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Summary

In this work we investigate the homogeneous and inhomogeneous structure of an
anisotropic associating liquid, as realized by a Kern-Frenkel potential, through
means of computer simulations and density functional theory (DFT). Current state-
of-the-art functionals for these systems are based on fundamental measure theory
and Wertheim’s thermodynamic perturbation theory. They are able to achieve
rather accurate results regarding the equation of state and the inhomogeneous
structure when restricted to moderately high temperatures and “simple” external
potentials.

At low temperatures however, the bonding probability of the particles in the asso-
ciating liquid increases, leading to a strong orientational ordering of the particles.
This results in inaccuracies in the predictions, that can be attributed to the isotropic
treatment of the fluid. Motivated by this fact, we propose the explicit treatment
of the orientational degrees of freedom of the particles using an expansion of
the relevant quantities in Wigner D-matrices. To this end, we examine how the
symmetry of the investigated two-body potential influences the expansion coef-
ficients and how the numerical treatment can be simplified by finding invariant
basis functions.

After this, the orientation distribution function of the inhomogeneous liquid be-
tween two hard walls and around a spherical tracer particle is examined, showing
a relatively strong order. In order to treat the system with the DFT formalism we
first derive the necessary equations for the case of an anisotropic liquid. Then
we apply the popular random phase approximation as a reference for further
approaches. We start by proposing a mean-field ansatz incorporating the orienta-
tional moments of the density distribution. The necessary interaction potentials are
found using a machine-learning based approach, by parametrizing the potentials
using differentiable weights. These are then optimized using Monte Carlo simula-
tion data, collected at different state points and a procedure that guarantees the
self-consistency of the resulting Euler-Lagrange equations. The final mean-field
functional improves on the performance of previous treatments, however numerical
stability quickly degrades when stepping outside the training region.
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Summary

As a second approach, we propose keeping the functional form of the isotropic
functional but learning improved weight functions that enter through the weighted
densities. While in this case we cannot make predictions about the orientational
degrees of freedom of the system, we gain improved numerical stability through
keeping the known functional form of the reference functional. Apart from more
accurate density profiles, we can also observe that the correlation function resulting
from this ansatz and training procedure is much closer to its real value.
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Deutsche Zusammenfassung

In dieser Arbeit untersuchen wir die homogene und inhomogene Struktur einer
anisotropen assoziierenden Fliissigkeit, wie sie durch ein Kern-Frenkel-Potential
realisiert wird. Wir verwenden hierfiir Computersimulationen und Dichtefunktion-
altheorie (DFT). Die aktuellen Standard-Funktionale fiir diese Systeme basieren
auf der fundamentalen Maf3theorie (fundamental measure theory) und Wertheims
thermodynamischer Stérungstheorie (thermodynamic perturbation theory). Diese
sind in der Lage, recht genaue Ergebnisse hinsichtlich der Zustandsgleichung und
der inhomogenen Struktur zu liefern, wenn sie auf moderat hohe Temperaturen
und ,einfache” externe Potentiale beschrankt sind.

Bei niedrigen Temperaturen jedoch erhoht sich die Bindungswahrscheinlichkeit der
Teilchen in der assoziierenden Fliissigkeit, was zu einer starken orientierungsspez-
ifischen Ordnung der Teilchen fiithrt. Dies resultiert in Ungenauigkeiten bei den
Vorhersagen, die auf die isotrope Behandlung des Fluids zuriickzufithren sind.
Angesichts dieser Tatsache schlagen wir vor, die orientierungsabhéngigen Frei-
heitsgrade der Teilchen explizit zu behandeln, indem relevante Gré3en in Wigner-
D-Matrizen entwickelt werden. Hierzu untersuchen wir, wie die Symmetrie des
betrachteten Zweikorperpotentials die Entwicklungskoeffizienten beeinflusst und
wie die numerische Behandlung durch das Bestimmen invarianter Basisfunktionen
vereinfacht werden kann.

Anschlieflend wird die Verteilungsfunktion der Orientierung fiir die inhomogene
Flissigkeit zwischen zwei harten Wanden und um ein sphérisches Tracer-Teilchen
untersucht, welche eine relativ starke Ordnung aufzeigt. Um das System mit dem
DFT-Formalismus zu behandeln, leiten wir zunéchst die notwendigen Gleichungen
fiir den Fall eines anisotropen Fluids her. Danach wenden wir die beliebte Random-
Phase-Approximation als Referenzpunkt fiir weitere Ansétze an.

Wir beginnen mit dem Vorschlag eines Mean-Field Ansatzes, der die orientierungsab-
héngigen Momente der Dichteverteilung integriert. Die notwendigen Wechsel-
wirkungspotentiale werden mithilfe maschinellen Lernens gefunden, indem diese
Potentiale durch differenzierbare Gewichte parametrisiert und anschlieffend mittels
Vergleich zu Monte-Carlo-Simulationen optimiert werden, die bei verschiedenen
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Deutsche Zusammenfassung

Zustandspunkten gesammelt wurden. Ein Verfahren gewahrleistet die Selbstkonsis-
tenz der resultierenden Euler-Lagrange-Gleichungen. Das endgiiltige Mean-Field-
Funktional verbessert die Genauigkeit im Vergleich zu vorherigen Ansétzen, jedoch
verschlechtert sich die numerische Stabilitdt schnell, wenn man den Trainingsbere-
ich verlésst.

Als zweiten Ansatz schlagen wir vor, die Funktionsform des isotropen Funktion-
als beizubehalten, aber verbesserte Gewichtsfunktionen zu lernen, die iiber die
gewichteten Dichten eingehen. Obwohl wir mit diesem Ansatz keine Vorher-
sagen Uber die orientierungsabhiangigen Freiheitsgrade des Systems treffen konnen,
gewinnen wir an numerischer Stabilitdt durch die Beibehaltung der bekannten
Funktionsform des Referenz-Funktionals. Neben genaueren Dichteprofilen lasst
sich beobachten, dass die Korrelationsfunktion aus diesem Ansatz und dem Train-
ingsverfahren viel ndher am tatsachlichen Wert liegt.



1 Introduction

Our aim in the following will be to find an accurate description of a system con-
sisting of a large number of particles. They interact with each other through an
anisotropic two-body potential that can serve as a model for more realistic liquids
like water. In addition to the interparticle interactions, there is also an external
potential that acts on the particles and makes their density distribution become
inhomogeneous. Our study lasts to varying degrees on three main pillars. The
principal one, computer simulations, allow us to perform idealized in-silico experi-
ments. In contrast to experiments performed in the real world, we have virtually
unlimited knowledge and control over the system.

Fundamentally however, having a real understanding of the system is a more
complicated matter. It consists of quantitative knowledge of the different effects
and forces that are present in the system, their relative strength to each other, the
range of validity of certain approximations and so own. Due to the large number
of degrees of freedom, a direct treatment of the system is rather hopeless, and we
need to consider the system in a statistical context. This brings us to the second
pillar, density functional theory (DFT) — here in the context of classical systems —
which allows us to treat many-body systems in a “coarse-grained” way, in the sense
that the observation of individual particles becomes less important, while putting
the focus on averaged properties like the number density, in this way reducing the
complexity of the treatment.

Finally, there is the theory of integral equations, which allows us to gain insights
into the structure of the fluid. Except for some few cases, solutions have to be
determined numerically, resting on so-called closure relations, which quantify how
certain correlation functions of the liquid behave relative to each other. Depending
on the interparticle potential some closures give better results than others, and it
is a-priori not clear which one is the best. In the case of anisotropic liquids, the
numerical treatment of integral equations is made more difficult by the slowly
converging expansion in rotational degrees of freedom.

As already mentioned, our model system is that of an anisotropic associating liquid.
This is very different from classical fluid models like the hard-sphere or the Lennard-



1 Introduction

Jones model that are isotropic and hence only depend on separation between the
particles. Due to the small bonding volume (the phase space volume where two
particles are in a bonded state), mean-field or other perturbative approximations
fail at describing the behavior observed in simulations. In fact, it turns out that
patchy particles, in our case realized by the Kern—Frenkel potential, possess a quite
interesting phase diagram and exhibit unusual phenomena like that of an “empty
liquid” [Bia+06; HTG11].

The most accurate DFT treatment of patchy particles rests on the so-called ther-
modynamic perturbation theory (TPT) developed by Wertheim [Wer84a; Wer84b;
Wer86a; Wer86b] about four decades ago. The theory produces a perturbative
expression for the Helmholtz free energy of a fluid consisting of hard spheres, deco-
rated with sites that interact attractively with the sites on other spheres. The precise
geometric details of the interaction do not enter, they are in a sense, “integrated
out”. Starting from this expression for the free energy different generalizations
to the inhomogeneous case were proposed. One of the most accurate is that of
the Stopper et al. [Sto+18], based on the work by Yu and Wu [YWO02a], using the
fundamental measure framework, originally developed for hard-sphere systems.

In TPT1 it is assumed that the particles’ orientations are distributed isotropically,
simplifying the treatment considerably. It is easy to see however, that this approx-
imation will become inaccurate once the temperature of the system is lowered,
since this leads to an increase of the bonding probability, making the particles have
preferred orientations.

The next logical step to improve the accuracy of the predictions is to include the
orientational degrees of freedom. Since the orientational configuration of a (general,
non-symmetric) particle is described by three real numbers, this increases the state
space by three dimensions, making a numerical treatment on discretized grids too
computationally expensive. An alternative to this is the expansion of the relevant
degrees of freedom in the so-called Wigner D-matrices, which can be seen as a
generalization of spherical harmonics. This expansion reduces the dimensionality
of the discretized grids to the number of physical spatial dimension, which in
planar or cylindrical symmetry is one. The downside is that the expansion consists
of an infinite sum of terms and is potentially slowly converging. An analysis of
the relevant expansions coefficients is necessary to reduce the calculations to the
minimum.

The initial ansatz for an improved functional will be that of the isotropic reference
functional plus a mean-field interaction that takes into account the orientational
moments of the density distribution.
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Our goal will be to determine the mean-field kernels or interaction potentials
by means of machine learning (ML). For this, it is necessary to collect sufficient
amounts of training data that is later used to “fit” the model. This is in a sense
an inverse problem since through the DFT formalism it is rather easy and quick
to find predictions of a given model, but we do not know which model, or rather
model parameters, give results that are the closest to data coming from computer
simulations (the “ground truth”).

The inverse problem described here is complicated by the nature of the model
prediction, which results from solving a fixed point (FP) equation. Consequently,
evaluating the model prediction directly is not feasible; instead, it requires iterative
methods to find a solution. This complexity poses additional challenges for opti-
mizing model parameters, typically achieved through gradient descent. In gradient
descent optimization, computing the necessary gradient information of the loss
function involves back-propagation. However, back-propagation assumes that
the network’s mapping from input to output consists of a series of differentiable
transformations. The iterative nature required by FP equations adds an extra layer
of difficulty to this process, making parameter optimization more challenging than
in cases where predictions can be directly computed.

Finally, we explore the possibility of using isotropic reference functionals with
improved weighted densities. The weights that result from fundamental measure
theory are based on the geometry of hard spheres. Meanwhile, the attractive
patches that are attached to the hard spheres extend outside the sphere, therefore
it is sensible to increase the range of the weights that are used for calculating the
weighted densities. Keeping the known functional form of the reference functional
can help to improve the numerical stability of the machine-learned functional.






2 Theoretical basis

If it looks like a tensor, talks like a tensor,
and transforms like a tensor, then it probably
is a tensor.

— Duck test

2.1 Statistical mechanics

We consider a closed system of N particles of mass m, enclosed in a volume V. The
particles’ positions are encoded in the vector r", and the classical momenta p».
The total energy of the system is given by the Hamiltonian

H (™, pY) = Kn(pY) + Un(r") + () (2.1)

that means, it is split up in the kinetic energy Ky (p") = 3, |p:|?/2m, the inter-
molecular potential energy Uy (r") = % 2i<j u(r;, 1) and the external potential
energy ®(rN) = 3; #(r;). For simplicity, we assume that the intermolecular poten-
tial be pairwise additive!, as will be the case for the particular system that we are
interested in. Whether an external potential is present has important implications
for the system, as a non-zero potential leads to inhomogeneous equilibrium density
profiles. Further, some modifications to the formalism are needed. We start the
exposition by assuming no external potential at first and later generalize to the
inhomogeneous case with ® # 0.

We are mainly interested in two ensembles, the canonical and the grand canonical
ensemble. In the first, the total particle number is fixed, while in the latter, it is
variable, controlled by the chemical potential. In both ensembles it is possible to
exchange energy with the external reservoir. The temperature of the reservoir
will be denoted by T, the inverse temperature by f = 1/kgT and the Boltzmann
constant by k.

IThat means there are no explicit three-body interactions.
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Canonical ensemble As we are confronted with systems that consist of large
numbers of particles and thermal fluctuations, in order to make predictions we
need an expression for the probability of certain configurations of the system. It
is given in the canonical ensemble by the equilibrium probability distributions
fO[N] (rN, pN ), with the particle number N as index, because it is fixed. It turns out
that the probability of a configuration is proportional to the Boltzmann factor e 7.
We therefore define a normalization constant as

1

On = NN / e P dr, .. . dry dp;...dpn (2.2)
1

= ava N 7

the so-called canonical partition function?. Knowing the kinetic energy from
Equation (2.1), we can perform the integration over the momenta and factorize out
the configurational integral

Zy = / dry...drye PU¥ (2.4)

h=3N is absorbed into the thermal

The momentum integral together with the factor
wavelength A = (2zrmkgT/ hz)_l/ ?_ We can now write down the definition of the

equilibrium probability density as

Nl N Ny _ 1 exp(=pH)
W) = o 25)
Expectation values of observables are calculated according to
® = [ BN N ) ar 9

In order to save space we introduce the abbreviation dr;...drydp;...dpy =
dr™N dp" and the (canonical) trace

Tr, = / -o.dr™ dpV (2.7)
Expectation values can then be written as
(B) =Tr. fuB (2.8)

2The prefactor N! accounts for the indistinguishability of the particles, whereas the factor h*N
can be viewed as a necessary consequence of the uncertainty relation. The dimension of h*N is
inverse to that of the phase space differentials, the partition function hence dimensionless.
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This was the microscopic picture. The connection with the thermodynamic (macro-
scopic) picture is made by the Helmholtz free energy, defined by

F=U-TS (2.9)
= Tr. fy [H + ksTn fo] (2.10)

where we made use of the definition of the entropy
S =kpTr. foln fy (2.11)

Knowledge of the free energy F allows us to compute equilibrium quantities of the
system like the pressure P and the chemical potential y

oF oF
p=—|=| , == (2.12)
V) rn ON |1y

Grand canonical ensemble Connecting the system to an external particle
reservoir allows us to exchange particles with it, making the particle number a
variable quantity controlled by the chemical potential p. It specifies how much
energy needs to be brought up in order to add one more particle into the system.
The Boltzmann factor changes accordingly and reads now e #*~Ni_The grand
canonical partition function is in turn defined by

O oPuN
—_ e _Rq
;:ZN!hSN/e PHdr, ... drydp; ... dpy (2.13)
N=0
— i BuN — N iz
=Y fNoy = Z 2N (2.14)
N=0 N=0"""

where now we need to sum over all possible numbers of particles that could be
present in the system and their corresponding canonical Boltzmann factor. It is
common to define the so-called activity

exp(fu)
zZ = T (215)
The equilibrium probability density reads in the grand canonical case’
-B(H - N
fe, ¥, ) = SIATLZ D) @16)

—

3Tt might seem that there is an inconsistency between the definition of Equation (2.5) and Equa-
tion (2.16), regarding the prefactors. It is however correct if we take into account the changed
definition of the grand canonical trace which now includes the factor h=3V.
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the corresponding expectation values are given by

o1
(B) = Z NN /B(rN, pN)ﬁ)(rN’ pN’ N) drNy de
N=0 :

= Try foB (2.17)

with the grand canonical trace containing a sum over all possible particle numbers

N N 3 N
Trge = ) vy / - drM dp (2.18)
N=0 )

The corresponding thermodynamic potential is the grand potential Q given by

Q=F-Ny (2.19)
= kyTIn= (2.20)
=-PV (2.21)

where P stands for the pressure. Note that both probability distributions are con-
nected by the relation

1

g o Y N) = p (N (N, pY) (2.22)
where
12N N
p(N) = =772 (2.23)

The probability distribution in the GC ensemble can therefore be thought of as
a weighted sum of probabilities with fixed particle number N in the canonical
ensemble.

Density distribution functions One of the central observable is the n-particle
distribution function, which in the canonical ensemble, is given by

n, n N! 1 _ N
pj(\])(l' ) = ma‘/e PUN( )drn+1...dI'N (224)

where the factorial factors in front are needed because there are N possible ways
(finding n out of possible N particles) to choose the particle at position ry, N — 1 for
the particle at ry, and so on. The corresponding quantity in the GC ensemble is

PP (") = ) p(N)py (") (2.25)
N=n
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with p(N) again given by Equation (2.23). Most often however, we are concerned
with the one- and two-body density distribution. They can be written as expectation
value in the grand canonical ensemble as

N
P (1) = (5(r) = <Z 5(r - ri>> (2.26)
N i=0
pP(r,1) = <Z S(r—r1;)8(r" - rj)> (2.27)
i%]

Since the number of particles is not fixed, the integral over the one-particle density
yields the expectation value of number of particles:

[P wan =) (2.28)

with the second-order particle density

/ p(Z) (1'1, 1'2) dl'l dl’z = <N2> - <N> (229)

and so on. The equivalent result in the canonical ensemble is given by

/ pj(vl)(rl) dri =N (2.30)

Comparing both ensembles in the limit of a non-interacting, i.e. ideal gas, we
observe the following difference

p(z) =pt o pl(\?) = p? (1 - %) (2.31)
This fact has implications on some of the results determined from Monte Carlo sim-
ulations. The radial distribution function that will be introduced in the next section
has a slightly different value for the long-range asymptote (r — o), depending on
the ensemble that is used in the simulation.

2.1.1 Modifications due to angular degrees of freedom

The above exposition only used spatial degrees of freedom in the phase space
integrations. Since we are treating an anisotropic system, the phase space differen-
tial should also include the angular variables Q = (¢, 0, y) and the corresponding
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canonical momentum pg. Here we make use of the Euler angle parametrization for
the orientational configuration of the particle. More details on this parametrization
will be given later. Since in the context of the formalism, these coordinates are just
generalized coordinates the differential for Q reads dQ’ = d¢ d0 dy, which differs
by a factor sin 0 from the differential in the context of integration over SO(3), hence
the use of the prime. The Hamiltonian now includes the anisotropic interparticle
potential U(r", QV) and the rotational kinetic energy, given by [GG84] (Chapter 3
and corresponding Appendix)

Kr=i > IR (2.32)

i=1 a=xy,z

with the angular momentum J; of particle i, the inertial tensor I, and its diagonal
elements I,. The patchy particle being a spherical top molecule has I, = I, = I, =
I. In order to perform the phase space integral we need to express the angular
momentum appearing in the kinetic energy with the generalized angular momenta
pa- This transformation can be found, however it mixes the coordinates Q and pg
as follows

Jx = —pg csc O cos y + pg sin y + p, cot 6 cos y (2.33)
]y =D Cscesin)(+p9c03)(—pxcotesin)( (2.34)
L=p, (2.35)

As a consequence we cannot directly factorize the probabilities
PN, pV, QN p3) = P(M)P(pd)P(xN, QY) (2.36)

as the terms depending on the coordinates pg and QY cannot be separated. In order
to make progress, one has two choices, either keep pq as integration variable and
rewrite K, in terms of pq, or change the integration variable from pq to J and get a
new probability distribution P(rN, pN , QN JN). Both routes are possible, though the
second is more straightforward mathematically. The result is that the probability
distribution factorizes into configurational, translational and rotational parts

PN, pN, QY. JV) = P(eN, pM)P(QY)P(Y) (2.37)

The latter two can be absorbed into the thermal wavelength, leaving us only with
the configurational description of the system.

