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Abstract

English Nitrogen-Vacancy (NV) centers in diamond represent a promising
platform for developing highly sensitive quantum sensors for magnetic fields and
other physical quantities. The pursuit of sensors combining high sensitivity with
high spatial resolution motivates the use of dense NV center ensembles, which
inherently exhibit strong, long-range dipole-dipole interactions. Consequently,
accurate simulation of these strongly interacting NVs becomes crucial. However, the
exponential scaling of the Hilbert space dimension with the number of spins renders
the exact simulation of their dynamics intractable for large system. Modeling
the system’s interaction with its environment as an open quantum system further
increases the computational complexity.

This thesis addresses these challenges using tensor network methods. Specifically,
the Matrix Product Density Operator (MPDO) formalism is employed to represent
the many-body mixed state and simulate the dissipative dynamics of NV ensembles
under strong dipole-dipole interactions. We benchmark the e!ciency, numerical
accuracy, and stability of di"erent tensor network time-evolution algorithms that
are capable of long-range interactions against exact numerical diagonalization,
identifying a numerical instability in one algorithm when applied to MPDOs.
Subsequently, we simulate the dynamics within the strong interaction regime and
investigate the impact of decoherence on the accuracy of the MPDO simulations
for given maximum bond dimensions.

Furthermore, we calculate the dynamics of the Quantum Fisher Information
(QFI) to quantify entanglement generated by the strong interactions. This en-
tanglement, quantified by the QFI, underlies the potential for quantum-enhanced
sensitivity. Results indicate that magnetic field sensitivity can be enhanced by
these strong interactions when the ensemble is driven by constant amplitude pulses.
We also investigate the detrimental e"ects of excessively strong interactions on
sensitivity.

Finally, we address the optimal control task of preparing states to maximize
sensor sensitivity. The dCRAB optimization technique is implemented to find
control pulses capable of achieving higher sensitivity than that attainable with
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constant driving fields. Successful optimized pulses for driving an ensemble of three
NV centers into the target GHZ state are obtained via numerical simulation. The
challenge of performing such optimizations using experimentally relevant parameters
is also discussed.

German Sticksto"-Fehlstellen-Zentren (NV-Zentren) in Diamant stellen eine
vielversprechende Plattform für die Entwicklung hochempfindlicher Quantensen-
soren für Magnetfelder und andere physikalische Größen dar. Das Streben nach
Sensoren, die hohe Empfindlichkeit mit hoher räumlicher Auflösung kombinieren,
motiviert die Verwendung von dichten NV-Zentren-Ensembles, die von Natur aus
starke, weitreichende Dipol-Dipol-Wechselwirkungen aufweisen.

Folglich ist eine genaue Simulation dieser stark wechselwirkenden NV-Zentren
von entscheidender Bedeutung. Die exponentielle Skalierung der Dimension des
Hilbert-Raums mit der Anzahl der Spins macht jedoch die exakte Simulation ihrer
Dynamik für große Systeme unpraktikabel. Die Modellierung der Wechselwirkung
des Systems mit seiner Umgebung als o"enes Quantensystem erhöht die Komplexität
der Berechnungen noch weiter.

In dieser Arbeit werden diese Herausforderungen mit Hilfe von Tensornet-
zwerkmethoden angegangen. Insbesondere wird der Matrix Product Density
Operator (MPDO) Formalismus verwendet, um den Vielkörper-Mischzustand
darzustellen und die dissipative Dynamik von NV-Ensembles unter starken Dipol-
Dipol-Wechselwirkungen zu simulieren. Wir vergleichen die E!zienz, die numerische
Genauigkeit und die Stabilität verschiedener Algorithmen zur Zeitentwicklung von
Tensornetzwerken, die in der Lage sind, weitreichende Wechselwirkungen mit exakter
numerischer Diagonalisierung zu simulieren, wobei wir eine numerische Instabilität
in einem Algorithmus identifizieren, wenn dieser auf MPDOs angewendet wird.
Anschließend simulieren wir die Dynamik innerhalb des Regimes der starken Wech-
selwirkung und untersuchen den Einfluss der Dekohärenz auf die Genauigkeit der
MPDO-Simulationen für gegebene maximale Bindungsdimensionen.

Darüber hinaus berechnen wir die Dynamik der Quanten-Fischer-Information
(QFI), um die durch die starken Wechselwirkungen erzeugte Verschränkung zu
quantifizieren. Diese Verschränkung, die durch die QFI quantifiziert wird, liegt dem
Potenzial für eine quantenverstärkte Empfindlichkeit zugrunde. Die Ergebnisse
zeigen, dass die Magnetfeldempfindlichkeit durch diese starken Wechselwirkungen
erhöht werden kann, wenn das Ensemble durch Pulse mit konstanter Amplitude
angetrieben wird. Wir untersuchen auch die nachteiligen Auswirkungen von zu
starken Wechselwirkungen auf die Empfindlichkeit.

Schließlich befassen wir uns mit der Aufgabe der optimalen Steuerung, die
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Zustände so vorzubereiten, dass die Sensorempfindlichkeit maximiert wird. Die
dCRAB-Optimierungstechnik wird eingesetzt, um Steuerpulse zu finden, die eine
höhere Empfindlichkeit als die mit konstanten Antriebsfeldern erreichbare Empfind-
lichkeit ermöglichen. Mittels numerischer Simulation werden erfolgreich optimierte
Pulse für die Steuerung eines Ensembles von drei NV-Zentren in den Zielzustand
GHZ ermittelt. Die Herausforderung, solche Optimierungen mit experimentell
relevanten Parametern durchzuführen, wird ebenfalls diskutiert.
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Chapter 1

Framework

1.1 Introduction

This thesis focuses on ensembles of nitrogen-vacancy (NV) defects in diamond
and investigates their application as high-sensitivity probe candidates in quantum
metrology. The research presented herein encompasses several key areas: addressing
a theoretical model for individual NV centers and their interactions; discussing
e!cient numerical methods for simulating NV ensembles with dissipation; investi-
gating the time evolution and entanglement generation within systems of strongly
interacting spins; and presenting results on the optimization of control pulses to
achieve maximum sensitivity.

In metrology, achieving high sensitivity is crucial for enabling high-resolution
sensing, such as probing magnetic fields at the nanoscale. By leveraging quantum
phenomena, probes can theoretically surpass the sensitivity limitations of classi-
cal devices. One prominent candidate for realizing such quantum probes is the
nitrogen-vacancy (NV) center in diamond. This crystallographic defect consists of a
substitutional nitrogen atom adjacent to a lattice vacancy. The NV center can exist
in two charge states: neutral (NV0) and negative (NV→) [47, 10]. Since there are two
free valent electrons from the nitrogen atom and three electrons from the vacancy,
four of them create two quasi pairs and one electron is left unpaired. The NV0 state
is paramagnetic with a net spin of 1/2. Upon capture of an additional electron,
the NV center transitions to the NV→ state, which possesses a spin-triplet (S=1)
ground state. This negatively charged state exhibits favorable optical properties,
enabling e!cient spin initialization and readout via optical means, which is highly
advantageous for experiments. The utility of individual NV centers as atomic-scale
magnetic field sensors has been well-established [46, 51, 11]. Consequently, this
thesis primarily focuses on the NV→ state, and henceforth, "NV center" will refer to
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2 CHAPTER 1. FRAMEWORK

NV→ unless explicitly stated otherwise.
To further enhance sensitivity, probes can be constructed using multiple NV

centers. The successful fabrication of double and triple NV centers in close proximity
has recently been reported [21]. Such arrangements of multiple NV centers constitute
an NV ensemble. Utilizing NV ensembles holds the potential to boost sensitivity by
increasing the number of sensing spins [1, 55, 50]. A quantum probe consisting of
N independent spins exhibits sensitivity scaling according to the standard quantum
limit (SQL), proportional to 1/

→
N . However, reaching the ultimate sensitivity

bound permitted by quantum mechanics, the Heisenberg limit (HL), which scales
as 1/N , requires exploiting entanglement among the constituent spins [20, 19, 18].

Achieving high spatial resolution necessitates the use of high-density NV ensem-
bles. In such dense ensembles, the close proximity between NV centers facilitates
significant dipole-dipole interactions. Bacause the strength of this interaction is
inversely proportional to the cube of the distance between centers (1/r3), it becomes
substantial at the short separations characteristic of dense ensembles. However,
these strong dipole-dipole interactions can lead to detrimental e"ects for sensing
applications. Specifically, they drive rapid population transfer into Hilbert space
subspaces with reduced total spin. For instance, in a system of two spin-1/2 parti-
cles, not only the triplet states would get populated, but also the anti-symmetric
singlet state, resulting in a reduced collective response to the applied field. This
interaction-induced population leakage acts as a form of intrinsic decoherence [56],
compounding the e"ects of external decoherence mechanisms [2]. The combined
result is a reduction in coherence times and, consequently, diminished sensing
sensitivity.

Strategies such as applying specific control pulses to dynamically decouple
interactions, or engineering specific NV alignments to minimize interaction strength,
have been employed to mitigate these detrimental e"ects, thereby increasing coher-
ence times and sensitivity [56, 13, 32]. Conversely, an alternative and potentially
more desirable approach seeks to harness these interactions constructively. Ideally,
interactions could be exploited to generate entangled states among the NV spins,
which, as previously mentioned, are required to potentially enhance the probe’s
sensitivity towards the Heisenberg limit.

To model and optimize entanglement generation in a dissipative system with
strong and long-range interactions, simulations of its dynamics in the presence of
microwave control pulses is necessary. However, given the many-body nature of
an ensemble, simulating its exact dynamics is intractable. Exact simulations of
closed spin-1/2 systems with long-range interaction have been implemented up to
32 spins [41, 42, 56, 7], and up to 12 spins with dissipation [12, 26]. In order to
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address this challenge, we use a tensor network approach to capture the dynamics
of the ensemble. Matrix Product States (MPS)[48, 35, 44, 31] were proposed for
the e!cient simulation of quantum metrology[24] and open quantum systems[14].
Simulation of non-Markovian systems has been performed using Matrix Product
Operators (MPO) with a nearest-neighbors model [43, 17].

Generating and optimizing entanglement within NV ensembles, characterized by
strong and long-range interactions and subject to microwave control pulses, requires
simulating their quantum dynamics. However, the inherent many-body nature of
these ensembles renders exact simulation computationally intractable, especially
with dissipation, for systems beyond a modest size. While exact simulations have
been achieved for closed spin-1/2 systems with long-range interactions comprising
up to 32 spins [41, 42, 56, 7], this limit reduces significantly, to around 12 spins,
when dissipation is included [12, 26]. To overcome this scalability challenge, this
work employs a tensor network approach to e!ciently approximate the ensemble
dynamics. Tensor network methods, such as Matrix Product States (MPS) [48, 35,
44, 31], have proven e"ective for simulating quantum metrology protocols [24] and
open quantum systems [14]. Furthermore, Matrix Product Operators (MPO) have
been utilized for simulating non-Markovian dynamics, albeit restricted to models
with nearest-neighbor interactions [43, 17].

This work focuses on an NV ensemble composed of spin-1 particles, where all
constituents interact via long-range dipole-dipole interaction. We simulate the
dissipative dynamics of this system using the Matrix Product Density Operator
(MPDO) method. The e!ciency and stability of the MPDO method is investigated,
particularly for simulating dynamics under conditions of strong interactions and
dissipation. We analyze the interplay between strong interactions and dissipation,
assessing its impact on the resources required by the MPDO representation and its
ability to accurately approximate the true quantum state. Subsequently, we quantify
the potential sensitivity enhancements achievable through NV-NV interactions
during the system’s evolution. Finally, optimal control techniques are employed
to devise strategies for accelerating the generation of entanglement within finite
evolution times.

1.2 Nitrogen-vacancy center in diamond.

A nitrogen-vacancy (NV) center is a type of point defect in the diamond crystal
structure. This defect is formed when two adjacent carbon atoms in the diamond
lattice are replaced by a nitrogen atom and a vacant site. When an NV center
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gains an additional electron, it becomes negatively charged, resulting in optically
active S = 1 spin states. The NV center exhibits long spin coherence times at room
temperature and high sensitivity to magnetic fields, making it a promising platform
for quantum sensing.

A single NV center can be fabricated using ion implantation techniques [23, 21].
Alternatively, ensembles of dipole-coupled NV centers can be created by employing
nitrogen-rich molecules, which can be detected through higher photon intensities.
Since the dipole coupling strength increases with decreasing distance, NV centers
within an ensemble can interact via dipole-dipole interactions. These interactions
are useful for entanglement generation and sensitivity enhancement in quantum
metrology. Recent experiments have observed ensembles containing up to four
NV centers [25]. However, achieving full control over these NV centers remains
challenging due to local disorder.

The diamond’s crystallographic structure allows for four possible NV principal
axis orientations along the ↑111↓ axis. These orientations are typically formed
randomly during NV center fabrication [45, 29], contributing to local disorder.
Nevertheless, it is possible to grow NV centers with perfect alignment by employing
chemical vapor deposition (CVD) techniques on (111) diamond substrates [16].
In the presence of interactions, the coherence times of NV centers are shortened.
Therefore, precise control and dynamic simulations of strongly interacting systems
are essential.

1.2.1 NV Hamiltonian

The local Hamiltonian for NV center is given by

ĤNV = ⊋(DŜ2
z + ωBzŜz) (1.1)

=





D + ωBz 0 0
0 0 0
0 0 D ↔ ωBz



 (1.2)

The spin operators for S = 1 are defined as

Ŝx = 1→
2





0 1 0
1 0 1
0 1 0



 , Ŝy = i→
2





0 ↔1 0
1 0 ↔1
0 1 0



 , Ŝz =





1 0 0
0 0 0
0 0 ↔1



 . (1.3)

The energy level structure of an individual NV center without an external magnetic
field is determined by the eigenvalues and eigenvectors of the Hamiltonian in
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eq. (1.2). Since ĤNV is diagonal, the eigenvalues (D + ωBz, 0, D ↔ ωBz) correspond
to the energies of the eigenstates labeled by the electron spin ms:

|ms = 1↓ = (1, 0, 0)T (1.4)

|ms = 0↓ = (0, 1, 0)T (1.5)

|ms = ↔1↓ = (0, 0, 1)T . (1.6)

The diamond structure separates the energy levels of the |ms = ±1↓ states from the
|ms = 0↓ state by D = (2ε) · 2.88 GHz, known as the zero-field splitting frequency.
Interaction with an external magnetic field applied along the NV axis introduces
an additional Zeeman splitting between the |ms = +1↓ and |ms = ↔1↓ states, with
a splitting amplitude of 2ωBz.

When an external microwave pulse is applied to the NV center at the resonant
frequency, it can induce Rabi oscillations between the NV’s ground state |ms = 0↓
and the excited states |ms = ±1↓, enabling information processing with the NV
center’s optical states.

1.2.2 Rotating Wave Approximation (RWA)

Consider a simplified model where an individual NV center is driven along
the x-axis by a cosinusoidal pulse with frequency ϑ and amplitude !. The local
Hamiltonian for the NV center, including the control field, is:

Ĥ(i)
NV = ⊋(DŜ2

z + ωeBzŜz + !(i)
x cos(ϑt)Ŝx) (1.7)

To eliminate the explicit time dependence, eq. (1.7) is transformed into a rotating
frame using the unitary transformation.

Û = e→iÂt/⊋, where Â = ⊋ϑŜ2
z . (1.8)

In the rotating frame, the Hamiltonian becomes:

Ĥrot = Û †
[
Ĥ0 ↔ Â

]
Û . (1.9)
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The index (i) is omitted since now there are only Hamiltonian of one NV. Let
Ĥ0 = ⊋(DŜ2 + ωBzŜz + ! cos(ϑt)Ŝx).

Ĥrot = Û †
[
Ĥ0 ↔ Â

]
Û (1.10)

= ⊋





eiωt 0 0
0 1 0
0 0 eiωt









D + ωBz + ϑ ! cos(ϑt)/
→

2 0
! cos(ϑt)/

→
2 0 ! cos(ϑt)/

→
2

0 ! cos(ϑt)/
→

2 D ↔ ωBz ↔ ϑ





↗





e→iωt 0 0
0 1 0
0 0 e→iωt



 (1.11)

= ⊋





D + ωBz ↔ ϑ ! cos(ϑt)eiωt/
→

2 0
! cos(ϑt)e→iωt/

→
2 0 ! cos(ϑt)e→iωt/

→
2

0 ! cos(ϑt)eiωt/
→

2 D ↔ ωBz ↔ ϑ



 (1.12)

= ⊋
2





2[D + ωBz ↔ ϑ] !(1 + ei2ωt)/
→

2 0
!(1 + e→i2ωt)/

→
2 0 !(1 + ei2ωt)/

→
2

0 !(1 + e→i2ωt)/
→

2 2[D ↔ ωBz ↔ ϑ]



 . (1.13)

After applying the rotating wave approximation (RWA), which neglects rapidly
oscillating terms, e±i2ωt ↘ 0, the Hamiltonian simplifies to:

Ĥrot = ⊋
2





2[D + ωBz ↔ ϑ] !↑
2 0

!↑
2 0 !↑

2
0 !↑

2 2[D ↔ ωBz ↔ ϑ]



 , (1.14)

= ⊋
2





2(”+ ↔ ϑ) !x↑
2 0

!x↑
2 0 !x↑

2
0 !x↑

2 2(”→ ↔ ϑ)



 . (1.15)

By choosing a pulse at the resonant frequencies ϑ = ”± = D±ωBz, Rabi oscillations
can be generated between |ms = 0↓ and |ms = ±1↓.

Ĥrot(ϑ = ”+) = ⊋
2





0 !x↑
2 0

!x↑
2 0 !x↑

2
0 !x↑

2 ↔4ωBz



 , (1.16)

Ĥrot(ϑ = ”→) = ⊋
2





4ωBz
!x↑

2 0
!x↑

2 0 !x↑
2

0 !x↑
2 0



 . (1.17)
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(a) Lab frame (b) Rotating frame

Figure 1.1: Energy levels of an NV center in the lab frame and the rotating frame. The
zero-field splitting separates |ms = 0↓ and |ms = ±1↓ by 2.87 GHz. In the
absence of an external magnetic field, the |ms = ±1↓ states are degenerate.
Otherwise, the Zeeman e!ect splits them by 2ωBz. A microwave drive with
frequency ε = D ↔ ωBz induces Rabi oscillations between |ms = 0↓ and
|ms = ↔1↓.

If the magnetic field is strong enough (Bz ≃ !), the o"-resonant states are
far detuned, and the system can be approximated as an e"ective qubit system.
Conversely, in the absence of a magnetic field (Bz = 0), the two degenerate excited
states |ms = ±1↓ are equally driven:

Ĥrot(Bz = 0) = ⊋
2





0 !↑
2 0

!↑
2 0 !↑

2
0 !↑

2 0



 . (1.18)

This result can be extended to multiple spins by summing the individual transfor-
mations:

Â =
N∑

i=1
Âi (1.19)

1.3 Interaction Hamiltonian

1.3.1 Dipole-dipole interaction

NV centers, randomly distributed within the diamond lattice, are typically
located far apart and rarely interact without an additional interaction channel.
This is because their interaction is relatively weak for pairs of NV centers with large
spatial separations. This scenario is common for NV centers in di"erent ensembles,
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where the separation scale is on the order of a few microns. However, the interaction
becomes significantly stronger when the separation is reduced to the nanometer
scale, which is 100 times smaller. This is due to the interaction strength scaling as
1/r3. For instance, when two NV centers are located within the same ensemble,
their close proximity enables strong dipole-dipole interactions. An ensemble within
the diamond lattice containing multiple NV centers can exhibit such interactions.

Figure 1.2: (Black) Coordinate system in the laboratory frame. (Blue) Coordinate
system aligned along the symmetric axis of each spin.

The dipole-dipole interaction between two NV centers, NVi and NVj, is generally
defined as:

Hdip,ij = ↔µ0ω2⊋2

4εr3
ij

(3(ϖSi · r̂)(ϖSj · r̂) ↔ ϖSi
ϖSj) (1.20)

where ϖSi(j) = (Ŝx, Ŝy, Ŝz)i(j) are the spin operators of NVi and NVj, and r̂ is the
unit vector connecting the two NV centers. In eq. (1.20), the spin vectors ϖSi and
ϖSj are defined in a coordinate system where ẑi(j) is parallel to their respective
principal axes. For example, if the principal axis of NVi is aligned along the [111]
crystallographic direction, then:

ϖSi = Ŝxx̂i + Ŝyŷi + Ŝz ẑi, (1.21)

where ẑi ⇐


1↑
3 , 1↑

3 , 1↑
3


. The axes x̂i and ŷi are defined through a coordinate

transformation. Let us define a common coordinate system, denoted as (û, v̂, ŵ), in
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which the operators are expressed:

û = (1, 0, 0), (1.22)

v̂ = (0, 1, 0), (1.23)

ŵ = (0, 0, 1). (1.24)

The transformation between the common coordinate system (û, v̂, ŵ) and the local
coordinate system (x̂i, ŷi, ẑi) is achieved by applying a rotational matrix R̂(ϱi), such
that:

R̂(ϱi)û = x̂i (1.25)

R̂(ϱi)v̂ = ŷi (1.26)

R̂(ϱi)ŵ = ẑi. (1.27)

The rotational matrix R̂(ϱ) can be e!ciently computed when ŵ and ẑi are known.
Using Rodrigues’ rotation formula [8], the matrix is given by:

R̂(ϱ) = Î + sin(ϱ)K̂ + (1 ↔ cos(ϱ))K̂2, (1.28)

where K̂ is an anti-symmetric matrix defined as:

K̂ =





0 ↔kz ky

kz 0 ↔kx

↔ky kx 0



 . (1.29)

The elements of K̂ are determined from ŵ and ẑi as follows:




kx

ky

kz



 = ŵ → ẑi

|ŵ → ẑi|
. (1.30)

Finally, the interaction Hamiltonian in eq. (1.20) can account for di"erent principal
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axis orientations by mapping ϖSi ⇒ R̂i · ϖSi and ϖSj ⇒ R̂j · ϖSj.

