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Titre : Dérivation de la Dynamique Effective du Polaron Bosonique
Mots clés : physique mathématique, champ moyen, gaz froids de bosons
Résumé : Nous considérons la dynamique d’un gaz

quantique dense et de grande taille composé de N
bosons évoluant dans R® en présence d’une particule
d’impureté dans la limite de champs moyen. Dans
I’état initial du systeéme, presque tous les bosons sont
dans le condensat de Bose-Einstein, avec quelques par-
ticules hors du condensat appelées excitations. Notre
objectif est de prouver la persistance de la conden-
sation et la formation d’un polaron bosonique, une
quasi-particule composée de I'impureté et des bosons
environnants.

Dans les expériences, les particules d’impureté, qui
se distinguent du gaz bosonique, sont utilisées pour
sonder les propriétés du gaz, telles que la superflu-
idité [Gru+24] ou sa distribution de densité [SHD10].
Le gaz de Bose est mathématiquement intriguant car
la condensation de Bose-Einstein permet une analyse
rigoureuse, donnant une compréhension profonde des
systemes quantiques & nombreux corps.

Dans notre résultat principal, nous dérivons une de-
scription effective de la théorie quantique des champs
pour de tels systéemes & partir de la dynamique micro-
scopique. Cette description est régie par ’hamiltonien
de Bogoliubov-Frohlich dans la limite des grandes den-
sités de gaz p et des volumes A, modélisant la dy-
namique de I'impureté et des excitations, qui peuvent

former une quasi-particule connue sous le nom de po-
laron bosonique [HL24]. Les travaux précédents ont
traité le probleme du champ moyen correspondant sur
un volume unitaire avec des conditions aux limites
périodiques [MS20; LP22]. La principale nouveauté de
cette these réside dans la prise en compte d’un volume
initial important par rapport a la plage d’interaction
des bosons et dans la suppression des conditions aux
limites périodiques, ce qui conduit a un condensat non
constant. Ces adaptations rapprochent le modeéle de
la réalité physique.

Pour prouver notre résultat principal, qui est for-
mulé dans la dynamique effective de Bogoliubov, nous
controlons le nombre d’excitations afin d’assurer la
persistance de la condensation. De plus, comme
I'impureté doit rester dans le nuage de gaz pour la
formation d’une quasi-particule, nous prouvons sa lo-
calisation. Pour cette deuxieme partie en partic-
ulier, un controle raffiné de I’état initial du conden-
sat est nécessaire afin d’éviter d’importants transferts
d’énergie du condensat vers I'impureté. Le controle
des quantités susmentionnées est établi par des esti-
mations de propagation et par le lemme de Gronwall.
En combinant le contrdle du nombre d’excitations et la
localisation de I'impureté, nous validons la dynamique
de Bogoliubov-Frohlich.

Title: Derivation of the Effective Dynamics for the Bose Polaron

Keywords: mathematical physics, mean-field theory, cold bose gases

Abstract: We consider the dynamics of a dense and
large quantum gas consisting of N bosons evolving in
R? in the presence of an impurity particle in the mean-
field scaling. In the initial state of the system almost
all bosons are in the Bose-Einstein condensate, with a
few particles out of the condensate called excitations.
Our goal is to prove the persistence of condensation
and the formation of a Bose polaron — a quasi-particle
consisting of the impurity and the surrounding bosons.
In experiments, impurity particles, distinguishable
from the bosonic gas, are used to probe the gas’s
properties such as superfluidity [Gru+24] or its den-
sity distribution [SHD10]. The Bose gas is mathemat-
ically intriguing because Bose-Einstein condensation
enables rigorous analysis, providing deep insights into
many-body quantum systems.

In our main result, we derive an effective quantum
field theory description for such systems from the mi-
croscopic dynamics. This description is governed by
the Bogoliubov-Frohlich Hamiltonian in the limit of
large gas densities p and volumes A, modeling the dy-
namics of both the impurity and the excitations, which
can form a quasi-particle known as the Bose polaron

[HL24].

Previous works have treated the corresponding mean-
field problem on unit volume with periodic boundary
conditions [MS20; LP22]. The main novelty of this
thesis lies in considering a large initial volume rela-
tive to the interaction range of the bosons and the re-
moval of the periodic boundary conditions, leading to
a non-constant condensate. These adaptations bring
the model closer to physical reality.

To prove our main result which is formulated in the
effective Bogoliubov dynamics, we control the number
of excitations to ensure the persistence of the conden-
sation. Additionally, since the impurity must remain
within the gas cloud for a quasi-particle formation, we
prove its localization. For this second part in particu-
lar, a refined control of the initial state of the conden-
sate is required in order to avoid large energy transfers
from the condensate to the impurity. The control of
the above quantities is established by propagation es-
timates and Gronwall’s Lemma.

Combining both the control of the number of excita-
tions and the impurity localization, we validate the
Bogoliubov-Frohlich dynamics.




Zusammenfassung

Wir betrachten die Dynamik eines dichten und grofivolumigen Quantengases, das aus N Boso-
nen besteht, die sich in R? in Gegenwart eines Verunreinigungsteilchens in der Mean-Field-
Skalierung entwickeln. Im Anfangszustand des Systems befinden sich fast alle Bosonen im
Bose-Einstein-Kondensat, mit einigen wenigen Teilchen auflerhalb des Kondensats, den soge-
nannten Anregungen. Unser Ziel ist es, die Persistenz der Kondensation und die Bildung eines
Bose-Polarons nachzuweisen — ein Quasiteilchen, das aus der Verunreinigung und den umgeben-

den Bosonen besteht.

In Experimenten werden Verunreinigungsteilchen, die sich vom bosonischen Gas unterschei-
den, verwendet, um Eigenschaften des Gases wie die Suprafluiditdt [Gru+24] oder seine Dichte-
verteilung [SHD10] zu untersuchen. Das Bose-Gas ist mathematisch faszinierend, weil die
Bose-Einstein-Kondensation eine rigorose Analyse ermdoglicht, die tiefe Einblicke in Vielteilchen-

Quantensysteme gewéhrt.

In unserem Hauptergebnis leiten wir eine effektive quantenfeldtheoretische Beschreibung fir
solche Systeme aus der mikroskopischen Dynamik her. Diese Beschreibung wird durch den
Bogoliubov-Frohlich-Hamiltonian im Grenzfall grofler Gasdichten p und Volumina A bestimmt
und modelliert die Dynamik sowohl der Verunreinigung als auch der Anregungen, die ein als
Bose-Polaron bekanntes Quasiteilchen bilden kénnen [HL24].

Vorangegangene Arbeiten haben das entsprechende Mean-field-Problem auf den Einheitsvol-
umen mit periodischen Randbedingungen behandelt [MS20; LP22]. Die wichtigste Neuerung
dieser Arbeit besteht in der Beriicksichtigung eines groen Anfangsvolumens im Verhéltnis zum
Wechselwirkungsbereich der Bosonen und in der Authebung der periodischen Randbedingun-
gen, was zu einem nicht konstanten Kondensat fithrt. Diese Anpassungen bringen das Modell
ndher an die physikalische Realitat.

Um unser Hauptergebnis zu beweisen, das in der effektiven Bogoliubov-Dynamik formuliert
ist, kontrollieren wir die Anzahl der Anregungen, um die Persistenz der Kondensation zu
gewédhrleisten. Da die Verunreinigung innerhalb der Gaswolke verbleiben muss, um eine Qua-
siteilchenbildung zu ermdglichen, beweisen wir auflerdem ihre Lokalisierung. Insbesondere fiir
diesen zweiten Teil ist eine verfeinerte Kontrolle des Anfangszustands des Kondensats erforder-
lich, um einen grofien Energieiibertrag vom Kondensat auf die Verunreinigung zu vermeiden.
Die Kontrolle der oben genannten Gréfien wird durch Zeitentwicklungsabschétzungen und das
Gronwallsche Lemma nachgewiesen.

Durch die Kombination der Kontrolle der Anzahl der Anregungen und der Verunreinigungs-

lokalisierung validieren wir die Bogoliubov-Frohlich-Dynamik.
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Notation

Our notation is based on [Dec+16; LP22; NNS16; LT24; LNS15]. Let ¢, .# be C-Hilbert

spaces.

1.

By C we denote a universal constant, which is independent of our scaling parameters A

and p and whose value may change from one line to another.

. We denote Ny := N\ {0} and Ny := NU {0}.

. For a Banach space F we denote by LP(R? E), p € [1,00], the Bochner-Lebesgue spaces

and by L°(R%, E) the space of all strongly measurable functions modulo functions van-
ishing almost everywhere. We set ||. ||, := || .|| z». By LE(R9", E) we denote the subspace

of LP(R9" E) which is symmetric under exchange of the n particle.

. For a Banach space E, p € [1,00] and m € Ny we denote the Sobolev spaces by

WmP(RE E) .= {f € LP(RY, E) | D f € LP(RY, E) for |a] <m} by H™ = W™2(R?, E)
and by H*> = Npen, H™

. Let f € L?(R?, 2#) we denote the Fourier transform by

1

fk) = W/Rd e~ f(x)de, keR?.

. For f,g € L*(R3,C) we denote A (f @ Jg) := a(f) + a*(g), where a¥(f) are the bosonic

creation and annihilation operators.

. We denote by # Q.7 :=1lin{f ® g|f € #,g € X} the algebraic tensor product and by

H @, K the symmetric tensor product. For ¢ € %% and ¢ € #®! we set

®S AR | o crrJdo ag 1y JO M
Sk s Vi(Y1s -y Yptt) = VIR > O Wor)s - Yo () Yo (et 1) Yo (k+1))

0EP, 4

. We denote by F(H#) = @, , # " the symmetric Fock space over . For ¢ € F(H)

we denote its n—th component by 1,, € S#®=" and define the particle number operator
N =3 o, ni, on a suitable subspace of F(J).
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Notation

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Xiv

For an operator A on JZ weset A; =1®.. 01 ® A®...® I, where A is acting on the
j—th space and set

dU(A)p =" > Ajn.

n>11<j<n
pr(a) ={v e @D 3| 3 Al < oo}
n>0 n>1 1<j<n

Let 5 be a Hilbert space. We define the symmetrizer S, : S#%" — €™ {1 - Q fn —
1/N' depn fal PR ®fan-

Let A > —p, for § € R, be an operator on a Hilbert space then ¢4 denotes the closed
symmetric quadratic form associated to A and Q(A) its quadratic form domain (see [RS80,
Chapter VIIL.6]). We denote g4 (v) = (¢, AY).

For f:R3 — C we denote f,(y) := f(x —y).
For a map A : z — A, on R? whose values are quadratic forms we define for suitable
¥ € Q(A) C L*(R?, F (X))
. Av) = [ (@), Aro(a))de,
Q) = {v € LR, F(20))| (& = ((), Avib(a)) € L'RP,C) }.
We denote L*(R%, F(L*(R?,C)) or similar spaces often by L?(R%, F(L*(R%, C)) to clearly

separate the different arguments of the corresponding functions without introducing too

much notation.

We call a two-parameter family of operators U (s, t), s,t € R, on a Hilbert space # which
satisfies U(r, s)U(s,t) = U(r,t), U(t,t) = I and U(s,t) is jointly strongly continuous in s

and ¢ a unitary propagator.
We denote by L(s2, %) the space of all bounded operators mapping from J# to ¢ .

J:H — A ) — (¢, .) denotes the canonical anti-unitary map between a Hilbert

space and its dual.

We denote by * the convolution:
(F+9)@) = [ £~ gy

for f,g € L°(R?,C) such that (y — f(z —y)g(y)) € L* for almost all z € R3.



Chapter 1

Introduction

1.1 From Microscopic Dynamics to Effective Theories

Effective Theories. Deriving effective dynamics from a full microscopic description is one
of the central challenges in statistical mechanics and a major focus of rigorous research in
mathematical physics.

Microscopic dynamics describe the motion of all individual particles in a system, incorporating
their detailed interactions — such as Newton’s laws of motion or the Schrédinger equation. In
contrast, an effective theory is designed to describe specific physical phenomena while ignoring
certain details of the underlying system. A well-known example is BCS theory, which models
superconductivity by focusing on a few key mechanisms rather than the full microscopic picture.
This distinction between microscopic and effective theories raises a fundamental question: can
an effective theory be systematically derived from a more fundamental one? Since microscopic
models encode a greater level of detail, it is generally believed that effective theories should,
in principle, emerge rigorously from them. However, establishing such derivations with full
mathematical precision remains a challenging and open problem in many cases. The aim of
this work is to address this issue by rigorously deriving an effective dynamical description from

its underlying microscopic counterpart.

Examples of Effective Theories in Physics. Effective theories appear across various do-
mains of physics. In classical physics, well-known examples include the Vlasov equation, which
models plasma dynamics, and the Navier-Stokes equations, which describe the behavior of

viscous fluids.

In the quantum many-body context, effective descriptions vary depending on the nature of the

particles. Fermionic systems in the mean-field regime are often modelled by the Hartree-Fock
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equation [Bar+03; Bar+04; Elg+04; FK11], while bosonic systems exhibiting condensation
are described by the Hartree equation, which governs the time evolution of the condensate
[Hep74; GV79a; GVT79b; Spo80]. Additionally, the Bogoliubov theory captures the dynamics

of excitations outside the condensate [Bog47].

Our work focuses on a bosonic gas into which we insert an impurity particle. Systems
of bosons with impurities are of significant interest in both experimental (see Section 1.3),
theoretical and mathematical physics. Of particular relevance to our study is the formation of

a quasi-particle composed of the impurity and surrounding bosons, known as the Bose polaron.

Mathematical Literature on Bose-Einstein Condensation. We provide a brief overview
of the mathematical literature on the derivation of effective descriptions for Bose gases in
condensation. A Bose gas refers to a quantum many-body system consisting of N bosons.
Bose-Einstein condensation occurs when a macroscopic fraction of particles occupies the same
quantum state, forming what is known as the condensate.

In a dense system with weak interactions — known as the mean field scaling — the condensate
is effectively described by the Hartree equation. Early results on the derivation of the Hartree
equation date back to [Hep74], followed by Ginibre and Velo [GV79a; GV79b], and Spohn
[Spo80]. They have shown that as the number of particles N approaches infinity, the one-
particle marginal of the N-body wave function converges to the one single particle solution of

the Hartree equation.

Since then these results have been expanded in various directions (see [Lew15] for an com-
prehensive overview). One significant extension concerns dilute systems, where the dynamics

are governed by the Gross-Pitaevskii equation (see [BPS16] for a detailed review).

In addition to the condensate itself, one can also study the fluctuations around it. In an

interacting Bose gas, not all particles remain in the condensate — some leave, forming exci-
tations. The dynamics of these excitations were first modelled by Bogoliubov in 1947 in his
seminal work [Bog47], where he introduced a quadratic Hamiltonian, called Bogoliubov Hamil-
tonian, to describe them. Ginibre, Machedon, and Margetis [GMM10; GMM11] provided the
first rigorous validation of the Bogoliubov Hamiltonian, demonstrating that the solution of the
many-body Schrédinger equation converges in the L2-norm to that predicted by Bogoliubov
theory.
Since then, substantial progress has been made on understanding both the spectrum of the
Bogoliubov Hamiltonian [Seill; GS13; Lew+15; YY09; DN14; Boc+19; BCS21; NT23; BSS22;
FS20; FS23; BPS21; BoB+22; Bro25] as well as its dynamics [LNS15; BOS15; NN17; MPP19;
PPS20; COS24; BCS17]. There are also result going beyond the Bogoliubov description [PP19;
Bofi+20; Bofi+22; Fal+23].

2



1.2. The Bose Polaron: A Quasi-Particle in a Bose Gas
1.2 The Bose Polaron: A Quasi-Particle in a Bose Gas

The concept of the Bose polaron originates from the study of an electron moving through a di-
electric crystal, where the impurity electron interacts with lattice vibrations known as phonons.
In 1948, Landau and Pekar [LP48] introduced the idea of a quasi-particle to describe this
phenomenon, wherein the electron becomes “dressed” by phonons, effectively modifying its
mass. In the strong coupling regime, this interaction can be so pronounced that the electron
becomes completely localized within its surrounding phonon cloud — a phenomenon known as
self-trapping [LP48].

The mathematical foundation for polaron physics was later established by Frohlich through
the Frohlich Hamiltonian [Fr654], which describes an impurity interacting with a phonon field.
Holstein later extended this model to incorporate lattice effects [Hol59)].

In our work, we focus on a mobile impurity particle in a Bose gas exhibiting Bose-Einstein
condensation. Unlike the solid-state setting, this system has no lattice and thus no lattice
vibrations. Instead, the impurity interacts with both the condensate and its excitations — par-
ticles that have left the condensate. In the weak coupling regime of impurity-boson interaction,
this model is described in the physics literature by the Frohlich Hamiltonian [RS13].

For weakly interacting bosons, the model can be further simplified using the effective Bogoliubov
dynamics for the excitations, introduced by Bogoliubov in 1947 [Bog47]. This approach signif-
icantly simplifies the dynamics of the excitations. The resulting Bogoliubov-Frohlich Hamilto-
nian [GD16; Gru+24] applies for weak boson-boson and impurity-boson interaction. Our goal
is to rigorously derive this Hamiltonian from the full microscopic time evolution.

This problem has been previously studied in the mean-field setting on a unit volume with pe-
riodic boundary conditions. In 2020, Mysliwy and Seiringer solved the corresponding static
problem [MS20], while Lampart and Pickl analysed the dynamics [LP22]. More recently, Lam-
part and Triay extended the static result to the dilute setting (Gross-Pitaevskii limit) [LT24].
The main novelty of this thesis lies in considering a large initial volume relative to the interac-
tion range of the bosons while removing periodic boundary conditions, leading to a non-constant
condensate. These modifications make the model more physically realistic and bring new math-

ematical challenges to the problem.

1.3 Experiments on Bose Gases with Impurities

There is a wide variety of experiments investigating Bose gases with impurity particles. Beyond
revealing the formation of a Bose polaron, impurities serve as tracer particles, providing a
valuable tool for probing various properties of the Bose gas. Notably, they have been used to
demonstrate superfluidity [Gru+24], measure the density distribution of the gas [SHD10], and
observe the formation of vortex lattices in rotating Bose gases [YGP79; Abo+01].
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Impurities in these experiments can be ions, neutral atoms or even atoms of the same type
as those in the Bose-Einstein condensate but in a different hyperfine state [Zip+10; Hu+16;
Jor+16]. For example, the impurity particles used are 1™Yb, 49K, 4K, SLi or 133Cs, while
the condensate is formed from, for example, neutral 8"Rb, 23Na or 'K atoms. The number of
bosons in such systems typically ranges from 10 to 10% atoms. Unlike the setting of this work,
most experimental systems are dilute, meaning that the average interatomic distance is large
compared to the interaction range of the bosons [SHD10; Zip+10; Gru+24].

When the impurity is an ion, the underlying impurity-boson interaction is well described by
the polarization potential [SHD10; Zip+10], of the form

In contrast, boson-boson interactions in a dilute gas of neutral atoms are typically described
by the van der Waals potential [Dalll],

Vvdw(”r’) ~ =,

The characteristic interaction ranges of these two potentials can differ significantly. For in-
stance, in a 17*Yb-8"Rb gas, the ratio of the impurity-boson interaction length scale 7* to the

interatomic interaction scale R,qw is approximately

*

r

~10%,
Roaw

meaning that the impurity interacts over a much larger spatial scale than the bosons [SHD10].

However, in the dilute regime considered here, the detailed form of these interaction potentials
is less important. Instead, the relevant parameter for describing interactions is the correspond-
ing scattering length a.

In dilute gases, impurity-boson and boson-boson interactions can be tuned using external optical
or magnetic fields via Feshbach resonances. A widely used theoretical framework for describing
these interactions is the Gross-Pitaevskii equation, which, along with the associated scattering
lengths a, provides an effective description of the system (see [TVS93; Fed+96; BJ97] for pure
bosonic systems and [Wu+12; Jor+16] for systems with impurity).

For a comprehensive literature review on experiments as well as results from theoretical
physics on the Bose polaron, we refer to [Gru+24; AD10]. A detailed discussion on the de-
scription of cold gases via the van der Waals potential and its manipulation using Feshbach

resonances can be found in [Dalll] and the references therein.
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1.4 Defining the Model: A Bose Gas in the Presence of

an Impurity

We study the dynamics of a quantum gas consisting of N Bosons evolving in R? in the presence
of an impurity particle, referred to as the tracer particle. In the setting considered, the Bose
gas has high initial density p = % and occupies a large initial volume A > 1, where the scaling

condition p® = A, @ > 0 is imposed. The system is governed by the Hamiltonian

Ar =4, 1 1 ¢
H,=-——2%_ 2‘“ += > V(yi—yj)+%zw($—yi) (1.1)
i=1 i=1

2m p =
1<i<j<N

acting on the Hilbert space L?(R3) ® L2

2 m(R?N). Here, = denotes the position of the impurity,

y; the positions of the bosons, m the impurity’s mass, and A be the Laplace operator. The

interactions are weak of mean-field type with
V,V e L’(R®R), W e LP(R®R), pe{l,00}.

Both potentials are even and rapidly decreasing (see Assumption 2.0.3 for a precise definition
of the potentials). The scaling factor % of the potential V' is chosen as a mean-field scaling
and the % scaling for W ensures that the impurity-excitation interaction remains O(1), where
excitations are particles not in the condensate (see Remark 2.0.2 for details).

The interaction range of W and V defines the O(1) length scale of the system, meaning
that the initial volume A is large compared to the length scale of the interaction. The connec-
tion between the parameter A and the initial volume of the system is established through the

condensate, which varies on a scale of O(A'/3) (see Remark 2.1.9 for details).

The Scaling and Comparison to the S-scaling. Our scaling with p® = A, a > 0, provides
a framework to approach the thermodynamic limit in the dense regime. The usual mean-field
scaling is obtained at a = 0, while the thermodynamic limit corresponds to a@ = oo. Note
that in the literature the focus lies on the dilute regime. The primary goal of this work is
to rigorously derive the Bogoliubov-Frohlich theory as an effective description of the system’s
dynamics in the high-density and large-volume limit (o < 1/3).

To analyze this limit, we place the system in a cubic box A = [~L/2, L/2]? and rescale it to a

unit box. Under this transformation, the bosonic part of the Hamiltonian becomes

YA, 1 ,
_Z 272 T § : V(L(yi — ), wi€l-1/2,1/2]%. (1.2)
i=1

P 1<i<j<N
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Using the relation N/A = p = AY/® = L3/ we obtain L = N with 8 = ﬁ This leads to
the rescaled Hamiltonian
Z ones TN D VN - ), w e [1/2,1/2° (1.3)

1<i<j<N

Thus, our scaling is not directly comparable to the S-scaling in the literature. While the
interaction potential scales in the same way, our formulation involves a semi-classically scaled
Laplacian. Finally, note that our main result, Theorem 3.1.2, holds for 0 < a < 1/3, which
corresponds to 0 < 8 < 1/12. Note that the thermodynamic limit is obtained at 8 = 1/3

(o = 0).

Mean-Field Description of the Condensate. In the mean-field regime, the dynamics of

the condensate are effectively described by the Hartree equation:

101t = hepr (1.4)
A 2
ht:h[@t]:*5+v*|<ﬁt| — Hh s (1.5)
where the convolution term, V * |¢|*(y) = [V (z — y)|¢:|*(z)dz, accounts for the mean-field

interaction between bosons. The constant p; € R can be freely chosen, as it only affects the
global phase of ¢;. We set pu; := <A1/27V * ]2 Al—jg> To motivate the Hartree equation,
consider the scenario where the Bose gas is in complete condensation, meaning that the N-
body wave function 1, ; is approximately in a product state of a single-particle function ¢y, the

condensate:

N
Ypt(Y1,-- - yn) = H‘Pt(yi) :

The time evolution of 1, is given by the full Hamiltonian H, and ¢, should follow it to
approximate v, ;. By taking into consideration the mean-field setting of a dense system of many
interacting particles and that almost all particles are in the condensate we can approximate the

boson-boson interaction term in H, as follows:!

Z Viy Z / el /V e (y)dy .

1<]<N 1<j<N ||S0tH

Here we have to replace the boson-boson interaction in H, by the expected interaction of one
particle with another one in the condensate. This substitution leads directly to the interaction

term in the Hartree equation.

IWe set ||¢]]2 = A/2 (see Condition 2.1.7).
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The impurity-boson interaction contributes a term of order O(1/,/p) for any fixed particle 1,

e[

which is negligible in the high density limit. Thus, at a heuristic level, the Hartree equa-
tion emerges as a natural effective description of the condensate dynamics. The rigorous
mathematical validation of the Hartree equation in the setting of our work was established
in [Dec+16; PPS20].

Excitation Dynamics: The Bogoliubov-Frohlich Hamiltonian. In addition to the con-
densate, we aim to describe the excitations, i.e., the particles that are not part of the condensate,
through an effective theory. This is achieved via the Bogoliubov approximation, leading to the
Bogoliubov Hamiltonian [Bogd7]. The derivation starts by rewriting the bosonic part of the full
Hamiltonian H, in second quantization, using a time-dependent orthonormal basis {u, (t)}nen

of L?(R?,C) including the normalized condensate ug := ¢;/A'/2. This yields the expression

1 [eS) 1 [eS)
B ._ * * %
H = 3 g (—A), 0 G n + — E Vinnpq G Gy Gplq
m,n=0 m,n,p,q=0

where we define the interaction coefficients as
Vinnpg = <um @ Un, V(x - y)up ® Uq).

The operators o), and a,, denote creation and annihilation operators of w,,, respectively (see
Appendix F for details).
Since we consider a system exhibiting Bose-Einstein condensation, the number of particles in

the condensate is approximately N:
No = agag ~ N .

In addition, the commutator [ag, af] = 1 is small compared to the large number of particles N.
Hence it makes sense to treat ap and ag simply as numbers and to replace ag, af ~ V/N. This
technique, known as the c-number substitution, was first introduced by Bogoliubov [Bog47].
After applying this substitution, we neglect all terms that involve more than quadratic powers
of a¥, and a,, for m > 1, as they contribute only to subleading corrections. This leads to the

effective Bogoliubov Hamiltonian, describing the excitation dynamics without an impurity:

1
HB(t) = dU(h) + Y Vinonotiy,an + 3 > (Venooas,a; + hec.) (1.6)

m,n>1 m,n>1
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where h; is the mean-field Hamiltonian from the Hartree equation (see Chapter 4 for details).
The validity of the Bogoliubov dynamics for the excitations without impurity was rigorously
established for our setting in [PPS20].

We repeat the c-number substitution also for the interaction of the impurity with the bosons
% > mn>0(Wa)mnar, an, where Wy (y) := W(x —y). This way we obtain the effective interac-

tion terms

P PW s || () + Z (Wa)moay, +h.c.), (1.7)

m>1

which describe how the impurity couples to the excitations (see Section 4.1.1 for details).

This leads us to the Bogoliubov-Frohlich Hamiltonian, effectively modelling the dynamics of
the full system:

A 1
BF _ T * * %k
H (t) - _% + dr(ht) + mzn:>1 VmOnOaman + 5 mzn:>1 (anooaman + hC) (18)
+ > ((Wa)moas, +h.c.). (1.9)
m>1

This model describes an impurity linearly coupled to excitations, while the excitation-excitation
interaction is quadratic in the creation and annihilation operators. The operator HBF acts on
the space L?(R3,C) @ F(L*(R3,C)) = L*(R3, F(L*(R3,C))), where we denote the Fock space
over L? as F(L*(R?)) = @y_ L2, (R3N, C). Rigorously, H®F only generates a dynamic as a
quadratic form (see Section 2.3 and Appendix D.4 for details).

In HB¥, we omit the mean-field contribution from the condensate-impurity interaction,
PV 2W k@i (2), from (1.7). In fact, under suitable initial conditions, it behaves approximately
as a constant p'/2W x |p;|2(z) ~ p*/?>W x 1, and can thus be neglected in the dynamics (see
Chapter 5 for details). This omission is crucial: a non-constant mean-field contribution would
dominate the impurity’s dynamics, masking its interaction with the excitations and causing it

to escape the Bose gas on short timescales (see Section 5.4.3).

The main goal of this thesis is to establish the validity of the Bogoliubov-Fréhlich Hamiltonian
HPBF by proving the norm convergence of the full N-body wave function Y, ¢, evolving under the
microscopic Hamiltonian H, (1.1), to the solution generated by H BF " The precise statement
of this result is given in Theorem 3.1.1 and Theorem 3.1.2. This work extends the analysis
of Lampart and Pickl [LP22], who treated the same problem on the unit box with periodic
boundary condition and a constant condensate. The main novelty of this work is the extension to
R3 with large initial volume and the treatment of a non-constant condensate, thereby increasing

the physical relevance of the system.

Ultimately, establishing the validity of HBY brings us one step closer to rigorously proving the

existence of the Bose polaron, a quasi-particle arising from the interaction between an impurity
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and the surrounding Bose gas [HL24].

Method for Validating the Bogoliubov-Frohlich Model. To establish the validity of
the effective dynamics generated by the Bogoliubov-Fréhlich Hamiltonian HEF (t), we carry out

two main steps:

1. Bogoliubov Approximation: We apply the so called Bogoliubov approximation to the

Hamiltonian H, to obtain an effective description of the excitations (see Chapter 4).

2. Mean-field Condensate-Impurity Interaction Approximation: We approximate the
large mean-field interaction between the condensate and the impurity by a constant (see
Chapter 5).

To justify step 1, we establish a propagation estimate for the excitation number, ensuring that
the number of excitations per unit volume remains bounded. This is crucial for the persistence
of Bose-Einstein condensation, as an uncontrolled growth of excitations would destroy the

condensate.

Step 2 requires a more delicate analysis. To justify replacing the mean-field impurity-
condensate interaction with a constant, we must show that the impurity remains localized

in a region where variations in condensate density are negligible. Specifically, we show that:

e Over the timescale of O(1), the impurity remains confined within a region of size O(1),

while the condensate density varies on the larger scale O(A/3).

e As a result, the impurity interacts with an effectively uniform condensate, justifying the

approximation of their mean-field interaction by a constant.

To establish localization within a region of size O(1), we prove that despite the total number
of excitations scaling as O(A) with the volume, the impurity effectively interacts with only a
small number of excitations, of O(1) (see Lemma 4.2.6). This follows heuristically from the
local nature of the interaction, which ensures that the impurity only “sees” a limited number

of surrounding excitations.

Together, these two key estimates — bounding the excitation number and proving impurity
localization — allow us to rigorously justify the Bogoliubov-Frohlich dynamics as an effective

description of the system.
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Chapter 2

Definition of the Microscopic and

Effective Dynamics

We begin by rigorously defining all the quantities needed to understand our main Theorem.
In particular we introduce the microscopic (Definition 2.0.1) and effective dynamics (Defini-

tion 2.3.2) of the system, which were briefly discussed in the introduction.

The microscopic dynamics describe the evolution of a weakly and locally interacting system

consisting of N bosons and an impurity particle, governed by the Schrodinger equation.
Definition 2.0.1 (Microscopic Dynamics). We set the microscopic Hamiltonian to be

A N

\/ﬁ i=1

2m 2
i=1 p 1<i<j<N

with the potentials V and W from Assumption 2.0.3 and defined on the Hilbert space L?(R3)®
2, (R3Y).

Sym

Remark 2.0.2.

Microscopic Hamiltonian. We often refer to H, as the microscopic Hamiltonian because it

captures all the details of the dynamics.

Well-posedness. The differential equation 10:0,: = Hpp ¢, ¥ptlt=0 = ¥, has a unique
global solution t,; = e ®eep, o Vi), o € L*(R3, F(L?)), where e s is given by the
functional calculus. Note that the self-adjointness of H, can be seen from Kato’s Theorem
since V,W € L.

Bosonic Interaction Scaling. The scaling of the V' potential is chosen as the mean-field scal-

ing meaning that one fixed Boson sees only p other Bosons in a unit volume surrounding

11
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it. Leading to % >>  V(yi —y;) ~ N. Note that the kinetic term in the Hamiltonian
1<i<j<N

is smaller order NA~2/3 due to the large volume of the condensate (see Condition 2.1.7).

Impurity Interaction Scaling. In the following, we will explain the scaling r = 1/2 for
N
% " W(x — ;). The scaling is chosen in such a way that the a™ (Q;W,;) terms in the
i=1
Bogoliubov-Frohlich Hamiltonian

Aﬂf * O;
HBY = o + a (QiWaipr) + a* (Q:Waipy) + HP4(t)

appear with no prefactor. Here ¢; is the condensate defined in Definition 2.1.1 and @ the
projection onto the space of excitation (see Notation 2.2.1). For a general r, one obtains
P2 a# (QiWaipy). The prefactor O(1) is important for two things. First we want the
interaction of tracer and excitations to be of O(1), such that we can formally take the
infinite volume limit A — oco. Second we want the tracer to only change its position in
a region of O(1). This second effect is actually caused by the first one since the tracer
can only gain or lose energy of O(1) from the excitations. In Section 5.4 we give a more

detailed description.

The interaction potentials V' and W in Definition 2.0.1 are chosen such that they are local
and rapidly decreasing as specified in Assumption 2.0.3. The potentials can depend on the
volume A and the density p but we will not track this dependency with our notation. The case

of A and p independent potentials V and W is compatible with all our assumptions.

Assumption 2.0.3 (Assumptions on the Potentials). We denote the boson-boson interaction
potential by V € L*(R3,R). The potential V is even and for all k € Ny there exists a constant
C > 0 such that for all densities p > 1 and all volumes A > 1

VI + | v |, < C. (2.2)

We denote the boson-impurity interaction potential by W € L*(R3,R) N L= (R3,R). The po-
tential W is even and Vk € Ng 3C > 0 such that YA, p > 1

W g2 m) + || [y W || < C. (2.3)

We say V and W satisfy Assumption 2.0.8y for M € N4 if the assumptions above are satisfied
and AC > 0 such that VA, p > 1

Wl s gy + (W [lwasoe s gy < C- (2.4)

Remark 2.0.4.
e Assumption 2.0.3; for M = 1 is assumed throughout the whole thesis without being men-

12
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tioned explicitly. Whenever additional regularity of the boson-tracer interaction potential

W is required (i.e., M > 1), we refer to this explicitly by Assumption 2.0.3p;.
For all M € Ny Assumption 2.0.3), is, for example, satisfied by Schwartz functions.

It is sufficient to assume (2.2) and (2.3) for all k < ko, where ko is a decreasing function

of a, with o given by p = A“.

Note that if V € L' N L* then V € LP, Vp € [1, 0], because of

[Ivedn < v v
Especially Vp € [1,00], k € Ny 3C > 0 such that VA, p > 1 we have
[yl V ||, + Wl < C.
We also have || [y/*W ||, < C as [[ly/*W [|, < || (1 + [y)*W || | (1 + [y))~™"Ils for k =:
k—m.

The conditions || [y|*V (y)||1 < Cx and || [y|*W ()|l < Cx impose a polynomial decay of
our potentials in A in the following sense:
For all £ € Ny there exists a constant Cj, > 0 such that for all e > 0 and A > 1

Ch= > / V|(y)dy.
]R3\B(O,A€)

This follows from

o > MylViL = / yF V] (y)dy > A / VI()dy.
R3\ €) R3\B(0,A¢)

B(0,A

In this sense, for large volumes A, the potentials V and W describe only local interactions

of range O(1).

2.1 Condensate Definition and Hartree Equation

In Definition 2.1.1, we specify that for all A > 1 the initial data for the Hartree equation — and

consequently for the condensate evolution — is given by g € H°(R3, C). The precise conditions

on g vary between different theorems and are therefore stated separately in Condition 2.1.7,

Condition 2.1.8, and Condition 2.1.11. Intuitively, one can think of the condensate as a rescaled

function,

“po(a) = n(A™z),”

which is flat around the origin, where n € H* is independent of A and normalized in L2.

13
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Definition 2.1.1 (Hartree, Time Evolution of the Condensate). For all volumes A > 1, let
©o € H*®(R3,C). For each A > 1 set ¢; to be the global solution of the Cauchy problem

10001 (y) = hylpil e (y), hi i= hylpi] = —%AJrV* |2 (y) — pue, (2.1)

with initial condition ¢¢|i—o = @o. s := p(p:) € R is an arbitrary but real phase, which satisfies
the conditions of Lemma 2.1.3 and is uniformly bound in A. We call ¢; the condensate.

Remark 2.1.2.

1. Well-posedness of the Cauchy Problem. The well-posedness of the Cauchy problem

above is discussed in Lemma 2.1.3.

2. Definition of u; for the Bogoliubov Approximation. We set

. 1/ ¢ 2 ¥t
fe = §<A1/2’V I A1/2>
which is needed for the Bogoliubov approximation.
Lemma 2.1.3 (Well-Posedness of the Hartree Initial Value Problem). Let V € L™ (R3,R) be
a general potential and p1 : L? — R, u — u(u) with:
i) (Local Lipschitz) For all k € Ny and VB C H*(R3,C) bounded ILp: Yu,v € B: |u(u) —
p()] < Lpllu = vl g

ii) For all k € Ng 3C € C(R,Rxq) with C(|t|) monotonically increasing such that Vu € H*
[n(w)] < C(llull2) 1wl g -

Then

a) (Ezistence) The initial value problem (2.1) with ¢i|—0 = o € H®(R3,C), uy = u(es)
has a solution (t — ;) =: p € C(R, H®) N CL(R, H®). Esp. ¢, € H>® and we have
conserved charge ||otll2 = |l¢ol2-

b) (Uniqueness) Let k € Ny U {co}, I C R interval with 0 € I and @ € C(I, H**') N
CY(I, H*=1) solution of the Hartree equation (2.1) in H*~! with initial data o, then

U= (,0|[.
Therefore we have a unique global solution ¢ of the Hartree equation.

Example 2.1.4. The choice u(u) = )\<u, V % |u|2u>L2, A € R, u € L?, fulfils all the properties
of p in Lemma 2.1.3. Especially we can choose u(p:) = pt == %(ﬁ,v * |<pt|2%>, which
especially satisfies || < C(¢).

14
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Proof of Lemma 2.1.3. The proof follows standard techniques for ordinary differential equa-
tions. We begin by applying the Picard-Lindel6f theorem and the Duhamel formula (precisely
Lemma F.0.8) to obtain a local solution. This solution can then be extended to a maximal
interval of existence, which, due to the conservation of the L2-norm, can be shown to be global.
see for example [Bag, Section: 5 Prolongation of solutions| or [Lerll, Section: 2.1 Ordinary
Differential Equations]. The methods there can easily be generalized to the Hartree equation by
using Duhamel. For a detailed discussion of these arguments, see for example [Bag, Section 5:
Prolongation of Solutions] or [Lerll, Section 2.1: Ordinary Differential Equations]. The meth-
ods presented there extend naturally to the Hartree equation by incorporating the Duhamel

formula. m

To control the dynamics of ¢;, we define an auxiliary function ¢; as in [Dec+16]. It is used

to approximate and control the condensate (see Appendix B).

Definition 2.1.5 (Auxiliary Function). For all volumes A > 1, let o € H*(R3,C). We call

G = et (tVxleol =[5 uads) (2.2)

the auxiliary function, where yu; is defined in Definition 2.1.1.
Remark 2.1.6. As it can be seen from Condition 2.1.7, the kinetic term in the time evolution
of ¢; from Definition 2.1.1 can be omitted, as it is subleading compared to the interaction term.

Specifically,
| = Agolla < CAV272/2 1 while ||V * |ol*polla < CAM?.

Due to the appropriate scaling of ¢g, these properties also hold for the time evolved state. This
justifies the approximation of ¢, through ¢; in Appendix B.

2.1.1 Conditions on the Condensate

The following conditions on the condensate’s initial state specify our interpretation of it as a
rescaled function (see Condition 2.1.7 and Condition 2.1.8) that is flat around the origin (see
Condition 2.1.11).

In particular, Condition 2.1.7 ensures that we can apply known results on the time evolution
of the condensate from [Dec+16] (see Appendix B for details).

Condition 2.1.7 (Initial Condition of the Condensate). For all volumes A > 1, let the con-
densate g € H*(R3,C). We say o satisfies Condition 2.1.7 if there exists a constant C > 0
such that for all A > 1

((2m)*llwolloe <) 1@l < C, (2.3)
lpoll2 = A2 (2.4)
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and

[Vgolloo < CATS, | Vigolla < CAZ™3, [|Agolls < CAZ75 . (2.5)

Next, we specify a condition that tracks the required bounds on the derivatives of the con-

densate.

Condition 2.1.8 (Initial Condition for higher Derivatives of the Condensate). For all volumes
A > 1, let the condensate o € H>®(R3,C).

i) We say po satisfies Condition 2.1.8i)y, for a given k € Ny if for all B € N§ with 0 < |B] <
k, there exists a constant C' > 0 such that for all A > 1

1D° ol < CATIAIS, (2.6)

ii) We say @q satisfies Condition 2.1.8i4)y for a given k € Ny if for all 3 € N§ with 0 < |3] <
k, there exists a constant C > 0 such that for all A > 1

1DP ol < CATIAV3+L/2, (2.7)

We say ¢o satisfies Condition 2.1.8y for a giwen k € Ny if both Condition 2.1.8i); and Con-
dition 2.1.8ii), are satisfied. And we say po satisfies Condition 2.1.8 if Condition 2.1.8 is
satisfied for all k.

