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Zusammenfassung

Dunkler Materie ist eines der großen Rätsel unserer Zeit. CRESST ist
ein Experiment, das darauf abzielt, den von dunkler Materie induzierten
Kernrückstoß und damit ihre Existenz nachzuweisen und Rückschlüsse auf
ihre Eigenschaften ziehen zu können. Da dieser Nachweis bis heute weder
CRESST noch anderen Experimenten gelungen ist, geraten zunehmend The-
orien in den Fokus, die von der Standardannahme eines etwa 100 GeV/c2

schweren sogenannten WIMPs abweichen, das über einen relativ zum En-
ergieübertrag schweren Mediator und spin-, isospin-, geschwindigkeits- und
impulsunabhängig mit Nukleonen interagieren soll.

Insbesondere ist der Schwerpunkt des CRESST-Experiments aufgrund
der kleinen, aber genauen Detektoren leichte dunkle Materie mit einer Masse
weit unter 10 GeV/c2. In dieser Arbeit werden die Messdaten des Experi-
ments im Rahmen einer effektiven Feldtheorie untersucht, bei der die Wech-
selwirkung zu Nukleonen mit 28 verschiedenen Operatoren (je nach Darstel-
lung je 14 Operatoren für Protonen und Neutronen bzw. für Isoskalar- und
Isovektor-Wechselwirkung) beschrieben wird und so mögliche Abhängigkeiten
vom Isospin, den Spins der Nukleonen und der dunklen Materie, vom Im-
pulsübertrag, sowie von der relativen transversalen Geschwindigkeit, mit in
Betracht gezogen werden.

Die theoretischen Rückstoßspektra für zwei der Hauptbestandteile der
CRESST-Detektoren, Sauerstoff-16 und Calcium-40, für sieben verschiedene
dieser Operatoren werden in dieser Arbeit berechnet, mit den aufgenomme-
nen Spektra verglichen und somit massenabhngige obere Grenzen auf die
Kopplungsstärke gesetzt. Alle diese Limits berschreiten die Sensitivität von
bisher publizierten Ergebnissen im Bereich niedriger Dunklen-Materie-Massen
unter 3 GeV/c2.
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Abstract

Dark Matter is one of the large puzzles of our time. CRESST is an exper-
iments trying to prove nuclear recoils induced by dark matter and thus its
existance, and to deduce some of its properties. Up until know, no such sig-
nal has been proven by CRESST or other experiments. Therefore, a growing
emphasis is on dark matter theories that differ from the standard assump-
tion of so-called WIMPs with a mass of around 100 GeV/c2 that interact
with nucleons via a heavy mediator (compared to the energy transfer) and
independently of involved spins, isospins, velocities and momenta.

Especially, the focus of the CRESST experiment with its small, but sen-
sitive detectors is light dark matter with a mass of way below 10 GeV/c2. In
this work, experimental data from the experiment is investigated in the con-
text of an effective field theory, where the interaction to nucleons is described
with 28 different operators (depending on the reprensentation 14 operators
each for protons and neutrons, or for isoscalar and isovector interaction).
Possible dependencies on the isospin, spins of the nucleons and of the dark
matter, the momentum transfer, as well as the relative transverse velocities
are taken into account by these operators.

Theoretical recoil spectra for two of the main components of the CRESST
detectors, oxygen-16 and calcium-40, for seven of these operators are cal-
culated in this work and compared to the measured experimental spectra.
Mass-dependent upper limits are set on the interaction strength. All of these
limits surpass the sensitivity of previously published results for masses below
3 GeV/c2.
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Chapter 1

Dark Matter

1.1 Evidence

Dark matter has been proposed in the 1930s by astronomer Fritz Zwicky1.
He measured the Doppler shifts, determined the velocities of galaxies within
the Coma Cluster and, using the virial theorem, calculated the mass of the
cluster. The number he obtained exceeded the expected value from the lumi-
nosity of the cluster considerably. He called the additional mass dark matter
(dunkle Materie in German), being one of the first to use this terminology.
[3]

One of the most prominent and comprehensible example of evidence for
dark matter is the study of rotation curves of spiral galaxies. By measuring
the velocity and equating the gravitational and the centrifugal force for visible
stars and gas, one can deduce the mass distribution along the distance from
the center of the galaxy. The result is that the gravitational mass distribution
does not match the visible distribution of matter especially for large radii,
where the rotation velocity still stays constant, although the density of visible
matter is very small [4, 5, 6]. Figure 1.1 shows an example of such a rotation
curve.

Other methods to determine the mass of galaxies and galaxy clusters,
such as gravitational lensing (e.g. [7]), as well as the existence of hot gas

1Even before Zwicky, in 1932 Jan Hendrik Oort analyzed the vertical velocity of stars
near the galactic plane in and concluded the existence of additional matter [1]. However,
his calculations and conclusions later turned out to be incorrect and are not considered
evidence for dark matter anymore [2].
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in clusters that would not be bound by the gravitational potential of visible
matter alone, confirm the conclusion that there is additional invisible mass.

Attempts have been made to explain these phenomena without the pres-
ence of dark matter, by arguing that Newton’s laws of motion and general
relativity could be altered on very large scale (Modified Newtonian Dynamics
– MOND) [8].

However, observations on 1E 0657558 (Bullet Cluster) support the dark
matter hypothesis over MOND: Two galaxy cluster collided around 100 mil-
lion years ago and while X-ray emissions show that the intergalactic gas of
the two clusters were clearly slowed down, gravitational lensing reveals that
most of the mass in both clusters was virtually unaffected by the collision
and passed through each other, indicating that the vast majority of the mass
in the clusters consists of something different than intergalactic gas. [9]

Another explanation for dark matter that doesn’t introduce new particles
are Massive Astronomical Compact Halo Objects (MACHOs), such as black
holes, neutron stars, or brown or white dwarfs, that to explain the gravita-
tional phenomena should make up most of the mass in galaxies especially
in areas far from the center. However, gravitational lensing allows to search
for them specifically and shows that the number of MACHOs is not high
enough to make dark matter unnecessary. Also, these astronomical objects
should not have existed before the structure formation in the early universe2.
However, models to explain the fluctuations in the cosmic microwave back-
ground (CMB) need dark matter that existed already then, to fit real-world
observations:

The CMB was produced when radiation decoupled from matter at a tem-
perature of around 3000 K and the universe thus became transparent for
photons. Due to the expansion of the universe, the temperature today is
around 2.7 K. Fluctuations in the order of around 60µK are observed, that
can be retraced to density fluctuations in the early universe. These density
fluctuations are too small to be compatible with the structure formation in
the universe with baryonic matter alone. Non-baryonic cold non-relativistic
dark matter is required that didn’t interact with the photons when the CMB
decoupled, but still supported the structure formation gravitationally. [11]

2Primordial black holes formed before the nucleosynthesis have been suggested as a
possibility, but there are also several constraints. See [10] for details.
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Figure 1.1: Rotation curve of the Andromeda Galaxy [14].

In the Millennium Run the structure formation with cold, non-relativistic
dark matter was famously and successfully simulated, proving that the as-
sumptions made were consistent with real-world observations. [12]

The Big Bang nucleosynthesis gives another indication for the existence of
dark matter already in the early universe: The density of baryons that follows
from the nucleosynthesis and the distribution of the elements is not consistent
with measurements of the mass density in the universe. The difference must
thus be made out of another type of matter. [13]

1.2 Dark Matter Models

In spite of the evidence for dark matter, little is known about its actual
particle properties. The properties that follow from the evidence in section
1.1 are that they should not interact electromagnetically, move with non-
relativistic velocities, be stable and massive. None of the known particles
in the standard model fulfill these properties. Even though neutrinos do
not interact electromagnetically and are stable, their mass is too low (mν <
1.1 eV [15]) to be non-relativistic cold dark matter. Therefore physics beyond
the standard model has to be considered.
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1.2.1 WIMPs

Weakly Interacting Massive Particles (WIMPs) are hypothetical dark matter
particles with a mass in the range of 10 GeV to 100 TeV (often a mass around
the weak scale 100−1000 GeV is assumed). Weakly interacting means in
this case, that it couples directly to the W and Z bosons. This implies
that their annihilation cross section is just around the cross section required
for the observed amount of dark matter to be produced thermally during
the early stages of the universe, 〈σ(χχ → X)v〉 ≈ 3 · 10−26 cm3s−1. This
seeming coincidence is often called the WIMP miracle and is seen as a strong
indication for WIMPs as predominant dark matter component. [16]

Supersymmetry

A popular extension of the standard model is Supersymmetry (SUSY). The
concept is that every standard model particle has a supersymmetric partner
particle with a spin different by 1/2. As an additional quantum number, R
parity is introduced. Standard model particles have the R parity +1 and
their supersymmetric partners -1. SUSY could explain why the Higgs boson
is relatively light, as the mass term from each particle would be canceled out
by its supersymmetric partner. Also, introducing the SUSY particles would
make unifying the strong and the electroweak force at high energies possible.
If R parity is conserved, the lightest supersymmetric particle would be stable
and is often predicted to be the neutralino, an electrically neutral and weakly
interacting massive fermion. [17]

Kaluza-Klein Particles

In the 1920s Theodor Kaluza and Oskar Klein tried to unify gravitation
and electromagnetism, introducing an extra spatial dimension. The idea of
extra dimensions is still discussed in theoretical physics and also includes
the prediction of new KK particles of which the lightest, similar to SUSY
introducing a new symmetry, would be stable. This lightest KK particle
(LKP) is predicted to be a spin-1 WIMP with a mass in the TeV region. [18]

Other WIMPs

The SUSY neutralino and the LKP are only two examples of WIMP candi-
dates. For other theories, see for example [19], [20], [21], [22] or [23].
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1.2.2 Axions

The axion was postulated to solve the strong CP problem: QCD (quantum
chromodynamics) seems to preserve CP symmetry, the combination of con-
jugation (C) and parity (P). Although within QCD, there is no reason why
CP violation is forbidden, no such violation is observed. More precisely, the
angle θ describing the CP violation could take any value between 0 and 2π,
but seems to be exactly 0. Peccei and Quinn offered a solution in 1977 [24],
introducing a symmetry that would fix θ to zero. This theory would then
also predict a new particle, the axion, which could then also be a dark matter
candidate. [25]