Ĥdip,ij = Cdip

r3
ij

[ (x̂i · x̂j ↔ 3(x̂i · r̂)(x̂j · r̂)) ŜxŜx

(ŷi · ŷj ↔ 3(ŷi · r̂)(ŷj · r̂)) ŜyŜy

(x̂i · ŷj ↔ 3(x̂i · r̂)(ŷj · r̂)) ŜxŜy

(ŷi · x̂j ↔ 3(ŷi · r̂)(x̂j · r̂)) ŜyŜx

(ẑi · ẑj ↔ 3(ẑi · r̂)(ẑj · r̂)) ŜzŜz

(ẑi · x̂j ↔ 3(ẑi · r̂)(x̂j · r̂)) ŜzŜx

(x̂i · ẑj ↔ 3(x̂i · r̂)(ẑj · r̂)) ŜxŜz

(ẑi · ŷj ↔ 3(ẑi · r̂)(ŷj · r̂)) ŜzŜy

(ŷi · ẑj ↔ 3(ŷi · r̂)(ẑj · r̂)) ŜyŜz

]

(1.31)

1.3.2 E!ective Interaction of a Driven NVs system

Transitioning into the rotating frame, the dipolar Hamiltonian transforms as:

Ĥdip ⇒ Û †(t)ĤdipÛ(t) (1.32)

under the unitary transformation Û = exp

↔it


i ϑi(Ŝ(i)

z )2

. The Hamiltonian in

eq. (1.31) can then be simplified using the rotating wave approximation (RWA).

It is important to note that, while considering the interaction of NV centers
separated at the nanoscale, the driving frequency ϑ ↘ (2ε)2.6–3 GHz remains
significantly stronger than the interaction strength. For example, |Cdip

r3 | ↘ (2ε)6.5
MHz at r = 2 nm. Furthermore, since [Ŝz, Û ] = 0, the operator Ŝz remains invariant
in this frame. Consequently, the components Ŝx and Ŝy oscillate rapidly compared
to Ŝz, justifying the use of the RWA. As a result, the terms ŜzŜx, ŜxŜz, ŜzŜy, and
ŜyŜz in eq. (1.31) can be neglected. The approximated interaction Hamiltonian
then becomes:

Ĥdip ↘Cdip

r3 [g+(SxSx + SySy) + h→(SxSy ↔ SySx) + qSzSz

+ g→(SxSx ↔ SySy) + h+(SxSy + SySx)]
(1.33)
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where the coe!cients are defined as:

g+ = 1
2 [x̂i · x̂j ↔ 3(r̂ · x̂i)(r̂ · x̂j) + ŷi · ŷj ↔ 3(r̂ · ŷi)(r̂ · ŷj)] (1.34)

g→ = 1
2 [x̂i · x̂j ↔ 3(r̂ · x̂i)(r̂ · x̂j) ↔ ŷi · ŷj + 3(r̂ · ŷi)(r̂ · ŷj)] (1.35)

h+ = 1
2 [x̂i · ŷj ↔ 3(r̂ · x̂i)(r̂ · ŷj) + ŷi · x̂j ↔ 3(r̂ · ŷi)(r̂ · x̂j)] (1.36)

h→ = 1
2 [x̂i · ŷj ↔ 3(r̂ · x̂i)(r̂ · ŷj) ↔ ŷi · x̂j + 3(r̂ · ŷi)(r̂ · x̂j)] (1.37)

q = ẑi · ẑj ↔ 3(r̂ · ẑi)(r̂ · ẑj) (1.38)

To simplify further, we first ignore the interaction terms in eq. (1.36) and eq. (1.35),
which correspond to double flip-flop transitions. The dipolar Hamiltonian is then
approximated as:

Ĥdip ↘ Cdip

r3 [g+(SxSx + SySy) + h→(SxSy ↔ SySx) + qSzSz]. (1.39)

Next, we consider two distinct cases. The first case involves two NV centers with
the same orientation, where k̂i = k̂j for k̂ ⇑ (x̂, ŷ, ẑ), and:

k̂i · k̂j =






1, i = j,

0, i ⇓= j.

Under these conditions, eq. (1.34), eq. (1.37), and eq. (1.38) simplify as follows:

g+ = 1
2

[
1 ↔ 3(r̂ · x̂)2 + 1 ↔ 3(r̂ · ŷ)2

]
(1.40)

= 1
2

[
2 ↔ 3(1 ↔ (r̂ · ẑ)2)

]
(1.41)

= 1
2(3(r̂ · ẑ)2 ↔ 1) (1.42)

h→ = 1
2 [0 ↔ 3(r̂ · x̂)(r̂ · ŷ) ↔ 0 + 3(r̂ · ŷ)(r̂ · x̂)] (1.43)

= 0 (1.44)

q = 1 ↔ 3(r̂ · ẑ)2 (1.45)

Here, we rewrite cos ϱ ⇔ r̂ · ẑ, where ϱ is the angle between the principal axis of the
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NV centers and the connecting vector. Substituting these results, we obtain:

(x̂i, ŷi, ẑi) = (x̂j, ŷj, ẑj) (1.46)

g+ = 1
2(3 cos2 ϱ ↔ 1) (1.47)

h→ = 0 (1.48)

q = ↔(3 cos2 ϱ ↔ 1) (1.49)

Ĥdip = Cdipq

r3 [SzSz ↔ 1
2(SxSx + SySy)] (1.50)

The second case involves NV centers with di"erent orientations. In this sce-
nario, the large inhomogeneous energy levels compared to the coupling constant,
|E|00↓↔|→10↓ ↔ E|00↓↔|0→1↓| ≃ Cdip

r3 , justify the secular approximation. This allows us
to eliminate the flip-flop interaction terms in eq. (1.34) and eq. (1.37), leaving only
the ŜzŜz term. This condition is valid in the presence of a strong magnetic field
| ϖB|, where the Zeeman e"ect dominates the interaction:

Ĥdip = Cdipq

r3 SzSz. (1.51)

In summary, the e"ective Hamiltonian for dipole-dipole interaction between two
NV centers, depending on whether they share the same or di"erent principal axes,
is given by:

Ĥdip,eff =






Cdipq
r3 [SzSz ↔ 1

2(SxSx + SySy)] Same
Cdipq

r3 SzSz Di"erent
. (1.52)

1.4 Exact Diagonalization

In this section, we discuss an exact numerical method for simulating many-body
problems and its limitations. For small system sizes, exact calculation is a precise
method that provides highly accurate results. Since it does not introduce any
approximation errors, this technique is often used as a benchmark for evaluating
the accuracy of other methods.

The exact dynamics of a system can be obtained from its Hamiltonian by diago-
nalizing the Hamiltonian. This approach is referred to as the Exact Diagonalization
method. From Schrödinger’s equation, the quantum state evolves in time according
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to a unitary operator (in natural units, ⊋ = 1):

|ς(t + dt)↓ = U(dt)|ς(t)↓ (1.53)

= e→iĤdt|ς(t)↓ (1.54)

Thus, obtaining U(t) = e→iĤt becomes a central problem in solving the system’s
dynamics. The most straightforward approach is diagonalization, assuming that Ĥ

is diagonalizable:

Ĥ = PDP † (1.55)

where Ĥ has dimensions n ↗ n, D = diag(φ1, · · · , φn) is a diagonal matrix of eigen-
values, and P is a unitary matrix whose columns are the eigenvectors corresponding
to the eigenvalues in D. Using this decomposition, the unitary operator U(t) can
be computed as:

e→iĤdt = e→i(UDU†)dt (1.56)

= Pe→iDdtP (1.57)

Since D is a diagonal matrix, the exponentiation eD = diag(eε1 , · · · , eεn) is simply
a diagonal matrix with the exponentiated diagonal elements.

Although this method is powerful, finding the matrix diagonalization for many-
body Hamiltonians scales exponentially, which limits its applicability to small system
sizes. For a system consisting of N spins, where each spin has d local degrees of
freedom, the total number of spin configurations is dN , and the Hamiltonian has
dimensions dN ↗ dN . For example, a spin-1 NV center has d = 3. The memory
required to store the entire Hamiltonian for 10 spins is approximately 55.8 GB. This
estimate assumes that each element is a complex number with double precision and
that no symmetries are exploited.

Bytes per one
complex with

double
precisions.

N dN
RAM

needed
dN ↗ dN

RAM
needed

16 2 9 0.144KB 81 1.296KB
16 3 27 0.432KB 729 11.664KB
16 4 81 1.296KB 6561 104.976KB
16 5 243 3.888KB 59049 944.784KB
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16 6 729 11.664KB 531441 8.503MB
16 7 2187 34.992KB 4782969 76.528MB
16 8 6561 104.976KB 43046721 688.748MB
16 9 19683 314.928KB 387420489 6.199GB
16 10 59049 944.784KB 3486784401 55.789GB

Table 1.1: Memory requirements illustrating the exponential scaling of exact diagonal-
ization.

1.5 Tensor Network

The simulation intractability due to exponential scaling in the exact method
suggests another approach with better scaling is required if one need to go beyond
the small system limit. In the past, a powerful tensor network based technique was
purposed for the system with low entanglement. In this section, we present how to
simulate a quantum many-body system with tensor networks.

1.5.1 Tensor and tensor operations

While there exists a more mathematically rigorous definition, in this thesis,
we adopt a computationally friendly definition. A tensor is defined as a multi-
dimensional array of numbers, labeled by indices. The number of indices determines
the rank of a tensor. Specifically, tensors are generalization referred to as rank-3 or
higher arrays, while lower-rank tensors are typically categorized as follows:

• Rank-0: scalar.

• Rank-1: a vector.

• Rank-2: a matrix.

Figure 1.3: Examples of tensors with ranks 1, 2, and 3.
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The visualization of a tensor is often represented as an object with lines (or legs),
as shown in fig. 1.3. Each leg symbolizes an index of the tensor. Several operations
can be performed on tensors, including:

1. Contraction: The most common operation involving tensors is tensor contrac-
tion, which is depicted by connecting legs. Contracted legs represent indices
that are summed over between tensors. For example, the contraction of one
index between two rank-2 tensors corresponds to matrix multiplication:

Cik =
∑

j

AijBjk, (1.58)

while the contraction of two indices within the same tensor corresponds to
the trace:

Tr[C] =
∑

i

Cii (1.59)

The computational cost of performing a contraction between tensors A and

Figure 1.4: Illustration of tensor contraction.

B is given by:

cost : (A ↗ B) = dim(A) dim(B)
dim(A ↖ B) , (1.60)

dim(A) = {


dim(s); s ⇑ legs of A}, (1.61)

dim(A ↖ B) = {


dim(s); s ⇑ contracted legs between A and B}. (1.62)

The order of contractions can significantly a"ect computational costs. Finding
the optimal contraction path is, in general, an NP-hard problem for complex
tensor networks.

2. Reshaping: The indices of a tensor can be combined or split. In a tensor, only
neighboring indices can be reshapred. The reshaping operation is often used
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to change the shape of a tensor without altering its data. Examples of this
operation include creating a matrix or vectorizing a tensor:

A =
∑

i,j

Aij
vectorize↔↔↔↔↔⇒ ϖA =

∑

k=(i,j)
↼k (1.63)

Figure 1.5: Illustration of tensor reshaping.

3. Transpose: This operation swaps the order of indices. The transpose operation
is commonly used to rearrange the indices of a tensor. For example, the
transpose of a rank-3 tensor Aijk is denoted as Aikj, where the second and
third indices are swapped:

Aijk
transpose(j,k)↔↔↔↔↔↔↔↔⇒ Aikj (1.64)

Figure 1.6: Illustration of tensor transposition.

1.6 Matrix Product States (MPS)

Let |ς↓ be the wavefunction of a quantum system consisting of N spins
{s1, · · · , sN}, where the size of the local Hilbert space is dim(|sl↓) = d. The
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Figure 1.7: Diagram of Cs1,··· ,sN
in eq. (1.65).

wavefunction |ς↓ can be expressed as a summation of states in an orthogonal basis:

|ς >=
∑

s1,··· ,sN

Cs1,··· ,sN
|s1 · · · sN↓ (1.65)

Here, Cs1,··· ,sN
is a multi-dimensional array of state coe!cients. The dimension of

Cs1,··· ,sN
is given by dim(Cs1,··· ,sN

) = dim(|sl↓) ↙ · · · ↙ dim(|sN↓) = dN .

Example 1 For d = 2,

N = 1 : |ς↓ = C0|0↓ + C1|1↓ (1.66)

N = 2 : |ς↓ = C00|00↓ + C01|01↓ + C10|10↓ + C11|11↓ (1.67)

N = N : |ς↓ =
2N∑

s

Ci|s↓ (1.68)

where s ⇑ Hs1↗···↗sN . In vector form, Cs =
[
C1 . . . Cn

]T
.

The Matrix Product State (MPS) is a one-dimensional tensor network structure
that represents Cs1,··· ,sN

in eq. (1.65) as a product of matrices:

Cs1,··· ,sN
=

∑

(ϑ1,··· ,ϑN )
Tr

[
A[1]

i1,ϑ1A[2]
ϑ1,i2,ϑ2 ...A[N ]

ϑN→1,iN ,ϑN

]
(1.69)

= Tr[As1
1 As2

2 ...AsN

N ] (1.70)

where the term Matrix Product refers to the matrix multiplication of Al and
Al+1, which in this case are matrices of the physical state |s↓. From now on,
sl ⇑ (s1, · · · , sN) is referred to as the physical index, as it indexes the local Hilbert
space. The index ↽l ⇑ (↽1, · · · , ↽N) is called the bond index, with bond dimension
dim(↽l) = ⇀l. In this MPS form, the dimension dim(Cs1,··· ,sN

) = Nd⇀2, assuming all
bonds have uniform dimension ⇀l = ⇀. This implies that ⇀ must scale exponentially
for the same N to be as fully expressive as dN :

⇀full = d(N→1)/2

N1/2 (1.71)
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Figure 1.8: MPS representation of Cs1,··· ,sN
in eq. (1.70).

1.6.1 MPS construction

It can be shown that, by repetitively applying Singular Value Decomposition
(SVD) between physical legs, any pure state can be faithfully decomposed into an
MPS. The procedure, as demonstrated in fig. 1.9, involves the following steps:

1. Starting from the leftmost physical leg s1, combine all legs except s1 into a
single entity. This step is equivalent to reshaping the tensor C into a matrix.

2. Perform an SVD on the matrix C. Thus, Ci1,(i2,··· ,iN ) ⇒ As1,ϑ1#ϑ1V T
ϑ1,(i2,··· ,iN ).

3. The singular tensor #ϑ1 can be absorbed into A (or V T ) to define the MPS in
right (or left) canonical form. This demonstrates that MPS representations
are not unique for the same pure state.

4. Repeat the above steps for the remaining physical legs.

Figure 1.9: Procedure to decompose the coe"cients of a full state Cs1,··· ,sN
into an

MPS. The figure illustrates the case for N = 3.

In practice, constructing an MPS from SVD is computationally ine!cient,
especially when N is large. The coe!cients of the full state C(s1,··· ,sN ) are often
unavailable due to memory constraints. Fortunately, many well-known states have
analytic MPS forms that can be used directly. For example, a product state has an
MPS form with bond dimension ⇀ = 1:

|$↓ = |ς1↓|ς2↓|ς3↓, (1.72)

As1 = [|ς1↓], As2 = [|ς2↓], As3 = [|ς3↓]. (1.73)
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Another example is the maximally entangled state, also known as the GHZ state,
which has an MPS form with bond dimension ⇀ = 2:

|$↓ = 1→
2

|0↓|0↓|0↓ + 1→
2

|1↓|1↓|1↓ (1.74)

A1 = 1→
2


|0↓ |1↓


, (1.75)

A2 =


|0↓ 0
0 |1↓



 , (1.76)

A3 =


|0↓
|1↓



 . (1.77)

1.6.2 Truncation

By the nature of the MPS in canonical form, the bond index contains singular
values obtained via SVD. This allows for compression of the MPS by discarding the
smallest singular values and their respective eigenvectors, as shown in fig. 1.10. In
other words, using MPS enables an approximation of a pure state |ς↓ with reduced
dimensions. The error of this approximation, called the truncation error, is equal
to the sum of the squares of the discarded singular values:

⇁ =
∑

k>ϖ

(#k)2 (1.78)

Physically, the truncation error is small if the state satisfies the area-law entan-
glement and the interaction range is finite. In such cases, the state evolves over
time while the bond dimensions grow only slightly with small singular values. Bond
truncation allows us to limit the size of the matrices required during each step of
quantum state evolution. If the maximum allowed bond dimension ⇀max is constant,
the dimension of the total state ∝ Nd⇀2 scales linearly with the system size N . This
is the reason why MPS is e!cient for simulating systems with low entanglement.

Figure 1.10: MPS can be compressed by truncating singular values within bonds and
the corresponding elements with physical indices.
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1.7 Matrix Product Operators (MPOs)

Similar to the MPS representation for a wavefunction, explained in section 1.6, a
Hamiltonian can also be represented in a one-dimensional tensor network structure.
The Matrix Product Operator (MPO) of an operator Ô is defined as

Ôs↑1,··· ,s↑
N

s1,...,sN
=

ϖ∑

<ϑi>=1
W s↑1

[1]s1ϑ1
W s↑2

[2]ϑ1s2ϑ2
...W s↑

N

[N ]ϑN→1sN ϑN
(1.79)

where ⇀ is the bond dimension. fig. 1.11 illustrates the tensor diagram for eq. (1.79)
when N = 3.

Figure 1.11: Tensor diagram for an MPO when N = 3.

Unlike in MPS, the bond dimension of an MPO is determined by the longest
interaction range present in the Hamiltonian.

Example 2 MPO of local Hamiltonian

For a Hamiltonian written as a sum of local terms without interaction terms,
the MPO can be constructed with a maximum bond dimension ⇀ = 2:

Ĥloc =
∑

i

X̂i, (1.80)

W [1] =

I X̂


, W [i] =



I X̂

0 I



 , W [N ] =


X̂

I



 , (1.81)

It is straightforward to verify, by multiplying all matrices, that eq. (1.81) reproduces
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the local Hamiltonian. For N = 3:

W [1]W [2]W [3] =

I1 X̂1




I2 X̂2

0 I2







X̂3

I3



 (1.82)

=

I1 X̂1




I2X̂3 + X̂2I3

I2I3



 (1.83)

= X̂1I2I3 + I1X̂2I3 + I1I2X̂3 = Ĥloc (1.84)

Adding local operators does not increase the maximum bond dimension:

Ĥloc =
∑

i

X̂i +
∑

i

Ŷi, (1.85)

W [1] =

I (X̂ + Ŷ )


, W [i] =



I (X̂ + Ŷ )
0 I



 , W [N ] =


(X̂ + Ŷ )
I



 , (1.86)

Example 3 Interaction Hamiltonian

The bond dimension of an MPO increases when interactions are present. For ex-
ample, the MPO for a nearest-neighbor interaction has a maximum bond dimension
⇀ = 3:

Hnearest-neighbour =
N→1∑

i=1
X̂i ↙ Ŷi+1, W [i] =





I X̂ 0
0 0 Ŷ

0 0 1



 ,⇀ = 3 (1.87)

Adding more interaction terms increases the bond dimension of the MPO. Without
any symmetry, the total bond dimension is ⇀ = 2 + Nterms, where Nterms is the
number of interaction terms in the Hamiltonian:

HNterms=3 =
N→1∑

i=1
(X̂i ↙ X̂i+1 + Ŷi ↙ Ŷi+1 + Ẑi ↙ Ẑi+1), (1.88)

W [i] =





I X̂ Ŷ Ẑ 0
0 0 0 0 X̂

0 0 0 0 Ŷ

0 0 0 0 Ẑ

0 0 0 0 I





, ⇀ = 5 (1.89)

Example 4 General long-range Hamiltonian

MPO construction is always possible for a general Hamiltonian with long-range
interactions by employing the concept of a finite state machine [15]. Consider a
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rule input output
1 (1, 1) ⇒ I

2 (1, 2) ⇒ X̂

3 (1, D) ⇒ Ẑ
4 (m, m + 1) ⇒ I

5 (D ↔ 1, D) ⇒ Ŷ
6 (D, D) ⇒ I

Table 1.2: D = min(i+2, N ↔ i↔3) is the bond dimension of W
[i], and m = 2, . . . , D↔2

carries interactions longer than nearest-neighbor.

Hamiltonian with long-range interactions and local terms, H = N
i=1 Ẑi+


i<j cijX̂↙

Ŷ . Since the bond dimension increases with the interaction range and the number
of terms, for general two-body interaction Hamiltonians, the MPO bond dimension
grows linearly with the system size, O(N).

The rules for W [i] that generate this Hamiltonian are summarized in table 1.2.
The rule table can be converted into a matrix representation by assigning the input
element to the output. For instance, rule 1 assigns an identity to the element (1, 1)
of the matrix W [i], and so on.

