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Abstract

To enable robots to operate autonomously in diverse environments, it is essential for
them to accurately understand their own motion state and that of surrounding objects,
including both position and orientation. Additionally, they need to understand the
impact of their actions within environments. The state transition model, which describes
how specific actions influence system responses, is essential as it enables the robots
to plan new actions effectively. These elements, state estimation and model learning,
are two important aspects of robotics. In this thesis, we begin by exploring the state
estimation problem, utilizing vision-based measurements along with various other data
modalities. We incorporate motion prior knowledge to constrain the state estimation,
aiming to enhance both accuracy and robustness. Additionally, we delve into the model
adaptation issue, where we adapt the motion model by calibrating its parameters online,
in conjunction with motion state estimation.

We explore the state estimation problem from two perspectives: object motion estimation
and ego motion estimation. For object motion estimation, we develop a tracking method
using event camera, which captures high temporal resolution events measuring intensity
changes at the pixel level. These cameras have high dynamic range and are more robust
against motion blur than regular cameras. We integrate high-rate event data with lower-
rate image data from a traditional camera using cubic B-splines. The spline represents
the motion trajectory in a continuous form, facilitating the fusion of asynchronous
measurements and providing a smoothness constraint for motion estimation. For ego
motion estimation, we introduce a method specifically designed for legged robots,
aiming to achieve accurate, high-rate, and low-drift estimations. We loosely couple
visual-inertial-based estimates, which have low drift, with high-rate leg odometry
estimates, and incorporate height measurements from leg kinematics to address the
height drift issue in dynamic movements.

We further propose not only using kinematic or dynamic motion models of robots as
motion constraints but also calibrating their parameters jointly with state estimation.
We explore a velocity-control based kinematic model that translates linear and angular
velocity control inputs into 2D relative motion. Recognizing that the most recent control
inputs do not always accurately reflect the robot’s actual movements, we calculate a
weighted average from a local window of control inputs as an effective control, using
a simple yet effective parametric model. The parameters of this model are adapted
online in conjunction with motion state adjustments. Furthermore, we investigate a more
complex dynamic model, formulated as a system of ordinary differential equations, and
integrate it to compute relative motion predictions that serve as motion constraints for
state estimation. We also calibrate the parameters of the dynamic model online, enabling
it to adapt to changes in the environment and enhance its prediction accuracy.

Our dual approach to state estimation and model adaptation not only enhances the



accuracy and robustness of state estimation but also enables online forward prediction
that adapts to changes in the environment. We anticipate that this capability of joint state
estimation and model adaptation will be particularly beneficial for downstream tasks in
control and planning, where accurate knowledge of both the state and the underlying
model is required by the robot.



Zusammenfassung

Um Robotern das autonome Operieren in verschiedenen Umgebungen zu ermdglichen,
ist es essenziell, dass sie ihren Bewegungszustand, einschliefdlich Position und Orientie-
rung, genau erfassen. Zusétzlich miissen sie den Einfluss ihrer Aktionen innerhalb der
Umgebungen verstehen. Das Zustandsiibergangsmodell, das beschreibt, wie spezifi-
sche Aktionen die Systemantworten beeinflussen, ist wesentlich, da es den Robotern
ermdglicht, neue Aktionen effektiv zu planen. Diese Elemente, Zustandsschidtzung und
Modelllernen, sind zwei wichtige Aspekte der Robotik. In dieser Arbeit untersuchen
wir zunédchst das Problem der Zustandsschitzung, wobei wir bildbasierte Messungen
zusammen mit verschiedenen anderen Datenmodalitdten nutzen. Wir integrieren Vor-
wissen iiber Bewegungen, um die Zustandsschdtzung zu beschrianken, mit dem Ziel,
sowohl die Genauigkeit als auch die Robustheit zu erh6hen. Dartiber hinaus befassen
wir uns mit dem Problem der Modellanpassung, bei dem wir das Bewegungsmodell
durch Online-Kalibrierung seiner Parameter anpassen, in Verbindung mit der Schdtzung
des Bewegungszustands.

Wir betrachten das Problem der Zustandsschédtzung aus zwei Perspektiven: die Schét-
zung der Objektbewegung und die Ego-Bewegungsschidtzung. Fiir die Schitzung
der Objektbewegung entwickeln wir eine Tracking-Methode unter Verwendung einer
Event-Kamera, die Ereignisse hoher zeitlicher Auflosung aufzeichnet, welche Inten-
sitditsinderungen auf Pixelebene messen. Diese Kameras verfiigen iiber einen hohen
Dynamikbereich und leiden nicht unter Bewegungsunschéarfe. Wir integrieren Daten
hoher Ereignisrate mit Bildern niedrigerer Rate von einer traditionellen Kamera unter Ver-
wendung eines kubischen B-Splines. Der Spline stellt die Bewegungsbahn kontinuierlich
dar, erleichtert die Fusion asynchroner Messungen und bietet eine Glédttungsbeschran-
kung fiir die Bewegungsschitzung. Fiir die Ego-Bewegungsschitzung fithren wir eine
speziell fiir Laufroboter entwickelte Methode ein, die auf genaue, hochfrequente und
driftarme Schatzungen abzielt. Wir koppeln visuell-inertiale Schatzungen, die eine
geringe Drift aufweisen, lose mit hochfrequenten Beinodometrieschdtzungen und in-
tegrieren Hohenmessungen aus der Beinkinematik, um Hohendrift bei dynamischen
Bewegungen zu reduzieren.

Dariiber hinaus schlagen wir vor, kinematische oder dynamische Bewegungsmodel-
le von Robotern nicht nur als Bewegungsbeschrankungen zu verwenden, sondern
auch ihre Parameter gemeinsam mit der Zustandsschdtzung zu kalibrieren. Wir un-
tersuchen ein geschwindigkeitsgesteuertes kinematisches Modell, das lineare und
Winkelgeschwindigkeitssteuerungseingaben in eine relative 2D-Bewegung iibersetzt.
Da Steuerungseingaben nicht immer die tatsdchlichen Bewegungen des Roboters genau
widerspiegeln, berechnen wir einen gewichteten Durchschnitt aus einem lokalen Fenster
von Steuerungseingaben als effektive Steuerung, unter Verwendung eines einfachen,
aber effektiven parametrischen Modells. Die Parameter dieses Modells werden online
mit der Bewegungschidtzung angepasst. Weiterhin untersuchen wir ein komplexeres



dynamisches Modell, formuliert als System gewohnlicher Differentialgleichungen, und
integrieren es, um relative Bewegungsvorhersagen zu berechnen, die als Bewegungsbe-
schrankungen fiir die Zustandsschédtzung dienen. Wir kalibrieren auch die Parameter des
dynamischen Modells online, um es an Verdnderungen in der Umgebung anzupassen
und seine Vorhersagegenauigkeit zu erhShen.

Unser dualer Ansatz zur Zustandsschédtzung und Modellanpassung verbessert nicht nur
die Genauigkeit und Robustheit der Zustandsschidtzung, sondern erméglicht auch eine
Online-Vorhersage, die sich an Verdnderungen in der Umgebung anpasst. Diese Fahigkeit
zur gemeinsamen Zustandsschdtzung und Modellanpassung konnte in zukiinftigen
Forschungsarbeiten vorteilhaft fiir nachgelagerte Aufgaben in Steuerung und Planung
sein, fiir die genaue Kenntnisse sowohl des Zustands als auch des zugrundeliegenden
Modells durch den Roboter erforderlich sind.
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Notation

General Notation

ST L =
~

e

=

<

o

D
=

|- ]2

Set of real numbers
Scalar

Column vector

Matrix

i entry of vector x (1-based indexing)
Transpose of matrix
Inverse of matrix

Set, e.g. X = {x1, X2, x3}
Identity matrix

All-zero vector or matrix
All-one vector or matrix
Function

Partial derivative of the function f(x, y) with respect to the

variable x

2

Euclidean norm (L~ norm)

Lie Group Notation

SO(n)
so(n)

SE(n)
se(n)

0O

()

Ry, Tt
aRb

aTb

Special orthogonal group

Lie algebra associated with SO(n)

Special Euclidean group

Lie algebra associated with SE(n)

Hat operation associated with the Lie algebra so(1) or se(n)
Inverse hat operation

Orientation R; € SO(3) and pose T; € SE(3) at time t € R
Rotation matrix Ry, € SO(3) that transforms a vector from frame
b to frame a

Transformation matrix T}, € SE(3) that transforms a vector from
frame b to frame a



Probability distributions

x~ N(u, X) Random variable x follows a Gaussian distribution with mean
vector py and covariance matrix X

p(x) Probability density function of x

p(x|0) Probability density function of x conditioned on parameter

vector O



Acronyms

ATE
DoF
EKF
IMU
MAP
MLE
MPC
ODE
RBF
RMSE
RPE
SLAM
VIO

Absolute trajectory error (see Section 3.4)

Degrees of Freedom (see Section 3.1)

Extended Kalman filter (see Section 4.1)

Inertial Measurement Unit (see Section 2.3)
Maximum a posteriori (see Section 2.2)

Maximum likelihood estimation (see Section 2.2)
Model-predictive control (see Section 4.3

Ordinary differential equation (see Subsection 1.1.3)
Radial basis function (see Subsection 5.3.3)

Root mean square error (see Section 3.4)

Relative pose error (see Section 3.4)

Simultaneous localization and mapping (see Section 1.1)
Visual-inertial odometry (see Section 1.1)






Overview

1.1 Introduction

The development of autonomous robots, capable of undertaking repetitive and time-
consuming tasks such as household chores, warehouse logistics, and autonomous
driving, has been a long-standing and extensively researched objective. Accurate state
estimation is crucial for these robots to interact effectively with their environment. The
state comprises the information available to an agent about its environment and serves as
the input signal for the decision-making process (Sutton and Barto, 2018). For example,
autonomous navigation requires that a robot continuously updates its position and
orientation relative to a 3D map. Similarly, effective grasping depends on the robot’s
understanding of the relative pose between objects and its endeffector. In this thesis,
we focus on estimating motion states, such as position, orientation, and velocity, from
sensor measurements of the environment.

Among these sensors, cameras serve as vital exteroceptive devices, capturing rich
visual observations of the surroundings. They are favored for their lightweight and
cost-effectiveness. The problems of motion estimation and 3D map reconstruction from
image data have been long studied in the field of computer vision. Notable techniques
include visual odometry, which tracks incremental camera motion from an image stream,
and simultaneous localization and mapping (SLAM), which integrates incremental
camera motion tracking with 3D map construction.

However, relying solely on visual cues for state estimation is problematic. Firstly, the
task can be inherently ill-posed. For example, in techniques such as visual odometry and
SLAM, the global pose and scale cannot be determined from monocular images alone.
Additionally, hardware limitations can impair performance as images may become
blurry in high-speed, low-light conditions.

To address these limitations, integrating complementary modalities is both desirable
and necessary (Barfoot, 2017). For instance, the visual-inertial odometry (VIO) method
combines cameras with an interoceptive sensor, namely the Inertial Measurement Unit
(IMU), to track camera motion. The IMU captures angular velocity and linear acceleration
at high frequencies, making scale and roll-pitch orientation observable (Hesch et al.,
2014). While high-rate IMU measurements offer robust short-term motion data, they are
prone to drift over time. Cameras, however, provide rich environmental details that can
assist in correcting this drift.

Another promising approach involves the use of event cameras, which provide a
distinct modality by detecting changes in pixel intensity and delivering data streams at
microsecond rates (Gallego et al., 2020). These cameras offer a high dynamic range and
are not susceptible to blur, distinguishing them from traditional frame-based cameras.
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However, because they capture only changes in visual signals, event cameras have
limitations in fully encoding the scene context, unlike standard cameras that measure
absolute intensity frames.

While multi-modal data integration is beneficial for state estimation, it is not always
sufficient. For instance, visual-inertial odometry may degrade under certain motions (Wu
et al., 2017). An orthogonal approach to using multi-modal measurements involves
utilizing prior knowledge of the motion state to constrain the state estimation problem.
For example, with ground wheeled robots, it is understood that they move on a plane,
allowing us to apply plane motion constraints. More broadly, we can incorporate the
robot’s physical properties, the kinematics and dynamics, as fundamental elements
of the motion constraints. The first goal of this thesis is to investigate various motion
constraints for vision-based state estimation using multi-modal data, aiming to enhance
tracking accuracy. In addition to estimating their motion, robots also need to understand
the impact of their control actions for navigation and planning. Therefore, the second
focus of this thesis is to calibrate models of robots” kinematics and dynamics online.
This calibration enables real-time adjustments to the models as the robot interacts with
varying environments, facilitating their use for accurate forward motion prediction.

In summary, this thesis investigates and addresses the following two primary chal-
lenges:

1. Enhancing motion state estimation by incorporating motion constraints and
utilizing multi-modal data, investigated from two different aspects: event-based
object motion estimation and camera-IMU-based ego-motion estimation for both
legged and wheeled robots.

2. Adapting kinematic and dynamic motion models online for wheeled robots to
improve their motion prediction capabilities.

In the following sections, we review related works addressing these two challenges.

1.1.1 Event-Based Object Motion Estimation

Object motion estimation is a critical task in computer vision and plays a vital role in
many robotic applications, such as manipulation and obstacle avoidance. Traditional
methods (Choi and Christensen, 2012a,b) involve extracting features or patterns from
images and estimating object motion by matching these with features or patterns from
the 3D model of the object. Meanwhile, learning-based methods like Deng et al. (2021)
and Y. Li et al. (2018) have demonstrated great performance by utilizing neural networks
to extract more expressive image features for matching. More recently, model-free
methods have gained increasing attention. These methods estimate object pose based
on neural field representations without relying on 3D object models (Wen et al., 2023,
2024). Motion priors, such as constant velocity with first-order state dynamics (Choi
and Christensen, 2012b; Deng et al., 2021; Krull et al., 2014) or zero velocity with specific
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noise models (Azad et al., 2011; Klein and Murray, 2006; Teuliere et al., 2010), are often
used to propagate the estimated pose.

While these methods based on conventional image or depth data achieve great results,
their performance can be limited by the hardware constraints of the cameras, such as
low dynamic range, high latency, and motion blur. Event cameras, on the other hand,
measure relative intensity changes at very high frequencies and offer complementary
properties. Using an event camera to track object pose has the potential to address the
limitations of conventional cameras.

Research on motion estimation with event cameras majorly focuses on ego motion
estimation. H. Kim et al. (2016) developed a method utilizing three separate probabilistic
filters to estimate camera motion, log intensity gradient, and inverse depth. Their method
leverages an event generative model that predicts intensity changes based on estimated
motion and depth. By minimizing the discrepancy between these predictions and actual
measurements, the method effectively optimizes the state variables. A similar approach
by Bryner et al. (2019) tracks camera motion relative to a static background, with a
variant of the generative event measurement model. Mueggler et al. (2018) integrate
image, IMU, and event data for camera motion estimation, assuming a known scene
map. They employ a continuous trajectory representation based on splines to efficiently
fuse these asynchronous multi-modal measurements.

While few studies (Mitrokhin et al., 2019a; Vasco et al., 2017) have focused on image-level
object tracking, there is only a limited number that addresses the challenge of tracking
objects in 3D space using event cameras. Dubeau et al. (2020) propose a method that
tracks object pose in 3D using a textured 3D model, combining image, depth, and event
data in a cascaded fashion. The method augments a learning-based object tracker for
image and depth data with events. A neural network uses accumulated events to predict
a coarse pose, which is then refined by the original object tracker. Z. Li et al. (2023)
also augment a 3D object pose tracker for image and depth data with events. Their
approach employs a dual Kalman filter strategy: an inner loop estimates object velocity
using event observations based on a dampened motion model, while the outer loop
fuses this velocity estimate with pose estimates derived from a deep neural network. In
Chapter 3, we address the challenge of event-based object motion estimation by utilizing
image and event data, assuming a textureless 3D model of the object is provided. We
employ splines to represent the object trajectory, which implicitly provides smooth
motion constraints for the estimation process.

1.1.2 Camera-IMU-Based Ego Motion Estimation

Ego motion estimation from camera and IMU measurements is a well-established field
in computer vision and robotics. There are two categories depending on how the IMU
measurements are integrated with images. The first category, known as the loosely
coupled method, utilizes IMU data to propagate the state, while image data is used to
update the state through a Kalman filter (Geneva et al., 2020; Mourikis and Roumeliotis,
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2007). The second category, referred to as the tightly coupled method, estimates motion
using a factor graph optimization framework, with vision and IMU measurements
serving as factors (Leutenegger et al., 2015; Qin et al., 2018; Usenko et al., 2020). The
tightly coupled approach is better constrained and results in more accurate and robust
estimates, albeit at the cost of relatively high computational demands. For methods
from both categories, the scale and the roll-pitch orientation with respect to gravity are
observable, while the global position and yaw orientation remain unobservable (Hesch
et al., 2014). To address this unobservability, we can define the local initial position and
yaw orientation as references, thereby facilitating the estimation of ego motion.

Wu et al. (2017) further demonstrate that under specific motions, both the scale and
global orientation can become unobservable. The scale turns unobservable if the local
acceleration remains constant, and global orientation becomes unobservable in the
absence of rotational motion. To address the issue of scale unobservability, they propose
utilizing the wheel encoders and computing relative motion with forward kinematics
based on wheel encoders measurements to constrain the motion estimation for a
differential drive robot. F. Ma et al. (2019) extend this idea with an Ackerman drive
robot. Similarly, Lee et al. (2020) also incorporate wheel odometry and they calibrate the
wheel odometry parameters online to further improve the estimation accuracy. Many
studies utilize wheel odometry as motion constraints for wheeled robots. However,
this approach relies on wheel encoders. We instead employ velocity-control-based
kinematics to compute relative motion serving as a constraint for the motion estimation
problem, as detailed in Chapter 5.

For legged robots such as quadruped and humanoid robots, leg odometry is commonly
used as a motion constraint. This method estimates the incremental motion of the
robot’s base using the forward kinematics of the legs that are in stable contact with
the ground, with the assumption that the feet in contact are static. Early work (Blésch
et al., 2012; Hartley et al., 2020, 2018c; J.-H. Kim et al., 2021) fuse leg odometry with
IMU data and estimate robot base velocity and roll-pitch orientation. Chilian et al.
(2011) fuse IMU measurements with leg odometry and visual odometry to enhance
robustness. Similarly, Teng et al. (2021) integrate inertial and velocity measurements from
a tracking camera with leg kinematic constraints and additionally perform observability
analysis for the state parameters. Hartley et al. (2018b) extend an optimization-based
visual-inertial state estimation framework by incorporating a forward kinematic factor.
This addition is based on hybrid contact preintegration, which utilizes leg joint encoder
and contact measurements. Y. Kim et al. (2022) propose an optimization-based approach
that tightly integrates vision, IMU measurements, and preintegrated leg velocity factors
without relying on the static contact assumption. In Chapter 4, we will also explore
the use of forward kinematics as a motion constraint, aiming to develop a low-latency,
high-update-rate motion estimator suitable for agile motion control.
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1.1.3 Motion Model Adaptation

For model-based control and planning, understanding the impact of control actions on
the robot through the control-based motion model is essential. Research into formulating
and estimating motion models for ground-wheeled robots has been a long-standing
area of interest. Typically, these models are derived from the physical properties of the
robot and expressed as ordinary differential equation (ODE) systems. In a kinematic
model, the ODE system directly relates the robot’s velocity or acceleration to control
inputs. In contrast, a dynamic model incorporates external forces and moments to model
the acceleration, providing a more comprehensive and accurate representation. The
parameters of the ODE system determine the model’s behavior and can be optimized
from data.

Many previous studies focus on identifying and adapting parameters online to achieve
better control assuming motion states can be directly or partially measured. S. H. You et al.
(2009) estimate sideslip and tire stiffness for a single-track dynamic model from steering
angle, lateral acceleration, and yaw rate measurements using an extended Kalman filter.
Similarly, Reina et al. (2017) employ an Extended Kalman filter to estimate slip angle and
mass based on steering angle, throttle inputs, and measurements from gyroscopes and
linear accelerometers. Wielitzka et al. (2015) use an Unscented Kalman filter to adapt
parameters of a double-track dynamic model, incorporating vehicle states like side-slip
angle, with data from a GPS-gyroscope measurement system. A similar approach from
C. You and Tsiotras (2017) estimates parameters of both a single-track model and an
extended double-track model that separately models sprung and unsprung mass, using
known motion states.

Recently, learning-based approaches have been proposed to regress the non-linear
vehicle dynamics from input states and actions. These data-driven methods train the
model offline and rely on the assumption that the training data adequately cover the
state and parameter distributions. Spielberg et al. (2019) develop a two-layer feed-
forward neural network to learn one-step transitions of yaw rate and lateral velocity
using state and steering control input history. Xu et al. (2019) propose a learning-based
approach, training multi-layer perceptrons and recurrent neural networks to model
vehicle dynamics with large-scale data. Similarly, Hermansdorfer et al. (2020) utilize
recurrent neural networks to model vehicle dynamics, and demonstrate that their
learned model can effectively replace traditional single-track model for vehicle dynamics
simulation. However, they note that the model’s accuracy depends on proper data
selection and the availability of the training data. Additionally, T. Kim et al. (2022)
propose a hybrid model that uses a single-track model to represent the dynamics, while
training a neural network to predict parameters for an analytical tire model.

In Chapter 5, we integrate a kinematic motion model into the visual-inertial state
estimator. Then, in Chapter 6, we explore a more complex and expressive dynamic
motion model and incorporate it into the visual-inertial state estimator. These models
serve not only as motion constraints to enhance motion tracking accuracy but also have
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their parameters calibrated online. This joint calibration with state estimation enables
accurate forward motion prediction.

1.2 Contributions

The contributions of this thesis, in connection to the research challenges outlined earlier,
are summarized below.

1. In Chapter 3, we address the first challenge by focusing on object pose estimation
using event cameras, which offer high temporal resolution and minimal motion
blur. However, they only capture changes in intensity, and each individual event
contains limited information. To overcome this, our method effectively combines
measurements from both event- and frame-based cameras. We utilize a probabilistic
generative event measurement model to track object motion from high-rate events.
In a second layer, we refine the object trajectory using slower rate image frames
through direct image alignment. To represent the motion trajectory, we employ
splines, which not only facilitate the effective combination of asynchronous,
high-rate event data with low-rate image data but also provide a smooth motion
constraint for the noisy, low-information event data.

