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Abstract

This thesis is concerned with the approximation of various problems related to the stochastic
Landau-Lifshitz-Gilbert equation (SLLG), which models the dynamics of a ferromagnetic
body at elevated temperatures. The SLLG is a nonlinear stochastic partial differential equa-
tion which possesses an inherent non-convex side constraint. Firstly, the time discretization
of the stochastic partial differential equation is addressed, where we study the convergence
behavior of a structure-preserving discretization. Secondly, the approximation and simula-
tion of the stochastic optimal control problem subject to the SLLG is studied by means of
the necessary first order optimality conditions.

The thesis is split into three parts. In the first part we focus on the time discretization of
the SLLG. We show convergence in probability with rate of order 1/2 for a time discretized
scheme which is based on the midpoint rule and preserves the sphere constraint. Main
difficulties were the analytical and numerical treatment of the nonlinear and stochastic
terms. Computational studies carried out in this part support this convergence rate.

The second and the third part are contributed to the stochastic optimal control problem. In
the second part, we prove strong convergence with optimal rates for a spatial discretization
of the forward-backward stochastic heat equation which describes the stochastic optimal
control problem subject to the stochastic heat equation. As an intermediate step, we show
optimal rates for a spatial discretization of the backward stochastic heat equation. A full
discretization which is based on the implicit Euler method for a temporal discretization and
a least squares Monte-Carlo method is then proposed. Next to an iterative solution strategy
which is based on a well-known Picard-type algorithm, the new stochastic gradient method
turns out to be much more flexible. Concluding computational experiments compare the
efficiency of different discretization approaches.

The third part combines the methodology of the second part with the SLLG. Here, we
control the dynamics of a fixed number of ferromagnetic spins at elevated temperatures
by minimizing a quadratic functional subject to the SLLG. Existence of a minimum of the
stochastic optimal control problem with control constraints is shown. The related first order
optimality conditions consist of a coupled forward-backward SDE system, which is numeri-
cally solved by a structure-inheriting discretization, the least squares Monte-Carlo method
to approximate related conditional expectations, and the stochastic gradient method. Com-
putational experiments are reported which motivate optimal controls in the case of inter-
acting anisotropy, stray field, exchange energies, and acting noise.
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Zusammenfassung

Ziel dieser Arbeit ist es, numerische Approximationen verschiedener Problemstellungen, die
sich mit der stochastischen Landau-Lifshitz-Gilbert-Gleichung (kurz SLLG) befassen, zu
untersuchen. Die SLLG ist eine nichtlineare stochastische partielle Differentialgleichung mit
einer nichtkonvexen Zwangsbedingung (Sphérenbedingung) und wird bei der Modellierung
ferromagentischer Dynamiken eingesetzt.

Die Dissertation ist in drei wesentliche Teile untergliedert. Der erste Teil untersucht das
Konvergenzverhalten einer auf dem Mittelpunktverfahren basierenden Zeitdiskretisierung
der SLLG in einer Raumdimension, welche die Sphérenbedingung erhélt. Fiir diese Zeit-
diskretisierung wird Ratenkonvergenz in Wahrscheinlichkeit mit Ordnung 1/2 bewiesen. Zu
den Hauptschwierigkeiten, die zu iiberwinden sind, gehdren sowohl die analytische, als auch
die numerische Behandlung der Nichtlinearitédten, sowie des stochastischen Integralterms.
Durchgefithrte Simulationen unterstiitzen die nachgewiesene Konvergenzordnung.

Die beiden weiteren Teile der vorliegenden Dissertation befassen sich mit der Approximation
stochastischer optimaler Steuerungsprobleme. Im zweiten Teil wird ein System stochasti-
scher partieller Differentialgleichungen (kurz FBSHE) untersucht, welches aus einer vor-
wartsgerichteten, sowie einer riickwartsgerichteten stochastischen Warmeleitungsgleichung
(kurz BSHE) besteht, und aus den Bedingungen erster Ordnung eines stochastischen op-
timalen Steuerungsproblems motiviert ist. Ratenkonvergenz mit optimaler Ordnung fiir
eine Raumdiskretisierung basierend auf Py-finiten Elementen wird fiir die BSHE sowie das
System FBSHE nachgewiesen. Anschliefend wird eine Volldiskretisierung der FBSHE vor-
geschlagen, welche zusétzlich auf dem impliziten Eulerverfahren basiert. Dabei auftretende
bedingte Erwartungen werden mit der least squares Monte-Carlo method approximiert. Fiir
die Simulation der FBSHE wird neben einer Picard-Iteration ein stochastisches Gradienten-
verfahren vorgeschlagen, welches sich in durchgefithrten Simulationen als flexibler erweist.

Im dritten Teil werden die Methoden des zweiten Teils mit der SLLG verbunden. Ziel ist es,
die optimale Kontrolle der Dynamik einer fixierten Anzahl ferromagentischer Partikel bei er-
hohten Temperaturen zu untersuchen. Das stochastische optimale Steuerungsproblem setzt
sich dabei aus der Minimierung eines quadratischen Funktionals unter der Nebenbedingung,
dass die SLLG erfiillt ist zusammen. Existenz eines solchen Minimums wird nachgewiesen.
Damit verbundene Bedingungen erster Ordnung welche aus einem System von gekoppelten
vorwarts-riickwértsgerichteten stochastischen Differentialgleichungen besteht werden unter
Verwendung einer strukturerhaltenden Zeitdiskretisierung, der least squares Monte-Carlo
method, sowie des stochastischen Gradientenverfahrens diskretisiert sowie simuliert. In com-
putergestiitzten Experimenten wird der Einfluss der optimalen stochastischen Kontrolle im
Falle des Zusammenwirkens von Anisotropie, Streufeld, Austauschenergie und Rauschen
untersucht.
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Introduction

Magnetism is of fundamental importance for modern civilization: For example, compasses
greatly simplified navigation on the sea, loudspeaker are part of every modern audio equip-
ment and of every mobile phone, magnetic recording is the key technology for mass storage,
and magnetic resonance imaging is used in medical diagnosis. Magnetization processes are
described by ferromagnetic models. Their study leads to a deeper understanding of this
process and provides information which is experimentally inaccessible or which is linked to
unnecessary costs.

One well-accepted physical model describing the magnetization of a ferromagnetic body has
been proposed in the pioneering works of Landau and Lifshitz [LL35] and of Gilbert |Gil55,
Gil04]. The time evolution in [0, 7] of the magnetization of a ferromagnetic body D C RY,
d=1,2,3 is modeled by the function

m: [0,T] x D — {x € R |z|ps = M}, (SPHERE)

where M > 0 denotes the saturation magnetization. The vector m(t, x) is the direction of
the magnetization at time ¢ € [0,7] and at position & € D. Since we consider the equation
without any physical dimensions, it is natural to set My = 1. The Landau-Lifshitz-Gilbert
equation (LLG)

my = —am X (m X Heg) + m X Heg,

where 0 < a < 1, describes the dynamics of the magnetization in the presence of an
effective field Heg = Heg(m). The first term on the right-hand-side of the LLG is a
phenomenological term which was introduced by Landau and Lifshitz in [LL35] and accounts
for the damping of the magnetization m towards the effective field Hog. The second term
in the LLG is commonly referred to as precession term and describes the rotation of the
magnetization m around the effective field H.g. The dynamics of these terms are visualized
in Figure

The effective field Heg in the LLG acting on ferromagnetic particle ensembles is the negative
of the gradient of the total magnetic energy £ which consists of several contributions:

Heff = %exch + %ext + %ani + Hd~

The first contribution is the exchange energy, which penalizes spatial changes in the mag-
netization and is usually modeled by Hexen = Am. The second part Hey is an external
magnetic field (so called Zeeman contribution) and favors the alignment with an external
field. It is modeled according to Hey = u, for some w : [0,7] x D — R3. Crystallo-
graphic properties of the ferromagnetic material are taken into account by the anisotropy
energy H,ni, where the magnetization m prefers to align with the (crystallographic) easy



2 Introduction
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Figure |. Dynamics of the precession and damping term in the LLG, respectively SLLG.

axis e € R?; its contribution is modeled by Han = —V¢(m), where ¢ : S> — R denotes
the anisotropy density. The fourth contribution is the demagnetization field (also called
stray-field), which takes the interaction with a surrounding magnetic field into account and
is usually modeled using Maxwell’s equations.

The partial differential equation LLG is strongly nonlinear and its solutions must satisfy
the non-convex side constraint . Existence of a solution has been analyzed in
the literature: for d = 2,3 existence of weak solutions is shown for the prototype case
Heg = Am, see e.g. [AS92,GHI3|. Numerical studies carried out in [BBP08,|BP06| show
that in this setup possible finite time blow-up from smooth initial data may be expected.
For d = 1 however, existence of a weak solution with improved regularity properties is well
known.

The solution of the LLG cannot be expressed by an explicit formula in general. Computer-
based simulations are necessary to get insights concerning the behavior and properties of the
solution of this equation, requiring fast and reliable numerical schemes, see [BP06, Cim08,
Pro01] and references therein for an overview of numerical schemes for the LLG.

Thermal fluctuations Hpy are included into the LLG by perturbing the effective field
Hs to describe random changes which occur by the interaction of the ferromagnet with a
surrounding heat bath. The study of random fluctuations in the dynamics of magnetism has
been proposed by Néel [Née46] and later been studied by Brown Jr. [Bro63] where the focus
is on a single nanomagnetic particle. After that, the stochastic equation has been considered
by physicists; see e.g. [BMS09,BKM™ 99, CLI3|GPLIS| among others. The random thermal
fluctuations are usually modeled by Hipm = W which has to be understood in the sense
of Stratonovich in order to satisfy the saturation magnetization. Here W is a Q-Wiener
process; see Chapter [2] of Part [l The stochastic version of the Landau-Lifshitz-Gilbert
equation (SLLG) takes the form

my = —am X (m X Heg) + M X (He + Hihm),

where fluctuations in the damping part are neglected due to @ < 1, see |[GPL98|, and



the works [BBNP13, BMS09,/ GPLI8| for further background of the physical model. The
influence of the fluctuations in the equation is visualized in Figure [[}

The modeling, analysis, and numerics of the stochastic Landau-Lifshitz-Gilbert equation is
an active field of research: In recent works [AdBH14,BBNP13BBNP14,BGJ12,BGJ13] the
existence of a weak martingale solution of the SLLG is established. In [BGJ13], where a
rigorous mathematical treatment of the SLLG is initiated, the existence of a weak martingale
solution in the case of scalar-valued noise is provided using a standard Faedo-Galerkin
approximation and compactness arguments. By similar arguments existence of a weak
martingale solution is shown in [BGJ12] for one-dimensional domains, and moreover, by
pathwise uniqueness which holds in one space dimension, existence of a strong solution is
proven.

Numerical approximation schemes for the SLLG are studied in [AdBH14,BBNP13|BBNP14]
in two and three space dimensions. In [BBNP13, BBNP14] a finite element method, a
midpoint scheme, and a random walk approximation of Wiener increments are combined
to obtain a fully practical discretization of the SLLG, whereas in [AdBH14] a semi-discrete
scheme which extends the projection algorithm of |[AJO6] to the stochastic case is used to
construct a weak martingale solution.

The time discretization of the SLLG used in [BBNP13, BBNP14] takes the form
mit = m? — akmits x (mﬁé X ’Hizf_l)

. A . (SLLG-MID)
+hkmItr x HIE FmI T x AW,

where I}, := {t; }37:0 is a uniform partition of [0, T of equi-distant mesh size k > 0, A;W :=
W (tjy1) — W(t;) denotes the stochastic increment, and mit: = $(m/tt + md). The
diffusive term is evaluated at mJ+2 according to the definition of the Stratonolvich integral,
the first terms of the damping and precession term are evaluated at m’"2 in order to

maintain the sphere constraint (in the P-a.s. sense). Finally and the evaluation of the
effective field Heg at time ¢4 allows for an estimate for the discrete energy (¢ € N)

' T
E[ sup  ([[VmHEe + 30 [Vt = mi)[Fa + kD [[mi*E x Amj“!iz)] < Ory
r - j=0 j=0

=U,...,

for Heg = Am. This bound is essential in [BBNP13|[BBP13]| for the construction of a weak
martingale solution and below to conduct the error analysis for the scheme (SLLG-MID)).
Schemes of the type were already used for the LLG in [BP06], and, moreover,
for the SLLG in [BBNP13,BBP13| to perform numerical studies.

In the case of a finite ensemble of nanomagnetic particles (SDE case) a midpoint type
scheme is often used as a benchmark for accuracy, see e.g. [MTFT10]. In this particular
case, the strong order of convergence 1/2 is shown in [MRTO02, NP13|. However, for the
SPDE no order of convergence is available so far. Part [[] of this thesis fills this gap.

In the first part an error analysis for the scheme approximating the SLLG
is carried out, which is limited to one-dimensional domains where strong solutions with
improved regularity exist. The main tools for the error analysis are reformulations of the
damping term in the SLLG as well as in the semi-discrete scheme . Local
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strong rates of convergence with order 1/2 are shown on a subset Qi C Q, where P[ﬁk] —1
for £ — 0. The restriction to this subset is needed, since terms of the form

J
Ck Y IVmd |fallm(tj) — mI+Y |2,
7=0

occur amongst others in the error analysis. These terms emerge due to nonlinear drift
terms which are only locally Lipschitz. The factor ||Vm/ Hig prevents a direct application
of a Gronwall argument. The idea is to restrict the error analysis to subsets Qp C Q,
where this factor is bounded such that a Gronwall argument is applicable, and then to
show that P[Qk} — 1 for k — 0 using the bound for the discrete energy above and further
estimates. By Chebychev’s inequality this implies convergence in probability with rate 1/2.
Computational studies are conducted indicating a strong rate of order 1/2 and a weak rate
of order 1. This part is based on the publication [Dunlb]. In [CP12] a similar approach is
used in a different context.

In many applications it is relevant to control the dynamics of the stochastic Landau-Lifshitz-
Gilbert equation, using the external field Hey¢, so that its solution is in some sense close
to a given desirable target. For this purpose, we search for an external field u, known as
control, which minimizes the functional

T
Tsura = QE[ | (3lm = @) + Au(t) |2) de + wlfm(T) — (1)

subject to the stochastic Landau-Lifshitz-Gilbert equation, with Hext = w. This functional
has three components which are scaled by § > 0, k > 0, and A > 0. The first and third
measure the distance of the magnetization m to a given deterministic desirable target
magnetization m. The second component measures the cost of the control w.

This stochastic control problem is of practical interest, e.g. in data recording, where fast
and reliable ways to switch the magnetization are of great importance. Here one asks for
an external field which switches the magnetization with minimal costs.

Controlling a ferromagnetic body has been addressed in the literature. However, the text-
book [BMS09] admits on page 145:

“One of the central problems in the research on precessional switching is the
design of magnetic field pulses that will guarantee the magnetization reversal.
In the literature, this problem has been mostly addressed experimentally or
numerically by using a trial-and-error approach.”

The problem of switching a single nanomagnetic particle optimally is studied mathemati-
cally in [AB09]. There an optimal control is derived for a special cost functional. Control-
lability of a finite ensemble of nanomagnetic particles is shown in [ACLP11]. In [DKPS15]
existence of a minimum, and a characterization of this minimum by the first order necessary
conditions is shown in the case of the one-dimensional LLG. Moreover, a convergent semi-
discretization in time (semi-implicit Euler scheme) is proposed and computational studies
using this scheme and a further modification by an additional projection step are carried
out there.



In contrast to the previous work in this area, the third part of the thesis, which is based
on the manuscript [DP16] submitted for publication, focuses on minimizing Jsrr¢ subject
to a finite ensemble of nanomagnetic particles where (random) thermal fluctuations are
taken into account. Our particular interest is to develop a fully practicable method which
approximatively computes the explicit structure of the control. Figure[[I|shows the behavior
of one path of the optimal state and the direction of the optimal control in the case of a
single nanomagnetic particle.

zy

10
(a) deterministic target (b) deterministic optimal (c) stochastic optimal
profile control problem control problem

Figure Il. The target profile m (green), one trajectory of the optimal state (red) and the
direction of the control (blue) in the case of a stochastic control problem and the
corresponding deterministic control problem for a single nanomagnetic particle.

First, we prove the existence of a minimum of the cost functional Jsrrq in terms of a weak
control (2, F,F,P, W,u) of the stochastic optimal control problem. We propose a fully
practicable method to approximatively solve the generalized Hamiltonian system which is
formally linked to the optimal stochastic control problem. The generalized Hamiltonian
system consists of the state equation SLLG, the adjoint equation, which is a backward
stochastic differential equation, and an optimality condition. This forward-backward prob-
lem is discretized using adequate time discretizations. Emerging conditional expectations
are approximated by a least squares Monte-Carlo method, which returns the (deterministic)
regression functions (P(m?), Q%(m/)) for the stochastic backward equation.

By a combination of the optimality condition, the (deterministic) regression functions,
and a certain least squares Monte-Carlo method, a stochastic gradient method to resolve
the forward-backward character of this problem is developed. This method is of crucial
importance, since a Picard type algorithm, which is so far only reported in the literature
to deal with this kind of problems (see e.g. [BZ0§|), is only applicable for very limited
time durations T' > 0. We employ this stochastic gradient method in our computational
experiments to study the stochastic optimal control of spin switching in the case of a single
particle, and of a finite particle ensemble.

The second part is of independent relevancy, though it lays the fundaments to the numerical
setup of the third part. This part is based on the manuscript [DP15] accepted for publication
in STAM Journal on Scientific Computing. Here the focus is on controlling the dynamics of
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the stochastic heat equation (SHE)

dX (1) = [AX (1) + U(#)] dt + Zu () dWi(t),
X(O) = X,

with homogeneous Dirichlet boundary conditions. For this purpose, we search for an F-
adapted stochastic control U which minimizes

Tsi = E[ [ 310 - X+ AU IR +g<X<T>>],

subject to the SHE. Following the work |[Ben83.|Zho93| the first order necessary conditions
consist of the state equation SHE, the adjoint equation which is the backward stochastic
heat equation (BSHE)

Y (1) = [-AY (t) - znj Vi) Z(t) - (X(8) — X(1)] dt + Z Zi(t) dWi(t
Y(T) = Dg(X(T)),

with homogeneous Dirichlet boundary conditions, and the optimality condition Y (¢) +
AU (t) = 0. By inserting the optimality condition in the SHE, we obtain the coupled system
of forward and backward stochastic heat equations (FBSHE)

ax(t) = [AX (1) - %Y }dt+z £) dW(t),

av (1) = [-ay f: ) (x@) - X )]dt+§:zz t) AW (t

X(0) = o, Y(T) = Dg(X(T)).

These equations are studied in the second part, where the focus is on the approximation
and simulation of the BSHE and the FBSHE.

Backward stochastic partial differential equations naturally extend backward stochastic dif-
ferential equations (BSDE) and usually appear as adjoint equations in several stochastic
optimal control problems. The field of backward stochastic differential equations is fastly
growing; various numerical methods to solve and simulate backward stochastic differential
equations have been developed. PDE based methods, e.g. [DMP96,]MT06], yield very pre-
cise numerical results for low-dimensional BSDEs. For high-dimensional BSDEs a direct
discretization in time, see e.g. [BT04}Zha04], combined with an approximation of the oc-
curring conditional expectations, see e.g. [BD07, BT04, CM12, GLW05,|GT14], seems to be
more applicable.

To the best of our knowledge, the results in Part [[1 firstly address the numerical approxi-
mation and simulation of a backward stochastic partial differential equation. We start with
a spatial discretization using Pi-finite elements of the BSHE and, in particular, of the FB-
SHE motivated above. We prove optimal strong rates of convergence for the BSHE using



a result on improved regularity of the strong solution from [DT12]. By a combination of
this result and a Picard-iteration, we show optimal strong rates of convergence in the case
of the FBSHE for short time durations 1" > 0.

Fully implementable algorithms to simulate the BSHE and the FBSHE are discussed, which
are based on a direct discretization in time of the spatially discretized BSHE using the im-
plicit Euler scheme, and a partition estimation method to approximate conditional expec-
tations, which is a special case of the least squares Monte-Carlo method; see e.g. [GLWO05].
The latter method for the approximation of E[-|X7] is based on a partition of the range of
X,Z, where X}, is the solution of the spatially discretized SHE. This is a high-dimensional
task since the dimension of X }JL depends on the spatial discretization parameter h > 0. To
accurately resolve Xi, we propose two partitioning strategies, which depend on the law of
X }]L the Binary Tree Cuboids (BT C), which is built on the idea that the constructed regions
should be equally likely; and the Voronoi Partition Method (V), where a nearest neighbor
clustering with respect to additional realizations of X,j1 is used to define the partition. By
these approximations, we have an implementable algorithm to simulate the deterministic
regression functions (V) (Xj), Z;7(X})) which approximatively solve the BSHE.

Computational experiments are carried out to study the behavior of both partition strategies
in the case of the BSHE. The convergence behavior of the space-discretization of the BSHE
is experimentally studied supporting the analytically obtained rates.

Three different schemes are considered to resolve the forward-backward character of the
necessary optimality conditions: The first is a Picard-type iteration, where the optimality
condition is inserted in the forward equation; see the FBSHE above. Similarly to [BZ0§],
the solution of the backward stochastic heat equation at the previous Picard iteration step
is then used in the (forward) stochastic heat equation. However, this scheme converges only
for restrictive choices of the data (small time durations 7" > 0). To overcome this restric-
tions we propose a new stochastic gradient method, which uses the optimality condition
combined with the representation of the solution of the backward equation by (determin-
istic) regression functions. For stochastic LQ problems where g(-) in Jsgg is quadratic,
we propose a third scheme which avoids the computation of conditional expectations by
exploiting linearity of the problem.

These schemes are employed in computational experiments to study their convergence be-
havior: the stochastic gradient method returns the same approximation as the Picard-type
iteration for those choices of the data, where the Picard-type iteration converges. In this
case the Picard-type iteration is less time consuming than the stochastic gradient method.
In the other case, the stochastic gradient method converges and returns an approximation
of the control with a significant reduction in the cost functional Jsgg. For stochastic LQ
problems this approximation almost matches the approximation which is obtained by the
scheme which avoids the computation of conditional expectations.

The simulation methodology of the second part is applied in the third part to the SLLG
constrained stochastic control problem, where the corresponding optimality condition is
slightly more difficult. The stochastic gradient method can be adapted to this framework
by a further approximation exploiting the properties of the Voronoi Partition method.






Part |I.

Convergence with rates for a time
discretization of the stochastic
Landau-Lifshitz-Gilbert equation






1. Introduction

This partﬂ considers a system of equations describing the magnetization of a ferromagnetic
wire D := (z,7) C R with periodic boundary conditions. Let Dy := (0,T) x D with
0 <T < oo, and (Q,F,F,P) be a filtered probability space. The aim is to find a process
m : Dy x Q — S? := {x € R3; |z|gs = 1}, which satisfies the stochastic Landau-Lifshitz-
Gilbert equation (SLLG)

my(t,z,w) = —am(t,z,w) X (m(t,x,w) X Am(t,x,w)) +m(t,x,w) x Am(t,z,w)

+m(t,z,w) x oW (t, z,w) V(t,x,w) € Dy x Q, (1.1)

m(0,-) = my.

See the works [BMS09, KP06| and references therein for a detailed description of the deter-
ministic Landau-Lifshitz-Gilbert equation and the recent works [BBNP13BBNP14,[BMS09,
BGJ12,[BGJ13| for a description of the stochastic version.

The right-hand-side of equation (l.1)) consists of three terms: The first term is a phe-
nomenological damping term (relaxation term) to model dissipation effects, which is scaled
by 0 < a < 1. The second term is commonly referred to as precession term. The third
term describes thermal fluctuations by multiplicative colored Gaussian noise m(t, z,w) X
oW(t, x,w), where the stochastic integral is understood in Stratonovich sense.

The stochastic Landau-Lifshitz-Gilbert equation is of interest in recent research: In [BGJ13]
the existence of a weak martingale solution of problem (for D c RY with d = 2,3
and Neumann boundary conditions) in the case of scalar noise is proven using a standard
Faedo-Galerkin approximation and compactness methods. In [BGJ12], scalar noise in both,
the precession and the damping term is considered for the special case D C R. A weak
martingale solution is constructed similarly as in [BGJ13|, and by pathwise uniqueness
which holds in 1d, the existence of a strong solution is proven. The works [BBNP13,
BBNP14] use a fully practicable finite element scheme to construct a weak martingale
solution of (for D ¢ R? with d = 2,3 and Neumann boundary conditions). The
used scheme consists of P1-finite elements for the spatial discretization, and the midpoint
scheme for the time discretization. In [BBNP13,[BBP13|, this scheme is used in order to
computationally study possible blow-up behavior of the solution in 2d. Further results in
this direction, including long-time dynamics, are contained in [BBNP13].

The focus of the present part lies on the numerical solution of problem (|1.1)) on the circle
D C R. We prove rates of convergence for the following time discretized scheme:

'Part [I| is based on the publication [Dunl5| in IMA Journal of Numerical Analysis published by Oxford
University Press.
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12 1. Introduction

Algorithm 1.1

Consider a uniform partition I, := {t; }3-]:0 covering [0, 7] with equi-distant mesh-size k =
T/J > 0, where ty := 0 and t; := T. Let m® := mg. For every j > 0 and A;W =
W (tj+1) — W(tj) ~ N(0,kQ) determine the W1?(D;R?)-valued random variable m/ ™1,
such that P-a.s.

m/t = md — akm? T2 x (mITE x AmIT) + kmd T x AmdT FmIte x AW

The scheme has been studied in [BP06] in the deterministic and in [BBNP14] in the stochas-
tic context: iterates are S’-valued and satisfy a discrete energy bound (see Lemma .
In [BBNP13]| it is pointed out, that preserving the sphere constraint is essential to obtain
a proper long-time behavior of the scheme.

The main result of the present part is strong convergence with rate 1/2 (c¢f. Theorem |4.1)

E[lg,  suwp [m(tj) - m/ ] < Ok (e > 0) (1.2)
O §=0,...,J—1

on a subset ), C Q, such that P[Q\ Q] — 0 for & — 0. It is due to the non-Lipschitz
nonlinear terms, that this local estimate is needed to single out those solution paths where a
Gronwall argument can be accomplished. A simple consequence of is the convergence
in probability with rate 1/2 for iterates of Algorithm Here, the work [CP12] is followed,
where a similar strategy was first proposed for the stochastic incompressible Navier-Stokes
equation to account for nonlinear effects in the problem.

The computational studies detailed in Chapter [5| suggest a strong rate of order 1/2, and a
weak rate of order 1 in both cases: for infinite dimensional colored noise, and also in the
case of space-time white noise where no theoretical result even with respect to solvability
exists. Those results are consistent with the work [NP13], where the strong rate of order
1/2 and the weak rate of order 1 is proven for a similar time discretization in the case of a
finite ensemble of spins.

The main tool which we use is to reformulate the damping term for both, equation (|1.1)),
and Algorithm For the analytical problem, formula a x (b x ¢) = (a, ¢)gr3b — (a, b)grsc
gives

m x (m x Am) = (m, Am)gsm — |m|3;Am,

and since the constraint [m(t, x,-)|3; = 1 Leb-a.e. in D for all t € [0,T] P-a.s. holds, it can
be further reformulated as

m x (m x Am) = —|Vm|3:m — Am (1.3)

to achieve a semilinear problem. This reformulation of the cubic nonlinearity allows us
to show improved regularity results in space for the strong solution, by assuming more
regularity on the initial value mg and the Q-Wiener process W (see Propositions
and .

