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;VTBNNFOGBTTVOH

य़FSNPEZOBNJTDIF 4ZTUFNF LPMMPJEBMFS 5FJMDIFO
 XFMDIF NJU FJOFS TUBSLFO
 LVS[SFJDIXFJUJHFO
"O[JFIVOH VOE FJOFS TDIXBDIFO
 MBOHSFJDIXFJUJHFO "CTUP�VOH XFDITFMXJSLFO
 XFJTFO FJO VO�
HFX¶IOMJDIFT 1IBTFOWFSIBMUFO BVG� "OTUB॒ VOUFS CFTUJNNUFO #FEJOHVOHFO JO FJOF HBT৐¶SNJ�
HF VOE FJOF ੘¼TTJHF 1IBTF NBLSPTLPQJTDIFO "VTNB�FT [V TFQBSJFSFO XJF FT CFJ SFJO B॒SBLUJ�
WFO ,S¤ॏFO EFS 'BMM JTU
 ৐¼ISU EJF [VT¤U[MJDIF SFQVMTJWF ,PNQPOFOUF [V FJOFS NPEVMJFSUFO 5FJM�
DIFOEJDIUFWFSUFJMVOH XFMDIF EVSDI EJF "VTCJMEVOH WFSTDIJFEFOFS NJLSP� PEFS NFTPTLPQJTDIFS
4USVLUVSFO XJF FUXB 5S¶QGDIFO
 4USFJGFO VOE #M¤TDIFO JO &STDIFJOVOH USJ॒� य़FPSFUJTDIF 4UV�
EJFO IBCFO HF[FJHU
 EBTT EJFTF TPHFOBOOUFO .JLSPQIBTFO ۗ IFSWPSHFSVGFO EVSDI LPOLVSSJFSFO�
EF 8FDITFMXJSLVOHFO ۗ FJOFO TUBCJMFO UIFSNPEZOBNJTDIFO (MFJDIHFXJDIUT[VTUBOE EBSTUFMMFO
L¶OOFO
 VOE EBTT EBT FOUTQSFDIFOEF %JDIUFQSP੗M FJOFT VOFOEMJDI HSP�FO 4ZTUFNT PIOF ¤V�FSFT
1PUFOUJBM FJO QFSJPEJTDI XJFEFSLFISFOEFT .VTUFS CFTJU[FO X¼SEF� &OUHFHFO EJFTFS 7PSIFSTBHFO
LPOOUFO TPMDI IPDITZNNFUSJTDIF 4USVLUVSFO FYQFSJNFOUFMM KFEPDI OJF OBDIHFXJFTFO XFSEFO�
TUB॒EFTTFO XVSEFO PॏNBMT XJMML¼SMJDI BONVUFOEF ,PO੗HVSBUJPOFO CFPCBDIUFU
 EJF FJOF OFO�
OFOTXFSUF 0SEOVOH WFSNJTTFO MBTTFO� &T FYJTUJFSU OPDI LFJOF BCTDIMJF�FOEF &SLM¤SVOH ৐¼S EJFTF
%JTLSFQBO[ [XJTDIFO य़FPSJF VOE &YQFSJNFOU�

*O EFS #FN¼IVOH
 UJFGFSF &JOCMJDLF JO EJF .FDIBOJL EFS .JLSPQIBTFOTFQBSBUJPO VOE TPNJU FJO
CFTTFSFT 7FSTU¤OEOJT ৐¼S EBT "VTFJOBOEFSLMB੖FO EFS CFJEFO 8FMUFO [V FSMBOHFO
 TUFMMU EJF WPS�
MJFHFOEF "SCFJU FJO F੖FLUJW [XFJEJNFOTJPOBMFT .PEFMMTZTUFN WPS
 JO XFMDIFN EJF LPOLVSSJFSFO�
EFO8FDITFMXJSLVOHFO BVG FJOF SFMBUJW CFRVFNF "SU VOE8FJTF LPOUSPMMJFSU XFSEFO L¶OOFO� %FS
"VेBV CFTUFIU BVT 4JMJ[JVNEJPYJELPMMPJEFO NJU FJOFN QBSBNBHOFUJTDIFO ,FSO
 XFMDIF JO FJOFN
LSJUJTDIFO (FNJTDI BVT 8BTTFS VOE �
��-VUJEJO TVTQFOEJFSU TJOE� %JF 5FJMDIFO TFEJNFOUJFSFO
EVSDI EJF 4DIXFSLSBॏ BVG EFO (SVOE FJOFS (MBT[FMMF VOE CJMEFO EPSU FJOF .POPMBHF� %JF ;FMMF
CF੗OEFU TJDI JO FJOFN ¤V�FSFO .BHOFUGFME
 XFMDIFT TFOLSFDIU [V EJFTFS .POPMBHF BVTHFSJDI�
UFU JTU� ,OBQQ VOUFSIBMC EFS LSJUJTDIFO &OUNJTDIVOHTUFNQFSBUVS EFT 8BTTFS�-VUJEJO�(FNJTDIFT
TPSHU EJF EJWFSHJFSFOEF ,PSSFMBUJPOTM¤OHF ৐¼S FJOF BO[JFIFOEF LSJUJTDIF $BTJNJSLSBॏ [XJTDIFO
EFO ,PMMPJEFO� (MFJDI[FJU JOEV[JFSU EBT .BHOFUGFME FJO %JQPMNPNFOU JO EFO 5FJMDIFO
 TPEBTT
TJDI EJFTF HFHFOTFJUJH BCTUP�FO� %FS B॒SBLUJWF VOE EFS SFQVMTJWF #FJUSBH [VS 8FDITFMXJSLVOH
MBTTFO TJDI TPNJU JO TJUV EVSDI EBT 7BSJJFSFO EFS 5FNQFSBUVS C[X� EFS 4U¤SLF EFT .BHOFUGFMEFT
VOBCI¤OHJH WPOFJOBOEFS FJOTUFMMFO� %BNJU JTU FT OVO N¶HMJDI
 EVSDI FJOF HFFJHOFUF 8BIM EFS
¤V�FSFO 1BSBNFUFS FJO 8FDITFMXJSLVOHTQPUFOUJBM [V FS[FVHFO
 XFMDIFT FJOF .JLSPQIBTFOTFQB�
SBUJPO IFSWPSSVॏ�
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;VO¤DITU ৐¼ISFO XJS FJOF "OBMZTF EFT TUBUJTDIFO 1IBTFOWFSIBMUFOT EJFTFT 4ZTUFNT CBTJFSFOE
BVG EFS %JDIUFGVOLUJPOBMUIFPSJF EVSDI� 8JS CFTUJNNFO EJF ৐¼S EJF NBLSPTLPQJTDIF 1IBTFOTF�
QBSBUJPO SFMFWBOUF #JOPEBMF VOE 4QJOPEBMF
 BMT BVDI EJF ͪ�-JOJF�'M¤DIF
 XFMDIF KFOFT (FCJFU JN
1IBTFOEJBHSBNN FJOTDIMJF�U
 JO EFN JO FT [VS .JLSPQIBTFOTFQBSBUJPO LPNNFO NVTT� "OTDIMJF�
�FOE FOUXJDLFMOXJS FJOF BQQSPYJNBUJWF -BOEBV�य़FPSJF
 NJU EFSXJS VOT FJOFO HSPCFO�CFSCMJDL
¼CFS EJF 4USVLUVS EFS WFSTDIJFEFOFO .JLSPQIBTFO TPXJF EFSFO -BHF JN 1IBTFOEJBHSBNN WFS�
TDIB੖FO� %B TJDI KFEPDI EJF (FOBVJHLFJU EJFTFS य़FPSJF BMT FIFS GSBHX¼SEJH FSXFJTU
 CFOVU[FO
XJS [VT¤U[MJDI EJF .FUIPEF EFS GSFJF .JOJNJFSVOH
 VN QS¤[JTF (MFJDIHFXJDIUTEJDIUFWFSUFJMVO�
HFO VOE 1IBTFOEJBHSBNNF [V CFSFDIOFO� *N JEFBMJTJFSUFO 'BMM FJOFT VOFOEMJDI HSP�FO 4ZTUFNT
੗OEFO XJS ESFJ UIFSNPEZOBNJTDI TUBCJMF .JLSPQIBTFO NJU [VOFINFOEFS NJ॒MFSFS %JDIUF� FJ�
OF NJU IFYBHPOBM BOHFPSEOFUFO 5S¶QGDIFO
 FJOF XFJUFSF NJU QBSBMMFMFO 4USFJGFO VOE FJOF MFU[UF
NJU IFYBHPOBM BOHFPSEOFUFO #M¤TDIFO� #FJ TDIXBDIFO .BHOFUGFMEFSO CFPCBDIUFO XJS EBCFJ FJ�
OF NFTPTLPQJTDIF 1IBTFOTFQBSBUJPO
 CFJ EFS EJFTF QFSJPEJTDIFO 4USVLUVSFO BVT LMBS EF੗OJFSUFO
HBT৐¶SNJHFO VOE ੘¼TTJHFO %PN¤OFO BVGHFCBVU TJOE� 'BMMT EBT 4ZTUFNT IJOHFHFO JO FJOFS RVB�
ESBUJTDIF ;FMMF NJU FJOFS ,BOUFOM¤OHF WPO �� PEFS �� ,PMMPJEEVSDINFTTFSO FJOHFTDIMPTTFO JTU

TP FOUEFDLFO XJS FJOF .JLSPQIBTF CFTUFIFOE BVT WJFS 5S¶QGDIFO
 VOE FJO BOEFSF NJU FJOFS 3JOH�
TUSVLUVS�

;V HVUFS -FU[U TUVEJFSFO XJS EJF %ZOBNJL EJFTFT FOEMJDIFO 4ZTUFNTNJ॒FMT EZOBNJTDIFS %JDI�
UFGVOLUJPOBMUIFPSJF� 8JS VOUFSTVDIFO
 XJF EBT %JDIUFQSP੗M BVG �OEFSVOHFO EFS 5FNQFSBUVS VOE
EFT .BHOFUGFMEFT SFBHJFSU VOE TJDI [FJUMJDI FOUXJDLFMU� &T TUFMMU TJDI EBCFJ IFSBVT
 EBTT TJDI EBT
4ZTUFN TFIS MFJDIU JO FJOFN NFUBTUBCJMFO ;VTUBOE WFSGBOHFO LBOO
 XFOO TJDI EJF ;JFMQBSBNFUFS
JOOFSIBMC EFT .JLSPQIBTFOSFHJNFT CF੗OEFO� %JFT L¶OOUF FJOFS EFS (S¼OEF EB৐¼S TFJO
 XFTIBMC
TJDI EJF XJSLMJDI TUBCJMFO ,PO੗HVSBUJPOFO TP TFMUFO JO &YQFSJNFOUFO NBOJGFTUJFSFO� 8JS [FJHFO
KFEPDI
 EBTT FT ۗ [VNJOEFTU JO EFSय़FPSJF ۗ N¶HMJDI JTU
 EVSDI EJF 8BIM FJOFT HFFJHOFUFO 1GBEFT
JN 1BSBNFUFSSBVN EBT 4ZTUFN WPO FJOFS TUBCJMFO .JLSPQIBTF JO EJF BOEFSF [V ¼CFS৐¼ISFO�



"CTUSBDU

य़FSNPEZOBNJD TZTUFNT PG DPMMPJEBM QBSUJDMFT UIBU JOUFSBDU WJB B TUSPOH
 TIPSU�SBOHFE B॒SBDUJPO
BOE B XFBL
 MPOH�SBOHFE SFQVMTJPO FYIJCJU BO VOVTVBM QIBTF CFIBWJPS� 3BUIFS UIBO TFQBSBUJOH
JOUP B HBTFPVT BOE B MJRVJE QIBTF PG NBDSPTDPQJD FYUFOU VOEFS DFSUBJO DJSDVNTUBODFT BT JU JT
UIF DBTF XJUI QVSFMZ B॒SBDUJWF GPSDFT
 UIF BEEJUJPOBM SFQVMTJWF DPNQPOFOU MFBET UP B NPEVMBUFE
QBSUJDMF EFOTJUZ EJTUSJCVUJPOXIJDINBOJGFTUT JUTFMG JO UIF EFWFMPQNFOU PG WBSJPVTNJDSP� PSNFTP�
TDPQJD TUSVDUVSFT TVDI BT ESPQMFUT
 TUSJQFT PS CVCCMFT� य़FPSFUJD TUVEJFT IBWF TIPXO UIBU UIFTF
TP�DBMMFE NJDSPQIBTFT ۗ CSPVHIU BCPVU CZ DPNQFUJOH JOUFSBDUJPOT ۗ DBO SFQSFTFOU B TUBCMF UIFS�
NPEZOBNJD FRVJMJCSJVN TUBUF
 BOE UIBU UIF DPSSFTQPOEJOH EFOTJUZ QSP੗MF PG BO JO੗OJUFMZ MBSHF
TZTUFN XJUI OP FYUFSOBM QPUFOUJBM XPVME QPTTFTT B QFSJPEJDBMMZ SFDVSSJOH QB॒FSO� *O DPOUSBTU UP
QSFEJDUJPOT
 IPXFWFS
 TVDI IJHIMZ TZNNFUSJD TUSVDUVSFT IBWF OFWFS CFFO EFUFDUFE FYQFSJNFO�
UBMMZ� JOTUFBE
 POMZ TFFNJOHMZ IBQIB[BSE DPO੗HVSBUJPOT XFSF PCTFSWFE UIBU MBDLFE BOZ OPUBCMF
PSEFS� य़FSF EPFT OPU ZFU FYJTU B EF੗OJUJWF FYQMBOBUJPO GPS UIJT EJTDSFQBODZ CFUXFFO UIFPSZ BOE
FYQFSJNFOU�

*O BO F੖PSU PG HBJOJOH EFFQFS JOTJHIUT JOUP UIF NFDIBOJDT PG NJDSPQIBTF TFQBSBUJPO BOE UIVT
B CF॒FS VOEFSTUBOEJOH GPS UIF EJTQBSJUZ PG UIF UXP XPSMET
 UIF UIFTJT BU IBOE QSFTFOUT BO F੖FD�
UJWFMZ UXP�EJNFOTJPOBM NPEFM TZTUFN JO XIJDI UIF DPNQFUJOH JOUFSBDUJPOT DBO CF DPOUSPMMFE JO
B RVJUF DPOWFOJFOU NBOOFS� य़F TFUVQ DPOTJTUT PG TJMJDB DPMMPJET XJUI B QBSBNBHOFUJD DPSF XIJDI
BSF TVTQFOEFE JO B DSJUJDBM NJYUVSF PG XBUFS BOE �
��-VUJEJOF� 6OEFS UIF GPSDF PG HSBWJUZ
 UIF
QBSUJDMFT TFEJNFOU UPXBSE UIF CP॒PN PG B DPO੗OJOH HMBTT DFMM BOE GPSN B NPOPMBZFS� य़F DFMM
JT QMBDFE JOTJEF BO FYUFSOBM NBHOFUJD ੗FME UIBU JT BMJHOFE QFSQFOEJDVMBSMZ UP UIJT NPOPMBZFS�
4MJHIUMZ CFMPX UIF DSJUJDBM EFNJYJOH UFNQFSBUVSF PG UIF XBUFSۗ-VUJEJOF NJYUVSF
 UIF EJWFSHJOH
DPSSFMBUJPO MFOHUI DBVTFT BO B॒SBDUJWF DSJUJDBM $BTJNJS GPSDF CFUXFFO UIF DPMMPJET� य़F NBHOFUJD
੗FME TJNVMUBOFPVTMZ JOEVDFT B EJQPMF NPNFOU XJUIJO UIF QBSUJDMFT TP UIBU UIFZ SFQFM FBDI PUIFS�
य़F B॒SBDUJWF BOE SFQVMTJWF DPOUSJCVUJPO UP UIF JOUFSBDUJPO DBO UIFSFGPSF CF BEKVTUFE JO TJUV BOE
JOEFQFOEFOUMZ GSPN FBDI PUIFS CZ WBSZJOH UIF UFNQFSBUVSF BOE UIF TUSFOHUI PG UIF NBHOFUJD
੗FME
 SFTQFDUJWFMZ� *O UIJT XBZ
 JU JT QPTTJCMF UISPVHI B TVJUBCMF DIPJDF PG UIF FYUFSOBM QBSBNFUFST
UP DSFBUF BO JOUFSBDUJPO QPUFOUJBM UIBU CSJOHT BCPVU NJDSPQIBTF TFQBSBUJPO�

*OJUJBMMZ
 XF QFSGPSN BO BOBMZTJT PG UIF TUBUJD QIBTF CFIBWJPS PG UIJT TZTUFN PO UIF CBTJT PG EFO�
TJUZ GVODUJPOBM UIFPSZ� 8F EFUFSNJOF UIF CJOPEBM BOE TQJOPEBM SFMFWBOU GPS NBDSPTDPQJD QIBTF
TFQBSBUJPO
 BT XFMM BT UIF ͪ�MJOF�TVSGBDF FODMPTJOH UIBU SFHJPO JO UIF QIBTF EJBHSBN XIFSF NJ�
DSPQIBTF TFQBSBUJPO NVTU PDDVS� "ॏFSXBSET
 XF EFWFMPQ BO BQQSPYJNBUF -BOEBV�UZQF UIFPSZ



WJ

XJUI XIJDI XF DBO PCUBJO B SPVHI PWFSWJFX PG UIF TUSVDUVSF PG UIF EJ੖FSFOU NJDSPQIBTFT BOE
BMTP UIFJS MPDBUJPO JO UIF QIBTF EJBHSBN� #FDBVTF UIF BDDVSBDZ PG UIJT UIFPSZ UVSOT PVU UP CF
SBUIFS RVFTUJPOBCMF
 XF BEEJUJPOBMMZ NBLF VTF PG UIF NFUIPE PG GSFF NJOJNJ[BUJPO UP DBMDVMBUF
QSFDJTF FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPOT BOE QIBTF EJBHSBNT� *O UIF JEFBMJ[FE DBTF PG BO JO੗OJUFMZ
MBSHF TZTUFN
 XF ੗OE UISFF UIFSNPEZOBNJDBMMZ TUBCMF NJDSPQIBTFT XJUI JODSFBTJOH BWFSBHF EFO�
TJUZ� POF XJUI IFYBHPOBMMZ BSSBOHFE ESPQMFUT
 B TFDPOE XJUI QBSBMMFM TUSJQFT BOE B UIJSE XJUI
IFYBHPOBMMZ BSSBOHFE CVCCMFT� "U XFBL NBHOFUJD ੗FMET
 XF PCTFSWF B NFTPTDPQJD QIBTF TFQB�
SBUJPO XIFSF UIFTF QFSJPEJD TUSVDUVSF BSF DPOTUSVDUFE PVU PG DMFBSMZ EF੗OFE HBTFPVT BOE MJRVJE
EPNBJOT� *G UIF TZTUFN JT DPO੗OFE UP B TRVBSF DFMM XJUI B TJEF MFOHUI PG �� PS �� DPMMPJE EJBN�
FUFST
 IPXFWFS
 XF EJTDPWFS B NJDSPQIBTF DPOTJTUJOH PG GPVS ESPQMFUT
 BOE BOPUIFS GFBUVSJOH B
SJOH TUSVDUVSF�

'JOBMMZ
 XF TUVEZ UIF EZOBNJDT PG UIJT ੗OJUF TZTUFN CZ NFBOT PG EZOBNJD EFOTJUZ GVODUJPOBM
UIFPSZ� 8F JOWFTUJHBUF IPX UIF EFOTJUZ QSP੗MF SFBDUT UP DIBOHFT PG UIF UFNQFSBUVSF BOE UIF
NBHOFUJD ੗FME
 BOE IPX JU FWPMWFT PWFS UJNF� *U UVSOT PVU UIBU UIF TZTUFN DBO FBTJMZ CFDPNF TUVDL
JO B NFUBTUBCMF TUBUF JG UIF UBSHFU QBSBNFUFST BSF JOTJEF UIF NJDSPQIBTF SFHJNF�य़JT DPVME CF POF
PG UIF SFBTPOT XIZ UIF USVMZ TUBCMF DPO੗HVSBUJPOT NBOJGFTU UIFNTFMWFT TP SBSFMZ JO FYQFSJNFOUT�
8F TIPX
 IPXFWFS
 UIBU JT ۗ BU MFBTU JO UIFPSZ ۗ QPTTJCMF UP HVJEF UIF TZTUFN GSPN POF TUBCMF
NJDSPQIBTF UP BOPUIFS JG B TVJUBCMF QBUI UISPVHI QBSBNFUFS TQBDF JT DIPTFO�
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������ $SJUJDBM $BTNJS F੖FDU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�� .PEFM TZTUFN ��

�� 4UBUJDT ��
���� #VML TZTUFN � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

������ #JOPEBM
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�� %ZOBNJDT ���
���� #SPXOJBO NPUJPO BOE UIF -BOHFWJO FRVBUJPO � � � � � � � � � � � � � � � � � � � � ���
���� %ZOBNJD EFOTJUZ GVODUJPOBM UIFPSZ � � � � � � � � � � � � � � � � � � � � � � � � � ���

������ %FSJWBUJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ *OUFHSBUJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ *NQMFNFOUBUJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

���� %ZOBNJDT PG NJDSPQIBTF TFQBSBUJPO � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 'MVJE→ SJOH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ 'MVJE→ ESPQMFUT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
������ %SPQMFUT! SJOH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

�� $PODMVTJPO ���

"DLOPXMFEHNFOUT ���

"QQFOEJY ���
"� %FDPNQPTJUJPO PG UIF .BZFS G�GVODUJPO GPS IBSE EJTLT � � � � � � � � � � � � � � � ���
#� " SFMBUJPOTIJQ CFUXFFO DIFNJDBM QPUFOUJBM BOE QSFTTVSF � � � � � � � � � � � � � � ���
$� %FSJWBUJPO PG UIF 0SOTUFJOۗ;FSOJLF SFMBUJPO � � � � � � � � � � � � � � � � � � � � ���
%� 'PVSJFS USBOTGPSNT JO UXP EJNFOTJPOT � � � � � � � � � � � � � � � � � � � � � � � � ���

%��� #FTTFM BOE 4USVWF GVODUJPOT � � � � � � � � � � � � � � � � � � � � � � � � � ���
%��� )BSE EJTL XFJHIU GVODUJPOT � � � � � � � � � � � � � � � � � � � � � � � � � ���
%��� $PNQFUJOH JOUFSBDUJPO QPUFOUJBM � � � � � � � � � � � � � � � � � � � � � � � ���

&� "VUPTUFSFPHSBNT PG UIF ͪ�TVSGBDF � � � � � � � � � � � � � � � � � � � � � � � � � � ���

3FGFSFODFT ���
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0OF BOE UIF TBNF TVCTUBODF DBO FYJTU JO WBSJPVT TUBUFT PG NB॒FS
 EFQFOEJOH PO UIF FYUFSOBM
DPOEJUJPOT TVDI BT UFNQFSBUVSF BOE QSFTTVSF� 8F BSF XFMM BXBSF PG UIJT QIFOPNFOPO GSPN PVS
FWFSZEBZ FYQFSJFODF XJUI XBUFS� "U TUBOEBSE BUNPTQIFSJD QSFTTVSF BOE SPPN UFNQFSBUVSF
 XF
FODPVOUFS XBUFS JO JUT MJRVJE QIBTF
 XIFSF UIF NPMFDVMFT BSF NPEFSBUFMZ CPVOE UP FBDI PUIFS
BOE GPSN B ੘VJE UIBU JT OFBSMZ JODPNQSFTTJCMF CVU TUJMM BCMF UP BEFQU JUT TIBQF� *G UIF MJRVJE XBUFS
JT IFBUFE BCPWF UIF CPJMJOH QPJOU
 JU VOEFSHPFT B QIBTF USBOTJUJPO JOUP B HBTFPVT WBQPS
 XIFSF UIF
NPMFDVMFT BSF EJTTPDJBUFE GSPN BOPUIFS EVF UP UIFJS JODSFBTFE LJOFUJD FOFSHZ BOE UIFSFGPSF GSFF
UP PDDVQZ UIF FOUJSF WPMVNF BWBJMBCMF UP UIFN� *G
 PO UIF PUIFS IBOE
 XBUFS JT DPPMFE CFMPX UIF
GSFF[JOH QPJOU
 JU UVSOT JOUP TPMJE JDF UIBU JT OFJUIFS DPNQSFTTJCMF OPS EFGPSNBCMF� य़JT SJHJEJUZ JT
B DPOTFRVFODF PG UIF NPMFDVMFT۝ BSSBOHFNFOU JOUP B DSZTUBM MB॒JDF JO XIJDI UIF CPOET CFUXFFO
OFJHICPSJOH NPMFDVMFT BSF TP TUSPOH UIBU UIFZ DBO OP MPOHFS QFSGPSN BOZ NPUJPO SFMBUJWF UP FBDI
PUIFS� *O DPOUSBTU UP MJRVJE PS HBTFPVT XBUFS
 JDF FYIJCJUT B IJHIMZ TZNNFUSJD TUSVDUVSF UIBU DBO
FYUFOE FWFO UP NBDSPTDPQJD MFOHUI TDBMFT� UIF TQBUJBM NPEVMBUJPO PG UIF EFOTJUZ QSP੗MF
 IPXFWFS

IBT B QFSJPE PO UIF PSEFS PG UIF TJ[F PG UIF JOEJWJEVBM NPMFDVMFT�

3JHIU BU UIF NFMUJOH QPJOU
 CPUI JDF BOE MJRVJE XBUFS BSF UIFSNPEZOBNJDBMMZ TUBCMF BOE DBO
DPFYJTU BMPOHTJEF POF BOPUIFS� य़F TBNF JT USVF GPS WBQPS BOE MJRVJE XBUFS BU UIF CPJMJOH QPJOU

BT DBO CF PCTFSWFE CZ UIF FNFSHFODF PG WBQPS CVCCMFT JO CPJMJOH XBUFS UIBU VOEFS UIF JO੘VFODF
PG HSBWJUZ SJTF UP UIF UPQ EVF UP UIF MPXFS EFOTJUZ PG UIF HBT� य़F DPFYJTUFODF PG UXP QIBTFT
SFRVJSFT UIF GPSNBUJPO PG BO JOUFSGBDJBM MBZFS CFUXFFO UIFN
 XIJDI BMXBZT JODVST BO FOFSHZ DPTU
UIBU JODSFBTFT XJUI UIF BSFB PG UIF JOUFSGBDF� "T TVDI
 UIF TZTUFN VTVBMMZ BJNT UP NJOJNJ[F UIF
JOUFSGBDJBM BSFB CZ TFQBSBUJOH JOUP UXP MBSHF DPOUJHVPVT SFHJPOT XIFSF FJUIFS POF PS UIF PUIFS
QIBTF JT QSFWBMFOU� *O UIF DBTF PG HBTۗMJRVJE DPFYJTUFODF
 UIJT NFBOT UIBU UIF EFOTJUZ EJTUSJCVUJPO
JT SPVHIMZ VOJGPSN JO FBDI SFHJPO
 BOE POMZ WBSJFT BDSPTT UIF UIJO JOUFSGBDF�

)PXFWFS
 UIJT SFBTPOJOH BQQFBST UP CSFBL EPXO VOEFS DFSUBJO DJSDVNTUBODFT� " WBSJFUZ B UXP�
BOE UISFF�EJNFOTJPOBM TZTUFNT BSF LOPXO UP EFGZ UIF VSHF UP TFHSFHBUF JOUP DPFYJTUJOH QIBTFT
JO UIF BGPSFNFOUJPOFE SBEJDBM NBOOFS� *OTUFBE
 UIF QIBTF SFHJPOT BDUVBMMZ BMUFSOBUF JO TQBDF
PWFS NFTPTDPQJD MFOHUI TDBMFT BOE GPSN DVSJPVT QB॒FSOT <�>� *OEFFE
 UIFTF TP�DBMMFENJDSPQIBTFT
DBO CF UIFSNPEZOBNJDBMMZ TUBCMF� BOE XIFO UIFZ BSF
 UIFZ VTVBMMZ P੖FS B QFSJPEJD PSEFS XJUI B
IJHI EFHSFF PG TZNNFUSZ� 8IJMF TFFNJOHMZ TJNJMBS UP UIF NJDSPTDPQJD TUSVDUVSF PG B DSZTUBM
 UIF
EJ੖FSFODF JT UIBU B DSZTUBM GFBUVSFT B TUSJDU BSSBOHFNFOU PG JOEJWJEVBM NPMFDVMFT
 XIFSFBT FOUJSF
EPNBJOT PG NPMFDVMFT BSF JOWPMWFE JO UIF GPSNBUJPO PG B NJDSPQIBTF�



� �� *OUSPEVDUJPO

A-rich sheet B-rich sheet ������

'JHVSF ����� 4LFUDI PG UIF MBNFMMBS QIBTF GPSNFE CZ B TZTUFN PG EJCMPDL DPQPMZNFST BॏFS NJDSPQIBTF TFQBSBUJPO� य़F
DIBJOT PG UZQF " 	SFE
 BOE UZQF # 	CMVF
 NPOPNFST EFNJY BOE TFMG�BTTFNCMF JOUP BMUFSOBUJOH "�SJDI BOE #�SJDI TIFFUT�

य़FSF BSF NVMUJQMF NFDIBOJTNT UIBU DBO MFBE UP UIF FNFSHFODF PG NPEVMBUFE QIBTFT� 0OF JT FY�
FNQMJ੗FE CZ EJCMPDL DPQPMZNFST <�>
 XIJDI BSF NBDSPNPMFDVMFT NBEF VQ PG B DIBJO PG NPOPNFST
PG UZQF
 TBZ
 "
 UIBU JT DPWBMFOUMZ CPVOE UP BOPUIFS DIBJO PG NPOPNFST PG UZQF
 TBZ
 #� " UZQJDBM
EJCMPDL DPQPMZNFS NJHIU CF

"ۗ"ۗ"ۗ"ۗ"ۗ"ۗ"ۗ"ۗ"ۘ#ۗ#ۗ#ۗ#ۗ#ۗ#ۗ#ۗ#ۗ#ۗ#ۗ#ۗ#

GPS JOTUBODF� *G UIF " BOE # NPOPNFST BSF JODPNQBUJCMF XJUI FBDI PUIFS
 EFNJYJOH PDDVST BU TVG�
੗DJFOUMZ MPX UFNQFSBUVSFT� )PXFWFS
 CFDBVTF UIF " BOE # DIBJOT BSF JOUFSDPOOFDUFE
 UIF TZTUFN
JT VOBCMF UP TFHSFHBUF JOUP NBDSPTDPQJD "� BOE #�SJDI SFHJPOT� JU JOTUFBE NJDSPQIBTF TFQBSBUFT
JOUP TNBMMFS " BOE # EPNBJOT UIBU CPSEFS PO FBDI PUIFS� य़F TJ[F PG UIFTF EPNBJOT BSF PO UIF PS�
EFS PG UIF DIBJO MFOHUIT
 BOE UIF UIFJS FRVJMJCSJVN NPSQIPMPHZ JT EFUFSNJOFE CZ UIF MFOHUI SBUJP
PG UIF " BOE # DIBJOT� *G UIF " DIBJOT BSF NVDI TIPSUFS UIBO UIF # DIBJOT
 UIF GPSNFS DMVNQ JOUP
TQIFSJDBM DMVTUFST UIBU MJF PO B DVCJD MB॒JDF
 XIJMF UIF MB॒FS ੗MM UIF JOUFSNFEJBSZ TQBDF� 8IFO UIF
" DIBJOT BSF BCPVU IBMG BT MPOH BT UIF # DIBJOT
 UIFZ BTTFNCMF JOUP QBSBMMFM DZMJOEFST BSSBOHFE
JO B IFYBHPOBM QB॒FSO� *O UIF DBTF UIBU UIF " BOE # DIBJOT BSF SPVHIMZ FRVBM JO MFOHUI
 UIFZ
GPSN BMUFSOBUJOH MBNFMMBS TIFFUT BT TLFUDIFE JO 'JH� ���� 8IFO UIF # DIBJOT BSF TIPSUFS UIBO UIF
" DIBJOT
 JU JT UIF # DIBJOT UIBU BHHSFHBUF JOUP DMVTUFST PS DZMJOEFST <�
 �>�

*O B TZTUFN PG EJCMPDL DPQPMZNFST
 UIF PSJHJO PG NJDSPQIBTF TFQBSBUJPO JT UIF PSJFOUBUJPO
EFQFOEFOU GPSDFT CFUXFFO UIF NPMFDVMFT EVF UP UIF JNNJTDJCJMJUZ PG UIF CMPDLT� *OUFSFTUJOHMZ
UIPVHI
 FWFO JTPUSPQJD JOUFSBDUJPOT BSF DBQBCMF PG QSPWPLJOH UIF EFWFMPQNFOU PG JOIPNPHFOFPVT
EFOTJUZ QSP੗MFT
 BT EFNPOTUSBUFE CZ BNQIJQIJMJD NPOPMBZFST BU B ੘BU BJSۗXBUFS JOUFSGBDF <�>�
"NQIJQIJMFT
 TVDI BT UIF QIPTQIPMJQJET UIBU DFMM NFNCSBOFT BSF CVJMU PVU PG
 DPOTJTU PG B QP�
MBS IFBE BOE BO BQPMBS UBJM� #FDBVTF PG UIFJS QPMBSJUZ
 UIF IFBET BSF IZESPQIJMJD BOE HFU ESBXO
CFMPX UIF XBUFS TVSGBDF� य़F BQPMBS UBJMT
 PO UIF PUIFS IBOE
 BSF IZESPQIPCJD BOE QPJOU UIF PQ�
QPTJUF XBZ� य़F BNQIJQIJMFT UIVT BMJHO UIFNTFMWFT SPVHIMZ QFSQFOEJDVMBSMZ UP UIF JOUFSGBDF MJLF
EBCCMJOH EVDLT TFBSDIJOH GPS GPPE� XJUI IFBET TVCNFSHFE VOEFS XBUFS BOE UBJMT FYQPTFE UP UIF
BJS
 BT EFQJDUFE JO 'JH� ���� य़F GPSDF CFUXFFO UIF NPMFDVMFT JT HPWFSOFE CZ 	BU MFBTU
 UISFF NB�
KPS DPOUSJCVUJPOT UIBU BSF BMM SBEJBMMZ TZNNFUSJD XJUIJO UIF NPOPMBZFS� 	J
 GPS FYUSFNFMZ TNBMM
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'JHVSF ����� 4DIFNBUJD EFQJDUJPO PG BO BNQIJQIJMJD NPOPMBZFS BU BO BJSۗXBUFS JOUFSGBDF� य़F QPMBS IFBET BSF TVC�
NFSHFE VOEFS XBUFS BOE UIF BQPMBS UBJMT FYQPTFE UP UIF BJS� य़F DPNQFUJUJPO CFUXFFO TIPSU�SBOHFE B॒SBDUJWF -POEPO
EJTQFSTJPO GPSDFT BOE MPOH�SBOHFE SFQVMTJWF FMFDUSPTUBUJD EJQPMF JOUFSBDUJPOT DBO DBVTF UIF UIF BNQIJQIJMFT UP GPSN
EFOTF EPNBJOT TFQBSBUFE CZ UIJOMZ QPQVMBUFE SFHJPOT�

TFQBSBUJPOT
 UIF WFSZ TUSPOH SFQVMTJPO PG UIF FMFDUSPO TIFMMT EVF UP UIF 1BVMJ FYDMVTJPO QSJODJQMF
FTTFOUJBMMZ QSPIJCJUT UIF BNQIJQIJMFT GSPN ۠PWFSMBQQJOHۡ� 	JJ
 GPS JOUFSNFEJBUF TFQBSBUJPOT
 ੘VDUV�
BUJPOT PG UIF FMFDUSPO EJTUSJCVUJPO MFBE UP BO JOTUBOUBOFPVT NVUVBM QPMBSJ[BUJPO PG UIF NPMFDVMFT
UIBU HJWFT SJTF UP B॒SBDUJWF -POEPO EJTQFSTJPO GPSDFT� 	JJJ
 GPS MBSHFS TFQBSBUJPOT
 UIF QBSBMMFM PSJ�
FOUBUJPO PG UIF QPMBS IFBE HSPVQT DBVTFT BO FMFDUSPTUBUJD EJQPMF SFQVMTJPO� *G UIFTF DPNQFUJOH
JOUFSBDUJPOT BSF TVJUBCMZ CBMBODFE
 UIFZ SFTVMU JO B TP�DBMMFE 4"-3 	TIPSU�SBOHFE B॒SBDUJPO
 MPOH�
SBOHFE SFQVMTJPO
 PS NFSNBJE 	B॒SBDUJWF IFBE
 SFQVMTJWF UBJM
 QPUFOUJBM
 TJNJMBS UP UIF POF TIPXO
JO 'JH� ���� #FDBVTF PG UIF TIPSU�SBOHFE B॒SBDUJPO
 UIF NPMFDVMFT QSFGFSBCMZ HBUIFS JOUP EFOTFS
SFHJPOT� 0ODF UIFTF SFHJPOT SFBDI B DFSUBJO TJ[F
 IPXFWFS
 UIF MPOH�SBOHFE SFQVMTJWF GPSDFT FY�
FSUFE PO B NPMFDVMF BU UIF FEHF CZ UIPTF OPU XJUIJO JUT WJDJOJUZ CFDPNF
 JO TVN
 EPNJOBOU BOE
QSFWFOU GVSUIFS HSPXUI� )FODF
 UIF TZTUFN EFWFMPQT ੗OJUF�TJ[FE MJRVJE EPNBJOT UIBU BSF TFQB�

A

+
SA

LR
(A
)

'JHVSF ����� य़F UZQJDBM GPSN PG B 4"-3 PS NFSNBJE QPUFOUJBM !4"-3 BT B GVODUJPO PG UIF JOUFS�QBSUJDMF EJTUBODF " �
4USPOHMZ SFQVMTJWF GPS TNBMM " 	TPMJE MJOF

 NPEFSBUFMZ B॒SBDUJWF GPS JOUFSNFEJBUF WBMVFT PG " 	EBTIFE MJOF

 BOE XFBLMZ
SFQVMTJWF GPS MBSHF " 	EP॒FE MJOF
�
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SBUFE CZ B UIJOMZ QPQVMBUFE HBT� *O 	F੖FDUJWFMZ
 UXP�EJNFOTJPOBM TZTUFNT TVDI BT BNQIJQIJMJD
NPOPMBZFST
 POF VTVBMMZ ੗OET UIF GPMMPXJOH TUSVDUVSFT BT UIF NFBO TVSGBDF EFOTJUZ JT JODSFBTFE�
DJSDVMBS MJRVJE ESPQMFUT GPSNJOH B IFYBHPOBM QB॒FSO
 BMUFSOBUJOH MBNFMMBS TUSJQFT PG IJHIFS BOE
MPXFS EFOTJUZ
 BOE ੗OBMMZ B IFYBHPOBM BSSBOHFNFOU PG DJSDVMBS HBTFPVT CVCCMFT TVSSPVOEFE CZ
B EFOTFS MJRVJE <�>�

$PNQFUJOH JOUFSBDUJPOT SFQSFTFOU B SBUIFS QSBDUJDBM BOE ੘FYJCMFNFBOT PG JOEVDJOH TFMG�BTTFNCMZ
BT UIFZ DBO BMTP CF SFBMJ[FE JO PUIFS TZTUFNT� " OBUVSBM UBSHFU BSF DPMMPJEBM TVTQFOTJPOT
 XIJDI
DPOTJTU PG OBOP� UP NJDSPNFUFS TJ[FE QBSUJDMFT
 F� H�
 IBSE TQIFSFT NBEF PVU PG TJMJDB
 QPMZTUZSFOF
PS BDSZMJD HMBTT
 UIBU BSF TVTQFOEFE JO B NPMFDVMBS TPMWFOU� $PMMPJET BSF TUJMM TNBMM FOPVHI UP GFFM
UIF DPMMJTJPOT XJUI UIF NVDI UJOJFS TPMWFOU NPMFDVMFT BOE QFSGPSN B SBOEPNXBML UISPVHI TQBDF

BMTP LOPXO BT #SPXOJBO NPUJPO <�
 �>� UIFZ BSF UIFSFGPSF TVCKFDU UP UIFSNBM ੘VDUVBUJPOT BOE CF�
IBWF MJLF B UIFSNPEZOBNJD TZTUFN� :FU
 DPMMPJET BSF BMTP MBSHF FOPVHI UP CF JNBHFE WJB DPOGPDBM
<�> PS FMFDUSPO <��> NJDSPTDPQZ
 NBLJOH UIFJS EJSFDU PCTFSWBUJPO QPTTJCMF� 'PS UIFTF SFBTPOT
 BOE
CFDBVTF UIF JOUFSBDUJPO CFUXFFO UIF DPMMPJET DBO CF SBUIFS FBTJMZ BMUFSFE CZ QSFQBSJOH UIFN JO B
DFSUBJO XBZ 	FRVJQQJOH UIFN XJUI BO FMFDUSJD DIBSHF PS QBSBNBHOFUJD DPSF
 HSBॏJOH PS DPBUJOH
UIFJS TVSGBDF
 FUD�
 PS DIPPTJOH B TQFDJ੗D TPMWFOU
 DPMMPJEBM TVTQFOTJPOT IBWF CFDPNF BO JNQPS�
UBOU NPEFM GPS BUPNJD MJRVJET BOE TPMJET UIBU JT WFSZ BDDFTTJCMF UP FYQFSJNFOUBM BOE UIFPSFUJDBM
TUVEJFT BMJLF�

य़FPSFUJDBM FWJEFODF GPS UIF FNFSHFODF PG NJDSPQIBTF TFQBSBUJPO JO DPMMPJEBM TZTUFNT JT RVJUF
DPODMVTJWF� .POUF $BSMP TJNVMBUJPOT CZ "SDIFS BOE 8JMEJOH <��> BT XFMM BT EFOTJUZ GVODUJPOBM
UIFPSZ DBMDVMBUJPOT CZ &EFMNBOO BOE 3PUI <��> BOE 1JOJ BOE 1BSPMB <��>
 XIP JOWFTUJHBUFE UISFF�
EJNFOTJPOBM IBSE TQIFSFT XJUI B DPNQFUJOH EPVCMF�:VLBXB JOUFSBDUJPO
 GPVOE UIF TBNF QFSJPEJD
DMVTUFS
 DZMJOEFS BOE TIFFU TUSVDUVSFT UIBU EJCMPDL DPQPMZNFST BSF LOPXO UP GPSN� य़JT JT BMTP
USVF GPS B TRVBSF XFMM ੘VJE XJUI B MJOFBS SFQVMTJPO
 BT TIPXO CZ ;IVBOH FU BM� VTJOH B UIFSNP�
EZOBNJD JOUFHSBUJPO TDIFNF <��
 ��>� $POTJEFSJOH UIF WBTUMZ EJ੖FSFOU JOUFSBDUJPO QPUFOUJBMT BOE
NFDIBOJTNT UIBU ESJWF UIF TFMG�BTTFNCMZ JO UIFTF TZTUFNT
 UIF TJNJMBSJUZ PG UIFJS QIBTF EJBHSBNT
JT SBUIFS TUSJLJOH� "O FYQMBOBUJPO GPS UIJT XBT HJWFO CZ $JBDI FU BM�
 XIP EFNPOTUSBUFE UIBU NJ�
DSPQIBTF TFQBSBUJPO JO DPMMPJEBM TVTQFOTJPOT BOE EJCMPDL DPQPMZNFST DBO CF EFTDSJCFE CZ UIF
TBNF -BOEBV�UZQF UIFPSZ <��>
 XIJDI JO UVSO QSFEJDUT B VOJWFSTBM TFRVFODF PG TUBCMF NPEVMBUFE
QIBTFT <��>� य़F ੗OEJOHT JO UXP EJNFOTJPOT IBWF CFFO FRVBMMZ FODPVSBHJOH� *NQFSJP FU BM� QFS�
GPSNFE.POUF $BSMP TJNVMBUJPO PG B DPMMPJEBM NPOPMBZFS XJUI DPNQFUJOH FYQPOFOUJBMMZ�EFDBZJOH
QBJS QPUFOUJBMT BOE PCUBJOFE ESPQMFU
 TUSJQF BOE CVCCMF QB॒FSOT <��ۗ��>� "SDIFS XBT BCMF UP DPO�
੗SN UIF TUBCJMJUZ PG UIFTF TUSVDUVSFT JO B TVCTFRVFOU EFOTJUZ GVODUJPOBM UIFPSZ TUVEZ PG UIF TBNF
TZTUFN <��>�

'SPN BO FYQFSJNFOUBM TUBOEQPJOU
 UIF DBTF JT VOGPSUVOBUFMZ MFTT DMFBS� (IF[[J FU BM� QSFQBSFE B
NPOPMBZFS PG TQIFSJDBM MBUFY QBSUJDMFT CZ USBQQJOH UIFN BU BO BJSۗXBUFS JOUFSGBDF BOE SFQPSUFE
UIF GPSNBUJPO PG JSSFHVMBS DMVTUFS
 GPBN�MJLF BOE CVCCMF TUSVDUVSFT� IPXFWFS
 UIFZ GPVOE UIFTF UP



�

FWFOUVBMMZ EJTTPMWF JOUP B IPNPHFOFPVT ੗MN BOE UIVT UP CF BU NPTU NFUBTUBCMF <��
 ��>� 4JNJMBS
PCTFSWBUJPOT IBWF BMTP CFFO NBEF CZ 3VJ[�(BSD­B FU BM� GPS B DPNQBSBCMF TZTUFN <��ۗ��>� #F�
DBVTF UIF EJTUBODF CFUXFFO UIF QBSUJDMFT XJUIJO UIPTF TUSVDUVSFT UVSOFE PVU UP CF PO UIF PSEFS
PG TFWFSBM DPMMPJE EJBNFUFST
 CPUI (IF[[J FU BM� BOE 3VJ[�(BSD­B FU BM� QPTUVMBUFE B NPSF DPNQMJ�
DBUFE DPNQFUJOH JOUFSBDUJPO QPUFOUJBM
 XJUI BO BEEJUJPOBM TFDPOEBSZ NJOJNVN UIBU MJFT GVSUIFS
PVU UIBO UIF QSJNBSZ POF� य़F NFUBTUBCJMJUZ PG UIF TUSVDUVSFT DPVME UIFO CF FYQMBJOFE CZ B SFMB�
UJWFMZ TIBMMPX EFQUI PG UIF TFDPOEBSZ NJOJNVN� 4FBS FU BM� EFNPOTUSBUFE UIBU TJMWFS OBOPDSZTUBMT
EFQPTJUFE BU BO BJSۗXBUFS JOUFSGBDF TQPOUBOFPVTMZ TFMG�BTTFNCMFE JOUP DJSDVMBS BOE MBNFMMBS EP�
NBJOT GPS MPXFS BOE IJHIFS EFOTJUJFT
 SFTQFDUJWFMZ <��>� &WFO UIPVHI UIJT FYQFSJNFOU JT QSPCBCMZ
BNPOH UIPTF UIBU P੖FS UIF CFTU RVBMJUBUJWF BHSFFNFOU XJUI UIFPSFUJDBM QSFEJDUJPOT
 UIF FNFSHJOH
QB॒FSOT BSF TUJMM MBDLJOH TZNNFUSZ� UIF ESPQMFUT BSF EJTUSJCVUFE BSCJUSBSJMZ BOE WBSZ DPOTJEFSBCMZ
JO TJ[F
 XIFSFBT UIF TUSJQFT NFBOEFS BJNMFTTMZ BOE GPSN JOUSJDBUF NB[FT� 8IJMF UIF TJUVBUJPO JO
RVBTJ�UXP�EJNFOTJPOBM TZTUFNT JT TPNFXIBU NJYFE 	UP TBZ UIF MFBTU

 JU JT FWFO ESFBSJFS JO UISFF
EJNFOTJPOT� य़FSF XBT IPQF UIBU DIBSHFE DPMMPJET TVTQFOEFE JO B OPO�BETPSCJOH QPMZNFSJD TPM�
WFOU XPVME VOEFSHP NJDSPQIBTF TFQBSBUJPO TJODF TIPSU�SBOHFE B॒SBDUJWF EFQMFUJPO BOE MPOH�
SBOHFE SFQVMTJWF FMFDUSPTUBUJD GPSDFT XFSF FYQFDUFE UP HJWF SJTF UP BO 4"-3 QPUFOUJBM� 4USBEOFS
FU BM� TBX QSPPG GPS DPNQFUJOH JOUFSBDUJPOT JO UIF GPSNBUJPO PG NPCJMF FRVJMJCSJVN DMVTUFST 	EVF
UP UIF TIPSU�SBHFE B॒SBDUJPO
 UIBU EJE OPU HSPX CFZPOE B DFSUBJO TJ[F 	EVF UP UIF MPOH�SBOHFE
SFQVMTJPO
 <��>� 'PS MPXFS DPMMPJE EFOTJUJFT
 $BNQCFMM FU BM� PCTFSWFE TVDI B DMVTUFS ੘VJE BT XFMM�
XJUI JODSFBTJOH EFOTJUZ
 UIF DMVTUFST HSFX JOUP FMPOHBUFE DIBJOT UIBU FWFOUVBMMZ MJOLFE UPHFUIFS
JOUP QFSDPMBUFE
 HFM�MJLF OFUXPSL UIBU JT EZOBNJDBMMZ BSSFTUFE <��>� ,MJY FU BM� BMTP SFQPSUFE UIF
FNFSHFODF PG B DMVTUFS HMBTT
 J� F�
 BO BNPSQIPVT TUBUF PG DPNQBDU DMVTUFST UIBU CFDPNF DBHFE EVF
UP UIF MPOH�SBOHFE SFQVMTJPO CFUXFFO UIFN <��>� "MUIPVHI POF NJHIU QFSDFJWF B TMJHIU SFTFN�
CMBODF XJUI UIF DMVTUFS DSZTUBM UIBU XPVME CF UIFSNPEZOBNJDBMMZ TUBCMF BDDPSEJOH UP UIFPSZ
 UIF
DMVTUFS HMBTT JT BHBJO NJTTJOH BOZ QFSJPEJDJUZ BOE VOJGPSNJUZ PG DMVTUFS TJ[FT� *OEFFE
 OP PSEFSFE
QIBTFT IBWF CFFO EFUFDUFE JO FYQFSJNFOUT XJUI DPMMPJEBM TVTQFOTJPOT BU BMM UP EBUF
 BOE BMTP OPU
FWFO EJTPSEFSFE POFT GFBUVSJOH DZMJOESJDBM PS MBNFMMBS TUSVDUVSFT�

य़F SFBTPOT GPS UIFTF HMBSJOH EJTDSFQBODJFT CFUXFFO UIFPSZ BOE FYQFSJNFOU BSF OPU DMFBS BOE
UIF TVCKFDU PG BO POHPJOH EJTDVTTJPO� %FQFOEJOH PO UIF SFMBUJWF TUSFOHUI PG UIF MPOH�SBOHFE
SFQVMTJPO
 ;IVBOH BOE $IBSCPOOFBV QSFEJDU EJ੖FSFOU QIBTF EJBHSBNT GPS B DPMMPJEBM TZTUFNT
XJUI BO 4"-3 JOUFSBDUJPO <��>� TFF 'JH� ���� *G UIFSF JT OP PS POMZ B WFSZ XFBL SFQVMTJPO
 UIF
QIBTF CFIBWJPS JT JEFOUJDBM UP UIBU PG BNPOBUPNJD TVCTUBODF
 XJUI IPNPHFOFPVT MPX�EFOTJUZ HBT

NFEJVN�EFOTJUZ MJRVJE BOE IJHI�EFOTJUZ TPMJE QIBTFT UIBU BSF TFQBSBUFE CZ SFHJPOT PG HBTۗMJRVJE
PS ੘VJEۗTPMJE DPFYJTUFODF� "CPWF UIF DSJUJDBM UFNQFSBUVSF
 HBT BOE MJRVJE VOJGZ JOUP B TVQFSDSJUJDBM
੘VJE TJODF DPFYJTUFODF
 BOE UIVT EJTDSJNJOBUJPO
 PG UIF UXP QIBTFT JT OP MPOHFS QPTTJCMF� 'PS B
NPEFSBUF SFQVMTJPO
 HBTۗMJRVJE DPFYJTUFODF JT FYQFDUFE UP HJWF XBZ UP QFSJPEJD NJDSPQIBTFT� +VTU
PVUTJEF UIF NJDSPQIBTF SFHJNF
 DPNQVUFS TJNVMBUJPOT TVHHFTU UIF FYJTUFODF PG B DMVTUFS ੘VJE GPS
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(a) no/weak long-range repulsion (b) moderate long-range repulsion (c) strong long-range repulsion

periodic
microphases

'JHVSF ����� 1IBTF EJBHSBNT QSFEJDUFE CZ ;IVBOH BOE $IBSCPOOFBV <��> GPS B DPMMPJEBM TZTUFN XJUI BO 4"-3 JO�
UFSBDUJPO
 EFQFOEJOH PO UIF SFMBUJWF TUSFOHUI PG UIF MPOH�SBOHFE SFQVMTJPO� *O UIF DBTF PG OP PS POMZ B WFSZ XFBL
SFQVMTJPO 	B

 UIF QIBTF EJBHSBN SFTFNCMFT UIBU PG B NPOBUPNJD TVCTUBODF XJUI B HBT
 MJRVJE
 TPMJE BOE TVQFSDSJUJDBM
੘VJE QIBTF� 'PS B NPEFSBUF SFQVMTJPO 	C

 HBTۗMJRVJE DPFYJTUFODF DPNFT JO UIF GPSN PG QFSJPEJD NJDSPQIBTFT� +VTU
PVUTJEF UIF NJDSPQIBTF SFHJNF
 UIF TZTUFN JT B DMVTUFS PS QFSDPMBUFE ੘VJE� *G UIF SFQVMTJPO CFDPNFT UPP TUSPOH 	D


QFSJPEJD NJDSPQIBTFT NJHIU WBOJTI BHBJO�

MPXFS
 BOE B QFSDPMBUFE ੘VJE GPS IJHIFS EFOTJUJFT <��>� *G UIF SFQVMTJPO CFDPNFT WFSZ TUSPOH

QFSJPEJD NJDSPQIBTFT NJHIU WBOJTI DPNQMFUFMZ JO GBWPS PG UIF DMVTUFS BOE UIF QFSDPMBUFE ੘VJE�

*O B SFWJFX PG TFWFSBM FYQFSJNFOUT TUVEZJOH UIF F੖FDUT PG DPNQFUJOH JOUFSBDUJPOT JO DPMMPJEBM
TVTQFOTJPOT
 3PZBMM DPNFT UP UIF DPODMVTJPO UIBU UIF FMFDUSPTUBUJD SFQVMTJPO JOEFFE BQQFBST UP
CF VOFYQFDUFEMZ IJHI JO TPNF DBTFT <��>
 QPUFOUJBMMZ QSFWFOUJOH NJDSPQIBTF TFQBSBUJPO� 'VSUIFS�
NPSF
 FWFO JG UIF SFQVMTJPO XFSF BQQSPQSJBUFMZ UVOFE CZ BEKVTUJOH UIF DIBSHF PG UIF DPMMPJET PS
UIF EJFMFDUSJD DPOTUBOU PG UIF TPMWFOU
 JUT EFTDSJQUJPO BT B SBEJBMMZ TZNNFUSJD :VLBXB QPUFOUJBM
TFFNT UP BDUVBMMZ CSFBL EPXO XIFO UIF DPMMPJET DMVNQ UPHFUIFS� ,MJY FU BM� BSHVF UIBU GSFF JPOT
JO UIF TPMWFOU DPOEFOTF QSFGFSBCMZ JO UIF OBSSPX TQBDF CFUXFFO UXP BEKBDFOU DPMMPJET
 SFTVMU�
JOH JO BO JOIPNPHFOFPVT TVSGBDF DIBSHF EJTUSJCVUJPO BOE IFODF BO BOJTPUSPQJD JOUFSBDUJPO� UIFZ
TQFDVMBUF UIBU UIJT DPVME IBWF B QSPGPVOE JNQBDU PO UIF HSPXUI PG DMVTUFST BOE NPSF FMBCPSBUF
TUSVDUVSFT <��>� य़FTF JTTVFT BSF FTTFOUJBMMZ FYQFSJNFOUBM JO OBUVSF BOE QSFTFOU PCTUBDMFT GPS UIF
SFBMJ[BUJPO PG NFSNBJE QPUFOUJBMT JO DPMMPJEBM TVTQFOTJPOT�

)PXFWFS
 UIFSF NBZ BMTP FYJTU NPSF GVOEBNFOUBM EJਖ਼DVMUJFT� *O WJFX PG UIF GSFRVFOU FNFS�
HFODF PG UIF EJTPSEFSFE DMVTUFS BOE QFSDPMBUFE ੘VJE
 POF NJHIU IZQPUIFTJ[F UIBU UIF LJOFUJD TMPX�
EPXO PCTFSWFE UP BDDPNQBOZ UIFTF TUBUFT CFDPNFT TP ESBNBUJD JO UIF WJDJOJUZ PG UIF PSEFSFE
NJDSPQIBTF SFHJPO 	XIJDI UIFZ QSFTVNBCMZ TVSSPVOE
 UIBU UIF TZTUFN F੖FDUJWFMZ GSFF[FT JOUP B
BSSFTUFE HMBTT PS HFM BOE JT OP MPOHFS BCMF UP SFBSSBOHF JOUP QFSJPEJD TUSVDUVSFT� 6TJOH NPMFD�
VMBS EZOBNJDT TJNVMBUJPOT
 EF $BOEJB FU BM� JOWFTUJHBUFE XIFUIFS B DPMMPJEBM TVTQFOTJPO XJUI
DPNQFUJOH JOUFSBDUJPOT DPVME USBOTJUJPO GSPN B DPNQMFUFMZ EJTPSEFSFE TUBUF BU IJHI UFNQFSB�
UVSFT UP BO PSEFSFE POF GPMMPXJOH B RVFODI JOUP UP NJDSPQIBTF SFHJNF <��>� 6OTVSQSJTJOHMZ
 UIFZ
GPVOE UIBU UIF DPMMPJET XPVME JOJUJBMMZ BHHSFHBUF JOUP DMVTUFST XIJDI UIFO FWPMWFE JOUP DIBJOT
UIBU MBUFS DPOOFDUFE UP GPSN B OFUXPSL� FWFOUVBMMZ
 UIPVHI
 UIF DIBJOT JOEFFE TQPOUBOFPVTMZ
TFMG�BTTFNCMFE JOUP B IFYBHPOBM BSSBOHFNFOU PG QBSBMMFM DZMJOESJDBM DPMVNOT� *OUFSFTUJOHMZ
 BU



�

EFOTJUJFT GPS XIJDI UIF MBNFMMBS QIBTF XBT EFFNFE UP CF TUBCMF
 OP PSEFSJOH PDDVSSFE EVSJOH UIF
TJNVMBUJPO SVOT
 TVHHFTUJOH B NVDI TMPXFS USBOTGPSNBUJPO� *SPOJDBMMZ
 UIF TJUVBUJPO XBT SFWFSTFE
JO B TJNJMBS TUVEZ CZ ;IVBOH BOE $IBSCPOOFBV XIFSF UIF DPMMPJET NBOBHFE UP GPSN MBNFMMBF CVU
OPU DZMJOEFST 	PS BOZ PUIFS QFSJPEJD QIBTFT
 <��>� /POFUIFMFTT
 UIFZ MJLFXJTF PCTFSWFE UIBU UIF
USBOTJUJPO UJNF WBSJFE TJHOJ੗DBOUMZ
 EFQFOEJOH PO UIF UFNQFSBUVSF BॏFS UIF RVFODI BOE UIF DPM�
MPJE EFOTJUZ� 8IJMF UIFTF ੗OEJOHT TIPX UIBU UIF TZTUFN DBO JO QSJODJQMF HP GSPN B EJTPSEFSFE
UP BO PSEFSFE TUBUF
 UIJT QSPDFTT DBO UBLF TP MPOH JO QSBDUJDF UIBU JU XJMM OPU DPNQMFUF PWFS UIF
DPVSTF PG B UZQJDBM FYQFSJNFOU� 5BS[JB BOE $POJHMJP TVTQFDU UIBU B DPNQMFY GSFF FOFSHZ MBOETDBQF
XJUI NBOZ MPDBM NJOJNB BOE MBSHF CBSSJFST JO CFUXFFO JT UIF SFBTPO XIZ DPMMPJET JOUFSBDUJOH WJB
BO 4"-3 QPUFOUJBM UFOE UP TV੖FS TMPX EZOBNJDT PS FWFO HFU TUVDL JO B NFUBTUBCMF TUBUF <��>�

य़JT SBJTFT UIF RVFTUJPO XIFUIFS UIFSF BSF BOZ UFDIOJRVFT UIBU DBO IFMQ UP TBGFMZ OBWJHBUF UIJT
GSFF FOFSHZ MBOETDBQF PS NBLF JU MFTT USFBDIFSPVT TP UIBU UIF PSEFSJOH USBOTJUJPO CFDPNFT GBTUFS
BOENPSF SFMJBCMF� 4JODF OPO�FRVJMJCSJVN EZOBNJDT BQQFBST UP QMBZ B DSVDJBM SPMF JO UIF QSPDFTT PG
GPSNJOH QFSJPEJD TUSVDUVSFT
 JU XPVME CF SFBTPOBCMF UP BTTVNF UIBU UIF XBZ JO XIJDI UIF FYUFSOBM
DPOEJUJPOT BSF BMUFSFE PWFS UJNF JO PSEFS UP CSJOH UIF TZTUFN JOUP UIFNJDSPQIBTF SFHJNF DBO IBWF
B MBSHF JNQBDU PO UIF ੗OBM TUBUF� " SFQPSU CZ )FMN BOE .¶IXBME TVQQPSUT UIJT JEFB
 XIP GPVOE
UIBU B SBQJE DPNQSFTTJPO PG B QIPTQIPMJQJE NPOPMBZFS JOUP UIF DMVTUFS QIBTF MFE UP B XJEFS SBOHF
PG DMVTUFS TJ[FT UIBO B TMPXFS POF <��>� 8PVME JU CF UIFSFGPSF BMTP CF॒FS
 GPS FYBNQMF
 UP MPXFS
UIF UFNQFSBUVSF HSBEVBMMZ JOTUFBE PG QFSGPSNJOH BO BCSVQU RVFODI BT PॏFO EPOF )PX EPFT
UIF TZTUFN CFIBWF JG JU JT TJNVMUBOFPVTMZ DPNQSFTTFE BOE DPPMFE JO TPNF DPNQMJDBUFE NBOOFS 
6OGPSUVOBUFMZ
 SFTFBSDI JOUP UIJT NB॒FS XJUI SFHBSE UPNJDSPQIBTF TFQBSBUJPO TFFNT UP CF TDBSDF�

8JUI UIF BJN PG NBLJOH QSPHSFTT PO TPNF PG UIF BGPSFNFOUJPOFE JTTVFT
 XF TIBMM DPODFSO
PVSTFMWFT JO UIF GPMMPXJOH XJUI BO F੖FDUJWFMZ UXP�EJNFOTJPOBM TZTUFN PG DPMMPJET JO XIJDI DPN�
QFUJOH JOUFSBDUJPOT BSF SFBMJ[FE JO B OPWFM XBZ� UIF TIPSU�SBOHFE B॒SBDUJPO JT B DPOTFRVFODF PG
DSJUJDBM $BTJNJS GPSDFT NFEJBUFE CZ UIF TPMWFOU
 XIFSFBT UIF MPOH�SBOHFE SFQVMTJPO TUFNT GSPN
NBHOFUJD EJQPMF JOUFSBDUJPOT JOEVDFE CZ BO FYUFSOBM NBHOFUJD ੗FME� य़F DPNQFMMJOH GFBUVSF PG
UIJT TFUVQ JT UIBU CPUI UIF B॒SBDUJPO BOE UIF SFQVMTJPO DBO CF UVOFE FBTJMZ BOE JOEFQFOEFOUMZ
GSPN FBDI PUIFS WJB UIF UFNQFSBUVSF BOE UIF TUSFOHUI PG UIF NBHOFUJD ੗FME
 SFTQFDUJWFMZ� य़JT
PQFOT VQ FYDJUJOH QPTTJCJMJUJFT
 CFDBVTF XF HBJO B ੗OF DPOUSPM PWFS UIF JOUFSBDUJPO QPUFOUJBM BOE
DBO JOWFTUJHBUF IPX JUT TIBQF B੖FDUT UIF QIBTF CFIBWJPS BOE UIF TUSVDUVSF PG UIF TZTUFN� 'VS�
UIFSNPSF
 JU BMMPXT UIF JOUFSBDUJPO CFUXFFO UIF DPMMPJET UP CF WBSJFE JO TJUV
 BOE UIFSFGPSF BMTP
EVSJOH B QIBTF USBOTJUJPO
 XIJDI NJHIU QSPWF VTFGVM GPS HVJEJOH UIF TZTUFN GSPN POF TUBUF UP
BOPUIFS�

य़F IPQF JT
 PG DPVSTF
 UIBU UIF B॒SBDUJPO BOE SFQVMTJPO DBO CF CBMBODFE JO TVDI BXBZ UIBU UIFZ
ZJFME B USVF 4"-3 QPUFOUJBM� *O UIBU DBTF
 UIJT TZTUFN IBT UIF DIBODF PG CFDPNJOH BO JNQPSUBOU
NPEFM DPMMPJEBM NJDSPQIBTF GPSNFS XJUI UIF QSPTQFDU PG OBSSPXJOH UIF HBQ CFUXFFO FYQFSJNFOU
BOE UIFPSZ� &YQFSJNFOUBMMZ
 NPOPMBZFST PG DPMMPJET VOEFS UIF JO੘VFODF PG FJUIFS NBHOFUJD EJQPMF
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<��
 ��> PS DSJUJDBM $BTJNJS <��> GPSDFT IBWF BMSFBEZ CFFO SFBMJ[FE� $PNCJOJOH CPUI JOUFSBDUJPOT
TIPVME OPU CF UPP EJਖ਼DVMU
 CVU UIJT IBT BQQBSFOUMZ OPU CFFO QVSTVFE ZFU� )PXFWFS
 FWFO JG BO
B॒FNQU UP EP TP XFSF NBEF
 UIF FYQFSJNFOUFST XPVME MJLFMZ DPOTJEFS UIF MBSHF QBSBNFUFS TQBDF
B DVSTF SBUIFS UIFO B CMFTTJOH BU ੗STU
 GPS JU TFFNT GVUJMF UP CMJOEMZ HVFTT JO BEWBODF XIJDI DIPJDF
PG UFNQFSBUVSF
 NBHOFUJD ੗FME BOE DPMMPJE EFOTJUZ HJWFT SJTF UP JOUFSFTUJOH CFIBWJPS� " NPSF TZT�
UFNBUJD BQQSPBDI NJHIU OPU GBSF NVDI CF॒FS
 TJODF FYQFSJNFOUT UFOE UP CF SBUIFS FYQFOTJWF BOE
UJNF�DPOTVNJOH ۗ BOE
 BT XF IBWF TFFO
 BMTP TPNFXIBU SFDBMDJUSBOU XIFO JU DPNFT UPNJDSPQIBTF
TFQBSBUJPO� *O WJFX PG UIFTF BOUJDJQBUFE FYQFSJNFOUBM DIBMMFOHFT
 QSJPS UIFPSFUJDBM BOBMZTJT XPVME
DFSUBJOMZ CF XFMDPNF BOE XJMM CF QSFTFOUFE JO UIF SFNBJOEFS PG UIJT UIFTJT
 XIJDI JT TUSVDUVSFE
BT GPMMPXT�

*O $IBQUFS �
 XF JOUSPEVDF UIF GVOEBNFOUBM DPODFQUT PG UIFSNPEZOBNJDT
 TUBUJTUJDBM NFDIBO�
JDT BOE EFOTJUZ GVODUJPOBM UIFPSZ UIBU GPSN UIF HSPVOEXPSL VQPO XIJDI PVS NFUIPEPMPHZ JT
HPJOH UP CF CVJMU� 8F BMTP HJWF BO PWFSWJFX PG DSJUJDBM QIFOPNFOB BOE IPX UIFTF MFBE UP UIF DSJU�
JDBM $BTJNJS F੖FDU� *O $IBQUFS �
 XF EFTDSJCF UIF TFUVQ PG PVS QSPQPTFE NPEFM TZTUFN BOE IPX
DPNQFUJOH JOUFSBDUJPOT BSF SFBMJ[FE UIFSFJO� *O $IBQUFS �
 XF EFUFSNJOF BOE EJTDVTT UIF QIBTF
CFIBWJPS PG UIJT TZTUFN JO HSFBU EFUBJM� 8JUI BO JOJUJBM GPDVT PO UIF JO੗OJUF CVML
 XF DBMDVMBUF
UIF CJOPEBM BOE TQJOPEBM UIBU QMBZ BO JNQPSUBOU SPMF GPS NBDSPTDPQJD HBTۗMJRVJE QIBTF TFQBSB�
UJPO
 BOE XF DPNQVUF UIF TP�DBMMFE ͪ�MJOF 	PS
 NPSF QSFDJTFMZ
 UIF ͪ�TVSGBDF
 UIBU TVSSPVOET UIF
SFHJPO JO UIF QIBTF EJBHSBN XIFSF QFSJPEJD NJDSPQIBTFT BSF UIFSNPEZOBNJDBMMZ TUBCMF� 5P BT�
DFSUBJO UIF TUSVDUVSF PG UIFTF NJDSPQIBTFT
 XF ੗STU EFWJTF BO BQQSPYJNBUF -BOEBV�UZQF UIFPSZ
BOE TVCTFRVFOUMZ BO BDDVSBUF GSFF NJOJNJ[BUJPO BMHPSJUIN UIBU XF JNQMFNFOUFE PO B XPSLTUB�
UJPO� "ॏFSXBSET
 XF VTF UIF MB॒FS UFDIOJRVF UP JOWFTUJHBUF XIBU IBQQFOT XIFO UIF TZTUFN JT
DPO੗OFE UP B ੗OJUF DFMM� य़FO
 JO $IBQUFS �
 XF TUVEZ UIF EZOBNJDT PG UIF TZTUFN CZ FNQMPZJOH
EZOBNJD EFOTJUZ GVODUJPOBM UIFPSZ UP ੗OE PVU IPX UIF EFOTJUZ QSP੗MF SFTQPOET UP B DIBOHF PG UIF
DPNQFUJOH JOUFSBDUJPO QPUFOUJBM 	BT B DPOTFRVFODF PG WBSZJOH UIF UFNQFSBUVSF BOE UIF NBHOFUJD
੗FME
 BOE IPX JU FWPMWFT PWFS UJNF� 'JOBMMZ
 JO $IBQUFS �
 XF ESBX PVS DPODMVTJPO�

य़JT UIFTJT SFQSFTFOUT BO FYQBOTJPO PO UIF GPMMPXJOH QVCMJDBUJPOT�

ۦ ,� .BSPMU
 .� ;JNNFSNBOO BOE 3� 3PUI
 ۠.JDSPQIBTF TFQBSBUJPO JO B UXP�EJNFOTJPOBM
DPMMPJEBM TZTUFN XJUI DPNQFUJOH B॒SBDUJWF DSJUJDBM $BTJNJS BOE SFQVMTJWF NBHOFUJD EJQPMF
JOUFSBDUJPOT
ۡ 1IZT� 3FW� & ���
 ������ 	����
�

ۦ ,� .BSPMU BOE 3� 3PUI
 ۠4UBUJDT BOE EZOBNJDT PG B ੗OJUF UXP�EJNFOTJPOBM DPMMPJEBM TZT�
UFNXJUI DPNQFUJOH B॒SBDUJWF DSJUJDBM $BTJNJS BOE SFQVMTJWF NBHOFUJD EJQPMF JOUFSBDUJPOT
ۡ
1IZT� 3FW� & ���
 ������ 	����
�
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'SPN DMBTTJDBM NFDIBOJDT XF LOPX UIBU B #�EJNFOTJPOBM TZTUFN PG $ QBSUJDMFT IBT 2#$ EFHSFFT
PG GSFFEPN BOE UIBU JUT TUBUF BU TPNF BSCJUSBSZ UJNF % DBO CF GVMMZ TQFDJ੗FE CZ #$ DPPSEJOBUFT
!(%) = (&1(%), . . . ,&!" (%)) BOE #$ NPNFOUB "(%) = ('1(%), . . . , '!" (%))� (JWFO UIF TZTUFN۝T
)BNJMUPOJBO H 
 XIJDI JT VTVBMMZ KVTU UIF TVN PG UIF QPUFOUJBM FOFSHZ V BOE UIF LJOFUJD FOFSHZ
T 
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JU JT QPTTJCMF UP VOJRVFMZ EFUFSNJOF UIF GVUVSF 	BOE FWFO UIF QBTU
 USBKFDUPSJFT PG UIF QBSUJDMFT
CZ TPMWJOH B TFU PG 2#$ DPVQMFE PSEJOBSZ EJ੖FSFOUJBM FRVBUJPOT DBMMFE )BNJMUPO۝T FRVBUJPOT PG
NPUJPO�
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GPS ) ∈ {1, . . . ,#$ }�
6OGPSUVOBUFMZ
 UIJT WFSZ RVJDLMZ CFDPNFT WFSZ EJਖ਼DVMU BT UIF OVNCFS PG QBSUJDMFT JODSFBTFT�

"MSFBEZ GPS UIF TFFNJOHMZ TJNQMF DBTF PG UISFF CPEJFT JOUFSBDUJOH WJB HSBWJUBUJPOBM GPSDFT UIFSF
FYJTUT OP HFOFSBM BOBMZUJDBM TPMVUJPO BOE POF IBT UP SFTPSU UP OVNFSJDBM BQQSPYJNBUJPOT� &WFO
UIPVHI DPNQVUFST IBWF HP॒FO JODSFEJCMZ QPXFSGVM BOE BSF OPXBEBZT DBQBCMF PG TJNVMBUJOH
UIPVTBOET PS NJMMJPOT PG JOEJWJEVBM BUPNT
 UIBU JT TUJMM B GBS DSZ GSPN UIF NBDSPTDPQJD TZTUFNT XF
FODPVOUFS PO B EBJMZ CBTJT� 'PS FYBNQMF
 DBMDVMBUJOH UIF USBKFDUPSJFT PG BMM 1025 H2O NPMFDVMFT JO
B HMBTT PG XBUFS JT FOUJSFMZ VOGFBTJCMF� .PSFPWFS
 TVDI MBSHF TZTUFNT UZQJDBMMZ EJTQMBZ B DIBPUJD
CFIBWJPS
 XIJDI NFBOT UIBU FWFO NJOVUF VODFSUBJOUJFT BCPVU UIF JOJUJBM TUBUF XJMM HSPX FYQP�
OFOUJBMMZ BT UJNF QSPHSFTTFT� य़VT
 QSFEJDUJOH UIF GVUVSF XPVME SFRVJSF UIF QSFDJTF TJNVMUBOFPVT
NFBTVSFNFOU PG BMM DPPSEJOBUFT BOE NPNFOUB� य़JT JT OPU POMZ FYDFQUJPOBMMZ DIBMMFOHJOH GSPN
BO FYQFSJNFOUBM QPJOU PG WJFX
 JU JT BDUVBMMZ GVOEBNFOUBMMZ JNQPTTJCMF BDDPSEJOH UP UIF MBXT PG
RVBOUVN NFDIBOJDT�

)PXFWFS
 JO NBOZ�QBSUJDMF TZTUFNT
 UIF DPNQMJDBUFE JOUFSQMBZ PO UIF NJDSPTDPQJD MFWFM HJWFT
SJTF UP VOJWFSTBM DPMMFDUJWF QSPQFSUJFT PO UIF NBDSPTDPQJD TDBMF UIBU BSF B MPU NPSF BDDFTTJCMF BOE
SFMFWBOU JO QSBDUJDF� य़JT PCTFSWBUJPO MFE UP UIF EFWFMPQNFOU PG UIFSNPEZOBNJDT
 B QIFOPNFOP�
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MPHJDBM UIFPSZ UIBU FTTFOUJBMMZ EFTDSJCFT TVDI TZTUFNT JO UFSNT PG UIFJS BCJMJUZ UP TUPSF WBSJPVT
GPSNT PG FOFSHZ BOE UP QFSGPSN VTFGVM XPSL� (BJOJOH BO VOEFSTUBOEJOH PG UIFTF DPODFQUT BOE
MFBSOJOH UP IBSOFTT UIFN IBE B USFNFOEPVT JNQBDU PO IVNBO IJTUPSZ GPS JU FOBCMFE UIF DPO�
TUSVDUJPO PG FWFS NPSF Fਖ਼DJFOU TUFBN FOHJOFT XIJDI QPXFSFE MPDPNPUJWFT
 QSPQFMMFE TIJQT BOE
IFSBMEFE UIF BEWFOU PG UIF *OEVTUSJBM 3FWPMVUJPO�

������ *OUFSOBM FOFSHZ

$POTJEFS B NBDSPTDPQJD TZTUFN ۗ TBZ
 B HBT ۗ PG $ QBSUJDMFT DPO੗OFE UP B WPMVNF ! � %VF UP
UIF JOUFSBDUJPO PG UIF QBSUJDMFT
 UIF TZTUFN XJMM IBWF B DFSUBJO JOUFSOBM FOFSHZ * UIBU XJMM EF�
QFOE
 BNPOHTU PUIFST
 PO ! BOE $ � *O PSEFS UP DPNQSFTT UIF HBT BOE SFEVDF JUT WPMVNF CZ BO
JO੗OJUFTJNBM BNPVOU d! 
 XF IBWF UP QFSGPSN TPNF NFDIBOJDBM XPSL +,NFDI PO UIF TZTUFN
 UIVT
JODSFBTJOH* � *U GPMMPXT GSPN UIF DPOTFSWBUJPO PG FOFSHZ UIBU

+,NFDI = * (! + d! ,$ , . . . ) −* (! ,$ , . . . ) = −- d! , 	���


XIFSF - = −(* (! ,$ , . . . )/(! JT UIF QSFTTVSF PG UIF TZTUFN� -JLFXJTF
 BEEJOH B TNBMM OVNCFS
d$ PG QBSUJDMFT JOUP UIF WPMVNF ! SFRVJSFT UIF DIFNJDBM XPSL

+,DIFN = * (! ,$ + d$ , . . . ) −* (! ,$ , . . . ) = . d$ 	���


XJUI UIF DIFNJDBM QPUFOUJBM . = (* (! ,$ , . . . )/($ � )PXFWFS
 XF LOPX GSPN FYQFSJFODF UIBU
UIFSF JT BOPUIFS JNQPSUBOU UZQF PG FOFSHZ XIJDI XF DBO USBOTGFS UP UIF TZTUFN� IFBU� 4JODF XF
DBO EP TP XJUIPVU DIBOHJOH ! PS $ 
 XF OFFE UP QPTUVMBUF B UIJSE RVBOUJUZ
 UIF FOUSPQZ / 
 PO
XIJDI * EFQFOET� य़F QPSUJPO PG IFBU OFDFTTBSZ UP F੖FDU B UJOZ JODSFBTF d/ JO FOUSPQZ JT UIFO
HJWFO CZ

+0 = * (! ,$ , / + d/) −* (! ,$ , /) = 1 d/, 	���


XIFSF1 = (* (! ,$ , /)/(/ EFOPUFT UIF UFNQFSBUVSF PG UIF TZTUFN�य़F UPUBM JO੗OJUFTJNBM DIBOHF
JO JOUFSOBM FOFSHZ DBO UIFSFGPSF CF XSJ॒FO BT

d* (! ,$ , /) = +,NFDI + +,DIFN + +0 = −- d! + . d$ +1 d/ . 	���


/PUF UIBU ! 
 $ 
 / BOE * BSF FYUFOTJWF RVBOUJUJFT� य़JT NFBOT UIBU JG UIF TZTUFN XFSF EJWJEFE
JOUP 2 TVCTZTUFNT
 UIFO ! =

∑%
#=1!# 
 $ =

∑%
#=1 $# 
 / =

∑%
#=1 /# BOE

*
(∑%

#=1!# ,
∑%

#=1 $# ,
∑%

#=1 /#
)
= * (! ,$ , /) =

%∑
#=1

*# =
%∑
#=1

* (!# ,$# , /#) . 	���


#Z FYUFOTJPO
 JG UIF TJ[F PG UIF TZTUFN XFSF TDBMFE CZ TPNF OVNCFS 3 TP UIBU !& = 3! 
 $& = 3$
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BOE /& = 3/ 
 UIFO * (3! , 3$ , 3/) = * (!&,$&, /&) = *& = 3* (! ,$ , /) BOE UIFSFGPSF

* (! ,$ , /) =
[
(

(3
{3* (! ,$ , /)}

]
&=1

=
[
(

(3
* (3! , 3$ , 3/)

]
&=1

=
(* (3! , 3$ , 3/)

((3! )

!!!!
&=1
! + (* (3! , 3$ , 3/)

((3$ )

!!!!
&=1
$ + (* (3! , 3$ , 3/)

((3/)

!!!!
&=1
/

= −-! + .$ +1/ .