1.2.3 Sterile Neutrinos

Neutrinos that do not interact weakly are called sterile. Their existence could
solve observed abnormalities in accelerator and reactor neutrino experiments
and also be a dark matter candidate. However, their small interaction cross
section would make them hard to detect. [26]

1.2.4 Hidden Dark Matter

Weak interaction is allowed for dark matter, but it could also be that dark
matter only interacts gravitationally with baryonic matter, which would
make its discovery much more difficult, or via unknown non-standard-model
interactions. A consequence of this so-called hidden dark matter would be
that the dark matter coupling gX isn’t necessarily the same as the weak cou-
pling gweak. The WIMP miracle (section 1.2.1) was that the combination

of the weak coupling and a dark matter mass (the factor
m2

weak

g4weak
) naturally

yields the correct annihilation cross section and the correct dark matter den-
sity. If however the dark matter coupling wasn’t fixed as the weak coupling,
the same miracle could happen for completely different dark matter masses
(WIMPless miracle). [17]

1.2.5 Conclusions

The discussed examples are only a fraction of the most popular present dark
matter theories. All of these theories are motivated otherwise than dark
matter, but predict particles that could at the same time elegantly solve
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the dark matter problem. However, elegance does not necessarily mean that
the theory is also implemented in reality. All of the actual evidence for
dark matter is gravitational, besides that little is known about its actual
properties. Specifically the hidden dark matter theories allow for a broad
range of dark matter masses and different types of interactions, meaning
that experimentally it should be tried to approach the dark matter search
with as little prejudice as possible.

1.3 Direct Dark Matter Detection

Generally, if there is any kind of interaction between dark matter and stan-
dard model particles, there are three ways to access this interaction: By
producing dark matter by colliding standard model particles, by searching
for decay products of annihilating dark matter particles, or by searching for
signals of dark matter particles scattering off standard model particles. The
third way is called direct detection. The technical challenges in this method
lie especially in the low cross section and thus interaction rate, compared to
the amount of background, but also the low recoil energies.

The electron mass is around 0.5 MeV/c2, while the proton and neutron
masses are around 1 GeV/c2 [27]. This means that any dark matter particle
with a mass in the range of hundreds of MeV/c2, or GeV/c2 or higher, would
scatter mainly off nucleons and not off electrons. Typical recoil energies
for such cold non-relativistc dark matter elastic scattering off nucleons are
expected in the keV range or in the high eV range for low dark matter masses.

Usually two components are expected to be dominant: A coupling to the
nuclear spin (spin-dependent, SD) and a scalar coupling (spin-independent,
SI). Other possibilities are discussed in this work extensively (especially in
chapter 3).

In the spin-independet case, if the scattering amplitudes for scattering off
neutrons and protons is identical (which in this case is usually assumed) and
can be added up coherently, the overall scattering amplitude simply scales
with the number of nucleons in a nucleus, the atomic mass number. The
resulting cross-section therefore scales with the squared atomic mass number
of the nucleus A.

Under these premises, comparison between different experiments using
different target materials is straightforward for spin-independent interaction:
The experimentally obtained cross-section, or limits on this cross-section in
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the case of null results, can be converted into a dark-matter-nucleon cross
section by dividing by A2.

However, it has to be considered that for larger nuclei and large recoil
energies, the assumption of adding up the scattering amplitudes coherently
is not entirely valid anymore. This loss of coherence is taken into account by
a nuclear form factor F (q), where q is the momentum transfer connected to
the recoil energy ER:

ER =
q2

2mN

(1.1)

mN is the mass of the scattered nucleon (around 1 GeV/c2). The total
cross-section σ for a nucleus is then the cross section for individual nucleons
σn, scaled with A2 and the form factor F (q):

σ = σnA
2|F (q)|2 (1.2)

The Helm form factor is based on a simplified semi-phenomenological
nuclear model for a nucleus with the spherical Bessel function j1 and the
parameters effective nuclear radius R1, nuclear skin thickness s and q =√

2mNQ [28, 29]

F 2(Q) =

(
3j1(qR1)

qR1

)2

e−(qs)2 (1.3)

The effect of the form factor for a heavy (tungsten) and a lighter (argon)
nucleus and for different dark matter masses is illustrated in figure 1.2. It
can be seen that the tungsten (W) is much more affected by the form factor
corrections than argon (Ar), and that for a lighter dark matter mass the
impact of the form factor is not so clearly visible.

For SD interaction, the dark matter cross section of a nucleus is directly
dependent on its spin:

σ ∝ (ap〈Sp〉+ an〈Sn〉)2J + 1

J
(1.4)

Here J is the total nuclear spin, 〈Sp〉 and 〈Sn〉 are the average spin of all
protons or neutrons in the nucleus and the factors ap and an scale the strength
of the coupling to protons and neutrons. This interaction is obviously only
possible, if the target nucleus has nuclear spin.

As the signal for direct dark matter searches is the recoil energy, the
velocity distribution plays an important role. There is a maximum velocity
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Figure 1.2: SI interaction event rates for tungsten (W) and argon (Ar). The
dotted lines show the spectra without the effect of the form factor for a dark
matter mass of 100 GeV/c2, the solid line with the form factor taken into
account. The dashed lines show the spectra for a lower mass of 25 GeV/c2.
[30].

for dark matter to stay within the galaxy, which is estimated as around vesc ≈
544 km/s [31, 32]. The shape of the distribution is also an uncertainty. The
Standard Halo Model (SHM) [33] assumes a Maxwellian velocity distribution
(truncated at vesc) [34]:

f(v) =

{
1

Nesc
(πv2

0)−3/2e−v
2/v20 , if v < vesc

0, otherwise,
(1.5)

with

Nesc = erf(z)− 2√
π
ze−z

2

(1.6)

and z = vesc
v0

. v0 is here the most probable velocity, which is the velocity of
the sun relative to the center of our galaxy, v0 ≈ 220 km/s.

Additionally, the earth orbiting the sun contributes to the relative ve-
locity between the target and dark matter. As this modulation is relatively
small, over the course of a year this contribution almost completely aver-
ages out. However, there is a difference in the energy spectrum during the
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year. Specifically, there is an expected shift towards higher velocities and
thus higher recoil energies in summer, resulting also in an increase of the
total event rate, as more particles exceed the energy threshold of a detector.
Although the generally low rates make it difficult to detect this effect, some
experiments use it as a possible signal signature.

As of today, there is no conclusive hint for a dark matter signal in di-
rect experiments. Experiments regularily publish limits on the dark-matter-
nucleon cross sections. Most experiments are designed with spin-independent
interaction (and some with spin-dependent) in mind and the efforts are cor-
respondingly optimized to cover as much parameter space as possible. In
the case of SI scattering, this can mean choosing target materials with high
nuclear mass numbers A, as the strength of the interaction scales with A2.
However, lighter targets have the advantage that their dark matter recoil
spectrum extends to higher recoil energies.

An important points to consider is background reduction. As dark matter
events are so rare, the signal is dominated by a large amount of background
events from different kinds of radiation. To reduce the flux of cosmic rays, all
major direct dark matter experiments are set up in underground labotaries
and are equipped with additional shielding. Especially muons can create
secondary particles that resemble the dark matter signal. Also, materials
around the detector have to be chosen very carefully to avoid radioactive
contamination.

Most background radiation causes electronic recoils, whereas the dark
matter signal even for masses below 1 GeV/c2 are expected as nuclear recoils.
Therefore most experiments try to distinguish electronic and nuclear recoils
for further background reduction. As most signal events have a low recoil
energy (as shown in figure 1.2), another focus for experiments is a low energy
thresholds. This becomes even more important for lower dark matter masses,
as the recoil spectra get steeper.

There is a large number of former and active dark matter experiments
today. The most sensitive experiments for higher dark matter masses are
large xenon experiments, such as XENON1T [35], LUX [36] or PandaX [37].
The xenon nucleus is relatively large (with a standard atomic weight of 131.3)
and the mass of the target in the case of XENON1T even exceeds a ton. The
CRESST experiment only has a small fraction of this target mass and is
therefore much less sensitive for higher (& 5 GeV/c2) dark matter masses.
For low dark matter masses (. 2 GeV/c2) however, a low energy threshold
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becomes more important than a large target mass and large target nuclei. In
this region CRESST is currently the most sensitive dark matter experiment.

The CRESST experiment is described in more detail in the following
chapter.
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Chapter 2

The CRESST Experiment

The CRESST collaboration consists of groups from Italy, Austria and Ger-
many. Currently (since 2016) the third stage of the experiment, called
‘CRESST-III’, is running. The name CRESST stands for Cryogenic Rare
Event Search with Superconducting Thermometers. ‘Rare Events’ refers to
dark matter signals, ‘Superconducting Thermometers’ to transition edge sen-
sors that are used for read-out. The system has to be kept at a low tem-
perature, hence ‘Cryogenic’. The experiment is set up in one of the largest
underground labotary of the world, the Laboratori Nazional del Gran Sasso
(LNGS) in the Abruzzo region in Italy. Around 1400 m of rock (3600 m
water-equivalent) of the Gran Sasso mountains above the laboratory halls
shield this and other experiments from cosmic rays.

Around the CRESST detectors, additional shielding out of (from outside
to inside) polyethylene, lead and copper and again polyethylene is installed.
The reason for this setup is that lead and copper shield γ-rays and the outer
polyethylene shields external neutrons. The inner additional polyethylene
shield is against neutrons that can be produced in the lead or copper. It is
particularly important to shield against neutrons, as they produce nuclear
recoils in the energy region where dark matter signals are expected and thus
can mimic these signals. Cosmic muons can also produce neutrons. Under-
ground, the muon flux is already reduced by multiple orders of magnitude.
Additionally, an active muon veto is installed around the experiment. Figure
2.1 shows a schematic drawing of the setup.