As an example, when the interaction extends up to the next-nearest neighbor,
the MPO has a bond dimension ⇀ = 4:

H =
N∑

i=1
Ẑi +

N→1∑

i=1
X̂i ↙ Ŷi+1 +

N→2∑

i=1
X̂i ↙ Ŷi+2,W

[i] =





I X̂ 0 Ẑ

0 0 I Ŷ

0 0 0 Ŷ

0 0 0 I




, ⇀ = 4

(1.90)

Finally, the general form for the MPO of a Hamiltonian with many long-range
interaction terms is given by

W [i]
gen =





I Ĉ D̂

0 Â B̂

0 0 I





(i)

. (1.91)

Here, Âi, B̂i, Ĉi, and D̂i are operator-valued matrices defined by the structure of the
Hamiltonian Ĥ. Specifically, D̂i contains operators from local terms acting only on
site j, while Âi, B̂i, and Ĉi contain operators from interaction terms corresponding
to site i and others. Identity operators corresponding to long-range interactions are
also included in Âi.
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1.7.1 Applying MPO to MPS

The direct application of an MPO to an MPS is achieved by contracting the
MPS physical index sk with the conjugated index s↘

k of the MPO. The resulting
bonds are combined, yielding an MPS with enlarged bond dimensions. If the MPO
represents a unitary time propagator, this process implements time evolution, as
discussed in the following section. The increase in bond dimension when applying an
MPO provides an intuitive explanation for how the system generates entanglement
entropy during time evolution and why long-range interactions are more challenging
to simulate.

Figure 1.12: Direct application of MPO to MPS.

1.7.2 Expectation value

Given an MPS for a quantum state and an MPO for an operator, one can
extract useful information from the MPS, such as the expectation value of a
physical observable. This is achieved by applying the MPO of the observable to
the MPS and contracting all indices of the MPS with its complex conjugate. The
procedure for finding the expectation value of a local observable is depicted in
fig. 1.13.

Figure 1.13: Finding the expectation value of a local observable Ô at site i.
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1.8 Time-Evolution Algorithms

The time-evolution algorithms that support long-range interactions is required
to simulate the dynamics of an NV center ensemble. In this section, we discuss two
algorithms for MPS and MPDO that fulfill this requirement. The first algorithm is
the MPO W II method, which relies on a generalization of the operator exponential
e→iĤϱt approximation. The second algorithm is the Time-Dependent Variational
Principle (TDVP), which evolves the MPS on a projected manifold of specific bond
dimensions.

1.8.1 MPO W II Method

The key concept of the W II method (and its predecessor, the W I method) is
the use of the Euler approximation for the time propagator Û . For a Hamiltonian
of L spin sites that can be expressed as a sum of local terms Ĥj acting only on
individual sites, Ĥ = L

j=1 Ĥj, the first-order Euler approximation reads:

eiϱĤ = 1 ↔ iδ
L∑

j=1
Ĥj + O(δ2). (1.92)

where δ ′ 1. This first-order approximation introduces an error of approximately
Lδ2 per site due to O(L2) contributions from higher-order terms. To mitigate
inaccuracy caused by these errors as the system size increases, some second-order
terms can be included in the approximation:

eiϱĤ = 1 ↔ iδ
L∑

j=1
Ĥj ↔ δ2 ∑

j<k

ĤjĤk + O(Lδ2) + O(δ3) (1.93)

↘


j

(1 ↔ iδĤj) (1.94)

⇔ U I(δ). (1.95)

The summation of second-order terms in eq. (1.93) includes only non-overlapping
terms, where Ĥj and Ĥk do not act on common sites. By incorporating these
additional terms, the total error is significantly reduced to O(Lδ2), as only O(L)
terms are neglected. Consequently, the error per site becomes independent of L,
remaining constant with respect to system size.

Finding the MPO representation of Û I is straightforward. By rewriting the
Hamiltonian focusing on a site j and separating the left, right, and j-related parts,
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for Nj interaction terms passing through bond j, we have:

Ĥ = ĤL
j→1 ↙ ÎR

j + ÎL
j ↙ ĤR

j+1 +
Nj∑

aj=1
ĥL

j;aj
↙ ĥR

j;aj
. (1.96)

Thus,




ĤR
j→1

ĥR
j→1

1̂R
j→1



 , = Ŵj





ĤR
j

ĥR
j

1̂R
j



 (1.97)

Ŵj =





1̂j Ĉj D̂j

0̂ Âj B̂j

0̂ 0̂ 1̂j



 . (1.98)

By definition, the MPO for Ĥ, represented by the set (Ŵ1, · · · , ŴL) in eq. (1.98),
also provides the MPO representation for Û I(δ). At site j, the MPO for the time
propagator in eq. (1.93), denoted as Ŵ I

j , is given by:

Ŵ I
j =



(1̂ + δD̂j)
→

δĈj→
δB̂j Âj



 . (1.99)

If Ĥ has a bond dimension ⇀, then Ŵ I
j has a bond dimension of ⇀ ↔ 1. Although

constructing Ŵ I is straightforward, further improvements can still be achieved
in the approximation. For instance, for a purely on-site Hamiltonian Ĥ = 

j Ŝz
j ,

U I(δ) = 
j(1 ↔ iδŜz

j ) retains only first-order terms.
The W II method was proposed to achieve higher accuracy by including terms

with overlaps up to one site. The propagator is then expressed as:

U II(δ) = 1 ↔ iδ
L∑

j=1
Ĥj ↔ δ2

1-site overlap∑

j,k

ĤjĤk + O(Lδ2) + O(δ3). (1.100)

While eq. (1.100) has errors of the same order as eq. (1.93), all on-site terms are
exact. The number of retained interaction terms is significantly larger than in
eq. (1.93). Although no exact representation exists, the U II MPO can be numerically
constructed with O(δ3) errors, dominated by second-order approximation errors in
U II .

The MPO representation of U II is given by:

Ŵ II
j =



Ŵ II
Dj

Ŵ II
Cj

Ŵ II
Bj

Ŵ II
Aj



 . (1.101)
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The matrices Ŵ II
A,B,C,D can be obtained from the Taylor expansion of the generator

function:

eς·Â·ς̄+ς·B̂
↑

t+
↑

tĈ·ς̄+tD̂ = Ŵ II
D + Ŵ II

C · φ̄ + φ · Ŵ II
B + φ · Ŵ II

A · φ̄ + ... (1.102)

where φ, φ̄ are auxiliary fields introduced for complex integration.

An additional technique to reduce numerical errors in the W II method is the
use of complex time steps when applying the time propagator. For example, when
evolving:

|ς(t + δt)↓ = Û(δ)|ς(t)↓ (1.103)

= Û(δ1)Û(δ2)|ς(t)↓, (1.104)

where δ1 = 1→i
2 δ and δ2 = 1+i

2 δ. Applying the same propagator twice with complex
time steps transforms the errors in the propagator from second-order to third-
order. Since the computational cost of implementing complex time steps is small
compared to the reduction in errors, this technique is preferable for improving
accuracy. However, the general construction of this technique does not guarantee
the unitarity of the time propagator and should be carefully applied in extreme
parameter regimes.

1.8.2 Time-Dependent Variational Principle

Another tensor network algorithm for time evolution that supports Hamiltonians
with long-range interactions is the Time-Dependent Variational Principle (TDVP).
Unlike the W II method, which directly approximates the propagator in MPO
form, TDVP evolves the system by locally solving the time-dependent Schrödinger
equation (TDSE) for pairs of tensor sites. The key idea is to restrict the time
evolution to a subspace defined by the initially specified bond dimension of the
MPS. The Hamiltonian is projected onto a space tangent to the MPS manifold,
and the TDSE is then solved within this space.

For implementation details, let T|φ↓ denote the tangent space of the MPS
representing the quantum state |ς↓. Consider the TDSE for |ς↓ and the Hamiltonian
Ĥ, projected onto T|φ↓ by the projector P̂T|ω↓ :

▷

▷t
|ς↓ = ↔i(P̂T|ω↓Ĥ)|ς↓, (1.105)



1.8. TIME-EVOLUTION ALGORITHMS 27

where

P̂T|ω↓ =
L∑

j=1
P̂ L,|φ↓

j→1 ↙ 1̂j ↙ P̂ R,|φ↓
j+1 ↔

L→1∑

j=1
P̂ L,|φ↓

j ↙ P̂ R,|φ↓
j+1 . (1.106)

Here, P̂ L(R),|φ↓
j are projectors that act on site j and all other sites to the left (right).

These projectors are defined as:

P̂ L,|φ↓
j;↼̄1,··· ,↼̄j ,↼1,··· ,↼j

=
∑

mj

ς̄
L;↼̄1,··· ,↼̄j

j;mj
↙ ς

L;↼1,··· ,↼j

j;mj
(1.107)

P̂ R,|φ↓
j;↼̄j ,··· ,↼̄L,↼j ,··· ,↼L

=
∑

mj→1

ς̄
R;↼̄j ,··· ,↼̄L

j;mj→1 ↙ ς
R;↼j ,··· ,↼L

j;mj→1 , (1.108)

where ςL(R)
j represents the tensor at site j, in left- (right-) normalization, along

with its left (right) neighboring tensors in the MPS.
Solving eq. (1.105) exactly is generally infeasible; however, an approximate

solution can be obtained by locally solving each term. First, the L forward-evolving
equations are solved, each of the form:

▷

▷t
|ς↓ = ↔i(P̂ L,|φ↓

j→1 ↙ 1̂j ↙ P̂ R,|φ↓
j+1 )Ĥ|ς↓, (1.109)

followed by solving the L ↔ 1 backward-evolving equations:

▷

▷t
|ς↓ = i(P̂ L,|φ↓

j ↙ P̂ R,|φ↓
j+1 )Ĥ|ς↓. (1.110)

Each forward (backward) equation is then multiplied by the single-site map ς̄L
j→1 ↙

ς̄R
j+1 (the center-bond map ς̄L

j ↙ ς̄R
j+1). Thus, the Schrödinger equation is solved

locally for each tensor in the MPS, starting from right to left in a single sweep.
The one-site TDVP maintains a fixed bond dimension for the MPS throughout

the evolution, preventing it from increasing. However, this approach introduces
significant errors due to the projection of the quantum state, particularly in the
presence of interactions between sites. These projection errors can be mitigated
using the two-site version of TDVP, which combines neighboring sites j and j + 1
into a single site (j, j + 1) and solves the TDSE in a manner similar to the one-
site version. The two-site TDVP allows the bond dimension to increase, thereby
reducing projection errors compared to the one-site variant. However, it requires
the SVD, which introduces another source of error. This error arises from the
truncation of singular values when splitting the combined sites using SVD.

In simulations, the errors introduced by TDVP are influenced by the choice
of timestep size. For a fixed final time, using a smaller timestep δ reduces finite
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timestep errors but increases errors from projection and truncation due to the larger
number of evolution steps. Therefore, it is crucial to carefully select a timestep size
that balances these competing sources of error, avoiding values that are either too
large or too small.

1.9 Open System

While the MPS is a highly e!cient tool for simulating the many-body dynamics
of quantum systems, it is limited to the simulation of pure states. Capturing the
temporal dynamics of a mixed state requires the use of a density operator. If the
Hilbert space of an N -body pure state |ς↓ is H|φ↓ ⇑ CN , the density operator ↼

resides in a larger Hilbert space H↽ ⇑ CN≃N . Consequently, MPS alone is insu!cient
in this case. Furthermore, incorporating dissipation arising from interactions
between the system and its environment (bath) is not feasible with MPS.

To overcome these limitations, a tensor network structure similar to MPS, called
the Matrix Product Density Operator (MPDO), is employed. The key idea is to
represent the vectorized density operator in an MPS-like form, but with squared
bond dimensions. Since the one-dimensional structure is preserved, most MPS
algorithms discussed in the previous section can be adapted for MPDO with minor
modifications. This allows for the simulation of dissipative dynamics by solving the
vectorized master equation using methods such as the W II method (section 1.8.1) or
the TDVP algorithm (section 1.8.2). In this section, we will discuss the vectorization
of operators, the concept of super-operators, the construction of MPDOs from MPS,
and the vectorized form of Lindblad’s master equation.

1.9.1 Vectorization

Vectorization is a tensor reshaping operation that transforms a tensor into
a vector. For instance, a rank-3 tensor Tijk can be vectorized into ϖTa, where
a ⇔ (i, j, k) represents a combination of the indices i, j, and k. The result is a
flat, rank-1 tensor (a vector), which is why this operation is sometimes referred
to as "flattening." There are two common ways to vectorize a tensor, depending
on the order in which the elements are arranged: (i) Row-major order and (ii)
Column-major order.

To illustrate this, consider a density operator of a two-level system (a qubit),
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represented by the 2 ↗ 2 matrix:

↼̂ =


↼00 ↼01

↼10 ↼11



 (1.111)

Row-major order: This format is the default in programming languages such as
C, C++, and the Python library NumPy. In this approach, the tensor is
flattened by appending rows sequentially. Applying row-major vectorization
to the matrix in eq. (1.111) yields:

↼̂ =


↼00 ↼01

↼10 ↼11





(m≃n)

Row→major↔↔↔↔↔↔↔⇒ vec(↼) =





↼00

↼01

↼10

↼11





1≃(mn)

(1.112)

Column-major order: This format is the default in Fortran and MATLAB. Here,
the tensor is flattened by concatenating its columns. Applying column-major
vectorization to the matrix in eq. (1.111) results in:

↼̂ =


↼00 ↼01

↼10 ↼11





(m≃n)

Column→major↔↔↔↔↔↔↔↔↔⇒ vec(↼) =





↼00

↼10

↼01

↼11





(mn)≃1

(1.113)

1.9.2 Master equation

The choice of tensor flattening order not only determines the vectorized form
of the density operator but also defines the vectorized master equation. To clarify
this, the identity for vectorization of matrix multiplication is provided for both
row-major and column-major orders:

vec(ÂB̂Ĉ) =






(Â ↙ ĈT )vec(B), for row-major

(ĈT ↙ Â)vec(B), for column-major
(1.114)

The master equation for the time evolution of the density operator is defined as:

▷

▷t
↼̂(t) = L(t)↼̂(t) (1.115)

= ↔ i

⊋ [Ĥ, ↼̂(t)] + ωD[ĉ]↼̂(t) (1.116)
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where the unitary and dissipative parts are given by:

[Ĥ, ↼̂(t)] = Ĥ ↼̂(t) ↔ ↼̂(t)Ĥ (1.117)

D[ĉ]↼̂(t) = ĉ↼̂(t)ĉ† ↔ 1
2(ĉ†ĉ↼̂(t) + ↼̂(t)ĉ†ĉ) (1.118)

Using the row-major vectorization identity from eq. (1.114), the commutator term
[Ĥ, ↼̂(t)] is transformed as:

Ĥ ↼̂(t) ↔ ↼̂(t)Ĥ vectorize↔↔↔↔↔⇒ (Ĥ ↙ 1̂ + 1̂ ↙ ĤT )vec(↼). (1.119)

Similarly, the dissipative term D[ĉ]↼̂(t) is vectorized as:

ĉ↼̂(t)ĉ† ↔ 1
2


ĉ†ĉ↼̂(t) + ↼̂(t)ĉ†ĉ


vectorize↔↔↔↔↔⇒


ĉ ↙ ĉ⇐ ↔ 1

2

ĉ†ĉ ↙ 1̂ + 1̂ ↙ ĉT ĉ⇐


vec(↼).

(1.120)

Combining these results, the vectorized master equation is expressed as:

▷

▷t
|↼(t)↓↓ = L(t)|↼(t)↓↓ (1.121)

=


↔ i

⊋(Ĥ ↙ 1̂ ↔ 1̂ ↙ ĤT ) + ω(ĉ ↙ ĉ⇐ ↔ 1
2(ĉ†ĉ ↙ 1̂ + 1̂ ↙ ĉT ĉ⇐))


|↼(t)↓↓.

(1.122)

Here, |↼(t)↓↓ = vec(↼̂(t)) represents the vectorized form (or super-ket) of the density
operator. The solution for the time evolution from t to t + dt is given by:

|↼(t + dt)↓↓ = eLdt|↼(t)↓↓. (1.123)

1.9.3 MPDO

The Matrix Product Density Operator (MPDO) provides a compact representa-
tion of a density operator in a tensor network form, similar to the Matrix Product
State (MPS). To construct an MPDO, the most straightforward approach is to
perform an outer product between an MPS and its complex conjugate. This can be
achieved by introducing auxiliary indices to the MPS tensors and contracting them
appropriately.

Let A[k]
ϑk,i,ϑk

represent the tensor at site k of the MPS corresponding to |ς↓, and
let A⇐[k]

ϑ↑
k

,i↑,ϑ↑
k

represent the tensor at site k of the conjugate MPS ↑ς|. The indices
(↽k, i, ↽k) have dimensions (⇀, d, ⇀), corresponding to the left bond, physical index,
and right bond, respectively. To construct the MPDO, auxiliary indices ◁ and ◁↘
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(a) A
k (b) A

→[k]

Figure 1.14: Tensor diagrams for the MPS of |ϑ↓ and ↑ϑ|. The dashed leg represents
the auxiliary index with dimension 1.

with dimension 1 are added to A[k] and A⇐[k], respectively. These auxiliary indices
do not alter the size of the tensors and can be added trivially:

A[k]
ϑk,i,ϑk

⇒ A[k]
ϑk,i,⇀,ϑk

(1.124)

A⇐[k]
ϑ↑

k
,i↑,ϑ↑

k

⇒ A⇐[k]
ϑ↑

k
,i↑,⇀↑,ϑ↑

k

(1.125)

The MPDO |↼↓↓ = vec(|ς↓↑ς|) is then constructed by contracting the auxiliary
indices ◁ and ◁↘. After the contraction, the remaining indices are fused together to
create an MPS-like structure:

∑

⇀=⇀↑
A[k]

ϑk,i,⇀,ϑk
A⇐[k]

ϑ↑
k

,i↑,⇀↑,ϑ↑
k

= B[k]
ϑk,i,⇀,ϑk,ϑ↑

k
,i↑,⇀↑,ϑ↑

k

(1.126)

= B[k]
(ϑk,ϑ↑

k
),(i,i↑),(⇀,ϑ↑

k
) (1.127)

= B[k]
ϑ↑↑

k
,i↑↑,ϑ↑↑

k

(1.128)

Here, the combined indices (↽↘↘
k, i↘↘, ↽↘↘

k) have dimensions (⇀2, d2, ⇀2), which are the
squared dimensions of the original MPS. This results in an MPDO with squared
bond and physical dimensions compared to the original MPS.

The process of constructing an MPDO is illustrated in fig. 1.14 and fig. 1.15. In
fig. 1.14, the auxiliary indices are added to the MPS tensors, while in fig. 1.15, the
contraction of the auxiliary indices and the resulting MPDO structure are shown.
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(a) Outer product (b) MPDO

Figure 1.15: The contraction of the auxiliary indices results in an MPDO with squared
bond and physical dimensions.

1.9.4 MPO of super-operator

In Liouville space (the space of the vectorized density operator), the number of
operators in the Hamiltonian acting on |↼↓↓ e"ectively doubles. This arises because
the super-operators Ĥ ↙ 1̂ and 1̂ ↙ Ĥ in eq. (1.119) are treated as distinct terms
when constructing a Matrix Product Operator (MPO). However, this increase in
the number of local terms does not a"ect the bond dimension. As a result, the
MPO of the super-operator is enlarged only by twice the number of interaction
terms.

As discussed in example 3, the bond dimension of an MPO is given by ⇀op =
2 + Nterms, where Nterms is the number of interaction terms in the Hamiltonian. For
the super-operator, the bond dimension becomes ⇀sup-op = 2 + 2Nterms.

For example, consider the Hamiltonian of the transverse field Ising model:

Ĥising = ↔J
N→1∑

i=1
Ŝi

zŜi+1
z ↔ g

N∑

i=1
Ŝi

x. (1.129)

The MPO for this Hamiltonian is represented as:

W [i]
H,ising =





Î Ŝz ↔gŜx

0 0 ↔JŜz

0 0 Î



 . (1.130)

From the master equation in eq. (1.122), the Liouvillian super-operator L(t) is
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expressed as:

L(t) =



↔ i

⊋(Ĥ ↙ 1̂ ↔ 1̂ ↙ ĤT )
  

MH

+ (ĉ ↙ ĉ⇐ ↔ 1
2(ĉ†ĉ ↙ 1̂ + 1̂ ↙ ĉT ĉ⇐))

  
ML



 . (1.131)

The MPO for the Liouvillian L(t) is then constructed as:

W [i]
MH

=





Î Ŝz ↙ Î Î ↙ ŜT
z ↔gŜx ↙ Î + Î ↙ gŜT

x

0 0 0 ↔J(Ŝz ↙ Î)
0 0 0 J(Î ↙ ŜT

z )
0 0 0 Î




, (1.132)

and the MPO for the Lindblad term ML is:

W [i]
ML

= iω





0 0 0 ĉ ↙ ĉ⇐ ↔ 1
2


ĉ†ĉ ↙ Î + Î ↙ ĉ⇐ĉT



0 0 0 0
0 0 0 0
0 0 0 0




. (1.133)

Although the MPDO retains the MPS-like structure and evolves using MPS
algorithms, the method for calculating expectation values in MPS is not directly
applicable to MPDO. To extract an expectation value from an MPDO, two mathe-
matically equivalent approaches can be used.

The first approach is based on the definition of the expectation value for a
density operator:

↑Ô↓ = Tr[Ô↼̂]. (1.134)

In this method, the trace is implemented by splitting the combined physical index
of the MPDO and contracting them together. The contraction scheme for this
approach is illustrated in fig. 1.16.

The second approach leverages the vectorization of operators. In this scheme,
the expectation value is calculated as the inner product of the vectorized observable
and the MPDO:

↑Ô↓vec = ↑Ô|↼̂↓. (1.135)

Here, the observable is represented as a vectorized tensor, which is then contracted
with the MPDO. The contraction scheme for this approach is depicted in fig. 1.17.
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Figure 1.16: Contraction scheme for calculating the expectation value of a local observ-
able using the definition in eq. (1.134).

Figure 1.17: Calculation of the expectation value using the vectorized definition in
eq. (1.135).

