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Introduction

This thesis contributes to the study of Mori dream spaces and their geometric
aspects. Mori dream spaces, introduced by Hu and Keel [40], are characterized via
their optimal behavior with respect to the minimal model program. Well-known
example classes include projective toric varieties, smooth Fano varieties [12], Calabi-
Yau varieties of dimension at most three having a polyhedral effective cone [52] and
spherical varieties [I7]. In terms of Cox rings, Mori dream spaces are character-
ized as the irreducible normal projective varieties X such that the divisor class
group Cl(X) and the Cox ring

R(X) = @ T(X, 0x(D))
[D]eCI(X)

are finitely generated. Similar to toric varieties, Mori dream spaces show close con-
nections to combinatorics. They are completely described by their Cox ring and
certain data from convex geometry, namely a collection of rational convex polyhe-
dral cones in the vector space associated with the divisor class group [11], 35, [3].
This approach makes Mori dream spaces particularly accessible in the case of small
Picard number and a Cox ring with simply structured defining relations. The latter
basically means to move a controlled step beyond toric geometry. Our main results
comprise classifications in the smooth case for Picard numbers up to three, includ-
ing in particular new lists of smooth Fano varieties. Moreover, we provide further
evidence on Mukai’s conjecture and Fujita’s base point free conjecture.

It is well-known that in the toric case, the only smooth projective varieties
of Picard number one are the projective spaces. In Picard number two, Klein-
schmidt [47] showed that all smooth complete toric varieties arise as projectivized
split vector bundles, and Batyrev [7] studied the case of Picard number three via
primitive collections. In Chapter two, which presents joint work with J. Hausen and
M. Nicolussi [28], we discuss irreducible smooth projective non-toric rational vari-
eties with a torus action of complexity one [39} [36, [3], i.e. the general torus orbit is
of dimension one less than the variety itself. In Picard number one, the classification
is due to a result of Liendo and Siif [49, Thm. 6.5]: there are up to isomorphism
only two varieties, namely the smooth projective quadrics in dimensions three and
four. In Picard number two, we obtain the following result, where we describe a
variety through its Cox ring and an ample class. Note that this data determines a
Mori dream space up to isomorphism; see Chapter one for details and background.
As in the whole thesis, by a variety we mean a variety over an algebraically closed
field K of characteristic zero.

Theorem [2.1.1| FEvery smooth rational irreducible projective non-toric variety of
Picard number two that admits a torus action of complexity one is isomorphic to
precisely one of the following varieties X, specified by their Cox ring R(X) and an
ample class u € C1(X), where we always have C1(X) = Z? and the grading is fived
by the matriz (w1, ..., w,] of generator degrees deg(T;),deg(S;) € CI(X).
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Moreover, each of the listed data sets defines a smooth rational non-toric projective
variety of Picard number two coming with a torus action of complexity one.

Toric Fano varieties are a class of varieties thoroughly investigated since the
1970s: by now, there are classification results up to dimension nine [6}, [8) [63], [48),
[56), 57, [67] in terms of their combinatorial description via lattice polytopes. Note
that in case of varieties of complexity one, our Cox ring-based approach allows us
to compute the anticanonical divisor class via a formula [3] Prop. 3.3.3.2] using the
degrees of the generators and of the relations of R(X). In this way, we determine
in every dimension the finitely many non-toric smooth rational Fano varieties of
Picard number two admitting a torus action of complexity one; they are described
geometrically by means of elementary contractions in Section 2:3]

Theorem Every smooth rational non-toric Fano variety of Picard num-
ber two that admits a torus action of complexity one is isomorphic to precisely
one of the following varieties X, specified by their Cox ring R(X), where the

grading by CI(X) = Z? is given by the matriz [wy, ..

.,wy| of generator degrees

deg(T;),deg(S;) € Cl(X) and we list the (ample) anticanonical class —Kx.
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Moreover, each of the listed data sets defines a smooth rational non-toric Fano
variety of Picard number two coming with a torus action of complexity one.

It turns out that the varieties of Theorem [2.1.2] are obtained from varieties Y
with dimension at most seven via duplication of some of the free weights of Cox
rings R(Y'), i.e. given a variable that does not show up in the defining trinomials,
one adds a further free variable of the same degree. The geometric interpretation
of this procedure is the following: one takes a certain P;-bundle over the original
variety Y, applies a natural series of flips and then contracts a prime divisor, see
Section 2.2] for details.
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Corollary FEvery smooth rational non-toric Fano variety with a torus action
of complexity one and Picard number two arises via iterated duplication of a free
weight from a smooth rational projective (not necessarily Fano) variety with a torus
action of complexity one, Picard number two and dimension at most seven.

Jahnke, Peternell and Radloff [42], [43] obtained a classification of smooth three-
folds of Picard number two that are almost Fano, i.e. whose anticanonical divisor
is big and nef. Note that in general, the problem of describing smooth almost Fano
varieties is widely open. In the setting of a torus action of complexity one, we
may — as in the Fano case — figure out the non-toric rational smooth almost Fano
varieties in arbitrary dimension. Together with Theorem [2.1.2] the following result
classifying truly almost Fano varieties, i.e. varieties that are almost Fano but not
Fano, settles the description.

Theorem Every smooth rational non-toric truly almost Fano variety of
Picard number two that admits a torus action of complexity one is isomorphic to
precisely one of the following varieties X, specified by their Cox ring R(X) and an
ample class u € C1(X), where we always have C1(X) = Z? and the grading is fived
by the matriz (w1, ..., w,] of generator degrees deg(T;),deg(S;) € CI(X).
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Moreover, each of the listed data sets defines a smooth rational non-toric truly
almost Fano variety of Picard number two coming with a torus action of complex-
ity one.

In Chapter three we consider a possibility to move beyond toric geometry other
than the one chosen in Chapter two: We study intrinsic quadrics, i.e. irreducible
normal projective varieties X with finitely generated divisor class group and finitely
generated Cox ring R(X) admitting homogeneous generators such that R(X) is the
factor ring of a polynomial ring and an ideal generated by a single homogeneous
purely quadratic polynomial. For further research on intrinsic quadrics see [11]
and [14]. Similar to the toric case, in Picard number one, we show that there is
just one smooth projective intrinsic quadric per dimension.

Proposition Let X be a smooth intrinsic quadric of Picard number one.
Then X is isomorphic to the variety defined by the Cox ring

K[Tl,...,TT]/<T1T2 + 13Ty + ...+ T;1T; + h),

where i =1 — 2, h =T, 1T, ori=r—1, h =T? holds, and where the grading is
given by deg(T;) =1 € Z = ClX) for all1 < j <r. In particular, X is Fano.

In Picard number two, Theorem [3.2.8] provides a classification of all smooth
projective intrinsic quadrics, thereby generalizing a result of [11] that described
the case of full intrinsic quadrics, i.e. the case of intrinsic quadrics whose Cox ring
admits no generators that do not show up in the defining quadratic polynomial.

Theorem [3.2.8, Fvery smooth intrinsic quadric of Picard number two is isomor-
phic to a variety X with Cox ring given by R(X) = K[T1,...,T:,51,...,5]/(9),
where
N+ .+ T T, if v is even,
S T\ 4 AT ooy + T2 if 1 is odd,

holds for some integers r € Z>5 and t € Zx>q. Furthermore, the C1(X) = Z2-grading
of R(X) is obtained by choosing weights w; = deg(T;) and uj = deg(S;) according
to one of the following settings, where the semiample cone Tx of X is as indicated
in the below figures.

Setting 1: Fiz o € Z>g. The weights u; are taken from (a,1), where 0 < a < «a
holds and we have w; = (1,0) for all 1 < i < r. Furthermore, we have t > 2 and
the vectors (o, 1) and (0,1) occur in the list uy, ..., uy.

(071) e . (a, 1)

If X arises from Setting 1, then X is smooth and admits an elementary contraction
of fiber type v: X — Vp,_,(g) with fibers isomorphic to Py_;.
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Setting 2: Fiz o € Z>o. The weights w; are taken from (a,1), where 0 < a < «
holds and we have u; = (1,0) for all 1 < j < t. Furthermore, we have t > 2 and
the weights satisfy

(i) w1 =(0,1) and we = (a, 1),

(i) w; + wit1 = (0, 2) for all odd i < r and 2w, = (o, 2) if v is odd.

wa:(O’l) o o . .(a71):w2
TX

If X arises from Setting 2, then X is smooth and admits an elementary contraction
of fiber type p: X — Py_q1 with fibers isomorphic to Vi, _, (g).
Setting 3: The weights w; and u; satisfy
(i) w1 =(0,1) and wy = (2,1),
(ii) w; = (1,1) for all 3 <i <,
(iil) w; = (1,0) for all1 < j <t and we have t > 1.

Wi,
>3
| L7
w1 . .
w2

If X arises from Setting 3, then X is smooth and admits an elementary birational
divisorial contraction p: X — Pri4_g with center isomorphic to Vp, _,(g — ThT»).

Setting 4: Here, r € Z>¢ is even. The weights u; are taken from (a,1), where
0 < a < « holds with some o € Z>o. We have w1 = (1,0) and we = (w3, 1) for
some 0 < w} < a. Furthermore the weights satisfy

(i) w; =wy for all odd 1 <i<r—1 and w; = wy for all even 2 < i <r,

(ii) the vectors (c, 1) and (0,1) occur in the list wy, ..., Wy, U1, ..., U
Wi,
!
(0,1) . o (a, 1)
TX
Wi,
i odd

If X arises from Setting 4, then X is smooth and admits an elementary contraction
of fiber type ¢: X — P, 5_1 with fibers isomorphic to Py /o4 4_o.

Note that the full smooth intrinsic quadrics of Picard number two described
in [11] are precisely the examples with & = m = 0 in Setting 4 of the above theorem.
Moreover, the cases n = 5 and n = 6 in Settings 1 to 4 of Theorem [3.2.§ are the
ones allowing a torus action of complexity one and thus are exactly the overlap with
the description presented in Chapter two. As in our classification of varieties with
a torus action of complexity one, we compute the anticanonical class and in this
way derive the Fano and the truly almost Fano varieties among all smooth intrinsic
quadrics of Picard number two, see Theorem [3.2.10] and Theorem [3:2.11] As an
application, we prove that smooth Fano intrinsic quadrics of Picard number two
fulfill Mukai’s conjecture, see Proposition

Having studied intrinsic quadrics of Picard number two, we go one step further
and investigate smooth intrinsic quadrics of Picard number three. In Theorem[3.3.2]
we provide a complete description of the smooth projective full intrinsic quadrics
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of Picard number three in arbitrary dimension. It turns out that there are no Fano
varieties in this case. We obtain the following corollary:

Corollary Let X be a smooth full intrinsic quadric. If X is Fano, then the
Picard number of X is at most two. In particular, X then is isomorphic to one of

the varieties of Proposition[3.2.1) or of Setting 4 in Theorem[3.2.10 with o = t = 0.

In general, it turns out that the case of Picard number three is considerably
larger than the case of Picard number two: Specializing to dimension at most three
we obtain in Theorem [3.3.5] five series of varieties, i.e. five collections of infinitely
many varieties whose Cox rings are defined by the same relation but integer param-
eters are allowed in the degrees of the generators, plus one sporadic variety, i.e. a
single variety fitting not into the other series. In dimension four, we obtain 31 series
plus six sporadic varieties, all of them listed in the table of the following theorem,
where the sporadic varieties are Nos. 5, 15 and 34-37.

Theorem [3.3.6] Every smooth intrinsic quadric of Picard number three and dimen-
sion four is isomorphic to one of the following varieties X, specified by their Cox
ring R(X) and their semiample cone SAmple(X), where we always have CI(X) =
Z3 and the grading is fized by the matriz Q = [wi,...,ws] of generator degrees
w; = deg(T;) € CUX). If not indicated otherwise, the letters a,b and ¢ denote
arbitrary integers.

SAmple(X) is the
No. R(X) Q= [wi,...,ws] the intersection
of the following cones

1 a—1[0 al0 a|l a—1
1 K(T1.....Ts] o 1 1oy ole 1 cone(wi, we, wa + we)
(T o Ta Ty 115 To £ T5Ts) o 1 |o1|1o0flo 1 1, w6, wq + we
a>0
1 —1(0 0|0 Of|a 1
2 __ K[Ty,..,Tg] 8 1 (1) ? (1) (1) 11) 0 cone(wi, w3, ws), cone(wi,ws,wr),
(T1To+T3T4+T5T6) c cone(ws, w5, wg), cone(wy,wr,ws)
b<0,c<0
3 (g‘([?;ﬁ:Tgi?“S%]) (1) 711 (1) 8 8 (1) (1) ‘11 cone(wy, w5, wr), cone(wsz,ws, ws)
1E2TISTATES 6 0 1o 1]|1o0floo
1 -1 1
4 (T TK[E}"%’iiS’Z]%T ) 01 (1) 8 8 (1) ? —1 cone(wi, w3, wq), cone(wsg,wy,ws)
1h2misfaTiste 0 1|0 1]10|a 0
5 Sy P ot 2 conetwrusiwn. conetun,wau)
1r2TEsfATES 6 0 1]01]|1o0f|-1 1
1 —1|0 0|0 Of|1 1
6 K[T,...,Ts] 0 1|1 0lo1f/oo ( ) ( :
Tt ToTa T T5Te) 0 1[0 1|1 0|lab cone(wy, w3, ws), cone(wy,ws, wy
0>a>b
1 —1|/0 0|0 Off1 1
7 K[Ty,...,Ts] 0o 1100 1]l0 -1 ( :
(T1T2+T3T4+T5T6) 0 1[0 1|1 0fla O cone(wi, w3, ws
a <0
1 —1(0 0|0 Of| 1
8 T TKfjl“"ﬁ;,isi]‘iT ; 0 111001/l 0 (11 cone(wi, w3, ws), cone(wi,wr,ws)
1h2misfaTis e 0 1|0 1]|1o0f-11
1 a—1(0 al0 al|lb 1
9 K[Ty,...,T5] g } (1) ? (1) (1) é 8 cone(wy, wy, we), cone(ws,we, ws),
(Th T2+ T3Ts+T5T6) cone(wy, wr, ws)
a>0
1 a—1[0 a|0 afll 1
K[T1,...,T6,51,52 o 1 |10]o1fjoo
10 <T—1[T2:F’1—:3T4+’115T35> o 1 |o1l1 olloo cone(wi, wa, wg), cone(wsa,we, wy)
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1 a—1[0 a|0 alll b
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15 m g _22 é _12 _11 _11 —11 (1) cone(wi, w3, wy), cone(wi,ws,ws)
1100 2 1 1 0 0 cone(wy, wy, wg), cone(wr,wr,ws),
16 K[Ty,...,T8] - cone(ws, wq, wg), cone(ws,wr,ws),
T To b Ta Ty + T Te 0al0 a|ba-—-b||1 1
(T1Ta+T3Ty+T5T6) 00l1l —1lo o |lZ1 0 cone(ws, wq, wg), cone(ws,wz, ws),
cone(wg, wa, wg), cone(wg, wy,ws)
1 1/0 2|1 1]/0
17 K[Ty,...,T8] oolo olooll1 ({' cone(wi, w3, wy), cone(wi,wyq,ws),
(T1To+T3Ty+T5Tg) 0ol1 —1lo ollo 1 cone(wi, wy, ws)
KT - 1110 2 1 1 llo —o] come(wi,ws,wr), conme(wy,wr,ws),
18 [Ty,...,T8] a1l01ralatb 1-b|l1 —a cone(ws, w3, wy), cone(wsa, w7, ws),
(T1 To+T3Ty+T5Ts) _ cone(ws, w3, w7), cone(ws,wr,ws),
0 0|1 1 0 0 0 1
cone(wg, w3, wr), cone(wg,wr,ws)
1 —1|0 0|0f|0 a 1
K[Ty,...,Ts]
19 (T1 To+ T3 Ta+T2) 8 3 (1) é (1) ? 117 —01 cone(wi, w3, we), cone(wi,ws, wr)
1 —1|/0 0|0[|0 O 1
20 K[T1,...,T5] 0o 211 11110 a b cone(w1, w3, weg), cone(wr,ws,wr),
Ty Ty +T3Ty+T2 ¢
(T1 To+T3Ty+T2) o oloololll 11 cone(ws, w3, wg), cone(ws,wr,ws)
1 —-1(0 0|0||0O 1 1
21 K[T,...,Tg] 8 3 (1) (1) (1) (1) (i‘ ll’ cone(wy, w3, we), cone(wsz,ws,wr),
(T1 To+T3T4+T2) cone(wg, we, wr)
a>b
1 —1|/0 0|0f|l0 1 1
K[Ty,...,Ts] 0 2|1 1]1][0 a —1
22 4{T1T2+T3T4+T52) 0 0|0 O0|0fj11 O cone(wi, w3, wg), cone(wsa,ws,wry)
a # —2
1 —-1|/0 0[0||0 1 a—1
29 K[Ty,...,Tg] o 21 1l1llo o 1 cone(wj, wy, wg), cone(wsa,ws,wy),
(T1 To+T5T4+T2 ( ) (
1 To+T3Ty+T5) o oloololl11 « cone(ws, we, wr), cone(ws, w7, ws
1 —1|/0 o|0Ofj0 1 —
K[T},..., T3]
24 (T1 Tot TsTa+T2) 8 (2) (1) (1) é (1) ¢1l (1) cone(wy, w3, we), cone(ws,ws, wr)
1 —1|0 0|0||0 1 a
K[Ty,...,T8]
25 Ty To+T5Ta+T2 0 2|1 1f1(j0 —1 1 cone(wi, w3, we), cone(wi,wry,ws)
5 0O 0|0 00|17 O 1
1 —-1/0 0| O [[0O0O0 1
26 K[Ty,...,T8] 8 2 é 1 }2 (1) (1) _bl cone(wi, w3, wy), cone(wsa,ws,ws),
(T1 To+T3T4+T2) @ ala cone(ws, we, wg)
a€2%,a<0
1 —-1|0 0 O 00 1
K[TY,...,Ts] 0 211100 —2
27 T T3 T+ T2) 0 a|0ala/2|[111-a cone(w1, w3, we), cone(ws,we, ws)
a €2Z,a<0
1 —1(0 0| O -1 —-10
K[Ty,...,Ts] 0 2|1 1|1 0O 0 O
28 (T Ta+ T Ty + TZ) 0 a|0ala/2]|1 1 1 cone(wsz, w3, wg), cone(ws,we, ws)
a€2Z,a<0
1 —1|0 0| 0 |[|0O 1 1
K[Ty,...,Ts) 021110 —2 -2
29 4<T1T2+T3T4+T52) 0 a |0 ala/2||]l11—al—a cone(wi, w3, we), cone(ws,we, wr)
a€2%,a<0
1 —1|/0 0 O -1 00
K[TY,...,Ts] 021110 o0o0
30 T 1 T T3 +T2) 0 al0ala/2||1 11 cone(wa, w3, wr), cone(ws,we, wr)
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1 —-1|0 0| O 0 1 1
31 K[Ty,...,Ts] 0 2111 12 (1) 172 b cone(wi, w3, we), cone(wsz,we, ws),
(T1 To+T3T4+T2) 0 a|0afa/ @ cone(ws, we, w7), cone(ws,we, ws)
a€22,a<0
1 —-1|/0 0 O -1 0 -1
39 K[T1,...,Ts] 0 211 1)1 001 cone(wi, wy, wg), cone(wsz,ws,wy),
<T1T2+T3T4+T52) 0 a |0 ala/2][ 1 1 b cone(ws, wg, wy), cone(ws, wy,ws)
a €2Z,a<0
1 —-1(0 0 O 0 1 -1
33 K[T1,...,T8] 0 24111 10 —1 1 cone(wi, w3, wg), cone(wi,we,ws),
(T1T2+T3T4+T52) 0 a0 afa/2|1 b 1-b cone(ws, wy, wg), cone(ws, we, wr)
a€2%,a<0
1 —-1/0 O 0|00 1
K[T},...,Ts]
34 N AN 0 21 1 (11|00 —1 cone(wj, w3, wg), cone(wi,ws,ws)
(Th T2+ T3Ts+T%) 0 —2/0 —2|-1/[1 1 1
[1 —1]/0 o] o0 0 1 1]
K[Ty,...,Ts)
35 o R TN 0 21 1 1|0 -1 —1 cone(wi, w3, wg), cone(wi,ws,ws)
(M To+ T3 Ta+Tg) 0 —2]0 —2|-1]]1 1 1]
[1 —1]/0 o] o0 0 1 1]
K[T4,...,Ts]
36 N AN 0 21 1(11}0—-1 -1 cone(wj, w3, wg), cone(wi,ws,wy)
(M T2+ T3 Ta+TE) 0 —2]0 —2|-1]]1 1 o]
[1 —1]/0 0] 00 1 —1]
K[Ty,...,Ts)
87 oendsl 021 1[10-11 cone(wy, ws, wg), cone(wr,ws, wr)
(M T+ T3 Ta+T5) 0 —2]|0 —2|-1]|]1 1 o]

Moreover, each of the listed data sets defines a smooth intrinsic quadric of Picard
number three and dimension four.

We also determine the smooth Fano and the smooth almost Fano intrinsic
quadrics of Picard number three and dimension at most four; see Theorem [3.3.5]
for the three-dimensional case and the following theorems for the case of dimen-
sion four. It turns out that all smooth Fano intrinsic quadrics of dimension at most
four and Picard number three admit a torus action of complexity one and that there
is exactly one smooth almost Fano intrinsic quadric of dimension four and Picard
number three that is not a complexity one T-variety, see No. 1 in Theorem [3.3.10} In
order to provide a comprehensive description of our classification results for smooth
projective Fano intrinsic quadrics in Picard number three and dimension four, we
give in Section [3.4] a geometric interpretation in terms of elementary contractions.

Theorem Every smooth Fano intrinsic quadric of Picard number three
and dimension four is isomorphic to one of the following varieties X, specified by
their Coz ring R(X) and their semiample cone SAmple(X), where we always have
Cl(X) = Z3 and the grading is fized by the matriz Q = [wy,...,ws] of generator
degrees w; = deg(T;) € CL(X).

No. R(X) Q = [wl, e ,11}8] —’CX
1 —1]0 0lo ofl0 1 1
K[Ty,...,Ts]

2 A e 0 1|10]|01f1 0 3
(T To+T3T4+T5Tg) o 1le 5l ol 2 i

1 —1]0 0|0 o]0 1
1

_K[Ty,...,T6,51,8] 0 111001}l a
3 (T To+T3T4+T5Ts) 0 1|0 1|1 0]l0 0 3;(1

—2<a<0

1 —1]0 0|0 0]|0 1
K[Ti,...,Ts] 0 110011 -1 1
4 TnnTanTy Lo 1o 11 olla o L.

-1<a<0
1 —1]0 0j0 O] 1 1 p)
K[Ty,...,Ts]

7 B, A S 0 1|10]|01]0 —1 1
(T To+T3T4+T5Tg) o 1losll ol % :
9 K[T Tg] 1 —1|0 o]0 0|0 1 1
R W D D 0 1|10]|01f10 3
(N T2+ Ts Tyt T5Ts) 0o 1]01|10]00 2
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1 0[/0 1|1 O|la O
2+a
K[T},...,Ts] 0 1|1 0|0 1||b O
13, 14 ottt 1aTe) 00loofool11 210
—1<a,b<1
11/0 2|1 1|0 © 4
K[T},...,Tx]
16 B SRl Ty 000 ofoof 1 1 2
(T To+TsTy+T5Ts) 0 0|1 —1]|0 0]|—1 0 -1
110 2|1 1]/0 a _ i}
4+ a
K[Ty,...,T%] 0 0[{0 O [0 Of1 1
17, 18 T T+ T T £ 15Tg) 0 0|1 —1]0 0fj0o 1 ?
—3<a<1 - -
1 —1]0 o|o]jo 0 1 ; :
_ 1
K[Ty,...,Ts] 0 2|1 1(1(|0 a 1
19 T To i To T4t T2) 0 oloolofj]11 0 2-2Fa
—-1<a<1 B -
1 —1]|0 0|o|lo 0 1 _ _
1
K[T4,..., T3] 0 2|1 1(1{|0 0 a
20, 21, 30 T 41514 +T2) 0o 0]0o0lo|l111 3§a
—2<a< -1 - -
1 —1/0 olo|jo 0 1 _ _
_ 1
K[T1,...,Tx] 0 2|1 1f1(|l0 O 1
26 8l 2
(T1 Ta+T3Ty+T2) 0 0]00]0fl1 1 a 2% a
—1<a<0 - -

Moreover, each of the listed data defines a smooth Fano intrinsic quadric of Picard
number three and dimension four.

Theorem [3.3.10} Every smooth truly almost Fano intrinsic quadric of Picard num-
ber three and dimension four is isomorphic to one of the following varieties X,
specified by their Cox ring R(X) and their semiample cone SAmple(X), where we
always have C1(X) = Z3 and the grading is fized by the matriz Q = [wy, ..., ws| of
generator degrees w; = deg(T;) € ClI(X).

SAmple(X) is the intersection
No. R(X) Q = [w1, ,wg] .
of the following cones
] K[Ty Ts] 1 —-1{0 0({0 0|1 —1
R 0 1|10|/01|0 1 cone(wi, wg, wq + we)
(T1 T2+ T3Tu+T5T+T7Ts) o 1lo1l1o0lo 1
1 —1|/0 0|0 Of|a 1
0O 1]10(0 1|10
0 1|0 1(1 Oflb ¢
2 K[Ty,...,T8] cone(wi, w3, ws), cone(wy,ws,wr),
(T1T2+T3T4+T5Ts) —1<a<0,b=-1l,c=-1 cone(ws, ws, wg), cone(wy,ws,ws)
or —1<a<0,b=0,c=-2
or —1<a<0,b=1,¢=0
ora=—-1,b=0,c= -1
1 —-1|0 0|0 O||0 1
K[T1,...,Ts,S1,52]
3 e o I D e e 0 110|011 -3 cone(wi, ws, wy), cone(ws,ws,ws)
(M To+ T3 Ty +15T6) 0 1]0 1|1 o0f0 o
1 —1|/0 0|0 Of|0 1
K[T1,...,Ts) 0O 1|10(0 1|1 —1
4 Tt Ta Tat 157a) 0 1]01|10[a 0 cone(wy, w3, wq), cone(ws,wr,ws)
a=1o0ra=-2
6 KT, Ts] (1) 711 (1) 8 g (l) (1) (1] cone(wi, w3, ws), cone(wsz,ws,w7)
(T1 T2+ T3T4+T5Tg) o 1lo1l1oll=1 =1
” K[Ty T] 1 —1|0 00 O] 1 1
T T A 0 1(10|/01|l0 -1 cone(wi, w3, ws)
(T1 Ty +T3T4+T5Tg) o 1lo1l1oll=2 o
1 —-1(0 0|0 O|| 1 @
K[Ty,...,Ts] 0 1|1ofo1][o 1
8 T T+ T Ta+15T5) 0 10 1|10|-11 cone(wy, w3, ws), cone(wy,wr,ws)
—-1<a<0
1 —1|0 00 Of|—1 1
9 __ K[Ty,...Tg] o 1l10lo1ll1 o cone(wi, wq, we), cone(wsz,we,ws),
(T To+T3Ta+T5Tg) o 1lo1l1ollo o cone(wy, wy, wg)
10 AT, T6,51,8] (1) ? ? (1) g } (1) é ( ) ( )
(T2 To+ T3 T2+ T576) R P e | P cone(wi, wy, wg), cone(ws, wg, wy
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1 —1|0 0|0 Of|1 &
11 K[Ty,...,Tg] 8 1 (1) (1) (1) (1) 8 } cone(wi, wg, wg), cone(wsa,wg,wr),
(TWTo+T3Ta+T5Te) cone(wy, wg, wr)
~1<b<0
1 0|0 1|1 Of|[1 O
K[Ty,...,Tg 0O 1)1 0|0 1 |laO
12 —<T1T2[+T3T4+7]~5T6) 0 —1/0 —1|0 —1|[1 1 cone(wz, w3, wr), cone(wi,ws, ws)
2<a< -1
1 0(0 1|1 Of|a O
KT 7] 0 1|1 0|0 1||b O
1,---,18 0 0(0 0|0 O||1 1
13 (T1 T2+ T5Ta 1 T5T6) cone(wi, w3, wy), cone(wy,ws,ws)
a=+42, —2<b<2
orb=42, -1<a<1
1 0|0 1|1 0 00
0O 1|1 0]0 1 00
K[T1,...,Ts 0 —1/0 —1|b —1—b]||1 1 cone(wi, we, wy), cone(wsz,wq,wr)
14 T e SR T S A e cone(wsg, ws, wy), cone(ws,ws,wr)
, W5, > 3, W5,
(M T2+ T5Ta+T5T6) a=1,0<b<1 cone(wy, wg, wy), cone(wi,ws, wr)
ora=0,b==1
ora=-1,-1<b<0
1 1/0 2|1 1/||0 a
17 K[T1,...,Ts) 8 (0) ? 01 8 8 (1) } cone(wi, w3, wy), cone(wy,wq,ws),
(T1 To+T3T4+T5Tg) - cone(wy, wr, ws)
a=—4o0ora=
1 —-1|/0 0(0([0 a 1
KT 7] 0O 2|1 1(1|/0 b —1
15---,18 0 0|0 OfO0|/1 1 O
19 (T1T2+T3T4+T52> cone(wi, w3, wg), cone(wy,ws,wr)
a=41,-2<b<2
ora=20,b==+2
[1 —1]0 0]0]l0 0 1]
0 2|1 1(1]||0 a b
20 K[Ty,...,T8] [0 00 0fOff1 1 1] cone(wi, ws, wg), cone(wy,ws,wry),
(T1 To+T3Ty+T2) a=-1,-2<b< -1 cone(wz, w3, wg), cone(ws,ws,ws)
or (a,b) = (0,—-3)
ora=1,-1<b<0
[1 —1|0 of0f|0 1 1]
0 2|1 1(1]||0 a b
21 K[Ty,...,Ts] 0 0 o ofoff1 1 1] cone(wi, w3, wg), cone(wsz,ws,wr),
(T T2+ T3T4+T2) (a,b) = (=1, —2) cone(ws, we, W)
or (a,b) = (0,—-1)
or (a,b) = (1,1)
[1 —1|0 0|0f|0 1 1]
K[T1,...,Tx] 0 2|1 1(1|/0 a —1
22 TN T 1 T3 T3 4 T2) lo o]oolofjt 1 o] cone(wy, w3, we), cone(ws,ws, wr)
“1<a<2
[1 —1]0 00 1 —1]
23 K[Ty,...,Ts] 0o 211 1]1llo o 1 cone(wi, wy, wg), cone(wsz,ws,wr),
(T To+T3T4+T2) o oloololli1 o cone(ws, we, wy), cone(ws,wr,ws)
[1 —1|0 0|0f|0 1 —1]
K[Ty,...,Tg] 0 2|1 11|10 a 1
24 7(T1T2+T3T4+Tg) [0 o ]oofofj1 1 o] cone(wi, w3, wg), cone(wsz,ws,wr)
—4<a<0
[1 —1|0 o|0fj0 O 1]
26 K[Ty,...,Tg] 0o 211 1]1llo 0 —1 cone(wi, w3, wy), cone(wsz,ws,ws),
(T1 T2 +TsTy+T32) 0o oloololl11 =2 cone(ws, we, ws)
1 —1|0 ofoflo 1 1
31 __K[T,....Ts] o 201 1]1llo —2 —1 cone(wi, w3, weg), cone(wsa,we,ws),
(T1 T2 +T3T4+T3) o oloolollt 1 o cone(wg, we, wr), cone(ws, we, ws)
1 —-1|0 OfO||—-1 0 —1
39 K[T1,...,T%] o 211111l 0 o 1 cone(wy, wr, ws), cone(wz,ws,wr),
(T T2+ T3T4+T2) o oloololl1 1 o cone(ws, we, wr), cone(ws,wr,ws)
1 —-1|0 o| 0|00 1
K[T4,...,Ts]
34 T 1% 0 21 1|11}00 -1 cone(wi, w3, wg), cone(wi,ws,ws)
(T1 Ta+T3Ty+T2) P ’ » S
0 —2|0 —2|—-1(j1 1 1
1 -1|0 0| 0|0 1 1
K[Ty,...,T;
35 W {0 21 1]1]0 -1 —1} cone(wy, w3, wg), cone(wi,ws,ws)
5 0 —2|0 —2|—-1||1 1 1

Moreover, each of the listed data sets defines a smooth truly almost Fano intrinsic
quadric of Picard number three and dimension four.
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Chapter four, which was partly presented in [26], is devoted to the study of the
base point free monoid, i.e. the monoid of base point free divisor classes of a Mori
dream space X. The first section concerns embedded monoids, that means finitely
generated monoids in finitely generated abelian groups, and thereby generalizes
ideas of the theory on affine semigroups [18, Chapter 2] to monoids with non-trivial
torsion part. In the subsequent sections, we study the base point free monoid of a
Mori dream space X, i.e. the embedded monoid of base point free Cartier divisor
classes in the Picard group. For complete toric varieties, it is well-known that each
semiample Cartier divisor class is base point free, see, for instance, [21], i.e. the
base point free monoid is saturated. For Mori dream spaces this is in general not
true — not even if we restrict to smooth K*-surfaces, see Example [1.8:4] As a first
criterion for the base point free monoid of a Mori dream space to be saturated we
show in Corollary [4.3.4]that this is the case if all maximal cones of the minimal toric
ambient variety are full-dimensional. For varieties with a torus action of complexity
one, we derive the following criterion:

Corollary Let X be a rational non-toric projective Q-factorial variety with
a torus action of complexity one. If all mazimal cones of the minimal toric ambient
variety of X are big cones, then the base point free monoid of X is saturated.

Furthermore, as a consequence of the classifications done in Chapters two and
three, we provide sample classes of varieties with saturated base point free monoid,
see Corollaries [4.3.6] [4.3.7] and [4.4.13]

Another base point free question was raised by Takao Fujita in the end of
the eighties: Fujita’s base point free conjecture [32] claims that if X is a smooth
projective variety with canonical class Kx, then Kx +m/L is base point free for
all m > dim(X) + 1 and for all ample Cartier divisor classes £. The study of this
conjecture has received much interest; it was proven for toric varieties by Fujino [30]
and in positive characteristic by Smith [64]. Moreover, there are results up to
dimension five: For curves, the conjecture is a consequence of Riemann-Roch; for
surfaces, it was proven by Reider [60]; Ein and Lazarsfeld [25] established the proof
for threefolds, Kawamata [46] proved the conjecture in dimension four and recently,
Ye and Zhu [68] presented a proof in dimension five. Despite this substantial
progress on Fujita’s base point free conjecture, it remains in general still widely
open. As a consequence of the classifications done in Chapters two and tree, we
obtain the following result:

Corollaries[4.3.9} [4.4.14 Fujita’s base point free conjecture is fulfilled if X belongs
to one of the following classes of varieties:

(i) irreducible smooth rational projective non-toric varieties of Picard number
at most two admitting a torus action of complezity one,
(ii) smooth intrinsic quadrics of Picard number at most two.

Moreover, if X is a Mori dream space whose minimal toric ambient variety has
only full-dimensional maximal cones, Fujita’s base point free conjecture is fulfilled if
in addition the anticanoncal class Kx is semiample or if X has at most log terminal
singularities, see Corollary [£:3.8] In Picard number one we use Frobenius numbers
to prove the following generalized version for Gorenstein varieties.

Theorem Let X be a rational non-toric projective variety with a torus action
of complezity one. If CI(X) = Z holds and if X is Gorenstein, then X fulfills Fujita’s
base point free conjecture.

A further result for rational non-toric locally factorial varieties with a torus
action of complexity one and Picard number two is the following: Proposition
shows that Fujita’s base point free conjecture is for these varieties equivalent to the
same statement with “base point free” replaced by “semiample”. Hence in this case
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the conjecture is a question of convex geometry rather than of monoid membership.
We obtain the following:

Corollary Let X be an irreducible normal rational non-toric projective lo-
cally factorial variety of Picard number two admitting a torus action of complexity
one. If Kx is semiample or if X is log terminal, then X fulfills Fujita’s base point
free conjecture.

In the final part of Chapter four, we present algorithms for the base point
free monoid of Mori dream spaces using the combinatorial framework developed
in [3]. In Section we develop algorithms for embedded monoids, among others
for computing generators of intersections of embedded monoids and for computing
an element of the conductor ideal; see Algorithms [£.7.1] {.7.3 [{.7.5] and {.7.7
Applying these algorithms to Mori dream spaces, Section provides algorithms
for testing whether a given Weil divisor class is base point free and for computing
generators of the base point free monoid.

These algorithms, together with the non-emptyness of the conductor ideal of
the base point free monoid of a Mori dream space, play an important role in our
main algorithm, Algorithm testing Fujita’s base point free conjecture. Since
our algorithm makes use of the canonical class Ky, it applies to Q-factorial Mori
dream spaces with known canonical class Kx, i.e. for instance if X is spherical or
if its Cox ring is a complete intersection, see Remark [£.9.1] for details.

Algorithm Input: A Q-factorial Mori dream space X and its canonical
class Kx. Output: True if X fulfills Fujita’s base point free conjecture, false if not.

In [27], we provide an implementation of our algorithms building on the two
Maple-based software packages convex [29] and MDSpackage [38]. Using this imple-
mentation, we prove Fujita’s base point free conjecture for a six-dimensional Mori
dream space in Example and in Example [£.9.6] we study a locally factorial
variety with a torus action of complexity one that does not fulfill Fujita’s base point
free conjecture. Note that this depicts an interesting difference to the toric case,
where Fujino’s proof [30] of Fujita’s base point free conjecture works also for vari-
eties with arbitrary singularities. A further difference between toric varieties and
varieties with a torus action of complexity is illustrated in Example Here the
implementation was applied to construct a first example of a smooth K*-surface
of Picard number twelve admitting a semiample Cartier divisor with base points,
thereby illustrating that “semiample” and “base point free” differ in the case of
varieties with a torus action of complexity one.



CHAPTER 1

Preliminaries

Throughout this thesis, K denotes an algebraically closed field of characteristic
zero. In Chapter one, we give a short summary of the concepts forming the basis
for the subsequent chapters. Note that Chapter one does not contain results of the
author of this thesis. Unless stated otherwise, our reference is the book on Cox
rings [3] written by I. Arzhantsev, U. Derenthal, J. Hausen and A. Laface.

In the first section, Section we recall the basic concepts of divisors, Cox
rings and good quotients. In Section [[.2] we explain how to construct a variety
and in particular all Mori dream spaces starting with some combinatorial data, so
called bunched rings. In Section[I.3] we turn to the geometric aspects of Mori dream
spaces described in terms of their defining bunched ring. Finally, in Section
we recall the combinatorial description of rational varieties with a torus action of
complexity one via a pair of matrices.

1.1. Divisors, Cox rings and good quotients

We first recall from [3] the concepts of divisors and Cox rings and then turn to
good quotients which allow us to interpret the Cox sheaf geometrically. Consider an
irreducible normal prevariety X over K. A prime divisor D on X is an irreducible
subvariety D C X of codimension one. The Weil divisor group WDiv(X) is the free
abelian group generated by all prime divisors on X. We call its elements, i.e. finite
sums Y apD of prime divisors D with integer coefficients ap, the Weil divisors
on X. A Weil divisor D = Y apD is called effective if ap > 0 holds for all prime
divisors D; we denote this circumstance by D > 0. A principal divisor is a Weil
divisor D admitting a function f € K(X)* such that

div(f) = > ordp(f)D

holds, where the sum runs over all prime divisors D C X and ordp(f) denotes
the vanishing order of f along D. For any open subset U C X, there is a group
homomorphism WDiv(X) — WDiv(U) defined by mapping a prime divisor D to
its restriction Dy, where we set Dy := 0 if D N U is empty and Dy := DNU
otherwise. A Weil divisor D € WDiv(X) is called a Cartier divisor if it is locally
principal, i.e. if there is an open cover {U;}ics such that each Dy, is principal.
By PDiv(X) C CDiv(X) € WDiv(X) we denote the subgroups of principal divisors
and Cartier divisors in the Weil divisor group. The divisor class group and the
Picard group are the factor groups

CI(X) := WDiv(X)/PDiv(X) and Pic(X) := CDiv(X)/PDiv(X),

respectively. By [D] we denote the class of a Weil divisor D in C1(X). Two Weil
divisors D, E € WDiv(X) are said to be linearly equivalent if [D] = [E] holds. The
Picard number o(X) of X is the rank of its Picard group.

Consider a Weil divisor D on an irreducible, normal prevariety X as well as a
non-zero section f € I'(X, Ox (D)). We call the effective divisor

divp(f) = div(f)+D € WDiv(X)

14
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the D-divisor of f. To any Weil divisor D on X one associates its sheaf of Ox-
modules Ox (D) by setting

L(U,0x(D)) = {f € K(X)*; divp(f)o 2 0} U {0}

for each open subset U C X. Note that fifo € T(U,Ox (D1 + D3)) holds for all
fi € T(U,0x(Dy)), i = 1,2. For a subgroup K C WDiv(X) we define the sheaf of
divisorial algebras

S = @SD, SD IZOX(D),

where the multiplication in § is defined by multiplying homogeneous sections in the
function field K(X).

The complete linear system |D| of a Weil divisor D € WDiv(X) is the set of all
effective Weil divisors being linearly equivalent to D, i.e. the set

D| == {E € WDiv(X); E>0, E~D} = {divp(f); f€T(X,0x(D))\{0}}.

Note that we have a surjection P(I'(X, Ox(D))) — |D| that is a bijection if X is
projective. Furthermore, if D and E are linearly equivalent Weil divisors on X,
then the complete linear systems |D| and |E| coincide.

Construction 1.1.1. Consider an irreducible, normal prevariety X with finitely
generated divisor class group Cl(X) and only constant invertible global functions,
ie. I'(X,0x) = K* holds. We fix a subgroup K C WDiv(X) such that the
map 7: K — Cl(X), D — [D] is surjective. By K, we denote the kernel of .
We further choose a group homomorphism x: Ky — K(X)* with div(x(E)) = E
for all £ € Ky. Let S be the sheaf of divisorial algebras associated with K and
denote by Z the sheaf of ideals of S locally generated by the sections 1 — x(E),
where F runs through all elements of K. The Cozx sheaf of X is the quotient sheaf
R := S/ together with the Cl(X)-grading

R = @ ’R,D7 RD =D @ SD/ y

[D]eCl(X) D'en—1([D])

where p: § — R denotes the projection. The Cox ring of X is the ring of global
sections
R(X) == I(X,R) = P TEX.Rp).
[D]eCI(X)

Note that if C1(X) is torsion-free, then the Cox sheaf can be defined in a simpler
way by setting Rip) := Ox (D). One can show that the Cox ring of X, up to
isomorphism, does not depend on the choices made for K and x.

Example 1.1.2. The Cox ring of the projective space P, is R(P,,) = K[y, ..., T,],
where the grading is given by deg(7;) =1 for all 0 < i < n.

Definition 1.1.3. Let X be an irreducible normal projective variety with finitely
generated divisor class group C1(X). If the Cox ring R(X) of X is finitely generated,
then we call X a Mori dream space, MDS for short.

Definition 1.1.4. Let K be an abelian group and consider a K-graded integral
K-algebra R = @, x K.

(i) A non-unit 0 # f € R is called K-prime if it is K-homogeneous and f|gh
with K-homogeneous elements g, h € R implies f|g or f|h.

(ii) We say that R is K-factorial or factorially K-graded if every non-zero
K-homogeneous non-unit f € R is a product of K-primes.

Theorem 1.1.5. Let X be an irreducible normal prevariety with only constant
invertible global functions and finitely generated divisor class group CL(X). Then
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the Coz ring R(X) is integral, normal and Cl(X)-factorial. If C1(X) is torsion-free,
then R(X) is a UFD.

The aim of the remaining part of this section is to present the geometric inter-
pretation of the Cox sheaf. To do so, we first recall some definitions on algebraic
varieties and quasitori. An (affine) algebraic group is an (affine) variety G over K
with a group structure such that

GxG =G, (g1,02) 192 and G =G, grs>g

are morphisms of varieties. A morphism of algebraic groups G and G’ is a homor-
phism G — G’ of the underlying groups that is in addition a morphism of vari-
eties. We denote by K* the multiplicative group of K. A character of an algebraic
group G is a morphism of algebraic groups x: G — K*. Together with pointwise
multiplication, the characters of an algebraic group G form a group which we de-
note by X(G). A quasitorus is an affine algebraic group G whose algebra of regular
functions I'(G, O) is generated as a K-vector space by the characters x € X(G). A
torus is a connected quasitorus. Note that each torus is isomorphic to some (K*)”
and that each quasitorus is isomorphic to a direct sum of some finite abelian group
and a torus.

Proposition 1.1.6. There are contravariant functors being essentially inverse to
each other between the category of finitely generated abelian groups and the category
of quasitori; they are given by

K ~ Spec(K[K]),
[V: K — K]+~ [Spec(K[¢]): Spec(K[K']) — Spec(K[K])],
X(G@) « G,

[0*: X(G') = X(G), X —m X o] <« [p:G—G).

‘We now recall the correspondence between affine K-algebras graded by a finitely
generated group and affine varieties with an action of a quasitorus. Let K be
a finitely generated group and let R be a K-graded affine K-algebra. Set X :=
Spec(R). Choosing K-homogeneous generators f1,..., f, of R with f; € R,,, gives
a closed embedding X — K", 2 + (f1(z),..., f-(x)). Note that X C K" is invariant
under the diagonal action of the quasitorus G := Spec(K[K]) on K" given by

gz = (X" (9)r1,.... X" (9)zr).
Conversely, let G be a quasitorus acting on an affine variety X. We obtain a X(G)-
grading of T'(X, O) by setting
L(X,0)= P I(X.0)y, I(X,0)={feT(X,0); flg-z)=x(9)f ()}
X€EX(G)

Proposition 1.1.7. There are contravariant functors being essentially inverse to
each other between the category of affine algebras graded by finitely generated abelian
groups and the category of affine varieties with quasitorus action, given by

(R,K) — (Spec(R),Spec(K[K])),
(¥, ) = (Spec(v),Spec(K[y])),
I'(X,0),X(G) « (X,G),
(", 0%) < (p,9)
An (affine) G-variety is an (affine) variety X together with an action pu: G X
X — X of an algebraic group G such that p is a morphism. Recall that a rational

representation of an affine algebraic group G is a morphism G — GL(V) of algebraic
groups to the affine algebraic group GL(V) of linear automorphisms of a finite
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dimensional K-vector space V. A reductive algebraic group is an affine algebraic
group G such that every rational representation of G splits into irreducible ones.
For instance, all finite groups, quasitori and the classical groups GL(n), SL(n), O(n)
and SO(n) are reductive.

Definition 1.1.8. Consider a reductive algebraic group G and a G-variety X. The
ring of invariants is

O(X)¢ == {feT(X,0); f(g-x)=f(zx) forallz € X, g G}.

A good quotient is a morphism 7: X — Y of varieties such that the following
conditions hold:

(i) The morphism 7 is affine, i.e. the preimage 7—1(V) of any open affine
subset V C Y is an affine variety.
(ii) The morphism 7 is G-invariant, i.e. it is constant along orbits.
(iii) The homomorphism of sheaves 7*: Oy — (7.Ox )% is an isomorphism.

A morphism 7: X — Y of varieties is called geometric if it is a good quotient and
if each of its fibers consists of one single G-orbit.

Since the quotient space Y of a good quotient 7: X — Y is unique up to
isomorphism, we denote it by X /G. Note that good quotients for a given variety X
need not exist. In case X is an affine G-variety and G is an reductive algebraic
group G, Hilbert’s Finiteness Theorem ensures that the algebra O(X)% is finitely
generated. We then obtain a good quotient

X = X//G = Spec (O(X)Y) .
Example 1.1.9. For any 0 < i < n we have an action of G := K* on X = K"
viat-(z1,...,2n) = (T1,..., 2 tTis1,. .., tx,). Note that O(X)K = K[T1,...,T}]
and X /G =K' hold.

Now we are ready to present the geometric counterpart of the Cox sheaf R.
For this purpose, let X be an irreducible normal variety with only constant invert-
ible global functions and finitely generated divisor class group Cl(X). If the Cox
ring R(X) of X is finitely generated, then the Cox sheaf R is locally of finite type
allowing us to take the relative spectrum. In this way we obtain an irreducible
normal prevariety X := Specy (R). The Cl(X)-grading of the Cox sheaf R induces
an action of Hx := Spec(K[CI(X)]) on X. Note that the canonical morphism
Px: X > Xisa good quotient for this action and that we have an isomorphism of
sheaves R = (px)«(Ox). Furthermore, there is an open H x-invariant embedding
of X into the affine Hx-variety X := Spec(R(X)) fitting into the following diagram

Specx (R) —— XX = Spec(R(X))

pPx //HX

X.

We call X — X the characteristic space, Hx the characteristic quasitorus and X
the total coordinate space of X.

Example 1.1.10. For X = P,,, the total coordinate space is X = K"*! and the
characteristic space is given by

K\ {0} L, a4
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1.2. Bunched rings and Mori dream spaces

Similarly to the description of a toric variety in terms of its lattice fan, it is
possible to encode Mori dream spaces up to isomorphism in combinatorial objects,
so called bunched rings [11l, [35]. The objective of this section is to discuss how
to construct a Mori dream space starting from a bunched ring; before doing so, we
briefly recall the correspondence between toric varieties and lattice fans.

A toric variety is an irreducible normal T-variety X together with a base
point zg € X such that T is a torus and such that the orbit map T' — X, t +— t-xq is
an open embedding. By a lattice fan (N,Y.) we mean a pair consisting of a lattice N
and a finite collection ¥ of pointed convex polyhedral cones 0 C Ng := N ®z Q
with the property that the faces of each o € X are contained in ¥ and that the
intersection of two cones o, 0’ € ¥ is a face of both o and ¢’. Let us recall the
following correspondence between toric varieties and lattice fans:

Proposition 1.2.1. There are covariant functors being essentially inverse to each
other between the category of lattice fans and the category of toric varieties.

We fix the setting for the rest of the section. Let K be a finitely generated
abelian group and R an integral factorially K-graded affine K-algebra. Consider
a system § = (f1,...,/fr) of pairwise non-associated K-prime generators of R.
The degree map is the homomorphism of abelian groups Q: E — K defined by
mapping the canonical base vectors e; € F := Z" to the degrees w; := deg(f;) € K.
By v := Q%, we denote the positive orthant. For indices 1 < /; < ... < /fy <r
we set

Yey...ls T Vey, 0y T COHe(eél,---,eeSL

where we use the notation in the middle in case further clarification is needed. For
finitely generated abelian groups B we denote by Bg the associated rational vector
space. We shortly write b for b ® 1 € Bg and, similarly, we keep the symbols when
passing from homomorphisms of groups B — B’ to the linear maps Bg — B@. The
relative interior of a convex polyhedral cone ¢ C Ag is denoted by ¢°. Consider
the canonical base vectors ey,...,e,. € Q".

Definition 1.2.2. In the above situation, we define the following:

(i) An F-face is a face vy =< 7 such that there is some point 2 € X for which
x; is non-zero if and only if e; € ~ holds. We call Q(vyo) a projected
§-face and denote by Q5 the set of all projected §-faces.

(ii) An F-bunch is an non-empty subset ® C Qg such that 70 N 75 # 0 holds
for all 7; € ® and such that all 7 € Qg with 7° C 7° for some 7 € ® are
contained in ®.

(iii) An F-bunch @ is called true if Q(yo) € ® holds for every facet y9 < 7.

(iv) An §-bunch @ is called projective if there is u € K such that we have

o = O(u) = {T7€Qz uer’}.

(v) An F-bunch is called mazimal if it cannot be enlarged by adding further
projected §-faces.

(vi) The grading of R is called almost free if for every facet v9 < 7 the image
Q(vo N E) generates the abelian group K.

Definition 1.2.3. A bunched ring is a triple (R,§,®), where R is an integral,
normal, almost freely factorially K-graded affine K-algebra such that K* is the
multiplicative group of homogeneous units of R, § is a system of pairwise non-
associated K-prime generators of R and ® is a true §-bunch. We always presume
the notation § = (f1,..., fr)-
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We now associate a bunched ring (R, §, ®) with a variety X having R as its Cox
ring. Recall that a variety X is called an As-variety if for each two points z, 2’ € X
there is an affine, open neighborhood U C X containing = and z’. We say that a
variety X is As-mazimal if it is an As-variety and admits no big open embedding
X C X' into an As-variety X', where big means that X’ \ X is of codimension at
least two in X'.

Construction 1.2.4. Let (R, 5§, K) be a bunched ring. An F-face 7o < v is called
a relevant face if Q(yo) € ® holds. The collection of relevant faces and the covering
collection of ® are given by

v(®) = {70 = 7; 70 §-face with Q(70) € 2},
cov(®) = {v € rlv(®); o minimal with respect to “C"}.

Consider the action of the quasitorus H := Spec(K[K]) on the affine variety X =
X(R,§,®) := Spec(R). To an §-face o < v we associate the localization

X, = Yf;"ln_f:‘lrr for some (uy,...,ur) € 5.
Note that this does not depend on the choice of (uy,...,u,) € v5. We further set
X = XR30):= |J X,
Yo€Erlv(®P)

The subset X C X admits a good quotient px : X o5 X = X(R,5,9®) := X’//H
and every f; defines a prime divisor D% := px(Vg(fi)) on X. We call X =
X(R,§,®) a variety arising from a bunched ring. To simplify the notation, we

write cov(u) and rlv(u) instead of cov(®(u)) and rlv(®(u)) in case of a projective
bunch ® = ®(u).

Example 1.2.5. The projectivized split vector bundle X = P(Op, ® Op,(a)),
where a € Zsq, arises from the following bunched ring (R,§,®): the ring R =
K[T1, T3, T3, Ty] is generated by § = (11, Ts, T5,Ty); the degrees of the T; as well as
the bunch ® consisting of the two cones Q2 and cone((1,0), (a,1)) are as follows:

(07 1) f (av 1)

(des(ri). o) = (g 7 1) ’
(1,0)

Note that X is a toric Hirzebruch surface showing up in the classification of smooth
complete toric varieties of Picard number two done by Kleinschmidt [47].

Theorem 1.2.6. Let X = X(R,§, ®) arise from a bunched ring (R,§,®). Then X
is an irreducible normal As-variety with only constant invertible global functions
such that dim(X) = dim(R) — dim(Kq) holds. Moreover, px : X — X is a charac-
teristic space and we have

Cl(X) ¢ K, R(X) 2 R.

Theorem 1.2.7. Consider an irreducible normal As-variety X with only constant
invertible global functions, finitely generated divisor class group K := Cl(X) and
finitely generated Coz ring R(X). Let § be any finite system of pairwise nonasso-
ciated K-prime generators for R. If X is As-maximal, then X = X(R,§,®) holds
with some maximal §-bunch .

Later in this thesis, when classifying certain classes of Mori dream spaces, we
will relay on the following corollary: it tells us that a Mori dream space is fixed up
to isomorphism by its Cox ring and an ample class u € Cl(X).

Corollary 1.2.8. Let X be a Mori dream space. Then X = X (R, T, ®(u)) holds
with some projective F-bunch ®(u).
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In the rest of the section, we will construct the embedding of a variety X (R, §, ®)
into its so called minimal ambient toric variety.

Construction 1.2.9. Consider a bunched ring (R,§, ®) with a system of gener-
ators § = (f1,..., fr) and set E := Z". With the degree map Q: F — K and
with M := ker (Q)), we obtain the following exact sequences of finitely generated
abelian groups

0 K E M 0,

where P* is the dual map of P and where we set L := ker (P). Set § := Y C Fp :=
F ®7 Q. For each g = v we denote by v := 4 N 4§ the corresponding face of 4.
We define the envelope Env(®) and fans 3 and ¥:

Env(®) = {70 <7 7 =70 and Q@(m1)° € Q(y0)° for some v € rlv(®)},
S o= {6 <6 6 < g for some 7y € Env(®)},
S i= {P(1); %0 € Env(®)}.
Consider the action of H := Spec(K[K]) on X = X(R,§,®). By Z := K", Z

~

and Z we denote the toric varieties associated with the cone §, the fan ¥ and the
fan X, respectively. The system § of generators of R defines a closed embedding
i:X = Z,z— (fi(2),...,f-(2)). Note that Z is an open subset of Z that is
invariant under the action of H. The toric morphism py : Z > Z corresponding
to the map of fans ISy arising from the map of lattices P: F' — N is a good
quotient and fits into the following commutative diagram

z —

X Z
Ul Ul
X——=7Z
Px ‘/PZ
X - Z

where [ is the restriction of ¢ and where we call the induced closed embedding ¢
of the quotient spaces the canonical toric embedding associated with the bunched
ring (R, §,®). Furthermore, we call Z = Zx, the minimal ambient toric variety
of X.

1.3. Geometry of Mori dream spaces

Consider a variety X arising from a bunched ring (R, §, ®), for instance a Mori
dream space. As we will summarize in this section, many geometric properties
of X such as Q-factoriality and smoothness are encoded in the combinatorics of its
bunched ring (R, §, ®); for further details see [3}, 11}, [35].

Construction 1.3.1. Consider a variety X arising from a bunched ring (R, F, D).
To any §-face v9 =< 7 one associates the locally closed subset

X(y) == {2€X; fi(z) 0 e ey forall 1 <i<r} C X,

which we call the pieces of X associated with 9. Note that different F-faces yield
disjoint pieces and that X is covered by the pieces of all F-faces of (R,F,®). By
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restricting from F-faces to relevant faces and by applying the quotient map px as
defined in Construction [1.2.9] one obtains a decomposition

X = U X (%)

Yo €Erlv(P)

into pairwise disjoint locally closed sets X (70) := px (X (7)) called the pieces of X
associated with ~p.

Proposition 1.3.2. Consider a variety X = X(R,§,®) together with the de-
gree map Q: E — K and its minimal toric ambient variety Z. Inside the class
group CI(X), the Picard group is given by

Pic(X) = Pic(2) = [) QMoNE).
Yo Ecov(P)

Let X be an irreducible normal variety. Recall that X is called locally factorial
it Ox 5 is an UFD for each = € X, i.e. if and only if WDiv(X) = CDiv(X) holds.
Furthermore, we call X Q-factorial if for every Weil divisor some non-zero multiple
is Cartier. A variety arising from a bunched ring (R,§, ®) is called quasismooth
if X = X(R,3,®) is smooth.

Remark 1.3.3. Let X = X (R, §, ®) be a variety arising from a bunched ring (R, §, ®)
and consider the degree map Q): E — K. Then the following statements hold:

(i) The variety X is Q-factorial if and only if Q(~g) is full-dimensional for
each vy € rlv(®).

(ii) The variety X is locally factorial if and only if @ maps lin(y) N E onto
Cl(X) for each 7y € rlv(®). This is exactly the case if its minimal toric
ambient variety Z is smooth.

(iii) The variety X is smooth if and only if it is locally factorial and quasi-
smooth.

Definition 1.3.4. Let X be an irreducible normal prevariety and D a Weil divisor
on X. The base locus and the stable base locus of the complete linear system |D|
or of the class w := [D] € Cl(X) are defined as

Bs|D| := Bs(w) := ﬂ Supp(divp(f)), B(w) = ﬂ Bs|nD] .
FET(X,0x (D)) n€l>o

An element z € Bs(w) is called a base point of w. We call D € WDiv(X) or its
class w € C1(X) base point free if the base locus Bs(w) is empty and semiample if its
stable base locus is empty. The effective, the semiample and the ample cone are the
cones Eff (X)) C Cl(X)g, SAmple(X) C Cl(X)g and Ample(X) C Cl(X)gq generated
by the effective, the semiample and the ample Weil divisor classes, respectively. The
moving cone Mov(R) C Kg of a K-graded affine K-algebra R is the intersection

T
Mov(R) := m cone(wW, ..., Wi—1, Wit1,.--, W),
i=1
where w1, ..., w, denote the degrees of any system of pairwise non-associated homo-

geneous K-prime generators for R. If X = X(R,§, ®) holds, then we call Mov(R)
also the moving cone of X and denote it by Mov(X).

Proposition 1.3.5. Consider a variety X arising from a bunched ring (R,F, ®)
together with the degree map Q: E — K and its minimal toric ambient variety Z.
The effective and the moving cone as well as the cones of semiample and ample
divisor classes of X in Ko = Cl(X)q are given by

EA(X) = Q). Mov(X) = () Qo).

Yoy facet



22 1. PRELIMINARIES

SAmple(X) = () Q(w),  Ample(X) = () Q)°-

Yo Ecov(P) Yo Ecov(P)

Consider a variety X arising from a bunched ring (R, §, ®). We say that R is a
complete intersection if the kernel of the epimorphism K[71y,...,T,] = R, T; — f;
is generated by K-homogeneous polynomials g1, .. ., g4, where d = r—dim(R) holds.

Proposition 1.3.6. Let X be a variety arising from a bunched ring (R,§, ®) that
is a complete intersection. In terms of § and of the K-homogeneous generators
91,---,94 of the kernel of the epimorphism K[Ty,...,T,] — R, T; — f;, where
d =r — dim(R) holds, the anticanonical class of X is given by

r d
—Kx = z;deg(fi)—z;deg(gj)-
1= Jj=

Recall that an irreducible normal projective variety is called Fano if its anti-
canonical class —Kx is ample and almost Fano if —Kx is semiample and big. A
truly almost Fano variety is a Fano variety being almost Fano but not Fano. If X
arises from a bunched ring, the above Propositions show that using the combinato-
rial data of (R,§, ®) allows us to compute the semiample and the ample cone of X
as well as its anticanonical class —Cx. In this way, we can figure out whether X
is (almost) Fano or not. In particular, the K-graded ring R is the Cox ring of a
Fano variety if and only if —Kx belongs to the relative interior of Mov(R). Recall
that the Fano index q(X) of a smooth Fano variety X is the largest integer r such
that —Kx = rw holds with some w € C1(X). The Hilbert series H(t) of X is

H(t) = i dim (R(X)—nicy ) t".
n=0

We now describe the possible choices of bunches ®; for Mori dream spaces
sharing the same Cox ring R, i.e. the variation of varieties X; = X(R,§, ®;); it
turns out that there are only finitely many choices for ®;. By K we denote a
finitely generated abelian group and we consider an affine K-graded K-algebra

R = P R
weK

Then the quasitorus H := Spec(K[K]) acts on the affine variety X := Spec(R). The
weight cone w+ of X is the cone generated by all w € K with R, # {0} and the
orbit cone of a point x € X is the cone

wy = cone(w € K; f(x)#0 for some f € R,) C Kog=K®®zQ.

The set of semistable points associated with an element u € Kg is the H-invariant
open subset
X7 (u) = {zeX; f(z)#0 for some f € Ry, withn >0} C X.

Note that Yss(u) is non-empty if and only if © € wyx holds. Fix any system of
homogeneous generators § = (f1,..., fr) for R. Then the set of orbit cones equals
the set of projected F-faces Q(70). In particular, there are only finitely many orbit
cones. The GIT-cone A(u) of an element u € wy is the intersection of all orbit
cones containing u:

Au) = ﬂ wy € Kg.
wef,
UEW

Since there are only finitely many orbit cones, we conclude that there are only
finitely many GIT-cones. For every element v € Kg, the set of semistable points is
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given in terms of orbit cones and GIT-cones as follows:

X)) = {zeX;ucw,)} = {xeX; MNu) Cw,}.
This shows in particular, that there are only finitely many sets of semistable points.
The following theorem tells that the possible sets of semistable points are encoded
in a quasifan in Kg.

Theorem 1.3.7. Set X = Spec(R) and H := Spec(K[K]) as before. The collection
A(X,H) :={\(u); u € wg} of all GIT-cones is a quasifan in Kq having the weight
cone wx as its support. Moreover, for any two uy,us € wx, we have

<738

M) € Mug) <= X(u1) 2 X (ua),

Aur) = Aug) <= X (u1) = X" (ug).

For a GIT-cone A € A(X, H), we define the set of semistable points as X (\) :=
X (u) for any u € \°.

Construction 1.3.8. Consider a finitely generated abelian group K and an integral
normal almost freely factorially K-graded affine K-algebra R with R* = K*. Each
GIT-cone A € A(X, H) defines a variety X (\) given as quotient space of the good
quotient

=-S5

X7\ — X(\) = X (\)JH = Proj | € Ruu |

TLEZEO

where u is any point in the relative interior of A. If Ry = K holds, then X (\) is
projective.

Remark 1.3.9. Consider a finitely generated abelian group K and an integral
normal almost freely factorially K-graded normal affine K-algebra R with Ry = K.
Let § = (f1,..., fr) be a system of pairwise non-associated K-prime generators
of R. Each GIT-cone A € A(X, H) with \°> C Mov(R)° defines a true projective §-
bunch ®(A\) := ®(u) for some u € A°. We thus obtain a bunched ring (R, F, (X)).
In this case, we have X(\) = X (R, ¥, ®(\)). In particular, all Mori dream spaces
with Cox ring R = @ R,, are isomorphic to some X (\) with A € A(X, H)
and \° C Mov(R)°.

weK

A small quasimodification of X, SQM for short, is a rational map ¢: X --» X’
defining an isomorphism between open subsets U C X and U’ C X' with X \ U
and X'\ U’ of codimension at least two in X and X', respectively. We say that
a Mori ream space X is combinatorially minimal if any birational map X --» Y
which is defined in codimension two is a small quasimodification.