To achieve the required low temperature of around 5 mK, a 3He/4He
dilution refrigerator is used. The cooling system needs to be refilled with
liquid nitrogen and liquid helium three times per week.
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Figure 2.1: Drawing of the CRESST setup. The carousel with the actual
detectors can be seen in the center of the picture. The yellow shielding is
polyethylene, gray is lead and orange is copper. In dark blue the muon veto
is shown. On top of the setup sits the cryostat. [38]

2.1 Detectors

The CRESST detectors consist of a phonon detector and a separate light
detector. The current phonon detectors are CaWO4 crystals, but the de-
sign of the experiment also allows to use different target materials, or to
use multiple materials at the same time. The scintillating crystals produce
simultaneous heat (phonon) and light signals. This allows discrimination be-
tween electronic and nuclear recoils, because electronic recoils produce more
light for the same recoil energy. As the expected dark matter signals are
nuclear recoils, but most of the background is electron recoils, this reduces
the background of events that resemble dark matter signals significantly. For
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energy reconstruction, only the phonon signal, which to a large degree is
independent of the particle type, is used.

The mass of CRESST-III CaWO4 crystal is around 24 g and its size is
(20 × 20 × 10) mm3. In former phases, more massive detectors were used.
For example, the detector from CRESST-II with the lowest threshold, ‘Lise’,
was around 300 g.

Attached to the crystal is the silicon-on-sapphire light detector. Both
the phonon detector (main crystal) and the light detector are equipped with
separate transition edge sensors (TES). The detector is held in place by sticks
also made out of CaWO4 and also equipped with TES in order to be able to
distinguish and veto events that don’t occur in the main absorber, but in the
sticks. The whole detector is enclosed by a scintillating and reflecting foil.

2.2 Data Read Out

The basic principle of the cryogenic detectors is that the energy that incom-
ing particles deposit, creates phonons that are collected in a thermometer
which can be read out digitally. The thermometers used are the aforemen-
tioned TES. They are made out of tungsten and operated at the transition
temperature (around 15 mK) between superconductivity and normal conduc-
tivity. A small energy and with it a small temperature increase leads to a
change in their resistance. The TES is connected in parallel with a coil in
a circuit with a constant bias current. The resistance change of the TES
changes the current going through the coil and thus a change in magnetic
flux, which is measured precisely by a super-conducting quantum interference
device (SQUID).

The sampling rate of the system is 25 kS/s. The data are filtered offline
with the so-called optimum filter. This filter compares the Fourier trans-
formed pulse to that of noise on the one hand and averaged noise-free stan-
dard events on the other hand. With this method, even small pulses can be
discriminated from noise, which improves both the energy threshold and the
energy resolution.
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2.3 Energy Calibration and Bands

There are many detours of the initial energy deposit, to a temperature in-
crease in the TES, to a resistance change, to a current change, to a change
of magnetic flux, to the output signal of the SQUID and finally to a digi-
tized signal. This makes it impossible to directly trace the strength of the
signal back to the original recoil energy. Instead, calibration with radioactive
sources that deposit well-known energies has to be carried out.

During former CRESST phases, a 57Co source was used that emitted
photons with an energy of 122 keV. However, the behaviour of the signal
with respect to its deposited energy is not entirely linear, espacially for higher
energies. With improving sensitivity in CRESST-III, at 122 keV the point of
non-linearity was already reached. Therefore, the L1 peak at 11.27 keV that
originates from cosmogenic activation of 182W is used for calibration.

The height of a pulse is used to scale an event and determine its deposited
energy. Up until CRESST-II, every pulse was fitted with a standard event. A
standard event is the average over many typical pulses and gives a noise-free
templated for the fit. There are multiple free parameters in the fit, with the
pulse height being one of them. For higher energies, when the pulse height
does not grow linearly with the energy deposit anymore due to saturation
effects, the energy can still be reconstructed by truncating the pulse, i.e. only
using the lower part of a pulse, where the behaviour is still linear.

For CRESST-III, the output of the optimum filter is used to determine
the pulse height with more precision. The treatment of the non-linearity
however becomes more complicated and is handled with a combination of
the optimum filter and the truncated standard event fit. At least for recoil
energies below 16 keV, this procedure works well. For this reason, and as
the focus of the CRESST experiment is light dark matter and low recoil
energies, only recoil energies below 16 keV are taken account for the CRESST-
III dataset published in 2019 [39].

Under the assumption that the large part of the energy is deposited in
the phonon detector, only the phonon detector is used to determine the recoil
energy. A γ line is used for energy calibration. As γs deposit a larger fraction
of their energy in the light detector than nuclear recoils, the recoil energy
for nuclear recoils tends to be overestimated with this method. When the
expected signal spectrum raises towards lower energy, as it is the case for the
standard SI interaction, this leads to conservative limits and thus does not
pose a problem. Strictly speaking, this is not always true when investigating
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more exotic spectral shapes, as in chapter 3. However, this effect is small (in
the order of a few percents, depending on the scintillation light efficiency of
the crystal [40]) and is thus neglected in this work.

In addition to the energy, the light yield is the second important parame-
ter of an event. The light yield is defined as the ratio of the deposited energy
in the light detector to the energy in the phonon detector, normalized to the
ratio produced by electron recoils. This means that for electron recoils, the
average light yield is defined as 1 and for nuclear recoils smaller (close to 0).
The expected light yield (quenching factors) for the different target nuclei
were determined in [41].

To calibrate and fit the bands of nuclear recoils (i.e. the light yield region
in which nuclear recoils of certain energies fall), prior to actual measurements
the detectors are operated with an active neutron source, allowing a larger
database of nuclear recoils, which are rare by design in background datasets.
Figure 2.2 shows the result of the neutron calibration and the fitted recoil
bands.

Especially for low energy nuclear recoil events where the expected light
signal is very close to zero, the noise can dominate the very small signal, which
can lead to a reconstructed negative pulse height and thus a negative light
yield. This has no special meaning, but is only a consequence of measurement
inaccurancies and statistical effects. The same fluctuations in the opposite
directions lead to high light yields for low recoil energies even for nuclear
recoils (see the shape of the bands in figure 2.2).

2.4 Data Selection

It sometimes happens that detectors record faulty data that don’t allow a
correct energy reconstruction. Twenty percent of the recorded data are ran-
domly chosen as training data, and the remaining eighty percent is kept as
the actual blind dataset, meaning that, in order to avoid bias, the dataset
that is actually used for the final analysis was not looked at beforehand. All
prior investigations, tests of the analysis methods and definitions of meth-
ods to discard erroneous data were only performed on the training dataset.
Additional to the training data that is discarded prior to the final analysis,
there are certain criteria to discard events or entire periods of data taking.

The rate cut removes periods where the overall trigger rate is significantly
higher. As the normal background rate should not be enhanced for certain
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Figure 2.2: Neutron calibration data for detector A of CRESST-III. Black
dots are events, the blue line is the fitted β/γ band (i.e. electron recoils), in
red the band for oxygen and in green the band for tungsten nuclear recoils.
The calcium band (between oxygen and tungsten) is not shown for reasons
of clarity. [38]

time periods, this is caused by either external disruptions or disturbances in
the electronics.

It is important that the detectors are always at the same operating point
in the transition curve. To ensure this, heater control pulses are injected
to the sensors and depending on the measured feedback, the heating power
is adjusted. If these control pulse heights are significantly different to their
usual values, the corresponding time periods are also removed from the data
(stability cut).

There is also a cut that removes events where the pulse shape is different
to normal events. This is again done with the standard event fit: When the
root mean square (RMS) difference between the actual and the fitted pulse
is too large, the event is removed (RMS cut).

Then, events that occured not only in the main crystal, but also in the
holding sticks, are discarded. Events that actually occur in the stick but also
depose some energy in the main crystal without a corresponding light signal
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can mimic nuclear recoils. Events with a light signal, but where the corre-
sponding phonon signal did not exceed the trigger threshold are also removed.
Their reconstructed energy would lie below the actual energy threshold.

Events in the detectors that coincide with events in the muon veto are
also removed. Muons can potentially produce neutrons inside the shielding
of the experiment. Also to minimize neutron induced events, events that
occur in multiple detectors simultanously are discarded, because neutrons
can deposit energy in multiple detectors, whereas for dark matter with its
low cross section this is extremely unlikely.

In total, as an example for detector A in CRESST-III, 65% of events in
the signal region survive after all cuts. [40]

2.5 Trigger Threshold

Lowering the trigger threshold is a priority for CRESST. As described in
section 1.3, for low mass dark matter particles, the energy spectrum becomes
more steep, which means that most of the events occur at very low recoil
energies. For higher dark matter masses, the loss of events at low recoil
energies can be compensated with a higher target mass, as it is done by
the large xenon experiments (e.g. XENON1T, LUX or PandaX). For lower
masses, this is not possible anymore when the majority of events fall below
the energy threshold.

In order to analyze the data, it is also important to know the value of the
energy threshold and the survival probability of events in dependence of their
energy. The trigger threshold itself should be set to the point from which
on actual events can be distinguished from noise. A lower trigger threshold
allows more actual events to pass and thus to be more sensitive especially
to low mass dark matter, however it also happens more often that the noise
triggers by itself, for higher trigger thresholds noise triggers happen less, but
sensitivity for actual events gets lost. As a compromise, the trigger threshold
is set to the point so that noise triggers happen in average once per kg target
mass and day of data taking.

For detector A of CRESST-III, this trigger threshold is 30.1 eV, for Lise,
the phonon detector with the lowest energy threshold of CRESST-II, the
energy threshold was 311 eV.

The actual energy threshold is not a sharp value, but in the region of
the threshold, the signal survival probability rises with increasing energy. It
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is mathematically described by an error function around the specified value,
with a width of around 5.3 eV for detector A and 91 eV for Lise.