On the other hand, if the above formula for the corresponding term in Algorithm is
employed, we obtain

mits x (miTz x Amitl) (1.4)
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:<mj+%,Amj+1>R3mj+% - |mj+%|%&3Amj+1
= — ]ijﬂ\?ggmﬁ% — §<m9+1 — mJ,Am]+1>R3mJ+% — |m7+%\%§3Am]+l.

However, this reformulation does not allow for better regularity results, as for the limiting
problem the prefactor may degenerate, since ]mj+%\R3 = 0 may be valid at places where
mJt! = mJ, which prevents the property of a strongly elliptic operator, which justifies a
regularity shift.

The reformulation in equation (1.4]) will be the starting point for the error analysis below.
It is the lack of control of {Am?; j > 0} uniformly in k& > 0 which is a main impediment
to derive rates of convergence for the corresponding fully discrete schemes.

We consider equation with periodic boundary conditions, in order to avoid technical
problems due to boundary effects in the analysis below. The one-dimensionality is needed
at several places: First, the existence of a strong solution of the SLLG in two or three
space dimensions is an open problem. Second, to verify the improved regularity results in
Section [3.I] and to derive the error estimates in Chapter [ we frequently use the Gagliardo-
Nirenberg inequality, where the dimension one is relevant.

This part of the thesis is organized as follows: We first collect some preliminaries in Chap-
ter [2| including some notation, the definition of the stochastic integral and the needed
assumptions on equation . In Chapter |3 we show a-priori bounds on both, the strong
solution {m(t); t € [0,T]} and the iterates of the semi-discrete scheme {m?; j =0,...,J}.
We then use these results in Chapter (4] to prove the main result given in Theorem
the rate of convergence in probability for Algorithm Computational studies are finally
detailed in Chapter






2. Preliminaries

First, we introduce some notation. The norm and the scalar product in R? are denoted
by | - |gs and (-, -)gs, while || - ||z and (-,-) denote the norm and the scalar product in
L?(D;R3) respectively, which is the standard Lebesgue space of (equivalence classes of)
square integrable functions w : D — R3. The norm in W*2(D;R?) for k = 1,2, 3, the space
of functions u € L?(D;R3) where the weak derivative up to the k-th order also belongs to
L2(D;R3), is denoted by || - |lywk.2-

A standard reference which is used in this section is [DPZ92]. Let (Q2, F,F,P) be a complete
probability space with a filtration F := {F;; ¢t € [0,7]}, and let us consider a sequence
{B(t); t € [0,T]}ien of ii.d. R-valued Brownian motions on the given filtered probability
space (Q, F,F,P). Let IC and ‘H be Hilbert spaces. By S;(K) we denote the space of trace
class operators on K. Let Q € §1(K) be symmetric and non-negative, and let {e;};cn be
an orthonormal basis of IC consisting of eigenfunctions of Q with RT-valued eigenvalues
{@1}1en. The KC-valued Q-Wiener process W = {W (t); t € [0,T]} is defined by

W (t) = i vaelft) vtelo,T).

=1

For p > 1 we denote the space of equivalence classes of F-progressively measurable processes
X :[0,T] x Q — H such that E[f] | X (¢)|[5, dt] < oo by MP([0,T],F;H).

The space L(IC,H) contains all linear bounded operators from IC to #, and the space
S2(KC, H) consists of linear Hilbert-Schmidt operators from C to H. The stochastic integral
{[s #(s)dW (s); t € [0, T} for any ¢ € M?([0,T],F; L(IC,H)) is defined as the continuous
‘H-valued F-martingale, such that

/¢ AW (s :fj )(W(EA ) = W(tAtyr)) VE€[0,T],

for all step processes ¢. This stochastic integral satisfies the Ité-isometry, i.e., for each
¢ € M?([0,T),F; L(IC,H)) there holds

B[l [ o) aW )] = B[ [ 16()Q o ds] vt € 0,7,

The following assumptions on data W, Q and mg are needed below:

Assumption A,
Let K € W32(D;R3) and the embedding is continuous.

Assumption A,

Let W = {W (¢t,-); t € [0,T]} be a Q-Wiener process with values in /C and Q2 € S1(K) is

a symmetric, non—negatlve operator.

15
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Assumption Ag
Let mo € W3%(D;S?).

Remark 2.1
Assumptions |A4| and |Aj| are necessary to show additional regularity properties for the

strong solution (see Chapter . We need assumption Q% € S1(K) in the error estimate
(see Chapter , as well as for most of the a-priori estimates in Chapter

The following remark will be frequently used later, see [Ich82, Corollary 1.1].

Remark 2.2
The Q-Wiener process W satisfies for all r e Nand all 0 < s < ¢t

E[|W () - W(s)[¥] < Co)(Tr )|t — o

By Assumption there exists C' > 0, such that [|u||ws2 < C|lu|x for all w € IC, and
thus

E[|W () = W (s)[3s2] < CON(Tr Q)| — o



3. A-priori estimates

In this chapter, we motivate important a-priori estimates for the strong solution of equa-
tion (1.1)) and the iterates of Algorithm These estimates will be useful for the error
analysis in Chapter

3.1. Strong solution

The following definition is deduced from [BGJ12].

Definition 3.1 (Strong solution to equation ([L.1]))
Let T > 0 and ¢ = (Q, F,F,P) be given and let Assumptions|A;HAs|hold. An W12(D;R3)-
valued F-adapted stochastic process {m(t); t € [0,T]} on (£, F, F P) is a strong solution
of equation (1.1)), if

1. P-a.s. there holds m(-,-,w) € C([0,T}; L2(D;R3)) N L¥(0, T; W12(D; R?));

2. P-a.s. there holds |m(t,-,w)|3; = 1 a.e. in D for all t € [0,T7;

3. P-a.s. there holds for every ¢ € [0,7] and all ¢ € W12(D;R?)

(m(t),) ~ (mo,6) = [ (Vo x m(s)] x m(s), V() ds
— /t(Vd) x m(s), Vm(s)) ds + /t (6, m(s) x odW (s)).
0 0

The existence of a strong solution of problem can be shown similarly as in [BGJ12],
where the existence is shown in the scalar noise case. The following proofs in this sub-
section are formal and can be done rigorously by using an appropriate finite dimensional
approximation of problem (|1 , and tending the related approximation to the limit. For
the sake of readability, in thls subsection, the notation 9% for the i-th derivative in space is
used. In the proofs of Propositions E and . small constants 8,0 > 0 are used for terms
which will be absorbed to the left-hand-side, and inequalities are understood in the P-a.s.
sense.

Below, we reformulate the Stratonovich integral as It6 integral together with a Stratonovich
correction term,

oo t
Zf/m ) X e o dﬁl :Z \/@/0 m(s)xeldﬁ )+ ql/ ) X €p) xelds).
=1
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Moreover, by using |m( )\Rg = 1 P-a.s., the argumentation around equation (|1.3)) allows
us to restate equation as follows

my — ad’m = aldym|ism +m x 92m +m x oW on Dr x Q. (3.1)

Proposition 3.2
Let {m(t); t € [0,T]} be a strong solution of equation (1.1)). There holds for all 0 < ¢ < T
and p > 2:

t 1
) E[ sup 0:m(s)[ +a [ m(s) x dim(s)[fa ds] < C(T,p, T QF ma, D)

0<s<t
b) E[ sup. |02m —i—a/ 102m(s)]|3 ds] < C(T,p, Tr Q2 , my, D);
0<s<
c) IE[ sup ||02m —i—a/ |03m(s)]|32 ds} < C(T,p,TrQ%,mO,D).
0<s<t
PrROOF

a) The first assertion follows by the application of 1t6’s formula for the functional m
|0,m||3. applied to equation (1.I) and Burkholder-Davis-Gundy’s inequality, see for in-
stance [BGJ13, Theorem 3.5].

b) Fix 0 < r < ¢t < T. We apply It6’s formula for the functional m — [|02m]3, to
equation (3.1)):

[02m(r) |72 — 107m(0) 172
— % /0 (@2(02m(s)). 2m(s)) ds + 2a /O (@2[10sm(s)2om(s)], 2m(s)) ds

2 [ (83m(s) x Bm(s),m(s)) ds + > | (@21m(s) x 1) x e 02m(s) ds
+2 3 [ (#im(s) x el 02m(s)) 4o
=1

+ 2% gql/ (@2[m(s) x e], 62[mi(s) x er]) ds

0
I+II+III+IV+QZ\F/ B2lm(s) x &), 02m(s)) dB'(s) + V.

=1

First, the terms -V are simplified. For the first term I, by integration by parts (where we
benefit from 0D = (), we obtain

1= 20 [ okm(s) s ds.

The second term I can be simplified using integration by parts and the triangle inequality:

20 (0210, (5) (), 2m(s))|
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= 20|(8:[|0am(s) Eom(s)], Bm(s) ) |
< 20 (|0sm() Rodem(s) + 2(0m(s), 92m(s)) gsm(s). S¥m(s) )|
< 20| (|0sm(s) Bodem(s), m(s)) | + da| (@sm(s), 2m(s))zsml(s). &¥mis) )
=115+ IIp.

For the first part 114, we obtain using Yolung’s and Gagliardo-Nirenberg’s inequalities,

1 1
ie., |0zm(s)||Le < Cl|0,m(s)]]f2]|0zm(s)|ljy1.2, which holds in 1d. Let 6 > 0, then

114 < §|03m(s) |22 + Cllowm(s)lIL~ | dam(s) 3
< B08m(s) 22 + CllOwm(s) 3y |0sm(s) 1
< 8l03m(s)|I32 + C(I02m(s)]13 + 10, (s) 22 ) |0arns) 4

We deduce [|02m(s)||}. = [(82m(s), 02m(s))| < ||0ym(s)|1z2]02m(s)||r2 using integration
by parts, such that

114 < 6)|03m(s)|f2 + ClOEm(s)||p2 ]| 0xm(s) |72 + Clloam(s) |5,
< 26)182m(s)|i2 + C||0xm(s)][;% + C||0zm(s)]|Le.

Similarly, we obtain for the second term IIp the estimate
I < 38)|03m(s)|[3> + Clldzm(s)|I{2 + C|ldm(s)| 7

The third term I11 can be estimated using integration by parts, the identity (axb, b)gs = 0,
Young’s inequality and ||0,m(s) x 92m(s)||2 < C|0.m(s)||Le||0?m(s)||12 by

|(221m(s) x 92m(s)], 02m(s))| < 8l|03m(s) [}z + Cll0sm(s)|IF o [02m(s)IIF2-

Again by the estimate ||02m(s)[[}. < [[8,m(s)|L2[|03m(s)||lL2 as well as Young’s and
Gagliardo-Nirenberg’s inequalities, we obtain

[(821m(s) x 92m(s)], 02m(s))| < 38|02m(s) |2 + CllOam(s) 1% + Clloamm(s)]| Lz

For the fourth term IV, we arrive using e € WH*°(D;R?) and similar arguments as in the
steps before at

[(221(m(s) x @) x e, 02m(s))| = |(u[(m(s) x e)) x el], Bms))|
< 3llagm(s)[3: + Closm(s)|Ifz + C.
Similarly, we obtain
182[m(s) x e|[Z2 = [|82m(s) x e, + 20,m(s) x Dyer + m(s) x D2ey|Zs
< C[|02m(s)|Ifz + Cllosm(s)|IFz + C

for the last term V using |[u x v||g2 < Cllul|pz2||v|L~ and e, € W22(D;R3). Thus, we
arrive at

l0zm(r) |32 = [9Zm (0)IIF> + 2@/0 lo3m(s)T2 ds
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<c / o) ds +C +C [ [02m(s) [ ds
+ 22 \F/ B2lmi(s) x er], 2m(s)) dp'(s).

Neglecting the third term on the left-hand-side, taking everything to the power p > 2, and
then taking the supremum over 0 < r <t leads us to

t
sup |0m(n| < Clo2m () +C [ 1o:m()L ds+C /0 [02m(s)[7 ds +

0<r<

TrQ2 P 1Z\f sup ‘/ 82 ) X €], 2m(s)) dgl(s) :

0<r<t

where we have used Young’s and Hélder’s inequalities. Applying expectations, we obtain

]

for the last term using Burkholder-Davis-Gundy’s inequality. Similarly as for term V above,
by applying (a x b,b)rs = 0, we obtain the estimate

sup ’/ 22[m(s) x e, 9*m(s )) dgl(s )‘ <CEH/Ot‘(8§[m(S) X el],f)%m(s))lgds

0<r<t

[(82imi(s) x el 02m())|” < ClZm() [ + Clasm(s)[4s + C.

Putting things together leads us to
E[ sup [|o2m(r)[%] <CE[| @m0 +c/ s 19m)E] ds +C < 0
0<r<t
after the use of Gronwall’s inequality and Assumption

¢) This assertion follows by It6’s formula for the functional m — [|93m||3 . applied to equa-
tion (3.1)). Here, the assumptions e; € W32(D;R3) and mgy € W32(D;R?) are needed. [

The following result on Holder regularity in time of the strong solution is relevant to later
conclude strong rates of convergence for iterates of the corresponding discretization.

Proposition 3.3
Let {m(t); t € [0,T]} be a strong solution of equation (|1.1). There holds for all 0 < s <t
and p € N:

r 1
a) E[sup,c,; [m(r) — m(s)[%] < C(T.p, T Q% mo, D)t — 5]

b) E[sup,c,.<; [slm(r) — m(s)]|[%] < C(T.p. Tr Q¥ mo, D)t — 5|

¢) E[sup,c,<; [2m(r) — m(s)][2.] < C(T.p. Tr Q3 mg, D)t |
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Proor
¢) Fix 0 < s <t < T. By taking the norm [|02 - ||2, on both sides of equation (L.I]), taking
supremum and expectation, we obtain

IE[ sup [|02[mi(t) — m(s)]||i2] < CE[ sup || [ 82[m(z) x (m(2) x Am(2))] dzHiJ

s<r<t s<r<t

+CE{sup /:82[ (2) x Am(z) dzH }

s<r<t

2
)

+CIE[sup Z\f/ ) x e;) dB'(z )szJ

s<r<t

+ CIE{ sup iql /ST D2[(m(z) x ) x ] dz‘

s<r<t’

— I+ I+ II1+1V. (3.2)

The first and the second term can be estimated in a similar way. For the sake of simplicity,
we focus only on the first one, where we arrive at

r<cl-sg[ 02 m(z) x (mz) x Am(=)] 22 dz]
s0|t—s|(/t 102 (=) = 102m(2) [ Im(2)|fc | d2
+ [ B[10tm) sl (2) ] a2
+ / (183m(2)|2 | 02m <>||%w||m<z>||%m]dz)

<Clt—s|(Clt - s+ C), (3.3)

by using Holder’s and Gagliardo-Nirenberg’s inequality, the property ||m(z)||L~ = 1 P-a.s.,
and Proposition Similarly, we obtain for the third term I1I the estimate

e 2
11 < C(Tr Q)E /82 ) x er) x e d
VY 2 ) x i ],
C1:Q) Y alt | [ E[I2](m(z) x ) x e ]
gC(TrQ)2y —3\2. (3.4)

By applying Burkholder-Davis-Gundy’s inequality and Proposition we arrive at

IV <CTrQ>2 Z@[sup

s<r<t

( (2) x er) dB'(2)|

szz}
<CTrQ? Z \@/ E[|lm(z) x eilffyz] dz
=1 s
<C(TrQ2)’|t —s|. (3.5)
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Thus, we obtain the assertion by combining estimates (3.2)—(3.5)).

a) This assertion can be shown similarly as in ¢) by using the norm || - Hi% on both sides of
equation (L.1)).

b) This assertion can be shown similarly as in ¢) by using the norm ||0; - ||i% on both sides

of equation (|1.1). O

3.2. Semi-discretization in time

In this section, we derive a-priori bounds for the iterates of the semi-discretized scheme
given in Algorithm

Lemma 3.4
Let Assumptions [A1HAs| be fulfilled and the timestep size & > 0 be sufficiently small.

a) There exists an adapted sequence of W1?(D;R?)-valued random variables, which
satisfy P-a.s. the scheme given in Algorithm [T.1]

b) The iterates of Algorithm take values in S?, i.e., there holds for each j € N P-a.s.
i o = 1.
c) Let m® € Wh2(D;S?). There holds
r . . r 1 .
E[ sup  (IVm ™ Fe + Y [Vimd ! —m]|fe + kD [lm/* 2 x Ami )]
0,...,J—1

r=u,..., ]:0 ]:0

d) Let m® € WH2(D;S?). There holds for ¢ € N

)] = Cra

,
B[ swp ([9m g+ Y[V g - v
Jj=0

r=0,...,J—1

e) There holds P-a.s.
lmi ™! —m [, < CR*(a? + 1)||m T2 x AmI |2, + C|| AW [fa.

PRrROOF
a) This assertion can be shown similarly as in [DBD04] with the tools obtained in [BBNP14].

b) Multiplying the equation in Algorithm for one fixed w € Q with m?*2 (w) in R3-sense,
and using (a,a x b)ps = 0 leads to the equality

1 . .
m3+1 + mJ)>R3 = O

(mi

Since (@ — b,a + b)gs = |al; — |b|2; is valid, we obtain |m/ |2, = |[m7|2, P-a.s., which
concludes the proof.
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c¢) The first assertion follows analogously to the proof of Lemma 4.1 in [BBNP14] by mul-
tiplying the equation in Algorithm for one w € Q with —Am’*!(w) and afterwards
integrating in space. There, we obtain P-a.s.

1 . ,
5 (I9m g — [V 2)
< (Vim? x &;W], vm/)
+ (CIVmI (32 + C) (18, W 132 + 18,W |7 + 1712, W]]32), (3.6)
which is the starting point for assertion d). After summation, taking supremum over iterates
j=0,...,J —1 and taking expectations, the first term on the right-hand-side can be esti-

mated using a Burkholder-Davis-Gundy argument, for the second term we use Remark [2.2]
and finally assertion c) follows by the discrete version of Gronwall’s inequality.

d) In order to show the second assertion, we use an inductive argument: To obtain the result
for ¢ = 2, we multiply inequality (3.6) by ||[Vm/™!||3.. By using the identity (a — b)a =
$(a® — b%) + 3(a — b)?, Young’s inequality, estimate |u x vl 2 < Cllulz[v|L~, and

[m||L~ = 1 P-a.s., we arrive at

) (3.7)
< (V[mj X AjW],ij> VM |2, + C’(HijHig + C)

1 , . . .
L (19m e = [V s + [ 9m 2 — 7m0

< (18 W ige + 118;W I + [IVIAWIEe + | A;WIE2 + |1 8,W |2 + [V[A; W] ).

After summation, taking supremum over iterates j = 0,...,J — 1 and taking expectations,
the first term on the left-hand-side of inequality can be estimated using Burkholder-
Davis-Gundy’s inequality and the other terms by using independence and Remark

To obtain the result for ¢ = 3, we multiply inequality by |[Vm/t1||{, and obtain it as
above. By repeating this procedure, we obtain the result for each ¢ € N.

e) Multiplication of the equation in Algorithm for one w € Q with m/™H(w) — m’(w)
then yields that P-a.s.

ImI ! —mi s < ChRA (0 +1)[mI 2 x AmIT L + ClAW R (3.8)

Multiplication of both sides of inequality (3.8) by [m?*t — mJ||3, and using the P-a.s.
estimate |[m?*! —mJ||?, < C yields the assertion. 0






4. Error estimate for the semi-discretization
in time

In this chapter we state the main theorem and prove rates of convergence in probability
for the iterates {m/; j = 0,...,J} from Algorithm and the strong solution {m(t); ¢t €

[0,T]} of equation (1.1]).

Theorem 4.1
Suppose that Assumptions |AiHAs| hold. Let {m(¢); ¢t € [0,7]} be the strong solution
of (1.1) and {m’; j =0,...,J} be the iterates of Algorithm For every € > 0, the set

Qi = {w €cQ: sup ||[Vmi{z+ sup [[Vm(s)|ie
7=0,...,J—1 SE[O,t‘],l]

+ sup [ Vm(s)|Ryie < log(k~%)}
s€[0,t7—1]

satisfies

G1eq. C
Pl > 1+ Tog(h)’

and there holds the local error estimate

i+1112 1—
E[l5, o llmt) —m? 132] < k',

By Theorem we obtain strong convergence for the semi-discretized scheme with rate
O<v< %(1 — ¢€) for every € > 0 on arbitrary large subsets of the probability space. This
implies convergence in probability [Pri01, Definition 2.7] with rate v.

Corollary 4.2
Let the assumptions of Theorem 4. 1|be fulfilled. The iterates {m?; j = 0,..., J} of the semi-
discretized scheme given in Algorithm converge in probability with order 0 < v < 3(1—¢)

for every € > 0, i.e., there exists a constant C' > 0, such that

m B[ sup [[m(tj41) — m/ g2 > ChY| = 0.
k=0 Li—o,..,J-1

Proor
Due to Theorem [4.1| there exists a subset Q; C ), such that, by using Chebychev’s in-
equality, the following holds:

Pl sup [m(ti1) = m | > O]
§=0,...,J—1

25
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<P swp [mtjsn) —mI T e > CRF 0 Q] 4+ PO O

§=0,...,J—1
E[l, supfm(ty) - mit )
=V, — O
< C2k2v + (1 B P[Qk])
Ckl=e C
< —

= 2k elog(k)

Since 2v < 1 — €, we obtain

imP[ sup [[m(tj41) — m/ g > CRY| =0,
k=0 li—o,. . J-1

PROOF (PROOF OF THEOREM {.1))

The proof is based on the reformulation of the equation in Algorithm Holder
regularity statements (Proposition for the strong solution are exploited to pathwisely
control temporal discretization errors. Nonlinear effects are accounted for by regularity
results (Proposition and Lemma . Due to the occurrence of mixed terms a subset
argument is needed to apply Gronwall’s inequality.

The error below is defined by 27 := m(t;) — m? Vj =0,...,J. We subtract equation ({3.1)
and the equation in Algorithm where the damping term is reformulated according
to (1.4)), and test with 27+,

Since a usual application of Gronwall’s inequality is not possible on the whole probability
space € (see therefore inequality (4.25) below), we restrict the error analysis to the subset
Q. ; C €, defined for a fixed kK > 0 by

0y = {weQ: sup |[Vm'|[L + sup [Vm(s)|[i + sup va(s)u%vmgﬁ}

r=0,...,J to<s<t; to<s<t;

forall j =0,...,J — 1. There holds ﬁﬁ,jﬂ - SNI,{J. We arrive at
. . (ZES] . .
_ J+L i LY e ! _ J+1 g+l
]le (z 2,z ) aﬂQm /tj (Am(s) AmIT z )ds

< 15, ok (74 B - Dam 1 21)

ti+1 ‘ ' 4
ratg [ (ITmo)emls) ~ 1m0 o, 21 s
J

+ %kﬂﬁw_ (lvma‘ﬂ,ég (mi ! — m), zj"’l)
+ %kllaw (<mj+1 —md, AmI a3, Zm)‘

+1g, /t%jﬂ (m(s) x Am(s) — mi*! x Amit1, zj+1> N
+ gﬂﬁw ((ij —m/) x Aij?sz)

tir1 . .
+1g (/t m(s) x 0dW (s) — mi*s x AW, 27)
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— T+ IT+III+IV+V+VI+VIIL (4.1)

The left-hand-side of equation consists of seven terms, which are considered separately
in the following: The first four terms -1V correspond to the damping term, the terms V—
VI to the precessional term, and the last one VI attributes error effects of the stochastic
integral term.

During the whole proof, small constants (5,5 > 0 are used for terms which are in the end
absorbed to the left-hand-side and inequalities are understood in the P-a.s. sense.
First Step: Estimate for the left-hand-side and terms I-V 1.
LHS (first term): Using the identity 2(a — b, a)gs = |a|3s — [b|2s + |a — b|2;, we obtain
1 1 102 2 1 2
I (27 =2 27) =15 S(I1777 1R — I1271%: + 11277 - 2/[52).

LHS (second term): This term can be rewritten using integration by parts as
tit+1 . .
1 1
- ﬂﬁm‘ /t (A[m(s) —m/ T 2 )ds

ti+1 . .
— 1~ _ il j+1
= ﬂﬂw‘ /t (V[m(s) m’T ], Vz )ds

) ti+1 .
=15, KIVEE 1 /t 7 (Vim(s) —mity0)), V) ds.
J

The second part of this equation is bounded by Young’s inequality, i.e.,

tir1
1~ /
Qs
"d St

tjt1 9 12
<0 [T IVIm(s) = mit )l ds + 015 KV

—(Vm(s) - m(t;1)], V27 ] ds
(4.2)

RHS (first term I): We decompose the first term I using integration by parts into
1< a]lﬁmlc’ (Vmdth [mi 2 s — 1)V |+ aﬂﬁmk) (Vmit!, 2719 i3 3, — 1)
=14+ Ip.

For the first term I 4, we use the parallelogram identity together with the fact, that iterates
mJ are S%-valued, in order to conclude

- 1 1 . 1 . 1
2 [ — 1= [om/ T + SmlfRs - 2(|§m]+1|§3 + |§m]|%{3)
g (4.3)
= —Bm]H - 57"']‘]%%3'

This yields \|\mj+%]f§3 — 1L < C|mITt —md|je < COflmd ™ — md || (|m/ L +
[m7||Le), and thus by using ||m|L~ < 1 P-a.s., we obtain

Iy =Clg k|(Vm/ ! [[m/ "2 s — 1]V 1)

< Cly KV galmd = m e [V o
K,J
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By Young’s and Gagliardo-Nirenberg’s inequalities, i.e., by |[m/T! — mJ||p~ < C||mI*! —

1 , 1
mJ|| 2, |lmI Tt —mI|| g, in 1d, we obtain
Ly < CHIVm Lo [m? = ml[lwrz|m? —mi||ee + 015 k[VZ L (44)

Using again identity (4.3]), and Gagliardo-Nirenberg’s and Young’s inequalities, we obtain
1 ‘ . : .
— 1~ k= G+ L+l 1§12
Ip = ﬂﬂmkll‘(Vm , 27TV [|m m ]Rg])’

Q

< Clg, KV gz |27 o [VIm? ™ — md ][z ][m/ ! — m/||pe
KyJ

1 . . , o .
= Il~n,jk:§‘ (Vm]“, 2TV M — mI),mItt — mJ>R3)

. R S £ . . , C 1
< Clg kIVm? el 2 g2 3y [ VIm ™ = m]||pallm/ ™ —m/ [

. .1
X [m?* —md| g,
< Mlﬁwk:uzjﬂu%vl,g - Cﬂﬁn’jkuvmﬂ'ﬂ“#||zj+1||%2
+ Ck V[t —md]|[allm? ™ — m || [m? T — m||wae. (4.5)

RHS (second term II): We obtain
ti+1 |
m<atg [0 (19ms) Batm(s) - miti), =) ds
K] tj
ti+1 | |
+algy j/] (|Vm(tj+1)|§3(m(tj+1) _my+1)’zj+1) ds
K, t]
tj+1 ) ; »
" aﬂﬁ”’j/t <(|Vm(8)|R3 — IVm(tjt)lgs )m(tjsa), 2/ ) ds
i

ti+1 ' ' 4
T B (2 L O
J
= II4+ I+ Ilc + Ip.

