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Zusammenfassung

Thermodynamische Systeme kolloidaler Teilchen, welche mit einer starken, kurzreichweitigen
Anziehung und einer schwachen, langreichweitigen Abstoflung wechselwirken, weisen ein un-
gewohnliches Phasenverhalten auf. Anstatt unter bestimmten Bedingungen in eine gasformi-
ge und eine fliissige Phase makroskopischen Ausmafles zu separieren wie es bei rein attrakti-
ven Kriften der Fall ist, fithrt die zusétzliche repulsive Komponente zu einer modulierten Teil-
chendichteverteilung welche durch die Ausbildung verschiedener mikro- oder mesoskopischer
Strukturen wie etwa Tropfchen, Streifen und Blaschen in Erscheinung tritt. Theoretische Stu-
dien haben gezeigt, dass diese sogenannten Mikrophasen — hervorgerufen durch konkurrieren-
de Wechselwirkungen - einen stabilen thermodynamischen Gleichgewichtszustand darstellen
konnen, und dass das entsprechende Dichteprofil eines unendlich grofien Systems ohne dufleres
Potential ein periodisch wiederkehrendes Muster besitzen wiirde. Entgegen dieser Vorhersagen
konnten solch hochsymmetrische Strukturen experimentell jedoch nie nachgewiesen werden;
stattdessen wurden oftmals willkiirlich anmutende Konfigurationen beobachtet, die eine nen-
nenswerte Ordnung vermissen lassen. Es existiert noch keine abschliefende Erklarung fiir diese
Diskrepanz zwischen Theorie und Experiment.

In der Bemiithung, tiefere Einblicke in die Mechanik der Mikrophasenseparation und somit ein
besseres Verstindnis fiir das Auseinanderklaffen der beiden Welten zu erlangen, stellt die vor-
liegende Arbeit ein effektiv zweidimensionales Modellsystem vor, in welchem die konkurrieren-
den Wechselwirkungen auf eine relativ bequeme Art und Weise kontrolliert werden kénnen. Der
Aufbau besteht aus Siliziumdioxidkolloiden mit einem paramagnetischen Kern, welche in einem
kritischen Gemisch aus Wasser und 2,6-Lutidin suspendiert sind. Die Teilchen sedimentieren
durch die Schwerkraft auf den Grund einer Glaszelle und bilden dort eine Monolage. Die Zelle
befindet sich in einem dufleren Magnetfeld, welches senkrecht zu dieser Monolage ausgerich-
tet ist. Knapp unterhalb der kritischen Entmischungstemperatur des Wasser-Lutidin-Gemisches
sorgt die divergierende Korrelationslidnge fir eine anziehende kritische Casimirkraft zwischen
den Kolloiden. Gleichzeit induziert das Magnetfeld ein Dipolmoment in den Teilchen, sodass
sich diese gegenseitig abstoflen. Der attraktive und der repulsive Beitrag zur Wechselwirkung
lassen sich somit in situ durch das Variieren der Temperatur bzw. der Stirke des Magnetfeldes
unabhéngig voneinander einstellen. Damit ist es nun moglich, durch eine geeignete Wahl der
duleren Parameter ein Wechselwirkungspotential zu erzeugen, welches eine Mikrophasensepa-

ration hervorruft.



Zunéchst fihren wir eine Analyse des statischen Phasenverhaltens dieses Systems basierend
auf der Dichtefunktionaltheorie durch. Wir bestimmen die fiir die makroskopische Phasense-
paration relevante Binodale und Spinodale, als auch die A-Linie/Fliche, welche jenes Gebiet im
Phasendiagramm einschlief3t, in dem in es zur Mikrophasenseparation kommen muss. Anschlie-
Bend entwickeln wir eine approximative Landau-Theorie, mit der wir uns einen groben Uberblick
tiber die Struktur der verschiedenen Mikrophasen sowie deren Lage im Phasendiagramm ver-
schaffen. Da sich jedoch die Genauigkeit dieser Theorie als eher fragwiirdig erweist, benutzen
wir zusatzlich die Methode der freie Minimierung, um prazise Gleichgewichtsdichteverteilun-
gen und Phasendiagramme zu berechnen. Im idealisierten Fall eines unendlich grofien Systems
finden wir drei thermodynamisch stabile Mikrophasen mit zunehmender mittlerer Dichte: ei-
ne mit hexagonal angeordneten Tropfchen, eine weitere mit parallelen Streifen und eine letzte
mit hexagonal angeordneten Blaschen. Bei schwachen Magnetfeldern beobachten wir dabei ei-
ne mesoskopische Phasenseparation, bei der diese periodischen Strukturen aus klar definierten
gasformigen und flissigen Doméanen aufgebaut sind. Falls das Systems hingegen in einer qua-
dratische Zelle mit einer Kantenlange von 20 oder 30 Kolloiddurchmessern eingeschlossen ist,
so entdecken wir eine Mikrophase bestehend aus vier Tropfchen, und ein andere mit einer Ring-
struktur.

Zu guter Letzt studieren wir die Dynamik dieses endlichen Systems mittels dynamischer Dich-
tefunktionaltheorie. Wir untersuchen, wie das Dichteprofil auf Anderungen der Temperatur und
des Magnetfeldes reagiert und sich zeitlich entwickelt. Es stellt sich dabei heraus, dass sich das
System sehr leicht in einem metastabilen Zustand verfangen kann, wenn sich die Zielparameter
innerhalb des Mikrophasenregimes befinden. Dies konnte einer der Griinde dafiir sein, weshalb
sich die wirklich stabilen Konfigurationen so selten in Experimenten manifestieren. Wir zeigen
jedoch, dass es — zumindest in der Theorie — moglich ist, durch die Wahl eines geeigneten Pfades

im Parameterraum das System von einer stabilen Mikrophase in die andere zu tiberfithren.




Abstract

Thermodynamic systems of colloidal particles that interact via a strong, short-ranged attraction
and a weak, long-ranged repulsion exhibit an unusual phase behavior. Rather than separating
into a gaseous and a liquid phase of macroscopic extent under certain circumstances as it is
the case with purely attractive forces, the additional repulsive component leads to a modulated
particle density distribution which manifests itself in the development of various micro- or meso-
scopic structures such as droplets, stripes or bubbles. Theoretic studies have shown that these
so-called microphases — brought about by competing interactions — can represent a stable ther-
modynamic equilibrium state, and that the corresponding density profile of an infinitely large
system with no external potential would possess a periodically recurring pattern. In contrast to
predictions, however, such highly symmetric structures have never been detected experimen-
tally; instead, only seemingly haphazard configurations were observed that lacked any notable
order. There does not yet exist a definitive explanation for this discrepancy between theory and
experiment.

In an effort of gaining deeper insights into the mechanics of microphase separation and thus
a better understanding for the disparity of the two worlds, the thesis at hand presents an effec-
tively two-dimensional model system in which the competing interactions can be controlled in
a quite convenient manner. The setup consists of silica colloids with a paramagnetic core which
are suspended in a critical mixture of water and 2,6-Lutidine. Under the force of gravity, the
particles sediment toward the bottom of a confining glass cell and form a monolayer. The cell
is placed inside an external magnetic field that is aligned perpendicularly to this monolayer.
Slightly below the critical demixing temperature of the water—Lutidine mixture, the diverging
correlation length causes an attractive critical Casimir force between the colloids. The magnetic
field simultaneously induces a dipole moment within the particles so that they repel each other.
The attractive and repulsive contribution to the interaction can therefore be adjusted in situ and
independently from each other by varying the temperature and the strength of the magnetic
field, respectively. In this way, it is possible through a suitable choice of the external parameters
to create an interaction potential that brings about microphase separation.

Initially, we perform an analysis of the static phase behavior of this system on the basis of den-
sity functional theory. We determine the binodal and spinodal relevant for macroscopic phase
separation, as well as the A-line/surface enclosing that region in the phase diagram where mi-

crophase separation must occur. Afterwards, we develop an approximate Landau-type theory
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with which we can obtain a rough overview of the structure of the different microphases and
also their location in the phase diagram. Because the accuracy of this theory turns out to be
rather questionable, we additionally make use of the method of free minimization to calculate
precise equilibrium density distributions and phase diagrams. In the idealized case of an infinitely
large system, we find three thermodynamically stable microphases with increasing average den-
sity: one with hexagonally arranged droplets, a second with parallel stripes and a third with
hexagonally arranged bubbles. At weak magnetic fields, we observe a mesoscopic phase sepa-
ration where these periodic structure are constructed out of clearly defined gaseous and liquid
domains. If the system is confined to a square cell with a side length of 20 or 30 colloid diam-
eters, however, we discover a microphase consisting of four droplets, and another featuring a
ring structure.

Finally, we study the dynamics of this finite system by means of dynamic density functional
theory. We investigate how the density profile reacts to changes of the temperature and the
magnetic field, and how it evolves over time. It turns out that the system can easily become stuck
in a metastable state if the target parameters are inside the microphase regime. This could be one
of the reasons why the truly stable configurations manifest themselves so rarely in experiments.
We show, however, that is — at least in theory — possible to guide the system from one stable

microphase to another if a suitable path through parameter space is chosen.
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1. Introduction

One and the same substance can exist in various states of matter, depending on the external
conditions such as temperature and pressure. We are well aware of this phenomenon from our
everyday experience with water. At standard atmospheric pressure and room temperature, we
encounter water in its liquid phase, where the molecules are moderately bound to each other
and form a fluid that is nearly incompressible but still able to adept its shape. If the liquid water
is heated above the boiling point, it undergoes a phase transition into a gaseous vapor, where the
molecules are dissociated from another due to their increased kinetic energy and therefore free
to occupy the entire volume available to them. If, on the other hand, water is cooled below the
freezing point, it turns into solid ice that is neither compressible nor deformable. This rigidity is
a consequence of the molecules’ arrangement into a crystal lattice in which the bonds between
neighboring molecules are so strong that they can no longer perform any motion relative to each
other. In contrast to liquid or gaseous water, ice exhibits a highly symmetric structure that can
extend even to macroscopic length scales; the spatial modulation of the density profile, however,
has a period on the order of the size of the individual molecules.

Right at the melting point, both ice and liquid water are thermodynamically stable and can
coexist alongside one another. The same is true for vapor and liquid water at the boiling point,
as can be observed by the emergence of vapor bubbles in boiling water that under the influence
of gravity rise to the top due to the lower density of the gas. The coexistence of two phases
requires the formation of an interfacial layer between them, which always incurs an energy cost
that increases with the area of the interface. As such, the system usually aims to minimize the
interfacial area by separating into two large contiguous regions where either one or the other
phase is prevalent. In the case of gas-liquid coexistence, this means that the density distribution
is roughly uniform in each region, and only varies across the thin interface.

However, this reasoning appears to break down under certain circumstances. A variety a two-
and three-dimensional systems are known to defy the urge to segregate into coexisting phases
in the aforementioned radical manner. Instead, the phase regions actually alternate in space
over mesoscopic length scales and form curious patterns [1]. Indeed, these so-called microphases
can be thermodynamically stable; and when they are, they usually offer a periodic order with a
high degree of symmetry. While seemingly similar to the microscopic structure of a crystal, the
difference is that a crystal features a strict arrangement of individual molecules, whereas entire

domains of molecules are involved in the formation of a microphase.



2 1. Introduction

i A-rich sheet : B-rich sheet i

Figure 1.1.: Sketch of the lamellar phase formed by a system of diblock copolymers after microphase separation. The
chains of type A (red) and type B (blue) monomers demix and self-assemble into alternating A-rich and B-rich sheets.

