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Abstract

This thesis details our development of probabilistic architectures based on Gaussian process dynamical
models (GPDMs) to address fundamental challenges in human motion modeling. We present a systematic
progression from hierarchical GPDMs to the novel Gaussian Process Dynamical Mixture Model (GPDMM),
demonstrating how probabilistic approaches can effectively model complex human movements while
maintaining interpretability and computational efficiency.

We first establish the effectiveness of hierarchical GPDMs in prosthetic control, showing how these models
combine EMG signals with kinematic data to predict hand movements. This work reveals both the potential
and limitations of single-class approaches, motivating the development of more sophisticated frameworks
for handling multiple movement classes.

Building on these insights, we introduce novel methods for latent space optimization, including the Gaussian
process (GP) back-constraint and a GP-based information bottleneck feature selection approach. We then
demonstrate that careful initialization with appropriate geometric features can achieve superior performance
while simplifying model architecture, challenging conventional approaches that emphasize explicit topological
constraints.

The culmination of this work is the GPDMM, which integrates multiple GPDMs in a probabilistic mixture-of-
experts framework, enabling both the classification and generation of movement sequences. We demonstrate
the GPDMM'’s viability on these tasks during single-example learning, comparing it with some of the
most widely-used deep learning approaches (transformers, VAEs, and LSTMs), which struggled in our
data-constrained settings.

Our work establishes that principled probabilistic approaches to motion modeling, like GPDM-based
models, can achieve state-of-the-art performance when designed deliberately, maintaining their strengths in
interpretability and small-data efficiency. These contributions advance both theoretical understanding and
practical implementation in fields ranging from computer animation to prosthetic control.






Zusammenfassung

Diese Dissertation befasst sich mit der Entwicklung probabilistischer Architekturen von Gaufischen Prozessen
in dynamischen Modellen (Gaussian Process Dynamical Models, GPDMs), um grundlegende Herausfor-
derungen in der Modellierung menschlicher Bewegungen zu adressieren. Dabei wird eine systematische
Weiterentwicklung von hierarchischen GPDMs hin zum neuartigen Gaufischen Prozessen in dynamischen
Mixtur-Modell (Gaussian Process Dynamical Mixture Model, GPDMM) herausgearbeitet und gezeigt, wie
probabilistische Ansidtze komplexe menschliche Bewegungen effektiv abbilden kénnen, ohne dabei an
Interpretierbarkeit und Effizienz einzubiifSen.

Zunichst zeigen wir die Leistungsfahigkeit hierarchischer GPDMs im Bereich der Prothesenkontrolle,
indem wir demonstrieren, wie diese Modelle EMG-Signale mit kinematischen Daten kombinieren, um
Handbewegungen vorherzusagen. Diese Arbeit verdeutlicht sowohl das Potenzial als auch die Grenzen von
Ansétzen mit nur einer Bewegungs-Klasse, was die Entwicklung anspruchsvollerer Methoden motiviert, um
mehrere Bewegungsklassen zu berticksichtigen.

Aufbauend auf diesen Erkenntnissen stellen wir neuartige Verfahren zur Optimierung des latenten Raums
des dynamischen Modells vor, darunter die Gaufischen Prozess-(GP-)Back-Constraint-Methodik und einen
GP-basierten Informations-Flaschenhals zur Merkmalauswahl. Anschlieflend zeigen wir, dass eine sorgfaltige
Initialisierung geeigneter geometrischer Strukturen zu tiberlegenen Ergebnissen fithren kann und zugleich
die Modellarchitektur vereinfacht. Damit stellen wir herkdmmliche Ansitze in Frage, die explizit topologische
Einschrankungen integrieren.

Den Hohepunkt dieser Arbeit bildet das GPDMM, das mehrere GPDMs in einem probabilistischen Mischung-
von-Experten System integriert und sowohl zur Klassifizierung als auch zur Generierung von Bewe-
gungssequenzen eingesetzt wird. Wir belegen die Leistungsfdhigkeit des GPDMM bei Lernaufgaben von
Einzel-Beispielen, indem wir es mit einigen der giangigsten Deep-Learning-Verfahren (Transformern, VAEs
und LSTMs) vergleichen, die in unseren datenbegrenzten Szenarien Schwierigkeiten aufweisen.

Unsere Arbeit zeigt, dass fundierte probabilistische Ansitze der Bewegungsmodellierung - wie GPDM-
basierte Modelle - bei gezielter Konzeption Hochstleistung erreichen kénnen und zugleich ihre Vorteile in
Interpretierbarkeit und Effizienz bei wenig verfligbaren Daten beibehalten. Diese Beitrdge erweitern sowohl
das theoretische Verstandnis als auch die praktische Umsetzung in Bereichen von der Computeranimation
bis hin zur Prothesenkontrolle.
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Notation

Mathematical Objects

A scalar

A column vector representing an observed data point

A matrix of observed data points

A column vector representing either latent variables (in latent models) or input variables
(e.g. in GPs), depending on context

A matrix of either latent variables or input variables, depending on context
The (i, j)th entry of matrix Y

Matrix of inducing inputs for sparse approximation

Function values at Z

Kernel/Gram matrix

Trace of matrix K

Gaussian noise

Gaussian Processes

f(x) ~GP(0, k(x,x))

k(x, x

krpr(x, x’)
klin(xr X,)

Vi

)

A function drawn from a GP prior with zero mean and kernel k
Kernel/ covariance function

Radial basis function kernel

Linear kernel

Kernel hyperparameters

Dimensions and Indices

Oz Uz

Number of data points

Dimensionality of the observation space
Dimensionality of the input or latent space
Number of inducing points

Number of movement classes/experts

Probability and Information Theory

Probability distribution
Gaussian distribution
Mutual information
Fréchet distance



Acronyms & Abbreviations

E.g. ore.g.
Etc. or efc.
Le.ori.e.
W.r.t. or w.r.t.
EMG

GP
GPLVM
GPDM
GPDMM
BC

HMM

1B

IBLO
PCA

RBF
LSTM
VAE

For example (exempli gratia)

And so on (et cetera)

That is (id est)

With respect to

Electromyography

Gaussian Process

Gaussian Process Latent Variable Model
Gaussian Process Dynamical Model
Gaussian Process Dynamical Mixture Model
Back-Constraint

Hidden Markov Model

Information Bottleneck

Information Bottleneck Latent Optimization
Principal Component Analysis

Radial Basis Function

Long Short-Term Memory

Variational Autoencoder

Xiv



Part I.

Overview






Outline

The goal of my doctoral research was to develop new methods for synthesizing human motion, i.e., to create
computational models that both categorize and generate movements while respecting the constraints of
human physiology. We focused on two critical requirements: (1) that the model be interpretable so that we
understand how it is making its predictions and (2) that it performs well when trained on small data sets.

Contemporary machine learning approaches often overlook these factors, instead prioritizing accuracy and
generalizability. For example, neural networks—which have been used extensively for high performance in
many domains including motion modeling—are typically trained on vast data sets and contain layers of
complexity that obscure their decision-making processes.

Yet small-data methods and interpretability remain essential in domains such as prosthetic control. In these
applications, data collection faces inherent constraints: limited access to patients and restrictions on the time
patients are willing or able to spend performing experimental tasks. Meanwhile, model interpretability is
crucial for effective human-machine interaction, ensuring that clinicians understand how to provide optimal
treatment and that users can safely and efficiently control prosthetic devices.

To address these challenges, we employ Gaussian process dynamical models (GPDMs). GPDMs provide
an intuitive way to represent human movement by mapping high-dimensional body data into a lower-
dimensional pose space, while independently modeling the transitions between poses that define dynamics.
Moreover, their non-parametric nature and ability to incorporate prior assumptions about human motion
dynamics make them especially well-suited for small data sets, helping to mitigate overfitting—a central
concern when data is scarce.






Introduction

2.1 The Importance of Human Motion Synthesis
Models

Human motion synthesis enables models to generate new, physically
plausible movements for applications spanning computer animation,
robotics, and medical rehabilitation. While human movement is governed
by complex biomechanics and contextual factors, effective synthesis mod-
els capture these intricacies with sufficient fidelity to produce realistic,
adaptable, and purposeful movement sequences [117].

In computer animation, motion synthesis allows creators to generate
fluid, natural-looking sequences from limited data. Examples of such data
include sparse keyframes (manually defined poses at select important
time points, with large temporal gaps between them) or short motion
capture recordings (movement data captured from real performers using
specialized sensors to track body positions and joint rotations) [11]. By
interpolating between existing motions and extrapolating beyond them,
these models enable the creation of diverse, lifelike movements without
requiring labor-intensive hand animation or continuous motion capture
sessions. As audiences and developers increasingly demand authentic
and efficient animation pipelines, advanced motion synthesis becomes
ever more valuable.

2.1 The Importance of Human
Motion Synthesis Models .

2.2 Challenges in Human
Motion Synthesis

2.3 Approaches to Human
Motion Synthesis
2.4 The Drawbacks of Data-
Centric Approaches . . . .
2.5 The Critical Role of In-
terpretability in Motion
Synthesis . . ... ... ..
2.6 Model Selection: The
Case for Gaussian Process
Dynamical Models . . . . .

2.7 Research Objectives . . . .



Chapter 2 Introduction

In robotics, the ability to synthesize human-like motions offers two main advantages. First, robots designed
to coexist with or assist humans (such as service robots) can leverage movement generation methods that
anticipate human kinematics, enhancing safety and communication in shared spaces [70, 124, 125]. Second,
these synthesis techniques can inspire novel robotic movement strategies. Human movements often represent
biomechanically optimized solutions to tasks, and synthesizing these patterns can help robots achieve more
efficient and graceful motions [47, 53, 91].

Furthermore, motion synthesis models drive sophisticated prosthetic and orthotic devices by applying
techniques from robotics and neuromusculoskeletal modeling. These applications aim to enhance user
quality of life through natural, intuitive control of artificial limbs [34, 35]. Recent advances have produced
devices capable of interpreting user intent from various inputs, including residual limb movements and
electromyography (EMG) signals that measure skeletal muscle electrical activity [10, 110]. Modern approaches
also accommodate patient-specific movement patterns and capabilities, significantly improving functionality
and comfort [37, 89].

2.2 Challenges in Human Motion Synthesis

Despite significant advances in computational methods and sensing technologies, human motion synthesis
remains an incompletely solved problem due to several fundamental challenges. These challenges span
technical, physiological, and computational domains, making the development of comprehensive solutions
particularly complex [74].

The continuous nature of human movement creates an effectively infinite number of possible trajectories for
connecting an initial configuration to a desired goal. Even when the set of degrees of freedom is fixed, each
degree (e.g. joint) can vary continuously, yielding countless paths to a single end position. This multitude of
possible paths further complicates the modeling process, as it is difficult to determine which trajectories best
capture "natural” movement or most effectively promote functional goals [40].

Motor redundancy presents another challenge. The human body typically has more degrees of freedom
than necessary to perform any given task, resulting in multiple possible solutions for achieving the same
goal [40, 54, 57]. Although this concept overlaps with the "infinite paths problem" posed in the previous
paragraph, they are not equivalent. For example, if our goal is to make a robotic arm with 7 joints follow
a specific end-point trajectory that effectively needs only m (where m < n) joints to accomplish, then the
arm has n — m "extra" degrees of freedom to coordinate new solutions to the problem [61]. This redundancy
makes it difficult to identify optimal or natural movement patterns and complicates the development of
control strategies for artificial systems.

The diversity of human movement adds another layer of complexity. Models must account for numerous
movement classes and styles, from basic locomotion to complex manipulative tasks. Individual variations in
movement execution, influenced by factors such as physical characteristics, skill level, and personal style,
further complicate the modeling process [98]. This variability makes it particularly challenging to develop
models that generalize well across different individuals and contexts while maintaining naturalness.

Goal execution presents another fundamental challenge in motion modeling, as models must often not
only produce realistic movements, but also complete tasks. For example, in prosthetics applications, the
model must infer intent from user input (like EMG signals or limb position) in order to generate appropriate
responses in real-time and assist in achieving an objective [104, 109]. This coordination of objectives becomes
particularly challenging when similar movements have different end goals, requiring models to maintain
multiple possible interpretations until sufficient discriminative information becomes available. The challenge
scales with the number of possible objectives the model must manage, as each additional goal state increases
the complexity of the task.

The requirement for real-time computation in many applications poses particular challenges. Applications
such as prosthetic control or interactive animation demand rapid response times, typically requiring
computations to be completed within milliseconds [51, 109]. This constraint often necessitates compromises
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between model complexity and performance, potentially sacrificing accuracy or generalization capability for
speed.

Balancing these competing technical requirements, in itself, is another challenge. A successful motion model
must simultaneously address accuracy while maintaining computational efficiency and speed, achieve
broad generalization while enabling individual-specific adaptation, and ensure movement naturalness while
optimizing task performance. These trade-offs become particularly critical in real-world applications where
compromises between different aspects of performance must be carefully calibrated to meet the specific needs
of an application [122]. For instance, a prosthetic control system must handle high-dimensional movement data
in real-time while accounting for individual user characteristics and maintaining robust performance across
various movement conditions [109]. Similarly, animation systems must generate natural-looking movements
that respect physical constraints while allowing for stylistic variations and maintaining computational
efficiency [22].

The development of effective approaches to human motion synthesis models requires careful consideration of
these fundamental challenges and their interactions, particularly in applications where multiple constraints
must be satisfied simultaneously. The next section addresses methods used to address these challenges.

2.3 Approaches to Human Motion Synthesis

Human motion synthesis modeling encompasses a range of strategies devised to capture, simulate, and
predict the complexity of the human body’s movements. Each approach must balance competing goals
such as accuracy, physical realism, adaptability, computational efficiency, and interpretability. This section
introduces six major classes of methods—procedural, biomechanical, neuromusculoskeletal, synergy-based,
machine learning, and hybrid—each offering distinct sets of advantages and limitations.

2.3.1 Procedural

Procedural (rule-based) approaches rely on explicitly defined instructions or constraints to generate or
control motion. Such instructions, often stemming from domain expertise, ensure deterministic outcomes by
following pre-programmed "if-then" conditions [5]. This approach can be computationally efficient, as each
rule is transparent and straightforward to follow, and making it relatively simple to debug or refine specific
behaviors [65]. However, because these methods do not typically adapt to changing conditions, they struggle
with unanticipated scenarios or intricate tasks [120]. Highly realistic motions may require numerous rules
that become unwieldy as complexity grows [68]. Early legged robots using finite state machines for gait, as
well as procedural animation systems in video games, illustrate the effectiveness of rule-based strategies
while also highlighting their reliance on manual tuning [56].

2.3.2 Biomechanical

Biomechanical approaches use physics-based models grounded in human anatomy and movement mechanics
to both analyze and generate movement [55]. These methods simulate the physical properties and constraints
of the musculoskeletal system by modeling elements such as joint kinematics, segment inertias, and tissue
elasticity. For motion synthesis, biomechanical models use forward dynamics to predict how a body will
move given a set of applied forces or torques [97]. Through techniques like optimization-based control,
these models can determine the forces needed to achieve desired movements by formulating and solving
objective functions that minimize energy expenditure or maximize performance [50, 97]. These models
generate physically realistic movements by solving equations of motion with appropriate initial conditions,
constraints, and external forces [50, 55]. This approach ensures that generated motions obey fundamental
physical laws, avoiding unrealistic movements that might violate joint limits or biomechanical constraints
[50, 55]. They are valued for their interpretability—each parameter maps to a tangible aspect of human
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physiology [85]—but they can be inflexible, defining movements with a specific set of parameters for a
specific task. Moreover, inaccuracies in parameter estimation may accumulate and diminish the reliability of
the results [85], a concern that can limit the scalability of purely physics-based models.

2.3.3 Neuromusculoskeletal

Neuromusculoskeletal modeling extends beyond pure biomechanics by explicitly incorporating aspects
of neural control. While biomechanical models generate movement through externally specified forces or
optimization approaches, neuromusculoskeletal models simulate the biological control signals that drive
movement from within the nervous system. These models integrate three key components: neural control
signals, musculotendon dynamics, and skeletal biomechanics, creating a comprehensive framework that
bridges the gap between neural commands and physical execution [28, 121]. This approach is particularly
valuable for investigating neurological disorders, motor learning processes, and rehabilitation strategies,
as it can simulate how alterations in neural signaling affect movement patterns [20, 59]. By modeling the
closed-loop interaction between sensory feedback and motor output, these models provide unique insights
into adaptation mechanisms and motor control strategies that purely mechanical models cannot capture.

2.3.4 Synergy-Based

Synergy-based (or movement primitives) approaches emerge from neurophysiological theories suggesting
that the central nervous system employs a small set of fundamental modules or "primitives" to orchestrate
complex movements [41]. These techniques typically condense high-dimensional data into a handful of latent
factors, which can be recombined in different proportions to generate a wide range of motor behaviors [15,

, 96]. By highlighting low-dimensional structures, synergy-based models can offer insights into motor
coordination patterns and help explain how humans handle the inherent redundancy of the musculoskeletal
system [/7, 96]. However, their focus on universal building blocks can limit their ability to generalize to
new movements, particularly when the number of synergies is limited or these movements are specific
to an individual or a specialized task [1, 48]. Additionally, factorization methods that produce these low-
dimensional representations, such as principal component analysis or non-negative matrix factorization, can
also be sensitive to the amount, quality, and representativeness of the input data.

2.3.5 Machine Learning

Machine learning approaches model motion patterns directly from empirical observations, such as motion
capture or wearable sensor data [44, 104]. By processing data sets, these methods adapt to varied contexts [84],
individual differences [52], or even entirely new tasks [46, 123]. Neural networks and Gaussian processes,
for instance, can uncover features of the movements that underlie how movement is produced, like the
constraints imposed by our joints and their simultaneous coordination [112, 119]. This capacity for extracting
and applying unintuitive aspects of motion often surpasses that of purely procedural or biomechanical
methods, but it comes with substantial data requirements [54]. Collecting large, high-quality motion data sets
can be costly [44], learning them can be computationally intensive, and the resulting models may function as
"black boxes," offering limited interpretability regarding the physiological mechanisms involved [/3, 115].
Despite these challenges, the evolving capabilities of machine learning have made it increasingly central to
both academic research and industry applications.

2.3.6 Hybrid

Hybrid approaches combine aspects of procedural, biophysical, or machine learning methods to harness the
benefits of each. Biomechanical, neuromusculoskeletal, and synergy-based models can be considered forms
of hybrid models, as they often inter-combine methods and incorporate machine learning approaches to learn
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biophysical parameters [55, 85, 89]. A hybrid system might, for instance, overlay a machine learning module
onto a biomechanical core, ensuring that physical constraints remain intact while still allowing the model to
capture the subtleties of real-world variability [30, 52, 90]. Alternatively, it could merge rule-based logic with
a learned component that enables more flexible and dynamic application of those rules [2]. Although such
combinations can be powerful, they also introduce new layers of complexity. Aligning parameters between
disparate modeling paradigms requires careful calibration, and the computational overhead may surpass
that of more straightforward single-method approaches.