10
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2.2 Integral equation theories

The n-particle correlation function is defined in either ensemble (canonical or grand
canonical) by the n-particle density distribution function

p(")(rl, S

ry,...,Iy) = 2.38
At = e p 0 (1) (239
In the case of n = 2 it becomes the pair distribution function
(2)
g(ri, 1) = —L (1, 72) (2.39)

P(l)(rl)/?(l)(rz)

When the system is homogeneous and the interaction between the particles is
isotropic, then g will only depend on the scalar radial variable r, usually called the
radial distribution function (RDF)

)
g(r) = P pz(r) (2.40)

with the bulk density p, which gives us information about the local density distri-
bution around a test particle. Apart from this, it can also be used to infer properties
like the pressure (over the so-called virial route)

ﬁ_P - % du(r)
p 6 dr

g(r)rdr (2.41)

The total correlation function is defined by
h(ry,12) = g(r1,12) — 1 (2.42)

and results from subtracting the “constant (ideal) background™ from g, such that
for large separations h vanishes. One can now, given the physical nature of the
correlation function, propose a direct correlation function c(r) as follows

c(r) = h(r) - p/ c(r)h(|r = 1']) dr’ (2.43)

the so-called Ornstein—Zernike (OZ) equation. Its physical interpretation is that the
total correlation between two points is the sum of the direct correlation between
them plus a term that repeats this decomposition for a third point, which is inte-
grated over. In Section 2.4 we will present an alternative way to define the direct

“For the ideal gas g(r) = 1.
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— ¢ = - —— o + o

total Ay, direct ¢ 1 2

Figure 2.1: Graphical representation of Equation (2.43). The vector r corresponds
to the distance between points (1) and (2), while the integration variable
r’ corresponds to the point (3).

correlation function based on density functional theory. The equivalence of both
definitions is shown in [HM13]. To complete the taxonomy of correlation functions
we can introduce the indirect correlation function y(r) as

y(r) = h(r) — c(r) (2.44)
= p/ c()h(|r = 7']) dr’ (2.45)

2.2.1 Closure relations

With only the Ornstein-Zernike equation, the system {c(r), g(r)} is underdeter-
mined. In order to solve it, is necessary to specify a further constraint, the so-called
“closure relation”. The general form of the closure relation is given by

c(r) = h(r) — Iny(r) + B(r) (2.46)
= f()y(r) +t(r) (2.47)

or alternatively
h(r) + 1 = exp (—fu(r) + y(r) + B(r)) (2.48)

The quantities that appear are
« the bridge function B(r)

« the cavity function
y(r) = g(r)ef*™ (2.49)

« the tail function ¢(r)

« the Mayer f-function
f(r) =0 -1 (2.50)

Two of the most popular closure are now discussed.

12
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Percus—Yevick closure It is given by

B(r) =lny(r) —y(r) + 1 (2.51)
e(r) = f(r)y(r) (2.52)

which means that it assumes t(r) = 0. Usually the resulting system of equations
is solved numerically but in the case of hard spheres and sticky hard spheres’
analytical solutions do exist.

Hypernetted-chain closure This closure results from setting the bridge function
to zero

B(r) =0 (2.53)
c(r) = h(r) — Iny(r) (2.54)

In general one cannot say whether one closure is more accurate than the other,
as this depends on the interparticle potential. Judging by diagrammatic methods
it may seem that the HNC approximation includes more terms, however due to
cancellation of certain terms it turns out that in the case of hard-core interaction
the PY closure gives more accurate results, see [San16].

2.3 Inhomogeneous systems

In the previous expositions we only considered homogeneous systems, as there was
no external potential or phase boundaries. By introducing a position-dependent
potential, the Hamiltonian gains an additional term, modifying some of the previous
equations. Using the d-function description of the particle density we can write

N
oy = ) ¢() = [ dep0g) (255)
i=1

Since the external potential only couples to the positional degrees of freedom (and
not the generalized momenta) only the configurational integral is modified

N
ZN :/drNe_ﬂUN —>/drNe_ﬁUN (1—[ exp [—ﬁg{)(ri)]) (2.56)

i=1

SSticky hard spheres are hard spheres with an additional attractive interaction when two such
spheres touch. The sharp positional dependence of the interaction (§-function) makes analytical
computations easier, however solving the PY closure remains a challenging task.

13
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The grand partition function becomes
00 1 N
= = NZ ~i / e PUN (]_1[ zexp [—ﬁqﬁ(ri)]) dr™ (2.57)
=0 =

Separating the activity into the thermal wave length and chemical potential, one
can rewrite the previous equation as

© N
1 - —
== Z ﬁ/e PO HA S exp [ﬁtﬁ(ri)]) dr™ (2.58)
N=0 i=1
with the intrinsic chemical potential
Y(r) = p—@(r) (2.59)

The partition function is then formally equal to the homogeneous one, except for
the replacement of g — /(r). One can also rewrite the thermodynamic potentials
for the inhomogeneous case. We can think of the external potential ¢ replacing
the thermodynamic variable V by shifting the available volume into the function ¢.
Then, the change in internal energy U (S, V, N) becomes

SU =T8S + / p (1) 6¢(r) dr + u SN (2.60)
The change in Helmholtz free energy F = U — TS is consequently
SF = -S6T + / pW (1) 64(r) dr + u SN (2.61)

In analogy to the intrinsic chemical potential® in Equation (2.59) we define the
intrinsic free energy

F=F- / pD(r)¢(r) dr (2.62)

with the differential being
OF =-S6T - / 5p(1)(r)¢(r) dr + u6N (2.63)
=_S6T + / Sp D (r)y(r)dr (2.64)

®For the intrinsic chemical potential we combined the chemical and the external potential.
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where 1/(r) appears as conjugate variable to dp‘V(r). For the grand potential
Q = F — Np, it follows that

5Q = -S6T - / pD (1) §y(r) dr (2.65)

By inspection of Equations (2.61) and (2.65) and the fact that we replaced the variable
V by the function ¢(r) it is clear that now we need to treat the grand potential
and the intrinsic free energy as functionals Q[/(r)] and ¥ [p(r)] respectively. By
computing

6F [p(r)] _
5o =1(r) (2.66)
and 6Q[yY(r)]
r
59 (0) =—p(r) (2.67)

we see that they are related by a generalized Legendre transformation. From the
definition Q = F — Ny it follows that

Q[y] = Flp] - / Py (r) (2.68)

Finally, we show that # can be written also as an ensemble average. For this, we

use the definition of f;(r", p", N) and that of the Hamiltonian in Equation (2.1) to
get

Infy=-pH + puN —In= (2.69)

= —pKyn — BUx — fON + NBp (2.70)

Taking the average and using fQ =1In=

(KN + Uy +kgTIn fy) = Q + / drpW (1) (4 — ¢) (2.71)
=Q+ / drp™ (r)y (1) (2.72)
=F (2.73)

2.4 Density functional theory (DFT)

The crucial ingredient for arriving at a useful method is parametrizing the free
energy functional with the particle density, the main point of density functional
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0] }—>ﬁ)}—>p(1) = p(l)Hfb
g S
unique map ¢[p]

Figure 2.2: Diagram showing the order of mappings between the external potential,
the equilibrium phase space probability and the particle distribution
function. The arrows stand for the existence of a functional mapping.

theory. While we know from Section 2.3, that the one-particle distribution function
p(r) is in general a functional of the external potential, it can indeed be proved
that there exist a unique mapping between density profile and external potential
[Eva79]. In the following we give a sketch of the underlying principle. From the
definition of fy in Equation (2.16), together with Equation (2.1), we know that it is
a functional of the external potential ¢(r). We can write the density distribution
as

pM = Trge [fp(r)] (2.74)

hence p'V is a functional of f;, and therefore also of ¢ (r). The situation is visualized
in Figure 2.2. One can further show that the mapping ¢(r) — p'V is unique (see
Appendix B of [HM13]), hence we can replace the functional dependence of f; as

il = Hlp? ()] (2.75)

The argument is completed by the fact that we can write the intrinsic free energy
as trace over f, i.e.

F 1]l =Tr[fo (Ky +Un + kT In fp)] (2.76)
=Tr[fo (Ky + kgTIn fy)] + Tr [ foUN] (2.77)
= Falp™] + Fex[p] (2.78)
=Fp"] (2.79)

Similarly one can also write the grand potential as a functional of the one-body
density

Z[fo] = Tr [fo (H — uN + ksT'In ;)] (2.80)
=FpD] +Tr [fo (Pn — uN)] (2.81)
:?MW+/mmnwm—m (2.82)
_2[p)] (2.83)
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In the literature, ¢(r) is frequently denoted by V*!(r), which we will adopt in the
following. It can further be shown, that the equilibrium density distribution p(r)
minimizes the grand potential, meaning that for every other density distribution
p'(r) # p(r): E[p’] > E[p] = E. Written differently, this leads to the main equation
of classical density functional theory

5E[pl|  _ 87 Ip]
5p(0) |,ey, ~ Bp(0)

+ V() —p=0 (2.84)
P=Peq

It is common to split the free energy into ideal-gas term and the “excess”’ term that
it is due to interactions: ¥ [p] = Fial[p] + Fex[p], where

prialel = [ dp(o) [ln(p0a?) - 1 (2.85)

We can now solve Equation (2.84) for the density profile p(r), giving us the implicit®
equation

p(r) = exp (~BV(x) + < (x) + B (2.86)

= prexp (=Y () + <V (x) + s (2.87)

where ¢(!) is the one-body direct correlation function (DCF), defined by

6pFexp]
M) = €
c(r) =———F—7— (2.88)
5p(r)
We can also define the general n-body direct correlation function
0" pF ex|p]

c(”)(rl, e, Ty) =

“5p(rn) - 8p(6n) (2.89)

For n = 2 and evaluated at the bulk density p, we get the two-body DCF defined in
Equation (2.43).

2.4.1 Density functional approximations

Since the (excess) free energy functional is in general unknown and a direct com-
putation is not possible, it is necessary to employ approximations.

"Meaning in excess of the ideal gas term.
$The density profile p(r) enters into ¢(!), therefore appearing on both sides of the equation, making
it implicit.

17



2 Theoretical basis

Local density approximation (LDA) For this approximation one starts with a
known expression for the free energy density per particle f(p) and assumes the
following form

BFuclp] = / drp(n)BF(p(@)) (2.90)

i.e. the functional is an integral over the bulk free energy density evaluated at
the corresponding (local) density. Though simple, the approximation is not very
accurate and does not find much application, except for calculations concerning
liquid—vapor interfaces, where there is only weak short-range structure. It may
however be seen as the starting point for the next family of approximations which
is indeed much more accurate.

Weighted density approximation (WDA) As we have noted, except for simple
cases, the LDA cannot be used to accurately model liquids, due to the assumption
of locality. In order to incorporate non-locality, one can “coarse grain” the density
profile over a limited region using a convolution with a kernel or weight function
w(r). The resulting weighted density

p(r) = / dr/p(r')w(r —r’) (2.91)

replaces the local density from before and the free energy per particle is replaced
by the function’ ®(p)

BFuclp] = / drp(1)f0(5(r)) (2.92)

There are different strategies to determine ®, like that of Tarazona [Tar85].

Mean-field approximation A further possibility is to expand the exact free
energy up to second order in a Taylor series. One starts with separating the full
interparticle potential into a reference part uy and a perturbation w, which is
controlled by a parameters A, as in

uy(r) = up(r) + Aw(r) (2.93)

Note that this quantity is not related to the ®» that appeared in the many-body Hamiltonian.
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The excess free energy corresponding to ug is given by F2, while the full excess
free energy reads

BFexlp] = Foxlp] + % /O w / p? (x,v; Hw(r,r') drdr’ (2.94)
=Fop] + %/ drdr’p(r)p(r)w(r — 1) + Feorr [ p] (2.95)

where the correlation free energy is given by

1
Feorr L P] :/o d)L/drdr’p(r)p(r')h(r,r’;/l)w(r—r') (2.96)

By neglecting this correlation term we arrive at the mean-field ansatz. It is easy to
see that its validity depends on the strength of the correlation h, which is weakest
for low densities and high temperatures.

2.4.2 Fundamental measure theory

The approximations presented above represent perturbative expansions and as
such have only a limited range of validity (i.e. slowly varying profiles or low
density systems). An exception to this, is a family of functionals for hard sphere
systems, under the name of fundamental measure theory. Its origin goes back to
Y. Rosenfeld, who derived a functional by making a general ansatz using scaled
particle theory and determining unknowns by dimensional analysis [Ros89]. The
name fundamental measure refers to the weight functions (analogous to the weights
used in the WDA) that represent geometrical properties of spheres in different
dimensions (diameter, surface, volume). Over the years more advanced functionals
have been developed using the same or similar weight functions, achieving very
high prediction accuracy when compared to simulations.

In our study we use the Rosenfeld version of FMT, which is numerically easy to
implement and sufficiently accurate for the densities we are interested in. The DCF
calculated according to Equation (2.89) is equal to the one resulting from the PY
closure and the integral equation route. Note that the Rosenfeld functional is not
able to predict crystallization, a shortcoming that is remedied by tensor functionals
starting with [Tar00] and later used in the family of White Bear FMT functionals
[Rot+02; HR06]. The principal weight functions are w,(r), w3(r) and w,(r), while
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the others are only scaled variants of these. They are given by

wa(r) = 8(R - |r|) (2.97)
w3(r) = O(R - |r|) (2.98)
wa (r) = ~wa(r) (2.99)
The scaled variants are
wo(r) = ergz) (2.100)
wi(r) = VZT(;) (2.101)
w1 (r) = er(;) (2.102)

The weighted densities result from convolutions of the particle density with these
weight functions

0.0 = [ & (=) = (p 1) () (2.103)

and similarly for the vector weight functions. The functional has the following
form

BFalp] = / dr @y ({n, (1)) (2.104)

3
ning —Mmjp - Ny n, — 3nons - Ny
1- ns 247’[(1 - n3)2

Phs({ny(r)}) = —noIn(1 - n3) + (2.105)

2.4.3 Calculating density profiles

We have seen that the equilibrium density profiles are determined by the implicit
equation given in Equation (2.87). Since it is implicit it can’t be solved directly.
Instead, we use iterative methods to find a solution.

The usual procedure is as follows
« Initialize the quantities that do not change: V*(r), tex, pp

« Depending on the excess free energy functional that is used, prepare the func-

tion ¢V = — gﬁ%‘ , which given a density profile p(r) gives the corresponding

one-body DCF. Note that ¢ [p}](r) = —fiex = const., which needs to be the
case because the density p(r) at a point that is far from the applied external
potential and hence “feels” no influence, must be equal to the bulk density
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« Initialize the first trial density profile by some value, e.g. p;=o(r) = ppVr and
compute the r.h.s. of the implicit equation resulting in the output density

pi(r)
« Compute a new trial solution by mixing the previous input and output densi-
ties
pir1(r) = (1 — a)pi(r) + ap;(r) (2.1006)

the so-called Picard iteration. The mixing parameter « stabilizes the procedure
and helps to prevent density profiles that are unphysical (impossible packing
fractions), leading to diverging terms in the ¢} computation. It should be
chosen small, but not too small as this hinders fast convergence.

« Repeat until convergence criterion is met, i.e. ||p;+1(r) — p;(r)|| < & for some
small value of 8.

The Picard iteration scheme is simple and robust, however there exist more ad-
vanced schemes that are able to reach convergence faster, i.e. with fewer function
evaluations. Our code will make use of Anderson mixing (also known as Anderson
acceleration, Pulay mixing or DIIS'®). The two principal changes are that (i) more
than the last “output” values are considered when constructing a new trial solution
and (ii) the mixing parameter (now with a vector with more than one dimension)
is not fixed but optimized such that the matrix of the previous residuals times the
mixing parameter « is minimal, with the condition that }}; @; = 1 A more in-depth
analysis with comparison to other methods can be found in [Chu+21].

The structure of the FMT functionals can be exploited to speed up the calculation
of ¢V, Convolutions appear twice during the evaluation of the one-body DCF,
once when computing the weighted densities, and once due to the chain-rule
differentiation of the weighted densities w.r.t. the density profile

cD(r) = —Z / dr’aiq)(h;,) 5;;&;) (2.107)
_ , 0Ppg ,
=— ZV:/ dr an, (1) wy(r' — 1) (2.108)

the last line being again a convolution. These convolutions can be done using the
discrete Fourier transformation, which can be performed very efficiently using the
fast Fourier transform (FFT) algorithm.

1ODIIS, standing for direct inversion in the iterative subspace.
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When the external potential has certain symmetries, for example planar symmetry,
such that V®!(r) = V**!(z), we can speed up computations by solving the lower-
dimensional problem. In that case we can perform the integrals (for the weighted
densities and ¢(V) over x and y analytically, see Appendix A. It turns out that in
the case of planar symmetry the resulting integrals keep their convolutional form
and can hence be performed rather efficiently, though some care has to be taken
with the vectorial weighted densities, see [Rot10].

2.5 Wigner basis for SO(3)

In the previous section we described the configuration of a particle, or the density
distribution with just the spatial variable r. If the particles have further degrees of
freedom, these need to be included into the description as well. We are specifically
interested in particles that have an anisotropic interaction potential, therefore it is
necessary to take into account the rotation of each particle. For the parametrization
we chose Euler angles, due to them being relatively easy to visualize and implement.
Alternatives are rotation matrices or quaternions, the latter of which are especially
well suited for numerical applications as they do not suffer from some of the
peculiarities that plague Euler angles. Nevertheless, we settle for the simplest
choice we did not encounter any numerical problems and most of the literature
uses the same parametrization.

In order to fully describe the orientation of the general body (that means no sym-
metries) one needs three real numbers, in the Euler angle case, the rotation angles
around certain axes. Multiple conventions for how these axes are to be chosen,
exist. We employ the one where the particle is rotated around the following axes:
zyz. Further details, like the use of passive or active transformations are given later.
From a mathematical point of view, the rotations form a group called SO(3), the
special orthogonal group. Orthogonal, because the matrices representing the rota-
tions fulfill RR™ = R"TR = 1 and special, because it includes only proper rotations
with detR = 1.

The principal problem when treating anisotropic particles is that every observable
has in addition to its spatial dependence also an angular dependence which can
become difficult to handle. Especially when doing simulations and gathering data
the number of bins to fill increase dramatically. For the conservative choice of
A¢ = 0.2 for the angular bin spacing (for all three angles) we get

(2m)*2 104
(Ag)®

(2.109)
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bins to fill, which is in addition to every possible bin in the spatial coordinate.
Consequently, statistics is rather poor and long runs are necessary to produce
usable data.

Similarly, the high dimensionality of physical quantities, for example the density
distribution p(r, Q), does not lend itself to physical interpretations readily, even
a sensible visualization is already not clear as the dataset has more than three
dimensions. In order to simplify the treatment and reduce the dimensionality of
the relevant quantities, we get rid of the angular dependence by projecting on a
suitable set of basis functions. This set is given by the so-called Wigner D-matrices,
defined as

D!, (4,0, x) = e ™dl, (0)e " (2.110)

where for every [ € N the matrix D' is square with dimensions (2 + 1) x (2I + 1),
i.e.m,n € {1, ...,1}. The small Wigner d-matrix can be defined by

&, (B) = [(+m)( = m)( +m)(j —m)]?