2.6 Energy Spectrum

Figure 2.3 shows all remaining events after all cuts for detector A recorded
between 2016 and 2018. The bands are the same as in figure 2.2. The
acceptance region is defined between the energy threshold (5.3 eV) and 16 keV
in the energy, and between the mean of the oxygen band and the 99.5 %
lower boundary of the tungsten band in the light yield. The reason for this
definition is that in the upper half (in terms of light yield) of the nuclear
recoil bands, there is a large overlap from the β/γ band. Therefore only the
lower half is used. The oxygen band is the band with the highest light yield
out of the nuclear recoil bands. When chosing the mean of this band as the
upper limit of the acceptance region, it is therefore assured that statistically,
a little more than 50 % of the nuclear recoil events are below this line. When
calculating limits, assuming that half of the events are below the upper bound
is therefore a conservative approach. Accordingly, the 99.5 % lower limit is
defined with the lowest of the nuclear recoil bands, the tungsten band.

The light yield plot (fig. 2.3) is only used to determine the events in the
acceptance region. The final energy spectrum is shown in figure 2.4.

The light yield plot for detector Lise in the previous run is shown in figure
2.5. Here the acceptance region is chosen up to 40 keV. The corresponding
energy spectrum is shown and discussed in the context of the effective field
theory analysis in section 3.5 (figure 3.1).

2.7 Results

In order to calculate dark matter limits from the energy spectrum, Yellin’s
optimum interval method is used, which is described in section 3.5. The
final limits for spin-independent1 dark-matter-nucleus interaction compared
with other experiments are shown in figure 2.6. It can be seen that the
CRESST experiment is leading for dark matter masses below 1.8 GeV/c2.
As discussed in section 1.2, this is well below the mass region where the

1Recently, within the CRESST collaboration there have been efforts also to provide
limits for spin-dependent interaction, using different detectors.
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Figure 2.3: Light yield and energy of events for run 34 in detector A. In blue
the β/γ band is shown, in red the oxygen and in green the tungsten band.
The yellow area is the acceptance region. [38]

WIMP is expected. The CRESST experiment is thus naturally focussed on
more exotic dark matter. It can thus be argued, that the simplifications made
when assuming a scalar-only interaction are not well-founded. An alternative
framework how CRESST data could be analyzed is discussed in more detail
in the following chapter.
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Figure 2.4: Energy spectrum of all events for run 34 in detector A. Events
in the acceptance region are highlighted in red.[38]

Figure 2.5: Light yield and energy of events for run 33 in detector Lise. In
blue the β/γ band is shown, in red the oxygen and in green the tungsten
band. The yellow area is the acceptance region. [38]
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Chapter 3

Effective Field Theory Analysis
of CRESST Data

3.1 Introduction

Whenever new, improved limits are published by a dark-matter experiment
collaboration, two general purposes are served. The first is to constrain pa-
rameter space, which helps to enhance the knowledge on dark matter proper-
ties. The second purpose is the comparison between experiments in regards
to dark matter discovery. Dark matter experiments are generally designed
with the ultimate goal of detecting dark matter and not only constraining
parameter space. By publishing limits that cover previously unconstrained
parameter space, the experiment proves its sensitivity and this is generally
interpreted as its potential to be the first experiement to detect dark matter,
should its real-world properties be in the given experiment’s favor.

However, each of the two purposes is only served under certain conditions.
These assumptions are reasonably motivated, but partly only driven by sim-
plicity and minimalism. In particular, it is usually assumed that dark matter
interacts with the target nucleus via an elastic contact interaction scattering
with a cross section that is independent of the momentum transfer and either
independent (spin independent - SI) or dependent (spin dependent - SD) on
the nuclear and dark matter spin (see section 1.3).

Generally, the WIMP (see section 1.2) is seen as the most promising
dark matter candidate and assumptions are made with the WIMP in mind.
However, today after over 30 years [42] of direct dark matter detection ex-
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periments, there is still no conclusive hint on detection. Although there are
experiments have produced data that can be interpreted as a dark matter
signal [43, 44], other experiments seem to heavily contradict their results
under these assumptions (e.g. [35]).

Indirect searches (e.g. [45]) and production analyses with particle collider
data (e.g. [46]) have also only yielded in continously improving null results
so far. Taking all this into account, it can be argued that the structure of
dark matter might be more complicated than originally hoped and assumed.

These considerations have lead to an increasing number of dark matter
theories (see also section 1.2), some of them even trying to bring in line the
null results with the controversial signal evidence [47, 48]. One approach was
that the dark matter particle transitions into a state with a different mass
while scattering (inelastic dark matter) [49, 50]. Another approach was to
not discard momentum dependencies of the interaction. Although under the
simplest premises, these interactions are heavily suppressed in comparison to
non-momentum dependent interactions, under certain conditions they can
become relevant, change the shape of the recoil spectra and also the relative
sensitivity of direct detection experiments [51].

From an experimental point of view, instead of probing all of these theory
individually (see also section 1.2), it is preferable to analyze the data more
globally in a bottom-up approach, without assuming too many dark matter
properties beforehand. This particularly also ensures a more straightforward
comparison between experiments. An effective field theory (EFT) approach
of the dark matter detection is therefore appealing, including all possible
operators that can theoretically be relevant in the scattering, without filtering
based on models.

The ultimate goal of the following analysis is to set limits on the Wilson
coefficients ci, the parameters that scale the strength of the interaction in
the framework of the Effective Field Theory of Dark Matter Detection, with
data from CRESST-II detector Lise (see chapter 2).1

1When the present analysis was carried out, this was the latest dataset available.
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3.2 The Effective Field Theory of Direct Dark

Matter Detection

The non-relativistic Effective Field Theory of Direct Dark Matter Detection
has been proposed and developed during the last ten years. The idea is
to build a theory about the elastic scattering between an unknown dark
matter particle and target nucleons, using as little theoretical assumptions
as possible. The ideas and principles of the theory are described in detail in
[52, 53, 54] and [55].

A first assumption that has to be made is that the momentum transfer in
the interaction is small compared to the mediator mass. In this case the me-
diator can be neglected and the interaction becomes a four-point interaction
(similar to the Fermi interaction). Another, related assumption is that the
energy scale of the interaction is not high enough for nuclei to become ex-
cited. This normally should not pose a problem, as nuclear binding energies
are typically of the order O(MeV), while nuclear recoils from dark matter is
of the order O(keV). Both of these assumptions are also made in the case of
standard spin-independent/spin-dependent interaction.

As a starting point, a Hamiltonian density for one-body dark matter-
nucleon interaction in the most general form is defined. Under the one-body
assumption, the overall Hamiltonian density for a nucleus is just the sum
over all A nucleons:

H(~x) =
A∑
i=1

∑
τ=0,1

15∑
k=1

cτkOk(~x)tτi (3.1)

tτi for τ = 0, 1 are different isospin states (isoscalar and isovector). cτk
are here simple scaling factors. The cτk are allowed to have an isoscalar and
an isovector contribution. The latter case means that the interaction can
be different for protons and neutrons. The operators Ok are not defined in
this first step, instead they are left as open as possible, but have to be in
accordance with several general principles. It is later shown that there are
fourteen relevant operators O1 and O3 to O15. Therefore the sum over in
equation 3.1 goes up to 15. c0

2 and c1
2 have to be zero, for O2 to be not

included.
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Alternatively, one could define equation 3.1 instead of isoscalar and isovec-
tor coupling constants, simply in terms of proton and neutron coupling con-
stants cpk and cnk :

H(~x) = 2
A∑
i=1

15∑
k=1

(
cpk

(
1 + τ3

2

)
+ cnk

(
1− τ3

2

))
Ok(~x) (3.2)

Here, τ3 is the third Pauli matrix in isospin space, causing the components
to flip. However, in direct detection experiments, often target nuclei are not
sensitive to proton or neutron interactions separately. This is also the case
for CRESST, where the most abundant oxygen and calcium isotopes, 16O
and 40Ca have the same number of protons and neutrons. Therefore, the
formulation of equation 3.1 is more conveniant.

The first principle that has to apply for the operators O is conservation
of momentum, meaning in an elastic scattering that any momentum gained
by one particle has to be dispensed by the other. If ~p is the momentum of
the dark matter particle before the interaction, ~p′ the momentum of the dark
matter particle after the interaction, and ~k and ~k′ the momenta of the nucleon
before and after the interaction, this means for the momentum transfer ~q:

~q = ~p′ − ~p = ~k − ~k′ (3.3)

Also, the interaction has to be independent of the choice of the inertial
frame of reference, i.e. has to be Galilean invariant. The momentum transfer
is Galilean invariant. Absolute velocities are not Galilean invariant, if the
interaction depends on velocities, it therefore has to be the relative veloc-
ity difference ~v between the two particles (before the interaction), the dark
matter particle χ with velocity ~vχ and the nucleon N with velocity ~vN :

~v = ~vχ − ~vN (3.4)

A third obvious constraint on the interaction is energy conservation. In
the laboratory frame (the nucleon is initially at rest, ~vN = 0), the non-
relativistic kinetic energy before the interaction is the kinetic energy of the
incoming dark matter particle, traveling with the velocity ~vχ = ~v from equa-
tion 3.4:

E =
1

2
mχv

2 (3.5)
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After the interaction, the dark matter particle has gained (positive sign
by definition of equation 3.3) the momentum ~q and therefore has the velocity:

~v′χ = ~v + ~q/mχ (3.6)

The nucleon has lost the momentum ~q and now has the velocity:

~v′N = −~q/mN (3.7)

The total kinetic energy is therefore now:

E =
1

2
mχ

(
~v +

~q

mχ

)2

+
~q2

2mN

=
1

2
mχ~v

2 + ~v · ~q +
~q2

2

(
1

mχ

+
1

mN

)
(3.8)

Using the reduced mass µN = mNmχ
mN+mχ

and comparing to equation 3.5

leads to the following condition:

~v · ~q = − ~q2

2µN
(3.9)

In order to have real eigenvalues, the operators of the interaction must
also be Hermitian, which means in this case, that exchanging incoming and
outgoing states is equivalent to conjugation of the operator. By definition
of equation 3.3, the momentum transfer ~q changes its sign when exchanging
incoming and outgoing particles. Therefore, ~q itself, which doesn’t change
sign under conjugation, is not hermitian, but i~q is. Instead of i~q, depending
on the formulation of the theory, often i ~q

mN
is used.

