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Abstract

While the success of deep learning is underpinned by learning representations of data, what
information the learned representations extract remains a mystery. In our first contribution (C1),
we show that state-of-the-art approaches to self-supervised visual representation learning extract
the aspects, or factors of variation (FoVs), of the data that are invariant to data augmentations
applied during training, discarding the variant FoVs. In studying augmentations used in practice,
we find that while object class is left invariant, position, hue, and rotation information tend to be
discarded, which is problematic for tasks outside of object recognition, e.g. object localization. In
our second contribution (C2), we show that such approaches can yield disentangled representations,
where all FoVs are extracted separately in the representation, if all FoVs are variant to the
augmentations, an assumption that notably isn’t met by augmentations used in practice. In our
third contribution (C3), we show evidence that this assumption can be met in natural video,
where FoVs undergo transitions that are typically small in magnitude with occasional large
jumps, characteristic of a temporally sparse distribution. While challenges remain for real-world
disentanglement, our contributions provide guidance to the field in the pursuit of progress in
representation learning.
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Zusammenfassung

Während der Erfolg von Deep Learning durch das Erlernen von Datenrepräsentationen unter-
mauert wird, bleibt es unklar, welche Informationen die erlernten Repräsentationen etrahieren.
In unserem ersten Beitrag (C1) zeigen wir, dass hochmoderne Ansätze zum selbstüberwachten vi-
suellen Repräsentationslernen die Aspekte, oder Variationsfaktoren (FoVs), der Daten extrahieren,
die gegenüber der während des Trainings angewendeten Datenaugmentation invariant sind ,
wobei die varianten FoVs verworfen werden. Bei der Untersuchung von in der Praxis verwendeten
Augmentationen stellen wir fest, dass die Objektklasse zwar invariant bleibt, Positions-, Farbton-
und Rotationsinformationen jedoch tendenziell verworfen werden, was für Aufgaben außerhalb
der Objekterkennung problematisch ist, z. B. Objektlokalisierung. In unserem zweiten Beitrag
(C2) zeigen wir, dass solche Ansätze zu disentangled Repräsentationen führen können, bei denen
alle FoVs separat in der Darstellung extrahiert werden, wenn alle FoVs variant gegenüber der Aug-
mentation sind, eine Annahme, die insbesondere bei in der Praxis verwendeten Augmentationen
nicht erfüllt wird. In unserem dritten Beitrag (C3) zeigen wir Beweise dafür, dass diese Annahme
in natürlichen Videos erfüllt werden kann, wo FoVs Übergänge durchlaufen von typischerweise
geringer Größenordnung mit gelegentlich großen Sprüngen durchlaufen, was charakteristisch für
eine zeitlich dünn besetzte Verteilung ist. Auch wenn Disentanglement in der realen Welt noch
vor Herausforderungen steht bieten unsere Beiträge Orientierung für weitere Arbeiten auf der
Suche nach Fortschritten beim Lernen von Repräsentationen.
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1Introduction

From object recognition (Krizhevsky et al., 2012) to conversational assistance (Ouyang et al.,
2022), progress in artificial intelligence (AI) has undoubtedly been driven by deep learning,
where data representations are learned to facilitate the extraction of useful information for
solving downstream tasks (Bengio et al., 2013). Assuming the availability of labels, supervised
learning provides a straightforward way to ensure data representations capture useful information.
However, since data labeling can quickly become prohibitively expensive at scale, modern systems
have instead turned to self-supervised learning (SSL), where approaches are designed for finding
useful representations from unlabeled data (Chen et al., 2020; Brown et al., 2020; Balestriero
et al., 2023). While the application of SSL has led to technology with significant implications
for society (Brundage et al., 2018; Eloundou et al., 2023; EO, 2023), our understanding of what
information the learned representations extract remains limited. For instance, in the traditional
supervised setting, deep neural networks were understood to solve object recognition by extracting
increasingly abstract features from images, i.e. detecting objects as combinations of object parts,
where object parts are composed of identified edges (LeCun et al., 2015; Goodfellow et al., 2016).
However, although visualization techniques (Zeiler and Fergus, 2014) tend to highlight object
parts in features, by experimenting with texture-shape cue conflicts, e.g. cat shape with elephant
texture, it was later shown that networks were in fact biased towards texture (Geirhos et al.,
2019). Moreover, the reliability of feature visualization (Erhan et al., 2009; Mordvintsev et al.,
2015; Olah et al., 2017) has been called into question (Sixt et al., 2020; Borowski et al., 2021;
Geirhos et al., 2023). Given this predicament, are there alternative tools worth considering?

In this thesis, we instead take an identifiability perspective (Comon, 1994; Hyvärinen and
Pajunen, 1999; Hyvärinen et al., 2023), where we study representation learning to understand
what gives rise to the relationship between the extracted representations and the information
of interest. If we are interested in object recognition, we may want learned representations
that not only preserve object class, but where object class can be recovered easily, e.g. via
a linear transform (Chen et al., 2020). However, if we are instead interested in autonomous
driving (Vlasic and Boudette, 2016), object localization, where an identified object is located as
well (Everingham et al., 2015), is also important for an agent (LeCun, 2022) to make reliable
decisions in safety-critical scenarios. This begs the question, does finding useful representations
require deciding apriori what information is useful, and how it should be represented? Further,
can these decisions be enforced in practice?

To address these questions, we present the following contributions. First, in studying state-
of-the-art approaches in visual SSL, we find that the information the learned representations
represent is entirely determined by the choice of data augmentations applied during training.
Second, we find that if we reconsider the choice of data augmentations, the same visual SSL
approaches can yield disentangled representations, where not only is all information preserved,
but information of interest can be recovered by a simple readout of specific representation
components. Third, we find that a shift from data augmentations to natural video can yield
disentangled representations, suggesting a path to disentanglement in practice.
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2 chapter 1. introduction

Figure 1.1: Visual overview of the effect of different data augmentations applied to 10 repre-
sentative samples. Rows correspond to (top to bottom): original images, small random crop (+
random flip), large random crop (+ random flip), color distortion (jitter & drop), and random
rotation. Figure from (Von Kügelgen et al., 2021).

1.1 What do representations represent?

For state-of-the-art approaches to SSL, particularly in vision (Oquab et al., 2023), a common
practice is to learn representations by maximizing alignment (Wang and Isola, 2020), i.e. similarity,
between positive pairs, e.g. data augmentations of the same image, while avoiding collapsed
representations through regularization (Chen et al., 2020; Chen and He, 2021; Caron et al.,
2021). Contrastive approaches (Hadsell et al., 2006; Dosovitskiy et al., 2014; Oord et al., 2018;
Chen et al., 2020) prevent collapse by maximizing dissimilarity between negative pairs, e.g.
data augmentations of different images, leading to an instance discrimination objective. Later
work found that computing dissimilarity with different images was unnecessary for preventing
collapse, as long as augmentations of the same image are processed by asymmetric branches, and
gradients for learning are computed using only one of the branches (Grill et al., 2020; Chen and
He, 2021; Caron et al., 2021). Finally, non-contrastive approaches can also prevent collapse by
maximizing dissimilarity between representation components, thereby reducing redundancy in
the representation (Zbontar et al., 2021; Bardes et al., 2022).

In our first contribution (C1) (Von Kügelgen et al., 2021), we show that such approaches
learn representations that extract the information invariant to the data augmentations applied
during training. Augmentations commonly used in practice are shown in Figure 1.1. While
each augmentation can distort some information, there exists information left unchanged across
all augmentations, i.e., the object in the original image is depicted in all of the augmented
images. Theoretically, we show that representations learned by jointly maximizing alignment
and entropy of the representation, thereby avoiding collapse, contains all and only information
about content, what’s preserved across augmentations, while discarding style, the rest of the
information. Notably, the regularization applied by contrastive approaches has been shown
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Rotation (φ, θ, ψ)

Figure 1.2: Influence of factors of variation (FoVs) on renderings. Each column corresponds
to a traversal in one of the 10 latent factors while the other factors are kept fixed. Figure
from (Zimmermann et al., 2021) (made by Roland S. Zimmermann).

to maximize entropy (Wang and Isola, 2020), and for non-contrastive approaches, maximizing
entropy minimizes redundancy in the representation (Zbontar et al., 2021). Empirically, for
contrastive and non-contrastive learning, we find that while we are able to consistently infer
object class, the same cannot be said for position, hue, and rotation information.

Given object recognition forms the basis for benchmarking visual SSL, it is unsurprising that
state-of-the-art approaches choose data augmentations that will discard irrelevant information
for this downstream task. However, as discussed, discarding positional, hue, and rotation
information can be problematic when reliable decision-making depends on said variables, e.g. in
autonomous driving. If we instead disentangled this information, we could maintain state-of-the-
art performance on object recognition by isolating object class, while having positional, hue and
rotation information separated, such that decision-making can operate on each variable when
needed. While recent work has sought to disentangle rather than discard (Eastwood et al., 2023),
disentangled representation learning in practice remains an open question.

1.2 When do representations disentangle?

From an identifiability perspective, disentanglement has been studied as a long-standing goal
of independent component analysis (ICA) (Comon, 1994). ICA can be viewed as an extension
of principal component analysis (PCA), in that it extracts independent as opposed to merely
uncorrelated components, enabling identifiability of the latent sources, or the factors of variation
(FoVs) (Bengio et al., 2013), underlying the observational data. As can be seen in Figure 1.2,
each FoV is information that can be independently varied; while position, rotation, and hue FoVs
are depicted for a teapot, varying object identity would result in an object class FoV as well.
Disentanglement ensures that each component of the representation isolates different FoVs, e.g.
object identity and location are extracted separately.

In our second contribution (C2) (Zimmermann et al., 2021), we show that the aforementioned
state-of-the-art visual SSL approaches can in fact achieve disentanglement, if certain statistical
assumptions are fulfilled by the data generating process. Empirically, we find that the result
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Figure 1.3: Statistics of Natural Transitions. Left) Distribution over transitions for horizontal
(∆x) and vertical (∆y) position as well as object size (∆area) for both YouTube-VOS (Xu et al.,
2018; Yang et al., 2019) and KITTI-MOTS (Voigtlaender et al., 2019; Geiger et al., 2012; Milan
et al., 2016). Orange lines indicate fits of generalized Laplace distributions (Subbotin, 1923).
Right) 2D marginal distribution over pairs of factor transitions (blue) and permuted pairs (orange)
that indicate the marginal distributions when made independent. Figure from (Klindt et al.,
2021) (made with David Klindt and Lukas Schott).

holds even if these assumptions are severely violated. For example, theoretically, we require that
the FoVs underlying the data are sampled from a uniform distribution, however, empirically, we
simply require that this distribution is less concentrated than the distribution underlying the
positive pair used for maximizing alignment. Otherwise, it is impossible to distinguish negative
pairs from positive pairs in contrastive learning.

While we empirically find that the conditions needed for successful disentanglement are
significantly looser than the theoretical assumptions, we do not observe disentanglement in
practice from state-of-the-art approaches due to the chosen data augmentations. Disentanglement
was observed in a synthetic setting, where positive pairs were not data augmentations of the same
image, but instead, image renderings corresponding to FoVs sampled from specified probability
distributions, i.e. if (z, z̃) underly the positive pair, z̃ is sampled from a distribution, e.g.
truncated normal, conditioned on z. Notably, the conditional distributions allowed all FoVs to
change according to the same distribution, while data augmentations used in practice instead
leave certain FoVs unchanged, leading to state-of-the-art representations preserving said FoVs,
discarding the other ones. Thus, in order for visual SSL approaches to disentangle the FoVs,
we must maximize alignment between positive pairs where all FoVs are able to change. Is this
possible in practice?

1.3 Is disentanglement possible in practice?

In order to achieve disentanglement in practice, we must be able to fulfill the empirical conditions
for success. For state-of-the-art visual SSL approaches, we require positive pairs where all FoVs
can change, however, in practice, we cannot inspect the FoVs, as we only have access to the
observations the FoVs underly. With that said, if we consider again the object-centric information
we would like to disentangle, we recognize that the FoVs of interest can be annotated. Thus, if
we can find a data source where the conditional distribution shows the FoVs are variant across
positive pairs, we have identified a path to disentanglement in practice.

In our third contribution (C3) (Klindt et al., 2021), we find that video provides a path to
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disentanglement in practice. Considering position and scale as FoVs of interest, we compute
values for these FoVs from object mask annotations provided by the YouTube-VOS (Xu et al.,
2018; Yang et al., 2019) and KITTI-MOTS (Voigtlaender et al., 2019; Geiger et al., 2012; Milan
et al., 2016) video datasets. As can be seen in Figure 1.3 (left), if we plot the distribution for the
temporal difference between the FoVs at time t and time t − 1, we find that not only do all FoVs
change between frames, but for all distributions, the temporal change is sparse. In line with
the theoretical conditions presented in (Zimmermann et al., 2021), if we maximize alignment
between frames t and t − 1 using an L1 metric, which corresponds to the conditional distribution
over the representations of the positive pair that matches the observed sparse transitions of the
FoVs, we theoretically and empirically achieve disentanglement.

However, real-world disentanglement has not yet been demonstrated. Theoretically, while
evidence has been given that position and scale change sparsely over time, our model assumes all
FoVs change sparsely over time, not only according to the same distribution, but independently
as well. In Figure 1.3 (right), we can see that FoVs are statistically dependent, the magnitude of
frame-to-frame change in position is correlated with that of scale, but empirically, we do not
find that disentanglement is reliant on this statistical independence assumption. Still, while we
observe good disentanglement, reaching 90.6% performance on disentangling position and scale
after training on natural transition statistics, we only demonstrate disentanglement on object
mask images. While state-of-the-art visual SSL scales well to natural visual complexity, SSL
demonstrations which show that leveraging video improves downstream performance, e.g. in
object recognition and localization, are still in their infancy (Tschannen et al., 2020; Sharma
et al., 2022; Parthasarathy et al., 2023). With that said, our contribution is significant in
bridging the gap between disentanglement and SSL in practice. After sharing the publications
for C1-C3 (Von Kügelgen et al., 2021; Zimmermann et al., 2021; Klindt et al., 2021) we will
conclude with a discussion on how the promise of disentanglement could be fulfilled.
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Self-Supervised Learning with Data Augmentations

Provably Isolates Content from Style

Julius von Kügelgen∗1,2 Yash Sharma∗3,4 Luigi Gresele∗1

Wieland Brendel 3 Bernhard Schölkopf†1 Michel Besserve†1 Francesco Locatello†5

1 Max Planck Institute for Intelligent Systems Tübingen 2 University of Cambridge
3 Tübingen AI Center, University of Tübingen 4 IMPRS for Intelligent Systems 5 Amazon

Abstract

Self-supervised representation learning has shown remarkable success in a number
of domains. A common practice is to perform data augmentation via hand-crafted
transformations intended to leave the semantics of the data invariant. We seek to
understand the empirical success of this approach from a theoretical perspective.
We formulate the augmentation process as a latent variable model by postulating a
partition of the latent representation into a content component, which is assumed
invariant to augmentation, and a style component, which is allowed to change.
Unlike prior work on disentanglement and independent component analysis, we
allow for both nontrivial statistical and causal dependencies in the latent space.
We study the identifiability of the latent representation based on pairs of views
of the observations and prove sufficient conditions that allow us to identify the
invariant content partition up to an invertible mapping in both generative and dis-
criminative settings. We find numerical simulations with dependent latent variables
are consistent with our theory. Lastly, we introduce Causal3DIdent, a dataset of
high-dimensional, visually complex images with rich causal dependencies, which
we use to study the effect of data augmentations performed in practice.

1 Introduction

Learning good representations of high-dimensional observations from large amounts of unlabelled
data is widely recognised as an important step for more capable and data-efficient learning systems [10,
72]. Over the last decade, self-supervised learning (SSL) has emerged as the dominant paradigm for
such unsupervised representation learning [1, 20, 21, 34, 41, 47, 48, 90, 91, 115, 122, 125, 126]. The
main idea behind SSL is to extract a supervisory signal from unlabelled observations by leveraging
known structure of the data, which allows for the application of supervised learning techniques. A
common approach is to directly predict some part of the observation from another part (e.g., future
from past, or original from corruption), thus forcing the model to learn a meaningful representation in
the process. While this technique has shown remarkable success in natural language processing [13,
23, 30, 81, 84, 86, 95, 99] and speech recognition [5, 6, 100, 104], where a finite dictionary allows
one to output a distribution over the missing part, such predictive SSL methods are not easily applied
to continuous or high-dimensional domains such as vision. Here, a common approach is to learn a
joint embedding of similar observations or views such that their representation is close [7, 12, 22, 44].
Different views can come, for example, from different modalities (text & speech; video & audio)
or time points. As still images lack such multi-modality or temporal structure, recent advances in
representation learning have relied on generating similar views by means of data augmentation.

∗Joint first author. †Joint senior author. Correspondence to: jvk@tue.mpg.de
Code available at: https://www.github.com/ysharma1126/ssl_identifiability

35th Conference on Neural Information Processing Systems (NeurIPS 2021).
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In order to be useful, data augmentation is thought to require the transformations applied to generate
additional views to be generally chosen to preserve the semantic characteristics of an observation,
while changing other “nuisance” aspects. While this intuitively makes sense and has shown remark-
able empirical results, the success of data augmentation techniques in practice is still not very well
understood from a theoretical perspective—despite some efforts [17, 19, 28]. In the present work, we
seek to better understand the empirical success of SSL with data augmentation by formulating the
generative process as a latent variable model (LVM) and studying identifiability of the representation,
i.e., under which conditions the ground truth latent factors can provably be inferred from the data [77].

Related work and its relation to the current. Prior work on unsupervised representation learning
from an LVM perspective often postulates mutually independent latent factors: this independence
assumption is, for example, at the heart of independent component analysis (ICA) [24, 56] and
disentanglement [10, 14, 18, 49, 65, 71]. Since it is impossible to identify the true latent factors
without any supervisory signal in the general nonlinear case [57, 82], recent work has turned to
weakly- or self-supervised approaches which leverage additional information in the form of multiple
views [39, 83, 108, 129], auxiliary variables [58, 63], or temporal structure [45, 54, 55, 69]. To
identify or disentangle the individual independent latent factors, it is typically assumed that there is a
chance that each factor changes across views, environments, or time points.

cs s̃

x x̃

style change

augmented
original

Figure 1: Overview of our problem for-
mulation. We partition the latent variable
z into content c and style s, and allow for
statistical and causal dependence of style
on content. We assume that only style
changes between the original view x and
the augmented view x̃, i.e., they are ob-
tained by applying the same deterministic
function f to z = (c, s) and z̃ = (c, s̃).

Our work—being directly motivated by common practices
in SSL with data augmentation—differs from these works in
the following two key aspects (see Fig. 1 for an overview).
First, we do not assume independence and instead allow for
both nontrivial statistical and causal relations between latent
variables. This is in line with a recently proposed [105] shift
towards causal representation learning [40, 76, 85, 87, 106,
107, 112, 123, 127], motivated by the fact that many underly-
ing variables of interest may not be independent but causally
related to each other.1 Second, instead of a scenario wherein
all latent factors may change as a result of augmentation,
we assume a partition of the latent space into two blocks: a
content block which is shared or invariant across different
augmented views, and a style block that may change. This
is aligned with the notion that augmentations leave certain
semantic aspects (i.e., content) intact and only affect style,
and is thus a more appropriate assumption for studying SSL.
In line with earlier work [39, 54, 57, 58, 63, 69, 82, 83, 129],
we focus on the setting of continuous ground-truth latents,
though we believe our results to hold more broadly.

Structure and contributions. Following a review of SSL with data augmentation and identifiability
theory (§ 2), we formalise the process of data generation and augmentation as an LVM with content
and style variables (§ 3). We then establish identifiability results of the invariant content partition (§ 4),
validate our theoretical insights experimentally (§ 5), and discuss our findings and their limitations in
the broader context of SSL with data augmentation (§ 6). We highlight the following contributions:

• we prove that SSL with data augmentations identifies the invariant content partition of the rep-
resentation in generative (Thm. 4.2) and discriminative learning with invertible (Thm. 4.3) and
non-invertible encoders with entropy regularisation (Thm. 4.4); in particular, Thm. 4.4 provides a
theoretical justification for the empirically observed effectiveness of contrastive SSL methods that
use data augmentation and InfoNCE [91] as an objective, such as SimCLR [20];

• we show that our theory is consistent with results in simulating statistical dependencies within
blocks of content and style variables, as well as with style causally dependent on content (§ 5.1);

• we introduce Causal3DIdent, a dataset of 3D objects which allows for the study of identifiability in a
causal representation learning setting, and use it to perform a systematic study of data augmentations
used in practice, yielding novel insights on what particular data augmentations are truly isolating
as invariant content and discarding as varying style when applied (§ 5.2).

1E.g., [69], Fig. 11 where dependence between latents was demonstrated for multiple natural video data sets.
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2 Preliminaries and background

Self-supervised representation learning with data augmentation. Given an unlabelled dataset
of observations (e.g., images) x, data augmentation techniques proceed as follows. First, a set
of observation-level transformations t ∈ T are specified together with a distribution pt over T .
Both T and pt are typically designed using human intelligence and domain knowledge with the
intention of not changing the semantic characteristics of the data (which arguably constitutes a form
of weak supervision).2 For images, for example, a common choice for T are combinations of random
crops [113], horizontal or vertical flips, blurring, colour distortion [52, 113], or cutouts [31]; and
pt is a distribution over the parameterisation of these transformations, e.g., the centre and size of a
crop [20, 31]. For each observation x, a pair of transformations t, t′ ∼ pt is sampled and applied
separately to x to generate a pair of augmented views (x̃, x̃′) = (t(x), t′(x)).

The joint-embedding approach to SSL then uses a pair of encoder functions (g,g′), i.e. deep nets,
to map the pair (x̃, x̃′) to a typically lower-dimensional representation (z̃, z̃′) = (g(x̃),g′(x̃′)).
Often, the two encoders are either identical, g = g′, or directly related (e.g., via shared parameters
or asynchronous updates). Then, the encoder(s) (g,g′) are trained such that the representations
(z̃, z̃′) are “close”, i.e., such that sim(z̃, z̃′) is large for some similarity metric sim(·), e.g., the cosine
similarity [20, 129], or negative L2 norm [129]. The advantage of directly optimising for similarity
in representation space over generative alternatives is that reconstruction can be very challenging
for high-dimensional data. The disadvantage is the problem of collapsed representations.3 To avoid
collapsed representations and force the encoder(s) to learn a meaningful representation, two main
families of approaches have been used: (i) contrastive learning (CL) [20, 47, 48, 91, 115, 126]; and
(ii) regularisation-based SSL [21, 41, 128].

The idea behind CL is to not only learn similar representations for augmented views (x̃i, x̃
′
i) of the

same xi, or positive pairs, but to also use other observations xj (j 6= i) to contrast with, i.e., to enforce
a dissimilar representation across negative pairs (x̃i, x̃

′
j). In other words, CL pulls representations of

positive pairs together, and pushes those of negative pairs apart. Since both aims cannot be achieved
simultaneously with a constant representation, collapse is avoided. A popular CL objective function
(used, e.g., in SimCLR [20]) is InfoNCE [91] (based on noise-contrastive estimation [42, 43]):

LInfoNCE(g; τ,K) = E{xi}K
i=1∼px

[

−
∑K

i=1 log
exp{sim(z̃i,z̃

′

i)/τ}∑
K
j=1 exp{sim(z̃i,z̃′

j)/τ}

]

(1)

where z̃ = Et∼pt
[g(t(x))], τ is a temperature, andK−1 is the number of negative pairs. InfoNCE (1)

has an interpretation as multi-class logistic regression, and lower bounds the mutual information across
similar views (z̃, z̃′)—a common representation learning objective [4, 9, 15, 50, 75, 79, 80, 97, 120].
Moreover, (1) can be interpreted as alignment (numerator) and uniformity (denominator) terms, the
latter constituting a nonparametric entropy estimator of the representation as K → ∞ [124]. CL with
InfoNCE can thus be seen as alignment of positive pairs with (approximate) entropy regularisation.

Instead of using negative pairs, as in CL, a set of recent SSL methods only optimise for alignment and
avoid collapsed representations through different forms of regularisation. For example, BYOL [41]
and SimSiam [21] rely on “architectural regularisation” in the form of moving-average updates for
a separate “target” net g′ (BYOL only) or a stop-gradient operation (both). BarlowTwins [128], on
the other hand, optimises the cross correlation between (z̃, z̃′) to be close to the identity matrix, thus
enforcing redundancy reduction (zero off-diagonals) in addition to alignment (ones on the diagonal).

Identifiability of learned representations. In this work, we address the question of whether SSL
with data augmentation can reveal or uncover properties of the underlying data generating process.
Whether a representation learned from observations can be expected to match the true underlying
latent factors—up to acceptable ambiguities and subject to suitable assumptions on the generative
process and inference model—is captured by the notion of identifiability [77].

Within representation learning, identifiability has mainly been studied in the framework of (nonlinear)
ICA which assumes a model of the form x = f(z) and aims to recover the independent latents, or
sources, z, typically up to permutation or element-wise transformation. A crucial negative result states
that, with i.i.d. data and without further assumptions, this is fundamentally impossible [57]. However,
recent breakthroughs have shown that identifiability can be achieved if an auxiliary variable (e.g.,

2Note that recent work has investigated automatically discovering good augmentations [26, 27].
3If the only goal is to make representations of augmented views similar, a degenerate solution which simply

maps any observation to the origin trivially achieves this goal.
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a time stamp or environment index) renders the sources conditionally independent [45, 54, 55, 58].
These methods rely on constructing positive and negative pairs using the auxiliary variable and
learning a representation with CL. This development has sparked a renewed interest in identifiability
in the context of deep representation learning [63, 64, 69, 83, 102, 108, 109, 129].

Most closely related to SSL with data augmentation are works which study identifiability when
given a second view x̃ of an observation x, resulting from a modified version z̃ of the underlying
latents or sources z [39, 69, 83, 101, 108, 129]. Here, z̃ is either an element-wise corruption of
z [39, 69, 101, 129] or may share a random subset of its components [83, 108]. Crucially, all
previously mentioned works assume that any of the independent latents (are allowed to) change,
and aim to identify the individual factors. However, in the context of SSL with data augmentation,
where the semantic (content) part of the representation is intended to be shared between views, this
assumption does not hold.

3 Problem formulation

We specify our problem setting by formalising the processes of data generation and augmentation. We
take a latent-variable model perspective and assume that observations x (e.g., images) are generated
by a mixing function f which takes a latent code z as input. Importantly, we describe the augmentation
process through changes in this latent space as captured by a conditional distribution pz̃|z, as opposed
to traditionally describing the transformations t as acting directly at the observation level.

Formally, let z be a continuous r.v. taking values in an open, simply-connected n-dim. representation
space Z ⊆ R

n with associated probability density pz. Moreover, let f : Z → X be a smooth and
invertible mapping to an observation space X ⊆ R

d and let x be the continuous r.v. defined as
x = f(z).4 The generative process for the dataset of original observations of x is thus given by:

z ∼ pz, x = f(z). (2)

Next, we formalise the data augmentation process. As stated above, we take a representation-centric
view, i.e., we assume that an augmentation x̃ of the original x is obtained by applying the same
mixing or rendering function f to a modified representation z̃ which is (stochastically) related to
the original representation z of x. Specifying the effect of data augmentation thus corresponds to
specifying a conditional distribution pz̃|z which captures the relation between z and z̃.

In terms of the transformation-centric view presented in § 2, we can view the modified representation
z̃ ∈ Z as obtained by applying f−1 to a transformed observation x̃ = t(x) ∈ X where t ∼ pt, i.e.,
z̃ = f−1(x̃). The conditional distribution pz̃|z in the representation space can thus be viewed as being
induced by the distribution pt over transformations applied at the observation level.5

We now encode the notion that the set of transformations T used for augmentation is typically chosen
such that any transformation t ∈ T leaves certain aspects of the data invariant. To this end, we
assume that the representation z can be uniquely partitioned into two disjoint parts:

(i) an invariant part c which will always be shared across (z, z̃), and which we refer to as content;
(ii) a varying part s which may change across (z, z̃), and which we refer to as style.

We assume that c and s take values in content and style subspaces C ⊆ R
nc and S ⊆ R

ns , respectively,
i.e., n = nc + ns and Z = C × S . W.l.o.g., we let c corresponds to the first nc dimensions of z:

z = (c, s), c := z1:nc
, s := z(nc+1):n,

We formalise the process of data augmentation with content-preserving transformations by defining
the conditional pz̃|z such that only a (random) subset of the style variables change at a time.
Assumption 3.1 (Content-invariance). The conditional density pz̃|z over Z × Z takes the form

pz̃|z(z̃|z) = δ(c̃− c)ps̃|s(s̃|s)

for some continuous density ps̃|s on S × S , where δ(·) is the Dirac delta function, i.e., c̃ = c a.e.

Assumption 3.2 (Style changes). Let A be the set of subsets of style variables A ⊆ {1, ..., ns} and
let pA be a distribution on A. Then, the style conditional ps̃|s is obtained via

A ∼ pA, ps̃|s,A(s̃|s, A) = δ(s̃Ac − sAc)ps̃A|sA(s̃A|sA) ,

where ps̃A|sA is a continuous density on SA × SA, SA ⊆ S denotes the subspace of changing style
variables specified by A, and Ac = {1, ..., ns} \A denotes the complement of A.

4While x may be high-dimensional n � d, invertibility of f implies that X is an n-dim. sub-manifold of Rd.
5We investigate this correspondence between changes in observation and latent space empirically in § 5.
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Note that Assumption 3.2 is less restrictive than assuming that all style variables need to change,
since it also allows for only a (possibly different) subset of style variables to change for any given
observation. This is in line with the intuition that not all transformations affect all changeable (i.e.,
style) properties of the data: e.g., a colour distortion should not affect positional information, and, in
the same vein, a (horizontal or vertical) flip should not affect the colour spectrum.

The generative process of an augmentation or transformed observation x̃ is thus given by

A ∼ pA, z̃|z, A ∼ pz̃|z,A, x̃ = f(z̃). (3)

Our setting for modelling data augmentation differs from that commonly assumed in (multi-view)
disentanglement and ICA in that we do not assume that the latent factors z = (c, s) are mutually (or

conditionally) independent, i.e., we allow for arbitrary (non-factorised) marginals pz in (2).6

Causal interpretation: data augmentation as counterfactuals under soft style intervention. We
now provide a causal account of the above data generating process by describing the (allowed) causal
dependencies among latent variables using a structural causal model (SCM) [94]. As we will see, this
leads to an interpretation of data augmentations as counterfactuals in the underlying latent SCM. The
assumption that c stays invariant as s changes is consistent with the view that content may causally
influence style, c → s, but not vice versa, see Fig. 1. We therefore formalise their relation as:

c := fc(uc), s := fs(c,us), (uc,us) ∼ puc
× pus

where uc,us are independent exogenous variables, and fc, fs are deterministic functions. The latent
causal variables (c, s) are subsequently decoded into observations x = f(c, s). Given a factual obser-
vation xF = f(cF, sF) which resulted from (uF

c
,uF

s
), we may ask the counterfactual question: “what

would have happened if the style variables had been (randomly) perturbed, all else being equal?”.
Consider, e.g., a soft intervention [35] on s, i.e., an intervention that changes the mechanism fs to

do(s := f̃s(c,us,uA)),

where uA is an additional source of stochasticity accounting for the randomness of the augmentation
process (pA × ps̃|s,A). The resulting distribution over counterfactual observations xCF = f(cF, sCF)
can be computed from the modified SCM by fixing the exogenous variables to their factual values
and performing the soft intervention:

cCF := cF, sCF := f̃s(c
F,uF

s
,uA), uA ∼ puA

.

This aligns with our intuition and assumed problem setting of data augmentations as style corruptions.
We note that the notion of augmentation as (hard) style interventions is also at the heart of ReLIC [87],
a recently proposed, causally-inspired SSL regularisation term for instance-discrimination [44, 126].
However, ReLIC assumes independence between content and style and does not address identifiability.
For another causal perspective on data augmentation in the context of domain generalisation, c.f. [59].

4 Theory: block-identifiability of the invariant content partition

Our goal is to prove that we can identify the invariant content partition c under a distinct, weaker set of
assumptions, compared to existing results in disentanglement and nonlinear ICA [39, 69, 83, 108, 129].
We stress again that our primary interest is not to identify or disentangle individual (and independent)
latent factors zj , but instead to separate content from style, such that the content variables can be
subsequently used for downstream tasks. We first define this distinct notion of block-identifiability.
Definition 4.1 (Block-identifiability). We say that the true content partition c = f−1(x)1:nc

is
block-identified by a function g : X → Z if the inferred content partition ĉ = g(x)1:nc

contains all
and only information about c, i.e., if there exists an invertible function h : Rnc → R

nc s.t. ĉ = h(c).

Defn. 4.1 is related to independent subspace analysis [16, 53, 73, 114], which also aims to iden-
tify blocks of random variables as opposed to individual factors, though under an independence
assumption across blocks, and typically not within a multi-view setting as studied in the present work.

4.1 Generative self-supervised representation learning

First, we consider generative SSL, i.e., fitting a generative model to pairs (x, x̃) of original and
augmented views.7 We show that under our specified data generation and augmentation process (§ 3),

6The recently proposed Independently Modulated Component Analysis (IMCA) [64] extension of ICA is a
notable exception, but only allows for trivial dependencies across z in the form of a shared base measure.

7For notational simplicity, we present our theory for pairs (x, x̃) rather than for two augmented views (x̃, x̃′),
as typically used in practice but it also holds for the latter, see § 6 for further discussion.

5



as well as suitable additional assumptions (stated and discussed in more detail below), it is possible
to isolate (i.e., block-identify) the invariant content partition. Full proofs are included in Appendix A.
Theorem 4.2 (Identifying content with a generative model). Consider the data generating process
described in § 3, i.e., the pairs (x, x̃) of original and augmented views are generated according to (2)
and (3) with pz̃|z as defined in Assumptions 3.1 and 3.2. Assume further that

(i) f : Z → X is smooth and invertible with smooth inverse (i.e., a diffeomorphism);

(ii) pz is a smooth, continuous density on Z with pz(z) > 0 almost everywhere;

(iii) for any l ∈ {1, ..., ns}, ∃A ⊆ {1, ..., ns} s.t. l ∈ A; pA(A) > 0; ps̃A|sA is smooth w.r.t. both

sA and s̃A; and for any sA, ps̃A|sA(·|sA) > 0 in some open, non-empty subset containing sA.

If, for a given ns (1 ≤ ns < n), a generative model (p̂z, p̂A, p̂s̃|s,A, f̂) assumes the same generative
process (§ 3), satisfies the above assumptions (i)-(iii), and matches the data likelihood,

px,x̃(x, x̃) = p̂x,x̃(x, x̃) ∀(x, x̃) ∈ X × X ,

then it block-identifies the true content variables via g = f̂−1 in the sense of Defn. 4.1.

Proof sketch. First, show (using (i) and the matching likelihoods) that the representation ẑ = g(x)
extracted by g is related to the true z by a smooth invertible mapping h = g◦f such that ĉ = h(z)1:nc

is invariant across (z, z̃) almost surely w.r.t. pz,z̃.8 Second, show by contradiction (using (ii), (iii)) that
h(·)1:nc

can, in fact, only depend on the true content c and not on style s, for otherwise the invariance
from step 1 would be violated in a region of the style (sub)space of measure greater than zero.

Intuition. Thm. 4.2 assumes that the number of content (nc) and style (ns) variables is known, and
that there is a positive probability that each style variable may change, though not necessarily on its
own, according to (iii). In this case, training a generative model of the form specified in § 3 (i.e.,
with an invariant content partition and subsets of changing style variables) by maximum likelihood
on pairs (x, x̃) will asymptotically (in the limit of infinite data) recover the true invariant content
partition up to an invertible function, i.e., it isolates, or unmixes, content from style.

Discussion. The identifiability result of Thm. 4.2 for generative SSL is of potential relevance for
existing variational autoencoder (VAE) [68] variants such as the GroupVAE [51],9 or its adaptive
version AdaGVAE [83]. Since, contrary to existing results, Thm. 4.2 does not assume independent
latents, it may also provide a principled basis for generative causal representation learning algo-
rithms [76, 107, 127]. However, an important limitation to its practical applicability is that generative
modelling does not tend to scale very well to complex high-dimensional observations, such as images.

4.2 Discriminative self-supervised representation learning

We therefore next turn to a discriminative approach, i.e., directly learning an encoder function g
which leads to a similar embedding across (x, x̃). As discussed in § 2, this is much more common
for SSL with data augmentations. First, we show that if an invertible encoder g is used, then learning
a representation which is aligned in the first nc dimensions is sufficient to block-identify content.
Theorem 4.3 (Identifying content with an invertible encoder). Assume the same data generating
process (§ 3) and conditions (i)-(iv) as in Thm. 4.2. Let g : X → Z be any smooth and invertible
function which minimises the following functional:

LAlign(g) := E(x,x̃)∼px,x̃

[

∣

∣

∣

∣

∣

∣

∣

∣

g(x)1:nc
− g(x̃)1:nc

∣

∣

∣

∣

∣

∣

∣

∣

2

2

]

(4)

Then g block-identifies the true content variables in the sense of Definition 4.1.

Proof sketch. First, we show that the global minimum of (4) is reached by the smooth invertible
function f−1. Thus, any other minimiser g must satisfy the same invariance across (x, x̃) used in step
1 of the proof of Thm. 4.2. The second step uses the same argument by contradiction as in Thm. 4.2.

Intuition. Thm. 4.3 states that if—under the same assumptions on the generative process as
in Thm. 4.2—we directly learn a representation with an invertible encoder, then enforcing align-
ment between the first nc latents is sufficient to isolate the invariant content partition. Intuitively,
invertibility guarantees that all information is preserved, thus avoiding a collapsed representation.

8This step is partially inspired by [83]; the technique used to prove the second main step is entirely novel.
9which also uses a fixed content-style partition for multi-view data, but assumes that all latent factors are

mutually independent, and that all style variables change between views, independent of the original style;
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Discussion. According to Thm. 4.3, content can be isolated if, e.g., a flow-based architecture [32,
33, 67, 92, 93] is used, or invertibility is enforced otherwise during training [8, 60]. However, the
applicability of this approach is limited as it places strong constraints on the encoder architecture
which makes it hard to scale these methods up to high-dimensional settings. As discussed in § 2,
state-of-the-art SSL methods such as SimCLR [20], BYOL [41], SimSiam [21], or BarlowTwins [128]
do not use invertible encoders, but instead avoid collapsed representations—which would result from
naively optimising (4) for arbitrary, non-invertible g—using different forms of regularisation.

To close this gap between theory and practice, finally, we investigate how to block-identify content
without assuming an invertible encoder. We show that, if we add a regularisation term to (4) that
encourages maximum entropy of the learnt representation, the invertibility assumption can be dropped.
Theorem 4.4 (Identifying content with discriminative learning and a non-invertible encoder). Assume
the same data generating process (§ 3) and conditions (i)-(iv) as in Thm. 4.2. Let g : X → (0, 1)nc

be any smooth function which minimises the following functional:

LAlignMaxEnt(g) := E(x,x̃)∼px,x̃

[

∣

∣

∣

∣

∣

∣

∣

∣

g(x)− g(x̃)

∣

∣

∣

∣

∣

∣

∣

∣

2

2

]

−H (g(x)) (5)

where H(·) denotes the differential entropy of the random variable g(x) taking values in (0, 1)nc .
Then g block-identifies the true content variables in the sense of Defn. 4.1.

Proof sketch. First, use the Darmois construction [29, 57] to build a function d : C → (0, 1)nc

mapping c = f−1(x)1:nc
to a uniform random variable. Then g? = d ◦ f−1

1:nc
attains the global

minimum of (5) because c is invariant across (x, x̃) and the uniform distribution is the maximum
entropy distribution on (0, 1)nc . Thus, any other minimiser g of (5) must satisfy invariance across
(x, x̃) and map to a uniform r.v. Then, use the same step 2 as in Thms. 4.2 and 4.3 to show that
h = g ◦ f : Z → (0, 1)nc cannot depend on style, i.e., it is a function from C to (0, 1)nc . Finally, we
show that h must be invertible since it maps pc to a uniform distribution, using a result from [129].

Intuition. Thm. 4.4 states that if we do not explicitly enforce invertibility of g as in Thm. 4.3,
additionally maximising the entropy of the learnt representation (i.e., optimising alignment and uni-
formity [124]) avoids a collapsed representation and recovers the invariant content block. Intuitively,
this is because any function that only depends on c will be invariant across (x, x̃), so it is beneficial
to preserve all content information to maximise entropy.

Discussion. Of our theoretical results, Thm. 4.4 requires the weakest set of assumptions, and is
most closely aligned with common SSL practice. As discussed in § 2, contrastive SSL with negative
samples using InfoNCE (1) as an objective can asymptotically be understood as alignment with
entropy regularisation [124], i.e., objective (5). Thm. 4.4 thus provides a theoretical justification for
the empirically observed effectiveness of CL with InfoNCE: subject to our assumptions, CL with
InfoNCE asymptotically isolates content, i.e., the part of the representation that is always left invariant
by augmentation. For example, the strong image classification performance based on representations
learned by SimCLR [20], which uses color distortion and random crops as augmentations, can be
explained in that object class is a content variable in this case. We extensively evaluate the effect of
various augmentation techniques on different ground-truth latent factors in our experiments in § 5.
There is also an interesting connection between Thm. 4.4 and BarlowTwins [128], which only
uses positive pairs and combines alignment with a redundancy reduction regulariser that enforces
decorrelation between the inferred latents. Intuitively, redundancy reduction is related to increased
entropy: g? constructed in the proof of Thm. 4.4—and thus also any other minimiser of (5)—attains
the global optimum of the BarlowTwins objective, though the reverse implication may not hold.

5 Experiments

We perform two main experiments. First, we numerically test our main result, Thm. 4.4, in a fully-
controlled, finite sample setting (§ 5.1), using CL to estimate the entropy term in (5). Second, we
seek to better understand the effect of data augmentations used in practice (§ 5.2). To this end, we
introduce a new dataset of 3D objects with dependencies between a number of known ground-truth
factors, and use it to evaluate the effect of different augmentation techniques on what is identified as
content. Additional experiments are summarised in § 5.3 and described in more detail in Appendix C.

5.1 Numerical data

Experimental setup. We generate synthetic data as described in § 3. We consider nc = ns = 5,
with content and style latents distributed as c ∼ N (0,Σc) and s|c ∼ N (a+Bc,Σs), thus allowing
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Figure 2: (Left) Causal graph for the Causal3DIdent dataset. (Right) Two samples from each object class.

for statistical dependence within the two blocks (via Σc and Σs) and causal dependence between
content and style (via B). For f , we use a 3-layer MLP with LeakyReLU activation functions.10 The
distribution pA over subsets of changing style variables is obtained by independently flipping the
same biased coin for each si. The conditional style distribution is taken as ps̃A|sA = N (sA,ΣA). We
train an encoder g on pairs (x, x̃) with InfoNCE using the negative L2 loss as the similarity measure,
i.e., we approximate (5) using empirical averages and negative samples. For evaluation, we use kernel
ridge regression [88] to predict the ground truth c and s from the learnt representation ĉ = g(x) and
report the R2 coefficient of determination. For a more detailed account, we refer to Appendix D.