, ) 2j+m—m’—2s B m’—m+2s
Smax | (—1)™ TS (cos 5) (sin 5)
X 2.111
Z (J+m=s)Ist(m’' —m+s)!(j —m —s)! ( )

$=Smin

where, spin = max(0, m —m’) and sy,ax = min(j +m, j —m’), such that the factorials
in the denominator are well-defined. The Wigner D-matrices have multiple uses
and as such allow different interpretations. One can think of them as generalizations
of spherical harmonics, which form a set of complete orthonormal functions on the
unit sphere S%, which, parametrized by the spherical coordinates (¢, §), is a subset
of the Euler angle triplet (¢, 0, y). Indeed, it follows with the previous convention

that
- 45
I _ 1
Dhy(6.0.0) = \| === Y,,(6.¢) (2112)

where the line over the quantity stands for complex conjugation, i.e. for a complex
number z conjugation changes the sign of the imaginary part

Z=x+iy=x—1Iiy (2.113)

The Wigner D-matrices are also used when rotating spherical harmonics. The
spherical harmonic evaluated at the rotated position «’ is written

Yp (@) = ) Dby ()Y () (2.114)

where the rotation between the coordinate systems of @ and «’ is given by Q.
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An important property of the D-matrices is that they form an irreducible basis of
SO(3) for every [ and that they realize rotations of irreducible spherical tensors
T;. Spherical tensors T; of rank [ are exactly those objects, that transform under
rotations the same way as the spherical harmonics Y/, i.e.

Tinw = ) Dby ()T (2.115)
m

Tensors of rank 0 are scalars and thus invariant under rotations. In this case
the Wigner D-matrix is equal to the identity matrix and the transformation law
is trivially fulfilled. Rank 1 tensors are vectors and their transformation under
rotations is realized by an orthogonal matrix R with det R = 1, a rotation matrix.
While the Wigner D-matrix with [ = 1 is not identical to the rotation matrix R,
they are related by a basis change, namely from the Cartesian to the spherical basis,
given by

1 i
e, = —$ex - %ey (2.116)
e_ = +iex - L.ey (2.117)
V2o A2
e =e€, (2.118)

This is familiar from how spherical harmonics with Y} transform, namely as vectors
in a transformed basis. Tensors of higher rank are for example the quadrupole
tensor or the Wigner D-matrices themselves.

Using this set of complete basis we can thus expand any function of Euler angles Q
and possibly other (independent) variables x as

F5,Q) =) fra(x)Dhn(Q)
Imn
) fio(x) £\ (D (@) Di(Q) Di(Q)
= foo + fo%l(x) foo® f(x) | Dé,l(Q) Dyo(Q) D;,(Q)
fﬁl(x) flo() fli(x) Dil(Q) D;y(Q) D;,(Q)
+...

(2.119)
where the dot product has to be understood element-wise between matrix elements
of the same index. Here and in the following we use the convention that underlined
indices represent the negative value of that index, i.e. 1 = —1. The coefficients f_
are determined by

fanl) =222 [ a0 D) 2.120)
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where

dQ =d¢pdcosfdy =dpdodysinbd (2.121)

2 T 2
/dQ :/ qu/ desinef d¢ = 8x° (2.122)
0 0 0

The Wigner D-matrices fulfill the following properties

and

(a) Orthogonality

8’
/ dQDiﬁzlnl(Q)D#lgnz(Q) = 21—511125m1m25n1n2 (2'123)
L+ 1
(b) Unitarity
> Dln(Q)Dh, (Q) = Su (2.124)
m
> Dln(Q)DL,,(Q) = S (2.125)

More properties and useful identifies can be found in [GG84] and in [VMK83].

2.5.1 Numerical evaluation

Numerically evaluating the Wigner D-matrices for arbitrary arguments is not a
trivial task. The formula given in Equation (2.111) can in theory be used, but due to
the many large factors resulting from the factorial expressions, loss of precision start
to sets in already for low values of /. Fortunately there exist alternative methods
that allow for a fast and accurate evaluation of the matrices.

Recursive method according to Choi et al.

Here we describe the method proposed in [Cho+99]. It is based on the fact that
Wigner D-matrices with upper index / can be written as linear combinations of
those with an index [ — 1. The recursion stops with [ = 1, as these D-matrices can
easily be evaluated by linear transformation of rotation matrices.

The algorithm assumes that the rotation matrix R corresponding to the three Euler
angles for which one wishes to compute D(¢, 0, y) is known. If this is not the
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case, and one knows only the angles ¢, 6, y, it is easy to compute it by a matrix
multiplication of the three individual rotation matrices

Rxx ny sz
R(6,9, x) = R.(P)Ry(O)R,(x) =|Ryx Ryy Ryz (2.126)
Rix Ry Ry

As mentioned earlier, D! is related to the rotation matrix R by a change of basis.
The real and imaginary part of the Wigner matrix is given by D' = F + iG with

(Ryy + Rxx)/2 sz/\/E (Ryy - Rxx/z)
F=| Rux/V2 Rz ~Rax/V2 (2.127)
(Ryy - Rxx)/z _sz/\/§ (Ryy + Rxx/z)

(Ryx - ny)/2 Ryz/\/i _(Ryx + ny/Z)
G= _Rzy/‘/E 0 - zy/\/§ (2.128)
(Ryx + ny)/2 _Ryz/\/E (ny + Ryx/z)

For Wigner matrices with [ > 2, there exist recursion relations that finally reduce
to the entries of F and G. The method has some advantages. First, since in our case
we do not just need the Wigner D-matrix for a certain [, but also for all [ below
this value, these are already calculated due to the recursive nature of the algorithm.
Second, in simulations the orientational degrees of freedom are often stored as
rotation matrices directly. Conversion of those to Euler angles require additional
computations and might be inaccurate, especially at “pathological” points (Gimbal
lock). It is therefore advantageous that one can use the rotation matrices directly
when calculating the Wigner D-matrices. An implementation of this approach is
shown in Listing D.1.

Diagonalization method according to Feng et al.

This method was more recently proposed in [Fen+15]. The crucial insight here is
the fact that one can rewrite the generator expression that defines the small Wigner
d-matrix in a different basis and calculate the corresponding matrix elements. The
usual (big) Wigner D-matrix results by adding the two trivial phase factors. Using
the spherical basis |Im) with

JIm) = 1(1 + 1) |Im) (2.129)
Jo llm) = m|lm) (2.130)
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the small Wigner d-matrix can be written as
2 (0) = (jmle™ | jn) (2.131)

however, in this basis the operator J, is not diagonal, so we cannot easily figure out
the 0-dependence. Since the eigenstates to the operator J, labeled by |ly)y, consti-
tute a complete and orthogonal basis we can insert the identity 3, |/ y>y y(l ul =1.
It follows that

dn(0) = (jm|e” ™| jn) (2.132)
+Jj

= > e (jmljp), , Culiny (2133)
p==j

The representation of the J, operator in the spherical basis is given by the matrix
0 —Xju1
Xj 0 —X_j+2

1 g
Jy == Xj-1 '0 . ' (2.134)

0 -X;
Xj+1 0

with <jm|]y|jn> = (X_nOmn+1—XnOmn-1) and X, = \/(] +m)(j — m + 1). Since the
matrix is Hermitian we can use standard methods to find the eigenvectors {|ju),},
necessary for the evaluation of Equation (2.132). All that remains, is to compute for
every matrix entry d7,, the scalar products {jm|j ,u>y and y< jpljn), which are then
summed with a weight of e7#%. Since the scalar products do not depend on the
input angle 6 we can pre-compute them once at the start of the program and only
compute the weighted sums, when the explicit matrix elements are needed. An
implementation in the C++ programming language, that makes use of this caching

approach, using LAPACK!! for diagonalization can be found in Listing D.2.

2.6 Symmetries and invariants

In the following we are going to model particles whose interaction potential explic-
itly depends on their orientation in three-dimensional space. Hence, it is important

UTLAPACK stands for Linear Algebra Package, which is a standard library for numerical linear
algebra, with a focus on efficiency and portability. It is written in Fortran as has bindings for
most popular programming languages.
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to define first what we mean by a certain orientation and how it is parametrized.
In order to specify the coordinates of an object it is necessary to define first a
frame of reference relative to which we measure these positions. For the sake of
simplicity this can be the usual right-handed Cartesian coordinate system with
orthogonal axes x, y and z, represented by xyz. The particle can now be placed
into the reference frame, in what we call the standard configuration, because as of
now, no further rotation has been applied; the particle is in the unrotated state.

When applying a rotation one has now two choices: Either the reference frame,
i.e. the coordinate axes are rotated, or the particle is rotated. In both cases the
orientation of the particle relative to the reference frame changes. Performing the
rotation in the active sense rotates the particle, while a passive transformation
refers to the rotation of the reference frame.

Finally, one has to chose how to parametrize the rotations, in other words, how to
realize it by breaking it up into smaller operations. While there are a number of
different choices, each with their own advantages and disadvantages we restrict
ourselves to the parametrization through Euler angles. Here the complete rotation
is decomposed into three individual rotations, each around a certain axis and a
certain angle.

Having fixed the rotation we can write in with the shorthand Q = ¢8y. Each
rotation is then applied from left to right, ie. ¢ — 6 — y, and acting on the
body-fixed reference frame (borrowing the language from [GG84]). That means,
the first rotation around z by ¢ produces a new reference frame with axes x'y’z’.
The application of 6 and y then produce the axes x”’y”’z"”" which is the final

configuration.

To repeat, we have
(a) rotate around z with ¢
(b) rotate around y" with 6
(c) rotate around z” with y

The same configuration of the reference frame can however be achieved by another
series of rotations. Here, all three sub-rotations are defined relative to the same
reference systems (coordinate system), making analysis easier, as one doesn’t need
to take into account the effect of previous rotations on the axes one is rotating about.
The rotations have the same angles, only now is the order of execution reversed,
that is y — 0 — ¢. That both descriptions are equivalent is not immediately clear
but can be shown by performing a transformation using both of the descriptions
and comparing the results.
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The transformation is now performed as
(a) rotate around z with y
(b) rotate around y with 6
(c) rotate around z with ¢

Of great interest to us is the composition of rotations. This comes from the fact
that we are interested in the change of certain properties under rotations from the
symmetry group of a particle.

In general there are two possibilities for how the combined rotation can be expressed.
Let the first rotation be the change from coordinate system S — S’, described by
the Euler angles Q; and the second from " — S”, described by the Euler angles
Q,. The combination of both, i.e. S —» S* — S”, can be written as one rotation with
the angles Q. The question is whether the angles Q, are defined with respect to
system S or S’.

(a) In the first case where both angles are specified relative to the system S we
have for the resulting combination

D, (Q) = > Di, (Q2)Dh,, () (2.135)

(b) In the other case, where Q, is defined relative to S" we get

Dy, (Q) = > D, (Q1)D}n(Q2) (2.136)

For more information the reader can refer to [VMK88], pp. 31-33. We are primarily
interested in the first case because we define both the symmetry operation and
the individual particle configurations with respect to the same standard configura-
tion.

2.6.1 Invariance condition

Our goal is to expand the angular part of the density distribution p(r, Q) in Wigner
D-matrices. A symmetry of the density distribution has implications on this expan-
sion. Let in general f(Q) be a function that has certain symmetries, such that for
a set of angles {Q;}, which can be viewed as equivalent under the symmetry, the
functional values of f are the same. Given the Wigner basis, this function can be
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expanded as f(Q) = Y. f. D! (Q). Because of the symmetry some coefficients are
related to each other, therefore it is sufficient to have knowledge of a few coefficients
to reconstruct the original function completely. Another way to look at this is to
define a new linear combination of Wigner D-matrices, that together transform
such that they are like the original function f invariant under the given symmetry
operation. Instead of a set of moments that are linearly dependent we arrive at just
one “symmetrized” moment, which reduces the bookkeeping-cost.

For the Kern-Frenkel potential, which will be defined later, there are 16 orientational
configurations (4 for each particle), that are physically equivalent if we assume the
particles’ features to be indistinguishable!?. Starting from the potential, which is a
two-body function, we can deduce also the invariant configuration for one-body
functions, like the density distribution, by imagining two particles interacting with
each other and fixing the configuration of the second particle.

In the following we will construct a new basis of combined Wigner D-matrices that
together fulfill any arbitrary point symmetry. We define the new invariant basis as
weighted sum over the mth row of the Wigner D-matrix

AL(Q) = > diD}, (), (2.137)

with the unknown coefficients d'. For each of the |G| congruent Euler angles the
function must evaluate to the same value, as it is invariant by construction. That
is
AQ)+AQ)+---
|G

=A(Q) (2.138)
Making use of the transformation relation of Wigner D-matrices we can write

d.D!,,(Q) =d\D! (Q) Z i > Dy, (R)

RieG
)
= dleDfn k(Q)H,(“z (2.139)
k
where we introduced the projection operator II
n® =
Mo = 157 ZD (R)) (2.140)

RieG

2In our case we assume the particles to be “decorated” with patches that are indistinguishable.
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By projecting out we arrive at

D gl _ gl
> nild =d, (2.141)
k

which is an eigenvalue problem with at most (2] + 1) solutions. We are going to
label the solutions by an index j as in dfj]n which at the same time also labels the

different invariant basis functions in every [/ subspace
l — 1 I
Ay = Z d} ;15 Drn () (2.142)
n

In order to preserve the normalization of the original Wigner matrices we need to
make sure that the following normalization holds

Z (dfj]n)2 =1 (2.143)

To recap, we found those linear combinations of Wigner matrices that transform
between each other under rotations and are invariant for every rotation from the
respective symmetry group. This can be checked by generating a tuple of three
Euler angles Q and calculating the other eleven “congruent” angle tuples ', Q”, . . ..
For every tuple the invariant Wigner matrix gives the same value

l _ Al " _
ALy (Q) = AL (@) = (2.144)

An alternative perspective can be gained by applying the above process not to a new
basis A, but to the expansion of a general function on SO(3). Then Equation (2.137)
becomes

F(Q) = fhaDha(Q) (2.145)

Imn

with an invariance condition similar to Equation (2.138). The solutions to the
resulting linear system are the same dfj]n from before, this time with a different
interpretation. They tell us the relative magnitude of certain moments with respect
to others, as a consequence of the symmetry of the system.

Results for tetrahedral symmetry The method presented above works for any
point symmetry, it is only necessary to compute the Euler angles for all rotations
in the given group. We are specifically interested in the symmetries generated by
the tetrahedral group T. Its group elements are shown in form of permutations
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permutation ¢ 0 X ‘ ¢ 0 X
(id) 0 0 0 0 0 0
(012) 0 w/2 -m/2| -n/4 x[2 -—n]4
(031) T n/2 w/2 | 3n/4 x/2 3r/4
(132) T n/2 -x/2| 3x/4 x/2 -m/4
(023) 0 /2 w/2 | —-n/4 x/2 3r/4
(021) -x/2 x/2 T -3x/4 m/2 -37/4
(013) n/2  7w/2 0 /4 m/2 7w/4
(123) -x/2 n/2 0 -3n/4 m/2 rw/4
(032) n/2 7w/2 T /4 m/2 -=3r/4

(02)(13) 0 T 0 -r/2 7« 0

O3 7= 0 0 0 0

(03)(12) T T 0 /2 T 0
convention (A) ‘ (B)

Table 2.1: Angles for the rotations in the group T for two different conventions of

the body frame.
l basis components
function

3 A %Dgﬂ + %Df@
4 A;ln[l] %Dfng + %Dﬁm - %Dfno
6 Afn[l] ngné + %DSM + \/TEDSnO

Afn[Z] _@Dfng + @Dfné - @Dfng + @DfnZ
7 AZn[l] —%DZ@ + %D;g - gDZm + %D;s
8 Afn[l] _%Dfné + %Dfng + @Dfno - %Drgﬂ + %Dfns
9 A?n[l] %Drgng + %Dfng + %Dfnz + %Dfné

A?n[z] _%Drgné - %Drg;g + gDrgm + %D;S

Table 2.2: Linear combinations of Wigner matrices that are invariant under all

tetrahedral group transformations up to [ = 9.
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I non-zero independent
1 l
Donn Bt

[«)

O 00 N QN U N —m O
00 Ul v I ©O W DN OO
N = = DNO R = OO O

Table 2.3: The number of non-vanishing D! = and linearly independent Ain[j] up to
[ =9, resulting from tetrahedral symmetry, for a fixed m. For a general
inhomogeneous situation, m = —I...[, whereas in the flat wall geometry
(cylindrical symmetry), m = 0.

in Table 2.1. The group is isomorphic to the group A(4), the alternating group of
degree four which consists of all even permutations on four elements, shown in the
first column of the table. This can be seen by identifying the four vertices each with
one number from the set {0, 1, 2,3}. A symmetry rotation of the tetrahedron then
corresponds to a permutation of the vertices. As we only consider proper rotations,
this corresponds to the alternating group and not to the symmetric group S(4),
which contains 24 elements in total. A graphical representation of this isomorphism
is shown in Figure 2.3.

The first couple of symmetric basis functions are shown in Table 2.2, with the
corresponding number of linearly independent basis functions in Table 2.3. Due to
choice of patch positions, all matrix elements appear symmetrically, i.e. D! = and
D! appear with the same prefactor. We can see from the tables that there are no
basis functions for [ < 3 as these would not transform in the appropriate way (for
I =1 for example, they would transform as a vector).

2.6.2 Group theoretical description

Alternatively, one can approach the problem from a group theoretical point of view.
For an introduction to group theory in the context of physics, one can choose from
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@
o’e %% e

Figure 2.3: Action of the permutation on the positions of the patches. The diagrams
on the Lh.s. show the particle from a top view. A three-dimensional
representation is also given for easier visualization.

a number of texts, e.g. the classic reference [Ham89] or for a more recent treatment
[RD19]. For the sake of brevity, we will not go into too much detail regarding
definitions and proofs, but only offer a condensed overview of the most important
concepts.

A group G is a set of elements g;, and group multiplication that is closed
9192 — g3 €G (2.146)

Further, G needs to contain the neutral element e, such that Vg € G: eg = g and
the inverse ¢! for every element g € G, such that g7'g = e. Then, the group’s
structure (i.e. the way the elements behave when multiplied, summarized in a group
table) can be realized by linear operators (matrices) acting on some vector space
V, given by the map p : G — GL(V). For every group there is a large number
of families of matrices that follow the group structure. However, one can single
out so-called irreducible representations, which have the property that there is no
smaller subspace that is G-invariant, other than the zero vector space.

Given any general representation, it is possible to decompose it into irreducible rep-
resentations (irreps). This mean that the irreducible representations are the building
blocks for all the representations of a given group. Specifically, we are interested in
the decomposition of reducible representations into irreducible representations.

As mentioned earlier, the irrep of SO(3) is given by the Wigner D-matrices. In
contrast to the well-known point groups, there are infinitely many conjugacy
classes', one for every rotation angle y € [0, 27). Note, that this rotation angle
does not correspond to any of the Euler angles but equals the rotation angle in the

angle-axis parametrization'*.

B3Class of equivalent group elements.
YThis parametrization is given a rotation axis a that can point in any direction and a rotation angle

v.
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One can further define the character of a group element by the function y, given
by

xp(9) =Tr(p(9)) (2.147)
where Tr is the trace operation defined on linear operators. Due to the properties of
the trace, it is invariant under basis changes of V. For a given group, the character
table lists the character of all conjugacy classes and irreps. The character of the
identity elements (denoted by Id) is equal to the dimension of the representation.