Remark 2.1.9.

1. Example of a Suitable Initial Condensate. A function satisfying both Condition 2.1.8
and Condition 2.1.7 is a rescaled function of the form ¢g(z) = n(A~"/3z), where n € H>®

is independent of A and normalized in L2.

2. Connection of A to the Initial Volume. The parameter A relates to the initial volume
of the gas through the scaling of the condensate, which varies on the order of O(Al/ ).
However, our results do not require the condensate to be confined within a box of volume
A, nor do we assume it has compact support. Instead, the condensate may form multiple
bumps, each varying on the scale O(Al/ 3). The relevant region for our analysis is the

bump around the origin, where the tracer particle is initially placed (see Condition 2.3.4).

Remark 2.1.10. If Condition 2.1.8; is satisfied for some k € N, then it also holds for all
0<k<k.

Condition 2.1.11 (Condensate, Flat Around the Origin). For all volumes A > 1, let the
condensate py € H*(R3,C).

16
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o We say @o satisfies Condition 2.1.11y s for a given k € Ny and 1/3 > s > 0 if for all
0 <|B| <k —1, there exists a constant C' > 0 such that for all A > 1

1D (i00(0) = 1)| < C|ID?(pg — 1) oA~ F71IDC/379) (2.8)
o We say po satisfies Condition 2.1.11 for a given 1/3 > s > 0 if Condition 2.1.11}, s is

satisfied for all k.

Remark 2.1.12.

1. Monotonicity in k. If Condition 2.1.11; 5 is satisfied for some k£ € N then it also holds
for all k < k. By Condition 2.1.11_p ,, k € Np, where —k is negative, we mean that this

assumption is empty.

2. Connection to Lemma A.0.6. Condition 2.1.11 is chosen in such a way that the conden-

sate satisfies the requirements of Lemma A.0.6.

3. Generalization to Points Near the Origin. The key reason for requiring condensate
flatness is to control its behaviour around the tracer particle at initial time. Instead
of assuming Condition 2.1.11 , at the origin, we can generalize it by allowing a small
displacement of O(1):

Let k € Ny, s > 0and g € R3¢ > 0 such that VA, p: 29| < ¢. Then, forall 0 < |3 < k—1
3C > 0 such that VA > 1 we assume

|DP(po(x0) = )| < CDP(po — 1) A~ 1PDA/79), (2.9)

This more flexible assumption is still sufficient for our results.

4. Flatness Interpretation. The inequality
1D (i00(0) = 1)| < C|ID?(pg — 1) A~ F71IDE/379)

implies that for 0 < s < 1/3, the function D?(¢g(0) — 1) is even flatter around the origin
than what one would expect from its supremum (see Condition 2.1.8). In particular, for
B = 0, this gives

|0(0) = 1] < Cllpy — U|ocA™F/372),

If we also assume Condition 2.1.7 (||¢ollec < C) this means that the condensate at the

origin is approximately 1.

5. Flatness of a Rescaled Condensate. If we consider (g as a rescaled function,

eo(y) = n(A™3y),
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2. Definition of the Microscopic and Effective Dynamics

where n € H* is independent of A and satisfies ||n||2 = 1, then Condition 2.1.11, s reduces
to

[DP(5(0) = 1)] < C|[D (5 = 1) || oo A~ FT DA 5] < e — 1.
Since 7 is independent of A, we conclude that D?(n(0) —1) =0, V|8| < k — 1.

6. Alternative Plateau Condition. Instead of Condition 2.1.11, we could impose a plateau

condition for ¢g as in [Dec+16]:
po(y) —1=0 fory e Bypus. (2.10)

This condition would directly imply Condition 2.1.11j, , for all £ € Ny and s > 0.

Another alternative is to use flatness around the origin in a stricter sense such that
“p0(0) =1,DPpe(0) =0, VI<|B|<k—1. (2.11)

One can immediately see that (2.11) would imply Condition 2.1.11 ,.
However, it turns out that the flatness assumption stated in (2.8) is sufficient to prove all

results. Neither a plateau condition nor stricter assumptions are required.

The control of the condensate wave function ; is established in Appendix B, where we show
that the properties of the initial condition, namely the picture of ¢y as a rescaled function
“po(z) = n(A~3z)” with n € H* independent of A and normalized in L?, persists under time

evolution.

2.2 Excitation Representation and Hamiltonian

To effectively model excitations out of the condensate, we introduce the excitation represen-
tation. In this framework, a given N-body wave function v € L2(R3)®¥ is decomposed into
a component in the direction of the condensate ¢; and a component orthogonal to it. This
representation was first introduced in [Lew+15]. To formalize this approach, we introduce the

following notation.

Notation 2.2.1 (Projection onto the Condensate). For all volumes A > 1, let ¢; be the
condensate as defined in Definition 2.1.1 satisfying |¢oll2 = A'/2. We define the orthogonal
projection P; : L?(R3) — L%(R?®) by

Py = ‘Afj2> <A§fj2 ’ V= Asz <Af;2’w>

and the projection onto excitations is given by @Q; =1 — P;.
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2.2. Excitation Representation and Hamiltonian

To exploit the special role of the condensate, we work with a time-dependent orthonormal

basis incorporating the condensate wave function.

Notation 2.2.2 (Basis of L?(R3)). For all volumes A > 1, let ¢, be the condensate satisfying
ol = A2, If nothing else is mentioned we use a time-dependent orthonormal basis {ty, }nen,
with uo(t) := @, /AY? for the Hilbert space L?(R?).

Lemma 2.2.3 (Excitation Representation). For all volumes A > 1, let @ be the condensate
satisfying |pollz = AY?, and ¢ € L*(R*)®N. We can write

(k)

)®N7k:

b= (P +Q)*Vy = Z( ®s X4

AL/2

with Xt ({go }L) ok Therefore, we can uniquely represent 1 € L2(R3)®N by

N
(M ken € P ({ed )"
k=0

To analyze excitations out of the condensate, we define a unitary transformation that maps

: ot Z<N — & 1)®sk
into the excitation space F3 C Fy = @ ({e}t) .

Definition 2.2.4 (Excitation Map). For all volumes A > 1, let ¢; be the condensate satisfying
lloll2 = A2, The operator

N
Uplpn) - LA(R*)®N = FE (fe})®
k=0
N
k
v P,
k=0
N
where ¢ = (P, 4+ Q)®Ny = > (Af}2)®N7k ®s ng), ng) ({got}J‘)&k, defines an isometric
k=0
isomorphism. We call U,(¢;:) =: U, the excitation map.

Remark 2.2.5. For convenience, we often denote I ® U,; : L*(R%) ® L?*(R3)®:N — [? ®

N
kea ({gpt}L)®3k7 which incorporates the impurity degrees of freedom, simply by U, ; as well.
=0

The transformation properties of U, with the creation and annihilation operators can be

found in Lemma 4.1.3.

The transformation U, ; into the excitation space gives rise to a corresponding transformed

Hamiltonian, describing the dynamics of the excitations.
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2. Definition of the Microscopic and Effective Dynamics

Definition 2.2.6 (Excitation Hamiltonian). For all volumes A > 1, let ¢; be the condensate.

For given density p > 1 and volume A > 1 we define the excitation Hamiltonian
H(t) = Uy HyUy  +1(0:Up ) - Uy 4

Remark 2.2.7. The excitation Hamiltonian H$*(¢) describes the microscopic dynamics in the

excitation space, by satisfying

iat’l/)pﬂg = Hp"L/)pﬂg == iatUp’tl/}pvt = Hzx(t) . Up,twp,t . (21)

2.3 Bogoliubov-Frohlich Dynamics

A brief motivation and heuristic derivation of the effective Bogoliubov and Bogoliubov-Frohlich
dynamics can be found in the introduction of this work. We now provide a rigorous definition

of these Hamiltonians.

Definition 2.3.1 (Bogoliubov Hamiltonian). For all volumes A > 1, let ¢; be the condensate.
The Bogoliubov Hamiltonian is an operator on F(L?(R3,C)) given by

HPO%(t) = dT(hy + Ko () + % S (Ka(t)])mntal +hic.) | (2.1)

m,n>0

where h; is defined in Definition 2.1.1 and Ki(t) : L%(R3,C) — L2, Ki(t) = Q.K1(t)Qy,
Ka(t) : (L*(R3,C))* — L%, Ka(t) := QuK»(t)JQ,J* with

Faule) = [TV @ - )i ey, 22)
Ra(t)0)(@) = [lor(a)od)V (@~ )10 )iy 2:3)

Definition 2.3.2 (Bogoliubov-Frohlich Hamiltonian). For all volumes A > 1, let ¢; be the
condensate. The Bogoliubov-Fréhlich Hamiltonian is an operator on L%(R3, F(L?(R?,C)))
given by

A, o
HPE(t) = “om T A(QiWaipr ® JQ:Wapr) + HP%(t) (2.4)

where Wy (y) = W(zx —y).

Remark 2.3.3 (Properties of H2°2(¢) and HBF(t)).

Domain of the Hamiltonians. HB°%(t) and HBF(t) are well defined operators with the do-
main D(dI'(—A+1)) and D(I®dT'(—A+1))ND(—A,®I) respectively (see Lemma C.0.1).
Moreover, HB°8(t) and HB¥ (t) are independent of p.
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2.3. Bogoliubov-Frohlich Dynamics

Well-posedness of the corresponding Cauchy Problem. The differential equations

. B B B B B
101y ®=H B (b)Y %, t:0§ = 0Og )
: BF BF BF BF BF
oy, = H (t) t t=0 — %o

have in a weak sense unique global solutions, given by

P8 = UPB(t,0)00°%,  Wiy*® € LA(R®, F(L?)),
P = U005, Vgt € LARY, F(LY),
where UB%8(¢,0) and UBY(¢,0) are the propagators of HB°8(¢) and HB¥ (), respectively.
Precise statements and proofs can be found in Corollary D.2.9 and Corollary D.4.3.

Bogoliubov Transformation. The propagator UB°2(¢t,to) of HB°8(t) is a time-dependent
Bogoliubov transformation (see Corollary D.2.9). Section D.2.1 provides an overview of

Bogoliubov transformations.

Invariance of the Excitation Space. The dynamics generated by HB°%(t) and HBY (¢) leave

the excitation space invariant:

UPE(t,t0) (F ({01, } 1) NQW)) € F({oe} ),
UPF(t,t0) (F({r} 1) NQW)) € F({e} ),

which can be proven analogously to [LNS15, Theorem 7].

We now proceed to specify the initial conditions for ¥)3¥. To establish a connection with the

solution of the full dynamics, we set in our main theorem (see Chapter 3)

BF
Yo = Upotpo-

Consequently, Condition 2.3.4 imposes assumptions on the initial state of the system.
Condition 2.3.4 (Initial Conditions for the Tracer Particle and Excitation Number). For all
densities p > 1 and volumes A > 1, let 1y € L?(R3, F(L?)).

i) We say o satisfies Condition 2.8.41)p, m with power M € Ny if there exists constants
Cr, C > 0 such that for all densities p > 1 and volumes A > 1 there exists a unitarily
implementable Bogoliubov map Qo € L(H ®H*) such that we have ¥y € Q((—Am +2%+
Us, N +1)Ug,)M) and

< .
q((—Am+12)®I+I®Uéo(N+1)UQD)M(wo) <Cu (2.5)

as well as || Qollc(werr+) < C-
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2. Definition of the Microscopic and Effective Dynamics

it) We say v satisfies Condition 2.3.41)y, m with power M € Ny if

— Yy satisfies Condition 2.3.41)y,.m

— and there exists a constant C > 0 such that for all densities p > 1 and volumes A > 1
we have ||QoQ — 1l|lus(r2esr2) < CAYZ.

Remark 2.3.5.

e A natural choice for g is ¥&F = Uy otp0 € ]-'({cpo}L). In this case, 1y depends on both
p and A due to the excitation map U, (see Definition 2.2.4) and the dependence of ¢q
on A. In this setting the particle number operator A, when acting on ¥, represents

the number of excitations in the excitation space F({¢o}").

e We set tracer momenta, tracer position, and the Bogoliubov transformed number of ex-
citations to be of O(1) at time ¢t = 0. For technical reasons we demand the same a priori
bounds on the harmonic oscillator (—A, + %) ® I + 1 ® U5 (N + 1)Ug,. Note that

q(—a)M + gzzm < Cq((—Az+w2)®I+I®U50(N+1)UQD)M due to Lemma D.3.1. A detailed

description of Condition 2.3.4 can be found in Remark 3.1.3.

e The reason for controlling the transformed excitation number Ug (N +1)Ug, instead of
N + 1 directly is explained in Remark 3.1.3.
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Chapter 3

Main Results

3.1 Validity of the Bose-Polaron Dynamics

We now state our main result, which establishes the validity of the Bogoliubov-Frohlich dy-

namics in the limit of large initial volumes A = p® and large initial densities p for 0 < « < 1/3.

We present the result in two versions. The first, in Theorem 3.1.1, provides a simplified

statement under intuitive assumptions on the condensate and the initial state of the system.

The second, in Theorem 3.1.2, gives a more general formulation that retains the precise initial

conditions required for the proof.

Theorem 3.1.1 (Validity of the Bogoliubov-Frohlich Dynamics, for a Rescaled Condensate).
For given 0 < a < 1/3 choose n € Ny large enough.! And assume that the potentials V and W

are Schwartz functions.

i

(Condensate conditions) Let the condensate for all volumes A > 1 be a rescaled function
varying on the scale AY3, namely vo(y) = n(A=3y), with n € H*(R?,C) independent
of volume A and density p and normalized in L?>. Assume that the condensate is flat

around the origin, namely for all § € N3 with 1 < |B] < 2n — 1 we have
n(0)=1, DPn(0)=0.

(Tracer localization and excitation number bound) For all volumes A > 1 and densities
P > 1 let /(/)p,O € LQ(R37Hslym(R3N7C)) and ¢(])3F = p,pr,O € L2(R37Q(dr(1 - A)))7
where U, ¢ is the excitation map defined in Definition 2.2.4.

Assume that in the initial data VEY the tracer particle is localized and the number of

IWe choose n € N4 such that n > 9/4(1/a — 2).
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3. Main Results

excitations small, namely that there exists a constant C' > 0 such that for all densities
p > 1 and volumes A > 1 we have Y5Y € Q((—Aw + 224+ N+ 1)2") and

< or, (—A, + 22 + N + 1)2” §F> <C. (3.1)

Let ¥PY € F({¢i}1) be the solution of the effective Bogoliubov-Fréhlich dynamics with initial
data YSY (see Definition 2.3.2) and p; € R as in Remark 2.1.2.
Then for all times T > 0 there exist a constant C > 0 such that for all densities p > 1 and

volumes A = p®

3a—1

sup Hei fot(pl/2 fW_“a‘)dsI ® Up,te_ith'(/Jp,O o ?F” < Cp
te[=T,T)

(3.2)

Proof of Theorem 3.1.1. Theorem 3.1.1 is a direct consequence of the more general Theo-
rem 3.1.2. |

Theorem 3.1.2 (Validity of the Bogoliubov-Frohlich Dynamics). For given 0 < a < 1/3 and
0 < s <1/3 choose n,k € Ny large enough. We assume the following:

i) (Interaction Potentials) Assume that the potentials V. and W satisfy Assumption 2.0.3,,

which ensures the reqularity of the boson-impurity interaction potential W € W™ N H™.

i1) (Condensate conditions) We assume that for all volumes A > 1 the condensate @o €
H>(R?,C) waries on the scale A*/3. By this we mean that it satisfies Condition 2.1.7
with additional regularity in the derivatives of ¢o, namely Condition 2.1.8i)k1+2n—1 and
Condition 2.1.8,, for m = max{k+2,2+2}. Furthermore, we require that the condensate

is flat around the origin, namely Condition 2.1.112, s.

iii) (Tracer localization and excitation number bound) For all volumes A > 1 and densities
p > 1letpo € L*(R? Hy,, (RPN, C)) and 45" = Upothpo € L*(R? QI (1 — A))),
where U, 4 is the excitation map defined in Definition 2.2.4.

Assume that YSY¥ is a perturbation of a quasi-free state with localized tracer particle,
namely that Y& satisfies Condition 2.3.4ii )2, .

Let YBY € F({pi}1) be the solution of the effective Bogoliubov-Fréhlich dynamics with initial
data Y5Y (see Definition 2.3.2) and p; € R as in Remark 2.1.2.
Then for all times T > 0 there exist a constant C > 0 such that for all densities p > 1 and

volumes A = p®

3a—1

sup Hei fot(pl/sz—us)dsI QU ,te_ithwp,O _ ¢?F|| <Cp
te[—T,T)

(3.3)

Remark 3.1.3.
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3.1. Validity of the Bose-Polaron Dynamics

The Microscopic Dynamics. The term I ® Up7te*itHﬁz/Jp70 represents the excitation part of

the solution to the full microscopic dynamics (see Definition 2.0.1).

Convergence and Scaling. After extracting a constant phase, we obtain both convergence
and a convergence rate for 0 < a < 1/3. Note that the mean-field scaling with volume

A =1 corresponds to a = 0, while the thermodynamic limit corresponds to a = oo.

Condition on a. We first assume 1 > « , which is necessary for Remark 4.2.2 and simplifies
the estimate (3.3). Additionally, we restrict 1/3 > «, ensuring that the excitation number
condition (4.1) in Theorem 4.2.1 follows from Condition 2.3.4ii)s,. Note that we need
Theorem 4.2.1 in the proof of Theorem 3.1.2.

If we directly assume (4.1) for &% then all 1 > « are admissible. In this case, the
validity of Theorem 3.1.2 also holds under the weaker Condition 2.3.4i)s,, instead of Con-
dition 2.3.4ii)g,.

Lower Bound on n and k. We have explicit control on the lower bounds on n and k such
that Theorem 3.1.2 is valid:

3 1 s (2n—1/2)(1/3 —s)
”240/35)(@‘2‘3)’ e Y F (34)

The lower bound on n is strictly increasing with 0 < s < 1/3 for fixed 0 < a < 1/3.
Conversely, the lower bound on k is strictly decreasing in 0 < s < 1/3 with fixed n € N..

Initial State Assumptions. The assumptions are chosen such that at ¢ = 0, the tracer is
localized at the origin, and the condensate ¢q is flat in its vicinity. This allows us to
extract the tracer-condensate mean-field interaction as approximately a phase from the

dynamics: p'/2W x [p;]?(x) ~ p'/2 [ W (see Section 5.4 for a detailed argument).

Flatness Condition of the Condensate. The flatness of the condensate is used to control

the tracer particle and has two main effects:

Dominant Excitation Interaction. The interaction of the tracer with condensate par-
ticles is subleading compared to its interaction with excitations (see Chapter 5 for
details).

Tracer Localization. The tracer remains inside the Bose gas over the considered time-
scale of O(1) (see Section 5.4.3 for details).

Excitation Number in the Initial State. The initial state should satisfy the following heu-

ristic conditions:

Global Excitation Number. The total number of excitations in the Bose gas is at most
O(A), growing with the volume. This is required for the validity of the Bogoliubov

approximation in Theorem 4.2.1.
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3. Main Results

Local Excitation Number. The number of excitations effectively interacting with the
tracer is O(1). This corresponds to the number of excitations within a unit volume
due to the tracer’s O(1) interaction range (see Remark 2.0.4). Control over this local

excitation number is crucial for ensuring tracer localization in Theorem 3.2.1.

In Condition 2.3.4 we control the transformed number of excitations Ug (N + 1)Ug,,

where Ug, is a Bogoliubov transformation (see Section D.2.1 for a definition).

e If we set Ug, = I, Condition 2.3.4 on our initial state allows only O(1) excitations

globally and hence also locally.

e By introducing Ug,, we can meet both the global and local excitation criteria out-
lined above. The Bogoliubov transformation Ug, can change the global excitation
number by [|QoQ5—1fs+/Qoll2, (see Lemma D.2.4). The localization of the tracer,
being a local phenomenon, only requires bounds on ||Qgllop (see Theorem 3.2.1).
Thus, we interpret ||QoQf — 1||#g as the global excitation number and ||Qql|op as
the local excitation number in our initial conditions (see Remark 5.4.6 for further

discussion).
The proof of Theorem 3.1.2 can be separated into two parts:

Chapter 4: Bogoliubov approximations.

Chapter 5: Control of the tracer-condensate mean-field interaction.

More precisely, we split

i [E(p/2 (W= s i [t(— s
et fo 0 " S Wondds T @ U, i1, — T || < (et o 1B T @ U, p, e — TP (3.5)
itp'/? BF,
+ [lefte T WapPEe B (3.6)

Here @ZJtB For g generated by the Bogoliubov-Frohlich Hamiltonian, which still contains the
tracer-condensate mean-field interaction HBOS#(t) with initial state ¢ 7 := ¢yBF (see Propo-

sition 4.1.1).

e The first term (3.5) corresponds to the Bogoliubov approximation, which establishes the
effective description of the full dynamics by HB°*(t) (see Chapter 4).

e In the second term (3.6) we extract the p-dependent tracer-condensate mean-field inter-
action term p'/2W x| |? from the dynamics by approximating it with p/2 [ W, which is
large but constant. For the second part we use our results from Chapter 5, especially the
localization of the tracer particle. For more details we refer to Chapter 5 and in particular
Section 5.4.
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3.2. Tracer Localization

Proof of Theorem 3.1.2. We split Heifot("l/zfW—“S)dsUwa,t —PF|| into (3.5) and (3.6) and
estimate both terms separately. The estimate of (3.5) is given in Theorem 4.2.1 and the estimate
of (3.6) is given in Theorem 5.2.1,, where we set v > 0 such that A=7 = (A3/p)*/2. Note that
the conditions of Theorem 4.2.1 are satisfied, since V1 < M < 4:
(68", 1@ W+ DMuP™) = (1@ Ugyuf ™, 1 (Ugy (N + 1)U, )T @ Ug, ™)
< Car (1 + [bliEs + 1ll2)™ (T @ U, y§™, T & (N + 1M1 @ Ugy g™ )

< Cu(1+ 11095 — 1lfis + 1Qoll2)™ < CuAM,

J*bJ*
where we used Lemma D.2.4 together with Qp =: (g Jeg ), and [|Qollz(2esr2) < C,
c
Q095 — 1us(r2gsr2) < CA'/? as well as Condition 2.3.4ii)(I®UQO¢g)F72M) for M = 2. Note
thatnzm(éf2f§)22:Mfora,s€(0,l/3). [ ]

3.2 Tracer Localization

One of the important ingredients for Theorem 3.1.2 is the localization of the tracer particle,
which is an interesting result on its own. For details about its interpretation we refer to
Section 5.4.

Theorem 3.2.1 (Tracer Localization in Position and Momenta for the Effective Dynamics).
Let M € N+.

i) (Interaction Potentials) Assume that the potentials V and W satisfy Assumption 2.0.3),

which ensures the reqularity of the boson-impurity interaction potential W € WM-onHM

ii) (Condensate conditions) We assume that for all volumes A > 1 the condensate @g €
H>(R?,C) varies on the scale A*/3. By this we mean that it satisfies Condition 2.1.7
and Condition 2.1.8k—o42.

iti) (Tracer localization) For all densities p > 1 and volumes A > 1 let p&* € L*(R3,Q(dI'(1—
A))) Assume that Y5¥ is a perturbation of a quasi-free state with localized tracer particle,
namely that Y& satisfies Condition 2.3.4i)y with power M.

Let EY be the solution of the effective Bogoliubov-Fréhlich dynamics with initial data YSF (see
Definition 2.5.2). Then

a) (t = ¢PF) € LS (R, Q((—AL)M)) N LS (R, Q(2M)).
b) For all times T > 0 there exists a constant C' > 0 such that for all densities p > 1 and
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volumes A > 1

sup  {q(—a,)v (U77) + goan (W)} < C.
te[—T,T]
Proof of Theorem 3.2.1. Set hoe := (—Az+22)@I+1® (N +1). Due to Condition 2.3.41) ypr pf
there exists a unitarily implementable Bogoliubov map Qy € L( @& J*) such that we have
Yt e T@UE QM) NQWI(1 — A)) € Qhoe) N QAL (1 — A)) and hence 1PF exists (see
Corollary D.4.3). From Corollary 5.4.5 we know the claim for ¥P¥ with &F .= I ® Ug, ¥&F,
where 9BF is defined in Corollary 5.4.5 and ¥BF = I ® Ug, UB%(t,0)*1BF due to Lemma 5.4.3,
where UB8(¢,0) is the propagator of the Bogoliubov Hamiltonian (see Remark 2.3.3). Since
I ® Ug,UB%8(t,0)* commutes with 2> @ I and (—A,)" ® I we conclude the claim for ¢2F.
Note that g, (I ® Ug,1g") < C due to Condition 2.3.41)ex y/. [ |

28



Chapter 4

Bogoliubov Approximation

In Section 4.1, we first determine an effective intermediate Bogoliubov-Fréhlich Hamiltonian
for the excitation and tracer dynamics. This is followed by the Bogoliubov approximation in

Section 4.2, where we establish its validity rigorously.

4.1 Determination of the Effective Hamiltonian

In this section, we derive the intermediate Bogoliubov-Frohlich Hamiltonian HBY*(t) (see
Proposition 4.1.1), which still includes the tracer-condensate mean-field interaction. This
Hamiltonian is obtained from the excitation Hamiltonian Hp*(t) = U, 1 H,U  +1(0U, 1) - U} 4.
To achieve this, we isolate all terms in the excitation Hamiltonian that are small when the
number of excitations is small compared to the total number of particles N. These terms
are collected into an error term Rpy. Additionally, we extract the constant —u; from the dy-
namics. The process of obtaining the effective Hamiltonian is referred to as the Bogoliubov
approximation. The analysis in this section is based on results from [LNS15; PPS20; LP22].

The intermediate Bogoliubov-Frohlich Hamiltonian HBF-?(t) still contains the mean-field term
of the tracer-condensate interaction p'/2W # |p;|2. This condensate contribution could po-
tentially dominate the tracer-excitation dynamics. To avoid this, we choose the initial data
such that it can be effectively approximated by a constant, allowing us to remove it from the

dynamics (see Chapter 5).

We start by showing the following Proposition 4.1.1. Together with the Ry estimate in
Lemma 4.2.3 and the excitation number estimate in Lemma 4.2.6, this result completes the

Bogoliubov approximation and leads to Theorem 4.2.1.

Proposition 4.1.1 (Intermediate Bogoliubov-Frohlich Hamiltonian). For all volumes A > 1

let ¢y be the condensate. If we choose |polla = AY? and py = $(55%,V * [pe]* 555 ) in
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4. Bogoliubov Approximation

Definition 2.1.1 then

HE™(t) = HPPP () — py + Ry (1) (4.1)
Ay
HE0() = 210 5 [2(x) = 5%+ A(QuWaspy © JQUWap) + HP(1),  (42)
where HBYP(t) is the intermediate Bogoliubov-Fréhlich Hamiltonian with tracer-condensate

mean-field interaction term, HB(t) the Bogoliubov Hamiltonian defined in Definition 2.3.1

and

1 t
Riw = = 2D (Q0 [V * oul? + Ea(t) — ] @) 2
NL(t)+1)y/N - N (¢
_ ( +( ) )N +( )CL (Qtv* ‘Spt|2Agfj2)
1 N NN -NL(1t) -1
1S Wi <¢< SOGERAGER _1>
m,n>1
N — N (¢ 1 Ni(t
+ Z AVOmnp%a;anaeriut ;V()Jrh.c., (4.3)
m,n,p>1
1 * %
RQ’N:ﬁ Z AVinpqQr 6y apaq (4.4)
m,n,p,q>1
N — N (t
R3 v = a™ (Q:Waepr) (\/NJF() - 1) +h.e., (4.5)
1 1
Ryn= — —W 22N (t) + —=dT(QW,Qy), 4.6
4N 7 * || (@) N4 (8) 7 (QiW2 Q1) (4.6)
4
Ry=> R, (4.7)
i=1

where Vinnpg = (Um @ty , V(= y)up @ ug) and Ny (t) = N —a* (:%%5) a (5% ) is the number

operator on the excitation space F<N ({(pt}l).

Proof of Proposition 4.1.1. Equation (4.1) follows directly from the definition of H;* in Defini-
tion 2.2.6 as well as Lemma 4.1.5 and Lemma 4.1.6. |

Remark 4.1.2.

e The differential equation 19, = HBFL ()PP P = 45T has in a weak sense
a unique global solution ¢ * = UBFr (¢ 0)y5" ", Yabg " € L*(R3, F(L?)), where
UBF»(t,0) is the propagator of HB¥?(t) (see Corollary D.4.3 for a more precise state-

ment).

e The dynamics generated by HBF?(t) leaves the excitation space invariant, meaning that
UBEL(t,t0) (F({pt, 1) NQWN)) C F({ei}+), which can be proven analogous to [LNS15,
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4.1. Determination of the Effective Hamiltonian

Theorem 7).

e Note that A, (t) and A coincide on the excitation space F=N ({¢}+).

To prove Proposition 4.1.1 we need to understand H;*(¢) in detail and therefore also the
excitation map U, ; defined in Definition 2.2.4. From [Lew+15] we know the following Lemma

giving basic properties of U, ;.

Lemma 4.1.3 (Properties of the Excitation Map).  For all volumes A > 1 let @ be the

condensate.

N ey \NVTE
a) We have the following representation U, = € Q?kw.
k=0

V(N=F)!

b) For f,g € {¢:}* the have the following identities on F=N ({pi}F)

U,ea* (%) a ( Aij) Ut = N=Ni(t), (4.8)
Upea*(fa (5575 Upe = @ (DN =N (D), (4.9)
Upea* (5575) alf) Upy = VN = NZ@ a(); (4.10)

Upa*()alg) U, = a*(falg) (4.11)

where Ny (t) = N — a* (5%5) a (5% ) is the number operator on F=N ({p}+).

The Hamiltonian of the excitations, Hy*(t) = U, H,U;, +i(0:U,) - Uy, can be treated

by analyzing both terms on the right-hand side separately. For i(0;U,+) - U, ot We use [LNS15,

Lemma 6], which we restate here for the reader’s convenience.

Lemma 4.1.4. Let u € CY(R, L3(R?)) satisfying |[u(t)||2 = [|u(0)||2 for all t € R. We will
denote its derivative in L? by u(t). Then U, € C* (R, L(L2(R3N), F<N(L?))) and

(0:Up) = (a*(u(t))a(Q(t)m(t)) — VN = Na(Qt)iu(t))
—a*(Q(1)iu(t)) VN — N — (iu(t), u(t)) (N — /\/)) Upt (4.12)

where U, is defined in Definition 2.2.4.

Next, we give another result from [LNS15].

Lemma 4.1.5 (Excitation Space Representation of the purely Bosonic Hamiltonian). Set

H}?:—Z%Jrl Y Viyi—u),

i=1 P 1<i<j<N
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4. Bogoliubov Approximation

the microscopic Hamiltonian without the tracer particle. For all volumes A > 1 let ¢, be the

condensate. If we choose ||pola = AY? and py := 7<A1/2,V* los QA“I’52> in Definition 2.1.1
then

HSX’B(t) = Up,tHf]?U;,t +1(0:Up,) Uy

= HB%(t) -y + Riy + Rov (4.13)

where HBOg(t) is the Bogoliubov Hamiltonian defined in Definition 2.3.1, and Ry n and Ry n
from Proposition 4.1.1.

Proof of Lemma 4.1.5. The proof of Lemma 4.1.5 is analogous to [LNS15, Appendix B] if one
substitutes in [LNS15, Appendix B] W with A -V and u; with {%%5. Note that ||z (2 =1 is

normalized. [ |

4.1.1 Adding the Tracer Particle

We follow the method displayed in [LP22, Lemma 3.2] to transform the tracer particle contri-

butions to the microscopic Hamiltonian H, into the excitation space using Lemma 4.1.3.

Lemma 4.1.6. For all volumes A > 1 let ¢, be the condensate. Then

JANS ol A,
“om 1/2 Up.t Z WUps = pPW s (@) - om A(QiWapr ® JQWapr)

n=1

+ R3 v+ Ry,
where R3 ny and Ry N are defined in Proposition 4.1.1.

Proof of Lemma 4.1.6. For t € R let {ug;tren, = {urltren, be an orthonormal basis of
L?(R?,C) with ugy = +%%. Our analysis is carried out for a fixed 2 € R®. Note that for
any ¢,v € L2(R3, F<N)), we have

<¢,< = 1/2 ”tz ) >
:/dx<¢(5€)a< 2Am 1/2 "tz ) (I)>

such that we can work with a fixed x.
Since W € L, we have that Zgzl(Wm)n € Z(L*(R3)®<N) and

NE

n:l 7y

(uj, Wyug)aiay
0

o~
Il
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4.1. Determination of the Effective Hamiltonian

on L?(R?)®+N where the right-hand side converges strongly on the definition space L?(R3)®:N

and is extended to the full space by its closure. We use the decomposition I = P; + Q¢ (see
Notation 2.2.1) to achieve

N
Z(Wm)n =

M8

<Uja (Pt + Qt) (Pt + Qt)uk>a ag

n=1 J,k=0
o0

= E , (Wa)jrajar + E : 2)0j40%;
J,k=1
o0

* *

=+ E (Ww)joaja() + (Ww)oo(loa() R

j=1

on L?(R3)®:N where all series converge strongly in the same sense as kazo (uj, Woug)aiay.
Since U, ; is continuous we conclude with Lemma 4.1.3 that

Up.t Z Upe = Z (Wa)jrajak + Z(Wz)oj‘\/m%
J,k=1 j=1
+ Z D50@ VN =N + (Wa)oo(N = N) (4.14)

on the full space F=V ({gz)t}l), where all operator converge strongly on the definition space
U,L? (R3)®5N and are extended by their closure. Now we note that for f, — f in L2, we have
la*(fa = ol < 1fa = Fll2llV +1)"2¢] — 0 and hence

lla*(fn = ol =0, (4.15)

for all ¢ € F=N ({¢}+). We conclude, since f +— a*(f) is linear, that for ¢ € F=V ({}+)

o0 f<N n
Z 2)j0a; VN = Ny = hm Z (uj, Wyug)a* (uj) VN — N
j=1 *im1
FEN n
= lim a Zl (uj, Wyuo)uj | VN — N
iz
Z w;, Wyuo)u; \/N—J\/w:a*< WAS?Z)\/N—J\/@. (4.16)
j=1
Analogous, since f — a(f) is antilinear,
- ¢
Z(Wx)joajw =a (QtW A1j2) Y. (4.17)

1

J
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4. Bogoliubov Approximation

By noting

o0

Z (Wa)jkaiar = dD=N (QuWeQy) (4.18)
k=1

on F=N({p}+), we get with (4.14), (4.16), (4.17) and (4.18) that

N 2
U, S WU = W 2L () (v = ) 4 dr= Qo Qo)
n=1

A
Pt * Pt
+vVN —Na (Qthrlﬂ) +a (Qth—Np) N —-N,
on F=N ({(pt}J-), which proves the claim. n

4.2 Bogoliubov Approximation

We want to estimate [je=Jo #sdsqpex — pBFP || where yex = U, and 4P is the solution of
the formal equation 9,4 = HBFP(£)yhp"* (see Corollary D.4.3 and (4.2) for the definition
of HB¥:r(t).).

We use the methods of [PPS20], which we transfer to the second quantization, to show the

validity of the intermediate Bogoliubov-Frohlich dynamics in Theorem 4.2.1.

Theorem 4.2.1 (Bogoliubov Approximation). Assume that for all volumes A > 1 the conden-
sate py € H®(R3,C) varies on the scale AY/3, namely that it satisfies Condition 2.1.7. For all
volumes A > 1 and densities p > 1 let 1,0 € L*(R? HL, (RN, C)) and Y§¥ := U, 0thp0 €
HYR3, F(L?))NLAR3,Q(dI(1 - A))) = Q(—A, @ ) NQ(I @ Q(dT'(1 — A)), where U, + is the
excitation map defined in Definition 2.2.4.

If 1/)331:”’ € Q(N?) and there exists a constant C' > 0 such that for all densities p > 1 and

volumes A >1 and 1 <n <4
(6077 L& (W + 1)) < OoA™, (4.1)

then for all times T > 0 there exists a constant C' > 0 such that for all densities p > 1 and

volumes A > 1

. BE A3 1/2 A 1/2
wpngﬁwﬂmmmm—w’WSc<p> 1*() ' (4.2)

te[—T,T) P
Remark 4.2.2. If we choose A = p® with o < 1 then the right-hand side of (4.2) can be
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4.2. Bogoliubov Approximation

simplified. In this case we have that A/p <1 and thus

ot BF A3 1/2
sup ”e_lf0 MSdSUp.,td)p,t -y P <C (,O) )

te[-T,T]

which is convergent for p — oo if o < 1/3.

Proof of Theorem 4.2.1. To shorten our notation, we write e s “Sdswa’p =: ®; and U, 13y =:
7*. For the proof we use a Gronwall estimate. We start by calculating the time derivative by
adding £0

d : ex ex 3
aﬂﬂfx — & ||* = 2Re(y* — By, —iHTUP* — (=1)(HP"P — 1y)®y)

= 2Re(yf™ — @y, —i(H* — HP™P 4 )yf)
+2Re( — Dy, —i(HPTP — ) (U5 — D1))
= 2Im (P — Dy, (H — HPPP 4 1 )yf*) = —2Im(®¢, Rvo™)

where in step three we have used the real part and HPF* symmetric and in step four the
imaginary part.

We now use the estimate on the remainder term in Lemma 4.2.3 to bound the right-hand

side by the particle number operator acting on the effective dynamics 1/)? Fop

T

<407 2([lprlloo + llpellZ + AW 1+ W ll2 + W llo) 05 = @[V + 1)
+0p7F (Ipelloo + leell2) (VI + IV )05 — @l (A + 1)% @]

+Cp7 (leelloo + leell % + 1) (VI + V2 + IV [l 185 = Sl (N + 1)2@4]].

It follows with our initial condition (4.1), the excitation number estimates Lemma 4.2.6, and
Corollary B.1.2 with (a 4+ b)™ = > (7)a*b" " that VT' > 0 3C > 0 such that VA > 1 and
-I<t<7T

d ex ex — 2
LN — B2 < 05— @il { CoV2 (Do, (A+ N +1)°o)

+Cp 2@y, (A + N + 1))
+ Cp7 (Do, (A + N + 1))}

S ||¢tcx - q)tH{Cpil/QA —+ Op71/2A3/2 + OpflAQ}

A2 1/2 A3 1/2 A2
<wr-eac((5) 7+ (5) 7+
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4. Bogoliubov Approximation

A3 1/2 A2
<|wa—q>tC<<p) +2).

where in the last step we used that p~1/2A < p_%Aig/Q7 for A > 1. We conclude with Gronwall

3N 1/2 1/2
o — @y sc(A) <1+ (A> )
p p

which proves the claim. |

Lemma 4.2.3 (Remainder Term Estimate, part of the proof of Theorem 4.2.1). For all volumes
A > 1 let ¢, be the condensate satisfying Condition 2.1.7 then

— 2Im(®y, Ryvy™)
<4p7 ([l tllse + el % + DUW I+ W]z + W [loo) 15 — e[| [(N + 1)

_1 ex 2 )
+Cp7% (letlloo + llellZe) (VI + 1V II2) [0 = @IV + 1) 27|
+Cpt (ltlloo + ot + 1) (VI + IV 12 + 1V a0 195 = @IV + 12957 (4.3)

The proof of Lemma 4.2.3 can be found in the Appendix E.1.1.

In the following Lemma we state the key estimate for Lemma 4.2.3 and thus for Theorem 4.2.1.

Lemma 4.2.4. For all volumes A > 1 let ; be the condensate satisfying Condition 2.1.7. Let
®,® € L*(R3 D(N)) C L*(R?, F,(L?)). We estimate

Im<<i>, Z Aijooa;a;;(I>> < H(ptugo”‘/nl‘|N1/2&)||HN1/2(I)H

Jik21

+ A2t loo [V 2N/ 22 || @ (4.4)
Remark 4.2.5.

a) We obtained a similar result to [PPS20, Lemma 3.5, Part v§,]. However, from the proof

of Lemma 4.2.4, it remains unclear whether the estimate can be further improved.

b) The second term in (4.4), with the prefactor A'/2, determines the order in A in the

estimate Lemma 4.2.6.
¢) Note that >, AVjkooajaj® is well defined due to part b) and d) of Lemma C.0.1.

The proof of Lemma 4.2.4 can be found in the Appendix E.1.2.

Lemma 4.2.6 (Excitation Number Estimate, part of the proof of Theorem 4.2.1). For all
volumes A > 1 let p; be the condensate with initial data o € H®(R3,C) satisfying Condi-
tion 2.1.7. Then for all n € Ny and times T > 0 there exists a constant C > 0 such that for all
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4.2. Bogoliubov Approximation

densities p > 1 and volumes A > 1 we have

sup < BEL T @ (N +1)" FF*P> < c<¢§F*P,I® (A+ N+ 1)"¢§F’P>. (4.5)
te[—T,T]

The proof of Lemma 4.2.6 can be found in Appendix E.1.3.
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Chapter 5

Control of the Tracer-Condensate

Mean-Field Interaction

We started with the Hamiltonian H, and established the validity of HBF» = B 4 VPW *
|o¢|?(x) for the corresponding excitation dynamics in Chapter 4.