Generative process R
2 (nonlinear)

p(chg.) Stat. Cau. Content c Style s

1.0 7 7 1.00 ± 0.00 0.07± 0.00
0.75 7 7 1.00 ± 0.00 0.06± 0.05
0.75 3 7 0.98 ± 0.03 0.37± 0.05
0.75 3 3 0.99 ± 0.01 0.80 ± 0.08

Results. In the inset table, we report mean ± std.
dev. over 3 random seeds across four generative pro-
cesses of increasing complexity covered by Thm. 4.4:
“p(chg.)”, “Stat.”, and “Cau.” denote respectively the
change probability for each si, statistical dependence
within blocks (Σc 6= I 6= Σs), and causal depen-
dence of style on content (B 6= 0). An R2 close to
one indicates that almost all variation is explained by ĉ, i.e., that there is a 1-1 mapping, as required
by Defn. 4.1. As can be seen, across all settings, content is block-identified. Regarding style, we
observe an increased score with the introduction of dependencies, which we explain in an extended
discussion in Appendix C.1. Finally, we show in Appendix C.1 that a high R2 score can be obtained
even if we use linear regression to predict c from ĉ (R2 = 0.98± 0.01, for the last row).

5.2 High-dimensional images: Causal3DIdent

Causal3DIdent dataset. 3DIdent [129] is a benchmark for evaluating identifiability with rendered
224× 224 images which contains hallmarks of natural environments (e.g. shadows, different lighting
conditions, a 3D object). For influence of the latent factors on the renderings, see Fig. 2 of [129]. In
3DIdent, there is a single object class (Teapot [89]), and all 10 latents are sampled independently.
For Causal3DIdent, we introduce six additional classes: Hare [121], Dragon [110], Cow [62],
Armadillo [70], Horse [98], and Head [111]; and impose a causal graph over the latent variables,
see Fig. 2. While object class and all environment variables (spotlight position & hue, background
hue) are sampled independently, all object latents are dependent,11 see Appendix B for details.12

4 6 8 10 12
dim(c)

0.0

0.2

0.4

0.6

0.8

1.0

R
2

DA: crop (large) + color distortion
class
pos_obj
pos_spl
hue_obj
hue_spl
hue_bg
rot_obj

Experimental setup. For g, we train a convolutional
encoder composed of a ResNet18 [46] and an additional
fully-connected layer, with LeakyReLU activation. As in
SimCLR [20], we use InfoNCE with cosine similarity, and
train on pairs of augmented examples (x̃, x̃′). As nc is
unknown and variable depending on the augmentation, we
fix dim(ĉ) = 8 throughout. Note that we find the results
to be, for the most part, robust to the choice of dim(ĉ), see
inset figure. We consider the following data augmentations
(DA): crop, resize & flip; colour distortion (jitter & drop);
and rotation ∈ {90°, 180°, 270°}. For comparison, we also consider directly imposing a content-style

10chosen to lead to invertibility almost surely by following the settings used by previous work [54, 55]
11e.g., our causal graph entails hares blend into the environment (object hue centered about background &

spotlight hue), a form of active camouflage observed in Alaskan [78], Arctic [2], & Snowshoe hares.
12We made the Causal3DIdent dataset publicly available at this URL.
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Table 1: Causal3DIdent results: R2 mean ± std. dev. over 3 random seeds. DA: data augmentation, LT: latent
transformation, bold: R2 ≥ 0.5, red: R2 < 0.25. Results for individual axes of object position & rotation are
aggregated, see Appendix C for the full table.

Views generated by Class
Positions Hues

Rotations
object spotlight object spotlight background

DA: colour distortion 0.42± 0.01 0.61 ± 0.10 0.17± 0.00 0.10± 0.01 0.01± 0.00 0.01± 0.00 0.33± 0.02
LT: change hues 1.00 ± 0.00 0.59 ± 0.33 0.91 ± 0.00 0.30± 0.00 0.00± 0.00 0.00± 0.00 0.30± 0.01

DA: crop (large) 0.28± 0.04 0.09± 0.08 0.21± 0.13 0.87 ± 0.00 0.09± 0.02 1.00 ± 0.00 0.02± 0.02
DA: crop (small) 0.14± 0.00 0.00± 0.01 0.00± 0.01 0.00± 0.00 0.00± 0.00 1.00 ± 0.00 0.00± 0.00
LT: change positions 1.00 ± 0.00 0.16± 0.23 0.00± 0.01 0.46± 0.02 0.00± 0.00 0.97 ± 0.00 0.29± 0.01

DA: crop (large) + colour distortion 0.97 ± 0.00 0.59 ± 0.07 0.59 ± 0.05 0.28± 0.00 0.01± 0.01 0.01± 0.00 0.74 ± 0.03
DA: crop (small) + colour distortion 1.00 ± 0.00 0.69 ± 0.04 0.93 ± 0.00 0.30± 0.01 0.00± 0.00 0.02± 0.03 0.56 ± 0.03
LT: change positions + hues 1.00 ± 0.00 0.22± 0.22 0.07± 0.08 0.32± 0.02 0.00± 0.01 0.02± 0.03 0.34± 0.06

DA: rotation 0.33± 0.06 0.17± 0.09 0.23± 0.12 0.83 ± 0.01 0.30± 0.12 0.99 ± 0.00 0.05± 0.03
LT: change rotations 1.00 ± 0.00 0.53 ± 0.33 0.90 ± 0.00 0.41± 0.00 0.00± 0.00 0.97 ± 0.00 0.28± 0.00

DA: rotation + colour distortion 0.59 ± 0.01 0.58 ± 0.06 0.21± 0.01 0.12± 0.02 0.01± 0.00 0.01± 0.00 0.33± 0.04
LT: change rotations + hues 1.00 ± 0.00 0.57 ± 0.34 0.91 ± 0.00 0.30± 0.00 0.00± 0.00 0.00± 0.00 0.28± 0.00

partition by performing a latent transformation (LT) to generate views. For evaluation, we use linear
logistic regression to predict object class, and kernel ridge to predict the other latents from ĉ.13

Results. The results are presented in Tab. 1. Overall, our main findings can be summarised as:

(i) it can be difficult to design image-level augmentations that leave specific latent factors invariant;

(ii) augmentations & latent transformations generally have a similar effect on groups of latents;

(iii) augmentations that yield good classification performance induce variation in all other latents.

We observe that, similar to directly varying the hue latents, colour distortion leads to a discarding of
hue information as style, and a preservation of (object) position as content. Crops, similar to varying
the position latents, lead to a discarding of position as style, and a preservation of background and
object hue as content, the latter assuming crops are sufficiently large. In contrast, image-level rotation
affects both the object rotation and position, and thus deviates from only varying the rotation latents.

Whereas class is always preserved as content when generating views with latent transformations,
when using data augmentations, we can only reliably decode class when crops & colour distortion
are used in conjunction—a result which mirrors evaluation on ImageNet [20]. As can be seen by
our evaluation of crops & colour distortion in isolation, while colour distortion leads to a discarding
of hues as style, crops lead to a discarding of position & rotation as style. Thus, when used in
conjunction, class is isolated as the sole content variable. See Appendix C.2 for additional analysis.

5.3 Additional experiments and ablations

We also perform an ablation on dim(ĉ) for the synthetic setting from § 5.1, see Appendix C.1 for
details. Generally, we find that if dim(ĉ) < nc, there is insufficient capacity to encode all content, so
a lower-dimensional mixture of content is learnt. Conversely, if dim(ĉ) > nc, the excess capacity is
used to encode some style information (as that increases entropy). Further, we repeat our analysis
from § 5.2 using BarlowTwins [128] (instead of SimCLR) which, as discussed at the end of § 4.2, is
also loosely related to Thm. 4.4. The results mostly mirror those obtained for SimCLR and presented
in Tab. 1, see Appendix C.2 for details. Finally, we ran the same experimental setup as in § 5.2 also
on the MPI3D-real dataset [38] containing > 1 million real images with ground-truth annotations of
3D objects being moved by a robotic arm. Subject to some caveats, the results show a similar trend
as those on Causal3DIdent, see Appendix C.3 for details.

6 Discussion

Theory vs practice. We have made an effort to tailor our problem formulation (§ 3) to the setting of
data augmentation with content-preserving transformations. However, some of our more technical
assumptions, which are necessary to prove block-identifiability of the invariant content partition, may
not hold exactly in practice. This is apparent, e.g., from our second experiment (§ 5.2), where we
observe that—while class should, in principle, always be invariant across views (i.e., content)—when

13See Appendix C.2 for results with linear regression, as well as evaluation using a higher-dimensional
intermediate layer by considering a projection head [20].
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using only crops, colour distortion, or rotation, g appears to encode shortcuts [37, 96].14 Data
augmentation, unlike latent transformations, generates views x̃ which are not restricted to the 11-dim.
image manifold X corresponding to the generative process of Causal3DIdent, but may introduce
additional variation: e.g., colour distortion leads to a rich combination of colours, typically a 3-dim.
feature, whereas Causal3DIdent only contains one degree of freedom (hue). With additional factors,
any introduced invariances may be encoded as content in place of class. Image-level augmentations
also tend to change multiple latent factors in a correlated way, which may violate assumption (iii) of
our theorems, i.e., that ps̃A|sA is fully-supported locally. We also assume that z is continuous, even
though Causal3DIdent and most disentanglement datasets also contain discrete latents. This is a very
common assumption in the related literature [39, 54, 57, 58, 63, 69, 82, 83, 129] that may be relaxed
in future work. Moreover, our theory holds asymptotically and at the global optimum, whereas in
practice we solve a non-convex optimisation problem with a finite sample and need to approximate
the entropy term in (5), e.g., using a finite number of negative pairs. The resulting challenges for
optimisation may be further accentuated by the higher dimensionality of X induced by image-level
augmentations. Finally, we remark that while, for simplicity, we have presented our theory for pairs
(x, x̃) of original and augmented examples, in practice, using pairs (x̃, x̃′) of two augmented views
typically yields better performance. All of our assumptions (content invariance, changing style, etc)
and theoretical results still apply to the latter case. We believe that using two augmented views helps
because it leads to increased variability across the pair: for if x̃ and x̃′ differ from x in style subsets
A and A′, respectively, then (x̃, x̃′) differ from each other (a.s.) in the union A ∪A′.

Beyond entropy regularisation. We have shown a clear link between an identifiable maximum
entropy approach to SSL (Thm. 4.4) and SimCLR [20] based on the analysis of [124], and have
discussed an intuitive connection to the notion of redundancy reduction used in BarlowTwins [128].
Whether other types of regularisation such as the architectural approach pursued in BYOL [41] and
SimSiam [21] can also be linked to entropy maximisation, remains an open question. Deriving similar
results to Thm. 4.4 with other regularisers is a promising direction for future research, c.f. [116].

The choice of augmentation technique implicitly defines content and style. As we have defined
content as the part of the representation which is always left invariant across views, the choice of
augmentation implicitly determines the content-style partition. This is particularly important to keep
in mind when applying SSL with data augmentation to safety-critical domains, such as medical
imaging. We also advise caution when using data augmentation to identify specific latent properties,
since, as observed in § 5.2, image-level transformations may affect the underlying ground-truth
factors in unanticipated ways. Also note that, for a given downstream task, we may not want to
discard all style information since style variables may still be correlated with the task of interest and
may thus help improve predictive performance. For arbitrary downstream tasks, however, where
style may change in an adversarial way, it can be shown that only using content is optimal [103].

What vs how information is encoded. We focus on what information is learnt by SSL with data aug-
mentations by specifying a generative process and studying identifiability of the latent representation.
Orthogonal to this, a different line of work instead studies how information is encoded by analysing
the sample complexity needed to solve a given downstream task using a linear predictor [3, 74, 116–
119]. Provided that downstream tasks only involve content, we can draw some comparisons. Whereas
our results recover content only up to arbitrary invertible nonlinear functions (see Defn. 4.1), our
problem setting is more general: [3, 74] assume (approximate) independence of views (x, x̃) given
the task (content), while [118, 119] assume (approximate) independence between one view and the
task (content) given the other view, neither of which hold in our setting.

Conclusion. Existing representation learning approaches typically assume mutually independent
latents, though dependencies clearly exist in nature [106]. We demonstrate that in a non-i.i.d. scenario,
e.g., by constructing multiple views of the same example with data augmentation, we can learn useful
representations in the presence of this neglected phenomenon. More specifically, the present work
contributes, to the best of our knowledge, the first: (i) identifiability result under arbitrary dependence
between latents; and (ii) empirical study that evaluates the effect of data augmentations not only on
classification, but also on other continuous ground-truth latents. Unlike existing identifiability results
which rely on change as a learning signal, our approach aims to identify what is always shared across
views, i.e., also using invariance as a learning signal. We hope that this change in perspective will be
helpful for applications such as optimal style transfer or disentangling shape from pose in vision, and
inspire other types of counterfactual training to recover a more fine-grained causal representation.

14class is distinguished by shape, a feature commonly unused in downstream tasks on natural images [36]
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APPENDIX

Overview:

• Appendix A contains the full proofs for all theoretical results from the main paper.
• Appendix B contains additional details and plots for the Causal3DIdent dataset.
• Appendix C contains additional experimental results and analysis.
• Appendix D contains additional implementation details for our experiments.

A Proofs

We now present the full detailed proofs of our three theorems which were briefly sketched in the
main paper. We remark that these proofs build on each other, in the sense that the (main) step 2 of the
proof of Thm. 4.2 is also used in the proofs of Thms. 4.3 and 4.4.

A.1 Proof of Thm. 4.2

Theorem 4.2 (Identifying content with a generative model). Consider the data generating process
described in § 3, i.e., the pairs (x, x̃) of original and augmented views are generated according to (2)
and (3) with pz̃|z as defined in Assumptions 3.1 and 3.2. Assume further that

(i) f : Z → X is smooth and invertible with smooth inverse (i.e., a diffeomorphism);

(ii) pz is a smooth, continuous density on Z with pz(z) > 0 almost everywhere;

(iii) for any l ∈ {1, ..., ns}, ∃A ⊆ {1, ..., ns} s.t. l ∈ A; pA(A) > 0; ps̃A|sA is smooth w.r.t. both

sA and s̃A; and for any sA, ps̃A|sA(·|sA) > 0 in some open, non-empty subset containing sA.

If, for a given ns (1 ≤ ns < n), a generative model (p̂z, p̂A, p̂s̃|s,A, f̂) assumes the same generative
process (§ 3), satisfies the above assumptions (i)-(iii), and matches the data likelihood,

px,x̃(x, x̃) = p̂x,x̃(x, x̃) ∀(x, x̃) ∈ X × X ,

then it block-identifies the true content variables via g = f̂−1 in the sense of Defn. 4.1.

Proof. The proof consists of two main steps.

In the first step, we use assumption (i) and the matching likelihoods to show that the representation
ẑ = g(x) extracted by g = f̂−1 is related to the true latent z by a smooth invertible mapping h, and
that ẑ must satisfy invariance across (x, x̃) in the first nc (content) components almost surely (a.s.)
with respect to (w.r.t.) the true generative process.

In the second step, we then use assumptions (ii) and (iii) to prove (by contradiction) that ĉ := ẑ1:nc
=

h(z)1:nc
can, in fact, only depend on the true content c and not on the true style s, for otherwise the

invariance established in the first step would have be violated with probability greater than zero.

To provide some further intuition for the second step, the assumed generative process implies that
(c, s, s̃)|A is constrained to take values (a.s.) in a subspace R of C×S×S of dimension nc+ns+ |A|
(as opposed to dimension nc + 2ns for C × S × S). In this context, assumption (iii) implies that
(c, s, s̃)|A has a density with respect to a measure on this subspace equivalent to the Lebesgue
measure on R

nc+ns+|A|. This equivalence implies, in particular, that this ”subspace measure” is
strictly positive: it takes strictly positive values on open sets of R seen as a topological subspace of
C ×S ×S . These open sets are defined by the induced topology: they are the intersection of the open
sets of C ×S ×S with R. An open set B of V on which p(c, s, s̃|A) > 0 then satisfies P (B|A) > 0.
We look for such an open set to prove our result.

Step 1. From the assumed data generating process described in § 3—in particular, from the form of
the model conditional p̂z̃|z described in Assumptions 3.1 and 3.2—it follows that

g(x)1:nc
= g(x̃)1:nc

(6)

a.s., i.e., with probability one, w.r.t. the model distribution p̂x,x̃.
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Due to the assumption of matching likelihoods, the invariance in (6) must also hold (a.s.) w.r.t. the
true data distribution px,x̃.

Next, since f , f̂ : Z → X are smooth and invertible functions by assumption (i), there exists a smooth
and invertible function h = g ◦ f : Z → Z such that

g = h ◦ f−1. (7)

Substituting (7) into (6), we obtain (a.s. w.r.t. p):

ĉ := ẑ1:nc
= g(x)1:nc

= h(f−1(x))1:nc
= h(f−1(x̃))1:nc

(8)

Substituting z = f−1(x) and z̃ = f−1(x̃) into (8), we obtain (a.s. w.r.t. p)

ĉ = h(z)1:nc
= h(z̃)1:nc

. (9)

It remains to show that h(·)1:nc
can only be a function of c, i.e., does not depend on any other (style)

dimension of z = (c, s).

Step 2. Suppose for a contradiction that hc(c, s) := h(c, s)1:nc
= h(z)1:nc

depends on some
component of the style variable s:

∃l ∈ {1, ..., ns}, (c
∗, s∗) ∈ C × S, s.t.

∂hc

∂sl
(c∗, s∗) 6= 0, (10)

that is, we assume that the partial derivative of hc w.r.t. some style variable sl is non-zero at some
point z∗ = (c∗, s∗) ∈ Z = C × S .

Since h is smooth, so is hc. Therefore, hc has continuous (first) partial derivatives.

By continuity of the partial derivative, ∂hc

∂sl
must be non-zero in a neighbourhood of (c∗, s∗), i.e.,

∃η > 0 s.t. sl 7→ hc

(

c∗, (s∗−l, sl)
)

is strictly monotonic on (s∗l − η, s∗l + η), (11)

where s−l ∈ S−l denotes the vector of remaining style variables except sl.

Next, define the auxiliary function ψ : C × S × S → R≥0 as follows:

ψ(c, s, s̃) := |hc(c, s)− hc(c, s̃)| ≥ 0 . (12)

To obtain a contradiction to the invariance condition (9) from Step 1 under assumption (10), it remains
to show that ψ from (12) is strictly positive with probability greater than zero (w.r.t. p).

First, the strict monotonicity from (11) implies that

ψ
(

c∗, (s∗−l, sl), (s
∗
−l, s̃l)

)

> 0 , ∀(sl, s̃l) ∈ (s∗l , s
∗
l + η)× (s∗l − η, s∗l ) . (13)

Note that in order to obtain the strict inequality in (13), it is important that sl and s̃l take values in
disjoint open subsets of the interval (s∗l − η, s∗l + η) from (11).

Since ψ is a composition of continuous functions (absolute value of the difference of two continuous
functions), ψ is continuous.

Consider the open set R>0, and recall that, under a continuous function, pre-images (or inverse
images) of open sets are always open.

Applied to the continuous function ψ, this pre-image corresponds to an open set

U ⊆ C × S × S (14)

in the domain of ψ on which ψ is strictly positive.

Moreover, due to (13):

{c∗} ×
(

{s∗−l} × (s∗l , s
∗
l + η)

)

×
(

{s∗−l} × (s∗l − η, s∗l )
)

⊂ U , (15)

so U is non-empty.

Next, by assumption (iii), there exists at least one subset A ⊆ {1, ..., ns} of changing style variables
such that l ∈ A and pA(A) > 0; pick one such subset and call it A.
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Then, also by assumption (iii), for any sA ∈ SA, there is an open subset O(sA) ⊆ SA containing sA,
such that ps̃A|sA(·|sA) > 0 within O(sA).

Define the following space

RA := {(sA, s̃A) : sA ∈ SA, s̃A ∈ O(sA)} (16)

and, recalling that Ac = {1, ..., ns} \A denotes the complement of A, define

R := C × SAc ×RA (17)

which is a topological subspace of C × S × S .

By assumptions (ii) and (iii), pz is smooth and fully supported, and ps̃A|sA(·|sA) is smooth and fully
supported on O(sA) for any sA ∈ SA. Therefore, the measure µ(c,sAc ,sA,s̃A)|A has fully supported,
strictly-positive density on R w.r.t. a strictly positive measure on R. In other words, pz × ps̃A|sA is
fully supported (i.e., strictly positive) on R.

Now consider the intersection U ∩R of the open set U with the topological subspace R.

Since U is open, by the definition of topological subspaces, the intersection U ∩R ⊆ R is open in R,
(and thus has the same dimension as R if non-empty).

Moreover, since O(s∗A) is open containing s∗A, there exists η′ > 0 such that {s∗−l} × (s∗l − η′, s∗l ) ⊂
O(s∗A). Thus, for η′′ = min(η, η′) > 0,

{c∗} × {s∗Ac} ×
(

{s∗A\{l}} × (s∗l , s
∗
l + η)

)

×
(

{s∗A\{l}} × (s∗l − η′′, s∗l )
)

⊂ R. (18)

In particular, this implies that

{c∗} ×
(

{s∗−l} × (s∗l , s
∗
l + η)

)

×
(

{s∗−l} × (s∗l − η′′, s∗l )
)

⊂ R, (19)

Now, since η′′ ≤ η, the LHS of (19) is also in U according to (15), so the intersection U ∩ R is
non-empty.

In summary, the intersection U ∩R ⊆ R:

• is non-empty (since both U and R contain the LHS of (15));

• is an open subset of the topological subspace R of C × S × S (since it is the intersection of an
open set, U , with R);

• satisfies ψ > 0 (since this holds for all of U );

• is fully supported w.r.t. the generative process (since this holds for all of R).

As a consequence,
P (ψ(c, s, s̃) > 0|A) ≥ P(U ∩R) > 0, (20)

where P denotes probability w.r.t. the true generative process p.

Since pA(A) > 0, this is a contradiction to the invariance (9) from Step 1.

Hence, assumption (10) cannot hold, i.e., hc(c, s) does not depend on any style variable sl. It is thus
only a function of c, i.e., ĉ = hc(c).

Finally, smoothness and invertibility of hc : C → C follow from smoothness and invertibility of h, as
established in Step 1.

This concludes the proof that ĉ is related to the true content c via a smooth invertible mapping.

A.2 Proof of Thm. 4.3

Theorem 4.3 (Identifying content with an invertible encoder). Assume the same data generating
process (§ 3) and conditions (i)-(iv) as in Thm. 4.2. Let g : X → Z be any smooth and invertible
function which minimises the following functional:

LAlign(g) := E(x,x̃)∼px,x̃

[

∣

∣

∣

∣

∣

∣

∣

∣

g(x)1:nc
− g(x̃)1:nc

∣

∣

∣

∣

∣

∣

∣

∣

2

2

]

(4)

Then g block-identifies the true content variables in the sense of Definition 4.1.
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Proof. As in the proof of Thm. 4.2, the proof again consists of two main steps.

In the first step, we show that the representation ẑ = g(x) extracted by any g that minimises LAlign is
related to the true latent z through a smooth invertible mapping h, and that ẑ must satisfy invariance
across (x, x̃) in the first nc (content) components almost surely (a.s.) with respect to (w.r.t.) the true
generative process.

In the second step, we use the same argument by contradiction as in Step 2 of the proof of Thm. 4.2,
to show that ĉ = h(z)1:nc

can only depend on the true content c and not on style s.

Step 1. From the form of the objective (4), it is clear that LAlign ≥ 0 with equality if and only if
g(x̃)1:nc

= g(x)1:nc
for all (x, x̃) s.t. px,x̃(x, x̃) > 0.

Moreover, it follows from the assumed generative process that the global minimum of zero is attained
by the true unmixing f−1 since

f−1(x)1:nc
= c = c̃ = f−1(x̃)1:nc

(21)

holds a.s. (i.e., with probability one) w.r.t. the true generative process p.

Hence, there exists at least one smooth invertible function (f−1) which attains the global minimum.

Let g be any function attaining the global minimum of LAlign of zero.

As argued above, this implies that (a.s. w.r.t. p):

g(x̃)1:nc
= g(x)1:nc

. (22)

Writing g = h ◦ f−1, where h is the smooth, invertible function h = g ◦ f we obtain (a.s. w.r.t. p):

ĉ = h(z̃)1:nc
= h(z)1:nc

. (23)

Note that this is the same invariance condition as (9) derived in Step 1 of the proof of Thm. 4.2.

Step 2. It remains to show that h(z)1:nc
can only depend on the true content c and not on any of

the style variables s. To show this, we use the same Step 2 as in the proof of Thm. 4.2.

A.3 Proof of Thm. 4.4

Theorem 4.4 (Identifying content with discriminative learning and a non-invertible encoder). Assume
the same data generating process (§ 3) and conditions (i)-(iv) as in Thm. 4.2. Let g : X → (0, 1)nc

be any smooth function which minimises the following functional:

LAlignMaxEnt(g) := E(x,x̃)∼px,x̃

[

∣

∣

∣

∣

∣

∣

∣

∣

g(x)− g(x̃)

∣

∣

∣

∣

∣

∣

∣

∣

2

2

]

−H (g(x)) (5)

where H(·) denotes the differential entropy of the random variable g(x) taking values in (0, 1)nc .
Then g block-identifies the true content variables in the sense of Defn. 4.1.

Proof. The proof consists of three main steps.

In the first step, we show that the representation ĉ = g(x) extracted by any smooth function g
that minimises (5) is related to the true latent z through a smooth mapping h; that ĉ must satisfy
invariance across (x, x̃) almost surely (a.s.) with respect to (w.r.t.) the true generative process p; and
that ĉ must follow a uniform distribution on (0, 1)nc .

In the second step, we use the same argument by contradiction as in Step 2 of the proof of Thm. 4.2,
to show that ĉ = h(z) can only depend on the true content c and not on style s.

Finally, in the third step, we show that h must be a bijection, i.e., invertible, using a result from [129].

Step 1. The global minimum of LAlignMaxEnt is reached when the first term (alignment) is min-
imised (i.e., equal to zero) and the second term (entropy) is maximised.

Without additional moment constraints, the unique maximum entropy distribution on (0, 1)nc is the
uniform distribution [25, 61].
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First, we show that there exists a smooth function g∗ : X → (0, 1)nc which attains the global
minimum of LAlignMaxEnt.

To see this, consider the function f−1
1:nc

: X → C, i.e., the inverse of the true mixing f , restricted to
its first nc dimensions. This exists and is smooth since f is smooth and invertible by assumption (i).
Further, we have f−1(x)1:nc

= c by definition.

We now build a function d : C → (0, 1)nc which maps c to a uniform random variable on (0, 1)nc

using a recursive construction known as the Darmois construction [29, 57].

Specifically, we define

di(c) := Fi(ci|c1:i−1) = P(Ci ≤ ci|c1:i−1), i = 1, ..., nc, (24)

where Fi denotes the conditional cumulative distribution function (CDF) of ci given c1:i−1.

By construction, d(c) is uniformly distributed on (0, 1)nc [29, 57].

Further, d is smooth by the assumption that pz (and thus pc) is a smooth density.

Finally, we define

g∗ := d ◦ f−1
1:nc

: X → (0, 1)nc , (25)

which is a smooth function since it is a composition of two smooth functions.

Claim A.1. g∗ as defined in (25) attains the global minimum of LAlignMaxEnt.

Proof of Claim A.1. Using f−1(x)1:nc
= c and f−1(x̃)1:nc

= c̃, we have

LAlignMaxEnt(g
∗) = E(x,x̃)∼p(x,x̃)

[
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−H (g∗(x)) (26)

= E(x,x̃)∼p(x,x̃)
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]

−H (d(c)) (27)

= 0 (28)

where in the last step we have used the fact that c = c̃ almost surely w.r.t. to the ground truth
generative process p described in § 3, so the first term is zero; and the fact that d(c) is uniformly
distributed on (0, 1)nc and the uniform distribution on the unit hypercube has zero entropy, so the
second term is also zero.

Next, let g : X → (0, 1)nc be any smooth function which attains the global minimum of (5), i.e.,

LAlignMaxEnt(g) = E(x,x̃)∼p(x,x̃)

[
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]

−H (g(x)) = 0. (29)

Define h := g ◦ f : Z → (0, 1)nc which is smooth because both g and f are smooth.

Writing x = f(z), (29) then implies in terms of h:

E(x,x̃)∼p(x,x̃)

[
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h(z)− h(z̃)
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2

2

]

= 0 , (30)

H (h(z)) = 0 . (31)

Equation (30) implies that the same invariance condition (9) used in the proofs of Thms. 4.2 and 4.3
must hold (a.s. w.r.t. p), and (31) implies that ĉ = h(z) must be uniformly distributed on (0, 1)nc .

Step 2. Next, we show that h(z) = h(c, s) can only depend on the true content c and not on any of
the style variables s. For this we use the same Step 2 as in the proofs of Thms. 4.2 and 4.3.
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Step 3. Finally, we show that the mapping ĉ = h(c) is invertible.

To this end, we make use of the following result from [129].

Proposition A.2 (Proposition 5 of [129]). Let M,N be simply connected and oriented C1 manifolds
without boundaries and h : M → N be a differentiable map. Further, let the random variable
z ∈ M be distributed according to z ∼ p(z) for a regular density function p, i.e., 0 < p < ∞. If
the pushforward p#h(z) of p through h is also a regular density, i.e., 0 < p#h < ∞, then h is a
bijection.

We apply this result to the simply connected and oriented C1 manifolds without boundaries M = C
and N = (0, 1)nc , and the smooth (hence, differentiable) map h : C → (0, 1)nc which maps the
random variable c to a uniform random variable ĉ (as established in Step 1).

Since both pc (by assumption) and the uniform distribution (the pushforward of pc through h) are
regular densities in the sense of Prop. A.2, we conclude that h is a bijection, i.e., invertible.

We have shown that for any smooth g : X → (0, 1)nc which minimises LAlignMaxEnt, we have that
ĉ = g(x) = h(c) for a smooth and invertible h : C → (0, 1)nc , i.e., c is block-identified by g.

B Additional details on the Causal3DIdent data set

Using the Blender rendering engine [11], 3DIdent [129] is a recently proposed benchmark which
contains hallmarks of natural environments (e.g. shadows, different lighting conditions, a 3D object),
but allows for identifiability evaluation by exposing the underlying generative factors.

Each 224× 224× 3 image in the dataset shows a coloured 3D object which is located and rotated
above a coloured ground in a 3D space. Furthermore, each scene contains a coloured spotlight which
is focused on the object and located on a half-circle around the scene. The images are rendered based
on a 10-dimensional latent, where: (i) three dimensions describe the XYZ position of the object, (ii)
three dimensions describe the rotation of the object in Euler angles, (iii) two dimensions describe the
colour (hue) of the object and the ground of the scene, respectively, and (iv) two dimensions describe
the position and colour (hue) of the spotlight. For influence of the latent factors on the renderings,
see Fig. 2 of [129].

B.1 Details on introduced object classes

3DIdent contained a single object class, Teapot [89]. We add six additional object classes: Hare [121],
Dragon [110], Cow [62], Armadillo [70], Horse [98], Head [111].

B.2 Details on latent causal graph

In 3DIdent, the latents are uniformly sampled independently. We instead impose a causal graph
over the variables (see Fig. 2). While object class and all environment variables (spotlight position,
spotlight hue, background hue) are sampled independently, all object variables are dependent. Specif-
ically, for spotlight position, spotlight hue, and background hue, we sample from U(−1, 1). We
impose the dependence by varying the mean (µ) of a truncated normal distribution with standard
deviation σ = 0.5, truncated to the range [−1, 1].

Object rotation is dependent solely on object class, see Tab. 2 for details. Object position is dependent
on both object class & spotlight position, see Tab. 3. Object hue is dependent on object class,
background hue, & object hue, see Tab. 4. Hares blending into their environment as a form of active
camouflage has been observed in Alaskan [78], Arctic [2], & Snowshoe hares.

B.3 Dataset Visuals

We show 40 random samples from the marginal of each object class in Causal3DIdent in Figs. 3 to 9.
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Table 2: Given a certain object class, the center of the truncated normal distribution from which we
sample rotation latents varies.

object class µ(φ) µ(θ) µ(ψ)

Teapot -0.35 0.35 0.35
Hare 0.35 -0.35 0.35

Dragon 0.35 0.35 -0.35
Cow 0.35 -0.35 -0.35

Armadillo -0.35 0.35 -0.35
Horse -0.35 -0.35 0.35
Head -0.35 -0.35 -0.35

Table 3: Given a certain object class & spotlight position, the center of the truncated normal
distribution from which we sample xy-position latents varies. Note the spotlight position posspl is
rescaled from [−1, 1] to [−π/2, π/2].

object class µ(x) µ(y) µ(z)

Teapot 0 0 0
Hare − sin(posspl) − cos(posspl) 0

Dragon − sin(posspl) − cos(posspl) 0
Cow sin(posspl) cos(posspl) 0

Armadillo sin(posspl) cos(posspl) 0
Horse − sin(posspl) − cos(posspl) 0
Head sin(posspl) cos(posspl) 0

Table 4: Given a certain object class, background hue, and spotlight hue, the center of the truncated
normal distribution from which we sample the object hue latent varies. Note that for the Hare and
Dragon classes, in particular, the object either blends in or stands out from the environment.

object class µ(hue)

Teapot 0

Hare huebg+huespl

2

Dragon −
huebg+huespl

2

Cow −0.35
Armadillo 0.7

Horse −0.7
Head 0.35

Figure 3: 40 random samples from the marginal distribution of the Teapot object class.
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Figure 4: 40 random samples from the marginal distribution of the Hare object class.

Figure 5: 40 random samples from the marginal distribution of the Dragon object class.

Figure 6: 40 random samples from the marginal distribution of the Cow object class.
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Figure 7: 40 random samples from the marginal distribution of the Armadillo object class.

Figure 8: 40 random samples from the marginal distribution of the Horse object class.

Figure 9: 40 random samples from the marginal distribution of the Head object class.
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C Additional results

• Appendix C.1 contains numerical experiments, namely linear evaluation & an ablation on dim(ĉ).
• Appendix C.2 contains experiments on Causal3DIdent, namely (i) nonlinear & linear evaluation

results of the output & intermediate feature representation of SimCLR with results for the individual
axes of object position & rotation, and (ii) evaluation of BarlowTwins.

• Appendix C.3 contains experiments on the MPI3D-real dataset [38], namely SimCLR & a super-
vised sanity check.

C.1 Numerical Data

In Tab. 5, we report mean ± std. dev. R2 over 3 random seeds across four generative processes
of increasing complexity using linear (instead of nonlinear) regression to predict c from ĉ. The
block-identification of content can clearly still be seen even if we consider a linear fit.

In Fig. 10, we perform an ablation on dim(ĉ), visualising how varying the dimensionality of the
learnt representation affects identifiability of the ground-truth content & style partition. Generally,
if dim(ĉ) < nc, there is insufficient capacity to encode all content, so a lower-dimensional mixture
of content is learnt. Conversely, if dim(ĉ) > nc, the excess capacity is used to encode some style
information, as that increases entropy.

Table 5: Results using linear regression for the experiment on numerical data presented in § 5.1

Generative process R
2 (linear)

p(chg.) Stat. Cau. Content c Style s

1.0 7 7 1.00 ± 0.00 0.00± 0.00
0.75 7 7 0.99 ± 0.00 0.00± 0.00
0.75 3 7 0.97 ± 0.03 0.37± 0.05
0.75 3 3 0.98 ± 0.01 0.78 ± 0.07

1 3 5 7 9
dim(c)

0.0

0.2

0.4

0.6

0.8

1.0

R
2

p(chg.)=1.0; Stat.=False; 
 Cau.=False

content
style

1 3 5 7 9
dim(c)

0.0

0.2

0.4

0.6

0.8

1.0

R
2

p(chg.)=0.75; Stat.=False; 
 Cau.=False

content
style

1 3 5 7 9
dim(c)

0.0

0.2

0.4

0.6

0.8

1.0

R
2

p(chg.)=0.75; Stat.=True; 
 Cau.=False

content
style

1 3 5 7 9
dim(c)

0.0

0.2

0.4

0.6

0.8

1.0

R
2

p(chg.)=0.75; Stat.=True; 
 Cau.=True

content
style

Figure 10: Identifiability of the content & style partition in the numerical experiment as a function of
the model latent dimensionality

On Dependence. As can be seen from Tab. 5, the corresponding inset table in § 5.1, and Fig. 10,
scores for identifying style increase substantially when statistical dependence within blocks and
causal dependence between blocks are included. This finding can be explained as follows.

If we compare the performance for small latent dimensionalities (dim(ĉ) < nc) between the first two
(without) and the third plot (with statistical dependence) of Fig. 10, we observe a significantly higher
score in identifying content for the latter (e.g., R2 of ca. 0.4 vs 0.2 at dim(ĉ) = 1). This suggest that
the introduction of statistical dependence between content variables (as well as between style variables,
and in how style variables change) in the third plot/row, reduces the effective dimensionality of the
ground-truth latents and thus leads to higher content identifiability for the same dim(ĉ) < nc. Since
the R2 for content is already close to 1 for dim(ĉ) = 3 in the third plot of Fig. 10 (due to the smaller
effective dimensionality induced by statistical dependence between c), when dim(ĉ) = nc = 5 is
used (as reported in Tab. 5), excess capacity is used to encode style, leading to a positive R2.

Regarding causal dependence (i.e., the fourth plot in Fig. 10 and fourth row in Tab. 5), we note that
the ground truth dependence between c and s is linear, i.e., p(s|c) is centred at a linear transformation
a+ Bc of c, see the data generating process in Appendix D for details. Given that our evaluation
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consists of predicting the ground truth c and s from the learnt representation ĉ = g(x), if we were to
block-identify c according to Defn. 4.1, we should be able to also predict some aspects of s from ĉ,
due to the linear dependence between c and s. This manifests in a relatively large R2 for s in the last
row of Tab. 5 and the corresponding table in § 5.1.

To summarise, we highlight two main takeaways: (i) when latent dependence is present, this may
reduce the effective dimensionality, so that some style is encoded in addition to content unless a
smaller representation size is chosen; (ii) even though the learnt representation isolates content in the
sense of Defn. 4.1, it may still be predictive of style when content and style are (causally) dependent.

C.2 Causal3DIdent

Full version of Tab. 1: In Tab. 6, we a) provide the results for the individual axes of object position
& rotation and b) present additional rows omitted from Tab. 1 for space considerations.

Interestingly, we find that the variance across the individual axes is significantly higher for object
position than object rotation. If we compare the causal dependence imposed for object position
(see Tab. 3) to the causal dependence imposed for object rotation (see Tab. 2), we can observe that
the dependence imposed over individual axes is also significantly more variable for position than
rotation, i.e., for x the sine nonlinearity is used, for y the cosine nonlinearity is used, while for z, no
dependence is imposed.

Regarding the additional rows, we can observe that the composition of image-level rotation & crops
yields results quite similar to solely using crops, a relationship which mirrors how transforming the
rotation & position latents yields results quite similar to solely transforming the position latents.
This suggests that the rotation variables are difficult to disentangle from the position variables in
Causal3DIdent, regardless of whether data augmentation or latent transforms are used.

Finally, we can observe that applying image-level rotation in conjunction with small crops & colour
distortion does lead to a difference in the encoding, background hue is preserved, while the scores for
object position & rotation appear to slightly decrease. When using three augmentations as opposed to
two, the effects of the individual augmentations are lessened. While colour distortion discourages the
encoding of background hue, both small crops & image-level rotation encourages it, and thus it is
preserved when all three augmentations are used. While colour distortion encourages the encoding
of object position & rotation, both small crops & image-level rotation discourage it, but as a causal
relationship exists between the class variable and said latents, the scores merely decrease, the latents
are still for the most part preserved. In reality, where complex interactions between latent variables
abound, the effect of data augmentations may be uninterpretable, however with Causal3DIdent, we
are able to interpret their effects in the presence of rich visual complexity and causal dependencies,
even when applying three distinct augmentations in tandem.

Table 6: Full version of Tab. 1.
Views generated by Class

Positions Hues Rotations

object(x) object(y) object(z) spotlight object spotlight background object(φ) object(θ) object(ψ)

DA: colour distortion 0.42± 0.01 0.58 ± 0.01 0.75 ± 0.00 0.52 ± 0.01 0.17± 0.00 0.10± 0.01 0.01± 0.00 0.01± 0.00 0.36± 0.01 0.33± 0.01 0.32± 0.00
LT: change hues 1.00 ± 0.00 0.81 ± 0.02 0.81 ± 0.02 0.15± 0.02 0.91 ± 0.00 0.30± 0.00 0.00± 0.00 0.00± 0.00 0.30± 0.02 0.30± 0.01 0.30± 0.01

DA: crop (large) 0.28± 0.04 0.04± 0.02 0.03± 0.01 0.19± 0.02 0.21± 0.13 0.87 ± 0.00 0.09± 0.02 1.00 ± 0.00 0.00± 0.00 0.05± 0.00 0.02± 0.00
DA: crop (small) 0.14± 0.00 0.00± 0.00 0.01± 0.02 0.00± 0.00 0.00± 0.01 0.00± 0.00 0.00± 0.00 1.00 ± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00
LT: change positions 1.00 ± 0.00 0.01± 0.00 0.47± 0.01 0.01± 0.00 0.00± 0.01 0.46± 0.02 0.00± 0.00 0.97 ± 0.00 0.30± 0.00 0.29± 0.00 0.28± 0.00

DA: crop (large) + colour distortion 0.97 ± 0.00 0.59 ± 0.03 0.52 ± 0.01 0.68 ± 0.01 0.59 ± 0.05 0.28± 0.00 0.01± 0.01 0.01± 0.00 0.74 ± 0.01 0.78 ± 0.00 0.72 ± 0.00
DA: crop (small) + colour distortion 1.00 ± 0.00 0.72 ± 0.02 0.65 ± 0.02 0.70 ± 0.00 0.93 ± 0.00 0.30± 0.01 0.00± 0.00 0.02± 0.03 0.53 ± 0.00 0.57 ± 0.01 0.58 ± 0.01
LT: change positions + hues 1.00 ± 0.00 0.10± 0.10 0.49± 0.02 0.06± 0.05 0.07± 0.08 0.32± 0.02 0.00± 0.01 0.02± 0.03 0.34± 0.09 0.34± 0.04 0.34± 0.08

DA: rotation 0.33± 0.06 0.29± 0.03 0.11± 0.01 0.12± 0.04 0.23± 0.12 0.83 ± 0.01 0.30± 0.12 0.99 ± 0.00 0.02± 0.01 0.06± 0.03 0.07± 0.01
LT: change rotations 1.00 ± 0.00 0.78 ± 0.01 0.72 ± 0.03 0.09± 0.03 0.90 ± 0.00 0.41± 0.00 0.00± 0.00 0.97 ± 0.00 0.28± 0.00 0.28± 0.00 0.28± 0.00

DA: rotation + colour distortion 0.59 ± 0.01 0.63 ± 0.01 0.57 ± 0.08 0.54 ± 0.02 0.21± 0.01 0.12± 0.02 0.01± 0.00 0.01± 0.00 0.36± 0.03 0.34± 0.04 0.30± 0.03
LT: change rotations + hues 1.00 ± 0.00 0.80 ± 0.02 0.77 ± 0.01 0.13± 0.02 0.91 ± 0.00 0.30± 0.00 0.00± 0.00 0.00± 0.00 0.28± 0.00 0.28± 0.01 0.28± 0.00

DA: rot. + crop (lg) 0.26± 0.01 0.03± 0.02 0.03± 0.01 0.15± 0.04 0.04± 0.03 0.84 ± 0.06 0.10± 0.01 1.00 ± 0.00 0.00± 0.00 0.04± 0.02 0.02± 0.00
DA: rot. + crop (sm) 0.15± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00 1.00 ± 0.00 0.00± 0.00 0.00± 0.00 0.00± 0.00
LT: change rot. + pos. 1.00 ± 0.00 0.02± 0.03 0.48± 0.02 0.01± 0.01 0.02± 0.03 0.49± 0.03 0.03± 0.02 0.98 ± 0.00 0.29± 0.01 0.28± 0.01 0.28± 0.01

DA: rot. + crop (lg) + col. dist. 0.99 ± 0.00 0.69 ± 0.03 0.60 ± 0.01 0.70 ± 0.02 0.86 ± 0.03 0.28± 0.00 0.01± 0.00 0.01± 0.00 0.60 ± 0.01 0.64 ± 0.02 0.61 ± 0.01
DA: rot. + crop (sm) + col. dist. 1.00 ± 0.00 0.61 ± 0.02 0.59 ± 0.01 0.64 ± 0.01 0.82 ± 0.01 0.38± 0.00 0.01± 0.01 0.78 ± 0.03 0.44± 0.00 0.48± 0.02 0.45± 0.01
LT: change rot. + pos. + hues 1.00 ± 0.00 0.20± 0.12 0.50 ± 0.04 0.14± 0.11 0.15± 0.12 0.32± 0.01 0.00± 0.00 0.02± 0.01 0.33± 0.04 0.33± 0.02 0.32± 0.03

Linear identifiability: In Tab. 7, we present results evaluating all continuous variables with linear
regression. While, as expected, R2 scores are reduced across the board, we can observe that even
with a linear fit, the patterns observed in Tab. 6 persist.