	���


������ &OUSPQZ BOE UIFSNPEZOBNJD FRVJMJCSJVN

/PX
 JNBHJOF UXP TZTUFNT UIBU BSF CSPVHIU JOUP UIFSNBM DPOUBDU
 CVU BSF PUIFSXJTF JTPMBUFE
GSPN FBDI PUIFS BOE UIF FOWJSPONFOU� #FDBVTF UIF JOUFSOBM FOFSHZ PG UIF DPNCJOFE TZTUFN XJMM
SFNBJO DPOTUBOU
 BOZ IFBU +0 UIBU ੘PXT PVU PG UIF ੗STU TZTUFN NVTU CF DPNQMFUFMZ BCTPSCFE CZ
UIF TFDPOE� )FODF +02 = +0 = −+01� य़F DIBOHF JO UPUBM FOUSPQZ JT UIFO HJWFO CZ

d/ = d/1 + d/2 =
+01

11
− +02

12
= −

(
1
11
− 1
12

)
+0 . 	���


$POTJEFSJOH UIBU JU XBT OFWFS PCTFSWFE UIBU IFBU XPVME CF USBOTGFSSFE GSPN UIF DPMEFS UP UIF
IP॒FS TZTUFN
 XF NVTU DPODMVEF UIBU11 > 12 JG +0 > 0 BOE11 < 12 JG +0 < 0� य़VT
 XF ੗OE UIBU

d/ ≥ 0. 	����


*U JT UIF DFOUSBM JOTJHIU PG UIFSNPEZOBNJDT UIBU UIF FOUSPQZ PG BO JTPMBUFE TZTUFN EPFT OPU EF�
DSFBTF� &JUIFS UIF TZTUFN JT JO B TUBUJPOBSZ TUBUF PG NBYJNVN FOUSPQZ DBMMFE UIFSNPEZOBNJD
FRVJMJCSJVN XIFSF d/ = 0
 PS JSSFWFSTJCMF QSPDFTTFT UBLF QMBDF UIBU JODSFBTF UIF FOUSPQZ VOUJM
TBJE FRVJMJCSJVN JT SFBDIFE�

-FU VT TVQQPTF UIBU UIF XBMM JT BMTP NPWBCMF BOE QFSNFBCMF
 TP UIBU UIF UXP TZTUFNT BSF BCMF UP
FYDIBOHF NFDIBOJDBM BOE DIFNJDBM FOFSHZ� 4JODF UIF UPUBM JOUFSOBM FOFSHZ*UPU = *1+*2
 WPMVNF
!UPU = !1 +!2 BOE QBSUJDMF OVNCFS $UPU = $1 + $2 DBOOPU DIBOHF


0 = d*UPU = d*1 + d*2, 0 = d!UPU = d!1 + d!2, 0 = d$UPU = d$1 + d$2, 	����


XF IBWF GSPN &R� 	���
 UIBU JO UIFSNPEZOBNJD FRVJMJCSJVN


0 = d/ = d/1 + d/2 =
d*1 + -1d!1 − .1d$1

11
+ d*2 + -2d!2 − .2d$2

12

=
(
1
11
− 1
12

)
d*1 +

(
-1
11
− -2
12

)
d!1 −

(
.1
11
− .2
12

)
d$1.

	����


य़JT JT GVM੗MMFE FYBDUMZ XIFO 11 = 12
 -1 = -2 BOE .1 = .2
 J� F�
 XIFO CPUI TZTUFNT IBWF FRVBM
UFNQFSBUVSF
 QSFTTVSF BOE DIFNJDBM QPUFOUJBM� *U GPMMPXT UIBU JG XF XFSF UP EJWJEF BO FRVJMJCSBUFE
TZTUFN JOUP BSCJUSBSJMZ NBOZ TVCTZTUFNT
 FBDI TVCTZTUFNXPVME IBWF UIF TBNF1 
 - BOE .
 XIJDI
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NFBOT UIBU UIFTF RVBOUJUJFT EP OPU TDBMF XJUI UIF TJ[F PG UIF TZTUFN BOE BSF UIFSFGPSF JOUFOTJWF
QSPQFSUJFT�

������ 5IFSNPEZOBNJD QPUFOUJBMT

*G B TZTUFN JT LFQU JO UIFSNPEZOBNJD FRVJMJCSJVN XJUI B NVDI MBSHFS CBUI
 UIF MB॒FS XJMM CF
IBSEMZ JO੘VFODFE CZ DIBOHFT PG UIF TUBUF PG UIF GPSNFS� %FQFOEJOH PO UIF UZQF PG JOUFSGBDF
CFUXFFO UIFN BOE UIF JOUFSBDUJPOT JU BMMPXT
 UIF CBUI XJMM UIVT JNQPTF JUT DPOTUBOU QSFTTVSF

DIFNJDBM QPUFOUJBM BOE�PS UFNQFSBUVSF PO UIF TZTUFN� *O UIJT DBTF
 XF HJWF VQ HPWFSOBODF PWFS
TPNF PG UIF FYUFOTJWF WBSJBCMFT JO GBWPS PG UIF DPSSFTQPOEJOH JOUFOTJWF POFT
 BOE JU CFDPNFT
QSBDUJDBM UP SFQMBDF UIF JOUFSOBM FOFSHZ XJUI PUIFS UIFSNPEZOBNJD QPUFOUJBMT UIBU DPOUBJO UIF
TBNF JOGPSNBUJPO
 CVU BSF GVODUJPOT PG UIF RVBOUJUJFT JO PVS DPOUSPM�

)FMNIPMU[ GSFF FOFSHZ

*G UIF TZTUFN JT JO UIFSNBM DPOUBDU XJUI B CBUI CVU IBT B ੗YFE WPMVNF BOE QBSUJDMF OVNCFS

XF DBO VTF B -FHFOESF USBOTGPSNBUJPO PG UIF JOUFSOBM FOFSHZ UP FYDIBOHF UIF FOUSPQZ GPS UIF
UFNQFSBUVSF� य़JT SFTVMUT JO UIF )FMNIPMU[ GSFF FOFSHZ

4 (! ,$ ,1 ) = * − (*
(/
/ = * −1/ = −-! + .$ , 	����


XIJDI JOEFFE EFQFOET POMZ PO ! 
 $ BOE 1 TJODF

d4 (! ,$ ,1 ) = d* (! ,$ , /) − d(1/) = (−- d! + . d$ +1 d/) − (1 d/ + / d1 )
= −- d! + . d$ − / d1 .

	����


,OPXJOH 4 
 XF DBO FBTJMZ FYUSBDU UIF QSFTTVSF
 DIFNJDBM QPUFOUJBM BOE FOUSPQZ WJB

- = − (4 (! ,$ ,1 )
(!

, . =
(4 (! ,$ ,1 )

($
, / = − (4 (! ,$ ,1 )

(1
. 	����


*SSFWFSTJCMF QSPDFTTFT IBQQFOJOH BU DPOTUBOU UFNQFSBUVSF
 d1 = 0
 BMXBZT MPXFS UIF )FMNIPMU[
GSFF FOFSHZ PG B TZTUFN CFDBVTF

d4 = d* − d(1/) = −d*CBUI − (1 d/ + / d1 ) = −1 d/CBUI −1 d/ = −1 d/UPU ≤ 0. 	����


*O UIFSNPEZOBNJD FRVJMJCSJVN
 4 JT NJOJNBM�
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(SBOE QPUFOUJBM

8IFO CPUI IFBU BOE QBSUJDMFT DBO ੘PX GSPN UIF TZTUFN UP UIF CBUI BOE WJDF WFSTB
 UIF UIFSNP�
EZOBNJD QPUFOUJBM PG DIPJDF JT UIF HSBOE QPUFOUJBM

Ω(! , .,1 ) = * − (*
($

$ − (*
(/
/ = * − .$ −1/ = −-! , 	����


XIJDI JT UIF -FHFOESF USBOTGPSNBUJPO PG* XJUI SFTQFDU UP $ BOE / � 'SPN

dΩ(! , .,1 ) = d* (! ,$ , /) − d(.$ ) − d(1/)
= (−- d! + . d$ +1 d/) − (. d$ + $ d.) − (1 d/ + / d1 )
= −- d! − $ d. − / d1

	����


JU JT DMFBS UIBU Ω JT USVMZ B GVODUJPO PG ! 
 . BOE 1 
 BOE UIBU

- = − (Ω(! , .,1 )
(!

= −Ω(! , .,1 )
!

, $ = − (Ω(! , .,1 )
(.

, / = − (Ω(! , .,1 )
(1

. 	����


*O TZTUFNT XIFSF UIF DIFNJDBM QPUFOUJBM BOE UFNQFSBUVSF BSF IFME DPOTUBOU
 d. = 0 BOE d1 = 0

UIF HSBOE QPUFOUJBM JT NJOJNBM JO UIFSNPEZOBNJD FRVJMJCSJVN TJODF

dΩ = d* − d(.$ ) − d(1/) = −d*CBUI − (. d$ + $ d.) − (1 d/ + / d1 )
= −. d$CBUI −1 d/CBUI − . d$ −1 d/ = −. d$UPU −1 d/UPU = −1 d/UPU

≤ 0.

	����


���� 4UBUJTUJDBM NFDIBOJDT

8IJMF UIFSNPEZOBNJDT JT FYUSFNFMZ TVDDFTTGVM JO EFTDSJCJOH NBOZ�QBSUJDMF TZTUFNT
 JU EPFT OPU
FYQMBJO IPX UIF NJDSPTDPQJD CFIBWJPS EFUFSNJOFT NBDSPTDPQJD QSPQFSUJFT TVDI BT UIF QSFTTVSF

DIFNJDBM QPUFOUJBM PS UFNQFSBUVSF� #Z FNQMPZJOH QSPCBCJMJTUJD NFUIPET
 TUBUJTUJDBM NFDIBOJDT
BMMPXT VT UP FTUBCMJTI QSFDJTFMZ UIJT DPOOFDUJPO CFUXFFO UIF TNBMM BOE UIF MBSHF TDBMF� य़F JEFB JT
UIBU UIF NBDSPTUBUF FNFSHFT UISPVHI BO BWFSBHJOH PG DFSUBJO PCTFSWBCMFT PG UIF NJDSPTUBUF� "T
UIF NJDSPTDPQJD TUBUF (!(%),"(%)) FWPMWFT JO UJNF BDDPSEJOH UP )BNJMUPO۝T FRVBUJPO PG NPUJPO
	���

 BO PCTFSWBCMF 5 XJMM ੘VDUVBUF BCPVU JUT UJNF�BWFSBHFE WBMVF

〈5〉[$0, $1 ] ≡
1

%1 − %0

∫ $1

$0

d% 5 (!(%),"(%)) 	����


JO UIF JOUFSWBM [%0, %1]� 'PS FYBNQMF
 UIF UPUBM FOFSHZH PG B NBOZ�QBSUJDMF TZTUFN JO UIFSNBM DPO�
UBDU XJUI JUT FOWJSPONFOU JT OPU ੗YFE CFDBVTF IFBU HFUT DPOTUBOUMZ FYDIBOHFE� *O UIF TUBUJPOBSZ
TUBUF PG UIFSNPEZOBNJD FRVJMJCSJVN
 IPXFWFS
 XF DBO FYQFDU UIBU UIF WBSJBUJPOT BSF TP JNQFS�
DFQUJCMZ TNBMM UIBU UIF NFBO FOFSHZ 〈H 〉[$0, $1 ] JT FTTFOUJBMMZ JOEFQFOEFOU PG %0 BOE %1
 QSPWJEFE



�� �� 'VOEBNFOUBM $PODFQUT

UIBU UIF BWFSBHJOH JT QFSGPSNFE PWFS B QFSJPE %1 − %0 UIBU JT NVDI MPOHFS UIBO UIF DPSSFMBUJPO
UJNF PG UIF ੘VDUVBUJPOT� 'PS UIJT LJOE PG PCTFSWBCMF
 JUT BWFSBHF WBMVF JT UIF SFMFWBOU NBDSPTDPQJD
RVBOUJUZ� 0G DPVSTF
 DBMDVMBUJOH UIF UJNF BWFSBHF BT QFS &R� 	����
 JT OPU SFBMMZ BO PQUJPO TJODF JU
XPVME BHBJO SFRVJSF VT UP TPMWF UIF NJDSPTDPQJD EZOBNJDT
 XIJDI JT XIBU XF XBOUFE UP BWPJE JO
UIF ੗STU QMBDF�

य़F BQQSPBDI PG TUBUJTUJDBM NFDIBOJDT JT UP FYQSFTT UIF IZQPUIFUJDBM BMM�UJNF BWFSBHF 〈5〉[−∞,∞]
BT BO BWFSBHF PWFS BMM QPTTJCMF NJDSPTUBUFT


〈5〉[−∞,∞]
!= 〈5〉' ≡

1
ℎ!"$ !

∫
d!" !

∫
d!"" 7 (!,")5 (!,"), 	����


XIFSF UIF QSPCBCJMJUZ EJTUSJCVUJPO PG TPNF NJDSPTUBUF (!,") JT GPSNBMMZ HJWFO CZ

7 (!,") = lim
(→∞

[
ℎ!"$ !
28

∫ (

−(
d% + (! − !(%)) + (" − "(%))

]
	����


XJUI UIF 1MBODL DPOTUBOU ℎ ≈ 6.63 × 10−34 Js� य़F GBDUPS ℎ!"$ ! BDDPVOUT GPS UIF RVBOUVN�
NFDIBOJDBM EFOTJUZ PG NJDSPTUBUFT JO DPPSEJOBUFۗNPNFOUVN TQBDF BOE UIF GBDU UIBU TXBQQJOH
UXP JEFOUJDBM QBSUJDMFT EPFT OPU QSPEVDF B EJ੖FSFOU TUBUF� 4JODF 7 JT TUJMM EF੗OFE JO UFSNT PG UIF
UJNF FWPMVUJPO PG UIF TZTUFN
 UIJT NBZ OPU BQQFBS UP HJWF VT BOZ BEWBOUBHF� )PXFWFS
 XF BSF
OPX BCMF UP SFBTPO BCPVU 7 GSPN B QVSFMZ JOGPSNBUJPO�UIFPSFUJDBM TUBOEQPJOU�

0VS NBDSPTDPQJD LOPXMFEHF PG B TZTUFN JO UIFSNPEZOBNJD FRVJMJCSJVN JT VTVBMMZ MJNJUFE UP
XIFUIFS FYUFOTJWF QSPQFSUJFT TVDI BT UIF JOUFSOBM FOFSHZ
 UIF WPMVNF PS UIF OVNCFS PG QBSUJDMFT
BSF DPOTUBOU
 PS XIFUIFS UIFZ ੘VDUVBUF BCPVU BO BWFSBHF WBMVF EVF UP JOUFSBDUJPOT XJUI JUT TVS�
SPVOEJOHT� *OGPSNBUJPO UIFPSZ OPX TUBUFT UIBU UIF NPTU BQQSPQSJBUF 7 JT UIF POF UIBU NBYJNJ[FT
UIF JOGPSNBUJPO FOUSPQZ

9 [7 ] ≡ − 〈ln 7 〉' = − 1
ℎ!"$ !

∫
d!""

∫
d!" ! 7 (", !) ln 7 (", !) 	����


VOEFS UIF DPOTUSBJOUT UIBU BSF LOPXO UP IPME <��
 ��>� 4JODF 9 [7 ] NFBTVSFT UIF EFHSFF PG JOEJG�
GFSFODF PG 7 XJUI SFHBSE UP UIF JOEJWJEVBM NJDSPTUBUFT
 BOZ PUIFS QSPCBCJMJUZ EJTUSJCVUJPO XPVME
TV੖FS GSPN BO VOXBSSBOUFE CJBT� *G UIF BWBJMBCMF JOGPSNBUJPO JT FYQSFTTFE JO UFSNT PG GVODUJPOBMT
C1, . . . , C% PG 7 UIBU PVHIU UP FWBMVBUF UP [FSP
 UIFO UIF FRVJMJCSJVN QSPCBCJMJUZ EJTUSJCVUJPO 7FR
DBO CF GPVOE XJUI UIF NFUIPE PG -BHSBOHF NVMUJQMJFST CZ TPMWJOH

0 =

[
+

+7 (!,")

(
9 [7 ] −

%∑
#=1

3#C# [7 ]
)]

'='FR

=
+9 [7 ]
+7 (!,")

!!!!
'='FR

−
%∑
#=1

3#
+C# [7 ]
+7 (!,")

!!!!
'='FR

	����


GPS 7FR TVDI UIBU C# [7FR] = 0 GPS ) ∈ {1, . . . ,2}� *U TIPVME DPNF BT OP TVSQSJTF UIBU UIF JOGPSNBUJPO
FOUSPQZ 9 BOE UIF UIFSNPEZOBNJD FOUSPQZ / 
 XIJDI BSF CPUI NBYJNJ[FE JO FRVJMJCSJVN
 BSF
BDUVBMMZ QSPQPSUJPOBM UP FBDI PUIFS� UIF #PMU[NBOO DPOTUBOU :B ≈ 1.38 × 10−23 JK−1 MJOLT TUBUJT�
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UJDBM NFDIBOJDT CBDL UP UIFSNPEZOBNJDT UISPVHI UIF JEFOUJUZ

/ = :B9 [7FR] . 	����


������ $BOPOJDBM FOTFNCMF

-FU VT BQQMZ UIJT QSJODJQMF PG NBYJNVN FOUSPQZ UP EFUFSNJOF UIF FRVJMJCSJVN QSPCBCJMJUZ EJT�
USJCVUJPO 7DBO PG UIF TP�DBMMFE DBOPOJDBM FOTFNCMF
 XIJDI SFQSFTFOUT B NBDSPTDPQJD TZTUFN XJUI
੗YFE WPMVNF ! BOE QBSUJDMF OVNCFS $ UIBU JT IFME BU B DPOTUBOU UFNQFSBUVSF 1 EVF UP UIFSNBM
FRVJMJCSJVN XJUI B CBUI� UIJT JT UIF TBNF TJUVBUJPO BT EVSJOH UIF EJTDVTTJPO PG UIF )FMNIPMU[ GSFF
FOFSHZ� "U ੗STU
 XF OFFE UP TQFDJGZ XIJDI DPOTUSBJOUT 7DBO IBT UP TBUJTGZ� 'PS POF
 BT BOZ QSPQFS
QSPCBCJMJUZ EJTUSJCVUJPO
 7DBO TIPVME CF OPSNBMJ[FE TP UIBU C1 [7DBO] = 0 GPS

C1 [7 ] ≡ 〈1〉' − 1 =
1

ℎ!"$ !

∫
d!" !

∫
d!"" 7 (!,") − 1. 	����


'PS BOPUIFS
 BMUIPVHI UIF UPUBM FOFSHZH PG UIF TZTUFN XJMM ੘VDUVBUF EVF UP UIF FYDIBOHF PG IFBU
XJUI UIF CBUI
 BU MFBTU JUT BWFSBHF WBMVF TIPVME CF FRVBM UP UIF JOUFSOBM FOFSHZ * � य़VT
 XF BMTP
IBWF UP EFNBOE UIBU C2 [7DBO] = 0 GPS

C2 [7 ] ≡ 〈H 〉' −* =
1

ℎ!"$ !

∫
)
d!" !

∫
d!"" 7 (!,") H (!,") −* . 	����


$BMDVMBUJOH UIF GVODUJPOBM EFSJWBUJWFT PG 9 
 C1 BOE C2
 XF ੗OE UIBU

+9 [7 ]
+7 (!,") = − ln 7 (!,") + 1

ℎ!"$ !
,

+C1 [7 ]
+7 (!,") =

1
ℎ!"$ !

,
+C2 [7 ]
+7 (!,") =

H(!,")
ℎ!"$ !

. 	����


य़VT
 NBYJNJ[JOH 9 VOEFS UIF DPOTUSBJOUT C1 BOE C2 BDDPSEJOH UP &R� 	����

 XF IBWF

0 =
+9 [7 ]
+7 (!,")

!!!!
'='DBO

− ; +C1 [7 ]
+7 (!,")

!!!!
'='DBO

− < +C2 [7 ]
+7 (!,")

!!!!
'='DBO

= − ln 7DBO(!,") + 1 + ; + <H(!,")
ℎ!"$ !

	����


XIJDI MFBET UP

7DBO(!,") = exp(−1 − ;) exp[−<H(!,")] . 	����


6TJOH UIF OPSNBMJ[BUJPO DPOTUSBJOU

0 = =1 [7DBO] =
exp(−1 − ;)
ℎ!"$ !

∫
)
d!" !

∫
d!"" exp[−<H(!,")] − 1, 	����


XF DBO FMJNJOBUF UIF -BHSBOHF NVMUJQMJFS ; BOE ੗OBMMZ BSSJWF BU

7DBO(!,") =
exp[−<H(!,")]

1
ℎ!"" !

∫
)
d!" !′

∫
d!"" ′ exp[−<H(!′," ′)]

=
exp[−<H(!,")]

ZDBO
	����




�� �� 'VOEBNFOUBM $PODFQUT

XJUI UIF DBOPOJDBM QBSUJUJPO TVN

ZDBO =
1

ℎ!"$ !

∫
)
d!" !

∫
d!"" exp[−<H(!,")] . 	����


&NQMPZJOH UIF FOFSHZ DPOTUSBJOU
 XF TFF UIBU UIF UIFSNPEZOBNJD FOUSPQZ JT

/ = :B9 [7DBO] = −:B〈ln 7DBO〉'DBO = −:B〈−<H − lnZDBO〉'DBO

= :B(< 〈H 〉'DBO + lnZDBO) = :B(<* + lnZDBO),
	����


BOE UIBU UIF -BHSBOHF NVMUJQMJFS < JT EJSFDUMZ SFMBUFE UP UIF UFNQFSBUVSF 1 UISPVHI

1 ≡ (*
(/

=
(
(/

(*

)−1
=

1
:B<

. 	����


य़F )FMNIPMU[ GSFF FOFSHZ JT UIFSFGPSF HJWFO CZ

4 = * −1/ = * − :B1 (<* + lnZDBO) = −:B1 lnZDBO

= −:B1 ln
[

1
ℎ!"$ !

∫
)
d!" !

∫
d!"" exp{−<H(!,")}

] 	����


������ (SBOE DBOPOJDBM FOTFNCMF

य़F HSBOE DBOPOJDBM FOTFNCMF EFTDSJCFT B TZTUFN XJUI ੗YFE WPMVNF! UIBU JT OPU POMZ JO UIFSNBM
CVU BMTP JO DIFNJDBM FRVJMJCSJVN XJUI JUT TVSSPVOEJOHT� य़VT
 UIF UPUBM FOFSHZ BT XFMM BT UIF
OVNCFS PG QBSUJDMFT BSF TVCKFDU UP ੘VDUVBUJPOT� 4JODF FBDI NJDSPTUBUF JT OPX DIBSBDUFSJ[FE CZ
B QBSUJDVMBS QBSUJDMF OVNCFS 2 JO BEEJUJPO UP #2 DPPSEJOBUFT ! = (&1, . . . ,&!%) BOE #2 NPNFOUB
" = ('1, . . . , '!%)
 UIF BWFSBHJOH PG BO PCTFSWBCMF 5 NVTU BMTP PDDVS PWFS BMM 2 ∈ N0
 TP UIBU

〈5〉' =
∞∑
%=0

1
ℎ!%2!

∫
)
d!%!

∫
d!%" 7 (2, !,")5 (2, !,") . 	����


$POTFRVFOUMZ
 UIF JOGPSNBUJPO FOUSPQZ PG TPNF HSBOE DBOPOJDBM QSPCBCJMJUZ EJTUSJCVUJPO 7 JT
BDUVBMMZ

9 [7 ] ≡ −〈ln 7 〉' =
∞∑
%=0

1
ℎ!%2!

∫
)
d!%!

∫
d!%" 7 (2, !,") ln 7 (2, !,") . 	����


"T JO UIF DBOPOJDBM FOTFNCMF
 XF SFRVJSF UIBU UIF FRVJMJCSJVN QSPCBCJMJUZ EJTUSJCVUJPO 7HD JT
OPSNBMJ[FE BOE UIBU 〈9 〉'HD = * � 'VSUIFSNPSF
 XF EFNBOE UIBU UIF NBDSPTDPQJD QBSUJDMF OVN�
CFS $ DBO CF JEFOUJ੗FE XJUI UIF BWFSBHF QBSUJDMF OVNCFS 〈N〉'HD 
 XIFSF N(2, !,") ≡ 2� य़VT




���� 4UBUJTUJDBM NFDIBOJDT ��

C1 [7HD] = C2 [7HD] = C3 [7HD] = 0 GPS

C1 [7 ] ≡ 〈1〉' − 1 =
∞∑
%=0

1
ℎ!%2!

∫
)
d!%!

∫
d!%" 7 (2, !,") − 1,

C2 [7 ] ≡ 〈H 〉' −* =
∞∑
%=0

1
ℎ!%2!

∫
)
d!%!

∫
d!%" 7 (2, !,") H (2, !,") −* ,

C3 [7 ] ≡ 〈N〉' − $ =
∞∑
%=0

1
ℎ!%2!

∫
)
d!%!

∫
d!%" 7 (2, !,") N (2, !,") − $ .

	����


.BYJNJ[JOH 9 TVCKFDU UP UIFTF DPOTUSBJOUT
 POF ੗OET UIBU

7HD(2, !,") =
exp[−<{H (2, !,") − .N(2, !,")}]

ZHD
=
exp[−<{H (2, !,") − .2}]

ZHD
, 	����


XIFSF

ZHD =
∞∑
%=0

1
ℎ!%2!

∫
)
d!%!

∫
d!%" exp[−<{H (2, !,") − .2}] . 	����


JT UIF HSBOE DBOPOJDBM QBSUJUJPO TVN� 8JUI UIF UIFSNPEZOBNJD FOUSPQZ HJWFO CZ

/ = :B9 [7HD] = −:B〈−< (H − .N) − lnZHD〉'HD = :B [< (* − .$ ) + lnZHD], 	����


XF ੗OE UIBU < = (:B1 )−1 BMTP JO UIF HSBOE DBOPOJDBM DBTF BOE UIBU CFDBVTF PG

(/

($
= −:B<. = −

.

1
, 	����


UIF -BHSBOHF NVMUJQMJFS . JT JOEFFE UIF DIFNJDBM QPUFOUJBM� 4JODF ! 
 . BOE 1 BSF UIFSFGPSF UIF
OBUVSBM WBSJBCMFT PG UIF HSBOE DBOPOJDBM FOTFNCMF
 UIF SFMFWBOU UIFSNPEZOBNJD QPUFOUJBM JT UIF
HSBOE QPUFOUJBM

Ω = * − .$ −1/ = * − .$ − :B1 [< (* − .$ ) + lnZHD] = −:B1 lnZHD.

= −:B1 ln
∞∑
%=0

1
ℎ!%2!

∫
)
d!%!

∫
d!%" exp[−<{H (2, !,") − .2}]

	����


������ *EFBM HBT

5P EFNPOTUSBUF UIF QPXFS PG UIF GPSNBMJTN PG TUBUJTUJDBM NFDIBOJDT
 XF TIBMM EFSJWF UIF NBDSP�
TDPQJD QSPQFSUJFT PG UIF JEFBM HBT
 XIJDI JT B UIFPSFUJDBM TZTUFN PG JEFOUJDBM QPJOU QBSUJDMFT XJUI
NBTT> UIBU EP OPU JOUFSBDU XJUI FBDI PUIFS BOE BSF DPO੗OFE UP B DFSUBJO WPMVNF! � *U SFQSFTFOUT
BO JNQPSUBOU SFGFSFODF NPEFM CFDBVTF JU JT CPUI RVJUF TJNQMF BOE EFTDSJCFT UIF CFIBWJPS PG SFBM



�� �� 'VOEBNFOUBM $PODFQUT

NPOBUPNJD HBTFT BU IJHI EJMVUJPOT SFBTPOBCMZ XFMM� य़F )BNJMUPOJBO PG UIF JEFBM HBT JT

H(2, !,") =
%∑
+=1

VFYU(-& + ) +
%∑
#=1

-' 2
#

2>
=

%∑
+=1

VFYU(-& + ) +
!%∑
#=1

'2#
2>

, 	����


XIFSF UIF TVN PWFS UIF QBSUJDMF DPPSEJOBUFT JT UIF QPUFOUJBM FOFSHZ EVF UP BO FYUFSOBM QPUFOUJBM
VFYU
 BOE UIF TVN PWFS UIF QBSUJDMF NPNFOUB JT UIF LJOFUJD FOFSHZ� 'PS UIF HSBOE DBOPOJDBM
QBSUJUJPO TVN
 XF ੗OE UIBU

ZHD =
∞∑
%=0

1
ℎ!%2!

∫
)
d!%!

∫
d!%" exp[−<{H (2, !,") − .2}]

=
∞∑
%=0

1
ℎ!%2!

∫
)
d!%!

∫
d!%" exp

[
−<

{
!%∑
#=1

'2#
2>

+
%∑
+=1

VFYU(-& + ) − .2
}]

=
∞∑
%=0

exp(<.2)
ℎ!%2!

!%∏
#=1

[∫ ∞

−∞
d'# exp

(
−
<'2#
2>

)] %∏
+=1

[∫
)
d! -& + exp{−<VFYU(-& + )}

]

=
∞∑
%=0

exp(<.2)
2!

[
1
ℎ

∫ ∞

−∞
d' exp

(
−<'

2

2>

)]!% [∫
)
d! -& exp{−<VFYU(-&)}

]%
.

	����


XIFSF XF VTFE UIBU UIF JOUFHSBMT BSF JOEFQFOEFOU PG UIF JOEJDFT ) BOE ? � *G XF EF੗OF UIF UIFSNBM
XBWFMFOHUI BT

Λ ≡
[
1
ℎ

∫ ∞

−∞
d' exp

(
−<'

2

2>

)]−1
=

(
1
ℎ

√
2@>
<

)−1
=

ℎ√
2@>:B1

	����


BOE UIF TJOHMF�QBSUJDMF DPO੗HVSBUJPO JOUFHSBM BT

Q1(! ) ≡
∫
)
d!-" exp[−<VFYU(-" )], 	����


XF BSSJWF BU

ZHD =
∞∑
%=0

1
2!

exp(<.2)
Λ!%

Q1(! )% =
∞∑
%=0

1
2!

[
exp(<.)

Λ!
Q1(! )

]%
= exp

[
exp(<.)

Λ!
Q1(! )

]
. 	����


य़F HSBOE QPUFOUJBM JT UIFSFGPSF HJWFO CZ

Ω = −:B1 lnZHD = −:B1
exp(<.)

Λ!
Q1(! ) = −:B1

exp(<.)
Λ!

∫
)
d! # exp[−<VFYU(-" )] 	����




���� 4UBUJTUJDBM NFDIBOJDT ��

BT B GVODUJPO PG UIF OBUVSBM WBSJBCMFT! 
 . BOE1 
 GSPN XIJDI UIF DPSSFTQPOEJOH DPOKVHBUF RVBO�
UJUJFT BSF DBMDVMBUFE UP CF

- = − (Ω
(!

= :B1
exp(<.)

Λ!
Q ′1(! ), 	����


$ = − (Ω
(.

=
exp(<.)

Λ!
Q1(! ) = −

Ω

:B1
, 	����


/ = − (Ω
(1

= :B

(
1 + #

2
− <.

)
exp(<.)

Λ!
Q1(! ) = −

(
1 + #

2
− <.

)
Ω

1
, 	����


XIFSF

Q ′1(! ) ≡
dQ1(! )
d!

=
1

A(! )

∫
,() )

d!-" exp[−<VFYU(-" )] 	����


XJUI A(! ) EFOPUJOH UIF TVSGBDF PG UIF WPMVNF 7�
#FDBVTF TUBUJTUJDBM NFDIBOJDT BMMPXT VT UP DPNQVUF UIF BWFSBHF PG BOZ BSCJUSBSZ GVODUJPO PG

UIF NJDSPTDPQJD TUBUF
 XF DBO BMTP NBLF QSFEJDUJPOT BCPVU PUIFS RVBOUJUJFT UIBO UIF UZQJDBM UIFS�
NPEZOBNJD POFT� 4JODF XF OFFE UP CF BCMF UP EFUFSNJOF UIF TQBUJBM TUSVDUVSF PG B TZTUFN JO PSEFS
UP TUVEZ NJDSPQIBTF TFQBSBUJPO
 BO JNQPSUBOU NFBTVSF XJMM CF UIF MPDBM 	TJOHMF�QBSUJDMF
 EFOTJUZ
EJTUSJCVUJPO

B (-" ) ≡ 〈B̂-- 〉, 	����


XIJDI JT EF੗OFE BT UIF BWFSBHF PG UIF EFOTJUZ PQFSBUPS

B̂-- (2, !,") ≡
%∑
#=1

+ (-" − -&#) . 	����


'PS UIF JEFBM HBT JO UIF HSBOE DBOPOJDBM FOTFNCMF
 XF IBWF

B (-" ) ≡ 〈B̂-- 〉'HD =
1

ZHD

∞∑
%=0

1
ℎ!%2!

∫
)
d!%!

∫
d!%" B̂-- (2, !,") exp[−<{H (2, !,") − .2}]

=
1

ZHD

∞∑
%=1

1
Λ!%2!

∫
)
d!%!

%∑
#=1

+ (-" − -&#) exp
[
−<

{
%∑
+=1

VFYU( -& + ) − .2
}]

=
1

ZHD

∞∑
%=1

1
Λ!%2!

%∑
#=1

∫
)
d!%! + (-" − -&%) exp

[
−<

{
%∑
+=1

VFYU( -& + ) − .2
}]

=
1

ZHD

∞∑
%=1

1
Λ!% (2 − 1)!

∫
)
d! (%−1)! exp

[
−<

{
%−1∑
+=1

VFYU( -& + ) + VFYU(-" ) − .2
}]

=
exp[−<{VFYU(-" ) − .}]

Λ!

1
ZHD

∞∑
%=0

1
Λ!%2!

∫
)
d!%! exp

[
−<

{
%∑
+=1

VFYU( -& + ) − .2
}]

︸!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!︸
=ZHD

.

	����
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0O UIF MBTU MJOF
 XF DBO JEFOUJGZ UIF TVN PWFS 2 BT UIF HSBOE DBOPOJDBM QBSUJBM TVN ZHD PG UIF
JEFBM HBT BOE UIFSFGPSF ੗OE UIBU

B (-" ) = exp(<.)
Λ!

exp[−<VFYU(-" )] . 	����


*O UIF TQFDJBM DBTF PG B WBOJTIJOH FYUFSOBM QPUFOUJBM
 VFYU = 0
 XF IBWF UIBU Q1(! ) = ! BOE
Q ′1(! ) = 1� $POTFRVFOUMZ


Ω = −:B1
exp(<.)

Λ!
! 	����


- = :B1
exp(<.)

Λ!
= −Ω

!
, 	����


$ =
exp(<.)

Λ!
! = − Ω

:B1
, 	����


/ = :B

(
1 + #

2
− <.

)
exp(<.)

Λ!
! = −

(
1 + #

2
− <.

)
Ω

1
, 	����


HJWJOH SJTF UP UIF FYQFSJNFOUBMMZ XFMM�LOPXO SFMBUJPOT

-! = $:B1 , * = Ω + .$ +1/ =
#

2
$:B1 . 	����


य़F EFOTJUZ EJTUSJCVUJPO CFDPNFT VOJGPSN


B (-" ) = exp(<.)
Λ!

=
$

!
≡ BC, 	����


XIFSF BC JT UIF CVML EFOTJUZ
 BOE TPMWJOH &R� 	����
 GPS UIF DIFNJDBM QPUFOUJBM ZJFMET

. = :B1 ln
(
Λ! $

!

)
= :B1 ln

(
Λ!BC

)
. 	����


���� %FOTJUZ GVODUJPOBM UIFPSZ

"MUIPVHI TUBUJTUJDBM NFDIBOJDT JO QSJODJQMF MFUT VT DBMDVMBUF UIF HSBOE QPUFOUJBM PG B TZTUFN CBTFE
PO JUT NJDSPTDPQJD EFTDSJQUJPO WJB &R� 	����

 UIF JO੗OJUF TVN BOE IJHI�EJNFOTJPOBM JOUFHSBMT
NBLF JU QSBDUJDBMMZ JNQPTTJCMF UP ੗OE BO BOBMZUJDBM FYQSFTTJPO GPS Ω JO BMM CVU UIF TJNQMFTU PG
DBTFT
 TVDI BT UIF JEFBM HBT� 'PS UIF TBNF SFBTPOT
 BOE BMTP EVF UP UIF VTVBMMZ FSSBUJD CFIBWJPS
PG UIF FYQPOFOUJBM JOUFHSBOE
 OVNFSJDBMMZ DPNQVUJOH BO BDDVSBUF SFTVMU JT KVTU BT VOGFBTJCMF�
'PSUVOBUFMZ
 UIF DPNQVUBUJPOBM DPNQMFYJUZ DBO CF WBTUMZ SFEVDFE CZ NFBOT PG EFOTJUZ GVODUJPOBM
UIFPSZ 	%'5
 <��>�

-FU VT EF੗OF UIF HSBOE QPUFOUJBM GVODUJPOBM GPS TPNF OPSNBMJ[FE CVU PUIFSXJTF BSCJUSBSZ QSPC�



���� %FOTJUZ GVODUJPOBM UIFPSZ ��

BCJMJUZ EJTUSJCVUJPO 7 BT

Ω[7 ] ≡ 〈H − .N −1S' 〉'

=
∞∑
%=0

1
ℎ!%2!

∫
d!%!

∫
d!%" 7 (2, !,") [H (2, !,") − .2 −1S' (2, !,")]

	����


XJUI S' (2, !,") ≡ −:B ln 7 (2, !,")� 3BUIFS UIFO FYQMJDJUMZ SFTUSJDUJOH UIF JOUFHSBM PWFS UIF DPPS�
EJOBUFT UP UIF WPMVNF ! 
 XF EFNBOE UIBU H(2, !,") = ∞ JG -& ∉ ! GPS BOZ -& ∈ !� 6TJOH UIBU UIF
HSBOE DBOPOJDBM FRVJMJCSJVN QSPCBCJMJUZ EJTUSJCVUJPO 7HD TBUJT੗FT

:B1 ln 7HD(2, !,") = −:B1 lnZHD − [H (2, !,") − .2] = Ω − [H (2, !,") − .2], 	����


XF TFF UIBU

Ω[7 ] =
∞∑
%=0

1
ℎ!%2!

∫
d!%!

∫
d!%" 7 (2, !,") [H (2, !,") − .2 + :B1 ln 7 (2, !,")]

=
∞∑
%=0

1
ℎ!%2!

∫
d!%!

∫
d!%" 7 (2, !,") [Ω − :B1 ln 7HD(2, !,") + :B1 ln 7 (2, !,")]

= Ω + :B1
∞∑
%=0

1
ℎ!%2!

∫
d!%!

∫
d!%" 7 (2, !,") ln 7 (2, !,")

7HD(2, !,")

= Ω + :B1
∞∑
%=0

1
ℎ!%2!

∫
d!%!

∫
d!%" 7HD(2, !,") ℎ

(
7 (2, !,")
7HD(2, !,")

)
,

	����


XIFSF ℎ(C) ≡ C lnC − (C − 1)� 4JODF ℎ′(C) ≡ dℎ(C)/dC = lnC 
 JU GPMMPXT UIBU ℎ′(C) < 0 GPS
0 ≤ C < 1 BOE ℎ′(C) > 0 GPS C > 1
 XIJDI JNQMJFT UIBU ℎ IBT B HMPCBM NJOJNVN BU C = 1�
य़FSFGPSF
 ℎ(C) > ℎ(1) = 0 GPS C ≠ 1 BOE DPOTFRVFOUMZ

Ω = Ω[7HD] < Ω[7 ] 	����


GPS 7 ≠ 7HD� *O PUIFS XPSET
 UIF HSBOE QPUFOUJBM GVODUJPOBM 	����
 JT NJOJNJ[FE FYDMVTJWFMZ CZ UIF
FRVJMJCSJVNQSPCBCJMJUZ EJTUSJCVUJPO 7HD
 XIFSF JU FWBMVBUFT UP UIF UIFSNPEZOBNJD HSBOE QPUFOUJBM
Ω PG UIF TZTUFN�

-FU VT OPX DPOTJEFS B )BNJMUPOJBO PG UIF GPSN H = HJOU + HFYU XJUI

HFYU(2, !,") ≡
%∑
#=1

VFYU(-&#) =
∫

d!-" B̂-- (2, !,") VFYU(-" ), 	����


XIFSF VFYU(-" ) = ∞ JG -" ∉ ! BOE HJOU JT WPMVNF�JOEFQFOEFOU� य़F HSBOE QPUFOUJBM GVODUJPO DBO
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UIFO CF XSJ॒FO BT

Ω[7 ] = 〈H − .N −1S' 〉' = 〈HJOU −1S' 〉' + 〈HFYU − .N〉'

= F [7 ] +
∫

d!-" 〈B̂-- 〉' [VFYU(-" ) − .] = F [7 ] −
∫

d!-" 〈B̂-- 〉' .JOU(-" ),
	����


XIFSF F [7 ] ≡ 〈HJOU −1S' 〉' JT UIF JOUSJOTJD GSFF FOFSHZ GVODUJPOBM BOE .JOU(-" ) ≡ . −VFYU(-" ) UIF
JOUSJOTJD DIFNJDBM QPUFOUJBM� /PUF UIBU B EJ੖FSFOU JOUSJOTJD DIFNJDBM QPUFOUJBM . ′JOU ≡ .JOU + Δ.JOU
XJUI Δ.JOU ≠ 0 XPVME HJWF SJTF UP B EJ੖FSFOU FRVJMJCSJVN QSPCBCJMJUZ EJTUSJCVUJPO 7 ′HD ≠ 7HD TJODF

7 ′HD(2, !,") =
exp

[
−<

{
HJOU(2, !,") −

∑%
#=1 .

′
JOU(-&#)

}]
Z′HD

= 7HD(2, !,")
ZHD
Z′HD

exp

[
<

%∑
#=1

Δ.JOU(-&#)
] 	����


BOE UIF UFSN (ZHD/Z′HD) exp[<
∑%

#=1 Δ.JOU(-&#)] DBOOPU CF JEFOUJDBM UP VOJUZ GPS BMM NJDSPTUBUFT
(2, !,")� 8F DBO VTF UIJT UP TIPX UIBU B EJ੖FSFOU JOUSJOTJD DIFNJDBM QPUFOUJBM BMTP SFTVMUT JO
B EJ੖FSFOU FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPO B ′FR(-" ) ≡ 〈B̂-- 〉' ′HD ≠ 〈B̂-- 〉'HD ≡ BFR(-" )� #FDBVTF 7HD
NJOJNJ[FT UIF HSBOE QPUFOUJBM GVODUJPOBM JO &R� 	����
 BDDPSEJOH UP &R� 	����

 XF IBWF UIBU

Ω[7HD] < Ω[7 ′HD] = F [7 ′HD] −
∫

d!-" 〈B̂-- 〉' ′HD .JOU(-" ) = Ω′[7 ′HD] +
∫

d!-" B ′FR(-" ) Δ.JOU(-" ) 	����


XJUI Ω′[7 ′] ≡ F [7 ′] −
∫
d!-" 〈B̂-- 〉' ′ . ′JOU(-" )� -JLFXJTF
 XF ੗OE UIBU

Ω′[7 ′HD] < Ω′[7HD] = F [7HD] −
∫

d!-" 〈B̂-- 〉'HD .
′
JOU(-" ) = Ω[7HD] −

∫
d!-" BFR(-" ) Δ.JOU(-" ) . 	����


#Z BEEJOH &RT� 	����
 BOE 	����

 JU GPMMPXT UIBU
∫

d!-" [B ′FR(-" ) − BFR(-" )] Δ.JOU(-" ) > 0, 	����


XIJDI JNQMJFT UIBU B ′FR ≠ BFR� 4JODF FWFSZ .JOU MFBET UP B VOJRVF 7HD BOE BFR
 XF DBO JO QSJODJ�
QMF DPOTUSVDU B NBQQJOH B ↦→ 7̂ [B] UIBU UBLFT BO FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPO BOE SFUVSOT
UIF BTTPDJBUFE FRVJMJCSJVN QSPCBCJMJUZ EJTUSJCVUJPO� य़JT BMMPXT VT UP EF੗OF B EFOTJUZ GVODUJPOBM
F [B] ≡ F [7̂ [B]] PG UIF JOUSJOTJD GSFF FOFSHZ PG B TZTUFN XJUI B HJWFO HJOU TVDI UIBU GPS BOZ
.JOU(-" ) = . −VFYU(-" )
 BOE CZ FYUFOTJPO BMTP GPS BOZ WPMVNF! JNQMJDJUMZ JODPSQPSBUFE JOUP VFYU

UIF DPSSFTQPOEJOH EFOTJUZ GVODUJPOBM

Ω[B] ≡ Ω[7̂ [B]] = F [B] +
∫

d!-" B (-" ) [VFYU(-" ) − .] 	����


PG UIF HSBOE QPUFOUJBM JT NJOJNJ[FE TPMFMZ CZ UIF FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPO BFR
 XIFSF JU



���� %FOTJUZ GVODUJPOBM UIFPSZ ��

FWBMVBUFT UP UIF UIFSNPEZOBNJD HSBOE QPUFOUJBM Ω� य़VT


Ω = Ω[BFR] < Ω[B] 	����


GPS B ≠ BFR� 4JODF UIF NJOJNJ[BUJPO PG UIF EFOTJUZ GVODUJPOBM 	����
 JT TJHOJ੗DBOUMZ TJNQMFS UIBO
UIF EJSFDU DPNQVUBUJPO PG 	����

 %'5 HJWFT VT B DPOTJEFSBCMF BEWBOUBHF� 'VSUIFSNPSF
 CFDBVTF
XF PCUBJO UIF HSBOE QPUFOUJBM BOE UIF FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPO JO UIF TBNF TUFQ
 %'5 JT
BO JNNFOTFMZ QSBDUJDBM UPPM GPS TUVEZJOH UIF QIBTF CFIBWJPS BOE UIF TUSVDUVSF PG B TZTUFN�

य़F%'5 GPSNBMJTN JT FBTJMZ FYUFOEFE UPNJYUVSFT PG EJ੖FSFOU QBSUJDMF TQFDJFT� 'PS BD�DPNQPOFOU
TZTUFN XJUI EFOTJUZ EJTUSJCVUJPO $ = (B1, . . . , B. )
 UIF HSBOE QPUFOUJBM GVODUJPOBM DBO CF XSJ॒FO
BT

Ω[$] = F [$] +
.∑

/=1

∫
d!-" B/ (-" ) [VFYU

/ (-" ) − ./], 	����


XIFSF VFYU
/ EFOPUFT UIF FYUFSOBM BOE ./ UIF DIFNJDBM QPUFOUJBM PG TQFDJFT E� य़JT GVODUJPOBM JT

BHBJO NJOJNJ[FE CZ UIF FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPO $FR TP UIBU Ω = Ω[$FR] < Ω[$] GPS
$ ≠ $FR�

य़F BDUVBM DIBMMFOHF PG %'5 MJFT JO EFUFSNJOJOH UIF EFOTJUZ GVODUJPOBM F PG UIF JOUSJOTJD GSFF
FOFSHZ GPS B DPODSFUFHJOU� "O FYBDU FYQSFTTJPO IBT POMZ CFFO GPVOE JO B WFSZ GFX DBTFT� IPXFWFS

JU JT PॏFO QPTTJCMF UP EFWJTF RVJUF BDDVSBUF BQQSPYJNBUJPOT GPS F �

������ *EFBM HBT

'PS UIF JEFBM HBT XJUI HJOU(2, !,") = T (2,") ≡ ∑!%
#=1 '

2
# /(2>)
 JU JT USJWJBM UP EFSJWF UIF FYBDU UIF

JOUSJOTJD GSFF FOFSHZ GVODUJPOBM� #Z DPNQBSJOH &RT� 	����
 BOE 	����

 XF JNNFEJBUFMZ TFF UIBU

ΩJE [B] = −:B1
∫

d!-" B (-" ) . 	����


6TJOH UIBU VFYU(-" ) − . = −:B1 ln[Λ!B (-" )] BDDPSEJOH UP 	����

 XF UIFO ੗OE UIBU

FJE [B] = ΩJE [B] −
∫

d!-" B (-" ) [VFYU(-" ) − .] = :B1
∫

d!-" B (-" ) [ln{Λ!B (-" )} − 1] . 	����


*O UIF DBTF PG B D�DPNQPOFOU NJYUVSF XJUI NBTTFT>1, . . . ,>. 
 XF DPOTFRVFOUMZ IBWF

FJE [$] =
.∑

/=1

F JE
/ [B/] = :B1

.∑
/=1

∫
d!-" B/ (-" ) [ln{Λ!

/B/ (-" )} − 1] 	����




�� �� 'VOEBNFOUBM $PODFQUT

XJUI Λ/ ≡ ℎ/
√
2@>/:B1 � 'PS PUIFS TZTUFNT XJUI

HJOU(%, !,") = T (%,") + U(%, !) =
.∑

/=1

!%#∑
#=1

'2/#
2>/

+ U(%, !), 	����


UIF JOUSJOTJD GSFF FOFSHZ GVODUJPOBM JT VTVBMMZ XSJ॒FO BT F = FJE + FFY
 XIFSF FJE DPOUBJOT UIF
DPOUSJCVUJPO PG UIF LJOFUJD UFSN T BOE UIF FYDFTT GSFF FOFSHZ GVODUJPOBM FFY BDDPVOUT GPS UIF
JOUFSBDUJPO UFSN U�

������ )BSE EJTLT

.JYUVSFT PG IBSE QBSUJDMFT BSF BO JNQPSUBOU SFGFSFODF TZTUFN EVF UP UIF TJNQMJDJUZ PG UIFJS JO�
UFSBDUJPO BOE UIF BCJMJUZ UP NPEFM UIFN FYQFSJNFOUBMMZ XJUI DPMMPJET� &WFSZ TQFDJFT E IBT BO
BTTPDJBUFE SBEJVT F/ > 0
 BOE UXP IBSE QBSUJDMFT DBOOPU JOUFSQFOFUSBUF FBDI PUIFS TP UIBU UIFJS
TFQBSBUJPO DBO OFWFS CF TNBMMFS UIBO UIF TVN PG UIFJS SBEJJ� य़F JOUFSBDUJPO QPUFOUJBM JT UIFSFGPSF
HJWFO CZ

U(%, !) = 1
2

.∑
/=1

.∑
0=1

%#∑
#=1

%$∑
+=1

/≠0 PS #≠+

G/0 (-&/# − -&0 + ) 	����


XJUI UIF QBJS QPUFOUJBM

G/0 (-" ) =


∞ JG |-" | < F/ + F0,
0 PUIFSXJTF.

	����


'PS POF�EJNFOTJPOBM IBSE SPET 	# = 1

 UIF FYDFTT GSFF FOFSHZ GVODUJPOBM JT LOPXO FYBDUMZ <��

��> BOE DBO CF FYQSFTTFE JO UFSNT PG TP�DBMMFE XFJHIUFE EFOTJUJFT
 XIJDI BSF DPOWPMVUJPOT PG UIF
EFOTJUZ EJTUSJCVUJPO XJUI DFSUBJO XFJHIU GVODUJPOT UIBU DIBSBDUFSJ[F UIF GVOEBNFOUBM HFPNFUSJD
NFBTVSFT PG UIF SPET� UIFJS TVSGBDF 	UIF UXP FOEQPJOUT
 BOE UIFJS WPMVNF 	UIF SFHJPO CFUXFFO
UIF FOEQPJOUT
� "O BQQSPYJNBUF FYDFTT GSFF FOFSHZ GVODUJPOBM XJUI UIF TBNF HFOFSBM TUSVDUVSF
IBT CFFO DPOTUSVDUFE CZ 3PTFOGFME GPS UISFF�EJNFOTJPOBM IBSE TQIFSFT 	# = 3
 <��>� )JT CBTJD
BQQSPBDI ۗ SFGFSSFE UP BT GVOEBNFOUBM NFBTVSF UIFPSZ 	'.5
 ۗ UVSOFE PVU UP CF FYUSFNFMZ QPX�
FSGVM BOE MFE UP UIF EFWFMPQNFOU PG FWFS NPSF BDDVSBUF FYDFTT GSFF FOFSHZ GVODUJPOBMT GPS IBSE
TQIFSF NJYUVSFT�

8F TIBMM OPX GPMMPX 3PUI
 .FDLF BOE 0F॒FM <��> UP EFSJWF BO FYDFTT GSFF FOFSHZ GVODUJPOBM
GPS B NJYUVSF PG UXP�EJNFOTJPOBM IBSE EJTL 	# = 2
 CZ NFBOT PG '.5� "T B TUBSUJOH QPJOU
 XF VTF
UIBU JO UIF MPX�EFOTJUZ MJNJU
 UIF FYDFTT GSFF FOFSHZ GVODUJPOBM PG BOZ TZTUFN XJUI POMZ QBJSXJTF



���� %FOTJUZ GVODUJPOBM UIFPSZ ��

JOUFSBDUJPOT DBO CF FYQBOEFE JO QPXFST PG UIF EFOTJUZ EJTUSJCVUJPOT BT

<FFY [$] = −
1
2

.∑
/=1

.∑
0=1

∫
d!-"

∫
d!-" ′ B/ (-" ) B0 (-" ′) H/0 (-" − -" ′) + O($3) 	����


XJUI UIF .BZFS G�GVODUJPO

H/0 (-" ) ≡ exp[−<G/0 (-" )] − 1. 	����


'PS IBSE QBSUJDMFT BOE G/0 HJWFO CZ &R� 	����

 XF IBWF

H/0 (-" ) =


−1 JG |-" | < F/ + F0,
0 PUIFSXJTF.

	����


"T TIPXO JO "QQFOEJY "
 UIF .BZFS G�GVODUJPO GPS IBSE EJTLT DBO CF EFDPNQPTFE JOUP

−H/0 = I2
/ ★I

0
0 + I

0
/ ★I

2
0 +

1
2@

∞∑
1=0

=1 &1
/ ★&1

0 , 	����


XIFSF UIF XFJHIU GVODUJPOT BSF EF੗OFE BT

I0
/ (-" ) ≡

+ (F/ − |-" |)
2@F/

, I2
/ (-" ) ≡ Θ(F/ − |-" |), [&1

/ (-" )]#1,...,#% ≡
C#1 · · · C#%

|-" |1 + (F/ − |-" |) 	����


GPS -" = (C1, C2) BOE )1, . . . , )1 ∈ {1, 2}
 BOE UIF DPFਖ਼DJFOUT BSF HJWFO CZ

=0 =
@

2
, =1 = −1, =2 = −

@

4
, =1 = − (> − 3)!!

>!!
=mod(1,2) 	����


GPS> ≥ 3� य़F TZNCPM ۠★ۡ EFOPUFT UIF DSPTT�DPSSFMBUJPO

(I2
/ ★I

3
0)(-" ) ≡

∫
d2-" ′I2

/ (-" ′ − -" )I3
0 (-" ′),

(&1
/ ★&1

0 )(-" ) ≡
∫

d2-" ′&1
/ (-" ′ − -" ) · &1

0 (-" ′),
	����


BOE ۠·ۡ UIF EPU QSPEVDU

&1
/ (-" ) · &1

0 (-" ′) ≡
2∑

#1=1

· · ·
2∑

#%=1

[&1
/ (-" )]#1,...,#% [&1

0 (-" ′)]#1,...,#% . 	����




�� �� 'VOEBNFOUBM $PODFQUT

*G XF JOTFSU &R� 	����
 JOUP 	����

 XF FODPVOUFS UFSNT PG UIF GPSN
.∑

/=1

.∑
0=1

∫
d!-"

∫
d!-" ′ B/ (-" ) B0 (-" ′) (I2

/ ★I
3
0) (-" − -" ′)

=
.∑

/=1

.∑
0=1

∫
d!-"

∫
d!-" ′ B/ (-" ) B0 (-" ′)

∫
d2-" ′′I2

/ (-" ′′ − -" + -" ′)I3
0 (-" ′′)

=
∫

d2-" ′′
.∑

/=1

∫
d2-" B/ (-" )I2

/ (-" ′′ − -" )
.∑

0=1

∫
d2-" ′ B0 (-" ′)I3

0 (-" ′′ − -" ′)

=
∫

d2-" ′′J2
# (-" ′′)J3

# (-" ′′)

	����


BOE BOBMPHPVTMZ
.∑

/=1

.∑
0=1

∫
d!-"

∫
d!-" ′ B/ (-" ) B0 (-" ′) (&1

/ ★&1
0 )(-" − -" ′) =

∫
d2-" ′′'1

# (-" ′′) ·'1
# (-" ′′), 	����


XIFSF UIF XFJHIUFE EFOTJUJFT

J2
# (-" ) ≡

.∑
/=1

(B/ ⊗ I2
/ )(-" ) =

.∑
/=1

∫
d2-" ′ B/ (-" ′)I2

/ (-" − -" ′),

'1
# (-" ) ≡

.∑
/=1

(B/ ⊗ &1
/ ) (-" ) =

.∑
/=1

∫
d2-" ′ B/ (-" ′) &1

/ (-" − -" ′)
	����


BSF DPOWPMVUJPOT PG UIF EFOTJUZ EJTUSJCVUJPOT XJUI UIF XFJHIU GVODUJPOT� *O UIF MPX�EFOTJUZ MJNJU

XF UIFSFGPSF ੗OE UIBU

<F IE
FY [$] =

∫
d2-"

[
J2

# (-" )J0
# (-" ) +

1
4@

∞∑
1=0

=1'1
# (-" ) ·'1

# (-" )
]
+ O($3). 	����


य़F LFZ BTTVNQUJPO PG '.5 JT UIBU FWFO GPS B HFOFSBM EFOTJUZ EJTUSJCVUJPO
 UIF FYDFTT GSFF FOFSHZ
GVODUJPOBM DBO CF XSJ॒FO BT

<F IE
FY [$] =

∫
d2-" KIE

# (-" ) =
∫

d2-" KIE(J0
# (-" ),J2

# (-" ),'0
# (-" ),'1

# (-" ),'2
# (-" ), . . . ), 	����


XIFSF KIE JT B TVJUBCMF GVODUJPO PG UIF XFJHIUFE EFOTJUJFT� 4JODF KIE
# (-" ) IBT UP CF B TDBMBS XJUI

EJNFOTJPOT PG [MFOHUI]−2
 3PUI FU BM� NBEF UIF BOTBU[ UIBU

KIE
# (-" ) = H (J2

# (-" ))J0
# (-" ) +

1
4@

∞∑
1=0

L1 (J2
# (-" ))=1'1

# (-" ) ·'1
# (-" ) . 	����


*O PSEFS UP SFDPWFS UIF MPX�EFOTJUZ MJNJU 	����

 UIF GVODUJPOT H BOE L1 GPS> ∈ N0 NVTU IBWF UIF



���� %FOTJUZ GVODUJPOBM UIFPSZ ��

FYQBOTJPOT

H (C) = C + O(C2), L1 (C) = 1 + O(C). 	�����


5P EFUFSNJOF UIFTF GVODUJPOT
 MFU VT DPOTJEFS UIF DBTF PG BO JO੗OJUFMZ MBSHF TZTUFN XJUIPVU BO
FYUFSOBM QPUFOUJBM� "U NPEFSBUF CVML EFOTJUJFT $C = (BC

1 , . . . , B
C
. )
 UIF TZTUFN JT JO B ੘VJE TUBUF XJUI

VOJGPSN EFOTJUZ EJTUSJCVUJPOT $ (-" ) = $C JO FRVJMJCSJVN� य़JT NFBOT UIBU UIF XFJHIUFE EFOTJUJFT
BSF VOJGPSN BT XFMM BOE UIVT

<F IE
FY [$C]
!

= KIE
#C

= H (J2
#C
)J0

#C
+ 1
4@

∞∑
1=0

L1 (J2
#C
)=1'1

#C
·'1

#C
	�����


XJUI

J0
#C

=
.∑

/=1

BC
/, J2

#C
=

.∑
/=1

@F2/B
C
/, ['1

#C
]#1,...,#% =

∫ 24

0
dM (-N5 )#1 · · · (-N5 )#%

.∑
/=1

F/B
C
/, 	�����


XIFSF -N5 ≡ (cosM, sinM)� $BMDVMBUJOH UIF QSFTTVSF - 
 XF ੗OE UIBU

<- = −<
(F IE [$C]

(!
= <- JE − <

(F IE
FY [$C]
(!

=
.∑

/=1

<- JE
/ −

((!KIE
#C
)

(!

=
.∑

/=1

BC
/ − KIE

#C
−!

.∑
/=1

(KIE
#C

(BC
/

(BC
/

(!
= J0

#C
− KIE

#C
−!

.∑
/=1

∑
6∈W

(KIE
#C

(J#C

(J#C

(BC
/

(
−B

C
/

!

)

= J0
#C
− KIE

#C
+

∑
6∈W

(KIE
#C

(J#C

.∑
/=1

(J#C

(BC
/

BC
/ = J0

#C
− KIE

#C
+

∑
6∈W

(KIE
#C

(J#C

J#C

=

(
(KIE

#C

(J0
#C

+ 1

)
J0

#C
+
(KIE

#C

(J2
#C

J2
#C

+
∞∑

1=0

(KIE
#C

('1
#C

·'1
#C
− KIE

#C
,

	�����


XIFSFW = {J0,J2,'0,'1,'2, . . . } EFOPUFT UIF TFU PG BMM XFJHIUFE EFOTJUJFT� य़F FYDFTT DIFNJDBM
QPUFOUJBM .FY/ ≡ ./ − .JE/ PG TQFDJFT E JT HJWFO CZ

<.FY/ = <
(F IE

FY [$C]
($/

=
<

!

(F IE
FY [$C]
(BC

/

=
(KIE

#C

(BC
/

=
∑
6∈W

(KIE
#C

(J#C

(J#C

(BC
/

. 	�����


4JODF .FY/ SFQSFTFOUT UIF FOFSHZ SFRVJSFE UP JOTFSU BO JNQFOFUSBCMF EJTL XJUI SBEJVT F/ 	BU TPNF
੗YFE QPTJUJPO
 JOUP UIF TZTUFN
 JO UIF MJNJU F/ → ∞ JU NVTU CF JEFOUJDBM UP UIF SFWFSTJCMF XPSL
-!/ OFDFTTBSZ UP DSFBUF B DBWJUZ XJUI WPMVNF !/ = @F2/ � य़FSFGPSF
 XF BMTP IBWF

<- = lim
7#→∞

<.FY/
!/

=
∑
6∈W

(KIE
#C

(J#C

· lim
7#→∞

(
1
@F2/

(J#C

(BC
/

)
=
(KIE

#C

(J2
#C

, 	�����




�� �� 'VOEBNFOUBM $PODFQUT

XIFSF XF VTFE UIBU

(J0
#C

(BC
/

= 1,
(J2

#C

(BC
/

= @F2/,
('1

#C

(BC
/

∝ F/ . 	�����


BDDPSEJOH UP &R� 	�����
� 4VCUSBDUJOH &R� 	�����
 GSPN 	�����
 HJWFT VT

0 =

(
(KIE

#C

(J0
#C

+ 1

)
J0

#C
+
(KIE

#C

(J2
#C

(J2
#C
− 1) +

∞∑
1=0

(KIE
#C

('1
#C

·'1
#C
− KIE

#C

= [1 − H ′(J2
#C
)(1 −J2

#C
)]J0

#C
+
∞∑

1=0

[L1 (J2
#C
) − L′1 (J2

#C
)(1 −J2

#C
)]=1'1

#C
·'1

#C
,

	�����


MFBEJOH UP

H ′(C) ≡ dH (C)
dC

!=
1

1 − C , L′1 (C) ≡ dL1 (C)
dC

!=
L1 (C)
1 − C . 	�����


*OUFHSBUJOH UIFTF EFSJWBUJWFT ZJFMET

H (C) = =8 − ln(1 − C) = =8 + C + O(C2), L1 (C) =
=9
1 − C = =9 + O(C), 	�����


XJUI UIF JOUFHSBUJPO DPOTUBOUT=8 = 0 BOE=9 = 1 EFUFSNJOFE CZ EFNBOEJOH BHSFFNFOU XJUI UIF
FYQBOTJPOT 	�����
� *OTFSUJOH UIFTF GVODUJPOT JOUP UIF BOTBU[ 	����

 XF BSSJWF BU

<F IE
FY [$] =

∫
d2-"

(
−J0

# (-" ) ln[1 −J2
# (-" )] +

∑∞
1=0=1'1

# (-" ) ·'1
# (-" )

4@ [1 −J2
# (-" )]

)
. 	�����


*U JT QPTTJCMF UP TIPX UIBU
 GPS B VOJGPSN IBSE EJTL ੘VJE XJUI B TJOHMF DPNQPOFOU 	D = 1

 UIJT
HJWFT SJTF UP UIF QSFTTVSF

<- =
BC

(1 − @F2BC)2
, 	�����


XIJDI JT JO BHSFFNFOU XJUI UIF FRVBUJPO PG TUBUF UIBU DBO CF EFSJWFE WJB TDBMFE QBSUJDMF UIFPSZ
	415
 <��>� 'VSUIFSNPSF
 JO UIF TP�DBMMFE [FSP�EJNFOTJPOBM MJNJU XIFSF UIF WPMVNF PG UIF TZT�
UFN JT TP TNBMM UIBU JU DBO IPME BU NPTU B TJOHMF EJTL BOE UIF EFOTJUZ EJTUSJCVUJPO UIVT CFDPNFT
B�%(-" ) = $+ (-" ) XJUI $ ≤ 1
 UIF FYDFTT GSFF FOFSHZ GVODUJPOBM DPSSFDUMZ FWBMVBUFT UP UIF FYBDU
SFTVMU

<FFY [B�%] = $ + (1 − $ ) ln(1 − $ ) . 	�����


य़F QSPCMFN XJUI &R� 	�����
 JT UIBU JT DBOOPU CF VTFE JO B OVNFSJDBM DPOUFYU TJODF JU JOWPMWFT B
TVN PWFS JO੗OJUFMZ NBOZ XFJHIUFE EFOTJUJFT� 'PS UIJT SFBTPO
 3PUI FU BM� USVODBUFE UIF TVN BॏFS



���� %FOTJUZ GVODUJPOBM UIFPSZ ��

UIF ੗STU UISFF UFSNT
 MFBEJOH UP

<F IE
FY [$] =

∫
d2-"

(
−J0

# (-" ) ln[1 −J2
# (-" )]

+
=0'0

# (-" ) ·'0
# (-" ) +=1'1

# (-" ) ·'1
# (-" ) +=2'2

# (-" ) ·'2
# (-" )

4@ [1 −J2
# (-" )]

)
.