In this section, we show that the tracer-condensate mean-field interaction /pW x |¢:[?(z) is
approximately constant; allowing us to remove it from the effective dynamics. As a result, the
system is well described by HBF (¢).

We first outline our approach in Section 5.1. The main result — showing that the dynamics
of HBY? can be well approximated by those of HBF — is presented in Section 5.2. Finally, in
Sections 5.3 and 5.4, we provide a detailed discussion of the two main steps of the proof: the

local control of the tracer-condensate interaction and the localization of the tracer.

5.1 Outline of the Tracer-Condensate Control

Overview of the Method. Since the tracer-condensate mean-field interaction term /pW
|2 (z), is of O(,/p), it could potentially dominate the dynamics of the tracer particle and the
energy gain of the tracer due to \/pW * |o¢|?(z) could lead to the tracer leaving the Bose gas
in O(1) times (for details see Section 5.4.3). However, our focus is on the interaction between
the tracer and the excitations, so we aim to choose a setting where \/pW * |¢,|*(z) does not
outweigh the other interactions. In fact, for the tracer to be able to interact with excitations it
has to stay inside the gas cloud.

To achieve this, we show that /oW * |¢;|*(x) is approximately a constant, although large.

For this, we want the condensate to remain flat around the position of the tracer particle,
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5. Control of the Tracer-Condensate Mean-Field Interaction

specifically |p¢]? ~ 1if |pg|? ~ 1. In this case

VEW x o) ?(z) ~ /pW * 1 ~ constant . (5.1)

We only need to control |¢;|? within the interaction range of W around the tracer particle’s
position.

The idea above is realized in two separated steps:

1. Flatness of the Condensate. Show that the condensate remains flat around the origin,

ensuring that (5.1) holds rigorously in this region.

2. Tracer Localization. Show that the tracer is localized around the origin, assuming the

condensate remains flat in this region.

Since we do not control the precise position of the tracer, we assume it is initially localized
around a fixed point — taken to be the origin — and show that the condensate remains approxi-
mately flat around this point. We then show that the tracer remains localized near this position
over time.

Step 1 is achieved by controlling the condensate localized around the origin, specifically via the
bound of ||©x(p: — @1)]|2 from Proposition B.3.5, where © is the localization function defined
in (5.3) below. This, in turn, leads to a local control of \/pW * [¢¢|? in the same region, as
discussed in Section 5.3. In particular, since |P;|? = |po|?, the auxiliary function @; preserves
the initial flatness of the condensate ¢¢ in the mean-field interaction term.

In Step 2, we establish the tracer localization. We implement the assumption that the conden-
sate remains flat around the origin by using the effective dynamics generated by HPF, where
VPW  |¢i|*(x) has already been extracted, to describe the time evolution. The details of this

step can be found in Section 5.4.

Detailed Implementation. Now, we discuss how to implement our approach on a more

technical level. Our goal is to prove the convergence
itp'/2 W BF,p BF 0
le v P = = 0.

We are interested in controlling [\/pW * (|¢¢|* — 1)(2)¥£¥|| which can be seen directly from
Duhamel’s formula. To simplify the notation, we define Wy := \/pW x (|¢:* — 1).

Lemma 5.1.1 (Duhamel). Set 15" " = ¢B¥. Then we have

S

t
et TGP~ gPER = [ ot STV Wy @ s (52
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5.1. Outline of the Tracer-Condensate Control

Proof of Lemma 5.1.1.

itp'/? BF
Orllee T Wy — P2

B 2Re<eitpl/2fw¢t}3 I (e / Welte Wy PEe 4 PP F>
= 2Re<e””1/2f Ww?F’p,iHBFw?F> + 2Re<— BE _j(HBY — p1/2/W)eitp1/2ow?F,P>
it,

= 2Re<e o2 JWoypFr (HBFVP — p1/2/W - HBF> PF>

= 2Re( I WyPT Wy () ).
The claim follows by integration. |

To implement steps 1 and 2 outlined above, we introduce for s > 0 and n € Ny the localization

function around the origin

1

Oa(z) = T4 (A

(5.3)

which is discussed in detail in the Appendix A. By multiplying and dividing with the localization

function, we obtain the bound

VAW * ([@el* = D)(@)er™ || < [|0av/W = (le]* — 1) ()l |1/Oa ()] - (5.4)

Step 1 Step 2

Here, the control of the localized mean-field interaction ||© /oW *(|¢¢|? —1) ()| o corresponds
to step 1 and the control of ||1/©4(z)1EF || corresponds to step 2, where we bound moments of

the tracer position operator x acting on the effective dynamics ¥2F.

Next, we give a remark on the scaling of the tracer in relation to the condensate scaling,

which is important for both steps above.

Remark 5.1.2 (Condensate and tracer scaling). Our image of the condensate is that it varies
on the scale A3, in line with our initial conditions. This scaling ensures that the condensate
undergoes only small changes on an O(1)-scale, remaining approximately constant around the
origin. Notably, this O(1) region is precisely where we later prove the tracer to be localized,
giving the scale of the tracer particle (see Theorem 3.2.1).

Note that the above reasoning motivated the introduction of a large volume A for the gas in the
first place. Contrary, if the initial condensate ¢ has a O(1) scaling, e.g. being approximately
constant~ 1 within a unit ball and quickly decaying to zero at the edges, then the Laplacian
term in the Hartree equation would induce fluctuations at the boundaries, where —Ayy # 0.
Given an O(1) condensate scaling, these fluctuations would reach the tracer in O(1) time,

breaking the approximation p'/2W x [p4|?(x) ~ p*/2W * 1.
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5. Control of the Tracer-Condensate Mean-Field Interaction

However, in the rescaled case, where the tracer’s distance from the condensate edges is O(Al/ 3),
the large volume A ensures that fluctuations take much longer to propagate across this region.
The smooth decay at the condensate edges further suppresses these fluctuations. The choice of
s < 1/3 ensures that ©, has a smaller scaling than the condensate, serving as a localization

function.

5.2 Control of the Tracer-Condensate Mean-Field Inter-

action

The control of the tracer-condensate mean-field interaction around the origin can be found
in Section 5.3 and especially Corollary 5.3.2. The tracer localization, namely the estimate of
11/©a(z)PY]|, is stated in one of our main Theorems: Theorem 3.2.1. Its detailed proof can
be found in Section 5.4.

With Theorem 3.2.1 and Corollary 5.3.2 at hand we are able to prove the convergence of

leite™* S WyBEe _ BF | ag well as obtain a convergence rate.

Theorem 5.2.1 (Control of the Tracer-Condensate Mean-Field Interaction). Let a > 0, v > 0,
1/3>s>0 and n,k € N1 with

1 1 s (2n—1/2)(1/3 —s)
nZ(l/S—s) (4a+7_4)’ k2 1/3+s ’ (5:1)

i) (Interaction Potentials) Assume that the potentials V' and W satisfy Assumption 2.0.3,,
which ensures the reqularity of the boson-impurity interaction potential W € W™ N H™,

ii) (Condensate conditions) We assume that for all volumes A > 1 the condensate @ €
H>(R?,C) varies on the scale A*/3. By this we mean that it satisfies Condition 2.1.7
with additional regularity in the derivatives of g, namely Condition 2.1.8i)x1on—1 and
Condition 2.1.8,, m = max{k + 2,2 + 2}. Furthermore, we require that the condensate

is flat around the origin, namely Condition 2.1.115, 5.

iit) (Tracer Localization) For all densities p > 1 and volumes A > 1 let 1/)(])3F’p = BF €
I®Q(dT(1 — A)). Assume that YEY is a perturbation of a quasi-free state with localized

tracer particle, namely that Y5Y satisfies Condition 2.3.4i)ay, .

Then for all times T > 0 there exists a constant C' > 0 such that for all volumes A > 1 and

densities p = AV we have

t [SHZPT] HeitpUQ I Ww?pr - thFH <CA™T.
c|=1,
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5.3. Local Control of the Tracer-Condensate Interaction

Proof of Theorem 5.2.1. Let v,a > 0, n,k € N, , and w(])gF’p =Y8F € Q(h2M)NQ(dT(1-A)) C
Q(hoc).t Applying Duhamel’s formula, Lemma 5.1.1, we obtain the estimate

t
iy 1/2 B
et T WPt — PR 2 < 2/ [ 7" W (2)02" dr
0

t e [| 05
<2 [loamallf™ I | gos o 62
0

where we inserted the localization function ©(z) = from Example A.0.3,0 < s <

1/3, and used the norm conservation of ¢ .

1
I+(A=s[z])?n

Now let T" > 0. Using the tracer localization result from Theorem 3.2.1;, for M = n, we
conclude 3C > 0 such that VA > 1 and —-T <t <T

PPt
H Oa()

‘ < |lvoll2 + CAT?. (5.3)

Next, we apply Corollary 5.3.2, , choosing k € Ny as in (5.1) such that Aze—(G+5+ks) +
Aza—5-20(1/3=5) < 9\5e=5-20(1/3-%)  Using Corollary 5.3.2, , and (5.3), we conclude that
3C' > 0 such that VA > 1 and - T <t<T

! ’l/)BF L s
/||®AWA||OO H@AT(QT) ‘d’]’ < CAza—5-2n(1/3=5) (1 + A*Qns)
0

< CA%—%—Qn(l/i’)—s)

< CA™%,

In the last step, we used (5.1) for n. The claim now follows from the above estimate and
(5.2). Finally, we note that [vog"*|| < C due to Condition 2.3.4i)ypr o and the fact that

BF,p .__ ,/,BF
o= YT u

5.3 Local Control of the Tracer-Condensate Interaction

To control ||©x/pW * (|¢¢|> — 1) for the proof of Theorem 5.2.1 we need precise control over
the localized condensate especially over ||©a (¢ — @1)||2. The desired estimates are achieved in
Appendix B.3.

We start the estimate by splitting ||[© W |leo into two parts

10aWalloo = ©AVAW * (lt]* = 1)l

INote that vEF € I'® UéOQ(hgg) = Q(h2?) due to Condition 2‘3'4i)1/1103F,2n and Lemma D.2.4.
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5. Control of the Tracer-Condensate Mean-Field Interaction

< [10avAW * (Igof* = Dlloo + 1©aVAW * (lot]* = 0|l - (5.1)

Our analysis now consists of the two steps of estimating both terms above. If we assume
Condition 2.1.11, , for a sufficiently large k, and 0 < s < 1/3, then the term O, /pW (|0 |>—1)

is flat around the origin which makes it easy to be estimated. We give the following Lemma.

Lemma 5.3.1. Let a,s > 0, n € Ny, and O, (z) = W be the localization function.
Assume that for all volumes A > 1 the condensate po € H>®(R? C) varies on the scale AY/3,
meaning it satisfies Condition 2.1.8i)s,. Furthermore, we require that the condensate is flat
around the origin, namely Condition 2.1.115, 5. Then there exists a constant C > 0 such that

o1 all de’I’LSZleBS > 1 and 'Uolumes A - we ha'Ue
A\/7 ( )LO 1) o0 <— || chl& « n( ) (‘:: 2)

Proof of Lemma 5.3.1. The case n = 0 is trivial. Now let n € N;. We move ©, inside the
convolution. Therefore we use Lemma A.0.6b), especially A > 1. This yields, Vm € Ny

{@AW * (|eo|? — 1| (z)
< VPCml(95 + 1)Oa (w0 = Dlloo + vPA* " Crn(llol1% + 1)
< C’n\/ﬁA*Q”(%*S) , (5.3)

where we used ||¢olloc < C, Lemma B.3.1i) (which requires flatness around the origin of the
condensate) and that we can choose m large enough (for fixed n,s > 0), such that A= <
A=27(3=9)_ The claim follows from A = pe. ]

Since |¢¢|? — |po|? is missing a flatness condition around the origin, the second term in (5.1)
is much harder to estimate. However, using the identity |pg|?> = |P:|? and the estimate of

|1OA (ot — &1)]|2 from Appendix B.3 we can complete the argument.

Corollary 5.3.2 (Local Control of the Mean-Field Tracer-Condensate Interaction). Let a, s >
0, n,k € Ny, and Ox(z) = W be the localization function. Assume that for all vol-
umes A > 1 the condensate py € H*(R?,C) varies on the scale A*/3. By this we mean that
it satisfies Condition 2.1.7 with additional regularity in the derivatives of ¢g, namely Condi-
tion 2.1.8i)kyon—1 and Condition 2.1.8i1i)kvo. Furthermore, we require that the condensate is
flat around the origin, namely Condition 2.1.115y, 5.

Then for all times T > 0 there exists a constant C > 0 such that for all volumes A > 1 and

densities p = AV we have

sup [[OA Wil < C{AZ (78 8] 4 psim g2/} (5.4)
te[—T,T)

where Wy = /pW * (Jp¢|* — 1).
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5.4. Tracer Localization

Remark 5.3.3 (Arbitrary Good Convergence). We obtained an arbitrarily good convergence
rate for ||©AWalloo in A through our bound in (5.4). More precisely, the exponent of all A-
dependent terms on the right-hand side of (5.4) can be made arbitrarily small, provided that
Condition 2.1.8;, and Condition 2.1.11,, s are satisfied for all k,n, and 0 < s < 1/3.

Proof of Corollary 5.53.2. The proof of Corollary 5.3.2 is separated into several Lemmas con-
trolling the condensate ¢;, which can be found in Appendix B.3. Let T > 0 and —-T <t <T.
We use Lemma A.0.6b) to conclude that ¥m € N

H@A\/?WV * (|%0t|2 - |<P0‘2)||oo < \/50||@A(|<Pt|2 - |%00|2)||1A2Aoo
+ C VAT ou|* = lol* l1aznco
< VoC|Oa(eil? = |20l [1r2noe + CAZE (M) (5.5)

Note that || . ||1a2a00 is defined in Definition A.0.5. Corollary 5.3.2 follows directly from (5.1),
(5.5), Lemma 5.3.1 and Proposition B.3.5, for (8 = 0,k = k — 1) with

Az [[Oa (el = ool lltnznce < A% (|04 (0 = @)l2l0e — el
1 N
+ A% o lloo O (@ — P12
L -
< CAZ=|©4 (ot — @1)ll2
where we used the identity |p¢|? —|0o|? = |t — @t +2Red; (pr—@¢) and Proposition B.1.1. Note
that since s > 0 we can choose m in (5.5) large enough such that A= A=™s < A=/2-2n(1/3=s)

5.4 Tracer Localization

This section is focused on proving the tracer localization in both position and momentum space
in the dynamics generated by HP¥(t). The tracer localization in the effective dynamics is one
of our main results and is stated in Theorem 3.2.1. Our goal is to show that the tracer remains
confined within a region of O(1) over timescales of O(1). To do this, we first explain the main

ideas behind the proof in Section 5.4.1 and then present the result in Section 5.4.2.

5.4.1 Outline of the Localization Argument

To control the tracer position we have to control two contributions to its dynamics, one coming
from the condensate ¢; and one from the excitations.
The condensate gives a minor contribution, as the largest term that arises from its interac-

tion with the tracer, \/pW * [p4|*(x), has already been extracted from the dynamics: Hg* =
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5. Control of the Tracer-Condensate Mean-Field Interaction

HBY 4 /pW « |p|?(2) — pe + error. The remaining condensate contributions in HPF are con-
trolled by Corollary B.1.2 in the Appendix.

The excitation contribution is controlled by showing that the tracer only gains O(1) energy

from its interactions with the excitations. This involves proving two key points:

1. The Number of Effective Interactions. The number of excitations which effectively in-
teract with the tracer is O(1).

2. The Energy Gain per Excitation. The tracer gains at most O(1) energy from each ex-

citation it interacts with.

The first point is established using the Bogoliubov transformation UtB ¢ (see Corollary D.2.9).
The second point is ensured by the proper scaling of the boson-tracer interaction in the Hamil-

tonian (see Remark 2.0.2, and the detailed description below).

Number of Effectively Interacting Excitations with the Tracer. We begin with a

heuristic explanation supported by two main observations:

I. Range of the Interaction Potential. The range of the interaction potential W of tracer
and bosons is O(1) (see Assumption 2.0.3).

I1. Global Number of Excitations. The global number of excitations is at most O(A), as

shown by the bound in Lemma 4.2.6.

If we think of the excitations to be evenly distributed in the gas, then the tracer would only
interact with O(1) many of the global O(A) excitations. This heuristic supports the second key

point of the proof: the number of effective interactions.

To make the tracer localization rigorous, we aim to bound (¥, |z[*M4fF) by an O(1) bound.
For a simpler understanding, consider < BY zpBF >, which can be analyzed with a Gronwall
argument.

Starting with a general operator A and the solution v, of 10,1y = Ht,, we have

O (Y, Apy) = 2Im sy, [A, H|ty) . (5.1)

Estimating the right-hand side and applying Gronwall’s Lemma leads to a bound for (1, Aty).
The Hamiltonians relevant to our analysis are the Bogoliubov-Frohlich Hamiltonian HB¥ (see
Definition 2.3.2) and its transformed counterpart HBF (defined below in (5.4)), obtained via
the Bogoliubov transformation U} %%,

For both Hamiltonians we apply Gronwall’s Lemma with the operator z;. Using the commutator
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5.4. Tracer Localization

identity [Ag, ;] = (Apx;) +2(Vex;)V,, the operator x; changes to d,,. Reapplying (5.1) to Oy,
we obtain (A + 1)'/2 as the new operator to be estimated.? The procedure can be summarized

as follows:

a¥ =T V) Qi Waepy stimate
(Ue=T"V)QiWatpr) (N + 1)1/2 Estimat o1), (5.2)
Corollary 5.4.5

HP xR g, Qo Wz Bsmte o pz12) (53
Lemma 4.2.6

The critical difference arises from the Bogoliubov transformation UtB °% In HBF we have ex-
tracted with the Bogoliubov transformation the excitations which are effectively non-interacting
with the tracer. This allows us to bound <1Z§3F, (N + 1)1/21Z,{3F> < C for t € [-T,T], which
is sufficient for the purpose of tracer localization to an O(1) region. To see this, keep (5.2) in
mind and note that I ® US°® commutes with z ® I.

The bound on the excitation number in the transformed dynamics indicates that indeed the
excitations are evenly distributed in the gas as claimed in our heuristic argument (see below

for a detailed discussion).

Bogoliubov-Transformation. Section D.2.1 provides an overview of Bogoliubov transfor-
mations Uy and the associated Bogoliubov maps V. We use UtB %8 =T, to extract the excita-
tions which are effectively non-interacting with the tracer particle, resulting in a transformed

Hamiltonian:

HBF (1) = I @ (UP°®)* HPY (1)1 ® UP°® + i (I ® atUtBog) T U
A

= - ﬁ + A(SV/S - QiWepr @ JQ:Waipy) . (5.4)
In the Gronwall argument (5.1) for the excitation number operator we use that
A(SVES - QWapr ® JQWaipr) < C|[VilopWV +1)1/2.
And hence due to ||Vi|lop < C (see Lemma D.2.10) and Grénwall:

<~FF,(N+ 1)~PF> §C<~§F,(N+1)~§F>, te|-T,T].

Although we have extracted a global number of excitations growing with volume O(A) with
the Bogoliubov transformation UtB °€  the interaction term with the tracer particle has changed
only by O(1) due to ||Vi|lop < C. This indicates that the tracer effectively interacts with only
O(1) many excitations. This way |[V4|op controls the local quantity of effective interacting

excitations with the tracer.

2Explicitly, [0z, a¥ (Q:Wapr)] = a?(Q10x, Wapr) and  2Im(vy, a¥ (Qr0z, Wapr )1t ) <
l[9¢ ]l sup, 182, W [2[l@lloo [| (N + 1)1/ 24
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5. Control of the Tracer-Condensate Mean-Field Interaction

Energy Gain per Excitation. For the tracer localization, it is important that the energy
gain of the tracer per excitation it interacts with is @(1) as discussed in Remark 2.0.2. Techni-
cally, this corresponds to the interaction term A(Q:W,p:®JQ: W) in H BF having a prefactor
of O(1). Rescaling this term as p'/2~" A(SV;S - QW © JQ: W) with 7 < 1/2 results in an
energy change of the tracer of O(p'/2="). This scaling no longer ensures the tracer localization
[||2|?"9pB¥|| < C for —T <t < T. The proof of Corollary 5.4.5 provides further details on this

argument.

It is worth noting that O(1) - A(Q:Wypr & JQ:Wy4) is not needed for the Bogoliubov ap-
proximation (see Section 4.2). In the Bogoliubov approximation we estimate also the terms

coming from HPB°8, which create excitations on the whole volume A. By checking the proof of
N

Theorem 4.2.1 step by step we see, that we can choose \/% > W(x —vy;), without changing the
i=1

convergence rate in Theorem 4.2.1. This choice leads to the scaling p~" = p®/2=1/2 for A = p*

in the original Hamiltonian.

5.4.2 Tracer Localization Theorem

In the following, a rigorous proof of the tracer localization estimate is given. This proof includes
higher powers in the x; operator and is based on a Gronwall argument. Due to (5.2) it is not
sufficient to control the x; operator on its own but rather x;, d,,, (M +1) at the same time. This
is done with the well studied harmonic oscillator in the z-direction: hoe = —Ay + 22 + N + 1
(for details see Lemma D.3.1 and Corollary 5.4.5 below).

The Gronwall estimate is done for a class of quadratic forms, including the quadratic form
generated by HB¥ (t) (for details see Definition D.3.2 and Theorem D.3.3). To achieve this, we
apply Theorem D.1.1 ([LNS15, Theorem 8]) with comparison operator A := hq.. This theorem
provides a rigorous Gronwall argument for dynamics generated by time-dependent quadratic

forms.

In addition to the Bogoliubov transformation U°%, we apply another Bogoliubov transfor-
mation, Ug,, with ||Qo|lop ~ O(1). This way we can still follow the same argument as above
but generalize our initial state in Theorem 3.2.1 to I ® Ug, ¥&Y = N(?F (see Lemma 5.4.3) (see
Remark 5.4.6 for more details).

Definition 5.4.1 (Transformed Bogoliubov-Frohlich Hamiltonian). For all volumes A > 1 let
¢ be the condensate. For all densities p > 1 and volumes A > 1 let Qgy € S satisfy the
symplectic conditions (see Definition D.2.1). We define the transformed Bogoliubov-Frohlich
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5.4. Tracer Localization

Hamiltonian as
r7BF AI *
HQU (t) = _% + A(QOSVt S - Qth(pt > JQtWacQDt) s (55)

where V; := V(¢,0) is the Bogoliubov map corresponding to UB°8(t,0) = Uy,0) (see Corol-

1
lary D.2.9) and S = ( 0 )
0 -1

Remark 5.4.2. Observe that Qo SV} S - QW ® JQ: W = (¢4 J*b) (U — Vi J*)QiWaior &
J(c+ J*b) (U — Vi* ))Q:Wor =: g» @ Jg, such that the Hamiltonian in Definition 5.4.1 is

symmetric. Note that
J*bJ* U, JV J*
Q= ¢ , V= i K .
b JeJ* Vi JUJ*
Lemma 5.4.3 (Transformation Properties of the Bogoliubov-Frohlich Hamiltonian). For all
densities p > 1 and volumes A > 1 let Qg € S satisfy the symplectic conditions and be unitarily

implementable. Let UP® = UB9(t,0) be the propagator of HB%(t) (see Corollary D.2.9).
Then

10 Ug, (I (U™ H (1)1 0 UP +il @ (0,U7*) UP) 10U, = HE (). (56)
Therefore
000 = HP (1), & 10,0 @ Ugy (UL ¢ = HEY (4)1 ® Ug, (UZ)* 4, . (5.7)

Remark 5.4.4. The term i (I ® O UtBOg) Ie UP% is used to cancel the Bogoliubov Hamilto-
nian HB°8(t) from the dynamics, “diagonalizing” the quadratic part of the Bogoliubov-Fréhlich
Hamiltonian. In the case of time-independent quadratic Hamiltonians, where we aim to apply
a time-independent diagonalization transformation, achieving diagonalization becomes signifi-

cantly more challenging (see for example [NNS16; Nam20]).
Corollary 5.4.5 (Tracer Localization for the Transformed Dynamics). Let M € N and hoe =
—A, + 22+ N +1 be the harmonic oscillator.

i) (Interaction Potentials) Assume that the potentials V and W satisfy Assumption 2.0.3),

which ensures the regularity of the boson-impurity interaction potential W € WMonHM

it) (Condensate conditions) Assume that for all volumes A > 1 the condensate g, which

varies on the scale A3, meaning it satisfies Condition 2.1.7 and Condition 2.1.8y—o42.

1) (Bogoliubov map) For all densities p > 1 and volumes A > 1 let Qy € S satisfy the
symplectic conditions. In addition assume that there exists a constant C' > 0 such that
for all p, A >1:{|Qol|g(r2@s12) < C.
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5. Control of the Tracer-Condensate Mean-Field Interaction

Then ﬁgf(t) is defined as a quadratic form (qﬁggu)’ Q(hoc)) as in Definition D.3.2 and satisfies
all conditions of Theorem D.3.3.% In particular, this implies, that for all times T > 0 there
exists a constant C > 0 such that for all densities p > 1, volumes A > 1, =T <t < T and
SBF € Q(rM) Q(qﬁggu)) we have

anar (UPF) < Capar (057 .

Here, for a given initial state ’(Z(]?F € Q(hoc), the function J?F is the unique solution of the

evolution equation

iat{/;?F = Qﬁgg(t)(J?Fa )

"BF __ BF

t=0 — ¥0 >
as described in Theorem D.3.3.

Remark 5.4.6.

Position, Momentum, and Excitation Number Bound. By Lemma D.3.1, we have the
bound
G—anym (V) + qovrnym (OFF) + quane (V7)) < Corgran (977 -

Extracted Mean-field Contribution. Extracting the term p'/2 J W from the dynamics via
the unitary transformation o=t I W is crucial. Otherwise, one would need to estimate

|pY/2 [ W] < p!/20, leading to bounds in Theorem D.3.3 that grow with the density p.

Simplified Notation. For simplicity, we use the shorthand notation gem = qur ,,, ®lr2,

and g )M = QAN 2

Distinguishing Global and Local Excitations: The Role of Ug,. We consider the set-
ting of our main Theorem, where Qg is unitarily implementable and the initial state is
given by

BF _ T Uy, 457 .

The idea of Corollary 5.4.5 is to first extract the Bogoliubov Hamiltonian from the dy-
namics using UtB °¢ = Uy,, which allows us to control the tracer localization. In a second
step, we apply the time-independent Bogoliubov transformation Ug, to generalize the
initial conditions, allowing for O(A) excitations in the gas rather than restricting to O(1)
global excitations.

To clarify the role of Ug,, consider the case where it is not applied, i.e., setting Qp = I.

3In fact, the rescaled 2m - flglg(t) does, as the Laplacian —A, appears here without prefactor as in Theo-
rem D.3.3.
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5.4. Tracer Localization

Since I = USB 8, the strong initial conditions of Corollary 5.4.5 would then require that

C > quvnm (U5T) = qvnym (¥gT)

implying that the global number of excitations must be O(1). However, heuristically, only
control of the local excitations surrounding the tracer is necessary for its localization. In
addition, the O(1)-control of the global number of excitations is lost once the time evo-
lution begins (see Lemma 4.2.6).

To overcome this limitation and allow initial states with a global excitation number scaling
with the volume, we introduce the second Bogoliubov transformation Ug,. This transfor-
mation is time-independent and can be applied to the Hamiltonian straightforwardly since
the first Bogoliubov transformation UF°® has already extracted the contribution of HBoS,
The initial state then takes the form ¥&F = I ® Us, (];BTF (see Lemma 5.4.3), where only

(])i: needs to satisfy the condition C' > qary1ym (1;(],317), as required by Corollary 5.4.5.

In this case, using Lemma D.2.4, we obtain the estimate

AN +1)M (") = qv+nym (I ® Ugo¥s")
< Cn(1 411025 — 1llfis + 11QolIZ) M aearsym (46T) -

This estimate indicates that Ug, can increase the global excitation number by a factor
scaling with
||QOQ8 - 1||12LIS + ||Q0H2p7

which grows with [|QoQf — 1||}g. In contrast, the estimate for the tracer localization,
a local quantity, in Corollary 5.4.5 only depends on bounds for ||Qgllop. Understood in
this way, ||QoQj — 1|45 represent the global number of excitations and ||Qp||op the local
number of excitations in the initial conditions.

Then by choosing

e The global number of excitation: ||QyQf — 1||ig < CA.

e The local number of excitation: ||Qpllop < C.

we achieve a setting with O(A) global excitations and O(1) local excitations.

Proof of Corollary 5.4.5. We have to verify the conditions of Theorem D.3.3 for f := (t —
(z = 2m(U + J*V)(U; = Vi D)QiWapr)), g = 0 and A = 0. This is done in Lemma 5.4.7

and Lemma 5.4.8. Note that we rescaled the Hamiltonian with twice the relative impurity

mass 2m, in order to to ensure the impurity Laplacian has the correct scaling. After applying

Theorem D.3.3 we can remove this additional factor by rescaling the time variable.

Hence Theorem D.3.3 is applicable. From the same Lemmas as above, we further know VT > 0
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5. Control of the Tracer-Condensate Mean-Field Interaction

3C > 0 such that Vp,A > 1 and -T <t <T

Il fellw .00 (3, L2 (R3,0)) + ||ft||L°°(R3,L2(R3,<C)) <C. (5.8)

Now, let M € N4, T € R>q, I := [-T,T] C R bounded. By applying Theorem D.3.3 and (5.8)
we conclude 3C > 0 such that Vp, A > 1, YBF € Q(AM) and ¢ € I,

gar (VFT) < Cr, (H)qan (PFF) < elt=11CCquu (PFF) .

Here {/JV?F is the unique solution of

. TBF TBF
0y = Qﬁgg(t)( e )
Y im0 = ¥gT
as described in Theorem D.3.3. [ |

Corollary 5.4.5 follows directly form the general statement Theorem D.3.3 also including the
Hamiltonian HEF (t). The conditions of Theorem D.3.3 for the transformed dynamics generated

by H SF(t) are verified in the following Lemma.

Lemma 5.4.7. Let M € Ny. We make the following assumptions:

i) (Interaction Potentials) Assume that the potentials V and W satisfy Assumption 2.0.3),
which ensures the reqularity of the boson-impurity interaction potential W € WM-onHM

i) (Condensate condition) For all volumes A > 1 let ¢, be the condensate with initial data

©o, which varies on the scale AY/3, meaning it satisfies Condition 2.1.7.

iii) (Bogoliubov map) For all densities p > 1 and volumes A > 1 let UtBOg = Uy, be the
propagator of the Bogoliubov dynamics and Qy € S satisfy the symplectic conditions and
assume that there exists a constant C' > 0 such that || Qol|z(12qs12) < C. We can write

J*bJ* U, J*V,J*
Qo =: ¢ ;o V= i t .
b JeJ* Vi JUJ*
Set f = (t— (@ (c+ J*b) (U =V J)QiWapy)) then

a) For almost all x € R* we have (t — fi(x, .)) € C*(Ry, L*(R3,C)).

b) For all t € R we have that 8y fy = (x — 8y fe(z,.)) € L®(R3, L*(RY,C)) and f; €
WM (R, L2(R3, C)).
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¢) If in addition we assume Condition 2.1.8k—o1 for the condensate then for all times T > 0

there exists a constant C > 0 such that for all densities p > 1 and volumes A > 1

sup {||ft||WMv°°(R3,L2(R3,(C)) + ”atftHLOO(RS,L?(RB,(C))} <C. (5.9)
te[—T,T)

The proof of Lemma 5.4.7, using Lemma 5.4.8, can be found in the Appendix E.2.1.

We divide the proof of Lemma 5.4.7 into two parts. First we prove that F := (¢t — Q:W,¢+)
is smooth in a suitable sense (see Lemma 5.4.8 below). Then, we verify that the function
t— (c+ J*b) (U — Vi*J)Fy satisfies the assumptions of Lemma 5.4.7 in the Appendix E.2.1.

Lemma 5.4.8. Let M € Ny. We make the following assumptions:

i) (Interaction Potentials) Assume that the potentials V. and W satisfy Assumption 2.0.3),

which ensures the reqularity of the boson-impurity interaction potential W € WM->onHgM

i1) (Condensate condition) For all volumes A > 1 let @, be the condensate with initial data

o € H*®, which varies on the scale AY/3, meaning it satisfies Condition 2.1.7.
Set F := (t = (z— Qthgot)) then
a) F e C' (R, WM>(R3, L*(R?,C))) and for |8| < M

DEQ W, = Qu(DPW, )1,
O (x> QuDW,) i) = (x> QuDPW,)pr + Qu(DPW,) 1) -

b) For all z € R®, B € N}, k € Ny with k + || < M we have (t — DEF(z,.) =
Qi(D°W,)p:) € CH(Ry, HY(R?,C)) and

9 Qe(DPW,)or = Qu(DPW,) o1 + Qe(DPW,) oy .

¢) If in addition we assume Condition 2.1.8k—o1 for the condensate then for all times T > 0
and 8 € N3, k € Ng with k + |3| < M there exists a constant C > 0 such that for all
volumes A >1 and —T <t <T

essth;p (|| D8 Fy(z, e sy + |0, D2 Fy(x, Mr@s)) <C. (5.10)
S

Especially we are able to conclude that f := F satisfies all the conditions of Theorem D.3.8 on
f-

Remark 5.4.9.
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5. Control of the Tracer-Condensate Mean-Field Interaction

e Note that for -7 <t < T, |f| < M and k = 0 the estimate (5.10) implies:

||Ft||W]\4,oc(R3,L2(Rd7(C)) =+ HatFt|‘WM,oo(R37L2(Rd7c)) <(C.

e Lemma 5.4.7 and Lemma 5.4.8 giving the conditions for the tracer localization in Corol-
lary 5.4.5 are the reason why we need control over the derivatives of the boson-tracer

interaction potential W in our main Theorem 3.1.2.

The proof of Lemma 5.4.8 can be found in the Appendix E.2.2.

5.4.3 Necessity of a Flat Condensate for the Tracer Confinement

In this section, we provide a heuristic explanation of why the flatness condition on the conden-
sate is essential to ensure that the tracer remains confined within the Bose gas. Assume that
the condensate is given by @ (y) = n(A~/3y), where 7 is independent of A and p, without ad-
ditional constraints like flatness around the origin. We can then ask whether the tracer remains
within the Bose gas cloud over timescales of O(1).

Without flatness, the mean-field interaction between the tracer and the condensate \/pW ¢, |?
imposes the condition

p < A4/3

to ensure that the tracer remains inside the gas. However, this is incompatible with the re-
quirement

A< p,

which arises from the Bogoliubov approximation in Theorem 4.2.1.
When ¢ is not flat, we have to consider the term /pW * |¢;|* in the Hamiltonian: HB¥ +
VPW |2, When we estimate the tracer position we encounter as in (5.2) the commutator of
2

O, and the Hamiltonian, tracking the kinetic energy. Due to \/pW * [p;|° a new term appears

in the estimate of the commutator:

102, VAW * el *lloc [l ]|* < O/pAT?. (5.11)

Combining this with the estimate of the tracer position without \/pW x|p¢|* sketched in (5.10),

we see that

(e, zity) < C(L+ /pA~Y3).

To ensure that the tracer remains within the gas of volume A, we require that \/f)A_l/ 3 < A3,
Hence p < A*/3.
However, the Bogoliubov approximation demands A® < p, which is incompatible with p <

A*/3. Therefore, by assuming ¢o(y) = n(A~'/3y) without any additional constraints to limit
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5.4. Tracer Localization

the kinetic energy gain of the tracer particle from the condensate, the tracer may leave the

condensate within O(1) timescales.

Remark 5.4.10 (Intuitive Perspective). For a less technical explanation, consider the classical
force on the tracer due to the potential /pW x |o¢|%. Since the force is given by F = VV,
and considering the characteristic length scale of the condensate, we estimate it to be of order
\/,BA_I/?’. Over a timescale of O(1), the resulting position change is also of order \/ﬁA_l/?’. To

ensure the tracer remains inside the condensate, we obtain the constraint p < A*/3.

Example 5.4.11 (The Effect of a Flat Condensate). If we can replace \/pW x |p;|* with the
approximation for a flat condensate, /pW 1, the tracer remains inside the condensate. In this

case, the kinetic energy term simplifies:

102, 7/PW 1o [l4e]|* < 0,

indicating that there is no contribution to the kinetic energy of the tracer particle from this

term.
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Appendix A

The Localization Function

We define the localization function, which is used to localize the condensate around the origin.

Definition A.0.1 (The Localization Function). Let ©; € C*°(R3,R) with

a)

|01 < C, (A1)
ID°©,| < C4l0:], VB ENG. (A.2)

b) There exists an n € N with
lz] >a>0 = [0:(z)] <Ca?". (A.3)

We define a localization function ©, as
Op(z) :=01(A %), (A4)

where s € R is a parameter.

Remark A.0.2. In order for ©, to localize ¢y we have to choose s < 1/3. To understand
this, one can imagine ¢y = 7](A’1/3:E) to be a rescaled function varying on the scale of A'/3.
Localizing g with ©5¢( requires the localization scale of ©4(z) = ©1(A™%z) to be smaller
than that of ¢g. This heuristic argument will be made rigorous in our propositions (see for

example Remark B.3.6).

Example A.0.3. The localization function ©4(z) =
inition A.0.1.

W satisfies all the properties of Def-

Remark A.0.4.
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A. The Localization Function

e One advantage of choosing 01 (z) = as the localization function is that, for large

n it is nearly 1 within By(1), forming a plateau. Additionally, it rapidly decreases to 0
outside By(1), making it a smooth approximation of the characteristic function of By(1).
Note that we consider g to be a smooth function that is flat around the origin and
©0(0) = 1 (see Condition 2.1.11). Therefore O (z) = ©1(A~*z) modulates ¢y within A3
and smoothly cuts it off outside this region. This interpretation becomes even clearer

when we view ¢ as having a plateau inside By(1/2A1/3).

e Since 1+ |z|?" has a commutator with A that is easy to handle, the ||1/©||2 estimate
in the Gronwall argument within the proof of Theorem 5.2.1 is simplified by choosing ©4
as in Example A.0.3.

To facilitate our estimates, we introduce some norms from [Dec+16], which are particularly

useful when applying Young’s inequality.

Definition A.0.5. For 1 < py,...,pp < oo, M € N, we define the norm

1 lpuncmvse = 8 (ol o+ )

In order to compress the notation we also use
1 £llpr e = N Fllpy + oo N Fllpar -

All important estimates concerning the localization function can be found in the following

Lemma.

Lemma A.0.6 (Localized Estimates). Let n € Ny and s > 0. Let Op(x) = W be the

localization function.

a) (Functions flat around the origin) Let k € Ng with k < 2n. For all volumes A > 1
let f := fo € C¥R3 ,C). If we have flatness around the origin of f, namely there
exists a constant C > 0 such that for all volumes A > 1 and 0 < |5] < k — 1 we have
IDBF(0)] < || DP flloaCA~F=IBDA/3=5) thep,

i) There exists a constant C > 0 such that for all volumes A > 1

1Oaflloo < CATFAZ= (N DO fl AV ) (A.5)
[BI<k

it) If in addition n > 1 and k < 2(n — 1) then there exists a constant C > 0 such that
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for all volumes A > 1

1O fll2 < CATFI/3=0F32 | N DB f|| AIPIS (A.6)
[BI<k

b) (Convolution) Then for all orders m € Ny there exists a constant C > 0 such that for all
volumes A > 1, potentials W € L°(R3,C) and functions f € L°(R3 C) we have

lOaW s fllz<C Y Nyl Wihal©afline

0<|BI<m~—1
+ CAT™ | [y W [l12]l fllin2 (A7)
1OAW * flloo <C Y Iyl Wl1,2,00 /1O fll 142000

0<|Bl<m—1

+ CA | y|" W

|1,2]

|1,2,00 [l Fll1A2A00 5 (A.8)
Remark A.0.7.

Gronwall Estimates. Part b) of the Lemma is required to close Gronwall-type estimates of

the form

OO fill < a(t) + B[O S,

where we need ©, inside the convolution W * f. In this context, the terms CA~s™ .
Hyl" W12l fllinz and CAT=™ || [y[™W

1,2.00 || flliA2A00 act as error terms.

Rescaling of ©; to ©,. The rescaling of ©; to ©, is introduced to ensure that the error
terms in (A.7) and (A.8) decrease as A grows. However, this rescaling comes with the
cost of additional growth terms: A** in (A.5) and A**+3/2% in (A.6).

Flatness Condition. The condition
IDP£(0)] < ||DP flloCA~RIBNA/3=2) = g0 < |5 <k — 1

in Lemma A.0.6a) implies that, for 0 < s < 1/3, the derivatives D®f at the origin are
significantly smaller than their supremum norm when A is large, meaning that f exhibits
a higher degree of flatness near the origin than a bound on its supremum alone would
suggest.