Intermediate feature evaluation: In Tab. 8 and Tab. 9, we present evaluation based on the repre-
sentation from an intermediate layer (i.e., prior to applying a projection layer [20]) with nonlinear
and linear regression for the continuous variables, respectively. Note the intermediate layer has an
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Table 7: Evaluation results using a linear fit for not only class, but all continuous variables.
Views generated by Class

Positions Hues Rotations

object(x) object(y) object(z) spotlight object spotlight background object(φ) object(θ) object(ψ)

DA: colour distortion 0.42± 0.01 0.37± 0.03 0.20± 0.16 0.23± 0.02 0.01± 0.01 0.03± 0.01 −0.00± 0.00 −0.00± 0.00 0.13± 0.01 0.04± 0.01 0.09± 0.02
LT: change hues 1.00± 0.00 0.72± 0.07 0.56± 0.04 −0.00± 0.00 0.65± 0.07 0.29± 0.01 −0.00± 0.00 −0.00± 0.00 0.27± 0.01 0.26± 0.03 0.26± 0.01

DA: crop (large) 0.28± 0.04 0.00± 0.00 0.02± 0.00 0.04± 0.07 0.08± 0.13 0.51± 0.05 0.03± 0.02 0.20± 0.04 0.00± 0.00 0.02± 0.00 0.01± 0.00
DA: crop (small) 0.14± 0.00 −0.00± 0.00 −0.00± 0.00 −0.00± 0.00 −0.00± 0.00 −0.00± 0.00 −0.00± 0.00 0.17± 0.05 −0.00± 0.00 −0.00± 0.00 −0.00± 0.00
LT: change positions 1.00± 0.00 −0.00± 0.00 0.44± 0.02 −0.00± 0.00 −0.00± 0.00 0.29± 0.04 0.00± 0.00 0.73± 0.16 0.26± 0.01 0.25± 0.03 0.25± 0.04

DA: crop (large) + colour distortion 0.97± 0.00 0.12± 0.02 0.24± 0.03 0.21± 0.00 0.08± 0.03 0.13± 0.01 −0.00± 0.00 −0.00± 0.00 0.14± 0.04 0.18± 0.05 0.22± 0.02
DA: crop (small) + colour distortion 1.00± 0.00 0.35± 0.02 0.50± 0.01 0.19± 0.03 0.80± 0.01 0.28± 0.00 −0.00± 0.00 −0.00± 0.00 0.29± 0.00 0.30± 0.00 0.29± 0.01
LT: change positions + hues 1.00± 0.00 0.00± 0.00 0.42± 0.06 0.00± 0.00 0.00± 0.00 0.27± 0.02 −0.00± 0.00 −0.00± 0.00 0.23± 0.07 0.26± 0.03 0.25± 0.04

DA: rotation 0.33± 0.06 0.04± 0.04 0.04± 0.00 0.02± 0.03 0.12± 0.08 0.46± 0.06 0.06± 0.04 0.30± 0.13 0.00± 0.00 0.04± 0.02 0.02± 0.00
LT: change rotations 1.00± 0.00 0.34± 0.21 0.48± 0.03 −0.00± 0.00 0.60± 0.15 0.28± 0.00 0.00± 0.00 0.59± 0.26 0.27± 0.01 0.27± 0.00 0.27± 0.01

DA: rotation + colour distortion 0.59± 0.01 0.31± 0.02 0.26± 0.06 0.25± 0.07 0.02± 0.00 0.03± 0.02 −0.00± 0.00 −0.00± 0.00 0.07± 0.01 0.06± 0.01 0.10± 0.01
LT: change rotations + hues 1.00± 0.00 0.68± 0.02 0.57± 0.01 −0.00± 0.00 0.72± 0.10 0.29± 0.00 −0.00± 0.00 −0.00± 0.00 0.28± 0.00 0.28± 0.00 0.28± 0.00

DA: rot. + crop (lg) 0.26± 0.01 −0.00± 0.00 0.02± 0.00 0.00± 0.00 0.00± 0.00 0.59± 0.05 0.02± 0.01 0.20± 0.04 0.00± 0.00 0.01± 0.00 0.01± 0.00
DA: rot. + crop (sm) 0.15± 0.00 −0.00± 0.00 −0.00± 0.00 −0.00± 0.00 −0.00± 0.00 −0.00± 0.00 −0.00± 0.00 0.29± 0.21 −0.00± 0.00 −0.00± 0.00 −0.00± 0.00
LT: change rot. + pos. 1.00± 0.00 −0.00± 0.00 0.45± 0.01 −0.00± 0.00 −0.00± 0.00 0.32± 0.02 0.00± 0.00 0.80± 0.09 0.27± 0.00 0.27± 0.01 0.27± 0.01

DA: rot. + crop (lg) + col. dist. 0.99± 0.00 0.23± 0.04 0.26± 0.07 0.26± 0.01 0.51± 0.14 0.21± 0.01 −0.00± 0.00 −0.00± 0.00 0.21± 0.04 0.28± 0.02 0.22± 0.02
DA: rot. + crop (sm) + col. dist. 1.00± 0.00 0.26± 0.02 0.48± 0.01 0.21± 0.02 0.61± 0.01 0.31± 0.00 −0.00± 0.00 0.34± 0.02 0.30± 0.00 0.30± 0.01 0.29± 0.01
LT: change rot. + pos. + hues 1.00± 0.00 0.03± 0.05 0.46± 0.01 0.01± 0.01 0.01± 0.02 0.29± 0.01 −0.00± 0.00 −0.00± 0.00 0.27± 0.00 0.28± 0.01 0.28± 0.01

output dimensionality of 100. While it is clear that all R2 scores are increased across the board,
we can notice that certain latents which were discarded in the final layer, were not in an interme-
diate layer. For example, with “LT: change hues”, in the final layer the z-position was discarded
(R2 = 0.15 in Tab. 6), inexplicably we may add, as position is content regardless of axis with
this latent transformation. But in the intermediate layer, z-position was not discarded (R2 = 0.88
in Tab. 8).

Table 8: Evaluation of an intermediate layer. Logistic regression used for class, kernel ridge regression
used for all continuous variables.

Views generated by Class
Positions Hues Rotations

object(x) object(y) object(z) spotlight object spotlight background object(φ) object(θ) object(ψ)

DA: colour distortion 0.71± 0.02 0.68± 0.02 0.80± 0.01 0.63± 0.01 0.25± 0.01 0.13± 0.00 0.02± 0.01 0.01± 0.01 0.44± 0.01 0.48± 0.01 0.39± 0.00
LT: change hues 1.00± 0.00 0.98± 0.00 0.97± 0.00 0.88± 0.01 0.98± 0.00 0.34± 0.01 −0.00± 0.00 0.20± 0.10 0.71± 0.02 0.68± 0.03 0.68± 0.02

DA: crop (large) 0.43± 0.03 0.41± 0.05 0.35± 0.05 0.32± 0.04 0.41± 0.13 0.88± 0.00 0.14± 0.03 1.00± 0.00 0.03± 0.02 0.06± 0.01 0.08± 0.00
DA: crop (small) 0.20± 0.01 0.04± 0.05 0.20± 0.02 0.01± 0.02 0.20± 0.03 −0.00± 0.00 −0.00± 0.00 1.00± 0.00 −0.00± 0.00 −0.00± 0.00 −0.00± 0.00
LT: change positions 1.00± 0.00 0.78± 0.02 0.90± 0.01 0.75± 0.01 0.59± 0.02 0.82± 0.01 0.18± 0.02 0.99± 0.00 0.64± 0.02 0.55± 0.02 0.56± 0.02

DA: crop (large) + colour distortion 1.00± 0.00 0.92± 0.00 0.83± 0.00 0.92± 0.00 0.90± 0.01 0.29± 0.00 0.01± 0.01 0.01± 0.01 0.87± 0.00 0.90± 0.00 0.85± 0.00
DA: crop (small) + colour distortion 1.00± 0.00 0.92± 0.00 0.87± 0.01 0.90± 0.00 0.97± 0.00 0.46± 0.04 0.02± 0.02 0.58± 0.12 0.79± 0.01 0.83± 0.00 0.79± 0.00
LT: change positions + hues 1.00± 0.00 0.83± 0.04 0.90± 0.01 0.81± 0.04 0.75± 0.08 0.42± 0.09 0.04± 0.02 0.52± 0.20 0.72± 0.05 0.69± 0.07 0.67± 0.06

DA: rotation 0.46± 0.04 0.35± 0.04 0.19± 0.02 0.28± 0.04 0.34± 0.08 0.85± 0.01 0.35± 0.12 1.00± 0.00 0.03± 0.01 0.08± 0.02 0.10± 0.01
LT: change rotations 1.00± 0.00 0.97± 0.00 0.96± 0.01 0.84± 0.01 0.98± 0.00 0.82± 0.01 0.17± 0.02 0.99± 0.00 0.64± 0.02 0.59± 0.01 0.60± 0.03

DA: rotation + colour distortion 0.87± 0.02 0.76± 0.01 0.81± 0.01 0.71± 0.01 0.39± 0.08 0.19± 0.02 −0.00± 0.00 0.02± 0.02 0.55± 0.03 0.55± 0.03 0.48± 0.02
LT: change rotations + hues 1.00± 0.00 0.98± 0.00 0.97± 0.00 0.87± 0.00 0.99± 0.00 0.39± 0.05 0.04± 0.02 0.37± 0.21 0.69± 0.01 0.68± 0.01 0.68± 0.00

DA: rot. + crop (lg) 0.43± 0.03 0.38± 0.04 0.34± 0.02 0.28± 0.03 0.30± 0.05 0.86± 0.04 0.17± 0.02 1.00± 0.00 0.02± 0.00 0.05± 0.01 0.10± 0.01
DA: rot. + crop (sm) 0.20± 0.01 0.07± 0.03 0.09± 0.10 0.01± 0.01 0.20± 0.01 −0.00± 0.00 −0.00± 0.00 1.00± 0.00 −0.00± 0.00 −0.00± 0.00 −0.00± 0.00
LT: change rot. + pos. 1.00± 0.00 0.81± 0.01 0.90± 0.01 0.76± 0.01 0.67± 0.04 0.84± 0.01 0.28± 0.04 0.99± 0.00 0.62± 0.02 0.57± 0.01 0.55± 0.01

DA: rot. + crop (lg) + col. dist. 1.00± 0.00 0.92± 0.01 0.89± 0.00 0.92± 0.00 0.95± 0.01 0.30± 0.00 0.02± 0.02 0.18± 0.16 0.81± 0.00 0.84± 0.00 0.79± 0.00
DA: rot. + crop (sm) + col. dist. 1.00± 0.00 0.87± 0.00 0.85± 0.00 0.87± 0.00 0.93± 0.00 0.71± 0.02 0.33± 0.05 0.96± 0.00 0.72± 0.00 0.75± 0.00 0.71± 0.00
LT: change rot. + pos. + hues 1.00± 0.00 0.84± 0.02 0.91± 0.01 0.82± 0.02 0.78± 0.06 0.40± 0.01 0.06± 0.01 0.50± 0.05 0.72± 0.04 0.70± 0.05 0.67± 0.04

Table 9: Evaluation of an intermediate layer. Logistic regression used for class, linear regression used
for all continuous variables.

Views generated by Class
Positions Hues Rotations

object(x) object(y) object(z) spotlight object spotlight background object(φ) object(θ) object(ψ)

DA: colour distortion 0.71± 0.02 0.53± 0.01 0.70± 0.01 0.46± 0.01 0.13± 0.01 0.11± 0.01 −0.01± 0.00 0.00± 0.00 0.28± 0.01 0.19± 0.01 0.25± 0.01
LT: change hues 1.00± 0.00 0.93± 0.00 0.93± 0.00 0.60± 0.04 0.95± 0.00 0.31± 0.00 0.01± 0.01 0.06± 0.04 0.44± 0.02 0.41± 0.02 0.42± 0.00

DA: crop (large) 0.43± 0.03 0.18± 0.06 0.06± 0.01 0.17± 0.02 0.19± 0.14 0.82± 0.02 0.08± 0.04 0.98± 0.00 0.01± 0.00 0.05± 0.01 0.05± 0.01
DA: crop (small) 0.20± 0.01 0.01± 0.01 0.03± 0.02 0.00± 0.01 0.02± 0.01 −0.00± 0.00 −0.01± 0.00 0.99± 0.00 −0.01± 0.00 −0.01± 0.00 −0.00± 0.01
LT: change positions 1.00± 0.00 0.49± 0.04 0.72± 0.03 0.43± 0.03 0.19± 0.03 0.71± 0.02 0.09± 0.02 0.98± 0.00 0.39± 0.01 0.36± 0.01 0.35± 0.00

DA: crop (large) + colour distortion 1.00± 0.00 0.67± 0.03 0.56± 0.01 0.66± 0.02 0.67± 0.03 0.28± 0.00 −0.01± 0.00 0.01± 0.01 0.58± 0.02 0.61± 0.02 0.56± 0.01
DA: crop (small) + colour distortion 1.00± 0.00 0.76± 0.01 0.70± 0.02 0.68± 0.01 0.90± 0.00 0.38± 0.03 0.00± 0.01 0.39± 0.13 0.50± 0.02 0.50± 0.01 0.49± 0.01
LT: change positions + hues 1.00± 0.00 0.61± 0.09 0.74± 0.02 0.51± 0.08 0.40± 0.15 0.34± 0.04 0.02± 0.01 0.25± 0.22 0.47± 0.04 0.40± 0.02 0.41± 0.03

DA: rotation 0.46± 0.04 0.21± 0.02 0.10± 0.01 0.10± 0.02 0.21± 0.09 0.77± 0.01 0.25± 0.11 0.97± 0.01 0.02± 0.01 0.06± 0.02 0.08± 0.01
LT: change rotations 1.00± 0.00 0.92± 0.00 0.88± 0.01 0.51± 0.02 0.95± 0.00 0.70± 0.06 0.07± 0.02 0.98± 0.00 0.36± 0.01 0.34± 0.00 0.34± 0.01

DA: rotation + colour distortion 0.87± 0.02 0.60± 0.01 0.62± 0.03 0.52± 0.02 0.23± 0.02 0.18± 0.02 −0.01± 0.00 0.02± 0.01 0.33± 0.04 0.29± 0.01 0.28± 0.01
LT: change rotations + hues 1.00± 0.00 0.94± 0.00 0.92± 0.01 0.58± 0.01 0.96± 0.00 0.33± 0.02 0.02± 0.01 0.15± 0.10 0.40± 0.02 0.38± 0.01 0.41± 0.03

DA: rot. + crop (lg) 0.43± 0.03 0.24± 0.04 0.08± 0.02 0.16± 0.03 0.07± 0.01 0.80± 0.04 0.10± 0.01 0.98± 0.00 0.01± 0.00 0.05± 0.01 0.06± 0.01
DA: rot. + crop (sm) 0.20± 0.01 0.01± 0.01 0.03± 0.01 −0.00± 0.01 0.04± 0.01 −0.01± 0.00 −0.01± 0.00 0.99± 0.00 −0.01± 0.00 −0.01± 0.00 −0.00± 0.01
LT: change rot. + pos. 1.00± 0.00 0.55± 0.05 0.72± 0.02 0.44± 0.04 0.31± 0.08 0.76± 0.01 0.14± 0.01 0.99± 0.00 0.38± 0.01 0.35± 0.01 0.36± 0.02

DA: rot. + crop (lg) + col. dist. 1.00± 0.00 0.71± 0.01 0.69± 0.01 0.69± 0.00 0.84± 0.03 0.28± 0.00 −0.00± 0.00 0.07± 0.07 0.51± 0.01 0.50± 0.02 0.51± 0.01
DA: rot. + crop (sm) + col. dist. 1.00± 0.00 0.66± 0.00 0.69± 0.01 0.65± 0.02 0.83± 0.00 0.57± 0.03 0.18± 0.02 0.89± 0.01 0.46± 0.01 0.45± 0.02 0.44± 0.01
LT: change rot. + pos. + hues 1.00± 0.00 0.65± 0.04 0.75± 0.05 0.57± 0.03 0.49± 0.12 0.35± 0.01 0.02± 0.01 0.23± 0.04 0.48± 0.04 0.43± 0.01 0.43± 0.01

In [20], the value in evaluating an intermediate layer as opposed to a final layer is discussed, where the
authors demonstrated that predicting the data augmentations applied during training is significantly
more accurate from an intermediate layer as opposed to the final layer, implying that the intermediate
layer contains much more information about the transformation applied. Our results suggest a distinct
hypothesis, the value in using an intermediate layer as a representation for downstream tasks is
not due to preservation of style information, as can be seen, R2 scores on style variables are not
significantly higher in Tab. 8 relative to Tab. 6. The value is in preservation of all content variables,
as we can observe certain content variables are discarded in the final layer, but are preserved in an
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Table 10: BarlowTwins λ = 0.0051 results: R2 mean ± std. dev. over 3 random seeds. DA: data augmentation,
LT: latent transformation, bold: R2

≥ 0.5, red: R2 < 0.25. Results for individual axes of object position &
rotation are aggregated.

Views generated by Class
Positions Hues

Rotations
object spotlight object spotlight background

DA: colour distortion 0.48± 0.02 0.51 ± 0.14 0.07± 0.01 0.08± 0.00 0.00± 0.00 0.00± 0.00 0.21± 0.04
LT: change hues 1.00 ± 0.00 0.56 ± 0.20 0.76 ± 0.07 0.30± 0.01 0.00± 0.00 0.01± 0.00 0.35± 0.01

DA: crop (large) 0.17± 0.02 0.10± 0.03 0.06± 0.02 0.29± 0.13 0.11± 0.05 0.99 ± 0.00 0.02± 0.01
DA: crop (small) 0.15± 0.00 0.04± 0.02 0.05± 0.02 0.02± 0.01 0.00± 0.01 1.00 ± 0.00 0.00± 0.01
LT: change positions 0.88 ± 0.00 0.19± 0.20 0.05± 0.00 0.50 ± 0.02 0.04± 0.01 0.98 ± 0.00 0.27± 0.03

DA: crop (large) + colour distortion 0.87 ± 0.02 0.49± 0.06 0.32± 0.03 0.25± 0.01 0.00± 0.00 0.00± 0.00 0.50 ± 0.02
DA: crop (small) + colour distortion 0.81 ± 0.01 0.39± 0.07 0.42± 0.06 0.47± 0.04 0.03± 0.01 0.85 ± 0.02 0.30± 0.02
LT: change positions + hues 1.00 ± 0.00 0.28± 0.20 0.12± 0.05 0.31± 0.00 0.00± 0.00 0.01± 0.01 0.37± 0.06

Table 11: BarlowTwins λ = 0.051 results: R2 mean ± std. dev. over 3 random seeds. DA: data augmentation,
LT: latent transformation, bold: R2

≥ 0.5, red: R2 < 0.25. Results for individual axes of object position &
rotation are aggregated.

Views generated by Class
Positions Hues

Rotations
object spotlight object spotlight background

DA: colour distortion 0.52 ± 0.07 0.43± 0.18 0.07± 0.02 0.10± 0.03 0.00± 0.00 0.00± 0.00 0.21± 0.05
LT: change hues 1.00 ± 0.00 0.55 ± 0.24 0.74 ± 0.02 0.30± 0.00 0.00± 0.00 0.01± 0.01 0.33± 0.02

DA: crop (large) 0.19± 0.05 0.08± 0.02 0.05± 0.01 0.39± 0.36 0.08± 0.05 0.96 ± 0.05 0.01± 0.02
DA: crop (small) 0.15± 0.00 0.05± 0.02 0.07± 0.02 0.00± 0.01 0.01± 0.01 1.00 ± 0.00 0.00± 0.00
LT: change positions 0.89 ± 0.01 0.19± 0.20 0.05± 0.01 0.48± 0.04 0.05± 0.02 0.98 ± 0.00 0.25± 0.03

DA: crop (large) + colour distortion 0.86 ± 0.03 0.40± 0.07 0.23± 0.02 0.24± 0.01 0.00± 0.00 0.00± 0.00 0.47± 0.04
DA: crop (small) + colour distortion 0.99 ± 0.01 0.63 ± 0.03 0.88 ± 0.01 0.32± 0.02 0.00± 0.00 0.16± 0.13 0.52 ± 0.03
LT: change positions + hues 1.00 ± 0.00 0.21± 0.22 0.07± 0.01 0.30± 0.00 0.00± 0.00 0.02± 0.01 0.46± 0.06

intermediate layer. With that being said, our theoretical result applies to the final layer, which is why
said results were highlighted in the main paper. The discarding of certain content variables is an
empirical phenomenon, likely a consequence of a limited number of negative samples in practice,
leading to certain content variables being redundant, or unnecessary, for solving the contrastive
objective.

The fact that we can recover certain content variables which appeared discarded in the output from
the intermediate layer may suggest that we should be able to decode class. While scores are certainly
increased, we do not see such drastic differences in R2 scores, as was seen above. The drastic
difference highlighted above was with regards to latent transformation, for which we always observed
class encoded as a content variable. So, unfortunately, using an intermediate layer does not rectify
the discrepancy between data augmentations and latent transformations. While latent transformations
allow us to better interpret the effect of certain empirical techniques [20], as discussed in the main
paper, we cannot make a one-to-one correspondence between data augmentations used in practice
and latent transformations.

BarlowTwins: We repeat our analysis from § 5.2 using BarlowTwins [128] (instead of SimCLR)
which, as discussed at the end of § 4.2, is also loosely related to Thm. 4.4. The BarlowTwins

objective consists of an invariance term, which equates the diagonal elements of the cross-correlation
matrix to 1, thereby making the embedding invariant to the distortions applied and a redundancy
reduction term, which equates the off-diagonal elements of the cross-correlation matrix to 0, thereby
decorrelating the different vector components of the embedding, reducing the redundancy between
output units.

In Tab. 10 we train BarlowTwins with λ = 0.0051, the default value for the hyperparameter which
weights the redundancy reduction term relative to the invariance term. To confirm the insights are
robust to the value of λ,in Tab. 11, we report results with λ increased by an order of magnitude,
λ = 0.051. We find that the results mirror Tab. 1, e.g. colour distortion yields a discarding of hue,
crops isolate background hue where the larger the crop, the higher the identifiability of object hue,
and crops & colour distortion yield high accuracy in inferring the object class variable.

C.3 MPI3D-real

We ran the same experimental setup as in § 5.2 also on the MPI3D-real dataset [38] containing > 1
million real images with ground-truth annotations of 3D objects being moved by a robotic arm.
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Table 12: MPI3D-real results: R2 mean ± std. dev. over 3 random seeds for dim(ĉ)= 5. DA: data augmentation,
bold: R2

≥ 0.5, red: R2 < 0.25.
Views generated by object color object shape object size camera height background color horizontal axis vertical axis

DA: colour distortion 0.39± 0.01 0.00± 0.00 0.16± 0.01 1.00 ± 0.00 0.09± 0.15 0.60 ± 0.06 0.42± 0.08

DA: crop (large) 0.65 ± 0.17 0.01± 0.02 0.31± 0.03 1.00 ± 0.00 1.00 ± 0.00 0.37± 0.06 0.08± 0.03

DA: crop (small) 0.09± 0.02 0.03± 0.00 0.19± 0.01 1.00 ± 0.00 1.00 ± 0.00 0.21± 0.02 0.07± 0.00

DA: crop (large) + colour distortion 0.34± 0.00 0.00± 0.00 0.22± 0.03 1.00 ± 0.00 0.39± 0.02 0.54 ± 0.01 0.29± 0.01

DA: crop (small) + colour distortion 0.25± 0.02 0.00± 0.00 0.10± 0.01 1.00 ± 0.00 0.75 ± 0.16 0.54 ± 0.01 0.29± 0.03

Table 13: Supervised MPI3D-real results: R2 mean ± std. dev. over 3 random seeds. DA: data augmentation.
bold: R2

≥ 0.5, red: R2 < 0.25.
Views generated by object color object shape object size camera height background color horizontal axis vertical axis

Original 0.90 ± 0.01 0.25± 0.02 0.61 ± 0.02 0.99 ± 0.00 0.97 ± 0.01 1.00 ± 0.00 1.00 ± 0.00

DA: colour distortion 0.61 ± 0.01 0.11± 0.00 0.47± 0.01 0.98 ± 0.00 0.93 ± 0.00 0.99 ± 0.00 1.00 ± 0.00

DA: crop (large) 0.82 ± 0.01 0.05± 0.01 0.42± 0.02 0.97 ± 0.01 0.91 ± 0.00 0.96 ± 0.00 0.97 ± 0.01

DA: crop (small) 0.71 ± 0.04 0.01± 0.00 0.32± 0.02 0.95 ± 0.00 0.85 ± 0.01 0.79 ± 0.02 0.90 ± 0.01

DA: crop (large) + colour distortion 0.45± 0.02 0.02± 0.00 0.22± 0.00 0.95 ± 0.01 0.67 ± 0.01 0.91 ± 0.00 0.94 ± 0.00

DA: crop (small) + colour distortion 0.45± 0.02 0.00± 0.00 0.17± 0.02 0.91 ± 0.02 0.55 ± 0.03 0.69 ± 0.01 0.79 ± 0.08

As MPI3D-real contains much lower resolution images (64 × 64) compared to ImageNet &
Causal3DIdent (224 × 224), we used the standard convolutional encoder from the disentangle-
ment literature [82], and ran a sanity check experiment to verify that by training the same backbone
as in our unsupervised experiment with supervised learning, we can recover the ground-truth factors
from the augmented views. In Tab. 13, we observe that only five out of seven factors can be consis-
tently inferred, object shape and size are somewhat ambiguous even when observing the original
image. Note that while in the self-supervised case, we evaluate by training a nonlinear regression for
each ground truth factor separately, in the supervised case, we train a network for all ground truth
factors simultaneously from scratch for as many gradient steps as used for learning the self-supervised
model.

In Tab. 12, we report the evaluation results in the self-supervised scenario. Subject to the aforemen-
tioned caveats, the results show a similar trend as those on Causal3DIdent, i.e. with colour distortion,
color factors of variation are decoded significantly worse than positional/rotational information.

D Experimental details

Ground-truth generative model. The generative process used in our numerical simulations (§ 5.1)
is summarised by the following:

c ∼ p(c) = N (0,Σc), with Σc ∼ Wishartnc
(I, nc),

s|c ∼ p(s|c) = N (a+Bc,Σs), with Σs ∼ Wishartns
(I, ns), ai, bij

i.i.d.
∼ N (0, 1),

s̃A|sA, A ∼ p(s̃A|sA) = N(sA,Σ(A)) with Σ ∼ Wishartns
(I, ns),

(x̃,x) = (fMLP(z̃), fMLP(z)),

where the set of changing style vectors A is obtained by flipping a (biased) coin with p(chg.) = 0.75
for each style dimension independently, and where Σ(A) denotes the submatrix of Σ defined by
selecting the rows and columns corresponding to subset A.

When we do not allow for statistical dependence (Stat.) within blocks of content and style variables,
we set the covariance matrices Σc, Σs, and Σ to the identity. When we do not allow for causal
dependence (Cau.) of style on content, we set ai, bij = 0, ∀i, j.

For fMLP, we use a 3-layer MLP with LeakyReLU (α = 0.2) activation functions, specified using
the same process as used in previous work [54, 55, 129]. For the square weight matrices, we draw
(nc + ns)× (nc + ns) samples from U(−1, 1), and perform l2 column normalisation. In addition, to
control for invertibility, we re-sample the weight matrices until their condition number is less than or
equal to a threshold value. The threshold is pre-computed by sampling 24, 975 weight matrices, and
recording the minimum condition number.
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Training encoder. Recall that the result of Thm. 4.4 corresponds to minimizing the following
functional (5):

LAlignMaxEnt(g) := E(x,x̃)∼px,x̃

[(

g(x)− g(x̃)
)2]

−H (g(x)) .

Note that InfoNCE [20, 91] (1) can be rewritten as:

LInfoNCE(g; τ,K) = E{xi,x̃i}K
i=1

∼px,x̃

[

−
∑K

i=1 sim(g(x)i,g(x̃)i)/τ + log
∑K

j=1 exp{sim(g(x)i,g(x̃)j)/τ}
]

. (32)

Thus, if we consider τ = 1, and sim(u, v) = −(u− v)2,

LInfoNCE(g;K) = E{xi,x̃i}K
i=1

∼px,x̃

[
∑K

i=1

(

g(x)i − g(x̃)i
)2

+ log
∑K

j=1 exp{−(g(x)i − g(x̃)j)
2}
]

(33)

we can approximately match the form of (5). In practice, we use K = 6, 144.

For g, as in [129], we use a 7-layer MLP with (default) LeakyReLU (α = 0.01) activation functions.
As the input dimensionality is (nc+ns), we consider the following multipliers [10, 50, 50, 50, 50, 10]
for the number of hidden units per layer. In correspondence with Thm. 4.4, we set the output
dimensionality to nc.

We train our feature encoder for 300, 000 iterations, using Adam [66] with a learning rate of 10−4.

Causal3DIdent. We here elaborate on details specific to the experiments in § 5.2. We train the
feature encoder for 200, 000 iterations using Adam with a learning rate of 10−4. For the encoder
we use a ResNet18 [46] architecture followed by a single hidden layer with dimensionality 100 and
LeakyReLU activation function using the default (0.01) negative slope. The scores are evaluated on a
test set consisting of 25, 000 samples not included in the training set.

Data augmentations. We here specify the parameters for the data augmentations we considered:

• colour distortion: see the paragraph labelled “Color distortion” in Appendix A of [20] for details.
We use s = 1.0, the default value.

• crop: see the paragraph labelled “Random crop and resize to 224× 224” in Appendix A of [20] for
details. For small crops, a crop of random size (uniform from 0.08 to 1.0 in area) of the original
size is made, which corresponds to what was used in the experiments reported in [20]. For large
crops, a crop of random size (uniform from 0.8 to 1.0 in area) of the original size is made.

• rotation: as specified in the captions for Figure 4 & Table 3 in [20], we sample one of
{0°, 90°, 180°, 270°} uniformly. Note that for the pair, we sample two values without replacement.

A visual overview of the effect of these image-level data augmentations is shown in Fig. 11.

Latent transformations. To generate views via latent transformations (LT) in our experiments on
Causal3DIdent (§ 5.2), we proceed as follows.

Let z refer to the latent corresponding to the original image. For all latents specified to change, we
sample ẑ′ from a truncated normal distribution constrained to [−1, 1], centered at z, with σ = 1..
Then, we use nearest-neighbor matching to find the latent ẑ closest to ẑ′ (in L2 distance) for which
there exists an image rendering.15

Evaluation. Recall that Thm. 4.4 states that g block-identifies the true content variables in the
sense of Defn. 4.1, i.e., there exists an invertible function h : Rnc → R

nc s.t. ĉ = h(c).

Since this is different from typical evaluation in disentanglement or ICA in that we do not assume
independence and do not aim to find a one-to-one correspondence between inferred and ground truth
latents, existing metrics, such as MCC [54, 55] or MIG [18], do not apply.

We therefore treat identifying h as a regression task, which we solve using kernel ridge regression
with a Gaussian kernel [88]. Since the Gaussian kernel is universal, this constitutes a nonparametric

15see [129] for further details
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Figure 11: Visual overview of the effect of different data augmentations (DA), applied to 10 represen-
tative samples. Rows correspond to (top to bottom): original images, small random crop (+ random
flip), large random crop (+ random flip), colour distortion (jitter & drop), and random rotation.

regression technique with universal approximation capabilities, i.e., any nonlinear function can be
approximated arbitrarily well given sufficient data.

We sample 4096× 10 datapoints from the marginal for evaluation. For kernel ridge regression, we
standardize the inputs and targets, and fit the regression model on 4096× 5 (distinct) datapoints. We
tune the regularization strength α and kernel variance γ by 3-fold cross-validated grid search over the
following parameter grids: α ∈ [1, 0.1, 0.001, 0.0001], γ ∈ [0.01, 0.22, 4.64, 100].

Compute. The experiments in § 5.1 took on the order of 5-10 hours on a single GeForce RTX 2080
Ti GPU. The experiments in § 5.2 on 3DIdent took 28 hours on four GeForce RTX 2080 Ti GPUs.
The creation of the Causal3DIdent dataset additionally required approximately 150 hours of compute
time on a GeForce RTX 2080 Ti.
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Abstract

Contrastive learning has recently seen tremendous

success in self-supervised learning. So far, how-

ever, it is largely unclear why the learned represen-

tations generalize so effectively to a large variety

of downstream tasks. We here prove that feed-

forward models trained with objectives belonging

to the commonly used InfoNCE family learn to

implicitly invert the underlying generative model

of the observed data. While the proofs make cer-

tain statistical assumptions about the generative

model, we observe empirically that our findings

hold even if these assumptions are severely vio-

lated. Our theory highlights a fundamental con-

nection between contrastive learning, generative

modeling, and nonlinear independent component

analysis, thereby furthering our understanding of

the learned representations as well as providing

a theoretical foundation to derive more effective

contrastive losses.1

1. Introduction

With the availability of large collections of unlabeled

data, recent work has led to significant advances in self-

supervised learning. In particular, contrastive methods have

been tremendously successful in learning representations

for visual and sequential data (Logeswaran & Lee, 2018;

Wu et al., 2018; Oord et al., 2018; Hénaff, 2020; Tian et al.,

2019; Hjelm et al., 2019; Bachman et al., 2019; He et al.,

2020a; Chen et al., 2020a; Schneider et al., 2019; Baevski

et al., 2020a;b; Ravanelli et al., 2020). While a number

of explanations have been provided as to why contrastive

learning leads to such informative representations, existing

theoretical predictions and empirical observations appear

to be at odds with each other (Tian et al., 2019; Bachman

*Equal contribution. †Joint supervision 1University of
Tübingen, Tübingen, Germany 2IMPRS for Intelligent Systems,
Tübingen, Germany 3EPFL, Geneva, Switzerland. Correspon-
dence to: Roland S. Zimmermann <roland.zimmermann@uni-
tuebingen.de>.

Proceedings of the 38
th International Conference on Machine

Learning, PMLR 139, 2021. Copyright 2021 by the author(s).
1Online version and code: brendel-group.github.io/cl-ica/

et al., 2019; Wu et al., 2020; Saunshi et al., 2019).

In a nutshell, contrastive methods aim to learn representa-

tions where related samples are aligned (positive pairs, e.g.

augmentations of the same image), while unrelated samples

are separated (negative pairs) (Chen et al., 2020a). Intu-

itively, this leads to invariance to irrelevant details or trans-

formations (by decreasing the distance between positive

pairs), while preserving a sufficient amount of information

about the input for solving downstream tasks (by increasing

the distance between negative pairs) (Tian et al., 2020). This

intuition has recently been made more precise by (Wang &

Isola, 2020), showing that a commonly used contrastive loss

from the InfoNCE family (Gutmann & Hyvärinen, 2012;

Oord et al., 2018; Chen et al., 2020a) asymptotically con-

verges to a sum of two losses: an alignment loss that pulls

together the representations of positive pairs, and a unifor-

mity loss that maximizes the entropy of the learned latent

distribution.

We show that an encoder learned with a contrastive loss

from the InfoNCE family can recover the true generative

factors of variation (up to rotations) if the process that gen-

erated the data fulfills a few weak statistical assumptions.

This theory bridges the gap between contrastive learning,

nonlinear independent component analysis (ICA) and gen-

erative modeling (see Fig. 1). Our theory reveals implicit

assumptions encoded in the InfoNCE objective about the

generative process underlying the data. If these assumptions

are violated, we show a principled way of deriving alterna-

tive contrastive objectives based on assumptions regarding

the positive pair distribution. We verify our theoretical find-

ings with controlled experiments, providing evidence that

our theory holds true in practice, even if the assumptions on

the ground-truth generative model are partially violated.

To the best of our knowledge, our work is the first to analyze

under what circumstances representation learning methods

used in practice provably represent the data in terms of its

underlying factors of variation. Our theoretical and empiri-

cal results suggest that the success of contrastive learning

in many practical applications is due to an implicit and ap-

proximate inversion of the data generating process, which

explains why the learned representations are useful in a wide

range of downstream tasks.

In summary, our contributions are:
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Figure 1. We analyze the setup of contrastive learning, in which a feature encoder f is trained with the InfoNCE objective (Gutmann &

Hyvärinen, 2012; Oord et al., 2018; Chen et al., 2020a) using positive samples (green) and negative samples (orange). We assume the

observations are generated by an (unknown) injective generative model g that maps unobservable latent variables from a hypersphere to

observations in another manifold. Under these assumptions, the feature encoder f implictly learns to invert the ground-truth generative

process g up to linear transformations, i.e., f = Ag−1 with an orthogonal matrix A, if f minimizes the InfoNCE objective.

• We establish a theoretical connection between the In-

foNCE family of objectives, which is commonly used

in self-supervised learning, and nonlinear ICA. We

show that training with InfoNCE inverts the data gen-

erating process if certain statistical assumptions on the

data generating process hold.

• We empirically verify our predictions when the as-

sumed theoretical conditions are fulfilled. In addition,

we show successful inversion of the data generating

process even if these theoretical assumptions are par-

tially violated.

• We build on top of the CLEVR rendering

pipeline (Johnson et al., 2017b) to generate a

more visually complex disentanglement benchmark,

called 3DIdent, that contains hallmarks of natural

environments (shadows, different lighting conditions,

a 3D object, etc.). We demonstrate that a contrastive

loss derived from our theoretical framework can

identify the ground-truth factors of such complex,

high-resolution images.

2. Related Work

Contrastive Learning Despite the success of contrastive

learning (CL), our understanding of the learned representa-

tions remains limited, as existing theoretical explanations

yield partially contradictory predictions. One way to theo-

retically motivate CL is to refer to the InfoMax principle

(Linsker, 1988), which corresponds to maximizing the mu-

tual information (MI) between different views (Oord et al.,

2018; Bachman et al., 2019; Hjelm et al., 2019; Chen et al.,

2020a; Tian et al., 2020). However, as optimizing a tighter

bound on the MI can produce worse representations (Tschan-

nen et al., 2020), it is not clear how accurate this motivation

describes the behavior of CL.

Another approach aims to explain the success by introducing

latent classes (Saunshi et al., 2019). While this theory has

some appeal, there exists a gap between empirical observa-

tions and its predictions, e.g. the prediction that an excessive

number of negative samples decreases performance does

not corroborate with empirical results (Wu et al., 2018; Tian

et al., 2019; He et al., 2020a; Chen et al., 2020a). However,

recent work has suggested some empirical evidence for said

theoretical prediction, namely, issues with the commonly

used sampling strategy for negative samples, and have pro-

posed ways to mitigate said issues as well (Robinson et al.,

2020; Chuang et al., 2020).

More recently, the behavior of CL has been analyzed from

the perspective of alignment and uniformity properties of

representations, demonstrating that these two properties are

correlated with downstream performance (Wang & Isola,

2020). We build on these results to make a connection

to cross-entropy minimization from which we can derive

identifiability results.

Nonlinear ICA Independent Components Analysis (ICA)

attempts to find the underlying sources for multidimensional

data. In the nonlinear case, said sources correspond to a well-

defined nonlinear generative model g, which is assumed to

be invertible (i.e., injective) (Hyvärinen et al., 2001; Jutten

et al., 2010). In other words, nonlinear ICA solves a demix-

ing problem: Given observed data x = g(z), it aims to find

a model f that equals the inverse generative model g−1,

which allows for the original sources z to be recovered.

Hyvärinen et al. (2019) show that the nonlinear demixing

problem can be solved as long as the independent compo-
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nents are conditionally mutually independent with respect

to some auxiliary variable. The authors further provide prac-

tical estimation methods for solving the nonlinear ICA prob-

lem (Hyvärinen & Morioka, 2016; 2017), similar in spirit to

noise contrastive estimation (NCE; Gutmann & Hyvärinen,

2012). Recent work has generalized this contribution to

VAEs (Khemakhem et al., 2020a; Locatello et al., 2020;

Klindt et al., 2021), as well as (invertible-by-construction)

energy-based models (Khemakhem et al., 2020b). We here

extend this line of work to more general feed-forward net-

works trained using InfoNCE (Oord et al., 2018).

In a similar vein, Roeder et al. (2020) build on the work

of Hyvärinen et al. (2019) to show that for a model fam-

ily which includes InfoNCE, distribution matching implies

parameter matching. In contrast, we associate the learned la-

tent representation with the ground-truth generative factors,

showing under what conditions the data generating process

is inverted, and thus, the true latent factors are recovered.

3. Theory

We will show a connection between contrastive learning and

identifiability in the form of nonlinear ICA. For this, we

introduce a feature encoder f that maps observations x to

representations. We consider the widely used InfoNCE loss,

which often assumes L2 normalized representations (Wu

et al., 2018; He et al., 2020b; Tian et al., 2019; Bachman

et al., 2019; Chen et al., 2020a),

Lcontr(f ; τ,M) := (1)

E
(x,x̃)∼ppos

{x−

i
}M

i=1

i.i.d.
∼ pdata









− log
ef(x)

Tf(x̃)/τ

ef(x)Tf(x̃)/τ +
M
∑

i=1

ef(x)
Tf(x−

i
)/τ









.

Here M ∈ Z+ is a fixed number of negative samples, pdata
is the distribution of all observations and ppos is the dis-

tribution of positive pairs. This loss was motivated by the

InfoMax principle (Linsker, 1988), and has been shown to

be effective by many recent representation learning methods

(Logeswaran & Lee, 2018; Wu et al., 2018; Tian et al., 2019;

He et al., 2020a; Hjelm et al., 2019; Bachman et al., 2019;

Chen et al., 2020a; Baevski et al., 2020b). Our theoretical

results also hold for a loss function whose denominator only

consists of the second summand across the negative samples

(e.g., the SimCLR loss (Chen et al., 2020a)).

In the spirit of existing literature on nonlinear ICA

(Hyvärinen & Pajunen, 1999; Harmeling et al., 2003;

Sprekeler et al., 2014; Hyvärinen & Morioka, 2016; 2017;

Gutmann & Hyvärinen, 2012; Hyvärinen et al., 2019; Khe-

makhem et al., 2020a), we assume that the observations

x ∈ X are generated by an invertible (i.e., injective) gener-

ative process g : Z → X , where X ⊆ R
K is the space of

observations and Z ⊆ R
N with N ≤ K denotes the space

of latent factors. Influenced by the commonly used feature

normalization in InfoNCE, we further assume that Z is the

unit hypersphere S
N−1 (see Appx. A.1.1). Additionally,

we assume that the ground-truth marginal distribution of

the latents of the generative process is uniform and that the

conditional distribution (under which positive pairs have

high density) is a von Mises-Fisher (vMF) distribution:

p(z) = |Z|−1, p(z|z̃) = C−1
p eκz

>
z̃ with (2)

Cp : =

∫

eκz
>
z̃ dz̃ = const., x = g(z), x̃ = g(z̃).