The characters of the Wigner D-matrix representation are given by [VMK88]

sin ((2j + 1)y¥//2)
sin(y/2)

The character tables for most physically relevant point groups can be found in
standard text books like [Ham89]. For the tetrahedral group T, the table is given by
Table 2.4. We see that the tetrahedral group has three irreducible representations in
total, usually denoted by A, E and T. In the trivial representation A, every element
is given by the real number 1, it is therefore one-dimensional, and all characters
are also equal to one. The representations E and T and respectively two- and
three-dimensional ™, though E can be seen as combination of two one-dimensional
representations, where one is the complex conjugate of the other. In the following,
we will only be interested in the trivial representation A. The formula for obtaining

(2.148)

K@) =D Din(0,4,0) = > din () =

Id 4C; 4C: 3G
Al1 1 1 1

L0 e 1
Ely o o 1
T]| 3 0 0 -1

Table 2.4: Character table of the tetrahedral group, showing the character of every
group element of one of the three irreducible representations A, E and T.
The parameter 6 corresponds to the value e/?"/3,

the multiplicity m*, which tells us how often an irreducible representation appears
in a given reducible representation is given by

m =S (9x™ (9) (2.149)
Gl &

Note, that the dimensionality of an irrep can be read off from the group table Table 2.4. The
element Id is always the identity matrix and the trace therefore is the dimensionality of the
representation.
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The coefficients for the characters of the irrep )(Fk can be found in Table 2.4. The
ones for the reducible representation (y!) can be calculated using Equation (2.148)
and the angles for the group elements given in Table 2.4. The correspondence
between group element and rotation angle is given by

the identity, corresponding to 0°

+ 4 Cs, corresponding to 120°

4 Cg, corresponding to, again 120°

and 3 Cy, corresponding to 180°

il sc? 3q,
11 1 1
13 0 -1
2|5 -1 1
307 1 -
419 0 1
5011 -1 -1
6113 1 1
7015 -1
gl17 -1 1
9119 1 -1

Table 2.5: Characters y’ of the tetrahedral group in the Wigner D-matrix represen-
tation.

As an example, let us calculate m? for the case j = 3, in other words how often
the irrep A of the tetrahedral group appears in the D-matrix representation with

Jj = 3. As the characters for the irrep A are all equal to one, i.e. )(rk = 1, the formula
reduces to a sum of y' only

1
mA:E[7-1+8-1+3-(—1)]:1 (2.150)

meaning it appears once. The only other irrep that appears is T with m! =2. Asa
result, the decomposition for j = 3 is given by

Ao 2T (2.151)

The decomposition for other values of j up to j = 9 are shown in Table 2.6. This
means that we can find the same information that is contained in Table 2.3, in a
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decomposition
A
T
E®T
A®2T
AoE®2T
E®3T
2A®E®3T
ASE®4T
AG2E®4T
2A0E®S5T

O 0 1 N UT WO R O

Table 2.6: Decomposition of the individual representations for every j up to the
value j = 9. The trivial representation A is highlighted in bold.

much faster way, by computing how often the representation A appears in the
decomposition belonging to the number j, i.e. the number in front of A in Table 2.6
is equal to the entries in Table 2.3.

The projector onto the irrep k from the reducible representation I' is given by

frk
k _ T
Pr=—

=G Z K (9T (9) (2.152)

geG

We can see that if we chose as irrep the trivial representation A (where all )(rk (9)
are equal to one), then the projector corresponds exactly to the one presented
earlier in Equation (2.140).

2.6.3 Rotational invariants

Similar symmetry considerations apply also when working with two-body functions
like the radial distribution function, which now depend on the relative distance r
between the particles and their respective orientations Q;

g(r.Q1, Q) or g(r, Q1 Q.9) (2.153)

Again, there is the possibility of expanding the orientation degrees of freedom in
Wigner D-matrices, however there are multiple possibilities. Instead of expanding
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g in terms like!®
mn(Q1) D5, (Q2) Dy (£) (2.154)

it makes sense to define certain linear combinations of Wigner D-matrices that are
invariant under rotation of the whole two-body system. The reason for this is that
“genuine” two-body functions like the RDF have exactly this property, since they are
independent of the reference system that one uses. Expanding in such an invariant
basis automatically leads to expansion coefficients that are the same in every rotated
coordinate system, which has two advantages. First, it is not necessary to specify a
special frame, as they are now all equivalent, and second, if we need to evaluate a
certain quantity we can choose a frame that makes the computation particularly
easy. This type of invariant expansion was first introduced in [BT72] and then later
worked out in more detail in [Blu72; Blu73; BT88].

The invariant expansion of a pair-function f is given

F,Q1,Q0) = > £ (r1p) @ (Q1, Qs 1) (2.155)

mnluv
where the invariant basis functions ® are given by

m n I
(01, 00, 1) = ey Z( o

) Dy (Q1)D},,(Q)D}, () (2.156)
with the normalization!” ¢,, = V2m + 1. The interpretation is that the 3j-symbols
take care of summing the right combinations of Wigner D-functions such that taken
together any extra coefficients resulting from a rotation of the reference frame
cancel, and the result becomes invariant. This is in fact a general property. For
spherical tensors [i.e. they transform according to Equation (2.115)] A, Bny, Cix

the product

m n |

Z( y A)Amanva (2.157)
) K

is always a rotationally invariant scalar, as shown in Appendix A of [GG84]. We
can therefore take advantage of the fact that the Wigner D-matrices are spherical
tensors themselves. The connection to the Clebsch—-Gordan coefficients can be
made by the relation

(11 J2 j3) (=1)JrJemms

2.1
my my ms S (jimijoma|js(—ms)) (2.158)

18The radial vector f in the argument of the D-matrix should be interpreted as the two Euler angles
corresponding to the direction of the radial vector.
7Note that [GG84] uses a different normalization. We prefer the one given as then the moment

gggo = g(r), without further factors. It is also used in [Bel17].
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however, it may be more practical to work with the 3 j-symbols as their symmetries
are easier to work with. For efficient numerical evaluation of the 3j-symbols see
[JF16].

The coefficients fp'ﬁ”l are found by projecting the full function f onto the basis
functions

H”V’”l =(2l+1) / dQ,; dQ, dfﬁl"v’”l(f', Qy, QZ)QDL"V”I(Ql, Q,, 1) (2.159)
From this viewpoint it is straightforward to include the tetrahedral one-body
symmetry that we treated before. For that, we replace every occurrence of normal
Wigner matrix with that of the invariant one, D — A

N m n I - .

qy[rll;l]l(Ql, QZ: I‘) = CmCn Z/l (ﬂ/ V/ /1/) Azl/[l] (Ql)Az/ 0] (QZ)DA/O(I‘) (2~160)
l,llvl ’

Since the basis functions A are labeled by an index the same carries over to &,

replacing the previous indices pv.

While the expansion coefficients of the function f are independent of rotations
of the lab frame, they do depend on the choice of the “unrotated” frame for the
individual particles. This means that different conventions lead in general to
different expansion coefficients; they are however linearly dependent. In our case
this choice would translate to the positioning of the patches on the individual
particle.

2.6.4 Intermolecular frame

In order to calculate anisotropic pair quantities like the radial distribution function
we are effectively creating histograms of functions which depend on eight variables,
consisting of twice the three Euler angles plus the two (spherical) coordinates of
the connection vector between them.

For ease of reading we repeat here the invariant expansion of a function f

FQ1,Q0) = > fm (rip) O (Qu, Qp, f12) (2.161)

mnluv

We can now take advantage of the fact that the basis functions <I>Z’V”l are the same in
every reference frame. If we found a frame that makes the calculation of the coeffi-
cients particularly easy we can transform into that frame, perform the calculation
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and then transform back into the original frame. The basis functions ® assume a
particularly simple form when the separation vector t points into the z-direction,
as then

D}, (0,0,0) =8y, or D4,,(0,0,0) =3y (2.162)

We call this reference frame the intermolecular (IM) frame and label the Euler angles
with respect to this frame with a lowercase w, i.e. the rotation of particle i is given
by Q; in the lab frame and w; in the intermolecular frame. The transformation from
Q — o depends on the direction t and will be given later. Note that numerically

O (w1, w3, 0) = DI (Qy, Qp, 1) (2.163)

In the IM frame the basis functions reduce to

m n [\— S
(Dmnl(wl’ W2, 0) = CmCn Z (X X 0) D)r?,u(a)l)DZV(Q)Z) (2~164)
X —
with the expansion becoming
I _

f(w1, wa, 1) = Zf;ﬁnl( )Z ()( X O) ?p(wl)Dzv(MZ) (2.165)

mnluy

We introduce a new collection of expansion coefficients with the relation

g (T )—Z (r; ; 0) £ (r) (2.166)

which goes under the name of y-transform [BT72]. This relation can be inverted,
yielding

m n
fumvnl(r) =(2l+1) Z (}( ¥ ) WX(r) (2.167)
l —
Rewriting Equation (2.165) in the y-transformed coefficients yields
flonpr) = Y £ (r) Dy, (01) Dy () (2.168)
mnpvy

which means that we can find f;77 (r) by the following projection

vy (1) = / dwy dewy f (@1, 0, 1) DY, (1) Dy, (@2) (2.169)

which is an integral over only two triplets of Euler angles. By further rotating
the IM frame such that ¢, is equal to 0, we can reduce the integration to just five
dimensions. The original quantity of interest can then be computed by the inverse
x-transform Equation (2.167).
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Performing the transformation into the IM-frame Our goal is to transform
the orientations in the lab frame Q; to orientations in the IM frame, where the
connection vector points in the z-direction. The representation for the orientations
used in our simulation code is given by rotation matrices. Therefore, we are going
to restrict ourselves to the transformation of the rotation matrices and not the Euler
angles in general. Anyhow, conversion between the two is always possible.

Assume that the vector pointing from particle A to particle B is given in the lab
system (defined by the simulation box) by the vector r; We want to find the ro-
tation matrix Ry, that makes ry parallel to the z-direction, thus defining the
intermolecular frame. It is clear that Rpv—; = Ry v and that

L—

RIM—>Lez =TI (2.170)

Given the Cartesian coordinates of r; it is easy to find the corresponding spherical
coordinates ¢, 8 for which

Rz(¢)Ry(9)ez =TIL (2.171)
By R:'(a) = Ri(—a) and orthogonality of rotation matrices we have
Ri—mm = Ry(—0)R.(—9) (2.172)

The patches of any particle in the lab frame result from multiplication of the
orientation matrix of said particle with the patch positions in the unrotated frame
p

p. = R(Q)p’ (2.173)

The orientation matrix in the IM frame can therefore be written as

RiMR() = Ry(=0)R:(=¢)R(Q) = R(w) (2.174)
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3 Kern-Frenkel (KF) model and
patchy particles

3.1 The Kern-Frenkel model

The Kern-Frenkel potential is a simple, yet rich model for associating particles.
Due to its rather easy implementation and flexibility is often used as a model for
investigations of patchy particles. Control over the bonding geometry further
allows for comparison with results from Wertheim’s thermodynamic perturbation
theory, that will be discussed later. The KF potential consists of a hard-sphere
potential plus an anisotropic attractive part that is due to patches attached to the
surface of the sphere. The patches are described as cones, which have their tip in
the particle center and extend into the radial direction, their base surface being
curved. The number of cones is variable, here we restrict ourselves to four patches
arranged in tetrahedral configuration.

The Kern—Frenkel potential is defined by

NP
VIR (r15, Q1, Qp) = s (r12) + bow (r12) Y dp(r1a, #(Q1), 1 (22))  (3.1)
a,p=1

showing that the radial and angular degrees of freedom factorize, making the model
easier to treat analytically. Here, N}, is the number of patches and ¢y () is a square
well potential

—e ifrefo,o+ 9]
. (3.2)
0 otherwise

with the attractive range § and attraction depth €. ¢, is the orientation-dependent
patch—patch part

Ipp - % > 0
Y 1 ifboth { 127717 0% Umax
Pp(r12, 17 (Q1), 1, (Q2)) = —f12 - T > €OS Omax (3.3)
0 else
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characterized by the opening angle 0, of the “cones” that interact attractively
between the particles’. For the directions of the patches we chose the following

convention
L[V2 V2 o0 o
P=—| o 0 —V2 V2. (3.4)
\/§ 1 1 -1 -1

where each column is the vector pointing from the particle center into the respective
patch direction.

Figure 3.1: Three-dimensional render of two Kern—Frenkel particles being in the
bonded state. The vector f;» is the connection from one center to the
other and the parameters 0y,,x and § are parameters of the KF potential.

Single bond condition Our plan is to use Wertheim’s TPT1 as a reference for
further developments of the excess free energy. One of the principal assumptions of
TPT1 is that only one bond is allowed per patch. Because the KF potential allows in
principle parameters for which one patch of particle A is bonded both to a particle B
and a separate particle C, we need to tune the cone opening angle and the attraction
range jointly. The single bond constraint is fulfilled when the condition

sin(fmax) < [2(1+8)]7 (3.5)
holds, see [RRR18]. We chose the parameters as given by

§=0.119 (3.6)
c0S Opax = 0.895 (3.7)

For a true to scale representation of these parameters, see Figure 3.1. The critical
temperature T, corresponding to this choice of parameters, can be estimated from

In order to evaluate the bonding part in simulations only two cosine evaluations are necessary
for every patch pair.
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simulations [FS07] and is equal to T, = 0.1682 + 0.0005, n, = 0.139 + 0.004. For
comparison, the critical values for TPT1 are given by [Sto19]

T, =0.161, n.=0.172 (3.8)

The surface coverage y is the percentage of particle surface that is covered by the
patches, and depends on the cone angle and the number of patches n. It is given

by

¥ = nsinz (enzlax) — g (1 _ COS(Qmax)) (39)

The bonding volume v}, defined as the part of the rotational phase space, for which
two adjacent particles are in the bonded state, is given by

op = XZMTag [(1+6)°-1] (3.10)

Note, that the surface coverage can also be written as multiple of the zero-moment
of the Kern—Frenkel potential V = VXE e,

)(2/dQlngdf:/dQlszde(Ql, Qy, 1) = Vy° (3.11)
= 2567% y° (3.12)

More information on the moments of the KF potentials will be presented in Sec-
tion 4.4.1.

3.2 Physics of patchy particles

In recent years patchy particles have attracted much attention due to their inter-
esting properties. Especially particles with four patches arranged in a tetrahedral
configuration represent a valuable test system when trying to understand real
anisotropic fluids, such as water. While being a relatively simple model, patchy
particles display a rich physical behavior, for an overview see [Rus+22].

The important difference to other often used models for fluids, say interaction
through square wells or electrostatic forces, is the fact that the interaction is
orientation dependent and not just radially symmetric. This modification makes
it possible for the fluid to be in a percolated state, with system-spanning particle
clusters and relatively long lifetimes.
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Figure 3.2: Phase diagram of TPT1 together with the critical point of MC simulations
for M = 4 patches and the parameters mentioned in the main text. The
binodal of the KF systems is qualitatively similar to the result of TPT1,
though slightly wider and flatter, see [Bia+08]. The blue dots represent
the state points, at which our training data is collected in the following
treatment.

Empty liquids In order to understand the novel behavior of patchy particles,
let us first recapitulate the phase behavior of a liquid, that interacts through an
isotropic potential, e.g. a square well or the Lennard-Jones potential. Below the
critical temperature the liquid can coexist at two different phases, the low-density
gas phase (p,) and the higher density liquid phase (p;). The liquid branch of the
binodal is rather steep, and densities grow rapidly as the temperature decreases,
making the coexistence region rather wide. If we consider a point above the
critical temperature and a density larger than the critical density, it follows that the
liquid becomes unstable (by entering the coexistence region) when lowering the
temperature. It is therefore not possible to reach the state of a low-density, stable
liquid.

The situation changes in the case of patchy particles. Here, the binodal decreases
in a much steeper fashion, and therefore does not extend that far out into the high
density region, see Figures 3.2 and 3.3. The exact width depends on the number
of patches (the valence), with fewer patches having a narrower binodal and lower
critical temperature. The much smaller width of the binodal opens up the possibility
of forming equilibrium gels in the region right of the binodal but still before the
solid region. Compared to packing fractions of liquids interacting isotropically, the
packing fractions here are much lower, hence the term “empty”. The reason for this
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isotropic potentials valence-limited potentials
T o T a
fluid fluid
solid solid
liquid it network
gas-liquid coexistence gas-liquid  region I
density, density’

Figure 3.3: Sketches of phase diagrams of liquids interacting through an isotropic
potential and those interacting through valence-limited (VL) potentials
like the Kern—Frenkel potential. Notice, how in the isotropic case the
binodal extends into the glass region, while in the VL-case, it ends before
it, with a region of equilibrium gels forming in between. The plot omits
the solid phase that is located at very high densities. Figure adapted
from [Sci08].

behavior is the limited valence of the particles. In contrast to isotropic particles,
increasing the number of potential bonding partners would not result in a lower
energy state, as all bonding sites are already saturated. Interesting behavior can be
observed when mixing two- and three-patch particles, such that the mean number
of patches (M) varies in the interval 2 < (M) < 3. Towards the limit (M) — 2 the
liquid density approaches that of the vapor, meaning that by tuning the number
of patches one can reach in principle arbitrarily low density fluid phases [Bia+06;
HTG11].

3.3 Monte Carlo simulations

The “ground truth” data is generated using computer simulations of the system.
In principle, we have either the choice of doing molecular dynamics simulation
(integration of the equation of motion), or Monte Carlo simulations, which is a
method to generate samples of phase space coordinates of the system, that follow the
equilibrium probability distribution of the system at a certain temperature. Because
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the interparticle potential is discontinuous, which leads to diverging forces, it is
simpler to simulate ensembles of patchy particles using Monte Carlo techniques.

The basic working principle of a (canonical) MC simulation is a follows. The
physical state of the N particles making up the system is initialized, for example,
by random uniform sampling over the possible coordinates. Let this state be called
so- Depending on the specific method that is used, a new state is proposed, e.g.
by displacing and rotating a particle by a small amount (also called a rototrans
move). Afterwards the ensemble energy corresponding to this new state E(s;4+1) is
calculated. Depending on the energy difference AE = E(s;4+1) — E(s;) the new state
is accepted. This is always the case if AE < 0 (energetically more favorable) and
with probability

pis1 = e PAE (3.13)

if the total energy increases, i.e. AE > 0. The bigger the change, the less likely it is
that the move is accepted. This is further amplified when the temperature is low
(large p). For this reason it can become difficult to sample effectively from systems
at lower temperature because simple rototrans moves are usually rejected.

The correct statistical sampling is implemented by first drawing a uniform number
u between 0 and 1, and accepting the move if u < p;;1; otherwise the old state is
kept. After a sufficient number of moves the systems is thermalized and represents a
sample of the system at equilibrium. Subsequent samples also follow the equilibrium
distribution, they are however highly correlated, because there is little change
between individual snapshots. In order to get rid of these unphysical correlations
a number of moves is discarded after every sample and not considered when
calculating expectation values. These states are only used to advance the Markov
chain and decrease the correlation. For more detailed information on Monte Carlo
techniques, specifically in the context of liquid state theory we refer to the excellent
textbooks [AT17; FS23].

For low density systems it becomes difficult to reach equilibrium states using only
rotation and translations (rototrans) moves. There exist more sophisticated MC
moves, e.g. the AVB move, that transports particles into the bonding region of other
particles. In order to conserve detailed balance, the reverse move of breaking up
clusters has to happen with the same probability. We use the publicly available code
called PatchyParticles by Rovigatti et al. [RRR18]. It supports multiple ensembles
and MC moves, especially also the AVB move.