There are multiple mechanisms that can lead to the emergence of modulated phases. One is ex-
emplified by diblock copolymers [2], which are macromolecules made up of a chain of monomers
of type, say, A, that is covalently bound to another chain of monomers of type, say, B. A typical
diblock copolymer might be

A-A-A-A-A-A-A-A-A—B-B-B-B-B-B-B-B-B-B-B-B

for instance. If the A and B monomers are incompatible with each other, demixing occurs at suf-
ficiently low temperatures. However, because the A and B chains are interconnected, the system
is unable to segregate into macroscopic A- and B-rich regions; it instead microphase separates
into smaller A and B domains that border on each other. The size of these domains are on the or-
der of the chain lengths, and the their equilibrium morphology is determined by the length ratio
of the A and B chains. If the A chains are much shorter than the B chains, the former clump into
spherical clusters that lie on a cubic lattice, while the latter fill the intermediary space. When the
A chains are about half as long as the B chains, they assemble into parallel cylinders arranged
in a hexagonal pattern. In the case that the A and B chains are roughly equal in length, they
form alternating lamellar sheets as sketched in Fig. 1.1. When the B chains are shorter than the
A chains, it is the B chains that aggregate into clusters or cylinders [3, 4].

In a system of diblock copolymers, the origin of microphase separation is the orientation
dependent forces between the molecules due to the immiscibility of the blocks. Interestingly
though, even isotropic interactions are capable of provoking the development of inhomogeneous
density profiles, as demonstrated by amphiphilic monolayers at a flat air—water interface [5].
Amphiphiles, such as the phospholipids that cell membranes are built out of, consist of a po-
lar head and an apolar tail. Because of their polarity, the heads are hydrophilic and get drawn
below the water surface. The apolar tails, on the other hand, are hydrophobic and point the op-
posite way. The amphiphiles thus align themselves roughly perpendicularly to the interface like
dabbling ducks searching for food: with heads submerged under water and tails exposed to the
air, as depicted in Fig. 1.2. The force between the molecules is governed by (at least) three ma-

jor contributions that are all radially symmetric within the monolayer: (i) for extremely small
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Figure 1.2.: Schematic depiction of an amphiphilic monolayer at an air-water interface. The polar heads are sub-
merged under water and the apolar tails exposed to the air. The competition between short-ranged attractive London
dispersion forces and long-ranged repulsive electrostatic dipole interactions can cause the the amphiphiles to form
dense domains separated by thinly populated regions.

separations, the very strong repulsion of the electron shells due to the Pauli exclusion principle
essentially prohibits the amphiphiles from “overlapping”; (ii) for intermediate separations, fluctu-
ations of the electron distribution lead to an instantaneous mutual polarization of the molecules
that gives rise to attractive London dispersion forces; (iii) for larger separations, the parallel ori-
entation of the polar head groups causes an electrostatic dipole repulsion. If these competing
interactions are suitably balanced, they result in a so-called SALR (short-ranged attraction, long-
ranged repulsion) or mermaid (attractive head, repulsive tail) potential, similar to the one shown
in Fig. 1.3. Because of the short-ranged attraction, the molecules preferably gather into denser
regions. Once these regions reach a certain size, however, the long-ranged repulsive forces ex-
erted on a molecule at the edge by those not within its vicinity become, in sum, dominant and

prevent further growth. Hence, the system develops finite-sized liquid domains that are sepa-
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Figure 1.3.: The typical form of a SALR or mermaid potential Vsarr as a function of the inter-particle distance r.
Strongly repulsive for small r (solid line), moderately attractive for intermediate values of r (dashed line), and weakly
repulsive for large r (dotted line).
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rated by a thinly populated gas. In (effectively) two-dimensional systems such as amphiphilic
monolayers, one usually finds the following structures as the mean surface density is increased:
circular liquid droplets forming a hexagonal pattern, alternating lamellar stripes of higher and
lower density, and finally a hexagonal arrangement of circular gaseous bubbles surrounded by
a denser liquid [6].

Competing interactions represent a rather practical and flexible means of inducing self-assembly
as they can also be realized in other systems. A natural target are colloidal suspensions, which
consist of nano- to micrometer sized particles, e. g., hard spheres made out of silica, polystyrene
or acrylic glass, that are suspended in a molecular solvent. Colloids are still small enough to feel
the collisions with the much tinier solvent molecules and perform a random walk through space,
also known as Brownian motion [7, 8]; they are therefore subject to thermal fluctuations and be-
have like a thermodynamic system. Yet, colloids are also large enough to be imaged via confocal
[9] or electron [10] microscopy, making their direct observation possible. For these reasons, and
because the interaction between the colloids can be rather easily altered by preparing them in a
certain way (equipping them with an electric charge or paramagnetic core, grafting or coating
their surface, etc.) or choosing a specific solvent, colloidal suspensions have become an impor-
tant model for atomic liquids and solids that is very accessible to experimental and theoretical
studies alike.

Theoretical evidence for the emergence of microphase separation in colloidal systems is quite
conclusive. Monte Carlo simulations by Archer and Wilding [11] as well as density functional
theory calculations by Edelmann and Roth [12] and Pini and Parola [13], who investigated three-
dimensional hard spheres with a competing double-Yukawa interaction, found the same periodic
cluster, cylinder and sheet structures that diblock copolymers are known to form. This is also
true for a square well fluid with a linear repulsion, as shown by Zhuang et al. using a thermo-
dynamic integration scheme [14, 15]. Considering the vastly different interaction potentials and
mechanisms that drive the self-assembly in these systems, the similarity of their phase diagrams
is rather striking. An explanation for this was given by Ciach et al., who demonstrated that mi-
crophase separation in colloidal suspensions and diblock copolymers can be described by the
same Landau-type theory [16], which in turn predicts a universal sequence of stable modulated
phases [17]. The findings in two dimensions have been equally encouraging. Imperio et al. per-
formed Monte Carlo simulation of a colloidal monolayer with competing exponentially-decaying
pair potentials and obtained droplet, stripe and bubble patterns [18-22]. Archer was able to con-
firm the stability of these structures in a subsequent density functional theory study of the same
system [23].

From an experimental standpoint, the case is unfortunately less clear. Ghezzi et al. prepared a
monolayer of spherical latex particles by trapping them at an air-water interface and reported

the formation of irregular cluster, foam-like and bubble structures; however, they found these to




eventually dissolve into a homogeneous film and thus to be at most metastable [24, 25]. Similar
observations have also been made by Ruiz-Garcia et al. for a comparable system [26-28]. Be-
cause the distance between the particles within those structures turned out to be on the order
of several colloid diameters, both Ghezzi et al. and Ruiz-Garcia et al. postulated a more compli-
cated competing interaction potential, with an additional secondary minimum that lies further
out than the primary one. The metastability of the structures could then be explained by a rela-
tively shallow depth of the secondary minimum. Sear et al. demonstrated that silver nanocrystals
deposited at an air-water interface spontaneously self-assembled into circular and lamellar do-
mains for lower and higher densities, respectively [29]. Even though this experiment is probably
among those that offer the best qualitative agreement with theoretical predictions, the emerging
patterns are still lacking symmetry: the droplets are distributed arbitrarily and vary considerably
in size, whereas the stripes meander aimlessly and form intricate mazes. While the situation in
quasi-two-dimensional systems is somewhat mixed (to say the least), it is even drearier in three
dimensions. There was hope that charged colloids suspended in a non-adsorbing polymeric sol-
vent would undergo microphase separation since short-ranged attractive depletion and long-
ranged repulsive electrostatic forces were expected to give rise to an SALR potential. Stradner
et al. saw proof for competing interactions in the formation of mobile equilibrium clusters (due
to the short-raged attraction) that did not grow beyond a certain size (due to the long-ranged
repulsion) [30]. For lower colloid densities, Campbell et al. observed such a cluster fluid as well;
with increasing density, the clusters grew into elongated chains that eventually linked together
into percolated, gel-like network that is dynamically arrested [31]. Klix et al. also reported the
emergence of a cluster glass, i. e., an amorphous state of compact clusters that become caged due
to the long-ranged repulsion between them [32]. Although one might perceive a slight resem-
blance with the cluster crystal that would be thermodynamically stable according to theory, the
cluster glass is again missing any periodicity and uniformity of cluster sizes. Indeed, no ordered
phases have been detected in experiments with colloidal suspensions at all to date, and also not
even disordered ones featuring cylindrical or lamellar structures.

The reasons for these glaring discrepancies between theory and experiment are not clear and
the subject of an ongoing discussion. Depending on the relative strength of the long-ranged
repulsion, Zhuang and Charbonneau predict different phase diagrams for a colloidal systems
with an SALR interaction [33]; see Fig. 1.4. If there is no or only a very weak repulsion, the
phase behavior is identical to that of a monatomic substance, with homogeneous low-density gas,
medium-density liquid and high-density solid phases that are separated by regions of gas-liquid
or fluid-solid coexistence. Above the critical temperature, gas and liquid unify into a supercritical
fluid since coexistence, and thus discrimination, of the two phases is no longer possible. For a
moderate repulsion, gas—liquid coexistence is expected to give way to periodic microphases. Just

outside the microphase regime, computer simulations suggest the existence of a cluster fluid for
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Figure 1.4.: Phase diagrams predicted by Zhuang and Charbonneau [33] for a colloidal system with an SALR in-
teraction, depending on the relative strength of the long-ranged repulsion. In the case of no or only a very weak
repulsion (a), the phase diagram resembles that of a monatomic substance with a gas, liquid, solid and supercritical
fluid phase. For a moderate repulsion (b), gas-liquid coexistence comes in the form of periodic microphases. Just
outside the microphase regime, the system is a cluster or percolated fluid. If the repulsion becomes too strong (c),
periodic microphases might vanish again.

lower, and a percolated fluid for higher densities [14]. If the repulsion becomes very strong,
periodic microphases might vanish completely in favor of the cluster and the percolated fluid.

In a review of several experiments studying the effects of competing interactions in colloidal
suspensions, Royall comes to the conclusion that the electrostatic repulsion indeed appears to
be unexpectedly high in some cases [34], potentially preventing microphase separation. Further-
more, even if the repulsion were appropriately tuned by adjusting the charge of the colloids or
the dielectric constant of the solvent, its description as a radially symmetric Yukawa potential
seems to actually break down when the colloids clump together: Klix et al. argue that free ions
in the solvent condense preferably in the narrow space between two adjacent colloids, result-
ing in an inhomogeneous surface charge distribution and hence an anisotropic interaction; they
speculate that this could have a profound impact on the growth of clusters and more elaborate
structures [35]. These issues are essentially experimental in nature and present obstacles for the
realization of mermaid potentials in colloidal suspensions.

However, there may also exist more fundamental difficulties. In view of the frequent emer-
gence of the disordered cluster and percolated fluid, one might hypothesize that the kinetic slow-
down observed to accompany these states becomes so dramatic in the vicinity of the ordered
microphase region (which they presumably surround) that the system effectively freezes into a
arrested glass or gel and is no longer able to rearrange into periodic structures. Using molec-
ular dynamics simulations, de Candia et al. investigated whether a colloidal suspension with
competing interactions could transition from a completely disordered state at high tempera-
tures to an ordered one following a quench into to microphase regime [36]. Unsurprisingly, they
found that the colloids would initially aggregate into clusters which then evolved into chains
that later connected to form a network; eventually, though, the chains indeed spontaneously

self-assembled into a hexagonal arrangement of parallel cylindrical columns. Interestingly, at




densities for which the lamellar phase was deemed to be stable, no ordering occurred during the
simulation runs, suggesting a much slower transformation. Ironically, the situation was reversed
in a similar study by Zhuang and Charbonneau where the colloids managed to form lamellae but
not cylinders (or any other periodic phases) [37]. Nonetheless, they likewise observed that the
transition time varied significantly, depending on the temperature after the quench and the col-
loid density. While these findings show that the system can in principle go from a disordered
to an ordered state, this process can take so long in practice that it will not complete over the
course of a typical experiment. Tarzia and Coniglio suspect that a complex free energy landscape
with many local minima and large barriers in between is the reason why colloids interacting via
an SALR potential tend to suffer slow dynamics or even get stuck in a metastable state [38].