Given these assumptions, we will show that if f minimizes

the contrastive loss Lcontr, then f solves the demixing prob-

lem, i.e., inverts g up to orthogonal linear transformations.

Our theoretical approach consists of three steps: (1) We

demonstrate that Lcontr can be interpreted as the cross-

entropy between the (conditional) ground-truth and inferred

latent distribution. (2) Next, we show that encoders mini-

mizing Lcontr maintain distance, i.e., two latent vectors with

distance α in the ground-truth generative model are mapped

to points with the same distance α in the inferred representa-

tion. (3) Finally, we leverage distance preservation to show

that minimizers of Lcontr invert the generative process up

to orthogonal transformations. Detailed proofs are given in

Appx. A.1.2.

Additionally, we will present similar results for general con-

vex bodies in R
N and more general similarity measures, see

Sec. 3.3. For this, the detailed proofs are given in Appx. A.2.

3.1. Contrastive learning is related to cross-entropy

minimization

From the perspective of nonlinear ICA, we are interested

in understanding how the representations f(x) which min-

imize the contrastive loss Lcontr (defined in Eq. (1)) are

related to the ground-truth source signals z. To study this

relationship, we focus on the map h = f ◦ g between the

recovered source signals h(z) and the true source signals

z. Note that this is merely for mathematical convenience; it

does not necessitate knowledge regarding neither g nor the

ground-truth factors during learning (beyond the assump-

tions stated in the theorems).

A core insight is a connection between the contrastive loss

and the cross-entropy between the ground-truth latent distri-

bution and a certain model distribution. For this, we expand

the theoretical results obtained by Wang & Isola (2020):

Theorem 1 (Lcontr converges to the cross-entropy between

latent distributions). If the ground-truth marginal distribu-

tion p is uniform, then for fixed τ > 0, as the number of

negative samples M → ∞, the (normalized) contrastive
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loss converges to

lim
M→∞

Lcontr(f ; τ,M)− logM + log |Z| =

E
z∼p(z)

[H(p(·|z), qh(·|z))]
(3)

where H is the cross-entropy between the ground-truth con-

ditional distribution p over positive pairs and a conditional

distribution qh parameterized by the model f ,

qh(z̃|z) = Ch(z)
−1eh(z̃)

Th(z)/τ

with Ch(z) : =

∫

eh(z̃)
Th(z)/τ dz̃,

(4)

where Ch(z) ∈ R
+ is the partition function of qh (see

Appx. A.1.1).

Next, we show that the minimizers h∗ of the cross-

entropy (4) are isometries in the sense that κz>z̃ =
h∗(z)>h∗(z̃) for all z and z̃. In other words, they preserve

the dot product between z and z̃.

Proposition 1 (Minimizers of the cross-entropy maintain

the dot product). Let Z = S
N−1, τ > 0 and consider the

ground-truth conditional distribution of the form p(z̃|z) =
C−1

p exp(κz̃>z). Let h map onto a hypersphere with radius√
τκ.2 Consider the conditional distribution qh parameter-

ized by the model, as defined above in Theorem 1, where the

hypothesis class for h (and thus f ) is assumed to be suffi-

ciently flexible such that p(z̃|z) and qh(z̃|z) can match. If

h is a minimizer of the cross-entropy Ep(z̃|z)[− log qh(z̃|z)],
then p(z̃|z) = qh(z̃|z) and ∀z, z̃ : κz>z̃ = h(z)>h(z̃).

3.2. Contrastive learning identifies ground-truth

factors on the hypersphere

From the strong geometric property of isometry, we can

now deduce a key property of the minimizers h∗:

Proposition 2 (Extension of the Mazur-Ulam theorem to

hyperspheres and the dot product). Let Z = S
N−1 and

Z ′ = S
N−1
r be the hyperspheres with radius 1 and r > 0,

respectively. If h : RN → Z ′ is differentiable in the vicinity

of Z and its restriction to Z maintains the dot product up

to a constant factor, i.e., ∀z, z̃ ∈ Z : r2z>z̃ = h(z)>h(z̃),
then h is an orthogonal linear transformation scaled by r
for all z ∈ Z .

In the last step, we combine the previous propositions to

derive our main result: the minimizers of the contrastive

loss Lcontr solve the demixing problem of nonlinear ICA

up to linear transformations, i.e., they identify the original

sources z for observations g(z) up to orthogonal linear trans-

formations. For a hyperspherical space Z these correspond

to combinations of permutations, rotations and sign flips.

2Note that in practice this can be implemented as a learnable
rescaling operation as the last operation of the network f .

Theorem 2. Let Z = S
N−1, the ground-truth marginal be

uniform, and the conditional a vMF distribution (cf. Eq. 2).

Let the restriction of the mixing function g to Z be injective

and h be differentiable in a vicinity of Z . If the assumed

form of qh, as defined above, matches that of p, and if f
is differentiable and minimizes the CL loss as defined in

Eq. (1), then for fixed τ > 0 and M → ∞, h = f ◦ g is

linear, i.e., f recovers the latent sources up to an orthogonal

linear transformation and a constant scaling factor.

Note that we do not assume knowledge of the ground-truth

generative model g; we only make assumptions about the

conditional and marginal distribution of the latents. On

real data, it is unlikely that the assumed model distribution

qh can exactly match the ground-truth conditional. We do,

however, provide empirical evidence that h is still an affine

transformation even if there is a severe mismatch, see Sec. 4.

3.3. Contrastive learning identifies ground-truth

factors on convex bodies in R
N

While the previous theoretical results require Z to be a hy-

persphere, we will now show a similar theorem for the more

general case of Z being a convex body in R
N . Note that the

hyperrectangle [a1, b1] × . . . × [aN , bN ] is an example of

such a convex body.

We follow a similar three step proof strategy as for the

hyperspherical case before: (1) We begin again by showing

that a properly chosen contrastive loss on convex bodies

corresponds to the cross-entropy between the ground-truth

conditional and a distribution parametrized by the encoder.

For this step, we additionally extend the results of Wang &

Isola (2020) to this latent space and loss function. (2) Next,

we derive that minimizers of the loss function are isometries

of the latent space. Importantly, we do not limit ourselves

to a specific metric, thus the result is applicable to a family

of contrastive objectives. (3) Finally, we show that these

minimizers must be affine transformations. For a special

family of conditional distributions (rotationally asymmetric

generalized normal distributions (Subbotin, 1923)), we can

further narrow the class of solutions to permutations and

sign-flips. For the detailed proofs, see Appx. A.2.

As earlier, we assume that the ground-truth marginal distri-

bution of the latents is uniform. However, we now assume

that the conditional distribution is exponential:

p(z) = |Z|−1, p(z|z̃) = C−1
p e−δ(z,z̃) with

Cp(z) : =

∫

e−δ(z,z̃) dz̃, x = g(z), x̃ = g(z̃),
(5)

where δ is a metric induced by a norm (see Appx. A.2.1).

To reflect the differences between this conditional distribu-

tion and the one assumed for the hyperspherical case, we

need to introduce an adjusted version of the contrastive loss
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in (1):

Definition 1 (Lδ-contr objective). Let δ : Z × Z → R be a

metric on Z . We define the general InfoNCE loss, which

uses δ as a similarity measure, as

Lδ-contr(f ; τ,M) := (6)

E
(x,x̃)∼ppos

{x−

i
}M

i=1

i.i.d.
∼ pdata

[

− log
e−δ(f(x),f(x̃))/τ

e–δ(f(x),f(x̃))/τ+
M
∑

i=1

e–δ(f(x),f(x–
i
))/τ

]

.

Note that this is a generalization of the InfoNCE criterion

in Eq. (1). In contrast to the objective above, the represen-

tations are no longer assumed to be L2 normalized, and

the dot-product is replaced with a more general similarity

measure δ.

Analogous to the previously demonstrated case for the hy-

persphere, for convex bodies Z , minimizers of the adjusted

Lδ-contr objective solve the demixing problem of nonlinear

ICA up to invertible linear transformations:

Theorem 5. Let Z be a convex body in R
N , h = f ◦ g :

Z → Z , and δ be a metric or a semi-metric (cf. Lemma 1

in Appx. A.2.4), induced by a norm. Further, let the ground-

truth marginal distribution be uniform and the conditional

distribution be as Eq. (5). Let the mixing function g be dif-

ferentiable and injective. If the assumed form of qh matches

that of p, i.e.,

qh(z̃|z) = C−1
q (z)e−δ(h(z̃),h(z))/τ

with Cq(z) : =

∫

e−δ(h(z̃),h(z))/τ dz̃,
(7)

and if f is differentiable and minimizes the Lδ-contr objective

in Eq. (6) for M → ∞, we find that h = f ◦ g is invertible

and affine, i.e., we recover the latent sources up to affine

transformations.

Note that the model distribution qh, which is implicitly

described by the choice of the objective, must be of the

same form as the ground-truth distribution p, i.e., both must

be based on the same metric. Thus, identifying different

ground-truth conditional distributions requires different con-

trastive Lδ-contr objectives. This result can be seen as a

generalized version of Theorem 2, as it is valid for any

convex body Z ⊆ R
N , allowing for a larger variety of

conditional distributions.

Finally, under the mild restriction that the ground-truth con-

ditional distribution is based on an Lp similarity measure

for p ≥ 1, p 6= 2, h identifies the ground-truth generative

factors up to generalized permutations. A generalized per-

mutation matrix A is a combination of a permutation and

element-wise sign-flips, i.e., ∀z : (Az)i = αizσ(i) with

αi = ±1 and σ being a permutation.

Theorem 6. Let Z be a convex body in R
N , h : Z → Z ,

and δ be an Lα metric or semi-metric (cf. Lemma 1 in

Appx. A.2.4) for α ≥ 1, α 6= 2. Further, let the ground-

truth marginal distribution be uniform and the conditional

distribution be as Eq. (5), and let the mixing function g be

differentiable and invertible. If the assumed form of qh(·|z)
matches that of p(·|z), i.e., both use the same metric δ up

to a constant scaling factor, and if f is differentiable and

minimizes the Lδ-contr objective in Eq. (6) for M → ∞, we

find that h = f ◦ g is a composition of input independent

permutations, sign flips and rescaling.

4. Experiments

4.1. Validation of theoretical claim

We validate our theoretical claims under both perfectly

matching and violated conditions regarding the ground-

truth marginal and conditional distributions. We consider

source signals of dimensionality N = 10, and sample pairs

of source signals in two steps: First, we sample from the

marginal p(z). For this, we consider both uniform distribu-

tions which match our assumptions and non-uniform distri-

butions (e.g., a normal distribution) which violate them. Sec-

ond, we generate the positive pair by sampling from a condi-

tional distribution p(z̃|z). Here, we consider matches with

our assumptions on the conditional distribution (von Mises-

Fisher for Z = S
N−1) as well as violations (e.g. normal,

Laplace or generalized normal distribution for Z = S
N−1).

Further, we consider spaces beyond the hypersphere, such

as the bounded box (which is a convex body) and the un-

bounded R
N .

We generate the observations with a multi-layer perceptron

(MLP), following previous work (Hyvärinen & Morioka,

2016; 2017). Specifically, we use three hidden layers with

leaky ReLU units and random weights; to ensure that the

MLP g is invertible, we control the condition number of

the weight matrices. For our feature encoder f , we also

use an MLP with leaky ReLU units, where the assumed

space is denoted by the normalization, or lack thereof, of

the encoding. Namely, for the hypersphere (denoted as

Sphere) and the hyperrectangle (denoted as Box) we apply

an L2 and L∞ normalization, respectively. For flexibility

in practice, we parameterize the normalization magnitude

of the Box, including it as part of the encoder’s learnable

parameters. On the hypersphere we optimize Lcontr and

on the hyperrectangle as well as the unbounded space we

optimize Lδ-contr. For further details, see Appx. A.3.

To test for identifiability up to affine transformations, we fit

a linear regression between the ground-truth and recovered

sources and report the coefficient of determination (R2). To

test for identifiability up to generalized permutations, we

leverage the mean correlation coefficient (MCC), as used
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in previous work (Hyvärinen & Morioka, 2016; 2017). For

further details, see Appx. A.3.

We evaluate both identifiability metrics for three different

model types. First, we ensure that the problem requires

nonlinear demixing by considering the identity function for

model f , which amounts to scoring the observations against

the sources (Identity Model). Second, we ensure that the

problem is solvable within our model class by training our

model f with supervision, minimizing the mean-squared

error between f(g(z)) and z (Supervised Model). Third,

we fit our model without supervision using a contrastive

loss (Unsupervised Model).

Tables 1 and 2 show results evaluating identifiability up

to affine transformations and generalized permutations, re-

spectively. When assumptions match (see column M.), CL

recovers a score close to the empirical upper bound. Mis-

matches in assumptions on the marginal and conditional do

not lead to a significant drop in performance with respect to

affine identifiability, but do for permutation identifiability

compared to the empirical upper bound. In many practi-

cal scenarios, we use the learned representations to solve

a downstream task, thus, identifiability up to affine trans-

formations is often sufficient. However, for applications

where identification of the individual generative factors is

desirable, some knowledge of the underlying generative pro-

cess is required to choose an appropriate loss function and

feature normalization. Interestingly, we find that for convex

bodies, we obtain identifiability up to permutation even in

the case of a normal conditional, which likely is due to the

axis-aligned box geometry of the latent domain. Finally,

note that the drop in performance for identifiability up to

permutations in the last group of Tab. 2 is a natural conse-

quence of either the ground-truth or the assumed conditional

being rotationally symmetric, e.g., a normal distribution, in

an unbounded space. Here, rotated versions of the latent

space are indistinguishable and, thus, the model cannot align

the axes of the reconstruction with that of the ground-truth

latent space, resulting in a lower score.

To zoom in on how violations of the uniform marginal as-

sumption influence the identifiability achieved by a model

in practice, we perform an ablation on the marginal distri-

bution by interpolating between the theoretically assumed

uniform distribution and highly locally concentrated distri-

butions. In particular, we consider two cases: (1) a sphere

(S9) with a vMF marginal around its north pole for differ-

ent concentration parameters κ; (2) a box ([0, 1]10) with a

normal marginal around the box’s center for different stan-

dard deviations σ. For both cases, Fig. 2 shows the R2

score as a function of the concentration κ and 1/σ2 respec-

tively (black). As a reference, the concentration of the used

conditional distribution is highlighted as a dashed line. In

addition, we also display the probability mass (0–100%)
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50.00

75.00

100.00

2−6 2−2 22 26 210
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2

2.57
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Figure 2. Varying degrees of violation of the uniformity assump-

tion for the marginal distribution. The figure shows the R2 score

measuring identifiability up to linear transformations (black) as

well as the difference between the used marginal and assumed uni-

form distribution in terms of probability mass (blue) as a function

of the marginal’s concentration. The black dotted line indicates

the concentration of the used conditional distribution.

that needs to be moved for converting the used marginal

distribution (i.e., vMF or normal) into the assumed uniform

marginal distribution (blue) as an intuitive measure of the

mismatch (i.e., 1
2

∫

|p(z)−puni| dz). While, we observe

significant robustness to mismatch, in both cases, we see

performance drop drastically once the marginal distribution

is more concentrated than the conditional distribution of

positive pairs. In such scenarios, positive pairs are indistin-

guishable from negative pairs.

4.2. Extensions to image data

Previous studies have demonstrated that representation

learning using constrastive learning scales well to complex

natural image data (Chen et al., 2020a;b; Hénaff, 2020). Un-

fortunately, the true generative factors of natural images are

inaccessible, thus we cannot evaluate identifiability scores.

We consider two alternatives. First, we evaluate on the

recently proposed benchmark KITTI Masks (Klindt et al.,

2021), which is composed of segmentation masks of natural

videos. Second, we contribute a novel benchmark (3DIdent;

cf. Fig. 3) which features aspects of natural scenes, e.g. a

complex 3D object and different lighting conditions, while

still providing access to the continuous ground-truth factors.

For further details, see Appx. A.4.1. 3DIdent is available at

zenodo.org/record/4502485.

4.2.1. KITTI MASKS

KITTI Masks (Klindt et al., 2021) is composed of pedestrian

segmentation masks extracted from an autonomous driving

vision benchmark KITTI-MOTS (Geiger et al., 2012), with

natural shapes and continuous natural transitions. We com-

pare to SlowVAE (Klindt et al., 2021), the state-of-the-art on

the considered dataset. In our experiments, we use the same

training hyperparameters (for details see Appx. A.3) and

(encoder) architecture as Klindt et al. (2021). The positive
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Table 1. Identifiability up to affine transformations. Mean ± standard deviation over 5 random seeds. Note that only the first row

corresponds to a setting that matches (3) our theoretical assumptions, while the others show results for violated assumptions (7; see

column M.). Note that the identity score only depends on the ground-truth space and the marginal distribution defined for the generative

process, while the supervised score additionally depends on the space assumed by the model.

Generative process g Model f R2 Score [%]

Space p(·) p(·|·) Space qh(·|·) M. Identity Supervised Unsupervised

Sphere Uniform vMF(κ=1) Sphere vMF(κ=1) 3 66.98± 2.79 99.71± 0.05 99.42± 0.05
Sphere Uniform vMF(κ=10) Sphere vMF(κ=1) 7 99.86± 0.01
Sphere Uniform Laplace(λ=0.05) Sphere vMF(κ=1) 7 99.91± 0.01
Sphere Uniform Normal(σ=0.05) Sphere vMF(κ=1) 7 99.86± 0.00

Box Uniform Normal(σ=0.05) Unbounded Normal 7 67.93± 7.40 99.78± 0.06 99.60± 0.02
Box Uniform Laplace(λ=0.05) Unbounded Normal 7 99.64± 0.02
Box Uniform Laplace(λ=0.05) Unbounded GenNorm(β=3) 7 99.70± 0.02
Box Uniform Normal(σ=0.05) Unbounded GenNorm(β=3) 7 99.69± 0.02

Sphere Normal(σ=1) Laplace(λ=0.05) Sphere vMF(κ=1) 7 63.37± 2.41 99.70± 0.07 99.02± 0.01
Sphere Normal(σ=1) Normal(σ=0.05) Sphere vMF(κ=1) 7 99.02± 0.02

Unbounded Laplace(λ=1) Normal(σ=1) Unbounded Normal 7 62.49± 1.65 99.65± 0.04 98.13± 0.14
Unbounded Normal(σ=1) Normal(σ=1) Unbounded Normal 7 63.57± 2.30 99.61± 0.17 98.76± 0.03

Table 2. Identifiability up to generalized permutations, averaged over 5 runs. Note that while Theorem 6 requires the model latent space to

be a convex body and p(·|·) = qh(·|·), we find that empirically either is sufficient. The results are grouped in four blocks corresponding to

different types and degrees of violation of assumptions of our theory showing identifiability up to permutations: (1) no violation, violation

of the assumptions on either the (2) space or (3) the conditional distribution, or (4) both.

Generative process g Model f MCC Score [%]

Space p(·) p(·|·) Space qh(·|·) M. Identity Supervised Unsupervised

Box Uniform Laplace(λ=0.05) Box Laplace 3 46.55± 1.34 99.93± 0.03 98.62± 0.05
Box Uniform GenNorm(β=3; λ=0.05) Box GenNorm(β=3) 3 99.90± 0.06

Box Uniform Normal(σ=0.05) Box Normal 7 99.77± 0.01
Box Uniform Laplace(λ=0.05) Box Normal 7 99.76± 0.02
Box Uniform GenNorm(β=3; λ=0.05) Box Laplace 7 98.80± 0.02

Box Uniform Laplace(λ=0.05) Unbounded Laplace 7 99.97± 0.03 98.57± 0.02
Box Uniform GenNorm(β=3; λ=0.05) Unbounded GenNorm(β=3) 7 99.85± 0.01

Box Uniform Normal(σ=0.05) Unbounded Normal 7 58.26± 3.00
Box Uniform Laplace(λ=0.05) Unbounded Normal 7 59.67± 2.33
Box Uniform Normal(σ=0.05) Unbounded GenNorm(β=3) 7 43.80± 2.15

pairs consist of nearby frames with a time separation ∆t.

As argued and shown in Klindt et al. (2021), the transi-

tions in the ground-truth latents between nearby frames is

sparse. Unsurprisingly then, Table 3 shows that assuming a

Laplace conditional as opposed to a normal conditional in

the contrastive loss leads to better identification of the under-

lying factors of variation. SlowVAE also assumes a Laplace

conditional (Klindt et al., 2021) but appears to struggle if

the frames of a positive pair are too similar (∆t = 0.05s).

This degradation in performance is likely due to the limited

expressiveness of the decoder deployed in SlowVAE.

4.2.2. 3DIDENT

Dataset description We build on (Johnson et al., 2017b)

and use the Blender rendering engine (Blender Online Com-

Table 3. KITTI Masks. Mean ± standard deviation over 10 ran-

dom seeds. ∆t indicates the average temporal distance of frames

used.

Model Model Space MCC [%]

∆t = 0.05s

SlowVAE Unbounded 66.1 ± 4.5
Laplace Unbounded 77.1 ± 1.0
Laplace Box 74.1 ± 4.4
Normal Unbounded 58.3 ± 5.4
Normal Box 59.9 ± 5.5

∆t = 0.15s

SlowVAE Unbounded 79.6 ± 5.8
Laplace Unbounded 79.4 ± 1.9
Laplace Box 80.9 ± 3.8
Normal Unbounded 60.2 ± 8.7
Normal Box 68.4 ± 6.7
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Rotation (φ, θ, ψ)

Figure 3. 3DIdent. Influence of the latent factors z on the renderings x. Each column corresponds to a traversal in one of the ten latent

dimensions while the other dimensions are kept fixed.

munity, 2021) to create visually complex 3D images (see

Fig. 3). Each image in the dataset shows a colored 3D object

which is located and rotated above a colored ground in a 3D

space. Additionally, each scene contains a colored spotlight

focused on the object and located on a half-circle around

the scene. The observations are encoded with an RGB color

space, and the spatial resolution is 224× 224 pixels.

The images are rendered based on a 10-dimensional latent,

where: (1) three dimensions describe the XYZ position,

(2) three dimensions describe the rotation of the object in

Euler angles, (3) two dimensions describe the color of the

object and the ground of the scene, respectively, and (4) two

dimensions describe the position and color of the spotlight.

We use the HSV color space to describe the color of the

object and the ground with only one latent each by having

the latent factor control the hue value. For more details on

the dataset see Sec. A.4.

The dataset contains 250 000 observation-latent pairs where

the latents are uniformly sampled from the hyperrectangle

Z . To sample positive pairs (z, z̃) we first sample a value

z̃
′ from the data conditional p(z̃′|z), and then use nearest-

neighbor matching3 implemented by FAISS (Johnson et al.,

2017a) to find the latent z̃ closest to z̃
′ (in L2 distance) for

which there exists an image rendering. In addition, unlike

previous work (Locatello et al., 2019), we create a hold-out

test set with 25 000 distinct observation-latent pairs.

Experiments and Results We train a convolutional fea-

ture encoder f composed of a ResNet18 architecture (He

3We used an Inverted File Index (IVF) with Hierarchical Navi-
gable Small World (HNSW) graph exploration for fast indexing.

et al., 2016) and an additional fully-connected layer, with a

LeakyReLU nonlinearity as the hidden activation. For more

details, see Appx. A.3. Following the same methodology as

in Sec. 4.1, i) depending on the assumed space, the output

of the feature encoder is normalized accordingly and ii) in

addition to the CL models, we also train a supervised model

to serve as an upper bound on performance. We consider

normal and Laplace distributions for positive pairs. Note,

that due to the finite dataset size we only sample from an

approximation of these distributions.

As in Tables 1 and 2, the results in Table 4 demonstrate

that CL reaches scores close to the topline (supervised)

performance, and mismatches between the assumed and

ground-truth conditional distribution do not harm the per-

formance significantly. However, if the hypothesis class

of the encoder is too restrictive to model the ground-truth

conditional distribution, we observe a clear drop in perfor-

mance, i.e., mapping a box onto a sphere. Note, that this

corresponds to the InfoNCE objective for L2-normalized

representations, commonly used for self-supervised repre-

sentation learning (Wu et al., 2018; He et al., 2020b; Tian

et al., 2019; Bachman et al., 2019; Chen et al., 2020a).

Finally, the last result shows that leveraging image augmen-

tations (Chen et al., 2020a) as opposed to sampling from

a specified conditional distribution of positive pairs p(·|·)
results in a performance drop. For details on the experi-

ment, see Appx. Sec. A.3. We explain this with the greater

mismatch between the conditional distribution assumed by

the model and the conditional distribution induced by the

augmentations. In all, we demonstrate validation of our

theoretical claims even for generative processes with higher

visual complexity than those considered in Sec. 4.1.
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Table 4. Identifiability up to affine transformations on the test set of 3DIdent. Mean ± standard deviation over 3 random seeds. As earlier,

only the first row corresponds to a setting that matches the theoretical assumptions for linear identifiability; the others show distinct

violations. Supervised training with unbounded space achieves scores of R2 = (98.67± 0.03)% and MCC = (99.33± 0.01)%. The

last row refers to using the image augmentations suggested by Chen et al. (2020a) to generate positive image pairs. For performance on

the training set, see Appx. Table 5.

Dataset Model f Identity [%] Unsupervised [%]

p(·|·) Space qh(·|·) M. R2 R2 MCC

Normal Box Normal 3 5.25± 1.20 96.73± 0.10 98.31± 0.04
Normal Unbounded Normal 7 96.43± 0.03 54.94± 0.02
Laplace Box Normal 7 96.87± 0.08 98.38± 0.03
Normal Sphere vMF 7 65.74± 0.01 42.44± 3.27
Augm. Sphere vMF 7 45.51± 1.43 46.34± 1.59

5. Conclusion

We showed that objectives belonging to the InfoNCE fam-

ily, the basis for a number of state-of-the-art techniques in

self-supervised representation learning, can uncover the true

generative factors of variation underlying the observational

data. To succeed, these objectives implicitly encode a few

weak assumptions about the statistical nature of the underly-

ing generative factors. While these assumptions will likely

not be exactly matched in practice, we showed empirically

that the underlying factors of variation are identified even if

theoretical assumptions are severely violated.

Our theoretical and empirical results suggest that the repre-

sentations found with contrastive learning implicitly (and

approximately) invert the generative process of the data.

This could explain why the learned representations are so

useful in many downstream tasks. It is known that a decisive

aspect of contrastive learning is the right choice of augmen-

tations that form a positive pair. We hope that our framework

might prove useful for clarifying the ways in which certain

augmentations affect the learned representations, and for

finding improved augmentation schemes.

Furthermore, our work opens avenues for constructing more

effective contrastive losses. As we demonstrate, imposing

a contrastive loss informed by characteristics of the latent

space can considerably facilitate inferring the correct seman-

tic descriptors, and thus boost performance in downstream

tasks. While our framework already allows for a variety of

conditional distributions, it is an interesting open question

how to adapt it to marginal distributions beyond the uniform

implicitly encoded in InfoNCE. Also, future work may ex-

tend our theoretical framework by incorporating additional

assumptions about our visual world, such as compositional-

ity, hierarchy or objectness. Accounting for such inductive

biases holds enormous promise in forming the basis for the

next generation of self-supervised learning algorithms.

Taken together, we lay a strong theoretical foundation for

not only understanding but extending the success of state-

of-the-art self-supervised learning techniques.
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A., d’Alché-Buc, F., Fox, E. B., and Garnett, R. (eds.),

Advances in Neural Information Processing Systems 32:

Annual Conference on Neural Information Processing

Systems 2019, NeurIPS 2019, December 8-14, 2019, Van-

couver, BC, Canada, pp. 15509–15519, 2019.

Baevski, A., Schneider, S., and Auli, M. vq-wav2vec: Self-

supervised learning of discrete speech representations. In

8th International Conference on Learning Representa-

tions, ICLR 2020, Addis Ababa, Ethiopia, April 26-30,

2020. OpenReview.net, 2020a.

Baevski, A., Zhou, Y., Mohamed, A., and Auli, M. wav2vec

2.0: A framework for self-supervised learning of speech

representations. In Larochelle, H., Ranzato, M., Hadsell,

R., Balcan, M., and Lin, H. (eds.), Advances in Neural In-

formation Processing Systems 33: Annual Conference on

Neural Information Processing Systems 2020, NeurIPS

2020, December 6-12, 2020, virtual, 2020b.

Blender Online Community. Blender - a 3D modelling

and rendering package. Blender Foundation, Blender

Institute, Amsterdam, 2021.

Burgess, C. and Kim, H. 3d shapes dataset.

https://github.com/deepmind/3dshapes-dataset/, 2018.

Całka, A. Local isometries of compact metric spaces. Pro-

ceedings of the American Mathematical Society, 85(4):

643–647, 1982.

Chen, T., Kornblith, S., Norouzi, M., and Hinton, G. E.

A simple framework for contrastive learning of visual

representations. In Proceedings of the 37th International

Conference on Machine Learning, ICML 2020, 13-18

July 2020, Virtual Event, volume 119 of Proceedings

of Machine Learning Research, pp. 1597–1607. PMLR,

2020a.

Chen, T., Kornblith, S., Swersky, K., Norouzi, M., and

Hinton, G. E. Big self-supervised models are strong

semi-supervised learners. In Larochelle, H., Ranzato, M.,

Hadsell, R., Balcan, M., and Lin, H. (eds.), Advances in

Neural Information Processing Systems 33: Annual Con-

ference on Neural Information Processing Systems 2020,

NeurIPS 2020, December 6-12, 2020, virtual, 2020b.

Chuang, C., Robinson, J., Lin, Y., Torralba, A., and Jegelka,

S. Debiased contrastive learning. In Larochelle, H., Ran-

zato, M., Hadsell, R., Balcan, M., and Lin, H. (eds.),

Advances in Neural Information Processing Systems 33:

Annual Conference on Neural Information Processing

Systems 2020, NeurIPS 2020, December 6-12, 2020, vir-

tual, 2020.

Deng, J., Dong, W., Socher, R., Li, L., Li, K., and Li, F.

Imagenet: A large-scale hierarchical image database. In

2009 IEEE Computer Society Conference on Computer

Vision and Pattern Recognition (CVPR 2009), 20-25 June

2009, Miami, Florida, USA, pp. 248–255. IEEE Com-

puter Society, 2009. doi: 10.1109/CVPR.2009.5206848.
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imer, A., d’Alché-Buc, F., Fox, E. B., and Garnett, R.

(eds.), Advances in Neural Information Processing Sys-

tems 32: Annual Conference on Neural Information Pro-

cessing Systems 2019, NeurIPS 2019, December 8-14,

2019, Vancouver, BC, Canada, pp. 15714–15725, 2019.

Gutmann, M. U. and Hyvärinen, A. Noise-contrastive esti-

mation of unnormalized statistical models, with applica-

tions to natural image statistics. The Journal of Machine

Learning Research, 13:307–361, 2012.

Harmeling, S., Ziehe, A., Kawanabe, M., and Müller, K.-R.

Kernel-based nonlinear blind source separation. Neural

Computation, 15(5):1089–1124, 2003.

He, K., Zhang, X., Ren, S., and Sun, J. Deep residual

learning for image recognition. In 2016 IEEE Conference

on Computer Vision and Pattern Recognition, CVPR 2016,

Las Vegas, NV, USA, June 27-30, 2016, pp. 770–778.

IEEE Computer Society, 2016. doi: 10.1109/CVPR.2016.

90.

He, K., Fan, H., Wu, Y., Xie, S., and Girshick, R. B. Mo-

mentum contrast for unsupervised visual representation

learning. In 2020 IEEE/CVF Conference on Computer

Vision and Pattern Recognition, CVPR 2020, Seattle, WA,

USA, June 13-19, 2020, pp. 9726–9735. IEEE, 2020a.

doi: 10.1109/CVPR42600.2020.00975.



Contrastive Learning Inverts the Data Generating Process

He, K., Fan, H., Wu, Y., Xie, S., and Girshick, R. B. Mo-

mentum contrast for unsupervised visual representation

learning. In 2020 IEEE/CVF Conference on Computer

Vision and Pattern Recognition, CVPR 2020, Seattle, WA,

USA, June 13-19, 2020, pp. 9726–9735. IEEE, 2020b.

doi: 10.1109/CVPR42600.2020.00975.
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A. Appendix

A.1. Extended Theory for Hyperspheres

A.1.1. ASSUMPTIONS

Generative Process Let the generator g : RN → X with

X ⊆ R
K and K ≥ N . Further, let the restriction of g to

the space Z = S
N−1 ⊂ R

N be injective and g be differ-

entiable in the vicinity of Z . We assume that the marginal

distribution p(z) over latent variables z ∈ Z is uniform:

p(z) =
1

|Z| . (8)

Further, we assume that the conditional distribution over

positive pairs p(z̃|z) is a von Mises-Fisher (vMF) distribu-

tion

p(z̃|z) = C−1
p eκz

>
z̃ (9)

with Cp : =

∫

eκη
>
z̃ dz̃, (10)

where κ is a parameter controlling the width of the distri-

bution and η is any vector on the hypersphere. Finally, we

assume that during training one has access to observations

x, which are samples from these distributions transformed

by the generator function g.

Model Let f : X → S
N−1
r , where S

N−1
r denotes a hy-

persphere with radius r. The parameters of this model

are optimized using contrastive learning. We associate a

conditional distribution qh(z̃|z) with our model f through

h = f ◦ g and

qh(z̃|z) = C−1
q (z)eh(z̃)

>h(z)/τ

with Cq(z) : =

∫

eh(z̃)
>h(z)/τ dz̃,

(11)

where Cq(z) is the partition function and τ > 0 is a scale

parameter.

A.1.2. PROOFS FOR SEC. 3

We begin by recalling a result of Wang & Isola (2020),

where the authors show an asymptotic relation between the

contrastive loss Lcontr and two loss functions, the alignment

loss Lalign and the uniformity loss Luni:

Proposition A (Asymptotics of Lcontr, Wang & Isola, 2020).

For fixed τ > 0, as the number of negative samples M → ∞,

the (normalized) contrastive loss converges to

lim
M→∞

Lcontr(f ; τ,M)− logM

= Lalign(f ; τ) + Luni(f ; τ),
(12)

where

Lalign(f ; τ) := −1

τ
E

(z̃,z)∼p(z̃,z)

[

(f ◦ g)(z)T(f ◦ g)(z)
]

Luni(f ; τ) := E
z∼p(z)

[

log E
z̃∼p(z̃)

[

e(f◦g)(z̃)
T(f◦g)(z)/τ

]

]

.

(13)

Proof. See Theorem 1 of Wang & Isola (2020). Note that

they originally formulated the losses in terms of observa-

tions x and not in terms of the latent variables z. How-

ever, this modified version simplifies notation in the follow-

ing.

Based on this result, we show that the contrastive loss Lcontr

asymptotically converges to the cross-entropy between the

ground-truth conditional p and our assumed model condi-

tional distribution qh, up to a constant. This is notable,

because given the correct model specification for qh, it is

well-known that the cross-entropy is minimized iff qh = p,

i.e., the ground-truth conditional distribution and the model

distribution will match.

Theorem 1 (Lcontr converges to the cross-entropy between

latent distributions). If the ground-truth marginal distribu-

tion p is uniform, then for fixed τ > 0, as the number of

negative samples M → ∞, the (normalized) contrastive

loss converges to

lim
M→∞

Lcontr(f ; τ,M)− logM + log |Z| =

E
z∼p(z)

[H(p(·|z), qh(·|z))]
(14)

where H is the cross-entropy between the ground-truth

conditional distribution p over positive pairs and a con-

ditional distribution qh parameterized by the model f ,

and Ch(z) ∈ R
+ is the partition function of qh (see Ap-

pendix A.1.1):

qh(z̃|z) = Ch(z)
−1eh(z̃)

Th(z)/τ

with Ch(z) : =

∫

eh(z̃)
Th(z)/τ dz̃.

(15)

Proof. The cross-entropy between the conditional distribu-

tions p and qh is given by

E
z∼p(z)

[H(p(·|z), qh(·|z))] (16)

= E
z∼p(z)

[

E
z̃∼p(z̃|z)

[− log qh(z̃|z)]
]

(17)

= E
z̃,z∼p(z̃,z)

[

−1

τ
h(z̃)>h(z) + logCh(z)

]

(18)

=− 1

τ
E

z̃,z∼p(z̃,z)

[

h(z̃)>h(z)
]

+ E
z∼p(z)

[logCh(z)] . (19)
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Using the definition of Ch in Eq. (15) we obtain

=− 1

τ
E

z̃,z∼p(z̃,z)

[

h(z̃)>h(z)
]

(20)

+ E
z∼p(z)

[

log

∫

Z

eh(z̃)
>h(z)/τ dz̃

]

. (21)

By assumption the marginal distribution is uniform, i.e.,

p(z) = |Z|−1. We expand by |Z||Z|−1 and estimate the

integral by sampling from p(z) = |Z|−1, yielding

=− 1

τ
E

z̃,z∼p(z̃,z)

[

h(z̃)>h(z)
]

(22)

+ E
z∼p(z)

[

log |Z| E
z̃∼p(z̃)

[

eh(z̃)
>h(z)/τ

]

]

(23)

=− 1

τ
E

z̃,z∼p(z̃,z)

[

h(z̃)>h(z)
]

(24)

+ E
z∼p(z)

[

log E
z̃∼p(z̃)

[

eh(z̃)
>h(z)/τ

]

]

+ log |Z|.
(25)

By inserting the definition h = f ◦ g,

=− 1

τ
E

z̃,z∼p(z̃,z)

[

(f ◦ g)(z̃)>(f ◦ g)(z)
]

(26)

+ E
z∼p(z)

[

log E
z̃∼p(z̃)

[

e(f◦g)(z̃)
>(f◦g)(z)/τ

]

]

(27)

+ log |Z|, (28)

we can identify the losses introduced in Proposition A,

=Lalign(f ; τ) + Luni(f ; τ) + log |Z|, (29)

which recovers the original alignment term and the unifor-

mity term for maximimizing entropy by means of a von

Mises-Fisher KDE up to the constant log |Z|. According to

Proposition A this equals

= lim
M→∞

Lcontr(f ; τ,M)− logM + log |Z|, (30)

which concludes the proof.

Proposition 1 (Minimizers of the cross-entropy maintain

the dot product). Let Z = S
N−1, τ > 0 and con-

sider the ground-truth conditional distribution of the form

p(z̃|z) = C−1
p exp(κz̃>z). Let h map onto a hypersphere

with radius
√
τκ.4 Consider the conditional distribution qh

parameterized by the model, as defined above in Theorem 1,

where the hypothesis class for h is assumed to be sufficiently

flexible such that p(z̃|z) and qh(z̃|z) can match. If h is a

minimizer of the cross-entropy Ep(z̃|z)[− log qh(z̃|z)], then

p(z̃|z) = qh(z̃|z) and ∀z, z̃ : κz>z̃ = h(z)>h(z̃).

4Note that in practice this can be implemented as a learnable
rescaling operation of the network f .

Proof. By assumption, qh(z̃|z) is powerful enough to match

p(z̃|z) for the correct choice of h — in particular, for h(z) =√
τκz. The global minimum of the cross-entropy between

two distributions is reached if they match by value and have

the same support. Thus, this means

p(z̃|z) = qh(z̃|z). (31)

This expression also holds true for z̃ = z; additionally using

that h maps from a unit hypersphere to one with radius
√
τκ

yields

p(z|z) = qh(z|z) (32)

⇔ C−1
p eκz

>
z = Ch(z)

−1eh(z)
>h(z)/τ (33)

⇔ C−1
p eκ = Ch(z)

−1eκ (34)

⇔ Cp = Ch. (35)

As the normalization constants are identical we get for all

z, z̃ ∈ Z

eκz
>
z̃ = eh(z)

>h(z̃) ⇔ κz>z̃ = h(z)>h(z̃). (36)

Proposition 2 (Extension of the Mazur-Ulam theorem to

hyperspheres and the dot product). Let Z = S
N−1 and

Z ′ = S
N−1
r be the hyperspheres with radius 1 and r > 0,

respectively. If h : RN → Z ′ is differentiable in the vicinity

of Z and its restriction to Z maintains the dot product up

to a constant factor, i.e., ∀z, z̃ ∈ Z : r2z>z̃ = h(z)>h(z̃),
then h is an orthogonal linear transformation scaled by r
for all z ∈ Z .

Proof. First, we begin with the case r = 1. As h maintains

the dot product we have:

∀z, z̃ ∈ Z : z>z̃ = h(z)>h(z̃). (37)

We consider the partial derivative w.r.t. z and obtain:

∀z, z̃ ∈ Z : z̃ = J
>
h (z)h(z̃). (38)

Taking the partial derivative w.r.t. z̃ yields

∀z, z̃ ∈ Z : I = J
>
h (z)Jh(z̃). (39)

We can now conclude

∀z, z̃ ∈ Z : Jh(z̃)
−1 = J

>
h (z). (40)

which implies a constant Jacobian matrix Jh(z) = Jh as

the identity holds on all points in Z , and further that the

Jacobian Jh is orthogonal. Hence, ∀z ∈ Z : h(z) = Jhz is

an orthogonal linear transformation.

Finally, for r 6= 1 we can leverage the previous result by

introducing h′(z) := h(z)/r. For h′ the previous argument

holds, implying that h′ is an orthogonal transformation.

Therefore, the restriction of h to Z is an orthogonal linear

transformation scaled by r2.
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Taking all of this together, we can now prove Theorem 2:

Theorem 2. Let Z = S
N−1, the ground-truth marginal be

uniform, and the conditional a vMF distribution (cf. Eq. 2).

Let the restriction of the mixing function g to Z be injective

and h be differentiable in a vicinity of Z . If the assumed

form of qh, as defined above, matches that of p, and if f
is differentiable and minimizes the CL loss as defined in

Eq. (1), then for fixed τ > 0 and M → ∞, h = f ◦ g is

linear, i.e., f recovers the latent sources up to an orthogonal

linear transformation and a constant scaling factor.

Proof. As f minimzes the contrastive loss Lcontr we can

apply Theorem 1 to see that f also minimizes the cross-

entropy between p(z̃|z) and qh(z̃|z) for any point z on Z .

This means, we can apply Proposition 1 to show that the

concatenation h = f ◦ g is an isometry with respect to

the dot product. Finally, according to Proposition 2, h must

then be a composition of an orthogonal linear transformation

and a constant scaling factor. Thus, f recovers the latent

sources up to orthogonal linear transformations, concluding

the proof.

A.2. Extension of theory to subspaces of RN

Here, we show how one can generalize the theory above

from Z = S
N−1 to Z ⊆ R

N . Under mild assumptions

regarding the ground-truth conditional distribution p and the

model distribution qh, we prove that all minimizers of the

cross-entropy between p and qh are linear functions, if Z is

a convex body. Note that the hyperrectangle [a1, b1]× . . .×
[aN , bN ] is an example of such a convex body.

A.2.1. ASSUMPTIONS

First, we restate the core assumptions for this proof. The

main difference to the assumptions for the hyperspherical

case above is that we assume different conditional distri-

butions: instead of rotation-invariant von Mises-Fisher dis-

tributions, we use translation-invariant distributions (up to

restrictions determined by the finite size of the space) of the

exponential family.