1.10 Entanglement Entropy

1.10.1 MPS

In MPS, the bond dimension, which corresponds to the dimension of the
bond index connecting the left and right subsystems, is directly related to the
entanglement entropy of the bipartite system. To illustrate the physical significance
of the bond dimension, consider the Schmidt decomposition of a pure state |ς↓
across a specific bond:

|ς↓AB =
∑

ij

→
pij|i↓A ↙ |j↓B. (1.136)

Here, |i↓A and |j↓B are orthonormal basis states of the left and right subsystems,
respectively. The matrix of Schmidt coe!cients →

p
ij

can be expressed using singular
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value decomposition:

pij = UDV † (1.137)
→

pij = UD1/2V † (1.138)

=
ϖ∑

ϑ=1


φϑUiϑV †

jϑ. (1.139)

Here,
→

φϑ > 0 are the Schmidt coe!cients, and ϖ
ϑ=1 φϑ = 1. In the MPS canonical

form, the unitary matrices U and V † are absorbed into the basis states |i↓A and
|j↓B, forming a new basis:

|↽↓A =
∑

i

Uiϑ|i↓A (1.140)

|↽↓B =
∑

j

V †
jϑ|j↓B, (1.141)

The pure state can then be written as:

|ς↓ =
ϖ∑

ϑ=1


φϑ|↽↓A ↙ |↽↓B. (1.142)

Thus, the bond index contains the singular values from the SVD, and the bond
dimension ⇀ equals the number of singular values.

The entanglement entropy, defined as the von Neumann entropy of the reduced
density matrix, , S = ↔ Tr[↼Alog(↼A)] = ↔ Tr[↼Blog(↼B)], can be computed directly
from the singular values φϑ:

S = ↔
ϖ∑

ϑ=1
φϑ log(φϑ). (1.143)

This shows that an MPS with a larger bond dimension ⇀ can represent states with
higher entanglement, thereby accessing a larger Hilbert space. The entanglement
entropy also serves as a measure of the e!ciency of MPS. Since the truncation
error defined by eq. (1.78) is a summation of truncated singular values, for systems
with low entanglement, MPS can be compressed to a smaller bond dimension with
bounded truncation errors, reducing computational resources.

1.10.2 MPDO

For mixed states, entanglement measures are not well-defined. Therefore, the
quantity in eq. (1.143), computed from the singular values of a Matrix Product
Density Operator (MPDO), does not directly represent entanglement entropy.
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However, the concept of using singular values in the bond dimension to quantify
approximation errors remains valid for MPDOs. To avoid ambiguity, we define
the operator entanglement entropy (opEE) to distinguish it from the entanglement
entropy (EE) of pure states computed from MPS.

It can be shown that the opEE of an MPDO for a pure state is twice the EE of
the corresponding MPS [37]. From eq. (1.142), the density operator of the total
system is:

↼AB = |ςAB↓↑ςAB| (1.144)

=
ϖ,ϖ∑

i=1,j=1


φi


φj(|i↓A ↙ |i↓B)(↑j|A ↙ ↑j|B). (1.145)

The reduced density matrices for the bipartite system are obtained by tracing out
the other subsystem:

↼A = TrB[↼AB] =
ϖ∑

i=1
φi|i↓A↑i|A, (1.146)

↼B = TrA[↼AB] =
ϖ∑

j=1
φj|j↓B↑j|B. (1.147)

The standard entanglement entropy, as in eq. (1.143), is:

S(↼A) = ↔ Tr[↼Alog(↼A)] = ↔ Tr[↼Blog(↼B)] = S(↼B) (1.148)

= ↔
ϖ∑

i=1
φilogφi. (1.149)

To compute the opEE, we vectorize eq. (1.145):

|↼AB↓ = |ςAB↓|ςAB↓ (1.150)

=
r2∑

µ=vec(i,j)
#µ|iAiB; jAjB↓. (1.151)

where #µ =
→

φi


φj. The super density operator ↼⇁ is defined as:

↼⇁
AB = |↼AB↓↑↼AB| (1.152)

=
r2,r2∑

µ=vec(i,j),
ν=vec(k,l)

#µ#ν |iAiB; jAjB↓↑kAkB; lAlB|. (1.153)
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The reduced super density operator is:

↼⇁
A =

r2∑

µ

#2
µ|iA; jA↓↑iA; jA|, (1.154)

↼⇁
B =

r2∑

ν

#2
ν |kA; lA↓↑kA; lA|. (1.155)

The opEE can then be computed as:

SOP (↼⇁
A) = ↔


∑

µ

#2
µlog(#2

µ)


(1.156)

= ↔



∑

i,j

(φiφj)log(φiφj)


 (1.157)

= ↔



∑

i,j

(φiφj) (log(φi) + log(φj))


 (1.158)

= ↔



∑

i

(φi)log(φi)
∑

j

(φj) +
∑

i

(φi)
∑

j

(φj)log(φj)


 (1.159)

= ↔


2
∑

i

φi log(φi)


(1.160)

= 2S(↼A) (1.161)

since 
i φi = 

j φj = 1.

This relationship can also be derived from the definitions of MPS and MPDO.
For an MPS:

|ς↓ =
∑

{i}
Tr

[
A[1]

i1 φ[1] · · · A[L]
iL

φ[L]
]

|i1 · · · iL↓, (1.162)

the singular value tensors φ[l] = diag(φ1, · · · , φϖ) of the bond that connects tensors
A[l] and A[l+1] explicitly define the bond dimension ⇀. For the MPDO:

|ς↓↑ς| =
∑

{i,j}
Tr

[
A[1]

i1 φ[1] · · · A[L]
iL

φ[L]
]

↗ Tr
[
A⇐[1]

j1 φ[1] · · · A⇐[L]
jL

φ[L]
]

|i1 · · · iL↓↑j1 · · · jL|

(1.163)

=
∑

{i,j}
Tr

[
A[1]

i1 ↙ A⇐[1]
j1

 
φ[1] ↙ φ[1]


· · ·


A[L]

iL
↙ A⇐[L]

jL

 
φ[1] ↙ φ[1]

]
(1.164)

|i1 · · · iL↓↑j1 · · · jL|.

|↼↓⇁ =
∑

{i,j}
Tr

[
A[1]⇁

i1 φ[1]⇁ · · · A[L]⇁
iL

φ[L]⇁
]

|i1 · · · iL; j1 · · · jL↓, (1.165)

we find φ[l]⇁ = φ[l] ↙ φ[l], confirming the relationship between opEE and EE.
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Figure 1.18: Parameter estimation with NV centers. The NV centers are prepared in
the initial quantum state ϖ0. The state is then passed through a quantum
channel consisting of interactions, noise, and an external magnetic field.
The quantum channel encodes a parameter ϱ, which is estimated from the
readouts, into the phase of the quantum state.

1.11 Quantum Fisher Information

In this section, we discuss the theoretical framework of quantum metrology and
how to quantify the sensitivity of a probe. The Quantum Fisher Information (QFI)
is introduced as a measure of the probe’s sensitivity, and the method for calculating
the QFI using tensor networks is presented in this section.

1.11.1 Cramér-Rao bound

We begin by discussing how using an ensemble of NV centers can enhance the
sensitivity of a probe. Consider a magnetic field estimation problem with spin
probes. The probe can be a single NV center or an ensemble of many NV centers
(see fig. 1.18). Initially, the probes are prepared in the quantum state ↼0. The probes
are then evolved by passing through a quantum channel that includes interactions,
noise, and the magnetic field. This channel encodes an unknown parameter ϱ into
the phase of the probes. Finally, a measurement is performed on the probes. Given
a conditional probability distribution p(x|ϱ), the unknown parameter ϱ is estimated
from the readouts.

According to the Cramér-Rao bound, the sensitivity in estimating a parameter
ϱ using quantum probes is bounded by the inverse of the QFI:

(δϱ)2 ∞ 1
MFθ

(1.166)

where M is the number of independent experiments [34]. As per eq. (1.166),
sensitivity improves by either increasing the number of experimental repetitions
or enhancing the QFI. A higher QFI allows the parameter to be estimated with
reduced variance. However, increasing M can be resource-intensive, as the probe’s
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state must be reset for each repetition. If M is fixed, achieving a higher QFI
becomes essential. This can be accomplished by preparing the probe in a state that
maximizes the QFI. To surpass the maximum QFI achievable with a single NV
center, additional NV centers must be added to the probe. Since each NV center
acts as an independent probe, the QFI scales with the square root of the number of
probes. For N independent probes, this results in the Standard Quantum Limit
(SQL):

δϱ ∞ O(1/
→

N). (1.167)

However, this is not the ultimate limit. The QFI scaling can be further improved
when the probes are highly entangled. For instance, under evolution governed by
a pure Zeeman term and in the absence of decoherence and dissipation, probes
prepared in a GHZ state achieve optimal sensitivity for magnetic field measurements.
This sensitivity follows the "Heisenberg limit" (HL), where the QFI is proportional
to N [20]. Consequently:

δϱ ∞ O(1/N) (1.168)

This demonstrates why entangled probes are preferred in quantum metrology.

In the context of parameter estimation, the Quantum Fisher Information (QFI)
quantifies how much information about a specific parameter can be extracted from
a quantum state. The formal definition of QFI for a general mixed state ↼ in
estimating a parameter ϱ is given by:

Fθ = Tr[L2
θ↼θ]. (1.169)

Here, ↼θ is the quantum state parameterized by ϱ, expressed as ↼θ = e→iθÂ↼eiθÂ,
where Â is a Hermitian operator. The operator Lθ, known as the symmetric
logarithmic derivative, satisfies the equation:

▷↼θ

▷ϱ
= 1

2(Lθ↼θ + ↼θLθ). (1.170)

Assuming the state ↼ is decomposed into its eigenbasis as:

↼ =
∑

k

φk|k↓↑k|, (1.171)

the explicit formula for QFI can be derived by rewriting eq. (1.169) as:

F [↼, Â] = 2
∑

k,l

(φk ↔ φl)2

φk + φl
|↑k|Â|l↓|2. (1.172)
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Calculating QFI using eq. (1.172) requires knowledge of the full spectrum of the
quantum state’s eigenvalues. This can be computationally impractical for systems
with a large number of spins.

However, in the special case where the quantum state is a pure state, i.e.,
↼ = |ς↓↑ς|, eq. (1.172) simplifies significantly. In this case, the QFI can be
e!ciently computed as four times the variance of the observable operator Â:

Fpure[↼, Â] = 4
∑

l ⇒=0
|↑l|Â|0↓|2 (1.173)

= 4
∑

l ⇒=0
↑0|Â|l↓↑l|Â|0↓ (1.174)

= 4↑0|Â



∑

l ⇒=0
|l↓↑l|



 Â|0↓ (1.175)

= 4↑0|Â (1 ↔ |0↓↑0|) Â|0↓ (1.176)

= 4

↑0|Â2|0↓ ↔ (↑0|Â|0↓)2


(1.177)

= 4(δÂ)2. (1.178)

For mixed states, the QFI is always bounded by the maximum QFI of the eigenstate
with the highest variance. This is because QFI is a convex sum of the density
operators:

F [p↼1 + (1 ↔ p)↼2] < pFpure[↼1] + (1 ↔ p)Fpure[↼2]. (1.179)

1.11.2 Single qubit

To illustrate the insights provided by the QFI in parameter estimation, let us
consider the task of estimating a magnetic field using a single qubit. The objective
is to identify the qubit state that is most sensitive to an external magnetic field.
Initially, the qubit is prepared in a superposition state using a parameterized
X-gate:

|ςς(0)↓ = e→iSxς|0↓ (1.180)

=


cos(φ/2)
sin(φ/2)



 . (1.181)

Here, the angle φ determines the probabilities of the qubit being in the eigenstates
|0↓ and |1↓. The qubit then interacts with the magnetic field for a duration T ,
evolving freely under the Hamiltonian Hsense = BSz, where B is the amplitude of
the magnetic field. The final quantum state accumulates a phase ϱ = BT , which
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we aim to estimate in order to determine the magnetic field B:

|ςς(ϱ)↓ = e→iSzθ|ςς(0)↓ (1.182)

=


 eiθ/2 cos(φ/2)
e→iθ/2 sin(φ/2)



 . (1.183)

The state that maximizes the QFI is the one most sensitive to the magnetic field.
Since the state in eq. (1.183) is pure, the QFI can be calculated using eq. (1.178):

F [|ςς(ϱ)↓, Ŝz] = 4

↑ςς(ϱ)|Ŝ2

z |ςς(ϱ)↓ ↔ (↑ςς(ϱ)|Ŝz|ςς(ϱ)↓)2


(1.184)

= 4(1
4 ↔ 1

4(cos2(φ/2) ↔ sin2(φ/2)2) (1.185)

= 1 ↔ cos2(φ) = sin2(φ). (1.186)

From eq. (1.186) and fig. 1.20, we observe the following for a single qubit:

1. The QFI has a value between 0 and 1, Fpure ⇑ [0, 1].

2. The QFI is maximized, Fpure = 1, when φ = ε/2 or φ = 3ε/2. These angles
correspond to equal superposition states, which are eigenstates of Ŝx. The
qubit is most sensitive to the magnetic field when initialized in one of these
states.

The corresponding states for maximum QFI are:

|ς▷/2(0)↓ = 1→
2

(|0↓ + |1↓)) = |+↓ (1.187)

|ς3▷/2(0)↓ = 1→
2

(|0↓ ↔ |1↓)) = |↔↓ (1.188)

1.11.3 Single NV center

Similar to the single qubit case, we can calculate the QFI for a single NV center,
which is a spin-1 system. To do so, we first introduce the general formula for unitary
operators acting on the triplet state [8]:

eiς(n̂·ωS) = Î + i(n̂ · ωS) sin φ + (n̂ · ωS)2(cos φ ↔ 1) (1.189)

= I + (i2n̂ · ωS sin(φ/2) cos(φ/2)) + 1
2(i2n̂ · ωS sin(φ/2))2 (1.190)
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Figure 1.19: Bloch sphere representation of a parameterized qubit state in eq. (1.181).
The angle ς determines the superposition between |0↓ and |1↓.

Let n̂ · ωS = Sx. The parameterized state is then given by:

|ςς(0)↓ = e→iςŜx|0↓ (1.191)

= (I ↔ i2 sin(φ/2) cos(φ/2)Ŝx ↔ 2 sin2(φ/2)Ŝx
2)|0↓ (1.192)

=





1 ↔ sin2(φ/2) ↔i
→

2 sin(φ/2) cos(φ/2) ↔ sin2(φ/2)
↔i

→
2 sin(φ/2) cos(φ/2) 1 ↔ 2 sin2(φ/2) ↔i

→
2 sin(φ/2) cos(φ/2)

↔ sin2(φ/2) ↔i
→

2 sin(φ/2) cos(φ/2) 1 ↔ sin2(φ/2)



 |0↓

(1.193)

=





↔ i↑
2 sin φ

1 ↔ 2 sin2(φ/2)
↔ i↑

2 sin φ



 (1.194)

=





↔ i↑
2 sin φ

cos φ

↔ i↑
2 sin φ



 . (1.195)

When this state interacts with a magnetic field, the evolution is governed by
the unitary operator Û(ϱ) = e→iθŜz , where Ŝz is given by:

Ŝz =





1 0 0
0 0 0
0 0 ↔1



 . (1.196)
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Figure 1.20: QFI of a single qubit in sensing a magnetic field. The QFI is maximized
at ς = φ/2 and ς = 3φ/2.

The evolved state is:

|ςς(ϱ)↓ = e→iθŜz |ςθ(0)↓ (1.197)

=





↔ i↑
2 sin φe→iθ

cos φ

↔ i↑
2 sin φeiθ



 . (1.198)

Using eq. (1.178), the QFI for this state is calculated as:

F [|ςς(ϱ)↓, Ŝz] = 4

↑ςς(ϱ)|Ŝ2

z |ςς(ϱ)↓ ↔ (↑ςς(ϱ)|Ŝz|ςς(ϱ)↓)2


(1.199)

= 4(


i↑
2 sin φeiθ cos φ i↑

2 sin φe→iθ






↔ i↑
2 sin φe→iθ

0
↔ i↑

2 sin φeiθ





+


i↑
2 sin φeiθ cos φ i↑

2 sin φe→iθ






↔ i↑
2 sin φe→iθ

0
i↑
2 sin φeiθ



) (1.200)

= 4(sin2 φ + 0) = 4 sin2 φ (1.201)

Compared to the single qubit case, the QFI for a single NV center has an
additional factor of 4. This means that the maximum QFI of a single NV center
can be four times larger when the initial state is a superposition of the | ↔ 1↓ and
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| + 1↓ states:

|ς▷/2(0)↓ = ↔ i→
2

(| + 1↓ + | ↔ 1↓)) (1.202)

|ς3▷/2(0)↓ = i→
2

(| + 1↓ + | ↔ 1↓)) (1.203)

The factor of 4 arises from the contribution of an additional excited state in the
spin-1 system. To demonstrate this, consider a general pure state:

|ςgen↓ =





→
a→

1 ↔ a2 ↔ b2
→

b



 (1.204)

, where a,
→

1 ↔ a2 ↔ b2, and b represent the probabilities of the | + 1↓, |0↓, and
| ↔ 1↓ states, respectively. The QFI for this state is:

F (|ςgen↓, Ŝz)/4 =
→

a
→

1 ↔ a2 ↔ b2
→

b
⇐





→
a→

1 ↔ a2 ↔ b2
→

b





↔





→
a

→
1 ↔ a2 ↔ b2

→
b
⇐





→
a→

1 ↔ a2 ↔ b2

↔
→

b









2

(1.205)

= |a| + |b| ↔ (|a| ↔ |b|)2 (1.206)

As shown in fig. 1.21a, the QFI reaches its maximum value when |a| = |b| = 0.5,
which corresponds to the equal superposition of the | + 1↓ and | ↔ 1↓ states. In
cases where only one excited state is involved (e.g., under a strong magnetic field
where the Zeeman splitting is large), the system e"ectively reduces to a two-level
system. Assuming |b| = 0, the QFI becomes:

F (|ςgen↓, Ŝz) = 4(|a| ↔ |a|2) (1.207)

▷F (|ςgen↓, Ŝz)
▷|a| = 4(1 ↔ 2|a|) = 0 (1.208)

|a| = 1/2 (1.209)

max(F ) = F|a|=0.5,|b|=0 = 1. (1.210)

This result, shown in fig. 1.21b, agrees with the maximum QFI for a single qubit
case in eq. (1.186).
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(a) QFI for a single NV center as a function of the prob-
abilities of the | + 1↓ and | ↔ 1↓ states. The QFI is
maximized when the initial state is an equal superpo-
sition of the two excited states.

(b) QFI for an NV center reduced to a two-level system
by setting P (| ↔ 1↓) = 0. The maximum QFI is 1,
consistent with the single qubit case.

Figure 1.21
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1.11.4 QFI calculation with tensor network

When the system has a large Hilbert space size, i.e., a large number of spins N ,
using eq. (1.172) becomes ine!cient and undesirable. This is because it requires
access to the eigenvalues of the quantum state, which involves diagonalizing ↼, a
computationally expensive task.

To address this issue, extracting the QFI directly from tensor network states is
necessary. We adopt a tensor network framework for calculating QFI, as proposed
in [6]. This framework utilizes a tensor network ansatz to represent the symmetric
logarithmic derivative (SLD). By optimizing this ansatz, which involves solving
a set of linear equations, the SLD satisfying eq. (1.169) can be obtained. Thus,
the problem shifts from eigenvalue computation to tensor optimization. Note that,
unlike the original work, we only optimize the SLD and not the input state ↼.

As an alternative to eqs. (1.169) and (1.172), the QFI is now defined as:

F (↼ς, L) = sup
L

[2Tr(↼↘
θL) ↔ Tr(↼θL

2)]. (1.211)

where sup
L

denotes the maximum value over all possible candidates of L.

Since the QFI obtained from this approach relies on local optimization, it can
vary depending on the initial values of L. Therefore, multiple calculations with
di"erent initial L values are required. These variations depend on the complexity
of the optimization landscape, which is influenced by the model’s complexity.

The optimal SLD, L⇐, satisfies ↼↘
θ = 1

2(Lθ↼θ + ↼θLθ), yielding eq. (1.169) from
eq. (1.211). The parameterized quantum state evolves from the initial state via the
noise channel # and the unitary operator:

↼θ = #θ(↼0) = e→iHθ#(↼0)eiHθ. (1.212)

To solve eq. (1.211), the symmetric logarithmic derivative L is represented as a
matrix product operator (MPO) with a finite bond dimension DL:

L =
∑

jk

Tr(S[1]j1
k1 ...S[n]jn

kn
)|j↓↑k|. (1.213)

Here, S[l]jl

kl
is a Hermitian matrix whose elements are initialized randomly. If

the quantum channel has no noise or only uncorrelated noise, DL is set to ∈ 2.
Otherwise, the optimal value can be determined by incrementally increasing DL

and recalculating until the resulting QFI shows marginal improvement.
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The matrix product density operator (MPDO) ↼↘
θ is e!ciently computed as:

|↼↘
θ↓↓ = ↔i(Ĥ ↙ 1̂ ↔ 1̂ ↙ Ĥ)|↼θ↓↓. (1.214)

To find the optimal L, the tensors (S[1]j1
k1 , . . . , S[n]jn

kn
) are updated locally, starting

from S[1] to S[n] and then back to S[1], iteratively, until F converges. For example,
when updating S[l]jl

kl
, all other tensors Sj

k are contracted, and the uncontracted
indices are vectorized. After contraction, eq. (1.211) reduces to a linear equation:

F (↼, L) = 2
∑

ϑ

bϑS[l]ϑ ↔ 2
∑

ϑ⇀

S[l]ϑAϑ⇀S[l]⇀. (1.215)

Here, ϖb and Â are a vector and a matrix, respectively, obtained by contracting the
fixed tensors and combining the uncontracted indices. The construction of ϖb and Â

during the optimization of S[2] is illustrated in fig. 1.22.