2. Apart from object pose estimation, Chapter 4 explores the ego motion estimation
for dynamic locomotion of legged robots, focusing on reliable and high-rate
estimation of robot posture, especially the base height. We develop a method that
loosely couples VIO with leg odometry, utilizing visual and inertial measurements
along with robot kinematics. The VIO module, which includes a stereo camera
and an IMU, provides low-drift 3D position and yaw orientation, as well as drift-
free pitch and roll orientations of the robot’s base link within the inertial frame.
However, the considerable latency due to image processing and optimization,
combined with a relatively low update rate, makes these measurements less suited
for low-level control. To mitigate this issue, we enhance the frequency of the VIO
state estimates to match the high-rate IMU measurements within the VIO sensor.
We then fuse the enhanced base pose and linear velocity estimates from the VIO
with a second high-rate IMU and leg odometry measurements, resulting in robot
state estimates with high frequency and minimal latency, suitable for dynamic
control. Additionally, because VIO does not provide an absolute reference to the
ground plane and can drift in height over time, we utilize contact detection and leg
kinematics to obtain accurate height measurements, compensating for the height
drift.

3. From Chapter 5, we address the second challenge by utilizing the robot’s physical
properties not only as motion constraints to enhance motion state estimation
but also to identify and calibrate the motion model, enabling accurate motion
prediction. In Chapter 5, we present an approach for VIO with a stereo camera
that integrates and calibrates the velocity-control-based kinematic motion model
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of wheeled mobile robots. We use a radial basis function kernel to compensate for
time delays and deviations between control commands and actual robot motion.
The motion model is calibrated online by the VIO system and can potentially be
used as a forward model for motion control and planning.

Chapter 6 extends the concept of state estimation and motion model calibration
under motion constraints by replacing the kinematic motion model with a dynamic
motion model. The dynamic model accounts for robot-environment interactions,
unlike its kinematic counterpart. We tightly fuse a single-track dynamic model
for wheeled ground robots with VIO. Our approach continuously calibrates and
adapts the dynamic model online, thereby enhancing the accuracy of forward
predictions based on anticipated control inputs. Formulated through ordinary
differential equations, the single-track dynamic model approximates the motion
of wheeled vehicles under specific control inputs on flat ground. We employ
a singularity-free and differentiable variant of the single-track model, which
facilitates seamless integration as a dynamic factor within the VIO framework
and allows for the online optimization of model parameters alongside VIO state
variables.

Publications

1.3.1 Main Publications

Large parts of this thesis were published in peer-reviewed conference proceedings and
journals. Each of the chapters mentioned above (Chapters 3 to 6) is drawn from one of
the publications listed below:

(i)

(ii)

(iii)

H. Li and ]. Sttickler (2021). “Tracking 6-DoF Object Motion from Events and
Frames’. In: Proceedings of IEEE International Conference on Robotics and Automation
(ICRA). por: 10.1109/ICRA48506.2021.9561760

V. Dhédin, H. Li, S. Khorshidi, L. Mack, A. K. C. Ravi, A. Meduri, P. Shah, F.
Grimminger, L. Righetti, M. Khadiv, and J. Stiickler (2023). ‘Visual-Inertial and Leg
Odometry Fusion for Dynamic Locomotion’. In: Proceedings of IEEE International
Conference on Robotics and Automation (ICRA). por: 10.1109/ICRA48891.2023.
10160898

H. Li and J. Stiickler (2022). ‘Visual-Inertial Odometry with Online Calibration of
Velocity-Control Based Kinematic Motion Models’. In: IEEE Robotics and Automation
Letters (RA-L). por: 10.1109/LRA.2022.3169837

H. Li and J. Sttickler (2024). ‘Online Calibration of a Single-Track Ground Vehicle
Dynamics Model by Tight Fusion with Visual-Inertial Odometry’. In: Proceedings of
IEEE International Conference on Robotics and Automation (ICRA). To appear, preprint
available at https://doi.org/10.48550/arXiv.2309.11148
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1.3.2 Side Publications

During my PhD studies, I have contributed to the following works, which are not
included in this thesis:

» Y. Xue, H. Li, S. Leutenegger, and J. Stiickler (2022). ‘Event-Based Non-Rigid
Reconstruction from Contours’. In: Proceedings of British Machine Vision Conference
(BMVC). Available at https://bmvc2022.mpi-inf.mpg.de/0078.pdf

» S. Guttikonda, J. Achterhold, H. Li, J. Boedecker, and J. Stiickler (2023). ‘Context-
Conditional Navigation with a Learning-Based Terrain- and Robot-Aware Dynam-
ics Model’. In: Proceedings of European Conference on Mobile Robots (ECMR). por:
10.1109/ECMR59166.2023.10256414

» Y. Xue, H. Li, S. Leutenegger, and J. Sttickler (2024). “Event-Based Non-Rigid
Reconstruction of Low-Rank Parametrized Deformations from Contours’. In:
International Journal of Computer Vision (IJCV). por: 10.1007/511263-024-02011-z

1.4 Open-Source Software Release

The source code of the approach ST-VIO presented in Chapter 6 is published open-source
at https://github.com/EmbodiedVision/st-vio.



Background

In this chapter, we provide the theoretical background and mathematical tools necessary
for this thesis. We begin by introducing the concept of rigid body motion and the
pose state representation. Following this, we describe the inference framework and
optimization methods employed in this thesis. Lastly, we provide an overview of the
visual-inertial odometry method.

2.1 Motion Representations

In this thesis, state estimation pertains to rigid body motions, which describe the
orientation and position of a rigid body in three-dimensional physical space (Lynch and
Park, 2017).

2.1.1 Rotational Motions

The orientation of a frame o relative to another frame w can be expressed through a
rotation matrix "R, € R3*3. The set of such rotation matrices constitutes the special
orthogonal group SO(3) under the matrix multiplication operation. By definition, a group
is a set equipped with an operation with the following properties:

» closure: R1R; € SO(3), VR1, Ry € SO(3),

» associativity: (RiR2)R3 = R1(R2R3), VRy, Ry, Rz € SO(3),
» identity element I: IR = RI = R, VR € SO(3),

» inverse element R™! : R™IR = I, VR € SO(3).

Additionally, matrices in SO(3) satisfy the property RT = R~!,indicating that each matrix
is orthogonal. Based on the SO(3) group properties, we can compute the orientation of
frame w in frame o as:

°R, = "R/. (2.1)

The orientation of one frame relative to another can also be determined through
composition. For instance, given a rotation matrix "R, describing the orientation of
frame o in frame w and a rotation matrix °R; describing the orientation of frame i in
frame o, the orientation of frame i in frame w can be formulated as:

WR; = "R,°R;. (2.2)
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We can also use the rotation matrix to rotate or change the reference frame of a vector.
Specifically, for a vector °t € R3 in reference frame o, its transformation to the reference
frame w is given by:

Yt = "R, t. (2.3)

The length of vector t remains unchanged after the transformation. Let us now define
frame w as the fixed world frame and frame o as the body frame. Consequently, the
orientation of the body frame relative to the world frame at time ¢ can be denoted as
YR, t. For brevity, we will use R to represent this term throughout this chapter. The
matrix R is the time rate of its change and satisfies:

R =R°®, (2.4)

where °@ is the skew-symmetric matrix representation of the vector °w. This vector °w
is the angular velocity expressed in the body frame o and can be transformed to another
frame i by:

lw = Rw. (2.5)

For the sake of simplicity, the superscript of the angular velocity term will also be
omitted within this chapter. Equation (2.4) can be viewed as a differential equation. By
assuming constant angular velocity and R;—¢ = I, we can compute the solution as:

R = exp(wt). (2.6)

As further shown in Lynch and Park (2017), for any rotation matrix R € SO(3), one can
always find a vector @ € R3 such that R = exp(@). Throughout thesis, we use Exp(w) as
a shorthand notation for exp(@). The skew-symmetric matrix @ represents the so-called
exponential coordinates of the rotation matrix R and the set of the 3 x 3 skew-symmetric
matrices is called $0(3), the Lie algebra of SO(3). We can also view (T) as a mapping from
R3 to s0(3):

w1 0 — w3 w?
w=|w | =] w3 0 —-w1], (2.7)
w3 —@? w1 0

and it is commonly called the hat operation. The exponential mapping can be used to
map elements from s0(3) to SO(3), and its inverse, the logarithmic mapping, can be used
to map from SO(3) to s0(3):

exp : @ € $0(3) — R € SO(3)
log : R e SO(3) — @ € s0(3).

The exponential mapping, also known as Rodrigues’ formula is

A2

exp(@) = I +sin(|w|)— + (1 - COS(”C‘)”))W, (2.8)
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and the logarithmic mapping is

_O(R-RT)
log(R) = Ym0 (2.9)
0 = arccos %. (2.10)

The logarithmic function returns an element of s0(3), namelz a skew-symmetric matrix,
we can further map it to R® with the inverse hat operation (-):

0 —w3s w» w1
3 0 —w1 = w7 . (211)
—wWy W1 0 w3

We use Log(R) as a shorthand notation for log(R).

2.1.2 Rigid Body Motions

The full rigid body motions in three-dimensional physical space can be represented by the
combination of rotational and translational motions with the matrix form W T, € R**4:

W o WRO WtO
To—< 0 1). (2.12)

The rotation matrix YR, € SO(3) represents the orientation of frame o in frame w and
the vector Wt, € R3 represents the origin of frame o in frame w. Thus, we can use this
matrix to describe the pose of frame o in frame w. Analogous to the rotation matrix, the
matrices for the rigid body motion under the matrix multiplication operation also form
a group called special Euclidean group SE(3). The inverse of T, is:

WT—I — OT — WR;F _WR;)rwtO
° W 0 1

representing the pose of frame w in frame o. A vector °t can be transformed with W T, to
frame w. By slightly abusing the notation and treating T, as a mapping instead of a
matrix, this transformation can be written as:

(2.13)

YTo(°t) = "t = "R,°t + Vto. (2.14)

We can use " T, ; to describe the pose of a moving body frame o to a fixed world frame
w at time f. To reduce clutter in this discussion, we will denote this term as T for the
remainder of this chapter. The time derivative T can be computed with the following

11
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equations:

T =T°¢ (2.15)
o °@w °v
& = ( 0 0) . (2.16)

with °@ € s0(3) and °v € R3. The corresponding vector °& € R® is called body twist:

ogr __ v
£= <w> (2.17)

representing the instantaneous linear and angular body velocity viewed in the body
frame. The set of the 4 x 4 matrices 2 is referred to as $¢(3), the Lie algebra of SE(3).
We can also use exponential mapping to map elements from se¢(3) to SE(3) with the
following equation:

T = exp(§) = (expé “) \;V> ’ 219

where i
vor. o Cos(!wH) .~ o] = Sln3<”“’||) .2 (2.19)

|l |l

Its inverse mapping, the logarithmic mapping is:

. V1t
&= <log(R)) : (2.20)

Again, we can use the inverse hat operation () to map the result of the logarithmic
function to R®.

2.1.3 Derivative on SO(3) and SE(3)

The derivative of a function operating on group, either SO(3) or SE(3) in our case, can
be defined in various ways. In this thesis, we use the definition from Deray and Sola
(2020), which is sufficient and effective for the problem settings discussed. Formally,
for a function f whose domain and codomain are either SO(3) or SE(3), its derivative is

defined as: F(X) fX@1)e f(X
4% . T
X i T ' .

with the special plus @ and minus © defined as

D:Y=XP1=Xexp(?) (2.22)

O:7=YOX=log(XY). (2.23)
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The @ operation enables the computation of the infinitesimal increment for the group
elements, while the © operation allows us to compare the change in the function value
induced by the infinitesimal increment. Based on this definition, we can compute closed-
form Jacobians for the operations on SO(3) and SE(3) groups. For detailed derivations
and formulae, we refer to Deray and Sola (2020).

2.2 Probabilistic Inference and Optimization

In this section, we introduce the probabilistic inference framework and the associated
optimization methods used for the state estimation problem discussed in this thesis.

2.2.1 Maximum Likelihood Estimation

In robotics or computer vision, the challenge often lies in recovering unknown agent
states from a series of noisy measurements, denoted as X = {xi, ..., x;}. For instance,
given a series of images, the objective might be to determine the camera poses at
which these images were captured. It is generally assumed that these measurements are
independent and each follows an unknown distribution pgata(x).

Our goal is to approximate this unknown distribution with a probabilistic model p(x|0)
parameterized by 0 to infer these unknown states. In order to estimate 6, we employ
the maximum likelihood estimation (MLE) framework, which seeks to minimize the
dissimilarity between the model distribution and the empirical data distribution defined
by the samples (Goodfellow et al., 2016). The likelihood function of 0 is the probability
density

L(6) = p(X|0) = | [ p(xil6). (2.24)

i=1

The maximum likelihood estimator is defined as:
0" = argmaxL(0). (2.25)

In practice, it is more convenient to maximize the logarithm of the likelihood, as it turns
the product into a sum:

n
0" = argmaxlog L(0) = arg maxZ log p(xi|0). (2.26)
i=1

Under certain conditions, the result of the maximum likelihood estimator 8* approaches
the true value asymptotically as the number of samples goes to infinity.

Assuming that the noisy measurement follows a Gaussian distribution x ~ N(y, X),
a link can be established between maximum log-likelihood estimation and the least
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squares method. To demonstrate this, consider the probability density function of the
Gaussian measurement model:

1 1 -
(2n)k det(X) P (_E(x —pO) I x— 11(9))> / (2.27)

where k represents the dimension of the measurements, u denotes the mean parameter-
ized by 0, and X is the covariance matrix. In the context of state estimation addressed in
this thesis, the goal is to estimate the parameter vector 0 that defines the mean, while
treating the covariance matrix as a diagonal matrix with known scalar elements o;.
Notably, minimizing the negative log-likelihood is equivalent to maximizing the log-
likelihood itself. The optimal parameter vector 6 for Gaussian measurement noise is
thus given by:

p(x|u(0), E) =

n
0* = argmin ) —[xi - 1,(0)|3. (2.28)
i=1 !

This expression can also be viewed as a weighted least squares estimator. Consequently,
we can utilize the well-established solving tools from least squares problems for our
maximum log-likelihood estimation.

We can further determine the posterior distribution over the parameter vector 0 using
Bayes’ rule:

p(0|X)ocp(X|0)p(0), (2.29)

where p(0) is the prior distribution of the parameter. The method of maximum a
posteriori (MAP) estimation then estimates the parameter 0 as:

0* = argmaxp(0|X) = argmax ) log p(xi|0) + log p(6). (2.30)

i=1

Compared to MLE, MAP estimation leverages information from the prior that is not
present in the training data (Goodfellow et al., 2016). If we assume the prior distribution
p(0) is uniform, then MAP estimation becomes equivalent to MLE. If we assume that the
noise of the measurement is Gaussian and the prior distribution of the parameter follows
a zero-mean Gaussian distribution, we obtain the regularized parameter estimate:

n
. 1
0" = argmin ), —[xi — p(0) 3 + |63, (2.31)

i=1 1!

which can also be solved using tools for least-squares problems.

2.2.2 Gauss-Newton Method

The least squares estimator is a widely utilized approach for estimating unknown
parameters 0 based on noisy measurements (Nocedal and Wright, 2006). The objective
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function E is defined as:

—_

n
L oy Ty—1

=5 Z e (02 == (9) = 1K(0). (2.32)
Here, 7(0) = (x — u(0)) is a function mapping from R” to R, where p represents the
dimension of the parameter vector 6. The weight factor % scales the function r up or
down and constitutes the diagonal elements of the weight matrix £~'. This function
quantifies the discrepancy between the measurement and the parameterized estimation,
and is commonly referred to as the residual or error term. We assume that the number
of measurements 7 exceeds the dimension of the parameter vector p, ensuring that the
least squares problem is consistently overdetermined. The optimal parameters 8* are
determined by minimizing the squared sum of the residuals:

0" = argmin E(0). (2.33)

This gives us the same estimator for the parameters as derived from a different perspective
in the previous subsection.

For a linear model, the minimum of the objective function can be analytically determined
by setting the derivative of the objective function with respect to 6 to zero. However,
the inherent limitations of linearity restrict the model’s ability to fully express complex
systems. In this thesis, the state estimation tasks require non-linear models to effectively
capture such complexities. For the non-linear least squares problem, numerical method
can be employed to compute optimal solutions.

Gauss-Newton method is an iterative approach for solving non-linear least squares
problems based on their linear approximation. In each iteration, the residual function
is approximated by the first-order Taylor expansion:

(0 + 60) = r(0) + J(8)56, (2.34)

where 60 is the update for the parameter vector in the current iteration and J is the
Jacobian of r, defined as:

| ori(e)
Y00 i
By substituting this linear approximation into the objective function, the original non-

linear least squares problem is transformed to a linear least squares problem with respect
to 60:

(2.35)

E(50) 2%1‘(6 +60) (0 + 60)
" . (2.36)
:Er(G)Tr(G) +607J(0)1(0) + E(seTJ(e))TJ(a)ée.
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The minimum of E(60) can be calculated by setting its derivative to zero:
J()'J(0)560 = —J(0)"x(0). (2.37)
The optimal parameter update 60 is derived by solving the above linear system:
66" = —(J(0)'1(6)"1J(0)x(0). (2.38)

The product of the Jacobians is the Hessian matrix of the linearized objective function
H = J(0)TJ(0). The parameter vector is then updated based on the optimal 60 for the
current iteration k + 1:

051 = 0% + 60", (2.39)

This process is repeated until a specified iteration number is reached or the parameter
update 600 becomes negligible.

If the parameter vector 6 belongs to the SO(3) or SE(3) group, the increment 60 can be
computed with Lie algebra, based on the special Jacobians for these groups. The param-
eter vector is then updated using the special @ operator introduced in Subsection 2.1.3
as:

01 = X @ 56*. (2.40)

The Gauss-Newton method convergence rate can be close to quadratic if r is small (No-
cedal and Wright, 2006), emphasizing the importance of a good initial guess for the
parameter vector. In subsequent chapters, we will demonstrate how the Gauss-Newton
method is applied to various state estimation tasks.

2.3 Visual-Inertial Odometry

Visual-inertial odometry (VIO) has been an active research topic over the past few
years. This section provides an overview of the optimization-based VIO method, which
estimates pose and velocity states using image measurements from cameras combined
with angular velocity and linear acceleration data from the Inertial Measurement
Unit (IMU) for autonomous agents (Leutenegger et al., 2015; Qin et al., 2018). We
begin by introducing the commonly used notation and definitions for VIO, followed
by a description of the methods used for processing visual information and IMU
measurements. Finally, we discuss the optimization framework that tightly couples
these two different modalities.

2.3.1 Notation and Definition

By convention, VIO estimates the pose and linear velocity of the IMU coordinates
frame (denoted with i). The pose state, which is the transformation from the IMU frame i
to the fixed world frame w;, is represented as ' T; € SE(3). This transformation comprises a
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» landmarks
s .‘.

camera i

Figure 2.1: The frames involved in VIO are the fixed world frame, the IMU frame for which the pose and
linear velocity are estimated, and the camera frame.

rotation component WR; € SO(3) and a translational component t; € R (see Figure 2.1).
The velocity state of frame i is the linear velocity v = "t;, observed in the world frame w.

To fuse information from the camera and the IMU, the relative pose “T; between them
is also required. This relative pose is typically provided by the device manufacturer

or can be measured separately. In this thesis, it is assumed to be known and constant.

Additionally, VIO estimates the 3D landmarks £ = {l;...1p} from the surrounding
environment based on the visual information extracted from images. Moreover, since
the velocity and acceleration measurements from IMU can drift over time, two bias
terms bg and b, are included to model this drift. The comprehensive state of the VIO
at any given time t can thus be summarized as s; = (WTi,t, “vi, L, bg s, ba,t), and this
state is estimated at the image frame rate.

2.3.2 Visual Measurements and Reprojection Error

The camera captures images over time, providing core information for localizing the
robot in a 3D environment. To understand how image data can be used to estimate
motion, we first need to introduce the basic concept of image formation.

Following the introduction in Y. Ma et al. (2003), we start with a point “p = (“x, “y, °z)’
in 3D observed in the camera frame attached at the projection center. By convention,
the camera frame’s z-axis points forward and aligns with the optical axis. The x- and
y-axes of the camera frame point to the right and downward, respectively. The z value
of a point with respect to these coordinates is referred to as the depth. The projection 7t
of such 3D point through an ideal pinhole camera onto the image plane is given by:

u fx 0 cx ‘x/z
x=|v]=np)=| 0 fy ¢ ‘y/z | . (2.41)
1 0 0 1 1

The horizontal and vertical focal lengths fy and fy scale the normalized 3D point. The
horizontal and vertical shift terms cx and cy are used to translate the projection so that
its position (1, v) is specified relative to the top-left corner of the image. These four

17



18

2 Background

elements, known as the camera’s intrinsic parameters, are assumed to be known in this
thesis.

After introducing the image formation process, we now describe how we associate data
across multiple images to infer the positions of 3D environment points and the camera
poses when the images are captured. The data association process involves two key
steps: feature detection and feature tracking.

In the feature detection step, feature points are extracted from images using a corner
detection algorithm such as FAST (Rosten et al., 2010), which identifies feature points
based on the values of the image. These feature points typically correspond to corner
points that contain high-texture information within the scene. Once the feature points
are detected, we assign a depth parameter to each of them to construct the landmarks
L={ly...1 |1 = (u,v,d)"}, where (1, v) are the 2D coordinates of the feature point in
image space and d is the unknown depth parameter. We can back-project (u,v,d)" to

3D using the inverse projection process 7~ !:

1

0 o\ [ud
p=mn"tw,0,d=1_0 fy ¢y vd |. (2.42)
0 0 1 d

The second step is to track the feature points in consecutive images. A commonly used
approach is the KLT tracker proposed by Lucas and Kanade (1981), which computes
the position of the correspondences of the original feature points in subsequent images.
Given an image at time t; that hosts the landmarks, and a target image at time t;, we
compare the feature point position (1, v;) with the tracked 2D position zjk; in the target
frame. The reprojection error can then be formulated as

Timg,jk1(d1, " Tit;, " Ti) = zjki — 7 ((WTi,tkiTc)_lei,tjiTc (g, 01, dl))) . (2.43)

2.3.3 IMU Preintegration and Relative Motion Error

While image measurements provide the core geometry information about the scene, the
IMU measures short-term motion and offers complementary properties that enhance the
robustness of the vision-based motion state estimation (Forster et al., 2015; Leutenegger
etal., 2015). An IMU typically includes a gyroscope and an accelerometer, measuring
angular velocity and linear acceleration at frequencies ranging from a few hundred to
thousands of Hz. In contrast, camera measurements typically occur at frequencies under
a hundred Hz. While IMUs can capture very high dynamic motions, they also exhibit
significant noise.