The first term 114 can be simplified to
fitt 2 +1
s < Clﬁw/t IVm(s)|[ielm(s) — m(tjr1)|p2l27" [z ds
7

tjr1 )
<Clg [ ITm) el Vim(s) wa [m(s) — m(t) a2 ds

»J t;

1 1
using Gagliardo-Nirenberg’s inequality, i.e., [[u[Le < Cflullf.|ul1.2 in 1d. By Young’s
and triangle inequalities, we further conclude

ITy <Ck sup ||[Vm(s)|[i||[Vm(s)|3yie  sup  [[m(s) — m(tjs1)]5e
t;<s<tj1 tj<s<tjt1 (4.6)

+Clg M=,
For the second term IIg, there holds

ti+1 A
1 <15 [ IVt e |27 [ ds

J
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< Clg KIVm(tie) e[ m () w1277 s
< Clg KIVm(ti) Bl 3 + Ol KIVm(t) el (@47)

using Gagliardo-Nirenberg’s and Young’s inequalities. For the terms IIo and Ilp the
identity

lalis — [blgs = (lalgs + [Blra) (Jalgs — [bles) < (lalgs + [blrs)|a —blgs  (4.8)

is used. For the first term IIc; corresponding to the |a|gs(|algs — |blgs) part in equa-
tion (4.8), we obtain using ||m/T!||L~ = 1 P-a.s., Gagliardo-Nirenberg’s, and Young’s
inequalities

ti+1 . 1 . 1
Ilcy < Clg / [Vm (1) [ [V [m(tj1) — m(s)]lle 127|127 I gyr.2 ds
md Jt

<Ck sup ||V[m(tjr1) —m(s)lllzz + Cly  k[IVm(ti)llgallz? (17
tj<s<tji1 3

i+1)12
+ 5]1§w/<:”z1+1uwl,2. (4.9)
Using the same arguments for the second term Ilc 2, we get
Iea <Ck  sup  |[Vim(tj1) = m(s)ll[L> + ClLy k[ Vm/ pall2” L

tjSs<tjl

+ 5Il5w/~c\|zj+1 [y (4.10)

Again, by using identity (4.8]), Gagliardo-Nirenberg’s and Young’s inequalities as well as
[m7*||Le = 1 P-a.s., we obtain for the first part of I1p

Ipy < Clg K|Vt lLall="
+ 5]1§mkHsz“Hig + 5H§H,j’f!\zj+1!!%v1,z, (4.11)
and, similarly

Ilpy < C]lﬁﬂjk”vijHiQszHHi? + 5Ilﬁmk:\|sz+lHi2 + 5Ilﬁwkz\|zj+1H%VL2_ (4.12)

The term I1 requires to later restrict to the subset QW-, see estimates (4.7)), (4.11)) and (4.12])
since we obtain mixed terms, e.g. |[Vm/™!||1.[z/ 1|32, which prevents a direct use of a
discrete version of Gronwall’s inequality.

RHS (third term III): We use again Gagliardo-Nirenberg’s and Young’s inequalities to
conclude

III < kﬂﬁn,j‘|ij+1H%2Hmj+1 —m ||pee || 27| Lee
. . .1 . .1 . 1 . 1
< Clg KIVmI [ Eallm?t —m |, [m/ ™ = md 5,212 g 27

< CRIVmI | [m? ™ — m [z lm/ ™+ — m |2

- Cﬂﬁn,jkaJ’“H;ﬁQ 12713, + Mﬁﬁdkuzj“n%vl,g. (4.13)
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RHS (fourth term IV ): For the fourth term IV, integration by parts, the product formula,
and the identities ((a, b)rsc, d)p; = ((¢, d)psa,b)y, and mits = mitl - 1(mIt —md)

are used to obtain

IV <Cly k

J

(V[(mjﬂ —mI)mI L — i, 27, vmjﬂ)‘
* C]lﬁw'k’ (V[(mj+1 —m/)(mIt 27 s, ij+1>‘
< (Clﬁwk‘ (V[ma’ﬂ — I (mItt - md | 23, vmjﬂ)‘

+Clg k|(m/™! = md)(V[m/ ! — mi), 2+ g, Vi)
K,J

+Cl5 k

5,3

(M —md)(mIT —mI V2T, ijﬂ)‘

+C]l§ k

Ly

(
(

+ C’]lﬁw_k (V[ijrl —m | (mI T 2T s, Vmﬁl)’
((Tnj+1 —mI ) (VmI L 27 ) s, ijﬂ)’
(

+Cly k (ij—mj)<mj+1,sz+1>R3,ijH)}
K,

=1V + 1V +1IVc+1IVp + IVE,

where IV, represents the first two summands. Those first two summands contained in 1V

can be simplified using Gagliardo-Nirenberg’s inequality to
VA < Cly  k[VIm? ™! = m/]|l2m? ™! —m L |27 Lo [Vm/ e
< Cliy KV — ] g fmd* = md | im0
o s A A A L
By Young’s inequality, we arrive at
IVa <01 K|z |y
+Ck  sup  [[Vm Lo [m? = m |2 [mIF - mI e

r=0,...,5+1
+C1g KVt 2.

For the term IVp, we obtain using Gagliardo-Nirenberg’s and Young’s inequalities
Vs < Clg Klm/™ —md|fa]lm/*! —mI {2 | VI |
+ 6Ilﬁn,ijsz+1H%2.
For the term IV, Gagliardo-Nirenberg’s and Young’s inequalities again yield
IVe < Clg K|[V[m™ —m/]|lgz|m? ue |27 e [ Vm? e
< CHIVm ™ —mi)|2 + Clig K|V L 127

0 K2 e,

(4.14)

(4.15)

(4.16)
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Similarly, we obtain for the term IVp
IVp < Clg  kllm/ ™ — m||pe |27 [Lee | Vi T £
KsJ
< Ckm/* —m [|pa[|m? ™t — m ||z [ Vmd IR
+Clg KV |27 (R + 615 Kll=7 M e, (4.17)
K,J KsJ
and for IVg,
IVp < Ol kllm/ ™t —md |[pee [m? ™ [y [ V27 |2 [Vmd T e
KsJ
< Okl = md gz [m ! — s V2 01y KIVE . (418)
RHS (fifth term V' ): In order to simplify the fifth term V', we consider
m(s) x Am(s) — m/t1 x AmIT?
= (m(s) — mtjs1)) x Am(s) + mit;1) x Alm(s) — m(ts1)
+ (m(tj) —m ) < Am(tj) + m/ T x Alm(t) - mI T,

and, due to (a x b,a)ps = 0, we are able to rewrite the term V' in the form

V=1g /ttj+1 ((m(s) —m(tjz1)) ¥ Am(3>7zj+1) ds

o +1
”5/ (mltj1) x Alm(s) = m(tjs), 27 ) ds

tj+1 ) ) ,
+ 1z / (mﬁl x Azt zJH) ds
Q"”wj t:

= Va+Ve+Ve.

Each term is now considered separately. Using Gagliardo-Nirenberg’s and Young’s inequal-
ities, we obtain for the first term V4

i+l A
Va < lﬁw-/t lm(s) — m(tji1)llez | Am(s)||pz |27 Lo ds
i

<Ck sup |m(s) —m(tj11)lf.  sup [|Am(s)|f. +Clg K="
tj<s<tji1 tj<s<tji1 "

+ 015 kl# e (4.19)

The second term Vp can be simplified using (b, ¢ X a)rs = (a x b, ¢)ps and integration by
parts to

v tjt1
< 1=
B = Qx5 /t

J

=: VB,l + VB72.

(VIm(s) = m(t; 1), V271 x mt 1) + 2741 x Imt;0)) | ds

First, Gagliardo-Nirenberg’s and Young’s inequalities and ||m(t;41)|/Le = 1 P-a.s. yield

Ve1 < Ck sup [[V[m(s) - m(tj)lllT: + 015 KIIV2"" L. (4.20)

tj<s<tj1
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Similarly, we obtain

Vo <Ck  sup  |[V[m(s) = m(tj1)lllg2 + Clg_ kIVm(tic)lga 272
tj<s<tjt1 7

+ 5ﬂﬁwkuzﬂ'+1u%vl,2. (4.21)

The third term V¢ simplifies using integration by parts, Gagliardo-Nirenberg’s and Young’s
inequality to

Vo < 1g  K|[V2 4 |pa [ VmdH|pa |27 e
2V
< Ol MITmM L= fa + 615 K|V e+ 015 kI= e (422
The part Vi of term V' also makes again a restriction of the error analysis on the subset
(), ; necessary.

RHS (sixth term V1 ): Using (a x b, c)ps = (b, ¢ X a)ps and integration by parts, we obtain

<1~ JH1 i+l G+ g ’
VI ]le_ 2’<Am , 27T x (m m ))
<1s E’(ijﬂ V2T x (mith — mJ))’
= 252 '
~ J+1 j+1 J+1 _ nJ
—I—]lgw_2‘(Vm , 27T x Vm m])‘
= VIg+VIp.
For the first term V14, by Gagliardo-Nirenberg’s and Young’s inequalities, we arrive at
VIp< Ly KITm* o[ V2 g md* — mi
< ORIV alm ™ — md o * — s+ 015 K|V, (4.2
and the second term Vg can be similarly simplified to
VIp <1 K[Vm/ ™ [V[m/ ™ — md]|e |27+ |re
K7
i+1 112 i+1))4 i+1)12
< Ck”V[m]"‘ — mﬂ]”Lz + Cﬂﬁmijva_ HL2”zJ+ HL2
+ 815 Kl [y e (4.24)
So far, estimates for the terms I-V[ in inequality (4.1) are derived. If we combine the
obtained estimates (4.4)—(4.24) of the first step, we arrive at
1 , . . . .
15, 5 (1571 = 1718 + 127 = #918.) +adg KV,
< Clg Kll=""IE
14 A .
+ Ly k(IIVm e + [ Vm(tan) e + VM) [Ryre ) 1271

+ CK||V[mI Tt —m7]|2,

+kAj sup  [[V[m(s) = m(tj)][R2 + kBjallm T — m[lwael|m/ T — m |
ti<s<tj1



33
+kDj1 sup [lm(s) — m(tji)l[Le + kB [m/ — mI |,
tj<s<tjt1

¢ : ,
+ (/ " m(s) x odW(s) — mits x AjW,z]H). (4.25)
¢

J

In inequality (4.25]) above, the term A, is constructed by (4.2)), (4.9), (4.10), (4.19), (4.20)),

and (4.21)), such that

Aji1:=C+C sup [[Am(s)][f-

tj<s<tjy1

The definition of term Bjy; is motivated from (4.4)), (4.5), (4.13)), (4.14), (4.17), (4.18),
and (4.23)

Bjt1:=C sup [[Vm/|i.+C|VmiT|i.
r=0,....j+1

The following term D;y; comes from and ( -

Djt1:=C  sup HAm(S)H%QJr sup [ Vm(s) |2l Vm(s) Ry

tj<s<tjy tj<s<tjta
term FE;;q is motivated by estimate (4.15])
. j+1 112 +1)12
Ejp = Clm™ —m/|[jy12 ||Vl

The terms Ajy1 to Ej;q share a common property. It is due to Proposition @ and
Lemma [3.4] that E[(A;41)?] < C, E[(Bj;1)?] < C, E[(Dj41)?] < C and E[(Ej41)?] < C for
p > 1 hold.

We first sum over j = 0,...,r and then take the supremum over r = 0,...,J — 1 and
finally take expectations in inequality . The lines 2 to 4 on the right-hand-side of
inequality can now be estimated by using Hoélder’s inequality and the results in
Proposition [3.3] and Lemma [3.4] and we obtain at least rate 1 for those terms.

On the left- hand side of ( -, we use Qw+1 C Qw forall 7 =0,...,J — 2 to obtain

E| _suw Zﬂ~ (17132~ 12712)]

r

—&[ o (1~ R+~ 15 I )]
j=0
2E[ sw 15 =]

Thus, we arrive at

J—-1
E[ sup 1 | T+1||22+Z]1~ |29t — 2|3, +ak2]l~ ]Vz3+1||L} (4.26)
r=0,...,J—1 o =0
J—-1 J—1
< Jj+1 j+14 J+12
< Ck+Ck Y Elly |27 3]+ Ck Y E[1g [V [fa)l27 7]

j=0 7=0
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J—1 J—1
+Ck Y B[l [Vmtie)liel= ] + Ok 3 B[15 [Vmo ™ fallz* 2]
Jj=0 j=0

[ sup Z Ig, (/ " m(s) x odW(s) — mits x AjW,sz)]
0,....J

T= tj

Before starting to estimate the stochastic integral term, the three mixed terms (first and
second line on the right-hand-side of inequality (4.26|)) are considered: For the third term
on the right-hand-side of (4.26)), there holds

e o -
Ly, IV )2 e < 15 (IVmI T Ige — [1Vm |2 ) 1272
P ER
::IA-i-f\I.

The first part I yields

J—1
E[> |T]] < kE
=0

J—1

j 4 14
(S2[Ivmi ks = [vm|f
j=0

2)5
J—1 1
< (15, 1= e (I e + Imt) 132 ) ]
=0
J-1 . 2
< CHE| \||Vmﬂ+1||iz—||kuig |
j=0
J .
+ CHE [ o, 127 R (Imd 13 + ()22
7=0

< Ck+Ck Jz_j E[15 \z]HHQ]

by using Lemma (3.4 d), the P-a.s. estimate supj(HijHLQ + m(tj)l3z2) < C, and
Holder’s mequahty For the second part, we obtain 1] < Crlg |]zj+1||2 Thus, we get
for the first mixed term in inequality -

Y B[Lg [mI a2 ] < Ch+ Chx +1) i E[lg, l121]2:].

The second mixed term in inequality (4.26)) can be simplified in a similar way, just with the
use of Proposition [3.2| b) instead of Lemma (3.4 d). Here, we finally obtain

J-1 J—1
B E[lg IVm(ti)ltal = IF:] < CF + Chn Y E[1g (1274 32).
Jj=0 J=0
In order to simplify the term 115“ [Vm(tj1) |32 2712, we rewrite |V (tj1)||3y1.e
to [|[Vm(tjz1)]lie + | Am(tj+1)]32, where the first part can be handled as before. For the
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second part I HAm( tiv1)|32]127 1|32, we arrive by similar arguments as before using
sup; [ 2771132 < C P-as. at

I IAm(ti) a2 3

< (15, CllAIm(t;1) — m(t)lIE + 15 Clam(t)IE:) 2712,
<1 CllAIm(ty) = mE) 12712 + 15 Crll2 2,

< ClAmti) — mt)IE + 15 Crllz 2

After summation and taking expectations, we obtain

J-1 J-1
kY E[Lg [IVmtien)Ryiall= T Ee] < Ch+ Chx+1) Y E[15 1127432
P ’ i=0 ’

using Proposition c). As a consequence, inequality (4.26)) can be rewritten as

J—-1 J—-1

E| sw 15 2R+ Y 15 277 =2+ ok Y15 V27
r=0,...,J—1 “"or—1 =0 j=0
J-1 )
<Ck+Ck(1+r) > E[]lﬁ .HzﬁlHiz}
KyJ
j=0

[ sup Z 15 ‘(/tﬁl m(s) x odW(s) — mitz x AjW,sz)], (4.27)

r=0,...,J tj

where the last term will be estimated in the second step below. From inequality (4.27)), we
observe, that the terms -V I in equation (4.1)) yield a convergence rate of order close to one.

Second Step: Stochastic term VII.
An estimate for the last expression in inequality (4.27)) is derived. Therefore, we first rewrite
the Stratonovich integral term and consider the It correction:

/:“ m(s) x o dW (s) Z\F/M s) x e 0 dB'(s)
_Z\F/ s) x e dBl(s) + = qu/]+lms)xel)xelds

t
:/JJrlm()xdW + = qu/ﬁlm s) x e) x e;ds.
t .

i
On the other hand, by using mits =mi + 1(mIt! —mJ), we obtain

éxAW ZfAﬁlmjxel+ ZfAB (M7t —mJ) x ¢

=1

_Z\FA Blmd x e + qul (mits x e;) x e +.Aj,

=1 =1
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where the term A; is defined by

1 ) ) 1 1
Aj = iz\/@A]ﬂl(mJH —m’) x e — §k2ql(m3+2 X €]) X €.
=1 =1

The equation in Algorithm is used in order to restate the increment m/*! — mJ, such
that

1 1
Aj =5 2 allAB' P — k) (mI*2 xe) x e
=1
1 s -1 - 201 201 -
+ 5/{:2\/@Ajﬂl [m3+5 x Am/Th —am/ T2 x (miT2 x Amﬁl)} X €
=1

5 20 D VAN B AR (mITE xey) x e,

l1=112#l

This argument, together with the identity
m(s) x e, —m? x e, = [m(s) —m(t;)] x e, + 27 x e

is used to decompose

ti 1 . .
ﬂﬁw‘ (/t,J+ m(s) x odW(s) — mits x AjW,z”l)

b j+1 j 1
_ (/t I, (m(s) —m(t) x AW (s),2/M) + 15 (27 x AW, 2947)

+ liql /tﬁ_1 1~ (((m(s) - ijr%) X el) x e;ds zj+1)
215y g ’

oo

1 m .
T3 > ﬂﬁqu(!AJﬂlP - k)((m”? X ey) X el,zﬁl)
=1 ’
1 < U [mits i+l j+i j+i 1 J+1
—i—ikZHﬁw\/@AJﬂ ([m 2 X Am!T —am! T2 x (m!T2 x Am )}xel,z )
=1 ’

120, > L '
+ 5 Z Z ]lﬁﬁ,j VAR \/QZQAjBllAjﬂlQ ((m3+2 X 612) X ell,ZJ—H)

=112k
= T+ I+ IIT+1V+V+ VI
In the following, each term is treated separately, starting with the first term I.

Term I: Here, by using 27! = (2711 — 27) + 27, we obtain:

1< </:+1 ]lﬁnj(m(s) —m(t;)) x AW (s), 2T — zj)

F ([ 15, (m(s) — i) x AW (), 20)
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For the first term corresponding to term I 4, we conclude using Young’s inequality, It
isometry, and finally Hélder’s inequality

IE[ sup i(/ml 15 (m(s) —m(t;)) x dW(s), 2/ _zj)}
r=0,.. ,J 1 tJ Qn,j
j+1 A A
C”/ . (m(s) — m(t)) x AW ()] + 01 [[71 — 2T[3.)]
—6ZE[R~ N — 2]
7=0

+CZE uZw/ m(s) — mi(t;)) x erdB'(s)[3:]
7=0

<6 ZE[ Nt — 2]

J—1 oo 11
O QE Y. Y VaE|| / I, (m(s) —m(t;)) x e d5'(s)]|2:]
01=1
J—1 .
<63 E[15 |27 - 23]
i—0 3]
’ J 1 oo
+ CTI‘Q Z Z \/7/ m(S) - m(tj)) X el||i2] ds
7=01=1

By using ||u x vtz < Cllullpz||v||L~ together with Assumption |A;| and Proposition
we arrive at

[ sup Z/tﬁl M )—m(tj))xdW(s),sz—zj”
<6ZE[ a2 + C(Tr QR Z/ E[[lm(s) - m(t;)||3] ds
<6ZE[ 2 = 2] + O(Tr @3k

The second term I can be handled using Burkholder-Davis-Gundy’s inequality:

r

E{ sup Z(lﬁw /t:j+1(m<8> — m(t;)) x dW(s),zj)}

T:O,..‘,Jfl ]_0

= [ sup ZZf( /H(m(s)—m(t]‘))Xeldﬁl(s),zj)}

=0,...J=1 520 1=1

IN

S vaE]_sw |3 ("1 ((m(s)—mit) x e ) a5

=1 07 7‘] 1]:0 t]

~
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m(s) — m(t;)) x el,zj)\zdsm.

00 J—-1 tit1
SC;\@EHE)/% Ig (

By using |lu X vz < Cllullp2||v||Le~ together with Assumption Young’s inequality,
making the supremum, and Proposition a), we continue with

r

E[ sup Z(lﬁm /tjtjﬂ(m(s) —m(t;)) x dW(s),zjﬂ

7”:0,...,]71 _]:0

g tj+1 ) - %
Hz/t I llm(s) = m(t))l[gall /|13 ds| ]
j=0""%

KyJ

Z / Im(s) = m(t) e ds|

< im[ w1 ||zr||L2]+oz¢q7E z / T, Im(s) = mit)) [ ds

ggTrQ%E[ sup 15 HzTHLz}—l—CTrQik.
J—1 e

Here the property (NZ,W C (2,.@,,1,1 is used, which yields 15 < 15 R The first part can
be absorbed later in inequality (4.27)).

Term I1: Using (a x b, a)gs = 0, we obtain

m=1; (zj x AjW,zJ'H) =15 (zj X AW, 20— zj),

thus, using Young’s inequality together with the independence of all, [|A;W |3, [|27]|32,
and 15 , we conclude
H,]

[Z |II|] <E{Z ]l~ ’(zJXAWzJH zj)H

{Z ]lN ’z]”L2HA WHLOO} +6 ZE[ sz‘i‘l o z]H2 }

7=0
J 1
<01<:ZE[ JER P }+5ZE[H~ 127+ = 27|13],
7=0

where we have used again 1z < 1 .
D, Q51

Term I11: The third term 111 can be decomposed using m(s) —mitE = m(s)—m(tjq1)+
2+ L(mJ T — mJ) into three parts:

11T = qu/‘m &, ,(((m(S) —m(tji1)) X ) X e ds,zj+1>

ti+1 . ;
+ - qu/A ﬁﬁj((z”l X e)) X € ds,zJH)
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+ — z:q/t7+1 = (((mjﬂ—mj)xe)xe ds sz)
. s ! 1 ds,
= III4+IIIg+IIIc.

Starting with the first part, we obtain by using ||u x v||g2 < C||ul|tz2||v||L~ together with
Assumption and Holder’s and Young’s inequalities,

__ tir1 .
T <15 || 77 S am(s) = mitjs)) x e0) x erdsla 21
—~ 1/ [t 2 2 i+
<c1g Sakd ([T Ims) - mits)lFads) 174
T=1 i

li+t 2 12
< CTrQ/t' lm(s) — m(tjq1)|iz ds+CTrQ]1§N’ijz i2-
J

Summation, taking expectations, and using Proposition a) yield

J—1
[Z 111 4| <CZ/ ||m (tj+1)||i2} ds+0kZE[1§szJ+1Hig]
j=0
J—1
<Ck+Ck Y E[1l5 1277 :].
7=0

For the second term I11g, by ||u x v|t2 < C|lu|/p2||v||L~ together with Assumption
we obtain that

— 1 ) . )
- - Jj+1 J+1 - J+12
115 < JLQW_‘Q zzlqlk((z x €)X e, 2 )‘ <OTrQly k||

After summation and taking expectation, we obtain

[Z [ITTg]] < Ck Z E[ JES P |-
Finally, for the last term I ¢, we conclude
TTTA| < 1~ g+l _ ] J+1
[IIIc| < ]lgwk‘lzlql«(m m’) x e;) x e, z )‘
< C(Tr Q)%k||mit! — m |2, + Clﬁn,jk”zjﬂ\lé

as before. This yields

[Z [ITTc|] <Ck+CkZ[E[ N }

j=0 j=0

using inequality (3.8) and Lemma
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Term TVAI he fourth term has to be rewritten again using 2/*! = (2/*! — 27) + 27 into
the parts IV 4 and IV g. For the first part IV 4 corresponding to (2771 — 27), we obtain

— 1,2 1 . .
IV 4] = 5]2 Ly, (882 = k) ((m7*s x &) x e, 277! = 27))|
< cz 1 ql‘|A B2 kmzﬂ“ — 2|ga
using the estimate ||[u x v|g2 < C||u||z2||v]Le together with Assumption Taking

expectations, summing up over 7 = 0,...,J — 1, using H6lder’s inequality and the equality
2
EH]AJ'BZP — k‘ } = 2k2, which holds due to A]ﬂl ~ N(0,k), we arrive at

J 0 1 1
[Z Wl <0 S S aeias 1) 6z, 127 - 1))
7=01=1
< (T k+6ZE[ I =2 2.

For the second part IV g, we simplify using mit: =mi + %(TnjJrl —mJ), thus

IVp=- ZILQ a8 = k) ((m x &) x e, )
l 1

32 j+1 j i
+3 lg Ly, @(8;8'7 = k)((m ™ —m)) x &) x e, 27)
=: TVB,l + IA‘7372~

To get an estimate for IAVBJ, we define

o0
Xj =15 > al(dp) - B)((md xep) xe,27)  Wi=0,...,J -1
=1

Since X is F;,-measurable (j < w), we obtain that Y, is F; -measurable. By E[|Y;|] < oo
and P-a.s.

EYo|Fi ] =Yea+1g Z(Il " xe) x e, 2 TE[(|1 A1 B = )| F, L]
=Y,
for every r = 1,...,J, we obtain that the process {Y;}; is a {F, };-martingale.
Thus, we are able to apply Doob’s inequality
r—1

E[ sup ZIV31}<E{ sup ZX”

7‘:0,...,.] 1.] =0 r= 1, . ] 0
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J-1

<O(ZE]X| +23 E[X;X, ])

7=0 Jj<w

N|=

Since j < w, we obtain
E[X;Xu] = E[XE[Xu|F,]]
_ iqlE[xjnm((mw <)) x e, 2)E[(| A8 = B)IF, ]|
o

and thus, using Young’s inequality and independence of |A;3'|? and | 27||2,, again estimate
E[[|A;8'? — k|’] = 242, and finally 15 <15, we arrive at
K]

N|=

[ sup ZIV31]<C(ZE[ ’qu (1482 - )((mjxel)xel,zJ)ﬁ)
<c(zTerqlE[ RUNELRPSTRTA)k

< Ck(z E[1~ |2 HLQD%

J—1
<Ck+CkY E[nﬁw_l 127135 ].
=0 ’

For the terms corresponding to IV g2, we use ||u x v||p2 < C|lu|jpz|v|L= together with
Assumption [A7] to obtain

e}

—— 1 . . .
Vol <15 5|(X alla8? = b)((m/+! = mi) x &) x e, 27),
’ I=1
0 . . .
< C]lﬁﬁj ZQZ“AJ',BZ‘Q _ k‘”((mﬂrl _ mﬂ) X el) X elHLQHzJHLQ
=1
< Clg > a8 = k|l = m a2 e,
=1

Thus summation over j = 0,...,J — 1, taking expectations, and using Hélder’s inequality,
as well as E[||A;B!2 — f | < Ck4 since A;8' ~ N (0, k), yield

J—1 oo

[z Vaal) <05 S a8 - HE[lm* - milk])* (B[t 113:])°

7=01=1
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J—1 oo ) ) % J—1 oo
<OY Y ak(E[lm T —mif{a])* +C Y Y akE[1y 121 ].
j=01=1 J=01=1
By Holder’s inequality, Lemma c),e)and Iy <1y |, We may conclude that
K,J KyJ—
J-1 -1 ‘ ‘ 1 J—1 .
B[S [1Vpal] < CTr @it (Y B[mit! - mi|l])* + CTe @k Y E[15 [127)2:]
=0 =0 =0 ’

< Cké(JZl C(RE|[[mi*> x AmI ||z, | +E[”AJ‘W”@]))§

7=0
J—1
+Ck Y Eflg [27]:]
7=0
J—1 -
< Ck+ ijZOE[]lﬁw_IHzJHLJ.

Term V: Let 7 > 0 be fixed. For term V, we arrive by using [|u x vtz < Cllugz2||v|ne~
together with Hmj*'% |lLee < 2 P-a.s. and Young’s inequality at

V=15

1 . .1 .1 . .
, k({mﬁﬁ x Am/Tl —am/ T2 x (m/T2 x Amﬁl)} X AjW,z]H)‘
5]

1 . i
< Clg km?*2 x AmI ™| || A; W |ee [ 274 g2

. 241
< Ch|mi*E x Am |5 AW L2

2+47r

< Ckllm/* x Am]“l!”’ IAWIIL +CL k27 ML 127 g

+Clg K|l

Since [|z711(|7, < C'P-a.s. holds, we obtain

E[Jz_:l “7@ < Ck(]z_:lE[HmH‘% X AmJ-HH%Q}) iy (Z_: E[HAJWHi—;ﬂ)ﬁ
j=0 j—O
+Ck‘z [ |ZJ+1H2 }
<Ck2+2r +CkJZlE[ |zj+1H2 }
7=0

< OK'"¢ + Ck Z E[1g, lI27713:],
7=0
by using Holder’s inequality, Lemma c¢), Remark and setting € :=
small choices of r > 0, € gets small, and we obtain a rate close to one.

