) ! RY For a matrix P ! R"™™ and
(i,j) ! [n]3 [m], we will wiite P;. ! R*®™ for the i"™ row and P.; for the ™ column
of P. A bxed but arbitrary norm on R? will be denoted by"4". The minimum and
maximum of two real numbersa and b will be denoted bya 8 b and a9 b respectively.
Vectors that span allg modeled derivatives will be denoted by bold symbols, such as
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C.2 Gaussian ODE bltering

This section dePnes how a Gaussian blter can solve the IVP €q. (C.1). In the various
subsections, we brst explain the choice of prior on then describe how the algorithm
computes a posterior output from this prior (by debPning a numerical integratot ),

and add explanations on the measurement noise of the derivative observations. To
alternatively understand how this algorithm can be derived as an extension of generic
Gaussian bltering in probabilistic state space models, see the concise presentation in
(Kersting et al., 2020b, Supplement A).

C.2.1 Prioron x

In PN, it is common (Hennig et al., 2015, Section 3(a)) to put a prior measure on the
unknown solutionx. Often, for fast Bayesian inference by linear algebra (Rasmussen and
Williams, 2006, Chapter 2), this prior is Gaussian. To enable GP inference in linear time
by Kalman Pltering (SSrkkS| 2013, Chapter 4.3Wwe further restrict the prior to Markov
processes. Asliscussed in SSrkkS and Solin (2019, Chapter 12.4)wide class of such
GaussbMarkov processes can be captured by a law of the (strong) solution ( ksendal,
2003, Chapter 5.3) of a linear SDE with Gaussian initial condition.HereNas we, by
eg. (C.1), have information on at least one derivative ofNthe prior also includes the
Prstq! Ncderivatives. Thereforefor all j ! [d], we debne the vector of time derivatives

by X; = xX©,...,x@ ' We debneX ; as a(q+ 1)-dimensional stochastic process
via the SDE
& . "
dX () = dXOt),...,dX @ O(t),dx Ot) (C.2)
| |
0 1 0. o$; X O (1) s
: - 0 : : S
- el dte D dB(),
: 0 1%" X" “(Dn 0%
G oo e G X)) j

driven by mutually independent one-dimensional Brownian motion§B;; j ! [d]} (in-
dependent ofX (0)) fcaled by"; >0, with initial condition X ;(0) * N (m;(0), P;(0)
). We assume that X;(0); j ! [d] are independent. In other words, we model the
unknown i™ derivative of the j™ dimension of the solutionx of the IVP eq. ), de-
noted by xj(i), as a draw from a real-valued, one-dimensional G)?j(i), foralli! [q+1]
andj ! [d], such that Xj(q) is dePned by(cy,...,c;) as well as the Brownian motion

scale”; and X" ¥ is debned to be the integral ofX". Note that, by the inde-
pendence of the components of thd-dimensional Brownian motion, the components
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JJ K K

X, 0/ t/ T ;jl[d of {X(t);, 0/ t/ T} are independelﬂ The (strong)
solution of eq. ) is a GaussbMarkov process with meam : [0,T] $ R™! and
covariance matrixP; : [0,T]$ R given by

m; (t) = A(t)m; (0), (C.3)
P (1) = AP (0)A(1) + Q(b), (C.4)

where the matricesA(t), Q(t) ! RV (@D yielded by the SDE eq.|(C.2) are known in
closed forrm SSrkkS (2006, Theorem 2.&ee eq.[(C.77)) The precise choice of the prior
stochastic procesX depends on the choice dfcy, ..., c) ! R in eq. @). While
the below algorithm works for all choices of, we restrict our attention to the case of

(Cos---,G) =(0,...,0," #), for some #, O, (C.5)

where theg-times integrated Brownian motion (IBM) and the g-times integrated Ornsteinb
Uhlenbeck process (IOUP)with drift parameter # is the unique solution of eq.[(C.2),
in the case of# = 0 and # > 0 respectively (Karatzas and Shreve, 1991, Chapter 5:
Example 6.8). In this case, the matrice#\ and Q from egs. [C.3) and [[C.4) are given
by

L O
M i e, if j € q
A(t)ij = N 'tf‘!li(ll l)#4 . - !)k+i! a1k i j (j 3 (C.6)
(g i) k=g+t1" i~ k1 - 4
Q(t)" L t2q+1 "t ‘g &t2q+2 - j‘ (C 7)
ij = . .

(2g+1° i j)(@" D(q" )

(Derivations of egs.|(C.6) and|(C.7), as well as the precise form@fwithout &(t?2" "1,
are presented inAppendix[C.11.) Hence, for alli ! [q+ 1], the prediction of step sizeh
of the i™ derivative from any stateu! R%! is given by
D
g gk # ( #)k+i" g1
[A(t)u]. = —__u,' #E A/
e i k=gl i k!

t“Guy, (C.8)

“More involved correlation models ofUC;< (1), 0/ t/ TP; j! [d]P are straightforward to incorpo-
rate into the SDE eq. , but seem complicated to analyse. Therefore, we restrict our attention
to independent dimensions.See AppendiX C.12 for an explanation of this restriction. Note that one
can also use a state space vectoX (t) which models other features ofx(t) than the derivatives, as
demonstrated with Fourier summands in|Kersting and Mahsereci [(2020).
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C.2.2 The algorithm

To avoid the introduction of additional indices, we will debne the algorithm! for

d = 1; for statements on the general case af ! N we will use the same symbols
from eq. {C.10)Peq.[(C.15) as vectors over the whole dimensionNsee e.g. Bg. (C.31)
for a statement about a generatr ! RY. By the independence of the dimensions of
X, due to eq. [C.2), extension tod ! N amounts to applying! to every dimension
independently (recall Footnote[2). Accordingly, we may in many of the below proofs
w.l.o.g. assumed = 1. Now, as previously spelled out in Kersting and Hennig (2016);
Schoberet al. (2019), Bayesian Pltering ofX Ni.e. iteratively conditioning X on the
information on X ¥ from evaluations off at the mean of the current conditionedX © N
yields the following numerical method! . Let m(t) = (m@(),....,m@)" 1 R
be an arbitrary state at some point in timet ! [0,T] (i.e. m’(t) is an estimate for
x(1)), and let P(t) | ROV he the covariance matrix ofx’(t). Fort ! [0,T],
let the current estimate ofx(t) be a normal distribution N (m (t), P(t)), i.e. the mean
m(t) | R%! represents the best numerical estimate (given datgy(h),...,y(t)}, see
eq. (C.12)) and the covariance matrixP (t) ! RV * (@D jts uncertainty. For the time
stept $ t+ h of sizeh > 0, the ODE plter brst computes the prediction step consisting
of predictive mean

m (t+ h)= A(h)m(t) ! R*, (C.9)
and predictive covariance
P’ (t+ h) = A(h)P()A(h)' + Q(h) ! REDSL (C.10)

with A and Q generally debned by eq[ (C.77) and, in the considered particular case of

eq. (C.5), by egs.[(C.6) and[(C.J7). In the subsequent step, the following quantities are
computed brst the Kalman gain

L(t+h)y= (20t +h),...,29(t + h))’
P" (t+ h):1

= (P" (t+ h))y + R(t+ h) LRV, (€11
the measurement/data onxi
y(t+ h) = f &m" Ot + h)' I R, (C.12)
and innovation/residual
r(t+h) =yt+h)' m O+h ! R (C.13)
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Here, R denotes the variance off (the Omeasurement noise®) and captures the squared
dilerence between the datay(t+ h) = f (m (t+ h)) that the algorithm actually receives
and the idealised datat(t+ h) = f (x(t+ h)) that it OshouldO receive (see Apperdix C.2.3).
Finally, the mean and the covariance matrix are conditioned othis data, which yields

the updated mean

L po.n(M (1) = m(t+ h)
= m (4 h)+ 1 (t+ h)r(t+ h), (C.14)

and the updated covariance

P (t+ h).,P" (t+ h).
P (t+ h);;+ R(t+ h)’

P(t+h)=P (t+h)" (C.15)

This concludes the steg $ t+ h, with the Gaussian distribution N (m (t + h), P(t + h))
overx (t+ h). The algorithm is iterated by computingm (t+2h) == ! ¢ n(m(t+ h))
as well as repeating eq/ (C.10) and ed. (C.15), with(t + h) instead of P(t), to obtain
P(t + 2h). In the following, to avoid notational clutter, the dependence of the above
guantities ont, h and " will be omitted if their values are unambiguous. Parameter
adaptation reminiscent of classical methods (e.g. fdr s.t. the added variance per step
coincide with standard error estimates) have been explored in Schobetr al. (2019,
Section 4).

This Plter is essentially an iterative application of Bayes rule (see elg. SSrkkS (2013,
Chapter 4)) based on the priorX on x specibed by eq.[(C|2) (entering the algorithm
via A and Q) and the measurement modey * N (X, R). Since the measurement model
is a likelihood by another name and therefore forms a complete Bayesian model together
with the prior X , it remains to detail the measurement model (recall appendjx C.2.1 for
the choice of prior). Concerning the data generation mechanism fpreq. (C.12), we only
consider the maximum-a-posteriori point estimate of(t) given N (m" @ (t), Pyo(t)); a
discussion of more involved statistical models for as well as an algorithm box for the
Gaussian ODE plter can be found in Schobet al. (2019, Subsection 2.2). Next, for lack
of such a discussion foR, we will examine dilerent choices oRNwhich have proved
central to the UQ of the plter (Kersting and Hennig, 2016) and will turn out to a'ect
global convergence properties in Append|x G.7.

C.2.3 Measurement noise R

Two sources of uncertainty add toR(t): noise from imprecise knowledge of(t) and f .
Given f, previous integration steps of the plter (as well as an imprecise initial value)
inject uncertainty about how closem’ (t) is to x(t) and how closey = f (m’ (t)) is to
X(t)) = f (x(t)). This uncertainty stems from the discretization error'm” @ (t)* x(t)"
and, hence,tends to increasewith h. Additionally, there can be uncertainty from a
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misspecibed , e.g. whenf has estimated parameters, or from numerically imprecise
evaluations off , which can be added toRNa functionality which classical solvers do
not possess. In this paper, sinde depends orh via the numerical uncertainty onx(t), we
analyse the inBuence of noise of orderp! [1,1 ] (see Assumptiorj C.4) on the quality
of the solution to illuminate for which orders of noise we can trust the solution to which
extent and when we should, instead of decreasiihg rather spend computational budget
on specifying or evaluating more precisely. The explicit dependence of the noise on its
orderpin h resembles, despite the fundamentally di'erent role d compared to additive
noise in|Conradet al. (2017); Abdulle and Garegnani|(2020), the variablg in Conrad

et al. (2017, Assumption 1) and Abdulle and Garegnan| (2020, Assumption 2.2) in the
sense that the analysis highlights how uncertainty of this order can still be modeled
without breaking the convergence rates. (Adaptive noise models are computationally
feasible (Kersting and Hennig, 2016) but lie outside the scope of our analysis.)

C.3 Regqularity of 3ow

Before we proceed to the analysis df , we provide all regularity resultsnecessary for
arbitrary g,d! N in this section.

Assumption C.1. The vector beldf ! C%R%RY is globally Lipschitz and all its
derivatives of order up tog are uniformly bounded and globally Lipschitz, i.e, there exists
somelL > O such that"D®*f", / L for all multi-indices ( ! N3 with 1/ ~ . (;/ q
and"D%*f (a)' D*f (b"/ L"a' b’ for all multi-indices ( ! N3 with0/ ~,(,/ q

Assumption[C.1 and the PicardbLindelsf theorem imply that the solutiox is a well-

debned element o€%** ([0, T];RY). Fori ! [q+ 1], we denote%it’.i by x". Recall that,

by a bold symbol, we denote the vector of these derivatives . (x©@,...,x@)'. In
particular, the solution x of eq. [C.1) is denoted byx®. Analogously, we denote the

Row of the ODE eq. |[(C.1) by! @ ie.! O (xo) . xO(t), and, for alli | [g+1], its i"

partial derivative with respecttot by ! @, so that! () . x(t).
Lemma C.3.1. Under Assumption C.j., for alla! RY and allh > 0,
. # QK .
g W(a)" —! gk>(a)§/ Khot"i, (C.16)
(k)

Here, and in the sequelK > 0 denotes a constant independent df and # which may
change from line to line.

Proof. By Assumption|C.1,! (™) exists and is bounded by'! V" / L, which can
be seen by applying the chain rule times to both sides of eq.[(C/1). Now, applying
"I @D to the term ! {3V (@) (for some* | (0, h)) in the Lagrange remainder of

the (q' i)™-order Taylor expansion oft f]i)(a) yields eq. kC.1¢). ]
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C.3 Regularity of Bow

Lemma C.3.2. Under Assumption|C.] and for all su"ciently smallh > 0,

3 (@) ! §$>(b)§

/[ 1+2Lh. C.17
—5 (€17)

ax b( R

Proof. Immediate corollary of| Teschl (2012, Theorem 2.8). m

Global convergence (Appendik C|7) will require the following generalization of Lemma

IC.3.2.

Lemma C.3.3. Let q=1. Then, under Assumption C.1 and for all su"ciently small
h> 0,

sup W@ " 0Oy gy (C.18)
a*:b(Rd a b

where, given the nornt 4" on R? and h > 0, the new norm|| & ||, on R *% is debned

by
B
all, = h éug (C.19)

Remark C.3.4. The necessity off|a|, stems from the fact thatNunlike other ODE
solversNthe ODE blter! additionally estimates and uses the brst derivatives in its
statem ! RV%4 whose development cannot be bounded"ia", but in [|&]},. The
norm [| &), is used to make rigorous the intuition that the estimates of the solutionOs
time derivative are Oone order d¢f worse per derivativeO.

Proof. We bound the second summand of

1" w@" " w52 §«»(a) |<0>(b)§ §|m ,(1)&)%

&(1+2 Lh)+a" b+ by eq - =f 1 (o) @ =f 19w
(C.20)
by
§5 0@ 1o 8 (C.21)
L§ Q@ 1 f?)(b)geq' L(L+2Lh)"a' b'.
Inserting eq. (C.21) into eq. [(C.2D) concludes the proof. O
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C.4 The role of the state misalignments

In Gaussian ODE bltering, the interconnection between the estimates of the ODE so-
lution x(t) = x©(t) and its prst q derivatives {x® (t), ..., x@(t)} is intricate. From

a purely analytical point of view, every possible estimaten(t) of x(t) comes with a
Pxed set of derivatives, which are implied by the ODE, for the following reason: Clearly,
by eq. (C.1), the estimatem® (t) of x® (t) ought to be f (m(t)). More generally (for

i | [q+ 1]) the estimate m(t) of x(t) is determined by the ODE as well. To see
this, let us prst recursively depné V: RY$ R by f @(a) = a, f¥(a) = f(a) and

f O (a) = [&,f " Y& ](a). Now, dilerentiating the ODE, eq. (C.1), (i' 1)-times by the
chain rule yields

. & '
xD@)y= £ V) xOn) (C.22)
_ & '
which implies that m®"(t) ought to bef " Y(t) m©(t) Since
(i) & (0) ‘ (i" 1) & (0) |
'y, m¥(nh) =f m*’(nh) (C.23)
(which we prove in Appendix C.15), this amounts to requiring that
_ L& '
mOt) =1 § m(nn) . (C.24)

Since! { is (recall Appendix|C.3) thei® time derivative of the Row map! © att =0,
this simply means thatm® (t) would be set to the Otrue® derivatives in the case where
the initial condition of the ODE, eq. (C.1), is x(0) = m©(t) instead ofx(0) = x,Nor,
more loosely speaking, that the derivative estimatesi)(t) are forced to comply with
m© (t), irrespective of our beliei(t) * N (m®(t), P; (t)). The Gaussian ODE blter,
however, does not use this (intractable) analytical approach. Instead, it jointly models
and infersx@(t) and its brst q derivatives {x?(t), ..., x@(t)} in a state spaceX , as
detailed in Appendix|C.2. The thus-computed Pltering mean estimates(’(t) depend
not only on the ODE but also on the statistical modelNnamely on the prior (SDE)
and measurement nois®; recall Appendiceg C.2/1 anfl C.2.3. In fact, the analytically-
desirable derivative estimate, eq[(C.24), is, far= 1, only satisped ifR = 0 (which can
be seen from eq.[(C.14)), and generally does not hold for, 2 since bothf " and
I ) are inaccessible to the algorithm. The numerical example in Appen13 claripes
that ! " is likely to be strictly positive, even after the brst ste0$ h.

This inevitable mismatch, between exact analysis and approximate statistics, moti-
vates the following depPnition of the™ state i state misalignment at timet:

10 (t) = §n(i>(t)' !g>&m<0>(t)'§, 0. (C.25)

Intuitively speaking, ! ") (t) quantibes how large this mismatch is for thé" derivative
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C.5 Auxiliary bounds on intermediate quantities

at time t. Note that ! ¥)(t) = 0 if and only if eq. (C.24) holdsRi.e. fori =1 il R =0
(which can be seen from eq| (C.14)) and only by coincidence foy 2 since bothf (" %
and! {) are inaccessible to the algorithm. (Since® =1d, 1@ (t) =0 for all t.)

The possibility of 1) > 0, fori , 1, is inconvenient for the below worst-case analysis
since (if eq. (C.24) held true and!™ . 0) the prediction step of the drift-less IBM
prediction (# = 0) would coincide with a Taylor expansions of the 3ow map g); see
eq. (C.8). But, because ' € 0 in general, we have to additionally bound the inBuence
of I , 0 which complicates the below proofs further.

Fortunately, we can locally bound the import of ! ) by the easy Lemma C.6)1 and

globally by the more complicated Lemma C.7]4 (see Appendix C.7.3). Intuitively, these
bounds demonstrate that the order of the deviation from a Taylor expansion of the state

m =[m?,...,m@]due to! is not smaller than the remainder of the Taylor expansion.
This means, more loosely speaking, that the import of the" is swallowed by the Taylor

remainder. This elect is locally captured by Lemma C.5]/1 and globally by Lemnja C.7.5.
The global convergence rates f(T), as provided by Lemma C.7J5, are experimentally

demonstrated in Appendix C.14.

C.5 Auxiliary bounds on intermediate quantities

Recall from eq. [C.5) that# = 0 and # > 0 denote the cases of IBM and IOUP prior
with drift coe"cient # respectively. The ODE blter# iteratively computes the Pltering
meanm (nh) = (m©(nh), ..., m@(nh))! I RV as well as error covariance matrices

P(nh) ! R on the mesh{nh}’y. (Here and in the following, we assume w.l.0.g. that
T/h ! N.) Ideally, the truncation error over all derivatives

#(nh) = (% (nh),...,%?(nh))' = m(nh)' x(nh), (C.26)

falls quickly ash $ 0 and is estimated by the standard deviation Pgy(nh). Next, we
present a classical worst-case convergence analysis ovef atisfying Assumption[C.1;
see AppendiX C.10 for a discussion of the desirability and feasibility of an average-case
analysis. To this end, we bound the added error of every step by intermediate values,
debned in egs,(C.11) and (C.13),

. . & '
COn+1)h) = @5 nmnh) P mO(nh) § (C.27)
* £19 @(A(h)m(nh))i o g>&m<°>(nh)'§
G 78 9
=" O((n+1) h)
+ &(”((n +1) h)g"r((n +1)h)", (C.28)
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and bound these quantities in the ordet @, r, 2(). These bounds will be needed
for the local and global convergence analysis in Appendides [C.6 dand|@3gpectively
Note that, intuitively, * "~ ((n+1)h) and' @ ((n+1)h) denote theadditional numerical

error which is added in the(n + 1)™ step to the i derivative of the predictive mean
m" M (t + h) and the updated mearm‘”(t + h), respectively.