2.3.7 Selecting an Approach

Each of these approaches—procedural, biomechanical, neuromusculoskeletal, synergy-based, machine
learning, and hybrid—addresses different facets of the human motion modeling challenge. Rule-based
methods are easier to interpret and implement but less flexible when facing complex or unexpected situations.
Biomechanical models boast physical realism yet require extensive parameter estimation and often come
with significant computational costs. Neuromusculoskeletal models offer detailed insights into the interplay
between neural control and physical execution, though they require sophisticated modeling of both neural
and biomechanical components. Synergy-based techniques offer biologically grounded explanations for
movement structure, although they may struggle to capture fine-grained details of individual variability.
Hybrid models attempt to merge the strengths of multiple frameworks, at the expense of more intricate
implementation requirements.

Among these methods, machine learning approaches have seen rapid growth in popularity, thanks to their
capacity to learn sophisticated motion patterns and adapt to a wide range of contexts. However, these
techniques can be computationally expensive and also introduce domain-specific challenges, including data
acquisition and curation demands, and concerns about interpretability. The next section addresses these data
challenges, followed by a section on model interpretability.

2.4 The Drawbacks of Data-Centric Approaches

A key limitation of data-centric human motion modeling approaches (e.g., machine learning) lies in the
acquisition and curation of the data itself. Modern models often require vast amounts of training data,
but in many cases, collecting large-scale human motion data sets is prohibitively expensive or altogether
impractical [99]. This section examines the challenges of data collection and curation, highlighting the benefits
of developing models well-suited to small data sets.

2.4.1 Challenges in Data Collection and Pre-Processing

Acquiring high-quality human motion data presents substantial challenges. Motion capture systems require
meticulous calibration, controlled environments, and extensive pre-processing. Infrared motion capture,
while offering excellent temporal and spatial resolution, incurs significant financial costs, restricts movement
to camera-visible areas, and demands considerable setup and data cleaning efforts. Electromyography (EMG)
recordings face additional complications from electrode placement variations, skin conditions, and other
environmental interferences all contributing to signal noise [81]. The pre-processing pipeline—filtering noise,
normalizing joint angles, and synchronizing multiple sensor streams—introduces further complexity and
time investment. Furthermore, accessing and coordinating with specialized participants, such as specific
patient populations or elite performers, can further complicate the process, slowing it down and limiting the
amount of data that can be collected [30].
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2.4.2 Data Complexity and Size

Human motion data is inherently complex and high-dimensional, often involving dozens of degrees of
freedom. High-resolution motion capture systems sample at hundreds of frames per second, producing
massive data streams even during short recording sessions [/1, 51]. Many applications also require additional
measurements, such as force or muscle activation, or the computation and storage of derivatives like velocity
and acceleration. Participant-specific factors (e.g., style or skill level) and session-to-session differences
(fatigue, accumulated practice, etc.) introduce yet another layer of variability. Collectively, these characteristics
pose significant challenges for efficient data storage and processing, especially in real-time applications.

2.4.3 Small-Data Advantages

While small data sets may seem limiting, they offer several distinct advantages beyond reducing collection
and processing costs. The manageable size enables developers to carefully curate and fine-tune the data for
specific applications, leading to higher quality training sets with improved signal-to-noise ratios that can lead
to better model performance [5]. This intimate familiarity with the data also allows for a more informed design
of model constraints and priors. Furthermore, smaller data sets also facilitate clearer diagnosis of issues with
model behavior and a more straightforward interpretation of trends that may stem from fine-grained aspects
of the data distribution.

2.5 The Ciritical Role of Interpretability in Motion Synthesis

Interpretability is a pivotal concern when developing human motion synthesis models, particularly in fields
like medicine and robotics where the close interaction between humans and machines is critical. While
black-box deep learning methods often deliver impressive predictive power, their opaque nature can hinder
clinical decision-making, user trust, and refinement of movement algorithms [75]. In many high-stakes
domains, experts must understand the reasoning behind a model’s outputs to ensure safety, regulatory
compliance, and alignment with real-world physiology [55].

2.5.1 Rehabilitation

Rehabilitation technologies increasingly incorporate Al-driven motion synthesis across a spectrum from
restorative approaches (aiming to return patients to pre-injury function) to compensatory strategies (develop-
ing alternative movement patterns). Interpretability serves distinct purposes for clinicians and end-users:
healthcare professionals require transparency into therapeutic reasoning, confidence levels, and biomechan-
ical assumptions to validate clinical alignment and customize protocols [17], while patients benefit from
accessible explanations that build motivation and autonomy without overwhelming technical detail [14].

Two key examples illustrate these differing needs. Myoelectric prostheses represent compensatory rehabilita-
tion, where clinicians need detailed signal processing metrics to optimize device function. Meanwhile, users
of these prostheses require intuitive feedback about control capabilities to effectively utilize the technology
[14, 17]. Robotic exoskeletons, as restorative interventions, present a different case. Here, therapists must
visualize the relationship between detected muscle activity and machine assistance to accurately assess
recovery progress. Simultaneously, patients using exoskeletons benefit from simplified feedback about their
contributions to movement, serving as motivational indicators during rehabilitation [16].
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2.5.2 Human-Robot Collaboration

Interpretability also proves critical in industrial human-robot interaction, where collaborative robots share
workspaces with human operators. A motion synthesis model might govern the robot’s path planning
or anticipate human actions to avoid collisions [72]. However, if the model’s decision-making process is
opaque, a sudden, unexplained move could alarm operators or cause accidents. In contrast, an interpretable
framework-one that highlights, for instance, its estimates of human limb trajectories—can enable workers and
supervisors to anticipate and adapt to the robot’s actions. This mutual understanding not only improves
safety but also streamlines workflow, as humans can trust that the robot will predictably respond to dynamic
shop-floor environments [31, 60].

2.5.3 Regulatory and Safety Requirements

Regulatory frameworks increasingly mandate interpretability as a core safety requirement across both
rehabilitation technologies and industrial human-robot collaboration. Industrial safety standards like ISO/TS
15066 requires predictable robot behaviors in collaborative settings [57] and ISO/IEC standards on artificial
intelligence (e.g., 42001, 23894) advocate for the use of transparent and explainable systems [92]. Beyond
compliance, interpretability can build essential trust among diverse stakeholders—clinicians, patients, and
insurers in rehabilitation contexts; workers, supervisors, and safety officers in industrial settings. As these
technologies advance toward greater autonomy in increasingly intimate human contexts, incorporating
interpretability into design processes from the earliest stages becomes not merely advantageous, but essential
for market access and implementation.

2.6 Model Selection: The Case for Gaussian Process Dynamical Models

In data-limited or safety-critical scenarios, probabilistic approaches to human motion modeling offer distinct
advantages. These methods provide principled uncertainty management while allowing for the incorporation
of domain knowledge like the expected behavior of a dynamical system or biomechanical constraints. When
large-scale data collection is impractical or prohibitive (as discussed in section 2.4), probabilistic models can
operate effectively with smaller, carefully curated data sets by embedding this domain knowledge—such as
dynamics, joint limits, muscle synergies, or energetic costs—directly into the modeling process.

From a Bayesian perspective, these constraints are embedded into the model through probabilistic priors that
regularize the parameter space, guiding the model toward expected solutions that the data alone may not
account for, all while maintaining a principled structure that can be readily interpreted. This transparent
design enables practitioners to trace how different variables or assumptions affect movement predictions—a
crucial requirement in fields where interpretability is a core safety concern (see section 2.5). Additionally,
probabilistic methods inherently quantify prediction uncertainty, identifying situations where they may be
operating outside their reliable range—also especially valuable in safety-sensitive applications.

2.6.1 Gaussian Processes for Human Motion

Among probabilistic approaches, Gaussian processes (GPs) offer a particularly flexible framework for capturing
movement patterns. Rather than committing to specific functional forms, GPs maintain distributions over
possible functions, naturally regularizing solutions while limiting unwarranted assumptions. This flexibility
allows both point estimates via the mean function and plausible motion realizations through function
sampling.

Various GP-based approaches have been developed for human motion synthesis. For example:

» GP regression maps high-dimensional inputs (e.g., joint angles) to outputs (e.g., subsequent poses),
using kernels that encode assumptions about movement smoothness [9].
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» Gaussian Process Latent Variable Models (GPLVMs) learn low-dimensional embeddings of motion
data, compressing many degrees of freedom into interpretable manifolds, revealing underlying structure
and simplifying tasks like visualization or synthesis [19, 42, 62].

» Gaussian Process State-Space Models (GPSSMs) incorporate temporal dependencies by treating both
state-transition and observation functions as GPs. These models capture nonlinear dynamics while
remaining interpretable through modular kernel design, making them suitable for adaptive systems
requiring real-time updates [33, 59].

» Gaussian Process Dynamical Models (GPDMs) are the primary model considered in this thesis,
outlined in more detail below and in section 3.3. They extend the GPLVM, integrating dimensionality
reduction with temporal modeling, offering a particularly well-suited framework for human motion
synthesis [111, 112].

2.6.2 Gaussian Process Dynamical Models

Gaussian process dynamical models (GPDMs) combine the strengths of dimensionality reduction with
temporal modeling. GPDMs extend GPLVMs by incorporating a temporal prior over the latent space,
modeling state evolution as an autoregressive process [111, 112]:

Xt = fx(xt_l, ce /xt—z) + €, (21)

where z € {1,2} determines the dynamics order, € represents Gaussian noise, and fx(x) ~ GP(0, kx(x, x)).

Conceptually, GPDMs can be viewed as continuous-valued, non-linear extensions of hidden Markov models,
where state transitions are governed by Gaussian processes instead of discrete transition matrices [111,

]. This combination captures both manifold structure (through the GPLVM mapping from latent states
to observations, the emission GP) and temporal evolution (through the dynamical GP). Moreover, for
applications in human motion, GPDMs can be viewed as a method for dividing the problem intuitively into
two separate parts: first, capturing representations of the pose of the body at each individual frame in a
sequence via the emission GP, and second, modeling the transition between poses via the dynamical GP [11],

1.

Unlike standard GPLVMs, the temporal prior p(X) encourages smooth trajectories that reflect the true
dynamical structure of the data. This additional constraint leads to more coherent embeddings for time-series
data, preventing discontinuities in the learned latent space [111, 112]. When compared to GPSSMs, GPDMs
place greater emphasis on learned latent representations, which makes them particularly effective for
high-dimensional motion data where meaningful low-dimensional structure exists.

GPDMs address many key challenges in human motion synthesis:

» Reduction of high-dimensional joint space data to lower-dimensional manifolds that capture essential
spatial patterns

» Modeling of temporal dependencies in a Markovian fashion, allowing for flexible transitions character-
istic of adaptive human motion

» Quantification of uncertainty in both the dynamic process and observation mapping

» Provision of interpretable representations through the latent space that can be used to address
irregularities and guide further refinement of the model

These properties make GPDMs particularly well-suited for applications ranging from character animation
to human-robot interaction and rehabilitation robotics—which as stated previously, are domains often
constrained by data availability and a need for interpretable models.

A more detailed mathematical treatment of GPDMs is provided in the Background & Methods chapter,
section 3.3.
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2.7 Research Objectives

Given the challenges and requirements outlined above, this thesis addresses the development of a compre-
hensive motion modeling framework that simultaneously satisfies multiple critical constraints. Specifically,
we aim to design a model capable of both classifying movement intentions and generating appropriate
continuing motion while operating under practical limitations common to real-world applications.

The proposed model must accomplish five key objectives. First, it must accurately classify movements from
partial observations, enabling early recognition of user intentions. Second, it needs to perform forward
prediction of movement trajectories that maintain both accuracy and naturalistic qualities. These two
capabilities must be integrated seamlessly, as classification results inform the generation of appropriate
continuing motion. Third, the model must perform effectively with limited training data, preferentially
learning from single examples of each movement type to accommodate scenarios where extensive data
collection is impractical or impossible. Fourth, the model architecture must maintain interpretability, providing
insights into its decision-making process and quantifying prediction uncertainties. Finally, the model must
achieve all these objectives while maintaining real-time-capable computational performance.

To address these requirements, we design and apply architectural variations of the GPDM over three
projects presented in this thesis. The first project introduces a hierarchical GPDM that predicts the target of
reach-to-grasp movements and completes the action by generating a sequence of joint angles. The second
and third projects introduce the Gaussian process dynamical mixture model (GPDMM), a probabilistic
mixture-of-experts model that combines multiple GPDMs into the same latent space. While the second
project evaluates an application of the early (unrefined) GPDMM to the information bottleneck principle, the
third project formally introduces the model and showecases its utility and some of its variations.
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Theory

3.1 Gaussian Processes (GPs)

A Gaussian process (GP) can be defined as a stochastic process where
any finite collection of random variables exhibits multivariate Gaussian
behavior [114]. This mathematical framework enables the representation
of probability distributions over functions, providing robust statistical
approaches for regression and classification tasks.
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3.1.1 Formulation

Suppose we have a training data set,
S ={(xi, y L,

where each input x; € R? and each observed output y; € RP. We assume additive Gaussian noise
€ ~ N(0, 0°I) on the outputs where 02 is the noise variance and I is the identity matrix. Formally, a GP is
specified by a mean function m(x) and the covariance represented by a kernel function k(x, x") [114]:

f(x) ~ GP(m(x), k(x,x)). (3.1)

For any finite collection of input points {x1, ..., Xy}, the corresponding function values follow a multivariate
normal distribution [114]:

[fxa), ..., fon)] ~ Mg, K), (3.2)

where u; = m(x;) and K;; = k(x;, xj). In many applications, one adopts a zero mean function (m(x) = 0)
without loss of generality, since any known trend can be absorbed into the kernel.

3.1.2 Joint Distribution and Likelihood

Letf = [f(x1),..., f(xn)]" denote the vector of function values at the N training points. Under the GP prior

[114],
p(f| X, 6) = N(0, K), (3.3)

where X = [x1,...,xn]" and K is the N X N kernel matrix computed by k(x, x'). In a regression setting with
additive Gaussian noise, each observed y; relates to f(x;) as [114],

plyi | fOi) = Nyi | f(xi), 0°1). (34)

Hence, the joint distribution over f and the observed outputsy = [y1, ..., yN]T factorizes as [114],

N
p,y1X,0) = pf1X,0) [ | plyi | f(xi)). (3.5)
i=1

3.1.3 Predictive Distribution

For a new set of inputs X., we denote the corresponding function values as f.. By conditioning on the observed
data S and applying GP properties, one obtains the predictive distribution [114]:

p(E | X, 8) = Ny, L), (3.6)

with
p, =K (K+0%1)7Y, (37)
L. =K. - KI (K+0%1) ' K.. (3.8)

Here, Y € RN*P is the matrix of all observed outputs, K is the N X N kernel matrix on the training inputs, K,
is the N X 1 cross-covariance between the training inputs and the n new inputs X, and K.. is the n X n kernel
matrix between the new inputs. The term 0% accounts for the additive noise variance in each observation.
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3.1.4 Kernel Choice

The choice of kernel function is crucial for capturing the desired properties of the underlying function space.
In this work, we often use a combination of a radial basis function (RBF) kernel and a linear kernel [114]:

Krsrx, ) = 71 exp{~2 1= x1?), (39)
kiin(x, X') = y3x' X, (3.10)

where y; are hyperparameters learned from data. The RBF kernel captures local smoothness, while the linear
kernel models global linear trends.

3.1.5 From Observed Inputs to Latent Variables

Thus far, we have assumed that the inputs {x;} are fully observed. However, in many scenarios, especially
when y; € RP is high-dimensional, it may be more natural to view these observations as originating from an
unknown latent space. The Gaussian process latent variable model (GPLVM) addresses this by treating the
inputs x; themselves as latent and learning a manifold that explains the data. We will introduce the GPLVM
framework in the next section, showing how it extends GPs to unsupervised learning tasks.

3.2 GPLVMs

The Gaussian process latent variable model (GPLVM) extends the Gaussian process (GP) framework to
unsupervised learning by treating the inputs as latent variables to be learned along with the GP parameters
[62]. Conceptually, the GPLVM can be viewed as a non-linear generalization of probabilistic principal
component analysis (PPCA). Indeed, when using a linear kernel, the GPLVM recovers PPCA, but its
non-linear kernel formulation enables it to represent more complex manifold structures [62].

Let us consider a data set,
Y =[y,...,yn]" € RN (3.11)

and let,
X=[xi,...,xny]T € RN*Q (3.12)

denote the corresponding latent inputs, with Q < D. Each observed data point y, is generated by a latent
point x;; through the mapping [62],

ya = fd(x) + €4, (3.13)

where y; denotes the d-th column of Y, €, is Gaussian noise, and f;: RR — R is drawn from a GP prior
[62]:
fa(x) ~ GP(0, k¢(x,x')). (3.14)

In this thesis, the kernel k(x, x’) is typically a combination of an RBF term (equation 3.9) and a linear term
(equation 3.10), plus a bias term y; to account for global offsets in the data.

3.2.1 Model Inference
Unlike standard supervised GPs, where the inputs X are assumed observed, the GPLVM treats X as unknown

latent variables. Since f follows a GP prior and the noise is assumed Gaussian, the conditional marginal
likelihood of Y given X and kernel hyperparameters 0 is tractable. Specifically, for each dimension d [67],

plya | X, 0) = /P(Yd | £,0)p(f| X,0)df = N(yal|O0, K+0°I), (3.15)
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where K is the N X N covariance matrix computed via the kernel k¢(x, x) on the latent points X, and o2 is
the noise variance. Collecting all D output dimensions, the (conditional) log-likelihood of Y given Xis [62]

D

L=-=
2

In|K| — %tr(K‘l YY') - ?m(zm. (3.16)

In the GPLVM, the inputs X are not observed. Rather than attempting to integrate them out to find 6 (which is
intractable for general non-linear kernels), we treat them as learnable parameters jointly with the parameters
0. One common strategy is to place a weak prior p(X) on the latent points and perform a maximum a posteriori
(MAP) optimization [62]:

{X,07} = arg max [log p(Y|X,0)+logp(X)|. (3.17)

This formulation allows us to discover a low-dimensional embedding X while simultaneously adjusting the
kernel parameters 0 to fit the data.

Although the prior p(X) can help constrain the embedding to a meaningful region, if it is sufficiently weak,
the MAP solution will closely resemble the maximum-likelihood estimate (MLE). This is because, in the limit
of uninformative priors (large prior variance), MAP converges to MLE. Note also that equation 3.17 excludes
the Bayesian normalizing term p(Y), since it does not depend on X or 0.

3.2.2 Computational Complexity and Gradients

Maximizing the log-likelihood in Equation equation 3.16 is computationally expensive for large N. Two
bottlenecks in each iteration are:

1. Inverting the kernel matrix K, an O(N?) operation.
2. Computing the trace term tr(K™'YY"), which typically requires O(N2D).

Since these operations appear in both the evaluation of the objective and its gradients with respect to X and
0, the total cost for T optimization iterations can be on the order of O(T N?). This quickly becomes infeasible
as N grows.

Derivatives with respect to the latent points X can be computed via matrix calculus; for instance, one

obtains [62, 69]:

oL
x = -DK'X + K'YY KX, (3.18)

although the full expression can involve additional terms if the kernel has explicit dependence on X. Efficiently
computing these gradients and dealing with the O(N?) scaling remains an active area of research, motivating
sparse approximations and other scalability techniques [62, 64, 65, 93, 106]. See the Background & Methods
chapter, section 3.5 for more details.