Generative process Let g : Z → X be an injective func-

tion between the two spaces Z ⊆ R
N and X ⊆ R

K with

K ≥ N and where Z is a convex body (e.g., a hyperrectan-

gle). Further, let the marginal distribution be uniform, i.e.,

p(z) = |Z|−1. We assume that the conditional distribution

over positive pairs p(z̃|z) is an exponential distribution

p(z̃|z) = C−1
p (z)e−λδ(z̃,z)

with Cp(z) : =

∫

e−λδ(z,z̃) dz̃,
(41)

where λ > 0 a parameter controlling the width of the distri-

bution and δ is a (semi-)metric. If δ is a semi-metric, i.e.,

it does not fulfill the triangle inequality, there must exist a

metric δ′ such that δ can be written as the composition of a

continuously invertible map j : R≥0 → R≥0 with j(0) = 0
and the metric, i.e., δ = j ◦ δ′. Finally, we assume that

during training one has access to samples from both of these

distributions.

Note that unlike for the hypersphere, when sampling posi-

tive pairs z, z̃ ∼ p(z)p(z̃|z), it is no longer guaranteed that

the marginal distributions of z and z̃ are the same. When

referencing the density functions – or using them in expec-

tation values – p(·) will always denote the same marginal

density, no matter if the argument is z or z̃. Specifically,

p(z̃) does not refer to
∫

p(z)p(z̃|z)dz.

Model Let Z ′ be a subset of RN that is a convex body

and let f : X → Z ′ be the model whose parameters are

optimized. We associate a conditional distribution qh(z̃|z)
with our model f through

qh(z̃|z) = C−1
q (z)e−δ(h(z̃),h(z))/τ

with Cq(z) : =

∫

e−δ(h(z̃),h(z))/τ dz̃,
(42)

where Cq(z) is the partition function and δ is defined above.

A.2.2. MINIMIZING THE CROSS-ENTROPY

In a first step, we show the analogue of Proposition A for Z
being a convex body:

Proposition 3. For fixed τ > 0, as the number of negative

samples M → ∞, the Lδ-contr loss converges to

lim
M→∞

Lδ-contr(f ; τ,M)− logM =

Lδ-align(f ; τ) + Lδ-uni(f ; τ),
(43)

where

Lδ-align(f ; τ) :=
1

τ
E

z∼p(z)
z̃∼p(z̃|z)

[δ(h(z̃), h(z)))]

Lδ-uni(f ; τ) := E
z∼p(z)

[

log

(

E
z̃∼p(z̃)

[

e−δ(h(z̃),h(z))/τ
]

)]

,

(44)

and Lδ-contr(f ; τ,M) is as defined in Eq. (6).

Proof. This proof is adapted from Wang & Isola (2020).

By the Continuous Mapping Theorem and the law of large

numbers, for any x, x̃ and {x−
i }Mi=1 it follows almost surely
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lim
M→∞

log

(

1

M
e−δ(f(x),f(x̃))/τ)+

1

M

M
∑

i=1

e−δ(f(x),f(x−

i
))/τ

)

= log

(

E
x−∼pdata

[

e−δ(f(x),f(x−))/τ
]

)

= log

(

E
z̃∼p(z̃)

[

e−δ(h(z),h(z̃))/τ
]

)

,

(45)

where in the last step we expressed the sample x and nega-

tive examples x− in terms of their latent factors.

We can now express the limit of the entire loss function as

lim
M→∞

Lδ-contr(f ; τ,M)− logM

=
1

τ
E

(x,x̃)∼ppos

[δ(f(x), f(x̃))]

+ lim
M→∞

E
(x,x̃)∼ppos

{x−

i
}M

i=1

i.i.d.
∼ pdata

[

log

(

1

M
e−δ(f(x),f(x̃))/τ

+
1

M

M
∑

i=1

e−δ(f(x),f(x−))/τ

)

]

=
1

τ
E

(x,x̃)∼ppos

[δ(f(x), f(x̃))]

+ E
(x,x̃)∼ppos

{x−

i
}M

i=1

i.i.d.
∼ pdata

[

lim
M→∞

log

(

1

M
e−δ(f(x),f(x̃))/τ

+
1

M

M
∑

i=1

e−δ(f(x),f(x−

i
))/τ

)

]

.

(46)

Note that as δ is a (semi-)metric, the expression

e−δ(f(x),f(x̃)) is upper-bounded by 1. Hence, according

to the Dominated Convergence Theorem one can switch the

limit with the expectation value in the second step. Inserting

the previous results yields

=
1

τ
E

(x,x̃)∼ppos

[δ(f(x), f(x̃))]

+ E
x∼pdata

[

log

(

E
x−∼pdata

[

e−δ(f(x),f(x−))/τ
]

)]

=
1

τ
E

z∼p(z)
z̃∼p(z̃|z)

[δ(h(z), h(z̃))]

+ E
z∼p(z)

[

log

(

E
z̃∼p(z̃)

[

e−δ(h(z),h(z̃))/τ
]

)]

= Lδ-align(f ; τ) + Lδ-uni(f ; τ).

(47)

Next, we derive a property similar to Theorem 1, which

suggests a practical method to find minimizers of the cross-

entropy between the ground-truth p and model conditional

qh. This property is based on our previously introduced

objective function in Eq. (6), which is a modified version of

the InfoNCE objective in Eq. (1).

Theorem 3. Let δ be a semi-metric and τ, λ > 0 and

let the ground-truth marginal distribution p be uniform.

Consider a ground-truth conditional distribution p(z̃|z) =
C−1

p (z) exp(−λδ(z̃, z)) and the model conditional distri-

bution

qh(z̃|z) = C−1
h (z)e−δ(h(z̃),h(z))/τ

with Ch(z) : =

∫

Z

e−δ(h(z̃),h(z))/τdz̃.
(48)

Then the cross-entropy between p and qh is given by

lim
M→∞

Lδ-contr(f ; τ,M)− logM + log |Z| =

E
z∼p(z)

[H(p(·|z), qh(·|z)] ,
(49)

which can be implemented by sampling data from the acces-

sible distributions.

Proof. We use the definition of the cross-entropy to write

E
z∼p(z)

[H(p(·|z), qh(·|z)] (50)

= − E
z∼p(z)

[

E
z̃∼p(z̃|z)

[log(qh(z̃|z))]
]

. (51)

We insert the definition of qh and get

= − E
z∼p(z)

[

E
z̃∼p(z̃|z)

[

log(C−1
h (z))− 1

τ
δ(h(z̃), h(z)))

]]

(52)

= E
z∼p(z)

[

E
z̃∼p(z̃|z)

[

log(Ch(z)) +
1

τ
δ(h(z̃), h(z)))

]]

.

(53)

As Ch(z) does not depend on z̃ it can be moved out of the

inner expectation value, yielding

= E
z∼p(z)

[

1

τ
E

z̃∼p(z̃|z)
[δ(h(z̃), h(z)))] + log(Ch(z))

]

,

(54)

which can be written as

=
1

τ
E

z∼p(z)
z̃∼p(z̃|z)

[δ(h(z̃), h(z)))] + E
z∼p(z)

[log(Ch(z))] .

(55)
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Inserting the definition of Ch gives

=
1

τ
E

z∼p(z)
z̃∼p(z̃|z)

[δ(h(z̃), h(z)))] (56)

+ E
z∼p(z)

[

log

(
∫

e−δ(h(z̃),h(z))/τdz̃

)]

. (57)

Next, the second term can be expanded by 1 = |Z||Z|−1,

yielding

=
1

τ
E

z∼p(z)
z̃∼p(z̃|z)

[δ(h(z̃), h(z)))] (58)

+ E
z∼p(z)

[

log

(
∫ |Z|

|Z|e
−δ(h(z̃),h(z))/τdz̃

)]

. (59)

Finally, by using that the marginal is uniform, i.e., p(z) =
|Z|−1, this can be simplified as

=
1

τ
E

z∼p(z)
z̃∼p(z̃|z)

[δ(h(z̃), h(z)))] (60)

+ E
z∼p(z)

[

log

(

E
z̃∼p(z̃)

[

e−δ(h(z̃),h(z))/τ
]

)]

(61)

+ log |Z| (62)

= lim
M→∞

Lδ-contr(f ; τ,M)− logM + log p|Z|. (63)

A.2.3. CROSS-ENTROPY MINIMIZERS ARE ISOMETRIES

Now we show a version of Proposition 1, that is generalized

from hyperspherical spaces to (subsets of) RN .

Proposition 4 (Minimizers of the cross-entropy are isome-

tries). Let δ be a semi-metric. Consider the conditional dis-

tributions of the form p(z̃|z) = C−1
p (z) exp(−δ(z̃, z)/λ)

and

qh(z̃|z) = C−1
h (z)e−δ(h(z̃),h(z))/τ

with Ch(z) : =

∫

Z

e−δ(h(z̃),h(z))/τdz̃,
(64)

where the hypothesis class for h is assumed to be sufficiently

flexible such that p(z̃|z) and qh(z̃|z) can match for any

point z. If h is a minimizer of the cross-entropy LCE =
Ep(z̃|z)[− log qh(z̃|z)], then h is an isometry, i.e., ∀z, z̃ ∈
Z : λτδ(z, z̃) = δ(h(z), h(z̃)).

Proof. Note that qh(z̃|z) is powerful enough to match

p(z̃|z) for the correct choice of h, e.g. the identity. The

global minimum of cross-entropy between two distributions

is reached if they match by value and have the same support.

Hence, if p is a regular density, qh will be a regular density,

i.e., qh is continuous and has only finite values 0 ≤ qh < ∞.

As the two distributions match, this means

p(z̃|z) = qh(z̃|z). (65)

This expression also holds true for z̃ = z; additionally using

the property δ(z, z) = 0 yields

p(z|z) = qh(z|z) (66)

⇔ C−1
p (z)e−δ(z,z)/λ = C−1

h (z)e−δ(h(z),h(z))/τ (67)

⇔ Cp(z) = Ch(z). (68)

As the normalization constants are identical, we obtain for

all z, z̃ ∈ Z

e−δ(z̃,z)/λ = e−δ(h∗(z̃),h∗(z))/τ (69)

⇔ δ(z̃, z) =
λ

τ
δ(h∗(z̃), h∗(z)). (70)

By introducing a new semi-metric δ′ := λτ−1δ, we can

write this as δ(z̃, z) = δ′(h(z̃), h(z)), which shows that h
is an isometry. If there is no model mismatch, i.e., λ = τ ,

this means δ(z, z̃) = δ(h(z), h(z̃)).

Note, that this result does not depend on the choice of Z but

just on the class of conditional distributions allowed.

A.2.4. CROSS-ENTROPY MINIMIZATION IDENTIFIES THE

GROUND-TRUTH FACTORS

Before we continue, let us recall a Theorem by Mankiewicz

(1972):

Theorem C (Mankiewicz, 1972). Let X and Y be normed

linear spaces and let V be a convex body in X and W a

convex body in Y . Then every surjective isometry between

V and W can be uniquely extended to an affine isometry

between X and Y .

Proof. See Mankiewicz (1972).

In addition, it is known that isometries on closed spaces are

bijective:

Lemma A. Assume h is an isometry of the closed space Z
into itself, i.e., ∀z, z̃ : δ(z, z̃) = δ(h(z), h(z̃)). Then h is

bijective.

Proof. See Lemma (2.6) in Całka (1982) for surjectiv-

ity. We show the injectivity by contradiction. Assume

h is not injective. Then we can find a point z̃ 6= z

where h(z) = h(z̃). But then δ(z, z̃) > δ(z, z) and

δ(h(z), h(z̃)) = δ(h(z), h(z)) = 0 by the properties of

δ. Hence, h is injective.

Before continuing, we need to generalize the class of func-

tions we consider as distance measures:

Lemma 1. Let δ′ be a the composition of a continuously

invertible function j : R≥0 → R≥0 with j(0) = 0 and a

metric δ, i.e., δ′ := j ◦ δ. Then, (i) δ′ is a semi-metric and

(ii) if a function h : Rn → R
n is an isometry of a space
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with the semi-metric δ′, it is also an isometry of the space

with the metric δ.

Proof. (i) Let z, z̃ ∈ Z . Per assumption j must be strictly

monotonically increasing on R≥0. Since δ is a metric it

follows δ(z, z̃) ≥ 0 ⇒ δ′(z, z̃) = j(δ(z, z̃)) ≥ 0, with

equality iff z = z̃. Furthermore, since δ is a metric it is

symmetric in its arguments and, hence, δ′ is symmetric in

its arguments. Thus, δ′ is a semi-metric.

(ii) h is an isometry of a space with the semi-metric δ′,
allowing to derive that for all z, z̃ ∈ Z ,

δ′(h(z), h(z̃)) = δ′(z, z̃) (71)

j(δ(h(z), h(z̃))) = j(δ(z, z̃)) (72)

and, applying the inverse j−1 which exists by assumption,

yields

δ(h(z), h(z̃)) = δ(z, z̃), (73)

concluding the proof.

By combining the properties derived before we can show

that h is an affine function:

Theorem 4. Let Z = Z ′ be a convex body in R
N . Let the

mixing function g be differentiable and invertible. If the

assumed form of qh as defined in Eq. (42) matches that of

p, and if f is differentiable and minimizes the cross-entropy

between p and qh, then we find that h = f ◦ g is affine, i.e.,

we recover the latent sources up to affine transformations.

Proof. According to Proposition 4 h is an isometry and qh is

a regular probability density function. If the distance δ used

in the conditional distributions p and qh is a semi-metric

as in Lemma 1, it follows that h is also an isometry for a

proper metric. This also means that h is bijective according

to Lemma A. Finally, Theorem C says that h is an affine

transformation.

We use the assumption that the marginal p(z) is uniform, to

show

Theorem 5. Let Z be a convex body in R
N , h = f ◦ g :

Z → Z , and δ be a metric or a semi-metric as defined in

Lemma 1. Further, let the ground-truth marginal distribu-

tion be uniform and the conditional distribution be as (5).

Let the mixing function g be differentiable and injective. If

the assumed form of qh matches that of p, i.e.,

qh(z̃|z) = C−1
q (z)e−δ(h(z̃),h(z))/τ

with Cq(z) : =

∫

e−δ(h(z̃),h(z))/τ dz̃,
(74)

and if f is differentiable and minimizes the Lδ-contr objective

in (6) for M → ∞, we find that h = f ◦ g is invertible

and affine, i.e., we recover the latent sources up to affine

transformations.

Proof. According to Theorem 3 h minimizes the cross-

entropy between p and qh as defined in Eq. (4). Then ac-

cording to Theorem 4, h is an affine transformation.

This result can be seen as a generalized version of Theo-

rem 2, as it is valid for any convex body Z ⊆ R
N and

allows a larger variety of conditional distributions. A miss-

ing step is to extend this theory beyond uniform marginal

distributions. This will be addressed in future work.

Under some assumptions we can further narrow down pos-

sible forms of h, thus, showing that h in fact solves the

nonlinear ICA problem only up to permutations and elemen-

twise transformations.

For this, let us first repeat a result from Li & So (1994), that

shows an important property of isometric matrices:

Theorem D. Suppose 1 ≤ α ≤ ∞ and α 6= 2. An n × n
matrix A is an isometry of Lα-norm if and only if A is a

generalized permutation matrix, i.e., ∀z : (Az)i = αizσ(i),

with αi = ±2 and σ being a permutation.

Proof. See Li & So (1994). Note that this can also be

concluded from the Banach-Lamperti Theorem (Lamperti

et al., 1958).

Leveraging this insight, we can finally show:

Theorem 6. Let Z be a convex body in R
N , h : Z → Z ,

and δ be an Lα metric for α ≥ 1, α 6= 2 or the α-th power

of such an Lα metric. Further, let the ground-truth marginal

distribution be uniform and the conditional distribution be

as in Eq. (5), and let the mixing function g be differentiable

and invertible. If the assumed form of qh(·|z) matches that

of p(·|z), i.e., both use the same metric δ up to a constant

scaling factor, and if f is differentiable and minimizes the

Lδ-contr objective in Eq. (6) for M → ∞ we find that h =
f ◦ g is a composition of input independent permutations,

sign flips and rescalings.

Proof. First, we prove the case where both conditional dis-

tributions use exactly the same metric. By Theorem 5 h is an

affine transformation. Moreover, according to Proposition 4

is an isometry. Thus, by Theorem D, h is a generalized

permutation matrix, i.e., a composition of permutations and

sign flips.

Finally, for the case that δ matches the similarity measure in

the ground-truth conditional distribution defined in Eq. (5)

(denoted as δ∗) only up to a constant rescaling factor r, we

know

∀z, z̃ : δ∗(z, z̃) = δ(h(z), h(z̃))

⇔ δ∗(z, z̃) = δ∗
(

1

r
h(z),

1

r
h(z̃)

)

.
(75)

Thus, 1
rh is a δ∗ isometry and the same argument as above

holds, concluding the proof.
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Table 5. Identifiability up to affine transformations on the training set of 3DIdent. Mean ± standard deviation over 3 random seeds. As

earlier, only the first row corresponds to a setting that matches the theoretical assumptions for linear identifiability; the others show distinct

violations. Supervised training with unbounded space achieves scores of R2 = (99.98± 0.01)% and MCC = (99.99± 0.01)%. The

last row refers to using the SimCLR (Chen et al., 2020a) augmentations to generate positive pairs. The last row refers to using the image

augmentations suggested by Chen et al. (2020a) to generate positive image pairs; for details see Sec. A.3. In contrast to Table 4, the scores

here are reported on the same data the models were trained on.

Dataset Model f Identity [%] Unsupervised [%]

p(·|·) Space qh(·|·) M. R2 R2 MCC

Normal Box Normal 3 5.35± 0.72 97.83± 0.13 98.85± 0.07
Normal Unbounded Normal 7 97.72± 0.02 55.90± 2.22
Laplace Box Normal 7 97.95± 0.05 98.94± 0.03
Normal Sphere vMF 7 66.73± 0.03 42.72± 3.20
Augm. Sphere vMF 7 45.94± 1.80 47.6± 1.45

A.3. Experimental details

For the experiments presented in Sec. 4.1 we train our fea-

ture encoder for 300 000 iterations with a batch size of 6144
utilizing Adam (Kingma & Ba, 2015) with a learning rate

of 10−4. Like Hyvärinen & Morioka (2016; 2017), for the

mixing network, we i) use 0.2 for the angle of the negative

slope5, ii) use L2 normalized weight matrices with min-

imum condition number of 25 000 uniformly distributed

samples. For the encoder, we i) use the default (0.01) nega-

tive slope ii) use 6 hidden layers with dimensionality [N ·10,

N ·50, N ·50, N ·50, N ·50, N ·10] and iii) initialize the nor-

malization magnitude as 1. We sample 4096 latents from the

marginal for evaluation. For MCC (Hyvärinen & Morioka,

2016; 2017) we use the Pearson correlation coefficient6; we

found there to be no difference with Spearman7.

For the experiments presented in Sec. 4.2.1, we use the

same architecture as the encoder in (Klindt et al., 2021). As

in (Klindt et al., 2021), we train for 300 000 iterations with a

batch size of 64 utilizing Adam (Kingma & Ba, 2015) with

a learning rate of 10−4. For evaluation, as in (Klindt et al.,

2021), we use 10 000 samples and the Spearman correlation

coefficient.

For the experiments presented in Sec. 4.2.2, we train the

feature encoder for 200 000 iterations using Adam with a

learning rate of 10−4. For the encoder we use a ResNet18

(He et al., 2016) architecture followed by a single hidden

layer with dimensionality N · 10 and LeakyReLU activa-

tion function using the default (0.01) negative slope. The

scores on the training set are evaluated on 10% of the whole

training set, 25 000 random samples. The test set consists

of 25 000 samples not included in the training set. For the

5See e.g. https://pytorch.org/docs/stable/

generated/torch.nn.LeakyReLU.html
6See e.g. https://numpy.org/doc/stable/

reference/generated/numpy.corrcoef.html
7See e.g. https://docs.scipy.org/doc/scipy/

reference/generated/scipy.stats.spearmanr.

html

last row of Tab. 4 and Tab. 5 we used the best-working

combination of image augmentations found by Chen et al.

(2020a) to sample positive pairs. To be precise, we used a

random crop and resize operation followed by a color dis-

tortion augmentation. The random crops had a uniformly

distributed size (between 8% and 100% of the original im-

age area) and a random aspect ration (between 3/4 and 4/3);

subsequently, they were resized to the original image di-

mension (224× 224) again. The color distortion operation

itself combined color jittering (i.e., random changes of the

brightness, contrast, saturation and hue) with color dropping

(i.e., random grayscale conversations). We used the same

parameters for these augmentations as recommended by

Chen et al. (2020a).

The experiments in Sec. 4.1 took on the order of 5-10 hours

on a GeForce RTX 2080 Ti GPU, the experiments on KITTI

Masks took 1.5 hours on a GeForce RTX 2080 Ti GPU and

those on 3DIdent took 28 hours on four GeForce RTX 2080

Ti GPUs. The creation of the 3DIdent dataset additionally

required approximately 150 hours of compute time on a

GeForce RTX 2080 Ti.

A.4. Details on 3DIdent

We build on the rendering pipeline of Johnson et al. (2017b)

and use the Blender engine (Blender Online Community,

2021), as of version 2.91.0, for image rendering. The scenes

depicted in the dataset show a rotated and translated object

onto which a spotlight is directed. The spotlight is located

on a half-circle above the scene and shines down. The

scenes can be described by 10 parameters: the position of

the object along the X-, Y- and Z-axis, the rotation of the

object described by Euler angles (3), the position of the

spotlight described by a polar angle, and the hue of the

object, the ground and the spotlight. The value range is

[−3, 3] for all position parameters, and is [−π/2, π/2] for

the remaining parameters. The parameters are sampled from

a 10-dimensional unit hyperrectangle, then rescaled to their

corresponding value range. This ensures that the variance
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of the latent factors is the same for all latent dimensions.

To ensure that the generative process is injective, we take

two measures: First, we use a non-rotationally symmetric

object (Utah tea pot, Newell, 1975), thus the rotation infor-

mation is unambiguous. Second, we use different levels of

color saturation for the object, the spotlight and the ground

(1.0, 0.8 and 0.6, respectively), thus the object is always

distinguishable from the ground.

A.4.1. COMPARISON TO EXISTING DATASETS

The proposed dataset contains high-resolution renderings of

an object in a 3D scene. It features some aspects of natural

scenes, e.g. complex 3D objects, different lighting condi-

tions and continuous variables. Existing benchmarks (Klindt

et al., 2021; Burgess & Kim, 2018; Gondal et al., 2019; Dit-

tadi et al., 2021) for disentanglement in 3D scenes differ in

important aspects to 3DIdent.

KITTI Masks (Klindt et al., 2021) only enables evaluating

identification of the two-dimensional position and scale of

the object instance. In addition, the observed segmenta-

tion masks are significantly lower resolution than examples

in our dataset. 3D Shapes (Burgess & Kim, 2018) and

MPI3D (Gondal et al., 2019) are rendered at the same res-

olution (64 × 64) as KITTI Masks. Whereas the dataset

contributed by (Dittadi et al., 2021) is rendered at 2× that

resolution (128× 128), our dataset is rendered at 3.5× that

resolution (224× 224), the resolution at which natural im-

age classification is typically evaluated (Deng et al., 2009).

With that being said, we do note that KITTI Masks is unique

in containing frames of natural video, and we thus consider

it complementary to 3DIdent.

Burgess & Kim (2018), Dittadi et al. (2021), and Gondal

et al. (2019) contribute datasets which contain variable ob-

ject rotations around one, one, and two rotation axes, re-

spectively, while 3DIdent contains variable object rotation

around all three rotation axes as well as variable lighting

conditions. Furthermore, each of these datasets were gen-

erated by sampling latent factors from an equidistant grid,

thus only covering a limited number values along each axis

of variation, effectively resulting in a highly coarse dis-

cretization of naturally continuous variables. As 3DIdent

instead samples the latent factors uniformly in the latent

space, this better reflects the continuous nature of the latent

dimensions.

A.5. Effects of the Uniformity Loss

In previous work, Wang & Isola (2020) showed that a part

of the contrastive (InfoNCE) loss — the uniformity loss —

effectively ensures that the encoded features are uniformly

distributed over a hypersphere. We now show that this part

is crucial to ensure that the mapping is bijective. More

precisely, we demonstrate that if the distribution of the en-

coded/reconstructed latents h(z) has the same support as the

distribution of z, and both distributions are regular, i.e., their

densities are non-zero and finite, then the transformation h
is bijective.

First, we focus on the more general case of a map between

manifolds:

Proposition 5. Let M,N be simply connected and oriented

C1 manifolds without boundaries and h : M → N be a

differentiable map. Further, let the random variable z ∈ M
be distributed according to z ∼ p(z) for a regular density

function p, i.e., 0 < p < ∞. If the pushforward p#h(z) of

p through h is also a regular density, i.e., 0 < p#h < ∞,

then h is a bijection.

Proof. We begin by showing by contradiction that the Jaco-

bian determinant of h does not vanish, i.e., | det Jh| > 0:

Suppose that the Jacobian determinant | det Jh| vanishes for

some z ∈ M. Then the inverse of the Jacobian determinant

goes to infinity at this point and so does the density of h(z)
according to the well-known transformation of probability

densities. By assumption, both p and p#h must be regular

density functions and, thus, be finite. This contradicts the

initial assumption and so the Jacobian determinant | det Jh|
cannot vanish.

Next, we show that the mapping h is proper. Note that a

map is called proper if pre-images of compact sets are com-

pact (Ruzhansky & Sugimoto, 2015). Firstly, a continuous

mapping between M and N is also closed, i.e., pre-images

of closed subsets are also closed (Lee, 2013). In addition,

it is well-known that continuous functions on compact sets

are bounded. Lastly, according to the Heine–Borel theo-

rem, compact subsets of RD are closed and bounded. Taken

together, this shows that h is proper.

Finally, according to Theorem 2.1 in (Ruzhansky & Sugi-

moto, 2015) a proper h with non-vanishing Jacobian deter-

minant is bijective, concluding the proof.

This theorem directly applies to the case of hyperspheres,

which are simply connected and oriented manifolds without

boundary. This yields:

Corollary 1. Let Z be a hypersphere and h : Z → Z be

a differentiable map. Further, let the marginal distribution

p(z) of the variable z ∈ Z be a regular density function, i.e.,

0 < p < ∞. If the pushforward p#h of p through h is also

a regular density, i.e., 0 < p#h < ∞, then h is a bijection.

Therefore, we can conclude that a loss term ensuring that

the encoded features are distributed according to a regular

density function, such as the uniformity term, makes the

map h bijective and prevents an information loss. Note

that this does not assume that the marginal distribution of
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the ground-truth latents p(z) is uniform but only that it is

regular and non-vanishing.

Note that while the proposition shows that the uniformity

loss is sufficient to ensure bijectivity, we can construct coun-

terexamples if its assumptions (like differentiability) are

violated even in just a single point. For instance, the require-

ment of h being fully differentiable is most likely violated

in large unregularized neural networks with ReLU nonlin-

earities. Here, one might need the full contrastive loss to

ensure bijectivity of h.
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ABSTRACT

Disentangling the underlying generative factors from data has so far been limited
to carefully constructed scenarios. We propose a path towards natural data by
first showing that the statistics of natural data provide enough structure to enable
disentanglement, both theoretically and empirically. Specifically, we provide
evidence that objects in natural movies undergo transitions that are typically small
in magnitude with occasional large jumps, which is characteristic of a temporally
sparse distribution. Leveraging this finding we provide a novel proof that relies
on a sparse prior on temporally adjacent observations to recover the true latent
variables up to permutations and sign flips, providing a stronger result than previous
work. We show that equipping practical estimation methods with our prior often
surpasses the current state-of-the-art on several established benchmark datasets
without any impractical assumptions, such as knowledge of the number of changing
generative factors. Furthermore, we contribute two new benchmarks, Natural
Sprites and KITTI Masks, which integrate the measured natural dynamics to enable
disentanglement evaluation with more realistic datasets. We test our theory on these
benchmarks and demonstrate improved performance. We also identify non-obvious
challenges for current methods in scaling to more natural domains. Taken together
our work addresses key issues in disentanglement research for moving towards
more natural settings.

1 INTRODUCTION

Natural scene understanding can be achieved by decomposing the signal into its underlying factors of
variation. An intuitive approach for this problem assumes that a visual representation of the world
can be constructed via a generative process that receives factors as input and produces natural signals
as output (Bengio et al., 2013). This analogy is justified by the fact that our world is composed of
distinct entities that can vary independently, but with regularity imposed by physics. What makes the
approach appealing is that it formalizes representation learning by directly comparing representations
to underlying ground-truth states, as opposed to the indirect evaluation of benchmarking against
heuristic downstream tasks (e.g. object recognition). However, the core issue with this approach is
non-identifiability, which means a set of possible solutions may all appear equally valid to the model,
while only one identifies the true generative factors.

Our work is motivated by the question of whether the statistics of natural data will allow for the
formulation of an identifiable model. Our core observation that enables us to make progress in

∗‡Equal contribution. Code: https://github.com/bethgelab/slow_disentanglement
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addressing this question is that generative factors of natural data have sparse transitions. To estimate
these generative factors, we compute statistics on measured transitions of area and position for
object masks from large-scale, natural, unstructured videos. Specifically, we extracted over 300,000
object segmentation mask transitions from YouTube-VOS (Xu et al., 2018; Yang et al., 2019) and
KITTI-MOTS (Voigtlaender et al., 2019; Geiger et al., 2012; Milan et al., 2016) (discussed in detail in
Appendix D). We fit generalized Laplace distributions to the collected data (Eq. 2), which we indicate
with orange lines in Fig. 1. We see empirically that all marginal distributions of temporal transitions
are highly sparse and that there exist complex dependencies between natural factors (e.g. motion
typically affects both position and apparent size). In this study, we focus on the sparse marginals,
which we believe constitutes an important advance that sets the stage for solving further issues and
eventually applying the technology to real-world problems. With this information at hand, we are
able to provide a stronger proof for capturing the underlying generative factors of the data up to
permutations and sign flips that is not covered by previous work (Hyvärinen and Morioka, 2016;
2017; Khemakhem et al., 2020a). Thus, we present the first work, to the best of our knowledge,
which proposes a theoretically grounded solution that covers the statistics observed in real videos.

Figure 1: Statistics of Natural Transitions. The
histograms show distributions over transitions of
segmented object masks from natural videos for
horizontal and vertical position as well as object
size. The red lines indicate fits of generalized
Laplace distributions (Eq. 2) with shape value
α. Data shown is for object masks extracted
from YouTube videos. See Appendix G for 2D
marginals and corresponding analysis from the
KITTI self-driving car dataset.

Our contributions are: With measurements from
unstructured natural video annotations we pro-
vide evidence that natural generative factors un-
dergo sparse changes across time. We provide
a proof of identifiability that relies on the ob-
served sparse innovations to identify nonlinearly
mixed sources up to a permutation and sign-flips,
which we then validate with practical estima-
tion methods for empirical comparisons. We
leverage the natural scene information to cre-
ate novel datasets where the latent transitions
between frames follow natural statistics. These
datasets provide a benchmark to evaluate how
well models can uncover the true latent genera-
tive factors in the presence of realistic dynamics.
We demonstrate improved disentanglement over
previous models on existing datasets and our
contributed ones with quantitative metrics from both the disentanglement (Locatello et al., 2018) and
the nonlinear ICA community (Hyvärinen and Morioka, 2016). We show via numerous visualization
techniques that the learned representations for competing models have important differences, even
when quantitative metrics suggest that they are performing equally well.

2 RELATED WORK – DISENTANGLEMENT AND NONLINEAR ICA

Disentangled representation learning has its roots in blind source separation (Cardoso, 1989; Jutten
and Herault, 1991) and shares goals with fields such as inverse graphics (Kulkarni et al., 2015;
Yildirim et al., 2020; Barron and Malik, 2012) and developing models of invariant neural computation
(Hyvärinen and Hoyer, 2000; Wiskott and Sejnowski, 2002; Sohl-Dickstein et al., 2010) (see Bengio
et al., 2013, for a review). A disentangled representation would be valuable for a wide variety of
machine learning applications, including sample efficiency for downstream tasks (Locatello et al.,
2018; Gao et al., 2019), fairness (Locatello et al., 2019; Creager et al., 2019) and interpretability
(Bengio et al., 2013; Higgins et al., 2017; Adel et al., 2018). Since there is no agreed upon definition
of disentanglement in the literature, we adopt two common measurable criteria: i) each encoding
element represents a single generative factor and ii) the values of generative factors are trivially
decodable from the encoding (Ridgeway and Mozer, 2018; Eastwood and Williams, 2018).

Uncovering the underlying factors of variation has been a long-standing goal in independent com-
ponent analysis (ICA) (Comon, 1994; Bell and Sejnowski, 1995), which provides an identifiable
solution for disentangling data mixed via an invertible linear generator receiving at most one Gaussian
factor as input. Recent unsupervised approaches for nonlinear generators have largely been based
on Variational Autoencoders (VAEs) (Kingma and Welling, 2013) and have assumed that the data is
independent and identically distributed (i.i.d.) (Locatello et al., 2018), even though nonlinear methods
that make this i.i.d. assumption have been proven to be non-identifiable (Hyvärinen and Pajunen,
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1999; Locatello et al., 2018). Nonetheless, the bottom-up approach of starting with a nonlinear
generator that produces well-controlled data has led to considerable achievements in understanding
nonlinear disentanglement in VAEs (Higgins et al., 2017; Burgess et al., 2018; Rolinek et al., 2019;
Chen et al., 2018), consolidating ideas from neural computation and machine learning (Khemakhem
et al., 2020a), and seeking a principled definition of disentanglement (Ridgeway, 2016; Higgins et al.,
2018; Eastwood and Williams, 2018).

Recently, Hyvärinen and colleagues (Hyvärinen and Morioka, 2016; 2017; Hyvärinen et al., 2018)
showed that a solution to identifiable nonlinear ICA can be found by assuming that generative
factors are conditioned on an additional observed variable, such as past states or the time index itself.
This contribution was generalized by Khemakhem et al. (2020a) past the nonlinear ICA domain
to any consistent parameter estimation method for deep latent-variable models, including the VAE
framework. However, the theoretical assumptions underlying this branch of work do not account
for the sparse transitions we observe in the statistics of natural scenes, which we discuss in further
detail in appendix F.1.1. Another branch of work requires some form of supervision to demonstrate
disentanglement (Szabó et al., 2017; Shu et al., 2019; Locatello et al., 2020). We select two of the
above approaches, that are both different in their formulation and state-of-the-art in their respective
empirical settings, Hyvärinen and Morioka (2017) and Locatello et al. (2020), for our experiments
below. The motivation of our method and dataset contributions is to address the limitations of previous
approaches and to enable unsupervised disentanglement learning in more naturalistic scenarios.1

The fact that physical processes bind generative factors in temporally adjacent natural video segments
has been thoroughly explored for learning in neural networks (Hinton, 1990; Földiák, 1991; Mitchison,
1991; Wiskott and Sejnowski, 2002; Denton and Birodkar, 2017). We propose a method that uses
time information in the form of an L1-sparse temporal prior, which is motivated by the natural
scene measurements presented above as well as by previous work (Simoncelli and Olshausen,
2001; Olshausen, 2003; Hyvärinen et al., 2003; Cadieu and Olshausen, 2012). Such a prior would
intuitively allow for sharp changes in some latent factors, while most other factors remain unchanged
between adjacent time-points. Almost all similar methods are variants of slow feature analysis (SFA,
Wiskott and Sejnowski, 2002), which measure slowness in terms of the Euclidean (i.e. L2, or log
Gaussian) distance between temporally adjacent encodings. Related to our approach, a probabilistic
interpretation of SFA has been previously proposed (Turner and Sahani, 2007), as well as extensions
to variational inference (Grathwohl and Wilson, 2016). Additionally, Hashimoto (2003) suggested
that a sparse (Cauchy) slowness prior improves correspondence to biological complex cells over the
L2 slowness prior in a two-layer model. However, to the best of our knowledge, an L1 temporal prior
has previously only been used in deep auto-encoder frameworks when applied to semi-supervised
tasks (Mobahi et al., 2009; Zou et al., 2012), and was mentioned in Cadieu and Olshausen (2012),
who used an L2 prior, but claimed that an L1 prior performed similarly on their task. Similar to
Hyvärinen et al. (Hyvärinen and Morioka, 2016; Hyvärinen et al., 2018), we only assume that the
latent factors are temporally dependent, thus avoiding assuming knowledge of the number of factors
where the two observations differ (Shu et al., 2019; Locatello et al., 2020).

Most of the standard datasets for disentanglement (dSprites (Matthey et al., 2017), Cars3D (Reed
et al., 2015), SmallNORB (LeCun et al., 2004), Shapes3D (Kim and Mnih, 2018), MPI3D (Gondal
et al., 2019)) have been compiled into a disentanglement library (DisLib) by Locatello et al. (2018).
However, all of the DisLib datasets are limited in that the data generating process is independent and
identically distributed (i.i.d.) and all generative factors are assumed to be discrete. In a follow-up
study, Locatello et al. (2020) proposed combining pairs of images such that only k factors change, as
this matches their modeling assumptions required to prove identifiability. Here, k ∈ U{1, D− 1} and
D denotes the number of ground-truth factors, which are then sampled uniformly. We additionally
use the measurements from Fig. 1 to construct datasets for evaluating disentanglement that have time
transitions which directly correspond to natural dynamics.

1As in slow feature analysis, we consider learning from videos without labels as unsupervised.
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3 THEORY

3.1 GENERATIVE MODEL

We have provided evidence to support the hypothesis that generative factors of natural videos have
sparse temporal transitions (see Fig. 1). To model this process, we assume temporally adjacent input
pairs (xt−1,xt) coming from a nonlinear generator that maps factors to images x = g(z), where
generative factors are dependent over time:

p(zt, zt−1) = p(zt|zt−1)p(zt−1). (1)

Assume the observed data (xt,xt−1) comes from the following generative process, where different
latent factors are assumed to be independent (cf. Appendix F.2):

x = g(z), p(zt−1) =
d
∏

i=1

p(zt−1,i), p(zt|zt−1) =
d
∏

i=1

αλ

2Γ(1/α)
exp−(λ|zt,i − zt−1,i|α), (2)

where λ is the distribution rate, p(zt−1) is a factorized Gaussian prior N (0, I) (as in Kingma and
Welling, 2013) and p(zt|zt−1) is a factorized generalized Laplace distribution (Subbotin, 1923)
with shape parameter α, which determines the shape and especially the kurtosis of the function.2

Intuitively, smaller α implies larger kurtosis and sparser temporal transitions of the generative factors
(special cases are Gaussian, α = 2, and Laplacian, α = 1). Critically, for our proof we assume
α < 2 to ensure that temporal transitions are sparse. The novelty of our approach lies in our explicit
modeling of sparse transitions that cover the statistics of natural data, which results in a stronger
identifiability proof than previously achieved (see Appendix F.1.1 for a more detailed comparison
with Hyvärinen and Morioka, 2017; Khemakhem et al., 2020a).

3.2 IDENTIFIABILITY PROOF

Theorem 1 For a ground-truth (g∗, λ∗, α∗) and a learned (g, λ, α) model as defined in Eq. (2), if
the functions g∗ and g are injective and differentiable almost everywhere, λ∗ = λ, α∗ = α < 2 (i.e.
there is no model misspecification) and the distributions of pairs of images generated from the priors
z∗ ∼ p∗(z) and z ∼ p(z) generated as (g∗(z∗t−1), g

∗(z∗t )) and (g(zt−1), g(zt)), respectively, are
matched almost everywhere, then g = g∗ ◦ σ, where σ is composed of a permutation and sign flips.

Figure 2: Proof Intuition. Latent repre-
sentation and example generated image
pairs for ground-truth (blue) and entan-
gled (red) model. See text below for
details.

The formal proof is provided in Appendix A.1. Similar to
linear ICA, but in the temporal domain, we have to assume
that the transitions of generative factors across time be
non-Gaussian. Specifically, if the temporal changes of
ground-truth factors are sparse, then the only generator
consistent with the observations is the ground-truth one (up
to a permutation and sign flips). The main idea behind the
proof is to represent g as g∗ ◦ h and note that if h were not
a permutation, then the distributions ((g∗ ◦h)(zt−1), (g

∗ ◦
h)(zt)) and (g∗(z∗t−1), g

∗(z∗t )) would not match, due to
the injectivity of g∗. Whether or not these distributions are
the same is equivalent to whether or not the distributions
of pairs (zt−1, zt) and (h(zt−1), h(zt)) are the same. For
these distributions to be the same, the function h must
preserve the Gaussian marginal for the first time step as
well as the joint distribution, implying that it must preserve
both the vector lengths and distances in the latent space.
As we argue in the extended proof, this can only be the
case if h is a composition of permutations and sign flips.

Intuition Fig. 2 illustrates, by contradiction, why the model defined in Eq. (2) is identifiable. We
consider temporal pairs of latents represented by connected points. A sparse transition prior encour-
ages axis-alignment, as can be seen from the Laplace transition prior in the third image of Fig. 3.

2For a stationary stochastic process, p(zt−1) represents the instantaneous marginal distribution and
p(zt|zt−1) the transition distribution. In case of an autoregressive process with non-Gaussian innovations
with finite variance, it follows from the central limit theorem that the marginal distribution converges to a
Gaussian in the limit of large λ.
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This results in lines that are parallel with the axes in both the ground truth (left, blue, z∗) and learned
model (right, red, z). In this example, z∗0 corresponds to horizontal position, while z∗1 corresponds to
vertical position. The learned model must satisfy two criteria: (1) the latent factors should match the
sparse prior (axis-aligned) and (2) the generated image pairs should match the ground-truth image
pairs. If the learned latent factors were mismatched, for example by rotation, then the image pair
distributions would not be matched. In this example, the ground truth model would produce image
pairs with typically vertical or horizontal transitions, while the learned model pairs result in mostly
diagonal transitions. Thus, the learned model cannot satisfy both criteria without aligning the latent
axes with the ground-truth axes.

3.3 SLOW VARIATIONAL AUTOENCODER

In order to validate our proof, we must choose a probabilistic latent variable model for estimating the
data density. We chose to build upon the framework of VAEs because of their efficiency in estimating
a variational approximation to the ground truth posterior of a deep latent variable model (Kingma and
Welling, 2013). We will refer to this model as SlowVAE. In Appendix B we note shortcomings of
such an approach and test an alternative flow-based model.

The standard VAE objective assumes i.i.d. data and a standard normal prior with diagonal covariance
on the learned latent representations z ∼ N (0, I). To extend this to sequences, we assume the
same functional form for our model prior as in Eq. (1) and Eq. (2). The posterior of our model is
independent across time steps. Specifically,

q(zt, zt−1|xt,xt−1) = q(zt|xt) q(zt−1|xt−1), q(z|x) =
d
∏

i=1

N (µi(x), σ
2
i (x)), (3)

where µi(x) and σ2
i (x) are the input-dependent mean and variance of our model’s posterior. We

visualize this combination of priors and posteriors in Fig. 3. For a given pair of inputs (xt,xt−1), the
full evidence lower bound (ELBO, which we derive in Appendix A.2) can be written as

L(xt,xt−1) = Eq(zt,zt−1|xt,xt−1)[log p(xt,xt−1|zt, zt−1)]−DKL(q(zt−1|xt−1)|p(zt−1))

− γ Eq(zt−1|xt−1)[DKL(q(zt|xt)|p(zt|zt−1))],
(4)

where γ is a regularization term for the sparsity prior, analogous to β in β-VAEs (Higgins et al.,
2017) (technically, Eq. 4 is only an ELBO with γ ≤ 1). The first term on the right-hand side is the
log-likelihood (i.e. the negative reconstruction error, with p(xt,xt−1|zt, zt−1) parameterized by the
decoder of the VAE), the second term is the KL to a normal prior as in the standard VAE and the
last term is an expectation of the KL between the posterior at time step t and the conditional prior
p(zt|zt−1). The expectation in the last term is taken over samples from the posterior at the previous
time step q(zt−1|xt−1). We observed empirically that taking the mean, µ(xt−1), as a single sample
produces good results, analogous to the log-likelihood that is typically evaluated at a single sample
from the posterior (see Blei et al. (2017) for context).