Lemma C.5.1. Under Assumption[C.1, for alli ! [q+ 1] and allh > 0,
. 1
On+h) /K 1+ ;@t§n<q>(nh)§2hq+1 ’

O W
+k=i(k' i)!! (nh). (C.29)

Proof. We may assume, as explained in Appendijx C.2.2, Wi'Eh_OU'[ loss of generality that
d = 1. We apply the triangle inequality to the debnition of' ~ ((n + 1) h), as debned

in eq. (C.28), which, by eq.[(C.B), yields

T On+1)h) / (C.30)
# hk" ! k 3 3 +1" 0
W!( )(nh) + K# m(@(nh)?h"
k=i, ) 2
# 0 0 oy 0% O 3
+3 NG i)I! o, m+*’(nh) 'y’ m™(nh) 3.
6! ' 78 9

&Kh T by eq. (18]

[l
Lemma C.5.2. Under Assumption[C.] and for all su"ciently smallh > 0,
1
"r(n+1)h)"/ K 1+ #@n“‘)(nh)ghq
#4 hk" 1
+ K —_1®(nh). (C.31)
e (K D)
Proof. See AppendiX C.1B. O

To bound the Kalman gains! (nh), we Pbrst need to assume that the orders of the
initial covariance matrices are su“ciently high (matching the latter required orders of
the initialization error; see Assumptior| C.3).

Assumption C.2. The entries "ofu the initial covariance matrix P (0) satisfy, for all
k,I! [q+1], "PO),"/ Koh?™" X! whereK, > 0is a constant independent oh.

We make this assumption, as well as Assumptign .3, explicit (instead of just making
the stronger assumption of exact initializations with zero variance), because it high-
lights how statistical or numerical uncertainty on the initial value elects the accuracy
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C.6 Local convergence rates

of the output of the PlterNa novel functionality of PN with the potential to facilitate a
management of the computational budget across a computational chain with respect to
the respective perturbations from dilerent sources of uncertainty| (Hennigt al., 2015,
Section 3(d)).

Lemma C.5.3. Under Assumption| C.2, for alli ! [q+1] and for allh > 0, "20(h)"/
Kh''.

Proof. Again, w.l.o.g.d = 1. Application of the orders of A and Q frqm egs. [C.6)
and M), the triangle inequality and Assumptiod C.jZ to the debnition oP in eq. dC.lQ)
yields

2 ? 2 2 ? 2
I ~€dq. " 2 1 W 2 2
P (3 AMPOARN T+ Q3
egs. {C.6),(C.7) #4493 3 o
€ K E %D(O)a,bgha-'—b k" |
a=k b=1
+2#  P(0)qud

b=1
=

2 2
+ # P (0)qq+ W2 K 1G

Ass.[C.2] W o
UKL+ 4 #R2LK (C.32)

Recall that P and Q are (positive semi-dePnite) covariance matrices; hende, ()11,

Kh2¥' 1, Inserting these orders into the depnition 02 (eq. (C.11)), recalling thatR ,
0, and removing the dependence of by reducing the fraction conclude the proof. [

C.6 Local convergence rates

With the above bounds on intermediate algorithmic quantities (involving state misalign-
ments! Y in place, we only need an additional assumption to proceedNvia a bound on
1 D (0)Nto our brst main result on local convergence orders df .

Assumption C.3.  The initial errors on the initial estimate of thei™ derivative m®(0)
satisfy "9 (0)" = "m"(0)' xM(0)"/ Koh®'" ', (This assumption is, like Assumption
[C.2, weaker than the standard assumption of exact initializations.)

Lemma C.6.1. Under Assumptiong C. and CJ3, for ali ! [q+ 1] and for all h > 0,
1D@©)/ Khat"',
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Proof. The claim follows, using Assumption§ Cl1 and C.3, from

00y B0 xO0f §15%00 12 o) 8 (C.33)
6 78 9 & 8 9

= +8 (0)+&K oh ™' ! &L+&? (0)+&LK (h%**

Now, we can bound the local truncation errof£” (h) as depned in eq/ (C.26).

Theorem C.6.2 (Local Truncation Error). Under Assumptions C.1| C.2 and CJ3 and
for all su"ciently small h > 0,

@/@(h)gl Il #holll, /- K 4 #§n<q)(o)§th+l, (C.34)

Proof. By the triangle inequality for ||&[l, and subsequent application of Lemmia C.3.3
and Assumption[C.3 to the second summand of the resulting inequality, we obtain

z L & B
O | o @) "0 x00) 7

r ®
- 4q ia ()
%— &i=0h ’(h), bye(jg.(( '%
+2 ., x990 " ", m20) 2. (C.35)
& 78 By
&(1+ Kh )+&? (0) +&Kh 9
The remaining bound on' )(h), for all i ! [q+ 1] and su"ciently small h > 0, is

obtained by insertion of the bounds from Lemmas C.5.1 {o C.5.3 (in the caserof 0),

into eq. (C.28):

" Ohy 1 K 14 #gn@(O)gthﬂ"i

# hk" 1
+ K —_1®(nh C.36
(kD) (nh) (C.36)
cen 1 .
emmp €83, L), 480 he (C.37)
Insertion of eq. [C.37) into eq. [(C.35) and %" (h)" / || #(h)Il,, (by eq. (C.19)) concludes
the proof. O

Remark C.6.3. Theorem[C.6.2 establishes a bound of ordef"* on the local truncation

error 9% (h) on x(h) after one steph. Moreover, by the dePnition eq@) of [l all,.

this theorem also implies additional bounds of ordér™*" " on the error %’(h) on the

i derivative x(h) for all i ! [gq+ 1]. Such derivative bounds are (to the best of
our knowledge) not available for classical numerical solvers, since they do not explicitly
model the derivatives in the brst place. These bounds could be be useful for subsequent
computations based on the ODE trajectory (Hennigt al., [2015).
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C.7 Global analysis

Taylor expansion byK#"m‘@(0)"h%! for an IOUP prior (i.e. # > 0in eq. ), the
constant in front of the localh®™* convergence rate depends on botand m¥(0) in the
IOUP case. A global analysis for IOUP is therefore more complicated than for IBM:
Recall from eq.(C.8) that, for =1, the mean prediction forx((n + 1) h) is

Unsurprisingly, as the mean prediction (recall o{) deviates from a purith order

X N <
m O(n+1)h) e
m @ ((n+1)h) R
! 1 2
. m@(nh)+ hm®(nh)" # §+ O(h®) m®¥(nh),,
e ""m" W(nh)

(C.38)

which pulls bothm” © and m"‘® towards zero (or some other prior mean) compared
to the prediction given by its Taylor expansioffior # = 0. While this is useful for ODEs
converging to zero, such afi= ' x, it is problematic for diverging ODEs, such agi= x
(Magnani et al/, 2017). As shown in Theoreni C.6]2, this elect is asymptotically negli-
gible for local convergence, but it might matter globally and, therefore, might necessitate
stronger assumptions orf than Assumption[C.1, such as a bound dtf *;; which would
globally bound{y(nh); n = 0, ...,T/h} and thereby{m®(nh); n = 0,...,T/h} in

eq. (C.38). It is furthermore conceivable that a global bound for IOUP would depend on
the relation betweer# and "f ", in a nontrivial way. The inclusion of IOUP (# > 0)
would hence complicate the below proofs further. Therefore, we restrict the following Prst
global analysis to IBM ¢ =0).

C.7 Global analysis

As explainedin Remark|[C.6.3, we only consider the case of the IBM pripi.e. # = 0,
in this section. Moreover, we restrict our analysis t@ = 1 in this Prst global analysis.
Although we only have debnite knowledge fog = 1, we believe that the convergence
rates might also hold for higherg! NNwhich we experimentally test in Appendix[C.9.1.
Moreover, we believe that proofs analogous to the below proofs might work out for higher
q! N and that deriving a generalized version of Proposition C.7.2 for higheris the
bottleneck for such proofs. (See Appendix C.10 for a discussion of these restrictions.)
While, for local convergence, all noise modeR yield the same convergence rates in
Theorem[C.6.2, it is unclear how the order oR in h (as described in AppendiX C.2]3)
alects global convergence rates: E.g., for the limiting case . Kh?, the steady-state
Kalman gains! * would converge to zero (see egs. (C|43) arfd (C.44) below) fo$ O,
and hence the evaluation of would not be taken into accountNyielding a blter! which
assumes that the evaluations of are equally o!, regardless oh > 0, and eventually
just extrapolates along the priorwithout global convergenceof the posterior meanm .
For the opposite limiting caseR . limys KhP . 0, it has already been shown in
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Schoberet al. (2019, Proposition 1 and Theorem 1) thatNin the steady state and for
q=1,2Nthe blter ! inherits global convergence rates from known multistep methods
in Nordsieck form| Nordsieck|(1962)To explore a more general noise modele assume
a bxed noise modeR . KhP with arbitrary order p.

In the following, we analyse how smalp can be in order for! to exhibit fast global
convergence (cf. the similar role of the ordgp of perturbations in /Conradet al. (2017,
Assumption 1) and|Abdulle and Garegnani| (2020, Assumption 2.2)). In light of Theo-
rem|C.6.2, the highest possible global convergence rateQgh) Nwhich will indeed be
obtained for allp! [1,1 ]in Theorem[C.7.7. Since every extrapolation step ¢f from t
to t+ h depends not only on the current state, but also on the covariance matri(t)N
which itself depends on all previous steps# is neither a single-step nor a multistep
method. Contrary to |Schoberet al. (2019), we do not restrict our theoretical analysis
to the steady-state case, but provide our results under the weaker Assumptidns |C.2 and
that were already su'cient for local convergence in Theoref C.6.2Nwhich is made

possible by the bounds eqgs| (C.48) andl (C.49) in Propositipn C.7.2.

C.7.1 Ouitline of global convergence proof

The goal of the following sequence of proofs in Appendix C.7 is Theor¢m C|7.7. It
is proved by a special version of the discrete Grsnwall inequality (Clark, 1987) whose

prerequisite is provided in Lemma C.7/6. This Lemmfa C.7.6 follows from Lemrpa C/3.3
(on the regularity of the Bow map" ;) as well as Lemma C.7]5 which provides a bound

on the maximal increment of the numerical error stemming from local truncation errors.
For the proof of Lemma C.7.5, we brst have to establish

(i) global bounds on the Kalman gain2© and 2® by the inequalities egs. [(C.48)
and (C.49) in Proposition[C.7.2, and

(i) a global bound on the state misalignment® in Lemma|C.7.4.

In Appendices|C.7.2 td C.7.4, we will collect these inequalities in the order of their
numbering to subsequently prove global convergence in Appendix CJ7.5.

C.7.2 Global bounds on Kalman gains

Since we will analyse the sequence obvariance matrices and Kalman gains using con-
tractions in Proposition[C.7.2 we brst introduce the followinggeneralization of Banach
pxed-point theorem (BFT).

Lemma C.7.1. Let (X,d) be a non-empty complete metric spac&,: X $ X, n! N,
a sequence ok ,-Lipschitz continuous contractions withsup, L, / ¥< 1. Let u, be the
bxed point ofT,,, as givenby BFT, and letlim,« u, = u ! X. Then, for all xo! X,
the recursive sequence, = T, (X, ;) converges tau' asn$ 1
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C.7 Global analysis

Proof. See Appendiy C.1]7. O

In the following, we will assume thatT is a multiple of h.

Proposition C.7.2. For constant R . KhP with p! [0,1 ], the unique (attractive)
steady states for the following quantities are

p,* = rgi,%n P,1(nh) (C.39)
:; “?h4 4" ?Rh+ "%
P = ‘}i,gn P11(nh) (C.40)
"2h+ 4"2Rh+"*h? R
"4 4'?Rh+ N2+ 2R
Por” = lim Poy(nh) (C.41)
"2+ 2R+ " Zh)' 4"?Rh + "*h? + 4R" 2hh
2("%h+ 4'2Rh+ "*h?) |
Po1 = lim Po(nh) (C.42)
~ R 4R"2n + " *n? "
"2h 4+ A"2Rh + " 4h2 '
2#.0) = lim 2@ (nh) (C.43)
" AR"2h + " *h?
= : —h, and
n 2h + 4II2Rh + n 4h2
28@ = lim 2% (nh) (C.44)

n 2h.+ . 4|| ZRh + n 4h2
"?h+ 4'2Rh+"*h?+2R
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If furthermore Assumption[C.2 holds, thenfor all su"ciently small h > 0,

" 1, p;l
n(%%l] P.1(nh) / Kh , (C.45)
L max_ Py (nh) / Kh? "z, (C.46)

n n p+l
n(ﬁ]f?il] Poi(nh)"/ Kh™", (C.47)
max <°>(nh)§/ Kh, and (C.48)

n( [T/h+1]

max QL' 2<1>(nh)§/ Kh®" D0, (C.49)

n( [T/h +1]

All of these bounds are sharp in the sense that they fail for any higher order in the
exponent ofh.

Remark C.7.3. The recursions forP(nh) and P" (nh) given by egs(C.10) and (C.15)
follow a discrete algebraic Riccati equation (DARE)Na topic studied in many related

settings (Lancaster and Rodman, 1995). While the asymptotic behavior €G.39) of
the completely detectable staté Y can also be obtained using classical bltering theory
Anderson and Moore,| 1979, Chapter 4.4), the remaining statements of Proposition
also concern the undetectable sta¥e® and are, to the best of our knowledge, not
directly obtainable from existing theory on DARES or Pltering (which makes the following
proof necessary). Note that, in the special case of no measurement noige .( 0),
egs. (C.43) and (C.44) yield the equivalence of the blter in the steady state with the
P(EC)1 implementation of the trapezoidal rule, which was previously shown|in Schober
et al. (2019, Proposition 1). For future research, it would be interesting to examine
whether insertion of positive choices oR into egs. (C.43) and (C.44) can reproduce
known methods as well.

Proof. See Appendiy C.18. O

C.7.3 Global bounds on state misalignments

For the following estimates, we restrict the choice gf to be larger thanqg=1.

Assumption C.4. The noise model is chosen to i . KhP, for p! [g,1 ]=[1,1],
whereKh* :=0.

Before bounding the added deviation of from the Bow" per step a global bound

on the state misalignments debned in ed. (C.25) is necessaFie result of the following
lemma is discussed in Appendik C.14.
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Lemma C.7.4. Under Assumptiong C.1L| C.p| C.B an@ Cl4, and for all su"ciently small
h> 0,

1D
n(w/%l]' (nh) / Kh. (C.50)

Proof. See Appendiy C.19. O

See Lemm4 C.7]4 for a experimental demonstration of ef]. (C.33).

C.7.4 Prerequisite for discrete GrSnwall inequality

Equipped with the above bounds, we can now prove a bound on the maximal increment
of the numerical error stemming from local truncation errors which is needed to prove
eq. (C.56), the prerequisite for the discrete Grsnwall inequality.

Lemma C.7.5. Under Assumptiong C.1L| C.p| C.B, and Cl4 and for all su"ciently small
h> 0,

2 & o,y P
n(r[p/%)il]% phyh (M(NN)) " " M™(nh) A
/ Kh?2, (C.51)
Proof. By eq. (C.19), we have
2 & 3
2 p@hyn (M(nNh)) " "y m© (nh) A
= Si(h) + hS,(h), (C.52)

with S;(h) and S,(h) debned and bounded by

Sy(h) = §f¢§?’ (m(nh))* 1 &m“”(nh)' §
o [ L O+ h)

eq. (£.29)]

& & Kh Zg' O (nhy+ b @ (nh)
(O) n "
+ @O M8 gy (C.53)

eq. (£3D)]
o @B £ kh +(1+ Kh) @ (nh)

113



C Convergence Rates of Gaussian ODE Filters (Kerstingt al., [2020a)

and, analogously,
2 :
S,(h) = & O mh) 19 WO (n) B
TR o@en
6. 78

eq. (£29)]
& Kh+'® (nh)
(1) " n
+ ?z (n+1) h)§ (3 )h) (C.54)
@, % Tk +ae khy @ (o)
Insertion of eq. [C.53) and eq.[(C.54) into eq[ (C.52) yields
% & o\ P
2 p@mn (M(nh)) " "y m>(nh) 2
I Kh2+1©(h) + Kh! @(nh), (C.55)

whichRafter recalling ! ®(nh) = 0 and applying Lemma| C.7.4 to! @ (nh)N implies
eq. (C.51) O

The previous lemma now implies a suitable prerequisite for a discrete Grsnwall in-
equality.

Lemma C.7.6. Under Assumptiong C.1L| C.R| C.B, an@ CJ4 and for all su"ciently small
h> 0,

I#((n+2)h)|l,, / Kh 2+ (1+ Kh) §’/b°)(nh)§ (C.56)
Proof. We observe, by the triangle inequality forthe norm [|&|},, that

[I# ((n - 1),

' ?
=B pamam(nh) " xO(nh) %
z L& "B
[ F””gnh),h(m(nh))‘ h rgrj (nh) "’;»
+ %, mOmh) ", xOQ(nh) B (C.57)

The proof is concluded by applying Lemmé& C.7,5 to the brst and Lemnia C.3.3 to the
second summand of this bound (as well as recalliigpm eq. {C.26) that " %” (nh)" =
"m@(nh)* x@(nh)"). O

C.7.5 Global convergence rates

With the above bounds in place, we can now prove global convergence rates.
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C.7 Global analysis

Theorem C.7.7 (Global truncation error). Under Assumptions C.1{ C.2| C.B3, and Cl4
and for all su"ciently small h > 0,

)
max B (8 max )l /K (T)h, (C.58)

whereK (T) > 0 is a constant that depends oil, but not on h.

Remark C.7.8. Theorem not only implies that the truncation error* %" (nh)" on

the solution of eq.(C.1) has global ordeth, but also (by eq(C.19)) that the truncation
error "% (nh)" on the derivative is uniformly bounded by a consta#t independent of

h. The convergence rate of this theorem is sharp in the sense that it cannot be improved
over allf satisfying Assumptiorj C.Isince it is one order worse than the local convergence

rate implied by Theoreni C.6.P.

Proof. Using §>/a°>(nh)§/ Il #nh)ll, (due to eq. [C.19)), the bound eq.|(C.56), a tele-

scoping sum, and||[#O)|l,, / Kh? (by Assumption|C.3), we obtain, for all su"ciently
small h > 0, that

(0 + DI, Il #nhll,
“EO s+ nmn, 308

eq. Kh2+ Kh §)/E)O)(nh)§

. (C.19)
eq Kh?+ Kh[|#(nh)]|,

(tel. sum) op2 4 I#CO) I,

Bl
+Khe (O D #))

1=0

2
(1#0) |I/1&Kh ) h2

Bl
+ Kh (= DD #A) - (C.59)
=0

Now, by a special version of the discrete GrSnwall inequality (Clark, 1987), #, and g,
are sequences of real numbers (witlp, , 0), ¢, 0is a nonnegative constant, and if

Bl
z,/ c+ gz, foralln! N, (C.60)
=0
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then
w1 Tl <
z,/ ¢ (1+qg)/ cexp g . foralln! N.
1=0 1=0

Application of this inequality to eq. (C.59) with z, = [|#(n+2)h)[l, "Il #(nh)]l,,
g, = Kh, and c:= Kh? yields

#((n + D)D), I #nh)ll, /- K (T)h?exp (nKh) (C.61)
n&T/h

I K(T)h? (C.62)

By another telescoping sum argument ang{#(0)][l,, / Kh?, we obtain

(tel. sum) w1
li#nh)l, = (M +2) D, I #(h)L)
1=0
+ [[#CO)l, (C.63)
"D K (T + Kh? (C.64)
n&T/h
/' K(T)h+ Kh? (C.65)
/ K(T)h+ Kh?, (C.66)

for all su"ciently small h > 0. Recalling that §’/b°)(nh)§/ Il #nh)]l,., by eq. (C.19),
concludes the proof. J

C.8 Calibration of credible intervals

In PN, one way to judge calibration of a4 Gaussign outpul (m, V) is to check whether
the implied 0.95credibleinterval [m' 2 V,m+2 V] contracts at the same rate as the
convergence rate of the posterior mean to the true quantity of interest. For the Plter,

this would mean that the rate of contraction ofmax, Pgy(nh) should contract at the

same rate asmax, rm+1 "%’ (nh)" (recall its rates from Theore).Othervvise,
for a higher or lower rate of the interval it would eventually be under- or overconbdent,
ash $ 0. The following proposition showsNin light of the sharp bound eq.[(C.58) on
the global errorNthat the credibleintervals are well calibrated in thissense ifp! [1,1 ].
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C.9 Numerical experiments

Theorem C.8.1. Under Assumption[C.2 and forR . KhP, p! [0,1], as well as
su“ciently small h > 0,

" (p+1), 2
n(?%aél] Poo(nh) / K(T)h , and (C.67)
(p+1), 2
n(mﬁ)il] Poo(nh) /' K(T)h . (C.68)
Proof. See Appendiy C.2D. O

C.9 Numerical experiments

In this section, we empirically assess the following hypotheses:

()

(ii)

(iii)

the worst-case convergence rates from Theor¢m C]|7.7 hold not only épr 1 but
also forq!{ 2,3 (see AppendiX C.9.11),

the convergence rates of the credible intervals from Theordm CJ8.1 hold true (see

Appendix[C.9.2), and
Assumption[C.4 is necessary to get these convergence rates (see Appgndix [C.9.3).

