A Flexible and Efficient Framework for
Probabilistic Numerical Simulation and Inference

Dissertation
der Mathematisch-Naturwissenschaftlichen Fakultat
der Eberhard Karls Universitat Tiibingen
zur Erlangung des Grades eines
Doktors der Naturwissenschaften
(Dr. rer. nat.)

vorgelegt von
Nathanael Bosch
aus Stuttgart

Tubingen
2024



Gedruckt mit Genehmigung der Mathematisch-Naturwissenschaftlichen Fakultat der
Eberhard Karls Universitat Tiibingen.

Tag der miindlichen Qualifikation: 26.02.2025
Dekan: Prof. Dr. Thilo Stehle
1. Berichterstatter: Prof. Dr. Philipp Hennig

2. Berichterstatter: Dr. Jon Cockayne



Abstract

Probabilistic numerics has emerged as a promising approach for quantifying and propagating
numerical error in computational simulations. Given a numerical problem, probabilistic nu-
merical methods compute not only a point estimate for the solution, but they provide a full
posterior distribution over the quantity of interest. This distribution quantifies the numerical
approximation error of the method in a structured manner.

For ordinary differential equations (ODEs), probabilistic numerical methods based on Gaus-
sian filtering and smoothing have been introduced as a particularly promising class of methods.
These so-called ODE filters scale linearly in the number of time steps, they satisfy well-known
stability properties, and they converge to the true solution with polynomial rates, all while
also providing a posterior distribution over the ODE solution. But despite these properties,
ODE filters have not yet reached the same level of computational efficiency and versatility as
their non-probabilistic counterparts.

In this thesis, we address these limitations and establish ODE filtering as a flexible, efficient,
and feature-rich framework for probabilistic numerical simulation and inference. To achieve
this, we examine the different building blocks of these solvers, including the underlying prior
model, information operator, and approximate inference scheme, and we show how they can
be adjusted to further improve the performance and utility of these methods.

Our contributions broadly fall into four categories. First, we consider particular classes
of differential equations and we leverage their structure to develop specialized solvers with
improved stability and efficiency for semi-linear ODEs, higher-order ODEs, Hamiltonian dy-
namical systems, and differential-algebraic equations. Second, we leverage structure of the
underlying state-space model and develop efficient ODE filters for high-dimensional problems.
Third, we investigate the underlying inference algorithm and its time discretization, and we
present a step-size adaptation scheme as well as a parallel-in-time ODE filter, both of which
can provide significant speed-ups. Fourth, we apply ODE filters to parameter inference prob-
lems and we develop new numerical-error-aware algorithms for robust parameter inference in
ODEs. In addition, to make these methods accessible to a broader audience and to facili-
tate their application in practice, we develop ProbNumDiffEq.jl, an efficient, accessible, and
feature-rich open-source software library for probabilistic numerical ODE solvers.

In summary, this thesis improves the computational efficiency, stability, and versatility
of ODE filters and reduces the gap between classic and probabilistic numerical methods.
Our contributions thereby establish ODE filtering as a flexible and efficient framework for
probabilistic numerical simulation and inference and pave the way for the broader adoption

of probabilistic numerics in scientific computing and engineering applications.
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Zusammenfassung

Die probabilistische Numerik ist ein vielversprechender Ansatz fir die Quantifizierung und
Propagierung numerischer Fehler in Rechensimulationen. Probabilistisch-numerische Metho-
den berechnen nicht nur einen Punktschétzer fiir die Losung eines numerischen Problems, son-
dern sie liefern auch eine A-posteriori-Wahrscheinlichkeitsverteilung tiber die Lésung, welche
den numerischen Approximationsfehler des Verfahrens auf eine strukturierte Weise beschreibt.

Fiir gewohnliche Differentialgleichungen (ODEs; engl. “ordinary differential equations”)
wurden probabilistisch-numerische Methoden auf Basis von Gauf3’schen Filtern und Smoo-
thern als besonders vielversprechende Klasse von Verfahren eingefiihrt. Diese sogenannten
ODE-Filter skalieren linear in der Anzahl der Zeitschritte, sie erfiillen bestimmte Stabilité-
tseigenschaften, sie konvergieren mit polynomiellen Raten, und sie liefern eine A-posteriori-
Wahrscheinlichkeitsverteilung tiber die ODE-Lésung. Doch trotz dieser Eigenschaften haben
ODE-Filter noch nicht das gleiche Mafl an Recheneffizienz und Vielseitigkeit erreicht wie
etablierte, nicht-probabilistische Verfahren.

In dieser Dissertation adressieren wir diese Einschrankungen und etablieren ODE-Filter als
ein flexibles, effizientes und funktionsreiches Framework fiir probabilistisch-numerische Simu-
lation und Inferenz. Hierzu untersuchen wir die verschiedenen Bausteine dieser Verfahren—die
A-priori-Verteilung, den Informationsoperator und das Inferenzverfahren—und wir zeigen, wie
diese angepasst werden konnen, um die Leistungsfidhigkeit dieser Methoden zu verbessern.

Unsere Arbeiten lassen sich grob in vier Kategorien einteilen. Erstens betrachten wir spe-
zielle Klassen von Differentialgleichungen, wie semi-lineare ODEs, ODEs héherer Ordnung,
Hamilton’sche dynamische Systeme und differential-algebraische Gleichungen, und entwickeln
spezialisierte Verfahren fiir deren Losung. Zweitens nutzen wir die Struktur des zugrunde-
liegenden Zustandsraummodells und entwickeln effiziente ODE-Filter fiir hochdimensionale
Probleme. Drittens untersuchen wir das zugrundeliegende Inferenzverfahren und dessen Zeit-
diskretisierung, und entwickeln ein Schema zur automatischen Anpassung der Schrittweite
sowie einen zeitlich-parallelierten ODE-Filter, welche beide signifikante Performanzsteigerun-
gen ermoglichen. Viertens wenden wir ODE-Filter auf Parameterinferenzprobleme an und
entwickeln neue, numerische Fehler beriicksichtigende Algorithmen fiir robuste Parameterin-
ferenz in ODEs. Auflerdem entwickeln wir ProbNumDiffEq.jl, eine effiziente, zugéngliche und
funktionsreiche Open-Source-Softwarebibliothek fiir probabilistisch-numerische ODE-Loser,
um diese Methoden einem breiteren Publikum zugénglich zu machen und ihre Anwendung in
der Praxis zu erleichtern.

Zusammengefasst verbessert die vorliegende Dissertation die Recheneffizienz, Stabilitdt und

Vielseitigkeit von ODE-Filtern und bringt somit probabilistisch-numerische Methoden néher



Zusammenfassung

an die Leistungsfihigkeit klassischer numerischer Verfahren heran. Unsere Erkenntnisse eta-
blieren ODE-Filter als ein flexibles und effizientes Framework fiir probabilistisch-numerische
Simulation und Inferenz und ebnen damit den Weg fiir eine breitere Nutzung probabilistisch-

numerischer Methoden in wissenschaftlichen und technischen Anwendungen.
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Introduction

Dynamical systems are ubiquitous throughout science and engineering [118]. In domains such
as climate and weather forecasting [30, 91], epidemiology [51, 37], computational chemistry
[59], physics and mechanics [2, 18, 26], finance [62, 84, 81], and even within machine learning
[24, 132], their accurate and efficient simulation often plays a central role. Mathematically,
dynamical systems are typically described with differential equations, such as for example

ordinary differential equations of the form

y(t) = f(y(t)at)a te [OvTL (0.1&)

with so-called vector field f : RY x R — R? and initial value y(0) = yo € R? [44]. Simulating a
dynamical system amounts to solving the corresponding differential equation, that is, finding
the function y(t) : [0,7] — R? that satisfies the above. But while differential equations in
general have by now been studied for centuries [21], most equations of interest cannot be solved
analytically [44]. Therefore, we rely on numerical methods to approximate their solution.

The development of sophisticated numerical methods for solving ordinary differential equa-
tions (ODEs) predates even the first electronic computers, with Runge [104] and Kutta [72]
developing a class of numerical methods which are now known as “Runge-Kutta” methods,
and Bashforth et al. [3] developing another class of now fundamental methods called “multi-
step” methods. These classical methods have since then been refined, extended, and optimized
over many decades [20]. Nowadays, a plethora of efficient, accurate, and stable Runge-Kutta
and multistep methods exists, with specialized solvers for many different use cases and prob-
lems of interest [44, 45], accessible via modern, feature-rich, and highly optimized software
libraries [97, 126, 116]. But despite the sophistication of these classical methods, they come
with a notable limitation: they typically compute only a single point-estimate of the solution
and do not quantify their inherent numerical approximation error. This omission of numerical
error can be significant in practice [53]. It is often up to the practitioners to decide if a specific
simulation is trustworthy or if it should be re-computed with a higher computational budget.
And when numerical simulations are used in downstream tasks, they are often treated as if
they were free of any numerical error, which can lead to misguided conclusions or inefficient
allocation of computational resources [89)].

Probabilistic numerics has emerged as a promising framework to address exactly this limita-
tion of classic numerical methods [49, 48, 88]. By rephrasing both the numerical problem and
its solution algorithm in the language of probability theory, probabilistic numerical methods
compute a full posterior distribution over the solution of interest, which offers not only a point

estimate but also quantifies the numerical approximation error in a structured way. This idea
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can be applied not only to differential equations but also to other numerical problems such as
linear algebra, quadrature, and optimization, and by now a variety of probabilistic numerical

methods has been developed; refer to the book by Hennig et al. [49] for an overview.

In the context of ordinary differential equations there are two main classes of probabilistic
numerical methods: perturbative solvers and filtering-based solvers. Perturbative solvers,
as presented by Chkrebtii et al. [25], aim to represent the uncertainty that arises from the
numerical discretization by a set of samples. Conrad et al. [28] proposed to compute these
samples by adding random perturbations to classical numerical solvers at each time step.
This sparked a line of research that has since then developed a variety of perturbative solvers,
including perturbation-based multistep methods [120], implicit methods [119], and geometric
integrators [1]. Filtering-based solvers on the other hand aim to compute the full posterior
distribution over the ODE solution by formulating the ODE problem as Bayesian filtering
and smoothing [112, 65, 122]. These so-called “ODE filters” will be the focus of this thesis.

To account for the numerical error which, in the case of ODEs, arises due to discretization

of the temporal domain, ODE filters consider inference problems of the form

y(t) ~ GP(m, k), (0.2a)
y(0) = o, (0.2b)
Y(tn) = f(y(tn),tn), n=1,...,N. (0.2c)

The term y(t) ~ GP(m, k) specifies a (Gaussian process) prior over the ODE solution y(t)
which, as is common in Bayesian inference, describes our belief over the quantity of interest
before doing any measurements or computation [101]. The other two terms represent the
likelihood model and correspond to the differential equation problem of interest, as given in
eq. (0.1a). Crucially, the likelihood model not only encodes the differential equation problem,
but also explicitly includes the temporal discretization of the ODE in the inference problem.
This enables the probabilistic quantification of the numerical error in ODE filtering: Applying

Bayes’ rule yields the posterior distribution

p(y(®) | y(0) = yo. {9(tn) = F(y(tn) ta) 12 1), (0.3)

which describes our belief over the ODE solution y(t) given the initial value problem of interest,
the temporal discretization, and our prior. In the following, we call this posterior distribution
and approximations thereof the probabilistic numerical ODE solution. The main question that
remains is then how to compute this posterior distribution accurately and efficiently. In ODE

filtering, this is done with Bayesian filtering and smoothing.

ODE filters have been a topic of interest in the probabilistic numerics community for several
years, and by now they have been shown to satisfy a number of properties that are desirable
for numerical ODE solvers. Similarly to classic numerical simulators, ODE filters converge
polynomially to the true ODE solution as their step size decreases [65, 123], they satisfy cer-

tain well-established numerical stability guarantees [122], and their computational complexity
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scales linearly in the number of time points [112]. But despite these promising properties,
ODE filters have not yet been applied to the same breadth of problems as classic numerical
solvers, as they have not reached the same level of computational efficiency, versatility, and
general usability as their non-probabilistic counterparts.

In this thesis, we aim to bridge this gap and enable the application of ODE filters to
more complex and computationally demanding applications. We focus on improving their
computational efficiency in both theory and practice and we extend their utility to a broader
range of ODE problems and downstream tasks. In addition to the theoretical development
of new algorithms and methods, we also provide an efficient, feature-rich implementation of
these methods in the software library ProbNumDIiffEq.jl to make ODE filters more accessible

to practitioners and researchers.

Outline

This thesis provides a comprehensive introduction to filtering-based probabilistic numerical
ODE solvers and presents a range of new methods and algorithms that improve their efficiency,
stability, flexibility, and utility. It is structured into three main parts.

Part I provides the necessary background for developing filtering-based probabilistic numer-
ical ODE solvers. Chapter 1 introduces ordinary differential equations and shows how these
are traditionally solved with non-probabilistic numerical methods. Chapter 2 then introduces
sequential Bayesian state estimation problems and presents various inference algorithms for
these, such as notably the extended Kalman filter and smoother—these will provide the algo-
rithmic backbone of our probabilistic numerical ODE solvers. Then, Chapter 3 broadens the
estimation problem to inference over functions and introduces Gauss—Markov processes as a
particularly efficient class of models. These will be the probabilistic models that we formulate
probabilistic numerical ODE solvers in.

Part II builds on these foundations and introduces the probabilistic numerical ODE solvers
that are the main focus of this thesis, together with our main contributions. Chapter 4
introduces the ODE filtering framework, provides an overview over its main components,
and discusses some properties of these solvers compared to traditional non-probabilistic ODE
solvers. The subsequent chapters then individually present summaries of the included publi-
cations: Chapter 5 discusses the cubic computational scaling of ODE filters and presents two
state-space factorizations that result in linear scaling in the ODE dimension, and thus enable
the application of ODE filters to high-dimensional problems. Chapter 6 investigates the cali-
bration of ODE filters, presents multiple strategies to improve their uncertainty quantification,
and proposes an adaptive step-size selection scheme. Chapter 7 extends the ODE filtering
framework to higher-order ODEs, conserved quantities, and differential-algebraic equations,
by adjusting the likelihood model of the solver. Chapter 8 introduces probabilistic exponential
integrators, a new class of ODE filters for stiff semi-linear ODEs which operate by including
the linear dynamics in the prior model. Chapter 9 presents a parallel-in-time formulation of

ODE filters, which can significantly speed up the computation by leveraging modern compu-
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tational hardware such as GPUs. Finally, Chapter 10 develops a new probabilistic numerical
algorithm for ODE parameter inference in ODEs based on the ODE filtering framework.
Part III concludes the thesis and provides an outlook on future research directions.

Part IV contains the full publications on which this thesis is based.
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1 Ordinary Differential Equations and
Non-Probabilistic Numerical Simulators

This chapter provides a very brief introduction to ordinary differential equations and to non-

probabilistic numerical methods for their solution.

1.1 Ordinary differential equations

Ordinary differential equations (ODEs) describe a function y : [0,7] — R? in terms of an
initial condition y(0) = yo € R? and a differential equation of the form

y(t) = f(y(t), 1), (L.1)

where f : R? x [0,T] — R? is a given vector field, and [0,T] C R is some time domain. The
solution of an ODE is a function y(¢) that satisfies both the differential equation and the

initial condition. This function y(¢) can also be described in integral form, as

y(t) = o + /O F(y(s), 5)ds. (1.2)

The solution operator of an ODE is the mapping that maps the initial condition to the solution
at time t, i.e., ¢ : (yo,t) — y(t); this is also known as the flow map of the ODE. For some

simple ODEs, the solution can be computed in closed form:

Example 1.1 (Logistic ODE) The logistic ODE describes a population y(t) that grows
proportionally to its size, but is limited by some carrying capacity. It is given by the

differential equation

() = () (1 - yg)) (1.3)

where a > 0 is a growth rate parameter and § > 0 is the carrying capacity, and with an
initial condition y(0) = yo. For this specific ODE, the solution is known to be given by the

logistic function

p

y(t) = :
1 JL (5;61/0 ) e—at

(1.4)

which can be easily verified by differentiating eq. (1.4). See the left plot in Figure 1.1 for

a visualization of the logistic ODE and its analytical solution.
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Figure 1.1: Logistic ODE and numerical solutions. Left: The logistic ODE from Example 1.1,
with the vector field shown in gray in the background and the true analytical solution shown
in black. Center and right: Numerical solutions computed with the explicit Euler method
and the fourth-order Runge-Kutta method, respectively, for various step sizes. We see that
both methods become more accurate as the step size is decreased, and the Runge-Kutta
method is generally more accurate than the explicit Euler method for the same step size.

1.2 Non-probabilistic numerical ODE solvers

Non-probabilistic numerical solvers for ODEs aim to compute an approximation ¢(t) to the
ODE solution y(t) such that g(¢) = y(t). One very popular class of such solvers are so-called
Runge-Kutta methods [104, 72, 44]. These methods are based on the idea that the integral
in eq. (1.2) can be decomposed into a sum of integrals over small time intervals, and thus the

solution satisfies the recursive relation

Vitwst) = (tn) + " fy(s), s)ds. (15)

Therefore, the main question in Runge-Kutta methods is how to approximate these integrals.

Arguably the simplest approximation arises from approximating the integrated by its value
at the left end of the interval, i.e., f(y(s),s) = f(y(tn),tn) for s € [tn, tns1]. This leads to the
explicit Euler method [34].

s "

Algorithm 1.1 (Explicit Euler method) Given an ODE initial value problem (f,yo) and
a discrete time grid {t,}Y_, C [0, T, perform the following steps:

1. Set the initial condition gy = yp.
2. Forn=1,..., N, compute the update step
gn = ?)nq + (tn - tnfl)f(gnfla tnfl)- (1-6)

Return the discrete approximate solution {g,}2_.

\ J

The explicit Euler method is very simple to implement and the individual update step is
computationally very cheap. But, it is also very inaccurate (it has a low order of convergence)
and it can be numerically unstable for certain ODEs; see Figure 1.1. Both of these issues can

be addressed with more sophisticated Runge-Kutta methods.



1.2 Non-probabilistic numerical ODE solvers

Runge—Kutta methods approximate the integral by a weighted sum of function evaluations
at different points in the interval. Following Hairer et al. [44, Definition 7.1], the general form

of a Runge-Kutta method is

Y(tns1) = y(tn) + Aty > biks, (1.7a)
i=1
k; = f y(tn) + At, Z aijkj, tn + cih |, (1.7b)
j=1

where At,, = t,41 — t, is the step size, k; are intermediate function evaluations, and a;;, b;,

and ¢; are the coefficients that fully define the specific Runge-Kutta method.

4 3

Algorithm 1.2 (Runge-Kutta method) Given an ODE initial value problem (f, 1) and
a discrete time grid {t,}_, C [0,T], as well as the Runge-Kutta coefficients {aij}i i1,
{bi};_,, and {¢;};_,, perform the following steps:

1. Set the initial condition gg = yo.
2. For n = 1,..., N, recursively compute ¢, with the RK update step from eq. (1.7).

(This may or may not involve solving an implicit system of equations).

Return the discrete approximate solution {gn}{fzo.

\ J

Since the coefficients are the defining feature of a Runge-Kutta method, they are usually

shown in a compact representation known as the Butcher tableau [19, 44]

1| a1 a2 --- als

Cy | a1 a2 -+ Q2
(1.8)

Cs | Gs1 As2 ** QOgs

by by ... b

e 3

Example 1.2 (Fourth-Order Runge-Kutta method) The fourth-order Runge-Kutta
method by Runge [104] can be written compactly with the Butcher tableau [44]

0
1/2 [1/2
121 0 1/2 (1.9)

110 o0 1
1/6 1/3 1/3 1/6

Figure 1.1 also visualizes numerical solutions to the logistic ODE using this fourth order
Runge-Kutta method, and we observe that for the same step size, the fourth order Runge—

Kutta method produces more accurate solutions than the explicit Euler method.
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Figure 1.2: Performance of different Runge-Kutta methods on a stiff differential equation.

Left: Vector field and accurate reference solution of the stiff ODE. Center and right: Various
numerical solutions for different solvers, step sizes, and step-size selection mechanisms. We
see that for larger step sizes, both the Euler and Runge-Kutta 4 solvers start diverging.
By using adaptive step-size selection, the Runge-Kutta 4 method is able to compute an
accurate solution, but at the cost of large numbers of steps. The implicit Runge-Kutta
method RadauIIA5 produces a stable solution even for large numbers of steps.

1.3 Properties of numerical ODE solvers

10

Convergence rates: Numerical ODE solvers should be able to approximate the true ODE
solution arbitrarily well, given enough computational resources and patience. Formally,
this means that the numerical error should vanish as the step size decreases to zero. The
presented Runge-Kutta methods are known to satisfy polynomial convergence guarantees:
the local error (the error made in a single step) decreases with the step size At as O(Atp“),
where p is the order of the method; and under some additional assumptions, the global error

(the error made over the whole interval) decreases with rate O(AtP) [44, Section I11.3].

Continuous solutions: In addition to returning the solution at the discrete grid points,
Runge-Kutta methods can also provide a continuous representation of the solution y(t)
on the whole integration interval by constructing a suitable interpolant, at low additional
computational cost. This functionality is also known as dense output [44, Section I1.6] and
is implemented in many popular ODE solver packages, such as SciPy [126], DifferentialE-
quations.jl [97], and Matlab [116].

Adaptive step-size selection: Instead of choosing the time discretization in advance,
it can be preferable to select the size of each step automatically in such a way that the
resulting numerical error is sufficiently small. This can often improve the accuracy of the
solver, save computational resources, and speed-up the simulation process. Most commonly,
step-size adaptation requires an estimate of the local error produced by the solver, which
in the case of Runge-Kutta methods is typically computed by embedding a second, lower-
accuracy solver into the method and then comparing the solution estimate of both methods.
This can be done at low additional computational cost [44, Section II1.4]. Then, step sizes
can be adapted to the local error estimate by embedding the numerical solver step into a

control algorithm, such as proportional-integral (PI) control [41].



1.4 Conclusion

e Stability: Certain differential equations, often referred to as stiff differential equations, can
cause numerical solutions to oscillate or diverge; see Figure 1.2 for an example. Typically,
this particularly affects explicit methods, which are methods where the step function can be
computed without having to solve a linear or non-linear system of equations (such as those
presented in this chapter). Implicit methods on the other hand are often more stable and
less affected by these issues. Therefore, implicit ODE solvers are particularly well-suited to
solve stiff ODEs and are often more efficient on these problems than explicit methods. At
the same time, as implicit methods are also more expensive to compute per step, they can
be inferior on non-stiff problems. Refer to Hairer et al. [45] for a more thorough overview

on stiff ODEs and implicit solvers.

o Computational complexity: We can describe the computational complexity of Runge—
Kutta methods with respect to three main factors: The number of steps NV, the dimension
of the ODE d, and the number of stages of the Runge-Kutta method s (which relates to
the order of convergence discussed above). All the methods we discussed so far operate
sequentially on the time grid, which leads to linear cost in N. At each step, explicit Runge—
Kutta methods compute sums of s vectors of dimension d, whereas implicit Runge-Kutta
methods need to solve an sd x sd linear system. This leads to a computational complexity
of O(sdN) for explicit Runge-Kutta methods and O(s*d*N) for implicit Runge-Kutta
methods (though often iterative solvers are used instead of solving the linear system exactly

to make implicit methods more efficient).

1.4 Conclusion

In this chapter, we provided an overview of ordinary differential equations (ODEs) and clas-
sical non-probabilistic numerical methods for solving them. We discussed the formulation of
ODEs and introduced the concept of the solution operator. While some simple ODEs, like
the logistic equation, have closed-form solutions, most require numerical approaches. Among
these, Runge—Kutta methods are particularly prominent, offering varying degrees of accuracy
and stability. We examined both the explicit Euler method and more sophisticated Runge—
Kutta methods, highlighting their computational properties, convergence rates, and the im-
portance of adaptive step-size selection and stability considerations for stiff equations. This
foundational understanding sets the stage for exploring probabilistic approaches to numerical

ODE solving in later chapters.

11






2 Bayesian State Estimation

In this chapter, we develop algorithms to do efficient, numerically stable approximate inference

in nonlinear Gaussian state-space models (NLGSSMs), of the form

xTro ~~ N(,UO; 20), (2.1&)
Tp = fn(xn—l) + Wp, Wp ~ N(O, Qn)a (2'1b)
2n = hn(2) + vn, v, ~ N(0,Ry,), (2.1¢)

where z, € R% is the state of the system, z, € R% is the observation, f,, : R% — R%
and hy, : R% — R% are the transition and observation models, and Q, € R%*% and
R,, € R%*4: are the transition and observation noise covariances, respectively, at time n =
1,..., N. Figure 2.1 shows a graphical representation of this model. The goal in Bayesian state
estimation is to compute a posterior distribution p(xg.n | z1.54) over the state at each point
in time zo.y := (o, ..., %), given a sequence of observations z1.y := (21,...,2,). It turns
out that this posterior, together with other related quantities of interest such as the marginal
likelihood p(z1.x), can be computed recursively and efficiently using so-called filtering and

smoothing algorithms.

) 4

4

Figure 2.1: Graphical representation of a Bayesian state-space model.

In this chapter, we present recursive and numerically stable algorithms for approximate
inference in nonlinear Gaussian state-space models. Section 2.1 introduces exact Gaussian in-
ference in affine models, and Section 2.2 shows how to make this inference numerically stable.
Section 2.3 then presents the recursive algorithm for exact Gaussian inference in linear Gaus-
sian state-space models, commonly known as the Kalman filter and the Rauch—Tung—Striebel
smoother. Then, Section 2.4 shows how to do approximate Gaussian inference in nonlinear
models via linearization and develops two recursive algorithms for approximate Gaussian in-
ference in nonlinear Gaussian state-space models. These will be the main workhorse for the

probabilistic numerical methods we develop in later chapters.
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2 Bayesian State Estimation

2.1 Gaussian inference in affine models

Consider a Gaussian distribution p(z) = N (z; p, X2) and a linear Gaussian conditional dis-
tribution p(z | ) = NM(z; Az + b, Q). To build Gaussian filtering and smoothing algorithms,

we need to perform three basic operations on these distributions:

1. Marginalization: The marginal distribution of z is also Gaussian, of the form
p(:) = [ ple | o)pla)de = Nz pe, 52, (22)
with mean and covariance

fy = Apy + b, (2.3a)
Y, = AN AT +Q. (2.3b)

This is also known as the prediction step in Kalman filtering.

2. Inversion: The conditional distribution of x given z is linear Gaussian, of the form

p(z]z) = W =N(z;Gz+d,A), (2.4)
with parameters
G=3,A"5 1 (2.5a)
d = pz — Gz, (2.5b)
A=%,-G.G". (2.5¢)

The covariance A can also be computed with equivalent, alternative formulas:

(I
= (I

GA)S,, (2.6a)

A _
or A —GA)S(I-GAT +GQRGT. (2.6b)
The latter is also known as the Joseph form of the covariance update.

3. Update on an observation: Given a Gaussian prior p(z) and linear Gaussian obser-
vation model p(y | =) as above, the posterior distribution of = given an observation z = z
can then be computed by first inverting the observation model, and then evaluating it

at the observation, that is
p(z|z=12)=N(z;Gz+d,\), (2.7)
with G, d, and A as in eq. (2.5). This is also known as the update step in Kalman

filtering.

14



2.2 Numerically stable Gaussian inference in affine models

2.2 Numerically stable Gaussian inference in affine models

When using the formulas presented above in Section 2.1, the computed covariances can be-
come non-positive semi-definite due to numerical errors. To avoid these issues we can for-
mulate Gaussian inference in square-root form: Instead of working with covariance matrices
¥ € R™*", we work with their square-roots X1/2 € R™*", defined to satisfy ¥ = (%1/2)Tx1/2,
For example, for positive definite matrices the Cholesky decomposition ¥ = LLT could pro-
vide such a square-root. But for our purposes we do not require the square-root to be unique
and we can work with any square-root of the covariance matrix, including non-square ones
(i.e., m # n), as long as they satisfy the relation ¥ = (£1/2)Tx1/2,

For numerically stable Gaussian inference, the formulas that need to be re-derived in square-
root form are the computation of the marginal covariance and the covariance of the inverted

conditional distribution, namely

Y, =A% AT +Q, (2.8a)
A=(I-GAT,(I-GA' +GQGT. (2.8b)

We wrote the latter in the Joseph form to show very clearly that two types of operations are
performed on covariance matrices: multiplication with a matrix from the left and right, and

addition of covariance matrices.

1. Multiplication with a matrix from the left and right: Given a positive semi-
definite matrix ¥ € R™ ™ with square-root /2 € R™*" and some matrix A € RP*",
the product AX AT satisfies

ASAT = A(21/2)T21/2AT - (ZWAT)TEWAT (2.9)

Thus, the product can be computed in square-root form with a single matrix-matrix

multiplication X/2AT without ever forming the full covariance matrix.

2. Addition of covariance matrices in square-root form: Given two positive semi-
definite matrices A € R™™ and B € R™", with square-roots A2 € R™*" and
B1/2 ¢ RP*" 3 square-root of their sum C = A + B is given by concatenating the

square-roots as

, (2.10)

since (Cl/ 2)TC’1/ 2 = A+ B = C. Thus, concatenation of square-roots provides a square-
root of the sum with minimal computational cost. But, this approach is impractical when
performing many computations on square-root matrices as the resulting matrices would
grow in size and become prohibitively large. To avoid this growth in size, we compress
square-root matrices using a QR decomposition. Given a (possibly non-square) matrix
square-root A1/2 € R™*" of some square, positive semi-definite matrix A € R™ ™, we

can compute a square matrix square-root R € R™" of A by performing a thin QR
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2 Bayesian State Estimation

decomposition of A/2, that is QR = AY2, where Q € R™*" is an orthogonal matrix

and R € R™" is an upper triangular matrix. Then, R is also a square-root of A, since
A= (AY%)TAYV2 = (QR)T(QR)=R"Q"QR=R'R. (2.11)

The orthogonal matrix ¢) can be discarded after the computation. We denote this
triangularization operation of computing a QR decomposition and returning only R
as tria : R™*™ — R™*", Thus in summary, computing the sum C = A + B of two

positive semi-definite matrices A, B € R™ ™ can be done in square-root form with C1/2 =

. 1/2
trlaqglp]).

Coming back to the required covariance operations in eq. (2.8), we can now directly com-
pute the marginal covariance ¥, = AYX, AT + Q and the inverted conditional distribution
A=(I—-GA)L,(I -GA)'" +GQGT in square-root form, with

) . (2.12)

), A2 :tria<

Both terms can be easily verified by multiplying the above expressions with their transposes

AZl/Z

QI/Q

S/ 21— GA)T

1/2 _ 4o
3 —tr1a< Q'2GT

to recover eq. (2.8). The formulas from eq. (2.12) now enable us to perform marginalization,

inversion, and update operations in a numerically stable manner.

s N

Algorithm 2.1 (Square-root marginalization in Gaussian affine models) Given the pa-
rameters (,ux,Ei«p) and (A,b,Q'/?) of distributions p(z) = N (z; iz, z) and p(z | ) =
N(z; Az + b,Q), compute the mean and covariance of the Gaussian marginal distribution

p(2) = N(z;p2,22) as
1/2

AYy
iy = Al - ), Y = tria([ 012 ]) (2.13)

Return ., 22/2.

~

Algorithm 2.2 (Square-root inversion in Gaussian affine models) Given the parame-
ters (ux,Eglc/Q), (A,b,Q'?), and (uz,Zi/Z) of distributions p(z) = N(z; g, X2, p(z | ) =
N(z; Az +b,Q), and p(z) = N(z; uz, X2), compute the parameters of the conditional dis-
tribution p(z | z2) = N(z; Gz + d, A) as

G:=3,ATS; L (2.14a)

d:= py — Guz, (2.14b)
Y21 - GA)T

A2 = ma< * 51/2; ) ) (2.14c)

Return G, d, AY/2.
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2.3 Sequential inference in linear Gaussian state-space models

Algorithm 2.3 (Square-root updating on data in Gaussian affine models) Given the
parameters (,um,Eglg/Q), (A,b,Q'Y?), and (,uz,Zi/?) of distributions p(z) = N (z; piz, 2z),
p(z|x) = N(z; Az +b,Q), and p(z) = N(z;uz, X,), as well as an observation z, com-
pute the parameters of the posterior distribution of z given the observation in two steps:
1. Compute the parameters (G,d,AY2) of the backward transition p(z|z) =
N(x;Gz + d, A) with Algorithm 2.2.

2. Evaluate the backward transition at z to get the posterior mean and covariance:
Wy = Gz +d, (2.15a)
nl/2 .= A2, (2.15b)

Return g, 2316/2.

\ J

2.3 Sequential inference in linear Gaussian state-space models

Now that we established the Gaussian inference formulas for affine models, we can derive a
general inference algorithm for linear Gaussian state-space models, which corresponds to the
Kalman filter [61] and the Rauch-Tung—Striebel smoother [102]. Consider a linear Gaussian
state-space model (LGSSM) of the form

xo ~ N (z0; po, Xo), (2.16a)
Tn ‘ Tp—1 "~ N(-Tm Anxn—l + bm Qn)a (2-16b)
zn | Tn ~ N (zn; Hpop + cny Ry), (2.16¢)

where z,, € R% is the state of the system, z, € R% is the observation, A, € R%*d p c R,
Qn € R%*dz are the transition model parameters, and H,, € R%*% ¢, € R%, R, € R¥-xd
are the observation model parameters at time n. Assume also that the square-roots of the
covariances are known, i.e., 2(1)/2, 711/2, and er/g foralln=1,...,N.
In the field of Bayesian filtering and smoothing, we are typically interested in computing

(some of) the following quantities:

o filtering distributions p(zy, | z1.,) for all n,

o prediction distributions p(x,, | z1.,—1) for all n,

 smoothing distributions p(x,, | z1.n) for all n,

o marginal likelihood p(z1.x),

o the full posterior p(xo.n | z1.3); since it satisfies

N-1
paon | z1:8) = p(an | 218) [ p(@n | 20t 21m), (2.17)

n=0

it is sufficient to compute the filtering distribution p(zy | z1.n5) and the backwards tran-

sitions {p(zy, | Tn+1, Zl:n)}izvz_l'

It turns out that all of these quantities can be computed recursively by applying the Gaussian

inference formulas from Sections 2.1 and 2.2.
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2 Bayesian State Estimation

Algorithm 2.4 (Inference in affine Gaussian state-space models) Given the parameters
of an LGSSM (py, 2(1)/2), (A1.n,b1:N, Q}/]%,), (H1.N,C1:N,s Ri/]%) (as in Equation 2.16) and a
sequence of observations z;.n, perform sequential Gaussian inference in the LGSSM:

1. Initialize the log-likelihood, defined as LL,, := p(z1.,), with LLg = 0.

2. Forn=1,...,N do

o Predict: Compute p(y, | 21:n—1) = N (@n; i, BF) with
pr 2P .= MARGINALIZE((ttn—1, Zn_1), (An, bn, Qn))- (Algorithm 2.1)
o Compute the observation estimate: p(z, | z1.n—1) = N (zn; 2, Sn) with
Zn, Sn = MARGINALIZE (1l , 5, (Hn, ¢, Rn)). (Algorithm 2.1)
¢ Increment the log-likelihood
LL,, := LL,—1 + log N (215 2, Sn)-
o Update: Compute p(zy, | 21.n) = N (@n; fin, Xn) with
fin, Zn = UPDATE((f, =), (Hn, cn, Ry, (20, Sn), 2n). (Algorithm 2.3)
o (Optional) Compute the backward transition p(z,_i |z, 21m—1) =
N(xp—_1; Grxy + dp, Ay) with
Gy dny A := INVERT ((tn—1, Zn-1), (115, )5 (Any b, @) (Algorithm 2.2)
3. (Optional) Compute the posterior marginals
o Set 3, %% = pn, EN
e Forn=N,...,1 compute
ph 1,251 == MARGINALIZE((¢5, 25), (Gn,dn, A))  (Algorithm 2.1)
Return the parameters of all desired quantities:
o the filtering distributions: (u1.n5, X1.n),
o the smoothing distributions: (1 5, 27 y),

o the log-likelihood: LLy,
o the backward transitions of the posterior: (G1.n,d1.n, A1:N)-

If we only compute the filtering distributions, Algorithm 2.4 corresponds exactly to a
(square-root) Kalman filter. Similarly, the smoothing distributions returned by this algorithm
correspond exactly to those returned by a (square-root) Rauch—-Tung—Striebel smoother. The

sequential likelihood computation is also known as prediction error decomposition [113].

Remark 2.1 (Missing observations) If for certain time steps n the observation z, is miss-
ing, Algorithm 2.4 can still be used for exact inference by simply skipping the observation

estimate computation, the log-likelihood increment, and the update step for these steps.
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2.3 Sequential inference in linear Gaussian state-space models

Problem setting Filtering Smoothing Posterior samples

Figure 2.2: Filtering and smoothing outputs for an LGSSM inference problem. The filtering
distribution appears closer to the observations, but the smoothing distribution is a better
estimate for the underlying function of interest (black dashed line). Sampling from the
posterior gives the most expressive description as it also visualizes temporal correlations.

s N

Remark 2.2 (On the computational (in)efficiency of Algorithm 2.4) Our presentation of
Algorithm 2.4 favors simplicity over efficiency: By sticking to the simple building blocks of
Gaussian marginalization, inversion, and updating, we aim to formulate Gaussian filtering
and smoothing in a very simple and intuitive manner. This hopefully empowers the reader
to approach more complex state-estimation problems and build custom algorithms for
these, by simply reducing the required steps to the three building blocks. On the flip
side, the strict separation into these building blocks leads to some redundant computations

and therefore to suboptimal performance. But this can easily be improved in an actual

implementation by merging some of these operations.

2.3.1 Example: Sequential inference in a simple LGSSM

To give a brief example, we apply the LGSSM inference algorithm (2.4) to a simple Bayesian
state estimation problem. We consider an LGSSM given by

0 ~N<xo; [g ! 1]) (2.18a)

1 At A2 A2
T | T ~ N | zp; Tn_1, A?;Q 2 , (2.18b)
5 At

)

on | T ~ N(zn; [1 0} T, 0.25), (2.18¢)

with At = ﬁ)—ﬂo; this parameter can be interpreted as the step size at which some underlying
continuous model is discretized. We generate synthetic data as noisy draws from a sine
function z, = sin(n - At) + &, with €, ~ N(g,;0,0.25) for n = 1,...,100. We then perform
inference with the LGSSM inference algorithm (2.4).

Figure 2.2 visualizes the quantities returned by the method, projected into the observation
space via multiplication with the observation matrix H = [1 0}. The filtering distribution

often appears to be closer to the observations, but it is very non-smooth. The smoothing
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2 Bayesian State Estimation

distribution is in comparison a much better estimate for the true solution trajectory as it is
able to take into account all data, but it also shows only marginal distributions. Sampling
from the posterior distribution returned by the method gives the most expressive description

here as it also visualizes temporal correlations.

2.4 Sequential approximate inference in nonlinear Gaussian
state-space models

The state-space models that we are ultimately interested in are unfortunately not linear. But,
we can still build on the LGSSM inference algorithm from the previous section. We consider

a nonlinear Gaussian state-space model (NLGSSM) of the form

xg ~ N (xo; 1o, Xo), (2.19a)
Tn | Tp—1 "~ -N—(xna fn(-fnfl)a Qn)7 (2'19b)
Zn | T ~ N (zn; by (20), Ry), (2.19¢)

where x, € R% is the state, z, € R% is the observation, f, : R% — R% is a nonlinear

transition function, h, : R% — R% is a nonlinear observation function, and Q,, € R%*d=

R, € R%*d= are noise covariances at time n = 1,...,N. As before, we assume that the
. . . /2 ~1/2 1/2
covariances are known in square-root form, i.e., EO/ , n/ , and Rn/ .

2.4.1 Linearizing conditional Gaussian distributions

In nonlinear models the marginal distribution, the inverse transition, and the updated distri-
bution all become non-Gaussian, and the three building blocks that we defined in Sections 2.1
and 2.2 are not directly applicable. One conceptually simple approach for developing effi-
cient, approximate inference algorithms is via linearization: By approximating the nonlinear
conditional Gaussian distributions into affine models, we can build on the Gaussian inference
framework that we established so far to perform efficient, closed-form inference.

The linearization step can be performed in different ways, and many approaches for lin-
earizing conditional Gaussian distributions have been proposed in the filtering and smoothing
literature. We will focus on linearization via Taylor-approximation here as it is conceptually
simple, very well-known, efficient, and tends to work well in practice.

To this end, consider a Gaussian distribution p(z) = N (2; e, ¥2) with mean p, € RY and
covariance ¥, € RV and a nonlinear Gaussian observation model p(z | z) = N(z; h(z), R),
where h : R™ — R"™ is a nonlinear function. By doing a first-order Taylor expansion of h

around some point £ € R", we obtain

h(x) = h(&) + Jn(§)(x — &) +O(||lz = £]]), (2.20)

=the()
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2.4 Sequential approximate inference in nonlinear Gaussian state-space models

where Jp(§) € R™*™ is the Jacobian of h at £&. Then, we approximate h with 715 to obtain
a new, affine approximate observation model ¢(z | z) =~ p(z | ), with which we can then
apply all the Gaussian inference algorithms from Sections 2.1 and 2.2 to perform approximate

inference. We summarize the linearization approach in the following algorithm.

( B

Algorithm 2.5 (Linearization via Taylor-approximation) Given the parameters (h, R) of

a nonlinear conditional Gaussian distribution p(z | ) = N (z; h(z), R), and a linearization
point £ € R™, compute the Gaussian approximation ¢(z | ) = N (z; Hx + ¢, R) with

H = Ji(8), (2.21a)

c:=h(§) — HE, (2.21b)

Return the parameters (H, ¢, R) of the linearized model.

\ J

This is exactly the approach taken in the extended Kalman filter and extended Rauch—
Tung—Striebel smoother: By linearizing the observation model in this way, the problem be-
comes affine and inference becomes tractable. We did not yet discuss how to select the lin-
earization point £, but we will discuss two common approaches in the next sections which lead
to two different algorithms: local linearization at the predicted mean, and iterated posterior

linearization.

Remark 2.3 (Alternative linearization approaches) There are many other ways to lin-
earize a nonlinear Gaussian model, for example with higher-order Taylor approximations,
quadrature-based methods (e.g. Gauss—Hermite cubature, spherical cubature, the un-
scented transform, ...), statistical linearization, or statistical linear regression (which can
even be applied to non-Gaussian models). For a more detailed discussion of these methods,
refer to Sarkkéa et al. [108, Chapter 7-10].

2.4.2 Local linearization: The extended Kalman filter and smoother

One common choice for the linearization point is the prior mean, that is & = u,. To apply
this to the NLGSSM inference problem from eq. (2.19), this means that we always linearize
the transition and observation models around the mean of the “current best” state estimate:
at each step, we linearize the transition model around the filtering mean such that we can
then predict the next state with the linearized model, and we linearize the observation model
around the predicted mean before computing the likelihood and updating the state. The re-
sulting algorithm is also known as the (square-root) extended Kalman filter and (square-root)

extended Rauch—Tung—Striebel smoother, and we summarize it in the following algorithm.
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2 Bayesian State Estimation

Algorithm 2.6 (Approximate inference in nonlinear Gaussian state-space models) Given
the parameters of an NLGSSM (uo, 2(1)/2), (fl;N,Q}:/i]), (hlzN,Ri/i,), as in eq. (2.16), and
a sequence of observations zi.y, perform sequential Gaussian inference in the LGSSM:

1. Initialize the log-likelihood LLy = 0

2. Forn=1,...,N do

e Linearize the transition model:
Apsbn, Qn = LINEARIZE f, QY2 ftn-1. ), (Algorithm 2.5)
o Predict: Compute p(zy, | z1:0—1) = N (@n; p, £F) with
ur 2P .= MARGINALIZE((ttn—1, Zn-1), (An, bny Qn))- (Algorithm 2.1)
e Linearize the observation model:
H,, ¢, Ry = LINEARIZE (hn, RY2 P, ) (Algorithm 2.5)
o Compute observation estimate: p(z, | 21.n—1) = N (2n; 2n, Sn) with
Zn, Sp = MARGINALIZE((uf, &5, (Hy, cn, Ry)). (Algorithm 2.1)
¢ Increment the log-likelihood
LL,, := LL,—1 + log N (21 2, Sn)-
o Update: Compute p(zy, | 21.n) = N (@p; tin, Xp) with
fin, Sn := UPDATE ((uf, 25, (Hp, cns Rn), (3ns Sn), 2n).- (Algorithm 2.3)
o (Optional) Compute the backward transition p(z,—1 |z, 21m-1) =
N(xp—1; Grxy + dn, Ay) with
Gy dn, Ap = INVERT (-1, Zn-1), (11, )5 (An, bp, Q) (Algorithm 2.2)
3. (Optional) Compute the posterior marginals
o Set ,u]SV,E% ‘= UN, DN
e Forn=N,...,1 compute
ph_1, 251 == MARGINALIZE (15, £5), (Gn, dny An)) (Algorithm 2.1)
Return the parameters of all desired quantities:
o the filtering distributions: (u1.x, 21.n),
o the smoothing distributions: (17, 37 x),

o the log-likelihood: LLy,
o the backward transitions of the posterior: (G1.n,d1.n,A1.N).

. J

N

Remark 2.4 (On affine models, Algorithm 2.6 is equivalent to Algorithm 2.4 and performs

exact inference) First-order Taylor approximations of affine functions are exact. There-

fore, given a model with affine transition and observation functions, the general NLGSSM
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2.4 Sequential approximate inference in nonlinear Gaussian state-space models

inference algorithm 2.6 returns the same result as the LGSSM inference algorithm 2.4 and

thus performs exact inference.

2.4.3 Global linearization: The iterated extended Kalman smoother

Instead of linearizing the NLGSSM at each time step separately, we can also linearize the
entire model globally over some trajectory of linearization points £1.x. This is done in the
iterated extended Kalman smoother (IEKS): Given an initial trajectory of linearization points
&1.n, the IEKS linearizes the entire model around these points and then performs a single pass
of the Kalman smoother to compute the posterior. Then, the mean of the posterior marginals

is used as the new linearization points, and the process is repeated until convergence.

( R

Algorithm 2.7 (Iterated extended Kalman smoother) Given the parameters of an NL-
GSSM as in eq. (2.16) (o, 2(1)/2), (f1.n, Q}/ﬁ,), (h1.n, Ri/ﬁ,), a sequence of observations z1.y,

and an initial trajectory of linearization points &y.y, repeat the following steps until con-

vergence:
1. Linearize the entire model around the linearization points for alln =1,..., N:
Apy b, Q= LINEARIZE< Fur QL2 gn_l) , (Algorithm 2.5)
H,, cn, R, = LINEARIZE(hn, RY?, gn) . (Algorithm 2.5)

2. Compute the posterior marginals of the linearized LGSSM with Algorithm 2.4:
(45N> ZoN)s - - - := LGSSM_INFERENCE (

(10, 23/2)7 (AN, bin, Qun), (Hi:N, cin, Rin), 21:N)
3. Set the new linearization points to the posterior means: &, := 2 for all n.
Return the parameters of all desired quantities: the smoothing distributions (,wl9 N Ef: N
the posterior, the log-likelihood, ...

\ J

The IEKS is a powerful method which often leads to good results in nonlinear models [108].
It is also known to (locally) converge to the maximum a posteriori (MAP) estimate of the

state trajectory. That is, the returned posterior means satisfy (in the limit)

pi N = argmax p(x1.y | 21.n). (2.22)
Z1:N

The IEKS algorithm is also known to be equivalent to the Gauss—Newton method for com-
puting this MAP estimate, implemented in a recursive, sequential manner; refer to Bell [5] for
a detailed discussion of this connection. Finally, the initial trajectory of linearization points
&1.n is typically computed with a local-linearization-based extended Kalman smoother (Al-
gorithm 2.6). This can help speed up the convergence of the IEKS if the initial trajectory is
already close to the MAP estimate. But overall, the IEKS comes with a larger computational

cost than its non-iterated counterpart.
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Figure 2.3: NLGSSM inference results with the local and iterated global linearization. Left:
The problem setting, consisting of a true underlying function and nonlinear observations.
Center: The local-linearization-based EKS is able to return an accurate and calibrated
estimate. Right: The iterated, global linearization-based IEKS also returns an accurate and
calibrated estimate, but in particular in the beginning of the time interval the estimate is
more accurate and more certain than the EKS.

2.4.4 Example: Sequential inference in an NLGSSM

We demonstrate both NLGSSM inference algorithms 2.6 and 2.7 on a simple but nonlinear
Bayesian state estimation problem. Consider the NLGSSM given by

we(w 1)) vz

()1 + (zn)2At ATt3 ATF
n n ™~ n+1s ’ ; 7 5931
Tpt1 | @ N(m +1 [(a:n)z —9.81 Sin((m‘nh)At] [Agt ( )

Zn | Tn NN(zn;sin([l 0} mn),0.32), (2.23¢)

with At = 1/80; this parameter can be interpreted as the step size at which some underlying
continuous model is discretized. We generate ground-truth states and observations by sam-
pling from this NLGSSM for n = 0, . ..,400, starting with a known zg = |:7T/2 O] T. Then, we
infer the unknown states xg.409 from the observations zg.499 with both the local-linearization-
based NLGSSM inference algorithm 2.6 (EKS) and with the iterated global linearization-based
algorithm 2.7 (IEKS).

Figure 2.3 shows the results. Overall we observe that both methods return meaningful
posterior estimates for the true underlying state, with both accurate mean estimates and
good coverage by the 95% credible intervals. The difference between the EKS and the IEKS
appears most prominently in the very beginning of the trajectory: the EKS is calibrated but
rather uncertain about the initial value, whereas the IEKS is able to estimate the true initial

value with both high accuracy and low uncertainty. We can also evaluate the quality of the
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posterior mean by computing its root mean square error (RMSE) with respect to the true

trajectory, defined as

N
]- rue
RMSE(u1v) = | 5 2 lln — 2™ 3. (2.24)
n=1

We obtain RMSEs of 0.52 for the EKS and 0.48 for the IEKS, indicating again that while
both methods returned similar results on this simple example, the IEKS tends to be a bit
more accurate. This difference can be much more pronounced on more complicated problems,
and the MAP estimate computed by the IEKS is often the more accurate (as well as more

interpretable) result. For more examples and a much more thorough discussion, refer to
Sarkka et al. [108].

2.5 Conclusion

In this chapter, we introduced linear and nonlinear Gaussian state-space models and developed
efficient algorithms for exact and approximate inference. At their core, these methods all build
on three building blocks of Gaussian inference: marginalization, inversion, and updating on
an observation. From these, we derived the sequential inference algorithm for linear Gaussian
state-space models, known as the Kalman filter and Rauch—Tung—Striebel smoother. For
nonlinear models, we simply linearize the nonlinearities via Taylor-approximation and then
again rely on the Gaussian inference formulas. When done locally we obtain the extended
Kalman filter and extended Rauch—Tung—Striebel smoother, and when iterated globally we
obtain the iterated extended Kalman smoother. These inference algorithms will be the main

workhorse of the probabilistic numerical ODE solvers developed in later chapters.
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3 Gauss—Markov Processes

This chapter considers problems of estimating unknown functions from observations. Sec-
tion 3.1 introduces Gaussian processes (GPs), a general framework for modeling and inferring
unknown functions that is well-known in machine learning. But, their computational cost
can be prohibitive for certain applications as it scales cubically with the number of data
points—which would be particularly problematic for our application of simulating ODEs as
the number of steps performed by numerical solvers can become arbitrarily large. To address
this issue, Section 3.2 introduces a different framework for working with certain Gaussian
processes, namely linear time-invariant stochastic differential equations, and shows how we
can work with the resulting Gauss—Markov processes in a computationally efficient manner
with recursive algorithms and with linear cost O(N). This is explained in Section 3.3. Sec-
tion 3.5 then extends this framework to nonlinear observation models and provides efficient

approximate inference procedures.

3.1 Gaussian process regression

Gaussian processes provide a convenient framework for modeling and inferring unknown func-

tions. We follow Rasmussen et al. [101, Definition 2.1] and define them in the following way.

Definition 3.1 (Gaussian Process) A Gaussian process (GP) is a collection of random
variables on a common space R%, any finite number of which have a joint Gaussian distri-

bution.

A Gaussian process y is typically described by its mean function m and its covariance

function k (or kernel function) as

m(€) = Ely(e)], (3.1a)
B(E€) = B[ (&) - m(©) (y(€) - m(€) ], (3.1b)

N

n—1, the function values

and we write y ~ GP(m, k). Given a finite collection of inputs {&,}

{y(&)}N_, are jointly Gaussian distributed, as

n=1

y(&1) m(&1) k(&1,61) - Kk(&1,6N)
: ~N : , : 2 . (3.2)

y(én) m(én) k(n,&1) -+ k(€n,EN)
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Wiener process Wiener velocity Matern 1/2 Matern 3/2 Squared exponential
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Figure 3.1: Examples of various Gaussian process priors. Samples (top) and kernel matrix
(bottom) for a range of different priors (columns).

More compactly, we denote collections of inputs using subscripts, i.e. £1.n, and with a slight

abuse of notation we write

y(&1.n) ~ N(m(&1n), k&N, §1:n))- (3.3)

The covariance matrix k(&1.n,&1.n7) is also referred to as the kernel matriz or Gram matriz.

Without loss of generality we only consider zero-mean Gaussian processes with m =0 [101].

Example 3.1 (Popular GP kernels) Popular covariance functions used for GP regression

include:

1. Wiener process:
leener(& f) =0 mln(f 5) (34)

for one-dimensional non-negative £ € R, with a scale hyperparameter o.

2. Wiener velocity:

min min !
v (6,€) = 02 (EEE) 1 e g R EE)) (35)
for one-dimensional non-negative ¢ € R>g, with a scale hyperparameter o2.
3. Matérn:
21= V2
ktatern (€, ') = 0” —HE ¢ H o| ——llE=¢1 | (3.6)
F( l
where o2 is a scale hyperparameter, ¢ is a lengthscale hyperparameter, and v is

a smoothness hyperparameter, and where I' is the gamma function and K, is the
modified Bessel function of the second kind [101].
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3.1 Gaussian process regression

4. Squared exponential:

_ gl 2
kse(€,€) = o” exp <_H€2££H>’ (3.7)
where o2 is a scale hyperparameter and £ is a lengthscale hyperparameter.

See Figure 3.1 for a visualization of these kernel functions and of the resulting Gaussian

processes.

& J

Now that we introduced GPs as priors for modeling unknown functions, we can incorporate
knowledge from data into these distributions. Let y ~ GP(0,k) be a Gaussian process and

assume that the data z1.5 are noisy observations of y, generated by the observation model
2 ~ N (25 y(&n), 0%I), n=1,...,N. (3.8)

We then want to compute the posterior distribution over point evaluations of the unknown
function y given the observations zj.n, that is, p(y(-) | z1.x). This is known as Gaussian

process regression; see also Rasmussen et al. [101, Section 2.2].

e N

Proposition 3.1 (Batch GP regression) Let y ~ GP(0,k) be a Gaussian process and
z1.Ny be noisy observations of y as defined above with locations & .y Then, the posterior

distribution of y(-) given z1.N is again a Gaussian process, with

p(y(ELar) | 21:8) ~ N(ZJ(G:M);KMN(KNN + 021)_121:1\7,

o (3.9)
Kym — Kun (Knn +0°1) KMN>7

where &|.,,; are the arbitrary locations at which we want to evaluate the posterior, and with
KnN = k1N, §1.n), Kun = k(& 81:N), and Ky = k(&30 €100)-

Sketch of the proof. This theorem follows from the general Gaussian inference formulas
from Section 2.1: First, we compute the posterior exactly on the input locations by applying
the Gaussian inversion formula. This yields p(y(&1.n) | z1.5). Then, to compute the posterior
at arbitrary locations &.,,, we use the known prior joint distribution of y(&1.x) and y(&].,,)
and apply the marginalization formula. We obtain the posterior p(y(&].,,) | z1:~)- O

Figure 3.2 shows examples of Gaussian process regression posteriors for different kernels,

together with the resulting covariance and precision matrices.

e N

Remark 3.1 (Computational cost of batch Gaussian process regression) Implementing
Gaussian process regression naively as described in Proposition 3.1 is expensive: Eq. (3.9)
requires inverting the (N x N)-dimensional Gram matrix Kyy + o?I. This has cubic

computational cost O (N 3) .
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Wiener process Wiener velocity Matern 1/2 Matern 3/2 Squared exponential

Aiy | . N .
Ymu/ r\ﬂ/ *"WWM *Vw/\» B\ A

N \ .
N \ \

Samples

Kernel
matrix

Figure 3.2: Examples of various Gaussian process regression posteriors. Samples (top) and
kernel matrix (bottom) of Gaussian process posteriors for a range of different priors
(columns).

This cubic computational cost sparked a lot of research in the Gaussian process community,
and many approximations have been proposed since; we refer to Liu et al. [78] for a review on
the topic. But for certain one-dimensional Gaussian processes we do not need any additional
approximations, and they can be implemented ezactly with linear cost O(N). These will be

the topic of interest in the remaining parts of this chapter.

3.2 Gauss—-Markov processes as linear time-invariant stochastic
differential equations

In this section, we present a different framework for representing and working with Gaussian
processes that will lead to a more efficient exact inference procedure: linear time-invariant
stochastic differential equations.

We consider linear, time-invariant (LTI) stochastic differential equations (SDEs) [107, 90]

of the form

2(0) ~ N (z(0); po, Xo), (3.10a)
dz(t) = Fz(t)dt + DY2dw(t), (3.10b)
y(t) = Ex(t), (3.10¢)

with state  : Rsg — RP, drift matrix ' € RP*P dispersion matrix I'Y/2 ¢ RP*d and
w : t — R? a vector of standard Wiener processes. The function y : R>¢ — R? is called
the output of the system, and it is obtained from the state x by a linear transformation with
the output matric E € R¥>P. Note that we write the dispersion matrix I''/2 as a matrix
square-root, as it can be interpreted as a transformation of the standard Wiener process into
a process with semi-positive definite diffusion I' € RP*P |

In the following we will show that solutions of LTT-SDEs can be described analytically, have
properties that enable efficient computation, and they are Gaussian processes. Later we will

then use these as priors for Gaussian process regression.
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Proposition 3.2 (Properties of LTI-SDE solutions) The solution x of the LTI-SDE
eq. (3.10) satisfies the following properties:

1. Markov property: x is a Markov process, with

p(z(t) | {z(T)}osr<s) = p(2(t) | 2(s)).  Vt=s. (3.11)
Or more intuitively, “its future is independent of its past given the present”.

2. Gaussian marginals: The marginal distributions of x(t) are Gaussian, with

x(t) ~ N(M(t)7 E(t))v (3'123‘)
u(t) = A(t) po, (3.12b)
S(t) = At)SoAT (t) + Q(t), (3.12¢)

A(t) := exp(F't) o, (3.13a)
t
Q) == / exp(F(t — 7))TY2(TY2) T exp(F(t — 7))Tdr. (3.13b)
0
These matrices can be computed efficiently with numerical methods, for example with

a matriz fraction decomposition [107, Section 6.3], or the doubling-based method by
Stillfjord et al. [117] which directly computes square roots of Q(t).

3. Gaussian transition densities: The conditional distribution of a state x(t) given z(s),

with s < t, is a conditional linear Gaussian distribution of the form
p(x(t) | z(s)) = N((t); At — s)z(s), Q(t — ), (3.14)

with transition matrices A(t — s), Q(t — s) as defined in eq. (3.13).

4. Sequential representation of the process: Assuming ordered inputsty < to < --- < ty,

the distribution of the state x(t1.n) can be written as

N

p(x(tin)) = pla(tr) [] pla(ta) | 2(ta-1)). (3.15)

n=2

5. Gaussian process: x is a Gaussian process, and any finite collection of states x(t1.n)

have a joint Gaussian distribution.

Proof. We prove the individual properties as follows:

1. Markov property: The state x is defined as the solution to the LTI-SDE eq. (3.10b) with
initial distribution eq. (3.10a). Since the SDE is driven by a standard Wiener process,
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3 Gauss—Markov Processes

and Wiener processes are Markov processes, the state x is also a Markov process. See
also Sarkké et al. [107].
2. Gaussian marginals: Taking the mean and covariance of the LTI-SDE eq. (3.10b) results

in ordinary differential equations for the mean and covariance of the state x

d/;‘h(:) — P, (3.16a)

dt

These are solved exactly by [107, Section 6.2]

pu(t) = exp(Ft)u(0), (3.17a)

S (t) = exp(Ft)2(0) exp(Ft)

+ /Ot exp(F(t — 7)) TY2(CY2)T exp(F(t — ) dr. (3.17b)

Defining A(t) and Q(t) as in eq. (3.13) yields the desired result.

3. Gaussian transition densities: The transition densities can be derived by applying the
marginal distribution formula to a modified version of the LTI-SDE of eq. (3.10), with
its initial distribution set exactly to z(s), i.e. po = z(s) and ¥p = 0, and then computing
the marginals at time ¢ — s with the formulas above (eq. (3.17a)).

4. Sequential representation of the process: Given a sequence of inputs ¢1.y, the distribution

of the state x(t1.y) can be written as

N

p(x(tun)) = pla(t) [] pla(ta) | 2(trio)). (3.18)

n=2
Since z is Markovian (eq. (3.11)) the conditional distributions simplify to

N

plz(tin) = ple(ty)) [] pla(ta) [ 2(tio1). (3.19)

n=2

5. Gaussian process: Since p(x(t1)) is Gaussian and p(z(t,) | z(tn—1)) are linear condi-
tional Gaussian distributions, the joint distribution of x(¢1.y) is Gaussian for any finite

collection of inputs t1.n. Therefore, x is a Gaussian process.

g

N

Corollary 3.3 (The LTI-SDE output is a Gaussian process) The solutiony of the LTI-SDE

eq. (3.10) is a Gaussian process, and y(t) has Gaussian marginals

P(y(1) = N (B(A®)1o), B(A®T0AT (1) + Q1)) ET ), (3.20)

with A(t), Q(t) as defined in eq. (3.13).
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Proof. The output y(t) of the LTI-SDE eq. (3.10) is a linear transformation of the Gaussian
process x(t), with y(t) = Fx(t). Therefore: (i) since x(t) is a GP, y(t) is also a GP, and (ii)
since y(t) is a linear transformation of z(t), the marginals of y(t) are transformations of the

marginals of z(¢) as provided in eq. (3.20). O

Corollary 3.3 and Proposition 3.2 link LTT-SDEs to Gaussian processes and establish LTI-
SDEs as another way to define Gaussian processes, compared to the traditional kernel-based

approach. It turns out that we can write many familiar Gaussian processes as LTI-SDEs.

Example 3.2 (Popular GP kernels as LTI-SDEs) Some of the Gaussian processes defined
by the kernels from Example 3.1 can be represented as outputs of LTT-SDEs:

1. Wiener process: The Wiener process can be represented as a simple one-dimensional
LTI-SDE with

Fup = [0}, [ [1] Ewp = [1] (3.21a)

2. Wiener velocity: The Wiener velocity process can be represented as the output of a
two-dimensional LTI-SDE, where the second dimension is just a Wiener process and

the first dimension is the integral of the second dimension:

v 2 _ (0 _
FWV = [0 0], FWV = [1], EWV = [1 O] (322&)

We also refer to this process as the once-integrated Wiener process.

3. Matérn process with smoothness v and lengthscale £: The Matérn process with half-

integer smoothness v can be represented as a (v + 1/2)-dimensional LTI-SDE, with

0 1 0 0
: - - 1/2 :
Fta(y) = ,oT2 =, (3.23a)
t(v) 0 0 1 Mat(v) 0
—ai AP —a )Pl ... —_ap 1
Btas(y) = [1 0 ... 0}, (3.23b)

D
A=V2w/l,D=v+1/2, a; = (

) are binomial coefficients. See also [47].