	�����


6OGPSUVOBUFMZ
 XJUI UIF DPFਖ਼DJFOUT TQFDJ੗FE JO &R� 	����

 UIJT GVODUJPOBM TBUJT੗FT OFJUIFS UIF
415 FRVBUJPO PG TUBUF OPS UIF DPSSFDU [FSP�EJNFOTJPOBM MJNJU� *OTUFBE
 POF ੗OET

<- =
BC

(1 − @F2BC)2
+

(
=0 +

=2

2
− 1

)
BC

@F2BC
(1 − @F2BC)2

	�����


BOE

<FFY [B�%] = $ + (1 − $ ) ln(1 − $ ) + =0 +=1 +=2

4@

∫
d2-" [+ (F − |-" |)]2

1 − $Θ(F − |-" |) . 	�����


5P SFDPWFS &RT� 	�����
 BOE 	�����

 3PUI FU BM� BEKVTUFE UIF DPFਖ਼DJFOUT TP UIBU =2 = 2 − 2=0 BOE
=1 = −=0 − =2 = −=0 − (2 − 2=0) = =0 − 2� य़FZ UIFO ੗YFE =0 = 19/12 WJB B MFBTU�TRVBSFT ੗U
PG I2

/★I
0
0 +I

0
/★I

2
0 +

1
24

[
=0 &0

/ ★&0
0 + (=0 − 2) &1

/ ★&1
0 + (2 − 2=0) &2

/ ★&2
0

]
UP (−H/0)
 XIJDI

SFTVMUFE JO UIF ੗OBM FYDFTT GSFF FOFSHZ GVODUJPOBM

<F IE
FY [$] =

∫
d2-"

(
−J0

# (-" ) ln[1 −J2
# (-" )]

+
19'0

# (-" ) ·'0
# (-" ) − 5'1

# (-" ) ·'1
# (-" ) − 14'2

# (-" ) ·'2
# (-" )

48@ [1 −J2
# (-" )]

)
.

	�����


'PS B TJOHMF�DPNQPOFOU IBSE TQIFSF MJRVJE XJUI CVML QBDLJOH GSBDUJPOT OC ≡ @F2BC " 0.7

3PUI FU BM� GPVOE UIBU %'5 SFTVMUT PCUBJOFE FNQMPZJOH UIF GVODUJPOBM 	�����
 XFSF JO FYDFMMFOU
BHSFFNFOU XJUI .POUF $BSMP TJNVMBUJPOT�

������ 3BOEPN QIBTF BQQSPYJNBUJPO

$POTJEFS UXP TZTUFNT XIPTF JOUSJOTJD )BNJMUPOJBOT H JOU
0 BOE H JOU

1 POMZ EJ੖FS JO UIF QBJSXJTF
JOUFSBDUJPO UFSN
 J� F�
 H JOU

1 (%, !,") = H JOU
0 (%, !,") + ΔU(%, !,") XJUI

ΔU(%, !,") ≡ 1
2

.∑
/=1

.∑
0=1

%#∑
#=1

%$∑
+=1

/≠0 PS #≠+

ΔG/0 (-&/# , -&0 + )

=
1
2

.∑
/=1

.∑
0=1

∫
d!-"

∫
d!-" ′ B̂/0-- ,-- ′ (%, !,") ΔG/0 (-" , -"

′),

	�����
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XIFSF

B̂/0-- ,-- ′ (%, !,") ≡
%#∑
#=1

%$∑
+=1

/ ≠ 0 PS # ≠ +

+ (-" − -&/#) + (-" ′ − -&0 + ) 	�����


JT UIF UXP�QPJOU EFOTJUZ PQFSBUPS BU QPJOUT -" BOE -" ′ GPS UIF TQFDJFT E BOE P� 8F UIFO ੗OE UIBU UIF
EJ੖FSFODF PG UIF FYDFTT GSFF FOFSHZ GVODUJPOBMT JT HJWFO CZ

F FY
1 [$] − F FY

0 [$] = F1 [7̂ [$]] − F0 [7̂ [$]] = 〈H JOU
1 +1S'̂ [# ]〉'̂ [# ] − 〈H JOU

0 +1S'̂ [# ]〉'̂ [# ]

= 〈ΔU〉'̂ [# ] =
1
2

.∑
/=1

.∑
0=1

∫
d!-"

∫
d!-" ′ 〈B̂/0-- ,-- ′〉'̂ [# ] ΔG/0 (-" , -"

′) .
	�����


*G UIF TZTUFNXJUIH JOU
0 BDUT BT B SFGFSFODF GPS XIJDI F FY

0 JT LOPXO BOEXFNBLF UIFNFBO�੗FME
BTTVNQUJPO UIBU EFOTJUZ DPSSFMBUJPOT DBO CF OFHMFDUFE JO UIF TFOTF UIBU

〈B̂/0-- ,-- ′〉'̂ [# ] ≈ 〈B̂
/
-- 〉'̂ [# ] 〈B̂

0
-- ′〉'̂ [# ] = B/ (-" ) B0 (-"

′), 	�����


XF DBO BQQSPYJNBUF UIF FYDFTT GSFF FOFSHZ GVODUJPOBM F FY
1 GPS UIF TZTUFN PG JOUFSFTU BT

F FY
1 [$] ≈ F FY

0 [$] + 1
2

.∑
/=1

.∑
0=1

∫
d!-"

∫
d!-" ′B/ (-" ) B0 (-" ′) ΔG/0 (-" , -" ′) . 	�����


य़JT HJWFT SJTF UP UIF SBOEPN QIBTF BQQSPYJNBUJPO 	31"
 GPS UIF EJSFDU UXP�QPJOU DPSSFMBUJPO GVOD�
UJPO

Q/02,1(-" , -" ′) ≡ −<
+2F FY

1 [$]
+B/ (-" ) +B0 (-" ′)

≈ Q/02,0(-" , -" ′) − <ΔG/0 (-" , -" ′) . 	�����


'PS B TZTUFNXJUI QBJS QPUFOUJBMG
 JU JT FYQFDUFE UIBU Q2(-" , -" ′) → −<G (-" , -" ′) GPS |-"−-" ′ | →∞� 4JODF
Q/02,1(-" , -" ′) → −<G/00 (-" , -" ′) − <ΔG/0 (-" , -" ′) = −<G/01 (-" , -" ′) GPS |-" − -" ′ | →∞
 &R� 	�����
 BU MFBTU P੖FST
UIF DPSSFDU BTZNQUPUJD CFIBWJPS� य़JT JNQMJFT UIBU &R� 	�����
 TIPVME CF B SFBTPOBCMF BQQSPYJ�
NBUJPO JG ΔG/0 SFQSFTFOUT B MPOH�SBOHFE QFSUVSCBUJPO UP UIF QBJS QPUFOUJBM G0 PG UIF SFGFSFODF
TZTUFN
 XIFSFBT G0
 BOE CZ FYUFOTJPO F FY

0 
 BDDPVOUT GPS NPTU PG UIF TIPSU�SBOHFE JOUFSBDUJPO�
*G UIF SFGFSFODF TZTUFN DPOTJTUT PG IBSE QBSUJDMFT
 B NPSF BDDVSBUF BQQSPYJNBUJPO GPS UIF EFO�

TJUZ DPSSFMBUJPOT JT HJWFO CZ

〈B̂/0-- ,-- ′〉'̂ [# ] ≈ Θ[|-" − -" ′ | − (F/ + F0)] B/ (-" ) B0 (-" ′) 	�����


BT JU BDDPVOUT GPS UIF JNQFOFUSBCJMJUZ PG UIF QBSUJDMFT� य़JT UIFO MFBET UP

F FY
1 [$] ≈ F FY

0 [$] + 1
2

.∑
/=1

.∑
0=1

∫
d!-"

∫
d!-" ′

|--−-- ′ | >7#+7$

B/ (-" ) B0 (-" ′) ΔG/0 (-" , -" ′) . 	�����
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���� $SJUJDBM QIFOPNFOB

-FU VT TUVEZ UIF QIBTF CFIBWJPS PG B TJNQMF UISFF�EJNFOTJPOBM NPEFM MJRVJE DPOTJTUJOH PG B TJOHMF
TQFDJFT PG IBSE TQIFSFT XJUI SBEJVT F UIBU BSF TVCKFDU UP B MPOH�SBOHFE B॒SBDUJWF QBJS QPUFOUJBM
GMS < 0 TP UIBU

F [B] = FIT [B] +
1
2

∫
)
d3-"

∫
)
d3-" ′

|--−-- ′ | > 27

B (-" ) B (-" ′) GMS( |-" − -" ′ |), 	�����


BDDPSEJOH UP &R� 	�����

 XIFSF FIT JT UIF 	VOTQFDJ੗FE
 FYDFTT GSFF FOFSHZ GVODUJPOBM PG UIF IBSE
TQIFSF TZTUFN� *O UIF VOJGPSN CVML
 XF UIFSFGPSF IBWF

F [BC] = FIT [BC] +
1
2
B2C

∫
)
d3-"

∫
)
d3-" ′

|--−-- ′ | > 27

GMS( |-" − -" ′ |) = FIT [BC] −! B2C; 	�����


XJUI ; ≡ − 1
2

∫
)
d3-" GMS(|-" |) Θ( |-" | − 2F) > 0� 6TJOH UIF $BSOBIBO�4UBSMJOH FRVBUJPO PG TUBUF GPS

UIF IBSE TQIFSF TZTUFN
 UIF DIFNJDBM QPUFOUJBM JT FBTJMZ DBMDVMBUFE BT

. =
1
!

+F [BC]
+BC

= .IT − 2BC; = :B1 ln(Λ3BC) + :B1
8O − 9O2 + 3O3

(1 − O)3 − 2BC; 	�����


XJUI UIF CVML QBDLJOH GSBDUJPO OC ≡ (4@/3)F3BC�
*G XF QMPU UIF DIFNJDBM QPUFOUJBM WFSTVT UIF CVML EFOTJUZ GPS WBSJPVT UFNQFSBUVSFT
 XF BSSJWF BU

UIF QIBTF EJBHSBN EFQJDUFE JO 'JH� ���� "CPWF B DFSUBJO DSJUJDBM UFNQFSBUVSF1D ≈ 0.0225;/(:BF3)

UIF DIFNJDBM QPUFOUJBM JT B TUSJDUMZ JODSFBTJOH GVODUJPO PG UIF CVML EFOTJUZ TP UIBU GPS B BOZ WBMVF PG
UIF DIFNJDBM QPUFOUJBM UIFSF FYJTUT QSFDJTFMZ POF DPSSFTQPOEJOH CVML EFOTJUZ� *G UIF UFNQFSBUVSF
GBMMT CFMPX 1D
 B WBO EFS 8BBMT MPPQ EFWFMPQT BOE UIF DIFNJDBM QPUFOUJBM JT BDUVBMMZ EFDSFBTJOH
GPS B SBOHF PG CVML EFOTJUJFT
 (./(BC < 0� 6TJOH UIBU

(-

(BC
= BC

(.

(BC
	�����


BT TIPXO JO "QQFOEJY #
 UIJT JNQMJFT B OFHBUJWF JTPUIFSNBM DPNQSFTTJCJMJUZ

R: ≡ −
1
!

(
(!

(-

)
:
=

1
BC

(
(BC
(-

)
:
=

1
B2C

(
(BC
(.

)
:
. 	�����


)PXFWFS
 (./(BC < 0 NFBOT UIBU UIF VOJGPSN TZTUFN JT VOTUBCMF BOE XJMM JNNFEJBUFMZ VOEFSHP
B TP�DBMMFE TQJOPEBM EFDPNQPTJUJPO JOUP EPNBJOT PG EJ੖FSFOU EFOTJUJFT� 5PP TFF UIJT
 MFU VT BQ�
QSPYJNBUF UIF DIBOHF JO GSFF FOFSHZ XIFO B TFQBSBUJPO JOUP UXP FRVBMMZ�TJ[FE QIBTFT XJUI CVML



�� �� 'VOEBNFOUBM $PODFQUT

�1.00 �0.75 �0.50 �0.25 0.00 0.25 0.50 0.75 1.00
(db � dc)/dc
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�
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:

B)
c

) /)c = 1.05
) /)c = 1.00

) /)c = 0.95
) /)c = 0.90

binodal
spinodal

'JHVSF ����� 1IBTF EJBHSBN PG B NPEFM MJRVJE DPOTJTUJOH PG B TJOHMF TQFDJFT PG IBSE TQIFSFT UIBU BSF TVCKFDU UP B
MPOH�SBOHFE B॒SBDUJWF QBJS QPUFOUJBM� य़F DPMPSFE DVSWFT SFQSFTFOU UIF DIFNJDBM QPUFOUJBM . BDDPSEJOH UP &R� 	�����

BT B GVODUJPO PG UIF CVML EFOTJUZ BC GPS WBSJPVT UFNQFSBUVSFT 1 � 1SFDJTFMZ BU UIF DSJUJDBM UFNQFSBUVSF 1D
 UIF DVSWF
IBT BO JO੘FDUJPO QPJOU QPJOU JO (BD, .D)� 'PS 1 < 1D
 TZNCPMT NBSL UIPTF UXP TUBUFT UIBU MJF PO UIF CJOPEBM 	EBTIFE
DVSWF
 BOE DBO UIFSFGPSF DPFYJTU CFDBVTF UIFZ IBWF FRVBM QSFTTVSF - JO BEEJUJPO UP FRVBM UFNQFSBUVSF BOE DIFNJDBM
QPUFOUJBM� *OTJEF UIF SFHJPO FODMPTFE CZ UIF CJOPEBM
 UIF TZTUFN QIBTF TFQBSBUFT JOUP UIFTF TUBUFT TP UIBU . BOE -
BDUVBMMZ SFNBJO DPOTUBOU
 BT JOEJDBUFE CZ UIF IPSJ[POUBM MJOFT DPOOFDUJOH UIF TZNCPMT� *G OP QIBTF TFQBSBUJPO XFSF
UP PDDVS
 WBO EFS 8BBMT MPPQT 	EP॒FE DVSWFT
 XPVME EFWFMPQ� य़F TQJOPEBM 	EBTIFE�EP॒FE DVSWF
 TVSSPVOET UIBU QBSU
PG UIF QIBTF EJBHSBN XIFSF UIF VOJGPSN TZTUFN XPVME IBWF B OFHBUJWF JTPUIFSNBM DPNQSFTTJCJMJUZ R: BOE UIVT CF
NFDIBOJDBMMZ VOTUBCMF� SJHIU PO UIF TQJOPEBM 	BOE DPOTFRVFOUMZ BMTP BU UIF DSJUJDBM QPJOU

 R: EJWFSHFT�

EFOTJUJFT B− = BC − ΔB BOE B+ = BC + ΔB XJUI ΔB 2 BC PDDVST� " 5BZMPS FYQBOTJPO HJWFT VT

F [BC ± ΔB] − F [BC] ≈ ±+F [BC]
+BC

ΔB + 1
2
+2F [BC]
+B2C

(ΔB)2 = ±! . ΔB + !
2
(.

(BC
(ΔB)2, 	�����


BOE JU GPMMPXT UIBU

ΔF [BC] ≡
F [B−] + F [B+]

2
− F [BC] =

F [BC − ΔB] + F [BC + ΔB]
2

− F [BC]

≈ 1
2

(
−! . ΔB + !

2
(.

(BC
(ΔB)2 +! . ΔB + !

2
(.

(BC
(ΔB)2

)
=
!

2
(.

(BC
(ΔB)2 < 0.

	�����


)FODF
 EFDPNQPTJUJPO JT BMXBZT FOFSHFUJDBMMZ GBWPSFE� *O UIF QIBTF EJBHSBN
 UIF TUBCMF BOE VO�
TUBCMF SFHJPOT BSF TFQBSBUFE GSPN FBDI PUIFS CZ UIF TQJOPEBM XIFSF (./(BC = 0 BOE |R: | →∞�

'PS 1 < 1D
 UIFSF FYJTUT NVMUJQMF QBJST 	BH
 BM
 PG CVML EFOTJUJFT PVUTJEF UIF TQJOPEBM EPNBJO
XJUI FRVBM DIFNJDBM QPUFOUJBM . (1 , BH) = . (1 , BM)� "NPOH UIFTF
 UIFSF JT FYBDUMZ POF QBJS UIBU BMTP
IBT FRVBM QSFTTVSF - (1 , BH) = - (1 , BM)� XJUI &R� 	�����
 BOE JOUFHSBUJOH CZ QBSUT
 UIJT DPOEJUJPO
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USBOTMBUFT UP

0 = - (1 , BM) − - (1 , BH) =
∫ ;M

;H
dBC

(- (1 , BC)
(BC

=
∫ ;M

;H
dBC BC

(. (1 , BC)
(BC

= BM . (1 , BM) − BH . (1 , BH) −
∫ ;M

;H
dBC . (1 , BC)

	�����


*O UIF QIBTF EJBHSBN
 UIF QPJOUT 	BH
 BM
 UIBU TBUJTGZ . (1 , BH) = . (1 , BM) BOE - (1 , BH) = - (1 , BM)
EF੗OF UIF CJOPEBM� UIFZ SFQSFTFOU UXP EJ੖FSFOU TUBUFT ۗ B HBTFPVT QIBTF XJUI MPXFS EFOTJUZ BH
BOE B MJRVJE QIBTF XJUI IJHIFS EFOTJUZ BM ۗ UIBU DBO DPFYJTU BMPOHTJEF FBDI PUIFS TJODF UIFZ BSF
JO UIFSNPEZOBNJD FRVJMJCSJVN BDDPSEJOH UP &R� 	����
� *OTJEF UIF CJOPEBM
 UIF TZTUFN XJMM BMXBZT
BJN UP TFHSFHBUF JOUP B HBT XJUI WPMVNF!H = ! (BM − BC)/(BM − BH) BOE JOUP B MJRVJE XJUI WPMVNF
!M = ! (BC − BH)/(BM − BH) CFDBVTF UIJT SFTVMUT JO UIF MPXFTU )FMNIPMU[ GSFF FOFSHZ� IFODF
 UIF
DIFNJDBM QPUFOUJBM BDUVBMMZ SFNBJOT DPOTUBOU GPS CVML EFOTJUJFT CFUXFFO BH BOE BM BT JOEJDBUFE
CZ UIF IPSJ[POUBM TFHNFOUT JO UIF QIBTF EJBHSBN�

3JHIU BU UIF DSJUJDBM UFNQFSBUVSF 1 = 1D
 UIF DVSWF PG UIF DIFNJDBM QPUFOUJBM IBT BO JO੘FDUJPO
QPJOU BU UIF DSJUJDBM CVML EFOTJUZ BD ≈ 0.0311/F3 DIBSBDUFSJ[FE CZ

(
(. (1 , BC)
(BC

)
D
= 0 =

(
(2. (1 , BC)

(B2C

)
D
. 	�����


"TXFXJMM TIPX JO UIF GPMMPXJOH TFDUJPO
 UIJT IBT WFSZ SFNBSLBCMF DPOTFRVFODFT GPS UIF CFIBWJPS
PG B TZTUFN DMPTF UP DSJUJDBMJUZ�

������ 6OJWFSTBM CFIBWJPS

5P VOEFSTUBOE UIF CFIBWJPS OFBS B DSJUJDBM QPJOU
 XF TIBMM SPVHIMZ GPMMPX )BOTFO BOE .D%POBME
<��>� 6TJOH UIF DPOEJUJPO 	�����

 B 5BZMPS FYQBOTJPO PG UIF DIFNJDBM QPUFOUJBM BSPVOE UIF DSJUJDBM
UFNQFSBUVSF 1D BOE EFOTJUZ BD VQ UP UIF MPXFTU OPO�WBOJTIJOH PSEFS JO 1 BOE BC HJWFT

. (1 , BC) = .D + . (1,0)D (1 −1D) + . (1,1)D (1 −1D) (BC − BD) +
1
6
. (0,3)D (BC − BD)3, 	�����


XIFSF .D ≡ . (1D, BD) JT UIF DSJUJDBM DIFNJDBM QPUFOUJBM BOE . (2,3)D ≡ [(2+3. (1 , BC)/((12 (B3 )]D�
य़VT


1
R:

= B2C

(
(. (1 , BC)
(BC

)
:
= B2C

[
. (1,1)D (1 −1D) +

1
2
. (0,3)D (BC − BD)2

]
. 	�����


4VQQPTF UIBU UIF TZTUFN JT BU UIF DSJUJDBM EFOTJUZ
 BC = BD
 BOE TMJHIUMZ BCPWF UIF DSJUJDBM
UFNQFSBUVSF
 1 > 1D� *G UIF UFNQFSBUVSF JT MPXFSFE UPXBSE 1D
 UIFO

1
R:

= B2D.
(1,1)
D |1 −1D | 	�����
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GSPN XIJDI XF DBO EFEVDF UIBU UIF JTPUIFSNBM DPNQSFTTJCJMJUZ EJWFSHFT BT R: ∝ |1 −1D |−1� *G UIF
TZTUFN JT BU BC = BD CVU CFMPX UIF DSJUJDBM UFNQFSBUVSF
 1 < 1D
 JU XJMM TFQBSBUF JOUP B HBTFPVT
QIBTF XJUI EFOTJUZ BH BOE B MJRVJE QIBTF XJUI EFOTJUZ BM� 'SPN UIF GPSN PG 	�����

 JU JT DMFBS UIBU
. (1 , BH) = . (1 , BM) BOE - (1 , BH) = - (1 , BM) DBO POMZ CF TBUJT੗FE JG BH BOE BM BSF TZNNFUSJDBM JO
UIF WJDJOJUZ PG BD
 J� F�
 BH = BD − ΔB BOE BM = BD + ΔB GPS TPNF ΔB > 0� %FNBOEJOH

0 = . (1 , BD + ΔB) − . (1 , BD − ΔB) = 2. (1,1)D (1 −1D) ΔB +
1
3
. (0,3) (ΔB)3, 	�����


XF DBO FBTJMZ TPMWF GPS ΔB BOE ੗OE UIBU

|BH�M − BD | = ΔB =

√√
6
. (1,1)D

. (0,3)D
|1 −1D | ∝ |1 −1D |1/2. 	�����


य़FSFGPSF


1
R:

= (BD ± ΔB)2
[
. (1,1)D (1 −1D) +

1
2
. (0,3)D (ΔB)2

]
= 2B2D.

(1,1)
D |1 −1D | + O

(
|1 −1D |3/2

)
	�����


BOE BHBJO R: ∝ |1 −1D |−1�
8F DBO TFF UIBU DMPTF UP UIF DSJUJDBM QPJOU
 DFSUBJO RVBOUJUJFT TVDI BT R: PS |BH�M − BD | BDRVJSF B

QPXFS�MBX EFQFOEFODF PO UIF SFEVDFE UFNQFSBUVSF

1∗ ≡
1 −1D
1D

	�����


TVDI UIBU R: ∝ |1∗ |−< BOE |BH�M−BD | ∝ |1∗ |= XJUI TVJUBCMF DSJUJDBM FYQPOFOUT S BOE < � 8IJMF UIF DPS�
SFTQPOEJOH QSPQPSUJPOBMJUZ DPOTUBOUT EFQFOE PO UIF NJDSPTDPQJD EFUBJMT
 UIF DSJUJDBM FYQPOFOUT
BSF BDUVBMMZ TIBSFE CZ B XIPMF TFU PG TZTUFNT UIBU UPHFUIFS GPSN B VOJWFSTBMJUZ DMBTT�

*OUFSFTUJOHMZ
 B VOJWFSTBMJUZ DMBTT NBZ FWFO DPOUBJO TFFNJOHMZ VOSFMBUFE TZTUFNT� 'PS FYBNQMF

DPOTJEFS UIF QIBTF EJBHSBN PG UIF *TJOH NPEFM TIPXO JO 'JH� ���
 XIJDI QMPUT UIF TUSFOHUI PG BO
FYUFSOBM NBHOFUJD ੗FME T WFSTVT UIF BWFSBHF NBHOFUJ[BUJPO U PG UIF *TJOH TQJOT GPS WBSJPVT
UFNQFSBUVSFT� 8F TFF UIBU UIFSF FYJTUT B DSJUJDBM UFNQFSBUVSF1D TVDI UIBUU0 ≡ U (T = 0) = 0 GPS
1 ≥ 1D BOE U0 ≠ 0 GPS 1 < 1D� 'PS 1 = 1D
 T IBT BO JO੘FDUJPO QPJOU BU U = 0� य़JT JT FTTFOUJBMMZ
FRVJWBMFOU UP UIF QIBTF EJBHSBN PG PVSNPEFM MJRVJE 	'JH� ���
 JG XF BTTPDJBUFT =̂ .−.> 
U =̂ B−BD

U0 =̂ BH�M − BD BOE V: ≡ ((U/(T): =̂ R: � /FBS UIF DSJUJDBM QPJOU
 POF JOEFFE ੗OET XJUI UIF TBNF
SFBTPOJOH UIBU |U0 | ∝ |1∗ |1/2 BOE V: ∝ |1∗ |−1
 J� F�
 UIF *TJOH BOE ੘VJE NPEFM CFMPOH UP UIF TBNF
VOJWFSTBMJUZ DMBTT�
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�1 0 1
" [arb. unit]

�1

0

1
⌫

[a
rb

.u
ni

t]
) > )c ) = )c ) < )c ) ⌧ )c

'JHVSF ����� 4DIFNBUJD QIBTF EJBHSBN PG UIF *TJOH NPEFM
 QMP॒JOH UIF TUSFOHUI T PG BO FYUFSOBM NBHOFUJD ੗FME WFSTVT
UIF BWFSBHF NBHOFUJ[BUJPO U PG UIF *TJOH TQJOT� य़FSF FYJTUT B DSJUJDBM UFNQFSBUVSF 1D TVDI UIBU U0 ≡ U (T = 0) = 0
GPS 1 ≥ 1D BOE U0 ≠ 0 GPS 1 < 1D� 'PS 1 = 1D
 T IBT BO JO੘FDUJPO QPJOU BU U = 0� /PUF UIF TJNJMBSJUJFT UP UIF QIBTF
EJBHSBN PG UIF NPEFM MJRVJE 	'JH� ���
 JG XF BTTPDJBUF T =̂ . − .D BOEU =̂ B − BD�

������ 'MVDUVBUJPOT BOE DPSSFMBUJPOT

य़F JTPUIFSNBM DPNQSFTTJCJMJUZ R: JT MJOLFE UP UIF QBSUJDMF OVNCFS ੘VDUVBUJPOT 〈(N − $ )2〉 WJB

BC:B1R: =
:B1

BC

(BC
(.

=
:B1

$

($

(.
=
:B1

$

(2Ω

(.2
=

(:B1 )2
$

(2 lnZHD
(.2

=
(:B1 )2
$

[
1

ZHD

(2ZHD
(.2

−
(

1
ZHD

(ZHD
(.

)2]
=

(:B1 )2
$

[
<2〈N 2〉 − (< 〈N〉)2

]

=
〈N 2〉 − $ 2

$
=
〈(N − $ )2〉

$
.

	�����


-FU VT OPX EF੗OF UIF UPUBM UXP�QPJOU DPSSFMBUJPO GVODUJPO BT

ℎ2(-" , -" ′) ≡
〈B̂ (2)
-- ,-- ′〉

〈B̂-- 〉〈B̂-- ′〉
− 1 = B (2) (-" , -" ′)

B (-" )B (-" ′) − 1,
	�����


XIFSF B (2) (-" , -" ′) ≡ 〈B̂ (2)
-- ,-- ′〉 BOE

B̂ (2)
-- ,-- ′ (2, !,") ≡

%∑
#=1

%∑
+=1
+≠#

+ (-" − -&#) + (-" ′ − -& + ) = B̂-- (2, !,") [B̂-- ′ (2, !,") − + (-" − -" ′)] 	�����


JT JEFOUJDBM UP UIF UXP�QPJOU EFOTJUZ PQFSBUPS 	�����
 JG UIF TZTUFN DPOTJTUT PG POMZ POF TQFDJFT�
'VSUIFSNPSF
 MFU

Q2(-" , -" ′) ≡ −<
+2FFY [B]

+B (-" ′)+B (-" ) . 	�����
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CF UIF EJSFDU UXP�QPJOU DPSSFMBUJPO GVODUJPO� "T TIPXO JO "QQFOEJY $
 ℎ2 BOE Q2 BSF DPOOFDUFE
UISPVHI UIF 0SOTUFJOۗ;FSOJLF SFMBUJPO

ℎ2(-" , -" ′) = Q2(-" , -" ′) +
∫

d!-" ′′ Q2(-" , -" ′′) B (-" ′′) ℎ2(-" ′′, -" ′) . 	�����


*O UIF VOJGPSN CVML XJUI B = BC
 XF DBO FYQFDU UIBU ℎ2(-" , -" ′) BOE Q2(-" , -" ′) POMZ EFQFOE PO UIF
SFMBUJWF WFDUPS -" − -" ′
 J� F�
 ℎ2(-" , -" ′) = ℎ2(-" − -" ′) BOE Q2(-" , -" ′) = Q2(-" − -" ′)
 JO XIJDI DBTF &R� 	�����

DBO CF XSJ॒FO BT

ℎ2(-" − -" ′) = Q2(-" − -" ′) + BC
∫

d!-" ′′ Q2(-" − -" ′′) ℎ2(-" ′′ − -" ′)

= Q2(-" − -" ′) + BC(Q2 ⊗ ℎ2)(-" − -" ′),
	�����


XIFSF ۠⊗ۡ EFOPUFT DPOWPMVUJPO� &NQMPZJOH UIF DPOWPMVUJPO UIFPSFN
 UIJT USBOTMBUFT UP UIF TJNQMF
FYQSFTTJPO

ℎ̃2(-:) = Q̃2(-:) + BCQ̃2(-:)ℎ̃2(-:) 	�����


JO 'PVSJFS TQBDF
 XIJDI DBO CF FBTJMZ TPMWFE GPS FJUIFS Q̃2 PS ℎ̃2 UP HJWF

Q̃2(-:) =
ℎ̃2(-:)

1 + BCℎ̃2(-:)
, ℎ̃2(-:) =

Q̃2(-:)
1 − BCQ̃2(-:)

. 	�����


*G XF EF੗OF UIF 'PVSJFS USBOTGPSN PG UIF TUBUJD TUSVDUVSF GBDUPS BT

/̃ (-:) ≡ 1 + BCℎ̃2(-:) =
1

1 − BCQ̃2(-:)
	�����


BOE NBLF VTF PG∫
d!-"

∫
d!-" ′B (2) (-" , -" ′) =

∫
d!-"

∫
d!-" ′〈B̂-- [B̂-- ′ − + (-" − -" ′)]〉

= 〈
∫
d!-" B̂--

∫
d!-" ′B̂-- ′〉 − 〈

∫
d!-" B̂--

∫
d!-" ′+ (-" − -" ′)]〉

= 〈N 2〉 − $ = $ (BC:B1R: − 1 + $ ),

	�����


XF ੗OE UIBU

/̃ (0) = 1 + BCℎ̃2(0) = 1 + BC
∫

d!-" ℎ2(-" ) = 1 + BC
!

∫
d!-"

∫
d!-" ′ℎ2(-" , -" ′)

= 1 +
B2C
$

∫
d!-"

∫
d!-" ′

[
B (2) (-" , -" ′)

B2C
− 1

]
= 1 +

B2C
$

[
$ (BC:B1R: − 1 + $ )

B2C
−! 2

]

= BC:B1R: .

	�����
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य़F JOUFSQSFUBUJPO PG UIJT SFTVMU JT TUSBJHIUGPSXBSE� JG R: EJWFSHFT
 UIFO TP EPFT /̃ (0)
 XIJDI
NFBOT UIBU UIF EFOTJUZ DPSSFMBUJPOT RVBOUJ੗FE CZ ℎ2 NVTU CFDPNF TVਖ਼DJFOUMZ MPOH�SBOHFE TP
UIBU

∫
d!-" ℎ2(-" ) →∞�

-FU VT OPX EFUFSNJOF IPX ℎ2 CFIBWFT BTZNQUPUJDBMMZ GPS MBSHF BSHVNFOUT� *O UIF VOJGPSN
CVML
 XF DBO BDUVBMMZ NBLF UIF FWFO TUSPOHFS BTTVNQUJPO UIBU ℎ2 BOE Q2 BSF SBEJBMMZ TZNNFUSJD

J� F�
 ℎ2(-" , -" ′) = ℎ2(|-" − -" ′ |) BOE Q2(-" , -" ′) = Q2(|-" − -" ′ |)� $POTFRVFOUMZ
 ℎ̃2(-:) = ℎ̃2(|-: |) BOE Q̃2(-:) =
Q̃2(|-: |)� 6TJOH &R� 	�����

 UIF JOWFSTF 'PVSJFS USBOTGPSN GSPN ℎ̃2 CBDL UPℎ2 GPS B UISFF�EJNFOTJPOBM
TZTUFN JT HJWFO CZ

ℎ2(" ) =
1

(2@)3
∫ 24

0
dM

∫ 4

0
dW

∫ 2

0
d: :2 sinW exp(i:" cosW) ℎ̃2(:)

=
1

4@2i"

∫ ∞

0
d: : [exp(i:" ) − exp(−i:" )] ℎ̃2(:) =

1
4@2i"

∫ ∞

−∞
d: : exp(i:" ) ℎ̃2(:)

=
1

4@2i"

∫ ∞

−∞
d:
: exp(i:" ) Q̃2(:)
1 − BCQ̃2(:)

=
1

4@2i"

∫
?C+

d:
: exp(i:" ) Q̃2(:)
1 − BCQ̃2(:)

.

	�����


*O UIF MBTU TUFQ
 XF FYQSFTTFE UIF JOUFHSBM BT B DPOUPVS JOUFHSBM BSPVOE UIF VQQFS DPNQMFY IBMG�
QMBOF C+ ≡ {X ∈ C : *N(X) > 0}� "TTVNJOH UIBU Q̃2 JT BO BOBMZUJD GVODUJPO
 XF DBO VTF UIF SFTJEVF
UIFPSFN UP FWBMVBUF UIJT JOUFHSBM UP

ℎ2(" ) = −
1

2@"

∑
20∈K

:0 exp(i:0" )Q̃2(:0)
BCQ̃ ′2(:0)

= − 1
2@"

∑
20∈K

:0 exp(i:0" )
B2CQ̃
′
2(:0)

, 	�����


XIFSF K ≡ {:0 ∈ C+ : 1 − BCQ̃2(:0) = 0}� 'PS MBSHF " 
 UIF EPNJOBOU DPOUSJCVUJPO DPNFT GSPN
UIF :0 ∈ K XIJDI IBT UIF TNBMMFTU JNBHJOBSZ QBSU
 TJODF UIBU POF JT BTTPDJBUFE XJUI UIF TMPXFTU
FYQPOFOUJBM EFDBZ� *U UIFSFGPSF NBLFT TFOTF UP QFSGPSN B 5BZMPS FYQBOTJPO PG Q̃2 BSPVOE : = 0


Q̃2(:) = Q̃2(0) +
1
2
Q̃ ′′2 (0) :2 + O(:4), 	�����


XIFSF UFSNT XJUI PEE QPXFST PG : WBOJTI EVF UP UIF SBEJBM TZNNFUSZ PG Q2� %FNBOEJOH UIBU

0 = 1 − BCQ̃2(i:0) = 1 − BCQ̃2(0) − BC
1
2
Q̃ ′′2 (0) (i:0)2 = 1 − BCQ̃2(0) + BC

1
2
Q̃ ′′2 (0) :20, 	�����


XF IBWF K = {i:0} XJUI

:0 =

√
−21 − BCQ̃2(0)

BCQ̃ ′′2 (0)
=

√
− 2

BC/̃ (0)Q̃ ′′2 (0)
=

√
2

B2C:B1 |Q̃ ′′2 (0) |R:
. 	�����


/PUF UIBU XF SFRVJSF Q̃ ′′2 (0) < 0 JO PSEFS UP TBUJTGZ i:0 ∈ C+� *OTFSUJOH UIJT JOUP &R� 	�����

 XF
BSSJWF BU

ℎ2(" ) → −
exp(−:0" )
2@"B2CQ̃

′′
2 (0)

=
1

2@B2C |Q̃ ′′2 (0) |
exp(−"/Y)

"
GPS " →∞, 	�����
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XIFSF

Y ≡ 1
:0

=

√
1
2
B2C:B1 |Q̃ ′′2 (0) |R: 	�����


JT UIF DPSSFMBUJPO MFOHUI XIJDI EJWFSHFT BT Y ∝ √R: ∝
√
|1 −1D |−1 = |1 − 1D |−1/2 ∝ |1∗ |−. XJUI

D ≡ 1/2� य़JT BHSFFT XJUI PVS IZQPUIFTJT UIBU UIF EFOTJUZ DPSSFMBUJPOT CFDPNF MPOH�SBOHFE BOE
UIBU

∫
d3-" ℎ2(-" ) →∞ BT R: →∞�

&YQFSJNFOUBM FWJEFODF PG UIF JODSFBTJOH EFOTJUZ ੘VDUVBUJPOT PO BQQSPBDIJOH UIF DSJUJDBM QPJOU
DBO CF PCTFSWFE XJUI UIF OBLFE FZF� *G UIF UFNQFSBUVSF PG B MJRVJE BU DSJUJDBM EFOTJUZ JT MPXFSFE
UPXBSET 1D
 B QSFDVSTPS PG NBDSPTDPQJD QIBTF TFQBSBUJPO QSPHSFTTJWFMZ TFUT JO XIFSF UIF MJRVJE
GPSNT TNBMM ੘VJE PS WBQPSPVT ESPQMFUT XIPTF EJBNFUFST BSF PO UIF PSEFS PG UIF DPSSFMBUJPO MFOHUI
Y � "T 1 → 1D
 UIFTF ESPQMFUT XJMM HSPX CFDBVTF Y → ∞ BOE FWFOUVBMMZ CFDPNF DPNQBSBCMF JO
TJ[F UP UIF XBWFMFOHUI PG WJTJCMF MJHIU
 BU XIJDI QPJOU UIFZ TUBSU UP TDB॒FS UIF MJHIU UIBU QBTTFT
UISPVHI UIFN� "T B DPOTFRVFODF
 UIF MJRVJE BQQFBST NJMLZ BOE JSJEFTDFOU OFBS UIF DSJUJDBM QPJOU�
B QIFOPNFOPO XIJDI JT LOPXO BT DSJUJDBM PQBMFTDFODF <��>�

"U UIF FOE PG UIF EBZ
 UIF EJWFSHFODF PG UIF DPSSFMBUJPO MFOHUI OFBS UIF DSJUJDBM QPJOU JT UIF
GVOEBNFOUBM SFBTPO CFIJOE UIF TJNJMBSJUZ PG UIF DSJUJDBM CFIBWJPS PG TZTUFNT CFMPOHJOH UP UIF
TBNF VOJWFSTBMJUZ DMBTT� "T Y JODSFBTFT
 JU CFDPNFT UIF POMZ TJHOJ੗DBOU MFOHUI TDBMF PG UIFTF
TZTUFNT BOE UIF SFMFWBODF PG UIF NJDSPTDPQJD EFUBJMT EJNJOJTIFT� य़JT JNQMJFT B TDBMF�JOWBSJBODF
JO UIF TFOTF UIBU B ۠DPBSTF�HSBJOFEۡ QJDUVSF PG UIF TZTUFN XJUI B SFEVDFE OVNCFS PG EFHSFFT
PG GSFFEPN TIPVME CF TFMG�TJNJMBS UP UIF NJDSPTDPQJD POF
 XIJDI IBT MFE UP UIF EFWFMPQNFOU PG
TDBMJOH DPODFQUT CZ 8JEPN <��> BOE ,BEBOP੖ <��>�

*U TIPVME CF OPUFE UIBU UIF DSJUJDBM FYQPOFOUT EFSJWFE TP GBS 	< = 1/2
 S = 1
 D = 1/2
 BSF
OPU BDDVSBUF GPS #�EJNFOTJPOBM TZTUFNT XJUI # < 4� य़JT JT EVF UP UIF OFHMJHFODF PG DPSSFMBUJPOT
JOIFSFOU JO UIF NFBO�੗FME BQQSPYJNBUJPO 	�����

 XIJDI JT OPU BQQSPQSJBUF JO UIF DSJUJDBM SFHJNF�
*U JT QPTTJCMF UP PWFSDPNF UIJT JTTVF XJUIJO UIF SFOPSNBMJ[BUJPO HSPVQ UIFPSZ JOUSPEVDFE CZ 8JM�
TPO
 XIP TIPXT UIBU UIF NFBO�੗FME FYQPOFOUT BSF BDUVBMMZ DPSSFDU GPS # ≥ 4 BOE QSPWJEFT BO
FYQBOTJPO GPS UIF DSJUJDBM FYQPOFOUT JO QPXFST PG (4 − #) UIBU DBO CF VTFE UP FYUSBQPMBUF UIF
SFTVMUT GPS # = 4 UP MPXFS EJNFOTJPOT <��>� 6Q UP TFDPOE PSEFS JO (4 − #) POF ੗OET UIBU

<! ≈
1
2
− (4 − #)

6
+ (4 − #)2

162
! <3 ≈ 0.34,

S! ≈ 1 + (4 − #)
6

+ 25 (4 − #)2
324

! S3 ≈ 1.24,

D! ≈
1
2
+ (4 − #)

12
+ 7 (4 − #)2

162
! S3 ≈ 0.63,

	�����


XIJDI JT JO WFSZ HPPE BHSFFNFOU XJUI FYQFSJNFOUBM SFTVMUT�
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������ $SJUJDBM $BTNJS F৤FDU

*NBHJOF UXP VODIBSHFE
 QFSGFDUMZ DPOEVDUJOH QBSBMMFM QMBUFT XJUI TVSGBDF BSFB A TFQBSBUFE CZ B
EJTUBODF Z JOTJEF B WBDVVN� 0OF NJHIU CF UFNQUFE UP UIJOL UIBU UIF QMBUFT XJMM OPU JOUFSBDU XJUI
FBDI PUIFS 	FYDFQU UISPVHI HSBWJUZ
� 4VSQSJTJOHMZ IPXFWFS
 BT QPTUVMBUFE CZ $BTJNJS JO ���� <��>
BOE ੗OBMMZ DPO੗SNFE BMNPTU IBMG B DFOUVSZ MBUFS JO FYQFSJNFOUT CZ -BNPSFBVY <��>
 UIF QMBUFT
BSF JOEFFE TVCKFDU UP BOPUIFS GPSDF UIBU BSJTFT EVF UP UIF BMXBZT QSFTFOU RVBOUVN BOE�PS UIFSNBM
੘VDUVBUJPOT PG UIF FMFDUSPNBHOFUJD ੗FME� #FDBVTF UIF QMBUFT JNQPTF DFSUBJO CPVOEBSZ DPOEJUJPOT
PO UIF ੗FME
 POMZ WFSZ TQFDJ੗D FJHFONPEFT BSF BMMPXFE JO CFUXFFO UIFN� य़JT UIFO F੖FDUJWFMZ
MFBET UP B SFEVDUJPO PG UIF BWFSBHF FOFSHZ 〈[ (Z)〉 PG UIF TZTUFN UIBU CFDPNFT NPSF QSPOPVODFE
BT Z EFDSFBTFT
 BOE JT JO UIF MJNJU A→∞ HJWFO CZ

〈[ (Z)〉 =


〈[ (∞)〉 −A @

1440
ℎQ

Z3
JG 1 = 0
 	�����B


〈[ (∞)〉 −A\ (3)
8@

:B1

Z2
JG :B1 4 ℎ>

@ 
 	�����C


XIFSF ℎ JT UIF 1MBODL DPOTUBOU
 Q UIF TQFFE PG MJHIU JO WBDVVN BOE \ (3) ≈ 1.202 <��>� *U GPMMPXT
UIBU UIFSF FYJTUT B $BTJNJS GPSDF ]DBT(Z) ≡ −d〈[ (Z)〉/dZ < 0 UIBU QVTIFT UIF QMBUFT UPHFUIFS�

*O ����
 'JTIFS BOE EF (FOOFT QSFEJDUFE B UIFSNPEZOBNJD BOBMPH PG UIJT QIFOPNFOPO XIFO
UXP QMBUFT BSF JNNFSTFE JO B CJOBSZ NJYUVSF UIBU JT OFBS JUT DSJUJDBM QPJOU <��>� " CJOBSZ NJYUVSF
DPOTJTUT PG UXP EJ੖FSFOU MJRVJET UIBU
 EFQFOEJOH PO UIFJS DPNQPTJUJPO Q BOE UIF UFNQFSBUVSF
1 
 FJUIFS CMFOE UP GPSN B IPNPHFOFPVT TPMVUJPO
 PS TFQBSBUF JOUP UXP DPFYJTUJOH QIBTFT SJDI
JO POF PS UIF PUIFS DPNQPOFOU� 4VDI B NJYUVSF NBZ IBWF CPUI B MPXFS BOE BO VQQFS DSJUJDBM
UFNQFSBUVSF� #FMPX 	BCPWF
 UIF MPXFS 	VQQFS
 DSJUJDBM UFNQFSBUVSF
 UIF NJYUVSF JT IPNPHFOFPVT
GPS BMM DPNQPTJUJPOT� BCPWF 	CFMPX

 JU XJMM QIBTF TFQBSBUF JG UIF DPNQPTJUJPO JT XJUIJO B DFSUBJO
SBOHF�य़F MPXFS 	VQQFS
 DSJUJDBM UFNQFSBUVSF IBT B DPSSFTQPOEJOH DSJUJDBM DPNQPTJUJPO UIBUNBSLT
UIF NJOJNVN 	NBYJNVN
 PG UIF CJOPEBM JO B Qۗ1 QIBTF EJBHSBN� TFF 'JH� ���� *O UIF GPMMPXJOH

A
B
+

A

B
homogeneous phase

separated phases

'JHVSF ����� 4DIFNBUJD QIBTF EJBHSBN PG B CJOBSZ NJYUVSF
 DPOTJTUJOH PG MJRVJET " BOE #
 OFBS JUT MPXFS DSJUJDBM
UFNQFSBUVSF1D� #FMPX1D
 UIF NJYUVSF JT IPNPHFOFPVT GPS BMM DPNQPTJUJPOT Q� BCPWF1D
 JU XJMM TFQBSBUF JOUP BO "�SJDI
BOE #�SJDI QIBTF JG UIF DPNQPTJUJPO MJFT XJUIJO UIF DPFYJTUFODF SFHJPO FODMPTFE CZ UIF CJOPEBM 	TPMJE CMVF DVSWF
� य़F
NJOJNVN PG UIF CJOPEBM EF੗OFT UIF MPXFS DSJUJDBM QPJOU (QD,1D)�
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EJTDVTTJPO
 XF TIBMM ۗ XJUIPVU MPTT PG HFOFSBMJUZ ۗ POMZ GPDVT PO UIF MPXFS DSJUJDBM QPJOU (1D
 QD)�
8F DBO FTTFOUJBMMZ QJDUVSF UIF EFNJYJOH QSPDFTT PG B CJOBSZ NJYUVSF BT CPUI DPNQPOFOUT VO�

EFSHPJOH B MJRVJEۗWBQPS TFQBSBUJPO TJNVMUBOFPVTMZ
 EVSJOH XIJDI UIF MJRVJE QIBTF PG POF DPN�
QPOFOU NFSHFT XJUI UIF WBQPS QIBTF PG UIF PUIFS� 'SPN UIJT QPJOU PG WJFX JU TIPVME CF DMFBS UIBU
UIF DSJUJDBM CFIBWJPS PG B CJOBSZ NJYUVSF JT RVBMJUBUJWFMZ JEFOUJDBM UP UIBU PG B QVSF TVCTUBODF

BOE UIBU CPUI TZTUFNT NVTU UIFSFGPSF CFMPOH UP UIF TBNF VOJWFSTBMJUZ DMBTT� *O QBSUJDVMBS
 UIF
DPNQPTJUJPO ੘VDUVBUJPOT JO B CJOBSZ NJYUVSF CFDPNF MPOH�SBOHFE BT 1 → 1D BOE UIF BTTPDJBUFE
DPSSFMBUJPO MFOHUI EJWFSHFT BT Y ∼ Y0 |1∗ |−. XJUI B NBUFSJBM DPOTUBOU Y0 BOE D ≈ 0.63 JO UISFF
EJNFOTJPOT�

-FU VT OPX UIJOL BCPVU IPX UIF )FMNIPMU[ GSFF FOFSHZ 4 DIBOHFT XIFO XF JOTFSU UXP QBSBMMFM
QMBUFT JOUP B IPNPHFOFPVT CJOBSZ NJYUVSF BU DSJUJDBM DPNQPTJUJPO
 Q = QD
 BOE CFMPX UIF DSJUJDBM
UFNQFSBUVSF
 1 < 1D� %VF UP UIF JOUFSBDUJPO PG UIF QMBUFT XJUI UIF TVSSPVOEJOH QBSUJDMFT
 XF
XPVME FYQFDU B DPSSFDUJPO UFSN UIBU JT QSPQPSUJPOBM UP UIF TVSGBDF BSFB A� UIF DPSSFTQPOEJOH
DPOKVHBUF RVBOUJUZ JT UIF TVSGBDF UFOTJPO S XIJDI EFQFOET PO UIF TQFDJ੗D NJYUVSF BOE TVSGBDF
QSPQFSUJFT� य़VT
 JO UIF HFOFSBM DBTF UIBU UIF QMBUFT BSF NBEF PVU PG EJ੖FSFOU NBUFSJBMT
 XF IBWF

4 | | = 4C +AS1 +AS2, 	�����


XIFSF 4C EFOPUFT UIF CVML )FMNIPMU[ GSFF FOFSHZ PG UIF CJOBSZ NJYUVSF� य़JT BQQFBST MJLF B
SFBTPOBCMF BTTVNQUJPO ۗ BU MFBTU JG UIF QMBUF TFQBSBUJPO Z JT NVDI MBSHFS UIBO UIF NJYUVSF۝T
NPMFDVMFT TP UIBU EFQMFUJPO F੖FDUT BSF OFHMJHJCMF�

%FQFOEJOH PO UIF NBUFSJBM
 UIF QMBUFT XJMM UZQJDBMMZ TIPX BO BETPSQUJPO QSFGFSFODF GPS POF PS
UIF PUIFS DPNQPOFOU PG UIF CJOBSZ NJYUVSF
 XIJDI NFBOT UIBU UIF DPODFOUSBUJPO PG UIF GBWPSFE
DPNQPOFOU XJMM CF TJHOJ੗DBOUMZ IJHIFS JO UIF WJDJOJUZ PG UIF QMBUF� 6OEFS OPSNBM DJSDVNTUBODFT

UIF SFTVMUJOH MPDBM EFWJBUJPO PG UIF DPODFOUSBUJPO QSP੗MF GSPN UIF CVML JT WFSZ TIPSU�SBOHFE BOE
RVJDLMZ EFDBZT� )PXFWFS
 BT UIF UFNQFSBUVSF BQQSPBDIFT1D BOE UIF DPSSFMBUJPO MFOHUI EJWFSHFT

UIF QMBUFT۝ JO੘VFODF PO UIF NFEJVN XJMM CF JODSFBTJOHMZ GBS�SFBDIJOH TP UIBU UIFZ FWFOUVBMMZ
TUBSU UP GFFM FBDI PUIFS۝T QSFTFODF BOE DBO OP MPOHFS CF DPOTJEFSFE JOEFQFOEFOU FOUJUJFT� य़JT
੘VDUVBUJPO�JOEVDFE JOUFSBDUJPO CFUXFFO UIF QMBUFT JT LOPXO BT UIF DSJUJDBM $BTJNJS FञFDU BOE
IBT UP CF JODPSQPSBUFE JOUP 4 | | UISPVHI BO BEEJUJPOBM DPOUSJCVUJPO 4DBT� 'SPN UIF VOJWFSTBM DIBS�
BDUFS PG DSJUJDBM CFIBWJPS
 XF DBO JOGFS UIBU 4DBT NVTU CF VOJWFSTBM JUTFMG BOE DBOOPU EFQFOE PO
NJDSPTDPQJD EFUBJMT� 3JHIU BU UIF DSJUJDBM QPJOU XIFSF Y JT JO੗OJUF
 UIF POMZ NBDSPTDPQJD NFBTVSFT
UIBU DBO GBDUPS JOUP 4DBT BSF A
 Z
 :B1 BOE B VOJWFSTBM
 EJNFOTJPOMFTT $BTJNJS BNQMJUVEF

Δ | | ≡


Δ±±
| | JG CPUI TVSGBDFT GBWPS UIF TBNF DPNQPOFOU,

Δ±∓
| | PUIFSXJTF,

	�����


UIBU BDDPVOUT GPS UIF BETPSQUJPO QSFGFSFODF PG UIF TVSGBDFT <��>� 4JODF XF DBO FYQFDU UIBU 4DBT
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JODSFBTFT MJOFBSMZ XJUI A BOE EFDSFBTFT XJUI Z
 UIF POMZ WJBCMF DPNCJOBUJPO XJUI UIF DPSSFDU
EJNFOTJPOT PG FOFSHZ JT

4 DBT
| | (Z) = :B1

A

Z2
Δ | | . 	�����


"EEJOH UIJT UFSN UP 	�����

 XF ੗OE UIBU

4 | | (Z) = 4C +AS1 +AS2 + 4 DBT
| | (Z) = 4 | | (∞) + :B1D

A

Z2
Δ | |, 	�����


JO DPNQMFUF BOBMPHZ UP &R� 	�����C
 GPS UIF RVBOUVN�NFDIBOJDBM $BTJNJS F੖FDU�
4MJHIUMZ CFMPX UIF DSJUJDBM UFNQFSBUVSF
 Y JT ੗OJUF CVU MBSHF BOE UIFSFGPSF BOPUIFS NBDSPTDPQJD

RVBOUJUZ UIBU FOUFST JOUP 4 DBT
| | � %VF UP TDBMF�JOWBSJBODF
 4 DBT

| | TIPVME POMZ EFQFOE PO Y UISPVHI
TPNF TDBMJOH GVODUJPO Θ | | PG UIF EJNFOTJPOMFTT SBUJP Z/Y 
 TP UIBU <��>

4 DBT
| | (Z) = :B1

A

Z2
Θ | |

(
Z

Y

)
= :B1

A

Z2
Θ | |

(
Z

Y0 |1∗ |−.
)
= :B1

A

Z2
Θ | |

(
Z

Y0

!!!!1 −1D1D

!!!!
. )

. 	�����


5P SFDPWFS &R� 	�����
 GPS 1 = 1D BOE 4 DBT
| | = 0 GPS 1 2 1D
 XF SFRVJSF UIBU Θ | | (0) = Δ | | BOE

Θ | | (C) → 0 GPS C → ∞� -JLF UIF $BTJNJS BNQMJUVEF Δ | | 
 UIF TDBMJOH GVODUJPO Θ | | JT EFQFOEFOU
PO UIF CPVOEBSZ DPOEJUJPOT JNQPTFE CZ UIF TVSGBDFT� *O UIF DSJUJDBM SFHJNF
 UIF )FMNIPMU[ GSFF
FOFSHZ UIVT BNPVOUT UP

4 | | (Z) = 4C +AS1 +AS2 + 4 DBT
| | (Z) = 4 | | (∞) + :B1

A

Z2
Θ | |

(
Z

Y0

!!!!1 −1D1D

!!!!
. )

, 	�����


XIJDI HJWFT SJTF UP UIF DSJUJDBM $BTJNJS GPSDF

]DBT
| | (Z) ≡ −

d4 | | (Z)
dZ

= :B1
A

Z3
^ | |

(
Z

Y

)
= :B1

A

Z3
^ | |

(
Z

Y0

!!!!1 −1D1D

!!!!
. )

	�����


XJUI ^ | | (C) ≡ 2Θ | | (C) − CΘ′| | (C)� य़F TJHO PG ]DBT
| | VMUJNBUFMZ EFQFOET PO UIF TDBMJOH GVODUJPO Θ | |

BOE IFODF PO UIF CPVOEBSZ DPOEJUJPOT� JU UVSOT PVU UIBU QMBUFT XIJDI GBWPS UIF TBNF DPNQPOFOU
FYQFSJFODF BO B॒SBDUJPO
 XIFSFBT UIPTF XJUI PQQPTJUF BETPSQUJPO QSFGFSFODFT SFQFM FBDI PUIFS�

0CUBJOJOH UIFPSFUJDBM QSFEJDUJPOT GPS UIF TDBMJOH GVODUJPOT JT B OPO�USJWJBM UBTL GPS XIJDI TFW�
FSBM EJ੖FSFOU BQQSPBDIFT IBWF CFFO EFWJTFE� "T BMSFBEZ NFOUJPOFE
 UIF DSJUJDBM CFIBWJPS JO GPVS
PS NPSF EJNFOTJPOT DBO CF FYBDUMZ EFTDSJCFE XJUI NFBO�੗FME UIFPSZ
 XIJDI BMMPXT UIF EFSJWB�
UJPO PG FYBDU FYQSFTTJPOT GPS UIF TDBMJOH GVODUJPOT <��>� य़F DSJUJDBM $BTJNJS F੖FDU DBO BMTP CF
PCTFSWFE JO UIF *TJOH NPEFM
 XIJDI CFMPOHT UP UIF TBNF VOJWFSTBMJUZ DMBTT BT B TJNQMF ੘VJE PS B
CJOBSZ NJYUVSF BOE UIFSFGPSF TIBSFT UIF TBNF TDBMJOH GVODUJPOT� JO UXP EJNFOTJPOT
 UIFTF DBO CF
EFUFSNJOFE FYBDUMZ VTJOH USBOTGFS�NBUSJY NFUIPET <��>� *O UISFF EJNFOTJPOT
 OVNFSJDBM BQQSPY�
JNBUJPOT PG UIF TDBMJOH GVODUJPOT IBWF CFFO DPNQVUFE WJB .POUF $BSMP TJNVMBUJPOT PG UIF *TJOH
NPEFM JO DPNCJOBUJPO XJUI B UIFSNPEZOBNJD JOUFHSBUJPO TDIFNF <��>�



�� �� 'VOEBNFOUBM $PODFQUT

'JHVSF ����� *MMVTUSBUJPO PG UIF %FSKBHVJO BQQSPYJNBUJPO GPS UIF DSJUJDBM $BTJNJS JOUFSBDUJPO CFUXFFO B ੘BU QMBUF 	CMVF

BOE B TQIFSF 	SFE
 XJUI SBEJVT F� य़F TVSGBDF PG UIF TQIFSF JT EFDPNQPTFE JOUP UIJO BOOVMJ 	JOEJDBUFE JO HSBZ
 UIBU
MJF QBSBMMFM UP UIF QMBUF� &BDI BOOVMVT JT BTTVNFE UP JOUFSBDU XJUI B DPSSFTQPOEJOH BOOVMVT PO UIF QMBUF۝T TVSGBDF
	BMTP JO HSBZ
 BDDPSEJOH UP &R� 	�����
� 0OF UIFO UBLFT UIF MJNJU PG JO੗OJUFTJNBMMZ UIJO BOOVMJ BOE JOUFHSBUFT PWFS BMM
DPOUSJCVUJPOT
 MFBEJOH UP &R� 	�����
�

य़F QBSBMMFM QMBUF HFPNFUSZ JT POMZ B TQFDJBM DBTF UIBU JT OPOFUIFMFTT WFSZ JNQPSUBOU GSPN B
UIFPSFUJDBM TUBOEQPJOU CFDBVTF UIF DSJUJDBM $BTJNJS JOUFSBDUJPO JT QBSUJDVMBSMZ FBTZ UP EFTDSJCF
EVF UP UIF TZNNFUSZ PG UIF TFUVQ� 0G DPVSTF
 DSJUJDBM $BTJNJS GPSDFT XJMM JO HFOFSBM BDU CFUXFFO
BMM LJOET PG TVSGBDFT XJUI B QPUFOUJBMMZ DPNQMJDBUFE EFQFOEFODF PO UIFJS TIBQF
 PSJFOUBUJPO BOE
BETPSQUJPO QSFGFSFODFT� 4JODF QBSBMMFM QMBUFT BSF WFSZ EJਖ਼DVMU UP SFBMJ[F JO QSBDUJDF
 FYQFSJNFOUBM
TUVEJFT PG UIF DSJUJDBM $BTJNJS F੖FDU VTVBMMZ JOWPMWF FJUIFS B TQIFSF JO GSPOU PG B ੘BU TVSGBDF

PS UXP TQIFSFT� 'PS UIFTF UXP TJUVBUJPOT
 XF DBO VTF UIF %FSKBHVJO BQQSPYJNBUJPO UP EFSJWF BO
FYQSFTTJPO GPS UIF DSJUJDBM $BTJNJS JOUFSBDUJPO JG UIF TDBMJOH GVODUJPO Θ | | PG UIF QBSBMMFM QMBUF
HFPNFUSZ JT LOPXO <��>�

-FU VT ੗STU DPOTJEFS B TQIFSF XJUI SBEJVT F XIPTF DFOUFS JT B EJTUBODF F + X BXBZ GSPN B
੘BU QMBUF� य़F JEFB PG UIF %FSKBHVJO BQQSPYJNBUJPO JT UP EFDPNQPTF UIF DVSWFE TVSGBDF PG UIF
TQIFSF JOUP JO੗OJUFMZ NBOZ
 JO੗OJUFTJNBMMZ UIJO BOOVMJ UIBU MJF QBSBMMFM UP UIF QMBUF� TFF 'JH� ����
'PS FWFSZ BOHMF M ∈ [0, 2@] UIFSF JT BO BTTPDJBUFE BOOVMVT UIBU IBT B SBEJVT " (M) = F sinM 
 BO
BSFB dA(M) = d[@" (M)2] = 2@F sinM cosM dM BOE B TFQBSBUJPO Z(M) = X + (1 − cosM)F UP UIF
QMBUF� 8F OPX NBLF UIF BTTVNQUJPO UIBU FBDI PG UIFTF BOOVMJ JOUFSBDUT XJUI B DPSSFTQPOEJOH
BOOVMVT PO UIF QMBUF۝T TVGBDF
 BOE UIBU UIJT DPOUSJCVUJPO UP UIF )FMNIPMU[ GSFF FOFSHZ JT

d4 DBT
|! (M) = :B1

dA(M)
Z(M)2 Θ | |

[
Z(M)
Y

]
= :B1

2@F2 sinM cosM
[X + (1 − cosM)F]2 Θ | |

[
X + (1 − cosM)F

Y

]
dM 	�����


BT QFS &R� 	�����
� *OUFHSBUJOH PWFS M UIFO HJWFT UIF UPUBM DPOUSJCVUJPO PG BMM BOOVMJ


4 DBT
|! = :B1

2@F2

X2

∫ 4/2

0
dM

sinM cosM
[1 + (1 − cosM) (F/X)]2 Θ | |

[
X

Y

{
1 + (1 − cosM)F

X

}]
. 	�����


%VF UP UIF EFOPNJOBUPS
 UIF JOUFHSBOE JT TNBMM GPS M 4 0� 8F DBO UIFSFGPSF DIPPTF BO VQQFS
JOUFHSBUJPO MJNJU MNBY > 0 TVDI UIBU MNBY 2 @/2� य़FO
 EF੗OJOH _ (M) ≡ 1 + (M2/2)(F/X) BOE



���� $SJUJDBM QIFOPNFOB ��

VTJOH UIBU sinM ≈ M BOE cosM ≈ 1 − M2/2 GPS M ∈ [0,MNBY]
 XF IBWF

4 DBT
|! ≈ :B1

2@F2

X2

∫ 5NBY

0
dM

M

[1 + (M2/2) (F/X)]2Θ | |

(
X

Y

{
1 + M

2

2
F

X

})

= :B1
2@F
X

∫ 5NBY

0
dM

d_ (M)
dM

Θ | | (_ (M)X/Y)
_ (M)2 = :B1

2@F
X

∫ 3 (5NBY)

3 (0)
d_

Θ | | (_X/Y)
_2

.

	�����


'JOBMMZ
 SFDPHOJ[JOH UIBU _ (0) = 1 BOE _ (MNBY) = 1 + M2
NBY(F/X) → ∞ JO UIF MJNJU F/X → ∞

SFHBSEMFTT PG UIF TQFDJ੗D DIPJDF PG MNBY
 XF ੗OE UIBU

4 DBT
|! (X) ≈ :B1

F

X
Θ |!

(
X

Y

)
= :B1

F

X
Θ |!

(
X

Y0

!!!!1 −1D1D

!!!!
. )

GPS F 4 X 	�����


XJUI UIF QMBUFۗTQIFSF TDBMJOH GVODUJPO

Θ |!(C) ≡ 2@
∫ ∞

1
d_

Θ | | (C_)
_2

. 	�����


य़F DSJUJDBM $BTJNJS GPSDF CFUXFFO UIF TQIFSF BOE UIF QMBUF JT UIFSFGPSF

]DBT
|! (X) ≡ −

d4 DBT
|! (X)
dX

≈ :B1
F

X2
^ |!

(
X

Y

)
= :B1

F

X2
^ |!

(
X

Y0

!!!!1 −1D1D

!!!!
. )

GPS F 4 X 	�����


XJUI ^ |!(C) ≡ Θ |!(C) − CΘ′|!(C)�
'PS UIF DSJUJDBM $BTJNJS JOUFSBDUJPO CFUXFFO UXP TQIFSFT XJUI UIF TBNF SBEJVT F BOE DFOUFS�

UP�DFOUFS EJTUBODF 2F +X
 UIF %FSKBHVJO BQQSPYJNBUJPO XPSLT FYBDUMZ UIF TBNF
 FYDFQU UIBU OPX

Z(M) = X + 2(1 − cosM)F� *O UIF FOE
 UIJT POMZ SFTVMUT JO BO BEEJUJPOBM GBDUPS 1/2 TP UIBU

4 DBT
!!(X) =

1
2
4 DBT
|! (X) ≈ :B1

F

2X
Θ |!

(
X

Y

)
= :B1

F

2X
Θ |!

(
X

Y0

!!!!1 −1D1D

!!!!
. )

GPS F 4 X 	�����


BOE

]DBT
!!(X) =

1
2
]DBT
|! (X) ≈ :B1

F

2X2
^ |!

(
X

Y

)
= :B1

F

2X2
^ |!