To tightly combine these two modalities, an efficient preintegration method has been
proposed by Forster et al. (2015). The core idea of IMU preintegration is to aggregate the
high-frequency IMU measurements between two consecutive images at times ¢; and
ty into a single relative motion constraint. We assume that both the angular velocity



2.3 Visual-Inertial Odometry

measurement '@ and the linear acceleration measurement 'a are affected by additive
white noise 11 and slowly drifting sensor biases b:

'w ='w + by + g (2.44)
A =Ry (Ya—g) +b,+1,, (2.45)

where g is the gravity vector, ' is the true body angular velocity and “a is the true linear
acceleration in world frame. The relative motion, namely the pseudo-measurements
between f; and t are calculated as follows:

k-1

ARji = | [ Exp ((@, — bg)At) (2.46)
n=j
k—1 _

Avjk = > ARjy(a, — by)At (2.47)
n=j
k-1 1 .

Atj =) (Av]-nAt + S AR (3, — ba)At2> , (2.48)

n=j
with At = tj —t;. The relative motion residual from the IMU measurements is expressed
as:
rrel,jk(wTi,tj ’ in,t]‘/ bg,tjl ba,tj /W Ti,tk ’ in,tk) =
-
Log (AR"R/, "R;y )
WRItj(in,tk —Yvit — gAt) — Avjg . (2.49)
WRith (Wi — Vi, — Vi A — 3gAEY) — Aty

Additionally, the slowly varying sensor biases are modeled with Brownian motion and
discretized as follows:

bg i =bgr; + 1y, (2.50)
ba,tk :ba,fj + Mpa- (251)

The bias residual can thus be computed as:

bot — bt
rbias,jk(bg,tk/ bg,t]'/ba,tk/ ba,t]-) = (bilik . bjtt]) . (252)
7 k 7 j

The overall IMU measurements related residual is defined as: rvu, jk = (Trel,jk, Tbias, jk)T.
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Figure 2.2: Factor graph of the VIO method. The blue circles represent the keyframes and the white circles
are the regular frames.

2.3.4 Optimization and Marginalization

We tightly couple the image measurements and IMU measurements using the factor
graph optimization method. A factor graph is a type of graph that consists of factors
representing the residuals we derived from the image and IMU measurements, and
are connected to the state variables we aim to estimate. Specifically, the reprojection
factor is linked to the pose and landmark variables, while the IMU relative motion factor
connects to the poses and velocities of consecutive images as well as the sensor biases.
The objective function based on these measurements can be summarized as:

. _ T y—1_.. Ty—1_.
jkeK el j keF

where K and L denote the sets of images and landmarks, respectively, and  represents
the set of indices of subsequent image pairs. The diagonal matrix £~! contains the
corresponding weight factors for the residuals.

The objective function Eimg, vu is non-linear with respect to the state variables and is
solved using the Gauss-Newton method by iteratively linearizing the objective function
and updating it according to Equation (2.38). However, this equation requires inverting
the Hessian H of the linearized objective function. When dealing with multiple pose
states and several hundred landmarks, the size of this matrix can become very large,
making the inversion operation computationally expensive. Fortunately, this matrix
exhibits a special structure because the landmarks are independent conditioned on
the pose states, thus the diagonal block of the Hessian pertaining to the landmarks
is sparse. This structure allows for efficient inversion using the Schur complement
technique (Leutenegger et al., 2015). First, we reformulate Equation (2.37) as:

(& ) (o) = (5)- o

where the Hessian matrix H is represented in block form with a dense diagonal block B
for poses and biases, a sparse diagonal block C for landmarks, and a off-diagonal block
E. The incremental updates for the poses and biases 6& and for the landmarks 6d are
also separated, as are the components of the right-hand side of the Equation (2.37) a
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and b. Using the Schur complement, we can compute the solution as follows:

_BC-1ET)1(4 — EC-1
06\ _ ((B EC,lE ) ($ EC™'b) , (2.55)
od C(b—E 0%
where C is diagonal and can be efficiently inverted. Furthermore, the product (B —

EC~'E") has a much smaller size compared to the original Hessian and can be inverted
efficiently using Cholesky decomposition.

To prevent the factor graph from continuously growing as new measurements are
captured, we employ a sliding window approach to maintain a fixed number of

variables. The factor graph of the sliding window-based VIO is illustrated in Figure 2.2.

Each window contains regular image frames and keyframes, the latter being the frames
where landmarks are extracted and hosted. When a new image is measured, new state
variables are added to the graph, and the oldest states are dropped. If the state belongs
to a keyframe, we marginalize out the velocity and biases with Schur complement while

preserving the pose state. If it belongs to a regular frame, we marginalize all its variables.

For more detailed information on keyframe selection and marginalization strategy, we
refer the readers to Leutenegger et al. (2015) and Usenko et al. (2020). Once the old states
are marginalized out, the remaining information forms the so-called marginalization
prior r;arg}:r;;rgrmarg, which provides essential prior knowledge for the remaining state
variables in the window. The final objective function for the sliding window-based VIO
is:

T -1
Evio = Eimg, MU + Emarg = Eimg, MU + rmargzmargrmarg- (256)

We can estimate the states by minimizing this objective function under the MAP
estimation framework using the Gauss-Newton method, as introduced in Section 2.2.
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Spline-Based 6-DoF Object Motion
Estimation with Event Cameras

Declaration of Contributions

The contents of this chapter are based on the peer-reviewed conference publication

©2021 IEEE. Reprinted, with permission, from H. Li and J. Stiickler (2021). “Tracking
6-DoF Object Motion from Events and Frames’. In: Proceedings of IEEE International
Conference on Robotics and Automation (ICRA). por: 10.1109/ICRA48506.2021.9561760
(H. Li and Stiickler, 2021)

with the following co-author contributions:

Scientific Data Analysis & Paper
Ideas Generation Interpretation Writing
Haolong Li 50% 100% 70% 60%
Jorg Stiickler 50% 0% 30% 40%

Jorg Stiickler conceived the idea of using event camera and shape prior to estimate object
motion. Jorg Stiickler and Haolong Li conceived the idea of the two-layer optimization
from events and frames. Haolong Li implemented the algorithm and performed the
experiments. Haolong Li and Jorg Stiickler wrote the paper.

Compared to the conference publication, this chapter contains unified notation and
some reformulated and reorganized paragraphs.

3.1 Introduction

Event cameras measure intensity changes in pixels and provide an asynchronous
data stream at high speed (in microseconds). This brings several potential advantages
over traditional frame-based cameras such as high-dynamic range, no motion blur,
and low latencies. They have the potential for novel robotics applications such as
autonomous driving or flying robots with fast image motion or low-light settings.
Significant progress has been made in developing approaches for camera motion
estimation, depth reconstruction, and high dynamic image reconstruction with event-
based cameras (Gallego et al., 2020). The measurement principle can also provide novel
opportunities for 6-Degrees of Freedom (DoF) object tracking which is still largely
unexplored by the research community.

In this chapter, we propose a novel approach for 6-DoF object tracking with event
cameras. Object pose tracking is an important perception capability in many robotics
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Figure 3.1: Left: We track the motion of the object from the stream of events. We parametrize the
motion using cubic B-splines. The control poses are optimized based on a probabilistic generative event
measurement model. The model predicts intensity changes using the object velocity and the intensity
gradient in a reference frame. For computational efficiency, we accumulate N consecutive events e; in
event buffer frames. Right: We refine the object pose estimates of keyframes extracted from the images
of a frame-based camera. We align the images photometrically at keypoints based on the known object
shape and the estimated object poses. The latest keyframe and its estimated pose serve as reference for
event-based tracking.

applications in dynamic scenes, for instance, for dynamic obstacle avoidance or robotic
manipulation. In our tracking approach, we leverage a combination of event and frame-
based camera measurements, which can be obtained from devices like the iniVation
DAVIS camera that also provides intensity frame measurements, or by pairing an event
camera with a traditional frame-based camera. Our approach tracks objects with known
shapes which can be given by a mesh. We derive a probabilistic measurement model for
the object’s shape under rigid-body motion and track the motion of the object from the
event stream using probabilistic inference. On a second optimization layer, we refine the
tracked object poses using probabilistic direct image alignment in a window of frames
captured by the camera at lower rates. We use cubic B-splines to parameterize the object’s
motion state, enabling the integration of high-speed event stream with lower-speed
image frames and providing continuous and smooth motion constraints. We evaluate
our approach on synthetic scenes with moving objects in indoor and outdoor scenarios
and analyze the accuracy of our approach for 6-DoF pose tracking. We also demonstrate
our approach in experiments with real data.

3.2 Related Work

Event-based cameras have several potential advantages over frame-based cameras for
tracking: They provide high temporal resolution in the microseconds, high dynamic
range, and low power consumption (Gallego et al., 2020). Hence, methods for processing
and interpreting event stream have become a popular subject in computer vision and
robotics research.

While significant research has been devoted to localizing event cameras in a given 3D
map or simultaneous localization and mapping (e.g. H. Kim et al. (2016) and Rebecq
et al. (2017)), only a few works consider the problem of object tracking. Vasco et al.
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(2017) detect independent moving objects by tracking corners detected in event images
integrated over short time windows. Mitrokhin et al. (2019a) estimate a warp field for
the events in a time window with a 4-parameter global motion model. Using a time
image representation, they segment events on moving objects that do not comply with
the motion in the estimated background motion model. Mitrokhin et al. (2019b) train a
neural network that predicts depth images, motion estimates, and motion segmentation
from integrated event images and their time image in a time window. Different from
our tracking approach, these methods estimate the 2D motion of the object.

Very recently, Dubeau et al. (2020) extend a deep learning-based object tracker for
RGB-D cameras by also incorporating events from an event camera for high-speed
object tracking. In contrast to this learning-based approach, we model the measurement
process in a probabilistic generative way and derive an optimization-based method that
combines events and frames. This way, our approach is not limited by the variation of
objects and scenes that are seen by a deep neural network during training.

Some approaches for localization and mapping with event cameras have several similar-
ities with our method. H. Kim et al. (2016) estimate 6-DoF camera motion, log intensity
gradient, and inverse depth using three decoupled probabilistic filters in real-time. Using
the log intensity gradient, high-dynamic range log intensity frames can be recovered
through convex optimization. The method uses a probabilistic measurement model
similar to ours which is derived from the event-generation process. For camera motion
tracking, the method assumes the depth and log intensity of the scene given from the
other filtering steps and uses the estimates to raycast intensity changes in the camera
motion estimate. These expected measurements are compared with the intensity changes
detected by the events to filter the camera pose. Bryner et al. (2019) propose a method
for tracking camera motion with regard to a static background that has been captured
using an RGB-D camera. They also apply a variant of the generative event measurement
model used in H. Kim et al. (2016) and our approach. Different from their method,
we track and segment objects in the event stream. Moreover, we combine event- and
frame-based tracking in a two-layer optimization approach.

3.3 Method

Our method tracks the 3D motion of objects in a combined way from measurements of
event- and frame-based cameras. We formulate tracking as optimization using a proba-
bilistic measurement model of the event generation process. In a second optimization
thread, we refine the object poses in the image frames using direct image alignment.

Figure 3.1 illustrates the key steps of our method. The camera provides an asynchronous
stream of event measurements together with a stream of intensity frames at a regular
slower rate. We use both types of data for tracking the 6-DoF object motion. On a fast
optimization layer, we fit SE(3) trajectory splines to the events measured on the object.
We formulate event-based tracking as a probabilistic inference problem based on a
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generative model of the event measurement process. Inference is achieved by non-linear
least squares to optimize the spline control poses.

A second slower optimization layer refines the object poses in the intensity frames
measured by the camera. To this end, we formulate the optimization again as probabilistic
inference, whereas now we measure the photometric alignment of the images using
the object pose and shape in the frames. This optimization layer provides the reference
object poses and intensity images for the event-based tracking layer. The event-based
tracker on the other hand provides the frame-based optimization layer with initial poses
of the objects in the frames and achieves higher frame-rate high-speed tracking.

3.3.1 Generative Event Model

Let x(t) be the image projection of 3D points in the scene at time t. The image projection is
changing over time due to the underlying motion of the camera or the object. Assuming
the brightness of a 3D point observation in the image remains constant, the measured
intensity at a corresponding pixel location at different time steps ¢, t' stays equal, i.e.

L(x(t), t) = L(x(t), 1), (3.1)

where L here denotes the log intensity image. Linearizing the log intensity image L for
the time t’ using a first-order Taylor approximation yields:

OL Ox oL

L(x(t + 0t),t + 0t) ~ L(x(t),t) + — =0t + —0Ot. (3.2)
Ox ot ot
Hence, we obtain the optical flow constraint:
oL )
E((X(t)’ t)) + VL(x(¢), t)x(t) = 0, (3.3)

which relates the intensity change over time with the spatial intensity change VL(x(t), t)
and the optical flow x(#) in the image. To avoid clutter, we will denote x(t) simply as x
and x(t) as x, unless specifically noted otherwise. Events measure intensity changes at
pixels x. By approximating the intensity change at a pixel as:

AL(x,t) = L(x,t) — L(x,t — At) ~ %(x, t)At, (3.4)
we can rewrite the change using the optical flow constraint as
AL(x, t) ~ —VL(x)xAt. (3.5)

This relation explains the intensity changes generating events by the component of the
flow x along the image gradient VL(x) in the time interval At (Bryner et al., 2019; H. Kim



3.3 Method

et al., 2016). The intensity change measurement model is
C = —VL(x)xAt + 6, (3.6)

where 6 ~ N(0, Q) models Gaussian measurement noise, and C is the log intensity
change for the event. The optical flow x is determined by the camera velocity (v, w)'
and the depth d := d(x) at the pixel x = (u,v)" (Corke, 2013):

x = BX) (Z)) (3.7)

—1/d 0 u/d wuwv —-1—-u? v
B(X):< 0 —1/d v/d 1+0* —uv u>' (3.8)

with

Since the event stream does not provide the image gradient directly, we determine the
image gradient in a keyframe. The image gradient can be obtained from an intensity
frame as measured for instance by a frame-based camera. In our experiments, we use the
intensity frames measured concurrently with the events by a (simulated) DAVIS240C
camera. The image gradient is determined by reprojecting the pixel with its raycasted
depth on the object in the keyframe.

3.3.2 Event-Based Object Tracking

We track the motion of the object using the asynchronous event stream. We choose to
increase the computational efficiency and average over noisy individual event readings
by buffering multiple events at the pixels over short time windows. We use continuous
SE(3) splines to represent the object trajectory. The spline provides pose estimates at
arbitrary continuous times with a small set of control poses which we leverage for the
asynchronous event buffer frames. The spline also inherently regularizes the estimated
trajectory to be smooth, thereby introducing an implicit motion constraint to the motion
tracking process. We formulate a probabilistic optimization objective to fit the spline
trajectory to the event stream.

Spline Trajectory Representation

We use the cubic B-splines (Patron-Perez et al., 2015) to represent the time-continuous
object pose in camera frame “Top,; € SE(3) at time ¢. For simplicity, we will refer to
the object pose as T; in the following discussion. The cubic B-spline for SE(3) can be
formulated as:

K-1

T; = Exp (Log (T,)) H Exp (Log (T;{:Ttk> Btk) , (3.9
k=1
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where K = 4, Ty are control poses at knot times t; and By, are the cumulative basis
functions.

Event-Based Trajectory Optimization

We optimize the spline segment of the four most recent control poses with all events in
the segment. To increase computational efficiency and cancel noise due to image dis-
cretization, we accumulate event buffer frames from the events in short time windows.

Event Buffer Frames We accumulate the intensity changes of N consecutive events
eo, . ..,en—1 in event buffer frames F. Events ¢; := (u;, v;, p;) € & are generated at pixel
(u;, v;) and provide the sign p; of the log intensity change with magnitude C. Since we
assume consecutive events, it holds ty < ... < tny_1. Pixels F(u, v) of the event buffer
frame accumulate intensity changes

F(u,v) = > piC. (3.10)

{eileie&, (u;,vi)=(u,v)}

We refer to the time ty of the first event in the event frame buffer as its start time
tr == tg and Atp = tny_1 — to is the time span of the events in the buffer. If N events are
accumulated, a new buffer is started.

Trajectory Optimization We optimize the control poses of the most recent spline
segment when the segment is filled with event buffer frames, i.e. when the start time of
the newest event buffer frame becomes later than the knot time tx_, of the second to
last control pose Ty, ,. After optimization, we include a new control pose at a fixed time
interval. The new segment shifted by a control pose is again optimized as soon as it is
filled.

We optimize the objective function
E(Tt[(_4/ ceey TtK_1) = Edata + /\regEreg/ (3.11)

which consists of a data term Egata and regularization term E,eg with weighting factor
Areg, which we derive from the maximum a posterior estimation of the control poses
given the event buffer frame measurements and a regularizing prior on the object
acceleration.

The data log-likelihood of the event buffer frames within the spline segment is determined
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by the probabilistic intensity change measurement in Equation (3.6),

2
Edata = Z Z > e

2
FeF xeQ W T HVL(X)H2

F(x) . VL(X)x(tp)Atr
V e (FX))’ \/ Sven (VLOOX ()AL )’ >

, (3.12)

where F is the set of event buffer frames in the spline segment, () is the set of pixel
coordinates in the image. We follow the approach of Bryner et al. (2019) and normalize
the intensity changes due to the unknown log intensity threshold C of the camera
in practice. Similar to the approach described in Engel et al. (2018), we down-weight
pixels with high gradient, where the term w. determines the strength of this factor. For
evaluating the expected intensity changes VL(x), we use the last keyframe Ixr and its
pose Ty, from the frame-based photometric optimization layer:

VXL(X) ~ VXLKF(T(XI Ttp))/ (313)

where Lxr = log(Ixr) and T, is the pose of the event buffer frame at time ¢r. The event
pixel location is projected to the keyframe as

T, Ty) = 1 (T T, (7! (%, d(x, Ty, @))) ) (3.14)

where 7 and 7! project 3D coordinates to image pixels and vice versa using the
known camera calibration, the latter requiring the depth at the pixel. We raycast the
depth d(x, Tt;, ®) on the object shape in the given pose, and this depth function can be
differentiated for the pose as in Wang et al. (2017). The shape is represented by the signed
distance function ®. The 3D points in camera coordinates are transformed between the
frames using the SE(3) relative pose TtKFTi;l determined from the object pose in the
keyframe Ty, and the spline.

The acceleration prior

. 2
Ereg = 2, [Tl (315)
Fef
favors constant velocity trajectories and is evaluated at the start times of the event buffer
frames.

We assume an initial guess of the object pose is known, allowing us to initialize the
tirst four control poses. To this end, we use ground truth for this purpose in our
implementation. Note that accurate frame-based object detection and pose estimation
might also be used.
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3.3.3 Keyframe-Based Photometric Trajectory Optimization

A second layer optimizes for the poses of the keyframes which are used as reference for
the event-based tracking. Based on the known object shape, we estimate object poses in
the keyframes, which best align the keyframe images photometrically. The tracked object
pose from the event-based tracking layer is used to initialize the object pose in new
keyframes. New keyframes are selected from the intensity frames based on thresholds
on rotation and translation. We optimize the object trajectory in a window of recent
keyframes and marginalize old keyframes that shift outside the window.

Photometric Alignment

The object pose is determined in the keyframes by photometric alignment between
pairs of keyframes in the optimization window. From each keyframe, we extract ORB
feature points as keypoints (Rublee et al., 2011) and limit computation to only those
points which project within a soft silhouette mask of the object given its current pose
estimate. Photometric residuals are computed at the remaining keypoints on the object
to optimize for the object pose.

Silhouette Projection We adapt the projection function proposed by Dame et al. (2013)
and Prisacariu et al. (2013)

o1 ] _SPO®0

3.16
pR(x) P (@(p)C) +1 (3.16)

which projects the object shape, represented by the signed distance function ®, into
the image to find a smooth silhouette. The projection samples points p on the ray R(x)
through the pixel x and evaluates a smooth indicator function for each point being inside
or outside the object based on the signed distance function. We threshold at a specific
value (0.95 in our experiments) and discard all ORB keypoints that project outside the
object.

Photometric Residuals We formulate a photometric measurement model at the
keypoints in each keyframe [; towards other keyframes I;

Ii(x) = Ij(w(x, Ty, Tt))) + €, (3.17)

where € ~ N(0, 0%) is Gaussian noise, and @ reprojects pixels x from image I; to image
Ij based on the object shape and the corresponding poses Ty, T;; at the keyframes. We
reproject pixels through the warping function

a)(X, Tt,‘/Ti’j) =T (C’thC,t,' (n_l(xl d(X, Tl/q))))) .
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Here, we use the SE(3) transform “/i T ;, = T; jTgl determined from the object poses in
the frames to transform pixels. Keypoints are discarded that do not hit the object shape
during raycasting for depth estimation.

Windowed Optimization

We formulate the optimization for the object poses in the keyframes as maximum a
posteriori estimation using the probabilistic photometric measurement model

W-1
E({T 30 = X e (0 - j(w(x, Ty, Ty))) (3.18)

i=0 j<i

where we determine photometric residuals from a keyframe to older keyframes, and p
is the robust Cauchy norm.

For bounding the run-time complexity, the keyframe poses are optimized in a sliding
window of a fixed number W = 7 of keyframes similar to Leutenegger et al. (2015).
Information about old keyframes that drop out of the sliding window is marginalized
in the probabilistic formulation. The optimization is triggered only if a new keyframe is
inserted. Once the optimization converges, the last keyframe is passed to the event-based
tracking layer as the new reference frame.