& J

s ~

Remark 3.2 GPs with squared exponential kernel cannot be represented exactly by a
finite-dimensional LTI-SDE as they are infinitely smooth. They can however be approxi-
mated; we refer to Sarkka et al. [105].
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What now remains to be done is to show how to efficiently work with LTI-SDEs. The
answer is already provided in Proposition 3.2, but we summarize the main finding in the

following corollary.

N

Corollary 3.4 (Discretized LTI-SDEs are LGSSMs) Discretizing the LTI-SDE eq. (3.10)
on a grid of time points T = {t,})_, yields a linear Gaussian state-space model (LGSSM)
of the form

T to) uo,zo) (3.24&)

n+1) ( n+1 — tn)x(tn)7Q(tn+1 - tn))v (3'24b)
y(tn) = Ex(tn), (3.24c)

with A(tp+1 — tn), Q(tnt1 — tn) as defined in eq. (3.13).

J

Proof. Eqgs. (3.24a) and (3.24c) are both specified in the given LTI-SDE eq. (3.10). The

discrete transitions eq. (3.24b) are given as part of Proposition 3.2. O

This is the key to enable efficient inference: Since discretizing an LTI-SDE yields an LGSSM,
we can then use the filtering and smoothing algorithms from Section 2.1 to efficiently compute
the posterior distribution of the state x given noisy observations. This has O(N) runtime, as
opposed to the (’)(N 3) runtime of the naive Gaussian process regression algorithm. We can

already observe this speed-up for sampling from the prior:

Corollary 3.5 (Sampling from a Gauss—Markov process is efficient) Sampling the Gauss—
Markov process y on a grid evaluation points T epq = {tn} _, can be done efficiently with
cost O(ND3), where D is the dimension of the state.

Proof. This directly follows from Corollary 3.4: To sample from the discretized Gauss—Markov
process we can directly sample from the initial distribution and the N conditional transition
densities, each of which comes with cost O(DS). Il

In comparison, sampling naively from a standard Gaussian Process has cubic computational
cost in the number of evaluation points. Figure 3.3 shows resulting samples of different Gauss—
Markov processes as defined in Example 3.2, and indeed the processes look equivalent to the

kernel function-defined GPs from Example 3.1.

3.3 Recursive Gauss-Markov process regression

Now that we have established LTI-SDEs as a way to represent Gauss—Markov processes, we
can use them as priors for a more efficient Gaussian process regression. To this end, let = be

a Gauss—Markov process, defined as the solution of an LTI-SDE as in eq. (3.10), and let y be
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3.3 Recursive Gauss—Markov process regression
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Figure 3.3: Samples of various Gauss—Markov process priors: These samples are generated by
simulating the LTI-SDEs from Example 3.2 using the known Gaussian transition densities

from Proposition 3.2.

Samples

the corresponding output process. Assume that we have noisy observations z1.y of y at times

Tyata = t1.n5, modeled by an affine Gaussian observation model
n ~ N(Hpx(tn) + cn, Rn), n=1,...,N, (3.25)

with H, € RO*P ¢, € R, and R, € R*9. Then, the posterior distribution p(z(-) | z1.n)
is again a Gauss—Markov process. We call this task Gauss—Markov process regression, and it

is also known as continuous-discrete Bayesian state estimation in the filtering and smoothing

literature [107, Section 10.5].

~

Remark 3.3 (Relation to Gaussian process regression) The problem/model formulation
that is common in GP regression (and that we presented in Section 3.1) slightly differs
from the observation model above, as here we consider an affine observation model and
heteroscedastic noise. We can recover the simpler observation model from Section 3.1 by
setting H, = E, ¢, =0, and R,, = ¢%I. In addition, from now on the quantity of interest
is the state z, but since the output directly depends on the state y(t) = Ex(t) the posterior
p(y(+) | z1.n) is also fully described by p(x(:) | z1.n5)-

J

With everything we have established before, the inference procedure is rather straightfor-
ward: First, we discretize the process on the data and evaluation locations to obtain a linear

Gaussian state-space model. Then, we compute the posterior of the state using the LGSSM

inference algorithm 2.4.

r

Algorithm 3.1 (Gauss-Markov process regression) Let (1o, ¥o), (F,T/2, E)) be the pa-
rameters of an LTI-SDE describing a Gauss—Markov process z, let (Hi.n,c1.n, R1.n) be
the parameters of an affine observation model and let z1.y be the observations at times

Tdata = t1:n. Let Teval = t).,, be the set of locations at which we want to compute the

posterior distribution of the Gauss—Markov process. Then:
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3 Gauss—Markov Processes

1. Discretize the LTI-SDE on the (sorted) union of the data and evaluation locations

T = Tgata U Teval, to obtain a linear Gaussian state-space model

z(to) ~ N (2(to); po, Xo), (3.26a)
z(tn) | 2(tn-1) ~ N(A(tn — tn-1)z(ti-1), Q(tn — tn-1)),  Vtn €T, (3.26b)
2n ~ N (Hpz(ty) + cn, Ry), Vitn € Tqata-  (3.26¢)

2. Use the LGSSM inference algorithm 2.4 to compute the posterior p(z(T) | z1.5).

Return all desired quantities, such as the filtering and smoothing distributions, the marginal

log-likelihood, the posterior p(z(T) | z1.x) (represented via backward transitions), and any

corresponding quantities of the output y(T).

Proposition 3.6 (Computational complexity of Gauss—Markov process regression) The

computational cost of the Gauss—Markov process regression algorithm (3.1) is O(N D3),

where N is the number of data points and D is the dimension of the state.

J

Proof. Both the discretization and the inference can be done sequentially in time. Computing
the discrete transition densities requires computing matrix exponentials, which come with
cost O(D3). Each step of the LGSSM inference algorithm 2.4 requires matrix-matrix multi-
plications and inversions, which also come with cost O(D3). Since the algorithm is run for
N time steps, the total cost is O(ND3). O

3.3.1 Example: Gauss-Markov process regression

We can now formulate the example from Section 2.3.1 in continuous time. Consider a Wiener

velocity process, defined as the output of an LTI-SDE

0 1 0
w<o>~N<H, o ) (3.272)
0 1 0
dz(t) = [O 0] x(t)dt + ) dw(t), (3.27b)
y(t) = |1 0]a(t). (3.27¢)

We assume noisy observations {z,})_; of this process, modeled by
zn ~ N (y(tn),0?), n=1,...,N, (3.28)

with N = 100 observations at equidistant times in the interval [0, 47], Tgata = {tn}); With
th, = n - % for n = 1,..., N, and observation noise level 0> = 0.1. We also consider a
set of M = 250 equidistant query locations Teya to better visualize the posterior distribu-

tion, which implies that we discretize the process on the grid Tgata U Teval. We consider
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3.4 Interpolation and extrapolation of Gauss—Markov posteriors
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Figure 3.4: Gauss—Markov process regression. The Wiener velocity prior is very uninformed and
broad. The filter output provides a better estimate for the true underlying function, but it
is very non-smooth as at each point in time it only considers past data; in the context of
Gauss—Markov process regression, filtering can be seen as an intermediate step. Smoothing
returns the marginals of the actual Gauss—Markov process posterior.

a ground-truth function ye(t) = sin(t), and generate synthetic data as noisy draws from
Zn ~ N (Ytrue(tn), 0.25), for n = 1,...,100.

Figure 3.4 shows the results. Similar to the previous example in Section 2.3.1, we again
see that the filtering marginals have sharp edges whereas the posterior marginals are smooth.
But since we now computed the estimates on a denser grid than just on the observation
points we can also see the behavior of the models in-between the data points. On the filtering
distribution, we observe the characteristic “trumpets” of uncertainty which arise from the
interplay of extrapolation and updating: In-between the data points the filter extrapolates
with the Wiener velocity process prior and thus has always-increasing uncertainty, but on the
data locations the data is observed and the uncertainty reduces sharply. On the other hand,
the posterior marginals returned by the smoother are aware of all the data points and thus do

not show such sharp changes, as one would expect from a Gauss—-Markov process posterior.

3.4 Interpolation and extrapolation of Gauss-Markov posteriors

In this section we briefly explain how a Gauss—Markov posterior can be evaluated at arbitrary
locations post-hoc, that is after running the Gauss—Markov regression Algorithm 3.1.

The discretized posterior of the Gauss—Markov process as computed by the LGSSM infer-
ence algorithm (2.4) is represented by backward transitions p(x(tx) | x(tk+1), 21:n), as

N-1
p(x(ton) | 2un) = pa(tn) | zun) [ p(a(ta) | 2(tes), z1n). (3.29)

n=0
To include a new location t located in-between t,, and t,,+1, that is ¢, <t < t,41, we therefore
essentially need to “split” the corresponding backward transition from t,,; to t, into two
separate ones. This can be done as follows. First, starting with the filtering distribution
p(z(tn) | z1.n), we predict from time ¢,, to ¢ with Algorithm 2.1 to obtain p(x(t) | z1.,), and we
then compute the backward transition p(x(t,) | z(t), z1.,) via inversion with Algorithm 2.2.

Then, we repeat both steps from time ¢ to ¢,+1 and obtain the second backward transition
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3 Gauss—Markov Processes

p(z(t) | x(tp+1), z1:m). By replacing the original backward kernel p(z(t,) | z(tn+1), 21:n) With
the two newly computed ones, we can then compute marginals or samples of the posterior

which include the desired query point .

Note that if the posterior marginal p(x(t,+1) | 21.n) (the smoothing distribution) has al-

ready been computed and stored, the posterior marginal at time ¢ given by

p(x(t) | 21:n) = / p(x(t) | 21, 2(tn1))p(2(tnt1) | 21:8)d2(Ens1) (3.30)

can be computed by simply predicting the smoothing distribution backwards with the newly
computed backward kernel p(z(t) | 21, (tnt1)).

3.5 Nonlinear Gauss-Markov process regression

Finally, we consider Gauss—Markov process regression with nonlinear observations. Let x be
a Gauss—Markov process, defined as the solution of an LTI-SDE as in eq. (3.10), and let y be
the corresponding output process. Assume that we have noisy observations z1.y of y at times

Tyata = t1.n, modeled by a nonlinear observation model
zn ~ N (hn(z(tn)), Rn), n=1,...,N, (3.31)

with h,, : RP — RO and R,, € RO%9. The problem of interest is then to compute the posterior

distribution of the Gauss—Markov process given the observations, p(x(-) | z1.n).

This is a challenging problem as the true posterior distribution is in general not Gaussian
and exact inference is intractable. But, we can efficiently perform approximate inference
via linearization by building on the inference algorithms for nonlinear Gaussian state-space

models that we developed in Section 2.4.

The idea is the same as for Gauss—Markov regression with linear observations from before:
First, we discretize the continuous-time model on the desired locations to obtain a Gaussian
state-space model, only that this time it is nonlinear (an NLGSSM). Then, we apply one of
the NLGSSM inference algorithms from Section 2.4, such as the extended Kalman filtering
and smoothing algorithm (2.6) or the iterated extended Kalman smoothing algorithm (2.7) to
compute a discretized posterior distribution. We summarize this procedure in the following

algorithm.

e B

Algorithm 3.2 (Nonlinear Gauss-Markov process regression) Let (uo, o), (F, T2, E))
be the parameters of an LTI-SDE describing a Gauss—Markov process z, let (hi.n, R1.n)
be the parameters of a nonlinear observation model and let z1.p; be the observations at
times Tqata = t1:n. Let Teval = t}.5, be the set of locations at which we want to compute

the posterior distribution of the Gauss—Markov process. Then:
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3.6 Conclusion

1. Discretize the LTI-SDE on the (sorted) union of the data and evaluation locations

T = Tgata U Teval, to obtain a nonlinear Gaussian state-space model

z(to) ~ N (z(to); po, Xo), (3.32a)
T(tn) | (tn-1) ~ N(A(tn — tn-1)2(tn-1), Q(tn —tn-1)), Vtn €T, (3.32D)
2n ~ N (hn(z(tn)), Rn), Vin € Taata.  (3.32¢)

2. Use one of the NLGSSM inference algorithms (2.6 or 2.7) to approximate the posterior
p(z(T) | z1:n).-

Return all desired quantities, such as the filtering and smoothing distributions, the marginal

log-likelihood, and the (approximate) posterior p(z(T) | z1.n) represented via backward

transitions.

& J

This (approximate) posterior can then also be evaluated post-hoc at arbitrary locations, as

described in Section 3.4.

3.6 Conclusion

This chapter established Gauss—Markov processes as a computationally efficient prior for
modeling temporal functions. Whereas standard Gaussian processes are typically described
by a mean and covariance function, we write Gauss—Markov processes as the output of a
linear time-invariant stochastic differential equation. These can be discretized to obtain a
linear Gaussian state-space model. By then building on filtering and smoothing algorithms,
we can perform exact inference with linear cost in the number of observations. And, we can
leverage the nonlinear filters and smoothers, introduced in Chapter 2, to efficiently perform
approximate Gauss—Markov regression with nonlinear observations. Gauss—Markov processes
will constitute the prior models of the probabilistic numerical ODE solvers which we develop

in the next chapter.
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4 Filtering-based Probabilistic Numerical
ODE Solvers

This chapter introduces the filtering-based probabilistic numerical ODE solvers that build the
basis of all publications in this thesis, known as ODF filters. Consider an ODE initial value
problem (IVP)

y(t) = fly(®),1), t<[0, 7], y(0) = wo, (4.1)

with vector field f : R x R — R¢ and initial value yo € R? To capture the numerical
error that arises from temporal discretization, the quantity of interest in ODE filtering is the

probabilistic numerical ODE solution, defined as the posterior distribution

p(u0) | 900) = 9o, {(00) = F(y(ta), b)), (42)

where {t,})_; C [0, 7] is a chosen time-discretization [122]. In the following, we pose the prob-
abilistic numerical ODE solution as a problem of Gauss—Markov regression with a nonlinear
observation model. We first define the prior, likelihood, and data model that corresponds
to this posterior distribution. Then, we then solve this problem with the recursive Bayesian

filtering algorithms that we have introduced in Chapter 2.

4.1 Gauss-Markov process prior

A priori, we model the ODE solution y(t) as a Gauss—Markov process, defined as the output

of a linear time-invariant stochastic differential equation (LTI-SDE)

2(0) ~ N (2(0); po, Xo), (4.3a)
dz(t) = Fz(t)dt + DV2dw(t), (4.3b)
y(t) = Eoz(t), (4.3¢)

where z(t) € RP is the state of the process at time ¢, I € RP*P is the drift matrix,
I'Y/2 ¢ RP*d ig the dispersion matrix, Ey € R¥P is a projection matrix, and w : R>o — R¢
is a standard Wiener process. In addition, we assume that both the solution y(¢) and its
derivative y(t) can be obtained from the state x(¢) via multiplication with projection matrices
Eo, B € R>P | with y(t) = Epz(t) and §(t) = Fyz(t).
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4 Filtering-based Probabilistic Numerical ODE Solvers

In discrete time, the Gauss—Markov process satisfies the transition densities
a(t+h) [ x(t) ~ N(z(t + h); A(h)z(t), Q(h)), (4.4)

where A(h), Q(h) are obtained from F,T/? as described in Section 3.2.

Example 4.1 (The g-times integrated Wiener process) Arguably the most popular and
most widely used prior for probabilistic numerical ODE solvers is the g-times integrated
Wiener process IWP(q). Here, the state z(t) is a stack of the ODE solution and its first ¢
derivatives at time ¢, that is, z(t) = |y(t) () --- y(‘J)(t)} T, and the projection matrices
FE); are selection matrices of the form E; = eiT ® I;. By modeling each dimension of the
ODE solution independently as a one-dimensional IWP(q), the transition and dispersion

matrices of the d-dimensional IWP(q) are Kronecker-structured matrices

Fiwp = Fwp @ I, (4.5a)
T2 =12 e I, (4.5b)

where the drift and dispersion matrices Fyywp € R@TD*(@+D) anq lv“ll\/,gp € RUTDXL of the

one-dimensional IWP(q) are given by

Bwp:= | =, f‘%\ﬁpizﬂ' e (4.6)

0 1

where 0 € R>¢ is a diffusion parameter. Its treatment will be the topic of Chapter 6, so we
will not go into further detail in this chapter and assume a known, fixed o for simplicity.
One particularly convenient property of the IWP(q) is that its discrete-time transition

densities are known in closed form [65]:
.%'(t = h) ’ :U(t) = N($(t + h); AIWp(h)x(t), JQQIWP(h)), (47)

with Kronecker-structured upper-triangular drift matrix Apyp(h) € RUeHDxdla+1) and

Kronecker-structured covariance matrix Qrwp(h) € RUaHDxd(a+1) of the form

Arwp(h) = Awe(h) @ I, [AIWP(h)]ij = L<; - (jh]_ll)‘, (4.8a)
v o h2at1l-i=j
Qrwe (h) := Qrwp (h) ® Iqg, [QIWP(h)Lj e PICEDI R (4.8b)

where 1;<; is the indicator function that is one if 7 < j and zero otherwise, and
,7=1,...,q+ 1.
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4.2 ODE information operator

4.2 ODE information operator

To relate the introduced Gauss-Markov prior to the ODE of interest, as given in eq. (4.1), we

define an observation model in terms of the information operator [27, 123]

Z[yl(t) == y(t) — f(y(t),1). (4.9)

By construction, Z maps the true solution y ezactly to the zero function, that is, Z[y|(t) = 0
for all t € [0,7]. In terms of the stochastic process x, the information operator can be
expressed as

Z[z)(t) :== Erx(t) — f(Eox(t),t), (4.10)

where Fy and FEp are the selection matrices that map the state x to the zeroth and first
derivative of the output y, respectively. There again, if x corresponds to the true ODE
solution (and its true derivatives), then Z[z] = 0 holds everywhere. Conversely, if Z[z] =0
holds everywhere and if the initial condition is satisfied, then x corresponds to the true ODE
solution. Thus, ideally, we would like constrain the state x to satisfy Z[z](¢t) = 0 everywhere.
But, as in classic ODE solvers, computing the true ODE solution is in general infeasible.
Instead, we discretize the time domain and we constrain the state to satisfy Z[z](¢) = 0 only
on the discrete set of time points {t,}"_, C [0,7]. This leads to the observation and data
model used in most probabilistic ODE solvers [122]:

o | 2(tn) ~ 8(hn(2(tn))), n=1,...,N, (4.11)

where the observation function hy, : R¥t1) — R? is given by hn(x) == Erx — f(Epx,t,). To
enforce this equality constraint, the data that we condition the state on under this observation

model are then noise-free, zero-valued observations z, =0 foralln=1,..., N.

4.3 Initialization

To solve the ODE-IVP of eq. (4.1) we also need to ensure that the process satisfies the initial
value y(0) = yo. One generic approach to ensure this is to start with a standard normal

distributed z(0) ~ N (0p, Ip), and then “observe” yy via the observation model
Yo | 2(0) ~ 0(Eoz(0)). (4.12)

Performing a standard Gaussian update as in Algorithm 2.3 returns a mean pg and covariance
>0 which satisfy Egug = yo and EOEOE(—]r = 0g4, and therefore Eyx(0) = yp holds exactly. Al-

ternatively, for those priors in which the state x(¢) is a stacked vector of the ODE solution and

i
its first ¢ derivatives x(t) = [y(t) y(t) -+ y@(t)| (such asthe popular g-times integrated
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4 Filtering-based Probabilistic Numerical ODE Solvers

Wiener process presented in Example 4.1), the resulting mean and (degenerate) covariance
can also be constructed directly without resorting to a Gaussian update (Algorithm 2.3), as
Yo 04

0q Iy
Mo = R EO = . . (413)

04 I

This again ensures Eox(0) = yo.

ii? (0) into the

initial state x(0) to improve the stability and performance of the ODE solver [69]. These

We can also include additional information about higher-order derivatives

quantities can be derived from the ODE via repeated application of the chain rule (also

known as Faa di Bruno’s formula [103]) and can be efficiently computed via (Taylor-mode)

automatic differentiation [40, 8]. Then, to ensure E;xz(0) = ‘31;?{ (0) we either condition on
these with a number of “update” operations or we construct the initial mean and covariance
accordingly, as described above. We refer to Kramer et al. [69] for a more detailed description
of initialization of probabilistic numerical ODE solvers with higher-order information. In this
thesis, unless otherwise specified we will use this exact initialization scheme and compute the

higher-order derivatives with Taylor-mode automatic differentiation.

4.4 The discrete-time inference problem

The continuous-time SDE prior together with the nonlinear discrete observation model form a
continuous-discrete state estimation problem; see also Section 3.5. Given the discrete time grid
{t,}_; C [0,T7], this problem can be discretized to obtain a nonlinear Gaussian state-space
model (NLGSSM) of the form

2(0) ~ N (po, ¥o), (4.14a)

2(tn) | 2(tno1) ~ N(A(hn)z(t), Q(hn)), n=1,..N, (4.14b)

zn | 2(ty) ~ 0(Erx(tyn) — f(Eox(ty),t)), n=1,...,N, (4.14c)

where h, := t, — t,_1 is the step-size, and with zero-valued observations z, = 0 for all

n = 1,...,N. By construction, the posterior distribution p(z(t) | z1.n) of this NLGSSM
satisfies both the initial condition and the ODE at the discrete time points. Since the ODE
solution y(t) is contained in the state x(t) via y(t) = Epx(t), this posterior distribution thus

corresponds to the probabilistic numerical ODE solution of eq. (4.2).

4.5 The probabilistic numerical ODE solver

We can then compute the posterior of the NLGSSM, and thus the probabilistic ODE solution,
with the NLGSSM inference algorithms that we have introduced in Section 2.4. Unless oth-
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4.6 Example: Probabilistic solution of a Lotka—Volterra ODE

erwise specified, we will use the sequential, local-linearization-based Algorithm 2.6, i.e. the

extended Kalman filter and smoother.

( )

Algorithm 4.1 (Filtering-based probabilistic numerical ODE solver) Given

o an ODE-IVP with vector field f, initial value yg, and time interval [0, T,

o a time discretization {t,}"_, C [0, 7],

« a Gauss-Markov prior with drift, dispersion, and projection matrices F,T''/2, Ey, E1,
compute the probabilistic numerical ODE solution (eq. (4.2)) with the following steps:

1. Discretize the continuous-time prior to obtain an NLGSSM (as in eq. (4.14)).

2. Solve the NLGSSM with the extended Kalman filter and smoother (Algorithm 2.6).

Return all desired quantities, such as the posterior marginals or the full posterior.

\ J

This is the probabilistic numerical ODE solver that we use in most parts of this thesis. In
the following chapters, we will introduce extensions and modifications to this algorithm that
make it more efficient, more flexible, and more accurate, by using different priors, information
operators, linearization schemes, hyperparameter choices, and filtering and smoothing algo-
rithms. But at the core, all the presented solvers are based on the same idea: We model the
ODE solution as a Gauss—Markov process, we condition the state on the ODE at discrete time
points, and we solve the resulting continuous-discrete state estimation problem with Gaussian

filtering and smoothing.

4.6 Example: Probabilistic solution of a Lotka-Volterra ODE

Before we dive into more details, let us demonstrate the solver on a simple example problem.
Consider the Lotka—Volterra ODE, given by

U1(t) = ayi(t) — By (t)y2(t), (4.15a)
Y2(t) = 6y1(t)y2(t) — vy2(t), (4.15b)

on the time interval [0, 30], with model parameters o = 2/3, 5 =4/3,0 =1, and 7 = 1, and
initial value yg = [1 1} T. To solve this ODE in a probabilistic numerical manner, we need
to decide on a prior and discretization scheme, construct the corresponding NLGSSM, and
then perform inference with the extended Kalman filter and smoother.
In this example, we consider a 3-times integrated Wiener process as the prior for the ODE
solution and we condition on the ODE at N = 60 equidistant points ¢, = n - 0.5 for n =
.,60. This gives us the following NLGSSM:

2(0) ~ N (g0, Xo), (4.16a)

2(tn) | 2(tn-1) ~ N(A(hn)z(t), Q(hn)), (4.16b)
zn | @(tn) ~ 6(Era(tn) — f(Eox(tn), tn)), (4.16¢)

=0, (4.16d)
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5 Lotka-Volterra ODE 5 Probabilistic numerical ODE solution Error and error estimate
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Figure 4.1: Probabilistic numerical solution to the Lotka—Volterra ODE: The reference so-
lution (left) and the probabilistic numerical solution (center) to the Lotka—Volterra ODE
seem very similar, indicating that the probabilistic solver produced an accurate solution
estimate. The right figure visualizes the numerical error (with respect to the reference so-
lution) together with the 95% credible interval of the numerical error estimate produced by
the probabilistic solver, and from their similarity we observe that the probabilistic solver
produced a meaningful estimate of the numerical error.

where the initial mean and covariance are chosen to match the initial value and derivative
exactly, and standard normal for higher derivatives, as

Yo 02

Mo = s 20 = 5 (417)

h2 h3 KT h6 hb5 ht
1 h 2 6 252 72 30 24
1 n B A S R 5]
A(h) = ek Q=B R | 9k (4.18)
1 % o5 3T
h h h
1 o6 oz N

The selection matrices are given by
Ey = [1 00 0} ® I, E, = [O 10 0} ® I. (4.19)

As before, the Kronecker product appears since we model each dimension of the ODE solution
independently as a one-dimensional IWP(3). Then, we solve the resulting NLGSSM (as in
eq. (4.14)) with the extended Kalman filter and smoother (Algorithm 2.6).

Figure 4.1 visualizes the resulting probabilistic numerical ODE solution. We see that the
computed solution (center) and the reference solution (left) look very similar, showing that
the probabilistic ODE solver produced an accurate solution estimate. In addition, the right
figure visualizes the numerical error (with respect to the reference solution), together with

the 95% credible interval of the numerical error estimate produced by the probabilistic solver.
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We observe that the error and error estimate look structurally similar, the error lies within
the credible interval, and the error and error estimate have a similar magnitude. Note that
here we additionally calibrated the posterior by estimating an additional hyperparameter that

was not yet introduced—this will be the topic of Section 6.1.

4.7 Probabilistic numerical solvers with approximate linearization

The Taylor-linearization-based inference algorithms from Section 2.4 approximate the obser-
vation function h,(z) = Fiz — f(Eyx, t,) with

ha(2) = Jp,(§)2 + (hn(§) = Jn,(€)E), (4.20)

where the Jacobian of the observation function h,, of the form
In, (€) = E1 — J(Eo€, tn) Eo, (4.21)

and where .J; is the Jacobian of the vector field f. It turns out that a zeroth-order Taylor
expansion of the vector field also yields a valid probabilistic ODE solver: By approximating
the Jacobian of the vector field with the zero matrix, that is, J¢(y,t) ~ 0, we obtain an
approximate Jacobian of the observation function J,, (z) ~ E; and the linearized observation
function

hn(x) = Erx + (h,(§) — Er€). (4.22)

Applying this approximate linearization scheme together with the the extended Kalman filter
and smoother Algorithm 2.6 yields the probabilistic ODE solver introduced by Schober et al.
[112] and Kersting et al. [65]. We also refer to this extended Kalman filter/smoother-based
solver with zeroth-order vector-field linearization as the EKO in this thesis. In comparison to
the first-order linearization-based solver that we have introduced before, which we also refer
to as EK1 from now on, the EKO has the advantage of being computationally more efficient per
step [I11]; this will be discussed in more detail in Chapter 5. But, it is less stable than the
EK1 and can diverge for stiff ODEs [122]; see Figure 4.2 for an illustration of this behavior.

4.8 Properties of probabilistic numerical ODE solvers

As discussed for non-probabilistic ODE solvers in Section 1.3, probabilistic ODE solvers have
a number of properties that are important to consider when using them in practice. We

provide a brief overview of these properties here.

e Convergence rates: The convergence rates of probabilistic ODE solvers are similar to
those of non-probabilistic ODE solvers. Depending on the smoothness of the chosen prior,
we obtain polynomial convergence rates for the mean of the solution: For the zeroth-order
linearization-based EKO, the local error of the mean estimate decreases with the step size h

as O(hq+1), where ¢ is the smoothness of the prior (this essentially establishes smoothness
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Figure 4.2: Performance of different ODE filters on a stiff differential equation: For larger
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step sizes, the EKO method diverges for both considered orders. Adaptive step-size selection
can help, but comes with the cost of high numbers of steps. The EK1 does not diverge even
with large steps.

as the “order” of the solver) [65]; and under some additional assumptions, the global error
of the MAP of the probabilistic ODE solution (the MAP estimate of eq. (4.2), which can
be computed with the IEKS (Algorithm 2.7)) decreases with the step size as O(h?) [123].

Continuous solutions: The probabilistic numerical ODE solvers return a Gauss—Markov
posterior which can be evaluated at arbitrary points ¢ > 0 (as described in Section 3.4).
This does not require the construction of any additional interpolant, but for efficient inter-

polation, we need to store the filtering and smoothing distributions.

Adaptive step-size selection: As with non-probabilistic ODE solvers, it can be beneficial
to adapt the step-size during the integration process to improve the efficiency of the solver.
This can be done in a similar manner as for non-probabilistic ODE solvers. By controlling
a local error estimate of the solver with a classic control algorithm, the step size can be
selected on-line by the solver to achieve a desired error level. Adaptive step-size selection

will be discussed in detail in Chapter 6.

Stability: The probabilistic ODE solver with first-order Taylor linearization (EK1) is A-
stable [122], which is a desirable stability property for ODE solvers that ensures that the
solver does not diverge for decaying ODEs, independently of the chosen step size. In prac-
tice, the EK1 has also been observed to be suitable for many stiff ODEs; see for example
Publications I-11I and [69]. On the other hand, the zeroth-order linearization-based solver
presented in Section 4.7 is not A-stable and can diverge for stiff ODEs, as shown in Fig-
ure 4.2. The probabilistic exponential integrator presented Publication V satisfies an even
stronger stability property, L-stability, which can be advantageous for certain stiff ODEs;
this solver will be the topic of Chapter 8.

Computational complexity: We can describe the computational complexity of prob-
abilistic ODE solvers with respect to three main factors: The number of steps N, the
dimension of the ODE d, and the smoothness of the Gauss—Markov prior q. The presented

method operates sequentially on the time grid, which leads to linear cost in V. At each step,



4.9 Conclusion

we multiply system and covariance matrices of size d(¢+ 1) x d(¢+ 1) with each other. This
cubic computational cost leads to a total computational complexity of (’)(N d3q3). But note
that this is a preliminary result for the basic formulation introduced so far: In Chapter 5
we will see how certain variations can be implemented linearly in d, and in Chapter 9 we

present a parallel-in-time implementation that makes the solvers logarithmic in V.

« Explicit and semi-implicit solvers: The presented probabilistic ODE solvers with
zeroth-order linearization (EKO) and first-order Taylor linearization (EK1) can be catego-
rized as explicit and semi-implicit solvers, respectively: In both the EKO and the EK1, the
next step can be computed without having to solve a non-linear system of equations. But
in the EK1 the update step solves a linear system of equations that involves the Jacobian of
the vector field, while the update step of the EKO does not involve the Jacobian. Therefore,
the EK1 can be considered semi-implicit, or linearly implicit [45], while the EKO is explicit.
This classification is also in line with the stability properties and the computational com-
plexity of the solvers, as classic, non-probabilistic semi-implicit solvers are often A-stable
but cubic in d, while explicit solvers are not A-stable but linear in d. However, a more
formal and detailed discussion and categorization of probabilistic ODE solvers into explicit,

semi-implicit, and implicit solvers is still missing in the literature.

4.9 Conclusion

This chapter introduced filtering-based probabilistic numerical ODE solvers. By choosing a
Gauss—Markov process prior and transforming the ODE into a discrete observation model,
the probabilistic numerical ODE solution turns into a nonlinear Gauss—Markov regression
problem, which we can then solve efficiently with nonlinear filtering and smoothing. The
resulting algorithms can be treated similarly to classic, non-probabilistic solvers and they
have comparable convergence rates, stability properties, and computational complexity.

In the following chapters, we will extend these probabilistic numerical solvers in various
ways. We improve their computational complexity (Chapters 5 and 9), their uncertainty
quantification and practical computational efficiency (Chapter 6), and their numerical stability
(Chapter 8). We generalize them to higher-order ODEs, energy-preserving systems, and
differential-algebraic equations (Chapter 7). And, we use these probabilistic numerical solvers

to perform parameter inference in ODEs (Chapter 10).
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5 Scaling Probabilistic ODE Solvers to
High-dimensional Problems

This chapter is based on Publication III:
Nicholas Kramer", Nathanael Bosch”, Jonathan Schmidt”, and Philipp Hennig. Prob-

abilistic ODE Solutions in Millions of Dimensions. International Conference on
Machine Learning (ICML), 2022.

The computational complexity of probabilistic ODE solvers is linear in the number of time
points, but cubic in the dimension of the ODE (as discussed in Section 4.8). This is a limiting
factor for high-dimensional problems. In this section, we will discuss how probabilistic ODE
solvers can be scaled to high-dimensional problems by exploiting structure in the state-space

model, namely block-diagonal structure (Section 5.1) and Kronecker structure (Section 5.2)

5.1 Preserving block-diagonal structure

One way to define multi-dimensional priors is by choosing a separate prior for each dimension
T

of the ODE solution. That is, let y(t) = [yl t) --- yd(t)} € R?, and let each y;(t) € R be

modeled by a Gauss—Markov process, given by an LTI-SDE of the form

i(0) ~ N (1o,i, Xo,i), (5.1a)
das(t) = Fa;(£)dt + T 2dw;(8), (5.1b)
wW =Bz, j=0,....q (5.1c)

where z;(t) € R(@+D is the state of the process for the i-th dimension of the ODE solution,
F; € R@tDx@+1) jg the drift matrix, Fil/Q € R@+Dx1 s the dispersion matrix, E;; €
R1x(@+1) are the projection matrices, and w; : R>o — R is a standard Wiener process. Then,

the d-dimensional process is simply a stacked version of the one-dimensional priors:

l’(O) ~ N(,LL[), Eo), (5.2&)
dz(t) = Fz(t)dt + DV 2dw(t), (5.2b)
Yy =Bz, j=0,...,q (5.2¢)

*Equal contribution.
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5 Scaling Probabilistic ODE Solvers to High-dimensional Problems

with initial mean and covariance

tho,1 2o
wo = | : | eRP, Yo = e RP*D, (5.3)

and block-diagonal drift, dispersion, and projection matrices

o
F = € RP*D, (5.4a)
L Fd
[~1/2
Y/
/2 .= e RPx4, (5.4b)
1/2
L I‘al
Ly
E; = € R*P (5.4c)
i Ea

where D = Z?zl(qi + 1) is the total dimension of the stacked state vector. Then, since
additions, products, and exponentials of matrices preserve their block-diagonal structure, the

discrete-time transition densities of the d-dimensional process are also block-diagonal:
z(t +h) | z(t) = N(z(t + h); A(h)z(t), Q(h)), (5.5)
with block-diagonal transition matrices

A1 (h) Q1(h)
A(h) == eRP*P . Q(h) = e RP*P | (5.6)

Aa(h) Qa(h)

where A;(h) and Q;(h) are the transition matrices of the one-dimensional process for the i-th

dimension of the ODE solution.

We can then show that, if the observation model is affine with block-diagonal observation
matrix and observation noise covariance with matching block sizes, all matrices computed by
the LGSSM inference algorithm (2.4) are also block-diagonal.
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5.1 Preserving block-diagonal structure

Proposition 5.1 (Gaussian inference in block-diagonal LGSSMs preserves block-diagonal

structure) Consider an LGSSM with block-diagonal state-space matrices

2(0) ~ N (po, Xo), (5.7a)
x(tn) | m(tnfl) ~ N(A(hn)$(t)aQ(hn))a (57b)
zn | 2(tn) ~ N(Hpz(tn) + cn, Rn), (5.7¢)

for n = 1,...,N, where all matrices Yo, A(hy),Q(hy,) € RP*P are block-diagonal
with matching block sizes (as above), and where the observation matrices H, € R¥*P,
R, € R4 are also block diagonal with matching block sizes. Then, all matrices that are
computed by the LGSSM inference algorithm (2.]) are also block-diagonal. In particular
this includes not only the covariance matrices of the filtering and smoothing distributions,

but also all intermediate matrices that are computed during the inference process.

. J

Proof. Algorithm 2.4 is a composition of the algorithms for marginalization (Algorithm 2.1),
updating (Algorithm 2.3), and inversion (Algorithm 2.2). These in-turn require matrix ad-
ditions, multiplications, and inversions, all of which preserve block-diagonal structure. The
only operation that is not immediately clear to preserve block-diagonal structure is the tri-
angularization operation tria, applied to a stack of input matrices, i.e. the computation of
C:= tria( [ é ]) for some matrices A and B. Therefore, to show that the LGSSM inference al-
gorithm preserves block-diagonal structure, we only need to show that this operation preserves

block-diagonal structure.

The operation tria is defined as follows: First, tria computes a (thin) QR decomposition of
its input, here QR := [g]. Then, tria returns only the computed R factor, that is C' := R.
This way, the output C := tria([g]) satisfies CTC' = AT A+ BT B. Now let A and B be block-
diagonal with matching block-sizes. First, observe that re-ordering the rows of a matrix does
not change the “R” factor in the QR decomposition: Let X =: QR be a QR decomposition
of some matrix X, and let P be a permutation matrix. Then, PQ is also orthogonal, and
(PQ)R is a QR decomposition of PX. Therefore, re-ordering the rows of the input matrix

does not change the output of tria. We have

Ay

By
A
tria| £ 4| = tria : (5.8)

B,
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5 Scaling Probabilistic ODE Solvers to High-dimensional Problems

Second, QR decompositions preserve block-diagonal structure, that is

Q1 Ry
_ . , (5.9)
Qq Ry
O R

S

where (Q;, R;) are the QR-~decomposition of [gz} Then, the output C' := R is also block-
diagonal with block sizes matching those of A and B. This concludes the proof. O

Since all the matrices computed by the LGSSM inference algorithm are block-diagonal, we

can exploit this structure to reduce the computational complexity of the inference algorithm.

e )

Corollary 5.2 (Complexity of LGSSM inference in block-diagonal state spaces) In linear
Gaussian state-space models with D-dimensional state spaces and d-dimensional observa-
tions, where all matrices are block-diagonal with d-blocks of size qi,...,qq4, Zle ¢ =D,
the LGSSM inference Algorithm 2./ has a computational complexity of(’)(N Zle qf’)

. J

Proof. Algorithm 2.4 requires multiplication, inversion, and QR-decomposition of matrices.
Proposition 5.1 states that these matrices are always block-diagonal. Then, instead of applying
these operations to the full D x D matrices, we can apply them separately to each block of size
q; X q;, with computational cost equal to the sum of the computational costs for each block,
which is cubic in ¢;. Similarly, a matrix-vector multiplication with a block-diagonal matrix
can be computed by splitting the vector into blocks of size ¢; and applying the matrix-vector
multiplication to each block separately, at cost quadratic in ¢;. Thus, the computational
complexity of the LGSSM inference algorithm is O(N Z?Zl qf’) 0

Now we can apply the results from above to the probabilistic ODE solver.

N

Proposition 5.3 (Linear complexity of the block-diagonal-structured ODE solver) Let
y = f(y,t) be an ODE with initial value yo, and let p(y(t)) be a Gauss—Markov process prior
with block-diagonal state-space matrices as above, that models each dimension of the ODE
solution independently. In addition, let D(x,t) = J¢(x,t) be some diagonal approximation
of the Jacobian of the vector field (for example the diagonal of the Jacobian, or a zero
matriz as in Section 4.7). Then, the probabilistic ODE solver Algorithm /.1, modified such

that it uses the approximate diagonal Jacobian D in the linearization of the observation

function, has a computational complexity 0f(9<N Zle qf)

\ J

Proof. The observation function in the probabilistic ODE solver is given by

hn(z) = Erx — f(Epz, ty,), (5.10)

56



5.1 Preserving block-diagonal structure

and it is linearized as hy(z) ~ H,x + ¢;, where

Hn = E1 - Jf(on,tn)Eo, (511&)
cn = f(Eox,ty) — Eqx. (5.11b)

The projection matrices Ey, By € R¥P are block-diagonal. If we approximate the Jacobian
of the vector field with a diagonal matrix, i.e. if J;(Eox,t,) = D = diag(D1y, ..., Dgq) then

the observation matrix H,, = F1 — D, Ej is also block-diagonal:

Ei11— Di1Ep
H, = . (5.12)
E1q— DgeEoq

Thus, after this approximate linearization, all matrices computed in the probabilistic ODE
solver are block-diagonal. With Corollary 5.2, it follows that the computational complexity
of the solver is (’)(N 2?21 q;?’), where ¢; is the block size of the state-space prior for the i-th
dimension of the ODE solution. [l

Proposition 5.3 is a slight modification of Proposition 3.3 in Publication III, such that it
applies to any block-diagonal prior (whereas Proposition 3.3 in Publication III considers the
g-times integrated Wiener process specifically). In addition, Proposition 3.3 in Publication
IIT also shows that the memory cost of the probabilistic solver is of order (’)(Z?Zl q?) per
step, and it also discusses calibration of the prior—which has not yet been discussed in this
thesis but will be in Section 6.1-—and shows that it is compatible with the structured state-
space models. While the result Proposition 5.3 should still hold for both scalar and diagonal
calibration parameters, refer to Publication III for the full statement and proof of the result

with calibration for IWP(q) priors.

Proposition 5.3 also provides two practical insights: First, the zeroth-order linearization-
based, explicit probabilistic ODE solver as presented in Section 4.7 has a computational com-
plexity that scales linearly in the dimension of the ODE. This holds without any modification
to the existing, established algorithm, but its implementation needs to be done carefully to
exploit the structure of the state-space matrices. And second, approximating the Jacobian
of the vector field not with zero, but with its diagonal, leads to a new probabilistic ODE
solver that also scales linearly in the dimension of the ODE. Publication III demonstrates this
algorithm in practice and shows that it can be more efficient than the first-order linearization-
based solver with exact Jacobian for certain problems, while also being more stable than the

zeroth-order linearization-based solver.
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5 Scaling Probabilistic ODE Solvers to High-dimensional Problems

5.2 Preserving Kronecker structure

If each dimension of the ODE solution is modeled independently by the same prior, the
state-space model is not only block-diagonal, but Kronecker-structured. That is, given a

one-dimensional Gauss—Markov process prior

2(0) ~ N (fi0: 20 ) (5.13)
dz(t) = Fz(t)dt + IV 2dw(t), (5.13Db)
yU) = E;z,  j=0,...,q, (5.13¢)

with initial mean i, € RYt! and covariance ¥, € R@TV*@+D and drift matrix F €
R@+D*(@+D) - digpersion matrix I'V/2 € R@TD*1 and projection matrices Ej e RIx(gtD),
we can construct a d-dimensional prior by stacking independent copies of the one-dimensional

prior. We obtain a Kronecker-structured prior

z(0) ~ N (o, Xo), (5.14a)
da(t) = Fa(t)dt + TV 2dw(t), (5.14b)
y9I) =Bz,  j=0,...,q (5.14c)

with initial mean pg € RP, and with Kronecker-structured initial covariance Xy = f]o ® Iz €
RP*D | drift matrix F = F @ I; € RP*P | dispersion matrix [''/2 = I'V/2 @ I, € RP*? and
projection matrices E; = Ej ® I; € RIXD,

Since additions, products, and exponentials of matrices preserve their Kronecker structure,

the discrete-time transition densities of the d-dimensional process
x(t+h) | x(t) = N(z(t+ h); A(h)z(t),Q(h)) (5.15)
also have Kronecker-structured transition matrices

A(h) = A(h) @ I, (5.16a)
Q(h) == Q(h) ® Iy, (5.16b)

where A(h) and Q(h) are the transition matrices of the one-dimensional process.

As in the block-diagonal case, we can show that the probabilistic ODE solver with Kronecker-
structured state-space matrices preserves Kronecker structure in the inference algorithm, and
thus has a computational complexity that scales linearly in the dimension of the ODE—as
long as the linearized observation model is suitably structured. The argument to show this
follows the same structure as in Section 5.1, but for brevity we simply state the main result

here, following Publication I1I, Proposition 3.4.
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5.3 Example: Performance comparison on the high-dimensional Lorenz96 ODE

Proposition 5.4 (Complexity of the Kronecker-structured ODE solver) Let y = f(y,t)
be an ODE with initial value yo, and let p(y(t)) be a Gauss—Markov process prior with
Kronecker-structured state-space matrices as above, that models each dimension of the ODE
solution independently. Then, the explicit probabilistic numerical ODE solver with zeroth-
order linearization of the vector field has a computational complexity of (’)(N (dq2 + q3))
and a memory complexity of (’)(N (dq 4=t < q2)).

. J

Sketch of the proof. The proof follows essentially the same structure as the proof for
Proposition 5.3: First, we show that if all matrices in the model are Kronecker-structured,
then all the the matrices computed in the extended Kalman filter and smoother are also
Kronecker structured. Then, we derive the runtime and memory complexity by going through
all the operations in the algorithm. And finally, we observe that if we consider the explicit
probabilistic numerical ODE solver with zeroth-order linearization of the vector field, then all
the system matrices are Kronecker-structured, and the proposition follows. O

The full statement and proof are also given in Publication III. One key take-away from
Proposition 5.4 is that the explicit probabilistic ODE solver with zeroth-order linearization
can be implemented even more efficiently than the block-diagonal version, provided that the
prior is Kronecker-structured, which is the case for the standard d-dimensional IWP(q) prior
which is most popularly used. But Kronecker structure also appears naturally in the context
of spatio-temporal models, where the ODE solution is modeled with a spatio-temporal prior
that is then discretized in space [70]. Proposition 5.4 therefore plays a crucial role in scaling
explicit probabilistic ODE solvers to high-dimensional problems such as discretized partial

differential equations.

5.3 Example: Performance comparison on the high-dimensional
Lorenz96 ODE

We briefly show the influence of the different state-space factorizations on the runtimes of
the resulting experiments with a simple experiment. We consider the Lorenz96 problem [79],
which is a convenient ODE for this experiment as the dimension can be increased freely, given
by a system of d > 4 ODEs

U1 = (Y2 — Ya—1)ya — y1 + OF, (5.17a)
Y2 = (Y3 — Ya)y1 — y2 + OF, (5.17b)
Ui = (Yis1 — Yi—2)¥im1 —yi +0p,  i=3,...,d—1, (5.17¢)
Ya = (Y1 — Ya—2)Ya—1 — Ya + OF, (5.17d)

with forcing term 6p = 8, initial values y1(0) = 0 + 0.01 and y~1(0) = 0, and time span
t € [0,30]. We compare EKF-based solvers resulting from three types of vector-field Jacobians:
the zero-matrix (EKO) a diagonal approximation (DiagonalEKO), and the full Jacobian (EK1),
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5 Scaling Probabilistic ODE Solvers to High-dimensional Problems
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Figure 5.1: Performance of different ODE filters for increasingly large dynamical systems:
The standard EK1 scales cubically with the ODE dimension, due to dense covariance matri-
ces. If instead the prior is structured and the likelihood model is (approximated) such that it
preserves this structure, the scaling can be decreased to linear. The resulting DiagonalEK1
with block-diagonal covariances and the EKO with Kronecker-factored covariances therefore
have much lower runtimes for high-dimensional systems.

all with an independent 3-times integrated Wiener process priors for each ODE dimension.
Using the results from this chapter, this implies that EKO is implemented with Kronecker-
factored matrices, DiagonalEK1 uses block-diagonal matrices, and EK1 uses dense matrices,
and therefore for a fixed step size we expect the fastest runtimes for the EKO, followed by the
DiagonalEK1, which both scale linearly in the ODE dimension, and the slowest runtimes for
the cubically-scaling EK1. To analyze the runtime scaling, we use fixed step sizes At = 0.01
for all methods and compute probabilistic solutions for varying ODE dimensions d.

Figure 5.1 shows the results. We observe that the runtime of the factorized methods is
much lower for high-dimensional systems than the runtime of the EK1 with dense covariances.
Thus covariance factorizations are key to solve high-dimensional problems. Publication III

includes a more thorough experimental evaluation of these methods.

5.4 Conclusion

In this chapter, we have shown how to introduce independence assumptions into the prior and
inference algorithm, which we can then leverage to develop probabilistic numerical solvers that
scale linearly in the ODE dimension. This enables the probabilistic numerical simulation of
very high-dimensional ODZEs.

This approach however comes with two potential shortcomings. First, the underlying
EKF/EKS inference algorithm needs to discard off-diagonal entries of the vector-field Jaco-
bian, which could potentially hurt its numerical stability on certain stiff systems. And second,
by assuming independence between ODE dimensions the posterior uncertainties become less
expressive. But filtering and smoothing in high-dimensions is a notoriously challenging prob-
lem, and a large variety of methods with different advantages and disadvantaged have been
proposed. We believe that developing alternative numerical ODE solvers for high-dimensional

ODEs with different trade-offs is an interesting avenue for future research.
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6 Uncertainty Calibration and Step-Size
Adaptation

This chapter is based on Publication I:
Nathanael Bosch, Philipp Hennig, and Filip Tronarp. Calibrated Adaptive Proba-
bilistic ODE Solvers. International Conference on Artificial Intelligence and Statistics
(AISTATS), 2021.

The probabilistic numerical ODE solvers as introduced in Chapter 4 contain hyperparam-
eters that need to be selected by the user, but which we did not yet elaborate on. First,
the diffusion is a hyperparameter which appears in all the considered Gauss—Markov prior
which relates to the covariance of the corresponding Wiener process, and it greatly influences
the scale of the uncertainty estimates computed by the probabilistic numerical solver. And
second, the time points t1,...,ty at which we want to discretize the ODE to compute the
probabilistic numerical solution have so far always been chosen as a uniform grid with some
fixed step-size. In this section we discuss both aspects. Sections 6.1 and 6.2 provide multiple
methods to estimate the diffusion, and thereby to calibrate the posterior computed by the
probabilistic solver to obtain more reliable uncertainty estimates. Section 6.4 then discusses
the related topic of local error estimation for probabilistic ODE solvers, and then presents a
step-size adaptation scheme similar to that of non-probabilistic solvers, by building on classic

control algorithms.

6.1 Uncertainty calibration

We consider ¢-times integrated Wiener process priors, similar to those introduced in Exam-
ple 4.1, but now with an additional hyperparameter to explicitly model the diffusion coefficient

of the process:

z(0) ~ N (o, o), (6.1a)
da(t) = Frwpa(t)dt + THpdw(t), (6.1b)
y(j) = Bz, ji=0,...,q, (6.1¢)

with drift matrix Fywp = FIWP ® I; and projection matrices F; = Ej ® I; as before to
model each ODE dimension independently with an IWP(q) prior, and with dispersion matrix

Fll\égp = lv“ll\/,gp ® ZY2 for some EY2 € R4, We call 2Y/2 € R%*? the diffusion parameter of
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6 Uncertainty Calibration and Step-Size Adaptation

the process, as it can be interpreted as the square-root of the covariance of the Wiener process
that enters the system. This parameter directly influences the magnitude of the uncertainty
of the prior, and thereby also the posterior. Therefore, to obtain calibrated probabilistic

numerical ODE solutions, we need to estimate this diffusion parameter =.

A common way to estimate hyperparameters in Gaussian processes is to maximize the
marginal likelihood of the data with respect to the hyperparameters, which is also known
as “type-2 maximum likelihood estimation” [101]: Given a sequence of observations z1.,, we

compute the maximum likelihood estimate (MLE) EMEE as

n
21/2 — — —
zM/LE = argmaxp(zlm | :1/2> = argmaxp(zl | :1/2> H p(zn | zlm,l,:l/Q), (6.2)

=1/2 =1/2 n—9

which can be computed by numerical optimization. It turns out that in our specific setting
of probabilistic numerical ODE solvers, there are some additional model assumptions that we
can leverage to compute éll\ﬁE more efficiently and without numerical optimization, namely
the zero-valued initial prior covariance ¥y = 0 and the noiseless observation model with
zero observation noise covariance R = 0. and in some cases also additional structure in
the observation matrix H. In the following, we show multiple schemes for (approximately)

computing the MLE during the forward pass of the ODE solver.

6.1.1 Calibrating a scalar-valued diffusion parameter

Consider a scalar diffusion Z/2 = ¢ - I;, with o € Ry and identity matrix I; € R%*?, Then,
Tronarp et al. [122, Proposition 4] show how to compute a quasi mazimum-likelihood estimate
of the scalar diffusion hyperparameter o in closed form, where the term “quasi” refers to the
fact that the estimate is based on the linearized observation model [76]. Additionally, this
quantity can be computed post-hoc, that is after running the algorithm with some uninformed
choice for the diffusion parameter, and we can then use it to re-scale the resulting covariances.

We summarize the result by Tronarp et al. [122, Proposition 4] as follows:

s N

Proposition 6.1 ((Quasi-)MLE for scalar diffusion models) Let y = f(y,t) be an ODE
with initial value y(0) = yo, and let (F,TY/?) be the drift and dispersion matrices of an
LTI-SDE describing a Gauss—Markov prior, with exact initial state x(0) = pg).

Then, the probabilistic ODE solution computed with the diffusion parameter c=a is equal
to the probabilistic ODE solution computed with unit diffusion parameter o =1, up to scaling
of the computed covariances. More specifically, denote the filter mean and covariance at
time t,, that were computed with diffusion parameter c=¢ by (uf, L) and the filter mean
and covariance computed with unit diffusion parameter o = 1 by (af,XF). Then, they
satisfy (uL, ) = (iF, 525F).
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6.1 Uncertainty calibration

Additionally, let %, and S, be the predicted mean and covariance of the measurement z,
computed while using the unit diffusion parameter o = 1. Then the maximum likelihood

estimate of o is given by

o= deT —ls . (6.3)

This quantity can be computed on-line during the forward pass of the ODE filter.

\ J

This estimate is well-founded in the sense that, if the ODE were linear (and thus the
resulting Gaussian state-space model is linear), then the computed & corresponds exactly to
the maximum likelihood estimate of eq. (6.2). For the full detailed statement and proof, refer

to Tronarp et al. [122, Proposition 4].

6.1.2 Calibrating a diagonal-valued diffusion parameter

Now, consider a diagonal diffusion parameter

o1
=1/2 _ , (6.4)

0d

or short ZY/2 = diag(o1,...,04), with o1,...,04 € Rso. In this case, we cannot obtain the
exactly the same result as in Proposition 6.1 since the Kronecker structure of the dispersion
/2 =112 9512 g generally not guaranteed to be preserved by the ODE filter. But as we
have previously seen in Section 5.2, the explicit solver based on zeroth-order linearization of

the vector field preserves Kronecker structure. This leads to the following result.

Proposition 6.2 ((Quasi-)MLE for diagonal diffusion models) Let 2'/2 = diag(o7, ..., 04q)
and Yo = i)o ® Z. Then the prediction and filtering covariances computed by the explicit
probabilistic ODE solver with IWP pm’or and with zeroth-order vector-field linearization are
of the form EP Z ®E, EF E ® =, and the approximated measurement covariances
are given by Sy, = 8, - =2, with §, = ElEn E1 . The quasi maximum-likelihood estimate

of 2, denoted by é, is diagonal and given by

. %z

This quantity can be computed on-line during the forward pass of the ODE filter.

. J

; ) ie{l,...,d}. (6.5)

[I]>

This result is stated as Proposition 1 in Publication I. We refer to the paper for its proof.
It enables us to use a multivariate diffusion model and thereby make the uncertainties re-
turned by the explicit solver more expressive. We will visualize these differences in posterior

uncertainties later in this chapter.
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6 Uncertainty Calibration and Step-Size Adaptation

6.2 Time-varying diffusion models

We now consider a relaxation of the previous model and assume that the diffusion parameter
=1/2 is not fixed, but instead is allowed to vary for different integration steps; we denote by
5711/ 2 the diffusion parameter for the time interval [t,_1,t,]. A scalar-valued version of this
model has been previously considered by Schober et al. [112], in the context of local error
estimation and step-size adaptation. We re-visited this model in Publication I, and extended
it to diagonal-valued diffusions. In the following we briefly state the main results; for a more

thorough discussion, refer to Publication I.

A main assumption in this context is that we calibrate only locally. That is, at each step

of the solver we aim to compute a (quasi-)MLE

é’}l/Q = arg maXp(Zn | Z1l:n—1, ETIL/2) (6.6)

=1/2

In the case of an extended Kalman filter it simplifies to the quasi-MLE

21/2

=,/ ~ argmax N (zp; Zn, Sn), (6.7)

zl/2
where Z,,, S, are the predicted mean and covariance of the observation at time t,, of the form

Zn = f(Eo,Mf, tn) - Hn,Uq]jy (6.8a)
Sp = Hp %) Hy, (6.8b)

with linearized observation matrix H, = E; — JyEy. To obtain a tractable approximation
of the MLE, we approximate the predicted state covariance ¥F = AZﬁ_lAT + Qn ® =, by
discarding the previous filtering covariance LI |, that is »P o~ Qn ® =,. The predicted

observation covariance simplifies to
S, ~ H, (Qn ® En)HJ . (6.9)

Using this approximation, we can then compute the resulting approximated quasi-MLE in

closed form for the same settings as before in Section 6.1.

~

Proposition 6.3 (Local (quasi-)MLE for scalar diffusion models) Consider a time-varying,

scalar-valued diffusion model 5711/2 = oy - I. Then, the local quasi-MLE is

1 -1
62 = =y (HnQanT ) 20 (6.10)

This quantity can be computed on-line during the forward pass of the ODE filter.

64



6.3 Example: Comparison of the different calibration approaches

Proposition 6.4 (Local (quasi-)MLE for diagonal diffusion models) Consider a time-
varying, diagonal-valued diffusion model 5711/2 = diag(oim,...,04n), used in the explicit
probabilistic solver with zeroth-order vector-field linearization. Then, the local quasi-MLE
18

(20}

K (Qn)11’

where (2;); is the j-th component of the predicted mean of the measurement at time t;, and

i=1,....d, (6.11)

(Qi)11 is the first diagonal element of the process noise covariance at time t;.

. J

The scalar-valued result corresponds exactly to the calibration by Schober et al. [112]; both

results are also provided in Publication I.

6.3 Example: Comparison of the different calibration approaches

In the previous sections we introduced various approaches for calibration, with scalar- and
diagonal-valued diffusion models, estimated globally and locally. And in addition, the proba-
bilistic ODE solver itself also influences the resulting uncertainty estimates due to the differ-
ent linearization strategies. Here, we visualize these differences. Consider the Lotka—Volterra
ODE, given by

91(t) = ayi(t) — By (t)ya(1), (6.12a)
92(t) = oy1()y2(t) — vy2(t), (6.12D)

on the time interval [0,20], with model parameters o = 3/2, 8 = 1, § = 3, and v = 1,
and initial value yo = (1,1)T. We solve this ODE with all the possible combinations of
solvers, based on zeroth-order or first-order vector-field linearization (EKO and EK1), scalar-
and diagonal-valued diffusion, and global and local diffusion models. All methods use an
IWP(2) prior and fixed steps of size At = 1072,

Figure 6.1 shows the results. We see that the structure of the resulting uncertainty differs
greatly between the approaches. We also observe a number of particular properties of the
different models: The uncertainty of the EKO always increases as time progresses, for all
combinations. For scalar-valued diffusions, the uncertainties of the EKO are also the same for
all the dimensions of the ODE, but for diagonal-valued models their scale can differ. The
EKO with global calibration also shows the characteristic uncertainty structure of the IWP(2)
prior, but with local calibration the growth of the uncertainty adapts to the vector field.
Finally, the EK1 has the most flexible uncertainties and its structure suits the actual resulting
numerical error. In this particular example, the EK1 with local scalar calibration achieves the
lowest errors and also shows very structured uncertainty, but it appears to be underconfident.
On the other hand, the EK1 with global scalar diffusion seems to be the best-calibrated of all
the methods. A more quantitative evaluation of the calibration of probabilistic ODE solvers

is provided in Publication I.
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6 Uncertainty Calibration and Step-Size Adaptation
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Figure 6.1: Comparison of the different calibration approaches. We solve the Lotka—Volterra
ODE (left) with a range of combinations of EKO and EK1 as solvers, scalar-valued and
diagonal-valued diffusion models, and with local and global calibration. We can see that the
structure of the resulting uncertainty differs greatly between the approaches. In particular,
the uncertainty of the EKO is very limited and it always grows as time progresses. On the
other hand, the uncertainty returned by the EK1 is expressive and follows the structure of
the actual numerical error, both for the global and local calibration.

6.4 Step-size adaptation

So far we have always considered the setting in which we manually specify the time steps
to,t1,...,tx at which we want to discretize the ODE, and we have selected this time dis-
cretization to be a uniform grid over the integration interval, with ¢; = i - At for some
specified step size At > 0. But it is not always clear how the step size should be chosen, and
with a uniform grid we cannot focus our computational resources to those parts of the ODE
that are particularly challenging to simulate. In this section, we consider an alternative to
this approach which allows us to let the solver choose the step sizes automatically, such that
a specified numerical error is achieved: step-size adaptation.

Step-size adaptation plays an important role in non-probabilistic numerical ODE solvers,
and it is implemented in most modern ODE software packages such as SciPy [126], Differ-
entialEquations.jl [97], and Matlab [116]. Instead of following a specified fixed step size, the
ODE solvers compute an estimate of the local error at each step, and then continues depend-
ing on this error estimate. If the estimated error is too large, the step is rejected, the step-size
is decreased, and the attempt is repeated. If the estimated error is sufficiently low, the step is
accepted and the next step size is computed. This is typically done by some control algorithm,
such as for example proportional control [44, Chapter 11.4], PI-control [41], or PID-control
[128]. In the following, we first discuss local error estimation in the context of probabilistic

ODE solvers, and then briefly describe step-size selection with a proportional controller.

6.4.1 Local error estimation

The local error estimate proposed by Schober et al. [112] and in Publication I works as follows.
First, compute the local scalar diffusion estimate o2 as described in Proposition 6.3. Then,
the quantity that we choose to control with the step-size selection algorithm is the marginal

standard deviation of the residual Ejp, — f(Eopin, tn), also known as the “defect” in classical
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6.4 Step-size adaptation

numerical analysis [33, 52, 114]. Assuming no error for time ¢,_; and thus X,,_; = 0, the

marginal variance of the defect is given by
e := o2 diag (HnQnHJ ) (6.13)

where H,, are the linearized observation matrices at time ¢, and @, is the (uncalibrated)
transition noise covariance. Note that a similar quantity can also be obtained when using a

diagonal diffusion; this is explained in more detail in Publication I.

s N

Remark 6.1 (Other local error estimates for adaptive step-size selection) The defect-
based local error estimate from eq. (6.13) is, at the time of writing, the de-facto standard
objective for step-size selection in probabilistic ODE solvers. But other quantities might
also lend themselves for local error control. Kréamer et al. [68] proposed two alternatives
in the context of global mesh-refinement for probabilistic boundary-value problem solvers:
Instead of controlling the standard deviation of the residual we can also directly control

the residual itself, namely
€res := Eptn — f(EOMTla tn)- (6'14)

Or, both ideas can also be combined to a quantity
€prob ‘= €res T €, (6.15)

which relates to a probabilistic upper bound of the probability of the defect being too
large; refer to Kramer et al. [68] for a more thorough discussion. In addition, one could
also control the estimated error on the solution itself, or compute a local error estimate
by using a second method with higher order as is most commonly done in Runge-Kutta
methods [44, Chapter 11.4]. A thorough exploration of these different local error estimates
for probabilistic numerical ODE solvers is still lacking. In the remainder of this thesis and
in our implementation (Publication VIII), we therefore use the defect-inspired quantity
from eq. (6.13).

6.4.2 Step-size selection with proportional control

Given a local error estimate e € R, the step-size controller aims to select step sizes as large
as possible but while ensuring that a specified absolute and relative tolerance level is met.