A→[1]

S[1]

A→[2] A→[3]

S[3]

A→[4]

S[4]

= b

A[1]

S[1]

S[1]

A[2] A[3]

S[3]

S[3]

A[4]

S[4]

S[4]

= A

Figure 1.22: When updating S[2], ↼b and Â in eq. (1.215) are constructed by contracting
all tensors except those related to the tensor being updated. The uncon-
tracted indices are combined to form a vector or matrix.

The tensor S[l] that maximizes the QFI locally can be found by taking the
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Figure 1.23: QFI computed by optimizing L in eq. (1.211). The maximum values for a
product state and an entangled state scale as N and N

2, respectively.

derivative of eq. (1.215) with respect to S[l]:

▷F (↼, L)
▷S[l] = 0. (1.216)

This yields:

1
2(A + AT )|S[l]↓ = |b↓ (1.217)

|S[l]↓ = Ã→1|b↓. (1.218)

The new S[l] is then updated using the solution of this inverse problem. The
updating process stops when the QFI converges, and the final value is obtained.

For demonstration, the QFI is computed for N independent NV centers measur-
ing a uniform magnetic field Bz. The NV probes are assumed to be in either i) a
product of ground states or ii) a maximally entangled state. As shown in fig. 1.23,
the maximum QFI scales as N and N2, respectively, as expected. However, since
this local update approach tends to get stuck in local extrema, several repetitions
with di"erent initial L values are required, which can be computationally expensive
for large N .
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Results

Partial of this chapter contains the results of the published manuscript [40] with
the following contributions:

Author Author
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interpretation
(%)
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(%)

Jirawat Saiphet 1 50 100 70 80
Daniel Braun 2 50 0 30 20

Title of paper: Simulation of the Dissipative Dynamics of Strongly Interacting NV
Centers with Tensor Networks
Status in publication process: Published

2.1 Reconstruct Magnetic Field from ODMR

In the presence of an external magnetic field, NV centers with di"erent principal
axis orientations become distinguishable via Optically Detected Magnetic Resonance
(ODMR). Due to the di"erent alignments of their principal axes relative to the
external magnetic field , the distinct NV orientations exhibit energy level splittings
of di"erent magnitudes, as observed in the ODMR spectrum. This distinction fails
only at specific magnetic field orientations where these splittings become degenerate
[57]. While the magnitude of the magnetic field projection along each NV axis, B(i)

z ,
can be determined from the ODMR spectrum (as it is proportional to the Zeeman
splitting), the full vector ϖB, including its direction, can also be reconstructed from
the same data. This section details the procedure for reconstructing the external
magnetic field vector using the ODMR splitting information.

As illustrated in fig. 2.1, B(i)
z represents the projection of the external magnetic

field ϖB onto the principal axis ĉi of the i-th NV center orientation. For a single

49
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(a) (b) (c)

Figure 2.1: Reconstruction of the magnetic field vector ↼B from its projections. (a) The
projection of ↼B onto the i-th NV principal axis, B

(i)
z = ↼B · ĉi, determines the

corresponding Zeeman splitting. (b) For a fixed B
(i)
z (e.g., along the [111]

axis), the endpoint of the vector ↼B must lie on a specific plane perpendicular
to ĉi. (c) The vector ↼B is uniquely determined by the intersection point
of three distinct planes, each defined by the measured projection onto a
di!erent NV axis.

orientation i, the condition ϖB · ĉi = Bz(i) defines a plane perpendicular to ĉi. If the
magnitude | ϖB| is known, this condition restricts the possible directions of ϖB such
that the vector’s endpoint lies on this plane. The equations defining these planes
for the four possible NV axis alignments are as follows:

[111] : bx + by + bz =
→

3 cos

ϱ[111]


,

[11̄1̄] : bx ↔ by ↔ bz =
→

3 cos

ϱ[11̄1̄]


,

[1̄11̄] : ↔bx + by ↔ bz =
→

3 cos

ϱ[1̄11̄]


,

[1̄1̄1] : ↔bx ↔ by + bz =
→

3 cos

ϱ[1̄1̄1]


,

(2.1)

where ϖb = (bx, by, bz) is the unit vector along ϖB (i.e., ϖB = | ϖB|ϖb), and cos(ϱi) =
B(i)

z /| ϖB| relates the measured projection B(i)
z to the angle ϱi between ϖB and the i-th

principal axis ĉi. The direction vector ϖb corresponds to the common intersection
point of these planes. Consequently, the components (bx, by, bz) can be found by
solving a system of three independent equations chosen from the set of four in
eq. (2.1), provided the magnitude | ϖB| is known (allowing the calculation of cos(ϱi)
from the measured B(i)

z values). We utilize the ODMR data from [21]. The relevant
parameters are as follows:

• The magnitude of the magnetic field is | ϖB| = 9 mT.

• The Zeeman splittings 2B(i)
z are approximately (401, 308, 214, 117) MHz, de-

rived from the ODMR spectrum, with associated uncertainties of (±15, ±6, ±7, ±3) MHz.
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• It is assumed that the splittings correspond to the NV orientations [111],
[11̄1̄], [1̄11̄], and [1̄1̄1], respectively.

Three out of the four equations in eq. (2.1) are solved using the following Python
script to determine ϖB.

1 import numpy as np
2 import s c ipy . opt imize as opt imize
3 " " "
4 Solve equat ions f o r a un i t vec to r o f B.
5 " " "
6 de f f ( x ) :
7 re turn [ s i gn [ 0 ] [ 0 ] ∗ x [ 0 ] + s i gn [ 0 ] [ 1 ] ∗ x [ 1 ] + s i gn [ 0 ] [ 2 ] ∗ x [ 2 ] −

np . sq r t (3 ) ∗ cos_theta [ 0 ] ,
8 s i gn [ 1 ] [ 0 ] ∗ x [ 0 ] + s i gn [ 1 ] [ 1 ] ∗ x [ 1 ] + s i gn [ 1 ] [ 2 ] ∗ x [ 2 ] +

np . sq r t (3 ) ∗ cos_theta [ 1 ] ,
9 s i gn [ 2 ] [ 0 ] ∗ x [ 0 ] + s i gn [ 2 ] [ 1 ] ∗ x [ 1 ] + s i gn [ 2 ] [ 2 ] ∗ x [ 2 ] +

np . sq r t (3 ) ∗ cos_theta [ 2 ] ]
10 s i gn = np . array ( [ [ 1 . , 1 . , 1 . ] ,
11 [ 1 . , −1. , −1. ] ,
12 [ −1. , 1 . , −1.] ] )
13 Bvec = opt imize . f s o l v e ( f , [ 0 , 0 , 0 ] ) #i n i t i a l guess = (0 , 0 , 0 )

As a result, (bx, by, bz) = (0.16996038, 0.33133691, 0.89615474). To validate this
result, we calculate the Zeeman splittings using the Hamiltonian:

Ĥ = DS2
z + ωB(i)

z , (2.2)

where D represents the zero-field splitting parameter, ω is the gyromagnetic ratio,
and B(i)

z is the magnetic field projection along the z-axis for the i-th NV orientation.

However, the recalculated Zeeman splittings show poor agreement with the
original ODMR spectrum, as illustrated in fig. 2.2.

To improve the accuracy of our calculations, a correction is applied to the
Hamiltonian in eq. (2.2) by incorporating all interaction terms with the magnetic
field:

Ĥ = DS2
z + ω ϖB · ϖS

= DS2
z + ω|B|(sin ϱ cos φŜx sin ϱ sin φŜy + cos ϱŜz)

= DS2
z + ωBzŜz + ω(BxŜx + ByŜy),

(2.3)

Since D ≃ ω(Bx, By), the additional terms are treated as a perturbation Hamilto-
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Figure 2.2: Zeeman splittings calculated using the first-order Hamiltonian do not match
the experimental ODMR spectrum.
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nian:

V̂ = ω→
2





0 Bx ↔ iBy 0
Bx + iBy 0 Bx ↔ iBy

0 Bx + iBy 0



 . (2.4)

The energy contribution from the first-order perturbation is given by:

E(1)
n = ↑n(0)|V̂ |n(0)↓; |n(0)↓ =





| + 1↓
|0↓

| ↔ 1↓



 , (2.5)

E(1)
|→1↓ =

[
0 0 1

]
V̂





0
0
1



 = 0, (2.6)

E(1)
|0↓ =

[
0 1 0

]
V̂





0
1
0



 = 0, (2.7)

E(1)
|+1↓ =

[
1 0 0

]
V̂





1
0
0



 = 0. (2.8)

Since all first-order corrections are zero, we proceed to the second-order perturbation:

E(2)
n =


ω→
2

)2 ∑

k ⇒=n

|↑k|V̂ |n↓|2

E(0)
n ↔ E(0)

k

, (2.9)

E(2)
|→1↓ = ω2

2



 |↑+1|V̂ | ↔ 1↓|2

E(0)
|→1↓ ↔ E(0)

|+1↓

+ |↑0|V̂ | ↔ 1↓|2

E(0)
|→1↓ ↔ E(0)

|0↓



 =
B2

x + B2
y

2D
, (2.10)

E(2)
|+1↓ = ω2

2



 |↑0|V̂ | + 1↓|2

E(0)
|+1↓ ↔ E(0)

|0↓

+ |↑↔1|V̂ | + 1↓|2

E(0)
|+1↓ ↔ E(0)

|→1↓



 =
B2

x + B2
y

2D
, (2.11)

E(2)
|0↓ = ω2

2



 |↑↔1|V̂ |0↓|2

E(0)
|0↓ ↔ E(0)

|→1↓

+ |↑+1|V̂ |0↓|2

E(0)
|0↓ ↔ E(0)

|+1↓



 =
↔(B2

x + B2
y)

D
. (2.12)

Since B2
x + B2

y = | ϖB|2 ↔ B2
z , the energy levels of | ± 1↓ are shifted by the same

amount:

|”E|±1↓| = E(2)
|±1↓ ↔ E(2)

|0↓ ,

= 3
2

| ϖB|2 ↔ B2
z

D
.

(2.13)

It is important to note that Bz di"ers for each NV center orientation. After
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Figure 2.3: Zeeman splittings calculated after incorporating the second-order perturba-
tion corrections match the experimental ODMR spectrum.

incorporating the corrections from eq. (2.13) into eq. (2.2), the calculated Zeeman
splittings align with the experimental ODMR spectrum, as shown in fig. 2.3.

The time-evolution of the quantum state is governed by the Schrödinger equation
and the master equation for a closed system and an open system, respectively. To
simulate the dynamics of the quantum state, we need to solve these di"erential
equaitons. For a small system, obtaining the exact dynamics is possible with the
exact diagonalization (ED) method. However, as the system size increases slightly,
the ED method becomes drastically ine!cient due to its exponential computational
complexity, and a simulation technique with more cost-e!cient is required.

Since we are interested in the dynamics of the NV ensemble that have a
long-range interaction, we need the MPS-based algorithm that supports the long-
range Hamiltonian. For this reason, the algorithm that based on Trotter-Suzuki



2.2. ALGORITHMS COMPARISON 55

decomposition, such as the time-evolving block decimation (TEBD) algorithm, is
not a suitable choice for the long-range interaction model because it is designed for
the nearest-neighbor Hamiltonian. Even though long-range interaction model can
be implemented by using swap gates, the error of the approximation increases with
the interaction range because we need to perform the Trotter-Suzuki decomposition
on the non-commuting operators; the errors is proportional to the number of swap
gates that are required to implement the long-range interaction [3]. Furthermore,
introducing the swap gates increasess exponentially overheads in the algorithm,
which makes the algorithm less e!cient [5].

Instead, we consider the real-time evolution algorithms that support the long-
range model: i) time-dependent variational principle (TDVP) algorithm (sec-
tion 1.8.2) and ii) W II algorithm (section 1.8.1). In the following, we compare the
runtime and validate the accuracy of two algorithms in simulating a long-range and
strongly-interacting spin system. Then we discuss the results from simulations of
the one-dimensional NV centers ensemble model.

2.2 Algorithms comparison

2.2.1 Simulation time complexity

First of all, we assess the computational complexity of each algorithm by
measuring its simulation time. Specifically, the simulation time is the total time
spent to execute a complete simulation run. To break down what this entails,
for TDVP and W II , the simulation time includes the construction of the tensor
network state (MPS or MPDO) and operators (MPO), as well as the subsequent
time evolution of the initial state. For exact diagonalization (ED), the simulation
time comprises the time required to diagonalize the full Hamiltonian and apply
the resulting time-evolution operator to the quantum state. The simulation times
were measured using a local machine configured with an Intel i5-10500 processor
(3.10 GHz, 12 cores), 64 GB of RAM, and running the Ubuntu 22.04 LTS operating
system.

For fig. 2.4, we measured the simulation times for the real-time evolution under
long-range interaction of a pure state, where the state was represented by an MPS,
over 100 timesteps. The system sizes are up to N = 10 spins for tensor network
methods. In the area of small N , ED is faster than both algorithms since there are
more computational overheads in tensor calculations. However, the exponential
scaling of ED increases its simulation time dramatically fast after N = 6, making
it ine!cient method. While using the tensor network shows slower growth in the
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simulation time due to the linear scaling from fixed bond dimenison. Note that
the results from ED are only limited to N = 9 bacause our machine is running out
of memory. Since our model is spin-1 particle that has a local dimension d = 3.
Finding a diagonalization of dN ↗ dN has a complexity scale of O(d3N). Hence,
the maximum simulatible size by ED is quickly reached compared with the case of
qubit model.

Figure 2.4: Total simulation times taken to simulate dynamcis for 100 timesteps using
MPS by the exact diagonalization (ED), time-dependent variational principle
(TDVP), and MPO W

II methods. The ED results are available only up to
N=9 due to insu"cient memory. The bond dimension of MPS is set to be
64 for TDVP and W

II algorithms.

fig. 2.5 illustrates the computational cost of simulating the real-time evolution
of mixed states, using the MPDO formalism, again for a duration of 100 timesteps.
As with the pure-state MPS simulations (see fig. 2.4), exact diagonalization (ED)
initially outperforms tensor network methods for the smallest system sizes (N = 2
and N = 3). This e!ciency is short-lived, however, as the inherent computational
complexity of tensor network operations—such as contractions and singular value
decompositions (SVDs)— quickly becomes surpassed by the exponential scaling of
ED. In fact, ED’s rapid memory requirements limited our simulations to N = 4, as
reflected in fig. 2.5a. While MPDO simulations introduce errors from truncations,
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they enable calculations for larger systems. This increased capability stems from the
fact that directly representing the vectorized density operator and the Liouvillian
superoperator requires considerably more memory than the compressed MPDO
format. By employing a constant bond dimension ⇀, MPDO significantly mitigates
this memory demand, thus extending the reach of our simulations beyond what is
feasible with ED. Notably, this demonstrates the value of tensor network techniques
for simulating the dynamics of mixed states in extended quantum systems.

Comparing the two tensor network algorithms, we observe that the W II method
exhibits greater e!ciency than TDVP for small system sizes (N). This di"erence
likely originates from the dominant computational cost of applying an MPO directly
to an MPS or MPDO, which scales as O(⇀3

MPOdMPO), where ⇀MPO represents the
MPO bond dimension and dMPO is the local dimension [33]. In contrast, the
variational approach employed by the two-site TDVP algorithm incurs a cost of
O(3⇀MPOdMPO). For small systems, the MPO bond dimension is relatively low due
to fewer interacting pairs, resulting in a smaller value for ⇀MPO. Consequently, the
larger constant factor in the TDVP’s cost renders it less computationally e!cient
in this regime. However, this constant becomes less significant as the system
size (N) increases. With larger N , ⇀MPO also grows, eventually dominating the
computational cost, which favors TDVP’s linear scaling. This transition is evident
in the steeper increase in simulation times for the W II method compared to TDVP,
as illustrated in figs. 2.4 and 2.5a for larger N . To further validate this observation,
we performed an additional comparison with both algorithms using a reduced
MPDO bond dimension of ⇀MPDO = 16 (see fig. 2.5b). In this scenario, we find
that TDVP becomes more e!cient than W II for systems with N > 7.

2.2.2 Numerical accuracy and stability

Beyond assessing time complexity, we also evaluated the numerical accuracy
and stability of the algorithms. While the MPS is a powerful technique for a wide
range of quantum many-body systems, executing an MPS-based algorithm with
MPDO can become unstable in an extreme condition. The instability arises because
MPDO does not guarantee positivity of the quantum state [52]. Also, MPDO has
larger bond dimensions compared to MPS, thus, it possibly has bigger accumulated
numerical errors from an approximation procedure in the algorithm. Since the
MPS/MPDO are a low-rank approximation of the full quantum state, the bond
dimension ⇀ is a key parameter that determines the accuracy of the approximation.
For this reason, we have to carefully verify if the simulation techniques can provide
reliable results for the NV ensemble at the limit of strong coupling.
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(a) Total simulation times taken to simulate dynamcis for 100 timesteps using
MPDO.The ED results are available only up to N=4 due to insu"cient mem-
ory.

(b) In terms of simulation time, TDVP underperforms W
II in a small system but

outperforms in the bigger system.

Figure 2.5
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In order to verify how reliable the TDVP and W II algorithms are, we investigate
its numerical accuracy and stability in the certain parameter regime. We simulate
the dynamcis of a spin-1 system in one dimensional chain with long-range ZZ
interaction Hamiltonian, as in eq. (1.50), Ĥij = (Cij/r3

ij)Sz
i Sz

j . The local terms
Ĥi = (D ↔ ϑ)(Sz

i )2 + !Sx
i is coupling |0↓ ∋ | ↔ 1↓. The quantum state is given

in MPDO of |ms = 0↓↗N with maximum bond dimension ⇀max = 16. fig. 2.6 we

Figure 2.6: Expectation value ↑Sz↓ for 100 time steps calculated by TDVP with di!erent
number of spins N . The nearest spins are separated by r = 2 nm

simulate real-time evolution of spin chains that consist of N spins, for from N =3 to
N =10, and calculate an expectation value of the observable ↑Sz↓/N for the first 100
timesteps. The results calculated by the two algorithms are given in two subfigures
of fig. 2.7. First of all, we investigate that the same dynamics are produced from
both W II and TDVP. This is shown as insignificant discrepancy in the real part
of ↑Sz↓ of the whole system produced by both methods, see fig. 2.7a. However, if
considering in an imaginary part, which should be close to zero for an observable,
we find the TDVP’s results have 6 order-of-magnetude smaller than W II ’s. This
is shown in fig. 2.7b. Furthermore, we observe numerical instability under certain
condition in the W II method; when the interaction is very strong and becomes
more complex. Even when the system is as small as N = 3, shown in fig. 2.8,
we use the interaction Hamiltonian in eq. (1.50) and let r = 0.5 nm. Here, the
algorithm fails to produce a normalized value for expected magnetization, yielding
|↑Sz↓/N | ↭ 1. This observable divergence is not observed in the TDVP. We also
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(a) The di!rent in real part of the observable, average magnetization of the
system, calculated from TDVP and W

II algorithms.

(b) Numerical errors of TDVP and W
II algorithms represented by an imagi-

nary part of the observable. Results from TDVP shows significantly lower
by 6 order-of-magnetude.

Figure 2.7
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calculate the exact dynamics from the exact diagonalization method as a benchmark,
which well validates the TDVP’s result. We suspect that the large imaginary value
and observable divergence in W II are results of exploiting the complex time steps
technique mentioned in section 1.8.1 to improve the propagation error. As using
the technique does not preserve unitarity of the propagator. However, without the
technique, the numerical error of propagating the quantum state with W II method
compared to the exact evolution dramatically degrades from O(dt2) to O(dt). In
this case, the algorithm would not be able to capture the correct dynamics even in
the weaker interaction regime. Since the W II method exhibits limitations in the

Figure 2.8: W
II method becomes instable when interaction is stronger and more com-

plex, leading to the unphysical observable. Meanwhile, the TDVP can
perfectly follow the exact dynamics.

strong interaction regime, rendering it inadequate for our purposes. Therefore, we
select TDVP as a main algorithm in our simulations. In later sections, all tensor
network simulation of NV centers ensemble are produced by TDVP.

2.3 Dynamical simulation of NV centers ensemble
We model an ensemble of NV centers as a one-dimensional spin chain with long-

range interactions. To incorporate dissipative e"ects into the quantum dynamics,
we employ the Matrix Product Density Operator (MPDO) formalism for our
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simulations. We assume a uniform separation r between nearest-neighbor spins, i.e.,
ri,i+1 = r for all i = 1, 2, . . . , N ↔ 1. The spins are arranged linearly in the xy-plane,
with positions given by ϖr(i) = r(i, i, 0)/

→
2. Such one-dimensional arrangements

are experimentally feasible, for example, through the fabrication of diamond nano-
pillars [49] or the use of nano-scale apertures during growth [4]. We investigate the
strong interaction regime by setting the inter-spin separation r to the few-nanometer
scale. For context, typical experiments with dense NV ensembles report average
separations ravg ↘ 10 nm [54, 53], while minimum separations down to r △ 5 nm
have been achieved [21].

Unless specified otherwise, our simulations adhere to the following conditions:

1. The external magnetic field Bz is set such that the Zeeman splitting is
2gsµBBz = 2ε ↗ 407 MHz, matching the level splitting derived from fig. 2.3.

2. A constant and uniform microwave drive is applied resonantly to the |0↓ ∋
|↔1↓ transition, with Rabi frequency ! = 2ε↗2.00 MHz and driving frequency
ϑ = D ↔ gsµBBz.

3. All NV centers belong to the same orientation group, with their symmetry
axes aligned parallel to the [111] crystallographic direction.