3.3 Gaussian Process Dynamical Models (GPDMs)

A Gaussian process dynamical model (GPDM) extends the GPLVM framework by incorporating a temporal
prior over the latent space [111, 112]. Specifically, rather than assuming that latent points {x;} are independently
drawn from a prior, we impose a dynamical structure to model state evolution over time. This is accomplished
by placing a GP prior on the latent variables that defines an autoregressive transition function [111, 112],

Xt = fe(Xe—1, ..., Xe—z) + €, (3.19)
where z € {1, 2} determines the order of the dynamics, € represents Gaussian noise, and,

fr(x) ~ GP(0, ke(x,x")). (3.20)
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When z = 2 (i.e., second-order dynamics), the kernel function must capture dependencies on the two previous
latent states. Concretely [111, 112]:

ky ([xt-1, X121, [Xe=1,X2=2]) = V5 eXP(—%HXt—l — x> = Flixi2 — XT—ZHZ) (3.21)
+ Y8X Xeo1 + VoX!_,Xe—a + Y1001,

which generalizes the combination of RBF and linear kernels (see Equations 3.9 and 3.10) to the two preceding
time steps. The term )19 ¢, is a white-noise kernel component for modeling observation or process noise,
with 6; . denoting the Kronecker delta. In the simpler first-order dynamics case (z = 1), the kernel excludes
the x;_»-dependent terms.

Conceptually, this approach acts as a continuous-valued, non-linear extension of a hidden Markov model
(HMM), where the state transitions are governed by a Gaussian process instead of discrete transition matrices.
By integrating this GP dynamical prior with the GPLVM mapping from latent states to observed data, the
GPDM captures both the manifold structure (through the GPLVM-now a component of the GPDM called the
emission GP) and the temporal evolution (through the prior dynamics-the dynamical GP).

3.3.1 MAP Estimate with a Dynamical Prior

Just as in the GPLVM, the GPDM specifies a joint distribution over the observed data Y and the latent
sequence X = {xt}thl. We decompose this as [111, 112]:

p(Y,X) = p(Y | X)p(X), (3.22)

where p(Y | X) is the standard GPLVM likelihood (mapping latent states to observations), and p(X) is the
dynamical prior. For the second-order case [111, 117],

T
p(X) = plxa)p(x2) l_[ pxe | xe-1,%2), (3.23)
t=3

while first-order dynamics (z = 1) uses only one previous state. The conditional p(x; | x;—1, . . .) is specified
by a GP with the corresponding autoregressive kernel.

To infer the latent trajectory X alongside the hyperparameters 0 (of both the dynamical and emission GPs),
one can perform a MAP estimate as seen in equation 3.17. Alternatively, one can perform approximate
Bayesian inference (e.g. variational methods [25, 26, 107] or MCMC [36, 63]) to capture uncertainty in X
rather than simply finding a point estimate.

Compared to a basic GPLVM, the temporal prior p(X) encourages smooth trajectories that reflect the true
dynamical structure of the data. This additional constraint often leads to more coherent embeddings for
time-series data, preventing discontinuities in the learned latent space.

3.4 Hierarchical GPLVMs

A hierarchical GPLVM extends the standard GPLVM by introducing multiple layers of latent variables, enabling
the model to learn progressively more abstract representations of the data. In its simplest two-layer form, we
have [23, 24]:

Y= fOH) + eV, (3.24)

H= f(z)(X) +e?, (3.25)
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where Y denotes the observed data, H is an intermediate latent variable, and X is a top-level latent variable.
Each mapping function is given a Gaussian process prior [23, 24],
FOH) ~ 6P(0, KV(H,H), (3.26)
FOX) ~GP(0, k2(X, X)). (3.27)

This hierarchical construction can be viewed as a deep GP, allowing more flexible, non-linear feature learning
compared to a single-layer GPLVM. Advantages include:

1. Increased capacity to capture complex, non-linear structure in Y.
2. Layers of latent variables that can disentangle different factors of variation.
3. A hierarchical covariance structure that may compactly represent multi-scale dependencies.

In principle, additional layers can be added, and each layer can incorporate different types of priors (e.g.
dynamical priors for sequential data). In this thesis, we employ a GPDM only at the topmost layer for
time-series modeling, while lower layers remain standard GP mappings.

3.4.1 Joint Likelihood and Conditional Integrations

Formally, a two-layer hierarchical GPLVM specifies a joint distribution over Y, H, and X. The joint distribution
can be factorized as [23, 24],

p(Y, H,X) = p(Y| H) p(H| X) p(X), (3.28)
where

p(Y | H) = / p(Y | £1) p(ED) | H) a0, (3.29)

p 0= [ pa | £2) p(e | ) ae. (330)

Here, £ and @ are vectors of function values related to equations 3.26 and 3.27, respectively. If we condition
on the latent variables H or X being fixed, these Gaussian integrals over f!) or f? are tractable. In other
words, given H, the first layer reduces to a standard GP regression, and similarly for the second layer given
X.

3.4.2 Maximum Likelihood and MAP Estimation

As with the standard GPLVM, one faces an intractable integral if attempting to integrate out H and X [23,
I:
p0) = [ POV B p(E] X0 p00) dHLAX.

Hence, we treat both H and X as learnable parameters and maximize [23, 24],
L=1logp(Y|H) + logp(H|X) + logp(X),

plus additional structured priors or regularization terms on H, X.
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3.4.3 lllustrative Two-Layer Example

For concreteness, if one treats H and X as fixed parameters and the noise as Gaussian, each layer’s conditional
log-likelihood resembles that of a standard GP. We can write a simplified joint log-likelihood as [23, 24]

D, 1 1

- _ O] = 2 f (KO T

L = -—= log|K"| 2u((K ) YY)
_Du

1 .
L loglK®)| - Etr((K(Z)) 1HHT) - (6, X, H), (3.31)

where KU is the kernel matrix at the first layer (built from H), K@ is the kernel at the second layer (built
from X), and D,, and D, denote the dimensionalities of Y and H, respectively. The term C(0, X, H) collects
additional contributions such as normalization constants, noise terms, or latent priors, depending on the
exact model specification. Because H and X enter nonlinearly through the kernels, optimizing L with respect
to these variables typically requires gradient-based or approximate inference techniques.

In summary, hierarchical GPLVMs (sometimes called deep GPs) facilitate richer, multi-level latent representa-
tions at the cost of increased complexity. For time-series data, one can further augment the top-level latent
space X with a GPDM, thereby combining both temporal dynamics and hierarchical feature extraction [103,

I

3.5 Sparse GP Approximations

A key challenge for GPs is their cubic O(N®) computational cost in the number of training points N [53, 114].
To mitigate this, sparse approximation methods introduce a smaller set of M inducing points, where typically
M < N. These inducing points summarize information from the full dataset, yielding approximate GP
posteriors with reduced complexity, decreasing computational requirements from O(N?) to O(NM?).

Constructing the Approximate Model.

Bui et al. [12] presents a unifying framework for understanding and deriving sparse GP approximations.
Let f=[f1,..., fv]T denote function values at N inputs X, which in standard GPs represents training data
rather than the matrix of latent variables used in the previous three sections. Let u=[u1,...,u M]T denote
the function values at M inducing inputs Z. The joint prior factorizes as [12],

p(f,u| 0) = p(f|u,0)p(ul 0), (3.32)

where p(u | 0) is the Gaussian prior on the inducing points, and p(f | u, ) describes how the remaining
function values correlate with the inducing points. Although this exact model leads to O(N®) complexity,
an approximate joint distribution with a simpler conditional structure can instead be introduced that still
involves u but reduces the dependencies among the N data points [12]:

qf,u| 0) = p(u| 0)gq(f| u,0). (3.33)

The difference lies in the conditional 4(f | u, 8), whose form is chosen to yield matrix factorizations or low-
rank structures that are easier to compute. In essence, q(f | u, 0) replaces the original Gaussian conditional
p(f | u, 0) by a parameterized family (e.g., diagonal corrections, block-diagonal structures, or entirely
deterministic mappings). This approach recasts GP approximation as simply performing inference in a "new"
generative model defined by equation 3.33 together with the original data likelihood [12]:

N
q(y,f,ul 0) = q(f,ul 0) [ [p(ya | fa)- (3.34)
n=1
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Since p(u | ) remains a standard Gaussian prior on the inducing points, one can still rely on the usual GP
machinery, but now all inferences are governed by the modified conditional 4(f | u, 0).

Unifying Common Approximations.

Different choices for q(f | u, 0) subsume well-known sparse GP methods such as the deterministic training
conditional (DTC), fully independent training conditional (FITC), and partially independent training
conditional (PITC) [83]. For instance, one may write [12]:

B
q(f | u, 6) = HA/-(fb/ beu Kl_ull u, a Dfl,fh)/ (335)
b=1

where f has been partitioned into B subsets (or blocks) {f;}, and Dy, s, is some diagonal or block-diagonal
correction to retain partial dependence. Setting @ =1 with B=N and extracting only the diagonal elements
of K¢ — Kgy KL Ky recovers the FITC approximation (presented below). If instead a — 0, one obtains the
DTC approximation, while PITC uses @ =1. Thus, equation 3.35 succinctly encodes a spectrum of sparse
approaches, each introducing inducing inputs Z to reduce the full GP prior’s rank [12].

3.5.1 FITC Approximation

This section outlines the fully independent training conditional (FITC) approximation [83, 93] as a concrete
realization of the general framework presented above in section 3.5. FITC provides a computationally efficient
way to approximate the conditional distribution p(f | u) in a GP. Recall from section 3.5 that f=[f;, ..., fn]7
denotes latent function values at the N training inputs, and u=[u1, ..., u m]" denotes the function values at
M inducing inputs (with M <« N). FITC replaces the exact Gaussian conditional with [53],

plElw ~ q(f|w) = M{Ke Kobu, diag[Ke - Q«]), (3.36)
where Q,p = Kau K& Kyp and diag[-] retains only the diagonal elements of a matrix. Here, Kg, is the (N X M)

cross-covariance between N training inputs and M inducing inputs, Kyy is the (M X M) kernel matrix among
the inducing inputs, and Kg is the (N X N) covariance among the training inputs.

Approximate Marginal Likelihood.

Under equation 3.36, the approximate marginal likelihood of the observed outputs y is given by [53],

p(y) ~ qy) = /\/(0, Qi — diag[Kg - Qx| + 021). (3.37)

The diagonal term diag[Kg — Qg] is often called the diagonal correction, and it preserves each training point’s
marginal variance while discarding off-diagonal correlations between them. The log of equation 3.37 then
takes the usual Gaussian form [83, 93],

L =-3(y"A™y) - 1 loglA| - & log(2n), (3.38)

where A = Qg + diag[Kff - fo] + o021 Although A is still an (N X N) matrix, it inherits low-rank plus
diagonal structure that can be exploited for O(N M?) computations.

Predictive Distribution.

Another key advantage of sparse GP approximations becomes evident at prediction time. While training
complexity scales as O(N M?), making predictions at new test points requires only O(M) computational
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operations. These operations involve matrix calculations with the inducing points rather than the full training
set. Specifically, to predict at new inputs X., the predictive distribution of f. is Gaussian with mean py_ and
covariance X, [33]:

p(£IX., Y, X) = N(f.; u,, E.), (3.39)

where:
g, = Ko ZKgAlY, I, = K + K ZKye — Qu,, (3.40)

where A = diag[Kg— Qg] + afmisel, and Z = (Kyu + Ko A7 Kgy ) ™! combines various kernel terms. K., denotes
the covariance between test points and inducing points, while K.. is the covariance between test points.
Further details about the FITC approximation can be found in Quinonero-Candela and Rasmussen [53]. DTC,
also employed in this work, has the same basic formulation where & — 0 in equation 3.35, simplifying the
derivation.

3.5.2 Sparse Approximations in GPLVMs and GPDMs

Recall that in the basic GPLVM, a Gaussian process prior is placed over the mapping from the latent space
X € RN*Q (with Q-dimensional latent points) to the observed data space Y € RN*D A GPDM extends the
GPLVM to time-series or sequential data. It posits a latent state sequence {x1, ..., xy} evolving according
to a GP dynamical mapping, combined with a GP emission mapping from latent states to observed data
{y1,...,yn} (alone, the GP emission model is equivalent to a GPLVM). Formally [111, 117],

N N
p(Y,X [ 0) = [ [px | xt1, 0ayn) x [ [Pyt | xt, Oemit), (3.41)
t=2 t=1

GP dynamics GP emission

where each factor is a Gaussian process in its respective function space. However, the same O(N?3) complexity
pitfalls arise when forming each covariance over N time steps.

Inducing Points for Transitions and Emissions.

To alleviate the cost, M < N inducing points are introduced for both the dynamical and emission functions,
applying sparse approximations in a manner analogous to section 3.5. In particular, the following replacements
are made [64]:

px¢ | xi-1) — q(x¢ | Xt—1,uqyn),  p(ye | xt) — q(yi | Xt, Uemit), (3.42)

where ugyn and Uen;t collect the inducing variables for the two GP components. As with FITC (section 3.5.1),
a factorized conditional for 4(-|u) plus diagonal or block-diagonal corrections may be chosen.

3.5.3 FITC Approximation in GPLVMs

When FITC is applied to GPLVMs, the sparse approximation framework is adapted directly to the mapping
from latent variables to observations. Building on the approach established in section 3.5.1, the conditional
distribution in a latent variable model is stated as [64]:

q(YIX, u) = N (K¢ Kgou, diag[Ke — Qg] + 0°I), (3.43)

where X represents the latent variables, and o7 is the noise variance. The key characteristic of FITC in this
context is the diagonal treatment of the correction term, which enforces independence between data points
conditional on the inducing variables u.
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Reintroducing the prior over the inducing variables, the marginal log-likelihood for the GPLVM becomes

[64]:
D D 1
L = - log(2m) - - log |A| - Etr(YYTA‘l), (3.44)

where A = Qg + diag[Kg — Qg] + 021 and D is the dimensionality of the observed data. This log-likelihood
exhibits the same structure as in standard FITC but is adapted for the GPLVM context where we optimize
both the latent variables X and inducing inputs Z simultaneously. The computational complexity remains
O(NM?), making it feasible to train GPLVMs on larger data sets.

3.6 GPLVM Back-Constraints

Back-constraints in GPLVMs enforce specific topological constraints on the latent space by explicitly defining
a mapping from the data space to the latent space [108]. This mapping ensures that points close in the data
space remain close in the latent space. Formally, we can express the back-constraint mapping as:

X; = g(yi,W) (3.45)

where g(-) is the back-constraint function and W represents the parameters of this mapping. During
optimization, instead of directly optimizing the latent points X, we optimize the parameters W of the
back-constraint function.

3.7 Mixture-of-Experts Models

Mixture-of-experts models, originally proposed by Jacobs et al. [49], provide a framework for decomposing
complex tasks into regions handled by specialized experts. This approach is particularly valuable for
movement modeling, where different types of movements require mastering distinct control strategies.

The model takes the form:
p(ylx) = Z plalx)p(ylx, @) (3.46)
acA
where a € A indexes the experts, p(a|x) is the gating function determining each expert’s responsibility, and
p(ylx, @) is the expert-specific output distribution.

The system learns both expert specializations and the gating function through optimization. For movement
data, this often involves learning a shared state representation, developing specialized dynamics models, and
establishing smooth transitions between expert regions.

Key advantages include accurate modeling of diverse movement types, natural movement classification,
interpolation between movement types with overlapping expert responsibilities, and capturing the hierarchical
nature of motor control under different task demands.
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This work utilizes three distinct data sets of human movement. Two of 4.1 Reach-to-Grasp Experiment28
these data sets were collected for this research from specifically designed

4.2 Bimanual Experiment . . . 29
experiments: a reach-to-grasp experiment focusing on upper limb move- 4.3 CMU Motion Capture
ments toward fixed targets, and a bimanual experiment investigating Dataset . . . . . . . .. . 32

coordinated two-handed actions in activities of daily living. The third
data set was obtained from the Carnegie Mellon University Motion
Capture Database (CMU Graphics Lab) [21], which provides open-access
motion capture recordings for research purposes.
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4.1 Reach-to-Grasp Experiment

4.1.1 Experimental Design

The reach-to-grasp experiment was designed to capture coordinated arm and hand movements during
targeted reaching actions. Infrared (IR) motion capture and electromyographic (EMG) measurements were
synchronized and recorded simultaneously.

Targets for grasping were arranged on an experimental apparatus consisted of nine rectangular wooden
blocks positioned in a 3X3 matrix, with uniform spacing of 25 cm both vertically and horizontally. This
configuration allowed for systematic investigation of reaching movements across different spatial locations
while maintaining controlled experimental conditions.

The participant was seated facing the apparatus with an erect posture, their right shoulder approximately
aligned with the apparatus midline. This positioning minimized trunk movement during reaching. Each
trial consisted of nine reach-to-grasp movements, one for each target block, with a randomized order. The
protocol followed this sequence:

Starting position: Right hand palm-down on a hip-level platform
Reach and grasp (3-second duration)

Hold position (3-second duration)

Return to starting position (3-second duration)

Rest period (3-second duration)

Gk PN

Movement timing was regulated using a 60 bps metronome.

4.1.2 Data Collection Systems
Subjects

One healthy, left-handed, adult male (age: 39 years, height: 178 cm, weight: 82 kg) with no prior history of
neuromuscular disorders participated in the study.

Motion Capture Setup

Movement kinematics were recorded using a VICON motion capture system comprising eight infrared
cameras operating at 256.41 Hz (VICON Nexus version 2.8) [100]. A total of 48 infrared markers were
employed:

» 22 markers (4 mm) covering the right hand and wrist
» 3 markers (4 mm) on the left wrist and hand
» 23 markers (14 mm) distributed across arms, shoulders, trunk, pelvis, and head

Marker placement prioritized stable anatomical locations to minimize artifact from soft tissue movement
during recording.

Electromyographic Recording

Surface electromyography (SEMG) was recorded using both high-density arrays and bipolar electrodes:

» Three 8x8 high-density surface electrode arrays (OT Bioelettronica) placed circumferentially around
the forearm
» 16 bipolar surface electrodes on larger muscles of the upper arm, shoulder, chest, and back
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EMG signals were recorded using an OT Bioelettronica Quattrocento 400-channel amplifier with the following
parameters:

» Sampling rate: 2,848 Hz
» Amplification gain: 150 V/V
» Online bandpass filter: 10-900 Hz

4.1.3 Data Processing
EMG Processing

Raw EMG signals underwent the following processing steps:

1. Digital bandpass filtering (20-450 Hz, fourth-order Butterworth)

2. Powerline interference removal (49-51 Hz, second-order Butterworth band-stop)
3. Full-wave rectification

4. Linear envelope extraction (10 Hz, second-order Butterworth low-pass)

To reduce redundancy in the HD-sEMG signals, each array was divided into quadrants and averaged,
resulting in 12 consolidated channels representing forearm muscle activity.

Motion Capture Processing

Kinematic data processing included:

1. Marker labeling and gap-filling
2. Kinematic skeleton creation in Biovision hierarchical format

Temporal Alignment

All data were segmented into individual reach-to-grasp movements with the following considerations:

» Movement segments extended 200 ms beyond the primary movement interval
» Data were normalized to 90 timepoints using linear interpolation
» EMG and kinematic data were synchronized during recording

4.2 Bimanual Experiment

4.2.1 Experimental Design

The bimanual experiment was designed to investigate coordinated two-handed movements during activities of
daily living (ADLs). Infrared (IR) and inertial measurement unit (IMU) motion capture, and electromyographic
(EMG) measurements were synchronized and recorded simultaneously.