More formally, we want to have
e; < i, with & 1= Tabs + Trel - max(|(Eopn)il, [(Eopn-1)il), i=1,...d, (6.16)

where the parameters 7,ps and 7 specify the absolute and relative tolerance level, respec-

tively, and Egu, and Eguy,—1 are the estimated mean of the solution at time ¢, and ¢, (the
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6 Uncertainty Calibration and Step-Size Adaptation

latter is included to improve the stability of the controller). To control that e; is “close to but

e 2
(=) o

smaller than” e;, we define the scalar quantity

S
Q)

which should then be “close to but smaller than” 1. We can now reason about the accep-
tance or rejection of the proposed step: If £ < 1 then the proposed step is accepted and
the integration continues. Otherwise, the step is rejected as insufficiently accurate and the
computation is repeated. In both cases, we use a proportional controller, which is a simple
control algorithm that is widely used in non-probabilistic ODE solvers [44], to propose a new
step size. It operates under the assumption that the error is proportional to the step size,
with E oc At4™! for some known ¢ € N; refer to Kersting et al. [65] for such convergence rates
for probabilistic ODE solvers. Then, since it observed the error E for the current step size

At, the proportional controller proposes a new step size Atpew a8

1\ a1
q+
Abpew = At -7 - <> , (6.18)

E
where the parameter v € (0,1] is a safety factor which decreases the step size but thereby
increases the probability that the next step will be accepted. In addition, we limit the rate of
change to Nmin < Atnew/At < Nmax to improve the stability of the control algorithm [44]. We

follow common default choices for classic solvers, selected for example in the Julia package

DifferentialEquations.jl [97], and set default parameters of v = 0.9, Nmin = 0.2, Nmax = 10.

s Y

Remark 6.2 (Other control algorithms) The quantity E from eq. (6.17) can also be used
together with other control algorithms, such as proportional-integral-control (PI-control)
[41] or proportional-integral-derivative control (PID-control) [128], which might provide
some improvements in the performance of the ODE solver. But, these controllers come
with additional hyperparameters, and these different choices have not yet been thoroughly

investigated. We therefore use the established proportional controller in this thesis and in

our implementation (Publication VIII).

6.4.3 Example: Step-size adaptation on a stiff Van-der-Pol system

To visualize the effect and importance of step-size adaptation we use it to solve a stiff ODE:
the Van-der-Pol system [96]. It is given by the ODE

U1 = Y2, Y2 = M((l - y%) - y1), (6.19)

with initial value yo = [2,0] ", here with a stiffness constant of ;4 = 1e3, and we integrate the
system over the time domain ¢ € [0,3.6]. We consider a standard probabilistic ODE solver
with first-order vector-field linearization (EK1), which is known to be A-stable [122], with an
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Figure 6.2: Probabilistic numerical solution with step-size adaptation for a stiff Van-der-
Pol system. We solve the Van-der-Pol ODE (left) with the EK1 solver with IWP(3)
prior, with a locally calibrated diffusion model and with adaptive step-size selection. The
resulting numerical error varies greatly (center), but the error estimate (dashed and shaded)
follows the structure well and is of similar scale. We also observe that the step size of the
solver decreases by multiple orders of magnitude throughout the solution process (right),
indicating the necessity for very small steps for the stiffest parts of the system.

IWP(3) prior and with a locally calibrated diffusion model. We use adaptive step-size selection
as described in Section 6.4, and choose absolute and relative tolerances of Taps = 7ol = 1076,

Figure 6.2 shows the result. We observe that the semi-implicit, A-stable EK1 is able to solve
the system well, achieving low errors < 1. But in particular, we also see why the adaptive
step-size selection is so important for this kind of problem: The numerical error differs greatly
throughout the solution, with orders of magnitude larger errors at those locations where the
solution has large changes. At the same time, the step-size decreases strongly from around
1072 to around 107°. If we were to use the smallest selected step size for the whole integration
interval, the runtime of the solver would increase by a factor of 200 from around 0.1 seconds
to around 20 seconds. And in addition, choosing the step-size such that the solution is stable
and does not diverge is difficult to do a-priori for stiff dynamical systems. By instead using
an automatic step-size controller, we are able to produce results for various levels of accuracy,
without running into numerical instabilities. Overall, this example highlights the importance
of adaptive step-size control for solving stiff dynamical systems, and shows how it enables us

to use available computational resources more efficiently.

6.5 Conclusion

This chapter covered the calibrated estimation and control of numerical errors. The former re-
lies on estimating the diffusion parameter of the Gauss—Markov prior, which directly controls
how uncertainty enters the dynamical system and therefore influences the scale of the poste-
rior uncertainties. We have seen how the different models (scalar/diagonal) and estimation
approaches (local/global) influence the posterior uncertainties returned by the probabilistic
numerical solver. The latter then uses calibrated estimates of the local error for step-size
adaptation with a proportional control algorithm. This can greatly improve the efficiency of

probabilistic numerical ODE solvers in practice, especially for systems with different scales.
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7 Adjusting the Information Operator to
Specific Problems

This chapter is based on Publication II:
Nathanael Bosch, Filip Tronarp, and Philipp Hennig. Pick-and-Mix Information

Operators for Probabilistic ODE Solvers. International Conference on Artificial
Intelligence and Statistics (AISTATS), 2022.

The probabilistic solvers introduced in Chapter 4 all consider first-order ODEs of the form

yt) = fy(t),t),  te[0,T]. (7.1)

In these solvers, the link between the probabilistic prior and the problem of interest is estab-
lished by the information operator Z, designed in such a way that it maps the true solution
to the zero function; this is explained in detail in Section 4.2. For a first-order ODE as given

in eq. (7.1), this information operator is defined as

Z[yl(t) = y(t) = fy(1),1), (7.2)

such that by construction, we have Z[y] = 0 if and only if y corresponds to the true solu-
tion of interest. But in principle, the Gaussian filtering algorithm that drives probabilistic
ODE solvers does not impose any particular form on the information operator. In this section,
show how to construct information operators for other types of related numerical problems and
compute the corresponding probabilistic numerical solutions. We formulate probabilistic nu-
merical solvers for higher-order ODEs in Section 7.1, systems with conserved quantities (such
as Hamiltonian systems) in Section 7.2, and differential-algebraic equations in Section 7.3, all

of which have been proposed in Publication II.
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7 Adjusting the Information Operator to Specific Problems

7.1 Higher-order ordinary differential equations

Consider a higher-order ODE

d“y dy d”_ly
—= = t),—=,...,—.t 7.3
=1 (0.5 ) (73)
with initial values
dy d”_ly
= _— = P —_— = v— . 4
y(0) =00, o =10, » o qmt = Y10 (7.4)

Similarly to the first-order ODE case, we can construct a suitable information operator from

eq. (7.3) that maps the true solution to the zero function, as

dv d dv-t
Y i y > . (7.5)

2l = G = 1 (o0 T Gt

In terms of the stochastic process x that we consider in the probabilistic solvers, the informa-

tion operator can be equivalently expressed as
Zlz|(t) = Eva(t) — f(Eox(t), E1z(t), ..., Ey1x(t),t). (7.6)

As before, Z maps the true solution to the zero function, and conversely, if Z[z] = 0 holds
everywhere, then z corresponds to the true solution. This requires that the prior is sufficiently
smooth to evaluate the ODE vector field, for example by using an IWP(q) with ¢ > v.

With such a suitable prior and the information operator as in eq. (7.6), and given a time

grid {t,}2_,, the resulting discretized state estimation problem is of the form

2(0) ~ N (o, ¥o), (7.7a)
‘T<tn) | ‘T(tn—l) ~ N(A(tn - tn—l)w(t)a Q(tn - tn—l))7 (77b)
zn | 2(tn) ~ 0(Eyx(ty) — f(Eox(tn), ..., Ev—12(tn), tn)), (7.7¢c)

with zero-data z, = 0 for all n. The resulting NLGSSM is almost equivalent to the one
for first-order ODEs, as introduced in eq. (4.14), only with the adjusted observation model.
Inference in this NLGSSM can thus be done with the same algorithms as before, in particular
with the extended Kalman filter and smoother (Algorithm 2.6).

Remark 7.1 (Higher-order ODEs should not be solved as first order ODEs) Higher-

order ODEs can be transformed into first-order systems by defining a new variable g :=
(y, 7, ... ,y(”_l)). In principle, they can therefore be solved by any generic solver for first-
order ODEs, including the probabilistic ODE solver introduced in Chapter 4. But this
approach has two downsides: First, the resulting ODE has a v-times larger dimension
which leads to a significant increase in runtime and memory cost. This also holds for

classic, non-probabilistic ODE solvers, and it motivated the development of specialized
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7.1 Higher-order ordinary differential equations

methods for higher-order ODEs, such as Runge-Kutta—Nystrom methods [87, 44]. And
second, if we simply treat the transformed ODE as any other first-order ODE and use a
generic g-times integrated Wiener process prior, we ignore the structure in § and model
each dimension independently, even though they are clearly related. In particular, entries
that should be exactly equal will be modeled independently, as for example ¢ appears both
in g and dg/dt. This leads to inconsistent results. By instead solving the higher-order
ODE directly, we avoid these issues and obtain a more accurate solution, with a lower

computational cost.

7.1.1 Example: Solving the Pleiades ODE

The Pleiades system describes the motion of seven stars in a plane, with coordinates (x;, y;)

and masses m; = 14,4 =1,...,7 [44, p. IL.10]. Tt is given by a second-order ODE

Z m;(x; — x;)/7ij, Z m;(Y; — ¥i) [Tij (7.8)

J# J#i

where 7;; = ((3UZ —z;)% + (yi — yj)2)3/2, for i,57 =1,...,7, on the time span t € [0, 3], with

initial locations

z(0) =[3,3,—1,-3,2,-2,2], (7.9a)

y(O) = [37 _37 2) O> 07 _47 4]7 (79b)
and initial velocities

%(0) =[0,0,0,0,0,1.75, —1.5], (7.9¢)

y(0) =10,0,0,—1.25,1,0,0]. (7.9d)

Figure 7.1 compares the naive solvers, applied to the ODE by first transforming it to a first-
order ODE, with the native second-order ODE version which uses the suitable information
operator from eq. (7.6). We include both the explicit solver with zeroth-order vector-field
linearization (EKO) and the semi-implicit method with first-order linearization (EK1). All
methods use integrated Wiener process priors and adaptive step-size selection; the full exper-
imental setup is explained in detail in Publication II, and the experiment code is available
online'. We see that the methods that solve the second-order ODE directly outperform the

first-order solvers, both regarding the resulting numerical error and the runtime.

"https://github.com/nathanaelbosch/pick-and-mix
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Solution Trajectories
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Figure 7.1: Benchmarking probabilistic numerical solvers on the Pleiades ODE. The Pleiades
system describes the motion of seven stars in a plane (left). Solving this problem directly
in second order, compared to solving the equivalent first-order ODE, improves accuracy
and efficiency, both in the number of function evaluations (center) and runtime (right).
Figure copied from Publication II.

7.2 Systems with conserved quantities

In this section, we demonstrate how additional knowledge about conserved quantities of the

dynamical system can be provided to the probabilistic solver. Consider a first-order ODE

y(t) = f(y(t), 1), (7.10)

with initial value y(0) = yo, for which we know that some function g(y(t),y(t)) is conserved

along the solution trajectory, that is,

9(y(t),9(t)) = 9(y(0),5(0)), vt e0,T]. (7.11)

This motivates two information operators. The first information operator Z; encodes the
ODE vector field as before, with

Z4[a](t) = Era(t) — f(Boa(t), ). (7.12)

The second information operator Z, encodes the conserved quantity with
Zglz](t) := g(Eox(t), E1z(t)) — 9(yo., f(y0,0)). (7.13)

We can then combine both into a single partitioned information operator

Eva(t) — f(Eox(t), t)

. (7.14)
9(Eoz(t), Erx(t)) — g(vo, f(¥0,0))

Zf[x](w] _
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7.2 Systems with conserved quantities

Once again, Z[z] = 0 holds if and only if x corresponds to the true solution. Discretizing this

information operator on a time grid {t,})_; yields the NLGSSM

2(0) ~ N (o, E0) (7.15a)
2(tn) | 2(tn-1) ~ N(Atn — tn-1)z(t), Qtn — tn-1)), (7.15b)
st [ g B )

9(Eox(tn), E1x(tn)) — 9(vo, f(40,0))

with data z, £ 0 for all n = 1,..., N. This can again be solved with the extended Kalman

filter and smoother (Algorithm 2.6) to obtain a probabilistic numerical solution of the ODE.

~

Remark 7.2 (Hamiltonian dynamical systems) Hamiltonian systems are a particular class
of dynamical systems of the form

) oOH . OH
p——afq(p,q), q—afp(p,q), (7.16)

where the so-called Hamiltonian H : R x R4 — R describes the total energy in the dy-
namical system. Hamiltonian systems form an important class of ODEs in the context of
geometric numerical integration [43] since their solution trajectories preserve the Hamilto-
nian. That is, for a solution (p(t), ¢(t)) of such problems, the Hamiltonian H (p(t), ¢(t)) is

constant, and it holds
H(p(t),q(t)) — H(p(0),q(0)) = 0. (7.17)

Thus, Hamiltonian systems can be treated as a special case of the conserved quantity

problems discussed here and can be solved with the presented probabilistic solver.

N

Remark 7.3 (Sequential updating on partitioned observation models) In extended
Kalman filtering, when observation models are of the form h(x) = [Z;Eg] it can be favor-
able to perform two separate linearizations and updates on the two parts of the observation
model instead of updating jointly on the full observation model in one step, as this can im-
prove the linearization point and thus the accuracy of the approximate inference step; see
for instance Raitoharju et al. [99, 100, 98]. In the context of probabilistic ODE solvers with
conserved quantities, updating first on the ODE information and then on the conserved
quantity information also relates the algorithm to “projection methods”, which are a well-
established class of non-probabilistic methods for solving ODEs with conserved quantities
where after each step the numerical solution is projected onto the manifold of solutions
that satisfy the conserved quantity, using some numerical solver for nonlinear problems [43,
Section IV.4]. In Publication II, in this thesis, and in our code, we use such a sequential

update scheme.
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Figure 7.2: Work-precision diagrams of numerical solvers with and without energy con-
servation. Additional information about the total energy in the dynamical Hénon—Heiles
system can improve the accuracy of the solution (left). This comes with additional com-
putational cost and increases the runtime (center). But as a result, the total energy is
conserved more strictly and solutions become more physically meaningful (right). Figure
copied from Publication II.

7.2.1 Example: Simulating the Hénon-Heiles dynamical system

To evaluate the influence of energy conservation on probabilistic numerical solvers, we consider
the Hénon—Heiles model which describes a star moving around a galactic center, with its

motion restricted to a plane [50]. It is defined by a Hamiltonian

1 1 1
H(p,q) = [2(17? +p§)] + {2((1% +a3) +aie - 36|, (7.18)
which describes the kinetic and potential energy of the star with velocity p and location q.
With y(t) := ¢(t) and y(t) := p(t), we can write the problem as a second-order ODE

G1(t) = —y1(t) — 2y1(t)ya(?), (7.19a)
iia(t) = y5(t) — ya(t) — 43 (1), (7.19Db)

and by conservation of the Hamiltonian it further holds [43]

9(y(t), y(t)) := H(y(t),y(t)) — H(5o(t), y0(t)) = 0. (7.20)

We consider initial values y(0) = [0,0.1], §(0) = [0.5,0], and integrate the system over the
time domain ¢ € [0, 1000].

We solve the system with the semi-implicit ODE filter with first-order linearization (EK1),
both with and without the additional conservation of energy encoded into the information
operator. We evaluate the solvers with both an IWP(3) and TWP(8) prior, with adaptive
steps, and for a range of tolerances. We also compare the probabilistic solvers to multiple non-
probabilistic alternatives, namely a projection method combined with the Tsit5 Runge-Kutta
solver [43, 124], the DPRKN6 Runge—Kutta Nystrom method [32], and the symplectic KahanLi8
solver [60], all provided by the DifferentialEquations.jl package [97]. The full experimental

setup is explained in detail in Publication II; the experiment code is available online.

Zhttps://github.com/nathanaelbosch/pick-and-mix
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7.3 Differential-algebraic equations

Figure 7.2 shows the results in work-precision diagrams. We observe that probabilistic
solvers with energy conservation compute, in some configurations, a more accurate solution
than regular probabilistic solvers, but the additional update step also leads to an increase in
absolute runtime. However, the probabilistic solutions with energy conservation enforce this
conservation very strictly, even in comparison to the specialized non-probabilistic approaches,
and achieved the smallest changes in energy in this experiment. Thus, for problems in which
conserved quantities are known and their conservation is important, probabilistic solvers can
provide a valuable tool to enforce these constraints accurately to obtain physically meaningful

solutions. For a more thorough experimental evaluation, refer to Publication II.

7.3 Differential-algebraic equations

Differential-algebraic equations (DAEs) are a generalization of ODEs in which equations can
not only describe the evolution of the state, but they can also contain algebraic constraints.
DAEs arise naturally in many dynamical systems, such as multi-body dynamics, chemical
kinetics, or optimal control [17], In comparison to the systems with conserved quantities
discussed in Section 7.2, these algebraic constraints do not over-specify the problem but
they are a required part of the dynamical system. This makes their numerical simulation
notoriously challenging, and thus DAEs often require specialized methods [94]. Here we
show how the probabilistic solver can be naturally adapted to handle DAEs, by defining an

appropriate information operator that maps the true solution to the zero function.

We consider DAEs in so-called mass-matriz form, given by
My<t) = f(y(t))a vt € [07T]a (721)

with vector field f : R? — R?, initial values y(0) = yo, and mass matrix M € R4, If M is
invertible, this system can be rewritten as a regular ODE by multiplying the equation with
M~ from the left. But if M is singular, the system is a DAE.

To solve this system with the probabilistic solver, we simply define a suitable information

operator
Z[a)(t) = MEra(t) — f(Eox(1)). (7.22)

As before, Z[z] = 0 if and only if x corresponds to the true solution. Discretizing it on a time
grid {t,}_, yields an NLGSSM

2(0) ~ N (po, o), (7.23a)
T(tn) | 2(tn-1) ~ N(A(tn — tn_1)z(t), Q(tn — tn-1)), (7.23b)
zn | (tn) ~ 0(ME1x(t,) — f(Eox(ty))), (7.23¢)

with data z, £ 0 for all n = 1,..., N. This can again be solved with the extended Kalman

filter and smoother (Algorithm 2.6) to obtain a probabilistic numerical solution to the DAE.
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Figure 7.3: Probabilistic numerical solution of the Robertson DAE. The reference solution
(left) and the probabilistic numerical solution (center) to the Robertson DAE seem very
similar, indicating that the probabilistic solver produced an accurate solution estimate. The
right figure visualizes the absolute numerical error (with respect to the reference solution)
together with the 95% credible interval of the numerical error estimate produced by the
probabilistic solver (shaded area). We observe that the error estimate decays similarly to
the actual numerical error. But, the error estimate is orders of magnitude larger, indicating
that the probabilistic numerical solver is underconfident in this experiment.

7.3.1 Example: Solving the Robertson DAE

The Robertson DAE describes a system of chemical reactions and is commonly used to eval-
uate stiff ODE and DAE solvers [45]. As a DAE, it is given by the equations

y1(t) = —0.04y1 (t) + 10y ()ys(t), (7.24a)
Yo (t) = 0.04y1 (t) + 10% 2 (t)y3(t) — (3 - 107)ya(t)?, (7.24b)
0=1y1(t) +y2(t) + ys(t) — 1, (7.24c)

and it therefore has a singular mass matrix of the form

=

I
[l
S = O
o O O

We consider an initial value 3(0) = [1,0, 0], and time span ¢ € [0, 10°]. We solve the DAE with
the semi-implicit ODE filter with first-order linearization (EK1), with its information operator
as specified in eq. (7.22), an IWP(1) prior, and adaptive step-size selection with absolute and

relative tolerances of Tups = 1076 and 7y = 1073,

Figure 7.3 shows the result. We see that the probabilistic numerical solution looks very sim-
ilar to the numerical solution, computed with the implicit Runge-Kutta method RadauIIA5,
provided by the DifferentialEquations.jl Julia package [97, 45]. Upon closer inspection, we
see that the errors for the individual dimensions are in the range of 1078 to 1076, and the
corresponding error estimates here are some orders of magnitudes larger. The solvers are

therefore underconfident in this experiment. But, they are able to solve the DAE of interest
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with high accuracy. For a more thorough evaluation of the probabilistic solvers on DAEs, see
Publication II.

7.4 Conclusion

This chapter extended the filtering-based probabilistic numerical ODE solver to higher-order
ODEs, systems with conserved quantities, and differential-algebraic equations, by simply ad-
justing the information operator. Together with recent developments on probabilistic numerics
for boundary-value problems [68] and partial differential equations [70], this establishes ODE
filtering as a practical framework for solving a wide range of numerical problems related to
differential equations.

The presented adjustments of the information operator are, in principle, also fully com-
patible with most other contributions of this thesis: For all of these problem types, we can
consider and estimate various diffusion models and adaptively select step-sizes (Chapter 6),
we can use structured priors and approximate linearization to obtain linear scaling with the
ODE dimension (Chapter 5), we can solve these problems parallel-in-time (Chapter 9), and
we can perform numerical-error-aware ODE parameter inference (Chapter 10). We can also
add conserved quantities to the probabilistic exponential integrators which we introduce next
in Chapter 8.
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8 Probabilistic Exponential Integrators

This chapter is based on Publication V:
Nathanael Bosch, Philipp Hennig, and Filip Tronarp. Probabilistic Exponential

Integrators. Conference on Neural Information Processing Systems (NeurIPS), 2023.

The probabilistic numerical ODE solvers established in Chapter 4 include both explicit and
(semi-)implicit methods, and the latter have been shown to be suitable for stiff problems.
This is due to their A-stability: A-stability essentially guarantees that the numerical solution
of a decaying ODE will also decay, independently of the chosen step size. This prevents the
numerical solution from blowing up, and thereby enables these methods to use larger step
sizes than explicit methods that are not A-stable, which often leads to a significant speed-up
on stiff problems in practice. But other stronger stability notions exist, one example of which
is L-stability: It guarantees that the numerical solution not only decays, but it decays fast, i.e.
it goes to zero as the step size goes to infinity. This is a strictly stronger stability property,
and L-stable methods can be even more effective on stiff problems than A-stable methods.

In non-probabilistic numerical analysis, exponential integrators are a class of L-stable nu-
merical methods for efficiently solving large stiff ODEs [125, 54, 29, 56]. They are based on

the observation that, if the ODE has a semi-linear structure

y(t) = fy(t),t) = Ly(t) + N(y(t), 1), (8.1)

then the solution at time ¢ + h can be expressed as

k

e+ h) = exp(Lh)y() + D B e (Lh) SN (1), ), (32)
k=0

k-1

where ¢ (2) = fol exp(z(1 — T))de are the so-called ¢-functions [56]. That is, the solu-
tion can be decomposed into the exact solution of the linear part of the ODE, and a series
of higher-order terms that depend on the nonlinear part of the ODE. And in particular, only
the latter needs to be numerically approximated as the linear part can be solved exactly (with
the matrix exponential). This is the main idea behind exponential integrators.

Probabilistic exponential integrators follow the same idea. In ODE filtering, “solving the
linear part of the ODE exactly” corresponds to choosing a suitable prior model, designed in
such a way that it models the linear part of the ODE exactly. In the following, we briefly

review the probabilistic exponential integrators proposed in Publication V.
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8.1 The integrated Ornstein-Uhlenbeck process

The g-times integrated Wiener process prior that we typically use in the probabilistic ODE
solvers (see Example 4.1) models the g-th derivative of the ODE solution y(¢) with a Wiener

process. Here, we follow a similar motivation but only for the non-linear part N of the ODE.

First, differentiating both sides of the semi-linear ODE given in eq. (8.1) ¢ — 1 times with

respect to t yields
d? da—t da—t

S = Loy + S N(y(0), 1), (33)

Then, modeling 51;,—111]\7 (y(t),t) as a Wiener process and relating the result to y(t) gives

dy®(t) =y (1)t (8.4a)
dy'D(t) = Ly D (t)dt + o Tdw D (t). (8.4b)
This process is also known as the ¢-times integrated Ornstein—Uhlenbeck process (IOUP),

with rate parameter L and diffusion parameter . It can be equivalently stated with the

previously introduced notation from eq. (3.10) as the output of an LTI-SDE

dz(t) = Fioupa.q@(t)dt + Tt o 4 o dw(t), (8.5a)
yOt) = Bx(t), i=0,...,q, (8.5Db)
T
where, as before, the state x(t) is of the form z(t) = [y(t) y Oy ... yl@ (t)] and E; are

the corresponding selection matrices. The system matrices of the IOUP are given by

0 I --- 0 0
I 1/2 :
Foup,g) = : r = : (8.6)
@ =\ o L 10UP(g) = |,
L I,

The initial distribution x(0) ~ N (1o, X0) is chosen as usual such that it models the initial

=
value and the initial derivatives correctly, i.e. o = |yo 70 ... y(()q_l) y(()q)] and ¥ = 0.

Remark 8.1 (The mean of the IOUP process solves the linear part of the ODE exactly)
By taking the expectation of eq. (8.4b) and by linearity of integration, we can see that the
mean of the IOUP satisfies

pO@) =LpOw),  p90) = yo. (8.7)

This is in line with the motivation of exponential integrators: the linear part of the ODE is
solved exactly, and we only need to approximate the nonlinear part. Figure 8.1 visualizes
this idea.
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8.2 The information operator and how to linearize it

5 a. Integrated Wiener process b. Integrated Ornstein-Uhlenbeck c. IOUP + initial value
0 5 0 5
t t

Figure 8.1: Damped oscillator dynamics and priors with different degrees of encoded in-
formation in the prior: Left: Once-integrated Wiener process, a popular prior for prob-
abilistic ODE solvers. Center: Once-integrated Ornstein—Uhlenbeck process (IOUP) with
rate parameter chosen to encode the known linearity of the ODE. Right: IOUP with both
the ODE information and a specified initial value and derivative. This is the kind of prior
used in the probabilistic exponential integrator. Figure copied from Publication V.

8.2 The information operator and how to linearize it

The information operator of the probabilistic exponential integrator is defined exactly as for

generic probabilistic ODE solvers, presented in Section 4.2, as

Z[z|(t) = Erx(t) — (LEyx(t) + N(Eox(t),t)) (8.8)

F(Box(t).0)

where we have used the semi-linear structure of the ODE vector field. The linearization of this
information operator can then be done in the same way as for the other probabilistic ODE
solvers, with either a first- or zeroth-order Taylor approximation of the vector field, leading
to a semi-implicit or explicit solver, respectively (EK1 and EKO). But in this specific case we
also have an additional option: Since the linear part of the ODE is known, we only need to
linearize the nonlinear part. And if we perform a zeroth-order Taylor approximation of NV,
we essentially obtain a new approximate Jacobian of the vector field J; ~ L. This leads to a
third linearization option for the probabilistic exponential integrator, which we refer to here

as the EKL; this is also the version used in Publication V.

8.3 The resulting inference problem

Summarizing the above and discretizing the information operator on a time grid {t, }_;, we
obtain the following NLGSSM for the probabilistic exponential integrator:

z(0) ~ N (o, Xo), (8.9a)

z(tn) | 2(tn-1) ~ N(Aroup (hn)z(t), Qroup (hn)), (8.9b)

zn | 2(tn) ~ 0(Erx(ty) — LEox(tn) — N(Eox(tn),tn)), (8.9¢)

with data z, = 0 for all n. This NLGSSM can be solved with the extended Kalman filter and
smoother Algorithm 2.6 to obtain a probabilistic numerical solution to the ODE. This yields

the probabilistic exponential integrator proposed in Publication V.

83



8 Probabilistic Exponential Integrators

We conclude the chapter with a few remarks on the properties of this solver, an extension

to exponential Rosenbrock-type methods, and an example.

8.4 Properties of the probabilistic exponential integrator

[ Proposition 8.1 (L-stability) The probabilistic exponential integrator is L-stable. ]

The property essentially follows from Remark 8.1 which stated that the IOUP solves linear
ODEs exactly, which directly implies fast decay and this L-stability. The full proof and more

discussion can be found in Publication V.

Proposition 8.2 (Equivalence to the PEC exponential trapezoidal rule) The mean es-

timate of the probabilistic exponential integrator with once-integrated Ornstein—Uhlenbeck

prior with rate parameter L is equivalent to the exponential trapezoidal rule in predict-

evaluate-correct (PEC) mode, with the predictor being the exponential Euler method [/,
57].

J

This result provides a link between the probabilistic exponential integrator and an estab-
lished classic exponential integrator; a similar statement for the non-probabilistic case is also
provided by Schober et al. [112, Proposition 1]. The full proposition and its proof can be

found as Proposition 2 in Publication V.

8.5 Probabilistic exponential Rosenbrock-type methods

Finally, we apply the idea of probabilistic exponential integrators to problems that are not
semi-linear, by performing local linearization in a Rosenbrock-type approach [55, 57, 80].
Given a nonlinear ODE of the form y(t) = f(y(t),t), (non-probabilistic) exponential Rosen-
brock methods perform a continuous linearization of the right-hand side f around the numer-

ical ODE solution and essentially solve a sequence of IVPs

y(t) = Jny(t) + (f(y(t), 1) — Juy(t)),  t € [tn,tntal, (8.10a)
Y(tn) = Yn, (8.10b)

where J, is the Jacobian of f at the numerical solution estimate 9(t,). Then, since each
subproblem is semi-linear, it can be solved with an exponential integrator. The benefits of
this approach are that it allows the use of L-stable exponential integrators even if the ODE is
not semi-linear, but in particular it leads to a more accurate linearization of the vector field,
and can thus result in more efficient solvers than globally linearized counterparts [57].

This idea can also be applied in a probabilistic setting: By linearizing the ODE right-hand
side f at each step of the solver around the filtering mean Fyu,, we (locally) obtain a semi-
linear problem for which we can choose a suitable IOUP prior and which we can solve with the

probabilistic exponential integrator. This results in probabilistic exponential Rosenbrock-type
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8.6 Example: Solving the discretized Burgers’ PDE

methods. As before, the linearization of the information operator could in principle be done
with various approximate Jacobians, but as the local linearization of the ODE relies on exact
vector-field Jacobians, we suggest in Publication V to linearize the information operator with

the exact vector-field Jacobian, too.

8.6 Example: Solving the discretized Burgers’ PDE

We briefly show the utility of the developed methods on a semi-linear stiff dynamical system,

namely the Burgers’ partial differential equation (PDE). It is given by a PDE
Owu(x,t) = DO?u(x,t) — u(z,t)Opu(z, ), xz€0,1], telo,1], (8.11)

here with diffusion coefficient D = 0.075. We consider zero-Dirichlet boundary conditions,
that is, u(0,t) = u(1,£) = 0, and an initial condition u(z,0) = sin(3mwz)*(1 — z)3/2. We
transform the problem into a semi-linear ODE with the method of lines [82, 109]: By dis-
cretizing the spatial domain on N = 250 equidistant points and approximating the differential

operators with finite differences, we obtain a semi-linear ODE of the form
yt)=D-L-y(t)+ F(y(t), te[0,T], (8.12)

with N-dimensional y(t) € RV, L € RVXY the finite difference approximation of the Laplace
operator 92 of the form
9 ifi=j

[L]i 1 ifi=j+1, (8.13)

T AzZ
0 otherwise,

where Az = 1/N, and nonlinear part F' resulting from another finite-difference approximation

of the term u - J,u, as

Y3 if i =1,

1
[P = x5 Yia if i = d, (8.14)

2 2
Y1 —Yiq else.

We compare the proposed probabilistic exponential integrator with approximate vector-
field Jacobian consisting only of the linear part of the ODE J; ~ DL (EKL & IOUP(2)), the
exponential Rosenbrock-type method with local re-linearization (EK1 & IOUP(2) (RB)), and
the standard probabilistic ODE solvers with integrated Wiener process prior, both in the
explicit version with zero Jacobian Jy ~ 0 (EKO & IWP(2)), the semi-implicit version with
exact Jacobian Jy (EK1 & IWP(2)), and a version with using the linear part of the ODE as
Jacobian Jy ~ DL (EKL & IWP(2)). Figure 8.2 shows the results in work-precision diagrams.
We see that for the same step sizes, both exponential methods achieve a lower final error than
the non-exponential solvers. And in particular for high step sizes, the exponential solvers

still compute accurate solutions with errors < 1, whereas the solution of the non-exponential
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Figure 8.2: Benchmarking probabilistic exponential integrators on Burgers’ equation. Both
exponential integrators with IOUP prior achieve lower errors than the existing IWP-based
solvers, in particular for large steps. This indicates their stronger stability properties.
Figure copied from Publication V.

solvers diverges strongly from the true solution. We also see that the re-linearization of
the exponential Rosenbrock-type method comes with increased numbers of evaluations of
the vector-field f. Thus, for expensive-to-evaluate vector fields, the standard probabilistic
exponential integrator might be preferable. A more thorough experimental evaluation can be

found in Publication V.

8.7 Conclusion

This chapter presented probabilistic exponential integrators, a modification of filtering-based
probabilistic numerical ODE solvers for stiff semi-linear ODEs. By incorporating the fast, lin-
ear dynamics directly into the prior of the solver, the method essentially solves the linear part
exactly, in a similar manner as classic exponential integrators. We also extended the proposed
method to general non-linear systems via iterative re-linearization and presented probabilistic
exponential Rosenbrock-type methods. Both methods have been shown both theoretically
and empirically to be more stable than their non-exponential probabilistic counterparts.
The probabilistic exponential integrators presented in this chapter are conceptually com-
patible with some, but not all other contributions of this thesis: We can encode additional
information such as conserved quantities by adding additional information operators (Chap-
ter 7), and we can use the integrated Ornstein—Uhlenbeck process priors within the parallel-
in-time method (Chapter 9). But, adaptive step-size selection can be costly as we need to
re-compute the matrix exponential at each step (Chapter 6), and since the linear part of the
ODE is often not sufficiently structured we cannot formulate the probabilistic exponential
integrators in linear time with the ODE dimension (Chapter 5). Nevertheless, probabilistic
exponential integrators provide a powerful tool for stiff ODEs and are a valuable addition to

the probabilistic numerics toolbox.
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9 Parallel-in-time Probabilistic Numerical
ODE Solvers

This chapter is based on Publication VII:
Nathanael Bosch, Adrien Corenflos, Fatemeh Yaghoobi, Filip Tronarp, Philipp Hennig,

and Simo Sarkka. Parallel-in-time Probabilistic Numerical ODE Solvers. Jour-
nal of Machine Learning Research (JMLR), 2024.

. J

The probabilistic numerical ODE solvers that we have established in the previous chapters
all operate sequentially in time. Therefore, their computational complexity scales linearly with
the number of steps taken by the solver. This is also the case for all non-probabilistic methods
mentioned so far, such as Runge-Kutta methods. But alternative approaches with better
scaling have been proposed: So-called parallel-in-time methods leverage the ever-increasing
parallelization capabilities of modern computer hardware to achieve sub-linear scaling in the
number of time steps [38]. To give one well-established example, Parareal [77] achieves
this speed-up by splitting the integration interval into multiple smaller sub-problems, and
then iteratively simulating and aggregating the sub-problems in a predictor-corrector loop.
This development has sparked a number of subsequent research, including also probabilistic
extensions of Parareal [92, 93, 39]. In Publication VII, we proposed a novel, probabilistic
numerical ODE solver with sub-linear scaling that operates parallel-in-time, based on the
ODE filtering framework.

ODE filters as introduced in Chapter 4 operate in the following way: First, we formulate
a continuous prior model and a discrete observation model. Then, we discretize the model
to obtain a nonlinear Gaussian state-space model (NLGSSM). Finally, we perform inference
in the NLGSSM with extended Kalman filtering and smoothing (Algorithm 2.6). The main
ingredient to develop the parallel-in-time probabilistic ODE solver proposed in Publication
VII is to use a different inference algorithm for NLGSSMs, which operates in a time-parallel
manner and which has a logarithmic complexity in the number of time steps: the time-parallel
iterated extended Kalman smoother [130, 131].

9.1 Time-parallel iterated extended Kalman smoothing

The iterated extended Kalman smoother, which we introduced in Algorithm 2.7 but did not
yet use to solve ODEs in this thesis, operates by iterating two steps: (i) linearizing the whole

nonlinear Gaussian state-space model along a sequence of linearization points, and (ii) solving
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9 Parallel-in-time Probabilistic Numerical ODE Solvers

the linearized model with a standard Rauch-Tung-Striebel smoother (Algorithm 2.4). The
first step can be done fully in parallel, as the linearization at each step only depends on the

local linearization point. But the second part has previously been considered to be sequential.

Recently, Sarkka et al. [106] introduced time-parallel Bayesian filters and smoothers which
solve LGSSMs in logarithmic time. In a nutshell, it can be shown that by constructing
appropriate elements ai.y and an associative operator ®¢, the filtering distributions can be

formulated as a cumulative sum

xn z n
a1 ® ay f -+ Qf an = lp(p(zt.l) )], (9.1)

and similarly with suitable elements bi.; and an associative operator ®g, the smoothing

distributions can also be formulated (backwards) as a cumulative sum
bn Rs bn+1 K+ s bN = p(xn | Zl:N)- (92)

See Séarkké et al. [106, Theorems 3 and 6]. These quantities can then be computed in parallel
with so-called prefix-sum algorithms, such as the parallel scan algorithm by Blelloch [10].

s 2

Remark 9.1 (On Prefix-Sums) Prefix sums, also known as cumulative sums or inclusive
scans, play an important role in parallel computing as their computation can be efficiently
parallelized. If enough parallel resources are available, their runtime can be reduced from
linear to logarithmic in the number of elements. One such algorithm is the well-known
parallel scan algorithm by Blelloch [10], which, given N elements and N /2 processors,
computes the prefix sum in 2[log, N| sequential steps with 2N — 2 invocations of the
binary operation. This algorithm is implemented in popular machine learning frameworks
such as tensorflow [83] and JAX [16] and is also available in Julia via CUDA.jl [7, 6].

. J

For linear Gaussian state-space models, these filtering and smoothing elements and oper-
ators can be analytically derived and implemented in practice. We refer to Sarkka et al.
[106] for a detailed description of the time-parallel linear Gaussian filter and smoother, and
to Yaghoobi et al. [131] for the corresponding numerically stable formulation with square-
root parameterized covariance matrices; all details can also be found in Publication VII. By
then plugging the time-parallel method into the iterated extended Kalman smoother (Algo-

rithm 2.7) we obtain a time-parallel iterated extended Kalman smoother.

What remains is to specify how the initial trajectory of linearization points is chosen. In a
standard, sequential IEKS, the initial trajectory is typically computed with a sequential EKS
(Algorithm 2.6), but here this would break the time-parallel nature of the resulting method.
Instead, we choose a constant initial trajectory at the initial mean of the state-space model,
that is, & = ug for all 7. This does not require any sequential processing and we found it to

be a sufficiently good initialization in practice; see Publication VII.

88



9.2 The parallel-in-time probabilistic numerical ODE solver

9.2 The parallel-in-time probabilistic numerical ODE solver

To obtain the parallel-in-time probabilistic numerical ODE solver, we simply replace the EKS
in the probabilistic ODE solver (Algorithm 4.1) with the time-parallel IEKS.

4 R

Algorithm 9.1 (Parallel-in-time probabilistic numerical ODE solver) Given

o an ODE-IVP with vector field f, initial value yg, and time interval [0, 7],

o a time discretization {t,}Y_; C [0,7],

e a Gauss—Markov prior with drift, dispersion, and projection matrices F, I'Y2 Ey, E;,
compute the probabilistic numerical ODE solution with the following steps:

1. Discretize the continuous-time prior to obtain an NLGSSM.

2. Solve the NLGSSM with the time-parallel iterated extended Kalman smoother

Return all desired quantities, such as the posterior marginals or the full posterior.

& J

This algorithm is conceptually very similar to the probabilistic solver presented in Algo-
rithm 4.1, with the only difference being that the filtering and smoothing method used here is
the time-parallel iterated extended Kalman smoother. Therefore the algorithm is also compat-
ible most of the extensions presented in this thesis, with the notable exception of the adaptive
step-size selection method from Section 6.4 which relies on a sequential solver formulation.
For a more detailed description of the parallel-in-time probabilistic numerical ODE solver

algorithm, we refer to Publication VII.

9.3 Computational complexity and parallel speed-up

To evaluate the computational complexity of the resulting algorithm and compare it to the
cost of the sequential method that we used in previous chapters, let Cf;s_step be the summed
costs of a predict, update, and smoothing step in the sequential Kalman smoother, and let
CﬁS—step be the corresponding cost in the time-parallel formulation (which differs by a constant
factor, that is Cﬁs—step x Cf(s-step)' Let Clinearize be the cost of linearizing the vector field at
a single time point. Then, on a grid with N time points, the cost of a standard sequential

extended Kalman smoother is linear in NV, with

Ciks = N+ Clinearize + N - CKg steps (9.3)
whereas the cost of the time-parallel IEKS is logarithmic in N, with

Clixs = k- (Clinearize +2logy(N) - (CﬁS—Stcp>>’ (9.4)

where k is the number of IEKS iterations (assuming a sufficient number of available cores
larger than N to fully parallelize the algorithm). Comparing Cyig and CfEKS, we clearly see
the improved computational complexity in the number of time points of the parallel-in-time
probabilistic ODE solver.
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9 Parallel-in-time Probabilistic Numerical ODE Solvers

The speedup of the time-parallel IEKS over the sequential EKS, defined as S = Cfiq/ CfEKS
can be shown to be bounded by

S < min E ] Clinearize + Cf(S-step’ N ] CYlineariz; + Cf{S-Step ] (95)
k Clinearize 2k 10g2(N) CKS—step

This shows two different regimes: If the cost of linearizing the vector field is large compared
to the cost of the Kalman smoother, then the benefit of parallelizing the linearization step
dominates and the speedup is bounded by S < % On the other hand, if the cost of linearizing
the vector field is small compared to the cost of the Kalman smoother, then the speedup is
approximately bounded by S < m (since Cig o b ™ Cﬁs_smp
increases with the number of time points NV and decreases with the number of iterations k.

). In both cases, the speedup

And in particular, for the speedup to be significant in both scenarios, we need a low number

of iterations k£ < 10é\2[N'

We experimentally evaluate these results in the next section.

9.4 Example: Runtimes and parallel scaling of the parallel-in-time
solver

To evaluate the runtimes and parallel scaling of the parallel-in-time probabilistic numerical

ODE solver, we consider a simple logistic ODE

y(t) =y() (1 —y(t)),  te]0,10], (9.6)

with initial value y(0) = 0.01. We solve the problem for a range of solvers. We compare the
parallel-in-time method based on the time-parallel IEKS (ParaIEKS) to the established proba-
bilistic solver based on sequential filtering and smoothing (EKS), as well as to a classic explicit
Runge-Kutta method (Doprib) [31, 115] and an implicit Runge-Kutta method (Kvaerno5)
[73]. We evaluate the methods on a range of grid sizes, resulting from time discretizations
with step sizes At = 29,271 ... 2714 as well as for multiple GPUs with varying numbers of
CUDA cores.

Figure 9.1 shows the results. As expected, we observe the linear scaling of the sequential
methods and the logarithmic scaling of the parallel-in-time method for grid sizes up to around
5-103. For grid sizes larger than the available number of CUDA cores, the runtime grows
linearly. We also observe that the runtimes of all the sequential method does not noticeably
change with the number of available CUDA cores and stays relatively constant throughout
different GPU generations. On the other hand, the parallel-in-time method benefits from
improved GPU hardware, its runtime decreases as the number of CUDA cores increases, and

we observe speed-ups of up to an order of magnitude.
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a. ODE solver runtime benchmark b. GPU comparison (N=10240)
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Figure 9.1: Evolution of ODE solver runtimes with respect to problem size and hardware.
The time-parallel probabilistic ODE solver (ParaIEKS) shows logarithmic scaling in the
grid size, whereas the sequential ODE filter (EKS) and the classic Dopri5 and Kvaerno5
solvers show the expected linear runtime complexity (left). The sequential methods also
do not show relevant changes in runtime for GPUs with more CUDA cores, whereas the
runtime of ParaIEKS improves (right). Figure copied from Publication VII.

9.5 Conclusion

In this chapter, we have developed a parallel-in-time probabilistic numerical ODE solver based
on the ODE filtering framework presented in previous chapters. The solver uses the time-
parallel iterated extended Kalman smoother to solve the inference problem in a logarithmic
number of time steps, and it thereby achieves significant speed-ups over the sequential solver.

The parallel-in-time probabilistic ODE solver is conceptually compatible with most of the
extensions presented in this thesis and it can be used to solve a wide range of ODE problems.
One notable exception is the adaptive step-size selection method from Section 6.4 which relies
on a sequential solver formulation. Instead a global step-size selection method may be more
appropriate, such as for example the mesh-refinement method proposed by Kramer et al.
[68]. Overall, the parallel-in-time probabilistic ODE solver is another valuable addition to the
probabilistic numerics toolbox and it opens up a range of new possibilities for efficient ODE

solving on modern parallel computer hardware.
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1 O Parameter Inference with ODE Filters

This chapter is based on Publication IV and Publication VI:
Filip Tronarp”, Nathanael Bosch™, Philipp Hennig. Fenrir: Physics-Enhanced Re-

gression for Initial Value Problems. International Conference on Machine Learning
(ICML), 2022.

Jonas Beck, Nathanael Bosch, Michael Deistler, Kyra L. Kadhim, Jakob H. Macke,
Philipp Hennig, and Philipp Berens. Diffusion Tempering Improves Parameter Es-

timation with Probabilistic Integrators for Ordinary Differential Equations.
International Conference on Machine Learning (ICML), 2024.

Up until now we were always concerned with the simulation of a known dynamical system.
In this chapter, we instead consider the so-called inverse problem and we aim to estimate

(parameters of) the dynamical system itself from observations of the system trajectory.

Consider an initial value problem, given by an ODE

y@(t) = f@(yB(t)vt)7 le [OvTL (10'1)

with vector field fp : R x R — R? and initial value yy(0) = Yo,0 € R?, both of which are
parameterized by some parameter § € RX. In addition, we observe the solution trajectory
yp on a set of discrete points in time {#:}}, C [0,7] through a linear Gaussian observation
model

ui | yo(t;) ~ N (Hiyo(t)), Ri), i€l,...,M, (10.2)

with observation matrices H; and observation noise covariances R; for ¢ € 1,..., M. The
problem of interest is then to estimate the unknown parameters 6 from the data {Ui}i]\ip by

computing a mazimum-likelihood estimate (MLE)
OnLE := arg max M (0), (10.3)
0

with marginal likelihood M(#) := p(u1.p | €) given by

M
M(0) = HN(Ui§Hiy9(t;')yRi)~ (10.4)

i=1

*Equal contribution.
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10 Parameter Inference with ODE Filters

But even though the formula for the marginal likelihood M () is known, it is not possible to
evaluate it directly as it depends on the true ODE solution gy, which is intractable. Thus, we

approximate it.

First, note that we can write the marginal likelihood as an integral

M
M(0) = /(HN(Uzasz(t;)7Rz)>5(y(t/1M) — o (trar) ) dy(t1ar)- (10.5)
i=1

The term Hi‘i 1 N (ui; Hiy(t)), R;) corresponds to the likelihood model and is tractable to
evaluate given a solution y. The Dirac distribution d(y(t).,;) — ve(t}.5,)) however lies on
the true ODE solution yg. Thus, one approach to approximate the marginal likelihood is
therefore to replace this Dirac distribution with a tractable approximation p(y(t}.,,) | ),
and then compute an approximated marginal likelihood M. In the following, we show how
the probabilistic numerical ODE solution provides such an approximation and how the ODE

filtering framework can be used to efficiently compute it.

s )

Remark 10.1 (Other similar quantities of interest also rely on the marginal likelihood) As
an alternative to the MLE, the maximum a-posteriori estimate (MAP) can be more stable
point-estimate as it includes additional prior information over the parameters. Or, one
could sample from the full posterior p(6 | ui.ar) via Markov chain Monte Carlo (MCMC).
While we focus on the MLE in the following, our main contribution in Publication IV lies

in the PN-approximated marginal likelihood. It could also be used for MAP estimation or

MCMC in ODE parameter inference problems, but this is left for future work.

10.1 Probabilistic ODE solutions as physics-enhanced priors

The probabilistic ODE solver presented in the previous chapters aims to approximate a pos-

terior distribution over the ODE solution y of the form

p(u(tn) | 50) = w0, {3(t0) = folulta), )}y ). (106)

Or short, we denote this posterior by p(y(t1.n) | Dpn,6), where Dpy denotes the “PN-data”
(i.e. the equality constraints that are conditioned on), and with € to show that this posterior
explicitly depends on a certain choice of parameters. In ODE filtering, this posterior is
computed by discretizing a suitable Gauss—Markov prior and then performing inference with
the EKF-based NLGSSM algorithm (2.6); see also Chapter 4 for a more detailed introduction
to ODE filtering.
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10.2 Physics-enhanced Gauss—Markov regression

The full posterior distribution over the ODE solution computed by the ODE filter is returned
as a backward-in-time LGSSM

2(tn) | Dpn, 0 ~ N(w(tzv);u?v, Z?v), (10.7a)
2(tn_1) | (tn), Dpx, 6 ~ J\/’(m(tn_l); GO (ty) + d, Ag), (10.7b)
y(tn) = Eoz(tn), (10.7¢)

where the final distribution A/ (:):(t N); ,u‘]qv, Z?\,) corresponds to the marginal filtering distribu-
tion at the final time point ¢ and the affine backward transitions N (z(t,—1); Gz (t,) + df, A%)
are obtained by inverting the forward transition kernels (as described in Algorithm 2.6). The

solution y(t,) can be extracted from the state z(t,) via projection with Ej as before.

In summary, the probabilistic numerical ODE solution is a posterior distribution over the
solution y(¢1.x) and it can be represented recursively as a Gauss—Markov process, as shown in
eq. (10.7). In the next step, we will use this posterior p(y(t1.x) | Dpn, 8) as a prior to perform

inference on the observations u1.37, and compute a PN-approximated marginal likelihood

M
i=1

10.2 Physics-enhanced Gauss-Markov regression

To compute the marginal likelihood of the ODE parameters 6, we now combine the ODE
posterior from eq. (10.7) with the observation model from eq. (10.2). We obtain an LGSSM

z(tn) | Dpx, 0 NN<UU(tN);M?v7219v>, (10.9a)
2(tn_1) | (tn), Dpx, 0 ~ N(m(tn,l); GO (t,) + dg,Az), n=1,...,N,  (10.9b)
u; | z(t;) ~ N (H;Eox(t;), Ri), i=1,...M, (10.9¢)

Note that here we assume that ODE discretization is chosen such that the solver exactly steps
through the observation times, that is ¢].,, C t¢1.n; for all steps outside of the observation
time points ¢, ¢ t}.,,, there is no observation and thus no need to update. Then, since the
above eq. (10.9) is a standard LGSSM, we can apply the Kalman filtering algorithm 2.4 to

compute the corresponding marginal likelihood
p(urm | Dpn,0) = /p(ULM | y(t1:00))P(Y(t1ar) | Den, 0)dy(thay) = Mpn(0).  (10.10)
This quantity then serves as the PN-approximated marginal likelihood ./T/I\PN(Q) ~ M(0). We

briefly summarize the computation of M\PN(G) in the following algorithm; a more detailed

description and more derivations can be found in Publication IV.
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10 Parameter Inference with ODE Filters

Algorithm 10.1 (PN-approximated marginal likelihood for ODE parameter inference)
Given
o an ODE-IVP with vector-field fg, initial value g, and parameter 0,
o an observation model with parameters {H;, R;}},, observation times {#.}}  and
observations {u;}}4,,
o a fully-specified probabilistic numerical ODE solver with prior, linearization strategy,
step sizes, etc.,
compute the PN-approximated marginal likelihood in the following two steps:
1. Compute the full posterior of the probabilistic numerical ODE solution using Algo-
rithm 4.1. Make sure that the solver steps exactly through the observation times
{t: 1.
2. Compute the marginal likelihood on the resulting LGSSM eq. (10.9) with the standard
LGSSM inference algorithm (2.4).
Return the marginal likelihood.

10.3 Optimizing the PN-approximated marginal likelihood

The PN-approximated marginal likelihood M\PN (0) can then be used to compute a maximum-
likelihood estimate éMLE. This can be done with any generic numerical optimizer, such as
for example gradient descent, Newton’s method, or the (limited-memory) Broyden—Fletcher—
Goldfarb—Shanno algorithm (BFGS or LBFGS); see for instance Nocedal et al. [86] for more

details on numerical optimization.

s 2

Remark 10.2 (Jointly optimizing ODE parameters and Gauss—Markov prior hyperpa-
rameters) The Gauss—Markov priors underlying probabilistic ODE solvers also contain
hyperparameters, which are often not precisely known a-priori. For example, these can
include the diffusion hyperparameter (which we discussed in detail in Section 6.1 where we
also describe schemes to select it online during solution of the ODE), or the lengthscale
parameter of a Matérn process. One approach is to learn these hyperparameters jointly
with the ODE parameters, by optimizing the same objective M\PN(HODE, Ocm) where Oopg
denote the ODE parameters and Oagy are the hyperparameters of the prior; this is the ap-

proach we proposed in Publication IV.

10.4 Example: Parameter inference in a FitzHugh-Nagumo ODE

We briefly demonstrate the resulting algorithm for MLE parameter inference in ODEs. Con-
sider the FitzHugh—Nagumo dynamical system, given by an ODE

()= (0 - g + (1) (10.11a)
2(t) = = (1 (0) — @ = Bya(0). (10.11b)
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10.5 More reliable ODE parameter inference with diffusion tempering
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Figure 10.1: Parameter inference with probabilistic numerical ODE solvers. Given a
FitzZHugh-Nagumo ODE with ground-truth ODE parameters «, 3, v, y1, y2 and true ODE
solution we estimate the parameters from noisy observations with the PN-approximated
marginal likelihood. The trajectory resulting from the initial parameter guess is a poor
fit (left). After optimization, the trajectory is close to the ground truth and fits the data
well (center). The optimization trajectories for each individual parameter, initial value,
and for the diffusion hyperparameter o of the probabilistic solver are shown on the right.

with initial value yo = [—1,1] and time interval ¢ € [0,20], and assume ground-truth pa-
rameters o« = 0.2, § = 0.2 and v = 3. We generate observations by solving the ODE
with a probabilistic solver with a very low step size and then sampling observations u; =
[1 0} - y(t;) + v;, with observation noise v; ~ N(0,0.01), on a uniform observation time
grid t; € {1+ 0.1-4}129 < [0,20]. Then, the problem of interest is to compute an MLE for
the vector-field parameters and the initial value, i.e. 8 = [« 3,7, (y0)1, (yo)2], given the data
{ui}}2.

We compute éMLE by optimizing the PN-approximated marginal likelihood described above.
We use an EK1 solver with IWP(3) prior and a fixed step-size of At = 0.01 as the ODE
solver. In addition to the ODE parameters 0, we also optimize for the scalar global diffusion
hyperparameter o. For optimization, we use the LBFGS algorithm with Hager—Zhang line
search [42], provided by the Optim.jl Julia package [85]. We initialize the optimizer with
ODE parameters a(® = 0.01, 8© = 0.01, 79 = 1, initial values 3" = [0,0], and diffusion
o? =10%.

Figure 10.1 shows the result. The maximum-likelihood estimates computed by the method
are & = 0.21, B = 0.24, 4 = 2.98, 1o = [—0.98,0.97], and log(6?) = 3.50 (all rounded to the

first two decimals), which correspond to a relative error of ' = 5%, erﬂel = 22%, egel = 1%,

rel
Yo

is close to ground truth solution. A more thorough experimental evaluation of the proposed

and el = 2%, respectively. We also observe that the trajectory resulting from these estimates

parameter inference method can be found in Publication IV.

10.5 More reliable ODE parameter inference with diffusion tempering

The optimization procedure presented above has been shown to work well on low-dimensional
ODEs (see also Publication IV) but can become unreliable for more challenging problems. One

example for such problems is the Hodgkin—Huxley model for neural membrane biophysics [58],
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10 Parameter Inference with ODE Filters

in which parameter inference with gradient-based optimization is known to be challenging as
the loss landscape contains many local optima. Hence, to make the optimization more robust
to local minima, practitioners often run the optimizer multiple times starting from different
random initial parameter guesses, and then keep the best result. But this random-search-
like approach also requires a large number of marginal likelihood evaluations, and thus has a
larger computational cost. With the goal to develop a more reliable, gradient-based parameter
inference procedure for ODEs, we modified our previous approach and presented an improved

parameter inference method based on “diffusion tempering” in Publication VI.

The main idea in our proposed method is that instead of optimizing the diffusion hyper-
parameter jointly with the ODE parameters, we decrease the diffusion over the course of the
optimization procedure along a fixed, chosen schedule. The motivation is as follows. First,
we noticed that for very large values of the diffusion parameter o, the probabilistic ODE
solution (and thus the physics-enhanced prior) becomes extremely uncertain. Thereby the
subsequent regression task computes a posterior distribution p(y | u1.ps, Dpn, 0, o) which fits
the data very well, but has little signal in-between or outside the data. On the other hand,
if the diffusion o is extremely small, then the uncertainty of the probabilistic ODE solution
disappears—a zero-diffusion would even lead to a Dirac posterior—and there is no degree
of freedom left to infer over. The posterior trajectory therefore stays mostly in place, with
p(y | 1.0, Dpn, 0,0) = p(y | Dpn,0,0). In principle, the latter case is the desirable one: if
for a given parameter we know how to solve the ODE very precisely, then we do not have
to adjust our ODE solution based on the data. But on the other hand, the ability of the
probabilistic solution to interpolate the data has appeared to be a promising property of the
probabilistic solver that could be particularly beneficial for ODE parameter inference; see for
instance Experiment 4 in Publication IV, in which ODE filtering recovers the parameters of a
pendulum much more reliably than a simple Runge-Kutta least-squares baseline. Therefore,
to have the best of both worlds, we propose to start with high diffusions to leverage interpo-
lation, and then programmatically decrease it throughout the optimization to ensure that we

eventually have to rely on the actual probabilistic numerical ODE solution.

More formally, consider a diffusion schedule T = [o1,09,...,0,], typically monotonically
decreasing with large initial o1 and small final o,,. We subsequently solve n related MLE

optimization problems
Hi :argmaxﬂpN(Hi_l,ai), 1= 1,...77,, (10.12)
0

where we initialize each optimization problem with the result of the previous one while de-
creasing the diffusion parameter. This way, we leverage both the interpolation capabilities of
the very uncertain probabilistic numerical ODE solution for o1, but we also have to rely on

the ODE in later stages for o,,. We briefly summarize the approach in the following algorithm.
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10.6 Example: Improved parameter inference with diffusion tempering

( Y\

Algorithm 10.2 (ODE parameter inference with diffusion tempering) Given
e the requires inputs for the PN-approximated marginal likelihood algorithm 10.1, in-
cluding the ODE-IVP, observation model, probabilistic ODE solver, and initial pa-
rameter 6y,
o a diffusion tempering schedule 7 = |01, 09, ..., 0],
e an optimizer.

Iteratively solve the following optimization problem for i = 1,...n:

92' = argmaxﬁ/l\pN(Oi,l,ai). (10.13)
0

Return the MLE parameter estimate 0 = 0,,.

\ J

10.6 Example: Improved parameter inference with diffusion
tempering

To demonstrate the utility of the tempering algorithm we compare it to the previously pre-
sented joint optimization approach on the FitzZHugh-Nagumo ODE from Section 10.4. To
highlight the different behaviors more clearly, we consider a longer observation time frame
with times ¢; € {14 0.1-4}3% [0, 40], as well as a worse initial parameter guess from which
we initialize the optimizer, with initial values y(()o) = [0,0], and ODE parameters o(?) = 1074,
BO = 1074, 4 = 19. We again use an EK1 solver with IWP(3) prior and fixed step-size
At = 0.01 as the ODE solver to compute the approximate marginal likelihood. For optimiza-
tion, we use the LBFGS algorithm with backtracking line search [86] provided by the Optim.jl
Julia package [85]. In the tempering approach, we consider a diffusion schedule of o; = ed0—i
fort=0,...,40.

Figure 10.2 shows the result. First, we see that the trajectory resulting from jointly opti-
mizing the parameters and the diffusion hyperparameter is both a poor fit to the data and
to the ground truth ODE solution, as it essentially explains the data with noise by inferring
a very high diffusion parameter. On the other hand, the tempering approach does not have
this option as the diffusion is decreased over the course of the optimization. As a result, the
inferred trajectory is close to the ground truth ODE solution, it fits the data well, and the
inferred parameters are close to the ground truth. This shows the effectiveness of the pro-
posed method and the importance of the diffusion tempering approach for challenging ODEs.
A much more thorough experimental evaluation of the diffusion tempering approach, which
also includes comparisons to non-probabilistic approaches and more challenging dynamical

systems, can be found in Publication VI.

10.7 Conclusion

In this chapter, we have presented a method for parameter inference in ODEs which builds
on the ODE filtering framework developed in this thesis. We have shown how ODE filters

provide an efficient and convenient way to approximate the marginal likelihood of the ODE
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Figure 10.2: Improved parameter inference with diffusion tempering. Given a FitzHugh-
Nagumo ODE with ground-truth ODE parameters «, 3,7, y1, y2 and true ODE solution,
we estimate the parameters from noisy observations with both the joint optimization (top)
and the tempering approach (bottom). The joint optimization approach results in a poor
fit to the data and the ground truth ODE solution and requires a high diffusion parameter
to explain the observations. The tempering approach instead sets the diffusion to a fixed,
decreasing schedule (shown in the bottom right). It obtains a trajectory close to the
ground truth ODE solution and accurate parameter estimates.

parameters given noisy observations and enable the computation of maximum-likelihood es-
timates in a numerical-error-aware manner. We have also shown how the joint optimization
of ODE and diffusion parameters can be improved by using a diffusion tempering approach,
which decreases the diffusion over the course of the optimization to prevent the method from
fitting the data with only noise, and we have demonstrated the effectiveness of this approach
empirically.

Both variants of the proposed method are conceptually compatible with the other extensions
presented in this thesis, such as parallel-in-time solvers or the flexible information operator
framework, and their combination could lead to even more reliable and efficient parameter
inference in ODEs—but this is left for future work. Overall, the presented methods provide a
reliable and efficient way to perform parameter inference in ODEs in a numerical-error-aware

way.
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1 1 Discussion & Conclusion

This thesis presented a set of tools and methods to improve the stability, computational
efficiency, and versatility of filtering-based probabilistic numerical ODE solvers. It thereby
established them as a practical alternative to classical numerical methods, all while also pro-
viding a probabilistic quantification of the numerical error. We addressed key limitations in
the current landscape, introduced novel methods that improve on or extend existing ODE
filters, and developed accompanying software to facilitate their adoption. This chapter high-
lights common themes across the thesis, outlines potential avenues for future research, and

discusses the broader implications of our contributions.

11.1 Common themes and future research

Our contributions have been guided by several shared ideas and goals.

11.1.1 Numerical simulation as Bayesian state estimation

The main idea underlying all of the work in this thesis is the conceptual alignment of ODE
solving with Bayesian state estimation. Instead of attempting to solve any given differen-
tial equation problem directly, we always first formulate the corresponding state estimation
problem, consisting of a stochastic process prior and a likelihood model, and only then solve
the ODE by computing the posterior distribution of the solution, via Bayesian filtering and
smoothing. In the earlier work by Schober et al. [112], Kersting et al. [65], and Tronarp
et al. [122], this approach has been mainly motivated by the probabilistic quantification of
numerical uncertainty. In this thesis, we have shown how Bayesian state estimation is also a
remarkably flexible and versatile framework to formulate ODE filtering in.

The likelihood model of ODE filters in its most basic form contains mostly the given ODE
vector field, but it can be easily adjusted to develop probabilistic numerical methods for
other numerical problems. This enabled our proposed solvers for higher-order ODEs, systems
with conserved quantities, and differential-algebraic equations [II]. Additionally, including
actual measurements of the system in the likelihood model enables numerical-error-aware
ODE parameter inference methods [IV, VI] and efficient latent force inference [111].

The prior model is another aspect of ODE filters that can be customized. In the past, it
has been mostly used to select the desired order of the solver by specifying the smoothness of
the g-times integrated Wiener process prior. With the probabilistic exponential integrators

developed in this thesis, we have presented a first example for the benefits of choosing a
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11 Discussion & Conclusion

different prior, resulting in improved stability and allowing for larger step sizes [V]. Other
possible motivations for priors could be positivity, boundedness, or known periodicity of the
ODE solution. A thorough investigation of priors and their impact on the solution quality is
still lacking, but would certainly be a valuable contribution to the field.