This raises the question whether there are any techniques that can help to safely navigate this
free energy landscape or make it less treacherous so that the ordering transition becomes faster
and more reliable. Since non-equilibrium dynamics appears to play a crucial role in the process of
forming periodic structures, it would be reasonable to assume that the way in which the external
conditions are altered over time in order to bring the system into the microphase regime can have
a large impact on the final state. A report by Helm and Méhwald supports this idea, who found
that a rapid compression of a phospholipid monolayer into the cluster phase led to a wider range
of cluster sizes than a slower one [39]. Would it be therefore also better, for example, to lower
the temperature gradually instead of performing an abrupt quench as often done? How does
the system behave if it is simultaneously compressed and cooled in some complicated manner?
Unfortunately, research into this matter with regard to microphase separation seems to be scarce.

With the aim of making progress on some of the aforementioned issues, we shall concern
ourselves in the following with an effectively two-dimensional system of colloids in which com-
peting interactions are realized in a novel way: the short-ranged attraction is a consequence of
critical Casimir forces mediated by the solvent, whereas the long-ranged repulsion stems from
magnetic dipole interactions induced by an external magnetic field. The compelling feature of
this setup is that both the attraction and the repulsion can be tuned easily and independently
from each other via the temperature and the strength of the magnetic field, respectively. This
opens up exciting possibilities, because we gain a fine control over the interaction potential and
can investigate how its shape affects the phase behavior and the structure of the system. Fur-
thermore, it allows the interaction between the colloids to be varied in situ, and therefore also
during a phase transition, which might prove useful for guiding the system from one state to
another.

The hope is, of course, that the attraction and repulsion can be balanced in such a way that they
yield a true SALR potential. In that case, this system has the chance of becoming an important
model colloidal microphase former with the prospect of narrowing the gap between experiment

and theory. Experimentally, monolayers of colloids under the influence of either magnetic dipole
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[40, 41] or critical Casimir [42] forces have already been realized. Combining both interactions
should not be too difficult, but this has apparently not been pursued yet. However, even if an
attempt to do so were made, the experimenters would likely consider the large parameter space
a curse rather then a blessing at first, for it seems futile to blindly guess in advance which choice
of temperature, magnetic field and colloid density gives rise to interesting behavior. A more sys-
tematic approach might not fare much better, since experiments tend to be rather expensive and
time-consuming - and, as we have seen, also somewhat recalcitrant when it comes to microphase
separation. In view of these anticipated experimental challenges, prior theoretical analysis would
certainly be welcome and will be presented in the remainder of this thesis, which is structured
as follows:

In Chapter 2, we introduce the fundamental concepts of thermodynamics, statistical mechan-
ics and density functional theory that form the groundwork upon which our methodology is
going to be built. We also give an overview of critical phenomena and how these lead to the crit-
ical Casimir effect. In Chapter 3, we describe the setup of our proposed model system and how
competing interactions are realized therein. In Chapter 4, we determine and discuss the phase
behavior of this system in great detail. With an initial focus on the infinite bulk, we calculate
the binodal and spinodal that play an important role for macroscopic gas-liquid phase separa-
tion, and we compute the so-called A-line (or, more precisely, the A-surface) that surrounds the
region in the phase diagram where periodic microphases are thermodynamically stable. To as-
certain the structure of these microphases, we first devise an approximate Landau-type theory
and subsequently an accurate free minimization algorithm that we implemented on a worksta-
tion. Afterwards, we use the latter technique to investigate what happens when the system is
confined to a finite cell. Then, in Chapter 5, we study the dynamics of the system by employing
dynamic density functional theory to find out how the density profile responds to a change of the
competing interaction potential (as a consequence of varying the temperature and the magnetic
field) and how it evolves over time. Finally, in Chapter 6, we draw our conclusion.

This thesis represents an expansion on the following publications:

« K. Marolt, M. Zimmermann and R. Roth, “Microphase separation in a two-dimensional
colloidal system with competing attractive critical Casimir and repulsive magnetic dipole
interactions,” Phys. Rev. E 100, 052602 (2019).

« K. Marolt and R. Roth, “Statics and dynamics of a finite two-dimensional colloidal sys-
tem with competing attractive critical Casimir and repulsive magnetic dipole interactions,”
Phys. Rev. E 102, 042608 (2020).



https://doi.org/10.1103/PhysRevE.100.052602
https://doi.org/10.1103/PhysRevE.102.042608

2. Fundamental Concepts

2.1. Thermodynamics

From classical mechanics we know that a d-dimensional system of N particles has 2dN degrees
of freedom and that its state at some arbitrary time ¢ can be fully specified by dN coordinates
q(t) = (q:1(¢),...,qan(t)) and dN momenta p(t) = (p1(?),...,pan(t)). Given the system’s
Hamiltonian H, which is usually just the sum of the potential energy V' and the kinetic energy
T,

H(q.p) =V(@Q+7T(p). (2.1)

it is possible to uniquely determine the future (and even the past) trajectories of the particles
by solving a set of 2dN coupled ordinary differential equations called Hamilton’s equations of
motion:

dait) _ oH(g.p)
dt opi

dpi(t)  9H(q,p)
q=q(t) > dt ==
p=p(t)

=q(t 2.2
ol .

forie {1,...,dN}.

Unfortunately, this very quickly becomes very difficult as the number of particles increases.
Already for the seemingly simple case of three bodies interacting via gravitational forces there
exists no general analytical solution and one has to resort to numerical approximations. Even
though computers have gotten incredibly powerful and are nowadays capable of simulating
thousands or millions of individual atoms, that is still a far cry from the macroscopic systems we
encounter on a daily basis. For example, calculating the trajectories of all 10*> H,O molecules in
a glass of water is entirely unfeasible. Moreover, such large systems typically display a chaotic
behavior, which means that even minute uncertainties about the initial state will grow expo-
nentially as time progresses. Thus, predicting the future would require the precise simultaneous
measurement of all coordinates and momenta. This is not only exceptionally challenging from
an experimental point of view, it is actually fundamentally impossible according to the laws of
quantum mechanics.

However, in many-particle systems, the complicated interplay on the microscopic level gives
rise to universal collective properties on the macroscopic scale that are a lot more accessible and

relevant in practice. This observation led to the development of thermodynamics, a phenomeno-
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logical theory that essentially describes such systems in terms of their ability to store various
forms of energy and to perform useful work. Gaining an understanding of these concepts and
learning to harness them had a tremendous impact on human history for it enabled the con-
struction of ever more efficient steam engines which powered locomotives, propelled ships and

heralded the advent of the Industrial Revolution.

2.1.1. Internal energy

Consider a macroscopic system — say, a gas — of N particles confined to a volume V. Due to
the interaction of the particles, the system will have a certain internal energy U that will de-
pend, amongst others, on V and N. In order to compress the gas and reduce its volume by an
infinitesimal amount dV, we have to perform some mechanical work §Wpye., on the system, thus

increasing U. It follows from the conservation of energy that
OWnech =U(V+dV,N,...) =U(V,N,...) =-PdV, (2.3)

where P = —9U(V, N, ...)/dV is the pressure of the system. Likewise, adding a small number

dN of particles into the volume V requires the chemical work
OWehem = U(V,N +dN,...) -U(V,N,...) = pdN (2.4)

with the chemical potential p = 9U(V, N,...)/dN. However, we know from experience that
there is another important type of energy which we can transfer to the system: heat. Since we
can do so without changing V or N, we need to postulate a third quantity, the entropy S, on
which U depends. The portion of heat necessary to effect a tiny increase dS in entropy is then

given by
6Q =U(V,N,§+dS) -U(V,N,S) =TdS, (2.5)

where T = oU(V, N, S)/3S denotes the temperature of the system. The total infinitesimal change

in internal energy can therefore be written as
dU(V, N, S) = 6Whech + SWehem + 0Q = —PdV + pdN + T dS. (2.6)

Note that V, N, S and U are extensive quantities. This means that if the system were divided
into n subsystems, then V =", V;, N=>" N;,S=>",S; and

n n
U (S0 Ve Xy N X0, i) = U(V,N,S) = > Ui = 3 U(Vi, Ny, Sy). (2.7)
i=1 i=1

By extension, if the size of the system were scaled by some number A so that V) = AV, N) = AN
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and S = AS, then U(AV, AN, AS) = U(V), N}, S;) = Uy = AU(V, N, S) and therefore

U(V.N,S) [%{AU(V,N,S)}] =[%U(AV,AN,AS)]

A=1 =1

JU(AV,AN,AS)| . dU(AV, AN, AS) U (AV, AN, AS) (2.8)
= + B ——

oAV) | oAN) |2 o(AS) |,
= —PV + uN +TS.

2.1.2. Entropy and thermodynamic equilibrium

Now, imagine two systems that are brought into thermal contact, but are otherwise isolated
from each other and the environment. Because the internal energy of the combined system will
remain constant, any heat §Q that flows out of the first system must be completely absorbed by
the second. Hence §Q; = §Q = —8Q;. The change in total entropy is then given by

601 80,

1 1
dS=dS;+dS)=— - —=—-[=—-—=60. 2.9
1+d5 T T (T1 Tz) 0 (2.9)

Considering that it was never observed that heat would be transferred from the colder to the
hotter system, we must conclude that T; > T if 5Q > 0 and T; < T; if §Q < 0. Thus, we find that

ds > o. (2.10)

It is the central insight of thermodynamics that the entropy of an isolated system does not de-
crease. Either the system is in a stationary state of maximum entropy called thermodynamic
equilibrium where dS = 0, or irreversible processes take place that increase the entropy until
said equilibrium is reached.

Let us suppose that the wall is also movable and permeable, so that the two systems are able to
exchange mechanical and chemical energy. Since the total internal energy Uy, = U; +Us,, volume

Viot = V1 + V; and particle number Nt = Ny + N, cannot change,
0= dUtot = dU1 + dUz, 0= thot = dV1 + dVg, 0= dNtot = dN1 + sz, (2.11)

we have from Eq. (2.6) that in thermodynamic equilibrium,

dU1 + PldVl — /llle + dU2 + Pdeg - /lszz

0:d52d51+d52:
1 1 p p
:(———)dU1+(—1—_2)dVl_(l£_&)le

This is fulfilled exactly when T; = T,, P; = P; and pi; = py, i. e., when both systems have equal

(2.12)

temperature, pressure and chemical potential. It follows that if we were to divide an equilibrated

system into arbitrarily many subsystems, each subsystem would have the same T, P and y, which
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means that these quantities do not scale with the size of the system and are therefore intensive

properties.

2.1.3. Thermodynamic potentials

If a system is kept in thermodynamic equilibrium with a much larger bath, the latter will be
hardly influenced by changes of the state of the former. Depending on the type of interface
between them and the interactions it allows, the bath will thus impose its constant pressure,
chemical potential and/or temperature on the system. In this case, we give up governance over
some of the extensive variables in favor of the corresponding intensive ones, and it becomes
practical to replace the internal energy with other thermodynamic potentials that contain the

same information, but are functions of the quantities in our control.

Helmholtz free energy

If the system is in thermal contact with a bath but has a fixed volume and particle number,
we can use a Legendre transformation of the internal energy to exchange the entropy for the

temperature. This results in the Helmholtz free energy
oU
F(V,N,T)=U—£S:U—TS:—PV+;1N, (2.13)
which indeed depends only on V, N and T since

dF(V,N,T) = dU(V, N, S) — d(TS) = (=PdV + udN + T dS) — (T dS + SdT)

(2.19)
=—-PdV +pdN - SdT.
Knowing F, we can easily extract the pressure, chemical potential and entropy via
JF(V,N,T JF(V,N,T JF(V,N,T
po ONTD - _HWVNTD o FV.NT) (2.15)
vV oN aT

Irreversible processes happening at constant temperature, dT = 0, always lower the Helmholtz

free energy of a system because
dF = dU — d(TS) = —dUpa, — (T dS + SdT) = T dSpan — T dS = —T dSer < 0. (2.16)

In thermodynamic equilibrium, F is minimal.
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Grand potential

When both heat and particles can flow from the system to the bath and vice versa, the thermo-

dynamic potential of choice is the grand potential

oU U
QV,,,T)=U - —N - —S=U — uN — TS = —PV, 2.17
(V,u,T) N S H (2.17)

which is the Legendre transformation of U with respect to N and S. From

dQ(V, 1, T) = dU(V, N, S) — d(uN) — d(TS)
=(-PdV+udN+TdS)— (pdN +Ndy) — (TdS+SdT) (2.18)
=—-PdV - Ndy—SdT

it is clear that Q is truly a function of V, y and T, and that

aQ(V,u,T)  QV,u,T) 0V, T)

_ 0V, T)
1% |72 ou or

P= (2.19)

In systems where the chemical potential and temperature are held constant, dy = 0 and dT = 0,

the grand potential is minimal in thermodynamic equilibrium since

dQ = dU — d(uN) — d(TS) = —~dUpan — (pdN + N dp) — (T dS + SdT)
=—U dNbath -T dSbath —H dN - TdS = —H dMot - TdStot =-T dStot (220)

<0.