The three hypotheses are all supported by the experiments. These experiments are
subsequently discussed in Appendjx C.9.4. Appendix C]14 contains an additional exper-
iment illustrating the convergence rates for the state misalignmentfrom Lemma|[C.7.4.

C.9.1 Global convergence rates for q!{ 1,2,3}

We consider the following three test IVPs: Firstly, a the following linear ODE

_ x'(t)<:$x(t), %! [O,10], (C.69)
.. 0"'0 _ |
with $ = 0 o and x(0) =(0,1) ",
and has the harmonic oscillator
& "
x(t) = €*x(0)= ' sin(t0) cost0) (C.70)

as a solution. Secondly, the logistic equation

X(t) = ) ox() (1" x(t)/) 1), %! [0,1.5], (C.71)
with () ,) 1) = (3,1) and x(0) = 0.1,
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Figure C.1 True solution of the FitzHughbNagumo model, eq| (C.?s)cl in blue and x,
in orange.

which has the logistic curve

_ _)1exp0ot)x(0)
x(t) = )1+ x(0)(exp(ot) ' 1) (C.72)
And, thirdly, the FitzHughbNagumo model
;x(t)< _; X1(t)" Xy (t) %,(t) < .
o T Aoam+a b, 010 (C.73)

with (a,b,¢) = (0.08,0.07,1.25)and x(0) = (1,0) which does not have a closed-form
solution. Its solution, which we approximate by EulerOs method with a step size of
h = 10" © for the below experiments, is depicted in Figur.l. We numerically solve
these three IVPs with the Gaussian ODE Pplter for multiple step sizes > 0 and with

a g-times IBM prior (i.e. # =0 in eq. (C.5)) forq!{ 1,2,3 and scale" = 20. As a
measurement model, we employ the minim& . 0 and maximal measurement variance
R . Kgh® (for h / 1) which are permissible under Assumption C|4 whose constant
K > 0is denoted explicitly by Ky in this section. The resulting convergence rates of
global errors"m(T) " x(T)" are depicted in a work-precision diagram in Figurg C.2;
cf. |Hairer et al.| (1987, Chapter 11.1.4) for such diagrams for RungebKutta methods.
Now, recall from Theoremi C.7.f7 that, forq = 1, the global truncation error decreases
at a rate of at leasth? in the worst case. Figuré C.2 shows that these convergence rates
of " order hold true in the considered examples for values of up ¢p= 3 if R . 0 and,
for values of up toq = 3. In the case ofR . 0, even(q+ 1)™ order convergence rates
appear to hold true for all three ODEs andy! { 1,2,3. Note that it is more di"cult to
validate these convergence rates fay= 4, for all three test problems and smalh > 0,
since numerical instability can contaminate the analytical rates.
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linear ODE (69) andR! 0 linear ODE (69) and R! 14&h1
100 | O B
10%5 | 1045 |
S 1040 1000 |
0
<
o 1035 1035 |
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1030 | 1030 |
1075 T T T T 10%% T T T T T
10 2.0 1d 6.0 10 10.0 10 14.0 10 0.0 10 2.0 10 4.0 10 6.0 10 8.0 lo‘ 10.0
logistic ODE (71) andR! 0O logistic ODE (71) and R'! 134h%
1040 | 1040 |
1035 | 1085 | B
5 1030 | 100 |
TE 1075 125 |
w
*® 100 100 |
105 | 1085 |
1010 T T T 1010 T T T T T T
10 20 10 60 10 10.0 10 14.0 10 20 10 40 10 60 10 80 1g 100 1g 120
FitzHughbNagumo (73)and R! 0 FitzHughBNagumo eq. (73)and R ! 14hA
1077 127 |
1075 125 |
S 1073 1073 - ,
2] =
(_>6 1021 - 1021 - 3:2
------ h' conv.
1049 109 B -
------ h? conv.
101.7 - 101.7 - = - =h* conv.
10‘ 1.0 10!‘ 2.0 10” 3.0 10‘40 10‘ 5.0 w‘ 1.0 10!‘ 2.0 10‘ 3.0 1()"4.0
global error "m(T) # x(T)" global error "m(T) # x(T)"

Figure C.2 Work-precision diagrams for the Gaussian ODE Pplter wittg-times IBM
prior, for q!{ 1,2,3, applied to the linear eq. [[C.71), logistic ODE eq.[(C.69) and the
FitzHughBNagumo model. The number of function evaluations (# Evals df), which is
inversely proportional to the step sizd, is plotted in color against the logarithmic global
error at the bnal time T. The (dash-)dotted gray lines visualize idealized convergence
rates of orders one to four. The left and right columns employ the minimaR . 0
and maximal measurement varianc® . Krh% (Kg = 1) which are permissible under

Assumption|C.4.
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linear ODE eq. (69)and R! 0 linear ODE eq. (69)and R! Kg &h% with Kg =500
1034 | ’ 1034 |
1032 1082 |
B 1020 1030
g
”#J 1028 - 1028 -
e 1076 |
4 T T T T T T T T
1d 1.0 ld 1.5 lo' 2.0 10‘ 2.5 1015 1010 10)5 10' 0.0
logistic ODE eq. (71)and R! 0 logistic ODE eq. (71) and R ! Kg &h% with Kr =500
10390 10300 |
10775 1275

o 10750 10250 |

5 10725 1225 |

TE 10200 10200 ; —,

75 | s ]

Y 10 10t | JUBERRY h? conv.
10050 4 10450 | | ----h2 conv.
042 | 10425 '\\ --- std. dev.

10!‘2.0 10!‘4.0 10‘6.0 10!‘0.0 ld‘l.o 10!‘2.0
global error "m(T) # x(T)" global error "m(T) # x(T)"

Figure C.3 Work-precision diagrams for the Gaussian ODE blter witlg-times IBM prior,

for q=1, applied to the linear eq. [[C.69) and logistic ODE eq](C.71) in the upper and
lower row, respectively. The number of function evaluations (# Evals of ), which is
inversely proportional to the step sizd, is plotted in color against the logarithmic global
error at the Pnal time T. The (dash-)dotted gray lines visualize idealized convergence
rates of orders one and two. The dashed blue lines show the posterior standard deviations
calculated by the Plter. The left and right columns, respectively, employ the minimal
R . 0 and maximal measurement varianc® . Kgh® (Kgr = 5.003 10°) which are
permissible under Assumptior CJ4.

C.9.2 Calibration of credible intervals

To demonstrate the convergence rates of the posterior credible intervals proved in Theo-
rem[C.8.1, we now restrict our attention to the case af = 1, that was considered therein.
As in Appendix [C.9.1, we numerically solve the IVPs eqs| (C.69) anfl (C]71) with the
Gaussian ODE blter with a once IBM prior with bxed scalé = 1. We again employ
the minimal R . 0 and maximal measurement varianc® . Kgh? (for h / 1) which

are permissible under Assumptioh C|4 as a measurement model. Figure|C.3 depicts the
resulting convergence rates in work-precision diagrams. As the parallel standard devi-
ation (std. dev.) and h' convergence curves show, the credible intervals asymptotically
contract at the rate of h* guaranteed by Theoren] C.8/1. In all four diagrams of Fig-
ure[C.3, the global error shrinks at a faster rate than the width of the credible intervals.
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C.9 Numerical experiments

This is unsurprising forR . 0 as we have already observed convergence ratesh®f

in this case. While this elect is less pronounced foR . Kgh9, it still results in un-
derconbdence aB $ 0. Remarkably, the shrinking of the standard deviations seems to
be OadaptiveO to the numerical errorNby which we mean that, as long as the numerical
error hardly decreases (up td.0"" evaluations off ), the standard deviation also stays
almost constant, before adopting itsh* convergence asymptotic (from+ 107%°).

C.9.3 Necessity of Assumption C.4

Having explored the asymptotic properties under Assumption C.4 in Appendicges C.D.1
and [C.9.2, we now turn our attention to the question of whether this assumption is
necessary to guarantee the convergence rates from Theoréms C.7.7 [and £.8.1. This
question is of signibpcance, because Assumption [C.4 is weaker thanRhe 0 assumption

of the previous theoretical results (i.e. Proposition 1 and Theorem 1 |n Schobet al.
(2019)) and it is not self-evident that it cannot be further relaxed. To this end, we
numerically solve the logistic ODE eq.[(C.71) with the Gaussian ODE blter with a once
IBM prior with bxed scale” = 1 and measurement varianceR . Kgh¥?2, which is
impermissible under Assumptio, for increasing choices Kf; from 0.003 1 to
1.003 10'. In the same way as in Figur3, the resulting work-precision diagrams are
plotted in Figure [C.4.

In contrast to the lower left diagram in Figurel C.3, which presents the same experiment
for R. Kgrh* (the maximal measurement variance permissible under Assumptipn C.4),
the rate of h?, that is again observed folK x = 0 in the brst diagram, is already missed
for Kr = 1.003 1 in the second diagram. With growing constants, the convergence
rates of the actual errors as well as the expected errors (standard deviation) decrease
from diagram to diagram. In the center diagram withK r = 3.73 3 10°, the rates are
already slightly worse than theh' convergence rates guaranteed by Theore7.7 and
under Assumptiohereas, fokr = 5.00 3 1C°, the convergence rates in
the lower left plot of Figure|C.3 were still signiPcantly better thanh'. For the greater
constants up toKg = 1.00 3 10, the rates even become signibcantly lower. Notably,
as in the lower right diagram of Figurd C.3, the slope of the standard deviation curve
matches the slope of the global error curve, as can be seen best in the lower right
subbgureNthereby asymptotically exhibiting neither over- nor underconbdence. These
experiments suggest that the convergence rates from Theorems G.7.7 and C.8.1 do not
hold in general forR . KghY2. Hence, it seems likely that Assumption Cl4 is indeed
necessary for our results and cannot be further relaxed without lowering the implied
worst-case convergence rates.

C.9.4 Discussion of experiments

Before proceeding to our overall conclusions, we close this section with a comprehen-
sive discussion of the above experiments. First and foremost, the experiments in Ap-
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Kgr=000" 10’ Kg=1.00" 10' Kg=7.20" 107

16 10
: —q=1
h' conv.
--h? conv.
E --std. dev.
10 10
19 50 14 100 14 25 19 25 14 59
Kp=5.18" 10° Kg=373" 10° Kgp=268" 10'
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] . e
T SR 10
*
1d 00 10 2® 1d 50 10 °° 1d 20 10 *° 1d °° 10 2° 10 *°
Kg=193" 10° Kg=130" 16 Kg=1.00" 10
1¢ 1¢ 1¢
10t -~ 1d A 10
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global erro#m(T) ! x(T)#

Figure C.4 Work-precision diagrams for the Gaussian ODE Pblter withg-times IBM
prior, for q=1 and R . KxrhY?2, applied to the logistic ODE eq. ) for increasing
values of K. The number of function evaluations (# Evals off ), which is inversely
proportional to the step sizeh, is plotted in blue against the logarithmic global error

at the pnal time T. The (dash-)dotted gray lines visualize idealized convergence rates
of orders one and two. The dashed blue lines show the posterior standard deviations
calculated by the Pplter.
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C.9 Numerical experiments

pendix[C.9.1 suggest that Theorerh C.7].7, the main result of this paper, might be gen-
eralizable toq! { 2,3 and potentially even higherq! NNalthough unresolved issues
with numerical instability for small step sizes prevent us from conbdently asserting that
these theoretical results would hold in practice fogq, 4. Moreover, we demonstrated
the contraction rates of the posterior credible intervals from Theorefn C.8.1 and evidence
for the necessity of Assumption CJ4 in Appendicds C.9.2 and C.0.3. The asymptotics
revealed by these experiments can be divided by the employed measurement model into
three cases: the zero-noise caBe. 0, the permissible non-zero case / Kgh% (under
Assumption@) and the non-permissible cade ! Kgh. First, if R . 0, the diagrams

in the left column of Figure rea"rm the h%* convergence reported fog ! { 1,2

in Schoberet al. (2019, Figure 4) and extend them tog = 3 (see Appendix C.10 for

a discussion on why we expect the above global convergence proofs to be extensible to
q, 2

The contraction rates of the credible intervals, fog = 1, appear to be asymptotically
underconbdent in this case as they contract faster than the error. This underconbdence
is not surprising in so far as the posterior standard deviation is a worst-case bound
for systems modeled by the prior, while the convergence proofs require smoothness of
the solution of one order higher than sample paths from the prior. This is a typical
result that highlights an aspect known to, but on the margins of classic analysis: The
class of problems for which the algorithm converges is rougher than the class on which
convergence order proofs operate. How to remedy such overly-cautious UQ remains an
open research question in PN as well as classical numerical analysis.

Secondly, in the case dR > 0, as permissible under Assumptioh Cl4, the convergence
rates are slightly reduced compared to the cade . 0, exhibiting convergence between
h? and h®! . The asymptotic underconbdence of the credible intervals, however, is either
reduced or completely removed as depicted in the right column of Figure C.3. Thirdly,
in the Pnal case of an impermissibly larg® > 0, the h® convergence speed guaranteed
by Theorem[C.7.7 indeed does not necessarily hold anymoreNas depicted in Figure|C.4.
Note, however, that even then the convergence rate is only slightly worse thafh. The
asymptotic UQ matches the observed global error in this case, as the parallel standard
deviation and the h* curves in all but the upper leftR . 0 diagram show.

Overall, the experiments suggest that, in absence of statistical noise én a zero-
variance measurement model yields the best convergence rates of the posterior mean.
Maybe this was expected as, in this cas® only models the inaccuracy from the trunca-
tion error, that ideally should be treated adaptively (Kersting and Hennig, 2016, Section
2.2). The convergence rates of adaptive noise models should be assessed in future work.
As the observed convergence rates in practice sometimes outperform the proved worst-
case convergence rates, we believe that an average-case analysis of the plter in the spirit
of Ritter| (2000) may shed more light upon the expected practical performance. Fur-
thermore, it appears that the UQ becomes asymptotically accurate as well as adaptive
to the true numerical error as soon as th® > 0 is large enough. This reinforces our
hope that these algorithms will prove useful for IVPs whef is estimated itself (Hennig
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et al), 2015, Section 3(d)), thereby introducing &R > 0.

C.10 Conclusions

We presented a worst-case convergence rate analysis of the Gaussian ODE Pplter, com-
prising both local and global convergence rates. While local convergence rates 6t
were shown to hold for alig! N, IBM and IOUP prior as well as any noise modeR , 0,

our global convergence results is restricted to the case @t 1, IBM prior and bxed
noise modelR . KhP with p! [1,1]. While a restriction of the noise model seems
inevitable, we believe that the other two restrictions can be lifted: In light of Theorem
[C.6.2, global convergence rates for the IOUP prior might only require an additional
assumption that ensures that all possible data sequencggnh);n=1,...,T/h} (and
thereby all possibleq”-state sequence§m®(nh);n = 0, ...,T/h}) remain uniformly
bounded(see discussion in Remark C.6.3or the case ofy, 2, it seems plausible that

a proof analogous to the presented one would already yield global convergence rates of
order h? | as suggested foq! { 2,3 by the experiments in AppendiX C.9.1.

The orders of the predictivecredible intervals can also help to intuitively explain the
threshold of p = 1 (or maybe more generally:p = q; see Figurg C.2) below which
the performanceof the Plter is not as good, due toegs. (C.45) to (C.49): According
to Kersting and Hennig (2016, Equation (20)), the OtrueO (push-forward) variance on
y(t) given the predictive distribution N (m" (t), P" (t)) is equal to the integral offf '
with respect to N (m’ (t), P" (t)), whose maximum over all time steps, by eq| (C.67),

has orderO(h®z 1) if ff ! is globally LipschitzNsince P" (t) enters the argument of
the integrand ff ', after a change of variable, only under a square root. Hence, the
added OstatisticalO noiBeon the evaluation off is of lower order than the accumulated
Onumerical® variané® (t) (thereby preventing numerical convergence) if and only if
p < 1. Maybe this, in the spirit of Hennig et al. (2015, Subsection 3(d)), can serve as a
criterion for vector beldsf that are too roughly approximated for a numerical solver to
output a trustworthy result, even ash $ 0.

Furthermore, the competitive practical performance of the blter, asumerically demon-
strated in [Schoberet al. (2019, Section 5), might onlybe completely captured by an
average-case analysis in the sense of Ritter (200@here the average error is computed
with respect to some distributionp(f ), i.e. over a distribution of ODEs. To comprehend
this idea, recall that the posterior Pltering mean is the Bayes estimator with minimum
mean squared errotin linear dynamical systems withGaussbMarkov prior(as debned
by the SDE eq. (C.2)), i.e. when the data is not evaluations of but real i.i.d. mea-
surements,as well asin the special case ok(t) = f (t), when the IVP simplibes to a

3According to Loscalzo and Talbot (1967), the blter might, however, suler from numerical instability
for high choices ofg. (Seel Schobeet al.[ (2019, Section 3.1) for an explanation of how such results
on spline-based methods concern the ODE Pplter.)

124



quadrature problemNseeSolak et al. (2003) and [OOHagar (1991, Section 2.2) respec-
tively. In fact, the entire purpose of the update step is to correct the prediction in the

(on average)correct direction, while a worst-case analysis must assume that it corrects

in the worst possible direction in everystepNwhich we execute by the application of the
triangle inequality in eq. (C.28) resulting in a worst-case upper bound that is the sum

of the worst-case errors from prediction and update step. An analysis of the probabil-

ities of OgoodO vs. Obadd updates might therefore pave the way for such an average-case
analysis in the setting of this paper. Since, in practice, truncation errors of ODE solvers

tend to be signibcantly smaller than the worstaseNas mirrored by the experiments in
Appendix [C.9Nsuch an analysis might be useful for applications.

Lastly, we hope that the presented convergence analysis can lay the foundations for
similar results for the novel ODE blters (extended KF, unscented KF, particle Plter)
introduced in |Tronarp et al. (2019a), and can advance the research on uncertainty-
aware likelihoods for inverse problems by ODE bltering (Kerstingt al., 2020b, Section
3).
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Supplementary Material for
Kersting et al. (2020a)

C.11 Supplement I: Derivation of A and Q

As derived in[SSrkkS[(2006Section 2.2.6) the solution of the SDE eq[(C]2), i.e.