The inference algorithm can also be adjusted to suit the given problem, requirements, and
computational budget. In most of our work we relied on extended Kalman filtering and
smoothing for inference, but we have also used the time-parallel IEKS to develop a proba-
bilistic numerical parallel-in-time method [VII]. In the related literature, unscented Kalman
filtering, iterated extended Kalman smoothing, and particle filtering have also been explored
for ODE filtering [63, 122, 123, 123, 66]. One particularly promising direction consist in
using filters for high-dimensional problems, such as the ensemble Kalman filter [35], the rank-
reduced Kalman filter [110], or the computation-aware Kalman filter [95], to better tackle
high-dimensional ODEs and discretized PDEs. But there are many more inference algorithms
that could be interesting due to computational efficiency or their more expressive uncertainty

quantification, that have yet to be explored in the context of ODE filtering.

11.1.2 Improving computational efficiency in theory and practice

Improving the computational efficiency of numerical methods is a common goal throughout
many research efforts, both in the context of non-probabilistic methods and in probabilistic
numerics. It also motivated many of the contributions developed in this thesis.

On the theoretical side, we provably reduced the computational complexity of probabilistic
numerical solvers with respect to the ODE dimension, the order of differentiation of the
ODE, and the number of time steps, by leveraging state space model structure, adjusting the
information operator, and using time-parallel filtering algorithms, respectively [III, TT, VII].
Exploring these ideas jointly could be a promising direction for future research. The improved
stability of the probabilistic exponential integrators [V] also provides computational efficiency
benefits, as it enables simulations with much coarser step sizes. But stable probabilistic
numerical solvers for high-dimensional ODEs with sub-cubic scaling are still lacking, and
their development would be a valuable contribution to the field.

On a more practical side, the adaptive step-size selection significantly improves solver run-
times by reducing the number of required steps [I]. A more thorough evaluation of control
algorithms, their parameters, and of other local error estimates could provide further improve-
ments. The development of a robust ODE parameter inference method was also driven by
the goal of reducing the time required for ODE parameter inference [IV, VI]. Recently, Wu
et al. [129] have proposed a similar ODE-filtering-based approach that is particularly suitable
for chaotic systems. Further improvements to ODE parameter inference could be obtained by
combining these algorithms with some of the other methods developed in this thesis, such as
step-size adaptation, linearly-scaling solvers, or the parallel-in-time method.

The implementation of numerical methods in code also plays a substantial role in the
actual time required to solve a given numerical problem in practice. With the development of

the ProbNumDiffEq.jl package [VIII] in the Julia programming language [9], we have made a
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significant contribution to providing an efficient and accessible implementation of probabilistic
numerical ODE solvers to the wider public. Efficient ODE filters are also available in the
Python JAX ecosystem [16] with the ProbDiffEq package [66]. But non-probabilistic ODE
solvers available in highly optimized software libraries such as SciPy [126], MATLAB [116], or
DifferentialEquations.jl [97] have been developed and refined over decades, so there is certainly

room left for improvement.

11.1.3 Expanding the scope of application

The work presented in this thesis also aims to broaden the range of problems to which proba-
bilistic numerical ODE solvers can be applied, both regarding the kind of numerical problem
and the potential downstream application.

Early work in the field focused on rather simple ODEs [112, 65, 122, 123]. We have extended
the framework to better handle more complex problems such as stiff ODEs, high-dimensional
ODEs and semi-linear ODEs (which both often arise as discretizations of PDEs), and dy-
namical systems with algebraic constraints [II, V, III]. The development of new probabilistic
numerical solvers for other differential equation problems also drove concurrent research in the
field, and methods have been proposed for boundary value problems [68], partial differential
equations [70], and stochastic differential equations [36]. But many other problem types, such
as random ODEs [46], delay differential equations [71], or integro-differential equations [75],
have not yet been explored.

The utility of probabilistic numerical ODE solvers for downstream tasks has been previ-
ously demonstrated with ODE parameter inference [64] and latent force inference [111]. We
have followed these research efforts and have developed new, robust, numerical-error-aware
parameter inference algorithms [IV, VI]. ODE filtering has also been shown to be a promising
approach for parameter inference in chaotic systems [129]. Future work could explore ODE
filtering for robust ODE parameter inference on more challenging problems, for example by
combining the likelihood model by Wu et al. [129] with diffusion tempering and with other
ODE filtering methods developed in this thesis. ODE-filtering-based methods for the implicit
computation of likelihood gradients could be another promising direction for future research,
which could be particularly relevant to tackle parameter inference problems related to neural
ordinary differential equations [24].

Outside of parameter inference problems, numerical optimal control is another potential
application of probabilistic numerics [22, 23]. In a recent work, we have presented how ODE
filtering can be used for integration error-aware numerical optimal control [74]. Future re-
search could further explore the utility of ODE filtering for control problems and develop new
methods that leverage the probabilistic uncertainty quantification inside the control loop.

Finally, we believe that in order to truly extend ODE filtering to other fields and to appeal to
a wider audience we need accessible, documented, feature-rich and efficient software. This has
been an ongoing effort in the community and ODE filters are by now implemented in multiple
accessible and documented software libraries, namely ProbNum in Python [127], ProbDiffEq
in JAX [66], and our contributed ProbNumDiffEq.jl in Julia [VIII]. But in comparison to the
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vast amount of software available for non-probabilistic ODE solvers, there is still much work
to be done to make probabilistic numerical ODE solvers as accessible and widely usable as

their non-probabilistic counterparts.

11.2 Conclusion

This thesis has taken significant steps towards establishing probabilistic numerical solvers as
a powerful and flexible framework for solving ODEs. We have developed a range of new
methods that improve the efficiency, stability, and flexibility of these solvers, we have shown
how they can be applied to a wider range of problems than previously possible, and we have
developed efficient and accessible software to make these methods more widely usable. These
contributions further narrow the gap between probabilistic and non-probabilistic numerical
methods for simulation, facilitate future research in this field and pave the way for the broader

adoption of probabilistic numerics in scientific computing and engineering applications.
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Abstract

Probabilistic solvers for ordinary differential
equations assign a posterior measure to the
solution of an initial value problem. The joint
covariance of this distribution provides an es-
timate of the (global) approximation error.
The contraction rate of this error estimate as
a function of the solver’s step size identifies
it as a well-calibrated worst-case error, but
its explicit numerical value for a certain step
size is not automatically a good estimate of
the explicit error. Addressing this issue, we
introduce, discuss, and assess several prob-
abilistically motivated ways to calibrate the
uncertainty estimate. Numerical experiments
demonstrate that these calibration methods
interact efficiently with adaptive step-size se-
lection, resulting in descriptive, and efficiently
computable posteriors. We demonstrate the
efficiency of the methodology by benchmark-
ing against the classic, widely used Dormand-—
Prince 4/5 Runge-Kutta method.

1 INTRODUCTION

Ordinary differential equations (ODEs) arise in almost
all areas of science and engineering. In the field of
machine learning, recent work on normalizing flows
(Rezende and Mohamed, 2015) and neural ODEs (Chen
et al., 2018) lead to a particular surge of interest. In
this paper we consider initial value problems (IVPs),
defined by an ODE

y(t) = f (y(1),1),
with vector field f : R x R — R? and initial value
y(to) = yo € R

Yt € [to, T, (1)

Proceedings of the 24*® International Conference on Artifi-
cial Intelligence and Statistics (AISTATS) 2021, San Diego,
California, USA. PMLR: Volume 130. Copyright 2021 by
the author(s).

Limited by finite computational resources, the numer-
ical solution of an IVP is inevitably only an approx-
imation. Though, most classic numerical solvers do
not return an estimate of their own numerical error,
leaving it to the practitioner to evaluate the reliability
of the result. The field of probabilistic numerics (PN)
(Hennig et al., 2015; Oates and Sullivan, 2019) seeks
to overcome this ignorance of numerical uncertainty.
By treating numerical algorithms as problems of statis-
tical inference, the numerical error can be quantified
probabilistically.

One particular class of probabilstic numerical solvers
for ODEs treats IVPs as a Gauss—Markov regression
problem (Tronarp et al., 2019, 2020), the solution of
which can be efficiently approximated with Bayesian
filtering and smoothing (Sarkké, 2013). These so-called
ODE filters relate to classic multistep methods (Schober
et al., 2018), and have been shown to converge to the
true solution of the IVP with high polynomial rates
while providing (asymptotically) well-calibrated con-
fidence intervals (Kersting et al., 2020). In practice,
however, there remain two gaps: First, efficient imple-
mentation of ODE solvers require adaptive step-size
selection, which has not received much attention in
the past; second, the calibration of the posterior un-
certainty estimates depends on the choice of specific
diffusion hyperparameters. Both are addressed in this
paper.

The contributions of this paper are the following: We in-
troduce and discuss uncertainty calibration methods for
models with both constant and time-varying diffusion,
and extend existing approaches with multivariate pa-
rameter estimates. After calibration, the probabilistic
observation model provides an objective for local error
control and adaptive step-size selection, enabling the
solvers to make efficient use of their computational bud-
get. The resulting probabilistic numerical ODE solvers
are evaluated and compared for a large range of configu-
rations and tolerance levels, demonstrating descriptive
posteriors and computational efficiency comparable to
the classic Dormand-Prince 4/5 Runge-Kutta method.
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Figure 1: Probabilistic solution of the Lotka-Volterra equations. Left: Posterior mean returned by the probabilistic
solver. For the chosen tolerance levels the returned uncertainties are too small to be visually separated from
the mean. Right: True error trajectory (black) and sampled error trajectories (colored). Both the true solution
and the samples exhibit similar patterns, indicating a well-structured and calibrated uncertainty estimate of the

provided posterior distribution.

2 PROBABILISTIC ODE SOLVERS

In this paper, the solution of the IVP is posed as a
Bayesian inference problem (Cockayne et al., 2019). By
considering Gauss—Markov priors on the state-space,
the problem is reduced to a case of Bayesian state
estimation (Tronarp et al., 2019). In the following, we
introduce the state estimation problem and describe
the approximate inference procedure.

2.1 ODE Solutions as State Estimation

A priori, we model the solution together with
g € N of its derivatives as a Gauss—Markov pro-

~
cess X () = [(X(O)(t))T (XO@)T, . (X(q)(t))q ,
where X (9 (t) models the i-th derivative y(*)(t). More
precisely, X () is the g-times integrated Wiener process
(IWP), which solves the stochastic differential equations
dXO ) = XD @y de, i=1,....,q—1 (2a)
dX@(¢) = TY2 dB(t), (2b)

X (to) ~ N (o, Xo), (2¢)

where T''/2 is the symmetric square root of some

positive semi-definite matrix I' € R¢*¢,

The continuous-time model can be described by transi-
tion densities (Sérkké and Solin, 2019, Section 6.2)

X(t+h) | X(t) ~N(AR)X(1),Q(h).  (3)

For the IWP prior, A(h) € RatDxdla+1)  apq
Q(h) € RUatxd(a+1) are of the form

v

A(h) = A(h) ® 1, (4a)
Q(h) =Q(h) &T, (4b)

124

with A(h),Q(h) given by Kersting et al. (2020, Ap-
pendix A)

B!

igjma
h2a+l—i—j

(29 +1—i—j)(g—19)!(g— )"

Aij(h) =1

Qij(h) =

To relate the prior to the solution of the IVP, define
the measurement process

Z(t) = xW(e) - £ (XO) . (6)

The probabilistic numerical solution of the ODE is
computed by conditioning X (¢) on the event that the
realisation z(t) of Z(t) is zero on the grid {t,}_;
(Tronarp et al., 2019)

Zn i =2(ty,) =0, mn=1,...,N. (7)

The resulting inference problem of computing

P (X(®) [ {zn}nn) (®)

is, for non-linear vector fields f, known as a non-linear
Gauss—Markov regression problem and is in general
intractable, but it is possible to efficiently compute
approximations (Sarkka, 2013).

2.2 Approximate Gaussian Inference

We consider approximate Bayesian inference based on
linearization by Taylor-series expansion, known as the
extended Kalman filter (EKF) in statistical signal pro-
cessing (Sarkké, 2013, Section 5.2). By linearizing the
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measurement likelihood we can efficiently and itera-
tively compute approximations

p(X(ta) [{z:}15)) =N (0l ZF), (%)
p(X(tn) [{zi}ie) = N (), Z5),  (9b)
p (Zn | {Zl ;l:_ll) ~ N(éna Sn) ) (9(3)

through the following prediction and update steps
(Sarkké, 2013, Section 5.2):

Prediction:
pr, = Alhn— 1)y, (10a)
271: = A(hnfl)zg—lA(hnfl)T + Q(hnfl)- (10b)

Update:

20 = By, — f (Bopy, ta) (11a)
S, =H, XV HT, (11b)
K,=XVHTS !, (11c)
NS :N5+Kn(zn — Zn), (11d)
yr=yP K,S.KT, (11e)

where H,, can be either H,, := F; for a zeroth order
approximation, or H,, := Ey — J¢(Eopin,tn)Eo for a
first order approximation of the vector field f, with
E() = 65@], E1 = €I®I

The zeroth and first order linearizations correspond
to the updates by Schober et al. (2018) and Tronarp
et al. (2019), respectively. In the sequel, we refer to
the algorithm with zeroth and first order linearization
as EKF0 and EKF1, respectively.

Remark 1. While most classic ODE solvers do not
use the Jacobians of the wvector field f, they play a
central role in Rosenbrock methods (Rosenbrock, 1963;
Hochbruck et al., 2008), a class of semi-implicit solvers
for stiff ODEs (Hairer and Wanner, 1996, Chapter
IV.7). In probabilistic solvers, the Jacobian was used in
a probabilistic multistep method (Teymur et al., 2016)
and, more recently, with extended Kalman filtering and
smoothing (Tronarp et al., 2019, 2020).

The Bayesian filtering posterior for X (¢) is conditioned
only on the measurements obtained before and at the
time step t, but does not include future measurements.
Computing the (approximate) full marginal posterior
p (X (tn) | {zn}2_1) can be done with Bayesian smooth-
ing. The extended Rauch—Tung—Striebel smoother,
also called the extended Kalman smoother (EKS), de-
scribes an algorithm to efficiently compute Gaussian
approximations

p(X(tn) [{z}il)) = N (7, 27) (12)

with a backwards recursion, given by the smoothing
step

G = S5 Alha)(Z540) 7" (13a)
[ = + Gn(ﬂ§+1 - N5+1): (13b)
Sy = SN 4GB0 — Z5 )G (13¢c)

See also Sarkka (2013, Chapter 9). The approximate
posterior for off-the-grid time steps ¢ € [to, T], relating
to dense output in classic numerical solvers (Hairer
et al., 1993, Chapter I1.6), can be straight-forwardly
computed by using the Gauss—Markov property. In
a similar manner as above, we refer to the resulting
algorithms with linearization of order zero and one as
EKSO and EKS1, respectively.

The question remains how to set the initial state
Xo ~ N (o, Xo). This problem can also be observed
in classic multistep methods: In addition to the multi-
step formula, they specify a starting procedure using,
for example, Taylor series expansion (Bashforth and
Adams, 1883), one-step methods (Hairer et al., 1993,
Chapter II1.1), or other iterative procedures (Nord-
sieck, 1962). In a similar effort, Schober et al. (2018)
describe an initialization for a probabilistic ODE solver
via Runge-Kutta methods. Since the probabilistic for-
mulation enables us to explicitly quantify uncertainty
over the initial values, it is also possible to set the initial
state to a zero mean and unit variance Gaussian dis-
tribution and to condition on the correct initial values
XO(tg) = yo and XD (tg) = f(yo,to) (Tronarp et al.,
2019, 2020). For our experiments, where orders ¢ < 5
are used, we found it feasible to compute all derivatives
of the correct initial value via automatic differentiation,
and we explicitly set o = (y(to), §(to), ..., y'? (to)) and
Zero covariance.

Remark 2. The ezact initial derivatives can be com-
puted efficiently with Tylor-mode automatic differentia-
tion (Griewank and Walther, 2000; Bettencourt et al.,
2019). A more extensive description of an initializa-
tion procedure, together with further considerations for
a numerically stable implementation, is provided by
Kramer and Hennig (2020).

3 UNCERTAINTY CALIBRATION

The probabilistic solver with IWP prior presented in
Section 2.1 contains a free parameter I', which is of par-
ticular importance for the posterior uncertainty, as it
determines the gain of the Wiener process entering the
system in Eq. (2). In this section, we present different
diffusion models and discuss approaches for estimating
this parameter and thereby calibrating uncertainties.
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3.1 Time-Fixed Diffusion Model

A common approach for Bayesian model selection and

parameter estimation is to maximize the marginal like-

lihood, or evidence, of the observed data zi.,, given by

the prediction error decomposition (Schweppe, 1965)
n

p(z1n) = p(21) [ [ p(2i | 2101).- (14)

i=2

For affine vector fields, the Kalman filter computes

the marginals p(z; | z1.i—1) exactly, but for non-affine

vector fields we solve the Bayesian filtering problem

only approximately. Nevertheless, it is a natural choice

to approximate the marginal likelihoods in the same

way as the filtering solution is approximated, i.e. with
extended Kalman filtering, as

p(zl:'n) ~ HN(Z“ 2% SZ) ) (153“)
=1

Z = ElNzP —f (EO/%Pv ti) ) (15b)

S; = H,XFHT. (15c¢)

Maximizing Eq. (15a) is referred to as quasi mazimum
likelihood estimation in signal processing (Lindstrom
et al., 2018).

For the case of scalar matrices I' = ¢21;, Tronarp
et al. (2019, Proposition 4) provide a (quasi) maximum-
likelihood estimate (quasi-MLE) of o2, denoted by 63%.
Assuming an initial covariance of the form X, = UQZV‘O,
63 is given by
1 X
63 = Vi D (2 = 2T (20 — ). (16)
n=1

This estimation can be performed on-line in order to

provide calibrated uncertainty estimates during the
solve, which are required for step-size adaptation.

The IWP prior with scalar diffusion I' = 021, describes
the same model for each dimension. Furthermore, as
the measurement matrix H,, associated with the EKF0
does not depend on the vector field, the estimated
uncertainties of each dimension will be the same. To
fix this shortcoming of the EKFO we propose a model
with diagonal I' = diag(c?, ..., 02). Its quasi-MLE is
provided in Proposition 1 below.

,02) and Xy =
Yo ®T. Then the prediction and filtering covariances
computed by the EKF0 with IWP prior are of the form
rP = i‘f T, XF = i‘f; ® T, and the approrimated
measurement covariances are given by S, = §,-I", where
Sy 1S 8y 1= egi‘feg. The quasi mazximum-likelihood

Proposition 1. Let T' = diag(o?,...

estimate of T, denoted by I, is diagonal and given by

L1 ()
Fu‘—NZ 5,

n=1

iefl,....d}.  (17)
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The proof follows the idea of Tronarp et al. (2019,
Proposition 4). A more detailed derivation can be
found in Appendix A.

3.2 Time-Varying Diffusion Model

To allow for greater flexibility, Schober et al. (2018)
propose a model in which I' = T',, is allowed to vary
for different integration steps t,. In such a model,
all measurements {zi}?:]l taken before time t, are
independent of the parameter I',,. We obtain

argmaxp (z1.,) = argmaxp (zn, | 21.n) (18a)
T I'n
~ argmax N (z,;2,,5,), (18b)

I'n
with S, = H,, [A,5F AT +(Q, @ T,)| H].

To approximately estimate Iy, Schober et al. (2018)
propose an estimation based on “local” errors, a com-
mon procedure for error control and step-size adapta-
tion in classic numerical methods (Hairer et al., 1993,
Chapter I1.4). Assuming an error-free predicted solu-
tion pf”_ | at time ¢, 1, that is, I | = 0, yields

S, = Hn(Q, ®T,)H]. (19)
For scalar matrices 'y, = 021, this implies
S, =02 Hy(Q, ® I)H]. (20)

Computing the quasi-MLE by solving Eq. (18) yields
the parameter estimate by Schober et al. (2018):

62 = é(zn — 2,)T (Hn(c?n ® Id)HJL)_1 (2n = 2n).
(21)

As for the fixed diffusion model, we can improve the
expressiveness of the EKF0O by considering a multi-
variate model with diagonal I',, = diag(c2,,...,02,).
With the local error based estimation, and using

H, = e; ® I, we obtain

Sn - (Qn)ll . Fn

With a covariance of this form, Eq. (18) can be solved
and we obtain the quasi-MLE

(fn)u = (2n — 2n)12/((2n)117

as parameter estimate for models with the time-varying,
diagonal diffusion.

(22)

ief{1,....d}, (23)

4 STEP-SIZE ADAPTATION

While the algorithm described in Sections 2 and 3 is
able to compute calibrated posterior distributions over
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solutions to any IVP, it still lacks a common tool to
make efficient use of its computations: step-size adap-
tation. Indeed, most modern, non-probabilistic ODE
solvers perform local error control with adaptive step-
size selection, allowing them to compute the result up
to a desired precision while avoiding unnecessary com-
putational work. In the following, we first review error
estimation and step-size control in classic numerical
solvers, then provide a principled objective for error
control of probabilistic ODE solvers and describe the
full step-size adaptation algorithm.

4.1 Error Control in Classic Solvers

An important aspect of numerical analysis is to moni-
tor and control the error of a method. Commonly, a
distinction is made between two kinds of errors: The
local error describes the error that the algorithm intro-
duces after a single step, whereas the global error is
the cumulative error of the computed solution caused
by multiple iterations. The global error is typically not
of practical interest for error monitoring and control
(Hairer et al., 1993, Chapter 11.4), and instead the local
error is estimated, for example through Richardson ex-
trapolation (Hairer et al., 1993, Theorem 4.1), or more
commonly via embedded Runge-Kutta methods (Hairer
et al., 1993, Chapter I1.4) or the Milne device (Byrne
and Hindmarsh, 1975). These estimates are then used
in the step-size control algorithm, which ensures that
the chosen step sizes are sufficiently small to yield the
desired precision of the computed result, while being
sufficiently large to avoid unnecessary computational
work. Common control algorithms for step-size selec-
tion include proportional control (Hairer et al., 1993,
Chapter 11.4) and proportional-integral (PI) control
(Gustafsson et al., 1988).

4.2 Error Control in Probabilistic Solvers

In Gaussian filtering, the natural object to consider for
error estimation and control are the residuals (z, — 2,).
Schober et al. (2018) show how to use this quantity
for both uncertainty calibration (as presented in Sec-
tion 3.2) and local error control. We generalize their
error control objective to be applicable to all presented
algorithms and uncertainty calibration methods.

After calibration, the extended Kalman filtering algo-
rithm approximates (see Eq. (11))

p(zn | Zl:nfl) ~ N(Zm Zn, Sn) ) (24)

with
2, = Bipl — f (Bopl tn) (25a)
S = Hy (AnSi 1AL + (Que D)) HI,  (25b)

where H,, can correspond to either the zeroth or the
first order linearization, and I',, has been estimated
through one of the approaches of Section 3.

For step-size adaptation we want to control local errors,
and therefore assume an error-free solution estimate at
time t,_;. With 2571 = 0 we obtain the approxima-
tion

P((2n — 2n) | 21m—1) =

N (zn ~ 2,0, H, (Qn ® fn) Hg) . (26)

Finally, we define the objective for local error control
D, € R as the (local) standard deviations of the
residual vector (z, — Z,), given by
. . 1/2
(Du); = (Ha (Qu@ ) HT)

(2

, ieql,...,d}.
(27)

For the EKFO algorithm and time-varying, scalar
I' = 021;, we recover the expected error used by
Schober et al. (2018) for step-size control (see also
Byrne and Hindmarsh (1975)), but the general for-
mulation in Eq. (27) can also be used with on-line
quasi-MLE for time-fixed I" (Section 3.1) and in com-
bination with the EKF1.

4.3 Step-Size Selection

Following Hairer et al. (1993, Chapter 11.4), the
step-size controller aims to select step sizes, as large
as possible, but while satisfying componentwise, for
ie{l,...,d},
(Dﬂ)L < Ei, &= Tabs T Trel - Max (|(yn—1)i| ) ‘(QIL)LD s

(28)
where T,1s and Ty are the prescribed absolute and
relative tolerances, respectively, and §,,_1 := Eoul_,,
Un := FEoul are solution estimates of the numerical
solver. To do so, we define the following measure of
error as control objective,

o ;Zj; ((2"))2 (29)

The proportional control algorithm compares the con-
trol objective E to 1 to find the optimal step size. If
FE <1 holds, the computed step is accepted and the
integration continues. Otherwise, the step is rejected
as too inaccurate and is repeated. In both cases, a new
step size which will likely satisfy Eq. (28) is computed
as

=T
hnew =h- P (;) ) (30)
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Figure 2: Probabilistic solution with step-size adaptation of the Van der Pol equations. Left: Mean of the posterior
distribution over solutions, showing only values in the (—7,7) interval. Middle: Absolute errors (solid lines), and
standard deviations of the posterior marginals as error estimates (dashed lines), shown in log-scale. Right: Step
sizes of accepted steps throughout the solve. During the stiff phases, the step sizes get drastically decreased by

the step-size controller.

making use of the local convergence rate of ¢ + 1, as
used by Schober et al. (2018) and shown by Kersting
et al. (2020). The parameter p € (0, 1] is a safety factor
to increase the probability that the next step will be
acceptable, and we additionally limit the rate of change
Nmin < Ant+1/hn < Nmax (Hairer et al., 1993). In our
experiments, we set p := 0.9, Nmin = 0.2, Npar 1= 10.

The formulation of the local error control objective in
Eq. (27) also lends itself to other control algorithms.
Notably, PI control (Gustafsson et al., 1988) can be
an interesting alternative to proportional control when
applied to mildly stiff problems, and has been success-
fully applied for the related class of Nordsieck methods
by Bras et al. (2013).

5 RELATED WORK

Our contribution fits in the formulation of IVPs as
problems of Bayesian state estimation (Tronarp et al.,
2019, 2020). By using Gaussian filtering methods, these
solvers are able to efficiently compute posterior distri-
butions over solutions (Kersting and Hennig, 2016),
which converge to the true solution at high polyno-
mial rates (Kersting et al., 2020). In practice, the
calibration of the posterior uncertainties depends on
specific model hyperparameters. This paper reviews
and extends previously proposed global and local cali-
bration methods (Tronarp et al., 2019; Schober et al.,
2018). The presented step-size controller builds on the
algorithm suggested by Schober et al. (2018).

A different line of work on probabilistic numerical
solvers for ODEs aims to represent the distribution over
solution with a set of sample paths (Conrad et al., 2017;
Abdulle and Garegnani, 2020; Lie et al., 2019; Teymur
et al., 2018, 2016; Chkrebtii et al., 2016; Tronarp et al.,
2019). While these methods are able to capture ar-
bitrary, non-Gaussian distributions, they come at an
increased computational cost.
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6 EXPERIMENTS

To evaluate the presented methodology, we provide
three sets of experiments. First, we highlight the prac-
tical necessity of step-size adaptation by solving a stiff
version of the Van der Pol model. Next, we compare
the different uncertainty calibration methods presented
in Section 3. Finally, we assess the practical perfor-
mance of the probabilistic ODE solvers by comparing
to a classic Runge-Kutta 4/5 method. The code for the
implementation and experiments is publicly available
on gihub!.

6.1 Stiff Van der Pol

The Van der Pol model (van der Pol, 1926) describes
a non-conservative oscillator with non-linear damping,
and can be written in the two-dimensional form:

Y1 = Yo,

Yo = ((1=9)y2 —w1) (381

with a positive stiffness constant p > 0.

To highlight the importance of step-size adaptation,
and to demonstrate the A-stability of the EKSI1
(Tronarp et al., 2020), we consider a very stiff ver-
sion of the Van der Pol model and set ¢ = 105. We
solve the IVP on the time interval [0, 6.3] with initial
value y(tg) = [0,v/3]T using the EKS1 algorithm with
an IWP3 prior, for absolute and relative tolerance spec-
ified as 1076 and 1073, respectively. We were not able
to solve this same IVP with the EKSO (which does not
possess this stability property). The reference solution
has been computed with the A-stable 5th order implicit
Runge-Kutta method Radau ITA (Hairer and Wanner,
1996), implemented as RadauIIA5 in the Julia Differen-
tialEquations.jl suite (Rackauckas and Nie, 2017), for
absolute and relative tolerances set to 10714

"https://github.com/nathanaelbosch/capos
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Figure 3: Uncertainty calibration across configurations. In each subfigure, a specific combination of filtering
algorithm (EKF0/EKSO or EKS1/EKF1) and calibration method is evaluated, the latter including fixed and
time-varying (TV) diffusion models, as well as their multivariate versions (fixed-MV, TV-MV). A well-calibrated
solver should provide x2-statistics inside the 99% credible interval (green).
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Figure 4: Qualitative comparison of the different time-varying uncertainty models. The EKSO with scalar diffusion
(left) estimates a single credible band shared accross for both dimensions, but the multivariate model (middle) is
able to attribute different uncertainties to each dimension. By including information on the derivatives of the

ODE, the EKS1 with scalar diffusion (right) returns structured and dynamic uncertainty estimate.

Figure 2 shows the results, including the solution poste-
rior, errors and error estimates, and the step sizes dur-
ing the solve. The posterior mean returned by the solver
achieved a final error of ||§(T) — y*(T)|| = 6.17 x 1072,
where y* denotes the reference solution. The step sizes
shown in Fig. 2 (right) change drastically during the
solve, and decrease from values h ~ 1072 down to
h < 1078 during the stiff phases. If one were to solve
this IVP without step-size control, that is, with EKS1
and an IWP3 prior but with fixed steps of size 1078,
one would perform 6.3 x 10® solver iterations. Com-
pared to the ~ 1 second runtime the adaptive step
method required for its 23824 iterations (out of which
6977 steps were rejected), the fixed-step solver would
require more than 7 hours. This demonstrates the im-
portance of adaptive step-size control for efficient use
of computational resources.

6.2 Comparison of Calibration Methods

We evaluate the various algorithms and calibration
methods on the FitzHugh-Nagumo model, given by the
ODE

yi
U1 —c<y1—3+y2),
(32)

. 1
Y2 =——(y1 —a—byz),
c
with parameters (a = 0.2, b = 0.2, ¢ = 3.0), initial
value y(0) = [—1,1]T, and time span [0, 20].

In the first part of this experiment, the uncertainty
calibration is evaluated across a large range of solver
configurations and tolerances (T,ps = 107%,...,10713,
Teel = 1071,...,10710). To assess the quality of the
uncertainty calibration, we use the x2-statistics (Bar-
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Shalom et al., 2004) defined by

}VZ T Covly(t) k), (33)

where r(¢;) := (y*(t;) — E[y(t;)]) are the residuals and
E[y(t;)] and Cov(y(t;)) are computed on the posterior
distribution returned by the probabilistic solver. A
well calibrated model achieves 2 ~ d. If x2 < d or
x? > d we refer to the solution as underconfident or
overconfident, respectively.

Figure 3 visualizes the full comparison of the uncer-
tainty calibration methods and suggests some empirical
findings. For most configurations the time-varying un-
certainty models seem to be better calibrated than
the fixed models. For a fixed choice of algorithm
(e.g. EKFO) and order (e.g. IWPS5) their calibra-
tion varies less across the different tolerance levels.
The multi-variate models seem to not have a large
impact on the y2-statistics, both for the fixed and
time-varying models. The first-order linearization ap-
proaches EKF1/EKSI tend to become underconfident,
but achieve the lowest errors.

To complement this summarized evaluation based on
the x? statistics, we visualize the qualitative behaviour
of the different time-varying uncertainty models in
Fig. 4. To be comparable, all models share an IWP3
prior and tolerances T,ps = 1070, 7o = 1077, The
scalar, time-varying (TV) approach attributes the same
credible bands to both dimensions (shown in grey),
whereas the multivariate, time-varying (TV-MV) model
is able to lift this restriction and estimates a large
uncertainty for the first dimension (blue) and barely
visible uncertainties for the second dimension (orange).
However, only the first order linearization of the EKS1
seems to properly describe the structural properties of
the true solution in its posterior estimate.

For experiments on additional problems, including clas-
sic work-precision diagrams for all methods, see Ap-
pendix B.1

6.3 Comparison with Dormand—Prince 4/5

This experiment assesses the performance of the de-
veloped methodology and compares the probabilistic
solvers of 5th order to the classic, widely used Runge-
Kutta 4/5 method by Dormand and Prince (1980), im-
plemented as DP5 in the Julia DifferentialEquations.jl
suite (Rackauckas and Nie, 2017). The comparison was
made on the Lotka-Volterra equations (Lotka, 1925;
Volterra, 1928), which describe the dynamics of bio-
logical systems in which two species interact, one as a
predator and the other as prey. The IVP is given by
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Figure 5: Comparison to Dormand—Prince 4/5 (DP5).
All probabilistic ODE solvers use an IWP-5 prior and a
scalar, time-varying diffusion model. The comparison is
made on the Lotka-Volterra equations. The EKF0 and
EKSO performed similarly and are therefore difficult to
separate visually in the figure.

the ODE

Y1 = oy — BYyiye,

. 34
Y2 = —yY1 + 6y1y2, (34)

with initial value y(0) = [1,1]T and parameters (o =
1.5, 8=1,7=3,0 =1), on the time span [0, 10].

Figure 5 shows the results in a work-precision diagram.
We observe convergence rates of order 6 for all methods,
one order higher than the expected global convergence
rate of order 5 for the DP5 algorithm (Hairer et al.,
1993) and for Gaussian ODE filters with IWP-5 prior
(Kersting et al., 2020; Tronarp et al., 2020). It can also
be seen that the EKF0 requires more function evalu-
ations than expected for high-tolerance settings. Out
of all compared methods, the EKS1 seems to require
the least number of evaluations of the function and its
Jacobian to achieve a specified error, matching the per-
formance of the EKF0O and EKSO while demonstrating
a stable behaviour for high tolerances.

Similar work-precision diagrams for these methods on
additional problems are provided in Appendix B.2.

7 CONCLUSION

In this paper, we introduced and discussed various mod-
els and methods for uncertainty calibration in Gaus-
sian ODE filters, and presented parameter estimates for
both fixed and time-varying, as well as scalar and multi-
variate diffusion models. The probabilistic observation
model of these methods provides a calibrated objective
for local error control, enabling the implementation of
classic step-size selection algorithms.

The resulting, efficiently computable posteriors have
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been empirically evaluated for a wide range of toler-
ance levels, demonstrating decent error calibration in
particular for the time-varying diffusion models. Of all
compared methods, the first-order linearization of the
EKS1 seems to provide the most expressive posterior
covariances, while also efficiently computing accurate
solutions — requiring, in our benchmarks, less evalua-
tions than the well-known Dormand—Prince 4/5 method
to reach a specified tolerance level.
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A Proof of Proposition 1

Proof. The proof is structured as follows. First, we show by induction that an initial covariance Xy = Yol
implies covariances X2 = YP @ T, X' = ¥F @ T, and S, = S, - T, for all n. Then, for measurement covariances
Sy, of such form, we can compute the (quasi) maximum likelihood estimate I'.

1 = Zu]f;ll ® I'. Using the mixed product property and the associativity of the Kronecker product,
the covariance of the prediction X’ can be written as

Assume XF

SP = A AT+ Qu= (Ao n) (B, eT) (Ao L) + (QueT) = (A5 AT+ Q) oT = 5P oT,

9]

where ¥F .= A, XF | AT + Q,,. Next, using H, = e] @ I; (EKF0), the measurement covariance S, is given by
S, = H,SPHT = (] @ 1) (i}j ® F) (€] 2 1) = (e{ifjel) @l =48, T.
Finally, the filtering covariance can be computed with the update step Eq. (11) as
yr—-yP _K,S,K,
=xP _xPpgrs-ipg,sP
- (2”,’5’ ® F) - (2“,’5’ ® F) (T @Iy (Sn ® F)_l (e] © 1) (E}f ® F)
= (2“;: - f;:elg;le;ig) ®T
=3Fer,
with P := 3P _ e, §-1.T P This concludes the first part of the proof.

It is left to compute the (quasi) MLE by maximizing the log-likelihood log p(z1.n) = log Hf:le N (zn; 2, Sy). For
diagonal I" and zero measurements z, = 0, we obtain

I' = argmaxlog p(z1.x)
r
N
= arg max Z log N/ <O; 2, Sh - F)
r n=1
AN 1 -1
_ arglljnaxz (—2log 18Tl - 521 (Sn : r) zn>
n=1
N & d d .
log S¢ - logT'y; 2
= arg maxz _08on 221:1 Bli Z (Vzn)z
r n—1 - QSnP“

d

N
= arg max — — = .
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Each diagonal element I';; can be computed independently by taking the derivative setting it to zero:

N
N (22)3 :
0=— cnid Vie{l,...,d}.

20 +Z 25,12 et }

n=1

The solution to this equation provides the (quasi) maximum likelihood estimate for r

R 1 X (2,)?
Iy = Z nz’ VZE{l,,d}

B Additional Experiments
These experiments include two additional IVPs.

Logistic Equation We consider an initial value problem, given by the logistic equation

y(t) = ry(t)(1 —y(t)), (35)
with parameter r = 3, integration interval [0, 2.5], and initial value y(0) = 0.1. Its exact solution is given by

exp(rt)

*(t) = . 36
v (t) 1/yo — 1+ exp(rt) (36)
Brusselator The Brusselator is a model for multi-molecular chemical reactions, given by the ODEs
ho=1+y2ys — 4y,
Y1 Y1Y2 Y1 (37)

Y2 = 3y1 — Yive.
We consider an IVP with initial value y(0) = [1.5, 3] on the time span [0, 10].
B.1 Performance and Calibration on Additional Problems

This section extends the results of Section 6.2 with evaluations on additional problems: Lotka-Volterra (Fig. 6),
logistic equation (Fig. 7), FitzHugh-Nagumo (Fig. 8), and Brusselator (Fig. 9). In addition, all figures contain
classic work-precision diagrams which visualize the relation of achieved error and number of evaluations, where
both the evaluations of the vector field and of its Jacobian are counted.

B.2 Comparison to Dormand-Prince 4/5

Comparison of the probabilistic solvers to the classic Dormand-Prince 4/5 method on additional problems.
Figure 10 presents the resulting work-precision diagrams. This extends the results of Section 6.3.
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Figure 6: Accuracy and uncertainty calibration across configurations on the Lotka-Volterra equations. In each
subfigure, a specific combination of filtering algorithm (EKF0/EKS0 or EKS1/EKF1) and calibration method is
evaluated, the latter including fixed and time-varying (TV) diffusion models, as well as their multivariate versions
(fixed-MV, TV-MV).
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Figure 7: Accuracy and uncertainty calibration across configurations on the logistic equation. In each subfigure, a
specific combination of filtering algorithm (EKF0/EKSO0 or EKS1/EKF1) and calibration method is evaluated,
the latter including fixed and time-varying (TV) diffusion models, as well as their multivariate versions (fixed-MV,
TV-MV).
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Figure 8: Accuracy and uncertainty calibration across configurations on the FitzHugh-Nagumo equations. In each
subfigure, a specific combination of filtering algorithm (EKF0/EKS0 or EKS1/EKF1) and calibration method is
evaluated, the latter including fixed and time-varying (TV) diffusion models, as well as their multivariate versions
(fixed-MV, TV-MV).
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(b) Uncertainty Calibration.

Figure 9: Accuracy and uncertainty calibration across configurations on the Brusselator equations. In each
subfigure, a specific combination of filtering algorithm (EKF0/EKS0 or EKS1/EKF1) and calibration method is
evaluated, the latter including fixed and time-varying (TV) diffusion models, as well as their multivariate versions
(fixed-MV, TV-MV).
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Figure 10: Comparison to Dormand-Prince 4/5 (DP5). All probabilistic ODE solvers use an IWP-5 prior and a

scalar, time-varying diffusion model.
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Abstract

Probabilistic numerical solvers for ordinary
differential equations compute posterior dis-
tributions over the solution of an initial value
problem via Bayesian inference. In this pa-
per, we leverage their probabilistic formu-
lation to seamlessly include additional in-
formation as general likelihood terms. We
show that second-order differential equations
should be directly provided to the solver, in-
stead of transforming the problem to first
order. Additionally, by including higher-order
information or physical conservation laws in
the model, solutions become more accurate
and more physically meaningful. Lastly, we
demonstrate the utility of flexible informa-
tion operators by solving differential-algebraic
equations. In conclusion, the probabilistic for-
mulation of numerical solvers offers a flexible
way to incorporate various types of informa-
tion, thus improving the resulting solutions.

1 INTRODUCTION

Throughout science and engineering, dynamical sys-
tems are frequently described with ordinary differential
equations (ODEs). But in many systems of interest,
the differential equation harbors additional information
not directly accessible to the numerical algorithm used
to solve it. For example, physical systems often follow
high-order dynamics and preserve quantities such as
energy, mass, or angular momentum. To efficiently
compute meaningful solutions, practitioners have to
carefully choose from a wide range of numerical solvers,
such as Runge-Kutta methods (Hairer et al., 1993),
Nystrom methods for second-order ODEs (Nystrom,

Proceedings of the 25'® International Conference on Artifi-
cial Intelligence and Statistics (AISTATS) 2022, Valencia,
Spain. PMLR: Volume 151. Copyright 2022 by the au-
thor(s).

First-order ODE

Second-order ODE

Conventional

Conserved energy

Figure 1: Faithful modeling of ODE information im-
proves probabilistic solutions. Informing the solver
about the second-order structure of the Kepler prob-
lem (®) increases the accuracy over its first-order coun-
terpart (@). Adding physical information about the
conservation of energy and angular momentum greatly
improves the solution, even for increased step sizes (@).
Full information leads to the best results (®). The
dynamical system is described in Supplement A.6.

1925), structure-preserving integrators (Hairer et al.,
2006), and many more. Each of these methods can be
seen as a laboriously custom-designed way to encode
specific kinds of information. In this paper, we present
a more flexible, unified approach to include additional
knowledge into numerical ODE solutions, by leveraging
the framework of probabilistic numerics.

In probabilistic numerics (Hennig et al., 2015; Oates
and Sullivan, 2019), numerical problems are formulated
as problems of probabilistic inference. Probabilistic nu-
merical methods return distributions over solutions.
Such methods can quantify their own approximation
error through samples and other structured quantities
— a functionality typically not provided by classic nu-
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merical methods. This paper builds on probabilistic
numerical ODE solvers based on Bayesian filtering and
smoothing (Schober et al., 2019; Tronarp et al., 2019).
These “ODE filters” have been shown to converge with
polynomial rates (Kersting et al., 2020; Tronarp et al.,
2021) and their efficiency has been demonstrated on a
range of both non-stiff and stiff problems (Krdmer and
Hennig, 2020; Bosch et al., 2021).

Contributions Probabilistic ODE solvers are de-
fined by two parts: the prior and the likelihood. In
the basic version of such solvers, the likelihood is com-
pletely defined by the vector field. But, as we show in
this work, their formulation is sufficiently flexible to
allow for a much richer language. By formulating the
likelihood in terms of flexible information operators, in-
formation about higher-order derivatives and conserved
quantities can be represented with the same semantics
as the ODE information itself. We demonstrate the
utility of the proposed framework in four case studies:

1. Second-order differential equations:  Solving
second-order ODEs directly, instead of transform-
ing them to first order, greatly improves the effi-
ciency of probabilistic solvers.

2. Additional second-derivative information: Infor-
mation about higher-order derivatives can be ad-
ditionally included in the joint inference process
to increase the solution accuracy.

3. Systems with conserved quantities: By including
conservation laws into the model, probabilistic
solutions become not only more accurate but also
more physically meaningful.

4. Differential-algebraic equations (DAFEs): With the
corresponding information operator, probabilistic
solvers can be extended to DAEs.

2 PROBABILISTIC ODE SOLVERS

This section introduces filtering-based probabilistic
ODE solvers. Consider an initial value problem (IVP)

Y= f(y(t)’t)7 vt e [OvTL (1)

with vector field f : R¥! — R? and initial value
y(0) = yo € R?. Instead of computing a single point
estimate (as done by classic numerical algorithms),
ODE filters compute probabilistic ODE solutions. That
is, they approximate posterior distributions of the form

P (y(®) | y(to) = yo, {3(tn) = f(y(ta),ta)}n0) , (2)

for a chosen time-discretization {t,,}_,. Thereby, they
estimate not only the ODE solution, but also the un-
avoidable, global approximation error that arises due
to discretization.
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In the following, we pose the probabilistic numerical
ODE solution as a problem of Bayesian state estimation,
the solution of which can be efficiently approximated
with extended Kalman filtering. For a more thorough
introduction we refer to Tronarp et al. (2019).

2.1 Numerical ODE Solutions As Inference

Integrated Wiener Process Priors A priori, we
model the unknown ODE solution y(¢) by a g-times in-
tegrated Wiener process (IWP). More precisely, define

() = YO, YO @),...,y D) (3)

as the solution of a linear, time-invariant stochastic
differential equation of the form

Ay @)y =y )y dt, i=0,...q—1, (4a)
Ay @ (1) = Y2 aw (¢), (4b)
Y(0) ~ N (po: Xo) , (4c)

driven by a d-dimensional Wiener process W. The
matrix I'Y/2 is the symmetric square-root of some posi-
tive semi-definite matrix T' € R™? and yo € RHUeHD,
Y € RUa+Dxd(g+1) gre the initial mean and covari-
ance. Then, Y@ models the i-th derivative of unknown
ODE solution y and we write y ~ IWP(q).

Discrete-Time Transitions The process Y (t) sat-
isfies transition densities (Sarkké and Solin, 2019)

Y(t+h)[Y(t) ~N(ARY(1),Q(h).  (5)

The matrices A(h),Q(h) € RUa+1)xda+1) denote the
transition matrix and the process noise covariance. For
the chosen IWP(q) prior, it holds

Q(h)=Qh) T,  (6)

and the matrices A(h), Q(h) € RUTD* @) are known
in closed form (Kersting et al., 2020):

Alh) = A(h) ® I,

9 hi—1
Aij(h) = Higjmv (7a)
h2qtl—i—j

(2¢+1—i—j)(g—i)g— )

v

Qij(h) =

(7b)

Measurement Process To relate the prior process
to the ODE solution, we define a measurement model
in terms of an information operator (Cockayne et al.,
2019; Tronarp et al., 2019), similar to the likelihood
models used in gradient matching (Calderhead et al.,
2009; Wenk et al., 2020). Define

Z[yl(t) := y(t) = fy(?),1). (8)



2 Pick-and-mix information operators for probabilistic ODE solvers [15]

Nathanael Bosch, Filip Tronarp, Philipp Hennig

The operator Z maps the true ODE solution (see
Eq. (1)) to a known quantity, namely the zero function;
Z[y] = 0. On the other hand, the action of the infor-
mation operator on the process Y can be expressed in
terms of the following non-linear function

2(6,Y) = 20| ) = YO 1) - £ (YO), t) . (9)

Once again, if V(%) solves the ODE (Eq. (1)) exactly,
we have z(t,Y) = 0. Consequently, inferring the true
ODE solution y reduces to conditioning the prior Y on
z(t,Y) = 0. This inference problem is the subject of
the next section.

2.2 Approximate Gaussian Inference

To enable tractable inference, we discretize time to a
grid {t,})_; C [0,T] and condition the process Y (t)
only on discrete observations z, = z(t,,Y (tn)) =
0. The resulting non-linear Gauss—Markov regression
problem is well-known in the Bayesian filtering and
smoothing literature (Sarkké, 2013). Its solution can
be efficiently approximated with the extended Kalman
filter (EKF), as Gaussian distributions

p (Y(tn) | Zl:n) ~ N(,una En) . (10)

In a nutshell, the EKF algorithm proceeds by iterating
the following steps (Séarkké, 2013, Section 5.2):

e PREDICT: Given Y (¢,) | 21.n ~ N (tn, Xy) and the
Gaussian transitions of Eq. (5), we can extrapolate
to Y(tn+1) | Z1:n ™ N(Mn+1»2n+1)7 with

(11a)

(11b)

N;+1 = A(hn)/in:
Z;-H = A(hn)EnA(hn)T + Q(hn),
where hy, :==tp41 — ty.

e UPDATE: To include information about the new
measurement z,.1 into Y (¢,y1) approximate
Y(thrl) | Z1:n41 NN(Mn+172n+1)7 with

Zny1 =2 (tTH*lMU"r:—}-l) (12a)
Snt1 = Hn1 8y Hi g, (12b)
K1 = Z?;+1HT[+IS’V:~}{17 (12¢)
Hnt1 = Py + Kn+1(zn+1 - 73n+1)7 (12d)
Sna1 =24 — Ko Snpa Koy (12e)

In a standard EKF, the matrix H,,;; denotes the
Jacobian of the measurement model z, evaluated
at fi, ;. For z as defined in Eq. (9), we have
H, := Ey — J¢(Eopin, tn)Eo, where the matrices
E; € Ré4xdlat1) denote projection matrices to the
i-th component of the state Y, that is E;Y = Y®.

We call the resulting ODE solver EK1 (Tronarp
et al., 2019). Alternatively, Schober et al. (2019)
use a zeroth-order approximation of the vector
field, i.e. H,, := E1. We refer to this solver as EKO.

Remark 1 (Smoothing). A Rauch—Tung-Striebel back-
ward pass turns the filtering distribution into a smooth-
ing posterior (Sdarkka, 2013). At the final time point,
the filtering and smoothing posteriors coincide.

Remark 2 (Alternative inference schemes). The un-
scented Kalman filter (Julier and Uhlmann, 2004) can
be used for Gaussian filtering, but requires multiple eval-
uations of the vector field at each time step. Particle
filtering (Sdrkkd, 2013) can provide more descriptive,
non-Gaussian ODE posterior estimates (Tronarp et al.,
2019). But, similarly to sampling-based approaches
to probabilistic ODE solutions (Chkrebtii et al., 2016;
Conrad et al., 2017; Abdulle and Garegnani, 2020; Tey-
mur et al., 2018), this expressivity comes at increased
computational cost. In comparison, the EKF provides
computationally efficient approximate inference.

2.3 Practical Considerations

Calibration The posterior covariances returned by
the solver depend on the choice of diffusion parameter
I (recall Eq. (4)). Good uncertainty quantification
therefore requires the estimation of I'. In ODE fil-
ters, this is usually done by approximately maximizing
the marginal likelihood of the observed data p(z1.n)
(Tronarp et al., 2019). This procedure also extends to
more general, time-varying diffusion models I';, which
have been proposed for greater flexibility (and for step-
size adaptation; see below) (Schober et al., 2019). Refer
to Bosch et al. (2021) for more detail.

Step-Size Adaptation In practice, computationally
efficient ODE solvers typically rely on adaptive step-size
selection (Hairer et al., 1993, Chapter 11.4). We follow
the presentation of Bosch et al. (2021) and control a
local error estimate, derived from the measurement z,
with a PI control algorithm (Gustafsson et al., 1988).

3 INFORMATION OPERATORS

The previous section established ODE filters as efficient
algorithms for computing probabilistic numerical solu-
tions of first-order ODEs. In the following, we extend
their formulation to a broader class of problems and
include additional types of information, by generalizing
the underlying information operators.

The vector-field information enters the inference prob-
lem through the specified measurement model: f (re-
call Eq. (1)) only appears in the information operator
Z (respectively z; see Egs. (8) and (9)). However,
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Table 1: Common problem settings and corresponding information operators.

Description Equation Information operator
First-order ODE  g(t) = f (y(¢),t) 2(t,Y) =YM — £ (YO ¢)
Second-order ODE  §j(t) = f (y(t), y(t),t) =2(t,Y)=Y® — f (YD v 1)
Mass matrix DAE  My(t) = f (y(t),t) z(t Y):=MYW — ¢ (Y(O),t)
Invariances ¢ (y(t),y(t)) =0 Y)i=g(Y y(© Y(l))
Chain rule  §j(t) = J; (y(t)) - y(t) z(t V)=Y® —J; (YO).y®

the approximate inference algorithm itself (the EKF;
see Section 2.2) does not rely on the specific form of
the measurements; except for calibration and step-size
adaptation, which we separately discuss below. To
extend the ODE filter framework, we consider more
general information operators, of the form

Zel,:={Z:Zy=0}. (13)

As before, they map some unknown function of interest
y to the known zero function. But, this general form
is not restricted to first-order ODEs. For example,
given an energy-preserving system with second-order
dynamics, we can formulate a corresponding operator
to define its probabilistic solution (as will be shown
in Section 4.3). Table 1 provides a summary of the
problem settings and the corresponding operators con-
sidered in this paper, written in the functional form
2(t,Y) := Z[Y(©](t). Before moving to our case stud-
ies, where each model will be explained in more detail,
we discuss practical details and implementation.

Inference with Multiple Information Operators
Some problems of interest provide multiple types of
information about the true solution, for example as
additional derivatives (Section 4.2) or physical con-
servation laws (Section 4.3). Formally, this amounts
to an information operator Z € Z, that can be par-
titioned as Z[y] = [Z1[y]T, Z2[y|T]", with Z1, 25 € 7,
and corresponding functional representation

2(t,Y) = [21(t, )T, 20(t,Y)T]T. (14)

It is still possible to update jointly on both measure-
ment models in a single EKF update step on z; this
strategy is chosen in Section 4.2. However, performing
two separate update steps can sometimes be preferable
(Raitoharju and Piché, 2019; Raitoharju et al., 2016,
2017). In this case, each measurement model is lin-
earized separately in the partially updated state. This
strategy is chosen in Section 4.3.

Calibration and Step-Size Adaptation The ap-
proaches for calibration and adaptive step-size selec-
tion discussed in Section 2.3 do not strictly depend
on the specific information operator, but they were
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developed in the context of first-order ODEs (Bosch
et al., 2021). There, the information operator is d-
dimensional, i.e. z(t,Y) € R% and describes the local
defect. We found that this formulation can be extended
to settings with a different problem structure (in this
work, second-order ODEs and DAEs), but for settings
with multiple sources of information (here, additional
derivatives or invariances) special care has to be taken.
To conveniently consider user-specified relative toler-
ance levels, the local error should be of the same di-
mension as the ODE solution. Thus, in Sections 4.2
and 4.3, only the part of the measurement model that
relates to the given differential equation is considered
for calibration and step-size adaptation.

4 CASE STUDIES

We evaluate the presented framework in four case stud-
ies. First, we apply the probabilistic solver to second-
order ODEs. We investigate the difference between
solving such problems directly, by selecting the correct
information operator, and solving the algebraically (but
not numerically) equivalent first-order ODEs. Second,
we augment the probabilistic numerical solver for first-
order ODEs with second-derivative information, which
can be computed from the ODE via the chain rule.
Third, we consider Hamiltonian systems in which the
total energy is conserved over time, and we evaluate
the influence of this information on the probabilistic
numerical solution. Fourth, we demonstrate how prob-
abilistic solvers can be extended to solve semi-explicit
differential-algebraic equations.

Implementation The implementation follows the
practices suggested by Kramer and Hennig (2020) and
includes exact initialization, preconditioned state tran-
sitions, and a square-root implementation. All experi-
ments are implemented in the Julia programming lan-
guage (Bezanson et al., 2017). Reference solutions are
computed with DifferentialEquations.jl (Rackauckas
and Nie, 2017). All experiments run on a single,
consumer-level CPU. Code for the implementation and
experiments is publicly available on GitHub.!

lgithub.com/nathanaelbosch/pick-and-mix
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Figure 2: Second-order ODEs should be solved directly. The Pleiades system describes the motion of seven stars
in a plane (left). Solving this problem directly in second order, compared to solving the equivalent first-order
ODE, improves accuracy and efficiency, both in the number of function evaluations (center) and runtime (right).

4.1 Second-Order Differential Equations

This first case study demonstrates how information
about the problem structure, such as the order of the
ODE, can improve probabilistic solutions. To this end,
consider an autonomous, second-order ODE

gty = f@t),y@), vtelo,T],  (15)
with vector field f : R? x R — R? and initial values
y(0) = yo, 9(0) = Jo.

Second-order ODEs can be transformed to first order by
defining a new variable § := (y,y). They can therefore,
in principle, be solved by any generic solver. However,
doubling the dimension of the ODE can increase both
the solver runtime and memory cost. Specialized non-
probabilistic solvers such as Nystrom methods have
been specifically developed to circumvent this issue
(Nystrom, 1925; Hairer et al., 1993). In this section,
we follow a similar (but much simpler) approach and
present a direct application of probabilistic solvers to
second-order ODEs.

The motivation is twofold. First, a duplication of the
ODE dimension leads to a 4x increase in memory cost
and 8x runtime, since the EKF algorithm relies on
matrix-matrix operations on the state covariances. Sec-
ond, the structure of the transformed problem is not
a good fit for the integrated Wiener process prior. Af-
ter transformation, the first derivative 3 appears both
in y and %. It is therefore modeled with both an
IWP(q) and IWP(q — 1) prior at the same time (recall
Section 2.1). Both of these shortcomings can be circum-
vented by solving the second-order problem directly.

Solver Setup The second-order ODE (Eq. (15)) in-
duces an information operator of the form

ALY)=Y® _f (Y(”,Y(O)) . (16)

We consider two linearizations:

Es
H:= ’ (17)
{EQ_%'EO_%'EM
named in correspondence to the existing probabilistic
solvers for first-order problems presented in Section 2.2.

Experiment Setup We evaluate the solvers on the
Pleiades problem (Hairer et al., 1993, Chapter 11.10),
a system of 14 second-order ODEs (full problem def-
inition in Supplement A.1). All solvers use adaptive
steps and a time-varying diffusion model (Bosch et al.,
2021). We compare the resulting mean absolute errors
at final time T, referred to as “final error”. Thus, the
solutions were not smoothed. For a fair comparison,
the orders of the first-order solvers are lowered by one
compared to their second-order counterparts, such that
their highest modeled derivatives coincide.

Results The work-precision diagrams in Fig. 2 show
that second-order ODEs are solved both more efficiently
and more accurately than their first-order counterparts.
We observe not only an improvement in absolute run-
time, but also a reduced error even for comparable num-
bers of vector-field evaluations. Figure 2 also compares
the solvers to well-established non-probabilistic meth-
ods, including an explicit Runge-Kutta solver (Verns;
Verner, 2010), a Nystrom method (DPRKN6; Dormand
and Prince, 1987), and an implicit solver (RadauIIA5;
Hairer and Wanner, 1999). While these classic solvers
require a comparable number of vector-field evalua-
tions, they exhibit a reduced absolute runtime. Since
probabilistic solvers have the same cubic complexity
as the classic, implicit RadauIIA5, we suspect that
this discrepancy is partly due to the well-optimized
implementation of the DifferentialEquations.jl library
(Rackauckas and Nie, 2017). On the other hand, proba-
bilistic ODE solvers provide strictly more functionality
than non-probabilistic methods, thus a certain increase
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Figure 3: Additional second-derivative information can improve probabilistic solutions. On a fixed time discretiza-
tion, additional information about second-derivatives reduces the approximation error (A). For adaptive-step
solvers, it depends on the specific problem. On the non-stiff Lotka—Volterra problem, the utility of the additional
information seems limited (B). However, the benefit of second-derivative information on the stiff Van—der—Pol

problem outweighs the additional computational cost and leads to reduced runtimes (C).

in runtime is expected. As demonstrated by this case
study, this paper further reduces the gap between prob-
abilistic and non-probabilistic methods by providing
ODE filters for second-order differential equations.

4.2 First-Order ODEs with Additional
Second-Derivative Information

In this section, we augment the probabilistic solver
with additional second-derivative information, that can
be derived from a standard, first-order problem. For
this, consider an autonomous, explicit, first-order ODE

y(t) = fw®),  vtelo,T], (18)

with vector field f:R? — R and initial value y(0) =
yo € R%. Second derivatives of the true solution can
be derived from Eq. (18) by differentiating both sides
and applying the chain rule. We obtain

§(t) = Jp(y(®) - f (y(1))

where Jy is the Jacobian of f.

(19)

Solver Setup Equations (18) and (19) motivate a

Fixed-Step Results We first evaluate the proposed
method in a simplified setting to visualize the effect of
additional second-derivative information. To this end,
consider the logistic ODE (defined in Supplement A.2),
and fixed-step solvers with At = 3/7. Figure 3 (A)
shows the results. Both solvers approximate the true
solution, but the more informed solver achieves lower
approximation errors and has reduced uncertainties.

Adaptive-Step Results Next, we evaluate the pro-
posed method on the non-stiff Lotka—Volterra problem
(Supplement A.3) and the stiff Van—-der—Pol model (Sup-
plement A.4), in conjunction with adaptive step-size
selection and a dynamic diffusion model (Bosch et al.,
2021). Figure 3 shows the resulting work-precision
diagrams. On the Lotka—Volterra problem (B), we ob-
serve that additional information does not strictly lead
to improvements. Here, the original EK1 solvers seem
preferable. On the other hand, the additional second-
derivative information leads to increased accuracy and
even to a reduction in the number of vector-field evalu-
ations on the stiff Van—der—Pol problem (C).

measurement model z(t,Y) := [21(t,Y)T, 22(¢, Y) ], 4.3 Systems with Conserved Quantities
— 1 0
2(tY) = YWy (Y( )) ) (20a) In this case study, we demonstrate how additional
knowledge about conserved quantities of the modeled
—y®@ _ (0) (0) g q
2tY) =Y Jr YOS (Y ) ’ (20b) dynamical system can be provided to the probabilistic

In this evaluation, we consider exact linearizations
of both z; and 22 (computed with automatic differ-
entiation). Furthermore, the solvers update on both
measurement models in a single, joint update step.
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solver. To this end, we consider Hamiltonian problems,
a particular class of dynamical systems of the form
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Pz—aiq(Z%Q)v q:aip(paQ)v (21)
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Figure 4: Work-precision diagram of numerical solvers with and without energy conservation.
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information about the total energy in the dynamical Hénon—Heiles system can improve the accuracy of the
solution (left). This comes with additional computational cost and increases the runtime (center). But as a result,
the total energy is conserved more strictly and solutions become more physically meaningful (right).

where the Hamiltonian H : R x R? — R describes the
total energy in the dynamical system. Hamiltonian
problems form an important class of ODEs in the con-
text of geometric numerical integration (Hairer et al.,
2006) since their trajectories preserve the Hamiltonian.
That is, for a solution (p(t),¢(t)) of such problems, the
Hamiltonian H(p(t), q(t)) is constant, and it holds

9 (p(t),q(t)) == H(p(t),q(t)) — H(p(0),¢(0)) = 0.
(22)
Geometric integrators aim to preserve this structure
in their numerical approximation. In the following,
we present a probabilistic solver for Hamiltonian prob-
lems that includes this additional information into its
inference process to improve its solution estimates.

Solver Setup The problems considered in this sec-
tion can all be written as second-order ODEs, with
(y,y) == (p,q). Together with the conservation law
of Eq. (22), this motivates a partitioned measurement
model z(¢,Y) := [z1(¢, V)T, 22(¢, Y)T|T, with

AltY)=Y® _§ (Y<0>) : (23a)

2(t,Y) == g(Y D YO, (23b)

where f denotes the vector field of the corresponding
ODE. As in the previous section, all considered methods
rely on exact linearizations of the measurement models.
In addition, the solvers perform a partitioned EKF up-
date. That is, they separately linearize and update first
on the ODE information z; and then on the conserved
quantity zo — a procedure that parallels established
“projection methods” used with non-probabilistic ODE
solvers (Hairer et al., 2006, Section IV .4).

Problem Setting We mainly consider the Hénon—
Heiles model which describes a star moving around a
galactic center (Henon and Heiles, 1964). The full prob-
lem definition is given in Supplement A.5. We compare
probabilistic solvers with and without additional infor-
mation about the conservation of energy, for various

Figure 5: Conservation stabilizes long simulations.
Probabilistic numerical simulations of the Hénon—Heiles
problem over long time horizons, computed with adap-
tive steps and low precision, deteriorate over time (mid-
dle) and deviate strongly from the true trajectory (left).
By including energy-preservation into the solver, long-
term simulations become more accurate (right).

orders (g € {3,8}). All solvers use adaptive steps and
dynamic diffusion models. Since we evaluate the error
at the final time point, smoothing is not required.