Remark 1.3.10. Let X be a variety arising from a bunched ring (R,§, ®) and
consider a GIT-cone A € A(X, H). Then there is a rational map ¢: X --» X ().
Note that the following holds for ¢:

(i) The map ¢ is birational if and only if A° C Eff(X)° holds.

(ii) The map ¢ is a SQM if and only if A° C Mov(R)®° holds.
(iii) The map ¢ is a morphism if and only if A C SAmple(X) holds.
(iv) The map ¢ is an isomorphism if and only if A°> C Ample(X) holds.

We now recall from [40], [19] some basic notation on contractions. Let X be
a Q-factorial Mori dream space. A contraction is a morphism with connected
fibers p: X — Y onto a normal projective variety. Note that there is a bijection
between the contractions of X and the faces of SAmple(X) given by
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{contractions of X} <+— {faces of SAmple(X)},
[p: X =Y] —  ¢*(SAmple(Y)),
[p: X = X(N)] < A
We call a contraction ¢: X — Y elementary if o(X) — o(Y) = 1 holds, where o(X)

and o(Y) denote the Picard numbers of X and Y, respectively. In terms of o :=
©*(SAmple(Y)), there are three possibilities for elementary contractions ¢: X — Y

(i) @ isa contraction of fiber type, i.e. o is contained in the boundary OEff(X).
(ii) ¢ is a birational divisorial contraction, i.e. o0 C OMov(X)\ OEff(X) holds.
(iii) ¢ is a birational small contraction, i.e. o is contained in the relative inte-

rior of Mov(X).

As above, write X = Spec(R(X)) and Hx = Spec(K[C1(X)]). In case ¢: X —
Y is birational small, the cone o = ¢*(SAmple(Y)) is contained in the relative
interior of Mov(X) and it is furthermore a facet of the semiample cone of X. Thus,
there exists a unique o(X)-dimensional cone N € A(X, Hx) with X' C Mov(X)°
and 0 = X NSAmple(X). The SQM ¢: X --» X(X) is the flip of p. By a rational
contraction of X, we mean a rational map ¢: X --» Y factoring as X --» X/ —» Y,
where X’ — Y is a contraction and where X --» X’ is a SQM with a Q-factorial
variety X’. Note that there is a bijection between the rational contractions of X
and the fan My = {\ € A(X, Hx); A C Mov(X)} given by

{rational contractions of X} ++— Mx,
[p: X --»Y] —  ¢*(SAmple(Y)),
[p: X -=» X(N)]  +«— .

1.4. T-varieties of complexity one

Here we recall from [39), [36], [3] the Cox ring based approach to irreducible
normal projective rational wvarieties with a torus action of complexity one. These
varieties, also called T-varieties of complexity one for short, are characterized as
varieties X admitting an effective action of a torus T of dimension dim(X) —1. In
this section we fix the notation used for these varieties throughout the whole thesis.

Notation 1.4.1. Fix an integer r € Z>;, a sequence ng,...,n, € Z>1, set n 1=
ng + ...+ n, and fix integers m € Z>p and 0 < s < n+m —r. A pair (4, P) of
defining matrices consists of

e a matrix A := [ag,...,a,] with pairwise linearly independent column
vectors ag, . . ., a, € K2,

e a (r+s)x(n+m)-matrix P whose columns are pairwise different primitive
vectors generating Q" "¢ as a cone and that is of the form

L 0
relaal
where d is an (s x n)-matrix, d’ an (s X m)-matrix and L an (r X n)-matrix
built from tuples l; := (l;1,...,lin;) € Z;"l as follows
o i ... 0
L= | ¢ &
—lp 0 ... I

We denote by v;;, where 0 <7 <7 and 1 < j < n; hold, the first n columns of P
and by v, where 1 < k < m holds, the last m ones. Moreover, ¢;;, e, € Z"t™ are
the canonical basis vectors indexed accordingly, i.e. P maps e;; to v;; and ey to vy.
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Construction 1.4.2. Fix a pair (A, P) as in Notation Consider the polyno-

mial ring K[T};, S| in the variables T;;, 0 <i <7, 1 <j <n;, and Si, 1 <k <m.
For every index 0 < i < r we define a monomial

Tl = T T € KT, S,

Denote by J the set of all triples I = (41, 42,43) with 0 < i1 < i < i3 < r and define
for any I € J a trinomial

lil l'i2 li3

91 = Giyyinis = det L I T

ail 0,7;2 a;

By P* we denote the transpose of P. Consider the factor group K := Z"+™ /im(P*)

and the projection Q: E — K, where we set E := Z"t™. We define a K-grading

on K[T};, Si] by setting

deg(Ti;) = wi; = Q(ei;), deg(Sk) = wi = Qeg).

Then the trinomials gy are K-homogeneous and all of the same degree. In particular,
we obtain a K-graded quotient ring

R(A,P) = K[T;;,S; 0<i<r,1<j<n,1<k<m]/ (955 I €T).

Note that the ring R(A, P) is a complete intersection: with ¢; := ¢; i41,i42, 0 <@ <
r — 2, we have

(gr; T€T) = {(g0,---,9r—2) and dim(R(A,P)) = n+m— (r—1).

Remark 1.4.3. The following operations on the columns and rows of the defining
matrix P are called admissible operations and do not change the isomorphism type
of the graded ring R(A, P):
(i) swap two columns inside a block vjj, , ..., vij, ,

(ii) swap two whole column blocks vij,, ..., vij, and vi,, ..., virj,

(iii) add integer multiples of the upper r rows to one of the last s r(gws,

(iv) any elementary row operation among the last s rows,

(v) swap two columns inside the d’ block.

The operations of type (iii) and type (iv) do not even change the ring R(A, P),
whereas types (i), (ii) and (v) correspond to certain renumberings of the variables
of R(A, P) keeping the graded isomorphism type. If we have n; =1 and l;; =1 in a
defining matrix P, then we may eliminate the variable T;; in R(A, P) by modifying
P appropriately. This can be repeated until P is irredundant in the sense that
lin+ ...+ lin, > 2holds for all i = 0,...,r. Hence we can always assume that P is
irredundant.

We now construct all irreducible normal projective varieties sharing a given
ring R(A, P) as their Cox ring.

Construction 1.4.4. Consider a K-graded ring R(A, P) as in Construction [1.4.2}
Then § := {T;;,5;} is a system of pairwise non-associated K-prime generators
for R(A, P) and any true §-bunch yields a bunched ring (R(A, P),§,®). With
Construction we obtain an irreducible normal Ao-variety X with

X = X(A,P,®) = X (R(A,P),§,®),
dim(X)=s+1, Cl(X) 2 K, and R(X) = R(A,P).
For an irredundant defining matrix P, the variety X = X (A, P, ®) is non-toric if

and only if r > 2 holds. If & = ®(u) holds with some u € Mov(R(A, P))°, we
obtain a projective variety X (A, P,u) := X (A, P, ®(u)).

1

See [36, Theorem 1.5] for the proof that this construction yields indeed all
irreducible normal rational projective varieties with a torus action of complexity one.
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Construction 1.4.5. Consider a variety X = X (A, P, ®) as in Construction
and its minimal ambient toric variety Z = Zx. Then, with X := {0} x Q% C Q" "%,
the canonical basis vectors eq,...,e, € Z"t% and ey := —e; —...—e,, the associated
tropical variety is
trop(X) = A U...UN. C Q"% where \; := A+ cone(e;) holds.
Note that for a cone o € ¥, there is a face yo € rlv(®) with P(vy5) = o if and only
if 0° Ntrop(X) is non-empty.
Definition 1.4.6. Consider a variety X = X (A, P, ®) as in Construction and
its minimal ambient toric variety Z = Zx.. A cone o € X is called
(i) a leaf cone if ¢ C \; holds for some 0 < i < r,
(ii) big if o N AY # O holds for each i = 0,...,r,
(iii) elementary big if it is big, has no rays inside A and precisely one ray
inside \; for each ¢ =0,... 7.

We say that the variety X is weakly tropical if the fan ¥ is supported on the tropical
variety trop(X), i.e. if ¥ consists of leaf cones.



CHAPTER 2

Smooth T-varieties of complexity one with Picard
number two

A basic intention of chapter two is to contribute to the classification of smooth
(almost) Fano varieties with torus action. While smooth toric Fano varieties have
already been classified up to dimension nine [6), [8, 63, 48, 56, 57, 67| using
a description via polytopes, we go one step beyond the toric case and focus on
rational varieties with a torus action of complexity one. This means that the general
torus orbit is of dimension one less than the variety; see [65] for results on smooth
Fano threefolds with an action of a two-dimensional torus. The results of this
chapter have been published as joint work of the author of this thesis with J. Hausen
and M. Nicolussi in [28].

The chapter is organized as follows. In the first section, Section we present
the classification results. In Section [2.2] we introduce and discuss duplication of
free weights and show how to obtain the Fano varieties of Theorem [2.1.2] via this
procedure from lower dimensional varieties. Section[2.3]is devoted to the description
of the Fano varieties of Theorem [2.1.2]in terms of elementary contractions. As a first
step towards the proof of the classification results, Section [2.4] derives constraints on
the defining data for smooth X of Picard number two. The final section, Section 2.5
is devoted to proving the main results.

2.1. Classification results in Picard number two

In this section we give an overview on our classification results for smooth
rational projective varieties with a torus action of complexity one and Picard number
two; the proof is given in Section [2.5] In Theorems and we provide a
complete list of the smooth projective (almost) Fano varieties. Note that in the
setting of irreducible rational projective varieties with a torus action of complexity
one, the Cox ring and an ample class fix a variety up to isomorphism.

Theorem 2.1.1. Every smooth rational irreducible projective non-toric variety of
Picard number two that admits a torus action of complexity one is isomorphic to
precisely one of the following varieties X, specified by their Cox ring R(X) and an
ample class u € C1(X), where we always have C1(X) = Z? and the grading is fived
by the matriz (w1, ..., w,] of generator degrees deg(T;),deg(S;) € CI(X).

No. R(X) [wi, ..., w] u dim(X)
oo11 1 1 1
1 K[T1,...,T7] 110a2—-ab2—b 1 4
(T1 T, T3 +T4T5+T6Tr) 1+b
1<a<b
2 K[T1,...,T7] 0011010 1 4
(T1 T2 T3+TuT5+T6T7) 1101111 2
001 1 11
2 ___ K[T},...,Te] |:11()27aal:| [ 1 ] 3
(T T2 T3 +T4T5+T§) - 1+a
a 2z

27
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K[T1,...,T6,51,--,5m] 01albller ... cm 441
Ts T4 To 101010[1 ... 1 [ ]
4 (Ty Ty? +T3T* +T5Tg0) 1 m—+3
0<a<b, cg<...<c
>0 > e = Cm, =
m> lo = a+ly—=btlg d := max(b, cm )
K[Tl,»-',Tg,Sl,u-éSm] [0 2a4+1ala 1‘1 1]
5 (T1 To+T2T4+T2T5) 1 1 1010[0...0 [2a1+ 2] m+3
m>0 a>0
K[Ty,....,T6,51,...,S 02c+1abecl|l ... 1
W [1 1 1110[0...0 2e 4 2
6 (T1 T2+ T3Ta+TgTe) {1] m—+3
m>1 a,b,c>0, a<b,
- a+b=2c+1
K[T1,...,76,51,---,Sm]
7 (T1 T2+T3T4+T5T6) 0000 —11/1 1 1 m-+3
1111 1 1|0 0 2
m>1
K[T1,...,T6,51,.-,5m] 000000|1 1 1
8 (T1 T+ T5 T4+ T5T6) 111111[0az ... am [a L 1] m+3
m22 0<as<...<am, am >0 "
K[T1,...\T6,51,,5m] Bzl g
9 (T1 T2 +T3T4+T5T6) {‘W 1“' 1] m-+3
m>2 0<a3 <as <apg < ag < az,
az = az + ag = a5 + ag
K[T1,...,T5,51,...,5m]
(T1 To+T5Tu+T2) 1 1111|0 0 2
10 ° —-11000]1 1 1 m+2
m>1
K[T1,..,T5,51,.-,5m] 111110 ag am
11 (T1 To+T3T4+TF) 00000[1 1 1 [am1+ 1] m+2
m>2 0<az <...<am, am >0
K[T1,..,T5,51,.-,Sm] 11 111/00...0
12 (T1 To+T3T4+T2) 02 abe|ll...1 {2011] m+2
m=2 0<a<c<b, a+b=2c
K[Ty,...,T]
13 T1To+T3Ty+T5T6, 10101010 1 4
AT3Ty+Ts5Te+T7 Ty 01010101 1
AEK*\{1}

Moreover, each of the listed data sets defines a smooth rational non-toric projective
variety of Picard number two coming with a torus action of complexity one.

Note that by our approach we obtain the Cox ring of the respective varieties
for free which in turn allows an explicit treatment of geometric questions by means
of Cox ring based techniques. In particular, the canonical divisor of the varieties
listed in Theorem [2.1.1] admits a simple description in terms of the defining data.
This enables us to determine for every dimension the finitely many (families of)
non-toric smooth rational Fano varieties of Picard number two that admit a torus
action of complexity one; we refer to Section [2.3] for a geometric description of the

listed varieties.

Theorem 2.1.2. Every smooth rational non-toric Fano variety of Picard num-
ber two that admits a torus action of complexity one is isomorphic to precisely
one of the following varieties X, specified by their Cox ring R(X), where the

grading by CI(X) = Z2? is given by the matriz |[wy,..

., wy] of generator degrees

deg(T;),deg(S;) € Cl(X) and we list the (ample) anticanonical class —Kx.

No. R(X) [wi, ..., w] —Kx dim(X)
1 mi Rooiity] A 4

LA ¢ P ey ey feiit H 4

3 <T1Tfj["?-;ﬁ§§]--Tg> {(1) ? (1) i i ﬂ [g] 3
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K[T1,..,T6,S1,-,Sm] [(1) 1oroden... ‘1)]
A (Th T2+T5T4+T5T6) 2+c¢ 3
n : m
m>0 ce{-1,0}, Tm
c:=01m=0
K[T1,...,T6,51,--,Sm]
(T1T2+T3T4+T5Tg) 011111]1...1 34+ m
4-B 2 101010[1...1 2+ m m+3
m>0
K[Ty,....T6,51,-,Sm]
(T1 T2 +T3T24+TsTZ2) 0101010 ...0 1
4-C 2 4 6 101010[1...1 24+ m m+3
m>0
K[T1,...,T6,51,...,Sm] 02 +1ala 1‘1 R |
5 (1 T2+T3T4+T2Te) 1 1 1010/0...0 [2a+;n+2] m+3
mz21 0<2a<m
02c+1abclfl ... 1
K[le--»xTGVSIv---éSnL] 1 1 1110[0...0
Ty To+T3Tu+T2Tg 3c+2+m
6 (T T2+ T Tat+T5Te) a,b,c >0, a<b, [ 3 m+3
m>2 a+b=2c+1,
m > 3c+1
K[TY,....,T6,51,.,Sm]
7 (taTata HoTo) R H m+3
1<m<3
000000|1 1 1
K[T1,..,76,515--+,5m] 1111110 ag am
Ty To+T5Ta+15T, m
8 (T1 T2+ 3>4+56> 0<as<...<am, [4_‘_2212%} m+3
m22 am € {1,2,3}, =
44+ 3 ap > mam
0agz ... ag|l ... 1
K[Ty,...,T6,51,---:5m] 11 ... 1/0...0
T To+T3T4+T5T, 2ay + m
9 <12+3>;+06> 0<az<as <apg <ag <ag, [ 4 ] m+3
m= a2 = a3 +aq = as + as,
2a9 < m
K[T1,..,T5,51,.-,5m]
10 (T1 T2 +T3Ts+T2) [11 } é (1) (1)‘(1) ﬂ [3] m+ 2
1<m<2 - m
11111[0az ... am
K[Tlv-wTSaSlv“»gm] 000001 1 ... 1 .
11 (T1 T2 +T3T4+TZ) 0<az<.. <am, [5“'27;:1:2 ak} m4 2
m22 am € {1,2},
34+ 20, ap > mam
K[TY,...,T5,51,...,Sm] [(1) L1100 ... (1)]
12 (T Te+ T5Ta+TE) ool lse 3 ] m+2
m>2 0<a<c<b, a+b=2c c+m
- 3c<m
K[T1,...,Ts]
13 T2+ T3Ty+T5Ts, 10101010 P) 4
AT3Ty+Ts5Te+T7 Ty 01010101 2
AEK*\{1}

Moreover, each of the listed data sets defines a smooth rational non-toric Fano
variety of Picard number two coming with a torus action of complexity one.

For K = C, the assumption of rationality can be omitted in Theorem due
to [45], Sec. 2.1] and [3, Rem. 4.4.1.5]. A closer look to the varieties of Theorem[2.1.2]
reveals that they all are obtained from a series of lower dimensional varieties via
iterating the following procedure: we take a certain P;-bundle over the given variety,
apply a natural series of flips and then contract a prime divisor. In terms of Cox
rings, this generalized cone construction simply means duplicating a free weight,
i.e. given a variable not showing up in the defining relations, one adds a further one

of the same degree, see Section [2.2] Proposition [2.2.4) and Theorem [2.2.5] then yield
the following.

Corollary 2.1.3. Every smooth rational non-toric Fano variety with a torus action
of complexity one and Picard number two arises via iterated duplication of a free
weight from a smooth rational projective (not necessarily Fano) variety with a torus
action of complexity one, Picard number two and dimension at most seven.
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Note that we cannot expect such a statement in general: Remark [2.2.7] shows
that the smooth toric Fano varieties of Picard number two do not allow a bound d
such that they all arise via iterated duplication of free weights from smooth varieties
of dimension at most d.

Similar to the Fano varieties, we can figure out the almost Fano varieties from
Theorem [2.1.1] i.e. those with a big and nef anticanonical divisor. In general,
i.e. without the assumption of a torus action, the classification of smooth almost
Fano varieties of Picard number two is widely open; for the threefold case, we refer
to the work of Jahnke, Peternell and Radloff [42, [43]. In the setting of a torus
action of complexity one, the following result together with Theorem [2.1.2] settles
the problem in any dimension; by a truly almost Fano variety we mean an almost
Fano variety which is not Fano.

Theorem 2.1.4. FEvery smooth rational non-toric truly almost Fano wvariety of
Picard number two that admits a torus action of complexity one is isomorphic to
precisely one of the following varieties X, specified by their Cox ring R(X) and an
ample class u € C1(X), where we always have C1(X) = Z? and the grading is fived
by the matriz (w1, ..., w,] of generator degrees deg(T5;),deg(S;) € CI(X).

No. R(X) wi, ..., W u dim(X)
01010 1]cy ... em
K[T4,...,T6,51,---,5m] 1010101 ... 1
Ty To+T5T4+T5Tg 1
4.A (T1 T2+ 3>411+5o> <. <em [1+d] m+3
m= d := max(0, ¢y )

24+m)d=24+cy+ - +cm

K[T1,--,76,51,---,5m]

(T T2+T3T4+T5Tg) 01111101 ...1 1
4-B 2 -1 101010{11...1 2 m+3
mZ
K[T1,é»-7T67321,~~,37;]
(T1 T24+T3T24+T5T2) 010101|-10...0 1
4-C 2m>‘i 6 1010101 1...1 1 m+3
]K[Tl,.z..,Tg,Szl ,,,,, Sml]
4.D (T T3+T3T3+T5T6) 0101111 ...1 1 m+3
m>0 101010[1...1 2
K[T1,..,76,51,--,5m]
4.E (T1T3+T3T4+T5T6) 0121212...2 1 m+3
m>0 101010[1...1 3
K[T4,...,T6,51,---,5m]
3 2 2
4.F (T1 T3+ T3TZ+T5TE) [(1) 1 } 11 1‘1 1} H m+3
m>0 01010[1...1 2
K[T1,..-,76,5S1,---,Sm] 02 +1alalll ... 1
5 (T1 T2 +T3Tu+T2Ts) 1 1 1010[/0...0 [m+2] m+3
1
m20 m = 2a
02c+1abecl|l ... 1
K[T4,...,T6,51,---,5m] 1 1 1110[0...0
2
Ty To+T3Ty+T2T, 2¢ + 2
6 (T1 T2+ T3Ty+T2Tg) abe>0, a<h [1 m—+3
m2>1 a+b=2c+1,
m=3c+ 1
K[T1,..,76,51,---,Sm]
4 (T1 To+T3T4+T5Tg) 0000 —1 11111 1 7
med 1111 1 10000 2
K[T1,...,Ts,S1,...,5m] 00000 (1)‘(1) 1 1]
8 (T1T2+T3T4+T5T6) a2 am { 1 } m+3
m>2 0<az <...<am, am >0, am +1
4d4+ag+ ...+ am = mam
0 apy . ag |1 1
K[T1,..,T6,51,.-,5m] 11 ... 100 0 :
Ty To4+T3Ty+T5T as +
9 it 3>; 576) 0<az<as <apg <ayg <ag, [ 1 ] m+3
m7

az = a3 +aq = as + as,
m = 2a2

K[T1,..,75,51,--,5m]
10 (T1 Ta+T3T4+T2) 1 1111000
s -11000[111
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K[T4 ., T5,51,:55m] {é . (1)‘(1] a2 ”;"]
11 (M1 T2+ Ts Ty +T3) { ! J m+2
m>2 0<as<...<am, am >0, am +
34+as+...+am =mam
K[T4 0 T5,51,:+sSm] [é L1100 ... [1’]
12 (T To +T3 T4 +T2) [2 ! 1] m+2
m>3 0<a<c<b, at+b=2c c+
- m = 3c

Moreover, each of the listed data sets defines a smooth rational non-toric truly
almost Fano variety of Picard number two coming with a torus action of complexity
one.

2.2. Duplicating free weights

As mentioned in the introduction, there are by a result of Liendo and Siifs [49]
Thm. 6.5] up to isomorphism just two smooth non-toric projective varieties with
a torus action of complexity one and Picard number one, namely the smooth pro-
jective quadrics in dimensions three and four. In Picard number two we obtained
examples in every dimension and this even holds when we restrict to the Fano case.
Nevertheless, also in Picard number two we observe a certain finiteness feature:
each Fano variety listed in Theorem [2.1.2] arises from a smooth, but not necessarily
Fano, variety of dimension at most seven via duplicating free weights.

For the precise treatment, the setting of bunched rings (R, §, ®) is most appro-
priate. Recall from Section [I[.2] that R is an integral normal almost freely factorially
K-graded K-algebra, § a system of pairwise non-associated K-prime generators
for R and ® a certain collection of polyhedral cones in Kg defining an open set
X C X = Spec R with a good quotient X (R, g, ®) := )?//H by the action of the
quasitorus H = SpecK[K] on X. Recall that X := X(R,§,®) is called a variety
arising from a bunched ring. Dimension, divisor class group and Cox ring of X are
given by

dim(X) = dim(R) — dim(Kg), ClX) = K,  R(X) = R.

Construction 2.2.1. Let R = K[T4,...,T,]/{g1,...,9s) be a K-graded algebra

presented by K-homogeneous generators T; and relations g; € K[T1,...,T,_1]. By

duplicating the free weight deg(T,) we mean passing from R to the K-graded algebra
]

R/ = K[Tlv s 7T1"7T7“+1 /<gl7 s ,gs>7 deg(T’f""rl) = deg(T7) € Ka
where g; € K[T,...,T,—1] C K[T1,...,T;,Tr41). If in this situation (R,F, )
is a bunched ring with § = (T1,...,T,), then (R',§,®) is a bunched ring with
5 =T,....,T0,Triq).

Proof. The K-algebra R’ is integral and normal and, by [9l Thm. 1.4], factorially
K-graded. Obviously, the K-grading is almost free in the sense of [3 Def. 3.2.1.1].
Moreover, (R,§) and (R',§’) have the same sets of generator weights in the com-
mon grading group K and the collection of projected §'-faces equals the collection

of projected §-faces. We conclude that ® is a true §F'-bunch in the sense of [3]
Def. 3.2.1.1] and thus (R, §, ®) is a bunched ring. O

The word “free” in Construction [2.2.1] indicates that the variable T, does not
occur in the relations g;. Here are the basic features of the procedure.
Proposition 2.2.2. Let (R',§,®) arise from the bunched ring (R,§,®) via Con-
struction |2.2.1, Set X' := X(R',§,®) and X := X(R,F,P).

(i) We have dim(X’) = dim(X) + 1.
(ii) The cones of semiample divisor classes satisfy SAmple(X’) = SAmple(X).
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(iii) The variety X' is smooth if and only if X is smooth.
(iv) The ring R’ is a c.i. if and only if R is a c.i..
(v) If R is a c.i., deg(T,) semiample and X Fano, then X' is Fano.

Proof. By construction, dim(R’) = dim(R) + 1 holds. Since R and R’ have the
same grading group K, we obtain (i). Moreover, R and R’ have the same defining
relations g;, hence we have (iv). According to [3} Prop. 3.3.2.9], the semiample cone
is the intersection of all elements of ® and thus (ii) holds.

To obtain the third assertion, we show first that X’ is smooth if and only if X
is smooth. For every relevant §-face v < Q% consider

Y = 7o+ cone(eri1), v = cone(e;; 1 <i<r, e €7)+ cone(eri1).

Then 0,74, 75 = Q’;(')l are relevant §'-faces and, in fact, all relevant §'-faces are of
this form. Since the variables T} and T}, do not appear in the relations g;, We see
that a piece X (79) is smooth if and only if the pieces Y/(fyo), yl('y(’)) and Yl(yé’)
are smooth. Now [3| Cor. 3.3.1.11] gives (iii).

Finally, we show (v). As we have complete intersection Cox rings, [3, Prop. 3.3.3.2]
applies and we obtain

—Kx = Zdeg(Ti)—Zdeg(gj) = —Kx + deg(T41).
; ot

Since X and X’ share the same ample cone, we conclude that ampleness of —Kx
implies ampleness of —x. (]

We interpret the duplication of free weights in terms of birational geometry: it
turns out to be a composition of a contraction of fiber type, a series of flips and a
divisorial contraction, where all contractions are elementary, i.e. of relative Picard
number one; see [19] for a detailed study of the latter type of maps in the context
of general smooth Fano 4-folds.

Proposition 2.2.3. Let (R',§,®) arise from the bunched ring (R,§,®) via Con-

struction [2.2.1, Set X' := X(R',§,®) and X := X(R,§,P). Assume that X is
Q-factorial. Then there is a sequence

X ¢+ X| - ... - X, — X/,

where X1 — X is a contraction of fiber type with fibers Py, every X, --» )N(Hl s a
flip and Xy — X' is the contraction of a prime divisor. If deg(T,) € K is Cartier,
then X1 — X is the P1-bundle associated with the divisor on X corresponding to T;..

Proof. In order to define )?1, we consider the canonical toric embedding X C Z
in the sense of [3] Constr. 3.2.5.3]. Let ¥ be the fan of Z and P = [vq,...,v,] be
the matrix having the primitive generators v; € Z™ of the rays of ¥ as its columns.
Define a further matrix

5 v ... Up_1 v 0 0
Po= 0o ... 0 -1 1 -1
We denote the columns of P by U1,..., 0, 0q,0_ € Z"L write o4, o_ for the rays

through vy, v_ and define a fan

Sy = {G+04,0+0_,05; c X}, o = cone(v;;v; € 0).
The projection Z™+1 — Z™ is a map of fans il — Y. The associated toric morphism
Z1 — Z has ﬁbeis P;. If the toric divisor D, corresponding to the ray through v,
is Cartier, then Z; — Z is the P;-bundle associated with D,.. We define X; C Z;

to be the preimage of X C Z. Then )~(1 — X has fibers P;. If deg(T,.) is Cartier,
then so is D, and hence X; — X inherits the P;-bundle structure.



2.2. DUPLICATING FREE WEIGHTS 33

Now we determine the Cox ring of the variety X 1. For this, observe that the
projection Z™t2 — Z" defines a lift of Z; — Z to the toric characteristic spaces and
thus leads to the commutative diagram

(X)) ¢ Wi—=W 2 #(X)

N N

X1 c 1 — 7 2 X

where 74(X;) and 7f(X) denote the proper transforms with respect to the down-
wards toric morphisms. Pulling back the defining equations of 7#(X) C W, we see
that 7%(X;) C W, has coordinate algebra R := R[ST,S™| graded by K := K x Z

deg(T;) := (w;,0), wt :=deg(ST) = (w,, 1), w™ :=deg(S7) :=(0,1),

where w; := deg(T;) € K holds. The K-algebra R is integral and normal and,
by [9, Thm. 1.4], factorially K -graded. Moreover the K -grading is almost free, as
the K-grading of R has this property and 3= (Ty,...,T.,ST,57) is a system of
pairwise non-associated K -prime generators. We conclude that R is the Cox ring
of X 1.

Next we look for the defining bunch of cones for X;. Observe that K sits
inside K as K x {0}. With 6 := SAmple(X) x {0} we obtain a GIT-cone 6; :=
cone(6, wr)Ncone(d, w™) of the K-graded ring R. The associated bunch ®; consists
of all cones of the form

7 + cone(w™), 7 + cone(w™), 7 + cone(w™t, w™),

where 7 = 7 x {0}, 7 € ®. Since ® is a true bunch, so is D, Together we obtain
a bunched ring (R, 3, ®,). By construction, the fan corresponding to ®; via Gale
duality is ;. We conclude that X; is the variety associated with (R, F,®;) and
X 1 C Zl is the canonical toric embedding.

Observe that X; — X corresponds to the passage from the GIT-cone 67 to the
facet #. In particular, we see that X; — X is an elementary contraction of fiber

type. To obtain the flips and the final divisorial contraction, we consider the full
GIT-fan.

Important are the GIT-cones inside 6 4+ cone(w™). There we have the facet § and
the semiample cone 6; of )N(l. Proceeding in the direction of w™, we come across
other full-dimensional GIT-cones, say 0s,...,0;+1. This gives a sequence of flips
Xy -5 ... s )?t, where X; is the variety with semiample cone 6;. Passing from 6,
to 0441 gives a morphism X’t — )?t—i-l contracting the prime divisor corresponding
to the variable S~ of the Cox ring R of )?t. Note that )~(t+1 is Q-factorial, as it is
the GIT-quotient associated with a full-dimensional chamber.
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We show X; 11 = X’. Recall that X’ arises from X by duplicating the weight
deg(7,). We have C1(X') = K and the Cox ring R’ = R[T,41] of X’ is K-graded
via deg(T;) = w; for i = 1,...,r and deg(T}41) = w,. In particular, the fan of the
canonical toric ambient variety of X’ has as its primitive ray generators the columns
of the matrix
V1 ... Up_1 v O
0o ... 0 -1 1|
On the other hand, the canonical toric ambient variety Zt—H of Xt-s-l is obtained
from Z by contracting the divisor corresponding to the ray o_. Hence P’ is as well
the primitive generator matrix for the fan of Zt+1- We conclude

Cl(Xey1) = 2z im((P)*) = ClI(X') = K.

P =

Similarly, we compare the Cox rings of Xt+1 and X’. Let Z, denote the canonical
toric ambient variety of X,;. Then the projection Z™t2? — Z™t! defines a lift of
Z — Zt+1 to the toric characteristic spaces and thus leads to the commutative
diagram

%ﬁ(f(t) - WtH/V\V/t—i-l 2 Wu()?t-l-l)

)A(:t c Zt — ZtJrl 2 )A(:t+1

where the proper transforms 7% (X;) and 7#(X;,1) are the characteristic spaces of
)?t and )~(t+1 respectively and the first is mapped onto the second one. We conclude
that the Cox ring of X4, is R[S1] graded by deg(T}) = w; for i = 1,...,r and
deg(ST) = w, and thus is isomorphic to the Cox ring R’ of X'.

The final step is to compare the defining bunches of cones 5t+1 of )N(Hl and @’
of X’. For this, observe that the fan of the toric ambient variety ZtJrl contains the
cones o + o4, where o € ¥.. Thus, every 7 € ®' belongs to ff)t_H. We conclude

SAmple(X¢41) € SAmple(X').

Since )~(t+1 is Q-factorial, its semiample cone is of full dimension. Both cones belong
to the GIT-fan, hence we see that the above inclusion is in fact an equality. Thus
®,, 1 equals P’. ]

We return to the Fano varieties of Theorem We first list the (finitely
many) examples which do not allow duplication of a free weight and then present
the starting models for constructing the Fano varieties via duplication of weights.

Proposition 2.2.4. The varieties of Theorem containing no divisors with
infinite general isotropy are precisely the following ones.

No. R(X) [wi, ..., w] —Kx dim(X)
4 K[T},...,T7) 0011111 3 4
(T1 T2 T3+TyTs+T6T7) 1101111 4
p) K[T1,...,T7] 0011010 2 4
(T1T2T3+T4Ts+TeT7) 1101111 4
3 __ KTy, Tg] 001111 2 3
(T1 ToT3+TyT5+T2) 110111 3
4.A K[, .. Te] 010101 2 3

: (T1To+T3T4+T5Tg) 101010 2
K[T},...,Ts) 011111 3
4-B (T T3 +T3Tu+T5T6) 101010 2 3
4.C _ KTy, Te] 010101 1 3
: (T1 T3+ T3TZ+T5TE) 101010 2
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K[T},...,Ts]
13 T1T2+T5T4+T5Ts, 10101010 2 4
AT3Ty+T5Te+T7Ts [0 101010 1] M
AEK™\{1}

Proof. For a T-variety X = X (A, P,u), the divisors having infinite general T-
isotropy are precisely the vanishing sets of the variable S;. Thus we just have
to pick out the cases with m = 0 from Theorem 2.1.2] O

Theorem 2.2.5. Let X be a smooth rational Fano variety with a torus action of
complexity one and Picard number two. If there is a prime divisor with infinite
general isotropy on X, then X arises via iterated duplication of the free weight w,
from one of the following varieties Y .

No. R(Y) [wi, ..., w] U dim(Y)
4.A K[T1,...,T6,51] 01010 1|0 1 4
! (T1To+T3Ta+T5T6) 101010|1 1
4.A K[Ty,...,T6,S1,52] 01010 1|—10 1 5
! (T1 To+T3Ta+T5Te) 1010101 1 1
4.B K[Ty,...,T6,51] 01111 1|1 2 4
: (T1 T3 +T3Tu+T5Tg) 101010|1 1
4.C K[T41,...,T6,51] 01010 1|0 1 4
: (T1 T3+TsTZ+T5TE) 101010|1 1
02a+1alalll
5 K[T4,...,T6,51] 1 1 10100 2a +2 4
(T1 To+T3Ty+T2Ts) 1
a>0
02c+1abcl|l
1 1 1110|0
6 K[T41,...,T6,51] [2c+2] 4
(T T2+ T3Ta+T2T6) a,b,c>0, a<b, 1
a+b=2c+1
4 K[Ty,...,T6,51] 0000 —1 1|1 1 4
(T1 T2+ T3T4+T5Tg) 1111 1 1|0 2
00000O0[11
g  KlTi,...Ts,51,5] [1 1111 1‘0 a] 1 5
(T1T2+T3Ty+T5T6) a+1
a € {1,2,3}
0000001 1 1
K[T4,...,T6,51,52,53] 111111/0a—-1a 1
8 Ty 6
(T1T2+T3Ty+T5T6) a+1
a € {1,2}
8 K[T4,...,T6,51,...,54] 0000001111 1 7
(T1 To+T3Ty+T5Tg) 1111110001 2
0 az ... ag‘l 1:|
9 K[T1,...,T6,51,52] [1 1 ... 1]00 [a2+1] 5
(T1T2+T3T4+T5T6) 0< a3 <as<ag<as<as, 1
ag = ag +aq = as + ag
10 K[Ty,...,T5,51] 1 111 1|0 2 3
(T1 T2 +T3Ty+T3) —-11000]|1 1
11111[0a
11 K[Ty,...,T5,51,52] 00000[11 a4 1 4
(T1 T2 +T3Ty+T2) 1
a € {1,2}
11 KlT1,T5,51,52,53] 11111]001 2 5
(Ty T2 +T3T4+T32) 00000111 1
11 111]00
12 K[Ty,...,T5,51,52] 02 abcl|l 1] 1 4
(T To+T3T4+T2) 2¢ + 1
0<a<c<b a+b=2c

For Nos. 4, 8 and 11, the variety Y is Fano and any iterated duplication of w, pro-
duces a Fano variety X. For the remaining cases, the following table tells which Y
are Fano and gives the characterizing condition when an iterated duplication of w,
produces a Fano variety X :
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No. 5 6 7 9 10 12
Y Fano a=0 c=0 v ax =0 v c=0
X Fano m>2a m>3c+1 m<3 m>2a m<2 m>3c

Proof. A T-variety X = X (A, P,u) has a divisor with infinite general T-isotropy if
and only if m > 1 holds. In the cases 4.A, 4.B, 4.C, 5, 6, 7, 9, 10 and 12 we directly
infer from Theorem [2.1.2] that the examples with higher m arise from those listed
in the table above via iterated duplication of w,..

We still have to consider Nos. 8 and 11. If X is a variety of type 8, then the
condition for X to be a Fano variety is

44 as+...,+am > Mayy,,

where a,, =1,2,3 and 0 < as < ... < a,,. This is satisfied if and only if one of the
following conditions holds:

(i) as =...=am € {1,2,3}.
(ii) as+1=uas... =an € {1,2}, with m > 3.
(iii) ag =az3 =0and ay = ... = a,, = 1, with m > 4.

Similarly for No. 11 the Fano condition in the table of Theorem is equivalent
to the fulfillment of one of the following:

(i) ag = ... =am, € {1,2}.

(ii) ag =0 and ag = ... = a,, = 1, with m > 3.
In both cases this explicit characterization makes clear that we are in the setting of
the duplication of a free weight. O

Remark 2.2.6. Consider iterated duplication of w, for a variety X = X (A, P,u) as
in Theorem Recall that the effective cone of X is decomposed as 77 Urx UT ™,
where 7y = Ample(X). Lemma [2.4.11] (i) says w, ¢ 7x and thus we have a unique
k € {7, 77} with w, ¢ x. Then the number of flips per duplication step equals

|{cone(w;;), cone(wy); wi;, w, € k}| — 1.
In particular, for Nos. 4.A; 4.B, 4.C, 8, 11, 9 with a; = 0, 12 with b = 0 the

duplication steps require no flips.

Remark 2.2.7. For toric Fano varieties, there is no statement like Corollary
Recall from [10] that all smooth projective toric varieties Z with C1(Z) = Z? admit
a description via the following data:

e weights wy := (1,0) and w; := (b;, 1) with 0 =b,, < bp—1 < ... < ba,

e multiplicities p; := p(w;) > 1, where u3 > 2 and pg + ... + up > 2 hold.

(1a) (p3) (n2)
(1) o o

‘ (1)

The variety Z arises from the bunched polynomial ring (R, §, ®), where R equals
K[S;j; 1 <i < n,1 <j < p;] with the system of generators § = (Si1,..., 5, )
generator degrees deg(S;;) = w; and the bunch ® = {cone(w1,w;); i = 2,...,n}.
In this setting Z is Fano if and only if

bo(pz + .o+ ftn) < i1 + pi2ba + .o+ iy 1bp 1
For any n € Z>4 and ¢ = 2,...,n set p; := 1 and w; := (n —4,1). Then, with
11 := 2 we obtain a smooth (non-Fano) toric variety Z/, of Picard number two and
dimension n — 1. Moreover, for 1 := 14 (n—2)(n —1)/2 we obtain a smooth toric
Fano variety Z, of Picard number two that is Fano and is obtained from Z], via
iterated duplication of w; but cannot be constructed from any lower dimensional
smooth variety this way.
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2.3. Geometry of the Fano varieties

We take a closer look at the Fano varieties listed in Theorem and prove
that they fulfill Mukai’s conjecture, see Proposition Moreover, we describe
explicitly their Mori fiber spaces and their divisorial contractions. The approach
uses suitable toric ambient varieties. The following Remark can be found, at least
partially, for example in [21] Section 7.3].

Remark 2.3.1. Let Z be a smooth projective toric variety of Picard number two,
given by weight vectors wy := (1,0) and w; := (b;, 1) with 0 = b,, < bj,—1 < ... < ba,
and multiplicities p; = p(w;) > 1, where p; > 2 and po + ... + p, > 2 as in
Remark [2.2.7] Then the toric variety Z is a projectivized split vector bundle of
rank 7 over a projective space Py, where s := gy — 1 and r := po + ... + pp, — 1.
More precisely, we have

Hn—1

Hn H2
Z >P (@OPS ® @ Op, (bn-) @...@@ops(b2)> .
i=1 =1 =1

The bundle projection Z — P, is the elementary contraction associated to the
divisor class w; € Z?> = CI(Z). If n = 2 holds, then we have Z = P, x P,.. If
n = 3 and pz = 1 hold, then the class w3 € Z? = CI(Z) gives rise to a divisorial
contraction onto a weighted projective space:

7z — 7 = P(l,...71,b27...,b2).
—_—— ——
1 H2
The exceptional divisor Ez C Z is isomorphic to Py xP,,,_1 and the center C(Z") C

Z' of the contraction is isomorphic to P,,_1. In particular, for uo = 1, we have
E; 2P, and C(Z’) is a point.

From the explicit description of the Cox ring of our Fano variety X, we obtain
via Construction a closed embedding X — Z into a toric variety Z. As a
byproduct of our classification, it turns out that, whenever X admits a elementary
contraction, then X inherits all its elementary contractions from Z. Remark [2.3.]
together with the explicit equations for X in Z will then allow us to study the
situation in detail. We now present the results. The cases are numbered according
to the table of Theorem Moreover, we denote by Q3 C Py and @4 C P5 the
three and four-dimensional smooth projective quadrics and we write P(a}?, ..., a’")
for the weighted projective space, where the superscript y; indicates that the weight
a; occurs p; times.

No. 1 The variety X is of dimension four and admits two elementary contractions,
Q4 + X — P;. The morphism X — Q4 is a divisorial contraction with exceptional
divisor isomorphic to P; x IP; x P; and center isomorphic to P; x IP;. The morphism
X — IP; is a Mori fiber space with general fiber isomorphic to Q3 and singular fibers
over [0,1] and [1, 0] each isomorphic to the singular quadric V(T2T5 + T4T5) C Py.

No. 2 The variety X is of dimension four and admits two elementary contractions,
Q4 <+ X — P3. The morphism X — @4 is a divisorial contraction with exceptional
divisor isomorphic to a hypersurface of bidegree (1,1) in P; x P3 and center iso-
morphic to P;. The morphism X — P3 is a Mori fiber space with fibers isomorphic
to Pl.

No. 3 The variety X is of dimension three and occurs as No. 2.29 in the Mori-Mukai
classification [53]. Moreover, X admits two elementary contractions, Q3 + X —
P;. The morphism X — @3 is a divisorial contraction with exceptional divisor
isomorphic to Py x Py and center isomorphic to P;. The morphism X — Py is a
Mori fiber space with general fiber isomorphic to P; x P; and singular fibers over
[0,1] and [1,0] each isomorphic to V(T4 T + T%) C Ps.
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No. 4A Case 1: we have ¢ = —1. Then X admits two elementary contractions
Y «+ X — Py, where Y := V(T1T5 + T5T4 + T5Ts) C Pyuqq is a terminal factorial
Fano variety which is smooth if and only if m = 1 holds. The morphism X — Y
is a divisorial contraction with exceptional divisor isomorphic to a hypersurface of
bidegree (1,1) in Py x P, 41 and center isomorphic to Py, 1. The morphism X — Py
is a Mori fiber space with fibers isomorphic to Py, 1.

Case 2: we have ¢ = 0. Then X is a hypersurface of bidegree (1,1) in Py X Py, q0.
Moreover, X admits two Mori fiber spaces P, 12 < X — P5. The Mori fiber space
X — P, has fibers isomorphic to P,,41, whereas the Mori fiber space X — P11
has general fiber isomorphic to P; and special fibers over V(T1,T5,T3) C P40
isomorphic to Py. For m = 0, we have dim(X) = 3 and X is the variety No. 2.32
in [53].

No. 4B The variety X admits two elementary contractions Y < X — Ps, where
Y = V(T? + TuT3 + TyT5) C P4 is a terminal factorial Fano variety. The
variety Y is smooth if and only if m = 0 holds and in this case X occurs as No. 2.31
in [53]. The morphism X — Y is a divisorial contraction with exceptional divisor
isomorphic to a hypersurface of bidegree (1,1) in Py X P,,11 and center isomorphic
to P,,+1. The morphism X — Py is a Mori fiber space with fibers isomorphic
to Pm+1.

No. 4C The variety X is a hypersurface of bidegree (2,1) in Py X P, 42; for m =0
we have dim(X) = 3 and X is No. 2.24 in [53]. Moreover, X admits two Mori fiber
spaces P, 12 < X — P3. The morphism X — P; has fibers isomorphic to P, 41.
To describe the fibers of ¢: X — Pp,q9, set Y :=Vp, ., (T3), Yij := Vp T;,T;)

m—+2 (

and Y123 := Vp,, ., (T1,T2,T3). Then we have
]PQ if z € Y123,
(pil(z) ~ ]Pl if z € (le U Y13 U Y23) \ YF1237
VPQ(TITQ) if z € (}/1 UE/QUY:;)\ (Y12 U Y13 U Ya3),
Py otherwise.

No. 5 The variety X admits a Mori fiber space ¢: X — P, 1, whose general fiber
is isomorphic to P; xP;. More precisely, with Y := Vg, (T1) and Y5 := Vp, ,, (T5),
we have

Ve, (ThT5) if z€ Y1 NYsy,
e M) 2 AV, (iTy +T3) ifzeYi\Yoorz€ Yo\,
Py x Py otherwise.

No. 6 The variety X admits a Mori fiber space X — P,,, with general fiber isomor-
phic to @3 and singular fibers over V(T3) C P,,, each isomorphic to the hypersurface
V(T\Ts + T5Ty) C Py.

No. 7 The variety X admits a divisorial contraction X — P,, 3 with exceptional
divisor isomorphic to the projectivized split bundle

m
P ( @OPI xP; D O]P’l X]P’l(lv 1) )
i=1
and center isomorphic to P; x P;. Moreover, if m = 1 holds, X admits a further
divisorial contraction X — Q4 with exceptional divisor isomorphic to P3 and center
a point.

No. 8 Here we have X = P(Og, ® Og,(az2)... ® Og,(an)). Thus, there is a
Mori fiber space X — @4 with fibers isomorphic to P, 1. If ao = ... = a,, > 0
holds, then X admits in addition a divisorial contraction X — Y, where Y :=
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V(TWTy + T3Ty + T5Ts) € P(1%,a5™1). The exceptional divisor is isomorphic to
Q4 X P,,_o and the center to P, _s.

No. 9 The variety X is a bundle over P,,_; with fibers isomorphic to Q4. In
particular, if a; = 0 holds for all 2 <17 < 6, then X 2 Q4 X Pp,_1.

No. 10 The variety X admits a divisorial contraction X — P,, 2 with exceptional
divisor isomorphic to the projectivized split bundle

m

P < @Opl ® Op, (1) >

i=1
and center isomorphic to P;. For m = 1, we have dim(X) = 3 and X is No. 2.30
from [53]; in this case it admits a further divisorial contraction X — Q3 with
exceptional divisor isomorphic to Py and center a point.

No. 11 Here X = P(Oq, & Og,(a2)...® Og,(am)) holds. Thus, there is a Mori
fiber space X — (@3 with fibers isomorphic to Pp,_1. If as = ... = a,, > 0
holds, then X admits a divisorial contraction X — Y, where the variety Y equals
V(W Ty + T5Ty + T2) C P(1%,a5""). The exceptional divisor is isomorphic to
Q3 x P,,_5 and the center to P,,_».

No. 12 The variety X is a bundle over P,,_; with fibers isomorphic to Q3. In
particular, if a = b = ¢ = 0 holds, then X £ Q3 x P,,,_1.

No. 13 This case presents a one-parameter family of varieties X, with parameter
A € K*\{1}. They are generally non-isomorphic to each other, except for the pairs
X, = X,-1 for all . The variety X, is the intersection of two hypersurfaces

Dy = V(1151 + 125 + T5S53), Dy = V(XIS + 1555 + TyS4),

both of bidegree (1,1) in P3 x P3, where the T; are the coordinates of the first P3
and the S; those of the second. Note that each D; has an isolated singularity, which
is not contained in the other hypersurface. Both Dy, Do are terminal and factorial.
Moreover, X admits two Mori fiber spaces P3 <+ X — P3, both with typical fiber
P; and having four special fibers, all isomorphic to Py and lying over the points
[1,0,0,0], [0,1,0,0], [0,0,1,0] and [0,0,0,1].

Remark 2.3.2. In contrast to the toric case, a smooth projective variety of Picard
number 2 with torus action of complexity one need not admit a non-trivial Mori
fiber space. For example, in Theorem [2.1.2] this happens in precisely two cases,
namely No. 7 and No. 10, both with m = 1.

Remark 2.3.3. In the list of Theorem there are several examples, where the
effective cone coincides with the cone of movable divisor classes: No. 4A with ¢ = 0,
No. 4C, No. 5 with a = 0, No. 6 with a = 0, No. 8 with a2 = 0, No. 9 with a3 = 0,
No. 11 with as = 0, No. 12 with a = 0 and No. 13. Thus, these varieties admit no
divisorial contraction.

Remark 2.3.4. In Theorem it is possible that non-isomorphic varieties share
the same Cox ring and thus differ from each other by a small quasimodification,
i.e. only by the choice of the ample class. This happens exactly in the following cases:
(i) No.dwithlo =104, =2,lg=1,a=0,b=1,¢,=0foralli=1,...,m
has the same Cox ring as No. 5 with @ = 0. Note that for m = 0 both
varieties are truly almost Fano, whereas for m > 1 No. 5 is Fano.
(ii) For m > 1, No. 4 with I =2, Iy =lg =1, a =b =1, ¢; = 0 for all
i =1,...,m has the same Cox ring as No. 6 with a =c =0 and b = 1.
Note that for m = 1 both varieties are truly almost Fano, whereas for
m > 2 No. 6 is Fano.
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(iii) For m > 2, No. 7 has the same Cox ring as No. 9 with a; = 2 and
az = ... =ag = 1. Note that for m = 2,3 No. 7 is Fano, for m = 4 both
varieties are truly almost Fano, whereas for m > 5 No. 9 is Fano.

(iv) For m > 2, No. 10 has the same Cox ring as No. 12 witha=b=c=1.
Note that for m = 2 No. 10 is Fano, for m = 3 both varieties are truly
almost Fano, whereas for m > 4 No. 12 is Fano.

Mukai’s conjecture was proven for Fano varieties of dimension at most five and
for toric Fano varieties of arbitrary dimension, see [13), I, 20] for details. As an
application of our classification results, we prove Mukai’s conjecture for smooth
rational non-toric Fano complexity one varieties of Picard number at most two.

Conjecture 2.3.5. (Mukai’s Conjecture [64]) For a Fano variety X we have
p(X)(g(X) =1) < dim(X)

and equality holds if and only if X is isomorphic to the p(X)-th product of the
projective space Py(xy_1.

Proposition 2.3.6. Let X be a smooth rational non-toric Fano variety with a torus
action of complexity one and Picard number at most two. Then X fulfills Mukai’s
conjecture, Congjecture [2.3.5,

Proof. In Picard number one, there are by a result of Liendo and Siif [49, Thm. 6.5]
up to isomorphism just two smooth rational non-toric Fano complexity one varieties,
namely the a three and a four dimensional intrinsic quadric. The case of smooth
intrinsic quadrics will be settled in Proposition [3.2.14] which we will prove in Chapter
three.

In Picard number two, all smooth rational non-toric Fano complexity one vari-
eties X are listed in the table of Theorem 2.1.2] Note that No. 4.A and Nos. 7-12
are smooth intrinsic quadrics, i.e. those varieties fulfill Mukai’s conjecture by Propo-
sition It remains to settle the remaining numbers.

For Nos. 1, 2, 3, 4.B, 4.C and for No. 13 one can directly read off the Picard
index ¢(X) from the table in Theorem[2.1.2)and thereby check that X fulfills Mukai’s
conjecture. For X arising from Nos. 5 and 6, we have ¢(X) < 2 and ¢(X) < 3 as
well as dim(X) > 4 and dim(X) > 5, respectively. We conclude that X fulfills
Mukai’s conjecture. O

2.4. First structural constraints

As a first step towards the proof of our classification results stated in Section[2.1]
we derive constraints on the defining matrices of smooth rational varieties with a
torus action of complexity one having Picard number two. We work in the notation
of Section The aim is to show the following.

Proposition 2.4.1. Let X be a non-toric smooth rational projective variety with a
torus action of complezity one and Picard number p(X) = 2. Then X = X (A, P,u),
where P is irredundant and fits into one of the following cases:

(I) We have r = 2 and one of the following constellations:
(a) m >0 and n =4+ ng, where ng > 3, ng =ng = 2.
(b)) m=0 and n =6, where ng =3, ny =2, np = 1.
(c) m=0 andn =25, whereng =3, ny =1, ng = 1.
(d) m >0 and n =6, where ng =ny =ng = 2.
(e) m >0 and n =5, where ng =ny =2, ny = 1.
(f) m>1 and n =4, where ng =2, ny =ny = 1.

(II) We have r = 3 and one of the following constellations:
(a) m =0 and n =8, where ng =n; = ng =ng = 2.
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(b)) m =0 andn =17, where ng =ny =ng =2, ng = 1.
(c) m=0 and n =6, where ng =ny; =2, ng =nz = 1.

The statement is an immediate consequence of Propositions [2.4.12] and [2.4.13}
see end of this section. Throughout the whole section, the defining matrix P is
irredundant. In particular, X (A, P,u) is non-toric if and only if r > 2 holds, i.e. we
have a relation in the Cox ring.

We first study the impact of X = X (A, P,u) being locally factorial on the
defining matrix P, where locally factorial means that the local rings of the points
r € X are unique factorization domains.

Lemma 2.4.2. Let X = X(A, P,u) be non-toric and locally factorial. If X is
weakly tropical, then n; > 2 holds for alli=0,...,r.

Proof. Assume that n; = 1 holds for some i. Since X is weakly tropical, there exists
a cone o € Y x of dimension s + 1 contained in the leaf ;. Because of n; = 1 we
have o = ;1 +7 with a face 7 < o such that 7 C A\. Now, o = P(7) holds for some
~o C rlv(u). Since the points of X (vg) are factorial, o is a regular cone. Thus, also
7 C X must be regular. This implies [;; = 1, contradicting irredundancy of P. 0O

Lemma 2.4.3. Let X = X(A, P,u) be non-toric and locally factorial. If X is
weakly tropical, then p(X) > r+ 3 holds.

Proof. Lemma ensures n; > 2 for alli =1,...,r, hence n > 2- (r +1). The
s-dimensional lineality space A = {0} x Q® C trop(X) is a union of cones of Y.
Thus P must have at least s + 1 columns v which means m > s+ 1. Together this
yields

pX) =n+m—-(r—-1)—-(s+1) > r+3.

O

Lemma 2.4.4. Let X = X (A, P,u) be non-toric and not weakly tropical. If X is
Q-factorial, then there is an elementary big cone in Xx.

Proof. Since X is not weakly tropical, there exists a big cone ¢ € X x. We have
o = P(7) with 79 € rlv(u). Since the points of X () are Q-factorial, the cone
o is simplicial. For every ¢ = 0...,r choose a ray g; X o with g; € ;. Then
00 := 00+ ...+ 0, =X 0 is as wanted. O

Corollary 2.4.5. Let X = X (A, P,u) be non-toric and locally factorial. If p(X) < 4
holds, then there exists an elementary big cone o € Xx.

Next we investigate the effect of quasismoothness on the defining matrix P,
where we call X = X (A, P,u) quasismooth if X is smooth. Thus, quasismoothness
means that X has at most quotient singularities by quasitori. The smoothness of
X will lead to conditions on P via the Jacobian of the defining relations of X.

Remark 2.4.6. Let (A, P) be defining matrices. Then the Jacobian J; of the
defining relations go, ..., gr—2 is of the shape J; = (J,0) with a zero block of size
(r — 1) x m corresponding to the variables Sy, ...,Sy,, and a block

010 011 12 O
0 21 d22 623 O

57“—2,7“—3 57"—2,7‘—2 5r—2,r—1 0
0 67"71,7’72 57”71,7‘71 57"71,7’
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of size (r — 1) x n, where each vector J,; is a nonzero multiple of the gradient of
the monomial TV :

Tk T}
Oai = Qoillit=—, .., lin,=— g € K.
a,t a,i il E ) s ling ,_rlnl ’ a,i

For given 1 < a,b<r—1,0<i <r and z € X, we have d,;(z) = 0 if and only
if 65;(2) = 0. Moreover, the Jacobian J,(2) of a point z € X is of full rank if and
only if d4,;(2) = 0 holds for at most two different i =0, ...,r.

Lemma 2.4.7. Assume that X = X(A, P,u) is non-toric and that there is an
elementary big cone o = 0pj, + ...+ 0rj. € Xx. If X is quasismooth, then l;;, > 2
holds for at most two i =0,...,7.

Proof. We have o = P () with a relevant face 7o € rlv(u). Since X is quasismooth,
any z € X (7o) is a smooth point of X. Thus, J,(z) is of full rank 7—1. Consequently,
dq,i(2) = 0 holds for at most two different ¢. This means [;;, > 2 for at most two

different 7. |
Corollary 2.4.8. Let X = X (A, P,u) be non-toric and quasismooth. If there is an
elementary big cone in Xx, then n; = 1 holds for at most two differenti =0,...,r.

Lemma 2.4.9. Let (A, P) be defining matrices. Consider the rays -y := cone(eg)
and 7y;j = cone(e;;) of the orthant v C Q"% and the two-dimensional faces

Vey ke = Vhky T Vkas  Vigk = Vig t Vks  Vivgrsioge 2= Yirjs T Viogo-

(i) All vk, 1esp. Vi, ky, are S-faces and each X (Vi), resp. X (Ve k), consists
of singular points of X.

(ii) A given 7, resp. vijk, is an F-face if and only if n; > 2 holds. In that
case, X (Vi;), resp. X (Vij k), consists of smooth points of X if and only if
r=2n;=2andl;3_; =1 hold.

(i) A given vij, 5, with j1 # jo is an §-face if and only if n; > 3 holds. In
that case, X (Vij, ij,) consists of smooth points of X if and only if r = 2,
n; =3 and l;; =1 for the j # ji, j2 hold.

(iv) A given Vi, j, inj, With i1 # o is an §-face if and only if we have n;, ,n;y >
2 orn;, =mn;, =1 and r = 2. In the former case, X (Vi j, inja) CONSists
of smooth points of X if and only if one of the following holds:

e r=2mn; =2andl;,s_j, =1 forate{l,2},

o r=3,ni =Niy =2, li; 35, = li3—5, = 1.
Proof. The statements follow directly from the structure of the defining relations
90, - -, gr—2 of R(A, P) and the shape of the Jacobian J,. O

We now restrict to the case that the rational divisor class group Cl(X)g = Kg
of X = X (A, P,u) is of dimension two. Set 7x := Ample(X). Then the effective
cone Eff(X) is of dimension two and is uniquely decomposed into three convex sets

Ef(X) = 7T urxur™,

such that 7F,7~ do not intersect the ample cone 7x and 77 N 7~ consists of the
origin. Recall that u € Tx holds and that, due to 7x C Mov(X), each of 7" and 7~
contains at least two of the weights w;;, wy.
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Remark 2.4.10. Consider X = X (A, P,u) such that Cl(X)g is of dimension two.
Then, for every §-face {0} # o < 7 precisely one of the following inclusions holds

Q(WO) - T+7 Tx C Q(70)07 Q(P)/O) c 7.

The §-faces vy < v satisfying the second inclusion are exactly those with vy € rlv(u),
i.e. the relevant ones.

In the following, we will frequently work with the canonical base vectors e;j, ey, €
E and the faces

Vit jrriagarkroky = CONC(€i1j; « o €y, s ChyyeeyChy) S

n+m

of the orthant ~ = >0

Lemma 2.4.11. Let X = X (A, P,u) be non-toric with vk (C1(X)) = 2.

(i) Suppose that X is Q-factorial. Then wy, ¢ Tx holds for all1 < k < m
and for all 0 < i <7 with n; > 2 we have w;; ¢ Tx, where 1 < j <mn,.
(ii) Suppose that X is quasismooth, m > 0 holds and there is 0 < iy < r with
ng, > 3. Then the wij,w, withn; >3, j=1,...,n; andk=1,...,m lie
either all in 7 or all in 7.
(i) Suppose that X is quasismooth and there is 0 < iy < r with n;, > 4.

Then the w;j with n; >4 and j = 1,...,n; lie either all in 7+ or all in
T .

(iv) Suppose that X is quasismooth and there exist 0 < i1 < iy < 7 with
ni,Ni, = 3. Then the wy; with n; > 3, j = 1,...,n; lie either all in Tt
or all in 7.

(v) Suppose that X is quasismooth. Then w1, ..., wy, lie either all in 7+ or
all in 7.

Proof. We prove (i). By Lemma (i) and (ii), the rays g, 7:; = v with n; > 2
are §-faces. Since X is Q-factorial, the ample cone 7x C Kg of X is of dimension
two and thus 7x C Q(v;;)° or Tx C Q(7%)° is not possible. Remark yields
the assertion.

We turn to (ii). By Lemma[2.4.9)(i) and (ii), all v&,7i;, vij,x = 7 in question are
T-faces and the corresponding pieces in X consist of singular points. Because X is
quasismooth, none of these F-faces is relevant. Thus, Remark [2.4.10|gives w;,1; € 7T
or wi;; € 7 ; say we have w;,; € 71. Then, applying again Remark [2.4.10| we
obtain wg,w;; € 7t for k=1,...,m, all i with n; >3 and j =1,...,n,.

Assertion (iii) is proved analogously: treat first ;14,2 with Lemma (iii),
then 7;,14; with Lemma (iii) and (iv). Similarly, we obtain (iv) by treating
first ;,1,4,1 and then all v;,1 ;; and 7;,1 ,; with Lemma m (iii) and (iv). Finally,
we obtain (v) using Lemma [2.4.9] (i). O

Proposition 2.4.12. Let X = X (A, P,u) be non-toric, quasismooth and Q-factorial
with p(X) = 2. Assume that there is an elementary big cone in ¥x and that we
have ng > ... > n,. If m > 0 holds, then there is a v;j € rlv(u), we have r = 2
and the constellation of the n; is (ng,2,2), (2,2,1) or (2,1,1).

Proof. According to Lemma (v), we may assume wy, ..., w,, € 7. We claim
that there is a w;,;, € 77 with n;; > 2. Otherwise, use Corollary m to see that
there exist w;; with n; > 2 and Lemma (i) to see that they all lie in 7+. Since
all monomials Tll have the same degree in K, we obtain in addition w;; € 7+ for
all 4 with n; = 1. But then no weights w;;, wy, are left to lie in 77, a contradiction.

Having verified the claim, we may take a w;,;, € 7~ with n;, > 2. Then
Yijr,1 € rlv(u) is as desired. Moreover, Lemma m (ii) yields r = 2 and n;, = 2.
If ng > 3 holds, then Lemma (ii) gives w;; € 71 for all ¢ with n; > 3.

Moreover, as all Tili share the same K-degree, we have w;; € 7% for all 7 with
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n; = 1. By the same reason, one of the w;, 1, w;,2 must lie in 7. As 77 contains
at least two weights, there is a wy,;, € 77 with n;, = 2 and i; # 42. Thus, the
constellation of ng > ny > ns is as claimed. O

Proposition 2.4.13. Let X = X (A, P,u) be non-toric, quasismooth and Q-factorial
with p(X) = 2. Assume that there is an elementary big cone in Xx and that we

have ng > ... > n,. If m = 0 holds, then there is a i, j, i, € rlv(u), we have
r < 3 and the constellation of the n; is one of the following

r=2  (n9,2,2), (3,2,1), (3,1,1), (2,2,2), (2,2,1),

r=3: (2,2,2,2), (2,2,2,1), (2,2,1,1).

Proof. We first show n; < 2. Otherwise, we had n; > 3. Then, according to
Lemma (iv), we may assume that all the w;; with n; > 3 lie in 7F. In
particular, w1, lies in 7. Because all monomials Til" have the same degree in K,
also w;; € 71 holds for all ¢ with n; = 1. At least two weights w;,;, and w;,;,
must belong to 7. For these, only n;, = n;, = 2 and 4y # i is possible. Applying
Lemma (iv) to v11,i,5; € rlv(u) gives r = 2, contradicting ng > ny > 3 and
ng, = Ni, = 2.

We treat the case ng > 4. By Lemma (iil), we can assume w1, . . . , Won, €
7F. As before, we obtain w;; € 71 for all ¢ with n; = 1 and we find two weights
Wiyjys Wiy € T with ny, = n;, = 2 and 41 # 9. Then 1,5, € rlv(u) is as
wanted. Lemma (iv) gives 7 = 2 and we end up with (ng, 2, 2).

Now consider the case ng = 3. Lemma (i) guarantees that no wy; lies in
Tx . If weights wg; occur in both cones 7+t and 77, say wo1 € 77 and wgy € 77, then
Yo1,02 is as wanted. Lemma m (iii) yields r = 2 and we obtain the constellations
(no,2,2), (3,2,1) and (3,1,1). So, assume that all weights wy; lie in one of 7+ and
77, say in 7. Then we proceed as in the case ng > 4 to obtain a 71,5, € rlv(u)
and r = 2 with the constellation (3,2, 2).