The relative velocity after the interaction is (with equations 3.6 and 3.7):

~v′ = ~v′χ − ~v′N = ~v + ~q

(
1

mχ

+
1

mN

)
= ~v +

~q

µN
(3.10)

~v is obviously not Hermitian. From equation 3.9 one can see that the part
of the velocity orthogonal to the momentum transfer (meaning ~v⊥ · ~q = 0) is:

~v⊥ = ~v +
~q

2µN
(3.11)

By using equations 3.10 and 3.11, one can proof that ~v⊥ is Hermitian:

~v′⊥ = ~v′ +
~q′

2µN
= ~v +

~q

µN
− ~q

2µN
= ~v +

~q

2µN
= ~v⊥ (3.12)
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~v⊥ also has the property that it is the average of the relative velocity
before and after the interaction (see equation 3.10):

~v⊥ =
1

2

(
~v + ~v′

)
=

1

2

(
~vχ + ~v′χ − ~vN − ~v′N

)
(3.13)

In summary, the two kinematic, Galilean invariant and Hermitian, quan-
tities that the interaction operators can consist of are i ~q

mN
and ~v⊥. Beside

those two, the two other quantities to be considered are the spins of the dark
matter particle and the nucleon ~Sχ and ~SN . They are Galilean invariant and
Hermitian by default. Additionally introducing the identity matrix 1, all
non-relativistic Hamiltonians describing the interaction in this effective field
theory are a combination of these five quantities:

1, i
~q

mN

, ~v⊥, ~Sχ, ~SN (3.14)

Out of these quantities, thirteen operators can be constructed that ful-
fill the criteria that they are at most linear in ~Sχ, ~SN and ~v⊥, and at most
quadratic in velocities (combinations of ~v⊥ and i ~q

mN
). Operators including

i ~q
mN
·~v⊥ do not appear, as this dot product is zero by definition (see equation

3.11). As the non-relativistic theory is effectively an expansion in veloci-
ties around zero momentum transfer (and zero relative velocity), operators
without velocity dependence are classified as leading order (LO), with linear
velocity dependece as next to leading order (NLO) and with quadratic ve-
locity dependence as next to next to leading order (N2LO). As the operators
in the end lead to squared matrix elements, a linear velocity dependence ac-
tually leads to a quadratic velocity dependence of the cross section, and a
quadratic dependence to a dependence of order 4. Theoretically, an infinite
number of higher order operators could be constructed, but these are sup-
pressed in this theory. Out of theoretical convention, the list of operators
does not include O2 = ~v2

⊥ and instead, a fourteenth operator (accordingly
called O15) is added to the set, although it is cubic (and therefore N3LO) in
velocities (see [55]).

More specifically, the full set of operators that arise in the relativistic
description of the dark matter interaction can be retraced to their non-
relativistic limit. In the relativistic case, there are 20 possible combinations
to form a Lagrangian interaction density out of the six operators χχ, χγ5χ,
P µχχ, P µχγ5χ, χiσµνqνχ and χγµγ5χ. In their non-relativistic reduction,
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these relativistic Lagrangians are all linear combinations of operators of the
non-relativistic EFT. However, while O2 does not appear in any of these
linear combinations, operator O15 does appear.2

Therefore the following fourteen operators are the foundation of this non-
relativistic EFT:

O1 = 1

O3 = i~SN ·
(

~q

mN

× ~v⊥
)

O4 = ~Sχ · ~SN

O5 = i~Sχ ·
(

~q

mN

× ~v⊥
)

O6 =

(
~Sχ ·

~q

mN

)(
~SN ·

~q

mN

)
O7 = ~SN · ~v⊥
O8 = ~Sχ · ~v⊥

O9 = i~Sχ ·
(
~SN ×

~q

mN

)
O10 = i~SN ·

~q

mN

O11 = i~Sχ ·
~q

mN

O12 = i~Sχ ·
(
~SN × ~v⊥

)
O13 = i

(
~Sχ · ~v⊥

)(
~SN ·

~q

mN

)
O14 = i

(
~Sχ ·

~q

mN

)(
~SN · ~v⊥

)
O15 = −

(
~Sχ ·

~q

mN

)((
~SN × ~v⊥

)
· ~q

mN

)
(3.15)

2The full list of Lagrangian densities, their nonrelativistic reduction and the corre-
sponding linear combinations of nonrelativistic operators can be found for example in
[55].
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It should be noted how the operators of equation 3.15 behave under trans-
formations. Out of the five quantities (equation 3.14), the identity matrix 1

is obviously invariant under all operations. Spins (~Sχ and ~SN) and velocities
(and momenta) all change signs under time reversal (T), however the com-
plex quantity i ~q

mN
does not. Under parity (P), spins are even, while velocities

and momenta change signs.
Therefore, out of the operators from equation 3.15, O1, O3, O4, O5 and

O6 are T-even and P-even, O7, O8 and O9 are T-even and P-odd, O10, O11,
O12 and O15 are T-odd and P-odd, and O13 and O14 are T-odd and P-even.

These symmetry properties are of interest when identifying the nuclear
charges and currents of the interaction.

3.3 Nuclear Responses

So far the interaction between a dark matter particle and a nucleon has been
considered. ~v describes the relative velocity between these two particles (and
~v⊥ the relative transverse velocity). This velocity is not the same as the
relative velocity between the dark matter particle and the target nucleus, as
movements of the nucleon inside the nucleus have to be taken into account.
The actual relative velocity is the sum of the relative dark-matter-nucleus
movement (~vT ) and movements of the nucleon inside the nucleus (~vN). Cor-
respondingly for ~v⊥:

~v⊥ = ~vT⊥ + ~vN⊥ (3.16)

~vT⊥ is a purely kinematic quantity, whereas ~vN⊥ is purely nuclear. They
both are Galilean invariants and can be treated separately. The intra-nuclear
movements depend on the nucleus and are quantified using nuclear response
functions. The spin SN is of course also a purely nuclear property. Only
using the nuclear properties, one can identify the nuclear charges3 1 (vector

charge with even P and T symmetry4) and ~SN ·~vN⊥ (axial charge with odd P
and even T symmetry), as well as the currents ~vN⊥ (convection current with

odd P and T), ~SN (nuclear spin current with even P and odd T), and ~SN×~vN⊥
(nuclear spin-velocity current with odd P and even T parity).

3The expressions ‘charge’ and ‘current’ are chosen with regards to their (pseudo-)scalar
or (pseudo-)vector properties, demonstrating the similarities to standard electroweak nu-
clear physics, although the actual forces at play could be more exotic.

4T symmetry is equivalent to CP symmetry when CPT symmetry is conserved.
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The separation in center-of-mass (on nuclear level) and intrinsic compo-
nents (on nucleon level) can be made for all operators of equation 3.15. At
the same time, the macroscopic operators can be related to nuclear operators.
For example, the nuclear spin ~SN corresponds to a sum over all A nucleons
of nucleon spin Pauli operators ~σ (with a factor 1/2, as nucleons - protons
and neutrons - are spin-1/2 particles):

~SN =
1

2

A∑
i=1

~σ(i) (3.17)

Let ~xi be the position of a single nucleon, then the internal relative ve-
locity operator can be written as:

~vN⊥ =
1

2mN

(
i
←−
∇δ(~x− ~xi)− iδ(~x− ~xi)

−→
∇
)

(3.18)

Using these representations (equations 3.17 and 3.18), one can write the
Hamiltonian density (equation 3.1 with all the operators from equation 3.15)
in a way that intrinsic and external components are completely separated.
The external components are condensed in amplitudes lτ0 , lτ0A, ~lτ5 , ~lτM and ~lτE:

H(~x) =
∑
τ=0,1

(
A∑
i=1

l0τδ(~x− ~xi)

+
A∑
i=1

lτ0A
1

2mN

(
i
←−
∇ · ~σ(i)δ(~x− ~xi)− iδ(~x− ~xi)~σ(i) ·

−→
∇
)

+
A∑
i=1

~lτM ·
1

2mN

(
i
←−
∇δ(~x− ~xi)− iδ(~x− ~xi)

−→
∇
)

+
A∑
i=1

~lτ5 · ~σ(i)δ(~x− ~xi)

+
A∑
i=1

~lτE ·
1

2mN

(←−
∇ × ~σ(i)δ(~x− ~xi) + δ(~x− ~xi)~σ(i)×

−→
∇
))

tτi (3.19)

This is exactly equation 3.1, only written out and sorted, so that the
charges and and currents that were identified before become clear: The vector
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charge (first line in equation 3.19), axial charge (second line), convection cur-
rent (third line), nuclear spin current (fourth line) and nuclear spin-velocity
current (fifth line). Explicitely, the external amplitudes are:

lτ0 = cτ1 + i

(
~q

mN

× ~vT⊥
)
· ~Sχcτ5 + ~vT⊥ · ~Sχcτ8 + i

~q

mN

· ~Sχcτ11

lτ0A = −1

2

(
cτ7 + i

~q

mN

· ~Sχcτ14

)
~lτM = i

~q

mN

× ~Sχc
τ
5 − ~Sχc

τ
8

~lτ5 =
1

2

(
i
~q

mN

× ~vT⊥cτ3 + ~Sχc
τ
4 +

~q

mN

~q

mN

· ~Sχcτ6 + ~vT⊥c
τ
7 + i

~q

mN

× ~Sχc
τ
9

+i
~q

mN

cτ10 + ~vT⊥ × ~Sχc
τ
12 + i

~q

mN

~vT⊥ · ~Sχcτ13 + i~vT⊥
~q

mN

~Sχc
τ
14

+
~q

mN

× ~vT⊥
~q

mN

· ~Sχcτ15

)
~lτE =

1

2

(
~q

mN

cτ3 + i~Sχc
τ
12 −

~q

mN

× ~Sχc
τ
13 − i

~q

mN

~q

mN

· ~Sχcτ15

)
(3.20)

In this representation it also becomes clear, which operators contribute
to which nuclear coupling: Operators O1, O5, O8 and O11 contribute to the
vector charge, operators O7 and O14 to the axial charge, operators O5 and
O8 to the convection current, operators O3, O4, O6, O7, O9, O10, O12, O13,
O14 and O15 to the nuclear spin current and operators O3, O12, O13 and O15

to the nuclear spin-velocity current.
The overall interaction Hamiltonian is the spatial integral over the Hamil-

tonian density:

H =

∫
H(~x)d3~x =

∑
τ=0,1

(
A∑
i=1

l0τ +
A∑
i=1

lτ0A
1

2mN

(
i
←−
∇ · ~σ(i)− i~σ(i) ·

−→
∇
)

+
A∑
i=1

~lτM ·
1

2mN

(
i
←−
∇ − i)

−→
∇
)

+
A∑
i=1

~lτ5 · ~σ(i)

+
A∑
i=1

~lτE ·
1

2mN

(←−
∇ × ~σ(i) + ~σ(i)×

−→
∇
))

tτi (3.21)
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The initial state of the interaction is described by the momenta of the
nucleon ~k and of the dark matter particle ~p, the spin quantum numbers of the
dark matter particle jχ and Mχ, as well as by the nuclear spin (J) and isospin
(T ) quantum numbers J , MJ , T and MT . As the nucleus is expected to stay
in its ground state during the interaction, the nuclear quantum numbers are
the same in the final state. The momenta in the final state are ~k′ and ~p′.