Results Figure 4 shows the results in multiple work-
precision diagrams. We observe that the additional
information leads, in some configurations, to improved
accuracies, but comes with an increase in absolute run-
time. However, the probabilistic solvers enforce the con-
servation of energy very strictly — even in comparison
to non-probabilistic approaches that are particularly
well suited for this problem setting, including a Runge—
Kutta solver (Tsit5; Tsitouras, 2011) combined with a
projection method (Hairer et al., 2006, Section IV.4), a
Runge-Kutta—Nystrom solver (DPRKN6; Dormand and
Prince, 1987), and a symplectic integrator (KahanLi8;
Kahan and Li, 1997). This structural preservation is
of major concern to obtain physically meaningful solu-
tions and stable long-term simulations of Hamiltonian
systems (Hairer et al., 2006). The conservation of en-
ergy is therefore often of higher importance than a
sole reduction in the (Euclidean) error. Following this
motivation, Fig. 5 shows how energy preservation sta-
bilizes long-term simulations with probabilistic solvers.
Finally, Fig. 6 demonstrates on the Kepler problem
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Figure 6: Energy preservation affects the covariances.
(For a clearer visualization of the samples, covariances
are inflated by a factor of 3 (left) and 300 (right).)
The samples of a standard probabilistic solution of the
Kepler problem appear physically implausible (left).
By informing the solver about the conservation of en-
ergy and angular momentum, the posterior distribution
becomes more physically meaningful (right).

(defined in Supplement A.6) how physical information
influences not only the mean of the solution estimate,
but also its covariances.

4.4 Differential-Algebraic Equations

In our final case study, we demonstrate how flexible
information operators can be used to extend probabilis-
tic solvers to completely new problem classes. To this
end, we consider systems of the form

My(t) = f(y(1)),  Vte[0,T], (24)

with vector field f : R? — R?, initial values y(0) = yq,
and mass matriz M € R4, If M is singular, the
system can not be rewritten as a regular ODE and we
call Eq. (24) a differential-algebraic equation (DAE).
For instance, in the Robertson DAE considered in this
case study, we have M = diag([1,1,0]). The system
thus describes two ODEs and one algebraic equation.

DAEs arise naturally in many dynamical systems, such
as multi-body dynamics, chemical kinetics, or optimal
control (Brenan et al., 1996). Their numerical sim-
ulation is notoriously challenging and often requires
specialized methods; only a specific subset of classic
ODE solvers is able to solve the problem given in
Eq. (24) (Petzold, 1982). To the best of our knowledge,
this work presents the first probabilistic DAE solver.

Solver Setup To encode the DAE information of
Eq. (24), we define a measurement model

A(6Y) = MY — f (Y<°>) . (25)
In our experiments, we consider exact linearizations
He=M E —J; (Y<°>) - Ey, (26)

together with adaptive step-size selection and dynami-
cally calibrated diffusions. Smoothing is not required.
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Figure 7: With the correct information operator, prob-
abilistic ODE solvers can solve semi-explicit DAFEs.

Experiment and Results To investigate the util-
ity of the proposed methods, we compare probabilis-
tic solvers with various orders (q € {2,3,5}) to three
non-probabilistic DAE solvers: Rosenbrock methods
of order 2 and 5 (Rosenbrock23 & Rodas5; Hairer and
Wanner, 1996) and an adaptive-order multistep method
(QNDF; Shampine and Reichelt, 1997). All methods are
evaluated on the stiff Robertson DAE and on a non-stiff
pendulum DAE (defined in Supplements A.7 and A.8).
Figure 7 shows the resulting work-precision diagrams.
As one would expect, increasing the number of steps
leads to reduced error. In addition, we observe higher
convergence rates for solvers of higher order. While
the proposed solvers display higher runtimes than their
classic counterparts, the differences are comparable
to our results in the other case studies. In the num-
ber of vector-field evaluations, probabilistic and non-
probabilistic solvers appear comparable. In summary,
the proposed probabilistic solvers demonstrate good
performance on the considered DAEs.

5 CONCLUSION

We have shown how to improve ODE solvers by drawing
on various sources of information, within the framework
of probabilistic numerics. The proposed algorithm per-
forms efficient inference with extended Kalman filtering
and can leverage existing methods for uncertainty cali-
bration and step-size adaptation. In four case studies,
we demonstrated how information about problem struc-
ture, additional derivatives, and conserved quantities
can be used to improve the solver performance and
the quality of the posterior distributions. By providing
a flexible and efficient means to encode mechanistic
knowledge beyond the ODE itself, our proposed frame-
work further reduces the gap between probabilistic and
non-probabilistic methods and thereby enriches the
interface of mechanistic inference and simulation.
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Supplementary Material:
Pick-and-Mix Information Operators for Probabilistic ODE Solvers

A PROBLEM DEFINITIONS

A.1 Pleiades

The Pleiades system describes the motion of seven stars in a plane, with coordinates (z;,y;) and masses m; = i,
i=1,...,7 (Hairer et al., 1993, 11.10). It is given by a second-order ODE

Bi= mi(ry—x)/rig,  Gi= > mi(y; — vi)/Tij, (27)
i i
where 7;; = ((oc2 —xi)% + (yi — yj)2)3/2, fori,j =1,...,7, on the time span ¢ € [0, 3], with initial locations
2(0) = [3,3,-1,-3,2,-2,2], (28a)
y(O) = [Sa _3a 27 07 0» _4a 4}3 (28b)
and initial velocities
%(0) =[0,0,0,0,0,1.75, —1.5], (28¢)
§(0) = [0,0,0,-1.25,1,0,0]. (28d)

A.2 Logistic Equation
The logistic equation is a simple IVP problem, given as

y(t) = 3y() (1 —y(@),  t<0,3,  y(0) =100, (29)
for which the analytical solution is known to be

B exp(3t)
Y = 1001 + exp (@D

A.3 Lotka—Volterra

The Lotka—Volterra model describes the dynamics of biological systems in which two species interact, one as a
predator and the other as prey. The IVP is given by the ODE

T = 1.5z — 2y, Y =xy — 3y. (31)
In our experiments, we consider initial values 2(0) = 1, y(0) = 1 and a time span ¢ € [0, 7].
A.4 Van—-der—Pol

The Van der Pol model (van der Pol, 1926) describes a non-conservative oscillator with non-linear damping. In
our experiment, we consider a notoriously stiff version of the model, given as

gi(t) =u2(t),  w2(t) = 10° ((1 = 9i(1) 12(t) — 1 (t)) (32a)

on the time span ¢ € [0, 10], with initial value y(0) = [0,/3]T.
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A.5 Hénon—Heiles

The Hénon-Heiles model describes a star moving around a galactic center, with its motion restricted to a plane
(Henon and Heiles, 1964). It is defined by a Hamiltonian

1 1 1
H(p,q) = [2 (i +p§)} + {2 (4 + &) + aiq2 — gqi’ : (33)

which describes the kinetic and potential energy of the star with velocity p and location gq. With y(¢) := ¢(t), we
write the Hénon-Heiles problem as an IVP with second-order ODE, as

gi(t) = =1 () — 251 (D)y=(2), (34a)
i2(t) = y3(t) — y2(t) — 13 (2), (34b)

on the time span ¢ € [0,1000], with initial values y(0) = (0,0.1), §(0) = (0.5,0). It further holds
9@ (t),y(t)) == H(y(t),y(t)) — H(go(t),y0(t)) = 0, (35)

by conservation of the Hamiltonian (Hairer et al., 2006).

A.6 Kepler Problem

The Kepler problem is a special case of the two-body problem in celestial mechanics, and can be used to describe
the movement of a planet around a star. It is given by a Hamiltonian H : R? x R? — R, with

H(p(0).a(0) = PO - (30)

With y(t) := ¢q(t) and y(t) := p(t), it induces the second-order ODE

. y(t)
it = A0 (37)
ly@|*
In our experiments, the Kepler problem is solved on the time span ¢ € [0, % - 27|, with initial values y(0) = [0.4, 0],
7(0) = [0, 2]. In addition to conserving the Hamiltonian, the Kepler system conserves angular momentum:
L(p(t),q(t)) = a1 (t)p2(t) — q2(t)p1(t). (38)
Thus, it holds
: H{(y(t),y(t)) — H(y(0),y(0))
), y(t)) = | oY . =0. 39
OO = L Lgie),u(0) ~ LG(0), 9(0) (39

A.7 Robertson DAE

The Robertson DAE describes a system of chemical reactions and is a very popular problem to evaluate stiff
ODE and DAE solvers (Hairer and Wanner, 1996). As a DAE, it is given by the equations

yi(t) = —0.04y1 (t) + 10%y2(t)ys(t), (40a)
Yo (t) = 0.04y1 (1) + 10%ya(t)ys(t) — (3- 107)y2(t)?, (40b)
0=y1(t) +y2(t) + ys(t) — 1, (40c)

and it therefore has a singular mass matrix of the form
1 00
M=|0 10
0 00

We consider an initial value y(0) = [1,0, 0], and while the system is most often simulated on the time span
t € [0,10%], we solve it on t € [0, 10?] since we found the final error to be more informative in this setting since
the values did then not saturate yet.
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A.8 Pendulum DAE

A pendulum can be described in Cartesian coordinates with the following, index-reduced DAE (Hairer and
Wanner, 1996)

z(t) = vy, (41a)
U () = 2T, (41b)
i(t) = vy, (410)
vy(t) =yT — g, (41d)
0=22+ vi +y(yT — g) + Ta?). (41e)

In our experiments, we consider initial values z(0) = 1, v,(0) = 0, y(0) = 0, v,(0) = 0, T(0) = 0, and the
gravitational acceleration g = 9.81. We simulate the system on the time span ¢ € [0, 10].
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Abstract

Probabilistic solvers for ordinary differential equa-
tions (ODEs) have emerged as an efficient frame-
work for uncertainty quantification and infer-
ence on dynamical systems. In this work, we
explain the mathematical assumptions and de-
tailed implementation schemes behind solving
high-dimensional ODEs with a probabilistic nu-
merical algorithm. This has not been possible
before due to matrix-matrix operations in each
solver step, but is crucial for scientifically rele-
vant problems—most importantly, the solution
of discretised partial differential equations. In a
nutshell, efficient high-dimensional probabilistic
ODE solutions build either on independence as-
sumptions or on Kronecker structure in the prior
model. We evaluate the resulting efficiency on
a range of problems, including the probabilistic
numerical simulation of a differential equation
with millions of dimensions.

1. Introduction

Problem Statement This paper discusses a class of algo-
rithms that computes the solution of initial value problems
based on ordinary differential equations (ODEs), i.e. finding
a function y that satisfies

y(t) = fy(), 1), (D

for all ¢ € [to, tmax], as well as the initial condition y(tg) =
yo € R?. Usually, f is non-linear, in which case the solu-
tion of Equation (1) cannot generally be derived in closed
form and has to be approximated numerically. We continue
the work of probabilistic numerical algorithms for ODEs
(Schober et al., 2019; Tronarp et al., 2019; Kersting et al.,

*Equal contribution lUniversity of Tiibingen, Tiibingen,
Germany >Max Planck Institute for Intelligent Systems,
Tiibingen, Germany. Correspondence to: Nicholas Krdmer
<nicholas.kraemer @uni-tuebingen.de>,  Nathanael Bosch
<nathanael.bosch@uni-tuebingen.de>, Jonathan  Schmidt
<jonathan.schmidt@uni-tuebingen.de>.

Proceedings of the 89" International Conference on Machine
Learning, Baltimore, Maryland, USA, PMLR 162, 2022. Copy-
right 2022 by the author(s).

2020b; Tronarp et al., 2021; Bosch et al., 2021; Kramer
& Hennig, 2020). Like other filtering-based ODE solvers
(“ODE filters”), the algorithm used herein translates the
numerical approximation of ODE solutions to a problem of
probabilistic inference. The resulting (approximate) poste-
rior distribution quantifies the uncertainty associated with
the unavoidable discretisation error (Bosch et al., 2021) and
provides a language that integrates well with other data
inference schemes (Kersting et al., 2020a; Schmidt et al.,
2021). The main difference to prior work is that we focus
on the setting where the dimension d of the ODE is high,
that is, say, d > 100. (It is not clearly defined at which
point an ODE counts as high-dimensional, but d ~ 100 is al-
ready a scale of problems in which previous state-of-the-art
probabilistic ODE solvers faced computational challenges.)

Motivation and Impact High-dimensional ODEs de-
scribe the interaction of large networks of dynamical sys-
tems and appear in many disciplines in the natural sciences.
The perhaps most prominent example is the simulation of
discretised partial differential equations. There, the dimen-
sion of the ODE equals the number of grid points used to
discretise the problem (with e.g. finite differences; Schiesser,
2012). More recently, ODEs gained popularity in machine
learning through the advent of neural ODEs (Chen et al.,
2018) or physics-informed neural networks (Raissi et al.,
2019). With the growing complexity of the model, each of
the above can quickly become high-dimensional. If such use
cases shall gain from probabilistic solvers, fast algorithms
for large ODE systems are crucial.

Prior Work and State-of-the-Art Many non-
probabilistic ODE solvers, for example, explicit
Runge—Kutta methods, have a computational com-

plexity linear in the ODE dimension d (Hairer et al.,
1993). Explicit Runge—Kutta methods are often the default
choices in ODE solver software packages. Compared to
the efficiency of the methods provided by DifferentialE-
quations.jl (Rackauckas & Nie, 2017), SciPy (Virtanen
et al.,, 2020), or Matlab (Shampine & Reichelt, 1997),
probabilistic methods have lacked behind so far. Intuitively,
ODE filters are a fusion of ODE solvers and Gaussian
process models—two classes of algorithms that suffer from
high dimensionality. More precisely, the problem is that
probabilistic solvers require matrix-matrix operations at
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Figure 1. Simulating a high-dimensional ODE: Probabilistic solution of a discretised FitzHugh—-Nagumo PDE model (Ambrosio &
Francoise, 2009). Means (a-e) and standard-deviations (f-]), to = 0 (left) to tmax = 20 (right). The patterns in the uncertainties match
those in the solution. The simulated ODE is 125k-dimensional. A detailed description of the experiment is provided in Appendix E.1.

each step. The matrices have O(d?) entries, which leads to
O(d?) complexity for a single solver step and has made the
solution of high-dimensional ODEs impossible. ODE filters
are essentially nonlinear, approximate Gaussian process
inference schemes (with a lot of structure). As in the GP
community (e.g. Quifionero-Candela & Rasmussen, 2005),
the path to low computational cost in these models is via
factorisation assumptions. But, perhaps surprisingly, the
necessary assumptions are minimal, in the sense that they
are already fulfilled by existing ODE filtering literature.

Contributions Our main contribution is to prove in which
settings ODE filters admit an implementation in O(d) com-
plexity. Thereby, they become a class of algorithms com-
parable to explicit Runge—Kutta methods not only in esti-
mation performance (error contraction as a function of eval-
uations of f; Kersting et al., 2020b; Tronarp et al., 2021)
but also in computational complexity (cost per evaluation
of f). The resulting algorithms deliver uncertainty quantifi-
cation and other benefits of probabilistic ODE solvers on
high-dimensional ODEs (see Figure 1; the ODE from this
figure will be explored in more detail in Section 5). The key
novelties of the present work are threefold:

1. Acceleration via independence: A-priori, ODE filters
commonly assume independent ODE dimensions (e.g.
Kersting et al., 2020b). We single out those inference
schemes that naturally preserve independence. Iden-
tification of independence-preserving ODE solvers is
helpful because each ODE dimension can be updated
separately. The performance implications are that a
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single matrix-matrix operation with O(d?) entries is
replaced with d matrix-matrix operations with O(1)
entries. In other words, O(d) instead of O(d®) com-
plexity for a single solver step (Proposition 3.3).

2. Calibration of multivariate output-scales: A single
ODE system often models the interaction between
states that occur on different scales. It is useful to
acknowledge differing output scales in the “diffusiv-
ity” of the prior (details below). We generalise the
calibration result by Bosch et al. (2021) to the class of
solvers that preserve the independence of the dimen-
sions (Proposition 3.2).

3. Acceleration via Kronecker structure: Sometimes,
prior independence assumptions may be too restric-
tive. For instance, one might have prior knowledge of
correlations between ODE dimensions (Example 4.1 in
Section 4). Fortunately, a subset of probabilistic ODE
solvers can exploit and preserve Kronecker structure in
the system matrices of the state space. Preserving the
Kronecker structure brings over the performance gains
from above to dependent priors (Proposition 4.3).

To demonstrate how the independence and the Kronecker
structure imply extreme scalability of the resulting algo-
rithm, the experiments in Section 5 showcase simulations
of ODEs with dimension d ~ 107.
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2. ODE Filter Setup

The following section details the technical setup of an ODE
filter, including the prior (Section 2.1), information model
(Section 2.2), and practical considerations (Section 2.3).

2.1. Prior Model

The following is standard for probabilistic ODE solvers,
and therefore essentially identical to the presentation by
e.g. Schober et al. (2019). Herein, however, we place
a stronger emphasis on Kronecker- and independence-
structures in the system matrices compared to prior work.
Both are important for the theoretical statements below.
Sérkka (2013) or Sarkki and Solin (2019) provide a compre-
hensive explanation of the mathematical concepts regarding
inference in state-space models.

Stochastic Process Priordon the ODE Solution LetY :=
(YHL, = (Y§,....Y})._, solve the linear, time-invariant

i=1

stochastic differential equation (SDE)
dY (t) = AY (t)dt + BdW (¢), 2)

subject to a Gaussian initial condition
Y (to) ~ N(mg, Co) 3)

for some mg and C := F®C‘o; e.g.,mg =0, C‘O = 1. The
SDE is driven by a d-dimensional Wiener process W with
diffusion I' € R%*?, and governed by the system matrices

|
-

v

A=1;® ;1, A= eqeqTH, B:=I;®e¢,, 4

k=]
Il
o

where e, € R” 1 is the ¢-th basis vector. The zeroth compo-
nent of Y, (Y{)%_,, is an integrated Wiener process. With
such A and B, the g-th component (Y;)¢_, models the
g-th derivative of the integrated Wiener process. Similar
SDEs can be written down for e.g. the integrated Ornstein-
Uhlenbeck process or the Matérn process (the only differ-
ences would be additional non-zero entries in /i). If T were
diagonal, the Kronecker structure in A and B would imply
prior pairwise independence between Y and Y7, i # j.
Section 3 uses the diagonality assumption to reveal the effi-
cient implementation of a class of ODE filters. Section 4 al-
lows I' to be any symmetric, positive definite matrix, which
is why we do not make strong assumptions on I" yet.

Discretisation Let T = (¢o,...,t5) be some time-grid
with step-size h,, := t,,4+1 — t,. While for the presentation,
we assume a fixed grid, practical implementations choose
t,, adaptively. Reduced to T, due to the Markov property,
the process Y becomes

Y(tn+1) | Y(tn) ~ N(q)(hn)ym Z(hn)) %)

for matrices
®(h,) := exp(Ah,), (6a)
S(hy) = /Oh ®(hy, — 7)BTBT ®(hy — )7 dr. (6b)
The definition of ®(h,,) uses the matrix exponential. ®(h,,)
inherits the block diagonal structure from A,
® =10 0(h), B(hy) = exp(Ahy), (D)
and X has a Kronecker factorisation similar to Cy,
Y(hy) =T @ 2(hy), (8a)

9]

hn
(hy) ::/0 ®(h,, — T)eye) ®(h, —7) " dr.  (8b)

The discretisation allows efficient extrapolation from ¢,, to
tnt1- Let Y(t,) ~ N(mpy, C,). Then,
Y(tn+1) ~ N(m;Jrlv erJrl) (9)

with mean and covariance

(10a)
(10b)

my, 1 = P(hn)my,
C;—Fl = q)(hn)cnq)(hn)—r + E(hn)

For improved numerical stability, probabilistic ODE solvers
compute this prediction in square root form, which means
that only square root matrices of C', and C,_, are propa-
gated without ever forming full covariance matrices (Krimer
& Hennig, 2020; Grewal & Andrews, 2014). Appendix A

recalls square root implementations of ODE filters.

2.2. Information Model

Information Operator The information operator
Z(Y)(t) = Ya(t) = f(Yo(h), 1) (11)

(recall Y, ~ y(9), known as the local defect (Gustafsson,
1992), captures “how well (a sample from) Yj solves the
ODE”. If this value is large, the current state is an inaccu-
rate approximation, and if it is small, Y provides a good
estimate of the truth. Loosely speaking, the goal is to make
the defect as small as possible over the entire time domain.

Artificial Data The local defect Z can be kept small by
conditioning Y on Z(Y')(¢) < 0on “many” grid-points.
Due to the regular prior and the regularity-preserving infor-
mation operator Z, conditioning the prior on a zero-defect
leads to an accurate ODE solution (Tronarp et al., 2021).
Altogether, the probabilistic ODE solver targets

p(Y [ZO)(E) = 00 Yot =m0 ). (12)
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(Recall from Equation (2) that lower indices in Y refer to
the derivative, i.e. Yj is the integrated Wiener process, and
Y, its g-th derivative.) We call the posterior in Equation (12)
the probabilistic ODE solution. Unfortunately, a nonlinear
vector field f implies a nonlinear information operator Z.
Thus, the exact posterior is intractable.

Linearisation A tractable approximation of the proba-
bilistic ODE solution is available through linearisation. Lin-
earising f indirectly linearises Z, and the corresponding
probabilistic ODE solution arises via Gaussian inference.
Let F, be (an approximation of) the Jacobian of f with
respect to y. One can approximate the ODE vector field
with a Taylor series

F@) = fey) = FO+F(&y—&  (3)

at some £ € R Let E, := I; ® e, be the projection
matrix that extracts the g-th derivative from the full state
Y. In other words, Yo = F,Y. Equation (13) implies a
linearisation of Z at some 7 € R+,

I(Y)() ~ T, (Y)(1) = HOY () + (), (14)

with linearisation matrices
H(t) := B\ — Fy(Eon,t)Eo,
b(t) == F,(Eon,t)Eon — f(Eon,t).

i,, is linear in Y (¢). Therefore, the approximate probabilis-
tic ODE solution becomes tractable with Gaussian filter-
ing and smoothing once i, is plugged into Equation (12)
(Sarkki, 2013; Tronarp et al., 2019). At time ¢,,, the lineari-
sation point 7 is usually chosen as the predicted mean m,,
which yields the extended Kalman filter (Sérkké, 2013). For
ODE filters, there are three relevant versions of Fy: EKO,
EK1, and the diagonal EK1.

(15a)
(15b)

EKO Approximate the Jacobian as F;, = 0, which has
been a common choice since early work on ODE filters
(Schober et al., 2019; Kersting et al., 2020b), and implies a
zeroth-order approximation of f (Tronarp et al., 2019).

EK1 Use the full Jacobian F,, = V, f, which amounts
to a first-order Taylor approximation of the ODE vector
field (Tronarp et al., 2019). It is more stable than the EKO
(Tronarp et al., 2019), but in its general form, the EK1
does not fit the assumptions made below and thus does not
immediately scale to high dimensions. Instead, we introduce
the diagonal EK1.

Diagonal EK1 Use only the diagonal of the full Jacobian,
F, = diag(V, f). This choice conserves the efficiency of
the EKO to a solver that uses Jacobian information. The
diagonal EK1 is another minor contribution of the present
work. Section 5 empirically investigates how much stability
using only the diagonal of the Jacobian provides.
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Measurement and Correction A probabilistic ODE
solver step consists of an extrapolation, measurement, and
correction phase. Extrapolation has been explained in Equa-
tions (9) and (10) above. Denote

Yo =Y (tns1) ~ N(my 1, Crpy)- (16)

The measurement phase approximates

Lyl = Zm;+1(yn_+1)(tn+1) ~ I(Ynjrl)(tn-&-l) (17)

by exploiting the linearisation matrices H and b,

Znt1 ~N(zni1, Snt1), (18a)
Zn+1 = H(tn+1)m,;+1 + b(tn+1), (18b)
Sn+1 = H(tn+1)C;+1H(tn+1)T (180)

Zp+1 Will be used for calibration (details below). The ex-
trapolated random variable is then corrected as

Y1 ~N(mps1,Cntt), (19a)
Mpt1 =M, C’n+1H( ntl) S;_ilznﬂ, (19b)
Chy1:=E2 C’;H =7, (19¢)

Ei=1-Cp H(tns1) Sy H(tng1).  (19d)

The update in Equations (19¢) and (19d) is the Joseph update
(Bar-Shalom et al., 2004). In practice, we never form the full
Cn+1 but compute only the square root matrix by applying
E to the square root matrix of C} ;. It is not a Cholesky
factor (because it is not lower triangular), but generic square
root matrices suffice for numerically stable implementation
of probabilistic ODE solvers (Krimer & Hennig, 2020).

2.3. Practical Considerations

Let us conclude with brief pointers to further practical con-
siderations that are important for probabilistic ODE solvers.

Initialisation The state space models a stack of a y and the
first v derivatives. The stability of the ODE filter depends
on the accurate initialisation of all derivatives (Krimer &
Hennig, 2020). We initialise the solver by inferring

p(Y(tO) | YE)(Tm) = Q(Tm)v m=0,.., V) (20)

on v+1 small steps 9, ..., 7, where the (7, ) are computed
with e.g. a Runge—Kutta method. This is a slight general-
isation of the strategy used by Schober et al. (2019) (also
refer to Schober et al. (2014); Gear (1980)), in the sense that
we formulate this initialisation as probabilistic inference in-
stead of setting the first few means manually. An alternative
strategy would be (Taylor-mode) automatic differentiation
(Kridmer & Hennig, 2020; Griewank & Walther, 2008).
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Error Estimation Comprehensive explanation of error
estimation and step-size adaptation, and its effect on the esti-
mation quality and calibration of probabilistic ODE solvers,
is out of scope for the present work; we refer the reader to
Schober et al. (2019) and Bosch et al. (2021).

3. Independence Accelerates ODE Filters

This section establishes the main idea of the present work:
filtering-based probabilistic ODE solvers are fast and effi-
cient when the prior models each dimension independently.

3.1. Assumptions

Independent dimensions stem from a diagonal I'.

Assumption 3.1. Assume that the diffusion I" of the Wiener
process in Equation (2) is a diagonal matrix.

Assumption 3.1 implies that the initial covariance Cy (Equa-
tion (3)) is the Kronecker product of a diagonal matrix with
another matrix, thus block diagonal. Assumption 3.1 is
not very restrictive; in prior work on ODE filters, I' was
always either I' = 21 for some v > 0 (Schober et al.,
2019; Tronarp et al., 2019; Kersting et al., 2020b; Bosch
et al., 2021; Tronarp et al., 2021; Krdmer & Hennig, 2020),
or diagonal (Bosch et al., 2021).

3.2. Calibration

Tuning the diffusion I is crucial to obtain accurate posterior
uncertainties. As announced in Section 2, the mathematical
assumptions for calibrating I' coincide with those that lead
to an efficient ODE filter. Thus, we discuss I" before proving
the linear complexity of ODE filters under Assumption 3.1.

Four Approaches Recall the observed random variable
Z, (Equation (17)). ODE filters calibrate I" with quasi-
maximum-likelihood-estimation (quasi-MLE): Consider the
prediction error decomposition (Schweppe, 1965),

N-1
p({Zn}iyzo) = p(Zo) H P(Zny1 | Zn) (21a)
n=0
N-1
~ N(20,80) [ N(zns1: Snr1). 21b)
n=0

T" is a quasi-MLE if it maximises Equation (21b). The spe-
cific choice of calibration depends on the respective model
for I', and reduces to one of four approaches: on the one
hand, fixing and calibrating a time-constant I' versus al-
lowing a time-varying T'; on the other hand, choosing a
scalar diffusion T' = ~21 versus choosing a vector-valued
diffusion I' = diag(v?', ..., v%). Roughly speaking, a time-
varying, vector-valued diffusion allows for the greatest flex-
ibility in the probabilistic model. One contribution of the

present work is to extend the vector-valued diffusion results
by Bosch et al. (2021) to a slightly broader class of solvers
(Proposition 3.2 below). Scalar diffusion will reappear in
Section 4. Appendix B addresses time-constant diffusion.

Time-Varying Diffusion Allowing I" to change over time,
all measurements before time t,, are independent of T',.
Under the assumption of an error-free previous state (which
is common for hyperparameter calibration in ODE solvers),
a local quasi-MLE for I'), = fnyI is (Schober et al., 2019)

R 1 -1
42 = <#n [H(t,)S(ho)H(tn) ] 20 (22)
This can be extended to a quasi-MLE for the EKO with

vector-valued T',, = diag(v}, ...,7?) (Bosch et al., 2021)
(3n)? = (20)*/[H ()2 (ha) H (t0) Tt (23)

for all ¢ = 1,...,d. In this work, we generalise the EKO
requirement to Assumption 3.1 and a diagonal Jacobian.

Proposition 3.2. Under Assumption 3.1 and for diagonal
F,, the estimators (4.,); in Equation (23) are quasi-MLEs.

Sketch of the proof. Two ideas are relevant: (i) a diagonal
Jacobian implies a block diagonal H (t,,) and a diagonal
H(t,)%(hn)H(t,)" (which will be proved formally in
Proposition 3.3 below); (ii) the local evidence, i.e. the proba-
bility of N'(z,,, Sy,) being zero, decomposes into a sum over
the coordinates. Maximising each summand with respect to
4% yields the claim. O

A very similar case can be made for time-constant diffusion
(see Appendix B). Proposition 3.2 is a generalisation of
the results by Bosch et al. (2021) in the sense that Proposi-
tion 3.2 is not restricted to the EKO.

3.3. Complexity

Now, with calibration in place, we can discuss the compu-
tational complexity of ODE filters under Assumption 3.1.
The following proposition establishes that for diagonal Ja-
cobians, a single solver step costs O(d).

Proposition 3.3. Suppose that Assumption 3.1 is in place.
If the Jacobian of the ODE is (approximated as) a diagonal
matrix, then a single step with a filtering-based probabilistic
ODE solver costs O(dv?) in floating-point operations, and
O(dv?) in memory.

Proof. LetY,, ~ N(my,,C,). Assume that C,, is block di-
agonal. We show that block diagonality is preserved through
a step, and since by Assumption 3.1, C is block diagonal,
we do not lose generality. Recall ®(h,,) and X(h,,) from
Equations (5) and (6). ®(h,,) is block diagonal, and since
T, is diagonal, X(h,,) is block diagonal.
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(i) Extrapolate mean: The mean is extrapolated according to
Equation (10a), which costs O(dv?) due to the block diago-
nal ®(h,,). Each dimension is extrapolated independently.

(ii) Evaluate ODE: Next, H = H(t,41) and b = b({,4+1)
from Equation (15) are assembled, which involves evaluat-
ing f and F}, at £ := Egm,,, (Ep is a projection matrix
and can be implemented as array indexing, so £ comes at
negligible cost). Fy, = diag(Fyl, F;) is diagonal, thus

H = blockdiag(H?, ..., H%) (24)
is block diagonal with blocks
H':=e —ekF,, i=1,..d (25)

(recall the basis vectors e, from Equation (4)). The block
diagonal H has been pre-empted in Proposition 3.2 above.

(iii) Calibrate T': The cost of assembling the quasi-MLE for
I',,+1 according to Equation (22) or Equation (23) is O(d),
because the matrix to be inverted is diagonal.

(iv) Extrapolate the covariance: The covariance can be ex-
trapolated dimension-by-dimension as well, because C,,
®(hy,), and X(h,) are all block diagonal with the same
block structure: d square blocks with v + 1 rows and
columns; recall Equation (10b). In reality, the matrix-matrix
multiplication is replaced by a QR decomposition; we re-
fer to Appendix A.1 for details on square root implemen-
tation. Using either strategy—square root or traditional
implementation—extrapolating the covariance costs O(dv?)
and C, is block diagonal.

(v) Measure: Computing the mean of Z,,; (recall Equa-
tions (17) and (18)) costs O(d). The covariance S, 1 of
Zn41 is diagonal, since H and C,,, are block diagonal.
Thus, assembling and inverting S, 1 costs O(d).

(vi) Correct mean and covariance: The mean is corrected ac-
cording to Equation (19b), which—since S,,1; is diagonal—
costs O(dv). The covariance is corrected according to Equa-
tions (19¢) and (19d), the complexity of which hinges on the
structure of = (Equation (19d)): due to the block diagonal
C,. 15 H,and S,, 11, = is block diagonal again, and correct-
ing the covariance costs O(dv?). The square root of C, 11
arises by multiplying = with the “left” square root matrix
of C, ;. The complexity does not change (asymptotically;
QR decompositions cost more than matrix multiplications).

All in all, ODE filter steps preserve block-diagonal structure
in the covariances. The expensive phases are the covariance
extrapolation and correction in O(dv?) floating-point oper-
ations. The maximum memory demand is O(dv?) for the
block diagonal covariances. O

While it may seem restrictive to use only the diagonal of
the Jacobian, Proposition 3.3 includes the EKO, one of the
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central ODE filters. The O(d) complexity puts the EKO
and the diagonal EK1 into the complexity class of explicit
Runge—Kutta methods. Usually, v < 12 holds, so v can be
treated as some constant (Kridmer & Hennig, 2020).

4. EKO Preserves Kronecker Structure

As hinted in Section 1, scalar or diagonal diffusion may be
too restrictive in certain situations (Krdamer et al., 2022).

Example 4.1. Consider a spatio-temporal Gaussian process
model u(t,z) ~ GP(0,7%k; ® k), where k; is the co-
variance kernel that directly corresponds to an integrated
Wiener process prior (Sdrkkéd & Solin, 2019). Such a spatio-
temporal model could be a useful prior distribution for
applying an ODE solver to problems that are discretised
PDEs, because k, encodes spatial dependency structures.
Restricted to a spatial grid X' := {1, ...,zq}, y := u(t, X)
satisfies the prior model in Equations (2) to (3)', but with
I' = 42k, (X, X) (Solin, 2016), which is usually dense.

4.1. Assumptions

Despite the lack of independence in Example 4.1, fast ODE
solutions remain possible with the EKO. In the remainder of
this section, let I" = 72f‘ for some matrix I" and some scalar
~. Calibrating the scalar v allows preserving Kronecker
structure in the system matrices that appear in an ODE filter
step (Proposition 4.3 below). Tronarp et al. (2019) show
how for I' = yzf, a time-constant quasi-MLE # arises in
closed form and also, that the posterior covariances all look
like C,, = 72 C.,: calibration can happen entirely post-hoc.

Constraints The following statement about linear com-
plexity of ODE filters is only valid under two constraints:
one can ignore (i) the quadratic costs of multiplying the
posterior covariances with the quasi-MLE, and (ii) the cubic
costs of solving a linear system involving I". The system
matrices ®, %, Cy are all Kronecker products of a R¥*¢
(“left”) and a R¥*¥ factor (“right”). The first constraint
is thus avoided by scaling the “right” Kronecker factor of
the covariances with 42 in O(v?). (ODE filters preserve
Kronecker structure; see below.) The second one becomes
the following assumption.

Assumption 4.2. Assume that the inverse of I' is readily
available and cheap to apply; that is, the quantity z T T'~'x
can be computed in O(d).

Naturally, Assumption 4.2 holds for diagonal or at least suf-
ficiently sparse matrices I'. There are also settings in which
Assumption 4.2 holds even if I is dense. For instance, if I is
the covariance of a Gauss—Markov random field, the sparsity
structure in I'~! implies adjacency of grid nodes (Lindgren
etal., 2011; Sidén & Lindsten, 2020). In Example 4.1 with

ITechnically, the stack of y and its v derivatives does.
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Figure 2. Runtime of a single ODE filter step: Run time (wall-clock) of a single step of ODE filter variations on the Lorenz96 problem (a)
for increasing ODE dimension and v = 2,4, 6 (b-d). The traditional implementations cost O(d®) per step, the diagonal EK1 and diagonal
EKO are O(d) per step, just like the Kronecker version of the EK0O. The Kronecker EKO is faster than the diagonal solvers, because
covariance operations involve a single (v + 1) x (v + 1) matrix instead of a batch of d such matrices (further details: Appendix C).

a spatial Matern kernel, for example, inverse Gram matrices
can be approximated efficiently using the stochastic partial
differential equation formulation (Lindgren et al., 2011).

4.2. Computational Complexity
Under Assumption 4.2, a single EKO step costs O(d):

Proposition 4.3. Under Assumption 4.2, and if a time-
constant diffusion model I' = 72f is calibrated via v, a
single step of the EKO costs O(v® + dv?) floating point
operations, and O(dv + d* + v?) memory.

The proof parallels that of Proposition 3.3 (details are in
Appendix C). It hinges on computing everything only in the
“right” factor of each Kronecker matrix. The proposition can
be extended to time-varying diffusion if one tracks « in the
“right” Kronecker factor instead of the “left” one. Since this
obfuscates the notation, we prove the claim in Appendix D.
The O(d?) memory requirement is entirely due to the cost of
storing T'. If T or I'~* are sparse, it reduces to O(dv + v?).

5. Empirical Evaluation

The remainder evaluates the efficiency of the proposals.
Next to everything detailed above, our implementation uses
the preconditioner suggested by Kridmer & Hennig (2020).
Its complexity is neglibible in light of Propositions 3.3
and 4.3, because all preconditioners are diagonal matrices.
The full code for the solver implementation and experiments
is publicly available on GitHub.?

2https://github.com/pnkraemer/
million-dimension-prob-ode-solver—experiments

Single ODE Filter Step We begin by evaluating the cost
of a single step of the ODE filter variations on the Lorenz96
problem (Lorenz, 1996). This is a chaotic dynamical system
and recommends itself for the first experiment, as its dimen-
sion can be increased freely. Appendix E.2 contains a more
detailed description of the ODE model. We time a single
ODE filter step for increasing ODE dimension d and dif-
ferent solver orders v € {2,4,6}. The results are depicted
in Figure 2. The traditional EKO and EK1 become infea-
sible due to their cubic complexity in the dimension. The
diagonal EK1 and the diagonal EKO exhibit their O(d) cost.
The Kronecker EKO is cheaper than the independence-based
solvers. A step with the Kronecker EKQ takes ~1 second for
a 16 million-dimensional ODE on a consumer-level CPU.
Figure 2 confirms Propositions 3.3 and 4.3.

Full Simulation Next, we evaluate whether the perfor-
mance gains for a single ODE filter step translate into a
reduced overall runtime (including initialisation, step-size
adaptation and calibration) on a medium-dimensional prob-
lem: the Pleiades problem (Hairer et al., 1993). It describes
the motion of seven stars in a plane and is commonly solved
as a system of 28 first-order ODEs. Appendix E.3 describes
the ODE dynamics and the experimental setup in more detail.
The results are in Figure 3. Pleiades reveals the increased
efficiency of the ODE filters. The probabilistic solvers are
as fast as Radau, only by a factor ~10 slower than SciPy’s
RK45 (Virtanen et al., 2020), but 100 times faster than their
reference implementations. (It should be noted that the ODE
filters use just-in-time compilation for some components,
whereas SciPy does not.) These findings confirm how the
practical considerations (initialisation, step-size adaptation,
etc.) scale sufficiently well to higher-dimensional settings.
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a. Run time vs. RMSE at final state
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Figure 3. Runtime efficiency of fast ODE filters: Run time per
root mean-square error of the ODE filters (a) on the Pleiades
problem (b). The figure also shows two reference ODE filters,
EKO and EK1 in the traditional implementation, and Scipy’s RK45
(explicit) and Radau (implicit). On the 28-dimensional Pleiades
problem, the improved implementation accelerates the ODE filter
implementations significantly.
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Figure 4. High-dimensional PDE discretisation: Run-time of ODE
filters on the discretised FitzZHugh—-Nagumo model for increasing
ODE dimension (i.e. increasing spatial resolution) including cal-
ibration and adaptive time-steps. SciPy’s DOP853 for reference.
Simulating > 10°-dimensional ODEs takes ~ 3h.

High-Dimensional Setting To evaluate how well the im-
proved efficiency translates to extremely high dimensions,
we solve the discretised FitzHugh—-Nagumo PDE model on
high spatial resolution (which translates to high-dimensional
ODEs); details on the experiment setup can be found in Ap-
pendix E.4. The results are in Figure 4. The main takeaway
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Figure 5. Stability: Number of steps taken by an ODE filter (a) for
an increasingly stiff Van der Pol system (b). The diagonal EK1 is
more stable than the EKO, but less stable than the EK1 (which is
expected because it uses strictly less Jacobian information).

is that ODEs with millions of dimensions can now be solved
probabilistically within a realistic time frame (hours), which
has not been possible before. GPUs improve the runtime for
extremely high-dimensional problems (d >> 10?).

Stability of the Diagonal EK1 How much do we lose by
ignoring off-diagonal elements in the Jacobian? To evaluate
the loss (or preservation) of stability against the A-stable
EK1 (Tronarp et al., 2019), we solve the Van der Pol system
(Guckenheimer, 1980). (The reference solver requires a
low-dimensional ODE.) It includes a free parameter 1 > 0,
whose magnitude governs the stiffness of the problem: the
larger y, the stiffer the problem, and for e.g. » = 10%, Van
der Pol is a famously stiff equation. For further details see
Appendix E.5. The results are in Figure 5. We observe
how the diagonal EK1 is less stable than the traditional
EK1 for an increasing stiffness constant, but also that it is
significantly more stable than the EKO. It is a success that
the diagonal EK1 solves the Van der Pol equation for large

L

Uncertainty Calibration of the Diagonal EK1 It has
previously been shown by Bosch et al. (2021) that the EKO,
diagonal EKO and EK1 are similarly-well calibrated, with
the EK1 having a tendency to be underconfident. Here, we
investigate the calibration of the diagonal EK1. We evaluate
the chi-squared statistic

X (1) = [lm(t) = y(O) [0y (26)
which measures the ratio of the error in the mean m € R?
of Yy, which approximates the ODE solution y, normalised
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Figure 6. Uncertainty calibration: Chi-squared statistics and root-
mean-square errors (RMSEs) over a range of tolerance levels. The
gray area shows the 99% confidence intervals for the chi-squared
statistic and the black horizontal line denotes perfect calibration
(x> = d). While the traditional EK1 shows underconfidence
(x? < d), the diagonal EK1 is more similar in calibration to the
EKO variants.

by the covariance C € R%*? of Y;, for a range of error-
tolerance levels, on a non-stiff Van der Pol system. The
results are in Figure 6. While the traditional EK1 tends to
be underconfident, the calibration of the diagonal EK1 is
more comparable to that of the EKO variants. In particular,
the diagonal approximation of the Jacobian does not seem
to have a negative impact on the uncertainty calibration in
terms of what is measured by the chi-squared statistic.

6. Conclusion

For probabilistic ODE solvers to capitalize on their theo-
retical advantages, their computational cost has to come
close to that of their non-probabilistic, point-estimate coun-
terparts (which benefit from decades of optimization). High-
dimensional problems are one obstacle on this path, which
we cleared here. We showed that independence assump-
tions in the underlying state-space model, or preservation
of Kronecker structures, can bring the computational com-
plexity of a large subset of known ODE filters close to
non-probabilistic, explicit Runge—Kutta methods. As a re-
sult, probabilistic simulation of extremely large systems of
ODE:s is now possible, opening up opportunities to exploit
the advantages of probabilistic ODE solvers on challenging
real-world problems.
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A. Square-Root Implementation of Probabilistic ODE Solvers

The following two sections detail the square-root implementation of the transitions underlying the probabilistic ODE solver.
The whole section is a synopsis of the explanations by Krimer & Hennig (2020). See also the monograph by Grewal &
Andrews (2014) for additional details.

A.1. Extrapolation

The extrapolation step

Criy = ®(hn)Cr®(hn) " + B(hy) 27)

n

does not lead to stability issues further down the line (i.e. in calibration/correction/smoothing steps) if carried out in square
root form. Square-root form means that instead of tracking and propagating covariance matrices C, only square root matrices

T . . . . .
C =+vCVC are used for extrapolation and correction steps without forming the full covariance.

This is possible by means of QR decompositions. The matrix square root 4/C;, ; arises from /C,, through the QR
decomposition of

o) (T Eew

because

e () old) - () (Tt ) -ovosons s

QR decompositions of a rectangular matrix M € R™*™ m > n costs O(mn?), which implies that the covariance square
root correction costs O(d3v3). The QR decomposition is unique up to orthogonal row-operations (e.g. multiplying with
+1). Probabilistic ODE solvers require only any square root matrix, so this equivalence relation can be safely ignored — they
all imply the same covariance.

A.2. Correction
The correction follows a similar pattern. Recall the linearised observation model

I(y) =~ I(y) = Hy +b (30)

where H contains the vector field information and the Jacobian information (potentially, depending on linearisation style).
There are two ways of performing square root corrections: the conventional way, and the way that is tailored to probabilistic
ODE solvers, which builds on Joseph form corrections.

Conventional Way Let v C— be a matrix square root of the current extrapolated covariance (we drop the n + 1 index for
improved readability). Let 0,, be the n x n zero matrix, and 0,,x,, the n X m zero matrix. The heart of the square root
correction is another QR decomposition of the matrix

Q( Ry R12) - \/CTTHT \/C'*—r (31)
0 R
d(v+1)xd 22 04 OdXd(V+1)

with Ry; € R4, Ryy € R4+ and Ryy € RAUVHDXd(+1) The R;; matrices contain the relevant information about
the covariance matrices involved in the correction:

o /S := R}, is the matrix square root of the innovation covariance
o V/C := Rj, is the matrix square root of the posterior covariance
o K = ng(Ru)’l is the Kalman gain and can be used to correct the mean
This QR decomposition costs O(d313) again, but the matrix involved is larger than the stack of matrices in the extrapolation

step (it has d more columns), so for high-dimensional problems, the increased overhead becomes significant. However, if
only any square root matrix is desired, this step can be circumvented.
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Joseph Way Again, let vV C'~ be the square root matrix of the current extrapolated covariance which results from the
extrapolation step in square root form. Next, the full covariance is assembled (which goes against the usual grain of avoiding

=
full covariance matrices, but works well in the present case) as C~ = vC~ v C~ . Since in the probabilistic solver, C™ is
either a Kronecker matrix I; ® C'~ or a block diagonal matrix blockdiag((C™)?', ..., (C™)%), this is sufficiently cheap. The
innovation covariance itself then becomes

S=HC H' (32a)
= (E1 - F,Eo)C™ (B1 — FyEo)" (32b)
=E\C"E| — F,E,C™E| — E\C"E{ F, + F,E,C"E] F, (32¢)

which can be computed rather efficiently because F;C' ’EJT only involves accessing elements, not matrix multiplication.
The only non-negligible cost here is multiplication with the Jacobian of the ODE vector field (which is often sparse in
high-dimensional problems). Then, the Kalman gain

K=C H'S™! (33)
can be computed from S which implies that the covariance correction reduces to
VC = (I-KH)VC- (34)

which is the “left half” of the Joseph correction. The resulting matrix is square, and a matrix square root of the posterior
covariance, but not triangular thus no valid Cholesky factor. If the sole purpose of the square root matrices is improved
numerical stability, generic square root matrices suffice.

B. Independence and Fast ODE Filters for Time-Constant Diffusion

A similar result to Proposition 3.2 can be formulated for vector-valued, time-constant diffusion models.

Proposition B.1. Under Assumption 3.1 and for diagonal F,, a quasi-maximum likelihood estimate (MLE) for a vector-
valued, time-constant diffusion model T' = diag((y")?, ..., (Y%)?) is given by the estimator

N .
, 1 (28)? ,
20\2 n
= — , 1=1,...,d, (35)
(3 = ; Sl
where S, := H(t,)%(hn)H(t,) " is the diagonal covariance matrix of the measurement Z,, (recall Section 2.2).

Proof. The proof is structured as follows. First, we show that an initial covariance
Co = blockdiag((y")*Co, - .-, (v*)*Co) (36)

implies covariances

C,, = blockdiag ((v")*( s (PME(EDH T, (372)
C,, = blockdiag ((v')?C}, ..., (v*)2CY), (37b)
S, = diag ((v")*sp, .- ., (vd)zsi) . (37¢)

Then, for measurement covariances .S,, of such form, we can compute the (quasi) maximum likelihood estimate I'. Because
every covariance depends multiplicatively on -y, calibration can happen entirely post-hoc.

Block-Wise Scalar Diffusion Recall from Section 2.1 that the transition matrix and the process noise covariance are of
the form ®(h,,) = I; ® ®(h,) and X(h,,) = T' ® ¥(h,,). Thus, for a diagonal diffusion I = diag((y')?, ..., (%)2), both
®(h,,) and X(h,,) are block diagonal. Assuming a block diagonal covariance matrix that depends multiplicatively on +,

Cp—1 = blockdiag ((v')2CL_y,..., (v")?Cd_,), 38)
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the extrapolated covariance is also of the form
C,, = blockdiag ((v")*(C) 5., (¥)*(C) 7)), (392)
(C) i= ®(hp)CL_ B(hy) T +2(hy), i=1,...,d. (39b)
The diagonal Jacobian F;, implies a block diagonal linearisation matrix
H, = Ey — F,Ey = blockdiag (H,,...,H?), (402)
H. := ey — [F]i.eo, i=1,...,d. (40b)
The measurement covariance .5, is therefore given by a diagonal matrix and depends multiplicatively on -, as

Sn = H,C,, H, = diag ((v")?s),...,(v")?s?) (41a)

n’

sho=HY(COHT(H)T,  i=1,....d (41b)
This implies a block diagonal Kalman gain
E,=1-C, H(t,)" S, H(t,) = blockdiag (Z},...E%), (42a)
Sl =T — (CO)H)THL s, i=1,...,d. (42b)
Finally, we obtain the corrected covariance
C,, = blockdiag ((v!)?Cy, ..., (v*)2CY), (43a)
Cl.=2(CH"E)T  i=1,....d (43b)

This concludes the first part of the proof.

Computing The Quasi-MLE It is left to compute the (quasi) MLE I' = diag((5")2, ..., (5%)2) by maximizing the
log-likelihood log p(z1.n') = log [T, N (0; 24, S,,). Since S,, = diag ((71)2s),. .., (v%)?s%) is a diagonal matrix, we
obtain

I' = arg max Z log N (0; 2., Sy,) (44a)
r

n=1
Xd: Nlog
= arg max
gr i=1

By taking the derivative and setting it to zero, we obtain the quasi-MLE from Equation (35).

_En)a_ | 44b
2 25, () ) .

n

C. Proof of Proposition 4.3

Proof. LetY, ~ N(my,C,). Assume C,, =T ® C’n which is no loss of generality, because such a Kronecker structure is
preserved through the ODE filter step as shown below.

(i) Extrapolate mean: The mean extrapolation costs O(dv?) like in the proof of Proposition 3.3.

(ii) Evaluate the ODE: Evaluation of H and b is essentially free—recall that we only consider the EKO in this setting, which
uses the projection H (¢,) = E1. Matrix multiplication with H consists of a projection, which costs O(1).

(iii) Calibrate: Calibration of a time-constant 72 costs O(d) under Assumption 4.2.

(iv) Extrapolate covariance: In the time-constant diffusion model, X(h,,) and C,, are both Kronecker matrices and share the
left Kronecker factor: I'. Thus, the extrapolation of the covariance can be carried out “in the right Kronecker factor”, which
costs O(v3) in traditional as well as square root implementation. Denote the extrapolated covariance by C,, 1 =Trel .
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(v) Measure: Recall H(t,) = E; = I ® e;. The mean of the measured random variable Z,, ~ N (z,,S,) comes at
negligible cost. The covariance

Spi1 = H(tps1)Cr Htns1) ' =T ® [elc“;HeI} (45)
requires a single element in C', +1- The Kalman gain
K:=Cy H(th1) Sl =1®K, (46)
with K := elé';rl/ [elé;rleﬂ involves dividing the first row of Cu’,;rl by a scalar. Its cost is O(v + 1).

(v) Correct mean and covariance: The mean is corrected in O(dv?) as in the proof of Proposition 3.3. Due to the Kronecker
structure in K, the “left” Kronecker factor of C),; must be I' again. Therefore, we need to correct only the “right”
Kronecker factor in O(v3).

All in all, under the assumption of cheap calibration, a single step with the EKO costs O(dv?) and the expensive steps are (as
before) the covariance extrapolation and the covariance correction. The total memory costs are the requirements of storing
T, the mean(s) in O(vd), and the “right” Kronecker factor(s) in O(v/?). O

D. Kronecker Structure and Fast ODE Filters for Time-Varying Diffusion

In the following we extend the results of Proposition 4.3 to time-varying diffusion models.

Proposition D.1. Under Assumption 4.2, and if a time-varying diffusion model ", = WZIV‘ is calibrated via vy, a single step
of the EKO costs O(v3 + dv?) floating point operations, and O(dv + d* + v*) memory.

Proof. The proof of Proposition 4.3 shown in Appendix C depends on the specific time-fixed diffusion model only in
the calibration (iii) and the extrapolation of the covariance (iv). In the following, we discuss these two steps for a time-
varying diffusion I';, = yflf‘. We show that Kronecker structure is preserved and we obtain the same complexities as in
Proposition 4.3.

(iii) Calibrate: Calibration of a time-varying 2 11 1s done with

. 1 -1
o+ = J2art [Htng)2(hnsn) H(tnsn) ] 20 (472)
1 o o -1
= 2ol (P [Bna] ) #en (470)
1 g -1 o
= EZTT+1 (Fn+1) Zn+1/ |:2n+1i| n’ 47¢)

where we used that H (¢,) = I ® e;. With Assumption 4.2, this computation costs O(d).

(iv) Extrapolate covariance: Assume a covariance of the form C,, = (ﬁf’) ® é’n Since scalars can be moved between the
Kronecker factors, the covariance matrix can be written with the diffusion matrix I';, 1 = 'y?L _Hf, as

2

n

C, = (ay;iﬂf) ® (7’; C) . (48)

n+1

Then, since X, 11 = (V,ZL _Hf) ® in+1, the prediction step can be written as

Crir = ®(hns1)Crn®(hppgr) T + E(hpi) (49a)
2 T
_ 3 2 T ’Yn A 3 2 T S
(e ) (1) & (Fen)) (0 0mn) () o500) o
) 72 v 9 v 9]
= (72+1F) & < 2n @(hn+1)cn@(hn+1)—r + Y41 (49¢)
’Yn—&-l
= (12l) @ Crn. (49d)
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With a Kalman gain of the form K =1 ® K, the corrected covariance can be written as Cry1 = (¥2 +1f‘) ® Cu’n+1, thus
confirming our assumption on the Kronecker structure of covariance matrices. Since all matrix multiplications happen only
“in the right Kronecker factor”, extrapolating the covariance costs O(3).

All other parts of the proof can be reproduced as in Appendix C to obtain the specified complexities. O

E. Additional Details on the Empirical Evaluation
E.1. Figure 1: Simulating a high-dimensional ODE

The considered FitzHugh—-Nagumo PDE is provided in Appendix E.4. For this first visualization, the PDE solved on the
time span ¢ € [0,20] and in a spatial domain z € [—1.25,1.25]2, discretized in intervals A, = 0.01. The probabilistic
numerical solution is computed with a diagonal EK1 solver with a 2-times integrated Wiener process (IWP(2)) prior and a
time-varying scalar diffusion model. Adaptive steps are chosen with tolerance levels Typs = 1073, 7rep = 1071,

E.2. Single ODE Filter Step

Lorenz96 The Lorenz96 model describes a chaotic dynamical system for which the dimension can be chosen freely
(Lorenz, 1996). It is given by a system of N > 4 ODEs

= (Y2 —yn-1)yn —y1 + F, (50a)
U2 = (ys —yn)y1 — Y2 + F, (50b)
Ui = (Yir1 —Yi—2)¥i1 —yi + F 1=3,...,N—1, (50¢)
v = (1 —yn—2)yn—1 —yn + F, (50d)

with forcing term F' = 8, initial values y1 (0) = F' + 0.01 and y~1(0) = F, and time span ¢ € [0, 30].

E.3. Full Simulation

Pleiades The Pleiades system describes the motion of seven stars in a plane, with coordinates (z;, ;) and masses m; = i,
i=1,...,7 (Hairer et al., 1993, Section I1.10). It can be described with a system of 28 ODEs

Ty = (51a)
Ui = w; (51b)
b=y my(x; — z;)/rij, (51c)
J#i
wi =Y my(y; — yi)/Tij, (51d)
i
where r;; = ((z; — 2;)* + (y; — yj)2)3/2, fori,j =1,...,7. It is commonly solved on the time span ¢ € [0, 3] and with
initial locations
.I(O) = [37?”_17_3727 _272]a (52&)
y(0) = [3,-3,2,0,0,—4,4], (52b)
v(0) = [0,0,0,0,0,1.75, —1.5], (52¢)
w(0) =10,0,0,—-1.25,1,0,0]. (524d)

Further Details All considered probabilistic numerical solvers use a 4-times integrated Wiener process (IWP(4)) prior,
as well as a time-varying scalar diffusion. The SciPy solutions and the fast PN solutions shown in Figure 3 correspond
to absolute and relative tolerance levels Ty, 7rel € {107¢}12.; PN solutions in their traditional implementation are only
computed for tolerances T,ps, Trel € {IO’i }23. The references solution is computed with the LSODA solver and with
absolute and relative tolerances of Ty = 10712, 7 = 10712,
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E.4. High-Dimensional Setting

FitzHugh-Nagumo PDE Let A = Zd °. be the Laplacian. The FitzHugh-Nagumo partial differential equation

i=1 9a?

(PDE) is (Ambrosio & Francoise, 2009)

%u(t, z) = aAu(t,z) + u(t,z) — u(t,z)® — v(t,z) + k, (53a)
0 1
av(t, x) = ;(bAv(t7 x) +u(t,z) — v(t, z)), (53b)

for some parameters a, b, k, 7, and initial values u(tg,x) = ho(x), v(to,z) = h1(z). In our experiments, we chose
a=208-10"% b=5-10"3, k = —5-1073, 7 = 0.1. As initial values, we used random samples from the uniform
distribution on (0, 1). We solve the PDE from ¢y = 0 t0 tnay = 20 on a range of spatial domains = € [0, W] x [0, W] C R?,
with W € {0.1,0.2,0.5,1,2,5,10,20,50}. To turn the PDE into a system of ODEs, we discretised the Laplacian with
central, second-order finite differences schemes on a uniform grid. The mesh size of the grid determines the number of grid
points, which controls the dimension of the ODE problem.

Further Details PN solutions are computed with a 3-times integrated Wiener process (IWP(3)) prior, a time-varying
scalar diffusion, and with step-size adaptation for chosen tolerances Typs = 1073, 1) = 10~!. The DOP853 solutions are
computed with tolerance levels T,ps = 1076, 71y = 1073,

E.5. Stability of the Diagonal EK1

Van der Pol The Van der Pol system is often employed to evaluate the stability of stiff ODE solvers (Wanner & Hairer,
1996). It is given by a system of ODEs

Gi(t) =12(t),  wo(t) = p (1= y3(t)) y2(t) — 11 (t)) . (54)

with stiffness constant p > 0, time span ¢ € [0, 6.3], and initial value y(0) = [2,0].

Further Details All considered probabilistic numerical solutions are computed with a 5-times integrated Wiener process
(IWP(5)) prior, a time-varying scalar diffusion model, and with step-size adaptation for tolerances Typs = 107, 7 = 1073,
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Fenrir: Physics-Enhanced Regression for Initial Value Problems

Filip Tronarp“! Nathanael Bosch™! Philipp Hennig ' 2

Abstract

We show how probabilistic numerics can be used
to convert an initial value problem into a Gauss—
Markov process parametrised by the dynamics
of the initial value problem. Consequently, the
often difficult problem of parameter estimation
in ordinary differential equations is reduced to
hyperparameter estimation in Gauss—Markov re-
gression, which tends to be considerably easier.
The method’s relation and benefits in comparison
to classical numerical integration and gradient
matching approaches is elucidated. In particular,
the method can, in contrast to gradient matching,
handle partial observations, and has certain routes
for escaping local optima not available to classi-
cal numerical integration. Experimental results
demonstrate that the method is on par or moder-
ately better than competing approaches.

1. Introduction

Consider the following initial value problem (IVP)

d%@e(t) = fo (t,00(t)),

where the vector field fy: [0,7] x RY — R< and the initial
condition ¢y (0) = yo(6) are both parametrised by 6. In
this article, the concern lies in estimating ¢ from noisy
measurements of the following form

u(t) = H @p(t) +v(t), v(t) ~N(0,Rg), (2)

where t € Tp C [0,7] is the finite set of measurement
nodes and H is a measurement matrix of appropriate dimen-
sion. This is a ubiquitous problem in science and engineer-
ing. Examples include ecology (Benson, 1979), pharmacoki-
netics (Gelman et al., 1996), process engineering (Astrom
& Eykhoff, 1971), and brain imaging (Friston, 2002).

t€0,T], 6]

*Equal contribution 'Department of Computer Science, Uni-
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for Intelligent Systems, Tiibingen, Germany. Correspondence
to: Filip Tronarp <filip.tronarp@uni-tuebingen.de>, Nathanael
Bosch <nathanael.bosch@uni-tuebingen.de>.
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Learning, Baltimore, Maryland, USA, PMLR 162, 2022. Copy-
right 2022 by the author(s).
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Figure 1. From an uninformed prior to a calibrated posterior.
Starting from a standard Gauss—Markov prior (A), Fenrir first
computes a physics-enhanced prior with probabilistic numerics
(B), and then a posterior via Gauss—Markov regression (C). By
maximizing the marginal likelihood, we obtain a calibrated poste-
rior and parameter estimates for the underlying dynamical system
(D). The data generating model is the logistic equation, which
corresponds to the vector field f(¢,y) = ry(1 — y).

The likelihood functional Lp, evaluated at some function y,
is given by

Lo(Ro.y) = [T N (u(): HTy(0). Ry ).

teTp

and the marginal likelihood M of some parameter 6 can be
expressed by evaluating Lp at the corresponding solution
g according to

M(0) = Lo (Ry, ¢s) -

The parameter § may be estimated by maximising M. A
persistent challenge in likelihood-based inference in initial
value problems is the fact that ¢y, and therefore the likeli-
hood, are intractable (Bard, 1974).

A standard appproach to approximating the likelihood is
based on solving the IVP numerically (Hairer et al., 1987).
However, in optimisation-based inference it has been ob-
served that this leads to many local optima (Cao et al., 2011),
and can lead to divergence of the optimiser (Dass et al.,
2017). On the other hand, slow convergence and poor mix-
ing has been observed for Monte Carlo-based inference
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(Alahmadi et al., 2020), which have led some authors to
favour likelihood-free methods (Toni et al., 2009). Another
alternative is gradient matching (Voit, 2000) with splines
(Varah, 1982; Gugushvili & Klaassen, 2012) or Gaussian
processes (Calderhead et al., 2009; Dondelinger et al., 2013;
Gorbach et al., 2017; Wenk et al., 2020).

1.1. Contribution

In the present work, a probabilistic numerics approach is
developed for computing the marginal likelihood. Proba-
bilistic numerics aims at producing probability measures for
solutions of numerical problems, thus giving a probabilis-
tic description of the numerical error (Hennig et al., 2015;
Oates & Sullivan, 2019).

The marginal likelihood may be viewed as Lp integrated
against a Dirac measure located at gy according to

M(0) = /ED(Re,y)é(y — ) dy. 3)

While this representation is not immediately advantageous,
it is instructive for understanding the probabilistic numerics
approach. Namely, it produces an approximation to the
Dirac measure, giving the following approximate marginal
likelihood

Mn(6,5) = [ Lo(Re,y)on(y | 6,5)dy, (4

where 5AN is the output of a suitably chosen probabilistic
numerical method, which is parametrised by «. It should be
noted that Lp only depends on point evaluations of y on the
grid Tp. Therefore, it is sufficient to operate on the finite
dimensional distributions of gN to compute /\7 N-

Kersting et al. (2020a) has previously used the representa-
tion (4) and approximated its gradients in combination with
low order explicit solvers, at a cost of O(N?3).