(
X

Y0

!!!!1 −1D1D

!!!!
. )

GPS F 4 X. 	�����


*O 'JH� ���
 UIF QMBUFۗTQIFSF TDBMJOH GVODUJPOT Θ |! BOE ^ |! CBTFE PO 3FGT� <��> BOE <��> BSF
TIPXO GPS FRVBM 	±±
 BOE PQQPTJUF 	±∓
 CPVOEBSZ DPOEJUJPOT� 4JODF ^±±|! < 0 BOE ^±∓|! > 0
 JU
JT DMFBS UIBU UIF DSJUJDBM $BTJNJS GPSDF CFUXFFO B QMBUF BOE B TQIFSF PS CFUXFFO UXP TQIFSFT JT
B॒SBDUJWF JG UIF TVSGBDFT QSFGFSFOUJBMMZ BETPSC UIF TBNF DPNQPOFOU
 BOE SFQVMTJWF PUIFSXJTF�

&YQFSJNFOUBMMZ
 B NBKPS CSFBLUISPVHI JO UIF TUVEZ PG UIF DSJUJDBM $BTJNJS F੖FDU XBT SFQPSUFE
CZ )FSUMFJO FU BM� JO ���� <��> 	TFF BMTP 3FG� <��> CZ (BNCBTTJ FU BM� GPS B NPSF EFUBJMFE BDDPVOU


XIP XFSF BCMF UP EJSFDUMZ NFBTVSF UIF DSJUJDBM $BTJNJS GPSDF CFUXFFO B TQIFSJDBM QBSUJDMF BOE
QMBOBS TVCTUSBUF CZ NFBOT PG UPUBM JOUFSOBM SF੘FDUJPO NJDSPTDPQZ 	5*3.
� "T QBSUJDMFT
 UIFZ VTFE
QPMZTUZSFOF DPMMPJET XJUI B EJBNFUFS PG B GFX NJDSPOT UIBU IBWF CFFO JNNFSTFE JO B NJYUVSF PG



�� �� 'VOEBNFOUBM $PODFQUT
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'JHVSF ����� य़F %FSKBHVJO BQQSPYJNBUJPO PG UIF DSJUJDBM $BTJNJS TDBMJOH GVODUJPOT Θ |! BOE ^ |! GPS UIF QMBUFۗTQIFSF
HFPNFUSZ XJUI FRVBM 	۠±±ۡ� MFॏ QBOFM
 PS PQQPTJUF 	۠±∓ۡ� SJHIU QBOFM
 BETPSQUJPO QSFGFSFODFT� 4JODF ^±±|! < 0 BOE
^±∓|! > 0
 JU GPMMPXT UIBU UIF DSJUJDBM $BTJNJS GPSDF 	�����
 JT B॒SBDUJWF JG UIF TVSGBDFT GBWPS UIF TBNF DPNQPOFOU PG UIF
CJOBSZ NJYUVSF
 BOE SFQVMTJWF PUIFSXJTF� #BTFE PO 3FGT� <��> BOE <��>�

XBUFS BOE �
��-VUJEJOF� य़F XBUFSۗ�
��-VUJEJOF NJYUVSF IBT B MPXFS DSJUJDBM 	EFNJYJOH
 QPJOU BU
UFNQFSBUVSF 1D ≈ 307 K ≈ 34 ◦C BOE �
��-VUJEJOF NBTT GSBDUJPO Q-D ≈ 0.286� य़F DPMMPJET FJUIFS
GBWPSFE �
��-VUJEJOF 	۠+ۡ CPVOEBSZ DPOEJUJPO
 JG UIFZ IBE B MPX TVSGBDF DIBSHF EFOTJUZ
 PS XBUFS
	۠−ۡ CPVOEBSZ DPOEJUJPO
 JO DBTF PG B IJHI TVSGBDF DIBSHF EFOTJUZ� य़F NJYUVSF BOE UIF DPMMPJET
XFSF DPOUBJOFE XJUIJO B DFMM NBEF PVU PG TJMJDB HMBTT� य़F BETPSQUJPO QSFGFSFODF PG UIF DFMM۝T TVS�
GBDF XBT BEKVTUFE CZ DPBUJOH JU FJUIFS XJUI IFYBNFUIZMEJTJMB[BOF 	).%4
 PS /B0)
 SFTVMUJOH JO
BO Bਖ਼OJUZ GPS �
��-VUJEJOF 	+
 PS XBUFS 	−
 SFTQFDUJWFMZ� य़VT
 BMM QPTTJCMF CPVOEBSZ DPOEJUJPOT
	++
 +−
 −+
 −−
 DPVME CF SFBMJ[FE� 6TJOH BO PQUJDBM UXFF[FS
 B TJOHMF DPMMPJE XBT DBQUVSFE BOE
IFME JO QMBDF JO UIF MBUFSBM EJSFDUJPO
 CVU TUJMM BMMPXFE UP NPWF QFSQFOEJDVMBS UP UIF CP॒PN PG UIF
DFMM� 'SPN CFMPX UIF DFMM
 B QPMBSJ[FE MBTFS CFBNXBT UIFO EJSFDUFE BU UIF QPJOU PG UIF DFMMۗNJYUVSF
JOUFSGBDF KVTU CFMPX UIF DPMMPJE BU TVDI B ੘BU BOHMF UIBU JU XBT UPUBMMZ SF੘FDUFE� "T B DPOTFRVFODF

BO FWBOFTDFOU FMFDUSPNBHOFUJD ੗FME QFOFUSBUFE JOUP UIF NJYUVSF BOE XBT TDB॒FSFE CZ UIF DPM�
MPJE� 4JODF BO FWBOFTDFOU ੗FME EFDBZT FYQPOFOUJBMMZ XJUI JODSFBTJOH EJTUBODF GSPN UIF JOUFSGBDF

UIF JOUFOTJUZ PG UIF TDB॒FSFE MJHIU EFQFOEFE TFOTJUJWFMZ PO UIF IFJHIU PG UIF DPMMPJE BCPWF UIF
JOUFSGBDF� 7JB B NFBTVSFNFOU PG UIJT JOUFOTJUZ
 UIF WFSUJDBM QPTJUJPO PG UIF DPMMPJE DPVME UIFO CF
BDDVSBUFMZ EFUFSNJOFE� 'JOBMMZ
 CZ SFDPSEJOH UIF UIFSNBM ੘VDUVBUJPOT PG UIF DPMMPJE۝T IFJHIU PWFS
TPNF QFSJPE PG UJNF
 JU XBT QPTTJCMF UP JOGFS UIF TVCTUSBUFۗDPMMPJE JOUFSBDUJPO QPUFOUJBM� /FBS UIF
DSJUJDBM QPJOU
 BॏFS TVCUSBDUJPO PG UIF HSBWJUBUJPOBM BOE FMFDUSPTUBUJD DPOUSJCVUJPO
 UIF QPUFOUJBM
XBT GPVOE UP CF JO FYDFMMFOU BHSFFNFOU XJUI UIF UIFPSFUJDBM QSFEJDUJPO 	�����
 GPS UIF DSJUJDBM
$BTJNJS QMBUFۗTQIFSF JOUFSBDUJPO�

*O BOPUIFS UZQF PG FYQFSJNFOU
 ;WZBHPMTLBZB FU BM� JOWFTUJHBUFE UIF CFIBWJPS PG B CJOBSZ NJY�
UVSF PG TJMJDB DPMMPJET JNNFSTFE JO XBUFSۗ�
��-VUJEJOF BU DSJUJDBM DPNQPTJUJPO <��
 ��>� य़F DPM�



���� $SJUJDBM QIFOPNFOB ��

MPJET TFEJNFOUFE UPXBSE UIF CP॒PN PG UIF DPOUBJOJOH DFMM JOUP B QMBOF NPOPMBZFS
 UIFSFGPSF
F੖FDUJWFMZ GPSNJOH B UXP�EJNFOTJPOBM TZTUFN PG IBSE EJTLT� 8IJMF POF DPMMPJE TQFDJFT GBWPSFE
XBUFS 	−
 EVF UP B IJHI TVSGBDF DIBSHF EFOTJUZ
 UIF PUIFS XBT SFOEFSFE IZESPQIPCJD 	+
 UISPVHI
B GVODUJPOBMJ[BUJPO XJUI TJMBOF� "ॏFS JODSFBTJOH UIF UFNQFSBUVSF BCPWF 1D − 0.4 K
 UIF IJUIFSUP
IPNPHFOFPVT DPMMPJE NJYUVSF XBT PCTFSWFE UP TFHSFHBUF JOUP EPNBJOT SJDI JO FJUIFS POF PS UIF
PUIFS TQFDJFT� य़F FOTVJOH DPBSTFOJOH PG UIF TZTUFN۝T TUSVDUVSF POMZ CFDBNF NPSF QSPOPVODFE
BT 1D XBT BQQSPBDIFE� य़JT DMFBSMZ TVHHFTU UIF QSFTFODF PG BO B॒SBDUJWF DSJUJDBM $BTJNJS GPSDF
CFUXFFO DPMMPJET PG UIF TBNF TQFDJFT 	BOE UIVT UIF TBNF BETPSQUJPO QSFGFSFODFT

 BOE B SFQVMTJWF
DSJUJDBM $BTJNJS GPSDF CFUXFFO DPMMPJET PG EJ੖FSFOU TQFDJFT 	BOE UIVT PQQPTJUF BETPSQUJPO QSFG�
FSFODFT
� य़F FYQFSJNFOUBM SFTVMUT QSPWFE UP CF DPOTJTUFOU XJUI B UIFPSFUJD NPEFM PG IBSE EJTLT
JOUFSBDUJOH WJB ]DBT

!! BT HJWFO CZ &R� 	�����
�
य़F DSJUJDBM $BTJNJS F੖FDU QSFTFOUT BO JOUSJHVJOHNFBOT PG TJHOJ੗DBOUMZ BMUFSJOH UIF JOUFSBDUJPO

CFUXFFO DPMMPJEBM QBSUJDMFT UISPVHI NJOVUF DIBOHFT PG UIF UFNQFSBUVSF� *O UIF OFYU DIBQUFS
 XF
XJMM VTF UIJT JOTUSVNFOU UP EFWJTF B DPMMPJEBM NPEFM TZTUFN XJUI DPNQFUJOH JOUFSBDUJPOT
 XIFSFJO
UIF B॒SBDUJPO BOE SFQVMTJPO DBO CF UVOFE FBTJMZ BOE JOEFQFOEFOUMZ GSPN FBDI PUIFS�





�� .PEFM TZTUFN

8F TIBMM OPX EJSFDU PVS B॒FOUJPO UP UIF UBTL PG EFTJHOJOH B OPWFM NPEFM TZTUFN UIBU QSPNJTFT UP
P੖FS JOUSJHVJOH QPTTJCJMJUJFT BOE GSFFEPNT JO UIF TUVEZ PG DPNQFUJOH JOUFSBDUJPOT BOENJDSPQIBTF
TFQBSBUJPO� *EFBMMZ
 UIJT TZTUFN XPVME QPTTFTT UIF GPMMPXJOH EFTJSBCMF QSPQFSUJFT�

	J
 &YQFSJNFOUBM SFBMJ[BCJMJUZ� य़F NPEFM DBO CF TUVEJFE FYQFSJNFOUBMMZ BOE
 QSFGFSBCMZ
 POMZ
SFRVJSFT TMJHIUNPEJ੗DBUJPOT PG FYQFSJNFOUT UIBU IBWF BMSFBEZ CFFO TVDDFTTGVMMZ DPOEVDUFE�
'VSUIFSNPSF
 UIF TZTUFN DBO CF EJSFDUMZ JNBHFE UP SFWFBM JUT TUSVDUVSF�

	JJ
 FPSFUJDBMࡋ BDDFTTJCJMJUZ� य़F NPEFM DBO CF BOBMZ[FE UIFPSFUJDBMMZ JO PSEFS UP NBLF QSFEJD�
UJPOT BCPVU JUT CFIBWJPS UIBU DBO HVJEF FYQFSJNFOUBMJTUT BOE UIBU DBO BMTP CF DPNQBSFE
XJUI FYQFSJNFOUBM SFTVMUT� *O QBSUJDVMBS
 UIF JOUFSBDUJPOT CFUXFFO UIF QBSUJDMFT BSF XFMM�
VOEFSTUPPE�

	JJJ
 5VOBCMF DPNQFUJOH JOUFSBDUJPOT�य़F QBSUJDMFT JOUFSBDU WJB B UZQJDBM 4"-3 QPUFOUJBM 	'JH� ���

XJUI B TUSPOH SFQVMTJPO GPS TNBMM
 B NPEFSBUF B॒SBDUJPO GPS JOUFSNFEJBUF
 BOE B XFBL SF�
QVMTJPO GPS MBSHFS QBSUJDMF TFQBSBUJPOT� य़F TUSFOHUI PG UIF B॒SBDUJPO BOE UIF MPOH�SBOHFE
SFQVMTJPO DBO CF UVOFE JOEFQFOEFOUMZ GSPN FBDI PUIFS CZ BEKVTUJOH UXP FBTJMZ DPOUSPMMBCMF
FYUFSOBM WBSJBCMFT�

,FFQJOH UIJT MJTU JO NJOE
 DPOTJEFS UIF TFUVQ TIPXO JO 'JH� ���� " TJOHMF TQFDJFT PG TQIFSJDBM
TJMJDB DPMMPJET XJUI B QBSBNBHOFUJD DPSF BOE B EJBNFUFS E PG B GFX NJDSPOT BSF JNNFSTFE JO
B NJYUVSF PG XBUFS BOE �
��-VUJEJOF BU DSJUJDBM DPNQPTJUJPO� य़JT TVTQFOTJPO JT DPO੗OFE UP B
UFNQFSBUVSF�DPOUSPMMFE HMBTT DFMM JO XIJDI UIF DPMMPJET TFEJNFOU UPXBSE UIF CP॒PN VOEFS UIF
GPSDF PG HSBWJUZ BOE GPSN BO FTTFOUJBMMZ ੘BU NPOPMBZFS ۗ QSPWJEFE UIBU UIF NBTT PG UIF DPMMPJET

ex
te

rn
al 

m
ag

ne
tic

 �
eld

heating element

water–2,6-Lutidine mixture

glass cell

monolayer of paramagnetic silica colloids

gravitational force

➙ ➙ ➙ ➙ ➙ ➙ ➙ ➙ ➙ ➙ ➙ ➙ ➙ ➙ ➙ ➙ ➙

'JHVSF ����� 4DIFNBUJD TJEF WJFX PG UIF FYQFSJNFOUBM TFUVQ� 4QIFSJDBM TJMJDB DPMMPJET 	EBSL DJSDMFT
 XJUI B QBSBNBHOFUJD
DPSF BSF TVTQFOEFE JO BXBUFSۗ�
��-VUJEJOFNJYUVSF 	CMVF
 BU DSJUJDBM DPNQPTJUJPO�य़F TVTQFOTJPO JT DPO੗OFE UP B HMBTT
DFMM 	MJHIU HSBZ
 JO XIJDI UIF DPMMPJET TFEJNFOU UPXBSE UIF CP॒PN VOEFS UIF GPSDF PG HSBWJUZ BOE GPSN BO FTTFOUJBMMZ
੘BU NPOPMBZFS� 'PS UFNQFSBUVSF DPOUSPM
 UIF DFMM TJUT PO UPQ PG B IFBUJOH FMFNFOU 	SFE
� 8JUIJO UIF DPMMPJET
 B NBHOFUJD
EJQPMF NPNFOU 	XIJUF BSSPXT
 JT JOEVDFE CZ B IPNPHFOFPVT FYUFSOBM NBHOFUJD ੗FME QFSQFOEJDVMBS UP UIF NPOPMBZFS�



�� �� .PEFM TZTUFN

JT TVਖ਼DJFOUMZ IJHI TP UIBU WBSJBUJPOT PG UIFJS WFSUJDBM QPTJUJPO EVF UP UIFSNBM ੘VDUVBUJPOT BSF
OFHMJHJCMF� 'JOBMMZ
 UIF DFMM JT QMBDFE JOTJEF UIF IPNPHFOFPVT NBHOFUJD ੗FME PG
 TBZ
 B DPQQFS DPJM

TVDI UIBU UIF ੗FME JT QFSQFOEJDVMBS UP UIF NPOPMBZFS�

4JMJDB TVSGBDFT JO DPOUBDU XJUI BO BRVFPVT TPMWFOU BDRVJSF B OFHBUJWF DIBSHF UISPVHI UIF EJT�
TPDJBUJPO PG TJMBOPM HSPVQT 	SiOH→ SiO− + H+
 <��>� 0OF DPOTFRVFODF PG UIJT JT B TDSFFOFE FMFD�
USPTUBUJD 	:VLBXB
 SFQVMTJPO CFUXFFO UIF DPMMPJET HJWFO CZ UIF QBJS QPUFOUJBM

GFM(" ) =
02

`

exp(RE)
(1 + RE/2)2

exp(−R" )
"

, 	���


XIFSF " JT UIF DFOUFS�UP�DFOUFS EJTUBODF CFUXFFO UXP DPMMPJET
 0 UIFJS FMFDUSJD DIBSHF
 ` UIF EJ�
FMFDUSJD DPOTUBOU PG UIF TPMWFOU BOE R−1 UIF %FCZF TDSFFOJOH MFOHUI <��>� 4JODF R−1 ≈ 12 nm GPS
XBUFSۗ�
��-VUJEJOF <��> BOE UIFSFGPSF R 2 E
 UIJT SFQVMTJPO JT FYUSFNFMZ TIPSU�SBOHFE BOE DBO
UIVT CF XFMM BQQSPYJNBUFE BT B IBSE DPSF JOUFSBDUJPO XJUI BO F੖FDUJWF EJBNFUFS a > E <��>


GFM(" ) ≈


∞ JG " < a,
0 PUIFSXJTF.

	���


8F TIBMM IFODFGPSUI VTF E = 3 um BOE a = 3.1 um BT JO 3FG� <��>�
"OPUIFS DPOTFRVFODF PG UIF OFHBUJWF TVSGBDF DIBSHF PG UIF DPMMPJET JT UIF QSFGFSFOUJBM BETPSQ�

UJPO PG XBUFS� $MPTF UP UIF DSJUJDBM UFNQFSBUVSF 1D ≈ 307 K PG UIF XBUFSۗ�
��-VUJEJOF NJYUVSF

UIF EJWFSHFODF PG UIF DPSSFMBUJPO MFOHUI Y = Y0 ( |1 − 1D |/1D)−. 
 XIFSF Y0 ≈ 0.2 nm <��> BOE
D ≈ 0.63
 XJMM MFBE UP B DSJUJDBM $BTJNJS B॒SBDUJPO CFUXFFO UXP JTPMBUFE DPMMPJET UIBU JT
 BDDPSEJOH
UP &R� 	�����

 EFTDSJCFE CZ UIF QBJS QPUFOUJBM

GDBT(" ) =
:B1

4
E

" − E Θ±±
|!

(
" − E
Y

)
=
:B1

4
E

" − E Θ±±
|!

(
" − E
Y0

!!!!1 −1D1D

!!!!
. )

. 	���


)PXFWFS
 JG UIFTF DPMMPJET BSF OPU JTPMBUFE CVU
 BT JO UIF QSFTFOU DBTF
 QBSU PG B DPMMFDUJWF
 UIJT JT
OP MPOHFS OFDFTTBSJMZ USVF� #FDBVTF BEEJUJPOBM DPMMPJET XJMM B੖FDU UIF DPODFOUSBUJPO ੘VDUVBUJPOT
PG UIF NJYUVSF UIBU NFEJBUF UIF DSJUJDBM $BTJNJS GPSDF
 UIF JOUFSBDUJPO CFUXFFO UXP DPMMPJET XJMM
JO HFOFSBM BMTP CF JO੘VFODFE CZ UIF PUIFS DPMMPJET JO UIFJS OFJHICPSIPPE <��ۗ��>� %BOH FU BM� BU�
USJCVUF EJTDSFQBODJFT CFUXFFO UIF FYQFSJNFOUBMMZ EFUFSNJOFE BOE UIFPSFUJDBMMZ QSFEJDUFE QIBTF
EJBHSBN PG B DPMMPJEBM TVTQFOTJPO DMPTF UP UIF DSJUJDBM QPJOU UP UIF OPO�BEEJUJWJUZ PG UIF DSJUJDBM
$BTJNJS QPUFOUJBM <��>
 BOE 1BMBEVHV FU BM� XFSF BCMF UP EJSFDUMZ NFBTVSF UIF EFWJBUJPOT GSPN
&R� 	���
 XIFO B UIJSE DPMMPJE XBT OFBSCZ� 8IJMF TVDI NBOZ�CPEZ F੖FDUT BSF DFSUBJOMZ OPS JSSFMF�
WBOU
 UIFZ BSF VOGPSUVOBUFMZ BMTP OPUPSJPVTMZ IBSE UP RVBOUJGZ BOE UP JODPSQPSBUF CFDBVTF PG UIFJS
VTVBMMZ WFSZ DPNQMJDBUFE EFQFOEFODF PO UIF SFMBUJWF QPTJUJPO
 PSJFOUBUJPO BOE HFPNFUSZ PG UIF
TVSGBDFT� UIFSF EPFT OPU FWFO FYJTU B DPNQSFIFOTJWF EFTDSJQUJPO PG UIF DSJUJDBM $BTJNJS JOUFSBD�
UJPO CFUXFFO UISFF JEFOUJDBM TQIFSJDBM PCKFDUT� 'PS UIJT SFBTPO
 XF BSF GPSDFE UP BTTVNF QBJSXJTF



��

BEEJUJWJUZ PG GDBT JO PVS BOBMZTJT BOE OFHMFDU NBOZ�CPEZ F੖FDUT PG IJHIFS PSEFS� "MUIPVHI UIJT
BQQSPYJNBUJPO NJHIU EJNJOJTI UIF RVBOUJUBUJWF BDDVSBDZ PG PVS UIFPSFUJDBM QSFEJDUJPOT JO DPN�
QBSJTPO UP QPTTJCMF FYQFSJNFOUT
 JU JT VOMJLFMZ UP IBWF B DPOTJEFSBCMF JNQBDU PO UIF RVBMJUBUJWF
CFIBWJPS� /PUF UIBU GDBT(" ) → −∞ BT " → E
 XIJDI NFBOT UIBU UXP DPMMPJET XPVME JO QSJODJQMF
CFDPNF JOTFQBSBCMZ TUVDL UP FBDI PUIFS JG UIFJS QSPQFS TVSGBDFT DBNF JOUP DPOUBDU� *O QSBDUJDF

IPXFWFS
 UIJT TIPVME OPU B QSPCMFN TJODF NFBTVSFNFOUT TIPX <��
 ��> UIBU UIF FMFDUSPTUBUJD SF�
QVMTJPO UZQJDBMMZ CFBUT UIF DSJUJDBM $BTJNJS B॒SBDUJPO GPS WFSZ TNBMM DPMMPJE TFQBSBUJPOT 	XIJDI
GVSUIFS KVTUJ੗FT BQQSPYJNBUJOH UIF GPSNFS BT B IBSE DPSF JOUFSBDUJPO
�

य़F IPNPHFOFPVT FYUFSOBMNBHOFUJD ੗FME -T JOEVDFT BNBHOFUJD EJQPMFNPNFOU -U = V -TXJUIJO
UIF QBSBNBHOFUJD DPSF PG UIF DPMMPJET
 XIFSF V JT UIFJS NBHOFUJD TVTDFQUJCJMJUZ� &BDI DPMMPJE
 JO
UVSO
 QSPEVDFT JUTFMG B NBHOFUJD EJQPMF ੗FME HJWFO CZ

-TDPM(-" ) =
.0
4@

[
3 ( -U · -" ) -"

|-" |5 −
-U

|-" |3

]
	���


XJUI UIF WBDVVN QFSNFBCJMJUZ .0 8 1.257 × 10−6 TmA−2� य़F JOEVDFE NBHOFUJD EJQPMF PG BOZ
PUIFS DPMMPJE XJMM JOUFSBDU XJUI UIJT ੗FME� VTJOH UIBU -U · -" = 0 TJODF UIF DPMMPJET MJF JO B ੘BU
NPOPMBZFS QFSQFOEJDVMBS UP -T
 UIJT SFTVMUT JO B NBHOFUJD EJQPMFۗEJQPMF SFQVMTJPO EFTDSJCFE CZ
UIF QPUFOUJBM

GNBH(" ) = − -U · -TDPM(-" ) =
.0
4@

| -U |2
" 3

=
.0
4@

V2T2

" 3
. 	���


$PMMPJET XJUI B QBSBNBHOFUJD DPSF JOTJEF BO FYUFSOBM NBHOFUJD ੗FME IBWF CFFO FYQFSJNFOUBMMZ
TUVEJFE
 BNPOH PUIFST
 CZ ;BIO FU BM� <��> BOE #VCFDL FU BM� <��>� *O UIF GPMMPXJOH
 XF TIBMM BTTVNF
UIBU V = 7.62Am2T−1 BT JO 3FG� <��>�

$PNCJOJOH BMM DPOUSJCVUJPOT UP UIF DPMMPJEۗDPMPJE JOUFSBDUJPO
 XF BSSJWF BU UIF QBJS QPUFOUJBM

G (" ) = GFM(" ) + GDBT(" ) + GNBH(" ) 	���


XJUI B WFSZ TUSPOH TIPSU�SBOHFE FMFDUSPTUBUJD SFQVMTJPO GFM
 B NFEJVN�SBOHFE DSJUJDBM $BTJNJS
B॒SBDUJPO GDBT EFQFOEJOH PO UIF UFNQFSBUVSF 1 
 BOE B MPOH�SBOHFE NBHOFUJD EJQPMF SFQVMTJPO
GNBH UIBU JODSFBTFT XJUI UIF NBHOJUVEF T PG UIF FYUFSOBM NBHOFUJD ੗FME� य़F SFNBJOJOH RVFTUJPO
JT XIFUIFS XF DBO DIPPTF1 BOE T JO TVDI B XBZ UIBU G USVMZ IBT UIF TIBQF PG BO 4"-3 QPUFOUJBM�
"T XF DBO TFF JO 'JH� ���
 XIFSF G (" ) JT QMP॒FE GPS TFWFSBM DPNCJOBUJPOT PG 1 BOE T WFSTVT UIF
DPMMPJE TFQBSBUJPO " 
 UIJT JT JOEFFE UIF DBTF� 'PS MBSHF " 
 GNBH(" ) EPNJOBUFT BOE DBVTFT B XFBL
SFQVMTJPO CFUXFFO UIF DPMMPJET� "T " CFDPNFT TNBMMFS
 UIF DSJUJDBM $BTJNJS GPSDF BU TPNF QPJOU
RVJUF BCSVQUMZ HSPXT TJHOJ੗DBOUMZ JO TUSFOHUI BOE GPSNT B EFFQ USFODI GPS " ∈ (a, "∗)
 XIFSF "∗
EFOPUFT UIF TFQBSBUJPO BU XIJDI UIF NBHOFUJD BOE DSJUJDBM $BTJNJS GPSDFT CBMBODF FBDI PUIFS PVU
BOEG B॒BJOT JUT NBYJNVN� 'PS " < a 
G (" ) JT JO੗OJUF EVF UP UIF IBSE DPSF JOUFSBDUJPO� 'JHVSF ���	B




�� �� .PEFM TZTUFN

1.00 1.05 1.10 1.15 1.20
A/f

�8

�6

�4

�2

0

D
(A
)/
(:

B)
)

(a)

1.05 1.10 1.15 1.20
A/f

�0.05

0.00

0.05

0.10
(b)

⌫ = 5.07 �T, �) = 0.214 K
⌫ = 5.48 �T, �) = 0.084 K
⌫ = 3.58 �T, �) = 0.241 K
⌫ = 3.87 �T, �) = 0.097 K1.05 1.10 1.15 1.20

�0.3

�0.2

�0.1

0.0

0.1

⌫ = 5.0 �T, �) = 0.2 K
⌫ = 5.0 �T, �) = 0.1 K
⌫ = 2.5 �T, �) = 0.2 K
⌫ = 2.5 �T, �) = 0.1 K

'JHVSF ����� य़F QBJS QPUFOUJBM G (" ) = GFM (" ) +GDBT (" ) +GNBH (" ) BT B GVODUJPO PG UIF DPMMPJE TFQBSBUJPO " GPS EJ੖FSFOU
DPNCJOBUJPOT PG UIF NBHOFUJD ੗FME T BOE UIF UFNQFSBUVSF Δ1 ≡ 1D−1 UIBU HJWF SJTF UP B UZQJDBM 4"-3 TIBQF� 4ZNCPMT
NBSL UIF NBYJNB PG G� 1BOFM 	B
 TIPXT IPX G SFTQPOET UP DIBOHFT PG FJUIFS T PS1 � य़F JOTFU EJTQMBZT B NPSF EFUBJMFE
WJFX PG UIF NBYJNB� 1BOFM 	C
 EFNPOTUSBUFT UIBU XF DBO QSFDJTFMZ TFU UIF NBYJNVN PG G CZ DIPPTJOH TVJUBCMF WBMVFT
GPS T BOE 1 �

TIPXT IPX B DIBOHF PG FJUIFS1 PS T B੖FDUT UIF QBJS QPUFOUJBM
 XIJMF 'JH� ���	C
 EFNPOTUSBUFT UIBU
UIF BCJMJUZ UP UVOF GNBH BOE GDBT JOEFQFOEFOUMZ GSPN FBDI PUIFS BMMPXT POF UP
 F� H�
 QSFDJTFMZ TFU
UIF MPDBUJPO "∗ BOE IFJHIU G ("∗) PG UIF QPUFOUJBM۝T NBYJNVN UISPVHI BO BQQSPQSJBUF DIPJDF PG 1
BOE T�

#SJF੘Z SFDBMMJOH UIF MJTU GSPN UIF CFHJOOJOH PG UIJT DIBQUFS
 XF ੗OE UIBU PVS NPEFM TZTUFN
DIFDLT P੖ BMM UISFF JUFNT� 	J
 य़F FYQFSJNFOUBM SFBMJ[BCJMJUZ PG UIF NPEFM IBT
 GPS BMM JOUFOUT BOE
QVSQPTFT
 BMSFBEZ CFFO EFNPOTUSBUFE CFDBVTF UIF TFUVQ JT FTTFOUJBMMZ KVTU B CMFOEJOH PG UIF POF
CZ ;WZBHPMTLBZB FU BM� <��
 ��> XJUI UIBU CZ ;BIO PS #VCFDL FU BM� <��
 ��>� 'VSUIFSNPSF
 BT BO
F੖FDUJWFMZ UXP�EJNFOTJPOBM DPMMPJEBM TZTUFN
 JU JT SFMBUJWFMZ FBTZ UP JNBHF WJB NJDSPTDPQZ� 	JJ

&YDFQU GPS DSJUJDBM $BTJNJS NBOZ�CPEZ F੖FDUT
 XF LOPX XIJDI GPSDFT BSF BDUJOH PO UIF DPMMPJET
BOE IPX UP RVBOUJGZ UIFN� %FTDSJCJOH UIF DPMMPJET BT UXP�EJNFOTJPOBM IBSE EJTLT XJUI EJBNFUFS
a > E UISPVHI UIF FYDFTT GSFF FOFSHZ GVODUJPOBM 	�����
 BOE USFBUJOH UIF SFNBJOJOH MPOH�SBOHFE
۠UBJMۡ GDJ = GDBT + GNBH PG UIF JOUFSBDUJPO QPUFOUJBM BT B QFSUVSCBUJPO UP UIJT IBSE EJTL SFGFSFODF
TZTUFN CZ FNQMPZJOH UIF SBOEPN QIBTF BQQSPYJNBUJPO 	�����
 TIPVME ZJFME B GBJSMZ BDDVSBUF EFO�
TJUZ GVODJPOBM UIFPSZ GPS UIF NPEFM� 	JJJ
 8F IBWF DMFBSMZ FTUBCMJTIFE UIBU UIF DPMMPJEBM JOUFSBDUJPO
QPUFOUJBM IBT BO B॒SBDUJWF DSJUJDBM $BTJNJS DPNQPOFOU UIBU DBO CF UVOFE CZ WBSZJOH UIF UFNQFSB�
UVSF
 BOE B SFQVMTJWF NBHOFUJD EJQPMF DPNQPOFOU UIBU DBO CF DPOUSPMMFE CZ BEKVTUJOH BO FYUFSOBM
NBHOFUJD ੗FME� 5PHFUIFS XJUI B TUSPOH TIPSU�SBOHFE FMFDUSPTUBUJD SFQVMTJPO
 UIFZ HJWF SJTF UP BO
4"-3 QPUFOUJBM GPS TVJUBCMF WBMVFT PG 1 BOE T�

'PS UIF SFNBJOEFS PG UIF UIFTJT
 XF TIBMM TUVEZ UIFPSFUJDBMMZ UIF TUBUJDT BOE EZOBNJDT PG UIJT
NPEFM XJUI B GPDVT PO UIF RVFTUJPO� 8JMM UIF TZTUFN VOEFSHP NJDSPQIBTF TFQBSBUJPO 



�� 4UBUJDT

-FU VT TUBSU CZ TUVEZJOH UIF TUBUJDT PG PVS NPEFM TZTUFN QSFTFOUFE JO UIF QSFWJPVT DIBQUFS
 J� F�

UIF QIBTF CFIBWJPS JO UIFSNPEZOBNJD FRVJMJCSJVN� 8F TIBMM FNQMPZ %'5 UP EFWFMPQ TFWFSBM BQ�
QSPBDIFT UIBU BSF JODSFBTJOHMZ JOWPMWFE BOE FYQFOTJWF
 CVU JO SFUVSO BMTP CFDPNF NPSF BDDVSBUF
BOE QPXFSGVM�य़FTF OJDFMZ DPNQMFNFOU FBDI PUIFS TJODF UIF TJNQMFS NFUIPET BMMPX VT UP RVJDLMZ
JEFOUJGZ JOUFSFTUJOH TJUVBUJPOT UIBU XF DBO UIFO JOWFTUJHBUF JO HSFBUFS EFQUI XJUI UIF NPSF DPN�
QMFY POFT�

5P EFTDSJCF UIF TZTUFN
 XF VTF UIF JOUSJOTJD GSFF FOFSHZ GVODUJPOBM F = FJE + F FY
IE + F FY

DJ 

XIJDI JT DPNQPTFE PG BO JEFBM HBT
 BO FYDFTT IBSE EJTL BOE BO FYDFTT DPNQFUJOH JOUFSBDUJPOT
DPOUSJCVUJPO� "DDPSEJOH UP &R� 	����

 UIF JEFBM HBT GVODUJPOBM JT HJWFO CZ

<FJE [B] =
∫
)
d2-" B (-" ) [ln{Λ2B (-" )} − 1] =

∫
)
d2-" KJE(B (-" )) 	���


XJUI KJE(B) = B [ln(Λ2B) − 1]� 'PS UIF IBSE EJTL QBSU
 XF DIPPTF UIF '.5 GVODUJPOBM 	�����
 CZ
3PUI
 .FDLF BOE 0F॒FM XIJDI DBO CF XSJ॒FO BT

<F FY
IE [B] =

∫
)
d2-" KIE

(
J0
; (-" ),J2

; (-" ),'0
; (-" ),'1

; (-" ),'2
; (-" )

)
	���


XJUI

KIE(J0
; ,J

2
; ,'

0
; ,'

1
; ,'

2
; ) = −J0

; ln(1 −J2
; ) +

19'0
; ·'0

; − 5'1
; ·'1

; − 14'2
; ·'2

;

48@ (1 −J2
; )

. 	���


4JODF XF IBWF POMZ B TJOHMF TQFDJFT 	D = 1
 PG IBSE TQIFSFT XJUI SBEJVT F = a/2
 UIF XFJHIUFE
EFOTJUJFT SFEVDF UP

J2
; (-" ) =

∫
)
d2-" ′ B (-" ′)I2 (-" − -" ′), '1

; (-" ) =
∫
)
d2-" ′ B (-" ′) &1 (-" − -" ′) 	���


XJUI UIF XFJHIU GVODUJPOT

I0(-" ) = + (F − |-" |)
2@F

, I2(-" ) = Θ(F − |-" |), [&1 (-" )]#1,...,#% =
C#1 · · · C#%

|-" |1 + (F − |-" |) 	���


GPS -" = (C1, C2) BOE )1, . . . , )1 ∈ {1, 2}� 8F JODPSQPSBUF UIF DPNQFUJOH DSJUJDBM $BTJNJS BOE NBH�



�� �� 4UBUJDT

OFUJD EJQPMF JOUFSBDUJPOT UISPVHI UIF 31" 	�����



<F FY
DJ [B] = 1

2

∫
)
d2-"

∫
)
d2-" ′ B (-" ) B (-" ′) <GDJ( |-" − -" ′ |), 	���


XIFSF GDJ = GDBT + GNBH XJUI

GDBT(" ) =
:B1

4
E

" − E Θ±±
|!

(
" − E
Y0

!!!!1 −1D1D

!!!!
. )

, GNBH(" ) =
.0
4@

V2T2

" 3
. 	���


)PXFWFS
 F FY
DJ JT BDUVBMMZ JMM�EF੗OFE CFDBVTF GDBT(" ) JT OPU WBMJE GPS " ≤ E BOE GNBH(" ) → ∞ BT

" → 0� " QPUFOUJBM SFNFEZ IBT BMSFBEZ CFFO EJTDVTTFE JO 4FD� �����
 XIFSF JU XBT TVHHFTUFE UIBU
GPS B IBSE DPSF SFGFSFODF TZTUFN 	BT JO UIF QSFTFOU DBTF

 JU JT CFOF੗DJBM UP SFTUSJDU UIF JOUFHSBUJPO
EPNBJOT PG -" BOE -" ′ TVDI UIBU |-" − -" ′ | > a 
 PS
 FRVJWBMFOUMZ
 UP BSUJ੗DJBMMZ TFU GDJ(" ) = 0 GPS " ≤ a �
"MUIPVHI UIJT XPVME TPMWF UIF QSPCMFN
 JU VOGPSUVOBUFMZ UFOET UP MFBE UP BO VOEFSFTUJNBUJPO PG
UIF DPSSFMBUJPOT� "T BO FNQJSJDBM DPSSFDUJPO
 XF JOTUFBE FYUFOE UIF 	੗OJUF
 WBMVF GDJ(a) JOUP UIF
IBSE DPSF
 SFTVMUJOH JO

GDJ(" ) =


GDBT(a) + GNBH(a) JG " ≤ a,
GDBT(" ) + GNBH(" ) PUIFSXJTF.

	���


/PUF� *O UIF GPMMPXJOH EJTDVTTJPO
 UIF 'PVSJFS USBOTGPSNT PG TFWFSBM RVBOUJUJFT UIBU FJUIFS GBDUPS
JOUP PS TUFN GSPN UIF JOUSJOTJD GSFF FOFSHZ GVODUJPOBM F XJMM CFDPNF JNQPSUBOU� 'PS UIF TBLF PG B
DMFBSFS QSFTFOUBUJPO
 UIFJS EFSJWBUJPO JT EFGFSSFE UP "QQFOEJY %�

���� #VML TZTUFN

������ #JOPEBM
 TQJOPEBM BOE ̀�MJOF

*OJUJBMMZ
 XF BSF HPJOH UP DPODFSO PVSTFMWFT XJUI UIF CVML TZTUFN
 XIJDI JT DIBSBDUFSJ[FE CZ BO
JO੗OJUF WPMVNF
 ! → ∞
 BOE B WBOJTIJOH FYUFSOBM QPUFOUJBM
 VFYU = 0� #FGPSF UBLJOH B MPPL BU
NJDSPQIBTF TFQBSBUJPO
 JU XJMM QSPWF JOTJHIUGVM UP ੗STU TUVEZ UIF DPFYJTUFODF CFUXFFO UIF ۠SFH�
VMBSۡ VOJGPSN HBT BOE MJRVJE QIBTFT 	JO B TJNJMBS NBOOFS BT JO 4FDUJPO ���

 XIFSF UIF EFOTJUZ
EJTUSJCVUJPO JT DPOTUBOU BOE JEFOUJDBM UP UIF CVML EFOTJUZ
 B (-" ) = BC�

'PS UIF JEFBM HBT DPOUSJCVUJPO UP UIF GSFF FOFSHZ EFOTJUZ
 XF ੗OE

<FJE [BC]
!

=
1
!

∫
)
d2-"KJE(BC) = BC [ln(Λ2BC) − 1] . 	���


य़F IBSE EJTL DPOUSJCVUJPO TJNQMJ੗FT TJHOJ੗DBOUMZ UP

<F FY
IE [BC]
!

=
1
!

∫
)
d2-" KIE(J0

;C,J
2
;C,'

0
;C,'

1
;C,'

2
;C) = BC

[
@F2BC

1 − @F2BC
− ln(1 − @F2BC)

]
, 	����




���� #VML TZTUFN ��

XIFSF XF VTFE UIBU J0
;C = BC,J2

;C = @F2BC
 '0
;C = 2@FBC
 '1

;C = 0
 BOE '2
;C = @FBC

(
1 0
0 1

)
� -BTUMZ


UIF DPNQFUJOH JOUFSBDUJPOT DPOUSJCVUJPO JT

<F FY
DJ [BC]
!

=
1
2!

∫
)
d2-"

∫
)
d2-" ′B2C <GDJ(|-" − -" ′ |) =

1
2
B2C

∫
)
d2-" <GDJ( |-" |) = −B2C; 	����


XJUI UIF JOUFSBDUJPO QBSBNFUFS

; ≡ −1
2

∫
)
d2-" <GDJ(|-" |) → −

1
2
<G̃DJ(0) 	����


XIJDI
 JO UIF MJNJU! →∞
 DBO CF FYQSFTTFE JO UFSNT PG UIF UXP�EJNFOTJPOBM 'PVSJFS USBOTGPSN
PG GDJ


G̃DJ(-:) =
∫

d2-" GDJ( |-" |) exp(−i-: · -" ) . 	����


य़F UPUBM GSFF FOFSHZ EFOTJUZ JO UIF CVML JT UIFSFGPSF HJWFO CZ

<F [BC]
!

= BC

[
ln

Λ2BC
1 − @F2BC

+ @F2BC
1 − @F2BC

− BC; − 1
]
. 	����


8JUI UIJT
 XF DBO DBMDVMBUF UIF QSFTTVSF WJB

<- (BC) = BC
(

(BC

<F [BC]
!

− <F [BC]
!

=
BC

(1 − @F2BC)2
− B2C;, 	����


BOE UIF DIFNJDBM QPUFOUJBM BT

<. (BC) =
(

(BC

<F [BC]
!

= ln
Λ2BC

1 − @F2BC
+ 3

@F2BC
1 − @F2BC

+
(
@F2BC

1 − @F2BC

)2
− 2BC; . 	����


%FNBOEJOH UIBU
(
(. (BC)
(BC

)
A=A&
;C=;D

= 0 =

(
(2. (BC)
(B2C

)
A=A&
;C=;D

	����


XF ੗OE B DSJUJDBM CVML EFOTJUZ BD
 JOUFSBDUJPO QBSBNFUFS ;D BOE QSFTTVSF -D PG

@F2BD =

√
7 − 2
3
≈ 0.215,

;D
@F2

=
108 + 27

√
7

1724 − 640
√
7
≈ 5.84, @F2<-D ≈ 0.0789. 	����


'PS ; > ;> 
 DPFYJTUFODF PG B HBTFPVT QIBTF XJUI EFOTJUZ BH < BD BOE B MJRVJE QIBTF XJUI EFOTJUZ
BM > BD JT QPTTJCMF XIFO . (BH) = . (BM) BOE - (BH) = - (BM)� XF EF੗OFE UIF QBJST (BH, BM) UIBU
TBUJTGZ UIJT DPOEJUJPO BT UIF CJOPEBM� 8F SFDBMM UIBU TUBUFT XJUI (. (BC)/(BC < 0 IBWF B OFHBUJWF
JTPUIFSNBM DPNQSFTTJCJMJUZ R: BOE BSF UIFSFGPSF VOTUBCMF� UIFTF BSF FODMPTFE CZ UIF TQJOPEBM GPS
XIJDI (. (BC)/(BC = 0 BOE |R: | → ∞� य़F CJOPEBM BOE TQJOPEBM XJUI SFTQFDU UP UIF JOUFSBDUJPO
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⌫ and �) for di�erent values of U(b)

U = Uc
U = 1.5Uc
U = 2Uc
U = 2.5Uc
U = 3Uc

'JHVSF ����� 	B
य़F CJOPEBM BOE TQJOPEBM PG PVS NPEFM TZTUFNXJUI SFTQFDU UP UIF JOUFSBDUJPO QBSBNFUFS ; � 'PS ; > ;D

VOJGPSN HBT BOE MJRVJE QIBTFT DBO DPFYJTU� 	C
 य़F DPNCJOBUJPOT PG T BOE Δ1 UIBU DPSSFTQPOE UP DFSUBJO WBMVFT PG ; �
*O UIF IBUDIFE SFHJPO
 ; < ;D TP UIBU HBTۗMJRVJE DPFYJTUFODF JT OPU QPTTJCMF�

QBSBNFUFS ; BSF TIPXO JO 'JH� ���	B
� #FBS JO NJOE UIBU ; 
 UISPVHI GDJ
 EFQFOET PO UIF NBHOFUJD
੗FME T BOE UIF UFNQFSBUVSF1 � *O 'JH� ���	C
 XF DBO TFF XIJDI DPNCJOBUJPOT PG T BOE Δ1 ≡ 1D−1
DPSSFTQPOE UP DFSUBJO WBMVFT PG ; � "U T = 20 uT BOE Δ1 = 0.09 K
 GPS JOTUBODF
 XF ੗OE UIBU
; ≈ 1.6;D
 XIJDI JNQMJFT DPFYJTUFODF PG B HBT XJUI EFOTJUZ @F2BH ≈ 0.01 BOE B MJRVJE XJUI
EFOTJUZ @F2BM ≈ 0.57
 BT XFMM BT B EPNBJO PG JOTUBCJMJUZ XJUI @F2BC ∈ [0.08, 0.43]�

8JUI UIF QIBTF CFIBWJPS PG UIF VOJGPSN CVML TZTUFN BOBMZ[FE
 XFXJMM OPX EJSFDU PVS B॒FOUJPO
UPXBSE NJDSPQIBTF TFQBSBUJPO� "T B ੗STU TUFQ
 XF TIBMM EFUFSNJOF UIPTF SFHJPOT JO UIF QIBTF
EJBHSBN XIFSF UIF VOJGPSN TZTUFN CFDPNFT VOTUBCMF UP EFOTJUZ ੘VDUVBUJPOT� *O &R� 	�����
 XF
TBX UIBU BC:B1R: = /̃ (0)
 XIFSF /̃ JT UIF TUBUJD TUSVDUVSF GBDUPS� य़VT
 /̃ (0) < 0NFBOT UIF TZTUFN
VOEFSHPFT ۠NBDSPQIBTFۡ TFQBSBUJPO JOUP BO JO੗OJUFMZ MBSHF HBTFPVT BOE BO JO੗OJUFMZ MBSHF MJRVJE
QIBTF� 4JNJMBSMZ
 JU UVSOT PVU UIBU JG /̃ (:0) < 0 GPS TPNF :0 ≠ 0
 UIF TZTUFN XJMM QSFGFSBCMZ GPSN
EFOTJUZ NPEVMBUJPOT XJUI B MFOHUI TDBMF PO UIF PSEFS PG 2@/:0� 5P QSPWF UIJT
 DPOTJEFS UIF EFOTJUZ
EJTUSJCVUJPO

B (-" ) = BC + ΔB (-" ), 	����


XIFSF ΔB SFQSFTFOUT UIF EFWJBUJPO GSPN UIF CVML EFOTJUZ BC� *G ΔB JT TVਖ਼DJFOUMZ TNBMM
 XF DBO
DBMDVMBUF UIF JOUSJOTJD GSFF FOFSHZ F [B] WJB B GVODUJPOBM 5BZMPS FYQBOTJPO BSPVOE BC�

F [B] = F [BC] +
∞∑
%=1

1
2!

∫
)
d2-"1 · · ·

∫
)
d2-"%

+%F [B]
+B (-"1) · · · +B (-"%)

!!!!
;=;C

ΔB (-"1) · · ·ΔB (-"%)

= F [BC] − :B1
∞∑
%=1

1
2!

∫
)
d2-"1 · · ·

∫
)
d2-"%=% (-"1, . . . , -"%) ΔB (-"1) · · ·ΔB (-"%)

	����




���� #VML TZTUFN ��

XJUI

=% (-"1, . . . , -"%) ≡ −<
+%F [B]

+B (-"1) · · · +B (-"%)

!!!!
;=;C

. 	����


4JODF UIF GVODUJPOBM EFSJWBUJWF PG F JO &R� 	����
 JT FWBMVBUFE BU UIF VOJGPSN CVML EFOTJUZ BC

=% NVTU CF JOWBSJBOU VOEFS USBOTMBUJPO JO UIBU =% (-"1 − Δ" , . . . , -"% − Δ" ) = =% (-"1, . . . , -"%) GPS BOZ
Δ-" ∈ R2� $IPPTJOH Δ-" = -"% 
 XF UIVT ੗OE UIBU

=% (-"1, . . . , -"%) = =% (-"1 − -"%, . . . , -"%−1 − -"%, 0) = =% (-"1 − -"%, . . . , -"%−1 − -"%), 	����


XIFSF=% (-"1, . . . , -"%−1) ≡ =% (-"1, . . . , -"%−1, 0) JT UIF (2−1)�BSZ WFSTJPO PG=% XJUI UIF TBNF DPOUFOU
PG JOGPSNBUJPO� *OTFSUJOH UIJT JOUP &R� 	����

 UIF DIBOHF ΔF [B] ≡ F [B]−F [BC] JO JOUSJOTJD GSFF
FOFSHZ EVF UP UIF QSFTFODF PG EFOTJUZ ੘VDUVBUJPOT DBO CF XSJ॒FO BT

<ΔF [B] = −
∞∑
%=1

1
2!

∫
)
d2-"1 · · ·

∫
)
d2-"%=% (-"1 − -"%, . . . , -"%−1 − -"%) ΔB (-"1) · · ·ΔB (-"%). 	����


/PX TVQQPTF UIBU B JT (ZB , ZC)�QFSJPEJD TP UIBU B (C + ZB ,b + ZC) = B (C,b) GPS BOZ C,b ∈ R�
8F DBO UIFO FYQBOE ΔB JO B 'PVSJFS TFSJFT BT

ΔB (-" ) =
∑
-2∈K

B̃ -2 exp(i-: · -" ) 	����


XJUI K ≡ {(2@)/ZB , 2@ ?/ZC) : (), ?) ∈ Z2\{0}} BOE 'PVSJFS DPFਖ਼DJFOUT

B̃ -2 ≡
1

ZBZC

∫
[0,@' ]×[0,@( ]
d2-" B (-" ) exp(−i-: · -" ) . 	����


3FQMBDJOH ΔB JO &R� 	����
 XJUI JUT 'PVSJFS FYQBOTJPO 	����

 IBWF

<ΔF [B]
!

= − 1
!

∞∑
%=1

1
2!

∫
)
d2-"1 · · ·

∫
)
d2-"%=% (-"1 − -"%, . . . , -"%−1 − -"%)

×
∑
-21∈K

B̃ -21 exp(i
-:1 · -"1) · · ·

∑
-2) ∈K

B̃ -2) exp(i
-:% · -"%)

= −
∞∑
%=1

1
2!

∑
-21∈K

· · ·
∑
-2) ∈K

B̃ -21 · · · B̃ -2)
1
!

∫
)
d2-"% exp

[
i
(
-:1 + · · · + -:%

)
· -"%

]

×
∫
) ′

d2-" ′1 · · ·
∫
) ′

d2-" ′%−1=% (-" ′1, . . . , -" ′%−1) exp
[
i
(
-:1 · -" ′1 + · · · + -:%−1 · -" ′%−1

)]
,

	����


XIFSF XF SFBSSBOHFE TPNF UFSNT BOE VTFE UIF TVCTUJUVUJPO -"# → -" ′# ≡ -"# + -"% GPS ) ∈ {1, . . . ,2−1}
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JO UIF MBTU TUFQ� 3FDPHOJ[JOH UIBU

lim
)→∞

[
1
!

∫
)
d2-"% exp

{
i
(
-:1 + · · · + -:%

)
· -"%

}]
=




1 JG -:1 + · · · + -:% = 0,

0 PUIFSXJTF,
	����


BOE

lim
)→∞

[∫
) ′

d2-" ′1 · · ·
∫
) ′

d2-" ′%−1=% (-" ′1, . . . , -" ′%−1) exp
{
i
(
-:1 · -" ′1 + · · · + -:%−1 · -" ′%−1

)}]

= =̃% (−-:1, . . . ,−-:%−1),
	����


XF BSSJWF BU

lim
)→∞

<ΔF [B]
!

= −
∞∑
%=1

1
2!

-21+···+-2)=0∑
-21∈K

· · ·
∑
-2) ∈K

B̃ -21 · · · B̃ -2) =̃% (−-:1, . . . ,−-:%−1) 	����


GPS UIF DIBOHF JO JOUSJOTJD GSFF FOFSHZ EFOTJUZ JO UIF MJNJU! →∞� /PUF UIBU UIF DPOEJUJPO -:1 = 0

DBOOPU CF GVM੗MMFE GPS -:1 ∈ K TJODF 0 ∉ K CZ EF੗OJUJPO PG K� य़VT
 UIF TVNNBOE XJUI 2 = 1

BMXBZT WBOJTIFT BOE UIF 5BZMPS FYQBOTJPO VQ UP UIF MPXFTU OPO�USJWJBM PSEFS JT HJWFO CZ

lim
)→∞

<ΔF [B]
!

= −1
2

∑
-2∈K

B̃ -2 B̃−-2 =̃2(−-:) + O(B̃3) = −1
2

∑
-2∈K

|B̃ -2 |
2 =̃2(-:) + O(B̃3), 	����


XIFSF XF VTFE UIBU −-: ∈ K JG -: ∈ K
 BT XFMM BT B̃−-2 = B̃∗-2
	XJUI UIF TUBS EFOPUJOH DPNQMFY DPO�

KVHBUJPO
 TJODF B JT B SFBM GVODUJPO TP UIBU B̃ -2 B̃−-2 = B̃ -2 B̃
∗
-2
= |B̃ -2 |

2� -FU VT OPX TQMJU F VQ JOUP UIF
JEFBM HBT QBSU FJE BOE UIF FYDFTT QBSU FFY
 F = FJE + FFY� 'PS UIF GPSNFS
 XF ੗OE UIBU

<
+2FJE [B]

+B (-"1)+B (-"2)
=

+2

+B (-"2)+B (-"1)

∫
d2-" KJE(B (-" )) =

+

+B (-"2)

∫
d2-" K ′JE(B (-" ))

+B (-" )
+B (-"1)︸!!︷︷!!︸
=D (--−--1)=

+K ′JE(B (-"1))
+B (-"2)

= K ′′JE(B (-"1)) + (-"1 − -"2) =
+ (-"1 − -"2)
B (-"1)

.

	����


$POTFRVFOUMZ
 = JE
2 (-" ) = −+ (-" )/BC BOE

=̃ JE
2 (-:) =

∫
d2-" = JE

2 (-" ) exp(−i-: · -" ) = − 1
BC

∫
d2-" + (-" ) exp(−i-: · -" ) = − 1

BC
. 	����


'PS UIF MB॒FS
 XF HP CBDL UP &R� 	�����
 UP TFF UIBU

=FY
2 (-"1 − -"2) = =FY

2 (-"1, -"2) = −<
+2FFY [B]

+B (-"1)+B (-"2)

!!!!
;=;C

= Q2( |-"1 − -"2 |) 	����


JT KVTU UIF EJSFDU UXP�QPJOU DPSSFMBUJPO GVODUJPO JO UIF VOJGPSN CVML BOE IFODF =̃FY
2 (-:) = Q̃2(|-: |)�
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$PNCJOJOH UIF JEFBM HBT BOE FYDFTT DPOUSJCVUJPOT
 BOE SFDBMMJOH UIF EF੗OJUJPO (2.149) PG UIF
TUBUJD TUSVDUVSF GBDUPS
 XF SFBEJMZ DPODMVEF UIBU

=̃2(-:) = =̃ JE
2 (-:) + =̃FY

2 (-:) = − 1
BC

+ Q̃2( |-: |) = −
1
BC

[
1 − BCQ̃2(|-: |)

]
= − 1

BC/̃ ( |-: |)
, 	����


BOE UIFSFGPSF

lim
)→∞

<ΔF [B]
!

=
1
2BC

∑
-2∈K

|B̃ -2 |
2

/̃ ( |-: |)
+ O(B̃3) . 	����


य़F JOUFSQSFUBUJPO PG UIJT SFTVMU JT TUSBJHIUGPSXBSE� JG /̃ (:0) < 0 GPS TPNF :0 > 0
 UIFO UIFSF
BMXBZT FYJTUT B OPO�VOJGPSN EFOTJUZ EJTUSJCVUJPO B ≠ BC XJUI B MPXFS JOUSJOTJD GSFF FOFSHZ EFO�
TJUZ UIBO UIBU PG UIF VOJGPSN CVML� GPS JOTUBODF
 DIPPTJOH BO BSCJUSBSZ -:0 ∈ R2 XJUI |-:0 | = :0 BOE
TF॒JOH

B (-" ) = BC + B̃ -20 exp(i
-:0 · -" ) + B̃−-20 exp(−i

-:0 · -" ) = BC + 23F
[
B̃ -20 exp(i

-:0 · -" )
]

= BC + 23F(B̃ -20) cos(
-:0 · -" ) − 2 *N(B̃ -20) sin(

-:0 · -" )
	����


GPS TPNF B̃ -20 = B̃
∗
−-20
∈ C
 XF IBWF

lim
)→∞

<ΔF [B]
!

=
1
2BC

[ |B̃ -20 |
2

/̃ ( |-:0 |)
+

|B̃−-20 |
2

/̃ ( | − -:0 |)

]
+ O(B̃3) = 1

BC

|B̃ -20 |
2

/̃ (:0)
+ O(B̃3) < 0 	����


JG |B̃ -20 | JT TVਖ਼DJFOUMZ TNBMM TP UIBU UIF IJHIFS�PSEFS UFSNT BSF OFHMJHJCMF�
*U GPMMPXT UIBU NJDSPQIBTF TFQBSBUJPO XJUI BO JOIPNPHFOFPVT EFOTJUZ EJTUSJCVUJPO JT NBOEB�

UPSZ JO UIPTF SFHJPOT PG B QIBTF EJBHSBN XIFSF /̃ JT OPU B QPTJUJWF GVODUJPO� "T UIF CPSEFS PG UIJT
SFHJPO JT BQQSPBDIFE GSPN UIF PVUTJEF
 /̃ NVTU EFWFMPQ B TJOHVMBSJUZ GPS TPNF :0 XJUI /̃ (:) →∞
BT : → :0 TP UIBU UIF FOFSHZ DPTU PG B EFOTJUZ NPEVMBUJPO XJUI XBWFOVNCFS :0 KVTU WBOJTIFT�
3JHIU PO TBJE CPSEFS
 XIJDI IBT QSFWJPVTMZ CFFO UFSNFE UIF ͝�MJOF <��>
 UIF SFDJQSPDBM TUBUJD
TUSVDUVSF GBDUPS c̃ ≡ 1//̃ JT [FSP BU :0 CVU PUIFSXJTF TUSJDUMZ QPTJUJWF�

*O 'JH� ���	B

 c̃ JT TIPXO GPS TFWFSBM CVML QBDLJOH GSBDUJPOT OC ≡ @F2BC BU ੗YFE T = 30 uT
BOE Δ1 = 0.10 K� 8F DBO TFF UIBU c̃ > 0 GPS 0.5 ≥ OC # 0.458� GPS OC ≈ 0.458
 XF ੗OE UIBU
c̃ ≥ 0 BOE c̃ (:NJO) = 0 QSFDJTFMZ BU UIF HMPCBM NJOJNVN :NJO PG c̃ 
 XIJDI NFBOT UIBU UIF
QPJOU (OC,T,Δ1 ) = (0.458, 30 uT, 0.10 K) MJFT PO UIF ͪ�MJOF� 'JOBMMZ
 GPS 0.458 # OC ≥ 0.4
 XF
IBWF c̃ (:) < 0 GPS BMM : XJUIJO B TNBMM JOUFSWBM BSPVOE :NJO TP UIBU NJDSPQIBTF TFQBSBUJPO NVTU
PDDVS JO UIJT SFHJNF� *O 'JH� ���	C

 XF QMPU UIF HMPCBM NJOJNVN :NJO BOE c̃ (:NJO) BT B GVODUJPO
PG OC� य़F HSBQI GPS c̃ (:NJO) UFMMT VT UIBU JO BEEJUJPO UP UIF TUBUF XJUI OC ≈ 0.458
 UIPTF XJUI
OC ≈ 0.097 BOE OC ≈ 0.797 BMTP MJF PO UIF ͪ�MJOF� GPS 0.097 " OC " 0.458 BOE OC # 0.797
 UIF
TZTUFN GBWPST JOIPNPHFOFPVT QIBTFT TJODF c̃ (:NJO) < 0� य़F WBMVF PG 3 = 2@/:NJO DBO TFSWF
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'JHVSF ����� 	B
 य़F SFDJQSPDBM TUBUJD TUSVDUVSF GBDUPS c̃ (:) ≡ 1//̃ (:) BT B GVODUJPO PG : GPS T = 30 uT
 Δ1 = 0.10 K BOE
TFWFSBM CVML QBDLJOH GSBDUJPOTOC ≡ @F2BC� c̃ JT TUSJDUMZ QPTJUJWF GPS 0.5 # OC # 0.458� 'PS 0.458 # OC # 0.4
 NJDSPQIBTF
TFQBSBUJPO NVTU PDDVS CFDBVTF c̃ (:) CFDPNFT OFHBUJWF GPS BMM : XJUIJO B TNBMM JOUFSWBM BSPVOE JUT HMPCBM NJOJNVN
:NJO� 4JODF c̃ (:NJO) = 0 GPS OC ≈ 0.458
 UIF QPJOU (OC,T,Δ1 ) = (0.458, 30 uT, 0.10 K) MJFT PO UIF ͪ�MJOF� य़F EBTIFE
IPSJ[POUBM MJOF NBSLT UIF IFJHIU PG UIF ੗STU BOE TFDPOE MPDBM NJOJNVN 	CPUI PG XIJDI BSF TJNVMUBOFPVTMZ BMTP UIF
HMPCBM NJOJNB
 GPS OC ≈ 0.471� 	C
 य़F HMPCBM NJOJNVN :NJO BOE c̃ (:NJO) BT B GVODUJPO PG OC� य़F EBTIFE WFSUJDBM MJOFT
NBSL UIF CVML QBDLJOH GSBDUJPOT GPS XIJDI c̃ (:NJO) = 0
 BOE UIBU UIFSFGPSF MJF PO UIF ͪ�MJOF� 'PS 0.097 " OC " 0.458
BOE OC # 0.797
 UIF TZTUFN VOEFSHPFT NJDSPQIBTF TFQBSBUJPO TJODF c̃ (:NJO) < 0� "U UIF CVML QBDLJOH GSBDUJPO NBSLFE
CZ UIF EP॒FE WFSUJDBM MJOF
 :NJO NBLFT B EJTDPOUJOVPVT KVNQ CFDBVTF UIF HMPCBM NJOJNVN PG c̃ TIJॏT GSPN UIF ੗STU
UP UIF TFDPOE MPDBM NJOJNVN
 BT DBO CF TFFO JO 	B
�

BT B SPVHI FTUJNBUF GPS UIF XBWFMFOHUI PG UIF EFOTJUZ PTDJMMBUJPOT PG UIF FRVJMJCSJVN EFOTJUZ
EJTUSJCVUJPO CFDBVTF UIF QSFTFODF PG B MBSHF GSFRVFODZ DPNQPOFOU |B̃ -2 | XJUI |-: | = :NJO XPVME
MFBE UP B DPOTJEFSBCMF SFEVDUJPO PG UIF JOUSJOTJD GSFF FOFSHZ BDDPSEJOH UP &R� 	����
� "U OC ≈ 0.471

UIFSF JT B EJTDPOUJOVPVT KVNQ GSPN :NJO ≈ 2.45/a UP :NJO ≈ 8.38/a � य़F SFBTPO GPS UIJT DBO CF
GPVOE JO 'JH� ���	B
� UIF HMPCBM NJOJNVN DPJODJEFT XJUI UIF ੗STU MPDBM NJOJOVN GPS OC " 0.471

XIFSFBT JU JT MPDBUFE BU UIF TFDPOE MPDBM NJOJNVN GPS OC # 0.471� "T B DPOTFRVFODF
 XF DBO
FYQFDU NVDI MPOHFS EFOTJUZ NPEVMBUJPOT XJUI B XBWFMFOHUI PO UIF PSEFS PG 3 ≈ (2@/2.1) a ≈ 3a

GPS 0.097 " OC " 0.458 UIBO GPS OC # 0.797 XIFSF 3 ≈ (2@/7.2)a ≈ 0.87a � " XBWFMFOHUI TIPSUFS
UIBO UIF IBSE EJTL EJBNFUFS a NJHIU BQQFBS EVCJPVT BU ੗STU HMBODF� IPXFWFS DMPTF�QBDLFE IBSE
EJTLT JO B IFYBHPOBM BSSBOHFNFOU DPSSFTQPOE UP B XBWFOVNCFS PG :IDQ = 4@/(

√
3a) ≈ 7.26/a TP

UIBU : = 7.2/a < :IDQ JT DFSUBJOMZ QPTTJCMF BOE TVHHFTUT DSZTUBMMJ[BUJPO� *O GBDU
 FWFO : > :IDQ NBZ
CF WBMJE BT MPOH BT UIF XFJHIUFE EFOTJUZ J2

; (-" )
 XIJDI CBTJDBMMZ SFQSFTFOUT UIF ۠MPDBMۡ QBDLJOH
GSBDUJPO BU -" 
 JT MFTT UIFO VOJUZ GPS BMM -" �

*O 'JHT� ���
 ��� BOE ���
 OVNFSPVT QIBTF EJBHSBNT BSF EJTQMBZFE UIBU GFBUVSF UIF CJOPEBM
 TQJO�
PEBM BOE ͪ�MJOF
 BT XFMM BT UIF HMPCBMNJOJNVN:NJO PG c̃ GPS UIPTF QPJOUT UIBU MJF JO UIFNJDSPQIBTF
SFHJNF 	J� F�
 XIFSF c̃ (:NJO) < 0
� 4JODF XF IBWF B UISFF�EJNFOTJPOBM QIBTF TQBDF TQBOOFE CZ OC

T
 BOE Δ1 
 FBDI PG UIFTF ੗HVSFT TIPX DSPTT TFDUJPOT QFSQFOEJDVMBS UP POF PG UIF UISFF BYFT GPS
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TQFDJ੗D DIPJDFT PG UIF DPSSFTQPOEJOH QBSBNFUFS�
*O 'JH� ��� XF DBO TFF UIBU UIF ͪ�MJOF JO UIF OCۗT QMBOF DIBOHFT JO B SBUIFS DPNQMFY NBOOFS

DPNQBSFE UP UIF CJOPEBM PS UIF TQJOPEBM BT Δ1 JODSFBTFT� 'PS Δ1 = 0.08 K
 UIF NJDSPQIBTF SF�
HJPO JT B TJOHMF DPOOFDUFE EPNBJO� 8IJMF :NJO BQQFBST UP WBSZ TNPPUIMZ BMPOH UIF T BYJT
 XF
OPUJDF B EJTDPOUJOPVT KVNQ JO UIF EJSFDUJPO PG OC GPS T " 40 uT� UIF MBSHF WBMVFT PG :NJO GPS
IJHIFS QBDLJOH GSBDUJPOT NBZ BHBJO CF JOEJDBUJWF PG B DSZTUBM�MJLF TUSVDUVSF� 'PS Δ1 = 0.0935 K

UIF CSJEHF CFUXFFO UIF MPX� BOE IJHI�:NJO SFHJPOT POMZ FYJTUT GPS WFSZ TNBMM NBHOFUJD ੗FMET�
GPS Δ1 ≥ 0.10 K
 UIFZ BSF DPNQMFUFMZ TFQBSBUFE� य़F XBJTU PG UIF IPVSHMBTT�TIBQFE MPX�:NJO

SFHJPO DPOTUSJDUT VQPO GVSUIFS JODSFBTF PG Δ1 VOUJM UIF MPX� BOE IJHI�T EPNBJOT BSF NFSFMZ
MJOLFE UISPVHI B TJOHMF QPJOU GPS Δ1 ≈ 0.1177 K� BॏFSXBSET
 UIFZ CSFBL BQBSU JOUP B MPX� BOE BO
JOUFSNFEJBUF�:NJO EPNBJO
 SFTQFDUJWFMZ� य़F MPX�:NJO EPNBJO UIFO TISJOLT JO TJ[F BOE FWFOUV�
BMMZ WBOJTIFT BMPOH XJUI UIF CJOPEBM BOE TQJOPEBM� 8F OPUF UIBU UIF TQJOPEBM MJFT FOUJSFMZ XJUIJO
UIF MPX�T
 MPX�:NJO EPNBJO BOE BQQSPBDIFT JUT CPSEFS 	XIJDI JT KVTU UIF ͪ�MJOF JG UIF MPX� BOE
IJHI�:NJO SFHJPOT BSF EJTDPOOFDUFE
 BT T → 0� य़JT NBLFT QFSGFDUMZ TFOTF� GPS T = 0
 UIF DPN�
QFUJOH JOUFSBDUJPO QPUFOUJBM JT QVSFMZ B॒SBDUJWF TP UIBU OP NJDSP�
 CVU POMZ SFHVMBS NBDSPQIBTF
TFQBSBUJPO XJUI :NJO = 0 BOE c̃ (0) < 0 TIPVME CF QPTTJCMF� य़VT
 XF DBO FYQFDU UIBU :NJO → 0

BT T → 0
 XIJDI UIF QIBTF EJBHSBNT JOEFFE DPO੗SN� BT B DPOTFRVFODF
 UIF EF੗OJOH FRVBUJPO PG
UIF ͪ�MJOF
 c̃ (:NJO) = 0
 CFDPNFT JEFOUJDBM UP UIF POF PG UIF TQJOPEBM
 c̃ (0) = 0�

*O 'JH� ���
 UIF OCۗΔ1 QMBOF JT EJTQMBZFE GPS WBSJPVT WBMVFT PG T� 8F TFF UIBU GPS T = 0
 UIF
ͪ�MJOF FODMPTFT B DPOOFDUFE SFHJPO UIBU JT TQMJU JOUP B EPNBJO TVSSPVOEFE CZ UIF TQJOPEBM XIFSF
:NJO = 0 BOE B EPNBJO XIFSF :NJO JT MBSHF� "QBSU GSPN UIF CPSEFS CFUXFFO UIFTF EPNBJOT
 UIF
TQJOPEBM DPJODJEFT QSFDJTFMZ XJUI UIF ͪ�MJOF� *OUFSQSFUJOH UIF IJHI�:NJO EPNBJO BT B DSZTUBMMJOF
TPMJE QIBTF
 XF ੗OE UIBU UIF QIBTF EJBHSBN DPNQBSFT XFMM XJUI UIF POF JO 'JH� ���	B
 QSFEJDUFE
GPS B TZTUFN XJUI OP MPOH�SBOHFE SFQVMTJPO 	UIF GBDU UIBU 'JH� ���	B
 ۗ VOMJLF 'JH� ���	B
 ۗ EPFT
OPU TIPX B ੘VJEۗTPMJE DPFYJTUFODF SFHJPO JT TJNQMZ CFDBVTF OPOF XBT FYQMJDJUMZ DBMDVMBUFE
� य़JT
BHSFFNFOU JT OPU OFDFTTBSJMZ B HJWFO TJODF UIF UFNQFSBUVSF QMBZT B TJHOJ੗DBOUMZ EJ੖FSFOU SPMF JO
PVS NPEFM JO UIBU JU EJSFDUMZ BMUFST UIF TUSFOHUI PG UIF B॒SBDUJPO CFUXFFO UIF QBSUJDMFT SBUIFS UIBO
KVTU EFUFSNJOJOH UIFJS UIFSNBM FOFSHZ 	XIJDI CBSFMZ DIBOHFT TJODF Δ1 ≡ 1D − 1 2 1D TP UIBU
1 ≈ 1D
� "U T = 15 uT
 UIF GPSNFS :NJO = 0 EPNBJO JT SFQMBDFE CZ POF XIFSF :NJO JT OPO�[FSP CVU
TUJMM TNBMM� य़F TQJOPEBM EFWJBUFT OPUJDFBCMZ GSPN UIF ͪ�MJOF GPS MBSHFS Δ1 
 CVU BQQSPBDIFT JU PS
UIF MPX�:NJO CPVOEBSZ BT Δ1 → 0
 XIFSF B॒SBDUJPO EPNJOBUFT PWFS SFQVMTJPO BOE :NJO → 0� 'PS
T = 30 uT
 UIF CJOPEBM MJFT BMNPTU FOUJSFMZ XJUIJO JO UIF NJDSPQIBTF SFHJNF
 TP UIBU NBDSPTDPQJD
HBTۗMJRVJE DPFYJTUFODF JT MJLFMZ UP CF TVQQSFTTFE BOE TVQQMBOUFE CZ NJDSPQIBTF TFQBSBUJPO BT
QSFEJDUFE JO 'JH� ���	C
 GPS B NPEFSBUF SFQVMTJPO� "T T JODSFBTFT
 UIF DSJUJDBM QPJOU NPWFT UP FWFS
MPXFS WBMVFT PG Δ1 VOUJM UIF CJOPEBM BOE TQJOPEBM BSF OP MPOHFS WJTJCMF� 'VSUIFSNPSF
 B TFDPOE
NJDSPQIBTF SFHJPO XJUI JOUFSNFEJBUF :NJO BQQFBST GPS IJHIFS Δ1 BOE NFSHFT XJUI UIF MPX�:NJO

EPNBJO BU T ≈ 48.33 uT JO B TJOHMF TQPU CFGPSF HSPXJOH JO XJEUI� *O DPOTUSBTU UP 'JH� ���	D

 UIFSF
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'JHVSF ����� 1IBTF EJBHSBNT TIPXJOH UIF CJOPEBM
 TQJOPEBM BOE ͪ�MJOF JO UIF OCۗT QMBOF GPS WBSJPVT WBMVFT PG Δ1 �
य़F TZNCPMT NBSL QPJOUT XIFSF c̃ (:NJO) < 0
 J� F�
 XIFSF NJDSPQIBTF TFQBSBUJPO NVTU PDDVS� UIFJS DPMPS FODPEFT UIF
HMPCBM NJOJNVN :NJO PG c̃ �
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'JHVSF ����� 1IBTF EJBHSBNT TIPXJOH UIF CJOPEBM
 TQJOPEBM BOE ͪ�MJOF JO UIF OCۗΔ1 QMBOF GPS WBSJPVT WBMVFT PG T�
य़F TZNCPMT NBSL QPJOUT XIFSF c̃ (:NJO) < 0
 J� F�
 XIFSF NJDSPQIBTF TFQBSBUJPO NVTU PDDVS� UIFJS DPMPS FODPEFT UIF
HMPCBM NJOJNVN :NJO PG c̃ �
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'JHVSF ����� 1IBTF EJBHSBNT TIPXJOH UIF CJOPEBM
 TQJOPEBM BOE ͪ�MJOF JO UIF TۗΔ1 QMBOF GPS WBSJPVT WBMVFT PG OC�
य़F TZNCPMT NBSL QPJOUT XIFSF c̃ (:NJO) < 0
 J� F�
 XIFSF NJDSPQIBTF TFQBSBUJPO NVTU PDDVS� UIFJS DPMPS FODPEFT UIF
HMPCBM NJOJNVN :NJO PG c̃ �

BSF OP JOEJDBUJPOT UIBU NJDSPQIBTF TFQBSBUJPO HJWFT XBZ UP EJTPSEFSFE DMVTUFS PS QFSDPMBUFE ੘VJE
QIBTFT GPS TUSPOH SFQVMTJPOT�

-BTUMZ
 'JH� ��� TIPXT UIF TۗΔ1 QMBOF GPS EJ੖FSFOU WBMVFT PG OC� 8F TFF UIBU NJDSPQIBTF TFQ�
BSBUJPO PDDVST GPS MBSHF T 	TUSPOH SFQVMTJPO
 PS TNBMM Δ1 	TUSPOH B॒SBDUJPO
� 'PS OC ≤ 0.5
 UIFSF
JT OP IJHI�:NJO SFHJPO� JOUFSNFEJBUF :NJO BSF GPVOE BU MBSHF T BOE MBSHF Δ1 
 XIJMF TNBMM :NJO

BSF MPDBUFE BU TNBMM T BOE TNBMM Δ1 � 'PS OC = 0.7
 B IJHI�:NJO SFHJPO FYJTUT UIBU DPOUBJOT B TNBMM
MPX�:NJO EPNBJO�य़F CJOPEBMT BOE TQJOPEBMT BSF UIF DVSWFT EJTQMBZFE JO 'JH� ���	C
 GPS UIBU WBMVF
PG ; UIBU DPSSFTQPOET UP UIF SFTQFDUJWF OC BT HJWFO CZ 'JH� ���	B
�

*O PVS UISFF�EJNFOTJPOBM QIBTF TQBDF
 JU XPVME BSHVBCMZ CF NPSF BDDVSBUF UP TQFBL PG B ۠ͪ�
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'JHVSF �����य़SFF�EJNFOTJPOBM QMPU PG UIF ͪ�TVSGBDF JO UIF QIBTF TQBDF TQBOOFE CZ N%EC
 T
 BOE Δ1 � "U QPJOUT UIBU MJF
CFUXFFO UIF ͪ�TVSGBDF BOE UIF DPPSEJOBUF QMBOFT JO UIF CBDLHSPVOE
 UIF TZTUFN VOEFSHPFT NJDSPQIBTF TFQBSBUJPO�

TVSGBDFۡ SBUIFS UIBO B ͪ�MJOF� " WJTVBMJ[BUJPO PG UIJT TVSGBDF JT QSFTFOUFE JO 'JH� ��� 	TFF BMTP 'JHT�
&�� BOE &�� JO "QQFOEJY & GPS BVUPTUFSFPHSBNT PG UIF TBNF TDFOF
� "U QPJOUT UIBU MJF CFUXFFO
UIF ͪ�TVSGBDF BOE UIF DPPSEJOBUF QMBOFT JO UIF CBDLHSPVOE
 UIF TZTUFN VOEFSHPFT NJDSPQIBTF
TFQBSBUJPO�

������ -BOEBV�UZQF UIFPSZ

/PX UIBU XF IBWF BTDFSUBJOFE XIFSF NJDSPQIBTF TFQBSBUJPO NVTU PDDVS
 MFU VT DPOUJOVF XJUI
JOWFTUJHBUJOH XIJDI QFSJPEJD EFOTJUZ EJTUSJCVUJPOT XJMM FNFSHF JO UIFSNPEZOBNJD FRVJMJCSJVN�
"T BMSFBEZ NFOUJPOFE JO UIF *OUSPEVDUJPO
 $JBDI FU BM� EFWJTFE B HFOFSBM -BOEBV�UZQF UIFPSZ



�� �� 4UBUJDT

UIBU QSFEJDUT B VOJWFSTBM TFRVFODF PG NJDSPQIBTFT XJUI JODSFBTJOH CVML EFOTJUJFT <��
 ��>� JO UXP
EJNFOTJPOT
 B IFYBHPOBM ESPQMFU
 B MBNFMMBS TUSJQF BOE B IFYBHPOBM CVCCMF QIBTF XFSF GPVOE UP
CF TUBCMF <��ۗ��>� 5P EFUFSNJOF XIFUIFS UIJT JT BMTP USVF JO PVS TZTUFN
 XF TIBMM OPX EFWFMPQ B
-BOEBV�UZQF UIFPSZ UIBU JT UBJMPSFE UP PVS NPEFM�

4IFMM FYQBOTJPO PG UIF EFOTJUZ EJTUSJCVUJPO

5P TUBSU XJUI
 XF OFFE UP UIJOL BCPVU IPX UP BOBMZUJDBMMZ FYQSFTT UIF EFOTJUZ QSP੗MFT VOEFS
DPOTJEFSBUJPO� 'PS PVS QVSQPTFT
 MBNFMMBS BOE IFYBHPOBM TUSVDUVSFT DBO CF BEFRVBUFMZ EFTDSJCFE
CZ GVODUJPOT PG UIF GPSN

BMBN(-" ) = B0 +
∑
#∈Z

H ( |C − )ZB |), BIFY(-" ) = B0 +
∑
#, + ∈Z

2∑
%=1

H ( |-" − ()ZB , ?ZC) − -F% |), 	����


XIFSF ZB/ZC =
√
3
 -F1 = 0 BOE -F2 = (ZB/2, ZC/2) GPS UIF MB॒FS� *U JT DMFBS UIBU ZB BOE ZC SFQSFTFOU

UIF QFSJPEJDJUZ BOE UIF TJ[F PG UIF VOJU DFMM JO UIF C BOE b EJSFDUJPO
 SFTQFDUJWFMZ�
8F DBO OPX SFXSJUF BMBN BT

BMBN(-" ) = B0 +
∫

dC ′ H ( |C − C ′ |)
∑
#∈Z

+ (C ′ − )ZB ) = B0 +
∫

dC ′ H ( |C − C ′ |) LMBN(C ′), 	����


XIFSF UIF JOUFHSBM JT UIF DPOWPMVUJPO (H ⊗ LMBN) (C) XJUI UIF %JSBD DPNC

LMBN(C) =
∑
#∈Z

+ (C − )ZB ) . 	����


4JODF BMBN JT ZB �QFSJPEJD
 XF DBO VTF UIF DPOWPMVUJPO UIFPSFN BOE FYQBOE JU JO UIF 'PVSJFS TFSJFT

BMBN(-" ) = B̃ MBN
0 +

∑
-2∈K

B̃ MBN
-2

exp(i-: · -" ) = BC +
∑
-2∈K

H̃ ( |-: |) L̃ MBN
-2

exp(i-: · -" ) 	����


XJUI K ≡ {(2@ ?/ZB , 0) : ? ∈ Z\ {0}}� य़F 'PVSJFS DPFਖ਼DJFOUT PG LMBN
 XIJDI JUTFMG JT BMTP ZB �
QFSJPEJD
 BSF FBTJMZ DBMDVMBUFE BT

L̃ MBN
-2
≡

∫ @' /2

−@' /2
dC LMBN(C) exp(−i:BC) =

∫ @' /2

−@' /2
dC

∑
#∈Z

+ (C − )ZB ) exp(−i:BC) = 1. 	����


-FU VT OPX QBSUJUJPOK JOUP NVUVBMMZ EJTKPJOU TIFMMT (KE)E∈N XIFSF BMM FMFNFOUT PGKE BSF PG FRVBM
NBHOJUVEF :E UIBU JODSFBTFT XJUI FBDI TIFMM� |-: | = :E QSFDJTFMZ JG -: ∈ KE BOE :E < :E+1 GPS BMM
d ∈ N� JU JT FBTZ UP TFF UIBU KE = {(−2@d/ZB , 0), (2@d/ZB , 0)} XJUI :E = 2@d/ZB � य़JT BMMPXT VT UP
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XSJUF UIF MBNFMMBS EFOTJUZ EJTUSJCVUJPO BT

BMBN(-" ) = BC +
∞∑
E=1

H̃ (:E)
∑
-2∈K*

L̃ MBN
-2

exp(i-: · -" ) = BC +
∞∑
E=1

ΦE L
MBN
E (-" ) 	����


XJUI UIF BNQMJUVEFT ΦE ≡ H̃ (:E) BOE

LMBNE (-" ) ≡
∑
-2∈K*

LMBN-2
exp(i-: · -" ) = exp

(
−i2@d
ZB

C

)
+ exp

(
i
2@d
ZB

C

)
= 2 cos

(
2@d
ZB

C

)
. 	����


'PS UIF IFYBHPOBM TUSVDUVSF
 XF TJNJMBSMZ ੗OE UIBU

BIFY(-" ) = B0 +
∫

d2-" ′ H (|-" − -" ′ |) LIFY(-" ′) = BC +
∑
-2∈K

H̃ (|-: |) L̃ IFY
-2

exp(i-: · -" ) 	����


XJUI

LIFY(-" ) =
∑
#, + ∈Z

2∑
%=1

+ (-" − ()ZB , ?ZC) − -F%), 	����


XBWF WFDUPST K ≡ {2@ ()/ZB , ?/ZC) : (), ?) ∈ Z2\{0}} BOE

L̃ IFY
-2=24

(
#/@'
+/@(

) ≡
∫
[0,@' ]×[0,@( ]
d2-" LIFY(-" ) exp(−i-: · -" ) = 1 + exp

[
−i

(
2@)
ZB

ZB
2

+ 2@ ?
ZC

ZC
2

)]

= 1 + exp[−i@ () + ?)] =



2 JG ) + ? JT FWFO,
0 PUIFSXJTF.

	����


य़VT
 BDUVBMMZ POMZ UIF XBWF WFDUPST JO K ≡ {2@ ()/ZB , ?/ZC) : (), ?) ∈ Z2\{0}, ) + ? JT FWFO} HJWF
B OPO�USJWJBM DPOUSJCVUJPO UP BIFY BOE BSF UIFSFGPSF SFMFWBOU� 4QMJ॒JOH UIJT SFEVDFE TFU JOUP TIFMMT
(KE)E∈N PG FRVBM NBHOJUVEFT (:E)E∈N
 XF UIFO IBWF

BIFY(-" ) = BC +
∞∑
E=1

ΦE L
IFY
E (-" ) 	����


XJUI UIF BNQMJUVEFT ΦE ≡ H̃ (:E) BOE

LIFYE (-" ) ≡
∑
-2∈K*

L̃ IFY
-2

exp(i-: · -" ) ≡
∑
-2∈K*

2 exp(i-: · -" ) = 2
∑
-2∈K*

cos(-: · -" ). 	����


य़F ੗STU TIFMM
 GPS JOTUBODF
 IBT NBHOJUVEF :1 = 4@/ZB = 4@/(
√
3ZC) BOE JT HJWFO CZ

K1 = { 2@ (1/ZB , 1/ZC), 2@ (1/ZB ,−1/ZC), 2@ (2/ZB , 0),
− 2@ (1/ZB , 1/ZC),−2@ (1/ZB ,−1/ZC),−2@ (2/ZB , 0)},

	����
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B=1 �B 6lam
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'JHVSF ����� 	B
 " IZQPUIFUJDBM MBNFMMBS EFOTJUZ QSP੗MF B (C) XJUI B (BVTTJBO QFBL 	TPMJE MJOF
 BOE JUT UXP�TIFMM FY�
QBOTJPO BC +

∑2
E=1 ΦEL

MBN
E (C) 	EBTIFE MJOF
 BT B GVODUJPO PG C � UIF BHSFFNFOU JT BMSFBEZ RVJUF HPPE� 	C
 " IZQPUIFUJDBM

MBNFMMBS EFOTJUZ QSP੗MF B (C) XJUI B SFDUBOHVMBS QFBL 	TPMJE MJOF
 BOE JUT ���TIFMM FYQBOTJPO BC + ∑20
E=1 ΦEL

MBN
E (C)

	EBTIFE MJOF
 BT B GVODUJPO PG C � UIF BHSFFNFOU JT BSHVBCMZ XPSTF UIBO JO 	B

 FWFO UIPVHI B MPU NPSF TIFMMT XFSF
JODPSQPSBUFE�

TP UIBU

LIFY1 (-" ) = 4
[
cos

(
2@C
ZB

+ 2@b
ZC

)
+ cos

(
2@C
ZB
− 2@b
ZC

)
+ cos

(
4@C
ZB

)]

= 8 cos
(
2@C
ZB

)
cos

(
2@b
ZC

)
+ 4 cos

(
4@C
ZB

)
.