Finally, consider the case ng < 2. Corollary yields ng = 2. According to
Lemma, (i) no w;; with n; = 2 lies in 7x. So, we may assume wqy; € 7.
Moreover, all w;; with n; = 1 lie together in one 7%, 7x or in 7~. Since each of
77 and 77 contains two weights, we obtain n; = 2 and some 7g;, 15, s as wanted.

Lemma (iv) shows r < 3. O
We derive a special case of |23, Cor. 4.18|.

Corollary 2.4.14. Let X = X (A, P,u) be smooth with p(X) = 2. Then the divisor
class group Cl(X) is torsion-free.

Proof. By Corollary there is an elementary big cone in Y x. Thus, Proposi-
tions [2.4.12] and [2.4.13| deliver a two-dimensional v € rlv(u). The corresponding
weights generate K as a group. This gives C1(X) = K = Z2. O
Proof of Proposition[2.].1l The variety X is isomorphic to some X (A, P,u), where
after suitable admissible operations we may assume ng > ... > n,. Thus, Proposi-

tions [2.4.12| and [2.4.13| apply. O

2.5. Proof of Theorems [2.1.1], [2.1.2] and [2.1.4

We prove Theorems[2.1.1} 2.1.2]and 2.1.4] by going through the cases established
in Proposition The notation is the same as in Sections and We deal
with a smooth projective variety X = X (A, P,u) of Picard number p(X) = 2
coming with an effective torus action of complexity one.

From Corollarywe know that C1(X) = K = Z? holds. With w;; = Q(ei;)
and wy, = Q(eg), the columns of the 2 x (n+ m) degree matrix @ will be written as

Wij = (wz‘ljaw?j) € 7% W, = (wli,w,%) e 72
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Recall that all relations go, ..., g, 2 of R(A, P) have the same degree in K = Z?;
we set for short

po= (u',p®) = deg(go) € Z*.
n+m

We will frequently work with the faces of the orthant v = QY™ introduced in
Lemma 2.4.9 -

Yij,k = Cone(eij’ek) = Yirjisizge T C0n6(6i1j1,€i2j2) = 7.

Remark 2.5.1. Consider £ % 72 and a face Yo = v of type Vijk, Viiji iz
O Yk, k- Write €', €” for the two generators of vy and w’ = Q(¢'), w” = Q(e”) for
the corresponding columns of the degree matrix @ such that (w’,w"”) is positively
oriented in Z2. Then Remark [1.3.3] tells us

Y € rlv(u) = det(w’,w") = 1.

So, if 79 € rlv(u) holds, then we may multiply @ from the left with a unimodu-
lar (2 x 2)-matrix transforming w’ and w” into (1,0) and (0,1). This change of
coordinates on Cl(X) does not affect the defining data (A, P). If w' = (1,0) and
w” = (0,1) hold and e € « is a canonical basis vector with corresponding column
w = Q(e), then we have

cone(¢’,e) €rlv(u) = w= (w',1),
cone(e”,e) €rlv(u) = w=(1,w?).

We are ready to go through the cases of Proposition 2:4.1} we keep the num-
bering introduced there.

Case (I) (a). We have r =2, m > 0 and the list of n; is (ng,2,2), where ng > 3.
This leads to No. 1 and No. 2 in Theorems[2.11l and [2.1.2

Proof. In a first step we show that there occur weights w; in each of 7 and 7.
Otherwise, we may assume that all wg; lie in 77, see Lemma (i). Then
Lemma (i) says that also all wy, lie in 7F. Moreover, we have deg(T") €
7T for ¢ = 0,1,2. Thus, we may assume wqq,w2; € 77 and obtain wig, wo €
77, as there must be at least two weights in 7—. Finally, we may assume that
cone(wpr, wi2) contains wog, ..., Won, and wes. Applying Remark first to
V01,12, then to all vyo; 12, y12,% and 701,22, V12,21 yields

Q- 0 why .. Wiy, |wlh 1|wy 1 [wp ... wh
1 1 ... 1 Jw 0 1 wih|1 ... 1 |’

where w(l)j > 0 and w3, > 0. Since 01,12, 701,22 € rlv(u) holds, Lemma (iv)
implies I1; = lo; = 1. Applying P - Q! = 0 to the first row of P and the second row
of @) gives

0 < 3 S o é l01+...+lon0 = U)%l = 1+w§2w}1,

where the last equality is due to y11 .22 € rlv(u) and thus det(wag,wi1) = 1. We
conclude w3, > 0 and wi; > 0. Because of yg; 22 € rlv(u), we obtain det(waz, wo;) =
1. This implies w(l)j =0forall j =2,...,n9. Applying P - Q! = 0 to the first row
of P and the first row of Q gives wi, + l;2 = 0; a contradiction.

Knowing that each of 7+ and 7~ contains weights Wpj, We can assume woi, Wo2 €
7t and wo3 € 77. Lemma (ii) and (iii) show ng = 3 and m = 0. There is
at least one other weight in 77, say w11 € 7. Applying Lemma m (iii) to
Y05,08 € rlv(u) for j = 1,2 and (iv) to suitable yo;, iy, € rlv(u), we obtain

l01 = l02 = 1, li11 =lio = 1, log =1ap = 1.
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Moreover, Remark [2.5.1] applied to 01,03 as well as 402,03 and 71,11 brings the
matrix @ into the shape
1 1
0 = {0 wgy 1 12 wip
1 1 0w wiy

Observe that the second component of the degree of the relation is y? = 2. The
possible positions of the weights wo; define three subcases:

1 1
W31 Wy

+

T

wp1 w2
w21 w22

(i) (ii) (iii)
We will see that cases (i) and (ii) give No. 1 and No. 2 of Theorem [2.1.1| respectively
and case (iii) will not provide any smooth variety.

In (i) we assume way, w22 € 7. Then 7o1,21,%01,22 € rlv(u) holds and Re-
mark shows wi; = wl, = 1. This implies 4! = 2. Similarly, considering
V02,21, V02,22 € tlv(u), we obtain wj, = 0 or w3; = w3, = 0. The latter contra-
dicts u? = 2 and thus wg, = 0 holds. We conclude lo3 = p! = 2. Furthermore

wi, = pt —wi; = 1. Together, we have

1 1

b 2-b ] ’
where a,b € Z. Observe that w1 € 7~ must hold; otherwise, yo312 € rlv(u)
and Remark yields w?, = 1, contradicting w12 = (1,1) = wy; € 7. The
semiample cone is SAmple(X) = cone((0, 1), (1,d)), where d = max(a,2—a, b,2—b).
The anticanonical class is —Kx = (3,4). Hence X is an almost Fano variety if and
only if d = 1, which is equivalent to ¢ = b = 1. In this situation X is already a
Fano variety.

In (ii) we assume wo; € 7~ and wag € 7. Remark applied to yo1,21, 703,22 €

rlv(u) shows wi; = w3, = 1. The latter implies w3; = p? — w3, = 1. We claim

w?, # 0. Otherwise, we have w?, = p? = 2. This gives det(woz,wi2) = 2. We
conclude o3 12 & rlv(u) and w12 € 77. Then 71,12 € rlv(u) implies wi, = 1. Thus,
woe = (1,1) and wiz = (1,2) hold, contradicting wos € 7+ and wia € 7. Now,
Y11,22 € 1lv(u) yields w}wl, = 0 and thus wl, = 0. We obtain p' = 1 and, as
a consequence lp3 = 1,wl, = 0 and wi, = 0. Therefore wis € 7+ holds. Now
Y0312 € rlv(u) implies w?, = 1 and w3, = p? — wi, = 1. We arrive at

0 0 1|1 01 O

11 01 1]1 1 }

0 0 1
1 10

1 1

g0 = TnTooTgs 4+ T Tiz + To1 Toa, Q = [ a 2—a

go = To1To2To3 + ThiTi2 + To1Th2, Q = [

The anticanonical class is —Cx = (2,4) and the semiample cone is SAmple(X) =
cone((0,1), (1,1)). In particular X is Fano.

We turn to (iii), where both ws; and was lie in 7F. The homogeneity of gq yields
w1z € 71, Thus, Y03,12, 703,21, V03,22 € rlv(u) holds and Remark implies w?, =
w3, = w3, = 1. We conclude w?, = p? — w?, = 1. Similarly, Y02,11, Y11,21, V11,22 €
rlv(u) yields wgy = wd; = wi, = 0. This gives 0 # lo3 = u! = wi; + wi, = 0 which
is not possible. O

Case (I) (b). We have r =2, m = 0, n = 6 and the list of n; is (3,2,1). This
leads to No. 3 in Theorems[2.1.1] and[2.1.2

Proof. Since there are at least two weights in 77 and another two in 7—, we can
assume woy, w2 € 77 and we3, w1z € 7. By Lemmam (iii) and (iv) we obtain
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lor = loo = 11 = L1z = 1. We may assume that cone(wp,wp3) contains wos.
Applying Remark firstly to 701,03, then to 92,03 and 701,12, we obtain

2
Wa1

1 1
0 wy 1 w51 12
wip Wig

1
Wa1 }
)

where w(, > 0. For the degree p of gg, we have u? = 2. We conclude w}; = 2 —wi,
and lr;w3; = 2 which in turn implies ly; = 2 and w3, = 1. For 7p2,12 € rlv(u),
Remark gives det(wy2,wo2) = 1 and thus wi, = 0 or w2, = 0 must hold.

We treat the case wi, = 0. Then u = (lp3,2) holds. We conclude w}; = lp3 — 1
and wd; = loz/2. With ¢ := lyp3/2 € Z>1 and a := wi, € Z, we obtain the degree
matrix

We show wy; € 77. Otherwise, wy; € 71 holds, we have 79311 € rlv(u) and
Remark [2.5.1] yields a = 1. But then wo; = (0,1) € 77 and wi; = (2c — 1,1) € 7+
imply wi2 = (1,1) € 77; a contradiction. So we have w1 € 77. Then 91,11 €
rlv(u) holds. Remark gives det(wi1,wp1) = 1 which means ¢ = 1 and, as a
consequence, lgg = 2. Together, we have

go = T01T02T023 + T T2 + T2217 Q

I
| — |
=)
= O
O =
[N}
| =
=)
Q

where we may assume a > 2 — a that means a € Z>;. The semiample cone is
SAmple(X) = cone((0,1), (1,a)), and the anticanonical class is —Kx = (2,3). In
particular, X is an almost Fano variety if and only a = 1 holds. In this situation X
is already a Fano variety.

We turn to the case w?, = 0. Here, w}; = pu? = 2 leads to det(wp3, w11) = 2 and
thus the §-face 93,11 does not belong to rlv(u); see Remark Hence wy1 € 7~
and thus 701,11 € rlv(u). This gives wi; = 1 and thus wy; = (1,2). Because
of woa = (wg2,1) € 7+, we must have wiy, = 0 and the previous consideration

applies. O

Case (I) (c). We have r =2, m =0, n =5 and the list of n; is (3,1,1). This case
does not provide smooth varieties.

Proof. Each of 7 and 7~ contains at least two weights. We may assume wy;, wgs €
7 and w3, w11, w21 € 77. Then 01,03, V02,03 € rlv(u) holds and Lemma (iii)
yields lp; = lp2 = 1. By Remark we can assume wo3 = (1,0) and w}; = wg, =
1. This implies x? = 2 and, as a consequence, l1; = lo; = 2. By [36, Thm. 1.1], we
have torsion in Cl(X); a contradiction to Corollary O
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Case (I) (d). We have r =2, m > 0, n = 6 and the list of n; is (2,2,2). Suitable
admissible operations lead to one of the following configurations for the weights wj;:

Configuration (i) amounts to No. 4 in Theorems (2.1.1], |2.1.9 and |2.1.4], configu-
ration (ii) to No. 5, configuration (iii) to Nos. 6 and 7, and configuration (iv) to
Nos. 8 and 9.

Proof for configuration (i). We have wo1, w11, w21 € 71 and wos, w12, wee € 7.
We may assume wy, € 77 for all k =1,...,m. If m > 0, we have v;21 € rlv(u) and
Lemma [2.4.9] (ii) gives l;; = 1 for ¢ = 0,1,2. If m = 0, we use 7;,1,i,2 € rlv(u) and
Lemma [2.4.9| (iv) to obtain l;;2 = 1 or l;,; = 1 for all 4; # 5. Thus, for m = 0, we
may assume lg; = ly1 = 1 and are left with lo1 =1 or log = 1.

We treat the case m > 0 and lpy = 11 = lo; = 1. Here we may assume
w11, Wa1, Wag € cone(wpr, wiz). Applying Remark firstly to 01,12 and then to
V01,22, V12,21 and all y12 5 gives

0 wi |wl 1|wl 1 [wh ... wl
Q=11 w2 wy 0] 1 w1 1
02 11 22 e

Using w11, wa1, waz € cone(wp, wy2) and the fact that the determinants of (wo2, wo1 ),
(w12, w11) and (wae, wey) are positive, we obtain

1 1 2 1 2 2 1
wiy, Wap, Wiy = 0, Wog, wip > 0, L > wywy;.
The degree p of the relation satisfies
O < 1 _ l 1 _ 1 4 l _ 1 4 l
p = lo2Wpy = Wiy 12 = Wy 22,

0 < ,U2 = 1+ log’wgg = wfl = 1+ l22w52.
In particular, w3, > 0 holds and thus all components of the w;; are non-negative.
With 702,11, 702,21, € rlv(u) and Remark [2.5.1} we obtain

1,2 _ 2 1 1 2 1
woowiy = 1+ wpowyy, Wy — 1 = wppwy,.
We show w3, = 0. Otherwise, because of 1 > w3,w3;, we have wi; = 0. This
implies w{, = 1 and thus

2 2 1 2
wi; = 1+ wypwi; = 1+ lppwys.

This gives w3, = 0 or wi; = lp2. The first is impossible because of lpaw3y = lagw3,
and the second because of log = lpaw(s = wi; + 2.

Knowing w3, = 0, we directly conclude w?; = 1 and w3, = 0 from p? = 1. This
gives wly, = 1. With a := w}; € Z>¢, b:= w3, € Z>¢ and ¢}, := wj € Z we are in
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the situation

0 1
g = ToTp@ +TuTiy +Tan Ty, Q = [ 1 0

a 1|b 1
1 0|1 O

ciT ... Cm,
1 ... 1 ’
where we may assume 0 < a < band ¢; < ... < ¢p. Observe lgg = a+ 112 = b+ 1a9.

The anticanonical class and the semiample cone of X are given by

—-Kx = B4+b+er+...4¢m—liz, 2+m),
SAmple(X) = cone((1,0),(d, 1)),

where d := max(b, ¢;,,). Consequently, X is a Fano variety if and only if the following
inequality holds

3+b+ci+...+cm—lis > (2+m)d
A necessary condition for thisis 0 < d < 1withlio =1ifd=1and ;5 <2ifd=0
The tuples (a, b, d, lp2, l12, l22) fulfilling that condition are

(0,0,0,2,2,2), (0,0,0,1,1,1), (1,1,1,2,1,1).

Each of these three tuples leads indeed to a Fano variety X; the respectively possible
choices of the ¢, lead to Nos. 4.A, 4.B and 4.C of Theorem [2.1.2 and are as follows:

cp=...=cym =0, 1< <0=co=...=c¢p, cpo=...=cm=1.
Moreover X is a truly almost Fano variety if and only if the following equality holds
3+b4+ce+...+em—liz = (2+m)d.

This implies 0 < d < 2 and the only possible parameters fulfilling that condition
are listed as Nos. 4.A to 4.F in the table of Theorem 2.1.41

We turn to the case m = 0, loy = 17 = 1 and lp; > 2. Lemma [2.4.9] (iv)
applied to Yo1,22, 711,22 € rlv(u) gives log = lig = 1. If I35 = 1 holds, then suitable
admissible operations bring us to the previous case. Hence consider loo > 2. We
may assume w1 € cone(wopr,wi2). We apply Remark firstly to 701,12, then to
701,225 V12,21 and arrive at

1 1 1
_ lo1 il _ 0 wpy |wip 1| wy 1
go = To1Toe + 11112 + 1571557, Q = [ 1w, |w? 0] 1 wd ] ,

where wi; > 0 and w?; = det(wy2,w11) > 0. We have p = woa + wo1 = w11 + wia
and thus woz = w11 + w12 — wo1. Because of yp2.11 € rlv(u), we obtain

1 = det(wog,wn) = det(w12 — w017w11) = wh +w%1
We conclude wy; = (0,1) and p = (1,1). Using p = lojway + lagwas and lag, lag > 2
we see w3y, w3, < 0. On the other hand, 0 < det(waz,w21) = 1 — wiwi,, a
contradiction. Thus ls5 > 2 does not occur. O

Proof for configuration (ii). We have w1, woz, w11, w21 € 71 and wiz, wee € 7.
We may assume that wga, w12 € cone(wpr, waz) holds. Applying Remark first
to Y0122 € 1lv(u) and then to yo1,12, 702,22, 711,22 € 1lv(u) Wwe obtain

1 1 1 1 1
Q = [ 0 wp | wiy 12 wgl 1 wé wgn ]
- )
1 1 1 wiy|wy 0wy ... wj,

where we have wéz,w%Q > 0 due to wge, w12 € cone(wpr,wss). Moreover, w%l >0
holds, as we infer from the conditions

0 < p' = lpowhy = lnwiy +liz = loywyy + lao,

0 < p? = o+l = li1+lipwi, = lynwi.

We show [;; > 2. Otherwise, the above conditions give l;ow?; > 0 and thus
w}y > 0. For 7p2,12 € rlv(u), Remark gives det(wi2, wp2) = 1 which means
wiswdy = 0 and thus wl, = 0. This implies loywi; + lao = 0 and thus wi; < 0;
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a contradiction to 1 = det(w2,ws1) = w3, — wwi; which in turn holds due to
712,21 € rlv(u) and Remark

Lemmam (iV) applied to 702,125, 701,12, 721,12 € rlv(u) shows l01 = log == l22 =
1. Putting together u? = 2 = l3; + ljowd, and l3; # 1, we conclude l1; = 2 and
w}y = 0. With vi291 € rlv(u) and Remark we obtain w3, = 1 and hence
lp1 = p? = 2. From

0 < p' = wly = 2wh +1 = 2wl +1

we conclude w}; = wl; > 0 and thus wj, > 0. Lemma [2.4.9) (ii) implies that
possible weights of type wy lie in 7. Thus Remark and o1, imply w,ﬁ =1
for all k. Moreover, since g2, € rlv(u), the latter implies w,% = 0. All in all, we
arrive at

0 2a+1
1 1

a 1

go = TonToo +ThTio + T s, Q = [ 10

a 1|1 ... 1
1 0/0 ... 0]’

where a € Z>¢. The anticanonical class is —Kx = (2a+2+m, 2) and the semiample
cone is SAmple(X) = cone((1,0), (2a+1,1)). Hence X is an almost Fano variety if
and only if m > 2a holds and X is a Fano variety if and only if m > 2a holds. O
Proof for configuration (iii). We have wq1, wo2, w11, Wiz, w21 € 7T and wes € 7.
As there must be another weight in 77—, we obtain m > 0. Lemma (v)
yields wy,...,wy, € 7. We may assume wgz, w11, Wiz, Wy € cone(wor, wy), where
kE = 2,...,m. Applying Remark firstly to 7011 € rlv(u) and then to the
remaining faces Yo1,22, 7V01,k, Vij,1 from rlv(u) leads to the degree matrix

11...1]

2 2
0 wy ... w;y,

w%l 1
2
1 Wi,

1 1
Wi Wiz
1 1

_ 0 w(1)2

@ = [1 1

with at most w%l,wSQ negative. We infer lg1 = lgo = 111 = l12 = l3o = 1 from
Lemma, (ii). For 702,22, 711,22, V12,22 € rlv(u) Remark tells us

2 _ 1o 1 1
Wyy = 0 or Wy = wWi; = Wiy = 0.

We treat the case w3, = 0. Here ly; = p? = 2 holds. Thus p! = wi, = 2wl +1
holds. Because of w{, > 0, we conclude w{, > 0 and wi; > 0. Remark applied

to o2,k € rlv(u) gives w? = 0 for all k = 2,...,m. We arrive at
0 2¢+1|a ble 1|1 ... 1
_ 2 _
go = Tor1Toe +T1Tio + 15T, Q = [1 1 1111 0lo . 0}7

where a,b,c € Z>p and a + b = 2c 4+ 1. Furthermore, the anticanonical class is
—Kx = (8¢ + 2+ m,3) and we have SAmple(X) = cone((1,0), (2¢ + 1,1)). In
particular, X is an almost Fano variety if and only if 3c +1 < m holds and a Fano
variety if and only if the corresponding strict inequality holds.

Now we consider the case w}, = w}; = wi, = 0. We have pu! = 0, which implies

loy = 1, wl; = —1. Consequently, pu? = 2 gives w3, = 1. Since Y21 € rlv(u) for
2 < k < m, we conclude w% = 0 for all k. Therefore we obtain
0O 0|0 O|—-1 11 ... 1
go = T01T02 +T11T12 +T21T223 Q - |: 1 111 1 1 110 0 :| .

Finally, we have —Kx = (m,4) and SAmple(X) = cone((1,1),(0,1)). Thus, X is a
Fano variety if and only if m < 4 holds. Moreover, X is an almost Fano variety if
and only if m < 4 holds. O

Proof for configuration (). All w;; lie in 7F. Then we have m > 2 and one and

hence all wy in lie in 77, see Lemma [2.4.11] (v). Applying Lemma (ii) to

vij1 € rlv(u), we conclude [;; = 1 for all 4, j. Thus we have the relation

go = To1To2 + Ti1Tho + To1Tos.
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We may assume that cone(wpi,w:) contains all w;;, wy. Remark applied to

Yo1,1 € rlv(u) leads to wy = (1,0) and wo; = (0,1). All other weights lie in the

positive orthant. For v;;1,vo1,x € rlv(u) Remark shows wigj = w,i =1 for all

1,7, k. Consider the case that all w,% vanish. Then the degree matrix is of the form
0 a9

1 ... 1
@ = { 11 0 ... 0 ] ’
where a;, € Z>o and as = a3 + a4 = a5 + ag. We have —Kx = (2a2 +m,4) and
SAmple(X) = cone((1,0), (az,1)). Hence X is a Fano variety if and only if 2as < m
holds and an almost Fano variety if and only if 2as < m holds.
Finally, let wi be strictly positive for some k. Note that we may assume 0 <

w? < ... < w?2; in particular w2, > 0. Since 7;;, € rlv(u) for all 4, j, Remark
yields w}j =0 for all 7,j. Thus we obtain the degree matrix

az a4
1 1

as  ae
1 1

0 = 0O 00 0jO0O Oj1 1 ... 1
o 1 11 11 110 as ... am |’
where 0 < a2 < ... < a,, and a,, > 0. The anticanonical class and the semiample

cone are given as
—Kx = (myd4+as+...+am), SAmple(X) = cone((0,1), (1, am)).

In particular, X is a Fano variety if and only if 4 + as + ... + a;, > ma,, holds.
Note that for the latter a,, < 3 is necessary. Moreover, X is a truly almost Fano
variety if and only if the equality 4 + as + ... + a.,, = ma,, holds. O

Case (I) (e). We haver =2, m > 0, n = 5 and the list of n; is (2,2,1). This
leads to Nos. 10, 11 and 12 in Theorems|2.1.1}, [2.1.9 and[2.1.4).

Proof. We divide this case into the following three configurations, according to the
way some weights lie with respect to 7x.

(i) (i) (i)
We show that configuration (i) does not provide any smooth variety, (ii) delivers
No. 10 of Theorem and (iii) delivers Nos. 11 and 12.

In configuration (i) we have wgi, w11 € 7~ and woz, w12 € 77. We may assume
w11 € cone(wo, wiz)- Remark applied to 701,12 € rlv(u) leads to wo; = (1,0)
and w2 = (0,1). Observe wi;,wf; > 0. Due to det(w;1,wi2) > 0, we even have
wl > 0 and det(wor,wp2) > 0 gives wgy > 0. Since Téo and Tll1 share the same
degree, we have

lotwor + loowoz = l11wir + l2wia.
Lemma m (iv) says lp2 = 1 or l3; = 1, which allows us to resolve for wgq or for
wi1 in the above equation. Using o211 € rlv(u), we obtain

loo=1 = 1=det(wi1,wo2) = det(wi1, lipwiz — lo1wor) = liawy; + lowiy,
l11 =1 — 1= det(wn,woz) = det(lmwgl — llg’wlz,’wOQ) = 10111)82 + llg’LUéQ.

We show lpa > 1. Otherwise, log = 1 holds. The above consideration shows w?; = 0
and l1p = wh = 1. Thus, 121w§1 = l;2 = 1 holds and we obtain ly; = 1; a
contradiction to P being irredundant. Thus, lgo > 1 and l;; = 1 must hold.
Because of w3, > 0, we must have w{, < 0. With

_ 1.2 2 1
1 = det(wi1,we2) = Wi Wy — Wi Woo
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we see wwly, = 0 and wi; = w3, = 1. But then we arrive at 1 = lj;w}; = loywi;.
Again this means lo; = 1; a contradiction to P being irredundant.
In configuration (ii) we have wq1, w11, w12 € 7~ and woz, w; € 71. In particular

m > 1. Lemma [2.4.11] (v) yields ws, ..., w,, € 77. Applying Remark first to
11,1 € rlv(u) an then to Yo1,1, Y12,1, V02,11, 11,k € rlv(u) leads to

0 = 1 wh|1 1 Jwh|0 wd ... wh
w1 |0 wh w1 1 ... 1

Applying Lemma (11) to 7Yo01,1,712,1,7Y11,1 S rlv(u) we obtain log = l11 = l12 =1.
For the degree u of the relation gy we note
pto=lot +wgy = 2 = laws, P2 = lgwiy +1 = wi = law;.

From p! = 2 we infer ly; = 2 and wi; = 1. Consequently, x? is even and both
lo1, w3, are odd. Using again u! = 2 gives w, # 0. For 792,12 € rlv(u) Remark[2.5.1}
yields det (w12, wo2) = 1 which means w,w?, = 0. We conclude w?, = 0 = p?. This

implies w3, = 0, w3, = —1, lp1 = 1 and w{, = 1. We obtain
1 1|1 1(1{0 ... O
_ 2 _
go = To1Toz + Ti1Th2 + T5y, Q = [_1 110 olol1 .. 1],
where w} = ... = w}, = 0 follows from Remark applied to vp1,, € rlv(u). The

semiample cone is given as SAmple(X) = cone((1,0),(1,1)) and the anticanonical
class as —Kx = (3,m). Therefore X is a Fano variety if and only if m < 3, i.e
m = 1,2. Moreover, X is an almost Fano variety if and only if m < 3.

In configuration (iii) we have wg1,wo2, w11, w12 € 7~ and wi,wy € 77. In
particular m > 2. Lemma (v) ensures w3, ..., Wy, € 7F. We can assume that
all w;;, wy, lie in cone(wo1, w1 ). Applying Remark firstly to 01,1 and then to
all relevant faces of the types 7;;1 and vp1,%, we achieve

wor = (1,0), w; =(0,1), wéQZwilzwb:l, w%z...:wfnzl.

Lemma (ii) applied to all v;;1 shows l;; = 1 for all i, j. We conclude p! = 2
which in turn implies lo; = 2 and wid, = 1. In particular, we have the relation

go = To1Tos + TiiTio + T3

We treat the case that w] = ... = w} = 0 holds. All columns of the degree
matrix lie in cone(wp, w;) and thus @ is of the form
0 = 1 171 1)1]0 0 ... O
“ |10 2|a b|le|l 1 ... 1]

where a,b,¢ € Z>o and a+b = 2c. The anticanonical class is —KC = (3,m+ 3¢) and
we have SAmple(X) = cone((0, 1), (1,2¢)). Therefore X is a Fano variety if and
only if m > 3c. Moreover, X is an almost Fano variety if and only if m > 3c.

We treat the case that w; > 0 holds for some k. Then we obtain wg, = 0 by
applying Remark to Yo2,k- This yields pu* = 0 and thus wy; = 0 for all 4, .

Consequently, the degree matrix is given as
1 11 1)1
@ = { 0 0/0 010

where we can assume 0 < w% <...< w,ln The semiample cone and the anticanon-
ical divisor are given as

SAmple(X) = cone((1,0), (w},, 1)), ~K=B+wh+...+wk,m).
We see that X is an almost Fano variety if and only if mw?}, < 34+wl+...+w} and

that X is a Fano variety if and only if the corresponding strict inequality holds. [

Case (I) (f). We haver =2, m > 1, n = 4 and the list of n; is (2,1,1). This case
does not provide any smooth variety.

0 wi ... w
11 ... 1 |’
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Proof. We can assume wg; € 7~ and wy € 71. Lemmal2.4.11|(v) ensures wa, . . ., Wy,
7%, Applying Remark first to v01,1 € rlv(u) and then to the remaining
~o1,k € rlv(u), we achieve

Q:{ 11 .1

Moreover vp1,1 € rlv(u) implies lp2 = 1 by Lemma (ii). Recall from Corol-
1arythat Cl(X) is torsion-free. Thus [36], Thm. 1.1] implies that I1; and lo;
are coprime.

Consider the case woz € 7~. Then 721 € rlv(u) holds, Lemmam (i) yields
lor = 1 and Remark shows w}, = 1. We conclude p' = 2 and thus obtain
l11 = lo1 = 2; a contradiction.

Now consider wpa € 71, which implies Yp1,02,11 € rlv(u). Since X is locally
factorial, Remark (i) shows that w3, and w?; are coprime. Now we look at

2 2 2 2
poo= wh = Inwiy = lawsy,.

1
Wy

1
w1y

1
1 wg2
0 wgy

We infer that lo; divides w, and w?;. This contradicts coprimeness of w2, and w?,,
because by irredundancy of P we have Iy, > 2. O

Case (II). We haver =3, m =0 and 2 = ng = ny > ng > ng > 1. This leads to
No. 13 in Theorems[2.1 1l and [2. 1.2

Proof. We treat the constellations (a), (b) and (c) at once. First observe that for
every w;,j, with n;; = 2, there is at least one w;,;, with n;, = 2 and i; # iz such
that 7x € Q(Viyjr,inge)° and thus v, i, € rlv(w). Since r = 3, we conclude
lij =1 for all i with n; = 2; see Lemma [2.4.9] (iv).

We can assume wg, w11 € 7~ and w2, wiz € 7T as well as wyq € cone(wgy, wiz).
Applying Remark t0 01,12, € rlv(u), we obtain wg; = (1,0) and w12 = (0,1).
Moreover wi;, w? > 0 holds and, because of wi; € 77, we even have w}; > 0. For
the degree p of g9 and g; we note
pto= wg+1 = wiy, pro= wiy = wi + 1.

Thus, we can express wps in terms of wi;. Remark applied to 92,11 € 1lv(u)
gives 1 = det(w11,wo2) = wi; +w?. We conclude wy; = (1,0) and wpe = (0,1). In
particular, the degree of the relations gy and g; is = (1,1).

In constellations (b) and (c), we have ng = 1 and g = (1,1). This implies
31 = 1, a contradiction to P being irredundant. Thus, constellations (b) and (c)
do not occur.

We are left with constellation (a), that means that we have ng = ... =n3 = 2.
As seen before, [;; = 2 for all ¢, j. Thus, the relations are

go = To1To2 + T11T12 + 121752, g1 = NI11Tho + To1Too + 13113,

where A € K* \ {1}. In this situation, we may assume wa1,ws; € 7. Applying
Remark to the relevant faces vo2,21,702,31, we conclude w3, = w3, = 1. Since
u! =1 and [;; = 1, we obtain w%Q = w%Q = 0. Thus, way and w3y lie in 7. Again
Remark this time applied to y01,22,701.32 € 1lv(u), yields w3y, = w3, = 1.
Since p? = 1 and l;; = 1, we obtain w3, = w? = 0. Hence we obtain the degree
matrix

0 - 1 011 0|1 0|1 O
|0 1]0 1|0 1|0 1|
The semiample cone is SAmple(X) = (Qs0)? and the anticanonical divisor is
—Kx = (2,2). In particular, X is a Fano variety. |

Proof of Theorems|2.1.1),[2.1.9 and[2.1.4] The preceding analysis of the cases of
Proposition shows that every smooth rational non-toric projective variety of
Picard number two coming with a torus action of complexity one occurs in Theo-
rem [2.1.1] and, among these, the Fano ones in Theorem [2.1.2 and the truly almost
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Fano ones in Theorem [2.1.4] Comparing the defining data, one directly verifies that
any two different listed varieties are not isomorphic to each other. Finally, using
Remark one explicitly checks that indeed all varieties listed in Theorem [2.1.1
are smooth. |



CHAPTER 3

Smooth intrinsic quadrics of small Picard number

In this chapter we continue to work on classifications of smooth Mori dream
spaces with small Picard number and investigate intrinsic quadrics, i.e. Mori dream
spaces whose Cox rings admit K-homogeneous generators such that the associated
ideal is generated by a single purely quadratic polynomial. In Picard number one,
the situation is similar to the toric case: there is up to isomorphism exactly one
smooth intrinsic quadric per dimension, see Proposition In Picard number
two, Theorem [3.2.§] gives a description of all smooth intrinsic quadrics, thereby
generalizing a result of [11]. In Picard number three, we provide in Theorem m
a description of all smooth full intrinsic quadrics, i.e. smooth intrinsic quadrics
whose Cox rings do not admit free variables. Specializing to small dimensions, we
present in Theorem and Theorem [3.3.6] a complete list of all smooth intrinsic
quadrics of Picard number three and dimension at most four. In both cases, we
further describe the smooth (almost) Fano intrinsic quadrics.

While we present the main tools needed in our classifications for intrinsic
quadrics in Section Sections [3.2] and contain the classification results. In
Section we take a closer look at the four-dimensional smooth Fano intrinsic
quadrics and describe explicitly their elementary birational divisorial contractions
and their elementary contractions of fiber type. The remaining part of Chapter three
is devoted to the proof of our classification results for smooth intrinsic quadrics of
Picard number three.

3.1. Basics on intrinsic quadrics

In the following we show that the defining quadratic polynomial of an intrinsic
quadric can be assumed to have an especially nice form.

Definition 3.1.1. Let X be an irreducible normal projective variety with finitely
generated divisor class group K := Cl(X) and finitely generated Cox ring R(X).
If R(X) admits K-homogeneous generators such that the associated ideal of rela-
tions is generated by a single purely quadratic polynomial, then we call X an intrin-
sic quadric. A standard intrinsic quadric is an intrinsic quadric X with Cox ring

R(X) = K[Tl,...,T,.,Sl,...,St]/<g>,

where g is a K-homogeneous polynomial of the form g = T'To + ... + T, T, + h
with some 0 < ¢ < r, r > 3, and some polynomial h given by

= T?+...+T7 ifg<r,
0 ifg=r,

where deg(Ty+r) # deg(Ty4:) holds for all 1 < k <! <r —gq. If X is a standard
intrinsic quadric for which ¢ = 0 holds, then we call X a full intrinsic quadric.

The following proposition shows that we can reduce the classification of intrinsic
quadrics to the classification of standard intrinsic quadrics.
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Proposition 3.1.2. Let K be a finitely generated abelian group, consider a K-
grading on the polynomial ring K[Ty, ..., Ts] such that the variables Ty, ..., Ts and
the following quadratic polynomial are K-homogeneous:

g = Z CLijTiTj S K[Tl,...,Ts].
1<i<j<s
Then there is a linear automorphism v : lin(Ty,...,Ts) — lin(Th,...,Ts) inducing

an automorphism of K -graded algebras V: K[Ty,...,Ts] = K[T1,...,Ts] such that
\I/(g) = T1T2 + PN —|— Tq_qu —|— h
holds for some 0 < q <r < s and some polynomial h given by

. {T§+1+...+T3 ifq<r,

0 ifg=r,
where we have deg(Ty+x) # deg(Ty41) for alll <k <l<r—gq.
Proof. Suitably renumbering the variables, we may assume that 77, ...,7T, are pre-

cisely the variables of g showing up in g. Denote by w1, ...,w, € K the degrees of
Ti,...,T,, where wy # w; holds for k # [. Moreover, set u := deg(g) € K. Suitable
renumbering of variables yields

W)+ We = ... =Wy + Wpt1 = U, 2Wmys = ... =2wy = U

with a unique odd number —1 < m < n. Some of the variables T7, ..., Ts may share
the same degree and we have

Vo= lin(Th,....T,) = &...aV, &V,

where V}, is the linear subspace generated by all T;, 1 < i < r, of degree wy, and Vj

is the linear subspace generated by the variables T;.41, ..., Ts. Suitably renumbering
the T; again, we obtain
Tl,...,le EVl, ey Tdn_1+17~'~7Tdn€Vna Tdn+17...,TS€V0.

The idea is to build up ¥ stepwise from appropriate endomorphisms V — V.
First, consider variables T; € Vi and T; € V, with a;; # 0. Define a linear auto-
morphism

i Vo= Vo Tpoe ap' Ty —ap' Y awTh, Tio— T for I #j.

ey
Then v;; respects the direct sum decomposition of V" and restricts to the identity on

all components different from V5. Moreover, 1);; extends to an automorphism W;;
of the K-graded algebra K[T,...,Ts] and we have

Ui(g) = | Tit+a;' Y anTi | Ti+ Y auTiTh
ki ey

with some ax; € K. Now define a linear automorphism

Vi Vo Vo T Ti—a' agTh, Ti— T for 1 #i.
k#i
Similarly as before, 1);; respects the direct sum decomposition of V' and restricts
to the identity on all components different from V;. Again, 9;; extends to an
automorphism ¥j; of the K-graded algebra K[T7,...,Ts]. This time we have

Usi(Wi(9) = T+ Y auTiT.
ki, 1#£5
Thus, a suitable composition of the automorphisms ¥;;0W;; turns g into the desired
form with respect to the variables from V; and V5. Proceeding similarly, we can
settle all other pairs V; and V4 for [ = 3,5,...,m.
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On each subspace Vj, for £ > m + 1, the variables all have the same K-degree
and, if a variable of a given monomial of g belongs to V, then all variables of this
monomial belong to V. Thus, we may treat the part g of ¢ built from variables
of V), separately. The usual diagonalization procedure for the Gram matrix of ¢
leads to a presentation of ¢, as a sum of squares. If the number of these squares is
even, then we turn the whole g into a sum of terms 7;7; with i # j. Otherwise,
we turn gy into a sum of 737} with i # j plus one single square. O

If X is an intrinsic quadric, then we can apply Proposition [3.1.2] to see that
there is an automorphism of K-graded algebras mapping R(X) to the Cox ring of a
standard intrinsic quadric. Thus the notion of standard intrinsic quadrics comprises
the case of a general intrinsic quadric and we obtain the following:

Corollary 3.1.3. Fvery intrinsic quadric is isomorphic to a standard intrinsic
quadric.

Remark 3.1.4. Assume that X is a standard intrinsic quadric. This means that

its Cox ring is given as R(X) = K[T1,...,T;, S1,...,5¢/{g), where g = T'T5 +
... +T4-1T4 + h holds for some 0 < g < r and some polynomial h given by

b - T2, +...+T7 ifg<r,
0 ifg=r,

where deg(Ty+x) # deg(Ty4;) holds for all 1 < k <1 < r —gq. According to [3|
Prop. 3.3.3.2], the anticanonical class of X is given by

~Kx = (q/2-1)deg(g) + Y deg(T3)+ Y _deg(5;) € K.
i=q+1 =1

Recall that we denote by Q: Z™"" — K = CI(X) the map defined through
e; — W4, ep4j > Uj, where e;, e,y ; are the canonical base vectors of £ = Zrtt
and where w; := deg(T;) and u; := deg(S;) denote the degrees of the generators
of R(X). Furthermore, we set v := QL.
Lemma 3.1.5. Assume that X is a standard intrinsic quadric with Cox ring given
as in Remark . Let v = (@;‘St be a face of the positive orthant. Then the
piece X (o) is singular if and only if e; & o holds for all i =1,...,r.

Proof. Let z € X(70). The claim follows since the gradient of g evaluated in 2z
vanishes if and only if e; ¢ 7o holds for all i = 1,...,7. (|

Lemma 3.1.6. Assume that X is a standard intrinsic quadric with Coz ring given
as in Remark|3.1.4. Then X is smooth if and only if all elements o € cov(u) fulfill
the following two conditions:

(i) There is 1 <1i <r such that e; € o holds.

(ii) @ maps lin(yp) N E onto K.
Proof. According to Lemma [3:I.5] the first item is equivalent to X being quasi-
smooth. Thus, Remark [T.3.3] completes the proof. O

Proposition 3.1.7. Let X be a full intrinsic quadric. If X is Fano, then its Picard
number is bounded by p(X) < 3. If p(X) = 3 holds and X is a full intrinsic Fano
quadric, then X is Q-factorial.

Proof. The Cox ring of a full intrinsic quadric X is given as K[T1, ..., T;]/{g), where
g=T1T>+...+T,_1T,+h holds for some 0 < ¢ < r and some polynomial h given by

o= TP +...+T7 ifg<r,
0 ifg=r.
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We have § = (T1,...,T,) and ® consists of all projected §-faces Q(vo), where
Yo = QTZO holds with

~Kx®1 = ((r/2-1)deg(9)) @1 € Q(7)°

and deg(g) denotes the degree of g. We first discuss the case h # 0. Here, we look
at o := cone(eq, e, ;). This is an §-face and we have Q(vy) € ®. Because of

Q(e1 +ea —2e,) = deg(g) —deg(g) = 0,

the image Q(lin(7o)) is of dimension at most two. According to Proposition [1.3.2]
the Picard group of X satisfies

Pic(X) <€ Q(lin(yo) N E),

i.e. the Picard number of X is at most two. Now, let A = 0, i.e. we have g =
T:T5 + ...+ T,_1T,. Consider the cones 7;; := cone(e;, e;11,€;,€e;41), where 4, j
are odd with 1 <1i < j <r — 1. The 7;; are §-faces and Q(7;;) is contained in ®.
Because of

Qlei +eiy1 —ej —ejp1) = deg(g) —deglg) = 0,
the images Q(lin(7;)) are of dimension at most three. Again by Proposition m
we have
Pic(X) € (QUin(ri;) N E),
2]
i.e. the Picard number of X is at most three.

It remains to show that X is Q-factorial if o(X) = 3. In this case the above con-
siderations show that h equals zero. Moreover, since p(X) = 3 holds, Remark
shows that the dimension of Q(Tij) is three for all odd 4, j with 1 <i < j <r—1 and
we conclude that the cones Q(7;;) generate all the same three-dimensional vector
subspace V' C Kg. Thus dim(Kg) = 3 follows from

KQ = Q(QT) = Q(linQ(Tlg)+...+th(TT_37r_1)) = V

3.2. Classification results in Picard number at most two

In this section we present our description of smooth intrinsic quadrics of Picard
number at most two, see Proposition [3.2.1] and Theorem [3:2.8] In Picard num-
ber one, we prove that there is only one smooth intrinsic quadric per dimension.
We further show that all these varieties are Fano, whereas our description in Pi-
card number two reveals smooth intrinsic quadrics being not Fano. We further
give descriptions of all smooth intrinsic (almost) Fano intrinsic quadrics in Picard
number two, see Theorems [3.2.10]and [3.2.11] As an application we prove in Propo-
sition [3.2.14] Mukai’s conjecture for the smooth Fano intrinsic quadric of Picard at
most two.

Proposition 3.2.1. Let X be a smooth intrinsic quadric of Picard number one.
Then X is isomorphic to the variety defined by the Cox ring

K[Ty,..., T/ (T + T5Ty + ...+ T;1T; + h),

where i =1 — 2, h = T, 1T, ori=r—1, h =T? holds, and where the grading is
given by deg(T;) =1 € Z = Cl(X) for all 1 < j <r. In particular, X is Fano.

Proof. Let X be a smooth intrinsic quadric of Picard number one. According to
Corollary [3.1.3] we may assume that X is a standard intrinsic quadric, i.e. its
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Cox ring is given as R(X) = K[T1,...,T,, S1,...,5¢/{(g9), where g = Th'To + ... +
T4—1Ty + h holds for some 0 < ¢ <r, r > 3, and some polynomial h given by

b — T? o +...+T7 ifg<r,
0 ifg=r,

where deg(Tyx) # deg(Ty4:) holds for all 1 <k <l <r—gq.

In a first step, we show that Cl(X) = Z holds. If ¢ > 0 holds, then v is
a one-dimensional relevant face. Since X is locally factorial, Remark shows
that we have Cl(X) = Q(lin(y;) N E). Thus, we obtain Cl(X) = Z. Now we

consider the case ¢ = 0. Since g is homogeneous, we have w{ = w? for all
j = 1,...,r. Furthermore, the cone 7;; := cone(e;,e;) is a relevant face for

all 1 <i < j<r, where e;,¢e; € 7"t denote as usual the canonical base vectors.
This yields ling(w;, w;) > Z & C1(X)*" by Remark In particular, we have
ling(wf) = ling(wy,w}) > Z for all 1 <4 < j < r. We conclude that w{ = 1 holds
for all i = 1,...,r. Multiplying (w1,...,w,) with an unimodular matrix from the

left, we arrive at
(w wy) = 1 1 ... 1
1Iy---yWr) — D wgor wtor ’

where p = Ocy(xyror holds. Since ling (w1, w2) = ling (w1, w;) holds for all 2 <4 <r,
we conclude wi" = wi°* for all 2 < ¢ < r. This means that Remark applied
to 23 shows

ling(wz) = ling(wq,w3) = Z @ CL(X)™"
holds, which implies that C1(X) is torsion-free.

Since Cl(X) is torsion-free, g contains either zero or exactly one square. Re-
mark applied to ~y;, where T; is not a square, shows that w; = 1 holds for
all ¢ such that T; is not a square. Homogeneity of g then yields w; = 1 for all
1 < ¢ <r. Since X is smooth, Lemma shows that ¢ = 0 holds, i.e. there are
no free variables.

Note that the anticanonical class of X is given by —Kx = r — 2. Since g has
at least three variables, r — 2 is contained in the relative interior of the semiample
cone SAmple(X) = Q>¢, which shows that X is Fano. O

From now on, this section treats the case of Picard number two. Thus, Clgp(X)
is of dimension two and the effective cone Eff(X) is uniquely decomposed into three
convex sets Eff(X) = 77 U7y U7~ such that 77 and 7~ do not intersect the
ample cone 7y := Ample(X) and 77 N 7~ consists of the origin. The extremal
rays of Eff(X) as well as the bounding rays of 7x are generated by some of the
weights w;, u;. Because of Tx C Mov(X)°, each of 7+ and 7~ contains at least two
(not necessarily different) weights.

Notation 3.2.2. Assume that X is a standard intrinsic quadric with Cox ring given
as R(X) = K[T1,...,T,,51,...,5/(9), where g =T1To + ...+ T,_1T, + h holds
for some 0 < ¢ < r and some polynomial h given by
- T?+...+T7 ifg<r,
0 ifg=r,
where we have deg(Ty+x) # deg(Ty+) for all 1 < k <! < r —g. Consider the
canonical base vectors e1, ..., e,y € E = Z"" and the positive orthant v := QL.
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For indices 1 < /1 <ty < ... < /ly <r+1t we set

Verbs.. .ty = Ve b, 0, = cOne(ep ... ep) 27,

where we use the notation in the middle instead of the one on the left-hand side in
case further clarification is needed.

Remark 3.2.3. In the above notation, a face 7 <« is an §-face of X if and only
if one of the following criteria is fulfilled:
(i) There are odd indices 1 < ¢ < j < ¢ such that v; ;41,541 =< 7 holds.
(ii) There is an odd index 1 < ¢ < ¢ and an index ¢+ 1 < j < r such that
Vii+1,j = 7 holds.
(i) There are indices ¢+ 1 < ¢ < j < r such that ;; < 7 holds.
(iv) For each odd 1 < < g — 1 there is an index i < k; < i+ 1 such that 7 is
a face of Y, ..k, 141, it

Remark 3.2.4. Assume that X is a standard intrinsic quadric and assume that X
is Q-factorial. If v, ¢, is a relevant face, then Remark implies that the
family (wp,,...,wp,) generates a full-dimensional cone in Cl(X)g. Thus F-faces
~o = 7y for which Q(vp) is not of the same dimension as C1(X)g are not a relevant
faces. In particular, if u is an ample Weil divisor class and if vy < v is an §-face
such that u € Q(v0) holds and such that all faces of 7y are also F-faces, then we
obtain u € Q(70)°.

Remark 3.2.5. Assume that X is a standard intrinsic quadric. If vp,4, ¢, is a
relevant face and if X is locally factorial, then Remark implies that the family
(wgy,...,wy,) generates K = Cl(X) as an abelian group. In particular, if s = p(X)

holds, then K is torsion-free and we have

+1 = det(we,, ..., we, ) -

Since multiplying @ from the left with an unimodular matrix does not affect the
isomorphism type of the underlying Mori dream space, we may then assume that
Wy, .-, We,y, are the canonical base vectors of K & 7P(X),

Proposition 3.2.6. Let X be an intrinsic quadric of Picard number two. If X is
locally factorial, then Pic(X) = Z? holds.

Proof. Corollary [3.1.3] shows that we may assume that X is a standard intrinsic
quadric, i.e. its Cox ring is given as R(X) = K[T4,..., T, S1,...,5t]/{g), where
g="T1T>+...+T, 1T, +h holds for some 0 < ¢ < r, r > 3, and some polynomial h
given by

L {T§+1+...+T3 ifg<r,

0 ifg=r,

where deg(Ty1r) # deg(Tq4:) holds for all 1 < k < [ < r —¢. According to
Remark [3.2.5] it is sufficient to show that there is a two-dimensional relevant face.
Let u € ClI(X) be an ample Weil divisor class. We distinguish the two following
two cases:

(1) g consists of squares,
(2) after renumbering of variables we have g = T/ T + .. ..

Case (1): According to Carathéodory’s theorem, there is an at most two-dimensional
face T of the positive orthant QL% such that u € Q(7)° holds. If 7 is an F-face,
then 7 is a relevant face. Since X is Q-factorial, 7 then is two-dimensional and thus
the proof is complete.

If 7 is not an F-face, then, possibly after renumbering of variables, we have
T =11 0L T = 71,41, Wwhere u; = Q(e,4+1) denotes the weight corresponding to the
free variable S;. We show that only the second choice for 7 is possible: If we had u €
Q(71)°, then 415 would be a relevant face, contradicting Remark Thus we are
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in situation two, i.e. 7 = 71 r41 holds. Note that we have Q(v; ;»+1)° = Q(7)° for all
1 <4 < j <r, which shows that 7; ;41 is a relevant face for all 1 <4 < j <. This
yields ling (w;, wj, u1) > Z* & Pic(X )™ by Remark Since g is homogeneous,
we have w{ = w? for all i = 1,...,r. In particular, we obtain ling(w?,uy) > Z?
for all 1 <i¢ < j < r. Multiplying @ with an unimodular matrix from the left, we
arrive at

0 0 0 1
(wi,...,wp |uy) = 11 ... 1 (0|,
p owkr o wkt | p

where p = Opjc(x)wer holds. Since ling (w1, w2, 1) = ling(wi, w;, u1) holds for all
2 < i < r, we conclude wi" = w!°" for all 2 < i < r. This means that Remark
applied to 72,341 yields

ling(wo,u1) = ling(wa,ws,u1) = Z* @ Pic(X)"",

which implies that Pic(X) is torsion-free.
Case (2): Here we have

Eff(X) = Q(0) with o := cone(e;; 77 is not a square).

Carathéodory’s theorem shows that there is an at most two-dimensional face 7 of o
such that u € Q(7)° holds. If 7 is an F-face, then Remark implies that 7 is a
two-dimensional relevant face, which completes the proof in this situation. If 7 is
not an §-face, then, possibly after renumbering of variables, we have 7 = -4, where
g = T1T» + ... holds. We may assume that w; is contained in 7+ and wy in 77.
Since u € Mov(X)° holds, there is a further weight w, € 7+. If T_?_ is not a square
of g, then v, 1 is a two-dimensional relevant face. If T_f is a square of g, then we
consider a further weight w_ € 77. Since deg(g) lies in 7+, w_ does not belong to
a square. Thus, v; _ is a two-dimensional relevant face. O

Construction 3.2.7. Fix two integers r € Z>5 and ¢t € Z>o. Consider the K-
algebra R :=K[T1,...,T,,S51,...,5¢/{g), where

)N+ ..+ T T, if r is even,
S T\ DT+ 4 TooToy + T2 ifris 0dd,

holds for some integers r € Z>5 and t € Z>g. Furthermore, a Z?-grading of R is
obtained by choosing weights w; = deg(T;) and u; = deg(S;) according to one of
the following settings.

Setting 1: Fix a € Z>o. The weights u; are taken from (a,1), where 0 < a < «
holds and we have w; = (1,0) for all 1 <4 < r. Furthermore, we have ¢t > 2 and
the vectors (a, 1) and (0,1) occur in the list uy, ..., us.

((), 1) e . (a, 1)
TX

Setting 2: Fix a € Z>¢. The weights w; are taken from (a,1), where 0 < a < «
holds and we have u; = (1,0) for all 1 < j < t. Furthermore, we have ¢t > 2 and
the weights satisfy

(i) w1 = (0,1) and we = (e, 1),

(il) w; + wit1 = (o, 2) for all odd 7 < r and 2w, = («,2) if 7 is odd.

w1 = (0,1) o (a,1) = w2
TX
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Setting 3: The weights w; and u; satisfy
(i) wy =(0,1) and we = (2,1),
(ii) w; = (1,1) for all 3 < i < r,
(ii) w; = (1,0) for all 1 < j < ¢t and we have t > 1.

Wi,
>3
| 555
w1 [ .
w2

Setting 4: Here, r € Z>¢ is even. The weights u; are taken from (a, 1), where
0 < a < « holds with some a € Z>g. We have w; = (1,0) and wy = (w3, 1) for
some 0 < w% < «. Furthermore the weights satisfy

(i) wi =w; for all odd 1 < i <r —1 and w; = wy for all even 2 <7 < r,

(ii) the vectors («, 1) and (0,1) occur in the list w1, ..., wy, w1, ..., u;.
Wi,
!
(0,1) . o (o, 1)
TX
‘ Wi,
1 odd

In all settings, g is Z?-homogeneous and R is the Cox ring of a smooth intrinsic
quadric X with ample cone 7x C Q? as indicated in the above figures.

Theorem [3:2.8 provides a classification of all smooth intrinsic quadrics, thereby
generalizing a result of [11] that described the case of full intrinsic quadrics; i.e. pre-
cisely the examples with & = m = 0 of Setting 4 of the above construction. More-
over, the cases n = 5 and n = 6 in Settings 1 to 4 are the ones allowing a torus
action of complexity one and thus are exactly the overlap with the description pre-
sented in Chapter two: Setting 1 corresponds to Nos. 8 and 11, Setting 2 to Nos. 9
and 12, Setting 3 to Nos. 7 and 10 and Setting 4 to No. 4.

Theorem 3.2.8. Let X be a smooth intrinsic quadric of Picard number two.
Then X is isomorphic to an intrinsic quadric arising from Construction [3.2.7.

Before presenting a proof of the above theorem, we first discuss some applica-
tions including the description of the smooth Fano and smooth almost Fano intrinsic
quadrics of Picard number two.

Remark 3.2.9. All smooth intrinsic quadrics of Picard number two admit elemen-
tary contractions some of which we describe in this Remark.

There is a contraction of fiber type ¢: X — Vp,__, (g) with

Setting 1 fibers isomorphic to P;_1.
. There is a contraction of fiber type ¢: X — P;_; with fibers
Setting 2 . .
isomorphic to V¢._,(g).
) There is a birational divisorial contraction ¢: X — P,1;_3
Setting 3 . . .
with center isomorphic to Vp, (g — ThT%).
. There is a contraction of fiber type ¢: X — P, /5_; with
Setting 4

fibers isomorphic to P /o4 5.
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Theorem 3.2.10. Let X be a smooth intrinsic quadric of Picard number two. Then
X is Fano if and only if X is isomorphic to one of the following varieties arising
from Construction |5.2.7
(i) X arises from Setting 1 and we have taw <1 — 2 + Z
(ii) X arises from Setting 2 and we have (r/2 — 1)a < t.
(iil) X arises from Setting 3 and r — 2 >t holds.
(iv) X arises from Setting 4, at < (r/2—1)+ 3"

i=1 ]

=1 Uj L and we = (o, 1) hold.

Theorem 3.2.11. Let X be a smooth intrinsic quadric of Picard number two. Then
X s truly almost Fano if and only if X isomorphic to one of the following varieties
arising from Construction [3.2.7;
(i) X arises from Setting 1 and we have ta =1 — 2+ 5"

X arises from Setting 2 and we have (r/2 —1)a = t.
X arises from Setting 3 and r — 2 =t holds.

(iv) X arises from Setting 4, at = (r/2 —1) + ijl uj and wy = (a, 1) hold.

(v) X arises from Setting 4, we = (0,1) and u; = (1,1) hold for all1 < j <.
Proof of Theorems|[3.2.10} and[53.2.11 All smooth intrinsic quadrics of Picard num-

ber two as well as their semiample cones are listed in Construction Further-
more, recall that the anticanonical class of X is given by

,1‘7

(ii
(iii

\_/\/\/\_/

—Kx = (r/2—1)deg(g +Zdeg uj)

In order to select the Fano and the truly almost Fano varieties among the varieties
in Construction [3.2.7] it is enough to compute the anticanonical class of X via
the above formula and to check in which cases Kx € SAmple(X)° and Kx €
SAmple(X) \ SAmple(X)° holds.
In Setting 1, w; = (1,0) holds for all 1 < ¢ < r. We have —Kx = (r/2 —
1)(2,0) + 35— (ul, 1) and SAmple(X) = cone((1,0), (a, 1)). This shows that X is
Fano if and only 1f ta <r—2+3"
ifta=r—2+ ijl uj holds.

In Setting 2, u; = (1,0) holds for all 1 < j < t. We have —Kx = (r/2 —
1)(e,2) +t(1,0) and SAmple(X) = cone((1,0), (e, 1)). This shows that X is Fano
if and only if (r/2—1)a < ¢ holds and truly almost Fano if and only if (r/2—1)a = ¢
holds.

In Setting 3, we have —Kx = (r — 2 + t,7 — 2) and the semiample cone of X
is given by SAmple(X) = cone((1,1),(2,1)). Note that —Kx € cone((1,1),(1,0))°
holds. Thus, X is Fano if and only if » — 2 > ¢ holds and truly almost Fano if and
only if r — 2 = ¢ holds.

In Setting 4, we have —Kx = (r/2—1) deg(g) + 23:1 uj, where the degree of g
is given by deg(g) = (w} + 1,1) and the semiample cone of X by SAmple(X) =
cone((1,0), (o, 1)). Note that u; is not contained in the relative interior of the
semiample cone of X. Furthermore, deg(g) € Ample(X) holds if and only if w} = «
holds. Thus X is Fano if and only if wi = a and

=1 U ! holds and truly almost Fano if and only

¢
(r/2=1(a+1,1)+ (> uj,t) € SAmple(X)°
j=1
holds, where the latter is equivalent to at < (r/2 —1) + 3.° i1 uj. There are two
possibilities for X belng truly almost Fano in Setting 4: The first is that wi = «
and at = (r/2—1)+ ZJ L uj hold and the second that wy = (0,1) as well as u; =

(1,1) hold for all 1 < j <. O
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Remark 3.2.12. Recall that according to Corollary 2.1.3] any smooth rational
non-toric Fano variety of Picard number two admitting a torus action of complexity
one arises via iterated duplication of a free weight from a smooth rational projective
(not necessarily Fano) variety with a torus action of complexity one, Picard number
two and dimension at most seven. In Remark we showed that there is no
analogous statement for smooth toric Fano varieties of Picard number two. The
same holds for smooth Fano intrinsic quadrics of Picard number two: Setting 4 of
Construction[3.2.7]gives rise to the following series of smooth Fano intrinsic quadrics
that cannot be constructed via duplication of free weights. For any n € Z>3 we
obtain a full smooth intrinsic Fano quadric X,, of dimension 2n — 3 with Cox ring

R(X,) = K[T1,...,To,)/{TiTo+ ...+ Ton-1Ton) ,

semiample cone @220 and generator degrees deg(T;) = (1,0) for odd ¢ and deg(T;) =
(0,1) for even i. Note that the anticanonical class is given as Kx, = (n —1,n — 1)
which shows that X,, is Fano.

In the below corollary, the first few coefficients of the Hilbert series H(t) were
computed using the function GRgradedcompdim of MDSpackage [38].

Corollary 3.2.13. Every smooth Fano intrinsic quadric of Picard number two and
dimension at most four is isomorphic to one of the following varieties X, specified
by their Coz ring R(X) and their anticanonical class —Kx, where the grading is
fized by the matriz Q = [wy, ..., ws], s = dim(X)+3, of generator degrees deg(T;) =
w; € CI(X). As additional data, we list the Fano index ¢(X) and the first few terms
of the Hilbert series H(t).

Setting R(X) Q=[w,...,ws] —Kx q(X) H(t)
3 _ K[T1,..,Te] 0 21 1|11 (4,3) 1 1+ 26t + 120t2
(T1 To+TsT4+T32) 1 1)1 1|1]j0 ’ +329t3 + 6994 + . ..
4 _ K[T1,...,Te] 1 0|1 0|10 (2,2) 5 1+ 27t + 125t2
(Ty To+T3T4+T5Tg) 0 1]/0 1|0 1 ’ +343t3 4+ 720t + . ..
1 K[T1,...,T7] 1 1|1 1|1]j]0 O (3,2) 1 1 4 90t + 700¢2
(T1 T2 +TsT4+T2) 0 0]/0 0f0f[1 1 ’ +2695t3 + ...
K[T1,...,T7] 1 1)1 1]1]jo 1 2
1 TiTo i T5 T4t 1) ooloololli 1 (4,2) 2 1+ 99t + 775t% + ...
K[T1,...,T7] 1 1)1 1|1|]0 2 2
1 T To i T5 T4t D) ooloololli 1 (5,2) 1 1+ 126t + 1000t% + . ..
K[T1,...,T7] 0 0l0 ofol|1 1 2
2 T To i T5 T4t D) 1101 111llo o (2,3) 1 1+ 90t + 700t% + ...
K[T1,...,T7] 0 2|1 1|11 1 2
3 Tl 15 Ta b T2 1101 1110 o (5,3) 1 1490t + 701t% 4. ..
K[T1,...,T7] 0 2|1 1|1 1|1 2
3 (T1T2+T3T4+T5T6) 111 1|1 1]j0 5,4 ! 1908 + 69917 + . ..
4 _ K[T1,..,T7] 1 0|1 0|1 0|0 (2,3) 1 1+90t‘+700t2
(Th To+T3T4+T5T6) 0 1/0 1]0 1|1 ’ +2695t3 + ...
K[Ty,...,T7] 1 1|1 1|1 1|0 2
4 (T1 To+T3Ty+T5T6) 0 1/0 1]0 1|1 (4,3) ! 14902 +700t% + ...

In particular, we see that there are ten smooth Fano intrinsic quadrics of Picard
number two and dimension at most four and that all but two of them have Fano in-
dex 1.

Proposition 3.2.14. Let X be a smooth Fano intrinsic quadric of Picard number
at most two. Then X fulfills Mukai’s conjecture, Conjecture[2.3.5, i.e. we have
p(X)(g(X) —1) < dim(X).

Proof. In Proposition we showed that in Picard number one, there is only
one smooth intrinsic quadric X per dimension with —Kx =r — 2 = dim(X). We
obtain the Fano index ¢(X) = r — 2, i.e. X fulfills Mukai’s conjecture. Now let X
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be a smooth intrinsic quadric of Picard number two. By going through the settings
of Theorem [3.2.10] we show that X fulfills Mukai’s conjecture. Note that in all
settings, we have dim(X) =r +¢ — 3.
Assume that X arises from Setting 1. The Fano condition is ta < 7 — 2 +
Z;:I u} We distinguish the cases a = 0 and a > 0.
If o = 0 holds, then we have —Kx = (r — 2,t) and ¢(X) = gcd(r — 2,t). Note
that this gives
2(¢(X)—1) < 2min(r—2,¢t) =2 < (r—241t)—2 < dim(X).
Now consider the case o > 0. Here we have —Kx = (7“—2—1—2:;:1 uj, t) and ¢(X) =
ged(r — 2 + 22:1 uj,t). If ¢(X) <t holds, then we obtain
20g(X)—1) < 2(t/2—-1) = t—2.
Since r > 5 holds, this yields t —2 < r +¢t—7 < dim(X), i.e. X fulfills Mukai’s
conjecture. If ¢(X) = ¢ holds, then ¢ divides r — 2 + Z;Zl ujl The Fano condition
shows that we have r — 2 + Z;Zl ujl = ft for some B € Zs,. In particular, we
have r — 2 4+ Z;Zl uj > (o + 1)t. Thus we obtain
20g(X)—-1) = 2t—2
= (a+1)t—(a+1-2)t—2
t

< (r=24) uj)—(a+1-2)t—2
j=1

< r—24t-2

= dim(X)-1,
where the last inequality follows since a > 0 implies Z;Zl ujl < at. This completes
the proof in Setting 1.