Five distinct tasks were selected to represent common bimanual activities. Each task was varied across one of
more additional conditions. Each subject performed 10 trials of each task for a single condition, giving a
total of 140 trials per subject. All trials began and ended with participants in a neutral position, defined as
both hands placed palm-down on the desk. The tasks are enumerated followed by their bulleted conditions
below:

1. Lifting a basket (vertical displacement)

» Full-height (about level with the head) and half-height (about level with the sternum) conditions
» With and without a 2kg weight placed in the basket
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2. Lifting a basket approximately 10cm and moving it horizontally across a table (lateral displacement)
» Left-to-right and right-to-left directions
» With and without a 2kg weight placed in the basket
3. Rotating a basket 90 degrees
» Clockwise and counterclockwise
4. Opening and closing a jar
» Dominant and non-dominant hand
5. Cutting with a knife

» Dominant and non-dominant hand

4.2.2 Subjects

Five healthy subjects between the age of 23 and 28 years with no prior history of neuromuscular disorders
participated in the full experimental protocol, including IR and IMU motion capture, and EMG recordings.

4.2.3 Data Collection Systems
IR Motion Capture

Movement kinematics were recorded using a VICON motion capture system (Shogun) [101] comprising
eight infrared cameras operating at 256.41 Hz. A total of 55 infrared markers were employed. The marker set
included:

Head: 5 markers

Shoulders: 4 markers (2 per side)
Chest: 2 markers

Back: 2 markers

Waist: 6 markers (sides)

Upper arms: 4 markers (2 per side)
Lower arms: 4 markers (2 per side)
Wrists: 4 markers (2 per side)

Back of hands: 4 markers (2 per side)
Fingers: 20 markers (2 per finger)

VVyVYVYVYVYVYVYYVYY

¢ First marker immediately distal to the last joint of each finger
¢ Index, ring, and pinky fingers: Second marker immediately distal to the second joint
¢ Thumbs and middle fingers: Second marker immediately distal to the first joint

IMU Motion Capture

IMU data was collected using an Xsens MVN system [86] comprising 17 IMUs. The goal of the IMU
recordings were to enable the integration of a portable motion capture system with the higher-resolution,
more articulated IR motion capture system. The IR motion capture was intended for training the motion
synthesis model with a strong foundation and prior on movement and finger articulation, while the IMU
data (alongside a simplified EMG system) was intended for inference during real-time motion prediction and
control applications. However, the project ultimately diverged from these pursuits.

17 IMUs were placed according to the standard Xsens MVN system protocol, including the trunk, upper
and lower limbs, but excluding the fingers. Lower body was including for alignment with the Xsens MVN
software, but was not relevant for the set of tasks. Specific placement of the IMUs can be found by reviewing
the Xsens MVN protocol, but the general locations are as follows: head, shoulders, sternum, pelvis, upper
and lower arms, upper and lower legs, hands, and feet.
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Electromyography

EMG signals were recorded using an OT Bioelettronica Quattrocento 400-channel amplifier with the following
parameters:

» Sampling rate: 2,848 Hz
» Amplification gain: 150 V/V
» Online bandpass filter: 10-900 Hz

Placement of EMG electrodes was as follows:

» 12 bipolar electrodes placed bilaterally on the upper arms and shoulders:

¢ Biceps long head

¢ Triceps brachii lateral head
¢ Triceps brachii medial head
Anterior deltoid

¢ Posterior deltoid

¢ Upper trapezius

» Four 4x4 HD electrode arrays total, with one placed on either side of both forearms
» Reference electrodes on the medial epicondyle of the humerus bone and the acromion process of the
scapula

4.2.4 Data Processing

Note on Selective Processing

While data was collected using three measurement systems (IR and IMU motion capture, and EMG), our
subsequent analysis of the reach-to-grasp experiment results led to a strategic focus solely on the IR motion
capture data for studies on the bimanual data set.

Motion Capture Processing

Motion capture data processing followed the same general procedure as the reach-to-grasp experiment:
1. Marker labeling and gap-filling using Vicon Shogun

2. Kinematic skeleton creation in Biovision hierarchical format (MotionBuilder 2020)
3. All movements were aligned to a universal starting position

Temporal Alignment

All data were segmented into individual reach-to-grasp movements with the following considerations:

» Movement segments extended 200 ms beyond the primary movement interval
» EMG and kinematic data were synchronized during recording
» Data were normalized to 100 timepoints using linear interpolation
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4.3 CMU Motion Capture Dataset

4.3.1 Dataset Overview

The Carnegie Mellon University Motion Capture Database provides open-access motion capture recordings
for research purposes [21]. From this extensive database, we selected a subset of recordings focusing on
distinct full-body movements:

Bending down
Soccer ball kicking
Lateral jumping
Forward kicking
Lunging
Punching
Breaststroke
Butterfly stroke

vy VvV VvyVvYyVvYVvYYvyyYy

For each movement category, six complete trials were selected. For cyclic movements like swimming forms, a
single complete cycle was extracted from each trial.

4.3.2 Recording System

The CMU motion capture laboratory utilized:

» 12 Vicon infrared MX-40 cameras

» Recording frequency: 120 Hz

» Camera resolution: 4 megapixels

» Capture volume: approximately 3m x 8m

4.3.3 Marker Setup

Subjects wore 41 markers placed on a black capture suit. The marker set provided joint angle data for 77
features representing:

Neck joints

Spinal segments

Pelvic joints

Arm joints (shoulder, elbow, wrist)
Leg joints (hip, knee, ankle)

vVvyyvyyvyy

Finger and toe movements were not captured in these recordings.
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Preface

This section presents the research projects I conducted during my PhD, arranged chronologically from my
first publication. Each project is preceded by an interlude chapter that provides context and motivation.
While preserving many sections of the original papers verbatim, I have streamlined them for conciseness and
relevance within the broader thesis context by removing redundant passages from introductions, background
sections, and methods. In some instances, I have added new content to elaborate on details that were omitted
from the original papers due to space constraints. Supplementary material for the third paper is included in
the appendix (A).






Interlude 1: Converging on GPDMs

My first project emerged from a collaboration on the KONSENS-NHE initiative, funded by the Baden-
Wiirttemberg Stiftung GmbH. The project aimed to develop a context-sensitive, neurally controlled hand
exoskeleton to restore everyday functionality and autonomy for individuals recovering from brain and spinal
cord injuries. This collaborative effort involved my colleagues Prerana Kumar, who contributed significantly
to data collection and EMG pre-processing, and Nick Taubert, who led the model design, code development,
and manuscript writing. We were supervised by my primary mentor and PI, Prof. Dr. Martin Giese, and
Dr. Leonardo Gizzi, who directed the data collection efforts. My contributions focused on experimental
design, data collection, motion capture data pre-processing, model design, and authoring the manuscript’s
background section on data collection methodology, as well as contributing to overall manuscript revisions.

Our primary objective was to develop a sophisticated movement model capable of predicting finger and wrist
articulation from the combined input of EMG signals and motion capture data. This set of data was collected
from our reach-to-grasp experiment described in section 4.1. Initially, Nick and I pursued different modeling
approaches. Building on his prior expertise, Nick developed GPDMs, whereas I focused on movement
primitives models using the FADA toolbox (Fourier-based Anechoic Demixing Algorithm) [18].

Through some trial-and-error and a lot of testing, we determined that GPDMs were better aligned with our
research objectives. As discussed in the Introduction section 2.6, GPDMs offer several advantages practical in
clinical settings: they provide interpretable results, quantify prediction uncertainty, enable real-time inference,
and achieve high accuracy with limited training data. Building upon Nick’s model, we co-authored the paper
Reactive Hand Movements from EMG Signals based on Hierarchical Gaussian Process Dynamical Models [104], which
established the foundation for my subsequent PhD research. An abridged version of this paper is presented
in the next section (7), with most of the text reproduced verbatim from the original manuscript.






Reactive Hand Movements from
EMG Signals based on
Hierarchical Gaussian Process
Dynamical Models

7.1 Abstract

The prediction of finger kinematics from EMG signals is a difficult prob-
lem due to the high level of noise in recorded biological signals. In
order to improve the quality of such predictions, we propose a Bayesian
inference architecture that enables the combination of multiple sources
of sensory information with an accurate and flexible model for the online
prediction of high-dimensional kinematics. Our method integrates hierar-
chical Gaussian process latent variable models (GP-LVMs) for nonlinear
dimension reduction with Gaussian process dynamical models (GPDMs)
to represent movement dynamics in latent space. Using several addi-
tional approximations, we make the resulting sophisticated inference
architecture real-time capable. Our results demonstrate that the predic-
tion of hand kinematics can be substantially improved by inclusion of
information from the online-measured arm kinematics, and by exploiting
learned online generative models of finger kinematics. The proposed
architecture provides a highly flexible framework for the integration of
accurate generative models with high-dimensional motion in real-time
inference and control problems.
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7.2 Introduction

The prediction of finger kinematics from EMG signals presents significant challenges due to the high
dimensionality of human motion data and the inherent noise in biological signals. While dynamical systems
approaches have shown promise in modeling coordinated motor patterns [41], their application to prosthesis
control remains challenging due to the limited dimensionality and noise characteristics of available control
signals.

To address these challenges, we propose a hierarchical probabilistic graphical model [6] that integrates neural
signal decoding with motion synthesis. Our approach combines Gaussian process latent variable models
(GP-LVMs) [62] with Gaussian process dynamical models (GPDMs) [112] in a real-time capable architecture.
This framework enables the estimation of hand kinematics from EMG signals while incorporating additional
kinematic data from arm movements. The resulting model provides a foundation for controlling hand
orthoses in patients who retain arm function but experience impaired grasping abilities, such as in post-stroke
rehabilitation [10].

7.3 Background

The industry standards and the typical benchmarks in research for online hand and arm myocontrol comprise
the two-electrode "conventional control" approaches, co-contraction control (CC) and slope control (SC) [43].
Both require users to make targeted muscle contractions for switching between two single degrees of freedom
(DOF) modes of control—operating a wrist rotation and opening/closing the hand. Users often consider
these systems to be unintuitive compared to natural hand and arm function, difficult to use in everyday life,
and to be fatiguing [35]. Other approaches exploiting classification and multiple DOFs regression methods
have been shown to produce better results with the same hardware [43].

More advanced techniques have effectively employed methods of auto-encoding for dimensionality reduction
[110], have utilized biomechanical models for imposing realistic system constraints [34], or have incorporated
proprioceptive feedback or direct cortical feedback into sensory-motor brain areas [37]. Here, we explore the
use of generative hierarchical Gaussian Process models for establishing control by non-invasive EMG signals,
augmented by predictive signals derived from the measurement of additional arm kinematic signals.

To achieve real-time performance in our hierarchical model, we introduce a fast approximation method
for inference by learning an approximate inverse of our generative model with GP, which we refer to as
back-projection. This approach to making inference tractable was inspired by the Helmholtz Machine [27],
which also learns an explicit inversion of a generative model.

7.4 Model components

Our model architecture is shown in Figure 7.1a. It is composed of a hierarchical combination of GPLVMs, and
a top level that is implemented by a GPDM-like dynamical layer. See Background & Methods sections 3.2
and 3.3 for an introduction to GPLVMs and GPDMs.

7.4.1 Sparse aproximation

For a general overview on the sparse approximation of GPs, see the Background & Methods sections starting
with 3.5. Below we specify the sparse approximation used in this application, taken directly from the original

paper [104].

The O(N?) complexity of the model was solved via sparse approximation. For this purpose, the noise free
function value set F = [f;, ..., fx]', where f; = fax) with f = [f1, ..., fp]", is approximated by selection of
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a small set of M <« N pseudo-points U = [uy, ..., uM]T. It is assumed that training and test points of the
Gaussian Process are approximately conditionally independent, if conditioned on their pseudo-points. Under
this assumption, the GP prior can be approximated as follows:

7(60) = / p(tlu, )p(ul0)du, 7

where 0 are the model hyperparameters and p(u|0) is the GP prior over u. The conditional relationship
between u and £ is fundamental for this equation. With the GP priors p(f|0) and p(u|0) it is possible to derive
from their joint probability the conditional dependency. This leads to the result p(flu, 6) = N'(f; KeuKgiu, Dgr)
where Dg = K¢ — Qg and Qg = Kqu_ Ky¢. The constructed matrices correspond to the covariance function
evaluations at the pseudo-point input locations {[xy] M et 1€ [Kuulm,m = ke([Xulm, [Xulm’) and similarly
covariance function evaluations between pseudo-point input and data locations [Keyln,m = ke(Xn, [Xulm)-
Unfortunately, even this equation it is still cubic in terms of its computational complexity. However, the matrices
of p(f|lu, ) can be approximated by simpler forms, resulting in computationally tractable distributions with
q(flu, 0) = p(flu, 0) [13]. We chose a subset of pseudo-inputs which parameterize the GP prior through the
Deterministic Training Conditional (DTC) approximation [64] in order to ensure real-time capability for
prediction and to render our approach feasible for larger data sets,

q(flu, 0) = N(fKeKqu, 0). (7.2)

This approximation assumes that f(x) is fully determined by the pseudo-point inputs and reduces the
computational cost to O(M?N) during learning. The prior g(f| 6) with DTC approximation can be combined
with the likelihood p(y4lfs, 0) = N (yalfs, y;'1):

D
p(Y10) = [/ py.alf.a, 0)q(f.ql0)dfs (7.3)
d=1
D
= [ [N(y.al0, KeuKgeKue + 3D (7.4)
d=1

where Y4 is the noise precision into which any Gaussian observation noise can be absorbed and y. 4, f. 4 are
the vectors for the dth dimension of Y and F. Combined with priors p(X) and p(6) we got the log-marginal,
reformulated with matrix inversion lemma [64] for O(M?2N):

D(N - M)

D D
L= -= " n2n- Etr(wT)— In|Kgal + 5 In|A| (7.5)

tr(A—lK YT Kg,) — = Z Xpxn — > Inyj, (7.6)

n=1

with A = ;'Kuy — Ku¢Kgy. This implies that the computation time depends only on the number of pseudo-
and test inputs, which enables real-time performance.

For the prior function of new test data p(Y| 0), we followed the same derivations as in equations (7.1)-(7.4),
replacing f with test function values f, assumed conditional independence between f and f. With the joint
probability of the new GP priors p(Y|0) and p(Y|0), a posterior distribution p(§]Y, X, x., 0) for the prediction
of new test outputs y with given test inputs x, can be derived [65],

¥~ N(ux.), o(x)), 7.7)

where
1(x) = Ky A7 Ky, (7.8)
0(x) = Koo = key(Kyu — A” 1)K*u/ (7.9)

where K.. is the kernel function evaluated at the test inputs, K., is the kernel function evaluated at the test
and pseudo-point inputs.
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7.5 Model Architecture

For the representation of goal-dependent hand movements, we devised a hierarchical model that consists of
GP-LVMs for successive dimension reduction, and of a GPDM in the highest layer for the representation of
the dynamics in the latent space (cf. Fig. 7.1a). The model is composed of three layers, which were learned
jointly. Learning includes both the bottom-up and top-down contributions at each hierarchy level.

The proposed model can be run in two different modes: (i) As a fully generative model, where we the complete
hand-arm kinematics is generated online, dependent on an external variable that controls the goal position;
(ii) as a partially generative model, where the goal position is inferred online from measured arm kinematics
and/or EMG signals. In this case these variables are treated as observed nodes in the graphical model,
and the other variables are inferred by Bayesian model inversion. For the separation of style and content
[113], style referring here to the goal position, we introduced a specific goal/style variable g that captures
specifically the goal position, which either is pre-specified in the fully generative mode, or inferred in the
partially generative mode.

7.5.1 Individual layers
Bottom layer.

The bottom layer of our model represents the observed kinematic data of the hand, the kinematic velocity
data of the arm, and the EMG data as matrices Y, i € {1;2;3}. The dimensionality of each of these data sets
is reduced by a sparse GP-LVM with the same sample size (N") = 1440), but different dimensionalities of the

data vectors (D;,l) =63, D)(,z) =15, D;,g') = 28). For each data type, a separate set of mapping functions is used

with their own GP prior f)(-) to map the latent variables h() onto the corresponding data vectors, according

to equation (3.13). The dimensionalities of the hidden variable vectors are QS) =10, Q:lz) =4,and Qf’) =15.
The kernel functions in this layer are given by a linear combination of the RBF and the linear kernel functions
defined in equations (3.9),(3.10) to capture the nonlinarity of the data and support smooth blending between
styles:

K00, 0D) = ke r (0D, W) + ki (0D, 0D, (7.10)

Intermediate layer.

For further dimensionality reduction, an additional sparse GP-LVM was introduced that maps from the
latent variable x (Qx = 2) onto the concatenation of the variables h"). We assume that h® is represented in
the same latent space across trials, number of goals, and time steps.

A key assumption in our approach is that the goal positions can be modeled by a separate 'style variable’ g.
During the learning of the model parameters, we separate the motion content, i.e. the basic shape of the
trajectories, from this motion style variable, using a factorial representation. For the partially generative
model, we infer the style variable g online from the measured EMG and kinematic data of the arm. To promote
such a factorization of the latent variables in terms of motion content and style dimensions, we applied
back-constraints during learning [66]. This method constrains the hidden space variable to a low-dimensional
manifold in a way that ensures that close points in the data space remain close in the latent space. Adjusting
the gradient steps during optimization, we enforced the components of x to lie on a circular manifold for all
styles that are given by the functions z; and z, [108]:

N

xu1 = z1((h, 0@, WO, 6,) = D7 cr ik p(cos(¢n), cos(e)) (7.1)
=1
N

xn2 = z(lh®W, W@, 0O, ) = 7 e pkinp(sin(Pn), sin(e)) (7.12)
=1
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The variable ¢, specifies the motion phase, and the coefficients c;,; were chosen to ensure that the latent
points lie (approximately) on a circle for all motion “styles’.

The motion style variable g, which specifies the reaching goal, was initially specified using 1-of-K encodings
[6], each goal being specified by a (eight-dimensional) unit vector (goal 1: g3, goal 2: gy, etc.) which will also
be optimized. In order to blend linearly between the behaviors for the different goals, we used a linear kernel
for the 'style’ dimensions. The composite kernel function for the middle layer of our model was thus given by
(equations (3.9),(3.10)):

k(1% 81, [, 8D = Kiin(8, 8 ks (x,%) + Kiin x, X). (7.13)

Similar to the multi-factor model [113], the multiplication of style and latent position act similarly to a logical
"AND’ operation. The resulting kernel matrix links each goal point to a pair of latent points.

Top layer.

The top layer represents the temporal evolution of x;, i.e. the underlying dynamics. We used a second-order
GPDM, which allowed us to model the dynamical dependencies on velocity and acceleration of X. The
evolution function for x, is given by equation (3.19). We drew the function fi(-) from a GP with the kernel
given in equation (3.21), where we learned the model with multiple motion sequences (T trials for G goals,
see Fig. 7.1a), assuming they are i.i.d. samples from the complete model.

In order to accelerate the inference of the partially generative model, we introduced an explicit learning of
the back projections from the hidden variables h® and h®® that represent the EMG and the arm kinematics
to the variable h() that represents the hand kinematics. These mappings were again represented by sparsely
approximated Gaussian process regressions with the function priors ry ), j € {2,3} (blue elements in Fig.
7.1b):

K = ri,])(y(j)) +el) r;,/)(y(j)) ~ GP(0, kgu)ck(y(j)'yl(i)))' (7.14)

The kernel was given by kga)c k(y(j ), y’(i)) = ki]b)f (y(j ), y’(i)) + kl(l]r)z (y(j ), y’(i)), and € is Gaussian noise. As for a
usual GP regression, only the kernel parameters are optimized during this step, while the latent variables for
both layers were kept fixed. In an equivalent way, we introduced explicit back-projections for the second layer
to predict the style variable g.