Random orientations During the implementation of simulations of anisotropic
particles one needs to decide on how to computationally deal with the rotational
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degrees of freedom. Saving the individual Euler angles for every particle reduces
memory consumption but makes it necessary to compute the corresponding rotation
matrix to evaluate the patch orientation. Therefore, it is more sensible to store
either the rotation matrix itself or alternatively, use quaternions to parametrize
the rotations. While the latter is often preferred for numerical stability and easy
random sampling, it adds a layer of indirection. The PatchyParticles code therefore
uses the rotation matrix representation internally. One can save some memory by
only keeping account of two rows and then compute the third when necessary
as the rotation matrix is orthogonal. Due to inexact floating point arithmetic it
is necessary to re-orthogonalize the rotation matrices after a number of moves.
One difficulty that arises from this choice of parametrization is the process of
sampling a new rotation that is close to the previous one. One might implement
this move by sampling a random direction on the sphere n and then rotate this
around an angle ¢, leading to the matrix R(n, ¢), which is then multiplied by the
old rotation matrix. It is important to realize though, that the angle ¢ is in this case
not uniformly distributed in [0, 277], i.e. ¢ + AU (0, 27), but following the probability
density sin(%¢)2. For a proof see [Mil65].

An alternative way is to sample ¢, y ~ U(0,27), z ~ U(—1,1) and setting 0 =

arccos(z), as described in [Kuf04]. More information about random sampling of
orientations using different parametrizations can be found in Ref. [Yer+10].

3.4 Orientational structure of the KF liquid

Due to the anisotropic interaction potential, it is clear the system distribution
functions will also become anisotropic. We specifically look at the radial distribution
function g(r) and the one-particle density distribution p at a wall and around a
(hard/square well) radial tracer particle.

3.4.1 Homogeneous case

In the case of a homogenous liquid, i.e. without an external potential, we are inter-
ested in the fully resolved (molecular) pair distribution function g(ry, ry, Qq, Q) =
p@ (11,15, Q1, Q2)/p?. With the molecular pair density defined by

N N
PP (1112, Q1 Q) = ( D D 8(r1 = 1)8(r; = 1))8(Q1 = Q)S(Q - Q) ) (3.14)

i=1 j#i
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Since the systems is homogeneous, the RDF does not depend on the two individual
positions ry, ry, but only the separation vector r

1
pP(r,Q1,Q,) = — / dr'pD(r + 1,1, Qy, Q)

<Z Z S(r—r1;))5(Q1 — Q)S(Qy — Q;)

i=1 j#i

> (3.15)

The dependence on the individual orientations Q; remains, however. The pair
distribution function can then be written as

®) (112, @1, Q2)
g(ri2, Q1,Q2) = g 1;2 —

14 SRR . 619
- NN=1) <Z Z S(r —rij)5(Q1 — Q)8(Qs — Qj)> -~

i=1 j#i

In the usual case of isotropic particles one can proceed by binning simulation data
into radial bins centered at r + ér. Then

9(r) = n(re) /n'(re) (3.17)

where n'¢ is the number of particles in the (finite) radial shell at radius r, calculated
by
nd(r) = [(r +6r)® - 3] =Vip (3.18)

Note that in the case of inﬁnites1mal or we reproduce the formula of Equation (3.16)
with the identification Vi, — 472, n(ry) — % and N/V — p. In the case of
anisotropic particles, binning for the six Euler angles would turn out to be rather
expensive and statistically unfavorable. We therefore expand the rotational degrees
of freedom in the rotational invariants defined earlier. This way we return to one-
dimensional histograms that only depend on the radial distance r. The expansion
reads

g (r, Q1L Qp) = / dQ; dQ, dig(r, Q1, Q)P (Qy, Qy, F) (3.19)

In order to save computing time, we make use of the intermolecular frame repre-
sentation introduced earlier. For every pair of particles with orientations Q4, Q,
and separation vector rj; we first find the rotation that is necessary to bring r;,
into the z-direction. The rotation is determined by the procedure described in
Equation (2.174). For the moments of g in the intermolecular frame it follows that

G () = N(N 2 funfaDl (@)D () (3.20)

z} rij€bink
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The following data was extracted from simulation snapshots of an NVT ensemble
using periodic boundary conditions (bulk system). In Figure 3.4 we show the radial
distribution function gl['l”ln] (note the use of symmetry-adapted basis functions) for
all non-vanishing moments with [, < 4 at a state point with strong orientational

anisotropy but still above the critical temperature.

For the moments that we examine, one can see that the strongest contributions are
located in the bonding region (radial distance in which two adjacent particles are
bonded), however correlations also extend further out. The exact location of the
second peak depends on the specific moment, but is generally before r = 2¢. This
is a consequence of the particles’ symmetry, leading to the formation of tetrahedral
networks. It makes sense to differentiate between moments with one index m, n = 0,
and those with m,n # 0, as the former are independent of the “central” particle’s
orientation. These are therefore less influenced by the tetrahedral geometry, which
leads to a different structure if compared to the completely anisotropic moments.
Moments with at least one index equal to zero are not as peaked around the second
coordination shell (where alignment becomes important) and their range is slighlty
larger.

3.4.2 Inhomogeneous case

When applying an external field the density profiles become inhomogeneous. In the
following we will employ different external potentials in order to investigate the
structure of the patchy fluid. We limit ourselves to potentials that are dependent
only on the position r of the particle and not its orientation Q. An orientation
dependent external potential would lead to so-called anchoring, favoring certain
orientations of the particles?. The first potential we are considering is the hard
wall, given by

oo ifz<ocorz>L

Vot (2) = {0 otherwise (3:21)
which means it is independent of the x, y coordinate, and the system is assumed
to extend periodically in these directions. Apart from its simplicity, the hard wall
further permits the extraction of information about the pressure using the contact
density, see [Rot10]. The system is realized on the computer by constraining MC
moves to ensure particles remain within the box (outside the wall). In the radial

2DFT studies featuring an anisotropic external potential can be found in [WRS18; MCT13]
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Figure 3.4: Radial distribution function g’[’i';l] for up to lnax = 4. The upper panel
shows the bonding region, while the lower panel extends to up to r =

3.50.
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(a) (b) (©)

Figure 3.5: Diagrams representing different external potentials, shown as blue areas
(exclusion volumes). Here (a) shows the hard wall, (b) and (c) show that
of a hard tracer for different tracer radii. With increasing tracer radius,
the system in (c) approaches that of hard wall. Intuitively, this is clear
as the curvature of sphere with radius r — oo is zero.

geometry we employ the hard tracer and the square-well (SW) potential

oo ifr<o

Vtracer(r) = { (3.22)

0 otherwise

o ifr<o
Vew(r) =4—€ ifr>0<o0c+$6 (3.23)
0 otherwise

Due to the radial symmetry, these profiles give us the possibility to see how the
fluid structure changes when patchy particles are grouped around particles with
isotropic interactions, therefore ignoring their tetrahedral geometry.

In order to examine the orientational structure of the fluid we determine the
complete density distribution

p(r, Q) = n(r)a(r, Q) = Z n(r)al (r, Q) (3.24)
Imn

induced by the respective external potential V(r). In the planar geometry we create
histograms according to

1
n(z) = Z 1 (3.25)
i:Z; €2}
l —_—
Gn(26) = 15 D, Dinn( Q) (3.26)
i:Zj€z)
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Vew(r)
Viracer ( r)
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Figure 3.6: Plots of the two external potentials exerted by the hard tracer (a), and the
square-well particle (b) with the corresponding parameters € (bonding
strength) and § (bonding range). The blue shaded areas represent the
hard spherical particle and the attraction shell, respectively.

T

(a) (b)

Figure 3.7: The two configurations with the highest (a) and lowest (b) probability,
close to the wall (shown as red square). The configuration on the Lh.s is
more likely to appear, since three patches are pointing towards the fluid
(away from the wall) and can engage in bonds with other particles. The
wall is indicated by the red square in the xy plane.

where z; stands for the k-th bin in the z-direction and z; is the z-coordinate of
particle i. The analysis in the radial geometry is done similarly to the one in the
homogeneous case in Section 3.4.1, only that now the first loop variable is fixed
on the central tracer particle, while the second iterates over all patchy particles
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around it. The normalization has to be adapted to account for the fact that there
is only one tracer, N — 1, and only moments of gL”V”l with m = y = 0 are non-
vanishing, as the tracer is radially symmetric. Due to the symmetry rules of the
3 j-symbol, we have further the constraint n = [, i.e. the only moments are gJ"".
Every simulation snapshot now only contains N particle pairs that can be used in
the analysis (compared to N(N — 1)/2 in the homogeneous case), so the statistics

will be worse for the same amount of snapshots analyzed.

Hard wall The effect of a hard wall is dependent on the temperature. For high
temperatures the hard-sphere interaction is the dominant factor, and we expect
to see the usual layering structure. When lowering the temperature the bonding
states become thermodynamically more favored and the orientation distribution
therefore less isotropic. In addition, the effect of drying sets in, which means that
the density of the fluid decreases when going from the bulk to the wall. The reason
for this is that in order to maximize the number of possible bonding partners every
particle needs to surround itself with as many other particles as possible. Close to
the wall there are no possible bonding partners for one hemisphere of the particle
and therefore this position is not energetically favorable for the particles.

Some examples of density and orientation profiles are shown in Figure 3.8. Knowl-
edge of the individual moments still does not allow us to make direct observations
on the orientational structure of the fluid. In order to gauge whether the orienta-
tional order is actually strong and which orientations are preferred, we need to
look at the ODF «(z, Q).

We reconstruct the ODF a by expanding the moments o,

tions. Since we only know them up to a certain value [ = I, the ODF is necessarily
a truncated approximation, i.e.

extracted from simula-

lmax

tr(2,Q) = )" Dby (Q)th, (2) (3.27)

Imn

Due to the orthogonality of the Wigner D-matrices, the truncated expansion ODF is
always normalized, no matter at which [, ,« the expansion was truncated. Hence, we
cannot use the criterion of normalization to gauge the magnitude of the neglected
terms in the truncated expansion.

By plotting Ka(z, Q), where K = 87* = aj),, we can directly read off the relative

probabilities of certain orientational configurations, if compared to the uniform
case. We show a histogram of the distribution «(z;, , y) of a KF fluid near a wall
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Figure 3.8: Density and orientation profiles between two hard walls for two different
temperatures. The upper sub-panel shows the density profiles and the
lower sub-panel the orientational profiles in the invariant basis up to
Imax = 4. Both walls are shown here to highlight the different behavior
of & and a* under change of z — —z.
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in Figure 3.9. Every frame is taken at a different z;, starting from a position just
at the wall and then with increasing distance towards the bulk liquid. We can see
that close to the wall the probability distribution ranges from 0.7 to about 1.3. This
means that the high probability region is about twice as likely as the low probability
configuration. Consequently, we can say that the anisotropy is rather strong for
this state point.

Radial tracer For the radial external potentials we proceed similarly to the
calculation of the radial distribution function, only that this time one “particle” is
fixed by the location of the support of the external potential. We modify the code,
such that in the center of the simulation box there is an extra hard-sphere potential
acting on the surrounding particles. Potential MC moves are forbidden into the
hard-sphere region r < ¢/2 and the energy calculation of a trial move takes into
account eventual bonding with the square well of the central particle. We show
the resulting profiles in Figures 3.12 and 3.13, for different values of p.,, T" and
square-well depth e. In addition, we show the density profiles resulting from the
Stopper-Wu (StWu) functional®.

Starting with the case € = 0, we can see that the position of the second coordination
shell is underestimated. Increasing the bonding energy of the square-well tracer,
one observes that the contact densities are severely underestimated as well. The
functional predicts fewer neighbors than observed in the simulation.

If we compare to the RDFs shown in Figure 3.4, we see that there, the second peak
occurs earlier than in Figures 3.12 and 3.13, a consequence of the formation of
tetrahedral networks. The isotropic tracer particle hinders the formation of such
networks in the first coordination shell and as a consequence the second peak is
located at about r ~ 20, in line with the behavior of a hard-sphere liquid.

From simulation snapshots we can observe that the patchy particles are oriented
around the tracer similar to how they were in front of the hard wall, i.e. with
the patch-poor region pointed towards the tracer. We can also make some sense
of the orientational density distributions shown in Figures 3.12 and 3.13. While
the density distributions pJ™(Q,r) = pgd™"(Q, 1) do formally depend on both the
patchy particle’s orientation and the connection vector r, they must be independent
of the direction r due to the spherical symmetry of the tracer potential. Indeed, by

3The functional will be introduced in more detail later. It will serve as our reference functional,
which makes the comparison relevant. Furthermore, we show in Figure 3.10 a comparison of the
density profiles generated using the Stopper—-Wu functional and simulation data between two
hard walls. No orientations are shown here, as the functional assumes isotropy of the liquid.
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Figure 3.9: Orientational distribution function «(z;, 0, y) for different distances z;
from the wall (starting at distance zero and then increasing by 0.072¢
in every step) at the state point T* = 0.2, p* = 0.3. Reading direction

in increasing distance from the wall is as follows: % i.e. top to
bottom, left to right. Close to the wall, we see a strong ordering effect,
indicated by the fourfold (due to tetrahedral symmetry) appearance
of high-probability and low-probability configurations. With growing
distance to the wall the low-probability configurations start to vanish,
leaving only certain favored high-probability configurations. Further
out, the situation reverses (low < high), before finally becoming rela-
tively uniform.
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Figure 3.10: Comparison of density profiles generated using the Stopper-Wu func-
tional (dashed line) and the MC data (full line) for the KF potential.
For low temperatures it is evident that the shift of the position of the
first peak is not accounted for. Further, drying at the wall is underesti-
mated, which means that the EOS is also not accurately captured (due
to equivalence between the contact value and the pressure).
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(a) (b) (©)

Figure 3.11: Simulation snapshots of the patchy particles under the influence of
different external potentials. In (a) we show the results for a hard wall
potential in z-direction, looking into the xy-plane from the wall. In
(b) and (c) the tracer is shown as a white particle with black outline.
For both situations (hard wall and hard tracer), the particles align such
that they point most of the patches into the direction of neighboring
patchy particles.

performing the y-transform on the moments (i.e. changing into the intermolecular
frame), this yields moments that only depend on the orientation Q and the radial
distance r. By using Equation (2.166) we get

0 nn
O M .28

Due to the symmetries of the 3j-symbol, only the term with y = 0 is non-zero.
Expanding the IM distribution function, according to Equation (2.168) we get

g(r,0) = > 9o D (@) (3.:29)

We can now compare go5; and gJ;, to the quantities o> and a*, computed at the

hard wall, cf. Figure 3.8. We need to evaluate two 3j-symbols, i.e.

03 3 0 4 4
(0 0 O):— 1/7, (0 0 0):1/3 (3.30)

and note that A* «c —Dj, o Dj,. This means that g(r, ) is dominated by D}, (w),
while a(z, Q) is dominated by —D3,(Q), close to the wall. The I = 4 moments
similarly have this inverse behavior. In other words, the orientation distribution
around the tracer is proportional to the distribution in front of the hard wall at the
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second coordination shell, because it is here where the signs of the expansion of
a3, a* change. Thus, it is exactly opposite to the distribution in front of the hard
wall (first coordination shell), seen in the first panel in Figure 3.9. The reason for
this is, that in order to maximize the number of possible bonding partners in front
of the wall, the best orientation is with one of the patches towards the wall. This
way the remaining three patches are all aligned in a plane parallel to the wall (i.e.
the xy-plane). Around the tracer the situation is slightly different, here the particles
surround the tracer radially and can form more bonds if the side opposite to one of
the patches, points towards the tracer. This can be observed nicely in panel (b) of
Figure 3.11.
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Figure 3.12: Density profiles of patchy particles around radial tracers with different
attraction strengths € at low temperature T.
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3 Kern—Frenkel (KF) model and patchy particles
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4 Towards a density functional
theory treatment

Tyger Tyger, burning bright

In the forests of the night

What immortal hand or eye

Could frame thy fearful symmetry?

— William Blake, The Tyger

In the following we present the necessary equations for density functional treat-
ment of an anisotropic system. The main difference w.r.t. the isotropic case is the
additional Euler-Lagrange (EL) equation that leads to the equilibrium orientation
distribution function. Further, the EL equation for the density profile gains a term
that is related to entropy of the ODF a.

4.1 The DFT formalism for anisotropic densities

The main obstacle of density functional theory is finding an accurate analytical
expression for the grand potential functional Z[p], which is a functional of the
density profile p(r, Q). The equilibrium state is then found by minimization of the
grand potential functional

SpELp]

5p(r.Q) =0, forp = peq(r,Q) (4.1)

The grand potential can be written as

p==pripm ] + [ drd2p(s, @) V(5.2 - pu (42)
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4 Towards a density functional theory treatment

with the Helmholtz free energy ¥, the external potential V*** and the chemical
potential p. One can further split the free energy into an ideal, non-interacting
term Fiq and the excess term Fy that results from particle interactions

Flp(r, Q)] = Fialp(r, Q)] + Fex [p(r, Q)] . (4.3)

The ideal gas term is given by

pFia = / drdQp(r, Q) [In(pA’K) — 1] (4.4)

and the second, excess term, is in general unknown. Here A is the thermal de-
Broglie length and K is either 872 for a general molecule or 47, in the case of an
axially symmetric one. In order to separate the free energy contributions that are
due to the orientation of the particles from the orientation-independent effects we
split p(r, Q) into an orientationally averaged component n(r) (depending only on
r) and an orientation distribution function a(r, Q)

p(r, Q) =n(r)a(r, Q) (4.5)

with

/ dQa(r,Q) =1 (4.6)
The ideal part of the Helmholtz free energy in the anisotropic case becomes
BFia = / drdQn(r)a(r, Q) [In(n(r)a(r, Q)A’K) - 1]
= / drdQn(r)a(r, Q) [ln(n(r)A?’) -1+ In(Ka(r, Q))] (4.7)
= / drn(r) [log(A3n(r)) — 1] + / drdQn(r)a(r, Q) log(Ka(r, Q))
The excess free energy can then in general be written as

%X = %X,iso [n(r)] + 7_-ex,ori[n(r)s 0{(1‘, Q)] (4-8)

where we expect that some parts of the free energy Fexiso are entirely determined
by the fluid’s density alone, such as the hard-core interaction, while others will
probably also need information about the orientation of the particles. Anisotropic
interactions, of which the angular dependence was integrated out also fit into the
first category.
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4 Towards a density functional theory treatment

Next, we need to derive the Euler-Lagrange equations w.r.t. the density and the
orientation. The normalization of « leads to the inclusion of a Lagrange multiplier
A. We therefore have

Op=
(o) 0 (4.9)
0p=
Sa(r ) (4.10)
For convenience we also write out = again
PE = / drn(r) [log(A3n(r)) - 1] + / drdQn(r)a(r, Q) log(Ka(r, Q))
(4.11)

+ﬁ7§x+/drd§2p(r)a(r, Q) VU (x, Q)—/drn(r)ﬂ,u

The density part The first derivative becomes

0 =In(A%n(r)) + / dQa(r, Q) In(Ka) + i’if; + / dQa(r, Q) [ﬁvext —ﬂﬂ]
= In(A’n(1)) + (In(Ka))a(r) + iﬁi) . BV — B wio)

where we wrote / dQa(r, Q)X = (X), and used the fact that « is normalized and
that Ve*!(r) should not depend on the orientation. Solving this equation for n(r)
we have

n(r) = exp |-(InKa),(r) — OfFex _ BV (r) + Bu* (4.13)
on(r)
with
By = Pu—1nA’ (4.14)
The orientational part The second term is given by
A =n(r)In(Ka(r,Q)) + n(r) + 0P excori +n(r) fV(r, Q) (4.15)
da(r, Q)
which, solved for a becomes (assuming p > 0)
_ A— n(r) 1 5,5Tex,ori
_ 1 _ _ ext
a(r,Q) =K " exp [ () n(0) S (r. Q) BV(r, Q) w1
= Texp |2 |y 0 |
"KM Tam |V
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4 Towards a density functional theory treatment

where we defined the unnormalized distribution function as

1 5ﬂg_-exori t
Q) = ——— = VN (1, Q 4.1
0.0 =exp |- P pyes ) @.17)
The normalization conditions implies that
Aonm) | K (418)
n(r) [dQy(r,Q)

Inserting this into Equation (4.16) results in the following set of equations

5D (4.19)

n(r) = exp (—<1n Ka)o(r) + B — BVei(r) -

a(r,Q) = Z 1 (r)y(r, Q)
1 Sﬂﬁx,ori[n: 0(]
n(r) da(r,Q)

=Z"!(r) exp (— — BV, Q)) (4.20)

Z(x) = / dQy(r, Q) (4.21)

4.2 Previous treatments of anisotropic fluids

Classical density functional theory has been applied to the study of associating fluids
before. One of the first papers that combined the DFT formalism with anisotropic
interactions was [CTN83], where the authors consider the structure of a liquid—
vapor interphase of a diatomic molecule (CO), interacting through an (isotropic)
Lennard-Jones potential and an additional anisotropic potential resulting from
dipole—quadrupole and quadrupole—quadrupole interactions. Later the authors
of [TG91] investigate the structure of spherical particles interacting through a
dipole—dipole interaction.