Now consider X arising from Setting 2. The Fano condition is (r/2 — 1)a < ¢
and we have —Kx = ((r/2—1)a+t, r—2). First we consider the case ¢(X) < r—2.
Here we have

20(X)—-1) < 2((r—2)/2—-1) = r—4 < r+t—6,
where the last inequality follows since ¢ > 2 holds. It remains to consider the case
q(X)=r—2. If @ =0 holds, then we obtain —Kx = (t,r —2) and thus r — 2 < ¢.
We conclude
2(X)-1) =2((r—-2)—-1) = r—=2)+(r—4) < t+r—-4 < dim(X).
Now let o = 1. Since ¢(X) is the greatest common divisor of the two coordinates
of —Kx = ((r — 2)/2+t,r — 2), we obtain
2k +1
t= S -2

with some k € Z. Because of o > 0, the Fano condition shows that ¢t > (r — 2)/2
and thus k£ > 1 holds. Hence we obtain

2q(X)—1) = 2(r—2-1)
< 3(r—2)/2+ (r—2)/2
< t+r/2-1.

The last expression is strictly smaller than dim(X) since r > 4 and thus r/2 — 1 <
r—3 holds. In Setting 2, it remains to consider the case a > 2, ¢(X) = r — 2. Here,
the Fano condition ensures r — 2 < 2t/«.. Thus, we obtain

2@(X)—1) = (r—=2)+(r—4) < 2tJa+(r—4) < t+r—4,

where the last inequality is true because of o > 2.
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In Setting 3, we have —Kx = (r—2+¢, r—2) and the Fano condition is r—2 > t.
Note that we have r—2 < r—2+t < 2(r—2), which gives ¢(X) = ged(r—2+t¢,7-2) <
7 — 2. We obtain

2¢(X)—1) < 2((r—2)/2—-1) = r—4 < dim(X),

where the last inequality follows since ¢ is at least one.

In Setting 4, we have —Kx = ((r/2 — 1)(wi + 1) + 23:1 uj, 7/2—1+1) and
the Fano condition is ot < (r/2 —1) + Z;Zl uj, wy = (a,1). If @ = 0 holds, then
we obtain ¢(X) < r/2 — 1 and hence

2¢(X)—1) < r—4 < r+t—-4 < dim(X).

If @ > 0 holds, then we distinguish the cases ¢(X) < r/2 — 1+t and ¢(X) =
r/2 — 1+ t. In the first case, i.e. if ¢(X) is strictly smaller than r/2 — 1 + ¢, we
obtain ¢(X) < 1/2(r/2 — 1+ t) and thus

2¢(X)—-1) < r/2—-14+t—-2 < dim(X),

where the last inequality follows because of r > 0.

It remains to consider the case a > 0, ¢(X) = r/2 — 1 + ¢ in Setting 4. Note
that ¢(X) divides (—Kx)1, which means that we have 8(r/2 —1+1t) = (—Kx); for
some [ € Z. The Fano condition shows 8 > o + 1. We conclude

(a+1)g(X) < B(r/2-1+1)

= (r/2-DWi+1)+> u}

j=1
< (r/2—1) (w3 +1)+at,

where the last inequality follows because wg = (@, 1) and « > 0 show that there is
some 1 < j <t with uj = 0. With this, we obtain

2(X)-1) = ((a+1)—(a+1-2))q(X) -2
< ((r/2=1D(a+1)+at) — (a—1)g(X) -2
= r+t—4
< dim(X),
which completes the proof. O

Proof of Theorem[3.2.8 Let X be a smooth intrinsic quadric of Picard number
two. Proposition m guarantees that Cl(X) is torsion-free. Taking into account
Corollary we thus may assume that the defining relation of the Cox ring
R:=K[T\,...,T,51,...,5¢/(g) is given by

L+ 4+ T AT if r is even,
I S\ N+ AT T+ T2 ifris odd.

Note that we have r > 5, because Cl(X) is torsion-free and thus R(X) must be a
unique factorization domain. Since X is Q-factorial, the ample cone 7x C Clg(X)
is of dimension two. We work with the convex sets Eff(X) = 7t U7rx U7~ as
explained above. Lemma shows that either all u; are contained in 77 or all u;
are contained in 77. After suitably renumbering the variables T; and S;, we are
left with the following cases.
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(1) (ii) (iii)

We now go through the cases using Notation [3.2.2] for the relevant faces of X and
denote by u = (p1, o) := deg(g) the degree of g.

Case (i): We have Tx = cone(wy,ws), w; € 7~ and wy € 7. Note that p is
contained in 7x. We may thus assume that ws € 7~ and ws € 77 hold. Applying
Remark to 714, we arrive at wy; = (1,0) and wy = (0,1). Since g is homoge-
neous of degree u, we obtain we = (u1 — 1, u2) and ws = (u1, w2 — 1). Like wq, wy
also ws, we form a Z-basis for C1(X), being positively oriented, because Eff(X) is
pointed and we have wo € 77 and w3 € 7~. This implies

1 = det(ws,ws) = p1 +p2—1.

]

From p € 7% C cone(ws,wy)® we infer pq, uo > 0 and thus conclude pq = pg = 1.
In particular, we have we = (0,1), wsz = (1,0) and 7x = Q2,. Moreover, u = (1,1)
implies that r is even. Suitably renumbering the T; with ¢ > 5, we achieve w; € 7~
and w;y1 € 77 for ¢ = 5,7,...,r — 1. Then, for every odd i, Remark and
homogeneity of g provide us with the conditions

det(w;,we) = 1, wi + w1 = p=(1,1), det(wy,wir1) = 1.

We conclude w; = (1,0) and w;y; = (0,1) for all i = 5,7,...,n — 1. The weights
u; = deg(S;) are contained either all in 7~ or all in 7. We may assume that all
lie in 77. Applying Remark to V1,044, where j = 1,...,¢, yields u; = (a;,1)
with some a; € Z<o. A suitable linear coordinate change in Z? leads to Setting 4.

Case (i1): Here we have 7x = cone(w;,wys), w1 € 7~ and wy € 77. Applying
Remark to 41,4 yields wi = (1,0) and wgq = (0,1). We distinguish the two
subcases wg € 7, w3 €7 and wo €T, w3 € 7.

In the latter subcase, i.e. if wy € 77 and w3 € 7~ hold, we proceed exactly as
in Case (i) and thus arrive in Setting 4.

If wy € 77 holds, we conclude that p lies in 7—. Hence the same holds for
w, if r is odd. Let vy be any weight in 7+. Applying Remark to (wy,v4)
yields vi = 1. The same remark applied to 724 shows w3 = 1 and thus p; = 2.
The homogeneity of g yields wi = 2. We now apply Remark to (wa,v4) and
(ws,v4). Thus, we obtain

1:1—w%v_1~_ and 1:2—w§v}_+vi,
where we used ws = wi + wy — wy for the last equality. We conclude w% =0,
vl = —1 and w3 = —1, i.e. the situation is as follows:
. wy TX
v
7Jle"—UZ
o w3

If r is odd, then p = (2,0) shows that w, = (1,0) holds. Now consider an odd
integer 5 < i < r. Since p € 7~ holds, we may assume that w; € 7~ holds.
Remarkﬁrst applied to 74,; and then to (w;,v") shows that w; = (1,0) holds.
The homogeneity of g yields w;1+1 = (1,0). Thus we conclude that w, = (1,0)
holds for all 5 < £ < r. In particular, vy is of type u;. This means that we may
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assume that vy = vy holds. Let 2 < 57 < ¢t. Lemma shows that u; € Tt
holds. Remark first applied to (w1, u;) and then to (ws,u1) yields u; = uy.
After renumbering the variables and multiplying the degree matrix ) with some
unimodular matrix from the left, we arrive in Setting 3.

Case (ii): Here we have 7x = cone(uj,ws), uy € 7~ and we € 77. Applying
Remark to (u1,ws) yields u; = (1,0) and wy = (0,1). We distinguish two
subcases w; € 77 and w; € 7.

In the first case, we have w; € 7 and thus ;4 € 7F. Hence we may assume
that all w;, ¢ odd, are contained in 7. Remark applied to (u1,w;), ¢ odd,
i # r, shows that w? = 1 holds for all odd i # r. In particular, we have u =
w1 +wz = (wy,2). Consider an odd index i # r. Homogeneity of g yields w? ; = 1.
In particular, w;; is contained in 7F. Hence all weights of type w; are contained
in 71 and thus we have ¢t > 2. Now consider a weight uj, 2<j <t Lemma
shows that u; is contained in 7—. Together with Remark and (u;,ws), we
obtain uj1 = 1. Now the same remark applied to all pairs (w;,u;) shows that we
have w; = (0,1) for all 1 <+¢ < or u; = (1,0) for all 1 < j < ¢. Multiplying with
some invertible integer matrix, we arrive in Setting 1 or 2.

Now we treat the case wy € 77. This means that we have u € 7x U7~. Hence
we may assume that ws € 7~ holds. Remark applied to o3 yields wi = 1.
Note that the homogeneity of g yields

wy = (g1, p2—1) and  wy = (py — 1, pg —w3).

We show that ws € 71 holds. Indeed, assume that wy lies in 7~. Then Remark
applied to y24 shows that wj = 1 holds. Thus we have y; = 2 and w; = (2, ug — 1).
Let ws # vy be a weight in 7. Since u; € 7~ holds, Lemma shows that
vy is of type w;. Note that p = ws + wy € 7~ holds and thus w, is contained
in 77 if r is odd. This means that we may assume that vy = ws and wg € 7~
hold. We apply Remark firstly to (u1,ws) and then to (wi,ws) and arrive
at w? = 1 and 1 = 2 — w?wi. Since w! < 0 holds, we conclude w} = w} = —1.
Homogeneity of g yields wg = 1 — wi = 3. But then Remark applied to 24
yields 1 = det(wg, w2) = 3, a contradiction.

Hence we have wy € 7. Remark applied to (uy,w,) yields w? = 1. Thus,
the situation is as follows:

w3 wi

Since wy = (p1,p2 — 1) lies in 77, we have p3 > 1. But wy = (ug — 1,1) € 71
yields g3 — 1 < 0. Together, we obtain pq = 1. In particular, p is primitive and
thus r is even. Furthermore, we have wy = we = (0,1) and w; = w3 = (1, uz — 1).
Note that Remark applied to (wq, w;) yields w} =1 forallw; € 77,5 <i <.
Moreover, we have w; < 0 for all wy € 7F. Because of 1 = py = wj + wj,, for
all odd 5 < i < r, renumbering of variables yields w; = (1,w?) € 7~ and w;11 =
(0,w?,,) € 7 for all odd 5 < i < r. Remark applied to (u1,w;41) yields
wit1 = (0,1) for all odd 5 < i < r. Lemma shows that all further weights
of type u; lie in 77. Applying Remark to (uj,wsz), and by multiplying with

some unimodular matrix from the left, we arrive in Setting 4. |
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3.3. Classification results in Picard number three

In this section we state our classification results for smooth intrinsic quadrics
of Picard number three. We first describe in Theorem [3.3.2] all full smooth intrinsic
quadrics of Picard number three and arbitrary dimension. We conclude in particular
that all full smooth Fano intrinsic quadrics have Picard number at most two, see
Corollary [3.3.3] We then consider smooth intrinsic quadrics of Picard number three
and dimension at most four, see Theorems and Moreover, we describe
the (almost) Fano varieties in this setting, see Theorems [3.3.5} [3.3.8] and [3.3.10}

The proofs are given in Sections [3.6] to

Construction 3.3.1. Consider the K-algebra R = K[T1,...,T,]/{(g), where g =
T'Ty + ...+ T,_1T, holds for some integer r € Z>g. Define a Z3-grading on R by
choosing Welghts w; = deg(T;) according to the following setting. The polynomial g
is of degree (0,1,1) and the weights are as follows:

) Wit1 = (07 0, 1)
a;,0) and w41 =
d (-1,1,1) show up

(i) At least two monomials T;T;41 of ¢ fulfill w; = (0, 1,

(ii) At least two monomials T;T;+q of g fulfill w; = (1,
(—1,1—a;,1) with some a; € Z>q, where (1,0,0) an
as degrees of variables.

Moreover, all monomials of g are as described in (i) or (ii). Set

T = cone((0,1,0),(0,0,1), (1, max(a;),0)))
N cone((—l7 1,1),(0,1,0), (1, max(a;), O)) .

The polynomial g is Z3-homogeneous and R is the Cox ring of a full smooth intrinsic
quadric X with semiample cone 7 C Q3.

Theorem 3.3.2. Let X be a full intrinsic quadric of Picard number three. If X
is smooth, then X is isomorphic to an intrinsic quadric arising from Construc-

tion [3.3.1].

Corollary 3.3.3. Let X be a smooth full intrinsic quadric. If X is Fano, then
the Picard number of X is at most two. In particular, X then is either isomorphic
to one of the varieties of Proposition or to one of the intrinsic quadrics of

Setting 4 in Theorem with o =t = 0.

Proof. In Proposition [3.2.1] we gave a description of the smooth Fano full intrinsic
quadrics of Picard number one. The smooth Fano full intrinsic quadrics of Picard
number two follow from the classification in [I1]; they are also listed in Theo-
rem Setting 4 with o = t = 0. In Proposition we proved that p(X)
is at most three if X is a smooth Fano intrinsic quadric. Thus it remains to show
that there is no smooth Fano intrinsic quadric of Picard number three, i.e. that
none of the intrinsic quadrics arising from Construction is Fano. This can be
seen as follows: Computing the anticanonical class K x shows that Kx is a multiple
of deg(g). In the setting of Construction deg(g) does not lie in the relative
interior of the cone 7, which completes the proof. O

Corollary 3.3.4. Let X be a smooth Fano full intrinsic quadric. Then X fulfills
Mukai’s conjecture.

Proof. This is an immediate consequence of Proposition [3.2.14] and Corollary [3.3.3]
g

Theorem 3.3.5. FEvery smooth intrinsic quadric of Picard number three and di-
mension at most three is isomorphic to one of the following varieties X, specified by
their Coz ring R(X) and their semiample cone SAmple(X), where we always have
Cl(X) = Z3 and the grading is fized by the matriz Q = [wy,...,wy] of generator
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degrees w; = deg(T;) € CU(X). If not indicated otherwise, the letter a denotes an
arbitrary integer.

SAmple(X) is the intersection

No. R(X =|wy,...,wy ]
(X) Q=[wr,...,wr] of the following cones
1 —1|/0 0|0 Of|1
1 K[Ty,...,T7] 0O 1 (100 1]|0
(Th T2+ T3 Ty +15T6) 0 10 1|1 0fla cone(wy, w3, ws), cone(wsz,ws,wr)
a<0
1 a—-1|0 al0 af|l
2 K[T1,..., T7] 0 1 1 0(0 1(|0
(T To+ T3 T+ T5Ta) 0 1 |0 1|1 0]|0 cone(wi, wy, we), cone(wz,ws, wr)
a>0
1112 01 0 0
3 K[T1,...,T7] 00l—11] 0 ||0O —1
(T1 T2+ T3 T4 +T2) 0 afa Ola/2{|1 1 cone(ws, w3, wg), cone(wsz,ws, w7)
a>0
4 KM, T7] (1) é 21 (1) (1) L; 8 cone(wi, w3, wg), cone(wy,wq,wy)
2 - , W3, ) w4,
(T1 T2+ T3Ty+T5) ool o olollt 1
112 0|1 -2 0
5 K[Th,...,Ty] oo0|l-11|0 1 0
(T1T2+T3T4+T52> 0 ala 0|a/2]|]l—a 1 cone(ws, wq, wy), cone(ws, we, wr)
a>0
6 KT, T7] (1) ;1 (1) (1) (1) 8 11 cone(wsy, w3, wg), cone(wi,ws,wr)
5 _
(T1 T2+ T3Ty+T5) 0 —2lo —2|-1|l1 1 P ’ Bl

Moreover, each of the listed data sets defines a smooth intrinsic quadric of Picard
number three and dimension three. The Fano varieties among the varieties listed in
the above table are exactly the following varieties:

No. 1 with a = —1, No. 8 with a = 0 and No. 4 with —2 < a < 0.

The truly almost Fano varieties among the varieties listed in the above table are
exactly the following varieties:

No. 1 with a € {—2,0} and No. 4 with a € {-3,1}.

Note that all smooth intrinsic quadrics of Picard number and dimension three
have Fano index one. We now turn to our classification results in dimension four.

Theorem 3.3.6. Every smooth intrinsic quadric of Picard number three and dimen-
siton four is isomorphic to one of the following varieties X, specified by their Cox
ring R(X) and their semiample cone SAmple(X), where we always have Cl(X) =
73 and the grading is fized by the matriz Q = [wi,...,ws] of generator degrees
w; = deg(T;) € CUX). If not indicated otherwise, the letters a,b and ¢ denote
arbitrary integers.

SAmple(X) is the
No. R(X) Q= [ws,...,ws] the intersection
of the following cones

1 a—-1|0al0 all a—1
4 K[T},...,Ts] 0 1 1 0[(0 1|0 1
(T ToF Ts Ta 15 Ts ¥ 15 T5) 0 1 |o1f1o0f0 1 cone(wy, we, wa + we)
a>0
1 —1|/0 0|0 Of|a 1
2 K[Ty,...,Tg] 8 1 (1) (1) ? (1) 117 0 cone(wy, w3, ws), cone(wi,ws,wr),
(T1T2+T3Ts+T5T6) ¢ cone(ws, ws, wg), cone(wq, w7, ws)
b<0,c<0
1 —-1|0 0|0 Ofl0 1
K[T41,...,T6,51,52]
3 N o i S e e 0 1(10(0 1|1 a cone(wi, ws, wy), cone(wsy,ws,ws)
(M To+Ts Tyt 15T6) o 1|0 1|1 0|00
K[T Tg] 1 —1|/0 0|0 Of|0 1
4 m 0 1(10[0 1|1 —1 cone(wi, w3, wq), cone(wsa, w7, ws)
2 0O 1[0 11 Ofla O
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1 —-1|/0 0|0 Of| O 1
5 Ko Tel 0 1 (10|01 1 2 cone(wi, ws, wr), cone( )
T T+ TaTy L To T, - 1, W5, Wy e(w1, we, ws
(T1T2+T3Ty+T5Tg) 0o 1]o1l1oll<1 1 P e
1 —1|0 0|0 Of|1 1
K[T1,...,Ts] 0 11 0f01fj0oo0
6 T To+ T3 T+ T5T6) 0 1|0 1|1 0|[a b cone(wy, w3, ws), cone(ws,ws, wr)
0>a>0b
1 —-1|0 0|0 Ofj1 1
ry K[T},...,T3] 0 1(10(0 1|0 —1
T+ Ts Ta+1576) 0 1[0 1|10|la O cone(w1, w3, ws)
a <0
8 ) WITSTY Y. - (1)711 (1) g 8(1) (1) T cone(wi, w3, ws), cone( )
T T Ty - Tw T, 1, w3, ws w1, wr, ws
(T1T2+T3T4+T5Te) o 1lo1]1oll-11 ’ T
[1 a—1]0 a|0 al|b 1]
1
9 K[T4,...,Ts] 8 1 (1) i) ? (1) (1) 8 cone(wi, wyq, wg), cone(ws,wg,ws),
(T T2+T3T4+T5T6) L d cone(wy, wy, wg)
a>0
[1 a—1]0 a|0 a1 1]
10 K[Ty,...,Tg,S51,52] 0 1 101011100
Ty To+ 15 Ta+1515) 0 1 |o 1|1 0f/0 0 cone(wy, wq, we), cone(wz, we, wr)
a>0
[1 a—1]0 a|0 al|1 b]
0
11 K[T},...,Ts] 0 i (1) ? (1) (1) g i cone(wi , wg, wg), cone(wsa,we, wy),
(Th To+T3T4+T5T6) L a cone(wy, wg, wr)
a>0
K[Ty,...,Ts] 1 00 11 O}||1 O
12 m 0 11 00 1/|laoO cone(ws, w3, wy), cone(wi,ws,wsg)
0 —1]0 —1|0 —1|1 1
K[T4,...,Ts) 1 0[O0 1|1 Of|la O
18 m 0 1|1 0[0 1||b O cone(wi, w3, wy), cone(wi,ws,ws)
6 0 0|0 0fo off1 1
1 K[Ti,...,Ts] 1 0[0 1|1 0 00 cone(wi, wg, wy), cone(wsy,wyq,wr)
4 T T+ T Tu+T576) 011 0/0 1 00 cone(ws, ws, wy), cone(ws, ws, wy)
0 a|l0 a|lb a—0>b||1 1 cone(wy, we, w cone(wi, w3, w
4, W6, W7 ), 1, w3, wr
K[T4,...,Ts) 1 —-1/0 0[O 0 0
15 m 0 21 1|1 1|—-10 cone(wi, w3, wy), cone(wi,ws,ws)
0 —2|0 —2|—-1 —1(| 1 1
1110 cone(w1, wy, wg), cone(wi,wr,ws),
16 K[Ty,...,T8] 21 i 00 cone(ws, wy, wg), cone(wsa, w7, ws),
—<T To - T Ty L T- T, 0al0 a|ba—-0b|1 1
W To+T3T4+T5T6) ool1 —1lo o =10 cone(ws, wq, ws), cone(ws,wr, ws),
cone(wg, wy, wg), cone(wg,wr,ws)
1 1/0 2 |1 1]/|0 a
17 MHQT}“,—TJWSZ]“T oolo oloolltl1 cone(wy, w3, wr), cone(wi,ws,ws),
W To+T3T4+T5T6) ool1 —1lo ollo 1 cone(wi, wy, wg)
cone(wi, w3, wy), cone(wi,wr,ws),
1 2 1 —
18 o ETTs] 10 1 falatn 1op|1 Zo|  cone(ws,wy wr), cone(ws, wy, ws),
(M1 T2+ T3Ta+T5T6) ol1 —1 | o o |lo 1| cone(ws,ws,wr), cone(ws,wr,ws),
cone(wg, w3, wy), cone(wg, w7, ws)
KT ... T] 1 —1|0 0[0|[0 a 1
19 W 0 2|1 1|1]/0 b —1 cone(wi, w3, wg), cone(wi,ws,wy)
5 0O 0|0 O0f0||1 1 O
1 -1 1
20 K[Ty,...,T8] 0010110 0 cone(wj, w3, wg), cone(wi,ws,wy),
7<TT+TT+T2> 0 21 1(1{|0 a b (
W To+T3Ty+T5 o oloolollt 11 cone(ws, w3, wg), cone(ws,wr, ws
1 —1|0 o|0Ofl0 1 1
21 K[T},...,Ts] 8 g (1) (1) (1) (1) ‘17‘ ll; cone(wi, w3, wg), cone(wsa,ws,wy),
(T1 To+T5T4+T2) cone(ws, we, w7
a>b
1 —-1|0 ofofjo 1 1
K[Ty,...,T8] 0O 2 (1 1(1|/|0 a —1
22 T + 75 T4+ T2) 0o oloololj11 0 cone(wy, w3, we), cone(ws, w3, wr)
a# —2
1 -1 1 —
23 K[T},...,T3] 0 01040 a—1 cone(wi, wy, wg), cone(wsa,ws,wy),
(T1 To+T3T4+T2) 0 211111100 1 cone(ws, wg, wy), cone(ws, w7, ws)
1 T2+T3T4+Ty o oloololl11 « 3, w6, W7), 3, W7, w8
24 KTl é;l (1) (1)(1) 8;,711 cone(wi, w3, wg), cone(w )
2 1, W3, We6), 2, W3, wr
(M T2+ TsTa+TE) 0o oloolol[t1 0 7
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25 KT, T) (1) ;1 (1) (1) (1) 8 jl T cone(wi, w3, wg), cone(wi, w7, ws)
(T1 Ta+T3T4+TZ2) o oloolollt o 1 118,160 LT, s
1 —-1|0 0| O 00 1
26 K[Ty,...,T8] . [8 z (1) lll a}Z (1) (1) 71)1:| cone(wi, w3, wy), cone(wsz,ws,ws),
(Th T2+ T3Ty+T3) cone(wg, we, wg)
@ €22, a<0
1 —1|0 o 0 (|0 O 1
o ment LR E] e comton
a €2Z,a<0
1 —1|/0 0 O -1 —-10
28 % [g (21 é clL a}Q (1) (1) ?:| cone(ws, w3, wg), cone(ws, we,ws)
i a €2Z,a<0
1 —1/0 0| O 0 1 1
o men R[N ] e conton e
a€2Z, a<0
1 —1|/0 0 O -1 00
0 pmen BERILIT ] s comtonnen
a€2%,a<0
1 —-1|0 o O 0 1 1
31 K[T},...,Ts] 5 [g z é (11 a}Z (1) 112(1 7]1:| cone(wi, w3, we), cone(wsz,we, ws),
(Th T2 +T3Ty+TZ) cone(ws, we, wr), cone(ws,we, ws)
a€2Z,a<0
1 —1(0 0| O -1 0 —1
329 K[Ty,...,T3] 5 [8 2 (1) (11 a}Q ? (1) ll):| cone(wi, wy, wg), cone(wsz,ws,wry),
(Th T2+T3Ts+T7) cone(wg, we, wr), cone(ws,wr, ws)
a €22, a<0
1 —-1/0 0| O ||[0O 1 —1
33 K[Ty,...,Tg] . |:8 (21 (1) ¢1z a}Z (1) 7bl lib:| cone(wi, w3, wg), cone(wi,ws,ws),
(T1 T2 +T3T4+T2) cone(ws, w7, wg), cone(ws,we, wr)
a€2%,a<0
1 —-1/0 O 0|00 1
34 @ﬁﬁTim 020111100 711} cone(wy, w3, we), cone(ws , wg, ws)
1 -1 1 1
35 #ﬁ% 8 _22 E _(1)2 _(1)1 ((E —11 —11 cone(wi, w3, we), cone(wi,ws, wsg)
1 —-1/0 O 0 ([0 1 1
36 (Tﬁﬁ}im 0 211 1|0 11 cone(ur,w,we), cone(wrws, we)
1 -1 1 -1
37 7<T1H7§£7;:%3”7’"ZfT52) 8 _22 E _(1)2 _(1)1 ((E —11 (1J cone(wi, w3, we), cone(wi,ws, wr)

Moreover, each of the listed data sets defines a
number three and dimension four.

Remark 3.3.7. Note that some of the data sets listed in the table of Theorem [3.3.6]

smooth intrinsic quadric of Picard

define isomorphic varieties; for instance No. 3 with a = —1 and No. 4 with a = 0,
No. 3 with a = 0 and No. 9 with a = b =0, or No. 19 with a =0, b := ¢ € Z and
No. 20 with b = —1, a := ¢. Moreover, there are non-isomorphic varieties sharing

the same Cox ring; for instance No. 19 with a = 1, b := ¢ € Z and No. 22 with
a = c or No. 19 with b = 1 and No. 25.

Theorem 3.3.8. FEvery smooth Fano intrinsic quadric of Picard number three
and dimension four is isomorphic to one of the following varieties X, specified by
their Coz ring R(X) and their semiample cone SAmple(X), where we always have
Cl(X) = Z* and the grading is fived by the matriv Q = |wy,...,ws] of generator
degrees w; = deg(T;) € Cl(X).

No.

R(X) Q—[wl,...,ws] —ICX
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2 ____KTy,..,Ts] (1)711(1)88(1)(1)(1) é
(T1Ta+T3T4+T5T6) PO e | P 3
1 —1]0 0|0 of[0 1
1
_K[Ty,...,T6,51,52] 0 111010 1)1 a
3 (T1To+T3T4+T5Tg) 0O 1|0 1|1 0||0 O 3—02-a
—2<a<0
1 —1]/0 0|0 ofj0 1
K[Ty,...,Tg] 0o 1100 1|1 -1 1
4 Tmetrany Lo 1loiolla o 2.
—1<a<o0
1 —1|0o 00 0] 1 1 P
K[Ty,...,Ts]
7 Ao 8 0 1|10]|01]0 —1 1
(M T+ T3 Ta+T5T6) 0o 1|o1]1of|l-1 o 1
9 K[T4,...,T8] 1 —1]|0 0|0 o]0 1 1
U R Y R e e 0o 1|10]|01]10 3
(T T2 +T5Ta+T5Te) 0 1011000 2
1 0/0 1|1 0f|a O
24 a
____KTy,..,Ts] 0111010 1jb 0
13, 14 (T T2+T3Ts+T5T6) 0 070 0]0 Off1 1 Q;b
—1<a,b<1
11]0 2 |11]|0 O 4
K[Ty,...,Ts]
16 e T 00/0 0f0oo0f 1 1 2
(M T2+ T3 Ta+T5Ts) 00[1 —1]0 0||-1 0 -1
11]0 2|1 1]/0 @ -
17 18 ____KTy,..,Ts] 0010 010 0}1 1 4;(;
’ (T1 T2+T3T4+T5Te) 0 0[1 —1]0 0f|0 1 2
—-3<a<l1 - -
1 —1]0 0|ojjo 0 1 -
- 1
K[T1,...,Ts] 0 2|1 1[1]|0 a —1
19 KT Tl )
(T1T2+T3T4+T§> 0O 0|0 0f0fj1 1 O -42-11
—1<a<1 LT
1 —1]0 o|ofjo 0 1 -
1
K[Ty,...,Ts] 0 2|1 1[1]/[00 a
20, 21, 30 o lior8l 3
) j) (T1T2+T3T4+T§) 0 0|0 O|Off1T 11 #3»(1
—2<a< -1 - -
1 —1|0 olofjo 0 1 -
- 1
K[Ti,...,Ts] 0o 2|11]1]l0 0 -1
20 T LT LT o oloolo|lt1 a 2
(T1To+ T3 T4 +1T2) 22
—-1<a<0 - -

Moreover, each of the listed data sets defines a smooth Fano intrinsic quadric of
Picard number three and dimension four.

Remark 3.3.9. Note that the Fano intrinsic quadrics No. 3 with ¢ = —1 and No. 4
with @ = 0 coincide. The same holds for the Fano varieties No. 19 with a = 0 and
No. 26 with a = 0. Hence there are up to isomorphism altogether 28 smooth Fano
intrinsic quadrics of Picard number three and dimension four. Variety No. 13 with
a = b = 0 has Fano index two and all other varieties of Theorem [3.3.8 have Fano
index one.

Theorem 3.3.10. Every smooth truly almost Fano intrinsic quadric of Picard num-
ber three and dimension four is isomorphic to one of the following varieties X,
specified by their Cox ring R(X) and their semiample cone SAmple(X), where we
always have C1(X) = Z3 and the grading is fized by the matriz Q = [wy, ..., ws] of
generator degrees w; = deg(T;) € CI(X).

SAmple(X) is the intersection

No. R(X = |wi,...,ws .
(X) Q= [wr, ..., ws] of the following cones
1 KIT,,..., Ts] (1) 711 ? 8 8 (1) (1] 711 cone(wi, we, wa + we)
(T1T2+T3T4+T5Te+T7Ts) o 1l01l1o0lo 1
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1 —1|/0 0|0 Of|a 1
0O 1|1 0(f0 110
0 1 )0 1|1 0flb ¢
92 K[Ty,...,T8] cone(wi, w3, ws), cone(wy,ws,wr),
(T1To+T3Ts4+T5T6) —1<a<0,b=-1l,c=— cone(ws, ws, wg), cone(wy,wr,ws)
or —1<a<0,b=0,c=-2
or —1<a<0,b=1,c=0
ora=—-1,b=0,c=—1
3 K[Th,:5 T6,51,55] (1) 711 ? g g (1) (1) j3 cone(wi, ws, wy), cone(wsz,ws,ws)
» W5, , , W3,
(T1 T2+ T3T4+T5Tg) o 110111 0llo o
1 —-1/0 0(0 O||0 1
K[Ty,...,Ts] 0 1]10(0 1|1 -1
4 (T1To+T5Ta+T5To) 0 1|0 1|1 0fa 0O cone(wy, w3, wyq), cone(wz,ws,ws)
a=1o0ora=-2
6 KT T8l (1) 711 (1) g 8 (1) (1) (1) cone(wi, w3, ws), cone(wsa,ws,w7)
» W3, , > W5,
(T1 T2+ T3Ts+T5Tg) 0o 1lo1l1o0ll-1 -1
1 —1|0 0|0 Of| 1 1
K[T4,...,Ts]
7 T DRI R S T 0 1|10|/0 1|0 -1 cone(wy, w3, ws)
(M T2+ T Tyt T5Ts) 0 1]01]10[-2 0
1 1|0 0|0 Of| 1 a
S K[Ty,...,Tg] 0O 1|10(01|/0 1
(TWTo+T3T4+T5T6) 0 1|0 1|1 0/|-11 cone(wi, ws, ws), cone(wi,wr,ws)
-1<a<0
1 —-1|0 00 Of|—1 1
9 K[T1,...,Ts] o 1l1olo1ll1 o cone(wi, wy, wg), cone(wsa,ws,ws),
(ThTo+T3Ta+T5Te) o 1lo1l1ollo o cone(wy, wy, wg)
1 0/0 1|0 11
K[Ty,...,T¢,51,52]
10 TR T 0 1|1 0(0 1{j0 O cone(wi, wy, wg), cone(ws, we, wy)
(T1To+T3T4+T5Te) o1lo 11 ollo o
1 —1|0 o]0 Of|1 b
11 K[Ty,...,Ts] g i (1) (1) (1) (1) 8 i cone(wi, wg, wg), cone(wsz,ws,wr),
(T1To+T3T4+T5Te) cone(wa, wg, wy)
—1<b<0
1 00 1|1 Of{{1 O
1 K[Ty,...,Ts] 0O 1)1 0|0 1 |la O
2 T To + T3 Ta+ T5 To) 0 —1/0 —1]0 —1]|1 1 cone(ws, w3, wy), cone(wi, ws,ws)
—2<a< -1
1 0(/0 1|1 Of|la O
0 11 0|0 1([b O
13 __ K[Ty,...Tg] 0 0|0 oo of[1 1 come(wy, ws, wy), cone(ws,ws, ws)
(T1T2+T3T4+T5T6> 1, W3, wW7), 1, W3, ws
a=42 -2<b<2
orb=22, -1<a<
1 0|0 1|1 0 00
0O 1)1 010 1 00
14 K[T1,...,Ts] 0 —1/0 —1|b —1 —b||1 1 conegwlyws,wg, conesz,w4,w7;
T T T Ty T Tr Y cone(wsg, ws, wy), cone(ws, ws, wy
(M To+ s Ty +15T6) a=1, (())Sbb Sill cone(wy, wg, wy), cone(wi,ws, wy)
ora=20,b=
ora=-1,-1<b<0
1 1(0 2|1 1{|0 a
17 KT 8 g ? 01 8 8 (1) } cone(wi, w3, wr), cone(wi,was,ws),
(TW'To+T3T4+T5Ts) - cone(wy, wr, wg)
a=—4o0ora=2
1 —1|/0 0[|0||0 a 1
0O 2|1 1(1|/0 b —1
19 K[T1,...,Ts] 0 ofoolofjt1 o
(Th To+ T Tu+12) cone(wi, w3, we), cone(wr,ws,wr)
5 a=41, —2<b<2
ora=0,b==%2
1 —1|0 0f0fl0 O 1
0 2|1 1(1{|0 a b
20 K[T1,...,Ts] 0 00 0f0fj1 1 1 cone(wi, w3, we), cone(wy,ws,wr),
(T To+T3T4+T2) a=—-1,-2<b< -1 cone(wz, w3, ws), cone(ws,wr,ws)
or (a,b) = (0,—-3
ora=1,-1<b<0
1 —-1|/0 0|00 1 1
0 2|1 1(1{|0 a b
21 K[Ty,...,Ts] 0 0 J0Of0fj1 1 1 cone(wi, w3, wg), cone(wsz,ws,wr),
(T1 T2 +T3Tu+T2) (a,b) = (=1, —2) cone(ws, wg, wr)

or (a,b) = (0, —1)
or (a,b) = (1,1)
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[1 —1|0 o]O]l0 1 1
K[Ty,...,Tg] 0 2|1 1(1|/|0 a —1
22 I+ T3 Ta +TE) o oloofoflt 1 o] cone(w, w3, we), cone(wsz, w3, wr)
—-1<a<2
[1 —1]0 0]0]|0 1 —1]
23 K[T1,...,Ts] 0o 211 1]1lloo 1 cone(wi, wy,wg), cone(wsa,ws,wr),
(T1 To+T3Ta+T2) o oloololli1 o cone(ws, we, wr), cone(ws,wr,ws)
[1 —1|0 0|0f|0 1 —1]
24 K[Ty,...,Tg] 0 2|1 11|10 a 1 ( ) ( )
T Ty + T5Ta + TZ) o o]oofoff1 1 o] cone(wy, w3, we), cone(ws, w3, wr
—4<a<0
[1 —1]0 0]0]|0 O 1]
26 K[Ty,...,T8] o 211 1l1llo 0 =1 cone(wi, w3, wr), cone(wsz,we, ws),
(T1 To+T3T4+TF) o o loololl11 —2 cone(ws, we, ws)
31 K[T},...,T3] é _21 ? ? ? 8 _12 _11 cone(wi, w3, we), cone(wsz,wes,ws),
T T T Ty T2
(T1 T2 +T3Ts+T3) o oloolollt 1 o cone(ws, we, wr), cone(ws,we,ws)
1 —1|0 Of0||—1 0 —1
32 K[Ty,...,Ts] o 21111l o o 1 cone(wi, wr,ws), cone(wsz,ws,wr),
(T1 Ta+T3Ty+T2) o oloololl 1 1 o cone(ws, we, wr), cone(ws, w7, ws)
1 —-1|0 O 0(/l00 1
K[Ty,...,Ts]
34 O G G A 0 21 1|11}00 -1 cone(wi, wsz, wg), cone(wi,ws, ws)
(T T2+ T3 Ty+T5) 0 —2|0 —2|—1|[1 1 1
1 —-1|0 O 0 ([0 1 1
K[TY,...,Tks]
35 N I 0 21 1]11}0—-1-1 cone(wi, w3, wg), cone(wi,ws,ws)
(T1 T2+ T3Ty+T2) 0o —2lo —2/-1ll1 1 1

Moreover, each of the listed data sets defines a smooth truly almost Fano intrinsic
quadric of Picard number three and dimension four.

Remark 3.3.11. As a consequence of Theorem [3.3.8] every smooth Fano intrinsic
quadric of Picard number three and dimension four admits a torus action of com-
plexity one and there is exactly one smooth truly almost Fano intrinsic quadric of
Picard number three and dimension four, namely No. 1, that does not admit a torus
action of complexity one.

Remark 3.3.12. Note that duplication of a free weight as introduced in Con-
struction yields many examples of higher dimensional intrinsic quadrics. In
particular, all varieties arising via duplicating a free weight from one of the three-
dimensional quadrics in the table of Theorem turn up in the table of Theo-
rem [3.3.8]

3.4. Geometry of the Fano intrinsic quadrics of Picard number three

In this section we take a closer look at the Fano varieties listed in Theorem [3.3.8]
and describe explicitly their elementary birational divisorial contractions and their
elementary contractions of fiber type.

Remark 3.4.1. We first give an overview which sort of elementary contraction is
admitted by which smooth Fano intrinsic quadric of Picard number three. Since
the Fano intrinsic quadrics No. 3 with a = —1 and No. 4 with a = 0 as well as the
Fano varieties No. 19 with @ = 0 and No. 26 with a = 0 coincide, we do not discuss
the situations No. 4 with a = 0 and No. 26 with a = 0.

birational divisorial, birational divisorial,

No. Y toric variety Y intrinsic quadric fiber type  birational small
2 1 1 1 0
3, 2<a< -1 1 1 1 0
3,a=0 1 0 2 0
4,a =—1 1 2 0 0
7 1 2 0 0
9 1 0 1 1
13, a=b=0 0 0 3 0
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13,a=b==+1 0 1 1 0
13, a+b==+1 0 1 2 0
13,a+b=0,a,b#0 0 2 1 0
16 2 1 0 0
17, a = —1 2 2 0 0
17, a # —1 2 1 0 0
19, a = +1 1 0 1 1
19,a=0 1 1 1 0
20, a = —1 2 1 0 1
20, a = —2 2 1 0 0
26, a = —1 1 1 0 0

In the following, we describe explicitly the divisorial contractions and the con-
tractions of fiber type listed in the above table.

No. 2: The variety X admits two birational divisorial contractions P; xPg <— X —
Y, where Y3 is a smooth intrinsic quadric from Setting 4 in Construction [3.2.7 with
degree matrix and relation

1 0/1 0|1 00
Q_(0101011>3 g_T1T2+T3T4+T5T6'
The center of the two divisorial contractions are isomorphic to the intersection of
a coordinate hypersurface with a divisor of bidegree (1,1) and to Pa, respectively.
Furthermore, X admits a contraction of fiber type X — P(Op, ® Op, (1)).

No. 3, —2 < a < —1: The variety X admits two birational divisorial contractions
Y1 < X — Y; and a contraction of fiber type X — Y3, where Y3 is isomorphic
to the projectivized split vector bundle P(Op, ® Op,(—a)). If a = —2 holds, then

we have
2
Y, = P<OP2 S5 @ OP2(1)>
i=1

and if @ = —1 holds, then we have Y7 = P, xP>. In both cases, the center of X — Y]
is isomorphic to a divisor of bidegree (1,1) in P; x Py. If a = —2 holds, then Y5 is
isomorphic to a singular intrinsic quadric with degree matrix, defining relation and
semiample cone given by

2 -1

@ = < 0 1

and SAmple(X) = 220. If a = —1 holds, then Y5 is isomorphic to a smooth intrinsic
quadric from Setting 4 in Construction [3.2.7 with degree matrix and relation

1
0

10
01

01

10 > ) g = ThVIo + 13T, + T5T5

1 0|1 0(1 00
Q = (0 110 110 11)3 g = T1T2+T3T4+T5T6'

In both cases, the center of X — Y5 is isomorphic to P;.

No. 3, a = 0: The variety X admits two contractions of fiber type Y7 «+ X — Y5
and one birational divisorial contraction X — Y3, where Y3 is isomorphic to the
projectivized split vector bundle

P<OHD2 ® é Op, (1)) .

i=1
The center of this contraction is isomorphic to a divisor of bidegree (1,1) in the pro-

jectivized split vector bundle P(Op, ® @?:1 Op, (1)). Furthermore, Y5 is isomorphic
to P; x Py and Y3 is isomorphic to P; x Ps.
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No. 4, a= —1: Here, the variety X admits three divisorial contractions X —
Y;, i =1,2,3. The variety Y] is isomorphic to the projectivized split vector bundle

IP’<OP2 ® é Op, (1))

i=1
and the center of the contraction X — Y7 is isomorphic to a divisor of bidegree (1,1)
in P(Op, ® @le Op, (1)). The varieties Y5 and Y3 are smooth intrinsic quadrics
from Construction Y5 belongs to Setting 4 of Construction and has
degree matrix and relation

11
= {51
The variety Y3 belongs to Setting 3 of Construction [3.:2.7] and has degree matrix
and relation
111

0 2|11
@ = ( 1 1]1 1|1 10
The centers of the contractions X — Y5 and X — Y3 are given by P; and the
intersection of the four prime divisors D%,s, D§1/3, D§’3 and D{,37 respectively.

1 1|1 1}0
0 10 11)) g:T1T2+T3T4+T5T6'

) 5 g = TlTQ + T3T4 + T5T6.

No. 7: Here, the variety X admits three divisorial contractions p;: X — Y;, i =
1,2,3. The variety Y; is isomorphic to Py x P, with center isomorphic to a divisor
of bidegree (1,1) in P; x P;. The contractions ¢;, i = 2, 3, are contractions from X
to smooth intrinsic quadrics from Construction [3.2.7] Both Y2 and Y3 belong to
Setting 4 of Construction [3:2.7 and have degree matrix and relation
_ 1 1)1 11 1}0
Q‘(0101011

The centers of the contractions X — Y5 and X — Y3 are both isomorphic to the
first Hirzebruch surface P(Op, ® Op, (1)).

) ; g = ThTo + 13T, + T5Tk.

No. 9: Here, the variety X admits a divisorial contraction p;: X — Y7 and a
contraction of fiber type w9: X — P; X Py. The variety Y7 is isomorphic to the
projectivized split vector bundle

p(éoﬂ% ©0:,(1))

and the center of ¢; is isomorphic to a divisor of bidegree (1,1) in P; x Ps.

No. 13, a=b = 0: Here, the variety X is combinatorially minimal. It admits
three contractions of fiber type ¢;: X — Y;, i = 1,2,3. The variety Y7 is isomorphic
to a divisor of bidegree (1,1) in Py x Py and we have Y3 & Y3 & Py x P;.

No. 13, a=b = +1: Here, the variety X admits a divisorial contraction ¢;: X —
Y7 and a contraction of fiber type @o: X — Y3, where the variety Y3 is isomorphic
to a divisor of bidegree (1,1) in Py x Py. The variety Y7 is isomorphic to a non-Q-
factorial intrinsic quadric with degree matrix, defining relation and semiample cone
given by

0 1|1 0|0 1|1

and SAmple(X) = cone((1,1)). The center of ¢, is isomorphic to the intersection
of the prime divisors D)l,l, D%,l and Dg’/l.

1 0/0 1|1 0|1
Q=< >, g = ThVIh + 13T, + T5T§

No. 13, a+ b = +1: Here, the variety X admits a divisorial contraction ¢1: X —
Y1 and two contractions of fiber type ;: X — Y;, i = 2,3, where Y5 is isomorphic
to a divisor of bidegree (1,1) in Py X Py and Y3 = P; x Py holds. The variety Y7 is
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isomorphic to a smooth intrinsic quadric of Setting 4 from Construction [3.2.7] with
degree matrix and relation

1 0/1 0|1 0]0
@ = (0 110 10 11>’ g = ThTo +T3Ty + T5Ts.

The center of the contraction X — Y7 is isomorphic to Ps.

No. 13, a+ b =0, a,b,# 0: Here, the variety X admits two divisorial contrac-
tions ¢;: X — Y;, i = 1,2 and a contraction of fiber type p3: X — Y3, where Y;
is isomorphic to a divisor of bidegree (1, 1) in Py x P5. The varieties Y; and Y5 are
isomorphic to a smooth intrinsic quadric of Setting 4 from Construction [3.2.7] with
degree matrix and relation

1 1)1 11 1}0
Q - (0 110 110 11)a g _T1T2+T3T4+T5T6-

The centers of the contractions ¢;, i = 1,2 are isomorphic to Ps.

No. 16: Here, the variety X admits three divisorial contractions ¢;: X — Y;, i =
1,2,3. The varieties Y7 and Y5 are both smooth toric varieties. To be precise, Y7 is
isomorphic to the projectivized split vector bundle

]P<O]P’1 @ é OP1(2)>

i=1

and the center of ¢p is isomorphic to a divisor of bidegree (1,1) in P(Op, @&
@?:1 Op, (2)). The variety Y3 is isomorphic to P; x P3 and the center of ¢y is
isomorphic to P; x P;. Furthermore, 3 is a contraction from X to a singular
intrinsic quadric of Picard number two with degree matrix, defining relation and
semiample cone given by

110 2
Q‘(oo

1 -1
and SAmple(X) = 220. The center of 3 is isomorphic to a point.

11
00

0

1 ) , g = ThTh + T3Ty + T5Ts

No. 17: Here, the variety X admits - depending on the value of a - three or four
divisorial contractions ¢;: X — Y;, ¢ = 1,2,3,4. For any choice of a, there are
contractions ¢; and @5 to smooth toric varieties. To be precise, ¥; and Ys are
isomorphic to the projectivized split vector bundles

Y1 = P(Op, ®Opy(| —al)) and Yz = P(Op, @ Opy(la+2)),

where |x| denotes the absolute value of . The centers of ¢; and @9 are both
isomorphic to P; x Py.

If @ > —1 holds, then there is a further divisorial contraction p3: X — Y3,
where Y3 is an intrinsic quadric with degree matrix, defining relation and semiample
cone given by

1 110 2|11

@ = (0 01 —1]/0 0

and semiample cone SAmple(X) = Q% if =1 < a < 0 holds, and SAmple(X) =
cone((1,0),(0,1)) in case a = 1 holds. This means that Y3 is smooth only if a = —1
holds. In this case, Y3 belongs to Setting 3 of Construction [3.2.7] The center
of 3 is isomorphic to a point if a = 0 holds, to the intersection of the prime

divisors D@-a, 1 =1,2,3,5,6 in case a = —1 holds, and to the intersection of the
prime divisors Dy, , i = 1,2,4,5,6 if a = 1 holds.

(11 > ; g = NIy + 13Ty + T5Ts
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If @ < —1 holds, then there is a further divisorial contraction ¢4: X — Yy,
where Y} is an intrinsic quadric with degree matrix, defining relation and semiample
cone given by

1 1|/0 2|1 1 —a
Q= <1 11 111 1—(1—1)’ g = TYIr +T5Ty + T5T5
and SAmple(X) = cone((1,1),(2,1)) if @ = —2,—1 holds, and SAmple(X) =

cone((1,1),(3,2)) in case a = —3 holds. This means that Y, is smooth only if
a = —1 holds. In this case, Y; belongs to Setting 3 of Construction [3.2.7 The

center of ¢, is isomorphic to a point if a = —2 holds, to the intersection of the
prime divisors Dy, , i = 1,2,4,5,6 in case a = —1 holds, and to the intersection of

the prime divisors Dy, , i =1,2,3,5,6 in case a = —3 holds.

No. 19: Here, the variety X admits a divisorial contraction ¢;: X — Y; and a
contraction of fiber type po: X — Y5, where Y5 is isomorphic to a smooth intrinsic
quadric of Setting 3 from Construction with degree matrix and relation

0 2/1 1|11
@ = (1 11 1{1]o0
The variety Y} is isomorphic to the projectivized split vector bundle P(Op, ®Op, (1))
if @ = 41 holds and isomorphic to P3 x P; if @ = 0 holds. The center of ¢y is
isomorphic to the first Hirzebruch surface P(Op, ® Op, (1)) if @ = £1 holds and
isomorphic to P; x Py if @ = 0 holds.
If a equals zero, then we have a further divisorial contraction p3: X — Y5,

where Y3 is isomorphic to a smooth intrinsic quadric of Setting 1 from Construc-
tion [3.2.7] with degree matrix and relation

1 1)1 1][1fo 0
o= (o

0 0j0]1 1
and center isomorphic to P;.

), g = T'To + T3Ty + T2

>7 g = T + T5Ty + T2

No. 20: Here, the variety X admits three divisorial contractions ¢;: X — Y;, i =
1,2,3. The varieties Y7 and Y5 are toric varieties and Y3 is an intrinsic quadric. To
be precise, Y; is isomorphic to the projectivized split vector bundle

2
P(@opz @ O]p2(1)>
i=1
if a = —1 holds and isomorphic to P, x Py if @ = —2 holds. In both cases, the center
of 7 is isomorphic to P; x P;. The variety Y> is isomorphic to the projectivized
split vector bundle

]P’(OIP2 @ é Op, (—a)>

i=1

and the center of 5 is isomorphic to P;. If a = —1 holds, then Y3 is isomorphic to
a smooth intrinsic quadric of Setting 3 from Construction [3:2.7] with degree matrix
and relation

(021 1|11 1 - )
Q_<1 111 1]1]0 ())v g=T1Ty+ 13Ty + T5.
If a = —2 holds, then Y3 is isomorphic to a singular intrinsic quadric with degree

matrix, relation and semiample cone given by
2 0|1 1|1{0 0
Q@ = ( -1 1(0 0

o1 1
and SAmple = 220. In both cases, the center of 3 is isomorphic to P;.

>7 g=TTo +T5Ty + T2
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No. 26, a = —1: Here, the variety X admits two divisorial contractions ¢;: X —
Y;, v = 1,2, where Y7 is toric and Y5 is an intrinsic quadric. To be precise, Y7 is
isomorphic to the projectivized split vector bundle

IP<O]P’1 ® é Op, (1))

i=1

and the center of ¢ is isomorphic to P; x P;. The variety Y5 is isomorphic to the
smooth intrinsic quadric from Setting 3 of Construction [3:2.7] with degree matrix
and relation

(0 2|1 1|11 1 B ,
Q<1 111 1|10 0>’ g = W'+ 15T, + T5.

The center of s is isomorphic to the intersection of the prime divisors DY, , DY, , Dy,
and D%.

3.5. First structural constraints for Picard number three

In this section we consider intrinsic quadrics of Picard number three. We pro-
vide Lemmata we will need in the proofs in Sections [3.6] — [3.1I0] In particular,
we show in Proposition that the Picard group of a locally factorial intrinsic
quadric of Picard number three is torsion-free.

Remark 3.5.1. In order to illustrate the arrangement of weights in C1(X)g = Q?,
we often choose a hypersurface H intersecting the effective cone in its relative in-
terior and consider this two-dimensional picture. As a matter of convenience, we
abbreviate H N cone(w;) as w;. What matters to us is which subsets of weights
generate three-dimensional cones intersecting other cones in their relative interior.
Thus for our purpose, the two-dimensional pictures only need to depict the position
of a weight with respect to the position of the other weights and they do not need
to be true to scale.

Setting 3.5.2. In the following, X is a standard intrinsic quadric of Picard number
three. Hence its Cox ring is given by R(X) = K[T4,...,T,,S1,...,5¢/{(g) with
g=TT+ ...+ Ty_1T; + h for some 0 < ¢ < r, r > 3, and some polynomial h
given by

h o Tq2+1+...+Tr2 ifg<r,
0 ifg=r,
where we have deg(T,+r) # deg(Tyy:) for all 1 < k <1 <r —gq. By w; := deg(T;)
and by wy4; := deg(S;), we denote the degrees of the variables T; and S;. By u we
denote an ample Weil divisor class u € C1(X).

Lemma 3.5.3. Let X be as in Setting and assume that X is Q-factorial.
Assume that there is an index 5 < £ < r 4+t such that Ty is not a square. If
u € Q(y120)° and g = ThTo + T5Ty + ... hold, then we have ;¢ € rlv(u) for some
i€{1,2} and j € {3,4}.

Proof. We denote by 112 € Hom(Cl(X), Q) a linear form with l12(w1) = 0 = l12(w2)
and l12(wg) > 0. Since g is homogeneous and l12(deg(g)) = 0 holds, we may further
assume that l12(w3) < 0 holds. The weights are arranged as follows, where w3 lies
somewhere on the opposite side of His := {x € Kq; li2(x) = 0} as wy.
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This means that we have Q(y12¢) € Q(7V13¢) U Q(7y23¢). Using Remark and
the circumstance that all faces of 713, and 793, are §-faces, we conclude that u €
Q(713¢)° or u € Q(7y23¢)° holds, i.e. y13¢ or Ya3¢ is a relevant face. O

Lemma 3.5.4. Let X be as in Setting and assume that X is Q-factorial.
If w € Q(712)° and g > 6 hold, then we have 71, € rlv(u) for some i € {1,2},
je 13,4}, k e {5,6}.

Proof. We denote by 112 € Hom(Cl(X), Q) a linear form with l12(w1) = 0 = l12(ws).
Since g is homogeneous and l12(deg(g)) = 0 holds, renumbering of variables yields
l12(ws) < 0 and li2(ws) > 0, i.e. wy and wy lie on opposite sides of the hypersurface
cut out by l12. Hence we have Q(712) C Q(v135) U Q(7235). Using Remark
and the circumstance that all faces of v135 and 7935 are §-faces, we conclude that
u € Q(7135)° or u € Q(7v235)° holds and thus 7135 or Y235 is a relevant face. O

Proposition 3.5.5. Let X be as in Setting and assume that X is locally
factorial. Then the Picard group of X is torsion-free.

Proof. According to Remark [3.2.7] it is sufficient to show that there is a three-
dimensional relevant face. We distinguish the following two cases:

(1) g consists of squares,
(2) after renumbering of variables, we have g = T1Ts + . . ..

Case (1): According to Carathéodory’s theorem, there is an at most three-
dimensional face 7 of the positive orthant Q5" such that u € Q(7)° holds. If 7
is an F-face, then 7 is a relevant face. Remark shows that 7 then is three-
dimensional, which completes the proof in this situation. If 7 is not an §-face, then,
possibly after renumbering of variables, we have 7 = 71, T = V1,41 OF T = V1 r 41,742,
where u; = Q(e,+1) and us = Q(e,42) denote the weights corresponding to the free
variables S7 and S;. We show that only the third choice for 7 is possible: If we
had u € Q(71)° or u € Q(V1r+1)°, then 712 € rlv(u) or Y1241 € rlv(u) held,
contradicting Remark Thus we are in situation three, i.e. 7 = Y1 41,042
holds. Since g is homogeneous, we have w? = w? for all i = 1,...,r. Furthermore,
Q(’yi7j7r+17r+2)o = Q(T)O holds for all 1 <i < j <, which shows that Yi,j,r+1,r42 is
a relevant face for all 1 <4 < j < r. This yields ling (w;, w;, u1,u2) > Z3®Pic(X)""
by Remark In particular, we have ling(w?, ud,u9) > Z3 for all 1 <i < j <r.
Multiplying @@ with an unimodular matrix from the left, we arrive at

0 0 0 1 0

(wi,...,wr|us,ug) = 0 0 0 |01
b ) T b 1 1 1 O O )

powy o ow | p p

where p = Opje(x)ter holds. Since ling(wy, wa, u1,us) ling, (w1, w;, w1, uz) holds

for all 2 < i < r, we conclude wi" = wi°r for all 2 < i < r. Applying again
Remark [3.2.5} this time to 72 3 741,42, yields

ling (wo, u1,us) = ling(ws,ws,ur,uz) > Z* @ Pic(X)™",

which implies that Pic(X) is torsion-free.
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Case (2): Here we have Eff(X) = Q(0), where
o = cone(e;, eryy; 1<i<q, 1<j<t)

holds. According to Carathéodory’s theorem, there is an at most three-dimensional
face T of o such that v € Q(7)° holds. If 7 is an F-face, then 7 is a relevant face.
Remark [3:2.4] shows that 7 then is three-dimensional, which completes the proof in
this situation. If 7 is not an §-face, then, possibly after renumbering of variables,
we are in one of the following subcases:
(2)(i) We have g =T1T5 + 15Ty + ... and 7 = 7123.

(2)(ii) We have g =T1T5+ ... and 7 = yi241-

(2)(iii) We have g =T1To + ... and 7 = v12.
Subcase (2)(i): If ¢ > 6 holds7 then Lemma shows that there is a three-
dimensional relevant face. Hence we only need to consider the situation that besides
T T and 15T}, the polynomial g consists of squares. But then u € Mov(X)®° implies
that ¢ > 1 holds, i.e. there is some free variable T}, ;. Since we have

Q(m23) € QMsr+1) U Q(yiar41) U Q(23r41) U Q(y24r41) ,

and since all faces of the cones ;41,7 € {1,2}, j € {3,4} are §-faces, Remark
shows that one of these cones is a relevant face. This completes the proof in Sub-
case (2)(i).

Subcase (2)(ii): Here we have g = T1'To + ... and T = y12,41, where u1 = Q(ey+1)
is the degree of the free variable S;. If ¢ > 4 holds, then Lemma yields a
three-dimensional relevant face. Hence we only need to consider the situation that
besides T1T», g consists of squares. In this situation, 123,41 € rlv(u) holds. Note
that we have 2wz = deg(g) = wy +wy. Thus, Remarkapplied t0 Y123++1 yields

ling (w1, ws,u1) = ling(wy,ws, ws,u1) > Pic(X),

which shows that Pic(X) = Z3 holds.

Subcase (2)(iii): Here we have ¢ = T1To + ... and 7 = 712. In case ¢ > 6 holds,
Lemma completes the proof. Now we consider the case ¢ < 4. If ¢ = 2
held, then 7% would be a square of g and thus 123 would be a relevant face.
Since Q(v123) is at most two-dimensional, this contradicts Remark Hence we
are in the case ¢ = 4. Since Mov(X) is of full dimension, there is a free variable S;.
Note that we have

Qmz2) € QMisry1) U Q(iart1) U Q(h23r41) U Q(V24r11) -
Since all faces of the cones Vijr+1s i€ {1,2}, j € {3,4} are F-faces, Remark [3.2.4 -
shows that one of these cones is a relevant face, i.e. Pic(X) = Z3 holds.

Problem 3.5.6. Generalize Proposition [3.5.5] to higher Picard numbers or give an
example of a locally factorial intrinsic quadric with torsion in Cl(X).

Lemma 3.5.7. Let X be as in Setting [3.5.3 If there are odd pairwise different
integers 1 < a,b,c < g — 1 such that 7o := Yape ONd T1 = Yot1,b+1,c+1 0re Televant
faces, then X is not locally factorial.

Proof. Assume that X islocally factorial. Since there is a three-dimensional relevant
face, Remark implies that Pic(X) = Z3 holds. Together with the homogeneity
of the quadric, Remark [3.2.5] applied to 79 yields

1 dl —110 d1 0 dl
(waawa+17wbawb+lawcawc+1) = 0 d2 1 d2 —110 dg s
0 ds 0 ds 1 ds—1

where we denote by d = (d1, da, d3) the degree of g. Note that
Q(10)°NQ(T)° € Q(7i5)°
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holds for all 4,5 € {a,b,c}, i # j and 7;; := cone(e;, €i+1,€;,€j41), i.e. all these
cones 7; ; are relevant faces. Applying Remark we obtain d = (1,1,1). This
yields det(wqy1, Wpt1, Wer1) = 2, contradicting Remark applied to 71 € rlv(u).

(Il

Lemma 3.5.8. Let X be as in Setting [3.5.3. If there are odd pairwise different
integers 1 < a,b,c < q—1 such that 79 := vYape and 71 := Yqp,c4+1 are relevant faces,
then X is not locally factorial.

Proof. Assume that X is locally factorial. Since there is a three-dimensional relevant

face, Remark implies that Pic(X) 2 Z3 holds. Together with the homogeneity
of the quadric, Remark [3:2.5] applied to 7y and to 71 yields

1 di—110 dq 0 di
(Way Wat1s Why Whi1, Wey Wet1) = 0 ds 1 do—11]0 dy ,
0 ds 0 ds 1 =1

where we denote by d = (dy,ds,d3) the degree of g. Note that the degree of the
monomial T, T.11 shows d3 € {0,2} (x). Let 72 := Vg a41,6.6+1. Since Q(19)°NQ(11)°
is three-dimensional and contained in Q(72), we conclude that the F-face 7 is a
relevant face. Remark applied to 7 yields d3 = %1, contradicting (). O

Lemma 3.5.9. Let X be as in Setting and assume that ¢ < r holds, that
is g contains a square. If there are odd integers 1 < a < b < q—1 and an index
r+1<c<r+t such that 7o := Yape and T1 1= Yaiy1,b+1,c are relevant faces, then
X is not locally factorial.

Proof. Assume that X is locally factorial. Since there is a three-dimensional relevant
face, Remark implies that Pic(X) = Z3 holds. Possibly after renumbering of
variables, the weights are arranged as follows,

Wa+1

Wy

We Wa W1
where det(wg, wp, we) > 0 holds. Together with the homogeneity of the quadric,
Remark applied to the relevant faces 79 and 7 yields

1 di—1|0 di |di/2]0
(Wa, Wat1|Wp, Wep1 |wy||we) = 0 do 1 do—1|d2/210
0 ds |0 dy |ds/2]1

and 1 = det(wg41, We, wpt1) = di + do — 1 (x), where we denote by d = (dy,ds, d3)
the degree of g. Note that Q(79)° N Q(71)° is three-dimensional and contained in
Q(7), i = a,b, where we set 7; := 7; i+1,r,c. We conclude that 7, and 7, are relevant
faces. Together with Remark this shows that do = +2 and d; = £2 hold,
contradicting (x). O

Lemma 3.5.10. Let X be as in Setting[3.5.3 and assume that X is Q-factorial and
that t = 0 holds, i.e. X is a full intrinsic quadric. Then we have ¢ > 6 and renum-
bering of variables yields ;i € rlv(u) for some (i,4,k) € {1,2} x {3,4} x {5,6}.

Proof. Note that the moving cone of R(X) is of full dimension. This means that ¢ >
6 holds, i.e. the quadric g is of the form g = Th'To + 1374+ 15T+ . ... Note that the
effective cone of X is given as Eff (X)) = (o), where we set o := cone(e;; 1 <1i < gq).
According to Carathéodory’s theorem, there is an at most three-dimensional face 7
of o such that v € Q(7)° holds. After renumbering of variables, we have 7 < 123
or 7 < v135. Remark [3:24] together with the circumstance that all faces of type
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vi, 1 < i < 6, are F-faces, shows that 7 is at least two-dimensional. If dim(7) = 2
holds, then Remark implies that 7 is not an §-face, i.e. 7 = 712 holds. In
this case, Lemma [3.5.4] completes the proof. If 7 is three-dimensional, Lemma [3.5.3
completes the proof. O

Lemma 3.5.11. Let X be as in Setting[3.5.2 and assume that ¢ > 6 holds. If y135
is a relevant face and if X is locally factorial, then after renumbering of variables,
deg(g) € Q(y135) and 135 € rlv(u) hold.