Keyframe Selection

We select the latest current frame as a new keyframe, if the translation or rotational
distance traveled by the object according to the event-based tracking layer is larger than
some thresholds. The pose of a new keyframe is initialized with the current tracked
pose of the object by the event-based tracking.

3.4 Experiments

We evaluate our approach for tracking accuracy on synthetic datasets where ground-
truth poses are available. We use the root mean square error (RMSE) of the absolute
trajectory error (ATE) and the relative pose error (RPE) measures (Sturm et al., 2012), that
evaluate the global alignment of the trajectory and the drift, respectively. We evaluate
RPE for 10, 20, . . ., 50% sequence lengths of the full trajectory length in m. We obtain a
single RPE measure by averaging the results over all sequence lengths.

Our synthetic sequences are generated with an event camera simulator (Rebecq et al.,
2018) based on Blender. We generate sequences for 2 objects from the YCB dataset (Calli
et al., 2015) and 2 cars from the ShapeNet dataset (Chang et al., 2015). For the YCB
objects, we have 3 sequences each with falling, sliding, and dice motion. The cars move
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Table 3.1: Accuracy of trajectory estimates in RPE and ATE on YCB sequences. Our tracking approach
recovers the object motion at good accuracy.

transl. RMSE RPEinm  rot. RMSE RPE indeg  transl. RMSE ATE inm

object falling sliding dice falling sliding dice falling sliding dice

box  0.086 0.056 0.024 5196 5686 3.840 0.064 0.028 0.012
can  0.038 0107 0.012 5.640 6.110 1423 0.029 0119 0.031

either straight, turn left, or turn right, whereas we use 3 different speed settings per
sequence type.

3.4.1 Setup

The time span between the knots in the spline is set to 15ms, and we set A;eg = 0.1. The
frame rate of the camera is 30 Hz. For the YCB objects, we accumulate N = 1500 events
in each event buffer frame. We generate new keyframes after the object has traveled a
translational distance of 0.1 m and a rotational distance of 5 deg. The contrast weight
factor w, is 0.005. The pose is initialized without noises. For the car objects, we create the
motions with 3 different speed levels. In the first level, the average linear speed is about
1.25m/s. The second speed level is about 2.5m/s, and the third speed level is about
5m/s. The pose is initialized without noises. The translational distance of keyframes is
0.5m and the rotational distance is 10 deg. We set the number of events per event buffer
frame to N = 4000. For the textureless car, the contrast weight factor w, is 0.3, and for
the textured one, it is set to 0.1.

3.4.2 Results
Synthetic YCB Object Sequences

Table 3.1 shows RPE and ATE results for the various sequences with the box and can YCB
objects. The maximum sizes of the object are 0.3 meters and 0.45 meters. The camera is
positioned above the objects. The average distance of the objects from the camera is 1.6 m
for the sequences. We observe that the position and rotation of the objects are tracked by
our approach at good accuracy on these sequences. Figure 3.2 depicts trajectory overlays
of the estimates by our approach alongside the ground-truth. It can be seen that our
approach well recovers the object motion.

Synthetic Car Sequences

In Table 3.2 we present our RPE and ATE results for the car sequences. We use a mean
SDF shape over a set of car shapes to track both cars. The maximum length of the
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Table 3.2: Accuracy of trajectory estimates in RPE and ATE on car sequences.

transl. RMSE RPE inm rot. RMSE RPE in deg transl. RMSE ATE inm
object speed leftturn rightturn straight leftturn rightturn straight leftturn rightturn straight

textured Ix 0.189 0.283 0.250 2.764 3.306 2.958 0.097 0.171 0.149
textured 2x 0.409 0.355 0.206 5.612 2.991 2.876 0.114 0.217 0.109
textured 4x 0.181 0.406 0.453 2.957 3.033 3.478 0.080 0.175 0.138

textureless Ix 0.811 0.450 0.528 10.816 6.168 6.245 0.471 0.224 0.287
textureless  2x 0.365 0.648 0.436 3.717 4.509 4.069 0.183 0.235 0.261
textureless  4x 0.356 0.551 0.299 4.195 6.548 3.077 0.146 0.231 0.173

_— = S——

Figure 3.2: Estimated (top) vs. ground-truth trajectory (bottom) as image overlays for the YCB box object
(left two columns: sliding, falling), the YCB can object (middle column: dice), and the two car sequences
(right two columns). Time is visualized from red to blue for start to end. Our approach well recovers the
ground-truth motion of the objects.

shape is about 4.2 m. The camera has an average distance of 8.3 m. Again, our approach
determines the position and rotation of the objects with good accuracy. The textured
object provides more events on the objects and hence can be tracked more accurately.
For the textureless object, fewer events are available inside the objects (see Figure 3.1),
which makes the object more difficult to track. We see a slight degradation in accuracy
in both translational and rotational motion. Our approach handles varying speeds of
the cars well with similar accuracy. Interestingly, it is less accurate for slow cars since
fewer events are generated and fewer event buffer frames are available for optimizing
the spline segments. We also show trajectory overlays in Figure 3.2 and qualitative
comparisons with ground truth.

3.4.3 Ablation Study

We compare our approach with purely event- or frame-based variants (see Table 3.3).
For purely event-based tracking, we use the latest frames within the spline as keyframe.
For purely frame-based alignment, we use all frames as keyframes and initialize the
pose of new keyframes based on the previous frame. In the car and YCB sequences, there
are about 900 and 2500 event buffer frames per second on average, respectively. While
frame-based alignment can outperform our method on the car sequences, it diverges for
the can object early in the sequence. For the latter, the frame differences are too large
for frame-based tracking, which is alleviated by the higher rate event buffer frames.
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Table 3.3: Accuracy of trajectory estimates in RPE and ATE for purely event- or frame-based tracking.

transl. RMSE RPE inm rot. RMSE RPE indeg transl. RMSE ATE inm
method dataset falling sliding dice falling sliding dice falling sliding dice
event-based tracking box 0.162 0.046 0.067 8.182 2.628 11172 0.151 0.024 0.035
event-based tracking can 0.045 0.091 0.039 5.196 2.745 3.069 0.021 0.068 0.027
frame-based alignment box 0.072 0 o0 7.792 0 o0 0.042 o0 w0
frame-based alignment can o0 o0 o0 o0 o0 o0 o0 o0 0
method dataset left turn right turn straight left turn rightturn straight leftturn rightturn straight
event-based tracking textured 4x 0.958 0.8607 0.833 15.613 13.590 4133 0.701 0.503 0.785
event-based tracking  textureless 4x  1.186 0 0.978 11.299 o) 10.084 0.807 o0 0.549
frame-based alignment  textured 4x 0.077 0.048 0.063 0.851 1.041 0.555 0.051 0.024 0.033
frame-based alignment textureless 4x  0.149 0.139 0.062 2.198 2.609 0.659 0.066 0.077 0.036

Moreover, our event-based tracking layer provides updates on the continuous spline
estimate at twice the time resolution. Our results demonstrate that the combination of
both layers is advantageous for tracking.

3.4.4 Computation Time

We measure the run-time of our approach with the textureless car sequences on an
Intel Xeon Silver 4112 CPU@2.60GHz with 8 cores. On average our implementation
requires 109.5 ms per spline segment optimization on the event-based tracking layer. For
each windowed keyframe optimization, it uses 363 ms on average. Our implementation
processes trajectories that are, on average, 2.4 s long, in 24.5s. Note that it has not been
tuned yet e.g. through parallel processing.

3.4.5 Real Data

We also test our method on real data from a DAVIS240C sensor with challenging
low-resolution gray scale images and noisy event measurements. In the first frame,
the tracked pose is initialized with ground-truth obtained by a motion capture system.
Results on three sequences with translational (0.77 s), rotational (0.54s), and circular
motion (1.56 s) can be seen in Figure 3.3. We observe that our approach requires careful
tuning and accurate initialization for this noisy data. The incremental tracking on both
layers leads to drift which can make tracking fail, especially on longer sequences. The
photometric alignment error in Equation (3.17) is determined in patches of size 3x3
around each keypoint and a keyframe window size of W = 10 is used. Additionally, a
velocity regularization term Ereg2 = Areg 2 > reg Atr ||T(t 1:)”; is added with Areg 2 = 1.6.
The term favors small velocities, if the events are sparse and an event buffer frame
spans larger time intervals. We set w. = 0.005 for the circular motion and w. = 0.001
otherwise.
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Figure 3.3: Results on real data sequences with translational (top), rotational (middle), and circular motion
(bottom). The motion progresses from the start frame on the left to the end frame on the right. The green
shaded areas and axes represent the estimated object pose, while the red and blue points indicate positive
and negative events, respectively.

3.5 Conclusion

In this chapter, we present a novel model- and optimization-based approach for object
tracking from events and frames. We propose a two-stage processing pipeline, where the
faster layer tracks the object motion from the asynchronous event stream with regard to
a reference image frame. The tracking is formulated as probabilistic inference for the
object trajectory based on a generative event measurement model. We represent the
trajectory continuously using cubic B-splines, which allows us to determine object pose

and velocity estimates at arbitrary times on the spline for the event measurement model.

The poses of the reference frames are estimated in a second optimization layer, which

optimizes the object poses in keyframes using direct image alignment on keypoints.

We evaluate our approach on synthetic sequences of typical household objects and car
objects, demonstrating good tracking accuracy. Additionally, we analyze the combination
of events and frames in an ablation study. We also report on experiments with real
camera data.

Current limitations of our approach include the requirement of accurate initialization,

trajectory smoothness assumption by the spline, and the incremental tracking which
leads to drift. If accumulated drift or motion changes become too high, our tracking
approach fails.

35



36 | 3 Spline-Based 6-DoF Object Motion Estimation with Event Cameras

In future work, we plan to scale our approach further for improved tracking on longer
sequences and real event measurements. The robustness of our method could be
improved, for instance, by combining it with object pose detection or by tight coupling
of the event- and frame-based tracking.
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Grimminger, Majid Khadiv and Jorg Sttickler regularly discussed the approach. Victor
Dhédin, Haolong Li, Shahram Khorshidi, Majid Khadiv and Jorg Stiickler wrote the

paper.

Compared to the conference publication, this chapter contains unified notation and
some reformulated and reorganized paragraphs.

4.1 Introduction

Legged robots are potentially capable of traversing uneven and unstructured terrains
through making and breaking contacts with their environments using their feet. However,
this capability introduces new challenges for estimation and control algorithms. For
instance, a state estimation algorithm should constantly fuse the exteroceptive and
proprioceptive measurements with the kinematics of the limbs currently in contact
with the environment to estimate the robot floating base pose and velocity for motion
control.

Early works for base state estimation of legged robots focused on fusing an on-board
IMU with the leg odometry through an extended Kalman filter (EKF) framework to
provide estimates of base states for the low-level controller (Blosch et al., 2013, 2012;
Rotella et al., 2014). While this approach can provide drift-free base velocity and roll-
pitch orientation, the base position and yaw orientation are unobservable which poses
limitations especially for locomotion on uneven surfaces or motions with considerable
vertical motion of the base such as jumping.

Recent works couple these proprioceptive measurements with exteroceptive modalities,
e.g., camera or LiDAR, through loosely (Camurri et al., 2020) or tightly (Hartley et al.,
2018a; Wisth et al., 2023) coupled methods. While the tightly coupled approach has
the benefit of fusing all the modalities with direct consideration of their measurement
uncertainty, it can be computationally demanding, especially for robots with limited
computational resources. In our approach, we aim at a loosely coupled approach to
integrate visual-inertial state estimation with leg odometry in a high-rate EKF state
estimator to provide low-drift states that are sufficiently accurate and smooth for control.
This way, the EKF and controller computation can run on a different device than the
visual-inertial odometry (VIO). Furthermore, we can predict the VIO measurements
and use them to reduce the delay, while the EKF can access the low-drift pose estimates
from VIO. The main contributions of this work are

» We propose a novel approach to combine the benefits of VIO and leg odometry
in a loosely coupled EKF approach to estimate low-latency and low-drift base
states for agile locomotion. We compensate for height drift of the VIO using leg
kinematics measurements when the legs are in contact with the ground.

» We perform an extensive set of experiments including outdoors on the open-source
quadruped Solo12 (Grimminger et al., 2020). This is the first work that integrates
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visual and proprioceptive measurements with nonlinear model predictive control
for dynamic locomotion on this hardware.

4.2 Related Work

State estimation from only leg odometry and IMU such as in Blosch et al. (2012), Hartley
et al. (2020, 2018c), and J.-H. Kim et al. (2021) has limitations in observability of state
variables such as yaw rotation or absolute position in a world reference frame. To this end,
several approaches combine proprioceptive and IMU measurements with exteroceptive
sensors such as vision (Chilian et al., 2011; Dudzik et al., 2020; Hartley et al., 2018b;
Y. Kim et al., 2022; Teng et al., 2021), LiDAR (Nobili et al., 2017), or both (Camurri et al.,
2020; Wisth et al., 2019).

Vision sensors are particularly lightweight compared to LiDARs. They typically impose
only little constraints on the payload of the quadruped which is particularly important
for dynamic quadrupeds. Chilian et al. (2011) propose an early multi-sensor fusion
approach which integrates IMU pose measurements with relative pose measurements
from visual and leg odometry. The pose information is combined in a weighted manner.
Teng et al. (2021) extend an EKF approach which fuses IMU and leg odometry to also
integrate velocity measurements from a visual-inertial odometry method. In Hartley
et al. (2018b) a fixed-lag smoothing approach based on factor graph optimization has
been proposed. The approach uses visual odometry estimates as relative pose factors.
Y. Kim et al. (2022) tightly integrate visual keypoint depth estimation with inertial
measurement and preintegrated leg velocity factors. Our approach integrates absolute
yaw and position measurements by the VIO, while height drift of the VIO with respect
to the ground height is compensated by estimating the height bias in the EKF. In
our approach, we aim at a lightweight system which decouples visual-inertial state
estimation from the high-rate EKF state estimator used for control. This allows the EKF
and controller to run on a different computer than the VIO. Moreover, by predicting
the VIO measurements, delay is reduced and computational load for reintegration of
measurements in the EKF can be avoided.

4.3 Method

In our approach, we fuse visual and inertial measurements with leg odometry for
estimating the position, orientation, and velocity of the robot with respect to the ground
plane. Figure 4.1 provides an overview of our system. Base state estimation is performed
at high frequency with low latency using an EKF to be used in a real-time model-
predictive control (MPC) approach for trotting and jumping motions (Meduri et al.,
2023). The EKF fuses information from different sensory sources (see Figure 4.2b), it
takes as input measurements of an IMU mounted on the robot, leg odometry data
from the joints of the legs (angular position, angular velocity and torque), and pose
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Figure 4.1: System overview and communication diagram.

measurements estimated by a visual-inertial odometry (VIO) algorithm (using a second
IMU in a visual-inertial camera). For dynamic locomotion, accurately estimating the
height of the robot above the ground plane is important. While the VIO does not provide
an absolute reference to the ground plane directly and will drift in height over time, we
use contact detection and leg kinematics to obtain height measurements. In fact, VIO
and leg odometry provide complementary strengths. VIO can measure the absolute roll
and pitch in the environment, and build a map of the environment for estimating the
base position and yaw orientation (rotation around gravity direction) with respect to
this local map. While the local map estimate still drifts, this estimation error is typically
significantly smaller than obtained by leg odometry which is prone to foot slippage and
inaccuracies of contact detection.

4.3.1 Visual-Inertial Odometry

VIO algorithms estimate the motion of a camera over time by tracking landmarks
detected in successive camera images from one or several cameras and integrating inertial
measurement from an IMU using kinematics. As introduced in Section 2.3, this problem
is usually formulated as finding a state that minimizes both a reprojection objective
Eimg(s) computed on landmarks, an objective Epu(s) associated with the motion
determined from the IMU measurements with the marginalization prior Emarg(s):

S;FIIO = arg min Eimg(s) + EIMU(S) + Emarg(s)- (41)

We base our VIO estimator on basalt (Usenko et al., 2020). Assuming the extrinsic pose b,
between the robot base link frame b and the visual-inertial device frame i can be computed,
we utilize the VIO method to estimate the robot state syio = (WTb, Wy, L, bg, ba). Here,
“Tp € SE(3) is the pose of the robot base frame b expressed in the VIO’s world frame w,
and v € R3 denotes the linear velocity of the robot base with respect to the world,
expressed in the world frame. These quantities are directly transformed from the visual-
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(a) Robot base and camera frames. (b) Graphical model.

Figure 4.2: Left: Robot base and camera frames. Right: Graphical model. The x-axis of robot base points
forward and z-axis points upward. The state of the EKF is represented as s; in the blue circle. We use
the measurement of IMU (circle in magenta) mounted on the robot to predict the next state at 1000 Hz.
The yellow circle represents VIO measurement at 200 Hz, the shallow green circle is the leg velocity
measurement at contact. The height measurement in the dark green circle is added if all four legs are in
contact with ground.

inertial device frame i based on the extrinsic pose bT.. Additionally, we also consider
the set of landmarks £ and the IMU biases bg, b,, as described in Section 2.3.

Windowed Optimization The reprojection error is computed over a set of keypoints
that are observed in different frames. To prevent the size of the optimization problem
from growing, basalt uses a bounded window of recent frames and keyframes, and
marginalizes information of old frames that drop out of the optimization window.
In our case, the window corresponds to the 3 most recent frames and 7 most recent
keyframes.

Low-Latency VIO Prediction In practice, the VIO has a moderate latency due to
computation (approximately 5.8 ms optimization time on average with a standard
deviation of 3.1 ms in our setup) and additional communication delays. The output
rate is limited by the image frame rate. We propose to use IMU predictions to update
the last VIO state estimate at a higher rate and to fuse these output states with leg
odometry and a high precision IMU on the robot which helps reduce the latency and
increases the output rate. By this, the EKF does not require memorization of old states
and measurements, and reestimation after each image-rate update on the EKF/MPC
computing device (as e.g. in Camurri et al. (2020)). The VIO outputs the prediction of the
robot pose and velocity at the rate of the IMU in the VIO sensor (200 Hz for our camera)
estimated using the IMU preintegration model (see Section 2.3) from the latest camera
frame with optimization result available. Once the optimization result for the current
frame is available, we reintegrate the IMU measurements and continue predicting the
VIO state from this updated pose estimate (on the VIO computing device).
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4.3.2 Sensor Fusion for Legged Robot State Estimation

We adapt the approach in Camurri et al. (2020) to fuse measurements of the pose and
velocity of the robot’s base link using an EKF. Different from Camurri et al. (2020), we
integrate high-rate, low latency state observations from VIO and estimate the difference
between VIO height estimate and ground height by leg kinematics. The EKF allows
for integrating measurements with various rates and asynchronous timing. The state
estimated by the EKF is sgxr = (WTb, by, bg, by, b(sz), where Ty, is the robot base pose
in world frame, Pv is the body linear velocity, and bg, b, are the biases of the gyroscope
and accelerometer measurements from an IMU mounted on the robot base (different
IMU than used for VIO). The height bias bs, compensates for the vertical drift of the
VIO. We use the IMU prediction model in Camurri et al. (2020) to propagate the state
with the measurements and estimate the gyroscope and accelerometer biases.

Leg Odometry Measurements

By determining the set of feet in contact with the ground, we can measure the linear
velocity of the robot’s base link from the leg kinematics (Camurri et al., 2020). Assuming
that the foot k remains stationary while it is in contact with the ground, the linear
velocity of the floating base can be measured as

b b

v =P —Pw x Py (4.2)
Here, ®v and Pw are the body linear and angular velocity of the robot base. t is the
foot position in the robot base frame and Pty is the corresponding time derivative. This
method enables good accuracy on velocities and low latency. However, since only the
velocity is observable, this method hardly handles drift in position, especially in height,
which is detrimental for control of dynamic motions with significant changes in base
height. The angular velocity in this observation model is measured directly by the IMU
compensated with the estimated gyroscope bias.

We choose a simpler contact classification model than Camurri et al. (2020) in order to
estimate the set of feet in contact. By assuming that the robot base remains flat during
contact transitions, we can consider an equal distribution of the robot’s total weight over
the feet in contact with the ground. We use a Schmitt trigger to implement a robust
hysteresis on the contact decision. If the norm of the force at each endeffector is higher
than an upper threshold, we consider the foot as in contact with the ground, and if the
norm is below a lower threshold, the endeffector is no longer in contact. The hysteresis
in the contact detection helps to reject outliers due to high joint acceleration when the
endeffector leaves the ground. We compute the endeffector force norm Fj = ||F|| using
the joint torque 7 by

Fi = (SkJ;) 'S, (4.3)
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where Sy is the selection matrix for the joints and J is the Jacobian of leg k. To exclude
outliers, the leg odometry measurement is updated only if the leg is in contact with the
ground for Neontact cOnsecutive steps.

By having the joint positions and velocities sensed from the encoders one can use
forward kinematics to compute the velocity and position of each endeffector in the base
frame. By collecting all the effects of noise into one additive noise term, the measurement
model can be rewritten as (Camurri et al., 2020):

" = —J(@)ar — @ x fk(qx) = "VEEE 4+ Y, (4.4)

where q are the measured joint angles of leg k, P@ is the gyroscope measurement
compensated by its bias, and fk(qx) = Pt is the forward kinematics for the foot contact

point.

VIO Pose and Velocity Measurements

The VIO provides additional pose and velocity estimates of the robot base link in the
inertial frame (world frame). Roll and pitch are estimated drift-free by the VIO, while
3D position and yaw orientation are estimated with respect to the estimated keypoint
map and can drift. However, the drift in position and yaw orientation is significantly
smaller than the drift by fusing leg odometry and IMU alone. The measurement model
of the VIO pose and velocity is

w10 = WHEKE 10,0, b52)" + 1t (4.5)
WVVIO — WRbeEKF + nV, (47)

where W 0y, is the orientation of the base in world frame expressed in so(3). To tackle drift
of the VIO in the height estimate, we estimate a height bias b, which is the difference
between the measured height of the base link above the ground and the estimated height
by the VIO.