Arbitrarily Small Errors. For fixed s > 0, the error terms in (A.7) and (A.8) can be made
arbitrarily small by increasing n. If we assume | D” f||o < CA='5 for 0 < Bl <k-1
(e.g., f = o in Condition 2.1.8), then (A.5) and (A.6) can be made arbitrarily small by
increasing m for fixed 0 < s < 1/3. The term A3/2% in (A.6) comes from the square root

of the volume occupied by G4 .
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A. The Localization Function

The proof of Lemma A.0.6 can be found in the Appendix A.1.1.

A.1 Proofs of Appendix A

A.1.1 Proof of Lemma A.0.6

Proof of Lemma A.0.6. Part a):
The case k = 0 is trivial. Now let £ > 1. By the Taylor expansion formula of f up to order
k — 1 around 0 we have Vz € R? 3¢ := ¢, € [0, 1] such that

B B T
@@l =esw)| o Py 3 2L

0<|B|<k—1 |81=k

DB Fll o CA—(E=18D(1/3=5) D8l
<o | T 1D £ |~TB|+ZH £l 12"

1 1
18|<k—1 Al |8l=k b

E
<Y |p° A-Gelsnags—s P
> e ” f” 1+ (A_S|l‘|)2n

(A1)
where in step 2 we used |D? f(0)] < || DP f|loo A~ *=18D(/3=9) 'yo < |3| < k — 1, and in step 3
the definition ©(x) = W > 0.

Now we use that ©x(z) = m is a smoothed version of the characteristic function of
By(A®). To make this property clear we distinct the cases © € Bo(A®) and x ¢ By(A®).

Case |x| > A®: Then A=*|z| > 1 and since |5 < k < 2n we have (A~*|z|)?"~18l > 1 and thus
1> (A~*]z|)!#1=2". We conclude since |z| > A* > 0

|| 14! wio || 1A

_ ASIBL. (A=) IBI=2n < pslBl
[T (A = 0% (A SO

Case |x| < A®: In this case we get the same estimate

|$||6| m\ﬁ\ < Aslfl
1+ (A=%|z])?2» — 140
So we have Vz € R3
T+ (|1§C|—f||x)2n <A (A:2)
We conclude from (A.1) and (A.2)
(©A)(@)| < C Y [|D flloc A~ FTIENA/S=I ARIAL, (A.3)
|BI<k
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A.1. Proofs of Appendix A

From here we conclude (A.5).

Now we want to prove the ||O4 f||2 estimate. Let us assume k < 2(n — 1) and thus n > 1. We
use (A.1) to conclude

1/2
OAfll2 = (/]R3 |@Af($)|2dgc>
2

(A1) . ASIBI (A= |z|) 1Pl
<C / | Y IDP fllooA™ T IPDA/3=9)2 (H(AWL> dx

1Bl<k

7 N o)
y=A""z

< OA-kQ/3-9) DB OOAIﬁ\/3 / (y) A3%d

=~ Z || f” - 1 + |y|2n Yy

1Bl<k

< CAF(1/3=9)+3/2s Z HDBfHooA‘B‘/g
|B]<k

/ ( ly|!8! >2d / <|y|ﬁ| )2d 1z
: S 20 Yy — a— Yy
rs\B(0,1) \0+ [y[*" Bo,1) \1+1

e’} 1 1/2
< CAHO/325 3 DB p A3 (/ 4W2T2<|ﬂ|72n>d,4_/ 47TT2T2|ﬁdy>
1 0

1/2

1BI<k
1/2
3+2(18|-2n) 1> F3+208] 11
< CATHUS IS S DA (| | - i3]
= 28 -2, ~ [3+ 2081,
< ON—F(1/3-5)+3/2s Z HDBfHooAWVg,
[BI<k

where the last step we used 3 + 2(|8] — 2n) < —1, VO < |B] < k which is equivalent to
18 < k < 2(n - 1).

Part b):

We want to change the argument of ©, from x to x — y such that we can move it inside the
convolution. Note that for z,y € R? it follows by expanding ©, around x — y that 36 € [0, 1]
such that

—s,\f3
Oa(z) < Y ID'OL (AT (z —y)) I%

0<|B|<m—1

5
+ Z Doy (A JL‘—y+9y))|u

18]= A
< Y Culen (A (@ —y)) |- AT 'yg'. |
0<|Bl<m—1
|y|\ﬂ|
+ Y Cp AP (A4)
[B|=m A

61



A. The Localization Function

where in the last inequality we have used Definition A.0.1. Now with (A.4)

OA()W * f()] < | / dyW () f(z — )0 (2)|

<Co S [yl W wON (@ - ) £ - )

0<|B|<m—1

+ Cp AT / dyly[™ - W (y)f(x —y)|
with Young’s inequality for p > 1

|OAW  fllp < C S Il
0<|8|<m—1

+ Con A [y W] [ £

<Cn Y P WiplOaLliap + Con ™™ [y Wl pllfll1rp -
0<]B|<m—1

*|Oaf]llp

This proves (A.7). The proof of and (A.8) is analogous.
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Appendix B

Control of the Condensate

B.1 Preliminary Results

The following preliminaries Proposition B.1.1 and Corollary B.1.2 form the foundation of our

control of the condensate.

The estimates provided in Proposition B.1.1 and Corollary B.1.2 are already known results
from [Dec+16]. For the reader’s convenience, we also include their proofs in Appendix B.4.1
and B.4.2. Notably, their proofs rely only on Condition 2.1.7, and unlike in [Dec+16], a plateau

condition is not required.

Proposition B.1.1. For all volumes A > 1 let ¢, be the condensate with initial data pg, which
varies on the scale AY3, meaning it satisfies Condition 2.1.7. Then for all times T > 0 there
exists a constant C' > 0 such that for all volumes A > 1 and —-T <t <T

s — @il < CATS. (B.1)

Corollary B.1.2. For all volumes A > 1 let ; be the condensate with initial data pg, which
varies on the scale A3, meaning it satisfies Condition 2.1.7. Then for all times T > 0 there
exists a constant C > 0 such that for all volumes A > 1 and —T <t <T

¢elloe < C. (B.2)

Remark B.1.3. In the proof of Proposition B.1.1 it is necessary to fix a finite time interval
t € [-T,T] as described in the Proposition. Since Proposition B.1.1 and Corollary B.1.2 are
our fundamental control properties for the condensate, this finite time interval appears in most

of our Lemmas and Theorems.
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B. Control of the Condensate

B.2 Condensate Control

In Definition 2.1.5, we defined the auxiliary function @;. In this section, we use @; to approx-
imate the condensate ¢;. The heuristic motivation for ¢, is discussed in Remark 2.1.6, and it

proves useful as |@;| = |¢o| allows us to transfer properties of the initial condensate ¢g to @;.

Lemma B.2.1 (Estimates of ¢;). Let 3 € N3. For all A > 1 let pg be the condensate, which
varies on the scale A3, meaning it satisfies Condition 2.1.8)5|. Then there erists a constant
C > 0 such that for all volumes A > 1 and timest € R

ID° 3l < CA™'S" (B.1)
ID°Gillz < CA='5+3 . (B.2)

Remark B.2.2. Lemma B.2.1 shows that the derivative estimates for ¢y remain valid for ¢;.

The proof of Lemma B.2.1 can be found in the Appendix B.4.3.

The following Lemma B.2.3 extends Proposition B.1.1 to derivatives of ¢; — ¢, enabling
us to transfer estimates from @; to the condensate ;. Additionally, Lemma B.2.3 proves the

condition (B.9) required in Lemma B.3.7 below.

Lemma B.2.3 (Condition (B.9) in Lemma B.3.7). Let 3 € N§. For all volumes A > 1 let
@ be the condensate with initial data o, which varies on the scale AY/3, meaning it satisfies
Condition 2.1.7 and Condition 2.1.8542.

Then for all times T > 0 there exists a constant C > 0 such that for all volumes A > 1 and
-T<t<T

1D° (01 — @) |2 < CATY/OIAV/3, (B.3)

The proof of Lemma B.2.3 can be found in the Appendix B.4.4.

Combining the estimates of Lemma B.2.1 and Lemma B.2.3 we gain control of the condensate

¢ as stated in the following Lemma.

Corollary B.2.4 (Estimates of the Condensate ;). Let § € N§. For all volumes A > 1 let
@y be the condensate with initial data o, which varies on the scale A3, meaning it satisfies
Condition 2.1.7 and Condition 2.1.8/512-

Then for all times T > 0 there exists a constant C' > 0 such that for all volumes A > 1 and
-T<t<T

D py]|o < CAM2TIBIS, (B.4)
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B.3. Localized Condensate

Remark B.2.5. The norm ||. ||2ac0 is defined in Definition A.0.5.

Proof of Corollary B.2.4. Corollary B.2.4 follows directly from Lemma B.2.1 and Lemma B.2.3.
|

B.3 Localized Condensate

This section is focused on the question how to modulate g such that the condition of ¢y being
flat around the origin persists for times ¢ > 0. We follow [Dec+16] as a guideline for this

analysis.

One essential ingredient we need, is control over the localized ¢ and ¢;, which is provided

by the following Lemma B.3.1 and Lemma B.3.3.

Lemma B.3.1 (Estimates of the Localized Initial Condensate ¢g). For all volumes A > 1 let g

be the condensate. Let k,n € Ng, s > 0. Set the localization function to be O (x) = W

i) We assume that the condensate @y varies on the scale A3, namely it satisfies Con-
dition 2.1.8i)k12n, and that it is flat around the origin, namely it satisfies the Condi-
tion 2.1.112, 5. Then for all 0 < |B| < k there exists a constant C > 0 such that for all

volumes A > 1

194D (9o — 1)l|oe < CA™2(E) =15, (B.1)

ii) Assume that the condensate o varies on the scale A3, namely it satisfies the Con-
dition 2.1.8i)y42(n—1), and that it is flat around the origin, namely it satisfies Condi-
tion 2.1.115(,—1),s. Then for all 0 < || < k there exists a constant C > 0 such that for

all volumes A > 1

10407 (g0 — 1)}z < CAZ2n =D (E=s) =5 e (B.2)
Remark B.3.2. The term A2% in (B.2) corresponds to the square root of the volume occupied

by the localization functions ©,. This factor appears due to be integration in the L?-norm.

Proof of Lemma B.3.1.

Proof of Part i):

The case n = 0 is trivial and follows from Condition 2.1.8,. Now let n > 1. Then with
Lemma A.0.6a);_,, we get VO < |B| < k

104D (00 = loc < CAT2MB= [N 7 | DT D g oo AN

[vI<2n
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B. Control of the Condensate

Condition 2.1.8i) 18]+2n
<

< A-2(3=e) -5 (B.3)
Proof of Part ii):
Now let n > 1. Then with Lemma A.O.6a),;:2(n_1) we get VO < |B| < k

1©AD (o — 1|2 < COA—2(n=1)(1/3=5)+3/2s Z ||D7DﬁSOOHooAI’YI/3
Iv[<2(n—1)

Condition 2.1.8i)‘5‘+2("71)
<

COA—2n=1)(3-5)- 15 +5s (B.4)

Lemma B.3.3 (Estimates of the Localized Auxiliary Function ¢;). For all volumes A > 1
let po be the condensate. Let B € N§, n € Ng and s > 0. Set the localization function to be

GA(‘T) = 1+(A}sm)2n'

i) We assume that the condensate o varies on the scale AY3, namely it satisfies Con-
dition 2.1.8i)\|42n, and that it is flat around the origin, namely it satisfies Condi-
tion 2.1.115,, 5. If |B] > 1 then there exists a constant C' > 0 such that for all volumes
A>1 and timest € R

18]

10AD% G ||oe < CA2M(/3=8)=75 (B.5)

ii) Assume n > 1 and that the condensate po varies on the scale A3, namely it satisfies
Condition 2.1.8i),5)+2(n—1) and Condition 2.1.8ii)5|, and that it is flat around the origin,
namely it satisfies Condition 2.1.115(,,—1,s. If |B] > 1 then there exists a constant C' > 0
such that for all volumes A > 1 and timest € R

1O D%, < CA—2=D(1/3=9)= Ll +5s (B.6)
Remark B.3.4. We obtain estimates of the localized quantities © , D@, which coincide with
the estimates of ©y Dy from Lemma B.3.1. In this sense, ¢; has the essential properties of
$0-

The proof of Lemma B.3.3 can be found in the Appendix B.4.3.

We are now able to give the main statement of this section proving that the localized con-

densate ©5p; can be arbitrarily well approximated by ©xp;.

Proposition B.3.5 (Localized Condensate Approximation). Let n € N4, k € Ny and s > 0.
= m Assume that for all volumes A > 1 the

condensate @y varies on the scale A*/3, namely it satisfies Condition 2.1.7, Condition 2.1.813

Set the localization function to be ©p(x)
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B.3. Localized Condensate

and Condition 2.1.81)(42)42(n—1)- Furthermore, we require that the condensate is flat around
the origin, namely Condition 2.1.115(,_1) -

Then for all B € N§ with |8] < k, and T > 0 there exists a constant C > 0 such that for all
volumes A >1 and —T <t <T

1_k+1 1 181

10AD (g0 = G)lls < C{AT# 5= 0r1m1Ds 4 p—do= 5 —n/=) ] (B.7)

Remark B.3.6.

i) The first term on the right-hand side of (B.7) can be made arbitrary small by increasing
k.

ii) For given 0 < s < 1/3 and k, we can choose n large enough such that the last Term on
the right-hand side of (B.7) is smaller than the first one. Consequently, as long as we can
choose n arbitrary large and Condition 2.1.8; and Condition 2.1.11,, ; are satisfied for all
k,n, the right-hand side of (B.7) can be made as small as desired.

Proof of Proposition B.3.5. The claim follows directly from Lemma B.3.7, due to Lemma B.2.3
is the condition of Lemma B.3.7 for k = 0 and each step in Lemma B.3.7 outputs the condition
for the next step in k. The sequence stops if we reach the limit of our initial condition,
Condition 2.1.81) (s 42)42(n—1) and Condition 2.1.8ii)x4o, after step k = k.

Note that condition (B.9) of Lemma B.3.7 is always satisfied for k& < k, due to Lemma B.2.3,
as pointed out in Remark B.3.8. This holds in particular because Condition 2.1.8(;43) is

assumed. [ |

The Proof of Proposition B.3.5 is supported by the following Lemma. In order to get control
over the localized quantity |©4D” (o, — @;)||2 it is first necessary to control the not localized
version |[D”(¢; — @¢)||2 (see Lemma B.2.3, Lemma B.3.7 and Remark B.3.8 below).

Lemma B.3.7 (Induction Step for Proposition B.3.5). Let k € No, n € Ny and s > 0. Assume
that for all volumes A > 1 the condensate g satisfies Condition 2.1.7, Condition 2.1.115(,,—1),s,
Condition 2.1.81)(142)+2(n—1) and Condition 2.1.8ii) 4 2).

IfVB,ﬁENg with 0 < |B| <k—1and 0 < |B\ <k+1, and VT >0 3C > 0 such that VA > 1
and =T <t<T

~ -1k (k- s —1g_ 18l oy —s
||®ADﬁ(S0t_<Pt)”2§C{ b5 —(—1B)s | p—ds— 15l —2n(1/3 )}7 (B.8)

1©0AD% (00 — @1)ll2 < C|IDP (0 — @o)l|]2 < CATV/E7IAI/E 1 (B.9)
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B. Control of the Condensate

Then for V3 € N3 with 0 < |8| <k, and VT >0 3C > 0 such that VA > 1 and -T <t <T

k+1 1 18]
3

108D (o1 — B)lla < O A4S ~1-18Ds 4 g o= llozni/sn) (B.10)
Remark B.3.8.

o If we additionally assume Condition 2.1.8;13, then due to Lemma B.2.3 the condition

(B.9) in Lemma B.3.7 is always satisfied.

e To prove the desired estimate in Proposition B.3.5 for k, we assume that it holds for £ —1,
i.e.,, we assume (B.8). Using an additional “external” condition (B.9), we then establish
the estimate for k. Note that (B.8),11=(B.10).

Viewed in this way, Lemma B.3.7 serves as an induction step in proving Proposition B.3.5.
For further details, we refer to the proof of Proposition B.3.5.

e We now give the idea behind Lemma B.3.7 and therefore Proposition B.3.5. Let T' > 0
and T <t <T.

— Our goal was to improve Proposition B.1.1, namely ||Ox(¢: — @¢)lle < C||(¢r —
@)l < CA~1/6, by using O4.

— In the estimation of ||@4(¢r — @¢)||2 using Gronwall’s Lemma, a commutator term
[A, O] = (AOA) + 2(VO,)V appears, for which it is necessary to estimate terms
1©AD? (¢; — @1)ll2, |8] = 1. This term leads to the first term in (B.10).

— In first instance these terms can again be estimated by Lemma B.2.3:
1©AD (01 — @1)ll2 < CIID? (91 — Go)l|l2 < AH/O7H2,

which then gives a better result for ||©4(¢: — @¢)||2. This is the step & = 0 in
Lemma B.3.7.

— To improve the result for ||©a(p; — @t)||2 further, it is necessary to improve the
estimate of [|©4D”(p; — @;)||2, |8] = 1. So we use Groénwall for this term, and again
in the estimate, terms like |[©AD?(¢; — @;)]|2, but with |3 = 2, appear, which can
be estimated by Lemma B.2.3: |©,D”(p; — @1)||2 < CA1/6-2/3,

— This pattern continues and controlling all terms finally gives Lemma B.3.7. For

details we refer to the proof.

The proof of Lemma B.3.7 can be found in the Appendix B.4.5.

For k = 0 the only condition is [|©ADP (¢; — @1)|la < CA—1/6=181/3 0 < |3 < 1.
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B.4 Proofs of Appendix B

B.4.1 Proof of Lemma B.1.1

Before we start the proof, we give a useful Lemma from real analysis.

Lemma B.4.1. Let (ap)neny C R a sequence and a € R. It holds
liminfa, = a
n—oo

if and only if for all e > 0:

i) For all but a finite number of indices n € N holds

Gp >a—E€.
it) There are infinite many indices m € N with
am < a—+€.

Proof of Lemma B./4.1. This is a standard result from real analysis. |

Proof of Proposition B.1.1. We use a Gronwall argument. Important for the proof is the iden-

tity |o¢]? — |0ol? = |pr — @4|* +2Re@; (1 — p¢) which allows us to close the Gronwall argument.

In order to provide the bound (B.1) we estimate the time derivative for a Gronwall argument

and use that p; is a real-valued function

_ 1 ~
Ouller = Gl < | 585+ x (o = ll?)
2

1. -
< ||=
_HQA%

~ ~ 12 ~% =
1l (1V12 o = Gl + 1V 157 oo lloe = Bella) - (BD)
2

We estimate the terms on the right-hand side of (B.1) separately:
We give an estimate for ||A@; ||z similar to [Dec+16]

t
Vo = ([—itV * Vol *po + Vﬁﬂo) exp (—i (tV % pol? — / Msd8>)
0

A = ([=itV * Alpollio + [=itV = Vo[ 0

t
+ 2[—itV * V|<p0\2]V<p0 + Agoo) exp (i <tV * |<p0\2 — / ﬂsd8>>
0
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and

[1AG: 12 < 2[t V]2 ll@olloo (lolloo 1 A%oll2 + Voo [ Vol l2)
+ 42|V} lleoll2 Vol 2 llpoll2
+ 4[t[[[V 1 lleolloo Vool | Vepoll2
+ [[Apoll2
< CO(Jt| + A~

where in the last step we used Condition 2.1.7. This together with (2.3), |$:| = |¢o| and (B.1)

ensure
~ _1 ~ ~
Aullpr = Gelly < CUH+ A~ +C (o = @lls + e — @ill) - (B.2)

To close the Gronwall argument we have to estimate ||p; — ¢tH§ by [[¢+ — @ty which is done

in the following.

We now define the A dependent quantity
ta =inf {|t|[t € R, [l¢s — @il =1} € RU{oo}, (B.3)
where we choose the convention inf ) = co. We will show that

lim ¢p = oc0. (B.4)

A— oo

Proof.  Proof by contra position. Assume there is a sequence (A,),en with

lim A,, = oo, but

n— oo
¢:= lim 4, :=liminft,, < oo, (B.5)
n—roo n—oo
where we introduced the notation i, := inf{ts, |k > n}. From (B.5) we know

that (4,,) is bounded and therefore
3 infinite many t5, < 0o .2 (B.6)

Due to (B.6) it is possible to take the subsequence tA,, » which omits only the
ta, =00. Then ¢y, € R and

in = inf{ta, |k > n} =inf{ts, |k >n},

as jr > k and we left out just t5, = oo, which do not affect the value of

2For all n € N there is at least one ta, < 00, k> n, since (in) is bounded.
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inf{ta, | k > n}, because of (B.6).
Now we have with ay := ta;, €R, c= liminf, . a, < co and Lemma B.4.1

that for € > 0 there exists infinitely many a,, with
c—e<ap<ct+e
and we conclude that there exists a subsequence (ay, ) with a,, — c. Finally

Ir>0: ap, <7 k€N

= tAjnk <717 keN.

From the Definition (B.3) we know that ||¢;—@:|j2 < 1forallt € [—tA].nk ,tA].nk] C
[—7,7]. By using (B.2) we conclude for such ¢

~-1/6
Jny

Ocllpr = @illy < C(r+7)A; 7P+ Clloe = Gl

with C independent of k, which thanks to Gronwall’s Lemma implies
1
lor = Bell, < CrA;T  fort € [~ta,, Lta,, |-

From (B.3) we get that

1:’

<C.ATS
2

T jnk

<PtAj — Pta
nk

Ing

1
= Aj <Cr,

which is a contradiction, since Ajnk — oo for k — oo and C'- is independent of k.

Thus our assumption is false. This implies that for lim A, = oo we have
n—oo
liminfty, = co. Now let K > 0, then AN € N with inf{ts, |k > n} > K for

n—oo

n > N. Then it follows, that t5, > inf{ts, |k > n} > K for n > N and therefore

lim tp, =00,
n— oo

for arbitrary (A,) with lim A, = oo and therefore
n—oo

lim ¢ty = 00.
A—oo
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Equation (B.4) means that for T € R there exists Ag(7") such that for all A > Ag(T):
tha>T.

But for all ¢ € (—ta,ta) we have ||or — @]l < 1, where we have chosen the open interval

because t, could be infinite. The estimate (B.2) together with Gronwall now ensures that

t
e — @iy < A’ésgn(t)/ C(|s| + sz)e‘t’s‘cds, for t € (—ta,ta)
0
and therefore for all ¢t € [T, T]. By taking the supremum over all times t € [T, 7] we get
- 1
ot — @tll, <ATSCr,

which proves the claim for A > Ag(T"). Note that C is dependent of the choice of T
In the case A < Ag(T') we use the triangle inequality to conclude the claim. For t € [T, T]

lor = Bl < llpilla + IBill = 2412 < 28Y/2AF/OA-16 < O(Ao(T))A S,

The C obtained here is again T' dependent. |

B.4.2 Proof of Lemma B.1.2

For the proof we need a Lemma from [Dec+16] which uses the notation from Definition A.0.5.

Lemma B.4.2. Let V € L*(R3,R), even, with Ve L?, p € {1,2,00}, be a general potential

and py € R a constant. Let (; be solution of the non-linear equation
. 1 2
16tCt(;U) = —§A + V % |<t| (1’) — Mt Ct(CE)7

for an initial value (i|i—o = (o such that for all times T > 0 there exists a constant C > 0 such
that for all =T <t <T

G <C. (B.8)

1N2

(@02 16l <) |6, < € and (@02 160 <)

Then for all times T > 0 there exists a constant C' > 0 such that for all =T <t <T

<C.

1

(em*2 16l <) &
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Proof. Gronwall’s Lemma, the bound on the time derivative

fa m{ (6" 09 (G 0) + V+ 1GPGK) - mb(x) }
1 Gk

g/dk‘(f/-ff*@)*@(k)‘

<l -@ -l J,

2 ~
4
1

0, (|G

<[, .. [

1,2,00 ‘ 1A2

<df|

)

1

and the assumption on the initial condition (B.8) imply the claim. |

Proof of Corollary B.1.2. We observe

(@2 @tllanoe ) 1B llinz < || Z|, + e = Bl (B.9)

where in step 1 we used p; = ;7; + (o7 — :Z:) Similar to the proof of Lemma B.4.2 we get

<

7] . 1500
S 4

a7

%
1

and hence with Gronwall and Condition 2.1.7 that H G

< C. Note that V € LP for all
1

1<p<ooasV e L'and V € IL'. With (B.9) and Proposition B.1.1 we are now able to
conclude: VI' > 0 3C > 0 such that VA > 1 and - T <t < T

- 1
[@tllipg < C+CATE

and the claim (B.2) follows from Lemma B.4.2. |

B.4.3 Proof of Lemma B.2.1 and Lemma B.3.3

For the proof we need one additional Lemma.
Lemma B.4.3. For all A > 1 let ¢y be the condensate. Let n € Ny, s > 0, 8 € N3. Set

OA(@) = Ty

i) Assume that the condensate @ satisfies Condition 2.1.8i)3. Then 3C > 0 such that
VYA>1

”Dﬁe—i(tV*MJo\z—f& ust)HOO < ol 2 (B.10)
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it) Assume that the condensate @q satisfies Condition Q.I.Si)‘BHQn and Condition 2.1.113, s
then if |8| > 1 3C > 0 such that VA > 1

H@ADﬂe—i(tV*“@Mz_fotMsds)HOO < Cn(t) —2n(1/3—s)— % (B.ll)

i) For n > 1 assume that the condensate @y satisfies Condition 2.1.113(,—1,s, Condi-
tion 2.1.8ii)5), and Condition 2.1.8i)g+2(n—1) then if |3| > 1 3C > 0 such that VA > 1

||@ADBe_i(tV*‘990‘2_fot Msds) ||2 < Cn(t)A—2(n—1)(%—s)—@+%s ) (B.12)

Proof of Lemma B.4.3. Proof of (B.10): We prove (B.10) by induction in |3].
Base Case: || =0. For |8| =0 the assertion is clear.

Induction Step: |3| =n+ 1. Now let n € Ny be fixed. Assume that the assertion holds for
all |B] < n.
Let 8 € N3 with |3] = n+ 1. Then there exists a i € {1,2,3} and § € N3 with |3| = n such
that D? = DPo,,.
Now if for all 0 < |3| < |8] = n+1: ||D’é<,00Hoo < CA~1A1/3 we know by the induction hypothesis
that

HDBe—i(tV*IWOIQ—fJ #st)H < OA,M

for all 0 < |B| < |B]. And we get with the product rule

”D,Be—i(tV*\goo\Q*fot Hsds)” _ ||DB [—itV % O, @0‘2] e*i(tv*|4p0|27fot psds) ||oo

= Z( > (Dﬁ 7 itV*axi|¢0|2]> De i (tVlvol* =[5 neds) |

[yI< Iﬁ\
v=0
B—v
< ZCA M/SZHV*QRe (DB =6 8“) D29, 00/l
7=0 =0
B B— ) , |
< ZZOA*M/S||V||1A*\5*W*5|/3A7(\5\+1)/3
v=0 6=0

< CA™ (IB1+1)/3 — o pA—181/3

Which completes the induction step and therefore the proof of (B.10).
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Proof of (B.11):

Let n € Ng, s > 0 and 8 € N3 with |3| > 1. Since || > 1, there exists a multi-index § € N3
with |3] = |3|—1 such that 8 = G+e;, where ¢; is the standard unit vector in the i-th coordinate
direction. This implies that the derivative operator can be written as D? = D? Oy, -

Assume Condition 2.1.8i)|5/42, and Condition 2.1.113, 5. Then we get from Lemma B.3.1i)
that V0 < || < |8

o]

1OAD" (g0 — 1)|los < Cp A2 (5=5)=5" (B.13)

Then in a similar way as above for the proof of (B.10) with Lemma A.0.6b), we get with part
i) of this Lemma that
”@ADﬂe*i(tV*WoP*]}f ﬂst)HOO

= ”@ADB [—ZtV * 8% |§00|2] e_i(tv*|§00|2_f0t Hsds) Hoo

B
< 3" ClOAV * D8, [l |oc [ D~ Y Hle P =S pads)
=0
i 1B1—1~1
< > ClOAV # D 2Rep)0a, pollcA™ 5 (B.14)
v=0

We conclude with Condition 2.1.8i)5 and (B.13) as well as |B] +1 = 3| that ¥m € N

- B~
Lemma A.0.6b) _1Bl=1nl _
B14) < Cu®ATTT Y Y (104D Dh 0l 1D 00

v=06=0

+ A D0y, 60lloo | DT 0 )

_ B~

181-1s] e L8l

< Cn®AT DS (10AD% 0k, (9o — 1o + A7)
7=06=0

Now we conclude that for fixed n, s and m large enough 0 < A=*" < A=27(1/3=9) gince s > 0,
and thus it follows the claim (B.11).

Proof of (B.12):

We repeat the argument from above for the L? norm. As in (B.14) we get

||9ADﬂe’i(tV*\<po\27f0t preds) I

B _
< 3 C|l0AV * D'2Rewd, polla A (B.15)

=0

(0]



B. Control of the Condensate

Now we use Condition 2.1.8)5 and Lemma B.3.1ii) g as well as 3] + 1 = 4] to conclude

, B~
Lemma A.0.6b) _1Bl=1nl B
(B15) < Cu®ATTT Y Y (104D Dh0lla 1D ol

v=06=0

+ A D00, 0021l D7 ol )

18]

R T e

By choosing m large enough we conclude as above ||@ADﬁe_i(tV*‘“°°‘2_f0t “Sds)Hg < Cy(t) -
A—2(n—1)(%—s)—%+%s.

|
Now we can start with the proof of Lemma B.2.1.
Proof of Lemma B.2.1. Let t € R.
Proof of (B.1):
Assume Condition 2.1.8i)g then is follows with Lemma B.4.3i)
~ —i * 2t s
1D Gulloc = D7 (Ve 1o0l =i 1ete) g | o
=15 (7) (e vt sinnt)) b
v=0 v
B
< Z CA—UB=ADBA-I/3 < oA IBI/3
v=0
Proof of (B.2):
Assume Condition 2.1.8/5 then analogous to the above we find with Lemma B.4.3i)
~ —i * 2_t S
IDPillz = [DPe Y eleol = fi uede) g
B v alon? [t d
1l Z( ) (DF eVt =B mete)) Doy
—o \7
5
B
< ZCA—(W—VD/?)HDVSOO”Z < CA-UBD/3+1/2
~v=0
|

Proof of Lemma B.3.3. Let t € R, n € Ny, s > 0 and 3 € N} with || > 1.
Proof of (B.5):
Assume Condition 2.1.113, s and Condition 2.1.8i)|ﬁ|+2n. Then we use Lemma B.4.3 and
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Lemma B.3.1 to get
~ —i * 2t s
104D Gt = [©AD e VIl o) o

B
5=l (75

<
v=0
B
< Y ol (prrenitvHnladid) ) 0, D7p o
=0,|v|>1
el <@ADBe—i(tv*|wo\2,fO’f #sds)) olloo - (B.16)

Then we apply [|¢o]lcc < C and Lemma B.3.1, note that D7¢g = D7(pg — 1) for || > 1, to
conclude that

B
(B.16) < Z ell (DB—We—i(tV*ItpoF_fU‘ usds)) oo - A=20(1/3=8)=11/3

7=0,|v|>1

+C (@ADﬁe*i(tV*lWIQ*fot mds)) oo - C. (B.17)

We finish the estimate with the help of Lemma B.4.3 i) and ii)

B
(B.17) < Z CAIB=/3A—2n(1/3=5)=In1/3 L cpA—2n(1/3=5) A=1BI/3 .
7=0,|v[=1

< OA2(/3=s) \—IBI/3

Proof of (B.6):
Assume Condition 2.1.115(,,_1) s, Condition 2.1.8i)|/4-2(n—1) and Condition 2.1.8ii)5. Analo-
gous to the above we get with Lemma B.4.3 and Lemma B.3.1ii) that

B8

3 DA e Vel S neds) | 1@, D75
'Y:Ovl’YlZl
+ C||@ADPe  (tVHIeol =5 peds) oo |

B
Z CHDﬁ*’Ye*i(tV*VPOF*fot #st)”OO . A2(n=1)(1/3—=s)—|~]/343/2s

7=0,[7|>1
+ C”@ADﬂe—i(tV*\s&o\Q—fJ psds) |y C
< CA~2n=1)(1/3=5)=|B|/3+3/2s

1©AD &4

IN

IN
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B. Control of the Condensate

B.4.4 Proof of Lemma B.2.3

For the proof we need the following Lemma, which allows us to control the convolution of the

condensate with the potential V.

Lemma B.4.4. Let 3 € N}. Assume that the condensate ¢q satisfies Condition 2.1.7 and
Condition 2.1.8.
IfY0 < |B] < |B| =1 YT >0 3C > 0 such that VA >1 and —T <t < T

1D (g0 — @o)ll2 < CA™V/O-B/3, (B.18)
then VT > 0 3C > 0 such that VA > 1 and —T <t <T

V] D%loif oo < CATPI3 1+ CIDP (0r — @1)2 (B.19)
11VI% [Pl — I?)| < A=YV 4 CID% (o, — B0l (B20)
Proof of Lemma B.4.4. Let T >0, =T <t < T and 3 € NJ.
Proof of (B.19):

We counsider the case |5| > 1, the case || = 0 follows analogously. By subtracting and adding
pr we get

|1V Dl oo < C|| V] 5

d B Dﬁ—’v *\ D7
> (0) reiyora |

(DB_W(% - 9515)*) D7 (s — P¢)| lloo

< fc{nvw

v=0

+111V] % (D7 (e = 21)*) D7t Il

+ VI (D776 D (e = 80| e

+ V1« | (D7) D3| oo | - (B.21)

Now we use our assumption |[D?(¢; — @¢)|la < CA~Y/68/3 and Lemma B.2.1 to conclude
3C' > 0 such that VA > 1

B
[B—~1 [yl

B2 < (Y IVIeCAT AT e AT CID (o - )2
=0,|v|<|8]-1
b 1_ 18—l (vl
w0 VoA AT 4 CID (e - @)le)
¥=0,|7|<|8]-1
18]

+ [VI[LCA™s
m ~
< CA™3 4 C|IDP(pr — 1)l
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Proof of (B.20):
It holds that

V15 D (J@el? = 12e*)| l2 < V] * (D lior = @f*| |2 + [[V] * |D2Reg; (00 — )| |2 -
Both terms have been estimated in the proof of (B.19) above. ]

Proof of Lemma B.2.3. We use a Grénwall estimate for [|[D?(¢; — ¢;)||3 and do a straight for-
ward estimate for the appearing commutator terms with the established control over ¢; and @
in Lemma B.2.1, Proposition B.1.1, Corollary B.1.2 and Lemma B.4.4.

Let T>0and - T <t <T.

We prove Lemma B.2.3 by induction in |8|, denoted as n.

Base Case: || = 0. For |8 = 0, the claim follows directly from Proposition B.1.1, noting

that we assume Condition 2.1.7.

Induction Step: |3] = n+ 1. Now let n € Ny be fixed. Assume that the Assumptions of
Lemma B.2.3 are satisfied for n+1, namely Condition 2.1.7 and Condition 2.1.8(,,41)42-
As the induction hypothesis, suppose that Lemma B.2.3 hold for all multi-indices || < n. Since

Condition 2.1.7 and Condition 2.1.8,,;3 are assumed, we obtain
ID?(0r — @1)|l2 < CATY/O6-IBI/3

Now, consider a multi-index 3 € N3 with |3] = n + 1. Then, there exists a multi-index B with
|3] = n and a coordinate direction i such that D® = D?9,,.

We use a Gronwall estimate to get the desired bound:

D (o — @013

= 2Re <D5(<pt — @), DP ((—i) {—;A + Vo |oe* — Mt] (pe £ @0) +1(V * |ol® — pr) @)>

=2Re <Dﬂ(</7t —¢t), () [Dﬁv Vx| — #t] (¢ — @t)> (B.22)
+2Re (D1 = 6. ()| =58+ Vol = | D = 51 (B.23
+2Re (D (91 = @1), (-DDV = (o1l = [ol?) 1) (B.24)

N . 1 N
+2Re (D%~ o). (0D (~38) 1) (B.25)

where we used Definition 2.1.1: p; € R. The Term (B.23) vanishes, because we only consider

its real part and u; € R. In the following, we estimate the remaining terms (B.22), (B.24) and
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(B.25).
To (B.25):
(B.25) can be estimated with Lemma B.2.1 and Condition 2.1.8,,3—||42:

_lBl+2

(B.25) < |D?(¢r — @1)||sCAZ™ 5

181

< [IDP(p: — Go)ll2CATS 5 (B.26)

To (B.24):
We now use Lemma B.2.1 and in the last step below the induction hypothesis, which provides
that Lemma B.4.4 holds for all 8 —~ with |8 —~| < |8] — 1:

B

ID?V s (eel® = Iol?) @ill < D CIV * D77 (el = o) | D7z
~=0
B
< Y Clv s D7 (jeuf = Iol?)| 211D 1l
~=0

1]

B
< Y O(ATFE DT e = )lla) AT
~=0

_1_181 ~
<CA 575 +C|D? (o1 — @)l -

It follows that

181

(B24) < [D(pr — @) 2C (A5 + ID? (20 = @) ) - (B.27)

To (B.22):
Due to the commutator in (B.22) the last term in the product formula below shortens and with

the help of Lemma B.4.4 and the induction hypothesis we conclude

1[0,V *liorl = ] or = 80l

= IDPV % (Joel® — ) (e — @) = V x (|oe|* — 1) DP (01 — &) 2

B
<D OV =D il D7 (01 — B)l2
~=0

o]

5
<> oA D T e - gll) A F

2
Il
o

181

1 | 1 ~
<CA 575 +CA5|D? (o1 — @)l -
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It follows that

~ _1_ 181
(B.22) < D7 (g1 — @) [2C (745 + A D (01 = @)z - (B.28)
To summarize

0D (g1 — @05 < (B.22) + (B.24) + (B.25)
< (B.28) + (B.27) + (B.26)

151
3

< ID% (g0 = @0l2C (M85 + D7 (01 = @)z

with Gronwall and @y = @o we get the claim ||[D” (¢, — @)|l2 < CA—#'5 for 1Bl = n+1,
thereby completing the induction step. |

B.4.5 Proof of Lemma B.3.7

The proof uses the following technical Lemma B.4.5. In part a) we give estimates on the
convolution of the potential V' with the condensate ¢;, which are simple conclusions from

Lemma B.4.4. In part b) we do an estimate on the same quantity but localized by ©4.

Lemma B.4.5.

a) Let 3 € N3. We assume that the condensate o satisfies Condition 2.1.7 and Condi-
tion 2.1.8842-
Then VT > 0 3C > 0 such that VA > 1, - T <t<T
V] D%lpi]? oo < CATIPI2, (B.29)
V]

(i |<P0|2)‘ l2 < CATIAI/B=L/6, (B.30)

b) Letk € No, n € Ny and s > 0. Assume that the condensate g satisfies Condition 2.1.8.
IfVB,3 € N3 with0 < 8] <k—1,0< || <k+1 and ¥T >0 3C > 0 such that VA > 1,

“T<t<T
10D (1 — @1)|2 < O{ —5—5—(k=-18Ds 4 A‘%S‘m‘%(l/?"s)} (B.31)
104D (91 — @e)ll2 < ClID° (1 — @1)l|l2 < CATH/OIAI/ 3 (B.32)

Then for VB € N3 with 0 < |B| < k, VT >0 3C > 0 such that VA > 1, -T <t <T

|©AV % D’ (|¢t|2 _ |SDO|2) o < C{Afr—f(kﬂ 18])s

3For k = 0 the only condition is ||©A (o — @¢)|l2 < CA—1/6.
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+ A7%57%72n(1/37s)}

+Cl1OAD (01 — Bo)la - (B.33)
Proof of Lemma B.4.5. Let T'> 0 and —T <t <T.
Part a):
Follows directly from Lemma B.4.4 and Lemma B.2.3.
Part b):

We use Lemma A.0.6b) and || — |go|? = [0 — 1| + 2Re@} (01 — @), D (Joe]? — |gol?) =
Zf:o (5) ((DB—V(% — )" )DY (pr — @) + 2Re(DP 731D (¢, — @1)) to conclude Vm € Ny

|©AV % DP (Jee> = 1wol?) II2
< C10AD? (lpe]* = [0l?) ll1az + CAT*™ID? (Joe|* = |9ol?) l1n2

B
<0y (IIDB’”(% — @)[211©aD7 (0 = @i)ll2 + ID” 77 Gelos|OAD (1 — Bi) 12
7=0

+ AT D (@ — @) 12D (00 — Go)ll2 + A DTGy [l oD (00 — SZ’t)HZ) - (B.34)

The case k = 0 now follows directly from (B.34), since in this case, we have that § = 0. It
remains to show the case k > 1. We used the conditions (B.31) and (B.32)

B

(B.34) < Z A—IB=71/3 . C{A—%—g—(k—lvl)s + A—%S—%—%(l/%&’)}
¥=0,7I<I8
+ CH@AD'B(% — @)l
+ CA—SmMA—IBI/B=2/6 | crA—smp—IBI/3-1/6 (B.35)

and now that 0 < |y| < |B] —1, A > 1 as well as that m can be chosen large enough such that

we can absorb both last terms into A*%S"%L%(l/?’*s)

1 18]

(B.35) < C{ 4= (—(B81-D)s Afﬁszﬁn(l/sfs)}

+C|OAD" (01 — @1)l2,

which completes the proof. |
We now start with the proof of Lemma B.3.7.