$
dX @ (t)
dX (t) = X (o l)(t)éyo (C.74)
dXx (Q)(t)
! $! $ I $
0O 1 0...0 X O t) 0
B
= .- I dt+: - dB(t),
: o 1% X @ (t)oe 0%
X @t "
a G 78 “ 96 78( ) 9 6789
=F =X (t) =L

where we omitted the index for simplicity, is a GaussbMarkoprocess with meam(t)
and covariance matrixP (t) given by

m(t) = A()m(0),  P(t) = A()P(O)A(t)' + Q(t), (C.75)

where the matricesA, Q! RV zre explicitly debned by
A(t) = egxtp(tF ), (C.76)
Q(t) = . exp(F(t' *))LL' exp(F(t' *))' d*. (C.77)

Parts of the following calculation can be found in Magnaret al. (2017). If we choose
Co..-,Cp1=0andcy=" #(for #, 0)in eq. ) the unique strong solution of the
SDE is ag-times IOUP, if # > 0, and a g-times IBM, if # = 0; see e.g. Karatzas and
Shreve (1991, Chapter 5: Example 6.8). Bgq. (C.77) and

& ' 1 2
(tF)" o t« i iz + ( #H*! Wi=q i+l) @ (C.78)
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it follows that

Ay = Fr @) C.79
(1) k0w (C.79)
Bl g, (J'tJ"‘i;{!’ ifj € a
- ")k .
R e G i =g,
L jri -
_ Mll&iéaiy’ if j € q,
- v wopyk+it gl 1.k .
N # e T =g
Analogously, it follows that
eXpISF (t' *)) (C.80)
wopl! | .
_ ﬁ”i&i(zyﬂy ' ifj €q
- woopdl i , " k+il gl 1.4 gak . .
H(t(q"/oi)! # g e, =g
If we insert eq. (C.80) into eq. [C.77) then we obtain, by the sparsity ofL, that
t). Cc.81
Q(t); o 5 E (C.81)
_ T TR R O ) g
¢ #H" o k=q" i k! I=q" | I!

and the dominated convergence theorem (with dominating functioh 0$ €*%) yields

n?2 #‘t #ﬁ 3 t (l #*)k+|
1)y = ———+——+ _— d*
Q( )IJ (. #)Zq i"] K= 1= | 0 k!
B n?2 ## #i l # o | tk+|+1 C 82
- (v #)Zq"i"j k:q"i|:q"j( ) (k+1+ I)k'll ( . )

Now, by extracting the brst term and noticing that the rest of the series is i&(t>*2" " 1),
it follows that

{20170

.= "2
QWi = ege 1 T @ e 1)

+& t2q+2" i"]

(C.83)
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C.12 Supplement Il: Extension to X with dependent
dimensions

Zhe algorithm irll Appendix|[C.2.2 employs a priotX with independent dimensions ; =
Xj(o), e ,Xj(q) ,j ! [d], by eq. (C.2). While this constitutes a loss of generality for
our new theoretical results, which do not immediately carry over to the case gfwith
dependent dimensions, it is not a restriction to the class of models the algorithm can
employ. To construct such a prioX , we Prst stack its dimensions into the random vector

X =(Xg,....,.X g4, choose symmetric positive semi-dePnite matrics, Ko ! R,
and debne, using the Kronecker produc , its law according to the SDE
dX (t)=[K, 7 F]1X (t)dt +[Kg7 L] dB(t), (C.84)

with initial condition X (0) * N (m(0), P(0)), mean m(0) ! R¥%Y and covariance
matrix P(0) ! R¥TD A a5 well as an underlyingd-dimensional Brownian motion

B (independent ofX (0)). Now, insertion ofK 7 F andK g7 L for F andL into eq. (C.77)
yields new predictive matricesA and @. If we now chooseK, = |4 and Kg = |y,
substitute A and @ for A and Q in egs. ) and ), and use thd(g+1) -dimensional
GP X from eq. (C.84) withm(0) | R¥FD and P (0) I RY@V$4aD a5 3 prior, we have
equivalently debPned the version of Gaussian ODE Ppltering with independent dimensions
from Appendix|[C.2.2. If we, however, choose dilerent symmetric positive semi-dePnite
matrices for K, and K¢, we introduce, viaA and @, a correlation in the development
of the solution dimensions(xo, ..., X4 1) as well as the error dimension$%, . . ., %)’
respectively. Note that, whileK g plays a similar role asC" in Conrad et al. (2017,
Assumption 1) in correlating the numerical errors, the matriX<, additionally introduces

a correlation of the numerical estimates, that ign, along the time axis. Even more
Bexible correlation models (over all modeled derivatives) can be employed by inserting
arbitrary matrices (of the same dimensionality) forK, 7 F and K¢ 7 L in eq. (C.84),
but such models seem hard to interpret. For future research, it would be interesting
to examine whether such GP models with dependent dimensions are useful in practice.
There are prst publications |(Xiaoyueet al., [2018; Gessneet al., 2019) on this topic for
integrals, but not yet for ODEs.
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C.13 Supplement II: lllustrative example

C.13 Supplement IlI: lllustrative example

To illustrate the algorithm debned in Appendix| C.2.2, we apply it to a special case of
the Riccati equation (Davis, 1962, p. 73)

dx .\ _ _ L (x@)® _
qt(t) = f(x(t)) = 5 x(0) = 1, (C.85)
solution: x(t) = (t+1) Y2 , (C.86)

with step sizeh = 0.1, measurement noisdR = 0.0 (for simplicity) as well as prior
hyperparametersq=1, "2 =10.0andc =0 forall i ! [q+1] (recall eq. )), l.e. with
a l-times integrated Brownian motion prior whose drift and dilusion matrices are, by

eq. (C.8), given by

< ; <
h _1/300 ¥20
1 Qh = Y50 1 - (C.87)

1
Ah) = o
As the ODE eq. [C.85) is one-dimensional (i.ed = 1), the dimension indexj ! [d]

is omitted in this section. Since the initial value and derivative are certain ak(0) =
1 and X(0) = f(xg) = ' 12, our prior GP is initialized with a Dirac distribution
(i.e. X (0) = (X90), XM (0)" * 'orixey = ' v2). Therefore,m(0) = (1, 1/2)
and P(0) =0 ! R%2 for the initial pltering mean and covariance matrix. Now, the
Gaussian ODE Filter computes the Prst integration step by executing the prediction

step egs.[(C.9) and[(C.10)

m" (h) = Q(h)m" (0) ,
= m@@©)+ hm®(0), m® ()
=(19/20, V2)', and (C.88)
X <
o _ ' 1/300 120
P (M=0+ Q)= 50 s (C.89)
Note that, for all i ! [q+ 1], m ‘(h) is obtained by a(q' i)™"-order Taylor expansion

of the state m (0) = (xo,f (Xo))' ! R%!. Based on this prediction, the data is then
generated by

& ' )
&5 6859 16000 (C.90)

with variance R = 0.0. In the subsequent update step eqgs. (G.9) and (C.11) tp (C.13), a
Bayesian conditioning of the predictive distribution egs.[(C.88) and (C.89) on this data
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is executed:

| (h) = %2(0)(h), 20 (h) |

P e P ()
(P (Mut+ R (P (h)u+R
eq. 1 !
= 20’ 1, (C.91)

r(h)y=y(h)' m" ®(n)
eas C89.€20 .+ 5a5g 16000 + 1 2
= 1141/ 16000, (C.92)

eq. €9 m ©@(h)+ 2(0)(h)r(h)<
o m Oy + 20 (h)r(h)

eqs. (C89),C€91).€92) 305141320000
- ' 6859 16000

m (h)
(C.93)

which concludes the step fronD to h. The next steph $ 2h starts with computing
m" M (2h) by a(q' i)"-order Taylor expansion of the™ state m’(h), forall i ! [q+1].
Note that, now, there is a non-zercstate misalignment(recall eq. [C.25)):

2 & "3
O () EB IO m)t f mO(n) 3 (C.94)
5 ) " 32
2 6859 1’ 305141 33
—_) o ? C95
? 16000 2 320000 ? (C.95)
+ 0.00485> 0 (C.96)

which conbrms the exposition on the possibility df”’ > 0from Appendix[C.4. Note that
| tends to increase withR; e.g., ifR = 1.0 in the above example, thed @ (h) + 0.03324

C.14 Supplement IV: Experiment for global
convergence of state misalignments

Figure depicts the global convergence of the state misalignméf? (T) in the above

example eq. [(C.8b), as detailed in Appendik C.13, fay ! { 1,2,3. The plotting is
analogous to Figurd C.2. The resulting convergence ratestsf* conbrm Lemmg C.7.4
and suggest that it may also be generalizable wp! { 2,3,...}.
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C.15 Supplement V: Proof of eq(C.23)

l’./.

state misalignment! @ (T)

Figure C.5 Work-precision diagram plotting the number of function evaluations (# Evals
of f) against the bnal state misalignment (T) on the Riccati equation eq. );

cf. Figure[C.2.

C.15 Supplement V: Proof of eq. (C.23)

We prove the stronger statement

. & '
I §|+1) (a) — f(l) I §0)(a) ’ (C97)

from which eq. [C.23) follows by insertingt = 0 and ! ¥(a) = a. Hence, it remains to

show eq. )-

of eq.(C.97). By induction overi ! { 0,...,q}. The base case(l = 0) 4is obtained
using the fundamental theorem of calculus and® = f: (1)(a) = f ! (0)(a) =

f® 1) . For the inductive step (i' 1) $ i, we conclude (using the inductive
hypothesis (IH), the chain rule (CR), the base case (BC) anfl) = &,f "V &f ) that

) d .
p (i+1) = 1 (')
M@= 0@
(|H) :fo 1 (0)(a)
(CR) &, f07 1) | (0)(a) | (0)(a)

& £0° D '(0)(a) af 1)
2& 0
&f(' b af .S)(a)

® o !§°>(a) . (C.98)
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C.16 Supplement VI: Proof of Lemma C.5/2

Proof Agaln w.lo.g.d = 1. Recall that, by eq. {C.13),r is implied by the values of
m ' © and m"'®. By insertion of

m" O ((n + 1) h)

#4 k" i
= (kh 5 m®(nh) + K# cm‘®(nh)ohq+1 ! (C.99)
k=i '

(due to egs. [(C.8) and [(C.14)) into the debnition eq.[(C.13) af((n + 1) h), we obtain
the following equality which we then bound by repeated application of the triangle
inequality:

3 <
5 # hk k 3 3 +1
r(n+1h)| = % Fm( )(nh) + K# m(@(nh)?h?
> oo K 2
LA PRPRNOO JI PURY AR
' + ?
) & 1)Im (nh) #'Jm (nh)~ 3
24 hk 2 g Bt
/ g Fm(k>(nh)+ K# m@ (nh)?ha*
_— m® 2+ (@ Shd
& 1)!m (nh) 3 K#'m (nh)~ h
eq. (C.25)
F2 1000+ 10+ 15(h)
#d hk" 1
1) (nh) + K# 'm(q)(nh)?hq (C.100)

o (k!

where |4, |,, and |3 are dePned and bounded as follows, using Assumption C.1 and
LemmalC.3.1:

% ) hk 3 g <
11(h) = g Wm<k)(nh)+ K# (@ (nh)?h*
k=0 *
2
. <32
Ce R w08 oy 3
f ~ H! o m¥(nh) 2
#9 hK ‘ 4 L
L —1®(nh) + LK# 7m(q>(nh) 2hot (C.101)
k=0
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C.17 Supplement VII: Proof of Lemma C.7.1

2, < 2
2 # hk & ' & & "5
(=3 g mOmh) f 1Y mOn) 3
o k=0 7 2
2 h & " & "2
/ L3 ! o) mO(nh) 1 m®(nh) 3
. (C.16)
T ke (C.102)
and
2 Ok ' Wt & 2
la(h) =3 7 mOh) *gate” mP(nh) 3
k=1 '
eg. (C.16
Khe. (C.103)
Inserting eq. {C.101), eq.|[(C.102), and (C.103) into eq} (C.100) (and recaliing = 0)
yields eq. (C.31). ]

C.17 Supplement VII: Proof of Lemma C.7/1

Proof. Let = u' and &, = T,(t,- 1), forn! N. Then,
A x0) g+ Gy o) (©104
"0 =:a, "0
where the last summand goes to zero by

d(tty, xn) = d((Ty :44&Ty)(U'), (T, : 444 Ty)(Xo))
[ B'd(u', %) $ O, asn$1

Hence, it remains to show thatlim,» a, = 0. The B-Lipschitz continuity of T, and
the triangle inequality yield that

an = d(Tn(un), T (8- 1))
I B[d(Un, Uy 1) + d(Upe 1, By 1)]
= ¥a, 1+ by, (C.105)

whereh, = Bd(Up.1,U,) $ 0. Now, forallm! N, letal™ = a, andal™ = Ba{™, + hy,,.
By BFT, lim,» a™ = h,/(1' ¥). Since, forallm! N, a,/ a™ for su"ciently large
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n, it follows that

0/ li /[ lim a{™ = &, %n ! N. C.106
imsupa, /' lim a B ( )
Since the convergent sequenas, is in particular a Cauchy sequencelim,s h, =0
and, hence0O/ lim,; a,=Ilmsup,, a,/ O.Hencelim,; a,=0. O

C.18 Supplement VIII: Proof of Proposition C.7.2

Proof. Again, w.l.o.g.d = 1. We prove the claims in the following order: eq. (C.39),

eq. (C.45), eq.[(C.40), eq[(C.46), eq|. (C.41), eq. (C/43), eft. (Cl44), €q. (C.42), €q. (C.49),
eq. (C.48), eq.[(C.47). The sharpness of these bounds is shown, directly after they are
proved. As a start, for eq. (C.SQ), we show thaP,,” is indee)d the unique Pxed point of

the recursion for{ P;,(nh)}, by checking that, if Py;(nh) = o 2h+ 4"2Rh+ "4h?
) : *

then alsoPy((n+1)h)= 1 "2h+ 4"2Rh+"%h? :

<

. " - ,
. (CT5) - ’ P,1(nh) . R
P.((nh) < E&8p (apy 10 ™M) oty N C.107
11((nh)) 12(nh) P.,(nh) + R 11(nh) P1,(nh) + R ( )
D = " ¢ D F
n2 n?2 n 42
_E h+ 42Rh+ hGéE 2 R
2h+  4(2Rh+(*h?
| | o Crnr(n’ | R
"2hn+ 4"°Rh+"*h? R
"h4+ 4%Rh+ "'h2+2R
T P;,(nh)
Pu((nh) “ E2 pli(nhy 10 Y
11((nh)) ) 11.(n ) Pll(n*h)+ R
“2h4 4 ?Rh+ "*h? R
= S , and (C.108)
"?h+ 4"°Rh+"*h?+2R
Pu((n+1)h)= Py(nh)+ "*h .
eq- (€108) ; "2n+  4"%Rh+ "*h?
= Pyy(nh). (C.109)
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C.18 Supplement VIII: Proof of Propositiod C.7.P

After combining eq. [C.108) and eq. (C.lQQ), the recursion fd?;; is given by

<

. ’ R .
Pu((n+1)h)= —————— Py(nh)+ "?h C.110
11(( ) h) Pri(n + R 11(nh) ( )
6 7 9
. & =":$(nh) ,
=T Pll(nh) . (Clll)
SinceR and Py;(nh) are positive variances, we know thainf, i 15 P1a(nh) , " 2h,

and hencemax,(r +1 ((nh) / R/ (" ’h+ R) < 1. Hence,T is a contraction. By BFT,
P,,” is the unique (attractive) bxed point of ¥, and the sequencég| P;;(nh) " P;,” |},
is strictly decreasing. Since, by eq[ (C.15), ed. (C.&ith #=0 and Assumption[C.2,

P;1(h) = P;;1(0) + "?h/ Kh, (C.112)

we can, using the reverse triangle inequality and the (by BFT) strictly decreasing se-

quence{| P;;(nh) " P, [}, derive eq. [C.45):

P1(nh)?/ Pi(nh) " P 2+ P72 (C.113)
6 78 9
&Py ()" Py |
" "H
FEufr 2P (C.114)
&K &Kh I#E}, by eq.
/ Kht " (C.115)

which is sharp because it is estimated against the maximum of the initidb;; and
the steady state that can both be attained. Recall that, by eq.| (C.108)P,1(nh) de-
pends continuously onP;,(nh), and, hence, inserting eq/ (C.39) into eq| (C.108) yields
eq. )Nthe necessary computalt‘ion was already performed in ed. (C.108). Since
P11(nh) monotonically increases irP,1(nh) (because the derivative oP;(nh) with re-
spect toP;;(nh) is non-negative for allP;;(nh) due toR , 0; see eq. (C.lng)), we obtain
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eq. (C46)
2 .
eq. CI08) mMax, P;;(nh) R
P (nh) " . C.116
u(nh) max, P11(nh) + R ( )
. hP L B-KhP
Fym _Kh * Kh (C.117)
Kh® "2 + Kh?
Kh (D . 25
| —— C.118
L Kh*?P ( )
Mh %
j Khz, it/ L, (C.119)
NKhP, ifp, 1,
| Kh? "2 (C.120)

which is sharp because the steady state ed|. (Cl45) has these rates. For [eq. (C.41), we
again brst construct the following recursion (from eq[ (C.10), eq. (C.15) and ej. (C.6)
with #=0)

" R "
Po((n+1)h)= ——— Py, (nh
01(( )h) Pll(np;+ Rg o1 (nh)
=$(nh)
" 2h<
+ Pyy(nh) + — h (C.121)
6 78 9
& :':g(nh)
=T, Po(nh) , (C.122)

where the( (nh)-Lipschitz continuous contractionsT,, satisfy the prerequisites of Lemma
[C.7.1, sincesup, ((nh) / R/ (" ’h+ R) < 1(due toinf, P;;(nh) , "2h) and the sequence
of bxed points(1' ((nh)) g(nh) of T, (debned by BFT) converges. Both( (nh)

and g(nh) depend continuously onP;;(nh). Hence, insertion of the limits egs. ug)

and (C.40) yield

) w2 +' n2ph g A2 o
im (1 ((nh)'*= h+ 4°Rh+"h+2R (C.123)
n n 2h + 4|| 2Rh + n 4h2
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C.18 Supplement VIII: Proof of Propositiod C.7.P

and
nI,i#m g(nh) (C.124)

_ ("*n?+ (2R + "?h) 4"2Rh+ "h?+ 4R" ?h) .
2("%h+  4"?Rh+ "*h2+2R)

Now, application of Lemma[ C.7.]L implies convergence of the recursion €q. (C.122) to
the product of these two limits egs.[(C.123) and (C.124), i.e. ed. (C/41):

lim Poy(nh) = lim (1 ((nh))" *3 lim g(nh)
_ "*h?+ 2R+ "?h) 4"?Rh+ "*h’+4R"*h

= ! h.
2("*h+  4"°Rh+""h?)

For egs. kC.4§B) and (C.4}4), we can simply insert eqsk. (C.39) add (CL41) f8§,(nh) and
P,1(nh) respectively into their debnition eq. (C.lﬂ):

" H#
o# (0) €a Po1

R (C.125)
eqs. (€39 and (€41] RTh+ " 4 (C.126)
"Zh+  4R"Zh+ "2
and
s
o () eas- (€10 and €3] ht 47Rh+ " (C.127)

"?h+  4'2Rh+"*h’+2R

These steady states eqs[ (C.43) andl (C/44) are again unique and attractive because
2@ (nh) and 29 (nh) depend continuously onP;;(nh) and Py;(nh). Next, recall that

, " <
ed. €15 .,  Pu(nh) "
Poa(n) <S5 10 SR Paudoh) (C.128)
Poi(nh)  eq. ©
= R———————"— "="R2 h), C.129
I (nh) + R (nh) ( )

which, sincePy;(nh) depends continuously or2© (nh), implies the unique (attractive)
bxed point P (nh) = R2* @ which yields eq. [(C.42). Now, exploiting eq.|(C.11) and
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inf, Pr2(nh) , " h yields eq. (C.49):

3 O 3 R
14" 20(h)%p= —— C.130
(nh) I (N + R ( )
R

n 2h+ R (C13l)

R_hP th
= Kh+ Kh? (C.132)
/| Kh®" D0 (C.133)

which is sharp becausénf, Py;(nh) , Kh is sharp (due to eqgs.|(CJ6) and|(C.10)). And
since, for2©, maximizing over both Py;(nh) and P;;(nh) at the same time does not
yield a sharp bound (while above in eqs| (C.120) anfl (C.130) the maximization over just
one quantity does), we prove eq[ (C.48) by inductively showing that

0 2
20(h)3/ $h, W' N, (C.134)
L) *
with P = 2K2°+; 91> 0, (C.135)

whereK, > 0 is the constant from Assumptio. The constan® is independent of
n and a possible choice foK in eq. (C.48). The base casen(= 1) follows from

2 ?
5 3
2 2 Po(h)?
? ? 01
29y ———— C.136
(h) Pr(h)+ R ( )
eq. €20) [Py, (0)] + hPyy(0) + ¢ h?
222 [Por . 2;1 2 (C.137)
) *
.[C.2]
9 2K2°+; h (C.138)
/ ®h. (C.139)

In"the following indugtive step(h’ 1$ n)we, to avoid notational clutter, simply denote
P"((n' 1)h); by P; which leaves usNby eq.|(C.11), eq/(C.10) and eq| (C.15)Nwith
the following term to bound:

2 ?
2 2 P (nh)3
50 (nhys= —on)?.
Ell(,';]h) + R
Pp13( (nh) + hPyy((nh) + Gh?
P.((nh)+ "*h+ R

(C.140)

, (C.141)
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C.19 Supplement IX: Proof of Lemm$ C.7]4

) . .
with ((nh)= 1° P!Pin = P!R+R. Application of the inductive hypothesis (i.e.Pg; /

9(P;, + R)) vields, after some rearrangements, that

@&P;1+ R h((nh)+ hPyy( (nh) + & h?
Pu(fnh)+ "’h+ R

2@§{1R +"2p 5{1 + R +2P;R+29R?