Due to momentum and transverse velocity conservation5, the matrix ele-
ments for the momentum transfer and transverse velocity operator are:

〈~p′, ~k′, jχ,Mχ, J,MJ , T,MT |i~q|~p,~k, jχ,Mχ, J,MJ , T,MT 〉

= i~qe−i~q·~x(2π)3δ(~k′ + ~p′ − ~k − ~p) (3.22)

And:
〈~p′, ~k′, jχ,Mχ, J,MJ , T,MT |~v⊥|~p,~k, jχ,Mχ, J,MJ , T,MT 〉

= ~v⊥e
−i~q·~x(2π)3δ(~k′ + ~p′ − ~k − ~p) (3.23)

Therefore, for the Hamiltonian H, one can extract the momenta from the
states and describe the rest of the interaction with a nuclear matrix element
M:

〈~p′, ~k′, jχ,Mχ, J,MJ , T,MT |H|~p,~k, jχ,Mχ, J,MJ , T,MT 〉

= e−i~q·~x(2π)3δ(~k′ + ~p′ − ~k − ~p)

×〈jχ,Mχ, J,MJ , T,MT |H|jχ,Mχ, J,MJ , T,MT 〉

(2π)3δ(~k′ + ~p′ − ~k − ~p)iM (3.24)

This matrix element is then according to equation 3.21:

iM = 〈J,MJ , T,MT |
∑
τ=0,1

(
〈jχ,Mχ|lτ0 |jχ,Mχ〉

A∑
i=1

e−i~q·~xi

+〈jχ,Mχ|lτ0A|jχ,Mχ〉
A∑
i=1

1

2mN

(
i
←−
∇x · ~σ(i)e−i~q·~xi − ie−i~q·~xi~σ(i) ·

−→
∇x

)

+〈jχ,Mχ|~lτ5 |jχ,Mχ〉 ·
A∑
i=1

~σ(i)e−i~q·~xi

5The transverse velocity was designed so that it is conserved in the interaction, see
section 3.2.
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+〈jχ,Mχ|~lτM |jχ,Mχ〉 ·
A∑
i=1

1

2mN

(
i
←−
∇xe

−i~q·~xi − ie−i~q·~xi
−→
∇x

)

+〈jχ,Mχ|~lτE|jχ,Mχ〉 ·
A∑
i=1

1

2mN

(←−
∇x × ~σ(i)e−i~q·~xi + e−i~q·~xi~σ(i)×

−→
∇x

))
×tτi |J,MJ , T,MT 〉 (3.25)

In the end event rates of experiments are proportional to the squared
matrix element, averaged over all spin states. Following equation 3.25, one
can write the averaged squared matrix element in the following way:

1

2jχ + 1

1

2J + 1

∑
spins

|M|2

=
4π

2J + 1

∑
τ=0,1

∑
τ ′=0,1

((
Rττ ′

M W ττ ′

M (y) +Rττ ′

Σ′′W ττ ′

Σ′′ (y) +Rττ ′

Σ′ W ττ ′

Σ′ (y)
)

+
q2

m2
N

(
Rττ ′

Φ′′W ττ ′

Φ′′ (y) +
q2

m2
N

Rττ ′

Φ′′MW
ττ ′

Φ′′M(y) +Rττ ′

Φ′ W ττ ′

Φ′ (y) +Rττ ′

∆ W ττ ′

∆ (y)

+Rττ ′

∆Σ′W ττ ′

∆Σ′(y)
))

(3.26)

Each of the nuclear charges and currents are bunched together: M cor-
responding to the vector charge, Ω corresponding to the axial-vector charge,
Σ′′ and Σ′ corresponding to the longitudinal and transverse electric compo-
nents of the spin current, ∆ corresponding to the longitudinal components
of the convection current, and Φ′′ and Φ′ corresponding to the longitudinal
and transverse electric components of the spin-velocity current. As the ma-
trix element is squared, also functions as interference between two of these
responses appear. The factors W contain all the nuclear properties. The R
are factors that are combinations of the matrix elements of the amplitudes
〈jχ,Mχ|l|jχ,Mχ〉 from equation 3.25:

Rττ ′

M = cτ1c
τ ′

1 +
jχ(jχ + 1)

3

(
q2

m2
N

(vT⊥)2cτ5c
τ ′

5 + (vT⊥)2cτ8c
τ ′

8 +
q2

m2
N

cτ11c
τ ′

11

)

Rττ ′

Φ′′ =
q2

4m2
N

cτ3c
τ ′

3 +
jχ(jχ + 1)

12

(
cτ12 −

q2

m2
N

cτ15

)(
cτ

′

12 −
q2

m2
N

cτ
′

15

)
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Rττ ′

Φ′′M = cτ3c
τ ′

1 +
jχ(jχ + 1)

3

(
cτ12 −

q2

m2
N

cτ15

)
cτ

′

11

Rττ ′

Φ′ =
jχ(jχ + 1)

12

(
cτ12c

τ ′

12 +
q2

m2
N

cτ13c
τ ′

13

)
Rττ ′

Σ′′ =
q2

4m2
N

cτ10c
τ ′

10 +
jχ(jχ + 1)

12

(
cτ4c

τ ′

4 +
q2

m2
N

(cτ4c
τ ′

6 + cτ6c
τ ′

4 ) +
q4

m4
N

cτ6c
τ ′

6

+(vT⊥)2cτ12c
τ ′

12 +
q2

m2
N

(vT⊥)2cτ13c
τ ′

13

)
Rττ ′

Σ′ =
1

8

(
q2

m2
N

(vT⊥)2cτ3c
τ ′

3 + (vT⊥)2cτ7c
τ ′

7

)
+
jχ(jχ + 1)

12

(
cτ4c

τ ′

4 +
q2

m2
N

cτ9c
τ ′

9

+
(vT⊥)2

2

(
cτ12 −

q2

m2
N

cτ15

)(
cτ

′

12 −
q2

m2
N

cτ
′

15

)
+

q2

2m2
N

(vT⊥)2cτ14c
τ ′

14

)
Rττ ′

∆ =
jχ(jχ + 1)

3

(
q2

m2
N

cτ5c
τ ′

5 + cτ8c
τ ′

8

)
Rττ ′

∆Σ′ =
jχ(jχ + 1)

3

(
cτ5c

τ ′

4 − cτ8cτ
′

9

)
(3.27)

The factors W in equation 3.26 are more complicated to calculate. In
order to obtain analytical expressions, a nuclear model has to be assumed.
Usually, the responses are calculated numerically using a nuclear shell model
code. The procedure is described in detail e.g. in [56].

The CRESST detectors consist of CaWO4. The nuclear response func-
tions W for the most abundant isotopes of oxygen and calcium were calcu-
lated and published by Riccardo Catena and Bodo Schwabe in [56]. These
nuclear form factors are functions of y, which is a dimensionless parameteri-
zation of the momentum transfer q:

y ≡
(
qb

2

)2

b =

√
41.467

45A−1/3 − 25A−2/3
fm (3.28)

For 16O they obtained:

W 00
M (y) = 0.000032628e−2y(395.084− 200.042y + y2)2
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W 00
Φ′′(y) = 0.000032628e−2y(3.66055− y)2

W 00
MΦ′′(y) = e−2y(−0.0471874 + 0.0367831y− 0.00664641y2 + 0.000032628y3)

(3.29)
And for 40Ca:

W 00
M (y) = 0.000016743e−2y(1378.8− 1387.54y + 281.953y2 − y3)2

W 00
Φ′′(y) = 0.0000376718e−2y(13.117− 8.74678y + y2)2

W 00
MΦ′′(y) = e−2y(−0.454214 + 0.759976y − 0.432314y2 + 0.0971138y3

−0.00730079y4 + 0.0000251146y5) (3.30)

For tungsten and other oxygen and calcium isotopes, these nuclear re-
sponse functions are not available so far. Tungsten is a relatively large nu-
cleus, this makes nuclear shell calculations not only very complicated, but
also the applicability of the nuclear shell model for such large nuclei is limited.