Ground Height Measurements

The ground height is only measured when all the legs are considered as being in
contact with the ground. The ground height is measured as the average of the height
measurements by the different legs which is computed by forward kinematics, i.e.

1 Nj legs

Y2(q) = N 2 —fk(q) | , (4.8)

3
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where Niegs is the number of legs in contact (Njegs = 4 in our case), and the operator
(-)x selects the k-th entry of a vector. Additionally, to exclude outliers and inaccurate
measurements, the ground height is measured only after all the legs are considered as
in contact with the ground for Nitanding consecutive steps. The measurement model for
the EKF is

Az = bs, + P, (4.9)

with Az = (th\)/ IO)S — Wz(q) and additive Gaussian noise nbéz.

4.3.3 Control Architecture

We use the non-linear MPC developed by Meduri et al. (2023) to control the robot.
The MPC requires a contact plan as input and determines whole-body trajectories for
the robot. Here, we only consider cyclic gaits, e.g., trotting and jumping, where the
contact plan is automatically generated based on a command linear velocity (sidewards
and forwards/backwards motion at a constant yaw angle). In this case, the Raibert
heuristics is used to adapt the contact locations based on the feedback of the base linear
velocity (Meduri et al., 2023). The framework generates centroidal trajectories using
alternating direction method of multipliers approach and then a differential dynamic
programming based kinematic optimizer is used to generate desired joint trajectories.
Using an unconstrained inverse dynamics, the desired joint torques are computed and
fed to the robot joint controller at 1kHz.

4.4 Experiments

We evaluate our approach with the torque-controlled quadruped platform Solo12 by the
Open Dynamic Robot Initiative (Grimminger et al., 2020) which we augment with an Intel
Realsense T265 stereo-inertial sensor (see Figure 4.2a). The Solol12 robot weighs 2.5 kg
and can carry an approximate payload of 1 kg. Stable trotting and jumping motions are
generated by the MPC (Meduri et al., 2023) which uses our state estimate and calculates
joint commands. The communication diagram is illustrated in Figure 4.1. The robot
communicates joint measurements and targets via Ethernet with the robot control PC
(Intel Xeon CPU E5-1680@3.40GHz, 8 cores) which runs Linux with a real-time kernel. A
second vision PC (Intel Xeon CPU E5-1630@3.70GHz, 8 cores) computes visual-inertial
odometry. The visual-inertial odometry result is communicated to the robot control PC
via Ethernet. The Intel T265 camera provides 3-axis accelerometer and gyroscope data
at 62.5Hz and 200 Hz, respectively. The accelerometer data is upsampled to match the
gyroscope measurement rate. The sensor also provides fisheye stereo images with a
wide field of view (ca. 173 degrees) at a frame rate of 30 Hz. We use the calibration tools
of Usenko et al. (2020) to calibrate the camera intrinsics and the extrinsic pose of the
camera with respect to the IMU mounted on the robot, and the relative location of the
IMU with respect to the robot base link. The orientation of the IMU with respect to the
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Figure 4.3: Distribution of horizontal linear velocity (m/s) of the base in experiment runs (left: trot,
right: jump). The velocities are determined by fusing Vicon and IMU measurements in the EKF to obtain
smoothed estimates. Min./max. are at the histogram boundaries. The Pearson correlation coefficients
between estimated and control velocities are: Trot: 0.96 in x, 0.79 in y; Jump: 0.86 in x, 0.85 in y. According
to the estimate, the robot follows the command partially due to competing MPC objectives, constraints,
and Raibert heuristics for the contact plan (Trot: factor 0.49 in x, 0.32 in y. Jump: 1.23 in x, 0.72 in y).

robot base link is taken from the CAD model. For wheeled robots, it has been shown that
the accelerometer bias is unobservable if the robot does not move sufficiently in yaw (Wu
et al., 2017). Since the robot maintains a fixed yaw rotation, we fix the bias after a short
initialization phase in which the robot is moved with 6-Degrees of Freedom before each
run. We validate our approach in both indoor and outdoor environments. For indoor
environments, we collect ground-truth data with a Vicon motion capture system at the
rate of 800 Hz and upsample it to 1kHz with the latest measurement. VIO at 30 Hz is
denoted as vio in the following tables and figures, while VIO with IMU prediction at
200 Hz is denoted as vio+. For evaluation, both VIO versions are upsampled to the EKF
rate of 1kHz using the latest available estimates to demonstrate the performance of
using these estimates as input for the controller. Note that our approach is not directly
comparable to previous approaches such as Pronto (Camurri et al., 2020), since we
propose a lightweight fusion method tailored to our control system. Our system uses
VIO predictions to avoid computations for rolling back the EKF and to leave as much
computation for the controller as possible. We use Nontact = 1 and Nitanding = 3 in our
experiments.

4.4.1 Evaluation Metrics

Since the control performance relies on the accuracy of state estimation, we evaluate
the robot trajectory quantitatively using the relative pose error (RPE) metric (Z. Zhang
and Scaramuzza, 2018) with various subtrajectories of time intervals ( 0.1, 0.2, 0.5,1, 2, 5,
10, 20, 50 ) in seconds. We record 5 runs for each gait type (approx. 2 min per run for
trotting and jumping) at varying target horizontal linear velocity using the EKF with
augmented VIO measurements for state estimation. Figure 4.3 shows the distribution of
the horizontal velocity as estimated by a ground-truth variant of the EKF which uses
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Figure 4.4: Trotting RPE for all time intervals.

IMU and Vicon measurements only. Besides the output of the EKF, additionally the
estimates of VIO with and without predictions, all other input data to the EKF, and the
Vicon ground-truth are recorded at 1 kHz to be able to assess the state estimate of other
EKF variants on the runs. We compare variants and ablations of our approach including
EKF with leg velocity measurements only ekf_leg, EKF with Vicon ekf_vicon, EKF with
augmented VIO ekf_vio+, EKF with original VIO ekf_vio, augmented VIO and original
VIO. For ekf_leg and ekf_vio+ we tuned separate covariance parameters for the EKF
empirically. For the variants ekf_vicon and ekf_vio, we use the same parameters as
ekf_vio+. We compute position errors (X, y, z) in meter and rotation errors (roll, pitch,
yaw) in degree separately.

4.4.2 Trajectory Accuracy Evaluation for Indoor Experiments
Trotting Gait

In the trotting gait, at least two feet of diagonal legs are always in contact with the
ground. The base link oscillates vertically with an amplitude of ca. 2cm. The RPE
evaluation is summarized in Table 4.1 and Figure 4.4. The EKF with only leg velocity
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Table 4.1: Trotting trajectory accuracy in RPE.

ekf leg ekf vicon ekf vio+ ekf vio vio+ vio

 and v (m) mean  0.151 0.011 0.022 0041 0.016 0.018
y max  0.794 0.264 0155 0237 0138 0.143

2 () mean  0.198 0.009 0.005  0.005 0011 0.014
max  0.746 0.098 0.057  0.058 0.076 0.107

aw (deg) mean  1.440 0.466 0400  1.044 0269 0816

y & max  9.532 6.707 2563  7.588 1670 3.086
oll and pitch (deg) M€ 0593 0.615 0632 0637 0545 1117
p &  max 2256 2.593 2783  2.802 2109 4.878

Table 4.2: Jumping trajectory accuracy in RPE.

ekf leg ekf vicon ekf vio+ ekf vio vio+ vio

 and v () mean  0.229 0.013 0.035  0.090 0.021 0.022

y max  1.286 0.054 0175  0.358 0124 0123

2(m) mean  0.187 0.013 0015 0017 0.084 0.100

max  0.806 0.086 0.107 0131  0.610 0.646

aw (deg) mean  4.923 0.277 0632 1728 0365 0.540

y & max 32.928  2.848 3754 9765 2262 3.236

roll and pitch (deg) MeAn 0686 0.900 0923  0.860 0711 1.646
© PUCRIACE)  max  3.357 3.360 3368 3212 3769 7.845

measurements (ekf_leg) shows significant drift in position and yaw orientation (avg.
0.333 m x-y-pos., 3.902 deg yaw at 50s). Integrating predicted VIO measurements (ekf_-
vio+) reduces this drift strongly, reducing the horizontal position and the yaw error to
avg. 0.039m and 0.552 deg at 50 s. We also observe that upsampling the VIO with IMU
predictions improves the accuracy of pure VIO. Note that the data is further upsampled
with the latest estimate to 1kHz for reference to show its performance as potential input
to the controller. For shorter time intervals below the gait cycle time (0.5s), fusing leg
odometry in the EKF variants improves the accuracy of the pure VIO variants. Fusing
vio+ or ground truth with the leg odometry increases the roll pitch drift slightly towards
ekf_leg, even though vio+ shows lower drift. At larger time intervals, the EKF finds a
trade-off with high accuracy in horizontal position and orientation. VIO shows a small
drift in height for trotting, which is also reflected by the RPE. Importantly, filtering leg
kinematics and VIO allows for estimating the absolute height of the base with respect to
the ground with high accuracy. Finally, we observe that the ekv_vicon does not have the
lowest RPE, we attribute this to the noisier Vicon velocity measurement compared to
the IMU.

Jumping Gait

In the jumping gait all four legs contact the ground at the same time during the landing
and rebound phases. Each jump takes about 0.4s with a height of 12 cm (robot base
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Figure 4.6: Height estimate of VIO with IMU predictions (vio+) and our approach (ekf_vio+) compared
with ground-truth for jumping. Left: Initialization (standing), right: Jumping. The fast decline in the flight

phase is

due to false contact detection.

height change). In Table 4.2 and Figure 4.5 we provide RPE results. It can be seen
that despite the agile motion, our approach ekf_vio+ can track the robot position and
orientation. The pure VIO shows significant drift in height due to the difficulty of
tracking and reconstructing keypoints in the close vicinity of the robot and the larger
noisy IMU accelerations. This can be well compensated for by our EKF fusion approach
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Figure 4.7: Contact detection for trotting and jumping gait for two endeffectors. The force estimate for
jumping contains outliers that lead to false contact detection (Nstandmg = 3).

(ekf_vio+, see also Figure 4.6). The height bias estimate compensates for the differences
and enables control for the jumping gait. The bias takes about 1s to converge during
the initialization phase in which the robot is standing before the jumping gait is started.
The yaw and horizontal position drift of ekf_vio+ is slightly higher than in the trotting
experiments. It clearly improves over the drift of ekf_leg.

4.4.3 Contact Detection and Height Measurement

We also provide a qualitative assessment of the contact detection in Figure 4.7. For
the jumping gait, high acceleration of the legs while pulling them leads to high force
estimates. Our experiments demonstrate that the system can be sufficiently robust
against these spurious false measurements for trotting and jumping at moderate speeds.
It is an interesting direction for future work to investigate more sophisticated ways of
classifying contacts for dynamic gaits. This could potentially improve the accuracy and
reliability of the system.

By setting higher contact duration thresholds (Ncontact = Nstanding = 20) for leg odometry
and ground height measurements, the false contact detection can be avoided. However,
this also decreases the accuracy of the filter. We observe that mean RMSE increases from
0.015m to 0.038 m for z and from 0.632 deg to 0.869 deg for yaw, while ekf_leg fails.

4.4.4 Outdoor Experiment

We also test our system outdoors in challenging environments, specifically on asphalt
and grass with slight slopes (see Figure 4.8). The tests include both trotting and jumping
gaits, as well as transitions between them. Moreover, we also experimented with varying
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Figure 4.8: Solo12 in outdoor experiments. Top: Trotting and jumping on grass. Bottom: Jumping from
right to left on asphalt.

control speeds. A video showcasing the experiments is provided as supplemental
material to the corresponding conference publication (Dhédin et al., 2023). Across all
scenarios, the control pipeline demonstrated reliable performance, supported by our
state estimation method, for both gaits on the different terrains.

4.5 Conclusion

In this chapter, we present a lightweight EKF-based framework that fuses VIO estimates
with leg odometry to calculate the pose and velocity of the robot at high frequency. To
compensate for the delay and low rate from VIO, we propose to use IMU predictions
to update the VIO state estimate such that the output of VIO is streamed at IMU rate
with a significantly smaller delay and higher rate. Additionally, we compensate for the
drift of the height estimate by measuring height based on leg kinematics and contact
detection. We validate our approach with real-world experiments in both indoor and
outdoor environments. The quantitative results of our experiments indicate that the low
latency VIO with IMU prediction improves the accuracy of the EKF state estimate and
the height measurement can prevent drift of the height estimate despite the existence of
outliers in contact detection for the jumping gait. We also provide qualitative results for
our system in challenging outdoor experiments. In these examples, our approach can
estimate the robot state and perform trotting and jumping gaits including gait switching
on different terrains. A limitation of our approach is the assumption of a hard and flat
terrain for contact detection and height estimation. In future work, we aim to increase
the robustness of our method and integrate terrain measurements to enable trajectory
planning and control on complex terrain.



Online Adaptation of Kinematic Model
with Visual-Inertial Odometry

Declaration of Contributions

The contents of this chapter are based on the peer-reviewed journal publication

©2022 IEEE. Reprinted, with permission, from H. Li and J. Stiickler (2022). “Visual-Inertial
Odometry with Online Calibration of Velocity-Control Based Kinematic Motion Models’.
In: IEEE Robotics and Automation Letters (RA-L). por: 10.1109/LRA.2022.3169837 (H. Li
and Sttickler, 2022)

with the following co-author contributions:

Scientific Data Analysis & Paper

Ideas  Generation Interpretation Writing
Haolong Li 60% 100% 80% 80%
Jorg Sttickler 40% 0% 20% 20%

Jorg Stiickler conceived the idea of integrating a velocity-based kinematics factor into
visual-inertial odometry. Haolong Li proposed to use the velocity-control-based inverse
motion model and Jorg Stiickler proposed to use kernel function to aggregate the control
inputs. Haolong Li implemented the method, collected the data, and performed the
experiments. Haolong Li and Jorg Stiickler wrote the paper.

Compared to the conference publication, this chapter contains unified notation and some
reformulated and reorganized paragraphs. The section on Observability Analysis was
originally part of the appendix and supplementary material of the journal publication.
Figure 5.2 has been redrawn to ensure consistent notation.

5.1 Introduction

In recent years, visual-inertial odometry (VIO) has seen tremendous progress (e.g. Cam-
pos et al. (2021), Leutenegger et al. (2015), Mourikis and Roumeliotis (2007), and Usenko
et al. (2020)), driven by the many potential applications of such technology for augment-
ed/virtual reality and autonomous robots, in particular flying robots. Surprisingly, for
wheeled robots, VIO is not trivial to employ due to observability limitations for planar
linear motions (Wu et al., 2017). This can be alleviated by integrating motion model
constraints into the state estimate. A popular approach in the literature is to use wheel
odometer measurements to this end (see e.g. F. Ma et al. (2019), Wu et al. (2017), and
Yang and Huang (2019)).
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In this chapter, we take a conceptually different approach by integrating a velocity-
control-based kinematic motion model which does not rely on wheel encoders. By
integrating the model into the state estimation, the model parameters such as the relative
position of the sensor on the robot or the offset between model and real robot can be
calibrated online. Differently to wheel odometry based models, velocity-control-based
models can be directly used for downstream tasks such as model-predictive motion
control and planning (Kavraki et al., 1996; Kuwata et al., 2008; LaValle and Kuffner,
1999). We base our method on a non-linear optimization-based approach (Usenko
et al., 2020) to visual-inertial odometry which optimizes state variables such as sensor
pose and velocity, IMU biases, and keypoint map in a window of recent frames. Old
frames are marginalized in a proper probabilistic way to maintain the prior observations
as prior knowledge. The IMU measurements are preintegrated into relative motion
measurements between frames. In this framework, we include a velocity-based motion
model which models the motion of a wheeled robot in a plane based on linear forward
and rotational velocity controls. For accurate integration of the measurements and
controls, an accurate calibration of the sensor placement with respect to the drive, the
time synchronization of the controls relative to the visual and inertial measurements,
and an identification of the effect of control commands for the underlying low-level
robot motion controller on actual executed motion are required. To model the unknown
properties of the controller, we aggregate the raw control commands with a kernel
function. We add parameters for the kernels and the placement (extrinsic pose) of the
sensor on the robot to the estimation problem. The parameters are calibrated online in
the non-linear optimization framework.

We evaluate our approach on data obtained with a mobile robot in several sizes of
environments. We demonstrate that incorporating the velocity-control-based kinematic
motion model improves the accuracy and robustness of the VIO estimate. Moreover, we
provide results on the prediction accuracy of our online calibrated model for reference
for model-based control and planning approaches.

In summary, our contributions are:

» We propose a novel visual-inertial odometry approach for wheeled robots which
includes a velocity-control-based kinematic motion model into the state estimate.

» The parameters of the motion model are calibrated online with the VIO estimate.

» We demonstrate that inclusion of the motion can improve the VIO estimate in
various indoor environments of different sizes. We also provide evaluation of the
prediction accuracy of the calibrated model.

Our model can be an alternative to wheel-odometry based methods when a velocity-
control-based model should be directly calibrated for use in model-predictive control
and motion planning methods.
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5.2 Related Work

Motion estimation by fusing odometry, IMU and camera data has recently spurred sig-
nificant interest in the robotics community due to its applications for inertial navigation
systems in service robotics and autonomous driving.

5.2.1 Inertial and Inertial-Wheel Odometry

Various recent approaches combine IMU and wheel odometry. Brossard et al. (2020)
suggest an extended Kalman filter (EKF) based approach which uses deep learning to
predict the noise properties in an EKF framework which fuses IMU measurements to
predict motion. In Brossard and Bonnabel (2019), deep kernel Gaussian Process models
are learned for the motion and observation models which are used to fuse IMU and
wheel odometry measurements in an EKF framework. Brossard et al. (2019) propose to
estimate the motion from IMU and odometry measurements using an recurrent neural
network which detects different motion profiles in an EKF framework. These approaches,
however, do not use the complementary strengths of visual measurements and do not
provide a forward model.

5.2.2 Visual-Inertial-Wheel Odometry

Cameras provide complementary information to inertial measurement units for motion
estimation. For general motions, 3-DoF linear acceleration and rotational velocity
measurements make roll and pitch orientation observable relative to the gravity direction.
However, double integration of the linear acceleration requires accurate estimation of
biases (offsets) in the measurements and makes linear position estimation prone to
drift. Similarly, the yaw orientation around the gravity direction is not observable and
prone to drift due to noisy and biased gyroscope measurements. Visual measurements
provide a reference for pose estimation to a local 3D map of the environment which is
concurrently built with the pose estimates in VIO approaches. By this, all DoFs become
observable, while the IMU provides high frame-rate measurements which improve the
accuracy between images.

The Multi-State-Constrained Kalman filter (Mourikis and Roumeliotis, 2007) for VIO
has been recently extended to incorporate wheel odometry and overcome observability
issues of monocular visual-inertial odometry on wheeled robots in VINS on wheels (Wu
etal., 2017). The authors analyze the observability of monocular visual-inertial navigation
systems on a mobile robot platform and show that for specific motions, scale, and 3-DoF
rotation become unobservable. They also show that adding wheel encoder measurements
makes scale observable. The approach does not calibrate the motion model parameters
online like our method. In our setting, scale is already observable through the fixed
calibrated baseline of our stereo camera.
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F. Ma et al. (2019) adopt the VINS on wheels approach and extend it with an Ackerman
drive model. Jung et al. (2020) add GPS measurements directly to VINS on wheels to
make position observable. Yang and Huang (2019) analyze observability for VINS on
wheels with line and plane observations. Another approach concurrently estimates
the wheel slippage with VIO (Dang et al., 2018). More closely related to our method
is the approach by Lee et al. (2020) which investigates online calibration of the wheel
odometry parameters and analyzes observability of the calibration parameters for
different constraint motion scenarios. In contrast, we employ a non-linear optimization
based approach for visual-inertial odometry and incorporate an inverse motion model
for constraints.

Some approaches integrate wheel odometry into non-linear optimization based ap-
proaches. J. Liu et al. (2019) develop online calibration of the extrinsic pose between
camera, IMU and odometer. J. Liu et al. (2021) propose a novel initialization approach
which corrects the initial state estimates after the first turning motion to handle the
unobservability of the calibration parameters for straight motions. Y. Chen et al. (2019)
calibrate visual-inertial-wheel odometry offline. The approach in Z. Zhang et al. (2018)
integrates smooth motion manifold constraints. Zheng and Y.-H. Liu (2019) incorporate a
planar motion constraint for the mobile base but allow small deviations from this motion
in 6-DoF for the camera-IMU system. Also, different from ours, these approaches use
wheel encoders to measure odometry. We propose a new approach which incorporates
an inverse motion model into optimization-based visual-inertial odometry and calibrates
the model online including extrinsic pose and time synchronization.

5.2.3 Learning Motion Models for Control

Optimal control approaches typically rely on action-conditional motion models which
use them as forward models to plan towards goals. One recent example is the approach
of Williams et al. (2016) which learns a dynamic model offline from GPS. In Kabzan et al.
(2019) a sensor-based localization method using LiDAR, optical speed sensors and INS
is used to provide feedback for learning deviations from an analytic dynamic model.
In our approach, we tightly integrate a kinematic motion model in a visual-inertial
odometry which allows for calibrating the model online.

5.3 Method

We integrate a velocity-control-based mobile robot motion model into visual-inertial
odometry and optimize the parameters of the motion model concurrently with the
camera trajectory and bias parameters of the IMU. The motion model further constrains
the camera motion estimate. The calibrated motion model could be useful for model-
predictive motion control and path planning.
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Figure 5.1: Weighted aggregation of effective controls and an exemplary result of motion-constrained
VIO (large-01). Top: Time delays of controls and hardware restrictions (such as acceleration limits) can
be handled implicitly by weighting and averaging the commands in a window with an RBF kernel.
We optimize for the mean value p, the variance o and the scale s to shift the kernel and change its
shape. Bottom: Our motion-constrained VIO approach achieves smaller deviation with respect to the
ground-truth. The pure VIO result is shown in yellow, our kinematics-constraint VIO estimate in cyan,
ground-truth in purple.