The first time a concrete model for water was considered is in [Yan+91; Yan+92],
using an extended mean-field approach. Again the liquid-vapor interface is consid-
ered.

Multiple authors cover the treatment of a classical Heisenberg fluid [Tav+95; SGK14;
CGS16; WRS18]. Here, the particles interact through a spin-spin coupling term,
which has a different orientational dependence than a dipole-dipole interaction.
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4 Towards a density functional theory treatment

A study of bivalent patchy particles, taking into account also the orientations can
be found in [TS19]. Because the particles have only two patches, they are sym-
metric around the z-axis, simplifying the treatment somewhat, as all orientational
quantities can be expanded in spherical harmonics instead of Wigner D-matrices.
Similar to our approach, Wertheim’s TPT1 serves as the reference functional for the
isotropic bonding interaction. The hard sphere part was modelled with a weighted
density approximation functional, which was observed to perform more accurately
than FMT in the case of patchy particles with three patches. The anisotropic bond-
ing addition takes the form of a mean-field approximation. The approach lead to
density and orientation profiles that agree reasonably well with simulations at high
temperatures but fail for lower temperatures.

4.3 Wertheims thermodynamic perturbation
theory

4.3.1 Original formulation

It is clear that the strong directionality of associating liquids needs to be taken into
account in order to make sufficiently precise predictions. In the thermodynamic
perturbation theory (TPT), developed by M. S. Wertheim [Wer84a; Wer84b; Wer86a;
Wer86b] around forty years ago, this is done on the level of the cluster expansion
of the free energy. The theory assumes a hard sphere reference liquid, with colloids
decorated by short-range attraction sites. The exact geometrical details are not
important, in fact the theory developed to first order (TPT1) depends on the bonding
volume alone and no further information is needed. In order to be able to reduce
the number of relevant terms in the expansion, a number of approximations have to
be made. These are: the single bond per patch constraint, ignoring the formation of
ring structures and the assumption that the correlation of the unbonded colloids is
equal to the one of the reference liquid. The complete calculation is quite involved,
but a detailed derivation can be found [ZG16]. Additional information regarding
the approximation that are made in the derivation can be found [Mar14; MC16].
An important insight of Wertheim was that the treatment could be simplified by
treating particles in different bonding states (monomers, dimers or in general s-
mers, see Figure 4.1) as different species, in the so-called multi-density formalism.
In this case, the total density can be separated into the density of non-bonded
monomers py and the bonded dimers p — p,. Then the resulting expression for the
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4 Towards a density functional theory treatment

O

(a) monomer (b) dimer

Figure 4.1: Monomers and dimers from Wertheims original formulation. The circles
represent colloids with a single bonding site.

free energy reads

1
N =X - oX+ o, (4.22)

where X = py/p is the monomer fraction. It is determined by the solution of the
equation
XppA+X-1=0 (4.23)

where A is given by

A= / Ghs(T) <e_ﬂ¢b°“d> dr (4.24)

where (- --) denotes the angular average and gp,(r) is the RDF of the reference
hard-sphere system. Approximating it by the contact value gps(c*) we can write

A = vpghs(o™) (eﬁe - 1) (4.25)

The previous result only applies to particles with one patch each. It was later
generalized by Wertheim to particles with multiple patches [Wer86a] sites A, B, . .. €
I', and reads in the notation of [JCG88]

Fyond 1 1
= InXy— =Xu| + M- 4.26
NksT ;(n 4772 A) 2 (4.26)

Instead of the unbonded monomer fraction X, one has now X4, the fraction of
particles not bonded at site A, determined by

1
X4 = 4.27
ATy p 2per XpAaB (4.27)
with Ayp given by
Aup = / gns(1) (e7P9m) dr (4.28)
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4 Towards a density functional theory treatment

In our case, we treat particles with equivalent bonding sites, i.e. they all share the
same interaction potential, and they all can interact with each other. In this case the
quantities reduce to ¢ap = Ppatch, and Agp = A. Then the free energy becomes

F 1.1
—bond _ Af(nX - =X + = (4.29)
Nk5T 2" T

and the equation that determines X becomes

1

S — (4.30)
1+ MXpA

4.3.2 Generalizations to the inhomogeneous case

Starting from this bulk theory of associating liquids, there were multiple attempts
to generalize this to the inhomogeneous case. Early applications by Segura et
al. [SCS97], utilized local density and weighted density approximations, with
the WDA leading to better results. A straightforward functionalization of Equa-
tion (4.26) would result in the free energy density

X(r)

+ E (4.31)

Dpond = Mp(l’) lnX(r) - 2

where every occurrence of p in the determination of X and A is replaced by p(r),
and in the WDA approach replacing p by some averaged p(r). As a result, the
quantities X, A also become position dependent. Later approaches by Yu and Wu
[YWO02a] used the framework of FMT (i.e. the weighted densities) to generalize the
homogeneous functional to

X 1 (432)

@Egr\zu = Mny(r)é(r) |In X (r) — 5

1

X0 =17 Mno () E(M X (1)A(r)

(4.33)

introducing the new quantity £ = 1 — n,(r) - ny(r)/ ng(r). Note that in the homoge-
neous limit, £ — 1 and due to f drwy(r) = 1, no(r) — p leaving the bulk theory
unchanged. Additions by Stopper et al. [Sto+18] further improved the version of
Yu and Wu by introducing a phenomenological parameter g, to arrive at the free

energy ®>'WU termed by the authors modified FMT (mFMT). For reference, we
bond
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write out the complete expression, which reads

OIWU = Mny(r)&(x) |In X (r) — X;r) + %] (4.34)
L ;ffr()r) = n9(r) E9(r) MA({ne(1)}) (4.35)
A({ne(0)) = 05 (7 = 1) gus ({na(1)}) (436)

2.2 £q
((naD) = =+ g 722’1”_21)3 (@37)

It was found by Stopper et al. that a value of g = 3 leads to most accurate results.

In the analysis [Sto19] two different external potentials were considered. First that
of a hard radial tracer. While the StWu functional (mFMT) performed better than
the YuWu (FMT) or WDA functional, especially with respect to contact densities
and structural intensity (amplitude of density modulations), it could not predict
correctly the location of the coordination shells. The radially symmetric tracer
particle leads to the breaking of tetrahedral networks in the first coordination shell,
which as a result is located at r ~ 20. Instead, the StWu functional predicts a
location of r = 1.70.

The second case was that of a radial square-well tracer. Here the external potential
was used to produce accurate “radial distribution functions”. Strictly speaking, the
density profile of patchy particles around a SW particle does not constitute the
physical RDF, but by tuning the well depth €y, of the square well potential one can
produce “effective RDFs” that come rather close to simulation results. For this to
work, the parameter €y, is tuned such that the contact values inside the bonding
region agree. It turns out that for this to be the case the parameter range is €5 /€ ~
0.25 to 0.35.

Even considering some of these shortcomings, the StWu functional is a valuable
reference since it gives a rather good approximation to the bulk equation of state
(especially for medium high temperatures, see also the contact densities in Fig-
ure 3.10) and an almost quantitative agreement for the density profiles in some
inhomogeneous situations. It is therefore sensible to add another perturbative
contribution that takes care of predicting the orientational dependence accurately.
Similar to before it comes natural to make a mean-field ansatz.
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4.4 Correctional mean-field ansatz

Our approach is based on the decomposition

Fex|p, @l = Fialp, al + Fuslp]l + Foonalp] + Frne o, @] (4.38)

Strictly speaking this would not correspond to a “true” mean-field ansatz because
the bonding term is already partly accounted for by the Stopper-Wu functional
Fbond- The reasoning behind this ansatz is that the isotropic functionals already
deliver qualitatively accurate results, hence we want to keep them as a reference
and only learn the “corrections” in a mean-field fashion.

In order to account for the additional angle-dependent interaction between the
particles we make a simple quadratic ansatz in the orientational moments, which
interact through a general potential V. One prescription would be to set V equal
to the interparticle interaction potential. This leads to the so-called random phase
approximation (RPA), which we will cover in more detail later. In general however
one can choose V freely. The ansatz looks then like

1
Fnf = 3 / dr; dr; dQ; dQzp (11, Q1) a(ry, Q1)
X p(ra, Qa)a(ry, Qo) V(r; — 15, Q1, Q) (4.39)

Note that defined in this way, V is a dimensionful quantity (energy). One could
alternatively define it # such that the r.h.s. includes a factor kgT making it dimen-
sionless, however we will not make use of this. Next, we expand all quantities with
angular dependence into the symmetrized basis functions,

a(r, Q) = Z ob, (DAL, (Q) (4.40)
bp'j
and
VME(r, 0, Q,) = Z ML ()@ (Qy, Q. F) (4.41)
mnl[ij]

Expanding the rotational invariant basis function and taking advantage of their
orthogonality we arrive at

1
Fex = 2 / dr; dron(ry)n(ry) Z ag,[i](rl)ab,[j](rz)
AB

X

a a b I\ . 64t
ZM[f}’](rlz) (a, g A,)D’m(rlz)]— (4.42)

[F0 CaCp

73
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This expression is the general three-dimensional results of the mean-field ansatz
written in the spherical expansion. We can simplify it further by assuming certain
external symmetries. In our case, we are interested in planar symmetry, i.e. the
external potential depends only on the Cartesian variable z. One consequence
is that the particles orientational configuration becomes independent of the last
(Euler) rotation around the z-axis, which in the spherical expansion means that the
only surviving expansion coeflicient corresponding to this last rotation is that of
b

b
20 Epr ) 7 ol

Fex = %1 / dz dz'n(z)n(z") ; & () ()M (z - 2') (4.43)

with

5
i'j/ _ a b l abl 2 9 4 12871
M7 (z2) = Z (0 0 0 dalgale[ij] 1’“12 +z2| P 5 | oo
] ai, +z
(4.44)
In order to have a reference for the strength of the interaction potentials we can

= 2

Figure 4.2: Description of the coordinates used in the partial integration of the
mean-field kernels.

take a look at the corresponding moments of the mean-field potential that result
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form the random-phase approximation. They take the following form

Vi (r) = €[t dow (r) (4.45)
N,
mnl 2l +1 N mnl - A ~p
€lij] = 3¢5 dQ; dQ, dl‘12q’[ij] Z Pp(r12, 17 (Q1), 1, (Q2)) . (4.46)
a,p=1

The integral in Equation (4.46) cannot be solved analytically, which means that we
have to resort to numerical methods.

To evaluate the Euler-Lagrange equation it is necessary to compute the partial
derivatives of the excess free energy functional, with respect to both the density
and the orientation distribution. They are given by

mf N
% = ; a'(2) [naj ¢ M’j] +dl(2) [nai * MU] (4.47)
oF e ln. ol o .

T(z) = IZJ: n(z) [na] * Mk]] + n(z) [na * Mk] (4.48)

It turns out that the contribution of the mean-field excess free energy cancels with
partially with the entropic ODF contribution in the EL equation of the density
profile. The entropic contribution in Equation (4.13) can be written out as

— (InKa),(r) = —/ dQ a(z, Q) log(Ka(z, Q))

mf
log—/dQlﬁ(z Q)+/an(z Q)Z l+1Dfnn( Q) (12)5/37-;(;;;[,1,0(]

Imn

1 f
:log% / d0y(z, Q)+Z“’""(7’) i Tml mal 4 a0)
Imn

n(z) Sal.,

where in the second line we inserted Equation (4.20) for the ODF «. In the case of
mean-field ansatz the following equality holds

b (2) SBFEL (o] SBFRE [n,a]
Z n(z) Sal Sn

(4.50)

Imn

cf. Equations (4.47) and (4.48). This means that the EL equation for the density
has no contribution from the mean-field free energy, as long as there are only
interactions between M"/ with i, j # 0.
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4.4.1 Random phase approximation

Before optimizing the interaction kernels using machine learning methods, it is use-
ful to see first how well the random phase approximation handles the orientational
correlation. We know already that the quality of RPA for the density profiles is
rather weak, resulting from the small patch—patch bonding volume (see Section 3.1),
which averages over orientation. This time we take the orientational degrees of
freedom into account. For this, we need to solve the integral Equation (4.46), which
we do, using Monte Carlo integration. The integral

I= / dQl dQ1 drlgf(rlz, Ql, Qz) (451)
is approximated by
N
1 ; . .
I~ el oy (4.52)
i=1

where x() is a randomly sampled value of x. We can partially test the integration
routine by comparing to the exact result in Equation (3.11). Indeed, using only 10°
points for the MC integration we get a value of 3458.0 + 11.6, while the exact value
is

Ve = 2567 y* = 3454.8 (4.53)

For the higher moments there is unfortunately no way to check the correctness, how-
ever, we can check whether the correct symmetry conditions, derived in Section 2.6,
are fulfilled. To this end we show the first moments in Figure 4.3, and higher ones
in Figure 4.4 We see that both the correct matrix element are non-vanishing and
that their relative strength also follows the predictions of Table 2.2. Finally, in order
to find the RPA potential, the moments V[’l.”j’]ll (r) need to be converted from radial
to cylindrical coordinates. The forward and backward transformations are given in
Appendix A. The corresponding integrals need to be solved numerically.

The self-consistent results are shown in Figure 4.6. Similar to the isotropic density,
the orientational profiles predicted by RPA are too weak (by more than one order
of magnitude). Further there is barely any temperature dependence visible, though
the functional form of the orientation profiles is not too far off.

4.4.2 Finding optimal parameters using ML

The general approach used in the training of most machine learning methods
is gradient based. Let the model M depend on parameters 8, which need to be
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Figure 4.3: Individual RPA potentials computed using Monte Carlo integration and
subsequent conversion to cylindrical symmetry.

optimized. Optimality is gauged by the value of the loss function ¢ for a certain
output of the model M(0) = my in comparison to ground truth data m

£(0) = d(mg, m) (4.54)

We want to find the parameters 6 that result in the smallest loss value, with the
complication that the dimensionality of 0 is quite high. Automatic differentiation
and back-propagation allow us to efficiently evaluate the gradient of ¢, therefore
one can follow this gradient (in the negative direction) to further decrease the
loss

Osr = On — aVE(0,) (4.55)

This is the basic idea behind the optimization procedure that we use. One important
condition for this to work, is that all transformations happening in the model M(0)
need to be differentiable w.r.t. the variable 6. Our network is implemented using the
Python library JAX [Bra+18], which offers an interface modelled after the popular
NumPy library. Additionally, one is able to take gradients of most expressions, even
control structures like for-loops. Through the use of just-in-time (JIT) compilation
and execution on graphical processing units (GPUs) we can attain fast execution
times with relatively little effort.

The actual iterative step of our model then consists of
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Figure 4.4: The Kern-Frenkel potential projected onto the spherical invariants ©};"".

The title shows the index tuple (m, n, ) corresponding to the respective
matrix Vy’ﬁ’” . Note that due to selection rules of the 3 j-symbol, the sum
m + n + [ must be even.

78



4 Towards a density functional theory treatment
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Figure 4.5: Individual RPA potentials computed using Monte Carlo integration and
subsequent conversion to cylindrical symmetry.

1. Evaluating the non-normalized orientation distribution by

5ﬁﬁx na,0l—7/— _2l+1
¥(z,Q;0) = exp -n o Z " mm(Q)T (4.56)
2. Normalizing
a(z,Q;0) =¢(z, Q;@)// dQ'Y(z,Q';0) (4.57)
3. Projecting out the moments of interest
2l +1
a,’n[ 1(z:0) = % / dQa(z, Q;0)AL (@) (4.58)

Up to this point we described the generative step of the network. That is, given
a set of parameters 6, we have a prescription of how to compute the resulting
predictions, in this case the density or orientation profile. However, the situation is
slightly more complicated because what we are really interested in, is conditioning
on the fixed point of the parametrized free energy functional and not just the
output at some point. Taking the exact Euler-Lagrange equation into account we
can theoretically get around the problem of solving for the fixed point since we
know that it must be equal to the equilibrium distribution and those are given by
simulations. When simulation data is too noisy, the evaluation at just one point
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—0.4

Figure 4.6: Orientational moments at a hard wall from simulations and self-
consistent results using the mean-field free energy with the RPA kernels,
shown in the insets. One can see that the RPA results severely underesti-
mates the orientations. Further the temperature dependence of the RPA
results is also not comparable to the simulation results, which show a
strong dependence.
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will become problematic as it pushes the network to learn false features stemming
from statistical fluctuations.

To mitigate this, we propose to skip the evaluation at the known approximate fixed
point and to solve the fixed point equation self-consistently in every forward pass.
This, on the other hand, also becomes computationally impractical without further
approximations as one would very soon hit memory limitations when computing
the gradients of the loss functions using back-propagation.

We use the so-called phantom gradient to get around this problem, which is based on
the implicit function theorem. Let g(x, 6) be the generative step of the EL-equation
where we include the density profile and the orientation distribution in the variable
x. We are interested in the fixed point x* of ¢, given the parameters 6*, which is
equivalent to

g(x*,0%) —x* =0 (4.59)

By defining a function f with
f(x,0)=9g(x,0) —x (4.60)

we reformulate the original FP condition to f(x*, 8*) = 0. In the following we will
need the implicit function theorem, which states that for f : R™*" — R™ x € R™,
0 € R" and given that f(x*, 0*) = 0 and the Jacobian

a .
Jrolet 0% = | 2L %) (4.61)
’ 20
is invertible, then there exists an open set U C R" containing 6* and a function’
x*(0), such that

x*(0%) =x* (4.62)
f(x*(0),0) =0 VOeU (4.63)

Moreover, we can compute the Jacobian of x*(6) given only the Jacobian of f by

ox* N 3 .
[aij(@)] == [Jpx((0),0)] 0, [Ir0 (<7 (0),0)] (4.64)

mXn

Noting that for the Jacobians we have

T (x*(0),0) = Jgx (x*(6),0) — 1 (4.65)
Jro(x*(0),6) = Jo0(x*(0),0) (4.66)

"Note that x*(0) is now written with an argument, highlighting the fact that it is a mapping.
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we can write the derivative of the fixed point x* w.r.t. the parameters 6 as
-1

ox* 0 d
Z _(Z) -2 (4.67)
30~ \30) ., x| g

which is the quantity we were originally interested in. The matrix inverse on the
left-hand side still poses a problem as it needs to be numerically solved, which
can be done using iterative methods. If the inversion is too costly or becomes
numerically unstable one can expand the inverse in a Neuman series, which for
bounded linear operators T says that

1-T)"' = Z T* (4.68)
k=0
Truncating after the zeroth order leaves us with
ox* ag
— == 4.69
20 (ae)x* (4.69)

which tells us that we can compute the derivative of the fixed point at 0 by deter-
mining the fixed point first and then evaluating the derivative of the fixed point
equation itself at the point 8. In practice, this means that we can proceed by finding
the fixed point for a certain parametrization without building up the computational
graph, as we do not need to do a back-propagation on it. Therefore, memory
consumption will be kept manageable and the only difficulty that might arise is
the time needed to find the fixed point and whether one exists at all. To speed
up the convergence we use Anderson acceleration instead of the simpler Picard
iteration scheme. It works by keeping previous iterations outputs and builds up
the next trial input by finding the optimal linear combination of the previous ones,
similar to DIIS. In fact, it can be shown that both approaches are mathematically
equivalent. After having found the fixed point x* one only needs to evaluate the
Euler-Lagrange function g once, this time including also the computational graph,
as we need to back-propagate on the variable 6.