2 PhR+"%h P;+R + PR+ R?

_ 2(255+1)$1+$2+2255$3h
4%, +2%,+2%; ’

2 2
29 (nh)?/

(C.142)

; & N
with $; = 2P, R, $, = "%h P;;+ R, and $; = R® Now, application of ® , 1

yields [2@ (nh)| / £h, which completes the inductive proof of eql (C.134). This implies
eq. ), which is sharp because it is the order & in the steady state eq. ),

for all p! [0,1 ] Now, insertion of eq. [(C.48) into eq.[(C.128) immediately yields
eq. (C.47), whichNby eq. {C.128)Ninherits the sharpness of eq[ (C.48). O

C.19 Supplement IX: Proof of Lemma C.7/4

Proof. For all n! [T/h +1], we can estimate

1D (nh) = §n<1> (nh) " f&m(o) (nh?glL § | (C.143)
= §t¢h(1)(m (n' Dh)' f &m“’) (nh) § (C.144)
I &P (m@(n' Dh)' f m @ (nh)§
(& 78 9
=:J1(h) ,
m @ mh) * f mO© (nh)§ (C.145)
78 9

=35(h)

&
+

geee
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bound J;, using the depnition eq. [(C.14) of# P (m((n* 1)h) as well as the debnition
eq. (C.13) ofr(nh), by

Ji(h) = gn @ (nh) f&m" '(0)(nh)' (C.146)
+ 29 (nh) 1f &m" ’(O)(nh)l ' m '(1)(nh)2§

/ §1 2<1>(nh)§"r(nh)" (C.147)

" Kh @ 9- 00 (phye (C.148)

and boundJ,, by exploiting L -Lipschitz continuilg)f f, ingerting the depbnition eq.|(C.14)
of #9(m((n' 1)h) and applying eq. (C.48) toc2® (nh)

Jo(h)/ L §m<°>(nh) ''m '(0)(nh)§ (C.149)
/ L&“”(nh)g"r(nh)" (C.150)
- (C.48)
2 e (nh) (C.151)
Altogether, after inserting these bounds into eq, (C.145),
& " :
1D(nh)/ Kh® D%+ Kh "r(nh)" (C.152)
[ Kh P D=0 dup gy (C.153)
. (C.31)
. Kh 1.2 (C.154)
+ &Kh (P D-0.14 kD 2| 1 (@ ((n' 1)h)
& :
=P 1O((n" 1h) . (C.155)
As p, 1 (by Assumption|C.4), BFT is applicable for all su"ciently small h > 0 such
that Kh(P" D014 kKh D2« 1 and soP is a contractionwith a unique bxed point
1# of order
Kh(P D 2
# , ;
! 1" &Kh((p" D-0.14 kp®PD 2 (C.156)
/| Kh® D2 (C.157)
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C.19 Supplement IX: Proof of Lemm$ C.7]4

We proceed with showing by induction that, for alin! [T/h],
1D (nhy/ 1@©)9 20% . (C.158)

The base casen = 0 is trivial. For the inductive step, we distinguish two cases. If
1D Dh)y/ 1* then PP ((n' 1)h) < 2%, since

PO(n' Dhy) ' ¥ fgx# P O(n 1)h))§ (C.159)
<1# l(l)((n 1)h2} (C.160)
/17, (C.161)
In this case,
@ nm 2 e 0n hy (C.162)
< 2* (C.163)
/| 1D@©)9 2%, (C.164)

where the last inequality follows from the inductive hypothesis. In the other case, namely
1D((n* 1h) >1# it follows that

Omny 1 FE w0 oy 1 (C.165)
/ E'ﬁ(!(l)((n' 1)h)) " |#° (C.166)
/ AW¢n" Dh) 3 (C.167)
=1®¢n" hy' 1#, (C.168)

which, after adding!* and applying the inductive hypothesis, completes the inductive
step. Hence, eq.[(C.1588) holds. Since this bound is uniformin inserting the orders of
1 W (0) from Lemma|C.6.1 and of * from eq. (C.156)yields eq. {C.50). O
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C.20 Supplement X: Proof of Theorem C.81

Proof. Again, w.l.o.g.d=1. We brst show that the bounds egs[ (C.67) and (C.68) hold
and then argue that they are sharp. The recursion fdPyy(nh) is given by

Poo((n + 1) h) ** EXPED by (nh) + 2 hPgy(nh)
n 2
+ hPPy(nh) + —h? (C.169)
N " n 2
= Poo(nh) " 2% (nh)Pgy(nh) + %,
+2hR2@(nh) + h’R2®W (nh) (C.170)
to eq. {C.15) and eq.|(C.11)), as well aBy;(nh) = R2@(nh) (see eq.[(C.128)), for the

last equality in eq. (C.170). ByPgy(nh) / Py (nh) and [2®|/ 1 (due to eg. [C.11)),
application of the triangle inequality to eq. [C.170) yields

il vl
Poo (N +1)h) / Pgo(nh) + 2© (nh)3|Py,(nh)]

where we usedDOO(nhl = Pyo(nh) ' 2©Pg,(nh) and Py;(nh) = R2W(nh) (both due

0 2 n2
+2hR 2@ (nh)3+ h?R + = (C.171)

which, by egs. |(C.47) and|(C.48), implies

Poo((n +1)h) / Poo(nh) + Kh®™2: 2, (C.172)

This, by N = T/h, implies eq. [C.67). SincePgo(nh) /  Pgo(nh), this bound is also
valid for Py, i.e. eq. [C.68) holds. The bound eq[ (C.67) is sharp, since, e.g. when the
covariance matrices are in the steady state, the covariance matrix keeps growing by a
rate of Kh ®**? 2 for all su"ciently small h > 0, since the only negative summand in

eq. (C.170) is given by
2% 0P = 5 (h) 3 Sy(h) 3 Sy(h) | &(h® %0), (C.173)

where the factors have, due t&® . KhP, the following orders:

Si(h) = ;hz I &(h?), (C.174)
Syh)=  ("h)2+4("?h)R, ! &(h" "), (C.175)
Sy(h) = (("2h)+2R) ("2h)? +4("2h)R

+("2h)?+4("*h)R | &(h> D), (C.176)
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C.20 Supplement X: Proof of Theorerﬁ C.8L1

The orders in egs.|(C.174) to|(C.176) imply the order |n eq[ (C.173). Hence, the sole
negative summand 2% ©Pg; of eq. (C.170) is m&(h5 *") and thereby of higher order
than the remaining positive summands of eq[ (C.170):

20 %#_(%n_hg I &(hP*?), (C.177)
($(h"™)  (s(h)
BB 2oy ) c179)
($(h"*?) ($(2), by eq. (C44)
ll2
3h3 | & h3 . (C.179)

Hence, for all su"ciently smallh > 0O, it stlll holds in the steady state that Py((n+1) h)"'
Poo(nh) , h(p+2) 3 and therefore eq. ) is sharp. The sharpness of eq. (C.67) is

inherited by eq. (C.68) since, in the steady state, by eqﬁll) and (C. 15)@0(nh) =
Poo(nh)' 2@# pg. 7 and the subtracted quantity 2@* P.,* isNas shown aboveNonly

of order &(h® 7). O
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D Dilerentiable Likelihoods for
Fast Inversion of
OLikelihood-FreeO Dynamical
Systems (Kersting et al., 2020b)

Abstract: Likelihood-free (a.k.a. simulation-based) inference problems are inverse prob-
lems with expensive, or intractable, forward models. ODE inverse problems are com-
monly treated as likelihood-free, as their forward map has to be numerically approxi-
mated by an ODE solver. This, however, is not a fundamental constraint but just a
lack of functionality in classic ODE solvers, which do not return a likelihood but a point
estimate. To address this shortcoming, we employ Gaussian ODE bltering (a proba-
bilistic numerical method for ODES) to construct a local Gaussian approximation to
the likelihood. This approximation yields tractable estimators for the gradient and Hes-
sian of the (log-) likelihood. Insertion of these estimators into existing gradient-based
optimization and sampling methods engenders new solvers for ODE inverse problems.
We demonstrate that these methods outperform standard likelihood-free approaches on
three benchmark-systems.

D.1 Introduction

Inferring the parameters of dynamical systems that are debPned by ordinary dileren-
tial equations (ODESs) is of importance in almost all areas of science and engineering.
Despite the wide range of available ODE inverse problem solvers, simple random-walk
Metropolis methods remain the go-to solution; see e.g. Tarantola (2005, Section 2.4).
That is to say that ODE inverse problems are routinely treated as if their forward prob-
lems were black boxes. The reason usually cited for this generic approach is that ODE
forward solutions are highly non-linear and numerically intractable for all but the most
trivial cases. Therefore, it is common to consider ODE inverse problems as Olikelihood-
freeQ inference (read: intractable likelihood)Na.k.a. simulation-based inference or, in the
Bayesian case, Approximate Bayesian Computation (ABC); see Cranmet al, (2020)
for an up-to-date examination of these closely-related areas.

We here argue that, at least for ODEs, this approach is mistaken. If a dynamical
system is accurately described by an ODE, its explicit mathematical dePnition should
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Figure D.1: Inference on the logistic ODE. First twelve sampled parameters of likelihood-
free inference and our proposed method. Details in text.

be exploited to design e"cient algorithmsNnot ignored and treated as a black-box,
likelihood-free inference problem.

To this end, we construct a local Gaussian approximation of the likelihood by Gaussian
ODE Filtering, a probabilistic numerical method (PNM) for ODE forward problems.
(Supplement[D.10 provides a concise introduction to Gaussian ODE blteririg; Tronarp
et al. (2019a) oler a more detailed presentation. See Hennej al.| (2015) or/ Oates and
Sullivan (2019) for a broad introduction to PNMs.) The key insight of our work is that
thereis a likelihood in simulations of ODEs, and in fact it can be approximated cheaply,
and analytically: The mean estimatem, of the forward solution computed by Gaussian
ODE blters can be linearized in the paramete#, so that gradient, Hessian, etc. of the
approximated log-likelihood canNvia a cheap estimatod of the Jacobian of the map
#0%$m, Nbe computed in closed form (AppendiX D.5). In this way, the probabilistic in-
formation from Gaussian ODE Pltering yields a tractable, twice-dilerentiable likelihood

for Olikelihood-freeO ODE inverse problems. This enables the use of brst and second-order
optimization or sampling methods (see Figurg D.1).

Much thought has been devoted to improving the slow run-times of ODE inverse inferenceN
which is due to the laborious explicit numerical integration per parameter. In machine
learning, e.g., authors have proposed to reduce the amount of necessary parameters by
active learning with Gaussian process (GP) surrogate likelihoods (Meeds and Welling,
2014), or even to avoid numerical integration altogether by gradient matching (Calder-
head et al., 2008). This paper adds a new way to reduce the amount of parameters by
employing gradient (and Hessian) estimates of the log-likelihood.

Contributions ~ The main contributions are twofold: Firstly, we introduce tractable
estimators for the gradients and Hessian matrices of the log-likelihood of ODE inverse
problems by Gaussian ODE bltering. To derive these estimators, we construct a new
estimator J for the Jacobian of the forward map. We theoretically support the use dfby
a decomposition of the true Jacobian intd and a sensitivity term S (see Theoren D.3.1),
as well as an upper bound on its approximation error (see Theor¢m D.4.13econdly
we propose a range of new solvers which require gradients and/or Hessians, by inserting
these estimators into Prst and second-order optimization and sampling methods. The
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D Dilerentiable Likelihoods for OLikelihood-FreeO Systems (Kerstiaial., 2020b)

utility of these algorithms is demonstrated by experiments on three benchmark ODEs
where they outperform their gradient-free counterparts.

D.2 Problem setting
We consider a dynamical system debned by the ODE
X(t) = f (x(t),#, x(0)= xo! RY, (D.1)

on the Pnite time domaint ! [0,T] for someT > 0, with parametrized vector peld
f :RY3 R"$ RY We restrict our attention to choices off satisfying the following

. 4 . . .
Assumption D.1. f(x,#) = [, #f;(x), for some continuously dilerentiablef; :
R'$ RY foralli=1,...,n.

The necessity for this assumption will become evident in Appendjx D.3.1. It is not
very restrictive: e.g. the corresponding assumption in Gorbacgt al. (2017, eq. (10))
is stronger. In fact, most standard ODEs collected in Hulet al. (1972, Appendix 1),

a standard set of ODE benchmarking problems, satisfy Assumptign D.1 either imme-
diately or after reparametrization. Otherwise, we can still transform a non-conforming
ODE into a system that obeys Assumptionf D.1, as exempliPed for the protein signalling
transduction pathway in Appendix|[D.7.2. While this adds an additional layer of impre-
cision, the experiments appear to be equally goodNwhich suggests a wider applicability
of our methods than Assumptiorj D.1.

If the initial value X, is unknown too (as is often th%case.ip practice), it can be treated
as a parameter by debning a new parameter vectok,,# ! R*"; see eq. (D.l)O).
Solving eq. [D.1), for a given# with a numerical method is known as theforward
problem
For the inverse problemwe assume the dynamical system described by eg. (D.1) with
unknown true parameter# . The true trajectory x = X,s is observed under additive,
zero-mean Gaussian noise M discrete times0/ t; < aadty / T:

z(t) = x(t)+ %! RY  %* N(,")), (D.2)
foralli!{ 1,...,M}. Below we assume, w.l.o.g., that; =" ,foralli!{ 1,...,M}.
We debne the stacked data acrodd time points and d dimensions as

1 2

zZ = Zl(tl)i SR Zl(tM )! e 1Zd(t1)l SR Zd(tM) | )

and analogously, for all# ! &, the true solution at these points asx,. The inverse
problem consists of inferring the paramete# that generated the data through eq.[(D.2).
For the sake of readability, we will assume w.l.0.g. thadl = 1; this restriction is purely
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D.3 Likelihoods by Gaussian ODE Pbltering

notational as can be seen from the multi-dimensional experiments below. Under these
conventions, eq.|(D.2) is equivalent to

p(z | x) = N&z;x,"ZIMI (D.3)

for some"? > 0, wherel, is the M 3 M identity matrix. Heteroscedastic noise can be
modelled by replacing' ?l,, with a diagonal matrix with varying diagonal entries.

D.3 Likelihoods by Gaussian ODE Ppltering

The prevailing view on the uncertainty in inverse problems only considers the aleatoric
uncertainty " ; from eq. {(D.2) and ignores the epistemic uncertainty over the quality of
the employed numerical approximationd, of x,. In other words, the likelihood of the
forward problem, p(x, |#), is commonly treated as a Dirac distribution! (x, * %,) which
yields the uncertainty-unaware likelihood

3
p(z |#) = ; p(z | x,)p(x, |#) dx, (D.4)
= pz[x)'(x," %) dx, (D.5)
@03\ g 2, (D.6)

as the OtrueO intractable likelihood. This, however, ignores the epistemic uncertainty
over the accuracy®, which leads to overconbdence. This uncertainty is due to the dis-
cretization error of the numerical solver used to comput®,, and can only be avoided
for the most trivial ODESs. This problem has previously been recognized in, e.g., Conrad
et al. (2017, Section 3.2) and Abdulle and Garegnani (2020, Section 8) who, as a remedy,
construct a Ocloud® of possible solutions by running a classical solver multiple times with
a prespecibed accuracy. This, unfortunately, requires the computational invest of several
forward solves for the same#, which could instead be used for additionad#, or higher
accuracy.

To obtain such uncertainty quantibcation more cheaply, we employ Gaussian ODE Pplter-
ing with a once-integrated Brownian motion (IBM) prior onx; see Suppleme2 for

a short introduction. This amountsNe.g. in the notation of| Tronarp et al. (2019a)Nto
setting q = 1. Gaussian ODE bltering has the advantage over other numerical solvers,
probabilistic or classical, that we can compute gradients of the likelihood, as demon-
strated below. For a given#, the Gaussian ODE Pplter computes a multivariate normal
distribution over x, at a set of N = T/h, for notational simplicity, equidistant time

points {0,h,...,Nh} with step sizeh > 0. This set is, w.l.0.g., assumed to contain
the data time points {t;,...,ty} from eq. (D.2), i.e. we assume the existence of a set
of integers{l,,...,Iy} such thatt; = I;h. (The w.l.o.g. assumption can otherwise be

satisped by interpolating along the dynamic model; see efy. (D} 36) in Supplemient [.10.)
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D.3.1 The bltering distribution

The Gaussian ODE blter returns the so-called (posterior) Pbltering distribution over the
ODE solution x,, given by

p(x!l#): N(X!;m!,P), (D7)

with m, | R™ andP ! RM*M given below by eq.[(D.1D) and eq[ (D.18), respectively.
This probabilistic likelihood yields the newuncertainty-aware likelihood

3
p(z|#H= pz[x)N(X;;m,,P)dx, (D.8)

O (z;m,, P+ "2y) (D.9)
which has two advantages over the uncertainty-unaware likelihood from eg. (D.6):

1. The bltering meanm, can be linearized ir#, as specibed below in ed. (D.10). This
yields an estimateJ of the Jacobian matrix of# 0$ m, which implies estimators
of gradients and Hessian matrices of the likelihood; see eds. (D.26) ahd (ID.27).
These estimators are useful to guide samples #finto regions of high likelihood
by the gradient-based sampling and methods debned in Appendlix D.6 below.

2. The varianceP captures the average-case squared (epistemic) erfan, ' x,"?,

and can be added to the (aleatoric) variancé;; see eq.@Q). Unles® ; "?ly,
this prevents over-conbdence, as visualized in Figyre D.2.

In the following two subsections, we provide explicit formulas fam, and P . A detailed
derivation of these formulas is given in Supplement D.[L1.

The bltering mean

Under Assumption[D.1, the bltering mearm, = [m, (ty), ..., m, (ty )]' is given by

/I 0
_ 1 Xo _ - M
m, 1y J 4 = Xo aly +J# ! RV, (D.10)
wherely, =[1,...,1] denotes a vector oM ones. Hencem, is linear in # as well as

in the extended parameter vectofx,,#]'. (A more detailed derivation of eq. [(D.1ID) is
provided in Supplemen{ D.11.3.) Here,

J=KY | RMSn (D.11)

is an estimator of the Jacobian matrix of the magt 0$m,, as we show in Theorerh D.3.1
below. This estimator is equal to the product of thekernel prefactor K and the evalu-
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Large steps Small steps

9

0.051

Aware, eq

0.049

0.051

0.049

Unaware, eq. (6)

0.49 0.51 0.49 0.51

Figure D.2 Uncertainty-(un)aware likelihoods, egs.|(D.6) and|(D.9) w.r.t.(#,#) of
Lotka-Volterra ODE, eq. (D.30), with bxed (#,#,) = (0.05,0.5). # on x and #, on
y-axis. Black cross is true parameter. The unaware likelihood is overconbdent for the
large step size lf = 0.2), i.e. for large P, while the aware likelihood has calibrated
uncertainty. For the small step size It = 0.025) this elect is less pronounced a$ is
small.

ation factor Y. The kernel prefactorK is given by

1 2
K= 1,,...,1y ! RMSN, (D.12)
whosei-th row is
1, 2
1, = %,0,...,.0 ! RN, (D.13)
which is debned by
1 204
$ = K (h:t)+Ra, K(h:t,t) ! R (D.14)

for some measurement variand® , 0. Here,k = &Kk(t,t%/&t*and 'k = &k(t, t%/&t&t”
are derivatives of the IBM kernelk, and, analogously, the cross-covariance w.r.t. the
kernel k and the kernel Gram matrix w.r.t. the kernel k up to time t; are denoted by

" 1. ) 2
ki (h:ti,t) = k(t,h),....k (t,t) , and (D.15)
“ D!k! (h.h) aaa'K (|ih,|ih)F

'K (1;h,h) aaa K (Ii'h,lih)

Now, recall Assumption[D.1. For a giver¥, the entries of the evaluation factorY !
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RV®M are
yi = fi(m, (ih)) " (o), (D.17)

foralli=1,...,N andj =1, ...,n, wherem, (ih) is the predictive mean of the ODE
Filter at t = ih. Note that the Gaussian ODE Filter computes thef; (m, (in)) and

f; (Xo) for every forward solve as intermediate quantities, to evaluate the right-hand side
of eq. [D.1). Hence,Y is freely accﬂessible with every bltering distribution, eq[ (D.7).
However, as an estimate of, (ih), m, (ih) depends on# in a nonlinear and potentially
sensitive way. By ignoring this dependence in the above notation, we, strictly speaking,
also omit the dependence o¥ and, thereby, J on # (more in Supplement| D.11.).
For this reason, J is not the true Jacobian of# 0% m, but only an estimator (see

Appendix |D.3.2).