2.2. Statistical mechanics

While thermodynamics is extremely successful in describing many-particle systems, it does not
explain how the microscopic behavior determines macroscopic properties such as the pressure,
chemical potential or temperature. By employing probabilistic methods, statistical mechanics
allows us to establish precisely this connection between the small and the large scale. The idea is
that the macrostate emerges through an averaging of certain observables of the microstate. As
the microscopic state (q(t), p(t)) evolves in time according to Hamilton’s equation of motion

(2.2), an observable O will fluctuate about its time-averaged value

O =
(O)to,11] t— 1o

[ arota.po) (221)

in the interval [#, t;]. For example, the total energy H of a many-particle system in thermal con-
tact with its environment is not fixed because heat gets constantly exchanged. In the stationary
state of thermodynamic equilibrium, however, we can expect that the variations are so imper-

ceptibly small that the mean energy (H)y;, 1] is essentially independent of t, and t;, provided
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that the averaging is performed over a period t; — £y that is much longer than the correlation
time of the fluctuations. For this kind of observable, its average value is the relevant macroscopic
quantity. Of course, calculating the time average as per Eq. (2.21) is not really an option since it
would again require us to solve the microscopic dynamics, which is what we wanted to avoid in
the first place.

The approach of statistical mechanics is to express the hypothetical all-time average (O) |-, 0]

as an average over all possible microstates,

Oy £ (O)e = s [ g [ @™ pe(q. p)0lg. p) @22)

where the probability distribution of some microstate (g, p) is formally given by

dN T
eta.p) = tim "2 [ atotg - a0 5o p(0)| (229

with the Planck constant h ~ 6.63 x 10734Js. The factor h*NN! accounts for the quantum-
mechanical density of microstates in coordinate-momentum space and the fact that swapping
two identical particles does not produce a different state. Since g is still defined in terms of the
time evolution of the system, this may not appear to give us any advantage. However, we are
now able to reason about p from a purely information-theoretical standpoint.

Our macroscopic knowledge of a system in thermodynamic equilibrium is usually limited to
whether extensive properties such as the internal energy, the volume or the number of particles
are constant, or whether they fluctuate about an average value due to interactions with its sur-
roundings. Information theory now states that the most appropriate p is the one that maximizes

the information entropy

1
hiN NI

Hlo] = - (Ing), = - / dN p / &g o(p.q) Ine(p.q) (2.24)

under the constraints that are known to hold [43, 44]. Since H[p] measures the degree of indif-
ference of p with regard to the individual microstates, any other probability distribution would
suffer from an unwarranted bias. If the available information is expressed in terms of functionals
Ci,...,Cy of o that ought to evaluate to zero, then the equilibrium probability distribution geq

can be found with the method of Lagrange multipliers by solving

i (H[Q] - Z/L‘Ci [Q])] = OHlg]

_ c 1L 3Cilo]
d0(q. p) de(q: p)l,
eq

™" 50(q. p)

=0eq i

(2.25)

0=0e¢q

for geq such that C;[geq] = 0fori € {1,...,n}. It should come as no surprise that the information
entropy H and the thermodynamic entropy S, which are both maximized in equilibrium, are

actually proportional to each other: the Boltzmann constant kg ~ 1.38 x 1072 JK™! links statis-
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tical mechanics back to thermodynamics through the identity

S = kH[0eq]. (2.26)

2.2.1. Canonical ensemble

Let us apply this principle of maximum entropy to determine the equilibrium probability dis-
tribution g,y of the so-called canonical ensemble, which represents a macroscopic system with
fixed volume V and particle number N that is held at a constant temperature T due to thermal
equilibrium with a bath; this is the same situation as during the discussion of the Helmholtz free
energy. At first, we need to specify which constraints o, has to satisfy. For one, as any proper

probability distribution, pc., should be normalized so that C;[gcan] = 0 for

Cilol = (1)p-1= hdﬁN! / d™Ng / dpo(g.p) - 1. (2.27)

For another, although the total energy H of the system will fluctuate due to the exchange of heat
with the bath, at least its average value should be equal to the internal energy U. Thus, we also
have to demand that C,[gcan] = 0 for

Cole] = (HY, ~ U /V dg / ™ po(q. p)H(g. p) - U. (228)

= hANNI

Calculating the functional derivatives of H, C; and C», we find that

6Hle] _ Ilmo(g.p)+1 Cile] _ 1 6Calel _ H(q, p) (2.29)
o(q. p) hiINN! " So(q,p) hNNV do(q.p)  hiNN!~ ‘
Thus, maximizing H under the constraints C; and C, according to Eq. (2.25), we have
_ oHlel |, oCilel |, Cilel | _ Inean(a.p)+1tatfHap) .
5Q(q’ P) ©=0Ocan ag(q’ P) Q=Qcan59(q’ P) ©=0can thN'
which leads to
Ocan(q, p) = exp(=1 - a) exp[-pH (q, p)]. (2.31)
Using the normalization constraint
0= Cilown] = ZREL=D [ qan g [ 4N b expl—pH(q, p)] - 1 (2.32)
11Ocan LN N . q P exp q. p , .
we can eliminate the Lagrange multiplier « and finally arrive at
exp[-pH(q. p)] exp[-pH(q. p)]
Ocan(q, p) = 1 = (2.33)

e fi, dNg’ [N p’ exp[-pH (q', p’)] Zean
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with the canonical partition sum

1
h4NN!

Zoan = /V g / 4% p exp[~pH(q. p)]. (2.34)

Employing the energy constraint, we see that the thermodynamic entropy is

S= kBH[Qcan] = —kg(ln QCan)Qcan = _kB<_ﬁ7—{ —In -ann>9can
= kB(ﬁ<7{>Qcan +1n Zean) = ks (ﬁU +1n Zean),

(2.35)

and that the Lagrange multiplier f§ is directly related to the temperature T through

() - L (2.36)
2s \au ksf

The Helmholtz free energy is therefore given by

_ U (as)‘1 1

F=U-TS=U—-kgT(pU +In Zean) = —kT In Zcan

1
v |, 4% [ 4% p expi-pH(a. p)

(2.37)

= —kBT In [

2.2.2. Grand canonical ensemble

The grand canonical ensemble describes a system with fixed volume V that is not only in thermal
but also in chemical equilibrium with its surroundings. Thus, the total energy as well as the
number of particles are subject to fluctuations. Since each microstate is now characterized by
a particular particle number n in addition to dn coordinates ¢ = (qy, . . ., q4n) and dn momenta

P = (p1....,pan), the averaging of an observable O must also occur over all n € Ny, so that

<O>Q=Z : /V d’"q / dpo(n.q,p)O(n.q, p). (2.38)
n=0

—i pdnp)

Consequently, the information entropy of some grand canonical probability distribution o is

actually

SR
Hlel = ~nedo = ). o [ ai [ a®"pong.p) ne(ng.p). @59
n=0 ’

As in the canonical ensemble, we require that the equilibrium probability distribution g is
normalized and that (H),,. = U. Furthermore, we demand that the macroscopic particle num-

ber N can be identified with the average particle number (N >Qgc’ where N (n,q, p) = n. Thus,
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Ci [QgC] =C [Qgc] =Cs [Qgc] =0 for

o 1
Cilel = (1o -1= ), PR /dd”q/ d”po(n.q.p) -1,
n=0 nJv

o1
Colel = (H)o-U= ). L /Vddnq_/ d"po(nq, p)H(nq p) - U, (2.40)
n=0 '
o1
Gsle]l = (N)o—N = Z ] /Vdd"q/ d"po(n.q.p) N(n.q,p) - N.
n=0 :

Maximizing H subject to these constraints, one finds that

exp[—p{H(n.q,p) —pN(n.q, p)}] _ exp[-p{H(n. g, p) — pn}]

Ogc(n,q. p) = Z. = Z. . (241)
where
o 1
Zge = nZ:; ] /Vddnq / A" p exp[~p{H (n.q, p) — pun}]. (2.42)

is the grand canonical partition sum. With the thermodynamic entropy given by

S = ksH[ogc] = —ks(=f(H — pN) —In Zyc)o, = kp[f(U — pN) +In Zy], (2.43)

we find that f = (kgT) ™! also in the grand canonical case and that because of

aS

1.
I =-I 2.44
oN BPH T (2.44)

the Lagrange multiplier y is indeed the chemical potential. Since V, p and T are therefore the
natural variables of the grand canonical ensemble, the relevant thermodynamic potential is the

grand potential

Q=U-uN~-TS=U - puN = kgT[B(U — uN) +1In Zy.] = —kgT In Zy.
(2.45)

D) ! fv ding / &% p expl—f{H (n.q. p) — pn}]

—i pdnp)

2.2.3. ldeal gas

To demonstrate the power of the formalism of statistical mechanics, we shall derive the macro-
scopic properties of the ideal gas, which is a theoretical system of identical point particles with
mass m that do not interact with each other and are confined to a certain volume V. It represents

an important reference model because it is both quite simple and describes the behavior of real
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monatomic gases at high dilutions reasonably well. The Hamiltonian of the ideal gas is
n n 52 n dn pz
H(ng.p)= ) VUGN + ) =) VG + ) —, 2.46
(n.q. p) ; @) ; - ; @) ; e (2.46)

where the sum over the particle coordinates is the potential energy due to an external potential
Vet and the sum over the particle momenta is the kinetic energy. For the grand canonical

partition sum, we find that

Z hdin‘ /Vddnq/ d"p exp[-p{H (n.q. p) — pn}]

n=0 :

i dn 2 n

; hdin! denq/ ddnp exp|—p {Z f_r’n + ;(Vext(c—jj) _ﬂ”}]
eX}Ij;nﬁ:'n) 1—[ [/ dpl exp(—ﬂﬁ)} ﬂ [/V ddé’j exp{_ﬂrvext(qj)}}

—Z
dn n
:;w [% ‘[Oo dpeXp(—ﬁLm)] [‘/V‘ddq’exp{_ﬁ(vext(q)}] .

where we used that the integrals are independent of the indices i and j. If we define the thermal

(2.47)

wavelength as

-1
e B\t (1 fzwm) h
= [E [00 dp exp(—%)} = (E 7) = —,W (2.48)

and the single-particle configuration integral as

Q,(V) = /V d9F exp[- VP, (2.49)

we arrive at

Ze= Y 1 explPun) o (yyn > ; [e"p(ﬁ") Ql(V)] - exp[e p(ﬂ")al(V)] (2.50)

| dn
~nl A =

The grand potential is therefore given by

Q = kT In Ze = —kBTeXIj\(dﬂ M, (v) = —kBTeXIj\(dﬁ ) /V drexp[-pV(F)]  (2.51)
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as a function of the natural variables V, y and T, from which the corresponding conjugate quan-

tities are calculated to be

P= —§ - kBTeXp(ﬁ W), (2.52)
__9Q _ eXP(ﬁu) _Q

N=- Q) =1 (2.53)

Q d X d Q
s=—3—T-kB( E—ﬁu)e pA(f”)a1<V)=—(1+5—ﬁu) 2 (2.54)
where

’ _ dQl(V) _ 1 d= _ ext /=

Q(V) = v AW ‘/A(V) d?r exp[-pV(r)] (2.55)

with A(V') denoting the surface of the volume V.