4. The simulation time step is dt = 1 ns.

5. The system is initialized in the product state |0↓↗N .

2.3.1 Bond truncation error

A primary source of error in simulations based on Matrix Product States (MPS)
or MPDOs is the truncation error introduced by restricting the bond dimension
to a maximum value, ⇀max. When the number of Schmidt coe!cients required
to represent the state across a bond exceeds ⇀max, the smallest coe!cients are
discarded. The error associated with a single bond truncation is quantified by the
sum of the squares of the discarded singular values sk:

⇁ =
 ∑

k>ϖmax

(sk)2 . (2.14)

For systems exhibiting area-law entanglement scaling, such as those dominated by
nearest-neighbor interactions, this error typically remains bounded during time
evolution. In such cases, the required bond dimension grows slowly, allowing
for e!cient simulation of large systems with controlled errors. However, in our
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system featuring small separations, long-range interactions become significant. The
entanglement structure of states evolving under long-range interactions generally
does not adhere to an area law. Consequently, we investigate the impact of
truncation errors in our MPDO simulations by comparing them against numerically
exact results obtained via exact diagonalization (ED).

We first evaluate the truncation error for unitary evolution (ω = 0, corresponding
to simulating a pure state) using the MPDO. Figures 2.9 and 2.10 compare MPDO
simulations for N = 4 and N = 7 NV centers, respectively, with ED results
for di"erent maximum bond dimensions ⇀max and separations r ⇑ {1.5, 2.0} nm.
Note that the ED results are obtained by simulating the pure state evolution for
computational e!ciency. As expected, stronger interactions (smaller r) lead to
larger truncation errors for a fixed system size and ⇀max. For N = 4, significant
deviations from the ED results are observed when ⇀max < 64, particularly for
⇀max = 16 (figs. 2.9b and 2.9d). For the larger system size N = 7, substantial
errors arise even with larger bond dimensions, especially at smaller separations
(figs. 2.10c and 2.10d). Simulations using smaller ⇀max accurately reproduce the
exact dynamics only for a limited time, until the entanglement growth necessitates
a bond dimension exceeding ⇀max. Beyond this point, truncation errors accumulate,
causing the MPDO results to diverge from the exact solution.

These findings highlight that capturing the dynamics of strongly interacting long-
range systems requires larger values of ⇀max, thereby reducing the computational
e!ciency of MPS/MPDO methods compared to their application in short-range
interacting systems.

2.3.2 Simulation with dissipation

We now introduce dissipation into the model by setting a uniform rate ωi = ω ⇓= 0
for all spins i. Numerical values of ω are consistently given in units of (µs)→1. We
model dissipation using local dephasing Lindblad operators, L̂i = →

ωŜ(i)
z , acting

independently on each spin. This form of dissipation is relevant, for instance, to
noise originating from magnetic field fluctuations. In this scenario, dissipation is
expected to counteract the entanglement growth driven by interactions, potentially
limiting the required bond dimension during time evolution.

Figure 2.11 presents the absolute errors in the average magnetization for dissipa-
tive dynamics (N = 4), comparing MPDO simulations with ED results for various
⇀max, separations r, and dephasing rates ω. The results demonstrate that, for a
fixed ⇀max, the simulation error is generally smaller in the presence of dissipation
compared to the purely unitary case (cf. fig. 2.9). When dissipation (larger ω) limits
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the growth of entanglement across bipartitions, the MPDO representation requires
smaller bond dimensions. Consequently, bond truncation becomes more e"ective,
introducing smaller errors. This illustrates the interplay between interaction-driven
entanglement growth and the suppressive e"ect of dissipation.

To further quantify the complexity of the MPDO representation and gain insight
into entanglement dynamics, we calculate the Operator Entanglement Entropy
(opEE). We compute the opEE of the reduced density matrix associated with a
bipartition of the system at the central bond (connecting sites ▽N/2̸ and ▽N/2̸+1).
We employ the von Neumann entropy definition applied to the squared singular
values {φ2

i } obtained from the Schmidt decomposition of the vectorized density
operator |↼↓↓ across this bond [28]:

Sop = ↔
ϖ∑

i

(φi)2 log2(φi)2 . (2.15)

Here, φi are the singular values from the singular value decomposition (SVD)
across the cutting bond for the MPDO tensor network representing a vectorized
operator |↼↓, and the sum runs up to the bond dimension ⇀. The squares φ2

i form
a probability distribution related to the purity, 

i φ2
i = Tr(↼2).

Note that, in general, opEE does not directly quantify entanglement for mixed
states in the same way von Neumann entropy does for pure states. However, for a
pure state ↼ = |ς↓↑ς|, it can be shown (see eq. (1.161)) that the opEE is exactly
twice the standard von Neumann entanglement entropy S(|ς↓) of the state vector
|ς↓:

Sop(|↼↓↓) = 2S(|ς↓) . (2.16)

Thus, the opEE provides a measure related to entanglement growth and serves as a
useful indicator of the representational complexity of the MPDO, which correlates
with the potential for truncation errors [37].

The bond dimension is typically largest near the center of the chain. fig. 2.12
displays the time evolution of the opEE calculated across this central bond for
systems of size N = 4 and N = 7. fig. 2.12a (N = 4) and fig. 2.12b (N = 7)
show results for unitary evolution (ω = 0), while subfigures fig. 2.12c (N = 4)
and fig. 2.12d (N = 7) illustrate the e"ect of dissipation (ω > 0). The plots
reveal that the opEE growth rate increases with stronger interactions (smaller r).
This observation is consistent with the earlier finding that stronger interactions
lead to larger truncation errors for a fixed ⇀max. Interestingly, for the strongest
interaction considered (r = 1.5 nm) under unitary evolution, the opEE grows
rapidly initially but then exhibits a temporary plateau or saturation behavior
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before potentially resuming growth (figs. 2.12a and 2.12b). As shown in figs. 2.12c
and 2.12d, dissipation e"ectively suppresses the generation of opEE, with higher
dissipation rates ω leading to lower saturation values.

We find that the saturation behavior observed in the opEE growth for the strong
interaction regime (r = 1.5 nm) is sensitive to the Rabi frequency !. This behavior
changes when the spins are driven with a larger Rabi frequency. fig. 2.13 shows the
opEE dynamics for N = 4 up to t = 0.2 µs when the Rabi frequency is doubled to
! = 2ε ↗ 4.00 MHz. With the doubled Rabi frequency, the initial opEE growth is
faster, reaching a higher peak value before exhibiting oscillations or decline around
t ↘ 0.12 µs (fig. 2.13a). The e"ect of dissipation is also shown (fig. 2.13b). Further
details regarding the influence of very small r will be discussed in section 2.4.2.

2.4 Entanglement Generation and QFI Dynamics

2.4.1 QFI calculation with MPDO

This section investigates the generation of entanglement among an ensemble of
NV centers, driven by constant pulses and mediated by dipole-dipole interactions.
Entanglement is a crucial resource for achieving quantum-enhanced probe sensitivity.
We employ the Quantum Fisher Information (QFI) as a criterion to detect and
quantify entanglement within the system.

As established in section 1.11.1, the maximum achievable QFI for an unentangled
probe state in a noiseless magnetic field measurement scales linearly with the number
of particles, N :

max Fprod(Bz, N) = N. (2.17)

Conversely, for an entangled probe state, the maximum QFI can scale quadratically
with N :

max Fent(Bz, N) = N2. (2.18)

Therefore, based on this scaling di"erence, an entanglement criterion 02 for a
quantum state ↼̂ can be defined as the ratio of its QFI, F (↼̂, Ô), to the system size
N [36]:

02 = F (↼̂, Ô)
N

, (2.19)

where 1 < 02 ∈ N indicates entanglement. (2.20)

Satisfying the condition 02 > 1 violates the bound for product states given by
eq. (2.17), thus certifying the presence of entanglement in the state ↼̂. Specifically,
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02 > 1 indicates the presence of partial, k-particle entangled state, for k < N . While
values approaching the upper bound, 02 ↘ N , suggest maximal or near-maximal
entanglement [9, 22].

To study the emergence of entanglement, we simulate the system’s evolution
using the Time-Dependent Variational Principle (TDVP) algorithm. The QFI
dynamics are obtained by computing the QFI at each time step of the simulation
using the tensor network methods. The method for calculating the QFI depends
on the chosen tensor network representation. For Matrix Product Density Oper-
ators (MPDOs), which can represent general mixed states, the QFI is obtained
by computing the optimal Symmetric Logarithmic Derivative (SLD) via a local
optimization procedure (eqs. (1.211) and (1.215)). In contrast, for pure states
represented by Matrix Product States (MPS), the QFI can be calculated more
directly and e!ciently from the variance of the relevant operator (eq. (1.178)).
While the MPS approach is computationally less expensive, it is limited to pure
states. The MPDO method o"ers generality for mixed states but introduces a
potential downside: the local optimization for the SLD may converge to sub-optimal
solutions (false traps) instead of the global optimum. To address this challenge,
we implement a strategy involving multiple optimization repetitions initiated with
di"erent random SLDs, ultimately selecting the result that yields the highest QFI.
A comparison of the QFI dynamics calculated using both methods for the same
Hamiltonian is presented in section 2.4.1. The MPDO results shown were obtained
using 10 optimization repetitions. As demonstrated in the figure and mentioned
previously, the need to optimize the SLD can introduce numerical noise into the
MPDO-based QFI calculation, whereas the MPS-based QFI closely tracks the
results from exact diagonalization (ED). Therefore, the MPS approach should be
employed whenever the system state remains pure, e.g. the dynamic are unitary,
owing to its computational e!ciency and accuracy. The MPDO method, despite
its higher computational cost and potential for optimization-induced fluctuation,
is essential when dealing with mixed states, such as those arising from dynamics
involving dissipation or decoherence.

We simulated the short-time unitary dynamics (up to 200 ns) of N = 2, 3, 4
interacting NV centers under constant microwave driving using the MPDO repre-
sentation, with results shown in fig. 2.15. The QFI was computed at each time step.
To address the potential convergence of the SLD optimization to local minima, we
performed 10 optimizations with random initializations at each step and selected the
maximum QFI value. The resulting QFI dynamics exhibit significant fluctuations,
particularly for larger N and higher Rabi frequencies. This behavior stems from the
increasing complexity of the SLD optimization landscape, which raises the likelihood
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of trapping in local optima. We employed a heuristic strategy to partially mitigate
this, using the optimized SLD from the preceding time step as one of initial guesses
for the current one, which tends to yield smoother dynamics. For clearer visualiza-
tion, the insets display a 10-step moving average of the QFI. As observed in the plots,
systems with weaker interactions (r = 4.0,nm) generate QFI values approaching
the maximum for separable states (Fprod,N = N , eq. (2.17)). The QFI generally
increases over the simulation period as the NV separation decreases, corresponding
to stronger interactions. Crucially, for separations r ∈ 2.5,nm, the QFI surpasses
the separable bound (eq. (2.17)), confirming the presence of interaction-induced
entanglement. This entanglement is a key resource for enhancing the sensitivity of
quantum probes in metrological tasks.

Dissipation, however, significantly degrades the achievable quantum-enhanced
sensitivity. Figure 2.16 demonstrates this e"ect by simulating dynamics under
dephasing (ĉ = Ŝz for all NVs). Unlike the unitary case, a non-zero dephasing
rate ω causes a substantial reduction in the QFI at later times. In this specific
simulation, entanglement generated after t ↘ 90,ns is eliminated.

2.4.2 E!ect from strong interaction

To obtain a clearer view of entanglement creation over longer time scales, we
calculate the entanglement criterion 02 defined in eq. (2.20) for the dynamics of
interacting NVs up to 3 µs. We assign each NV center a principal axis index:
1 = [111], 2 = [1̄11], 3 = [11̄1], and 4 = [111̄]. These indices refer to the orientation
of the NV center’s principal axis relative to the diamond crystal structure. NV
centers with parallel axes (e.g., index 1 and 1) experience stronger dipole-dipole
interaction than those with non-parallel axes (e.g., index 1 and 2) at the same
separation distance. The results are presented in fig. 2.17. Regions where 02 ∈ 1
(no certified entanglement) are colored grey, while other colors indicate varying
degrees of entanglement (02 > 1). The plots show that entanglement is generated
sooner (i.e., at shorter times) when the interaction is stronger. This is confirmed
by comparing the 02 values at the same separation r between systems containing
NV centers with parallel versus non-parallel principal axes; parallel axes lead to
faster entanglement generation. When increasing the system size to N = 3, the
system becomes partially entangled (indicated by 02 > 1) at approximately the
same rate as for N = 2 under similar interaction strengths. However, the condition
for maximal entanglement, 02 ↘ N , is not reached within the simulated time frame
for N = 3. These results suggest that constant driving pulses are insu!cient
to achieve maximally entangled states in systems with N > 2 within practical
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timescales. Furthermore, generating entanglement faster, potentially before the
onset of significant decoherence, likely requires replacing constant pulses with
optimized control sequences. We explore this approach in section 2.5.

Notably, in both fig. 2.15 and fig. 2.17, we observe no entanglement generation
for the case of r = 1.0 nm with parallel axes, despite this configuration having
the strongest interaction strength. This phenomenon is explained by the large
interaction-induced energy level shift, ”Eint, which causes significant detuning from
the driving frequency ϑ. The shift ”Eint can be estimated from the eigenvalues
of the interaction Hamiltonian Ĥint. Typically, this shift is considered negligible
compared to the zero-field splitting D, and the driving frequency ϑ is set resonant
with the unperturbed transition frequency (e.g., ϑ ↘ ”→ = D ↔ gsµBBz for the
|0↓ ∋ |↔1↓ transition, assuming Bz is the external field along the NV axis). However,
at very close separations like r = 1.0 nm, an e"ect of the interaction-induced shift
”Eint becomes significant, rendering the drive o"-resonant. As demonstrated in
fig. 2.18, the entanglement criterion 02 for r = 1.0 nm (parallel axes) is plotted
as a function of a frequency shift ϑshifted, where the applied driving frequency is
ϑ = ”→ + ϑshifted. As expected, entanglement generation (02 > 1) is recovered when
the frequency adjustment compensates for the interaction-induced shift, i.e., when
ϑshifted ↘ ”Eint, bringing the drive back into resonance with the shifted energy
levels.

2.5 Generate entanglement with optimal controls

Entanglement is a crucial resource for achieving quantum-enhanced sensitivity in
spin-defect probes. As established previously, driving the probe with constant pulses
proves ine!cient for generating entanglement for N > 2 systems, particularly when
aiming to prepare maximally entangled states within strict time constraints. This
section addresses the optimal control problem of preparing entanglement between
NV centers within the probe. We demonstrate that entanglement can be generated
via the dipole-dipole interaction using optimal control fields. Furthermore, we
utilize the quantum optimal control toolbox QuOCS [39] to solve this problem.

2.5.1 Control problem

We formulate the entanglement generation task as an optimal control problem.
The objective is to find the time-dependent control fields, collectively denoted as
u(t), that maximize the objective function defined as a fidelity F (u) with respect
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to a desired pure target state |φf↓:

F (u) = F (↼(t), φf ) = ↑φf |↼(t)|φf↓, (2.21)

where ↼(t) is the system state at the time t. Equivalently, we can define a cost
function to be minimized, corresponding to the infidelity: Fcost(u) = 1 ↔ F (u).

For a given total evolution time T , the initial state ↼(0) evolves under the
unitary operator U(t), generated by the time-dependent total Hamiltonian H(t).
This Hamiltonian is the sum of a drift term H0(t) and a control term Hctrl(t):

H(t) = H0(t) + Hctrl(t). (2.22)

The drift Hamiltonian H0(t), expressed in the rotating frame, describes the internal
system dynamics, including the NV zero-field splittings, the Zeeman interaction,
and the dipole-dipole interactions between NV centers:

H0(t) =
N∑

i=1
((D ↔ ϑi)S2

z,i + Bz,iSz) +
∑

i⇒=j

Hdip,(i,j), (2.23)

where Hdip(i,j) is the e"ective dipole-dipole interaction given by eq. (1.52). The
control Hamiltonian Hctrl(t) describes the interaction with external microwave fields,
represented by the time-dependent pulse functions (ux(t), uy(t)), which are the
functions to be optimized:

Hctrl(t) =
N∑

i

(ux,i(t)Sx,i + uy,i(t)Sy,i) . (2.24)

where Sx,i and Sy,i are spin operators acting only to ith spin.
In summary, the goal is to find the optimal pulse functions (ux(t), uy(t)) that

minimize the cost function Fcost(u) (i.e., minimize the infidelity 1 ↔ F (u)) at the
final time T , thereby driving the system from ↼(0) to a state as close as possible to
the target state |φf↓.

2.5.2 dCRAB

The optimal control pulses (ux(t), uy(t)) are determined using the dressed
Chopped Random Basis (dCRAB) algorithm [27, 38], as implemented in the
Python-based quantum optimal control toolbox QuOCS [39]. This algorithm is a
variant of the Chopped Random Basis (CRAB) method, a popular approach for
quantum optimal control. By definition, the CRAB algorithm expands the control
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pulse u(t) in terms of a finite set of Nc basis functions ui(t):

u(t) =
Nc∑

i=1
ciui(t). (2.25)

The optimization problem then reduces to finding the set of optimal coe!cients
ci that minimize the cost function Fcost(u). By choosing a finite number of basis
functions Nc (i.e., "chopping" the basis), the dimension of the search space is
reduced. For instance, choosing Nc = 2 restricts the search to a two-dimensional
parameter space. A standard search algorithm, often a gradient-free method like
the Nelder-Mead simplex algorithm [30], can then be employed to find the optimal
coe!cients ci. The specific choice of algorithm is typically arbitrary within this
class. Optionally, if an initial guess pulse u0(t) is available (which might not be
representable by the chosen basis functions alone), it can be incorporated as a
starting point, modifying the expansion as follows:

u(t) = u0(t)(1 +
Nc∑

i=1
ciui(t)). (2.26)

However, using a fixed, chopped basis can cause the search algorithm to converge to
a local minimum. To mitigate this, the CRAB algorithm employs randomly chosen
basis functions to explore a broader search space. For instance, trigonometric basis
functions like sine functions are commonly used:

u(t) = #(t)
Nc∑

i=1
ci sin(ϑit), (2.27)

with frequencies ϑi typically chosen randomly within a range [0, ϑmax], where ϑmax

is related to the experimental bandwidth. A possible choice is ϑi = ωmax
Nc

(i + ri + 1
2),

where ri are random numbers drawn from the interval [↔0.5, 0.5]. Here, #(t) is a
smooth envelope or shape function ensuring the pulse amplitude starts and ends
at zero. Its steepness parameter s, which can be set arbitrarily, determines how
quickly the pulse ramps up and down. A common form for this function is:

#(t) = tanh(sin( εt

2T
)s)tanh(↔sin(ε(t ↔ T )

2T
)s). (2.28)

To further enhance the avoidance of local minima and explore the search space
more e"ectively, the dressed CRAB (dCRAB) variant introduces an extra layer
of iterative searches over di"erent random bases. Each such search constitutes a
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"super-iteration". In dCRAB, after the optimizer converges during the (j ↔ 1)-th
super-iteration, yielding pulse uj→1(t), a new set of random basis functions uj

i (t) is
generated for the j-th super-iteration. The pulse uj→1(t) serves as the initial guess
for this new stage. The pulse parametrization for the j-th super-iteration is:

uj(t) = cj
0u

j→1(t) +
Nc∑

i=1
cj

i u
j
i (t), (2.29)

and the final optimized pulse after a total of NSI super-iterations is the sum of the
optimized basis contributions from all super-iterations:

uopt(t) =
NSI∑

j=1

Nc∑

i=1
copt,j

i uj
i (t). (2.30)

Consequently, in each super-iteration, the optimization explores new directions
defined by the coe!cients (cj

1, · · · , cj
Nc

) associated with the new random basis uj
i (t),

while the coe!cient cj
0 allows refinement along the direction of the previously

optimized pulse uj→1(t). This "dressing" of the new search with the previous result
helps navigate the optimization landscape more e"ectively.

2.5.3 GHZ state preparation

We now present the results for determining the optimal control pulses required
to prepare entanglement among NV centers. In the simulations, the system is
initialized in the product ground state |0↓↗N . The target state is the N -particle
GHZ state, which is maximally entangled. Specifically for the NV center’s spin-1
basis, we define the target GHZ state involving the |0↓ and | ↔ 1↓ levels as:

|GHZ↓ = 1→
2

(|0↓↗N + | ↔ 1↓↗N). (2.31)

Over the time interval [0, T ], the control pulses (ux(t), uy(t)) are applied to the
NV centers. The system evolves under the Hamiltonian given in eq. (2.22), which
includes the dipole-dipole interactions between NVs. The time evolution is simulated
using the Time-Dependent Variational Principle (TDVP) algorithm, detailed in
section 1.8.2. Following the evolution up to the final time T , the fidelity F (u)
with respect to the target state |φf↓ = |GHZ↓ is calculated as the overlap F (u) =
↑φf |↼(T )|φf↓, where ↼(T ) is the final state. This fidelity determines the cost function
to be minimized: Fcost(u) = 1 ↔ F (u). The cost function is also referred to as the
figure of merit (FOM). The minimization of the cost function is performed using
the QuOCS toolbox, which optimizes the pulse parameters via the dCRAB method.
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A schematic of this process is depicted in fig. 2.20.
Figure 2.21 shows the results of optimizing the control pulses to prepare the

GHZ state for N = 3 NV centers, leveraging their strong dipole-dipole interaction.
The initial state is ↼0 = |0↓↑0|↗3. All NV centers have their principal axes aligned
along the [111] direction and are positioned along a 1-dimensional chain in the
xy-plane, with coordinates ϖrj = (j ·r, j ·r, 0)/

→
2 for j = 1, 2, 3. The nearest-neighbor

separation is set to r = 2 nm. Within each optimization step, the system’s evolution
under the control pulses (ux(t), uy(t)) is simulated for a total duration T = 0.4 µs.
The pulses were optimized over 1000 iterations using the dCRAB algorithm with
the following settings:

1. Pulse basis: Sine functions (Nc = 2).

2. Number of super-iterations: NSI = 5.

3. Shape function (eq. (2.28)) steepness: s = 30.

4. Pulse amplitude constraint: ux,y(t) ⇑ [↔15, 15] MHz.

5. Amplitude variation parameter (dCRAB setting): 10.0.

Figure 2.21a illustrates the minimization of the cost function (FOM) over the
optimization iterations. The observed spikes correspond to the basis randomization
at the start of each super-iteration. Upon completion of the optimization, the final
state ↼f achieves a fidelity FGHZ = ↑GHZ|↼f |GHZ↓ = 0.987. As shown by the state
population histogram in fig. 2.21b, the final state is predominantly a superposition
of the |000↓ and | ↔ ↔↔↓ components, with only small populations in other basis
states. The corresponding optimal control pulses (ux(t), uy(t)) are displayed in
fig. 2.22.