Proof. If deg(g) is contained in @Q(v135), there is nothing to show. Otherwise we
are — after suitable renumbering of variables — in one of the following cases:

deg(g)

(ii)

In Situation (i), Lemma together with ;35 € rlv(u) implies that v136 and 7235
are not relevant. Note that we have

Q(35) € Q(ize) U Q(y236) U Q(7235)

and that all faces of y136, 7236 and 235 are §-faces. Since X is Q-factorial, Re-
mark [3:2.4] shows that 79236 is a relevant face. By exchanging T} and T5 as well
as Ts and Tg, we arrive at deg(g) € Q(y135) and 135 € rlv(u). In Situation (ii),
exchanging 77 and T5 yields the desired result. O

Lemma 3.5.12. Let X be as in Setting [3.5.3 and let ¢ > 6. Assume that X is
locally factorial and that v135 is a relevant face with deg(g) € Q(vi35). Then g
contains no square.

Proof. With d = (dy,ds2,ds) := deg(g), the situation is as follows:

Proposition tells us that we have C1(X) = Z3. According to Remark we
may assume that

1 dl —110 dl 0 dl
(wl,...,w6) = 0 dg 1 d2—1 0 dg
0 d3 0 dS 1 d3 -1

holds. Since 7135 is a relevant face, u is contained in one of the cones

cone(wi,wj,d) \Cone(wiawj)a Za] € {17375}7 [ 7£ jv



3.5. FIRST STRUCTURAL CONSTRAINTS FOR PICARD NUMBER THREE 85

where Remark shows that u is not contained in cone(w;,w;), 1,j € {1,3,5}.
After renumbering of variables, we have v € 7 := cone(wy, w3, d) \ cone(w;, ws)
and 7 is three-dimensional. Since Q(v1234)° contains 7°, we conclude that ;234 is
a relevant face. Remark yields ds = 1, i.e. there is no square in g. O

Proposition 3.5.13. A smooth full intrinsic quadric of Picard number three is
isomorphic to an intrinsic quadric X with Cox ring

R(X) = K[Ty,...,T,)/{T\Ts + ...+ To_1T})
where r = dim(X) + 4 holds.

Proof. Let X be a smooth full intrinsic quadric of Picard number three. We may
assume that X is as in Setting[3.5.2] According to Lemma[3.5.10|and Lemma[3.5.11]
renumbering of variables yields R(X) = K[T1,...,T:]/{g) with g = Ty To + T5Ty +
T5Ts + ... as well as deg(g) € Q(7135), Where 135 is a relevant face. Lemma [3.5.12]
shows that there is no square in g. This completes the proof. O

Problem 3.5.14. Generalize Proposition [3.5.13| to higher Picard numbers or give
an example of a smooth full intrinsic quadric with relation 7775 + ...+ T, 7.2.

Corollary 3.5.15. Let X be a smooth full intrinsic quadric with o(X) = 3. Then
dim(X) > 4 holds.

Proof. According to Proposition [3:5.13] we may assume that the Cox ring of X is
of the form

R(X) == K[Tl,,TT]/<g> with g:TlTQ—i-—‘rTT,lTT

with 7 = dim(X) + 4. Since the moving cone of R(X) is full dimensional, r is
at least six. If 7 = 6 held, then Mov(X) would be contained in cone(w;, ws, ws) N
cone(ws, wy, wg ), contradicting smoothness of X together with Lemma Hence
we obtain r > 8, i.e. dim(X) > 4 holds. O

Lemma 3.5.16. Let X be as in Setting[3.5.9 and set r =5, ¢ =4,t > 1, i.e. we
have g =TT + T5Ty + T52 and there is at least one free variable S1. Consider an
ample Weil divisor class w € Cl(X). If X is locally factorial, then u is not contained

in Q(v1234)-

Proof. Assume that u is contained in Q(7y1234). Remark together with the
circumstance that all faces v;;, i € {1,2}, j € {3,4} are §-faces, shows that u €
Q(71234)° holds. This means that we have 1234 € rlv(u). Moreover, note that

Q(71234)° € Q(y1136) U Q(y326) U Q(v246) U Q(416)

holds, where u; = Q(eg) denotes the degree of S;. Possibly after renumbering of
variables, we have u € Q(v136). Remark shows that 7136 is a relevant face.
Since X is locally factorial, Remark applied to y13¢ yields

1 d—1]0 dy|di/2]0
(wl,...,ul) = 0 d2 1 dg d2/2 0 5
0 ds |0 ds|ds/2|1

where d = (dy,da,ds) denotes the degree of g. Applying Remark to Y1234
then shows that d3 = 41 holds. But this contradicts ds/2 = wg € 7Z, i.e. u is not
contained in Q(7y1234). O

Lemma 3.5.17. Let X be as in Setting [3.5.9 and set ¢ > 6. Consider an ample
class u € Cl(X). Assume that X is locally factorial and that u is contained in
Q(7123456). Then suitable renumbering of variables yields

1 d1 —11]0 dl 0 dl

(wl,...,w6) = 0 1 1 01]0 1 s dy €Z20
0 1 0 1)1 O
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as well as 135, 7146, V1234, Y1256 € 11v(u) and u € cone(wy, ws, d) N Q(v146)°, where
we denote by d = (dy,da,ds) := deg(g) the degree of g.

Proof. According to Carathéodory’s theorem, there is an at most three-dimensional
face 7 of cone(ey,...,eq) such that u € Q(7)° holds. After suitable renumbering
of variables, we have 7 < 7135 or 7 =< v123. Remark @ yields the three cases
T =712, T = 7123 and 7 = 7y135. Lemma [3.5.3] and Lemma [3.5.4) show that suitable
renumbering of variables yields 135 € rlv(u). According to Lemma we may
assume that deg(g) € Q(y135) holds.

Since 7135 is a relevant face, u is contained in one of the cones
cone(w;, wj,d) \ cone(w;,w;), 4,7 € {1,3,5}, i#j,

where Remark shows that u is not contained in cone(w;,w;), i,j € {1,3,5}.
After renumbering of variables, we have v € 7 := cone(w;, w3, d) \ cone(w;, ws)
and 7 is a three-dimensional cone. Since @Q(71234)° contains 7°, we conclude that
the cone 71234 is a relevant face. Recall that Proposition tells us that we have
Cl(X) = Z3. Remark applied to 135 and 71234 yields

1 di—110 di |0 dy
(wh...,wﬁ) = 0 dg 1 dg—l 0 d2
0 1 0 1 1 0

Furthermore we have d € Q(v135) = Q?;(ﬁ i.e. dy,ds > 0 holds. Note that we have
cone(w,ws,d) C cone(ws,ws,ws) U cone(ws, ws, wg) U cone(wn, ws, we).

Lemma, applied to 7135 implies that v is not contained in cone(w;, ws, wg)°.
After renumbering of variables, we may assume that u is contained in the three-
dimensional cone generated by wi, ws and ws. Remark [3:2.4] together with the
circumstance that ;5 and 716 are §-faces, shows that u is not contained in Q(y15)U
Q(716). We obtain u € Q(v1256)°, i.e. Y1256 is a relevant face. Thus, Remark
yields do = 1. Applying Lemma to 135 € rlv(u), we obtain that 7o4¢ is not
relevant. Remark [3.:2.4] together with the circumstance that 14, 716 and 46 are
§-faces, shows that u ¢ cone(w;,w;) holds for all 4,j € {1,4,6}. Hence we have
u € Q(7v146)° N cone(wr, ws,d). In particular, y146 is a relevant face. a

3.6. Proof of Theorem [3.3.5

In this section we give a proof of Theorem [3.3.5] i.e. of the classification of
smooth intrinsic quadrics of Picard number three and dimension at most three.

Proof of Theorem[3.3.5 Let X be an at most three-dimensional smooth intrinsic
quadric. Corollary shows that we may assume that the Cox ring of X is given
by R(X) =K[T1,..., T, S1,...,5:]/{g) with g =T1To +...+Ty_1T, + h for some
0 < g < r and some polynomial h given by

b= TZ o +...+T7 ifg<r,
0 ifg=r,
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where we have deg(Ty4x) # deg(Ty4i) for all 1 < k <1 < r —g¢q. According to
Proposition the Picard group of X is isomorphic to Z3. This means that the
defining relation of R(X) contains at most one square. In a first step, we show
that X is of dimension three. We then prove that all three-dimensional intrinsic
quadrics that are smooth arise from the data sets in the table of Theorem [3.3.5]
Note that on the other hand, all data sets listed in this table define smooth varieties
by Lemma In the very end of the proof, we prove the statement on (almost)
Fano varieties.

First assume that X is of dimension one. This means that the Cox ring of X is
given by R(X) = K[T1,...,T5]/(T1Ty + T5Ty + T2). But this is not possible since
the moving cone of R(X) then is not full-dimensional.

Now we consider the case dim(X) = 2. If the Cox ring of X was given
by R(X) = K[T4,...,Ts)/(ThTe + T53T4 + T5Ts), then Lemma would show
that X is not smooth. Hence we have R(X) = K[T1,...,Ts]/(Th Tz + T3Ty + T2).
Denote by v € CI(X) an ample Weil divisor class. Since u € Mov(X)® holds, we
obtain u € Q(7y1234), contradicting Lemma Thus we showed that X is not
two-dimensional.

Hence X is three-dimensional and the Cox ring of X is given by R(X) =
K[Tl, e ,T7]<g>, where we have g = T1To + ...+ T5T + T72, g=TTo+...+T5Ts
or g =TTy + T3T, + T2. By u € Cl(X) we denote an ample Weil divisor class. If
g=TiTo+...+T5T5+T? held, we would have u € cone(ws, .. ., ws)°. Lemma
would show that after suitable renumbering of variables ;35 € rlv(u) and deg(g) €
Q(7135) held. But then Lemma would yield that g contains no squares,
a contradiction. Hence it remains to consider the two cases g = T1To + ... +
TsTs and g = Ty Ty + T3Ty + T2. By ws,...,w; we denote the degrees of the
variables Ty, ..., T7.

Case g =T T3+ ...+ T5Tg: We show that this yields varieties Nos. 1 and 2 in
the table of Theorem [3.3.5]

Here u € Mov(X)° yields u € Q(v123456). Thus, Lemma [3.5.17| shows that suit-
able renumbering of variables yields 7135, V1234, V1256, Y146 € rlv(u) as well as u €
cone(wy, ws, d) N cone(ws, wq, we)® and

1 d1—1 0 d1 0 dl
(wl,...,wﬁ) = 0 1 1 0 0 1 s d120
0 1 0 1|1 O

We choose a hypersurface H intersecting the effective cone in its relative interior
and illustrate the arrangement of weights in this two-dimensional picture. Note
that we have d = wy + wo = w3 + wyg = ws + wg. Moreover, if d; = 0 holds, then
we have ws = wg and wy = ws. If d; > 1 holds, then we have ws € cone(wy, ws),
wg € cone(ws,ws) and wy € cone(wy, ws,ws). Depending on dq, we give sketches
of the different situations.

w3

w3, We

W4, Ws

di =0
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Let 0 # l;, € Hom(K,Q), ¢ = 1,...,6, be linear forms such that
lzu(wz) =0 = liu(u)’ liu(wl) > 07 i:37"'767 l2u(w4) > 07 llu(wb’) > 07

holds. Note that the faces ;7 are §-faces for all ¢ = 1,...,6. Thus Remark [3:2.4]
yields l;,(w7) # 0 for alli = 1,...,6. As visualized below, there remain six possible
places M,, ..., M, for wy, where we set H;' := {z € Kq; lyu(z) >0}, H;, :={z €
Ko; liw(z) <0}, Hiy :={z € Kg; liu(x) =0} as well as

M, :=H{ NnH, My = HLﬂng, M, = H;ruﬂHQ_u,
Mg :=Hy, NH{,,  M.,:=H, NH},  M;:=H; NHy,,.
’ H4u
Hlu //
~ Mg /

My di >0

N
N H3u

We show that ws is not contained in My U M,. If wy; was contained in Mp, then
Y175, V475, V247, Year Would be relevant faces. Applying Remark to 175 and
to 475 would yield w2 = 1 and d; = 1. Thus, Remark ogether with
Yo7, V647 € rlv(u) would show that w} —w? = 0 and wj — w? = 2 hold, a con-
tradiction. Similarily, if wy; € M, held, then v137, 7637, Y627, V647 Would be relevant
faces. Applying Remark to 4137 and to Y37 would show that w3 =1 = d;
holds. Thus, Remark together with ye27, Y647 € 11v(u) would yield wi —w? = 0
and wi — w? = 2, a contradiction. Hence wy is contained in M, U M. U My U M;.
Note that we have

lGu(w1), l4u(w1) > O, lﬁu(wi), l4u(wz) < O, i=2,...,6.

Since u lies in the relative interior of the moving cone of R(X), we obtain that
lou(w7) > 0 and lgy (w7) > 0 hold. This means that wy is contained in M, U M.
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We first consider the case wy € M,.. Here the covering collection of X is given by

COV(U) = {’7135, Y164, V12345 V1256, V3575 V257, V247 %47} .

Remark applied to 357 yields wi = 1. The same remark together with the
relevant faces v257, v247 and ~ygq7 yields

0 = (dy — w2, 0 = dy(w? —w?), 0 = dy(w?+wd).

If di # 0 held, we would obtain w? = w3 = 0. Recall that u is contained in
cone(ws,ws, d), which implies us > wus. But u € Q(7y257)° together with w; =
(1,0,0) would yield us < ug, a contradiction. Hence we have d; = 0 and the first
of the above equations shows w? = 0. Because of us > uz and u € Q(7ya257)° we

further obtain w$ < 0. Thus, Q = (w,...,w7) is as follows:
1 =110 0|0 O 1
Q=10 1]1o0oflo 1[0 |, wi<o.
0 1]0 1|1 0w

Since w2 = 0 holds, wy lies on the hypersurface through w; and ws. Because
of wi > 0, the weights are arranged as follows, where w; lies somewhere on the
dotted line:

w2 w3, We

Wy, Ws w1

Since cone(wy, w3, ws) C cone(ws, ws, wr) holds, the semiample cone is the intersec-
tion of cone(wy, w3, wy) and cone(ws, ws, wr), which means that X is of type No. 1.
We now consider the case wy € M. Here the covering collection of X is given by

COV(U) = {713577164771234,’}’1256,7357,’727377627,’)’647}-

Remark applied to 357 yields w! = 1. The same remark together with va73, Y627
and vg47 yields

0 = (dy — Dws, 0 = di(wd —w?), 0 = di(w?+wd).

Thus we need to distinguish the subcases d; = 0 and d; # 0. In the first subcase
the above relations show that w3 = 0 holds. Exchanging the second and the third
row of () and renumbering the variables via (3,4)(5,6) gives

1 —-1/0 0]0 O 1
Q = 0O 1|1 00 1 0 ,
0O 1 ]0 1]1 0 w?
COV(U) = {’7135, V1645 V1234, V1256, V467, V2745 V527 7537} .

We see that this coincides with the covering collection in the case wy € M., which
we treated above. In the second subcase the above relations show that w2 = w3 = 0

holds. Thus, @ = (w1, ..., wr7) and the arrangement of weights is as follows:
1 di—1|0 di |0 dy|1
Q=10 1 |1 olo 1o, d>o0.
0 1 0O 11 0}O0
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w3

w2 We

ws w1, w7
W4

Note that we have SAmple(X) = cone(wy, w4, we) N cone(ws, we, wr), which shows
that X is of type No. 2.

Caseg=T1Ts+T3T4+ Tg: We show that this yields varieties Nos. 3 — 6 in the
table of Theorem [3.3.5]

Lemma [3.5.16| shows that u ¢ 7 := Q(71234) holds. Note that v € Mov(X)® yields
u € 7+ cone(w;), i = 6,7, i.e. we have wg, wy ¢ 7. Moreover, we have

7+ cone(ws) C Q(y1136) U Q(y326) U Q(y246) U Q(Va16) -

Remark 3.2.4] shows that u is contained in the relative interior of one of the cones
on the right-hand side. Thus, after renumbering of variables, v13¢ is a relevant face.
We distinguish the subcases u € Q(y137) and u ¢ Q(y137).

In the first subcase, Remark [3.:2:4] shows that 137 is a relevant face. Let 0 #
liw € Hom(K,Q), i =1,3,6,7, be linear forms such that

lw(wl):():lw(u), lw(wg) <0, i:6,7, lw(wﬁ) <0, i:1,3,
holds. After suitable renumbering of variables, the hypersurfaces H;, = {z €

Kg; liw(z) = 0} are arranged as in the following picture and det(ws,ws,wr) is
strictly positive:

Hlu >

~

_-7 H’?u

In the figures, M,, M, and M, indicate the following sets of points:
M, = {z € Kg; liu(z) > 0, l7,(z) < 0},

M, {z € Kg; lsu(x) <0, l7,(x) > 0},

M. = {z € Kg; lzu(x) >0, lgy(x) > 0}.
Note that the faces ;6,77 are §-faces for all i = 1,...,4. Hence Remark [3:2.4]
shows that lg, (w;) and l7,(w;), ¢ = 2,4, are non-zero. Together with u ¢ 7, this
implies that we and wy are contained in M, UM,UM,. If lg,(w2) > 0 held, then the
homogeneity of g would yield lg, (w4) > 0. But then we would have lg, (w;) > 0 for
all i # 3, contradicting u € Mov(X)°. Thus lg,(w2) < 0 holds. Lemma/3.5.9applied
to 136 shows that this yields lg,(ws) < 0. The same Lemma shows that Iz, (ws)
and l7,(w4) are either strictly positive or strictly negative. But l7,(w4) is not
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negative, since then homogeneity of g would yield I7,(w;) < 0 for all 2 < i < 7,
contradicting u € Mov(X)°. Thus we obtain we, w4 € M. We conclude that

COV(U) = {7136, Y137, Y1256, V3457, V1465 V2375 V267 ’7467}
holds. Applying Remark to 136, t0 Y146 and to 7137 yields

1 d1—1 0 d1 d1/2 0 w%
Q=|(0 2 1 1] 1 [0 w?
0 ds |0 dg|ds/2|1 1

Furthermore, we have
det(wg, we, w7) = (wi —dyw?) +wi +w? = det(wy, ws, wr) +wi + w2 .

Applying Remarkto Y267 and to 467 shows that w% = —w% and 1 = w%(1+d1)
hold. We conclude that either d; = 0, wi =1 or wi = —1, d; = —2 holds.

We show that the latter is not possible: Assume that wl = —1, d; = —2 holds.
Then Remark applied to 7237 and to 67 yields ds = 4 and w% = 1, which
shows that the matrix @ is as follows:

1 -3/0 -2|-1}0 -1
Q = 0 2|1 1 110 1
0 4|0 4 2 1 1

This shows that the intersection of the cones Q(v136) and @Q(v137) is contained in
cone(wy, we, ws). Thus we obtain the contradiction v € 7.

Hence we have d; = 0 and w% =1. Remarkapplied to vo37 yields dg = —2,
which shows that the matrix @ is as follows:

1 -1{0 O 010 1
Q = 0 2|1 1 1 (0 -1
0 -2|0 -2|-1|1 1

Note that we have ws + wg = w3 as well as w5 + wy = wy. Thus the arrangement
of weights is as follows:

w3

wr

We conclude that SAmple(X) = Q(y136) N Q(7137) holds, i.e. X is of type No. 6.

In the second subcase, we have u ¢ Q(7y137). Let 0 # l;,, € Hom(K,Q), i =
1,3,6,7, be linear forms such that

lw(wl) =0 = lw(u), lm(wg) < O, i:6,7, lm(wg) < 0, i:1,3,

holds and set Hy, = {z € Kg; liy(z) = 0}. After suitable renumbering of vari-
ables, the weights wy, w3, wg and w; are arranged as in the following picture and
det(wy, w3, wg) is strictly negative:
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\H3u
\

In the figures, M,, M, and M, indicate the following sets of points:

M, = {z € Ko; l3u(z) >0, l7, () > 0},

M, {x c K@; l6u(x) > 0, l7u($) < 0},

M. = {z € Kg; liu(x) >0, lgy(x) < 0}.

Since u is contained in the relative interior of the moving cone of R(X), Iz, (w2)
or l7,(wy) is strictly positive. In the first case, renumbering of variables via (12)
would yield u € Q(v136) N Q(y137). This is the subcase we treated above. Thus
we now look at l7,(ws2) < 0 and wy € M,. Lemma applied to 136 shows
that we ¢ M, holds, i.e. we have wy € M,. Thus

cov(u) = {'73167 73265 Y147, Y247, Y3456 V34575 V267 "/167}

holds. Applying Remark to Y147, to 247 and to yi67 yields

11 2 0] 1 [wi 0
Q=10 dy|do—1 1|dy/2|| 1 0
0 d3 dg 0 d3/2 wg’ 1

The same remark together with 7267 shows that dgwé = 0 holds. We distinguish
the cases w§ = 0 and wg # 0, dg = 0.

If wi = 0 holds, then Remark applied to Y3456 and to 316 yields wi =1
and do = d3. Multiplying ) with an unimodular matrix from the left yields

1 112 0 1 0 0
Q = 0 0|-11 0 0 —1
0 dy|da 0]dg/2]1 1
Note that wy + w7 = wg holds and that wy,ws,ws and ws lie on the same side
of the hypersurface Hys through ws and wg. Moreover, ws and ws lie on the
hypersurface Hyg through wy and wg. If do > 0 holds, then wg, ws, ws and ws lie
on the same side of the hypersurface Hy4 through w; and w,. Thus, in case dy > 0
holds, the weights are arranged as follows, where wy and ws lie somewhere on the
dotted line and w3 somewhere in the gray-shaded area:
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Note that Q(y267) € Q(7y247) holds, which shows that the semiample cone of X
is given by the intersection of Q(7236) and Q(v267). Thus, X is of type No. 3. If
ds < 0 holds, we multiply @ with an unimodular matrix from the left and obtain

1 00 1 1] 2 o] 1 [o o
o 10)-@q=[( 0o ol-1 1] 0o o -1
~dy 0 1 —dy 0| —=dy 0]—dy/2(1 1

Renumbering the variables via (1,2) then shows that X is of type No. 3.
If wi # 0,dy = 0 holds, Remark applied to 7316 and to 7y3g6 yields
wi =1—ds as well as 0 = d3(wg + 2). We distinguish the cases d3 = 0 and d3 # 0.
In case d3 = 0 holds, the degree matrix is given by

1 1|2 o1
Q=10o0|-1 10
000 0/0

w0
1 0
1 1
Note that wg lies on the same side of the hypersurface Hy4 through w; and wy as wr
and on the same side of the hypersurface Hy7 through wy and w; as ws. Thus the

arrangement of weights is as follows, where wg lies somewhere in the gray-shaded
area:

Note that Q(y147)NQ(7136) is contained in Q(7y167), which shows that the semiample
cone of X is given by the intersection of Q(7y147) and Q(v136). Thus, X is of
type No. 4.

In case d3 # 0,wg = —2 hold, the degree matrix is given by

1 12 of 1 -2 0
Q=10 o0]-1 1] 0 10
0 ds|ds 0|ds/2||1—ds 1

If d3 > 0 holds, the arrangement of weights is as follows:
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Note that the semiample cone of X is given by the intersection of Q(v247) and Q(y267)-
Thus, X is of type No. 5. If d3 < 0 holds, we multiply @) with an unimodular matrix
from the left and obtain

1 0 0 1 1 2 0 1 -2 0
0 1 0 Q= 0 0 -1 1 0 1 0
—ds; 0 1 —ds 0] —ds O —d3/2 dz3+1 1

from the left. Renumbering the variables via (1, 2) then shows that X is of type No. 5.

To complete the proof, it remains to show the statement on Fano and truly
almost Fano varieties. Recall that the anticanonical class of X is given by

7
—-Kx = Zwi—deg(g) = sz
i=1

1=3

In order to select the Fano and the truly almost Fano varieties among the smooth
intrinsic quadrics of Picard number three and dimension three, it is enough to
compute the anticanonical class of X via the above formula and to check in which
cases Kx € SAmple(X)° and Kx € SAmple(X) \ SAmple(X)° holds. Recall that
the last column of the table of Theorem [3.3.5] contains three-dimensional cones of
the form cone(x;, z;, 1) whose intersection is the semiample cone of the respective
variety. We denote for all pairwise different 1,42 € {3, j, k} by n;,:, € Hom(K,Q) a
linear form satisfying n, i, (Ti,) = Niyip (i) = 0 and n; 4, () > 0 for £ € {i,5,k} \
{i1,i2}. Note that a variety X of Theorem [3.3.5is Fano if and only if n;,;, (Kx) > 0
holds for all pairwise different iy,is € {1, 7, k} of all cones cone(z;,x;,xy) listed in
the last column of Theorem [3.3.5| in the respective row. Similarily, a variety X of
Theorem [3.3.5]is truly almost Fano if and only if n;,;, (Kx) > 0 holds for all pairwise
different 41,42 € {4, ], k} of all cones cone(x;,z;,xr) listed in the last column of
Theorem @ in the respective row, with equality for at least one n;,;,.

If X is of type No. 1, then the anticanonical class is given by —Kx = (1,2,2+a).
Here n13 and nyy show that X is Fano if a = —1 holds and that X is truly almost
Fano if and only if a = 0 or a = —2 hold.

If X is of type No. 2, then the anticanonical class is given by —Kx = (2a +
1,2,2). Note that nss(—Kx) > 0 yields a < 1/2, contradicting a > 0. Hence there
is no choice for a such that X is almost Fano.

If X is of type No. 3, then we have a > 0 and the anticanonical class is given
by —Kx = (3,—1,3a/2 4+ 2). Here na7(—Kx) > 0 yields a < 2/3. Thus X is never
truly almost Fano. Furthermore, X is Fano if and only if a = 0 holds.

If X is of type No. 4, then the anticanonical class is given by —Kx = (3+a, 1, 2).
Here n3s and n4y show that X is Fano if —2 < a < 0 holds and that X is truly
almost Fano if and only if a = —3 or a = 1 hold.

If X is of type No. 5, then we have a > 0 and the anticanonical class is given
by —Kx = (1,1,2 + a/2). Note that neg(—Kx) > 0 yields a < 2/3. Thus X is
never almost Fano.
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If X is of type No. 6, then the anticanonical class is given by —Kx = (1,2, —1).
Note that ni3(—Kx) is strictly negative, which shows that X is neither Fano nor
truly almost Fano. O

3.7. Proof of Theorems [3.3.6] [3.3.8 and [3.3.10

We now turn to the proof of our classification results for smooth intrinsic
quadrics of dimension four and Picard number three.

Proof of Theorem[3.3.6. Let X be a smooth intrinsic quadric of Picard number
three and dimension four. According to Proposition [3.5.5] the Picard group of X is
isomorphic to Z3. Corollary shows that we may assume that X is a standard
intrinsic quadric. Thus there remain the following four possibilities for the relation g
of the Cox ring R(X) = K[T1,...,Ts]/{g):

Ty + T5Ty + T5Ts + TrTs, TiTo + 15Ty + TsTs + 17,
Ty + TsTy + Ts T, Ty + TyTy + T2.

In the remaining part of the proof we go through these four cases and show that
we always end up with a variety listed in the table of Theorem [3.3.6] In order
to provide a structure that is easily traceable, we outsource these four cases to
Corollary and to Propositions [3.7.1] [3.9.1] and [3.10.1] Moreover, note that
all data sets listed in the table of Theorem [3.3.6] define indeed a smooth intrinsic
quadric by Lemma [3.1.6 O

Proposition 3.7.1. Let X be a four-dimensional intrinsic quadric of Picard number
three with Cox ring R(X) = K[T1,...,T8]/(9), g = Th To+T3Ty+T5Ts+T?. Then X
is not smooth.

Proof. Assume that X is a smooth four-dimensional intrinsic quadric of Picard
number three with Cox ring as above and let u be an ample Weil divisor class.
Proposition tells us that C1(X) =2 Z3 holds. Furthermore, the effective cone
of X is given by Eff(X) = cone(wy,...,ws,ws), where we denote by wy,...,ws
the degrees of the variables Ti,...,Ts. Since we have u € Mov(X)®°, we obtain
u € cone(wsy,...,ws)°. Lemma shows in particular that we may assume
that v135 € rlv(u) and deg(g) € Q(y135) hold. But then Lemma [3.5.12|shows that g
contains no squares, a contradiction. O

Proof of Theorems [3.3.§ and [3.3.10, Note that all smooth intrinsic quadrics of
Picard number three and dimension four as well as their semiample cones are listed
in the table of Theorem [3.3.6] Furthermore, the anticanonical class of X is given by

8

8
—Kx = Zwl —deg(g) = Zwi —deg(g) -

=3

In order to select the Fano and the truly almost Fano varieties among the varieties
in the table of Theorem [3.3.6] it is enough to compute the anticanonical class
of X via the above formula and to check in which cases Kx € SAmple(X)° and
Kx € SAmple(X) \ SAmple(X)° holds. Recall that the last column of the table of
Theorem contains three-dimensional cones of the form cone(z;, z;, ;) whose
intersection is the semiample cone of the respective variety. We denote for all
pairwise different i1,i2 € {4, j,k} by n;:, € Hom(K,Q) a linear form satisfying
Niyin (Tiy ) = Niyin (Tiy) = 0 and ny, 4, (x¢) > 0 for £ € {i,j,k} \ {i1,i2}. Note that a
variety X of Theorem [3.3.6)is Fano if and only if n;,;, (Kx) > 0 holds for all pairwise
different 41,42 € {4,j,k} of all cones cone(x;,z;,xx) listed in the last column of
Theorem [3.3.6] in the respective row. Similarly, a variety X of Theorem [3.3.0] is
truly almost Fano if and only if n;;,(Kx) > 0 holds for all pairwise different
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11,12 € {1, J, k} of all cones cone(z;, z;, xx) listed in the last column of Theoremm
in the respective row, with equality for at least one n;,;,.

If X is of type No. 1, then we have —Kx = (3a,3,3) = 3(wy + wg) — 3aw;. In
case a is strictly positive, the anticanonical class is contained in cone(—ws, wq+we)°
and X is neither Fano nor truly almost Fano. If a = 0 holds, then —K x is contained
in cone(wy4 + wg)®, which shows that X is truly almost Fano.

If X is of type No. 2, then we have —Kx = (e + 1,3,2 4+ b + ¢). Note that
n3s(—Kx) > 0 and ns7(—Kx) > 0 yield -1 < a < 1/2, i.e. X is Fano only
if @ = 0 holds. Furthermore, n13(—Kx), n17(—Kx) > 0 and neg(—Kx) > 0 imply
c>—-2—-bc>2b—2and 0 < —ac+ b —3c— 1. In the following picture, we
illustrate the feasible region in the two cases a = —1 and a = 0:

a=20

We conclude that X is Fano if and only if @ = b = 0 and ¢ = —1 hold. Furthermore,
X is truly almost Fano if and only if one of the following conditions is fulfilled:

—1<a<0,b=—-1,c=-1 or —-1<a<0,b=0,c=-2
or —1<a<0,b=1,¢c=0 or a=-1,b=0,c=—1.

If X is of type No. 3, then we have —Kx = (1,3+a, 2). Note that n15(—Kx) >0
and nog(—Kx) > 0 yield —3 < a < 1/2. We obtain that X is Fano if and only if
—2 < a <0 holds and truly almost Fano if and only if a = —3 holds.

If X is of type No. 4, then we have —KCx = (1,2,2+a). Note that n13(—Kx) >0
and n7s(—Kx) > 0 yield 1 > a > —2. We conclude that X is Fano if and only if
—1 < a <0 holds and truly almost Fano if and only if a € {—2,1} holds.

If X is of type No. 5, then we have —Kx = (1,1,2). Thus, nes(—Kx) < 0
holds, which shows that X is neither Fano nor truly almost Fano.

If X is of type No. 6, then we have —Kx = (2,2,24+a+b) and 0 > a > b.
Note that n135(—Kx) > 0 and na7(—Kx) > 0 yield b > —2 — @ and b > 3a. In the
following picture, we illustrate the feasible region:

b

This shows that there is no choice for a and b such that X is Fano and because
of a,b < 0, X is truly almost Fano if and only if a = b = —1 holds.

If X is of type No. 7, then we have —Kx = (2,1,a + 2) and a < 0. Note that
n13(—Kx) > 0 yields 0 < 2 4+ a. We conclude that X is Fano if and only if a = —1
holds and truly almost Fano if and only if a = —2 holds.

If X is of type No. 8, then we have —Kx = (a+1, 3,2). Note that ng5(—Kx) >0
and n7g(—Kx) > 0 yield 0 < 14 a as well as 0 < —2a. We conclude that there
is no choice for a such that X is Fano and X is truly almost Fano if and only
if —1 < a < 0 holds.

If X is of type No. 9, then we have ¢ > 0 and —Kx = (2a + b+ 1,3,2). Note
that n4e(—Kx) > 0 and ng7(—Kx) > 0 yield 0 < —3a+b+ 1 and b < 1/2. We
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conclude that X is Fano if and only if @ = 0 = b holds and truly almost Fano if and
only if a = 0,b = —1 holds.

If X is of type No. 10, then we have a > 0 and —Kx = (2a +2,2,2). Note that
na7(—Kx) equals zero, i.e. there are no Fano varieties in this case. Furthermore
ngs(—Kx) > 0 yields 0 < —2a + 2. Thus, X is truly almost Fano if and only
if @ = 1 holds.

If X is of type No. 11, then we have a > 0 and —Kx = (2a+b+1,¢c+2,3). Note
that n1g(—Kx), ne7(—Kx) > 0 yields 0 < —2¢+ 2 and 0 < ¢ — 1, i.e. there are no
Fano varieties in this case and X is almost Fano only if ¢ = 1 holds. Furthermore,
nes(—Kx) > 0 and nyg(—Kx) > 0give b < a+1/2 and b > 4a— 1. In the following
picture, we illustrate the feasible region:

b

We conclude that X is truly almost Fano if and only if we have a =0, —1 < b <0
as well as ¢ = 1.

If X is of type No. 12, then we have —Kx = (3,a+2,0). Note that ni3(—Kx) =
0 holds, i.e. there are no Fano varieties in this case. Furthermore, nis(—Kx) > 0
and no7(—Kx) > 0 show that X is truly almost Fano if and only ifa = -2 < a < —1
holds.

If X is of type No. 13, then we have —Kx = (a + 2,b + 2,2). Note that
ni7(—Kx) > 0 and nig(—Kx) > 0 give —2 < b < 2. Similarily, ng;(—Kx) > 0
and nzg(—Kx) > 0 give —2 < a < 2. We conclude that X is Fano if and only
if =1 < a,b < 1 holds. Furthermore, X is truly almost Fano if and only if a =
+2,-2<b<20rb=42,—-1<a <1 holds.

If X is of type No. 14, then we have and —Kx = (2,2,2a + 2). Note that
noa(—Kx) > 0 and n13(—Kx) > 0 give =1 < a < 1. Furthermore, looking at
n1s(—Kx), nos(—Kx), nae(—Kx) > 0 and ng5(—Kx) > 0 yields -1 < b < 1 as
wellasb > a—1and b < a+1. We conclude that X is Fano if and only ifa=0=10
holds, which is a subcase of No. 13. Furthermore, X is truly almost Fano if and
onlyifa=1,0<b<1,a=0,b=+x1lora=—-1, —1 < b <0 holds.

If X is of type No. 15, then we have and —Kx = (1,3, —2). Since n13(—Kx) is
strictly negative, there are neither Fano nor truly almost Fano varieties in this case.

If X is of type No. 16, then we have —Kx = (4,2a + 2,—1). Note that
n17(—Kx) > 0 and nor(—Kx) > 0 yield 1/2 > a > —1/2. We conclude that
there is no choice for a for which X is almost Fano and that X is Fano if and only
if a = b =0 holds.

If X is of type No. 17, then we have a < b <0 and —Kx = (44 «a,2,1). Note
that ng7(—Kx) > 0 and n4g(—Kx) > 0 yield a > —4 and a < 2. We conclude
that X is almost Fano if and only if a = —4 or a = 2 holds and that X is Fano if
and only if —3 < a <1 holds.

If X is of type No. 18, then —Kx = (2,a+3,1) holds. Note that n1g(—Kx) >0
and n2g(—Kx) > 0 yield a/2 < 3/2. We conclude that there is no choice for a and b
for which X is almost Fano and that X is Fano only if a = 1 holds. Moreover,
nss(—Kx) > 0 and nes(—Kx) > 0 show that b = 0 holds if X is Fano. In this case
subtracting the first row of () from the second shows that this variety is a subcase
of No. 17.

If X is of type No. 19, then we have a < b < 0 and —Kx = (a + 1,b + 2,2).
Note that nzg(—Kx) > 0 and nig(—Kx) > 0 give a > —1,b > —2. Moreover,
nzs(—Kx) > 0 and nig(—Kx) > 0 yield a < 1,5 < 2. We conclude that X is



98 3. SMOOTH INTRINSIC QUADRICS OF SMALL PICARD NUMBER

Fano if and only if a = 0 and —1 < b < 1 hold and truly almost Fano if and only
ifa==+1, -2<b<2o0ra=0,b= =2 hold.

If X is of type No. 20, then we have —Kx = (1,3 + a + b,3). Note that
n16(—Kx) >0, n17(—Kx) > 0 and nog(—Kx) > 0 yield b > =3 —a, b > 2a— 3 and
b<1/2(a —1). In the following picture, we illustrate the feasible region:

A

This shows that X is Fano if and only if a = 0, —2 < b < —1 holds and truly almost
Fano if and only if (a,b) € {(£1,-1),(—1,—-2),(0,-3),(1,0)} holds.

If X is of type No. 21, then we have a > b and —Kx = (2,34+a+b, 3). Note that
n16(—Kx) > 0 and nor(—Kx) > 0 yield b > —3 —a, b > 2a — 1. In the following
picture, we illustrate the feasible region:

We conclude that X is Fano if and only if a =b =0 or a = b = —1 holds and truly
almost Fano if and only if (a,b) € {(-1,-2),(0,—1),(1,1)} holds. If X is Fano,
then we multiply @ with

-1 0 1

2 1 —a-2

0 O 1
and renumber the variables via (12)(68). In this way, we see that the Fano varieties
of Nos. 20 and 21 coincide.

If X is of type No. 22, then we have —Kx = (2,2+a,2) and a # —2. Note that
n37(—Kx) = 0 holds, i.e. X is not Fano. Moreover, n16(—Kx) > 0 and no7(—Kx) >
0 give —2 < a < 2. We conclude that X is almost Fano if and only if —1 < a < 2
holds.

If X is of type No. 23, then we have —Kx = (a,4,a+2). Note that no7(—Kx) =
0 holds, i.e. X is not Fano. Moreover, nig(—Kx) > 0 and ngs(—Kx) > 0 give
0 < a < 2/3, which yields a = 0. We conclude that X is almost Fano if and only
if @ = 0 holds.

If X is of type No. 24, then we have —Kx = (0,4+a,2). Note that nzge(—Kx) =
0 holds, i.e. X is not Fano. Moreover, nig(—Kx) > 0 and no7(—Kx) > 0 show
that X is almost Fano if and only —4 < a < 0 holds.

If X is of type No. 25, then we have —Kx = (a+1,3,2). Note that n1s(—Kx) <
0 holds, i.e. X is not almost Fano.

If X is of type No. 26, then we have a € 2Z<( and —Kx = (1,2,3a/2+ 2 +b).
Note that ns3s(—Kx) > 0 yields a > —4/3. We conclude a = 0. Hence ni3(—Kx) >
0 and nog(—Kx) > 0 give b > —2, b < 2/3. We conclude that X is Fano if and
only if a = 0 and —1 < b < 0 hold and truly almost Fano if and only if a = 0
and b = —2 hold.

If X is of type No. 27, then we have a € 2Z ¢ and —Kx = (1,1,a/2+ 3). Note
that nsg(—Kx) > 0 yields a > —4/3. We conclude that there is no choice for a such
that X is almost Fano.
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If X is of type Nos. 28 or 29, then we have —Kx = (—2,3,3a/2+3) and —Kx =
(2,—1,3 — a/2), respectively. In the first case we have ngg(—Kx) < 0 and in the
latter n16(—Kx) < 0, which shows that X is neither Fano nor truly almost Fano.

If X is of type No. 30, then we have a € 2Z<p and —Kx = (—1,3,3a/2 + 3).
Note that ngg(—Kx) > 0 yields a > —4/3. We conclude that X is Fano if and only
if @ = 0 holds and that there is no choice for a such that X is truly almost Fano.
If X is Fano, we multiply Q with

-1
2
0

o = O

0
0
1

and renumber the variables via (12)(68). In this way, we see that we are in the
subcase No. 20, a = —2.

If X is of type No. 31, then we have a € 2Z< and —Kx = (2,0,a/2 + b+ 2).
Note that n16(—Kx) = 0 holds, which shows that X is not Fano. Furthermore,
n37(—Kx) > 0 and nog(—Kx) > 0 give b > —5a/2, b < —a/2 + 2/3. Together,
this gives a > —1/3. We conclude that X is truly almost Fano if and only if a =0
and b = 0 hold.

If X is of type No. 32, then we have a € 2Z<p and —Kx = (—2,4,3a/2+b+2).
Note that no7(—Kx) = 0 holds, which shows that X is not Fano. Furthermore,
n1g(—Kx) > 0 and n3g(—Kx) > 0 give b < a/2 + 2/3, b > —3a/2. Together, this
gives a > —1/3. We conclude that X is truly almost Fano if and only if a = 0
and b = 0 hold.

If X is of type No. 33, then we have a € 2Z<y and —Kx = (0,3,3a/2 + 2).
Note that ngs(—Kx) = 0 holds, which shows that X is not Fano. Furthermore,
n13(—Kx) > 0 yields a > —4/3. We conclude that a necessary condition for X
being almost Fano is a = 0. Hence, n1g(—Kx) > 0 and noy(—Kx) > 0 give
1/3 < b < 2/3. Thus there are no almost Fano varieties in this case.

If X is of type Nos. 34 or 35, then we have —Kx = (1,2,0) and —Kx = (2,1,0),
respectively. In both cases the anticanonical class is contained in cone(wy, ws) which
is a face of the semiample cone of X. Thus, X is truly almost Fano.

If X is of type Nos. 36 or 37, then we have —Kx = (2,1,—1) and —Kx =
(0,3,—1), respectively. In both cases ni3(—Kx) is strictly negative, which shows
that X is neither Fano nor truly almost Fano. O

3.8. Smooth full intrinsic quadrics of Picard number three

In this section we prove Theorem [3.3.2] which provides the description of all
smooth intrinsic quadrics of Picard number three that are full. Recall that full
means that the Cox ring of X contains no free variable.

Proof of Theorem[3.3.2 We show that a smooth full intrinsic quadric X of Picard
number three arises from Construction According to Proposition [3.5.13] the
Cox ring of X is of the form

R(X) = K[Tv,...,T,]/(T\Ts + ... + To_1T})

and Corollary [3.5.15] yields » > 8. Lemma [3.5.10] shows that we may assume
that 135 € rlv(u) holds. Let u € CI(X) be an ample Weil divisor class. The homo-
geneity of g implies that u is contained in the three-dimensional cone Q(7y123456)-

Hence Remark shows that w is contained in Q(7123456)°. Lemma|3.5.17|shows
that suitable renumbering of variables yields the relevant faces v135, Y1234, V1256, Y146
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as well as u € cone(wy, ws, d) N cone(ws, wq, ws)® and

di—1 di di

1 0 0
(’LU17...,’LU6) = 0 1 0 y d120, (*)
0 0 1

HHl
= O
O =

where d = (di,1, 1) denotes the degree of g. In order to illustrate the arrangement
of weights, we choose a hypersurface H intersecting the effective cone in its relative
interior and consider this two-dimensional picture. Note that we have d = wy+ws =
w3 + wy = ws + wg. Moreover, if d; = 0 holds, then we have w3 = wg and
wyq = ws. If d; > 1 holds, then we have wy € cone(wy,ws), we € cone(ws,ws) and
wg € cone(wy, ws,ws). Depending on dy, we give sketches of the different situations,
where in the picture on the right-hand side, ws lies somewhere on the dotted line.

w3

ws, We

W4, Ws

di =0 d1 >0

We now explain where further weights w, may lie. Let 0 # l;,, € Hom(K,Q), i =
1,...,6, be linear forms such that

liw(wi) =0=1liy(u), lw(wi)>0,i=3,...,6, lw(ws) >0, l,(ws)>0,

hold. Note that the faces v, are §-faces for all i = 1,...,6, £ > 7. Thus, Re-
mark yields L, (we) # 0 for all ¢ = 1,...,6, ¢ > 7. As visualized be-
low, there remain six possible places M,,..., My for w,, £ > 7, where for all
i=1,...,6 weset H = {z € Kg; liu(z) > 0}, H;, = {z € Kg; liu(z) < 0},
Hiy = {517 € Kg; lvu(x) = 0} and

M, = H{, N Hy,, M, = H} N H;,, M, := H$, N H,,,
My := Hy, N HS,, M, := Hj, N H, , M; = Hg, N Hy,.
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My di >0

\ N
\ ) H3u

As in the proof of Theorem [3:3.5] we see that further weights w;, i > 7, are not
contained in M, U M. If w;,wiy1 € My held for some odd ¢ > 7 we would
have v13;, 71,3,i41 € rlv(u), contradicting Lemma Hence renumbering of
variables yields w; € M, U M.U My, for all odd 7 < ¢ < r. Choose an odd index i €
{7,...,r}. Homogeneity of g shows that we are in one of the following cases

(1) w; € My, W;y1 € My UMf,

(ii) w; € M., Wiyl € Mf,

(111) w; € My.
For an overview, we provide the following table, where elements of the covering
collection are listed with respect to the different positions of w; and w;11. As a
matter of convenience, we list the indices a,b, ¢ of the faces v, in an order such
that (wg,ws, w.) is positively orientated, i.e. det(wq, wp, w.) > 0 holds.

Case cov(u) \ {7135, V164, 71234, Y1256 }
(1) Yiid> 71,2041

(ii> Vi35, V1,3,i+15 Vi24

(490) Vi35, V32, V34,0041, Vi6d

Case (i): w; € M,, wi41 € Mg U My: Note that we will consider the case
of a weight w, € Mg, £ > 7, in Case (ili). Thus we may assume w;;1 € M.
In particular, we have v1 6,11 € rlv(u). Remark together with the relevant
face 144 yields w? = 1. Applying the same remark to Y1,2,i,i+1, We obtain wi = 0.
Thus, we have

1 d1 —110 dl 0 dl wll dl - ’LUZl
(wl,w2|w3,w4|w5,w6|wi,wi+1) = 0 1 1 0 0 1 1 0
0 1 0O 1|11 0] 0 1

The weights are arranged as follows, where ws lies somewhere on the dotted line
and w; somewhere on the zigzag line.
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Note that SAmple(X) is contained in the intersection of the cones Q(y164), Q(Y1:4)
and Q(v1,6,:+1). We conclude that besides wy, ..., ws, w;, wit+1, there need to be
further weights in order to ensure u € Mov(X)°.

Case (ii): w; € M,, wiy1 € My: Remark together with the relevant
faces vizs, 71,3,i+1 and yiou yields wll =1, wf’ = 0 and wi2 = 0. But this shows
w1 = w;, i.e. we obtain w; ¢ M., a contradiction.

Case (iii): w; € My: Remark together with ;35 € rlv(u) yields w} = 1.
Applying again Remark [3.2.5] this time to ;32 and to ¥3.4,i,i41, yields

0=w}(l—d;) and 0=dyw.
This shows that w? = 0 holds. Now Remark applied to 764 yields dy = 0
or w? = 0.
Case (iii.1): In the first subcase, i.e. if d; = 0 holds, we obtain the following
arrangement of weights, where w; lies somewhere on the dotted line:

1 -1(0 0]0 0] 1 -1
(w1, wa|ws, wa|ws, we|w;, wir1) = 0 1 {1 0[0 1|w? 1-—w?
0 1|0 111 0] O 1
w3, We
we
.
; w1

Lemma, and 7;32 € rlv(u) show that the §-face ;11,41 is not a relevant face.
Note that we have SAmple(X) C o := Q(7iz5) N Q(Vi32) N Q(y135) and

o € Q(it1,41) U Q(Yit1,3,1)-
Remark together with v;41.4.1 ¢ rlv(u) yields v;41,3,1 € rlv(u). We conclude

that the semiample cone of X is contained in

Q(mss) N Qviss) N Qvis2) N Q(Yit1,3,1) -
Case (iii.2): In the second subcase we have w? = 0. Here we obtain the
following:
1 di—=1|0 di|0 di|1 di—-1
(wl,wz\wg,w4|w5,w6 wi,wiH) = 0 1 1 0 0 1 0 1
0 1 0 1|1 010 1

Note that we have wy = w;, we = w;4+1 and SAmple(X) is a subset of the intersec-
tion of cone(wy, w4, wg) and cone(w;, wa, we).
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Now we discuss how the arrangement of the weights wy,...,ws in (x) can be
enlarged by adding further variables w;, w;y1. The above reasoning shows that all
smooth full intrinsic quadrics of Picard number three are obtained via combining (x)
with further monomials T;7T; 1, where the weights deg(T;) = w; and deg(T;+1) =
wit1 are as in (i), (iii.1) or (iii.2). Thus to complete the proof, it remains to
combine (x) with (i), (iii.1) and (iii.2) and to show that we arrive in the setting of
Construction B.3.11

Note that combining (iii.1) with (iii.2) is the subcase of combining twice (iii.1)
with d; = 0 and w? = 0. Moreover, we showed that in order to guarantee u €
Mov(X)®, (%) together with one single monomial as in Case (i) is not possible alone.
Thus we need to consider the combination of (x) with at least two monomials of
type (i), the combination of () with monomials of type (iii.1), the combination
of (%) with monomials of type (iii.1) and (i), the combination of (*) with monomials
of type (iii.2), as well as the combination of (%) with monomials of type (iii.2)
and (i).

(¥) and (i): For ¢ > 6, we have wy = (z¢,1,0) and weyq1 = (d1 — x4,0,1). As
argued above, there are at least two monomials of type (i). Assume that ¢ = 7 is
the index with x7 = max(x) and ¢ = 9 the index with d; — xg = max(d; — xy).
In order to ensure that w lies in the relative interior of the moving cone of X, we
must have x7 > dy and dy — xg > dj, i.e. we have wy; € cone(wy,wg) \ cone(wg)
and wqo € cone(w, wyq) \ cone(wy). In addition, v € Mov(X)® shows u ¢ Q(7v1,7,10)-
Note that vy 4,7 and 716,10 are relevant faces. Thus, u lies in the cone

7= Q(yra7) N Q(Y16.10)-

Because of 7 C Q(y1,7,10) N Q(72,7,10), we conclude that s 710 is relevant. This
gives 1 = det(ws, w1, w7) = di — xg9 + x7 + 1. The above reasoning shows that
di —x9+ 274+ 1>2d; +1 > 1 holds, a contradiction.

(¥) and (iii.1): Assume that w7, ws and wg,wyy are of type (iii.1). After
renumbering of variables, we have w2 > w3 and

1 =170 0|0 0] 1 -1 1 -1
(wi,wa]...|Jwg,we) = | 0 1 [1 00 1|w? 1—w?|wi 1-—wd
0O 1|0 1(1 0] O 1 0 1

Note that the weights are arranged as follows, where wr and wg lie on the dotted line

w2 » W3, We

and where wr lies between w3 and wg. The semiample cone of X is contained in

o = Q(mss) N Qyrss) N Qyrs2) N Q(71,3,10) -

Moreover, we have ¢ C Q(73s9) and thus 739 is a relevant face. Lemma m
shows that v47.10 ¢ rlv(u) holds. Note that we have ¢ C Q(v4,7,10) U Q(¥3.7,10)-
Remark together with 74710 ¢ rlv(w) yields 3710 € rlv(u). We obtain

SAmple(X) = o N Q(y3,7,10) -

Multiplying with an unimodular matrix from the left we thus arrive in the setting
of Construction We conclude that adding further monomials T;T; .1, i > 11,
of type (iii.1) yields again a variety as in the setting of Construction m
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(%), (iii.1) and (i): Assume that the weights w7, ws are of type (iii.1) and
the weights wg, w1 are of type (i). We obtain

1 =110 0]0 0] 1 -1 |ws —w
(w1, ws] ... |wg, wip) = 0 1|1 0[0 1|w? 1-w2| 1 0
0 1]0 1|1 0] O 1 0 1

Note that (iii.1) and (i) yield SAmple(X) C o, where o is the intersection of Q(y357)
and of Q(y149) = Q(V159). The weights are arranged as follows, where w; and wy
lie on the dotted line:

wa 9 W3, We

Since the semiample cone of X and thus o is full-dimensional, we obtain w2 < 0
or wg < 0. In the picture this means that wy lies below the hypersurface through w,
and wy or that wy lies above the hypersurface through ws and ws. Note that we
have 0 C Q(9579), which shows that 579 is a relevant face. Thus, we may apply
Remark and obtain 1 = det(ws, w7, wy) = 1 — w2w). This shows w2 = 0
or wy = 0. If w2 = 0 holds, then we are in a subcase of the combination (iii.2)
and (i) with d; = 0, which we will treat below. If w§ = 0 holds, then multiply-
ing with an unimodular matrix from the left shows that we are in the setting of
Construction B3]

(¥) and (iii.2): This is a subcase of the below discussed combination of (x),
(iii.2) and (i).

(%), (iii.2) and (i): Assume that wr,ws are of type (iii.2) and wy, w19, w11, W12

are of type (i). This means that the weights (wy,ws]. .. w11, w12) are given by
1 dl —-11]0 d1 0 d1 1 d1 —1 ’U)é d1 — wé w%l d1 - w%l
0 1 1 0[]0 110 1 1 0 1 0
0 1 0O 1]1 010 1 0 1 0 1

The weights are arranged as follows, where wy = wg lies somewhere on the dotted
line and wg and w1 lie somewhere on the zigzag-line.

w1, Wwr

Possibly after renumbering of variables we arrive at wi > w};. This means that wg
lies in the cone generated by w; and wi;. Note that the semiample cone of X is
contained in

o = Q(yuae) N Q(y168) N Q(7149) N Q(V1,6,12) N Q(V1,8,9) -
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We show that v1 9,12 is a relevant face. We have o C Q(71,10,11) and thus v1,10,11 €
rlv(u). Lemma [3.5.7 shows that 72912 ¢ rlv(u) holds. Moreover, we have o C
Q(71,9,12) UQ(y2,9.12). Remark together with .9 12 ¢ rlv(u) yields 71,912 €
rlv(u). We conclude
SAmple(X) = o N Q(y1,9,12)-

Multiplying with an unimodular matrix from the left we arrive in the setting of
Construction [3:3.1] We conclude that adding further monomials 7;T;41, ¢ > 11, of
type (iii.2) or type (i) yields again a variety as in Construction m |

Corollary 3.8.1. Let Y be a four-dimensional full intrinsic quadric of Picard num-
ber three. IfY is smooth, then Y is isomorphic to an intrinsic quadric X arising
from the following data: We have C1(X) = Z> and the Cox ring of X is given by
R(X)=K[T1,...,Ts)/{ThTo + T5Ty + T5Ts + T7T3) with degree matrix

1 a=1/0 a|0 a|l a—-1

(wi,...,ws) = 0 1 1 0{0 1]0 1 , a € Z>o,
0 1 0 1|1 010 1

and semiample cone SAmple(X) = cone(ws, wy + we, we).

Proof. The assertion follows immediately from the case r = 8 in Theorem [3.3.2
The degree matrix is given by

-1/1 -1

0 01
Q = 1 0|0 1 |a 1—a
0 110
t

O = O
= O O

110 1
for some a € Z>o. Multiplying with the unimodular matrix

01 a-—1
10 1
0 0 1

from the left and suitably renumbering the variables yields the above form. O

3.9. Proof of Proposition [3.9.1

In this section we give a description of all smooth four-dimensional intrinsic
quadrics of Picard number three whose Cox ring contains two free variables.

Proposition 3.9.1. Let X be a four-dimensional intrinsic quadric of Picard number
three with Cox ring

R(X) = K[T1,...,T5]/{g), g = ThTo+ 15Ty + T5T6.
If X is smooth, then we have CI(X) = Z3 and X is isomorphic to one of the
varieties 2 — 18 in the table of Theorem[3.3.6
Proof. By u we denote an ample Weil divisor class and by wy, ..., ws the degrees

of the variables T7, ..., Ts. With 7 := cone(w;; ¢ = 1,...,6), we split the proof into
the two parts u € 7° and u ¢ 7°.

Part 1: First we consider the case © € 7°. Lemma shows that suit-
able renumbering of variables yields 135, V1234, V1256, Y146 € rlv(u) as well as u €
cone(wy, w3, d) N cone(ws, wyg, we)°® and

1 di—=1|0 di |0 dy
(wl,...,wg) = 0 1 1 0 0 1 5 d120
0 1 0 1)1 0

We choose a hypersurface H intersecting the effective cone in its relative interior
and illustrate the arrangement of weights in this two-dimensional picture. Note
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that we have d = wy + we = w3 + wy = ws + wg. Moreover, if d; = 0 holds, then
we have ws = wg and wy = ws. If d; > 1 holds, then we have ws € cone(wy, ws),
wg € cone(wy,ws) and we € cone(ws,ws, ws). Depending on dj, we give sketches
of the different situations.

w3, We

W4, Ws

di =0

Let 0 # l;, € Hom(K,Q), ¢ = 1,...,6, be linear forms such that

liw(wi) =0=liy(u), lw(wi)>0,i=3,...,6, lw(ws) >0, l,(ws)>0,

holds. Note that the faces 7, v;s are §-faces for alli = 1,...,6. Thus, Remark[3.2.4]
yields 1, (w7), li(ws) # 0 for all i = 1,...,6. As visualized below, there remain six

possible places M,, ..., M¢ for w; and wg, where for all 7 =1,...,6 we set HZ'Z =
{z € Kg; liu(z) > 0}, H, = {z € Kg; lLiu(z) <0}, Hy, :={z € Kg; lju(z) =0}
and

M, :=H{f,nHy,,  M,:=H{NH;, M, :=H}nNH,,
My :=Hf, NHi,  M.:=H, NH{,,  M;:=Hg; NH,.




3.9. PROOF OF PROPOSITION [39] 107

My di >0

As in the proof of Theorem [3.3.5] we see that wr and ws are not contained in
My, U M,. Hence wy; and wg are contained in M, U M, U Mg U My;. We now
consider the remaining possibilities for w7 and ws. For an overview, we provide the
following table, where elements of the covering collection are listed with respect to
the different positions of w7 and wg. As a matter of convenience, we list the indices
i,7,k of the faces 7, in an order such that (w;,w;,wy) is positively orientated,
i.e. det(w;, w;, w) > 0 holds. We denote by I7, a linear form satisfying l7,(w7) =
lry(w) = 0, lzy(ws) < 0. If wy € M, holds, then Iy, and u € Mov(X)°® show
that l4,(ws) > 0 holds. In particular, wg is then contained in M, U Mg U Mjy.
Furthermore, we have l7,(w;) < 0 for 2 < ¢ < 6, which shows that l7,(ws) > 0
holds. In particular if w7 € M, and wg € My hold, then we have ~g7; € rlv(u) for
2 <4 <6. If wy is contained in M, U My and wg € My holds, we distinguish the
cases l7,(wg) < 0 and l7,(ws) > 0. Possibly after renumbering w7 and ws, we are
left with the following cases:

Wy  Ws COV(U)\{’Y135,7164,’71234771256}

(a) (¢) 7175,7174, V258, V358, V248, V648, V874, V875

(@) (d) Y175, 7174, V358, V283, V628, V872, V8745 V8755 V648

(@) (f) 7175, 7174, V138, V168, V872, V8735 V8745 V8755 V876

(e) () 7y257,7357, V247, Y6475 V258, Y358 V248 V648

(e)  (d) 25757357, V2475 V6475 V3585 V2835 V6285 V6485 V872

(e)  (f) ~v257,7357, Y247, Year, Y138, Yies;  if lzu(ws) > 01 Y872, 7873, V876

if Iz, (wg) < 0: Y178, Yars, V578

(d> (d) Y357, Y2735 V627, V6475 V358, V2835 V628, V648

(d) (f) 357,7273, V627, Year, V138, Yies:  if lzu(wg) > 0: Y873, Y876
if 17, (ws) < 0: 7278, Vars, V578

We now apply Remark to these cases and show that we end up with one of
the varieties 2-11 in the table of Theorem [3.3.61 Note that Lemma shows that
the resulting varieties are smooth.

Case wy € M,, wg € M.: We show that this leads to No. 2 in Theorem [3.3.6]
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Applying Remark to Y175, Y358 and a5 yields w?Z = 1, wi = 1 and 0 =
wi(dy — 1). The latter implies wi =0 or d; = 1.
In the first case, @ is as follows:

1 d1 —110 dl 0 dl w% 1
Q=10 1 |1 0ol0o 1|1 o0
0 1 0 1|1 0| w ws

Remark together with vo45 yields dyw = 0, i.e. dg = 0 or w§ = 0. Note
that u € cone(wy,ws,d) yields us > us. Thus, u € Q(7y258)° implies w3 < 0. We
conclude d; = 0 and w3 < 0. Furthermore, u € Q(y157)° and uz > uz show that
w3 < 0 holds. Hence the degree matrix is of the form

1 =10 0|0 Ofwt 1
Q=10 1|1 o0of0o 1)1 0 |, wi<o w<o.
010110w§w§’

Note that we have wy € cone(ws,ws). We denote by Hsy, Hi4 and Hiz the hy-
persurfaces through ws, w4, through wq, w4 and through wy, w3, respectively. Since
w% > 0 and w? < 0 holds, wz lies on the same side of Hy4 as w3 and on the same
side of Hyz as ws. We distinguish the situations w! < 0 and w! > 0. In both
pictures, wy lies somewhere in the gray-shaded region:

Hsy
His ~ ' Hsy His ~ I
N | N !
N ! N I
N | A |
h | » I
N N
N N
w2 2 W3, We w2 A W3, We
d d
ws ===
W4, Ws w1 W4, Ws w1 w8 Hiy
1 1
we S 0 wy > 0

Since w3 = wg, ws = w5 and wy € cone(ws, ws) hold, the semiample cone equals
cone(ws, ws, ws) N cone(wr,wr,ws) N cone(ws,ws,ws) N cone(ws,wr,ws) ,

i.e. X is of type No. 2.

Now we consider the case di = 1. Applying Remark [3:2.5] to 1245 and to 7eas
yields w3 — w3 = 0 and w? + w3 = 0. We conclude that ws = (1,0,0) holds. Note
that u € cone(w, ws, d) implies us > ug, contradicting u € Q(y24s8)°.

Case wy € M,,wg € Mg: We show that this leads to Nos. 3, 4 and 9 in Theo-
rem

Applying Remark|3.2.5to v175 and 358 yields w2 = 1 = w}. Thus, Q = (wy, ..., ws)
is as follows:

1 dl —110 d1 0 d1 w% 1
Q=10 1 1 00 11 w2 |, d>0.
0 1 0 1|1 0w wi

Remark [3:2.5] applied to 283, Y628 and 7ess yields
0= (d —Dws, 0= dyws—(dy—1wi—dwi, 0= di(wi+ws). (x

Inserting the first in the second and the second in the third equation yields 0 = djw3.
Together with the third equation, this gives the two cases w? = w3 = 0 and d; = 0.
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If w3 = w3 = 0 holds, Remark applied to yg72 shows that w2 = 0 holds.
Thus the degree matrix is given as

1 dlfl 0 dl 0 dl ’LU% 1
Q=0 1 |1 0lo 1|1 0], d>o0.
0 1 0 1)1 O 0 O

We denote by Hyi4 and Hi3 the hypersurfaces through w, w4 and through wy,ws,
respectively. Since w? > 0 and w3 = 0 holds, wr lies on Hy3 and on the same side of
H,, as ws. In the situations d; = 0 and d; > 0, the weights are arranged as follows,
where wr lies somewhere on the dotted line and in the picture on the right-hand
side, wo lies somewhere on the zigzag line:

vl7w8
T

N

w5 ’LD4 N

N

di>0 I‘}13

Note that we have w; = ws, wy € cone(wy,ws) and wg € cone(wy,ws). Further-
more, we have cone(ws, w7, ws) C cone(ws, wr, wy) N cone(ws, we,wsg). Thus, the
semiample cone fulfills

SAmple(X) = cone(w;,ws, ws) N cone(ws,wr, ws) N cone(ws,ws,ws),

i.e. X is of type No. 9.

We treat the case d; = 0. Here the first of the equations in (*) shows that w3 = 0
holds. Thus, Remark applied to vg72 and to yg75 yields 0 = —w3 (wi+1)—wiw?
and 0 = wiw?. If w? = 0 holds, then we are in a special case of the above treated
case wi = wi = 0. If wy = 0 holds, then we have either wi = 0 or wi = —1. We
first treat the subcase w3 = 0. Here, the degree matrix is given by

1 —1/0 o]0 oo 1
Q=10 1|1 0/0 1|1 w?
0 1[0 1|1 0f0 0

We denote by Hi3 and Hsy the hypersurfaces through wi, ws and through ws, wy,
respectively. Since wé > 0 and wg = 0 hold, wg lies on Hy3 and on the same side of
H3, as wy. Thus, the weights are arranged as follows, where wg lies somewhere on
the dotted line:

Hs

N
N

H3y

|
N |
N

w2 » W3, W6, W7
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Because of wy = ws, w3 = wg = wy and
cone(wy, ws, wy) N cone(wsy, w3, ws) C cone(ws, ws,ws) ,

the semiample cone fulfills SAmple(X) = cone(w, ws, wr) Ncone(ws, w3, ws), i.e. X

is of type No. 3. We now treat the subcase w3 = —1. Here, the degree matrix is
given by
1 -1/0 0(0 Of 0O 1
Q = 0 1|1 0(0 1| 1 -1
0 10 1{1 Ofjwd O

Since we have w; € cone(ws, ws), wy € cone(wsz,ws) and ws € cone(wy, wy), the
weights are arranged as follows, where wy; lies somewhere on the dotted line:

wr

w2 w3, We

w1
Wy, Ws

ws

The semiample cone is given as SAmple(X) = cone(wy, ws, wy) N cone(ws, wr, ws),
i.e. X is of type No. 4.