7.5.2 Motion generation and prediction.

In the fully generative mode, our model, after training, predicts the hand kinematics (and also the arm
kinematics and EMG signals) from a defined goal position. In the partially generative mode, it generates the
hand kinematics from the arm kinematics and/or the EMG signals, estimating the likely goal position g from
the available input data, while exploiting the back-projections for fast inference.

In both cases, the top dynamic layer ensures the generation of smooth hand motion. Given the states for the
previous time steps, the GPDM predicts a novel state according to equation (3.19):

Xy = Hx([xn—lf Xn-2]). (7.15)

In the fully generative mode, the predicted state is propagated down the hierarchy to predict the original
data components 5151’) according to the relationships:
h)

vy

1N

pn([Xn, 8<1), (7.16)
wy (). (7.17)

1N

The functions p;(.) are following from the posteriors of the individual layers. The goal information is added
through the variable g. in this equation, for which values can be chosen that interpolate between the training
goals’ vectors, resulting in continuously interpolated intermediate goal positions.
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In the partially generative mode, the goal vector g is predicted from the measurements yﬁj ), j € {2,3}, through

the back-projections, according to the relationships:

B = GV (7.18)
g = uy (@) (7.19)

For the models with two predictive variables hﬁ{’, the estimates were combined using a maximum a posteriori

framework. The style vector estimate is then combined with the predicted state X;, from the dynamics and

projected down to predict the hand kinematics )7(,,1) according to:

h!

1
v

IR

iuh([il’l/ g])/ (720)
uy(RS)). (7.21)

IR



7.5 Model Architecture

(b) Back-projection of the hierarchical GPDM.

Figure 7.1: Hierarchical probabilistic model. (a) Three data structures Y(i), i € {1,2,3} including the arm kinematic data, the hand kinematic
data, and the EMG data are represented by sparse GP-LVMs, each over T trials and G goal positions. Each data structure is mapped by a
prior mapping function f®(-) drawn from a GP prior with a lower-dimensional latent variable h'"). For each a set M pseudo-input
variables hs ) are specified for sparse approximation. The dimensionality of the variables h)) on the middle level of the model is further
reduced by a sparse GP-LVM in the same way, with the hidden state variables x, the corresponding inducing variables xg ), and the
style variable g. The temporal evolution of the hidden state variables x,, is modeled with second order dynamics using a GPDM also
drawn from a GP prior f©®, Corresponding inducing variables for the sparse representation are signified by xﬂyn. (b) Back-projection

mapping (blue) from data space of y'/), j € {2, 3} to the latent spaces h/), using sparse GP regressions with prior functions r;,j ) and the

pseudo-inputs yg ), Similarly, a back-projection from h'/) to g is computed with the funcion prior rl(lj ) and pseudo-input hg ),
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7.6 Results

7.6.1 Data set.

In order to test the performance of our approach, we applied it to a data set with grasping movements that
included kinematic data from the arm and the hand, and HD-sEMG data from 3 high-density 8 x 8 surface
electrode arrays (OT Bioelettronica) placed around the forearm, and from 16 bipolar sEMG electrodes on
the larger muscles of the upper arm, shoulder, chest, and back. EMG recordings were done with an OT
Bioelettronica Quattrocento 400 channel desktop amplifier (OTBioelettronica, Torino, IT) and three EMG
pre-amplifiers. Samples were taken at 2,848 Hz, with an amplification gain of 150 V/V, and an online bandpass
filter between 10 to 900 Hz. MOCAP recordings were conducted through VICON Nexus version 2.8 using
eight VICON infrared cameras at 256.41 Hz.

Reaching movements were performed by a healthy, left-handed, adult male (39 years old, 178 cm tall, 82 kg)
with no prior record of neuromuscular disease. Grasped objects were mounted on a vertical panel in the
form of a rectangular 3 X 3 grid with a distance of 25 cm between the objects. All movements started from a
resting position next to the hip.

EMG signals were processed by digital band-pass filtering between 20-450 Hz with a fourth-order Butterworth
filter. A second-order Butterworth filter was applied as a band-stop filter between 49-51 Hz to remove power
line interference. The signals were full-wave rectified and processed with a low-pass, second-order Butterworth
filter at 10 Hz to extract the linear envelope.

7.6.2 Model evaluation.

We applied our method to infer the hand kinematics (63 DOFs) from either the arm kinematics (velocities)
(15 DOE), the EMG signals, or from both (see Fig. 7.2). In total, we learned 16 motion trajectories. Due to
outliers in the EMG data, we selected only two trials per goal for learning and one trial per goal for testing.
Because of outliers in each trial we excluded goal two completely. Our raw training set consisted of EMG
data, and arm and hand kinematics for eight goals.

The bvh kinematic arm and hand data were converted from radian to exponential map [39]. Then, we
extracted the velocities from exponential map representations of the arm kinematics. We trained the model
with 200 pseudo-inputs for each latent space on an AMD Ryzon Threadripper 1950X 16 core processor 3.4
GHz with 64 GB RAM, which took about 10.5 hours for 1500 iteration steps.

We computed the normalized Mean Square Prediction Error (NMSPR) for predictions of the hand kinematics
(joint angles). Even for this small data set, the model produced acceptable hand postures during reconstruction
and the NMSPRs for the hand kinematics were smaller for predictions from the arm kinematics than for
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Figure 7.2: Frames from animations illustrating the results. Prediction examples of hand and finger orientations over time for goal 1 (top
row) and goal 09 (bottom row). Predicted hand kinematics are shown in red, and the corresponding ground truth data are in blue.




7.7 Conclusion

Table 7.1: Normalized Mean Square Prediction Error (NMSPR) for hand kinematics and goal position. Prediction from arm velocities results in
the smallest prediction error.

Hand NMSPR | Goal NMSPR |
Goals EMG + Velocity | EMG | Velocity || Goals EMG + Velocity | EMG | Velocity |
Goal 01 0.2425 0.2549 | 0.2472 Goal 01 0.3317 0.2885 | 0.3377
Goal 03 0.2380 0.2852 | 0.2477 Goal 03 0.2964 0.3150 | 0.2578
Goal 04 0.3692 0.4450 | 0.2795 Goal 04 0.3682 0.4302 | 0.2860
Goal 05 0.3368 0.3851 0.3109 Goal 05 0.2488 0.4081 | 0.3458
Goal 06 0.2865 0.3657 | 0.2436 Goal 06 0.3463 0.4081 0.2631
Goal 07 0.3701 0.4206 0.3191 Goal 07 0.3508 0.4874 | 0.3563
Goal 08 0.3920 0.4153 | 0.2992 Goal 08 0.4040 0.4813 0.3170
Goal 09 0.2120 0.2091 0.1802 Goal 09 0.2864 0.2561 0.1918
Average 0.3059 | 0.3476 | 0.2659 || Average 0.3291 | 0.3844 | 0.2944 |

predictions from the EMG. Combining the prediction from EMG and arm kinematics reduced the prediction
error substantially compared to the prediction from EMG alone.

We also analyzed the classification of the goal from the last 20 stimulus frames based on the latent space
variable g. The predicted classification was determined by the largest element of the inferred variable, which
corresponds to the most likely class. The right part of Table 7.1 shows the NMSPR for the resulting predicted
vectorial binary classification vectors relative to the ground truth, which is given by the true classes defined
by the individual goals. Also for this measure, classification is best from the arm kinematics, and including
the arm kinematics in the prediction improves accuracy compared to predictions derived from EMG alone.

An additional important point is that the proposed algorithm achieves real-time performance for online
prediction of the hand kinematics. Running the algorithm on the same computer used for optimization, the
prediction time per frame was on average about 23.74 ms.

7.7 Conclusion

Combining several methods from Bayesian unsupervised learning and inference, we have devised a new
real-time-capable method for the simulation of reactive hand movements controlled by EMG. The high
flexibility of the underlying inference framework was exploited to combine the EMG with additional
kinematic data from the arm. Our model successfully predicted hand positions relative to the goal objects
and reproduced hand kinematics with acceptable accuracy. Predictions derived from arm kinematics were
more accurate for the tested data set than were the reconstructions from EMG. In addition, the accuracy of
the reconstruction from EMG could be significantly improved by adding information from arm kinematics.
The superiority of arm kinematics might be a consequence of our data set, which did not include transitions
between different grip types, or supination movements. Such a variation in the dataset might give predictive
power to the forearm HD-sEMG signals, enabling the disambiguation of movements that cannot be derived
from the arm kinematics alone.

Despite the sophistication of the underlying probabilistic model, we have demonstrated that the algorithm
is real-time-capable on a standard hardware. To our knowledge, underlying, advanced statistical methods
such as GPDMs or inference on hierarchical GP-LVMs have never been tested and prepared for real-time
applications. In our implementations real-time capability could be achieved by inclusion of several additional
approximations, such as explicit back-projections and sparse approximations.

Future work will extend such architectures by applying variational optimization with better approximation
methods to enable deep architectures with increased scalability. This will enable testing of these algorithms
on much bigger data sets. Furthermore, we plan to implement the architecture with GPU computing for
faster learning and inference.
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Interlude 2: Developing the GP BC

Although hierarchical GPDMs proved effective for prosthetic control in reach-to-grasp tasks, we found
that GPDMs struggle to accommodate multiple distinct classes or categories of movements together. When
trajectories from different movement classes overlap in the latent space, the resulting predictions become
unreliable, causing unintended switching or morphing between movements. This challenge led us to develop
a GPDM model capable of distinguishing and generating multiple movement types. In order to do this, I first
needed a framework that would enable me to efficiently test a variety of architectures.

I chose to build this framework on top of GPy [38], a popular open-source Gaussian process Python package
which includes a comprehensive set of Gaussian process implementations like GP regression, GPLVMs, back-
constraints, sparse approximation techniques, a diverse set of kernels, and a range of optimization algorithms.
My package extension significantly expanded GPy’s capabilities, incorporating: hierarchical GPLVMs, node-
based computation (which enables parallel processing in some hierarchical architectures), a novel, modular
back-constraint framework, GPDMs, GPDM sparsification, GPDM mixture models, and comprehensive
initialization procedures-all formatted to enable flexible architecture implementation. Additionally, we
integrated into this framework all of the tangential components necessary for evaluating the performance
of dynamical models. This includes a data set class code base that manages pre-processing, conversions
to different data formats, calculating performance metrics, plotting latent spaces, animating 2D and 3D
articulated human motion sequences, and data storage. Our GPy extension also includes a sub-package for
statistical tests, including the parallel processing of simulations, Bayesian and grid search hyperparameter
optimization, and Monte Carlo cross-validation. This considerable development effort provided the necessary
tools for the systematic exploration of different model architectures and optimization strategies.

With my framework in place, I developed the first version of the GPDM mixture model, later referred to as
the Gaussian process dynamical mixture model (GPDMM) in Single-Example Learning in a Mixture of GPDMs
with Latent Geometries [95], presented in section 11. Initial experiments revealed several critical insights. While
the mixture approach successfully addressed the fundamental problem of movement class separation, the
model’s performance proved highly sensitive to latent space organization. Through systematic testing of
different architectures, we found that single-layer mixture models with carefully designed initialization
procedures and constraints consistently outperformed more complex hierarchical variants (a summary of
these results is presented in section 11). This finding led us to focus on optimizing latent space structure
rather than adding architectural complexity.

In particular, we found model performance was positively influenced by the inclusion of latent geometries—
features made by constraining the latent space to a particular geometric conformation. For an intuitive
example, imagine mapping latent points to fit on the curve of an ellipse, where each consecutive point
along the curve represents the next time point in a sequence. Such a representation is particularly effective
for cyclic movements, like gait, where the latent space should be a closed loop. For acyclic movements,
similar geometric constraints remain effective as they encode fundamental movement priors—specifically, the
temporal continuity and smoothness inherent in natural motion, where each pose evolves gradually from its
predecessor. Despite the benefits, maintaining these geometric arrangements during model optimization
presented its own challenge, leading to the development of the Gaussian process back-constraint (GP BC).

The GP BC emerged as a solution that bridges two critical findings: the importance of initial conditions and
the value of geometric latent space features. Unlike traditional back-constraints, the GP BC constrains the
latent space to carefully designed initial conditions while parameterizing geometric features, all to support
our prior assumptions about movement data. This approach proved particularly valuable in scenarios with
limited training data, where constraints act as regularizers that help prevent overfitting.

We tested a variety of model components in order to determine an optimal model architecture for single-
example learning, including first versus second-order dynamics, multi-layer hierarchies, various BCs, and
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initialization strategies. The results consistently favored a single-layer, mixture model with first-order
dynamics and GP BCs.

Our finding that latent space initial conditions played a critical role in model performance led us to explore
methods for optimizing latent space organization prior to model fitting. This investigation culminated in
our work on information bottleneck-based [105] feature selection, which provides a principled approach to
identifying and organizing the most informative latent space features. By applying information theoretic
principles to latent space optimization, this work addresses the fundamental challenge of determining
optimal initial conditions for GPDMs, complementing the GP BC'’s ability to maintain beneficial latent space
organization during model training.

During this period of development, we recorded the bimanual (BM) data set (see section 4.2) that proved
particularly valuable for testing our information bottleneck method. Unlike the CMU data set (see section
4.3), which contains many movements with distinct poses that can sometimes be classified based on a single
frame, the BM data set deliberately features movements that all diverge from a common starting point. This
specific characteristic makes classification more challenging and requires careful organization of the latent
space to achieve good performance.

We present this work in Variable Selection in GPDMs Using the Information Bottleneck Method [94]. The next
section (9) reproduces this work nearly verbatim from the original publication, with edits only to reduce
redundancy within the broader thesis and to expand the discussion of the GP BC. The core of the work
was done by me, with supervision by Prof. Dr. Martin Giese, and data collection again led by Dr. Leonardo
Gizzi.



Variable Selection in GPDMs
Using the Information Bottleneck
Method

9.1 Abstract

Accurate real-time models of human motion are important for applica-
tions in areas such as cognitive science and robotics. Neural networks are
often the favored choice, yet their generalization properties are limited,
particularly on small data sets. This paper utilizes the Gaussian process
dynamical model (GPDM) as an alternative. Despite their successes in
various motion tasks, GPDMs face challenges like high computational
complexity and the need for many hyperparameters. This work addresses
these issues by integrating the information bottleneck (IB) framework
with GPDMs. The IB approach aims to optimally balance data fit and gen-
eralization through measures of mutual information. Our technique uses
IB variable selection as a component of GPLVM back-constraints to re-
duce parameter count and to select features for latent space optimization,
resulting in improved model accuracy.
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9.2 Introduction

A high computational cost and an excess of hyperparameters limit the utility of the GPDM. To compensate,
we integrate GPDMs and the information bottleneck (IB) framework to enforce optimal dynamical latent
space development. The IB balances data fit with generalization using mutual information for cost and
regularization [105]. Our objective is to simplify optimization by tightly constraining the set of learnable
parameters and decreasing the number of necessary hyperparameters. We present here a novel technique
that integrates IB variable selection with GPLVM back-constraints to enhance the model’s ability to produce
task-suitable latent spaces.

9.3 Background

9.3.1 GPLVMs, GPDMs, and BCs

For a general overview on GPLVMs, GPDMs, and BCs, see Background & Methods sections 3.2, 3.3, and
3.6.

9.3.2 Information Bottleneck Framework

The IB framework models a probabilistic mapping between the variable X and Y through an intermediate
bottleneck variable Z. It is expressed as the minimization of I(Z, X)—B-1(Y, Z), where the mutual information
I(X, Z) measures the interdependence between random variables X and Z. Essentially, the inclusion of I(Z, Y)
encourages Z to predict Y, while the I(X, Z) enforces a minimal knowledge of X, lowering redundancy. The
hyperparameter f > 0 moderates the trade-off between the compression and fit [105].

9.4 Methods

9.4.1 Gaussian Process Back-Constraints

The GPDM can converge sub-optimally when overfitting the emission mapping relative to the state transitions.
Geometric constraints Urtasun et al. [108] and smooth latent space initial conditions can correct this imbalance.
BCs that simply maintain the latent space close to good initial conditions, like a kernel PCA, can dramatically
improve performance for this reason.

The GP BC is a method that ensures the convergence of the latent space close to its initial conditions. The
model’s latent variables are first initialized with an arbitrary dimension reduction of the training data. A
radial basis function (RBF) GP mapping from the data to the latent space is then optimized. We use the
regressional posterior of the GP to provide our constraint during learning,

X=Kyy- KX, 9.1)

where X is a matrix of latent variables, K™! is the inverse learned GP kernel matrix, Ky,y is the kernel mapping
of the training data with itself, and X is the initialized latent matrix. Optimization of the latent space is thus
performed through learning the kernel parameters in Ky y (and not in K™1).

After optimization, predictive mapping into the latent space is performed by equation equation 9.1 updated
as,
X' =Kyy - KXo, 9.2)

where Y designates a set of testing data.
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9.4.2 Latent Space Embedded Geometric Features

The following section is not presented in the original paper [94] due to space constraints, but is included here
to elaborate on the GP BC approach .

Previous work used back-constraints (BCs) to enforce specific topologies in latent spaces for various
applications. Urtasun et al. [108] proposed this approach for representing periodic data on a unit circle, while
we applied it to non-periodic motions in a hierarchical model in section 7 [104]. Although this form of BC
works well for a hierarchical model, it is not suitable for multi-class, single-layer models as it compresses the
latent space into a two-dimensional elliptical conformation, good for dynamics but not for classification. The
GP BC was designed to do both. In addition to the benefits described in the previous section 9.4.1, the GP BC
incorporates geometric features using a novel method, defining parameterized geometries in X, that are
optimized alongside the kernel parameters in Ky y. The following two parameteric equations for an ellipse
and a torus represent successful applications of this method: For an ellipse parameterized by semi-major axis
R and semi-minor axis 7, the parametric form is:

x(0) = Rcos(nB), y(0)=rsin(n0) (9.3)

where 0 is the parametric angle and 7 is a parameter that determines the frequency of turns around the
ellipse. The parametric equations for a torus are:

x(0) = (R + rcosnBO)cos ¢,
y(0) = (R +rcosnB)sin¢, (9.4)

z(0) = rsinno,

where R defines the outer radius of the torus, r the inner radius, and #n represents the number of loops
around the inner radius. We found that constraining 0 = ¢ led to a better representation of the dynamics.

We mapped our data trajectories to the variable 0 via the same method as presented in the following chapter
under section 11.4.2. I have adapted it below for easy reference:

We construct a one-dimensional progression vector 0 for each sequence, running from 0 to 27; the step size
between consecutive data points is inversely proportional to the velocity of trajectory at this point. Thus,
points with higher velocities in the original data receive smaller 0 increments, improving coverage in regions
sampled sparsely over time. By applying egs. 9.3, 9.4, or another parametric equation to these cumulative
0 values, we obtain a set of d-dimensional (where d = 2 and d = 3 for the ellipse and torus, respectively)
vectors that form the matrix Xg.