Figure 3: SlowVAE illustration. The prior
and posterior for a two-dimensional latent
space. Left to right: Normal prior for t − 1,
posterior for t− 1, conditional Laplace prior
for t, and posterior for t. The blue cross in
the right three plots indicates the mean of the
posterior for t− 1.

In practice, we need to choose α, λ, and γ. For the
latter two, we can perform a random search for hyper-
parameters, as we discuss below. For the former, any
α < 2 would break the general rotation symmetry by
having an optimum for axis-aligned representations,
which theorem 1 includes as a requirement for iden-
tifiability. As can be seen in Figs. 1 and 11, α ≈ 0.5
provides the best fit to the ground-truth marginals.
However, we used α = 1 as a parsimonious choice
for SlowVAE, since the Laplace is a well-understood
distribution that allows us to derive a simple closed-
form solution for the ELBO in Eq. 4, which we derive
in Appendix A.2.

3.4 TOWARDS AN APPROXIMATE THEORY OF DISENTANGLEMENT

A number of our theoretical assumptions are violated in practice: After non-convex optimization,
on a finite data sample, the distributions p(xt,xt−1) and p∗(xt,xt−1) are probably not perfectly
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matched. In addition, the model assumptions on p(zt, zt−1) likely do not fully match the distribution
of the ground truth factors. For example, the model may be misspecified such that α 6= α∗ or
λ 6= λ∗, or the chosen family of distributions may be incorrect altogether. In the following section
we will present results on several datasets where the marginal distributions p(zt−1) are drawn from
a Uniform (not Normal) distribution, and some of them are over unordered sets (categories) or
bounded periodic spaces (rotation). Also, in practice the model latent space is usually chosen to
have more dimensions than the ground truth generative model. On real data, factors of variation may
be dependent (Träuble et al., 2020; Yang et al., 2020). We show this is the case on YouTube-VOS
and KITTI-MOTS in Appendix G and we provide evidence that breaking these dependencies has no
clear consequence on disentanglement in Appendix F.2. A more formal treatment of dependence is
done by Khemakhem et al. (2020b) who relax the independence assumption of ICA to Independently
Modulated Components Analysis (IMCA) and introduce a family of conditional energy-based models
that are identifiable up to simple transformations. Furthermore, the hypothesis class G of learnable
functions in the VAE architecture may not contain the invertible ground truth generator g∗ /∈ G,
if it exists at all (e.g. occlusions may already lead to non-invertibility). Despite these violations,
we consider it a strength of our method that the practical implementation still achieves improved
disentanglement over previous approaches. However, we note understanding the impact of these
violations as an important focus area for continued progress towards developing a practical yet
theoretically supported method for disentanglement on natural scenes.

4 DATASETS WITH NATURAL TRANSITIONS

While the standard datasets compiled by DisLib are an important step towards real-world applications,
they still assume the data is i.i.d.. As described in section 2, Locatello et al. (2020) proposed uniformly
sampling the number of factors to be changed, k = Rnd, and changing said factors by uniformly
sampling over the possible set of values. What we refer to as “UNI” is a dataset variant modeled after
the described scheme (Locatello et al., 2020) (further details in Appendix D). Considering our natural
data analysis presented in Figure 1, such transitions are certainly unnatural. Given the current state of
evaluation, we provide a set of incrementally more natural datasets which are otherwise comparable
to existing work. We propose that said datasets should be included in the standard benchmark suite to
provide a step towards disentanglement in natural data.

(1) Laplace Transitions (LAP) is a procedure for constructing image pairs from DisLib datasets by
sampling from a sparse conditional distribution. For each ground-truth factor, the first value in the
pair is chosen i.i.d. from the dataset and the second is chosen by weighting nearby factor values using
Laplace distributed probabilities. LAP is a step towards natural data that closely resembles previous
extensions of DisLib datasets to the time domain, but in a way that matches the marginal distribution
of natural transitions (see Appendix D.2 for more details).
(2) Natural Sprites consists of pairs of rendered sprite images with generative factors sampled from
real YouTube-VOS transitions. For a given image pair, the position and scale of the sprites are set
using measured values from adjacent time points in YouTube-VOS. The sprite shapes and orientations
are simple, like dSprites, and are fixed for a given pair. While fixing shape follows the natural
transitions of objects, it is unclear how to accurately estimate object orientation from the masks,
and thus we fixed the factor to avoid introducing artificial transitions. We additionally consider a
version that is discretized to the same number of object states as dSprites, which i) allows us to use
the standard DisLib evaluation metrics and ii) helps isolate the effect of including natural transitions
from the effect of increasing data complexity (see Appendix D.4 for more details).
(3) KITTI Masks is composed of pedestrian segmentation masks from the autonomous driving
vision benchmark KITTI-MOTS, thus with natural shapes and continuous natural transitions in all
underlying factors. We consider adjacent frames which correspond to mean(∆t) = 0.05s in physical
time (we report the mean because of variable sampling rates in the original data); as well as frames
with a larger temporal gap of mean(∆t) = 0.15s, which corresponds to samples of pairs that are
at most 5 frames apart. We show in Appendix G.3 that SlowVAE disentanglement performance
increases and then plateaus as we continue to increase mean(∆t).

In summary, we construct datasets with (1) imposed sparse transitions, (2) augmented with natural
continuous generative factors using measurements from unstructured natural videos, as well as (3)
data from unstructured natural videos themselves, but provided as segmentation masks to ensure
visual complexity is manageable for current methods. For the provided datasets, the object categories
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Model Data BetaVAE FactorVAE MIG MCC DCI Modularity SAP

PCL dSprites (Uniform) 80.1 (0.4) 62.1 (0.9) 16.0 (7.4) 41.6 (1.5) 42.4 (1.2) 99.7 (0.6) 6.0 (2.7)
Ada-GVAE dSprites (Uniform) 88.0 (2.7) 73.1 (3.9) 17.3 (4.7) 46.0 (4.8) 32.3 (4.6) 93.3 (1.8) 6.6 (2.0)
SlowVAE dSprites (Uniform) 87.0 (5.1) 75.2 (11.1) 28.3 (11.5) 58.8 (8.9) 47.7 (8.5) 86.9 (2.8) 4.4 (2.0)

PCL dSprites (Laplace) 99.9 (0.1) 94.7 (3.1) 19.2 (3.1) 67.9 (3.3) 52.0 (3.5) 93.2 (0.9) 8.1 (1.6)
Ada-GVAE dSprites (Laplace) 91.4 (1.6) 83.0 (5.9) 21.8 (4.9) 56.9 (4.2) 39.0 (4.2) 87.6 (1.8) 7.2 (0.3)
SlowVAE dSprites (Laplace) 100.0 (0.0) 97.5 (3.0) 29.5 (9.3) 69.8 (2.3) 65.4 (3.6) 96.5 (1.6) 8.1 (3.0)

PCL Natural (Discrete) 82.4 (6.7) 68.3 (8.0) 7.8 (2.8) 50.2 (4.2) 14.3 (3.0) 88.9 (3.1) 2.5 (1.1)
Ada-GVAE Natural (Discrete) 83.4 (1.1) 74.8 (4.4) 14.5 (3.2) 51.6 (2.5) 21.8 (2.9) 87.8 (2.5) 5.3 (1.4)
SlowVAE Natural (Discrete) 82.6 (2.2) 76.2 (4.8) 11.7 (5.0) 52.6 (4.1) 18.9 (5.5) 88.1 (3.6) 4.4 (2.3)

Table 1: Mean and standard deviation (s.d.) metric scores across 10 random seeds. PCL is a scaled-up
implementation of the method described by Hyvärinen and Morioka (2017), leveraging the encoding
architecture and training hyperparameters specified in appendix E. Ada-GVAE is the leading method
proposed by Locatello et al. (2020). Bold indicates statistical significance above the next highest
score (independent T-test, p < 0.05). Red indicates statistical significance below the next lowest
score. Results for additional datasets and models are in Table 2 and Appendix G.

never change across transitions – reflecting natural object permanence. Finally, as (2) and (3) use
factor transitions measured from natural videos, they exhibit any natural statistical structure present
for those factors, such as natural dependencies (further discussion is in Appendix F.2).

5 EXPERIMENTS

5.1 EMPIRICAL STUDIES

We evaluate models using the DisLib implementation for the following supervised metrics: Be-
taVAE (Higgins et al., 2017); FactorVAE (Kim and Mnih, 2018); Mutual Information Gap
(MIG; Chen et al., 2018); Disentanglement, Compactness, and Informativeness (DCI / Disen-
tanglement; Eastwood and Williams, 2018); Modularity (Ridgeway and Mozer, 2018); and Separated
Attribute Predictability (SAP; Kumar et al., 2018) (see Appendix C for metric details). None of the
DisLib metrics support ground-truth labels with continuous variation, which is required for evaluation
on the continuous Natural Sprites and KITTI Masks datasets. To reconcile this, we measure the Mean
Correlation Coefficient (MCC), a standard metric in the ICA literature that is applicable to continuous
variables. We report mean and standard deviation across 10 random seeds.

In order to select the conditional prior regularization and the prior rate in an unsupervised manner,
we perform a random search over γ ∈ [1, 16] and λ ∈ [1, 10] and compute the recently proposed
unsupervised disentanglement ranking (UDR) scores (Duan et al., 2020). We notice that the optimal
values are close to γ = 10 and λ = 6 on most datasets, and thus use these values for all experiments.
We leave finding optimal values for specific datasets to future work, but note that it is a strong
advantage of our approach that it works well with the same model specification across 13 datasets
(counting LAP and UNI for DisLib and optional discretization for Natural Sprites), addressing a
concern posed in (Locatello et al., 2018). Additional details on model selection and training can
be found in Appendix E. Although we train on image pairs, our model does not need paired data
points at test time. For all visualizations, we pick the models with the highest average score across
the DisLib metrics.

To compare our model fairly against other methods that also take image pairs as inputs, we also
present performance for Permutation-Contrastive Learning from nonlinear ICA (PCL, Hyvärinen
and Morioka, 2017) and Ada-GVAE, the leading method in the study by (Locatello et al., 2020).
We scaled up the implementation of PCL for evaluation on our high-dimensional pixel inputs,
and note this method does not have any hyperparameters. For Ada-GVAE, following the paper’s
recommendations, we select β (per dataset) using the considered parameter set [1, 2, 4, 6, 8, 16], and
use the reconstruction loss as the unsupervised model selection criterion (Locatello et al., 2020).
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Figure 4: KITTI Masks (mean(∆t) = 0.15s). (Left) MCC correlation matrix of the top 3 latents
corresponding to y-position, x-position and scale. (Right) Images produced by varying the SlowVAE
latent unit that corresponds to the corresponding row in the MCC matrix.

5.2 RESULTS ON DISLIB AND NEW BENCHMARKS

In Table 1 we demonstrate favorable performance compared to PCL and Ada-GVAE across all
applicable metrics for discrete ground-truth variable datasets. The relative improvement on UNI is
particularly surprising given the drastic mismatch between UNI and SlowVAE’s assumptions. In
Appendix G, we report results for the remaining DisLib datasets, where the observed dSprites results
largely transfer. We also outperform PCL with a (flow-based) exact likelihood implementation of our
slow transition prior in Appendix F.1.1. In Appendix F.3, we show that a model with an L2 transition
(α = 2) prior performs much worse, supporting our theoretical prediction.

Model Data MCC

PCL Natural (Continuous) 51.7 (3.0)
Ada-GVAE Natural (Continuous) 48.4 (4.8)
SlowVAE Natural (Continuous) 49.1 (4.0)

PCL Kitti (mean(∆t) = 0.05s) 52.6 (5.1)
Ada-GVAE Kitti (mean(∆t) = 0.05s) 62.6 (7.5)
SlowVAE Kitti (mean(∆t) = 0.05s) 66.1 (4.5)

PCL Kitti (mean(∆t) = 0.15s) 58.5 (3.3)
Ada-GVAE Kitti (mean(∆t) = 0.15s) 67.6 (6.7)
SlowVAE Kitti (mean(∆t) = 0.15s) 79.6 (5.8)

Table 2: Continuous ground-truth variable
datasets. See Table 1 for details.

On the KITTI Masks dataset, one source of variation
in the data is the average temporal separation within
pairs of images mean(∆t). We present two settings
(mean(∆t) = 0.05s, mean(∆t) = 0.15s) and observe
a comparative increase in MCC for the latter (Table 2).
Namely, the increase in performance for larger time gap
is more pronounced with SlowVAE than the baselines,
resulting in a statistically significant MCC gain. We pro-
vide details on the settings and ablate over the mean(∆t)
parameter in Appendix G.3, where we observe a positive
trend between mean(∆t) and MCC (reflecting Table 2,
in Oord et al., 2018). Finally, we also verify that the
transition distributions remain sparse despite the increase in this parameter (Appendix G.3). In
Fig. 4, we can see that SlowVAE has learned latent dimensions which have correspondence with the
estimated ground truth factors of x/y-position and scale.

Locatello et al. (2018) showed that all i.i.d. models performed similarly across the DisLib datasets
and metrics when testing was carefully controlled. However, in Fig. 5 we observe that the different
modeling assumptions result in differences in representation quality. To construct the visuals, we first
compute the sorted correlation matrix between the latents (rows) and generative factors (columns),
which we visualize as a correlation matrices. The matrices are sorted via linear sum assignment
such that each ground-truth factor is non-greedily associated with the latent variable with highest
correlation (Hyvärinen and Morioka, 2016). Below the matrices are scatter plots that reveal the
decodability of the assigned latent factors. In each scatter plot, the horizontal axis indicates the
ground truth value, the vertical axis indicates the corresponding latent value, and the colors indicate
object shape. The models displayed are those with the maximum average score across evaluated
metrics.

The latent space visualizations use the known ground-truth factors to aid in understanding how each
factor is encoded in a way that is more informative than exclusively visualizing latent traversals or
embeddings of pairs of latent units (Cheung et al., 2014; Chen et al., 2016; Szabó et al., 2017; Ma
et al., 2018). For example, in the third row, we observe that several models have a sinusoidal variation
with frequencies ∼ ω, 2ω, and 4ω, which correspond to the three distinct rotational symmetries of
the shapes: heart, ellipse and square. This directly impacts MCC performance (third row in the MCC
matrix), which measures rank correlation between the matching latent factor (an angular variable)
and the ground truth, which encodes the angles with monotonically increasing indices. Furthermore,
the square has a four-fold rotational symmetry and repeats after 90◦, but it is represented in a full
360◦ rotation in the DisLib ground truth encoding format, resulting in different ground truth labels
for identical input images.
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Figure 5: DSprites Latent Representations: (Top) shows absolute MCC between generative and
model factors (rows are rearranged for maximal correlation on the main diagonal). The columns
correspond to generative factors (shape, scale, rotation, x/y-position) and the values correspond to
percent correlation. A more diagonal structure in the upper half corresponds to a better one-to-one
mapping between generative and latent factors. (Bottom) shows individual latent dimensions (y-axis)
over the matched generative factors (x-axis). Colors encode shapes: heart/yellow, ellipse/turquoise,
and square/purple.

A similar observation can be made with respect to the categorical factors, which are also represented
as ordinal ground truth variables. For example, the PCL correlation score (top left element in the PCL
MCC matrix) is quite high, while the corresponding shape correlation score for SlowVAE is quite
low. However, if we consider the shape scatter plots, we clearly see that SlowVAE separates the three
shapes more distinctively than PCL, only in an order that differs from the ground truth. One solution
is to modify MCC to report the maximum correlation over all permutations of the ground truth
assignments, although brute force methods for this would scale poorly with the number of categories.
We also note that datasets where we see small performance differences among models (e.g., Cars3D)
have significantly more discrete categories (e.g., 183) than the other datasets (3 − 6). This could
also explain why all models considered in Table 1 and 2 perform comparably on the Natural Sprites
datasets, where unlike KITTI Masks the ground truth evaluation includes categorical and angular
variables. We note that properly evaluating disentanglement is an ongoing area of research (Duan
et al., 2020), with notable preliminary results in recent work (Higgins et al., 2018; Bouchacourt et al.,
2021; Tonnaer et al., 2020).

6 CONCLUSION

We provide evidence to support the hypothesis that natural scenes exhibit highly sparse marginal
transition probabilities. Leveraging this finding, we contribute a novel nonlinear ICA framework
that is provably identifiable up to permutations and sign-flips — a stronger result than has been
achieved previously. With the SlowVAE model we provide a parsimonious implementation that is
inspired by a long history of learning visual representations from temporal data (Sutton, 1988; Hinton,
1990; Földiák, 1991). We apply this model to current metric-based disentanglement benchmarks to
demonstrate that it outperforms existing approaches (Locatello et al., 2020; Hyvärinen and Morioka,
2017) on aggregate without any tuning of hyperparameters to individual datasets. We also provide
novel video dataset benchmarks to guide disentanglement research towards more natural domains.
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We observe that these datasets have complex dependencies that our theory will have to be extended
to account for, although we demonstrate with empirical comparisons the efficacy of our approach.
In addition to Natural Sprites and KITTI Masks, we suggest that YouTube-VOS will be valuable as
a large-scale dataset that is unconstrained by object type and scenario for more advanced models.
Variance in such categorical factors is problematic for evaluation due to the cited drawbacks of
existing quantitative metrics, which should be addressed in tandem with scaling to natural data. Taken
together, our dataset and model proposals set the stage for utilizing knowledge of natural scene
statistics to advance unsupervised disentangled representation learning.

In our experiments we see that approximate identification as measured by the different disentan-
glement metrics increases despite violations of theoretical assumptions, which is in line with prior
studies (Shu et al., 2019; Khemakhem et al., 2020a; Locatello et al., 2020). Nevertheless, future
work should address gaining a better understanding of the theoretical and empirical consequences of
such model misspecifications, in order to make the theory of disentanglement more predictive about
empirically found solutions.
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BROADER IMPACT

Representation learning is at the heart of model building for cognition. Our specific contribution is
focused on core methods for modeling natural videos and the datasets used are more simplistic than
real-world examples. However, foundational research on unsupervised representation learning has
potentially large impact on AI for advancing the power of self-learning systems.

The broader field of representation learning has a large number of focused research directions that
span machine learning and computational neuroscience. As such, the application space for this work
is vast. For example, applications in unsupervised analysis of complicated and unintuitive data,
such as medical imaging and gene expression information, have great potential to solve fundamental
problems in health sciences. A future iteration of our disentangling approach could be used to encode
such complicated data into a lower-dimensional and more understandable space that might reveal
important factors of variation to medical researchers. Another important and complex modeling
space that could potentially be improved by this line of research is in environmental sciences and
combating global climate change.

Nonetheless, we acknowledge that any machine learning method can be used for nefarious purposes,
which can be mitigated via effective, scientifically informed communication, outreach, and policy
direction. We unconditionally denounce the use of derivatives of our work for weaponized or wartime
applications. Additionally, due to the lack of interpretability generally found in modern deep learning
approaches, it is possible for practitioners to inadvertently introduce harmful biases or errors in
machine learning applications. Although we certainly do not solve this problem, our focus on
providing identifiable solutions to representation learning is likely beneficial for both interpretability
and fairness in machine learning.
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A FORMAL METHODS

Function / variable Description

g Generator
α Prior shape
λ Prior rate
p(z) Prior
z ∼ p(z) Latent variables
x = g(z) Generated images
q(z|x) Variational posterior

Table 3: Glossary of terms. We use a ∗ (i.e. g∗) when necessary to highlight that we are referring to
the ground truth model.

A.1 PROOF OF IDENTIFIABILITY

To study disentanglement, we assume that the generative factors z ∈ R
D are mapped to images

x ∈ R
N (usually D � N , but see section B) by a nonlinear ground-truth generator g∗ : z 7→ x.

Theorem 1 Let (g∗, λ∗, α∗) and (g, λ, α) respectively be ground-truth and learned generative mod-
els as defined in Eq. (2). If the following conditions are satisfied:

(i) The generators g∗ and g are defined everywhere in the latent space. Moreover, they are
injective and differentiable almost everywhere,

(ii) There is no model misspecification i.e. α = α∗ and λ = λ∗, so z ∼ p(z) = p∗(z),

(iii) Pairs of images are generated as (x∗
t−1,x

∗
t ) = (g∗(zt−1), g

∗(zt)) and
(xt−1,xt) = (g(zt−1), g(zt)),

(iv) The distributions of (x∗
t−1,x

∗
t ) and (xt−1,xt) are the same (i.e. the corresponding densities

are equal almost everywhere: p∗(xt−1,xt) = p(xt−1,xt),

then g = g∗ ◦ σ, where σ is a composition of a permutation and sign flips.

Proof. Since x = g(z) can be written as x = (g∗ ◦ (g∗)−1 ◦ g)(z), we can assume that g = g∗ ◦ h
for some function h on the latent space.

We first show that the function h is a bijection on the latent space. It is injective, since both g
and g∗ are injective. Because of continuity of h, if it were not surjective, there would be some
neighborhood Uz̃ of z̃ that would not have a pre-image under h. This would mean that images
generated by g∗ from Uz̃ would have zero density under the distribution of images generated by
g (i.e. p(g∗(Uz̃)) = 0). This density would be non-zero under the distribution of images directly
generated by the ground-truth generator g∗ (i.e. p∗(g∗(Uz̃)) 6= 0), which contradicts the assumption
that these distributions are equal. It follows that h is bijective.

In the next step, we show that the distribution of latent space pairs (h(zt−1), h(zt)) matches the
latent space prior distribution (i.e. h preserves the prior distribution in the latent space). Indeed, using
the assumption that the distributions of (g∗(zt−1), g

∗(zt)) and ((g∗ ◦ h)(zt−1), (g
∗ ◦ h)(zt)) are the

same, we can write the following equality using the change of variables formula:

p∗(xt−1,xt) = p((g∗)−1(xt−1), (g
∗)−1(xt))

∣

∣

∣

∣

det

(

d(g∗)−1

d(xt−1,xt)

)∣

∣

∣

∣

= ph((g
∗)−1(xt−1), (g

∗)−1(xt))

∣

∣

∣

∣

det

(

d(g∗)−1

d(xt−1,xt)

)
∣

∣

∣

∣

= p(xt−1,xt),

(5)

where p and ph are densities of (zt−1, zt) and (h(zt−1), h(zt)). Since the determinants above cancel,
these densities are equal at the pre-image of any pair of images (xt−1,xt). Because g∗ is defined
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everywhere in the latent space, p and ph are equal for any pair of latent space points. Applying the
change of variables formula again, we obtain the following equation:

p(zt−1, zt) = p(h−1(zt−1), h
−1(zt))

∣

∣

∣

∣

det

(

dh−1

d(zt−1, zt)

)∣

∣

∣

∣

= p(h−1(zt−1)) p(h
−1(zt) | h−1(zt−1))

∣

∣

∣

∣

det

(

dh−1(zt−1)

dzt−1

)∣

∣

∣

∣

∣

∣

∣

∣

det

(

dh−1(zt)

dzt

)∣

∣

∣

∣

= p(zt−1) p(zt | zt−1).

(6)

Note that the probability measure p is the same before and after the change of variables, since we
showed that the prior distribution in the latent space must be invariant under the function h. The same
condition for the marginal p(zt−1) is as follows:

p(zt−1) = p(h−1(zt−1))

∣

∣

∣

∣

det

(

dh−1(zt−1)

dzt−1

)
∣

∣

∣

∣

. (7)

Solving for the determinant of the Jacobian in (7) and plugging it into (6), we obtain

p(zt | zt−1) = p(h−1(zt) | h−1(zt−1))
p(zt)

p(h−1(zt))
. (8)

Taking logs of both sides, we arrive at the following equation:

A(||zt − zt−1||αα − ||h−1(zt)− h−1(zt−1)||αα) = B(||zt||22 − ||h−1(zt)||22), (9)

where A and B are the constants appearing in the exponentials in p(zt−1) and p(zt | zt−1). The logs
of normalization constants cancel out.

For any zt we can choose zt−1 = zt making the left hand side in (9) equal to zero. This implies that
||zt||22 = ||h−1(zt)||22 for any zt, i.e. function h−1 preserves the 2-norm. Moreover, the preservation
of the 2-norm implies that p(zt−1) = p(h−1(zt−1)) and therefore it follows from (7) that for any z

∣

∣

∣

∣

det

(

dh−1(z)

dz

)∣

∣

∣

∣

= 1. (10)

Thus, the left hand side of (9) can be re-written as

||zt − zt−1||αα − ||h−1(zt)− h−1(zt−1)||αα = 0. (11)

This means that h−1 preserves the α-distances between points. Moreover, because h is bijective, the
Mazur-Ulam theorem (Mazur and Ulam, 1932) tells us that h must be an affine transform.

In the next step, to prove that h must be a permutation and sign flip, let us choose an arbitrary point
zt−1 and zt = zt−1 + ε ek = (z1,1, . . . , z1,k + ε, . . . , z1,D). Using (11) and performing a Taylor
expansion around zt−1, we obtain the following:

εα = ||zt − zt−1||αα
= ||h−1(zt−1 + ε ek)− h−1(zt−1)||αα

=

∣

∣

∣

∣

∣

∣

∣

∣

ε ·
(

∂h−1
1 (zt−1)

∂zt−1,k
, . . . ,

∂h−1
D (zt−1)

∂zt−1,k

)

+O(ε2)

∣

∣

∣

∣

∣

∣

∣

∣

α

α

.

(12)

The higher-order terms O(ε2) are zero since h is affine, therefore dividing both sides of the above
equation by εα we find that

∣

∣

∣

∣

∣

∣

∣

∣

(

∂h−1
1 (zt−1)

∂zt−1,k
, . . . ,

∂h−1
D (zt−1)

∂zt−1,k

)
∣

∣

∣

∣

∣

∣

∣

∣

α

α

= 1. (13)

The vectors of k-th partial derivatives of components of h−1 are columns of the Jacobian matrix
(

dh−1(z)
dz

)

. Using the fact that the determinant of that matrix is equal to one and applying Hadamard’s

inequality, we obtain that
∣

∣

∣

∣

det

(

dh−1(z)

dz

)∣

∣

∣

∣

= 1 ≤
D
∏

k=1

∣

∣

∣

∣

∣

∣

∣

∣

(

∂h−1
1 (zt−1)

∂zt−1,k
, . . . ,

∂h−1
D (zt−1)

∂zt−1,k

)∣

∣

∣

∣

∣

∣

∣

∣

2

. (14)
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Since α < 2, for any vector v it holds that ||v||2 ≤ ||v||α, with equality only if at most one
component of v is non-zero. This inequality implies that both (13) and (14) hold at the same time if
and only if
∣

∣

∣

∣

∣

∣

∣

∣

(

∂h−1
1 (zt−1)

∂zt−1,k
, . . . ,

∂h−1
D (zt−1)

∂zt−1,k

)∣

∣

∣

∣

∣

∣

∣

∣

2

=

∣

∣

∣

∣

∣

∣

∣

∣

(

∂h−1
1 (zt−1)

∂zt−1,k
, . . . ,

∂h−1
D (zt−1)

∂zt−1,k

)∣

∣

∣

∣

∣

∣

∣

∣

α

= 1, (15)

meaning that only one element of these vectors of k-th partial derivatives is non-zero, and it is equal
to 1 or -1. Thus, the function h is a composition of a permutation and sign flips at every point.
Potentially, this permutation might be input-dependent, but we argued above that h is affine, therefore
the permutation must be the same for all points. �

A.2 KULLBACK LEIBLER DIVERGENCE OF SLOW VARIATIONAL AUTOENCODER

The VAE learns a variational approximation to the true posterior by maximizing a lower bound on
the log-likelihood of the empirical data distribution D
Ext−1,xt∼D[log p(xt−1,xt)] ≥

Ext−1,xt∼D[Eq(zt,zt−1|xt,xt−1)[log p(xt−1,xt, zt−1, zt)− log q(zt, zt−1|xt,xt−1)]].
(16)

For this, we need to compute the Kullback-Leibler divergence (KL) between the posterior
q(zt, zt−1|xt,xt−1) and the prior p(zt, zt−1). Since all of these distributions are per design factorial,
we will, for simplicity, derive the KL below for scalar variables (log-probabilities will simply have to
be summed to obtain the full expression). Recall that the model prior and posterior factorize like

p(zt, zt−1) = p(zt|zt−1) p(zt−1)

q(zt, zt−1|xt,xt−1) = q(zt|xt) q(zt−1|xt−1).
(17)

Then, given a pair of inputs (xt−1,xt), the KL can be written

DKL(q(zt, zt−1|xt,xt−1)|p(zt, zt−1)) = Ezt,zt−1∼q(zt,zt−1|xt,xt−1)

[

log
q(zt|xt) q(zt−1|xt−1)

p(zt|zt−1) p(zt−1)

]

= Ezt−1∼q(zt−1|xt−1)

[

log
q(zt−1|xt−1)

p(zt−1)

]

+ Ezt,zt−1∼q(zt,zt−1|xt,xt−1)

[

log
q(zt|xt)

p(zt|zt−1)

]

= DKL(q(zt−1|xt−1)|p(zt−1))−H(q(zt|xt)) + Ezt−1∼q(zt−1|xt−1) [H(q(zt|xt), p(zt|zt−1))]
(18)

Where we use the fact that KL divergences decompose like DKL(X,Y ) = H(X,Y )−H(X) into
(differential) cross-entropy H(X,Y ) and entropy H(X). The first term of the last line in (18) is the
same KL divergence as in the standard VAE, namely between a Gaussian distribution q(zt−1|xt−1)
with some µ(xt−1) and σ(xt−1) and a standard Normal distribution p(zt−1). The solution of the
KL is given by DKL(q(zt−1|xt−1)|q(zt−1)) = − log σ(xt−1) +

1
2 (µ(xt−1)

2 + σ(xt−1)
2 − 1)

(Bishop, 2006). The second term on the RHS, i.e. the entropy of a Gaussian is simply given by

H(q(zt|xt)) = log(σ(xt)
√
2πe).

To compute the last term on the RHS, let us recall the Laplace form of the conditional prior

p(zt|zt−1) =
λ

2
exp−λ|zt − zt−1|. (19)

Thus the cross-entropy becomes

H(q(zt|xt), p(zt|zt−1)) = −Ezt∼q(zt|xt)[log p(zt|zt−1)]

= − log

(

λ

2

)

+ λEzt∼q(zt|xt)[|zt − zt−1|].
(20)
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Now, if some random variable X ∼ N (µ, σ2), then Y = |X| follows a folded normal distribution,
for which the mean is defined as

E[|x|] = σ

√

2

π
exp

(

− µ2

2σ2

)

− µ
(

1− 2Φ
(µ

σ

))

, (21)

where Φ is the cumulative distribution function of a standard normal distribution (mean zero and
variance one). Thus, denoting µ(xt) and σ(xt) the mean and variance of q(zt|xt), and defining
µ(xt, zt−1) = µ(xt)− zt−1, we can rewrite further

H(q(zt|xt), p(zt|zt−1)) =

− log

(

λ

2

)

+ λ

(

σ(xt)

√

2

π
exp

(

−µ(xt, zt−1)
2

2σ(xt)2

)

− µ(xt, zt−1)

(

1− 2Φ

(

µ(xt, zt−1)

σ(xt)

))

)

.

(22)
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(a) SlowVAE performance.

(b) SlowFlow performance.

Figure 6: VAE failure modes. Rows respectively indicate κ = 0.2, 0.4, 0.6, 0.8, 1.0 from Eq. (24).
The left five columns show values for 100 randomly chosen examples, while the µ and σ columns
show values for the full training set. Columns in the sets (z∗, z), (∆z∗, ∆z), (x∗, x) all have the
same (arbitrary) scale factors the axes. Lines indicate trajectories from time-point t to t + 1, and
color indicates the angle of the trajectory vector with respect to the canonical variable axes. The µ
axes is scaled from −4 to 4, and σ axes are scaled from 0 to 1, where individual dots represent latent
encoding values from test images. The rightmost plots show a shift in the relationship between the
mean correlation coefficient (MCC) (black, higher is better) and training loss (red, lower is better) as
one increases κ.
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B CHOOSING A LATENT VARIABLE MODEL

Our proposed method for disentanglement can be implemented in conjunction with different proba-
bilistic latent variable models. In this section, we compare VAEs and normalizing flows as possible
candidates.

Variational Autoencoders (VAEs) (Kingma and Welling, 2013) are a widely used probabilistic latent
variable model. Despite their simple structure and empirical success, VAEs can converge to a
pathological solution called posterior collapse (Lucas et al., 2019; Bowman et al., 2016; He et al.,
2019). This solution results in the encoder’s variational posterior approximation matching the prior,
which is typically chosen to be a multivariate standard normal q(z|x) ≈ p(z) = N (0, I). This
disconnects the encoder from the decoder, making them approximately independent, i.e. p(x|z) ≈
p(x). The failure mode is often observed when the decoder architecture is overly expressive, i.e. with
autoregressive models, or when the likelihood p(x) is easy to estimate. Approaches that alleviate
this problem rely on modifying the ELBO training objective (Bowman et al., 2016; Kingma et al.,
2016) or restricting the decoder structure (Dieng et al., 2019; Maaløe et al., 2019). However, these
approaches come with various drawbacks, including optimization issues (Lucas et al., 2019).

Another approach to estimate latent variables are normalizing flows which describe a sequence of
invertible mappings by iteratively applying the change of variables rule (Dinh et al., 2017b). Unlike
VAEs, flow based latent variable models allow for a direct optimization of the likelihood (Dinh et al.,
2017b). Most normalizing flow models rely on a fast and reliable calculation of the determinant
of the Jacobian of the outputs with respect to the inputs, which constrains the architectural design
and limits the capacity of the network (Tabak et al., 2010; Tabak and Turner, 2013; Dinh et al.,
2017b). Thus, competitive flows require very deep architectures in practice (Kingma and Dhariwal,
2018). Furthermore, flows are not directly suited for a scenario where the observation space is
higher dimensional than the generating latent factors, dim(z) < dim(x), as the computation of the
determinant requires a square Jacobian matrix. We tried setting dim(z) = dim(x) > dim(z∗), but
observed instability while optimizing the objective defined below.

It is straightforward to derive a flow-based objective based on the assumptions in Eq. (2). We consider
a normalizing flow with with K blocks f(x) = fK ◦ ... ◦ f1 : x 7→ z. The coupling blocks can refer
to nonlinear mixing similar to Kingma and Dhariwal (2018), or in the linear case (K = 1) to an
invertible de-mixing matrix. This leads to the following estimation of the likelihood

p(xt−1,xt) = p(f(xt−1)) p(f(xt)|f(xt−1))
K
∏

k=1

∣

∣

∣

∣

det
∂fk

∂zk−1,t−1

∣

∣

∣

∣

−1 K
∏

k=1

∣

∣

∣

∣

det
∂fk

∂zk−1,t

∣

∣

∣

∣

−1

.

(23)
Note that p(f(xt−1)) is Gaussian and p(f(xt)|f(xt−1)) is a Laplacian, similar to Eq. (2). During
optimization we take the − log of both sides and minimize w.r.t. the parameters of f . We refer to
this estimator as SlowFlow. Our SlowFlow model is very similar to the flow described in (Pineau
et al., 2020), who use a Gaussian transition prior and therefore would have weaker identifiability
guarantees. Next, we compare SlowFlow and SlowVAE in the context of disentanglement.

To demonstrate the posterior collapse in VAEs, we generate data points (xt,xt−1) according to
Eq. (2) with a two dimensional latent space dim(z∗) = 2. We consider a trivial linear mixing of
x∗ = W∗z∗ = g∗(z∗) with

W∗ = diag(1, κ) (24)

and κ ∈ [0.1, 1]. As can be seen by looking at the σ and µ outputs of the encoder in Fig 6a, for
κ < 0.4, the encoder for the minor axis collapses to the prior. The decoder then tries to minimize
the reconstruction loss by solely covering the first principal component of the data, which is also
described in Rolinek et al. (2019). Despite the collapse and decrease in MCC, the SlowVAE loss
from Eq. (4) still improves during training. On the other hand, a simple linear SlowFlow model
f(x) = Wx, which directly optimizes the likelihood, recovers the latents consistently as seen by the
MCC measure (Fig 6b).

To show the strength of the VAE model we increase the complexity of the data-distribution by using
a non-linear expanding decoder such that dim(x) � dim(z∗). In Fig. 7 we observe that increasing
the input dimensionality is sufficient for SlowVAE to find the corresponding latents and achieve high
MCC with low loss.
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Figure 7: VAEs perform better when data dimensionality exceeds the latent dimensionality.
VAEs prefer data dimensions to be greater than latent dimensions. Individual subplots are as described
in Fig. 6. For all data in this experiment we used a 20-dimensional latent space, dim(z∗) = 20.
Each row corresponds to the dimensionality of the x∗, with values of 20, 200, and 2000. The first
two dimensions of z∗ are plotted as well as the two dimensions of z with the highest corresponding
mean correlation coefficient (MCC). The x∗ and x data are projected onto their first two principal
component axes before plotting. A two-layer mixing matrix was used to transform data from Zgt to
Xgt. As one increases the data dimensionality, the SlowVAE network performs increasingly better in
terms of MCC, although worse in terms of total training loss.

Each estimation method is practically useful in different experimental settings. In the case when the
mixing operation is trivially defined (Eq. (24), or when the number of dimensions in z∗ match those
in x∗), the VAE estimator tends to learn a pathological solution. On the other hand, the normalizing
flow estimator does not scale well to high dimensional data due to the requirement of computing the
network Jacobian. Additionally, the framework for constructing normalizing flow estimators assumes
the latent dimensionality is equal to the data dimensionality to allow for an invertible transform.
Together these results lead us to choose an estimator based on the nature of the problem. For our
contributed datasets and the DisLib experiments we adopt the VAE framework. However, if one aims
to perform simplified experiments such as those typically conducted in the nonlinear ICA literature,
it will often make practical sense to switch to a flow-based estimator.

C DISENTANGLEMENT METRICS

Several recent studies have brought to light shortcomings in a number of proposed disentanglement
metrics (Kim and Mnih, 2018; Eastwood and Williams, 2018; Chen et al., 2018; Higgins et al., 2018;
Mathieu et al., 2019), many of which have been compiled in the DisLib benchmark. In addition to
the concerns they raise, it is important to note that none of the supervised metrics implemented in
DisLib allow for continuous ground-truth factors, which is necessary for evaluating with the Natural
Sprites and KITTI Masks datasets, as factors such as position and scale are effectively continuous
in reality. To rectify this issue without introducing novel metrics, we include the Mean Correlation
Coefficient (MCC) in our evaluations, using the implementation of Hyvärinen and Morioka (2016),
which is described below.

We measure all metrics presented below between 10, 000 samples of latent factors z and the cor-
responding encoded means of our model µ(g∗(z)). We increase this sample size to 100, 000 for
Modularity and MIG to stabilize the entropy estimates.
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C.1 MEAN CORRELATION COEFFICIENT

In addition to the DisLib metrics, we also compute the Mean Correlation Coefficient (MCC) in
order to perform quantitative evaluation with continuous variables. Because of Theorem 1, perfect
disentanglement in the noiseless case should always lead to a correlation coefficient of 1 or −1,
although note that we report 100 times the absolute value of the correlation coefficient. In our
experiments, MCC is used without modification from the authors’ open-sourced code (Morioka,
2018). The method first measures correlation between the ground-truth factors and the encoded latent
variables. The initial correlation matrix is then used to match each latent unit with a preferred ground-
truth factor. This is an assignment problem that can be solved in polynomial time via the Munkres
algorithm, as described in the code release from Morioka (2018). After solving the assignment
problem, the correlation coefficients are computed again for the vector of ground-truth factors and the
resulting permuted vector of latent encodings, where the output is a matrix of correlation coefficients
with D columns for each ground-truth factor and D′ rows for each latent variable. We use the
(absolute value of the) Spearman coefficient as our correlation measure which assumes a monotonic
relationship between the ground-truth factors and latent encodings but tolerates deviations from a
strictly linear correspondence.

In the existing implementation for MCC, the ground truth factors, latent encodings, and mixed signal
inputs are assumed to have the same dimensionality, i.e. D = D′ = N . However, in our case, the
ground-truth generating factors are much lower dimensional than the signal, N � D, and the latent
encoding is higher dimensional than the ground-truth factors D′ > D (see Appendix E for details).
To resolve this discrepancy, we add D′ −D standard Gaussian noise channels to the ground-truth
factors. To compute the MCC score, we take the mean of the absolute value of the upper diagonal of
the correlation matrix. The upper diagonal is the diagonal of the square matrix of D ground-truth
factors by the top D most correlated latent dimensions after sorting. In this way, we obtain an MCC
estimate which averages only over the D correlation coefficients of the D ground truth factors with
their corresponding best matching latent factors.

C.2 DISLIB METRICS

BetaVAE (Higgins et al., 2017)

The BetaVAE metric uses a biased estimator with tunable hyperparameters, although we follow the
convention established in (Locatello et al., 2018) of using the scikit-learn defaults. For a sample
in a batch, a pair of images, (x1,x2), is generated by fixing the value of one of the data generative
factors while uniformly sampling the rest. The absolute value of the difference between the latent
codes produced from the image pairs is then taken, zdiff = |z1 − z2|. A logistic classifier is fit with
batches of zdiff variables and the corresponding index of the fixed ground-truth factor serves as the
label. Once the classifier is trained, the metric itself is the mean classifier accuracy on a batch of
held-out test data. The training minimizes the following loss:

L =
1

2
wTw +

n
∑

i=1

log(exp(−yi(z
T
diff,iw + c)) + 1), (25)

where w and c are the learnable weight matrix and bias, respectively, and y is the index of the
fixed ground-truth factor for the batch. The network is trained using the lbfgs optimizer (Byrd
et al., 1995), which is implemented via the scikit-learn Python package (Pedregosa et al., 2011)
in the Disentanglement Library (DisLib, Locatello et al., 2018). In the original work, the authors
argue that their metric improves over a correlation metric such as the mean correlation coefficient
by additionally measuring interpretability. However, the linear operation of zTdiff,iw + c can perform
demixing, which means the measure gives no direct indication of identifiability and thus does not
guarantee that the latent encodings are interpretable, especially in the case of dependent factors.
Additionally, as noted by Kim and Mnih (2018), BetaVAE can report perfect accuracy when all
but one of the ground-truth factors are disentangled, since the classifier can trivially attribute the
remaining factor to the remaining latents.

FactorVAE (Kim and Mnih, 2018)

For the FactorVAE metric, the variance of the latent encodings is computed for a large (10,000 in
DisLib) batch of data where all factors could possibly be changing. Latent dimensions with variance
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below some threshold (0.05 in DisLib) are rejected and not considered further. Next, the encoding
variance is computed again on a smaller batch (64 in DisLib) of data where one factor is fixed during
sampling. The quotient of these two quantities (with the larger batch variance as the denominator) is
then taken to obtain a normalized variance estimate per latent factor. Finally, a majority-vote classifier
is trained to predict the index of the ground-truth factor with the latent unit that has the lowest
normalized variance. The FactorVAE score is the classification accuracy for a batch of held-out data.

Mutual Information Gap (Chen et al., 2018)

The Mutual Information Gap (MIG) metric was introduced as an alternative to the classifier-based
metrics. It provides a normalized measure of the mean difference in mutual information between
each ground truth factor and the two latent codes that have the highest mutual information with the
given ground truth factor. As it is implemented in DisLib, MIG measures entropy by discretizing
the model’s latent code using a histogram with 20 bins equally spaced between the representation
minimum and maximum. It then computes the discrete mutual information between the ground-
truth values and the discretized latents using the scikit-learn metrics.mutual_info_score
function (Pedregosa et al., 2011). For the normalization it divides this difference by the entropy of
the discretized ground truth factors.