Compared to the evaluation on the known equilibrium solution alone we need
to put in more effort, but we gained an important advantage. Namely, that the
parametrization does in fact result in a fixed point at all, because it is numerically
stable. What it is not clear yet, is over which range it is stable. For every data
point in the training set, we begin the fixed point iteration with a uniform density
profile of the same bulk density as in the training set. Bulk densities that exceed
the ones from the training set are not encountered, and we cannot be certain that
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4 Towards a density functional theory treatment

the fixed point equation remains stable at those densities. One might therefore
argue that it is beneficial to include into the training range also values of higher
density than one is originally interested in (probably on physical grounds, as high
density profiles mostly get dominated by the hard-core interaction), as then the
network is automatically regularized over the whole density range.

The loss is defined as follows

£ = MSE (a*, aeq) + A Z LY(MY) (4.70)
ij

where the second term is the L! (absolute value) norm of the parametrized in-
teraction potentials, and the corresponding hyperparameter A that controls how
strongly large parameter values are penalized. This regularization, together with
the self-consistency of the solutions, allows us to systematically include physically
relevant parts into the mean-field kernels.

4.4.3 ML results for the mean-field

In the present ansatz the only temperature-dependent term is the factor f that
makes the free energy derivatives dimension-less, see Equations (4.19) and (4.20).
The mean-field ansatz does not have an explicit temperature dependence. Since
we know however, that the free energy is a temperature-dependent quantity we
solve this issue by learning the kernels for every temperature in the training set
separately. This amounts to having different mean-field potentials M" (TY) for
every temperature ;" in the training set.

No density interaction For reference, we repeat the EL equation for density
distribution in the anisotropic framework, which reads

6fFex|n, a]

n(r) = exp (—(InKa )y (r) + fu — pVi(r) - Sn(r)

(4.71)

As described earlier, the angular averaged entropic term —(In Ka),(r) cancels the
functional derivative of the excess free energy

_ 5pFexln.a]

() (4.72)
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as long as there are only mean-field components MY with i, j > 0, see also Equa-
tion (4.49). The remaining entropic term

1og11< / 40y (z Q) (4.73)

is fixed by the orientational distribution and therefore not adjustable. Its effect can
be computed from the “empiric” value of « determined from simulation and is rather
small. Nonetheless, this ansatz is attractive from a physical point of view. Since
every term in the mean-field excess free energy contains at least one orientational
moment, which vanish in the bulk phase, we are not changing the underlying
equation of state, which is already approximated rather well by the Stopper—-Wu
functional.

In Figure 4.7 we show the self-consistent results for the symmetrized orientational
moments ® and a* after the mean-field kernels have been learned. The accuracy
is better for the high temperature state point across all densities in the training
set, which is expected from a mean-field ansatz. At low temperatures, apart from a
worse agreement, we also observe a stronger variation at different densities, with
lower densities being less accurately described.

With density interaction We train a second ansatz with density corrections
by allowing mean-field terms of the form M, i.e. terms that do not vanish in the
bulk and are not canceled by the entropic term. Apart from changing the density
profiles, this also modifies the equation of state. The resulting self-consistent
moments after training are shown in Figure 4.8. We observe similar results as
with the training without the density correcting terms, although the profiles are
slightly more accurate. This is due to the fact that the density profiles that enter
the calculation of a® and a* also change. The new “corrected” density profiles are
shown in Figure 4.9. The trend from earlier carries over with the high temperatures
state points being reproduced accurately over the whole density range and the low
temperature state points slightly worse. Different from the orientational moments,
this time the low density profiles are more accurate, because here the difference
between simulation and the StWu reference functional are quite small to begin with.
Furthermore, we see that for the highest densities unphysical density modulations
start to emerge with increasing density.

Kernels An example of the resulting kernels with density correction (for the
best hyperparameter set) is shown in Figures 4.10 and 4.11. Compared to the RPA
kernels, we can see that the magnitude is much larger, which is expected as the
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4 Towards a density functional theory treatment

Figure 4.7: Self-consistent solution for the orientational moments in the mean-field
ansatz without the density correction term. The results for several bulk
densities are shown at once, by starting with the lowest density profile
on the Lh.s. and plotting profiles with increasing density with a z-axis
offset. We see very good agreement for the high temperature case and
qualitative agreement at low temperatures, where the magnitude of the
orientation is too low for all but the highest density profile, where it
overshoots the data.
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Figure 4.8: Self-consistent solution for the orientational moments in the mean-field
ansatz with the density correction term and same density encoding as
in Figure 4.7. Similarly, the high-temperature regime agrees well with
simulations. With respect to the low-temperature regime we see an
improvement, with all profiles still slightly smaller than the simulation
data.

RPA severely underestimates the orientational correlation. The relative strength of
the individual potentials roughly agrees with that of the RPA results, meaning that
potentials with lower indices are larger, especially at higher temperatures.

The loss function in Equation (4.70) includes a regularizer A that penalizes large
(absolute) values of the interaction potentials M"/. It is customary in machine
learning application to introduce a regularizer into the loss function to prevent the
network from overfitting. In our special case we expect the interaction potentials
to be rather short-ranged, although the ideal range is not known. Here the use of a
regularizer can help to restrict the support of the learned kernels. In Figure 4.12
we show the resulting mean-field potentials for varying parameter A. The strength
of the regularizer A has the expected effect on the kernels. One can nicely see
how interactions that lead to the larger moments emerge first and smaller ones
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Figure 4.9: Self-consistent density profiles for the mean-field ansatz with density
correction (labelled by “ML”). The lines labelled as “ref” correspond
to the Stopper—Wu functional. We see that there is good agreement
between the simulation data and the trained model, for most state points.
For low temperature and high densities however, oscillations start to

become visible.
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z o]

Figure 4.10: Isothermal interaction potentials (mean-field kernels) M"/ with at least
one orientational moment involved, for the ansatz with density correc-
tion.

following later on.

Self-consistency As discussed earlier, the self-consistency (SC) of the learned
functional parametrization is in theory guaranteed by employing the phantom
gradient when updating the parameters of the network. This allows us to solve the
EL-equations even if the mean squared error in Equation (4.70) is still comparatively
large, which can either happen early on in training or when the regularizer A is
sufficiently strong.

In an ansatz that doesn’t require self-consistency, i.e. by evaluating the EL equations
only at the fixed point, this would not be possible, since in that case the network
parameters would be determined by minimizing the residual

g(x*,0) —x* = A (4.74)

for a given fixed point (equilibrium value) x*. One can only expect to get converging
results of the iteration scheme once the value of A has reached a certain threshold.
Adding a regularizer term to the loss, like we did in Equation (4.70), will lead to
competition between the regularizer term and the residual A, and it might happen
that the threshold for self-consistency is never reached.
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Figure 4.11: Mean-field kernel for the density—density interaction, i.e. the density
correction case. The corresponding RPA potential is barely visible
as it is much smaller. Further, one observes that the temperature-
dependence is not monotonous.
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Figure 4.12: Mean-field kernels with decreasing value of regularizer A €
[5 21073,5-1074,1-107%41 - 10‘5] in reading direction. One can see,
that lowest order interactions start to emerge first.

We can test our approach by solving the fixed point equation for parameters that
were trained using comparatively large values of the parameter A. In this case the
network is not able to accurately fit the observed orientation and density profiles.
Consequently, the MSE loss in Equation (4.70) is rather high. Nonetheless, we are
able to solve the EL equation self-consistently as shown in Figure 4.13

Extrapolation capabilities One of our original aims was to find a functional
that also works for state points that lie outside the training data set. Usually,
extrapolation performance is measured using a validation data, i.e. keeping a
separate dataset which is not used during training. However, in our case we
chose to maximize the amount of data that goes into training, since it needs to be
able to perform at different state points (with regard to the density) and the amount
of data is quite limited. The formalism then allows us to relatively easily asses the
out-of-training-set performance later on, by tuning the chemical potential p. We
used the learned mean-field potentials to compute the equilibrium values for two
higher density states, namely p, = 0.344, 0.391 (corresponding to average densities
in the box of 0.35 and 0.4, respectively) at the highest and lowest temperature in
our training sets. Note that we do not “extrapolate” in the temperature regime as
this would not work since the MF potentials are learned for every temperature
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Self-consistent results of the learned mean-field potentials (shown in
Figure 4.12) for different values of the regularized A. For high values of
A the potentials are held as small as possible, thus producing profiles
which do not agree with simulations perfectly. Nonetheless, we are
able to solve the EL equations for every value of A.
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separately because no temperature-dependence was included in our ansatz.

The corresponding results are shown in Figure 4.14. We observe that the high-
temperature state point is predicted very accurately. The low-temperature state
point however shows again the appearance of unphysical oscillations, similar to
Figure 4.9. When further increasing the density, the fixed point iteration becomes
numerically unstable and no solutions can be found.

4.5 Tuning the Wertheim bonding term

We have seen before that the Stopper—Wu functional actually works reasonably
well, the discrepancies notwithstanding. These can chiefly be summarized as peak
positions that are slightly off for high temperatures, and while critical drying is
present at low temperatures, a hard-sphere structure is still too dominant, with
peaks that are too pronounced.

One can pose the question of whether it is possible to correct these deficiencies
by modifying the weight functions that enter the bonding term of the free energy.
In fact, it is not clear why fundamental measure weights should be used at all,
when we are treating bond-bond interactions which are not directly related to the
geometry of the sphere.

We proceed by introducing a new set of weighted densities m,, that enter only in
the bonding part of the free energy

m,=p®w, =pQ (w, +a,) (4.75)

which becomes

Fex[p] = Fns[{nv}] + Foona[{m,(0)}] (4.76)

The kernel corrections ® are added to the original ones from FMT and could in
principle cancel them out completely, there is hence complete freedom for the form
of the kernels. We keep the sum structure to facilitate training, such that we can
start at a stable point. Also note that by learning all m, independently we break
the dependence between certain kernels that is present in FMT?.

The network is trained similar as before, such that in every iteration we solve for
the fixed point and then use the phantom gradient to evaluate the approximate
gradient. The external potential being now a function of r, we can realize a potential

2E.g. wy is related to wy.
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Figure 4.14: Self-consistent solutions of the learned MF potential at densities higher
than the training set (average densities of p* = 0.35 and 0.4, respec-
tively.. The density profiles of the low temperature isotherm (T* = 0.20,
upper plot) show clear oscillations, that are not yet present in the high
temperature case (T* = 0.30, lower plot). The oscillations are unphysi-
cal and make the iteration scheme numerically unstable.
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Figure 4.15: The improved kernels in real space. The dashed lines show the original
FMT weights, while the thick lines represent the learned modifications
@y. The resulting kernels are shown as filled areas.
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Figure 4.16: Density profiles resulting from the new set of optimized weights. We
observe very good agreement with simulation data at all temperatures
and densities.
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Figure 4.17: Density profiles around a hard spherical tracer of variable radius R;.
In the limit R; — oo, the hard-wall behavior is recovered, which can
be observed in the right-most plot. For small tracer radii however, the
improved kernels don’t modify the profiles noticeably.

that corresponds to the potential exerted by a spherical particle with particle center
atr =0.

The kernels that were learned using wall-geometry data can also be used for radial
problems. This is in contrast to the anisotropic mean-field ansatz from above, where
different quantum numbers ! were mixed, making this inversion impossible. We
add a cutoff for the maximal width of the corrected kernels at twice the width of
the original kernels. The exact value is a trade-off between stability of training
(long range kernels introduce instabilities) and the accuracy of the new kernels (a
wider support allows in general for more tunable degrees of freedom). No further
regularization is added to the loss.

Results In Figure 4.15 we show the new set of improved kernels together with the
reference FMT kernels. Due to the self-consistent training procedure we observe
again smooth kernels in real space (up to the cutoff at zp,x = +1).

Furthermore, we show in Figure 4.16 the main result, namely the self-consistent
density profiles resulting from the new kernels. Overall we see very good agreement
between the StWu+ML profiles and the MC profiles. Note, that in contrast to the
mean-field ansatz, where every temperature was learned separately, here we learn
the same kernels for all temperatures. The temperature dependence is same as in
the “normal” Stopper-Wu functional.
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Figure 4.18: Equilibrium density profiles for the original StWu and the StWu+ML
functional evaluated at high densities, outside the training region. The
dotted data points are the results from simulation. Generally, better
agreement is observed with the StWu+ML functional, although at high
densities the structure changes drastically and is not well captured by
either functional.

Compared to the MF-ansatz the numerical stability outside the training region is
increased. Even at bulk densities that are twice as high as the largest value in the
training set, the EL can be solved. We show a selection of these extrapolated curves
in Figure 4.18. While the agreement between StWu+ML and the simulation data is
worse than in the training set, it is nevertheless better than the results from the
standard StWu functional except for very high density state points, where the true
structure is very different due to packing effects.

Direct correlation function We can compute the resulting direct correlation
function from the functional by taking the derivative of the free energy density w.r.t.
the density twice. The contribution separate into the part from the HS functional,
plus the one from the bonding term (Stopper-Wu), now with modified kernels w;

Ciso(r) :_Z m

7 ami am]-

(iw; ® w;) (r) + cns(7) (4.77)
Pb

Because the four weight functions that enter the bonding term are learned indi-
vidually, the previous dependence between the original FMT kernels wy and w, no
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longer holds. This has in particular an effect on the calculation of the DCF, where
it is necessary to compute the convolutions between the individual kernels, as
seen in Equation (4.77). By using the fact that the original vector-valued kernel w;
could be written as a gradient of the scalar-valued kernel, the convolution could be
reduced to a scalar convolution, which is not the case for the learned kernels. More
information about how to perform these convolutions can be found in Appendix A.
The resulting DCFs are shown in Figure 4.19 for different values of T* and p*. For
reference, we also show the integral equations results (Percus—Yevick closure) for
the hard sphere and the sticky hard sphere. Let us first compare the “exact” results
(c°%) with those from the standard StWu functional. Since the StWu functional is
based on the FMT weighted densities, the resulting DCF can only be non-zero in the
range r € [0, 10], because further out the convolutions of the weight kernels vanish.
This means that the “bonding correlation” in the range r € [10, 1.1190] cannot be
reproduced accurately. Instead, we observe a correlation that is rising steadily and
finally goes to zero discontinuously at r = 10. The correlation inside the overlap
region r < 1o is overestimated when compared to the simulation result.

The results of the ML-improved StWu functional show a different behavior. Due
to the extended range of the weight functions, we now start to see a positive
correlation in the bonding region. Also, the repulsive part r < 1o is much closer to
the simulations results.

Seeing that the DCF of the ML-improved functional performs closer to simulation
is a valuable consistency check. Especially since the network was not trained on
this particular metric, but only the density profiles.
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Figure 4.19: Comparison between direct correlation functions from MC simula-
tions (c°?’, angular averaged), hard sphere Percus—Yevick (PY), sticky
hard spheres (PY), the Stopper-Wu functional (StWu) and the ML-
augmented Stopper-Wu functional (StWu+ML) at different state points
(shown in plot).
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In this thesis, we explored the potential of using machine learning to develop a
density functional capable of accurately describing the structure of anisotropic
associating liquids. Our investigation began with examining the orientational
structure of a Kern-Frenkel liquid at a hard wall and around spherical tracer
particles. Given the strong orientational ordering observed, we proposed enhancing
previous DFT approaches by incorporating orientational information into the
functional. Specifically, we introduced a machine-learned mean-field ansatz that
effectively predicts orientational moments and, to a lesser extent, density profiles.

A second approach leverages the degrees of freedom available in the family of FMT
functionals, namely the weighted density kernels. The fixed functional form of the
functional improves the numerical stability of the learned functional, resulting in
highly accurate density profiles. However, this raises questions about whether a
complete description, encompassing both density and orientation distribution, is
necessary or if achieving precise density profiles suffices.

The self-consistency of the learned mean-field kernels emerged as a crucial factor,
ensured through implicit differentiation. Difficulties arise with respect to the
numerical stability of the trained mean-field functional. For bulk densities that are
far from the training region, the Euler-Lagrange equations cannot be solved reliably.
Learning improved (weighted density) kernels, while leaving the functional fixed,
seems to results in a larger region of stability. In this regard it would be worthwhile
to look into methods that improve the stability of the learned functional outside
the training region.

One way this could be achieved is through the use of more diverse training data for
example in the form of an external potential V (z, Q) that acquires a dependency
with respect to the orientational configuration Q of the particles. This kind of
“anchoring potential” has been considered before in [CGS16; WRS18].

A further point worth investigating is the use of more elaborate ansatze for the
excess free energy. Our experiments with the equation learner network (EQL)
for anisotropic liquids, building on the approach pioneered in [LMO20], showed
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suboptimal results. The method, termed functional equation learner (FEQL), is
based on representing the desired quantity (here the excess free energy functional)
as a feed-forward network with nonlinear activation functions, serving as basis
functions of the expansion (for more information, see also [ML16; SLM18]). The big
advantage of this network is that it learns symbolic approximation of the mapping,
which can be read of directly and interpreted by a human. The network starts in a
randomly initialized stat and is trained on its output. Sparsity (i.e. simplicity) of
the final equation is achieved by adding a regularization term to the loss, which
penalizes large absolute values of the weights inside the linear layers. Finally, all
weights below a certain threshold are set to zero. An alternative regularization
method is that of a stochastic Ly loss, see [MMT17; LWK18], which only minimizes
the number of non-vanishing weights, but has no effect on their magnitude.

While the EQL architecture is quite successful in finding symbolic input-output
mappings for general datasets, it is less well suited to our problem. The reason for
this is the additional indirection that enters through the iterative solution of the
EL equations. With the random initialization we cannot make sure that there is
always a self-consistent solution to the FP equations, hence it is not possible to
back-propagate through the network. At the same time, starting with very small or
vanishing weights is also not very beneficial, as then the self-consistent solutions
correspond to the trivial isotropic orientation distribution, again not delivering
any helpful gradient information. A possible workaround could be to start from
a parametrization that allows for self-consistent solutions of the EL equations
that at the same time must not be zero. A different method, which is also able to
learn symbolic representations of the unknown excess free energy functional was
used in the conceptually similar formalism of quantum density functional theory,
see [Ma+22]. It was shown that genetic algorithms combined with reinforcement
learning are able to find state-of-the-art approximations in an automated way.

Other machine learning approaches to enhance DFT calculations focus on neural
approximations for ¢(V)(r) or Fey [ p; 0]. The former [Sam+23; S$24] involves solving
the principal Euler-Lagrange equation [cf. Equation (2.86)] for ¢(), which can be
determined from simulations, given the density profile and external potential.
However, this is not feasible for anisotropic particle density distributions, because
we cannot solve the EL equation for the anisotropic DCF.