	����


8F TFF UIBU CPUI MBNFMMBS BOE IFYBHPOBM EFOTJUZ EJTUSJCVUJPOT DBO CF XSJ॒FO BT B ۠TIFMM FY�
QBOTJPOۡ PG UIF GPSN

B (-" ) = BC +
∞∑
E=1

ΦE LE (-" ) = BC +
∞∑
E=1

ΦE

∑
-2∈K*

L̃-2 exp(i-: · -" ), 	����


XIFSF UIF GVODUJPOT LE BSF VOJWFSTBM GPS B HJWFO TUSVDUVSF 	MBNFMMBS PS IFYBHPOBM
 BOE UIF DPFਖ਼�
DJFOUT ΦE EFUFSNJOF UIF DPODSFUF TIBQF PG UIF ੘VDUVBUJPOT� य़F BEWBOUBHF PG UIJT SFQSFTFOUBUJPO
JT UIBU MPXFS TIFMMT BSF HFOFSBMMZ NPSF TJHOJ੗DBOU UIBO IJHIFS POFT
 TP UIBU NBOZ EFOTJUZ QSP੗MFT
DBO CF XFMM BQQSPYJNBUFE FWFO JG UIF TVNNBUJPO JO &R� 	����
 JT UFSNJOBUFE BॏFS B GFX EP[FO 	PS
FWFO POMZ B IBOEGVM
 PG UFSNT� *O 'JH� ���	B

 B MBNFMMBS EFOTJUZ EJTUSJCVUJPO XJUI B (BVTTJBO QFBL
BT XFMM BT JUT UXP�TIFMM FYQBOTJPO BSF QMP॒FE� य़F BHSFFNFOU JT BMSFBEZ RVJUF HPPE� JG UIF UIJSE
TIFMM IBE BMTP CFFO JODMVEFE
 UIF DVSWFT XPVME CF FTTFOUJBMMZ JOEJTUJOHVJTIBCMF� )PXFWFS
 JG UIF
EFOTJUZ QSP੗MF DIBOHFT BCSVQUMZ TVDI BT JO UIF DBTF PG UIF SFDUBOHVMBS QFBL TIPXO JO 'JH� ���	C


B MPU NPSF TIFMMT NBZ CF SFRVJSFE GPS B TVਖ਼DJFOUMZ BDDVSBUF EFTDSJQUJPO�



���� #VML TZTUFN ��

'SFF FOFSHZ EFOTJUZ PG UIF d̂�TIFMM BQQSPYJNBUJPO

*O UIF GPMMPXJOH
 XF TIBMM BTTVNF EFOTJUZ EJTUSJCVUJPOT JO UIF d̂�TIFMM BQQSPYJNBUJPO
 J� F�


B (-" ) = BC + ΔB (-" ) XJUI ΔB (-" ) =
Ê∑

E=1

ΦE LE (-" ) =
Ê∑

E=1

ΦE

∑
-2∈K*

L̃-2 exp(i-: · -" ) . 	����


5P DBMDVMBUF UIF JOUSJOTJD GSFF FOFSHZ F [B] = F [BC +ΔB] GPS TVDI B EFOTJUZ QSP੗MF
 XF DBO OPX
BHBJO QFSGPSN B GVODUJPOBM 5BZMPS FYQBOTJPO PG F BSPVOE BC BT JO &R� 	����
 BOE ੗OE UIBU

lim
)→∞

<ΔF [B]
!

= −
∞∑
%=1

1
2!

Ê∑
E1,...,E)=1

ΦE1 · · ·ΦE)

-21+···+-2)=0∑
-21∈K*1

· · ·
∑
-2) ∈K*)

L̃-21 · · · L̃-2) =̃% (−-:1, . . . ,−-:%−1) 	����


GPS ΔF [B] ≡ F [B] − F [BC] XJUI POMZ B TMJHIU WBSJBUJPO PG UIF EFSJWBUJPO UIBU MFE UP &R� 	����
�
/FYU
 XF VTF UIBU UIF UFSNT UP UIF SJHIU PG UIF TVN PWFS UIF TIFMMT JO &R� 	����
 BSF JEFOUJDBM
GPS FWFSZ QFSNVUBUJPO PG d1, . . . , d% � 'PS FYBNQMF
 DPOTJEFS UIF DBTFT (d1, d2, d3) = (1, 1, 2) BOE
(d1, d2, d3) = (1, 2, 1) GPS 2 = 3� UIFO

Φ1Φ1Φ2

-21+-22+-23=0∑
-21∈K1, -22∈K1, -23∈K2

L̃-21L̃-22L̃-23=̃3(−-:1,−-:2) = Φ1Φ2Φ1

-21+-22+-23=0∑
-21∈K1, -22∈K2, -23∈K1

L̃-21L̃-22L̃-23=̃3(−-:1,−-:2). 	����


य़JT FRVBMJUZ JT BDUVBMMZ OPU BT PCWJPVT BT JU NJHIU TFFN BU ੗STU HMBODF CFDBVTF UIFSF JT B TVCUMF
BTZNNFUSZ� PO UIF MFॏ IBOE TJEF
 UIF XBWF WFDUPS -:2 UIBU FOUFST JOUP =̃3 JT GSPN UIF ੗STU TIFMM

-:2 ∈ K1
 XIFSFBT PO UIF SJHIU IBOE TJEF
 JU JT GSPN UIF TFDPOE TIFMM
 -:2 ∈ K2� )PXFWFS
 CFDBVTF
-:1 + -:2 + -:3 = 0
 JU UVSOT PVU UIBU XF DBO FYDIBOHF =̃3(−-:1,−-:2) GPS =̃3(−-:1,−-:3) PO POF TJEF

TP UIBU UIF TFDPOE BSHVNFOU UP =̃3 JT GSPN UIF TBNF TIFMM BT PO UIF PUIFS� य़JT TVCTUJUVUJPO JT
QPTTJCMF CFDBVTF =̃% (-:1, . . . , -:%−1) JT JOWBSJBOU VOEFS SFQMBDFNFOU PG BOZ TJOHMF BSHVNFOU XJUI
-:% ≡ −(-:1 + · · · + -:%−1)� 4JODF UIF QSPPG JT FBTJMZ HFOFSBMJ[FE
 XF TIBMM POMZ TIPX UIF TQFDJBM DBTF
=̃3(-:1, -:2) = =̃3(-:1,−-:1 − -:2)� 3FDBMM UIBU=% (-"1, . . . , -"%−1) = =% (-"1 + Δ-" , . . . , -"%−1 + Δ-" ,Δ-" ) GPS BOZ
Δ-" BOE OPUF UIBU UIF PSEFS PG UIF BSHVNFOUT JO=% (-"1, . . . , -"%) JT JSSFMFWBOU EVF UP JUT EF੗OJUJPO JO
UFSNT PG DPNNVUJOH GVODUJPOBM EFSJWBUJWFT� य़VT
 XF IBWF

=̃3(-:1,−-:1 − -:2) =
∫

d2-"1
∫

d2-"2=3(-"1, -"2) exp(−i-:1 · -"1) exp[i(-:1 + -:2) · -"2]

=
∫

d2-"2
∫

d2-"1 =3(-"1 − -"2,−-"2)︸!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!︸
=F3 (--1,0,--2) =F3 (--1,--2,0) =F3 (--1,--2)

exp[−i-:1 · (-"1 − -"2)] exp[−i(-:1 + -:2) · -"2]

=
∫

d2-"1
∫

d2-"2=3(-"1, -"2) exp(−i-:1 · -"1) exp(−i-:2 · -"2) = =̃3(-:1, -:2) .

	����




�� �� 4UBUJDT

य़JT NFBOT UIBU XF DBO SFXSJUF UIF TVN PWFS d1, . . . , d% JO &R� 	����
 CZ DPMMFDUJOH UIPTF UFSNT JO
XIJDI UIF ੗STU TIFMM BQQFBST 21 UJNFT
 UIF TFDPOE TIFMM 22 UJNFT
 ۪ BOE UIF d̂�UI TIFMM 2Ê UJNFT
VOEFS UIF DPOTUSBJOU UIBU 21 + · · · + 2Ê = 2� 4JODF UIFSF BSF 2!/(21! · · ·2Ê !) TVDI UFSNT
 XF ੗OE
UIBU

lim
)→∞

<ΔF [B]
!

= −
∞∑
%=1

1
2!

%1+···+%*̂=%∑
%1∈N0

· · ·
∑

%*̂ ∈N0

2!
21! · · ·2Ê !

Φ%1
1 · · ·Φ%*̂

Ê

-21+···+-2)=0∑
(-21,...,-2))∈K)1,...,)*̂

L̃-21 · · · L̃-2) =̃% (−-:1, . . . ,−-:%−1)

=
∞∑
%=1

1
2!

%1+···+%*̂=%∑
%1∈N0

· · ·
∑

%*̂ ∈N0
Φ%1
1 · · ·Φ%*̂

Ê A%1,...,%*̂ , 	����


XIFSF UIF TFU K%1,...,%*̂ ≡ K%1
1 × · · ·×K

%*̂
Ê DPOUBJOT BMM 2�UVQMFT DPOTJTUJOH PG 21 XBWF WFDUPST GSPN

UIF ੗STU TIFMM
 GPMMPXFE CZ 22 GSPN UIF TFDPOE
 ۪ BOE ੗OBMMZ 2Ê XBWF WFDUPST GSPN UIF d̂�UI TIFMM

BOE XIFSF

A%1,...,%*̂ ≡ −
2!

21! · · ·2Ê !

-21+···+-2)=0∑
(-21,...,-2))∈K)1,...,)*̂

L̃-21 · · · L̃-2) =̃% (−-:1, . . . ,−-:%−1) 	����


GPS 2 = 21+· · ·+2Ê � 8F DBO TJNQMJGZ UIJT SFTVMU CZ SFDPHOJ[JOH UIBU UIFSF JT BHBJO OP DPOUSJCVUJPO
GPS 2 = 1 TJODF -:1 ≠ 0� GVSUIFSNPSF
 GPS 2 = 2
 UIF DPOEJUJPO -:1 + -:2 = 0 DBOOPU CF TBUJT੗FE JG CPUI
WFDUPST BSF GSPN EJ੖FSFOU TIFMMT� 8F UIFSFGPSF BSSJWF BU

lim
)→∞

<ΔF [B]
!

= −1
2

Ê∑
E=1

Φ2
E =̃2(:E) RE +

∞∑
%=3

1
2!

%1+···+%*̂=%∑
%1∈N0

· · ·
∑

%*̂ ∈N0
Φ%1
1 · · ·Φ%*̂

Ê A%1,...,%*̂ , 	����


XIFSF XF VTFE UIBU =̃2(-:) = =̃2(|-: |) = =̃2(:E) GPS -: ∈ KE BOE EF੗OFE

RE ≡
-21+-22=0∑
-21,-22∈K*

L̃-21 L̃-22 =
∑
-2∈K*

L̃-2 L̃−-2 =
∑
-2∈K*

L̃-2 L̃
∗
-2
=

∑
-2∈K*

|L̃-2 |
2. 	����


*O PSEFS UP CF BCMF UP FWBMVBUF &R� 	����
 GPS PVS TZTUFN
 XF OPX OFFE UP EFUFSNJOF UIF DPSSFMBUJPO
GVODUJPOT =̃% GPS 2 ≥ 2� य़JT JT CFTU BDDPNQMJTIFE CZ EFBMJOH XJUI UIF DPOUSJCVUJPOT GSPN FJE
 F FY

IE
BOE F FY

DJ TFQBSBUFMZ�
4UBSUJOH XJUI UIF JEFBM HBT
 XF ੗OE UIBU

<
+%FJE [B]

+B (-"1) · · · +B (-"%)
= K (%)

JE (B (-"1)) + (-"1 − -"%) · · · + (-"%−1 − -"%), 	����
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XIFSF

K (%)
JE (B) ≡ d%

dB%
KJE(B) =

d%

dB%
[
B{ln(Λ2B) − 1}

]
=




ln(Λ2B) JG 2 = 1,

−(2 − 2)!/(−B)%−1 JG 2 ≥ 2.
	����


)FODF
 = JE
% (-"1, . . . , -"%−1) = −K (%)

JE (BC) + (-"1) · · · + (-"%−1) BOE

=̃ JE
% (-:1, . . . , -:%−1) = −K (%)

JE (BC)
%−1∏
+=1

[∫
d2-" + + (-" + ) exp(−i-: + · -" + )︸!!!!!!!!!!!!!!!!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!!!!!!!!!!!!!!!!︸

=1

]
= −K (%)

JE (BC), 	����


XIJDI MFBET UP

lim
)→∞

<ΔFJE [B]
!

=
1
2

Ê∑
E=1

Φ2
E
RE
BC

+
∞∑
%=3

1
2!

%1+···+%*̂=%∑
%1∈N0

· · ·
∑

%*̂ ∈N0
Φ%1
1 · · ·Φ%*̂

Ê A
JE
%1,...,%*̂ 	����


XJUI

AJE
%1,...,%*̂ =

2!
21! · · ·2Ê !

K (%)
JE (BC)

-21+···+-2)=0∑
(-21,...,-2))∈K)1,...,)*̂

L̃-21 · · · L̃-2) = − 2!
21! · · ·2Ê !

(2 − 2)!
(−BC)%−1

-21+···+-2)=0∑
(-21,...,-2))∈K)1,...,)*̂

L̃-21 · · · L̃-2) . 	����


य़F 2�UI GVODUJPOBM EFSJWBUJWF PG F FY
IE JT HJWFO CZ

<
+%F FY

IE [B]
+B (-"1) · · · +B (-"%)

=
∫

d2-"
+%KIE

; (-" )
+B (-"1) · · · +B (-"%)

=
∫

d2-"
∑

61,...,6)

+%KIE
; (-" )

(J1
; · · · (J%

;

+J1
; (-" )

+B (-"1)
· · ·

+J%
; (-" )

+B (-"%)

=
∫

d2-"
∑

61,...,6)

(%KIE
; (-" )

(J1
; · · · (J%

;
I1(-" − -"1) · · ·I% (-" − -"%), 	����


XIFSF UIF TVN SVOT PWFS BMM OJOF TDBMBS DPNQPOFOUT PG UIF XFJHIUFE EFOTJUJFT J0
 J2
 '0 	FBDI
XJUI POF DPNQPOFOU

'1 	XJUI UXP DPNQPOFOUT
 BOE'2 	XJUI GPVS DPNQPOFOUT

 BOEI + EFOPUFT
UIF XFJHIU GVODUJPO DPSSFTQPOEJOH UP UIF DPNQPOFOUJ + TP UIBU

+J +
; (-" )

+B (-" + )
=

+

+B (-" + )

∫
d2-" ′ B (-" ′)I + (-" − -" ′) =

∫
d2-" ′ +B (-"

′)
+B (-" + )︸!!︷︷!!︸
=D (-- ′−-- + )

I + (-" − -" ′) = I + (-" − -" + ) .
	����


'PS B VOJGPSN B = BC
 UIF EFSJWBUJWF PG KIE
; (-" ) CFDPNFT JOEFQFOEFOU PG -" BOE XF IBWF

=̃IE
% (-"1, . . . , -"%−1) = −

∑
61,...,6)

(%KIE
;C

(J1
;C · · · (J%

;C

∫
d2-" I1(-" − -"1) · · ·I%−1(-" − -"%−1)I% (-" ). 	����




�� �� 4UBUJDT

$BMDVMBUJOH UIF 'PVSJFS USBOTGPSN
 XF ੗OE UIBU

=̃IE
% (-:1, . . . , -:%−1) = −

∑
61,...,6)

(%KIE
;C

(J1
;C · · · (J%

;C

∫
d2-"

%−1∏
+=1

[∫
d2-" + I + (-" − -" + ) exp(−i-: + · -" + )

]
I% (-" )

= −
∑

61,...,6)

(%KIE
;C

(J1
;C · · · (J%

;C

∫
d2-"

%−1∏
+=1

[∫
d2-" ′+ I + (-" ′+ ) exp{−i-: + · (-" − -" ′+ )}

]
I% (-" )

= −
∑

61,...,6)

(%KIE
;C

(J1
;C · · · (J%

;C

%−1∏
+=1

[∫
d2-" ′+ I + (-" ′+ ) exp[−i(−-: + ) · -" ′+ ]

]

×
∫

d2-" I% (-" ) exp[−i(-:1 + · · · + -:%−1) · -" ]

CZ QFSGPSNJOH UIF TVCTUJUVUJPO -" + → -" ′+ ≡ -" − -" + BOE SFBSSBOHJOH TPNF UFSNT� 8F JEFOUJGZ UIF
JOUFHSBMT BT UIF 'PVSJFS USBOTGPSNT PG UIF XFJHIU GVODUJPOT BOE BSSJWF BU

=̃IE
% (-:1, . . . , -:%−1) = −

∑
61,...,6)

(%KIE
;C

(J1
;C · · · (J%

;C

Ĩ1(−-:1) · · · Ĩ%−1(−-:%−1) Ĩ% (-:1 + · · · + -:%−1) . 	����


/PUJOH UIBU =̃IE
2 (-:) = Q̃IE2 (|-: |)
 XIFSF Q̃IE2 JT UIF 'PVSJFS USBOTGPSN PG UIF IBSE EJTL EJSFDU UXP�

QPJOU DPSSFMBUJPO GVODUJPO
 XF TFF UIBU

lim
)→∞

<ΔF FY
IE [B]
!

= −1
2

Ê∑
E=1

Φ2
E Q̃

IE
2 (:E) RE +

∞∑
%=3

1
2!

%1+···+%*̂=%∑
%1∈N0

· · ·
∑

%*̂ ∈N0
Φ%1
1 · · ·Φ%*̂

Ê A
IE
%1,...,%*̂ 	����


XJUI

AIE
%1,...,%*̂ ≡

2!
21! · · ·2Ê !

-21+···+-2)=0∑
(-21,...,-2))∈K)1,...,)*̂

L̃-21 · · · L̃-2)
∑

61,...,6)

(%KIE
;C

(J1
;C · · · (J%

;C

Ĩ1(-:1) · · · Ĩ%−1(-:%−1)

× Ĩ% (−-:1 − · · · − -:%−1)

=
2!

21! · · ·2Ê !
∑

61,...,6)

(%KIE
;C

(J1
;C · · · (J%

;C

-21+···+-2)=0∑
(-21,...,-2))∈K)1,...,)*̂

L̃-21 · · · L̃-2)Ĩ
1(-:1) · · · Ĩ% (-:%),

	����


XIFSF XF VTFE UIBU -:% = −-:1 − · · · − -:%−1 TJODF UIF XBWF WFDUPST TVN UP [FSP�
य़F DPNQFUJOH JOUFSBDUJPOT DPOUSJCVUJPO JT UIF MFBTU DPNQMJDBUFE PG UIF UISFF� CFDBVTF

<
+%F FY

DJ [B]
+B (-"1) · · · +B (-"%)

=



<GDJ(|-"1 − -"2 |) JG 2 = 2,

0 JG 2 ≥ 3,
	����
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POMZ UIF 2 = 2 UFSN JT SFMFWBOU� 8JUI =DJ
2 (-" ) = −<GDJ(|-" |) BOE =̃DJ

2 (-:) = Q̃DJ2 (|-: |) = −<G̃DJ( |-: |)
 XF
TJNQMZ IBWF

lim
)→∞

<ΔF FY
DJ [B]
!

=
1
2

Ê∑
E=1

Φ2
E <G̃DJ(:E) RE . 	����


'JOBMMZ
 FYQMPJUJOH UIBU

1

BC/̃ (:)
=
1 − BCQ̃2(:)

BC
=

1
BC
− Q̃DJ2 (:) − Q̃IE2 (:) = 1

BC
+ <G̃DJ(:) − Q̃IE2 (:) 	����


BOE A%1,...,%*̂ = A
JE
%1,...,%*̂ +AIE

%1,...,%*̂ 
 XF DBO BEE &RT� 	����

 	����
 BOE 	����
 UP BSSJWF BU

lim
)→∞

<ΔF [B]
!

=
1
2BC

Ê∑
E=1

Φ2
E RE

/̃ (:E)
+
∞∑
%=3

1
2!

%1+···+%*̂=%∑
%1∈N0

· · ·
∑

%*̂ ∈N0
Φ%1
1 · · ·Φ%*̂

Ê A%1,...,%*̂ . 	����


*O QSBDUJDF
 IPXFWFS
 XF OFFE UP USVODBUF UIF JO੗OJUF TVN PWFS 2 BॏFS UIF ੗STU 2̂ UFSNT
 SFTVMUJOH
JO UIF 2̂�UI PSEFS BQQSPYJNBUJPO

lim
)→∞

<ΔF [B]
!

≈ 1
2BC

Ê∑
E=1

Φ2
E RE

/̃ (:E)
+

%̂∑
%=3

1
2!

%1+···+%*̂=%∑
%1∈N0

· · ·
∑

%*̂ ∈N0
Φ%1
1 · · ·Φ%*̂

Ê A%1,...,%*̂ . 	����


.JOJNJ[BUJPO PG UIF GSFF FOFSHZ EFOTJUZ

"ॏFS EFDJEJOH PO B NBYJNVN TIFMM d̂ BOE PSEFS 2̂
 XF DBO VTF UIJT FYQSFTTJPO UP BQQSPYJNBUF UIF
GSFF FOFSHZ PG B MBNFMMBS PS IFYBHPOBM EFOTJUZ EJTUSJCVUJPO JO UIF d̂�UI TIFMM FYQBOTJPO TQFDJ੗FE
CZ UIF CVML EFOTJUZ BC
 UIF BNQMJUVEFT Φ1, . . . ,ΦÊ BOE
 DSVDJBMMZ
 BMTP UIF TJ[F PG UIF VOJU DFMM
EFUFSNJOFE CZ FJUIFS : MBN

1 = 2@/ZB PS :IFY
1 = 4@/ZB = 4@/(

√
3ZC)� 4JODF XF BSF JOUFSFTUFE JO UIF

FRVJMJCSJVN EFOTJUZ QSP੗MF UIBU JT UIF NJOJNVN PG F GPS B HJWFO ੗YFE BC
 XF TJNQMZ NJOJNJ[F
&R� 	����
 OVNFSJDBMMZ XJUI SFTQFDU UP Φ1, . . . ,ΦÊ BOE :1 VTJOH UIF /FMEFSۗ.FBE NFUIPE <��>�

य़F DIPJDF PG d̂ BOE 2̂ JT B NB॒FS PG XFJHIJOH VQ UIF BDDVSBDZ BHBJOTU UIF FYQFOTJWFOFTT PG UIF
DPNQVUBUJPO�य़FNBJO QSPCMFN JT UIBU UIF RVBOUJUJFTA%1,...,%*̂ CFDPNF RVJUF MBCPSJPVT UP DBMDVMBUF
GPS CJH 2 = 21 + · · · + 2Ê CFDBVTF UIF TVN JO &R� 	����
 SVOT PWFS B MBSHF OVNCFS PG XBWF WFDUPST
-:1, . . . , -:% � 'VSUIFSNPSF
 UIFSF FYJTU B UPUBM PG PÊ (2) ≡ (2 + d̂ − 1)!/[2! (d̂ − 1)!] EJ੖FSFOU A%1,...,%*̂

XJUI 21 + · · · + 2Ê = 2
 BOE UIBU TFU HSPXT SBQJEMZ XJUI d̂� GPS FYBNQMF
 P1(3) = 1 	POMZ A3


P2(3) = 4 	OBNFMZ A3,0
 A2,1
 A1,2 BOE A0,3

 P10(3) = 220 BOE P20(3) = 1540� *O QSBDUJDF
 XF
BSF UIVT SFTUSJDUFE UP SBUIFS TNBMM WBMVFT PG d̂ BOE 2̂
 XIJDI NFBOT UIBU POF DBOOPU FYQFDU UPP
BDDVSBUF QSFEJDUJPOT GSPN UIF -BOEBV�UZQF UIFPSZ� 0O UIF PUIFS IBOE
 PODF UIF OFFEFE A%1,...,%*̂

IBWF CFFO EFUFSNJOFE 	OPUF UIBU JU JT QPTTJCMF UP EFSJWF DMPTFE CVU QPUFOUJBMMZ MFOHUIZ FYQSFTTJPO
GPS UIFTF RVBOUJUJFT UIBU POMZ EFQFOE PO UIF XBWF OVNCFS :1 PG B HJWFO TUSVDUVSF� XJUI FOPVHI
QBUJFODF
 UIJT DBO FWFO CF EPOF CZ IBOE
 CVU UIF VTF PG B DPNQVUFS BMHFCSB TZTUFN JT TUSPOHMZ
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SFDPNNFOEFE
 UIF DBMDVMBUJPO BOE NJOJNJ[BUJPO PG UIF GSFF FOFSHZ JT SFMBUJWFMZ GBTU� य़F UIFPSZ
JT UIFSFGPSF OPU FOUJSFMZ XJUIPVU NFSJU JG B IJHI BDDVSBDZ JT OPU UIF QSJNBSZ PCKFDUJWF�

*OJUJBMMZ
 XF PQUFE GPS 2̂ = 4 	BT GPS FYBNQMF JO 3FG� <��>
 XIFSF B TJNJMBS 5BZMPS FYQBOTJPO PG
F XBT QFSGPSNFE
 BOE d̂ = 2 	TJODF EFUFSNJOJOH P2(3) + P2(4) = 4 + 5 = 9 EJ੖FSFOU A%1,...,%*̂ GPS
FBDI UZQF PG TUSVDUVSF ۗ MBNFMMBS BOE IFYBHPOBM ۗ XBT TUJMM EFFNFE GFBTJCMF
� )PXFWFS
 GPS UIF
NBKPSJUZ PG TUBUFT XJUIJO UIF NJDSPQIBTF SFHJPO FYDFQU UIPTF WFSZ DMPTF UP UIF ͪ�MJOF
 UIF EFOTJUZ
QSP੗MFT UIBU XFSF GPVOE UP NJOJNJ[F UIF GSFF FOFSHZ UVSOFE PVU UP CF JOWBMJE
 IBWJOH IBE TVDI
FYDFTTJWF ੘VDUVBUJPO BNQMJUVEFT Φ1 BOE Φ2 UIBU UIF EFOTJUZ BDUVBMMZ GFMM CFMPX [FSP BU TPNF
QPJOUT JO TQBDF� य़F MJLFMZ FYQMBOBUJPO GPS UIJT JT UIBU UIF GPVSUI�PSEFS FYQBOTJPO JT TJNQMZ UPP
JNQSFDJTF PVUTJEF UIF WJDJOJUZ PG UIF ͪ�MJOF XIFSF c̃ = 1//̃ JT TP OFHBUJWF UIBU MBSHF Φ1 BOE Φ2 BSF
TUSPOHMZ GBWPSFE CZ UIF TFDPOE�PSEFS
 CVU POMZ XFBLMZ 	JG BU BMM
 QFOBMJ[FE JO DPNQBSJTPO CZ UIF
UIJSE� BOE GPSUI�PSEFS UFSNT� *ODSFBTJOH 2̂ XBT OPU SFBMMZ BO PQUJPO CFDBVTF FBDI BEEJUJPOBM PSEFS
2XPVME JOUSPEVDF P2(2) = 2+1NPSFA%1,...,%*̂ � *O UIF FOE
 XF EFDJEFE UP SFTUSJDU UIF NJOJNJ[BUJPO
QSPDFEVSF UP OPO�OFHBUJWF EFOTJUZ EJTUSJCVUJPOT CZ BSUJ੗DJBMMZ BTTJHOJOH F [B] = ∞ JGmin B < 0�
6OGPSUVOBUFMZ
 GPS TPNF DPOTUFMMBUJPOT PG Φ1 BOE Φ2
 JU DBO CF TVSQSJTJOHMZ EJਖ਼DVMU UP SFMJBCMZ
BTDFSUBJOmin B BOBMZUJDBMMZ
 FTQFDJBMMZ GPS B IFYBHPOBM TUSVDUVSF� )PXFWFS
 UIJT JT USJWJBM UP EP JO
UIF POF�TIFMM BQQSPYJNBUJPO
 TP UIBU XF TF॒MFE PO d̂ = 1 JO UIF FOE�

*O 'JH� ���
 TFWFSBM QIBTF EJBHSBNT BSF TIPXO UIBU QSFTFOU UIF TUSVDUVSF BOBMZTJT CBTFE PO
PVS -BOEBV�UZQF UIFPSZ� य़F TZNCPMT NBSL QPJOUT XIFSF BO JOIPNPHFOFPVT EFOTJUZ QSP੗MF XBT
GPVOE UP IBWF B MPXFS GSFF FOFSHZ EFOTJUZ UIBO UIF ੘BU CVML� UIF TIBQF PG UIF TZNCPMT JOEJDBUF
XIFUIFS B IFYBHPOBM ESPQMFU 	۠IFY+ 
ۡ Φ1 > 0

 B MBNFMMBS TUSJQF 	۠MBN 
ۡ |Φ1 | > 0

 PS B IFYBHPOBM
CVCCMF QIBTF 	۠IFY− 
ۡ Φ1 < 0
 B॒BJOFE UIF MPXFTU GSFF FOFSHZ
 XIFSFBT UIFJS DPMPS FODPEFT UIF
WBMVF PG UIF QSJODJQBM XBWF OVNCFS :1 BOE UIVT UIF TJ[F PG UIF DPSSFTQPOEJOH VOJU DFMM�

य़F ੗STU UIJOH UP OPUJDF JT UIBU XJUIJO UIF SFHJPO FODMPTFE CZ UIF ͪ�MJOF
 UIF -BOEBV�UZQF
UIFPSZ JOEFFE QSFEJDUT OPO�VOJGPSN NJDSPQIBTFT� य़JT JT BMTP UIF DBTF GPS TPNF QPJOUT PVUTJEF
UIBU SFHJPO
 XIJDI NFBOT UIBU UIF IJHIFS�UIBO�TFDPOE�PSEFS UFSNT PG

lim
)→∞

<ΔF [B]
!

=
R1
2BC

Φ2
1

/̃ (:1)
+ O(Φ3

1) =
R1
2BC

Φ2
1c̃ (:1) + O(Φ3

1) 	����


NVTU CF TVਖ਼DJFOUMZ OFHBUJWF JO TVN UIFSF TP BT UP PWFSDPNQFOTBUF UIF QPTJUJWF DPOUSJCVUJPO
	/̃ > 0
 PG UIF TFDPOE�PSEFS UFSN�

" DPNQBSJTPO PG :1 XJUI UIF NJOJNVN :NJO PG c̃ JO 'JHT� ���	D
 F

 ���	E
 ৐
 BOE ���	C
 D
 SFWFBMT
OP TJHOJ੗DBOU EJ੖FSFODFT
 XIJDI NFBOT UIBU VOJU DFMM TJ[F JT TUJMM QSJNBSJMZ EFUFSNJOFE CZ :NJO� PG
DPVSTF UIJT JT IBSEMZ VOFYQFDUFE HJWFO &R� 	����
� य़FSFGPSF
 XF MJLFXJTF ੗OE B IJHI�:1 EPNBJO
GPS MBSHFS CVML QBDLJOH GSBDUJPOT OC
 BOE PUIFSXJTF BO JOUFSNFEJBUF� PS MPX�:1 EPNBJO XIFO
FJUIFS UIF MPOH�SBOHFE SFQVMTJPO PS UIF TIPSU�SBOHFE B॒SBDUJPO
 SFTQFDUJWFMZ
 EPNJOBUFT�

5BLJOH B DMPTFS MPPL BU UIF UXP MB॒FS EPNBJOT JO 'JHT� ���	BۗE

 XF TFF UIBU UIF TFRVFODF PG NJ�
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'JHVSF ����� 1IBTF EJBHSBNT EFUFSNJOFE WJB UIF -BOEBV�UZQF UIFPSZ� 4ZNCPMT EFOPUF QPJOUT XIFSF UIF IFYBHPOBM
ESPQMFU 	IFY+

 MBNFMMBS TUSJQF 	MBN
 PS IFYBHPOBM CVCCMF 	IFY−
 QIBTF IBT UIF MPXFTU GSFF FOFSHZ� UIFJS DPMPS FODPEFT
UIF QSJODJQBM XBWFOVNCFS :1 BOE UIVT UIF TJ[F PG UIF VOJU DFMM <: MBN1 = 2@/ZB BOE :IFY±1 = 4@/ZC = 4@/(

√
3ZB )>�
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'JHVSF ����� 6OJU DFMMT PG UIF EFOTJUZ QSP੗MFT O (-" ) = @F2B (-" ) BU WBSJPVT CVML QBDLJOH GSBDUJPOT GPS T = 10 uT BOE
Δ1 = 0.14 K SFTVMUJOH GSPN UIF -BOEBV�UZQF UIFPSZ� 	B
 C
 )FYBHPOBM ESPQMFU QIBTF� 	D
 E
 -BNFMMBS TUSJQF QIBTF� 	F
 ৐

)FYBHPOBM CVCCMF QIBTF�

DSPQIBTFT GPS JODSFBTJOH OC JT ESPQMFUT→ TUSJQFT→ CVCCMFT
 JO BHSFFNFOU XJUI QSFWJPVT TUVEJFT
PG NJDSPQIBTF TFQBSBUJPO JO UXP EJNFOTJPOT� य़F XJEUI PG UIFTF QIBTFT EJ੖FST DPOTJEFSBCMZ� GPS
NPTU DPNCJOBUJPOT PG T BOE Δ1 
 UIF ESPQMFU QIBTF JT CZ GBS UIF XJEFTU
 XIJMF UIF CVCCMF QIBTF
JT TP UIJO JO TPNF DBTFT BT UP CF CBSFMZ OPUJDFBCMF� $VSJPVTMZ
 UIF TUSJQF QIBTF BQQFBST UP IBWF
BO BMNPTU DPOTUBOU XJEUI UIBU MJFT TPNFXIFSF JO CFUXFFO BOE GPSNT B CBOE UIBU SVOT OFBSMZ
QBSBMMFM UP FJUIFS UIF JOUFSNFEJBUF�OC CSBODI PG UIF ͪ�MJOF PS UIF MPX�IJHI�:1 EPNBJO CPSEFS�

*O UIF IJHI�:1 EPNBJO
 UIF -BOEBV�UZQF UIFPSZ QSFEJDUT OPU POMZ B IFYBHPOBM ESPQMFU�DMVTUFS
QIBTF 	XIJDI XF BMSFBEZ BOUJDJQBUFE GPS IJHIFS OC

 CVU BMTP B MBNFMMBS TUSJQF QIBTF� )PXFWFS
 UIF
USVTUXPSUIJOFTT PG UIFTF SFTVMUT JT NPSF UIBO RVFTUJPOBCMF TJODF JU JT VOMJLFMZ UIBU UIF POF�TIFMM
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'JHVSF ������ 6OJU DFMMT PG UIF EFOTJUZ QSP੗MFT O (-" ) = @F2B (-" ) BU WBSJPVT CVML QBDLJOH GSBDUJPOT GPS T = 20 uT BOE
Δ1 = 0.14 K SFTVMUJOH GSPN UIF -BOEBV�UZQF UIFPSZ� 	B
 C
 )FYBHPOBM ESPQMFU QIBTF� 	D
 E
 -BNFMMBS TUSJQF QIBTF� 	F
 ৐

)FYBHPOBM CVCCMF QIBTF�

BQQSPYJNBUJPO DBO GBJUIGVMMZ SFQSFTFOU UIF TIBSQ EFOTJUZ QFBLT POF XPVME FYQFDU JO UIJT SFHJNF�
*O 'JHT� ���	F
 ৐

 UIF TۗΔ1 QMBOF JT TIPXO GPS OC = 0.3 BOE OC = 0.5
 SFTQFDUJWFMZ� "U UIF MPXFS

QBDLJOH GSBDUJPO
 UIF WBTU NBKPSJUZ PG TUBUFT GFBUVSF UIF ESPQMFU QIBTF� UIFSF JT POMZ B UIJO CBOE
PG MBNFMMBS TUBUFT CFMPX UIF SPVHIMZ IPSJ[POUBM QBSU PG UIF ͪ�MJOF BOE B IBOEGVM PG CVCCMF TUBUFT
MPDBUFE BMNPTU EJSFDUMZ PO UIF ͪ�MJOF� (PJOH UP OC = 0.5
 XF TFF UIBU UIF NJDSPQIBTF PG NBOZ
TUBUFT IBT KVNQFE UP UIF OFYU JO UIF MJOF PG TVDDFTTJPO 	ESPQMFUT→ TUSJQFT
 TUSJQFT→ CVCCMFT


BOE UIBU XF DBO BDDFTT BMM NJDSPQIBTFT UISPVHI B TVJUBCMF DIPJDF PG T BOE Δ1 �

*O 'JH� ���
 UIF EFOTJUZ QSP੗MFT GPS WBSJPVT OC BU T = 10 uT BOE Δ1 = 0.14 K BSF QMP॒FE� 8F
DBO TFF UIBU GPS OC ∈ {0.14 K, 0.24 K, 0.34 K, 0.38 K}
 UIF EFOTJUZ GBMMT EPXO UP [FSP BU TPNF QPJOUT�



�� �� 4UBUJDT

TJODF UIFTF MJF EFFQ XJUIJO UIF NJDSPQIBTF SFHJNF
 UIF BNQMJUVEF PG UIF ੘VDUVBUJPOT CFDPNF BT
MBSHF BT QPTTJCMF XJUIPVU WJPMBUJOH UIF 	BSUJ੗DJBMMZ FOGPSDFE
 DPOEJUJPO UIBU UIF EFOTJUZ NVTU OPU
CF OFHBUJWF� 'PS OC ∈ {0.08 K, 0.44 K} UIJT JT OPU UIF DBTF
 CFDBVTF UIFTF TUBUFT BSF WFSZ DMPTF UIF
ͪ�MJOF� य़F EFOTJUZ QSP੗MFT TIPXO JO 'JH� ���� BSF GPS TUBUFT XJUI T = 20 uT BOE Δ1 = 0.14 K

UIBU BSF MPDBUFE KVTU CFMPX UIF UJQ PG UIF MPX�:1 EPNBJO <DG� 'JH� ���	C
> BOE UIFSFGPSF BMTP JO UIF
WJDJOJUZ PG UIF ͪ�MJOF� DPOTFRVFOUMZ
 UIF EFOTJUZ JT TUSJDUMZ QPTJUJWF GPS BMM QBDLJOH GSBDUJPOT�

$PODMVTJPO

8IJMF UIF -BOEBV�UZQF UIFPSZ BMMPXT VT UP RVJDLMZ QBJOU B SPVHI QJDUVSF PG UIF 	NJDSP�
QIBTF
CFIBWJPS JO PVS TZTUFN
 JU JT VOGPSUVOBUFMZ OPU TVJUBCMF JG QSFEJDUJPOT PG IJHI BDDVSBDZ BSF EFTJSFE�
'PS UIJT SFBTPO
 XF XJMM IBWF UP EFWFMPQ BOPUIFS NFUIPE UIBU OFJUIFS SFMJFT PO B TIFMM FYQBOTJPO
PG UIF EFOTJUZ EJTUSJCVUJPO
 OPS PO B 5BZMPS FYQBOTJPO PG UIF JOUSJOTJD GSFF FOFSHZ GVODUJPOBM�

������ 'SFF NJOJNJ[BUJPO

य़F GSFF NJOJNJ[BUJPO JT BO JUFSBUJWF TDIFNF UP EFUFSNJOF UIFNJOJNVN BFR PG UIF HSBOE QPUFOUJBM
GVODUJPOBM

Ω[B] = F [B] +
∫

d2-" B (-" ) [VFYU(-" ) − .] 	����


CZ HFOFSBUJOH B TFRVFODF PG EFOTJUZ QSP੗MFT (B#)#∈N0 UIBU TVDDFTTJWFMZ MPXFSΩ BOE IFODF 	JEFBMMZ

BQQSPBDI UIF FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPO TP UIBU B# → BFR GPS ) → ∞� &WFO UIPVHI UIF
FYUFSOBM QPUFOUJBM WBOJTIFT JO UIF CVML
 XF TIBMM BTTVNF UIF HFOFSBM DBTF PG VFYU ≠ 0 JO UIF
GPMMPXJOH�

(SBOE�DBOPOJDBM NJOJNJ[BUJPO

-FU VT ੗STU EFSJWF UIJT TDIFNF JO B HSBOE�DBOPOJDBM TF॒JOH XIFSF XF XBOU UP ੗OE UIF FRVJMJC�
SJVN EFOTJUZ QSP੗MF BFR GPS B HJWFO DIFNJDBM QPUFOUJBM .� 4JODF BFR NJOJNJ[FT Ω
 UIF GVODUJPOBM
EFSJWBUJWF PG Ω[B] XJUI SFTQFDU UP B FWBMVBUFE BU B = BFR NVTU WBOJTI BOE XF IBWF UIBU

0 = <
+Ω[B]
+B (-" )

!!!!
;=;FR

= <
+F [B]
+B (-" )

!!!!
;=;FR

+ <VFYU(-" ) − <.

= <
+FJE [B]
+B (-" )

!!!!
;=;FR

+ < +FFY [B]
+B (-" )

!!!!
;=;FR

+ <VFYU(-" ) − < [.JE(BC
FR) + .FY(BC

FR)]

= ln[Λ2BFR(-" )] − Q1(BFR, -" ) + <VFYU(-" ) − ln(Λ2BC
FR) − <.FY(BC

FR)

= ln
BFR(-" )
BC
FR
− Q1(BFR, -" ) + <VFYU(-" ) − <.FY(BC

FR),

	����
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XIFSF

Q1(B, -" ) ≡ −<
+FFY [B]
+B (-" ) 	����


JT UIF EJSFDU POF�QBSUJDMF DPSSFMBUJPO GVODUJPO
 .JE(BC) = :B1 ln(Λ2BC) UIF DIFNJDBM QPUFOUJBM PG
UIF JEFBM HBT BOE .FY(BC) = . − .JE(BC) UIF FYDFTT DIFNJDBM QPUFOUJBM� 4JODF UIF WBMVF PG UIF
UIFSNBM XBWFMFOHUI Λ JT JSSFMFWBOU GPS PVS QVSQPTFT
 XF BSF GSFF UP DIPPTF Λ2 = @F2 GPS UIF TBLF
PG DPOWFOJFODF� *O PVS DBTF
 Q1(B, -" ) = QIE1 (B, -" ) + QDJ1 (B, -" )
 XIFSF

QIE1 (B, -" ) = −<
+F FY

IE [B]
+B (-" ) = −

9∑
#=1

∫
d2-" ′

(KIE
;

(J#
;
(-" ′)I# (-" ′ − -" ) = −

9∑
#=1

(
(KIE

;

(J#
;
⊗ Ī#

)
(-" ), 	����


XJUI Ī (-" ) = I (−-" ) BOE

QDJ1 (B, -" ) = −<
+F FY

DJ [B]
+B (-" ) = −

∫
d2-" ′B (-" ′) <GDJ(|-" − -" ′ |) = −(B ⊗ <GDJ) (-" ) . 	����


*G XF ۠TPMWFۡ &R� 	����
 GPS BFR(-" )
 XF ੗OE UIBU UIF FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPO TBUJT੗FT
UIF TFMG�DPOTJTUFODZ SFMBUJPO

BFR(-" ) = BC
FR exp[Q1(BFR, -" ) − <VFYU(-" ) + <.FY(BC

FR)] . 	����


/PUF UIBU UIJT DBOOPU CF VTFE UP EJSFDUMZ DBMDVMBUF BFR(-" ) CFDBVTF UIF SJHIU�IBOE TJEF EFQFOET
JUTFMG PO BFR� 8F DBO
 IPXFWFS
 QFSGPSN B TP�DBMMFE 1JDBSE JUFSBUJPO CZ FWBMVBUJOH CPUI TJEFT PG
&R� 	����
 GPS TPNF 	OPO�FRVJMJCSJVN
 EFOTJUZ QSP੗MF B# JOTUFBE PG BFR
 BOE UIFO NJYJOH UIFNXJUI
B TVਖ਼DJFOUMZ TNBMM NJYJOH QBSBNFUFS ;# ∈ (0, 1) UP PCUBJO UIF TVDDFTTPS

B#+1(-" ) = ;# BC
# exp[Q1(B# , -" ) − <VFYU(-" ) + <.FY(BC

# )] + (1 − ;#) B# (-" ) 	����


TVDI UIBU Ω[B#+1] < Ω[B#]� य़F JUFSBUJPO JT TUPQQFE BॏFS ê TUFQT JG

max
--

!!!!!
BĜ (-" )
BC
Ĝ

− exp[Q1(BĜ, -" ) − <VFYU(-" ) + <.FY(BC
Ĝ )]

!!!!! < f 	����


GPS TPNF TNBMM f > 0
 J� F�
 PODF UIF TFMG�DPOTJTUFODZ FRVBUJPO JT TVਖ਼DJFOUMZ XFMM TBUJT੗FE�
#F BXBSF UIBU &R� 	����

 XIJDI TFSWFE BT TUBSUJOH QPJOU PG UIF EFSJWBUJPO
 BMTP IPMET JG BFR JT

POMZ B MPDBM NJOJNVN PG Ω� UIF 1JDBSE JUFSBUJPO NBZ UIFSFGPSF KVTU BT XFMM SFBDI B NFUBTUBCMF
TUBUF� 8IFSF JU FOET VQ EFQFOET UP B MBSHF QBSU PO XIFSF JU TUBSUFE
 J� F�
 PO UIF JOJUJBM EFOTJUZ
EJTUSJCVUJPO B0� 4JODF XF IBWF HPPE SFBTPO UP CFMJFWF UIBU
 JO PVS TZTUFN
 UIF UIFSNPEZOBNJDBMMZ
TUBCMF TUBUFT BSF FJUIFS VOJGPSN PS P੖FS B ESPQMFU
 TUSJQF PS CVCCMF QB॒FSO
 JU DBO CF XJTF UP
QFSGPSN UIF NJOJNJ[BUJPO GPVS UJNFT XJUI EJ੖FSFOU B0
 FBDI SFQSFTFOUJOH POF PG UIF QPTTJCMF
TUSVDUVSFT 	GPS FYBNQMF CZ DIPPTJOH B0 = BC
 B0 = BC+Φ1 LIFY1 
 B0 = BC+Φ1 LMBN1 PS B0 = BC−Φ1 LIFY1
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GPS TPNF BC BOE Φ1 > 0

 BOE UIFO UP DPNQBSF XIJDI SVO SFTVMUFE JO UIF MPXFTU HSBOE QPUFOUJBM�
य़F HSBOE�DBOPOJDBM NJOJNJ[BUJPO JT FTQFDJBMMZ VTFGVM GPS EFUFSNJOJOH QIBTF CPVOEBSJFT� JG


GPS B HJWFO DIFNJDBM QPUFOUJBM .DPFY
 UIFSF BSF UXP EJ੖FSFOU NJOJNB B" ≠ B# XJUI UIF TBNF
QSFTTVSF - = −Ω/! 
 UIFTF TUBUFT DBO DPFYJTU BOE MJF PO UIF CPSEFS CFUXFFO QIBTFT ۠"ۡ BOE ۠# �ۡ
य़FO
 BTTVNJOH UIBU BC

" < BC
#
 QIBTF ۠"ۡ JT GBWPSFE GPS . < .DPFY PS BC < BC

"
 QIBTF ۠#ۡ GPS
. > .DPFY PS BC > BC

#
 BOE QPUFOUJBMMZ B NJYFE QIBTF GPS BC
" < BC < BC

#�

BTJ�DBOPOJDBMࣉ NJOJNJ[BUJPO

4JODF UIF DPODSFUF WBMVF PG UIF DIFNJDBM QPUFOUJBM JT TFMEPN PG JOUFSFTU UP VT
 JU NBZ CF NPSF
JMMVNJOBUJOH UP SFQMBDF . XJUI JUT DPOKVHBUF UIFSNPEZOBNJD RVBOUJUZ
 OBNFMZ UIF UPUBM QBSUJ�
DMF OVNCFS PS
 FRVJWBMFOUMZ
 UIF CVML EFOTJUZ BC� .JOJNJ[JOH Ω ۠RVBTJ�DBOPOJDBMMZۡ GPS B HJWFO
੗YFE BC SFRVJSFT POMZ B TMJHIU NPEJ੗DBUJPO PG UIF HSBOE�DBOPOJDBM JUFSBUJPO TDIFNF� *OUFHSBUJOH
&R� 	����
 UP EFUFSNJOF UIF FRVJMJCSJVN CVML EFOTJUZ
 XF ੗OE UIBU

BC
FR =

1
!

∫
)
d2-" ′BFR(-" ′) = BC

FR exp[<.FY(BC
FR)]

1
!

∫
)
d2-" ′ exp

[
Q1(BFR, -" ′) − <VFYU(-" ′)

]
, 	����


XIJDI DBO CF SFDBTU JOUP

<.FY(BC
FR) = − ln

[
1
!

∫
)
d2-" ′ exp{Q1(BFR, -" ′) − <VFYU(-" ′)}

]
. 	����


8F DBO OPX QMVH UIJT JOUP &R� 	����
 UP FMJNJOBUF UIF FYDFTT DIFNJDBM QPUFOUJBM .FY(BC
FR) BOE BSSJWF

BU UIF RVBTJ�DBOPOJDBM TFMG�DPOTJTUFODZ FRVBUJPO

BFR(-" ) = BC
FR

exp[Q1(BFR, -" ) − <VFYU(-" )]
1
)

∫
)
d2-" ′ exp[Q1(BFR, -" ′) − <VFYU(-" ′)] 	����


GPS UIF FRVJMJCSJVN EFOTJUZ QSP੗MF� *O BOBMPHZ UP &R� 	����

 UIJT PTUFOTJCMZ TVHHFTUT B 1JDBSE
JUFSBUJPO XJUI UIF SFDVSSFODF SFMBUJPO

B#+1(-" ) = ;# BC
#

exp[Q1(B# , -" ) − <VFYU(-" )]
1
)

∫
)
d2-" ′ exp[Q1(B# , -" ′) − <VFYU(-" ′)]

+ (1 − ;#) B# (-" ), 	����


XIJDI
 IPXFWFS
 IBT UIF EF੗DJFODZ UIBU BC
#+1 = B

C
# BOE IFODF BC

# ≠ BC VOMFTT BMSFBEZ BC
0 = BC� CVU

FWFO JG B0 XFSF UP TBUJTGZ UIJT DPOEJUJPO
 NJOPS OVNFSJDBM JOBDDVSBDJFT UFOE UP CVJME VQ PWFS UIF
DPVSTF PG UIF JUFSBUJPO UP UIF F੖FDU UIBU
 JO QSBDUJDF
 |BC

# − BC
0 | HSPXT XJUI ) � " TJNQMF SFNFEZ GPS

UIFTF TIPSUDPNJOHT JT UP VTF

B#+1(-" ) = ;# BC
exp[Q1(B# , -" ) − <VFYU(-" )]

1
)

∫
)
d2-" ′ exp[Q1(B# , -" ′) − <VFYU(-" ′)]

+ (1 − ;#) BC
B# (-" )

1
)

∫
)
d2-" ′B# (-" ′)

, 	����
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JOTUFBE
 XIJDI IBT UIF EFTJSBCMF QSPQFSUZ UIBU BC
#+1 = BC SFHBSEMFTT PG BC

# BOE
 CZ FYUFOTJPO
 BC
0 �

य़F NJYJOH QBSBNFUFST ;# ∈ (0, 1) BSF DIPTFO TVDI UIBU A[B#+1] < A[B#]
 XIFSF UIF )FMNIPMU[
GSFF FOFSHZ GVODUJPOBM A HJWFO CZ

A[B] = Ω[B] − . (Ω[B]
(.

= Ω[B] + .
∫

d2-" B (-" ) = F [B] +
∫

d2-" B (-" ) VFYU(-" ) 	����


JT UIF -FHFOESF USBOTGPSN PG Ω XJUI SFTQFDU UP . 	UIF HSBOE QPUFOUJBM Ω JUTFMG JT BO JOBQQSPQSJBUF
NFBTVSF JO UIJT DPOUFYU BT JT FYQMJDJUMZ EFQFOET PO .
 XIJDI JT BMMPXFE UP WBSZ EVSJOH UIF RVBTJ�
DBOPOJDBM NJOJNJ[BUJPO

 BOE UIF 1JDBSE JUFSBUJPO JT TUPQQFE BT TPPO BT

max
--

!!!!!
BĜ (-" )
BC
Ĝ

− exp[Q1(BĜ, -" ) − <VFYU(-" )]
1
)

∫
)
d2-" ′ exp[Q1(BĜ, -" ′) − <VFYU(-" ′)]

!!!!! < f 	����


GPS TPNF f > 0� /PUF UIBU
 PODF XF IBWF EFUFSNJOFE UIF FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPO BFR

&R� 	����
 BMMPXT VT UP DBMDVMBUF UIF BTTPDJBUFE DIFNJDBM QPUFOUJBM WJB

<. = <.JE(BC
FR) + <.FY(BC

FR) = ln(Λ2BC
FR) − ln

[
1
!

∫
)
d2-" ′ exp{Q1(BFR, -" ′) − <VFYU(-" ′)}

]
. 	����


*NQMFNFOUBUJPO

8F QFSGPSN UIF 1JDBSE JUFSBUJPO PO B XPSLTUBUJPO CZ EJTDSFUJ[JOH UIF EFOTJUZ QSP੗MFT PO B SFHVMBS
HSJE PG UB × UC MB॒JDF QPJOUT MPDBUFE BU -"# + = () ΔC, ? Δb) XJUI ΔC ≡ ZB/UB BOE Δb ≡ ZC/UC

GPS ) ∈ {0, . . . ,UB − 1} BOE ? ∈ {0, . . . ,UC − 1}
 XIFSF ZB × ZC JT FJUIFS UIF TJ[F PG UIF TZTUFN
 PS
UIF TJ[F PG UIF VOJU DFMM PG B QFSJPEJD TUSVDUVSF JG UIF TZTUFN JUTFMG JT JO੗OJUFMZ MBSHF� 8F DIPPTF B
NJOJNVN SFTPMVUJPO PG min{UB/ZB ,UC/ZC} ≥ 10/a �

य़F JOUFHSBMT JOWPMWFE JO DBMDVMBUJOH FJE [B]
 F FY
DJ [B] F FY

IE [B]
 Ω[B] BOE A[B] DBO CF TJNQMZ
BQQSPYJNBUFE BT TVNT
 TP UIBU

<FJE [B]
!

≈ 1
UB

H'−1∑
#=0

1
UC

H(−1∑
+=0

B (-"# + ) [ln{Λ2B (-"# + )} − 1], 	����


<F IE
FY [B]
!

≈ 1
UB

H'−1∑
#=0

1
UC

H(−1∑
+=0

KIE
(
J0
; (-"# + ),J2

; (-"# + ),'0
; (-"# + ),'1

; (-"# + ),'2
; (-"# + )

)
. 	����


<F FY
DJ [B]
!

≈ −1
2

1
UB

H'−1∑
#=0

1
UC

H(−1∑
+=0

B (-"# + ) QDJ1 (B, -"# + ) 	����


Ω[B]
!
≈ F [B]

!
+ 1
UB

H'−1∑
#=0

1
UC

H(−1∑
+=0

B (-"# + ) [VFYU(-"# + ) − .], 	����




�� �� 4UBUJDT

A[B]
!
≈ F [B]

!
+ 1
UB

H'−1∑
#=0

1
UC

H(−1∑
+=0

B (-"# + ) VFYU(-"# + ), 	����


BOE UIF SFDVSSFODF SFMBUJPOT GPS UIF HSBOE� BOE RVBTJ�DBOPOJDBM NJOJNJ[BUJPO CFDPNF

B3+1(-"# + ) = ;3 BC
3 exp[Q1(B3 , -"# + ) − <V

FYU(-"# + ) + <.FY(BC
3 )] + (1 − ;3 ) B3 (-"# + ) 	����


BOE

B3+1(-"# + ) =
;3 BC exp[Q1(B3 , -"# + ) − <VFYU(-"# + )]

1
H'

∑H'−1
1=0

1
H(

∑H(−1
%=0 exp[Q1(B3 , -"1%) − <VFYU(-"1%)]

+
(1 − ;3 ) BC B3 (-"# + )

1
H'

∑H'−1
1=0

1
H'

∑H(−1
%=0 B3 (-"1%)

,

	�����


SFTQFDUJWFMZ�
य़F DBTF JT NPSF DPNQMJDBUFE GPS UIF XFJHIUFE EFOTJUJFTJ0

; 
J2
; 
'0

; 
'1
; BOE'2

; 
 BT XFMM BT UIF
EJSFDU POF�QBSUJDMF DPSSFMBUJPO GVODUJPOT QIE1 BOE QDJ1 
 XIJDI BSF EF੗OFE JO UFSNT PG DPOWPMVUJPOT
PG UIF GPSN

H; (-" ) = (L; ⊗ ℎ) (-" ) =
∫
R2

d2-" ′L; (-" ′) ℎ(-" − -" ′) =
∫
R2

d2-" ′L; (-" − -" ′) ℎ(-" ′), 	�����


XIFSF FJUIFS L; = B PS L; = (KIE
; /(J3

; GPS TPNF TDBMBS DPNQPOFOUJ3
; PG UIF XFJHIUFE EFOTJUJFT�

$PNQVUJOH UIFTF DPOWPMVUJPOT PO UIF HSJE EJSFDUMZ WJB

H; (-"# + ) ≈
∑
1∈Z

ΔC
∑
%∈Z

Δb L; (-"1%) ℎ(-"# + − -"1%) =
∑
1∈Z

ΔC
∑
%∈Z

Δb L; (-"# + − -"1%) ℎ(-"1%) 	�����


JT QSPCMFNBUJD CFDBVTF 	J
 UIJT XPVME IBWF UP CF EPOF GPS BMM UB ×UC QPJOUT PG UIF HSJE
 XIJDI
JT FYUSFNFMZ FYQFOTJWF
 BOE 	JJ
 UIF TVNT JO &R� 	�����
 IBWF UP FYUFOE PWFS BMM PG Z TJODF UIF
JOUFHSBM JO &R� 	�����
 JO HFOFSBM FODPNQBTTFT UIF FOUJSF R2 VOMFTT UIF TZTUFN JT ੗OJUF� )PXFWFS

JG B JT (ZB , ZC)�QFSJPEJD
 UIFO CPUI L; BOE H; BSF
 UPP
 BOE XF DBO FYQSFTT UIF MB॒FS BT UIF EJTDSFUF
'PVSJFS TFSJFT

H; (-"# + ) =
H'−1∑
1=0

H(−1∑
%=0

Ĥ; (-:1%) exp(i-:1% · -"# + ) 	�����


XJUI UIF XBWF WFDUPS -:1% ≡ 2@ [(> − 9UB/2: + 1)/ZB , (2 − 9UC/2: + 1)/ZC]
 UIF DFJMJOH GVODUJPO
9C: ≡ min{2 ∈ Z : 2 ≥ C} BOE UIF EJTDSFUF 'PVSJFS USBOTGPSN PG H;

Ĥ; (-:1%) ≡
1
UB

H'−1∑
#=0

1
UC

H(−1∑
+=0

H; (-"# + ) exp(−i-:1% · -"# + ). 	�����
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*OTFSUJOH &R� 	�����

 XF ੗OE UIF EJTDSFUF BOBMPH PG UIF DPOWPMVUJPO UIFPSFN XIJDI TUBUFT UIBU

Ĥ; (-:1%) ≈
ΔC

UB

H'−1∑
#=0

Δb

UC

H(−1∑
+=0

∑
I,J∈Z

L; (-"# + − -"IJ) ℎ(-"IJ) exp(−i-:1% · -"# + )

=
1
UB

H'−1∑
#=0

1
UC

H(−1∑
+=0

L; (-"# + ) exp(−i-:1% · -"# + )
∑
I,J∈Z

ΔCΔb ℎ(-"IJ) exp(−i-:1% · -"IJ)

≈ 1
UB

H'−1∑
#=0

1
UC

H(−1∑
+=0

L; (-"# + ) exp(−i-:1% · -"# + )
∫

d2-" ℎ(-" ) exp(−i-:1% · -" ),

= L̂; (-:1%) ℎ̃(-:1%)

	�����


XJUI UIF EJTDSFUF 'PVSJFS USBOTGPSN PG L̂; 


L̂; (-:1%) ≡
1
UB

H'−1∑
#=0

1
UC

H(−1∑
+=0

L; (-"# + ) exp(−i-:1% · -"# + ), 	�����


BOE UIF DPOUJOVPVT 'PVSJFS USBOTGPSN PG ℎ


ℎ̃(-:) ≡
∫

d2-" ℎ(-" ) exp(−i-: · -" ) . 	�����


य़JT HJWFT VT B DPOTJEFSBCMF BEWBOUBHF CFDBVTF UIFSF FYJTU TP�DBMMFE GBTU 'PVSJFS USBOTGPSN BMHP�
SJUINT TVDI BT ۠''58ۡ <��
 ��> UIBU DBO DPNQVUF UIF EJTDSFUF 'PVSJFS USBOTGPSN 	�����
 GSPN L;
UP L̂; BT XFMM BT UIF JOWFSTF USBOTGPSN 	�����
 GSPN Ĥ; CBDL UP H; WFSZ Fਖ਼DJFOUMZ GPS BMM UB ×UC

HSJE QPJOUT TJNVMUBOFPVTMZ� य़F DPOUJOVPVT 'PVSJFS USBOTGPSN ℎ̃ DBO PॏFO CF DBMDVMBUFE BOBMZU�
JDBMMZ PS BU MFBTU BQQSPYJNBUFE OVNFSJDBMMZ� BT ℎ̃ EPFT OPU DIBOHF PWFS UIF DPVSTF PG UIF 1JDBSE
JUFSBUJPO
 JU JT TVਖ਼DJFOU UP EP UIJT POMZ PODF BU UIF CFHJOOJOH GPS BMM HSJE QPJOUT
 QSPWJEFE UIBU
UIF SFTVMUT BSF TUPSFE� 4JODF XF DBO JOEFFE FYQFDU B QFSJPEJD EFOTJUZ EJTUSJCVUJPO JO UIF JO੗OJUF
CVML
 XF UIVT IBWF

J3
; (-"# + ) ≈

H'−1∑
1=0

H(−1∑
%=0

B̂ (-:1%) Ĩ3 (-:1%) exp(i-:1% · -"# + ), 	�����


QIE1 (B, -"# + ) ≈ −
H'−1∑
1=0

H(−1∑
%=0

9∑
3=1

(̂KIE
;

(J3
;

(-:1%) Ĩ3 (−-:1%) exp(i-:1% · -"# + ), 	�����


QDJ1 (B, -"# + ) ≈ −
H'−1∑
1=0

H(−1∑
%=0

B̂ (-:1%) <G̃DJ( |-:1% |) exp(i-:1% · -"# + ) . 	�����


/PUF UIBU
 XJUIJO UIJT JNQMFNFOUBUJPO
 UIF 1JDBSE BMHPSJUIN DBO NJOJNJ[F Ω PS A POMZ GPS B
੗YFE VOJU DFMM TJ[F ZB × ZC � य़F QFSJPE PG UIF FRVJMJCSJVN EFOTJUZ QSP੗MF JT
 IPXFWFS
 OPU LOPXO
B QSJPSJ
 BOE JU JT UIFSFGPSF JNQFSBUJWF UP QFSGPSN UIF NJOJNJ[BUJPO BMTP XJUI SFTQFDU UP ZB BOE



�� �� 4UBUJDT

ZC � 4JODF ZC JT JSSFMFWBOU GPS B MBNFMMBS TUSVDUVSF BOE ZC = ZB/
√
3 GPS B IFYBHPOBM POF
 XF VTF B

HPMEFO TFDUJPO TFBSDI <��> UP OVNFSJDBMMZ NJOJNJ[F FJUIFS Ω[B@' ] PS A[B@' ] BT B GVODUJPO PG ZB 

XIFSF B@' EFOPUFT UIF SFTVMU PG UIF 1JDBSE JUFSBUJPO GPS B HJWFO ZB �

य़F HFOFSBM�QVSQPTF QSPHSBNNJOH DBQBCJMJUJFT PG NPEFSO HSBQIJDT QSPDFTTJOH VOJUT 	(16

BMMPX VT UP BDDFMFSBUF UIF DPNQVUBUJPOT DPOTJEFSBCMZ <��>� .BOZ DBMDVMBUJPOT BSF PG UIF UZQF
۠TJOHMF JOTUSVDUJPO
 NVMUJQMF EBUBۡ 	4*.%
 JO UIF TFOTF UIBU B RVBOUJUZ NVTU CF DBMDVMBUFE GPS
FBDI QPJOU PO UIF HSJE CZ BQQMZJOH POF BOE UIF TBNF GVODUJPO UP POF PS NPSF PUIFS RVBOUJUJFT
BU UIF TBNF HSJE QPJOU
 J� F�
 0 (-"# + ) ← H (&1(-"# + ),&2(-"# + ), . . . ) PS 0̂ (-:# + ) ← H (&̂1(-:# + ), &̂2(-:# + ), . . . )
GPS BMM ) ∈ {0, . . . ,UB − 1} BOE ? ∈ {0, . . . ,UC − 1}� 0O B SFHVMBS DFOUSBM QSPDFTTJOH VOJU 	$16


TVDI PQFSBUJPOT UZQJDBMMZ IBWF UP CF DBSSJFE PVU TFRVFOUJBMMZ CZ MPPQJOH PWFS BMM HSJE QPJOUT
BOE EFBMJOH XJUI POF BॏFS UIF PUIFS� " (16
 PO UIF PUIFS IBOE
 JT TQFDJ੗DBMMZ PQUJNJ[FE GPS
4*.%�UZQF QSPCMFNT BOE BCMF UP FYFDVUF UIF GVODUJPO 	DBMMFE B LFSOFM
 GPS UIPVTBOET PG HSJE
QPJOUT JO QBSBMMFM
 SFTVMUJOH JO B TJHOJ੗DBOUMZ JODSFBTFE QFSGPSNBODF DPNQBSFE UP B $16� य़F
''5 BMHPSJUIN DBO BMTP CF BEBQUFE UP UBLF BEWBOUBHF PG UIJT LJOE PG QBSBMMFMJ[BUJPO <��>
 BT XFMM
BT SFEVDUJPOT MJLF UIF TVNNBUJPO PWFS BMM HSJE QPJOUT SFMFWBOU GPS &RT� 	����
 UP 	����
 <��>�

1IBTF EJBHSBNT

1V॒JOH UIJT GSFF NJOJNJ[BUJPO UFDIOJRVF JOUP QSBDUJDF
 XF DBMDVMBUFE EJBHSBNT JO UIF OCۗT QMBOF
CZ FNQMPZJOH UIF GPMMPXJOH QSPDFEVSF�

	J
 8F EJWJEF UIF OCۗT QMBOF JOUP BO FWFOMZ�TQBDFE HSJE XJUI (UK +1)× (UL +1) QPJOUT HJWFO
CZ (OC# ,T + ) ≡ (OC0 + )ΔOC,T0 + ?ΔT) GPS ) ∈ {0, . . . ,UK}
 ? ∈ {0, . . . ,UL} BOE TVJUBCMF DIPJDFT
PG OC0 
 ΔOC
 T0 BOE ΔT�

	JJ
 8F TFMFDU ?0 ∈ {1, . . . ,UL − 1} BOE QFSGPSN B RVBTJ�DBOPOJDBM NJOJNJ[BUJPO BU (OC# ,T +0) GPS
BMM ) ∈ {0, . . . ,UK}� 8F EP UIJT TFQBSBUFMZ GPS FBDI NJDSPQIBTF
 CFHJOOJOH XJUI TPNF OC#0
XIFSF UIF NJDSPQIBTF JT QSFEJDUFE CZ UIF -BOEBV�UZQF UIFPSZ UP CF TUBCMF 	XIJDI JNQMJFT
)IFY+0 < ) MBN0 < )IFY−0 
 BOE JOJUJBMJ[JOH UIF 1JDBSE JUFSBUJPO XJUI UIF DPSSFTQPOEJOH FRVJMJC�
SJVN EFOTJUZ EJTUSJCVUJPO GSPN UIF -BOEBV�UZQF UIFPSZ� 8F UIFO DPOUJOVF XJUI OC#0−1 BOE
OC#0+1
 CVU OPX VTJOH UIF FRVJMJCSJVN EFOTJUZ QSP੗MFT GPVOE QSFWJPVTMZ CZ GSFF NJOJNJ[B�
UJPO GPS O#0 UP TFU VQ UIF 1JDBSE JUFSBUJPO� य़F FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPOT GPS OC#0−1
BOE OC#0+1 UIFO TFSWF BT TUBSUJOH QPJOUT GPS OC#0−2 BOE OC#0+2
 SFTQFDUJWFMZ
 BOE TP PO
 VOUJM XF
IBWF SFBDIFE OC0 BOE OCH,