Modularity (Ridgeway and Mozer, 2018)

Ridgeway and Mozer (2018) measure disentanglement in terms of three factors: modularity, com-
pactness, and explicitness. For modularity, they first measure the mutual information between the
discretized latents and ground-truth factors using the same histogram procedure that was used for

the MIG, resulting in a matrix, M ∈ R
D′×D with entries for each mutual information pair. Their

measure of modularity is then

modularity = 1
D′

D′

∑

i=1

Θ

(

1−
∑D

j=1 M
2
i,j − max(M2

i )

max(M2
i )(D − 1)

)

, (26)

where max(M2
i ) returns the maximum of the vector of squared mutual information measurements

between ground truth i and each latent factor. Additionally, Θ is a selection function that returns zero
for any i where max(M2

i ) = 0 and otherwise acts as the identity function.

DCI Disentanglement (Eastwood and Williams, 2018)

The DCI scores measure disentanglement, completeness, and informativeness, which have intu-
itive correspondence to the modularity, compactness, and explicitness of (Ridgeway and Mozer,
2018), respectively. To measure DCI Disentanglement, D regressors are trained to predict
each ground truth factor state given the latent encoding. The DisLib implementation uses the
ensemble.GradientBoostingClassifier function from scikit-learn with default param-
eters, which trains D gradient boosted logistic regression tree classifiers. Importance is assigned
to each latent factor using the built-in feature_importance_ property of the classifier, which
computes the normalized total reduction of the classifier criterion loss contributed by each latent.
Disentanglement is then measured as

∑

i=1

D(1−H(Ii))Ĩi, (27)

where H is the entropy computed with the stats.entropy function from scikit-learn, I ∈ R
D×D′

is a matrix of the absolute value of the feature importance between each factor and each ground truth,

and Ĩ is a normalized version of the matrix

Ĩi =

∑D′

j=1 Ii,j
∑D

k=1

∑D′

j=1 Ik,j
(28)

SAP Score (Kumar et al., 2018)

To compute the SAP score, Kumar et al. (2018) first train a linear support vector classifier with
squared hinge loss and L2 penalty to predict each ground truth factor from each latent variable.
In DisLib this is implemented with the svm.LinearSVC function with default parameters from

scikit-learn. They construct a score matrix S ∈ R
D′×D, where each entry in the matrix is the
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Figure 8: Number of changing factors in LAP dataset. For each dataset we sample 10,000
transitions and record the number of changing factors. These are indicated in the histograms. λ = 1,
see Appendix D.

batch-mean classifier accuracy for predicting each ground truth given each individual latent encoding.
For each generative factor, they compute the difference between the top two most predictive latent
dimensions, which are the two highest scores in a given column of S. The mean (across ground-truth
factors) of these differences is the SAP score.

D NATURAL DATASETS

We introduce several datasets to investigate disentanglement in more natural scenarios. Here, we
provide an overview on the motivation and design of each dataset.

We have chosen to work with pairs of inputs as minimal sequences because we are interested in the
first temporal derivative, more specifically in the sparsity of the transitions between pairs of images.
Other methods that look at the second temporal derivative, such as work from Hénaff et al. (2019)
on straightening, would require triplets as minimal sequences. Extending our approach beyond this
minimal requirement would be simple in terms of the resulting ELBO (which would still factorise
like in Eq. 4 because of the Markov property). The only additional complexity would be in the data
and loss handling.

An issue with evaluating disentanglement on natural datasets is the fact that the existing disentangle-
ment metrics require knowledge of the underlying generative process of the given data. Although we
can observe that the world is composed of distinct entities that vary according to rules imposed by
physics, we are unable to determine the appropriate “factors” that generate such scenes. To mitigate
this problem, we compile object measurements by calculating the x and y coordinates of the center
of mass as well as the area of object masks in natural video frames. We use these measurements to
a) inform new disentanglement benchmarks with natural transitions that have similar complexity to
existing benchmarks (Natural Sprites) and b) evaluate the ability of algorithms to decode intrinsic
object properties (KITTI Masks). We additionally propose a simple extension to the existing DisLib
datasets in the form of collecting images into pairs that exhibit sparse (i.e. Laplace) transition
probabilities.

D.1 UNIFORM TRANSITIONS (UNI)

The UNI extension is based on the description given by Locatello et al. (2020), where the number of
changing factors is determined using draws from a uniform distribution. The key differences between
our implementation and theirs is: (i) their code3 randomly (with 50% probability) sets k = 1 even
in the k = Rnd setting, and (ii) we ensure that exactly k factors change. Though we consider these
discrepancies minor, we nonetheless label all results reported directly from Locatello et al. (2020)
with “LOC”, as opposed to “UNI”, for clarity.
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D.2 LAPLACE TRANSITIONS (LAP)

For each of the datasets in DisLib, we collect pairs of images. For each ground-truth factor, the
first value in the pair is chosen from a uniform distribution across all possible values in latent space,
while the second is chosen by weighting nearby values in latent space using Laplace distributed
probabilities (see Eq. 2). We reject samples that would push a factor outside of the preset range
provided by the dataset. We call this the LAP DisLib extension. Although the sparse prior indicates
that any individual factor is more likely to remain constant, the number of factors that change in
a given transition is still typically greater than one. To show this in Fig. 8, we sampled 10,000
transitions from each DisLib dataset with LAP transitions and computed the number of factors that
had changed within a pair. This extension of the DisLib datasets provides a bridge from i.i.d. data
to natural data by explicitly modeling the observed sparse marginal transition distributions. When
training models on the LAP dataset it is possible to reject samples without transitions (i.e. all factors
remain constant) since the pair would not result in any temporal learning signal. However, it would
arguably be more natural to leave these samples as they would more accurately reflect occurrences of
stationary objects in real data. We report the rejection setting in the main text, but found no significant
difference between the two settings (see Appendix G).

This dataset also introduces a hyper-parameter λ that controls the rate of the Laplace sampling
distribution, while the location is set by the initial factor value. Effectively, when this rate is λ = 1
most of the factors change most of the time, whereas for a rate of λ = 10 most of the factors will
not change most of the time. Note that this means λ (inversely) changes the scale, which results in
larger or smaller movements, but does not affect the distribution itself. In other words, the sparsity is
unchanged, as the sparsity is controlled by the shape α. We fix λ = 1, which yields multiple changes,
thus making this dataset fundamentally different both in spirit and in practice, from the UNI dataset.

D.3 YOUTUBE-VOS

For the YouTube dataset, we download annotations from the 2019 version of the video instance
segmentation (Youtube-VIS) dataset (Yang et al., 2019)4, which is built on top of the video object
segmentation (Youtube-VOS) dataset (Xu et al., 2018). The dataset has multi-object annotations for
every five frames in a 30fps video, which results in a 6fps sampling rate. The authors state that the
temporal correlation between five consecutive frames is sufficiently strong that annotations can be
omitted for intermediate frames to reduce the annotation efforts. Such a skip-frame annotation strategy
enables scaling up the number of videos and objects annotated under the same budget, yielding
131,000 annotations for 2,883 videos, with 4,883 unique video object instances. Although we do
not evaluate against YouTube-VOS in this study, we see it as the logical next step in transitioning to
natural data. The large scale, lack of environmental constraints, and abundance of object types makes
it the most challenging of the datasets considered herein.

The original image size of the YouTube-VOS dataset is 720× 1280. In order to preserve the statistics
of the transitions, we choose not to directly downsample to 64× 64, but instead preserve the aspect
ratio by downsampling to 64× 128. In order to minimize the bias yielded by the extraction method,
noting the center bias typically present in human videos, we extract three overlapping, equally spaced
64×64 pixel windows with a stride of 32. For each resulting 64×64×T sequence, where T denotes
the number of time steps in the sequence, we filter out all pairs where the given object instance is not
present in adjacent frames, resulting in 234,652 pairs.

D.4 NATURAL SPRITES

The benchmark is available at https://zenodo.org/record/3948069.

Without a metric for disentanglement that can be applied to unknown data generating processes, we
are limited to synthetic datasets with known ground-truth factors. Let us take dSprites (Matthey et al.,
2017) as an example. The dataset consists of all combinations of a set of latent factor values, namely,

• Color: white

3https://github.com/google-research/disentanglement_lib/blob/master/

disentanglement_lib/methods/weak/train_weak_lib.py#L48
4https://competitions.codalab.org/competitions/20127
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Config Scale X Y (R, G, B) Shape Orientation

Continuous YT [2375] YT [197342] YT [187112] (1.0, 1.0, 1.0) (square, triangle, star_4, spoke_4) (0,9,...,342,351)

Discrete YT [6] YT [32] YT [32] (1.0, 1.0, 1.0) (square, triangle, star_4, spoke_4) (0,9,...,342,351)

Table 4: Natural Sprite Configs. Values in brackets refer to the number of unique values. Shapes
presented are predefined in Spriteworld (Watters et al., 2019).

• Shape: square, ellipse, heart

• Scale: 6 values linearly spaced in [0.5, 1]

• Orientation: 40 values in [0, 2π]

• Position X: 32 values in [0, 1]

• Position Y : 32 values in [0, 1]

Given the limited set of discrete values each factor can take on, all possible samples can be described
by a tractable dataset, compiled and released to the public. But, in reality, all of these factors should
be continuous: a spectrum of possible colors, shapes, scales, orientations, and positions exist. We
address this by constructing a dataset that is augmented with natural and continuous ground truth
factors, using the mask properties measured from the YouTube dataset described in Appendix D.3.

We can choose the complexity of the dataset by discretizing the 234,652 transition pairs of position
and scale into an arbitrary number of bins. In this study, we discretize to match the number of possible
object states as dSprites, which we present in Table 4. This helps isolate the effect of including
natural transitions from the effect of increasing data complexity. We produce a pair by fixing the
color, shape, and orientation, but updating the position and scale with transitions sampled from the
YouTube measurements. We motivate fixing shape and color by noting that this is consistent with
object permanence in the real world. We decided to fix the orientation because we do not currently
have a way to approximate it from object masks and we did not want to introduce artificial transition
probabilities. To minimize the effect of extreme outliers, we filter out 10% of the data by removing
frames if the mask area falls below the 5% or above the 95% quantiles, which reduces the number
of pairs to 207,794. Finally, we use the Spriteworld (Watters et al., 2019) renderer to generate the
images. Spriteworld allows us to render entirely new sprite objects at the precise position and scale
as was measured from YouTube. For example, if one would want to apply YouTube-VOS transitions
to MPI3D (Gondal et al., 2019), this option is unavailable without the associated renderer.

In relation to the Laplace transitions described in section D.2, this update i) produces pairs that
correspond to transitions observed in real data, ii) allows for smooth transitions by defining the data
generation process as opposed to being limited by the given collected dataset (e.g. dSprites), and iii)
includes complex dependencies among factors that are present in natural data. We generate the data
online, thus training the model to fit the underlying distribution as opposed to a sampled finite dataset.

However, as noted previously, all supervised metrics aggregated in DisLib are inapplicable to
continuous factors, which is problematic as the generating distribution is effectively continuous
with respect to a subset of the factors. Therefore, we limit our quantitative evaluation to MCC for
continuous datasets. However, we are able to evaluate disentanglement with the standard metrics on
the discretized version.

D.5 KITTI MOTS PEDESTRIAN MASKS (KITTI MASKS)

The benchmark is available at https://zenodo.org/record/3931823.

While Natural Sprites enables evaluation of disentanglement with natural transitions, we note that any
disentanglement framework that requires knowledge of the underlying generative factors is unrealistic
for real-world data. Measurements such as scale and position correspond to object properties that are
ecologically relevant to the observer and can serve as suitable alternatives to the typical generative
factors. We directly test this using our KITTI Masks dataset.

To create the dataset, we download annotations from the Multi-Object Tracking and Segmentation
(MOTS) Evaluation Benchmark (Voigtlaender et al., 2019; Geiger et al., 2012; Milan et al., 2016),
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Figure 9: KITTI Masks. Each row corresponds to sequential frames from random sequences in
the KITTI Mssks dataset. Above each image we denote measured object properties where x, y
correspond the center of mass position and ar corresponds to the area.

which is split into KITTI MOTS and MOTSChallenge5. Both datasets contain sequences of pedestri-
ans with their positions densely annotated in the time and pixel domains. For simplicity, we only
consider the instance segmentation masks for pedestrians and do not use the raw data.

The resulting KITTI Masks dataset consists of 2,120 sequences of individual pedestrians with lengths
between 2 and 710 frames each, resulting in a total of 84,626 individual frames. As we did with
YouTube-VOS, we estimate ground truth factors by calculating the x and y coordinates of the center
of mass of each pedestrian mask in each frame. We define the object size as the area of the mask, i.e.
the total number of pixels. We consider the disentanglement performance for different mean time
gaps between image pairs in table 2 and Appendix G.3. For samples and the corresponding ground
truth factors see Fig. 9.

The original KITTI image sizes are 1080× 1920 or 480× 640 resolution for MOTSChallenge and
between 370 and 374 pixels tall by 1224 and 1242 pixels wide for KITTI MOTS. The frame rates of
the videos vary from 14 to 30 fps, which can be seen in Table 2 of Milan et al. (2016). We use nearest
neighbor down-sampling for each frame such that the height was 64 pixels and the width is set to
conserve the aspect ratio. After down-sampling, we use a horizontal sliding window approach to
extract six equally spaced windows of size 64× 64 (with overlap) for each sequence in both datasets.
This results in a 64× 64× T sequence, where T denotes the number of time steps in the sequence.
Note that here we make reasonable assumptions on horizontal translation and scale invariance of the
dataset. We justify the assumed scale invariance by observing that the data is collected from a camera
mounted onto a car which has varying distance to pedestrians. To confirm the translation invariance,
we performed an ablation study on the number of horizontal images. Instead of six horizontal,
equally spaced sliding windows, we only use two which leads to differently placed windows. We
do not observe significant changes in the reported data statistics (e.g. the kurtosis of the fit stays
within ±10% of the previous value for ∆x transitions). The values of ∆y and ∆area do not change
significantly compared to Table 7.

For each resulting 64× 64× T sequence, where T denotes the number of time steps in the sequence,
we extract all individual pedestrian masks based on their object instance identity and create a new
sequence for each pedestrian such that each resulting sequence only contains a single pedestrian. We
ignore images with masks that have less than 30 pixels as they are too far away or occluded and were

5https://www.vision.rwth-aachen.de/page/mots
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Figure 10: KITTI Masks ∆t. Boxes indicate correspondence to physical time for different
max(∆frames) in the KITTI Masks datasets. The orange line denotes the median and the green line
the mean. The whiskers cover the 5th and 95th percentile of data.

not recognizable by the authors. We keep all sequences of two or more frames, as the algorithm only
requires pairs of frames for training.

We leave the maximum distance between time frames within a pair, max(∆frames), as a hyper-
parameter. For a given max(∆frames), we report the mean change in physical time in seconds
(denoted by mean(∆t)). We test adjacent frames (max(∆frames) = 1), which corresponds to a
mean(∆t = 0.05) and max(∆frames) = 5, which corresponds to a mean(∆t = 0.15). This pro-
cedure is motivated by the fact that different sequences were recorded with different frame rates
and reporting the mean(∆t) in seconds allows for a physical interpretation. The relationship be-
tween max(∆frames) and mean(∆t) is in Fig. 10. We show results for testing additional values of
mean(∆t) in Appendix G.3.

During training, we augment the data by applying horizontal and vertical translations of ±5 pixels
and rotations of ±2◦ degree. We apply the exact same data augmentation to both images within a
pair to not change any transition statistics.

We note that both YouTube-VOS (Xu et al., 2018; Yang et al., 2019) and KITTI-MOTS (Voigtlaender
et al., 2019; Geiger et al., 2012; Milan et al., 2016) are multi-object datasets, although we consider
each unique object (mask) separately. Multi-object representation learning and disentanglement are
highly connected, in fact they have recently begun to be used interchangeably (Wulfmeier et al.,
2020).

To briefly comment on possible extensions in this direction, we see no reason why our prior would
not be beneficial to multi-object methods such as MONet (Burgess et al., 2019) and IODINE (Greff
et al., 2019), or video extensions such as ViMON (Weis et al., 2020) and OP3 (Veerapaneni et al.,
2019).

E MODEL TRAINING AND SELECTION

We train all models on all datasets provided in DisLib with the UNI and LAP variants.

All models are implemented in PyTorch (Paszke et al., 2019). To facilitate comparison, the training
parameters, e.g. optimizer, batch size, number of training steps, as well as the VAE encoder and
decoder architecture are identical to those reported in (Locatello et al., 2018; 2020). We use this
architecture for all datasets, only adjusting the number of input channels (greyscale for dSprites,
smallNORB, and KITTI Masks; three color channels for all other datasets).

The model formulation is agnostic to the direction of time. Therefore, to increase the temporal
training signal at a fixed computational cost for each batch of input pairs (x0,x1), we optimize the
model in both directions i.e. optimizing the model objective for both t0 = 0, t1 = 1 as well as
t0 = 1, t1 = 0.
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F EXTENDED COMPARISONS AND CONTROLS

F.1 COMPARISON TO NONLINEAR ICA

F.1.1 THEORETICAL COMPARISON

Nonlinear ICA has recently been advanced significantly by several papers from Hyvärinen and
colleagues. Of these studies, the two that are most comparable to our work is Hyvärinen and Morioka
(2017), which uses an unsupervised contrastive loss for nonlinear demixing and Khemakhem et al.
(2020a), which extends the nonlinear ICA framework to include variational autoencoders (VAEs).
However, our theory covers an important class of transitions relevant for natural data that is not
covered by the identifiability proofs of either of the aforementioned studies.

As a specific comparison to the first paper, the non-Gaussian autoregressive model that their identifia-
bility proof rests upon (Eq. 8 in Hyvärinen and Morioka, 2017) assumes that the second derivative of
the innovation probability density function is less than zero to satisfy uniform dependence, which is
only met for α > 1 for generalized Laplace transition distributions. While they denote (footnote 3)
that Laplace distributions (α = 1) are not covered by their theory, they offer a suggestion for a smooth
approximation. However, they do not demonstrate that this approximation is useful in practice, or
offer a solution to a general class of sparse distributions for α ≤ 1. We chose a generalized Laplacian
to fit our data and for our model assumption as it allows for simple parameterization of fits to data
(e.g. α = 0.5 for natural movie transitions), but is simultaneously quite expressive (Sinz et al., 2009).
Though we use α = 1 in practice for our estimation method, we prove identifiability up to permuta-
tions and sign flips for any α < 2, covering all sparse distributions under the expressive generalized
Laplacian model. In addition, we assume a Gaussian marginal distribution that allows us to derive a
fundamentally stronger proof of identifiability – where we identify up to permutation and sign-flips.
Hyvärinen and Morioka (2017) only identify the sources up to arbitrary non-linear element-wise
transformations. Thus they require a subsequent step of ICA (under the typical assumption that at
most one marginal source distribution is Gaussian) to recover the signal up to permutations and sign
flips for a class of distributions where it is unclear whether they account for temporal sparsity.

The work of Khemakhem et al. (2020a) has a couple of differences from our own, most notable of
which is the form of the conditional prior, p(zt|zt−1). They assume that the conditional posterior
is part of the exponential family, which does not include Laplacian conditionals. Though the
exponential family contains the Laplace distribution with fixed mean as its member, it does not
allow their approach to model sparse transitions. They assume that the natural parameters of the
exponential family distribution are conditioned on zt−1, meaning that only the scale but not the mean
of the Laplace prior for zt can be modulated by the previous time step, thus not allowing for sparse
transition probabilities. Additionally, their implementation requires the number of classes (i.e. states
of the conditioning variable) to equal the number of stationary segments, which is impractical for the
datasets we consider.

Thus, we provide a closer match to natural data transitions, with a stronger identifiability result. We
provide validation by performing an extensive evaluation leveraging our contributed datasets as well
as the models, metrics, and datasets provided by the Disentanglement Library (DisLib, discussed
in section 4). We consider methods from the disentanglement literature (Locatello et al., 2020) as
well as nonlinear ICA (Hyvärinen and Morioka, 2017), that are functionally capable of processing
transitions.

F.1.2 EMPIRICAL COMPARISON

Hyvärinen and Morioka (2017) conducted a simulation where the sources in the nonlinear ICA
model come from a linear autoregressive (AR) model with non-Gaussian innovations. Specifi-
cally, temporally dependent 20-dimensional source signals were randomly generated according to
log p(s(t)|s(t− 1)) = −|s(t) − 0.7s(t − 1)|. Though this generative process was noted to not be
covered by the theory presented in (Hyvärinen and Morioka, 2017), the authors demonstrated that
PCL could reconstruct the source signals reasonably well even for the nonlinear mixture case. Given
our practical use of a Laplacian conditional, we found it a valuable comparison to evaluate our theory
in this artificial setting.
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Method L=1 L=2 L=3 L=4 L=5

PCL 0.998 0.960 0.950 0.917 0.902

PCL (NF) 0.946 0.918 0.918 0.917 0.876

SlowFlow 0.997 0.987 0.982 0.975 0.975

Table 5: MCC using linear correlation where L denotes the number of mixing layers.

Given the discussion in Appendix B, we use SlowFlow for these experiments. For computational
tractability in demixing highly nonlinear transformations, we consider normalizing flows (Dinh et al.,
2017a;b; Kingma and Dhariwal, 2018), namely volume-preserving flows (Sorrenson et al., 2017), as
we find constraining the Jacobian determinant stabilizes learning. To ensure sufficient expressivity,
we consider 6 coupling blocks, each containing a 2-layer MLP with 500 hidden units and ReLU
nonlinearities. We compare to the PCL implementation presented in (Hyvärinen and Morioka, 2017),
where an MLP with the same number of hidden layers as the mixing MLP was adopted. We use
100 hidden units as we did not find increasing the value improved performance. To account for the
architectural difference serving as a possible confounder, we use the same normalizing flow encoder
for optimizing the PCL objective, which we term “PCL (NF)”.

While (Hyvärinen and Morioka, 2017) used leaky ReLU nonlinearities to make the mixing invertible,
said mixing is non-differentiable. This is problematic for SlowFlow, as it involves gradient optimiza-
tion of the Jacobian term, and more importantly, unlike PCL, aims to explicitly recover the mixing
process. We thus use a a smooth version of the leaky-ReLU activation function with a hyperparameter
α (Gresele et al., 2020),

sL(x) = αx+ (1− α) log(1 + ex). (29)

By ensuring the mixing process is smooth, we find that SlowFlow performs favorably relative to
PCL (Table 5) when evaluated in the same setting, converging to a better optimum at higher levels of
mixing.

F.2 JOINT FACTOR DEPENDENCE EVALUATION

In order to consider joint dependencies among natural generative factors, we leverage Natural Sprites
to construct modified datasets where time-pairs of factors are shuffled per-factor (e.g. combining the
x transition from one clip with the y transition from a different clip). This destroys dependencies
between the factors, while maintaining the sparse marginal distributions. In Fig. 11 (right), we show
2D marginals before (blue) and after (orange) this shuffling. The additional density on the diagonals
in the unshuffled data reveals dependencies between pairs of factors on both datasets. As mentioned
in section 3.4, the observed dependency is mismatched from the theoretical assumptions of our model.

We test how robust SlowVAE is to such a mismatch by training it on the permuted data and re-
evaluating disentanglement. In Table 22, we highlight that the improvement of SlowVAE on the
permuted (i.e. independent) continuous Natural Sprites is not significant. In Table 21, we surprisingly
find an overall improved score with non-permuted transitions (i.e. with dependencies), with three out
of seven metrics showing a significant improvement. This is in line with Fig. 1f in Khemakhem et al.
(2020b), where, at least for simple mixing, a model (Khemakhem et al., 2020a) that does not account
for dependencies performs as well as one that does (Khemakhem et al., 2020b). We conclude that
these preliminary results do not support the hypothesis that SlowVAE’s disentanglement is reliant
upon the model assumption that the factors are independent, but do acknowledge that the empirical
effect of statistical dependence in natural video warrants further exploration (Träuble et al., 2020;
Yang et al., 2020).

F.3 TRANSITION PRIOR ABLATION

We consider an ablated model which minimizes a KL-divergence term between the posteriors at
time-step t and time-step t− 1. This encourages the model to match the posteriors of both time points
as closely as possible, and resembles a probabilistic variant of Slow Feature Analysis (Turner and
Sahani, 2007). Specifically, we set p(zt|zt−1) = q(zt−1|xt−1), replacing the Laplace prior with the
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posterior of the previous time step. This is equivalent to a Gaussian (α = 2) transition prior, where
the mean and variance are specified by the previous time step. We ablate over the regularization
parameter γ and provide results in Tables 14 and 15, although we note that we still use the same
hyperparameter values for SlowVAE as in all other experiments. As predicted by our theoretical
result, α = 2 leads to entangled representations in aggregate across evaluated datasets and metrics,
even when considering a spectrum of γ values, resulting in a drastic reduction in scores, particularly
on dSprites and Natural Sprites.

G ADDITIONAL RESULTS

G.1 EXTENDED DATA ANALYSIS

Figure 11: Statistics of Natural Transitions. Left) Distribution over transitions for horizontal (∆x)
and vertical (∆y) position as well as mask/object size (∆area) for both datasets. Orange lines
indicate fits of generalized Laplace distributions (Eq. 2). Right) 2D marginal distribution over pairs
of factor transitions (blue) and permuted pairs (orange) that indicate the marginal distributions when
made independent.

dataset N ∆ area ∆ x ∆ y

KITTI-MOTS 82506 0.45 0.59 0.69

YouTube-VOS 234652 0.44 0.52 0.55

Table 6: Shape parameters (α) of the fitted generalized Laplace distributions in Fig. 11.

We report the empirical estimates of Kurtosis in Table 7. We report the log-likelihood scores for
the ∆ area, ∆ x, ∆ y statistics in Tables 8, 9, and 10, respectively for a Normal, a Laplace and a
generalized Laplace/Normal distribution. For these distributions, we also report the fit parameters
for the ∆ area, ∆ x, ∆ y statistics in Tables 11, 12, and 13, respectively, where the shape parameter
α of the generalized Laplacian is in bold face. As a higher likelihood indicates a better fit, we can
see further evidence that natural transitions are highly leptokurtic; a Laplace distribution (α = 1) is
a better fit than a Gaussian (α = 2), while the generalized Laplacian yields the highest likelihood
consistently with α ≈ 0.5 for all measurements, as indicated in the main paper. For the plots in Figs.
1 and 11, we set the standard deviation of each component to 1 and clipped the minimum (−5) and
maximum (5) values.

We note that while the marginal transitions appear sparse in metrics computed from the given object
masks, our analysis considers 2D projections of objects instead of the transition statistics in their 3D
environment. Understanding the relationship between 3D and 2D transition statistics is a compelling
question from a broader perspective of visual processing, but unfortunately, the KITTI-MOTS
masks (Voigtlaender et al., 2019; Geiger et al., 2012; Milan et al., 2016) lack the associated depth
data required to answer it. Nonetheless, the natural scene statistics we compute are relevant, given
that most computer vision models and vision-based animals see the 3D world as projected onto their
2D receptor arrays.
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dataset N ∆ area ∆ x ∆ y

KITTI 82506 68.92 38.50 65.39

YouTube 234652 76.49 39.98 35.59

Table 7: Empirical estimates of Kurtosis for mask transitions per metric for each dataset.

dataset N genlaplace normal laplace

KITTI 82506 -3.21e+05 -3.79e+05 -3.35e+05

YouTube 234652 -1.29e+06 -1.45e+06 -1.33e+06

Table 8: Maximum likelihood scores for the considered distributions on ∆ area for each dataset.

dataset N genlaplace normal laplace

KITTI 82506 -8.72e+04 -1.20e+05 -9.25e+04

YouTube 234652 -4.50e+05 -5.64e+05 -4.74e+05

Table 9: Maximum likelihood scores for the considered distributions on ∆x for each dataset.

dataset N genlaplace normal laplace

KITTI 82506 -7.59e+04 -1.07e+05 -7.86e+04

YouTube 234652 -4.40e+05 -5.45e+05 -4.60e+05

Table 10: Maximum likelihood scores for the considered distributions on ∆y for each dataset.

dataset N genlaplace normal laplace

KITTI 82506 [4.55e-01, 1.00e+00, 1.01e+00] [4.53e-01, 2.39e+01] [1.00e+00, 1.07e+01]

YouTube 234652 [4.44e-01, 1.47e-16, 5.04e+00] [2.25e-01, 1.16e+02] [7.73e-09, 5.28e+01]

Table 11: Parameter fits for the considered distributions on ∆ area for each dataset. The parameters
are (alpha, location, scale) for generalized Laplace/Normal, (location, scale) for the other two
distributions.

dataset N genlaplace normal laplace

KITTI 82506 [5.87e-01, 4.76e-02, 1.69e-01] [5.34e-02, 1.04e+00] [5.49e-02, 5.64e-01]

YouTube 234652 [5.15e-01, 1.15e-14, 2.57e-01] [2.32e-03, 2.68e+00] [7.54e-09, 1.38e+00]

Table 12: Parameter fits for the considered distributions on ∆ x for each dataset. The parameters
are (alpha, location, scale) for generalized Laplace/Normal, (location, scale) for the other two
distributions.

dataset N genlaplace normal laplace

KITTI 82506 [6.94e-01, 1.02e-02, 2.32e-01] [3.84e-02, 8.86e-01] [1.71e-02, 4.77e-01]

YouTube 234652 [5.48e-01, 2.93e-13, 3.08e-01] [8.81e-03, 2.47e+00] [9.15e-04, 1.30e+00]

Table 13: Parameter fits for the considered distributions on ∆ y for each dataset. The parameters
are (alpha, location, scale) for generalized Laplace/Normal, (location, scale) for the other two
distributions.
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Figure 12: KITTI Masks Latent Representations. We show axis latent traversals along each
dimension for the β-VAE (top) and SlowVAE (bottom). Here, the latents zi are sorted from top
to bottom in ascending order according to the mean variance output of the encoder. With MCC
correlation (see e.g. Fig. 20) the known ground truth factors are matched as following: β-VAE:
scale∼ z2, x-position∼ z1 and y-position∼ z3; SlowVAE: scale∼ z0, x-position∼ z1 and y-
position∼ z3. With these latent visualizations alone, there is no significant difference visible between
β-VAE and SlowVAE. However, we see a quantitative difference with the MCC score (see Table 2)
and a qualitative difference when directly observing latent embeddings (see Fig. 20).
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Figure 13: Ablation over mean(∆t) for SlowVAE. Mean and standard deviation (s.d.) MCC scores

Model Data BetaVAE FactorVAE MIG MCC DCI Modularity SAP

SlowVAE dSprites (Laplace) 100.0 (0.0) 97.5 (3.0) 29.5 (9.3) 69.8 (2.3) 65.4 (3.6) 96.5 (1.6) 8.1 (3.0)
PM-VAE (16) dSprites (Laplace) 64.1 (7.0) 44.8 (13.0) 5.2 (2.3) 45.0 (5.5) 5.9 (3.9) 93.5 (1.9) 1.7 (0.8)
PM-VAE (10) dSprites (Laplace) 78.8 (7.5) 59.4 (11.2) 5.9 (1.8) 49.2 (4.3) 13.6 (5.6) 92.7 (3.0) 3.9 (1.7)
PM-VAE (8) dSprites (Laplace) 82.9 (2.8) 61.2 (5.7) 7.1 (2.6) 49.6 (3.3) 14.5 (3.5) 91.6 (3.0) 4.3 (1.6)
PM-VAE (4) dSprites (Laplace) 86.6 (2.7) 64.1 (7.2) 11.6 (5.0) 52.0 (3.8) 22.9 (3.7) 90.9 (2.7) 5.7 (2.8)
PM-VAE (2) dSprites (Laplace) 86.3 (2.4) 62.9 (7.7) 10.9 (3.2) 50.0 (3.5) 21.2 (5.3) 92.3 (1.9) 5.5 (2.0)
PM-VAE (1) dSprites (Laplace) 82.5 (5.4) 58.4 (6.0) 7.6 (3.6) 45.9 (4.9) 14.4 (5.1) 92.1 (4.0) 4.0 (2.0)

SlowVAE Natural (Discrete) 82.6 (2.2) 76.2 (4.8) 11.7 (5.0) 52.6 (4.1) 18.9 (5.5) 88.1 (3.6) 4.4 (2.3)
PM-VAE (16) Natural (Discrete) 72.7 (2.8) 49.2 (3.7) 2.8 (1.2) 38.3 (3.2) 6.9 (1.8) 85.3 (1.8) 1.2 (0.7)
PM-VAE (10) Natural (Discrete) 76.6 (3.6) 52.0 (4.9) 3.8 (2.2) 39.0 (3.9) 7.3 (1.8) 87.0 (2.2) 2.0 (1.0)
PM-VAE (8) Natural (Discrete) 74.6 (3.4) 49.3 (4.4) 3.1 (1.8) 38.9 (3.2) 7.1 (1.8) 87.8 (1.7) 1.6 (1.0)
PM-VAE (4) Natural (Discrete) 73.8 (3.8) 48.8 (5.3) 2.7 (1.5) 35.7 (3.5) 6.7 (2.0) 87.4 (2.2) 1.6 (0.9)
PM-VAE (2) Natural (Discrete) 73.4 (3.1) 47.0 (5.3) 2.2 (1.1) 36.8 (2.4) 6.2 (1.5) 87.4 (1.9) 1.1 (0.6)
PM-VAE (1) Natural (Discrete) 73.5 (3.3) 49.7 (5.4) 3.1 (1.6) 36.9 (3.2) 6.9 (1.8) 86.9 (2.2) 1.8 (0.7)

Table 14: Mean and standard deviation (s.d.) metric scores across 10 random seeds. PM-VAE (γ)
refers to replacing the Laplace prior with a KL-divergence term between the (Gaussian) posteriors at
time-step t and time-step t− 1, with conditional prior regularization, γ.

G.2 ALL DISLIB RESULTS

We include results on all DisLib datasets, dSprites (Matthey et al., 2017), Cars3D (Reed et al., 2015),
SmallNORB (LeCun et al., 2004), Shapes3D (Kim and Mnih, 2018), MPI3D (Gondal et al., 2019), in
Tables 16, 17, 18, 19, and 20, respectively. We report both median (a.d.) to compare to the previous
median scores reported in (Locatello et al., 2020), as well as the the more common mean (s.d.) scores
for future comparisons and straightforward statistical estimates of significant differences between
models. We also consider allowing for static transitions, which we denote with “NC”, e.g. “LAP-NC”,
in the tabular results. As mentioned in Section 5, we use the same parameter settings for SlowVAE in
all experiments, while model selection was performed not only per dataset, but per seed, for results
from (Locatello et al., 2020).

G.3 KITTI MASKS ∆t ABLATION

As seen in the main text, considering image pairs separated further apart in time appears bene-
ficial. Here we evaluate a wider range by taking frames which are further apart in a sequence.
max(∆frames) = N indicates that all pairs differ by at most N frames. We chose an upper bound
of N , rather than sampling pairs with a fixed separation, to account for the variable frame rates
and sequence lengths in the original dataset (Milan et al., 2016) without introducing a confounding
factor of varying dataset size. We report in Fig. 10 how the max(∆frames) criterion corresponds
to the mean time gap between image pairs (mean(∆t)) in seconds. For further details, we refer to
Appendix D.5.

In Fig. 13 we visualize an ablation over mean(∆t). We find that model performance increased initially
with larger temporal separation between data points, then plateaued. We also observe in Fig. 14
that the measured factor marginals remain sparse, with α < 1, for all tested settings of mean(∆t).
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Model Data MCC

SlowVAE Natural (Continuous) 49.1 (4.0)
PM-VAE (16) Natural (Continuous) 35.2 (3.7)
PM-VAE (10) Natural (Continuous) 33.2 (2.1)
PM-VAE (8) Natural (Continuous) 32.7 (3.1)
PM-VAE (4) Natural (Continuous) 33.7 (2.3)
PM-VAE (2) Natural (Continuous) 32.4 (3.2)
PM-VAE (1) Natural (Continuous) 34.2 (3.4)

SlowVAE Kitti (mean(∆t) = 0.05s) 66.1 (4.5)
PM-VAE (16) Kitti (mean(∆t) = 0.05s) 63.1 (9.3)
PM-VAE (10) Kitti (mean(∆t) = 0.05s) 57.4 (8.5)
PM-VAE (8) Kitti (mean(∆t) = 0.05s) 59.0 (5.6)
PM-VAE (4) Kitti (mean(∆t) = 0.05s) 51.8 (9.2)
PM-VAE (2) Kitti (mean(∆t) = 0.05s) 50.3 (7.4)
PM-VAE (1) Kitti (mean(∆t) = 0.05s) 38.4 (6.8)

SlowVAE Kitti (mean(∆t) = 0.15s) 79.6 (5.8)
PM-VAE (16) Kitti (mean(∆t) = 0.15s) 69.6 (5.9)
PM-VAE (10) Kitti (mean(∆t) = 0.15s) 78.2 (6.0)
PM-VAE (8) Kitti (mean(∆t) = 0.15s) 73.8 (10.0)
PM-VAE (4) Kitti (mean(∆t) = 0.15s) 67.9 (10.4)
PM-VAE (2) Kitti (mean(∆t) = 0.15s) 60.7 (8.8)
PM-VAE (1) Kitti (mean(∆t) = 0.15s) 60.9 (9.1)

Table 15: Continuous ground-truth variable datasets. See Table 14 for details.

Model (Data) BetaVAE FactorVAE MIG DCI Modularity SAP

β-VAE (i.i.d.) 82.3 66.0 10.2 18.6 82.2 4.9
Ada-ML-VAE (LOC) 89.6 70.1 11.5 29.4 89.7 3.6
Ada-GVAE (LOC) 92.3 84.7 26.6 47.9 91.3 7.4
SlowVAE (UNI) 89.7 (3.8) 81.4 (8.4) 34.5 (9.6) 50.0 (6.9) 87.1 (2.0) 5.1 (1.5)
SlowVAE (LAP) 100.0 (0.0) 99.2 (2.3) 28.2 (8.2) 65.5 (3.1) 96.8 (1.4) 6.0 (2.4)
SlowVAE (LAP-NC) 100.0 (0.2) 97.4 (4.4) 29.1 (7.1) 62.0 (4.2) 97.4 (1.6) 8.2 (2.9)

SlowVAE (UNI) 87.0 (5.1) 75.2 (11.1) 28.3 (11.5) 47.7 (8.5) 86.9 (2.8) 4.4 (2.0)
SlowVAE (LAP) 100.0 (0.0) 97.5 (3.0) 29.5 (9.3) 65.4 (3.6) 96.5 (1.6) 8.1 (3.0)
SlowVAE (LAP-NC) 99.8 (0.6) 95.2 (6.0) 27.6 (8.6) 61.5 (5.3) 96.8 (1.8) 8.4 (3.4)

Table 16: dSprites. Median and absolute deviation (a.d.) metric scores across 10 random seeds (first
three rows are from (Locatello et al., 2020)). The bottom three rows give mean and standard deviation
(s.d.) for the models presented in this paper.

Increasing mean(∆t) leads to increased diversity, and thus more information in the learning signal.
However, it is worth noting that since SlowVAE assumes α = 1 in the transitions, an increase in α
from increasing the temporal gap leads to a reduction in mismatch.

Our results on increasing the temporal difference within pairs of inputs is in agreement with recent
work by Oord et al. (2018, Table 2), who show increased performance in representation learning for
larger separation between positive samples in a contrastive objective function. Additional related work
from Tschannen et al. (2019) shows that temporal separation between frame embeddings influences
the representation that is learned from videos.

G.4 LATENT SPACE VISUALIZATIONS

We visualize differences in learned latent representations using image embedding in Figures 15- 28.
We show four different plots for each dataset considered and include all available models. Each figure
corresponds to a different dataset.
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Model (Data) BetaVAE FactorVAE MIG DCI Modularity SAP

β-VAE (i.i.d.) 100.0 87.9 8.8 22.5 90.2 1.0
Ada-ML-VAE (LOC) 100.0 87.4 14.7 45.6 94.6 2.8
Ada-GVAE (LOC) 100.0 90.2 15.0 54.0 93.9 9.4
SlowVAE (UNI) 100.0 (0.0) 90.4 (0.4) 15.7 (1.5) 48.9 (1.7) 95.7 (1.0) 1.6 (0.4)
SlowVAE (LAP) 100.0 (0.0) 91.0 (2.5) 9.7 (1.1) 51.0 (2.2) 94.4 (1.1) 1.7 (0.9)
SlowVAE (LAP-NC) 100.0 (0.0) 90.8 (1.1) 9.3 (1.1) 50.0 (2.0) 94.6 (0.9) 0.9 (0.9)

SlowVAE (UNI) 100.0 (0.0) 90.4 (0.5) 15.4 (2.2) 48.0 (2.4) 95.4 (1.5) 1.6 (0.5)
SlowVAE (LAP) 100.0 (0.0) 90.2 (3.5) 10.4 (1.8) 50.9 (2.7) 94.1 (1.2) 2.0 (1.1)
SlowVAE (LAP-NC) 100.0 (0.0) 90.9 (1.2) 9.5 (1.4) 50.2 (2.7) 95.0 (1.2) 1.7 (1.4)

Table 17: Cars3D. Median and absolute deviation (a.d.) metric scores across 10 random seeds (first
three rows are from (Locatello et al., 2020)). The bottom three rows give mean and standard deviation
(s.d.) for the models presented in this paper.

Model (Data) BetaVAE FactorVAE MIG DCI Modularity SAP

β-VAE (i.i.d.) 74.0 49.5 21.4 28.0 89.5 9.8
Ada-ML-VAE (LOC) 91.0 72.1 31.1 34.1 86.1 15.3
Ada-GVAE (LOC) 87.9 55.5 25.6 33.8 78.8 10.6
SlowVAE (UNI) 78.8 (2.1) 46.2 (1.9) 23.7 (1.3) 28.8 (0.6) 92.1 (1.6) 7.8 (1.0)
SlowVAE (LAP) 86.0 (0.2) 72.9 (0.7) 25.8 (0.5) 42.7 (0.9) 97.7 (0.3) 6.5 (0.4)
SlowVAE (LAP-NC) 86.1 (0.7) 73.7 (0.6) 26.3 (0.5) 42.5 (0.6) 97.6 (0.3) 6.5 (0.9)

SlowVAE (UNI) 78.2 (3.8) 47.0 (2.9) 23.8 (1.8) 28.7 (0.7) 90.9 (2.1) 7.8 (1.1)
SlowVAE (LAP) 85.9 (0.3) 73.1 (0.9) 25.7 (0.6) 42.6 (0.9) 97.5 (0.3) 6.8 (0.5)
SlowVAE (LAP-NC) 85.7 (1.0) 73.3 (0.8) 26.2 (0.7) 42.6 (0.8) 97.6 (0.5) 6.6 (1.3)

Table 18: SmallNORB. Median and absolute deviation (a.d.) metric scores across 10 random seeds
(first three rows are from (Locatello et al., 2020)). The bottom three rows give mean and standard
deviation (s.d.) for the models presented in this paper.

In Figures 15- 21 we display the mean correlation coefficient matrix and the latent representations for
each ground-truth, as described in the main text for Fig. 5.