While optimizing pulses yielded successful results for the strongly interacting case
(r = 2 nm), the optimization becomes more challenging when considering weaker,
experimentally realistic interaction strengths. We performed an optimization using
interaction parameters extracted from experimental measurements on a three-NV
sample reported in [21]. The pairwise dipole-dipole interaction strengths were set
to 53.0 kHz, 24.1 kHz, and 4.6 kHz, corresponding to approximate NV separations
of 12.5 nm, 16.3 nm, and 28.2 nm, respectively. These interaction strengths are
roughly two orders of magnitude weaker than the ↘ 6.5 MHz interaction strength
considered for the r = 2 nm separation. For this scenario, the pulse duration was
set to T = 2.0 µs. As shown in fig. 2.23, the optimization failed to prepare the
target GHZ state with high fidelity within this timeframe. This suggests that
generating significant entanglement via weaker dipole-dipole interactions requires
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longer evolution times. However, simulating longer evolution times substantially
increases the computational cost, as maintaining numerical accuracy necessitates
small time steps in the TDVP algorithm. Therefore, finding optimal control
pulses for NV ensembles with realistic interaction strengths presents a significant
computational challenge due to the required longer simulation times.
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(a) (b)

(c) (d)

Figure 2.9: Unitary evolution (ω = 0) of N = 4 NV centers. (a, c) Average magneti-
zation ↑Sz↓ = 1

N


i↑S

(i)
z ↓ versus time, comparing MPDO simulations with

varying ↽max to exact diagonalization (ED). (b, d) Absolute error in average
magnetization, |↑Sz↓MPDO ↔ ↑Sz↓ED|, for the simulation time (t = 0.2 µs)
as a function of ↽max. Top row (a, b): r = 2.0 nm. Bottom row (c, d):
r = 1.5 nm.
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(a) (b)

(c) (d)

Figure 2.10: Unitary evolution (ω = 0) of N = 7 NV centers. (a, c) Average magnetiza-
tion ↑Sz↓ versus time, comparing MPDO simulations with varying ↽max to
exact diagonalization (ED). (b, d) Absolute error in average magnetization
for the simulation time (t = 0.2 µs) as a function of ↽max. Top row (a, b):
r = 2.0 nm. Bottom row (c, d): r = 1.5 nm.
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(a) (b)

(c) (d)

Figure 2.11: Numerical errors in MPDO simulations of dissipative dynamics for N = 4
NV centers, compared to exact diagonalization. Plots show the absolute
error in average magnetization, |↑Sz↓MPDO ↔ ↑Sz↓ED|, for the simulation
time (t = 0.2 µs) as a function of ↽max. Dephasing operator L̂i = →

ωŜ
(i)
z .

(a) r = 2.0 nm, ω = 1.0 (µs)→1. (b) r = 2.0 nm, ω = 5.0 (µs)→1. (c)
r = 1.5 nm, ω = 1.0 (µs)→1. (d) r = 1.5 nm, ω = 5.0 (µs)→1.
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(a) (b)

(c) (d)

Figure 2.12: Operator Entanglement Entropy (opEE, eq. (2.15)) across the central
bond as a function of time. (a) N = 4, unitary evolution (ω = 0). (b)
N = 7, unitary evolution (ω = 0). Line colors indicate separation r. (c)
N = 4, dissipative evolution. (d) N = 7, dissipative evolution. Line colors
indicate separation r (Green: r = 1.5 nm, Blue: r = 2.0 nm), and line
styles indicate dissipation rate ω (solid: ω = 0.0, dashed: ω = 1.0 (µs)→1,
dotted: ω = 5.0 (µs)→1).
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(a) (b)

Figure 2.13: E!ect of doubled Rabi frequency (! = 2φ ↗ 4.00 MHz) on Operator Entan-
glement Entropy (opEE) across the central bond for N = 4. (a) Unitary
evolution (ω = 0). (b) Dissipative evolution with ω = 1.0, 5.0 (µs)→1. Line
colors indicate separation r (Green: r = 1.5 nm, Blue: r = 2.0 nm).

Figure 2.14: Comparison of Quantum Fisher Information (QFI) dynamics calculated
using Matrix Product State (MPS) and Matrix Product Density Operator
(MPDO) representations for the same Hamiltonian. The optimization
required to find the Symmetric Logarithmic Derivative (SLD) for the
MPDO approach can introduce numerical fluctuation, leading to less
smooth results compared to the MPS calculation, which shows excellent
agreement with exact diagonalization (ED).
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(a) N = 2, ! = (2φ)2MHz

(b) N = 3, ! = (2φ)2MHz

(c) N = 4, ! = (2φ)2MHz

(d) N = 2, ! = (2φ)4MHz

(e) N = 3, ! = (2φ)4MHz

(f) N = 4, ! = (2φ)4MHz

Figure 2.15: QFI dynamics for N = 2, 3, 4 NV centers calculated using the MPDO
representation for various NV separations r (indicated by color) and two
Rabi frequencies !. Each point represents the maximum QFI obtained from
10 SLD optimization initializations. The insets show the corresponding
10-step moving average of the QFI to reduce noise visualization.
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Figure 2.16: Comparison of QFI dynamics for N = 3 NVs with separation r = 2.0 nm
under unitary evolution (blue) versus evolution with dephasing (ĉ =
Ŝz, green). Dissipation, modeled with a dephasing rate ω = 5.0 MHz,
significantly suppresses the QFI generated by the interaction, particularly
at later times.
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(a) N = 2 with principal axis index (1, 1).

(b) N = 3 with principal axis index (1, 1, 1).

(c) N = 2 with principal axis index (1, 2).

(d) N = 3 with principal axis index (1, 2, 1).

Figure 2.17: Entanglement criterion ⇀
2 = FQ/N over time as a function of NV sep-

aration r for N = 2 and N = 3 systems with di!erent principal axis
orientations. Colored regions indicate ⇀

2
> 1, signifying entanglement.

Parallel axes lead to stronger interactions and faster entanglement genera-
tion compared to non-parallel axes at the same r. ! = (2φ)2 MHz.
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(a) ! = (2φ)2MHz, ”Eint = ↔26.01MHz.

(b) ! = (2φ)2MHz, ”Eint = ↔52.00MHz.

(c) ! = (2φ)4MHz, ”Eint = ↔26.01MHz.

(d) ! = (2φ)4MHz, ”Eint = ↔52.00MHz.

Figure 2.18: Entanglement criterion ⇀
2 for two NV centers with parallel axes at

r = 1.0 nm, plotted as a function of the driving frequency shift εshifted.
Entanglement generation (⇀2

> 1, colored regions) is suppressed when
εshifted = 0 (drive resonant with unperturbed levels) but is recovered when
εshifted compensates for the interaction-induced energy shift ”Eint.
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Figure 2.19: A shape function as defined in eq. (2.28) with di!erent steepness parameters
s.

Figure 2.20: Diagram illustrating the integration of the tensor network dynamical
simulation within the pulse optimization loop.
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(a)

(b)

Figure 2.21: The pulse optimization to prepare NV centers in the GHZ state for N = 3,
r = 2 nm. All NV’s principal axes are aligned along the [111] direction.
(a): Figure of merit (cost function) as a function of iteration. The cost
function is defined as Fcost(u) = 1 ↔ F (u), where F (u) is the fidelity to
the target state. (b): The probability distribution of the final state. The
histogram shows that the final state is close to the target state, indicating
that the optimization was successful.
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Figure 2.22: The optimal control pulses (ux(t), uy(t)) to prepare NV centers in the
GHZ state for N = 3, r = 2 nm. All NV’s principal axes are aligned along
the [111] direction.
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(a)

(b)

Figure 2.23: The pulse optimization to prepare NV centers in the GHZ state for N = 3,
The interaction strengths are obtained from actual sample in an experiment.
(a): Figure of merit (cost function) as a function of iteration. The cost
function is defined as Fcost(u) = 1 ↔ F (u), where F (u) is the fidelity to
the target state. (b): The probability distribution of the final state. The
histogram shows that the final state is close to the target state, indicating
that the optimization was successful.



Chapter 3

Conclusion and Outlook

Dense ensembles of Nitrogen-Vacancy (NV) centers represent a significant
platform for quantum metrology, o"ering potential sensitivity enhancements derived
from inter-NV interactions. This thesis focused on developing and applying tensor
network (TN) methods to simulate the dissipative temporal dynamics of such
strongly interacting NV center ensembles. Addressing the computational limitations
inherent in exact diagonalization for large system sizes, we modeled the strongly
interacting dense ensemble using a one-dimensional tensor network representation
incorporating long-range interactions. To account for dissipation, mixed quantum
states were represented using the Matrix Product Density Operator (MPDO)
formalism, an extension of the Matrix Product State (MPS) framework suitable for
density matrices.

We investigated two tensor network time-evolution algorithms capable of han-
dling the long-range Hamiltonian: i) the W II Matrix Product Operator (MPO)
method and ii) the time-dependent variational principle (TDVP). The reliability
and accuracy of these algorithms for solving the Lindblad master equation using
MPDOs in the strong interaction regime were systematically compared. While
TDVP exhibited lower computational e!ciency for small system sizes, its time
complexity scaling became comparable to the W II MPO method for larger systems.
However, the W II MPO method was observed to produce unphysical results for
certain observables due to numerical divergences. In contrast, TDVP demonstrated
superior numerical stability, evidenced by significantly smaller errors in the imagi-
nary components of calculated expectation values, indicating better preservation
of hermiticity. These findings led us to conclude that TDVP is the more reliable
algorithm within the parameter regimes relevant to this work. Furthermore, we
assessed the impact of the finite maximum bond dimension (⇀) by comparing
the average magnetization calculated via MPDO against exact diagonalization.

87
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The results confirmed that stronger interactions require larger bond dimensions
to maintain accuracy, as increased entanglement leads to larger truncation errors.
Notably, the inclusion of dissipation was shown to suppress entanglement entropy
growth, thereby, for the smae bond dimension, enhancing the accuracy achievable
for a given computational cost. This highlights the suitability of TN methods,
particularly MPDOs, for simulating open quantum systems.

Turning to applications in quantum sensing, we calculated the Quantum Fisher
Information (QFI) of the evolving quantum state to quantify the metrological
potential. The QFI was computed by variationally approximating the Symmetric
Logarithmic Derivative (SLD) as an MPO, where local tensors were optimized
iteratively via a sweeping procedure. As the QFI establishes the ultimate achievable
sensitivity bound, optimized over all possible POVM measurements and unbiased
estimators, it serves as a crucial metric for assessing sensitivity improvements
and the role of entanglement. While sensitivity scales linearly with the number
of independent spins (Standard Quantum Limit, SQL), interactions can generate
entanglement, potentially enabling sensitivity beyond this limit. Our results for
driven ensembles demonstrated that strong interactions indeed lead to QFI values
exceeding the SQL, confirming entanglement-enhanced sensitivity. Additionally, we
observed that for very strong interactions, the e"ectiveness of constant microwave
driving pulses in generating useful entanglement can be diminished. This occurs
because interaction-induced energy level shifts can detune the spins significantly
from the driving field resonance. In such regimes, altering microwave parameters,
such as intensities or Rabi frequencies, is necessary to optimize sensitivity.

Finally, we employed optimal control techniques to explore the maximization of
the probe’s sensitivity through targeted state preparation. While constant pulses
can generate partial entanglement, reaching the fundamental Heisenberg limit
often requires dynamically shaped pulses. We successfully demonstrated this by
optimizing pulse shapes over a finite evolution time to prepare a three-NV center
state with high fidelity to the Greenberger-Horne-Zeilinger (GHZ) state, a canonical
resource for quantum-enhanced metrology.

Despite the theoretical possibility of maximizing entanglement with strong
interactions using optimal control, translating these findings into experimental
practice remains challenging. A primary di!culty arises because typical coupling
strengths in experimental samples are considerably weaker than those often assumed
in simulations favouring rapid entanglement generation. Consequently, longer pulse
durations are required to achieve significant entanglement enhancement in realistic
systems. Computationally, simulating these long evolutions accurately demands
small time steps to control numerical errors, particularly with variational methods
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like TDVP. This combination significantly increases the simulation time required
for each iteration within an optimal control loop. Considering these constraints,
it remains an open question whether optimal pulses for realistic experimental
parameters can be found within a feasible computational timeframe. Addressing
this scalability challenge is an important direction for future research.
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Nitrogen-vacancy (NV) centers in diamond are a promising platform for highly sensitive quantum sensors for
magnetic fields and other physical quantities. The quest for high sensitivity combined with high spatial resolution
naturally leads to dense ensembles of NV centers and hence to strong, long-range interactions between them.
Hence, simulating strongly interacting NVs becomes essential. However, obtaining the exact dynamics for a
many-spin system is a challenging task due to the exponential scaling of the Hilbert space dimension, a problem
that is exacerbated when the system is modeled as an open quantum system. In this work, we employ the matrix
product density operator (MPDO) method to represent the many-body mixed state and to simulate the dynamics
of an ensemble of NVs in the presence of strong long-range couplings due to dipole-dipole forces. We benchmark
different time-evolution algorithms in terms of numerical accuracy and stability against time evolution based on
exact numerical diagonalization. Subsequently, we simulate the dynamics in the strong-interaction regime and
study the impact of decoherence on the accuracy of the MPDO method. Last, we investigate the dynamics of
quantum Fisher information and show that for small distances below about 5 nm the resulting strong dipole-
dipole interaction can improve the sensitivity for magnetic field sensing when the ensemble is driven by pulses
of constant amplitude.

DOI: 10.1103/PhysRevA.111.022604

I. INTRODUCTION

Probing magnetic fields with high sensitivity and reso-
lution is important in cutting-edge research applications. A
single nitrogen-vacancy (NV) center in diamond was pro-
posed as a nanoscale probe [1] and used for measuring a
magnetic field [2,3]. Recently, controlled systems of double
and triple NV centers were successfully fabricated [4]. Us-
ing NV center ensembles with many spins has the potential
to increase the sensitivity by having more spins in a probe
[5–7]. Requiring, at the same time, high spatial resolution
leads to ensembles with high density. The resulting strong
dipole-dipole interactions between the NV centers lead, how-
ever, to a rapid population of subspaces of Hilbert space with
reduced total spin. For example, if we had two spins 1/2, not
only would the triplet states get populated, but so would the
antisymmetric singlet state, resulting in a reduced response to
the applied magnetic field. This can be considered a form of
intrinsic decoherence [8] in addition to the remaining external
decoherence mechanisms, resulting in short coherence times
[9] and hence less sensitivity. Decoupling the interactions with
specific control pulses or engineering the alignments of NV
centers to reduce interactions can increase the coherence time
and sensitivity [8,10,11]. However, ideally, one would like to
profit from the interactions for generating entangled states that
could highly enhance the sensitivity of the probe.

To model and optimize entanglement generation in a
dissipative system with strong and long-range interactions,
simulations of its dynamics in the presence of microwave

*Contact author: jirawat.saiphet@uni-tuebingen.de

control pulses is necessary. However, given the many-body
nature of an ensemble, simulating its exact dynamics is in-
tractable. Exact simulations of closed spin-1/2 systems with
long-range interaction have been implemented for up to 32
spins [8,12–14] and up to 12 spins with dissipation [15,16].
In order to address this challenge, we use a tensor network
approach to capture the dynamics of the ensemble. Matrix
product states (MPSs) [17–20] were proposed for the efficient
simulation of quantum metrology [21] and open quantum
systems [22]. Simulations of non-Markovian systems have
been performed using matrix product operators (MPOs) with
a nearest-neighbor model [23,24].

In this work, we consider an NV center ensemble that
consists of spin-1 particles. All NV centers interact with each
other via long-range dipole-dipole interaction. We simulate
the dissipative dynamics by using the matrix product density
operator (MPDO) method. We investigate the efficiency of us-
ing MPDOs in simulating dynamics in the strong-interaction
limit and under dissipation. Operator entanglement entropy
(opEE) is computed and used to demonstrate the interplay
between strong interaction and dissipation for the capability
of the MPDO to approximate the exact states. We then address
and quantify possible sensitivity improvements from NV-NV
interactions during the time evolution using quantum Fisher
information.

II. THEORY

A. Strongly interacting NV centers

An NV center is a spin-1 system that forms in a car-
bon lattice of diamonds if two adjacent carbons are replaced
by a nitrogen atom and a vacancy. Without an external

2469-9926/2025/111(2)/022604(9) 022604-1 ©2025 American Physical Society



JIRAWAT SAIPHET AND DANIEL BRAUN PHYSICAL REVIEW A 111, 022604 (2025)

FIG. 1. (a) Four possible orientations given by diamond’s crystallographic axes. (b) Energy levels of an NV center. (c) ODMR spectra of
four different axes from measurements and analytic calculations.

field applied, the diamond structure creates a zero-field split-
ting. Energy levels corresponding to states |0〉 and | ± 1〉,
with ms = 0,±1, respectively, are separated by D = 2π ×
2870 MHz.

Diamond’s crystallographic axes provide four possible ori-
entations of the principal axes of the NV center [see Fig. 1(a)],
separating them into different groups. For example, the NV
center in the [111] group has ẑ parallel to a unit vector

1√
3
(1, 1, 1). Different groups have different couplings to the

magnetic field, which leads to different energy levels that
can be distinguished by optically detected magnetic resonance
(ODMR).

In an external magnetic field, the field component Bz along
the NV center’s principal axis creates an additional energy
splitting between | − 1〉 and | + 1〉 proportional to Bz. This
allows selective transitions from the ground state |0〉 to one
of the two exited states by applying a microwave field at
resonance frequency. Here, we restrict ourselves to a transition
to | − 1〉.

The Hamiltonian for an individual NV center with mi-
crowave drive with Rabi frequency "(t ) is given by

ĤNV,i = h̄
(
DŜ2

z + gsµBB(i)
z Ŝz + "(t ) cos(ωt )Ŝ(i)

x

)
, (1)

where gs % 2 and µB is the Bohr magneton. The spin opera-
tors for S = 1 are

Ŝx = 1√
2




0 1 0
1 0 1
0 1 0



, Ŝy = i√
2




0 −1 0
1 0 −1
0 1 0



,

Ŝz =




1 0 0
0 0 0
0 0 −1



. (2)

Applying the unitary Û = eiωt Ŝ2
z to Eq. (1) to transform to a

frame corotating with the microwave and using the rotating-
wave approximation yields

ĤNV,i = h̄
(

(D − ω)Ŝ2
z + gsµBB(i)

z Ŝz + "(t )
2

Ŝ(i)
x

)
. (3)

At resonance frequency, ω = D ± gsµBB(i)
z , the microwave

drive makes a transition between |0〉 ↔ | ± 1〉 for the ith NV
center. The energy levels of ĤNV,i are depicted in Fig. 1(b).
They agree with the experimental observation [4].

NV centers interact with each other via dipole-dipole inter-
action. We consider a case of strong interaction between NV
centers and hence ignore nuclear spin. The general definition
of dipole-dipole interaction between NV center i and NV
center j is

Hdip,i j = −µ0(gsµB)2h̄2

4πr3
i j

[3('S(i) · r̂)('S( j) · r̂) − 'S(i) 'S( j)], (4)

where 'S(i) = (Ŝx, Ŝy, Ŝz )(i) are spin operators of NV center i
and r̂i j = (rx, ry, rz )i j are the unit vectors connecting the two
NV centers. We restrict ourselves to the case where all NV
center centers have the same orientation. The dipole-dipole
interaction in the rotating frame can then be transformed into
an effective Hamiltonian [16],

Ĥeff,{i j} = Cdip
( 1

2

(
Ŝ(i)

x Ŝ( j)
x + Ŝ(i)

y Ŝ( j)
y

)
− Ŝ(i)

z Ŝ( j)
z

)
, (5)

where Cdip = J0qi j

r3
i j

, J0 = µ0h2(gsµB )2

4π
= 2π × 52 MHz nm3, and

qi j = 3(r̂i j · ẑi )(r̂i j · ẑ j ) − ẑi · ẑ j , with ẑi being the unit vec-
tor pointing in the direction of dipole i. It reduces to qi j =
(3 cos2 θ − 1) and cos θ ≡ ẑi · r̂i j in the case of the same
group (ẑi = ẑ j).