The bltering covariance

The entries of the covariance matrixP := diag(P(ty), ...,P(ty)) ! RM*M of the blter-
ing distribution from eq. (D.7) coincide with the GP-posterior variances, i.e.

k(h,h) aaak(l;h,1;h)
' " . [
Pt)= : -~ k (h:t,t)
k(lih,h) aaak(l;h,I;h)
1 2.

37K (h:t)+ Ral, K(h:t,t), (D.18)

and are hence independent af. (See Supplement D.11|2 for a detailed derivation of
eq. (D.18))

D.3.2 Decomposition of the true Jacobian

Next, we give an explicit decomposition of the true Jacobian into the estimatar, the
kernel prefactorK and a sensitivity term S.

Theorem D.3.1. Under Assumption, the true JacobiaDm, ! RM*" of #0$m,
has the analytic form

Dm! ::[&!m(tl),...,&!m(tM)]! :J+KS, (Dlg)
where thesensitivity term S is debned by

1 2
S= $i#.... S # | RSN, (D.20)
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1 2
Here, $; = )w(jh) y is the n 3 n matrix with entries

. d vy s &
Yua(h) = G fim, (h)) o™ @(ih). (D.21)
Proof. See Supplemerit D.12. O

Thus, KS is the exact approximation error ofJ.

D.4 Bound on approximation error of J

In this section, we provide a bound on the approximation error af under the following
assumptions.

Assumption D.2. The brst-order partial derivatives off;, 1/ i/ N, are bounded and
globallyL -Lipschitz, for L > 0.

Assumption[D.2 is required to bound the global error of the ODE forward solution by
Kersting et al. (2020a, Thm. 6.7).

Assumption D.3. For the computation ofJ we only use a maximum o / N time
points, for some PniteMd ! N.

Assumption[D.3 precludes the condition number of th& and S from growing arbitrar-
ily large, thereby preventing numerical instability. While this restriction is necessary for
Theorem[D.4.1, it is not relevant in practice because we are computing with a non-zero
step sizeh > 0 anyway so that many dilerent parameters# can be simulated.

Theorem D.4.1. If & - R" is compact andR > 0, then it holds true, under Assump-

tions[D.1 to|D.3, that
"J' Dm,"/ C(T)("&,x," + h) (D.22)

for su"ciently small h> 0, whereC(T) > 0 is a constant that depends ofl .

Proof. See Supplemerit D.13. O

Intuitively, this upper bound can be thought of as a decomposition of the approxima-
tion error of the Osensitivity-unawareO estimatdrinto a summand proportional to the
ignored sensitivity "& x," and the global integration error of the ODE Plter, which is
bounded byC(T)h (Kersting et al., [2020a, Thm. 6.7).
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D.5 Gradient and Hessian estimators

We observe that the uncertainty-aware likelihood, eq[ (D.9), can be written in the form

" E(2)
p(z |#) = > (D.23)
with evidenceZ > 0 and negative log-likelihood
1 1 21

E(z)::é[z' m] P+"%y [z' m,] (D.24)

1 | 1 2.

°¢ 10 5127 xodly ' J# P+ "0y '

3[z' xodly ' J#H. (D.25)

For a given value of the Jacobian estimatod, the thereby-implied gradient and Hessian
estimators are, by application of the chain rule,
. 1 29
&E(z)="J3 P+"%y [z' m], and (D.26)
. 1 2.
82E(z)=3" P+ 2, 'J. (D.27)

(See Figure[ D.3 for a visualization of these estimators.) Supplement D14 provides
versions of these estimators for Bayesian inference#of
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Figure D.3 Directions of gradient descent (GD) and Newton using eqs] (D.|26)
and (D.27); around mode (left) and globally (right) of the likelihood, based on the
logistic ODE. Globally, GD points more directly to the high-probability region. Within
this region, however, Newton is better directed to the mode.
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D.6 New gradient-based methods

D.6 New gradient-based methods

By deriving gradient and Hessian estimators of the negative log-likelihood, we have re-
moved the need for Olikelihood-freeQ inference. This enables the use of two classes of
inference methods fo# which could not otherwise be applied: gradient-baseaptimiza-

tion and gradient-basedsampling

D.6.1 Gradient-based optimization

In principle, all brst and second-order optimization algorithms (e.g. Bottoet al. (2018)),
are now applicable by eqs.[(D.26) and (D.27)Nsuch as (stochastic) gradient descent
(GD), (stochastic) Newton (NWT), Gauss-Newton and natural Gradient descent. This
application of the estimators [D.26) and [(D.2]7) unlocks fast computation of single pa-
rameter estimates by maximume-likelihood estimation, as we demonstrate in the experi-
ments (see Appendix D.7).

D.6.2 Gradient-based sampling

Likewise, all gradient-based MCMC schemes are now available. Classical gradient-based
samplers include Langevin Monte Carlo (LMC)/(Roberts and Tweedige, 1996) and Hamil-
tonian Monte Carlo (HMC) (Betancourt, 2017). They are known to be more e"cient
than gradient-free samplers in Pnding and covering regions of high probability (MacKay,
2003, Section 30.1). While their standard form only makes use of gradients, more so-
phisticated versions include second-order information as well: When the likelihood is
ill-conditioned (i.e. it varies much more quickly in some directions than others), it is
advantageous to precondition the proposal distribution with a suitable matrix (Girolami
and Calderhead| 2011). A popular choice for the preconditioner is the Hessian (Qi1 and
Minka; 2002). Hence, we can precondition LMC and HMC that use ed. (D]26) as a gra-
dient with the Hessian estimator from eq.[(D.27). For LMC, this leads to the proposal
distribution

O™ |#)=#"' -[&E, (2))] '& E,(2)+ $, (D.28)
$* N(0,2-[&%E,(2)] Y, (D.29)

where - is the proposal width. (Analogous formulas hold for HMC.) Below, we refer
to the so-preconditioned versions of LMC and HMC as PLMC and PHMC. In Ap-
pendix[D.7, we show that the gradient-based versions more aptly explore regions of high
likelihood than their gradient-free counterparts.

D.6.3 Algorithm

The generic method that we propose is outlined in Algorithm]3. It includes all above-
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Algorithm 3  Gradient-based sampling/optimization

1: PrecomputeK and (P + "?ly)" * (see eqs.[(D.12),[(D.6))
2: Initialize #= #

3: repeat

4. Solve ODE with # (this generatesY; see eq.[(D.1]7))

5.  ComputeJ = KY (see eq.[(D.11))
6

7

8

Compute [, E, &7E] (see egs.[(D.26),[(D.27))
Update # with gradlent based sampler/optimizer
. until  convergence/mixing

mentioned classical optimization and sampling methods (by a corresponding choice in
Line 7). The only dilerence, compared to all of these existing gradient-based methods,
are the additional Lines 5 and 6 where we compute our gradient and Hessian estimators
from egs. (D.26) and |(D.2]).

D.6.4 Computational cost

The additional computational costNon top of the employed classical optimization/sam-
pling methodsNis equal to the cost of computing the inserted gradient (and Hessian)
estimators: precomputatlon oK (Line 1in Algorlthm B) requires the inversion of theM
kernel Gram matrices{ K (h:t;), i =1,...,M}, which can have a maximum dimen-
S|on of(N' 1)3 (N"' 1). This mversion can, however, be executed in linear time since
'K is a Markov kernel (Hartikainen and SSrkkS, 2010). Henck, is in O(MN ) and, as
M / N, in O(N?). The cost of inverting theM 3 M matrix [P + "2l ]is in O(N?),
asM / N. SinceK andP are independent of#, this O(N ®) cost is only required once.
The Jacobian estimatorJ = KY (Line 5 in Algorithm B) is, by eq. (D.11), a matrix
product of the precomputed kernel prefactoK and the evaluation factorY. Y is almost
free, as itis by eq. ) only composed of terms that the Gaussian ODE blter computes
anyway; see eq.(D.45) in Supplemeft D.10.2. Givehand [P + "2I,] ', computing
the gradient and HeSS|an estimators (Llne 6 in AIgonthn[]B) is of the same complexity
as computingJ. Thus, the additional computational cost is inO(N®) w.r.t. the num-
ber of time stepsN = T/h executed once and otherwise linear (but almost negligible)
w.r.t. the number of simulated parameterst. As a large number of# is usually required,
the overall overhead is small.

D2!l F

"K' (h:T) = ;E! ' ok
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D.7 Experiments

. And then use matrix inversion lemma (Woodbury) to compute( K (h : T)+ R &
IN" 1)" !

D.6.5 Choice of hyperparameters

Recall that the parameters” and R stem from the data and the accuracy of the ODE
model (Kersting et al., 2020a, Section 2.3), and that we only consider once-integrated
Brownian motion priors in this paper. Therefore, the only remaining hyperparameter
is the dilusion scale" 4 which controls the width of the varianceP ; see Supplements
ID.11.1 and D.11.2. There are two ways to set it: either as a local (Schotegral., 2019,
eq. (46)) or as a global|(Tronarpet al., 2019a, eq. (41)) maximume-likelihood estimate,
which can both be computed from intermediate quantities of the forward solves.

D.7 Experiments

To test the hypothesis that the gradient and Hessian estimatorg®, E (z), °E(z)] of

the log-likelihood are useful despite their approximate nature, we compare the new
optimization and sampling methods from Appendi¥ D.6Nwhich use these estimators
as if exactNwith the standard Olikelihood-free® approach, i.e. with random search (RS)
optimization and random-walk Metropolis (RWM) sampling.

D.7.1 Setup and methods

As benchmark systems, we choose the popular LotkabVolterra (LV) predator-prey model
and the more challenging biochemical dynamics of glucose uptake in yeast (GUiY). For
more generality, we add the chemical protein signalling transduction (PST) dynamics
which violate Assumption[D.1 and have to be linearized. We consider our hypothesis
validated if the new gradient-based algorithms outperform the conventional Olikelihood-
free® methods (RS, RWM) on these three systems. All datasets are, as in leq. (D.3),
generated by adding Gaussian noise to the solutiogs for some true parametes# .
Out of the new family of gradient-based optimizers and samplers introduced in Ap-
pendix|[D.6, we evaluate only the most basic ones: gradient descent (GD) and NewtonOs
method (NWT) for optimization, as well as PLMC and PHMC for sampling. This
isolates the impact of the gradient and Hessian estimators more clearly. The required
gradient and Hessian estimators are computed as detailed above. We employ the origi-
nal bxed step-size RS by Rastrigin (1963), and the RWM version from MacKay (2003,
Chapter 29). For all optimizers, we picked the best the step size and, for all samplers,
the best proposal width within the interval [10 °, 10°] which is wide enough to contain

all plausible values. To make these experiments an ablation study for the gradient and
Hessian estimators, we use Gaussian ODE Pltering as a forward solver in all methodsN
which is similar to classical solvers anyway (Schobet al., 2019, Section 3). Since in all
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below experimentsP < "?I,,, the gradient and Hessian estimates are scale-invariant
w.r.t. hyperparameter" 3;, as can be seen from eqs. (DJ26) and (D]27): In this regime,
P simply scales the step-size of the gradient, arfd cancels out of the Hessian, mak-
ing it invariant to this scale. The same applies in the regim® ; "?l,,; adaptation
of their relative scale, by choosing 3; as in Appendix|D.6.5, only matters when both
error-sources are of comparable scale.

D.7.2 Results

We evaluate the performance of these methods over the brst few iterations (steps),
comparing the values of the negative log-likelihooB as well as the relative error in the
parameter space!'# ' #"/"#". For optimizers, low values in both metrics indicate
success and, in fact, both are important: ODE inverse problems are inherently ill-posed
and can have parameters with high likelihood and large inference error that bt the data
as well as the true parameter. Finding these parameters would not be a failure of the
algorithms, but a success, as they are a mode of the true posterior.

Samplers, on the other hand, try to identify and explore regions of high probability (the
typical set); see e.g. Betancourt (2017, Section 2). We opt for plotting the relative error
in the parameter space additionally to the negative log-likelihood values to emphasize
that, once a sampler creates samples near the typical set, MCMC methods keep exploring
suitable values instead of relying on a single estimate with high likelihood. Despite
maintaining a low near-constant negative log-likelihood, the error in the parameter space
of a sampler may have (some) variation.

The details and results for each benchmark systems are presented next, in ascending
order of complexity.

LotkabVolterra
First, we study the LotkabVolterra (LV) ODE (Lotka, 1978)

X,Jl = #]_Xll #2X1X2, X:b =" #3)(2 + #4X1X2, (D30)

the standard model for predator-prey dynamics. We used this ODE with initial value
Xo = [20, 20], time interval [0, 5]and true parameter# =[1,0.1,0.1,1] To generate data
by eq. @), we added Gaussian noise with varianc¢e = 0.01 to the corresponding
solution at time points [0.5,1,1.5,2,2.5,3.,3.5,4.,4.5] The optimizers and samplers
were initialized at #° = [0.8,0.2,0.05,1.1] and the forward solutions for all likelihood
evaluations were computed with step size = 0.05. In order to turn this # into a useful
initialization for the Markov chains, we accepted the brst 45 states generated by PHMC
and PLMCNthe same would be counterproductive for RWM since a proposed sample
may be further away from the region of nonzero probability. The results for optimization
and sampling are depicted in Figur¢ D.4. In the case of optimizers, NWT outperforms
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Figure D.4:. Results for optimization (a, b) and sampling (c, d) on Lotkab

Volterra . Comparison of negative log-likelihood=(z) = E,i(z) (a and c, resp.) and
relative error"# ' #"/"#" (b and d, resp.). 100 iterations of optimization (only every
pfth iteration has a marker) and 250 Metropolis-Hastings samples (only every other
sample has a marker).

GD which, in turn, outperforms RS. After roughly 25 samples, NWT generates iterations
with relative error of less than10 °. While PLMC and PHMC quickly reach and explore
regions of high probabilityy, RWM does not bnd likelihood values within the brst 250
samples. Thus, the gradient and Hessian estimators indeed appear to work well on LV.

Protein signalling transduction

Next, we consider the protein signalling transduction (PST) pathway. It is governed by
a combination of mass-action and MichaelisbMenten kinetics:

$l=' #3S' #3 S3R+#3RS,

d$=#3 S,
§_ Rpp
R='#3S3R+#3RS+V3 K.+ Rpp
R&=#3 S3R' #,3 RS' #3 RS,
Rpp

REp= #,3 RS #3 —— .
Bp=# #s K. + Rpp

. . . B . R
For more details, see VWshemirsky and Girolami (2008). Due to the ran%,

Assumption[D.1 is violated. As a remedy, we follow Gorbacht al. (2017) in debning

the latent variables [xq, X5, X3, X4, X5] = [S,dS, R, RS, KmepRpp]. This gives rise to the
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Figure D.5: Results for optimization (a, b) and sampling (c, d) on PST . Com-

pa_rison of negative log-likelihoode(z) = E,i(z) (a and c, resp.) and relative error
"# #"/"#" (b and d, resp.). 200 iterations of optimization (only every tenth itera-
tion has a marker) and 500 Metropolis-Hastings samples (only every fourth sample has
a marker).

new linearized ODE

Xp ="' #HX" HX X3+ Xy, (D.31)
Xp = #Xq, (D.32)
Xg ="' #HX1X3+ HX, + #Xs, (D.33)
Xy = tHhXiXg' X' #Xq, (D.34)
Xt = #Xs" #:Xs, (D.35)

which is an approximation of the original ODE, since eq] (D.35) ignores the fact@K , +
Rpp) - We used this ODE with initial value x, = [1,0, 1,0, 0] on time interval [0, 100]
We set the true parameter to# = [0.07,0.6,0.05,0.3,0.017]To generate the data by
eq. {D.3), we added Gaussian noise with varian¢é = 10" ® to the corresponding solution
at time points [1.,2.,4.,5.,7.,10.,15., 20., 30.,40.,50., 60., 80., 100he optimizers and
samplers were initialized at® = [0.24, 1.8, 0.15, 0.9, 0.05]and the forward solutions for
all likelihood evaluations were computed with step sizé = 0.05. We use the same
burn-in procedure as on the LotkabVolterra example, accepting the brst 100 samples.
The results for optimization and sampling are depicted in Figurg D.5.

Again, the new methods outperform the conventional ones in both optimization and
sampling. For optimization, NWT converges particularly fast. The Pnal estimate that is
returned by NWT is, rounded to two digits, #° = (0.07,0.60, 0.05, 0.30, 0.02)and hence
recovers four out of bve parameters exactly. For sampling, both gradient-based samplers
(after a fairly steep initial improvement) steadily stay in regions of high likelihood,
while RWM only increases the likelihood in a much slower pace. Hence, the gradient
and Hessian estimators are benebcial on PST as wellNalthough we had to linearize the
ODE bprst.
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Figure D.6. Results for optimization (a, b) and sampling (c, d) on GUiY
Comparison of negative log-likelihood (z) = E,i(z) (a and c, resp.) and relative error
"# #"/"#" (bandd, resp.). 100 iterations of optimization (only every bfth iteration
has a marker) and 250 Metropolis-Hastings samples (only every other sample has a
marker).

Glucose uptake in yeast

Last, we examine the challenging biochemical dynamics of glucose uptake in yeast
(GUIY), as seen in Schillingset al. (2015). This ODE is 9-dimensional, has 10 param-
eters, and satisPes Assumptign D.1; see Supplement D.15 for a complete mathematical
debnition and parameter choices. The results for optimization and sampling are depicted
in Figure [D.6.

GD outperforms RS, and NWT converges even much faster than GD. Remarkably,
NWT already Pnds parameters that are exact up to two relative digits after only pve
iterations which would take RS extremely long on this 10 dimensional domain. The
gradient-based samplers (PLMC, PHMC), again, stay steadily within the region of sig-
nibcant likelihood, while RWM has di"culties sampling from this high dimensional prob-
lem in an e"cient manner. Thus, this benchmark system also rea"rms the utility of the
gradient and Hessian estimators.

D.7.3 Summary of experiments

On all three benchmark ODEs, the Jacobian and Hessian estimator proved useful to
speed up both sampling and optimization. In the case of optimization, the new gradient-
based methods consistently outperformed the classical random search. Notably, the
second-order optimization was always signibcantly more sample-e"cient than plain gra-
dient descentNwhich indicates that not only the gradient but also the Hessian estimator
is accurate enough to be useful. In the case of sampling, the gradient-based sampling
methods, which were preconditioned by the Hessian, consistently outperformed the clas-
sical approach as well: PLMC and PHMC steadily explored regions of elevated like-
lihood, while the conventional random-walk Metropolis methods hardly ever reached
regions of nonzero probability and wasted computational budget on less likely parame-
ters. Overall, we consider these experiments Prst evidence for the hypothesis that the
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proposed gradient-based methods require drastically fewer samples than the standard
Olikelihood-freed approach.

D.8 Related and future work

The following research areas are particularly closely related to this paper.

Probabilistic numerical methods (PNMs) There are two lines of work on PNMs
for ODE forward problems: sampling- and bltering-based solvers; an up-to-date com-
parative discussion of these two approaches is given|in Kerstieg al| (2020a, Section
1.2.). While this paper is the brst to use Pbltering-based PNMs for inverse problems,
there are previous methodsNstarting with| Chkrebtii et al. (2016)Nthat use sampling-
based solvers to integrate a non-Gaussian uncertainty-aware likelihood (cf. the Gaussian
eg. (D.9)) into a pseudo-marginal MCMC framework; see Conraet al| (2017), Teymur
et al. (2018), Lie et al. (2019), and| Abdulle and Garegnani|(2020). Notably, Matsuda
and Miyatake (2019) recently proposed to model the numerical errors as random vari-
ables without explicitly employing PNMs. On a related note, there are also brst PNMs
for PDE inverse problems; see Cockayret al| (2017) and Oateset al. (2019).