2+2T > 0. For

Term V1: Finally, the estimates obtained for the term VT are similar to those for termjf.
Analogously, using i]j U= (291 — 29) + 27, we decompose term VI into two parts V14
and VIpg. For part V1,4, we obtain using Young’s inequality and Assumption

VIal < O(Tr Q) Z > g VG| 28" 1A 8 |(mI 2 x ep,) x e |72

li=11xl
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+ 81y |5 - 2|2,

By using Assumption the estimate |u X v|p2 < C|u|p2||v|Le in addition with
Hijr%H%oo < 2 P-a.s., independence of A;31 and A;B"2 for I} # Iy, and taking expec-

tations and summing up over 5 =0,...,J — 1 yield
J—1 J—-1 '
[Z VIAl| <C(TeQ2h+53 E[ NEARE 23]
Jj=0 7=0

— 1 . . .
For the second part VIpg, we use again m/*3 = m/ + %(mﬂJrl —m/) to conclude

WB = HN Z Z F@A ﬁllA Bl2 ((m] X elz) X €, 2 )

l1 1l27él1
g 2SS A A ((m ) x e) x e )
l1 1lo#l
=: WB,l + VIB,Z'

Similar arguments as in 7‘7371 and IAVBQ yield

E| sup ZVIBI]<CTrQ2k+CTrQ2k:ZE[ =]
r=0,..., J =0 7=0

for term WBJ, and for T/VIBQ

[Z Vsl < cmczcz 15, 127132

Jj=0 Jj=0

Combining the results obtained in the second step, we arrive at

[ OSup Z ]l~ (/tHl m(s) x odW(s) — mj+% x AjW,ZjJrl)}

=0,....J tj

<4 ZE) E[lﬁm szH — sz%Qi| + 0E L_Osup‘]i1 ]lﬁwq Hz]H%Q}
J= My
J—1 ~
+ Ok Y E[1g 1= }a] + Ck+ Ck' . (4.28)
7=0

Third Step: Gronwall argument
Finally combining the results (4.27)) and (4.28) from the previous steps, we arrive at

J—1 J—1
E| sw I [&7F+ Y 15 277 2R +ak Y 15 IV,
9=0,..., J—l =0 =0
J-1

< Ck+ CK"™ 4+ Ck(1 + k) ZE[ HZJHHL?}’
7=0
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where we have absorbed the first two terms of the right-hand-side of inequality (4.28)). The
discrete Gronwall inequality finally leads us to

J—1 J-1
E swp 15 &7 E+ > 15 1277 =2 F+ak Y 15 V23]
j=0,...,J—1 7% j=o0 7 =0 7

< Cexp(Ctyr)kt ¢

Set  :=log(k~2) for a € > 0 and € := 5. Thus using §H7J_1 C Qw‘ Vji=0,...,J —1, we
obtain

E[]l~ sup ||zj+1H%2}§E{ sup

71 j=0,...,J—1 §=0,...,J —

2 E] < ok
]_

115“|
Define (NZk = §H7J_1. Thus

0= {oe s [Vmill+ s [Tl
7=0,...,J—-1 s€[0,t7-1]

+ sup va(s)”%vl,zﬁlog(k_%)}’
s€[0,ty—1]

and there holds

E|sup [|Vm/|[{,| + E[sup [ Vm(s)[L2] + E|sup [ Vm(s)[| 3.
log(k™2)

]P)|:QH,J—1:| >1-

>14+ —7=
- +elog(k:)

due to Proposition [3.2] and Lemma [3.4 0



5. Computational studies

In this chapter we focus on numerical studies concerning the strong and weak convergence
order of the time discretized scheme given in Algorithm as well as the performance of
different nonlinear solvers for different types of noise. Computational studies, using this
scheme, are already presented in [BBNP13|[BBP13], where possible blow-up and switching
behavior in two space dimensions is studied. However, detailed numerical studies about
convergence behavior are not reported in [BBNP13, BBP13].

For spatial discretization, the finite element space Vi, € W12(D;RR3) is defined by
V), = {@ € C(D;R?); @ € Py (K;R%) VK € n},

where 7;, denotes a regular triangulation of D into intervals K with a maximum mesh-size
h := max{diam(K); K € T} > 0. For each element K € Ty, let P;(K;R?) denote the
space of all R3-valued polynomials of degree one.

The nodal interpolation operator Z, : C(D;R?) — V, is defined by

T, [®](z,) := ®(z,) V® € C(D;R?),
for all nodes {x,; r = 1,..., R}. The bilinear form (-,-); : C(D;R3) x C(D;R3) — R is
defined via
R —
@2 = [ (@) E@)wlde = 3 6(B(,), S V8E € CDEY),
r=1
|1®|7 = (8, @), V€ C(D;R?)

for certain weights 3, > 0. The mapping || - || is a norm on V. The discrete Laplace
operator Ay, : Vi, — V3, is defined by

—(An®p, B = (V®,, VE): V8, By € Vi

The finite element formulation of Algorithm reads as follows.

Algorithm 5.1
Let MY = Tj,[my)]. For every j =0,...,J — 1 and A;W 1= W (tj11) — W(t;) ~ N(0,kQ)
determine the V,-valued random variable M7 such that P-a.s.

(MJ’+1 — M, <I>)h i ak(Mj+% % [MIT3 x A, MIHY, <I>)h

- k(MH% x AhMJ’“,@)h _ (MJ‘+% x AjW,@)h V® € V).

45
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We consider a simple fixed point method (SFM), Newtons method (DNM), where the
Jacobian is approximated by finite differences, and a modification of Powell’s hybridmethod
(PHM) in order to solve the nonlinear equation in Algorithm For a more detailed
description of these methods, we refer to [BBNP13| for SFM and DNM, and to |[Bre73]| for
PHM.

First, different effects according to the different solvers are studied by simulating one path
of Algorithm on D = (0,1) with periodic boundary conditions up to final time 7" = 5.
The initial value mq(z) := (0, sin(27x), cos(2rz))T € S?, the damping parameter a = 0.25,
the noise intensity v = 1.0, and the spatial discretization parameter h = 0.05 are fixed. For
all methods, the thresholding condition is set to be TOL = 10~'°, and the maximal amount
of iterations is set to be 10.000.

Table 5.1. Average, minimum and maximum amount of iterations to perform one time
iteration. Different types of noise, colored noise (cn) and approximate white
noise (st), are compared with the deterministic case (det). The elapsed time (in
seconds) to simulate one path with timestep size k = 2714 is compared.

k 2-14 213 212 2~ 1 210 279 time
av iter av iter av iter av iter av iter av iter
det 1.3 1-2 1.3 1-3 1.4 1-3 1.5 1-3 9.7
SFM cn 3.0 34 40 35 6.0 4-8 20.2  5-28 26.5
st 50 55 70 6-7 11.2 10-12 39.2 32-44 35.8
det 15 1-2 15 1-3 1.6 1-4 1.6 1-4 1.7 1-33 46.5

DNM ¢ 20 23 20 23 20 2-3 2.1 2-3 2.7 23 3.0 2-3 738
st 30 23 30 33 30 3-4 3.0 3-4 3.3 34 4.0 3-4 949

det 15 14 15 16 1.6 1-7 1.7 1-6 1.7 1-10 1.8 1-16 424
PHM ¢ 27 25 30 24 32 3-4 3.9 3-5 4.5 47 5.3 4-9  54.7
st 40 35 47 45 55 5-6 6.9 6-8 83 7-10 10.0 812 54.7

Table shows the average, the minimum and the maximum amount of iterations to
compute one timestep of the path for the three different methods for different timestep sizes
k. Here one can observe, that the SFM needs more iteration steps, but has the advantage to
be faster compared to both, DNM and PHM. However, SFM has the disadvantage, that it
does not converge for larger timestep sizes, e.g. k = 2719 or k = 27, while DNM and PHM
does. The DNM and PHM even work for larger timestep sizes k = 278,277,276 275 2—4,
Another observation is, that due to noise, the amount of iteration steps as well as the
simulation time increase. This increase is for SFM significantly more pronounced compared
to DNM and PHM.

In the following convergence studies, PHM is used, since it allows larger timestep size and
it is almost twice as fast as DNM. Here, one considers equation on D = (0,1) with
periodic boundary conditions up to final time 7' = 2. Again, the initial value mg(x) :=
(0,sin(27z), cos(2mx))T € §? for all z € D, the damping parameter is set to be o = 0.25,
and the maximal mesh-size h = 0.05 is fixed.

To compute the convergence order for the time discretization of Algorithm different ap-
proximations {M7; j =0,...,J} for different timestep sizes k; = 2-6+) for j € {1,2,3,4}
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are simulated and compared with a finer simulated approximation {M gx; j=20,....J}
using timestep size kex = 2714, The strong and weak errors are defined by

seli) o= (] o, 1322, ~ M ] ),

1
weli) = ( max [[B[M] ~ EIMI]| )"

In all simulations, the amount of 3000 paths is used to approximate the expectation values.
One path of the solution using colored noise described below is illustrated in Figure [5.1

5.1. Colored noise

The colored noise term is simulated by
L 3
AW (z)=v Z Z \ /q3(l_1)+T\/§sin(ﬂlx)erAjB?’(l*l)” Vo € D, (5.1)
I=1r=1

where A;3* are independent increments of a R-valued Wiener process for z = 1,...,3L,
and e, for » = 1,2,3 is a basis of R3. The parameter v = 1.0 is fixed. Figure shows
the convergence behavior using the sequence ¢, = 2% and fix L = 20. This simulation
fits to the setting considered in this work. The experimental strong order is 0.44, and the
experimental weak order is 1.07, which is close to the results obtained in Theorem
Increasing parameter L does not change the convergence behavior.

\»\\\/U/ \\,\\\W/ | \,\\\\\ \\<////
TR T

et 7
Vi S

Figure 5.1. One trajectory t; — M/ (w) of the solution of equation (I.1)) with colored noise.
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(@) t; = VM (w)]|r2 (b) rates of convergence
Figure 5.2. Colored noise where ¢, = r~2% and L = 20: The time evolution of t;

|V M ()12 EI) and correspondlng expectation value EI) is Shown in
(a). Strong and weak () rates of convergence and the reference slopes

0.5 (E[) and 1.0 (]:[) are illustrated in (b).
5.2. Approximate white noise

Experiments corresponding to space-time white noise, which is motivated physically are
considered. However, mathematical results for equation with space-time white noise
are currently not available, even in the case of one-dimensional domains.

A similar approach as in [BBNP13|BBP13| (without adaptive mesh refinement) is consid-
ered, where the space-time white noise is approximated using

—A\;f" Vx € D, (5.2)

vy
r=1 QISUPP‘I’ |

where ®,(x) are the basis functions of Vj, and A;3" are independent increments of the
R-valued Wiener process 8" for r = 1,..., R. The parameter v = 0.5 is fixed. Note that,
as it is depicted in [BSDDMO5|, approximation has a finite numerical correlation in
space. An additional adaptive mesh refinement Would be necessary to capture effects of
space-time white noise more correctly. Figure [5.4] illustrates the obtained experimental
strong convergence order of 0.34 and an experlmental weak convergence order of 0.98.
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Figure 5.3. One trajectory ¢; — MY (w) of the solution of equation (I.1]) with approximate
white noise.
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Figure 5.4. Approximate white noise: The time evolution of t; + ||V MY (w)]|y2 (IEI)
and corresponding expectation value (F--]) is shown in (a). Strong () and
weak (EI) rates of convergence and the reference slopes 0.5 (]ED and 1.0 (]ED
are illustrated in (b).
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6. Introduction

Let D C R? be a bounded domain with C? boundary, and 0 < T < oo be the terminal
time. The aim of this partE] of the thesis is to formulate and study a fully implementable
scheme to simulate the backward stochastic heat equation (0 <t <T)

Y (1) = [-AY (t) - znjz/(t)zi(t) F(t)] dt + Z Zi(t) dWi(t Y(T)=1, (6.1)

with homogeneous Dirichlet boundary conditions. Here, {W(t); t € [0,7]} denotes an R"-
valued Wiener process W (t) = (Wl(t),...,W"(t)), and F an external free forcing term,
both of it supported on the stochastic basis (2, F,F,P).

This backward stochastic partial differential equation (BSPDE) serves as a prototype ex-
ample for more general cases where the drift involves a linear second order elliptic operator
(see [DT12]) to which most of the results below apply as well. While of independent interest,
the BSDPE also appears as first order adjoint equation in the first order optimality
conditions of the following prototype linear-convex stochastic optimal control problem (see
also [Ben83|): given a deterministic profile {X(t,-); t € [0,T]}, find an F-adapted process
{U(t,-); t € [0, T]} which minimizes the cost functional

Tx0) =E[} [ (1X0) - KO + alU@IR) dt+ g(X@)]  @>0), (62

subject to the controlled (forward) stochastic heat equation (0 < ¢ < T')
dX (1) = [AX (1) + U(1)] dt + Z ) dWi),  X(0) = o, (6.3)

with homogeneous Dirichlet boundary conditions. This part of the thesis is a first step to
access this problem numerically by dealing with the adjoint equation as part of the
corresponding optimality system , f. Figure displays one approximate
path of the optimal control U* as well as the related optimal state X™*; see Section for
further details.

Backward stochastic partial differential equations (BSPDEs for short) naturally extend
backward stochastic differential equations (BSDEs for short), which is a subject of increas-
ing interest in the last two decades. Various numerical methods to approximate BSDEs
have been developed: references for procedures which exploit the connection of BSDEs and
corresponding deterministic (parabolic) PDEs include [DMP96,[MT06], which are efficient
for low-dimensional problems. A different approach is realized in [BT04,|Zha04], where

'Part [T is based on the manuscript [DP15] accepted for publication in STAM Journal on Scientific Com-
puting. Copyright (© by SIAM. Unauthorized reproduction of this article is prohibited.
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A

time time

(@) t; = X7 () (b) t; = Uy (w)

Figure 6.1. One path of the optimal state X;’j and the optimal control U,t’j for (6.2)—(6.3)),
see Setup D in Table for further details.

the backward equation is discretized directly by using an explicit/implicit time stepping
scheme which involves conditional expectations. In order to compute the occurring condi-
tional expectations, several techniques have been developed: methods based on Malliavin
calculus , cubature method or the least squares Monte-Carlo method; see
e.g. |BDO7, GLWO05,/GT14]. A combination of the implicit Euler method and the least
squares Monte-Carlo method is used in this work to simulate the BSPDE , and the
first order optimality conditions of the stochastic optimal control problem —, which
is a forward-backward stochastic partial differential equation (FBSPDE); see , (7.3)—

).

From a numerical viewpoint, the computational setup and resources required to approx-
imate the solution (Y,Z) of a BSPDE such as is substantially more demanding
than simulating a SPDE. Even further, computational demands increase to approximate a
triple (X,Y, Z) of (F-adapted) processes which solve a FBSPDE such as (6.3), (7.3)-(7.4).
In Section 8 we consider the spatial discretization based on IP;-finite elements for both prob-
lems; see equations and f. The main theoretical results are on optimal strong
rates of convergence with respect to the (spatial) mesh parameter h > 0: see Theorem |8.2
for the BSPDE , whose proof uses (simple) variational arguments, resting on improved
regularity properties of the solution of , 1t6’s formula, and approximation results for
the finite element method; and Theorem [8.4] for the FBSPDE, where we use Theorem [8.2]
in combination with a contraction argument to show strong convergence with optimal order
for Y as well as Z for short time durations 7" > 0.

In the second part, we discuss fully implementable algorithms to simulate the BSPDE (/6.1))
resp. the FBSDPE , f: an algorithm is proposed for problem , which is
based on the implicit Euler method for the BSDE , and the one-step forward dynamic
programming scheme ((ODP) for short); see Scheme This scheme requires to compute
conditional expectations E[-|F;,] in each time step, which is the reason for the significant
computational complexity of the problem. For its approximation we use the representation
(Y7, 2,7) = (Vi(X}), 2,7 (X])) of iterates of Scheme with the help of deterministic
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functions y}{() and Z;L’j (+), which is evaluated on the iterates of the (forward) explanatory
process {X ,{; j=0,...,J}. Those functions will be computed via conditional expectations
of the form E[-|X }JL], which in turn will be approximated with the help of the partitioning
estimation method as a special case of the least squares Monte-Carlo method. This method
partitions the image X7 [Q2] into R regions, which here is a set of finite element functions, and
then approximates E[ - | X fl] by a function which for any given realization X }Jl (w) returns the
sample mean for the corresponding region in which X,Z(w) is contained. The choice of how
to construct such a partitioning in crucial: for small systems of BSDEs, usually a uniform
mesh (so-called hypercubes (HC)) is used, see e.g. [GLWO05,/GT14]. However, this strategy
is not practicable for the approximation of a BSPDE as where a high dimensional
state space is involved. To resolve Xj [Q] more accurately, two further partitioning methods
are discussed where the partitioning is chosen according to the sampling for X ,JL

e the Voronoi partition method (V), which uses R (additional) realizations of X‘é in
combination with nearest neighbor clustering;

e the Binary Tree Cuboids (BTC), where every region is equally visited by X,Z.

To realize both (a-posteriori) approaches only requires to be able to simulate Xg, while the
explicit knowledge of the distribution of X ,Jl is not needed; see Chapter |§| for a detailed de-
scription. Computational studies which quantify different approximation effects throughout
the simulation of BSPDESs are carried out in Chapter The studies support the conver-
gence rates of Theorem [8.2] and show that the implicit Euler method is exempted from a
restrictive CFL condition, which is in turn needed for the explicit Euler method.

A series of computational studies motivate uniform dependence of the spatial mesh-size of
the time discretization error of order O(v/k), which complements the theoretical result on
BSDEs in [Zha04], where involved stability constants in related error estimates depend on
the dimension of the state space. The given algorithmic setup is general and may be adopted
to more general (nonlinear) BSPDEs. However, for restricted terminal data in , we
propose a simpler scheme which avoids the computation of conditional expectations by
exploiting linearity of the problem and thus leads to a significant speed-up in computation
time; cf. Remark [9.3]

These results on how to simulate problem provide the basis for a proper approximation
of the FBSPDE , —, and here we consider two schemes. The first combines
Schemewith a Picard type iteration as suggested in [BZ08]; see Scheme We combine
this scheme with the methods (BTC) and (V), and compute related coefficients as well

as the basis functions in y,(l”‘”’j () for the computation of X }(lv)’j according to the law of

X ,(Zv_l)’] , rather than X }(LU) 7 in . Computational studies confirm that Picard iterates
only converge for short time durations T' > 0. A significant reduction of iterations may be
obtained when the related deterministic control problem is solved in a precursory step to
provide good initial data; further computational savings may be achieved when the forward
equation yielding X }(:;)j is discretized using a comparably rougher spatial discretization than
for the adjoint equation yielding (Yh(g)’] , Z}(;;)’w ), i.e. hg < hp. In contrast to the Picard
type iteration, the newly proposed stochastic gradient method exploits the structure of

the approximation of the deterministic functions, and computational studies here suggest
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convergence for general terminal times T° > 0; see Scheme (9.5 The stochastic gradient
method provides a general strategy to solve stochastic optimal control problems. For the
restricted setting of stochastic LQ problems (where g¢(-) is quadratic in (6.2))) we may
exploit linearity of and use successive substitution of iterates to arrive at a semi-
explicit discretization of the stochastic Riccati equation, which enables an explicit formula
for optimal feedback control; cf. Remark While of independent interest, we focus in
the computational studies in Section [10.2] on the study of the stochastic gradient method
because of its broader applicability.

This part of the thesis is organized as follows: We first collect preliminary results in Chap-
ter 7} including a discussion to ensure existence of a strong solution for the BSPDE ,
and for the FBSPDE , 7. In Section we focus on the spatial discretization
of using IP;-finite elements, and a corresponding error analysis; see Theorem while
Section [8:2] is devoted to a space discretization and a corresponding error analysis for the
FBSPDE , —; see Theorem Fully implementable algorithms to simulate

problems (6.1]) and (6.3]), (7.3)—(7.4]) as well as different partitioning approaches are detailed
in Chapter [9] Computational studies are reported in Chapter



7. Preliminaries

7.1. Notation

Let K be a separable Hilbert space. By || -||y.2 resp. (-, ) we denote the norm resp. the scalar
product in L2 := L2(D;R). The norm in W*? := W*P(D;R) for k = 1,2 is denoted by
|- llyyr.2. Let (2, F,{Ft}iep,r), P) be a complete filtered probability space, where {F;}1cj0,1]
is the filtration generated by the n-dimensional Wiener process W = {W (¢); t € [0,T]},
augmented by all the P-null sets. The o-algebra of predictable sets on € x [0, 7] is denoted
by P. The space of all predictable K-valued processes X : Q x [0,7] — K satisfying
E[J || X (t)]|% dt] < oo is denoted by L3 (; L*(0,T;K)). The space of all predictable K-
valued continuous processes X : Q x [0,7] — K satisfying E[sup,cfo 7y | X ®))E] < oo is
denoted by L% (Q; C([0,T);K)).

7.2. Strong solution of the backward stochastic heat equation

Let U € L2(Q; Fp, Wy?), F € L3 (Q; L*(0,T;1.2)), and ¥ € L®(0, T; W) fori = 1,...,n
be given. The strong solution of is a pair of square integrable adapted processes (Y, Z)
such that the analytically weak form of is satisfied. The following theorem states its
existence, uniqueness, and regularity, and is adapted from |[DT12, Theorem 3.1].

Theorem 7.1
Let 0 < T < oo. There exists a unique strong solution

(Y, Z) € L3 (0 C([0, T); Wy?) 0 L2(0, T; W2 nW22)) x L3 (Q; L2(0, T; Wy (D; R™)))
of (6.1)), i.e., for a.e. (w,t) € Q x [0, 7] there holds
T T , )
/Y(t)d)dac:/ \I/qbdx—/ /VY(S)V(Z)dde—I—Z/ /VZ(S)ZZ(S)¢d.%'dS
D D t JD —Jt JD
T n_ T } , Lo
—/ / F(s)gbdxds—Z/ / Z'(s)pdz dW'(s) V¢ € Wy~
t JD —Jt JD
and there exists a constant C' = C(D,T,v") > 0 such that
E Y ()5 O 12802 ) d
sup [[Y' (D)l + | (Il Ol + D128 @) lln.2
i=1

t€[0,T]

T
< CE[ w3 +/O |F@IR2 dt]. (7.1)

o7
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7.3. Stochastic maximum principle for (6.2)—(6.3)
Let xg € LQ(Q;]:O,W%’Q) be given, T > 0, and g € C?(L?,R) be bounded from below,
convex, and there exists C' > 0 such that for all « € L2

IDg(@)llwaz < C(A+ [|zflwaz) (a€{0,1}) and [D*g(a)lc@erzy <C. (7.2)
By [Ben83|, the optimum of (6.2)—(6.3) (X*, U*) with (unique) solution (Y*, Z*) solves the

state equation (6.3)), the adjoint equation (0 <t < T)

Av*(t) = [~AY*(t ZV HZ= (1) — (X*(1) - X(1) )}dt+ZZ“ )AW(t),
(7.3)
Y*(T) = Dg(X*(1)),
with homogeneous Dirichlet boundary conditions, and the maximum principle

0= aU*(t) + Y*(t). (7.4)

Inserting ([7.4) into the state equation (6.3 yields the FBSPDE which is denoted below

by (FBSHE) and consists of (6.3)), (7.3)—(7.4)).

7.4. Strong solution of the forward-backward stochastic heat
equation

Throughout this part of the thesis, let X € L?(0,T;1L?) in (7.3) be given. Consider the
Banach space

M;2[0,T] := {L%(Q;C([O,T];LZ))r x L3 (S L2(0, T; L2(D; R™))),

which is endowed with the norm
n T )
(X, Y. 2) e pp0m = E sup (Xl + sup [V ()IE:] +E[Y [ 12 1)) ]
t€[0,7] t€[0,7) =170

A triple (X,Y,Z) € My2]0,T] is called strong solution of (FBSHE)), if it satisfies P-a.s. the
analytically weak form of the system (FBSHE]).

Our goal for the numerical treatment of the problem in Section is to approximate its
strong solution via (space-time approximations of) the following Picard iteration method:
Let Y(© = 0. Iterate v =1,2,...

ax®)(t) = [AX®) (1) - i ]dt+z (1) dW(8), (7.5)

Ay () = [-AY () - znj V() 2Ot — (XO (1)~ X ()] dt + Z 20 () awi(¢),
=1 i=1
(7.6)
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X)) =20,  YO(T) = Dg(xV(T)),

with homogeneous Dirichlet boundary conditions for X @) and Y. For every v € N,
the existence of a strong solution X € L%(Q;C([0,T];L?)) of (7.5), resp. (Y¥), Z)) ¢
L% (Q;C([0,T);L2)) x L3 (% L2(0, T; L*(D;R™))) e.g. follows from [Cho07, Chapter 6.7],
resp. Theorem [7-1]

Theorem 7.2
Let 0 < T < Ty be sufficiently small. Then {0 = (X®) Y®) Z®): y € N} of (7.5)(7.6)
converge to the unique strong solution ©* = (X*,Y*, Z*) € My2[0,T] of (FBSHE).

Proor

The proof is based on a fixed point argument for the scheme 7. We follow the ar-
guments detailed in the proof of Theorem by there replacing My, [0, T'] with My 20, T
and by considering instead the fixed point map 7T : My2[0,T] — My2[0,T] for (7.5)—(7.6).
Accordingly, we can establish the existence of a unique strong solution for small time dura-
tions 0 < T < Ty by contraction property. Moreover, we obtain the following estimate with

0 < g < 1 similarly to (8.10),

=v—1
v * q
e® —e ||34L2 0.7 < 1—_q\|@<2> _ @(1),‘3@ 0.17]- (7.7)






8. Spatial discretization and rates of
convergence

Let 75 be a regular triangulation of D C R? into intervals K with a maximum mesh size
h := max{diam(K); K € T,}. For each element K € Tj, let P;(K) denote the set of all
polynomials of degree less or equal to one. We define the finite element space Vj, C Wé’Q
by

Vi :={¢ € Co(D); ¢\ € P1(K) VK € Ty}
The L2-projection IIj, : L2 — V}, is defined by
(Ih§ =& dn) =0 Vo, € Vp,
and satisfies

1,2
I - oo+ MV - e < Colle SR
The Ritz-projection Ry, : W(l)’Q — V}, is defined by
(VIR =&, Von) =0 Vo, € V.
We define the discrete Laplace operator Ay : V, — V), by

—(Ap&h, dn) = (V€. Vo) Yén, & € V.

8.1. Backward stochastic heat equation

Suppose F' = 0 throughout this section. The spatially discrete version of (6.1 reads as
follows: For all ¢ € [0, 7], there holds P-a.s.