The top row is the sorted absolute correlation coefficient matrix between the latents (rows) and
the ground truth generating factors (columns). The latent dimensions are permuted such that the
sum on the diagonal is maximal. This is achieved by an optimal, non-greedy matching process for
each ground truth factor with its corresponding latent, as described in appendix C. As such, a more
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Figure 14: KITTI Masks Sparseness. We show the sparseness over time of the transitions for
horizontal (∆x), vertical (∆y) as well as mask/object size (∆area) in KITTI Masks by plotting the α
of a generalized Laplace fit for different mean(∆t) (top). To display the quality of the fits, we show
two exemplary fits at mean(∆t) = 0.63 (bottom-left) and mean(∆t) = 1.02 (bottom-right).
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Model (Data) BetaVAE FactorVAE MIG DCI Modularity SAP

β-VAE (i.i.d.) 98.6 83.9 22.0 58.8 93.8 6.2
Ada-ML-VAE (LOC) 100.0 100.0 50.9 94.0 98.8 12.7
Ada-GVAE (LOC) 100.0 100.0 56.2 94.6 97.5 15.3
SlowVAE (UNI) 100.0 (0.1) 97.3 (4.0) 64.4 (8.4) 82.6 (4.4) 95.5 (1.6) 5.8 (0.9)
SlowVAE (LAP) 100.0 (0.0) 95.9 (2.6) 62.5 (3.1) 85.6 (4.0) 98.1 (0.6) 8.2 (1.7)
SlowVAE (LAP-NC) 100.0 (1.6) 97.0 (2.0) 63.6 (5.4) 86.7 (4.1) 98.4 (1.4) 7.0 (2.1)

SlowVAE (UNI) 99.9 (0.3) 95.4 (5.2) 58.8 (13.0) 82.3 (5.4) 95.2 (2.0) 5.7 (1.4)
SlowVAE (LAP) 100.0 (0.0) 95.0 (3.2) 61.5 (4.5) 85.0 (4.7) 98.3 (0.8) 8.9 (2.6)
SlowVAE (LAP-NC) 98.4 (4.9) 97.4 (2.4) 61.6 (10.6) 86.1 (5.2) 98.2 (1.6) 8.2 (2.6)

Table 19: Shapes3D. Median and absolute deviation (a.d.) metric scores across 10 random seeds
(first three rows are from (Locatello et al., 2020)). The bottom three rows give mean and standard
deviation (s.d.) for the models presented in this paper.

Model (Data) BetaVAE FactorVAE MIG DCI Modularity SAP

β-VAE (i.i.d.) 54.6 32.2 7.2 19.5 87.4 3.7
Ada-ML-VAE (LOC) 72.6 47.6 24.1 28.5 87.5 7.4
Ada-GVAE (LOC) 78.9 62.1 28.4 40.1 91.6 21.5
SlowVAE (UNI) 58.5 (0.9) 38.6 (2.3) 32.2 (1.0) 29.9 (1.3) 89.2 (2.0) 8.8 (0.8)
SlowVAE (LAP) 67.6 (6.1) 42.4 (6.1) 32.0 (1.8) 35.9 (2.2) 89.5 (1.5) 9.7 (0.8)
SlowVAE (LAP-NC) 60.1 (2.7) 39.2 (1.7) 30.6 (0.7) 34.3 (0.7) 85.9 (1.1) 9.3 (0.9)

SlowVAE (UNI) 58.6 (1.1) 38.5 (3.2) 32.2 (1.2) 30.1 (1.6) 89.4 (2.6) 8.7 (1.0)
SlowVAE (LAP) 66.6 (6.9) 45.5 (8.3) 32.9 (2.6) 35.5 (2.7) 89.2 (1.9) 9.7 (1.2)
SlowVAE (LAP-NC) 61.0 (3.6) 40.3 (2.5) 30.4 (0.8) 34.2 (1.0) 86.6 (1.7) 9.3 (1.0)

Table 20: MPI3D. Median and absolute deviation (a.d.) metric scores across 10 random seeds (first
three rows are from (Locatello et al., 2020)). The bottom three rows give mean and standard deviation
(s.d.) for comparison with other tables.

prevalent diagonal structure corresponds to a better mapping between the ground-truth factors and
latent encoding.

The middle set of plots are latent embeddings of random training data samples. The x-axis denotes
the ground truth generating factor and the y-axis denotes the corresponding latent factor as matched
according to the main diagonal of the correlation matrix. For each dataset, we further color-code the
latents by a categorical variable as denoted in each figure.

The bottom set of plots show the ground truth encoding compared to the second best latent as opposed
to the diagonally matched latent. This plot can be used to judge how much the correspondence
between latents is one-to-one or rather one-to-many.

To further investigate the latent representations, we show a scatter plot over the best and second best
latents in figures 22-28. Here, the color-coding is matched by the ground truth factor denoted in each
row.

When comparing the correlation matrix with the corresponding scatter plots, one can see that
embeddings with sinusoidal curves have low correlation, which illustrates a shortcoming of the
metric. Another limitation is that categorical variables which have no natural ordering have an
order-dependent MCC score, indicating the permutation variance of MCC. With SlowVAE, we can
infer three different types of embeddings. First, we have simple ordered ground truth factors with non-

Model γ λ Data Permuted? BetaVAE FactorVAE MIG MCC DCI Modularity SAP

SlowVAE 10 6 Natural (Discrete) Yes 77.6 (4.1) 69.7 (6.5) 8.5 (4.4) 49.9 (3.5) 17.6 (2.8) 89.8 (3.2) 1.8 (0.9)
SlowVAE 10 6 Natural (Discrete) No 82.6 (2.2) 76.2 (4.8) 11.7 (5.0) 52.6 (4.1) 18.9 (5.5) 88.1 (3.6) 4.4 (2.3)

Table 21: Impact of removing natural dependence on Discrete Natural Sprites.
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Model γ λ Data Permuted? MCC
SlowVAE 10 6 Natural (Continuous) Yes 52.9 (4.2)
SlowVAE 10 6 Natural (Continuous) No 49.1 (4.0)

Table 22: Impact of removing natural dependence on Continuous Natural Sprites.

circular boundary conditions. Here, SlowVAE models often show a clear one-to-one correspondence
(e.g. Fig 22 scale, x-position and y-position; Fig 25 θ-rotation; Fig 26 Φ-rotation). Second, we
observe circular embeddings due to boundary conditions for certain factors (e.g. Fig 15, 22 3rd row;
Fig 16, 23 2nd row). Note that not all datasets with orientations exhibit full rotations and thus do not
have circular boundary conditions, e.g. smallNORB. Finally, we have categorical variables, where no
order exists (e.g. Fig. 16, 23 top row, Fig 17, 24 top row, Fig 18, 25 top row) resulting in separated
but not necessarily ordered clusters.
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Figure 15: DSprites Latent Representations. Top, MCC correlation matrices. Middle five rows,
model latent over highest correlating ground truth factor. Bottom five rows, model latent over second
highest correlating ground truth factor. The color-coding corresponds to the shapes: heart/yellow,
ellipse/turquoise and square/purple.
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Figure 16: Cars3D Latent Representations. Top, MCC correlation matrices. Middle three rows,
model latent over highest correlating ground truth factor. Bottom three rows, model latent over second
highest correlating ground truth factor. The color-coding corresponds to the 183 different car types
(GT Types) in the dataset.
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Figure 17: SmallNorb Latent Representations. Top, MCC correlation matrices. Middle four rows,
model latent over highest correlating ground truth factor. Bottom four rows, model latent over
second highest correlating ground truth factor. The color-coding corresponds to the five different GT
categories in the dataset.
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Figure 18: Shapes3D Latent Representations. Top, MCC correlation matrices. Left two columns,
model latent over highest correlating ground truth factor. Right two columns, model latent over
second highest correlating ground truth factor. The color-coding corresponds to the four different
object types (GT-Type) in the dataset.

45



Published as a conference paper at ICLR 2021

GT Factors

0
1
2
3
4
5
6
7
8
9

La
te

nt
s 

z
MCC = 27.0

24 1 3 34 9 13 4
5 3 5 16 3 14 11
14 1 6 0 0 1 1
0 0 0 94 11 1 0
9 0 2 3 9 9 1
3 1 5 2 0 26 7
12 1 6 2 0 2 26
1 0 3 1 1 22 1
4 1 4 2 3 14 9
3 1 1 1 1 4 13

SlowVAE (UNI)

0 1 2 3 4 5 6

MCC = 54.6
25 0 3 4 1 6 1
9 5 3 2 2 17 34
2 7 51 1 0 44 1
0 1 4 94 16 4 3
1 1 4 2 94 0 3
9 0 8 1 1 30 0
4 1 6 1 0 25 82
15 1 17 17 0 16 72
0 0 1 2 0 26 12
11 4 10 11 10 15 2

SlowVAE (LAP)

Figure 19: MPI3DReal Latent Representations. Top, MCC correlation matrices. Left two columns,
model latent over highest correlating ground truth factor. Right two columns, model latent over
second highest correlating ground truth factor. The color-coding corresponds to the six different
object shapes (GT Shape) in the dataset.
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Figure 20: KITTI Masks Latent Representations. Top, MCC correlation matrices. Middle three
rows, model latent over highest correlating ground truth factor. Bottom three rows, model latent over
second highest correlating ground truth factor.
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Figure 21: Natural Sprites Latent Representations. Top, MCC correlation matrices. Middle five
rows, model latent over highest correlating ground truth factor (colored by category). Bottom five
rows, model latent over second highest correlating ground truth factor. The left two columns denote
the continuous (C) version of Natural Sprites, whereas the right two columns correspond to the
discretized (D) version.
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Figure 22: DSprites Latent Representations. Best two latents selected from Fig 15. Color-coded
by the corresponding ground truth factor.

Figure 23: Cars3D Latent Representations. Best two latents selected from Fig 16. Color-coded by
ground truth.

Figure 24: SmallNorb Latent Representations. Best two latents selected from Fig 17. Color-coded
by ground truth.
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Figure 25: Shapes3D Latent Representations. Best two latents selected from Fig 18. Color-coded
by ground truth.

Figure 26: MPI3DReal Latent Representations. Best two latents selected from Fig 19. Color-coded
by ground truth.
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Figure 27: KITTI Masks Latent Representations. Best two latents selected from Fig 20. Color-
coded by ground truth.

Figure 28: Natural Sprites Latent Representations. Best two latents selected from Fig 21. The left
four columns denote the continuous (C) version of Natural Sprites, whereas the right four columns
correspond to the discretized (D) version. Color-coded by ground truth.
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3
Discussion

While significant time has passed since (Klindt et al., 2021), disentangled representation learning
still hasn’t achieved real-world impact in practice. We will discuss recent research pertaining to
this topic, clarify what still remains unresolved, and propose approaches for moving past these
long-standing problems.

3.1 Why annotate factors of variation?

What is the state of progress? In (Zimmermann et al., 2021), we saw that state-of-the-art
approaches to visual SSL can yield disentangled representations if certain statistical assumptions
are fulfilled, most notably that positive pairs are constructed such that all FoVs are able to
change. Thus, by enforcing assumptions on the distribution of the latent sources, i.e. the
FoVs, disentanglement is achieved. Assumptions on the distribution of latent sources is what
enabled the first successful methodology for nonlinear ICA (Hyvarinen and Morioka, 2016, 2017;
Hyvarinen et al., 2019; Khemakhem et al., 2020a; Ahuja et al., 2022b), i.e. identifying the
latent sources from observational data when the relationship between the latent sources and
the observational data is nonlinear. These assumptions were necessary since, without additional
structure, nonlinear ICA has been proven to be impossible (Darmois, 1953; Hyvärinen and
Pajunen, 1999; Locatello et al., 2019). This breakthrough in nonlinear ICA set the stage for
research exploring the space of possible assumptions that enable identifying the latent sources,
thereby providing a structured direction for understanding when representations disentangle.

A number of works have furthered this direction of assuming structure on the distribution
of latents for identifiability. Lachapelle et al. (2022, 2024) takes a step away from assuming
statistical independence (which, as we saw in Figure 1.3 (right), can be violated in practice)
by considering the setting where a change in FoV can (temporally) depend on other FoVs, and
even on an action, e.g. an intervention (Locatello et al., 2020a; Ahuja et al., 2022a; Lippe
et al., 2022, 2023b; Squires et al., 2023; Zhang et al., 2023; Ahuja et al., 2023a; Jiang and
Aragam, 2023; von Kügelgen et al., 2023; Buchholz et al., 2023; Sturma et al., 2023; Morioka and
Hyvärinen, 2023; Bing et al., 2023; Ahuja et al., 2023b; Zhang et al., 2024a; Varıcı et al., 2024),
showing that disentanglement here hinges on the sparsity of this dependency graph. (Lippe et al.,
2023a) instead shows that constraining actions to be binary toggle switches for interventions
on FoVs is sufficient for disentanglement, empirically showing promising results for robotics
applications (Kolve et al., 2017). Lastly, Brehmer et al. (2022) took this a step further by
considering FoVs to depend on other FoVs according to a structural causal model (SCM) (Pearl,
2009; Peters et al., 2017; Schölkopf et al., 2021) and demonstrates that both the FoVs can be
disentangled and the causal graph can be recovered if atomic, perfect interventions on the FoVs
are available, i.e. counterfactuals (Locatello et al., 2020a; Von Kügelgen et al., 2021; Ahuja et al.,
2022a). Follow-up work (Squires et al., 2023; Ahuja et al., 2023a; von Kügelgen et al., 2023) has
relaxed these assumptions by shifting from a multi-view to a multi-environment setting, thereby
considering unpaired samples from interventional distributions.

Recently, another direction has emerged for assuming structure that enables identifiability.
So far, all of the aforementioned research has assumed structure on the FoVs, namely how they
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are sampled, but none has assumed structure on the nonlinear mixing that maps the FoVs to
the observational data. (Gresele et al., 2021) proposed independent mechanism analysis (IMA),
formalized as an orthogonality condition on the columns of the Jacobian of the mixing function,
by applying the principle of independent causal mechanisms (Janzing and Schölkopf, 2010;
Schölkopf et al., 2012; Peters et al., 2017), which postulates that the generative process consists
of independent modules which do not share information. IMA has been used to characterize how
the variational autoencoder (VAE) (Kingma and Welling, 2013) objective favors decoders with
a column-orthogonal Jacobian (Rolinek et al., 2019; Kumar and Poole, 2020; Reizinger et al.,
2022). However, while IMA does rule out well-known counterexamples to identifiability (Gresele
et al., 2021; Ghosh et al., 2023), a proof of identifiability remains an open question (Buchholz
et al., 2022). On the other hand, (Moran et al., 2022) proves identifiability under a fixed sparsity
structure where each feature of the observational data depends only on a small subset of the FoVs.
Similarly, (Zheng et al., 2022) prove identifiability assuming that, for each FoV, there exists a set of
observed feature(s) that is only dependent on said FoV. (Brady et al., 2023) showed that assuming
the mixing is compositional (Fodor and Pylyshyn, 1988), i.e. each observed feature depends
on at most one latent slot, enables proving identifiability for object-centric learning (Burgess
et al., 2019; Locatello et al., 2020b; Greff et al., 2020), thus showing that the representation
disentangles objects (Higgins et al., 2018; Wulfmeier et al., 2021). Finally, (Lachapelle et al.,
2023a) shows that, as long as a compositional mixing function (Brady et al., 2023) is twice
continuously differentiable, it is additive, i.e. the function consists of a summation after each slot
is decoded independently, which is equivalent to having a (block) diagonal Hessian (Peebles et al.,
2020), and lends itself to compositional generalization (Sauer and Geiger, 2021; Montero et al.,
2022; Wiedemer et al., 2023), where the learned decoder can extrapolate to unseen combinations
of seen objects.

What open problems remain? The impossibility of identifiability (Darmois, 1953; Hyvärinen
and Pajunen, 1999; Locatello et al., 2019) has encouraged an extensive search for additional
structure to impose on the problem for bypassing the impossibility result. Without additional
structure, counterexamples such as the Darmois construction (Darmois, 1953; Hyvärinen and Pa-
junen, 1999) demonstrate that one can infer latent variables that are statistically indistinguishable
from the ground-truth latent sources, but are entirely entangled w.r.t. the latent sources. Thus,
we require additional structure to obtain reliable learning signal for recovering the latent sources.
While there isn’t evidence to suggest that the counterexamples used to prove impossibility occur
in practice, for identifiability, we still have to show that we have sufficient structure in practice
to rule out all counterexamples, and therefore bypass the impossibility result. However, since
the identifiability problem reduces to inverting the data generating process (Zimmermann et al.,
2021), but the data generating process is, for the most part, unknown in practice, how can
we justify that the additional structure assumed for identifiability actually holds in practice?
Furthermore, in practice, how can we measure performance, given we do not know the latent
sources that underly the data generating process?

While we do advocate for further efforts towards validating assumptions in practice, going
beyond what was done in (Klindt et al., 2021) may not be straightforward. There, we required
annotated masks (Geiger et al., 2012; Milan et al., 2016; Xu et al., 2018; Yang et al., 2019;
Voigtlaender et al., 2019) to estimate object scale and object position, which are of course only
2 variables we are considering members of the unknowable set of FoVs. Thus, the same data
labeling bottleneck that motivates SSL (Balestriero et al., 2023) is in effect when attempting
to validate assumptions or evaluate performance for disentanglement in practice. Hence, we
do not have a scalable approach to validating assumptions for more FoVs in practice, which
is problematic for disentanglement. While state-of-the-art models may be reliable enough to
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automate annotation (Radford et al., 2021; Kirillov et al., 2023; Huang et al., 2023), if we can
only disentangle in practice what we have state-of-the-art models for, the practical utility of
disentanglement would be unclear.

With that said, as an alternative to photorealistic simulation (Bordes et al., 2023b) and
synthetic data generation (Wiles et al., 2022), ImageNet-X (Idrissi et al., 2023) provides human
annotated object FoVs for the ImageNet (Russakovsky et al., 2015) validation set and a random
subset of training images. While none of the FoVs are continuous, statistical dependencies
between FoVs could still be found, yielding a dependency graph between FoVs which may provide
sufficient structure for identifiability. Furthermore, given data augmentations used in practice
by state-of-the-art visual SSL approaches can already be interpreted as counterfactuals in the
underlying latent SCM (Von Kügelgen et al., 2021; Pearl, 2009), it would be interesting to
consider if atomic, perfect interventions could indeed be possible for the given FoVs (Brehmer
et al., 2022). An inferred dependency graph may imply a partitioning of the dataset into
multiple environments (Creager et al., 2021), which enables testing methodology that assumes
unpaired samples from interventional distributions (Squires et al., 2023; Ahuja et al., 2023a;
von Kügelgen et al., 2023). It is possible that structure could be uncovered in the relationship
between the pixels and the annotated FoVs, which may lead to a direction for assessing structure
assumed on the mixing function in practice (Moran et al., 2022; Zheng et al., 2022; Brady et al.,
2023). Finally, given any auxiliary information (Hyvarinen et al., 2019) here would have to be
imposed (Von Kügelgen et al., 2021) or inferred (Creager et al., 2021), disentanglement approaches
that do not assume additional auxiliary information (Higgins et al., 2017a; Locatello et al., 2019)
would be a natural fit, for which there is promising recent work worth considering (Wang and
Jordan, 2021; Kivva et al., 2022; Funke et al., 2022; Roth et al., 2023; Hsu et al., 2023).

What is the way forward? Considering how the numerous identifiable methods for disentan-
glement could be applied to disentangle the FoVs in ImageNet-X (Idrissi et al., 2023) is a good
example of an exercise we should be pursuing when we consider additional structure for identifia-
bility. Without any exploratory data analysis to find additional structure, e.g. dependencies, to
exploit, a straightforward approach would be to leverage atomic, perfect interventions on the
FoVs, i.e. counterfactuals (Von Kügelgen et al., 2021; Ahuja et al., 2022a; Brehmer et al., 2022).
As shown in (Eastwood et al., 2023), if, for each FoV, we have augmentations that uniquely leave
said FoV invariant, or unchanged, we can disentangle the FoVs. However, can we really assume
counterfactuals for each FoV are available in practice?

In the supervised setting, i.e. we train on ImageNet-X, and thus can leverage the FoV
annotations for learning, for each FoV, we can simply construct positive pairs which only have
said FoV in common (Khosla et al., 2020). However, this approach is bottlenecked by data labels,
and, more importantly, identifiable methods for disentanglement aren’t needed in the supervised
setting. In the self-supervised setting, i.e. we only use ImageNet-X for validation/evaluation,
note that, for each FoV, the only constraint on the positive pair is to have said FoV in common.
Therefore, constructing positive pairs by independently sampling from a generative model
conditioned on the FoV of interest could be a solution (Wiles et al., 2022), especially since recent
work suggests that learning from synthetic data is starting to rival learning from real data (Azizi
et al., 2023; Tian et al., 2023b; Fan et al., 2023; Tian et al., 2023a; Afkanpour et al., 2024).

As discussed, having disentanglement in practice be dependent on the performance of state-
of-the-art models can be a dissatisfying solution, particularly since the same approach could
enable simply supervised learning on purely synthetic data. Thus, in order to obtain a reliable
method for self-supervised disentanglement in practice, we require exploratory data analysis to
obtain additional structure. In all, we have seen many examples of additional structure enabling
reliable self-supervised disentanglement, what we’re missing is additional structure that has been
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validated on the real-world data we would like to disentangle in practice. For that, research
contributions like ImageNet-X (Idrissi et al., 2023) provide an actionable way forward.

3.2 Why disentangled representation learning?

What is the state of progress? In (Klindt et al., 2021), we saw that, in video, FoVs of
interest, e.g. position and scale, change sparsely over time, and we showed that leveraging that
structure can enable theoretically and empirically achieving disentanglement. Notably, this step
towards validating assumptions in real-world data was novel relative to prior work (Hyvarinen
and Morioka, 2016, 2017; Hyvarinen et al., 2019; Khemakhem et al., 2020a), which also leveraged
temporal structure to recover the latent sources, but did not validate their assumptions in practice.
For instance, in (Hyvarinen and Morioka, 2017), the second derivative of the probability density
function for the conditional distribution is assumed to be less than zero, which is only met for
α > 1 for generalized Laplace transition distributions, but in real-world temporal data, α < 1

for the FoVs studied (see Tab. 6 in (Klindt et al., 2021)). Furthermore, in (Khemakhem et al.,
2020a), since the conditional posterior is assumed to be exponential family (Wainwright et al.,
2008), but the exponential family only includes Laplacian distributions with fixed mean, the
conditional that fit the real-world temporal data does not satisfy the assumption. In all, without
validating assumptions in practice, we have no reason to expect that disentanglement methods
can be applied in practice, thus we continue to advocate for further efforts in that direction.

With that said, in (Klindt et al., 2021), we did not empirically demonstrate disentanglement
on real-world video data. As we computed FoVs from object mask annotations provided by video
datasets (Geiger et al., 2012; Milan et al., 2016; Xu et al., 2018; Yang et al., 2019; Voigtlaender
et al., 2019), we used these FoVs to extend existing benchmarks (Matthey et al., 2017; Watters
et al., 2019; Klindt et al., 2021), and used these masks to create a novel benchmark (Klindt
et al., 2021), but we did not benchmark on the real-world videos themselves. Given contrastive
learning had already been shown to scale well to complex natural image data (Chen et al., 2020),
in (Zimmermann et al., 2021), we scaled up the evaluation to natural image resolution (Deng
et al., 2009), but as we do not have the FoVs for natural images, we rendered a dataset using
Blender (Blender Online Community, 2021), and did the same for evaluation in (Von Kügelgen
et al., 2021). While these contributions have enabled subsequent work (Lippe et al., 2022;
Brehmer et al., 2022; Daunhawer et al., 2023; Xu et al., 2024; Talon et al., 2024), in order to
demonstrate disentanglement in practice, we must depart from only evaluating disentanglement
when all FoVs are known (Klindt et al., 2021).

Since requiring knowledge of all FoVs restricts disentanglement evaluation to highly controlled
domains (Gondal et al., 2019; Dittadi et al., 2021), in the absence of FoV annotations (Idrissi
et al., 2023), what can we do instead? Of course, human inspection of the disentangled
components is always an option (Higgins et al., 2017a; Bordes et al., 2022; Liu et al., 2023a),
which is an understandable direction given the desire that a disentangled representation will
be interpretable, and is an evaluation that is especially encouraged in scientific applications
for uncovering insight (Lopez et al., 2023; Bereket and Karaletsos, 2023; Klindt et al., 2024).
Given disentanglement has long been seen as important for achieving robustness to distribution
shift (Schölkopf et al., 2021), out-of-distribution (OOD) accuracy has also been used as a proxy
for evaluating disentanglement in real settings (Liu et al., 2023b; Fumero et al., 2023; Lachapelle
et al., 2023b), particularly in sim2real transfer (Higgins et al., 2017b; Gondal et al., 2019; Dittadi
et al., 2021; Liu et al., 2023c). Finally, for disentangling objects, evaluation has consisted of object
instance segmentation (Hubert and Arabie, 1985; Greff et al., 2019) using progressively more
realistic datasets (Kabra et al., 2021; Kipf et al., 2022; Greff et al., 2022). Recently, progress has
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led to scaling to real-world data (Elsayed et al., 2022; Biza et al., 2023; Seitzer et al., 2023; Löwe
et al., 2023). Notably, the latest work (Zadaianchuk et al., 2023b; Qian et al., 2023; Aydemir
et al., 2023) has demonstrated the ability to scale to YouTube-VIS (Yang et al., 2019), natural
video where, in (Klindt et al., 2021), we found position and scale to change sparsely over time.

What open problems remain? Does object instance segmentation imply disentanglement
of objects? No, in general, successful object segmentation does not require an underlying
representation decomposed into objects (Higgins et al., 2018; Wulfmeier et al., 2021). With that
said, if the learned decoder was additive (Brady et al., 2023; Lachapelle et al., 2023a), the decoder
output for each slot would be used for segmentation, and here, it would be possible to show
that successful segmentation is accompanied by disentanglement (Higgins et al., 2018; Wulfmeier
et al., 2021), i.e. slots decompose into objects (Brady et al., 2023; Lachapelle et al., 2023a).
Interestingly, while more flexible transformer decoders have been proposed (Vaswani et al., 2017;
Singh et al., 2022a,b; Sajjadi et al., 2022; Chang et al., 2022), evidence has shown (Seitzer
et al., 2023) that, at segmenting real-world data (Lin et al., 2014), transformer decoders can be
outperformed by masked decoders (Burgess et al., 2019; Greff et al., 2019; Locatello et al., 2020b),
an extension on additive decoders (Lachapelle et al., 2023a) where masks are produced for each
slot, are normalized across slots, and are then used to weight the additive decoder sum over
independently decoded slots. While slot-wise masks do facilitate modeling occluded objects, the
normalization across slots violates additivity (Lachapelle et al., 2023a), hence additive decoders
must be treated as an approximation to decoders used in practice. Still, the resemblance between
what’s used in practice and what’s proven in theory is noteworthy.

However, while autoencoders are still used at scale (Seitzer et al., 2023), to scale up, recent
work has shifted from reconstructing pixels to reconstructing features from self-supervised
pretraining (Seitzer et al., 2023; Zadaianchuk et al., 2023b; Aydemir et al., 2023). Specifically,
features pretrained with non-contrastive SSL (Caron et al., 2021) are used, for which, our
evidence (Von Kügelgen et al., 2021) suggests learned representations discard what’s variant to
data augmentation, and, for data augmentations chosen in practice, position, hue and rotation
information are discarded. If so, how could the decoder masks demonstrate object instance
segmentation? In (Von Kügelgen et al., 2021), our results rely upon the augmentations leaving
certain FoVs, e.g. object class, unchanged, or invariant, thus yielding a shortcut (Geirhos et al.,
2020; D’Amour et al., 2022) solution to the SSL problem. However, small, or local, random
crops (Szegedy et al., 2015), can lead to a scenario where all FoVs, including object class, are
variant, removing the shortcut(s) (Minderer et al., 2020; Robinson et al., 2021), and possibly
shifting the setting to be more in line with (Zimmermann et al., 2021), where all information
is preserved as identifiability is yielded. Notably, (Caron et al., 2021) use multi-crop (Caron
et al., 2020), which uses many local crops as augmentation, thus the likelihood of shortcut
removal is increased in their case. Furthermore, our results in (Von Kügelgen et al., 2021)
only apply to the representation on which the loss is applied, which for (Caron et al., 2021),
is the projection (Chen et al., 2020) of the representation for the CLS token (Devlin et al.,
2018; Dosovitskiy et al., 2021), an extra learnable token appended to the sequence of patches
the Vision Transformer (ViT) (Dosovitskiy et al., 2021; Vaswani et al., 2017) takes as input,
but (Seitzer et al., 2023; Zadaianchuk et al., 2023b) use the representations of the sequence of
patches instead. While it remains unclear what information the patch token representations
represent, it’s been consistently observed that pre-projector representations contain significantly
more information than post-projector representations (Chen et al., 2020; Von Kügelgen et al.,
2021; Jing et al., 2022; Bordes et al., 2023a; Eastwood et al., 2023). Empirically, while it has
been shown that CLS token representations yield impressive foreground segmentation (Caron
et al., 2021; Hamilton et al., 2022; Zadaianchuk et al., 2023a), the patch representations provide
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dense features (Sundaram et al., 2010) by describing all areas of the image, and have been shown
to yield competitive video instance segmentation (Jabri et al., 2020; Pont-Tuset et al., 2017)
without any additional training or finetuning (Caron et al., 2021). In all, it is conceivable that
dense feature representations of the data via non-contrastive SSL preserve sufficient structure for
successful segmentation to be accompanied by object disentanglement.

Lastly, does the latest in video object-centric learning suggest a bias towards disentangle-
ment? (Zadaianchuk et al., 2023b) introduce a temporal similarity prediction task where, for each
image patch of a frame at time t, the decoder must map the slots to the semantic similarity, i.e.
the cosine similarity, between SSL representations of the patch and each patch k frames in the
future. Given the model has been provided with the semantics for each patch (Caron et al., 2021),
solving the prediction task requires the slots to represent some notion of what could change and
how could it change, which suggests a bias towards object decomposition, since what moves in
videos are objects (Tangemann et al., 2023). Note that, assuming the semantics represent FoVs,
e.g. position and scale, there may be a connection between this objective and the temporal sparse
coding objective in (Klindt et al., 2021) treated as a discriminative learning task (Zimmermann
et al., 2021), where the latents at frame t are fed through a nonlinear projection head (Chen
et al., 2020), the decoder in this case, and the output is compared to the encoder input at
frame t + k. Note that the encoder input is a semantic representation (Caron et al., 2021).
From this perspective, in order to improve the disentanglement of latents within each slot, given
the task is to predict the cosine similarity in representation space, it would be interesting to
investigate whether a von Mises-Fisher (vMF) distribution (Zimmermann et al., 2021) does
indeed provide the best fit for how the FoVs in the dense semantic representation change over
time in YouTube-VIS (Yang et al., 2019).

What is the way forward? Given our focus on vision, it’s prudent to ask what more we
may want from disentanglement in practice if the recent literature suggests that we already have
performant unsupervised video instance segmentation in practice. As discussed, there are routes
to showing that instance segmentation comes with the representation decomposing into objects,
i.e. object disentanglement (Higgins et al., 2018; Wulfmeier et al., 2021). From there, it may be
possible to also disentangle the FoVs, but what exactly are we working towards?

We posit that the practical utility of disentanglement in vision comes in the form of planning.
While autonomous driving is a safety-critical scenario for which reliable decision-making is far
from solved, the domain is constrained enough for there to be fairly simple, universal reasoning
traces for decision-making. For example, if the perception module has detected that an object,
e.g. an intersection, stop sign, or a person, is approaching, decelerate quickly enough such that
the vehicle state will change to stopped well before any contact could conceivably occur, wait for a
reasonable amount of time, check if the path is clear, and continue moving (Geiger, 2022). While
a fair criticism to such a step-by-step approach would be its rigidity, in safety-critical scenarios,
we cannot afford random behavior. Still, there’s room for concern that such an approach does
not scale, i.e. there are too many situations for which the machine’s behavior must be specified,
however, the complexity here is determined by the level of granularity (van Steenkiste et al.,
2019) at which step-by-step reasoning must be dictated. In any case, this approach to high-level
reasoning is symbolic processing, and thereby assumes the perception module outputs state
variables, or symbols.

While we have discussed at length the annotation bottleneck for validating assumptions and
evaluating disentanglement, in particular what we can do with already annotated datasets (Idrissi
et al., 2023) and how we can bridge the gap between proxy metrics (Everingham et al., 2015) and
disentanglement, it remains the case that the goal of disentanglement is self-supervised (Balestriero
et al., 2023) recovery of the FoVs (Bengio et al., 2013). In that sense, disentanglement (Higgins
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et al., 2018) is critical for resolving the failures of symbolic AI (Marcus, 2020), by giving us the
symbols we desire without requiring the impractical cost of annotating such a dataset ourselves,
building a photorealistic simulation (Bordes et al., 2023b) that closes the sim2real gap well
enough that it yields model performance that is sufficiently reliable, or generating synthetic
data (Wiles et al., 2022) from unreliable models (Zhang et al., 2024b; Wang et al., 2024). We are
excited not only by the progress, but also the prospect of what disentanglement promises.

3.3 Why are representations linear?

What is the state of progress? In (Von Kügelgen et al., 2021), we saw that state-of-the-art
approaches to visual SSL do not yield disentangled representations, but instead representations
contain all and only information about content, i.e., the FoVs invariant to the data augmentations
applied in practice. Specifically, there exists an invertible function between the representation
and the content variables. We empirically confirmed this result for contrastive (Chen et al., 2020)
and non-contrastive (Zbontar et al., 2021) representation learning. Note that this approach
of aligning data augmentations of the same image still lies at the heart of discriminative self-
supervised pre-training (Oquab et al., 2023; Caron et al., 2021), though, as discussed, the use
of multi-crop (Caron et al., 2020) may lead to different results. In any case, our results have
proven to be generally applicable; (Daunhawer et al., 2023) and (Liu et al., 2024) applied the
results of (Von Kügelgen et al., 2021) and (Zimmermann et al., 2021), respectively, to multimodal
contrastive learning (Radford et al., 2021). (Yao et al., 2024) further extended the results
of (Von Kügelgen et al., 2021) to an arbitrary number of views and modalities. Finally, (Xu
et al., 2024) further extended the results of (Yao et al., 2024) by showing promising results for
disentanglement (Zimmermann et al., 2021; Klindt et al., 2021) in the multi-environment setting.

Despite their use in the recent literature, it should be noted that, in terms of representation
learning in practice, the results only apply to SSL methods that maximize alignment (Wang and
Isola, 2020) while avoiding collapsed representations through regularization (Chen and He, 2021).
SSL (Balestriero et al., 2023), however, contains many practical methods beyond that scope,
most notably, generative models (Bengio et al., 2000; Brown et al., 2020; Ramesh et al., 2021),
which model the data distribution for data sampling (Song and Ermon, 2019). The latest models
are multimodal (Radford et al., 2021; Ramesh et al., 2021; Rombach et al., 2022), especially
since conditioning generative models on textual input is useful for controllability. While we
have considered generative approaches in our theoretical and empirical work (Klindt et al.,
2021; Von Kügelgen et al., 2021), given our interest in representation learning, in practice, the
generative approaches we’ve studied are VAEs (Kingma and Welling, 2013). While VAEs have
been connected to modern generative models (Luo, 2022; Dieleman, 2022; Chen et al., 2024),
diffusion models (Sohl-Dickstein et al., 2015; Song and Ermon, 2019; Ho et al., 2020) in particular,
we cannot claim that our results explain what modern generative models represent.

However, given their societal relevance (Eloundou et al., 2023; Cooper et al., 2023; Barrett
et al., 2023), a significant amount of recent work has looked into the interpretability of foun-
dation models (Bommasani et al., 2021), ultimately aiming to not only understanding what
representations represent (Von Kügelgen et al., 2021), but also what mechanisms led to this
representation (Olah, 2022). Interestingly, in the mechanistic interpretability literature (Nanda
et al., 2023; Gurnee and Tegmark, 2024), it was found that a linear map can be sufficient for
decoding concepts from language model representations, e.g. that the output language is French,
implying that, at least in the aforementioned experiments, the relationship between extracted
representations and the information of interest is linear. (Park et al., 2023) drew an equivalence
between the existence of a linear probe and two other phenomena. First, the interesting findings
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of vector arithmetic for word embeddings (Mikolov et al., 2013; Pennington et al., 2014); if, in
representation space, “woman”-“man”, “king”-“queen”, and so on are all parallel vectors, then
that direction in vector space can be used as a linear probe for Male/Female. Second, the recent
use of steering vectors, demonstrated for both diffusion models (Wang et al., 2023) and language
models (Turner et al., 2023); if, in representation space, “He is the monarch of England”-“She
is the monarch of England”, and so on is consistent for Male/Female, then adding said vector
to the representation of the context changes the probability of Male/Female. Finally, (Park
et al., 2023) showed empirical evidence for linear representations in LLaMA-2-7B (Touvron et al.,
2023), a decoder-only Transformer language model (Vaswani et al., 2017; Radford et al., 2018).
Theoretical support for linear representations in foundation models has followed, with (Jiang
et al., 2024) attributing this phenomenon to next token prediction and the implicit bias of
gradient descent, while (Rajendran et al., 2024) shows that data diversity can enable provable
recovery of the concepts.

What open problems remain? In the identifiability literature (Khemakhem et al., 2020a,b),
weak identifiability has referred to identification up to a linear transformation, while strong
identifiability has referred to identification up to a scaled permutation. Given we’re interested
in disentanglement, our work has aimed to invert the data generating process (Zimmermann
et al., 2021) in order to identify the FoVs (Bengio et al., 2013), and thus we have treated
strong identifiability as our criterion, since, with weak identifiability, the FoVs are still mixed.
Considering the recent evidence that state-of-the-art models possess “linear representations” (Park
et al., 2023; Jiang and Aragam, 2023; Rajendran et al., 2024), the results showed that, for a given
binary concept, e.g. Male/Female, there exists a linear map for decoding said concept from the
language model representation. Note that this is a weaker result than weak identifiability, as weak
identifiability implies that there is a single linear map for decoding all FoVs from the representation.
However, given all FoVs are unknown, the notion of “linear representations” (Park et al., 2023;
Jiang and Aragam, 2023; Rajendran et al., 2024) can be seen as a practical instantiation of weak
identifiability for studying real-world models. This begs the question, why the discrepancy in
results? Why do we observe a practical form of weak identifiability for language models (Park
et al., 2023), when we’ve seen evidence that state-of-the-art approaches to visual SSL discard
FoVs variant to the data augmentations applied in practice (Von Kügelgen et al., 2021)?

First, if we consider our theoretical result for generative SSL in (Von Kügelgen et al., 2021), we
did not find that FoVs variant to augmentations, i.e. style, were discarded from the representation,
but instead that that the block of style variables was simply separated, or disentangled, from
the block of content variables. The discarding of style only occurred for discriminative SSL
with non-invertible encoders. Second, we found that the discarding of style is dependent on the
relationship between the dimensionality of the encoder output and the number of content FoVs;
as the encoder output dimensionality exceeds this quantity, we can observe a clear increase in the
amount of style information encoded. Finally, our result only applies to the encoder output, when,
in practice, the encoder output is treated as a projection of an intermediate layer, and it’s the
intermediate layer that’s used downstream, as the intermediate layer preserves more information
across FoVs (Chen et al., 2020; Von Kügelgen et al., 2021). We found that our ability to linearly
decode style variables significantly increased if we evaluated an intermediate layer instead of the
output layer, e.g. for data augmentations used in practice (Chen et al., 2020), the R2 coefficient
of determination for linearly decoding object position increased from 0.35 for the output layer to
0.71 for an intermediate layer. Altogether, despite the fact that maximizing alignment with data
augmentations does clearly bias visual SSL to discard style, we do see evidence that suggests
that style may still be linearly decodable from model representations, if only approximately.

Moreover, note that state-of-the-art approaches to visual SSL are not restricted to approaches
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that maximize alignment for isolating content. While DINOv2 (Oquab et al., 2023) primarily relies
on the DINO (Caron et al., 2021) objective for performance, which does fit the mold of methods
covered by our results for discriminative SSL with non-invertible encoders (Von Kügelgen et al.,
2021), as discussed, the use of multi-crop (Caron et al., 2020) may rule out the shortcut (Geirhos
et al., 2020) solution due to forcing all FoVs to be variant, or change. Furthermore, while
CLIP (Radford et al., 2021; Cherti et al., 2023) has also been described by an application of
our results (Daunhawer et al., 2023; Von Kügelgen et al., 2021), in the multimodal setting, all
concepts of interest may be shared across modalities, often what’s deemed important about an
image is written in the caption, and thus learning to discard style may no longer be of concern
for linearly decoding concepts of interest, as concepts of interest could simply be content. Lastly,
the JEPA models (LeCun, 2022; Baevski et al., 2022; Assran et al., 2023) are competitive with
the state-of-the-art (Bardes et al., 2023), and perform masked feature prediction (Vincent et al.,
2008; Devlin et al., 2018; He et al., 2022). Masked prediction is inherently a generative modeling
task, given the objective is to generate missing parts conditioned on the observed ones, which
isn’t fundamentally different from language modeling (Balestriero et al., 2023). Thus, while
“linear representations” (Park et al., 2023) haven’t yet been shown for state-of-the-art approaches
to representation learning in visual SSL, it is plausible that the results will extend to this domain.

What is the way forward? While “linear representations” (Park et al., 2023) do not output
symbols for the FoVs directly (Marcus, 2020), and thus do not solve the problem of disentangled
representation learning, the fact that they are observed in practice from the most highly capable
models is promising for the route of translating mechanistic understanding (Olah, 2022) into
resolutions to the long-standing issues that deep learning faces (Marcus, 2020).

Let us consider the work of (Wang et al., 2023) as a case study. Here, the problem is
compositional generation (Leivada et al., 2023; Okawa et al., 2023; Du et al., 2021), i.e. the
tendency for the model to fail unpredictably when presented with compositional inputs, e.g.
“magenta-colored panda”. While recent work (Rassin et al., 2023) has introduced test-time
repairs for many of these binding failure cases, these repairs are problem-specific, e.g. specifically
address problems with binding entity-nouns to their modifiers. A preferable solution would be
to leverage an improved understanding of the network’s processing to offer a more generally
applicable repair. (Wang et al., 2023), inspired by vector arithmetic (Mikolov et al., 2013),
acts on the “linear representation hypothesis” (Park et al., 2023) by steering text-to-image
diffusion models (Sohl-Dickstein et al., 2015; Ho et al., 2020; Rombach et al., 2022) to generate
counterfactuals (Locatello et al., 2020a; Von Kügelgen et al., 2021; Ahuja et al., 2022a; Sauer
and Geiger, 2021) by leveraging the projection onto the subspace that has been identified to
correspond to the concept being intervened on. In doing so, the representation of the input text
prompt is unchanged except on the targeted subspace, where the representation takes on the
value elicited by the intervention (Wang et al., 2023). The score function (Song and Ermon,
2019) of diffusion models (Ho et al., 2020) is used as the representation. This approach was
able to outperform Composable-Diffusion (Liu et al., 2022) due to the insight that the score
representations of concepts should only be combined after projecting onto the target subspace,
an insight derived from concepts corresponding to subspaces of the representation space (Mikolov
et al., 2013; Pennington et al., 2014), which implies “linear representation”.

Looking forward, identifying linear maps for decoding binary concepts from language model
representations is still far from achieving the goals of mechanistic interpretability (Olah, 2022),
as how and why the mechanisms prior to the linear representation yielded a linear representation
remains unclear. While ongoing research continues to work towards cracking the black box that
is deep learning, it is worth noting the value that theory provides. Namely, when a theorem is
proven, the assumptions imply the conditions that must be satisfied for the successful result to
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occur, thus not only indicating when this result occurs, but also providing the set of conditions
that should be investigated if a more satisfactory explanation for the examined phenomenon
is desired. An empirical approach to theoretical understanding (Nakkiran, 2021) necessitates
thorough, systematic experimentation to understand what experimental parameters are causal
for the phenomenon of interest. If mechanistic interpretability research proceeds in that direction,
case studies such as (Wang et al., 2023) suggest that investigations into directions such as the
“linear representation hypothesis” (Park et al., 2023) could lead to an understanding of deep
learning that enables engineering trustworthy, reliable learning systems.
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