Because statistical mechanics allows us to compute the average of any arbitrary function of
the microscopic state, we can also make predictions about other quantities than the typical ther-
modynamic ones. Since we need to be able to determine the spatial structure of a system in order
to study microphase separation, an important measure will be the local (single-particle) density

distribution

p(¥) = {pr), (2.56)

which is defined as the average of the density operator

pr(n.q, p) = Z 5(F = qi)- (2.57)
i=1

For the ideal gas in the grand canonical ensemble, we have

p(F) = (Prloy = % Z hdin! /Vd""q / A" p pz(n,q, p) exp[-B{H (n,q. p) — pin}]

chZAdnn'/ddn 25()‘— )eXp {;(Vext(q-})_‘un}]

T Ze L Z A, Z / d¥'q (=) eXP[ {; VUG - *‘"H (2.58)

_ 1 N 1 d(n-1) _ S ext = ext =y _

_ch;Ad"(n—l)!/Vd lep[ ﬁ{;(" (q)) + V() un}]
exp[-f{V* () —p}] 1 n exty =

- A4 Z Adnp) de q eXpl {;(V (q)) —pn}],

:ch
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On the last line, we can identify the sum over n as the grand canonical partial sum Z of the
ideal gas and therefore find that

- _ exp(Bp)

o) = 2P pu

P exp[-pV (R, (2.59)

In the special case of a vanishing external potential, V' = 0, we have that Q;(V) = V and
Q] (V) = 1. Consequently,

exp(fp)
Q=—kgT ~d 14 (2.60)
exp(fp) _ Q
P=kaT = 2.61
T = 2 (261)
exp(fp) Q
N = V= 2.62
A4 kgT (2.62)
d exp(fp) d Q
S=kp|1+—-— ———V=—|1+=-- =, 2.63
B(zﬁu) v >~ bu) 7 (263)
giving rise to the experimentally well-known relations
d
PV =NkgT, U=Q+uN+TS = ENkBT. (2.64)
The density distribution becomes uniform,
o _exp(Bp) N
= =—= 2.65
p() =—0— =3 =p (2.65)
where py, is the bulk density, and solving Eq. (2.62) for the chemical potential yields
aN d
1= ksTIn (A V) — ksTn (A pb) : (2.66)

2.3. Density functional theory

Although statistical mechanics in principle lets us calculate the grand potential of a system based
on its microscopic description via Eq. (2.45), the infinite sum and high-dimensional integrals
make it practically impossible to find an analytical expression for Q in all but the simplest of
cases, such as the ideal gas. For the same reasons, and also due to the usually erratic behavior
of the exponential integrand, numerically computing an accurate result is just as unfeasible.
Fortunately, the computational complexity can be vastly reduced by means of density functional
theory (DFT) [45].

Let us define the grand potential functional for some normalized but otherwise arbitrary prob-
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ability distribution o as

Qlo] = (H - uN = TS, ),
(2.67)

- Z hdn | /ddn /ddnpg(” q.p) [H(n,q,p) —pn—TS,(n,q, p)]

with S, (n, q, p) = —kg Ino(n, q, p). Rather then explicitly restricting the integral over the coor-
dinates to the volume V, we demand that H(n,q, p) = 0 if g ¢ V for any ¢ € q. Using that the

grand canonical equilibrium probability distribution g, satisfies

kT Inoge(n. ¢, p) = ~kpTIn Zye — [H(n.q. p) —pn] = @~ [H(n.q.p) — pnl,  (2:68)

we see that

Qle] . d’"q /d""pe(n, q.p) [H(n,q,p) — pn+ksTIno(n g, p)]

=

e 1D

)
)

/ " po(n, g p) [Q - keT Inoge(n,q p) + ksTIno(n.q. p)]

— pdnpy|
n=0 nap) (2.69)
=Q+kgT Y /dd"/dd” (nq,p) In LD P)
= h PO e P (na.p)
S (n.q.p)
=Q+ksT / ddn /d“’” (n.q, p) (Q
’ % hdnn Pt 4 P ope(ma.p) )’

where h(x) = xIlnx — (x — 1). Since h’(x) = dh(x)/dx = Inx, it follows that h’(x) < 0 for
0 < x < 1land A'(x) > 0 for x > 1, which implies that h has a global minimum at x = 1.
Therefore, h(x) > h(1) = 0 for x # 1 and consequently

Q= Qlege] < Qo] (2.70)

for o # ggc. In other words, the grand potential functional (2.67) is minimized exclusively by the
equilibrium probability distribution g, where it evaluates to the thermodynamic grand potential
Q of the system.

Let us now consider a Hamiltonian of the form H = Hiy: + Hexr With
Hosln.g.p) = Y, V' G) = [ 47 po(n.g.p) V), (271)
i=1

where V(7)) = 00 if 7 ¢ V and Hyy, is volume-independent. The grand potential function can
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then be written as
Q[Q] =(H - uN — TSQ)Q = (Hint — TSQ>Q + (Hext — ,UN>Q

(2.72)
- o] + / 497 (55 [V — 4] = Flo] - / 497 (53¢ o (F).

where ¥ [o] = (Hint — TS, ), is the intrinsic free energy functional and pini (¥) = p — V(¥) the
intrinsic chemical potential. Note that a different intrinsic chemical potential p/ = pint + Aplint

with Apine # 0 would give rise to a different equilibrium probability distribution g # ggc since

eXp[—ﬁ {ﬂnt(”a q P) B 7=1 :ul,nt(ql)}]

’
gc

Oge(n.q. p) =
(2.73)

= 0ge(n, q,p) = exp|
gC

Z A:ull’lt (ql)]

and the term (Zg./Z,) exp|f 21 Aptine(g;)] cannot be identical to unity for all microstates
(n,q, p). We can use this to show that a different intrinsic chemical potential also results in
a different equilibrium density distribution péq(7) = (Prloj * (Prlog = Peq(T). Because ogc
minimizes the grand potential functional in Eq. (2.72) according to Eq. (2.70), we have that

Qloge] < Qlog] = Flog] - / Q7 (P pim(F) = Q' [0le] + / a7 Lo (F) A () (274)

with Q'[o’] = Flo’] — f dér (p#)or 1y (7). Likewise, we find that

' [0}] < ' [0ge] = Floge] - / 497 (7)o 1 (F) = Qloge] - / &7 pea (F) Mg (F). (2.75)

By adding Eqgs. (2.74) and (2.75), it follows that

[ 415245 = pea(] A7) > 0 (276)

which implies that p{, # peq. Since every pin leads to a unique g4 and peq, we can in princi-
ple construct a mapping p +— ¢[p] that takes an equilibrium density distribution and returns
the associated equilibrium probability distribution. This allows us to define a density functional
Flpl = F6[p]] of the intrinsic free energy of a system with a given Hy,; such that for any
tint(F) = pp — V(¥), and by extension also for any volume V implicitly incorporated into Ve,

the corresponding density functional

Qlp] = Qs / &7 p(F) [V (F) — 4] (2.77)

of the grand potential is minimized solely by the equilibrium density distribution peq, where it




2.3. Density functional theory 23

evaluates to the thermodynamic grand potential Q. Thus,
Q = Qlpeg] < Qlp] (2.78)

for p # peq. Since the minimization of the density functional (2.77) is significantly simpler than
the direct computation of (2.45), DFT gives us a considerable advantage. Furthermore, because
we obtain the grand potential and the equilibrium density distribution in the same step, DFT is
an immensely practical tool for studying the phase behavior and the structure of a system.

The DFT formalism is easily extended to mixtures of different particle species. For a v-component

system with density distribution p = (py, ..., py), the grand potential functional can be written
as
14
Qlpl = Flpl+ Y, [ a7 pu(h) (V) -l (279)
a=1

where V' denotes the external and p, the chemical potential of species a. This functional is

again minimized by the equilibrium density distribution p., so that Q = Q[p. ] < Q[p] for

p ¢ peq'
The actual challenge of DFT lies in determining the density functional # of the intrinsic free
energy for a concrete Hiy. An exact expression has only been found in a very few cases; however,

it is often possible to devise quite accurate approximations for F.

2.3.1. Ildeal gas

For the ideal gas with Hiy(n,q, p) = T (n, p) = Zflz"l p?/(2m), it is trivial to derive the exact the

intrinsic free energy functional. By comparing Egs. (2.51) and (2.58), we immediately see that
Qulp] = —ksT / 4% p (7). (2.80)
Using that V() — y = —kgT In[A%p(7)] according to (2.58), we then find that
Falpl = Qulpl - [ &7p@) (V) -l =T [ a7 p(h) nfap(} 11 @81

In the case of a v-component mixture with masses my, ..., m,, we consequently have

Falpl = ) Fillpal = kT Y, [ 4% pu(7) inladpa () - 1 (2.82)
a=1 a=1
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with A, = h/V2rmg kgT. For other systems with

v dng 2

Hini(n,q,p) = T (n,p) + U(n,q) = )| Z -+ U(n.q) (283)

a=1 i=
the intrinsic free energy functional is usually written as ¥ = Fig + Fex, Where Fiq contains the
contribution of the kinetic term 7 and the excess free energy functional ¥ accounts for the

interaction term U.

2.3.2. Hard disks

Mixtures of hard particles are an important reference system due to the simplicity of their in-
teraction and the ability to model them experimentally with colloids. Every species a has an
associated radius R, > 0, and two hard particles cannot interpenetrate each other so that their
separation can never be smaller than the sum of their radii. The interaction potential is therefore
given by

v ng np

U(n,q) = Z Z Z Z Uap(Gai — qu) (2.84)

with the pair potential

. oo if [F| < Ry + Ry,
uap(r) = (2.85)
0 otherwise.

For one-dimensional hard rods (d = 1), the excess free energy functional is known exactly [46,
47] and can be expressed in terms of so-called weighted densities, which are convolutions of the
density distribution with certain weight functions that characterize the fundamental geometric
measures of the rods: their surface (the two endpoints) and their volume (the region between
the endpoints). An approximate excess free energy functional with the same general structure
has been constructed by Rosenfeld for three-dimensional hard spheres (d = 3) [48]. His basic
approach - referred to as fundamental measure theory (FMT) — turned out to be extremely pow-
erful and led to the development of ever more accurate excess free energy functionals for hard
sphere mixtures.