Proof of Lemma B.3.7. We use a Gronwall estimate to control |©,D? (¢, — @¢)||2. Most of
the required estimates are straightforward, except for the term coming from the commutator
[©4, A}, namely ||(VOA)VD?(p; — @¢)|l2. This term includes a || 4 1 derivative, which is not
controlled by our first condition (B.8) if |3| = k.
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To control it, we need an additional “external” condition, namely (B.9). With this condition,
we can prove our desired estimate (B.10) for |5] = k. The claim (B.10) for 0 < |5| < k —1 then
follow in a cascading manner from (B.10) /41 starting with |3| = k£ —1 and working downward.

This process can be visualized as follows:
(B‘10)|B|=k — (B'10)|ﬁ|=k—1 — (B'10)|B|=O' (B.36)

The case |5] = 0 in (B.10) is of particular importance, as it is the only one relevant in the proof
of Corollary 5.3.2 and therefore gives the desired bound on ||©AWy||«. Here we also see why
we need the higher-orders derivatives of [|©,D” (¢, — @;)||2: they improve our estimate for the
|B] = 0 case, as seen in (B.36). The more derivatives we control, the better our final |5| = 0
estimate becomes.

Finally, it is important to emphasize that the process shown in (B.36) unfolds step by step. We
first have to prove the base case for k = 0, then use this result to derive (B.10)=1, and so forth.
Each step builds upon the previous one, with the result of step k — 1 serving as a condition for
step k (see (B.8)).

Let T >0and —T <t <T. We remark for 8 € Ng

2Re <@ADﬁ(§0t — @), (—1)[Ona, —%A]DB(% - @t)>

1
2R (O30~ 20 (<) (3 ) (VONV + T(VONID* (o1 - 20)
= —2Re (OAD (0 — 1), (~)(VOA) VD (01— &1) ) | (B.37)
where the last step follows from

2Re (OAD" (¢: — 1) . (-)V(VOL)D (0 — 5
— 2Re <(—i)V@ADB (0e — 1), (VOLADP (01 — &
— 9Re <(—1)@AVDﬁ(wt — @), (VOA)D(
= 2Re {(—1)(VOA) VD’ (91 — #1), OaD" (0 — 1)) -
Here in step 2 we used that we consider only the real part and in the last step, that ©, is a
real function.

Now we start a Gronwall argument to prove the Lemma. Note that u; € R (see Definition 2.1.1).
We get

0|OAD (0r — &) |13

- . 1 -
= 2Re(©aD (o1 = G1)» OAD? (=) ( = A+ V * [eel® — it ) (o0 & 31)
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+1(V *|pol? — ) ¢t]>
- . 1 -
= 2Re <9ADB(<Pt —@t), (—1) |:®ADBa —— A+ Vx|p)* - Mt} (¢r — Sﬁt)>
+ 2Re <®AD5(% @), (—i) (—A + Vs |pe? — ,Ut> OAD?(pr — <Pt)>
8 5 ; s(_ 1A\
+2Re ( ©OAD"(pr — &), (—1)OaD —§A Pt
+ 2Re <@ADﬁ<§0t —@1), (—1)OADPV « (lee* = l9ol?) ¢t> )

due to the real part the second term on the right-hand side is zero. Form here it follows with
(B.37), that

0:/19aD% (20 — @0)I3

— — 2Re (OAD (01 — 1), (~1)(VOA)VD (¢ — 31) ) (B.38)

+ 2Re <®AD5 (1 — @1), (—1)©ADP (—;A) ¢t> (B.39)

+2Re (04D (¢: — ¢1) , (—)OAD?V x (leif? — [iol?) 1) (B.40)

+ 2Re<@ADB (00 — @1) s (—1)On [D57 V ok o] — ut} (s — @t)> . (B.41)
Let k € Ng.
Case k = 0:

Note that from (B.9),—|g—o follows (B.8),—|g=0- So we can just use (B.8);—|g=¢ and follow
the proof from below in the case k > 1.

Case k> 1:

Assume the condition of the Lemma for k. Let 3 € N} with 0 < || < k. We will now estimate
d:|©AD (¢; — 34)||3 by estimating the individual terms (B.38), (B.39), (B.40) and (B.41).

To (B.41):

Case = 0:

(B.41)5=0=0.

Case |B| > 1:

We use Lemma B.4.5a and the condition (B.8), |y| < |8] —1 <k — 1 to conclude

104 [P, V #lul? = | (o1 = @02

= 0a (DPV x leiP (e = @) = V [ PDP (00 = 20)) Iz
B

< > ClIV D o[l OaD (01 — @12
7=0, |vI<[B8]-1
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B

< Z CA_M{A_%_g_(k_M)S +A—%s—%—2n(1/3—s)}
=0, [vI<|8]-1

< ¥ C{A—%—%—@—(w—l))s+A—és—%—2n<1/3—s>}7
¥=0, [7|<|B]-1

where in the last step we used in the first term |y| < |8|—1 and A > 1. This and Cauchy-Schwarz
give us the bound for (B.41) for all 0 < || < k:

(B.41); < [©AD? (9 — @t)HZc{Aféf%%kﬂfwos

+A,%sf%72n(1/37s)} ) (B.42)
To (B.40):

We use Lemma B.2.1, | 3| < k and Lemma B.4.5 a) and b), which hold due to conditions (B.8),
(B.9), |v] <k <k+ 2, to conclude

1©ADPV * (| — |00]?) Gell2
B

< Y Cler (DV « (Jeif* = lol?)) D734
~y=0

B
e
< Y CATTFOAV =D (lpu]? — |0l 2
~=0

B
< ZCn(t)A_va\ {A_%_%_(k-u—w)s
~=0

[yl

+ AT 20/378) 419, D (¢ — @t)\b} (B.43)

Then with the condition (B.8) for |y| < 8] —1 <k —1,
(B.43) gZC{A*%*%f(kaIBI)s JrAf%sf%fznu/sfs)}

B
+ Y A—@O{A—é—g—w—mns+Af%sf%72n<1/3—s>}
y=0.7I<I8]

+C||©AD" (¢ — @1) I (B.44)
and for the third term we use that |y| >0, A > 1, —|8 —v|/3 < —=1/3 and |y|s < (|| — 1)s to
conclude

B
(B.44) < ZC{A*%*%*(’HPIBI)S+Afésf%—2n(1/375)}
v=0
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+C[0AD" (01 — @)z -

Therefore for all 0 < |8] < k

1 k41

(B.40) 4 < [|©AD" (9 — @t)l\zC{ — =S (k118
—*S—@— n —S ~
+ CA 3 = —2n(1/3 )}+C||@AD6(<Pt—<Pt)H§. (B.45)
To (B.39):
It follows directly from Lemma B.3.3ii) that VO < || < k

(B.39) < |©4ADP(pr — @¢)[|o CA~ 5755 A~ 2(n=1)(1/3=5)

~ 1l 181, _opn —s
= [|©aD?(pr — By)|[2CAT25 5 A72(1/379) 4 (B.46)

To (B.38):
The desired estimates for (B.38)g build on each other. Therefore we start with the estimation

of (B.38)|5/=« here we use (B.9) to get an estimate:

(B.38) 5= < ClOaD" (g1 — &0)[|2ll(VOA) VD (01 — &1) |2
< C|lOAD" (g1 — &) [2A*©4VD (r — B:)|2

1 k+1

< C||©AD (py — @) [2A AT (B.47)

where in step 1 we used the definition of ©, and in the second condition (B.9) and |5]|+1 = k+1.

For | 3] = k our gathered information leads to

910D (01 — @1)[|2 < ((B-38) + (
< ((B.47) + (

39) + (B.40) + (B.41)) 5y,

46) + (B.45) + (B.42)) 5/,

< €D (s — ¢t>||zc{A—é—%-<k+1_|m>s
+ A*%S*@*n(l/"iﬂ)}

+COAD" (01 — ¢1)15,

B.
B.

with Gronwall and @g = o we conclude for |8 = k

k

10AD (g0 — @) l2 < C{AT8 5 o A demfan1/5m0 ], (B.48)

We have proven (B.10) for |3] = k. With this we have improved our estimate for ||©,D"(¢; —
?t)|l2 from (B.9) to (B.10). This knowledge is now used to improve the cases 0 < 8 < k — 1.

4This estimate is the reason why we need Condition 2.1.115(p_1),s, Condition 2~1~8i)(k+2)+2(n—1) and
Condition 2.1.8ii)42.
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As we will show below all estimates (B.8)|5 are improved one after another by the one which

is one order higher in |3|, as mentioned at the beginning of the proof.

Now let 1 < m < k and (B.10) be true for all m < |B| < k. We will show that (B.10)

also holds for |3| = m — 1, which proves the Lemma.
It remains to estimate (B.38)|5/=m—1:
With the help of (B.10) which holds for |3] +1 =m

(B.38) 5= _1 < COAD (0 — 1) [l2A™*|[©4 VD (01 — @12
< @AD" (o, — @t)||20A—s{A—é—%—(kﬂ—(lﬁm))s
+A7%sfw%72n(l/37s)}

1_ k+1

< |l©aD? (¢ — @t)||2C{A—§—T—(k+1—|ﬁ|)s

+ A—%s—%—2n(1/3—s)} ,
where in the second term of the last step we used that s > 0, A > 1. This leads us to

9:|©aD" (¢ — @1)|I3 < ((B.38) + (B

39
< ((B.49) + (B.46
¢

(B.40) + (B.41)) g —pn_1
(B.45) + (BA42)) 5y

k+1

< |l©AD"(p; — Nt)HQC’{A*E*T*(’CJrlf\BDS

)+
)+
_‘_A—%s—%—zn(l/?,—s)}
+C[1©AD (p; — @113
from here we conclude with Grénwall for |3] =m — 1
1©AD (01 — @1)2 < C{Aféf%foﬁlfw)s +A7%57%72n(1/378)} ;

as mentioned above, this proves the Lemma.

(B.49)
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Appendix C

Properties of the Bogoliubov

Hamiltonian

In the following Lemma C.0.1 we analyze the properties of K7, K and h;, which determine the
Bogoliubov Hamiltonian. These properties are essential for the proof of existence of dynamics,
estimates involving HB°® or HBY or for proving that the propagator of the Bogoliubov dynamics

is a Bogoliubov transformation.

The definition of K; and K5 can be found in Definition 2.3.1 and the definition of h; in
Definition 2.1.1.

Lemma C.0.1 (Properties of K1, Ko, ht). For all volumes A > 1 let p; be the condensate with

initial data g, which varies on the scale A3, meaning it satisfies Condition 2.1.7.

a) (Theorem D.2.8 conditions) Then K, € CY(R,HS(L?)), Ko € C*R, HS((L*)*,L?)),
K (t) self-adjoint and Ko(t)* = JK3(t)J. In addition YT > 0 3C > 0 such that VA > 1,
—T <t<T and i€ {1,2} we have

IK: ()] < CAY2, | Ki(t)]lop < © (C.1)

and if we assume in addition Condition 2.1.8;—2+2 for the condensate o then YT > 0
3C > 0 such that VA > 1, =T <t < T and i € {1,2} we have

10K (t)llns < CAYZ, |0 (#)]|op < C. (C2)

b) Then we have the identities (Ky(t)J)mn = (Um @ tp , V(x — y)or @ 1) and
(Kl(t))mn = (um ®@ @1, V(z — y)pt @ un).

c) Then hy is self-adjoint and D(hy) = H?(R®) and therefore hy + K1 (t) self-adjoint and
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D(hy + K1 (t)) = H2(R).

d) Then K = 3, 5o (K2(t)])mnaay, + h.c.) is strongly convergent on D(N) and in
addition (K, D(N)) essentially self-adjoint on every core of N with

KN < 2 Ko () us|(V +2)¢[, Vo e DN). (C.3)

e) (Lemma D.2.6 conditions) Set h(t) = h1+ha(t), h1 == —A/2, ha(t) := V|| — e+ K1 (t)

and
h1 0
Ay = (O —Jh1J*> , (C4)
_ [ he@)  —K2()
Aq(t) = (Kz(t)* _th(t)J*> . (C.5)

Then Ay := (t — A1(t)) € O(R, L(D(A0))NC(R, L(L?® JL?)). If we assume in addition
Condition 2.1.8y—242 for the condensate o then YT > 0 3C > 0 such that VA > 1 and
-T<t<T

1AL (Ol ce@arz) + 1 A1)l 2(pag)y) < C- (C.6)

The proof of Lemma C.0.1 can be found in the Appendix C.1.1.

C.1 Proofs of Appendix C

C.1.1 Proof of Lemma C.0.1

Proof of Lemma C.0.1. Let T > 0 and —T < t < T then 3C > 0 such that VA > 1: ||pt|lcc < C
due to Corollary B.1.2.
Proof of a): We start by proving Ky (t)* = JK5(t).J, K;(t) self-adjoint, K;(t) € HS, along with
the necessary bounds K;(t). Next, we analyze their derivatives. Finally, we use Q; € £(L?) to
transfer all properties from K (t) to K;(t), thereby completing the proof of part (a).
We start by proving JK»(t)J = Ko(t)* and K (t) self-adjoint.
Proof. Let ¢ € L%, J¢ € (L2)*. We show <f(2(t)J¢, ¢> — <J¢, JR2J¢> and
therefore JK,J C K3 and hence JKoJ = K3, since D(JKoJ) = L?. A similar
argument does the job for K (t) self-adjoint. So we use part (b) of the Lemma
and V(z —y) =V(y — ) to get

(16, JRaTp) = (Kndv, ) = (600, V(& —y)pr © 1)’
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=W@¢, V(z—y)p:@pr)" = <K2J¢ ¢>

(0. Fatw) = [ doo(@) [ dyer@Viz = )i )otw)
— [z [ wf(z)V(y—x)sot(y)gb(z))*w(y)
= (Ko, v),
which proves JK»(t).J = Ko(t)* and Ki(t) self-adjoint. O

Next we give a formula to calculate the Hilbert-Schmidt norm of JK.J:
o) B o) ~ 2
S Il =3 [ Fatei
1=0 =

— /;Kul,f{g(x ) dx—/HKz D3da
://|K2(x,y)\2dydx:||l%2(.,.)Hé, (C.1)

dzx

where Ks( ., .) is the integral kernel of Kj.
We show Ky (t) € HS((L?)*, L?), K1 (t) € HS(L?) and || K;(t)|lus < CAY/2.

Proof. VYT >03C > 0such that VA>1and -T <t<T

[ [ 1& @ wPavds = [ [ 1Ra(o)o.0) Py
= [ [ 1ol @ie PV - y)idys

< lleelBVIEIeell2 = ClIVIZA < oo,

where we used Condition 2.1.7 and Corollary B.1.2. With (C.1) we have Ks(t)
everywhere defined and for ¢t € R? exists a T > 0 such that ¢ € [-7,T] and
S0 T K (t) Jug||? < 0o we conclude that Ko (t) € HS((L?)*, L?). An analogous
argument holds for K (t). O

Now we show || K|op < C.

Proof. We estimate

1K2() ¢z = eV * ()2 < lleellocl IV ll2lloelloc l[4]12

and conclude with Corollary B.1.2 that ||Ka(t)|lop < Hapt” V|2 < C for t €
[~T,T]. With the same argument and Kj(t)y = ¢y - V * (o) we estimate
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C. Properties of the Bogoliubov Hamiltonian

1K1 () lop < C-

We now continue with showing continuity and differentiability in time and also prove the
bounds on the derivatives. With a similar calculation to (C.1) we are able to show K; €
C'(R,HS) if the kernel K;(.,.) := (t = ((y1,12) — Ki(t)(y1,12))) € C*(R, L?). In this case
O () = [ D01, 32)()(2)dys and 9K (0)ls = |00 )|

5

Proof. We start by proving K;(., .) € C (R, L?):

h
~ (@) = &pu@)V (@ = Y)eely) + @)V (@ = 9)dreew)) |

:(/ ‘ Crn(@)V (T = y)pirn(y) — pi(2)V (2 — y)pi(y)
h

— Orpi(x)V(z — y)pe(y) — e (2)V (2 — y)&swt(y)‘dmdy) V2

Hl?l(t+h)(-7-)*f(1(t)(-, )

Pi+h — Pt Pi+h — Pt
< [ | Wikl + BoudalVlle [ 242572~ 00| 0.
2 2

Here we used in the last step that ¢ € C1(R, L?(R?,C)). Analogous one can show
(t = ((z,y) = o)V (z = y)ee(y)), (t = ((2,9) = dpe(x)V (2 — y)eu(y) +
(pt($)V(l‘ - y)at@t(y))) € O(R7L2(R3+37C))' Note that pE Ol (Ra LQ(R3a C))

The proof for K is done analogously, since Ky (t)(z,y) = ¢ (x)V(xz —y) @i (y). O

In the next step we calculate the bounds on [|9;K;(t)|| s and ||0:Ki(t)lop: YT >0 3C > 0 such
that VA>1and -T <t<T

10K (t)llop < C 10Ki(t)llns < CAY2.

Proof. We use V even and the Hartree equation to conclude

L2

loka) = ek, ]
= [0cpe(2)V (z — y)pe(y) + e(2)V(x — y)Iepe (vl
<2 (/ |3t90t($)80t(y)v(x - y)}Qdacdy> .

=2|[(=A/20: + V * l@il*@r — o)V * o1
< (||A¢t||2 + 2Vl e *lloo 1t ll2 + Lpse] - ||<pt||2)|\VH1||90tHoo

!The proof is done by checking the definition of pointwise differentiability with (C.1). Note that (Ki(t +
h)(.,.)=Ki@t)(.,.))/h—0:K;(t)(.,.) is again a linear operator that you can insert into (C.1).
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< CAV2,

where in the last step we used Corollary B.1.2, |u:| < C and Corollary B.2.45—2
and thus we have to consider times ¢t € [-T,T.
Analogous is the proof for 8;Ky(t)(., .), since 8Ky (t)(x,y) = dppr(x)V (z —

v)ei () + @)V (x —y)0ei (y).
We proceed with the ||9:K;(t)|op estimate: Vi), ¢ € L?

(s.0f00) = [ (& @ae@Viz - vt i)

+ ¢ (2) i (2)V (2 — y)duef () (y) ) daedy
=(, 0r0:V * (07 0)) + (¥, eV x (@] 9)) ™, (C.2)

where we used that V' is even. Both terms in (C.2) are estimated in the same way

using the Hartree equation:

[(®, eV * (07 9)))]
<lll2{1Az/200 - V 5 (@i )ll2 + IV # [@el® - o1 - V(07 90) |2
+ eV o () |2}
<l ell2{l1Az/20:l2]|V * (079l oo
+ (IV @i - pelloo + lpselllelloo) IV * (07 9)]12}
< lell2{l1Az/2¢tll21V [l2 [t ool ]]2
+ (VI e oot oo + luellloeloa) IV I lIeelloo 1412 }
< ||¢ll2ll¥]l2{CAY272/3 1 C}
< Igll2l% =€, (C.3)

where in step 4, we used the bound |u¢| < C as well as Corollary B.1.2 and
Corollary B.2.4, which apply under the assumption of Condition 2.1.7 and Con-
dition 2.1.84—22. We conclude with (C.2) and (C.3) that ||0; K1 (t)]lop < C.

Analogous one shows ||3; K2 (t)||op < C. Note that 9, Ko (t)Jy = dyps-V * (psh*) +
o1 -V x (Opprp™). U

We have proven all properties for K;. Now the want to prove that they are also valid for K;:

K; € CY(R,HS),
O Ki(t) = QuKi(H)Q: + QK ()Qs + QK (H)Q:
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and VI' > 0 3C > 0 such that VA > 1 and - T <t <T
1K (8)]lop + 10: K (B)llop < €', 1K (1) |lms + 1|04 K (8)|lms < CAM2.

Proof. K; € C'(R,HS) and 9,K;(t) = Q. K;(t)Q; + thi(t)Qt + QK (1)Qy

follow from
(t— Q) € CHRHS(L?)),  9,Qr = —[te) (ue| — Jug) ity

which is true due to ¢ € C'(R, L?) and Lemma F.0.2. The bounds now follow
from ||Q¢llop < 1 and ||0:Q¢llop < C:

10:Qetpll2 < Nlellolfuell2l[ll2 + luell2flvell2 412
2
< 17z (18a/201ll2 + 1V [ee*ull2 + pullloonll2) 1112

< Ol

similar to the above. The bounds on K;(t) are trivial. O

Proof of b):
Part (b) follows directly if we use the definition of K (t) and Ky(t). For Ky(t) we have

(6. Ratt)10) = [ 29" @) IV (@~ 1)) 76) )iy

= (@Y, V(T —y)p: @ @r) .

Proof of ¢):
By the Kato—Rellich theorem, the operator —% — pt is self-adjoint on H2(R®). Similarly,
2

he = f% — ps + V ox |o¢]? self-adjoint due to Kato-Rellich, since V * |p;|? is a bounded multi-

plication operator, ||V * [¢¢]?[|co < ||V ]|ooll@tl|3 < 0o. In the same way h; + K (t) self-adjoint,
since K (t) bounded (see part (a)).

Proof of d):

We show >, (KoJ)mnai,al and Y, (K2J)mn@may strongly convergent on D(N). To prove
this we show > |(K2J)mn|* < oo, which, by [LP22, Lemma A.1], implies the strong conver-

gence and
I (Ka(O) ) mnag,and ]| < Kz () sl (N +2)4], Vi) € D(N), (C4)
mn>0
1Y (Ka(®) Dmnamantd|l < | Ka(t)|lus N, Vi) € D(N), (C.5)
mn>0
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1Ky < 2[[ K2 () [[us|(V + 2)¥l, Vi) € DN). (C.6)
So we have to show Y. [(K2J)mn|? < oo:

Z (Ko d)mn|? = Z (U, Kodun) (KoJwy, , Upm,)

mn mn

= S (Ko uy , Kaduy) = Kol = | Kalffs < oo

because due to part (a) Ky € HS. We now prove that (IC, D) is essentially self-adjoint for every
core D of D(N), using the commutator Theorem [RS75, Theorem X.37]. As a comparison
operator we choose (N + 2, D(N)) > I self-adjoint. It is clear that K is symmetric.

We show:

Je > 0: Vo € D(N?)

I{Cz, (N + 2)a) — (N + 2), Ka)| < | N2z (C.7)

Proof:
Let z € D(N?)

Kz, (N +2)x) — (N + 2)z, Kz)|
= |(Kz,Nz) — (Nz,Kz)|

- ] 3 (Es(t) ) mnalyal, +hc) 2, af ae)
mnl>0
—(aj iz, (K2(t))mnan,ar +h.c) )| . (C.8)
We reorganize the terms in (C.8) using the CCR

Y ABa(O))mnas,ane, afaz)

mnl>0

= > (Kt)))mn(z, anamajaz)
mnl>0

= mn{éml x, anmz) + (x, anazkamal@}
mnle

= mn{éml T, Ay + 0T, amaix) + (ajaqix, anamx>}
mnl>0

= mn{émz T, AnGmT) + 0n (T, amant) + (aj @i, anamx>}
manO

= > (Ka®)D)mnlafaz, anamz) +2 > (Ka(t)T)mn (T, aname) (C.9)
mnl>0 mn>0
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and similar for the hermitian conjugate term

Z <maman$, CLTCL[I>

mnl>0

= > (Ea(t) )iz, ajay,af )
mnl>0

= Z (Ko(t) ) mnlz, aja)al ajz)
mnl>0

- mn{ 6l7n l‘ afa,ix} + <.13, a?arzala:nx>}
manO

= mn{ (=) {(z, ajalx) + (=) {z, ajal,x) + (x, a?‘ala;a:‘nx}}
manO

= mn{ (=0im)(z, a’arzy + (=) x, alal,x) + {ajaz, a;a:‘nx)}
manO

= Z (Ko(t) ) mnlaj iz, alar,z) — 2 Z (Ka(t) ) mnlz, ayar x). (C.10)
mnl>0 mn>0

We conclude with (C.9) and (C.10)

[(Kz, (N +2)z) — (N +2)z,Kz)| = (C.8)
= ‘( Z (K2(t) ) mnlaj iz, anamz) + 2 Z (K2(t) ) mn(z, anamx>)

mnl>0 mn>0
Kk
—|—( E (K2(t) ) mnlaj iz, ayar,z) — 2 E (Ka(t J),,m<3:,anamx>)
mnl>0 mn>0

- 3 (G, ((Kg(t)J)mna:‘na;Jrh.c.)x)’

mnl>0
_2‘ 3 ) D mn @y anama) — 3 (Ka(t)T)mn e, a;a;x>(. (C.11)
mn>0 mn>0

Now we have to equilibrate both sides of the scalar product in powers of N, hence we at
N1/2N=1/2 in the second argument

(cany =2 3 Yo (2, nan N VAN

mn>0 <
- Z (Ko(t mn<m,a al, (N +2)YVAN +2)” 1/2x>‘

mn>0
S
D

mn>0

(N +2)! xaa./\/l/2>

- Z (Ko(t) D) mn( N2z aX N+2)71/25ﬂ>‘. (C.12)
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We use (C.4) and (C.5) to get

(C.12) < 2|V +2)" 22| NN 22| Ko s
+ 2N 22|V + 2)Y 2N+ 2) 7 2| Kol
< A K lus| (N +2)1 22| (C.13)

We conclude

Kz, (N + 2)z) — (N + 2)z, Kz)| = (C.11) = (C.12) < (C.13)
< 4| K lus||(V +2)M 22|

Now with the commutator Theorem [RS75, Theorem X.37] and D(N?) core of N + 2 we con-
clude (K, D(N?)) essentially self-adjoint and IC|T(N2) essentially self-adjoint on each core of
N. But since K|pp2y C (K, D(N)) and (K, D(N)) symmetric and hence closable we have
Klpzy € (K, D(N)). Now since (K, D(N)) symmetric extension of the self-adjoint operator
Klpvz) we know K|pz2) = (K, D(N)). Therefore (K, D(N)) essentially self-adjoint on each
core of D(N') and hence (K, D(N)) essentially self-adjoint on each core of D(N).

Proof of e):

To prove (e), we prove that the entries of the 2 x 2 matrix A; are continuous in time: (A;);; €
C(R,L(H*)) and VT > 0 3C > 0 such that VA > 1, =T < ¢ < T: |[(A1)i;(®)llcarey < C,
V0 < k < 2. Note that D(A4g) = H> & JH?.

We split the proof into two parts. First we prove the continuity and then in the second part
the bounds in the operator norm.

Continuity:

Because we want the continuity for all volumes A and all times we treat them separately from
the operator norm bounds which require additional regularity. To prove the continuity we just
need the assumption ¢ € C1(R, H?(R?,C)) and ||¢¢|2 constant. Let A > 1,t € R, 0 < k < 2
and ¢ € H*.

t—= Myyp,2:

We use the identity |¢:]? — |s|? = |¢r — @s|? +2Rep’ (¢r — ¢s), that || %2 = AY/? independent
of s and that (t — ;) € CY(R, H?) C C(R, H*) to conclude

‘ 2

1DV = (Il = lpsl) Wl < Y- CIV % D7 (Il = s ) ool D715

~7=0

<Y D7 (Jeel® = lsl?) |, 10 e

7=0

< C (llpe = eslle + 2l @il loe = @sllae) 181w
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C. Properties of the Bogoliubov Hamiltonian

3. (C.14)

t— M,,:

Continuity of M,, € L(H*) is a direct consequence of 2 0<|al<k 1D (e — )3 = e —
ps|* 1|2 and the continuity of (t — pur = 1/2(5%%,V *|¢[*5%%%)) € C(R,C), which holds
true since (t — ;) € C(R, L?) and ||¢;|l2 = A2

”V * |50t|250t -V ‘903|2§03H2
<V (Ipe? = [P oo lleellz + 1V * sl loollor — @sll2
<{IVllsollor = @sll3 + IV IIso2llezl2ller = sll2) Hieellz + 1V oo lesllzllor — @sll2

t—s

—=0.

t— Ki(t).'
Note that K (t) = Q;K1()Qq, Ko = QKo (t)JQuJ*, Qr = 1 — |ug) (], us = @y /A2, Due to
Lemma F.0.2 and (¢t — ¢;) € C*(R, H?) we have

(t— Q) € CLR,HS(H")) c C(R, L(H")). (C.15)
Now we prove (t — Ki(t)) € C(R,L(H*)), (t — Ky(t)) € C(R,L(JH*, H*)). From this it is

easy to conclude (t — K (t)) € L(H), (t — Ka(t)) € L(JHF, H*):
Proof. Assume (t — K;(t)) € C(R, L(HY)), (t = K(t)) € C(R, L(JH", H¥)).

Qe n K1(t + h)Quin — QK3 OQ¢ll zcrm

:tSOHQt+h — QKO NQesnll + 1Q: (K1 (t + h)Qrin — K1 (H)Qy)|

< 1Qesn = QullIE O 1Qurall + Qi 1K1 (¢ + 1) = Ky ()| Qe
+ 1Q:NIE D@ — Qi

< Ca){1Qetn = Qellor + I1Ka(t 4+ 1) = Ka(®) ey } 570,

where in step 3 we used that continuous function map compact sets into com-
pact sets and that we can choose h € B(t,1) and in the last step the assumption
(t — Ki(t),(t — Q) € C(R,L(H*)). In the same way ||Q,K;(t)Q;|| < C.
(t — Kx(t)) € C(R,L(JH*, H")) and ||Ky(t)||z(sse, vy < C are proven analo-
gously. O

Back to be proof of (t — K, (t)) € C(R,L(H®)), (t — Ko(t)) € C(R, L(JH", HY)).
By the definition of K1: K1()¢(x) = [ ¢u(2)V (z—y)e} (1)$(y)dy = i)V *(9}¢)(2), |a] < k
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and
1D (g1 V 5 (970) = pa - V 5 (939)) |12
< Y ClDVpe) -V # D* V() — (D7) - V o DO (1))
v=0
< 3 (1D = DY, IV D* 7 (670)]la
v=0
+ID 2|V (D7 (0} = 92)¥) l2)
< lloe = gall e Clieclze Il + Il e Clloe — @all ol e
t—s
-0
hence

1K) = K1 () cqavy < Cligellmrllor = @sll e + Cligslmellor — @sllae

t—s

—0.

We conclude (t — K, (t)) € C(R, L(HY)).

Due to Ka(t)J¢(x) = [@u(@)ei()V(x — y)v*(y)dy = @u(@)V = (p")(x) one can show
(t— Ka(t)) € C(R,L(JH*, H*)) analogously to the Kj-case above.

All the considered cases above allow us to conclude: A; € C(R, L(H* @ JHF)).

Operator norm bounds:

Let 0< k<2 T>0,-T<t<T, € H* and assume Condition 2.1.8;=2+2 to use Corol-
lary B.2.4 for derivatives up to order two.

b= Myyp)2:

We use Lemma B.4.5a) to get for ¢ € [T, T

SVl < S SOV« DI PR ID

0<|al<k 0<|a| <k =0

< Cllg2 (C.16)

Because Vt € R 31" > 0 such that ¢ € [T, T] we conclude My, 2 € L(H"), Vi € R.

t— M,,:

Since p; constant we have D1yt) = 1y D¢ and 3 o<, | D uerb||3 < |pae| - [|0]| v and by the
definition of p; and Corollary B.1.2 for t € [-T, T

L1/ ¢ 2 Pt 1 2
il = 5 [(or V [P E)| < SIV x ferPlle < €
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C. Properties of the Bogoliubov Hamiltonian

We conclude

Y ID% )3 < Ol (C.17)

0< o<k

Hence M, € L(H), Vt € R.

t— K;(t):

Again note that K;(t) = thl(t)Qt,Kg = QtK’Q(t)JQtJ*, Qr = 1 — Jug)(ug|, up = got/Al/Q.
We show

1Quvl7x < CllgllFn - (C.18)

Proof. We estimate

1
Y D@l < Y IDWIE + 5 1D el3ler )

0<|al<k 0<a|<k

A
16IZs + e e 3z 1013

H%”2 k
< ot (1+ 12

and with Corollary B.2.4 we get (C.18). O

Now we prove ||K1(t>||£(Hk) < C, ||K2(t)||L(JHk7Hk) < C. From this and (C.18) it is easy to
conclude [[K1 ()| zcury < C, 1Kl crmemry < C.

With definition K1 ()Y (z) = [ @u(2)V(z—y)e; (y)¢(y)dy = @i(x)V *(¢i1)(x), Definition A.0.5
and Corollary B.2.4|5—y<2 for t € [T, T] we conclude for V|a| < k

| DK ()02
= ||D%y - V * (i 9) |2

«
< 3 CID* . -V # DY () Iz
~v=0

< Y CID " ¢tllznee (IV 5 D7 (@7 )ll2 + |V % DY (7)1 oo)
~v=0

(e vy
< Z Z CIID* " etl2n00 (IV]
v=0 B8=0

< Ol -

121D pell2nco |91 mx + 1V [|2,00 [ D7 @t ll2n00 |90 %)

Hence ||I~(~1(t)||ﬁ(Hk) <C.
Due to Ks(t)Jy(x) = [u(z)o(y)V(z — y)*(y)dy = @i(z)V = (¢10*)(z) one can show
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Kol c(smr,mry < C for t € [T, T] analogously to the argument for K; above.
By collecting the results above we conclude || Ay ()| z(grg mry < C for t € [T, T]. [ |
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Appendix D

Existence of Dynamics and

Regularity

We prove the existence of all considered Hamiltonians in the quadratic form sense using

Gronwall-type arguments.

D.1 Existence of the Dynamics Generated by Quadratic

Forms

The result presented in this section is a variant of [LNS15, Theorem 8], which establishes readily
verifiable conditions for the existence of dynamics associated with time-dependent quadratic
forms. Its proof is fundamentally based on a Gronwall argument. For the reader’s convenience,

we restate this theorem here in the precise form needed for our purposes and with full details.

Theorem D.1.1 (Dynamics Generated by Time-dependent Quadratic Forms). Let 5 be a
Hilbert space, A > 1 self-adjoint operator, I C R an interval, to € I and {qu ) }tier a family of
symmetric quadratic forms on €. Assume there exists B > 0 self-adjoint operator such that

for all bounded intervals I, C I we have

a) That qg () is comparable to A and B on Iy, meaning

i) B commutes with A in the sense of self-adjoint operators.t

i) B < A.

1See [RS80, Chapter VIIL5] for a precise definition of commuting self-adjoint operators.
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D. Existence of Dynamics and Regularity
i11) 3C1,Cy > 0 such that Vt € I:

Craa > qu > C1 'qa — Cags .

Especially Q(qm)) = Q(A) and |qu )| > C12qa, Ci2 := max{C1, Ca}.
w) 3Cy4 > 0 such that Yu € Q(A): (t — quu (u)) € C*(I,,R) and

< Cyqa(u).

d
‘dtQH(t) (u)

b) The operator A bounds the commutator of B with qg 1), meaning 3C3 > 0:

F2Im qpy ) (u, Bu) < Caqa(u), Vu € D(AY?). (D.1)

Then for all ug € Q(A) Fw € L2 (I;Q(A)) N C(I, ) with jou € L2 (I;Q(A)*) weakly

loc

differentiable with weak derivative u € L2 (I;Q(A)*) such that

loc

1a(t) = que (., u(t)),

u(to) = Ug,
where j : I — Q(A)*,u— (., u) . In addition we have

i) u(t)||le = |lu(s)||e, Vt,s € 1.

i) u(t) € Q(A), Vt € R, and VI, C I bounded intervals with tg € I, we have Vt € I,
qa(u(t)) < 2C7,(I,)e 2+l =tol g (uy)

where C1o := max{C1, Cs}, Claz4 := 2C1C2C3+ C1Cy. Note that the C; are coming from

a),b) and depend in general on I.

iii) we L (I,Q(A)), i € L (I, Q(A)*).

loc

Remark D.1.2.
e It is sufficient to check the condition a)iv) on a D C D(A3/?) dense, which directly implies
condition a)iv).

e If B and A commute and 0 < B < A it is easy to conclude B® < A® D(A®) C D(B?),
Vs € R>q, and B"D(A®) C D(A*"), V0 <r <s.

e We need that # is separable only to show (t — qu)(.,u0)) € L°(R,Q(A)*) for all
ug € Q(A). If we assume the strong-measurability as above, Corollary D.1.3 is valid for

general Hilbert spaces S without the separability constraint.
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D.2. Existence of the Bogoliubov Dynamics

The proof of Theorem D.1.1 can be found in the Appendix D.5.1.

We get as a direct Corollary of Theorem D.1.1 the existence of an unitary propagator.

Corollary D.1.3 (Unitary Propagator of Time-dependent Quadratic Forms). Let S be a
Hilbert space, A > 1 self-adjoint operator and {qru) }tier @ family of symmetric quadratic
forms on . Assume the conditions of Theorem D.1.1. For (to,up) € R x Q(A) let u €
C(R,#)N L} (R,Q(A)), i e L} (R,Q(A)*) be the unique solution of u(t) = qu) (., u(t)),

u(to) = ug given by Theorem D.1.1.
Then Vt, ty € R:

Ut to) : Q(A) = Q(A)
ug — u(t)
is linear and continuous extendable and we denote its unique extension by U(t,to). U(t,s) is a

unitary propagator and Yug € Q(A): jU(t, s)ug is weakly differentiable in Q(A)* with respect

to t and s with weak derivatives

d . .
%]U(L S)UO = = qu(t)( 9 U(t’ S)UO) ’

d . .
£3U(t, s)uo = iqrs)(U(s,t) ., u0),

where j : . — Q(A)*,u — (., u). Note that U(t,to)ug is the unique solution of iu(t) =
r (- ult)), ulto) = uo.

Remark D.1.4. We need the separability of J# only to show (¢t — qm)(.,u0)), (t —
quw (U(t, )., u0)) € L°(R,Q(A)*) for all ug € Q(A). If we assume the strong-measurability as
above, Corollary D.1.3 is valid for general Hilbert spaces ¢ without the separability constraint.

The proof of Corollary D.1.3 can be found in the Appendix D.5.1.

D.2 Existence of the Bogoliubov Dynamics

Next we apply Theorem D.1.1 to Hamiltonians appearing in our framework such as the Bo-
goliubov Hamiltonian HB°8(t). However, to rigorously analyze the Bogoliubov dynamics, it is

essential to examine the Bogoliubov transformation and the symplectic structure of 7 & .
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D. Existence of Dynamics and Regularity

D.2.1 Bogoliubov Transformation and Symplectic Structure

0o J*

Let % be a Hilbert space, J : £ — J* ¢ — (.,¢) antiunitary, J = <J O) BRI —

1 0
H o, T =J=J 'and S = 0 Nk To define the Bogoliubov transformation it is

helpful to work with generalized creation and annihilation operators acting on 7 ® J2*:
A(fodg)=alf)+a"(9), A(f@Jg)=a"(f)+alg), VfgeH (D.1)
satisfying VF, G € € & 7#7*
A(F) = A(TF), [A(F), A"(G)] = (F,5G), [A(F),A(G)] = 0.

Definition D.2.1 (Bogoliubov Map and Bogoliubov Transformation). Let . be a Hilbert

space.

i) WecallaV € L(s @) a Bogoliubov map if it fulfils the symplectic conditions, namely
Y e S with

S={vecLex)|Jvg, VSV =5=VvsV*}.

ii) We call a V € S unitarily implementable if 3Uy, unitary on F () such that
UyA(F\Uy, = A(VF), VYFexX ox".
If such a Uy exists we call it a Bogoliubov transformation.

Remark D.2.2. Note that Uy is uniquely determined by V up to a phase, which can be fixed
through Uy,Q. We denote the equivalence class of all Uy, associated to V by [Uy] (for details
see e.g. [Nam20]).