5.3.1 Visual-Inertial Odometry

We extend the non-linear optimization-based visual-inertial odometry approach in Usenko
et al. (2020). The approach uses a KLT-based keypoint tracking frontend to track the
camera motion from frame to frame. Keyframes are extracted along the camera trajectory
and the keypoint tracks generate landmarks in the keyframes with corresponding point
measurements. Only a set of recent keyframes and regular frames is optimized (3 regular
frames and 7 keyframes in our experiments). Older regular frames and keyframes are
marginalized from the optimization window and their information serves as a prior.

Formally, we estimate the state syjo = (WTi, wv, L, bg, ba), where WT; € SE(3) represents
the pose of the sensor frame i expressed in the VIO’s world frame w, and Vv e R3
denotes the linear velocity of the sensor with respect to the world, expressed in the
world frame. Additionally, we also optimize the set of landmarks £ and the IMU biases
bg, b,. This state can be estimated by minimizing the objective function:

S:}IO = arg min Eimg(s) + Envu(s) + Emarg(s); (5.1)

where Eing(s) is the squared sum of the reprojection residuals from the image data
and Epvu(s) contains the relative pose information from the IMU sensor, and Emarg(s)
contains the marginalization prior information. For further details on the visual-inertial
odometry method, we refer the reader to Section 2.3 and Usenko et al. (2020).
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Figure 5.2: Factor graph of the proposed method, where PT; is the extrinsic pose. The motion factor
consists of frame poses, extrinsic poses and RBF parameters prpr, and the plane factor includes the frame
poses, extrinsic poses and plane parameters pplane-

5.3.2 Velocity-Control-Based Motion Model

We use a velocity-control-based motion model (Thrun et al., 2005) and assume that the
robot can be controlled by a control command u = (v, w)" through a linear velocity
v € Rin forward direction and a rotational velocity w € R. The motion model propagates
the robot pose P; € SE(2) at time ¢ on the ground plane with the control command to
the pose at time t' =t + At as: Py = Pyexp (At E), where

0 —w v
E=|lw 0 0 (5.2)
0O 0 O

is the corresponding Lie algebra se(2) with & = (v,0, w)" € R3. The exponential mapping
for SE(2) group is:

Ax cos(wAt) —sin(wAt) = sin(wAt)
exp (AtE) = | Ay | = | sin(@Af) cos(At) 2 — Zcos(wAt) | . (5.3)
AB 0 0 1

This exponential mapping finds the relative SE(2) motion for constant velocities & over
time duration Af. The logarithm mapping = log(P) of SE(2) is the inverse of the
exponential mapping and maps relative poses P € SE(2) to Lie algebra elements in
/E\ € $¢(2). The hat operator ) maps 3D twist coordinate vectors to twists in se(2).
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5.3.3 Motion Model Residuals

We incorporate the velocity-control motion model into the visual-inertial odometry
framework in order to calibrate the parameters of the model and improve the robustness
of the VIO. There are basically two choices to form residuals with a motion model: relative
pose constraint (forward) or velocity constraint (inverse). Mathematically the forward
and inverse model residuals are equivalent to each other. Both kinds of residuals achieve
similar results, while the Jacobian matrix of the forward model is computationally more
expensive. For our motion constraint, we treat the velocity controls as measurements
and assume the measurement noise comes from the velocity controls. In this case, using
the inverse model residuals is simpler while using the forward model residuals requires
error propagation with linear approximation of the exponential mapping.

Velocity commands are executed by the robot in the robot base frame whose pose relative
to the world frame is denoted by VT, € SE(3) (transforming coordinates from base b to
world frame w). In the base frame, the x-axis points in forward driving direction, while
the z-axis points upward and is the axis of rotational robot motion. The VIO provides

pose estimates of the body frame of the IMU-camera sensor in the world frame “T;.

The sensor is placed rigidly on the robot at a relative pose "T; € SE(3) to the robot base
frame. To quantify the relative motion b'th/t/ of the robot base frame from times ¢ to ¢’

. . — ! —
of subsequent image frames, we can hence determine ®'T}, ;» = b'tTi,t""Ti tlei/t/bft T t%.

The rotation A9 around the z-axis of the base frame is calculated from the relative
rotation b'tRb/t/ in b'th/t/ as the z-component of Log (b'tRb,t/). The translational motion
(Ax, Ay)T in the x-y-plane is determined from the corresponding entries of b,th’t,- The
estimated twist is

. cos(AO) —sin(AO) Ax
¢ = ELOg sin(A@) cos(AO) Ay |, (5.4)
0 0 1

where At = t' — t. We compute the motion model residual as

rs=0—&, (5.5)

where & represents the effective control, which will be described in the next section.

This residual implicitly measures the difference between the state estimates and the
motion model prediction.

5.3.4 Effective Control Command
In practice, the real action of the robots differs from the received control commands due
to effects such as time offsets and properties of low-level controllers.

Typically, control inputs and image frames are not synchronized but run asynchronously
and often also at different rates. In our experiments, the control rate is 15Hz and is
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lower than the 30 Hz image frame rate which is also used to update the VIO estimate.
Moreover in the real world, a delay exists between the control command sent by the
controller and the control command executed by the robot.

The robot physical hardware acceleration limits and internal controllers also prevent
the robot from directly executing the control command even if the delay is known. To
mitigate this difference and build a meaningful residual, we estimate an effective control
Et at arbitrary time ¢, e.g. at the time of an image frame, from a window of most recent
commands. We average a window of recent control commands with weights determined
by a radial basis function (RBF) kernel (see Figure 5.1) for the translational and rotational
parts separately:

e —pin|*
Zeew, &P\ — 2 |Ur

Slin e h: Hz
_—
2cew; P (—sz>
lin
& = 0 . (5.6)
2
dt—
2icew; P (—%) We
ang
San 2
8 s o Ltans]
eW; EXP Zﬁgng

Here W is a window of N control commands indexed by their times 7 at or before
time t and dt := t — 7. For an image frame at time ¢, the window typically spans the
N control commands that have occurred before the frame. We optimize for ¢ and o
and scale factor s of both linear and angular parts as global parameters together with
the VIO states. The RBF parameters are summarized in the state variables prpr. In the
experiments, we demonstrate that the optimized RBF kernel can be used for motion
prediction.

5.3.5 Motion-Model-Based Error Function

The robot body can vibrate during operation, the extrinsic pose PT; is thus modeled as a
time-variant state. For K factors within the optimization window this kinematics-based
objective can be summarized as

K K
T v—1 T -1
Exin = Z rg,kz‘g,kr‘f/k + Z 1‘extr,kZ‘extr,kreXtr'k’ (57)
k k
where Zg}( is the diagonal weight matrix for the motion model residual, rey i is the

difference between two adjacent extrinsic pose estimates and Z;(ltr ' is the diagonal
weight matrix.

The VIO system takes the image frame at time ¢’ and the raw controls up to the time
t of the previous frame as input for the optimization which also calibrates the RBF
parameters for the motion model. The controls can be generated by manual control or
an automatic high-level controller such as model-predictive control for path tracking.
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In our experiments, we use manual control commands as input and calibrate the RBF
parameters online. A high-level controller would potentially require extrapolation of
the last state estimate at the image rate to the current control time using the previous
controls and the motion model.

5.3.6 Plane Motion Constraint

We exploit prior knowledge that our robot moves on flat ground in indoor environments
and add a stochastic plane constraint (Wu et al., 2017) for the robot pose. The plane
parameter pplane includes a 2-Degrees of Freedom quaternion #q, representing the
plane orientation and a scalar &d,, which represents the distance between the ground
plane to the world frame origin. The residual is

(R(qu)WRibRiT ea)
Tplane = 15 , (5.8)
8d,, + e; R(Eqw)("ti — "Ri°R/ Pt))

. T .
withes = (0 0 1) .The plane motion error term becomes
_N\ T -1
Eplane - Z I‘plane,lZplane,lrplane/l (5.9)
)

with the diagonal covariance matrix Zpane. The stochasticity of the constraint allows for
handling vibrations of the robot.

5.3.7 Visual-Inertial Odometry with Motion Model Constraints

We integrate the above introduced calibration parameters of the constraints as additional
variables into the visual-inertial odometry. As shown in Figure 5.2, the state of each
frame in our optimization framework becomes syin-vio = (Svio, b, PRBE, Pplane), Which
comprises the VIO state, the base frame to sensor frame extrinsic pose PT. and the global
variables including the RBF parameters and the plane parameters. The full objective
function can be summarized as

Exinvio = Evio + Ekin + Eplane- (5.10)

During optimization the extrinsic poses will be marginalized like linear velocity and
IMU biases while the global variables are kept and their linearization point is fixed once
the first connected state is marginalized.
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5.3.8 Observability Analysis

In this subsection, we discuss the observability properties of the state variables in our
kinematic motion-constrained VIO method. By definition, observability of a system
determines if the initial state can be uniquely inferred from a finite amount of measure-
ments (Barfoot, 2017). Observability can be analyzed based on the underlying state-space
model, independent of the estimator’s implementation (Wu et al., 2017). Following the
derivations from Hesch et al. (2014) and Wu et al. (2017), we analyze the observability of
the linearized state-space model for our method.

Before delving into the details, we first define several key concepts to ensure that
the analysis in this part is self-contained. Differing from the factor graph framework
introduced in Section 2.3, we now approach the VIO problem from another perspective,
namely the discrete-time state-space model. For a linear system, we define the following
transition and observation models:

Ski1 = ¢k+1,ksk + my (5.11)
Xk = JkSk + ng, (5.12)

where s represents the system state, ¢, | , the transition matrix, Jx the observation
matrix and my, ny are transition and measurement noises, respectively. In the context of
VIO, IMU measurements typically are used to propagate the state and to compute the
transition matrix (Wu et al., 2017), while camera measurements serve as observations
and are used to compute the observation matrix. For our linearized VIO system, Jx
corresponds to the Jacobians of vision-based factors computed with the state estimate at
time k. The observability matrix M is defined as:

N

JZ‘Pz,l

M = (5.13)

Jk(Pk,l

with @y | = ¢y ;... P, . If the observability matrix is full column rank, the linearized
VIO system is considered observable.

Hesch et al. (2014) demonstrate that VIO has four unobservable directions: the three
global translations and one global yaw direction in the general case. Wu et al. (2017)
further show that the scale is unobservable if the camera has constant acceleration,
and the roll and pitch become also unobservable if there is no rotation. Since we use
a stereo camera, the scale of our VIO system is observable. In addition to the original
VIO state, we also have extrinsic pose state, RBF parameters, and plane parameters
in our model. As we employ the same plane constraint as detailed in Wu et al. (2017),
our focus here is on analyzing the observability of the extrinsic pose state and RBF
parameters. Furthermore, we demonstrate that the plane’s orientation can make the
global orientation observable.
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We treat the kinematic motion constraint and the planar constraint as observations.

The VIO state transition is given by the IMU propagation model. We use the constant
propagation model for the other state variables. The transition matrix of our method

becomes:
= [ DPr1 O
Dy = ( 0 I) , (5.14)

where @y ; is the linearized transition matrix for VIO state from time 1 to k from the
IMU propagation, detailed in Hesch et al. (2014).

Observability of Extrinsic Pose

The observability of VIO state and extrinsic pose has been studied in previous work (Lee
et al., 2020), where a velocity-based forward kinematic motion model is integrated into
the VIO. In our approach, we use an inverse kinematic motion model. Here, we show
that the observability of integrating the inverse kinematic model is the same as using
the forward kinematic model.

Given the relative pose between two frames >/ Ty, 1/, we can compute the corresponding
SE(2) pose > Py, 1/ in the horizontal plane consisting of the rotational part /0y, 1 € R and
the translational part >/py, ; € R? as discussed in Subsection 5.3.3. The effective control
input & = (v,0, w) ' consists of linear and angular velocity. With b'tl_’b,t/ = Exp(At¢),
the forward kinematic model, the residual and its derivatives can be written as

e = o, BBy ) (bi,t,‘fgitl__b;lz’f> (5.15)
= (510
while the residual of the inverse model and its derivatives are
Tiny = Log(*™' Py ) — At& (5.17)
Orny  JLog(.) (5.18)

ab’th,f/ ab,th’t/ .

While in the forward kinematic model, the derivative with respect to >/ Py, ;/ is an identity
matrix, the derivative in the inverse model is the Jacobian of the logarithmic mapping.
Because this Jacobian is an invertible matrix by definition (Deray and Sola, 2020), when
we compute the observability matrix by multiplying this Jacobian matrix with the
transition matrix, the rank of the observability matrix remains the same. As shown
in Lee et al. (2020) the extrinsic pose will be unobservable under certain motions. We use
the extrinsic pose derived from the CAD model as an initial Gaussian prior to counteract
this problem.
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Observability of Global Orientation

We further demonstrate that the global orientation becomes observable through the
application of the plane constraint, combined with prior knowledge of the plane
orientation. To simplify the analysis, we treat the extrinsic pose as fixed in this part.
We use Ry, as a shorthand notation for R(®qy,) representing the plane orientation, and
kR, to represent the inverse of the sensor orientation at step k. For the plane constraint,
the Jacobians for step k are:

ort

plane
oLk Ry,
or!

plane
038Ry
or>

plane

oLk Ry

= Ll,ka = (BRw"Ri'Rpe32Ry " Ri)2,)

= JéRW = —(BRw"Ri'Rpe3)(2,2)

2 T i b
= Ji,ka = —€3 ngwRi,k(l’ka ti)

(5.19)

= Jng = —e) (5Ryw("tix — “R; k" RpPt;))

(:,:2)

12 T8
= Jwti,k = €5 Ry

where r!._and r?,__ are the first and second row of the plane constraint residual,
plane plane

J! and J? are the first and second row in the Jacobian matrix. Operator (.)(2,:) denotes
the first two rows and operator (.). o) denotes the first two columns. The observability
matrix can be written as:

plane plane =
M k = J k (Dk,l

1 1
L e 0 TR0 L
=\ 2 2 Dy 1
R A S
1 1,1 1 1,2
) ( ifll{wcpkll 5,1 iikIZ{W(I)k'l 5.2
- 2 7 2 7 2 7 2 r’
vir, Prn T Ty, Py Jog, Prn + Ty, P
0 Ji )
iR,
2 2 54 12 2 :
2,0t By @t By 0 T 1

(5.20)

The derivation of the null space N, for the global orientation of VIO is given in Wu and
Roumeliotis (2016). Since the change of the global orientation also affects the plane angle
&Ry, following Wu and Roumeliotis (2016), we compute the null space of the global
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orientation for the plane constraint in our method as follows:
— T
No=(Ng "Rg., 0 ... 0) . (5.21)

To demonstrate that this indeed constitutes a null space, we compute the product of the
s . 1 -
observability matrix Mg " and the null space N,:

plane .

M, N, =

gRw" R k' Rpe3tRuw)(2,)— BRw"R; 'Rpes)(2,2)8Rw(2,,)

—e 8RR k(FRpPt) FRyy + €] BRy "t c—e (BRw(Vtik—"Ri i Ro"4)) 5 BRuw(2,

(5.22)

with property of the rotation matrix: Rt = RiR". This result implies that prior knowledge
of the plane orientation is necessary to make the global orientation observable. Since
our robot starts from still state, we use the initial accelerator measurement to initialize
the plane angle. By adding this information as a Gaussian initial prior to the plane angle
&Ry, the global orientation becomes observable.

Observability of RBF Parameters

Finally, we show the observability of the RBF parameters (Siin, tiiin, 01in) for the transla-

tional velocity. The parameters for the angular velocity have similar observability. For

|dzi [JH ) as exp(_), where dTi

simplicity, we drop the subscript here. We denote exp (
is the time difference between control command at ¢; and i 1mage frame at t. The Jacobian

matrix of the motion residual 1 is:

J§_<--- Org  Org 8r§>

k— 0s oy do
:< 5 >N exp(.) —SZ —, vi exp(. ;—2_“ z';Zf\l:lexp(.)(dT’;T—;#)z—stilviexp(.)(dT’;—gy)z)
B Zl 1exp() 3Ly exp()
(5.23)
where N
i1 exXpl(.)0¢;
- SM (5.24)

Sy exp(.) .
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Table 5.1: Trajectory accuracy in RPE and ATE of our proposed approach (kin-vio) and a pure VIO method
(vio).

transl. RMSE RPE inm rot. RMSE RPE indeg transl. RMSE ATE inm rot. RMSE ATE indeg

dataset vio  kin-vio (ours) vio  kin-vio (ours)  vio kin-vio (ours) vio  kin-vio (ours)

small-01 0.035 0.021 0.659 0.597 0.037 0.014 0.713 0.463
small-02 0.120 0.106 0.664 0.756 0.097 0.077 0.656 0.622
small-03  0.042 0.027 0.832 0.693 0.037 0.019 1.060 0.561
mid-01  0.232 0.197 1.439 1.242 0.190 0.153 0.978 0.957
mid-02  0.195 0.158 1171 1.100 0.150 0.108 0.807 0.739
mid-03  0.342 0.271 1.490 1.257 0.150 0.088 1.674 1.224
large-01 0.828 0.402 2.278 1.253 0.512 0.179 2.360 0.907
large-02  0.467 0.381 1.495 1.001 0.237 0.216 1.032 0.749
large-03  1.275 0.972 3.501 2.480 0.953 0.735 2.861 2.101

Since we use a constant propagation model for the RBF parameters, the corresponding
3 x 3 bottom right block of the observability matrix based on our motion model is:

£RBF
Mk =
0
ECEEL Y 0
= T — S
521 exp(.) ;2 L —S)iq1 Vi exp(,);—z’u
0 0
N
Dlim1exp(.) i 2
SN (dt;—p) N i)
0 0 I eXP(-)TlU—3y—SZ,-:1 v; exp(.)TIG—S’u

Sie exp()
(5.25)

The rank of this 3 x 3 matrix M;E’RBF determines the observability of the linear or angular
RBF parameters. The RBF parameters are unobservable if the velocities vy, in the window
are constant, which can happen especially at the beginning of the datasets when the
robot stands still. We place a weak Gaussian prior on the initial values of the RBF
parameter estimates. Due to the marginalization prior, the RBF parameters will remain
observable even if they become temporarily unobservable in the window.

5.4 Experiments

We evaluate the proposed kinematics-constraint VIO on a differential drive robot with
a fisheye-stereo camera and IMU (see Figure 5.3) in indoor environments. Similar as
in Lee et al. (2020) and Wu et al. (2017), global offline optimization results are used as
ground-truth. To make sure enough loops can be found and the global optimization
is accurate, the robot travels to the same location for several times in each recorded
sequence. We evaluate the accuracy of the estimate in terms of absolute trajectory error
(ATE), relative pose error (RPE) (Z. Zhang and Scaramuzza, 2018), and the error of
the effective control velocity with the ground-truth velocity. The RPE is computed by
averaging the errors over 10, 20, ..., 50% sequence lengths of the full trajectory. We also
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Figure 5.3: Robot platform used in our experiments. The robot is built on a Kobuki mobile base with
differential drive and is equipped with a Realsense T265 fisheye-stereo camera with IMU. The other
sensor elements are not used in the experiment.

validate the prediction accuracy of the calibrated RBF kernel for different time horizons.

Three groups of data with different environment scales are collected and each group
consists of three different sequences. In the sequences, the robot starts from a static pose
and then approximately drives at its maximum speed of 0.5 m/s. The robot travels over
wooden floor, concrete and tiles, which also cause vibrations on the robot. The average
lengths are 57.2 m (small scale), 222.3 m (middle scale), and 413.3 m (large scale). The
ground-truth for trajectory evaluation is computed using the global bundle adjustment
layer of Usenko et al. (2020). The method uses non-linear factor recovery to bound the
computational and memory complexity of bundle adjustment using keyframes and to
transfer information accumulated from intermediate frames and IMU measurements
during VIO. We use the dense global mapping result as ground-truth where we set
every frame as a keyframe and optimize them globally. The image rate is 30 Hz, the
IMU rate is 200 Hz and the linear and angular commands are sent at the rate of 15 Hz.
The RBF parameters u, 0 and s are initialized to 0, 0.5 and 1 for both linear and angular
velocity commands. A small command window can not collect enough information,
while a large command window includes commands that are far away from the current
frame. We empirically choose a command window size of 3. The extrinsic pose between
the base and sensor frame is initialized with values from the robot CAD model.

5.4.1 Tracking Accuracy Evaluation

Table 5.1 summarizes the RPE and ATE evaluation results. By integrating the kinematic
motion constraint and the plane constraint (kin-vio) both ATE and RPE are reduced over
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Table 5.2: Average translational accuracy in RPE and ATE and linear velocity error for different constraints
over all sequences.

avg. transl. RMSE inm

kin-vio kin-vio kin-vio kin-vio

ours: rbf  rbf w/o opt avg raw or11(1m-‘11a(;1e
(w/oplane) (w/oplane) (w/oplane) (w/o plane) yp

RPE 0.282 0.324 0.336 0.337 0.296

(0.393) (0.441) (0.452) (0.452)
ATE 0.177 0.210 0.219 0.220 0.190

(0.270) (0.303) (0.311) (0.311)

avg. RMSE of linear velocity inm/s

vel. error 0.025 0.034 0.036 0.036

Table 5.3: Average rotational trajectory accuracy in RPE and ATE and angular velocity error for different
constraints over all sequences.

avg. rot. RMSE indeg

kin-vio kin-vio kin-vio kin-vio Kin-vi
ours: rbf  rbf w/o opt avg raw onl ‘ia(;e
(w/oplane) (w/oplane) (w/oplane) (w/o plane) yp
RPE 1.153 1.180 1.183 1.184 1.164
(1.507) (1.592) (1.600) (1.601)
ATE 0.925 0.947 0.948 0.950 0.935
(1.356) (1.413) (1.418) (1.418)

avg. RMSE of angular velocity indeg/s
vel. error 0.031 0.062 0.064 0.067

pure VIO (vio). Figure 5.1 illustrates and compares the results of data sequence large-01
estimated with pure VIO and our kinematics-constraint VIO. As can be seen, with the
proposed method the deviation is decreased, especially in those parts of the trajectory
with larger rotational motion.