The aim of this article is to show how both ES\N and M N can
be computed efficiently for general probabilistic solvers, at
a cost of O(N). The method consists of two parts:

1. Efficiently construct a Gauss—Markov representation
of dn (y | 6, k) using probabilistic numerics.

2. Compute My (6, ) and its derivatives via Gauss—
Markov regression and automatic differentiation.

The first step essentially takes the initial value problem and
produces a physics-enhanced Gauss—Markov prior. The
second step utilises this prior in standard Gauss—Markov
regression to estimate parameters and reconstruct the trajec-
tory (Sérkkd & Solin, 2019). Therefore, the method is called
Physics-enhanced regression in initial value problems, or
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Fenrir for short. Here physics is used to refer to any mech-
anistic information pertaining to the dynamics of the data
generating process. The method is illustrated in Figure 1.

The rest of the article is organised as follows. Probabilistic
numerical solvers are reviewed in Section 2. In Section 3
it is shown how to use probablistic numerics to construct
a physics-enhanced Gauss—Markov prior for initial value
problems, thus reducing the marginal likelihood to Gauss—
Markov regression. Related work is discussed in Section 4,
which is followed by experimental results in Section 5. Fi-
nally, concluding remarks are given in Section 6.

2. Probabilistic Numerical IVP Solvers

In the Bayesian formulation, an IVP solver is completely
specified by a prior and the definition of the data, on which
it is conditioned. The latter is obtained by means of an infor-
mation operator (Cockayne et al., 2019). For constructing
a probabilistic numerical solver, we follow the account of
Tronarp et al. (2019b; 2021).

2.1. Prior Specification

The probabilistic numerics prior is defined as the output of
the following stochastic state-space model

dz(t) = Az(t)dt + VeBdw(t), z(0) =z}, (5a)
y'"™M () = Eqa(t), m=0,1,...v, (5b)
where 2 € R4+ models the solution and its v first deriva-
tives and E,,, are selection matrices for the mth derivative
of the prior model for the solution of (1), which is denoted
by y. Furthermore, xg denotes the initial condition of z,

A e RAv+1)xd(w+1) and B € RU¥H+1) are model matrices
and w is a standard Wiener process in R? (@ksendal, 2003).

The state x is a Markov process by construction, with tran-
sition density given by (Sarkkéd & Solin, 2019)

®(h) = e,
Q(h) = /h ®(h—7)BBT®" (h — 7)dr,
0
a(t+h) | 2(t) ~ N(a(t+ h); @(h)a(t), kQ(h)),

which facilitates fast computation for the probabilistic solver
and our subsequent marginal likelihood approximation. Ad-
ditional details on priors for probabilistic solutions of initial
value problems can be found in Appendix A.1.

2.2. Data Model

In order to define a data model for probabilistic numerical
solvers, a grid

Ten = {tn}ﬁ;l C [OvTL
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needs to be coupled with an information operator. The
canonical information operator for initial value problems is
given by (Tronarp et al., 2021)

Zy[]() — fo(t, By (t)), (6)

but there are alternatives that, for instance, also take geo-
metric invariants into account (Bosch et al., 2022).

=FEjz(t)

Note that Z map solutions of the initial value problem to
the zero function, which is a known value. In fact, the set
of functions starting at yo(6) which are mapped to the zero
function by Z constitutes the set of solutions to the initial
value problem (Arnol’d, 1992).! An appropriate data model
for a probabilistic numerical solver is thus given by

2(t) = Zolal(t) = 0,

where z(t) = 0 is enforced only on the chosen grid as to
arrive at a practical algorithm.

t € Tpn, @)

It should be noted that the grid Tpy does not need to be
specified a priori but can be constructed adaptively to control
the solution error (Schober et al., 2019; Bosch et al., 2021).

2.3. Initial Value Problem Solvers as Non-linear
Gauss-Markov Regression

The prior (5), data model (6), and data definition (7) define
a non-linear Gauss—Markov regression problem according
to Tronarp et al. (2019b)

z(ty) | 2(tn-1) ~ N(@(Ap)z(th-1), kQ(AL)), (8a)
Atn) | 2(tn) ~ N(ETa(t) — folt, ET(1)),0), (8b)
2(tn) =0, (CI9)

where A,, = t, — t,_1 is the step-size of the nth step,
(o) = x}, by convention, and A/(-, 0) denotes the Dirac
distribution. The probablistic numerical solver for (1) asso-
ciated with the prior (5) and the data (7) is on the grid Tpy
given by

TN (t1~N,$1-N 10,k) =c"'(6, k)

X HN In7 n xn 17"{Q( ))
n=1

®

||’:]2

1J3n f@ tnonxn))

where ¢(f, k) is a norming constant. Due to the potential
non-linearity of the vector field, this object is generally
intractable. However, when the vector field is linear, say

Jo(t,y) = Lo(t)y + bo(t), (10)

"Typically, we assume that the vector field is regular enough
for there to be a unique solution of the initial value problem.

then the densities of the time marginals can be computed
efficiently via Kalman filtering and Rauch—-Tung—Striebel
smoothing (Kalman, 1960; Rauch et al., 1965).

This fact is exploited for approximate inference when the
vector field is non-linear as well. Indeed several linearisa-
tion approaches have been employed (Schober et al., 2019;
Tronarp et al., 2019b; 2021), which have been demonstrated
to yield accurate solvers both empirically (Schober et al.,
2019; Bosch et al., 2021; Krimer & Hennig, 2020) and
theoretically (Kersting et al., 2020b; Tronarp et al., 2021).

2.4. Initial Value Problem Solvers as Kalman Filtering

The Kalman filtering recursion for (8) when the vector field
is affine as in (10), recursively computes the densities

tn) ‘ Z(tlin)) = N(Mﬁ(tn): Eﬁ(tn))7 (1D

which are the time marginals conditioned on all past data
up to the present. The recursion is initialised by setting
o (to) = acg, Yo(tg) = 0, and then alternates between
prediction and update.

m(x(

e Prediction:

po(ty,) = @(An)po(tn-1),
So(ty) = ®(An)Zg(tn-1)PT (An) + Q(Ay).
e Update:
C@(t'n) = EOL;-(t’n)a
(tn) = C;—(tn) ( _)Ca(tn)7
Ko(tn) = Zo(t;, )Cg (tn) Sy (),
eg(tn) = bo(tn) — (tn)ﬂ«‘)(ti)a
po(tn) = po(ty,) + Ko(tn)e(tn),
So(tn) = So(ty) — Ko(tn)So(tn) K (tn)-

The following parameters can be computed from the outputs
of the Kalman filter

GG(tn—l) - Z@(tn—l)(l)T(Awt)Egl(t;)v (123)

PH(tn—l) = Z«‘)(tn—l) - G9(tn—1)29(t;)G;—(tn—1)~
(12b)

They are used for the smoothing recursion and the represen-
tation of the probabilistic numerics posterior.

3. Fenrir

In this section, it is shown that the probabilistic numeri-
cal solver yields a Gauss—Markov process approximation
to (1). Consequently, inference given measurements (2) re-
duces to a Gauss—Markov regression problem with a physics-
enhanced prior as determined by the probabilistic solver.
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3.1. Probabilistic Numerical IVP Solutions as
Gauss-Markov Processes

Linearising the vector field allows for approximate compu-
tation of the time marginal densities via the Rauch—-Tung—
Striebel smoother. These linearisations imply a Gauss—
Markov representation of the approximate posterior, which
in fact is used in the Bayesian derivation of the smoothing
algorithm (Sérkka, 2013, c.f. proof of theorem 8.2). The
following result lie at the heart of our method.

Proposition 3.1 (Gauss—Markov representation of the prob-
abilistic solver). The restriction of the probabilistic numer-
ics posteriors to the grid Tpy admit the following represen-
tation

An (v, 21 | 0, 5) = N (2N 69 (tn), kMg (EN))

! 13
H N(xrn Gﬂ(tn)xn—}—l + CF)(tn)a "QPF)(tn))» ( )
=N—

1

n

where {o(tn) = po(tn), Ao(tn) = Zo(tn),
Co(tn) = po(tn) — Goltn)po(t, 1),
and (G, P) are given by (12).

For completeness, a detailed derivation of proposition 3.1
is given in Appendix A.2. Note that 7y is represented
as a Gauss—Markov process running backwards in time.
It represents a probabilistic approximation to the solution
of the IVP and its derivatives, in terms of a conditional
distribution given numerical data (7) and the parameter 6.

3.2. Inference in IVPs as Gauss—Markov Regression

In the previous section, the approximate Dirac oy (y | )
was implicitly defined through v in (9). The purpose
here is to turn this into an implementable algorithm for
approximating the marginal likelihood. For ease of notation
it is assumed that Tp C Tpy, in which case,

My (0,5) = / Lo(0,y)5x(y | 6, k) dy
= /ﬁo(Re,ng)VN(t1:N,I1:N | 6, k)dzy.n.

Additionally, the calibration parameter & is also included in
the marginal likelihood approximation. In practice, yy is
replaced by its approximation 4 in (13). This results in
the following approximation to the marginal likelihood

A?N(e,ﬁ):/ [T N(u(tn); HTEG2n, Ro)
tn €Tp (14)

X An(ti:n, 218 | 0, k) dei:N.

Consequently, the problem of computing the marginal likeli-
hood and trajectory estimates is reduced to inference in the
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following linear state-space model

x(tN) NN(&(tN),HA(tN)), (15a)
z(tn) | (tns1) ~ AN (@(tn) | 2(tnt1), 0, k), (15b)
u(t) | 2(t) ~ N(HEJz(t), Rg), t€ Tp, (15c)

where the backwards transition densities can be read from
(13). Therefore, estimating the trajectory of the solution
(1) can also be done via Kalman filtering and smoothing.
Furthermore, the marginal likelihood approximation can be
computed via the Kalman filter through the prediction error
decomposition (Schweppe, 1965). Complete details on how
to compute trajectory estimates and marginal likelihoods in
(15) are given in Appendix B.

Computational complexity The computation of 7, and
M ~ can be implemented with Gauss—Markov regression
with a state dimension of d(v + 1). Therefore, assuming the
measurement dimension is smaller, the computational com-
plexity of the method is O(Nd>(v+1)3). That s, it is linear
in the number of data points, in contrast to cubic complexity
for standard Gaussian process regresison. Further speed-ups
may be obtainable by exploiting structural simplifications
for certain probabilistic solvers (Krimer et al., 2021).

Hyperparameter estimation The present method pro-
vides a marginal likelihood (14); its derivatives can be com-
puted with automatic differentiation. Consequently, Fenrir
interacts with various inference methods, such as gradient-
based optimisation or Markov Chain Monte Carlo, in a plug-
and-play fashion. In this paper, the maximum likelihood
approach is examined.

Model selection The marginal likelihood approximation
(14) confers other benefits than providing a cost function
for parameter inference. Namely, the possibility for a proba-
bilistically motivated model comparisons, such as likelihood
ratio testing for nested models (King, 1998), or via various
information criteria (Akaike, 1974; Stoica & Selen, 2004).

4. Related Work: A Tale of Three Approaches

Three different approaches to parameter estimation in ini-
tial value problems can be discerned, namely (a) numerical
integration, (b) gradient matching, and (c) probabilistic nu-
merics. In order to get a comprehensive lay of the land
of parameter estimation in ordinary differnetial equations,
these approaches are reviewed in this section. Particular
care is taken to highlighting similarities and differences.

4.1. Classical Numerical Integration

The traditional approach is to estimate the parameters via
non-linear regression (Biegler et al., 1986), where the cor-
rect solution to (1) is replaced by a numerical approximation,
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say Runge—Kutta (Hairer et al., 1987). Thus the marginal
likelihood approximation reads

M) = [ T N(u(t): H yn, Ro)
tn€Tp (16)
tn, €Tp

That is, likelihood computation via numerical integration
computes the Dirac approximation dy in (4) by approximat-
ing the location of the Dirac in (3).

4.2. Gradient Matching

The main idea of gradient matching is to decompose the
inference procedure into two steps:

1. Fita curve () to the data u(t),t € Tp.

2. Estimate the parameter ¢ by minimising the deviation
from the differential equation: 4(t) — fo(t, 9(t)).

This procedure is vaguely formulated, purposely so. In-
deed, different alternatives for these steps have surfaced
throughout the years.

Spline smoothing The first approach was to implement
the curve fitting step with splines (Varah, 1982) or kernel
regression (Gugushvili & Klaassen, 2012), whereafter the
gradient matching step is posed as a non-linear least squares
problem. Another variant is to couple the curve fitting step
with the gradient matching step, resulting both in higher ac-
curacy and higher computational cost (Ramsay et al., 2007).

Gaussian process regression The effort to formulate
gradient matching probabilistically was spear-headed by
Calderhead et al. (2009), where Gaussian process regre-
sion is combined with a product of experts approach. This
method was improved upon by Dondelinger et al. (2013)
via joint sampling for GP and ODE parameters. It was sub-
sequently shown that a mean-field formulation can offer
computational speed-ups (Gorbach et al., 2017).

In search for a generative model There has been effort
put to formulating Gaussian process-based gradient match-
ing as inference in a generative model. First by Barber
& Wang (2014), who instead formulate a model directly
linking state derivatives to measurements. However, their
approach suffers from identifiability problems, as demon-
strated by Macdonald et al. (2015). It was later demonstrated
by Wenk et al. (2019) that identifiability issues are also
present for the product of experts approach. They propose
to resolve this issue by formulating an alternative model;
this approach was pursued further by Wenk et al. (2020).

4.3. Probabilistic Numerics

Relation to gradient matching It might be tempting to
interpret the probabilistic numerics approach as a variant of
gradient matching. But gradient matching fits a curve to the
data and then the differential operator to the curve, while
for probabilistic numerics the order of operation is reversed:

1. Fit a curve by attempting to satisfy the differential
equation at a finite set of points.

2. Fit the parameters of the differential operator by using
the aforementioned curve and the data likelihood.

The first step is implemented by probabilistic numerics,
resulting in a physics-enhanced Gaussian process prior,
whereas the second step reduces to Gauss—Markov regres-
sion. By directly incorporating the physics of the problem
into the prior, it is ensured that inference is done in a well-
posed probability model. Consequently, issues regarding
model specification and identifiability (Macdonald et al.,
2015; Wenk et al., 2019), that have been recurring in gradi-
ent matching, are avoided.

Relation to numerical integration The difference be-
tween probabilistic numerics and numerical integration for
computing the likelihood comes down to the Dirac approx-
imation SN. As can be seen in (16), numerical integration
does so by simply approximating the locations of the Dirac.
On the other hand, probabilistic numerics approximates the
Dirac with a distribution of non-zero width, often Gaussian
in practice. This has a smoothing effect on the likelihood
and parallells can be drawn with the smoothing method in
non-convex optimisation (Mobahi & Ma, 2012). But the
present method is not equivalent. For example, the smooth-
ing is not with respect to the variable of interest 6, but rather
with respect to the function ¢g.

Previous probabilistic numerics approaches The prob-
abilistic numerics approach to approximate the marginal
likelihood has been explored to some extent by Kersting
et al. (2020a). However, the present approach confers cer-
tain advantages over the former, the most notable being
that the Gauss—Markov representation of the probabilistic
solvers ensures all computations cost at most O(N).

A probabilistic numerics approach has also been developed
for estimating time varying parameters in the context of
latent force modelling (Schmidt et al., 2021). However, for
the constant parameter problem, using linearised models
can cause divergence in certain situations (Ljung, 1979).

An alternative to the inference-based methods hitherto dis-
cussed is to model the error by stochastic perturbation of
numerical integrators (Chkrebtii et al., 2016; Conrad et al.,
2017; Matsuda & Miyatake, 2021; Teymur et al., 2018).
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Figure 2. Benchmarking estimation accuracy. Left: Trajectory summaries of 100 experiments, obtained by numerically integrating the
inferred parameters of the FitzHugh—Nagumo system from noisy observations with high noise. The solid lines show the median trajectory,
the shaded areas visualize the 10% and 90% quantiles, and the black dashed line shows the ground truth. Right: Trajectory RMSEs
(tRMSESs) on four benchmarks problems. Fenrir demonstrates performance that is competitive to ODIN and RK.

5. Experimental Results

This section investigates the utility and performance of Fen-
rir in a range of numerical experiments. It is structured
as follows. Section 5.1 evaluates Fenrir on two standard
benchmark problems. Section 5.2 demonstrates the utility
of the proposed marginal likelihood for model selection.
Section 5.3 considers systems with only partially observable
states and shows that Fenrir, unlike most gradient matching
methods, is still applicable. Finally, Section 5.4 investi-
gates highly oscillatory systems which present a particular
challenge for numerical integration-based methods.

Implementation The implementation of the probabilistic
numerical IVP solvers follows a number of practices for
numerically stable implementation established by Kriamer
& Hennig (2020). All experiments are implemented in
the Julia programming language (Bezanson et al., 2017).
Runge—Kutta reference solutions are computed with Differ-
entialEquations.jl (Rackauckas & Nie, 2017), and numerical
optimizers are provided by Optim.jl (Mogensen & Riseth,
2018). All experiments run on a single, consumer-level
CPU. Code is publicly available on GitHub.?

5.1. Parameter Inference from Fully Observed States

This experiment evaluates Fenrir on two benchmark prob-
lems that have been extensively studied in the both the
gradient matching and the numerical integration litera-
ture (Calderhead et al., 2009; Wenk et al., 2020), namely
the Lotka—Volterra predator-prey model and the FitzZHugh—
Nagumo neuronal model. Detailed system descriptions,
along with the ground-truth parameters, initial values, and
the chosen observation noise levels, are provided in Ap-

https://github.com/nathanaelbosch/
fenrir-experiments
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pendix C.2. We perform 100 experiments for each experi-
mental setup, in which noisy observations are drawn from
the numerically computed, true system trajectories. The
inference task then consists in estimating initial values and
parameters from noisy state observations. The quality of the
resulting parameter estimates is evaluated using the trajec-
tory RMSE (tRMSE) metric as defined in Definition C.1.

We compare Fenrir to the probabilistic gradient matching
method ODIN (Wenk et al., 2020) and to a non-linear least
squares regression using a Runge—Kutta solver, referred to
as RK (Bard, 1974). ODIN results are computed using the
code published by Wenk et al. (2020); RK is described in
more detail in Appendix C.1. All methods optimise their re-
spective objectives with the L-BFGS algorithm (Nocedal &
Wright, 2006). More details are provided in Appendix C.2.

Results of the experiment are shown in Figure 2. In the
median, Fenrir performs on par with ODIN and RK on
Lotka—Volterra, but both RK and Fenrir outperform ODIN
on FitzZHugh—Nagumo and achieve more accurate state es-
timates as well as lower trajectory RMSEs. Both RK and
Fenrir suffer from outliers, but this issue appears to be less
severe for Fenrir; see also Figure 9 in Appendix C.2.

5.2. Model Selection

For a given set of noisy observations, the true parametric
form of the underlying system is often not known exactly.
Instead, a set of plausible models has to be evaluated against
the observed data in order to find the most fitting candidate.
It has been previously shown that probabilistic gradient
matching can be used for model selection, by comparing
estimated noise parameters which are supposed to account
for model mismatch (Wenk et al., 2020). However, as Fenrir
operates on a physics-informed probability model, model
selection can be accomplished by statistically rigorous meth-
ods such as likelihood ratio testing (King, 1998).
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Figure 3. Model selection results. Fenrir correctly attributes the
lowest negative log-likelihood (i.e. the highest probability) to the
true M1 model. The figure is restricted to y-values up to 250 to
show a clearer visualization, since the results vary largely in scale.
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Figure 4. Parameter inference in a SEIR model. 7op: Trajectory
resulting from the initial, randomly chosen parameters and initial
values. Bottom: Fenrir posterior after parameter optimization.

The experiment follows the setup proposed by Wenk et al.
(2020). We consider the Lotka—Volterra system as ground
truth from which we numerically simulate experimental data,
and generate a set of four candidate models by combining
the true ODEs with two additional, incorrect equations — all
equations and parameters are provided in Appendix C.3. We
obtain four models, {Mlla MIO: ]\4017 Moo}, where M11
corresponds to the true Lotka—Volterra dynamics, M7 and
My, contain one correct and one wrong equation, and Mg
contains only incorrect equations. Thus, to succeed in this
experiment, Fenrir should identify the correct model M.

We perform 100 individual model selection experiments to
evaluate Fenrir’s robustness regarding the observation noise.
The resulting marginal likelihoods are shown in Figure 3.
We observe that Fenrir consistently attributes the lowest
negative log-likelihood to the correct model M;;, and is
thus able to accurately identify the true model.
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Figure 5. Absolute parameter errors in the SEIR experiment.
Fenrir performs on par with the non-probabilistic Runge—Kutta
baseline (RK) and is able to infer accurate parameter estimates
from only partial observations of the SEIR system.

5.3. Partially Observed System States

Here, we evaluate Fenrir on an epidemeological model in
which the system state can only be partially observed. We
consider a compartmental SEIR model that describes the
fractions of a population that are susceptible (S), exposed
(E), infected (I; i.e. diagnosed with a positive test), and re-
covered (R) over time (Hethcote, 2000). Such compartmen-
tal models are commonly used to model the development
of infectious diseases, and variants of the SEIR model have
been used to explain COVID-19 outbreaks (Menda et al.,
2021). The definition of the dynamics, ground-truth initial
values, and parameters are provided in Appendix C.4.

At each point in time, only the infected and recovered popu-
lation can be (approximately) observed, but the exposed
and susceptible population is unknown. Since Fenrir’s
“dynamics-first” approach only requires the observation to be
linearly dependent on the system states (see Equations (2)
and (15c¢)), no particular adjustments are needed for this
experiment. Similarly, the Runge—Kutta-based approach
considered in Section 5.1 is also applicable and will be used
for comparison. However, most gradient matching methods
require all dimensions of the system states to be measurable
in order to construct an interpolant, and are therefore not
applicable to problems with partial observability.

Figure 4 visualizes an individual experiment: The initial
values, parameters, and true system trajectories have to be
estimated from noisy case counts of the infected and recov-
ered population, which are furthermore given only from day
30 onwards. The results of 100 experiments are shown in
Figure 5. Fenrir is able to consistently infer accurate param-
eter and trajectory estimates from noisy, partial observations
of the dynamical system.
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Figure 6. Parameter inference in oscillatory systems. Both RK and Fenrir start with an initial guess Lo = 5.0 for the pendulum length
parameter [A,C]. After optimization, the Runge—Kutta least-squares method RK ends up in a local minimum and is not able to recover the
true parameter L™ = 1.0 [B]. On the other hand, Fenrir first increases its diffusion hyperparameter to interpolate the data [D] (c.f. Figure 7
below), and is then able to accurately recover the system parameter via optimization and provides accurate trajectory estimates [E].
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Figure 7. Negative log-likelihood and optimization trajectory.
By first increasing its diffusion parameter, Fenrir is able to recover
the true pendulum length parameter L = 1 by minimising the
negative log-likelihood using L-BFGS. The likelihood (i.e. the
negative exponential of the main plot) is shown in the inset figure.

5.4. Dynamical Systems with Fast Oscillations

Finally, we evaluate Fenrir on a partially observable pen-
dulum system that exhibits fast oscillations. Problems of
this form are known to be challenging for simulation-based
methods such as the previously considered Runge—Kutta
least-squares approach which, with poor initialization, often
fail to capture the high frequencies (Benson, 1979). While
gradient-matching methods are expected to be more robust
to such problems, they require fully observable states and
are therefore not applicable in the present setting. Thus, we
investigate Fenrir’s capabilities of performing trajectory, pa-
rameter, and initial value inference under these challenges.

Figure 6 visualizes the problem setup and a single experi-
ment; a detailed description of the dynamics and the chosen
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Figure 8. Inferred parameters for various starting values. Both
RK and Fenrir are evaluated on a wide range of initial parameter
estimates, from which they attempt to recover the true parameter
L =1 (dashed line) by optimization via L-BFGS. RK is often un-
able to approximate the true parameter, whereas Fenrir accurately
recovers the true parameter for a wide range of starting points.

hyperparameters is provided in Appendix C.5. In the shown
example, the non-linear least squares regression converges
towards the constant zero function and is unable to capture
the high frequencies of the data. On the other hand, by first
optimizing the diffusion and observation noise parameters
separately, Fenrir interpolates the experimental data and
is then able to accurately approximate the true system pa-
rameters. The chosen optimization trajectory is visualised
with the corresponding loss landscape in Figure 7. Figure 8
shows inferred parameters for a wider range of starting val-
ues; for simplicity, the initial value yq is assumed to be
known here. RK often fails to converge towards the ground-
truth, whereas Fenrir is able to recover the true parameter
for a wide range of starting values.
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6. Conclusion

It has been demonstrated that the solution of an initial value
problem can be approximated by a Gauss—Markov process,
reducing the inference problem to Gauss—Markov regres-
sion. The method offers advantages such as O(N) cost for
inference, operability in the face of partial observations, reg-
ularised likelihoods, and moderate improvements in terms
of estimation accuracy. But, perhaps more importantly, it
has been shown that probabilistic numerics is a promising
method for rigorously incorporating physics in Gaussian
process regression.
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A. Additional Details on Probabilistic Numerics

In this appendix, the probabilistic solver is described in detail. Further details on the prior are given in Appendix A.1.
In Appendix A.2, it is explained how to compute the marginal moments and the parameters of the backward Markov
representation of the posterior when the vector field is linear (affine). In Appendix A.3 some linearisation methods for
approximate inference when the vector field is non-linear are reviewed.
A.1. More details on priors
Recall that the prior in state-space form is given by
dz(t) = Az(t) dt + VeBdw(t), (0) =z}, (17a)
y"™ () =B z(t), m=0,1,...,v, (17b)

where 3(™) models the mth derivative of the solution. By Itd’s formula this implies that

dE| z(t) = E] Az(t)dt + /kE] B dw(t), (18)
and for this to be consistent with the asserted derivative relations it must hold that
E] Az(t)dt + KE! Bdw(t) = E} , z(t)dt, m=0,1,...,v— 1. (19)
This in turn implies that it must hold that
ELVA=El ., m=01,...,v—1, (20a)
ETB=0, m=0,1,...,v—1, (20b)

while E] A and E] B are free parameters. Letting e,,, be the mth canonical basis vector in R¥*1, 1, be the d by d identity
matrix, and fixing E,,, = e, ® I then gives the model

Ay () = > Ay my™ dt + kB, duw(t), 1)

m=0

where A, ,, = ET AE,, and B, = E] B. Any other state-space model of dimension d(v + 1) modelling a vector valued
function of dimension d and its v first derivatives must be related to this via similarity transform. The canonical model
in probabilistic numerics is the v-times integrated Wiener process (Schober et al., 2019; Tronarp et al., 2019b; Kridmer &
Hennig, 2020; Bosch et al., 2021; Kersting et al., 2020b), where the parameters are given by

Aym =0, m=0,1,...,v—1 (22)

Though other priors are of course possible (Magnani et al., 2017; Tronarp et al., 2021; Kersting et al., 2020b). Usually, the
diffusion matrix B, is set to identity as well, yielding the following prior

dy" () = vk dw(1), (23)
which is used throughout the article.
A.2. Posterior for linear vector fields
Suppose the vector field is linear:
Jo(t,y) = Lo(t)y + ba (1), 24)
then the probabilistic IVP solver reduces to inference in the following model:
dz(t) = Ax(t) dt + VeBdw(t), (0) =z, (25)
subject to the data
Co(t) = Ex — EoL{ (t), (26a)
2(t) =0 =Ejx(t) — Lo(t)Ed(t) — b(t), t € Tpn. (26b)
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The posterior is Gaussian because the prior is Gaussian and the measurement functionals are linear, and it can be computed
with the well-known forward / backward recursions (Kalman, 1960; Rauch et al., 1965).

More specifically, denote the numerics data up to time ¢ by
Zio = {z(t) =0:t € TpnN[0,t]} (27)

and up to just before time t by
Ziory = {2(t) =0:t € Ten N[0,1)}. 28)

The forward recursion then computes the filtering densities
p(t, x| Zo) = N (25 pe(t), k¥6(1)), (29)
which agree with the prediction densities
p(t, x| Zo) = N(z;pe(t™), kEe(t7)), (30)

unless ¢ € Tpy. The filtering moments are then post-processed in the backwards recursion to produce the smoothing
densities (time marginals of the posterior)

pt,x | Z(tn)) = N(w;8o(t), kAo (1)) €2))

For a more thorough exposition on filtering and smoothing refer to Séarkki (2013); Sérkkéd & Solin (2019). Furthermore, the
fact that the scaling « is retained throughout the recursion follows from the fact that the initial covariance and all transition
covariances are scaled by « (Tronarp et al., 2019a).

Forward recursion The forward recursion starts by initialising the filter mean and covariance according to

pe(to) =z, (32a)
Yo(to) =0, (32b)

whereafter the algorithm alternates between prediction and update. The prediction equations are given by

po(ty) = @(An)po(tn-1), (33a)
So(t;) = P(An)So(tn-1)®" (An) + Q(An), (33b)
(n 1) 29( TL—I)(I)T(AH) al(tn)v (33¢)
Py(tn-1) = Zo(tn—1) — Go(tn_1)Ze(t;)Gg (tn_1), (33d)

where Gy and Py are parameters associated with the subsequent backward recursion. The update relations are given by

Co(tn) = E1 — EoLg (tn), (34a)
So(tn) = C4 (tn)So(t,, )Coltn), (34b)
Ko(tn) = Zo(t;, )Cg (tn) Sy " (tn), (34c)
po(tn) = po(ty) + Ko(tn) (bo(tn) — Cg (tn)pa(ty,)), (34d)
So(tn) = So(t,) — Ko(tn)Se(tn) K (tn). (34e)

Backward recursion The backwards recursion starts by setting the smoother mean and covariance to the filter mean and
covariance at the terminal point according to

Eo(tn) = po(tn), (352)
Ag(tN) = Zg(tN). (35b)

The backwards recursion is then given by
§o(tn) = po(tn) + GQ(tn)<‘£0( 1) — (I)(A7L+1)N0( ), (36a)
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Backward Markov process representation Lastly, the posterior may be represented, on the grid, by the following
backwards Markov process

N (z(tin) | 0, k) = N (z(tn); o (tn), kAo (tn))

T1 A (oltn)s polta) + Golta) (w(tus1) — oty ) 5Pa(t). 7

n=N-1
This follows from the fact that
p(t, x| s, 2, Zom) =pt,x|s,2', Z04), tnp1>s>t>t,, n=1,...,N. (38)
That is, by total probability
P(tn, Tn | Zo,1)) = /p(tmfvn | tnt 15 Tnt1, Zjo,7)P(Ent1, Tt | Zo,r)) dTng

(39
= /p(tnyxn |ttt Tns1s Z00,6,)P(tns1s To1 | Zo,r)) dTny,

and by Bayes’ rule
p(tn7 Tn ‘ tn+17 Tn+1, 'Q{J[O,tn]) X P(tm Tn | %,tn )p(tn+1, Tn+1 | tna Tn, %O,tn])
= N(xm ﬂ@(tn)a 529(tn))N(xn+l; (I)(An+1)xna EQ(ATL+1))
- N(mn—s-l; N9(t;+1)7 29(t5+1))N(1‘n; Ho (tn) + G@(tn)(mn—ﬁ-l - N@(t;+1))7 RPQ(tn))

X N(In7 Mﬁ(tn) + G@(tn)(‘rn+1 - /~L0(t';+1))7 KP@(tn))i
(40)

where the last equality follows from ordinary Gaussian conditioning and the proportionality signs are with respect to z,.
This proves the recursive structure of the posterior as asserted by proposition 3.1, and the complete result follows from the
fact that the marginal filtering and smoothing densities coincide at the terminal point. That is,

p(tn, N, | Zo1) = N(@n;po(tn), k80 (tn)) = N(zn;&o(tn), kho(tn)). (41)

A.3. Approximate posteriors via linearisation

When the vector field is non-linear, the posterior is in most cases intractable. However, approximate posteriors may be
obtained by linearising the data relation in (7). Due to the structure of the information operator, there are multiple choices
for doing this, namely

1. Zeroth order linearisation (Schober et al., 2019):

Lo(t) =0, (42a)
bo(t) = folt, (1)) (42b)
2. First order linearisation (Tronarp et al., 2019b):
Lo(t) = Jy, (t,5(t)), (43a)
bo(t) = fo(t,(t)) — Jy, (£, 5(£))5(t) (43b)

The linearisation point is typicaly chosen as the predictive mean:

§(t) = Egpo(t7). (44)
However, other choices are possible as well, such as the smoothing mean (Tronarp et al., 2021)
§(t) = Egée(t), 45)

which leads to the fixed-point equations for the Gauss—Newton algorithm (Bell, 1994).
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B. Inference in IVPs as Gauss—Markov regression

Using the probabilistic numerics posterior as a surrogate for the solution of the initial value problem leads to the following
inference problem

z(tn) ~ N (&o(tn), vho(tn)), (46a)
$(tn) ‘ l‘(tn+1> ~ QN(x(tn) ‘ x(tn+1) ‘ 0, ’f)a (46b)
u(t) | z(t) ~ N(H'El z(t,), Rg), t€ Tp. (46c¢)

This is again, a problem of Gauss—Markov regresion and can be solved by the usual forward / backward recursions. What is
unusual is that the latent process is specified in terms of a terminal distribution and backward transition densities. Therefore,
the equations required for implementation are given in detail.

B.1. The forward (but backward in time) recursion and the marginal likelihood

The backward recursion is implemented by a forward recursion with flipped time axis. That is, start by initialising the filter
moments:

fig(th) = &o(tn), (47a)
So(th) = khg(tn), (47b)

whereafter the algorithm alternates between a backward prediction and update. If ¢,, € Tp, then an update is performed
according to

H = EyH, (48a)
S(tn) = HS(tn)H + Ry, (48b)
Ko(tn) = So(ta) HSy  (tn), (48¢)
fio(tn) = fio(ty) + Ko(tn) (u(tn) — H' fig(t))), (48d)
So(tn) = Bo(t))) — Ko(tn)Se(tn) Ky (tn). (48e)
The prediction step is given by
fio (t;rfl) = po(tn-1) + Go(tn-1) (/19 (tnt1) — ,Ue(t;+1)), (49a)
iQ(trtfl) - G9 (tn—l)EQ (t’n)G;—(t’n—l) + HPQ (tn—l)- (49b)
Finally, the marginal likelihood approximation is given by the prediction error decomposition (Schweppe, 1965)
=TT N (ult); B jig(t7), S(t)). (50)
teTp
B.2. The backward (but forward in time) recursion and trajectory estimates
The smoothing parameters for the forward recursion are given by
Go(tn) = Bo(t) G (tn-1) S5 (1), (51a)
Py(tn) = So(tn) — Goltn)So(ty )G (tn), (51b)
and the forward smoothing recursion is given by
€o(tn) = fio(tn) + Go(tn) (€o(tn-1) — Gotn—1)fio(tn)), (52a)
Ao (tn) = Go(tn)Ro(ta1)Cy (¢ )+Pa( n)- (52b)

C. Additional Details on the Experimental Evaluation

In all experiments, Fenrir uses a 5-times integrated Wiener process prior and a first-order linearisation of the vector field
during the probabilistic numerical ODE solve when computing its physics-enhanced prior.
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Optimization Throughout all experiments, the L-BFGS method has been used for optimization with both Fenrir and
RK (Nocedal & Wright, 2006); L-BFGS is also the optimizer of choice in the official ODIN code by Wenk et al. (2020).
The specific L-BFGS implementation is provided by the Optim.jl software package (Mogensen & Riseth, 2018). In all
experiment, the observation noise o2 and the diffusion # are optimised in log-space.

Parameter Initialization As done in ODIN, ODE parameters are initialised with a folded normal distribution, i.e. as the
absolute value of a sample from standard normal Gaussian, and initial values are initialised with their noisy observation
u(tp), unless specified otherwise. Observation noise is always initialised as o2 = 1.

C.1. Baseline: Non-linear Least Squares Regression using a Runge-Kutta Solver
Given data D = {u(t)} on the grid ¢t € Tp, the considered “RK” baseline method minimizes the loss
. 2
Li= " ||H ) —u®)]. (53)
teTp

where 3(t) is computed with a classical Runge—Kutta initial value solver and H is the measurement matrix as introduced
in Equation (2). In most experiments, the Tsit5 (Tsitouras, 2011) solver is used, with adaptive step-size selection for
absolute and relative tolerances T,ps = 1078, 7oy = 1076, Only on the FitzHugh-Nagumo system we use the implicit
RadauIIAS (Hairer & Wanner, 1999) method, since we observed it to be more robust as some parameter settings can lead
to stiff dynamics. Both solvers are provided by DifferentialEquations.jl (Rackauckas & Nie, 2017).

C.2. Additional Details on Section 5.1: ‘“Parameter Inference from Fully Observed States”

Definition C.1 (Trajectory RMSE). Let 6 be the parameters estimated by an inference algorithm, and let Tp be the set of
measurement nodes. Then, let §(¢), t € Tp, be the estimated system trajectory, computed by numerically integrating the
ODE with initial values and parameters as given by the estimated 6. The trajectory RMSE (tRMSE) is then defined as

1
tRMSE := | — E
\/|TD teT
D

Lotka—Volterra The Lotka—Volterra model describes the dynamics of biological systems in which two species interact,
one as a predator and the other as prey (Lotka, 1925; Volterra, 1928). It is described by the ODEs

() — (|| (54)

Y1 = ayr — BYyiye, (55a)
Y2 = —YY1 + OY1y2. (55b)

As ground truth, we assume an initial value yo = [5, 3]" and parameters o = 2, 3 = 1,y = 4, § = 1. The experimental
data is generated on the equi-spaced time grid ¢; € Tp = {0.0,0.1,...,2.0}, as u(t;) = 4(¢;) + v(t;), where §(t;) is
computed via accurate, numerical simulation, and with noise v(t) ~ N(0, 0?2 - I). We further consider two different noise
levels o2, = 0.01 and a,?igh = 0.25. Thus, the full set of parameters to be estimated is 6 = {yo, @, 3,7, 0, 0}, as well as
the diffusion . In this system, we found it helpful to first optimize the noise and diffusion parameters o, x individually
until convergence, and only then optimize all parameters jointly; such an approach is also chosen by the gradient matching
method ODIN (Wenk et al., 2020). Furthermore, as in the original experimental setup by Wenk et al. (2020), we consider
bounds ¥y € [0,100]2, a, 8,7, 6 € [0,100], 0 € [107°,102], and additionally £ € [1072°,10°]. Finally, a step-size of
A = 5.1073 is chosen for Fenrir’s probabilistic numerical integration.

FitzHugh-Nagumo The FitzHugh-Nagumo neuronal model (FitzHugh, 1955; Nagumo et al., 1962) is given by the ODE

yi
h=c -ty (562)
. 1
Y2 = _E(yl —a—byz). (56b)
We consider ground-truth parameters a = 0.2, b = 0.2, ¢ = 3.0, and a true initial value 3o = [—1, 1]7. The experimental

data is generated on the grid ¢; € Tp = {0.0,0.5,...,10.0}, by disturbing a high-confidence numerical simulation of
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the true trajectory with Gaussian noise v(t) ~ N(0,0? - I), for two noise levels o3, = 0.005 and o5, = 0.05. The full
set of (hyper)parameters to be estimated by Fenrir is then 8 = {yo, o, 8,7, 9, o }, as well as the diffusion x. All of which
are jointly optimised via L-BFGS, while assuming bounds 3o € [—100,100]2, a,b, ¢ € [0,100], 0% € [1076,102], and
Kk € [10720,1059). Fenrir’s physics-enhanced prior is computed with a step size A = 1072,

C.3. Additional Details on Section 5.2: “Model Selection”

The Lotka—Volterra model with ground-truth parameters as described in Appendix C.2 is extended to a set of four candidate
models, via the following additional ODEs:
Y1 = ayf — Bya, (57a)
Yo = —ys. (57b)
By combining these two wrong equations with the true ODEs, we obtain for models M;;, with ¢, j € {0, 1} indicating if
the correct (1) or incorrect equation (0) has been used; for instance, M(; contains Equation (57a) and Equation (55b). The

experimental data is generated as described in Appendix C.2, with a “low” noise setting of o , = 0.01. All parameters are
optimised jointly by Fenrir via L-BFGS, with bounds for parameters and initial values chosen as in Appendix C.2.

C.4. Additional Details on Section 5.3: “Partially Observed System States”

The compartmental SEIR model (Hethcote, 2000) describes the fractions of a population that are susceptible (S), exposed
(E), infected (I; i.e. diagnosed by a positive test), and recovered (R). It is given in as differential equations

S=—(Be-S-E+pBr-S-1I), (58a)
E=8g-S-E+pB;-S-1—~-E, (58b)
I=~-E—-\-I, (58¢)
R=X\-1I (58d)

with infection rates S and (7, transition rate -y from exposure to infection, and recovery / death rate . Following Menda
et al. (2021), which used an extension of the SEIR model to explain COVID-19 outbreaks, we consider ground-truth
parameters ; = 0, Bg = 0.5, v = 1/5, and A = 1/21 (the latter two correspond to realistic estimates of transition and
recovery rate in COVID-19, given by Lauer et al. (2020); Bi et al. (2020)). Furthermore, we generate data on the time grid
Tp = {30,31,...,100} from initial values Fy = 107%, Iy = 107%, Ry = 0, and Sy = 1 — Ey — Ij at time t; = 0, as
u(t;) = H - §(t;) + v(t;), with a measurement matrix

0 010
H= {0 0 0 1] (59)
such that only the infected and recovered population is measured, and disturbed by Gaussian noise v(t) ~ A (0,2 - I) with

02 =5-10"%

Instead of estimating the full initial state, we parameterize it by the initial exposed and infected population count:
T

yo(Fo,Io) = [1 — Ey — Iy, Eo, Io, 0] . (60)
Thus, the parameters to be estimated by Fenrir in this experiment are § = {Ey, Iy, Bg,7, A, 0}, as well as the diffusion
k. All parameters are jointly optimised via L-BFGS, with bounds Fy, Iy, 8,7, € [0,1], 02 € [107%,102], and
k € [10720,102%]. Tn each experiment, ODE parameters (3,7, A are initialised as uniformly random; the starting values for
Ejy, Iy are initialised as absolute values of samples from a Gaussian A/(0, 10~2). Fenrir’s probabilistic numerical integration
is performed with a step size A = 0.2.

C.5. Additional Details on Section 5.4: “Dynamical Systems with Fast Oscillations”

The considered pendulum system is given by a second-order ODE §j = — 4 sin(y), which can be transformed to the
following first-order equations
Y1 = Yo, (61a)
2 = — 7 sin(y), (61b)
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with the gravity constant ¢ = 9.81. We assume a ground-truth parameter L = 1 and an initial value yo = [0,7/2]. The
observation data is generated as u(t;) = [0 1] - §(t;) + v;, with observation noise v(t;) ~ N'(0,0?), ¢ = 0.1, on the
grid t; € Tp = {0.01-i}1%%°. In the corresponding experiment, we found it to be beneficial to first optimize the noise o and
diffusion parameter «, before jointly optimizing all model parameters 6 = {yo, L, o } and the diffusion . while assuming
bounds yo € [—100, 100]%, L € [0,100], 02 € [1078,10%], and £ € [1072Y,10°°]. Finally, Fenrir’s physics-enhanced prior
is computed with a fixed step size A = 0.1.
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Abstract

Probabilistic solvers provide a flexible and efficient framework for simulation,
uncertainty quantification, and inference in dynamical systems. However, like
standard solvers, they suffer performance penalties for certain stiff systems, where
small steps are required not for reasons of numerical accuracy but for the sake
of stability. This issue is greatly alleviated in semi-linear problems by the prob-
abilistic exponential integrators developed in this paper. By including the fast,
linear dynamics in the prior, we arrive at a class of probabilistic integrators with
favorable properties. Namely, they are proven to be L-stable, and in a certain case
reduce to a classic exponential integrator—with the added benefit of providing a
probabilistic account of the numerical error. The method is also generalized to
arbitrary non-linear systems by imposing piece-wise semi-linearity on the prior via
Jacobians of the vector field at the previous estimates, resulting in probabilistic
exponential Rosenbrock methods. We evaluate the proposed methods on multiple
stiff differential equations and demonstrate their improved stability and efficiency
over established probabilistic solvers. The present contribution thus expands the
range of problems that can be effectively tackled within probabilistic numerics.

1 Introduction

Dynamical systems appear throughout science and engineering, and their accurate and efficient
simulation is a key component in many scientific problems. There has also been a surge of interest
in the intersection with machine learning, both regarding the usage of machine learning methods
to model and solve differential equations [36, 18, 35], and in a dynamical systems perspective on
machine learning methods themselves [8, 5]. This paper focuses on the numerical simulation of
dynamical systems within the framework of probabilistic numerics, which treats the numerical solvers
themselves as probabilistic inference methods [11, 12, 33]. In particular, we expand the range of
problems that can be tackled within this framework and introduce a new class of stable probabilistic
numerical methods for stiff ordinary differential equations (ODEs).

Stiff equations are problems for which certain implicit methods perform much better than explicit ones
[10]. But implicit methods come with increased computational complexity per step, as they typically
require solving a system of equations. Exponential integrators are an alternative class of methods for
efficiently solving large stiff problems [48, 16, 7, 15]. They are based on the observation that, if the
ODE has a semi-linear structure, the linear part can be solved exactly and only the non-linear part
needs to be numerically approximated. The resulting methods are formulated in an explicit manner
and do not require solving a system of equations, while achieving similar or better stability than
implicit methods. However, such methods have not yet been formulated probabilistically.

37th Conference on Neural Information Processing Systems (NeurIPS 2023).
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a. Explicit method (not A-stable) c. Exponential integrator (L-stable)

b. Semi-implicit method (A-stable)
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Figure 1:  Probabilistic numerical ODE solvers with different stability properties. Left: The explicit

EKO solver with a 3-times integrated Wiener process prior is unstable and diverges from the true
solution. Center: The semi-implicit EK1 with the same prior does not diverge even though it uses a
larger step size, due to it being A-stable, but it exhibits oscillations in the initial phase of the solution.
Right: The proposed exponential integrator is L-stable and thus does not exhibit any oscillations.

In this paper we develop probabilistic exponential integrators, a new class of probabilistic numerical
solvers for stiff semi-linear ODEs. We build on the ODE filters which have emerged as an efficient
and flexible class of probabilistic numerical methods for general ODEs [40, 21, 45]. They have known
convergence rates [21, 46], which have also been demonstrated empirically [2, 26, 24], they are
applicable to a wide range of numerical differential equation problems [23, 25, 3], their probabilistic
output can be integrated into larger inference problems [20, 39, 47], and they can be formulated
parallel-in-time [4]. But while it has been shown that the choice of underlying Gauss—Markov prior
does influence the resulting ODE solver [30, 45, 2], there has not yet been strong evidence for the
utility of priors other than the well-established integrated Wiener process. Probabilistic exponential
integrators provide this evidence: in the probabilistic numerics framework, “solving the linear part of
the ODE exactly” corresponds to an appropriate choice of prior.

Contributions Our main contribution is the development of probabilistic exponential integrators, a
new class of stable probabilistic solvers for stiff semi-linear ODEs. We demonstrate the close link of
these methods to classic exponential integrators in Proposition 1, provide an equivalence result to a
classic exponential integrator in Proposition 2, and prove their L-stability in Proposition 3. To enable
a numerically stable implementation, we present a quadrature-based approach to directly compute
square-roots of the process noise covariance in Section 3.2. Finally, in Section 3.6 we also propose
probabilistic exponential Rosenbrock methods for problems in which semi-linearity is not known a
priori. We evaluate all proposed methods on multiple stiff problems and demonstrate the improved
stability and efficiency of the probabilistic exponential integrators over existing probabilistic solvers.

2 Numerical ODE solutions as Bayesian state estimation

Let us first consider an initial value problem with some general non-linear ODE, of the form

y(t) = f(y(t),t), te [O’TL (1a)
y(0) = yo, (1b)

with vector field f : R? x R — R<, initial value yo € R¢, and time span [0, 7. Probabilistic
numerical ODE solvers aim to compute a posterior distribution over the ODE solution y(¢) such that
it satisfies the ODE on a discrete set of points T = {t,,}_, € [0, T, that is

P (4(0) | 9(0) = yo, 19(ta) = Fly(ta),t)}ls) - @

We call this quantity, and approximations thereof, a probabilistic numerical ODE solution. Proba-
bilistic numerical ODE solvers thus compute not just a single point estimate of the ODE solution, but
a posterior distribution which provides a structured estimate of the numerical approximation error.

In the following, we briefly recapitulate the probabilistic ODE filter framework of Schober et al.
[40] and Tronarp et al. [45] and define the prior, data model, and approximate inference scheme. In
Section 3 we build on these foundations to derive the proposed probabilistic exponential integrator.
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2.1 Gauss-Markov prior

A priori, we model y(t) with a Gauss—Markov process, defined by a stochastic differential equation

dY (t) = AY (t) dt + kB dW (1), Y (0) = Yo, 3)
with state Y (t) € R4+ model matrices A € R+ xdla+1) B ¢ RAa+1xd_diffusion scaling
k € R, and smoothness g € N. More precisely, A and B are chosen such that the state is structured
as Y(t) = [YO(t),...,Y@(¢t)], and then Y (t) models the i-th derivative of y(t). The initial
value Y, € R4+ must be chosen such that it enforces the initial condition, that is, Y(©)(0) = .

One concrete example of such a Gauss—Markov process that is commonly used in the context of
probabilistic numerical ODE solvers is the g-times Integrated Wiener process, with model matrices

0 Iy --- O 0
Arwp(d,q) = 0 0 I:d ; Brwp(d,q) = 0 . 4)
00 -~ 0 I,

Alternatives include the class of Matérn processes and the integrated Ornstein—Uhlenbeck process
[46]—the latter plays a central role in this paper and will be discussed in detail later.

Y (t) satisfies linear Gaussian transition densities of the form [44]
Y(t+h) [Y(E) ~ N (@AY (1), £*QR) 5)
with transition matrices ®(h) and Q(h) given by

B(h) = exp (Ah),  Q(h) = /0 " (h— \BBTOT(h— 7). ©)

These quantities can be computed with a matrix fraction decomposition [44]. For g-times integrated
Wiener process priors, closed-form expressions for the transition matrices are available [21].

2.2 Information operator

The likelihood, or data model, of a probabilistic ODE solver relates the uninformed prior to the actual
ODE solution of interest with an information operator I [6], defined as

I[Y](t) = EaY (t) — f (EoY (1), 1), @)

where F; € R¥*44+1) are selection matrices such that E;Y (t) = Y ()(¢). Z[Y] then captures how
well Y solves the given ODE problem. In particular, Z maps the true ODE solution y to the zero
function, i.e. Z[y] = 0. Conversely, if Z[y](t) = 0 holds for all ¢ € [0, T] then y solves the given
ODE. Unfortunately, it is in general infeasible to solve an ODE exactly and enforce Z[Y](t) = 0
everywhere, which is why numerical ODE solvers typically discretize the time interval and take
discrete steps. This leads to the data model used in most probabilistic ODE solvers [45]:

ZIY](tn) = E1Y (tn) — f (EoY (tn),tn) = 0, tn € T C[0,T7. 8)
Note that this specific information operator is closely linked to the IVP considered in Eq. (1a). By
defining a (slightly) different data model we can also formulate probabilistic numerical IVP solvers
for higher-order ODEs or differential-algebraic equations, or encode additional information such as
conservation laws or noisy trajectory observations [3, 39].

2.3 Approximate Gaussian inference

The resulting inference problem is described by a Gauss—Markov prior and a Dirac likelihood
Y (tng1) | Y (tn) ~ N (@,Y (), 62Qn) (9a)
Zn | Y(tn) ~ 5(E1Y(tn) - f (EOY(t'n)7t7z)) 5 (9b)

with @,, := ®(t, 11 —t5), Qn = Q(tn11 —t,), initial value Y (0) = Yy, discrete time grid {t,, }2_,
and zero-valued data Z,, = 0 for all n. The solution of the resulting non-linear Gauss—Markov
regression problem can then be efficiently approximated with Bayesian filtering and smoothing
techniques [37]. Notable examples that have been used to construct probabilistic numerical ODE
solvers include quadrature filters, the unscented Kalman filter, the iterated extended Kalman smoother,
or particle filters [19, 45, 46]. Here, we focus on the well-established extended Kalman filter (EKF).
We briefly discuss the EKF for the given state estimation problem in the following.
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Prediction Given a Gaussian state estimate Y (¢,,—1) ~ N (itn—1, Xp,—1) and the linear conditional

distribution as in Eq. (9a), the marginal distribution Y (¢,,) ~ N (p,,, £;,) is also Gaussian, with
,U,; = <I)'n,—l,un—la (108.)
Y =0, 1%, 1P+ K2Qu1. (10b)

Linearization To efficiently compute a tractable approximation of the true posterior, the EKF
linearizes the information operator Z around the predicted mean p,,, i.e. Z[Y](t,) ~ H,Y (t,) + by,

Hn =k — FyE07 (1121)
bp = FyEop, — f(Eofty, tn). (11b)

An exact linearization with Jacobian F}, = 0, f(Eou;, ,t,) leads to a semi-implicit probabilistic
ODE solver, which we call the EK1 [45]. Other choices include the zero matrix F,, = 0, which results
in the explicit EKO solver [40, 21], or a diagonal Jacobian approximation (the DiagonalEK1) which
combines some stability benefits of the EK1 with the lower computational cost of the EKO [24].

Correction step In the linearized observation model, the posterior distribution of Y(¢,,) given the
datum Z,, is again Gaussian. Its posterior mean and covariance (p,,, X,,) are given by

S, =H,> H, (12a)
K,=%,HS* (12b)
fin = iy — Ko (Erpiy, — f(Eopiy 1 tn)) s (12¢)
= —K,H,)%;. (12d)

This is also known as the update step of the EKF.

Smoothing To condition the state estimates on all data, the EKF can be followed by a smoothing
pass. Starting with i3, == pu and X%, := 3,,, it consists of the following backwards recursion:

Gp =%,8, (S71) (13a)
fn = tn + Gttt — Hny)s (13b)
2 =%, 4+ Ga(S5 4 — 5, 1)G (13¢)

Result The above computations result in a probabilistic numerical ODE solution with marginals
p (Y(t:) | {BLY (1) = £ (BoY (k) ta) = 01 ) = N (1, 5F), (14)

which, by construction of the state Y, also contains estimates for the ODE solution as y(t) = EyY (¢).
Since the EKF-based probabilistic solver does not compute only the marginals in Eq. (14), but a full
posterior distribution for the continuous object y(t), it can be evaluated for times ¢ ¢ T (also known
as “dense output” in the context of ODE solvers); it can produce joint samples from this posterior;
and it can be used as a Gauss—Markov prior for subsequent inference tasks [40, 2, 47].

2.4 Practical considerations and implementation details

To improve numerical stability and preserve positive-semidefiniteness of the computed covariance
matrices, probabilistic ODE solvers typically operate on square-roots of covariance matrices, defined

by a matrix decomposition of the form M = /M~/M ! [26]. For example, the Cholesky factor
is one possible square-root of a positive definite matrix. But in general, the algorithm does not
require the square-roots to be upper- or lower-triangular, or even square. Additionally, we compute
the exact initial state Y; from the IVP using Taylor-mode automatic differentiation [9, 26], we
compute smoothing estimates with preconditioning [26], and we calibrate uncertainties globally with
a quasi-maximum likelihood approach [45, 2].
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3 Probabilistic exponential integrators

In the remainder of the paper, unless otherwise stated, we focus on IVPs with a semi-linear vector-field

9(t) = f(y(1),t) = Ly(t) + N(y(t), 1). (15)

Assuming N admits a Taylor series expansion around ¢, the variation of constants formula provides a
formal expression of the solution at time ¢ 4 h:

0 1 Tk dk
y(t + h) = exp(Lh)y(t) + Z RrFL (/0 exp(Lh(1 — T))E d7'> @N(y(t), t). (16)
k=0 ’

This observation is the starting point for the development of exponential integrators [31, 15]. By
further defining the so-called (-functions

1 k—1
oul2) = [ explalt =) i 0 (7)
the above identity of the ODE solution simplifies to
y(t +h) = exp(Lh)y(t) + Y hk“wkH(Lh)@N(y(t% t). (18)

k=0

In this section we develop a class of probabilistic exponential integrators. This is achieved by
defining an appropriate class of priors that absorbs the partial linearity, which leads to the integrated
Ornstein—Uhlenbeck processes. Proposition 1 below directly relates this choice of prior to the
classical exponential integrators. Proposition 2 demonstrates a direct equivalence between the
predictor-corrector form exponential trapezoidal rule and the once integrated Ornstein—Uhlenbeck
process. Furthermore, the favorable stability properties of classical exponential integrators is retained
for the probabilistic counterparts as shown in Proposition 3.

3.1 The integrated Ornstein—-Uhlenbeck process

In Section 2.1 we highlighted the choice of the g¢-times integrated Wiener process prior, which
essentially corresponds to modeling the (¢ — 1)-th derivative of the right-hand side f with a Wiener
process. Here we follow a similar motivation, but only for the non-linear part N. Differentiating both
sides of Eq. (15) ¢ — 1 times with respect to ¢ yields

do-t da-1 da-t
Wy(t) = Lmy(t) + WN(y(t),t). (19)
Then, modeling %N (y(t),t) as a Wiener process and relating the result to y(¢) gives
dy @ (t) =y (1) de, (20a)
dy D (t) = Ly D (t) dt + kI, AW D (¢). (20b)

This process is also known as the g¢-times integrated Ornstein—Uhlenbeck process (IOUP), with rate
parameter L and diffusion parameter . It can be equivalently stated with the previously introduced
notation (Section 2.1), by defining a state Y (¢), as the solution of a linear time-invariant (LTI) SDE
as in Eq. (3), with system matrices

0 Iy --- O 0
A1oUP(d,q) = 0 0 I:d ; Bioup(d,q) = 0 . 2D
00 - L I,

Remark 1 (The mean of the IOUP process solves the linear part of the ODE exactly). By taking the
expectation of Eq. (20b) and by linearity of integration, we can see that the mean of the IOUP satisfies

O = Lp@ @),  u(0) = yo. (22)

This is in line with the motivation of exponential integrators: the linear part of the ODE is solved
exactly, and we only need to approximate the non-linear part. Figure 2 visualizes this idea.

195



Publications

196

3 a. Integrated Wiener process b. Integrated Ornstein-Uhlenbeck ¢. IOUP + initial value

s

t t t

Figure 2: Damped oscillator dynamics and priors with different degrees of encoded information.
Left: Once-integrated Wiener process, a popular prior for probabilistic ODE solvers. Center: Once-
integrated Ornstein—Uhlenbeck process (IOUP) with rate parameter chosen to encode the known
linearity of the ODE. Right: IOUP with both the ODE information and a specified initial value and
derivative. This is the kind of prior used in the probabilistic exponential integrator.

3.2 The transition parameters of the integrated Ornstein—Uhlenbeck process

Since the process Y () is defined as the solution of a linear time-invariant SDE, it satisfies discrete
transition densities p(Y (¢t + h) | Y (t)) = N (®(h)Y (t), s?Q(h)). The following result shows that
the transition parameters are intimately connected with the p-functions defined in Eq. (17).

Proposition 1. The transition matrix of a q-times integrated Ornstein—-Uhlenbeck process satisfies

hi¢q(Lh)

B 1 (LI
a(h) = |P(AWP@a-h) - Diz(h) with  ®a(h) = a1 (Eh)

exp(Lh)|’ (23)

ho1(Lh)

Proof in Appendix A. Although Proposition 1 indicates that ®(h) may be computed more efficiently
than by calling a matrix-exponential on a d(g + 1) x d(g + 1) matrix, this is known to be numerically
less stable [41]. We therefore compute ®(h) with the standard matrix-exponential formulation.

Directly computing square-roots of the process noise covariance Numerically stable probabilistic
ODE solvers require a square-root, /Q(h), of the process noise covariance rather than the full matrix,
Q(h). For IWP priors this can be computed from the closed-form representation of Q(h) via an
appropriately preconditioned Cholesky factorization [26]. However, for IOUP priors we have not
found an analogous method that works reliably. Therefore, we compute /Q(h) directly with
numerical quadrature. More specifically, given a quadrature rule with nodes 7; € [0, h] and positive
weights w; > 0, the integral for Q(h) given in Eq. (6) is approximated by

m m

Q(h) ~ Z w; exp(A(h — 7;))BB exp(AT (h — 1)) = Z M; (24)

i=1 i=1
with square-roots \/M; = \/w; exp(A(h — 7;))B of the summands, which is well-defined since
w; > 0. We can thus compute a square-root representation of the sum with a QR-decomposition

X-R:QR([\/E mf). (25)

We obtain Q(h) ~ R" R, and therefore an approximate square-root factor is given by /Q(h) ~ R".
Similar ideas have previously been employed for time integration of Riccati equations [42, 43]. We
use this quadrature-trick for all [IOUP methods, with Gauss—Legendre quadrature on m = g nodes.

3.3 Linearization and correction

The information operator of the probabilistic exponential integrator is defined exactly as in Sec-
tion 2.2. But since we now assume a semi-linear vector-field f, we have an additional option for the
linearization: instead of choosing the exact Fy, = 0, f (EK1) or the zero-matrix F}, = 0 (EKO), a cheap
approximate Jacobian is given by the linear part , = L. We denote this approach by EKL. This is
chosen as the default for the probabilistic exponential integrator. Note that the EKL approach can also
be combined with an IWP prior, which will be serve as an additional baseline in the Section 4.
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3.4 Equivalence to the classic exponential trapezoidal rule in predict-evaluate-correct mode

Now that the probabilistic exponential integrator has been defined, we can establish an equivalence
result to a classic exponential integrator, similarly to the closely-related equivalence statement by
Schober et al. [40, Proposition 1] for the non-exponential case.

Proposition 2 (Equivalence to the PEC exponential trapezoidal rule). The mean estimate of the
probabilistic exponential integrator with a once-integrated Ornstein—Uhlenbeck prior with rate
parameter L is equivalent to the classic exponential trapezoidal rule in predict-evaluate-correct
mode, with the predictor being the exponential Euler method. That is, it is equivalent to the scheme

nt1 = @o(Lh)yn + ho1(Lh)N (§n), (26a)

~ N 'fn - N Nn
Yt = o(Lhyyn + hipr (LRIN () + h2ia(Lh) 2 +1)h ),
where Eq. (26a) corresponds to a prediction step with the exponential Euler method, and Eq. (26b)
corresponds to a correction step with the exponential trapezoidal rule.

(26b)

The proof is given in Appendix B. This equivalence result provides another theoretical justification
for the proposed probabilistic exponential integrator. But note that the result only holds for the mean,
while the probabilistic solver computes additional quantities in order to track the solution uncertainty,
namely covariances. These are not provided by a classic exponential integrator.

3.5 L-stability of the probabilistic exponential integrator

When solving stiff ODEs, the actual efficiency of a numerical method often depends on its stability.
One such property is A-stability: It guarantees that the numerical solution of a decaying ODE will
also decay, independently of the chosen step size. In contrast, explicit methods typically only decay
for sufficiently small steps. In the context of probabilistic ODE solvers, the EKO is considered to be
explicit, but the EK1 with IWP prior has been shown to be A-stable [45]. Here, we show that the
probabilistic exponential integrator satisfies the stronger L-stability: the numerical solution not only
decays, but it decays fast, i.e. it goes to zero as the step size goes to infinity. Figure | visualizes the
different probabilistic solver stabilities. For formal definitions, see for example [27, Section 8.6].

Proposition 3 (L-stability). The probabilistic exponential integrator is L-stable.

The full proof is given in Appendix C. The property essentially follows from Remark 1 which stated
that the IOUP solves linear ODEs exactly. This implies fast decay and gives L-stability.