�

	JJJ
 8F DBMDVMBUF UIF DIFNJDBM QPUFOUJBM . (OC# ,T +0) BT XFMM BT UIF QSFTTVSF - (OC# ,T +0) GPS FWFSZ
) ∈ {0, . . . ,UK} BOE GPS FBDI NJDSPQIBTF� #Z QMP॒JOH - WFSTVT .
 XF DBO XF DBO FTUJ�
NBUF UIF DPFYJTUFODF DIFNJDBM QPUFOUJBM .MBNIFY+(T +0) XIFSF UIF DVSWFT PG UIF ESPQMFU BOE
UIF TUSJQF QIBTF DSPTT
 BT XFMM BT .IFY−MBN (T +0) XIFSF UIF TUSJQF BOE UIF CVCCMF QIBTF IBWF
FRVBM QSFTTVSF�
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	JW
 8F UIFO EFUFSNJOF .MBNIFY+(T +0) BOE .IFY−MBN (T +0) UP B IJHI EFHSFF PG BDDVSBDZ CZ VTJOH #SFOU۝T
NFUIPE <��> UP OVNFSJDBMMZ TFBSDI GPS UIF SPPU PG Δ- MBN

IFY+(.) ≡ - MBN
L +0

(.) − -IFY+
L +0

(.) BOE
Δ-IFY−

MBN (.) ≡ -IFY−
L +0

(.)−- MBN
L +0

(.) JO UIF WJDJOJUZ PG PVS FTUJNBUFT GPS .MBNIFY+(T +0) BOE .IFY−MBN (T +0)

SFTQFDUJWFMZ�य़F QSFTTVSFT GPS B HJWFO DIFNJDBM QPUFOUJBM BSF DPNQVUFE WJB HSBOE�DBOPOJDBM
NJOJNJ[BUJPO�

	W
 8F SFQFBU TUFQT 	JJ
ۗ	JW
 GPS ?0 − 1 BOE ?0 + 1 JOTUFBE PG ?0 TP UIBU XF IBWF LOPXMFEHF PG UIF
DPFYJTUFODF DIFNJDBM QPUFOUJBMT .MBNIFY+(T + ) BOE .IFY−MBN (T + ) GPS BMM ? ∈ { ?0 − 1, ?0, ?0 + 1}� 8F
DBO OPX BQQSPYJNBUF .MBNIFY+ BOE .IFY−MBN XJUI B TQMJOF
 BMMPXJOH VT UP FYUSBQPMBUF B HVFTT GPS
.MBNIFY+(T +0−2)
 .MBNIFY+(T +0+2) BOE .IFY−MBN (T +0−2)
 .IFY−MBN (T +0+2) XJUIPVU UIF OFFE PG TUFQT 	JJ
 BOE
	JJJ
� 8F UIFO QFSGPSN TUFQ 	JW
 GPS ?0 − 2 BOE ?0 + 2 JOTUFBE PG ?0 UP SF੗OF PVS FTUJNBUFT�
6TJOH UIFTF OFX QPJOUT UP FYUFOE UIF TQMJOFT
 XF UIFO EFUFSNJOF .MBNIFY+(T +0−3)
 .MBNIFY+(T +0+3)
BOE .IFY−MBN (T +0−3)
 .IFY−MBN (T +0+3)
 BOE TP PO
 VOUJM XF LOPX .IFY−MBN (T + ) BOE .IFY−MBN (T + ) GPS BMM
? ∈ {0, . . . ,UL}�

	WJ
 "T B CZ�QSPEVDU PG DBMDVMBUJOH UIF DPFYJTUFODF DIFNJDBM QPUFOUJBMT
 XF BMTP PCUBJO UIF EFO�
TJUZ QSP੗MFT BOE CVML QBDLJOH GSBDUJPOT O#"(T) PG QIBTF ۠"ۡ JO DPFYJTUBODF XJUI QIBTF ۠#ۡ
GPS B NBHOFUJD ੗FME T� 8F UIFO IBWF O MBNIFY+(T) < OIFY+MBN (T) < OIFY−MBN (T) < O MBNIFY−(T) XJUI
TUBCMF ESPQMFUT GPS OC < O MBNIFY+(T)
 TUSJQFT GPS OIFY+MBN (T) < OC < OIFY−MBN (T) BOE CVCCMFT GPS
OC > O MBNIFY−(T)� 8F QFSGPSN B RVBTJ�DBOPOJDBM NJOJNJ[BUJPO GPS BMM HSJE QPJOUT (OC# ,T + ) UIBU
MJF JO POF PG UIFTF SFHJPOT XIFSF B QVSF NJDSPQIBTF JT TUBCMF
 J� F�
 OPU JO DPFYJTUFODF XJUI
BOPUIFS NJDSPQIBTF� 8F CFHJO XJUI UIPTF QPJOUT DMPTFTU UP UIF DPFYJTUFODF CVML QBDLJOH
GSBDUJPOT GPS B HJWFO T + CZ JOJUJBMJ[JOH UIF 1JDBSE JUFSBUJPO XJUI UIF DPSSFTQPOEJOH DPFY�
JTUFODF EFOTJUZ EJTUSJCVUJPOT� 8F UIFO VTF UIF SFTVMUJOH EFOTJUZ QSP੗MFT UP TUBSU P੖ UIF
NJOJNJ[BUJPO GPS UIF QPJOUT POF ΔOC�TUFQ GVSUIFS BXBZ GSPN UIF QIBTF CPVOEBSZ
 BOE TP
PO
 TVDDFTTJWFMZ XPSLJOH PVSTFMWFT BDSPTT FBDI SFHJPO�

	WJJ
 -BTU
 XF ੗MUFS PVU UIPTF QPJOUT XIFSF UIF OPO�VOJGPSN EFOTJUZ QSP੗MF B EPFT OPU IBWF B
MPXFS )FMNIPMU[ GSFF FOFSHZ A UIBO UIF VOJGPSN CVML BU UIF DPSSFTQPOEJOH CVML EFOTJUZ
BC
 J� F�
 XIFO A[B] ≥ A[BC]� 8F NBSL UIF SFNBJOJOH QPJOUT JO BO OCۗT QIBTF EJBHSBN

XJUI UIF TIBQF PG UIF TZNCPMT JOEJDBUJOH UIF TUBCMF NJDSPQIBTF BOE UIFJS DPMPS TQFDJGZJOH
UIF QSJODJQBM XBWF OVNCFS :1 <: MBN

1 = 2@/ZB BOE :IFY±
1 = 4@/ZB = 4@/(

√
3ZC)> PG UIF

TUSVDUVSF�

4JODF UIJT UBLFT B MPU PG UJNF
 XF IBWF POMZ DBMDVMBUFE UXP QIBTF EJBHSBNT� POF GPS Δ1 = 0.10 K

BOE POF GPS Δ1 = 0.14 K
 BT DBO CF TFFO JO 'JH� ����� 8F TIPX UIF MPX�UP�JOUFSNFEJBUF�:1 EPNBJO
GPS UIF GPSNFS
 BOE POMZ UIF MPX�:1 EPNBJO GPS UIF MB॒FS DBTF� 6OGPSUVOBUFMZ
 XF XFSF OPU BCMF UP
DPODMVTJWFMZ BTDFSUBJO UIF QIBTF CFIBWJPS JO UIF JOUFSNFEJBUF�:1 EPNBJO GPS Δ1 = 0.14 K CFDBVTF
GPS TPNF T
 UIF ESPQMFU BOE CVCCMF QIBTFT XFSF TP VOTUBCMF JO UIF TUSJQF SFHJNF 	FWFO GPS . POMZ
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'JHVSF ������ 1IBTF EJBHSBNT JO UIF OCۗT QMBOF GPS 	B
 Δ1 = 0.10 K BOE 	C
 Δ1 = 0.14 K EFUFSNJOFE WJB GSFF NJOJNJ[B�
UJPO� 4ZNCPMT EFOPUF QPJOUT XIFSF UIF IFYBHPOBM ESPQMFU 	IFY+

 MBNFMMBS TUSJQF 	MBN
 PS IFYBHPOBM CVCCMF 	IFY−

QIBTF IBT UIF MPXFTU GSFF FOFSHZ� UIFJS DPMPS FODPEFT UIF QSJODJQBM XBWFOVNCFS :1 BOE UIVT UIF TJ[F PG UIF VOJU DFMM
<: MBN1 = 2@/ZB BOE :IFY±1 = 4@/ZC = 4@/(

√
3ZB )>� %P॒FT MJOFT NBSL UIF QIBTF CPVOEBSJFT BOE DPOOFDU UIF TUBUFT

DBQBCMF PG DPFYJTUJOH XJUI B DPVOUFSQBSU JO UIF OFJHICPSJOH QIBTF�

TMJHIUMZ BCPWF .MBNIFY+(T) PS CFMPX .IFY−MBN (T)
 UIBU UIF HSBOE�DBOPOJDBM NJOJNJ[BUJPO XPVME BMXBZT
MFBE UP B MBNFMMBS EFOTJUZ EJTUSJCVUJPO 	FWFO XIFO JOJUJBMJ[FE XJUI B IFYBHPOBM POF

 UIVT NBLJOH
JU EJਖ਼DVMU UP BDDVSBUFMZ EFUFSNJOF UIF QSFTTVSF DVSWFT PG UIF JOEJWJEVBM QIBTFT BOE CZ FYUFOTJPO
UIF DPFYJTUFODF DIFNJDBM QPUFOUJBMT UIFNTFMWFT� 'PS CPUI UFNQFSBUVSFT
 UIF IJHI�:1 EPNBJO XBT
BMTP JOBDDFTTJCMF CFDBVTF UIF POF�QBSUJDMF EJSFDU DPSSFMBUJPO GVODUJPO Q1 CFDBNF TP MBSHF PWFS UIF
DPVSTF PG UIF 1JDBSE JUFSBUJPO UIBU exp[Q1(B# , -" )] 	BT SFRVJSFE CZ &RT� 	����
 BOE 	����

 DPVME OP
MPOHFS CF SFQSFTFOUFE BT B EPVCMF�QSFDJTJPO ੘PBUJOH�QPJOU OVNCFS�

$PNQBSJOH 'JHT� ����	B
 BOE ����	C
 XJUI UIFJS -BOEBV�UZQF UIFPSZ DPVOUFSQBSUT 'JHT� ���	B
 BOE
���	C

 SFTQFDUJWFMZ
 XF TFF UIBU UIF TVCEJWJTJPO PG UIF MPX�:1 EPNBJO IBT DIBOHFE OPUJDFBCMZ

CFDPNJOH B MPU NPSF TZNNFUSJD� य़F ESPQMFU QIBTF JT OP MPOHFS BT EPNJOBOU
 XIFSFBT UIF CVCCMF
QIBTF IBT HSPXO TJHOJ੗DBOUMZ� UIF TUSJQF QIBTF OPX MJFT RVJUF DFOUSBMMZ XJUIJO BOE XJEFOT BMPOH�
TJEF XJUI UIF FOUJSF NJDSPQIBTF SFHJPO BT T EFDSFBTFT
 JOTUFBE PG GPSNJOH B CBOE PG OFBS�DPOTUBOU
XJEUI DMPTF BOE QBSBMMFM UP UIF JOUFSNFEJBUF�OC ͪ�MJOF� य़F GSFF NJOJNJ[BUJPO BMTP QSFEJDUT TUBCMF
OPO�VOJGPSN EFOTJUZ QSP੗MFT XFMM QBTU UIF ͪ�MJOF� JO UIF MJNJU PG WFSZ TNBMM T
 UIF NJDSPQIBTF
SFHJNF BQQFBST UP FYUFOE VQ UP UIF CJOPEBM� 8F XFSF VOBCMF UP EFUFSNJOF UIF QIBTF CFIBWJPS GPS
MPXFS NBHOFUJD ੗FMET UIBO TIPXO JO 'JH� ���� CFDBVTF UIF VOJU DFMMT XPVME CFDPNF TP MBSHF UIBU
UIF IFYBHPOBM TUSVDUVSFT EJE OPU ੗U JOUP UIF BWBJMBCMF DPNQVUFS NFNPSZ BOZ NPSF�

य़F JOUFSNFEJBUF�:1 EPNBJOT PG 'JHT� ����	B
 BOE ���	B
 BU MBSHFS T
 PO UIF PUIFS IBOE
 BSF
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'JHVSF ������ 6OJU DFMMT PG UIF FRVJMJCSJVN EFOTJUZ QSP੗MFT O (-" ) = @F2B (-" ) BU WBSJPVT CVML QBDLJOH GSBDUJPOT GPS
Δ1 = 0.10 K BOE T = 18 uT SFTVMUJOH GSPN GSFF NJOJNJ[BUJPO� %BTIFE MJOFT NBSL UIF CVML QBDLJOH GSBDUJPOT PG UIF
VOJGPSN HBT BOE MJRVJE BU DPFYJTUFODF 	OH ≈ 0.014 BOE OM ≈ 0.548
 SFTQFDUJWFMZ
� 	B
 C
 )FYBHPOBM ESPQMFU QIBTF� 	D
 E

-BNFMMBS TUSJQF QIBTF� 	F
 ৐
 )FYBHPOBM CVCCMF QIBTF�

BDUVBMMZ JO GBJSMZ HPPE RVBMJUBUJWF BHSFFNFOU� UIF ESPQMFU QIBTF JT SFMBUJWFMZ XJEF
 UIF CVCCMF
QIBTF SBUIFS UIJO
 BOE UIF TUSJQF QIBTF CFOET NBSLFEMZ UPXBSE IJHIFS QBDLJOH GSBDUJPOT BT T
JODSFBTFT�

&RVJMJCSJVN EFOTJUZ EJTUSJCVUJPOT

-FU VT DPOUJOVF CZ UBLJOH BNPSF EFUBJMFE MPPL BU UIF TUSVDUVSF PG UIF TZTUFN� *O 'JH� ����
 XF TIPX
UIF FRVJMJCSJVN EFOTJUZ QSP੗MFT GPS Δ1 = 0.10 K
 T = 18 uT 	OFBS UIF MPXFS FOE PG UIF SBOHF PG
NBHOFUJD ੗FMET UIBU XFSF TUJMM BDDFTTJCMF UP GSFF NJOJNJ[BUJPO GPS UIBU UFNQFSBUVSF
 BOE WBSJPVT
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'JHVSF ������ 6OJU DFMMT PG UIF FRVJMJCSJVN EFOTJUZ QSP੗MFT O (-" ) = @F2B (-" ) BU WBSJPVT CVML QBDLJOH GSBDUJPOT GPS
Δ1 = 0.10 K BOE T = 58 uT SFTVMUJOH GSPN GSFF NJOJNJ[BUJPO� 	B
 C
 )FYBHPOBM ESPQMFU QIBTF� 	D
 E
 -BNFMMBS TUSJQF
QIBTF� 	F
 ৐
 )FYBHPOBM CVCCMF QIBTF�

JODSFBTJOH WBMVFT PG OC� 8F TFF UIBU UIF TQBSTF BOE UIF EFOTF SFHJPOT BSF RVJUF EJTUJODU
 TFQBSBUFE
POMZ CZ B UIJO USBOTJUJPO [POF� 8IFSFBT UIF EFOTJUZ JT QSBDUJDBMMZ [FSP JO UIF GPSNFS
 JU PTDJMMBUFT
BSPVOE O ≈ 0.65 JO UIF MB॒FS� UIFTF PTDJMMBUJPOT BSF MJLFMZ B DPOTFRVFODF PG QBDLJOH F੖FDUT UIBU
BSF XFMM�LOPXO UP PDDVS JO IBSE DPSF TZTUFNT BU IJHIFS QBDLJOH GSBDUJPOT� *OUFSFTUJOHMZ
 UIJT
BQQFBST UP CF UIF DBTF GPS BMM QBDLJOH GSBDUJPOT� 0OF NJHIU IBWF BMTP JNBHJOFE UIBU
 BU MFBTU
XJUIJO UIF TBNF NJDSPQIBTF
 UIF EFOTJUZ XPVME KVTU JODSFBTF HMPCBMMZ VQPO HPJOH UP IJHIFS OC JO
UIF TFOTF UIBU O ′(-" ) ≈ O (-" ) + ΔOC BU O ′C = OC + ΔOC� )PXFWFS
 UIF TZTUFN BDUVBMMZ BDDPNNPEBUFT
GPS DIBOHFT PG OC JO B EJ੖FSFOU XBZ� JU FTTFOUJBMMZ BMUFST UIF SFMBUJWF TJ[F PG UIF TQBSTF BOE EFOTF
SFHJPOT
 XJUI UIF GPSNFS PDDVQZJOH UIF NBKPSJUZ PG UIF WPMVNF BU MPX
 BOE UIF MB॒FS BU IJHI OC�
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'JHVSF ������ 6OJU DFMMT PG UIF FRVJMJCSJVN EFOTJUZ QSP੗MFT O (-" ) = @F2B (-" ) BU WBSJPVT CVML QBDLJOH GSBDUJPOT OC GPS
Δ1 = 0.14 K BOE T = 10 uT SFTVMUJOH GSPN GSFF NJOJNJ[BUJPO� %BTIFE MJOFT NBSL UIF CVML QBDLJOH GSBDUJPOT PG UIF
VOJGPSN HBT BOE MJRVJE BU DPFYJTUFODF 	OH ≈ 0.025 BOE OM ≈ 0.508
 SFTQFDUJWFMZ
� 	B
 C
 )FYBHPOBM ESPQMFU QIBTF� 	D
 E

-BNFMMBS TUSJQF QIBTF� 	F
 ৐
 )FYBHPOBM CVCCMF QIBTF�

$VSJPVTMZ
 UIF EJBNFUFS PG UIF ESPQMFUT BOE CVCCMFT TFFNT UP SFNBJO NPSF PS MFTT DPOTUBOU BU
SPVHIMZ 5a � %FDSFBTJOH OC XJUIJO UIF ESPQMFU QIBTF JT UIFSFGPSF BDDPNQBOJFE CZ B HSPXUI PG UIF
TQBSTF SFHJPO
 XIJMF JODSFBTJOH OC XJUIJO UIF CVCCMF QIBTF SFTVMUT JO B MBSHFS EFOTF SFHJPO� JO
FJUIFS DBTFT
 UIF VOJU DFMM IBT UP FYQBOE BT XFMM JO PSEFS UP ۠NBLF SPPN�ۡ *O UIF TUSJQF QIBTF
 PO
UIF PUIFS IBOE
 UIF BCTPMVUF TJ[F PG CPUI UIF EFOTF BOE TQBSTF SFHJPO WBSJFT� UIF MFOHUI PG UIF
VOJU DFMM BMTP DIBOHFT
 CVU UP B NVDI MFTTFS FYUFOU�

*O 'JH� ����
 XF DBO TFF UIBU GPS UIF TBNF UFNQFSBUVSF Δ1 = 0.10 K CVU B NVDI IJHIFS NBHOFUJD
੗FME PG T = 58 uT
 UIF FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPOT BSF DPOTJEFSBCMZ EJ੖FSFOU� 'JSTU PG BMM
 UIF
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'JHVSF ������ 6OJU DFMMT PG UIF FRVJMJCSJVN EFOTJUZ QSP੗MFT O (-" ) = @F2B (-" ) BU WBSJPVT CVML QBDLJOH GSBDUJPOT GPS
Δ1 = 0.14 K BOE T = 20 uT SFTVMUJOH GSPN GSFF NJOJNJ[BUJPO� 	B
 C
 )FYBHPOBM ESPQMFU QIBTF� 	D
 E
 -BNFMMBS TUSJQF
QIBTF� 	F
 ৐
 )FYBHPOBM CVCCMF QIBTF�

EFOTF SFHJPOT OP MPOHFS IBWF UIF DIBSBDUFS PG B QMBUFBV CVU SBUIFS UIBU PG B QFBL PS B SJEHF
 XIJDI
NBLFT JU EJਖ਼DVMU UP EF੗OF B NFBOJOHGVM CPSEFS CFUXFFO UIFN BOE UIF TQBSTF SFHJPOT� 4FDPOE

BO JODSFBTF JO OC MFBET UP TJHOJ੗DBOUMZ UBMMFS QFBLT JO UIF ESPQMFU QIBTF� UP IJHIFS SJEHFT BOE BMTP
EFOTFS TQBSTF SFHJPOT JO UIF TUSJQF QIBTF� PS UP BDUVBMMZ MPXFS SJEHFT CVU EFOTFS TQBSTF SFHJPOT
JO UIF CVCCMF QIBTF� य़JSE
 UIF VOJU DFMMT BSF B MPU TNBMMFS BOE FYIJCJU POMZ TMJHIU WBSJBUJPOT JO
TJ[F� -BTU
 UIF TQBSTF SFHJPOT PG UIF CVCCMF QIBTF BSF OPU SBEJBMMZ TZNNFUSJD CVU IBWF B IFYBHPOBM
TIBQF
 HJWJOH SJTF UP B IPOFZDPNC QB॒FSO�

"U Δ1 = 0.14 K BOE T = 10 uT 	XIJDI JT BHBJO OFBS UIF MPXFS FOE PG UIF SBOHF BDDFTTJCMF
UP GSFF NJOJNJ[BUJPO

 XF ੗OE UIF FRVJMJCSJVN EFOTJUZ QSP੗MFT EJTQMBZFE JO 'JH� ����� 8F DBO



���� #VML TZTUFN ��

NBLF UIF TBNF HFOFSBM PCTFSWBUJPOT UIBU XF BMSFBEZ EJE GPS 'JH� ���� XJUI POMZ B GFX NJOPS
EJ੖FSFODFT� UIF EFOTJUZ PG UIF TQBSTF SFHJPO JT OPU BT DMPTF UP [FSP BOE UIBU PG UIF EFOTF SFHJPO
GBMMT EPXO UP BSPVOE O ≈ 0.55
 XIJDI JT OPU IJHI FOPVHI UP DBVTF PTDJMMBUJPOT EVF UP QBDLJOH
F੖FDUT� GVSUIFSNPSF
 UIF TJ[F PG UIF ESPQMFUT BOE CVCCMFT JT BCPVU UXJDF BT MBSHF XJUI B EJBNF�
UFS PG SPVHIMZ 10a 
 CVU TUJMM SFMBUJWFMZ DPOTUBOU� $SVDJBMMZ
 UIPVHI
 UIF NFDIBOJTN XJUI XIJDI
UIF TZTUFNT BEFQUT UP IJHIFS CVML EFOTJUJFT JT JEFOUJDBM� 8F DBO EJSFDUMZ DPNQBSF 'JH� ���� XJUI
UIF DPSSFTQPOEJOH SFTVMUT GSPN UIF -BOEBV�UZQF UIFPSZ TIPXO JO 'JH� ��� BOE GBJM UP EFUFDU BOZ
SFTFNCMBODF XIBUTPFWFS
 DPO੗SNJOH UIF JOBDDVSBDZ PG UIF -BOEBV�UZQF UIFPSZ JO UIJT SFHJNF�

'JOBMMZ
 'JH� ���� TIPXT UIF FRVJMJCSJVN EFOTJUZ QSP੗MFT BU Δ1 = 0.14 K BOE UIF NPEFSBUF
NBHOFUJD ੗FME T = 20 uT 	OFBS UIF UPQ PG UIF MPX�:1 EPNBJO
� "T JO 'JH� ����
 UIF EFOTF SFHJPOT
BSF BHBJO QFBL� PS SJEHF�MJLF
 CVU CSPBEFS BOE MFTT TIBSQ� UIF EFOTJUZ EJTUSJCVUJPO PG UIF MBNFMMBS
QIBTF JT BMNPTU TJOVTPJEBM JO TIBQF� *O UIF ESPQMFU BOE TUSJQF QIBTF
 BO JODSFBTF JO OC JOEFFE
BQQFBST UP SFTVMU JO B HMPCBM JODSFBTF PG UIF EFOTJUZ JO UIBU O ′(-" ) ≈ O (-" ) + ΔOC GPS O ′C = OC + ΔOC�
JO UIF CVCCMF QIBTF
 PO UIF PUIFS IBOE
 NBJOMZ UIF TQBSTF SFHJPO CFDPNFT EFOTFS� $PNQBSJOH
'JH� ���� XJUI UIF SFTVMUT GSPN UIF -BOEBV�UZQF UIFPSZ JO 'JH� ����
 XF BDUVBMMZ TFF B SBUIFS HPPE
BHSFFNFOU CPUI JO SFHBSE UP UIF GPSN PG UIF EFOTJUZ QSP੗MFT BT XFMM BT UIF TJ[F PG UIF VOJU DFMMT�
य़JT TFFNT UP TQFBL JO GBWPS PG PVS TVTQJDJPO UIBU UIF SFTVMUT PG UIF -BOEBV�UZQF UIFPSZ NJHIU
CF SFMBUJWFMZ BDDVSBUF JO UIJT DBTF EVF UP UIF WJDJOJUZ PG UIF TUBUFT UP UIF ͪ�MJOF�

'SFF NJOJNJ[BUJPO WT� -BOEBV�UZQF UIFPSZ

*O 'JH� ����
 XF DBO TFF B EJSFDU DPNQBSJTPO PG UIF EFOTJUZ EJTUSJCVUJPOT GSPN UIF GSFFNJOJNJ[BUJPO
BOE UIF -BOEBV�UZQF UIFPSZ GPS Δ1 = 0.14 K BOE T ∈ {10 uT, 20 uT}� "U T = 10 uT <'JHT� ����	Bۗ
D
>
 UIF EJTDSFQBODZ CFUXFFO UIF UXP BQQSPBDIFT JT FOPSNPVT� 0OF JNQPSUBOU SFBTPO GPS UIJT JT
UIBU UIF ۠USVFۡ 	BDDPSEJOH UP GSFF NJOJNJ[BUJPO
 EFOTJUZ QSP੗MFT BU MPXFS NBHOFUJD ੗FMET GFBUVSF
BMNPTU SFDUBOHVMBS QFBLT PS SJEHFT BMJLF UP UIF POF TIPXO JO 'JH� ���	C
 BOE UIFSFGPSF SFRVJSF
EP[FOT PG TIFMMT UP CF BEFRVBUFMZ SFQSFTFOUFE BT PQQPTFE UP UIF POF�TIFMM BQQSPYJNBUJPO XF
VTFE GPS UIF -BOEBV�UZQF UIFPSZ� य़VT
 FWFO GPS TUBUF QPJOUT OFBS UIF ͪ�MJOF TVDI BT OC = 0.08

<'JH� ����	B
>
 UIF QSFEJDUJPO PG UIF -BOEBV�UZQF UIFPSZ DBO CF WFSZ GBS P੖� " TJNJMBS QSPCMFN
JT UP CF FYQFDUFE BU IJHI T XIFSF UIF QFBLT BOE SJEHFT BQQFBS UP CFDPNF SFMBUJWFMZ TIBSQ� "U
NPEFSBUF NBHOFUJD ੗FMET TVDI BT T = 20 uT <'JHT� ����	Eۗ৐
>
 PO UIF PUIFS IBOE
 JU NBZ IBQQFO
UIBU UIF FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPOT WBSZ TP TMPXMZ UIBU UIF ੗STU TIFMM HJWFT B TVਖ਼DJFOUMZ
HPPE EFTDSJQUJPO�

8FBL SFQVMTJPO MJNJU

-FU VT FOE PVS EJTDVTTJPO PG UIF GSFF NJOJNJ[BUJPO CZ UBLJOH B DMPTFS MPPL BU UIF MJNJU PG B XFBL
MPOH�SBOHFE SFQVMTJPO
 J� F�
 BU UIF MJNJU PG TNBMM NBHOFUJD ੗FMET T� 8F IBWF BMSFBEZ NBEF UIF
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free minimization Landau-type theory

'JHVSF ������ $PNQBSJTPO PG UIF EFOTJUZ QSP੗MFT PCUBJOFE WJB GSFF NJOJNJ[BUJPO 	TPMJE MJOFT
 BOE UIF -BOEBV�UZQF
UIFPSZ 	EBTIFE MJOFT
 GPS Δ1 = 0.14 K
 T ∈ {10 uT, 20 uT} BOE WBSJPVT CVML QBDLJOH GSBDUJPOT OC� 'PS UIF IFYBHPOBM
ESPQMFU 	B
 E
 BOE CVCCMF 	D
 ৐
 TUSVDUVSFT
 O (C,b) = @F2B (C,b) JT TIPXO BT B GVODUJPO PG C GPS b = ZC/2�

JOUFSFTUJOH PCTFSWBUJPOT UIBU
 BT T EFDSFBTFT


	J
 UIF ͪ�MJOF DPOWFSHFT UPXBSE UIF TQJOPEBM XIFO UIFSF JT B HBQ CFUXFFO UIF MPX� BOE IJHI�:1
EPNBJOT JO UIF OCۗT QMBOF�

	JJ
 UIF QSJODJQBM XBWF WFDUPS :1 JO UIF MPX�:1 EPNBJO HPFT UP [FSP
 XIJDI NFBOT UIBU UIF
XBWFMFOHUI PG UIF EFOTJUZ ੘VDUVBUJPOT BOE UIF TJ[F PG UIF VOJU DFMMT EJWFSHF�

	JJJ
 UIF SFHJPO XIFSF OPO�VOJGPSN NJDSPQIBTFT BSF UIFSPNPEZOBNJDBMMZ TUBCMF 	PS BU MFBTU



���� #VML TZTUFN ��

QSFGFSSFE UP UIF IPNPHFOFPVT CVML
 FYUFOET QBTU UIF ͪ�MJOF BOE VQ UP UIF CJOPEBM�
	JW
 UIF TZTUFN EFWFMPQT EFOTF BOE TQBSTF QMBUFBVT XJUI BO BMNPTU DPOTUBOU EFOTJUZ BOE TFQB�

SBUFE CZ B SFMBUJWFMZ UIJO USBOTJUJPO [POF�
	W
 DIBOHFT PG UIF CVML EFOTJUZ QSJNBSJMZ B੖FDU UIF SFMBUJWF TJ[F PG UIFTF QMBUFBVT BOE OPU UIFJS

BWFSBHF EFOTJUZ�

/PX
 SFDBMM UIBU GPS T = 0
 XF IBWF B QVSFMZ B॒SBDUJWF IBSE DPSF TZTUFN UIBU VOEFSHPFT B
NBDSPTDPQJD TFQBSBUJPO 	J� F�
 :1 = 0
 JOUP B HBTFPVT BOE B MJRVJE QIBTF BU TUBUF QPJOUT FODMPTFE
CZ UIF CJOPEBM� य़F 	BWFSBHF
 EFOTJUJFT BH BOE BM PG UIF UXP QIBTFT BSF KVTU UIF CVML EFOTJUJFT PG
UIF VOJGPSN TUBUFT MZJOH PO UIF CJOPEBM BOE UIF TBNF GPS BMM BC ∈ [BH, BM]� BT B DPOTFRVFODF
 UIF
WPMVNF SBUJP PG UIF QIBTFT JT EFUFSNJOFE CZ

!H
!M

=
BM − BC
BC − BH

	�����


BOE WBSJFT XJUI BC�
य़VT
 UIF NFDIBOJTNT PG NJDSPQIBTF TFQBSBUJPO BU MPXNBHOFUJD ੗FMET BSF FTTFOUJBMMZ JEFOUJDBM

UP UIPTF PG NBDSPQIBTF TFQBSBUJPO BU T = 0� य़JT TVHHFTUT UIF IZQPUIFTJT UIBU JO UIF QSFTFODF
PG B XFBL MPOH�SBOHFE SFQVMTJPO
 HBTۗMJRVJE DPFYJTUFODF NBOJGFTUT JUTFMG JO UIF GPSN PG QFSJPEJD
EFOTJUZ QSP੗MFT FYIJCJUJOH HBTFPVT BOE MJRVJE EPNBJOT XJUI UIF 	BWFSBHF
 EFOTJUJFT BH BOE BM
EJDUBUFE CZ UIF CJOPEBM
 BOE UIF WPMVNF SBUJP HJWFO CZ &R� 	�����
�

5P UFTU UIJT DPOKFDUVSF
 MFU VT HP CBDL UP 'JH� ����
 XIJDI TIPXFE UIF FRVJMJCSJVN EFOTJUZ EJT�
USJCVUJPOT GPS Δ1 = 0.10 K BOE T = 18 uT� *O UIF QMPUT
 XF IBWF BMTP NBSLFE UIF CVML QBDLJOH
GSBDUJPOT PG UIF HBT BOE UIF MJRVJE BU DPFYJTUFODF XIJDI
 BDDPSEJOH UP UIF CJOPEBM JO 'JH� ����	B


BSF OH ≈ 0.014 BOE OM ≈ 0.548 GPS UIFTF TUBUFT� 8F DBO TFF UIBU UIF BWFSBHF QBDLJOH GSBDUJPO PG UIF
TQBSTF SFHJPO JT DMPTF UP OH
 CVU UIBU PG UIF EFOTF SFHJPO JT DPOTJEFSBCMZ IJHIFS UIBO OM� य़JT QPPS
BHSFFNFOU JT PG DPVSTF OPU WFSZ DPOWJODJOH
 CVU OPU UPP TVSQSJTJOH FJUIFS CFDBVTF T = 18 uT
JT POMZ NBSHJOBMMZ CFMPX UIF DSJUJDBM NBHOFUJD ੗FME TD ≈ 20.8 uT BU UIF UPQ PG UIF CJOPEBM GPS
Δ1 = 0.10 K
 BOE UIFSFGPSF TUJMM SFMBUJWFMZ TUSPOH� BOPUIFS JOEJDBUJPO GPS UIJT JT UIBU ͪ�MJOF DBO
TUJMM CF DMFBSMZ EJTUJOHVJTIFE GSPN UIF TQJOPEBM�

8F TIPVME FYQFDU B CF॒FS BHSFFNFOU GPS Δ1 = 0.14 K BOE T = 10 uT
 XIJDI MJFT TMJHIUMZ GVSUIFS
BXBZ GSPN UIF DSJUJDBM NBHOFUJD ੗FME PG TD ≈ 13.4 uT
 BT DBO CF TFFO JO 'JH� ����	C
� )FSF
 UIF
DPFYJTUFODF QBDLJOH GSBDUJPOT BSF OH ≈ 0.025 BOE OM ≈ 0.508
 BOE B MPPL BU 'JH� ���� SFWFBMT UIBU
UIFZ BSF JOEFFE NVDI DMPTFS UP UIF BWFSBHF QBDLJOH GSBDUJPOT JO UIF TQBSTF BOE EFOTF SFHJPOT

SFTQFDUJWFMZ�

"T BMSFBEZNFOUJPOFE CFGPSF
 HPJOH UP FWFO MPXFSNBHOFUJD ੗FMET QSPWFE UP CF QSPCMFNBUJD CF�
DBVTF UIF VOJU DFMMT XPVME CFDPNF TP MBSHF UIBU UIF IFYBHPOBM TUSVDUVSFT EJE OPU ੗U JOUP UIF BWBJM�
BCMF DPNQVUFS NFNPSZ BOZNPSF� -BNFMMBS EFOTJUZ QSP੗MFT
 IPXFWFS
 SFRVJSF NVDI MFTT NFNPSZ
TJODF UIFZ BSF DPOTUBOU JO UIF b EJSFDUJPO
 XIJDI BMMPXT VT UP TJNQMZ DIPPTF B HSJE XJUIUC = 1�
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(a) [b = 0.30, ⌫ = 8 �T, �) = 0.10 K, lam

(b) [b = 0.26, ⌫ = 6 �T, �) = 0.14 K, lam

'JHVSF ������ -BNFMMBS EFOTJUZ QSP੗MFT BU 	B
 OC = 0.30,T = 8 uT,Δ1 = 0.10 K BOE 	C
 OC = 0.26,T = 6 uT,Δ1 = 0.14 K�
य़F QBOFMT PO UIF MFॏ TIPX UIF XIPMF VOJU DFMM
 UIPTF PO UIF SJHIU B DMPTF�VQ PG UIF USBOTJUJPO [POF CFUXFFO UIF
TQBSTF BOE UIF EFOTF SFHJPO� )PSJ[POUBM EBTIFE MJOFT NBSL UIF CVML QBDLJOH GSBDUJPOT PG UIF VOJGPSN HBT BOE MJRVJE
BU DPFYJTUFODF <OH ≈ 0.116× 10−3 BOE OM ≈ 0.702 GPS 	B

 OH ≈ 7.79× 10−3 BOE OM ≈ 0.582 GPS 	C
>� 7FSUJDBM EBTIFE MJOFT
NBSL UIF FTUJNBUFE MPDBUJPOT PG UIF USBOTJUJPO [POFT BDDPSEJOH UP &R� 	�����
�

)FODF
 XF XFSF BCMF UP EFUFSNJOF UIF MBNFMMBS FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPOT BU OC = 0.30

T = 8 uT
 Δ1 = 0.10 K BOE OC = 0.26
 T = 6 uT
 Δ1 = 0.14 K BT TIPXO JO 'JH� ����� 8F DBO TFF UIBU
GPS TVDI TNBMM T
 UIF XBWFMFOHUI PG UIF ੘VDUVBUJPOT IBT HSPXO UP IVOESFET PG a BOE UIF EFOTJUZ
QSP੗MFT IBWF BDRVJSFE BO F੖FDUJWFMZ SFDUBOHVMBS TIBQF
 USBOTJUJPOJOH GSPN B TQBSTF UP B EFOTF
SFHJPO PWFS UIF MFOHUI PG POMZ B GFX a � य़F BWFSBHF QBDLJOH GSBDUJPOT PG UIFTF SFHJPOT DPJODJEF
QFSGFDUMZ XJUI UIPTF PG UIF HBT BOE MJRVJE QIBTFT BU DPFYJTUFODF <OH ≈ 0.116× 10−3 BOE OM ≈ 0.702

GPS 'JH� ����	B

 OH ≈ 7.79× 10−3 BOE OM ≈ 0.582 GPS 'JH� ����	C
>
 BOE UIF WPMVNF SBUJP JT QSFDJTFMZ
QSFEJDUFE CZ &R� 	�����
� य़VT
 XF DBO KVTUJ੗BCMZ TBZ UIBU HFOVJOF HBTFPVT BOE MJRVJE EPNBJOT PG
੗OJUF TJ[F 	PS BU MFBTU XJUI B ੗OJUF FYUFOU JO POF EJSFDUJPO JO UIF DBTF PG TUSJQFT
 BOE XJUI EJTUJODU
BWFSBHF EFOTJUJFT DPFYJTU JO B QFSJPEJD BSSBOHFNFOU�

"U ੗STU HMBODF
 POFNJHIU CF UFNQUFE UP UIJOL UIBU CZ LOPXJOH POMZ UIF CJOPEBM
 XF DBO BMSFBEZ
HVFTT UIF FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPOT BU MPX NBHOFUJD ੗FMET BOE B HJWFO CVML EFOTJUZ� य़JT
JT B GBMMBDZ
 IPXFWFS
 CFDBVTF FWFO UIPVHI XF DBO FTUJNBUF UIF EFOTJUJFT BOE UIF SFMBUJWF TJ[F PG
UIF TQBSTF BOE EFOTF SFHJPOT
 XF EP OPU LOPX UIF PUIFS UXP SFRVJSFE QJFDFT PG JOGPSNBUJPO� UIF



���� $POGJOFE TZTUFN ��

UIFSNPEZOBNJDBMMZ TUBCMF TUSVDUVSF BOE UIF BCTPMVUF TJ[F PG UIF VOJU DFMM� *U XPVME CF BO QPUFOUJBM
UPQJD GPS GVSUIFS SFTFBSDI UP JOWFTUJHBUF XIFUIFS UIFSF FYJTUT B MFTT FYQFOTJWF XBZ PG EFUFSNJOJOH
UIJT NJTTJOH JOGPSNBUJPO UIBO GSFF NJOJNJ[BUJPO�

$PODMVTJPO

'SFF NJOJNJ[BUJPO EPFT OPU DPNF XJUIPVU JUT EPXOTJEFT� JU JT DPNQMJDBUFE UP JNQMFNFOU BOE
DPNQVUBUJPOBMMZ FYQFOTJWF
 JU IBE EJਖ਼DVMUJFT UP EFUFSNJOF UIF QIBTF CPVOEBSJFT VOEFS DFSUBJO
DJSDVNTUBODFT
 BOE JU PVUSJHIU GBJMFE BU IJHI QBDLJOH GSBDUJPOT BOE WFSZ MPX NBHOFUJD ੗FMET EVF
UP EJWFSHFODFT BOE NFNPSZ DPOTUSBJOUT
 SFTQFDUJWFMZ� #VU XIFO JU EJE XPSL
 JU EFMJWFSFE WFSZ
JOUFSFTUJOH SFTVMUT UIBU QSPWFE UP CF B MPU NPSF USVTUXPSUIZ UIBO UIPTF PG UIF -BOEBV�UZQF UIFPSZ�

'PS MBSHF T
 XF GPVOE UIBU UIF FRVJMJCSJVN EFOTJUZ QSP੗MFT IBWF RVJUF TNBMM VOJU DFMMT BOE
GFBUVSF WFSZ TIBSQ BOE UBMM QFBLT PS SJEHFT� #Z EFDSFBTJOH T
 UIFTF TUSVDUVSFT XPVME TQSFBE PVU
BOE CFDPNF NVDI CSPBEFS ۗ XJUI UIF F੖FDU UIBU
 BU NPEFSBUF T
 UIF EFOTJUZ ੘VDUVBUJPOT CFDBNF
TP TNPPUI UIBU UIFZXFSFXFMM EFTDSJCFE CZ UIF POF�TIFMM BQQSPYJNBUJPO
 MFBEJOH UP B TVSQSJTJOHMZ
HPPE BHSFFNFOU XJUI UIF -BOEBV�UZQF UIFPSZ� (PJOH UP FWFO TNBMMFS T
 UIJT BHSFFNFOU XPSTFOFE
TJHOJ੗DBOUMZ BT UIF QFBLT BOE SJEHFT UVSOFE JOUP NPSF PS MFTT ੘BU QMBUFBVT XJUI B SFMBUJWFMZ DMFBS�
DVU FEHF CFZPOE XIJDI B TQBSTF QMBJO GPMMPXFE� "U T XFMM CFMPX UIF DSJUJDBM NBHOFUJD ੗FME TD PG
UIF CJOPEBM
 UIF BWFSBHF EFOTJUZ PG UIF TQBSTF BOE EFOTF SFHJPOT JT JEFOUJDBM UP UIF CVML EFOTJUZ PG
UIF DPSSFTQPOEJOH HBTFPVT BOE MJRVJE TUBUFT BU DPFYJTUFODF� XF JOUFSQSFU UIJT BT HBTۗMJRVJE QIBTF
TFQBSBUJPO PDDVSSJOH JO UIF GPSN PG QFSJPEJD EFOTJUZ EJTUSJCVUJPOT�

���� $POGJOFE TZTUFN

6Q UP UIJT QPJOU
 XF IBWF POMZ DPODFSOFE PVSTFMWFT XJUI UIF ੗DUJUJPVT DBTF PG B TZTUFN XJUI
BO JO੗OJUF WPMVNF BOE OP FYUFSOBM QPUFOUJBM� "MUIPVHI UIJT CVML MJNJU DBO CF BQQSPBDIFE JO
FYQFSJNFOUT CZ DPO੗OJOH UIF QBSUJDMFT UP B TVਖ਼DJFOUMZ MBSHF DFMM
 JU DBO OFWFS CF GVMMZ SFBMJ[FE JO
UIF FOE�य़VT
 UP BMMPX GPS BNPSFNFBOJOHGVM DPNQBSJTPO PG FYQFSJNFOUBM SFTVMUTXJUI UIFPSFUJDBM
QSFEJDUJPOT
 XF TIBMM OPX JOWFTUJHBUFXIFUIFS ۗ BOE JG TP
 IPXۗNJDSPQIBTF TFQBSBUJPONBOJGFTUT
JUTFMG XIFO UIF WPMVNF PG UIF TZTUFN JT ੗OJUF BOE SFMBUJWFMZ TNBMM� "OPUIFS JNQPSUBOU SFBTPO UP
EP TP JT UIBU
 BT XF XJMM DPNF UP TFF
 PVS NFUIPE PG TUVEZJOH UIF EZOBNJDT JT OPU BQQMJDBCMF JO
UIF CVML�

������ .FUIPEPMPHZ

5P EFUFSNJOF UIF FRVJMJCSJVN TUBUFT JO B ੗OJUF TZTUFN
 XF EJSFDUMZ VTF UIF 1JDBSE JUFSBUJPO UP
GSFFMZ NJOJNJ[F Ω[B] PS A[B] XJUI SFTQFDU UP UIF EFOTJUZ QSP੗MF B � &NQMPZJOH UIF -BOEBV�
UZQF UIFPSZ CFGPSFIBOE UP PCUBJO B ੗STU BQQSPYJNBUJPO JT OPU FYQFEJFOU BOZNPSF CFDBVTF UIF
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POF�TIFMM FYQBOTJPO JT DFSUBJOMZ OP MPOHFS BQQSPQSJBUF�
*O QSJODJQMF
 SFTUSJDUJOH UIF QBSUJDMFT UP B DFSUBJO SFHJPO V ⊆ [0, _B ] × [0, _C] XJUI WPMVNF

! = |V| ≤ _B × _C JT POMZ B NB॒FS PG TF॒JOH UIF FYUFSOBM QPUFOUJBM UP VFYU(-" ) = ∞ JG -" ∉ V�
)PXFWFS
 UIF QSPCMFN JT UIBU PVS JNQMFNFOUBUJPO PG UIF GSFF NJOJNJ[BUJPO BMHPSJUIN GPS UIF
CVML SFMJFE PO UIF EFOTJUZ EJTUSJCVUJPO CFJOH QFSJPEJD JO PSEFS UP TQFFE VQ UIF DBMDVMBUJPOT CZ
UBLJOH BEWBOUBHF PG UIF DPOWPMVUJPO UIFPSFN� 5P CF BCMF UP NBLF VTF PG UIJT PQUJNJ[BUJPO BMTP
JO UIF DBTF PG B DPO੗OFE TZTUFN
 XF IBWF UP USBOTGPSN B ੗OJUF EFOTJUZ QSP੗MF JOUP B QFSJPEJD POF
JO TVDI B XBZ UIBU UIF QBSUJDMFT JO UIF VOJU DFMM VOEFS DPOTJEFSBUJPO DBOOPU JOUFSBDU XJUI UIFJS
WJSUVBM NJSSPS JNBHFT JO UIF PUIFS DFMMT�

*G BMM QBSUJDMFT BSF JO V ⊆ [0, _B ] × [0, _C]
 UIFO UIF TFQBSBUJPO CFUXFFO BOZ UXP PG UIFN JT OP
MBSHFS UIBO "NBY ≡ (_2B + _2C)1/2
 XIJDI NFBOT UIBU XF DBO BSUJ੗DJBMMZ USVODBUF GDJ BU "NBY
 J� F�


GDJ(" ) =




GDBT(a) + GNBH(a) JG " ≤ a,
GDBT(" ) + GNBH(" ) JG a < " ≤ "NBY,

0 PUIFSXJTF,

	�����


XJUIPVU BMUFSJOH UIF JOUFSBDUJPOTXJUIJOV 	LFFQ JONJOE UIBU USVODBUJOHGDJ BMTP B੖FDUT JUT 'PVSJFS
USBOTGPSN G̃DJ
�य़JT IBT UIF DPOTFRVFODF UIBU UXP DPMMPJET PG EJBNFUFS a EP OPU JOUFSBDU XJUI FBDI
PUIFS JG UIFZ BSF NPSF UIBO B EJTUBODF, ≡ max{a, "NBY} BQBSU� "T FYUFSOBM QPUFOUJBM
 XF OPX
DIPPTF

VFYU(-" ) ≡
∑
#, + ∈Z

VFYU
V (C + )ZB ,b + ?ZC) 	�����


XJUI ZB ≡ _B +, 
 ZC ≡ _C +, BOE

VFYU
V (-" ) ≡



∞ JG -" ∉ V,
0 PUIFSXJTF.

	�����


4JODFVFYU JT (ZB , ZC)�QFSJPEJD CZ DPOTUSVDUJPO
 TZNNFUSZ EJDUBUFT UIBU UIF FRVJMJCSJVN EFOTJUZ
EJTUSJCVUJPO NVTU CF
 UPP� 8JUIJO FBDI VOJU DFMM PG TJ[F ZB × ZC 
 POMZ B TVCSFHJPO XJUI WPMVNF !
DBO BDUVBMMZ DPOUBJO BOZ QBSUJDMFT ۗ BOE CFDBVTF UIF TFQBSBUJPO CFUXFFO UIF NJSSPS JNBHFT PG
UIBU TVCSFHJPO JT BU MFBTU, 
 UIFZ DBOOPU JO੘VFODF POF BOPUIFS� य़F QBSUJDMFT JO V BSF UIFSFGPSF
DPNQMFUFMZ JTPMBUFE GSPN UIFJS FOWJSPONFOU� य़SPVHI BO BQQSPQSJBUF DIPJDF PG UIF VOJU DFMM BOE
UIF FYUFSOBM QPUFOUJBM
 XF BSF UIVT BCMF UP BQQMZ PVS FYJTUJOH GSFF NJOJNJ[BUJPO QSPDFEVSF BMTP
UP B DPO੗OFE TZTUFN�
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'JHVSF ������ &RVJMJCSJVN EFOTJUZ QSP੗MFT GPS T = 9 uT BOE Δ1 = 0.14 K JO UIF CVML� य़F TPMJE IFYBHPO BOE EBTIFE
SFDUBOHMF JOEJDBUF QPTTJCMF DFMMT GPS B DPO੗OFE TZTUFN UIBU BSF DPNQBUJCMF XJUI UIF CVML TUSVDUVSF� 	B
 )FYBHPOBM
ESPQMFU QIBTF BU OC = 0.12� 	C
 )FYBHPOBM CVCCMF QIBTF BU OC = 0.40�

������ )FYBHPOBM BOE SFDUBOHVMBS DFMMT

*G UIF TZTUFN JT ੗OJUF
 JU JT PO VT UP EFDJEF IPX UIF DFMM DPOUBJOJOH UIF QBSUJDMFT TIPVME MPPL MJLF�
4JODF XF BSF JOUFSFTUFE JO PCTFSWJOH DMFBS TJHOT PG NJDSPQIBTF TFQBSBUJPO
 UIF RVFTUJPO BSJTFT BT
UP XIJDI TJ[FT BOE TIBQFT PG V BSF DPOEVDJWF UP BDIJFWJOH UIJT HPBM� *O UIF BCTFODF PG BOZ PUIFS
HVJEBODF
 JU XPVME DFSUBJOMZ NBLF TFOTF UP VTF PVS LOPXMFEHF BCPVU UIF CVML GPS PSJFOUBUJPO�
8IJMF UIF MBNFMMBS QIBTF JT QSPCMFNBUJD EVF UP UIF JO੗OJUF MFOHUI PG UIF TUSJQFT
 JU TFFNT BU MFBTU
QMBVTJCMF UIBU UIF ESPQMFU BOE CVCCMF QIBTFT NJHIU BMTP QSFWBJM JO UIF DPO੗OFE TZTUFN JG XF ۠DVU
PVUۡ B TVJUBCMF QPSUJPO PG UIF FRVJMJCSJVN EFOTJUZ QSP੗MF JO UIF CVML�

$POTJEFS GPS FYBNQMF UIF ESPQMFU 	OC = 0.12
 BOE CVCCMF 	OC = 0.40
 TUBUFT GPS BO JO੗OJUF TZTUFN
	Δ1 = 0.14
 T = 9 uT
 TIPXO JO 'JH� ����� 0OF QPTTJCJMJUZ
 BT JOEJDBUFE CZ UIF TPMJE PVUMJOF
 JT UP
VTF B IFYBHPOBM DFMM UIBU IBT B TJEF MFOHUI PG

√
27@/(2:IFY

1 ) BOE JT BCMF UP ੗U POF DFOUSBM ESPQMFU
PS CVCCMF BT XFMM BT JUT TJY OFBSFTU OFJHICPST� य़JT JOEFFE XPSLT RVJUF XFMM BT UIF FRVJMJCSJVN
EFOTJUZ EJTUSJCVUJPOT PG UIF DPO੗OFE TZTUFN TIPXO JO 'JHT� ����	B
D
 EFNPOTUSBUF� BMUIPVHI UIF
TJ[F
 TIBQF BOE�PS UIF QPTJUJPO PG UIF ESPQMFUT BOE CVCCMFT DIBOHFE TMJHIUMZ 	OPUF UIBU UIF PVUFS
ESPQMFUT NPWFE UPXBSE UP XBMM PG UIF DFMM XIFSFBT UIF CVCCMFT NPWFE UPXBSE UIF DFOUFS

 BMM
TFWFO PG UIFN TUJMM FYJTU� 8F XFSF DVSJPVT UP LOPX XIBU XPVME IBQQFO JG XF VTFE UIJT IFYBHPOBM
DFMM BU BO JOUFSNFEJBUF CVML QBDLJOH GSBDUJPO 	OC = 0.24
 XIFSF UIF TUSJQF QIBTF XPVME CF TUBCMF JO
UIF JO੗OJUF TZTUFN� TJODF UIF MBNFMMBS EFOTJUZ QSP੗MF EPFT OPU TVHHFTU B ۠OBUVSBMۡ DIPJDF GPS UIF
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'JHVSF ������ &RVJMJCSJVN EFOTJUZ QSP੗MFT BU Δ1 = 0.14 K GPS B IFYBHPOBM DFMM XJUI TJEF MFOHUI
√
27@/(2:1)
 XIFSF :1

EFOPUFT UIF QSJODJQBM XBWFOVNCFS PG UIF DPSSFTQPOEJOH FRVJMJCSJVN TUSVDUVSFT JO UIF CVML�
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'JHVSF ������ &RVJMJCSJVN EFOTJUZ QSP੗MFT BU Δ1 = 0.14 K GPS B SFDUBOHVMBS DFMM XJUI TJEF MFOHUIT ZB =
√
3ZC = 6@/:1


XIFSF :1 EFOPUFT UIF QSJODJQBM XBWFOVNCFS PG UIF DPSSFTQPOEJOH FRVJMJCSJVN TUSVDUVSFT JO UIF CVML�
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TJ[F PG UIF IFYBHPO
 XF VTFE B TJEF MFOHUI PG
√
27@/(2: MBN

1 )� य़F PVUDPNF JT TIPXO JO 'JH� ����	C

BOE SFTFNCMFT B TIJQ۝T XIFFM XJUI TJY IBOEMFT
 FBDI QFSQFOEJDVMBS UP POF TJEF PG UIF IFYBHPO

BOE B MBSHF CVCCMF JO UIF DFOUFS� JO BEEJUJPO
 UIFSF JT POF TNBMMFS ESPQMFU JO FWFSZ DPSOFS PG
UIF DFMM� *O B TFOTF
 JU JT B SFBMMZ GBTDJOBUJOH EFOTJUZ EJTUSJCVUJPO UIBU CMFOET ESPQMFU
 CVCCMF BOE
FMPOHBUFE TUSVDUVSFT UPHFUIFS� 8IJMF UIFTF SFTVMUT BSF DFSUBJOMZ FODPVSBHJOH
 UIF FRVJMJCSJVN
EFOTJUZ QSP੗MFT UIBU UIJT BQQSPBDI QSPEVDFT BSF VOGPSUVOBUFMZ OPU BT DPOTJTUFOU BT POF XPVME
IPQF� 'PS FYBNQMF
 JG XF SFQFBU UIF TBNF QSPDFTT BU B IJHIFS NBHOFUJD ੗FME 	T = 12 uT

 XF DBO
TFF JO 'JHT� ����	Eۗ৐
 UIBU UIF DFOUSBM ESPQMFU IBT WBOJTIFE BOE UIBU UIF TIJQ۝T XIFFM BU OC = 0.24

IBT UVSOFE JOUP B IFYBHPOBM SJOH UIBU SVOT BMPOHTJEF UIF XBMM PG UIF DFMM� 0OMZ UIF CVCCMF QIBTF
SFUBJOFE JUT PSJHJOBM DIBSBDUFSJTUJDT�

8F BMTP USJFE B SFDUBOHVMBS DFMM XJUI ZB =
√
3ZC = 6@/:1
 BT TVHHFTUFE CZ UIF EBTIFE PVUMJOF

JO 'JH� ����
 IPQJOH UP TUBCJMJ[F B DFOUSBM ESPQMFU�CVCCMF BOE GPVS PG JUT OFBSFTU OFJHICPST� 'PS
T = 9 uT
 XF DBO TFF JO 'JHT� ����	BۗD
 UIBU UIJT POMZ TVDDFFEFE BU OC = 0.12 XJUI UIF ESPQMFUT

XIFSFBT UIF CVCCMFT BU OC = 0.40 NFSHFE JOUP B TJOHMF EVNCCFMM�TIBQFE DBWJUZ TVSSPVOEFE CZ
B UIJDL SJOH PG IJHIFS EFOTJUZ� 8F ੗OE UIF TBNF TUSVDUVSF BMTP BU OC = 0.24
 BMCFJU XJUI B SJOH
UIBU JT NVDI UIJOOFS� "T TIPXO JO 'JHT� ����	Eۗ৐

 UIJT SJOH QIBTF FWFO TVSWJWFT JG XF JODSFBTF UIF
NBHOFUJD ੗FME UP T = 12 uT
 CVU UIF DFOUSBM ESPQMFU TVSQSJTJOHMZ NPWFT UPXBSE POF PG UIF MPOH
TJEFT PG UIF DFMM 	BOE XF IBWF OPU CFFO BCMF UP JEFOUJGZ BOPUIFS DPO੗HVSBUJPO XJUI B MPXFS GSFF
FOFSHZ
�

8F DBO EF੗OJUFMZ BTTFSU UIBU
 JG UIF TZTUFN VOEFSHPFT NJDSPQIBTF TFQBSBUJPO JO UIF JO੗OJUF
CVML BU B QBSUJDVMBS TUBUF QPJOU
 UIBO UIFSF JT B HPPE DIBODF UIBU UIJT BMTP IBQQFOT JG UIF QBSUJDMFT
BSF DPO੗OFE UP B ੗OJUF DFMM XIPTF TJ[F JT PO UIF TBNF PSEFS BT UIF XBWFMFOHUI PG UIF EFOTJUZ
੘VDUVBUJPOT JO UIF CVML� 6OGPSUVOBUFMZ
 UIFSF JT OPU B POF�UP�POF DPSSFTQPOEFODF CFUXFFO UIF
TUSVDUVSFT UIBU BSF TUBCMF JO UIF CVML BOE UIPTF UIBU FNFSHF VOEFS DPO੗OFNFOU� 8IBU SFBMMZ DPN�
QMJDBUFT UIF QIBTF CFIBWJPS
 UIPVHI
 JT UIBU DFSUBJO TUSVDUVSFT BQQFBS UP DPNF JONVMUJQMF WBSJBOUT�
"U MFBTU GPS UIF IFYBHPOBM BOE SFDUBOHVMBS DFMMT UIBU XF JOWFTUJHBUFE
 UIJT DPVME QPUFOUJBMMZ NBLF
UIF DBMDVMBUJPO PG B QIBTF EJBHSBN SBUIFS EJਖ਼DVMU�

������ 4RVBSF DFMMT

*U UVSOT PVU
 IPXFWFS
 UIBU TRVBSF DFMMT FYIJCJU B GBJSMZ TJNQMF BOE DPOTJTUFOU QIBTF CFIBWJPS�
CFUXFFO BMNPTU VOJGPSN HBT BOE MJRVJE QIBTFT BU WFSZ MPX BOE WFSZ IJHI CVML EFOTJUJFT
 SFTQFD�
UJWFMZ
 XF IBWF POMZ PCTFSWFE B QIBTF XJUI GPVS ESPQMFUT 	POF JO FBDI DPSOFS PG UIF DFMM
 BU MPXFS

BT XFMM BT POF XJUI B SJOH PG WBSJBCMF XJEUI BU IJHIFS CVML EFOTJUJFT� *O 'JH� ����
 XF QMPU TFWFSBM
EFOTJUZ EJTUSJCVUJPOT GPS B DFMM XJUI Z ≡ ZB = ZC = 2

√
3@/:1
 XIFSF :1 BHBJO EFOPUFT UIF QSJO�

DJQBM XBWFOVNCFS PG UIF TUBCMF CVML TUSVDUVSF� 'PS Δ1 = 0.14 K BOE BMM T ∈ {9 uT, 12 uT}
 XF
੗OE B ESPQMFU QIBTF BU OC = 0.12 BOE B SJOH QIBTF BU OC = 0.40� "U OC = 0.24
 XIFSF UIF TUSJQF
QIBTF JT TUBCMF JO UIF CVML
 JU EFQFOET PO T XIFUIFS UIF DPO੗OFE TZTUFN QSFGFSBCMZ GPSNT B SJOH
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'JHVSF ������ &RVJMJCSJVN EFOTJUZ QSP੗MFT BU Δ1 = 0.14 K GPS B TRVBSF DFMM XJUI TJEF MFOHUI Z = ZB = ZC = 2
√
3@/:1


XIFSF :1 EFOPUFT UIF QSJODJQBM XBWFOVNCFS PG UIF DPSSFTQPOEJOH FRVJMJCSJVN TUSVDUVSFT JO UIF CVML�

	T = 9 uT
 PS ESPQMFUT 	T = 12 uT
�
/PUF UIBU XF IBWF TP GBS BMXBZT TFMFDUFE UIF TJ[F PG UIF DFMM BDDPSEJOH UP UIF CVML TUSVDUVSF

XIJDI WBSJFT XJUI OC
 T BOE Δ1 � *O FYQFSJNFOUT
 SFQMBDJOH UIF DFMM FWFSZ UJNF UIBU UIF FYUFSOBM
QBSBNFUFST BSF BMUFSFE XPVME CF IJHIMZ JNQSBDUJDBM
 PG DPVSTF� -VDLJMZ
 UIF QIBTF CFIBWJPS JO B
TRVBSF DFMM EPFT OPU EFQFOE UIBU TFOTJUJWFMZ PO UIF DFMM۝T TJ[F
 TP UIBU JG XF KVTU TUJDL UP TPNF
SFBTPOBCMF DIPJDF GPS Z
 XF ੗OE UIBU
 BU MFBTU GPS B DFSUBJO SBOHF PG NBHOFUJD ੗FMET BOE UFNQFSB�
UVSFT
 UIF TZTUFN TUJMM GPMMPXT UIF QIBTF TFRVFODF PG HBT→ ESPQMFUT→ SJOH→ MJRVJE BT UIF CVML
EFOTJUZ JODSFBTFT�

*O UIF FOE
 XF EFDJEFE UP HP XJUI B TJEF MFOHUI PG Z ∈ {20a, 30a} BOE GPVOE B HPPE�OBUVSFE
QIBTF CFIBWJPS BU B UFNQFSBUVSF PG Δ1 = 0.16 K BOE GPS NBHOFUJD ੗FMET XJUIJO B GFX QFSDFOU PG
T = 8 uT 	XIJDI JT TMJHIUMZ CFMPX TD ≈ 9.79 uT
� 'PS CPUI DFMM TJ[FT
 XF DBMDVMBUFE B QIBTF EJBHSBN
JO UIF OCۗT QMBOF CZ EFUFSNJOJOH UIF DPFYJTUFODF TUBUFT MZJOH PO UIF QIBTF CPSEFST JO UIF TBNF
XBZ UIBU XF EJE GPS UIF CVML TZTUFN� *O 'JH� ����
 XF DBO TFF UIBU UIF UXP QIBTF EJBHSBNT MPPL
RVJUF TJNJMBS� UIFZ GFBUVSF B ESPQMFU QIBTF UIBU JT NVDI OBSSPXFS DPNQBSFE UP UIF SJOH QIBTF
BOE ۠TBOEXJDIFEۡ CFUXFFO SBUIFS XJEF SFHJPOT PG DPFYJTUFODF
 QBSUJDVMBSMZ BU MPXFS T� य़JT JT JO
DPOUSBTU UP UIF QIBTF EJBHSBNT GPS UIF JO੗OJUF TZTUFN JO 'JH� ����
 XIFSF UIF ESPQMFU
 TUSJQF BOE
CVCCMF QIBTFT BSF BMNPTU FRVBM JO XJEUI BOE TFQBSBUFE CZ SFMBUJWFMZ TMJN HBQT� *U DPVME CF UIBU UIF
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'JHVSF ������ 1IBTF EJBHSBNT JO UIF OCۗT QMBOF GPS Δ1 = 0.16 K BOE B TZTUFN DPO੗OFE UP B TRVBSF DFMM XJUI TJEF
MFOHUI 	B
 Z = 30a PS 	C
 Z = 20a � 'JMMFE TZNCPMT TIPX UIF DPFYJTUFODF TUBUFT PG UIF HBT
 ESPQMFU
 SJOH BOE MJRVJE
QIBTFT� UIF SFHJPOT PG DPFYJTUFODF BSF IBUDIFE� 6O੗MMFE TZNCPMT NBSL UIF TUBUF QPJOUT PG UIF EFOTJUZ QSP੗MFT TIPXO
JO 'JHT� ���� BOE ����� य़F EBTIFE WFSUJDBM MJOFT JO 	B
 JOEJDBUF B SBOHF PG CVML QBDLJOH GSBDUJPOT XIFSF
 EFQFOEJOH PO
T
 FJUIFS UIF ESPQMFU PS UIF SJOH QIBTF DBO CF TUBCMF�

TUSJQF BOE CVCCMF QIBTFT F੖FDUJWFMZ DPBMFTDF JOUP B TJOHMF
 CSPBE SJOH QIBTF VQPO DPO੗OFNFOU

XIJDI XPVME FYQMBJO XIZ UIF ESPQMFU QIBTF JT DPOTJEFSBCMF UIJOOFS�

" DMPTFS JOTQFDUJPO PG UIF QIBTF EJBHSBN GPS Z = 30a SFWFBMT BO JOUFSFTUJOH USBJU UIBU JU EPFT
OPU TIBSF XJUI UIF POF GPS Z = 20a 
 OBNFMZ UIBU UIF ESPQMFU BOE SJOH QIBTFT PWFSMBQ UP TPNF
FYUFOU JO UIF TFOTF UIBU
 EFQFOEJOH PO UIF NBHOFUJD ੗FME
 FJUIFS PG UIF UXP DBO CF TUBCMF GPS B
TNBMM SBOHF PG CVML QBDLJOH GSBDUJPOT 	0.17 " OC " 0.207
� य़JT NFBOT UIBU JT TIPVME CF QPTTJCMF
UP USBOTJUJPO GSPN POF QIBTF UP UIF PUIFS TPMFMZ CZ WBSZJOH T
 XIJDI JT TPNFUIJOH UIBU XF XJMM
DPNF CBDL UP XIFO XF TUVEZ UIF EZOBNJDT PG UIF TZTUFN�

*O 'JHT� ���� BOE ����
 XF TIPX UIF FRVJMJCSJVN EFOTJUZ QSP੗MFT GPS UIPTF TUBUFT NBSLFE CZ UIF
VO੗MMFE TZNCPMT JO 'JHT� ����	B
 BOE ����	C

 SFTQFDUJWFMZ�8IJMF UIF NBKPSJUZ PG UIFN EP OPU TUBOE
PVU BOE BSF WFSZ TJNJMBS UP UIPTF JO 'JH� ����
 XF ੗OE UIBU UIF DFOUSBM CVCCMF PG UIF SJOH QIBTF
DBO UBLF PO B SFNBSLBCMF WBSJFUZ TIBQFT GPS Z = 30a BOE IJHIFS NBHOFUJD ੗FMET� JG T = 8.7 uT

GPS FYBNQMF
 UIF SFHJPO FODMPTFE CZ UIF SJOH JT BMNPTU TRVBSF BU OC = 0.19
 SFTFNCMFT B GPVS�MFBG
DMPWFS BU OC = 0.28
 MPPLT MJLF B IPSTFTIPF BU OC = 0.34
 CFDPNFT B TMJU BU OC = 0.38 BOE FOET VQ
BT B TNBMM EJTL BU OC = 0.40�

य़F F੖FDUT PG DPO੗OFNFOU JO TZTUFNTXJUINJDSPQIBTF TFQBSBUJPO IBWF BMSFBEZ CFFO UIF UBSHFU
PG TFWFSBM TUVEJFT� 4FSOB FU BM� JOWFTUJHBUFE B UISFF�EJNFOTJPOBM DPMMPJEBM TZTUFN XJUI DPNQFUJOH
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'JHVSF ������ &RVJMJCSJVN EFOTJUZ QSP੗MFT BU Δ1 = 0.16 K BOE T = 7.2 uT 	B
 C
 PS T = 8.7 uT 	DۗI
 GPS B TRVBSF DFMM
XJUI TJEF MFOHUI Z = 30a � 	B
 D
 %SPQMFU QIBTF� 	C
 EۗI
 3JOH QIBTF JO B WBSJFUZ PG EJ੖FSFOU TIBQFT�

JOUFSBDUJPOT BOE GPDVTFE PO UIF IFYBHPOBM DZMJOESJDBM QIBTF <��>
 XIJDI JT TJNJMBS UP UIF UXP�
EJNFOTJPOBM IFYBHPOBM ESPQMFU QIBTF FYUFOEFE JO UIF QFSQFOEJDVMBS EJSFDUJPO� य़FZ GPVOE UIBU
UIJT QIBTF DBO BMTP CF TUBCMF XIFO DPO੗OFE UP DIBOOFMT XJUI IBSE XBMMT BOE B USJBOHVMBS PS
IFYBHPOBM DSPTT TFDUJPO
 J� F�
 B TIBQF DPNQBUJCMF XJUI UIF FRVJMJCSJVN QB॒FSO JO UIF CVML� 'PS
TRVBSF DSPTT TFDUJPOT
 UIF DZMJOEFST GPSN JO TPNF DBTFT B TRVBSF MB॒JDF DPNQBSBCMF UP UIF ESPQMFU
QIBTF XF PCTFSWFE JO B TRVBSF DFMM� IPXFWFS
 XIFSFBT XF OFWFS FODPVOUFSFE B TUBCMF QIBTF XJUI
NPSF UIBO GPVS ESPQMFUT
 UIF OVNCFS PG DZMJOEFST EPFT OPU TFFN UP CF MJNJUFE� *OUFSFTUJOHMZ
 GPS
MBSHFS DIFNJDBM QPUFOUJBMT 	BOE UIVT CVML EFOTJUJFT

 4FSOB FU BM� BMTP GPVOE BOBMPHT PG UIF SJOH
QIBTF JO UIF GPSN PG 	QPTTJCMZ NVMUJQMF DPODFOUSJD
 UVCFT QBSBMMFM UP UIF DIBOOFMT� 1ÙLBMTLJ FU BM�

0 5 10 15 20
G/f

0

5

10

15

20

~
/f

(a) [b = 0.19, ⌫ = 7.8 �T

0 5 10 15 20
G/f

(b) [b = 0.27, ⌫ = 7.8 �T

0 5 10 15 20
G/f

(c) [b = 0.14, ⌫ = 8.6 �T

0 5 10 15 20
G/f

(d) [b = 0.36, ⌫ = 8.6 �T

0.1

0.2

0.3

0.4

[
(G
,~

)

'JHVSF ������ &RVJMJCSJVN EFOTJUZ QSP੗MFT BU Δ1 = 0.16 K BOE T = 7.8 uT 	B
 C
 PS T = 8.6 uT 	D
 E
 GPS B TRVBSF DFMM
XJUI TJEF MFOHUI Z = 20a � 	B
 D
 %SPQMFU QIBTF� 	C
 E
 3JOH QIBTF�
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MJLFXJTF PCTFSWFE DPODFOUSJD SJOHT JO UIFJS TUVEZ PG B UXP�EJNFOTJPOBM USJBOHVMBS MB॒JDF NPEFM
XJUI DPNQFUJOH JOUFSBDUJPOT JO IFYBHPOBM DPO੗OFNFOU <��>� *O B UXP�EJNFOTJPOBM TZTUFN XJUI
B TIPSU�SBOHFE :VLBXB B॒SBDUJPO
 MPOH�SBOHFE $PVMPNC SFQVMTJPO BOE B DJSDVMBS MPHBSJUINJD
USBQ
 9V FU BM� GPVOE ESPQMFU BOE SJOH TUSVDUVSFT BMPOH XJUI PUIFS NPSF FYPUJD POFT <��>� TJNJMBS
QB॒FSOT BMTP FNFSHFE JO B UXP�EJNFOTJPOBM TZTUFN TUVEJFE CZ -JV FU BM�
 GFBUVSJOH B TIPSU�SBOHFE
FYQPOFOUJBM B॒SBDUJPO
 MPOH�SBOHFE :VLBXB SFQVMTJPO BOE DJSDVMBS RVBESBUJD USBQ <��>�

/PX UIBU XF IBWF B HPPE VOEFSTUBOEJOH PG UIF QIBTF CFIBWJPS PG PVS NPEFM TZTUFN XIFO JU JT
DPO੗OFE UP B TRVBSF DFMM
 XF DBO UVSO PVS B॒FOUJPO UP JOWFTUJHBUJOH UIF EZOBNJDT PG NJDSPQIBTF
TFQBSBUJPO�





�� %ZOBNJDT

*O UIF QSFWJPVT DIBQUFS
 XF TBX UIBU PVS NPEFM TZTUFNXJUI DPNQFUJOH B॒SBDUJWF DSJUJDBM $BTJNJS
BOE SFQVMTJWF NBHOFUJD EJQPMF JOUFSBDUJPOT DBO FYIJCJU TUBCMF NJDSPQIBTFT XJUI JOIPNPHFOFPVT
EFOTJUZ EJTUSJCVUJPOT GPS TVJUBCMF DPNCJOBUJPOT PG UIF UFNQFSBUVSF1 
 UIF NBHOFUJD ੗FME T BOE UIF
CVML QBDLJOH GSBDUJPO OC� *G POF XFSF UP DPOEVDU FYQFSJNFOUT JO PSEFS UP UFTU PVS UIFPSFUJDBM QSF�
EJDUJPOT
 POF XPVME OFFE UP UBLF JOUP DPOTJEFSBUJPO UIBU UIF TUSVDUVSF PG UIF TZTUFN NVTU FWPMWF
EZOBNJDBMMZ PWFS UJNF VOUJM JU FWFOUVBMMZ DPOWFSHFT PO B TUBUF PG FRVJMJCSJVN� *U JT OPU HVBSBO�
UFFE
 IPXFWFS
 UIBU UIJT TUBUF DPSSFTQPOET UP UIF POF XJUI UIF MPXFTU )FMNIPMU[ GSFF FOFSHZ� UIF
EZOBNJDT NJHIU BMTP ESBX UP B IBMU JG UIF TZTUFN CFDPNFT TUVDL JO B MPDBM NJOJNVN� 'PS UIJT SFB�
TPO
 XF TIBMM ੗STU TUVEZ UIF EZOBNJDBM FWPMVUJPO PG UIF EFOTJUZ QSP੗MFT UIFPSFUJDBMMZ� *U TIPVME
CF JOUFSFTUJOH UP TFF KVTU IPX FBTJMZ UIF TZTUFN JT USBQQFE CZ MPDBM NJOJNB
 BOE XIFUIFS XF DBO
UBLF BEWBOUBHF PG UIF BCJMJUZ UP DIBOHF1 BOE T JO TJUV UP OBWJHBUF UIF GSFF FOFSHZ MBOETDBQF BOE
BSSJWF BU UIF HMPCBM NJOJNVN�

���� #SPXOJBO NPUJPO BOE UIF -BOHFWJO FRVBUJPO

%VSJOH NJDSPTDPQZ TUVEJFT JO ����
 3PCFSU #SPXO PCTFSWFE UIBU QPMMFO HSBJOT JNNFSTFE JO XB�
UFS XPVME QFSGPSN BO FTTFOUJBMMZ SBOEPN XBML UISPVHI TQBDF <�>� य़JT TP�DBMMFE #SPXOJBO NP�
UJPO BSJTFT CFDBVTF UIF QPMMFO BSF CFJOH DPOTUBOUMZ ۠CPNCBSEFEۡ GSPN BMM EJSFDUJPOT XJUI XBUFS
NPMFDVMFT
 FBDI DPMMJTJPO USBOTGFSSJOH B UJOZ BNPVOU PG NPNFOUVN GSPN POF QBSUJDJQBOU UP UIF
PUIFS� 4JODF DPMMPJET BSF TJNJMBS JO TJ[F UP QPMMFO HSBJOT ۗ BOE UZQJDBMMZ FWFO TNBMMFS ۗ UIFZ CFIBWF
JO UIF TBNF XBZ�

-FU VT GPMMPX -BOHFWJO <��
 ��> UP EFSJWF UIF FRVBUJPO UIBU EFUFSNJOFT UIF USBKFDUPSZ & PG B
TJOHMF DPMMPJEBM QBSUJDMF XJUI NBTT > TVCNFSHFE JO B TPMWFOU� *G UIF DPMMPJE POMZ JOUFSBDUT XJUI
UIF NPMFDVMFT PG UIF TPMWFOU
 XF DBO XSJUF /FXUPO۝T TFDPOE MBX BT

>
d2-&(%)
d%2

= −S d-&(%)
d%

+ -\ (%), 	���


XIFSF UIF ੗STU UFSN PO UIF SJHIU IBOE TJEF SFQSFTFOUT 4UPLFT۝ ESBH XJUI UIF GSJDUJPO DPFਖ਼DJFOU S 

BOE -\ JT B GPSDF UIBU BDDPVOUT GPS UIF SBOEPN DPMMJTJPOT PG UIF TPMWFOU۝T NPMFDVMFT XJUI UIF DPMMPJE�
4JODF JU JT IPQFMFTT UP EFTDSJCF -\ PO B NPMFDVMBS MFWFM
 XF UBLF -\ (%) UP CF B SBOEPN WBSJBCMF�
#Z FYUFOTJPO
 -&(%) BMTP CFDPNFT B SBOEPN WBSJBCMF BOE &R� 	���
 UIFO UVSOT JOUP B TUPDIBTUJD
EJ੖FSFOUJBM FRVBUJPO� *OTUFBE PG DBMDVMBUJOH UIF USVF USBKFDUPSZ PG UIF DPMMPJE
 XF XJMM UIFSFGPSF



��� �� %ZOBNJDT

IBWF UP DPOUFOU PVSTFMWFT XJUI NBLJOH QVSFMZ QSPCBCJMJTUJD QSFEJDUJPOT� #FDBVTF XF DBO FYQFDU
-\ (%) BOE -&(%) UP CF OPSNBMMZ EJTUSJCVUFE
 JU JT TVਖ਼DJFOU UP EFUFSNJOF UIFJS NFBO BOE WBSJBODF UP
GVMMZ TQFDJGZ UIF TUBUJTUJDBM QJDUVSF�

*U JT SFBTPOBCMF UP BTTVNF UIBU UIF NPMFDVMFT XJMM IJU UIF DPMMPJE GSPN BMM EJSFDUJPOT XJUI FRVBM
QSPCBCJMJUZ TP UIBU

〈-\ (%)〉 = 0. 	���


5BLJOH UIF NFBO PG CPUI TJEFT PG &R� 	���

 XF BSSJWF BU UIF PSEJOBSZ EJ੖FSFOUJBM FRVBUJPO

>
d2〈-&(%)〉

d%2
= −S d〈-&(%)〉

d%
+ 〈-\ (%)〉 = −S d〈-&(%)〉

d%
	���


GPS 〈-&(%)〉
 XIJDI JT TPMWFE CZ

〈-&(%)〉 = 〈-&(%0)〉 +
>

S

d〈-&(%)〉
d%

!!!!
$=$0

[
1 − exp

{
− S
>
(% − %0)

}]
. 	���


*G UIF DPMMPJE JT CSPVHIU JOUP DPOUBDU XJUI UIF TPMWFOU BU % = 0
 JU GPMMPXT GPS %0 4>/S UIBU

d〈-&(%)〉
d%

!!!!
$=$0

=
d〈-&(%)〉

d%

!!!!
$=0
exp

(
− S
>
%0
)
≈ 0, 	���


JO XIJDI DBTF &R� 	���
 TJNQMJ੗FT UP

〈-&(%)〉 ≈ 〈-&(%0)〉. 	���


य़VT
 UIF BWFSBHF QPTJUJPO PG UIF DPMMPJE EPFT OPU DIBOHF PWFS UJNF�
-FU VT OPX DPOUJOVF CZ DBMDVMBUJOH UIF WBSJBODF PG -&(%)


〈Δ-&(%)2〉 = 〈[-&(%) − 〈-&(%)〉]2〉 = 〈-&(%)2〉 − 〈-&(%)〉2 	���


XJUI Δ-&(%) ≡ -&(%) − 〈-&(%)〉� 6TJOH UIBU

d-&(%)2
d%

= 2-&(%) d-&(%)
d%

,
d2-&(%)2
d%2

= 2
(
d-&(%)
d%

)2
+ 2-&(%) d

2-&(%)
d%2

	���


BOE NVMUJQMZJOH &R� 	���
 XJUI 2-&(%)
 XF ੗OE UIBU

2-&(%) -\ (%) = 2>-&(%) d
2-&(%)
d%2

+ 2S -&(%) d-&(%)
d%

=>
d2-&(%)2
d%2

− 2>
(
d-&(%)
d%

)2
+ S d-&(%)

2

d%
, 	���


XIJDI
 BॏFS UBLJOH UIF NFBO
 MFBET UP

>
d2〈-&(%)2〉

d%2
− 2
>
〈-' (%)2〉 + S d〈-&(%)

2〉
d%

= 2〈-&(%)〉〈-\ (%)〉 = 0 	����




���� #SPXOJBO NPUJPO BOE UIF -BOHFWJO FRVBUJPO ���

XJUI UIF NPNFOUVN -' (%) = >[d-&(%)/d%] PG UIF DPMMPJE� *O UIFSNPEZOBNJD FRVJMJCSJVN
 XF DBO
DBMDVMBUF 〈-'2〉 BT BO FOTFNCMF BWFSBHF UP CF

〈-'2〉 = 1
ZDBOℎ!