T n T ' '
(Yh(t)) ¢h) = (\Ij’ ¢h) - / (VY}L(S), v¢h) ds + Z/ (VZ(S)Z;L(S), Qbh) ds
K i=171t
n (8.1)
- /T(Zﬁ(s), on) AW'(s) Ve € Vp.
i=1"t

For every fixed h > 0, equation is a linear backward stochastic differential equa-
tion, and existence and uniqueness of a strong solution (Y3, Z,) € L%(Q;C([0,T); Vy)) x
L% (Q; L*(0,T;VY)) e.g. follow from [MYO07, Chapter 1, Theorem 4.2]. In particular, the
martingale representation theorem states that the processes Z,il have to be Vj,-valued.

61
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Lemma 8.1
The strong solution (Y}, Z) of (8.1)) satisfies

@) sup ]E[m(wnia} +E[[ (VYA + g 1Zi(#)]12: ) dt] < CE[|[ w2 ];

T n )
(i) sup ]E[\vmt>ui2} +E[ [ (1Y) + 3 IVZ 0)]E:) ] < CE[|vwi)].
) =1

where C = C(D,T) > 0 does not depend on h > 0.

Proor
Statement (i): Fix ¢ € [0,7]. Using It6’s formula with z — ||z[|7, for equation (8.1) yields
P-a.s.

T n T S
IYADIR: = YOI =2 [ V¥R ds =23 [ ([l ()Z4(5)) Ya(s) ds
i=1

n T ) . n T .
+23° [ (=2 ) W) + Y [ 1241 d.
i=1 i=1
By taking expectations, using Gronwall’s inequality and stability of II;, we arrive at
2 =~ [T 2 T 2 2
B[] + E[Y [ 1Z0o)IRds] +E[ [ 19Ya(s) 22 ds] < CB[m1a 2],
i=1

Statement (ii) may be obtained using Itd’s formula with  — || Vz||?, for equation (8.1)). o

Theorem 8.2
Let (Y, Z) be the strong solution of (6.1]) and (Y3, Z;,) be the strong solution of (8.1)). Then

T n , .
E[ sup V() - Vi@l + [ (IV() = Va0l + - 12°0) — Zh(0)2) de] < Cn2
t€[0,7] 0 i=1

Moreover, there holds
T
B[ v - vl < ot

PrROOF
Define Y(t) := Y (t)—Yj(t) and Z(t) := Z'(t)—Z}(t). Subtracting equation (8.1)) from (6.1)
leads to (0 <t <T)

ALY () = ARV () = > [y (1) 27 (1)]] dt + an T, 24 (1) AW (t), )
=1 =1 .

I,Y(T) = 0.

Step 1: By using It6’s formula with z — H:c||ig for equation (8.2) and taking expectations
we obtain

B[Im@IE] +E[Y [ 10213 0
i=1
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< —2F [/T (VY(s), VILY(s5) ) ds| + QE[zn: /tT 1T (5) e [0 07 () 27(5)] 2 ]
i=1

t

In order to simplify the last term, we get

10 [ () 2 ()]l < [V (5) oe (1005 27 (5) 1.2 + [|[1d = TL) 27 (5) |12 )

such that
E||/TT 2| +E o[ I, 2% (s)||2. d
ITRY(®)[F2] +ED T2 (s)g2 ds
i=1
T ) T
g—QEM Hvy(s)||L2ds]+2E[/t (VY(s), V[Id — TI,]Y(s)) ds|
T 2 Lo [ i 2
+CEM 1T Y(s) 2 ds] +§E[Z/t 11027 (s) 2 ds]
i=1
+Ch2E[Z/ IVZ7(s)|[22 ds| .
=17t
By interpolation estimates, Theorem [7.1} and Gronwall’s inequality we arrive at

E[Imy (o)1) +E[ [ IOV as] + B[ / Iz as] < ont (83)
=1

Step 2: Taking the supremum over ¢ € [0,7] in the beginning of Step 1 before applying
expectations leads to

sup |[IL,Y(1)]22

t€[0,T]
<03 [ |2 e s yds+/ (AWRIY (), ()| ds
+i2:1‘/0 (HhZi(S),th(S)) dWi(s) 1teS%I;“]‘/ th ), I, (s)) AWi(s)|,

where the stochastic integral term is decomposed into the last two terms in order to apply
the Burkholder-Davis-Gundy inequality below. Now we take expectations and apply the

results in (8.3)), interpolation estimates, and Theorem for the first three terms on the
right-hand-side to arrive at

E[ sup [TLY(8)]2.]

t€[0,T]

< CE [zn; [ iz as] + B[ [ ) ds] + B 1 (TRa(), () ds]

+ CE| Z/ I[1d — T1,)Z (s )Hdes}HZE sup ‘/ 0,2 (s), T, (5)) AW (s) |

i—1 t€[0,T]
< Ch?>+1I+11.
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By Theorem we obtain I < Ch?. The last term IT may be estimated according to

!

< 9| sup_ [ILY(s)I:] + CiE[Y. /0 1027 (s) 122 ]
i=1

te[0,T

Z \/ TRV (8) 122 TR 27 (s)][7 2 ds

using Burkholder-Davis-Gundy’s, Holder’s, and Young’s inequalities (6 > 0). Thus, by
using estimate (8.3), we arrive at E[sup,c(o 71 [T (s)|[7 2] < Ch?.

Step 3: Standard interpolation estimates and Theorem [7.1] justify

E| sup [IV(®)|2:] < CE| sup [TV (#)]2:] + CE| sup [|[T, — dY(#)[2.] < w2,
t€[0,T) t€[0,T) t€[0,T)

and E[X1, [ [12%(s)]122 ds] < Ch? accordingly.
Step 4: Use Ito's formula with z — [|[VA; 'z||?, for equation (8:2). Then, P-a.s.
— VALY (@)

n

= / l —VAARRLY(5), VA TY(s)) = 23 (VA T () 27(s)], VA, TV (s))

=1

+ZHVA TR Z(s) 17
=1

ds—|—2Z/ (VAL TILZ (s), VA, LY (s)) AW (s).
Taking expectations, using Young’s inequality and the definition of Ay yields
1 2 = [T 1 ; 2 r
E[|VA, TV +E[Y /t | VA, 1,2 (5)]22 ds| + 2B /t (RiY(s), HY(s)) ds]
i=1
= [T 1 j j 2 r 1
E[Z/t 1 IV A T () 24 ()22 d] +cqﬂ«:[/t VAL TI,Y(5) |2 ds]
i=1

for a ¢ > 0. In order to estimate the last term on the right-hand-side, write V(s) :=
A MIL[1V(s)27(s)] and consider the problem (ALV,¢y) = (V2% ¢p) Vén € V. By
Galerkin orthogonality, the definition of Ay, interpolation estimates, stability of II;, and
Poincare’s inequality, there holds

1| VV22
= e (I, 2, V'V) + e ([Id — T1,) 2%, V'V)
= 1 (ARA L ZL 0V 4 € ([Id — T) 2%, [Id — TT,)0°V)
< a1 |(VA L ZY, VI V)| + e [1d = T14) 27| | [1d — T1, 0V .2
1 - ) ) ) )
< SIVATILZ I + Coh! V2 + S(C + ) (I TV IE: + VY1)

1 - 7 ) 7 7
< SIVATTIAZ |, + Col V212 + E(C + &) (10 + CIVw2 ) [TV,



8.2. Forward-backward stochastic heat equation 65

for any ez > 0. For sufficiently small €; > 0, we absorb the last term of the right-hand-side,
and hence, there exists a constant 0 < § < 1, such that

| VVI[E2 < SIVAL T2 E2 + Co IV 272
We obtain using inequality and the equality
(RuY(s), Y(5)) = 1V(5) 22 + ([Rn = 1d)2(s), 11,2(s)) + (11 — 1] (5), V()

such that

E[IVA; LY@ + (1 - 5) Y E| / U VAT 2 (s) 22 ds] + 28] / "IVl ds]
=1
< C’IE[/tT IVAL Y (s)[1F2 ds| + CH'E [Z: /tT IVZ7(s)|[22 ds]

+ CE [/tT IRy — Id)V(s) |72 ds] + CE [/tT I[s — IV (s)|12 ds}‘

Standard approximation results, Theorem [7.1] and Gronwall’s inequality validates the as-
sertion. .

8.2. Forward-backward stochastic heat equation

For the sake of simplicity, suppose ¥ = 1 throughout this section. However, the results
can be shown for ' specified in Section We use Theorem to derive strong rates of
convergence for the following spatial discretization of : Find ©3 = (X7, Y)r, Z})
such that (0<t<T)

aX;(8) = [AnXi(0) - éyh*(t)} dt + 3 X7 ()] WD), (8.4)
=1

AV () = [~ARYi () = 30 23 (1) — (X (1) - X (¢ )]dt+ZZ“ )AWi(t),  (8.5)

1 =
Xp3(0) =Mz,  Yi(T) =10, [Dg(X5(T))]-
Below we use the Banach space
2
My, [0.T) = [L3(2: C(10.T): Vi) | x L3 (9: L2(0, T; V),
which is endowed with the norm |[(Xp, Ya, Zn)l34, (0.7 = (X, Ya, Zh)HfMIL2 0.1
h k2 b}

System f may be interpreted as first order optimality system of the finite element
discetization of the stochastic optimal control problem 7, for which [YZ99) Chap-
ter 3, Theorem 3.2] ensures solvability. However, we are here interested in using the prac-
tical solution strategy via (discrete) Picard iterates, which solve the following system of

equations: Let Yh(o) =0. Iterate v=1,2,...

v v Lo (v i
dx;” () = [Anxg (1) -~y }dt+ZX t) dW'(t), (8.6)
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n

Qv (1) = [—Ath(“) (t) - Z 27 - (X7 (1) - X ()] at (8.7)

x17(0) = Hhxo, Y,f‘” (T) = T [Dg(X((T))].

Let Yh(v_l) € L% (2 LQ(O,T;V;L)) be given. There exists a unique strong solution X,(ZU) €
L%(€;,C([0,T); Vy,)) of the stochastic differential equation (8.6)), while solvability of (8.7)
follows from [MYO07, Chapter 1, Theorem 4.2].

Theorem 8.3
Let 0 < T < Ty be sufficiently small and independent of h. Then iterates {Gglv) =

(X ,SU),Yh(U), Z,(LU)); v € N} of equations 1D converges to the unique strong solution
r= (X7, Y7 Z5) € My, [0,T] of §3)-(B.9).

Proor
We show a contraction property for the (fixed point) mapping 7 : My, [0,T] — My, [0,T]

which maps @211—1) to (9;;]) according to equations f. Suppose that @EZU_Q) ) @;Zv_l) €
My, [0,T] are given, and both satisfy system (8.6)—(8.7). For w € {v — 1,v} we define the
differences

w) w w—1 w w—1 w w—1
T Z) ()~ X ) e 70 7o)
and consider the forward difference process (0 <t < T)

dxy’(t) = [An X(”)()—éyﬁf" (t ]dt+ZXh ) dWi(t),
=1

X\ (0) = 0.

By applying It6’s formula with z — H:L‘||]%2, using the Burkholder-Davis-Gundy inequality
and Gronwall’s lemma, there exists a constant C' > 0 independent of A and v, such that

[ sup 75 0)12] < exp@0) 58] [ 1907 0l 0] (8.5)

te[0,7)

The equation for the backward difference process is (0 <t < T)
A (1) = [~ Z }dt+Zz 1) dWi(t),
~(v [ v—1
Vi () = I [Dg (X;(T)) - Dg(X,S ><T>>]-

Applying again I1td’s formula with = — ||z||2;, and using (7.2)) leads to

sup E[[7 (0] +E Z / 23 0 ]

te[0,T

< exp(CT) (E] / 125 ()12 at] + CE[2 (D)]2:]), (8.9)
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and with the Burkholder-Davis-Gundy inequality (see Step 2 in the proof of Theorem [8.2))

E[ sup [ P4t Hmz / 12507 (1) 2 ]

t€[0,T]
< (Cexp(@) + ) (B[ [ 17 @I 1] + B D)),
Combining this estimate with (8.8) leads to

~((v—1) =(v—1
”(Xh 7~yh ’Z )”MV 0,7] <C[”( ),3}2 )732 ))Hgvtvh[o,T]v

where § < 1 (independent of h) for 0 < T' < T small enough. Thus we obtain that the
mapping 7 is contractive. As a consequence, there exists a fixed point (X;,Y), Zf) €
My, [0,T] for T. Moreover,

1
165 = 4l 07 < J\@ = OBy, .11 (8.10)

The following theorem asserts rates of convergence for the solution (X}, Y)*, Zy) of f
. towards (X*,Y*, Z*) from with respect to A > 0 for terminal times 7" <
mln{TO, TO} Its proof combines an error analyms for the approximation . 8.7) of ([7.5) .f
. ) for every v € N with a fixed point argument, and a verification of 1mproved regularity
properties for solutions of —. For this purpose, we consider the Banach space

2
N[0, T) = |3 (2 C ([0, T]; Wy?) 0 L2(0, T3 Wy 0 W22) )|
x L3 (95 L2(0, T; Wy (D;R™)) ) © My2[0,7],
which is endowed with the norm

(XY, 2) 3001 = E| sup [ X(O)|e + sup V()32
t€[0,T] t€[0,T]

+E[/0T(HX( )52 + 1Y ()12 + Z 12 (0) 1) ]

We recall the numbers T, 0, T, o > 0 from Theorems and

Theorem 8.4
Let ©* = (X*,Y™*, Z*) solve (FBSHE|), and ©} = (X}, Y)’, Z}) be the solution of ({8.4)-
(8.5). There exists a 0 < Ty < min{fo, Ti 0}, such that for every 0 < T' < T holds

(77, 2) — (597,20 ooy < O

For g(-) quadratic we additionally have

E[/OT(HX*@) — X502 + 1Y () — Yh*(t)niz) dt} < Oh*.
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Proor

Step 1: We show improved regularity properties of the solution of (|7.5)—(7.6|) for every
v=1,2,.... There exist T} > 0 such that {0®) = (X®) y®) z®). 4y e N} ¢ N[0, T] for
all T'<Ti, and a constant C' > 0 such that

max [|(X®), v z0)

v=1,2,... HN[O,T] <C. (8.11)

It is sufficient to verify the bound (8.11]). For equation ((7.5) we obtain

T
E[ sup [IXOO}na] +E[ [ 1XO )]s o
te[0,7) 0

< exp(éT) (6’ + CZE [AT ||Y(v—1)(t)||ﬂ%2 dt})a

for some C > 0 depending only on the data of the limiting problem (FBSHE]). For equa-
tion (7.6)) we use Theorem to establish

T n )
E[ sup YOO a] +E[ [ (IVO@ Bz + 3 120 Ol302) o]
t€[0,T] 0 i=1

< Cexp(CT)(1* + T)(C + ;E[/OT | X @[22 dt)) + +CE[| X T) [31.]-

By Poincare’s inequality and a contraction argument for 0 < 7' < T} = T7(C) small enough,

we obtain estimate (8.11)).

We now start with the error analysis. Each component of the error is split into three parts,
for example

E| sup [|X*(t) = Xi(t)lIF2| < B[ sup [ X*(t) = X (#)]2.]
t€[0,T] t€[0,7

+E[ sup [XO(1) - X7 (1)]12]

t€[0,7T
+E[ sup [ X7 (1) - Xa(0)lI2:], (8.12)
t€[0,T

and accordingly for (Y*, Z*) and (Y}, Z}). In Step 2 below, the second term on the right-
hand-side of (8.12)) will be estimated, while the remaining errors are dealt with in Step 3.

Step 2: Let 0 < T < Tj. Fix v € N and define
(X(v)’y(v)jg(’v)) = (X(v) _ Xé“)’y(v) _ Yh(v)v zW) _ Z](Z”))’

subtract system (7.5)~(7.6]) from (8.6)-(8.7) and apply Itd’s formula with x — H:L'H]%Q Stan-
dard estimates together with the uniform estimate (8.11)), the Burkholder-Davis-Gundy and

Gronwall’s inequality then lead to the following estimate,

~ 1 T
E[ sup th/v@)(t)uiz]Sexpr)ﬁE[/ YD) dt] + Ch?, (8.13)
t€[0,T] a 0
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with C ,C' > 0 depending only on the data, but not on A and v. By Theorem and adding
additional errors at the terminal time 7" using ((7.2) we obtain

E[ sup TR (#)|172]
t€[0,T]

A A T
< Cexp(CT)(T +T?) (E [/0 ITL, X ) ()12, dt} + E[th;c(@(T)H%LQ}) +Chr%  (8.14)
Thanks to (8.13]) we then arrive at

E[ sup YV (#)]2.]
te(0,7)

< Cexp(CT)

T+1? - v
7 (TE[ sup [,V D(0)|[22] + E[|T,x 0 (T)[F]) + Ch2.
Q@ te[0,T)

~ ~ 2 3
Again, there exists 0 < Ty < T1, such that ¢ := C’exp(C’Tg)M < 1, and hence

a2
1-q"
1-q’

1—¢gv
E[ sup LY (@)|F] < sup E[JILYO)]7.] + Oh*—% < Ch?
t€[0,7y] t€[0,7y] —4q

since Y = 0. By (8.13)), (8.15), approximation estimates, and (8.11]), we arrive at

(8.15)

n T .
max E[ sup [|X@(@&)|12, + sup ||y(”)(t)\|§2+2/ 12012, dt} < Ch?. (8.16)
’U—172, tE[O,TQ} tE[O7T2} i=1 0

Step 3: Set 0 < T' < min{T5, To, Tg}. According to the proofs of Theoremsand the
first and third error contributions in can be estimated by and , such that
both terms vanish for v — oo, while the second is bounded according to (8.16) (uniformly
in v). This implies the first assertion in Theorem

Step 4: The second assertion of Theorem [§.4] can be obtained by using Itd’s formula with
z + [|[VA; 'z|2, in Step 2, and exploiting Dg(-) being affine in (8.14)). 0






0. Simulation

We present fully implementable algorithms to simulate the semi-discrete backward stochas-
tic heat equation (8.1]), and the semi-discrete forward-backward stochastic heat equation
considered in (8.4)—(8.5)).

9.1. Backward stochastic heat equation

Consider (8.1). Assume that ¥ = g(X,(T)), where the Vj-valued process {X(t); ¢ € [0,T]}
is the solution of a spatially discretized (forward) stochastic partial differential equation
driven by W. Its time discretization is denoted by {Xj; j=0,...,J}. We use an im-
plicit version of a time discretization for the forward and backward equation to avoid the
restrictive mesh constraint k < Ch? otherwise; see Figure [10.1]

Scheme 9.1 (One-step forward dynamic programming (ODP), Implicit Euler)
Let k = tj1 — t; be the uniform time step for a net {t;}7/_y which covers [0, T7].

(i) Simulate Y}/ = I, [g(X])].

(ii) For each j =J —1,...,0, simulate the Vj-valued random variables Z;L’j and Y}f such
that Vo, € Vy,

ij 1 i (v .
(Z9, p) = EE[AJW (Y,j“,(ﬁh)‘ﬁj} Vi=1,...,n, (9.1)

(Vi 0n) + K(TYE. Von) = B[ 0|7, + k0070 00). (02)
=1

Equations (9.1)—(9.2) may be interpreted as a projection of the solution onto the available
information in each step while going backward in time; see also [BT04].

Scheme is restated as an algebraic problem: Let gf)ﬁ € Vy for £ = 1,...,L be ba-
sis functions of V. Consider X} (1) = L, [Xjlh(x), Y () = Thy[Y]lesh(r) and
Zy (x) = Zle[gz’]]ggbfl(x) with coefficient vectors X4, Y7, 72] € RE, where [-]; denotes
the /-th coordinate of the vector. Let ?Vh : Vj, = RY be the mapping which returns for each
element in V}, the unique vector of coefficients according to the basis {#%; £ =1,...,L}.
We denote by Stiff the stiffness matrix consisting Qf entries (qufb, Vo), where qﬁfb, oy €V
are basis functions of Vj,, while Mass resp. Massf/ , denote the mass matrices consisting of

entries (¢f,d%) resp. (Vi(t;)¢h, #¥). The equations (9.1)—(9.2) in Scheme may then be

reformulated as follows:

71
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Scheme 9.2
(i) Compute Mass Y/ — € h, where [Eh]g = (g(X),#) for each basis function ¢ of
V).

(ii) For j = J —1,...,0, find the Rl-valued random variables 72] and ?i such that

Mass ?2] = %E[Ajwi Mass 3_(}?;+1|]-}j] Vi=1,...,n, (9.3)
and
(Mass +k Stiﬁ')?i = E[Mass ??{H EAERD>Y Massii 72’3 (9.4)
i=1

Due to the linearity of the problem and the tower property of conditional expectations, we
may reformulate equation (9.3]) to

i J-1 - i’
?23 —F [AJ]ZV 1T ((Mass +k Stiff) ' (Mass + > AW MaSSZi’))?g
it i'=1

]—}J}, (9.5)
and equation ((9.4)) to

Y/ =E [ﬁl((MaSS +1 Stiff) ' (Mass + Zn: AW Mass], )>?J
A r i h

r=j i'=1

]—"tj] . (96)

This reformulation avoids nested conditional expectations thus a related error propaga-
tion.

The key ingredient for the simulation of the conditional expectations is the representation of
the coefficient Vectors (?%, 72] ) of equations (9.5)—(0.6)) at time ¢; by deterministic func-
tions ?J fj ’] fj evaluated at the approximation of the (forward) state equation
fh, via ? (?h) Mass 1§h ?h and

J-1

?i(?h) =K H ((Mass +k Stiﬂ')_1 (Mass + Z AW Mass;/)) ,{(2;{) ii = ?h] (9.7)
r=j =1
Z1(@) = |~ (9.8)
J—1 n ‘
X H ((Mass +k Stiﬂf’)_1 (Mass + Z AW Mass::i,))?;{(i}{)‘iﬂ - ?h]
r=j+1 =1
for all j = 0,...,J —1and i = 1,...,n. These relations can be shown by induction, the
Markov chain property of {X7; 7 =0, ..., J}, and a corollary of the monotone class theorem;

see also [GT14, Lemma 4.1] and [BM10, Theorem 2.1]. Hence it remains to approximate or
compute the determmlstlc functions ?ﬂ -) and 22] (-) in (0.7)—(9.8). An explicit formula

for ?3 and 7(-) may be obtained in the special case where the terminal datum uses a
linear map g(- )
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Remark 9.3

If the forward SPDE is the stochastic heat equation (6.3) (without control) which is dis-
cretized in time by the implicit Euler method, and moreover the function used for the
terminal condition is g(x) = cx with ¢ € R\ {0}, we can use

2;‘1—&-1 Qm—i-l i] (Mass +k Stiff) (Mass igz + Z MaSSii, ziAjWi,)
=1

to express the coefficient vector (?i, 72] ) of equations f at time ¢; by
ﬁgz(?i) = Ay i%a and Z;L](ii) = Agij 2{1,

with (deterministic) matrices Ay;, Azi; € REXL which can be determined by the recur-
sion:

1. Set Ayy :=cl.

2. For j = J —1 to 0 compute
Agij = Ay (Mass +k Stil"f)f1 Massffi,
Ay = (Mass +k Stiff) ! Mass Ay j+1 (Mass +k Stiff)_1 Mass

+k " (Mass +k Stiff) ' Mass’ , Ay;+1 (Mass +k Stiff) ' Mass’ , .
i'=1

Thus no conditional expectations need to be computed in this case to determine the deter-

ministic functions 55;1() and Z7(-).

General terminal conditions g(-) however require to compute the conditional expectations
in . . Several techniques exist for general BSDEs to estimate the elements of the
vectors in . In this thesis, the focus is on partitioning estimation, which is a
special case of the least squares Monte-Carlo method. Let the R-valued ©7 denote an entry
of the vectors in Then the least squares Monte-Carlo method (approximately)

evaluates v(#},) = IE[@J |X7 = @] based on the representation
v = argming,.) E[l¢(a)) — €7, (9.9)

among all F; -measurable functions ¢ : RY — R such that E[]qﬁ(?h)ﬂ < 00. In order
to allow for the computation of v(-), problem is replaced by a finite-dimensional
minimization problem where the measurable function v : R¥ — R is replaced by a function
vgr : RF — R in a finite dimensional linear subspace span{ni(:); r = 1,..., R} of L2(Q P).
As a consequence, coefficients {a/; r = 1,..., R} in the representation vp(-) = "%, alni(.)
are then determined by minimizing the following least-squares problem

Vi Z \Zarm (X5 9””\2, (9.10)

mlrl

using M (where M > R) independent samples {(©7™, iim), m=1,...,M} of (6, X}Jl)

In the case of partitioning estimates, the basis functions n) are given as indicator functions
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() =1 CZ(') for disjoint regions CJ which partition X}JL[Q] The minimizing coeflicients

al in are of the form
. 1 M . ) e )
a; = #{ij,m c Y > Lo (XM ~ E[ej‘fim € Cﬁ},
h T m=1
0

where the convention § = 0 is used. Thus, the conditional expectation E[©’ \iim = ?h}
is approximated by

1 M

R
B[o/|X)" =] ~ (o 2 1 RIMO) 1@, 0D

#{ ?{m € Cg} m=1

To sum up, for every ) € iim[ﬁ], the partitioning estimator returns the local average of

those ©7 whose {Lm has been in the same region C7 as Z1,. Note that this approach is less
time and memory consuming in comparison with a usual least squares Monte-Carlo method,
where a singular value decomposition of a M x R matrix has to be computed and stored
at each time-step. Here, we need only two vectors, one indicating which region CY contains
the realization of {L’m, and a second that stores the amount of visits #{ i’m € CJ} for
each region CY.

In order to verify convergence (see [GKKWO02|) of the partitioning estimator in the
computation of the vectors in resp. , truncation criteria were specified there which
were never met in the simulations below. In addition, the condition E[|©7]?] < oo is needed
and can be verified for each entry in the argument of the conditional expectations in ((9.7))
resp. (9.8). For a detailed summary and error analysis of the least squares Monte-Carlo
method for BSDEs see the works [BDO7,|(GLWO05, GT14], the work [GKKWO02] for a error
analysis and a summary of partitioning estimates.

Partitioning estimates for BSDEs are discussed in [GLW05], including local hypercube basis
functions or local Voronoi basis functions. Since the (forward) SPDE is a high dimensional
problem (L dimensions with L ~ h~¢ for a discretization of a d-dimensional domain), a
usual hypercube basis approach (HC) is not practicable, where each entry is discretized
using e.g. a uniform mesh.

In the simulations which are carried out below, the (forward) SPDE is driven by a
discretization of colored (in space) noise, which acts on all L entries of the coefficient vector

fl, see e.g. Figure The values at (neighboring) nodes show dependencies in those
cases. We use numerical strat%ies which take advantage of the related spatial regularity

of the solution and discretizes X7 [ according to a partition of the space of functions Vj,

such as the Voronoi partition basis approach (V).
Voronoi Partition Basis (V):
(I) Simulate R additional paths {X,jl +J=0,...,J} of the (forward) SPDE.

(IT) Define for each time-step j =1,...,J —1:
Cl:={DeVy |- X,]MH]LQ < ;22 I|® — X,JWHLQ}.

, > = — ~
(ITI) Define the local basis function n/(® ) := 1 (?Vi(@h)) for @5, € fi ]
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11 l 1.5 F =
1.25 |- -
0.75 . 1L .
0.5 . 0.75 - .
0.5 =
0.25 |- N
0.25 - =
oL | \ | | ] O \ \ | | ]
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
domain D domain D
(a) Setup A (n=1, vi(z)=1) (b) Setup B (n =5, v'(z) = 1 sin(rzi))

Figure 9.1. Realizations of the approximation of the (forward) SPDE X ,]1 at time ¢; = 0.2
for Example using Setups A and B.

As a second strategy we partition the set of functions fi [©] into regions which are equally
likely. This strategy is similar to the “adaptive local basis approach” in [BW12], but
different in the construction. Suppose we want to construct R = 22"""* many regions in
R%. Suppose we construct R = 22Ut many regions in RZ.