Lemma D.2.3. Let 5 be a Hilbert space.

i) Let V € L(SH © ). Then V € S iff U € L(I),V € L(IH,*) such that V =
v where U,V satisfy
v JuJ*

vrv=1+Vv*Vv, vU*=1+JVV*J, V*JU=U*"J*V.

it) If A is separable then V € S is unitarily implementable iff the Shale-Stinespring condition
is satisfied, namely V*V — 1 € HS(7).
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D.2. Existence of the Bogoliubov Dynamics

Proof of Lemma D.2.3. A proof of Lemma D.2.3 can be found in [Nam20]. ]

Lemma D.2.4 (Invariance of the Particle Number under Bogoliubov Transformation). Let

be a separable Hilbert space, b € R>q and Uy Bogoliubov transformation on F (). Then
Uy (N+1)P U3 S Cy(b+ 1)bQ(N+1)b )
and UyQ(N®) = QN?®) = U3 Q(N?®) and
Cv ==1+3[V]us + [|U]lop -
Proof of Lemma D.2.J. A proof of Lemma D.2.4 can be found in [Bofi+22, Lemma 4.4]. |

Definition D.2.5 (Generalized One-body Density Matrix). Let 2 be a Hilbert space. For
1 € Q(N) we define the generalized one-body density matrix as

_ ([ o, )
ry,= € L(HpIAIHT),
v (% J( + 1)J*> ( )

where density matrix 7, and the pairing matrix ., are defined below

<g>'wa> = <a(f)1/),a(g)¢> ) <J9»0<wf> = <a(f)1/},a*(9)¢> ) vag €N

D.2.2 Symplectic Dynamics

This section is based on the results from [BoS+22, Lemma 4.8], [AKS13, Lemma 3.10] and
[Bac+22].

Our goal is to show existence of the propagator UB°8(t,¢y) of HP°(t) and then prove that
UB°8(t,t) is a Bogoliubov transformation. Due to the time dependence of UB°(t,t,) also
the corresponding Bogoliubov transformation Uy ) has to be time dependent. The V(t,to)

generating Uy 4,) is given by a differential equation of the following form

for a generating operator A(t) [BoB+22, Lemma 4.8]. In the following Lemma we study this
differential equation. Then we proceed in Theorem D.2.8 to show the existence of UB8(t, ()

and identify UB°8(t,¢y) = Uy(t,t,) (for a more precise statement see Corollary D.2.9 below).

Lemma D.2.6 (Symplectic Dynamics). Let 5 be a Hilbert space and hy self-adjoint in 2,
he € C(R,L()) N C(R,L(D(h))), hao(t) self-adjoint in H# and ke € C(R,L(H, %)) N
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D. Existence of Dynamics and Regularity
C(R,L(D(h1),JD(h1))), ka(t)* = J*ka(t)J*. Set A(t) := Ag + A1(t) and
h ho(t) —J%ko(t)J*
AO = ! 0 Al(t) = 2( ) J 2( )J .
0 —JhJ* ko(t) —Jho(t)J*

Then Ay self-adjoint in 7 & H* and Ay € C(R,L(D(Ap)) NC(R, L(A & H#*)). Especially

SA)*S = A(t).
And 3V : R? — L(H & %), (t,s) = V(t,s) with Yug € D(Ag),to,t € R: (s = V(s,to)up) €

C(R, D(Ao)) N CL(R, 2 @& #*) and
OV(t to)ug = — 1A V(L to)uo,
V(to,to) = 1.

In addition we have the properties:

i) (Symplectic Propagator)

a) V(t,t)=1.
b) V(t,s)V(s,to) = V(t, to).

¢) V(t,s) strongly continuous in t and s.

In addition V(t,s)D(Ag) = D(Ag) and V(t,s) fulfils the symplectic conditions, namely
V(t,s) € S (see Definition D.2.1), and Vx € 7 & H*

V(t,s)z, SV(t, s)x) = (x, ST) s+ -

ii) (Derivative)
Vug € D(Ag), t € R: (s V(t,8)ug) € C(R, D(Ap)) N CHR, # & H#*) and

O V(t, s)up = V(t, s)iA(s)uo .

iii) (Estimates)
0) IVt 5) ey < 0= 1 Thalec ey

b) V(t,s) € LID(Ap)) and
t t
Hv(tas)HE(D(AO)) <14 sgn(t _ S)/ HAl(T)||L(D(AO))esgn(tis)jT HAI()\)HL(D(AO))dAdT.

vi) (Implementability)
Assume H separable® and ky € C(R,HS(S7, 5*)) then V(t,s)*V(t,s)—1 € HS(H ®H)

and thus V(t, s) is unitarily implementable.
2Such that Hilbert-Schmidt operators are well-defined.
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D.2. Existence of the Bogoliubov Dynamics

Proof of Lemma D.2.6. A simple proof of Lemma D.2.6 can be found in [Bofi+22, Lemma
4.8]. |

D.2.3 Bogoliubov Dynamics

We apply Theorem D.1.1 to the Bogoliubov Hamiltonian HB°8 (see Definition 2.3.1). But first
we state two more general statement about quadratic operators from [NN17, Proposition 7] and
[BoB+22, Lemma 4.8], including also HB°8 as it can be seen in Corollary D.2.9 below.

Definition D.2.7 (Time-dependent Quadratic Operator). Let 5 be a separable Hilbert space,
hi > 0 a self-adjoint operator, ha(t) € L(H) self-adjoint, ko(t) € HS(H*, ) and ki (t) =
Jka(t)J, for all times ¢ € R.

i) (Definition quadratic Hamiltonian)
We define (H™?(hy, ha(t), k2(t)), D(dT'(h1 + 1)) as an operator on .7 with

1
HY%(t) := HY*(hq, ha(t), k2(t)) := dT'(hy + ha(t)) + 3 Z ((k2 ()T )mnar,ar, +h.c.) .
mn
We call H9"#(t) a quadratic operator.
ii) (Definition quadratic form)

We define the symmetric quadratic form associated with H(t) as

qHava (4) = GHaA(hy o (8)ke (1) - @(AT (R +1)) = R
W (1, dT (08 g + (0, AT (ha (D)) g - + ReTr(ka(t)ary)

where o is the pairing operator (see Definition D.2.5).

H" is well defined due to Lemma C.0.1d).

Theorem D.2.8 (Dynamics of Time-dependent Quadratic Operators). Let 5 be a separable
Hilbert space, hy > 0 a self-adjoint operator, hy € CY(R,L(7)), ha(t) self-adjoint, ky €
CHR,HS(s*, ) and k3(t) = Jko(t)J, V& € R. Let qganay be the quadratic from of a

quadratic operator corresponding to Definition D.2.7.

i) (qrave(r) generates a dynamic)
Then the symmetric quadratic forms {qgave(s) }ter satisfy the conditions of Theorem D.1.1
for the comparison operators A :=dl'(hy +1)+1 and B :=N + 1.

ii) (Bogoliubov transformation) Set

Ao:<’“ o>7 Al(t):<h2(t) —’W)).
0 -—haf Jko(t)J —ha(t)T
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If in addition we assume hy € C(R,L(D(h1))),k2 € C(R,L(JD(hy),D(h1))) such that
Ay € C(R,L(D(Ap)))NC(R, L(A ® JH)) then we can define V(t, s) as in Lemma D.2.6
and get Vto,t € R Uy 1) € [Uyps,iy)] with

Uqua(t7t0) = UV(t,to) )

where UM (L, tg) is the unitary propagator of our dynamics as defined in Corollary D.1.3.

Proof of Theorem D.2.8. For a proof of Theorem D.2.8i) see for example [NN17, Proposition 7].
A proof of Theorem D.2.8ii) can be found in [Bo4-22, Lemma 4.8] and also in a slightly different
setting in [Bac+22, Proposition 3.9] and [AKS13, Theorem 2.2].

In addition we provide a detailed overview of the rigorous proof of Theorem D.2.8ii) in
Appendix D.5.2, where we discuss the regularity requirements necessary for each step, as well
as the underlying idea of the proof. [ |

The Bogoliubov Hamiltonian HB°8(t) is a quadratic operator and with help of Lemma C.0.1
we can show that Theorem D.2.8 applies for HB8(t).

Corollary D.2.9 (Existence of the Bogoliubov Dynamics). For all volumes A > 1 let ¢ be the
condensate with initial data po satisfying Condition 2.1.7. Then Theorem D.2.8 i) and ii) can
be applied to HP%9(t) for # = L*(R3,C),h1 = —A/2,ha(t) = V * |ps]? — ps + K1, ko = Ko.

Especially the unitary propagator UB%(t,ty) of the dynamics is a Bogoliubov transformation.

Proof of Corollary D.2.9. That all conditions of Theorem D.2.8 are satisfied follows directly
from Lemma C.0.1. [ ]

Lemma D.2.10 (V(¢,0) Estimate). Assume that for all volumes A > 1 the condensate g
satisfies Condition 2.1.7 and Condition 2.1.8y—242. Let V(t,s) € S with Uy = UB8(t,s)
due to Corollary D.2.9 then YT > 0 34C > 0 such that VA > 1 and =T <t <T

1U(¢,0)[lop + IV (Z,0)[op < [[V(E,0)[lop < C', (D.2)
where

Pty — (U9) T V)T
= \vws) Ju s )

Proof of Lemma D.2.10. Lemma D.2.10 is a direct consequence of || Ks(t)|lop < C, for =T <
t <T (see Lemma C.0.1, Lemma D.2.6 and Corollary D.2.9). [ |
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D.3 Existence of the Tracer Dynamics and Tracer Local-

ization

In this section, we prove the existence of the dynamics generated by the transformed Bogoliubov-
Frohlich Hamiltonian (Definition 5.4.1):

~ A, N
HG (1) = — 5% + A(QoSV{S - QuWapr © JQiWaepr) (D.1)

where the excitation field dynamics have been extracted from the Hamiltonian, but the tracer
and the field remain interacting. We refer to the dynamics generated by Hamiltonians of the
form of (D.1) as the tracer dynamics.

By proving the existence of the dynamics of the tracer Hamiltonian, we also show the localization
of the tracer. This is achieved by applying the rigorous Gronwall estimate Theorem D.1.1 to
the Hamiltonian (D.1) and using a comparison operator with tracks the tracer position z, the

harmonic oscillator.

We begin by giving some fundamental properties of the harmonic oscillator used to prove our

existence Theorem below.

Lemma D.3.1 (Harmonic Oscillator). Let d € Ny and S be a Hilbert space. Set
hoe = (=Ap +2H) @ T+T® (N +1)
hoc > 1 self-adjoint on L?(R%,C) @ F ().

i) Let M € Ngy then hM > 1 self-adjoint and for all D C  dense we have that D :=
L (R, C)® U0 DL _o DEN core of hM and ho.D C D.

it) (Bounds) For M € Ng 3Cq ar > 0:

d—a)Mer + Uew+)M + G2ver < Camqp -

Proof. The proof of i) uses [RS80, Appendix of V.3] where it is proven that the hermite functions
form an orthonormal basis of L?(R) lying in .#(R? C). This and that the hermite functions
are eigenfunctions of the harmonic oscillator is then used to prove the essential self-adjointness
of hM on each section of the Fock space, which is then just extended. ii) is a consequence of

the simple commutator [0,,, z;] = 1. [ |

Lemma D.3.1d) allows us to control the position operator of the tracer through the harmonic

oscillator A up to an arbitrary large power.

The Gronwall estimate for the harmonic oscillator is an application of Theorem D.1.1 and
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is summarized in the following Theorem for which we first define the tracer Hamiltonian to be
a abstract version of the transformed Bogoliubov-Fréhlich Hamiltonian (D.1).

Definition D.3.2 (Tracer Hamiltonian). Let d € Ny, f; € L>®(R%, L2(R%,C)), g; € L>(R4,R)
and A\; € R for all t € R. Set

qur ) (fi: 96 M) = qurey : QN — Ar) x QN — A,) = C
(W, 0) = qn, (0, @) + (W, A fro ® T fra)p) + X, 0) + (b, My, , @ Irp).

Note that ggr (s is a symmetric quadratic form on L?(RY%, F(L?)).

Theorem D.3.3 (Gronwall Estimate for the Harmonic Oscillator in the Tracer Dynamics).
Let M,d € Ny and hoe = (—A, +23) @I+ 1® (N +1) be the harmonic oscillator in x direction
on L*(R, C) ® F(L*(Ry, C)) = L*(Rg, F(L?)).

i) Let f € 152 (Ry, WM(RE, L*(RY,C))) such that for a.e. x € R%: (t — fi(z,.)) €

loc
CH(Ry, L*(RY,C)) and Vt: 8, f, := (x = 8y fy(x, .)) € L>(RE, L*(RY,C)) and f=(t~
Ocfr) € 15, (R, L= (RS, L*(R, C))).
i) Let g € 152 (R, WM (R4, R)) with g € O (Ry, L®(RY, R)).

loc

Set qur () = qur @) (ft, g, Ae) as in Definition D.3.2.
Then {(qur))|qn) tter satisfies the conditions of Theorem D.1.1 with comparison operator
A= B :=hM. Especially we get ¥(ug,to) € Q(h) x R, VI, C R bounded intervals, to € I,

ana (u(t)) < Cr, ()ana(uo), VtE€ I,
where x(t) unique solution of

10iu(t) = qrr ) (u(t)) ,

u(to) =Uop
as described in Theorem D.1.1 and
Cr,(t) = exp{|t —to|} - 2tsulp [(ZIIftlloo +lgelloo + [Ae] + 1)
cly

cexp {2 2l filloo + lgtlloe + N + 1) [ (21 fillow + el + 1)

+ 2l Selloo + llgellso + [Ael +1)

Cant (14 el e paa oy + lgelwans ) | }] .

Remark D.3.4.
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i) The idea was to make a Gronwall estimate of g, (u(t)), where u(t) is generated by g ().
Later, we use the bound Ch) > 22 (see Lemma D.3.1) to derive an estimate on the

2M namely the first d coordinates.

tracer position x
To perform the Gronwall estimate we use Theorem D.1.1, which reduces the problem to
a commutator estimate on a suitable domain D, where the commutator can be explicitly

computed. As a by-product, we obtain the existence of the dynamics. Since our primary

goal is to estimate A, we have not investigated alternative domains for qur(y) beyond

oc?

Q(hM) in detail. However, the argument extends naturally to the domain QN — A)
without additional difficulties (see Remark D.4.4).

ii) The conditions on f are chosen such that we can differentiate a(f; )% and that all terms
in C7, (t) in our final estimate remain bounded. These conditions arise due to the structure
of f
fi=(t (@ (U= JV)QiWapr) € I (R, WM>(RY, L*(RY, C))),

where Uy and V; come from U} %% = Uy, (see Corollary D.2.9). Since ¢ — U;—J*V; and t —
V; are only strongly continuous and differentiable as operators on L? we cannot evaluate

“ 79

them at specific points in the -variable and we get differentiability only for fixed z.

Nonetheless, the resulting time derlvative behaves well, as stated in Theorem D.3.3.

iii) The application of Theorem D.3.3 to ﬁgf(t) can be found in Corollary 5.4.5, leading to

our result on the tracer localization in Theorem 3.2.1.

Proof of Theorem D.3.3. Theorem D.3.3 is a direct Corollary of Theorem D.1.1. Hence your
task is to prove that the conditions of Theorem D.1.1 are satisfied for ggr(;) and comparison
operators A = B = h?

h]ﬂ

We need to satisfy two condition. First, we show that H(¢) and h?{ are comparable, this is

done in Lemma D.3.5, and second, we estimate commutator of H(¢) with h} this is done
below.

Let d, M € Ny, I, C R bounded set and ¢ € I. Set D :=.%(R% C)& J,~, Dy, D®N, D C
L?*(R%,C) dense. Note that D C A3/ dense, hence it is sufficient to validate the commutator
conditions of Theorem D.1.1 on D. We prove Yy € D

F2Im gy (¥, BY) < Canr (1 + | fellwaroo e, z2ra,cy) + |gellwarce (ma ) ga(¥) .

But this can be immediately be seen from Lemma D.3.6 and

Flmgpre (6 htw) = F Im{ (W, (~Ag + My, JhSE0) — (b, (—A, + M,,)0)

+ (A(fr,0 @ T fra)t B > (WA ﬂx@Jﬂgw».
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The following Lemma D.3.5 and Lemma D.3.6 support the proof of Theorem D.3.3. In
Lemma D.3.5 we estimate the tracer Hamiltonian through the harmonic oscillator h,. and
Lemma D.3.6 is used to estimate the commutator of the harmonic oscillator h,. with the

Hamiltonian HT(t) on a suitable domain.

Lemma D.3.5 (The Tracer Hamiltonian Estimated Through the Harmonic Oscillator). Let
d,M € Ny and I, C R a bounded interval.

i) Let f € I (R, L®(RY, L2(R?, C))), g € I, (R%,R), A € [2°(R,R) then for all ) € Q(hM)

loc loc

and t € I
(C1+1) g (V) > qur ) (¥) = —Crgpm () (D.2)

for C1 = supier, (2| felloo + llgelloo + [Asl)-

i) Let f € 155 (Ry, L (RY, L2(R?))) such that for almost all x € RY: (t — fi(z,.)) €
CY Ry, L*(RY,C)) and Vt: Oy fs := (x — Oify(x, .)) € LRI, L2(RL,C)) and f := (t —
Oufy) € 155, Ry, L°(RE, L2(RY, ©))). Then for all g € Q) (¢ qprr (1)) € C'(R,R)
and for all t € I

d . . .
\dtqm(t)(w)\ < sup (2 flloo + gl + 3¢l ) e (). (D-3)

Proof. To the first part. (D.2) follows directly from the estimates 0 < —A, < hoe, TA(frz @

Tfie) < 2 fillooN + 1)1 < 2 fillschoe

To the second part. The regularity of (¢ — gy () (1)) follows directly from the regularity of

fyg,\. The bound in (D.3) can immediately be seen by calculating the derivative %QHT(t)(w)

explicitly. |

Lemma D.3.6 (Commutator of h,. with the Hamiltonian HT(t)). Let d, M € N,. Then there
exists a constant Ca,nr > 0 such that for all ¢ € Uy, @f{:o S (R?* C)®L?*(R?,C)®" =: D,
g € WM(RER) and f € WMoo(RY, L2(RY, C)) we have

¥Im{<gw¢mhé\g¢n> — (h! nagwwn>} < Camllgllwaros (ga gy (0, Rty . (D.4)
FIm(y, [~ Ay, hAY) < Canr (v, WYY . (D.5)

FIn{ (A(fo © J f2)0, h0) = (W36, Alfra @ T 1))}
< Cam || fllwatoo ma 12 ma,c)) (0, hAIY) . (D.6)

Proof of Lemma D.3.6. We start with the proof of (D.6). To ensure better control over regu-
larity, we first assume f € Cg°(RY, L?) C WH:°° and extend the result to general f € W
by a density argument. Let ¢ € D then a*(f, )1 € D, since f € Cg°(R?, L?).
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We consider the case of M =: 2m even. This allows us to symmetrically split h2™ =: h?™ be-
tween the arguments of the scalar product in (A(fz & J fo)0, h2™ ) —(h?™p, A(fr.o & J fr.0)0).
To handle this, we commute h with a#(f,) one operator after another. We define the iterated

commutator by the adjoint map recursively:

adj” (a# (f >> a*(f2), (D.7)
adl® (a# = [ad* "V (a#(f2)),h], VkeN,. (D.8)

We start by commuting the h’s to the left argument in the first term of the commutator in
(D.6):

(W, (fh0) = (b, a® (£)h2 1) + (0, ad () (@ (£))h*" 1)
= <h2w7a#(‘fw)h2m—2w> + 2<h¢,adgl)(a#(f$)>h2m—2¢> n <¢,ad§f)(a#(f$))h2m—2¢>.

By proceeding as above until only A™ remains in the right argument, we obtain
m m—k m
(,a® (fo)h*™p) = Z ( )(h’“w,adé (L)) (D.9)

Similar for the second term of the commutator in (D.6):

(WP, a® (f)0) =) (7:) (nmap, (~1)"*ad(" ) (@ (£2))hF0 ) (D.10)

k=0

Subtracting (D.10) from (D.9), we observe that the k = m terms cancel, as they have identical

numbers of h operators on both sides. This gives:
iIm{<<a# Fa)) 0, W) — (W27, a? (f2)i) }
= Z ( >{<h’“¢7ad2’”k)(a#(fx))hm@ = (W, (~1mRad™ P @ (L)) )
(D.11)

We will show below that the cancellation of the & = m term is sufficient to show the desired
estimate in (D.6). To proceed, we need a structural representation for the nested commutators
ad\™ M (a#(f,)) terms (for m — k > 1):

ad\"™ M (a# ()0 = S i Pa# (DL f,)2" D (D.12)
[Bl+]v]+[0]|<2(m—k)
[v[+]6]<2(m—k)—1

We emphasize that this representation does not hold for m — k = 0, as adgm_k) (a¥(fz)) =
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a”(f,). Thus, it is essential that the sum in (D.11) only runs over & < m — 1, so that (D.12)
can be applied throughout.

Moreover, in the representation (D.12) the monomials in 2 and D, appear only up to total
order 2(m — k) — 1, which is strictly less than the order of monomials appearing in h™ %,
namely 2(m — k). This drop in order is what ultimately allows us to close the estimate. The
validity of (D.12) can be verified by induction and is easily confirmed for m — k = 1. Indeed,
by the definition of the harmonic oscillator h, [a¥(f.), k] = (a¥ (Apfe) + 207 (Ve fe) Ve —
sgn(#)a” (f,))w, where sgn(#) = 1 for # = * and sgn(#) = —1 for # = () (for a detailed
argument see Lemma D.3.7).

To estimate the right-hand side of (D.11), we now combine the representation (D.12) with

the following inequality for monomials x"’Dg:
(=iD,)%2*"(—iD,)° < ChloIFIl (D.13)

which follows from the definition of the harmonic oscillator h = —A, + 2% + A + 1 (see again
Lemma D.3.7 for details). Combining (D.12) and (D.13), and using that A" 4+ 1 is commuting
with 27, D and h, we get we following estimate

lad{™ M (a# (f,))n* ||

< Z Cm,k(esssup ||foxHL2) H(N+ 1)1/2xﬂyDihka

1B1+17|+]6|<2(m—k)
[v|+18]<2(m—k)—1

< > Con el Fllw 181,00 (e, 12y C RPN + 1)1/ 2RF4|

[Bl+|v]+9]<2(m—k)
[Y|+16]<2(m—k)—1

< Con 1 lyatm—s0.0 et ) |7 (D.14)

We conclude from (D.11) and (D.14)

HIm{((a® (f2)* 0, h*" ) = (W™, a” (£2)1) } < Conll fllwamioe a2 [B7 9]

This proves the bound (D.6) in the case of even M = 2m for all f € Cp° C W™, The result
then extends to all f € W?2™> by density.

Now we consider the case M = 2m+1 uneven, which is technically more delicate since it is not
directly possible to split the powers of h evenly between both arguments of the scalar product
in (D.6) as we did in the even case. Attempting to distribute the h>™*! in a straight forward
way, we run into commutators of [a#( f,), h'/?], which we can not calculate. To circumvent this,

we rewrite the extra factor of h, we have compared to the M even case, in from of operators
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that are bounded by h'/2. Namely
h=(~Vi+z) (Ve +z)+ N+ DYV2N +1)Y2, (D.15)
We can now proceed analogously to the even case. We find with the known splitting of the

h-terms as in (D.10) that

m

(0, a®(f) 2y = 3 (TZ) (*,aaf™ P (@ (fo))h- B ) (D.16)

k=0

Using the decomposition (D.15) for the singled-out h we get

(), a# (f.)h2m 1) f:( ) 3 {<Bh%,adg’”—’“(a#(fz))ma@
=0

Be{(Vy+a),(N+1)1/2}

+<hk1/), [ad{" (o (£.)), B*]ma¢>} .
(D.17)

And again with (D.10) we get a similar form for the other commutator term appearing in (D.6):

(P2, o (fo)g) = kZ; > (—U’""“(Z)

=0 Be{(Vo+a),(N+1)1/2}
A(BI g ad(" N @ (£))BREG) + (BR, [ad" (@ (£)), BT} (D)
We want to point out that we proceeded exactly as in the case of M even only that we commute

once with B instead of h. Subtracting (D.18) from (D.17) also cancels the k = M term but
only in the first term in (D.17) and (D.18):

+ Im{( (0% (f2))"0, B2 1) — (W2, a¥ (fo)v) } = 2 (T:Z_::@)

Be{(Vata), W+1)1/2}

{j:Im<Bhk1/), A (@ (L) B ) 5 (1) I BR, ad" ™ (0 (£,)) B

(D.19)
T (hF, [adf" " (@ (£.)), B Bh™6) ¥ (~1)"*Tm( BA™y, [adémk)(a#(fz)),B*]hk@}
(D.20)
£+ Im({h"™p, [a¥(f,), BY| BR™¢) F Im({Bh™1), [a#(fgc),B*]h%)) ) (D.21)

We now estimate the pair of terms (D.19), (D.20) and (D.21).
We start with (D.19), which is estimated by our bound on the adjoint mapping adﬁlm_k) (a™(f.))
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in (D.14) and
IR 220p)|2 + W82, 6% < Cyl[R*HD29)2, - k€ No (D-22)

which is shown in (D.42) as part of the proof of Lemma D.3.7. Let B € {(V, +x), (N +1)/2}.
We get with (N 4 1)1/2 < h'/2 and k < m — 1 that

ad™ ™ (@ (f2) ) BRF|| < Con el f wr2om—s.0 a2y |20 (D.23)
Thus
(D.19) < Con | fll2moe et 2y B/ 205 |2 (D.24)

Next we estimate (D.20). We use again the representation of the adjoint map (D.12) and
[27D3, =0, + x:] = C127D) + Co2D® with 3] + |8] < ] + [8] and [7] + [5] < [7] +[d] to get

[ad{™ ™ (@ (f2)), 0, + i) W*9|

<Cos > A{Ie*DLf), -0, +wi]a? DIy

IBl+1v]+9] <2(m—k)
[v|+16]<2(m—k)—1

+ llo# (D2 £) [ D3, =0, + ] W*] }

<Cux Y {l0#@uD f)a DI + o (D] £2)2 DERF

|Bl+1v]+9] <2(m—k)
[v[+]0]<2(m—k)—1

< Cll fllwzm+reo [W"P]] (D.25)

where in the last step we proceeded as in (D.14). Thus we have estimated (D.20) in the case of
B =V, + z. The estimate in the case B = (N + 1)'/2 follows in a similar fashion, as with the

representation of the adjoint mapping in (D.12), we get

[ (0% (£2)), N + 1)V = ad("™ ™ (@ (£) {V + 1)V2 = (W + 1+ sen(#) /.

(D.26)
But for b =1+ sgn(#) >0
(N +1) = (N +10))
1/2 1/2\ _
+ (N +1) (N +) )_(N+1)1/2+(N+b)1/2§1' (D.27)
Thus
1[ad™ ™ (@# (), N+ DY2)RE| < Conll f lwrem.oe |7 40]] (D.28)
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The estimates (D.25) and (D.28) allow us to conclude the desired estimate of (D.20):
(D.20) < Col| o | /252 (D.29)

We final estimate of (D.21) works similar to the (D.20) estimate but instead of the representation

of the adjoint map (D.12) we use just a¥(f,). The result follows analogously:

(D.21) < Con| fllwrr oo [P 2402 (D-30)

Combining estimates (D.24), (D.28) and (D.30), we obtain

£Im{{a® (f,)0, 2" T) — (BT, a# (fo)) ) < Ol fllwemirioe ga p2y |R™ T/ 2012

This completes the proof of (D.6) for uneven M = 2m + 1 and for all f € Cp° C W2mtloeo,
The result extends to general f € W25 by a standard density argument.

With the use of the following identities,

adMgp= > (Dl Dy, VkeN,, (D.31)
|BI+ 17| +13] <2k
I8 <2k 1
adi) (A= Y CWa Dy, Vke N, (D.32)
METHES

which are used instead of the representation of the adjoint map in (D.12) the proofs of the
estimates (D.4) and (D.5) follow in a similar fashion as the proof of the (D.6) estimate. Note
that g and —A, commute with A, which simplifies the argument from above even further. This

completes the proof of Lemma D.3.6. ]

The following lemma is used in the proof of Lemma D.3.6.

Lemma D.3.7. Let d € N,.

i) For all k € Ny exists a family of constants {CS%,’Y}Q,BP/GNS C R such that for all ¢ €

Uzso Pr_o 7 (RE, C)@LA(RE,C)2" =: D and f € C;°(R?, L2(R%,C)) we have

adi) (P = 3 O e (DI Dy (D-33)
[Bl+Iv]+]9|<2k
Iy I+l61<2k—1

ii) For all v,0 € N& exists a constant C' > 0 such that
(—iD,)’2?V(—iD,)? < ChloI+hl (D.34)
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on Upso @7 (R?, C)DLA(RE, C)2on.

Proof of Lemma D.3.7. We start with the proof of part (i), which is proven by induction argu-
ment on £ € Ny . The base case follows by using the explicit form of the harmonic oscillator
h = hoe:

[a(f2), W]t = (a¥ (Agfo) + 207 (Vo fo) Vo — sgu(#)a® (f2))1), (D.35)

where sgn(#) = 1 for # = x and sgn(#) = —1 for # = (). This matches the claimed structure.

Now let us assume the assertion holds for k. Then we prove it to hold for £ + 1. We use the

definition of the adjoint map in (D.7) and (D.8), and the induction hypotheses to conclude

ad D (® (£)0 = [V (@ (f). Bl = D" O S[oa* (D] fr)a D v
[B]4+v[+[6] <2k
[v[+]0]<2k—1
= ¥ cg’fg,é{[a#(pgfr),h}xmgw+a#(D§fr)[ﬁDg,h]¢}. (D.36)
[B]+v[+]5] <2k
|y|+18| <2k—1

The calculation of the first term in (D.36) is straight forward and analogous to (D.35):

[a® (D] fo), h]a" Do = (a¥ (A; DS fo) + 207 (Vo DY £2)Ve — sgn(#)a™ (DS f,)) 2 Db

(D.37)
For the second term in (D.36) we remark that the commutators
d
(27, —A,] = Zx'y_'”el (m('yl — 1)36;”_2 + Q'yle_lawl) , (D.38)
=1
d
(DS,2% = (26:0% " +2(6, — 1)190~2) DI~ (D.39)

=1

are again polynomials in 2 and D, of the same order |y| and |§|, respectively. Hence, all resulting
terms from (D.36) are in the desired form. This allows us to conclude that, by choosing the

right coefficients C’gfj é),

Wi et = = > CRe*DIf) DM, (D)

1Bl+17|+]9|<2(k+1)
[v|+l8]<2(k+1)-1

which proves part (i) of the lemma.

We proceed with the proof of part (ii), which is done by induction on the two variables
(|7, 16]) in three steps. First we prove the base case (0,0), then (k,0) and finally that if (k, 7)
is true for all k < k, 7 < n then also (k,n+1).
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The case (0,0) is trivial and also (k,0) = (|7],0) follows directly form Lemma D.3.1 as hhl >
Cz2l > Cz?.

We proceed with the induction step. Set |y| =: k and |§] =: n. Then by the induction
hypotheses
(—iDg )t a7 (—iD, ) e < —Ca,, hI*H Mg, . (D.41)

From here we conclude the claim from the following estimate

1100, I + B zp]? < Conllhod v (D.42)

for all m € No and ¢ € U5 695:0 (R4, C)®L?(R?, C)®+" =: D, where C,,, > 0 only depends

on m.
Proof. Proof by induction on m € Ny.

The base case m = 0 is trivial. We also treat the case m = 1 separately, since
the induction step from m to m + 1 requires m > 1 as a prerequisite. We set
Fy =y, F5:= 0y, and h := hy.. Then

Z lhes Fyp)? = Z (¥, FfhFy) . (D.43)

j=1

To estimate this in terms of <1/J, h21/2> we commute the operators F; and half a

power of the h. This is done by splitting h in the right way
h=(=V.)(V+z)+ N+ DY\ +1)Y2. (D.44)

By the base case m = 0 both B := (V 4 z) and (N 4 1)'/2 are bounded by h'/?
and serve as substitutes for h'/2. We get from (D.44) that

Znhoc ol = S {0 5O DB + (BB

- Z {< W+ DYV2F BN + 1)1/2w> + (), B*F} F;By)

+ 2Re([B, FyJ, BF;v) + ([Fy, Bl [B, Fy])} (D.45)
Omitting the last term which is negative and using [0, +x;, ;] = 6;,; and [0, +
xj,04) = —0;,; we get

2
ST Ihd Bl < (0. W+ DV2(=02, + 2V + 1))
=1
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+ (¢, B*(—02, + 7) BY) + 2Re((—1) (=0, + 21)1, 0, 0)
+ 2Re((~0y, + 20, 01y )
< (0, W+ D)V2RW + DY) + (0, B (=02, +2) By)
+ 2Re((~ 0y, + T, (~ O, + V). (D.46)

And by the base case m = 0 we get 2||(—0,, + z)¥[|? < 4(/|0,,%]1* + |lz|?) <
4||h/24||2. Hence

2
D lhé Fypl)* < (6, B29) + (¢, B*hBy) + 4|[h*/ 9> (D.47)
j=1

It remains to prove that (¢, B*hBw) is bounded by <1/J, h2w>. To prove this we
start from <¢, h2w> and derive a lower bound. With (D.44) we get

(¥, ) = (¢, AN + 1)¢) + (), hB* Byp)

> (¥, B*hBi) + (¢, [hB*|By)

> (¢, B*"hBy) + (¢, 2B" By)

> (1, B*hBY) . (D.48)

From (D.47) and (D.48) we conclude the claim for m = 1, namely

2
> llhé: Fyap||* < 6]|hep]*. (D.49)

Jj=1

Now we are ready to begin with the induction step. Let m € N be fixed and
assume that the assertion is true for all m < m. We set as before F} := x; and

Fy := 0,,. We begin the estimate by using the induction hypotheses for m — 1

2
(m+1)+1 (m—1) %7 m—
Cot |7 02 2> |75 Fihp|? = (¢, hE; ™ Fjhp) . (D.50)
j=1

J

It is important to apply the induction hypotheses for m — 1, rather than for m
directly, in order to retain a full power of h, rather than h'/2, appearing before E;
in (D.50). This is necessary because commutators involving the complete operator
h and F}; can be explicitly computed, whereas commutators with fractional powers
h'/? are more subtle and not directly accessible.

We now proceed by commuting both F; and F} with the single h to receive the
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terms on the left-hand side of (D.42):
(D50) =Y {<¢, hEFW™Fy) + (v, hES R, h]¢>}

J
= 3 () 4 0, B )
J

(0 FP R E W) + (. [ EF A ) (D.51)
The last term in (D.51) is positive and can be neglected. For the terms with the
single commutator we use 2Re(z,y) = ||z +y||® — ||lz]|*> — ||ly[|* > —||z]|® — ||ly||* to
obtain

(051) = >~ {(w, Frnmt Ep) — 2 Ep |2 = B2 bl (D.52)

J

Next, we compute the commutators explicitly: [Fy,h] = 2F; and [Fs, h| = 2F),
leading to

(0.52) = > { (. Fy i Fy) = 3|02 Fyp |2}

J

> > {{w Fy e F) — 3G, IR 22
J
> 3 {(w, Fj R ) — 3C, R0 2y (D.53)
J
where we used the induction hypothesis for m and h > 1. Hence

M * 1M
(Conr +3C)IB "2 0|2 > 3 (w, Fr ™ Fy)
J

which proves (D.42). O

D.4 Existence of the Bogoliubov-Frohlich Dynamics

Definition D.4.1 (The Polaron Hamiltonian). Let % be a separable Hilbert space, hy > 0
self-adjoint, ho(t) € L(H) self-adjoint, ko(t) € HS(o€*, 7)) and k3 (t) = Jko(t)J, Vt € R. Let
de Ny, fr € L®R4, L2(R?,C))), g: € L®(R%,R) for all t € R. Set the polaron quadratic form
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as

Qrrvor(t) 2= Qroorr) (1, ha(t), k2 (t), fi, 9¢) : Q(dD(h1 +1) = Ag) x Q(dI'(hy + 1) = Az) = C
('ll), 30) = QHq“'d(t)(wa 90) + qpr () (1/17 90) )

where V(1, 0) € Q(dT'(hy +1) — A,) x Q(dT'(hy +1) — A,) and

qrava () (V) = qarn,) (V) + dar(hy ) (V) + ReTr(ka(t)awy,)
qHT (t) (wv 90) = <w7 Mgt,z ® I]: : 90> +4q-a, (1!]3 SD) + <7/1, A(ft,x ) th,ﬂ?)(p> )

from Definition D.2.7 and Definition D.3.2. Note that ggve is a symmetric quadratic form in
LA(RY, F(L2),

Theorem D.4.2 (Dynamics of Time-dependent Quadratic Operators with Tracer Particle).
Let d S N+.

i) (Theorem D.2.8 conditions) Let hy > 0 self-adjoint operator on H# := L?*(R?,C), hy €
CL(R, L(S7)) such that ha(t) self-adjoint, ko € CH(R,HS(5*, ) such that ko(t)* =
Tka()J, ¥t € R. Set h(t) = hy + ha(t).

it) (Theorem D.3.3 conditions for M = 1) Let f € l;’fc(Rt,Wl"’o(R‘i,LQ(RZ,C))) such
that for a.e. = € R%: (t — fi(z,.)) € CY (R, L*(RE,C)) and Vi: Opf, == (x —
Oife(x,.)) € L®(RE,L2(RY,C)) and f = (t = Oify) € I35 (Ry, L°(RE, L*(RE,C))).

Let g € 152 (Ry, WHo°(RE, R)) with g € C1(Ry, L>(R%,R)).

Set qprorry = quvorr)(h1, ha(t), ka(t), fi,9¢).  Then {quvory) }ter satisfies the conditions of
Theorem D.1.1 with comparison operator A := dI'(hy) — A, + 224+ N+1and B := —A, +
22+ N +1.

Proof of Theorem D.4.2. Theorem D.4.2 is a Corollary of Theorem D.1.1. Due to ggrei(y) =
qHava(ty + quT(1), one can obtain all the estimates needed for the Theorem D.1.1 conditions
by adding the estimates done to prove Theorem D.2.8 and Theorem D.3.3. The comparison
operators A := dl'(hy) — Ay + 22+ N + 1 and B := —A, + 22 + N + 1 for Theorem D.1.1
are chosen in a way that they control the comparison operators chosen in Theorem D.2.8 and
Theorem D.3.3. |

Corollary D.4.3 (Existence of the Bogoliubov-Frohlich Dynamics). For volumes A > 1 let ¢
be the condensate satisfying Condition 2.1.7.

Then Theorem D.4.2 can be applied to

i) HBY(t) (see Definition 2.3.2).
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ii) HBYP(t) (see (4.2)).

Both are defined as quadratic forms (qger (1), Q(—A,+2%+dl(1-A))) and (qrmr.pt), Q(—Az+
22 +dl(1 — A))) as in Definition D.4.1.

Remark D.4.4. In Corollary D.4.3, we establish the existence of the dynamics on the quadratic
form domain Q(—A, + 2% + dI'(1 — A)). However, the natural space of definition for the
associated quadratic forms — and thus for the existence of the dynamics —is Q(—A,+d['(1—A)).
Extending the result to this case is straightforward. Reviewing the proofs of Theorem D.3.3 and
Theorem D.4.2, we see that they remain valid when the x2 term in the comparison operators
A and B is omitted. This proves the existence of the dynamics for HB¥ () and HBY*(t) on
Q(—A, +dl'(1—A)). Note that the reason why we need to globally assume W € W N H? in
Assumption 2.0.3; is to prove the existence of the Bogoliubov-Frohlich dynamics shown above.

Proof of Corollary D.4.3. The Corollary is proven by applying Theorem D.4.2 to the quadratic
forms ggsr () and qger.e (), after rescaling them by 2m — twice the impurity mass — to ensure
the impurity Laplacian appears with the correct scaling. After applying the theorem, this ad-
ditional factor can be absorbed into the time variable. To use Theorem D.4.2 we have to verify
its Theorem D.2.8 and Theorem D.3.3 condition.

For gper (4 the Theorem D.3.3 condition is proven in Lemma 5.4.8, for M = 1, and the Theo-
rem D.2.8 condition is verified in Lemma C.0.1.

For the quadratic form ggsr.,(;) the Theorem D.3.3 condition is proven in Lemma 5.4.8, for
M =1, and Lemma D.4.5, and the Theorem D.2.8 condition is verified in Lemma C.0.1. |

Lemma D.4.5 (Conditions on ¢ in Theorem D.3.3 for HB¥?). For volumes A > 1 let ¢, be
the condensate with initial data oo € H*(R?,C) satisfying Condition 2.1.7.
Let g = (t — p*/?Wx|p:|?) and k € Ny, then g € C*(Ry, WF°(R% R)) C 5%, (Ry, WF> (R4 R))

loc
and g; € C* (R, R) and D*p/2W * |p;|? = p'/2W x D%|¢,|?, Vt € R,a € NJ.
If in addition we assume Condition 2.1.8x—o42 for the condensate then we have VI' > 0 3C > 0
such that VA >1 and —T <t<T

198l e ety + 19y e ey < V2. (D.1)

Proof of Lemma D.4.5. The regularity in spatial argument p'/2W x |¢;|2 € C°(R3 R) and
DO PW % |2 = pY2W % D%|p4)?, Vt € R,a € N} is clear from ¢, € H®(R3 C) and
W e L*. Form this it is easy to conclude

(t = p"PW x |i]?) € CM(Ry, WF (R, R)) C 15, (R, WH™ (R, R))
and k € Ng, VI' > 03C >0such that VA > 1, - T <¢t<T

||gt||Wk=00(Rd,R) + HQtHWmo(Rd,R) < Opl/z-
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126

Proof. Let 0 < || < k. We start by proving the regularity

2 2
pl/QW*Da <|<Pt+h| - |t _ 6t|§0t|2> H

2 1,12
Sp1/2|W||Oo”Da (|<pt+h|h |<Pt‘ _8t|§0t|2) =0
1
there we have use ¢ € C1(R, H!°l) and
2,2
‘Da <|S0t+h| - |90t| at|30t|2>
1
o [ PrenPren —OiPt .
= ‘D ( B —%@%—@@y%) —0.
Ll

This proves differentiability of (t — p'/2W % D|¢;|?). Tts continuity and conti-
nuity of the derivative is proven in a similar way.
Now the face the bounds:

|02 W« Doji?|| < Wl D7 el < O

where in step 2 we used Corollary B.2.4. Next we use the Hartree equation,
Rew; (—1)V * |o¢|?¢pr = 0 and Corollary B.1.2 and Corollary B.2.4 to conclude
VI'>03C >0such that VA>1, - T <t<T

HDapl/QW x 2Re<p;‘6t<ptu

= | 2w < 2Regr (<) (- A 2)

<P Wl 0o © D 1D P07 |y 1D At llppoe
B=0
< p1/2CA_(|aH_2)/3.