Case w7 € M,, wg € M¢: We show that this leads to No. 5 in Theorem

Applying Remark to 7175 and to 7138 yields w? = 1 = w3. Thus, the degree
matrix @ = (wy,...,ws) is as follows:

1 d1 —110 d1 0 d1 w% wé
Q=0 1 1 00 1|1 w
0 1 0 1|1 0w 1
Note that we have
det(wr, we, ws) = det(wr,ws, ws) + dl(w§w§ -1),

i.e. Remark shows 0 = dy (w3wi — 1) (). Furthermore we have
det(wr, wo, ws) = det(wr, ws, ws) + det(wr, wy, ws) + 1 — wiwg ,

which together with Remark shows that w3w2 = 2 holds. Thus, (x) implies
d1 = 0. Because of w; € M,, we have

0 < det(wy,wr,ws) = 1— w?,
i.e. w3 <0 holds. Thus we have either w3 = —1,w? = =2 or w3 = -2, wi = —1.

In the first subcase, Remark applied to y738 and 758 yields wi = 0 and
wg = 1. Thus, the degree matrix is given as

1 —-1]0 olo of| 0 1
Q=10 1|1 0/0 1] 1 -2
0 1]0 1|1 of-1 1

Note that we have wz € cone(wy,w7) and that cone(w;,w4)® N cone(ws, wg)® is
non-empty. Hence the arrangement of weights is as follows:
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The semiample cone is SAmple(X) = cone(ws, ws, wr) N cone(ws, wg, ws), i.e. X is
of type No. 5.

We treat the case w3 = —2,wZ = —1. Remark applied to 733 and 758
yields w} =1 and wg = 0. Thus, the degree matrix is given as

1 —-1]/0 olo o 1 o0
Q=110 1|1 0]0 1|1 -1
0 1/0 1|1 0| -2 1

Note that we have wy € cone(ws, ws), w1 € cone(ws, wr, ws) and ws € cone(ws, ws, wr).
Thus the arrangement of weights is as follows:

wr

The semiample cone is SAmple(X) = cone(w;, ws, w7) N cone(ws, ws, ws), i.e. ex-
changing the second and the third row of @ and renumbering the variables via
(34)(56)(78) shows that X is of type No. 5.

Case wy € M¢,wg € M.: We show that this leads to No. 6 in Theorem [3.3.6
Applying Remark to 357 and to y3ss yields wl = w} = 1. Thus, Q is given by

1 dy—=1|0 di |0 di || 1T 1
Q = 0 1 1 00 1 ||w? wi
0 1 0 1 (1 0w w

The same remark together with yos;, V244, V64, ¢ = 7,8, yields
0= (d—1lw!, 0=dw—w)), 0=dw+uwd), i=7138.

If di # 0 held, we would obtain w? = w? =0, i = 7,8. Recall that u is contained

in cone(wy, ws,d), which implies us > uz. But u € Q(y257)° together with wy; =
(1,0,0) would yield uy < ug, a contradiction. Hence we have d; = 0 and the first
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of the above equations shows w2 = w3 = 0. Because of us > ug and u € Q(y257)°
we have w} < 0, i =7,8. Thus, Q = (wy,...,ws) is as follows:
1 -1|/0 0|0 0O 1 1
Q=10 11]10]0 1]l0 0 |, w?<0,i="178.
0 1 (0 1|1 O ws w

Possibly after exchanging w; and ws, we may assume that 0 > w3 > w3 holds.
We denote by Hi4 and Hsy the hypersurfaces through wi,w,s and through ws,wy,
respectively. Since w? = w3 = 0 and w}, w} > 0 hold, w; and wg lie on Hy4 and on
the same side of H34 as w;. Thus, the weights are arranged as follows, where wy
and wg lie somewhere on the dotted line:

w2 w3, We

w7, ws
W4y Ws w1
|

Since 0 > w$ > wd and cone(ws, w3, ws)Ncone(ws, ws, wy) C cone(ws, ws, wr) hold,
the semiample cone of X is the intersection of cone(w, w3, ws) and cone(ws, ws, wr),
i.e. X is of type No. 6.

Case wy € M., wg € Mg: We show that this leads to No. 7 in Theorem [3.3.6

Applying Remark to v357 and to y3sg yields wi = 1 = wi. Thus, Q is given by:

1 di—1|0 di |0 dy| 1 1
Q = 0 1 1 0|0 1| w? w
0 1 0O 111 0 w? wg

The same remark together with vo57, V247, V647 yields
0 = (dy — w2, 0 = dy(w? —wd), 0 = dy(w?+wd).

As in the previous case, we obtain d; = 0, w2 = 0 and w2 < 0. Applying Re-
markto Y283 and Ygr2 yields wi = 0 and 1+w2 = wi(—w? —1). We distinguish
the subcases w? = —1 and w? # —1.

If w3 = —1 holds, then Q = (w1, ..., wg) is as follows:

1 —-1]0 o|o of 1 1
Q=10 111 0]0 1]0 -1, w < 0.
0 1]0 1|1 oflwd O

Note that wr; lies on the hypersurface through w; and ws. Furthermore, wy lies
on the opposite side of the hypersurface Hss through wy and ws as w;. Since in
addition w; € cone(ws,ws) and wy € cone(ws, wg) hold, the weights are arranged
as follows, where wr; lies somewhere on the dotted line:
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Note that we have SAmple(X) = cone(w;, ws, ws) and thus X is of type No. 7.
If w? # —1 holds, then Q = (wy,...,ws) is as follows:

1 =1]0 0|0 O} 1 1
Q = 0 1|1 00 1| 0 w?
0 1|0 1|1 Of-1 O
If we swap the second and the third row of the degree matrix Q and renumber the
variables via (3,4)(5,6)(7,8), then we can transform this subcase into the previous
subcase.

Case wy € M, wg € M¢: We show that this leads to No. 8 in Theorem [3.3.6]

Applying Remark to v357 and to 138 yields wi = 1 = w3. Thus, the degree
matrix Q = (w1, ...,ws) is as follows:

1 dl —-11]0 d1 0 d1 1 wé
Q = 0 1 1 0|0 1| w? w
0 1 0 1|1 0w 1
The same remark together with ~vo57, v247, V647 vields
0= (d—Duw2, 0=dw-uwd), 0= dw?+uwd.

As in the previous case we obtain d; = 0, w# = 0 and w$ < 0.

We first treat the case l7, (ws) > 0. Here we swap the second and the third row
of @ and renumber the variables via (3,4)(5,6)(7,8). In this manner, we see that
covering collection in the case wy € M., ws € My, l7,(ws) > 0 coincides with cov(u)
in the case w7 € M,,ws € My, which we treated above.

We now treat the case l7,(ws) < 0. Applying Remark to the faces 7y17s

and v47g yields
3,2

]_ = —w7w8 s ]_ - wS .
Hence, Q = (w1, ...,ws) is as follows:
1 =1/0 0|0 Of 1 wi
Q = 0 1|1 0(0 1|0 1
0O 1|0 1j1 O -1 1

Note that we have w; € cone(ws,w7) and w3 € cone(ws, wy). Furthermore, wg lies
on the hypersurface Hy5 through w; and we and on the same side of the hypersurface
Hy5 through wy and ws as wo. Thus, the weights are arranged as follows:

W4, Ws W1

Since cone(ws, w3, ws) N cone(ws, wr, ws) is contained in cone(w;, ws, wg) we have
SAmple(X) = cone(ws, ws, ws) N cone(ws, wy, wg). Thus, X is of type No. 8.

Case wy € My, wg € Mgq: We show that this leads to No. 10 in Theorem [3.3.6]

Applying Remark[3.2.5to y35:,7 = 7,8, yields wi = w} = 1. Thus, Q = (w1, ..., ws)
is as follows:

1 dg—1]0 dy |0 dyf] 1 1
Q = 0 1 1 00 1 ||w? wi
0 1 0 111 0 w? wg’
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The same remark together with 9,3, 762, and vg4; yields
0= (h—Dw}, 0=di(w]—w}), 0= di(wj+uw)),

for i = 7,8. We distinguish the subcases d; = 0 and d; # 0.

In the first subcase, the above relations show that w$ = wg = 0 holds. Possibly
after renumbering w7 and wg, we may assume that w? > wZ holds. Exchanging the
second and the third row of @ and renumbering the variables via (3,4)(5,6) gives

1 —-1]0 o]o of 1 1
Q=110 11]10]0 1/0 o0 |, w2 > wi
0 1 (0 1|1 0w wd

COV(U) = {7135, Y164, Y1234, V12565 V4675 V274, V527, V537, V468, V284, V528 '7538} .
We see that this coincides with the covering collection in the case w7, ws € M,

which we treated above.
If d; # 0 holds, the above relations show that w? = w? = 0, i = 7,8, holds.

Hence, @ = (w1, ...,ws) and the arrangement of weights is as follows:

1 di—1|0 di |0 dy||1 1

O=10 1 |1 0olo 1o o], d>o0.
0 1 0 1|1 0/0 0
w3
w2 We
d
ws w1, W7, W
Wa

Note that we have SAmple(X) = cone(wy, w4, we) N cone(ws, we, wr), which shows
that X is of type No. 10.

Case wy € Mg, ws € Mg, 17,(wsg) > 0: We show that this leads to No. 11 in The-
orem

Applying Remark to the faces v357 and 138 yields wi = w3 = 1. Thus, the

degree matrix @ = (wy,...,ws) is as follows:
1 dl —110 dl 0 dl 1 w};
Q = 0 1 1 010 1 ||w? w

0 1 0 1|1 0w 1
The same remark together with 973, V627 and 47 yields
0= (d—Dw?, 0=di(w?-wd), 0= dw?+uwd.

We distinguish the cases d; = 0 and dy # 0.
In the first case, we have d; = 0 and w3 = 0. Exchanging the second and the
third row of @ and renumbering the variables via (3,4)(5,6)(7,8) gives

1 -=1/0 0|0 Ofa 1
Q = 0O 1 |1 0j0 11 O ,
0O 1 |0 1]1 0Y|b ¢
COV(U) = {7135, Y1645 V1234, Y1256, V4685 V2845 V5285 V5385 V147, V157, V784> ’7785} .

We see that this coincides with the covering collection in the case w; € (a), wg € M,
which we treated above.
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If d; # 0 holds, the above relations show that w? = w = 0 holds. Thus, @ and
the arrangement of weights is as follows:

1 dl—l 0 d1 0 d1 1 wg

Q=10 1 |1 0[]0 10 w?
0 1 0O 171 00 1
ws

" His
Note that wg lies on the same side of the hypersurface Hi3 through w; and w3 as ws.

Since wg € cone(wy, ws), wy € cone(wy,ws) and w; = wy hold, the semiample cone
of X is

SAmple = cone(wry,wy,wg) N cone(ws,wz,w7) N cone(wr, ws, ws) ,
i.e. X is of type No. 11.

Case w7 € My, ws € Mg, l7,(wsg) < 0: We show that there is no smooth variety
in this case.

As in the previous case applying Remark to Y357, Y138, V273, Ye27 and Yea7
yields wl = wi =1 as well as

0 = (d— w2, 0 = dy(w?—uwd), 0 = dy(w?+uwd).

If w2 = w3 = 0 holds, the same remark together with v735 and 772 yields wZ = 1
and w§ = 2, a contradiction. Thus we have d; = w? = 0. Note that

det(wr, wg, wy) = det(wr, wg, ws) — w% -1
holds. Remark applied to 785 and ~y7ga shows that w? = —1 holds. Thus,
Remark applied to g5 yields w? = 1 —w} and Q = (w1, ..., ws) is as follows:

1 0 0/0 0
Q=10 1|1 0[]0 1/-1 1-w}
0 1]/0 1|1 0

We have ws + wy = wy and we + wy; = ws. Furthermore, wg lies on the same
side of the hypersurface Hy3 through w; and ws as ws and on the same side of the
hypersurface Hy7 through ws and wr; as ws. Hence the arrangement of weights is
as follows, where wg lies somewhere in the gray shaded region:
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wa w3, We

Wy, Ws

Recall that we have SAmple(X) C cone(w;, ws, ws) N cone(wy, wr, ws). Since the
cone on the right-hand side equals cone(ws), this contradicts Q-factoriality of X.

Part 2: To complete the proof, it remains to consider the case v ¢ 7° with 7 =
cone(ws, wa, w3, Wy, ws, we). We first show that u ¢ 7 holds. Note that since X
is Q-factorial, Remark shows that v ¢ cone(w;,w;),cone(w;) holds for all
1 <% < j < 6 such that T; and T; belong to different monomials of g. Thus
after renumbering of variables, u € cone(w;,w2)° or u ¢ 7 holds. We show that
u € cone(w,ws)® is not possible. Indeed, assume that u € cone(w;, w2)° holds. In
this case Lemma yields u € Q(7y135)°. Since X is Q-factorial, Q(135) is three-
dimensional. Thus we obtain v € 7°, a contradiction. We conclude that u is not
contained in 7. The definition of Mov(X) shows that Mov(X) C 7+ cone(wz) holds.
In particular, 7 is at least two-dimensional. Note furthermore that — possibly after
renumbering of variables — u € Q(7137) holds. Remark yields u € Q(v137)°.
We distinguish the two cases v € Q(v138) and u ¢ Q(7138)-

Case u ¢ Q(y138): We show that this leads to Nos. 16, 17 and 18 in Theorem [3.3.6]
Let 0 # l;, € Hom(K,Q), 7 =1,3,7,8, be linear forms such that
lw(w,):O:lw(u), l,’u(’w3) <0,:=1,8, liu(w7) <0,:i=13,

holds. After suitable renumbering of variables, the hypersurfaces H;, cut out by l;,,
are arranged as in the following picture and det(w;, w3, wy) is strictly negative:

“Hsy,
\
\

In the figures, M,, M, and M, indicate the following sets of points:
M, = {x € Kg; lgu(z) > 0, lgy(z) > 0},
My, = {z € Ky; l7u(x) > 0, lg,(z) <0},
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M. = {z € Kg; liu(x) >0, l7,(x) < 0}.

Remark shows that Iy, (w;) is nonzero for £ = 7,8, i = 2,4,5,6. Together
with u ¢ 7 this shows that ws, wy, ws and wg are contained in M, U M, U M... Note
that if w; € M, holds for some ¢ € {2,5,6}, then renumbering the variables via (17)
gives u € Q(v137)NQ(y138). Since we will treat this case below, we may assume that
wa, w5, ws ¢ M, holds. Hence we have g, (w;) > 0 for all i = 1,2,3,5,6,8. Since
u € Mov(X)®° holds, we conclude that wy is contained in M,. Similarily, if w; € M,
holds for some ¢ € {2,5,6}, then u ¢ 7 gives u € Q(Via7) N Q(7Vi48), i.€. renumbering
the variables via (1¢)(34) yields v € Q(y137) N Q(7y138). Since we will treat this case
below, we may assume that ws,ws, ws ¢ M. holds. This gives wy, w5, ws € Mj.
Hence the covering collection is given by

cov(u) = {773, Vias, Virs; 1 =1,2,5,6}.
Applying Remark t0 Y173, Y273, Y573 and to yi7g yields

1 10 2 |1 1 |0 wl

Q=10 d|0 do |wi dy—w?|1l wi

0 d3 1 d3—1 ’LUg d3—wg’ 0 1
The same remark together with the relevant faces y275 and vs7s gives 1 = —dzwg +1
and 1 = —w3w} +1. We distinguish the two cases wg = 0 and w} # 0, wi = ds = 0.

In the first subcase, Remark [3.2.5] applied to 7145 and to 245 shows that
1 = —dzw? +dy +wi and 1 = dsw? —doy + w?

holds. We conclude w? = 1 and dy = d3. Applying again Remark this time

to 548 yields w? = w3. Multiplying @ with an unimodular matrix from the left

yields

1 1|0 2|1 1 0 0
Q=0 do|0 dy|wi do—w2]| 1 1
0 0|1 —1]0 0 -1 0

Note that w3z + w7 = wg holds and that wy,ws,ws and wg lie on the same side
of the hypersurface Hsg through ws and wg. Moreover, ws, ws and wg lie on the
hypersurface Hig through w; and ws. Thus the weights are arranged as follows,
where ws, w5 and wg lie somewhere on the dotted line and w4 somewhere in the
gray-shaded area:

Since Q(7i7s) € Q(viz7) holds for ¢ = 1,2,5,6, we conclude that the semiample
cone of X is the intersection of Q(v,7s) and Q(74s8), ¢ = 1,2,5,6. Thus, X is of
type No. 16.

In the second subcase, we have w} # 0, w3 = d3 = 0. Remark applied

t0o Y148, t0 Y248 and to vs4g shows that we have dy =1 — w?; as well as

wi(wg +2) —wg —1 = 1 and wi(wg +2) = 0.

If wi # —2 holds, then the above equations show that w? = 1, w2 = 0 holds.
Thus, ) and the arrangement of weights is as follows, where wg lies somewhere in
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the gray-shaded area and where we denote by H;7 the hypersurface through w; and
through wr:

1 1]0 2|1 1|0 w
Q = 0 0|0 O |0 Of1 1
0 0|1 —-1|0 Of0 1
‘UJ4
wy
Hi7 mon p W1, W2, W5, We
\w3
Hys

We conclude that the semiample cone of X is the intersection of Q(v17s), Q(7V148)
and Q(7y137). Thus, X is of type No. 17.

If wi = —2 holds, then multiplying @ with an unimodular matrix from the
left yields

1 1]0 2 1 1 0 -2
Q= w: 1[0 14+w?|w2i+wd 1—w?||1 —w?
0 01 -1 0 0 0 1

Note that wy + wg = wy holds and that wy, w2, ws and wg lie on the same side
of the hypersurface Hg; through ws and w;. Moreover, wi, ws and wg lie on the
hypersurface Ho7 through we and wy;. Thus the weights are arranged as follows,
where wsy, w5 and wg lie somewhere on the dotted line and w4 somewhere in the
gray-shaded area:

Since Q(vi7s) € Q(7ias) holds for i = 1,2,5,6, we conclude that the semiample
cone of X is the intersection of Q(vy;37) and Q(vi7s), ¢ = 1,2,5,6. Thus, X is of
type No. 18.

Case u € Q(vy138): We show that this leads to Nos. 12 — 15 in Theorem m

Remark shows that u € Q(y138)° holds. Let 0 # [, € Hom(K,Q), i =
1,3,7,8, be linear forms such that

lw(wz) =0 = lw(u), lw(’wg,) < 0, 1 = 7,8, lw(w7) < O7 i:1,3,

holds. After suitable renumbering of variables, the weights wi, w3, w7 and wsg are
arranged as in the following picture and det(w;, w3, wy) is strictly positive:
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Hlu

In the figures, M,, M, and M, indicate the following sets of points:

M, = {z € Kg; l3u(x) >0, lg,(x) > 0},

My, = {z € Kg; l7u(x) > 0, lsy(x) < 0},

M. = {z € Kg; liu(x) >0, l7,(x) < 0}.
Note that the faces ;¢ are §-faces for all i = 7,8, £ = 2,4,5,6. Thus Remark [3.2.4]
together with u ¢ 7 shows that wy is contained in M, U M, U M, for ¢ = 2,4,5,6.
After renumbering of weights, we may assume that ws € M, or ws € M; holds.
Note that u € Mov(X)° shows that one of the weights w;, ¢ € {2,4,5,6}, lies in M,
or one weight lies in M, and a second one in M.. Furthermore, the homogeneity of g
restricts the possible arrangements of ws, wy, ws, wg in M, U My U M,. For instance
if we € M, holds, then we obtain deg(g) € M, and thus wy, w5 € M, or wy, wg €
M, holds. After suitable renumbering of variables, the weights ws, wy, ws, wg are
arranged as in the following table. To see this, note that the first part of the table
contains all constellations with ws € M,; in the second part it remains to consider
the constellations ws,wg € M. As a matter of convenience, we list the indices
i,j, k of the faces 7;;, in an order such that (w;,w;,ws) is positively orientated,
i.e. det(w;, w;,wy) > 0 holds.

case Wy Wy Ws Wg cov(u) \ {7137, 7138} contains
(i) M, M, M, M, V2385 V538, V1685 Y268, V468
(i) Mo M, M, M. Y2385 75385 Y1685 V268, V468
(49i) My M, M, M, V5385 Y6385 V4285 V5285 V628
(iv) My My, My My 538, 7237, V537, V637, V2875 V687, V1685 V528 V428, V468
(v) My, M, M, M. V5385 Y237, V5375 Y1685 V4285 Y267 V468
(vi) My, My, M, M, Y1485 Y1685 V5285 Y538, V548
(vii) My, M, M, M. Y1485 Y168, V5285 V538, V548
(viit) M. M, M, M, V5385 V6385 V428, V528, V628
(iz) M. M, M, M, V537, V637 V4275 V5275 V627
() M. My Mo Mc V538,537, V1685 V1675 V527, V5285 V427 V428, V4675 V468
(xi) M. M, M, M, V537, V637, V427, V5275 V627
M., M, DM, DM, renumbering of variables via (13)(24)(56)(78) yields case (v)
M., M. M, M, renumbering of variables via (13)(56)(78) yields case (ii)
My, M, My, M, renumbering of variables via (13)(24)(78) yields case (xiv)
(wii) My, M, My, My 237,537, Y637, V1485 Y158, V168, V287> V4875 V587> V687
(wiii) M. M, M, M, V1585 Y168, V428, V458, V468
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(wiv) M. M, M, M, V537, V637, V427, V527, V627

To complete the proof, we apply Remark [3:2.4] and Remark [3:2.5] to these cases
and show that we end up with one of the varieties of type Nos. 12-15 in the table
of Theorem Note that Lemma shows that the resulting varieties are
smooth.

Cases (iii), (viii), (ix), (xi), (xiv): We show that there is no smooth variety in
these cases.

In all these cases, there is j € {7,8} such that 13, V535, Y635, Va2, V525 and Yez;
are relevant faces. Remark [3.2.5] together with 713; shows that we may assume
(w1, ws,w;) = (€1, ez2,e3) with the canonical base vectors eq, ea, e of Q3. By l;, €
Hom(K,Q), i = 1,3, 7, we denote linear forms with

lw(w,) = lm(u) = 0, i = 1,37j and llu(wj),lgu(wl),lju(U/3) > 0.
The weights w; and linear forms [;,,, ¢ = 1,3, j are arranged as follows:

l1u ~
N

ng

In the picture, Mis3, Ms;, M;; indicate the set of points between the respective
hyperplanes cut out by l;,, =0, ¢ = 1,3, 7. For instance, we have

M13 = {.’E e K@7 llu(ZL') > 0, lgu(l') < O} .

Since u € Q(v535)° N Q(v63;)° holds, the weights ws and wg are contained in Ms;.
This means that det(w;,ws,w;), ¢ = 5,6, is strictly positive. Thus Remark
yields wi = 1 = w} and we obtain

1 110 2 1 1 0
(w1, wa|ws, wa|ws, we||w;) = 0 dy|1 doy w? dy—w? |0 |,
0 d3 0 d3 -1 U)g d3 - wg’ 1

[S1)

where d = (2,ds,d3) denotes the degree of g. Since u € Q(7s52,)° holds, we
have lj,,(w2) > 0. Thus, det(ws, w2, w;) and det(wg, ws, w;) are strictly positive.
Hence Remark applied to 7vs52; and to ygo; yields 1 = dy — w? and 1 = w2,
i.e. we obtain dy = 2. Note that ws,ws € Ms; shows that also d and hence wy
are contained in Ms;. We conclude det(ws,ws,w;) > 0. Remark yields
1 = det(wa,ws,w;) = 2, a contradiction. Hence there are no smooth varieties in
Cases (iii), (viii), (ix), (xi) and (xiv).

Case (xiii): We show that there is no smooth variety in this case.

We renumber the variables via (13)(24). Then 7138, V358, V368, Y248, Y258 and Yoeg are
relevant faces. This shows that the proof in this case is analogous to the previous
proof of Cases (iii), (viii), (ix), (xi) and (xiv).
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For the remaining part of the proof, we apply Remark 3.2.5] to 137 and to y13s
and obtain

1 d1 —110 d1 U)é d1 - U)é w% 0
Q = 0 d2 1 d2 —1 wg d2 - wg u}? 0 ;
0 d3 0 d3 wg d3 — ’U)g 1 1

where d = (d1, da, ds) denotes the degree of g.
Cases (i) and (ii): We show that there is no smooth variety in this case.

Remark together with 7238, V538 and vaes yields di = 2, wi =1 and w2 = —1.
Thus, the same remark applied to 148 and to y468 shows that do +1=1=4dy + 3
holds, a contradiction. Hence there are no smooth varieties in these cases.

Case (iv): We show that this case leads to No. 12 in Theorem [3.3.6]

Remark together with 7538, V168 and y4zs yields wi = 1, w2 = dy — 1 and dy =
2 —dy. Thus, the same remark applied to 508 and v46g shows that dq(dy —3) = —2
as well as dy(d; — 1) = 0 hold. We obtain d; = 1, d» = 1 and w? = 0. Remark [3.2.5]
applied to 87, Y237, V637 and ys37 yields w% =1,ds = —1 and wg’ = 0. Thus, Q is
as follows:

1 0lo 1]1 of1 o
Q=10 11 oo 1w 0],
0 -1/0 —1/0 -1/ 1 1

We have wg + wg = ws and wg4 + wg = wi. Furthermore, w; lies on the same
side of the hypersurface Hy3 through w; and ws as wg and on the same side of the
hypersurface Hsg through ws and ws as wi. Thus the arrangement of weights is as
follows, where wy lies somewhere in the gray shaded region:

The covering collection of X consists of the cones listed in the above table. Since
cone(wy, ws, wg) N cone(ws, ws, w;) C cone(wsy, ws, wr)

holds, the semiample cone of X is the intersection of Q(7y138) and Q(y237), i.e. X is
of type No. 12.

Case (v): We show that there is no smooth variety in this case.

Remark together with 38, V168 and o8 yields wi = 1,w2 = dy — 1 and
dy = 2 — dy. Thus, the same remark applied to v46s shows that di(d; — 1) = 0
holds. We distinguish the cases d; = 0 and d; = 1. If d; = 0 holds, we obtain

1 -1{0 0|1 -1 wi 0
Q=10 2|1 1|1 1 w2 0
0 d3 0 d3 wg d3 - wg’ 1 1
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Remark [3:2.5] together with 237 and 537 shows that
dswl = —2 and wsw; = 0

hold. This gives w? = 0. Hence Remark together with 767 yields dswi = 0, a
contradiction to the first one of the above relations. Now we treat the case d; = 1.
Here, @ is given by

1 0|0 1]1 0 wh 0
Q=10 1]1 00 1 w? 0
0 d3 0 d3 wg’ d3 —wg 1 1

Remark together with .37 and 537 shows that
dgw% = -1 and wéw% =0

hold. This gives wg = 0. Hence we = wg holds. Thus Q(7267) is a two-dimensional
cone, which contradicts Remark Hence there are no smooth varieties in
this case.

Cases (vi) and (vii): We show that there are no smooth varieties in these cases.

Remark together with 7145, V538 and 16 yields do = 2, wi = 1 and w2 = 1.
Thus, the same remark applied to y528 and to 7548 shows that 3—d; = 1—d; holds,
a contradiction. Hence there are no smooth varieties in these cases.

Case (x): We show that this case leads to Nos. 13 and 14 in Theorem m

Remark together with 7s3s, 7168 and iz yields wi = 1, w2 = dy — 1, and
dy = 2—d;. Thus, the same remark applied to V528 and 463 shows that d3—3d;+3 =
1 =d? —dy + 1 holds. We conclude d; =1 = dy and w? =0, i.e. Q is given as

1 0|0 1]1 0 w0
Q = 0 1|1 0]0 1 w$ 0
0 d3 0 d3 wg d3 - wg 1 1

Remark applied to v537, t0 Y527, to Y167 and to v407 yields

3,1 _ 3,2 _ 1 2 _
wywy = 0, wiwy = 0, dsw; = 0, dsw; = 0.

We distinguish the cases d3 = wi = 0 and wi = w? = 0. In the first case Q is as
follows:

1 0/0 1]1 Ofwk 0
Q=10 1/10[0 1]w? 0
0 0/|0 0[O0 Of 1 1

We have w; = wy = ws and we = ws = wg. Furthermore, wy lies on the same
side of the hypersurface Hps through w; and ws as wg. Thus, SAmple(X) =
Q(7137) N Q(7138) holds and X is of type No. 13.

In the second case, we have and w! = w2 = 0. Hence @ is as follows:

1 00 1]1 0 0 0
Q = 0 11 0] O 1 0 0
0 d3 0 d3 wg d3 — wg 1 1

Note that wy and ws lie on the hypersurface Hy7 through w; and wy. Moreover, wo
and wg lie on the hypersurface H3; through ws and wy. Furthermore, the weights
ws, w3 and wg are on the same side of Hy7. The same holds for H3; and the weights
w1, wys and ws. This shows that the arrangement of weights is as follows, where wo
and wg lie somewhere on the dotted line and wy and ws somewhere on the zigzag
line:
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ws, Wy

We have SAmple(X) = Q(v137) N Q(7167) N Q(Y537) N Q(Va27) N Q(V527) N Q(Va67),
which shows that X is of type No. 14.

Case (xii): We show that this case leads to No. 15 in Theorem [3.3.6]

Remark together with 145 and 7158 yields dy = 2 and w2 = 1. Thus, Q
is given as
1 d1—1 0 d1 ’LU% dl—wé ’LU% 0
Q=10 2 |1 1]1 1 ||w? o
0 d3 0 dg wg d3 - U)g) 1 1
Since det(wsq, ws, wr) = det(wy, ws, wr) + wk + w? holds, Remark yields wi =
—w?2. Thus, Remark applied again to yeg7 shows that w2(—d; — 1) = 1 holds.
This gives w? = 1,d; = —2 or w? = —1,d; = 0. In the first case, Remark
applied to Yes7 and to vsg7 yields 0 = w! = —2, a contradiction. Thus, w? =
—1,d; = 0 holds. Remark applied to Ya37, y587 and ys37 yields d3 = —2, w} =0
and w3 = —1. Hence Q is as follows:

1 -1{0 O 0 0 1 0
QR = 0 2|1 1 1 1 -1 0
0O -2|0 -2|-1 -1 1 1

Note that we have ws + wg = w3, wi + wy = 2ws and ws + wy = wy. Thus the
arrangement of weights is as follows:
ws

wr

ws w1

Ws, We

w2
W4

We have SAmple(X) = Q(v137)NQ(7138), which shows that X is of type No. 15. [

3.10. Proof of Proposition

In this section we give a description of all smooth four-dimensional intrinsic
quadrics of Picard number three whose Cox ring contains three free variables.

Proposition 3.10.1. Let X be a four-dimensional intrinsic quadric of Picard num-
ber three with Cox ring

R(X) = K[TlvaS}/<g>7 g = ,1—'11—'2'i_T‘3T14—’—,I'52
If X is smooth, then we have Cl(X) = Z3 and X is isomorphic to one of the
varieties 19 — 37 in the table of Theorem[3.5.0.

Proof. By w1, ...,ws we denote the degrees of the variables T1,...,Ts and by u
an ample Weil divisor class. Lemma [3.5.16| shows that u ¢ 7 := Q(7y1234) holds.
Note that 7 Z u € Mov(X)° shows that at least two of the weights wg, wr, ws are
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not contained in 7. Possibly after renumbering of variables, we have wg, w7 ¢ 7.
The definition of Mov(X) implies that Mov(X) C 7+ cone(ws, wr) holds. Consider
i1,...,1s, € {1,...,4} such that

7 + cone(wg, w7) \ 7 C cone(w;, , w;,, ws, wr) U. ..U cone(w;,_,,w;,, ws, wr) (*)

as well as cone(w;, w;; , , , we, wr)NT = cone(w;,, w;, ) and I;(w;;) = l;(w;,,,) =0,
lj(we) <0, ¢=1,...,5, holds for linear forms {; € Hom(X, Q).

b
7/

l.s—l wil,/

g
S
\‘

wisi\
\

\

If 7 is three-dimensional, together with the homogeneity of g, this further shows
that for all 1 < j < s; — 1, T, and Ti belong to different monomials of g. If
T is two- or one-dimensional, we can choose the ¢; in a manner such that for all
1 <j<s —1,T; and T;, , belong to different monomials of g. Thus all faces
of i, i;41,6,7, where j is odd, are §-faces.

For £ =6,7,8 we set kgj := Vi, i;,,,0- We now show that we may assume that
thereis 1 < jo < s;—1 such that kg, is a relevant face. If thereis 1 < jo < s;—1 such
that u € Q(kgj,) or u € Q(k74,) holds, then Remark shows that kj,6 or Kr7j,
is a relevant face and thus suitable renumbering of variables yields u € Q(kgj,)°. If
u ¢ Q(kej) UQ(k7;) holds for all 1 < j < s; —1, then 7 # u € Mov(X)®° shows that
ws ¢ 7 and u € Q(ksgj,) holds for some 1 < jp <s;, — 1. Again Remark yields
u e Q(Iisjo)o.

Suitable renumbering of variables yields jo = 1, jo + 1 = 3, 7136 € rlv(uw)
and there is a linear form l;3 € Hom(K,Q) with l13(w,) < 0, £ = 1,...,5, as
well as l13(wg), l13(wr) > 0. Furthermore we may assume that det(ws, w3, wg) is
strictly positive. Remark applied to 136 yields 1 = det(wq, w3, wg). Let 0 #
low € Hom(K,Q) be a linear form such that lg, (wg) = 0 = lg,(u) and lg,(wy) > 0
holds. Lemma[3.5.9shows that we may assume that lg, (w2) and lg, (w4) are strictly
negative. Thus, the weights are arranged as follows, where wy and w, lie somewhere
in the gray-shaded area:

Let 0 # l;, € Hom(K,Q) be linear forms such that l;,(w;) = 0 = l;,(u) and
liw(wg) > 0 holds for ¢ = 1,2,3,4. If l4,(w3) > 0 holds, then homogeneity of g
yields I, (we) > 0 and if 14, (w3) < 0 holds, homogeneity of g shows that I3, (ws) > 0
holds. Thus there remain the following four possibilities for lo, and ly:
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’

Hy (I11) Ha 1v)

In the pictures, M;; indicate the set of points between the respective hyperplanes Hy,
and Hj, cut out by l;, =0 and by I, =0, i.e. we have

Mg = {.’E € K@, llu(l') <0, lGu(l') < O},

M, = {z € Kg; liu(z) >0, lg(z) > 0}, a = 3,4,

My = {z € Kg; Liu(x) <0, lgy(x) >0}, a=2,3,4,

My = {z € Kg; lou(z) >0, lpy(z) <0}, (a,b) € {(2,3),(2,4)}.
Furthermore, Lemma [3.5.9| shows that w; and wg do not lie in the gray-shaded
areas. Remark [3.2.4] applied to the faces yap, a = 1,2,3,4,6, b = 7,8, shows that
wy and wg lie in one of the above defined sets M;;. Note that u € Mov(X)®° implies
that we may assume Iy, (w7) > 0. In particular, w7 ¢ Mie holds.

After suitable renumbering of variables, the weights wy, wg are arranged as in
the following table. To see this, note that picture (I) and (III) yield the same
covering collections, i.e. there is no need to distinguish these cases. Similarily,
picture (I) and (II) need to be distinguished only if w, € Maz or wy € M3y holds
for some 7 < ¢ < 8. Picture (III) and (IV) yield the same varieties if w7, ws ¢
Moy and wr,wg ¢ Myo holds. Furthermore, note that certain combinations are
not possible because of u € Mov(X)®; for instance wy,ws € My would lead to
u ¢ Mov(X)°. Moreover, Lemma implies that u ¢ Q(7e7s)° holds. As a
matter of convenience, we list the indices 1, j, k¥ of the faces v;;; in an order such
that (w;,w;,wy) is positively orientated, i.e. det(w;,w;, wy) is strictly positive.
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case picture wr wg COV(U)\{7136»7146a71256}

(4) I My Moz 7368, 7468, V2835 V284, V12585 V1375 V1475 V1257, Y378, V4TS
(i) (I) My Mas 7368, 74685 V268, V1375 V147, V1257, V378, V4TS, V278
(444) (D Moz Mas Y367, 7467, V327, V427, V1257, V368, V4685 V3285 V428, V1258
(iv) ey Mz Mas Y367, V467, V327, V427, V1257, V368, V4685 V268, V278
(v) (I) Mas Mg 7367, 7467, Y327, V427, V1257, V1875 V387, V487> V186
(vi) ) Mg Mie Y267, 7367, V467, V1875 V287, V3875 V4TS, V186
(vii) (IT) My M3z Y238,73458, V1385 V268, V468, V1375 V12575 V147, V278 V4TS
(viii) (II) M3y M3z Y237, 73457, 7137, V267, V467, V238, V34585 V138, V268, V468
(iz) (I)  Msz  Mse Y237, V3457, V137, Y267, V4675 V368 V268, V4685 V378
(z) (I)  Msa Mg Y237,73457, V137, V267, V4675 V186, V187, V2875 V487
(i) (IV)  Miz Mas 7148, Y248, V3458, Y2685 V368 V278, Y378, V1257, V1375 V147
(zii)  (IV)  Miz Mz 147,247, V3457, V267, V367, V148, V248, Y3458 7268, Y368
(witi) (IV) Mo Mag  7147,7247, Y3457, V2675 V3675 V4TS V2685 V3685 V468
(wiv)  (IV)  Mao M Y17, V247, V3457, V2675 V3675 Y1865 Y1875 V2875 V387

To complete the proof, we apply Remark [3.2.5] to these cases and show that we end
up with one of the varieties varieties 19 — 37 in the table of Theorem Note
that the resulting varieties are smooth by Lemma [3.1.6] Applying Remark [3:2.5]
to 136 and to yi14¢ yields

1 dl—l 0 d1 d1/2 0 w% wé
Q=10 2 |1 1| 1 ([0 w} wi |,
0 d3 0 d3 d3/2 1 w? wg’

where d = (d1, da,ds) denotes the degree of g. Note that since l15(wz) < 0 holds,
we have d3 < 0.

Case (i): We show that this case leads to Nos. 20, 27 and 28 in Theorem [3.3.6]

Remark applied to v3es and 7137 yields wi = 1 = w2. Thus the same remark
applied to y147 shows that d3 = 0 or w2 = 0 holds. In the first subcase, Remark
together with 71255 yields w3 = 1. Applying again Remark this time to 7283
and to v37g, yields d; = 0 = wi. Thus, Q is given as

1 -1]0 0|00 0 1
Q = 0 2|1 1[1(0 w? w?
0 00 001 1 1

The weights are arranged as follows, where w7 lies somewhere on the dotted line
and wg somewhere in the gray-shaded area:
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We have Q(7y283) N Q(71136) € Q(7V368), which shows that X is of type No. 20, since
the semiample cone of X is given by

SAmple(X) = Q(y2s83) N Q(v137) N Q(y378) N Q(7136) -

Now we consider the subcase d3 # 0, w? = 0. Remark together with 7468
shows that d; = 0 or w2 = 0 holds. We first treat the possibility dz # 0,w% = 0 =
di. Remark [3:2.5 applied to 7253 and 7954 yields

’U)g = 1-—dj and —dgwg—dg—ng = 1.

Recall that we are in the case d3 # 0. Thus, inserting the first in the second
equation gives w3 = —2. Now Remark applied to 378 and to 478 shows that
—wi(dz +1) = 0 = wi(ds — 1) holds. Hence we obtain wi = 0 and Q is given as

1 -1lo o| o [J[o 0 1
Q=110 2|1t 1| 1 |loo -2 |, ds<o.
0 ds |0 dg|ds/2|1 1 1—ds

Note that we have ws € cone(wy, we), cone(ws, ws) N cone(ws, wy) = cone(ws) as
well as wo + wg = wg. Thus, the weights are arranged as follows:

w2
Wy
Ws
ws w1
We , W7
ws

We conclude that X is of type No. 27, since the semiample cone of X is given by

SAmple(X) = Q(y36s) N Q(7136) -

Now we treat the possibility d3 # 0,w? = 0,d; # 0,w3 = 0. Remark
applied to Y1258, 1378 and ag3 yields wi = 1,w! = 0 and d; = d3. Hence, multiply-
ing @ with an unimodular matrix from the left gives

1 -1/0 0| 0 |[-1 -1 0
Q=10 21 1| 1o o o], dys<o.
0 ds |0 ds|ds/2] 1 1 1
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Note that we have ws € cone(wy,ws), cone(wy,ws) N cone(ws,wy) = cone(ws) as
well as wy + wg = wg. Thus, the weights are arranged as follows:

W4

We , W7
Note that X is of type No. 28, since the semiample cone of X is given by

SAmple(X) = Q(yzes) N Q(7283) -
Case (ii): We show that this case leads to Nos. 19 and 26 in Theorem m

Remark applied to v3es and to 7137 yields w3 = 1 = wi. Applying again
Remark this time to y463 and to Y268, shows that w2 = —1 and d; = 0 holds.
Thus the same remark applied to Y147, V278, V378 and to 478 gives

dsw? = 0, wiwi = 0, wiwi = 0, dsws = 0.
We obtain the following two cases: ds = 0, w3 =0 and wi = w? = 0.
In the first subcase, we have d3 = 0,w3 = 0. Hence the degree matrix @ is
given by

1 —-1]0 0o|0f|0 w! 1
Q=0 2|1 1|10 w2 -1
0 0|0 0[O0 1 0

Note that we have ws + wg = w; and that wy; lies on the same side of the hyper-
surface Hi3 through wy and ws as wg. Thus, the weights are arranged as follows:

Note that X is of type No. 19, since the semiample cone of X is the intersection
of Q(7136) and Q(v137).

In the second subcase, we have wi = w? = 0. Hence the degree matrix @ is
given by

1 -1]0 O 0 0 0 1
Q = 0 2|1 1 1 0 0 -1
0 d3 0 d3 d3/2 1 1 wg’

Note that wg lies on the same side of the hypersurface Hsg through ws and wg
as wy and on the opposite side of the hypersurface His through w; and wg as ws.
Furthermore, since dz < 0 holds, we have w3 € cone(wy, wg). Thus, the weights are
arranged as follows, where wg lies somewhere in the gray-shaded area:
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We conclude that X is of type No. 26, since the semiample cone of X is given by

SAmple(X) = Q(y2s6) N Q(7137) N Q(V368) -
Case (iii): We show that this case leads to Nos. 21,29 and 30 in Theorem m

Remark applied to v36; and to yaei, i = 7,8, yields wi = wi = 1 and dyw? =
0 = dywi. We first treat the subcase d; = 0. Consider i € {7,8}. Remark
applied to ~32; and to 7y49; yields

wf’ = 1-—dj and —dgw?fngrw? = 1.

Inserting the first into the second equation gives d3(—w? — 2) = 0. We conclude
that we have d3 = 0 or w? = wi = —2.
If d3 = 0 holds, @ is given by

1 —-1]0 o]oflo 1 1
Q=0 21 1|10 w? wi
0 0|0 OfOf1 1 1

Note that w; and wsg lie on the same side of the hypersurface H;3 through w;
and w3z as wg and on the same side of the hypersurface Hss through ws and wg
as wy. Thus, the weights are arranged as follows, where w; and wg lie somewhere
in the gray-shaded area:

We may assume that w§ < fw% holds, i.e. we have w7 € cone(ws,ws). Thus, the

semiample cone of X is given by

SAmple(X) = Q(y136) N Q(v327) N Q(y367)

i.e. X is of type No. 21.
If w? = wi = —2 holds, Q is given by

1 —-1]0 o] o o 1 1
Q=110 211 1] 1 |Jo -2 —2
0 dy |0 ds|ds/2|1 1—ds 1—ds

Note that we have ws € cone(wy, wg) as well as we + w7 = wg. Thus, the weights
are arranged as follows, where w; = wg lies somewhere on the dotted line:
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AN

V
‘%

4

wr, ws

The semiample cone of X is given by SAmple(X) = Q(y136) N Q(y367), i.e. X is of
type No. 29.

Now we treat the subcase d; # 0 w7 = w8 = 0. Remark 3 - 3.2.5 applied to 125
yields w3 = 1,i = 7,8. Again Remark [3.2.5 -, this time applied to 327, yields
di = ds. Hence multiplying ¢ with an unimodular matrix from the left gives

1 -1]0 o] 0 [|-1 0 0
Q=10 2|1 1| 1|0 00
0 ds |0 ds|ds/2] 1 1 1

Note that we have w3 € cone(wy, wr7) as well as wy + wg = wy. Thus the weights
are arranged as follows, where wg lies somewhere on the dotted line:

Wy
w2
ws

We wr, ws w1

The semiample cone of X is given by SAmple(X) = Q(v327) N Q(y367), i.e. X is of
type No. 30.

Case (iv): We show that this case leads to Nos. 22 and 31 in Theorem

Remark (3 applied to 7sg;, i = 7,8, yields wi = wg 1. Applying the same
remark, thls time to 36 and to 7468, shows that w2 = —1 and d; = 0 hold. Now
again Remark this time together with y327 and 7427, implies that w$ = 1 —d3
as well as 0 = d3(w? +2) hold. We distinguish the subcases w? = —2 and w? # —2.

In the first subcase, we have w2 = —2 and w2 = 1 — d3. Hence, Q is given by

1 =170 O 0 0 1 1
Q = 0 2|1 1 1 0 -2 -1
0 d3 0 d3 d3/2 11 —d3 wg’

Note that we have ws € cone(ws, wg) as well as wa + w7y = wg. Furthermore, wg
lies on the same side of the hypersurface Ho7 through ws and w7 as w; and on the
opposite side of the hypersurface Hig through w; and wg as wz. Thus the weights
are arranged as follows, where wg lies somewhere in the gray-shaded area:
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His

We conclude that X is of type No. 31, since the semiample cone of X is given by

SAmple(X) = Q(7i36) N Q(y367) N Q(v368) N Q(7V268) -

In the second subcase, we have w? # —2 and thus d3 = 0 and w2 = 1 hold.
Remark applied to 278 yields w3 = 0. Hence, Q is given by

1 —1]0 olofo 1 1
Q=10 2|1 1{1]|0 w& -1 |, w?#-2.
0 0|0 001 1 0

Note that we have ws + wg = w;. Furthermore, wy lies on the same side of the
hypersurface Hi3 through w; and w3 as wg and on the same side of the hyper-
surface Hsg through ws and wg as wy. Thus the weights are arranged as follows,
where wry lies somewhere in the gray-shaded area:

w1

H3g

We conclude that X is of type No. 22, since the semiample cone of X is given by
the intersection of Q(7y136) and Q(7ys27).

Case (v): We show that this case leads to Nos. 23,24 and 32 in Theorem [3.3.6]

Remark applied to 7367, to Y168 and to Yue7 yields wi = 1 = w3 as well

as dyw? = 0. We distinguish the subcases d; # 0 and d; = 0. In the first subcase,
we have w? = 0. Remark together with 7157 shows that w2 = 1 holds. Thus
the same remark together with 327 and vsg7 yields d; = d3 and w} = w3 — 1.
Hence, multiplying @ with an unimodular matrix from the left gives

1 =170 O 0 -1 0 -1
Q = 0 2|1 1 1 0O 0 1
0 d3 0 d3 d3/2 1 1 wg

Note that we have ws € cone(wy,w7) as well as wy + wg = wy. Furthermore, wg
lies on the same side of the hypersurface H;7 through w; and w7 as w3 and on the
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same side of the hypersurface H3; through ws and w7 as wy. Thus the weights are
arranged as follows, where wg lies somewhere in the gray-shaded area:

We conclude that X is of type No. 32, since the semiample cone of X is given by
the intersection of Q(y237), Q(7367), Q(7378) and Q(v17s)-

In the second subcase, we have d; = 0 and Remark together with 397
and 7427 yields w? =1—dsaswellas 0 = dg(ﬂ)% + 2). The same remark together
with 73s7 and 7487 shows that 0 = d3(1 — w2w}) holds. If d3 # 0 held, then we
would have w? = —2 and w2wg = 1, a contradiction. Thus, d3 = 0 and w2 = 1 hold.
Remark applied to y137 and to v3g7 yields w2w3 = 0 as well as wg = w3 — 1.
Thus we have the following two possibilities for @Q:

The first possibility is that w? = 0 holds, i.e. Q is given by

1 =10 olofo 1 wi-1
Q=10 2|1 1|1lo 0 1
0 00 o0j0f1 1 wd

Note that we have wy + wg = wy. Furthermore, wg lies on the same side of the
hypersurface Hig through w; and wg as w3 and on the same side of the hypersur-
face Hz7 through w3 and wy as we. Thus the weights are arranged as follows, where
wg lies somewhere in the gray-shaded area:

Hsz
A\

We conclude that X is of type No. 23, since the semiample cone of X is given by

the intersection of Q(y237), @(v367), @(7378) and Q(y17s).
The second possibility is that wi = 0 and wi = —1 hold. Here, @ is given by

1 =1/0 0ofl0ff0 1 -1
Q=0 2|1 1|10 w& 1
0 0|0 0[O0 1 0

Note that we have ws + wg = wy. Furthermore, wy lies on the same side of the
hypersurface Hy3 through w; and w3 as wg and on the same side of the hypersurface
Hjg through w3 and wg as wy. Thus the weights are arranged as follows, where wr
lies somewhere in the gray-shaded area:
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We conclude that X is of type No. 24, since the semiample cone of X is given by
the intersection of Q(7y237) and Q(7y136)-

Case (vi): We show that this case leads to Nos. 25 and 33 in Theorem

Remark applied to 367 and to vi6s yields wi = 1 = w2. The same remark
together with 267 and with 7467 shows that w? = —1 and d; = 0 hold. Again
Remark this time applied to 7187 and to 7sg7, yields w3 = 1 — w3 as well

as 0 = w3(wi + 1) (). Furthermore, we have

1 = det(wy,ws,wr) = 2det(ws,ws,wr) — det(wy,ws, wr) — dz(ws +1).
We conclude that ds(w} + 1) = 0 holds. Together with (x), we obtain the two
subcases d3 = 0 = w? and w§ = —1.
In the first subcase, @ is given by
1 =1/0 olo|l0 1 wi
Q = 0O 2|1 1|1|0 -1 1
0 0|0 OOl O 1

Note that we have ws + w7 = w;. Furthermore, wg lies on the same side of the
hypersurface Hi3 through w; and w3 as wg and on the same side of the hyper-
surface Hyg through wy and wg as ws. Thus the weights are arranged as follows,
where wg lies somewhere in the gray-shaded area:

His
AN

We have Q(v136) N Q(71178) € Q(7v186), which shows that the semiample cone of X

is given by Q(v136) N Q(7178), i.e. X is of type No. 25.
In the second subcase, @ is given by

1 -1/0 O 0 0 1 -1
Q = 0 2|1 1 1 0 -1 1

Note that we have ws € cone(wqs, wg) as well as wy + wg = wg. Furthermore, wg
lies on the same side of the hypersurface Hyg through w; and wg as w3 and on the
opposite side of the hypersurface Hog through ws and wg as wy. Thus the weights
are arranged as follows, where wg lies somewhere in the gray-shaded area:
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Since we have Q(y267) C Q(7278) N Q(7136), we conclude that the semiample cone
of X is given by the intersection of Q(v136), Q(v367), @(V168) and Q(7y27s). Hence, X

is of type No. 33.
Case (vii): We show that this case leads to No. 34 in Theorems [3.3.6]

Remark applied to y137 and to 38 yields w? =1= wg’. The same remark
together with a5 and ~yaes yields wi = —w3 as well as 1 = —w3(dy + 1). Thus
we obtain d; = 0,w? = —1 or d; = —2,w3 = 1. If d; = —2,w? = 1 held, then
Remark applied to 7938 would yield d3 = 4, contradicting d3 < 0. Hence we
obtain dl = O, ’Ujg =—1. Remark applied to Y2385 Y147 and to Y478 ylelds d3 =
-2, w? = 0 as well as wi = 0. Hence, Q is given by
1 —-1{0 0 00 0 1
Q = 0 2|1 1 1 (0 0 -1
0 —-2]0 —-2|-1}1 1 1

Note that the weights are arranged as follows:

w2
We, W7 W4

w1

wsg

We conclude that X is of type No. 34, since the semiample cone of X is given by
the intersection of Q(7y136) and Q(7y13s)-

Case (viii): We show that this case leads to No. 35 in Theorem m

Applying Remark t0 Y138, V268, Y468 and to vyass as in case (vii), we obtain d; =
0 and wg = (1,—1,1). Analogously we conclude that w; = (1,—1,1) holds. Fur-

thermore, Remark applied to 235 vields dg = —2. Hence, @ is given by

1 -1/0 O 010 1 1
Q = 0 2|1 1 1 {0 -1 -1
0 -2|10 -2|-1|1 1 1

Note that the weights are arranged as follows:

w1
W, ws

We conclude that X is of type No. 35, since the semiample cone of X is given by
the intersection of Q(7y136) and Q(7y13s)-
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Case (ix): We show that this case leads to No. 36 in Theorem [3.3.6]

As in case (viii), we obtain w7 = (1,—1,1) and d; = 0. Applying Remark
t0 Y368, V237, Y268 and to y37g shows that w% =1,d3 = —2,w§ = —1 and wgz =0
hold. Hence, @ is given by

1 -1{0 0 00 1 1

Q = 0 2|1 1 1|0 -1 -1

0 2|0 —-2|-11 1 0
Note that we have 2wg + w4 = w3, wy + ws = wy, wg + weg = Wy, Wg + W3 = wy as
well as wo + wg = wy. Hence the weights are arranged as follows:

w3 ws

We

We conclude that X is of type No. 36, since the semiample cone of X is given by
the intersection of Q(7y136) and Q(y137)-

Case (x): We show that this case leads to No. 37 in Theorem [3.3.6]

As in case (viil), we obtain w; = (1,—1,1) and d; = 0. Applying Remark
to Y186, Y187, Y237 and to Y47, shows that w2 = 1, wd = 0, d3 = —2 and wi = —1
hold. Hence, @ is given by

1 -1{0 O 0 (o0 1 -1
0 2|1 1 1 0 -1 1
0 -2|0 —-2]-1}1 1 0

Q

Note that we have 2wg + w4 = w3, wy + ws = wy, wg + Wy = wg, Wg + W1 = w3 as
well as wy + wg = wo. Hence the weights are arranged as follows:
Wy

w2

ws

w3

We

wr

We conclude that X is of type No. 37, since the semiample cone of X is given by
the intersection of Q(y136) and Q(y137).

Cases (xi)-(xiv): We show that there are no smooth varieties in these cases.

Note that in all these cases there is 7 < ¢ < 8 such that vy14¢, V240, Y26¢ and ysge
are relevant faces. Applying Remark to y36¢ and Yeee shows w?(1 —dp) = —1
and w} = 1. We conclude that we have either w? = —1, d; =0 or w} =1, dy = 2.
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If w} = —1 and d; = 0 held, Remark together with 7240 and 714, would

yield wg’ = —1 and d3 = 2, contradicting d3 < 0. Thus we obtain wl? =1 and
d; = 2. Now again Remark applied this time to y14¢ and to ~s4¢, yields
ds = —4 and wj = —3. But since Q(v13s) C Q?éo as well as w; = 0 holds,

wi, wi = d3 < 0 contradict Q(v136)° N Q(714¢)° # 0. Hence there are no smooth
varieties in these cases. ]



CHAPTER 4

Base point free questions

This chapter investigates the base point free monoid, i.e. the monoid of base
point free Cartier divisor classes of a Mori dream space, and also concerns Fu-
jita’s base point free conjecture. Part of this chapter, namely Section [£.I] and
Sections {4.7] - have been presented in [26].

Section[f.1]deals with embedded monoids, that means finitely generated monoids
in finitely generated abelian groups, and thereby generalizes ideas of the theory on
affine semigroups [18] Chapter 2| to monoids with non-trivial torsion part. In the
subsequent sections, to be precise in Sections [.2]-[.4] we investigate the base point
free monoid, first of a toric variety, then of a Mori dream space and finally of a variety
with a torus action of complexity one. It is well-known that for Cartier divisor
classes on complete toric varieties, semiampleness implies base point freeness, i.e. in
this case, the base point free monoid is saturated. For smooth rational projective
varieties with a torus action of complexity one and Picard number two, the same
statement follows from the classification done in Chapter two, but the assertion
is no longer true if we consider locally factorial varieties of Picard number two or
smooth varieties of arbitrary Picard number, see Example and Example
respectively. In this chapter, we give some criteria for the base point free monoid
to be saturated. As a further base point free question, we study Fujita’s base point
free conjecture. Recall that in the end of the eighties, Takao Fujita conjectured the
following:

Conjecture 4.0.1. (Fujita’s base point free conjecture [32]) Let X be a
smooth projective variety with canonical class Kx. Then Kx + mL is base point
free for all m > dim(X) + 1 and for all ample Cartier divisor classes L.

We prove some sufficient criteria for a variety to fulfill Conjecture in
Sections [£.2] - [£4] As an application of the classifications done in Chapters two
and three, we furthermore provide sample classes of varieties fulfilling Fujita’s base
point free conjecture, see Corollaries [£.3.9) and [£.4.14]

Note that for varieties X = X(R,§,®) arising from a bunched ring, Con-
jecture is a question of the study of monoids: It is sufficient to show that
Kx + (dim(X) + 1)L is an element of the conductor ideal of the base point free
monoid for all ample Cartier divisor classes £. With this in mind, in Sections [£.5]
and [£.6] we investigate Fujita’s base point free conjecture for singular rational va-
rieties with a torus action of complexity one and Picard number at most two using
Frobenius numbers and their generalization to higher dimensions.

In Sections [£.7] - [£.9] that form the final part of the chapter, we present and
prove algorithms concerning embedded monoids and base point free questions of
Mori dream spaces. Section [£.7] deals with algorithms for embedded monoids,
among others for computing generators of intersections of embedded monoids and
for computing an element of the conductor ideal; see Algorithms [£.7.1], [£.7.9] [£.7.5]
and [I.7.7] In Section we apply these algorithms to base point free questions
of Mori dream spaces. Section [£.9] contains our main algorithm, Algorithm [4.9.4]
which tests Fujita’s base point free conjecture for Q-factorial Mori dream spaces

137
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with known canonical class Kx. The latter is quite often the case; for instance if X
is spherical or if its Cox ring is a complete intersection, see Remark for details.

In [27], we provide an implementation of our algorithms building on the two
Maple-based software packages convex [29] and MDSpackage [38]. Using this imple-
mentation, we present a first example of a smooth K*-surface having a semiample
Cartier divisor with base points, see Example[1.8:4] and we prove Fujita’s base point
free conjecture for a six-dimensional Mori dream space, see Example [£.9.5]

4.1. Embedded monoids

This section concerns numerical monoids and their generalizations to monoids
in higher dimensions having possibly non-trivial torsion part. We present asser-
tions such as Lemma [£.1.13] and Proposition f.1.15| concerning the intersection of
monoids. We will need these statements later on when investigating the base point
free monoid of Mori dream spaces. Moreover, we provide lemmata concerning the
Frobenius number and the conductor ideal which will be crucial for the investigation
of Fujita’s base point free conjecture for varieties with a torus action of complexity
one and Picard number one and two, see Sections [£.5 and [£.6]

A monoid S C N is called a numerical monoid if linz(S) = Z holds. Note that a
monoid S = ling. ,(w1,...,w,), w; € Z>1, is a numerical monoid if and only if the
integers w1, ..., w, are coprime. For a numerical monoid S = ling_ ,(wi,...,wy)
generated by w; € Z>1, the Frobenius number F(S) = F(w1,... ,w;) is the least
integer = € Z such that x +n € S holds for all n € Z>;. In this case, x4 1 is called
conductor of S. The Frobenius problem, i.e. the problem of finding the Frobenius
number, has attracted substantial attention, see, for instance, [5], 62]. For r = 2
one can use Sylvester’s formula to compute the Frobenius number.

Proposition 4.1.1. (Sylvester’s formula [66]) We have F(wy,wz) = wiws —
w1 — wa for any two coprime integers wi, w2 € Z>.

For r» > 3, it is in some sense not possible to determine the Frobenius number
via a formula. Indeed, Curtis [22] proved the following;:

Proposition 4.1.2. [22] There is no finite set {f1,..., fn} of polynomials such that
for each choice of integers w1, ws, ws € Z>1 whose greatest common divisor is one,
there is some 1 < i < n such that f;(w1,ws, ws) = F(wy,ws,ws) holds.

Nevertheless, there are many formulas for special cases of F(wy,...,w,) as well
as upper and lower bounds. For a comprehensive overview see [5]. Here we give
some formulas for computing the Frobenius number which we will need later on.

Lemma 4.1.3. [15] Let wy, ..., w, € Z>1 be integers whose greatest common divisor
is one and set d := ged(wy, ..., wr.—1). Then the following holds for the Frobenius
number of the numerical monoid S = ling (w1, ..., w,):

F(wy,...,w,) = d}'(%,..., wTd_l,wT) +(d— 1w, .
Lemma 4.1.4. Let ly,...,l, € Z>1 be integers whose greatest common divisor is
one and set wy = ly---lg_1lgy1---1.. Then the following holds for the Frobenius
number of the numerical monoid S = ling (w1, ..., w,):

f(wl,...,wr) = (’r—l)Hli - ng.
i=1 =1

Proof. We proceed by induction on r. For r = 1, [; = 1 = w; holds. We thus
obtain F(wy) = —1, which coincides with the formula one the right-hand side. For
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r = 2, the above formula equals Sylvester’s formula. Now assume that the statement
is true for F(wy,...,w,—1). We obtain

r—1 r—1
Flwy,...,w) = lr]—'<Hli7..., IT & w) + (I, — 1w,
i igri1
r—1 r—1 r—1
= 1 ((T—Q)Hli - ZHz) + (I, — 1) w,
=1 =1 i=1
£l
= (T—I)Hli — ng,
i=1 =1

where the first equality holds according to Lemma and in the second step we
may apply the induction hypothesis since w, is a multiple of Iy -+ lp_1lp41 -+l —1.
O

In the following, we consider monoids in arbitrary finitely generated abelian
groups and generalize concepts presented in [18, Chapter 2| to this case. Let K be
a finitely generated abelian group. We denote by K = K°@® K" the decomposition
of K into free and torsion part and we write Ko := K ®z Q for the associated
rational vector space. Note that each w € K = K° @ K can be represented as
w = (w’ w*") with unique elements w® € K° and w'" € K'**. Every w € K
defines an element w ® 1 € Kg, which we denote as well by w for short. A cone
in a rational vector space always refers to a convex, polyhedral cone. The relative
interior of a cone 7 C Kg is denoted by 7°.

By an embedded monoid we mean a pair S C K, where S is a finitely generated
submonoid of K. For an embedded monoid S C K, we denote by

cone(S) = cone(w®1l; weS) C Ko

the (convex, polyhedral) cone generated by the elements of S. An embedded monoid
S C K is spanning if S generates K as a group, i.e. if ling(S) = K holds. In par-
ticular, numerical monoids are spanning embedded monoids S C Z. The saturation
of an embedded monoid S C K is the embedded monoid

S = {we K; nwe S for somen € Z>1} C K.

An embeddgd monoid S C K is called saturated if S = S holds. Note that the
saturation S C K of S C K cousists of all w € K defining an element in cone(S) C
Ky, i.e. we have the following:

Remark 4.1.5. Let S C K be an embedded monoid. The saturation of .S is given as
S = 1 (cone(S)) = 15" (cone (z°® 1; x € S)) x K™,

where ¢ and ¢o are the maps K — K ® Q and K° - K° ® Q defined through
w— w1,

Proof. Let C := cone (z° ® 1; & € S). We will show that S =151(C) x K* holds.

For the first inclusion, let s = (s°,5%") € S, i.e. s is an element of K and there is

an integer a € Z>1 s.t. as € S holds. This yields s** € K*" and as® ® 1 € C.
Since C' is convex, we conclude that s° ® 1 is contained in C, i.e. we showed that s°
is contained in ¢; ' (C). For the opposite inclusion let s = (s°, s*7) € 151 (C) x K,
ie. s = Y7 ;2 holds with some «; € Qs and x; € S. Since 5" as well
as the z!°" are elements of K'**, there are m € Z>; and n; € Z>; such that

ms' = n;x!" = Ogtor holds. Set n := lem(m,nq,...,n,) and denote by d the
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common denominator of the «;. Then we have

dns = dn ((s° Ogrer) + (0o, ™))

= dn (Z aix?, 0Ktor> +dn (OKo,stor)

i=1
(n Z doa?, Z dai(nmﬁor)> +d (nOKo, nstor)
i=1 i=1

= nidaixi—i—OK.

i=1

Note that the do; are integers and that x; and O are elements of S. Hence the
last line and thus also dns is contained in S. This shows that s € S holds. O

Lemma 4.1.6. Let S C K be an embedded monoid. If S is generated by dim(S)
elements, then S C ling(S) is a saturated embedded monoid.