Finally, we combine X¢g with features from a suitable dimensionality reduction of the data (e.g., PCA),
denoted Xg, to initialize the latent variables: Xy = [XG, XR] € RN*Q where N is the total number of data
points and Q is the combined dimension of Xg and Xg. This enables us to represent the data’s dynamics
via a learned, smooth geometry while leveraging low-dimensional embeddings of the original dataset for
improved classification.

9.4.3 Information Bottleneck Latent Optimization

IB latent optimization (IBLO) begins by defining a latent space with more than the expected number of
task-optimal features. Here, we designate Y as the data space and X as the high-dimensional latent space. We
aim to optimize an auto-regressive mapping from y; to y;41.

Within this framework, we optimize a GP RBF mapping from X to Y. We then establish an auto-regressive
mapping in X using the same type of kernel as in our GPDM dynamics. These GPs furnish us with the
probability distributions: P(X) and P(Y|X). The former characterizes the auto-regressive dynamics of X, while
the latter provides a GP regression from X to Y.



Chapter 9 Variable Selection in GPDMs Using the Information Bottleneck Method

Our central objective is to define Z as the random variable to be optimized, serving as the bottleneck between
y: and y;4+1. We aim to identify a subset, denoted as x1, x2, X3, ...xs C X, for Z that includes only the dimensions
essential for describing Y. To assess the relevance of dimension x;, we employ the following indicator function,
inspired by the work in Pan et al. [/8]:

Si =U(Yt, Zt +j) = BI(Zts1,+j, Zt +j)] = [I(Xt, Zt,—j) — BI(Zt+1,-j, Zt )] (9.5)

Here, the subscripts —j and +j signify whether z; is not in Z or is included in Z, respectively. I(N, M)
represents the mutual information between N and M, calculated using the multivariate Gaussian entropy.
S;j is a measure of how well Z serves as a bottleneck when either retaining or eliminating dimension x;.
The greater the value of S;, the more Z will benefit from the removal of x;. S; is evaluated iteratively on
successive removals of dimension j. We set f§ by solving for S; = 0 on the evaluation of the first j in the first
iteration. This enabled the algorithm to optimally balance features that were pertinent to both compression
and dynamical prediction.

9.5 Results

We evaluated the IBLO method by its ability to accurately categorize actions under different conditions. This
classification was accomplished by comparing the posterior probabilities of a given sequence for different
GPDMs. The data set comprised infrared motion capture of five bimanual manipulation tasks encompassing
117 degrees of freedom.

Our initial trials examined the ability of our IB method to select optimal RBF kernel PCA (kPCA) features
compared to the model’s performance when utilizing features selected according to the highest eigenvalues.
In these cases, our method produced no significant improvement as it nearly always selected the highest
eigenvalue features.

As a second comparison, we ran simulations where IBLO selected 10 features from a mixture containing 10
RBF kPCA features and 30 features produced by random projection—a dimensionality reduction technique
wherein new features are produced by a linear combination of the features (in our case, Y) with weights
sampled from a Gaussian distribution. We compared this against a control containing an equal number of
features produced only by random projection. From these results, we derived two confusion matrices and
accuracy scores based on the number of sequences correctly classified. A t-test comparing these accuracy
scores gave a t-statistic of -5.83 with a p-value of 6 - 107”. Figure 9.1 displays a differential confusion matrix
constructed from the IBLO scores minus those of the control. We further tested whether the IBLO method
could select features better than expected for an arbitrary dimensionality reduction method. We tested the
highest 10 eigenvalue features from PCA and ICA against a selection by IBLO from a set of the first 30 features
of both techniques. In this case, IBLO did not use the same features as the control. Figure 9.2 shows the
comparison for both ICA and PCA. In both cases IBLO improved the accuracy, precision, recall, and F1 score
of the model.
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Figure 9.1: A heat map displaying the difference in sequence classification accuracy for three actions when comparing IBLO against the
control. We constructed this heat map by subtracting the confusion matrix of the control from the confusion matrix for IBLO. Positive
and negative values indicate areas where IBLO and the control, respectively, had greater scores. The numbers on the diagonal represent
scores for the correct outcome, indicating IBLO had improved accuracy when classifying actions 1 and 3. For this test, IBLO selected 10
features from a mixture of 10 RBF kPCA and 30 random projections while the control used 10 random projections. Comparison of the
two accuracy scores produced a significant difference with a p-value of 6 - 1077
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Figure 9.2: Performance scores for model classification of five sequences using PCA and ICA features. The control model used the first
10 features with the highest eigenvalues, while IBLO selected 10 from the first 30. In both PCA and ICA, IBLO improved performance on
metrics of accuracy, precision, recall, and F1 score. Further simulations must be run to determine a significance score, but results suggest
a continuation of the displayed trend.
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9.6 Conclusion

The results are promising, showing an ability for IBLO to select highly informative kPCA features from sets
intermixed with random projections. It also shows a trend towards improved performance when comparing
PCA and ICA features chosen according to the highest eigenvalues to those selected by IBLO. Future research
will continue to test the performance and utility of the model.
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of the GPDMM Architecture

Following our investigations into feature selection using the information bottleneck method, we conducted
further analyses of GPDM mixture model architectures using an improved set of performance metrics that
more comprehensively evaluated the model’s generative capabilities. This systematic evaluation revealed
several unexpected insights that challenged our initial assumptions about model architecture and led to
significant improvements in performance.

Our most striking finding concerned the role of geometric features in latent space organization. While
previous work had emphasized the importance of BCs for enforcing specific topologies, our experiments
demonstrated that incorporating geometric features directly into the initial conditions of the latent space was
not only sufficient but superior to enforced constraints. We present a thorough evaluation of this work in the
next section (11) and the accompanying appendix (A).

This discovery led us to fundamentally rethink how geometric information should be incorporated into
GPDMs. We found that instead of actively enforcing geometric constraints during optimization, simply
providing appropriate geometric structure during initialization was sufficient to guide the model toward
optimal latent space organizations. This approach’s superior performance appears to stem from two key
advantages. First, initializing with geometric features gives the optimization process a well-structured starting
point while preserving the model’s flexibility during learning. Second, removing explicit constraints reduces
model complexity, thereby limiting the number of potential local optima.

Through this work, we further streamlined our GPDM mixture model by removing BCs while preserving first-
order dynamics and a single-layer architecture. We named this final version the Gaussian process dynamical
mixture model (GPDMM). This refined model served as the foundation for our comprehensive evaluation,
which compared performance across different latent space initial conditions, architectural variations, and
contemporary deep learning approaches. Our paper Single-Example Learning in a Mixture of GPDMs with
Latent Geometries [95] is presented in the next section. Unlike the previous two papers that were abridged, I
have preserved most of the content verbatim from the original publication to provide a thorough overview of
the model and its variants, as this work represents the culmination of this thesis. Additionally, I include a
detailed appendix A not in the original publication, which presents an expanded evaluation of the model’s
performance across latent space initial conditions. As with the previous chapter, I conducted the core of the
work under the supervision of Prof. Dr. Martin Giese, with Dr. Leonardo Gizzi leading the BM experiment
data collection.






Single-Example Learning in a
Mixture of GPDMs with Latent
Geometries

11.1 Abstract

We present the Gaussian process dynamical mixture model (GPDMM)
and show its utility in single-example learning of human motion data.
The Gaussian process dynamical model (GPDM) is a form of the Gaussian
process latent variable model (GPLVM), but optimized with a hidden
Markov model dynamical prior. The GPDMM combines multiple GPDMs
in a probabilistic mixture-of-experts framework, utilizing embedded
geometric features to allow for diverse sequences to be encoded in a single
latent space, enabling the categorization and generation of each sequence
class. GPDMs and our mixture model are particularly advantageous in
addressing the challenges of modeling human movement in scenarios
where data is limited and model interpretability is vital, such as in
patient-specific medical applications like prosthesis control. We score
the GPDMM on classification accuracy and generative ability in single-
example learning, showcase model variations, and benchmark it against
LSTMs, VAEs, and transformers.
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11.2 Introduction

Modeling human motion remains a significant challenge across neuroscience, medicine, computer graphics,
and robotics due to data scarcity, high dimensionality, motor redundancy, and the requirement for real-time
computation [117]. While neural networks are commonly employed, their effectiveness depends on large
training sets that are often difficult or impossible to obtain, particularly in specialized applications. Gaussian
processes (GPs), namely the Gaussian process dynamical model (GPDM)), offer an effective alternative by
enabling accurate human movement synthesis from limited data [111, 112].

The GPDM is an extension of the Gaussian process latent variable model (GPLVM) with a hidden Markov
model (HMM) prior. Decomposed into two GPs, the emission GP, like in the standard GPLVM, maps the latent
space to the observed data, while the dynamical GP models the temporal evolution of the latent space as an
HMM. It is effective in low-dimensional representation, motion modeling, and sequence prediction [111, 112].
Additionally, sparse approximation techniques have made GPDMs both scalable and suitable for real-time
applications [64, 93]. Since GPDMs are non-parametric, they are more robust to model misspecification than
parametric models, and can better leverage limited data.

GPDMs also offer superior interpretability compared to black-box neural models. Its latent space provides a
visualizable low-dimensional representation, its structure is easy to explain with a straightforward Markovian
prior, and its probabilistic formulation explicitly quantifies uncertainty in both the dynamics and observations
[111, 112]. These features are critical for applications requiring transparency such as medical diagnosis or
prosthesis control.

Despite the many advantages of GPDMs, they have distinct weaknesses. They cannot explicitly classify
movements (though they may do so implicitly by predicting the dynamics of a particular class correctly).
Furthermore, our own experiments show that they struggle to robustly handle the prediction of multiple
movement types simultaneously. This limitation stems from their small temporal prediction horizon, which
causes ambiguity when movements intersect or converge in the latent space, leading to inappropriate
morphing or switching between classes. Additionally, we found that even when modeling a single movement
type, GPDMs yield unstable predictions over longer time horizons due to their step-by-step Markovian
prediction process, which accumulates errors that cause trajectories to drift from their true paths.

To address the challenge of modeling diverse movements with limited training examples, we propose the
Gaussian process dynamical mixture model (GPDMM), which applies the mixture-of-experts approach
[49] to GPDMs. The GPDMM comprises a probabilistic mixture of dynamical GPs, where each GP acts as
an expert on a particular movement class’s dynamics, all unified by a single emission GP for positional
representation. This architecture enables classification while preventing unintended switching or morphing
between movements from these different classes. Central to the model’s effectiveness is our method for
embedding geometric features in the latent space, which enables smooth dynamics and stable long-horizon
prediction. Significantly, we achieve high-quality performance using training data with only a single example
per movement class, fulfilling one of our primary objectives.

In this paper, we present the formulation of the GPDMM and demonstrate its ability to classify and generate
movements. We showcase the model’s performance under design variations and ablations, and benchmark it
against transformers, VAEs, and LSTMs.

11.3 Background

11.3.1 Gaussian Process Dynamical Models

The GPLVM [62] is a non-linear dimensionality reduction approach that maps each high-dimensional data
point onto a lower-dimensional latent space via a GP prior. Building on the GPLVM, the GPDM [111, 112]
adds a Markovian prior over the latent states, modeling temporal structure and enabling the generation of
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new sequences. Furthermore, it allows us to evaluate how likely a new sequence is to have arisen from the
trained distribution:
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where X*, X;; and X,,+ represent, respectively, the latent projection of the new data, and the latent input and
output of the autoregressive dynamics. Kx- is a kernel matrix evaluated between X;, and X". Zx is a mean
function that includes X;;,;, Xout, and X*. Here, a is used as an indicator variable to specify a single GPDM in a
mixture model. See Wang et al. [111, 112] for a full evaluation of the GPDM and eq. equation 11.1.

The computational cost of full GP inference scales cubically, O(N?®), where N is the number of training points.
To mitigate this, sparse Gaussian process approximations introduce a smaller set of M inducing points
(M < N) [93]. The fully independent training conditional (FITC) approach approximates the GP prior so
that function values become conditionally independent given these inducing points, reducing computational
cost to O(NM?) while preserving much of the GP’s flexibility [64]. Although the data sizes used in these
experiments are small enough to employ the full GPDMM with little cost, we build the FITC approximated
GPDMM to measure its level of underfitting compared to the full GPDMM and to guide future research on
GPDMMs with larger datasets.

11.3.2 Mixture of Experts

Multiple GPDMs can be integrated in a single model using a mixture-of-experts formulation [49], wherein each
dynamical GP is trained only on a subset of the data determined by its class, S, € S wherea € {1,2, ..., A},
A is the number classes, |S;| = 14, |S| = N, and N is the total number of training data points. For our
applications, 1 = np = ... = ng = %. Compared to a singular GPDM, this reduces the computational

complexity of the dynamical component from O(N?) to O(IX—; .

Given a subset of consecutive data points in a sequence (e.g. the first few seconds of a movement), the model
can assign likelihoods for each possible category. In the following, we abbreviate eq. equation 11.1 by p(X*|a).
We use Bayes theorem to evaluate the posterior probabilities,

p(a)p(X'|a)
aEAP(a)P(X*Ia)'
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where A = {1,2, ..., A}. A prediction is made by evaluating the argument of the maximum,

arg max p(a|X") (11.3)
ae A

11.4 Methods

11.4.1 Model Architecture

The basic GPDMM, like GPDMs, employs a single-layer architecture. The observation space of the model
represents the observed variables (here joint-angle time series) and is denoted by a single data structure
Y=[ys,..., yN]T € RNXD where D is the number of features and N is the number of data points over all
sequences. Each column in Y is composed of individual sequences stacked end-to-end for the length of the
full data set.

The core of the model is an emission GP that maps a low-dimensional latent space to a higher-dimensional
observable data space. Dynamics in the latent space are modeled as state transitions by G dynamical GPs,
one for each category, g, of actions. Both the emission and dynamical GPs can be sparsified for scaling to
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Figure 11.1: GPDMM Graphical Model. The data space represented by a single data structure Y comprises kinematics with N data points
consisting of equal-length sequences with D feature dimensions. The data is represented by a sparse emission GP that maps from a
lower-dimensional latent vector x; at any point in ¢ with inducing inputs Z; representing the entire latent space. The latent dynamics are
modeled as state transitions by G sparse dynamical GPs with inducing inputs Zg, each specializing in a distinct action category, g. Both
Z variables are dropped for the non-sparse, full-inference model.

large data sets. Furthermore, the model can be expanded to multiple layers of GPLVMSs, though it proved
inefficient for our limited data sets (see table 11.2).

Implementation.

The GPDMM was built on top of the GPy library [38]. In particular, we used their core GPLVMs, kernel
functions, and optimization procedures. The mixture model and the bulk of the dynamical GPs were
produced in-house with some code heavily adapted from GPy, e.g., in applying sparse approximations. The
full (non-sparse) model was about 7.5K parameters on the BM data set and 7.2K on the CMU data set.

Comparison to Switching GPDMs.

The GPDMM shares conceptual ground with Chen et al.’s switching GPDM [15]. However, it differs on
several key points: first, the GPDMM emphasizes stable, long-horizon generation rather than short-term
tracking. Second, it uses a fully probabilistic mixture-of-experts structure in a shared latent space, removing
the need for discrete switching. Third, our model leverages direct likelihood evaluation for classification and
generation, facilitating efficient inference. Crucially, the GPDMM supports single-example learning, embeds
geometric features for smoother latent representations, and enables sparse approximations to scale effectively
to larger datasets.

11.4.2 Initial Conditions and Latent Space Geometric Features

The optimization of GPLVMs is a highly non-convex problem, making solutions vulnerable to converging on
local optima. Consequently, performance can depend significantly on the choice of the initial conditions for
the optimization, particularly for the latent space [/, 67]. Latent space initialization is often done using a form
of dimensionality reduction like PCA.

Previous work has employed back-constraints (BCs) to enforce specific topologies in latent spaces. For example,
Urtasun et al. [108] used BCs to represent periodic data on a unit circle, and Taubert et al. [104] extended
this idea to non-periodic motions in a hierarchical model. In our single-layer framework for dynamics, we
compared both BC-based and unconstrained approaches, ultimately finding better performance with the
unconstrained option (see table 11.2).
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Fourier Basis as Latent Geometries.

The "unconstrained" approach embeds a geometry in the latent space via initialization with geometric features.
Outlined below is our method for constructing these features, using the example of our top-performing
geometry based on Fourier basis functions.

We defined a matrix of latent features Xg as a set of Fourier basis functions:
Xg =1(0) = [1, cos(2mB), sin(2mB), ..., cos(mmB), sin(mn@)] , (11.4)

where 1 is a vector of ones, and cos(:)/sin(:) terms are included at frequencies from 1 to m. This setup yields
a (2m + 1)-dimensional representation. The hyperparameter m and the inclusion of the constant term were
both optimized during model selection.

Mapping Data to the Latent Space.

We construct a one-dimensional progression vector 0 for each sequence, running from 0 to 27; the step
size between consecutive data points is inversely proportional to the velocity of trajectory at this point.
Thus, points with higher velocities in the original data receive smaller 0 increments, improving coverage in
regions sampled sparsely over time. By applying eq. 11.4 to these cumulative 0 values, we obtain a set of
d-dimensional basis vectors that form the matrix Xg.

Initialization of Latent Variables.

Finally, we combine X¢g with features from a suitable dimensionality reduction of the data (see table 11.1),
denoted Xg, to initialize the latent variables: X = [XG, XR] € RN*Q where N is the total number of data points
and Q is the combined dimension of Xg and Xg. This initialization preserves the geometric relationships
derived from the Fourier basis while leveraging low-dimensional embeddings of the original dataset.

Model Influence.

These geometric embeddings significantly boost performance (see table 11.1). We reason that this is explained
by enforcing smoothness, capturing key periodicities, and allocating finer resolution to high-velocity segments,
enabling coherent, comparable representations for diverse motion tempos within a shared latent space.

11.4.3 Benchmarking Model Architectures

The authors are unaware of a standard benchmark for the task of solving classification and long-horizon
sequence prediction on small data sets of human movement. Given these limitations, we benchmarked
the GPDMM against three popular sequence-generation and classification models: a VAE, Transformer,
and LSTM network. Hyperparameter optimization, including variations of the model architectures, was
performed consistently for all models (see section 11.5.2).

Variational Autoencoder (VAE).

Implemented in PyTorch [58, 79], the VAE features an encoder-decoder design with a reparameterizer (for
mean and log variance) plus a classifier branch. It optimizes a combined loss of mean-squared error (recon-
struction), KL divergence (latent space regularization), and cross-entropy (classification). This architecture
was optimized over the number of hidden and latent dimensions. The number of parameters of the optimized
VAE was roughly 12.3M and 7.6M, respectively, for the BM and CMU data sets.
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Transformer.

Built via Hugging Face’s BERT architecture [29, 116], the Transformer applies separate linear heads for
classification (using the [CLS] token) and sequence generation. It uses cross-entropy for classification and
mean-squared error for generation, optimized with Adam. This architecture was optimized over the number
of hidden dimensions, layers, attention heads, and dropout rate. The number of parameters of the optimized
Transformer was 19M and 15M, respectively, for the BM and CMU data sets.

Long Short-Term Memory (LSTM).

An LSTM layer (via PyTorch [45, 79]) feeds two linear heads: one for classification (final hidden state) and one
for generation (all hidden states). Again, training combines cross-entropy and mean-squared error losses. This
architecture was optimized over the number of layers and hidden dimensions. The number of parameters of
the optimized LSTM was about 220K and 330K, respectively, for the BM and CMU data sets.