∫
d! -&

∫
d! -' -'2 exp

[
−<

{ -'2
2>

+ V(-&)
}]

= #
>

<
= #>:B1 , 	����


TP UIBU &R� 	����
 CFDPNFT

>
d2〈-&(%)2〉

d%2
+ S d〈-&(%)

2〉
d%

− 2#:B1 = 0. 	����


य़F TPMVUJPO UP UIJT EJ੖FSFOUJBM FRVBUJPO GPS 〈-&(%)2〉 JT HJWFO CZ

〈-&(%)2〉 = 〈-&(%0)2〉 + 2#
:B1

S
(% − %0) +

>

S

[
d〈-&(%)2〉

d%

!!!!
$=$0

− 2#:B1
S

] [
1 − exp

{
− S
>
(% − %0)

}]
. 	����


'PS %0 4>/S 
 UIJT NFBOT UIBU

d〈-&(%)2〉
d%

!!!!
$=$0

= 2#
:B1

S
+

[
d〈-&(%)2〉

d%

!!!!
$=0
− 2#:B1

S

]
exp

(
− S
>
%0
)
≈ 2#

:B1

S
	����


BOE IFODF

〈-&(%)2〉 ≈ 〈-&(%0)2〉 + 2#
:L1

S
(% − %0). 	����


'PS UIF WBSJBODF PG -&(%)
 XF UIFSFGPSF ੗OE

〈Δ-&(%)2〉 = 〈-&(%)2〉 − 〈-&(%)〉2 ≈ 〈-&(%0)2〉 + 2#
:L1

S
(% − %0) − 〈-&(%0)〉2

= 〈Δ-&(%0)2〉 + 2#
:L1

S
(% − %0)

	����


*U UVSOT PVU UIBU XF DBO EJSFDUMZ BSSJWF BU &RT� 	���
 BOE 	����
 JG XF OFHMFDU UIF JOFSUJBM UFSN
PO UIF MFॏ IBOE TJEF PG &R� 	���



S
d-&(%)
d%

= -\ (%), 	����


BOE EFNBOE UIBU UIF DPWBSJBODF PG UIF JOEJWJEVBM DPNQPOFOUT PG -\ (%) JT HJWFO CZ

〈\2 (%) \3 (% ′)〉 = 2S:B1+23+ (% − % ′) . 	����


8F DBO GPSNBMMZ TPMWF &R� 	����
 GPS -&(%) JO UIF TFOTF UIBU

-&(%) = -&(%0) +
∫ $

$0

d% ′
d-&(% ′)
d% ′

= -&(%0) +
1
S

∫ $

$0

d% ′ -\ (% ′), 	����




��� �� %ZOBNJDT

GSPN XIJDI

〈-&(%)〉 = 〈-&(%0)〉 +
1
S

∫ $

$0

d% ′ 〈 -\ (% ′)〉︸!︷︷!︸
=0

= 〈-&(%0)〉 	����


JNNFEJBUFMZ GPMMPXT� 'VSUIFSNPSF
 XF ੗OE UIBU

〈-&(%)2〉 =
〈[
-&(%0) +

1
S

∫ $

$0

d% ′ -\ (% ′)
] [
-&(%0) +

1
S

∫ $

$0

d% ′′ -\ (% ′′)
]〉

= 〈-&(%0)2〉 +
2
S
〈-&(%0)〉 ·

∫ $

$0

d% ′ 〈 -\ (% ′)〉︸!︷︷!︸
=0

+ 1
S2

∫ $

$0

d% ′
∫ $

$0

d% ′′ 〈 -\ (% ′) · -\ (% ′′)〉︸!!!!!!!!!!!!︷︷!!!!!!!!!!!!︸
=2!<2B:D ($ ′−$ ′′)

= 〈-&(%0)2〉 + 2#
:B1

S
(% − %0)

	����


BOE UIVT

〈Δ-&(%)2〉 = 〈-&(%)2〉 − 〈-&(%)〉2 = 〈-&(%0)2〉 + 2#
:B1

S
(% − %0) − 〈-&(%0)〉2

= 〈Δ-&(%0)2〉 + 2#
:B1

S
(% − %0) .

	����


य़F TP�DBMMFE -BOHFWJO FRVBUJPO 	����
 JO DPNCJOBUJPO XJUI 	����
 JT UIFSFGPSF TUBUJTUJDBMMZ FRVJW�
BMFOU UP 	���
 BU UJNF TDBMFT NVDI MBSHFS UIBO>/S �

*G UIF TZTUFN DPOTJTUT PG B DPMMFDUJPO PG $ DPMMPJET UIBU BEEJUJPOBMMZ JOUFSBDU XJUI FBDI PUIFS
UISPVHI UIF QBJS QPUFOUJBM G BOE BSF TVCKFDU UP UIF FYUFSOBM QPUFOUJBM VFYU
 UIF -BOHFWJO FRVB�
UJPO JT OBUVSBMMZ HFOFSBMJ[FE UP B DPVQMFE TFU PG $ EJ੖FSFOUJBM FRVBUJPOT GPS UIF USBKFDUPSJFT
(-&1, . . . , -&" ) JO UIBU

S
d-&# (%)
d%

= -]# (-&# (%), %) + -\# (%) 	����


XJUI UIF EFUFSNJOJTUJD GPSDF

-]# (-" , %) = −
"∑
+=1( +≠#)

-∇G (-" − -& + (%)) − -∇VFYU(-" ) 	����


BOE 〈\#2 (%) \ +3 (% ′)〉 = 2S:B1+# ++23+ (% − % ′)�
*O #SPXOJBO EZOBNJDT TJNVMBUJPOT
 UIF -BOHFWJO FRVBUJPO JT JOUFHSBUFE OVNFSJDBMMZ <��> JO

TNBMM UJNF TUFQT PG Δ% WJB
 GPS FYBNQMF


-&# (% + Δ%) =
∫ $+Δ$

$
d% ′

d-&# (% ′)
d% ′

≈
-]# (-&# (%), %) + -g# (%)

S
Δ%, 	����


XIFSF g#2 (%) JT SBOEPNMZ QJDLFE BDDPSEJOH UP B OPSNBM EJTUSJCVUJPO XJUI [FSP NFBO BOE B WBSJ�
BODF PG 2S:B1 /Δ% �



���� %ZOBNJD EFOTJUZ GVODUJPOBM UIFPSZ ���

���� %ZOBNJD EFOTJUZ GVODUJPOBM UIFPSZ

*OTUFBE PG DBMDVMBUJOH UIF JOEJWJEVBM USBKFDUPSJFT PG B MBSHF DPMMFDUJPO PG DPMMPJET
 EZOBNJDBM EFO�
TJUZ GVODUJPOBM UIFPSZ 	%%'5
 <��> TQFDJ੗FT IPX UIF EFOTJUZ QSP੗MF PG UIF TZTUFN FWPMWFT XIFO
UIF NPUJPO PG UIF QBSUJDMFT JT EJDUBUFE CZ UIF -BOHFWJO FRVBUJPO 	����
� य़JT JT FTQFDJBMMZ VTFGVM
JO PVS DBTF CFDBVTF JU BMMPXT VT UP MFWFSBHF NBOZ GBDJMJUJFT BMSFBEZ EFWFMPQFE GPS UIF TUBUJD %'5
BOE UP EJSFDUMZ DPNQBSF UIF FRVJMJCSJVN TUBUFT QSFEJDUFE CZ UIF UXP NFUIPET�

������ %FSJWBUJPO

5P EFSJWF UIF GVOEBNFOUBM FRVBUJPO PG %%'5
 XF XJMM GPMMPX .BSDPOJ BOE 5BSB[POB <��
 ��>�
(JWFO TPNF GVODUJPO H BOE B TUPDIBTUJD EJ੖FSFOUJBM FRVBUJPO PG UIF GPSN

d-" (%)
d%

= -E(-" (%), %) + P (-" (%), %) -\ (%) 	����


XJUI 〈\2 (%) \3 (% ′)〉 = Q2+23+ (% − % ′)
 *U´۝T MFNNB PG TUPDIBTUJD DBMDVMVT <��> TUBUFT UIBU

dH (-" (%))
d%

=
d-" (%)
d%

· -∇H (-" (%)) + 1
2
[QP (-" , %)]2 -∇2 H (-" (%))

=
[
-E(-" (%), %) + P (-" (%), %) -\ (%)

]
· -∇H (-" (%)) + 1

2
[QP (-" , %)]2 -∇2 H (-" (%)) .

	����


*G XF DPNQBSF &R� 	����
 XJUI UIF -BOHFWJO FRVBUJPO 	����

 XF DBO JEFOUJGZ

-" (%) =̂ -&# (%), -E(-" (%), %) =̂
-]# (-&# (%), %)

S
, P (-" (%), %) =̂ 1

S
, Q =̂

√
2S:B1 , 	����


BOE UIFSFGPSF TFF UIBU

S
dH (-&# (%))

d%
=

[
-]# (-&# (%), %) + -\# (%)

]
· -∇H (-&# (%)) + :B1 -∇2 H (-&# (%))

= -]# (-&# (%), %) · -∇H (-&# (%)) + -\# (%) · -∇H (-&# (%)) + :B1 -∇2 H (-&# (%)) .
	����


य़F OFYU TUFQ JT UP FYQSFTT FWFSZ PDDVSSFODF PG -&# (%) JO &R� 	����
 JO UFSNT PG UIF JOTUBOUBOFPVT
EFOTJUZ PQFSBUPS GPS UIF )�UI QBSUJDMF


B̂# (-" , %) ≡ + (-" − -&# (%)) . 	����


0O UIF MFॏ IBOE TJEF
 XF USJWJBMMZ IBWF

S
dH (-&# (%))

d%
= S

d
d%

∫
V
d!-" B̂# (-" , %) H (-" ) = S

∫
V
d!-" dB̂# (-" , %)

d%
H (-" ),

BTTVNJOH UIBU UIF QBSUJDMFT BSF DPO੗OFE UP B ੗OJUF WPMVNF V� 0O UIF SJHIU IBOE TJEF
 XF NBLF
VTF PG JOUFHSBUJPO CZ QBSUT BOE UIF GBDU UIBU UIF TVSGBDF DPOUSJCVUJPOT WBOJTI CFDBVTF B̂# (-" , %) = 0



��� �� %ZOBNJDT

JG -" ∈ (V� %FBMJOH XJUI FBDI PG UIF UISFF UFSNT JOEJWJEVBMMZ
 XF UIVT ੗OE UIBU

-]# (-&# (%), %) · -∇H (-&# (%)) =
∫
V
d!-" B̂# (-" , %) -]# (-" , %) · -∇H (-" ) = −

∫
V
d!-" -∇-- · [B̂# (-" , %) -]# (-" , %)] H (-" ),

-\# (%) · -∇H (-&# (%)) =
∫
V
d!-" -\# (%) · B̂# (-" , %) -∇H (-" ) = −

∫
V
d!-" -\# (%) · -∇-- B̂# (-" , %) H (-" ),

-∇2 H (-&# (%)) =
∫
V
d!-" B̂# (-" , %) -∇2 H (-" ) =

∫
V
d!-" -∇2-- B̂# (-" , %) H (-" ).

य़JT NFBOT UIBU XF BSF BCMF SFXSJUF &R� 	����
 BT
∫
V
d!-"

[
S
dB̂# (-" , %)

d%

]
H (-" )

=
∫
V
d!-"

[
−-∇-- · {B̂# (-" , %) -]# (-" , %)} − -\# (%) · -∇-- B̂# (-" , %) + :B1 -∇2-- B̂# (-" , %)

]
H (-" ),

	����


BOE TJODF UIJT IPMET GPS BOZ GVODUJPO H 
 XF DBO DPODMVEF UIBU

S
dB̂# (-" , %)

d%
= −-∇-- · [B̂# (-" , %) -]# (-" , %)] − -\# (%) · -∇-- B̂# (-" , %) + :B1 -∇2-- B̂# (-" , %)

= -∇-- · [:B1 -∇-- B̂# (-" , %) − B̂# (-" , %) -]# (-" , %)] − -\# (%) · -∇-- B̂# (-" , %) .
	����


4VNNJOH &R� 	����
 OPX PWFS BMM QBSUJDMFT ) ∈ {1, . . . ,$ } SFTVMUT JO

S
dB̂ (-" , %)

d%
= -∇-- ·

[
:B1 -∇-- B̂ (-" , %) +

∫
V
d!-" ′ B̂ (2) (-" , -" ′, %) -∇G (-" − -" ′) + B̂ (-" , %) -∇VFYU(-" )

]

−
"∑
#=1

-\# (%) · -∇-- B̂# (-" , %),
	����


XIFSF XF EF੗OFE UIF 	UPUBM
 JOTUBOUBOFPVT EFOTJUZ PQFSBUPS BT

B̂ (-" , %) ≡
"∑
#=1

B̂# (-" , %) =
"∑
#=1

+ (-" − -&# (%)), 	����


BOE VTFE UIF FYQMJDJU GPSN 	����
 GPS -]# (-" , %) TP UIBU

"∑
#=1

B̂# (-" , %) -]# (-" , %) = −
"∑
#=1

B̂# (-" , %)
"∑
+=1( +≠#)

-∇G (-" − -& + (%)) −
"∑
#=1

B̂# (-" , %) -∇VFYU(-" )

= −
∫
V
d!-" ′ B̂ (2) (-" , -" ′, %) -∇G (-" − -" ′) − B̂ (-" , %) -∇VFYU(-" )

	����


XJUI UIF UXP�QPJOU JOTUBOUBOFPVT EFOTJUZ PQFSBUPS

B̂ (2) (-" , -" ′, %) ≡
"∑
#=1

B̂# (-" , %)
"∑
+=1( +≠#)

+ (-" ′ − -& + (%)) ≡
"∑
#=1

"∑
+=1( +≠#)

+ (-" − -&# (%)) + (-" ′ − -& + (%)) . 	����




���� %ZOBNJD EFOTJUZ GVODUJPOBM UIFPSZ ���

'JOBMMZ
 UBLJOH UIF NFBO PG &R� 	����
 BOE FYQMPJUJOH UIBU 〈-\# (%)〉 = 0
 XF BSSJWF BU

S
dB$ (-" )
d%

= -∇-- ·
[
:B1 -∇B$ (-" ) +

∫
V
d!-" ′ B (2)

$ (-" , -" ′) -∇G (-" − -" ′) + B$ (-" ) -∇VFYU(-" )
]
, 	����


XIFSF B$ (-" ) ≡ 〈B̂ (-" , %)〉 BOE B (2)
$ (-" , -" ′) ≡ 〈B̂ (2) (-" , -" ′, %)〉� 8IJMF &R� 	����
 BDUVBMMZ EFUFSNJOFT

UIF UJNF FWPMVUJPO PG UIF EFOTJUZ EJTUSJCVUJPO B$ FYBDUMZ
 JU JT VOGPSUVOBUFMZ POMZ PG MJ॒MF VTF JO
QSBDUJDF CFDBVTF XF UZQJDBMMZ IBWF OP LOPXMFEHF PG B (2)

$ � 8F BSF UIFSFGPSF SFRVJSFE UP ੗OE B
TVJUBCMF BQQSPYJNBUJPO�

4JODF UIF FRVJMJCSJVN EFOTJUZ QSP੗MF BFR JT TUBUJPOBSZ
 XF IBWF UIBU

0 = S
dBFR(-" )

d%
= -∇-- ·

[
:B1 -∇BFR(-" ) +

∫
V
d!-" ′ B (2)

FR (-" , -" ′) -∇G (-" − -" ′) + BFR(-" ) -∇VFYU(-" )
]
, 	����


XIJDI NFBOT UIBU UIF CSBDLFUFE UFSN PO UIF SJHIU IBOE TJEF NVTU CF TQBUJBMMZ DPOTUBOU� BOE TJODF
BFR(-" ) = 0 = B (2)

FR (-" , -" ′) GPS BMM -" ∈ (V
 JU NVTU JO GBDU CF [FSP GPS BMM -" ∈ V


0 = :B1 -∇BFR(-" ) +
∫
V
d!-" ′ B (2)

FR (-" , -" ′) -∇G (-" − -" ′) + BFR(-" ) -∇VFYU(-" ) . 	����


#FDBVTF BFR NJOJNJ[FT UIF HSBOE QPUFOUJBM GVODUJPOBM
 XF BMTP LOPX UIBU

0 =
+Ω[BFR]
+BFR(-" )

=
+F [BFR]
+BFR(-" )

+ VFYU(-" ) − . =
+FJE [BFR]
+BFR(-" )

+
+FFY [BFR]
+BFR(-" )

+ VFYU(-" ) − .

= :B1 ln[Λ!BFR(-" )] − :B1 Q1(BFR, -" ) + VFYU(-" ) − .,
	����


GSPN XIJDI

0 = BFR(-" ) -∇--
+Ω[BFR]
+BFR(-" )

= :B1 -∇BFR(-" ) − :B1 BFR(-" ) -∇-- Q1(BFR, -" ) + BFR(-" ) -∇VFYU(-" ) 	����


EJSFDUMZ GPMMPXT� $PNQBSJOH &RT� 	����
 BOE 	����
 XF JNNFEJBUFMZ TFF UIBU
∫
V
d!-" ′B (2)

FR (-" , -" ′) -∇G (-" − -" ′) = −:B1 BFR(-" ) -∇-- Q1(BFR, -" ) . 	����


*G XF BTTVNF UIBU UIJT SFMBUJPO BQQSPYJNBUFMZ IPMET BMTP PVU PG FRVJMJCSJVN

∫
V
d!-" ′B (2)

$ (-" , -" ′) -∇G (-" − -" ′) ≈ −:B1 B$ (-" ) -∇-- Q1(B$ , -" ), 	����


XF DBO BDUVBMMZ DMPTF &R� 	����
 XJUI SFTQFDU UP B$ BT

S
dB$ (-" )
d%

≈ -∇-- ·
[
:B1 -∇B$ (-" ) − :B1 B$ (-" ) -∇-- Q1(B$ , -" ) + B$ (-" ) -∇VFYU(-" )

]

= :B1 -∇-- ·
[
-∇B$ (-" ) + B$ (-" ) -∇-- {<VFYU(-" ) − Q1(B$ , -" )}

]
.

	����




��� �� %ZOBNJDT

य़JT JT UIF DFOUSBM SFTVMU PG %%'5
 BMMPXJOH VT UP DPNQVUF B$ CZ 	OVNFSJDBMMZ
 JOUFHSBUJOH &R� 	����
�
*U DBO BMTP CF DBTU JOUP UIF DPOUJOVJUZ FRVBUJPO

dB$ (-" )
d%

= −-∇ · -h$ (-" ) 	����


XJUI UIF QBSUJDMF DVSSFOU

-h$ (-" ) = −
:B1

S

[
-∇B$ (-" ) + B$ (-" ) -∇-- {<VFYU(-" ) − Q1(B$ , -" )}

]
= −B$ (-" )

S
-∇--
+A[B$ ]
+B$ (-" )

. 	����


/PUF UIBU UIF EZOBNJDT DPSSFDUMZ QSFTFSWF UIF OVNCFS PG QBSUJDMFT JO UIF TZTUFN TJODF -h$ (-" ) = 0

GPS BMM -" ∈ (V BOE UIFSFGPSF

dN[B$ ]
d%

=
∫
V
d!-" dB$ (-" )

d%
= −

∫
V
d!-" -∇ · -h$ (-" ) = −

∫
?V

d!-" -2(-" ) · -h$ (-" ) = 0. 	����


'VSUIFSNPSF
 UIF )FMNIPMU[ GSFF FOFSHZ BMXBZT EFDSFBTFT PWFS UJNF PS SFNBJOT DPOTUBOU CFDBVTF

dA[B$ ]
d%

=
∫
V
d!-" +A[B$ ]

+B$ (-" )
dB$ (-" )
d%

= −
∫
V
d!-" +A[B$ ]

+B$ (-" )
-∇ · -h$ (-" ) 	����


=
∫
V
d!-" -∇--

+A[B$ ]
+B$ (-" )

· -h$ (-" ) = −
∫
V
d!-" B$ (-" )

S

[
-∇--
+A[B$ ]
+B$ (-" )

]2
≤ 0. 	����


������ *OUFHSBUJPO

+VTU MJLF TUBUJD %'5 CFOF੗UT GSPN QFSGPSNJOH DFSUBJO DBMDVMBUJPOT JO 'PVSJFS TQBDF
 TP EPFT %%'5�
*O BEEJUJPO UP BOZ DPOWPMVUJPOT UIBU NBZ CF SFRVJSFE UP DPNQVUF Q1(B$ , -" )
 UIJT BMTP BQQMJFT UP UIF
EJWFSHFODF BOE UIF HSBEJFOUT UIBU BQQFBS PO UIF SJHIU IBOE TJEF PG &R� 	����
� -FU -L(-" ) ≡ -∇H (-" )
BOEi (-" ) ≡ -∇ · -M (-" )
 UIFO

∫
d! -: -̃L(-:) exp(i-: · -" ) = (2@)!L(-" ) = (2@)! -∇H (-" ) = -∇-- ·

∫
d! -: H̃ (-:) exp(i-: · -" )

=
∫

d! -: [i-: H̃ (-:)] exp(i-: · -" )
	����


BOE TJNJMBSMZ
∫

d! -: ĩ (-:) exp(i-: · -" ) = (2@)!i (-" ) = (2@)! -∇-- · -M (-" ) = -∇-- ·
∫

d! -: -̃M (-:) exp(i-: · -" )

=
∫

d! -: [i-: · -̃M (-:)] exp(i-: · -" ),
	����


TP UIBU -̃L(-:) = i-: H̃ (-:) BOE ĩ (-:) = i-: · -̃M (-:)� " DPSPMMBSZ PG UIJT JT UIBU JG -M (-" ) = -∇H (-" ) BOE UIVT
i (-" ) = -∇2 H (-" )
 UIFO ĩ (-:) = i-: · i-: H̃ (-:) = −-:2 H̃ (-:)� %FSJWBUJWFT JO SFBM TQBDF UIFSFGPSF SFEVDF UP
B USJWJBM NVMUJQMJDBUJPO JO 'PVSJFS TQBDF�



���� %ZOBNJD EFOTJUZ GVODUJPOBM UIFPSZ ���

*O QSJODJQMF XF DPVME JOUFHSBUF &R� 	����
 JO TNBMM UJNF TUFQT PG Δ% VTJOH &VMFS۝T NFUIPE


B$+Δ$ (-" ) = B$ (-" ) +
∫ $+Δ$

$
d% ′

dB$ ′ (-" )
d% ′

≈ B$ (-" ) +
dB$ (-" )
d%

Δ%

= B$ (-" ) +
:B1

S
-∇-- ·

[
-∇B$ (-" ) + B$ (-" ) -∇-- {<VFYU(-" ) − Q1(B$ , -" )}

]
Δ% .

	����


6OGPSUVOBUFMZ
 UIJT JOUFHSBUPS EFNBOET BO FYUSFNFMZ TNBMM Δ% BOE IFODF NBOZ TUFQT JO PSEFS
UP CF SFBTPOBCMZ BDDVSBUF� PUIFSXJTF
 UIF FSSPST BDDVNVMBUF WFSZ RVJDLMZ� " CF॒FS BQQSPBDI GPS
%%'5 JT UP VTF B UFDIOJRVF DBMMFE FYQPOFOUJBM UJNF EJञFSFODJOH <��
 ��>� 8SJUJOH &R� 	����
 BT

<S
dB$ (-" )
d%

= -∇2B$ (-" ) + -∇-- ·
[
B$ (-" ) -∇-- {<VFYU(-" ) − Q1(B$ , -" )}

]
= -∇2B$ (-" ) + j (B$ , -" ) 	����


XJUI

j (B$ , -" ) ≡ -∇-- ·
[
B$ (-" ) -∇-- {<VFYU(-" ) − Q1(B$ , -" )}

]
, 	����


XF TFF UIBU JUT 'PVSJFS USBOTGPSN JT TJNQMZ

<S
dB̃$ (-:)
d%

= −-:2B̃$ (-:) + j̃ (B̃$ , -:) . 	����


*U JT OPU EJਖ਼DVMU UP WFSJGZ UIBU &R� 	����
 JT TPMWFE CZ

B̃$ (-:) = B̃$0 (-:) exp
(
−-:2 % − %0

<S

)
+ 1
<S

∫ $

$0

d% ′ j̃ (B̃$ ′, -:) exp
(
−-:2 % − %

′

<S

)
. 	����


*O UIF TQFDJBM DBTF PG OPO�JOUFSBDUJOH DPMMPJET <Q1(B$ , -" ) = 0> BOE B WBOJTIJOH FYUFSOBM QPUFOUJBM
<VFYU(-" ) = 0>
 XF IBWF j (B$ , -" ) = 0 = j̃ (B̃$ , -:)
 TP UIBU B̃$ (-:) = B̃$0 (-:) exp[−-:2(% − %0)/(<S)] CF�
DPNFT UIF FYBDU DMPTFE TPMVUJPO UP UIF EJ੖VTJPO FRVBUJPO <S [dB̃$ (-:)/d%] = −-:2B̃$ (-:)� *O DPOUSBTU

UIF XIPMF TPMVUJPO 	����
 GPS UIF HFOFSBM DBTF JT OPU DMPTFE CFDBVTF UIF TFDPOE UFSN PO UIF SJHIU
IBOE TJEF SFRVJSFT LOPXMFEHF PG j̃ (B̃$ ′, -" ) GPS BMM % ′ ∈ [%0, %]� *G UIF JOUFSWBM |% − %0 | JT TVਖ਼DJFOUMZ
TNBMM
 IPXFWFS
 XF NBZ BTTVNF UIBU j̃ (B̃$ ′, -" ) ≈ j̃ (B̃$0, -" )
 BOE UIFSFGPSF

B̃$ (-:) ≈ B̃$0 (-:) exp
(
−-:2 % − %0

<S

)
+ j̃ (B̃$0,

-:)
<S

∫ $

$0

d% ′ exp
(
−-:2 % − %

′

<S

)

=




B̃$0 (0) + j̃ (B̃$0, 0)
% − %0
<S

JG -: = 0,

B̃$0 (-:) exp
(
−-:2 % − %0

<S

)
+ j̃ (B̃$0,

-:)
-:2

[
1 − exp

(
−-:2 % − %0

<S

)]
PUIFSXJTF.

	����


*O PSEFS UP BWPJE UIF OFFE GPS DIPPTJOH B DPODSFUF ESBH DPFਖ਼DJFOU S 	XIJDI EFQFOET PO UIF TJ[F
PG UIF DPMMPJET BOE UIF WJTDPTJUZ PG UIF TPMWFOU

 JU JT DPOWFOJFOU UP TQFDJGZ UIF EZOBNJDT JO UFSNT



��� �� %ZOBNJDT

PG UIF EJNFOTJPOMFTT #SPXOJBO UJNF

8 ≡ %

<Sa2
. 	����


य़JT ੗OBMMZ BMMPXT VT UP FWPMWF UIF EFOTJUZ EJTUSJCVUJPO JO TNBMM TUFQT PG Δ8 WJB

B̃(+Δ( (-:) ≈



B̃( (0) + j̃ (B̃( , 0) a2Δ8 JG -: = 0,

B̃( (-:) exp(−a2-:2Δ8) + j̃ (B̃( , -:)
1 − exp(−a2-:2Δ8)

-:2
PUIFSXJTF.

	����


������ *NQMFNFOUBUJPO

*O PVS EFSJWBUJPO PG %%'5
 XF BTTVNFE UIBU UIF TZTUFN JT DPOUBJOFE JOTJEF B ੗OJUF WPMVNF V
BOE UIBU UIF EFOTJUZ QSP੗MF WBOJTIFT BU UIF TVSGBDF
 J� F�
 B$ (-" ) = 0 GPS BMM -" ∈ (V� "MUFSOBUJWFMZ

XF DPVME IBWF BMTP BMMPXFE BO JO੗OJUFMZ MBSHF WPMVNF V = R! BOE EFNBOEFE UIBU B$ (-" ) → 0

GPS |-" | → ∞� 0CWJPVTMZ
 UIJT DPOEJUJPO JT OPU TBUJT੗FE JO UIF CVML XIFSF XF IBWF GPVOE FJUIFS
VOJGPSN PS QFSJPEJD EFOTJUZ EJTUSJCVUJPOT UP CF TUBCMF UIBU EP OPU EFDBZ BTZNQUPUJDBMMZ� "OE FWFO
JG JU XFSF OPU GPS UIJT UFDIOJDBMJUZ
 UIFSF JT BOPUIFS ۗ NPSF QSBDUJDBM ۗ QSPCMFN� 0OMZ UIF QFSJ�
PEJDJUZ PG UIF EFOTJUZ QSP੗MFT NBLFT JU QPTTJCMF UP TUVEZ UIF JO੗OJUF CVML XJUI %'5 JO UIF ੗STU
QMBDF CFDBVTF XF DBO MJNJU UIF DBMDVMBUJPOT UP B ੗OJUF VOJU DFMM� 8F TBX
 IPXFWFS
 UIBU UIF TJ[F
BOE TIBQF PG UIJT DFMM JO FRVJMJCSJVN EFQFOET PO UIF DPODSFUF WBMVFT PG DFSUBJO QBSBNFUFST TVDI
BT UIF QBDLJOH GSBDUJPO
 UIF NBHOFUJD ੗FME
 BOE UIF UFNQFSBUVSF� य़JT NFBOT UIBU JG XF XBOUFE
UP JOWFTUJHBUF IPX B TZTUFN JO FRVJMJCSJVN BU TPNF JOJUJBM TUBUF QPJOU (T,1 ) = (TJ,1J) SFTQPOET
BॏFS B DIBOHF PG UIF QBSBNFUFST UP UIFJS ੗OBM WBMVFT (T,1 ) = (TG,1G)
 XF XPVME TPNFIPX IBWF
UP EZOBNJDBMMZ BEKVTU UIF VOJU DFMM PWFS UJNF JO PSEFS UP QSPQFSMZ EFTDSJCF UIF FWPMVUJPO PG UIF
EFOTJUZ EJTUSJCVUJPO� 6OGPSUVOBUFMZ
 JU JT OPU BU BMM DMFBS IPX UP EP UIJT DPSSFDUMZ ۗ BDUVBMMZ
 JU JT
NBZ CF UIBU UIF JOUFSNFEJBUF
 OPO�FRVJMJCSJVN TUBUFT BSF OPU FWFO QFSJPEJD� *O UIF FOE
 UIPVHI

JU JT SFBMMZ BO BDBEFNJD JTTVF TJODF UIF JO੗OJUF CVML JT B QVSFMZ ੗DUJUJPVT DPOTUSVDU BOE UIVT JOBD�
DFTTJCMF UP FYQFSJNFOUT� 'PS UIFTF SFBTPOT
 XF TIBMM POMZ DPODFSO PVSTFMWFT XJUI UIF EZOBNJDT
PG B DPO੗OFE TZTUFN�

"T JO UIF TUBUJD DBTF
 XF EP UIJT CZ TVJUBCMZ FYUFOEJOH UIF EFOTJUZ QSP੗MF PG B TZTUFN DPO੗OFE
UP UIF WPMVNFV ⊆ [0, _B ]× [0, _C] JOUP B (ZB , ZC)�QFSJPEJD POF BOE EJTDSFUJ[JOH UIF DPSSFTQPOEJOH
VOJU DFMM PO B SFHVMBS HSJE XJUI UB × UC MB॒JDF QPJOUT 	XF EPVCMF UIF NJOJNVN SFTPMVUJPO UP
min{UB/ZB ,UC/ZC} ≥ 20/a CFDBVTF UIF EZOBNJDT EFQFOE SBUIFS TFOTJUJWFMZ PO JU
� य़JT BHBJO
BMMPXT VT UP NBLF VTF PG EJTDSFUF 'PVSJFS USBOTGPSNT TP UIBU &R� 	����
 CFDPNFT

B̂(+Δ( (-:1%) ≈




B̂( (0) + ĵ (B̂( , 0) a2Δ8 JG -:1% = 0,

B̂( (-:1%) exp(−a2-:21%Δ8) + ĵ (B̂( , -:1%)
1 − exp(−a2-:21%Δ8)

-:21%

PUIFSXJTF
	����




���� %ZOBNJD EFOTJUZ GVODUJPOBM UIFPSZ ���

GPS -:1% ≡ 2@ [(> − 9UB/2: + 1)/ZB , (2 − 9UC/2: + 1)/ZC]
 XIFSF UIF EJWFSHFODF BOE HSBEJFOU JO
&R� 	����
 DBO CF DPNQVUFE JO 'PVSJFS TQBDF WJB -̂L(-:1%) ≈ i-:1% Ĥ (-:1%) GPS -L(-"# + ) ≡ -∇H (-"# + ) BOE
î (-:1%) ≈ i-:1% · -̂M (-:1%) GPS i (-"# + ) ≡ -∇ · -M (-"# + )� PUIFS RVBOUJUJFT TVDI BT Q1 = QIE1 + QDJ1 PS A BSF
DBMDVMBUFE BT EFTDSJCFE JO 4FDUJPO ������ 8F DIPPTF B UJNF TUFQ PG Δ8 ≡ 5 × 10−4
 XIJDI JT B HPPE
DPNQSPNJTF XJUI SFHBSE UP BDDVSBDZ BOE DPNQVUBUJPOBM DPTUT�

य़F QFSJPEJD FYUFOTJPO PG UIF EFOTJUZ EJTUSJCVUJPO XPSLT TJNJMBSMZ UP UIF NFUIPE TIPXO JO
4FDUJPO �����
 XJUI UIF FYDFQUJPO UIBU XF DBOOPU VTF B EJTDPOUJOVPVT FYUFSOBM QPUFOUJBM 	XIJDI
KVNQT GSPN [FSP UP JO੗OJUZ
 JO %%'5 TJODF UIBU XPVME MFBE UP QSPCMFNT XJUI UIF TQBUJBM EFSJWB�
UJWFT JO &R� 	����
� *OTUFBE
 XF DPOTUSVDU BO FYUFSOBM QPUFOUJBM UIBU HPFT TNPPUIMZ GSPN [FSP UP
TPNF TVਖ਼DJFOUMZ MBSHF WBMVFVFYU

NBY < ∞ XJUIJO B USBOTJUJPO [POF PG XJEUIJ � 8F BSUJ੗DJBMMZ MJNJU
UIF SBOHF PG UIF DPNQFUJOH JOUFSBDUJPO QPUFOUJBM GDJ UP "NBY ≡ [(_B + 2J)2 + (_C + 2J)2]1/2� UIF
NBYJNVN JOUFSBDUJPO SBOHF PG UXP DPMMPJET JT UIFSFGPSF, ≡ max{a, "NBY}� 'VSUIFSNPSF
 MFU

ΔV(-" ) ≡


−min{|-" − -"T | : -"T ∈ (V} JG -" ∈ V,
min{|-" − -"T | : -"T ∈ (V} PUIFSXJTF

	����


EFOPUF UIF TJHOFE EJTUBODF CFUXFFO TPNF QPJOU -" BOE UIF TVSGBDF PG V
 BOE

43(C) ≡




0 JG C < 0,

−20C7 + 70C6 − 84C5 + 35C4 JG 0 ≤ C < 1,

1 PUIFSXJTF

	����


UIF UIJSE TNPPUITUFQ GVODUJPO 	XIJDI JT UISJDF DPOUJOVPVTMZ EJ੖FSFOUJBCMF
� 8F UIFO BTTJHO

VFYU(-" ) ≡
∑
#, + ∈Z

VFYU
V (C + )ZB ,b + ?ZC) 	����


XJUI ZB ≡ _B + 2J +, 
 ZC ≡ _C + 2J +, BOE

VFYU
V (-" ) ≡




VFYU
NBY 43(ΔV(-" )/J + P) JG -" ∈ [−J , ZB −J] × [−J, ZC −J]

0 PUIFSXJTF.
	����


8F TIBMM DIPPTF J = a 
 VFYU
NBY = 50:B1 BOE P ≈ 0.156� UIF DPSSFTQPOEJOH QPUFOUJBM JT TIPXO

JO 'JH� ���	B
� *O UIF DBTF PG BO JEFBM HBT
 GPS XIJDI B (-" )/B (-" ′) = exp[−<{VFYU(-" ) −VFYU(-" ′)}]

UIJT NFBOT UIBU B (-"P)/B (-"J) = exp(−<VFYU

NBY) ≈ 0 BOE B (-"T)/B (-"J) = exp[−<VFYU
NBY /3(P)] ≈ 0.5 JG

ΔV(-"J) ≤ −JP
ΔV(-"T) = 0 BOEΔV(-"P) ≥ J (1−P)
 BT DBO CF TFFO JO 'JH� ���	C
� *U UVSOT PVU UIBU UIJT
۠TPॏۡ FYUFSOBM QPUFOUJBM MFBET UP XFMM�CFIBWFE EZOBNJDT XIJMF HJWJOH SJTF UP FRVJMJCSJVN EFOTJUZ
QSP੗MFT XIJDI BSF QSBDUJDBMMZ JOEJTUJOHVJTIBCMF GSPN UIPTF UIBU SFTVMU GSPN B ۠IBSEۡ QPUFOUJBM�



��� �� %ZOBNJDT
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(b) exp[�VVext
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hard (ÆA ) ]

'JHVSF ����� $PNQBSJTPO PG UIF ۠TPॏۡ FYUFSOBM QPUFOUJBM VFYU
TPॏ GSPN &R� 	����
 XJUI UIF ۠IBSEۡ VFYU

IBSE GSPN &R� 	�����
�

���� %ZOBNJDT PG NJDSPQIBTF TFQBSBUJPO

-FU VT OPX VTF PVS %%'5 GSBNFXPSL UP JOWFTUJHBUF UIF EZOBNJDT PG B DMPTFE TZTUFN DPO੗OFE
UP B TRVBSF DFMM XJUI TJEF MFOHUI Z
 XIFSF UIF CVML QBDLJOH GSBDUJPO OC JT IFME DPOTUBOU CVU UIF
NBHOFUJD ੗FME T BOE UFNQFSBUVSF 1 BSF BMMPXFE UP DIBOHF PWFS UJNF� *O QBSUJDVMBS
 XF XJTI UP
FNVMBUF UIF GPMMPXJOH QSPDFEVSF UIBU BO FYQFSJNFOU EFTJHOFE UP TUVEZ NJDSPQIBTF TFQBSBUJPO
NJHIU BEIFSF UP� BU ੗STU
 (T,1 ) BSF TFU UP TPNF JOJUJBM (TJ,1J) PVUTJEF UIF NJDSPQIBTF SFHJNFXIFSF
UIF UIFSNPEZOBNJDBMMZ TUBCMF TUBUF JT BO BMNPTU VOJGPSN ੘VJE UIBU UIF TZTUFN JT DFSUBJO UP BSSJWF
BU BॏFS B SFBTPOBCMF QFSJPE PG FRVJMJCSBUJPO� 0ODF FRVJMJCSJVN IBT CFFO SFBDIFE BU
 TBZ
 UJNF
8 = 0
 XF CFHJO UP WBSZ (T,1 ) BOE TUPQ BॏFS TPNF USBOTJUJPO UJNF 8U TP BT UP FOE VQ BU B ੗OBM
(TG,1G) XIJDI MJFT JOTJEF UIF NJDSPQIBTF SFHJNF XIFSF FJUIFS B ESPQMFU PS B SJOH DPO੗HVSBUJPO JT
TUBCMF� य़F RVFTUJPOT UIBU XF BSF JOUFSFTUFE JO BOTXFSJOH BSF�

	J
 8JMM UIF TZTUFN FWFOUVBMMZ TFMG�BTTFNCMF JOUP UIF TUBCMF DPO੗HVSBUJPO BT 8 →∞
 PS XJMM JU
SBUIFS CFDPNF TUVDL JO B NFUBTUBCMF TUBUF XJUI B IJHIFS )FMNIPMU[ GSFF FOFSHZ 

	JJ
 )PX EPFT UIF XBZ JO XIJDI (T,1 ) JT BMUFSFE GPS 8 ∈ [0, 8U] ۗ J� F�
 UIF QBUI UBLFO UISPVHI
QBSBNFUFS TQBDF UP HP GSPN (TJ,1J) UP (TG,1G) ۗ B੖FDU UIF PVUDPNF PG UIF UJNF FWPMVUJPO 

	JJJ
 8IJDI JNQMJDBUJPOT XJUI SFHBSE UP FYQFSJNFOUBM TUVEJFT PG NJDSPQIBTF TFQBSBUJPO NJHIU
CF JOGFSSFE GSPN UIF SFTVMUT 

'PS Z = 30a 
 OC = 0.19 BOE Δ1G = 0.16 K
 XF TIBMM UBSHFU UIF ESPQMFU TUBUF BU TG = 7.2 uT
<'JH� ����	B
> BOE UIF SJOH TUBUF BU TG = 8.7 uT <'JH� ����	E
>
 XIFSFBT GPS Z = 20a 
 TG = 7.8 uT BOE
Δ1G = 0.16 K
 XF BJN GPS UIF ESPQMFU TUBUF BU OC = 0.19 <'JH� ����	B
> BOE UIF SJOH TUBUF BU OC = 0.27

<'JH� ����	C
>� 'PS UIF JOJUJBM ੘VJE DPO੗HVSBUJPOT XJUI OC ∈ {0.19, 0.27}
 XF UVSO UIF NBHOFUJD
੗FME DPNQMFUFMZ P੖
 TJ = 0
 TP UIBU UIFSF JT OP MPOH�SBOHFE SFQVMTJPO 	BOE IFODF OP DPNQFUJOH
JOUFSBDUJPOT
 BOE TFMFDU B UFNQFSBUVSF UIBU SFTVMUT JO POMZ B XFBL B॒SBDUJPO CFUXFFO UIF DPMMPJET�



���� %ZOBNJDT PG NJDSPQIBTF TFQBSBUJPO ���

Δ1J = 0.195 K GPS Z = 30a BOE Δ1J = 0.2 K GPS Z = 20a � UIF SFBTPO GPS DIPPTJOH UIFTF TMJHIUMZ
EJ੖FSFOU Δ1J EFQFOEJOH PO Z JT UIBU UIF JOJUJBM FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPOT GPS Z = 30a BOE
Z = 20a BSF UIFO WFSZ TJNJMBS GPS JEFOUJDBM CVML QBDLJOH GSBDUJPOT
 BT TIPXO JO 'JH� ����

य़F NPTU EJSFDU XBZ PG USBOTJUJPOJOH GSPN (TJ,1J) UP (TG,1G) JT WJB BO JOTUBOUBOFPVT 	8U = 0


EJTDPOUJOVPVT KVNQ BU 8 = 0
 J� F�


(T( ,1( ) =



(TJ,1J) JG 8 < 0,

(TG,1G) PUIFSXJTF.
	����


6OGPSUVOBUFMZ
 UIJT NFUIPE GBJMFE JO BMM B॒FNQUT UP HVJEF UIF QBSUJDMFT GSPN B ੘VJE UP B TUB�
CMF ESPQMFU PS SJOH DPO੗HVSBUJPO
 XJUI UIF TZTUFN BMXBZT GBMMJOH JOUP B MPDBM NJOJNVN PG UIF
)FMNIPMU[ GSFF FOFSHZ JOTUFBE� *O 'JH� ���
 XF DBO TFF XIBU IBQQFOT XIFO XF USZ UP HP UP UIF
ESPQMFU TUBUF GPS Z = 30a � "MSFBEZ BॏFS B TIPSU QFSJPE PG UJNF
 UIF DPMMPJET BHHSFHBUF JOUP B NVM�
UJUVEF PG TNBMMFS ESPQMFUT BOE UIJO TUSJQFT 	8 = 10
 EVF UP UIF TVEEFO JODSFBTF PG UIF B॒SBDUJWF
DSJUJDBM $BTJNJS GPSDFT UIBU DPNFT GSPN SBJTJOH UIF UFNQFSBUVSF DMPTFS UPXBSE 1D� य़F TUSVDUVSFT
JO UIF DFOUFS UIFO DPBMFTDF JOUP UXP DPODFOUSJD SJOHT
 XIJMF UIF TUSJQFT DMPTFTU UP UIF XBMM DPO�
USBDU BOE XJUIESBX GSPN UIF ESPQMFUT JO UIF DPSOFST PG UIF DFMM 	8 = 30
� &WFOUVBMMZ
 UIF UXP SJOHT
NFSHF JOUP POF MBSHFS DFOUSBM ESPQMFU BOE UIF PVUFS TUSJQFT BTTVNF B SPVHIMZ FMMJQUJDBM TIBQF
 SF�
TVMUJOH JO B UPUBM PG OJOF ESPQMFUT PG EJ੖FSFOU TJ[FT 	8 = 900
 LFQU BQBSU CZ UIF NBHOFUJD SFQVMTJPO�
य़F TBNF HFOFSBM CFIBWJPS DBO BMTP CF TFFO GPS UIF PUIFS UBSHFU TUBUFT�

8F DPOTJTUFOUMZ PCTFSWF UIBU
 BॏFS BCSVQUMZ JNQPTJOH DPNQFUJOH JOUFSBDUJPOT POUP UIF TZT�
UFN
 UIF QBSUJDMFT ੗STU UFOE UP DMVNQ JOUP NBOZ TNBMMFS BHHMPNFSBUJPOT CFDBVTF PG UIF TUSPOH
TIPSU�SBOHFE B॒SBDUJPO XIJDI UIFO DPNCJOF JOUP CJHHFS TUSVDUVSFT VOUJM UIF XFBL MPOH�SBOHFE
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'JHVSF ����� $PNQBSJTPO PG UIF JOJUJBM ੘VJE TUBUFT XJUI TJ = 0 BOE OC = 0.19 	B
 PS OC = 0.27 	C
 VTFE BT UIF TUBSUJOH
DPO੗HVSBUJPOT PG UIF EZOBNJDT� $IPPTJOH TMJHIUMZ EJ੖FSFOU UFNQFSBUVSFT EFQFOEJOH PO UIF DFMM TJ[F
 Δ1J = 0.195 K
GPS Z = 30a BOE Δ1J = 0.2 K GPS Z = 20a 
 SFTVMUT JO WFSZ TJNJMBS EFOTJUZ EJTUSJCVUJPOT BU FRVBM CVML QBDLJOH GSBDUJPOT�
य़F PUIFS TUBUFT
 NBSLFE XJUI 	†

 BSF TIPXO UP EFNPOTUSBUF UIF EJTDSFQBODJFT BU JEFOUJDBM UFNQFSBUVSFT�
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'JHVSF ����� %ZOBNJD FWPMVUJPO PG UIF EFOTJUZ EJTUSJCVUJPO PG B TZTUFN XJUI Z = 30a BOE OC = 0.19 BॏFS FRVJMJCSBUJOH
JOUP UIF ੘VJE TUBUF BU TJ = 0 BOE Δ1J = 0.195 K 	B
 BOE UIFO BCSVQUMZ KVNQJOH UP TG = 7.2 uT BOE Δ1G = 0.16 K BU 8 = 0�
&WFOUVBMMZ
 UIF DPMMPJET BTTFNCMF JOUP B NFUBTUBCMF DPO੗HVSBUJPO XJUI OJOF ESPQMFUT 	E
 JOTUFBE PG UIF TUBCMF POF XJUI
POMZ GPVS <'JH� ����	B
>� 1BOFMT 	F
 BOE 	৐
 TIPX
 SFTQFDUJWFMZ
 UIF NBHOFUJD ੗FME BOE UIF UFNQFSBUVSF BT B GVODUJPO PG
UJNF 8 � 4FF UIF TVQQMFNFOUBM NBUFSJBM <��> GPS BO BOJNBUJPO�

SFQVMTJPO HBJOT UIF VQQFS IBOE BOE QSFWFOUT GVSUIFS NFSHJOH� य़JT NBLFT JU EJਖ਼DVMU GPS UIF
DPMMPJET UP BTTFNCMF JOUP UIF TUBCMF FRVJMJCSJVN DPO੗HVSBUJPOT XIJDI GFBUVSF GFXFS CVU MBSHFS
TUSVDUVSFT 	FJUIFS GPVS ESPQMFUT PS B TJOHMF SJOH
� "OPUIFS QSPCMFN JT UIBU B ESPQMFU JT WFSZ MJLFMZ
UP FNFSHF BU UIF DFOUFS PG UIF DFMM UIBU IBT OP JODFOUJWF UP EJTTPMWF
 CVU JT OPU QSFTFOU JO TUBCMF
FRVJMJCSJVN�

*U XPVME OPU CF TVSQSJTJOH UP FODPVOUFS TJNJMBS JTTVFT BMTP JO BDUVBM FYQFSJNFOUT� .B॒FST
NBZ BSHVBCMZ FWFO CF XPSTF JO QSBDUJDF TJODF UIF JOTUBOUBOFPVT TUBUF PG UIF TZTUFN JT OFWFS BT
QFSGFDUMZ TZNNFUSJDBM BT UIF EFOTJUZ QSP੗MF 	XIJDI SFQSFTFOUT UIF BWFSBHF EJTUSJCVUJPO PG UIF
QBSUJDMFT
 JO %%'5 NJHIU TVHHFTU� BU UIF NPNFOU XIFO UIF DPNQFUJOH JOUFSBDUJPOT BSF UVSOFE
PO
 UIFSF DBO
 GPS FYBNQMF
 CF TMJHIUMZ NPSF DPMMPJET JO POF RVBESBOU PG UIF DFMM UIBO JO UIF PUIFS
UISFF
 XIJDI UIFO QPUFOUJBMMZ MFBET UP B IBQIB[BSE HSPXUI PG SBUIFS JSSFHVMBS TUSVDUVSFT� *O GBDU

UIJT DPOKFDUVSF BQQFBST UP BHSFF XJUI UIF ੗OEJOHT PG BO FYQFSJNFOUBM TUVEZ PG QIPTQIPMJQJE
NPOPMBZFST DPOEVDUFE CZ )FMN BOE .¶IXBME <��>
 XIP EJTDPWFSFE UIBU B GBTU USBOTJUJPO JOUP
UIF NJDSPQIBTF SFHJNF XPVME DBVTF B NVDI CSPBEFS WBSJFUZ PG EJ੖FSFOUMZ�TJ[FE DMVTUFST UIBO B
TMPXFS POF�



���� %ZOBNJDT PG NJDSPQIBTF TFQBSBUJPO ���

������ 'MVJE→ SJOH

4JODF UIF SFTVMUT PG )FMN BOE.¶IXBME TVHHFTU UIBU JU NBZ CF BEWBOUBHFPVT UP HP GSPN UIF JOJUJBM
UP UIF ੗OBM QBSBNFUFST BU B NPSF MFJTVSFMZ QBDF
 JU TFFNT SFBTPOBCMF UP USZ B HSBEVBM USBOTJUJPO
PWFS UIF DPVSTF PG TPNF OPO�[FSP CVU ੗OJUF UJNF 8U > 0 OFYU� 1SPCBCMZ UIF ੗STU DIPJDF UIBU DPNFT
UP NJOE JT B TJNQMF MJOFBS JOUFSQPMBUJPO CFUXFFO (TJ,1J) BOE (TG,1G)


(T( ,1( ) =




(TJ,1J) JG 8 < 0,

(TJ,1J) + (TG − TJ,1G −1J) ((U JG 0 ≤ 8 < 8U,

(TG,1G) PUIFSXJTF.

	����


)PXFWFS
 UIJT XPVME SFRVJSF B SFDBMDVMBUJPO PG G̃DJ BॏFS FWFSZ %%'5 TUFQ Δ8 ≡ 5 × 10−4 2 8U
GPS BT MPOH BT 8 ∈ [0, 8U]
 XIJDI DBO CFDPNF RVJUF FYQFOTJWF BOE JODSFBTF UIF DPNQVUBUJPO UJNF
DPOTJEFSBCMZ� #FDBVTF PG UIJT JOFਖ਼DJFODZ
 XF JOTUFBE VTF B TUBJSDBTF GVODUJPO XJUI TUFQ MFOHUI PG
8T ≡ 5 2 8U GPS UIF JOUFSQPMBUJPO


(T( ,1( ) =




(TJ,1J) JG 8 < 0,

(TJ,1J) + (TG − TJ,1G −1J) 9(/(T :(U/(T JG 0 ≤ 8 < 8U,

(TG,1G) PUIFSXJTF,

	����


XIJDI SFEVDFT UIF GSFRVFODZ PG VQEBUJOH G̃DJ CZ B GBDUPS PG 8T/Δ8 = 10 000�
"T DBO CF TFFO JO 'JH� ���
 UIJT NFUIPE JOEFFE QSPWFT TVDDFTTGVM JO QSPEVDJOH UIF TUBCMF SJOH

TUSVDUVSF GPS Z = 30a JG B USBOTJUJPO UJNF PG 8U = 1000 	XIJDI BQQFBST UP CF OFBS UIF MPXFS FOE
PG UIF SBOHF PG WJBCMF WBMVFT
 JT DIPTFO� *OJUJBMMZ
 UIF JOUFOTJGZJOH B॒SBDUJPO ESBXT UIF DPMMPJET
UPXBSE UIF DFOUFS PG UIF DFMM XIFSF UIFZ CFHJO UP GPSN B TMJHIU CVNQ TVSSPVOEFE CZ B TRVBSJTI
SJOH XJUI QSPOPVODFE DPSOFST 	8 = 250
� "ॏFS B XIJMF
 UIF DFOUSBM CVNQ EJTBQQFBST 	8 = 500


UIF SJOH CFDPNFT NPSF DMFBSMZ EF੗OFE 	8 = 750
 BOE JUT UIJDLOFTT BMNPTU VOJGPSN CZ UIF UJNF
UIBU UIF NBHOFUJD ੗FME BOE UFNQFSBUVSF SFBDI UIFJS ੗OBM WBMVFT 	8 = 1000 = 8U
� य़F SJOH UIFO
FOUFST B QIBTF PG FYQBOTJPO EVSJOH UIF MPOH�SBOHFE SFQVMTJPO DBVTFT UIF QBSUJDMFT BU PQQPTJUF
QPJOUT PG UIF TUSVDUVSF UP CF QVTIFE BXBZ GSPN FBDI PUIFS
 UIFSFCZ MFBEJOH UP B HSPXUI PG UIF
SJOH۝T EJBNFUFS 	8 = 1250
 VOUJM JU JT TUPQQFE CZ UIF XBMM PG UIF DFMM 	8 = 1500
� &WFOUVBMMZ
 UIF
TZTUFN BSSJWFT BU UIF TUBCMF FRVJMJCSJVN TUBUF <DG� 'JHT� ���	I
 BOE ����	E
>�

8F PCTFSWF UIBU UIF TVDDFTT PG UIJTNFUIPE EFQFOET RVJUF TFOTJUJWFMZ PO UIF DIPJDF PG UIF JOJUJBM
DPOEJUJPOT� 'PS JOTUBODF
 JG XF TFU PVU XJUI B NBSHJOBMMZ XFBLFS B॒SBDUJPO 	Δ1J = 0.20 K

 UIFO
UIF EFOTJUZ JT UPP FWFOMZ EJTUSJCVUFE BU UIF CFHJOOJOH <'JH� ���	B
> BOE B TNBMM ESPQMFU EFWFMPQT
JOTJEF UIF SJOH <'JHT� ���	CۗE
>� *G UIF B॒SBDUJPO JT TMJHIUMZ TUSPOHFS 	Δ1J = 0.19 K
 BU UIF TUBSU

UIFO UIF DPMMPJET BSF TP DPODFOUSBUFE BSPVOE UIF DFOUFS PG UIF DFMM <'JH� ���	F
> UIBU UIFZ GPSN B
MBSHF ESPQMFU SBUIFS UIBO B SJOH <'JHT� ���	GۗI
>�
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'JHVSF ����� %ZOBNJD FWPMVUJPO PG UIF EFOTJUZ EJTUSJCVUJPO PG B TZTUFN XJUI Z = 30a BOE OC = 0.19 BॏFS FRVJMJCSBUJOH
JOUP UIF ੘VJE TUBUF BU TJ = 0 BOE Δ1J = 0.195 K 	B
 BOE UIFO HPJOH RVBTJ�MJOFBSMZ 	XJUI B TUFQ MFOHUI PG 8T = 5
 UP
TG = 8.7 uT BOE Δ1G = 0.16 K VOUJM 8 = 1000 = 8U BT QFS &R� 	����
� &WFOUVBMMZ
 UIF TZTUFN BSSJWFT BU UIF TUBCMF SJOH
DPO੗HVSBUJPO <DG� 	I
 BOE 'JH� ����	E
>� 1BOFMT 	J
 BOE 	K
 TIPX UIF NBHOFUJD ੗FME BOE UIF UFNQFSBUVSF
 SFTQFDUJWFMZ
 BT
B GVODUJPO PG UJNF 8 � 4FF UIF TVQQMFNFOUBM NBUFSJBM <��> GPS BO BOJNBUJPO�

8F DBO TFF JO 'JH� ��� UIBU B 	RVBTJ�
MJOFBS JOUFSQPMBUJPO CFUXFFO UIF JOJUJBM BOE ੗OBM QBSBNFUFST
BMTP NBOBHFT UP SFDPWFS UIF SJOH DPO੗HVSBUJPO JO UIF TNBMMFS DFMM XJUI TJEF MFOHUI Z = 20a <DG�
'JHT� ���	E
 BOE ����	C
> ۗ QSPWJEFE UIBU XF VTF BNVDI TIPSUFS USBOTJUJPO UJNF PG 8U = 100� *U UVSOT
PVU UIBU B USBOTJUJPO DBO JO GBDU BMTP QSPHSFTT UPP TMPXMZ� JG XF QJDL 8U = 1000 JOTUFBE 	BT XF EJE
GPS Z = 30a

 UIFO UIF QBSUJDMFT DPOEFOTF PODF BHBJO JOUP B TJOHMF ESPQMFU�

6OGPSUVOBUFMZ
 UBLJOH B 	RVBTJ�
MJOFBS QBUI UISPVHI QBSBNFUFS TQBDF EPFT OPU TFFN UP CF B VOJ�
WFSTBM TPMVUJPO UIBU JT HVBSBOUFFE UP FOE VQ BU UIF TUBCMF TUBUF JG POMZ UIF SJHIU JOJUJBM UFNQFSBUVSF
BOE USBOTJUJPO UJNF BSF DIPTFO� 'PS FYBNQMF
 HPJOH 	RVBTJ�
MJOFBSMZ GSPN (TJ,Δ1J) = (0, 0.195 K)
UP (TG,Δ1G) = (7.2 uT, 0.16 K) PWFS 8U = 1000 GPS Z = 30a BOE OC = 0.19 QSPEVDFT B NFUBTUBCMF
SJOH BOE OPU UIF TUBCMF ESPQMFU DPO੗HVSBUJPO�य़JT JT BDUVBMMZ OPU UIBU TVSQSJTJOH� TJODF UIF FWPMV�
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'JHVSF �����%ZOBNJD FWPMVUJPO PG UIF EFOTJUZ EJTUSJCVUJPO PG B TZTUFNXJUI Z = 30a BOE OC = 0.19� "ॏFS FRVJMJCSBUJOH
JOUP UIF ੘VJE TUBUF BU TJ = 0 BOE Δ1J = 0.2 K 	B
 BOE UIFO HPJOH RVBTJ�MJOFBSMZ 	XJUI B TUFQ MFOHUI PG 8T = 5
 UP
TG = 8.7 uT BOE Δ1G = 0.16 K VOUJM 8 = 1000 = 8U BT QFS &R� 	����

 B NFUBTUBCMF SJOH XJUI B DFOUSBM ESPQMFU FWFOUVBMMZ
EFWFMPQT 	E
� 4UBSUJOH PVU XJUI UIF ੘VJE DPO੗HVSBUJPO GPS Δ1J = 0.19 K JOTUFBE 	F

 B TJOHMF DMVTUFS GPSNT 	I
�

UJPO PG UIF TZTUFN BU UIF CFHJOOJOH JT ੗STU BOE GPSFNPTU EJDUBUFE CZ UIF UFNQFSBUVSF�EFQFOEFOU
B॒SBDUJPO
 XF DBO FYQFDU UIF EZOBNJDT UP CF WFSZ TJNJMBS BU FBSMZ UJNFT JG UIF ੗OBM TUBUFT IBWF
POMZ TMJHIUMZ EJ੖FSFOU NBHOFUJD ੗FMET 	TG = 7.2 uT WT� TG = 8.7 uT
 BOE FRVBM UFNQFSBUVSF ۗ B
SJOH UIFSFGPSF GPSNT EVSJOH UIJT TUBHF BMTP GPS TG = 7.2 uT BOE EPFT OPU CSFBL BQBSU JOUP GPVS
ESPQMFUT BT UIF SFQVMTJPO CFDPNFT TUSPOHFS CVU TJNQMZ HSPXT JO EJBNFUFS�

������ 'MVJE→ ESPQMFUT

8IJMF JU UVSOFE PVU UP CF SFMBUJWFMZ TUSBJHIUGPSXBSE UP GPSDF UIF BTTFNCMZ PG B SJOH
 JU QSPWFE
UP CF BMM UIF NPSF DIBMMFOHJOH UP EFWJTF B QSPDFEVSF UIBU XPVME SFTVMU JO UIF GPSNBUJPO PG GPVS
ESPQMFUT� "ॏFS EP[FOT PG GBJMFE B॒FNQUT EVSJOH XIJDI FJUIFS B SJOH
 B DFOUSBM ESPQMFU PS TPNF
PUIFS VOEFTJSBCMF GFBUVSF FNFSHFE
 XF XFSF JO GBDU BMNPTU SFBEZ UP BENJU EFGFBU� -VDLJMZ
 OPU
MPOH CFGPSF HJWJOH VQ IPQF DPNQMFUFMZ
 XF TUVNCMFE VQPO B TUSBUFHZ UIBU BQQFBSFE UP TVDDFFE
SFMJBCMZ BOE SFRVJSFE POMZ B NJOPS NPEJ੗DBUJPO� य़F NBHOFUJD ੗FME JT OPX HJWFO CZ

T( =




TJ JG 8 < 8N,

TN + (TG − TN) 9((−(N)/(T :((U−(N)/(T JG 8N ≤ 8 < 8U,

TG PUIFSXJTF.