3.6 Probabilistic exponential Rosenbrock-type methods

We conclude with a short excursion into exponential Rosenbrock methods [14, 17, 28]: Given a non-
linear ODE y(t) = f(y(¢),t), exponential Rosenbrock methods perform a continuous linearization
of the right-hand side f around the numerical ODE solution and essentially solve a sequence of IVPs

y(t) = Jny(t) + (f(y(t): t) - Jn (t)) ’ te [tna tn+1]7 (273)
Y(tn) = yn, (27b)

where J,, is the Jacobian of f at the numerical solution estimate ¢(t,,). This approach enables
exponential integrators for problems where the right-hand side f is not semi-linear. Furthermore, by
automatically linearizing along the numerical solution the linearization can be more accurate, the
Lipschitz-constant of the non-linear remainder becomes smaller, and the resulting solvers can thus be
more efficient than their globally linearized counterparts [17].

This can also be done in the probabilistic setting: By linearizing the ODE right-hand side f at
each step of the solver around the filtering mean Fyu,,, we (locally) obtain a semi-linear problem.
Then, updating the rate parameter of the integrated Ornstein—Uhlenbeck process at each step of
the numerical solver results in probabilistic exponential Rosenbrock-type methods. As before, the
linearization of the information operator can be done with any of the EKO, EK1, or EKL. But since here
the prediction relies on exact local linearization, we will by default also use an exact EK1 linearization.
The resulting solver and its stability and efficiency will be evaluated in the following experiments.
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Figure 3: The IOUP prior is more beneficial with increasing linearity of the ODE. In all three

examples, the IOUP-based exponential integrator achieves lower error while requiring fewer steps
than the IWP-based solvers. This effect is more pronounced for the more linear ODE:s.

4 Experiments

In this section we investigate the utility and performance of the proposed probabilistic exponential
integrators and compare it to standard non-exponential probabilistic solvers on multiple ODEs. All
methods are implemented in the Julia programming language [1], with special care being taken
to implement the solvers in a numerically stable manner, that is, with exact state initialization,
preconditioned state transitions, and a square-root implementation [26]. Reference solutions are
computed with the DifferentialEquations.jl package [34]. All experiments run on a single, consumer-
level CPU. Code for the implementation and experiments is publicly available on GitHub.'

4.1 Logistic equation with varying degrees of non-linearity

We start with a simple one-dimensional initial value problem: a logistic model with negative growth

rate parameter r = —1 and carrying capacity K € R, of the form
1
9(t) = —y(t) + v, te0,10), (282)
y(0) = 1. (28b)

The non-linearity of this problem can be directly controlled through the parameter K. Therefore, this
test problem lets us investigate the IOUP’s capability to leverage known linearity in the ODE.

We compare the proposed exponential integrator to all introduced IWP-based solvers, with differ-
ent linearization strategies: EKO approximates 0, f =~ 0 (and is thus explicit), EKL approximates
0y f =~ —1, and EK1 linearizes with the correct Jacobian d, f. The results for four different values of
K are shown in Fig. 3. The explicit solver shows the largest error of all compared solvers, likely due
to its lacking stability. On the other hand, the proposed exponential integrator behaves as expected:
the IOUP prior is most beneficial for larger values of K, and as the non-linearity becomes more
pronounced the performance of the IOUP approaches that of the IWP-based solver. Though for large
step sizes, the IOUP outperforms the IWP prior even for the most non-linear case with K = 10.

4.2 Burger’s equation

Here, we consider Burger’s equation, which is a semi-linear partial differential equation (PDE)
Owu(z,t) = DO?u(x,t) — u(w,t)0pu(x,t), z €[0,1], te]0,1], (29)

with diffusion coefficient D € R . We transform the problem into a semi-linear ODE with the method
of lines [29, 38], and discretize the spatial domain on 250 equidistant points and approximate the
differential operators with finite differences. The full IVP specification, including all domains, initial
and boundary conditions, and additional information on the discretization, is given in Appendix D.

The results shown in Fig. 4 demonstrate the different stability properties of the solvers: The explicit
EKO with IWP prior is unable to solve the IVP for any of the step sizes due to its insufficient stability,
and even the A-stable EK1 and the more approximate EKL require small enough steps At < 1071,
On the other hand, both exponential integrators are able to compute meaningful solutions for a larger
range of step sizes. They both achieve lower errors for most settings than their non-exponential

'https://github.com/nathanaelbosch/probabilistic-exponential-integrators
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b. Work-precision diagram
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Figure 4: Benchmarking probabilistic ODE solvers on Burger’s equation. Exponential and non-
exponential probabilistic solvers are compared on Burger’s equation (a) in two work-precision
diagrams (b). Both exponential integrators with IOUP prior achieve lower errors than the existing

IWP-based solvers, in particular for large steps. This indicates their stronger stability properties.
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Figure 5: Benchmarking probabilistic ODE solvers on a reaction-diffusion model. Exponential and
non-exponential probabilistic solvers are compared on a reaction-diffusion model (a) in two work-
precision diagrams (b). The proposed exponential integrators with IOUP prior achieve lower errors
per step size than the existing IWP-based methods. The runtime comparison shows the increased cost
of the Rosenbrock-type (RB) method, while the non-Rosenbrock probabilistic exponential integrator
performs best in this comparison.

counterparts. The second diagram in Fig. 4 compares the achieved error to the number of vector-field
evaluations and points out a trade-off between both exponential methods: Since the Rosenbrock
method additionally computes two Jacobians (with automatic differentiation) per step, it needs to
evaluate the vector-field more often than the non-Rosenbrock method. Thus, for expensive-to-evaluate
vector fields the standard probabilistic exponential integrator might be preferable.

4.3 Reaction-diffusion model

Finally, we consider a discretized reaction-diffusion model given by a semi-linear PDE

owu(z,t) = DO?u(x,t) + R(u(x,t)), z€[0,1], telo,T), (30)

where D € R, is the diffusion coefficient and R(u) = u(1 — u) is a logistic reaction term [22]. A
finite-difference discretization of the spatial domain transforms this PDE into an IVP with semi-linear
ODE. The full problem specification is provided in Appendix D.

Figure 5 shows the results. We again observe the improved stability of the exponential integrator
variants by their lower error for large step sizes, and they outperform the IWP-based methods on all
settings. The runtime-evaluation in Fig. 5 also visualizes another drawback of the Rosenbrock-type
method: Since the problem is re-linearized at each step, the [OUP also needs to be re-discretized and
thus a matrix exponential needs to be computed. In comparison, the non-Rosenbrock method only
discretizes the IOUP prior once at the start of the solve. This advantage makes the non-Rosenbrock
probabilistic exponential integrator the most performant solver in this experiment.

5 Limitations

The probabilistic exponential integrator shares many properties of both classic exponential integrators
and of other filtering-based probabilistic solvers. This also brings some challenges.
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Cost of computing matrix exponentials The IOUP prior is more expensive to discretize than the
IWP as it requires computing a matrix exponential. This trade-off is well-known also in the context of
classic exponential integrators. One approach to reduce computational cost is to compute the matrix
exponential only approximately [32], for example with Krylov-subspace methods [13, 17]. Extending
these techniques to the probabilistic solver setting thus poses an interesting direction for future work.

Cubic scaling in the ODE dimension The probabilistic exponential integrator shares the com-
plexity most (semi-)implicit ODE solvers: while being linear in the number of time steps, it scales
cubically in the ODE dimension. By exploiting structure in the Jacobian and in the prior, some
filtering-based ODE solvers have been formulated with linear scaling in the ODE dimension [24]. But
this approach does not directly extend to the IOUP-prior. Nevertheless, exploiting known structure
could be particularly relevant to construct solvers for specific ODEs, such as certain discretized PDEs.

6 Conclusion

We have presented probabilistic exponential integrators, a new class of probabilistic solvers for stiff
semi-linear ODEs. By incorporating the fast, linear dynamics directly into the prior of the solver, the
method essentially solves the linear part exactly, in a similar manner as classic exponential integrators.
We also extended the proposed method to general non-linear systems via iterative re-linearization and
presented probabilistic exponential Rosenbrock-type methods. Both methods have been shown both
theoretically and empirically to be more stable than their non-exponential probabilistic counterparts.
This work further expands the toolbox of probabilistic numerics and opens up new possibilities for
accurate and efficient probabilistic simulation and inference in stiff dynamical systems.
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Probabilistic Exponential Integrators — Appendix

A Proof of Proposition 1: Structure of the transition matrix

Proof of Proposition 1. The drift-matrix Ajoup(q,q) as given in Eq. (21) has block structure

A _ E,
Atoup(d,q) = [ Wethe—1) T 1] , 31)
where ;1 :=[0 ... 0 Id]T € R9%*d_ From Van Loan [48, Theorem 1], it follows
_ exp(Arwp(a,g-1h)  P12(h)
B = |0y St G2)
which is precisely Eq. (23). The same theorem also gives ®12(h) as
h
Dyo(h) = / exp(Awp(a,q—1) (h — 7)) BT exp(Lr) dr. (33)
0
Its ith d x d block is readily given by
h
(P12(h)); = /0 E exp(Arwp(d,g—1)(h — 7)) Eq_1 exp(L7) dT
h —1—i
h— )4
= / % exp(L7)dr
o (g—1-1d) (34)

1 s
quz

=hi" pexp(Lh(1—7))dr

o (@—1-1)!
= hQ7ig0q_i(Lh)’

where the second last equality used the change of variables 7 = h(1 — u), and the last line follows by
definition. O

B Proof of Proposition 2: Equivalence to a classic exponential integrator

We first briefly recapitulate the probabilistic exponential integrator setup for the case of the once
integrated Ornstein—Uhlenbeck process, and then provide some auxiliary results. Then, we prove
Proposition 2 in Appendix B.3.

B.1 The probabilistic exponential integrator with once-integrated Ornstein—-Uhlenbeck prior

The integrated Ornstein—Uhlenbeck process prior with rate parameter L results in transition densities
Y(t+h)|Y(E#) ~N Y (t+h);®(R)Y(t),Q(h)), with transition matrices (from Proposition 1)

B(h) = exp(Ah) = [é hs;f)l((LLh}g)} , 35)
Q) = /O " exp(Ar)BBT exp(AT7)dr (36)
[T s B ) -
| PR R e e
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where we assume a unit diffusion o = 1. To simplify notation, we assume an equidistant time grid
T = {t,}N_, with t,, = n - h for some step size h, and we denote the constant transition matrices
simply by ® and @ and write Y,, = Y (¢,,).

Before getting to the actual proof, let us also briefly recapitulate the filtering formulas that are
computed at each solver step. Given a Gaussian distribution Y;, ~ N (Y,,; ttn, Xy, ), the prediction
step computes

Pg1 = Ppin, (39)
L1 = @(M)En@(h)" +Q(h). (40)
Then, the combined linearization and correction step compute
Zny1 = By — [(Eotiy 1) 41
Spy1=HS, (HT, (42)
Knp1 =%, HTS L, (43)
Hnt1 = Hppq — Kny1Zn41, (44)
En+1 = 277-5-1 - Kn+15n+1K7;r+1a (45)
with observation matrix H = E;—LEy = [-L 1], since we perform the proposed EKL linearization.

B.2 Auxiliary results

In the following, we show some properties of the transition matrices and the covariances that will be
needed in the proof of Proposition 2 later.

First, note that by defining (o (2) = exp z, the p-functions satisfy the following recurrence formula:
1

See e.g. Hochbruck and Ostermann [15]. This property will be used throughout the remainder of the

section.

Lemma B.1. The transition matrices ®(h), Q(h) of the once integrated Ornstein-Uhlenbeck process
with rate parameter L satisfy

HO(h) = [-L 1], “n
QHT = [fff(%)} 7 s
HQ(h)H" = hlI, 49)
Proof.
H®(h) = (Ey — LEy) [é hfol((LLh]g)] =10 @o(Lh)] = L[I hei(Lh)]=[-L I]. (50)
PP (L) (L) ror(Lr)eoLr)T] 1
QA" = /0 _TSD()(LT)gOl(LT)T WO(LT)SDQ(LT)T } H' dr (@28
-
_ 101 (L7)po(LT)T — L7201 (LT) 1 (L7) T
_/0 L Zj()(LT)gS(LT)T waéLr gpf Lr)T } dr (52)
_ " To1(L7) (o(LT)" — L1 (LT)T)
_/0 ¢o(L7) (<P00(LT) - L7<p11 L))" } dr (53)
h
_ (701 (LT) .
_/0 (LT)} d (54)
h2ps(Lh
N [hsfl?((Lh))} (55)
14
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5 Probabilistic exponential integrators [14]

where we used LTy (L7) = ¢o(L7) — I, and 0; [t%¢y(L7)] = 7" 1pr_1(L7). It follows that

_ g |PPea(Lh)] _ _
QT = 1 |y 2~ oa(h) ~ Ihga(en)) = nr, 56
where we used LTpo(L7) = ¢1(L7) — 1. O

Lemma B.2. The prediction covariance 3., , satisfies
S,pH =QMhH". (57)
Proof. First, since the observation model is noiseless, the filtering covariance ¥, satisfies

HY, =[0 0]. (58)

This can be shown directly from the correction step formula:

HY, = HY, - HK, S, K,| (59)
=HY, —H (S, H'S;') S, K, (60)
= HS, —HY;H' (HS;HT) ' S,K] 61)
= HY, —IS,K,] (62)
= HS, =S, (S HTS;Y)! 63)
=HY, - S,S,'H%,, (64)
=10 0]. (65)
Next, since the observation matrix is H = [-L  I], the filtering covariance X,, is structured as
I T
S = | 7| Ealoo I LT]. (66)
This can be shown directly from Eq. (58):
0 0 =HS=[-L 1|20 01| _ (20— LSy i1 - L] 67)
= 210 211 10 00 11 01},
and thus
Y10 = L0, (63)
Y11 =LYy = L%, = LEL". (69)
It follows
| oo LYo | |1 T
T = [Zoo T LY LT] = { L} Yoo [ LT]. (70)

Finally, together with Lemma B.1 we can derive the result:

S HT =2h)E,2h) " H +Q(h)H " (71)
= ®(h) [ﬂ all L7] [_ﬂ +Q(HT (72)
— &(h) [ﬂ S0+ QRHT (73)
=QMH". (74)
O
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B.3 Proof of Proposition 2

With these results, we can now prove Proposition 2.

Proof of Proposition 2. We prove the proposition by induction, showing that the filtering means are
all of the form

Yn
75
Hin [Lyn +N (yn)] (73)
where y,,, U, are defined as
Yo = Yo, (76)
Gnt1 = @o(Lh)yn + ho1(LR)N (§n), a7
Ynt1 = o(Lh)yn + hpr (LR)N (§n) — h2(Lh) (N (§n) = N(Gnt1)) - (78)
This result includes the statement of Proposition 2.
Base case n = 0 The initial distribution of the probabilistic solver is chosen as
— Yo —
Ho = {Lyo + N(’Qo)} T =0. 79)
This proves the base case n = 0.
Induction stepn — n+ 1 Now, let
Yn
n — ~ 0
s [Lyn +N (yn)} (80

be the filtering mean at step n and X, be the filtering covariance. The prediction mean is of the form

- _ |Yn + hor(LR)(Lyn + N(§n)) ©o(Lh)yn + ho1(LR)N(§n)
pocer = i = |7 (L) Ly + N(G)) ] [ “eo(LI)(Lyn + NG| @
The residual 2,4 is then of the form
1 = Erpi 1y — f(Eopin ) (82)
= @o(Lh)(Lyn + N(gn)) — f (po(LR)yn + hp1 (LR)N (§)) (83)
= QDO(Lh)(Lyn + N( )) - ( ( )yn + h‘Pl(Lh) (~n)) N (yn+1) (84)
= @o(Lh)Lyn + ¢o(Lh)N (§n) — Lpo(Lh)yn — Lhpi (LR)N (Gn) — N (Gn41)  (85)
= (po(Lh) — Lhp1(Lh)) N(n) — N (Jn41) (86)
= N(Gn) = N (Gn+1) , 87
(88)

where we used properties of the ¢-functions, namely Lhw1(Lh) = ¢o(Lh) and the commutativity
wo(Lh)L = Lpo(Lh). With Lemma B.2, the residual covariance S, 1 and Kalman gain K, 11 are
then of the form

Spy1=HS, H' = HQ(h)H" = hl, (89)
K = Sy HT S, = QHT (WD)~ [h“”"‘((Lth))} . (90)
This gives the updated mean
Pl = Hpgr — Kng1Zna on
Lh)yn + ho1(Lh)N(gn) hga(Lh) . -

= Pt ) - | v - NGy 62
|:‘P0(Lh)yn + hp1 (Lh)N (Gn) — hep2(Lh) (N (§n) — {V(gqﬂ—l))] 93)

@O(Lh)(Lyn + N( n)) ( ) (N(yn) - N(yn+1)) '
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This proves the first half of the mean recursion:

Eopin+1 = ¥o (Lh)yn + h‘PI(Lh)N(gn) — hepa (Lh) (N(gn) - N(Qn—H)) = Yn+1- %94)
It is left to show that

Evpinyr = Lyng1 — N(gn+1)~ 95)
Starting from the right-hand side, we have
Lyny1 + N(?jn+1) (96)
= L (po(Lh)yn + hr(LR)N (§n) — hpa(Lh) (N (§n) = N(Gnt1))) + N (Gn+1) 7
= @o(Lh)Lyn + Loy (L)N (§n) — Lhpa(Lh) (N (gn) = N (n+1)) N (Gn+1) (98)
= ¢o(Lh) Lyn + (po(Lh) = I)N(gn) — (1(Lh) = I) (N (§n) = N(Gn+1)) N(Gn+1) (99
= @O(Lh)(Lyn + N(gn)) — 1 (Lh)( ( ) - (yn—&-l)) (100)
= FE1fint1- (101)
This concludes the proof of the mean recursion and thus shows the equivalence of the two recursions.
O

C Proof of Proposition 3: L-stability

We first provide definitions of L-stability and A-stability, following [27, Section 8.6].

Definition 1 (L-stability). A one-step method is said to be L-stable if it is A-stable and, in addition,
when applied to the scalar test-equation §(t) = Ay(t), A € C a complex constant with Re(\) < 0, it
yields yp+1 = R(hA\)yn, and R(hA\) — 0 as Re(h\) — —oc.

Definition 2 (A-stability). A one-step method is said to be A-stable if its region of absolute stability
contains the whole of the left complex half-plane. That is, when applied to the scalar test-equation
y(t) = My(t) with A € C a complex constant with Re(\) < 0, the method yields y,+1 = R(h\)yn,
and {z € C:Re(z) <0} C {z € C: R(») < 1}.

Proof of Proposition 3. Both L-stability and A-stability directly follow from Remark 1: Since the
probabilistic exponential integrator solves linear ODEs exactly its stability function is the exponential
function, i.e. R(z) = exp(z). A-stability and L-stability then follow: Since C~ C {z : |R(z)| < 1}
holds the method is A-stable. And since |R(z)| — 0 as Re(z) — —oo the method is L-stable. [

D Experiment details

D.1 Burger’s equation

Burger’s equation is a semi-linear partial differential equation (PDE) of the form
Owu(x,t) = —u(x,t)dpu(z, t) + DO>u(z,t), zeQ, tel0,T], (102)

with diffusion coefficient D € R . We discretize the spatial domain €2 on a finite grid and approxi-
mate the spatial derivatives with finite differences to obtain a semi-linear ODE of the form

y(t) =D - L-y(t)+ F(y(t)),  t€[0,T], (103)

with N-dimensional y(t) € RV, L € RV*¥ the finite difference approximation of the Laplace
operator 92, and a non-linear part F.

More specifically, we consider a domain Q2 = (0, 1), which we discretize with a grid of N = 250
equidistant locations, thus we have Az = 1/N. We consider zero-Dirichlet boundary conditions,
that is, u(0,t) = u(1,¢) = 0. The discrete Laplacian is then

. —2 ifi=j,
L]y = -1 ifi=j+1, (104)

Ax? .
0 otherwise.
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The non-linear part of the discretized Burger’s equation results from another finite-difference approx-
imation of the term w - 0,u, and is chosen as

1 Y2 ifi =1,
[FO) = 1Az yg,l | =4, (105)
Yiy1 — Vi1 else.
The initial condition is chosen as
u(z,0) = sin(3rx)>(1 — z)3/2. (106)

We consider an integration time-span ¢ € [0, 1], and choose a diffusion coefficient D = 0.075.

D.2 Reaction-diffusion model

The reaction-diffusion model presented in the paper, with logistic reaction term, has been used to
describe the growth and spread of biological populations [22]. It is given by a semi-linear PDE

Opu(z,t) = DO?u(x,t) + R(u(z,t)), z e, tel0,T], (107)

where D € R, is the diffusion coefficient and R(u) = u(1 — u) is a logistic reaction term. We
discretize the spatial domain €2 on a finite grid and approximate the spatial derivatives with finite
differences, and obtain a semi-linear ODE of the form

y(t) =D - L-y(t) + R(y(t)),  t<[0,T], (108)

with N-dimensional y(t) € RY, L € RV*¥ the finite difference approximation of the Laplace
operator, and the reaction term R is as before but applied element-wise.

We again consider a domain 2 = (0, 1), which we discretize on a grid of N = 100 points. This time
we consider zero-Neumann conditions, that is, 9, u(0,t) = d,u(1,t) = 0. Including these directly
into the finite-difference discretization, the discrete Laplacian is then

—1 ifi=j=1lori=j=d,
1 —2 ifi=j,

L= - e 1
[LLis Azr?z |1 ifi=j+1, (109)
0 otherwise.
The initial condition is chosen as
1

The discrete ODE is then solved on a time-span ¢ € [0, 2], and we choose a diffusion coefficient
D =0.25.

18
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Abstract

Ordinary differential equations (ODEs) are widely
used to describe dynamical systems in science, but
identifying parameters that explain experimental
measurements is challenging. In particular, al-
though ODE:s are differentiable and would allow
for gradient-based parameter optimization, the
nonlinear dynamics of ODEs often lead to many
local minima and extreme sensitivity to initial
conditions. We therefore propose diffusion tem-
pering, a novel regularization technique for prob-
abilistic numerical methods which improves con-
vergence of gradient-based parameter optimiza-
tion in ODEs. By iteratively reducing a noise
parameter of the probabilistic integrator, the pro-
posed method converges more reliably to the true
parameters. We demonstrate that our method is
effective for dynamical systems of different com-
plexity and show that it obtains reliable parameter
estimates for a Hodgkin—Huxley model with a
practically relevant number of parameters.

1. Introduction

Ordinary differential equations (ODEs) are ubiquitous
across science, as they often provide accurate models for
physical processes and mechanisms underlying dynamical
systems. ODEs can, for example, be used to model the mo-
tion of a pendulum, the dynamics of predator and prey pop-
ulations (Hethcote, 2000) or the action potentials of neurons
(Hodgkin & Huxley, 1952). Numerical algorithms for the
(approximate) solution of ODEs are well established (Hairer
et al., 1987), but identifying parameters of the ODE such
that it matches observations can be challenging (Prinz et al.,

"Hertie Institute for Al in Brain Health, University of Tiibingen,
Tiibingen, Germany 2 Al Center, University of Tiibingen, Tiibingen,
Germany. Correspondence to: Jonas Beck <jonas.beck@uni-
tuebingen.de>.
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2003; Kravtsov, 2020). To overcome this, multiple methods
have been developed, such as grid (Prinz et al., 2003) or
random searches (Taylor et al., 2009), simulated annealing
(Kirkpatrick et al., 1983), genetic algorithms (Ben-Shalom
et al., 2012), Bayesian methods (e.g., approximate Bayesian
computation (Marjoram et al., 2003), Markov-Chain Monte-
Carlo (Neal, 1993), or simulation-based inference (Cranmer
et al., 2020)). But, these methods can often require large
simulation budgets (Cranmer et al., 2020).

By incorporating gradient information, gradient descent
provides the potential to be vastly more simulation efficient
and, as demonstrated by Neural ODEs (NODE:s), has the
potential to scale to millions of parameters (Chen et al.,
2018). Unfortunately, for many real-world ODEs, gradient-
based optimization is challenging: ODEs often have highly
nonlinear dynamics, several local minima, and are sensitive
to initial conditions (Cao et al., 2011; Dass et al., 2017). In
fact, even for models with few parameters, gradient-based
optimization can get stuck in local minima, leading to poor
performance compared to competing gradient-free methods
such as genetic algorithms (Hazelden et al., 2023).

Probabilistic numerical integrators have also been proposed
for parameter inference in ODEs (Tronarp et al., 2022).
Unlike ‘traditional’ non-probabilistic ODE solvers which
usually return only a single (potentially very crude) ODE
solution, probabilistic numerical methods return a posterior
distribution over the ODE solution, accounting for numeri-
cal uncertainty (Hennig et al., 2022). Parameters can then
be estimated by maximizing their likelihood, which thanks
to automatic differentiation is amenable to first order meth-
ods. This approach has been termed ‘“Physics-Enhanced
Regression for Initial Value Problems”, or Fenrir for short.

Here, we develop diffusion tempering for probabilistic in-
tegrators to improve gradient-based parameter inference in
ODE:s. The technique is based on previous observations that
Fenrir can effectively ‘smooth out’ the loss surface of ODEs
(Tronarp et al., 2022). We therefore propose to solve consec-
utive optimization problems using the Fenrir likelihood. We
start with a very smooth loss surface, which yields poor fits
to data, but lets the optimizer avoid local minima. By succes-
sively solving less and less smooth problems informed by
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previous parameter estimates, we more reliably converge in
the global optimum. This enables gradient-based maximum
likelihood estimation for models with a practically relevant
number of parameters such as Pospischil et al. (2008).

We first demonstrate that our method is robust to local
minima for a simple pendulum. We then show that it pro-
duces more reliable parameter estimates than both classical
least-squares regression and the original Fenrir method by
Tronarp et al. (2022) for several models of growing com-
plexity, even in regimes in which gradient-based parameter
inference is challenging.

2. Parameter inference in ODEs

Consider an initial value problem (IVP), given by an ODE

go(t) = folye(t),t),  t€[0,T], (1)
with vector field fy with parameters 6, and initial value
y0(0) = yo. In this paper, we are concerned with estimating
the true ODE parameters 6 from a set of noisy observations
of the solution yy(t), of the form
where H is a measurement matrix and ¢; ~ N(0, R) is
Gaussian noise with covariance R. We denote the set of

observations by D = {u;}¥,, and the set of observation
times by Tp = {t;} ;.

For a given parameter 6, the true ODE solution yy(t) is
uniquely defined and thus the true marginal likelihood is

M(6) = Lo(ye) = [ [N (wi; Hyo(t:), R),  (3)

=1

where Lp denotes the likelihood functional. Then,
the parameter 6 can be estimated from the data D
by maximizing the marginal likelihood M(6), that is
Onig = arg maxg M (0). Unfortunately, the true solution
yp is not generally known and cannot be computed analyti-
cally, and thus the true marginal likelihood is intractable.

In the following, we discuss two approaches to make in-
ference tractable by approximating the marginal likelihood.
First, note that we can rewrite M (6) as an integral

M(0) = / Lo(y)8(y — o) dy. 4

This clarifies that the intractable part of the marginal like-
lihood is the Dirac measure §(y — yg). Thus, a natural ap-
proach to approximate the marginal likelihood is to replace
the true solution distribution by a suitable approximation.
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2.1. Classic Numerical Integration

A standard approach to parameter inference in IVPs approx-
imates the true IVP solution yg(¢) with a numerical solution
Jo(t), obtained from a classic numerical IVP solver such as
the well-known Runge—Kutta (RK) method (Hairer et al.,
1987). The marginal likelihood then becomes

M(6) ~ Mg (60) = / Lo()sy — o) dy,  (5a)
N

=TIV (s Hio(t:), R).  (Sb)

=1

Maximizing Mgk (6) is equivalent to minimizing the mean
squared error

N
1
Lrk(0) = N§ |\ Ho(ti) — i3 - 6)
i=1

This approach is also known as non-linear least-squares
regression (Bard, 1974).

2.2. Probabilistic Numerical Integration

Probabilistic numerical methods reformulate numerical
problems as probabilistic inference (Hennig et al., 2022). In
the context of IVPs, probabilistic numerical ODE solvers
make the time-discretization of numerical methods explic-
itly part of their problem statement, and aim to compute a
posterior distribution of the form

P (90(8) [ 96(0) = v, {30(8) = fa(9o(8),8) hemn ) » (D

where Tpy is the chosen time-discretization. Assuming fixed
f> yo, and Tpn, we denote this posterior more compactly
with ppx(y(t) | 6). We call this object, and approximations
thereof, a probabilistic numerical ODE solution

This object then presents itself as a natural candidate to
approximate the true solution distribution d(y — ys). We
obtain the PN-approximated marginal likelihood

Ries(6) = [ £o() pes(u(®) | 0)dy. ®

The remaining question is how to compute this quantity.
In the following, we consider probabilistic ODE solvers
based on Bayesian filtering and smoothing, which have
been shown to be a particularly efficient class of methods
for probabilistic numerical simulation (Tronarp et al., 2021;
2019; Kersting et al., 2020; Schober et al., 2019), and we
review the PN-approximated marginal likelihood by Tronarp
et al. (2022) which builds the base of our proposed approach.

2.2.1. PROBABILISTIC NUMERICAL IVP SOLVERS

Filtering-based probabilistic numerical ODE solvers for-
mulate the probabilistic numerical ODE solution (Equa-
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tion (7)) as a Bayesian state estimation problem, described
by a Gauss—Markov prior given by

I(O) ~ N(,uo, Z:0) ) (93)
2(tn) | 2(tn_t) ~ N(@nx(tn_l), szn) : (9b)
y "™ (t,) = ELx(t,), m=0,1,....q, (9)

and a likelihood and data model, or information operator, z
(Tronarp et al., 2021; Cockayne et al., 2019), of the form

2(t) | ata) ~ O (Era(ta) = fo(Eoa(ta) 1)) . (90)
2(tn) =0, %e)

which maps solutions of the initial value problem to the zero
function on the chosen grid Tp.

Here, the state 2:(¢) models the solution y(t) of the IVP
together with its ¢ first derivatives, and in the following we
consider g-times integrated Wiener process priors for which
the transition matrices ®,, and ,, are known in closed form
(Kersting et al., 2020). E,, are selection matrices for the
mth derivative. The initial mean g is chosen to match the
initial condition of the given IVP exactly, and the initial co-
variance Y is set to zero (Krdmer & Hennig, 2020). Finally,
K is a prior hyperparameter which controls the uncertainty
of the prior distribution, known as the diffusion.

Equation (9) is a well known problem in Bayesian filter-
ing and smoothing, and its solution can be approximated
efficiently with extended Kalman filtering and smoothing
(Sérkkd, 2013). For a given ODE parameter 6 and diffusion
hyperparameter ~, we obtain a Gauss—Markov posterior
distribution ppn(y(t) | 0, ).

2.2.2. PN-APPROXIMATED MARGINAL LIKELIHOOD

By inserting the PN posterior ppn(y(t) | 6, ), into the
marginal likelihood, we obtain the marginal likelihood
model by Tronarp et al. (2022) of the form

Min(0, ) = / Lo(y) pn(y(®) | 0,8)dy.  (10)

This quantity can again be computed efficiently with
Kalman filtering: Since the posterior distribution ppy has
known backward transition densities of the form (Tronarp
et al., 2022, Proposition 3.1)

ﬁpN(az(tn,l) | w(tn)) :N(sz(tn) + Z,KQP,‘?), (11)

M\FN(Q, k) can be computed by running a Kalman filter
backwards in time on the state-space model

z(ty) ~ N(z(tn); Go(tn), K2 Aa(tn)), (12a)
T(tn_1) | 2(tn) ~ N (G2x(t,) + ¢4, *PY), (12b)

u(ty) | 2(tn) ~ N(HEOCL'(tn)vRG), tn € Tp,
(12¢)

% | —.T o Method
= B RK
c O —
o i ! - Fenrir
o -1
2 ————— M ours
Pendulum HH

Figure 1. For a pendulum model, Fenrir produces parameter es-
timates with much lower trajectory mean squared errors (Defini-
tion A3.1) than RK least-squares regression. However, for the
more complex HH model, the tRMSE is very similar for both RK
and Fenrir. Our proposed method is able to produce much better
estimates for both problems.

via the prediction error decomposition (Schweppe, 1965).
The quantities G%, (%, PY can all be computed during the
forward-pass of the probabilistic ODE solver; for the full
details refer to Tronarp et al. (2022).

Finally, Tronarp et al. (2022) propose to jointly optimize
Mign (6, k) for both the ODE parameters of interest 6 and
the diffusion hyperparameter «, that is

0,k = arg max M\FN(G, K). (13)
0,k

Then 6 is returned as the maximum likelihood estimate. We
refer to this ODE parameter inference method as Fenrir.

2.3. Shortcomings

In order to ensure that an optimizer has converged at the
global as opposed to a local optimum, in practice, the opti-
mization has to be run multiple times with different initial
conditions. A reliable optimizer is therefore highly desirable
since a higher reliability also means less restarts to obtain a
good parameter estimate. This in turn can make optimizing
more complex models feasible, since we can afford many
more restarts at the same cost.

Tronarp et al. (2022) show that learning 6 and « jointly leads
to more reliable parameter estimates for a pendulum com-
pared to RK least-squares regression (Figure 1) for which
the optimization often converges in local minima, i.e. the
constant zero function. However, a pendulum is a fairly
low dimensional problem. When we evaluated Fenrir for
more complex ODEs such as the HH model, we found that
this gain in reliability was vastly smaller in systems with
more challenging likelihood functions. In these cases, many
restarts are needed to reach the global optimum, which
makes Fenrir equally unfeasible as RK-based least squares
for gradient descent-based parameter estimation in HH mod-
els with a practically relevant number of parameters.
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Figure 2. PN posterior means for a range of « for a HH model.
The parameters that generated the observation (inset, black) are
different from the parameters of the ODE (inset, grey). For low
x the mean closely adheres to the ODE solution, while for high
values, it fits the observation much better. The maximum likelihood
k is highlighted in red.

Algorithm 1 Diffusion tempering

Input: initial parameter 6, tempering schedule 7, num-
ber of iterations m, Optimizer OPT, Fenrir likelihood
M(8, k)
fori =0tom — 1do
(9,'+1 = OPT (./T/l\pN, (9,, Ii,))
end for
eest = Gm
Return: 0.,

3. Method

In the following, we attribute the observed shortcomings of
Fenrir to the way the diffusion hyperparameter « was treated
and we propose an alternative method which enables effec-
tive parameter inference for more complicated loss functions
and higher dimensional parameter spaces (Figure 1).

3.1. Diffusion as Regularization

To gain a better understanding of the mechanisms that lead
to better optimization performance in Fenrir, we studied the
effect of the diffusion hyperparameter in more detail.

We noticed that for a given set of model parameters 6, the
loss was lower for high values of x than for low values
(Figure 2). Furthermore, when « was set high, the mean
of the PN posterior interpolated the observed data points,
while if set low, it approximated the IVP solution much
better. This implies for this particular parameter set, that
the maximum likelihood estimate of the PN posterior (Equa-
tion (13)) “favors” a good interpolation of the data over a
good approximation of the IVP solution. This is an issue
for the success of parameter estimation, since we are trying
to identify an IVP that reproduces the observed data well,
as opposed to finding just a good interpolant of the data.
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Why does this happen? Since x scales the gain of the diffu-
sion, it also determines the uncertainty of the ODE solution
for a given 6. A high diffusion leads to a less concen-
trated prior for the subsequent Gauss—Markov regression.
For a broad prior, many observations have a similar like-
lihood, hence a PN posterior whose mean interpolates the
data scores favorably (Figure 2). For a low diffusion, the
variance of the prior is very tightly concentrated around the
ODE solution, meaning only data that closely matches the
trajectory will score a high likelihood, in turn leading to
interpolation of the ODE solution (Figure 2).

Based on these observations, we propose to re-interpret the
diffusion parameter in Fenrir as a optimization hyperparam-
eter which determines how the data should be “weighted”
with respect to the solution of the ODE: Fixing « regularizes
the solution of the IVP on the observed data. In particular,
we show in Figure 1 and argue in the following that temper-
ing the diffusion leads to improved convergence.

3.2. Diffusion tempering

Above we argued why ~ should not be optimized jointly
with 6, but treated as a hyperparameter during optimization,
since it can trade-off confidence in the data vs. the IVP
solution (Fig. 2). Accordingly, we propose to put x on a
decreasing schedule. Starting with a high x, Fenrir does
not have much confidence in the accuracy of its physics-
informed prior and therefore most ODE parameters yield a
decent likelihood for the observed data. By steadily lower-
ing the diffusion, we decrease the uncertainty of the prior,
which means there are less ways for an ODE solution to fit
the data. Finally, when the prior has minimal uncertainty
presumably only the “true” ODE fits the data.

We call this procedure diffusion tempering (Algorithm 1).
We start by defining the number of iterations m and a tem-
pering schedule 7, which can be a list of x or any func-
tion that takes a positive integer and returns a value for the
diffusion hyperparameter. We set an initial parameter 6,
i.e. by drawing it from a pre-specified distribution and set
M\pN(GO, k = T(0)). We run an optimizer of choice until
convergence to obtain a new parameter estimate. Then, we
obtain the next x from 7 and repeat the optimization with
the updated estimate of 6, returning the final # as our pa-
rameter estimate. In our case, we initialized the parameters
uniformly distributed and opted for a tempering schedule of
T (i, ko) = 10(0=9 ko = 20 with a schedule length of 21.
This is equivalent to linearly decreasing log;,(x) from 20
to 0.

4. Experiments

We first investigate the effect of diffusion tempering for a
pendulum with a single parameter, and show even in this
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Figure 3. The effect of diffusion tempering on the marginal likelihood M (6, ) of a pendulum with parameter [. A The negative log
likelihood (nll) for a high & is very smooth with only one shallow global optimum (yellow). The likelihood for low & has one sharp global
minimum at the true parameters (dashed), but also other local minima (blue, green). B IVP solutions for the different local optima marked
in A and the true solution (dashed). C Diffusion tempering for an exemplary optimization run (black): Optimization starts with a high x
(top) on a very smooth loss landscape. x is then progressively lowered, revealing a shallow global optimum near the true parameters
(k = 10'%). Further lowering  finally reveals a sharp global optimum and the optimization converges correctly. By starting with the
parameters of the previous optimization, diffusion tempering ensures that the optimization closes in on the correct global optimum.

comparatively simple case that it converges more reliably
around the true parameters. We then demonstrate that dif-
fusion tempering also improves Fenrir’s convergence for
complex ODE models such as the HH model (Hodgkin &
Huxley, 1952). Finally, we show that diffusion tempering
enables parameter estimation for HH models in parameter
regimes where learned diffusions and least-squares methods
stop working altogether.

4.1. Exploration of a simple case: The 1D Pendulum

We first demonstrate our algorithm for a pendulum. While
this is a relatively simple problem by construction, it is
already challenging for classical simulation-based methods
such as Runge—Kutta least-squares approaches (Bard, 1974),
which tend to fail for high frequencies and are sensitive to
initialization (Benson, 1979). Furthermore, with only a
single free parameter, the pendulum length [, the effect of
tempered optimization can be illustrated well (Figure 3).
Details on the full dynamics and the parameterisation are
provided in Appendix AS.1.

We evaluated the Fenrir marginal likelihood at different pen-
dulum lengths for a high diffusion constant. This confirmed
our theory from Section 3.1 that a high « indeed leads to
similar likelihoods for most parameters (Figure 3A). Ad-
ditionally, with increasing length [ the loss also increased,
which discourages the zero-function (I — co) which would
otherwise be a local optimum. However, while the global op-
timum was roughly in the right place, it was not yet located
at the true [. This was in stark contrast to when we evaluated
the marginal likelihood for a low diffusion. Here the global

optimum correctly identified the true [, but the loss land-
scape had additional local optima (Figure 3B). When we
repeated this process for every « that our tempering sched-
ule visited, we observed that solving separate optimization
problems at subsequently lower values of « exploited the
smooth nature of the loss landscape to skip over later form-
ing local optima. While earlier minima might not have been
accurate, they provided a better initialization for following
optimizations at lower x (Figure 3C). Diffusion tempering
first interpolated the observed data, but later put more and
more weight on a good ODE solution. This avoided local
minima that provided a likelihood that explained neither
the ODE or the data well. For the pendulum, diffusion
tempering converged as often as Fenrir but three times as
often as RK least-squares regression in a ball around the
true parameters (Table 1, PD).

4.2. Exploration of a complex case: The
Hodgkin—Huxley Model

We next turned to a more complex system of ODEs, the
Hodgkin—Huxley model for neural membrane biophysics
(Hodgkin & Huxley, 1952). It models the change in voltage
across a cell’s membrane V' (¢) in response to an external in-
put I (t) as different ionic currents flowing through a circuit
(Figure 4A). For the detailed equations and parameterisation
see Appendix AS5.3.

This model is an interesting case study because there is con-
siderable scientific interest in identifying the conductances
of these ionic currents from voltage recordings to inform
neuron simulations. All-or-none action potentials (spikes)
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Figure 4. Parameter estimation for the sodium gn, and potassium gx conductance of a HH model. A Circuit modeling components of a
neuronal cell as electrical elements. The lipid bilayer acts as a capacitor (C,,,). Ion channels are represented by resistors. Sodium and
potassium conductances are voltage dependent (gn .9k ), and the leak conductance is constant (g;eqk). The electrochemical gradients
driving the flow of ions can be represented as voltage sources (Ena,Fx,Fieqak). B Noisy observation of the membrane voltage. C
Solutions of the ODE for different combinations of parameters (black) compared to the true parameters (grey). The true parameters are
highlighted in red. D Parameter optimization during four different stages of diffusion tempering for a random subset of initializations.
Optimization trajectories (dotted) in each likelihood landscape are shown from start (blue) to convergence (orange). Very high loss values
were clipped for better visual clarity. Plots for the full schedule are provided in Figure A1, with corresponding solutions in Figure A2.

and steep voltage gradients make this challenging, which
is why grid (Prinz et al., 2003) or random searches (Taylor
et al., 2009), genetic algorithms (Druckmann et al., 2007;
Ben-Shalom et al., 2012; Achard & De Schutter, 2006) and
simulation-based Inference (Gongalves et al., 2020; Lueck-
mann et al., 2017) are common tools.

For our experiments, we generated observations from the
HH model with a square wave depolarizing current of 210
pA between 10ms and 90 ms as stimulus. In the initial
experiments, we only considered two free parameters, g,
and gk, for which we generated data at 25 mS/cm? and 7
mS/cm?, respectively. The initial voltage was chosen as
V(0) = —70 mV and the membrane voltage was simulated
for a time interval of 100 ms, leading to a spiking trace with
four action potentials (Figure 4B). See Appendix A5.3 for
details on how we initialized the gating variables.

Even with just two free parameters, the HH model dis-
played highly complex patterns of activity ranging from
non-spiking solutions in regimes of low sodium or potas-
sium conductance to spike trains of different amplitudes, fre-
quencies or phase (Figure 4C). Additionally, small changes
in the parameter space could sometimes lead to dramatic
changes in the solution, like additional spikes appearing.

To explore this and the effect on the inference more system-
atically, we computed the loss landscape of the model with
respect to observed data for different diffusion parameters
(Figure 4D). We observed a similar behavior as in Sec-
tion 4.1 for the pendulum. For a high diffusion parameter,
the loss was very smooth and sloped only in one direction,
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leading the optimization runs to converge at the non-spiking
response simply interpolating the baseline of the action po-
tentials (Figure 4D top, left). This likely happened because
the action potentials were narrow, consisting only of a few
measurements each. Hence, their effect on the loss was not
strong enough to make these solutions prohibitively costly,
as the high diffusion parameter made the inference focus on
data interpolation. For lower diffusion parameters, a large
basin around the true parameters appeared, which the param-
eter estimates started to converge to (Figure 4D top, right).
For very low diffusion values, the basin then morphed into
a much sharper global optimum around the true parameters
which attracted the estimates that were previously collecting
in the basin (Figure 4D bottom, left).

4.3. Systematic performance benchmarking against
alternative methods

To demonstrate the effect of tempering the diffusion more
systematically, we compared to both learning and fixing « in
the following. More specifically we studied: (i) non-linear
least-squares regression with Runge—Kutta (RK), (ii) Fenrir
with learned diffusion as proposed by Tronarp et al. (2022),
and (iii) Fenrir with a range of fixed diffusion parameters:
We explore a low, a high and the best « according to a grid
search over all values visited during tempering (for details
see Figure A3) as well as the maximum likelihood & at the
true parameters (optimal).

We considered an optimization run as correctly converged
if the final parameter estimate deviated at most 5% from the
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Table 1. Comparison of different methods, models and model sizes for parameter estimation. LV: Lottka-Volterra, PD: Pendulum, HH,,
Hodgkin—-Huxley with & compartments, Dg: Number of parameters, Ng: The number of correctly identified parameters, CONV: correctly
converged. In only a few cases the optimization diverged, which lead to NaN's in the loss and tRMSEs orders of magnitude above the

mean. We excluded these runs from the statistics marked with a *.

ODE Dy ALG ITER PRMSE CONV TRMSE Ny
PD 1 FENRIR  74.12 +11.55 0.01 £0.08 0.99 0.04 £0.26 0.99 £0.10
PD 1 RK 34.11 +£18.45 1.42 £1.09 0.32 0.98 £0.72 0.32+£0.47
PD 1 OURS 303.89 £ 12.43 0.00 + 0.00 1.00 0.02 + 0.00 1.00 +£0.00
PD 1 OURS+  92.21+£0.95 0.00 + 0.00 1.00 0.02 + 0.00 1.00 +£0.00
LV 2 FENRIR  60.68 = 36.73 1.41+1.01 0.20 2.84 £2.71 0.40 £0.80
LV 2 RK 97.15 £ 146.95 1.35+1.11 0.24 2.35£1.32 0.48 £ 0.86
LV 2 OURS 411.18 £151.25 0.41 £0.82 0.77 *0.54+1.14 1.54 +£0.85
LV 2 OURS+ 132.43 + 31.01 0.35+0.77 0.79 *0.43+1.03 1.59 £ 0.81
LV 4 FENRIR 112.45 +47.24 1.31+0.94 0.23 4.18 £13.65 1.07+1.70
LV 4 RK 271.49 £ 151.05 1.09 £ 0.76 0.24 6.57 £ 34.45 0.97+1.71
LV 4 OURS 727.15 £ 482.93 0.81 £0.88 0.43 *10.41+69.37 1.76 +£1.98
LV 4 OURS+  292.05 £ 139.98 0.74 + 0.82 0.44 *13.77+79.08 1.79+1.98
HH, 1 FENRIR  46.96 £ 19.08 0.38 £0.67 0.68 7.85 £10.70 0.68 £0.47
HH; 1 RK 43.30 £ 43.45 0.42£0.48 0.57 7.54 £ 8.26 0.57 £0.50
HH, 1 OURS 382.08 £ 32.19 0.00 £+ 0.00 1.00 0.43 +0.02 1.00 £ 0.00
HH, 1 OURS+ 116.73 £ 7.11 0.00 £ 0.00 1.00 0.43£0.11 1.00 £ 0.00
HH; 2 FENRIR  110.04 £61.70 0.20 £0.37 0.75 5.89 +£10.15 1.53£0.83
HH; 2 RK 54.02 £ 62.60 0.28 £0.45 0.72 4.88 £ 7.58 1.444+0.90
HH; 2 OURS 696.22 £ 78.10 0.00 + 0.00 1.00 0.42 1+ 0.04 2.00 +0.00
HH; 2 OURS+  197.81 £40.38 0.04 £0.19 0.96 1.08 + 3.20 1.92+0.39
HH; 3 FENRIR 122.15 +49.74 0.59 £ 0.65 0.51 9.31 £9.63 1.63 £ 1.51
HH; 3 RK 223.556 £117.31 0.90 £0.25 0.03 14.33 £4.01 0.13 £ 0.56
HH, 3 OURS 676.33 = 150.72 0.01 +£0.10 0.99 0.60 £1.51 2.97+0.30
HH; 6 FENRIR 108.06 +108.49 13.36 £6.97 0.00 26.21 £ 7.38 1.05£0.22
HH; 6 RK 210.26 £ 120.86 12.27 £ 6.87 0.00 16.80 £ 3.81 1.18 £0.39
HH: 6 OURS 2159.60 £532.55 10.36 =7.72 0.00 *15.20+5.41 1.21+0.46
HH- 4 FENRIR  286.54 £+ 205.37 0.28 £0.44 0.68 12.00 £ 17.37 2.80£1.78
HH> 4 RK 136.50 + 200.20 0.43 £0.56 0.50 7.98 £9.86 2.08 £1.81
HH- 4 OURS 1492.03 £ 335.17  0.00 = 0.00 1.00 0.60 +=0.01 4.00 + 0.00
HH: 6 FENRIR  221.28 £144.56 0.62£0.72 0.50 13.01 £13.10 3.06 £ 2.96
HH: 6 RK 390.34 £ 195.85 0.88 £0.22 0.00 19.36 £ 5.54 0.31+£0.75
HH> 6 OURS 1525.57 £448.56  0.12+0.32 0.88 3.01+6.70 5.28 +1.96
1.0 proach did not provide any benefit in this setting (Figure 5).
3 I Moreover, the same performance could be achieved if the
g 05 diffusion parameter was just fixed at a well selected value.
E Interestingly, the « that maximized the likelihood at the
true parameters performed worse than when the diffusion
0.0 j " ) . ) was just fixed at a low value (Figure 5). Nonetheless, our
Q{l‘ \0$ O Q)é’\ X (&s (\@b @ d .1 . . .
S & o method still yielded the best convergence, implying that

Figure 5. Convergence for a two parameter HH model: Diffusion
tempering converges more reliably than than non-linear least-
squares regression using a RK solver and Fenrir with a learned and
the best single . Histogram shows the medians with black bars
indicating quartiles for 100 runs split into groups of 10.

true parameters (for details see Appendix A3).

We observed that for a two parameter HH model, learning
the diffusion hyperparameter performed on par with the
classical RK method, suggesting Tronarp et al. (2022)’s ap-

active adaptation of x during optimization is imperative.

To show that diffusion tempering worked for a variety of dif-
ferent model sizes and complexities, we benchmarked our al-
gorithm against RK least-squares regression and the original
method of Tronarp et al. (2022) for the 1D pendulum (Ap-
pendix AS5.1), the Lotka-Volterra equations (Appendix A5.2)
with two and four free parameters as well as multiple HH
models with one (HH;) and two compartments (HHs) and
one to six free different parameters (Appendix AS.3). For
100 different initializations, we evaluated the algorithms
based on trajectory mean squared error (tRMSE, Defini-
tion A3.1), relative parameter mean squared error (pRMSE,
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Figure 6. Parameter inference for a six parameter HH model for 100 initializations of RK (top) and tempered Fenrir (bottom). A
Distribution of tRMSEs. The average tRMSE for Fenrir is lower than for RK. B Voltage traces for the inferred parameters, colored by
their tRMSE. The observation is shown in white. C Median errors for seven commonly used electrophysiological features (as defined in
Appendix A3). Quartiles are marked as black bars. Fenrir is able to reproduce qualitative aspects of the data much better than RK.

Definition A3.2), fraction of successfully converged runs
(CONYV), the number of iteration steps (ITER) and the num-
ber of correctly identified parameters (Ng). While the focus
of our work was on the reliability of convergence we also
show that the inclusion of a simple early stopping crite-
rion (see Appendix A2 for details) makes our algorithm
competitive on cost.

We observed that diffusion tempering (OURS) yielded the
best results across all of our experiments in terms of tRMSE,
pRMSE and the number of successfully converged initializa-
tions (Table 1). Moreover, with our method, we recovered
the true parameters from about twice to four times as often as
the default Fenrir depending on the model. Even in settings
where the RK baseline was not able to converge correctly
at all, as was the case for the two compartment model with
six parameters, our method was correct 88% of the time.
Additionally, in the case of the three parameter HH; model,
diffusion tempering doubled the performance of Fenrir. As
expected, using a schedule came at the expense of additional
optimization steps. For our selected schedule, this meant
about an order of magnitude more steps compared to the
original method. However, the inclusion of a simple early
stopping criterion (OURS+) made diffusion tempering cost
competitive without loss of performance for the subset of
problems we tested. This can be attributed to the fact that
convergence with a high precision is unnecessary during
early tempering stages and that most trajectories converged
far before the end of the schedule (Figure A1). Combined
with steeper schedules (Appendix A8.1 this would bring the
costs in line with the original Fenrir method while retaining
superior performance.

While for the HH; model with 6 parameters all methods
seemingly performed on par with respect to mean pRMSE

216

and tRMSE, no algorithm manages to converged to the true
parameters reliably. However, this was a very complicated
model, which is why we looked at the parameter estimates
in detail. First we looked at the distributions of tRMSEs.

We noticed that the tRMSEs obtained via diffusion tem-
pering were much more uniformly distributed than those
from RK, while being in the same range (Figure 6A). How-
ever, not only was the fraction of parameter estimates which
yielded steady-state solutions for RK extremely high (Fig-
ure 6B) — for many applications these are discarded imme-
diately (Prinz et al., 2003; Rossant et al., 2011) — but they
often displayed very different spike frequencies from the
observed data. This was not the case for our method for
which the solutions come qualitatively much closer to that
of the observed data. For practitioners interested in parame-
ter estimation for this model, it mainly matters whether a set
of commonly used eletrophysiological summary statistics
is reproduced by the fitted model (for their definitions see
Appendix A3.1). Here we found that our method deviated
much less from the observed behavior, suggesting that the
parameters capture essential aspects of the data much better
than the classical baseline (Figure 6C). Both methods also
performed much better than when the diffusion was learned
(Figure A4).

5. Discussion

Gradient descent has the potential to efficiently fit ODEs to
data, but non-linear differential equations can exhibit many
local minima, leading to poor convergence and extreme sen-
sitivity to initial conditions. Here, we used probabilistic
integrators to improve the convergence of gradient descent
based parameter fitting of ODEs. We developed diffusion
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tempering, a method that successively solves several pa-
rameter search tasks. We demonstrated that our method
dramatically improves the reliability of parameter optimiza-
tion across several popular ODEs, and we showed that our
method enables gradient descent based parameter estima-
tion on a six-parameter Hodgkin—Huxley model, which had
been unattainable with existing gradient-based methods.

5.1. Limitations

Of the compared methods diffusion tempering was the most
expensive in terms of runtime, which we attribute to two
aspects: the runtime of the ODE solver, and the sequential
solving of multiple optimization problems. The probabilis-
tic ODE solvers used by our method are semi-implicit and
A-stable (Tronarp et al., 2019). While this allows them to
perform well on stiff ODE:s, this comes at the cost of cubic
scaling with the ODE dimension, shared by traditional im-
plicit Runge—Kutta methods (Hairer & Wanner, 1999). Us-
ing explicit probabilistic ODE solvers, which scale linearly
with the ODE dimension (Kramer et al., 2022), would im-
prove the runtime of diffusion tempering on larger systems.
Additionally, the overall runtime of diffusion tempering is
strongly dependent on the iterative optimization procedure
that is used. This includes the tempering curve as well as
the optimization itself. However, we did show that early
stopping and steeper schedules, together, can bring down
the computational cost to much closer to that of the other
methods, and we suspect better tempering schemes can im-
prove this even further. We also note that in our work we
assumed the magnitude of the observation noise R to be
known, which in practice is often not the case and which
can be taken into account by Fenrir as well.

As the scope of this paper was gradient descent based param-
eter estimation in ODEs, we did not include other commonly
used approaches such as genetic algorithms (Hazelden et al.,
2023) in our experimental evaluation. Furthermore, we only
looked at recovering parameters for a known form of dy-
namics. While optimizing parameters of NODEs (Chen
et al., 2018) presents an interesting problem set, we see a
few potential challenges before our method can be applied
here. Firstly, computing gradients efficiently would require
the use of adjoints (Chen et al., 2018), which, to our knowl-
edge, has not yet been derived in the probabilistic numerical
framework. Additionally, the O(d?) scaling of our method
in the ODE dimension would limit the number of latent
dimensions that can be modeled.

5.2. Future Work

While we already presented ways to reduce the cost of dif-
fusion tempering using simple early stopping criteria or
different schedules, more elaborate and potentially problem
aware tempering schemes could further increase the effi-

ciency and effectiveness of our method. Additionally, in our
work we assumed the observation noise to be known, hence
further work is needed to study the effect of also learning
or scheduling this parameter, which could have a similarly
regularizing effect on the optimization.
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Appendix
Al. Implementation

We wrote all of our experiments in the Julia programming language (Bezanson et al., 2017). For the implementation of
probabilistic ODE filters we relied on the original code for Fenrir (Tronarp et al., 2022) and ProbNumDiffEq.jl. To compute
the trajectories for the observations as well as for least-squares regression with RK, the RadauIIA5 (Hairer & Wanner,
1999) solver is used, with adaptive step-size selection. The solver was provided by DifferentialEquations.jl (Rackauckas &
Nie, 2017). For the optimization we used the implementation of L-BFGS from Optim.jl (Mogensen & Riseth, 2018). This is
a comparable setup to that of Tronarp et al. (2022).

All computations were done on an internal cluster running Intel(R) Xeon(R) Gold 6226R CPUs @ 2.90GHz. All code and
data are publicly available on GitHub and Zenodo.

A2. Additional experimental details

To generate the data used as the observations we solved the IVP with the fully-implicit Runge-Kutta RadauIIAS5 (Hairer
& Wanner, 1999) method with both absolute and relative tolerances of 10714 on an equi-spaced time grid t; € T =
{0.0,0.01, ..., T} with dt = 0.01. The T's differed for each model and can be found in Appendix A5. Uniform Gaussian
noise of variance o2 = 0.1 was then added to the data.

To evaluate the different methods we conducted all experiments for 100 different initializations.

As the probabilistic ODE solver for the IVP we used a first order linearization of the vector field and a 3-times integrated
integrated Wiener process prior.

During diffusion tempering the optimizer often converged very close to the parameter bounds. This meant that the initial
values for the next optimization problem would lie right on top of the bounding box, which would throw an error. We
mitigate this, by giving a tiny nudge to any initial values that end up right on top of the parameter bounds before starting the
optimization.

In the experiments marked with OURS+ in Table 1 we added a simple early stopping criterion to Algorithm 1 to reduce the
computational cost of our algorithm. This could prematurely stop the optimization (OPT) during all but the last scheduled
value of k, if the absolute change in the Fenrir log likelihood M pn across 3 consecutive updates was below 0.1. Since last
tempering step was never interrupted, this ensured the final optimization was performed to the same tolerances as the other
methods.

A3. Metrics

To compare the quality of the parameter estimates we use several metrics. Firstly, we compare using the trajectory root
mean squared error (RMSE)

Definition A3.1 (Trajectory RMSE). Let 6 be the parameters estimated by an inference algorithm, and let Tp be the set of
measurement nodes. Then, let §(t), t € Tp, be the estimated system trajectory, computed by numerically integrating the
ODE with initial values and parameters as given by the estimated 6. The trajectory RMSE (tRMSE) is then defined as

1
tRMSE (= | — E
\/'TD teT
D

which evaluates the quality of the results in the trajectory space and which is also used in the original work(Tronarp et al.,
2022). However, while this is useful to get an idea of how closely the observed data was reproduced it does not necessarily
allow to deduce how well the parameters match those that have generated the original data. This is especially a problem
for oscillatory systems for which the tRMSE of the zero function is often better than for a solution which is slightly phase
shifted, which arguably is often a better fit. We therefore evaluate the quality of the inferred trajectories also in parameter
space.

() — y(@)|>- (14)

Definition A3.2 (Relative Parameter RMSE). Let 6 be the parameters estimated by an inference algorithm, and let 6* be the
known, true parameters which are to be inferred. Let D be the dimensionality of the parameter space. Then the relative
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parameter RMSE (pRMSE) dj is defined as

2
. 15)
2

D
1 ~
PRMSE := | — :H(ei —07) /0
=1

This metric is also used to determine whether an optimization converged successfully or not. If the final parameter estimate
0 lies within a 5% ball of the true parameters, i.e. pRM SE < 0.05, then we consider it to have correctly converged.

A3.1. Electrophysiological Summary Features

It is difficult to evaluate the quality of parameter estimates for higher parameterised HH models, since a good tRMSE does
not necessarily mean characteristic features of the data are being reproduced. Hence to score the quality of parameter
estimates, we also define seven commonly used electrophysiological summary features. These reflect measures that
electrophysiologists regularly use to characterize and quantify the qualitative behavior of recorded neurons (Scala et al.,
2020). This reduces the high dimensional model output to a meaningful set of numbers that emphasize specific aspects of
the data and are easier to interpret.

Definition A3.3 (Summary feature). Let § parameterize an IVP. and let y(¢), be the system trajectory, computed. Then a
summary feature is defined as a function

= s(y(t))- (16)

which reduces the system trajectory to a single number z.

The following summary statistics are computed from the trajectory.

Table 2. Summary features to quantify the behavior of different voltage traces.

Feature Definition

AP peak Maximum voltage of an action potential (AP).

AP trough | Minimum voltage of the trough / hyperpolarization that follows the AP.
AP amp Difference of peak Vjcqx and trough voltage Vi,ough.-

ISI The time between two consecutive APs.

Resting V | Average of V(9 ms < t < 10ms), i.e. 1 ms before the stimulus.
Latency Time between stimulus onset and reaching the first peak voltage.
#APs Number of APs.

For AP peak, AP trough, AP amp and ISI we compute the mean. To compare to the observation we then take the absolute
value of the relative differences between the observed x* and the estimated £ summary features. If no spikes are detected,
spike dependent features will set to NaN.

A4. Optimization

For optimization we use L-BFGS for both Fenrir and RK (Nocedal & Wright, 2006). This is also the optimizer used in the
original Fenrir paper (Tronarp et al., 2022). To speed up convergence we also use backtracking line search (Armijo, 1966).
To determine convergence we used an absolute tolerance of 10~ and a relative tolerance of 10~%, which would give an
accuracy of about 10™# to 107 since the total solution accuracy is roughly 1-2 digits less than the relative tolerances (see
SciML Docs).

The optimization was performed with box-constraints, such that the optimization would stay within the limits provided
by the uniform prior distribution with upper and lower bounds 6,,;, 6. All initial parameters were also drawn from this
distribution, with initial values set to u(to). Observation noise is always fixed to the true o2 = 0.1.

All optimized parameters 6 were transformed to ranges of 0 to 1 according to:
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0 — O

0= — ", (17)
Oub — O
where 0;;, and 0., are the lower and upper bounds on the parameter. Additionally ~ was first transformed to log-space,

before putting it through Equation (17). This ensures that the gradients for each parameter are roughly comparable.

A5. Models
AS5.1. Pendulum

The first ODE we consider is that of a pendulum (Equation (18)). Although this is a fairly simple system, parameter
2
estimation can be challenging due to local optima. The ODE is a 2nd order equation 2o — —92sin(¢), which we

dt? 1
reformulate as a system of first order equations.

d

T(zil = ¢ (18a)
dga g .

e l5m(¢1) (18b)

where g = 9.81m/s% and ¢(0) = 7. In our experiments we chose the bounds and values for the single parameter [ as in
Appendix AS.1.

Table 3. Parameter bounds and values that were used for our experiments.

Parameter | Lower Bound
1 0.1

Upper bound | observation
10.0 3

Hence 6 = {l}. The system was integrated for ¢ € [0, 10] and only partially observed with a measurement matrix (see
Equation (2)) of H = [1 0].

AS.2. Lotka-Volterra

The Lotka—Volterra or predator and prey model, can be described by a pair of first-order nonlinear differential equations
(Equation (19)). It describes how the populations of two species (predator and prey) evolve when they coexist in an
environment.

dr

— _ 1
prialed Bxy (19a)
dy
o Sxy — vy (19b)

We set the initial populations to 2(0) = 1.0, ¥(0) = 1.0 and use the bounds and values to parameterize the model as shown
in Appendix A5.2. Hence 0 = {«, 3} for the 2 parameter and § = {«, 3,, 0} for the 4 parameter case. The system was

Table 4. Parameter bounds and values that were used for our experiments.

integrated for ¢ € [0, 20] and only partially observed with a measurement matrix (Equation (2)) of H = [0 1], such that only

Parameter | Lower Bound | Upper bound | observation
a 1-1073 5.0 1.5
B 1-1073 5.0 1.0
v 1-1073 5.0 3.0
) 1-1073 5.0 1.0

the prey species is observed.
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AS.3. The Hodgkin Huxley Model

Here we outline the specific versions of the HH model that were used in our experiments. We consider sodium, potassium
and leak currents to generate spiking, a slow non-inactivating K ™ current to enable spike-frequency adaptation, and a
high-threshold Ca?* current to generate bursting (Pospischil et al., 2008):

dvi

AL
¢ dt

=1I; + gNamSh(ENa - Vt)
+ gxkn* (Bx — V4) + Gieak (Bleak — V2) (20

+ gup(Ex — V3) + gL¢°r(Eca — Vi)
1)

Gi, © € {Na, K, leak, M, L} are the maximum conductances of the sodium, potassium, leak, adaptive potassium and calcium
ion channels, respectively. F; are the associated reversal potentials. I; denotes the current per unit area, C' the membrane
capacitance, A the compartment area and n, m, h, ¢, r and p represent the fraction of independent gates in the open state,
based on Hodgkin & Huxley (1952).