In an ablation study, we compare the estimation accuracy of using RBF kernel weighting
(kin-vio rbf) with other different weighting methods including RBF kernel with fixed
initial parameters (kin-vio rbf w/o opt), non-weighted averaging of the command
window (kin-vio avg), and using the last command that comes before the first frame
of each frame pair (kin-vio raw). In addition, we also evaluate the estimate with only
the plane motion constraint in addition to the VIO constraints. The error values are
averaged over all data sequences and summarized in Table 5.2 and Table 5.3, in which
our combined method (kin-vio) consistently outperforms the others. The motion model
can improve the tracking accuracy while the parameters are calibrated together with
VIO. This can be attributed to the regularization by the parametric motion model whose
parameters are adapted for a range of positive and negative velocity commands.
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Figure 5.4: Prediction error on small-01, mid-01 and large-01. Our approach consistently has the smallest
prediction error.
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Figure 5.5: Predicted trajectories from start (square) to end (circle) on small-02. Our approach (rbf) follows
the kinematics-constrained VIO result (kin-vio) closer.

5.4.2 Prediction Accuracy Evaluation

We also evaluate the performance of our method for forward motion prediction. Results
for online prediction on data sequence small-01, mid-01 and large-01 are shown in Fig-
ure 5.4. For this evaluation, we compute the prediction from each frame in the trajectory
with different horizon lengths starting from the current estimate of the parameters. The
command window is shifted along the future trajectory with the prediction step. We
also compare the prediction accuracy with three alternative calibration methods. The
tirst method uses the RBF model with constant initial parameters (rbf w/o opt). The
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second method uses the unweighted average value of the commands in the command
window (avg). The third method calculates the prediction with the latest command

(raw). Our proposed approach with calibrated RBF kernel parameters is denoted as
rbf.

It can be observed that the RBF kernel with optimized parameters has the smallest
prediction error especially for longer prediction horizons. During the experiment we
noticed that the improvement of the prediction accuracy is relatively smaller on the
longer data sequences. This is because the rotations introduce larger errors and in the
longer data sequences the robot mostly performs translational motion along the corridors
with constant speed. Figure 5.5 illustrates a prediction result on data sequence small-02
from the beginning to the end of the trajectory with the final optimized RBF parameters.
Our approach shows the smallest deviation compared with other methods.

5.4.3 Computation Time

We compare the run-time of our approach with the base VIO on our dataset using one
Intel Xeon Silver 4112 CPU@2.60GHz with 8 cores. On average the computation time
increases by 34.14% from 14.79 ms to 19.84 ms for processing one frame, the maximum
time stays similar with 60.05 ms at rare peaks, the minimum time is 3.90 ms. The
approach can still process faster than real-time.

5.4.4 Discussion and Limitations

A potential limitation of our approach can be estimation bias in the VIO in settings such
as texture-less scenes or biased camera intrinsic parameters. In our work, we assume
that the VIO result is sufficiently accurate with negligible systematic offsets so it can be
used to calibrate the effective control. In future work, we could additionally integrate
other types of sensors like GPS. Outlier measurements can be handled with robust
norms in the VIO. One could also only activate the motion model when state variables
like IMU biases converge and indicate an accurate VIO.

Integrating wheel encoder information can also improve VIO accuracy, as it measures
the actual rotation of the wheels at high frequency. To convert the wheel encoder
information to body velocity or relative pose, one needs to consider the type of the
vehicle. Our approach is simpler to integrate for robots whose motion can be modeled
with our model (such as differential or Ackerman drives (Thrun et al., 2005)). Moreover,
our calibrated model could be used for downstream tasks such as model-predictive
control-based path tracking. In future work, we are also interested in combining wheel
encoder measurements with our method.
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5.5 Conclusion

In this chapter, we present a VIO approach based on non-linear windowed optimization
that includes velocity-control-based kinematic motion model constraints. The motion
model is integrated as a new factor between each image pair. We compute the 2D robot
velocity between two consecutive images from the state estimate and compare it against
the control command sent to the robot. To compensate for the difference between the
control command and the real robot action, we use RBF kernels along the time domain to
determine an effective control command from the raw commands and calibrate the RBF
parameters online in the VIO system. Our experiments demonstrate that by using this
motion constraint in addition to a planar motion constraint not only the accuracy of the
VIO is improved but the learned motion model can also predict the robot motion more
accurately. In future work, more complex motion models or including other sensors like
GPS or wheel odometry could be investigated.
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Jorg Stiickler conceived the idea of using an ordinary differential equation-based dynamic
model as the motion constraint. Haolong Li proposed to use the singularity-free single-
track model, implemented the tight integration, collected the data, and performed the
experiments. Haolong Li and Jorg Stiickler wrote the paper.

Compared to the conference publication, this chapter contains unified notation and
some reformulated and reorganized paragraphs.

6.1 Introduction

Autonomous mobile robot navigation requires the ability to perceive the extrinsic
environment for localization and knowledge of an accurate robot dynamic model for
path planning and control. Most previous works for ground robots solve the problems
of state estimation and calibration of the dynamic model of the robot drive separately.
For the perception and localization part, visual-inertial odometry (VIO) methods
(e.g. Leutenegger et al. (2015), Qin et al. (2018), and Usenko et al. (2020)) have become
popular in the computer vision community due to their low-cost and outstanding
tracking accuracy. On the other hand, many works from the robotics community try to
estimate vehicle slip angle and vehicle parameters such as mass or tire coefficients where
vehicle pose, velocity, and acceleration can be measured by GPS or other odometry
methods (e.g. Reina et al. (2017), Wielitzka et al. (2015), and C. You and Tsiotras (2017)).
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Figure 6.1: ST-VIO performs windowed optimization (blue box) with marginalization of old states (gray
box) to estimate vehicle motion and parameters of a single-track dynamic model. The dynamic model is
used as a factor in the optimization through ODE integration (green box, the wheels are represented by
brown rectangles, velocity is indicated in green, force is shown in red, the x-axis is longitudinal, and the
y-axis is the lateral axis.).

In this chapter, we also focus on wheeled robots and propose a VIO method that can
estimate robot pose states and calibrate the dynamic model of the drive jointly.

The integration of motion models into VIO has already been extensively researched.
Some studies aim to use motion models with sensors such as wheel odometers to
constrain the VIO and improve the tracking accuracy (e.g. Lee et al. (2020) and Wu et al.
(2017)). In contrast, studies like Cioffi et al. (2023) and Nisar et al. (2019) integrate the
dynamic models of a multicopter not just for improving tracking accuracy but also for
external force prediction. Here, we focus on ground wheeled robots and incorporate a
dynamic model with friction and tire-ground interactions into VIO. This model serves
not only as a motion constraint for tracking but is also calibrated online, improving the
accuracy of forward prediction based on control inputs. We employ the single-track
model, also referred to as the bicycle model, where the left and right wheels are lumped
as one (green box in Figure 6.1). It provides a good trade-off between accuracy and
computational efficiency (Kabzan et al., 2019). The integration of this dynamic model
into VIO presents significant challenges. Firstly, the model’s behavior can vary due
to changes in terrain properties or tire conditions. Secondly, this model encounters a
singularity when vehicle speed nears zero.

To overcome these hurdles, we introduce our method ST-VIO in this chapter. We
modify the dynamic model to eliminate the singularity and implement real-time online
parameter calibration together with VIO state variable optimization. Our method
continuously adapts the model, enabling more accurate predictions of vehicle pose
and velocity based on the latest state estimates and new control inputs. This adaptive
prediction could enable potential applications in downstream tasks such as model-
predictive control and navigation planning.



6.2 Related Work

We evaluate our method in robot experiments in indoor and outdoor environments. Our
experiments demonstrate that integrating the robot drive dynamic model can improve
tracking accuracy. Moreover, the online calibration is capable of adapting the parameters
so that the accuracy of prediction with the model is improved. In summary, the main
contributions of our work are:

» We tightly integrate a singularity-free single-track vehicle model which is formu-
lated as an ordinary differential equation (ODE) as a multistep motion constraint
for ground wheeled robots into VIO. This enables online real-time estimation and
calibration of model parameters alongside VIO state variables.

» We demonstrate that our method not only enhances VIO tracking accuracy but
also allows the model to adapt to variations in terrain and vehicle properties.

6.2 Related Work

Several prior works exist in the literature that model wheeled vehicle dynamics and
identify model parameters by matching state estimates from the model with ground-truth
recordings from real vehicles. Wielitzka et al. (2015) filter parameters of a double-track
dynamic model with vehicle states including side-slip angle using an unscented Kalman
filter based on a GPS-gyro measurement system. A similar approach is taken in C. You
and Tsiotras (2017) which estimates parameters of both a single-track model and an
extended double-track model that models air resistance and sprung and unsprung mass
separately. Aghli and Heckman (2018) identify the parameters of the robot dynamic
model online using ground-truth from a motion capture system. In our approach, we
calibrate a single-track dynamic model online jointly with visual-inertial odometry state
estimation. Xu et al. (2019) develop a learning-based approach that trains multilayer
perceptrons or LSTMs (Hochreiter and Schmidhuber, 1997) to model the dynamics.
Kabzan et al. (2019) and Jiang et al. (2021) train a Gaussian process or neural residual
models to improve predictions of a base dynamic model. Such data-driven methods,
however, require that training and test distribution are sufficiently similar to generalize
well to cases unseen during training, while our method adapts online.

Using visual-inertial sensors to estimate robot states is appealing due to their lower cost
and greater flexibility compared to satellite measurements or motion capture systems.
Since the VIO system for ground robot motion is ill-posed (Wu et al., 2017), numerous
previous studies have sought to integrate and calibrate either kinematic or dynamic
motion models with VIO to enhance tracking accuracy (e.g., F. Ma et al. (2019), Xiong
et al. (2022), and P. Zhang et al. (2020)). These methods, however, typically do not
pursue calibrating the parameters of the motion model online for motion prediction as
in our approach. Weydert (2012) estimate the vehicle ego motion and model parameters
with a dual ensemble EKF using stereo cameras. The method does not learn a forward
model mapping between control commands and vehicle state like our method. H. Li
and Stiickler (2022) calibrate parameters of a velocity-control based kinematic motion
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model online by tight integration with stereo visual-inertial odometry (Usenko et al.,
2020). However, the kinematic motion model does not take tire-ground interaction and
dynamics into consideration. Notably, above mentioned methods such as Weydert (2012)
and Xiong et al. (2022) do not address low-speed scenarios due to singularities of the
dynamic model at zero speed, potentially compromising consistent model calibration at
low speeds. V. Zhang et al. (2018) propose a non-smooth model which caps velocities
at low speeds. An alternative approach mentioned in V. Zhang et al. (2018) switches
to a kinematic model which would add complexity for integration as motion factor
and prediction. We adjust the dynamic model to eliminate singularities and ensure it
remains differentiable.

6.3 Method

In our approach, we tightly fuse a single-track vehicle dynamic model with VIO to
improve state estimation and facilitate online calibration. We begin by introducing
the single-track dynamic model and our modifications. We then demonstrate how we
integrate the dynamics factor from the single-track model with multistep prediction.
Finally, we cover implementation details and parameter initialization procedures.

6.3.1 Single-Track Dynamic Model

The single-track vehicle dynamic model is commonly used for navigation of ground
wheeled robots due to its balance of simplicity and accuracy (Kabzan et al., 2019). As
depicted in the green box of Figure 6.1, the local body frame o is located at the center
of mass of the vehicle and is assumed to be fixed. The x-axis of the body frame points
forward and the z-axis (yaw axis) points upward. We define the state variables of the
dynamics system in the body frame o as:

s=(x, vy, 0, vg, vy, a)Z)T, (6.1)

where x and y are the 2D position, and 0 is the yaw rotation along the z-axis. The
velocities vy, vy are the corresponding linear velocities and w, is the yaw velocity.
The control inputs of the dynamics system are the throttle control uy,, € [0,1] and
steering control ug € [—1,1]. The dynamics system itself is an ordinary differential
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equation (ODE) system expressed as:

Ux — WzlY
Uy + WX
. Wy

5 — : . , (6.2)
= (Fx — Ff ysin(a)) + vyw,

L(Ffycos(a) + Fry) — vxw;

L gFsycos(a) — I,Fyy)

where m and I, are the vehicle mass and yaw momentum of inertia. As illustrated in the
green box of Figure 6.1, [/, represent the distances from the front and rear wheels to
the center of mass, respectively, @ denotes the front wheel angle, Fy is the longitudinal
force at the center of mass in the body frame depending on the throttle input, while
Fy/y,y refer to the lateral tire forces at the front and rear wheels.

We write the parameters that we aim to calibrate online as a vector

T
Pdyn = (7// Cthr,l Cthr,Z Cres Ctire) . (6.3)

The first term y represents the steering ratio between the front wheel angle and the
steering input as & = YUstr. Cinr,1/2 and Cres are longitudinal force related parameters:

Fx = f(Cthr,luthr - Cthr,ZUx) — tanh(0vx) Cres- (6.4)

The first term approximates the power-train force, which is a non-linear function of
throttle input, motor speed, and other effects (Lynch and Park, 2017). We empirically
approximate the non-linearity for our motor with function

f(x) = Yx + tlog(l + exp(x)) — log(2) (6.5)

that scales up the acceleration force and scales down the deceleration force of the motor.

The hyper-parameters 1y and 7 control the scaling ratio. We ignore the air drag force
and model the resistance as a scalar Cyes, which is multiplied with a hyperbolic tangent
function tanh(ovy) such that no false longitudinal force will be applied when the vehicle
stands still and no throttle input is given. Here, o is a hyper-parameter that controls
the steepness of the hyperbolic tangent around zero. The hyper-parameters related to

the longitudinal force, {¢, 7, 0}, are optimized offline as explained in a later section.

Lastly, Ciire is the tire coefficient of a linear tire model for the lateral tire force F flry as
explained next.

Similar to Kabzan et al. (2019), we estimate the lateral tire force from the front and rear
slip angle s¢/,, as depicted in Figure 6.1. They are the difference between the wheel
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Figure 6.2: Factor graph of ST-VIO. The green shaded circles represent the active frames at ¢y, while the
unshaded circles represent the remaining active frames. Their information has not yet been marginalized.
The blue shaded circles represent the inactive keyframes, whose pose state is kept, and the rest information
is marginalized out. The dynamics factor (red) connects poses, velocities, gyroscope biases, extrinsic
poses of all active recent frames and the dynamic model parameters at f.

angle and wheel velocity angle and can be computed as

vxsin(a) — (vy + lfw,) cos(a)

5f = arctan g(vxcos(a) + (vy + lfw,) sin(a)) 6:6)
fan 10 6.7)
s, = arctan ———=, :
8(vx)

where g(x) = x in the original model. They are undefined at zero longitudinal velocity,
vx = 0.In V. Zhang et al. (2018), this singularity is handled by setting a constant lower
bound for vy using a threshold function. However, this non-smoothness complicates its
application in factor graph optimization. Instead, we use a soft thresholding function

g(x) = log(exp(2x) + 1) — x (6.8)

to maintain the differentiability of the model. This function acts as a smooth approxi-
mation of the absolute value function and is always greater than zero, thus naturally
providing a lower bound in a smooth way regardless of whether the velocity is positive
or negative. We use a linear tire model for computational efficiency and compute the
lateral tire forces by:

Pf,y :Ctiresf (69)
Fr,y =CltireSr- (6.10)



6.3 Method

6.3.2 Integration of Single-Track Dynamics with VIO

We utilize the smooth single-track model as the motion constraint of the VIO and
calibrate the model parameters together with VIO state variables. The backbone of our
approach is a sliding-window optimization-based VIO system from Usenko et al. (2020).
The factor graph of our ST-VIO is depicted in Figure 6.2. Within each window, there’s
a collection of landmarks £, inactive keyframes, and active recent frames whose state
variables are not marginalized yet. In the base VIO (Usenko et al., 2020), the inactive
keyframe’s state is the pose of the IMU in the world frame “T;; € SE(3), the recent
active frames’ states consist of frame pose “T;; € SE(3), linear velocity in world frame
“v € R3 and IMU biases by, b, € R®. The VIO method optimizes these state variables
by minimizing the reprojection residual between landmarks and detected keypoints in
the image frames, the relative pose residual between consecutive recent frames using
IMU measurements, as well as the changes of the IMU biases assuming random walk
noise. As the window shifts to the subsequent timestamp, all state variables from the
oldest recent frame are marginalized unless chosen as a keyframe. The marginalized
data is retained as the marginalization prior.

In our ST-VIO, we expand the recent frames’ state by incorporating the extrinsic
pose between the vehicle body frame to the IMU frame °T; € SE(3), as well as the
dynamic model parameters payn. As a result, we model both elements as time-varying
to accommodate changes in suspension and environmental conditions, respectively. In
previous works (e.g., F. Ma et al. (2019), Xiong et al. (2022), and P. Zhang et al. (2020)),
the motion constraints are computed between every two consecutive frames using the
state estimates and the parameters stored in the first one of them. Since we are interested
in multistep predictions into the future, we compute the multistep motion constraint
with the state estimates and the parameters pgyn ¢, stored at the first active recent
frame (denoted as at fy) in the current optimization window. As shown in Figure 6.2,
the dynamics factor thus connects all recent active frames in the current window.

For a time interval between two frames [t t,+1], we solve the ODE via the Runge-Kutta
method based on the most recent control input, and set the initial state as

s(ta) = (0,0,0,0x1,, Oy, Wap,) - (6.11)

If n = 0, the initial velocity in body frame is computed from the VIO linear velocity
estimate v, gyroscope measurement '@ and rotation °R; € SO(3) of the extrinsics
transformation °Tj:

°w, = (“Ri(w — by)), (6.12)
OVX/y = (ORWWV + Oti X O(l))l,z . (613)
If the frame at ,, is not the first recent frame in the current window, vy t,, Vy,1,, @z,

are set to the velocity solution of the previous time interval. The control input can also
appear in between [t,, t,41]. In this special case, we first solve the ODE based on the
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control before t,, until this new control input. From the intermediate solution, we solve
the ODE again based on the new control input until ¢,, 1. The numerical solution of the
ODE yields

T
Sl‘n+1:(xtn+1/ Ytyias 6tn+1/ Oxtus1r Oy tngrs a)Z,fn+1) ’ (6-14)

where the first three entries represent the relative 2D pose between t,, and ¢, 11, and the
last three entries represent the the 2D velocity in the local vehicle body frame o at the
time ¢, 11. The relative pose between t( and ¢, 1, namely the multistep prediction of the
dynamic model, can be computed as

toxtn+1 COoSs (tOth)xn+1 - Sin (toefn)yn-i-l + tOth
toythrl = | sin ("6, )xy41 + cos (06; ) yni1 + Py, | . (6.15)
toet;ﬂ—l o Qtn + 6n+1

To compare the 6-DoF camera motion estimate of the VIO with the 3-DoF ground motion
prediction by the motion model, we need to transform and project the VIO estimate into
the vehicle body frame. The first step is to compute the 6-DoF relative pose between two
timestamps e.g. tp and ;41 in body frame o from VIO estimates and extrinsic poses:

O,toT

= O'tOTi,to (WTi,to)il WTi,tn+1 (O’thTi,th)_l : (6.16)

o,tn+1

Then we map the 6-DoF relative pose to 3-DoF by taking only the x and y component of
the translation ®°p, ; ., and z component of the rotation 'R

O,tn+1
to~ A
toftﬂﬂ (0 OPO/an)l
"Ytun | = (“"postrn), |- (6.17)
fo 6fn+1 Log (O'tORo,l‘nﬂ)g

We penalize the difference between the predicted 2D pose by the dynamic model (Equa-
tion (6.15)) and the estimated 2D pose by the VIO (Equation (6.17)) in our dynamics
residual. Additionally, we compare the predicted local body velocity v, vy, w, and
the velocity derived from VIO estimates vy, vy and gyroscope measurement @,. The
dynamics objective function is

_ T -1
Edyn - Z rdyn,n Z‘dyn/n rdyn,n 7 (618)
neN’

where N’ is the set of the recent frames except for the last one in the window, Z;}}n ,

7

is a diagonal weight matrix, and r4yn,, is the residual vector stacked from position,
orientation, and velocity differences.
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6.3.3 Geometry Constraints

Similar as in Wu et al. (2017) we add a stochastic plane constraint into the VIO system as
the single-track model depicts only planar motion. We assume that the trajectory of the
vehicle body frame always lies on a plane in the world frame and its z-axis is always
perpendicular to this plane. The plane residual is

-
Tplane = ((WRiORiTee))lT,z/ d+ej (“pi — WRiORiTOPi)> , (6.19)
where e3 = (0,0,1)" and d is the distance between world origin and initial vehicle body
position, and °p; is the translation of the extrinsic transformation °T;. Moreover, we also
incorporate prior knowledge of the vehicle’s geometry information. Figure 6.3 shows
the mobile robot we use. We assume that the vehicle body frame is located close to the

longitudinal axis of the vehicle because the vehicle is roughly symmetric along this axis.

Since the suspension does not affect the yaw rotation of the camera with respect to the
vehicle body frame, we also penalize the yaw component of °R; with (°R;e3)2, where e3
is the forward axis of the IMU frame. We assume that the lateral distance between the
body and IMU frame (°p;)2 is close to the lateral distance between the vehicle center and
the IMU frame I.am,1. The longitudinal distance between body and IMU frame (°p;)1
is close to the sum of [y and the distance between camera and front wheel lcam 2. The
geometric residual is

T
Toeom,n = (I';—Iane, (oRie3)2/ (Opi)Z - lcam,l; (opi)l - lf - lcam,Z) ’ (620)

where lcam,1 and lcam 2 can be measured in the CAD model. The corresponding objective
function is

T -1
E geom — Z rgeom,nzgeom,nrgeom,n/ (6-21)
neN

where N is the set of all active recent frames and Zgjom,n is a diagonal weight matrix.