We shall now follow Roth, Mecke and Oettel [49] to derive an excess free energy functional
for a mixture of two-dimensional hard disk (d = 2) by means of FMT. As a starting point, we use

that in the low-density limit, the excess free energy functional of any system with only pairwise
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interactions can be expanded in powers of the density distributions as
1 14 14
pradpl =3 2,3 [ &5 [ @t pu® pul#) fur7 =)+ O(p) (256)
a=1 b=1
with the Mayer f-function
fap(F) = exp[—Puap(F)] - 1. (2.87)
For hard particles and u,;, given by Eq. (2.85), we have
. -1 if|F] < Ry + Ry,
Jap(F) = (2.88)
0  otherwise.
As shown in Appendix A, the Mayer f-function for hard disks can be decomposed into
1 (9]
_fab:@2*w2+w2*wi+gécmwz‘*wz‘, (2.89)
where the weight functions are defined as
o O(Ry—17]) - . R Xi X, -
wo(F) = ===, wo(F) =ORa~I7]), [@§ (N]iyiy = =" 0(Ra—~ IF)  (2.90)
2R, |7|m
for 7 = (x1,x2) and iy, . .., i, € {1,2}, and the coefficients are given by
Co=2 ¢ = C =X = m=IM, (2.91)
0=2 1= -1, G = —p tm =T Cmod(m) .
for m > 3. The symbol “x” denotes the cross-correlation
(0 x w})(F) = / &*F W (F = F) w, (),
(2.92)
@ % o)) = [ &6 =) of ()
and “-” the dot product
2 2
O (F) - @ (F) = D e > [0l (P)i i [OF )iy i (2.93)

=1 =1
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If we insert Eq. (2.89) into (2.86), we encounter terms of the form

S [ @ [ a7 pur ) (0 3 o)

a=1 b=1
=Y [ [ @ ) @) [k 40l
s (2.94)
- [ @y [ @@k -n Y, [ & mi) ol -7)
a=1 b=1
=/d27//WII§(’—;//) W;)(?//)

and analogously

ZZ / d’7 / A7 pa(F) p(F') (@] * }) (F =) = / PP Wi (F7) -wi (7). (2.95)

a=1 b=1

where the weighted densities

v 14
WpH) = 2 (pa @)D = ), / &7 pa(#) b7~ 7).
x e (2.96)
WO = Yo a)® =Y [ 7 pu@) 0l -7
a=1 a=1

are convolutions of the density distributions with the weight functions. In the low-density limit,
we therefore find that

BFE[p] =/d27 [wg(?)wg(7)+$2cmw;’;(?).w;’;(?) +0(p%). (2.97)
m=0

The key assumption of FMT is that even for a general density distribution, the excess free energy

functional can be written as
hd _ 22 shd /= _ 22 shd/. 072y . 22y 20 2\ 12 2
pFp) = / dF ghi(7) = / &F $P (Wl (P, w2 () WS (P wh (AWh (P),...), (2.98)

where ¢P is a suitable function of the weighted densities. Since ¢2d(?) has to be a scalar with

dimensions of [length] ™2, Roth et al. made the ansatz that
hd =y _ 2 12y, 0 (= 1 27Y) o W (7Y - W™ (7
b5 (7) = Fwp(Mwp () + D gm(Wh(F)) Cu Wl (F) - Wit (7). (2.99)
m=0

In order to recover the low-density limit (2.97), the functions f and g, for m € Ny must have the




2.3. Density functional theory 27

expansions
f(x)=x+0(x%), gm(x)=1+0(x). (2.100)

To determine these functions, let us consider the case of an infinitely large system without an
external potential. At moderate bulk densities p, = ( p'l’, ..., pb), the system is in a fluid state with
uniform density distributions p(7) = p, in equilibrium. This means that the weighted densities

are uniform as well and thus

BFEpy] 1 <
eXT - ¢2(: - f(wf)b)wgb + 4r Z gm(Wf,b) mezlb 'W;Tb (2.101)
m=0
with
v o v )
W;))b = Z Pa Z apa’ W ]ll,uuim = ‘/0 d(p (e(p)i1 e (e(p)im ZRapm (2‘102)
a=1 =1 a=1

where €, = (cos ¢, sin ¢). Calculating the pressure P, we find that

gFhd . a7—;x oV ¢h
BP = B a\pr] — ppi_p Pb Zﬁpld P

b
:Zpg_ l};S_VZ :;l;b‘zpvazwob VZZ Pb Bpr (_%)

a=1 a=1 a a=1 weW pr apa (2 103)
¢hd Vo ow a¢hd :
0 hd Py Pb b 0 hd Pb
=wp, — ¢ Pa=w, —¢
p p a="%p p p
’ ’ M%y Iwp, a=1 aplc; ’ ’ v%v MWp, ’
hd hd o0 hd
_ ad)l’b 0 8¢Pb 2 8¢Pb m hd
=500 T Yot 5z e T 2 e Mo Py
Wpy Wp, m=0 " Pb
where W = {w°, w?, w0 wl,w?, ...} denotes the set of all weighted densities. The excess chemical
potential y¢* = p, — ¢ of species a is given by
hd hd hd
'uZX — ﬁaqjex [pb] _ E a7:ex [pb] _ a¢Pb — aSi)Pb awpb (2104)

N V. aph oph S 0wp, dph

Since pS* represents the energy required to insert an impenetrable disk with radius R, (at some
fixed position) into the system, in the limit R, — oo it must be identical to the reversible work

PV, necessary to create a cavity with volume V, = 7R2. Therefore, we also have

P = lim PMa _ 5, lim Po)_ P (2.105)
R;— V W apr R —00 7TR2 6pa

we aWl’b
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where we used that

ow', ow?, ow™

£ -1, L =ar,, —£ xR, (2.106)
ap> aph o oph

Pa Pa Pa

according to Eq. (2.102). Subtracting Eq. (2.105) from (2.103) gives us

a¢hd a¢hd ) a¢hd
_ Pb 0 Po 2 P . m _ ,hd
O—( +1|w, + w 1)+Z(?w Wo ~ P,

ow® Po " ow? Py — m
Pp Pb N m=0 " Pb (2.107)
=[1= f/ (W2 ) (1= w2 WS + > [gm(Wh ) = g (w2 )(1 = w5 )] Cuwik - Wi,
m=0
leading to
df(x) 1+ 1 dgm(x) 1 gm(x)
’ = - / = = . 2.108
fx) dx 1-x 9m (%) dx 1-x ( )
Integrating these derivatives yields
2 Gy
f(x)=Cr—In(1-x) =Cr+x+0(x°), gm(x) = T Cy+O(x), (2.109)
- X

with the integration constants Cy = 0 and C; = 1 determined by demanding agreement with the

expansions (2.100). Inserting these functions into the ansatz (2.99), we arrive at

25 Cr W (7) - W (F)

41— w2(7)]

pFallp] = / &7 (—w}lﬁ) In[1-wp(A] + (2.110)
It is possible to show that, for a uniform hard disk fluid with a single component (v = 1), this
gives rise to the pressure

Pb
R . R—
p (1-7R?py)? (2.111)

which is in agreement with the equation of state that can be derived via scaled particle theory
(SPT) [50]. Furthermore, in the so-called zero-dimensional limit where the volume of the sys-
tem is so small that it can hold at most a single disk and the density distribution thus becomes
pop(F) = N8(7) with N < 1, the excess free energy functional correctly evaluates to the exact

result
BFexlpop] =N + (1= N)In(1 - N). (2.112)

The problem with Eq. (2.110) is that is cannot be used in a numerical context since it involves a

sum over infinitely many weighted densities. For this reason, Roth et al. truncated the sum after
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the first three terms, leading to

pFhd[p] = / d27(_wg(7>1n[1_w;,(7)]

(2.113)
Cow (F)-w (r)+C1w (F)-w (r)+C2w (F)-w (r)

4r(1 —wp(r)]

Unfortunately, with the coefficients specified in Eq. (2.91), this functional satisfies neither the

SPT equation of state nor the correct zero-dimensional limit. Instead, one finds

_ Pb G Pb
= (O 5 - )”b<1—nR2pb>2 (119
and
CotCi+C [ o IBR= DI
= - - _— —_— 2.115
Pulpm] =N+ (1= W)In(1 - N)+ LEEL [ Do )

To recover Egs. (2.111) and (2.112), Roth et al. adjusted the coefficients so that C; = 2 — 2Cy and
Ci =-Cy—Cy =—-Cy— (2-2Cy) = Cy — 2. They then fixed Cy = 19/12 via a least-squares fit
of w? *w + ! *wb+— [Cow *w +(Co - 2) w), *w +(2 - 2C)) w2 * @ ] to (—fup), which
resulted in the final excess free energy functional

pritiol = [ dz?(—w;’,(?)ln[l—wf,(?)]

(2.116)
19w o(7) - w (r)—5w 7w (r)—14w (F)-w (”)

487[1 — wp(r)]

For a single-component hard sphere liquid with bulk packing fractions n, = 7R?pp, < 0.7,
Roth et al. found that DFT results obtained employing the functional (2.116) were in excellent

agreement with Monte Carlo simulations.

2.3.3. Random phase approximation

Consider two systems whose intrinsic Hamiltonians H"* and H™ only differ in the pairwise

interaction term, i. e., Wlint(n, q.p) = Wént(n, q, p) + AU(n,q, p) with

v ng np

AU(n, g, p) = —Z D0 M (Gair @)

a=1 p=1 i=1 j=1
a#b or i+j (2.117)

/dd*/ dd”’pﬁ"l,(n q, p) Augy (7, 7"),

[\)I»—-\

albl




30 2. Fundamental Concepts

where

Nng Ny

pﬁ,(n q.p) = ZZ 8(F = Gai) 6(F' = qGvj) (2.118)
i=1 j=1
atbori#j

is the two-point density operator at points 7 and 7’ for the species a and b. We then find that the
difference of the excess free energy functionals is given by

F(p] = T3Pl = Falolpl] = Fololpl] = (H™ + TSpip1)e1p1 — (Ho™ + TSs101)51p1

1L o . (2.119)
= (AU)s(p) —5 / d’7 / A7 (P22 o 1) Atap (F,

If the system with 7{3‘“ acts as a reference for which #* is known and we make the mean-field

assumption that density correlations can be neglected in the sense that

(P51 = (P Va1p1 (P2 Vs1p) = Pal(P) pu(7), (2.120)

we can approximate the excess free energy functional #,** for the system of interest as

7_~1e><[ ] ?ex ZZ/dd ‘/ddr’pa(r)pb(r)Auab(_) _)’) (2.121)

a=1 b=1
This gives rise to the random phase approximation (RPA) for the direct two-point correlation func-
tion
2

PP i
pa(P) Spp(F)
For a system with pair potential u, it is expected that ¢, (7, 7") — —pu(7,7’) for [F—F’| — oo. Since
czbl(F 7y — —ﬂugb(7, ') = BAugy (7, 7') = —,Bufb(?, ') for |[F —F'| — oo, Eq. (2.122) at least offers

the correct asymptotic behavior. This implies that Eq. (2.121) should be a reasonable approxi-

cSh(7 7)) = —p — BAugy (7, 7). (2.122)

mation if Au,p represents a long-ranged perturbation to the pair potential 4, of the reference
system, whereas uy, and by extension #*, accounts for most of the short-ranged interaction.
If the reference system consists of hard particles, a more accurate approximation for the den-

sity correlations is given by

(p2)o1p) = OlIF = F| = (Re + Ry)] pa(F) py(7) (2.123)

as it accounts for the impenetrability of the particles. This then leads to

FS(p] ~ 55 Z D / a7 / dF pa() ps(F') Augs (7. 7). (2.124)

1
a=1 b=1 |[F=F"| > Rq+Ryp,
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2.4. Critical phenomena

Let us study the phase behavior of a simple three-dimensional model liquid consisting of a single
species of hard spheres with radius R that are subject to a long-ranged attractive pair potential

ur < 0 so that
Flol = Fulpl+5 [ &F [ &) o) el =7 (2.125)
|F=F"| > 2R

according to Eq. (2.124), where 7 is the (unspecified) excess free energy functional of the hard

sphere system. In the uniform bulk, we therefore have

1 = =7 = =
7:[Pb] = ﬂs[pb] + EP}f/VdS”‘/VdS” ulr(|r —-r |) = ﬂs[Pb] - thz)a (2.126)
[F=7"| > 2R
with ¢ = —3 /V d*F u(|7]) ©(|7] — 2R) > 0. Using the Carnahan-Starling equation of state for

the hard sphere system, the chemical potential is easily calculated as

_ 15 [p]
\%4 5pb

8n — 95 + 3n°

=) - 2ppa (2.127)

= pths — 2pva = kgT In(A’pp) + kpT

with the bulk packing fraction n, = (47/3)R>py,.