B. Tensor network state

Due to the r−3 scaling, the interactions within an en-
semble of NV centers extends beyond the nearest neighbors
and becomes long range. These all-to-all interactions increase
complexity and limit our capability to exactly simulate the
system to only a few spins. To simulate the many-body
dynamics for an ensemble of NV centers, we represent the
quantum state as a tensor network state. The state of a closed
system is decomposed into a one-dimensional tensor network
structure, called a matrix product state [17–20],

|%〉 =
d∑

i1···iN =1

Ai1 Ai2 · · · AiN |i1 · · · iN 〉, (6)

022604-2
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FIG. 2. Tensor diagrams representing (a) MPS, a wave function
for a pure state; (b) MPO, an operator; and (c) MPDO, a vectorized
density operator constructed from an MPS and its conjugate by con-
tracting auxiliary indices, depicted as dashed lines, and combining
corresponding physical (bonds) indices. The thick line implies square
dimensions compared to the original index.

where a matrix Ain has matrix elements Ain
α(n−1)αn

. The MPS
decomposition in Eq. (6) can be visualized by the tensor
diagram in Fig. 2(a), where each sphere visualizes a tensor
Ain and lines are indices of the tensors. The connecting lines
represent a contraction by summation over a shared index of
two tensors. Each matrix element Ain

α(n−1)αn
in the MPS contains

a physical index in representing the local Hilbert space of the
nth NV center. The virtual index, or bond index αn, having
bond dimensions d (αn) = χn [except for d (α0) = d (αN ) =
1], labels links between two tensors. Those linked bonds will
be contracted when we extract any observable from the MPS.
For example, the contraction of a shared index between ten-
sors Ain−1 Ain ≡

∑χ(n−1)

α(n−1)=1 Ain−1
α(n−2)α(n−1) A

in
α(n−1)αn

happens between
the left bond index αn−1 of Ain and the right bond index
αn−1 of Ain−1 . Note that in Eq. (6) we use notation where the
summation over αn is not written explicitly and n = 1, . . . , N .
Physically, the bond dimension contains information about
the entanglement entropy between the two parts of the tensor
network that the bond connects. Using MPS allows us to
compress the bond dimensions and to efficiently represent the
ground state in compact, small Hilbert spaces.

A similar tensor network structure can be adapted to simu-
late an open system [25,26]. To represent an operator we need
a MPO as given in Fig. 2(b). This MPO, in an orthogonal
basis, represents a density operator of the system,

ρ̂ =
d∑

i1···iN =1

d∑

i′1···i′N =1

Bi1i′1 Bi2i′2 · · · BiN i′N |i1 · · · iN 〉〈i′1 · · · i′N |. (7)

For pure states, this MPO can be constructed by contracting
auxiliary indices of two MPS and then combining correspond-
ing physical (bond) indices. Furthermore, we combine the
physical indices to create a MPDO representing a vectorized

density operator:

|ρ〉〉 =
d2∑

j1··· jN =1

B j1 B j2 · · · B jN | j1 · · · jN 〉〉. (8)

Here, jn = (in, i′n) and | jn〉 + Cd2
is combined from two phys-

ical indices. The dimension of each resulting index is doubled
compared to the MPS. A graphical representation of this pro-
cess is shown in Fig. 2(c).

C. Simulation of dissipative dynamics

We simulate ρ directly, including dissipation, by solving
the vectorized master equation

∂

∂t
|ρ〉〉 = L|ρ〉〉, (9)

where |ρ〉〉 is the MPDO given by Eq. (8) and L is a vectorized
Lindblad operator defined as

L(t ) = − i[Ĥ (t ) ⊗ I − I ⊗ ĤT (t )]

+
∑

i

γi

{
Li ⊗ (L†

i )T −1
2

[L†
i Li ⊗ I + I ⊗ (L†

i Li )T ]
}
.

(10)

Note that when γi = 0, the dynamics are unitary. In this
case when MPS is sufficient to simulate the system, utilizing
MPDO is unnecessary and computationally more expensive
due to the squared memory.

III. RESULTS

We simulate a one-dimensional spin-1 chain with long-
range interaction and dissipation using MPDOs. We assume
uniform separation for nearest-neighbor spins, ri,i+1 = r for
any i = 1, 2, . . . , N . All spins align on the xy plane such
that the position 'r (i) = r(i, i, 0)/

√
2. For the very strong in-

teraction regime, this separation is set to be r < 2 nm, while
experiments with dense samples reached r ∼ 5 nm [4]. In our
simulations we use the following conditions: (1) The ampli-
tude of the external magnetic field is chosen to match the level
splitting read off from the top line in Fig. 1(c), 2gsµBBz =
2π × 407 MHz. (2) Uniform Rabi frequency "(t ) = " =
2π × 2.00 MHz for driving the |0〉 ↔ | − 1〉 transition, with
ω = D − gsµBBz. (3) All NV centers belong to the same
orientation group parallel to [111]. (4) Time step dt = 1 ns.
(5) The initial state is |0〉⊗N .

A. Simulation algorithms in the strong-interaction regime
without dissipation

First, we investigate the precision and numerical stability
of tensor network algorithms in the very strong interaction
regime with γi = 0 for two different algorithms that simulate
time evolution and support the long-range model [27]: (1)
the MPO W II [28] and (2) the time-dependent variational
principle (TDVP) [29,30]. We simulate the dynamics of en-
sembles of up to 10 NV centers and χmax = 16. Here, χmax is
a maximum dimension for all bonds. First of all, we find that
the same dynamics are produced from both W II and the TDVP.
This is shown as a small discrepancy in the real part of 〈Sz〉 of
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FIG. 3. Comparison of simulation results between W II and TDVP algorithms for different N . (a) Real-time evolution of 〈Sz〉 calculated
from the TDVP algorithm with MPDO. (b) Difference in the real part of 〈Sz〉 from the TDVP and W II algorithms. (c) Numerical errors in the
imaginary part of the W II algorithm (main plot) are 5 orders of magnitude larger than in the TDVP algorithm (inset).

the whole system produced by the two algorithms in Fig. 3(b)
when r = 2 nm. However, the TDVP has significantly smaller
errors in the imaginary parts, as shown in Fig. 3(c). Further-
more, in Fig. 4 we observe that the W II can be numerically
unstable under certain condition, i.e., when the interaction
Hamiltonian is fully modeled by Eq. (4) and not approximated
by Eq. (5). The algorithm fails to produce a normalized value
for expected magnetization 〈Sz〉 when the interaction strength
becomes stronger while the TDVP is still valid compared to
exact diagonalization. This is shown in Fig. 4 for N = 3 and
r = 0.5 nm. We suspect that the observable divergence in W II

is a result of exploiting the complex time-step technique men-
tioned in [27] to improve the propagation error, as using the
technique destroys the unitarity of the propagator. However,
without the technique, the numerical error of propagating the
quantum state with the W II method compared to the exact
evolution dramatically degrades from O(dt2) to O(dt ). In this
case, the algorithm will not be able to capture the correct
dynamics even in the weaker-interaction regime. To avoid this
problem, we keep the TDVP as the main algorithm for our
simulations.

FIG. 4. W II can fail when interaction becomes very strong (see
top panel), while TDVP gives the same dynamics as exact diagonal-
ization (bottom panel). Results are for N = 3 and r = 0.5 nm.

B. Dissipative dynamics with finite bond dimensions

A major source of error when using MPSs or MPDOs is
truncation error. Keeping finite bond dimensions and truncat-
ing when the bond indices exceed χmax introduce an error.
This error is given by the square root of the sum of squares
of the truncated singular values of all bonds,

ε =
√ ∑

k>χmax

(sk )2. (11)

Typically, these errors remain bounded if the state has entan-
glement that follows an area law, e.g., when the system has
only nearest-neighbor interactions. In such a case, the bond
dimension grows with small singular values during the time
evolution, allowing the simulation of large systems with small
error. However, since we are considering a case of long-range
interaction, this argument should not hold. In Figs. 5 and 6
we plot simulation results for different χmax with r = 2.0 nm
and r = 1.5 nm compared to a result from exact diagonaliza-
tion for N = 4, 7. We find that stronger interactions introduce
bigger errors in bond truncation. The results for smaller χmax
follow the exact calculation only as long as entanglement
entropy does not reach χmax, i.e., up to a certain number of
time steps before diverging and becoming inaccurate due to
truncation errors.

These results imply that a bigger χmax is required to capture
the dynamics in the presence of long-range, strong interac-
tions, thus making the MPS or MPDO method less efficient.
Next, we add dissipation by setting γi = γ .= 0, so each spin
has the same dissipation rate. Numerical values of γ are
given in (µs)−1 throughout. For the dissipation operator L̂i
we choose the dephasing operator, L̂i = Ŝz, which is relevant,
e.g., for magnetic field noise. Figure 7 shows the absolute
errors compared to exact calculations of dissipative dynamics
for different χmax and different values of r and γ . The dis-
crepancy of these dissipative dynamics compared to the exact
one is smaller than in the nondissipative case for the same
χmax. When the growth of singular values of bipartition of
the total state across the bond is limited by a larger γ , bond
truncation becomes more effective since it introduces fewer
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FIG. 5. Four NV centers with γ = 0. (a) Average magnetization
extracted from MPDO as a function of time and (b) numerical errors
compared to exact diagonalization as a function of maximum bond
dimension for r = 2.0 nm. (c) and (d) The same as (a) and (b), but
for 1.5 nm.

errors. This demonstrates the interplay between the growth
of entanglement entropy due to interactions and dissipation,
which hinders it. To understand quantitatively how stronger
interactions induce entanglement entropy during time evolu-
tion, we calculate the opEE of the reduced density matrix
determined by cutting the system into two halves at the middle

FIG. 6. Seven NV centers with γ = 0. (a) Average magnetiza-
tion extracted from MPDO as a function of time and (b) numerical
errors compared to exact diagonalization as a function of maximum
bond dimension for r = 2.0 nm. (c) and (d) Same as (a) and (b), but
for 1.5 nm.

FIG. 7. Numerical errors compared to exact diagonalization as a
function of maximum bond dimension for four NV centers. (a) r =
2.0 nm and γ = 1.0, (b) r = 2.0 nm and γ = 5.0, (c) r = 1.5 nm and
γ = 1.0, and (d) r = 1.5 nm and γ = 5.0.

bond and tracing out the other half. We use the von Neuman
entropy, which is defined as [31]

Sop = −
χ∑

i

(,i)2 ln(,i)2, (12)

where ,i are singular values of the cut bond with bond di-
mension χ for the vectorized operator. Here, ,i are squared
because they are singular values of a vectorized operator
|ρ〉. Note that in general, opEE does not give a direct mea-
sure of entanglement for mixed states. The opEE for a pure
state is twice the value of its standard entanglement entropy,
Sop(|ρ〉) = 2S(|ψ〉), when ρ = |ψ〉〈ψ | [32]. However, the
opEE provides insight into how well the state can be ap-
proximated by an MPDO, indicating simulation errors from
a truncation [33].

After time evolution, the middle bond index α(N/2+1),
which is the bond that equally separates the MPDO into
two halves, has the largest dimension. Figure 8 shows the
time evolution of the opEE calculated from cutting the mid-
dle bond for N = 4 and N = 7. Figures 8(a) and 8(b) have
γ = 0; Figs. 8(c) and 8(d) show results for different values
of γ . The opEE growth as a function of time is accelerated
as interactions become stronger. This agrees with the results
of larger errors from the truncation shown earlier. Except at
very strong interaction, i.e., r = 1.5 nm, opEE grows at the
beginning and saturates rapidly. For r = 1.5 nm, the initial
growth is fastest, but opEE continues to grow after a short
time interval of a relatively stable value around 0.12 µs. This
behavior depends on the Rabi frequency ". With the doubling
of " from 2π × 2 MHz to 2π × 4 MHz, the initial rise of the
opEE becomes even faster, but the plateau is reached around
0.12 µs [see Fig. 11(a) in Appendix B].
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FIG. 8. Operator entanglement entropy [Eq. (12)] of the middle
bond. (a) and (b), for N = 4 and 7, respectively, show trends of
opEE to grow faster when interactions get stronger. Each line has
γ = 0. (c) and (d), for N = 4 and N = 7, respectively, show dissi-
pation suppresses the generation of opEE. Green: r = 1.5 nm; blue:
r = 2.0 nm. Solid lines, γ = 0.0; dashed lines, γ = 1.0; dotted lines,
γ = 5.0.

C. Quantum Fisher information and sensitivity

According to the Cramér-Rao bound, the sensitivity in
the estimation of a parameter θ using quantum probes is
bounded by the inverse of the quantum Fisher information
(QFI), (.θ )2 > 1

MFQ
, where M is the number of independent

measurements and FQ is the QFI [34]. The definition of the
QFI for a mixed state ρ̂ is given by

FQ = Tr[ρ̂L̂2], (13)

where L̂ is the symmetric logarithmic derivative (SLD) that
satisfies

∂θ ρ̂ = 1
2 (L̂ρ̂ + ρ̂L̂). (14)

Hence, sensitivities can be improved by repeating the mea-
surements or using more probes. For N independent probes,
we obtain the standard quantum limit, .θ > O(1/

√
N ). How-

ever, the QFI can increase when the probes are highly entan-
gled. For example, under evolution with a pure Zeeman term
and in the absence of decoherence and dissipation, probes pre-
pared in a Greenberger-Horne-Zeilinger state achieve optimal
sensitivity for magnetic field measurement that follows the
“Heisenberg limit”, .θ > O(1/N ) [35].

Thus, since interactions are necessary for the creation of
entanglement, dense NV center ensembles harbor the po-
tential for higher sensitivity compared to noninteracting NV
centers. However, the lack of permutational symmetry leads
to the population of other irreducible representations of SU(2)
starting from the one with maximum spin; i.e., on average, the
total spin decays, and sensitivity is reduced. Optimal control
is therefore necessary to harvest the entanglement from strong
interactions to achieve higher sensitivity.

D. Dynamics of QFI

To quantify the sensitivity of the ensemble of interacting
NV centers to a uniform magnetic field Bz, we compute the
quantum Fisher information of the mixed state during time
evolution. Instead of direct calculation using Eq. (13), we use
the tensor network approach for calculating the QFI as in [36].
Note that, unlike in the original work [36], we optimize only
the SLD and not the input state ρ. In short, we iteratively
search for the SLD that satisfies the following definition of
the QFI:

F (ρ/, L) = sup
L

[2Tr(ρ ′
/L) − Tr(ρ/L2)]. (15)

At the beginning, we randomly create the MPO approximation
of an SLD L, given by

L =
∑

jk

Tr
(
S[1] j1

k1
· · · S[n] jn

kn

)
|j〉〈k|. (16)

Here, S[l] jl
kl

is a Hermitian matrix. In searching for an optimal
L we locally update (S[1] j1

k1
, . . . , S[n] jn

kn
) by sweeping from

S[1] to S[n] and back to S[1] again until F has converged. For
example, when updating S[l] jl

kl
, all other tensors S j

k are fixed
and combined. Then after contractions, Eq. (15) becomes

F (ρ, L) = 2
∑

α

bαS[l]α − 2
∑

αβ

S[l]αAαβS[l]β . (17)

Here, b and A are a vector and a matrix resulting from con-
tracting the fixed tensors and combining the uncontracted
indices. A diagrammatic explanation can be found in [36].
Taking the derivative with respect to S[l], ∂F (ρ, L)/∂S[L] =
0, Eq. (17) yields 1

2 (A + AT )|S[l]〉 = |b〉. A solution to this
equation provides a local extremum for the QFI. Since this
local update approach tends to get stuck at local extrema,
several repetitions with different initial L are needed and can
be computationally expensive for large N .

Figure 9 shows the dynamics of the QFI for a nondissipa-
tive system with small size and different r. At each time step,
we find the optimal SLD from 10 independent realizations
and select the one with the largest QFI. Furthermore, we
utilize the optimal SLD obtained from the previous time step
as the initialization for the current time step. Based on our
experience, although the outcome is not guaranteed, imple-
menting such a strategy can lead to a smoother result for the
QFI.

According to Fig. 9, the QFI of r = 4.0 nm nearly reaches
values of N noninteracting probes, denoted as F|+1〉⊗N = N .
The QFI increases if the interactions are stronger, especially
when r 6 2.5 nm, leading to a QFI that can be greater than N .
This suggests that the sensitivity of the probes is enhanced by
the entanglement that is created by the interaction. Still, as for
opEE, the QFI remains relatively small when r = 1.5 nm, i.e.,
for very strong interaction. We find that this is because the in-
teraction strength of the nearest NV center pairs (Cdip,(i,i+1) =
2π × 15.41 MHz) becomes substantially larger than the Rabi
frequency (" = 2π × 2.00 MHz). As shown Fig. 10, the QFI
can be further increased for r = 1.5 nm by increasing the Rabi
frequency.

022604-6



SIMULATION OF THE DISSIPATIVE DYNAMICS OF … PHYSICAL REVIEW A 111, 022604 (2025)

FIG. 9. Dynamics of QFI with Rabi frequency " = 2π × 2.00 MHz. All plots are the best value computed from 10 different SLD
initializations. The insets contain moving averages of the main plots over 10 time steps. (a) N = 2, (b) N = 3, and (c) N = 4.

IV. CONCLUSION

An ensemble of NV center centers is a promising quantum
metrology platform. While adding more independent spins
improves the sensitivity, the probe can, in principle, also reach
greater sensitivity due to entanglement created by interac-
tions. Also, having a dense ensemble means that the total size
of the probe can be smaller, resulting in better spatial resolu-
tion. However, without external control of the entanglement
and the states generated, strong dipole-dipole interactions due
to small separations between NV center centers within a dense
ensemble are usually detrimental for the sensitivity as they
lead to a rapid decay of the total spin.

To investigate a system of strongly interacting NV centers,
we simulated the master equation with dissipation using MP-
DOs. We benchmarked the W II and TDVP algorithms against
the exact numerical diagonalization method for time evolu-
tion with a long-range interaction model. We found the W II

algorithm has bigger errors in the imaginary part and is less
stable in a very small separation regime compared with TDVP.
Then, with TDVP for small NV center separations, we inves-
tigated the effect of finite maximum bond dimensions on the
simulation accuracy. We again determined the accuracy as a
function of bond dimensions by comparing the obtained states
to those from exact diagonalization. Stronger interactions re-

sult in larger errors, suggesting the need for larger bonds. For
dissipative dynamics, we found higher accuracy, which can be
attributed to slower growth of operator entanglement entropy.
These results indicate that the tensor network method could be
suitable for simulating an open system. However, we found an
exception for r = 1.5 nm, for which the errors can be bigger
even though the operator entanglement entropy is smaller than
for r = 2.0 nm.

For applications in quantum sensing, we used the ap-
proach of locally optimizing approximations of the SLD
to obtain the quantum Fisher information. The QFI of
driven ensembles shows that strong interaction can create
entanglement-enhanced sensitivity compared to independent
spins. Our results are based on quantum Fisher informa-
tion, which gives the ultimate achievable sensitivity optimized
over all possible positive operator-valued measurements and
unbiased estimator functions of the parameter. Future in-
vestigations will have to show to what extent this optimal
sensitivity can be reached in specific sensing protocols.

Finally, we observed that the boost in sensitivity can di-
minish when the interaction becomes significantly larger than
the Rabi frequency. In this situation, it is necessary to utilize
microwaves with higher intensities for driving in order to
increase the sensitivity.

FIG. 10. Dynamics of QFI when the Rabi frequency is doubled from Fig. 9 to 2" = 2π × 4.00 MHz. An increase of the maximal value of
the QFI compared to the case with Rabi frequency " = 2π × 2.00 MHz can be observed for r = 1.5 nm. (a) N = 2, (b) N = 3, and (c) N = 4.
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APPENDIX A: PURE-STATE ENTANGLEMENT ENTROPY
FOR A VECTOR AND AN OPERATOR

Any pure state has a Schmidt decomposition |ψAB〉 =∑r
i

√
,i|i〉A ⊗ |i〉B, with Schmidt coefficients

√
,i > 0 and∑r

i ,i = 1. Then we can define the reduced density ma-
trix for a bipartite system by partial trace over the other
parts: ρA = TrB[ρAB] =

∑r
i ,i|i〉A〈i|A and ρB = TrA[ρAB] =∑r

j , j | j〉B〈 j|B. The density operator of the total system
reads ρAB = |ψAB〉〈ψAB| =

∑r,r
i j

√
,i

√
, j (|i〉A ⊗ |i〉B)(〈 j|A ⊗

〈 j|B). The entanglement entropy for the reduced density oper-
ators is defined as

S(ρA) = −Tr[ρA ln(ρA)] = −
r∑

i=1

,i ln ,i, (A1)

where S(ρA) = S(ρB). To find the operator entanglement en-
tropy (opEE), we vectorize ρAB → |ρAB〉〉,

|ρAB〉〉 = |ψAB〉|ψAB〉 (A2)

=
r2∑

µ

1µ|iAiB; jA jB〉. (A3)

Here, 1µ =
√

,i
√

, j , and µ = (i, j). The superdensity oper-
ator, denoted by ρ2, can be created using an outer product:

ρ2
AB = |ρAB〉〈ρAB| (A4)

=
r2,r2∑

µ=(i, j),
ν=(k,l )

1µ1ν |iAiB; jA jB〉〈kAkB; lAlB|. (A5)

Like for ρA(ρB), we can also have ρ2
A(ρ2

B), e.g., ρ2
A =

∑r2

µ 12
µ|iA; jA〉〈iA; jA|. Then we can find the opEE,

Sop(ρ2
A) = −

[
∑

µ

12
µ ln

(
12

µ

)
]

(A6)

= −
[

∑

i, j

(,i, j ) ln(,i, j )

]

(A7)

= −
[

∑

i, j

(,i, j )[ln(,i ) + ln(, j )]

]

(A8)

FIG. 11. Operator entanglement entropy of the middle bond.
Rabi frequency is 2".

= −
[

∑

i

(,i ) ln(,i )
∑

j

(, j ) +
∑

i

(,i )
∑

j

(, j ) ln(, j )

]

(A9)

= −
[

2
∑

i

,i ln(,i )

]

(A10)

= 2S(ρA). (A11)

APPENDIX B: OPEE FOR RABI FREQUENCY 2!

Figure 11 shows, up to 200 ns, the dynamics of the opera-
tor entanglement entropy in the middle bond when the Rabi
frequency is doubled from " = 2π × 2.00 MHz → 2" =
2π × 4.00 MHz.
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