GP-surrogate methods Modelling expensive likelihoods by GP regression is a
common approach in statistics; see elg. Sadksal. (1989) and OOHagan (2006). Notably,
Meeds and Welling (2014) incorporated this approach into an ABC framework, and
Perdikaris and Karniadakis (2016), on the other hand, into a non-Bayesian setting by
e"cient global optimization. While these methods also compute a GP approximation
to the likelihood, they are fundamentally dilerent as they globally model the likelihood
with a GP (instead of constructing a local Gaussian approximation (see e. (D.9)), and
do not exploit the shape of the ODE at all.

Gradient Matching This approach bts a joint GP model of the solution and its
derivatives by conditioning on the ODE. Since introduced by Calderheaet al. (2008), it
has received much attention in machine learning; see Macdonald and Husmeier (2015) for
a detailed review, Wenket al. (2019, Section 1) for an up-to-date overview, and Gorbach
et al|(2017) for a paper that uses a slightly stronger version of our Assumptipn D.1. As
it avoids explicit numerical integration altogether, gradient matching is fundamentally
dilerent from our method (and PNMs in general).

Sensitivity analysis  This Peld studies the derivatives of ODE solutions with respect
to parameters; see, e.g., Rackauckas al. (2018) for an overview spanning continuous
(adjoint) sensitivity analysis and automatic dilerentiation. Therefore, the Jacobian
estimator J of the map # 0$ m, + x, from eq. (D.11) can be interpreted as fast,
approximate sensitivity analysis. This link is particularly interesting for modern machine
learning, as sensitivity analysis is the mathematical corner stone of the recent advances
by, e.g.,|Chenet al. (2018) in training neural networks as ODEs. It should be possible
to useJ for neural ODEsNas well as for all other applications of sensitivity analysis.
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Future work

We hope that this is the beginning of a new line of work on ODE inverse problems by
ODE bltering. Here, we only used Gaussian ODE Pltering with once-integrated Brown-
ian motion prior. Future work could not only examine dilerent priors (Kersting et al.,
2020a, Section 2.1), but also draw from the wide range of additional ODE Pplters (EKF,
UKF, particle plter, etc.) that were unlocked by Tronarpet al. (2019a). Notably, particle
ODE bltering represents the belief over the ODE solution by a set of samples (parti-
cles), and could, therefore, be integrated in the above-mentioned existing framework for
sampling-based PNMs.

The utility of the Jacobian estimator J is, however, not limited to inverse problems.
As it constitutes fast, approximate sensitivity analysis, it should be compared with es-
tablished methods, such as automatic dilerentiation and continuous sensitivity analysis
(Rackauckaset al., [2018). If S (eq. (D.20)) could also be estimated with low overhead,
it is in light of eq. (D.19) conceivable that the approximation error of] could be further
reduced.

Either way, future work should examine which optimization and sampling methods are
optimalNgiven that they received the (approximate) gradient and Hessian estimators
[& E(z), &E(z)]. For instance, the approximation error on these estimators mightK
according to/ Bottou et al| (2018, Section 3.3)Nwarrant optimization by stochastic meth-
ods such as SGD. On a related note, it should be examined whether classical theorems
on limit behavior of the employed optimization and MCMC methods remain true when
using these estimators, and whether our approach is indeed applicable to ODEs that
violate Assumption[D.1Nas the results from Appendi§ D.7.2 suggest. Finally, this work
should be, by the methods of lines (Schiesser and Gri"ths, 2009), extendable to PDEs
and, by|/Johnet al. (2019), to boundary value problems.

D.9 Concluding remarks

We introduced a novel Jacobian estimator for ODE solutions w.r.t. their parameters
which implies approximate estimators of the gradient and Hessian of the log-likelihood.
Using these estimators, we proposed new Prst and second-order optimization and sam-
pling methods for ODE inverse problems which outperformed standard Olikelihood-free®
approachesNnamely random search optimization and random-walk Metropolis MCMCR

in all conducted experiments. Moreover, the employed Jacobian estimator constitutes a
new method for fast, approximate sensitivity analysis.
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D.10 Supplement I: Short introduction to Gaussian
ODE biltering

D.10.1 Gaussian bltering for generic time series

In signal processing, a Bayesian Filter (SSrkkS, 2013, Chapter 4) does Bayesian inference
of the discrete state{x;; i =1,...,N}- R" from measurementqy;; i =1,...,N}-
R" in a probabilistic state space modedonsisting of

a dynamic model x; * p(X; | x;~41), and (D.36)
a measurement model y; * p(y; | X;). (D.37)

Usually, the statex; is assumed to be the discretization of a continuous signat [0,T] $

R" which is a priori modeled by a stochastic process. Absent very specibc expert
knowledge, this prior is usually chosen to be a linear time-invariant (LTIl) stochastic
dilerential equation (SDE):

p(x) * X(t)= FX(t) dt+ L dB(t), (D.38)

where F and L are the drift and dilusion matrix, respectively. The corresponding
dynamic model (eq. [(D.3p)) can be easily constructed by discretization of the LTI SDE
(eq. (D-38)), as described in SSrkkS and Sdlin (2019, Chapter 6.2). If an LTI SDE prior
with Gaussian initial condition is used,p(x) is a GP which implies a Gaussian dynamic
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model
p(Xi | Xi» 1) = N (AX;» 1, Q) (D.39)

for matrices A, Q that are implied by F,L from eq. {D.38). If additionally the measure-
ment model (eq. [D.37)) is Gaussian, i.e.

plyi [ i) = N (Hx;,R) (D.40)

for matricesH, R, the bltering distributions p(x; | y1;), i =1, ...,N, can be computed
by Gaussian Pltering in linear time. Note that the Pltering distributionp(X; | y1) is not
the full posterior distribution p(x; | yi.n) Which can, however, also be computed in linear
time by running a smoother after the blter. See e.g. SSrkkS (2013) for more information.

D.10.2 Gaussian ODE Pltering

A Gaussian ODE bpilter is simply a Gaussian blter, as debned in Appenflix D.10.1, with
a specibc kind of probabilistic state space model egp. (D.36) and (D.37), to infer the
solution x : [0,T]$ R of the ODE eq. E.l), at the discrete time grid{0éh, ..., N ah}
with step sizeh > 0. The dynamic model isNas usual, recall eqs| (D.38) and (D.B9)N
constructed from a GP debned by a LTI SDE that incorporates the available prior
information on x. The measurement model, however, is specibc to ODEs as we will
see next: Recall that, aftern ' 1 steps, the Gaussian Plter has computed th@"' 1)-th
pltering distribution

P(Xi 1 | Yaiv 1) = N (M- 1, Py 1), (D.41)

which is Gaussian with meamm;. ; and covariance matrixP;. 1, and computes the pre-
dictive distribution

p(X; | Y14+ 1) = N(m; P ) (D.42)
by inserting eq. (D.39) into eq. [[D.41). Analogous to the logic
f(B(1) + f(x(t)) = &(t) (D.43)

of classical solvers, the Gaussian ODE Filter treats evaluations at the predictive mean
m; Nwhich is a numerical approximation like ¥Nas data on X(ih). This yields the
measurement model

p(y | xi) = N (Hx;,R), (D.44)
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with data
yi = f(m; ) + xX(ih). (D.45)

The probabilistic state space model is thereby completely debned. Gaussian ODE blI-
tering is equivalent to running a Gaussian Plter on this probabilistic state space model.
For more details on Gaussian ODE plters, see Kerstired al. (2020a) or| Schobeet al.
(2019). An extension to more Bayesian PltersNsuch as particle bltersNis provided by
Tronarp et al. (2019a).

D.11 Supplement II: Equivalent form of Pltering
distribution by GP regression

Recall from Appendix[D.10 that any Gaussian Plter computes a sequence of bltering
distributions

p(Xi | y2i) = N (m;, P;) (D.46)

from a GP prior onx eq. (D.38) and a linear Gaussian measurement model (ef. (0.40))
with derivative data (eq. (D.45)). Hence, the classical framework for GP regression with
derivative observations, as introduced in Solakt al. (2003), is applicable. Ita priori
models the statex and its derivative Xias a multi-task GP:

4 0< )/ 0/0/k k,,0<
X X . M
P o =GP 4 ik K (D.47)
with
0, 0, 2 0,
oo SKLY) (e SKLTY e EK(LTY (D.48)

&t &t T &t&t?

D.11.1 Kernels for derivative observations

In this paper, we model the solutionx with a integrated Brownian motion kernelk or,
in other words, we modeki by the Brownian Motion (a.k.a. Wiener process) kernel, i.e.

K (Lt = "G min(t, t,  %,t" [0,T]. (D.49)

Here, "4 > 0 denotes the output variance which scales the dilusion matridt in the
equivalent SDE (eq. |(D.38)). Integration with respect to both arguments yields the
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integrated Brownian motion (IBM) kernel

; . 3 0 D) 2 .2 0 <
, | min (t,t/j+ %0 pBmin (t,t%

k(t, £’ = "5 3 - > (D.50)
to model x. The once-dilerentiated kernels in eq.|(D.47) are given by
L
A Mt/ % €
K (t,t% = "k(t*t)= "3 20 .. (D.51)

TINE> % g% !

2

A detailed derivation of egs. |(D.49) to [(D.51) can be found in Schobest al| (2014,
Supplement B).

D.11.2 GP form of bltering distribution

Now, GP regression with prior (eq. ), likelihood (eq.[(D.46)) and daty,; yields
an equivalent form of the Pltering distribution eq. |(D.46):

" Lo 29
m; =+ k (h:ih,ih)! 'K (h:ih)+ R,
Bbat wh), gy )] (D.52)
k(h,h) ...k (ih,ih) . |
P= : - = ' k(h:ih,ih)
k(ih,h) ... k (ih,ih)
1 204
3 'K'(h:ih)+ Ral, "k (h:ih,ih), (D.53)

with y;; = [ys,...,V] , where we used the notations from eqd. (D/5) anf (D]16). The
derivation of eq. (D.18) is hence concluded by ed. (DJ53).

D.11.3 Derivation of eq. (D.L0) |

In this subsection, we will use the ODE-specibc notation from above instead of the
generic bltering notationNe.g.m, (ih) instead of m;, f (m" (ih)) instead ofy; etc. To
derive the missing eq.[(D.10), we brst observe that, by eq. (D|52)\(ih) is linear in the
data residuals:

mih) = e+ 2 (B i), L () Gh) (D.54)
2 = K (hih,ih) K (h:ih)+ Ral,

Now recall that, in ODE bltering, the prior mean in eq. [(D.4}) is set to by, ji .
[Xo: T (Xo)] (or [W, ] . [mg;f (mg)] for some estimatem, of X, in the case of unknown
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Xo). Consequently, application of Assumptior D.1 to eq[(D.534) yields

M, (h) = %o+ Jn#,  with i (D.55)
Fa(mb (M) 1 F1(xg) oo f o (mb (M) 1 Fo(xg)
Jin = 2pE o R
fFo(mb (h) 1 f4(xg) .. f p(mb (h) 1, (xo)
= 2nY1i (D.56)

whereYy; denotes the brsti rows ofY; see eq.|(D.17). We omit the dependence af,
on # to obtain a linear form. Recall from Appendix|D.3 that we may w.l.0.g. assume

that the time points {t4,...,ty} lie on the pblter time grid, i.e.t; = I;h from somel; ! N.
Therefore, eq. |(D.55) implies

m, (t;) ** Xo+ &Y Xot+ 1;Y (D.57)
for all data time points t;, i = 1,...,M. Here, we used that; is equal to 2,, by

eq. (D.14). We conclude the derivation of eq[ (D.10) by observing that thieth entry of
eq. (D.10) reads eq.[(D.57) forall =1,...,M.

D.12 Supplement IlI: Proof of Theorem D.3.1L

Proof. We start by computing the rows of
Dm! :[&!m(tl),...,&!m(tM)]!. (D58)

By egs. [D.10) and [[D.11) and the fact that the kernel prefactoK does not depend on
#, we obtain, for alli =1, ...,M, that

&im(t) = &(x(i)' v(#)

=[Dv(#)] () +][ D3 %iﬂ!gv(#) (D.59)
= [Dv(#)]' (), : (D.60)
with v(#) = Y# Here,
Y=Y, =i, ..., Y. (#] (D.61)
is debned by
Y(# =[Yj1,.--,¥n] ! R", (D.62)
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the j-th row of Y = Y (#) (recall eq. [D.17)), forj =1, ...,l;. Next, we again compute
the rows of the missing Jacobian of eqg] (D.50)
Dv(#) = [& [V(#]1, .- ., & [V(#H], ] (D.63)
by the chain rule, for allj !'{ 1,...,1;}:
1 2
& VA = & [V, (' #H = DY;(#) #+ Y. (D.64)

Again, we compute the rows of the Pnal missing Jacobian
DY; (#) = [&Y;1(#, ..., &Yy;n (] - (D.65)

The debpnition ofy; from eq. (D.17) implies, in the notation of eq.[(D.2l1), that
1 2
&y (# =) u(h), (D.66)

forall 1 = 1,...,n. Now, we can insert backwards. First, we insert eq[ (D.p6) into

eq. (D.65) which yields
DY;(#) =%, (D.67)

1 2
where$; = ) (jh) el o’ Second, insertion of eq.| (D.67) into eq| (D.64) provides
that

&\ [V(#)] =$ #+ Y (#. (D.68)
Third, insertion of eq. (D.68) into eq. [(D.63) implies that
Dv (#) = 1$;#,...,$:i#2! + Y[ 1,1, (D.69)
where
/ 0

Yz -+ Y an

VI B v,y e o B

Yijr - Yin

Fourth, we insert eq. [D.69) into eq. [(D.6D) and obtain
& 1 2
&mt)= Y[, + $i#....$ # zii
1
=S[YELG &+ $i#... 8 # 4. (D.70)
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By eq. (D.13), it follows that

Ve 82 vy, and (D.71)
slu ,$ii#21ﬁ, 4 02 gty (D.72)

This implies via eq. [D.70) that
&mt)=(Y'+S"1,, (D.73)

Fifth and pnally, we, by insertion of eq. [(D.7B) into eq.[(D.58) and application of
eq. (D.12), obtain

Dm, = K(Y +S) 88 5, s (D.74)

]

D.13 Supplement IV: Proof of Theorem D.4/1

We Prst show some preliminary technical lemmas in Appendix D.18.1 which are needed
to prove bounds on"K" and "S" in Appendix and Appendix[ D.13.B, respec-
tively. Having proved these bounds, the core proof of Theorgm D.4.1 simply consists of
combining them by Theoreni D.3.1, as executed in Appendix D.13.4.

D.13.1 Preliminary lemmas
The following lemma will be needed in Appendix D.13/2 to bountiK ".

Lemma D.13.1. Let Q > 0 be a symmetric positive debnite an®*, 0 a symmetric
positive semi-debnite matrix inR™®". Then, it holds true that

l 02" 1 "
"QE QT QT (D.75)
for the nuclear norm
2 0, N
"A", =trace A'A= "i(A), (D.76)

i=1

where"(A), i !'{ 1,...,m 8 n}, are the singular values oA.

Proof. Recall that, for all symmetric positive semi-debPnite matrices, the singular values
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are the eigenvalues. Therefore

"1 0/%" 1, _ N 1
AR N(OEXe))
"wnq .
TR . (D.77)
i=1 /i

In eq. m) we exploited the fact thatQ / Q + Q*(i.e. that (Q + Q%' Q = Qis
positive semi-debnite) and thereforg; (Q) / ) ;(Q+ Q% for ordered eigenvalue$,(Q) /

aaal) n, n(Q) counted by algebraic multiplicity. This fact is an immediate consequence
of Theorem 8.1.5. in Golub and Van Loan (1996). O

The next lemma will be necessary to prove a bound dr8" in Appendix [D.13.3.

Lemma D.13.2. Let g(x,))! C([0,T]3 $; R) on non-empty compact$ - R" with
continuous Prst-oder partial derivatives w.r.t. the components 9f. If

;%(Ufg(x,))! O(h(x)) (D.78)
for some constantC > 0 and some strictly positiveh : [0,T] $ R, then also
g ’)
Supf,&) a(x, ))7 I O(h(x)), (D.79)

where$° denotes the interior of$.

Proof. Assume not. Then, thereis & !{ 1,...,n} and ay ! $° such that
2 ’)

,,&) g(X )-),) V- O(h(x)). (D.80)

Since, for allx ! [0,T], ) (x,d is uniformly continuous over the bounded domair$°,

there is a! > 0 such that

s
')

%),

Let us w.l.0.g. (otherwise consider g) assume that

& o, y),% y O(h(x)), forall) ! B, (Y). (D.81)

2y & g F) . 0 forall) ! By () (D.82)
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Now, on the one hand, we know by the fundamental theorem of calculus that
30

& . :
—0(X,, ¥ + rey) diF
g 90T+ Ry

) g, e 1 OO 089

(O(h(x)) (O(h(x))

However, on the other hand, we know from our assumption that

eq. (D.82) 30 & . . .
o d(Xn, F + Tey) dF (D.84)
o &)k 2
3073 .3
/ 25 9(Xn, J + )z dr I O(h(x)), (D.85)
' ;&)" 78 g

(O(h(x)), by eq

which implies
30

gj‘g(xn,y'+ re,) dF I O(h(x)). (D.86)
" k
The desired contradiction is now found between eqg. (DJ83) and (D]86). O

D.13.2 Bound on "K' "

Lemma D.13.3. Under Assumption| D.3 and for allR > 0, it holds true that
"K"/ C(T), (D.87)

whereC(T) > 0 is a constant that depends off .

Proof. First, recall egs. (D.12) to (D.16) and observe that

) "2t 2 &--1 i)
"K(hit, )"/ Cot kL TR =C 2T T

foralli=1,...,M. Second, Lemma D.13|1 implies that

1. 21 eq (D75) -
"K' (h:t)+ Ra, C'R *al.,"

/| C'R 'l ,"// CRM.
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Now, by eq. [D.13), we observe

i1~ ll 1" ) ) "
/" UK (hit)+ RaL ATk (hit,t)"
| C(T), (D.88)

where we inserted the above inequalities in the last step. Finally, we obtain ej. (D.87)

by plugging eq. [D.88) into

IIKII/ C"K"# €q. {g‘a&)’sﬂ n i”l_ (D_89)
|

]

D.13.3 Bound on "S"

Before estimating”S", we need to bound how far the entries 08 (recall eq. [D.20))
deviate from the true sensitivitiesﬁx, (T).

Lemma D.13.4. If & - R" is compact, then it holds true, under Assumptioris D.1 and
D.2] that

& . &
sup" —m, (T)" X (T)" I O(h). D.90
SUR" g™ (N (M L Olh) (D.90)
Proof. First, recall that the convergence rates ofO(h) provided by Theorem 6.7 in
Kersting et al. (2020a) only depend ot through the dependence of the constark (T) >

0 on the Lipschitz constantL of f. But this L is independent of# by Assumption|D.1.
Hence, Theorem 6.7 from Kerstingt al. (2020a) yields under Assumptiof D.2 that

supm, (T)' x,(T) ! O(h). (D.91)
1($°

Moreover, Theorem 8.49 in Kelley and Peterson (2010) is applicable under Assumption
[D.1 and implies thatx; (t) is continuous and has continuous brst-order partial derivatives
with respect to of #. By constructionNrecall eq. (D-10)Nthe Pltering mean m, (t) has

the same regularity too. Hence, application of Lem aD.13.2with=h,$=& ,) = #
g(x,)) = m, (T)" x,(T) is possible, which yields eq] (D.90) from ed]. (D.D1). O

Lemma D.13.5. If & - R" is compact, then it holds true, under Assumptionis D.1 to
[D.3] that

"S"/ C("&,x"+h), (D.92)

for su"ciently small h> 0.