If we plot the chemical potential versus the bulk density for various temperatures, we arrive at
the phase diagram depicted in Fig. 2.1. Above a certain critical temperature T. ~ 0.0225 ¢/ (kgR?),
the chemical potential is a strictly increasing function of the bulk density so that for a any value of
the chemical potential there exists precisely one corresponding bulk density. If the temperature
falls below T, a van der Waals loop develops and the chemical potential is actually decreasing

for a range of bulk densities, du/dpy, < 0. Using that

P 9
e (2.128)
Ipp 9P

as shown in Appendix B, this implies a negative isothermal compressibility

1 (oV 1 {0 1 (0
Kp = — & (_) -1 (ﬂ) = — (ﬂ) . (2.129)
VA\oP)r py\oP)r pi\op)r
However, du/dpp < 0 means that the uniform system is unstable and will immediately undergo

a so-called spinodal decomposition into domains of different densities. Too see this, let us ap-

proximate the change in free energy when a separation into two equally-sized phases with bulk




32 2. Fundamental Concepts
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Figure 2.1.: Phase diagram of a model liquid consisting of a single species of hard spheres that are subject to a
long-ranged attractive pair potential. The colored curves represent the chemical potential y according to Eq. (2.127)
as a function of the bulk density py, for various temperatures T. Precisely at the critical temperature T, the curve
has an inflection point point in (p, pic). For T < T, symbols mark those two states that lie on the binodal (dashed
curve) and can therefore coexist because they have equal pressure P in addition to equal temperature and chemical
potential. Inside the region enclosed by the binodal, the system phase separates into these states so that y and P
actually remain constant, as indicated by the horizontal lines connecting the symbols. If no phase separation were
to occur, van der Waals loops (dotted curves) would develop. The spinodal (dashed-dotted curve) surrounds that part
of the phase diagram where the uniform system would have a negative isothermal compressibility x7 and thus be
mechanically unstable; right on the spinodal (and consequently also at the critical point), kT diverges.

densities p_ = p, — Ap and p; = py, + Ap with Ap < py, occurs. A Taylor expansion gives us

5F [pv] 16°F [ py] 2 V op 2
+ Ap] — A p+ - (Ap)? = £V uAp + ——(Ap)?, (2.
Flpp £ Ap] = Flpp] = £ 5o Pt 597 (Ap)” ==£Vyu p+28pb( p)°, (2.130)
and it follows that
Flp-1+F Flpp — Ap] +Flop + A
AFpy] = [p-] : [p+] Flpu] = [pb = Ap] : [pp+Ap] F o]
(2.131)
~ 1 Y Vor a2l o Vor \ y
5| TVHAP+ S apb(Ap) +Vphp+ S apb(Ap) = 2o (Ap)° <.

Hence, decomposition is always energetically favored. In the phase diagram, the stable and un-
stable regions are separated from each other by the spinodal where op/dpp = 0 and |kr| — co.
For T < T, there exists multiple pairs (pg, p1) of bulk densities outside the spinodal domain
with equal chemical potential u(T, pg) = (T, p1). Among these, there is exactly one pair that also
has equal pressure P(T, p;) = P(T, p1); with Eq. (2.128) and integrating by parts, this condition
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translates to

oP(T, py) _ /pld ou(T, pp)
b— > = PbPp———

P1
0= P(T, pr) - P(T, >=/ d
P Pe > op o

Pg Pg

(2.132)

Pl
= p (T, p1) — pg (T, pg) — dpy p(T, p)
Pg

In the phase diagram, the points (pg, p1) that satisfy u(T, pg) = (T, p1) and P(T, pg) = P(T, p1)
define the binodal; they represent two different states — a gaseous phase with lower density p,
and a liquid phase with higher density p; — that can coexist alongside each other since they are
in thermodynamic equilibrium according to Eq. (2.12). Inside the binodal, the system will always
aim to segregate into a gas with volume V; = V(p; — pp)/(p1 — pg) and into a liquid with volume
Vi = V(pp — pg)/(p1 — pg) because this results in the lowest Helmholtz free energy; hence, the
chemical potential actually remains constant for bulk densities between p, and p; as indicated
by the horizontal segments in the phase diagram.

Right at the critical temperature T = T, the curve of the chemical potential has an inflection

point at the critical bulk density p. ~ 0.0311/R> characterized by

(ay(T,pb)) e (82/1(T,pb)) | (2.133)

Py ap;

As we will show in the following section, this has very remarkable consequences for the behavior

of a system close to criticality.

2.4.1. Universal behavior

To understand the behavior near a critical point, we shall roughly follow Hansen and McDonald
[51]. Using the condition (2.133), a Taylor expansion of the chemical potential around the critical

temperature T, and density p. up to the lowest non-vanishing order in T and py, gives
1
W(Tpo) = pie + ™ (T =T+ ™ (T = T2) (py = pe) + 2™ (oo = po)’, (2.134)
where y. = p(T, p.) is the critical chemical potential and ,uc(k’l) = [0 u(T, pp)/(8T* 9ph)]..
Thus,

1 p? (a.“(ipb))
T

o 9py

1
- = pi [uél’” (T =T + 2" (py = po)? . (2.135)

Suppose that the system is at the critical density, p, = p., and slightly above the critical

temperature, T > T. If the temperature is lowered toward T, then

1
— = p2u"VIT - T (2.136)
KT
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from which we can deduce that the isothermal compressibility diverges as k1 o |T — T.| 1. If the
system is at pp, = p. but below the critical temperature, T < T, it will separate into a gaseous
phase with density p, and a liquid phase with density p;. From the form of (2.134), it is clear that
u(T, pg) = p(T, p1) and P(T, pg) = P(T, p1) can only be satisfied if pg; and p; are symmetrical in
the vicinity of p, i.e., pg = pc — Ap and p| = p. + Ap for some Ap > 0. Demanding

1
0 = u(T, pe + Ap) — u(T, pe — Ap) = 2" N(T = T.) Ap + gy(0’3)(Ap)3, (2.137)
we can easily solve for Ap and find that

(L)
|pgn — pel = Ap = 6”°(O,3) IT - T.| « |T = T,|"/2. (2.138)

C

Therefore,
1 2|, (1) L (03)p 12 2, (L) 3/2
== (e Dp)” [T =T + 5 (A9)° | = 20 T-T+0(IT-T1)  (2139)

and again k7 o |T — T¢| 7.
We can see that close to the critical point, certain quantities such as k7 or |pg1 — pc| acquire a

power-law dependence on the reduced temperature

T-T.
I,

T, = (2.140)
such that k7 oc |T| ™ and | pg1 — pe| o | T | with suitable critical exponents y and . While the cor-
responding proportionality constants depend on the microscopic details, the critical exponents
are actually shared by a whole set of systems that together form a universality class.
Interestingly, a universality class may even contain seemingly unrelated systems. For example,
consider the phase diagram of the Ising model shown in Fig. 2.2, which plots the strength of an
external magnetic field B versus the average magnetization M of the Ising spins for various
temperatures. We see that there exists a critical temperature T; such that M, = M(B = 0) = 0 for
T>T.and My # 0for T < T,. For T = T, B has an inflection point at M = 0. This is essentially
equivalent to the phase diagram of our model liquid (Fig. 2.1) if we associate B = p—p., M = p—p.,
My = pg1 — pe and yr = (M/3B)r = k. Near the critical point, one indeed finds with the same
reasoning that |Mo| o |T.|'/? and yr « |T.|7!, i.e., the Ising and fluid model belong to the same

universality class.




2.4. Critical phenomena 35

T=T. — T <T T<T;

_—T>T

B [arb. unit]

T
0
M [arb. unit]

Figure 2.2.: Schematic phase diagram of the Ising model, plotting the strength B of an external magnetic field versus
the average magnetization M of the Ising spins. There exists a critical temperature T; such that My = M(B=0) =0
for T > T, and My # 0 for T < T.. For T = T, B has an inflection point at M = 0. Note the similarities to the phase

diagram of the model liquid (Fig. 2.1) if we associate B = yi — yc and M = p — p.

2.4.2. Fluctuations and correlations

The isothermal compressibility k7 is linked to the particle number fluctuations ((N — N)?) via

keT dpy _ ksT ON _ kgT 5°Q (kE,T)zazangc

PRI = T N an N N o
2
:(kﬁ)z z aafzgc_(ziaff)]:(ki)z [N = (V)] (214D)
g g
_ NN (N-N)P)
N N

Let us now define the total two-point correlation function as

@ .
N Y Ll G By (2.142)
(Pr></?r ) p(F)p(r’)

where p@ (7,7) = <p£q,> and

pra(nq.p) = Z Z 5 ~3) 8(F =) = pr(n.q. p)pr(n.q.p) = 5G~T)] (5143
=
is identical to the two-point density operator (2.118) if the system consists of only one species.

Furthermore, let

o oy 52%}([/0]
Cz(f”,r ) = —‘BW (2144)
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be the direct two-point correlation function. As shown in Appendix C, h; and c; are connected

through the Ornstein—-Zernike relation
hy(F,7') = co(F, 7') +/ A9 ey (B 7)) p(F') o (F", 7). (2.145)

In the uniform bulk with p = pyp, we can expect that hy(7,7’) and c,(7,7’) only depend on the
relative vector ¥ — 7/, i. e, ho(F, 7’) = ho(F —7’) and ¢y (7, 7’) = co(¥ —7’), in which case Eq. (2.145)

can be written as

hg(?-?’)202(7—7')+pb/dd7”cz(7— ') ha(F — 7))
(2.146)
=y (F=F) + pp(c2 ® h) (F = T,

where “®” denotes convolution. Employing the convolution theorem, this translates to the simple

expression
ha(k) = &a(k) + oz (Kb (K) (2.147)

in Fourier space, which can be easily solved for either ¢, or h; to give

. (K - Gy (K
&y () = L ho(fy = —20 (2.148)
1+ pyha(k k) 1 = pyca(k)
If we define the Fourier transform of the static structure factor as
~ ~ o 1
S(k) =1+ pyha(k) = ——= (2.149)
1 - ppéa(k)

and make use of

/ 4’7 / A7 p @B (F7) = / 4’7 / A7 (pelpr — S(F = F)])
= ([ dFpr [dF pr) - ([ d7pr [T 6(F—7)]) (2.150)
= (N?) =N = N(ppokTkr — 1+ N),

we find that
S(0) = 1+ pphs(0) =1+pb/d 7 hy(F) _1+ dd*/ddr'hz(* )
_4+_ dﬁ/¢ﬁ.ﬁﬁﬁﬁ 1=HJzMﬂ@“;”+m_Vz@ﬁn
N Joly

= pkaTKT.
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The interpretation of this result is straightforward: if xr diverges, then so does S(0), which
means that the density correlations quantified by h, must become sufficiently long-ranged so
that [ dFhy(F) — oo.

Let us now determine how h; behaves asymptotically for large arguments. In the uniform
bulk, we can actually make the even stronger assumption that h; and ¢, are radially symmetric,
i.e., hy(F7) = ho([F = 7']) and ¢ (7, 7) = (|7 — 7']). Consequently, h, (k) = hy(|k|) and & (k) =
1) (|E|). Using Eq. (2.148), the inverse Fourier transform from hy back to hy, for a three-dimensional
system is given by

1 2 T k .
3 / do / d&‘/ dk k* sin & exp(ikr cos &) hy (k)
(27)* Jo 0 0

__1 /0 dk k [exp(ikr) — exp(—ikr)] flz(k)=4nlzir /_ ) dk k exp(ikr) hy(k) (2.152)

 4rlir
1 ©  kexp(ikr) ¢y (k) 1 k exp(ikr) ¢, (k)
= - dk - = - dk ————=.
arlir J_o 1 — ppéa(k) 4mir Jac, 1 — ppCa (k)

hy(r) =

In the last step, we expressed the integral as a contour integral around the upper complex half-
plane C; = {z € C : Im(z) > 0}. Assuming that ¢, is an analytic function, we can use the residue

theorem to evaluate this integral to

ha(r) = —— = =—— -
2or A pocy (ko) 2 et pies (ko)

1 Z ko eXp(ikgr')Ez(k()) 1 ko exp(ikor)
= i (2.153)

where K = {kg € C; : 1 — ppCa(ko) = 0}. For large r, the dominant contribution comes from
the ky € K which has the smallest imaginary part, since that one is associated with the slowest

exponential decay. It therefore makes sense to perform a Taylor expansion of ¢; around k = 0,
1
o(k) = 6,(0) + 55;’(0) k% + O(kY), (2.154)
where terms with odd powers of k vanish due to the radial symmetry of c,. Demanding that

~ /e ~ 1 ~17 . ~ 1 ~//
0= 1= ppéa(iko) = 1= ppz(0) = o5 (0) (iko)* = 1= puéa(0) + py o8 (0) kg, (2:155)

we have K = {ik,} with

—21_€+CZ(0)= 2 == ~2” . (2.156)
prey (0) ppS(0)E/(0) pEksTIE) (0)|kr

Note that we require ¢;'(0) < 0 in order to satisfy ik, € C,. Inserting this into Eq. (2.153), we

arrive at

exp(—kor) _ 1 exp(-r/§)

h‘z(r) - - ~r7 - 1
2mrptey (0)  2mpi|ey (0)] r

for r — oo, (2.157)
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where

l <17
N @159)

1

ko
is the correlation length which diverges as & o \/kr o VT -T| = |T - T.| V2 o |T,|7" with
v = 1/2. This agrees with our hypothesis that the density correlations become long-ranged and
that fd37h2(7) — 00 as K7 — 0.