Binary Tree Cuboids (BTC):

(I) Simulate V = P -2pPaths P ¢ N many additional paths {)?,Jw, j=0,...,J} of the
(forward) SPDE (V > R should hold).
(IT) For each time-step j =1,...,J —1 do:
(1) Define 8871 consisting of {)Z',Jw, v=1,...,V}
(2) For p=1,...,amount + 1 do:
Forg=1,...,2°"! do:
e Define &7 := Sg_l,q consisting of {)A(Z’v,; v =1,...,2'7P. V}

e Find theentry £ = 1,..., L in the coefficient vector ?Vh ()A(,jl ) for X,jz o € SJ
which possesses the largest standard deviation; denote it by £, ;.

e Compute the median med,, ; of [?Vh(f(,{ o)l
’ P,q

e Divide the (sub-) sample S’ into two parts S/ = SquUSj

p,2P~1+q
whether [?Vh (X fw,)] , > medpg holds or not. Note that both subsamples

according to

£y,

S{,”q and 8g72p,1+q contain the same amount of realizations X’i,v, € S}‘Zfl’q.
(3) Set R := 22t Construct the region CY which contains all realizations of

S]

amount 41 Using the information (£, 4, med, 4).

R — — ;
(II) Define the local basis function n/(® ) := 15 (®p) for 4 € ii ]
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The first two steps in the construction of the (BT C) mesh are illustrated in Figures
and

This algorithm divides the initial sample S&l into R many subsamples each containing
the same amount of realizations X’,i »- In order to identify the region CJ where a new

realization of X fl has taken its value, we have to analyze the current binary tree. Therefore,
only amount many checks are necessary. The crucial point of the approach (BTC) is to
decide which entry £ =1, ..., L of the coefficient vector should be divided into two parts. In
the proposed procedure above and in all performed simulations, the entry which possesses
the maximum standard deviation is taken, but other criteria are also possible.

[ Binary Tree - Level 1 ]
1.0+ =
medi 1 [ . e g
1,1 if [®p]3 > med; if [®r]s <medi
0.5 | =
) ¢
07 -
| | | | |

Figure 9.2. First step in the construction of the (BTC) mesh: The additional realizations
of X,JL l=) are divided according to the value at node 3 and the median

medy | 1" into two subsets Sil (H) and 8{72 (H)

[ Binary Tree - Level 2 ]
1.0 - *
meda,1 |- | if [@_{;;1]3 > med; 1 if [Ezh}3 < med; 1
051 | [node 4] ]
if (@ 1)a > Y[gh]“ <
R e e e [ ) | )
1 2 3 4 5

Figure 9.3. Second step in the construction of the (BTC) mesh: The realizations in
ST, are divided according to the value at node 4 and the median

meds 1 into two subsets Sg,l @) and 8572 (H)

The Voronoi partition basis (V), as well as the Binary Tree Cuboids (BTC) construct the
regions according to the distribution of Xj by evaluating additional independent simulations
of X }JL The main difference is that the method (V) constructs one region based on a single
additional realization, while (BTC) concentrates several realizations and constructs then
one region for an ensemble of realizations: this makes the partition more robust. Despite
of their success in simulations, a disadvantage of both “adaptive strategies” is the lack of
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theoretical support, which exists for (HC); see e.g. [GLWO05|. For a general convergence
analysis of partitioning estimation procedures similar to (V), (BTC) and (HC) to estimate
a single conditional expectation we refer to [GKKWO02, Chapter 13].

A computational study of Scheme in combination with (BTC) or (V) is performed in
Section where the scheme in Remark is used to provide reference solutions in the
special case of terminal data g(z) = cx.

9.2. Forward-backward stochastic heat equation

We consider two algorithms to simulate the FBSPDE f by approximating the
deterministic functions via least squares Monte-Carlo. The first algorithm combines the
Picard iteration f with Scheme In practical studies the algorithm only termi-
nates for moderate terminal times T" > 0, which reflects the use of a contraction property in
the proof of Theorem To overcome this limitation, the new stochastic gradient method
is proposed as a second algorithm in Subsection The implicit Euler method is applied
to both, the forward equation as well as the backward equation .

A third strategy exploits the linearity of the problem and uses iterative substitution to arrive
at representations of involved deterministic functions. This new scheme (see Remark
is restricted to stochastic linear-quadratic problems, and hence serves here as a source for
reference data for the two algorithms above in this special case.

9.2.1. Picard type algorithm

We consider the following Picard type algorithm to resolve the forward-backward character
of the system (8.4)—(8.5):

Scheme 9.4 (Picard type (ODP) scheme for stochastic control)
(1) Set y,(f’)’](-) = —aU™" for each j =0,...,J — 1.

(2) Iterate v =1,2,... until a stopping criterion is met:
(i) FSPDE: Compute Xf(Lv)’0 = IIpzg. For each 7 = 0,...,J — 1, simulate the

Vp-valued random variables X ,(f)’j 1 such that Vo € Vy,
(X7 on) + (VX V)

o Lo o o . (9.12)
= (X, ¢p) — k(ayé DI, dn) + S0 (W () XS dn) AW
=1

(ii) BSPDE: Set Y,/ = 11, [Dg(X""")]. For each j = J —1,...,0, simulate the
Vj-valued random variables Z}(LU)’W and Yh(v)’] such that V¢, € Vy,

v),0,J 1 i v),J )
(2074 0n) = (E[AW T )[R Vil (013
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and
(Y 6n) + k(YY" V) (9.14)

- E[(Yf“fv)7j+l’¢h) + k(X = X (), 6n) ’ft } + k:z t:) 28 ).
Set y}(Lv)yj(X}(Lv)J) _ Yh(U)J-

This scheme is proposed in [BZ08| for general FBSDEs. If compared to the Picard itera-

(v=1),j .

tion used in the proof of Theorem the term Y}, in the state equation is replaced

y,(j’ 1).J (X ,(lv)’] ) to guarantee that the dimension of the underlying Markovian process
X ,(lv) does not increase with the amount of Picard iterations. Computational experiments

show that constructing the basis of y}j"l)’j () (v=1).d

according to the law of X, while being
evaluated by X, Wi in does not seriously affect the simulation results. Similarly to
Remark [9.3] a scheme may also be constructed from Scheme for stochastic LQ prob-
lems, where the linearity in X} of the drift in the adjoint equation can be exploited
to express the solution of f explicitly in terms of a deterministic function of
the forward SPDE avoiding the approximation of conditional expectatlons (see also Re—
mark For general g(-) however the deterministic functions ? ) and 2 v);d ’J

have to be approxnnated by §( v).J (+) and §h R L (+) using the partition estlmatlon together

with the approaches (V) and (BTC) Here we may again exploit linearity of the backward

equation to reformulate equation (9.13)—(9.14)) similarly to the reformulation (9.5)—(9.6) in
order to avoid nested conditional expectations.

9.2.2. Stochastic gradient algorithm

This algorithm constructs iterates which successively decrease the functional , by using
the maximum principle , where control iterates (after discretization in space and time)
are approximated by the deterministic function U}JL, r() = SR u{L - C]( ) with the Voronoi
partition method (V). The formulation of the stochastic gradient method then uses the
coefficients ufw, and can be formulated as follows:

Scheme 9.5 (Stochastic gradient method)
(1) Set ug )i = U™ for each basis region r = 1,..., R and each j = 0,...,.J — 1.

(2) Iterate v =1,2,... until a stopping criterion is met:

(i) FSPDE: Compute X,(ZU)’0 = IIjxg. For each 7 = 0,...,J — 1, simulate the
Vj-valued random variables X ,(LU)’] 1 such that Vo € Vy,

(Xf(Lv)’j+1,d)h) +k(VX}(L’U),_]+1’V¢ )

. 9.15
= (X", n) + RV (X, +Z D oa. O
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(ii) BSPDE: Set Y,/ = I, [Dg(X""’)]. For each j = .J —1,...,0 simulate the

Vp,-valued random variables Z,(lv)’i’j and Yh(v)’j according to (9.13)—(9.14) and
the partition estimation method. Obtain the approximation of the regression

function Y v)’J( )=, Y2 Z’JHC(U) ()

(iii) Gradient step: Compute the coefficients ug V-3 of the function U,SU)’J() =
SR uh T’JIL ). ;(+) through

uf) =Y - g, (9.16)

(v-1)

where g = —(au, )+yh ).

Note that the objects ug v) , gév 1), and ygv) in equation ({9.16)) involve all regions and relevant

time steps {CT(')’j; r=1,...,R, j=0,...,J —1}. The basis regions C’,SU)’]' change in each
iteration, since they depend on the law of X }(Lv)’j . However, the same increments {A; W/}
are used in the construction of the additional paths and thus in the construction of the
basis regions Cﬁv)’j . In we use the coefficient ugjr_ 2 corresponding to the region

Cﬁvil)’j as precursory coefficient to update the coefficient uqu)" corresponding to the region

. Computational experiments show that the regions C,gv)’j only slightly change and

that this approximation does not seriously influence the simulation results. If compared to
Scheme the Scheme terminates for arbitrary times T' > 0 in all studies. For the
computation of the step size o(*) in equation we consider an adaption of the Armijo
method (AR):

C,,E’U)vj

1. Approximate the current functional 71 using u,(zj; Vg,

2. Tterate s =0,1,2,... until a stopping criterion is met:

e Compute u(v) $ = U_;l“_l) _ U*ﬁsgg}_l).

(v).s

e Approximate the functional (1% using U,

e Stop if j(v—l)s j(v 1) < —go*f3® Z Z Hgv 1),4, TH]L2

Jj=0r=1
3. Set u,(l) = ﬁgv) s,

This scheme offers a general strategy to solve stochastic optimal control problems. For
the stochastic LQ problem f we may substitute iterates successively to obtain a
formula for an approximation of the optimal feedback control without computing conditional
expectations. This leads to restricted huge computational savings, and improved resolution,
thus providing a convenient platform for comparative computational studies for the more
general schemes above.

Remark 9.6 N
1. Suppose g(z) == ||z—X(T)||2. in the cost functional (6.2). Consider equations (9.12)-
in the limit (i.e., without Picard iteration). The coefficient vectors (?ZJ ,Z7)



80

9. Simulation

at time t; of its corresponding reformulation as algebraic problems can be expressed
using
. . . k )
22’”1 = (Mass +k Stiff) ! ( Mass 227 - Mass( Ay 22‘7 + 7},*,3')
n A A 3 (9.17)
+> Mass’, XZ’JAjWZ )

i'=1
by
ViKX= Ay X7 + Vs, (9.18)
with (deterministic) Ay-; € RI*EF and 7y*,j € R%, which can be determined by the
recursion:
=
a) Set Ay :=1 and 7y*,J = —Xi.
b) For j = J —1 to 0 compute

k — _
Ay.j = (I + — (Mass +k Stiff) " Mass Ay-+i+1 (Mass +k Stiff) ' Mass
a

1
2
+ % (Mass +k Stiff) ! Mass (Mass +k Stiff) -1 Mass)

. ((Mass +Fk Stiff) ! Mass Ay i1 (Mass +k Stiff) ~! Mass

+ kY (Mass +k Stiff) " Mass’ , Ay« (Mass +k Stiff) ' Mass’,,

/=1

+ k(Mass +k Stiff) ' Mass(Mass +k Stiff) ' Mass) :

and
VY*,]- = (I + S(Mass +k Stiff) ! Mass Ay.;+1(Mass +k Stiﬁ')f1 Mass

2

1
+ % (Mass +k Stiﬁ') ! Mass (Mass +k Stiﬁ') -t Mass)

=
- ((Mass +k Stiff) " Mass Vyooir — k(Mass +k Stiff) ' Mass X

J J =
We motivate the first and the second step of this recursion: By ?2 = (iz - X7)
and step a), we obtain (9.18) for j = J.
Now, use (9.18)) and ([9.17)) to compute 72’1"]71

*,0,J— 1 * 7 1 * i
7}17 -1 == %]E[?h’JAJ—IW |.Ft‘]71} = EE[(AY*’JX}Z’J + vy*,J)AJ_lw |ft‘]71:|

— Ay..,(Mass +k Stiff) "' Mass’ 1 X7~
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Using this in ?Z’J_l yields
=
?Z’J_l = E[(Mass +k Stiff)f1 Mass(?}*l’] + k‘(iz"] — Xi)) |.7'_tJ,1}

+ k> (Mass +k Stiff) - Massijl 7;i/"}_1

=1

=
= E[(Mass +£Stiff) ' Mass(Ay. X} + Vys + k(X)) — X1))I 7,

n
+k Z (Mass +k Stiff) - Massi;1 Ay-..s (Mass +k Stiﬂ?’)_1 Massi;l 22"]71

=1

; AY*,Jfli;?J_l -+ 7y*,J*1~

Inserting (9.17)) for 22‘] and then identifying Ay ..s-1 and VY*,J—I yields the result.
Note that (9.18)) in combination with the discrete version of ([7.4)) yield

*.7 *,7 1 *,7 *,] 1 *,J
U Ry) == PP == (A X + V). 019

which is a discrete version of the optimal feedback law.

. A different approach to approximate the optimal feedback control of the stochastic LQ
problem f would be via (space-) time discretization of the stochastic Riccati
equation; see [YZ99] for the stochastic LQ problem involving an SDE, and [KK91]| for
the deterministic LQ problem involving a PDE. The latter strategy leads to a discrete
version of the optimal control law which approaches but is different from , which
rests on the time discretization Scheme[9.4and successive substitution as detailed in 1.






10. Computational studies

We report on computational studies for Schemes and which utilize the different
mesh strategies from Chapter 9l We study discretization effects for the BSPDE ([6.1) in
Section (10.1] _ Section [10.2| addresses the simulation of the FBSPDE (FBSHE] m focussing on
the Picard type method and the stochastic gradient method.

10.1. Backward stochastic heat equation

Our focus is on stability properties of computed iterates, behavior of the different partition-
ing approaches, as well as empirical rates of convergence w.r.t. space and time discretization.
The studies for Example evidence that

e a CFL condition is needed for the explicit Euler scheme, but not for its implicit
variant;

the (BTC) method yields improved results if compared with the (V) method;

(space) the empirical order of convergence is slightly better if compared with the
results in Theorem

(time) the empirical order of convergence is 0.5, which is stable w.r.t. the dimension
of the discretized state space;

e a rougher resolution of the triangulation of the forward equation (10.1) (hp > hp)
yields a comparable approximation of the backward equation (10.2|) while saving com-
putational time.

Example 10.1
Let D C R. Consider (0 <t <T)

dX(t) = pAX(t)dt + ZU tydwi(t),  X(0) = o, (10.1)
and
dv (t) = [~0AY (t) - f: vi(6)Zi ()] dt + Z Zi(t) dWi(¢t Y(T) = g(X(T)), (10.2)
i=1

with homogeneous Dirichlet boundary conditions for both, X and Y.

83
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Example [10.1]is studied for different choices of parameters, see Table[10.1} Setups A and C
focus on multlphcatlve scalar noise, Setup B on a rough approximation of colored noise. If
not specified differently, Scheme together with the approaches (V) and (BTC) is used

to simulate Example where both equations ((10.1))—(10.2)) are discretized by P;-finite
elements on the same triangulation with h = 0.05 and k£ = 0.02. For Setups A and B, the

scheme from Remark [9.3[is used to provide reference solutions (37131(), 2,2] ().

Table 10.1. Parameter Setups A, B, and C for Example 10.1l
D T 1 5 vo(z) g(x) n  o(t) vi(t, )

Setup A (0,1) 0.50 0.20 0.20 sin(mz) 5z 1 1.0 1.0
Setup B (0,1) 0.50 0.20 0.20 sin(rz) 5z 5 Llsin(rai) 1sin(rwzi)
Setup C (0,1) 0.50 0.20 0.20 sin(rz) 223 1 1.0 1.0

Scheme[9.1]is based on the implicit Euler method, which is more stable if compared with the
explicit Euler method: the implicit and the explicit Euler method yleld matchable results
only in case the relation k < h? is met for the latter; see Figure [10.1] (a) which shows the
difference diffig := sup,, (E (|7 IE(XJ( ) — Vi EE(XJ( )>||1L2])1/2' Moderate values of
the time discretization parameter k are preferred, ‘due to the high computational demands,
which is why the implicit Euler method is chosen below. Figures (b), (c) show how
sampled realizations distribute in the regions C7. A proper sampling is important since in
each region CJ a (local) expectation value has to be approximated.

1 '1072 I T T T '1072
2 0.8 0.48 0.48 | [IEIIMI LN |
2 06 o 040 o 0-40 [ RIEITRIAARIEY
g 04 £ 030 £ 0.30 | INCRNI |
£ 0.2 0.20 020 - [N CRAIE AT O
— 2w o.10 | MNACINVANEE |
20 40 60 80100 1 25 5064 1 25 5064
#time-steps basis function basis function
(a) diffig A 1 (b) (V) R=64 (c) (BTC) R =64

Figure 10.1. Empirical stability of the explicit Euler scheme using Setup A together with
(V), R=32,and M = 1.0- 106 is shown in (a). Frequency of the regions C?
during the computation of Setup A with R = 64 is shown in (b) and (c).

Figure shows that an accurate approximation of the BSDPE (|10.2]) can be achieved
by using Scheme [0.1] and the partition estimation method. Moreover it shows that by
increasing both, the amount of paths M as well as the amount of basis functions R,
Scheme with approaches (V) or (BTC) converge to the reference solution. This
is quantified by analyzing the errors erry, := sup,, (E[H)Z{(Xib) — y,{R(Xg)HiQ])l/Q
erry, = (E[k Zj;ol nL 2 (X)) - Z,i’%(Xi)Hig])l/Q. The studies show that increasing
the amount of paths M only improves the approximation of y,i() and Zé’j () up to a certain
degree, which may then only be improved by increasing the number R of basis functions

and
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and the amount of paths M simultaneously.

T T T T T T 0.25 F7 T T T T T T T T
0.15 |- f 0.2
5 A k% S 0.15
8 0.1 &8t—e—e——e—=w | B !
0.1
Heost—fe——fe——f——f—k
-2 L | | | | -2 bl | | | | 0.1 | |
5-10 011 2 3 4 5 5-10 011 2 3 4 5 0.1 1 2
paths M 147 paths M {7 paths M {7

(a) Setup A, erry, , k =0.02 (b) Setup A, erry,, k = 0.01 (c) Setup B, erry,, k = 0.02

0.2 0.3 04
0.25 0.3
g 0.1 & Obli) g 0.2
10-2 ) 0.1
5-10 5.102
I S S S S S Y S S B oL | |
001 2 3 4 5 011 2 3 4 5 0.1 1 2
paths M 147 paths M ;o7 paths M {47

(d) Setup A, errz,, k=0.02 (e) Setup A, errz,, k =0.01 (f) Setup B, errz, , k = 0.02

Figure 10.2. Behavior of the errors erry, and erryz, of the approximation of Example m
using the approach (BTC) R = 64 (=), R =128 (), R = 256 (), the

approach (V) with R = 32 (]:[), R =064 @, and R = 128 .

Next, we study the convergence behavior of (Y}, Zj) with respect to the space discretization
parameter. For this purpose, we simulate paths to approximately solve Example

a) in the case of Setup B with the help of the formulas in Remark ﬂ 9.3| using different

space discretization parameters h € {1—0, 5 %, %, %, 25 @} and compare them with

a reference solution (y;b(), Zh’] (-)) which is simulated using h* = 1/300;

b) in the case of Setup C with the help of method (V) (R = 128 M =1.0-107) using
different space discretization parameters h € {1—0, 155 367 %, @} and compare them

with a reference solution (yh’R(-), Zh R(-)) which is simulated using h* = 1/60.

Calculated errors which use 20.000 paths are illustrated in Figure The empirical
rate of convergence for (E[k Y7 11 (X]) - yg(X,{)Hsz])l/Q is 2.01, which coincides with
Theorem [8:2] Surprisingly, the rate for Z obtained in the computational study is twice the
rate that is given in Theorem

The convergence behavior of (Y}, Z) with respect to the time discretization parameter k is
displayed in Figure_ (c). We simulate Examplein the case of Setup B with the help
of the formulas in Remark [9.6] using different choices k; = T/n; (N; € {10,20,25,50}), and
compare them with a reference solution (yh( ), Zh’J (+)) which is simulated with N* = 100.
We obtain an empirical rate close to 0.5 for both, the error in Y and in Z, which is stable
w.r.t. refined spatial meshes. This observation complements the theoretical studies on time

discretization in [Zha04], which motivates dependence on the dimension of the state space.
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F T ] F ] 10_0'4
—1 | . _ [ |
10 107" E 1006
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£ 1077 OE Ll I
S SIS (el = 4 008
1073 E E i
- 1 N h -1 .
I ] 10-3 L | 10
1071.5 1071 1071.4 1071.2 1071 1072 1071.5
h h k
(a) Setup B, space (b) Setup C, space (c) Setup B, time

Figure 10.3. Rates of convergence of the space discretization (Aa), (b) and time dis-
cretization (c) indicating the behavior of (E[k S>7_ | V(X)) — V] (X7)|2.]) /2

(). Elsup, I305) - DD (). @S, [VRED) -
VIEDIZDY? (), @5 125X = Z1xD12.D)Y? (=), as wel

as reference slopes h! , h? (Eb, kY2 ().

In the simulations discussed so far, the same triangulation is used for both, the space
discretization of the forward and for the backward equation. However, by choosing a rougher
triangulation for the forward equation hr > hp, a significant amount of simulation time
as well as memory can be saved, while simulations are comparable. This is pointed out in
Table for Setups A,B, and C which displays the differences

diffy = (E[ 1 e 105 X) yzB,R<XzB>\iQD /
J

Sr 1V o(X7 )2
[ hp,R hp/ 2

diff » = | E kJ_l 2z HZ(h]F,hB),R(XfJLF)_Zhlja’»R(X’j’bB)Hi2 /
e F 128 R, I
Jj=0 i=1 1*hp,R\*"*hp/IIL2

for (hp,hp) = (35, 355), (BTC), and (V) using M = 2.0 - 107 paths.

Table 10.2. Different mesh sizes in the triangulation of the forward paths: Differences diffy
and diff 7, as well as the absolute simulation time computed on an Intel Core
i5-4670 3.40GHz processor with 16GB RAM in double precision arithmetic.

diﬂ:y dlffZ hB time (hF,hB) time

Setup A (BTC) R=256 0.0069 0.0014 5h 38min 3h 07min
(V) R=128 0.0069 0.0014 10h 2Imin 5h 44min
Setup B (BTC) R =256 00145 0.0147 12h 07min 6h 58min
(V) R=128 0.0551 0.0064 16h 49min 9h 34min
Setup C (BTC) R=256 0.0204 0.0041 5h 35min 3h 07min

(V) R=128 0.0204 0.0042 10h 20min 5h 42min
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10.2. Forward-backward stochastic heat equation

In this section, we present computational studies for the forward-backward stochastic heat
equation (FBSHE]), which use the Picard type (ODP) scheme (i.e., Scheme[9.4] in combina-
tion with (V)), the stochastic gradient method (i.e., Scheme[9.5), and a direct computation
avoiding the computation of the conditional expectations (Remark in the case of the
stochastic LQ problem.

The studies carried out for Example show that

e to use the deterministic optimal control U, det o5 initial value U init significantly reduces
the number of iterations for both schemes;

e Scheme [9.5 returns the same solution as Scheme [0.4] in cases where Scheme [9.4] con-
verges. Scheme [0.4] only converges for short durations 7' > 0, while Scheme [9.5]
terminates for general T';

e the use of the regions C’ﬁv_l)’j for the computation of the forward equation X }(LU)’j in

the v-th Picard iteration step or gradient iteration step does not crucially affect the
simulations in both Schemes [0.4H9.5

e (space) the empirical order of convergence is slightly better if compared with the
results in Theorem

e (time) the empirical order of convergence is slightly less then 0.5.

Example 10.2 (Stochastic optimal control problem)
Let D C R. Denote by > 0 a constant in front of the Laplacian in the state equation (6.3)).

Find a minimum of (6.2]) subject to (6.3)).

We consider three different approaches for its simulation: the Picard type (ODP) scheme
(Scheme [9.4) with the partition estimation method, the stochastic gradient method in
Scheme both schemes using R = 128 Voronoi regions and M = 1.0 - 10° paths, and
the scheme from Remark in the case of the stochastic LQ problem (i.e., g(-) quadratic
in 7). In each approach, we use Pi-finite elements and the same triangulation
for both, the state and adjoint equation. If not specified differently, we choose h = 1/20,
k =T/15, and g(z) := %Hx—)?(T)HI%Q in our simulations. In all simulations, we approximate
the cost functional J(Xp, Uy) with the help of M = 100.000 paths, and the parameters of
the Armijo rule are set to ¢ = 0.01, § = 0.5, and o* € {5,10,100}, depending of the

setup.

Table 10.3. Parameter Setups D, E, F, and G for Example 10.2l

D T i xo(x) n vi(t, ) (6, a, k) X(t, )
SetupD (0,1) 040 0.15 2sin(rz) 20 sin(zzi) (1, 5ogg.0)  Hu[TFto]
Setup E  (0,1) 0.05 0.20 2sin(rz) 5 Zsin(rzi) (1, 5555.0) 115, [2]
Setup F (0,1) 025 0.15 2sin(rz) 5 Z2sin(rzi) (3, 5555.5) al57ta]
Setup G (0,1) 025 0.5 2sin(rz) 5 Zsin(rzi) (0, 5555, 1) 115, [1]
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We consider different choices of parameters, see Table[I0.3} Setup E focusses on a stochastic
optimal control problem for small time durations s.t. the Picard algorithm terminates.
Setups F and G reflect a more general setting, in which only the stochastic gradient method
or the direct computation terminate.

One trajectory of the approximation of the optimal stochastic control U, ;’j (w) and the corre-

sponding optimal state XZ’j (w) is illustrated in Figure|6.1{using the formulas in Remark
for Setup D with h = /60 and k = 7/40.

10.2.1. Simulations for short time durations 7" > 0

We choose the scheme from Remark to compute a reference solution for Setup E; its
cost functional is J (X}, U) = 0.01374, where E[$k 37, | X;7 — X (;)]|2.] = 0.00932, and
E[$k Y5 U3 [IF2] = 0.00442.

The first method under consideration is the Picard type (ODP) scheme. The Picard itera-
tion stops if the distance of two consecutive cost functionals drops below a given tolerance
TOL = 5.0 - 107%. Figure [10.4] shows the decay v + j(X,(lv),Z/l}(:}%(X,(f))) as the number of
iterations increases. Two different initial controls U,Z’jnjt are used for the simulation: the
trivial control (U7™" = 0), and the optimal deterministic control (U7™" = U9} which
we first compute by a steepest descent method; see e.g. [HPUUOQS]|. Both initial values of the
Picard iteration return almost the same approximation of the stochastic optimal control,
which is close to the reference solution. However, to use the optimal deterministic control
as initial value for U} significantly reduces required Picard iterations (for Setup F: 7 steps
compared with 22 steps).

1072
I I I I I I I I [
5 1.5 ’M* 0.3 i
4 1.25 | | L
3 10 | 0.2 - -
2 0.75 |- a 0.1 4\ |
1 0.5 7/\——4_qu7
0 N Y A A 0 =
01234567 2 10 15 20
Picard iteration Picard iteration Picard iteration
() U™ =0 (b) U™ = U,t’j’d“ (c) Distance v};”
Figure 10.4. The behavior of the cost functional j(X,(lU),Z/l,(L%(X,(f))) , its parts
) J 2J v J N 2J »
E[$k o X377 =X (t)I122] (o), and E[§h o U5 (X57)12] (=

in the simulation of Setup E by Scheme The distance Vg}) is shown in

part (c) for both initial controls ( for UZ’j’det; for the trivial con-
trol).