D.5. Proofs of Appendix D

D.5 Proofs of Appendix D

D.5.1 Proofs of Theorem D.1.1 and Corollary D.1.3

First we prove Theorem D.1.1 following the proof of [LNS15, Theorem 8] and then Corol-
lary D.1.3 using standard methods.

Proof of Theorem D.1.1

Proof of Theorem D.1.1. Let (to,uo) € I x Q(A). We establish the existence and uniqueness of
the formal Cauchy problem
10wu(t) = H(t)u(t),
U(to) = U

in the weak sense, as described in Theorem D.1.1. The proof of existence is divided into three

main steps:

Regularized Dynamics: We prove the existence of solutions u,(t) to the differential equation

with regularized Hamiltonian H,(¢), for n € Ny.

Candidates for the Full Dynamics: Using a Gronwall argument, we derive energy bounds
for (un(t), Aun(t)) and (i, (t), A~ i, (t)). These bounds lead to candidates u(t) € Q(A)
and u(t) € Q(A)* as a potential solution to the differential equation.

Validation of the Full Dynamics: We show that u and 4 fulfil it = qg4)( ., u(t)), and that

% is indeed the derivative of w.

The uniqueness of the solution u follows from the norm conservation: ||u(t)||sz = ||u(to)||-
The steps above are carried out on bounded time intervals I, C I. Finally, the proof is extended

to potentially unbounded intervals I.

Existence of a solution. Let n € Ny, I, C I bounded interval with tq € I, We set P, :=
15, (A) to be the spectral projection of A on the ball B,, around the origin of radius n € Nj.
From [RS80, Theorem VIII.15] we know that there exists a unique self-adjoint Hamiltonian
H,(t) € L(s) such that Yu € #,t € I

<ua Hn(t)u> - QH(t)(Pnua Pnu) . (Dl)

H, (t) generates a dynamic as described by the following Lemma.

Lemma D.5.1 (Regularized dynamics). Let n € Ng. Then
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i) (Dynamics of Hy,(t)) 3w, € C (I, ) with u,(to) = Pyuo and
iy, (t) = Hyp(t)u,(t) VEeT.

In addition ||u,(t)|| sz = || Pavoll e and un(t) = Pyun(t) € Q(A*) for all k € Nt € 1.

ii) (Estimates on Hy,(t)) ||[Hp(t)||z(e) < Cran, —Cran < Hy(t) < Cian, Hy(t) = Py Hy(t) =
H, (t)P,, where O3 := max{C1,Cs} and C1A > H, (1), ||A"2H,(t)A~?||op < Cia.

iii) (Derivative of H,(t)) For all u € # we have (t — (u, H,(t)u)) € C*(I;,R) and
Oy <u, Hn(t)u>) = 8tQH(t)(Pnu) < C4QA(P7LU) :

Remark D.5.2. For the regularized dynamics we set the initial data as wu, () = Pyug instead

of ug, which allows us to conclude P,u,(t) = u,(t) and hence simplifies the estimates below.

Proof. For the first part i) we use the same methods as to prove the well-posedness of the
Hartree equation in Lemma 2.1.3. In fact the argument here is less complicated because H,(t)
is a bounded operator.

The estimates in the second and third part ii) and iii) are readily verified by using Ciga >
qH@E) > C;'qa—Csqp, 0 < B < A and the differentiability of ¢ g (u) forallu € Q(A). W

We arrived at the second step in the proof, where we do a Gronwall estimate for the regularized

dynamics u,.

Lemma D.5.3. Under the conditions of Theorem D.1.1 we have that for allt € I,n € Ny

< n (), Ay (1)) < 2CT,e@1211 0l g s (ug) (D.2)
(tn (), A n (1)) < 2CTHe%122alt =10l gy (1) (D.3)

with Chasq := 2C1C5C5 + C1Cy, Cia := max{Cy,Cs} and u, as defined in Lemma D.5.1. In

addition the sequence (uy) is equicontinuous in t, meaning it converges uniform in n:

1/2

lun(8) = un(s)lloe < [t — s|'/? (4CT5e 1200 o g g (ug) ) (D.4)

Proof. We begin with the proof of (D.2). Because we can not control (D.2) directly we introduce

an auxiliary operator controlling A
L(A) > A,(t) := H,(t) + CoP,BP, > C;'P, AP, .
For A, (t) the estimate (D.2) can be achieve
(n (£), Ap()un (1)) < 20810l (g, A, (0)ug) - (D-5)
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Because (un(t), Aun(t)) = (un(t), PhAPpun(t)) < Ci{un(t), An(t)un(t)) and (ug, An(0)ug) =
(ug, Hy (0)ug) + Ca(ug, PyBPrug) < (C1 + C2)ga(Prup) < (C1 + Cs)ga(ug) we can conclude
(D.2).

To prove (D.5) we use the definition of A, (t) and Ppu,(t) = u,(t)

d d

S {un(t), An(tyun(8)) = T (n(0)) + Caun(8), Bun (1)
= 410 (1 (1)) (D.6)
- utn (8), (D) [An (0), Ho(8) ) (1)) (D.7)

where we denote by gz, (y) € C(Iy,R) we derivative of qr)(y) € C!. The first term is
estimated directly by condition a)iv) of Theorem D.1.1

(D.6) < Caga(un(t)) < CsCiqa, ) (un(t))- (D.8)

For the second term (D.3) we compute the commutator and use the identity (., H,(t).) =
qr(t)(Pn -, Pn.) as well as that B commutes with A and hence with P, = 1p, (A)

(D.7) = (=1)Ca(un(t), [B, Hn (D)]un(t))
= QCQIqu(t) (PnBun(t), Pnun (t))
= 2CQImQH(t) (Bun(t)v un(t)) . (DQ)

Note that Buy, (), u,(t) € Q(A). With the commutator condition F2Im g4 (u, Bu) < C3qa(u)

for u € D(A3/?) as well as u,,(t) = P,u,(t) we can prove

Combining (D.8) and (D.10) we conclude

%@n(t), An(B)un (£)) < C1 (Ca + 2C2C5)qa, (1 (un (1)) -

From here (D.5) follows using Gronwall.
Facing (D.3), we use ||A~Y2H,,(t)A=1/2||p, < C12 from Lemma D.5.1 and (D.2) to conclude

(U (£), A () = (un(t), Ho()) A~ Hy () uy (£))
< [|AY P un (N2 A2 H (D ATV22,
< Cfy(un(t), Aun(t))

< CFy2CTe23l =0l (ug) .
Now we prove the equicontinuity of (u,) C C(I, 7). We use their differentiability, the
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fundamental Theorem of calculus and use the estimates (D.2) and (D.3) to conclude

t
it (t) — 11 (5)2 = / 2Re(tin(7), iin (7)) el
S
t
<9 / e ()l 1T gy - dr
< [t — SO Crm I ()

The bounds (D.2) and (D.3) are enough to provide us with a candidate for the solution and

its derivative of the not regularized dynamics through the Banach-Alaoglu Theorem.

Lemma D.5.4. Let u, be as defined in Lemma D.5.1. Under the conditions of Theorem D.1.1
there exists a subsequence ny, u € L (I, Q(A)) and & € L>=(I, Q(A)*) such that

/ (=4, 9) gy oay-dt = 0, Vy € LM (I, Q(A)"), (D.11)
/ (i, = U, Y) g a) xaydt = 0, Wy € L' (I, Q(A)), (D.12)
esssup [u(t)ay < 2C7,6712545 o g 4 (ug) (D.13)
estsesltlp ||u(t)\|§2(A)* < 20 ,eC1z 5Pl g () (D.14)

Proof. We use the isometric isomorphism ¢ : L®(Q,57) — (LH)*(Q, %), f — (9 —
[, 9) s p-dt), @ C RY [Krel5, Theorem 2.22] and that L'(Q,.7*) is separable if
is separable to conclude the claim from Lemma D.5.3, Banach-Alaoglu: Lemma F.0.4 and
I llocay = |A"Y2j .|| % with the embedding j : 7 — Q(A)*, ¢ =+ (., %) . ]

Now we connect our candidates u, @ from Lemma D.5.4 to the differential equation.

Lemma D.5.5. If we assume the conditions of Theorem D.1.1 we have for u,u as defined in
Lemma D.5.4 that

i) U is the weak derivative of j o u with the embedding j : 7 — Q(A)*, ¢ — (.,¥) 4.
it) 10(t) = qu (-, u(t)).
iii) u € C(Ip, ) and u(ty) = uo.

iv) For allt € I, we have
ga(u(t)) < 2CTe 1= =%lg, (uo).
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Proof. Due to [Hunl4, Proposition 6.36] it is enough to show the weak differentiability of
{w,j 0w gayxq(a)y and show Jy(w,jou) = (w,u) for all w € Q(A) to prove part i). Let
w € Q(A) and ¢ € C(I},C) then

[ w3 o ueguanaqards = [ (& (s)eu(s) s (.15)
due to Lemma D.5.4 and ¢*(.)w € L! this can be expressed in the following limit

(D.15) = lim [ ($*(s)w, un(s)) pds

n—oo

= lim [ (w,@(s)un(s)) pds. (D.16)

n—oo

Using [Hun14, Proposition 6.36], u,, € C*(I),, #) (see Lemma D.5.1) and the convergence from

Lemma D.5.4 we conclude

(D.16) = lim [ (w,@(s)tn(s)) 4ds

n—oo

= Jim [ {p(s)w, 50 tn(s))qa)xqra)- @

/<‘p(8)*“’“(S>>Q<A>xQ<A>*dS
= [ o) s ds:

which concludes the proof of part i).

We proceed with the proof of ii). We want to show that iu(t) = g )(.,u(t)). For this, we use
the uniqueness of the weak*-convergence in (L')* (I, Q(A)) of i, — u from Lemma D.5.4 and
prove (t — g (., u(t))) € L=(L, Q(A)*)) = (L')*(Iy, Q(A)) as well as

/1 ((t), 7 (in(t)) = que (- u(t))dt =0, Vo e L' (I, Q(A)). (D.17)

We start with the proof of (t = qg (., u(t))) € LIy, Q(A)*).

Proof. First we show

((t = auy(-,y) € L°(L, Q(A)"), vy € Q(A). (D.18)

then it is an easy task to conclude (¢ — qm)(.,u(t))) € L™, Q(A)*) with
Petti’s measurability Theorem [Are+11, Theorem 1.1.1] which states that a func-
tion f mapping into a Banach space F is strongly measurable iff g(f) is measurable
for all g € E* and ran f is separable.

Since we assumed that J# is separable we conclude that Q(A) is separable with
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Lemma F.0.7. And because Q(A) as a Hilbert space is reflexive also Q(A)* is
separable. By Petti’s measurability Theorem and Q(A)** = Q(A) it remains to
prove (t — qu)(z,y) € LO(I,,C) for all y,z € Q(A), which is a simple conse-
quence of the continuity of ¢ — gp()(y) and the polarization identity.

We processed with the proof of (t — qp(.,u(t))) € L°(Iy,Q(A)*). Again
(t = que(y,u(t)) € LO(I,,C) for all y € Q(A) due to Lemma D.5.6. Now by
Petti’s measurability Theorem it remains to show ran(t — qg (., u(t))) is sep-
arable. Since u € L°(I,, Q(A)) we know ranu separable. Let D C ranwu dense in
Q(A)-norm and countable. Since for all y € ranu we have (t — qr)(.,y)) €
LO(I,, Q(A)*) there exists D, C ran(t — qp)(.,y) dense in Q(A)*norm and

countable. It remains to show

QA"
U ran(t — qr)(.,y)) C U D,

yEranu yeD
This follows from the densities of the sets from above and (y — qu@)(.,y)) €
L(Q(A),Q(A)"):

ar()(9:9) = qa( (AT2AY 20, ATH2AY2y) = g4 (AY 2, AY2))
< |IS(@)llopl| A 2| A 23],

where we used Lemma D.5.6i). The boundedness of ¢ — qg (., u(t)) follows

from the last estimate and Lemma D.5.61). O

Now we prove (D.17). So let ¢ € L'(I;, Q(A)) then with Lemma D.5.1

[ (olt). 65a(0) — am ,u<t>>>dt\
= | [ et a0 —qH(t)(@(t)m(t))dt’

Iy

= / QH(t)<Pn§0(t)7 Pnun(t)) - QH(t)(SO(t)ﬂ u(t))dt‘ .

Iy

Now we use the definition of the operator S(¢) from Lemma D.5.6 to conclude
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(D.19) = / <A1/2Pncp(t),S(t)Al/Qun(t)> - <A1/2gp(t),SA1/2u(t)>dt’

Iy

/ <A1/2¢(t), PuSAY 2y, (t) — S(t)A1/2u(t)>dt‘
+0
<

/ <A1/2<p(t), S(#) A2 (up (t) — u(t))>dt‘

Iy

(D.19)

(D.20)
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+

/ (4720(0). (P, - 1)S(t)A1/2un(t)>dt‘ . (D.21)
Iy
(D.21) is converging to zero as shown below with the help of the bounds from Lemma D.5.4,

Lemma D.5.6 and dominated convergence

(D.21) < ’ 1(Pa = D)AY20(t) | |15 (8) A 2 (8) | e dt

< / (P = 1) A2 (t) || e dt - sup IS(®)llopl| A" 2un (8|52 = 0. (D.22)
b

The convergence of (D.20) to zero is shown with the convergence of u, to u specified in
Lemma D.5.4. For is we show that (¢t — (AY2p(t), S(t)AY/2.)) € L'(Iy, Q(A)*) then (D.20) —
0 follows from Lemma D.5.4. But (t — (AY2¢(t), S(t)AY2.)) € LY(I, Q(A)*) is already
proven in the proof of (D.17). Hence we conclude that both (D.20) and (D.21) converge to zero
and we conclude (D.17), which completes the proof of part ii).

We continue with the proof of iii). That u € C (I, 5#) follows from i), ii) and Lemma D.5.8.
u(tp) = up is a direct consequence of uy,(tg) = Prug — up in % and Lemma D.5.7 which can
be applied due to u € C(I,, ), Lemma D.5.3 and Lemma D.5.4. This concludes the proof of
part iii).

The last part iv) of the Lemma follows from Lemma D.5.3 and Lemma D.5.7. Let ¢t € I, be
fixed. We have u,, (t) — u(t) weak in 7 and (u,(t), Au,(t)) < 2C7eC1234lt=tolg 4 (ug) hence
we conclude from Lemma F.0.5 that u(t) € Q(A) and qa(u(t)) < 2CFeC 1234/t =tolg 4 (ug). This

completes the proof of the Lemma. |

The following two Lemma D.5.6 and Lemma D.5.7 support the proof of Lemma D.5.5.

Lemma D.5.6. Under the conditions of Theorem D.1.1 we have

i) 3 S(t) € L(A) self-adjoint such that (.,S.),, = QH(t)(Ail/Q.,Ail/Q.). In addition
1S())| () < Chz for allt € I.

1) Let p,q,r € [1,00] N {0} with % =
(t = qu)(¥(t), 6(t))) € L™ (L, C).

+ 1,6 € LP(I,Q(A)) and ¥ € L9(I,, Q(A)) then

1
p

Proof. Part i) follows from [RS80, Theorem VIIL15] and |qz ¢ (A™Y/2¢, A71/2¢)| < Cra||¥]1%,
for all ¥ € 2.

In part ii) the strong measurability of (¢ — qg)(¢(t), #(t))) follows directly from I, — I x
Q(A)?,t — (t,9(t),(t)) strongly measurable and f : I, x Q(A)? — C, (t,9,¢) = quw) (¥, d)
continuous. Where the continuity of f is readily proven with part i) of the Lemma. Also
(t = qu@ (Y(t), (1)) € L"(Ip,C) is a simple consequence of part i). [ |
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Lemma D.5.7. Let 5 be a Hilbert space, I C R an interval, A > 1 self-adjoint operator on
H,u e L (I,Q(A)NC(I, ) and {u,} C C(I, ) equicontinuous and u,(t) € Q(A) with

loc

/1 (unt) — u(t), (D) gy ey At — 0 (D.23)

as n — oo for all p € L*(I,Q(A)*). Then for allt € I and ¢ € H# we have
(un(t) — u(t), #) 5o — 0 (D.24)
asn — 0.

Proof. The case ¢ = 0 is trivial. So let t € I, $ € 5\ {0} and € > 0. Since u € C(I, 5#) and
{u,} equicontinuous 34 > 0 such that Vn, s € B(t,d) N I:

lu(s) —u(t)]le < 3T (D.25)
[un(s) = un(t)]|le < R (D.26)

Set ¢(s) 1= 1%3"”(5) - j then ¢ € LY(I,Q(A)*) and from (D.23) we conclude 3N dependent

on ¢ and ¢ such that Vn > N

/I(un(s) — (), 8(5)) o ayx o) 45 < % (D.27)

Now we combine (D.25) to (D.27) to prove the claim

/ Lo 8) 0, (1)~ u(t), g)ds

(un(t) — u(t), B)gayxQ(a)-

26
2 [0 )~ uts). s
| [P0 0 () s
#| [ P20 ) - w2y
<e€.

Uniqueness. We first prove the s#—norm conservation and then use it to prove the unique-

ness.
Lemma D.5.8 (#-norm conservation). Let I C R an interval. For every u € L2 _(I,Q(A))
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with j o u weak differentiable in Q(A)*, u € L (I, Q(A)*) and iu(t) = qu (., u(t)) we have
u€ C(I, ) and
[u@ e = luls)le, Vtsely.

Proof. From [Hun14, Theorem 6.35] we know u € C (I, #) and t — ||u(t)||%, weakly differen-

tiable with for almost all ¢

%\\U(t)ll?ﬁ = 2Re(a(t), u(t)) = 2Re(=1)qm 1 (u(t), u(t)) = 0

where we used that qp ;) is symmetric. Hence the weak derivative of [lu(t)||%, is zero and
therefore ||u(t)||s constant almost everywhere [Hunl4, Proposition 6.34]. The claim follows

from the continuity of w. |

Lemma D.5.9 (Uniqueness). Let i € {1,2} and I, C R intervals. If u; € L2 _(1;,Q(A)) N

C(I;, ) with j o u; weak differentiable in Q(A)*, u; € LE (I,Q(A)*), it (t) = que (-, ui(t))
and there exists s € I1 N Iy such that uy(s) = uz(s) then

U1|[1ﬂ[2 = u2|11012 -

Proof. Due to the linearity of the problem also (u1 — us2)|r,n1, solves the differential equation

on I; N I in the sense of Lemma D.5.8. Thus its #/—norm is conserved and

Jur(t) = u2(B)]| = [lur(s) — ua(s)l| = 0.

Global existence. So far we have established Theorem D.1.1 for bounded intervals. The
next step is to extend this result to the arbitrary interval I. To achieve this, we once again
rely on standard methods commonly used for ordinary differential equations. These methods
mirror those employed for the Hartree equation, as shown in Lemma 2.1.3. For a comprehensive
guideline, one can refer to [Bag, Section: 5 Prolongation of solutions] or [Lerll, Section: 2.1

Ordinary Differential Equations].

From the first part of the proof, we already know that, in our setting, iu(t) = qg)(.,u(t))
admits unique solutions on bounded intervals. Building on this, we now construct a global
solution. The uniqueness of this global solution is guaranteed by Lemma D.5.9. Set I,, :=
INftg—n,to+n] then I = I,. Let u(™ to be the solution of 1™ (t) = qg(y (., u'™(t))
on I,, with u(™ (ty) = ug. Set

neNyL

u(t) == u™(t) for t € I, , (D.28)
a(t) == (t) for t € I, . (D.29)
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u and v are well-defined maps on I because of Lemma D.5.9. Note that from the definition
of weak differentiability it is easy to see that j o u(™| 1.n1, weakly differentiable with weak
derivative ©(™|; 7, .

By using (D.28) and (D.29) it is easy to see that u € C(I,5) N LS.(I,Q(A)) and @ €
L2 (I,Q(A)*). That j ou is weakly differentiable and with weak derivative @ follows directly
from the definition of weak differentiability. Now we show that u is a solution of the Cauchy

problem iu(t) = qr (., u(t)) on I with u(to) = u.

Proof. First we note that u(to) = u(™(ty) = ug. Let ¢ € C2°(I,C) then there
exists a I, with supp¢ N suppé) C I,,. We calculate

/¢(t)QH(t)(-7u(t))dt:/ PO am (-, u™ ())dt
I I’Vl
:/ gb(t)iu(")(t))dt:/¢(t)iu(t)dt. (D.30)
In I

Because (D.30) holds for arbitrary ¢ € C°(I,C) we can conclude that iu(t) =
qr @ (-, u(t)) [Hunl4, Corollary 6.33]. O

Now ||u(t)||s2 = ||u(s)|| ¢ is a direct consequence of Lemma D.5.9. For I, C T bounded interval
with to € I, we have for all t € I;: qa(u(t)) < 2C12(I,)eCr231U0)ltto g, (uy), following directly
from the respective properties of u(™. Note that ga(ult(t)) < 2C1o(I;)eCr231Ip)lt=tolg (1)
for the solution u!t of it' (t) = qp (., u™(t)) on I and 3I,, O I, and due to Lemma D.5.9
u'e(t) = u™(t) = u(t) for all t € I,. This concludes the proof of Theorem D.1.1. [ |

Proof of Corollary D.1.3

We prove the existence of a unitary propagator U(t,s) with u(t) = U(t, s)ug, where is the
solution of the formal Cauchy problem iu(t) = H(t)u(t), u(to) = ug stated rigorous in Theo-
rem D.1.1.

Proof of Corollary D.1.3. Let U(t,s) be as defined in Corollary D.1.3 then all its properties
except of its continuity and differentiability with respect to s are immediate consequences of
the properties of u(t).

The continuity with respect to s follows form ||U(t, s)y — U(t, to)ylloe = |y — U(s,t0)y||# — 0
for all y € 2 and the continuity with respect to the first argument.

The differentiability of U(¢, s) with respect of s follows from its differentiability with respect
to t and its properties as a unitary propagator. It is clear that (s — jU(t, s)y) € Li (R, Q(A)*)

for all y € 52, since (s — U(t,s)y) € C(R, ) and j € L(H,Q(A)*). And for ug,y € Q(A)
and ¢ € C*(R,C) we have
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([ 30Ut pual s ) ) = [ 951U,y s

( / ¢*<s><uo,U<s7t>y>fds)*

(( / ¢*(s)(., U(s,t)y>%gds> (uo)>* : (D.31)

Using the weak differentiability of s — (.,U(s,t)y),, we conclude

(D.31) = — ((/¢*(S)(_i)qH(s)('aU(87t)y)ds> (uO))*
— — [ $(sJian (U s, Oy uo)ds
® _ ( / &()igr () (U(s,1) - ,Uo)d8> ),

where (%) is proven below. Hence s — (.,U(t, s)uog) , is weakly differentiable and its weak
derivative is igg(5)(U(s,t) ., u0), which proves Corollary D.1.3. Equality () is a direct conse-
quence of (t — qpu(s)(U(s,t).,up) € Li (R, Q(A)*), which follows from Lemma D.5.6i) and

loc

Petti’s measurability Theorem that can be applied because 7 is separable and Lemma D.5.6ii)
(for a detailed discussion see (D.17)). [ |

D.5.2 Proof of Theorem D.2.8 Part ii)

We prove the second statement in Theorem D.2.8, namely that the propagator U9"3(¢,tg) of
a quadratic Hamiltonian is a Bogoliubov transformation Uy (y,s,). Since Uy (y,s,) is completely

determined by V(t,t) up to a phase, our main two task are:

1. Identify the appropriate candidate for the Bogoliubov map V(, tg) implementing U (¢, ty).

2. Determine the correct phase, i.e., finding Uy 4,) € [Ups,¢)] such that?

UV(t,to) - Uqua(t, tO) .

For the first part, we use the fact that for a given Bogoliubov transformation U, the associated

Bogoliubov map V can be determined by

U*A(F)U = A(SV*SF).

3By [Uv(t,to)] we denote the equivalence class of all Bogoliubov transformations that are equal to Uy (y ¢()
up to a phase.
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Thus, to find the V(¢,1y) corresponding to U (¢, tg), we compute U (¢, to)* A(F)U2 (¢, ty).
However, since we do not explicitly know UI"?(¢,tg), but only its generator —iHI"?(t), we
instead analyze its time derivative, leading to the formal identity

%Uqua(t,to)*A(F)Uq“‘“(t,to) — U1, 1) i[HO (1), A(F)|JUS (¢, 1o)

= UM (t,t0)" (1) A(AQR) YU (¢, to) ,
where we used the following formal equality, which can be shown by an easy computation
[H(t), A(F)] = —A(A(t)F) .

By inserting as a assumption U*A(F)U = A(SV*SF) for UM (¢,to) and use the antilinearity
of F'+— A(F), we obtain a candidate for the differential equation governing V(t,to):

%Sv(t, t0)*S = iSV(L,t0)*SA(L)

SV(to, to)*S = 1.

Equivalently, assuming V(¢,to) is a symplectic propagator (see Lemma D.2.6), we can write

%V(t,to) = —iA(t)V(t,to) (D.32)
V(to,to) = I . (D.33)

This is precisely the differential equation we rigorously analyzed in Lemma D.2.6.

Now our tasks is to connect the Bogoliubov map from (D.32) to the correct Bogoliubov trans-
form by fixing a phase. To determine the phase, it suffices to consider the action of both
unitaries on a fixed vector xo. We want to show that there exists a Uyt+,) € [Up.4,)] such
that

U™ (t,t0)ro = Uy(t,10)T0 -

For this purpose, the generalized one-body density matrix I'yaa(s,t4)z, Proves to be a particu-

larly useful tool, for three main reasons:

I. I'y is Independent of the Phase of ¢. For ¢,¢ € 2 that differ only by a phase, we
have I'y, = I'y. We also denote I'jy) := Ty, where [1)] represents the equivalence class of
all ¢ € S that are equal to 1 up to a phase.

IT. One-body Density Matrix (OBD) Determines the State. If I'y, = 'y, then ¢ and
¢ must be equal up to a phase [Nam20, Theorem 5.1].

III. Transformation Properties under the Bogoliubov Transformation. The general-
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ized one-body density matrix satisfies the identity I'vyz, = V*I'y,V (see [NNS16]).
The equality of U9 (t,t9) and Uy s,) is now proven as follows:

i) Establishing the OBD identity. We show that I'yaua(¢,¢0)z, = V(to,t)* Tz, V(to,t). Using
property III above, this implies

FUq“a(t,to)afo = FUV(t.tO)mO .

By property II, this proves that for all zp, there exists a choice of phase for Uy 4,) €
[Uy(t,t4)] such that U (L, to)xo = Uy (s,4,)T0-

ii) Phase Independence of 2. We show that the phase determined in (i) is actually inde-
pendent of zyg. To do this, we first choose a fixed reference vector o = 2 and thereby
select a specific phase. We then extend the equality on 2 to the entire Fock space by
using the commutator relations of Uy 4,) with the creation and annihilation operators.

Proof of I'yaua(si)m, = V(to, 1) TeyV(to, t)

We establish the equality of U*(t,to) and Uy(,,) on the level of the generalized one-body

density matrices by proving
FUq“a(t,to)wo = V(th t)*FxoV(t()? t) .
The proof proceeds in six steps:

1. Duhamel’s Formula for z(t) := U (¢, ¢9)xo. We prove that for all y,xg € Q(A) and
t,to € R we have

t
(1™ () = (o)) ~1 [ g e MO Dy a(eds,  (D3)
to

h1=0

where ggave (s) denotes the quadratic form gpaua(s) with hy = 0.
1=

2. Commutator Relation: [A(F), H1"?(t)] = A(A(¢)F). This commutator identity is need-

ed for step 3. More precisely, we prove that

<1/J7A(-A(t>F)¢> = qHava(t) (A(jFWﬂP) — qHava(t) (1/),A(F)T/)) ) (D35)

for all ¢ € D(dT'Y/2(hy + 1)N*/2) and F € D(A(t)) = D(hy) @ JD(hy).

3. Duhamel’s Formula for I';;). We prove a Duhamel-type equation for I';(;), namely
<F, eiAo(tfto)Fx(t)efiAg(tfto)G>
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t
:(F,F$OG)—1<F7 / eiAU(s_tO)(Al(s)Fx(s)—Fm(s)Al(s))e_iAU(s_tO)Gds>, (D.36)

to

for all G, F € 5 ® 5", xp € Q(A) and t,typ € R. The proof of step 3 consists of two

parts:

i) First, we prove (D.36) for sufficiently regular initial data 2o € D(B%/2) N Q(A) by
direct computation.

ii) Then, we extend the result to all g € Q(A) using an approximation argument and
the bound || B*z(t)| < e“®||B*xy||, for zo € D(B*) N Q(A).

4. Uniqueness of the Solution of the Integral Equation (D.36). Let to € R and T’ €
L(A & 7#*). If it exists, there is only a unique (t — T'y) : R — L(J @ H#*) such
that for all F,G € 2 @ 7#*

(t — <F7 FtG>) € Llloc(Rv(C)v
(t = ITe)llop) € Lioe(R, C)

and for allt e R
<_F‘7 eiAo(t—to)l'\te—iAo(t—to)G>

t
= (F,TG) — i<F, / etAols=lo) (4, (s)I — FsAl(s))e_iAU(s_tO)Gds>. (D.37)

to

5. V(to,t)* Ty, V(to, t) is a Solution of the Integral Equation (D.36). We verify that I'y =
V(to,t)* Tz, V(to, t) is a solution of the integral equation (D.36).

6. Conclusion: Equality of I';;) and V(to,t) Ty, V(to,t). By the uniqueness result in step
4, we conclude that
F:c(t) = V(to, t) Ty, V(to,1).

Independent Phase of the Bogoliubov Transformation

We have already proven that
FUQ““(t,tO)M) = V(to,t)*FxUV(t(),t) = FU\;(t,to)xo ) (DSS)

which leads to the following conclusion: for all zo there exists a phase of Uy 1)) € [Uyt,iy))
such that U9 (t,t9)xo = Uy(s,1)T0. Our goal now is to show that this phase of Uy ) is

actually independent of xy. The proof proceeds in four steps:

1. Equality on the Vacuum. The vacuum state {2 provides a natural starting point. The

previously established result (D.38) ensures that there is a phase of Uy 1)) € [Uyt,ty))
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such that

(]qua(t7 tO)Q == UV(t,to)Q . (D39)

2. Uniqueness of Solutions for the Regularized H9"* Time Evolution. To extend the
equality beyond the vacuum state, we establish the uniqueness of solutions to the integral
equation (Duhamel) defining x(t), namely (D.34). Since showing uniqueness directly for
(D.34) is difficult, we instead prove it for the corresponding differential equation (D.40).
We have the following uniqueness statement:

Let (to,y0) € R x Q(B). If it exists, there is a unique y € L (R, Q(B)) N C(R, F())
with joy € L} (R, Q(B)*) weakly differentiable and § € L} (R, Q(B)*) such that for
almost all t € R

§(t) = ~iguge o (e U710 eIy (p)) (D.40)

y(to) =yo, (D.41)
where gyaue (t) denotes the quadratic form gpavs(t) with hy = 0.

3. Equality on a Dense Subset of the Fock Space. Having established equality on the

vacuum, we now extend it to a dense subset of F (7). A natural choice is the set

U in{A(F,)..A(F)Q | F; € # & ) (D.42)

neNL

since the commutation properties of Uy 4, with A(F) as a Bogoliubov transformation
allow us to extend (D.39) to the set (D.42). We prove that both U(t,to) and Uy )
satisfy the same differential equation (D.40) on this subset, leading to their equality on
it.

Formal Proof Outline. We first provide a formal proof overview before addressing

necessary adaptations for rigour.

i) We compute that

OtUy(1,4) A(F)Q2 = 0, A(V(t, 10) F) Uy (1,1) 2
= O A(V(t, 1) F)UL(t, 10) 92
( A@)V(E, o) F)UT (¢, 10)$2
AWV(t, o) F) (=) HM™ ()U Y (2, £0)€2
= —1[Hqua( JAV(t, to) F)| U (t, 1)
+ AV(t = to) F) (1) H" () U (¢, )<
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= —iHM () A(V(L, t0) F)U (¢, £0)Q
== —inua(t)UV(t7t0)A(F)Q .

ii) Thus, Uy 4,)A(F)Q satisfies the differential equation

(t) = —iH™ (t)x(t) (D.43)
a(to) = A(F)Q. (D.44)

By uniqueness of its solutions we have
UL (t,0) A(F)Q = Uy g1 A(F)Q.

iii) We conclude U (t,t9) = Uy(,1,) on the dense set (D.42) via induction on n € N

of the formula

Ut t0) A(F,)... AP = Uy(10)A(Fn)... A(F1)Q.

Making the Proof Rigorous. To ensure that we avoid regularity issues, we adapt the

formal argument as follows:

i) Following the steps of the formal proof, we first show that Uy ;) A(F)S2 satisfies the
same integral equation (Duhamel) as U8 (¢, t) A(F)2, namely (D.34).

ii) e*thl(t*tO)UV(mo)A(F)Q satisfies the differential equation corresponding to (D.34),
namely (D.40).

iii) By the uniqueness of solutions of (D.40), it follows that
eI ACFY = €1 10) A(F)Q

and hence
UV(t,to)A(F)Q = UM (t,t9)A(EF)S.

iv) Finally, the equality of Uy, and U9"*(t,1y) extends to the entire dense subset

(D.42) in the same manner as in the formal argument.

4. Equality on the Entire Fock Space. Since the subset considered in step 3 is dense in

the Fock space, and both operators are continuous, the equality extends to all of F(.52).
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Supplementary Proofs

E.1 Proofs of Chapter 4

E.1.1 Proof of Lemma 4.2.3

Proof of Lemma 4.2.3. Let 1M € Z(L? ® F) be the projection onto L? @ F<M . Since 1> €
L2@F=<N we can rewrite —2Im(®;, Ry1*) = —2Im(®;, 1M Ry 15N y¢*) = 2Im(y§*, 15V Ry
]l§M<I>t> where M has to be chosen for every individual term in Ry such that its action on ®;
is well defined. Note that Ry contains terms like /N — A. For simplicity, we do not write the

1M

projections explicitly. In addition we write ¥;* — ®; =: P,.

The definition of the remainder terms R; y can be found in Proposition 4.1.1. We estimate
2Im (Y™, Ry @) = 2Im(¢py* — &y, Ry Py) = 2Im<<i>t, RN‘I)t> .

The estimate is done for each R; y individually.

TOR47N,'
- 1 2
2 -
P 2 WILIIN® || = ——== et 2 W1 | P [N Py - E.1
<| t”\[A”‘ptH W1 [N mIIs@tII [W 1[I D[V P | (E.1)
and

o, AV Q) ) = jﬁlm [ o), 0 Q@0 (2))

= jﬁ/dydﬂm<z U (1) A @y (2 ; Y)an P (x >

m>1
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1/2 1/2

< TIIWHOO /dyll Y un(y)and|? /dyll Y um(y)an®|? ; (E2)

m>1 m>1

where in step 1 we made the integral over the tracer coordinate x explicit and in step 2 we used
dU(QiWLQ¢) = > o1 (Wa)mnah,ay, for fixed . We estimate both terms in (E.2) in the same

way

[l Y wnwantel® = [y 3 wi@un(w) @ dian®y)
m>1 mk>1
= (D, NDy) = |N/204 2, (E.3)
where in step 2 we used (ug, upn) = di,n. We conclude from (E.2) and (E.3)

2 = 2 ~
“Im{ &y, dD(Q W, Q) B, ) = — ||[W || oo [IN/28, || [N/ 2D, || . E.4
Z5m (e AL QVLQE ) = W o I || (E4)

Now if the repeat the same argument but insert (A + 1)~2(N 4 1)/2 in front of ®; in the
first line of (E.2) and pull (M 4 1)~'/2 through before ®;, we conclude

2 ~ 2 .
ﬁxm@, AV (QWa Q)P ) = W lac Bl + 1)) (E5)

We get our Ry n estimate from (E.1) and (E.5)

- A _
2Im<<1>t,R4,N<I>t> = 2\/;(I<Pt||§o +1) (W A+ W) [ @IV + 1)@ | (E.6)

To R37N.‘
We insert N =Y2N1/2 to obtain

21m<‘i)t, (m ) a(QiWaipr)® >

wri
N — 5
<3| (mN - 1) N + 1)7128, [ a(QiWa 0 N2
< 2 W allorl o N2 BN (E7)

where in the last step we have used [|a(Q:W,p:)®¢| < esssup, ||Q:Wapt||2 [N and

(VN —N — VN)y||? = <¢, (N N -2VNVN N+ N) ¢>
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< <¢, (N “N—2VN—NVN —/\/+N) w> < (), N .
For the h.c. term we find similar to the above

VN -N

ot (@ W) (2

1> N +1)7V2(WN + 1)1/2<1>t>

< 2a(QuWp V20| (Y 1) (v 1)
< 2| W l2llpelloo | DIV 2Ny + 1)@y ], (E.8)
hence
(@1 Ron @) < AN 2prlloc W2 1@ IOV + 1) (B9)
To Ry n:

T 1 * %
21m<<1>t,2N Z Aanpqamanapaqq)t>

mnpqg>1

z%lm > /dyldy2<v(y1_y2)um(yl)un(y2)¢)tvup(yl)UQ(y2>a apaq‘bt>

mnpq>1

1/2
(/dyldyzll D Vg — y2)tim (Y1)t (y2) @ an P | )

IA

mn>1

1/2
: (/ dyrdys|| Y up(y1)uq(y2)apaq‘1’tll2>

pg>1

IN

A .
NIV lloo NV @[NP (E.10)

where in the last step we have used

[l S wplvuve)aga, il

pg>1

/ dydys 3 (g (o) (91 1 (92) (@1, @ @11, @)

mnpg>1
= Z <<I>t,a;a;apaq<1)t> = Z <aqq>t,a;apaq‘l>t>
pg=>1 pg>1
= > (ag®, Nagh;) = (B, (N = DN D,) . (E.11)

p>1
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By inserting A"~ before ®; in the first line of (E.10) we conclude
21m<i>t, RQ,Ncbt>

T 1 * % —
:2Im<(l>t,2N Z AVnpqto, ar apagN 1,/\/'<I>t>

mnpq>1

A .
< 5V llsoll @IVl (E.12)

To Ry n:

Ry n consists of several terms. To keep the proof more clear we estimate them separately in
Lemma E.1.1, (E.14). The remainder R; y contains several terms, which we estimate separately
in Lemma E.1.1, see also (E.14).

Ry estimate:
We collect the different R; nx estimates done above, i.e.(E.6), (E.9), (E.12), (E.14):

4
21m<<i)t, RN<I>t> => 2Im<<f>t, Ri,N(I)t>
i=1

<2(8)" G+ ) AWl LB+ e (£0)
Al W IR + )] (®9)
A Wl (E12)
+C (lgele + I2dlZ) (VI + V1) el

AN'? 1
<N> (|(N+1)3/2<1>t|| + N1/2(N+1)2<I>t> : (E.14)

Now using A > 1 we simplify
21m<<i>t, RN<I>t>

AN /2 ~
<4 () (letllos + llpellZ +1) AWl + W ll2 + [Wloo) @ [[[[(A + 1)

N
AN 2 3
+0(F) Ul + Itl) (VI + V) [N+ 2)°20:]
A ~
FOR (lgelle +llpel2 + 1) (VI + VI + VI 1BV + 120, (813)

which proves the claim.

We now give the R y estimate used in the proof above. Note that we use the same projection

1M as in the proof of Lemma 4.2.3.
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Lemma E.1.1. For A > 1 let ¢; be the condensate satisfying ||pt||2 = AY2. Set Y — Py =: P,.