171



D Dilerentiable Likelihoods for OLikelihood-FreeO Systems (Kerstiaial., 2020b)

Proof. By Assumption[D.3 and the equivalence of all matrix norms, we observe

"S"/ C"S",=C"S'",/ C'S'"y, (D.93)
#
OH T gy, (D.94)
j=1
#*
/| C "$j 2 6#,86 ) (D.95)

1= &C, since $ bounded
where"a", ; denotes thel , ; norm. We conclude, using Assumptioh D.2 and Lemnjia D.13.4,

that
0

i, P L % (i D.96
i 2 n"j'lflx ﬁm! (ih) (D.96)
. .90)
PR g, + ). (D.97)

]

D.13.4 Proof of Theorem DA4AT ]

Proof. By Theorem|D.3.1 and the sub-multiplicativity of the inducedp-norm "a",, we
observe that
"J' Dm," ="KS"/ C"KS",/" K","S",
/ C'K"™S", (D.98)

for somep,q, 1. Application of Lemmas|D.13.8 and D.13]5 concludes the proof. [

D.14 Supplement V: Gradient and Hessian
estimators for the Bayesian case

In the main paper, we only consider the maximum likelihood objective; see efy. (§.23).
Nonetheless, the extension to the Bayesian objective, with a pri@(#), is straightfor-
ward:

" log (p(z | #)0(#) = * log (p(z [#) * log (O(#))
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Accordingly, the gradients and Hessian of this objective are
& [ log(p(z | #0(9)] ** B2 &,E(2)" & log (0(#),
&2[ log(p(z [#0(#)] ** B @%E(2)" & Zlog (0(#).

Hence, for a Gaussian prioO(#) = N (# W, V), the Bayesian version of the gradients
and Hessian estimators in eqs| (D.26) an{l (D.p7) are hence given by

B} 1 2.4
& E(Z)payes ="' ' P+ "%y [z my]

' \/!;1[#' u;],2 and (D.99)
‘Q!ZE(Z)Bayes =3 P+ II2I|\/| 1J + V| g (D.100)

D.15 Supplement VI. Glucose uptake in yeast

The Glucose uptake in yeast (GUIY) is described by mass-action kinetics. In the notation
of |Schillingset al. (2015), the underlying ODE is given by:

X:E-HC =" k1XEX(63Ic + k- lXEDGIc
Xoie = ' KaXeXgie + K 2XEpoic
)dEDGGP = k4XiEXiGGP + ke 4XiEDGGP
Xkpcicocer = KeXepaicXGer | K+ 3XEpciccer
Xbep = ' KaXEpgicXGer + K- sXEpcicocer
' léflxiEXiG6P + K 4XEpGic
X'EDGIC = ( XiEDGIcI X'EDG|C + k1XEX%Ic
' lé'L'lXEDGIc
Xkpoic = ( XEpoic' Xkpoic | KsXepaicXGep
+ lé: sXEpcicpaep + KoXEXGie | K+ 2XEpaic
XE = Z&X‘E' X ' KiXEXGie + ke 1XEpaic
Xk =2 Xg' Xg ' KiXeXgep + K- 4XEpcep
KoXEXGic + K 2XEpic:

where ky, k-1, Ky, ki 5, K3, ke 3, Kq, ke g, (, and 2 are the 10 parameters. Note that
this system satisbes Assumptiop D.1. Following Schillingst al. (2015) and|Gorbach
et al. (2017), we used this ODE with initial valuex, = 1y, time interval [O.,100.]
and true parameter# =[0.1,0.0,0.4,0.0,0.3,0.0,0.7,0.0,0.1,0.ZJo generate data by
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eq. (D.3), we added Gaussian noise with varian¢é = 10" ® to the corresponding solution
at time points [1.,2.,4.,5.,7.,10.,15., 20., 30.,40.,50., 60., 80., 100he optimizers and
samplers were initialized at#® = 1.2 4# = [0.12,0,0.48,0,0.36,0,0.84,0,0.12, 0.24]
and the forward solutions for all likelihood evaluations were computed with step size
h = 0.05. To create a good initialization, we accepted the prst 30 proposals for PHMC
and PLMC.
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E A Fourier State Space Model for
Bayesian ODE Filters (Kersting
and Mahsereci, 2020)

Abstact: Gaussian ODE Pltering is a probabilistic numerical method to solve ordinary
di'erential equations (ODESs). It computes a Bayesian posterior over the solution from
evaluations of the vector peld dePning the ODE. Its most popular version, which employs
an integrated Brownian motion prior, uses Taylor expansions of the mean to extrapo-
late forward and has the same convergence rates as classical numerical methods. As
the solution of many important ODEs are periodic functions (oscillators), we raise the
guestion whether Fourier expansions can also be brought to bear within the framework
of Gaussian ODE bltering. To this end, we construct a Fourier state space model for
ODEs and a OhybridO model that combines a Taylor (Brownian motion) and Fourier state
space model. We show by experiments how the hybrid model might become useful in
cheaply predicting until the end of the time domain.

E.1 Introduction

Ordinary dilerential equations (ODES) appear in many machine learning algorithms.

In recent years, there has been a particular surge of interest in ODEs for normalizing
Bows (Rezende and Mohamed, 2015). This development is driven by neural ODEs (Chen
et al., [2018), which allow for maximum-likelihood estimation and variational inference.
Neural ODEs replace learning by gradient descent with learning by ODE sensitivity
analysis (Rackauckast al., 2018).

A recent recast of ODEs as a stochastic bltering problems has made it possible to solve
initial value problems (IVPs) by all available Bayesian bltering methods (Tronargt al.,
2019a, 2020). The resulting class of methods, call@DE Plters has not only fulblled
the goal of probabilistic numerics (PN) (Henniget al., 2015; Oates and Sullivan, 2019)
to quantify numerical uncertainty in a Bayesian way, but has also identibed the dynamic
model as the fundamental internal modeling assumption of ODE solvers. This dynamic
model determines how the solver extrapolates forward in time and is equivalent to a
prior over the ODE solution (Kersting et al., 2020b, Appendix A).

Early PN research has, to show that its new methods are indeed practical, focused
mostly on creating probabilistic analogues of classical methods. This line of inquiry has
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discovered that the integrated Brownian Motion (IBM) prior gives rise to ODE blters
whose mean coincides with standard classical methods; see Schebet. (2019). This is
due to the fact thatNlike e.g. RungebKutta methodNODE Plters with the IBM prior use
Taylor expansions to locally predict forward; see Equation (6) in Kerstingt al. (2020a).

In the meantime, other local expansions based on the MatZrn covariance function have
been studied; see Tronarpet al. (2020). Fourier expansions, however, have not been
investigated in the context of ODE blters although it is known how to incorporate them
in a dynamic model; see|(Solin and SSrkkS, 2014). With this paper, we aim to begin
blling in this gap. Since so many important ODEs are oscillators with periodic solutions,
we consider Fourier expansions a promising research direction in the context of ODE
pltering.

E.2 ODE Filtering for initial value problems

We consider the following IVP
X(t) = f (x(t)), %! [0,T], x(0) = xq ! RY, (E.1)

with vector beldf : R?$ RY. For notational convenience, we restrict w.l.0.g. the below
presentation tod = 1. As the solutionx : [0,T]$ R in general lies in an inbnite dimen-
sional function space such a&2([0, T]; RY), a Pnite dimensional representation is needed
to extrapolate from x(t) to x(t + h). RungebKutta methods, for example, use Taylor
expansions (i.e. projections to polynomial spaces) as Pnite dimensional approximations
of x. While classical methods only do so implicitly, Gaussian ODE bltering represents
x(t) explicitly in a D-dimensional state vector i.e. in a stochastic procesX (t) from
which a model ofx(t) can be linearly extracted:

x(t) * HX(t), forsomeH,! R¥P, (E.2)
Moreover, for ODEs, the derivative has also to be linearly extractable
X(t) * HX(T) for someH ! R®P. (E.3)

As ODE bltering is a Bayesian method, the statX (t) is modeled by a stochastic process,
which is usually represented by a linear time-invariant stochastic dilerential equation
(SDE)

dX (t) = FX (t) dt+ L dB(t) (E.4)

with Gaussian initial condition on X (0), where the drift and dilusion matrices F,L !
RP*D detail the deterministic and stochastic part of the dynamics respectively. This
SDE prior can be thought of as a localized debPnition of a GaussBMarkov process. In its
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Algorithm 4  Gaussian ODE Filtering

Input: IVP(x;,m,T), step sizeh > 0
Initialize, t =0, HoX (0) = xg and HX (0) = f (Xg)

repeat
predict state X, t$ t+ h, along Equation [E.5)
t=t+h
update X (t) by Equations (E.8) and (E.9)

until t+ h>T

discretized form, it debnes aynamic model
p(X(t+ h) [ X (1)) = N (A(h)X(t), Q(h)), (E.5)

with matrices A(h), Q(h) ! RP*P which are implied in closed form byF and L. To
update this model, ameasurement modeis added

P(Z(t) [ X (1)) = N (f (HoX (1)) " HX(t),R), (E.6)
R, 0, which is conditioned on the data
Z(t) =0. (E.7)

As f is non-linear, the above measurement model is intractable (Tronamg al., |2019a,
Section 2). By substitutingf (HE[X (t)]) for f (HyX (t)), we obtain the following tractable
measurement model

p(Z(t) | X (1)) = N (HX (1), R) (E.8)
Z(t) = f (HoE[X (1)]). (E.9)

We will employ this measurement model in this paper. The dynamic and measurement
model together are called grobabilistic state space moddlSSM), which Gaussian ODE
Pltering uses to inferx as detailed in Algorithm[4.

The classical Taylor SSM

In previous research, the most commonly recommended model uses an integrated
Brownian motion as a dynamic model (prior). It is dePned by inserting the following
matrices into Equation (E.5):

hi"
|i&jm,

ll2

A(h); (E.10)
h2q+1 "t

(2g+1" @' j)a" D" j)

Q(h); (E.11)
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where" ? is the variance scale of the underlying Brownian motion; see Kerstires al.

(2020a, Appendix A). Here, the state vector
1 2
xO@), ..., x91) * X(@) (E.12)

models the brstq! N derivatives of x(t). Therefore, the mean predictionX (t + h) =
A(h)X (t) is a Taylor expansionof the numerical estimates of these derivatives. Con-
sequently, since RungebKutta methods also use Taylor approximationsxgt) (Hairer
et al.,, (1987, Section 11.2), the posterior mean is similar to RungebKutta methods with
local convergence rates @f+1 and global convergence rates of It is hence a very good
method to solve generic ODEs; see Schobaral. (2019) and Kerstinget al. (2020a).

E.3 Fourier models for ODEs

In this paper, we are concerned with oscillating ODEs. Hence, let the ODE be such that
its solution x(t) is a periodic function. Let us denote the period ot by p > 0, and its
angular velocity by wy = 20/p. For such periodic functions, al-th order Fourier series

J ! N, of x is the standard approximation:

X2 (1) = Xo + # x () '$  x(v), (E.13)
j=1
almost everywhere, where, = a,/ 2 and
X; (t) = a cosfwojt) + Iy sin(wojt ). (E.14)
The derivative of Equation (E.13) is
X7 (1) = yo + i' Wojy; (1) 7% x(t), (E.15)

almost everywhere, wherg, = 0 and

yj (t) = & sin(wojt) " b cosfwjt ). (E.16)
The exact Fourier coe"cients are given by the integrals

230
= B x(t) cosfw t) dt, (E.17)

0

3

h = i P x(t) sin(jx ot) dt, (E.18)

0
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which are, in general, intractable. Thus, learning a periodic approximation of amounts
to inferring the coe"cients (g, ). To reproduce the model from Solin and SSrkkS (2014,
Section 3.2), we will however run inference on the corresponding harmonic oscillators
(X (1), y; (1)) instead. To this end, we Prst observe that, foreagh=0, ..., J, [x; (1), y; ()]
satisbes the following di'erential equations

d/ (t)o / 0 0/ (t)o

X; _ jWo X
dt oy " we 0y (E19)

Note that, if we set [xq(0), Yo(0)] = [a/2,0] and [x;(0),y;(0)] = [&,' B], then the

only solution of Equation (E.19) is indeed]x; (t), y; (t)] as debned in Equations| (E.14)
and ). Since we (in general) do not know the Fourier coe"cient&;, ), we model
the initial values with a Gaussian probability distribution: [x; (0),y;(0)] * N (O,qzl ),
for someq2 > 0. We then model these oscillators by a stochastic procexgt), i.e.

[Xo(t), Yo(t), Xa(t), ya(t), ..., X5 (1), y5 ()] * X (1) (E.20)
which (according to Equation [E.19)) follows the SDE, Equation|[(E.4), if and only if

F = c/liag(Fl, .. ,OFJ)1 with blocks (E.21)

F = jvs ‘(‘)"’ °  and (E.22)
0

L o 0 | RZ(J+1)$2(J+1), (E.23)

and if the initial condition is [X (0)2, X (0)5+1]1* N (O,qzl ). It is natural that there is
no dilusion (L =0), as the Fourier coe"cients (unlike Taylor coe"cients) of a periodic
signal x(t) do not change int. Since we want the prior debPned by this SDE to be a
zero-mean Gaussian Process with the canonical periodic covariance function

! & %9
. , . 2sif wet
kp(t, 1§ = "Zexp"" B %, (E.24)
we have to set
21.(1"2 .
q = i) forj =1,...,J, (E.25)

exp( ?)’

where |, (z) is the modiPed Bessel function of the Prst kind of ordgr, see Solin and
SSrkkS (2014, Eq. 27).
Dynamic model  The implied matrices for the dynamic model, Equation[(E.5), are
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now given by

A= c/jiag(Ao, .o Ay), W(i)th blocks (E.26)
_ cosfvojt) ' sin(wgjt)

i T sinwjt) costwit) ' and (E.27)
Q=0 | RS2, (E.28)

Measurement Model  This dynamic model is, like all dynamic models, combinable
with all measurement models. For ODEs, we need, by Equatiof (E.8), a model,
that extracts x(t) and a modelH that extracts the derivative from the state X (t) of

Equation (E.20). By Equations (E.13) and [E.15), this is satisbed by

Ho=[1,0,1,0,...,1,0] | R®%¥Y  and (E.29)
1 2
H = O’ 0’01' 1W0’01' 2W01- -.,O,' JWO ! R1$2(J+1) .

E.3.1 Discussion of the Fourier model

As their coe"cients do not depend on a support point, Fourier models are (unlike Taylor
models) global expansions. Hence, they are best at extrapolating globally, while Taylor
methods excel at extrapolating locally. As ODE methods are usually designed for a
small step sizeh > 0, the Taylor approximation is the standard approximation in ODE
solvers, such as RungebKutta methods. Hence, we expect the Fourier SSM to be more
useful for global extrapolation with larger step sizes. Accordingly, we suggest a hybrid
ODE solver which combines the Taylor and the Fourier state space model in the next
section. This model could be used to extrapolate from a certain time, after learning the
Fourier coe"cients with data from the Taylor model.

E.4 The hybrid Taylor-Fourier model

As Taylor approximations excel at local approximations and Fourier approximations
at global approximations of periodic signals, we combine both to the hybrid Taylor-
Fourier model. The idea is that one can learn the Fourier coe"cientga ,h) from
Equations (E.17) and [E.18) with data from the Taylor SSM and then extrapolate
with the Fourier SSM using the learned coe"cients. Let us denote the Taylor SSM by
(A™ Q™ H™) and the Fourier SSM(A™"" Q™" H™)  The hybrid Filter works
now as follows: It splits the time domain[0, T] of the ODE into two parts [0, T,] and
[Ty, T] for some prediction time point T, ! (0,T). On the prst interval [0,T,], we
solve the ODE with the classical Gaussian ODE blter with the Taylor SSM, and we,
simultaneously, train the Fourier SSM with the data from the Taylor model. On the
second interval[T,, T], we just predict along the Fourier dynamical model dePned by
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(AFOUI’ QFOU()

As the computation on the time interval [T, T] does not require additional evaluations
of f and is therefore almost free, we hope that that this model turns out useful to reduce
the computational time of solving periodic ODEs. In the next section we present some
experiments which, while not practical yet, highlight that this hybrid model in principle
works.

E.5 Experiments

We try a Gaussian ODE Pplter with hybrid Taylor-Fourier SSM on two standard oscil-
lating ODESs: the Van der Pol oscillator

L
My (t) = pixa(t) ' 3xa()® xq(1),

, (E.30)
N)UZ(t) = &Xl(t)i
with p=5, x(0) =[1," 1], T =50, and the FitzHughbNagumo model
L
My, - R TONE
Xp(t) = g(xa(t) + a" xo(1)),

with parameters(l,a, b *) =(0.5,0.7,0.8,10.0) x(0) =[1.,0.1] and T = 50.

E.5.1 Experimental set-up

We set the parameters of the Taylor model as followsj= 1 and "2 = 1. Moreover, we

choose the following parameters of the Fourier model:= 3, wo = 1,"2=1,J =3
p =20 and R = 0. Note that these parameters are not Pne-tuned. We debne the
prediction time T, for both ODEs to be T, = 3T =37.5.

E.5.2 Results

The plots in Figures[E.1 and E.2 show that the hybrid ODE blter works in principle.

It picks up some structure from the trajectories or{0, T,] and can extrapolate forward

by a sum of harmonic oscillators. The quality of the extrapolation is, however, not
good enough yet. We suspect that this is due to our ad-hoc choice of parameters.
Since our state space model is Hy Solin and SSrkkS (2014) an approximation of GP
regression with periodic kernel and derivative observations, it should be possible to
make the extrapolation as accurate as periodic GP regression (at least o 1 ).

In particular, it should be possible to choose the angular velocity, in a more principled
way and thereby match the period of the oscillator more precisely. Our choicew§ = 1

is particularly o! in Figure E.2. We also believe that a more accurate extrapolation
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Figure E.1 Hybrid Filter on Van der Pol ODE, Equation (E.30). Blue and yellow line
are true curvesx; and x,. Red and green line are hybrid Plter mean with prediction
from T, = 37.5.

could be achieved if a larged is chosen. This will probably only work well once we have
found a suitable way to choosevy,. Moreover, future research should examine which
J +1 data points from the Taylor model should be used for the Fourier modelNwhich
Is an active learning task with Gaussian processes (Setoal., [2000).

E.6 Conclusion

We examined how Fourier state space models can be employed in Gaussian ODE Pltering,
to solve oscillating ODEs. To this end, we developed a novel Fourier sate space model
that is applicable to ODEs. We reasoned that it might outperform Taylor methods on
global extrapolation tasks. Since Fourier expansions are not locally accurate enough to
serve as a practical ODE solver on its own, we have developed the hybrid ODE Solver
which combines Taylor and Fourier expansions. It brst uses a Taylor SSM to compute
up to a certain time T, while training a Fourier SSM Oon the RyO, and then uses the
so-trained Fourier SSM to predict forward. We demonstrated that, in principle, this can
workNeven if we are not yet satisPed with the quality of the Fourier prediction.
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Figure E.2 Hybrid Filter on FitzHughbNagumo ODE, Equation kE.3j.). Blue and yellow
line are true curvesx; and X,. Red and green line are hybrid blter mean with prediction
from T, = 37.5.

Future research should examine how the Fourier coe"cients can be learned betterN
e.g. by Pnding ways to choose the Fourier parametefs,, J) better or to employ smart
active learning (Seoet al., [2000) for the Fourier coe"cients (a;,h). Since the desired
Fourier coe"cients are integrals, maybe ideas from Bayesian quadrature (Bri@t al.,
2019) can be borrowed for this purpose; see Equatiorjs (§.17) and (E.18). We hope
that this might pave the way to almost cost-free predictions of oscillating systems which
could come in useful in settings where ODEs have to be solved over a long time horizon
with very limited budget or where a (reinforcement learning) system has to make sudden
decisions in the context of ODE dynamics (Deisenroth and Rasmussen, 2011).

If so, then exciting new ideas unknown to classical numerical analysisNsuch as quasi-
periodic extrapolations (Solin and SSrkkS, 2014, Section 3.5)Ncould be introduced to
ODE solvers. Such a development would also benebt probabilistic numerical methods
for boundary value problems (Johret al. [2019), PDEs (Oateset al., 2019), and ODE
inverse problems|(Kerstinget al., 2020b).

In machine learning, such advances could provide better uncertainty quantibcation (of
the numerical error) for continuous normalizing 3ows with ODESs, seg (Chet al., 2018,
Section 4)Nwhere a free-form ODE, potentially an oscillator|(Grathwohlet al,, [2019),
has to be numerically solved to approximate the transformed state and the numerical
error is, to date, not accounted for.
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