11.4.4 Resources

Code is available online at

All computations were performed on a single workstation with a AMD Ryzen 7 3700X 8-Core Processor and
an NVIDIA GeForce RTX 2070 SUPER graphics card.

Claude 3.7 Sonnet [3] and ChatGPT ol [76] were used in revising the text and for assistance in coding. The
authors take full responsibility for the content of the manuscript.

11.5 Results

11.5.1 Data

We used two motion-capture data sets: (1) the Carnegie Mellon University (CMU) data set [21], comprising 6
trials each of 8 full-body movements (e.g., kicking, lunging, swimming), and (2) our bimanual (BM) data set,
recorded in-house, featuring upper-body activities of daily living (e.g., lifting a box, rotating a tablet, opening
a jar), performed while seated, and aligned to a universal starting position. Each sequence was converted to
joint-angle representation at equal-length intervals. The CMU data contained 77 joint features (neck, spine,
pelvis, arms, legs); the BM data contained 117 (upper body plus finger articulation).

11.5.2 Hyperparameter Optimization and Significance Testing

Bayesian hyperparameter optimization was performed individually per data set via the Python package
Scikit-Optimize on all models used in our experiments. Within each iteration of the Bayesian search, we
performed a limited Monte Carlo cross-validation (MCCV). At each iteration of the MCCV, we trained on a
single example per class and validated and tested on the remaining sequences. For the BM set, this yielded 4
validation and 5 test examples per class; for the CMU set, 2 validation and 3 test examples per class. The
validation sets were used to find the optimal number of training epochs before overfitting occurred. We
averaged these optimal validation scores over MCCYV iterations as input to our Bayesian model evaluation.
Final model evaluation and significance testing was performed on the test sets.

Classification used only the first T elements of each test sequence, and generation was performed on the
remaining elements. T was set to 40% and 15% of the sequence length for the BM and CMU data sets,
respectively.
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11.5.3 Scoring Procedure

To evaluate the GPDMM against other approaches, we computed metrics for both classification accuracy and
sequence generation quality.

For scoring classification accuracy, we used the standard F1 score, calculating precision and recall across all
classes.

To measure distances from the ground truth, we computed the Fréchet distance, which measures the distance
between trajectories by minimizing the maximum point-wise distance between re-parameterizations of the
curves, providing a natural control for time warping [32]. To account for differing classification accuracy, we
only measured sequences that were correctly classified by that model.

We averaged and normalized our distance measures according to the following equation:

Dayg = ﬁ >, ! > Dn(g(sta) stp) (11.5)

ceC | SC,Z)| {St,a /St,h}esc,v
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Dn(sg,st) = (11.6)
where C is the set of all classes, S, is the set of all testing set sequences in class c, S, is the subset of those
sequences correctly classified, dr(s1, s2) is the Fréchet distance between s; and sy, Dy (+) is the normalized
Fréchet distance, s; 4 is the ground truth sub-sequence used in classification, s; ; is the remaining ground
truth sub-sequence, and s, is the sequence generated by g(st ;) = s of size s; ;. This normalization controls
for biases between sequence classes.

In addition to distance, we evaluated damping and smoothness metrics. Damping captures the reduction in
motion amplitude and follow-through compared to natural movements. Smoothness quantifies the fluidity
of a movement trajectory, with poor scores indicating jittery movements. These metrics address quality
dimensions that F1 and distance metrics can miss. See table 11.2 row 7 (Fourier; None) for an example of a
model that scored well on all metrics except for damping, and table 11.3 row 3 (VAE) for a similar example
that scores poorly on LDJ.

For the damping metric, we analyze mean displacement over sliding windows calculated as,

1 N-w
=N o 2 P il (11.7)

where N is the number of points in the sequence, w is the window size, and p; is the position of the i-th point.
The damping metric is computed as a ratio between ground truth and generated sequences. Damping scores
greater than 1 indicate that generated movements exhibit diminished amplitude or incomplete execution
compared to the ground truth.

To quantify smoothness, we employed the log dimensionless jerk (LDJ) metric [4], which controls for duration
and amplitude. The LD]J is defined as:

_ [t /tz Px)?
NLpj = 1r1(—v2 VT dt (11.8)

peak

where f; — t; represents the movement duration, vpeak is the peak velocity, and the integral represents the
squared jerk over the movement interval. Higher (less negative) LDJ values indicate smoother movements.
Similar to the damping metric, we calculate the LDJ ratio between generated and ground truth sequences,
where values greater than 1indicate degraded smoothness in the generated movements.
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11.5.4 Experiments

Tables 11.1, 11.2, and 11.3 summarize model performances with F1 indicating the F1 score, and Distance,
Damping, and LDJ represented by eqs. equation 11.5, equation 11.7, and equation 11.8, respectively. An
asterisk (*) denotes a statistically significant difference from the top performing model for that metric
(p < 0.05). Values in bold indicate the best score per column. Values not significantly different from the
top performing model are considered competitive. For both the damping and LDJ metrics, we consider
scores closer to 1 to be better since this indicates a value closer to the ground truth. However, in-context we
found LDJ scores below 1 to often be acceptable since this indicates trajectories with "less noise" than the
ground truth—a possible indicator for over-smoothing that is (in)validated by the damping metric. ~Table 11.1

Table 11.1: GPDMM comparison for top-performing variations of geometries (geo) and dimensionally reduced features (DR) as initial
conditions in the latent space. Dims refers to the number of latent dimensions occupied by the geometry where "NA" is not applicable
and "all" is the total number of dimensions in the latent space. See chapter A, tables A.1 and A.2 for results on additional geos, DRs, and
combinations not presented here.

Dims F1 Distance Dampin§/[ LDJ

Geo DR BM CMU| BM CMU | BM CMU BM CMU BM CMU
None Isomap | NA NA | 0781 0.996 | 0.233* 0.135" | 3.551 1.398 1026 0.902*
None kPCA NA NA | 0.959 1.0 0.232* 0.181" | 6.44" 43.719 | 0.784* 0.754"
None PCA NA NA 0.941 1.0 0.175* 0148 | 1.925*  3.551" | 0.882" 0.785"
None Random | NA NA | 0.829° 0.769" | 0.359* 0.338" | 94.513* 37.257° | 0.998  0.992
None UMAP NA NA | 0909 099 | 0172* 0.138° | 3.523* 1.716* | 0.881" 0.772"
Chebyshev | None All Al 0.943 1.0 0145 0.126" | 1.625°  1782" | 0.813* 0.816"
Fourier None All Al 0.938 1.0 0.131 0.11 1624 1297 | 0.807* 0.777

Laguerre None All All 0.911 1.0 0152  0.136" | 1.639* 1.915* 0.73*  0.784"

Ellipse kPCA 2 2 0.955 1.0 0.151*  0.116 1.526" 1.084* | 0.775° 0.718*
Fourier kPCA 1 3 0.941 1.0 0.152* 0.115 1.104 1.048° | 0.943* 0.788"
Fourier PCA 13 4 0.928" 1.0 0174° 0.107 | 1.214" 1.046 1005 0.768"
Laguerre Isomap 3 2 0.806" 1.0 0.236" 0.135" 2.24 1.179* 1.013  0.884"
Torus PCA 3 3 0.946 1.0 0.167*  0.107 | 1.582* 1.062° | 0.859° 0.764"
Torus UMAP 3 3 092 0965 | 0145 0.124" | 1.495" 1.002 | 0.868*  0.8"

Table 11.2: GPDMM parameter comparison for top-performing variations of the numbers of layers, order of the dynamics, and
back-constraints (BCs).

F1 Distance Damping LDJ

Layers | Order | BC BM CMU| BM CMU | BM CMU | BM CMU
1 1 None 0.941 1.0 0.152 0.106 | 1.104 1.041 | 0.943 0.769
1 2 None 0.918 1.0 0169 0108 | 1108 1.055 | 0.936 0.788
2 1 None 0.945 1.0 017 0107 | 1.331" 1.026 | 0914 0.857
1 1 Kernel 0.924 1.0 0167 0108 | 1169 1.073 | 0928 0.78

1 1 GP 0.935 1.0 0171 0108 | 1.369 1.066 | 0.949 0.784
1 1 Linear 0.963 1.0 0171 0145 | 188" 2.213* | 0.77* 0.782
1 1 MLP 0.934 1.0 0.212* 0176° | 1752 11.658 | 0.881 0.766
1 1 C-Kernel | 0.348" 0.261" | 0.448" 0.331" | 1.883* 3.776 | 0.992 0.884

illustrates how adding geometric and dimensionally reduced (DR) features to the latent space initialization
impacts GPDMM performance. The table shows only top-performing configurations from a much larger
set of parameters tested, including additional geometries and DR methods (see chapter A, tables A.1 and
A.2 for expanded results). All geometries were constructed as described in section 11.4.2. The ellipse and
torus were created using their parametric equations. The Chebyshev and Laguerre geometries were defined
analogously to the example Fourier geometry in eq. equation 11.4. The column labeled "dims" indicates how
many latent dimensions a given geometry occupied. Function-based geometries (e.g., Fourier), which lack
a fixed dimensionality, were optimized as hyperparameters. From these experiments, we concluded that
combining a Fourier geometry with a form of PCA produced the best set of results, particularly due to the
consistently strong damping scores on both data sets compared to other approaches.

Table 11.1 also emphasizes the importance of the damping metric. Many variations of the GPDMM and our
benchmarks generated movements that scored well on distance and LDJ, but when evaluated by eye, were
severely under-expressing their range of motion or halting in place. Damping scores above around 1.3 were
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Table 11.3: Comparison between the GDMM and benchmark models.

F1 Distance Damping LDJ
Model BM CMU | BM CMU BM CMU BM CMU
GPDMM 0.93 1.0 0.155  0.108 1.101 1.032 0945 0.77°
Sparse GPDMM | 0.936 1.0 0.191" 0.113° | 1.882° 1.145 0.807* 0.726"
VAE 0.874" 1.0 0.189* 0.131" | 1.328° 1.037 1.262° 1.228°
Transformer 0.903* 0.944" | 0.356" 0.254° | 3.318" 4.642° | 0.854" 0.761"
LSTM 0.534" 0.871" | 0.292* 0.206" | 345.211 548.459" | 0.818" 0.886

Figure 11.2: GPDMM and LSTM Latent Space Visualizations. The figure displays latent spaces for select feature dimensions of top-
performing GPDMMs and LSTMs. The top plots (1) display models trained on the CMU data set, while the bottom plots (2) show the
BM data set. The left-hand and middle plots (A and B) depict GPDMM latent spaces. "A" plots illustrate the fourier basis geometries. "B"
plots present latent features that were initialized by dimensionally reduced representations of the data, "B1" with standard PCA and "B2"
with RBF kernel PCA. The right-hand plots (C) show the first three dimensions of the LSTM’s hidden state dynamics.

found to be indicative of poor performance. Furthermore, in row 4 (None; Random), the GPDMM scores well
on LDJ, but very poorly on damping, indicating an artificially good LDJ score (further examination revealed
the generated motion to be both under-expressed and noisy).

Table 11.2 reports the GPDMM'’s performance under variations in the layer count, order of the dynamical
model, and type of back-constraint (BCs). The first row presents the GPDMM'’s performances with the Fourier-
PCA latent spaces from table 11.1. The subsequent rows detail our most successful models optimized over
hyperparameters (e.g. latent dimensions, geometries, and DRs) for specified numbers of layers, orders, and
BCs. The terms "GP," "MLP," and "C-Kernel" respectively refer to Gaussian process, multi-layer perceptron, and
circular kernel BCs. Based on these findings, we concluded that a simplified single-layer, first-order-dynamics
model without BCs performed best.

Table 11.3 compares the GPDMM and its sparse variant (M = N /2) against our three benchmark models: the
VAE, LSTM, and transformer. On the BM data set, the GPDMM maintained strong performance across all
metrics, significantly outperforming the other approaches in distance, LDJ, and damping, and performing
within significance of the highest F1 score produced by the sparse model. Performances on the CMU data set
closely matched the BM data set. Again, the GPDMM performed well on all metrics, scoring significantly
above the other models on distance. It tied with the sparse model, the transformer, and the VAE for the best
F1 score, and scored within significance of the VAE on damping. While the LSTM achieved the top LDJ value,
its extremely high damping makes this score unreliable.

Figure 2 presents feature dimensions of the GPDMM’s latent space and the LSTM’s hidden state dynamics
when separately trained on the CMU (the top figures marked with 1) and BM (bottom, marked 2) data
sets. Plots A show the GPDMM’s geometric representations for capturing dynamics. Al shows the first
three Fourier basis functions (eq. 11.4), and A2 shows functions 4-6. Different function sets were selected for
each plot as the models produce visually similar latent representations for identical functions. Data points
are aligned with the geometry and distributed sequentially across its breadth to promote accurate state



Chapter 11 Single-Example Learning in a Mixture of GPDMs with Latent Geometries

transitions (see section 11.4.2). Plots B show features optimized for class discrimination and exhibit more
variation across the space. Plots C display the first three dimensions of the LSTM’s hidden state dynamics,
combining information on dynamics and class discrimination together. B2, C2, and C1 display a divergence
from a common centerpoint. This divergent pattern accurately represents the movement structure in the BM
dataset but not in the CMU dataset. The GPDMM approach correctly captures this distinction (B1), while the
LSTM misrepresents it (C1).

11.6 Discussion

We introduced the GPDMM, a mixture-of-experts framework that leverages geometry-embedded latent spaces
to classify and generate diverse motion classes from minimal data. Across two human-motion datasets, our
model consistently outperformed or matched popular neural baselines, while preserving the interpretability
inherent to GPDMs. These results highlight the ability of the GPDMM to produce robust, data-efficient
motion analysis and generation in scenarios such as prosthetic control, where patient-specific data sets are
limited in size, and reliability and transparency are critical.
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Conclusion & Future Directions






Conclusion|

The work presented in this thesis represents a systematic progression toward solving fundamental challenges
in human motion modeling, culminating in the development of the GPDMM. Beginning with the application
of hierarchical Gaussian process models to prosthetic control, continuing through the development of
Gaussian process back-constraints and a novel feature selection technique using the information bottleneck
method, and concluding with the comprehensive evaluation of the GPDMM framework. This research
demonstrates how interpretable probabilistic approaches, like GPs, can effectively address the complexities
of human movement representation when learning from small data sets.

Our initial investigations with hierarchical GPDMs in prosthetic applications revealed both the potential and
limitations of task-specific approaches. While successful in modeling individual movement types, these early
implementations highlighted the need for frameworks capable of handling multiple movement classes while
maintaining reliable forward prediction. This insight drove the development of mixture model approaches
and the exploration of methods for optimizing latent space organization.

The integration of information bottleneck methods for feature selection further refined our understanding of
efficient movement representation, providing principled approaches for identifying and organizing the most
informative aspects of movement data. This work established theoretical foundations for optimizing latent
space organization, complementing our empirical findings regarding geometric initialization.

The subsequent investigation of back-constraints and geometric latent space features proved pivotal in
understanding how to effectively organize movement representations. Contrary to initial expectations, we
found that careful initialization of latent spaces with appropriate geometric features outperformed explicit
topological constraints. This discovery led to significant simplifications in model architecture while improving
performance, demonstrating how practical insights can lead to more elegant and effective solutions.

These developments culminated in the GPDMM, which synthesizes these insights into a unified framework
capable of addressing multiple movement modeling challenges simultaneously. The model’s success in single-
example learning scenarios validates the fundamental premise that probabilistic methods with appropriate
structural priors can effectively compensate for limited training data.

The progression of this research also highlights the value of maintaining interpretability in motion modeling
systems. From our initial work with prosthetic control through to the final GPDMM implementation, the
ability to understand and visualize model behavior has remained central to our approach. This emphasis on
interpretability, combined with real-time computational capability, ensures that these theoretical advances
can translate effectively to practical applications.

Taken together, this body of work demonstrates that principled probabilistic approaches to motion modeling,
when combined with careful consideration of prior assumptions about the data space and model architecture,
can achieve state-of-the-art performance while maintaining interpretability and computational efficiency.
These results suggest promising directions for future research in both theoretical development and practical
applications of motion modeling systems.






Future Directions

The successful development of the GPDMM framework opens several promising avenues for both theoretical
advancement and practical applications. These directions span from immediate technical improvements
to broader applications in clinical settings, with prosthetic control representing a particularly promising
domain for future development.

13.0.1 Prosthetic Control Applications

Building on our initial work combining EMG signals with motion capture data for hand movement prediction
(see Taubert et al. [104] or section 7), prosthetic applications present a natural extension for the GPDMM
framework. The framework’s ability to classify and generate movements from partial observations could
enable more intuitive control systems, while its capacity to learn from limited examples makes it especially
valuable for developing personalized control strategies. Our bimanual movement data set provides an ideal
foundation for investigating coordinated movement prediction, particularly in applications where one arm’s
movements might inform control strategies for the other. This research direction could benefit patients who
retain function in one arm but have impaired control of the other.

Preliminary results in prosthetic control simulations have revealed interesting trade-offs between GPDMs and
GPDMMs. While GPDMMs excel at movement classification in their standard form, GPDMs enhanced with a
feedback routine have shown promising results, able to implicitly classify movements through the generative
process while maintaining smooth switching between movement types. This suggests that single GPDMs
may have advantages over GPDMM s in this context. It may also imply the benefits of a hierarchical model,
that utilizes one overarching dynamical GP for task selection and switching, and specialized dynamical GPs
for fine-tuned control.

13.0.2 Model Architecture and Learning

The comparison between GPDMMs and GPDMs with style variables (the goal coordination method used in
Taubert et al. [104], section 7) presents an important research direction. Style variables traditionally serve to
separate movement classes through the GP emission kernel, with applications ranging from distinguishing
movement styles (such as the enthusiasm or stiffness of a handshake [103]) to enabling smooth transitions
between these styles [102]. Our work has demonstrated that this framework can be extended beyond style
separation to more general applications, such as goal prediction in reach-to-grasp movements. Future research
should investigate the trade-offs between these approaches, particularly their effectiveness in coordinating
across different movement classes. The integration of style variables into the GPDMM framework could
provide more nuanced control over latent space configuration and enable smoother transitions between
movements by gradually blending them during the switching period.

The development of more sophisticated sparse approximation methods represents an avenue for enhancing
the GPDMM'’s scalability. Our current implementation successfully employs FITC approximations, but future
work should explore alternative approaches. One promising direction is variational sparse GPs [26, 106],
which approximate the posterior distribution over the inducing points. Another approach is structured
kernel interpolation, which leverages a regular grid of inducing points to enable efficient matrix-vector
multiplication. For stationary kernels, this can be particularly efficient through the use of the Fast Fourier
Transform [115]. These methods could help identify the optimal trade-offs between data size, accuracy, and
computational efficiency for GPDMMs, while systematic comparisons with neural networks could reveal the
data regimes where each approach is most effective.
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13.0.3 Adaptation and Transfer Learning

Transfer learning approaches could enable trained models to adapt to new movement types or to individual
variations between users. One key area for investigation is domain adaptation techniques that can learn
invariant features across domains, adapting the model’s parameters to new contexts while preserving its core
movement representations. These techniques can bridge the gap between different users’ movement patterns,
sensor configurations, or environmental conditions. Another important direction is online learning methods
for continuous adaptation, which would enable the model to incrementally learn new movements and adapt
to specific users without requiring complete retraining. These capabilities would be particularly valuable in
prosthetic applications, where the model’s ability to adapt to new users or conditions could enable better
personalization and expand the range of possible applications.