Proof. Let w € ling(S) and n,r € Z>; such that nw € S and r = dim(S) hold.
Consider generators sq,...,s, € S for §. Then there are a; € Z and b; € Z>q such
that w=>""_, a;s; and nw = Y _._, b;s; holds. In particular, this gives

r r b,
i
E ais? = UJO = E *8? .
: n
=1

i=1

Note that (s?,...,5%) is a linearly independent family over Q since r = dim(S)
holds. Thus, we conclude that a; = b;/n holds for ¢ = 1,...,r. In particular, the
integers a; are greater than or equal to zero, which means that w is contained in S.

Thus, S is saturated. O

Remark 4.1.7. Let F: K — K’ be a homomorphism of finitely generated abelian
groups.
(i) If S C K is a spanning embedded monoid, then F(S) C F(K) is so.
(ii) If S’ C K’ is a spanning embedded monoid, then F(S")~! C K is so.
Let S C K be an embedded monoid. A non-empty set M C K is called an
S-module if S+ M C M holds. We call an S-module M an ideal if M C S holds

and finitely generated if there is a finite subset {mq,...,my} C M with the property
that M = {s+mq,...,s+ myg; s € S} holds.

Lemma 4.1.8. Let S C K be an embedded monoid. Consider x1,...,x, € S such
that {z1 ® 1,...,2, ® 1} is a set of generators for cone(S). Then the finite set

M = ! <{Zai(1‘i ®1); 0, €Q, 0<a; < 1}) ,
i=1

where ¢ is the map 1: K — K ® Q, w — w® 1, generates S as an S-module. In
particular, S is a finitely generated S-module.

Proof. By Remark S is an S-module. In case of a torsion-free group K,
the statement on finite generation of S as an S-module is Gordan’s Lemma [21],
Prop. 1.2.17]. The proof extends to the case of finitely generated abelian groups as
follows: Denote by ¢o the map K = K°® Q, w — w ® 1. Since the set

My = Lal <{Zaﬂ??, a0, €Q, 0<a; < 1})

i=1
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is bounded and since K*'°F is a finite group, M = My x K is a finite set, say

M = {m,...,m,} with certain elements m; € S. We claim that
) ¢
S =Jmi+9)
i=1

holds, i.e. that M generates the S-module S. With Remark the inclusion “2”
is obvious. For the other inclusion, let y € S. We have y = (3°, y*"), where 3° €
15 (cone(z® @ 1; 2 € §)) N K° and y** € K" hold. Pick a; € Qs such that
y? =37, a;z) holds. We obtain

T

y = (Zawo yt‘“)
=1
K

(ZL%‘J&L‘? + i(ai — o ])a?, ymr)

i=1
_ itauxﬁ(i(%*taﬁ)x& yt“*iLO‘inEm)’
i=1 i=1 =1

where y and the first summand in the bottommost line are contained in K. Thus
the same holds for the second summand in the bottommost line. Furthermore, we
have 0 < (a; — |a;]) < 1, i.e. the second summand in the bottommost line is one
of the m;’s, say m;,. Note that Y.._,|c;|x; is an element of S. Thus we showed
that y € S 4+ m;, holds, which completes the proof. O

Definition 4.1.9. Let S C K be an embedded monoid. The conductor ideal of
S C K is the subset

c(5/S) = {xreS;z+SCS} C 8S.

® o 0 0 0 0
c/O'e 00 00
e ®© 0 0 0 0 o
e 0 0 0 0 o
Oe e 00 00 ® clement of S
e OO OO eO &
O®O 00 6 O element of S\ S
. e 0000 00 [ cone(S)
. 0000000 ® clement of ¢(5/S)
. OO0OO0OO0OO0OO0O0

Proposition 4.1.10. Let S C K be an embedded monoid. If S C K is spanning,
then the conductor ideal ¢(S/S) is non-empty, i.e. it is in particular an S-module.

Proof. By definition, S + ¢(5/S) C ¢(S/S) holds, i.e. we only have to show that
¢(S/8) is non-empty. In case of a torsion-free group K, one can find a proof in [18,
Prop. 2.33]. For finitely generated abelian groups we may extend the proof as
follows: According to Lemma we have S = {my +s,...,my+s; s € S} with
some finite subset {my,...,my} C S. By assumption, the embedded monoid S C K
is spanning. This yields representations m; = x; — y; with x;,y; € S. We claim
that z := Zle y; is contained in the conductor ideal ¢(5/S). Indeed

z4+my = Z yi+x; € 8
1<i<t
1£]

holds for all 1 < j < ¢, i.e. we have z+ S C S. O
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Corollary 4.1.11. Let S C K be a spanning embedded monoid and let M be defined
as in Lemmal4.1.8 Then the following are equivalent for w € K:

(i) The conductor ideal ¢(S/S) contains w.
(ii) For allm € M, w+ m is contained in S.

Lemma 4.1.12. Let S C K be a spanning embedded monoid and consider an ideal
So € S. If S C K is spanning, then the same holds for So C K. In particular,
¢(S/S) C K then is a spanning embedded monoid.

Proof. We show that lingz(Sy) 2 K holds if S C K is spanning. Let € Sy. Since Sy

is an S-module, S = —x + x + S is contained in linz(Sy). In particular, we have
ling (Sp) 2 ling(S) = K. The supplement is due to Proposition [4.1.10] O

Lemma 4.1.13. Let K be a finitely generated abelian group and consider two sub-
groups K1, Ko C K. Let S; C K; be embedded monoids with saturations S;. Then
the following holds for the intersection Sio :=S1 N Sa:

(i) The intersection S12 C K1 N Ko is an embedded monoid.
(ii) We have Sia = S1 NSy, where S1o denotes the saturation of the embedded
monoid Slg Q Kl N KQ.

(iii) We have ¢(S1/S1) N ¢(S2/S2) C ¢(S12/S12).
Proof. For (i), only the finite generation of S N Sy needs some explanation, see for
instance [3, Prop. 1.1.2.2]. To prove the first inclusion of (ii), let z € Si5. This
means that we have x € K; N Ky and that there is n € Z>; such that nz € 51N .S
holds. Clearly, this shows x € 51 m§2. To prove the second inclusion, let x € 5’1 ﬂgg.
Hence z € K; N K3 holds and there are n;, ny € Z>; such that n;z € S;,7=1,2
hold. This means that ninaz is contained in S; N S92, i.e. we have z € Sy5. For (iii),
consider an element x € c(gl /S1) N c(§2/5’2). This means that z is contained in
the intersection Sis and z + S; C S; holds. With (ii), we conclude that x + S1o is
contained in Syg, i.e. the conductor ideal of Si2 C ling(S12) contains z. O

Example 4.1.14. Assertion (iii) of Lemma [4.1.13|is in general a proper inclusion:

Consider the embedded monoids Sy := 3Z>¢ C K; :=3Z and Sy := linZ20 (6,10) C
K5 := 27Z. Then the situation is as follows,

S1 C3Z
Sy C 27

—0—0—0—0~0O—8—0—0—0—0—0—8—0—-0—0—0—0—8—0—0—-0—0-0—8= S12 C 67

where the gray-shaded area indicates the cgnductor ideals of the monqids S1, S
and Spg, i.e. we have c(Sl/Sl) = 3ZZQ, C(SQ/SQ) = 16 + 2Z20 and 0(512/512) =
6Z>0. Note that the latter is a proper superset of

0(5'1/51) N C(SQ/SQ) = 18+ GZZO .
Proposition 4.1.15. Let K1 and Ky be subgroups of a finitely generated abelian
group K and consider embedded monoids S; C K;, i = 1,2. If cone(S1)°Ncone(S3)°
is non-empty and S; C K; is spanning for i = 1,2, then S1 NSy C K1 N Ky is a
spanning embedded monoid.
Proof. We denote by S5 the intersection of S; and S3. Note that S1o C K1 N K>

is an embedded monoid by Lemma 4.1.13| (i). Clearly, the group generated by Si2
is contained in K7 N Ks. It remains to show the opposite inclusion. We denote
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by t1,t2 and t12 the maps defined by w — w ® 1 fitting into the following diagram:

L1

Ky Ky ®Q D cone(S)
ul ul
KiNK, = (K1NKy)®Q 2 7 :=cone(S1)° N cone(S3)°
nl al
K, — Ky;®Q D cone(S,).

Because of 7 # 0, the rank of K; N K> and the dimension of 7 coincide. Thus there
are elements

bi,....b, € 153(7) C ¢ (cone(S)) Nyt (cone(Sy)) = Si1N Sy

generating K N K> as a group. Furthermore 7 # () implies that there is an element
x € Ki N K5 such that x ® 1 € 7 holds. Recall that S; C K; are spanning
monoids and thus Proposition shows that their conductor ideals are non-
empty. Since c(S’z /S;) contains some shifted copy of S;, there are some m; € Z>1,
i = 1,2, such that the integer multiple m;x is contained in c(S’i/Si), i =1,2. Hence
with m := my1ms, we have mz € C := c(gl/Sl)ﬂc(gg/Sg). In particular, C contains
the set of generators {mx, ma + b1,...,mz + b, } for K1 N K. It follows that

KlﬁKQ = llnz(C) Q linZ(c(Slg/Slg)) - linz(slg)

holds, where the inclusion in the middle was shown in Lemma 4.1.13| (iii) and the

inclusion on the right-hand side follows since 0(512 /S12) is non-empty by the same
Lemma and thus contains some shifted copy of S1s. O

Example 4.1.16. Note that without the assumption cone(S1)° N cone(S2)° # 0,
Proposition is in general not true: For the spanning embedded monoids
Z>o, Z<o C Z the intersection Z>o N Z<o = {0} C Z is not spanning.

Following ideas of Assi [4], we now construct an explicit point gg of the con-
ductor ideal of an embedded monoid S C K. Our setting is slightly more general
than Assi’s. We will make use of gg in our investigation of Fujita’s base point free
conjecture for varieties with a torus action of complexity one and Picard number
two in Section [£.6]

Setting 4.1.17. Consider vectors wi,...,w, € Z" being linearly independent

over Q and let Z" > wy41,...wryt € cone(wsy,...,w,). Foral 1 < j < t+1,
we denote by D, the greatest common divisor of the (r x 7)-minors of the matrix
(wi,. . wrpjo1). Let = ling_ (w1, ..., wr¢) and K 1= ling(wy, ..., wp4¢).

Remark 4.1.18. In the setting of [f.1.17] the following holds:

. . D;
(i) The quotient D
(ii) Each element w € K has a representation w = Z::lt Ajw; with integers \;

st. 0 < Apj < D;/Dj4q holds for all j =1,...¢.

is an integer for all 1 < j <.

Proof. Assertion (i) follows directly from the definition of the D; and Assertion (ii)
was proven in [61], Lemma 1.3. O

Lemma 4.1.19. (cf. [4], Thm. 1.1) In the setting of |4.1.17, we consider the
spanning embedded monoid S C K and denote by ¢ the map K — K®Q, w — w®1.
If we set

t T
gs = Z(Dj —1>wr+j—2wieK7
=1

=\ Dj

then gs + 1~ (cone(S)°) is a subset of ¢(S/S).
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Proof. Let v € gg + ¢ !(cone(S)°), i.e. we have v = gs + u with some u €
t~(cone(S)°) and some v € K. We need to show that v + ¥ is contained in S,
where ¥ denotes an arbitrary element of S. Since v + © is an element of K, Re-
mark (ii) yields a representation

r+t

v+U = Z)\iwi (%)

i=1
with integers \; s.t. 0 < Ay < % holds for all j = 1,...t. Together with the
equality gs + u 4+ = v + ¥, we obtain

T

t
D;
=1l =Ny W Fu4+0v = Ai + Dw;.
> (52 ) ures S+ 1)

j=1 =1
Note that D;/D; 1 —1— Ar4; > 0 holds and that 0, w,1, ... wyys define elements
of cone(ws,...,w,) = cone(S). Since u defines an element of the relative interior

of cone(S), the same holds for the entire sum on the left-hand side. It follows that
Ai +1 > 0 holds for all 1 < ¢ < r, which means that all coefficients \; in (%)
are greater than or equal to zero. This shows that v + ¥ is an element of the
monoid S. |

4.2. Base point free monoid of non-complete toric varieties

We study the monoid of base point free Cartier divisor classes of a toric variety.
In the subsequent sections, we will apply the results of this section to the toric
ambient variety Zs; of a Mori dream space X. Since Zs; is in general not complete,
we treat the case of non-complete toric varieties. Note that the corresponding
statements for complete toric varieties and varieties arising from bunched rings are
well-known; see, for instance, |21}, 3], 1], [35].

Setting 4.2.1. Let N be a lattice and let vq,...,v,. € N be pairwise different primi-
tive vectors generating Ng as a vector space. Set F' := Z" and denote by P: F' = N
the linear map sending the i-th canonical basis vector f; € F to v; € N. Then we
have mutually dual exact sequences

0 L F

0 K E M 0,
Q P
where P* is the dual map of P and Q: E — K := E/P*(M) denotes the projection.
We write § C Fp and v C Eg for the respective positive orthants. Then + is the
dual cone of § and we have the bijective face correspondence

faces(d) — faces(v), So = OF =33 Nn.

Let ¥ be a fan in N having as its one-dimensional cones the rays o; := cone(v;),
where ¢ = 1,...,r. For every cone o € 3, we denote by 6 < § the unique face with
P(6) = 0. The covering collection of ¥ consists of faces of v € Eg and is given by

cov(X) = {6" 2 v; 0 € MY},

Now we consider the toric variety Z = Zx associated with the fan . Its acting
torus is T := Spec(K[M]). Denote by eq,...,e, the canonical base vectors of E.
Recall that the divisor class group of Z is given as Cl(Z) = K, where the class
of the torus-invariant prime divisor D; := T - z,, € Z corresponding to the ray
0; € ¥ is identified with w; := Q(e;) € K.
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In the above situation, let m € M. Recall that the character x™: Ty — K* as-
sociated with m defines a rational function in K(Z)*. According to |21 Prop. 4.1.2],
the principal divisor div(x™) is given by

div(x™) = Z(m, vi)D; .
i=1
Furthermore, according to [21], Thm. 4.2.8|, a Weil divisor D = 3" a;D; is Cartier if
and only if for all maximal cones o € ¥ there is m, € M such that (m,,v;) = —a;
holds for all v; € o. In this case, we have D|z, = div(x~"™)|z,, where Z, denotes
the affine toric variety associated with o.

If X is a variety arising from a bunched ring (R, §, ®) and if ¥ is the fan of its

minimal toric ambient variety, then we have cov(X) = cov(®).

Lemma 4.2.2. In Setting consider w € K and 6* € cov(X). By Z, we denote
the affine toric variety associated with o. Consider a Weil divisor D = a;D; such
that w = [D] holds. Then the following statements are equivalent:
(i) We have w € Q(6* N E).
(ii) There is my € M such that div(x~")|z, = Dl|z, and (my,v;) > —a;
hold for all 1 <i<r.
Furthermore, if one of the statements is fulfilled, then Bs(w) C Uvi¢g D; holds.

Proof. Statement (i) is equivalent to the existence of an element e, € 6* N E such
that Q(e,) = w holds. The exactness of the above mutually dual sequences yields

an element m, € M such that P*(m,) = e, — a holds for a = (ay,...,a,) € E.
Note that
(mo,vi) = (P*(my), fi)
= (e, fi) = (a, fi)
- <eaa f’L> — a5

holds. This implies that statement (i) is equivalent to the existence of an ele-
ment m, € M such that (m,,v;) > —a; holds for all 1 < i < r, with equality in
case v; is a ray of 0. Since the latter means that div(x~™<)|z, equals D|z_, we
showed the equivalence of statements (i) and (ii). For the supplement note that x™
is a global section of the sheaf Oz(D) associated with the Weil divisor D, i.e. the
base locus Bs(w) is a subset of the support of the D-divisor

T

divp(x™7) = (@i + (s, v)) ;.

i=1
Furthermore, since (mg,v;) = —a; holds for all 1 < i < r with v; € o, we obtain
that Supp(divp(x™)) € U,,¢, Di holds. O

Lemma 4.2.3. In Setting let w:=[D] € Cl(Z) be a Weil divisor class. Then
the base locus of w is given by

Bs(w) = ﬂ Supp(divp(x™)).
meM
divp(x™)=0
Proof. Since x™ € I'(Z,0z(D)) holds for all m € M with divp(x™) > 0, inclu-
sion “C” is obvious. For the other inclusion, let z € Z such that z € Supp(divp(x™))
holds for all m € M with divp(x™) > 0. Consider the characteristic space
pz:Z— Zand 2 € p,'(2) such that Hz-2 C Z is closed. Then [3 Corollary 1.6.2.2|
shows that x™(2) = 0 holds for all m € M with divp(x™) > 0. Since I'(X, Oz(D))
is spanned by the characters x™ with divp(x™) > 0, this means that f(z) = 0
holds for all f € T'(X,O0z(D)). We apply again [3, Corollary 1.6.2.2] to see that
this means z € Supp(divp(f)) for all f € T'(Z, Oz(D)), i.e. z € Bs(w) holds. O
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Definition 4.2.4. Let X be an irreducible normal prevariety. The embedded
monoid of base point free Cartier divisor classes in the Picard group is called base
point free monoid of X; we denote it by BPF(X) C Pic(X).

The following Proposition is well-known for varieties arising from a bunched
ring, see [11, 35}, 3].
Proposition 4.2.5. In Setting[/.2-1, we have the following statements:
(i) The Picard group Pic(Z) is given as a subgroup of Cl(Z) by
Pic(Z) = (] QUin(6*)NE).
6*€ecov(X)

(ii) The base locus of a Weil divisor class w € K is the following union of
toric orbits Z(o0) C Z, o € X:

Bs(w) = U 2z
wgQ(6*NE)
(iii) The monoid BPF(Z) of base point free Cartier divisor classes of Z is
given by
BPF(Z) = ()] Q" nE).

6*€cov(X)
Proof. We prove (i). For the proof of inclusion “C”, let w € Pic(Z). This means
that w = [D] holds with a Cartier divisor D = Y a;D;, i.e. for all o € £™** there
is an element m, € M such that div(x~™<)|z, = D]z, holds, where Z, denotes
the affine toric variety associated with o. The latter is equivalent to (m,v;) = —a;
for all v; € 0. Let e, :== a — P*(—m, ), where we set a := (ay,...,a,). We show
that e, € lin(6*) N E holds. Clearly, we have e, € E. Furthermore, note that

(fiseq) = (fi,a) —(fi, P"(—m,))
a; — <P(fz)a _m0>
0

holds for all 1 < i < r with v; € o, i.e. e, is indeed an element of lin(6*) N E. We
conclude that

w=Q(a) = Qes + P*(~my)) = Qles) +0 € Qlin(6%) N E)

holds for all o € ¥™** where we used Q(P*(m,)) = 0. For the opposite inclusion
assume that w is contained in Q(lin(6*) N E) for all maximal cones o € ¥. This
means that for all o € X™2* there is e, € lin(6*) N E such that Q(e,) = w holds.
We choose an element a € E that is contained in the fiber Q~!(w). Then e, — a is
an element of ker (Q) = im (P*), i.e. for all ¢ € ¥™®* there exists m, € M such that
P*(my) = e, —a holds. For a maximal cone ¢ € ¥™** and the primitive generators
v; € o of its rays we have the following:

(mo,vi) = (P*(mq), fi)
= (e, fi) — (a, fi)

Thus the m, define local data for the Cartier divisor D = Y a;D; whose class is
given by w = [D], i.e. w € Pic(Z) holds.

To prove assertion (ii), let D = >~ a;D; be a Weil divisor with [D] = w. We
first prove the inclusion “C”. Let z € Bs(w). There is exactly one cone 0 € ¥
with the property that z € Z(o) holds. We need to show that w is not contained
in Q(6* N E). If w was an element of Q(6* N E), then Lemma would imply
that Bs(w) C U,,¢, Di holds. But since z is an element of the orbit Z(o), z is
contained in D; if and only if v; € o holds. This contradicts z € Bs(w) C Umﬁéo D;.
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Thus we have w ¢ Q(6* N E). To prove the other inclusion, let o € ¥ such that
w ¢ Q(6* N E) holds and consider an element z € Z(o). We assume that z is
not contained in Bs(w). Then there is a global section f € I'(Z, Oz (D)) such that
z ¢ Supp(divp(f)) holds. According to Lemma [£.2.3] we may assume that f = x™
holds with some m € M such that (v;,m) > —a; holds for all 1 < i < r. Note that

we have
T

divp(x™) = >_(a; + (m,v:))D;.
i=1
Since z € Z(o) is not contained in Supp(divp(x™)), we have (m,v;) = —a,; for all
1 <@ < r such that v; is contained in o. This means that div(x~™<)|z, = D|z,
holds. Thus, Lemma yields w € Q(6* N E), contradicting the assumption.
Hence, z is contained in Bs(w). Assertion (iii) is an easy consequence of (ii). O

Proposition 4.2.6. In Setting[{.2.1], let o € ¥ be a full-dimensional mazimal cone.
Then the embedded monoid Q(6* N E) C Q(lin(6*) N E) is saturated. In particular,
if all mazimal cones of ¥ are of full dimension in Ng, then BPF(Z) C Pic(Z) is a
saturated embedded monoid.

Proof. Consider a maximal full-dimensional cone ¢ € ¥. Then o C Ny is gen-
erated by some of the v;’s. After suitable renumbering of variables we have o =
cone(vy,...,vs) for some s < r. The Gale dual cone Q(6*) is generated by the
complementary weights w;, that means by ws1,...,w,. By assumption, vy,..., v,
generate Ng. According to [10, Lem. 8.1.(ii)], the family (ws41, ..., w,) thus is lin-
early independent in Kg. Hence we may use Lemma to see that Q(6* N E) C
Q(lin(6*) N E) is saturated. The supplement follows since the intersection of satu-
rated embedded monoids is again saturated, see Lemma (ii). ]

Remark 4.2.7. Fujita proved in [31) Thm. 1], that Xx + mL is nef for all m >
dim(X) + 1 and for all £ € Ample(X) N Pic(X) if X is an irreducible smooth
projective variety. A result of Maeda [51] shows the same for irreducible normal
log terminal projective varieties. In particular, irreducible normal log terminal
projective varieties whose base point free monoid is saturated fulfill Fujita’s base
point free conjecture.

We derive the following well-known [31], (58] result for complete toric varieties:

Corollary 4.2.8. If Z is a complete toric variety, then BPF(Z) C Pic(Z) is satu-
rated. In particular if X is log terminal and projective, then X fulfills Fujita’s base

point free conjecture .

4.3. Base point free monoid of Mori dream spaces

In Section we study the base point free monoid BPF(X) of a variety X
arising from a bunched ring and show that BPF(X) coincides with the base point
free monoid of its minimal ambient toric variety Zs;. This means in particular, that
the study of base point free questions for varieties X (R, §, ®) can be reduced to the
study of base point free questions of non-complete toric varieties. We give criteria
for BPF(X) to be saturated and criteria for X fulfilling Fujita’s base point free
conjecture, see, for instance, Corollaries [.3.5], [£.3.8] and [£.3.16] As an application,
we show in Corollaries [£.3.6], [£.3.7] and [£.3.9] that the intrinsic quadrics of the clas-
sification done in Chapter three have a saturated base point free monoid and fulfill
Fujita’s base point free conjecture.

Lemma 4.3.1. Consider a variety X = X(R,§, ®) together with its minimal toric
ambient variety Z = Zx, and pick a class w € Pic(X) = Pic(Z). Then w € Pic(X)
is base point free if and only if its corresponding class w € Pic(Z) is base point free.
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In particular, this means that the base point free monoid of X coincides with that
of Z, i.e. we have
BPF(X) = BPF(Z).

Proof. According to Proposition the base locus Bz(w) C Z of w € Pic(Z) is
the union of all toric orbits Z (o) such that w € Q(6*NE) and o € ¥ hold. Similarly,
[3, Prop. 3.3.2.8] states that the base locus Bx(w) C X of w € Pic(X) is the union
of all pieces X (6*) such that w € Q(6*NE) and 6* € rlv(®) hold. We want to show
that Bx(w) is non-empty if and only if Bz (w) is non-empty. Since each element
6* € rlv(®) corresponds to a cone o € ¥, Bx(w) # 0 implies Bz(w) # (. For
the opposite direction, assume that Byz(w) is non-empty. Since the base locus of
a Weil divisor is by definition a closed set, there is a cone ¢ € X™?* such that
w ¢ Q(6* N E) holds. But the cones 7 € ¥™2* are precisely those cones of 3 such
that 7* € cov(®) holds, which shows that X (6*) is a subset of Bx(w), i.e. Bx(w)
is non-empty. In particular, we conclude that the base point free monoids of X and
of Z coincide. |

For projective varieties, any Cartier divisor is the difference of two very ample
divisors [23] 1.20]. Thus, the base point free monoid of projective varieties is a
spanning embedded monoid. By Proposition [{.1.10] this means in particular that
its conductor ideal is non-empty. For Mori dream spaces, we obtain the same result
in the following Corollary. Moreover, we give a description of BPF(X) in terms of
the covering collection and the degree map Q: E — ClI(X), e; — deg(f;).

Corollary 4.3.2. The base point free monoid of X = X(R,§,®) is the embedded
monotd given by

BPF(X) = (] Q(NE) € Pic(X).

Yo Ecov(P)
If X is projective, then the conductor ideal of BPF(X) C Pic(X) is non-empty.

Proof. The representation of BPF(X) as intersection of the monoids Q(yo N E),
Yo € cov(®P), is an immediate consequence of Proposition and Lemma
Note that if X is projective, then we have ® = ®(u) for some ample v € CI(X).
In particular, the cones Q(70)°, Yo € cov(®), intersect non-trivially. Using Propo-
sition [4.1.15] we conclude that BPF(X) C Pic(X) is a spanning embedded monoid.
By Proposition this means that its conductor ideal is non-empty. O
Example 4.3.3. Consider the surface X = X (R, §, ®) associated with the bunched
ring given by R = C[T1,...,Ty) /(T To+T5 +T3) with degree matrix Q = [1,1,2, 3]
and bunch defined by any divisor class u € Mov(X)°. Denote by ej,...,e4 the
canonical base vectors of E := Z*. For indices 1 < #; < ... < ¢, < 4 we set as
before
Ve,..0. = cone(es,...,ep,).

With this, the covering collection of X is given by cov(®) = {v1,72,7v34}. Thus,
the Picard group of X is Z and the base point free monoid of X is the monoid

BPE(X) = Q(v N E)NQ(a N E) N QN E) = ling_,(2.3).
eOeeeeoeeeee BPFX)CZ

Note that the monoids Q(y; N E), i = 1,2, correspond to full-dimensional cones in
the fan ¥ of the minimal ambient toric variety of X and are saturated. Hence we
have BPF(X) = Q(v34 N E).

Corollary 4.3.4. Consider a variety X = X(R,§,®) together with its minimal
toric ambient variety Z = Zx. If all maximal cones of ¥ are of full dimension
in Ng, then BPF(X) C Pic(X) is a saturated embedded monoid.
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Corollary 4.3.5. Consider a variety X = X(R,§,®) together with its minimal
toric ambient variety Z = Zx,. If for all maximal cones of ¥ that are not full-
dimensional, the monoid Q(6*NE) C Q(lin(6*)NE) is saturated, then the embedded
monoid BPF(X) C Pic(X) is saturated.

Corollary 4.3.6. Let X be a smooth intrinsic quadric of Picard number at most
two. Then BPF(X) C CI(X) is saturated.

Proof. In Proposition we showed that in Picard number one, there is only
one smooth intrinsic quadric X per dimension with generator degrees deg(T;) =
1 € CI(X). In particular, BPF(X) C CI(X) is saturated. Now let X be a smooth
intrinsic quadric of Picard number two. In Chapter three we showed that X arises
from Construction By going through the settings of Construction we
show that BPF(X) C C1(X) is saturated. Denote by e, ..., e,4; the canonical base
vectors of E := 7"t For indices 1 < ¢; < ... < {y <1+t we set as before

Yey...0, = cone(eg,...,€.).

In case X arises from Setting 1 or 2 in Construction[3:2.7] the covering collection

of X equals
{7ij; 1<i <k, 1<j<t},

where kK =7 — 1, 7 odd or kK = 7, r even hold. Note that all maximal cones of X
are of dimension r + ¢ — 2 which equals dim(Ng), i.e. all maximal cones of ¥ are
full-dimensional. Thus BPF(X) C Pic(X) is saturated by Corollary

In case X arises from Setting 4 in Construction the covering collection
of X equals

{Vij3; 1<i<r,1<j<t iodd} U {vy; 1<4,5<r iodd,jeven,i+1#j}.

Note that again all maximal cones of ¥ are of dimension r+t—2 = dim(Ng), i.e. all
maximal cones of 3 are full-dimensional. Thus BPF(X) C CI(X) is saturated by
Corollary

In case X arises from Setting 3 in Construction [3:2.7] the covering collection
of X contains the faces

{ijs 1 €{1,3,4... )k}, 1 <j <t} U {v; 3<i<k},

where k =1 — 1, r odd, or k = r, r even, hold. Note that these faces all correspond
to maximal cones of ¥ that are full-dimensional. If r is even, the above list of cones
is exactly the covering collection of X. If r is odd, then the covering collection
of X contains in addition the cone 712,, whose corresponding cone P(7{,,) is of
dimension r+t—3 = dim(X) which is strictly smaller than dim(Z) = dim(Ng). But
since Q(y12-NE) = ling. ,((0,1), (2,1), (1, 1)) holds, we conclude that Q(v12,NE) C
ling(Q(y12- N E)) is saturated. Corollary shows that BPF(X) C CI(X) is
saturated. ]

Corollary 4.3.7. Let X be a smooth intrinsic quadric of Picard number three and
dimension at most four. Then BPF(X) C Cl(X) is saturated.

Proof. In Chapter three we showed that X is isomorphic to a variety arising from
the tables in Theorems[3.3.5]and[3.3.6] According to Corollary [£.3.5] we only need to
consider those members 7 of the covering collections that are of dimension strictly
greater than p(X). By going through the cases we conclude that BPF(X) C Cl(X)
is saturated. O

Corollary 4.3.8. Consider a variety X = X(R,§,®) together with its minimal
toric ambient variety Z = Zx. If the embedded monoid BPF(X) C Pic(X) is
saturated, for instance if all mazimal cones of ¥ are of full dimension in Ng, and if
one of the following criteria holds, then X fulfills Fujita’s base point free conjecture,

Congecture [{.0.1.
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(i) The variety X is projective and log terminal.
(ii) The divisor class Kx is semiample.

Proof. Ttem (ii) is obvious and item (i) is a direct consequence of the result of

Maeda [51], cf. Remark O

Corollary 4.3.9. If X is a smooth intrinsic quadric of Picard number at most two,
then X fulfills Fugita’s base point free conjecture, Conjecture [[.0.1}, i.e. Kx + mL
is base point free for all m > dim(X) 4+ 1 and for all ample Weil divisor classes L.

We now turn to the description of BPF(X) in terms of the toric completions of
the toric minimal ambient variety of X.

Lemma 4.3.10. Consider a complete lattice fan (X, N) with minimal ray gener-
ators vi,...,v. and with the Gale dual maps P: F — N and Q: E — K as in
Setting [{.2.1} For a cone T € ¥, we have

Q(F*NE) = ling(w;; e; € 6* for some o € star(t) N X™¥) .

Proof. Since X is a complete fan, the cone 7 is the intersection of all cones o € ™%
such that 7 is a face of o. This yields

7 o= M ¢
oEstar(T)NXmax

Dualising implies that 7* is the sum of all * such that o € star(7) N X™** holds.
Hence we observe that

QG NE) = Q(( A )mE>

oEstar(T)NXmax
= Q (hnZ(ei; e; € * for some o € star(7) N Emax)>

holds. The assertion then follows since @) is a homomorphism. O
For the remaining part of Section we introduce the following notation:

Setting 4.3.11. Let X = X (R, §, ®) be a projective Q-factorial variety arising from
a bunched ring (R, §,®). By S := BPF(X) we denote the base point free monoid
of X, by § C Pic(X) its saturation and by Hx = Spec(K[C1(X)]) the quasitorus
associated with Cl(X). Let k1,...,s; € A(Z, Hx) be the full-dimensional GIT-
cones with x; C SAmple(X). By X; we denote the fan arising from x; and by @,
the corresponding bunch. Note that each 3; contains the fan 3 of the minimal toric
ambient variety Zy of X as a subfan. This means that the toric varieties Z; arising
from the fans 3J; are toric completions of Zs,.

Lemma 4.3.12. In Setting assume that there is 1 < i <t such that there is
a mazimal regular cone o € ¥;. Then the embedded monoid Q(6*NE) C K = CI(X)
is saturated and spanning.

Proof. As a full-dimensional regular cone of the complete fan ¥;, the number of rays
of o equals the dimension of Ng. By Gale duality, this means that 6* has p(X) rays,
ie. Q(6*NE) is generated by p(X)-many elements. Since k; is full-dimensional and
sind k§ C Q(6*)° holds, the dimension of Q(6*NE) equals p(X). Thus, Lemma[d.1.6]
implies that the embedded monoid Q(6*NE) C ling(Q(6* N E)) is saturated. Since
o is regular, Remark tells that Q(6* N E) generates K as an abelian group.
Hence we showed that Q(6* N E) C K is saturated and spanning. O

Lemma 4.3.13. In Setting consider a cone T € YW [f there exists an
index 1 < i <t and a regular cone o € ¥** Nstar(r), then the embedded monoid
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Q(F* NE)N (171 (k;) x K'Y C K is saturated, where v denotes the map K —
Ko, w—w®l.

Proof. Lemma shows that Q(6* N E) C K is saturated. Together with
Lemma (iii) we conclude that this also holds for Q(6*NE)N (17 (k;) x K°F).
By Lemma the weights w;, e; € 6*, are among the generators of Q(7* N E).
This shows that Q(7* N E) N (171 (k;) x K'*) is saturated. O

Corollary 4.3.14. In Setting[{.3.11] consider a cone 7 € ¥™. If for all 1 <i <t
there exists a reqular cone o; € EP** Nstar(7), then Q(7*NE)NS C K is saturated.

Proof. Lemma [4.3.13[shows that Q(7* N E) N (171 (k;) x K*r) C K is saturated for
all 1 <4 < t. Since the saturation S of BPF(X) is contained in the union of all
ki x K 1 < <t this implies that Q(7* N E) NS C K is saturated. O
Definition 4.3.15. In Setting we call X wirtually singular if there exist
1 <i<tand o€ XM guch that all cones in Z** N star(o) are singular.

Corollary 4.3.16. Let X be as in Setting [4.3.11} If X is not virtually singular,
then BPF(X) C K is saturated.

Proof. Since X is not virtually singular, for all 1 <4 <t and for all 7 € ¥™2* there
is a regular cone o; » € ¥ N star(7). Corollary [4.3.14] implies that all embedded
monoids Q(7* N E) N S are saturated in K. Thus Lemma |4.1.13| (ii) completes
the proof. O

Lemma 4.3.17. Let X be as in Setting|4.3.11] If there is a relevant face vy € rlv(P)
such that Q(yo N E) C K is not saturated and the cone Q(vo) has at most p(X)
rays, then each toric completion Z; is singular.

Proof. Since X is Q-factorial, Q(vo) is full-dimensional and has thus exactly p(X)
rays. For each ray o; of Q(v0) we choose a canonical base vector e,, of E such
that ey, € 70 and Q(e,;) € ¢; hold. By 71 we denote the cone generated by
all vectors e,;. Then ~; is a p(X)-dimensional face of 7o and Q(v) = Q(71)
holds. By assumption the embedded monoid Q(v N E) C K is not saturated
and thus the same holds for its submonoid Q(y1 N E) C K. Since Q(y1 N E) is
generated by dim(Q (7 ))-many elements, Lemma implies that Q(y; N E) does
not generate K as an abelian group, i.e. the cone P(v7) is not regular. Note that
SAmple(X) C Q(y0) = Q(v1) holds and each k; is contained in the semiample cone
of X. Thus, the cone vy, is a relevant face for all toric completions of X arising from
K1,..., K, which proves the statement. O

Corollary 4.3.18. Let X be as in Setting|4.3.11] If there is 1 < ¢ <t such that Z;
is regular, then all Q(yo N E) such that vo € rlv(®) holds and such that Q(yo) has
at most p(X) rays, are saturated.

Corollary 4.3.19. Let X be as in Setting[4.3.11] If X is of Picard number at most
two and if there is 1 < i < t such that Z; is regular, then BPF(X) is saturated
m K.

4.4. Base point free monoid of T-varieties of complexity one

The objective of this section is to give some criteria for the base point free
monoid of varieties with a torus action of complexity one to be saturated, for in-
stance in terms of big and leaf cones, see Corollary [.4.9] As an application, we
show that an irreducible smooth rational projective non-toric variety with a torus
action of complexity one and of Picard number at most two has a saturated base
point free monoid and in particular fulfills Fujita’s base point free conjecture, see
Corollary [£.4.13]and Corollary [£.4.14] respectively. In Corollary [1.4.8] we show that
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for Q-factorial projective varieties with a torus action of complexity one that are
not weakly tropical, the Picard group is torsion-free.

Lemma 4.4.1. Consider a variety X (A, P, ®) with a torus action of complexity one
and consider vo € rlv(®). Then the following holds for the number of generators
of Q(vo N E) and the number of rays of P(§):

# gen. of Q(yoNE) | # rays of P(7)
P(v3) leaf cone, X Q-factorial >p(X)+r—1 < dim(X)
P(vg) € ™2 leaf cone, X complete | = p(X)+r—1 = dim(X)
and Q-factorial
P(~§) big cone <dim(X)+p(X) =2 | >r+1
P(vg) elementary big cone =dim(X) +p(X)—2|=r+1

Proof. For a Q-factorial variety X, all cones of the fan of the canonical toric ambient
variety are simplicial. This implies that the number of rays of a leaf cone P(7g)
is bounded from above by dim(X). Therefore the dimension of the corresponding
Gale dual F-face 7o is bounded from below by n +m — dim(X) = r — 1 + p(X).
For complete X the tropical variety trop(X) is contained in the support of the
fan ¥ of the minimal toric ambient variety of X. Since the leaves of trop(X) are
of the same dimension as X, we conclude that the leaf cones P(v5) € ¥™** have
exactly dim(X)-many rays if X is complete. In particular, the corresponding Gale
dual F-faces vy € cov(®) then have exactly n +m — dim(X) = p(X) +r — 1 rays.
Big cones P(v3) have at least r + 1 rays, hence the number of rays of vy is at
most n +m — (r + 1) = dim(X) 4+ p(X) — 2. In case of elementary big cones,
equality holds. O

Lemma 4.4.2. Consider a non-toric variety X = X (A, P,u). If there exists vy €
rlv(u) whose dimension is strictly greater than p(X), then there exists a proper face
Y1 = Yo such that u is contained in the relative interior of Q(y1).

Proof. We set w;; 1= Q(e;;), wy := Q(ex) and
I = {ij, k; e;j,er € Y, wij, wy are contained in a ray of Q(vo)}.

Now consider the cone o := cone(w;;, w; ij,k € I) € Kg. Since the K-grading of R
is pointed, Q(v0) equals o and hence u € ¢° holds. Thus Carathéodory’s Theorem
implies the existence of a subset B C I such that w is contained in the relative
interior of cone(w;j,wy; ij,k, € B) and such that the family (w;;, wy; ij,k € B)
is linearly independent. The latter implies that v, := cone(e;;, ex; ij,k € B) is a
proper face of ~y. Hence 7, is as wanted. O

Lemma 4.4.3. Let X = X (A, P,u) be a non-toric variety and consider vo € cov(u).
If there exists a proper face v1 < o such that w € Q(v1)° holds, then P(v§) € ¥ is
a leaf cone.

Proof. Since vy is a minimal element of rlv(u), the face 41 < + is not a relevant
face. But Q(y1) contains w in its relative interior, which means that vy < ~ is not
an §-face. In particular, P(77) is not a big cone, i.e. P(y7) Nrelint();) = () holds
for a leaf \; of the tropical variety of X. Hence P(vg) < P(~;) implies that P(vg)
is not a big cone, either. But all F-faces define either big or leaf cones, so P(vg) is
a leaf cone. O

Corollary 4.4.4. Let X = X (A, P,u) be a non-toric variety and consider vy €
cov(u). If the dimension of o is strictly greater than p(X), the corresponding Gale
dual cone P(vg) is a leaf cone.

As a consequence of Corollary [£.4.4] we may enlarge the table from Lemma[{.4.]
in the case of Q-factorial varieties X (A, P, u):



4.4. BASE POINT FREE MONOID OF T-VARIETIES OF COMPLEXITY ONE 153

Corollary 4.4.5. Consider a non-toric Q-factorial variety X = X (A, P,u) and
let vo € cov(u) such that P(~) is a big cone. Then the following holds:

(i) The dimension of o is exactly p(X).
(ii) The dimension of P(~g) is exactly dim(X) 4+ r — 1.

In particular, P(v§) is an elementary big cone if and only if X is a surface.

Proof. According to Corollary [£:44] the dimension of 7y is less than or equal
to p(X). Note that Q-factoriality of X implies that Q(vo) is of full dimension, hence
the dimension of 7y, is at least p(X). Together, this proves (i). Via Gale duality the
first assertion implies that the number of rays of P(vg) is exactly dim(X) 4+ r — 1.
Since X is Q-factorial, the cone P(+{) is simplicial, which proves the second asser-
tion. The supplement follows since an elementary big cone has exactly r+1 rays. O

Corollary 4.4.6. Let X = X (A, P,u) be a non-toric Q-factorial variety. Then the
maximal big cones o € 3 are full-dimensional. In particular, each big cone in the
fan X of the minimal toric ambient variety of X is a face of a full-dimensional big
cone o € XM,

Proof. We showed in Corollary [£.4.5] that a maximal big cone is of dimension
dim(X) +r—1=r+ s = dim(Ng), i.e. it is full-dimensional. Since each big
cone T € ¥ is a face of a maximal big cone o € X™** the assertion follows. O

Corollary 4.4.7. Let X = X (A, P,u) be a non-toric Q-factorial variety and con-
sider yo € cov(u). If Q(yvoNE)NPic(X) is not saturated in Pic(X), the correspond-
ing Gale dual cone P(~]) is a leaf cone.

Proof. Since X is Q-factorial, Corollary [1.4.6]shows that the maximal big cones of 3
are full-dimensional. Hence Proposition [£:2.6] implies that for a big cone o € L™
the embedded monoid Q(6* N E) C Q(lin(6*) N E) is saturated. Thus the second
assertion of Lemma shows that Q(6* N E) N Pic(X) C Pic(X) is saturated.
Since the embedded monoid Q(vy N E) N Pic(X) is not saturated in Pic(X), we
conclude that P(() is a leaf cone. O

Corollary 4.4.8. Let X = X(A, P,u) be a non-toric variety being not weakly
tropical. Then the following hold:

(i) If X is Q-factorial, the Picard group Pic(X) of X is torsion-free.
(ii) If X is locally factorial, the class group C1(X) of X is torsion-free.

Proof. Since X is not weakly tropical, there exists a big cone 7 in the fan ¥ of
the minimal toric ambient variety Z of X. If X is Q-factorial, Corollary [£.4.6]
shows that 7 is contained in a full-dimensional big cone o € . The existence of
a full-dimensional cone in the fan ¥ implies that the Picard group of Z is torsion-
free. Since the Picard groups of X and Z coincide, this yields the first assertion.
To prove the second item, note that via Gale duality, o corresponds to a relevant
face vy € rlv(u) having dimension p(X). This means that the monoid Q(yo N E) C
Cl(X) has p(X) generators. If X is locally factorial, then Q(voNE) generates C1(X)
as an abelian group, i.e. C1(X) is generated by p(X)-many elements. We conclude
that C1(X) is torsion-free. O

Corollary 4.4.9. Let X = X (A, P,u) be a non-toric Q-factorial variety and denote
by X the fan of the minimal toric ambient variety of X. If one of the following
equivalent conditions is fulfilled, then BPF(X) C Pic(X) is saturated:

(i) The set ™ contains no leaf cones.

(ii) Fach leaf cone T € ¥ is a face of a big cone o € 3.

iii) The covering collection cov(u) consists of p(X)-dimensional cones.
)

(i
(iv) Y™ consists of cones having dim(X) +r — 1 rays.
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Proof. The fact that BPF(X) C Pic(X) is saturated if condition (i) holds is an
immediate consequence of Corollary[£.4.7} The equivalence of (i) and (ii) is obvious.
Via Gale duality, the members of the covering collection correspond to the cones
of ¥™2* which proves the equivalence of (iii) and (iv). The implication “(i)=-(iv)”
was proven in Corollary [£-4.5] while the reverse was shown in Lemma [1.4.1] O

Corollary 4.4.10. Let X = X (A, P,u) be a non-toric Q-factorial variety and
denote by X the fan of the minimal toric ambient variety of X. If one of the
criteria of Corollary [{.4.9 together with one of the following criteria is fulfilled,
then X fulfills Fugita’s base point free conjecture, Conjecture [{.0.1]

(i) The variety X is projective and log terminal.
(ii) The canonical class Kx is semiample.

Corollary 4.4.11. Let X = X (A, P,u) be a non-toric Q-factorial variety and
denote by X the fan of the minimal toric ambient variety. If for all0 <i <r

Z ne > p(X)+r
0<e<r
i£i
holds, then X contains no mazimal leaf cone. In particular, BPF(X) C Pic(X) is
then saturated.

Proof. Assume that there was a leaf cone ¢ € ¥™**. Lemma explains that
the face vy € cov(u) with o := P(v3) has exactly p(X) + r — 1 rays. Note that o
is contained in a leaf \;, of trop(X). Hence cone(e;;) = 7o holds for all 0 <14 <,
i # 19, 1 < j < n;. This means that

no+...+njg—1+ 041 +...+n, < p(X)+r—1

holds, contradicting the formula in the Corollary. We conclude that ¥ contains no
maximal leaf cone. Thus Corollary completes the proof. O

Corollary 4.4.12. Let X = X (A, P,u) be a non-toric Q-factorial variety and
denote by ¥ the fan of the minimal toric ambient variety. If at least p(X) + 1
monomials Til"' of the relations go, . . ., gr-—2 contain strictly more than one variable,
then ¥ contains no mazimal leaf cone. In particular, BPF(X) C Pic(X) then is
saturated.

Proof. Choose an index 0 < ¢ < r. By assumption, at least p(X) elements of
the set {ng,...,ni—1,Nit1,...,n,} are strictly greater than one. Furthermore, the
remaining r — p(X) elements are greater than or equal to one. Hence the sum on

the left-hand side of Corollary [4.4.11]is at least 2p(X) + (r — p(X)), which equals
p(X) 4+ r. Thus Corollary [4.4.11| completes the proof. O

Corollary 4.4.13. If X is an irreducible smooth rational projective non-toric vari-
ety of Picard number at most two admitting a torus action of complexity one, then
the base point free monoid of X is saturated.

Proof. In Picard number one, by a result of Liendo and Siif [49], X is either a
three- or a four-dimensional full intrinsic quadric with generator degrees deg(T;) =
1 € CI(X), i.e. the base point free monoid of X is saturated.

In Picard number two, all irreducible smooth rational projective non-toric va-
rieties are isomorphic to a variety listed in Theorem Note that according to
Corollary varieties Nos. 1, 2, 4, 5, 6, 7, 8, 9 and 13 have a saturated base
point free monoid. Corollary [£.4.7shows that for Nos. 3, 10, 11 and 12 it is sufficient
to consider the leaf cones P(v3), 7o € cov(u). For varieties Nos. 3, 11 and 12, there
are no leaf cones in ¥™#*. For variety No. 10, the only leaf cone in X™** is P(v{y5),
where we set as before

’)/gl___gs = COIle(egl,. cey egs)
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with the canonical base vectors e¢; € E = Z"t™. Since Q(vy125 N F) defines a
saturated monoid in the class group of variety No. 10, the base point free monoid
of this variety is saturated. (]

Corollary 4.4.14. If X is an irreducible smooth rational projective non-toric va-
riety of Picard number at most two admitting a torus action of complexity one,
then X fulfills Fugita’s base point free conjecture, Conjecture [{.0.1]

4.5. Base point free questions for T-varieties of complexity one and
Picard number one

We investigate the base point free monoid and Fujita’s base point free con-
jecture, Conjecture for irreducible rational non-toric T-varieties of complex-
ity one and Picard number one. If X is smooth, then by a result of Liendo and
St [49], X is either a three- or a four-dimensional full intrinsic quadric with gen-
erator degrees deg(T;) = 1 € Cl(X). Thus its base point free monoid is saturated
and X fulfills Fujita’s base point free conjecture, Conjecture[4.0.1] In this section, we
generalize this result to the singular case: In Theorem [£.5.5 we use Frobenius num-
bers to show that rational non-toric Gorenstein varieties X (A, P,u) with C1(X) =Z
fulfill Fujita’s base point free conjecture.

Example 4.5.1. Here we give an example of a series of locally factorial non-toric
rational varieties X with a torus action of complexity one and non-saturated base
point free monoid BPF(X) C Pic(X) = Z. Let x1,z2 € Z>2 be coprime integers,
i.e. there exist integers a1, a2 € Z with —1 = a1 -x1 +as - z2, and set y := x1 - x5 — 1.
Consider the matrices
) -1 T2 0
P=|-y -1 0 z |, A:[é?_l},
1 0 a; ag

the graded ring R := R(A, P) and the surface X := X (A, P,u) defined by any
element u € Mov(R)°. The grading of R and the covering collection of X are
given by

Q=11 2 2] and cov(u) = {y34,7,7%},

where we set as before 74, ¢, := cone(ey,,...,ep, ) for the canonical base vectors
e; € Z*. The base point free monoid of X is the numerical monoid BPF(X) =
ling_,(z1,72) and we can use Sylvester’s formula, Proposition m to compute its
Frobenius number:
F(BPF(X)) = =1 -39 — 11 — 3.

In particular, for any arbitrary natural number m € Z> there exists a C*-surface X
whose global bound nx € Zx( such that nw is base point free for all ample divisor
classes w € CI(X) and all n > nx is bigger than m.

Remark 4.5.2. Let X be any irreducible normal quasi-projective variety. If X ful-
fills Fujita’s base point free conjecture, Conjecture[f.0.1] then X is Gorenstein. This
means that in Proposition [£.5.4 and Theorem [£.5.5] it is no additional restriction
to assume that X is Gorenstein.

Proof. Consider m > dim(X)+1 and £ € Ample(X)NPic(X). If X fulfills Fujita’s
base point free conjecture, then Kx 4+ mL is base point free. In particular, we
obtain Kx +mL = L for some L' € Pic(X). Thus, Kx = L —mL is contained in
the Picard group of X. |

Remark 4.5.3. Let X be a variety arising from a bunched ring. Denote by
L1,..., L, the ample elements of a Hilbert basis of the monoid of semiample Cartier
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divisor classes. Note that as a consequence of Corollary [1.3.2] a sufficient crite-
rion for X fulfilling Fujita’s base point conjecture, Conjecture is that Kx +
(dim(X) + 1)L; is an element of the conductor ideal of the base point free monoid
BPF(X) C Pic(X) for all Lq,..., L.

Proposition 4.5.4. Consider a non-toric Gorenstein variety X = X (A, P,u).
If p(X) = 1 holds and there are at least two monomials Tzl’ with n; > 2, then
Kx +mL is base point free for all ample Cartier divisor classes L and for all m >
dim(X) + 1, i.e. X fulfills Fujita’s base point free conjecture, Conjecture .

Proof. After suitable admissible operations, there is 1 < ax < r, x > 2, such that
ngs ... Ny > 2 and ng41,...,n, = 1 hold. We may apply Corollary [£.4.12] to see
that the covering collection of X consists of big cones. To be precise, we have

cov(u) = {cone(e;;), cone(ex); 0<i<z, 1<j<mn;, 1<k<m}.

This implies that the Picard group of X is given by

Pic(X) = ﬂ ling(w;;) N m ling (wy,) .
0<i<z 1<k<m
1< %0,

Since the grading of R(A, P) is pointed, we may assume that w”,wg € Zsg hold.
Note that lingz(w;;), 0 < i < @, and linz(wg), 1 < k < m, are free Z-modules of rank
one isomorphic to w%Z and to w{Z, respectively. Since Z is a principal domain and
Pic(X) is a submodule of the finitely generated free module ling (w1 ) of rank one, we
conclude that Pic(X) is a free Z-module. This means that Pic(X) = lingz(L) holds
with some L € Pic(X), L° € Z~q. In order to show that X fulfills Fujita’s base point
free conjecture, it is thus enough to show that P := Kx+(dim(X)+1) L is contained
in the conductor ideal of the embedded monoid BPF(X ) C Pic(X). Note that by
the above formula for Pic(X), wy;, 0 <4 <, and wy, 1 < k < m, divide L° and
thus w”7 2 <I%holdsfor0<i<z,1<k<m (%). Furthermore Corollary -
shows that the embedded monoid BPF(X) C Pic(X) is saturated. In order to prove
that X fulfills Fujita’s base point free conjecture, it hence remains to show that P°
is strictly greater than zero. Note that w;; < deg(go)/2 holds for x +1 < i < r
since X is non-toric. Furthermore we have Kx = (r — 1) deg(go) — > wij — Y Wk.
Together with dim(X) +1 =37 jn;, —x+m+ 1 and (x), we obtain

PO

(r — 1) deg(go)° Z w Z w?l — ng
k=1

0<i<z 1=x+1
1<5<n;

x
(Zni—x+m+1)L0

=0
r T ~ 0
2 (G5 Ddegl)® = D, wly + Qm—z L.
<ilzm =0
Sz,

We distinguish the following two cases:

(i) There is an index 0 <i <z, 1 < j < ng, with w); = L°.
(i) We have wy; < L for all 0 <7 <z, 1 < j < no.
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In the first case, i.e. if there is an index 0 < i < z, 1 < j < ng, with w?j = L°, the
free part Z;“:l lijw?j of deg(go) is strictly greater than LY. We obtain

x
0 r,.z 0 0 0
PO > (545 - DE"+1) - >l + (z;)ni—xﬂ)L

0<i<z i=
1< <n;
T x 0 0
> (§+§—1)(L +1) + (—z+1)L
T x T x
= (z+Z—-1-az+1)L° —+=-1
(2+2 r+1) +(2+2 )
> 0,

where the last inequality is true since r is strictly greater than x. Now we treat
the second case, i.e. we assume that w?j < IL%holdsforall0 < i<z, 1<j<
ng. According to (%) we obtain w?j < L%/2 for all 0 < i < x. With this and
with ng,...,n; > 2 we then obtain

LO
PO > (g+g—1)deg(go)0 + (ot m) 5+ (o 1)L
LO
> 0+ (2(x+1))7 + (—x+1)L°
= 2L°.
Since LY > 0 holds, this completes the proof. (|

Theorem 4.5.5. Let X = X (A, P,u) be a non-toric variety. If CI(X) = 7Z holds
and if X is Gorenstein, then Kx + mL is base point free for all ample Cartier
divisor classes L and for all m > dim(X) + 1, i.e. X fulfills Fujita’s base point free
congecture, Conjecture [{.0.1]

Proof. After suitable admissible operations, we have ng,...,n;, > 2 as well as
Ngt1,-..,np = 1 for some 0 < 2 < r. Note that since the grading of R(A, P)
is pointed, we may assume that w;;, w, > 0 hold. Furthermore, since C1(X) = Z
holds, [3, Theorem 4.2.3 (iv)] implies that the exponents l;;, where x +1 < i < r,
are pairwise coprime. Since all monomials Tzl are Cl(X)-homogeneous of the same
degree, we conclude that

holds for all x + 1 < [ < r with some a € Z. In particular, the degree of the
relations g; is given as deg(go) = @ly+1,1---lr1. Let L be the Picard index of X,
i.e. we set L := [Cl(X) : Pic(X)]. In order to prove that X fulfills Fujita’s base point
free conjecture, it is sufficient to show that P := Kx + (dim(X) + 1)L is contained
in the conductor ideal of BPF(X) C Pic(X). We will show that this is true in each
of the three cases x = —1, x =0 and = > 1.

If £ = —1 holds, then we have ng = ... = n,, = 1 and the covering collection
of X is given by

cov(u) = {cone(e), 7¢; 1<k<m, 0<{<r},

where 7, := cone(e;1; 0 < i <7, i # ) holds. This implies that the Picard index
of X is L = lem(wg, o[[i_oli1; 1 <k < m) € Zs. Note that X is Q-factorial.
Thus Corollary [£.4.7] shows that the embedded monoids

Q(cone(ey) N E) N Pic(X) C Pic(X)

are saturated. In order to show that P is contained in the conductor ideal of the
embedded monoid BPF(X) C Pic(X), it is according to Lemma [4.1.13| (iii) sufficient
to show that P is contained in the conductor ideals of Q(7,NE) C Q(lin(m) N E),
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where 0 < ¢ < r holds. Note that the largest element of Q(lin(7,) N E) that is not
contained in the conductor ideal of Q(, N E) is

cp = 01151-7:<Hli1; 0<]'<?"aj7££>-

i=0
i#g4

We apply Lemma to see that

Cy = « lgl <(’I“— 1)Hli1 — Z H lj1>
=0 =0 75=0
i#£L 1£L j0
= (r—1)deg(go) Z Hlﬂ
l# J#l

holds. Note that we have dim(X)+1 = m+2. Since wy, divides L and thus wy, < L
holds, we obtain

P = (r—1)deg(go) Z Hlﬂ — Zwk + (m+2)L

1=0 7=0
J;ﬁz
> (r—1)deg(go) Z Hlﬂ+2L
1=0 7=0
i

T
= Cp — aHljl + 2L .
§=0
J#L
Recall that X is non-toric and thus the exponents [;; are strictly greater than one.
Furthermore, we obtain
a Hz , < L

J#
which proves P > ¢, + 3/2L > ¢;. As argued above, this shows that P is contained
in the conductor ideal of BPF(X) C Pic(X) if 2 = —1 holds.
If = 0 holds, then the covering collection of X is given by

cov(u) = {cone(eg;), cone(er), cone(eir,...,eq1); 1<k<m, 1<j<ng}.

In particular, wp;, 1 < j < ng, and wg, 1 < k < m, divide L. Note that we
have L = lem(wo;, wg; 1 <k <m, 1 < j < ng) € Zsg. Since X is Q-factorial,
Corollary and Lemma [4.1.13] (iii) show that the embedded monoids

Q(cone(epj) N E) N Pic(X), Q(cone(er) NE) N Pic(X) C Pic(X)

are saturated. This means that in order to show that P is contained in the conductor
ideal of the embedded monoid BPF(X) C Pic(X), Lemma [4.1.13| (iii) shows that
is sufficient to prove that P is contained in the conductor ideal of the embedded
monoid

Q(cone(ery,...,e.1) NE) C Q(lin(cone(err,...,eq1)) NE).

The largest element of Q(lin(cone(eqy,...,er1)) N E) that is not contained in the
conductor ideal of this monoid is

c = a]—'(ﬁlﬂ; 1<j<r> = (r—1)deg(go) Z Hlﬂ’

i=1 i=1 j=1
i#£] J#i
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where the second equality holds according to Lemma [£.1.4] Note that we have
dim(X) + 1 =no +m+ 1. Since wy; and wy, divide L and thus wg;, wy < L holds,
we obtain the following:

P = (r—1)deg(go) ngj Za Hljl - Zwk + (np+m+1)L
i=1 ];l k=1
> (r—1)deg(go) Z H11+L

=1 =
J?él

= ¢+ L.

Because of L > 0, the above computation shows that P > ¢ holds. This proves that
P =Kx + (dim(X) + 1)L is contained in the conductor ideal of BPF(X) C Pic(X)
if = 0 holds.

Now we treat the final case x > 1. Here we may apply Proposition to see
that X fulfills Fujita’s base point free conjecture. O

Remark 4.5.6. The statement of Theorem [£.5.5] is not true for higher Picard
numbers, see, for instance, Example [£.9.6]

4.6. Base point free questions for T-varieties of complexity one and
Picard number two

We investigate the base point free monoid and Fujita’s base point free con-
jecture, Conjecture [£.0.1] for varieties with a torus action of complexity one and
Picard number two. Although there are in general semiample divisor classes that
are not base point free, Proposition [£.6.3] shows that a non-toric locally factorial
variety X = X (A, P,u) that is of Picard number two fulfills Fujita’s base point
free conjecture ([4.0.1]) if and only if the same statement holds with base point free
replaced by semiample, i.e. if Kx + mL is semiample for all m > dim(X) + 1 and
for all ample Weil divisor classes £. Hence in this case Fujita’s base point free
conjecture is a question of convex geometry rather than of monoid membership.

o clement of S := BPF(X)

O element of S\ S

. l e O ¢ o o o o s [ cone(S)

® clement of ¢(5/S)

Example 4.6.1. Here we give an example of a locally factorial projective variety
whose base point free monoid BPF(X) is not saturated. Consider the matrices

-7 -2 3 00
P=| -7 -2 0 10 1 and A= [

-3 -1 1 1 0
as well as the graded ring R := R(A, P) and the variety X := X (A, P,u) defined
by the Weil divisor class (1,2) € Mov(R)°. The grading of R and the covering

0 -1 1
1 -1 0
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collection of X are given by

1 -2 1
Q=11 1 3

This yields SAmple(X) = cone((1,1),(0,1)) and the base point free monoid is the
intersection of Q(y123 N E) and Q(v345 N E) illustrated in the above picture. Note
that X is locally factorial, i.e. Pic(X) = CI(X) = Z? holds. As the above figure
indicates, the embedded monoid BPF(X) C Pic(X) is not saturated; for instance
(0,1) € CI(X) is semiample but not base point free. The region shaded in dark gray
indicates the conductor ideal of BPF(X) C Pic(X). According to Proposition [1.6.3]
the variety X fulfills Fujita’s base point free conjecture. This is indeed the case
since Kx + (dim(X) +1)(1,2) = (0,4) + 3 (1,2) is contained in the conductor ideal
of the base point free monoid.

3
_1 and cov(u) = {V123, V345, V25, Y14} -

In the following we consider non-toric locally factorial varieties X = X (A, P, u)
of complexity one and of Picard number two. Recall that according to Remark[1.3.3]
local factoriality of X implies that for all relevant faces g € rlv(u), the embedded
monoid Q(yo N E) C CI(X) is spanning. Note that Lemma implies that the
fan ¥ contains a big cone. Hence Corollary (ii) shows that C1(X) is torsion-
free, i.e. C1(X) = Z? holds. We will frequently work with the canonical base vec-
tors e;;, e, € E = Z""™ and the faces

Viritriagaskrsky = CONE(€4 1y s CinjusChis--vyChy) = 7V

of the positive orthant v = g‘gm. With w;; = Q(e;;) and wy, = Q(ey), the columns
of the 2 x (n + m) degree matrix @ will be written as

wy; = (wjj,wy;) € Z? and wy, = (wp,wi) € Z°.
Lemma 4.6.2. Let X = X (A, P,u) be a non-toric locally factorial variety of Picard
number two such that ng+1 = Ngyo = ... =n, =1 holds for some 0 < x < r. Then

the following hold:

(i) There are a, B € Z such that for alli = x4+ 1,...,r, the l;; are pairwise
coprime and we have

T T
1 2
wy = H lor, wih = B H o1

l=z+1 l=z+1
i i
(ii) If cone(egr, ez, €i1; i =x+1,...,7) is a relevant face and n, = 2 as well

as wy1 = (1,0) hold, then ged(lze, ln) = 1 holds for alld =x+1,...,r
and we have

r

2

Wyo = H li1, laa = B.
Jj=x+1

(iii) If in (i) additionally o = 0 holds, then we have wl, = —lz

(iv) If in (iii) additionally x = 0 holds, then cone(eg1, €g2,€11,€21,- - -, €r—1,1)
s not a relevant face.

—

)

Proof. Recall that all relations g; of R(A, P) are homogeneous of the same degree
in CI(X) = Z2. This means that l,411Wz411 = ... = l1w,q holds. Since the
class group of X is torsion-free, [36, Thm. 1.1] implies that the exponents I;;,
x4+ 1 < i <r, are pairwise coprime. Together, this proves (i). For (ii), note that
the homogeneity of the relations g; yields

lowlke = B [ ln. )

l=x+1
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Furthermore, the torsion-freeness of Cl(X) and Theorem 3.4.2.3 (iv) of [3] show
that Iy and ged(lp1,ly2) are coprime for all z +1 < £ < r. Thus, I, = —lpwly —
lpiwl, implies that [, and Iy are coprime for all z + 1 < £ < r. Together with (x)
we obtain

T
5[] o = wiy and Gl = B
l=x+1
for some § € Z. Note that since 7 := cone(ez1, €z2,€;1; ¢ =+ 1,...,r) is relevant,
local factoriality of X implies that Q(7 N E) C Z? is a spanning embedded monoid
and thus

holds. We conclude 6 = 1, which completes the proof of (ii). Assertion (iii) is
an immediate consequence of the homogeneity of the relations g;. We turn to
statement (iv). Note that ged(wd,, wds,w?; € = 1,...,7 — 1) = l,; > 1 holds,
i.e. the embedded monoid @Q(cone(eps, €o2, €11, €21, - --,€r—1,1) N E) C CI(X) is not
spanning. Thus, local factoriality of X completes the proof. |

According to Remark local factoriality of X = X(A, P,u) implies in
particular that the effective cone Eff (X) is of dimension two. Since X = X (A, P, u)
is projective, Eff (X) is decomposed into two convex sets

Eff(X) = 7t ur™
such that 77 N7~ = cone(u) holds. Recall that due to dim(SAmple(X)) = 2 and

to u € SAmple(X)°, each of 7+ \ cone(u) and 7~ \ cone(u) contains at least two of
the weights w;;, w,.