The stochastic gradient method (Scheme returns a similar result as Scheme and
iterates monotonically decrease the functional value (Figure [10.5). The gradient iteration
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stops if the “squared norm of the gradient” G(*) := =5 LRk Z -0 H g 13 |2, is less than
a given tolerance TOL = 1.0 - 1075,

1.5
1.25 1
1 il 0.75
0.75 | | 0-5
0.5 i 0.25
™ | | 0
0 20 40
gradient iteration gradient iteration gradient iteration
(a) U}™ =0 (b) U™t = gryeddet (c) Distance VY

Figure 10.5. The behavior of the cost functional, its parts, and the distance VS)) in the
simulation of Setup E by Scheme

Smallness of the variation between two consecutive Voronoi partitions is motivated in Fig-

ures(10.4{ (c) and [10.5| () by quantifying Vi := (& YR, kX/2H X107 - X0 D9)12,) 2

1).3 1)7J

we observe that constructing the coefficients and the basis functions in yh g oresp. Uy (v

according to the law of X, w13 i , resp. (9.15)), rather than X ,(lv)’j does not serlously
affect the simulation results.

10.2.2. Simulations for general settings

Next we consider the linear-convex stochastic optimal control problem f for Se-
tups F and G, where the Picard type (ODP) scheme (Scheme diverges. Table
contains the resulting cost functionals and parts in the case of Setup F simulated using the
stochastic gradient method and the formulas of Remark The approximation by using
stochastic gradient method improves by increasing the amount of regions R.

Table 10.4. Comparison of the resulting cost functionals using different controls and meth-
ods for Setup F.

XG5 UR) B[S 11X = X()IIE] B[S X, 1057 I7:] Elg(X;7)]

Ur=0 0.112709 0.013530 0.0 0.099170
Ur=Uy pdet 0.085636 0.011064 0.000055 0.074518
Scheme 9.5 R = 32 0.011940 0.003437 0.000391 0.008112
Scheme 9.5 R = 64 0.011681 0.003353 0.000386 0.007942
Scheme R =128 0.011407 0.003371 0.000375 0.007661
Remark m 0.009969 0.002004 0.000681 0.007284

Consider Setup G where g(z) := x ([ (1 + |(x(r) — X (T,7)[?)?/2dr — 1) with p = 1.5. This
problem is not of LQ-type, and thus excludes its numerical approximation by the scheme
from Remark [9.6] The terminal time 7' > 0 is large such that Scheme [9.4] fails to converge,
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while Scheme does. One path of the (approximate) optimal solution, and a plot of the
decay of the functional along the computed iterates are shown in Figure [10.6]

0.5
0.4

0t 1 |
0 20 40
time time gradient iteration

(a) t; = X7 (w) (b) tj — Z/{;ﬁ(X;J(w)) (c) cost functional

Figure 10.6. One path of the optimal state X}*Z’j and the optimal control Z/{;’%(X}*L’j (w)) for
Setup G using the stochastic gradient method. The cost functional and its

parts is shown in part (c), where E[g(X }(Lv)"])] is visualized by

Rates of convergence

We study the convergence behavior of (X}, Y, Zy) with respect to time and space dis-
cretization using Example with Setup D and fixed k& = T/100. We simulate paths to
approximately solve Example [10.2] with the help of the formulas in Remark [9.6] using differ-
ent space discretization parameters h € { 1—10, %5, 2—10, %, 3—10}, and compare them with a refer-
ence solution (X3, Vi7(X+7), Z4" (X37)), which is simulated using h* = 1/60. Calculated
errors which use 20.000 paths are illustrated in Figure [I0.7] We find second order of con-
vergence for (E[k 3o |57 (X}7) 37 () [22])* and (E[k =g |1 557 — X5 [22]) 2
as is stated in Theorem Similarly as in the case of the BSHE, the observed rate for Z*
is twice the rate of what is given in Theorem [8.4]

Finally, we turn to time discretization errors which so far lack a theoretical analysis. For
empirical evidence of related rates, we fix h = 1/40 and simulate paths to approximately
solve Example with the help of the formulas in Remark using different discretization
parameters k; = T/N; with N; € {10, 20,25, 50}, and compare them with a reference solution
()A(Z’], )A/Z’] ()?ZJ), ZA;“ ()?2’)), which is simulated using N* = 100. We observe a rate close
to 0.5 for both, state and adjoint equation, while the rate improves for Z*.
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Figure 10.7. Rates of convergence of the space discretization (a), (b) and time discretiza-
tion (c) indicating the behavior of (E[k Z}I:O X7 — Xg’jHiz])lﬂ ,
(Efsup, 1577 — Xp7[2D)Y2 (), (Blb S IVIE — X222 (),
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Part III.

Stochastic optimal control of finite
ensembles of nanomagnets
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11. Introduction

We consider the magnetization process m := (my,...,my) : [0,T] x Q — (S?)V within
the finite network of N € N interacting ferromagnetic particles in the presence of thermal
fluctuations. A relevant application of this setting are single-molecule nanomagnets [FS10]
where the dynamics of each particle is described by the magnetization m; : [0, T] x Q — S,
which is coupled with the remaining ones via the SDE system (a > 0; v > 0)

dm; = (mz X Hemi(m, u;) — amy; X (my; X Hegi(m, uz))) dt +vm; x odW, (1L.1)

m; (0) = moﬂ' .

where Hegi(m, wi) = Hanii (M) +Hai (M) + Hexcn,i (1) + Hext,i(u;) denotes the effective
field, which combines forces related to

e the anisotropy energy where H,pii(m;) = CaniAm;, with A € Rzixaz, to favor mag-

netizations m; which are (anti-)parallel to the easy axis e € R3,

e the stray field, which prefers magnetizations m; without surface charges; for simplicity

we choose Hqi(m;) = —CaBim;, with B; € R)3; c.f. [AB09,ACLP11],

e the exchange energy which penalizes non-alignment of (neighboring) magnetizations

via Hexen,i(m) = Cexch(Cm)Z., for some positive definite C € RE%X?’N , and

o the external force Moyt i(ui) = u;.

The constants Cypi, Cdq, Coxen = 0 account for the strength of these forces. We refer
to [BBNP13[BMS09NP13] for further details on the model. In (I1.1]), let W := (W1,..., W)
denote an (R?)N-valued Wiener process on the filtered probability space (2, F,F,P) to rep-
resent uncontrolled thermal fluctuations from a surrounding heat bath. A practically rele-
vant task is to control switching dynamics of ferromagnetic spins; for example, controlled
precessional switching requires to properly adjust the intensity and duration to initially
overcome anisotropic forces of magnetizations which are aligned with the easy axis, and to
later reduce this field to eventually allow relaxation forces to take over; see Figure [15.1
and [BMS09| for further details on this problem. This crossing of energy barriers is allevi-
ated at positive temperatures which in the model is represented by the stochastic forcing
term.

First studies concerning the deterministic optimal control of ferromagnetic dynamics are
carried out in [AB09,ACLP11] in the case of an finite ensemble of nanomagnetic particles,
and in [DKPS15| for infinitely many particles, i.e. for v = 0 is a PDE. To our
knowledge, this is the first work which deals with the related stochastic control problem to
optimally control magnetization dynamics in the presence of thermal noise.
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96 11. Introduction

Problem 11.1 (Stochastic control problem)

Let 0,k,v > 0, T,a,A > 0, and N € N. Let U ¢ RN, m = (my,...,my) €
L2(0,T;(S*N), h € CYH(SH)N;R), and mg = (mo1,...,mon) € (S?)V be given. Let
(Q, F,F,P) be a filtered probability space, and W an (R?)"-valued Wiener process. Find
a tuple

(m*,u*) := (mj,...,my;ul,...,uy) € L%(Q;C([O,T]; (SHN) x LQ(O,T;U))
which minimizes
1 T — 2 2
Tsto(mn, w) := 5E[/O (8llm(s) = 1(5) [Fas)n + Alu(s)|[Fs)v ) ds + sh(m(T))]  (11.2)

subject to equation ({11.1).

The dependence on the control in the functional is quadratic, while it is linear in the drift
part of the SDE. This observation is relevant in Chapter [I2] where we sketch the standard
construction of a weak solution 7w := (Q,F,F,P, W,u*) of Problem for Assump-
tion |C4| via relaxation using Young measure-valued F-adapted controls. The computational
simulation algorithm in Chapter [14] then bases on a discretization of the related necessary
optimality conditions with (S?)V-valued magnetization iterates, which is a coupled system
of forward-backward stochastic differential equations. The stochastic gradient method (see
Part [lI] of the thesis) is then adopted to the present nonlinear SDE to decrease the
energy Jsto along a finite sequence of controls, where updated search directions are obtained
via representations by approximate regression functions, which in turn are computed by a
least squares Monte-Carlo method to approximate involved conditional expectations. Com-
putational studies in Chapter are reported which control switching dynamics of single
resp. multiple ferromagnetic chains in a surrounding heat bath to e.g. evidence different
high- vs. low-dimensional optimal controls.



12. Optimal control of a ferromagnetic
N-particle system

We prove existence of a weak stochastic control which solves Problem via studying
the relaxed stochastic control problem, following the general setup in [YZ99]. Therefore we
need the following assumption.

Assumption C;
Let 0 € U C (R*)" be compact.

Let (X, || - |lx) be the Polish space (C([0,T]; (R*)™), |l - llsup) or (L2(0,T5 RN, || - ||z2)-
Below, let LE(2;X) denote the space of all F-adapted X-valued random variables X, such
that E[|| X||%] < co. We denote by V(T';U) the space of all non-negative Radon measures
A on [0,7] x U such that

A(B xU) =|B| VB e %([0,T)).

Then, A € V(T';U) can be represented by A(dt, du) = v(t, du) dt for almost all ¢ € [0, 7],
where v(t,-) € P(U) denotes the Radon-Nikodym derivative of A. By Assumption
(V(T;U), 1\) is a compact Polish space.

A weak stochastic admissible control for Problem [1.1] is defined as follows:

Definition 12.1 (Weak stochastic admissible control)
The 6-tuple 7 := (Q, F,F,P, W,u) is called a weak stochastic admissible control, if

1. (2, F,F,P) is a filtered probability space satisfying the usual assumptions;
2. W is an F-adapted (R?)"-valued Wiener process on (Q, F,F, P);
3. u is an F-adapted control, such that u € L%(Q; L?(0,T; 0));

4. there exists an F-adapted unique strong solution m € LZ(Q; C([0,T]; (R®)V)) of the
state equation ([11.1) under w and my;

5. (m,u) satisfies Jso(m, u) < oo.

By Uaq(mo; T') we denote the space of all weak stochastic admissible controls.

Then we can precise Problem Find 7* € U,q(mo; T) which minimizes

T
Juto(T) = ;E[/O (8llm(s) = m(s)|IFasyy + Alu(s)|[Fs) ) ds + ch(m(D)].  (12.1)
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98 12. Optimal control of a ferromagnetic N-particle system

Theorem 12.2 (Existence of a weak stochastic control
Let T > 0 and mg € (S?)V be fixed and Assumption |Cy|be fulfilled. There exists a weak
optimal control ©* € U,q(mo; T), i.e.

35150(71-*) = inf 3sto(7r)-

ﬂ'eﬂad(mOQT)

Proor

The proof follows the general setup of [YZ99, Chapter 2, Theorem 5.3], which is not di-
rectly applicable since assumption (SE3), known as “Roxin’s convexity condition”, is not
valid here.

Choose a filtered probability space (€2, F,F,P) and let W be an F-adapted (R?)"-valued
Wiener process on it. We have iU,q(mo;T) # &, since for u = 0 there exists an F-adapted
unique strong solution m € L2(Q; C([0,T]; (R*)Y)) of equation (I1.1).

Let now 7" = (Q", F™, F",P", W",u") be a minimizing sequence of weak admissible con-

trols for (12.1]), that is

. ~ ny __ 3 ~ p— —
Jim Jsio(7") = Weu:dr(lf;zmT)dsto(ﬁ) =: M > —o0.

We first rewrite equation ((11.1). The noise term in equation (11.1)) is in Stratonovich form,
which can be reformulated to (1 <i < N)

2 3
vm; X odW; = % Z (my; x ) x e dt + vm; x AW, (12.2)
=1

where e; € R? are unit vectors for [ = 1,2,3. Then equation (11.1)) can be rewritten as
dm" = (by(m") + by(m",u")) dt + o(m")dW", m"(0) = my, (12.3)

where by(-) combines the drift terms of (11.1]) together with the It6 correction term from ([12.2]),
which all are independent of the control w. The control dependent terms are composed in
by(+, ), such that forall i =1,..., N

bri(m") + b;(m",u") = mj x (’Heﬂgi(mn,u?) —am; X Hegi(m”, u?))

2 3

+ %Z(m? x e)) X e.
=1
The matrix o(-) in (12.3) consists of the 3 x 3 blocks on the diagonal containing o;;(m") =
v(ml x el)T foreachi=1,...,N and [ = 1,2,3. We obtain P"-a.s.

[ (6) 2y = [mollZpy — for all ¢ € [0,7] (12.4)

by applying Ito s formula using the functional x — ||xH BN By using this property and
Assumption we conclude that by, by, resp. o are ilpschitz continuous functions on
(SHN x U resp. (S?)V. Thus there exists an F"-adapted unique continuous global strong
solution m™ € L&, (™;C([0,T]; (R®)N)) of (11.1)) under w" € L%, (Q"; L?(0,T;U)) on the
filtered probability space (Q", F", F" IP’") We define next

1) = [ il (s) s 5(0) 1= [ bulm(s), u"(s)) ds,
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$(0) = [ olm(s)) AW (s),

t
F"(t) = /0 (8llm"(s) = 7(5) gy + A" () [y ) dis.
Because of property (12.4) and Assumption a simple argument then shows for
X" := (m",B},Bf, X", W" F")
the existence of a constant C' > 0 such that for all p > 2

sg;l)(E”[HX”(t) = X"(s)|?]) < Clt— 5P forall 5,t € [0,7]. (12.5)
n

By the stochastic version of the Arzela-Ascoli theorem, which is applicable to {X"; n € N},
and the compactness of V(T'; U), we obtain that the sequence of laws for (X", §,n) is tight on
([C([0,T); (R®)M)] *x ([0, T]; R)) xV(T'; U)-valued random variables. By Prohorov’s lemma
and Skorokhod’s theorem, there exist a probability space (Q,F,P), and a subsequence
{(X",X"); r € N} as well as (X, X) on it, such that for r > 1

P, =Pgor,  and 5ny = Py, (12.6)
and, moreover, P-a.s.
m' = m in C ([0, T]; (R*HN), (12.7a)
B —+B;, BBy X" =X in C ([0, T]; (R*HN), (12.7b)
W W in C ([0, T]; (R*HN), (12.7¢)
F" > F in C([0,T];R), (12.7d)
ATAX in V(T;U) (12.7¢)

holds for r — co. By following the proof of [YZ99, Chapter 2, Theorem 5.3], filtrations F "
and F can be constructed such that W is an F'"-adapted Wiener process on (ﬁ, F, F).
By using ([12.6) we obtain the following stochastic differential equation

m"™ (t) = B (t) + By (1) + =" (t)
—mo+ /0 by(m" (s)) ds + /0 /U by(" (s), u) 7 (s, du) ds (128
+ [ o (s) dW ()

on (Q, F,P). The results in (12.7a)(12.7b)) may now be used to pass to the limit in the drift
term which involves by, while (12.7¢|) allows to pass to the limit in the relaxed formulation
of the drift that involves by;. We obtain as limiting equation

m(t) = mo + /Ot bi(m(s)) ds + /Ot/UbH(m(s), u) U(s,du)ds + X(t). (12.9)

Moreover, we obtain by using (12.6)) the following cost functional

T
E[F"(7)] =§E[ (31 () = ()l + A [l 77 (s, dw) ) ds
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4 rch (7" (T))]
= 3st0(7"nr )

By using that {#"; r € N} is a minimizing sequence, and ((12.7a), (12.7¢]), employing the
compactness of U, passing to the limit in all terms yields

BIR(T)] = 3 [ (310(6) — 706) oy + A [l (s, cw)) s + (7))

(12.10)

=

Following further the proof of [YZ99, Chapter 2, Theorem 5.3], it can be shown that X (¢) and
(EET( t) — Jy oo’ (m(s))ds) are both F-martingales. Using a martingale representation
theorem we can then extend the filtered probability space (Q, F,F,P) to (Q f F ]P’) and
obtain an F—adapted Wiener process W on it, such that

S(t) = /Ot o (m(s)) AW (s). (12.11)

Using the extension on m and X inA gnd (12.10f), and inserting equation (12.11)),
we have a filtered probability space (2, F,F,P), an F-adapted Wiener process W, and an

IEA"—adapted V(T; U)-valued relaxed control A, minimizing the cost functional (12.10)), and,
moreover, T is a solution of (12.9)), where ([12.11).

Finally, it remains to show that there exists an F-adapted U-valued optimal control w.
Therefore, we consider the control term in (12.10) and obtain using Jensen’s inequality

2//||u||(R3stduds> /||/uvsdu||(R3 ds> 2 /Hu [

where we define %(s) := [y u¥(s,du). Thus, (7, @) minimizes the cost functional, moreover
(m, w) is admissible: due to the linearity in u of by (T, u) = A (m(s))-u, where A (m(s))
is matrix-valued, we obtain

/ b(m(s), u) B(s, du) / An(m(s)) - up(s,du) = Ag(m(s)) /U uw(s, du)
= An(m(s)) - u(s) = brr(m(s), u(s)).

As a consequence, m is a strong solution of the state equation (11.1}) on ((AZ,]? ,IAF,I@) un-
der w.

O



13. Characterization of the optimal control
problems

We start with the generalized Hamiltonian system as necessary optimality conditions for
the deterministic and stochastic optimal control problems. Below, we consider the following
exchange field Hexen, stray field Hq, and anisotropy energy Han; in (11.1]).

Assumption Co
Let

%exch,i(m) = Cexch (mi—l - 2mz + mi+1)7
with mg := my and my1 := my. Moreover, combine
Haanii(M) := Hanii(ms) + Hai(m;) = CaniAm; — CqaBymy; = —Cg aniDimy,

with D; € R%2 and Cyani € R.

13.1. Deterministic optimal control

We start with the necessary optimality conditions for the corresponding deterministic opti-
mal control problem (Problem with v = 0). By Pontryagin’s maximum principle there
exists a triple (m*, p*,u*) € [C([0,T7; (R:})N)]2 x L%(0,T;U) with

p* = (p1,...,pN) € C([0,T]; (R*)™)
which satisfies the (deterministic version of the) state equation ([11.1]) together with

oh (13.1)
* T — * T
PI(T) = —ry (m*(T)),
where (1 <i < N)
fi(mvuhp) =Py X (Heﬁi(ma u’Z) —am; X Heﬁi(m,Ui)>
+ ap; x m;) X Hegi(m, u;)
— Ca,aniDi(p; — a(p; x m;)) x my; (13.2)

— Clexch [mifl X (Pi_1 — ap;_1 X my—1) —2m; X (p; — ap; X my;)

+Mis1 X (Pigy — APiy1 X Mit1)],
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and the maximum condition
Hdet(m*(t)> U*(t)7p*(t)> = mgﬂ)j{ Hdet (m*(t)7 ’U;,p*(t)) for a.e. t € [07 T] (133)

holds, where

Mz

Hdet(m, u, p) <<P2,mz (Hetri(m, u;) — am; x Hefﬁ(m,ui))>

= (13.4)

1 —
- §(5Hmi — g — >\||Ui|!§@3)>-

13.2. Stochastic optimal control

Existence of a weak stochastic control « := (Q,F,F,P, W,u*) is proven in Chapter
by abstract arguments. For the simulations of the stochastic optimal control problem
below, however, we assume a complete filtered probability space (2, F,F,P), where that
the filtration F is generated by the (R3)N-valued Wiener process W = {W (¢); t € [0,T]}.
By applying the stochastic maximum principle, see e.g. [YZ99, Chapter 3, Theorem 3.2],
we then obtain the first order optimality conditions of Problem Find (m*,u*) €
L3(,C([0,T); (R®)N)) x L2(Q; L2(0,T;U)) and moreover

(p*,a") = (P}, PAi s ai) € L3( O([0, 7] (%)) x L2 (0,73 (RP3M)Y)),
such that ((11.1) and the adjoint equation (1 <1i < N)

3

dpz( (f(m u'up +7Zelx elxpl _qul32 1)+l><e[—(5(m —mz))dt
=1 =1
q; dW, (13.5)
oh
*T _ *T
p(1) = —rg(m*(T))

are satisfied, where f was given in ([13.2)). Moreover, the maximum condition holds P-a.s.

Hsto (m* (t) ’ u* (t) ) p* (t) ) q* (t))

= max Ho(m”(t), u, p* (1), ¢"(¢))  for ae. t € [0, 7], (13.6)
u
where
N
Hto(t,m,u, P, q Z(<p,, mi % (Hori(m, w) — am; x Hegi(m,w))) - (13.7)
=1
2 3
Y Z lle; x p'LHR5 +trlg; a'm(m)]
=1

1 __
- 5(5\\”%‘ — milfs - AH“z’H%&S))-



14. Simulation of the optimal control
problems

We discretize and simulate the generalized Hamiltonian systems which are related to the
deterministic optimal and the stochastic optimal control problem. Throughout this work,
we consider a uniform time-grid {t; }37:0 of mesh size k :=t; —t;_; > 0 which covers [0, 7.
For the simulations, we allow general controls to avoid the control constraint above, which
would otherwise require a projected gradient method to approximate . Under these
assumptions, the maximum condition in then reduces to P-a.s. solving

—a(p;(t) x my;(t)) x m;(t) + p;(t) x m;(t) — Au;(t) =0 for a.e. t € [0,T]. (14.1)

Note that this condition causes optimal admissible pairings {(m;,u;); 1 < i < N} to be
P-a.s. orthogonal to each other.

14.1. Stochastic optimal control

In order to account for the forward-backward character of the generalized Hamiltonian sys-
tem (L1.1), (13.5), (14.1), the following Picard type algorithm is motivated from [BZ08|:

Scheme 14.1 (Picard-scheme for the stochastic control problem)
(1) Set uVJ =) . €U for each j =0,...,.J in the first Picard iteration step.

(2) Iterate v =1,2,... until a stopping criterion is met:

(i) FSDE: Set m®0 = my. For each j = 1,...,J, compute w71 using
p~ =1 and m)J~1 according to (14.1)). Simulate the (R3)N-valued random
variable m(")>J by a time discretization of (I1.1) using w7~ and m®)J-1,

(ii) BSDE: Set p)-/ = —/{g—z(m(“)“]). For each j = J —1,...,0, compute first

w@J+1 from (14.1) using p®7+! and m®J+1, Simulate the R3V*3N and

(R?)N-valued random variables q(*)7 and p(*)J by a time discretization of (13.5)

(iii) Evaluate if a stopping criterion is met.
Note that the control u(¥) = (u(”)’o, e ,u(”)"]) in Scheme is treated as known quantity
in the state equation (FSDE) as well as in the adjoint equation (BSDE), and is computed

via (T4-1)). Moreover, the solution of the adjoint equation p"=1) = (p(=1:0 . p(=1).J) of
the previous Picard iteration step v — 1 is used in the state equation. Precise formulas how
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104 14. Simulation of the optimal control problems

to compute a single time-step of the state and adjoint equation are given in Schemes [14.2
and [14.3 below.

We use the following scheme to approximate the state equation ((11.1)) in the v-th step of
the Picard iteration which corresponds to the semi-implicit Scheme B from [MTEF"10].

Scheme 14.2 (Time discretization of the FSDE)
Let u(®J~1 and m(*)7~1 be given. Compute m(®7 € L% (2;(S*)N) by the following
J
two-step method: Compute first w(¥)J e L3 (9;(S*)") using for each i =1,..., N
J
wgv)vj — mgv)mj_l

m(’U),j*l + (U)vj

k 7
+ 2

X (Heﬂ;i(m(v)’jfl’ u('U)’j_l) _ O[mz(‘v)d_l % Heﬂ;l (m(v),j*]_’u(?)),j—l))

i %

+ Vm’fv)vj_l + wgv)m]
2

X A1 W,

where Aj_lwi = Wi(tj) - Wi(tj_l) ~ N(O, k:]lgxg).
Set 27 = %(Trl,(”)’j*1 + w(”)’j), and compute then for eachi=1,... N

(U)vjfl

()5 _

m;

m" ! 4 m

T i M-
X (ﬂeﬁ,i (Z(U)’j,ugv)’j_l) . azgv),j > Heﬁﬂz‘ (z(v),j’ ugv),j—l))

('U),j—l (U)vj
+ le 2+ m X Aj,lwi.

(v).4

The use of the semi-implicit Scheme B from [MTF™10] has the advantage that the sphere
constraint is preserved, i.e., m(®¥)J takes values in (82)N . Moreover, its computation can
be performed without the application of any root-finding method, which makes this scheme
more preferable for our purposes of simulating finitely many particles, if e.g. compared with
the midpoint scheme; see [NP13| and Part

We apply an explicit time discretization together with the one-step dynamic programming
scheme for the simulation of the backward SDE ([13.5)); see e.g. [Zha04].

Scheme 14.3 (Time discretization of the BSDE) ‘
Let w1 @+l p)i+1 and ¢34 be given. Compute ql(”)’j € L?Etj (Q; (R*)N) and

pWi ¢ L% (9; (R3)N) by the following method: For each i =1,..., N, compute
J

v),J 1 v),j+1
qV’ = %E[pg )it Ajwlﬂftj] Vi=1,...,3N, (14.2)
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and

"7 = E[p{" T 4k (m T ) p(3H) *kZez x (e x p{" ")
(14.3)
+ 0k(m (v)ﬁl —m(tjt1) ’ft } +szqz 3(i—1)+1 < €

Again, an explicit time-stepping scheme is chosen to reduce the computational effort. A
nonlinear equation in ((14.3]) is omitted by the explicit treatment of the control, where
w71 can be computed according to (T4.1)) using p(*)7+1 and m()-7+1,

By using the Markov chain property of the time discretization {m 2y G =0,...,J } at
Picard iteration step v we can represent the solution of ( - by two measurable
deterministic, but unknown functions P : (S2)N — (R3)V and Q S (SHY = (RHN
foralll =1,...,3N, such that

g = Q" (m®),  pI = PO (), (14.4)

where for eachi=1,...,N

V). 1 v).4
Q) (@) = LE[PT T m A W] V=1, 3N, (14.5)

7,

k
P(’U),j(m) }E|:7)Z(’U)’j+1(m(')7]+1) + kfz (m(?)vj+l’u(v)7j+1"]D(U)7j+1(m(1.))7j+1)) (146)

i 7,2 |7, |7,

2

3
v v),7+1 v),j+1 —~
— ?kZel X (el X Pz( )it ( |( L )) +(5k(m£|])7mj+ —mi(tj+1))}
l 1
+szgzg)(z] 1+l ) X er.
Here, m|(])] *1 denotes the value of the Markov chain at time tj+1, which has started at

tj at state z € (S?)V. The control w(*)7*! in (T4.6) is computed using m‘(;.)ljjJrl and
P(“)’j“(ml(;.)?l;j“) according to equation ((14.1)).