Having only nuclear responses available for 16O and 40Ca entails certain
limitations: Both of these nuclei have the same number of protons and neu-
trons, and have spin 0. Therefore they are only sensitive to isoscalar (as
indicated by the two zeros W 00) contributions to the vector charge (M) and
to the longitudinal component of the spin-velocity current. Consequently (cf.
equation 3.20), the only contributing operators are O1, O3, O5, O8, O11, O12

and O15.
As the goal of the analysis is to set limits on the numerical coefficients ci

individually, it is convenient to have form factors not only for the different
nuclear responses, but individually for the operators of the form F ττ ′

ij :

|M|2 ∝
15∑

i,j=1

∑
τ,τ ′=0,1

cτi c
τ ′

j F
ττ ′

ij (3.31)

More precisely, it is desirable to define these form factors as follows:

m2
T

m2
N

15∑
i,j=1

∑
τ,τ ′=0,1

cτi c
τ ′

j F
ττ ′

ij ≡
1

2jχ + 1

1

2j + 1

∑
spins

|M|2 (3.32)

These form factors can be easily read off by inserting the R from equations
3.27 into equation 3.26, and comparing with equation 3.32. As an example,
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in equations 3.27, the product of the coefficients cτ1 and cτ
′

1 only contributes
to Rττ ′

M . Therefore:

m2
T

m2
N

cτ1c
τ ′

1 F
ττ ′

11 =
4π

2J + 1
cτ1c

τ ′

1 W
ττ ′

M (y)

⇒ F ττ ′

11 (y) =
m2
N

m2
T

4π

2J + 1
W ττ ′

M (y) (3.33)

3.4 Spectrum Calculation

3.4.1 General Considerations

In general, the rate R of any interaction of incoming particles with a target
is an interaction probability times the rate of the incoming particles. This is
equivalent to a cross section σ multiplied by the rate of incoming particles
per area. In the case of direct dark matter detecion this is the product of
the dark matter velocity v and their particle density, which is the fraction of
the mass density ρχ and the individual dark matter particle mass mχ. For a
total rate, this has to be summed over all of the N target particles, in this
case nuclei:

R =
N∑
k=1

ρχ
mχ

〈σkv〉 (3.34)

As there are different isotopes in the target detector, the cross section σk
can be different for different nuclei k. The dark matter velocity v is not a
distinct value, but follows a distribution f(v). The cross-section is potentially
velocity-dependent, it is therefore the average over the product of σk and v
that goes into the rate calculation, as indicated by the angled brackets 〈σkv〉,
which in practise is an integral over the velocity distribution:

〈σkv〉 =

∫
σkf(v)dv (3.35)

⇒ R =
N∑
k=1

ρχ
mχ

∫
σkf(v)dv (3.36)

Rather than the total rate, for the comparison with experimental results,
one needs an energy spectrum over the recoil energy ER, i.e. the differential
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scattering rate dR
dER

. In a non-relativistic elastic collision between a particle
1 with mass m1 moving with the velocity v1 and a particle 2 with mass
m2 at rest v2 = 0, from momentum and energy conservation one finds the
velocity of particle 2 after the collision v′2 = 2m1

m1+m2
v1 sin θ

2
with the angle of

deflection θ, and thus the recoil energy ER = 1
2
m2v

′2
2 =

2m2
1m2

(m1+m2)2
v2

1 sin2 θ
2
. In

this case particle 1 is the dark matter particle with mass mχ and velocity
v, and particle 2 is the target nucleus with mass mT . The reduced mass of
the system is µ = mχmT

mχ+mT
and sin2 x ≡ 1−cosx

2
. The nuclear recoil energy is

therefore:

ER =
2m2

χmT

(mχ +mT )2
v2 sin2 θ

2
=

µ2

mT

v2(1− cos θ) (3.37)

By combining the equations 3.36 and 3.37 and derivating, one obtains the
recoil spectrum:

dR

dER
=
ρχmT

µ2mχ

N∑
k=1

∫
1

v2

dσk
d cos θ

f(v)dv (3.38)

In the center-of-momentum frame, the differential cross section is related
to the matrix elementsM via dσ

d cos θdφ
= 1

64π2s
|M|2 for each individual initial

and final spin state. In the non-relativistic case, the Mandelstam variable s is
simply the squared total mass s = (mχ+mT )2. As there is no dependency on
φ, the integral over dφ gives a factor 2π. Dividing by the number of possible
initial dark matter and nuclear spin states (2jχ + 1 and 2j + 1 respectively)
and summing over all final spins gives:

dσ

d cos θ
=

1

2jχ + 1

1

2j + 1

∑
spins

1

32π

|M|2

(mχ +mT )2
(3.39)

The Hamiltonian for the dark-matter-nucleon interaction in the case of
the effective field theory is (see section 3.2, equation 3.1):

H(~x) =
A∑
i=1

∑
τ=0,1

15∑
k=1

cτkOik(~x)tτi (3.40)

At the end of section 3.3, form factors F ττ ′
ij were constructed in such a

way that they already contain the sum over the final and the average over
the initial spin states, and include a factor m2

T/m
2
N , as the general strength
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of an interaction for each target atom scales with the ratio between target
nucleus and nucleon mass, which is the number of nucleons in the nucleus,
squared (equation 3.32):

m2
T

m2
N

15∑
i,j=1

∑
τ,τ ′=0,1

cτi c
τ ′

j F
ττ ′

ij ≡
1

2jχ + 1

1

2j + 1

∑
spins

|M|2 (3.41)

With equation 3.39 one obtains:

dσ

d cos θk
=

1

32π

1

(mχ +mT )2

m2
T

m2
N

15∑
i,j=1

∑
τ,τ ′=0,1

cτi c
τ ′

j F
τ ′

ijk (3.42)

As before in equations 3.36 to 3.38, the index k stands for the individual
target particle, taking into account that the form factor F ττ ′

ijk is different for
every target isotope. Combining this with equation 3.38 leads to the following
expression for the recoil spectrum:

dR

dER
=

ρχmT

32πm3
χmN

N∑
k=1

15∑
i,j=1

∑
τ,τ ′=0,1

cτi c
τ ′

j

∫
1

v2
F ττ ′

ijk f(v)dv (3.43)

Again, similar to the cross section in equation 3.36, the form factors can
be velocity dependent and the whole expression 1

v
F ττ ′

ijk is therefore averaged
over the velocity distribution of incoming particles. In general, the term
cτi c

τ ′
j F

ττ ′

ijk allows for interference between different operators and Wilson co-
efficients. In the case of discovery, the exact shape of the recoil spectrum
carries the information on the contribution of combinations or single oper-
ators to the interaction between the dark matter and the target particle.
However, as dark matter has not been detected yet, this leaves a large pa-
rameter space open. Setting only limits for Wilson coefficients of individual
operators without interference terms is sufficient to show and compare the
performance of different experiments and results in an overseeable number
of limits. In equation 3.43 this means that i = j and τ = τ ′.

dR

dER
=

ρχmT

32πm3
χmN

N∑
k=1

15∑
i=1

∑
τ=0,1

(cTi )2

∫
1

v2
F TT
iik f(v)dv (3.44)

The sum over k is a sum over all N nuclei in the target. In practise, the
rates are calculated for every isotope separately, and then added up according
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to the isotopic composition of the target material. If not all isotopes are taken
into account, the calculated signal rate is lower.

The calculation of the form factors is described in detail in section 3.3. In
the following subsections, the variables of equation 3.44 are discussed, how
they are calculated or which value is assumed.

3.4.2 Local Halo Density ρχ

The exact value still has a large uncertainty today. Depending on the method
of the measurement, values between ρχ = 0.2 GeV/c2 and ρχ = 0.7 GeV/c2

are estimated [57]. However, this affects all experiments equally and lin-
early, meaning that the rate can be simply scaled up or down for a differ-
ent value. In order to assure a comparison, the usual assumed number is
ρχ = 0.3 GeV/c2.

3.4.3 Target Mass mT

The target mass is the mass of the detector crystal, which for the module
Lise from CRESST-II is mT = 300 g (see chapter 2).

3.4.4 Dark Matter Mass mχ

The dark matter mass is an unknown parameter. For a range of dark matter
masses mχ = 0.6− 100 GeV/c2, the rate and subsequently a limit are calcu-
lated. The final limit plot is therefore a function of the dark matter mass. As
CRESST is especially competitive for low dark matter masses, higher masses
than 100 GeV/c2 are not considered.

3.4.5 Nucleon Mass mN

In reasonable approximation, the mass of a nucleon is one atomic mass unit
mN ≈ 0.9315 GeV/c2.

3.4.6 Velocity Distribution f(v)

For the velocity distribution, the Standard Halo Model is used in this work,
which assumes a Maxwellian distribution with the most probable velocity at
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v0 = 220 km/s (the rotation velocity of our galaxy at the position of our solar
system) and an escape velocity of vesc = 544 km/s (see also section 1.3).

3.4.7 Number of Target Nuclei N and Exposure

The number of molecules Nm can be calculated from the mass mT and the
molar mass M of the material (with the Avogadro constant NA):

Nm = NA
mT

M
(3.45)

For Lise in CRESST-II, the target material is CaWO4, therefore each of these
molecule contains four oxygen and one of each calcium and tungsten atoms.
The number of oxygen (NO), calcium (NCa) and tungsten (NW) atoms is
accordingly:

NO = 4Nm

NCa = Nm

NW = Nm (3.46)

The isotopes of these materials appear in their natural isotopic abundance
(see table 3.1). For example, if a16O and a40Ca are the abundances of 16O and
40Ca, there are N16O and N40Ca

16O and 40Ca nuclei in the target detector:

N16O = 4a16ONA
mT

M

N40Ca = a40CaNA
mT

M
(3.47)

Using equations 3.45 and 3.47, one can also calculate the mass content
for individual isotopes, e.g.:

m16O = 4mTa
M16O

M

m40Ca = mTa
M40Ca

M
(3.48)

Calcium has a standard atomic weight of Ar(Ca)= 40.08, tungsten of
Ar(W)= 183.84 and oxygen of Ar(O)= 16.00 [59]. Therefore, the molar
mass of calcium tungstate is:

M = (40.08 + 183.84 + 16.00) g/mol = 239.92 g/mol (3.49)
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Table 3.1: Natural isotopic composition of O, Ca and W [58]

element Z A abundance

O 8 16 0.9976206(9)
17 0.0003790(9)
18 0.0020004(5)

Ca 20 40 0.96941(6)
42 0.00647(3)
43 0.00135(2)
44 0.02086(4)
46 0.00004(1)
48 0.00187(1)

W 74 180 0.001198(2)
182 0.264985(49)
183 0.143136(6)
184 0.306422(13)
186 0.284259(62)

To obtain the expected signal energy spectrum for a certain time of mea-
surement, the recoil spectrum (equation 3.44) has to be multiplied with the
measurement time. The final spectrum scales linearly with both the target
mass and the measurement time, the crucial parameter is therefore the expo-
sure, defined as the product of measuring time T and target mass mT . The
data used for this analysis have an exposure of mT · T = 52.15 kg · days.