Although the base point free monoid BPF(X) C Pic(X) of a locally factorial
variety X = X (A, P,u) of Picard number two is in general not saturated, we obtain
the following statement:

Proposition 4.6.3. Let X = X (A, P,u) be a non-toric locally factorial variety of
Picard number two. Then the following are equivalent:
(i) X fulfills Fujita’s base point free conjecture, Conjecture
(il) Kx +mL is semiample for all m > dim(X) 4+ 1 and for all ample Weil
divisor classes L.

Proof. By definition, a base point free Weil divisor class is semiample, thus (i)
implies (ii). For the reverse direction consider m € Z, m > dim(X) + 1 and denote
by £ an ample Weil divisor class. It is to show that Kx + mL € BPF(X) holds.
By Corollary [£.4.7, maximal big cones o € X yield saturated embedded monoids
Q(6* N E)NPic(X). This means that those monoids contain Kx +mL. It remains
to show that x+m/L is contained in Q(6*NE) for all leaf cones o € ¥™**. Consider
a leaf cone o € ¥™2*, Note that it is sufficient to prove that Kx + (dim(X) + 1)L
is contained in the conductor ideal of the embedded monoid S := Q(6* N E) C
Z2. Recall that Lemma gives a formula for a point gg € CI(X) such that
(gs + cone(S)°)NZ2? C ¢(S/S) holds. Thus it is sufficient to show that

Kx + (dim(X)+ 1)L € gs + cone(S)° (%)
holds. After suitable admissible operations we have o C A\g and ny > ... > n,. Let

vy = t{eg;; eoj € 0%} and voo = t{ex; ex €67},
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Lemma explains that the cone 6* has exactly p(X)+r—1=r+1 rays. Hence
we obtain that vyg +ni; + ...+ n, + v = 7+ 1 holds. This gives the following
three cases; we will show that (x) is fulfilled in each of them:

(I) We have vg = v =0, ny =2and ng =...=n, = 1.
(IT) We have vy =1, voo =0 and ny = ... =n, = 1.
(ITIT) We have vg =0, voo =l and ny = ... =n, = 1.

Case (I). The Gale dual of the leaf cone o € ¥™?* is given by ¢* = v11,12,21,... r1-
The homogeneity of the relations g; yields w;; € cone(w,;) for all i = 2,... 7.
This shows in particular that cone(S) = cone(wsy,wi2) and thus SAmple(X)° C
cone(wi1,w12)° holds. Hence we may assume that w1y € 77, w1z € 71 and woy €
77 hold. Furthermore, by multiplication with an unimodular (2 x 2)-matrix from
the left, we arrive at wyy € cone((1,0)), we; = doi(a, B), ..., wr1 = dp1(e, B) with
some d;1 € Z>1 and some integers 0 < o < 3. The situation is as follows:

A
Wr1 ®

w21 e u

o W12

We show that ng = 1 is not possible. Assume that ng = 1 holds. This means that
there is dg1 € Z>1 such that wy; = do1 (e, §) holds. Note that local factoriality of X

and cone(egr, €11, €21, - .., €r1) € rlv(u) imply that the minors of
wh d010é dgloé e drla
0 dnfB daf ... dnf

are coprime. This yields 3 = 1 = w}; and a = 0. Lemma m (iv) thus shows
that cone(egi, e11€12,€21,...,€r-1,1) is not a relevant face, which is a contradic-
tion. Hence ng > 2 holds, and the homogeneity of the g; implies that there
is 0 < j < ng such that wp; € 71 holds. After suitable admissible operations we

have w1, ..., wo, € 7T and wo g1, ..., wo, € 7~ for some 1 < x < ng. In partic-
ular, vp;,11 € rlv(u) holds for all 1 < j < z. Applying Remark to Y0411, we
obtain ng =1forall 1 <j <z andw}, =1. Together with Lemma we thus
obtain that l;5 = 3, ged(li2, wi,) =1 and
T r
koo ok ek |1 why | o[l | | allea || x - o*
[ iz
Q = r r ) TT . (Il)
1---1x%---%|0 Hlél llgnlgl 1121_[1@1 * e X
(=2 (=2 (=2
0£2 i#r

We now compute gg explicitly. Since 6* = 711,12,21,...,-1 holds, S is generated by
W11, W12, W21y« 5y Wpl. Note that we have W1, ..., Wr1 € cone(wn, wlg). In the
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notation of Setting [L.I.17] we thus obtain

T
Dy = det(wir,wi2) = Hleu
(=2
Dy = gcd(Dl, ho [ 1, Hzaauwb—al‘[la))
=2 =2 =2
042 042
= gcd<D17 112H1617 (lll)Hlm)
=2 =2
042 042
K
= ng(lzh ly2, 111) H lor.
=3

According to Lemma [4.6.2] (ii), the integers l1» and ly; are coprime. Hence we
conclude that Dy = []j_5le holds. Analogously, we obtain D; = []j_,, L for
all1 <i<r—1and D, =1. We thus arrive at

B T Djfl . 2
gs = Z(DJ_ )wjl_;wlj

=2

= (lo1 —Dwor + ... (L1 — Dwrr — w11 — wi2
= (r—1)deg(go) — an — w11 — Wi2-
i—2

Recall that x = (r — 1) deg(go) — Y w;; — Y wy, holds. By subtracting gg in (x)
we see that in order to complete the proof in Case (I), it is sufficient to show that

no m
Pr(L) == — Zwoj - Zwk + (dim(X) 4+ 1)L € cone(wyy,wi2)® (*1)
j=1 k=1

holds for all £ € Ample(X) N Cl(X). We divide Case (I) in the following three
subcases:

(I)(a) We have wg; € 71 for all j =1,...,no.

(I)(b) We have ng =2, wo; € 7+ and wez € 7~

(I)(c) We have ng > 3, wo1,...,wo,; € 71 and wo 441, - -, Won, € 7~ for some

1 <z < ng.
In (I)(a), we have wo; € 71 for all j = 1,...,n9. Since u € Mov(R)® holds,
suitable renumbering of weights yields w1, ..., w, € 7% and wy41,...,w, € 7~ for

some 0 <y < m — 1, i.e. the situation is as follows:
A

Wr1 @
7'+ .
. =
Wk, k <y w21 e u
w12 e
Wk, k >y
Woj;

Consider an index y +1 < k < m. Since v12.x, Y05,k € rlv(u) holds, Remark
yields

T

1 = w, H Iy — wiwi, and 1 = w} — wiwéj .

(=2
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The second equation shows in particular that wf, = ... = w},, = (wj —1)/wi or
wi =0, wi = 1 holds for all k¥ > y. Note that the latter is not possible since then
the first of the above equations would yield 1 = szz lpy which contradicts lpy > 2,
¢=2,...,r. Thus, we have wj;, = ... = wp,, = (w;—1)/w} for all k > y. Together
with the homogeneity of go, this yields wq; € cone(ws1). Since we have ng =1
and 0 < a < 3, we obtain 0 = a = w(l)j. The homogeneity of the relation gy yields

w12 = —l11/l12 and the above equations show that w,ﬁ =1 and
1—wiy)l
w2 = § = (1 —wiy) lo
l11

hold. In particular, we have w < 0. Now consider 1 < k <y. Since y11,, and Yim,
are relevant faces, Remark yields w? =1 and 1 = 1 — dw}, i.e. w}, = 0 holds.
We thus arrive at

0---0]1 _% 0 0 0---0 1---1

QR = 1---110 Hla 1121‘[1[1 1121‘[[“ 1---1 &§---9§
(=2 (=2 (=2
£#2 i#r

Note that 701,11 € rlv(u) holds. We conclude that we have SAmple(X) = Q2.
In order to prove (%7), it is thus sufficient to show that P;((1,1)) is contained in
cone(wi, w12)°. Since ¢ is strictly negative and dim(X) 4+ 1 = ng + m + 1 holds,
we obtain

Pr((1,1)) (X)+1)(1,1)

() () rmn () (1)
() )+ ()

€ (@220)0~

Note that (Q2,)° C cone(w;q,wi2)° holds, i.e. the above computation completes
the proof in case (I)(a).

We turn to (I)(b). We have ng = 2, wg; € 7+ and wgpa € 77. After suitable
renumbering of variables, there is 0 < y < m such that wy,...,w, € 71 and

Wy41,..., Wy € 7~ hold. Applying Remark to 01,11 and to y11k, k < ¥,
yields the following:

I
|
\g
5
|
]
£
_|_
E
8

I T
* k|1 wiy allla |- | alla || %% % - %
=2 =2
_ 0#2 0F#r
Q - T r r
L o« |0 Jlla|lbellla| - |lellla |1 -1 % - x
(=2 =2 (=2
0#2 L#Tr
A
We1 @
Tt .
W12 e W21 e w 7
wo2
wo1, m
Wi,k <y Wk, k >y
w11 i
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Because of 792,12 € rlv(u), Remark yields

s
1 = w(l)2 H log — w%zwi2 .
=2
Since wg, is strictly positive, we obtain that wi, and wg, have the same algebraic
sign. Furthermore, the first summand of the right-hand side is strictly greater than
one. Thus, wi,y, w2, # 0 and

1 s
2 _ Wp2 Hz:2 ln —1
w2, = —02llp=270 "~
02 1
Wig

hold. Note that dim(X) + 1 = m + ng + 1 and SAmple(X) C cone(w;1,ws2) hold,
i.e. in order to prove (xy) in Case (I)(b), it is enough to show that

—wo1 + L, —wes + L, —wg + L € cone(wii,wia) (*1p)

holds for all £ = (L1, £2) € Ample(X) N CL(X). We will show the claims of (%)
in the two cases wi, < 0 and wiy > 0.

First assume that wi, < 0 holds. We consider —w + £ with @ = (10, 102) €
{wo1,wr; 1 <k < y}. Note that we have we = 1 and Lo > 0, i.e. —o+ Lo is greater
than or equal to zero. Furthermore, we have w; < 0. Thus, £ € cone(w,w11)° N
cone(wpa, wi2)° shows that

—w+ L € K := cone(wiy,wr2)
holds, which proves (xg) for w. For —wqa, the situation is as follows:

w12

—Wo2

wo2
We see that —wps + £ € cone(—wpz,w11)° holds. Thus we have
—Wo2 + L € COHG(*U)OQ, ’LU12)O U cone(wll, w12) .

Remark applied to 7p2,12 shows that (—wgg,wi2) is a lattice basis for Z2.
If —woo + L € cone(—wpz, wi2)° held, there would be a,b € Zq such that —wgs + L
equals a(—wg2) 4+ bwya. This would yield

L = (a—1)(—wo2) + bwiz € cone(—wpa, wi2),

which contradicts the ampleness of £. Hence we conclude —wgo+L € cone(wi, wi2).
Analogously, we see that —wy + £ € cone(wi1,w12) holds for all y + 1 < k < m.
We now turn to the case wb > 0. Since 0 < a < o, w%l =1 and wyy €
cone(wg1, wp2)° hold, we obtain wj; < 0. This shows that —wg; + £ is contained
in cone(wsy,w12). Remark applied to 92,12 shows that (wge,w12) is a lattice
basis for Z2. Since SAmple(X) C cone(wpz, w12) holds, each ample class £ has a
representation £ = awgs+LBwi2 with integers a, 8 € Z~g. This shows that —wgo+L
is contained in cone(wgz, w1z2). We showed above that w%z has the same algebraic
sign as wi,, which implies in particular that —wga+ L is contained in cone(wi1, w12).
Consider an index 1 < k < y. Remark applied to o2 yields 1 = w}, —
wgyw} (%), i.e. w) > 0 holds. Note that w?,/wiy > w3, /wi; > 1 holds. Since
(wo2,w12) is a lattice basis for Z2, we conclude that w3,/wl, > 1 holds. Together
with (%), this gives
2
w,i < L(Fwi = 1- 1 1
Wo2 Wo2
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We conclude that w}, = 0 holds. Since L5 is strictly positive, we obtain that —wy, +
L = (L1,Lo — 1) is contained in cone(wi1,wi2). Now consider a weight wy € 7.
Remark applied to y12,; shows that w,%, > 0 holds and that (wg, wi2) is a lattice
basis for Z*. Since SAmple(X) C cone(wy,wi2) holds, each ample class £ has a
representation £ = awy+Swio with integers «, 5 € Z~¢. This shows that —wg+L is
contained in cone(wy, wi2). Because of wi > 0, we obtain —wy+L € cone(wyq, wi2).
As argued above, this completes the proof in Case (I)(b).

We turn to Case (I)(c) where ng > 3 holds. Moreover, for some 1 < z < ng,
we have w1, ..., wor € 7T and Wo 441, .. ., Won, € 7~ . After suitable renumbering
of variables, there is 0 < y < m such that wy,...,w, € 77 and wy11,...,w, €
7~ hold. Recall that the degree matrix is as in (I.1). Applying Remark to
Y11k, k <y, yields w,% =1foralll <k <y, i.e. the weights are arranged as follows:

A
Wr1 @
7'+ .
. =
Wia e W21 e U
. Wog,5 > =
Woj,j <=z We. k
Wk, k <y St =Y
W11

Consider an index = + 1 < j < ng. Since vo;,12, Y01,0; € rlv(u) holds, Remark
yields
1 = wéjwfz — ngwb (i) and 1 = wéj —ngwél (ii) .
Note that w jwfz > 2 holds. Thus, the first of the above equations shows in particu-
lar that ng and w1, are non-zero and have the same algebraic sign. By inserting (i)
into (i), we obtain 1—w, = w; (wg; wiy —wi,). Note that since wiy = [Ty len > 2
and thus 1 — w?, < 0 holds, we have wg;wi, — wl, # 0. We conclude that
2
6y = wl = 1521 ! ; L2 — (IL1)
Wp1Wip — Wi
holds. Together with the second of the above equations, we arrive at
1 1
= W)
Wp1 Wiy — Wi
In particular, we have §; = wéj > 0 since wo; is contained in 77. Analogously,
we apply Remark t0 Yo1,k Y12,k € rlv(uw) for all y +1 < k < m and obtain
wy, = (01, 02). Since Yop,,0; € rlv(u) and ng =1 hold for all 1 < j < z, the above
formulas for w},,, and w§,  show in particular that we1 = ... = wg, holds. Now
consider an index 1 < k < g, i.e. wy € 71 holds. Since Yone,k € rlv(u) holds, the
above formulas for wg,,, and wg,, yield wy, = wo;. We arrive at

w(l]l"'wél 61"'61 1 ’w%2 Oél_[lgl O{ngl

i 7

[wijli; = i, r r ,

1 -1 dg -+- 02 |0 Hj:Qljl llQHlfl 1121_[1[1

=2 =2

0#£2 (£

1 1
_ wep o Wy 01 v 01
[weli = R T OO A

We now show that (x;) is fulfilled in Case (I)(c). Let £ € Z? be an ample class.
Recall that in the beginning of Case (I) we obtained SAmple(X)° C cone(wi,w12)°.
This proves Lo > 0 and £ € cone(wy1,w12)°. Since ny + ...+ n,. = r + 1 holds,
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we obtain dim(X) +1 =n+m —r = ng + m + 1. This means that in order to
prove (x7) in Case (I)(c), it is sufficient to show that —(wd;, 1)+ £ and —(81,82) + £
are contained in cone(wsi,wia). First consider (wf,1) € 7F. Since w3; = 1 and
w3, > wi; > 0 hold, we obtain w{; < 0. Together with £ € cone(w1,w12)°, this
yields —(w};, 1) + £ € cone(w1,w12). Now we consider 6 := (81, d2) € 7. Here we
distinguish the subcases wi, < 0 and w}, > 0. If wi, < 0 holds, then because of
w(l)jw%Q > 2, equation (i) shows that ng = J3 < 0 holds. Thus, the situation is as

follows:

w12

w11

0
We see that —d + L is contained in the relative interior of cone(—4d,w;1). Thus,

—0+4+ L € cone(—d,wi2)° U cone(wiy, wiz)

holds. Note that Remark applied to 7on,,12 shows that (—d,wq2) is a lattice
basis for Z2. This means that if —§ + £ € cone(—§,w12)° held, there would be
integers a,b € Z~¢ such that —§ + £ = a(—9) + bwi2 holds. But this yields

L = (a—1)(=0d) +bwiz € cone(—d,wi2),

which contradicts the ampleness of £. Hence we conclude —d + £ € cone(w;1, wi2).
Now we assume that wi, > 0 holds. Together with equation (IL.1), w}; < 0,
w}y > 0 and 1 — w}, < 0, this yields do > 0. Since Yon,12 € rlv(u) holds, we
conclude that SAmple(X) C cone(wis,d) holds. Thus, each ample class £ has a
representation £ = awio + S0 with integers a, 8 € Z~¢. This shows that —d + L is
contained in cone(wia, d). Because of 6o > 0, this shows —§ + L € cone(w;1,wi2).

As argued above, this completes the proof in Case (I)(c).

Case (II). We have vy = 1, voo = 0 and ny = ... = n, = 1. Thus we
may assume that the Gale dual of the leaf cone o € X™®* is given by ¢* =
Y01,11,21,....r1. The homogeneity of the relations g; yields w;; € cone(w,1) for all
t=1,...,7. Since X is Q-factorial, the cone Q(6*) is two-dimensional. We may
assume that wo; € 7~ and wqq,..., wy,1 € 77 hold. Together with the homogene-
ity of the g;, this shows in particular that ng > 2 and wp; € 7 holds for some
2 < j < ng. Thus after suitable admissible operations, wg z+1,- .., Won, € 7+ and
W1, - .-, Wor € 7 hold for some 1 < < ng — 1. Furthermore by multiplication
with an unimodular (2 x 2)-matrix from the left, we arrive at wp; € cone((1,0))
and wyy,...,wy € cone((a,B)) for some integers «, 8 with 0 < o < 8. Note that
Lemma [£.6.2] (i) implies that

T T
w} = «a H Lo and w = B H loi
0=1,04i 0=1,04i

hold for all 1 < ¢ < r. According to Remark [I.3:3] local factoriality of X to-
gether with vp1,11,..01 € rlv(u) yields § = 1 and wo1 = (1,0). In particular,
this implies a = 0. After suitable renumbering of variables, there is 0 < y < m
such that wq,...,w, € 77 and wy41,...,w, € 71 hold. Consider 2 < j < x
and 1 < k < y. According to Remark local factoriality of X together with
Y05,11,21,....715 Vk,11,21,...,r1 € Ilv(w) shows that wéj = wj = 1 holds. The homogene-
ity of the relations g; together with deg(g;)! = 0 and w}; > 0 yields wéj < 0 for
some x + 1 < j < ng; say wéno < 0. The situation is as follows:
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A
Wr1
T+
wi1
u
Woj,j>x
Wk, k>y
-
wer .
Woj,j<z
Wk, k<y
1 1
L1 o 1 whyy o wiy, 0 0
[wijli; = 2 2 2 2 5 .
R 0 wiy - Wi Wigyr 0 Wone | [Lla |- | Illa |
(=1 (=1
(#1 [y
1 1
[w ] 1 PRI 1 wy+1 PRI wm
klk = .
2 2 2 2
wl DRI wy wy+1 DR wm

We now compute gg explicitly. Since 6* = 7o1,11,21,....,1 holds, S = Q(6* N E)
is generated by w1, w11, ws1,...,w,1. In the notation of Setting we thus
obtain

Dy = []in and Dy = gcd<D1, [T, 0) = ] la-
=2 =3

(=1
i£2

Analogously, we obtain D; = HZ:Z-H lpforalli =1,...,r—1and D, = 1. We
arrive at

" /D
i1
gs = Z (éj_—l> wj1 — W1 — W11
Jj=2
= (lor = Dway + ... (lp1 — Dwyy —wor — wiy
= (7“ — 1) deg(go) — Zwil — Wo1 -
i=1
Recall that Kx = (r — 1)deg(go) — > wi; — > wy and Q(6*) = Q%, hold. By

subtracting gg in (x) we see that in order to complete the proof in Case (IT), it is
sufficient to show that

Prr(L) = = wo;— > wp+ (dim(X)+ 1)L € Q% (x11)
Jj=2 k=1

holds for all £ € Ample(X) N Cl(X). We first show that ng > 3 holds.
Indeed, assume that ng = 2 holds. In this case, homogeneity of gg yields

l01+102w52 =0 and logwgz = Hlel.
=1
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Since ged(lo1, lo2) and Iy are coprime for all £ =1,... 7, we conclude that gy = 1,
wgy =11 -+ - 1,1 and wiy = —lp1 hold. Thus the degree matrix Q is given by
Q: 0 Hlfl Hlél Hlfl I
=1 (=1 i=1
(#1 f#r

Note that Q(v01,02,21,31,...,r1)° contains Q(6*)°. Thus the cone o1 ,02,21,31,..r1 IS &
relevant face. But the embedded monoid Q(701,02,21,31,....,1) € Z? is not spanning
because of l1; = ged(wd;, wiy, w3y, ..., w2 ). This contradicts Remarksince X
is locally factorial. Thus ng = 2 is not possible and ny > 3 holds.

Remark 2.5.1{applied to 701,05, j > 2, and to Yo1,%, k > y, implies w§; = wi =1
for all j > =, k > y. Applying again Remark this time to 7Yo;,0n,, j < ¥, and
t0 Yook, k <y, yields 1 = 1 — wg,wg,,, and 1 = 1 — wiwp,,, respectively. Since
w(l)no < 0 holds, this yields ng = w,% =0 for all j <z, k < y. Thus, we obtain the
degree matrix

Q=10...01---1 la |- | [Jlaf0o-0 1.1
i r

Set p := max(0, w(l)j, wh; *+1<j<ng,y+1<k<m). Then SAmple(X) =
cone((1,0), (u, 1)) holds. We consider the ample class £, := (u + 1,1). Note that
in order to prove (%), it is sufficient to show that P;;(L£,) is contained in Q2.
Since ny + ...+ n, = r holds, we obtain dim(X)+1 =n-+m —r = ng+ m. Hence
it is sufficient to show that for all w € {wo;, wi; 2 < j < ng, 1 <k < m}, the Weil
divisor class —w + £, is contained in Q2%,. First consider wg;, wy € 7. Recall
that this means that wg; = wy = (1,0) holds. We obtain

—woj + Ly = —wp+ L, = (p,1) € Q2.

Now let woj;, wy, € 7F. We showed above that ng = wi = 1 holds and by definition
of u, we have p > ng, w?. We conclude

—wo;j + L, = (—wéj +pu+1,0), —wi+L,=(~wj+p+1,0) € QQZO.
As argued above, this completes the proof in Case (II).

Case (IIT). We have vy =0, vy, = 1 and ny = ... =n, = 1. Thus we may as-
sume that the Gale dual of the leaf cone o € ¥™** is given by 6* = 7v11,21,...r1,1. The
homogeneity of the relations g; yields w;; € cone(w,1) foralli =1,...,r. Since X is
Q-factorial, the cone Q(6*) is two-dimensional. We may assume that wg; € 7~ and
W11, - - ., Wr1 € 77 hold. Furthermore by multiplication with an unimodular (2 x 2)-
matrix from the left, we arrive at wo; € cone((1,0)) and wy1, ..., w,1 € cone((w, 3))
for some integers 0 < a < 3. Note that Lemma m (1) implies that we have

T r
willzoz H ln and w%:ﬂ H ln, 1<i<r.
£=1,04i 0=1,0+#i
According to Remark local factoriality of X together with vo1,11,... 1 € rlv(w)
shows = 1 and wy; = (1,0). This implies in particular, that o = 0 holds. Since the
relations g; are homogeneous of degree l11ws1, there is some wg; € 71, i.e. we may
assume that wo1, ..., wo; € 77 and wo 41, - . ., Won, € 71 hold for some 0 < x < ny.
After suitable renumbering of variables, there is 0 <y < m with wy,...,wy € 7~
and wy41,...,w, € 7T. Note that since ged(lp;; 1 < j < mg) and lyg -+l =
deg(g) are coprime, we conclude that ng > 2 holds. For all x +1 < j < nyg
and y +1 <k <m, Remark applied to 7051, 71,% yields wg; = wi = 1. Since
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the cone SAmple(X) is contained in the relative interior of the moving cone of X,
we have z > lory > 2. Forall 1 < j <z, 1 <k <y, Remark 2.5.1] applied
t0 Y0j,11,...,r1> V11,...,r1,k yields wéj = w,lC = 1. The degree matrix is as below and
the arrangement of weights is as follows:

A
Wr1
T+ .
w11
u
woj,5> _
wJ7J ZH ......... T
ky k>y
Woj, j<z
Wk, k<y
Q _ T T
/=1 (=1
0#1 b#r

Note that the grading of R(A, P) is pointed. Thus we have
ng,w,% >0forall j<z, k<y or wéj,wi >0forall j>z k>y.

We now compute gg explicitly. Since 6* = 71121, 1,1 holds, S = Q(6* N E) is
generated by wq1,wa1, ..., wy1, w. In the notation of Setting [{.1.17] we thus obtain

r r r
D1 = H lgl and D2 = ng <D1, H lgl, 0) = H lgl .
(=2 2;% (=3

Analogously, we obtain D; = [[j_;,;le1 foralli=1,...,r — 1 as well as D, = 1.

We arrive at
r D_j_1
gs = —1)wj; —wi1 —wr
—2 D;

J
= (los —Dwor +... (L1 — Dwp — w11 —wn

(r—1)deg(g0) — Zwil —wy .
i=1

Recall that Kx = (r—1) deg(go) — > w;j — »_ wy and Q(6*) = 220 hold. Further-
more, we have dim(X) + 1 =n+m —r = ng + m. By subtracting gs in (x) we see
that in order to complete the proof in Case (III), it is sufficient to show that

Prr(£) = *ZWOj*Zwk+(no+m)ﬁ € Q% (x111)

j=1 k=2

holds for all £ € Ample(X) N Cl(X).
We show that ng = 2 together with wg; € 7~ and wgs € 77 is not possible.
Assume that ng = 2, wg; € 7~ and wgs € 77 holds. In this case, homogeneity of
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the relation gq yields

lo1 + logwéQ =0 and 10111)81 + lp2 = H lo1 -
=1

Since ged(lo1, lo2) and I are coprime for all 1 < ¢ < r, inserting the first into the sec-
ond equation shows that lpg = 1 and (1—wi,w?;) = l11 - - - [;1 hold. Thus the minors
of the (2xr)-matrix (wo1,wo2, w21, w31, ..., w,) are divided by ly;. Note that Iy is
at least two, which implies that the embedded monoid Q(o1,02,21,31,....1 N E) C Z?
is not spanning. Since 7p1,02,21,31,...,r1 1S a relevant face, this contradicts local fac-
toriality of X.

Hence we have ng > 3 or ng = 2, wg1,woz2 € 77. Remark applied to the
cones of the form 7o;,,04,, Y05,k @nd vk, i, that are relevant faces shows that we are
in one of the following situations:

(a) wh; =wj =0forall 1 <j<wz 1<k<y,
(b) wg; =wp =0forallz+1<j<ng,y+1<k<m.

Note that the semiample cone of X is given by SAmple(X) = cone((ua, 1), (1, up)),
where we set

,ua::max(w(l)j,wi,O; x+1<j<ng,y+1<k<m),

ub::max(ng,wi,(); 1<j<z,1<k<y).

In Case (III)(a), we consider the ample class £, := (g + 1,1). Note that
in order to prove (xyyr) in Case (III)(a), it is sufficient to show that Prrr(L,) is
contained in Q2,. Hence it is sufficient to show that for all w € {wo;, wg; 1 <
j < mg,2 <k < m}, the Weil divisor class —w + £, is contained in Q2>0. First
consider woj, wr € 7~. Recall that this means that we have wg; = wy = (1 0). We
obtain

—woj + Ly = —wp+ Ly = (fta,1) € QQZO'

Now let wo;, wy € 7F. We showed above that ng = w,%, = 1 holds and by definition
of pg, we have pg > ng, w,% We conclude

—woj + Lo = (_w(l)j + pa +1,0), —wg + Ly = (_wli + pta +1,0) € QQZO

The proof in Case (III)(b) is analogous to the proof in (IIT)(a). As argued above,
this completes the proof of Case (IIT) and also of the entire Proposition. O

Note that Proposition [£.6.3] provides an approach to the proof of Fujita’s base
point free conjecture for smooth projective irreducible rational varieties with a torus
action of complexity one and Picard number two alternative to the one used in
Corollary Instead of using the classification presented in Chapter two, the
assertion follows using Proposition [£.6.3] and Remark [£.2.7]

Corollary 4.6.4. Let X = X (A, P,u) be a non-toric locally factorial projective
variety of Picard number two. If Kx is semiample or if X is log terminal, then X
fulfills Fugita’s base point free conjecture, Conjecture [[.0.1}, i.e. Kx + mL is base
point free for all m > dim(X) + 1 and for all ample Weil divisor classes L.

Problem 4.6.5. Generalize Proposition to higher dimensions or find an ex-
ample of a locally factorial projective variety X (A, P,u) with Picard at least three
admitting an ample divisor class £ and an integer m > dim(X) + 1 such that
Kx + (dim(X) + 1)L is semiample but not base point free.
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4.7. Algorithms for embedded monoids

In the following we describe some algorithms for monoids which, applied to
Mori dream spaces, can be used for computing generators of the base point free
monoid BPF(X), for testing whether a Weil divisor class is base point free and for
computing a point of the conductor ideal of BPF(X) C Pic(X). In [27], we provide
a maple-based implementation of these algorithms. Note that sections [£.7] — [£.9]
have been presented in [26].

Algorithm 4.7.1. (inMonoid) Input: A finitely generated abelian group K,
generators si,...,s, € K’ of an embedded monoid S := ling_,(s},...,sy) C K’
and an element w’ € K’.

Output: True if w’ is contained in S’. Otherwise, false is returned.

e By excluding the generators s} that equal Ok, we achieve a representation
S’ :=ling_ (s}, ..., s};) with a natural number ¢ € Z<, and with non-zero
elements s/.

e We compute a canonical representation of the embedded monoid S’ C K':

— Compute r,7 € Z>( such that there is an isomorphism of groups
o: K' > K:=7"o®,_,Z/a;L.

— Let S :=ling. ,(s1,...,5:) C K, where we set s; := ¢(s};) € K.

— Set w = p(v') € K.

o Let Q: Z' — K denote the homomorphism mapping x = (z1,...,7;) € Z?
to the integer combination > z;s;. Denote by Q° the free part of Q,
i.e. with the projection 7: K — K° = K/K*'*" we have 7o Q = Q°.

e Compute the polyhedron B := (Q°)~}(w®) N QL,.

e If B is not bounded, then -

—foralll <i<tdo
* if s = 0o holds, then let C := {1 <k < 7; s;4% # 0} and
B := Bn{zeQ z; < Hak}.
kec
e Compute the lattice points of the polytope B, i.e. compute B := BN Z.

e Return true if there is a point € B such that Q(z) = w holds. Other-
wise, return false.
Proof. We first show that in the end of the above algorithm, the polyhedron B is
a polytope. Note that s; € K is a tupel s; = (Si1,. -+, Siry Sirt1y .- Siri) With
integers s;; € Z,1 < j < r, and elements s;4 € Z)axZ,1 < k < 7. Via an
isomorphism of abelian groups K — K we may assume that cone(.S) is contained
in Q%,, i.e. we have s;1,...,5; > 0 for all 1 <¢ <¢. Consider the polyhedron

A= (QY) T (w?) N Q.
Note that A contains exactly those lattice points @ = (z1,...,2;) € Z%, with the
property that

t t

Z%(Sm---,&‘r) = insg = Qo(x) =’ = (wi,...,wy)

i=1 i=1
holds. This means that the integer coefficient x; is smaller than [ ] for all 1 <
ij
j <r with s;; # 0, where |-] denotes the floor function. In particular, we have
W
A C {SEEQ';O; T; §min<LJJ; 1<j<r, s #O)}
> Sij
for all 1 <4 <t such that s # Ogo holds, i.e. A is bounded with respect to these
coordinate directions i. For all other coordinate directions 1 < i < t of Z!, i.e. of
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those with s? = 0o, the above algorithm computes a bound b;, where

by = Hak € Z, C={1<k<7 sytr#0z/a,2}
keC
Note that C is non-empty since in the first step of the algorithm, we excluded the s/
that are zero. We conclude that
B = An{rc Q' x; <b; foralllgigtwiths?:OKo}
is indeed a polytope and thus B = BN Z! is a finite set.

We now explain why the above algorithm has the claimed output. We need to
show that w’ € S’ holds if and only if the algorithm returns true. Clearly, w’ € S’
holds if and only if w is contained in S. This in turn is the case if and only if
there is an element z € AN ZL such that Q(z) = w holds. If A is a polytope,
there is nothing to show. If A is unbounded we showed above that there is an
index 1 <4 < t such that s? = Ogo holds. It remains to show that the following
assertions are equivalent:

(1) There is an element z € AN ZY such that Q(z) = w holds.

(i) There is an element y € B; := AN {z € ZL; z; < b;} with Q(y) = w.
Since B; C ANZY , holds, the direction “(ii)=-(i)” is obvious. For the other direction,
recall that b; is the product of all ay, 1 < k < 7, with s441 # 07/4,2. Since s{ = Oxo
holds, we thus obtain as; = a’s; for all integers «, o with o = o/(mod b;). This
means that it is sufficient to look at coefficient vectors z € Z% , with x; < b;, i.e. (i)
implies (ii). As argued above, this completes the proof. B |
Example 4.7.2. Consider the abelian group K := Z ® Z/4Z, its elements s; :=
(0,2), s2 :=(1,1), s3 := (3,2), w := (3,1) and the monoid S := ling._,(s1, s2, 3)
depicted in the picture below. Algorithm applied to S and to w does the
following:

e The map Q is defined by Z* — K, (z1,%2,73) — (22 + 33, ), where
we set a := ((2x1 + w2 + 223) + 4Z) € Z/AZ. Tts free part Q° is given
by 73 — 7, (21,29, 23) — T2 + 3x3.

e The polyhedron (Q%)~!(w") is given by Q x {(3—383, 8); 8 € Q}. Thus
the algorithm starts with the polyhedron

B = Qz0x{(3-38,8); BeQ, 0<p <1}
e Since B is unbounded and sV is zero if and only i = 1 holds, the algorithm
then computes the polytope
B = Bn{z Q' x <4}
Now we have B={(«,3-38,08); 0,€Q,0<a<4,0<8<1}.
e In a next step, the algorithm computes the lattice points B of B:
B = {(a,3,0), (,0,1); « €Z, 0 < @ < 4}.
e Since Q((1,3,0)) = 1s1 4+ 3s2+0s3 = w holds, the algorithm returns true.

7)4Z
e O o o o o e clement of S

O © o o o o OelementOfS\S

Algorithm 4.7.3. (generatorsIntMonoid) Input: Two subgroups Ki, Ks of a
finitely generated abelian group K and generators s;i, ..., Sin, € K; of embedded
monoids Sl = 1inz>0(8i17 ey Sini) - K,’, 1= 1, 2.

Output: A set of generators for the embedded monoid S; N Sy C K1 N K.
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o Let ¢ := 1 X g: Z™ "2 — K x K be the homomorphism of abelian
groups defined through ¢;: Z"* — K, e;; — s;;, where the e;; denote
the canonical base vectors of Z™. Furthermore, define the projection
v: K x K — (K x K)/A, where A := {(k,k); k € K} denotes the
diagonal.

e Compute the kernel of 8 := 1 o ¢.

e Consider the isomorphism of abelian groups ¢: Z" — ker () and compute
generators g1, ..., g for Z" N1 (QLyT").

e Define the projection 7: K x K — K, (x,y) — x on the first factor and
return the set {(mo@o)(g;); 7 =1,...,t}.

Proof. According to Gordan’s lemma [21], Prop. 1.2.17], there are generators gy, . .. g
for the monoid Z" N~ H(Q%,T"2). Set M := ker (8) N Z2,"™* and consider the dia-
gram

Zr NN QL) —— M c ZUT? —— S x S — (K x K)/A

N N N N I
Zr—— s ker(B)c Zmtm —F o K x K —Y = (K x K)/A.
B

With the projection 7: K x K — K, (z,y) — « on the first factor, we obtain
(ropour) (ZT n L_l(Qg1()+n2)) = (moyp)(M) = S51NSs,

where the last equality is true since (M) = {(a,b) € S X Sa; a = b} holds. We
conclude that {(mog@o)(g;); 7 =1,...,t} is a set of generators for S1 N S,. O

Example 4.7.4. Consider the abelian group K; := Ky 1= K := Z as well as its

elements s11 := 2, s12 := 5, and s9; := 3. Algorithm [1.7.3] applied to the monoids

Sy = ling. ,(s11, $12) and Sy := ling. ¢(s21) depicted in the figure below proceeds
as follows: -

e The map ¢ is given by 73 — 7. X 7, e11 — S11, €12 — S12, €21 — S21,

where 3 = 241 = ny +n9 holds. To be precise, ¢ is defined by the matrix

2 50
( 0 0 3 ) '
e The kernel of § is given by ker (8) = 1inZ((1, 2,4), (0,3, 5)) =72
e The isomorphism ¢: Z? — ker (f3) is defined by mapping the first canonical
base vector of Z? to (1,2,4) and the second one to (0,3, 5).
e We have Q% N7 1(Q%,) = cone((3,—2),(0,1)). According to Gordan’s
Lemma, computing the lattice points of the polytope

conv((0,0), (3,-2),(0,1),(3,-1))
gives the following generators for the monoid Z? N~ }( ?éo):
(070)7 (Oa 1)7 (170)a (27 _1)7 (3’ _2)7 (3a _1) .

e Applying mopor to those generators gives the generators 0,15,12,9, 6,21
for S1N.Ss. Note that this list is not a Hilbert basis. To speed up the com-
putation process in [27], some reduction mechanisms were implemented.

Algorithm 4.7.5. (inCondIdeal) Input: A finitely generated abelian group K,
generators si,...,s; € K of an embedded monoid S := ling_ (s1,...,5) C K and
an element w € K. -

Output: True if w is contained in ¢(S/S). Otherwise, false is returned.
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0 5 10

000000000000 CZ
51 € e clement of the monoid

S2 CZ O element of Z but not
S1NS, C7Z element of the monoid

e Compute M as defined in Lemma
e Use Algorithm to test whether S contains w + M. Return true if
this is the case; otherwise return false.

Proof. Let w € K and consider M as defined in Lemma According to this
lemma, M generates S as an S-module. This means that the conductor ideal ¢(S/S)
contains w if and only if w + M is contained in S. ]

YAZYA
e O @eee e clement of S

o element of S\ S
® clement of ¢(S/S)

Example 4.7.6. Consider the abelian group K := Z ® Z/47 as well as its ele-
ments s1 := (0,2), sg := (1,1), s3 := (3,2) and the monoid S :=ling_ (s1, 2, s3) as
in Example [£.7.2] The monoid and its conductor ideal are illustrated in the above
picture. We apply algorithm to w := (3,1) and test whether w is contained
in ¢(5/9).

e The maps Q and Q° are as in Example [£.7.2]

e The algorithm computes M as defined in Lemma [£.1.8] We obtain

M = {(0,a), (1,a); a € Z/4Z} C K.

e In the next step the algorithm uses Algorithm [.7.1] to test whether S
contains w + M = {(3,a), (4,a); a € Z/AZ}.
e Similarily as in Example for # € w+M with 2° = 3, Algorithm[4.7.1]
computes Bs = {(«,3,0), («,0,1); 0 < o < 4, « € Z} and we obtain
By = {(a,4,0), (o, 1,1); 0 < a < 4, a € Z} for all x € w+ M with
20 = 4. Since for all z € w+ M with 2° = i, i = 3, 4, there is some y € B;
with Q(y;) = z;, the algorithm returns true.
Algorithm 4.7.7. (pointCondIdeal) Input: A finitely generated abelian group K,
an element w € K and generators si,...,s; € K of a spanning embedded monoid
S = linZZO(sl, ...,8) CK.
Output: A point of the conductor ideal ¢(S/S).
e Compute w € K that defines a point in the relative interior of cone(.S).
e Use Algorithm to compute the smallest integer r € Z>1 such that
rw is contained in ¢(S/S). Return rw.
Proof. This Algorithm terminates since S C K is spanning. ]
Example 4.7.8. Consider the abelian group K := Z ® Z/47 as well as its ele-
ments s; := (0,2), so := (1,1), s3 := (3,2) and the monoid S := ling_,(s1, 52, 53)
as in Examples [.7.2] and 7.6, We apply algorithm [£.7.7 to compute an element
of ¢(5/5).
e At first the algorithm computes the element (1,0) € K defining an ele-
ment in the relative interior of cone(S).
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e For j = 1,2, Algorithm returns that j (1,0) is not contained in the
conductor ideal ¢(5/S5). )
e In the next step, Algorithm shows that (3,0) is an element of ¢(S/S).

Here comes an example computation.

Example 4.7.9. We consider the embedded monoid S C K := Z®Z/37Z generated
by [3,0],[5,0],[5,1],[3,2] € K and perform some monoid membership and conduc-
tor ideal membership tests. Furthermore, we compute an element of the conductor
ideal of S C K.

> 8 := matrix([[3,5,5,3],[0,0,1,211);

3 5 5 3
S'*[0012]

> K := createAG(1,[3]);
K = AG(1, [3])
> inMonoid(S, [6,2],K); inMonoid(S,[7,0],K); inMonoid(S, [8,2],K);
true

false

true

> inCondIdeal(S, [6,2],K); inCondIdeal(S,[7,0],K); inCondIdeal(S, [8,2],K);
false
false

true
> pointCondIdeal(S,K);
[8,0]
We now compute generators for the intersection of the monoids S, S € K gener-
ated by [3,0],[5,0],[5,1] € K and [3,0],[5,0],[3,2] € K, respectively.
> generatorsIntMonoid(S, [{1,2,3},{1,2,4}],K);
[[3,0], [5,0],[11, 1], [13,2], [15, 1], [15, 2]]

4.8. Algorithms for the base point free monoid of Mori dream spaces

Here we apply the algorithms of the previous section for computing generators
of the base point free monoid and for testing whether a Weil divisor class is base
point free or not. The implementation of the following algorithms builds on the
maple-based software package MDSpackage [38]. A Mori dream space X is entered
and stored in terms of an ample class u together with pairwise non-associated C1(X)-
prime generators and the relations of Cox(X). As explained above, this data fixes
a Mori dream space up to isomorphism.

Algorithm 4.8.1. (generatorsBPF) Input: A Mori dream space X (R, §, ®).
Output: A set of generators for the embedded monoid BPF(X) C Pic(X).

e Use MDSpackage to compute the covering collection of X.
e Use Algorithm to compute generators of the intersection

N QhoNE).

Yo Ecov(P)
Algorithm 4.8.2. (isBasePointFree) Input: A Mori dream space X and a Weil
divisor class w € Cl(X).
Output: True if w is base point free. Otherwise, false is returned.

e Use Algorithm to compute generators of BPF(X) C Pic(X).
e Apply Algorithm to w and BPF(X).

Algorithm 4.8.3. (BPFisSaturated) Input: A locally factorial Mori dream
space X.

e Use convex [29] to compute a Hilbert basis uy,...,u; of the semiample
cone SAmple(X) C Pic(X) = CI(X).
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e Use Algorithm [£:8.2] to test whether uq, ..., u; are base point free.

Using the implementation given in [27], we study the question of the existence
of semiample Cartier divisor classes that are not base point free. It is well-known
that for Cartier divisors on complete toric varieties, semiampleness implies base
point freeness, see for instance [21], Theorem 6.3.12.]. For smooth rational projec-
tive varieties with a torus action of complexity one and Picard number two, the
same statement follows immediately from the classification done in [28]. Note that
the discrepancy between semiampleness and base point freeness of divisors on va-
rieties with a torus action of complexity one is already fairly well understood in
the language of polyhedral divisors: A criterion for semiampleness is given in [59]
Theorem 3.27] and a criterion for base point freeness was proven in [41, Theorem
3.2].

Example 4.8.4. We give an example of a smooth Mori dream K*-surface that
admits semiample Cartier divisor classes with base points.

> Q := matrix([[1,-1,-1,0,0,0,0,0,0,0,0,0,0,0,0],[0,1,-1,1,0,0,0,0,0,0,0,0,0,0,0]
[o,1,0,-1,1,0,0,0,0,0,0,0,0,0,01, (0,1,0,0,-1,1,0,0,0,0,0,0,0,0,01, [0,0,0,0,0,0,
-1,1,1,0,0,0,0,0,01, [0,-1,0,0,0,1,0,-1,1,0,0,0,0,0,0], [0,0,0,1,0,0,1,0,1,1,0,0,
0,0,01,[0,1,0,0,0,0,0,0,1,0,1,0,0,0,01, 1,0,0,-1,0,0,1,0,0,0,0,1,0,0,0],, [0,1,0,
0,0,0,0,1,0,0,0,0,1,0,0],[0,1,0,0,0,-1,0,0,0,0,0,0,0,1,0],[0,-1,0,0,0,1,0,0,0,0
0,0,0,0,111);
rl -1 -1 0 0 0 0 0 0O 0O O O O 0 01
0 1 —1 1 0 0 0 0 0O 0 0O 0O o o o
0 1 0 —1 1 0 0 0 0O 0 0O O O o o
0 1 0 0 —1 1 0 0 0O 0 0O 0O o o o
0 0 0 0 0 0 —1 1 1 0 0 0 0 0O O
_ 0o -1 0 0 0 1 0 -1 1 0 0 O O 0 o
Q = 0 0 0 1 0 0 1 0 1 1. 0 0 0 0 O
0 1 0 0 0 0 0 0 1 0 1. 0 O O O
1 0 0 —1 0 0 1 0 O 0 0o 1 0o o0 o
0 1 0 0 0 0 0 1 O 0 0 o 1 0 o
0 1 0 0 0 —1 0 0 0O 0 0 O O 1 o
Lo -1 0 0 0 1 0 0 0O 0 0 0o o o 1

> RL := [T[1]~5%T[2]*T[3]~4*T[4]~3*T[5]~2*T[6]1+T[7]~2*T[8]*T[9]
+T[10]1~3*T[111*T[12]~2*T[13]1];

RL = [T T Ty T{TE To + T TsTo + T T11 T, Tis
> R := createGR(RL, vars(15), [Q]);
R := GR(15,1, [12,[]])
> X := createMDS(R,relint (MDSmov(R)));
X := MDS(15,1,2,[12,[]])
> MDSissmooth(X);
true
> COV := MDScov(X);

CcoV :=[{3,4,5,6,7,8,9,10,11, 12,13, 14,15}, {2,4,5,6,7,8,9,10, 11, 12,13, 14, 15},
{1,3,4,5,6,7,8,9,10,11,12,13, 14}, {1,2,5,6,7,8,9, 10,11, 12,13, 14, 15},
{1,2,3,6,7,8,9,10,11,12,13, 14, 15}, {1, 2, 3,4,7,8,9,10, 11, 12, 13, 14, 15},
{1,2,3,4,5,7,8,9,10,11,12,13,15}, {1, 2,3,4,5,6,9, 10, 11, 12,13, 14, 15},
{1,2,3,4,5,6,8,10,11, 12,13, 14,15}, {1, 2, 3,4, 5,6,7,9, 10,11, 12,13, 15},

{1,2,3,4,5,6,7,8,10,11,12,13,14}, {1, 2,3,4,5,6,7,8,9, 11, 13, 14, 15},

{1,2,3,4,5,6,7,8,9,11,12,14,15}, {1, 2,3,4,5,6,7,8,9, 10, 13, 14, 15},

{1,2,3,4,5,6,7,8,9,10,12,13,15}, {1,2,3,4,5,6,7,8,9,10, 11, 12, 14}]
> w:= [-1,1,1,1,3,2,3,4,0,3,1,5];

wi=[-1,1,1,1,3,2,3,4,0,3,1, 5]
> contains (MDSsample (X) ,w);
true

> isBasePointFree(X,w);

false

The computation shows that w = [-1,1,1,1,3,2,3,4,0,3,1,5] is a semiample but
not base point free Cartier divisor class.
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For a geometric interpretation note that X is obtained by blowing up P; x Py
ten times in the following way: One considers the K*-action on P; x P; given by

t- ([vo, 1], [20, 21]) = ([yo,y1]; [20,t21]) -

The fixed points lie on the two curves C; := Py x {[0, 1]} and Cy := Py x {[1,0]}. In
order two obtain X, one blows up the three fixed points ¢1; := [[0,1],[0,1]] € C4,
c12 := [[1,0],]0,1]] € Cy and ¢o1 := [[1,—1],[1,0]] € C3. The resulting hyperbolic
fixed points are again blown up: for c;1, one repeats this procedure four times,
for c12, one repeats this procedure two times and for cs; just once. The resulting
variety then is isomorphic to X.

4.9. Fujita base point free test algorithm

In order to test whether a Q-factorial Mori dream space X with known canon-
ical class fulfills Fujita’s base point free conjecture, Conjecture we need to
test whether Kx + m£L is an element of BPF(X) for all m > dim(X) + 1 and for
all ample Cartier divisor classes £. Since we can only carry out finitely many tests,
we encounter two problems: firstly, we need to bound m and secondly, we need to
find a finite validation set of Cartier divisor classes £. In this section, we introduce
our solution to these problems and also present some examples of applying our test
algorithm.

Remark 4.9.1. Algorithm [£.9.4] applies to Mori dream spaces with known canon-
ical class. For instance, if Cox(X) is a complete intersection, there is a concrete
formula for the canonical class in terms of generators and relations of Cox(X) [3l
Prop. 3.3.3.2]. Note that all irreducible normal rational projective varieties with a
torus action of complexity one have a complete intersection Cox ring [37, Prop. 1.2].
Moreover, there are formulas for the canonical class of spherical varieties [16}, [50].

Construction 4.9.2. Let K° be a lattice. Consider an s-dimensional cone o C K(&
with some facet F' < 0. Let ¢: K% — Z" be an isomorphism of Z-modules such
that p(o) C cone(ey,...,es) and p(F) C cone(ey,...,es—1) holds, where eq, ..., e,
denote the canonical base vectors of the rational vector space Q™. For any k € Z
we call 7:= ¢~ 1(7) the k-th facet parallel of F, where we set

7= (ling(p(F)) + kes).

Rl

Setting 4.9.3. Let X be a Q-factorial Gorenstein Mori dream space and consider
the base point free monoid S := BPF(X) C K := Pic(X). We denote by Fy,..., F,
the facets of o := cone(w’ @ 1; w € §) C K(%. Consider an index 1 < ¢ < r and

let m1,...,my, € S be those elements such that m?

; is minimal with the property
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that m? ® 1 is contained in a ray of F;. Consider the polytope
ng
G; = {Zaﬂm?@l); a; €Q, 0<a; <1} C F
j=1

as indicated in the figure below and let p1,...p;, be the rays of o that are not
contained in F;. We denote by 7F the k-th facet parallel of F;. For each facet
parallel 7% with k € Z>g, we denote by pé? € Ko, 1 < j <t;, the point that is the
intersection of p; and Tik. With the canonical embedding to: K° — K(&, w—=wel,
we define

PF = (conv(p’f,...,pfi)—FGi) No® C 7F and

Gpf = ;' (PF) x K*" C K
for all k € Z>¢, where 0° denotes the relative interior of o. Consider the canonical
class Kx € K of X. Since S C K is spanning, there is an element C' € ¢(S/S).

For 1 <i < r let ; be an integer such that (—K% + C°) ® 1 € 7 holds and set
v :=max(a;; 1 <i<r). Note that o; may be negative.

The above mentioned problems, namely bounding m and finding a finite valida-
tion set of Cartier divisor classes, are tackled by computing a point of the conductor
ideal of BPF(X) and by only considering the Cartier divisor classes defining a point
in the polytopes P} of the first few facet parallels 7%, k > 0, of each facet F; < o.

Algorithm 4.9.4. (fujitaBpf) Input: A Q-factorial Mori dream space X and its
canonical class Kx.

Output: True if X fulfills Fujita’s base point free conjecture, i.e. if Kx + mL is
base point free for all m > dim(X) + 1 and all ample Cartier divisor classes L.
Otherwise, false is returned.

e If X is not Gorenstein return false.

e Use Algorithm |4.7.3 to compute generators of S := BPF(X).

e Use Algorithm [4.7.7 to compute a point C' € ¢(S/S).

e Compute the facets Fi,..., F, of cone(S) and aq,...,q, as well as v as
defined in Setting

e Foreach 1 <i¢<rdo
— for each dim(X)+1<m<v-—1do
x for each 1 <k < [ %=1 where |-] denotes the floor function,
use Algorithm m to test whether x + mpr C S holds.
e Return false if there is 1 < i < r, dim(X)+1 < m <v-1,1<
k < [%=1] and £ € Gp} such that Kx + mL is not contained in S.
Otherwise, return true.
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Before presenting a proof of Algorithm [£.9.4] we first give two examples of
applying it to Mori dream spaces.

Example 4.9.5. Here we give an example of a six-dimensional smooth Mori dream
space that does fulfill Fujita’s base point free conjecture.

> Q := matrix([[1,1,2,0,1,1,1,-1,0,0],[0,0,-1,1,0,-1,-1,1,0,0],[0,36,36,0,18,49,49,
-48,1,111);

11 2 0 1 1 1 —1 00
Q= /0 0 -1 1 0 -1 -1 1 0 0
0 3 36 0 18 49 49 —48 1 1
> RL := [T[1]#T[2]+T[3]*T[4]1+T[5]"2];
RL = [T Tp + T3Ty + T3
> R := createGR(RL,vars(10),[Q]);
R := GR(10,1, [3,[]])
createMDS(R, [1,1,50]);
X := MDS(10, 1,6, [3, []])

\Y
>4
ii

> MDSissmooth(X);

true

Since R = Cox(X) is a complete intersection, we may use the formula presented
in [3] to compute the canonical class of X: we obtain Kx = [~4,1, —106] € Z3.
> fujitaBPF (X, [-4,1,-106]1);

true

To obtain this result the algorithm performs the following steps:

o First Algorithmis used to compute the three generators of [0, 0, 1], [0, 1, 0]
and [1,0,49] of BPF(X) C Z2.

e Then Algorithm computes the point C' := [0,0,0] € ¢(5/5).

e The faces of cone(S) are given by F; := cone([0,1,0],[1,0,49]), Fy =
cone([0,0,1],[1,0,49]), F3 := cone([0,1,0],[0,0,1]). The algorithms then
computes aq,...,az such that —KCx + C = [4,—1,106] defines a point
in 71", We obtain ay = —90, ay = —1 and a3 = 4 as well as v = 4. Note
that as = 4 is just the first coordinate of —Kx + C.

e Since dim(X)+1=06 >4 =v — 1 holds, the algorithm returns true.

For a geometric description of X, note that X admits three elementary contractions
two of which are birational small. The other one is a birational divisorial contrac-
tion X — Y contracting the divisor corresponding to the variable Ty of Cox(X).
The variety Y is a smooth intrinsic quadric with generator degrees, relation and
semiample cone given by

Q = 60 0148 12301 1 1 1
|1 11 1]1]0000

and SAmple(X) = cone((1,0),(60,1)). The center of ¢ is the intersection of Y
and the toric prime divisors corresponding to the variables Tg, Ty € Cox(Y). Note
that Y allows a closed embedding into the projectivized split vector bundle

]P’(OM @ Op, (12) ® Op,(30) ® Op, (48) © Op, (60)) .

Example 4.9.6. Here we give an example of a locally factorial variety with a torus
action of complexity one that does not fulfill Fujita’s base point free conjecture.
Note that this represents a difference to the toric case, where Fujino [30] presented
a proof of Fujita’s base point free conjecture for toric varieties with arbitrary sin-
gularities.

], g = TiTo + TsTy + T?

> Q := matrix([[0,0,1,0,0,1,1,0,1],[1,1,0,1,1,0,1,1,211);

Q*OOlOOllOl
~/r 1 0 1 1 0 1 1 2
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> RL := [T[11*T[2]~7*T[3]1~8 +T[4]*T[5]~7*T[6]1~8+T[7]1"8];
RL = [ T]T5 + TaT] TS + 7§ |
> R := createGR(RL,vars(9),[Q]);

R:=GR(9,1,[2,[]])

\Y
>4
ii

createMDS(R, [1,3]);
X := MDS(9,1,6, 2, []])
> MDSisfact(X);

true

> MDSisquasismooth(X) ;

false

Since Cox(X) is a complete intersection, we may use the formula presented in [3]
to compute the canonical class of X: we obtain Kx = [4,0] € Z>.

> fujitaBPF (X, [4,0]);

false

> isBasePointFree(X,[1,3]);

true

Note that Algorithm [£:9.4] returns false, i.e. X does not fulfill Fujita’s base point
free conjecture. To obtain this result the algorithm performs the following steps:

e First Algorithm is used to compute the generators [0, 1] and [1, 2] of
BPF(X) C Z3.

e Then Algorithm computes the point C := [0,0] € ¢(S/S).

e The faces of cone(S) are given by F; := cone([1,2]), Fy := cone([0, 1]).
The algorithms then computes o, g such that —Kx +C = [—4, 0] defines
a point in Tia". We obtain a; = 8, ap = —4 and v = 8. Note that ay = —4
is just the first coordinate of —Kx + C.

e Then the algorithm performs the following steps:

— Since we have dim(X) +1=7 <m <7 =v — 1, the algorithm only
needs to test the case m = 7.

* For i = 1 we have Lo‘%lj =1, i.e. only the case k = 1 needs
to be considered. The algorithm yields Gp¥ = {[1, 3]}.

* Now Algorithm is used to test whether Kx +m GpfF C S
holds. We have Kx + 7[1,3] = [11, 21] which is not contained
in cone(S). Thus Algorithm returns false.

e Hence the algorithm fujitaBPF returns false.

Note that the Kx + 7[1,3] = [11,21] is not semiample and thus not nef. Maeda
proved in [51] Proposition 2.1] that Kx + mL is nef for all m > dim(X) + 1 and
for all £ € Ample(X)NPic(X) if X is an irreducible normal projective variety with
at most log terminal singularities. Nevertheless, this example does not contradict
the result of Maeda since X is not log terminal: To see this, one can look at the
affine variety X,,,. By [2], X,,, is log terminal only if the exponents of different
monomials are platonic triples. Since this is not the case, we conclude that X is
not log terminal.

Observe that the base point free monoid BPF(X) C Z? is saturated and thus
the ample class [1, 3] is base point free. Although Kx +7[1, 3] = [11, 21] is not base
point free on X, a result of [44] implies that Kx + 7[1,3] = [11, 21] is very ample
and thus base point free on X8,

For a geometric description of X, note that X admits an elementary contrac-
tion ¢: X — P4 of fiber type with fibers isomorphic to a hypersurface of degree
eight in P3. To be precise we have p~1(a) = Vp,(a1a3T§ + azalTS + TS) where
a = |ay,...,as] € Py denotes a point of P4 in homogeneous coordinates and where
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To,T1,T>, T5 denote the coordinates of Cox(P3). Moreover, X admits a closed em-
bedding X — Y into the projectivized split vector bundle

Y = ]P’(O]m ® Op, ® Op,(1) ® Op, (2)) .
We now turn to the proof of Algorithm [4:9.4]
Lemma 4.9.7. In the setting of[4.9.3, the following are equivalent:

(i) Kx +mL € S holds for all m > dim(X) + 1 and for all ample Cartier
divisor classes L, i.e. X fulfills Fujita’s base point free conjecture.

(ii) Kx + mL € S holds for allv —1 > m > dim(X) + 1 and for all ample
Cartier divisor classes L.

Proof. Only implication “(ii)=-(i)” needs to be proven. Consider m > dim(X) + 1.
If m < v — 1 holds, then Kx + mL € S follows by (ii). Now assume that m > v
holds. Note that since £ defines a point in the relative interior of o for all 1 < i <r,
the multiple m£°% ® 1 is contained in a facet parallel Tf * with 8; > m > v. Thus
by definition of v as maximum over all integers a; with (=K% + C°%) @1 € 7, we
obtain

mL®1 € (-Kx +C)®1) + cone(S).
Thus, Kx + mL defines a point in (C' ® 1) + cone(S). Since C is an element of the

conductor ideal ¢(5/8) of S C K, we conclude Kx + mL € S. O
Lemma 4.9.8. In the setting of the following are equivalent for m € {dim(X )+
1,...,v—1}:

(i) Kx +mL € S holds for all ample Cartier divisor classes L.
(i) For all1<i <vr and for all 1 <k < |%=L]| where |-| denotes the floor

m

function, we have Kx +mL € S for all £ € 15" (tF N o°) x K'°r.

Proof. Ouly implication “(ii)=-(i)” needs to be proven. Consider an ample Cartier
divisor class L, i.e.

L c Lal(O_O) >(I(tor

holds. Denote by Si,...,3, € Zq positive integers such that £° ® 1 € Tf holds.
If B; < [%=L] holds for some 1 < < r, then Kx + mL € S follows by (ii). Now
assume that 3; > La’T_lJ holds for all 1 < ¢ < r. We obtain mf3; > «; for all
1 <i < 7. Recall that (=K% +C%) ®1 € 77 holds for all 1 <4 < r. Thus mf; > «;

for all 1 < 4 < r shows that

mL®1l € ((-Kx +C)®1) + cone(S)

holds. Thus, Kx +m/L defines a point in (C ® 1) + cone(S). Since C'is an element
of the conductor ideal ¢(S/S) of S C K, we conclude Kx +mL € S. O

Lemma 4.9.9. In the setting of consider indices 1 <i<r, 1 <k< [%J
and an ample Cartier divisor class L € Lal(Tf No°) x K. Then there are y € Gpk
and aj € Z>q such that we have

ng
L = y + Zajmj .
j=1

Proof. Observe that o N7/ = conv(p},...,p}) + cone(G;) holds. Hence there are
rational numbers a;, by € Q>0, Z;’;l a; =1, such that

ti Uz
L= <Zajp§+2bgmg, Lt°r>
j=1 £=1
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holds. We obtain £ = y+3_,", |be| me (4.9.9/1), where |-] denotes the floor function
and where y is given as

tq 2 g

Yy = (Za]—pf, Lror — Zbgmzm) + Z(bz — Lsz) my .

j=1 =1 =1
Note that y is an element of K since we have y = £ — Y%, |b¢| my, where L as
well as the my, 1 < £ < n;, are elements of K. If y° ® 1 € ¢° holds, (4.9.9]1) is the
required representation of £. Now consider the case where 4" ® 1 is not contained
in 0°. This means that y° ® 1 € (conv(p},...,pf)\ c°) holds. Since £°® 1 is
contained in o°, there is 1 < ¢ < n; with |bs] # 0. Without loss of generality
we assume that |b1],..., [bg,] > 0 and [bgy1] = ... = [bs, | = 0 hold for some
1 < /¢y < n;. Then we have

K() ZO
L=y + Z (lbj] —1) m; (4.9.912), where ¢y = y+ Z m;
j=1 j=1

holds. In order to show that formula ([4.9.9}2) is the required representation of £, it
remains to prove that ¢y’ € G’;i holds. Note that ¥’ € K holds since y is an element
of K. Moreover, since y° ® 1 € (conv(p’f7 ... ,p,’fi) \00) holds, 3’ defines a point in
conv(ph, ..., pf@) + G;. It remains to show that 3y’ defines a point in the relative
interior of o. Recall that Z§=1 mg ® 1 is contained in the facet F;. Furthermore,
since we are in the case y° ® 1 ¢ 0°, the point y° ® 1 lies in a facet F, of o.
Since k > 1 and y € 15 (F) hold, we conclude that 3° ® 1 is not contained in F},
i.e. there is no face k < o with yO ® 1 € k and Zﬁ:l m? ® 1 € k. Thus the sum

Y + Zﬁzl m? defines a point in the relative interior of o. As argued above, this
shows that 7’ is an element of G’;i, which completes the proof. O

Lemma 4.9.10. In the setting of [{.9.3, consider dim(X) +1 < m < v —1,
1<i<randl<k< L%j Then the following are equivalent:

(i) Kx +mL € S holds for all £ € 15" (7F N0°) x K*or.

(ii) Kx +mL € S holds for all L € Gpk.

Proof. Since Gpf C 15" (7F N ¢°) x K* holds, only implication “(ii)=(i)” needs to
be proven. Note that this is an immediate consequence of Lemma [4:9.9] O
Proof of Algorithm[4.9.7} We need to show that X fulfills Fujita’s base point free
conjecture if and only if the above algorithm returns true. This can be seen as
follows: if X is not Gorenstein, then Kx + m/L is not a Cartier divisor class; in
particular, it is not base point free. Now assume that X is Gorenstein. Since the
embedded monoid BPF(X) C Pic(X) is spanning, we can apply Algorithm[4.7.7]and
compute a point of its conductor ideal. Lemma[4.9.7]shows that we can bound m by
v—1; Lemmataand 4.9.10| prove that the sets Gpi?, 1<i<r, 1<k< L%J,
serve as validations sets of Cartier divisor classes. ]
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