The latter approach [Dij+24] learns a neural approximation of the excess free en-
ergy functional using homogeneous radial distribution functions from simulations
which are mapped onto corresponding ¢? (r) correlation functions, by solving
the Ornstein—Zernike equation. The parametrized excess free energy Fex[p; 0] is
differentiated twice (using automatic differentiation) and the weights optimized
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such that the correlation function of the parametrized functional reproduces that
from the simulation/OZ route. While the solution of ¢'? through the OZ equation
is theoretically also possible for anisotropic two-body potentials [Sim+25], it incurs
significant computational costs. For a more detailed exposition of machine learning
methods related to DFT, see [SO24].
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Appendix A

Convolutions in different
geometries

When evaluating the Euler-Lagrange equation for the equilibrium density distribu-
tions we often have to evaluate convolutions, e.g. for the weighted densities

n(r) = / drp(ryw(r-r)=pew (A.1)

Similarly, when evaluating the DCF for FMT functionals we need to evaluate
convolutions between the weight funtions themselves. The convolution theorem
states that

p@w=F"[[F[p] Flwl] (A2)

where %, F ! denote the Fourier transform and its inverse. In cartesian coordinates
the convolution separates into three individual convolutions, one for every dimen-
sion, which can be readily performed by the Fast Fourier transform. When working
on problems with planar symmetry the density profile p(z) will only depend on
the z-coordinate and the integral in Equation (A.1) reduces to

n(z) = / dx’dy’ dz’p(Z")w(r —1’) (A.3)

meaning that the integration over x and y can be performed without knowledge of
p. The integral f dx’ dy’w(r’) corresponds to a projection from radial geometry
w(r) to planar geometry, resulting in w(z). Similar conversion need to be applied
when we learn convolution kernels in planar geometry, but want to use them in
radially symmetric problems.

For a general, radially symmetric function we define by % [ f(r)](z) the projection
onto the z-axis, and by %[ f] the inverse operation. Note that the function can
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also be vector-valued. The projections are calculated as follows

PLF()](2) = /R dxdyf (\/x2+y2+zz) (A4)
:‘/O‘Zde/Omdaaf (m) (A.5)
:Zﬁ/wduuf(u) (A.6)

where we used the substitution u = Va? + z2. For vector-valued functions we
assume again that f(r) is radially symmetric, i.e. f(r) = e,f(r). The unit radial
vector at a point r = (x, y, z) is written in cartesian coordinates

1
er = — (xey + yey, + ze;) (A7)
r

Integrating e, over the x- and y-axis will make the results vanish as the positive
and negative contributions cancel. We therefore only need to consider the z-
component

PN = [ dxdyzef () fr (A8)
RZ
21 3]
= zez‘/0 dy‘/0 daaf (Va2 + 22) /(a® + 2% (A.9)
= ZﬂzeZ/ duuf(u)/u (A.10)
=2nze, /OO duf(u) (A.11)
With these we can calculate the projected weight functions. They are
P [wy(r)](z) = 271'/OO duud(R — |ul) (A.12)
=27RO(R — |z|) (A.13)

where the ©-function is a result of the integration limits (|z| must be smaller than
R for the integral in Equation (A.12) to be non-zero). Further we have

P [ws(r)](z) = 271/0o duu®(R — |ul) (A.14)
R

= ZJI/ duu®(R — |z|) (A.15)

=7 (R* - 2*) O(R - |z]) (A.16)
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P wo(r)](z) = 2rze, /OO dud(R — |ul) (A.17)
=2rze,O(R - |z|) (A.18)

The other weights are again just scalar multiples of the previous three. The inverse
operation (going from planar to radial) are given by

PN =5 2| (a1
P = e LD (A.20)

and can be checked by substitution.

Fourier transforms of radially symmetric function The three dimensional
Fourier transform of a radially symmetric function f(r), written in spherical coor-
dinates reads

Ff(N)(k) = /0 ) /O ' /O Ty sin 6 dg 6 drf (r)e 277 <% (A.21)

The angular integral can be performed by subsitution and using the complex
exponential representation of the sine function, resulting in

FIf(r)](k) = % /00 drrf(r)sin(2zrk) = %y [rf(r] (A.22)
0
where & is the sine transform. The remaining transformations are given by
FUFIONG) =2 S 1f ()] (1.23)
F )0 = e 61 f ()] = ez S ()] (A.24)
FUEON() = &= SIFK)] - & 6 LF(RIK] (A.25)

where for the vector-valued functions we also need the cosine transfrom 6. For
more details on the numerical aspects of convolutions in the context of FMT, see
[Sti+20].
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Formulas

B.1 Expansions

Here, we collect the most important formulas concerning expansion in Wigner

D-matrices and the rotationally invariant expansion.

Expansion in Wigner D-matrices

F@Q) =D fra (XD}, (Q)

Imn

fnt) = 222 [ d0(e @)Dl (@)

Expansion in invariant linear combinations

FQ) = ) fi (DAL (Q)
imj
fan® =2 [ dorwa)n, @

ALy (@) = > dl (M)Dh,(Q)
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Rotational invariant expansion

F(r01,Q)) = ZI £ (rig) @ (Qy, Qa, ) (B.6)

Tl
el = (214 1) | dQpdQp A" (£, Q1 Q)OI (Q1, Qp, £) (B.7)
o (Q1, O, 1) = mﬂZA(Z’ ¢ A’,)%(Qoﬁ(mbﬁm (B.8)
() = Z(’)’; o) 9
fﬁ”’(r)=(21+1)2(’; _"X )M() (B.10)
() = [ dordoaf (o100 r) D (@)D (02 (B.11)

B.2 Functional derivatives

From the defining equation of the expansion we can deduce the functional derivative
w.r.t. to the ODF «a(r, Q2) is written in terms of the orientational moments. It follows

that
) 5 a (1)
_ dr’ mn
da(r, Q) / ' Z 5a£,m(r’) da(r, Q)

/ 25a (r,)ZIgl(S(r—r’)DTm(Q) (B.12)
lmn mn
21+1—
; R D}, (Q)

If we chose to expand the ODF in the invariant linear combinations A instead of
the unmodified Wigner D-matrices, we have structurally the same result, as the A
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do not mix Wigner D-matrices of different [. In this case we get
_ / 'y — dar(;) (x')
Sa(r, Q) 5 50{2 .)(r’) da(r, Q)

2i+1
/drz5a REI: 5(r—r)A ()

21+1—
_Z(ga(])(r) K (])()
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Appendix C

Additional data

C.1 Symmetrized Wigner D-matrices

In Table 2.2 we show the tetrahedrally invariant Wigner D-matrices for [ < 11.
They were determined using the Python package SymPy which is able to handle
symbolic mathematical manipulations. Unfortunately for higher values of I the
computations take an unreasonable amount of time, and the coefficients would
need to be converted to floating point numbers in order to get results. Here we
limit ourselves to symbolic results only.

C.2 Invariant expansion of the KF potential

Here we show higher invariant expansion moments of the Kern-Frenkel potential
in order to check the validity of the basis functions listed in Table 2.2.
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basis components
function
Ay +gDr3ng + gD?nZ
Afn[l] +@Dfné - ngnO + @Dfm
Afn[l] +¥Dr6nl_1 + %Dréno + ngrM
Afn[z] _@Dfng - %Dfng + %Dfnz + @Dfné
A7m[1] +§Dr7n§ - gDan - g%z + %Dfns
A 300Dk — YDy + 2§Dl — YEDh + gDl
A 30D+ ¥ D), + D), + D),
A?n[Z] _%Dz@ - %D?nz_; + %D?m + %D;S
Arlr?[l] +%Drlno§ - gDranz_L - @Drlnoo - gDrlr& + %Drlnos
Ml 5 Doy~ 65 Do + VG5 Doty = Y35 Dy, + 55 Dl + 51D},
My 5 Dok = 56 Do + 55 iy + 55" Dhy = 36Dy + YDk

Table C.1: Linear combinations of Wigner matrices that are invariant under all
tetrahedral group transformations up to / = 11
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Figure C.1: The Kern-Frenkel potential projected onto the spherical invariants @Z’v”l.
The title shows the index tuple (m, n,[) corresponding to the respective
matrix Vﬂ’ﬁ”l . Note that due to selection rules the sum m + n + [ must be
even.
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Code listings

D.1 Recursive method

Here we demonstrate the implementation of the recursive method of evaluating

the Wigner D-matrices after [Cho+99].

The algorithm is implemented in SymPy and returns a given matrix element D’
evaluated at an angle triplet parametrized as rotation matrix R;; (named X in the
code). Further we show how it can be converted to C code making it easy to include
it in existing code bases. The code to generate the necessary instructions and also

test the implementation is given in Listing D.1

Listing D.1: Python code for the evaluation of Wigner D-matrices according to the

method of Choi et al.

1
2
3
4
5

6

7

8

9
10
11
12
13
14
15
16
17
18
19
20
21
22

import sympy as sy
import numpy as np
import sys

# define coefficients, see Choi et al., p. 5
def a(l,m,mp):
if abs(m) == 1:
return 0.
elif (abs(mp) == 1):
return 0.
else:
return sy.sqrt(((l+m)*(1l-m))/((L+mp)*(1l-mp)))

def b(l,m,mp):
if (m == -1 or m == -1+1) :
return 0.
elif (abs(mp) == 1):
return 0.
else:
return sy.sqrt (((l+m)*(1l+m=-1))/(2.*(L+mp)*(l-mp)))
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23 def c(l,m,mp):

24 if (abs(m) == 1 or mp == -1 or mp-1 == -1):

25 return 0.

26 else:

27 return sy.sqrt((2.*x(L+m)*x(l-m))/((L+mp)*(Ll+mp=-1)))
28

29

30 def d(l,m,mp):

31 if (m == -1 or m ==(-1+1) or mp == -1 or mp-1 == -1):

32 return 0.

33 else:

34 return sy.sqrt(((l+m)*(l+m=-1))/((L+mp)*(l+mp=-1)))

35

36

37 def _get_FG(R):

38 sqrt2 = sy.sqrt(2)

39 F = sy.Matrix ([

40 [(RCT, 11+R[@,01)/2, R[0,2]1/sqrt2, (R[1,11-R[0,0]1)/2],
7 [R[2,0]1/sqrt2, R[2,2], -R[2,0]1/sqrt2],

42 [(R[1,1]-R[@,01)/2, -R[0,2]/sqrt2, (R[1,1]1+R[0,0])/2]
43 1D}

44 G = sy.Matrix ([

45 [(RC1, @]1-R[0,1]1)/2, R[1,2]/sqrt2, -(RL1,0]+R[0O,1])/2],
46 [-R[2,1]/sqrt2, @, -R[2,1]1/sqrt2],

47 [(R[C1,01+R[@,1]1)/2, R[1,2]1/sqrt2, (R[0,1]1-R[1,0]1)/2]
48 1D}

49 return F, G

50

51 def _get_D1():

52 R = sy.MatrixSymbol("X", 3, 3)

53 F, G = _get_FG(R)

54 return F + sy.I x G

56 # generate C code for evaluating D*1_{mn}
57 def generate_code(l, m, n):

58 def get_str(n):

59 if n < 0:

60 nstr = "m" + str(abs(n))

61 else:

62 nstr = str(n)

63 return nstr

64

65 m_str = get_str(m)

66 n_str = get_str(n)

67

68 fname = "d" + str(l) + m_str + n_str
69 with open(fname+".gen", "w") as file:
70 file.write(sy.ccode(Dlmn(l,m,n)))
71

72 print(f"written {fname}.gen\n")

75 def get_random_rotation():

76 from scipy.spatial.transform import Rotation as R
77 rand_matrix = R.random().as_matrix ()
78 return rand_matrix

g0 def get_matrix_fn(l,m,n):
81 lamb = sy.lambdify(sy.MatrixSymbol("X", 3, 3), Dlmn(l, n, m), ’numpy’)
82 return lamb
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83
84
g5 def get_indices(max):

86 indices = []

87 for 1 in range(1, max+1):

88 for m in range(-1, 1+1):

89 for n in range(-1, 1+1):

20 indices.append((l, m, n))
91 return indices

93 # convert sympy expression to numpy function
94 def to_lambd(expr):

95 return sy.lambdify(sy.MatrixSymbol ("X", 3, 3), expr, "numpy")

96

97

98 # reference implementation: ‘spherical ¢ package

99 def eval_wigner(indices, rmatrix):

100 import spherical

101 import quaternionic

102

103 ell_max = 16

104 wigner = spherical.Wigner(ell_max)

105 result = []

106 for idx in indices:

107 result.append(wigner.D(quaternionic.array.from_rotation_matrix(rmatrix)
YIwigner.Dindex (*xidx) 1)

108 return np.array(result)

109
110
111 class get_D1:

112 def __init__(self):

113 dl = _get_D1()

114 self.dmat = d1.T

115

116 def __getitem__(self, indices):
17 m = indices[0]+1

118 n = indices[1]+1

119 if m<@ or m>2:

120 return 0

121 if n<@ or n>2:

122 return 0

123 return self.dmat[m, n]

124
125 D1 = get_D1()

126

127 def Dlmn(l,m,n):

128 if n >= 0:

129 return ___Dlmn(l,m,n)
130 else:

131 return __Dlmn(l,m,n)

132
133 # recurrence A, see Choi et al, p. 5
134 def _Dlmn(l,m,n):

135 if 1 == 1:

136 return D1[m, n]

137 return a(l,m,n) x Dlmn(l-1,m,n) * D1[0,0] +\
138 b(l,m,n) * Dlmn(l-1,m-1,n) * DI1[1, @] +\
139 b(l,-m,n) *x Dlmn(l-1,m+1,n) * D1[-1,0]

140
141 # recurrence C
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142 def __Dlmn(l,m,n):

143 if 1 ==

144 return D1[m, n]

145 return c(l,m,-n) * Dlmn(l-1,m,n+1) * D1[0@,-1] +\
146 d(l,m,-n) * Dlmn(l-1,m-1,n+1) * D1[1, -1]1 +\
147 d(l,-m,-n) *x Dlmn(l-1,m+1,n+1) * D1[-1,-1]

148
149 # recurrence D
150 def ___Dlmn(l,m,n):

151 if 1 ==

152 return D1[m, n]

153 return c(l,m,n) x Dlmn(l-1,m,n-1) * D1[0,1] +\
154 d(l,m,n) * Dlmn(l-1,m=-1,n=-1) * D1[1, 1] +\
155 d(l,-m,n) * Dlmn(l-1,m+1,n-1) * D1[-1,1]

156
157 def test_implementation(lmax):

158 rm = get_random_rotation() # perform comparison on random rotation
159

160 indices = get_indices(lmax) # get valid indices

161 refs = eval_wigner(indices, rm.T) # evaluate reference implementation
162

163 for i, idx in enumerate(indices):

164 impl = to_lambd(Dlmn(xidx))(rm) # eval recursive implementation
165

166 if np.isclose(refs[i], impl):

167 print(f"{idx} \t passed \t {refs[i]:.3f} {impl:.3f}")

168 else:

169 diff = np.abs(refs[i] - impl)

170 print(f"{idx} \t failed \t difference = {diff}")

171

172

173 if __name__ == "__main__":

174 # call test_implementation to test

175 # otherwise generate code

176 1l = int(sys.argv[1])

177 m = int(sys.argv[2])

178 n = int(sys.argv[3])

179 generate_code(l, m, n)

Evaluating the code for [, m,n = 3,0, 2 by calling python3 wignerd.py 3 0 2,
generated the file d302. gen, which can be called as follows

1 #include <math.h>

2> #include <complex.h>

3

4 double complex D302 (const doublex X){
return

#include "d302.gen"

)

© N o
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D.2 Diagonalization method

The following code computes the Wigner D-matrix D', , column-wise for arbitrary

I. The necessary eigenvectors (see main text) are calculated using LAPACK and the
Eigen library. Note that the computations need to make use of complex matrices,
while the resulting moments are real due to the tetrahedral symmetry.

Listing D.2: C++ code for evaluating Wigner D-matrix elements according to the
method by Feng et al.

1 #include <iostream>
2> #include <complex>
3 #include <vector>

4 #include <memory>

5 #include <cassert>
6 #include <cstdio>

#define LAPACK_COMPLEX_CUSTOM

#define lapack_complex_double std::complex<double>
1o #define lapack_complex_float std::complex<float>

11 #include <lapacke.h>

© o -

13 #include <Eigen/Dense>

16 using Eigen::MatrixXcd;
17 using Eigen::VectorXcd;

20 class WignerD

21 {

22 public:

23 WignerD(int lmax) : _lmax{lmax}

24 {

25 // cache eigenvector for later

26 for (int 1=0; l<=lmax; Ll++)

27 {

28 this->jEigenvecs.push_back(this->getEigenvecs(l));

29 }

30 }

31

32 VectorXcd eval_col(int 1, int n, double phi, double theta, double chi)
33 {

34 // evaluate one column of the wigner matrix. n is the physical index
35 // i.e. going from -1 to +1

36 assert(l <= this->_lmax && "1l is Llarger than lmax");

37 assert(std::abs(n) <= 1 && "|m| must not be larger than 1");
38

39 // compute exp factor for phi and chi

40 VectorXcd factor = (VectorXcd::LinSpaced(2*xl + 1, -1, 1)xphix
4 std::complex<double>(0., -1.0)).array().exp(Q);

42 factor *= std::exp(std::complex<double>(0., -1.)*chix

43 static_cast<double>(n));

45 VectorXcd result(2xl + 1);

46 const int limit = 2x1+1;
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47 double mu;

48

49 for (int m=0; m<limit; m++)

50 {

51 std::complex<double> res = 0.0;

52 for (int i=0; i<limit; i++)

53 {

54 mu = static_cast<double>(i-1);

55 res += std::exp(mux thetaxstd::complex<double>(0., -1.))*
56 (this->jEigenvecs[l](i,m))*xstd::conj(this->jEigenvecs[l](i,n+1));
57 }

58 result(m) = res;

59 }

60 return conj(result.array()*factor.array());

61 }

64 private:
65 MatrixXcd getEigenvecs(int j)

66 {

67 VectorXcd J = getJ(j).conjugate();

68 VectorXcd J@ = VectorXcd::Zero(2*j+1);

69

70 // matrix to diagonalize

71 MatrixXcd Jb(2xj+1, 2);

72 Jb << Jo , J;

73

74 const int n = 2xj+1; // size of the matrix
75 const int kd = 1; // number of super/sub-diagonals
76 const int ldab = 2%j+1;

77

78 // array for eigenvalues

79 double w[n];

80

81 // array for eigenvectors

82 MatrixXcd z(n, n);

83

84 // status info

85 int info;

86

87 info = LAPACKE_zhbev (LAPACK_ROW_MAJOR, ’'V’, ’L’, n, kd, Jb.data(),
88 ldab, w, z.data(), n);

89

90 if (info == 0){

91 #ifdef DEBUG

92 std::cout << "Eigenvalues:" << std::endl;
93 for (int i = 0; i < n; i++) {

94 std::cout << w[i] << " ";

95 }

96 std::cout << std::endl;

97 std::cout << "Eigenvectors:" << std::endl;
98 std::cout << z << std::endl;

99 #endif

100 } else {

101 std::cerr << "Error occurred in zhbev. Info: " << info << std::endl;
102 exit(-1);

103 }

104 return z;

105 }

106
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107
108
109
110
m
112
113
114
115
116
117
118

VectorXcd getJ(int j)

{
const VectorXcd idx = VectorXcd::LinSpaced(2xj + 1, 1-j, j + 1);
const auto x@ = idx.array() + j;
const auto x1 = (j+1) - idx.array();
VectorXcd result = -(x1*x0).sqrt()/std::complex(0., 2.0);
result(2*xj) = 0.0;
return result;

3

int _lmax;

std::vector<MatrixXcd> jEigenvecs;

This revision: 8ae4159a0f44350922298acafble2ac521115eal
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