We approximate the measurable, deterministic functions (P(”)’j (+), Ql(v)’j (+)) using the parti-
tioning estimation method, which is a special case of the least squares Monte-Carlo method,
see e.g. [BZ08,GLWO05|. The idea of the least squares Monte-Carlo method is based on the

representation E[@|m") = ] = v(*)(x), which minimizes E[|v(")(z) — @}2] among
all F ,-measurable functions v(*J : (S2)¥ — R, such that E[[v")(z)[?] < co. The func-
tion v(¥)J (+) is approximated in two steps: Firstly, we approximate it by a function

R
(v)J Za ,J

in the finite dimensional subspace span{m(«”)’j ();r =1,...,R} of L*(Q;P). Secondly, we
approximate the coeflicients {5&”“; r=1,...,R} of vg)’J(-) by {aﬁv)’J; r=1,...,R},
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which can be computed from the following least squares problem

argmin — > |3 alMin( (x,,) — O,

a(v).JeRF m=1 r=1

: (14.7)

where M > R many independent samples (., ®,,) of (x,®) are used. In the case of
partitioning estimation we construct the finite dimensional subspace span{nﬁv)’j ();r =

(v)d

., R} by indicator functions n; "7 (-) = 1 i (+) generated from a disjoint decomposition

of the state space UL, oM = (RN i.e., since iterates of Scheme m are S?-valued, we

have to partition Uf;l C,gv)’j = (S?)N. By this choice of basis functions, we can compute
the coefficients in problem (14.7)) according to

M
a®)i — 1

. 1 ) (€)Opm ~ E|[@|z € CWI |, (14.8)
#{mm E Cﬁv)vj} m:l C’r J m m |: ‘ i|

where the convention % = 0 is used, and the partition estimation function Ug)J () can be
expressed as

,]} Z C(ﬂ)] mm )lc,év)’j(w)'

In other word, for every = € (S?)VV, the partition estimation function v%)’j (z) returns the

local average of those ®,, whose x,, has been contained in the same region oW

(v).d

We use Voronoi meshes for the partition J%; C+"7 = (S?)N, where the idea of the con-
struction uses a sample based approximation of the distribution of m(¥)J:

as &.

(1) Simulate R additional realizations {m "/; » = 1,..., R} of the (S2)N-valued random

variable m(¥):J

(2) Define the region cf by

oy < inf & — m]

= {z e ()N |z - m{")

(R3)N}.

(3) Define the local basis function n,(,v)’j(-) = llcﬁv),j(-).

This strategy resolves the state space (S?)V according to the distribution of m(*)7, and
creates more regions in areas where m(“)J is more likely to take values, and may be quickly
realized in actual simulations. This property is important since a new partition according
to m(¥)J has to be constructed for each Picard-iteration step v.

The procedure to approximate the conditional expectations (P PN, Ql ’] in -f

- 14.6) by PR QR l’]( -)) which are applied to Schemes [14.1} |14.3| is summarlzed in
Algorithm [1}
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Algorithm 1 Picard type (ODP) scheme for the stochastic control problem

1:

10:
11:
12:
13:

14:

15:
16:
17:

18:

19:

20:
21:
22:

Simulate and store the increments AW := = {(4, w )J —o; 7 =1,...,R} for the con-
struction of the basis regions.
Set v = 0. For the first iteration step, fix the initial control w7 = ul
ji=0,...,J.
while Stopping criterion fails do
Set v=uv+1. .
Construct the basis regions {C,(v)’]; r=1,..., R} using AW.
Set P (x) = —k Sl ().
forj:J—ltoOdo
Simulate M independent paths of the state equation and store m(mv)’j and
m(m”)’j“_
Compute the vector a(¥)J with entries Vi =#{m Wi e v }

Compute the vector B")7 with entries ,35:{ J= {r; cl )’] 5 mY ’J}.
for | =1to 3N do
Compute the vector H with entries H,, :=
Compute for each r =1,..., R the coefﬁments

by = s Z Ly (8

‘ni¢ for each

v),j+1 v),j+1\ AW,
()J (m7(ﬂ)] ) .7kl, )

(v).,j u INON;
Deﬁne QRJ’ ( ) Z l’f” ]lc('u),j (m)

end for A
Compute the control ugn) S using Pg))’]ﬂ( ) and m(v) S by equation ((14.1)).
Compute the vector H with entries

= PO () +1) 4 g (91 0+ P+ ()41

2 . .
— —kZel X el X 'P(U)"H_l( (mv)’J_H)) + (5]6(7)’1,%})’]—’_1 — m(tj+1)).
=1
Compute for each r =1, ..., R the coeflicients

ay = m Z Ly (8

M=

Define Pl(%v)’j(a:) =

. 3 1
[a7§”)’J + vk 121 bl(j;)” X €] L. ().

r=1

end for
Evaluate the cost function Js(t?(-) and its parts to decide whether to stop or not.
end while

As a result of Algorithm |1, we obtain the control function ¢ (m(*)7) according to equa-
tion (14.1)) for each i = 1,..., N of the form

1

'(U),j (U)zj
U (ml9) =

(]

( (P(v)vj( ( ),]) % mSU)J) (’U),j + P(U)J( ( ),]) X m(v)’])
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By evaluating this function, we have an optimal response (forcing) for a observed realization
of the state m(w).

However, this algorithm works only for very restrictive choices of the parameters (small
final times T accompanied by large cost constants A) and hence is not suitable to study
switching dynamics of ferromagnetic particles, in particular. To overcome this problem, a
stochastic gradient method was proposed in Part [[I] of this thesis: in the present context,
the idea is based on the following approximation of () in by a function Ug)’]
in the linear subspace span{]lcﬁv),j(); r =1,...,R}. By approximating the state m()

in ((14.9) by means of the (additional) Voronoi realization which assembles the region c

where the realization take values, we obtain the expression

v 1 v
U () = )\<— ( PR Zm )1 cwa( ) Zm o4 (@)
+ P(v)’j Z m o ))

Y <<[a£v),j vk Z bl(z)u X €] x fﬁgv)g) X mgm) Lpor (x)

1
A r=1 =1

3 3 .

+ Z([aﬁ”)’j +vk) bl(?d x €] x ﬁgf’”) Lo (a:)]
r=1 =1

R

—. Zuﬁv),j]lcﬁv),]. (x), (14.10)
r=1

using

PR (@) =3 P10 (@) = - [ + vk Y b x el (@), (14.11)

1 r=1 =1

ﬁ
I

R

r—=

[y

with the coefficients a(*)7, b(®):J defined in Algorithm The representation in approxi-
mation ([14.10) is the starting point for a stochastic gradient method to approximatively
solve Problem m The control w7 in the forward equation, the backward equation,

and in the cost functional are replaced by Z/{g))’] (m®)7) = SR )’]lld,,),j (m®)7), and

the focus is now on approximating the (deterministic) coefficients u®. By inserting the

representations (14.10)), (14.11]), and (14.12]) in the maximum condition ([13.6|) and differen-
(v)

tiating according to the coefficients u(®) (neglecting effects of Cy g ), we obtain the descent
direction g(*—b
g(v 1) iv HStO(t m( ) u(’v_l)’p(v)vq(v))

14.13

Note that the objects u®, p® m® and g(”_l) in (14.13]) involve all regions and time
steps {C’T(U)’J; r=1,...,R, j=0,...,J}.
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Scheme 14.4 (Stochastic gradient method for the stochastic control problem)

(1) Set ufno)’j = ul,,, for each j = 0,...,J, and for each basis region indexed by r =

1,..., R in the first gradient iteration step.

(2) Iterate v =1,2,... until a stopping criterion is met:

(i) FSDE: For each j =0,...,J —1, compute Z/{](%v_l)’j(m(“)’j) according to (14.10)).
Simulate the (R?)N-valued random variable m(")7+1 by a time discretized scheme

of (11.1)) using L{g’fl)’j(m(v)vj) and m(©)J

(ii) BSDE: Set P/ (x) = —ﬁ%(m(”)"]). For each j = J —1,...,0, approximate
Q(v)"](-) and P®)J () from (14.5)—(14.6) using the least squares Monte-Carlo
method, U™V PO @t and m )9
Obtain ’P}(;Zj)’](az), resp. Qg’)”(az) with coefficients p(*)7, resp. q(”m.

(iii) Gradient step: The coefficients u(*) of the regression function U](%v )() =

L u,(ﬂv)"]lcﬁm, (+) are computed according to

u® = -1 _ U(v)g(vfl), (14.14)

using a suitable step size o).

(iv) Evaluate the cost function Js0(-) or the gradient g1 to decide if a stopping
criterion is met.

For the computation of the step size o(*) in equation (T4.14) we use a modification of
Armijo’s rule:

)

e Approximate the current cost function js(gi;l using the coefficients u(v=1.

e Iterate s =0,1,2,... until a stopping criterion is met:
— Compute u®* = =1 — g*gsglv-1),

) using the coefficients u®)s,

— Stop, if 74 = T8 < —a0r B Lo SR g Py

Algorithm [I] and [2] return a similar approximation in cases where Algorithm [I]is applicable.
However, Algorithm [2] provides an approximation of the solution for less restrictive choices
of the parameters and will therefore be used in Chapter

— Approximate the cost function JS(;;_I
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Algorithm 2 Stochastic gradient method for the stochastic control problem

1: Simulate and store the increments AW := {(A; W )] o;r = 1,...,R} for the con-
struction of the basis regions.

2: Set v = 0. For the first iteration step, fix the initial control uJ = umlt for each
j=0,...,J.

3: while Stopping criterion fails do

4: Follow lines 4-20 of Algorithm 1 I using Z/{( 1. (mgn)’j ), resp. Up

in the computation of the forward, resp. backward equation.

Evaluate the cost function js(;:)—l)
6: Set s = 0.
7 Compute g(*=1) via

(v 1)’]+1(m7(7'_ub)7j+1)

using the coefficients u(*=b.

o

3 A . -
g1 = a([a,(,”)’j n szbl(j;)d x €] x ﬁ&v);]) x V)
=1

3 ; . .
— [al"d VkZbl(j;)’J x e x M7 4 Ault~DI,

=1
8: while Stopping criterion fails do
: Compute u(®* = u® *ﬁs
10: Evaluate the Cost function j —1)s usmg the coefficients u(¥)-,
1
11: Stop, if jsto - s(to b < 00*58 ﬁ:l ngv )JH(]R?’
12: Set s = s+ 1.
13: end while
14: Fix u() := u* and define Lll(% ’]( )=, w1 (U)J( ).
15: Evaluate the cost function JStO (+) and its parts to decide whether to stop or not.

16: end while

14.2. Deterministic optimal control

Similarly to Scheme the explicit Euler method is used for the time discretization of
the (backward) ODE in equation (13.1)).

Scheme 14.5 (Time discretization of the BODE)
Let w71 m@d+1 and p®)d+! be given. Compute p(V7 € (R*)N by the following
method: For each ¢ =1,..., N, compute

p(v)»j _ pz(v),j+1 + kfi(m(”)’j“‘l,u(”)’j“‘l,p( )7J+1) + 5k (m ( )i+l mi(tj1)). (14.15)

)

For time discretization, we consider the deterministic version of Scheme Then a
(standard) gradient method is used to solve the (deterministic) optimal control problem.
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We present numerical experiments concerning the deterministic and the stochastic optimal
control problem. Therefore, two different scenarios are considered: First, the behavior of
the deterministic and stochastic control for the switching of a single nanomagnetic particle
is under investigation, where we consider the case of a restricted control, that is a control
which only can attain values in some submanifold of R?, i.e., R? or R!. In the second part
our focus is on controlling the magnetization of a finite ensemble of nanomagnetic particles.
Here, different scenarios are considered which involve exchange energies and the case where
a concrete time evolution of the desired target profile m is of interest.

In order to simulate both settings we approximate the necessary optimality conditions ((11.1]),
(13.5]), (14.1), by the stochastic gradient method (Algorithm [2)) using the stopping criterion
+ SRk 23-1:0 Hg,@fl)’J H%R;),)N < TOL. The parameters (3, 0*, g, TOL) of the Armijo rule are

adjusted to each specific configuration to avoid unnecessary iteration steps and to save sim-
(’U),j = Z/{](?:U),] (m(v)mj

ulation time. In the following, we denote by wg,,) sto

the approximation of the optimal control.

) resp. ug = UR’ (mg))

15.1. Single nanomagnetic particle

Consider a single nanomagnetic particle (N = 1). Our interest lies in the optimal magne-
tization switching from my (at initial time) to (—my) at final time 7"

Example 15.1
Fix T > 0, a,\,k > 0, and set § = 0, N = 1. Solve Problem [11.1| where h(m(T)) =
[m(T) — (—my)|3s in (11.2). The effective field Heg in equation (1L.1]) consists of the
external field Heyt, and a demagnetization as well as an anisotropy field in Hq ani.

Table 15.1. Parameter Setups A and B for the stochastic control problem considered in
Example 15.1}

T « v (A, k) mo  Caani  (day, day, day)

Setup A 0.5 0.1 0.3 (0.001,1.0) e 0.0 -
Setup B 05 0.1 0.3 (0.001,1.0) e 50 (—1.0,0.2,0.7)

We consider two different parameter setups which are proposed in Table for the sim-
ulation of Example Setup A avoids the demagnetization and anisotropy energy
(Cd,ani = 0.0), moreover in Setup B the axis x; where myg is located is more likely; see

111
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Figure where the trajectory of a path of equation without control and initial
value mg = (1/0.5,0.1,0.7)7 is shown. Figure (a) shows asymptotic alignment with
the easy axis (e; € R3) due to anisotropy effects. Starting with mg = (—1,0,0)7 an appro-
priate switching strategy might be to move the magnetization to the northern hemisphere,
and then allow anisotropy effects to complete alignment with e;. In this framework, if
the final time T is fixed or noise due to an existing heat bath is relevant, a corresponding
optimal switching strategy is quite complex, which is why we solve/simulate the stochastic

optimal control problem (Example [15.1)).

3t Ty o

/

T3 Ty T3 T2 T3 Z2

(a) t — mge in [0, 5] (b) t — M, in [0,0.5] (€) ¢ Mo in [0,5]

Figure 15.1. One solution path mget resp. meg, of equation ((11.1)) without control (u = 0),
starting in mg = (1/0.5,0.1,0.7)7 and Setup B using T € {0.5,5}.

For the simulation of the stochastic optimal control problem we use Algorithm 2] with the
parameters given in Table where M = 1.0-10° independent paths for the evaluation of
the cost function Jy, (also independent of the M paths which are used in the computation
of the stochastic backward equation) are considered.

Table 15.2. Discretization parameters used to simulate Example
J M M R

50 5.0-10° 1.0-10° 100

We start with an optimal control of the corresponding deterministic control problem for
Setups A and B (with v = 0). For both Setups A and B, we obtain comparable cost
functionals: for Setup A, the cost functional is Jj,, = 0.0099, with k ZJJ:O Juih||2s = 19.85
and nge‘i + mg||3s = 3.494 - 107%; in Setup B, we allow for less control, and hence
k Z}'Izo |us?||2s = 15.82 while obtaining a similar accuracy of m” at the final time (Hmt[(i—i—
myl|2s = 3.108-107°) and thus a slightly smaller cost functional Jf,, = 0.0079. There, the
time evolution of the deterministic control differs: in the beginning more external force is

necessary to escape the easy axis and initiate switching; in the end less control is needed
due to the attraction of the easy axis; see Figure [L5.2A).
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The optimal control u},, for the deterministic control problem seems to be a promising
candidate as initial value ug(t)g of the stochastic gradient method. For Setup B, we hence
start with js(t%) = 0.0799. Then, most optimal trajectories realize a movement of the

state mgg(), to the northern hemisphere x; > 0 (i.e., 99.978% of the simulated paths);

however the magnetization of the particle might at final time not be close to (—my); see e.g.

Figure M(A), where the distribution of the (x2,x3) coordinates of mé?())"] are illustrated.

1072
T T T T ] 100 = T ..
A0 i 80 . i RN
\\ | 60 — 41 /’/ \\\ N
30 : 75 | i
YT 40 . 20
I N R R B N Yy i S Op [
0 0.1020.30.40.5 0 0.1 0.20.30.40.5 0 0.1 0.20.30.40.5
time time time
@) tj = luyilzs (b) t; — E[Hu:tgﬂﬂég.] (c) t; »< u? , m >

Figure 15.2. Intensities ¢; ||uzgt||i3, resp. t; E[Hu?é”éd] for Setup A EI)
and B (EI) Time evolution of the angle ¢; —< 6™, m’ > for the deter-
ministic (]:[) and stochastic E[) problem using Setup A.

-10°
1H 1H )
8,000
0.5 0.5 N
6,000
& 0 i 0 i
4,000
—0.5 —0.5 .
2,000
71 - 71 - |
| | | | | 0 | | | | |
-1 =05 0 0.5 1 -1 =05 0 0.5 1
T2 T2

0),7

sto

*,J

(a) Distribution of m sto

(b) Distribution of m

Figure 15.3. Distribution of the (x2,x3) values of mgg‘)j"] resp. m;gg for Example and
Setup B (if x; > 0).

By applying Algorithm [2| we are able to find an optimal control u;g(), which for Exam-
ple with Setup B returns a cost function Jg, = 0.0100 with parts k >-7_ E[||u}||2s] =

sto
17.09, and IE[Hm;g + mg||2;] = 0.0028. Here, the behavior of the control process differs
if compared with the deterministic case; see Figure (b): in the beginning it behaves
in average like the deterministic control function; but close to the terminal time 7" more
control is used to ensure that especially at the final time the state is close to the desired

direction. The improvement at terminal time is pointed out in Figure (b), where the
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*,J
sto

distribution of the (x2,x3) coordinates of my;; are displayed.

Equation (14.1)) states that the optimal control m* is orthogonal to u*. Figure (c)
indicates this behavior for the iterates of the time discretization. There, the temporal

evolution
‘ <u*7j ,

mﬁi)

R3| }

b ut m > = E| =
g3 [l ||gs

of the angle of w and m* is illustrated, showing that control and state are almost
orthogonal for Setup A; this relation also holds for Setup B.

uuuuu

*’j *’]

Figure 15.4. Density of the direction of the optimal control ustoHustoHﬂgg} at certain time
points ¢; € {0.1,0.2,0.3,0.4} for Example and Setup B.

Figure displays the density of the direction of the stochastic optimal control, showing
that for Setup B the direction of the optimal control is close to the xs—axis, with variations
close to final time T'.

Next, we study Example with Setup B and reduced (low dimensional) control, i.e., the
cases where the control can only attain values in the x;—x3 plain (denoted by 2d control), or
only values in the xg-direction (denoted by 1d control). Changes in the cost functional and
its parts are shown in Table for Setup B, indicating that for the deterministic optimal
control problem only slight differences occur by restricting the control to the xo-axis resp.
the x;—x2 plain.

Table 15.3. Comparison of the resulting cost functionals for different dimensions of the
control for Example [15.1{ and Setup B.

Deterministic Control Problem: Stochastic Control Problem:
Tiw kB mi) +molZe  Jde kY E[lutd]Z]  E[lmi +molZ]
1d 0.0103 20.59 3.699-107° 0.0184 24.15 0.0127
2d 0.0096 19.23 3.786 - 107° 0.0142 21.02 0.0075
3d 0.0079 15.82 3.108 - 107° 0.0101 17.49 0.0027

The time evolution of the deterministic optimal state and the deterministic optimal control
are shown in Figure The intensity of the optimal control differs: in the 1d case a
large intensity of control is needed in the beginning to transfer the state to the northern
hemisphere, where then a combination of anisotropy and control steer the state in the
desired target position. This behavior is similar for the 2d and 3d cases, where the control
is free to choose different directions of the control, and thus a less intense control is needed.
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For v # 0, we observe again a sharp increase of the control at terminal times in all three
cases. The increase in the intensity of the control is accompanied with changes in the
direction of the control close to the final time; see Figure [15.6

T3 4/\ T3 /\
my D mg

(b) 2d, trajectories

)

T T T T 1 T T T T ] T T T T 1
80 - * 50 - = 40 |- i
60 |- . 35 1 N
40 =
40 |- = 30 |- *
20 - - 30 |- N 25 |- i
I A A I I A S I

I
0 0.10.20.3040.5
time

N S I N N
0 0.10.20.30.40.5

time time

|
0 0.10.20.3040.5

(d) 1d, £; = [lugsllzs (e) 2d, t; = [lugilzs (F) 3d, t; = [lugsllzs

Figure 15.5. Time evolution of the optimal state t; ~— mze]t (red) and the direction
of the optimal control ¢; uzgtHngtHI@ (blue), its magnitude of control
i lugl |3 (]Eb for different dimensions of the control (1d,2d, 3d) using
Example and Setup B in the deterministic case (v = 0).

The characteristics of the stochastic gradient method is illustrated in Figure where the
evolution of the cost functional and its parts are shown in (a)—(b), indicating convergence
of the stochastic gradient method. The distance of two consecutive Voronoi partitions is

. . 1
quantified by V](:;)) = (% SE ok Zj:_ll Hr/ﬁ(v)d —mld |25)2, where we observe that the

sto sto

construction of the basis functions in U}(;}_l)’j

evaluated at m()J does not affect the results.

according to the law of m(~1J while being
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my

(b) 2d, trajectories

my

(c) 3d, trajectories
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Figure 15.6. One trajectory of the optimal state t; — m
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sto

the optimal control t; — u
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sto

[

KA [ EI) and expectation

*,J

9,
sto

(red) and the direction of

|zs (blue), its magnitude of control ¢; +

for different dimensions of the control

(1d, 2d, 3d) using Example and Setup B.
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Figure 15.7. Behavior of the cost functional js(g;) and its parts
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simulation of Example
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15.2. Finite ensemble of nanomagnetic particles

Next, we focus on the behavior of an ensemble of N = 3 nanomagnetic particles, which
additionally are subjected to exchange forces. Our interest lies again in the switching control
for one (i = 2) of these particles from mg o (at initial time) to (—mg2) at given final time
T:

Example 15.2
Let T > 0, a,0,k > 0, and A > 0 be fixed. Solve Problem [11.1) where h(m(T)) :=
|lm(T) — ?ﬁ(T)H%RS)N in (11.2). The effective field Heg in equation (11.1]) consists of the

external field Hext, the exchange Heycn, and a demagnetization as well as an anisotropy in
Hd,ani-

Corresponding parameter setups are given in Table with varying values of Clycp.
Setups C, D, and E only differ in the considered parts of the cost functional [Jgo: In
Setup C (0 = 0,k = 1) the ensemble of particles is only required to be close to the desired
target profile at terminal time; however, in Setup D (§ = 1,k = 0) we control the whole
evolution of the state, and Setup E (6 = 0.5,k = 0.5) is a combination of both goals.

The additional influence of the exchange is illustrated in Figure [15.8], where the trajectory
of a path of equation without control and initial value mg; = mo3 = e1, mo2 =
(+/0.5,0.1,0.7)7 is shown. It is due to exchange my processes faster to e, while m; and
ms rotate out of ey.

Table 15.4. Parameter Setups C, D, and E for the stochastic control problem considered
in Example [15.2]

T « v (57 )‘7 H) my Cd,ani (dml ’ drza dmg)

SetupC 0.5 0.1 0.3 (0.0,0.001,1.0) (e;,—e1,e;) 5.0 (—1.0,0.2,0.7)
SetupD 05 0.1 0.3 (1.0,0.001,0.0) (ey,—ej,e1) 5.0 (—1.0,0.2,0.7)
SetupE 0.5 0.1 03 (0.5,0.001,0.5) (e;,—erer) 50 (—1.0,0.2,0.7)

For the control problem, we use again Algorithm [2] for the discretization parameters given
in Table and start the stochastic gradient method with w7, for v = 0.

Table 15.5. Discretization parameters used to simulate Example m
J M M R

50 5.0-10% 5.0-10° 100

We start with the case of no exchange Ceyep, = 0.0. In the corresponding deterministic
problem (i.e., ¥ = 0) the same result as in the single particle case (Example Setup B)
is obtained (J3,, = 0.0078), since there is no interaction between the particles and the first
and third particle starts already in the desired state, thus there is no need to control these
particles. This behavior changes for v # 0: control is needed also for the first and the
third particle due to the noise. This control is in the x;—x9 plain and balances the random
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particle 1: = particle 2: = particle 3: =

X3 T2 Z3 i) X3 T

Figure 15.8. Time evolution of the solution my, of equation (|11.1)) without control (u = 0),
starting from mg; = e1, mo2 = (v/0.5,0.1, 0.7)", and m 3 = e for Setup C
with exchange (Coxen = 1.0, blue), and without exchange (Cexen = 0.0, red).

influence. The control of the second particle is similar to the single spin case. Again,
relevant control is needed at terminal time to steer the state into the desired target state;
see Figure [15.9

This behavior only slightly changes in the presence of exchange forces (Cexen = 1.0); see
Figure [15.10F Here, more control is needed especially for the first and the third particle to
match the target state.

Next, we study Setups D and E with deterministic target profile m : [0, 7] — (S?)"V defined
by

— cos(m %)
ﬁl(t) =e, ’I’Aﬁg(t) = Sin(ﬂ'%) , ﬁig(t) =e,
0

which (continuously) rotates the magnetization of the second particle from (—ejp) to e; in
[0,T]. Since the state m* is now required to stay close to the desired target profile m, the
optimal control acts in the whole time interval and not only with a high intensity at the

end; see Figure [15.11

Table 15.6. Comparison of the resulting cost functionals for different parameter setups of

Example 15.2}
* *,] ~ j *,J *, ~ J
Clexch sto kZ‘jE[Herg *mJH%ﬂ@)S} ijE[HusrgH(QR?»ﬁ] E[”mstt;] -m ||%R3)3]
Setup C 0.0 0.0221 — 20.53 0.0237
SetupC 1.0 0.0238 — 21.61 0.0260
SetupD 1.0 0.0195 0.0162 22.75 0.0642

Setup E 1.0 0.0228 0.0270 27.35 0.0153




15.2. Finite ensemble of nanomagnetic particles

particle 2: =

particle 3: 21y 5

119

IIIQ72
(a) t = meto i and t = u’sto i sto 1||R3

O s sof T | | |

| ol 100 - N
40 |- ]
20 - :7 ol "l 7

! 20 -
071 | | | | L] = 071 l -

0 0.10.20.30.40.5

time

time

 —— ——
0 0102030405

0 0.2 0.4

time

(b) t — Hust01||R3 (C) t — HuStOQH]RS (d) t = ||ust03HlR3

Figure 15.9. Time evolution of the optimal state t; — mstoz (red) and the direction of
the optimal control t; — usthuSthRg (blue), the magnitude of control
tj — \usthRSr__lz_b, and the expectation for each particle i = 1,2,3
using Example [15.2] and Setup C in the case where no exchange is considered
(Cexch = 0.0).
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using Example [1 and Setup C in the case where exchange is considered
(Ceoxch = 1.0).
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122 15. Computational studies

—

particle 1: =1 my particle 2: 1 particle 3: =1 m,

xg?\ 2 /

my 2
(a) ;= mg; and 5 = uly fulp e
10FF— T T T T T T T T T ] N B N
| |
! 100~ 1 100 |- .
I
50 - = )
I 50 |- S . 50 |- |
| e
Ottt ] oLl 1] O~
0 0102030405 0 0.1020.30405 0 0102030405
time time time
(b) t; = fufl % (€) 5 = [l ol (d) t; = Juglslzs

Figure 15.12. Time evolution of the optimal state ¢; — m:tf” (red) and the direction of

the optimal control ¢; — u:tjo ZHu;fj 1]\@ (blue), as well as the magnitude of

the control t; — Hu;z”H]%g and its expectation (EI) for each particle
1 = 1,2,3 using Example [15.2] and Setup E in the case where exchange is

considered (Cexcp, = 1.0).
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