We estimate Ry N

21m<<i>t,R1)N<I>t>
< C (llptlloo + lleellZ) (VI + HVllz) @ |

~ (]AV)/ (104 02200l 4 v+ 27 ) (E.14)

Proof. Ry n consists of several terms

Rin = — 5T (@ [V * ol + Ki(6) — ] Q)
~ W+DHVN-N
N

1
+§ Z Aanooa;aZ

m,n>1

T oz|z

a (QtV * |<Pt\2Afjg
<\/(N—N)(N—N— 0 1)

N

JN=N . |
+ Z A%mnp N Ay A Gp + §'utﬁ + h.C,

mnp>1

To the 1 terms in Ry n:

=

see (4.3). In the following, we will estimate each of these terms individually.
1 N 1 N?
t [Q'UtN + spue— + hC} q)t>

21
m< 2MN

~ N N?
= 2Im <‘I’ (MtN+MtN> ‘I’t>
2

< SlledlZ VI Il A2 (E.15)

2

where we have used R 3 iy = 5(3572, V * lee* 5357) < 31V * e Pllocll 555113 < 5lleellZ V1
To the a(.),a*(.) Terms in Ry n:

T * 2 (N"‘ 1) N —
21m<<1>t,—a (QV * I o) NV
. 0 N+ 1NN
< 2B 1QuV * il 2l - IOV + 17172 )N o,
VN-N/VN<L1 © N +1)3/2
T
21D (A + 1)*72, |, (E.16)

\FIIVII 1|t
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Now the estimate the hermitian conjugated term:

21m<<§t,(N+1) N_Na (QtV*|gat|2 Pt )q)t>

N Al
- - 21m<(i>t, @a (Qv |<pt|2Afj2)/\/<I>t>
<o YN (@ o ) v
VRS el IV * o a2
< IVl 1B + 1)), (E17

Form (E.16) and (E.17) we conclude

~ N+ 1DVN -N
21m<<I>t, [—( + )N a (QtV * |%|2Afj2) —s—h.c} <I>t>

4 -
< —|V 2P|V + 1) 20 E.18
_mll 1l S 1 LellTI( i | (E.18)

To the a;fak Terms in R n:

Since (V # [0*)mn = (tm, V * @1 [*tn) = (Um @ @1, V(Y1 — y2)tn @ 01) = A - Vinono

.1 N =1 . N
21m<<1>t, —§dF(QtV * |(pt|2Qt)N(I)t> = 2Im<<I)t, —5 Z AVmo”oamanN@t>

mn>1
and

- 1 . N
21m<<1>t,2 Z AVmOnoamanN®t>

mn>1

A -
= -y > /dyldy2<V(y1 —yz)um(yl)uO(yz)am@’t,un(yl)uo(yz)an/\/@t>

mn>1

IN

%/dyldyzllu()ﬂio <\/ VI —y2) Y wm(yn)am®e, V/VI(y1 — 2) Zun(yl)anN‘Pt>

m>1 n>1
1/2

IA

9 -
||<p]t\lv|oo /dyldy2|| |V|(y1 — yg) Z Um(yl)(lmq)t”2

m>1

1/2

| [ anave V7T =) Y wnonannva?

n>1

148



E.1. Proofs of Chapter 4

2
Ptlloo T
< L v vz e (E.19)

where in the last step we have used

[ e VT e I3 sl

- / dyndialVI(y1 — o) S ()i (91)(De, a2y an N2,

mn>1

= VI Y (@, aanN?Q;) = [V][1{ D, NN?®,) . (E.20)

n>1

By inserting (N + 1)~Y2(N + 1)/2 before ®; in the first line of (E.20) we conclude

- 1 . N go -

mn>1

The K (t) term gives with Lemma C.0.1b)
erK()Q)cp = 2Im( & T > (B (1) mnay,an®
t4r1 t t - ty 2Nmn>1 1 mn Wy Un ¥t
= < ~aar Z AVOmnOa anq)t>

mn>1

<(i’ -5 Z AVOmnOCL an:/]\v/‘q)t>

mn>1

< ||(ptHOO /d dy <Z |V| U1 —y2 U, le Cl7n¢)t7z |V| Y1 _y2 Unp, Z/2 avz./\[(pt>

m>1 n>1

as above (E.19)
N R AR (E2)

By inserting (N + 1)~Y2(N + 1)/2 before ®; in the first line of (E.22) we conclude
- 1 . N 2 -
2Im<¢t, 3 z; AVOmnOamanN®t> < %HVHN@HH(N—F 120, (E.23)

Putting both estimates (E.21) and (E.23) together we conclude

N

mn>1 mn>1

- 1 1
2Im<(I>t, -5 > AVmOnOa;anM -3 > A‘/})mnoa;an%/—i-h.c. <1>t>
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:2Im<(i)t, — Z AVmOnoa;an%[ — Z AVOmnoa;‘nan%/ (bt>

mn>1 mn>1

o2, =
< b2y v 4+ 120, (5:24)

where we used that the h.c. terms coincide with the original ones due to V(y1 —y2) = V(y2—y1)-

* ok : .
To the a},ay,, amay, terms in Ry n:

For our estimates Lemma 4.2.4 is very important. By using Lemma 4.2.4 we get

21m<<i>t,1 Z AVpnooa,a’: <\/(NN)(NN 1) _ 1) (bt>

2 N
mn>1

Lemma 4.2.4 . (N_N)(N_N_l)

< el VIR N2, A2 <\/ N — 1) &

. N—-N)N-N-1

A2 oo IV 2N 2 (” IS ) _ 1) o

1 -
< Sl Z VI IAY 22 V20|

1/2 .
+ A gl IV N2 & Ve (B.25)

where in the third line we have used /(N -N)(N-N—-1) - N < (N -N) - N = -\
By inserting (N + 2)~Y2(N + 2)'/2 before ®; in the first line of (E.25) and (N + 2)Y/? <
(2N +2)1/2 < /2(N +1)'/2 we conclude

21m<<i>t,; S AVpmootld <\/(N—N)(N—N—1) _1> ¢t>

N

mn>1
1 ~
< OISV + 1)2@,|

A1/2
N

+ = Clletlloo VI @I +1)> 22, . (E.26)

The hermitian term can be estimated with the same argument as above with ®; and @, inter-

changed

N

21m<ét7 <\/(N — N)(N — N — 1) - 1> % Z A‘/(]Omnamanq)t>

mn>1
1 -
< NH%||§O||V||1HN1/2®||||N3/2‘1>t\|
AL/2 1/2 ~
A eIV A2 A (527
By inserting (N +1)73/2(\ 4 1)3/2 before @, in the first line of (E.27) and ||(N +3)3/2®,|| <
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|®¢|| we conclude

21m<<i>t, <\/(N ~ NN -N-1) — 1) % Z A‘/OOmnamCLn(I)t>

N

mn>1

1 ~
< eV IRV + 1)@,

1/2 _
+ = I etloo VIl (N +3) 71204 [V + 1)@ |
A1/2 ~
< O (lelloo + IV + VI 1A + 1)@l (E.28)

Note that (E.28) has a worse prefactor compared to (E.27), namely A'/?/N instead of 1/N.
But this is not important, since Ry y already causes a worse prefactor A/N for a ||(N + 1)2®;||
term, due to (E.12).

* * ok s .
To the ay,anap, a),a;a, terms in Ry n:

- N —
2Im<®tv Z AW)mnpma;anan)t>

N
mnp>1
* Vv N_N~
= 2AIm/dy1dy2 Z Uo(y1)<V(y1 _y2)um(y2)amTq>taun(yl)up(yQ)anapq)t
mnp>1
< 20204l
1/2
VN =N -
[ andial 3 Vi - veuntuman (E.29)
m>1 N
1/2
[ dndiell 3 o) uploe)ana i) (E.30)
np>1

where in the second equation we have used the definition ug = ¢;/A'/?. Now we estimate both
terms (E.29) and (E.30) separately.

VN =N -
E29" = [ dyndiel] 3 Vion — o) () S
m>1 N
* T * N_N~
o LD SRR TR SUAUSTMUSIC MRt
mn>1
. N-N-
= IlVHg Z <®t7amam]\72(bt>
m>1
N
< ||V||§<<I)ta Nq)t> (E.31)
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where in the third equation we have used that u, are perpendicular in L? and in the last

equality that (N — N)/N < 1. Now we estimate the second term from above

(€30 = [ dyndel] 3 wnn)up(2)anay e

np>1

= /dyldyz > wn(yn)up(y2)u, (y1)ug (y2){ @, af, afana, @)

mpng>1

= Z <<I>t, afla;anapét>

np>1
[LP22],(43)
<

(P, N?®y). (E.32)

We conclude

~ VN —
2Im<<1>t, > A%mnp]\,fva:nanapq>t>

mnp>1

< 2A1/2||¢t||oo<E 29) - (E.30) < 2AY2[|; || o0 (E.31)"/ - (E.32)"/?

< 20 2| @1lloo 77 VI N2, [N @ (E.33)

N1/2
Now by inserting (N 4 1)~Y/2(N + 1)1/2 before ®; at the start of our estimate we conclude
~ VN -N
21m<CI)t, Z AVomnpNa;anapq)t>

mnp>1
1/2

< 2ol IV I[N + 1)/ (E.34)

Analogously, one can estimate the hermitian term:

. N —
21m<<1>t, 3 Aanpoa;a;apN/\/@t>

mnp>1
VN -N | -
= —21m<<1>t, Z AVOminamanapr)t
mnp>1
as in (E.33) A1 /2 1/2
257z leelloo IV I V2| (E.35)

By inserting (N + 1)7}(N + 1) before ®; in the first line of (E.35) we conclude

~ N —
21m<¢’t, > Avmn,,oa:na;apNN@t>

mnp>1
1/2

< 2z llelleo V1IN +1) 20| (E.36)
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Having estimated all terms in Ry n, we now gather the results.

R n estimate conclusion:

We gather our estimates of all the terms in Ry y, ie. (E.15), (E.18),(E.24), (E.26),(E.28),
(E.34), (E.36)

(0,8

2
< FIILIV R (B.15)
+—|V 2 || e[|V + 1)* 20 E.18
IVl B+ %20 (B.18)
leell2 ;
ey v+ 1% (8:24)
1 .
A Cl IV B IV + 1| (6:26)
A12 3/2
- Cllgnloe IVl Bl OV + 120 (6:26)
1/2 5 B 9
+ A glle + oI Z)AVI + VIR RNV + 1)%] (B:28)
1/2
2 olellV B + 1) (B:34)
A1/2 3/2
P2 e VI + 172 ). (6.36)

Putting together terms with the same order in A + 1 and considering 1/N < AY?/N <
AY2/N1/2 since A, N > 1, leads to

2Im<<i>t, R17N<I>t>

AN /2 B
<C <) (Ieelloo + lellze) (VI + IV II2) [Pl (N + 1)%/2 @, |

AL/2 -
+ Ci (Ietlloo + lleellZe) AV I+ IV II2) RNV + 1)2, ], (E.37)

which concludes our estimate for Ry n. |

E.1.2 Proof of Lemma 4.2.4

Proof of Lemma 4.2.4. First, we separate ajaj and place them each on one side of the scalar
product. By using Cauchy-Schwartz on the scalar product we get a term || >, <, [ dy2V (y1 —
y2)uo (y2)us (y2)ai®|| with aj. We want to estimate this term through A but therefore we need
to replace aj, with aj. The replacement is done by using the scalar product structure of the
norm and the CCR [an, a}] = aja, + 0n k. The additional term received through the 4, , has

a prefactor A'/2 and determines the order in A.
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For the proof we are following the ideas of [PPS20, Lemma 3.5, Part ~%]. We compute by
using the definition of AVjioo and Cauchy-Schwarz

Im<<i>, Z Aijooa}‘asz>

jk>1

= Alm Z <<i>,/dy1dy2V(y1 — y2)uo(y1)u0(y2)u;(y1)u2(y2)a;a2‘b>

jk>1
<A [ il w5 n)as @] - o) (5:38)
0 / AV (i — y2)uo (2l (y2)af®) (E.39)

E>1

(E.38) and (E.39) have both one ug term. We will try to approximate both by |Jug||ec < CA™1/2
to cancel the A in (E.38), which is not possible for all the terms appearing below.

We now estimate (E.39). In the estimate in (E.46) we can estimate the aj operator through
N2 For the af operator in (E.39) this is not directly possible but instead we have to first
12

replace a} by ax. By rewriting ||. || = (., we find

(E.39) = { > /dy2V(y1 — yo)uo(y2)ui(y2) /dyéV(yl - y’z)u(ﬁ(y'z)uz(y’z)CI),aza2<1>>}1/2

kl>1
1/2

<{> / dy2V (41— ya)uoyz)u (y2) / AUV (yn — i)y (e (U (, (afa + 5,1))

kl>1
2> / dyaV (51 — o) () uk (2 s B (E.40)

E>1

1/2

{7 (Viwuo, k) (un, Vi w1 @2} (B.A1)

kE>1

where in the second step we have used [a;, a}] = J; k, in the third the notation V;, (y) = V(y1—v)
and (a + b)Y/2 < a'/2 + b2 for a,b > 0. The change in (E.39) from a} to aj is thus at the
expense of the additional term (E.41), coming from the commutator [a;, aj]. We will see below
that (E.41) will give us the largest order in A. We see

2
(B.41)" = Y [(QiVyyuo, un) P @) = Qe Vi, uol3]| @]
k>0

< [luol B VI3 (E42)
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For the estimate (E.42) it is important that the integral over ys is inside the norm in (E.39).
With (E.38), (E.40) and (E.42) we conclude

Im<(i>, Z Aijooa;an}>

jk>1
< (E.38) - (E.39)
< (E.38) - ((E.40) + (E.42))

< A/dy1|| D ui(y)a; @l - uo(yr)| - | Z/dy2v(y1 = y2)ug(y2)un(y2)ar®l|  (E.43)

§>1 E>1
+ A/dy1|| > u(y)a; @ - Juo(yr)] - uolloo [V II2l| @] - (E.44)
j>1

In (E.43) we can estimate both ug in the ||.||co-Norm, since we can regularise the integrals with

[V|'/2(y; — y2). We move the yo integral out of the norm to obtain

(E.43)

< A/dyldylel(yl —y2)luo(y2) - luo(yo)] - 11w (y)a; @Il - ) uk(y2)an®|

i>1 k>1

< IIsDtHio/dy1dy2|||V|1/2(y1 —2) > ui(y)a; @) - (IVIY2 (51 —y2) Y uk(y2)ax®||
§>1 E>1
1/2

< el /w@mwwm—mQymw%MQ

i>1
1/2
[ dndllVI 01 - 1) Y el
E>1
1/2 1/2
<NVl ([ dnll S wsasdl? | | [ duell Y et
Jj=>1 k>1
< eIV I IV Y28 A 20 (E45)

where in the first step we have used the trivial inequality for integrals in a Banach space and

in the last step we have used

/ dyal 3 w(y2)ar®|? < / dyz 3w (y2)u(y2) (B, af a, )

k>1 §I>1

< <<I>,Za;ak<1>> < |NYV20)2. (E.46)

k>1
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In (E.44) it is important, that we do not estimate |ug(y1)| with ||ug|lco as we need it for the
integral over y; to be finite, as shown below
1/2

1/2 ~
(E.44) <A (/dylluO(yl)F) /dylH > uj(yr)a; @) [[uolloo[V[|2[| 2]

Jj=21
< Aol 2@ IN22] (E47)
where in the second step we have used (E.46). The problem is that |V]|2 in (E.42) no longer
depends on 1, since its y; dependence is cancelled by the L? norm. Therefore, we need to use

the ug(y1) for the Cauchy-Schwarz estimate above.

We finally conclude

Im<ci>, > Avjkooa;a;;cb> < (B.43) + (E.44) < (E.45) + (E.47)
jk>1

< el Z VI IA 2@ |A22|
+ A2l IV IR IN 28] 2

which proves the claim and therefore we find a similar result to [PPS20, Lemma 3.5, Part
TN - ]
E.1.3 Proof of Lemma 4.2.6

For the proof we need a technical Lemma, to estimate terms like (A + 2)"™ — (M + 1)" with the

help of the binomial formula.

Lemma E.1.2. Leta > 1, b >0 then (a+b)™ —a™ < (14 b)™a™ ™1, ¥m € Ny.

We now begin with the proof of Lemma 4.2.6.

Proof of Lemma 4.2.6. We have everything we need to estimate the particle number. Espe-
cially Lemma 4.2.4 plays an important role in this proof. The A'/2 prefactor in the second term

n (4.4) determines the order in A in our estimate.

We use a Gronwall estimate. We write for short 9P¥ =: ;. Let n € Ny. We consider the

time derivative of the quantity we want to estimate

R 30 (thy, N+ 1)) = Re<"/’t7 —i [(N+ 1)”7HBF} ¢t>

= Im<¢t,

1 * %
N+ 1), 3 Z A (Vipnooa),ar + h.c.)

wt> (E.48)
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+Im(ye, [N+ 1", a™(QeWaipr) + a(QiWaipr)] ) - (E.49)

We now estimate both terms (E.48) and (E.49) separately.
To (E.49):

The estimate follows directly from Lemma E.1.2 and the commutator of N with a, a*

(E.49) = Im(¢y, [N +1)", a™(Q:Wapr) + a(Q:Waipr)] Y1)

= 2Im(Yy , a™(Q:Wap ) {(N +2)" — (N + 1)" }oy)

= 21m({(V + )" = V24, @ (QuWap) [V +2)" — (W + 1)} /29,

< OV + 1T 9l [QWar [22]| (N + 1)V2 (N + 1)

< CllerlloolW 2|V + 1) " 9 [I|V + 1) E |

< CW |V + 1) "% |2 + CIW L2l ee 2NN + 1) E 12, (E.50)
where in step 4 we used Lemma E.1.2 and in the last step ab < 1/2(a? + b%), a,b > 0.
To (E.48):

We use Im(y, [N, A*|Y) = Im(y, (=[N, A])*¢) = Im(y), [N, AJ¢), Lemma 4.2.4 as well as
Lemma E.1.2 to conclude
N

1 .
(N + ]_)’I’L, 5 Z (AanOOaman + hC)

mn

(B.A48) = Im<z/1t :

= Im<1/1t )

= Im<1/)t, ZAanooafna;{(J\/—F 3)" - N+ 1)”}wt>

W+ Aanooaman] ¢t>

mn

mn

= Im<{(N—|— " — (N — 1)”}1/2¢t, ZAVW”OOGZLGZ{(N“F 3)" — (N + 1)“}1/2¢t>

mn

< ClloZ IV ILINY 2N + 1) g [NV + 1) 4|
+ CAY2 [l oo [V N2 + 1) 7 I[N + 1) "7 0
<C(IVIn+ VI e 2NNV + 1) F 2 + CA V2|V + 1) "7 02 (E.51)

Finally we conclude

O (e, (N + 1)) < (E.48) + (E.49) < (E.50) + (E.51)
< CIW IV + 17 @l + CIW [l llioel 2|V + 1) 2o |2
+O(IVIL + VI el 2|V + 1) E > + CAIV 2| (N + 1)
< Cllpel3e VI + IV Iz + W l2) [V + 1) % 42

= )2
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+ CAV ]2 + W) IV + 1) % (E.52)
With (E.52) we now prove with induction that VI' > 0 3C > 0 such that VA > 1, - T <t <T
(e, N+ 1)"p) < Cho, (A+ (N +1)) o), VneNg. (E.53)

Proof.
Base Case: n =0. (E.53) is trivial in the case n = 0.

Induction step. Now let n € Ny and assume as induction hypothesis that
(E.53) be true for n. We show that (E.53) is true for n+1.

We know from (E.52) and Corollary B.1.2 that VT' > 0 3C > 0 such that VA > 1,
-r<t<T

nt

1
> ay?

Oy, W+ 1) y,) < C|(NV +1)
+AC||(V + 1) 2 g2

< OV +1)"F ¢l + CAo, (A+ N +1)) o),

where in step 2 we used the induction hypothesis for the second term. With
Gronwall we conclude VI' > 0 3C > 0 such that VA > 1, - T <t < T

(r, N +1)" ) < Cto, (N + 1) ag)
+ CA o, (A+ (N +1)) ")

_ C<¢o (WD) + A)"+17,/;0> : (E.54)

where we used A < A+ (N +1) and (N +1) < A+ (N +1). The estimate (E.54)
proves (E.53) and therefore the claim. O

E.2 Proofs of Chapter 5

E.2.1 Proof of Lemma 5.4.7

Proof of Lemma 5.4.7. We extend the regularity of (z,y) — Q:W,¢:(y), proven in Lemma 5.4.8
to x = (c+ J*b)(Uf — Vi*J)Qi Wi Important for this proof is ||c[|zz2) + |6l z(z2,722) < C
and Lemma D.2.10.
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We prove V3 € N§, |8] < M

(= (c+ J*0)(U; = ViT)QiWapy) € WM (R3 L2(R3,C)), (BE.1)
(DE) p2(ra,c)(c+ T D) (U = Vi) Qi Wapy
= (c+ J*D)(U; — Vi J) (D) r2re o) (QiWapr) (E.2)

and VI' > 0 3C > O such that VA > 1, - T <t <T
(@ = (c+ J0)(U; = Vi )QeWaipr)lwaroe re 122 c)) < C (E.3)
With Lemma 5.4.8 we get from (E.2) that

(D) 12w frlx) = (e + T b)(U} =V Qu(DF) 2wy (Wapr)
= (c+ I O)(U; = Vi )Qu((DF) 2rsy W) o (E.4)

Proof. We start by proving the regularity

’W+ﬁww—wﬂ

) <Qt(D£Wz+he7¢ )or — Qi(DEW, )y
h

L2

- 0, QUDEW e ) |

< (llellzcezy + 0l 2z, on2y + 10l ez + Vel 2z, on2))

) H Qt(D§W£+hei)<Pt - Qt(DgWx)%

h - 8@ Qt(Dng)@t

L2

—0

where we used that U; € £(L?),V; € L(L? JL?) and differentiability provided
by Lemma 5.4.8. Note that 0,,Q:(D?W,)p; = Q¢(9r, DPW,)¢;. The continuity
of (D) 2rs c) (U — J*V,)Q: Wy is proven analogous to the above. The bound
(E.3) is also obtained in a similar way: VI' > 0 3C' > 0 such that VA > 1,
-T<t<T

esssup ||(c + J*b)(U; — Vt*J)Qt(Dow)nptHQ < Cesssup ||Qt(Dsz)apt||2
xr x

<C

where we used the assumption |lc|| + [|b]| < C and ||Uy| + |Vz]] < C from
Lemma D.2.10 and the fact that we have t € [-T,T)] and then Lemma 5.4.8b):
esssup,, ||Q¢(DPW, )42 < C for t € [T, T]. O

In order to easily show the properties in the time variable we want to work with V; to

159



E. Supplementary Proofs

use Lemma D.2.6 directly. Therefore we introduce Gi(z) := Q:Woor @ JQ:Woor and note
QuSVySGi(x) = (c+ J0)(Uy — V' N)QiWapr © J(c + J*b) (U — V" )QiWapr = fe(z, ) @
Jfi(z, .). And show Vx € R3

(t = QoSV;SGy(z) = fi(w, .) @ Jfi(z, .)) € CH(R, L*(R®) @ L*(R?)), (E.5)
9, Q08V; SGy () = QoSV;SG(x) + QuSV; SOGy () . (E.6)

Hence V2 € R3
(t e (c+ JD) (U = VD) QiWapy = fu(x, .)) € CHR, L*(R?)). (E.7)

This only works for fixed z since V; is only strongly differentiable.

Proof. We prove that the conditions for the product rule for operators, namely

Lemma F.0.1, are satisfied. We choose as a comparison operator B := Ay =
A
-3 0
( 02 (A)T>7 D(Ao) = H*(R?) @ JH*(R?).
2

o QuSV/ S is relative Ay bounded.

o Vo € D(Ap): (t— QoSV;S¢) € CY(R,L? ® JL?) (see Lemma D.2.6) and
Qo € L(L? ® JL?).

o For x € R%: (t — Gy(x)) € CYR,H? ® JH?) = C(R,D(Ap)) (as in
Lemma 5.4.8, note that W € H?).

Hence (E.7) follows from Lemma F.0.1. O

Now we prove the bound on the derivative: f € 32 (R;, L=(R%, L? (RZ, C)))and VT >03C >0
such that VA > 1, - T <t <T

esssup |0, fr(z . )[l2 < [10: Qo SV SGil| Lo (r2,12(r2 ) < C (E.8)

Proof. We start with

10:QoSVy SG ()| 1212 < [|QoSVy SOG(7) L2012 (E.9)
+11QoSVESIA() G (@) | L2 - (E.10)

We estimate (E.9) and (E.10) separately. First note that due to Lemma D.2.6
and Lemma C.0.1
IV(t,s)ll cr2earey < e (t=9) J; ”Kf"(T)H“LQ’(L%*)dT? (E.11)
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and for t € [-T,T)

| Ko (t)ll 22,2y + 1AL 22202 < O (E.12)

With (E.11) and (t — |[|Ka2(t)llzz2,n2)) + 1Al c2er2) € C(R,R) (see
Lemma C.0.1) we conclude similar to below that f € I7° (R;, L (R¢, LQ(RZi, Q))).
In addition with the estimate (E.12) we are able to explicitly bound (E.10):
VI'>03C >0suchthat VA>1, - T <t<T

Qo SV SIA()Gi(2) || 2ere < [[QoSVill(z2esr2)l|(Ao + A1(1)Gi(2) || 2012
<QoSVillz(r2war2){l|AoGe ()| (E.13)
+ A1)l cz2ory) [|Ge(2)|}
< C||AoGe(x)]| + C||Ge(2)||
< C([AQ Wt + [|[QeWaipe])) < C (E.14)

where in step 1 we used A(t) = Ag + Ai(t), in step 3 (E.11), (E.12), in step 4 the
definition of Ay and G(x) and in step 5 Lemma 5.4.8b). Note that (E.14) is the
reason why always assume W € H? in Assumption 2.0.3.

Now we proceed with the estimate of (E.9)

[QoSVS0:G(2)|| L2012 < [|QoSVell2(r2012)|0:Ge(2) | L2012
< Cllo:Gie()||
< Cll0:QiWapt |l
<C

where in step 1 we used (E.11), in step 3 the definition of G¢(z) and in the last
step Lemma 5.4.8, t € [-T,T]. O

E.2.2 Proof of Lemma 5.4.8

Proof of Lemma 5.4.8. We use the regularity and bounds on ¢; and V, W to conclude through

standard arguments all regularity and bounds on Q;W ;.

For the regularity arguments the only properties of ¢ we need are p € C'(R, H*®) and that
i solves the Hartree equation. The additional assumptions on ¢ are needed to get the bounds

in Lemma 5.4.8.
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We start by noting that for k& € Ny

(t— Q) € CY(R,HS(H"(R?)),
up = o /A2, 9,Qp = — Jig)(ue| — Jue) (],
(= W, = (y—= W(z—y))) € WM>(R? L™ (R R)),

(E.15)
(E.16)
(E.17)

where (E.15) and (E.16) follow from Lemma F.0.2 and ¢, € CY(R, H*(R3,C)), and (E.17)

from W € WM:(R3 R).

Due to (E.17), ¢; € L%(R3,C) and Q; € L£(L?) we conclude Q;W,p; € WM (R3, L%(R3,C))

and for |5 <2

DthWm% = Qt(Dng)@t .

(E.18)

Next we prove the regularity in the time argument: Vo € R?, 8 € N3, Vk € No, k+ |3| < M

(t = QD W,)¢y) € CH(R, HF(R?)),
A" Qu(DPW,)pr = Qi(DP W) i + Qu(DPW,)
(t = (@ = Q:Waypy)) € CHR, WH2(R?, L*(R?, C)),
aF" END (4 s Qu(DPW,)pr) = <:c s Ou(DPW, ) s + Qt(DﬁWx)gbt) .

and VI' > 0 3C > O such that VA > 1, - T <t<T

sup{[| Qe (D" W) pul mr + 10:Qe(DPWo )| v} < O

Proof. We start by proving the regularity. Let € R? fixed then

H Qun(DPWo)orin — Qi(DPW,) ey

h ~ QD Wa)pr — QuUD Wa)r

Hk

IN

|t =2 D - QD W

HE

QDo) 0w

+ [[(Qesn — QDPWL) @t |

Qeyn — Q-
| =@ S 0 D Wl
LH) |y <k

Hk

IN

Pt+h — P .
e P S L e
[vI<k

Hk

+11(Qusn — @)l ey Y, CID DPW ool
[vI<k
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0. (E.24)

all three terms go to zero because (t — Q;) € C*(R,HS(H")), especially ||Q(t +
R)lgr < Ry > 0 for h € B(t,1) and ¢ € C}(R,H>®). Note that (¢t — Q) €
CY(R,HS(H*)) follows from Lemma F.0.2. Now we can easily follow the differ-
entiability of (t — Q:(D’W,)g;) in H>® with the help of Lemma F.0.3. Con-
tinuity of Q(DPW,)p; and 0;Q:(DPW,)p; is proven similar to (E.24) since
(t = Q¢) € CHR,HS(HF)), ¢ € CY(R,H*®). The constraint k + 8| < M is
needed because W is only M-times differentiable.
(E.24) also holds true if we take esssup,. And with (E.18) we conclude (t — (z —
QiWopt)) € CHR, WM (R3 L2(R3,C)) — the continuity is proven analogous to
the differentiability, and (“)tLOO(Rs’H)(sc = Qi(DPWL)pr) = (7 Qe(DPWy)p: +
Qi(DPW,)y).

Now we derive the bounds and therefore assume Condition 2.1.8;-242. Because
of (E.16): 0:Qr = — ) (us| — |ur) (| we get

esssup |Qe(DP W) i + Qe(DPW,) 1|2
x

= esssup{|| — @ (u, (DﬂWz)SDt> — wy (g, (DﬁWm)@t> + Qu(DWo) g2}

IA

1/.. .
esssup + (el (0r, (D" Wa)io)| + llpelal(er, (DPW.)i0))
+ (D W)z

1/, .
< < (Igelzlledlla 1D Welzlleilloe + et lall@ello D Wollalleilloe) — (E-25)

+ | D Wal2,00 |t ll2n00 (E.26)

Now (E.25) can be estimate with Corollary B.1.2, ||¢s]ls = A'/? and

el < 11 = A/20ell2 + 1V * loeP@ell2 + el - el
< CAY2223 V|1l 2 ol + CAYZ < CAYM2,

where we used the Hartree equation and then Corollary B.2.4 and Corollary B.1.2
for t € [-T,T]. We estimate (E.26) with

9ell2n00 < I = A/20tll2n00 + IV * [0t @elloc + lpte] - 2]l
< CAB 4+ IVIledZlledl +C < C,

where we used Corollary B.2.4. Hence

esssup ||QWar + QWagyll2 < (E.25) + (E.26) < C'.
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The estimate esssup,, ||Q:Wypt|l2 < C is analogous to the one above. We con-
clude (E.23). O
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Appendix F

Supplementary Collection of
Standard Results

This Appendix F presents useful tools from functional analysis that are required for various

technical details throughout this thesis, listed in no particular order.

We start with some results on differentiability.

Lemma F.0.1 (Product Rule for Operators). Let d,k € Ny, S be a Hilbert space, B an
operator in I, {Ay}eere a family of operators in €, D(B) C D(A,), and {¢y}zere C D(B)
with

i) Vi € D(B): (z +— Agp) € CFRE, 7)), and Vr € RY |a] < k — 1: 9%A, relative B
bounded uniformly in x € R%,1 where
0%A; : D(B) =5
¥ 0% (Agt)
linear operator on F€.

ii) (x> ;) € C*(R?, D(B)).

Then (x + Agib,) € CE(RY, ) and

«

O Auths = (g) 88 4,09 P, .

B=0

'Ja,b > 0: Vi € D(B): [|0°Aat|| < al| Byl + blly]|.
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Proof of Lemma F.0.1. The proof of Lemma F.0.1 is straightforward and follows analogously
to the proof of the product rule for complex-valued functions. |

Lemma F.0.2. Let 7 be a separable Hilbert space and 1, € CH(R, 5#) then (t — 1) {p¢]) €
CY(R,HS(H)) and
Oelthe)(pe] = [the) (pe] + [he) (x| -

Especially by HS() ~ S @ A we have (t — 1y @ ;) € CHR, # ® ) and

at¢t®90t:¢t®§0t+wt®§bt~

Proof of Lemma F.0.2. 1t is easy to prove the differentiability on 5 ® 5 with standard ar-
guments. Then one uses the isometric isomorphism U : 5 @ 5 — HS(5), f ® g — |f){g| to

conclude the claim. [}

Lemma F.0.3 (H™ is a complete Fréchet space). Let H®(R?) := MNeen, H¥(R?,C). Then

Skl =gl .
d(f,9) kz:% T gl < e

is a metric on H>® and (H*,d) is a complete metric space.
Equivalent are for fp, f € H®

i) || fn — fllgx — 0, Vk € Ng.

i) d(fn, f) = 0.

Proof of Lemma F.0.3. For a proof see for example [Porl9, Proposition 3.8]. |

Lemma F.0.4 (Banach-Alaoglu). Let X be a Banach space and Z be a separable Banach space
with X ~ 7' isometric isomorph and let ® : X — Z' be a isometric isomorphism. Then for

any bounded sequence (z,) C X, ||znlx < C, we have a weak®—convergent subsequence

O(zn,) " 0(2) € 7',
|z x <liminf||z,,| < oco.
k— oo

Proof of Lemma F.0.4. The proof of Lemma F.0.4 can for example be found in [Werl1]. ]

As a direct corollary of Banach-Alaoglu we get the following Lemma characterizing the form

domain of positive operators.

166



Lemma F.0.5 (Positive Quadratic Form: Characterization of the Form Domain). Let 5 be

a Hilbert space and q > 0 closed quadratic form. Then

o (A,
—

Qg) ={ € A|3C > 0,(Yn) CQq) : q(¥n) < C, Vn, ¥, Y}

Especially for ¢ € Q(A) and 1, as above there exists a subsequence ny with

a(9) + [l < lmint{g(bn,) + 6n o}

<9a/l/)nk - ¢>q — Oa Vo € Q(q) .

Remark F.0.6. The Lemma above can be formally stated as

YeQ() <+ “q) <oo”

if g > 0.

., .
By ¥y, o — ) 1) we mean that 1, is weakly convergent.

Lemma F.0.7. Let 5 be a separable Hilbert space and q > 0 closable quadratic form defined
in [RS80]. Then (Q(q),q(.)+ |- |ls¢) is a separable Hilbert space.

Proof of Lemma F.0.7. Since ¢ > 0 closable quadratic form there exists a h > 0 self-adjoint
with g(¥) = (¢, (h + 1)2/?¢) [RS80]. Thus (h+1)'/2: Q(q) — S is an isometric isomorphism,

which proves the claim. |

Lemma F.0.8 (Duhamel: Equivalence of Differential and Integral Equation). Let 2 be a
Hilbert space, U(t), t € R, unitary group with generator —iA on . Let (to,ug) € R x D(A),
I C R interval, to € I, and f € C(I x D(A), D(A)).?

FEquivalent are:

i) Alu € C(I,D(A)) with

u(t):U(t—to)uo+/ Ut — 8)f(s,u(s))ds Vtel.

i) I € C(I, D(A)) N CL(I, )

a(t) = —iAu(t) + f(tu(t)) Vtel,

u(to) = ug .

In addition if a map w: I — D(A) fulfils one case from above then it fulfils also the other.

2We use the graph norm on D(A).
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Remark F.0.9. Lemma F.0.8 still holds if I choose: ¢ Banach space, U(t), t € R>g, Co-
semi group with generator —iA and (tp,up) € R x D(A), I C R interval, tg € I, and f €
C(I x D(A),D(A)).

Proof of Lemma F.0.8. Duhamel’s formula is as well known result. For a proof see for example
[Kat95, Section 9.1.5]. [ ]

F.1 Creation and Annihilation Operators

For simplicity we define the creation and annihilation operators only on Fock spaces over the
Hilbert space L?(R?,C) (for a general definition see for example [Nam20; ATT]).

Definition F.1.1. Let d € Ny, f,g € L*>(R%,C) and 1, € L*(R¢,C)®=". We define

@)W s ) = VT / Bntrs st 1) (9)dy
1 n+1

\/m an(yla v 7gi7 e 7yn+l)f(yi),
1=1

(@™ (F)n) (W15 -3 Ynt1) =

where g; means that the variable y; is missing.

Lemma F.1.2. Ford € Ny and f € L?>(R?,C) the creation and annihilation operators a*(f.)

and a(f;) are well and densely defined operators on @, (L?)®=" with domains

Dia(f) = {v € DI | 3 la(nlZpo.c s < o0}
n=0

n>1
Dia*(f2)) = { € DI | 3 lla" () enllfyayo.cn < o0}
n=0 n>0

Lemma F.1.3. Let d € Ny and f € L?*(R%,C). Then
i) a*(f) is the adjoint of a(f).

i) QW) € D(a*(f)) N D(a(f)) and

la* (N)wll < IFIIN + 1) 2
la(f)ll < 1IN0,

for ally € Q(N).

iii) For a >0 we have a¥ (f)D(N*t/2) C N® and on the domain D(N*+1/2)

a(fIN® = (N +1)%(f),
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F.1. Creation and Annihilation Operators

a’(fIN® =N =1)%a*(f).

iv) We have the CCR on the domain D(N)

a(f)a”(g) —a*(9)a(f) = (f,9),

for g € L>(R%,C).

A useful notation are the generalize creation and annihilation operators:
A(f® Jg) =alf) +a*(9), A*(f®Jg)=a"(f)+alg), VfgeL*R%C), (F.1)

as discussed in Appendix D.2.1, where J : 5 — J£* ¢ — (.,4) antiunitary.

For example, they allow us to generalize the commutation of N with a? (f).

Lemma F.1.4. Let 5 be a Hilbert space, h a self-adjoint operator on 7. Then VF € D(h) ®
JD(h) we have D(dT'(h)N'*/?) C D(dTI'(h)A(F)) and

A(F)AU () — dT(h) A(F) = A ((h ) ) F) ¥,

for ¢ € D(dT'(h)NY/2).

Coordinate Dependent Creation and Annihilation Operators

Due to the presence of an additional tracer particle, we frequently see terms of the form
a(Q:Weer) and a*(QiW,), where the argument of the creation and annihilation operators
depends on the coordinate x of the tracer particle. In this section, we provide a more de-
tailed discussion of such operators, expanding on the brief introduction given in the Notation

overview.

Definition F.1.5 (Coordinate Dependent Creation and Annihilation Operators). Let d € N
and f € L>(R%, L2(R?,C)). Define the linear operators a(f,) and a*(f,) on @, , L*(R%,C)®
L2(RY,C)®" by
a(fx)wn(i'a Yty .- ayn—l) i=n'/? /wn(ja Y, .-y Yn—1, y)f;(y)d%
Vn € N, Vo, € L? @ (L?)®"
a‘(fx)wo =0, VQZ)O S L2
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and
1 n+1
a(f)Un(Z Y1,y Yny1) = )2 Z Un(Zoy1s -y Gis o Ynt1) f2(0i)
i=1

vneN, Vi, € L? ® (L?)®" 3

a(fz)L? ® (L?)®" C L? @ (L?)®" 1 and a*(f,)L? @ (L?)®" C L? ® (L?)®sT!. The corre-

sponding definition spaces are

Da(f.) = {v e @17 & (1% | 3 llalfe)nlaouyeninn <0}
n=0

n>1
D(a*(fz)) = {w € @LQ ® (L?)®" Z ||a‘*(fﬂi)le"%?@(L?)@s(nJrl) < OO}
n=0 n>0

In addition we define A(F,) = A(fz ® Jgz) = a(fy) + a*(g,) where F, := f, ® Jg, with
f.g € L=(R], L*(R?, C)).

Lemma F.1.6. Ford € Ny and f € L= (R4, L*(R?,C)) the creation and annihilation operators
a*(fz) and a(fy) are well and densely defined operators on @, L* @ (L?)®=".

The following Lemma connects them to the standard creation and annihilation operators.

Lemma F.1.7. Let ¢ € @, ) L*> ® (L*)®<". Then we have that (R? — L*(R™"), z — gb;")) €
L2(R%, L2(R™)), where d)&n)(yl,...,yn) = oM (z,y1,...,yn).t Denote ¢, = b, 08
For clarification we denote the “standard” creation and annihilation operators as a¥ (h), h €
L2(R4,C) with an index ’s’.
Then for ¢ € @r- oy L? @ (L?)®<" and # € {0, *} the following are equivalent:

i) ¥ € D(a™(fa)).

i) Y, € D(af(fT)) for almost all x and fda:||af(f7)1/17«H2 < 0.

In this case
(0.*(£)0) = [ do{6s.at (i)

This lemma allows us to transfer many properties of the standard creation and annihilation

operators to their coordinate-dependent counterparts.

3To be more precise: (Sn+1, 0" (fe)¥n) 2g(L2y@snt1 = JdEdyy ... dynt1¢} (Y15 Ynt1) -
W Z?:Jrll Yn(Z, Y1, Yiy--->Yn+1)fz(yi) and a similar definition for a(fz). The definition inside the

scalar product is favourable because elements of L2 are only defined almost everywhere.
4Note: Here we used the isometric isomorphism T : L2(R™t" E) — L?(R™, L?(R™; E),g + g(z, .) from
[AE08, Theorem 6.22].
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