The dynamics of the gates can be expressed in general form as Equations (22a) and (22b), where o, (V;) and (3, (V;) are rate
constants for each of the gating variables z € {m,n, h,q,r} and p.

Bt (V) (1= 2) = B (V)20 (220)
Bt (V) ~ p) (V1) (220)

They model the kinetics of different channel proteins. The parameters for o, (V;), 5. (V4), poo (Vi) and 7,(V4, Timaz) are
taken from Pospischil et al. (2008). The detailed equations are also provided in Equation (23).

V-Vr—-13 V—-Vr—40

am(V) = =032 g, An(V) =028 = (23a)
an(V) = —0.03267((‘;;:/2; 55 S Ba(V) = 05 (VY00 (23b)
ap(V) = 0.128¢~ (VYT mIDAS g, (V) = e,(V,VTiO) . (23¢)
a,(V) = 0.0556(72;2‘7/—)7;?_1, By(V) = 0.94¢ ("= V)17 (23d)
o (V) = 0.000457¢713=VI/50 8 (V) = 0.0065/ (e 7157V)/28 4 1) (23¢)
(V) = 3'3e(v+35)/27(;mr6—(v+35)/20 (23)

The parameter values and bounds we used in our experiments for the HH model can be found in Table 5.

A= TR C the membrane capacitance, R;,, the input resistance. 7 is the membrane time constant, 7,,,,, the time constant
of the slow KT current and Vr the threshold voltage.
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Table 5. Parameter bounds and values that were used for our experiments.

Parameter Lower bound | Upper bound | Observation
C (uF/cm?) 0.4 3 1

A (em?) 1.9-107° 30.2-107° | 8.3-107°
gna (mS) 0.5 80 25

gk (mS) 1-1074 15 7
Ena (mV) 50 100 53

Ex (mV) 110 -70 -107
Jieak (MS) 1-1074 0.8 0.1
Eleak (mV) -110 -50 -70

Vi (mV) 90 -40 -60

gm (mS) 1-107° 0.6 0.01
Ec, (mV) 100 150 120

g, (mS) 1-107% 0.6 0.01

Tiax (S) 50 3-103 4-103

The default parameters are chosen according to http://help.brain-map.org/download/attachments/
8323525/BiophysModelPeri.pdf. With the parameters for the cell area A being taken from in vitro recordings
from the mouse cortex from the Allen Cell Type Database the cell ID (509881736). This closely follows the experiments
from (Gongalves et al., 2020).

For the 1, 2 and 3 parameter models we removed the equations for I, and I}, to make it easier to simulate. This is the
same as considering gps and gy, to be 0. Furthermore, for the 6 and 8 parameter model the parameters where adjusted
to gleak = 0.05mS and Tpnq, = 1000 s. The initial voltage was set to V' (0) = —70mV/, from which the initial gating
variables where computed according to Equation (24), where z(0) = 2o (V' (0)) for z € {m,n, h, p, ¢, 7}. The system was

integrated for ¢ € [0, 100]ms and only the voltage was observed, which yields a measurement matrix of H =[100000 0].
For the full system and H = [1 0 0 0] with I; and I}, removed.

Moo (V) = 1/(1 4 B (V) /am(V)) (24a)

Moo (V) = 1/(1+ Bu(V) /an(V)) (24b)

hoo (V) =1/(1 + Br(V)/an(V)) (24¢)

Poo(V) = 1/(1+ ™ (VH39/10) (24d)

Qoo (V) = 1/(1+ B4(V)/aq(V)) (24e)

roo(V) = 1/(1+ 6, (V)/ar(V)) (24f)

(249)

Depending on the model, the following parameter sets were optimized.

Table 6. Parameter sets for the different single compartment models, which we denote with HH; .

#parameters | 6

1 {gNa}

2 {9na, gx }

3 {9nas 9K, Greax }

6 {gNa,gKagNa7gM7VT7gL}
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AS5.3.1. MULTICOMPARTMENT MODELS

To model neurons with a complex morphological structure the neuron is split into discrete compartments that are small
enough that the variation of the membrane potential across it is negligible. Then the continuous membrane potential V' can
be approximated as by a sum of local compartment potentials. For a non-branching cable, this can be expressed as

dvi
dt

CA; = —Tionic,i + Ii + giiv1 (Vig1r — Vi) + gii-1 (Vier = Vi), (25)

with subscript ¢ indexing the compartments, the sum of the ionic currents across the cells membrane I;,,;., the external
current I and coupling coefficients g. Each membrane potential V; satisfies an equation similar to Equation (20) except that
each compartments couples to two neighbors (unless at the ends of the cable). For more context see (Dayan & Abbott, 2001)
Chapter 6. In our experiments we used coupling coefficients of g = 1 and compartment areas of A; = %, 1e{l,..,N},
for N compartments, such that the total area would sum to the same A as in Table 5. Furthermore, we stimulated only
the first compartment and considered all compartments to be observed (voltage only). The parameters used for the 4
and 6 parameter models where modified from Table 5. For the 4 parameter model the 2nd compartment was adjusted to
gNae = 20mS and g = 10m.S. For the 6 parameter model, the first gjqx = 0.09mS and the 2nd compartment was

changed to gy, = 20mS, gk = 10m.S and gjeqr = 0.11m.S.

Depending on the number of compartments N this yields parameter sets of the form 6 = {6y, ...,0n}, where 0, are
analogous to the parameters of the single compartments in Table 6. The measurements are taken with

H=|: - (26)

where H; are the measurement matrices for a single compartment. We denote the number of compartments that were used
in an experiment with a subscript HH;.

A6. Additional Details on Section 4.2

Here we show all the trajectories and likelihoods for which a subset was presented in Figure 4. Additionally, we plotted the
solutions at each of the initial and final parameters for each diffusion parameter.

While the likelihood is initially very flat and the uniformly initialized parameters collect on the top left edge, a basin around
the global optimum appears at around x = 10'® (Figure Al). At x = 107 the ridge that separates the local optimum from
the basin is small enough for the optimizer to cross into the basin in which the global optimum resides. With decreasing
the basin starts to taper more and more towards the true parameters, which becomes very distinct down to about x = 10°,
after which point hardly any changes to the likelihood landscape are visible.

We observed that first all runs converge to the steady state solution at x = 1018, before suddenly developing spikes and
converging correctly (Figure A2). After reaching a diffusion parameter of £ = 10'°, the subset of initial values has fully
converged and hardly any changes are visible.

A7. Additional Details on Section 4.3

Once the diffusion hyperparameter is set to log x < 17 most values perform similarly well in terms of recovering the true
parameters about half of the time, with the exception of log x = 16, which does so with about 80% reliability (Figure A3).
Additionally, the average distance from the true parameters starts decreasing between log x = 9 and log k = 17, before
sharply jumping again. The fact that the fraction of parameters that converge correctly does not change significantly until
hitting log x = 1el5, suggests that the same set of, favorable, initial guesses converge no matter the loss. However, since the
mean pRMSE starts decreasing overall, suggests that initializations further away also end up closer to the global optimum.

Comparison of Fenrir and Diffusion tempering for a 6 parameter HH model. Diffusion tempering yields electrophysiological
summary statistics much closer to those of the true observation compared to Fenrir.
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Figure Al. Parameter estimation for the sodium gn, and potassium gx conductance of a HH model. Parameter optimization during all
stages of diffusion tempering for a random subset of 25 initializations. Optimization trajectories (dotted) in each likelihood landscape are
shown from start (blue) to convergence (orange). Very high loss values were clipped for better visual clarity.

A8. Additional Experiments
A8.1. Effectiveness of different tempering rates

In our work we mainly focused on the convergence reliability of diffusion tempering. For this reason we picked a tempering
schedule that was very simple and reliable during our testing — linearly reducing the log « from 20 and 0 with a step size
of 1. Despite its simplicity this already performed much better than our baselines without any further tuning. Since this
schedule is very costly in the number of iterations needed (Table 1), we also investigated the effect of different schedules, i.e.
with much steeper tempering rates or exponentially decreasing log « on the cost of diffusion tempering for the HH; model
with 2 parameters.

We found that much steeper, hence shorter schedules that decrease log x between 20 and 0 can save about 20% iterations,
while affecting the performance not at all or very little (Figure AS5). In particular we found that taking more than 16
tempering steps yields no additional benefits for the HH; model with 2 parameters. Additionally, similar to Section 4.2 most
of the trajectories started to converge to the true parameters around x = 10'®, for many of the schedules.

We also tested an exponentially decaying the log,,(x) where at each tempering step x was set according to:

T (i, ko) = 1050 xP(=i/7) (27)

with initial diffusion o = 20, decay constant 7 = 5 and tempering steps ¢ € {0, 1, ...,20}. We found that this exponential
tempering schedule can save around 30% of the computation cost, while only taking a small hit to performance. Combined
with the early stopping criterion we implemented (Appendix A2), this brings the cost of diffusion tempering down to that of
the original Fenrir method, while retaining the superior convergence.

While we only considered a small number of possible tempering schemes, our experiments show that this can already reduce
the cost of our algorithm by a third. This suggests future work on more efficient tempering schemes will reduce the cost of
diffusion tempering even further.

A8.2. Injecting gradient noise during optimization

It is known that injecting noise into the gradient updates can effectively regularize the optimization procedure in challenging
loss landscapes (Neelakantan et al., 2017). While Fenrir and hence diffusion tempering are are noise-free methods, we also
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Figure A2. Parameter estimation for the sodium gn, and potassium gx conductance of a HH model. ODE solutions for the start (blue) to
converged (orange) parameters at all stages of diffusion tempering for a random subset of 25 initializations.

investigated how adding gradient noise to RK compares to diffusion tempering for the pendulum.

For this purpose we optimized the pendulum as described in (Appendix A4), but Gaussian noise €,, of the form €, ~
N(0,0%e~™/T), with decay rate 1/7 and initial variance o', was added to the gradients of the log likelihood at every
parameter update step n.

The addition of gradient noise with varying scales and decay rates improved the performance of the noise-free RK variant
almost across the board, even doubling the convergence rates in some instances (Table 7). Adding noise with a variance at
around 5 performed the best reaching a convergence rate of 0.64 for non decaying noise levels. While this improves upon
the noise-free RK baseline, this still falls short of the convergence rates that both Fenrir and diffusion tempering achieve
however, with 0.75 and 1.00 respectively.
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Figure A3. Convergence for a 2 parameter HH model for a grid of different fixed xs. The parameters selected for Figure 5 are highlighted
in orange and the optimal diffusion parameter log x = 11.6 (dashed). Histogram shows the medians, with black bars indicating quartiles
for 100 runs split into groups of 10. A Fraction of runs with pRM SE < 5%. B pRMSEs for each diffusion.
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Figure A4. Parameter inference for a six parameter HH model for 100 initializations of Fenrir (top) and our method (bottom). A
Distribution of tRMSEs. Almost all parameter estimates returned by our method have better tRMSEs than Fenrir. B Voltage traces for the
inferred parameters, colored by their tRMSE. The observation is shown in white. The traces recovered by Fenrir seem almost random. C
Median errors for seven commonly used electrophysiological features (as defined in Appendix A3). Quartiles are highlighted with error
bars. Our method is able to reproduce qualitative aspects of the data better than Fenrir.
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Figure A5. Comparing tempering schedules with different numbers of tempering steps between log x = 20 and log x = 0 for the HH;
model with 2 parameters. A Percentage of correctly inferred parameters at each stage of tempering during optimization. Linear decrease
of log x (dots) vs. exponential decrease (crosses). There is a clear trade-off between the number of tempering steps and convergence, but
taking more than 16 steps yields no additional benefits. B Cost to performance trade-off for different tempering schedules. Exponential
schedules are more efficient at the same number of tempering steps.
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Table 7. Effect of injecting gradient noise with different scale, o2, and decay rates, 7, during optimization of a pendulum on the
convergence. While injecting gradient noise improves convergence compared to the noise-free RK baseline (first row), both Fenrir and
diffusion tempering still converge more reliably.
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o2 T  CONV PRMSE ITER
0.00 — 0.32 1.42 +1.09 33.47 + 18.11
0.01 - 0.35 1.40 £1.11 33.79 +12.84
0.05 — 0.34 1.41 +£1.10 29.89 £ 10.77
0.10 — 0.37 1.40 +£1.13 27.30 £11.84
0.50 - 0.49 1.14+1.13 15.19 +£10.72
1.00 — 0.63 0.77 £ 1.05 15.52 + 14.12
5.00 — 0.64 0.51 +£0.88 13.01 4+ 8.87
10.00 — 0.39 0.64 4+ 0.93 10.43 £ 7.19
50.00 — 0.45 0.49 4+ 0.83 11.66 + 8.26
100.00 — 0.28 0.44+0.74 10.26 +7.42
0.00 5 0.32 1.42 +£1.09 33.47 + 18.11
0.01 5 0.31 1.45 +1.08 35.94 4+ 18.58
0.05 5 0.33 1.45+1.10 32.58 +13.39
0.10 5 0.35 1.40 £1.11 33.65 +12.85
0.50 5 0.43 1.24 +1.13 22.23 £14.93
1.00 5 0.53 0.98 £ 1.08 22.68 £ 18.51
5.00 5 0.59 0.67 +0.99 15.23 £ 13.33
10.00 5 0.45 0.51 4+ 0.84 13.11 £ 13.49
50.00 5 0.40 0.51+0.79 11.36+11.60
100.00 5 0.41 0.58 & 0.86 12.54 + 14.20
0.00 10 0.32 1.4241.09 33.47 £18.11
0.01 10 0.33 1.43 £1.10 33.42 +£12.90
0.05 10 0.32 1.44 £1.09 34.21 +11.00
0.10 10 0.34 1.39 £1.11 33.40 £ 12.70
0.50 10 0.46 1.22+1.14 18.89 +13.20
1.00 10 0.50 1.08 £1.10 18.58 +£14.95
5.00 10 0.61 0.58 +£0.94 14.28 +12.63
10.00 10 0.58 0.55 + 0.90 12.95 +£10.90
50.00 10 0.32 0.41 +£0.71 9.96 + 8.40
100.00 10 0.37 0.40 +£0.72 10.92 £847
FENRIR 0.75 0.20 +0.37 110.04 £+ 61.70
OURS 1.00 0.00 £0.00 696.22 4 78.10
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Abstract

Probabilistic numerical solvers for ordinary differential equations (ODEs) treat the numerical
simulation of dynamical systems as problems of Bayesian state estimation. Aside from
producing posterior distributions over ODE solutions and thereby quantifying the numerical
approximation error of the method itself, one less-often noted advantage of this formalism is
the algorithmic flexibility gained by formulating numerical simulation in the framework of
Bayesian filtering and smoothing. In this paper, we leverage this flexibility and build on the
time-parallel formulation of iterated extended Kalman smoothers to formulate a parallel-
in-time probabilistic numerical ODE solver. Instead of simulating the dynamical system
sequentially in time, as done by current probabilistic solvers, the proposed method processes
all time steps in parallel and thereby reduces the span cost from linear to logarithmic in
the number of time steps. We demonstrate the effectiveness of our approach on a variety of
ODEs and compare it to a range of both classic and probabilistic numerical ODE solvers.
Keywords: probabilistic numerics, ordinary differential equations, numerical analysis,
parallel-in-time methods, Bayesian filtering and smoothing.

1. Introduction

Ordinary differential equations (ODEs) are used throughout the sciences to describe the
evolution of dynamical systems over time. In machine learning, ODEs provide a continuous
description of certain neural networks (Chen et al., 2018) and optimization procedures
(Helmke et al., 2012; Su et al., 2016), and are used in generative modeling with normalizing
flows (Papamakarios et al., 2021) and diffusion models (Song et al., 2021), among others.
Unfortunately, all but the simplest ODEs are too complex to be solved analytically. Therefore,
numerical methods are required to obtain a solution. While a multitude of numerical solvers
has been developed over the last century (Hairer et al., 1993; Deuflhard and Bornemann,
2012; Butcher, 2016), most commonly-used methods do not provide a quantification of their
own inevitable numerical approximation error.

(©2023 Nathanael Bosch, Adrien Corenflos, Fatemeh Yaghoobi, Filip Tronarp, Philipp Hennig and Simo Sarkka.
License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/.
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Probabilistic numerics provides a framework for treating classic numerical problems as
problems of probabilistic inference (Hennig et al., 2015; Oates and Sullivan, 2019; Hennig
et al., 2022). In the context of ODEs, methods based on Gaussian process regression
(Skilling, 1992; Hennig and Hauberg, 2014) and in particular Gauss-Markov regression
(Schober et al., 2019; Kersting et al., 2020; Tronarp et al., 2019) provide an efficient and
flexible approach to compute posterior distributions over the solution of ODEs (Bosch et al.,
2021; Kramer and Hennig, 2020), and even partial differential equations (Kramer et al.,
2022) and differential-algebraic equations (Bosch et al., 2022). These so-called ODE filters
typically scale cubically in the ODE dimension (as do most implicit ODE solvers) and
specific approximations enable linear scaling (shared by most explicit solvers) (Kréamer et al.,
2022). But to date, their linear scaling with the number of time steps remains.

For very large-scale simulations with very long time horizons, the sequential processing
in time of most ODE solvers can become a bottleneck. This motivates the development of
parallel-in-time methods: By leveraging the ever-increasing parallelization capabilities of
modern computer hardware, parallel-in-time methods can achieve sub-linear scaling in the
number of time steps (Gander, 2015). One well-known method of this kind is Parareal (Lions
et al., 2001). It achieves temporal parallelism by combining an expensive, accurate solver
with a cheap, coarse solver, in such a way that the fine solver is only ever applied to individual
time slices in a parallel manner, leading to a square-root scaling (in ideal conditions). But,
due to its sequential coarse-grid solve, Parareal still has only limited concurrency (Gander
and Vandewalle, 2007), and while it has recently been extended probabilistically by Pentland
et al. (2021, 2022) to improve its performance and convergence, these methods do not provide
probabilistic solutions to ODEs per se.

In this paper, we leverage the time-parallel formulation of Gaussian filters and smoothers
(Sarkka and Garcia-Ferndndez, 2021; Yaghoobi et al., 2021, 2023) to formulate a parallel-
in-time probabilistic numerical ODE solver. The paper is structured as follows. Section 2
formulates numerical ODE solutions as Bayesian state estimation problems and presents the
established, sequential, filtering-based probabilistic ODE solvers. Section 3 then presents our
proposed parallel-in-time probabilistic ODE solver; first as exact inference for affine ODEs,
then as an iterative, approximate algorithm for general nonlinear ODEs. Section 4 then
presents experiments on a variety of ODEs and compares the performance of our proposed
method to that of existing, both probabilistic and non-probabilistic, ODE solvers. Finally,
Section 5 concludes with a discussion of our results and an outlook on future work.

2. Numerical ODE Solutions as Bayesian State Estimation
Consider an initial value problem (IVP) of the form
y@t) = fly(t),t), t€[0,T],  y(0)=yo, (1)

with vector field f : R x R — R? and initial value yy € R To capture the numerical error
that arises from temporal discretization, the quantity of interest in probabilistic numerics
for ODEs is the probabilistic numerical ODE solution, defined as

P (40) | 9(0) = w0, {(tn) = F(y(ta). ta) ) 2)

for some prior p (y(t)) and with {t,}N_, C [0,7] the chosen time-discretisation.
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PARALLEL-IN-TIME PROBABILISTIC NUMERICAL ODE SOLVERS

In the following, we pose the probabilistic numerical ODE solution as a problem of
Bayesian state estimation, and we define the prior, likelihood, data, and approximate
inference scheme. For a more detailed description of the transformation of an IVP into a
Gauss—Markov regression problem, refer to Tronarp et al. (2019).

2.1 Gauss—Markov Process Prior

We model the solution y of the IVP with a v-times integrated Wiener process prior (IWP(v)).
More precisely, let Y (t) = [Y(O)(t),Y(l)(t), L Y® (t)] be the solution of the following
linear, time-invariant stochastic differential equation with Gaussian initial condition

YD) =y @ydt,  i=0,...,v—1, (3a)
AYW (1) = Ldw (b), (3b)
Y(0) ~ N (po, o) 5 (3¢)

with initial mean and covariance pg € R4+ 35 e RAv+D)xdr+1)  diffusion T' € R4*4,
and d-dimensional Wiener process W : R — R Then, Y@ is chosen to model the i-th
derivative of the IVP solution y. By construction, accessing the i-th derivative can be done
by multiplying the state Y with a projection matrix E; := I; ® e;, that is, YO (t) = E;Y (¢).

This continuous-time prior satisfies discrete transition densities (Sarkkd and Solin, 2019)

Y(t+h) | Y(t) ~ N(RR)Y (1), Q(h)), (4)

with transition matrix and process noise covariance ®(h), Q(h) € RU+Dxd+1) anq step
h € Ry. For the IWP(v) these can be computed in closed form (Kersting et al., 2020), as

o o hi—i

O(h) = I, ® (h), [cp(h)Lj = Loy (5a)
. . h2n+1—i—j

Q(h) = L& Q(h), om| = ey

Remark 1 (Alternative Gauss-Markov priors). While v-times integrated Wiener process
priors have been the most common choice for filtering-based probabilistic ODE solvers in
recent years, the methodology is not limited to this choice. Alternatives include the v-times
integrated Ornstein—Uhlenbeck process and the class of Matérn processes, both of which have
a similar continuous-time SDE representation as well as Gaussian transition densities in
discrete time. Refer to Tronarp et al. (2021) and Sarkkd and Solin (2019).

The initial distribution N (uo, Xo) is chosen such that it encodes the initial condition
y(0) = yo. Furthermore, to improve the numerical stability and the quality of the posterior,
we initialize not only on the function value Y (9)(0) = g0, but also the higher order derivatives,

that is, Y (0) = ‘;1?(0) for all i < v (Kramer and Hennig, 2020). These terms can be

efficiently computed via Taylor-mode automatic differentiation (Griewank, 2000; Bettencourt
et al., 2019). As a result, we obtain an initial distribution with mean

dy duy T
= —(0), ... 0 6
Ho Yo, dt( )7 ) dtV( ) ) ( )

and zero covariance ¥y = 0, since the initial condition has to hold exactly.
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2.2 Observation Model and Data

To relate the introduced Gauss—Markov prior to the IVP problem from Equation (1), we
define an observation model in terms of the information operator

Z[yl(t) = y(@t) = f (y(t), 1) (7)

By construction, Z maps the true IVP solution y ezactly to the zero function, that is,
Z[y] = 0. In terms of the continuous process Y, the information operator can be expressed
as

where Fy and E; are the projection matrices introduced in Section 2.1 which select the
zeroth and first derivative from the process Y, respectively. There again, if Y corresponds
to the true IVP solution (and its true derivatives), then Z[Y]| = 0.

Conversely, inferring the true IVP solution requires conditioning the process Y (¢) on
Z(t) = 0 over the whole continuous interval ¢ € [0, T]. Since this is in general intractable, we
instead condition Y () only on discrete observations Z(t,) = 0 on a grid T = {¢,}"_,. This
leads to the Dirac likelihood model commonly used in ODE filtering (Tronarp et al., 2019):

Z(ta) | Y (ta) ~ 6 (YO (1) = £ (YOt) 1)) (9)
with zero-valued data Z(t,) = 0 for all ¢,, € T.

Remark 2 (Information operators for other differential equation problems). Similar infor-
mation operators can be defined for other types of differential equations that are not exactly
of the first-order form as given in Equation (1), such as higher-order differential equations,
Hamiltonian dynamics, or differential-algebraic equations (Bosch et al., 2022).

2.3 Discrete-Time Inference Problem

The combination of prior, likelihood, and data results in a Bayesian state estimation problem

Y(O) ~N (Moa 20) ) (10&)
Y(thrl) | Y(tn) ~ N((I)(thrl - tn)Y(tn)a Q(t’ﬂ+1 - tn))v (10b)
Z(ta) | Y (ta) ~ 8 (YO ) = £ (YO ta) 1)) (10¢)

with zero data Z(t,) = 0 for all t,, € T. The posterior distribution over Y (°)(¢) then provides
a probabilistic numerical ODE solution to the given IVP, as formulated in Equation (2).

This is a standard nonlinear Gauss—Markov regression problem, for which many approxi-
mate inference algorithms have previously been studied (Sarkkéd and Svensson, 2023). In the
context of probabilistic ODE solvers, a popular approach for efficient approximate inference
is Gaussian filtering and smoothing, where the solution is approximated with Gaussian
distributions

p (Y (1) [ {Z(ta) = 0}311) = N (u(t), £(1)) .- (11)
This is most commonly performed with extended Kalman filtering (EKF) and smoothing
(EKS) (Schober et al., 2019; Tronarp et al., 2019; Kersting et al., 2020); though other methods
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have been proposed, for example based on numerical quadrature (Kersting and Hennig,
2016) or particle filtering (Tronarp et al., 2019). Iterated extended Kalman smoothing (e.g.
Bell, 1994; Sarkké and Svensson, 2023) computes the “maximum a posteriori” estimate of
the probabilistic numerical ODE solution (Tronarp et al., 2021). This will be the basis for
the parallel-in-time ODE filter proposed in this work, explained in detail in Section 3.

2.4 Practical Considerations for Probabilistic Numerical ODE Solvers

While Bayesian state estimation methods such as the extended Kalman filter and smoother
can, in principle, be directly applied to the formulated state estimation problem, there are a
number of modifications and practical considerations that should be taken into account:

e Square-root formulation: Gaussian filters often suffer from numerical stability issues
when applied to the ODE inference problem defined in Equation (10), in particular when
using high orders and small steps. To alleviate these issues, probabilistic numerical
ODE solvers are typically formulated in square-root form (Krdmer and Hennig, 2020);
this is also the case for the proposed parallel-in-time method.

e Preconditioned state transitions: Kramer and Hennig (2020) suggest a coordinate
change preconditioner to make the state transition matrices step-size independent and
thereby improve the numerical stability of EKF-based probabilistic ODE solvers. This
preconditioner is also used in this work.

e Uncertainty calibration: The Gauss—Markov prior as introduced in Section 2.1 has a
free parameter, the diffusion I', which directly influences the uncertainty estimates
returned by the ODE filter. In this paper, we consider scalar diffusions I' = o -
and compute a quasi-maximum likelihood estimate for the parameter o post-hoc, as
suggested by Tronarp et al. (2019).

o Approzimate linearization: Variants of the standard EKF/EKS-based inference have
been proposed in which the linearization of the vector-field is done only approximately.
Approximating the Jacobian of the ODE vector field with zero enables inference with
a complexity which scales only linearly with the ODE dimension (Krémer et al.,
2022), while still providing polynomial convergence rates (Kersting et al., 2020). A
diagonal approximation of the Jacobian preserves the linear complexity, but improves
the stability properties of the solver (Kramer et al., 2022). In this work, we only
consider the exact first-order Taylor linearization.

e Local error estimation and step-size adaptation: Rather than predefining the time
discretization grid, certain solvers employ an adaptive approach where the solver
dynamically constructs the grid while controlling an internal estimate of the numerical
error. Step-size adaptation based on local error estimates have been proposed for both
classic (Hairer et al., 1993, Chapter I1.4) and probabilistic ODE solvers (Schober et al.,
2019; Bosch et al., 2021). On the other hand, global step-size selection is often employed
in numerical boundary value problem (BVP) solvers (Ascher et al., 1995, Chapter
9), and has been extended to filtering-based probabilistic BVP solvers (Krédmer and
Hennig, 2021). For our purposes, we will focus on fixed grids.
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3. Parallel-in-Time Probabilistic Numerical ODE Solvers

This section develops the main method proposed in this paper: a parallel-in-time probabilistic
numerical ODE solver.

3.1 Parallel-Time Exact Inference in Affine Vector Fields

Let us first consider the simple case: An initial value problem with affine vector field

y(t) = L()y(t) +dt), te€[0,T],  y(0) =y (12)
The corresponding information model of the probabilistic solver is then also affine, with

Z(t) | Y(t) ~ 6 (H()Y (t) —d(t)), (13a)
H(t) = E, — L(t)Eq. (13b)

Let T = {t,}Y_, C [0,7] be a discrete time grid. To simplify the notation in the following,
we will denote a function evaluated at time ¢,, by a subscript n, that is Y'(¢,,) =: Y;,, except
for the transition matrices where we will use ®,, := ®(t,, 11 — t5,) and Qy = Q(tn+1 — tn).
Then, the Bayesian state estimation problem from Equation (10) reduces to inference of
Y'(t) in the model

Yo ~ N (#o, Xo) , (14a)

YTH—l | Yn ~ N((I)nYm Qn)v (14b)

Zn | Yo ~ 0 (H,Y, —dy), (14c)

with zero data Z, =0 for all n = 1,..., N. Since this is an affine Gaussian state estimation

problem, it can be solved exactly with Gaussian filtering and smoothing (Kalman, 1960;
Rauch et al., 1965; Sarkkéa and Svensson, 2023); see also (Tronarp et al., 2019, 2021) for
explicit discussions of probabilistic numerical solvers for affine ODEs.

Recently, Sarkkd and Garcia-Ferndndez (2021) presented a parallel-time formulation of
Bayesian filtering and smoothing, as well as a concrete algorithm for exact linear Gaussian
filtering and smoothing—which could be directly applied to the problem formulation in
Equation (14). But as mentioned in Section 2.4, the resulting ODE solver might suffer from
numerical instabilities. Therefore, we use the square-root formulation of the parallel-time
linear Gaussian filter and smoother by Yaghoobi et al. (2023). In the following, we review
the details of the algorithm.

3.1.1 PARALLEL-TIME GENERAL BAYESIAN FILTERING AND SMOOTHING

First, we follow the presentation of Sérkka and Garcia-Fernandez (2021) and formulate
Bayesian filtering and smoothing as prefix sums. We define elements a,, = (fp, gn) with

fn(Yn | Yn—l) :p(Yn | Znayn—l)v (158.)
gn(ynfl) :p(Zn | Ynfl)y (15b)
6
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where for n = 1 we have p(Y1 | Z1,Yp) = p(Y1 | Z1) and p(Z1 | Yo) = p(Z1), together with a
binary operator @y : (fi,9:) ®¢ (fj,95) — (fij, 9i;) defined by

fole | 2) = JIWi@ 9 ily | 2)dy
N J9iW)fily | 2)dy

g3 (2) = gs(2) / 9 (0) iy | 2) dy. (16h)

(16a)

Then, Sérkké and Garcia-Fernandez (2021, Theorem 3) show that ® is associative and that

(17)

Yo | Zim
a1®f"'®fan=[p( | 21 )},

p(Z1:n)

that is, the filtering marginals and the marginal likelihood of the observations at step n are
the results of a cumulative sum of the elements ai., under ®;. Since the operator ®@; is
associative, this quantity can be computed in parallel with prefix-sum algorithms, such as
the parallel scan algorithm by Blelloch (1989).

Remark 3 (On Prefix-Sums). Prefiz sums, also known as cumulative sums or inclusive
scans, play an important role in parallel computing. Their computation can be efficiently
parallelized and, if enough parallel resources are available, their (span) computational cost
can be reduced from linear to logarithmic in the number of elements. One such algorithm is
the well-known parallel scan algorithm by Blelloch (1989) which, given N elements and N /2
processors, computes the prefix sum in 2[logy N'| sequential steps with 2N — 2 invocations of
the binary operation. This algorithm is implemented in both tensorflow (Abadi et al., 2015)
and JAX (Bradbury et al., 2018); the latter is used in this work.

The time-parallel smoothing step can be constructed similarly: We define elements
b, = p(Yn | Zim, Ynt1), with by = p(Yn | Z1.n), and a binary operator b; ®, b; = b;;, with

bij(z | 2) = / i | 9)b(y | 2) dy. (18)

Then, ®; is associative and the smoothing marginal at time step n is the result of a reverse
cumulative sum of the elements b,,.xy under ®, (Sérkké and Garcia-Fernandez, 2021):

bn Rs - Qs bN :p(Yn | ZI:N)- (19)

Again, since the smoothing operator ®; is associative, this cumulative sum can be computed
in parallel with a prefix-sum algorithm (Blelloch, 1989).
3.1.2 PARALLEL-TIME LINEAR GAUSSIAN FILTERING IN SQUARE-ROOT FORM

In the linear Gaussian case, the filtering elements a,, = (fy, gn) can be parameterized by a
set of parameters {4, by, Cpn, My, Jn} as follows:

fn(Yn | Yn—l) = p(Yn | Zn;Yn—l) = N(YmAnYn—l + bn; Cn) ) (20&)
gn(ynfl) = p(Zn | Ynfl) X NI (Ynfl; Tiny Jn) s (20b)
7
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where N7 denotes a Gaussian density parameterized in information form, that is, N7(z;n, J) =
N(x; J7tn, J~1). The parameters {4y, by, Cp, 1y, Jn} can be computed explicitly from the
given state-space model (Sarkkd and Garcia-Ferndndez, 2021, Lemma 7). But since proba-
bilistic numerical ODE solvers require a numerically stable implementation of the underlying
filtering and smoothing algorithm (Krdmer and Hennig, 2020), we formulate the parallel-time
linear Gaussian filtering algorithm in square-root form, following Yaghoobi et al. (2023).

To this end, let VM denote a left square-root of a positive semi-definite matrix M,
that is, vV MM T— M : the matrix /M is sometimes also called a “generalised Cholesky
factor” of M (S. Grewal and P. Andrews, 2014). To operate on square-root matrices, we
also define the triangularization operator: Given a wide matrix M € R™"™ m > n, the
triangularization operator tria(M) first computes the QR decomposition of M T, that is,
MT = QR, with wide orthonormal @ € R™*" and square upper-triangular R € R™ ", and
then returns R'. This operator plays a central role in square-root filtering algorithms as it
enables the numerically stable addition of covariance matrices, provided square-roots are
available: Given two positive semi-definite matrices A, B € R™*™ with square-roots v/A, VB,
a square-root of the sum A + B can be computed as

VA+B=tra([VA VB]). (21)

With these definitions in place, we briefly review the parallel-time linear Gaussian filtering
algorithm in square-root form as provided by Yaghoobi et al. (2023) in the following.

Parameterization of the filtering elements. Let mg = ug, Py = Xp, and m,, = 0,
P, =0 for all n > 1, and define

m, = ®,_1m,_1, (22a)
V Py = tria ([®n—1vPot VQn-1])- (22b)
Then, the square-root parameterization of the filtering elements a,, is given by

A, = - K,H,)®, 1, (23a)
by =m,, — Ky (Hym,, —dy) (23b)
\ Cp = Voo, (23¢)
—1
M =V JInV/Sn  dy, (23d)
Tn =T HT /S, . (23¢)
where [ is the identity matrix and W, +/.5, and K, are defined via
[\I/H 0 ] = tria Ha ]jn VIt , (24a)
Wy Woo V Py 0

VSy =V, (24b)
K, = Uy U (24c)

For generality the formula includes an observation noise covariance R,,, but note that in the
context of probabilistic ODE solvers we have a noiseless measurement model with /R, = 0.
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Associative filtering operator. Let a;,a; be two filtering elements, parameterized in

square-root form by a; = {4;, bi,/Ci,mi, v/ Ji} and a; = {A;,bj,\/C},nj,\/J;}. Then, the

associative filtering operator ®y computes the filtering element a;; = a; ®y a; as

Aij = AjA; = Ajv CiEy 25 A (25a)
T
bij = Aj (I - VG :1_1T:§1) (b + VCiV/Ci my) + by, (25b)

VCij = tria ([A;vCERT /T)), (25¢)
T

nij = Al (I ~EnE V0 ) (77]‘ — ViV Jiji) + 7 (25d)

VJij = tria ([A] 222 VTi]), (25e)

where =11, Z91, 292 are defined via

—H = tria
Ho1 Zoo

See Yaghoobi et al. (2023) for the detailed derivation.

W

Vi o

The filtering marginals. The filtering marginals are then given by

PVl Zia) =N (Yumf, Bf) . with  m] =t BL=VCi (27)
This concludes the parallel-time linear Gaussian square-root filter.

3.1.3 PARALLEL-TIME LINEAR GAUSSIAN SMOOTHING IN SQUARE-ROOT FORM

Similarly to the filtering equations, the linear Gaussian smoothing can also be formulated in
terms of smoothing elements b,, and an associative operator ®g, and the smoothing marginals
can also be computed with a parallel prefix-sum algorithm.

Parameterization of the smoothing elements. The smoothing elements b, can be
described by a set of parameters { Ey, gn, Ly}, as

T
by, = p(Yn | ALY Yn—i—l) =N (YnS EnYn+1 + gn, V Ly, V Ly, ) . (28)

The smoothing element parameters can be computed as
E, = TlnIl}, (29a)
gn = mi — E,®,m{, (29b)
V L, = ]-_-[227 (29C)
(29d)

where I is the identity matrix and the matrices Iy, IIs1, Iloo are defined via

[H“ O}:tria Puy/ Bl VO (30)
IIy; IIao /p! 0 '
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Associative smoothing operator. Given two smoothing elements b;, b; be two filtering
elements, parameterized in square-root form by b; = {Ej;, g;,/L;} and b; = {Ej, gj,\/L;},
the associative smoothing operator ®, computes the smoothing element b;; = b; ®, b; as

Eij = EiEj, (31&)
9ij = Eigj + gi, (31b)
\/ Lij = tria ([EZ\/E \/L—Z]) . (310)

The smoothing marginals. The smoothing marginals can then be retrieved from the
reverse cumulative sum of the smoothing elements as

p(Yo | Z1n) =N (Yo;my, Pr), (32a)
mf], = gn:N, (32b)

VP; = /L. (32c)

Refer to Yaghoobi et al. (2023) for a thorough derivation. The full parallel-time Rauch—
Tung—Striebel smoother is summarized in Algorithm 1.

Algorithm 1 Parallel-time Rauch—-Tung—Striebel Smoother (ParRTS)

Input: Initial distribution (g, Xo), linear transition models {(®,,, Q,)}2_;, affine observa-
tion models {(H,,d,)}Y_,, data Z.y.

n=1»

1: Compute the filtering elements:

ap = (An, by, VCryny VJIp) foralln =1,... N > Eq. (23)
2: Run the time-parallel Kalman filter:

N
{ <A¥;, bﬁ, \/ Cﬂ:,nrf, \/ J,{) } < AssociativeScan (®f, (an)ﬁle) > Eq. (25)
n=1

p(Yn| Z1n)=N (Yn; ,ufl, E,{) «~ N (Yn; bfl, Cﬂ:) > Filtering marginals
3: Compute the smoothing elements:

by = (En, gn, V' Ly) foralln =0,..., N > Eq. (28)
4: Run the time-parallel Rauch—Tung-Striebel smoother:

{(Es,95,v/L3) }nN:1 + ReverseAssociativeScan (®s, (by)) ;) > Eq. (31)

Output: Smoothing marginals p(Y,, | Z1.n) = N (Ya; 93, L8)

This concludes the parallel-in-time probabilistic numerical ODE solver for affine ODEs:
since affine ODEs result in state-estimation problems with affine state-space models, as
discussed in the beginning of this section, the parallel-time Rauch—Tung—Striebel smoother
presented here can be used to solve affine ODEs in parallel time.

3.2 Parallel-Time Approximate Inference in Nonlinear Vector Fields

Let us now consider the general case: An IVP with nonlinear vector field
y(t) = fly(t),t), t€[0,T],  y(0)=yo. (33)

10
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As established in Section 2, the corresponding state estimation problem is

Yo~ N (/1407 EO) ) (34&)
Yn+1 | Yn ~ N(q)nyna Qn)a (34b)
Zn | Yn ~d (Elyn - f (EOYrutn)) ) (34C)

with temporal discretization T = {t,,}_; C [0, 7] and zero data Z, =0 foralln =1,..., N.
In this section, we describe a parallel-in-time algorithm for solving this state estimation
problem: the iterated extended Kalman smoother (IEKS).

3.2.1 GLOBALLY LINEARIZING THE STATE-SPACE MODEL

To make inference tractable, we will linearize the whole state-space model along a reference
trajectory. And since the observation model (specified in Equation (34c)) is the only nonlinear
part of the state-space model, it is the only part that requires linearization. In this paper,
we only consider linearization with a first-order Taylor expansion, but other methods are
possible; see Remarks 4 and 5.

For any time-point t,, € T, we approximate the nonlinear observation model

Zn | Yn ~ 0 (Elyn - f (EOantn)) (35)

with an affine observation model by performing a first-order Taylor series expansion around
a linearization point 7, € R4¥*1), We obtain the affine model

Zn | Yo ~ 0 (H,Y, —dy), (36)

with H,, and d,, defined as
Hn = E1 — Fy(Eonn,tn)Eo, (37&)
dp = f(EOHna tn) - Fy(EOTIna tn)Eonn» (37b)

where F denotes the Jacobian of f with respect to y.

In the IEKS, this linearization is performed globally on all time steps simultaneously along
a trajectory of linearization points {nn}gzl c RU+1) | We obtain the following linearized
inference problem:

Yo ~ N (/Lm ZO) ) (383“)

Yn—H | Yn ~ N<(I)nYn7 Qn>7 (38b)

Zn | Yy ~ 6 (HY, —dy), (38¢)

with zero data Z,, = 0 for all n = 1,..., N. This is now a linear state-space model with

linear Gaussian observations. It can therefore be solved exactly with the numerically stable,
time-parallel Kalman filter and smoother presented in Section 3.1.

Remark 4 (Linearizing with approximate Jacobians (EKO & DiagonalEK1)). To reduce the
computational complexity with respect to the state dimension of the ODE, the vector field
can also be linearized with an approzimate Jacobian. Established choices include Fy ~ 0
and F, ~ diag(V,f), which result in probabilistic ODE solvers known as the EKO and
DiagonalEK1, respectively. See Kramer et al. (2022) for more details.

11
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Remark 5 (Statistical linear regression). Statistical linear regression (SLR) is a more general
framework for approrimating conditional distributions with affine Gaussian distributions,
and many well-established filters can be understood as special cases of SLR. This includes
notably the Taylor series expansion used in the EKF/EKS, but also sigma-point methods
such as the unscented Kalman filter and smoother (Julier et al., 2000; Julier and Uhlmann,
2004; Sarkka, 2008), and more. For more information on SLR-based filters and smoothers
refer to Sdarkkd and Svensson (2023, Chapter 9).

3.2.2 ITERATED EXTENDED KALMAN SMOOTHING

The IEKS (Bell, 1994; Sérkkéa and Svensson, 2023) is an approximate Gaussian inference
method for nonlinear state-space models, which iterates between linearizing the state-space
model along the current best-guess trajectory and computing a new state trajectory estimate
by solving the linearized model exactly. It can equivalently also be seen as an efficient
implementation of the Gauss—Newton method, applied to maximizing the posterior density
of the state trajectory (Bell, 1994). This also implies that the IEKS computes not just some
Gaussian estimate, but the mazimum a posteriori (MAP) estimate of the state trajectory. In
the context of probabilistic numerical ODE solvers, the IEKS has been previously explored by
Tronarp et al. (2021), and the resulting MAP estimate has been shown to satisfy polynomial
convergence rates to the true ODE solution. Here, we formulate an IEKS-based probabilistic
ODE solver in a parallel-in-time manner, by exploiting the time-parallel formulation of the
Kalman filter and smoother from Section 3.1.

The IEKS is an iterative algorithm, which starts with an initial guess of the state
trajectory and then iterates between the following two steps:

1. Linearization step: Linearize the state-space model along the current best-guess
trajectory. This can be done independently for each time step and is therefore fully
parallelizable.

2. Linear smoothing step: Solve the resulting linear state-space model exactly with the
time-parallel Kalman filter and smoother from Section 3.1.

The algorithm terminates when a stopping criterion is met, for example when the change in
the MAP estimate between two iterations is sufficiently small. A pseudo-code summary of
the method is provided in Algorithm 2.

As with the sequential filtering-based probabilistic ODE solvers as presented in Section 2,
the mean and covariance of the initial distribution Y (0) ~ N (o, Xo) are chosen such that
1o corresponds to the exact solution of the ODE and its derivatives and X is set to zero;
see also Kriimer and Hennig (2020). The initial state trajectory estimate {n,}2_, is chosen
to be constant, that is, n, = g for all n = 0,..., N. Note that since only Egn, is required
to perform the linearization, it could equivalently be set to 1, = [yo,0,...,0] for all n.

Finally, the stopping criterion should be chosen such that the algorithm terminates when
the MAP estimate of the state trajectory has converged. In our experiments, we chose a
combination of two criteria: (i) the change in the state trajectory estimate between two
iterations is sufficiently small, or (ii) the change in the objective value between two iterations
is sufficiently small, where the objective value is defined as the negative log-density of the

12
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Algorithm 2 IEKS-based Parallel-in-Time Probabilistic ODE Solver
Input: ODE-IVP (f, o), prior transition model {(®,,Q,)}"_,, time grid {tn}fl\;o c [0, 7).

n=1’

1: up < ComputeExactInitialState(f,yo) > With automatic differentiation
2: Yo+ 0

3: My < o foralln=0,..., N > Constant initial guess of state trajectory
4: while stopping criterion not met do

5 forn=1,...,N do > Can be done fully in parallel
6: H,,d, + LinearizeObservationModel(f, n,,t,) > As in Sec. 3.2.1
7 end for

8 {4in, )2,  ParRTS ((Hor 20), {(Pn, Q) Iy, {(Hp, dn) YY) > As in Sec. 3.1
9 N < pp foralln=1,.... N
10: end while

Output: y(t,) ~N (Eo,un, EOEHEJ) forn=1,...,N.

state trajectory:
770N ZH%—@ 77n 1||Q (n) - (39)

In our experiments, we use a relative tolerance of 10~ for the first criterion and absolute
and relative tolerances of 10 and 107° for the second criterion, respectively.
3.3 Computational Complexity of the Time-Parallel Probabilistic ODE Solver

The standard, sequential formulation of a Kalman smoother has a computational cost that
scales linearly in the number of data points N, of the form

Cf(S =N- ( gredict + Cﬁpdate + C(smooth) (40)
where C? predict? C’flpdate, Cs ootn are the costs of the sequential formulation of the predict,

update, and smoothing steps, respectively. For nonlinear models, the extended Kalman
filter /smoother linearizes the observation model sequentially at each prediction mean. With
Clinearize the cost of linearization, which requires evaluating the vector field and computing
its Jacobian, the cost for a sequential extended Kalman smoother becomes

C]%KS =N- (Cgredict + Clinearize + Cvspdate + Csmooth) (41)

The proposed TEKS differs in two ways: (i) the prefix-sum formulation of the Kalman
smoother enables a time-parallel inference with logarithmic complexity, and (ii) the lin-
earization is not done locally in a sequential manner but can be performed globally, fully in
parallel. Assuming a large enough number of processors / threads, the span cost of a single
parallelized IEKS iteration becomes

CIZ;JKS = Clinearize + IOg( ) (Cglter Cg)mooth) (42)

where Cf%t o C’fm ooth are the costs of the associative filtering and smoothing operation as
used in the parallel Kalman filter formulation, respectively. They differ from the costs of
the sequential formulation in a constant manner.

13
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4. Experiments

This section investigates the utility and performance of the proposed parallel IEKS-based
ODE filter on a range of experiments. It is structured as follows: First, Section 4.1 investigates
the runtime of a single TEKS step in its sequential and parallel formulation, over a range
of grid sizes and for different GPUs. Section 4.2 then compares the performance of both
ODE solver implementations on multiple test problems. Finally, Section 4.3 benchmarks
the proposed method against other well-established ODE solvers, including both classic and
probabilistic numerical methods.

Implementation All experiments are implemented in the Python programming language
with the JAX software framework (Bradbury et al., 2018). Reference solutions are computed
with SciPy (Virtanen et al., 2020) and Diffrax (Kidger, 2021). Unless specified otherwise,
experiments are run on an NVIDIA V100 GPU. Code for the implementation and experiments
is publicly available on GitHub.!

4.1 Runtime of a Single Extended Kalman Smoother Step

We first evaluate the runtime of the proposed method for only a single IEKS iteration,
which consists of one linearization of the model along a trajectory and one extended Kalman
smoother step. To this end, we consider the logistic ordinary differential equation

y(t) =y(®) 1 —y@),  t€0,10,  y(0)=0.01; (43)

though, since here we only investigate the runtime of a single IEKS iteration and thus do not
actually solve the problem by iteratively re-linearizing, the precise choice of ODE is not very
important. We then compare the runtime of the sequential and parallel EKS formulation
for different grid sizes, resulting from time discretizations with step sizes h = 20,21, ... 21,
and for multiple GPUs with varying numbers of CUDA cores. Figure 1 shows the results.

First, we observe the expected logarithmic scaling of the parallel EKS with respect to the
grid size, for grids of size up to around ~ 5-10% (Figure 1a). For larger grid sizes the runtime
of the parallel EKS starts to grow linearly. This behaviour is expected: The NVIDIA V100
GPU used in this experiment has only 5120 CUDA cores, so for larger grids the filter and
smoother pass can not be fully parallelized anymore and additional grid points need to be
processed sequentially. But, the overall runtime of the parallel EKS is still significantly lower
than the runtime of the sequential EKS throughout all grid sizes.

Figure 1b. shows runtimes for different GPUs with varying numbers of CUDA cores for
a grid of size N = 81920. We observe that both the sequential EKS, as well as the classic
Doprib and Kvaerno5 solvers (Dormand and Prince, 1980; Shampine, 1986; Kvaerng, 2004),
do not show a benefit from the improved GPU hardware. This is expected as these methods
do not explicitly aim to leverage parallelizaton. On the other hand, the runtime of the
parallel EKS decreases as the number of CUDA cores increases, and we observe speed-ups
of up to an order of magnitude by using a different GPU. Be reminded once more that
these evaluations only considered a single IEKS step, so they do not show the runtimes for
computing the actual probabilistic numerical ODE solutions—these will be the subject of
interest in the next sections.

1. https://github.com/nathanaelbosch/parallel-in-time-ode-filters
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Figure 1: The parallel EKS shows logarithmic scaling and benefits from GPU improvements.
In comparison, the sequential EKS and the classic Dopri5 and Kvaernob solvers
show the expected linear runtime complexity (left). They also do not show relevant
changes in runtime for GPUs with higher numbers of CUDA cores (right).

4.2 The Parallel-IEKS ODE Filter Compared to its Sequential Version

In this experiment we compare the proposed parallel-in-time ODE solver to a probabilistic
solver based on the sequential implementation of the IEKS. In addition to the logistic ODE
as introduced in Equation (43), we consider two more problems: An initial value problem
based on the rigid body dynamics (Hairer et al., 1993)

—2y2(t)ys(t) 1
y(t) = [ 1.25y1(t)ys(t) |,  t€[0,20],  y(0)=]0 |, (44)
—0.5y1(t)y2(t) 0.9

and the Van der Pol oscillator (Van der Pol, 1920)

o y2(1) _ |2
0= (- o -me] 1003 w0 =[] @

here in a non-stiff version with parameter pu = 1.

We first solve the three problems with the parallel IEKS on grids of sizes 30, 200, and
100, respectively for the logistic, rigid body, and Van der Pol problem, with a two-times
integrated Wiener process prior. Reference solutions are computed with diffrax’s Kvaernob
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Figure 2: Trajectories, errors, and error estimates computed by the parallel-in-time solver.
Top row: ODE solution trajectories. Visually, all three test problems seem to
be solved accurately. Bottom row: Numerical errors (lines) and error estimates
(shaded area). Ideally, for good calibration, the error should be of similar magnitude
than the error estimate. The posterior appears underconfident on the logistic and
Van der Pol ODE, and reasonably confident for the rigid body problem.

solver using adaptive steps and very low tolerances T{apg rel} = 10712 (Kidger, 2021; Kveerng,
2004). Figure 2 shows the resulting solution trajectories, together with numerical errors and
error estimates. For these grid sizes, the parallel IEKS computes accurate solutions on all
three problems. Regarding calibration, the posterior appears underconfident for the logistic
and Van der Pol problems as it overestimates the numerical error by more than one order
of magnitude. This is likely not due to the proposed method itself as underconfidence of
ODE filters in low-error regimes has been previously observed (Bosch et al., 2021). For the
rigid body problem, the posterior appears reasonably confident and the error estimate is of
similar magnitude as the numerical error.

Next, we investigate the performance of the parallel IEKS and compare it to its sequential
implementation. We solve the three problems with the parallel and sequential IEKS on a
range of grid sizes, with both a one- and two-times integrated Wiener process prior. Reference
solutions are computed with diffrax’s Kvaernob solver using adaptive steps and very low
tolerances (Taps = 10716, 1 = 10’13). Figure 3 shows the achieved root-mean-square errors
(RMSE) for different grid sizes in a work-precision diagram. As expected, both the parallel
and the sequential IEKS always achieve the same error for each problem and grid size, as
both versions compute the same quantities and only differ in their implementation. However,
the methods differ significantly in actual runtime, as shown in Figure 4. In our experiments
on an NVIDIA V100 GPU, the parallel IEKS is always strictly faster than the sequential
implementation across all problems, grid sizes, and priors, and we observe speed-ups of
multiple orders of magnitude. Thus, when working with a GPU, the parallel IEKS appears
to be strictly superior to the sequential IEKS.
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Figure 3: The sequential and parallel IEKS compute numerically identical solutions. For
all three problems and all considered grid sizes, the sequential and parallel IEKS
achieve (numerically) identical errors. This is expected, as both versions compute
the same quantities and only differ in their implementation.
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Figure 4: Work-precision diagrams for the sequential and parallel IEKS-based ODE solver.
Top row: Runtime in seconds per error (lower-left is better). Bottom row: Speed-
up of the parallel over the sequential IEKS (higher is better). Accross all problems,
grid sizes, and priors, the parallel IEKS outperforms the sequential IEKS.
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Figure 5: Benchmarking the parallel IEKS against other common numerical ODE solvers.
Top row: Work-precision diagrams showing runtimes per error for a range of
different ODE solvers (lower-left is better). Bottom row: Errors per specified
grid size (lower-left is better). Per grid size, the closely related EKS and IEKS
solvers often coincide; KV5 achieves the lowest error per step as it has the highest
order. In terms of runtime, the IEKS outperforms both the EKS and KV5 on
medium-to-high accuracy settings due to its logarithmic time complexity.

4.3 Benchmarking the Parallel-IEKS ODE Filter

Finally, we compare the proposed method to a range of well-established ODE solvers,
including both classic and probabilistic numerical methods: we compare against the implicit
Euler method, the Kvaerno3 (KV3) and Kvaerno5 (KV5) solvers (Kveaerng, 2004) provided
by Diffrax (Kidger, 2021), as well as the sequential EKS with local linearization, which is
one of the currently most popular probabilistic ODE solvers. Note that since the IEKS is
considered to be an implicit solver (Tronarp et al., 2021), we only compare to other implicit
and semi-implicit methods, and therefore neither include explicit Runge—Kutta methods nor
the EKS with zeroth order linearization (also known as EKO0) in our comparison. Reference
solutions are computed with diffrax’s Kvaerno5 solver with adaptive steps and a very low
error tolerance setting (Taps = 10716, 79 = 10713).

Figure 5 shows the results as work-precision diagrams. For small grid sizes (low accuracy),
the logarithmic time complexity of the parallel IEKS seems to not be very relevant and the
IEKS is outperformed by the non-iterated EKS. In the particular case of the logistic ODE,
it further seems that the MAP estimate differs significantly from ODE solution and thus the
error on coarse grids is high (lower left figure). However, for larger grid sizes (medium-to-high
accuracy ), the parallel IEKS outperforms both its sequential, non-iterated counterpart, as
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Figure 6: Runtimes of the ODE solvers for each grid size, and number of IEKS iterations.
While all sequential solvers demonstrate linear scaling with the number of grid
points, the parallel IEKS shows sub-linear scaling up to a certain grid size (top).
The number of IEKS iterations until convergence can vary with the grid size and
the problem, but it seems that in many cases ~10 iterations suffice (bottom). The
sequential methods solve the ODE in one sweep.

well as the classic methods. In particular, the parallel IEKS with IWP(2) prior often shows
runtimes lower than those of the classic KV5 method, even though it has a lower order of
convergence and is an iterative method; see also Figure 6 for runtimes per grid size and for
the number of iterations performed by the IEKS. Overall, the logarithmic time complexity
of the proposed parallel IEKS appears to be very beneficial for high accuracy settings on
GPUs and makes the parallel IEKS a very competitive ODE solver in this comparison.

5. Conclusion

In this work, we have developed a parallel-in-time probabilistic numerical ODE solver. The
method builds on iterated extended Kalman smoothing to compute the maximum a posteriori
estimate of the probabilistic ODE solution, and by using the time-parallel formulation of the
IEKS it is able to efficiently leverage modern parallel computer hardware such as GPUs to
parallelize its computations. Given enough processors or cores, the proposed algorithm shares
the logarithmic cost per time step of the parallel IEKS and the underlying parallel prefix-sum
algorithm, as opposed to the linear time complexity of standard, sequentially-operating ODE
solvers. We evaluated the performance of the proposed method in a number of experiments,
and have seen that the proposed parallel-in-time solver can provide speed-ups of multiple
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orders of magnitude over the sequential IEKS-based solver. We also compared the proposed
method to a range of well-established, both probabilistic and classical ODE solvers, and we
have shown that the proposed parallel-in-time method is competitive with respect to the
state-of-the-art in both accuracy and runtime.

This work opens up a number of interesting avenues for future research in the intersection
of probabilistic numerics and parallel-in-time methods. Potential opportunities for improve-
ment include the investigation of other optimization algorithms, such as Levenberg-Marquart
or ADMM, or the usage of line search, all of which have been previously proposed for the se-
quential IEKS. Furthermore, combining the solver with adaptive grid refinement approaches
could also significantly improve its performance in practice. A different avenue would be
to extend the proposed method to other related differential equation problems for which
sequentially-operating probabilistic numerical methods already exist, such as higher-order
ODEs, differential-algebraic equations, or boundary value problems. Finally, the improved
utilization of GPUs by our parallel-in-time method could be particularly beneficial to appli-
cations in the field of machine learning, where GPUs are often required to accelerate the
computations of deep neural networks. In summary, the proposed parallel-in-time probabilis-
tic numerical ODE solver not only advances the efficiency of probabilistic numerical ODE
solvers, but also paves the way for a range of future research on parallel-in-time probabilistic
numerical methods and their application across various scientific domains.
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Summary

Probabilistic numerical solvers have emerged as an efficient framework for simulation, un-
certainty quantification, and inference in dynamical systems. In comparison to traditional
numerical methods, which approximate the true trajectory of a system only by a single point
estimate, probabilistic numerical solvers compute a distribution over the true unknown solution
of the given differential equation and thereby provide information about the numerical error
incurred during the computation. ProbNumDiffEq.jl implements such probabilistic numerical
solvers for ordinary differential equations (ODEs) and differential-algebraic equations (DAEs)
in the Julia programming language (Bezanson et al., 2017) within the DifferentialEquations.jl
ecosystem (Rackauckas & Nie, 2017).

More concretely, ProbNumDiffEq.jl provides a range of probabilistic numerical solvers for
ordinary differential equations based on Bayesian filtering and smoothing, which have emerged
as a particularly efficient and flexible class of methods for solving ODEs (Kersting, Sullivan,
et al., 2020; Schober et al., 2019; Tronarp et al., 2019). These so-called “ODE filters” have
known polynomial convergence rates (Kersting, Sullivan, et al., 2020; Tronarp et al., 2021) and
numerical stability properties (such as A-stability or L-stability) (Bosch, Hennig, et al., 2023;
Tronarp et al., 2019), their computational complexity is comparable to traditional numerical
methods (Kramer, Bosch, et al., 2022), they are applicable to a range of numerical differential
equation problems (Bosch et al., 2022; Kramer, Schmidt, et al., 2022; Kramer & Hennig, 2021),
and they can be formulated parallel-in-time (Bosch, Corenflos, et al., 2023). ODE filters also
provide a natural framework for ODE parameter inference (Beck et al., 2024; Kersting, Kramer,
et al., 2020; Schmidt et al., 2021; Tronarp et al., 2022). ProbNumDiffEq.jl implements many
of the methods referenced above and packages them in a software library with the aim to be
easy-to-use, feature-rich, well-documented, and efficiently implemented.

Statement of need

Filtering-based probabilistic numerical ODE solvers have been an active field of research for
the past decade, but their application in practical simulation and inference problems has been
limited. ProbNumDiffEq.jl aims to bridge this gap. ProbNumDiffEq.jl implements probabilistic
numerical methods as performant, documented, and easy-to-use ODE solvers inside the well-
established DifferentialEquations.jl ecosystem (Rackauckas & Nie, 2017). Thereby, the package
benefits from the extensive testing, documentation, performance optimization, and functionality
that DifferentialEquations.jl provides. Users can easily find help and examples regarding
many features that are not particular to ProbNumDiffEq.jl in the DifferentialEquations.jl
documentation, and we provide additional examples and tutorials specific to the probabilistic
solvers in the ProbNumDiffEq.jl documentation. We believe that this deep integration within
DifferentialEquations.jl is a key feature to attract users to probabilistic numerics by enabling
the use of probabilistic ODE solvers as drop-in replacements for traditional ODE solvers.
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9(101), 7048. https://doi.org/10.21105/joss.07048.
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On the other hand, ProbNumDiffEq.jl also aims to accelerate the development of new probabilis-
tic numerical ODE solvers by providing a solid foundation to both build on and compare against.
Several publications have been developed with ProbNumDiffEq.jl, including contributions on
step-size adaptation and calibration of these solvers (Bosch et al., 2021), energy-preserving
solvers and DAE solvers (Bosch et al., 2022), probabilistic exponential integrators (Bosch,
Hennig, et al., 2023), and novel parameter inference algorithms (Beck et al., 2024; Tronarp
et al., 2022). We also hope that by providing documented and performant implementations
of published algorithms, we facilitate researchers to use these methods as baselines when
developing new numerical solvers.

ProbNumDiffEq.jl is also the only software package in Julia, at the time of writing, that provides
a comprehensive set of probabilistic numerical ODE solvers. Outside of Julia, two other software
packages provide a similar functionality. ProbNum (Wenger et al., 2021) is a Python package
that implements probabilistic numerical methods for various numerical problems, including linear
systems, quadrature, and ODEs. ProbNum particularly aims to facilitate rapid experimentation
and accelerate the development of new methods (Wenger et al., 2021). It is therefore broader
in scope and provides functionality not covered by ProbNumDiffEq.jl, but it also lacks some of
the specialized ODE solvers available in ProbNumDiffEq.jl. In addition, with its reliance on
Python and NumPy (Harris et al., 2020) and the lack of just-in-time compilation, it is also
generally less performant. ProbDiffEq (Kramer, 2023) is a probabilistic numerical ODE solver
package built on JAX. At the time of writing, it provides a very similar set of ODE solvers as
ProbNumDiffEq.jl with the addition of certain filtering and smoothing methods and the lack
of certain specialized ODE solvers—but as both ProbDiffEq and ProbNumDiffEq.jl are under
active development, this might change in the future. By building on JAX and leveraging its
just-in-time compilation capabilities, ProbDiffEq provides ODE solvers with similar performance
as those implemented in ProbNumDiffEq.jl (shown through benchmarks in both packages
comparing to SciPy (Virtanen et al., 2020)). In summary, ProbNumDiffEq.jl provides one of
the most feature-rich and performant probabilistic numerical ODE solver packages currently
available and is the only one built on the Julia programming language.
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