13.0.4 Multi-Modal Integration and Real-World Applications

The incorporation of diverse sensor modalities represents another direction for development. While our
initial work successfully integrated EMG signals with motion capture data, future work should explore
optimal fusion strategies for different sensor combinations, real-time processing requirements and latency
considerations, and robustness to sensor noise and missing data. High-resolution infrared motion capture
systems provide detailed movement data with many degrees of freedom, ideal for establishing comprehensive
movement models. However, accelerometers and other wearable sensors offer more practical solutions for
real-world applications. Future work should develop methods to leverage high-resolution motion capture
data for model development while enabling effective control using more practical sensor configurations.

13.0.5 Extended Temporal Modeling

The ability to plan and execute sequences of movements in real-time presents significant challenges for
movement prediction systems. Future research should address how to better model both immediate movement
dynamics and longer-term planning, enabling the GPDMM to generate contextually appropriate sequences
of movements. This could involve developing hierarchical models that operate at multiple timescales, from
fine-grained movement execution to higher-level task planning. Such models could integrate with cognitive
theories of movement planning and adapt in real-time to changing goals and environmental conditions.

13.0.6 Final Remarks

The directions outlined here represent both immediate technical challenges and longer-term research
opportunities. From improving model scalability and adaptation to developing more sophisticated movement
planning systems, these advances could significantly enhance the practical utility of movement prediction
systems in rehabilitation and assistive technologies. The GPDMM, as a flexible and scalable probabilistic
framework, provides a solid foundation for addressing these challenges and for expanding into a broader
range of applications than those explored in this thesis.
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Single-Example Learning in a Mixture of GPDMs
with Latent Geometrie

Tables A.1 and A.2 provide expanded results for table 11.1 in section 11.4.2, respectively on the BM and CMU
data sets. As in table 11.1, the best performing model per metric is highlighted in bold. The column headers
"Geo", "Dims", and "DR" represent the geometry type, dimensionality of the geometry, and dimensionality
reduction method, respectively. In the Dims column, "NA" (not applicable) indicates latent spaces without
geometric features, while "all" indicates that geometric features occupied the total number of dimensions in
the latent space.

Rows are arranged in descending order of a cumulative score (Cumul.) that is computed as the product
of the distance (Dist.), the damping (Damp.), and the inverse F1 metrics. The log dimensionless jerk (LD])
was excluded from this calculation because it fell into a broad range for fitness, with good scores typically
between 0.7 — 1.0. The cumulative score was used to select the best performing model among alternative
parameterizations—such as the dimensionality of the geometry (Dims)—for latent initializations of specific
geometries (Geo) and dimensionality reduction (DR) methods. This score serves as a quick reference for
comparing relative performances.

The Geo column uses the following terms and abbreviations. Fourier, Chebyshev, Legendre, Laguerre, Walsh,
Zernike, and spherical harmonics (SHs) refer to basis functions used to construct their respective geometries
(see section 11.4.2). Random sine waves (RSWs) represents an alternative to the Fourier geometry, using
sine functions with random frequencies, amplitudes, and phases instead of set values. Ellipse, torus, toroid,
sphere, klein bottle (KB), and md&bius strip (MS) refer to geometries constructed from their corresponding
parametric equations. Linear refers to geometries made up of equal interval lines. The concentric circles (CCs)
geometry represents a unique latent space structure of multiple circles arranged concentrically, where each
circle represents a different movement class.

The DR column uses the following terms and abbreviations. kPCA refers to radial basis function kernel
principal component analysis. UMAP (uniform manifold approximation and projection) appears in two
forms: C and E, where C indicates construction using cosine distance and E indicates euclidean distance.

Here we distinguish between a toroid and torus. Both are constructed from the parametric equations of a
torus:

x(0) = (R +rcosnB)cos ¢,
y(0) = (R +rcosnB)sin ¢, (A1)
z(0) = rsinn@,

where R defines the outer radius of the torus, r the inner radius, and n represents the number of loops
around the inner radius. Both geometries set 6 to the vector defined in section 11.4.2. The key difference is
that the torus geometry sets ¢ to an equal interval range from 0 to 21tg (where g is a hyperparameter), while
the toroid sets ¢ = 0. Due to the toroid’s superior performance, we included it in the main text under the
label "torus".

Three geometries that stand out in tables A.1 and A.2 but were excluded from the main text are the KB, CCs,
and RSWs.

The KB geometry was excluded because it belongs to the same category as the ellipse and torus—geometries
defined by parametric equations. Both ellipse and torus performed comparably to the KB while being more
intuitive to understand.

The CCs geometry was likewise excluded despite outperforming both the ellipse and torus because it was
less intuitive than other geometries and still underperformed compared to the Fourier geometry. Future work
may benefit from exploring which aspects of the CCs geometry enabled its strong performance and whether
these can be applied to other geometries. For instance, CCs uniquely utilized among the other geometries a
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discrete term that separated the circles into different regions of the same dimensional space. I would suggest
applying a similar tactic to other geometries to see if this improves performance more generally.

RSWs were excluded from the main text due to their similarity to the Fourier geometry, which achieved
better overall performance when optimized for the number of Dims and the DR method. Notably, on both
data sets, the best performing RSW models used "pure" geometric configurations (without DR features),
outperforming comparable "pure” Fourier geometries. This suggests that randomizing sine wave parameters
provides greater flexibility in the latent space to simultaneously model dynamics and classification, whereas
the optimal Fourier approach benefited from combining geometric and DR features to separately model
dynamics and classification, respectively.

All other geometries represented exclusively in these tables were excluded from the main text due to space
constraints and inferior performances.



Table A.1: A comparison on the BM dataset of top-performing variations of the GPDMM initialized with different latent geometries and
dimensionality reduction methods. See text for details including an explanation of terms.

Geo Dims DR F1 Dist. Damp. LDJ Cumul.
Fourier 1 kPCA 0.941 0.152" 1.104 0.943" 0.178
RSWs All None 0.928 0.142 1.195 0.844" 0.183
Fourier 8 UMAP-C 0.905* 0.142 1.211 0.891 0.19
Fourier 9 UMAP-E 0.89 0.14 1.231 0.906 0.194
CCs 2 kPCA 0.931" 0.147" 1.267" 0.845 0.2
CCs 2 UMAP-E 0.929* 0.148 1.358" 0.89 0.216
CCs 2 UMAP-C 0.9° 0.151 1.336" 0.883" 0.224
Fourier All None 0.938" 0.131 1.624" 0.807" 0.227
Fourier 13 PCA 0.928 0.174* 1.214 1.005 0.228
Toroid 3 UMAP-E 0.92" 0.145° 1.495 0.868" 0.236
KB 3 kPCA 0.963 0.153 1.504" 0.787* 0.239
Ellipse 2 kPCA 0.955 0.151 1.526" 0.775" 0.241
Toroid 3 UMAP-C 0.92" 0.145 1.558" 0.85° 0.246
Toroid 3 kPCA 0.932 0.152" 1.513" 0.789" 0.247
Chebyshev Al None 0.943" 0.145 1.625 0.813" 0.25
KB 3 UMAP-C 0.92* 0.141 1.677* 0.84° 0.257
Sphere 3 UMAP-C 0.905* 0.164 1.489" 1.023 0.27
CCs 2 PCA 0.941° 0.166" 1.531" 0.862" 0.27
KB 3 UMAP-E 0.901" 0.143 1721 0.862" 0.273
Laguerre All None 0.911 0.152 1.639* 0.73 0.273
Toroid 3 PCA 0.946 0.167" 1.582" 0.859" 0.279
Sphere 3 UMAP-E 0.902" 0.165 1.557* 1.026 0.285
KB 3 PCA 0.937" 0.167" 1.608" 0.858" 0.287
Laguerre 3 UMAP-C 0.903 0.147 1.784 0.873" 0.29
RSWs 3 PCA 0.955 0.169" 1.65 0.861" 0.292
Laguerre 4 UMAP-E 0.915° 0.146 1.864 0.869" 0.297
Torus 3 UMAP-C 0.874" 0.156 1.673" 116 0.299
MS 2 UMAP-E 0.913 0.152 1.819" 0.858" 0.303
Sphere 3 PCA 0.98 0.182" 1.633" 0.947" 0.303
Ellipse 2 PCA 0.937~ 0.172" 1.657" 0.87" 0.304
Torus 3 UMAP-E 0.907" 0.166 1.668" 1.139" 0.305
MS 2 PCA 0.959 0.169" 1.736" 0.866" 0.306
Ellipse 2 UMAP-E 0.92" 0.145 1.978" 0.86" 0.312
Ellipse 2 UMAP-C 0.91" 0.15 1.902 0.843" 0.314
Laguerre 5 kPCA 0.939" 0.161 1.834 0.73 0.314
Chebyshev 5 kPCA 0.93" 0.165 1.791° 0.728" 0.318
RSWs 5 UMAP-C 0.92" 0.163 1.916 0.898" 0.339
Torus 3 PCA 0.898" 0.176" 1.783" 1.047" 0.349
Laguerre 3 PCA 0.938" 0.175" 1.916" 0.863" 0.357
None NA PCA 0.941 0.175 1.925* 0.882" 0.358
Legendre  All None 0.876 0.176 1.833" 0.75" 0.368
Chebyshev 2 PCA 0.942" 0.179 1.936 0.877* 0.368
Legendre 2 PCA 0.942 0.179" 1.936 0.877" 0.368
Zernike All None 0.94 0.243" 1.474 1.125° 0.381
Linear 3 PCA 0.937* 0.182" 2.013 0.877* 0.391
Legendre 5 kPCA 0.919 0.181" 2.022" 0.729 0.398
Torus 3 kPCA 0.82" 0.169" 1.939* 1.109" 0.4

Continued on next page
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Table A.1- continued from previous page

Geo Dims DR F1 Dist. Damp. LDJ Cumul.
CCs 2 Isomap 0.762" 0.24° 1.319" 1.009 0.415
MS 2 kPCA 0.971 0.228" 1.798" 0.794" 0.422
RSWs 3 UMAP-E 0.911° 0.156" 2.538" 0.906" 0.435
MS 2 UMAP-C 0.915° 0.156 2.597 0.833" 0.443
Fourier 4 Isomap 0.778" 0.193" 1.864 1.019 0.462
Chebyshev 5 UMAP-C 0.93" 0.161° 2.728" 0.863" 0.472
Sphere 3 Isomap 0.806" 0.218° 1.761* 1.055* 0.476
Chebyshev 5 UMAP-E 0.92" 0.157 2.883" 0.841 0.492
SHs All None 0.946" 0.292° 1.678" 1.119* 0.518
Ellipse 2 Isomap 0.824" 0.216" 1.991 1.05 0.522
RSWs 5 Isomap 0.816 0.206 2.131 1.02 0.538
Linear 3 kPCA 0.955 0.209" 2.482" 0.744" 0.543
Legendre 4 UMAP-E 0.907 0.163 3.197* 0.878" 0.575
Linear 3 UMAP-C 0.915° 0.163 3.407" 0.855" 0.607
Legendre 5 UMAP-C 0.916* 0.165* 3.511° 0.864" 0.632
None NA UMAP-C 0.909" 0.17 3.401" 0.864" 0.636
Laguerre 3 Isomap 0.806" 0.236 2.24 1.013 0.656
None NA UMAP-E 0.909" 0.172" 3.523" 0.881 0.667
Linear 3 UMAP-E 0.894" 0.176 3.574° 0.847* 0.704
Linear 3 Isomap 0.804" 0.228" 2.643" 1.034 0.75
KB 3 Isomap 0.812" 0.219" 2.973 1.047 0.802
Sphere 3 kPCA 0.951 0.258" 3.104* 1.106" 0.842
Toroid 3 Isomap 0.806" 0.222% 3.063 1.037 0.844
Torus 3 Isomap 0.807* 0.242* 2.936 1175 0.88
RSWs 5 kPCA 0.984 0.266" 3.51° 0.861" 0.949
MS 2 Isomap 0.798* 0.234 3.241" 1.039 0.95
Legendre 3 Isomap 0.817* 0.238" 3.591 1.019 1.046
None NA Isomap 0.781 0.233" 3.551 1.026 1.059
Chebyshev 2 Isomap 0.807~ 0.249" 3.866 1.043 1193
Walsh All None 0.889" 0.256" 4.871" 0.963" 1.403
None NA kPCA 0.959 0.232" 6.44 0.784 1.558
Linear All None 0.862" 0.295 34.242 0.766 11.719
Random All None 0.829" 0.359" 94.513" 0.998 40.929




Table A.2: A comparison on the CMU dataset of top-performing variations of the GPDMM initialized with different latent geometries
and dimensionality reduction methods. See text for details including an explanation of terms.

Geo Dims DR F1 Dist. Damp. LDJ Cumul.
Fourier 5 PCA 1.0 0.107 1.04 0.79 0.111
Toroid 3 PCA 1.0 0.107 1.062° 0.764 0.114
CCs 2 PCA 1.0 0.108 1.057* 0.787" 0.114
Fourier 4 kPCA 1.0 0.117 0.99 0.82* 0.116
CCs 2 UMAP-C 1.0 0.117 0.992 0.813" 0.116
CCs 2 kPCA 1.0 0.114 1.022 0.775" 0.117
Toroid 3 UMAP-C 1.0 0.114 1.027 0.8 0.117
Toroid 3 kPCA 1.0 0.115 1.025 0.774 0.118
CCs 2 Isomap 1.0 0.115 1.061 0.86 0.122
CCs 2 UMAP-E 0.983 0.123 0.973 0.812" 0.122
Fourier 7 UMAP-C 0.991 0.122 1.007 0.846" 0.124
KB 3 kPCA 1.0 0.12 1.04* 0.752" 0.125
Ellipse 2 kPCA 1.0 0.116 1.084 0.718" 0.126
Ellipse 2 UMAP-C 1.0 0.117 1.084" 0.791* 0.127
KB 3 UMAP-C 1.0 0.117 1.091" 0.797* 0.128
KB 3 PCA 1.0 0.117 1.093 0.764" 0.128
Ellipse 2 PCA 1.0 0.118 1.095 0.764" 0.129
Toroid 3 UMAP-E 0.965 0.124 1.002 0.8* 0.129
Fourier 5 Isomap 0.996 0.122 11 0.844" 0.136
Fourier 2 UMAP-E 0.987 0.123 1.09 0.782" 0.136
KB 3 UMAP-E 0.991 0.125 1.076° 0.783" 0.136
RSWs All None 1.0 0.124 1.106 0.81° 0.137
Toroid 3 Isomap 1.0 0.125 1.13* 0.882° 0.141
Ellipse 2 UMAP-E 0.987 0.125 1.122° 0.795* 0.142
Fourier All None 1.0 0.11 1.297* 0.77% 0.143
RSWs 5 Isomap 1.0 0.125 1.149° 0.844" 0.144
KB 3 Isomap 1.0 0.132 1.129* 0.876" 0.149
Ellipse 2 Isomap 0.996 0.134 1.148" 0.881* 0.154
Sphere 3 Isomap 1.0 0.128 1.23" 0.879" 0.157
MS 2 Isomap 1.0 0.134 1.181" 0.864 0.158
Sphere 3 UMAP-C 1.0 0.129 1.233" 0.894" 0.159
Laguerre 2 Isomap 1.0 0.135 1179 0.884" 0.159
Linear 3 UMAP-C 1.0 0.13 1.236" 0.779" 0.161
Linear 3 Isomap 1.0 0.135 1.199* 0.891* 0.162
Chebyshev 3 UMAP-C 1.0 0.13 1.253" 0.775" 0.163
RSWs 3 UMAP-C 1.0 0.132 1.235" 0.837" 0.163
MS 2 UMAP-C 1.0 0.125 1.321* 0.805 0.165
Legendre 5 Isomap 1.0 0.138 1.193° 0.876" 0.165
None NA UMAP-C 0.991 0.126 1.309* 0.784 0.166
Legendre 3 UMAP-C 1.0 0.129 1.284 0.779" 0.166
Chebyshev 2 Isomap 0.996 0.138 1.201° 0.895 0.166
Laguerre 3 UMAP-C 1.0 0.128 1.305" 0.777* 0.167
MS 2 PCA 1.0 0.127 1.326" 0.763" 0.168
MS 2 UMAP-E 0.987 0.134 1.313 0.797* 0.178
Laguerre 3 UMAP-E 0.991 0.137 1.353" 0.777* 0.187
None NA Isomap 0.996 0.135 1.398 0.902* 0.189
Chebyshev 5 UMAP-E 0.987 0.14 1.338" 0.759* 0.19

Continued on next page
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Table A.2 — continued from previous page

Geo Dims DR F1 Dist. Damp. LDJ Cumul.
Laguerre 3 PCA 1.0 0.139 1.472" 0.748" 0.205
Legendre 4 UMAP-E 0.996 0.144 1.435* 0.759 0.207
MS 2 kPCA 1.0 0.155 1.364° 0.778" 0.211
RSWs 5 UMAP-E 0.987 0.143 1.503 0.84" 0.218
Sphere 3 UMAP-E 0.991 0.143 1.546 0.913 0.223
Chebyshev ~ All None 1.0 0.126 1.782* 0.816 0.225
None NA UMAP-E 0.991 0.136 1.758" 0.784" 0.241
Walsh All None 1.0 0.138 1.86" 0.688" 0.257
Laguerre All None 1.0 0.136 1.915* 0.784" 0.26
Chebyshev 4 PCA 1.0 0.143 1.923" 0.751 0.275
RSWs 3 PCA 1.0 0.146 1.985" 0.825 0.29
Linear 3 UMAP-E 0.996 0.144 2.201 0.773" 0.318
Legendre 5 PCA 1.0 0.152* 2.127* 0.75 0.323
Laguerre 5 kPCA 1.0 0.145 2.382" 0.701" 0.345
Chebyshev 5 kPCA 1.0 0.15 2.764" 0.705* 0.415
None NA PCA 1.0 0.148 3.551 0.785 0.526
Linear 3 PCA 1.0 0.151 3.69 0.755" 0.557
Legendre All None 1.0 0.154 3.657* 0.799* 0.563
Sphere 3 PCA 1.0 0.158 3.581 0.917* 0.566
Torus 3 UMAP-C 0.309* 0.122 1.439* 1.09° 0.568
Torus 3 UMAP-E 0.296" 0.135 1.377 1.047 0.625
Torus 3 Isomap 0.207* 0.13 1.309* 1.037 0.822
RSWs 3 kPCA 1.0 0.182 5.387* 0.926 0.98
Torus 3 PCA 0.215 0.142 1.972% 1.079" 1.302
Legendre 5 kPCA 1.0 0.173 9.313" 0.728" lell
Sphere 3 kPCA 1.0 0.177 9.505 1.023 1.682
Torus 3 kPCA 0.113* 0.091 2.195" 1.144° 1.768
Zernike All None 0.996 0.182 12.357* 0.921" 2.258
Linear 3 kPCA 1.0 0.182 30.876° 0.739* 5.619
Linear All None 1.0 0.183 42.503" 0.849* 7.778
None NA kPCA 1.0 0.181 43.719 0.754" 7.913
Random All None 0.769" 0.338 37.257* 0.992 16.376
SHs All None 1.0 6.197¢12 1.293" 1.025 8.013e12
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