Using equation 3.48, the actual effective exposure for the individual iso-
topes 16O and 40Ca is:

m16O · T = 4mTTa
M16O

M
= 13.88 kg · days

m40Ca · T = mTTa
M40Ca

M
= 8.43 kg · days (3.50)

3.4.8 Wilson Coefficients cτi

The Wilson coefficients cτi are the free parameters of this effective field theory.
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3.4.9 Implementation and Spectra

The implementation of the rate calculation is done in MATLAB and is based
on the Mathematica package from reference [55] and its MATLAB translation
from reference [60].

The dominant (see table 3.1) oxygen and calcium isotopes 16O and 40Ca
are the only isotopes taken into account in this analysis, because for the
other isotopes, the necessary form factors were not available. This in the
end underestimates all modeled spectra. When only setting limits and not
reporting discovery of dark matter, this is a valid but conservative approach.

The spectra for 16O and 40Ca are shown in the figures 3.2 and 3.3. As
shown in subsection 3.3, both of these elements only have non-zero form
factors for isoscalar interaction and the nuclear responses M , Φ′′ and MΦ′′.
As only the following operators have contribution from these responses, only
the spectra that these operators cause are shown:

O1 = 1

O3 = i~SN ·
(

~q

mN

× ~v⊥
)

O5 = i~Sχ ·
(

~q

mN

× ~v⊥
)

O8 = ~Sχ · ~v⊥

O11 = i~Sχ ·
~q

mN

O12 = i~Sχ ·
(
~SN × ~v⊥

)
O15 = −

(
~Sχ ·

~q

mN

)((
~SN × ~v⊥

)
· ~q

mN

)
(3.51)

The spectra for dark matter masses of 10 GeV/c2 and 100 GeV/c2 are
compared. The spectral shape is very similar for 16O and 40Ca. Scattering
off 16O however can produce slightly higher recoil energies. Comparing the
two different dark matter masses 10 GeV/c2 and 100 GeV/c2, it can be seen
that while for 10 GeV/c2, nearly the complete energy spectrum is included
in the acceptance region for detector Lise up to 40 keV, for 100 GeV/c2, a
large part of energy recoils is above 40 keV and thus above the upper limit
of the acceptance region.
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Because of the momentum dependence of operators O3, O5, O11, O12 and
O15, their spectra do not have their maximum at zero momentum transfer.

The rates in figures 3.2 and 3.3 are shown per kg·days of exposure. For
the final spectra to be compared with the real data, these spectra are added
up and weighted according to the exposure of the isotopes (equation 3.50).

3.5 Limit Calculation

In a next step, the spectra have to be corrected with regards to how a real
detector would record these events, i.e. taking in account the finite energy
resolution, cut survival probability and energy threshold (see [61]).

For the energy resolution, they are convoluted with a normal distribu-
tion. For detector Lise, the width of this distribution (hence the energy
resolution) is 0.062 keV. Then the convoluted function is multiplied with the
energy dependent cut survival probability. The numerical function describ-
ing this probability was determined before during the analysis. The energy
threshold is taken into account by simply setting the modeled spectrum to
zero for energies below the energy threshold, which for Lise is conservatively
determined as 311 eV.

Finally, the resulting spectrum is compared to the recorded data, which is
shown in figure 3.1. There is a large peak visible at around 6 keV, due to an
accidental illumination with an X-ray source [62]. When using the optimum
interval method, this does not influence the sensitivity significantly.

The idea of the optimum interval method is that when trying to disprove
a theory or to set limits, when the background of a signal is unknown or can
not be easily modelled, as it is the case with CRESST, one has to exploit cer-
tain areas in a spectrum where the recorded spectrum is significantly lower
than the modeled spectrum. In the presence of such an unkown background,
areas with lots of events do not carry decisive information, as any unknown
background could have produced these events. Instead, using Poisson statis-
tics, it is tried to find the area range of the spectrum, where the statistical
discrepancy between the modeled and the real spectrum is as significant as
possible, in the sense that there is a lack of events in the recorded spectrum.
The selection bias of systematically searching for these areas is compensated
with a statistical penalty. [63, 64]

The modeled spectra are scaled down as low as possible (by manipulating
the Wilson coefficients) so that they still have a discrepancy with the recorded
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Figure 3.1: Energy spectrum of all accepted events for run 33 in detector
Lise. [38]

data of at least 90 % confidence. The whole procedure is repeated for the
range of masses between mχ = 0.6 − 100 GeV/c2 and for the different EFT
operators, so that in the end limits on the isoscalar Wilson coefficients c0

1, c0
3,

c0
5, c0

8, c0
11, c0

12 and c0
15 as functions of the dark matter mass are obtained.

3.6 Limits

The final results of this effective field theory analysis are displayed in figures
3.4 and 3.5, compared to results from the CDMS experiment. Similarily to
the standard spin-independent limits (figure 2.6), as a consequence of its low
energy threshold but low exposure, the strength of the CRESST experiment
is in the low mass region. For every of the Wilson coefficients c0

1, c0
3, c0

5, c0
8,

c0
11, c0

12 and c0
15, the most sensitive limits for masses below around 3 GeV/c2

are set and therefore previously unresearched parameter space was excluded.

A similar analysis was also carried out by the XENON100 collabora-
tion [65]. Their results however are only relevant for higher masses of 10 −
1000 GeV/c2, well above the area where CRESST is sensitive, and are thus
not included in figures 3.4 and 3.5.
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Each plot shows the dark matter mass on the x-axis and on the y-axis the
respective squared Wilson coefficient multiplied by m4

weak = (246.22 GeV)4.
All values above the shown limits are excluded with a 90% confidence level.
The factor m4

weak is included to construct a dimensionless variable. The spe-
cific value, the vacuum expectation value of the Higgs field, which is related
to the Fermi constant and the coupling constant of the weak interaction, is
chosen in order to give a scale that is comparable to the weak interaction, al-
though the underlying mechanisms behind the interaction aren’t necessarily
related to the weak interaction.

The Wilson coefficients are squared, as actually the product of two co-
efficients (see equation 3.32) goes into the calculation of the squared matrix
element and therefore of the interaction rates. However, this analysis was
limited to individual (squared) coefficients. In the case of discovery of dark
matter, intereference terms between multiple operators will have to be consid-
ered when reconstructing the coefficients of the operators from the measured
dark matter spectra.

3.7 Comparison to Collider Results

The EFT approach theoretically has the potential to allow a comparison be-
tween direct detection dark matter experiments and collider searches. Partic-
ularly, the relativistic operators relevant for collider searches can be traced
back to the set of operators of the non-relativistic effective field theory (a
table of this non-relativistic matching can be found in the appendix of [53]).

However, a major assumption made when constructing the non-relativistic
effective field theory, is that the mediator is so heavy in comparison to the
momentum transfer, that it can be neglected, so that the effective interac-
tion is a four-point interaction. This translation is not straightforward for the
relativistic EFT, as momentum transfers are much larger and a four-point
interaction is not an accurate description anymore. Instead, the interaction
is described in simplified models, where the mediator is exchanged in either
the s- or t-channel.
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Figure 3.2: Differential spectra for dark matter with a particle mass of
10 GeV/c2 (blue) and 100 GeV/c2 (orange), scattering off 16O for the EFT
operators O1, O3, O5, O8, O11, O12 and O15.
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Figure 3.3: Differential spectra for dark matter with a particle mass of
10 GeV/c2 (blue) and 100 GeV/c2 (orange), scattering off 40Ca for the EFT
operators O1, O3, O5, O8, O11, O12 and O15.
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Figure 3.4: Upper 90% limits for the Wilson coefficients c0
1, c0

3, c0
5 and c0

8

as a function of the dark matter particle mass (black), compared to results
from CDMS (CDMS limits from [60]) (other colors). The presented CRESST
limits are the result of this work and have been published before in [66]. They
are the most sensitive limits for masses below around 3 GeV/c2.
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Figure 3.5: Upper 90% limits for the Wilson coefficients c0
11, c0

12 and c0
15

as a function of the dark matter particle mass (black), compared to results
from CDMS (CDMS limits from [60]) (other colors). The presented CRESST
limits are the result of this work and have been published before in [66]. They
are the most sensitive limits for masses below around 3 GeV/c2.
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Chapter 4

Conclusions and Outlook

In this work, for the Wilson coefficients c0
1, c0

3, c0
5, c0

8, c0
11, c0

12 and c0
15 of

the effective field theory of dark matter detection, expected recoil spectra
specifically for the CRESST-II experiment were calculated and compared to
data from the detector Lise. All data in the defined region of interested
was interpreted to be potentially induced by dark matter and was used to
conservatively set limits in the context of the effective theory.

The named coefficients were treated separately, i.e. for each coefficient
the spectra were calculated under the assumption that in every case only
the corresponding operator contributes to the interaction between the dark
matter particle and the nucleon. The CRESST experiment has a low target
mass compared to other dark matter experiments, making it less sensitive for
more massive particles. However, the experiment also has a very low energy
threshold. Consequently, the limits presented in this work are leading for
dark matter masses below 3 GeV/c2, meaning that new parameter space was
explored and excluded.

As a next step, the same analysis could be carried out for CRESST-
III, which has an even better energy threshold than CRESST-II. Similar
to the standard spin-independent results [40], an improvement in the limits
especially for very low masses below 1 GeV/c2 is expected.

The calculation of the spectra is largely based on nuclear considerations
and calculations. To further expand the approach presented in this work,
a subsequent step could be to include other nuclei in addition to oxygen-16
and calcium-40. For example, the inclusion of oxygen-17, despite of its low
natural abundance, would allow to include more EFT operators. In contrast
to oxygen-16 and calcium-40, oxygen-17 carries a total nuclear spin, making
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it sensitive for operators depending on the nuclear spin, and is additionally
sensitive to isovector operators, as it contains a different number of protons
and neutrons. Alternatively or complementary, different detector materials
could be used. First CRESST results with LiAlO2 crystals [67] showed a
high sensitivity to spin-dependent interaction with low-mass dark matter.
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