	����
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'JHVSF ����� %ZOBNJD FWPMVUJPO PG UIF EFOTJUZ EJTUSJCVUJPO PG B TZTUFN XJUI Z = 20a BOE OC = 0.19 BॏFS FRVJMJCSBUJOH
JOUP UIF ੘VJE TUBUF BU TJ = 0 BOE Δ1J = 0.2 K 	B
 BOE UIFO HPJOH RVBTJ�MJOFBSMZ 	XJUI B TUFQ MFOHUI PG 8T = 5
 UP
TG = 7.8 uT BOE Δ1G = 0.16 K VOUJM 8 = 100 ≡ 8U BT QFS &R� 	����
� &WFOUVBMMZ
 UIF TZTUFN BSSJWFT BU UIF TUBCMF SJOH
DPO੗HVSBUJPO <DG� 	E
 BOE 'JH� ����	C
>� 1BOFMT 	F
 BOE 	৐
 TIPX UIF NBHOFUJD ੗FME BOE UIF UFNQFSBUVSF
 SFTQFDUJWFMZ
 BT
B GVODUJPO PG UJNF 8 � 4FF UIF TVQQMFNFOUBM NBUFSJBM <��> GPS BO BOJNBUJPO�

*U JOJUJBMMZ SFNBJOT DPOTUBOU BU TJ = 0
 UIFO KVNQT JOTUBOUBOFPVTMZ UP TPNF JOUFSNFEJBUF WBMVF
TN ∈ (TJ,TG) BU B UJNF 8 = 8N > 0 BOE BॏFS UIBU DPOUJOVFT RVBTJ�MJOFBSMZ UP TG VOUJM 8 = 8U > 8N�
य़F UFNQFSBUVSF
 PO UIF PUIFS IBOE
 TJNQMZ HPFT JO B RVBTJ�MJOFBS GBTIJPO GSPN 1J UP 1G PWFS 8U


1( =




1J JG 8 < 0,

1J + (1G −1J) 9(/(T :(U/(T JG 0 ≤ 8 < 8U,

1G PUIFSXJTF,

	����


KVTU BT CFGPSF� .BLJOH UIF SJHIU DIPJDFT GPS 1J
 8U
 8N
 TN BOE 8U JT BHBJO DSVDJBM GPS TVDDFTT
 CVU
BDUVBMMZ JOWPMWFT MFTT BNPVOU PG HVFTTXPSL UIBO POF NJHIU TVTQFDU BU ੗STU HMBODF�

-FU VT UBLF B MPPL BU 'JH� ��� JO PSEFS UP VOEFSTUBOE IPX UIJT NFUIPE NBOBHFT UP QSPEVDF UIF
TUBCMF ESPQMFU TUBUF GPS Z = 30a � य़F UFNQFSBUVSF 1J ≡ 0.195 K JT TFMFDUFE TVDI UIBU UIF TZTUFN
JOJUJBMMZ GPSNT B SJOH XJUIPVU B DFOUSBM DMVTUFS� य़F USBOTJUJPO UJNF 8U ≡ 1500 JT UIFO DIPTFO TP
BT UP TBUJTGZ UIF DSJUFSJPO UIBU UIF SJOH BTTVNFT B QBSUJDVMBS TIBQF BU TPNF QPJOU
 OBNFMZ UIBU JU
EFWFMPQT GPVS WFSZ QSPOPVODFE DPSOFST DPOOFDUFE CZ SBUIFS EFMJDBUF CSJEHFT� 8F ੗OE UIBU UIFTF
CSJEHFT BSF UIF UIJOOFTU
 BOE UIVT NPTU GSBHJMF
 BU 8 = 350 ≡ 8N <'JH� ���	C
>� *U JT QSFDJTFMZ BU UIJT
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'JHVSF ����� %ZOBNJD FWPMVUJPO PG UIF EFOTJUZ EJTUSJCVUJPO PG B TZTUFN XJUI Z = 30a BOE OC = 0.19 BॏFS FRVJMJCSBUJOH
JOUP UIF ੘VJE TUBUF BU TJ = 0 BOE Δ1J = 0.195 K 	B

 BOE UIFO HPJOH UP TG = 7.2 uT BOE Δ1G = 0.16 K BDDPSEJOH UP &RT�
	����
 BOE 	����
 BT TIPXO JO QBOFMT 	J
 BOE 	K
� &WFOUVBMMZ
 UIF TZTUFN BSSJWFT BU UIF TUBCMF ESPQMFU DPO੗HVSBUJPO <DG�
	I
 BOE 'JH� ����	B
>� 4FF UIF TVQQMFNFOUBM NBUFSJBM <��> GPS BO BOJNBUJPO�

NPNFOU UIBU XF TVEEFOMZ UVSO PO UIF NBHOFUJD ੗FME UP TN = 0.6TG = 4.32 uT
 XIJDI DBVTFT UIF
DPSOFST UP CF CMPXO BQBSU BOE UIF MJOLT CFUXFFO UIFN UP CF TFWFSFE�8JUI HSPXJOH B॒SBDUJPO
 UIF
TDB॒FSFE SFNBJOT PG UIF SJOH TVCTFRVFOUMZ HBUIFS JOUP GPVS EJTUJODU ESPQMFUT� BU UIF TBNF UJNF

UIF SFQVMTJPO CFUXFFO UIF ESPQMFUT CFDPNFT TUSPOHFS BOE QVTIFT UIFN BXBZ GSPN FBDI PUIFS BOE
JOUP UIF DPSOFST PG UIF DFMM� &WFOUVBMMZ
 UIF TZTUFN SFBDIFT UIF TUBCMF FRVJMJCSJVN DPO੗HVSBUJPO
<DG� 'JHT� ���	I
 BOE ����	B
>�

"T XF DBO TFF JO 'JH� ���
 XF BSF BMTP BCMF UP NBLF UIF DPMMPJET BTTFNCMF JOUP UIF TUBCMF ESPQMFU
TUBUF GPS Z = 20a CZ NFBOT PG UIJT QSPDFEVSF <DG� 'JHT� ���	E
 BOE ����	B
>� *O UIJT DBTF
 XF VTFE
Δ1J = 0.2 K
 8U = 150
 8N = 70
 BOE TN = 0.9TG = 7.02 uT� /PUF UIBU UIF TNBMMFS TZTUFN BHBJO
SFRVJSFT B NVDI TIPSUFS USBOTJUJPO UJNF UIBO UIF MBSHFS POF�
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'JHVSF ����� %ZOBNJD FWPMVUJPO PG UIF EFOTJUZ EJTUSJCVUJPO PG B TZTUFN XJUI Z = 20a BOE OC = 0.19 BॏFS FRVJMJCSBUJOH
JOUP UIF ੘VJE TUBUF BU TJ = 0 BOE Δ1J = 0.2 K 	B
 BOE UIFO HPJOH UP TG = 7.8 uT BOE Δ1G = 0.16 K BDDPSEJOH UP &RT� 	����

BOE 	����
 BT TIPXO JO QBOFMT 	F
 BOE 	৐
� &WFOUVBMMZ
 UIF TZTUFN BSSJWFT BU UIF TUBCMF ESPQMFU DPO੗HVSBUJPO <DG� 	E
 BOE
'JH� ����	B
>� 4FF UIF TVQQMFNFOUBM NBUFSJBM <��> GPS BO BOJNBUJPO�

������ %SPQMFUT! SJOH

4P GBS
 PVS F੖PSUT IBWF GPDVTFE PO SFBMJ[JOH UIF SBUIFS JOUSJDBUF FWPMVUJPO GSPN B ੘VJE UP B ESPQMFU
PS SJOH DPO੗HVSBUJPO� 6OTVSQSJTJOHMZ
 HPJOH UIF PQQPTJUF XBZ JT RVJUF USJWJBM JO DPNQBSJTPO�
BO JOTUBOUBOFPVT KVNQ JO QBSBNFUFS TQBDF PVU PG UIF NJDSPQIBTF SFHJNF XPVME BMXBZT MFBE UP
UIF EJTTPMVUJPO PG ESPQMFU BOE SJOH TUSVDUVSFT BOE FWFOUVBMMZ SFTVMU JO UIF TUBCMF ੘VJE TUBUF� "
DPSPMMBSZ PG UIJT JT UIBU JO NPTU DJSDVNTUBODFT JU TIPVME CF QPTTJCMF UP USBOTJUJPO CFUXFFO UIF
ESPQMFU BOE SJOH QIBTFT WJB B EFUPVS JOUP UIF ੘VJE QIBTF� ESPQMFUT! ੘VJE! SJOH�

3FDBMM UIBU XF GPVOE UIF ESPQMFU BOE SJOH QIBTFT UP PWFSMBQ JO UIF QIBTF EJBHSBN GPS Z = 30a

BOE Δ1 = 0.16 K <'JH� ����	B
> TVDI UIBU BU DFSUBJO QBDLJOH GSBDUJPOT 	0.17 " OC " 0.207

 UIFSF
FYJTU TUBCMF ESPQMFU DPO੗HVSBUJPOT BU MPXFS BOE TUBCMF SJOH DPO੗HVSBUJPOT BU IJHIFS NBHOFUJD
੗FMET� &YBNQMFT GPS UIJT BSF UIF QSFWJPVTMZ UBSHFUFE ESPQMFU 	T = 7.2 uT
 BOE SJOH 	T = 8.7 uT

TUBUFT BU OC = 0.19� य़JT QPTFT UIF RVFTUJPO� DBO XF HP GSPN POF UP UIF PUIFS XJUIPVU B TUPQPWFS
JO UIF ੘VJE TUBUF
 CZ POMZ WBSZJOH UIF NBHOFUJD ੗FME XIJMF LFFQJOH UIF UFNQFSBUVSF DPOTUBOU 

4JNQMZ UBLJOH T EJSFDUMZ GSPN TJ UP TG
 XIFUIFS BCSVQUMZ PS 	RVBTJ�
MJOFBSMZ
 QSPWFE VOTVDDFTT�
GVM� JODSFBTJOH UIF NBHOFUJD ੗FME GSPN TJ = 7.2 uT UP TG = 8.7 uT KVTU DBVTFT UIF ESPQMFUT UP CF
ESJWFO GVSUIFS JOUP UIF DPSOFST PG UIF DFMM
 XIFSFBT EFDSFBTJOH T GSPN TJ = 8.7 uT UP TG = 7.2 uT
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'JHVSF ����� %ZOBNJD FWPMVUJPO PG UIF EFOTJUZ EJTUSJCVUJPO PG B TZTUFN XJUI Z = 30a BOE OC = 0.19 BॏFS FRVJMJCSBUJOH
JOUP UIF ESPQMFU TUBUF BU TJ = 7.2 uT BOE Δ1J = 0.16 K <DG� 	B
 BOE 'JH� ����	B
> BOE UIFO HPJOH UP TG = 8.7 uT BDDPSEJOH
UP &R� 	����
 XIJMF LFFQJOH UIF UFNQFSBUVSF DPOTUBOU BT TIPXO JO QBOFMT 	J
 BOE 	K
� &WFOUVBMMZ
 UIF TZTUFN BSSJWFT BU
UIF TUBCMF SJOH DPO੗HVSBUJPO <DG� 	I
 BOE 'JH� ����	E
>� 4FF UIF TVQQMFNFOUBM NBUFSJBM <��> GPS BO BOJNBUJPO�

GPSDFT UIF SJOH UP DPOUSBDU� *O CPUI DBTFT
 OP QIBTF USBOTJUJPO PDDVST ۗ UIF TZTUFN SFUBJOT JUT
PSJHJOBM UPQPMPHZ BOE FOET VQ JO B NFUBTUBCMF TUBUF�

"T TIPXO JO 'JH� ���
 XF XFSF
 IPXFWFS
 BCMF UP JOEVDF B USBOTJUJPO GSPN UIF ESPQMFU UP UIF SJOH
QIBTF VTJOH B TMJHIUMZ NPSF DPNQMJDBUFE TUSBUFHZ HJWFO CZ

T( =




TJ JG 8 < 0,

TN JG 0 ≤ 8 < 8N,

TN + (TG − TN) 9((−(N)/(T :((U−(N)/(T JG 8N ≤ 8 < 8U,

TG JG 8 ≥ 8U.

	����


य़F USJDL JT UP JOTUBOUBOFPVTMZ JODSFBTF UIF NBHOFUJD ੗FME BU 8 = 0 GSPN #J ≡ 7.2 uT UP B WBMVF
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TN ≡ 12.7 uT BCPWF TG ≡ 8.7 uT� 1SPWJEFE UIBU TN JT TVਖ਼DJFOUMZ MBSHF
 UIF ESPQMFUT BSF JNNFEJ�
BUFMZ CMPXO BQBSU BOE UIF QBSUJDMFT BSF QVTIFE BHBJOTU UIF XBMM PG UIF DFMM XIFSF UIFZ FWFOUVBMMZ
GPSN B UIJO SJOH� 0ODF UIF TZTUFN IBT F੖FDUJWFMZ TF॒MFE JOUP BO JOUFSNFEJBUF TUBUF PG FRVJMJCSJVN
BU 8 = 250 ≡ 8N
 XF EJBM UIF NBHOFUJD ੗FME WFSZ TMPXMZ 	MFTU TNBMM ESPQMFUT EFWFMPQ JOTJEF UIF
SJOH
 EPXO JO B RVBTJ�MJOFBS NBOOFS TP BT UP ੗OBMMZ SFBDI TG BU 8 = 2250 ≡ 8U� य़F TUBCMF SJOH
DPO੗HVSBUJPO UIFO FNFSHFT BॏFS B TIPSU XIJMF <DG� 'JHT� ���	I
 BOE ����	E
>�

6TJOH B WBSJBUJPO PG UIJT NFUIPE XIFSF XF UBLF UIF NBHOFUJD ੗FME GSPN TJ = 8.7 uT BCSVQUMZ
EPXO UP TPNF #N TNBMMFS UIBO TG = 7.2 uT BOE UIFO HSBEVBMMZ CBDL VQ UP TG VOGPSUVOBUFMZ EPFT
OPU SFTVMU JO B USBOTJUJPO GSPN UIF SJOH UP UIF ESPQMFU QIBTF� *G T JT EFDSFBTFE CFMPX TG
 UIF SJOH
TJNQMZ DPOUSBDUT BOE QPUFOUJBMMZ FWFO UVSOT JOUP B MBSHF ESPQMFU� 8F IBWF BMTP OPU CFFO BCMF UP
DPNF VQ XJUI BO BMUFSOBUJWF TUSBUFHZ UIBU XPSLFE XJUIPVU BMMPXJOH UIF UFNQFSBUVSF UP DIBOHF

BOE JU NBZ WFSZ XFMM CF UIBU UIFSF BDUVBMMZ JT OPOF� *O UIF FOE
 UIF QSPCMFN MJFT JO UIF EJਖ਼DVMUZ
PG EJTBTTFNCMJOH B TPMJE SJOH�

4VNNBSZ

8F IBWF TUVEJFE UIF EZOBNJDT PG PVS NPEFM TZTUFN ۗ DPO੗OFE UP B TRVBSF DFMM ۗ CZ NFBOT PG
%%'5 JO PSEFS UP BTDFSUBJO IPX JU SFTQPOET UP DIBOHFT PG UIF DPNQFUJOH JOUFSBDUJPOT CZ WBSZJOH
UIF NBHOFUJD ੗FME BOE UIF UFNQFSBUVSF� "U ੗STU
 XF B॒FNQUFE UP FNVMBUF BO FYQFSJNFOU XIFSF
UIF TZTUFN JT JOJUJBMMZ BU FRVJMJCSJVN JO B ੘VJE TUBUF XJUI OP SFQVMTJPO 	TJ = 0
 BOE POMZ XFBL
B॒SBDUJPO 	1J 2 1D

 BOE UIFO CSPVHIU UP B QPJOU 	TG
 1G
 JOTJEF NJDSPQIBTF SFHJNF XIFSF FJUIFS
B ESPQMFU PS SJOH QIBTF JT UIFSNPEZOBNJDBMMZ TUBCMF� 8F GPVOE UIBU JU JT BMM CVU DFSUBJO UIBU UIF
TZTUFN BDUVBMMZ SFBDIFT UIF TUBCMF DPO੗HVSBUJPO
 BOE NPSF MJLFMZ UIBO OPU UP CFDPNF TUVDL JO B
NFUBTUBCMF TUBUF� 'PS FYBNQMF
 KVNQJOH JOTUBOUBOFPVTMZ GSPN 	TJ
 1J
 UP 	TG
 1G
 UFOET UP SFTVMU JO
B MBSHFS OVNCFS PG EJ੖FSFOUMZ�TJ[FE ESPQMFUT CFDBVTF UIF TVEEFO JODSFBTF PG UIF B॒SBDUJPO UP GVMM
TUSFOHUI MFBET UP UIF MPDBM EFWFMPQNFOU PG NBOZ TNBMMFS BHHMPNFSBUJPOT UIBU UIFO DPBMFTDF VOUJM
UIFZ HSPX MBSHF FOPVHI UP SFQFM FBDI PUIFS� *O GBDU
 JU BQQFBST UIBU UIF TUBSUJOH QPJOU (TJ,1J) BOE
UIF DPODSFUF QBUI UBLFO UISPVHI QBSBNFUFS TQBDF BSF NPSF SFMFWBOU GPS UIF FOTVJOH TUSVDUVSF
UIBO UIF EFTUJOBUJPO (TG,1G) JUTFMG�

य़JT TVHHFTUT UIBU FBDI TUBCMF NJDSPQIBTF DBO POMZ CF SFBDIFE XJUI B VOJRVF BOE TQFDJ੗D
TUSBUFHZ� 8F TBX UIBU B 	RVBTJ�
MJOFBS JOUFSQPMBUJPO GSPN (TJ,1J) UP (TG,1G) JT BCMF UP HFOFSBUF B
SJOH JG UIF JOJUJBM TUBUF BOE UIF USBOTJUJPO UJNF BSF TVJUBCMZ DIPTFO� 8F BMTP NBOBHFE UP QSPEVDF B
DPO੗HVSBUJPO PG GPVS ESPQMFUT CZ VTJOH B NJOPS NPEJ੗DBUJPO XIFSFCZ UIF NBHOFUJD ੗FME SFNBJOT
EJTBCMFE BU UIF CFHJOOJOH GPS B DFSUBJO EVSBUJPO CFGPSF JU JT BCSVQUMZ UVSOFE PO UP TPNF JOUFSNF�
EJBUF WBMVF BOE UIFO JODSFBTFE 	RVBTJ�
MJOFBSMZ UP TG� *O CPUI DBTFT
 UIF MBSHFS TZTUFN 	Z = 30a

SFRVJSFE B USBOTJUJPO UJNF BO PSEFS PG NBHOJUVEF MPOHFS UIBO UIF TNBMMFS POF 	Z = 20a
� "U UIPTF
QBDLJOH GSBDUJPOT BOE UFNQFSBUVSFT XIFSF
 EFQFOEJOH PO UIF TUSFOHUI PG UIF NBHOFUJD ੗FME
 FJ�
UIFS UIF ESPQMFU PS UIF SJOH QIBTF JT TUBCMF
 XF GPVOE B XBZ UP USBOTJUJPO GSPN UIF GPSNFS UP UIF
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MB॒FS XIJMF LFFQJOH 1 DPOTUBOU UIBU JOWPMWFT BO JOTUBOUBOFPVT JODSFBTF PG T BCPWF TG
 GPMMPXFE
CZ B TMPX 	RVBTJ�
MJOFBS EFDSFBTF EPXO UP TG� )PXFWFS
 XF GBJMFE UP EJTDPWFS B QBUI JO UIF PQQP�
TJUF EJSFDUJPO XIJDI MFBET GSPN B SJOH EJSFDUMZ UP B ESPQMFU DPO੗HVSBUJPO XJUIPVU IBWJOH UP NBLF
B EFUPVS UP UIF ੘VJE QIBTF FO SPVUF�

*G PVS SFTVMUT BSF BOZ JOEJDBUJPO
 JU UVSOT PVU UP CF SBUIFS OPO�USJWJBM UP QSPEVDF B TQFDJ੗D
TUSVDUVSF JO UIF QSFTFODF PG DPNQFUJOH JOUFSBDUJPOT
 FWFO JG JU JT UIFSNPEZOBNJDBMMZ TUBCMF BOE
SFQSFTFOUT UIF HMPCBM NJOJNVN PG UIF GSFF FOFSHZ MBOETDBQF� $BSFGVMMZ QMP॒JOH B QBUI UISPVHI
QBSBNFUFS TQBDF JOUP BOE JOTJEF UIF NJDSPQIBTF SFHJNF TFFNT UP CF DSVDJBM UP TBGFMZ OBWJHBUF
UIJT MBOETDBQF BOE QSFWFOU UIF TZTUFN GSPN HF॒JOH USBQQFE JO UIF NFUBTUBCMF TUBUF PG B MPDBM GSFF
FOFSHZ NJOJNVN� 8F TVTQFDU UIBU UIJT QSPCMFN JT PॏFO VOEFSFTUJNBUFE 	PS FWFO EJTSFHBSEFE

JO FYQFSJNFOUBM TUVEJFT
 XIJDI NBZ DPOUSJCVUF UP UIF EJਖ਼DVMUZ PG PCTFSWJOH UIF TUBCMF QFSJPEJD
EFOTJUZ QSP੗MFT QSFEJDUFE CZ UIFPSZ� $POTJEFSJOH UIBU DPOEJUJPOT BSF OFWFS JEFBM JO SFBMJUZ
 JU
TUBOET UP SFBTPO UIBU FWFO TNBMM BTZNNFUSJFT BU UIF CFHJOOJOH DBO QPUFOUJBMMZ BNQMJGZ PWFS UJNF
BॏFS UIF DPNQFUJOH JOUFSBDUJPOT BSF UVSOFE PO
 HJWJOH SJTF UP IJHIMZ JSSFHVMBS DPO੗HVSBUJPOT JO
UIF FOE� *U JT VODMFBS BU UIJT QPJOU XIFUIFS UIF NFUIPET UIBU XF GPVOE UP NBLF UIF USBOTJUJPO
CFUXFFO UIF TUBCMF TUBUFT XJUIJO %%'5 QPTTJCMF XPSL FRVBMMZ XFMM JO FYQFSJNFOUT
 PS XIFUIFS
NPSF JOWBTJWF NFBTVSFT OFFE UP CF UBLFO� 'VSUIFS FYQFSJNFOUBM SFTFBSDI UP FMJDJU IPX UIF XBZ
JO XIJDI UIF TZTUFN JT CSPVHIU JOUP UIF NJDSPQIBTF SFHJNF B੖FDUT UIF PVUDPNF JT UIFSFGPSF NPTU
DFSUBJOMZ XBSSBOUFE�
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-FU VT SFDBQJUVMBUF XIBU XF IBWF EPOF BOE DPNF UP MFBSO� *O BO F੖PSU UP HBJO EFFQFS JOTJHIUT
JOUP UIF NFDIBOJDT PG NJDSPQIBTF TFQBSBUJPO EVF UP DPNQFUJOH JOUFSBDUJPOT
 XF IBWF QSPQPTFE
BO F੖FDUJWFMZ UXP�EJNFOTJPOBM NPEFM TZTUFN UIBU JT UIFPSFUJDBMMZ BDDFTTJCMF BOE QSFTVNFE UP
CF FYQFSJNFOUBMMZ SFBMJ[BCMF
 GFBUVSJOH TQIFSJDBM TJMJDB DPMMPJET TVCKFDU UP TIPSU�SBOHFE B॒SBDUJWF
BOE MPOH�SBOHFE SFQVMTJWF GPSDFT XIJDI DBO CF UVOFE FBTJMZ BOE JOEFQFOEFOUMZ GSPN FBDI PUIFS�
य़F DPMMPJET BSF FRVJQQFE XJUI B QBSBNBHOFUJD DPSF BOE TVCNFSHFE JO B NJYUVSF PG XBUFS BOE
�
��-VUJEJOF� 6OEFS UIF GPSDF PG HSBWJUZ
 UIFZ TFEJNFOU UPXBSE UIF CP॒PN PG B DPO੗OJOH DFMM
BOE GPSN B ੘BU NPOPMBZFS� य़F DFMM JT QMBDFE JOTJEF B IPNPHFOFPVT FYUFSOBM NBHOFUJD ੗FME QFS�
QFOEJDVMBS UP UIF NPOPMBZFS� 6QPO BQQSPBDIJOH UIF MPXFS DSJUJDBM EFNJYJOH UFNQFSBUVSF 1D PG
UIF XBUFSۗ�
��-VUJEJOF NJYUVSF GSPN CFMPX
 UIF JODSFBTJOH DPSSFMBUJPO MFOHUI PG UIF TPMWFOU JO
DPNCJOBUJPO XJUI UIF DPMMPJET۝ QSFGFSFODF GPS BETPSCJOH XBUFS SBUIFS UIBO �
��-VUJEJOF MFBET UP
B DSJUJDBM $BTJNJS B॒SBDUJPO CFUXFFO UIF DPMMPJET XIPTF TUSFOHUI BOE SFBDI DBO CF BEKVTUFE WJB
NJOVUF DIBOHFT PG UIF UFNQFSBUVSF1 � 8JUIJO UIF QBSBNBHOFUJD DPSF PG FBDI DPMMPJE
 B NBHOFUJD
EJQPMF NPNFOU JT JOEVDFE UIBU JT QSPQPSUJPOBM BOE QBSBMMFM UP UIF FYUFSOBM NBHOFUJD ੗FME� #FDBVTF
UIF NBHOFUJD EJQPMFT BSF BMM OPSNBM UP UIF NPOPMBZFS
 UIFZ HJWF SJTF UP B SFQVMTJPO JO UIF MBUFSBM
EJSFDUJPO UIBU DBO CF DPOUSPMMFE CZ WBSZJOH UIF TUSFOHUI T PG UIF NBHOFUJD ੗FME� 8F TBX UIBU
 CZ
DIPPTJOH TVJUBCMF WBMVFT GPS T BOE Δ1 ≡ 1D − 1 
 XF BSF BCMF UP DPOTUSVDU JOUFSBDUJPO QPUFOUJBMT
UIBU P੖FS UIF UZQJDBM 4"-3 DIBSBDUFSJTUJDT JO UIBU UIF DPMMPJET BSF B॒SBDUFE UP POF BOPUIFS BU
TNBMMFS TFQBSBUJPOT
 BOE SFQFMMFE GSPN FBDI PUIFS BU MBSHFS POFT�

8F XFOU PO UP TUVEZ UIF TUBUJD QIBTF CFIBWJPS PG UIJT TZTUFN CZ NFBOT PG EFOTJUZ GVODUJPOBM
UIFPSZ 	%'5
 ۗ BU ੗STU XJUI B GPDVT PO UIF JO੗OJUF CVML� #Z DBMDVMBUJOH UIF CJOPEBM BOE TQJOPEBM

XF VOTVSQSJTJOHMZ GPVOE UIBU B NBDSPTDPQJD TFQBSBUJPO JOUP B TQBSTF HBTFPVT BOE B EFOTF MJRVJE
QIBTF JT QSFGFSSFE UP B TJOHMF VOJGPSN ੘VJE QIBTF XJUI TPNF JOUFSNFEJBUF EFOTJUZ JG UIF B॒SBDUJPO
JT TUSPOH BOE UIF SFQVMTJPO XFBL FOPVHI� /FYU
 XF TFU PVU UP JOWFTUJHBUF XIFUIFS NPEVMBUFE
NJDSPQIBTFT BSF UIFSNPEZOBNJDBMMZ TUBCMF BOE GBWPSFE PWFS IPNPHFOFPVT POFT VOEFS DFSUBJO
DJSDVNTUBODFT� 8F TIPXFE UIBU B TVਖ਼DJFOU DPOEJUJPO GPS UIJT JT UIBU UIF HMPCBM NJOJNVN c̃ (:NJO)
PG UIF SFDJQSPDBM 'PVSJFS USBOTGPSN PG UIF TUBUJD TUSVDUVSF GBDUPS JT OFHBUJWF� B EFOTJUZ QSP੗MF UIBU
੘VDUVBUFT XJUI UIF DPSSFTQPOEJOH XBWFMFOHUI 3 = 2@/:NJO IBT B MPXFS FOFSHZ DPNQBSFE UP B
੘BU POF XJUI UIF TBNF CVML QBDLJOH GSBDUJPO OC� 8F GPVOE UIBU UIFSF JOEFFE FYJTUT B SFHJPO JO UIF
QIBTF EJBHSBN TQBOOFE CZ OC
 T BOE Δ1 XIFSF UIJT JT UIF DBTF
 BOE XIFSF NJDSPQIBTF TFQBSBUJPO
UIFSFGPSF PDDVST� 'PS TNBMM BOE JOUFSNFEJBUF OC
 XF JEFOUJ੗FE B MPX�:NJO EPNBJO BU TNBMMFS T
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PS Δ1 
 BT XFMM BT BO JOUFSNFEJBUF�:NJO EPNBJO BU MBSHFS T PS Δ1 � 'PS MBSHF OC
 XF PCTFSWFE B
IJHI�:NJO EPNBJO UIBU TVHHFTUT DSZTUBMMJ[BUJPO� *G XF MPPL BU EJ੖FSFOU DSPTT TFDUJPOT PG UIF QIBTF
EJBHSBN UIBU MJF QFSQFOEJDVMBS UP UIF T PS Δ1 BYJT
 UIFTF EPNBJOT WBSZ JO TJ[F BOE TIBQF
 TPNF
PG UIFN NJHIU OPU CF QSFTFOU BU BMM
 BOE UIFZ NBZ CF EJTDPOOFDUFE PS KPJOFE UPHFUIFS� *G UIFZ BSF
KPJOFE
 :NJO JODSFBTFT TNPPUIMZ GSPN UIF MPXFS UP UIF JOUFSNFEJBUF WBMVFT
 CVU KVNQT BCSVQUMZ
UP UIF IJHIFS POFT� UIF SFBTPO GPS UIJT JT UIBU UIF HMPCBM NJOJNVN PG c̃ TIJॏT GSPN UIF ੗STU UP UIF
TFDPOE MPDBM NJOJNVN� *O UIF MJNJU PG WBOJTIJOH SFQVMTJPO
 T → 0
 XF DPOUJOVPVTMZ SFDPWFS B
QVSFMZ B॒SBDUJWF TZTUFN UIBU POMZ P੖FST NBDSPQIBTF TFQBSBUJPO� UIF IJHI�:NJO EPNBJO WBOJTIFT
BOE UIF XBWFMFOHUI PG UIF EFOTJUZ ੘VDUVBUJPOT JO UIF MPX�:NJO POF EJWFSHFT TJODF :NJO → 0� BU
T = 0
 UIF TQJOPEBM DPJODJEFT XJUI UIF CPSEFS PG UIF [FSP�:NJO EPNBJO�

5P EFUFSNJOF UIF TUSVDUVSF PG UIF NJDSPQIBTFT
 XF UIFO EFWFMPQFE B -BOEBV�UZQF UIFPSZ CZ
5BZMPS�FYQBOEJOH UIF JOUSJOTJD GSFF FOFSHZ GVODUJPOBM F BSPVOE UIF CVML EFOTJUZ BC VQ UP 2̂�UI
PSEFS
 BOE SFTUSJDUJOH PVSTFMWFT UP EFOTJUZ EJTUSJCVUJPOT UIBU DBO CF SFQSFTFOUFE XJUIJO UIF d̂�TIFMM
FYQBOTJPO� $IPPTJOH 2̂ = 4 BOE d̂ = 1
 UIJT FOBCMFE VT UP RVJDLMZ BQQSPYJNBUF F [B] GPS B EFOTJUZ
QSP੗MF B (-" ) ≡ Φ1L1(-" ) XJUI B DFSUBJO TUSVDUVSF L1 BT B GVODUJPO PG UIF QSJODJQBM XBWFOVNCFS :1
BOE UIF ੘VDUVBUJPO BNQMJUVEF Φ1 PG UIF ੗STU TIFMM� #Z OVNFSJDBMMZ NJOJNJ[JOH UIF JOUSJOTJD GSFF
FOFSHZ XJUI SFTQFDU UP :1 BOE Φ1 GPS EJ੖FSFOU L1
 XF DPVME FTUJNBUF XIJDI NJDSPQIBTF JT GBWPSFE
BU B HJWFO QPJOU (OC,T,Δ1 ) JO QBSBNFUFS TQBDF� 8F DPOTJEFSFE UIF IFYBHPOBM ESPQMFU
 MBNFMMBS
TUSJQF BOE IFYBHPOBM CVCCMF TUSVDUVSFT UIBU XFSF PCTFSWFE JO QSJPS UIFPSFUJDBM TUVEJFT PG UXP�
EJNFOTJPOBM TZTUFNTXJUI DPNQFUJOH JOUFSBDUJPOT UP FNFSHF JO UIBU QSFDJTF PSEFS XJUI JODSFBTJOH
CVML EFOTJUZ
 BOE XFSF BCMF UP DPO੗SN UIBU PVS NPEFM GFBUVSFT FYBDUMZ UIF TBNF TFRVFODF PG
TUBCMF NJDSPQIBTFT� 8IJMF PVS -BOEBV�UZQF UIFPSZ HBWF VT B SFMBUJWFMZ GBTU BOE JOFYQFOTJWF
NFBOT PG DPNQVUJOH B QIBTF EJBHSBN
 JUT BDDVSBDZ UVSOFE PVU UP CF SBUIFS RVFTUJPOBCMF CFDBVTF
UIF SFTUSJDUJPO UP UIF ੗STU TIFMM JNQMJFE UIBU POMZ TMPXMZ�WBSZJOH EFOTJUZ EJTUSJCVUJPOT DPVME CF
GBJUIGVMMZ SFQSFTFOUFE
 BOE CFDBVTF UIF NJOJNJ[BUJPO PG UIF GPVSUI�PSEFS 5BZMPS FYQBOTJPO PG F
XPVME PॏFO SFTVMU JO JOWBMJE EFOTJUZ QSP੗MFT XJUI B (-" ) < 0 GPS TPNF -" VOMFTT UIF SFRVJSFNFOU
UIBU B CF OPO�OFHBUJWF XBT BSUJ੗DJBMMZ FOGPSDFE�

5P JNQSPWF UIF RVBMJUZ PG PVS QSFEJDUJPOT
 XF JNQMFNFOUFE UIF 1JDBSE BMHPSJUIN PO B XPSLTUB�
UJPO
 BMMPXJOH VT UP GSFFMZ NJOJNJ[F FJUIFS UIF HSBOE QPUFOUJBM Ω[B] 	JO B HSBOE�DBOPOJDBM TF॒JOH
XJUI ੗YFE DIFNJDBM QPUFOUJBM .
 PS UIF )FMNIPMU[ GSFF FOFSHZA[B] 	JO B RVBTJ�DBOPOJDBM TF॒JOH
XJUI ੗YFE CVML EFOTJUZ BC
 XJUI SFTQFDU UP B EFOTJUZ EJTUSJCVUJPO B XIJDI IBT CFFO EJTDSFUJ[FE
PO B SFHVMBS HSJE� 8IJMF XF GPVOE UIF TBNF TUBCMF NJDSPQIBTFT BT XF EJE XJUI UIF -BOEBV�
UZQF UIFPSZ 	ESPQMFUT→ TUSJQFT→ CVCCMFT

 UIFJS MPDBUJPO JO QBSBNFUFS TQBDF BOE UIFJS CPSEFST
DIBOHFE OPUJDFBCMZ� &TQFDJBMMZ BU MPXFS NBHOFUJD ੗FMET
 UIF EJ੖FSFODFT XFSF RVJUF TJHOJ੗DBOU�
8F B॒SJCVUFE UIJT UP UIF GBDU UIBU UIF FRVJMJCSJVN EFOTJUZ QSP੗MFT BSF OPU TMPXMZ�WBSZJOH JO UIF
DBTF PG B XFBL SFQVMTJPO
 CVU FYIJCJU EJTUJODU TQBSTF BOE EFOTF EPNBJOT TFQBSBUFE CZ B WFSZ UIJO
USBOTJUJPO [POF� 8F TBX UIBU UIF EFOTJUZ EJTUSJCVUJPO XJUIJO UIFTF EPNBJOT JT BMNPTU ੘BU
 BOE



���

UIBU
 BT T → 0
 UIF BWFSBHF EFOTJUZ UIFSFJO BQQSPBDIFT FJUIFS UIBU PG UIF HBTFPVT PS UIBU PG UIF
MJRVJE CVML DPFYJTUFODF TUBUF MZJOH PO UIF CJOPEBM� 5P BDDPNNPEBUF GPS EJ੖FSFOU CVML EFOTJUJFT

UIF TZTUFN UIFSFGPSF IBT UP BEKVTU UIF SFMBUJWF TJ[F PG UIF EPNBJOT� 8F GVSUIFSNPSF EJTDPWFSFE
UIBU UIF NJDSPQIBTF SFHJNF DBO HSPX CFZPOE UIF ͪ�MJOF�TVSGBDF TVSSPVOEJOH UIF SFHJPO XJUI
c̃ (:NJO) < 0 BOE FYUFOE VQ UIF CJOPEBM� 8F JOUFSQSFU UIFTF PCTFSWBUJPOT GPS UIF XFBL SFQVMTJPO
MJNJU BT B NFTPTDPQJD HBTۗMJRVJE QIBTF TFQBSBUJPO XJUI QFSJPEJD EFOTJUZ QSP੗MFT�

8F FOEFE PVS BOBMZTJT PG UIF TUBUJDT CZ JOWFTUJHBUJOH UIF QIBTF CFIBWJPS PG B TZTUFN UIBU JT
DPO੗OFE UP B ੗OJUF DFMM� *OJUJBMMZ XF B॒FNQUFE UP SFDPWFS BOBMPHT PG UIF ESPQMFU BOE CVCCMF QBU�
UFSOT UIF XFSF TUBCMF JO UIF CVML CZ DIPPTJOH IFYBHPOBM PS SFDUBOHVMBS DFMMT UIBU XFSF DPNQBUJCMF
JO TJ[F� *U UVSOFE PVU
 IPXFWFS
 UIBU UIJT EPFT OPU XPSL SFMJBCMZ BOE UIBU UIFTF DFMM TIBQFT QFSNJU
B DPOGVTJOHMZ MBSHF OVNCFS PG EJ੖FSFOU TUSVDUVSFT� *O UIF FOE
 XF EFDJEFE UP GPDVT PO TRVBSF
DFMMT
 GPS XIJDI XF POMZ EFUFDUFE UXP NJDSPQIBTFT 	JO BEEJUJPO UP UIF BMNPTU VOJGPSN HBTFPVT PS
MJRVJE TUBUFT BU WFSZ MPX BOE WFSZ IJHI CVML QBDLJOH GSBDUJPOT
 SFTQFDUJWFMZ
� POF BU MPXFS OC UIBU
DPNQSJTFT GPVS ESPQMFUT
 BOE BOPUIFS POF BU JOUFSNFEJBUF BOE IJHIFS OC UIBU GFBUVSFT B TJOHMF
SJOH� 8F QSPDFFEFE CZ DBMDVMBUJOH B QIBTF EJBHSBN BU B ੗YFE UFNQFSBUVSF GPS B MBSHFS DFMM XJUI
TJEF MFOHUI Z = 30a BOE GPS B TNBMMFS POF XJUI Z = 20a � *O CPUI DBTFT
 XF GPVOE UIF SJOH UP CF
TUBCMF GPS B NVDI XJEFS SBOHF PG CVML QBDLJOH GSBDUJPOT UIBO UIF ESPQMFUT� BO FYQMBOBUJPO GPS
UIJT DPVME CF UIBU UIF TUSJQF BOE UIF CVCCMF QIBTF PG UIF CVML F੖FDUJWFMZ DPNCJOF JOUP B TJOHMF
SJOH QIBTF VQPO DPO੗OFNFOU� 8F OPUJDFE UIBU UIF ESPQMFU BOE SJOH QIBTFT PWFSMBQ UP TPNF FY�
UFOU JO UIF QIBTF EJBHSBN GPS UIF MBSHFS DFMM JO UIF TFOTF UIBU GPS TPNF OC
 UIF GPSNFS JT TUBCMF BU
MPXFS T BOE UIF MB॒FS BU IJHIFS T� JO UIJT
 XF TBX UIF QPTTJCJMJUZ PG JOEVDJOH B QIBTF USBOTJUJPO
BU DPOTUBOU UFNQFSBUVSF CZ TPMFMZ WBSZJOH UIF NBHOFUJD ੗FME�

-BTUMZ
 XF FNQMPZFE EZOBNJD EFOTJUZ GVODUJPOBM UIFPSZ 	%%'5
 UP TUVEZ UIF EZOBNJDT PG NJ�
DSPQIBTF TFQBSBUJPO JO UIJT DPO੗OFE TZTUFN�8FXBOUFE UP BTDFSUBJO IPX UIF EFOTJUZ EJTUSJCVUJPO
FWPMWFT JG UIF FYUFSOBM QBSBNFUFST ۗ UIF NBHOFUJD ੗FME T BOE UIF UFNQFSBUVSF 1 ۗ BSF DIBOHFE
PWFS UJNF
 BOE XIFUIFS UIF TQFDJ੗D QBUI UBLFO UISPVHI QBSBNFUFS TQBDF GSPN BO JOJUJBM (TJ,1J)
UP TPNF ੗OBM (TG,1G) IBT BO JO੘VFODF PO UIF TUSVDUVSF PG UIF FRVJMJCSJVN TUBUF UIBU FWFOUVBMMZ
FNFSHFT� 8F TBX UIBU JG UIF FOE QPJOU MJFT JOTJEF UIF NJDSPQIBTF SFHJNF
 UIF TZTUFN DBO RVJUF
FBTJMZ CFDPNF USBQQFE JO B MPDBM 	BT PQQPTFE UP UIF HMPCBM
 NJOJNVN PG UIF SBUIFS DPNQMJDBUFE
GSFF FOFSHZ MBOETDBQF VOMFTT UIBU QBUI JT DBSFGVMMZ DIPTFO� *U BDUVBMMZ TFFNT UIBU UIJT QBUI NBZ
IBWF B MBSHFS JNQBDU PO UIF PVUDPNF PG UIF EZOBNJD FWPMVUJPO PG UIF EFOTJUZ QSP੗MF UIBO (TG,1G)
JUTFMG� *O QBSUJDVMBS
 BO JOTUBOUBOFPVT KVNQ JOUP UIF NJDSPQIBTF SFHJNF BMXBZT SFTVMUFE JO BO
NFUBTUBCMF DPO੗HVSBUJPO� 8F NBOBHFE UP EFWJTF EJ੖FSFOU TUSBUFHJFT UIBU XPVME SFMJBCMZ MFBE
GSPN BO BMNPTU VOJGPSN ੘VJE BU UIF CFHJOOJOH UP FJUIFS B TUBCMF ESPQMFU PS UP B TUBCMF SJOH TUBUF
JO UIF FOE� 8F BMTP GPVOE B XBZ UP USBOTJUJPO GSPN B ESPQMFU UP B SJOH DPO੗HVSBUJPO JO UIF BGPSF�
NFOUJPOFE PWFSMBQ SFHJPO CZ LFFQJOH UIF UFNQFSBUVSF ੗YFE BOE BMUFSJOH POMZ UIF NBHOFUJD ੗FME�
IPXFWFS
 XF GBJMFE UP EJTDPWFS B EJSFDU QBUI JO UIF PQQPTJUF EJSFDUJPO�



��� �� $PODMVTJPO

8F DPNF UP UIF DPODMVTJPO UIBU UIF TZTUFN QSFTFOUFE JO UIJT UIFTJT QSPNJTFT UP CF B WFSZ
WBMVBCMF NPEFM UP GVSUIFS PVS VOEFSTUBOEJOH PG NJDSPQIBTF TFQBSBUJPO JOEVDFE CZ DPNQFUJOH
JOUFSBDUJPOT� य़F TJNQMJDJUZ PG UIF TFUVQ BOE UIF USJWJBMJUZ PG JNBHJOH DPMMPJEBM NPOPMBZFST WJB
NJDSPTDPQZ DBMM GPS FYQFSJNFOUBM TUVEJFT BHBJOTU XIJDI PVS 	PS GVUVSF
 UIFPSFUJDBM ੗OEJOHT DBO
CF DPNQBSFE� य़F BCJMJUZ PG UVOJOH UIF B॒SBDUJPO BOE SFQVMTJPO CFUXFFO UIF QBSUJDMFT JO TJUV CZ
BEKVTUJOH UIF UFNQFSBUVSF BOE UIF NBHOFUJD ੗FME
 SFTQFDUJWFMZ
 PQFOT VQ JOUSJHVJOH QPTTJCJMJUJFT�
8F TBX UIBU UIF DPNQPTJUJPO PG UIFTF UXP DPOUSJCVUJPOT
 BOE IFODF UIF TIBQF PG UIF JOUFSBDUJPO
QPUFOUJBM
 HSFBUMZ B੖FDU UIF DIBSBDUFS PG UIF FRVJMJCSJVN EFOTJUZ EJTUSJCVUJPO� &TQFDJBMMZ UIF DP�
FYJTUFODF PG QFSJPEJDBMMZ BSSBOHFE
 NFTPTDPQJDBMMZ TJ[FE BOE DMFBSMZ EF੗OFE HBTFPVT BOE MJRVJE
EPNBJOT BU XFBLFS SFQVMTJWF GPSDFT BQQFBST UP CF RVJUF JOUFSFTUJOH� 8F GPVOE UIBU
 JO UIF QSFT�
FODF PG DPNQFUJOH JOUFSBDUJPOT
 UIF GSFF FOFSHZ MBOETDBQF JT GSBVHIU XJUI MPDBM NJOJNB JO XIJDI
UIF EZOBNJDT BSF QSPOF UP HF॒JOH TUVDL� य़JT DPVME CF POF PG UIF GBDUPST XIZ
 JO DPOUSBTU UP UIF�
PSFUJDBM QSFEJDUJPOT
 QFSJPEJD DPO੗HVSBUJPOT XJUI B IJHI EFHSFF PG TZNNFUSZ BSF SBSFMZ PCTFSWFE
JO FYQFSJNFOUT� )PXFWFS
 XF TIPXFE UIBU UIF TZTUFN DBO ۗ BU MFBTU JO UIFPSZ ۗ CF HVJEFE UP UIF
TUBCMF UIFSNPEZOBNJD FRVJMJCSJVN TUBUF CZ TVJUBCMZ WBSZJOH UIF UFNQFSBUVSF BOE UIF NBHOFUJD
੗FME PWFS UJNF�

*O UIF FOE
 UIF IPQF JT UIBU UIJT TUVEZ DBO DPOWJODF PUIFS TUBUJTUJDBM QIZTJDJTUT ۗ CPUI UIFPSFUJ�
DJBOT BOE FYQFSJNFOUBMJTUT BMJLF ۗ UIBU PVS UXP�EJNFOTJPOBM DPMMPJEBM TZTUFN XJUI DPNQFUJOH
B॒SBDUJWF DSJUJDBM $BTJNJS BOE SFQVMTJWF NBHOFUJD EJQPMF JOUFSBDUJPOT JT DPNQFMMJOH FOPVHI UP
XBSSBOU GVSUIFS SFTFBSDI PG XIJDI UIF QSFTFOU UIFTJT POMZ NBSLT UIF CFHJOOJOH�
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*G TPNFPOF IBE GPSFUPME NF BU UIF TUBSU PG NZ QIZTJDT TUVEJFT BU UIF 6OJWFSTJUZ PG 5¼CJOHFO
UIBU * XPVME XJOE VQ BU UIJT QPJOU BMNPTU UFO ZFBST MBUFS
 * XPVME IBWF TFSJPVTMZ RVFTUJPOFE UIBU
QFSTPO۝T NFOUBM IFBMUI� 8SJUJOH B EPDUPSBM UIFTJT BMSFBEZ BQQFBSFE VOMJLFMZ FOPVHI
 CVU EPJOH
TP JO UIF ੗FME PG UIFSNPEZOBNJDT 6॒FSMZ QSFQPTUFSPVT� 8IBU IBE QJRVFE NZ JOUFSFTU JO QIZTJDT
BU BO FBSMZ BHF XFSF BTUSPOPNZ BOE TQBDF USBWFM
 BOE XIBU IBE DPOWJODFE NF UP TUVEZ QIZTJDT
XFSF FMFDUSPNBHOFUJTN BOE UIF EPVCMF TMJU FYQFSJNFOU� * XBOUFE UP MFBSO BCPVU UIF UIFPSZ PG
SFMBUJWJUZ BOE CMBDL IPMFT� * XBOUFE UP ੗OE PVU XIFUIFS 4DIS¶EJOHFS۝T DBU XBT EFBE PS BMJWF� 0S
CPUI� 0S OFJUIFS� *O DPNQBSJTPO
 QIBTF USBOTJUJPOT BOE IFBU FOHJOFT KVTU TFFNFE SBUIFS NVOEBOF�
#PSJOH
 FWFO� * IBE OPU SFBMMZ HSPXO GPOE PG UIFSNPEZOBNJDT JO TDIPPM
 BOE * DBOOPU TBZ UIBU
UIF 1IZTJDT ��� MFDUVSFT BU VOJWFSTJUZ EJE NVDI UP DIBOHF UIBU�

* XBT UIFSFGPSF OPU FYBDUMZ CVSTUJOH XJUI FOUIVTJBTN XIFO * XBT GBDFE XJUI BO FOUJSF NBOEB�
UPSZ DPVSTF PO UIFSNPEZOBNJDT BOE TUBUJTUJDBM QIZTJDT
 IFME CZ 1SPG� %S� 3PMBOE 3PUI� )PXFWFS

UP IJT NFSJU BOE UP NZ MBTUJOH TVSQSJTF
 IF TPNFIPX NBOBHFE UP TMPXMZ UVSO NZ BWFSTJPO UP UIJT
UPQJD JOUP B GBTDJOBUJPO GPS JU * XPVME OPU IBWF UIPVHIU QPTTJCMF� 4P NVDI TP
 JO GBDU
 UIBU * WJTJUFE
IJT GPMMPX�VQ DPVSTF PO BEWBODFE TUBUJTUJDBM QIZTJDT
 DPNQMFUFE BO JOUFSOTIJQ JO IJT HSPVQ
 BOE
XSPUF NZ CBDIFMPS۝T
 NBTUFS۝T BOE ੗OBMMZ BMTP NZ EPDUPSBM UIFTJT VOEFS IJT TVQFSWJTJPO BOE HVJE�
BODF� * BN JOEFCUFE UP IJN GPS QSPWJEJOH NF XJUI UIFTF PQQPSUVOJUJFT BOE TIBQJOH NZ BDBEFNJD
DBSFFS TP QSPGPVOEMZ�

* XPVME MJLF UP HJWF B TIPVU�PVU UP BMM NZ PUIFS DPMMFBHVFT JO UIF 3PUI HSPVQ XIPN * IBE UIF
QSJWJMFHF PG XPSLJOH BOE CFDPNJOH BDRVBJOUFE XJUI� &TQFDJBMMZ /JLPMBT %JU[
 'MPSJBO (V�NBOO

)FOESJL)BOTFO�(PPT
.B॒IJBT 4DIPMUZT[FDL
 %BOJFM 4UPQQFS
 BOE.JDIBFM ;JNNFSNBOO DBOOPU
CF MFॏ VONFOUJPOFE JO UIJT SFHBSE� * NVTU BMTP UIBOL 1SPG� %S� .BSUJO 0F॒FM GPS BHSFFJOH UP CF UIF
TFDPOE TVQFSWJTPS GPS NZ EPDUPSBM UIFTJT BOE GPS DP�PSHBOJ[JOH UIF JOTJHIUGVM BOE JMMVNJOBUJOH
%FOTJUZ 'VODUJPOBM %BZT�

*U BN IPOPSFE UP IBWF NFU BOE CFDPNF GSJFOET XJUI TPNF USVMZ SFNBSLBCMF QFPQMF EVSJOH
NZ UJNF JO 5¼CJOHFO� * SBJTF B HMBTT UP 4FCBTUJBO 7¶MLFM GPS BMM PVS IJLJOH
 TLJJOH BOE CJLJOH
USJQT XIJDI BXBLFOFE UIF BEWFOUVSFS XJUIJO NF� UP .BSUJO #PIOFSU BOE +POBT -FJTUFS GPS UIF
TPNFUJNFT NPSF
 TPNFUJNFT MFTT FOMJHIUFOJOH
 CVU OFWFS VODPOUSPWFSTJBM EJTDVTTJPOT PWFS MVODI�
BOE UP 1JU #VSHCBDIFS
 -VDBT +PSEBO
 %BOJFM .JFH
 .BOVFM /POOFONBDIFS
 5JNP 4DI¶TTMFS
 5JNP
4UPS[FS BOE 1IJMJQ 8PMG GPS UIF KPWJBM EJOOFST BOE NFSSZ XJOF UBTUJOHT� * XJTI UIFN BMM UIF CFTU
GPS UIF QBUI UIBU MJFT BIFBE�
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*O UIF FOE
 IPXFWFS
 JU JT NZ GBNJMZ UIBU EFTFSWFT NZ EFFQFTU PG HSBUJUVEF� * UIBOL NZ LJOE
BOE MPWJOH QBSFOUT GPS UIFJS VODPOEJUJPOBM BOE VOXBWFSJOH TVQQPSU� * UIBOL NZ CSPUIFS
 IJT
NBHOBOJNPVT XJGF BOE UIFJS XPOEFSGVM DIJMESFO GPS NBLJOH NF OPU POMZ GFFM BMXBZT XFMDPNF
JO UIFJS IPNF
 CVU BMTP B WFSZ QSPVE VODMF� -BTUMZ
 * UIBOL &MJTBCFUI GPS TUFBMJOH NZ IFBSU BOE
IPMEJOH PO UP JU
 GPS FODPVSBHJOH NF UP LFFQ PO HPJOH XIFO NZ NPUJWBUJPO EXJOEMFE
 BOE GPS
FBDI BOE FWFSZ TFDPOE TQFOU UPHFUIFS ۗ NBZ UIFSF CF NBOZ NPSF PG UIPTF ZFU UP DPNF�
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"� %FDPNQPTJUJPO PG UIF .BZFS G�GVODUJPO GPS IBSE EJTLT

5P QSPWF UIBU UIF .BZFS G�GVODUJPO GPS IBSE EJTLT
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XJUI UIF BOHMF
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/PX DPOTJEFS UIF DBTF PG UXP QBSUJBMMZ PWFSMBQQJOH EJTLT XJUI SBEJJ F/ BOE F0 BOE DFOUFST TFQB�
SBUFE CZ B WFDUPS -" XJUI |F/ −F0 | < |-" | < F/ +F0 BT EFQJDUFE JO 'JH� "��� *G XF MPPL BU UIF USJBOHMF
GPSNFE CZ UIF EJTLT۝ DFOUFST
 A BOE T
 BOE POF PG UIF UXP JOUFSTFDUJPO QPJOUT PG UIF EJTLT۝ TVS�
GBDFT
 = 
 UIFO JU JT DMFBS GSPN UIF MBX PG DPTJOFT UIBU M0 (-" ) DBO CF JEFOUJ੗FE BT UIF BOHMF BU UIF
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'JHVSF "���� 5XP QBSUJBMMZ PWFSMBQQJOH EJTLT XJUI SBEJJ F/ BOE F0 XIPTF DFOUFST A BOE T BSF TFQBSBUFE CZ B WFDUPS
-" XJUI |F/ − F0 | < |-" | < F/ + F0 � 0OF PG UIF UXP JOUFSTFDUJPO QPJOUT PG UIF EJTLT۝ TVSGBDFT JT NBSLFE BT = � य़F QPJOUT
A
 T BOE = EF੗OF B USJBOHMF XJUI JOUFSJPS BOHMFT M/ 
 M0 BOE M/0 BU UIF SFTQFDUJWF WFSUJDFT�

WFSUFY T� "OBMPHPVTMZ
 XF IBWF UIBU

(I0
/ ★I

2
0) (-" ), =




Θ(F0 − F/) JG ]-" | ≤ |F/ − F0 |
M/ (-" )/@ JG |F/ − F0 | < |-" | < F/ + F0,
0 PUIFSXJTF,

	"��


XIFSF

M/ (-" ) ≡ arccos
|-" |2 + F2/ − F20

2|-" |F/
	"��


JT UIF BOHMF BU UIF WFSUFY A� %FUFSNJOJOH &1
/ ★&1

0 JT TMJHIUMZ NPSF DPNQMJDBUFE� 8F CFHJO XJUI

(&1
/ ★&1

0 ) (-" ) =
∫

d2-" ′
2∑

#1=1

· · ·
2∑

#%=1

[&1
/ (-" ′ − -" )]#1,...,#% [&1

0 (-" ′)]#1,...,#%

=
∫

d2-" ′
2∑

#1=1

· · ·
2∑

#%=1

(C ′#1 − C#1) · · · (C
′
#%
− C#% )

|-" ′ − -" |1
C ′#1 · · · C

′
#%

|-" ′ |1 + (F/ − |-" ′ − -" |) + (F0 − |-" ′ |)

=
∫

d2-" ′
[ -" ′ · (-" ′ − -" )
|-" ′ | |-" ′ − -" |

]1
+ (F/ − |-" ′ − -" |) + (F0 − |-" ′ |) 	"��


=
∫ ∞

0
d" ′

∫ 4

−4
dM ′ " ′

[
(" ′)2 − " ′ |-" | cosM ′

" ′
√
(" ′)2 + |-" |2 − 2" ′ |-" | cosM ′

]1
+ (F0 − " ′)

× +
(
F/ −

√
(" ′)2 + |-" |2 − 2" ′ |-" | cosM ′

)

=
∫ 4

−4
dM ′ F0


F20 − |-" |F0 cosM ′

F0
√
F20 + |-" |2 − 2F0 |-" | cosM ′



1

+

(
F/ −

√
F20 + |-" |2 − 2F0 |-" | cosM ′

)
.



%FDPNQPTJUJPO PG UIF .BZFS G�GVODUJPO GPS IBSE EJTLT ���

5P DPOUJOVF
 XF VTF UIBU
 GPS TPNF GVODUJPO H XJUI POMZ TJNQMF SPPUT g 8 


+ (H (M)) =
∑

50∈M-

+ (M − M0)
|H ′(M0) |

, 	"��


XIFSF H ′ EFOPUFT UIF EFSJWBUJWF PG H � 'PS

H (M) ≡ F/ −
√
F20 + |-" |2 − 2F0 |-" | cosM 	"��


XF IBWF

g 8 =




{−M0 (-" ),M0 (-" )} JG |F/ < F0 | < |-" | < F/ + F0,
∅ PUIFSXJTF

	"���


BOE

|H ′(±M0 (-" )) | =
F0
F/

|-" | sinM0 (-" ), 	"���


XIJDI MFBET UP

(&1
/ ★&1

0 )(-" ) =



2 7#
|-- | sin5$ (-- )

[
72
$− |-- |7$ cos5$ (-- )

7$
√
72
$+|-- |2−27$ |-- | cos5$ (-- )

]1
JG |F/ − F0 | < |-" | < F/ + F0,

0 PUIFSXJTF,

=




27# cos% 5#$ (-- )
|-- | sin5$ (-- ) JG |F/ − F0 | < |-" | < F/ + F0,

0 PUIFSXJTF,
	"���


XIFSF

M/0 (-" ) ≡ arccos
F2/ + F20 − |-" |2

2F/F0
	"���


JT UIF BOHMF BU UIF WFSUFY = � 4JODF |-" | sinM0 (-" ) = F/ sinM/0 (-" ) BDDPSEJOH UP UIF MBX PG TJOFT
 XF
BSSJWF BU

(&1
/ ★&1

0 )(-" ) =



2cos
% 5#$ (-- )

sin5#$ (-- ) JG |F/ − F0 | < |-" | < F/ + F0,
0 PUIFSXJTF.

	"���


/PUJOH UIBU
∞∑

1=0

=1
cos1 M
sinM

= M 	"���




��� "QQFOEJY

GPS M ∈ (0, @) BOE UIF DPFਖ਼DJFOUT HJWFO JO &R� 	����

 XF TFF UIBU

1
2@

∞∑
1=1

=1 (&1
/ ★&1

0 )(-" ) =


M/0 (-" )/@ JG |F/ − F0 | < |-" | < F/ + F0,
0 PUIFSXJTF.

	"���


'JOBMMZ
 DPNCJOJOH &RT� 	"��

 	"��
 BOE 	"���
 HJWFT VT

(I2
/ ★I

0
0) (-" ) + (I0

/ ★I
2
0) (-" ) +

1
2@

∞∑
1=0

=1 (&1
/ ★&1

0 )(-" )

=




Θ(F/ − F0) + Θ(F0 − F/) JG ]-" | ≤ |F/ − F0 |,
[M/ (-" ) + M0 (-" ) + M/0 (-" )]/@ JG |F/ − F0 | < |-" | < F/ + F0,
0 PUIFSXJTF,

=




1 JG ]-" | ≤ F/ + F0,
0 PUIFSXJTF,

= −H/0 (-" ),

	"���


XIFSF XF VTFE UIBU Θ(C) + Θ(−C) = 1 BOE UIBU UIF TVN PG BOHMFT M/ (-" ) + M0 (-" ) + M/0 (-" ) PG UIF
USJBOHMF AT= JT FRVBM UP @ �

#� " SFMBUJPOTIJQ CFUXFFO DIFNJDBM QPUFOUJBM BOE QSFTTVSF

*O UIF CVML
 XF DBO XSJUF UIF HSBOE QPUFOUJBM BT <Ω[BC] = !K;C −! BC<.� *O FRVJMJCSJVN


0 = <
+Ω[BC]
+BC

= !
dK;C

dBC
−! <. $ <. =

dK;C

dBC
$ <

(.

(BC
=
d2K;C

dB2C
,

<- = −< (Ω[BC]
(!

= BC<. − K;C = BC
dK;C

dBC
− K;C $ <

(-

(BC
= BC

d2K;C

dB2C
,

	#��


BOE UIFSFGPSF
(-

(BC
= BC

(.

(BC
. 	#��


$� %FSJWBUJPO PG UIF 0SOTUFJOڎ;FSOJLF SFMBUJPO

8SJUJOH UIF HSBOE DBOPOJDBM QBSUJUJPO TVN BT

ZHD =
∞∑
%=0

1
ℎ!%2!

∫
d!%!

∫
d!%" exp[−<{HJOU(2, !,") −

∫
d!-" B̂-- (2, !,") .JOU(-" )}], 	$��




%FSJWBUJPO PG UIF 0SOTUFJOٟ;FSOJLF SFMBUJPO ���

XF ੗OE UIBU

+Ω

+.JOU(-" )
= −:B1

+ lnZHD

+.JOU(-" )
= −:B1ZHD

+ZHD

+.JOU(-" )
= −〈B̂-- 〉 = −B (-" ) 	$��


BOE

:B1
+B (-" )
+.JOU(-" ′)

= − 1
<

+2Ω

+.JOU(-" ′) +.JOU(-" )
=

1
<2

+2 lnZHD

+.JOU(-" ′) +.JOU(-" )

=
1
<2

[
1

ZHD

+2ZHD

+.JOU(-" ′) +.JOU(-" )
− 1
ZHD

+ZHD

+.JOU(-" ′)
· 1
ZHD

+ZHD

+.JOU(-" )

]

= 〈B̂-- B̂-- ′〉 − 〈B̂-- 〉〈B̂-- ′〉 = 〈B̂-- 〉〈B̂-- ′〉ℎ2(-" , -" ′) + 〈B̂-- 〉 + (-" − -" ′)
= B (-" )B (-" ′) ℎ2(-" , -" ′) + B (-" ) + (-" − -" ′)

	$��


XJUI UIF UXP�QPJOU UPUBM DPSSFMBUJPO GVODUJPO ℎ2 GSPN &R� 	�����
� 6TJOH &R� 	$��

 XF TFF UIBU

F [B] = Ω[B] +
∫

d!-" B (-" ) .JOU(-" ) = Ω[B] −
∫

d!-" +Ω[B]
+.JOU(-" )

.JOU(-" ), 	$��


BOE UIBU F JT UIFSFGPSF UIF -FHFOESF USBOTGPSNBUJPO PG Ω XJUI SFTQFDU UP .JOU� य़VT


+F [B]
+B (-" ) = .JOU(-" ) . 	$��


%F੗OJOH UIF POF�CPEZ EJSFDU DPSSFMBUJPO GVODUJPO BT

Q1(-" ) ≡ −<
+FFY [B]
+B (-" ) = <

+FJE [B]
+B (-" ) − <

+F [B]
+B (-" ) = ln[Λ!B (-" )] − <.JOU(-" ), 	$��


XF IBWF UIBU

<
+.JOU(-" )
+B (-" ′) =

+ ln[Λ!B (-" )]
+B (-" ′) − +Q1(-" )

+B (-" ′) =
+ (-" − -" ′)
B (-" ) − Q2(-" , -" ′), 	$��


XIFSF Q2 JT UIF UXP�QPJOU EJSFDU DPSSFMBUJPO GVODUJPO EF੗OFE JO &R� 	�����
� 'JOBMMZ
 XJUI

+ (-" − -" ′) = +.JOU(-" )
+.JOU(-" ′)

=
∫

d!-" ′′ +.JOU(-" )
+B (-" ′′)

+B (-" ′′)
+.JOU(-" ′)

=
∫

d!-" ′′
[
+ (-" − -" ′′)
B (-" ) − Q2(-" , -" ′′)

]
[B (-" ′′)B (-" ′)ℎ2(-" ′′, -" ′) + B (-" ′′)+ (-" ′′ − -" ′)]

= B (-" ′)
[
ℎ2(-" , -" ′) −

∫
d!-" ′′ Q2(-" , -" ′′)B (-" ′′)ℎ2(-" ′′, -" ′) − Q2(-" , -" ′)

]
+ + (-" − -" ′),

	$��


UIF 0SOTUFJOۗ;FSOJLF SFMBUJPO

ℎ2(-" , -" ′) = Q2(-" , -" ′) +
∫

d!-" ′′ Q2(-" , -" ′′)B (-" ′′)ℎ2(-" ′′, -" ′) 	$��




��� "QQFOEJY

JNNFEJBUFMZ GPMMPXT�

%� 'PVSJFS USBOTGPSNT JO UXP EJNFOTJPOT

य़F 'PVSJFS USBOTGPSN H̃ : R2 → C PG TPNF GVODUJPO H : R2 → C JT EF੗OFE BT

H̃ (-:) ≡
∫

d2-" H (-" ) exp(−i-: · -" ) . 	%��


*G H JT SBEJBMMZ TZNNFUSJD
 H (-" ) = H ( |-" |)
 UIFO BMTP H̃ (-:) = H̃ ( |-: |) XJUI

H̃ (-:) =
∫

d2-" H ( |-" |) exp(−i-: · -" ) =
∫ ∞

0
d"

∫ 24

0
dM " H (" ) exp(−i|-: |" cosM)

=
∫ ∞

0
d" " H (" )

∫ 24

0
dM exp(−i|-: |" cosM)

︸!!!!!!!!!!!!!!!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!!!!!!!!!!!!!!!︸
=24 N0 ( |-2 |- )

= 2@
∫ ∞

0
d" " H (" ) k0( |-: |" ), 	%��


XIFSF k0 EFOPUFT UIF [FSPUI #FTTFM GVODUJPO PG UIF ੗STU LJOE�
य़F 'PVSJFS USBOTGPSNT PG UIPTF RVBOUJUJFT UIBU FOUFS JOUP UIF UIFPSFUJDBM EFTDSJQUJPO PG PVS

NPEFM TZTUFN ۗ OBNFMZ UIF IBSE EJTL XFJHIU GVODUJPOT I0
 I2
 &0
 &1 BOE &2
 BT XFMM BT UIF
DPNQFUJOH JOUFSBDUJPO QPUFOUJBM GDJ ۗ DBO CF FYQSFTTFE JO UFSNT PG #FTTFM BOE 4USVWF GVODUJPOT

GPS XIJDI XF TIBMM OPX EFSJWF TPNF VTFGVM JEFOUJUJFT�

%��� #FTTFM BOE 4USVWF GVODUJPOT

य़F 2�UI #FTTFM GVODUJPO PG UIF ੗STU LJOE JT EF੗OFE BT

k% (C) ≡
1
2@

∫ 50+24

50

dM exp[i(C sinM − 2M)], 	%��


XIFSF UIF DIPJDF PG M0 JT BSCJUSBSZ TJODF UIF JOUFHSBOE exp[i(C sinM − 2M)] JT 2@�QFSJPEJD JO M �
8F DBO UIFSFGPSF BMTP QFSGPSN UIF TVCTUJUVUJPO M → M − @/2 XJUIPVU BEKVTUJOH UIF MJNJUT PG
JOUFHSBUJPO UP ੗OE UIF SFQSFTFOUBUJPO

k% (C) =
1
2@

∫ 50+24

50

dM exp[i {C sin(M − @/2) − 2(M − @/2)}]

=
exp(i2@/2)

2@

∫ 50+24

50

dM exp(−iC cosM) exp(−i2M)

=
exp(i@/2)%

2@

∫ 50+24

50

dM exp(−iC cosM) exp(−iM)%

=
i%

2@

∫ 50+24

50

dM exp(−iC cosM) (cosM − i sinM)% .

	%��




'PVSJFS USBOTGPSNT JO UXP EJNFOTJPOT ���

6TJOH UIBU
∫ 50+24

50

dM exp(−iC cosM) cos2 M sin23+1 M =
∫ 4

−4
dM exp(−iC cosM) cos2 M sin23+1 M = 0 	%��


GPS BMM :, _ ∈ N0 CFDBVTF UIF JOUFHSBOE JT BO VOFWFO GVODUJPO PG M 
 JU GPMMPXT GSPN &R� 	%��
 UIBU

k0(C) =
1
2@

∫ 50+24

50

dM exp(−iC cosM), 	%��


UIBU

k1(C) =
i
2@

∫ 50+24

50

dM exp(−iC cosM) (cosM − i sinM)

= − 1
i2@

∫ 50+24

50

dM exp(−iC cosM) cosM,
	%��


BOE UIBU

k2(C) =
i2

2@

∫ 50+24

50

dM exp(−iC cosM) (cosM − i sinM)2

= − 1
2@

∫ 50+24

50

dM exp(−iC cosM) (cos2 M − sin2 M − i2 cosM sinM)

=
1
2@

∫ 50+24

50

dM exp(−iC cosM) (sin2 M − cos2 M) .

	%��


4VCTUJUVUJOH FJUIFS sin2 M − cos2 M = 1 − 2 cos2 PS sin2 M − cos2 M = 2 sin2 M − 1 JO &R� 	%��
 BOE
FNQMPZJOH &R� 	%��

 XF TFF UIBU

k2(C) = k0(C) −
1
@

∫ 50+24

50

dM exp(−iC cosM) cos2 M 	%��


BOE

k2(C) =
1
@

∫ 50+24

50

dM exp(−iC cosM) sin2 M − k0(C) . 	%���


8F DBO TVNNBSJ[F UIFTF SFTVMUT BT

∫ 50+24

50

dM exp(−iC cosM)

VWWWWWWW
X

cos2 M sin23+1 M

1

cosM

cos2 M

sin2 M

YZZZZZZZ
[

=

VWWWWWWW
X

0

2@ k0(C)
−i2@ k1(C)

@ [k0(C) − k2(C)]
@ [k0(C) + k2(C)]

YZZZZZZZ
[

	%���




��� "QQFOEJY

GPS BMM :, _ ∈ N0� "MTP OPUF UIBU

k−1(C) =
exp(−i@/2)

2@

∫ 50+24

50

dM exp(−iC cosM) exp(iM)

= − i
2@

∫ 50+24

50

dM exp(−iC cosM) (cosM + i sinM)

=
1
i2@

∫ 50+24

50

dM exp(−iC cosM) cosM = −k1(C) .

	%���


य़F EFSJWBUJWF PG k% JT HJWFO CZ

dk% (C)
dC

=
1
2@

d
dC

∫ 50+24

50

dM exp[i(C sinM − 2M)] = 1
2@

∫ 50+24

50

dM exp[i(C sinM − 2M)] i sinM︸︷︷︸
=exp(i5)−cos5

=
1
2@

∫ 50+24

50

dM exp[i{C sinM − (2 − 1)M}] − 1
2@

∫ 50+24

50

dM exp[i(C sinM − 2M)] cosM

= k%−1(C) −
1
2@

∫ 50+24

50

dM exp[i(C sinM − 2M)]︸!!!!!!!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!!!!!!!︸
≡8 (5)

[
2

C
+ i(C cosM − 2)

iC

]

= k%−1(C) −
2

C

1
2@

∫ 50+24

50

dM exp[i(C sinM − 2M)] − 1
i2@C

∫ 50+24

50

dM H (M) i(C cosM − 2)︸!!!!!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!!!!!︸
=8 ′ (5)

= k%−1(C) − 2
k% (C)
C
− 1
i2@C

∫ 50+24

50

dM H ′(M) = k%−1(C) − 2
k% (C)
C
− H (M0 + 2@) − H (M0)

i2@C

= k%−1(C) − 2
k% (C)
C

, 	%���


XIFSF XF NBEF VTF PG UIF GBDU UIBU H (M0 + 2@) = H (M0) GPS H (M) ≡ exp[i(C sinM −2M)]� " EJSFDU
DPOTFRVFODF PG UIJT JT UIBU

C% k%−1(C) = C%
[
2
k% (C)
C

+ dk% (C)
dC

]
= 2C%−1 k% (C) + C%

dk% (C)
dC

=
d
dC

[C% k% (C)] . 	%���


"OPUIFS JEFOUJUZ GPS UIF EFSJWBUJWF PG k% JT

dk% (C)
dC

=
1
2@

∫ 50+24

50

dM exp[i(C sinM − 2M)] i sinM︸︷︷︸
=[exp(i5)−exp(−i5) ]/2

=
k%−1(C) − k%+1(C)

2
. 	%���


$PNQBSJOH &RT� 	%���
 BOE 	%���

 XF IBWF UIBU

k%+1(C) = 22
k% (C)
C
− k%−1(C). 	%���




'PVSJFS USBOTGPSNT JO UXP EJNFOTJPOT ���

य़F 2�UI 4USVWF GVODUJPO JT EF੗OFE BT

(% (C) ≡
∞∑

1=0

(−1)1
Γ
(
> + 3

2

)
Γ
(
> + 2 + 3

2

) (C
2

)21+%+1
, 	%���


XIFSF

Γ(C) ≡
∫ ∞

0
d% %B−1 exp(−%) 	%���


JT UIF (BNNB GVODUJPO XJUI UIF QSPQFSUJFT UIBU CΓ(C) = Γ(C + 1) GPS BMM C > 0
 Γ(1) = 1 BOE
Γ
( 1
2

)
=
√
@ � 8F ੗OE UIBU

(−1(C) =
∞∑

1=0

(−1)1
Γ
(
> + 3

2

)
Γ
(
> + 1

2

) (C
2

)21
=
∞∑

1=−1

(−1)1+1

Γ
(
> + 5

2

)
Γ
(
> + 3

2

) (C
2

)2(1+1)

=
1

Γ
( 3
2

)
Γ
( 1
2

) − ∞∑
1=0

(−1)1
Γ
(
> + 3

2

)
Γ
(
> + 5

2

) (C
2

)21+2
=

2
@
− ( 1(C),

	%���


BOE UIBU

d(% (C)
dC

=
∞∑

1=0

(−1)1 (2> + 2 + 1)
Γ
(
> + 3

2

)
Γ
(
> + 2 + 3

2

)
C

(C
2

)21+%+1
=
∞∑

1=0

(−1)1
(
> + %

2 + 1
2

)
Γ
(
> + 3

2

)
Γ
(
> + 2 + 3

2

) (C
2

)21+%

=
∞∑

1=0

(−1)1
(
> + 2 + 1

2

)
Γ
(
> + 3

2

)
Γ
(
> + 2 + 3

2

) (C
2

)21+%
− 2
2

∞∑
1=0

(−1)1
Γ
(
> + 3

2

)
Γ
(
> + 2 + 3

2

) (C
2

)21+%

=
∞∑

1=0

(−1)1
Γ
(
> + 3

2

)
Γ
(
> + 2 + 1

2

) (C
2

)21+%
− 2
C

∞∑
1=0

(−1)1
Γ
(
> + 3

2

)
Γ
(
> + 2 + 3

2

) (C
2

)21+%+1

= (%−1(C) −
2

C
(% (C) . 	%���


*U GPMMPXT GSPN &RT� 	%���
 BOE 	%���
 UIBU

dk0(C)
dC

= k−1(C) = −k1(C),
dk1(C)
dC

= k0(C) −
k1(C)
C

, 	%���


BOE GSPN &RT� 	%���
 BOE 	%���
 UIBU

d( 0(C)
dC

= (−1(C) =
2
@
− ( 1(C),

d( 1(C)
dC

= ( 0(C) −
( 1(C)
C

. 	%���


6TJOH UIJT
 B USJWJBM DBMDVMBUJPO TIPXT UIBU UIF EFSJWBUJWF PG

Ψ(C) ≡ @C
2
[k1(C)( 0(C) − k0(C)( 1(C)] 	%���


JT HJWFO CZ

dΨ(C)
dC

= C k1(C), 	%���




��� "QQFOEJY

BOE UIBU UIF EFSJWBUJWF PG

l (C) ≡ 1 + k1(C) −
(
C + 1

C

)
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(
C + 1

C

)
k1(C) − C k1(C) =

k0(C)
C2

. 	%���


%��� )BSE EJTL XFJHIU GVODUJPOT

4JODF I0(-" ) = + (F − |-" |)/(2@F) JT SBEJBMMZ TZNNFUSJD
 XF DBO VTF &R� 	%��
 UP ੗OE UIBU
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Ĩ# (−-:) Ĩ + (-:)
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