6.3.4 Optimization

The above introduced dynamics factor and geometry constraints are integrated into
the VIO system. As illustrated in Figure 6.2, the dynamics factor connects all recent
active frames in the current window, and the geometry constraint factor is added to
each recent active frame. To guarantee a smooth change of the extrinsics over time, we
minimize the term

Eextr = Z I';l—xtr’n Z‘;}tr,n Yextr,n, (6.22)

neN’

where reyr is the translation and rotation difference between two adjacent extrinsic pose
estimates and Z;(ltr,n
Pdyn,t, stored in the first recent frame at to are used to perform multistep prediction
until the end of the current window. We additionally include the model parameters

is the diagonal weight matrix. The dynamic model parameters
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Pdyn,; at the second recent frame at 1 in the current window into the factor graph and
minimize the difference rp, , ., between payn t, and payn +,- When the first recent frame of
the old window is marginalized out, the marginalization prior information can thus be
propagated to the parameters at the first recent frame in the new window and prevent
rapid change of the model parameters. Besides this relative difference term, a weak
absolute prior is added for pdyn ¢, by minimizing its difference rp,, . to the most recent
marginalized parameters to avoid drift when the parameters become unobservable.
Note that the relative difference term is not sufficient to alleviate drift in this case. This
can be seen from the full probabilistic model without marginalization in which the
parameters could drift consistently across all frames in the unobservable dimensions.
The corresponding objective function is summarized as

T -1
Eparam - rpdyn,relzpdyn,rel rden,rel

+r ! (6.23)

Pdyn,abs ~ Pdyn,abs rpdyn,abs 4

where Lo, dl and £} are the diagonal weight matrices. In summary, the overall
yn,rel Pdyn,abs

objective function of our dynamics augmented VIO is
Esrvio = Evio + Edyn + Egeom + Eextr + Eparam/ (624)

where Eyio contains terms for the visual-inertial odometry and the marginalization
prior (see Section 2.3 and Usenko et al. (2020)). The VIO system for planar motion is
ill-posed and the accelerometer bias is unobservable if there is no rotation (Wu et al.,
2017). Therefore, the dynamics factor should only be used when the accelerometer
bias converges. We approximate the variance of accelerometer bias b, by inverting the
related Hessian matrix part. The dynamics factor is integrated when the variance of the
accelerometer bias b, 1, at the first active recent frame is smaller than a threshold.

6.3.5 Offline Initial Guess Estimation

The dynamics augmented VIO requires a reasonable initialization of the parameters
and extrinsics to guarantee that the numerical solver of the ODE can output a plausible
solution. We determine the center of mass position of our mobile robot and initialize the
extrinsics °T; from the CAD model. The initial guess of steering ratio y is approximated
by the ratio between the max. value of steering control and the max. front wheel steering
angle. The remaining parameters like the throttle mapping and tire coefficient are agnostic
and thus an initial guess is found through offline optimization. We first manually select
reasonable hyper-parameters {¢, 7,0} in the longitudinal force function and only
optimize for Cyyr 1/2, Cres With purely forward motion data. Once the longitudinal force
related parameters are identified, we optimize for all hyper-parameters, dynamic model
parameters and extrinsics together using data collected with various steering inputs
mixed with stop-and-go motion based on the dynamics factor and geometry constraints
introduced in the previous section. During online optimization the hyper-parameters
{¥, T, 0} are fixed. Since the extrinsic pose is time-varying, we still use the CAD model
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Figure 6.3: Left: Our mobile robot is a modified 1/10 electric RC car equipped with an Intel Realsense
T265 stereo camera. Right: We primarily use the bottom wheel in our experiments and also evaluate with
wheels without rubber tire (top).

estimate as an initial guess of the neutral position of the suspension for the online
optimization phase.

6.4 Experiments

We evaluate our proposed method with real-world data collected by our robot (Fig-
ure 6.3). It is a 1/10 scale electric car equipped with a Realsense T265 stereo-fisheye
camera with built-in IMU. We control the robot manually and record the images at
30 Hz, IMU measurements at 200 Hz and control inputs at 20 Hz. We use the ACADO
toolbox (Houska et al., 2011) to efficiently integrate the dynamic model and compute the
derivatives of the solution with respect to parameters and initial values using automatic
differentiation. We evaluate tracking and prediction accuracy in various scenarios and
compare with the original VIO. We use the same settings for pure VIO and our method
with 3 active recent and 7 keyframes in the window. Similar like Lee et al. (2020) and Wu
et al. (2017), we use the results of global mapping as ground-truth, where we set every
frame as keyframe and perform dense bundle adjustment for accuracy and consistency.
For all experiments, the weight values are set to 103,10%,1,30df x 10%, 20, and 30 dt x 108
for the dynamics, geometry constraint, extrinsics initial prior, extrinsics random walk,
dynamics parameters absolute prior, and dynamics parameters random walk factor,
respectively, where dt is the time interval between two frames. Parameters ¢, 7 and o
are found as 0.202, 2.335 and 10 by offline optimization. The variance threshold for the
accelerometer bias is 4.5 x 1074
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6.4.1 Experiment Setup

To evaluate tracking and prediction accuracy and calibration capability, we collect data
in both indoor and outdoor scenes. Each scene contains two different groups of terrain
and each group has three data sequences. The indoor scenes include a lobby with tile
floor and a corridor with concrete floor. In contrast to the indoor scene, the outdoor scene
is not perfectly flat with small bumpiness and contains places with concrete surface and
paved brick road. For each scene, we control our robot with various steering inputs and
either full or varying throttle inputs. In all data recordings, the robot starts from a static
pose. The mass m and wheel distance I + I, for our robot are measured directly. The
momentum of inertia I, and the distance between center of mass and front wheel [ r are
approximated from CAD software. We then perform the offline initialization strategy
described in Subsection 6.3.5 to initialize the dynamic model parameters p4yn using two
short trajectories of 10's in the corridor scene.

6.4.2 Tracking Accuracy Evaluation

We evaluate the tracking accuracy of our ST-VIO by comparing the relative pose
error (RPE) (Z. Zhang and Scaramuzza, 2018) with the original VIO, to show the relative
improvement. Note that since no previous method is available that optimizes a single-
track dynamic model with VIO, we can only compare our approach with the baseline
VIO in our experiments. The comparison between our base VIO and other popular VIO
methods can be found in Campos et al. (2021) and Usenko et al. (2020). The RPE value
is generated by computing the errors over 10, 20, ..., 50% sequence lengths of the full
trajectory. We exclude the standing still segment at the end of the trajectories to avoid
biasing the tracking error to low values in this trivial case. Table 6.1 provides average
results over all indoor and outdoor sequences. For the indoor data, our approach ST-VIO
overall improves trajectory accuracy.

The outdoor data are challenging for our method, as the bumpy terrain could violate the
single-track dynamic model. In most outdoor sequences, our method can still improve
the accuracy. In the concrete data group with varying throttle, the rotational accuracy
drops slightly. Besides the less even terrain, another reason could be that the vehicle
speed in the varying throttle case is relatively small compared to the full throttle case,
and integrating the dynamic model cannot improve the accuracy further.

We also perform an ablation study for tracking accuracy evaluation where only geometry
constraints are applied, and the dynamics factor is deactivated. VIO with only geometry
constraints shows similar accuracy of 0.133 m and 1.126 deg like the original VIO while
our approach achieves 0.124 m and 1.093 deg RMSE of transl. and rot. RPE on average
for all data sequences. The algorithm with dynamics factor diverges on some sequences
without geometry constraints.
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Table 6.1: Average trajectory RPE on indoor and outdoor sequences (ST-VIO: ours, VIO: pure VIO, -full:
full throttle maneuver, -varying: varying throttle maneuver).

transl. RMSE RPE [m] rot. RMSE RPE [deg]

dataset VIO ST-VIO VIO ST-VIO
lobby-full 0.118 0.108 1.633 1.573
lobby-varying  0.076 0.069 1.038 1.006
corridor-full 0.183 0.174 0.993 0.941
corridor-varying  0.120 0.114 0.675 0.659
concrete-full  0.176 0.162 1.500 1.423
concrete-varying  0.168 0.164 1.192 1.195
brick-full 0.108 0.107 1.220 1.200
brick-varying ~ 0.116 0.108 0.764 0.748

Table 6.2: Average prediction RPE on indoor and outdoor sequences (init: offline-calibrated, calib:
online-calibrated, -full: full throttle, -varying: varying throttle maneuver).

transl. RMSE RPE [m] rot. RMSE RPE [deg]

dataset init calib init calib
lobby-full 1.120 0.453 22.383 7.558
lobby-varying  0.764 0.477 9.588 5.790
corridor-full 0.550 0.524 7.367 6.128
corridor-varying  0.647 0.552 6.092 4.883
concrete-full  1.962 0.508 25.884 6.283
concrete-varying 1.007 0.518 12.191 4.202
brick-full 0.701 0.310 12.077 3.781
brick-varying ~ 0.625 0.496 8.613 5.493

6.4.3 Prediction Accuracy Evaluation

We also evaluate prediction accuracy for different time horizons (0.33s, 0.66s, 1.66s,
3.33s and 10 s) to validate the online calibration of the parameters. The prediction is
computed with the current dynamic model parameters from the start state estimated by
ST-VIO at each frame. The prediction is a relative 2D pose in the vehicle body frame. To
compare with ground-truth camera poses, we project the relative camera pose to the
vehicle body frame using the optimized extrinsics. The standing still part at the end of the
trajectories is excluded again to avoid including the perfect but trivial predictions (zero
relative pose and velocity) into the evaluation. RPE results are summarized in Table 6.2.
The prediction accuracy is denoted as calib and init using online calibrated and initial
parameters, respectively. We observed improved prediction accuracy using the online
calibrated parameters across all sequences. For the corridor sequences, the improvement
is relatively modest. This is attributed to the fact that offline optimization is performed
on sequences captured within the corridor scene.
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Figure 6.4: Top left: online calibration (calib) by ST-VIO for the new wheels clearly improves prediction
over offline calibration (init) for the old wheels. Top right: evolution of online calibrated parameters (calib).
Bottom left: 10 s prediction results (red: calib, blue: init, yellow trajectory: ground-truth, red/purple circle:
start/end, rotated by 30 deg for visualization). Bottom right: control inputs.

Change of Robot Properties We additionally collect a data sequence with different
wheels (top one in Figure 6.3). These special wheels are printed by a 3D printer without
rubber tire outside and have significantly lower traction. We run our method using
the initial dynamic model parameters for the old set of wheels as in the experiments
above. The bottom image in Figure 6.4 illustrates the prediction error qualitatively.
The top left image in Figure 6.4 demonstrates that the online calibrated parameters
show significantly less error than the parameters calibrated offline for the old wheel
for various time horizons. The top right figure in Figure 6.4 depicts the evolution of
the online calibrated parameters during the optimization. The biggest adaptation is
in the tire coefficient Cyre and steering ratio y parameters, while the throttle mapping
parameters are only adapted in a relatively small range.

Stop-and-Go Motion We also collect three sequences in each indoor environment for
repeated stop-and-go motion with varying steering to demonstrate that our singularity-
free formulation enables calibration and prediction in this case. In the lobby scene, the
average transl. RMSE RPE improves from 0.405 m to 0.340 m, the average rot. RMSE RPE
improves from 11.294 deg to 7.874 deg. For the corridor sequences, the average transl.
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RMSE RPE changes from 0.332 m to 0.387 m, the average rot. RMSE RPE improves slightly
from 8.812 deg to 8.645 deg. For the corridor sequences, the online calibration does not
further enhance prediction accuracy since offline calibration was already conducted
on similar sequences. In the lobby scene, our method demonstrates adaptability and
improves prediction even under stop-and-go movements.

6.4.4 Computation Time

We evaluate the run-time of our method compared to the pure VIO on an Intel i9-10900X
CPU@3.70GHz with 20 threads. For pure VIO processing, one frame takes 6.15ms on
average, while our dynamics augmented VIO needs 16.60 ms. Our method needs about
three times more run-time than the original VIO yet is still real-time capable since the
average run-time is below the frame interval (33.3 ms).

6.5 Conclusion

In this chapter, we propose ST-VIO for wheeled robots which integrates a singularity-free
single-track vehicle dynamic model and optimizes the vehicle parameters online together
with the VIO states in a sliding window fashion. The vehicle model is tightly integrated
by introducing a dynamics factor which minimizes the difference between the pose and
velocity prediction based on the model and the state estimate. A multistep objective
function is constructed by predicting the pose and velocity from the first frame until
the end frame in the window. In experiments, we demonstrate that our method is
real-time capable and can improve the tracking accuracy on flat ground, especially for
motions with full throttle. We also demonstrate that online calibration can improve
motion prediction and adapt the parameters to changes in the environment and wheel
properties. In future work, we aim to integrate vehicle models which can handle more
complex terrain properties.
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Conclusion

In this thesis, we have explored two key areas in robotics: state estimation and model
adaptation. First, we introduced several innovative approaches for vision-based state
estimation under specific motion constraints. These constraints act as prior knowledge,
enhancing both the accuracy and robustness of state estimation. We investigated the
application of such constraints across various scenarios, including event-based object
motion estimation and visual-inertial ego motion estimation.

Unlike much of the previous research, our work also explores the integration of state
estimation with the motion model adaptation problem. This integration addresses these
two key areas simultaneously. We utilize motion models as prior knowledge to constrain
state estimation and jointly calibrate the model parameters. Consequently, this approach
not only leverages the motion model to enhance the precision of state estimation but
also refines and adapts the motion model online in response to environmental changes,
thereby enabling accurate forward predictions.

7.1 Summary

Event-Based Object Motion Estimation In Chapter 3, we present an optimization-
based 6-DoF pose tracking method that utilizes both event and image measurements.
The method integrates high-frequency events, which provide limited data, with low-
frequency images that offer more detailed information about the scene. Our approach
consists of a two-layer processing pipeline. In the first layer, we estimate the object
trajectory from the event stream in relation to a reference image frame using a generative
event measurement model. In the second layer, we refine the trajectory using a direct
image alighment model based on the image frames. The trajectory is parameterized
using cubic B-splines, which allows for the integration of these two different data
modalities at different rates. This spline approach helps in managing the sparse data
from high-rate events effectively, ensuring smoother motion tracking.

One limitation of our approach is its dependency on ground-truth pose data for
initialization. A potential workaround is to initially employ a conventional image-based
object tracking method to estimate the object pose under slow motion conditions, using
this estimate to bootstrap our method. Another limitation arises from the smoothness
assumption inherent in the spline modeling, which may not adequately represent motion
involving rapid directional changes. Employing a higher order spline could mitigate
this issue. Moreover, in our current method, we project events onto the image frame for
the generative event measurement model, which omits information from pixels where
no events are detected. A more effective strategy could be to project keypoints from
the image to the event frame. Additionally, our method performs incremental tracking,
and the accumulated errors can lead to tracking failures. Integrating event and image
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measurements tightly, rather than processing them in separate layers, could enhance
the robustness and accuracy of the tracking.

VIO and Leg Odometry Fusion In Chapter 4, we delve into ego motion estimation
for a quadruped robot using visual-inertial measurements combined with forward
kinematics. We introduce a lightweight EKF-based framework that integrates VIO
estimates as measurements with leg odometry to determine the robot’s pose and velocity.
These state variables are estimated at a high frequency, which is crucial for dynamic
local motion control. Due to the low rate and delays associated with VIO estimates,
we enhance these estimates with IMU predictions. This augmentation allows the VIO
output to match the higher IMU rate, significantly reducing delays. Furthermore, during
agile jumping movements, camera measurements often suffer from motion blur, which
leads to inaccuracies in height estimation. To address this, we employ leg kinematics and
contact detection to create a pseudo-height measurement that corrects the drift from the
VIO-based height estimate. Our approach is validated through real-world experiments
conducted in both indoor and outdoor environments. Indoor testing shows that the
augmented VIO estimate, enhanced with IMU predictions, substantially improves
the accuracy of our EKF state estimation. Additionally, our kinematics-based height
measurement helps to mitigate drift in height estimates over time during dynamic
jumping gaits. In outdoor settings, we qualitatively assess our method by executing
jumping and trotting motions, as well as their combinations, on various flat terrains
using our EKF state estimates.

The primary limitation of our method is the assumption that the feet in contact with the
ground remain static. This assumption may not hold if there is slippage, particularly on
uneven or low-friction terrain. To address this, we could employ a more sophisticated
contact model that incorporates direct contact and terrain measurements.

Online Calibration of Kinematic Model with VIO In Chapter 5 we merge VIO with
a velocity-control-based kinematic motion model, which acts as a motion constraint.
This model serves as a relative motion factor between each pair of images. We employ
inverse kinematics to calculate the 2D velocity of the robot between two consecutive
images based on the VIO state estimate. We then minimize the difference between
this calculated velocity and the velocity control input for the robot. Given the inherent
discrepancies between the control input and the actual robot action, we utilize an RBF
kernel along the time domain to compute a weighted average from a window of recent
control inputs, which serves as an effective control measure. The parameters of the
RBF kernel are calibrated online jointly with the VIO state estimation. Our real-world
experiments demonstrate that integrating this kinematic motion model and a plane
motion constraint with VIO enhances the accuracy of the motion estimation. Furthermore,
the online-calibrated kinematic model substantially improves the prediction of robot
motion.
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One limitation of our approach arises from the assumption that the VIO results are
sufficiently accurate, which is not always the case. For example, when dealing with
uncalibrated camera intrinsics, the accuracy of VIO can be compromised and the estimate
can be biased. To mitigate this, introducing another modality like GPS, which provides
absolute motion measurements, could be beneficial.

Online Calibration of Dynamic Model with VIO In Chapter 6, we incorporate a
more complex motion model, specifically a single-track dynamic model, into VIO as a
motion constraint for wheeled robots. We have modified this single-track model to be
singularity-free, ensuring it is differentiable and can be seamlessly integrated into the
VIO optimization framework. Utilizing this dynamic model, we calculate the relative
motion, including multi-step predictions of pose and velocity, and compare these with
the VIO estimates to minimize their differences. We optimize the model’s parameters
online jointly with the VIO states. In our experiments, we demonstrate that our approach
not only improves tracking accuracy but also adapts the motion model to changes in the
terrain and wheel properties, enabling more accurate forward prediction.

While our method is adaptable to variations in terrain, it currently assumes that the
motion occurs on flat ground, which restricts its applicability. Extending the model to
accommodate 3D movements and complex interactions between the robot and terrain,
while maintaining a lightweight framework that can be calibrated online, presents a
significant challenge. An alternative strategy could involve employing a more expressive
model, such as a deep neural network, combined with a large dataset collected offline,
to learn the dynamics conditioned on image and depth measurements.

7.2 Future Work

Uncertainty Estimation We employ the motion model as a probabilistic factor in
the factor graph optimization framework for the state estimation problem. However,
the motion model cannot fully capture the underlying mechanisms of the real world,
making the incorporation of uncertainty into the model predictions beneficial. Currently,
we determine this uncertainty empirically. Future work could explore methods for
learning this uncertainty from data, such as estimating the uncertainty of the motion
model on pre-collected training data using statistical methods. There are existing
studies that employ Gaussian processes to integrate a probabilistic description of system
dynamics in control problems (Kuss and Rasmussen, 2003; Rottmann and Burgard,
2009). Incorporating a Gaussian process as the motion model prior to constrain the VIO
problem could be a viable area for further exploration. This approach could potentially
enhance the robustness and accuracy of the VIO system by more effectively managing
the inherent uncertainties of the model.

The state estimation problem addressed in this thesis operates within the frameworks
of MLE and MAP, both aimed at deriving the best single estimate for the state. Often,
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the state estimate is utilized by downstream tasks such as control and planning, where
understanding the uncertainty of the state’s posterior distribution could be advantageous
for robust and safe operations. However, accurately capturing this uncertainty is
challenging. Even if we assume a Gaussian prior for the state, the VIO system’s high non-
linearity and complexity make finding an analytical solution impractical. One potential
approach is to estimate the uncertainty of the linearized system as an approximation,
where the posterior would still be Gaussian. Such an approximation essentially fits a
Gaussian distribution at the mode of the true posterior distribution. However, due to
non-linearity, the true posterior may be non-Gaussian. Consequently, the effectiveness
of this approximation requires further investigation.

Combination with Control Since we perform online model calibration with VIO to
enable accurate forward prediction, it naturally lends itself to integration with model-
predictive control (MPC) and adaptive control. Both methodologies are well-established
and active research areas. MPC computes optimal actions through the minimization of a
cost function by predicting states over a specified horizon. Meanwhile, adaptive control
adjusts control parameters dynamically to adapt to changes and uncertainties within
the system dynamics (Nguyen-Tuong and Peters, 2011). This synergy could enhance
the system’s responsiveness and efficiency in real-world applications. Furthermore,
successful identification of model parameters requires collecting adequate data by
sufficiently exciting the system. At present, we manually gather data through diverse
maneuvers. In the future, exploring methods to generate optimal robot excitation
trajectories could be beneficial.

Motion Model Learning In this thesis, the motion models used to constrain the state
estimation are primarily analytical models based on physical laws. While these analytical
models offer transparency and have a compact parameter space, they struggle to cope
with the complexities of robot systems and their operation in unstructured environments
due to unmodelled effects. Conversely, learning-based methods using more expressive
models, such as deep neural networks, can directly capture complex nonlinearities
from data. However, these models require that the distribution of the training data
adequately covers the model’s state space to ensure effective generalization. A promising
approach is the physics-augmented neural ODE (R. T. Q. Chen et al., 2018; Yin et al.,
2021), which synergizes the strengths of both analytical and learning-based methods. For
instance, we could employ a simple feedforward neural network to model acceleration
while retaining the kinematic parts used in Equation (6.2). The kinematic model could
potentially describe general rigid body motion without introducing bias and aid the
neural network in learning the acceleration. Furthermore, such hybrid dynamic model
could be applied to any point on the rigid body, not just the center of mass, which could
often be challenging to measure accurately in practical settings.

Robust state estimation and model learning continue to pose significant challenges in
the field of robotics. Looking ahead, it is essential for robots to possess the capability
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for continual learning, enabling them to adapt to dynamic environments. The method
of online model calibration with an analytical model, as discussed in this thesis,
adjusts parameters in response to environmental changes and represents a foundational
approach to this adaptation. However, this adaptability is constrained by the model’s
structure and does not support the accumulation of knowledge over time. It is therefore
crucial to explore methods that allow robots to acquire and retain knowledge throughout
their operational life. Such lifelong learning could enhance the robot’s internal model
and improve its state estimation capabilities. Additionally, advancing robots” abilities to
develop high-level behavior models and make multimodal predictions is vital. These
advancements could greatly broaden the possibilities for robots.
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