Experimental evidence of the increasing density fluctuations on approaching the critical point
can be observed with the naked eye. If the temperature of a liquid at critical density is lowered
towards T, a precursor of macroscopic phase separation progressively sets in where the liquid
forms small fluid or vaporous droplets whose diameters are on the order of the correlation length
& As T — T, these droplets will grow because ¢ — oo and eventually become comparable in
size to the wavelength of visible light, at which point they start to scatter the light that passes
through them. As a consequence, the liquid appears milky and iridescent near the critical point:
a phenomenon which is known as critical opalescence [52].

At the end of the day, the divergence of the correlation length near the critical point is the
fundamental reason behind the similarity of the critical behavior of systems belonging to the
same universality class. As & increases, it becomes the only significant length scale of these
systems and the relevance of the microscopic details diminishes. This implies a scale-invariance
in the sense that a “coarse-grained” picture of the system with a reduced number of degrees
of freedom should be self-similar to the microscopic one, which has led to the development of
scaling concepts by Widom [53] and Kadanoff [54].

It should be noted that the critical exponents derived so far (f = 1/2, y = 1, v = 1/2) are
not accurate for d-dimensional systems with d < 4. This is due to the negligence of correlations
inherent in the mean-field approximation (2.125), which is not appropriate in the critical regime.
It is possible to overcome this issue within the renormalization group theory introduced by Wil-
son, who shows that the mean-field exponents are actually correct for d > 4 and provides an
expansion for the critical exponents in powers of (4 — d) that can be used to extrapolate the

results for d = 4 to lower dimensions [55]. Up to second order in (4 — d) one finds that

1_(4—d)+(4—dﬂ

~— ~ ~ 0.34,
fa~ 3 6 162 Ps
(4-d) 25(4-4d)*
~ 1+ + ~ ~ 1.24, (2.159)
v 6 324 &
1 (4-d) 7(4-d)>?
vdz—+( )+ ( ) ~  y3 ~ 0.63,
2 12 162

which is in very good agreement with experimental results.
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2.4.3. Critical Casmir effect

Imagine two uncharged, perfectly conducting parallel plates with surface area A separated by a
distance L inside a vacuum. One might be tempted to think that the plates will not interact with
each other (except through gravity). Surprisingly however, as postulated by Casimir in 1948 [56]
and finally confirmed almost half a century later in experiments by Lamoreaux [57], the plates
are indeed subject to another force that arises due to the always present quantum and/or thermal
fluctuations of the electromagnetic field. Because the plates impose certain boundary conditions
on the field, only very specific eigenmodes are allowed in between them. This then effectively
leads to a reduction of the average energy (E(L)) of the system that becomes more pronounced

as L decreases, and is in the limit A — oo given by

T he ..
(E(L)) = (Eloh —Ares HT=0 (2.160a)
(o) = A%%T if kT > . (2.160b)

where h is the Planck constant, ¢ the speed of light in vacuum and {(3) ~ 1.202 [58]. It follows
that there exists a Casimir force K.,s(L) = —d(E(L))/dL < 0 that pushes the plates together.

In 1978, Fisher and de Gennes predicted a thermodynamic analog of this phenomenon when
two plates are immersed in a binary mixture that is near its critical point [59]. A binary mixture
consists of two different liquids that, depending on their composition ¢ and the temperature
T, either blend to form a homogeneous solution, or separate into two coexisting phases rich
in one or the other component. Such a mixture may have both a lower and an upper critical
temperature. Below (above) the lower (upper) critical temperature, the mixture is homogeneous
for all compositions; above (below), it will phase separate if the composition is within a certain
range. The lower (upper) critical temperature has a corresponding critical composition that marks

the minimum (maximum) of the binodal in a c¢-T phase diagram; see Fig. 2.3. In the following

T

A separated phases / A
45
B .
B
homogeneous phase
T T c
0 Ce 1

Figure 2.3.: Schematic phase diagram of a binary mixture, consisting of liquids A and B, near its lower critical
temperature T;. Below T, the mixture is homogeneous for all compositions c; above T, it will separate into an A-rich
and B-rich phase if the composition lies within the coexistence region enclosed by the binodal (solid blue curve). The
minimum of the binodal defines the lower critical point (¢, T¢).
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discussion, we shall — without loss of generality — only focus on the lower critical point (T, c).

We can essentially picture the demixing process of a binary mixture as both components un-
dergoing a liquid—vapor separation simultaneously, during which the liquid phase of one com-
ponent merges with the vapor phase of the other. From this point of view it should be clear that
the critical behavior of a binary mixture is qualitatively identical to that of a pure substance,
and that both systems must therefore belong to the same universality class. In particular, the
composition fluctuations in a binary mixture become long-ranged as T — T; and the associated
correlation length diverges as & ~ &|T.|”" with a material constant & and v = 0.63 in three
dimensions.

Let us now think about how the Helmholtz free energy F changes when we insert two parallel
plates into a homogeneous binary mixture at critical composition, ¢ = ¢, and below the critical
temperature, T < T.. Due to the interaction of the plates with the surrounding particles, we
would expect a correction term that is proportional to the surface area A; the corresponding
conjugate quantity is the surface tension y which depends on the specific mixture and surface

properties. Thus, in the general case that the plates are made out of different materials, we have
F|| =Fh+Ayn+Ay,, (2.161)

where F;, denotes the bulk Helmholtz free energy of the binary mixture. This appears like a
reasonable assumption — at least if the plate separation L is much larger than the mixture’s
molecules so that depletion effects are negligible.

Depending on the material, the plates will typically show an adsorption preference for one or
the other component of the binary mixture, which means that the concentration of the favored
component will be significantly higher in the vicinity of the plate. Under normal circumstances,
the resulting local deviation of the concentration profile from the bulk is very short-ranged and
quickly decays. However, as the temperature approaches T, and the correlation length diverges,
the plates’ influence on the medium will be increasingly far-reaching so that they eventually
start to feel each other’s presence and can no longer be considered independent entities. This
fluctuation-induced interaction between the plates is known as the critical Casimir effect and
has to be incorporated into F|| through an additional contribution F.,s. From the universal char-
acter of critical behavior, we can infer that F.,s must be universal itself and cannot depend on
microscopic details. Right at the critical point where £ is infinite, the only macroscopic measures

that can factor into Fys are A, L, kT and a universal, dimensionless Casimir amplitude

+

A

= H

if both surfaces favor the same component,

A= (2.162)

AJ—'F otherwise,

that accounts for the adsorption preference of the surfaces [60]. Since we can expect that Fi,g
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increases linearly with A and decreases with L, the only viable combination with the correct

dimensions of energy is
FcaS(L) k TéA (2.163)
B Lz [ .
Adding this term to (2.161), we find that
= cas k A 2.164
F||(L)—Fb+A)/1+A)/2 +F (L) F||(OO)+ BTCEAH’ ( . )

in complete analogy to Eq. (2.160b) for the quantum-mechanical Casimir effect.

Slightly below the critical temperature, ¢ is finite but large and therefore another macroscopic

cas

Il
some scaling function @) of the dimensionless ratio L/£, so that [61]

A L L A L|T-T.|"
FcasL ke T—=0 | = kT —— | =kgT=0, = |—=| . 2.165
B =hlp "(5) b '(foITl ) R "(fo’ T. ‘) (2169

To recover Eq. (2.163) for T = T and Fcals = 0 for T < T, we require that ©|(0) = A} and

0)/(x) — 0 for x — oo. Like the Ca51m1r amplitude A}, the scaling function @) is dependent

quantity that enters into F[**. Due to scale-invariance, Fj 135 should only depend on ¢ through

on the boundary conditions imposed by the surfaces. In the critical regime, the Helmholtz free

energy thus amounts to
F||(L)=Fb +Ay +Ay; +Fcas(L) F||(OO)+kBT @||(§ ‘—‘ ) (2.166)

which gives rise to the critical Casimir force

F(L) A L
.~ s (5) ol 9"(&)

with 0)(x) = 20| (x) - x@ (x) The sign of KCas ultimately depends on the scaling function ©,

T-T.
T

KcaS(L) - _

) (2.167)

and hence on the boundary condltlons, it turns out that plates which favor the same component
experience an attraction, whereas those with opposite adsorption preferences repel each other.

Obtaining theoretical predictions for the scaling functions is a non-trivial task for which sev-
eral different approaches have been devised. As already mentioned, the critical behavior in four
or more dimensions can be exactly described with mean-field theory, which allows the deriva-
tion of exact expressions for the scaling functions [62]. The critical Casimir effect can also be
observed in the Ising model, which belongs to the same universality class as a simple fluid or a
binary mixture and therefore shares the same scaling functions; in two dimensions, these can be
determined exactly using transfer-matrix methods [63]. In three dimensions, numerical approx-
imations of the scaling functions have been computed via Monte Carlo simulations of the Ising

model in combination with a thermodynamic integration scheme [64].
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Figure 2.4.: Illustration of the Derjaguin approximation for the critical Casimir interaction between a flat plate (blue)
and a sphere (red) with radius R. The surface of the sphere is decomposed into thin annuli (indicated in gray) that
lie parallel to the plate. Each annulus is assumed to interact with a corresponding annulus on the plate’s surface
(also in gray) according to Eq. (2.165). One then takes the limit of infinitesimally thin annuli and integrates over all
contributions, leading to Eq. (2.169).

The parallel plate geometry is only a special case that is nonetheless very important from a
theoretical standpoint because the critical Casimir interaction is particularly easy to describe
due to the symmetry of the setup. Of course, critical Casimir forces will in general act between
all kinds of surfaces with a potentially complicated dependence on their shape, orientation and
adsorption preferences. Since parallel plates are very difficult to realize in practice, experimental
studies of the critical Casimir effect usually involve either a sphere in front of a flat surface,
or two spheres. For these two situations, we can use the Derjaguin approximation to derive an
expression for the critical Casimir interaction if the scaling function ©)| of the parallel plate
geometry is known [65].

Let us first consider a sphere with radius R whose center is a distance R + z away from a
flat plate. The idea of the Derjaguin approximation is to decompose the curved surface of the
sphere into infinitely many, infinitesimally thin annuli that lie parallel to the plate; see Fig. 2.4.
For every angle ¢ € [0, 2] there is an associated annulus that has a radius r(¢) = Rsin g, an
area dA(¢) = d[7r(¢)?] = 27Rsin ¢ cos ¢ dp and a separation L(p) = z + (1 — cos ¢)R to the
plate. We now make the assumption that each of these annuli interacts with a corresponding

annulus on the plate’s suface, and that this contribution to the Helmholtz free energy is

dA(e) L(p) 27R? sin ¢ cos @ z+ (1 —cos¢)R
dF (@) = ksT © =kpT do (2.168
o) =T T O T | T e T cos R @1 2 v 2169
as per Eq. (2.165). Integrating over ¢ then gives the total contribution of all annulj,
Fos = k Tz”—RZ/”/Zd sin g cos ¢ oyl 211+ - cos )X (2.169)
O =B Jy U -cosp)®i1P|E AT R

Due to the denominator, the integrand is small for ¢ > 0. We can therefore choose an upper

integration limit @ > 0 such that gn.x < 7/2. Then, defining I(¢) = 1 + (¢?/2)(R/z) and
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using that sin ¢ ~ ¢ and cos ¢ ~ 1 — ¢?/2 for ¢ € [0, Pmax], We have

cas 2rR2 [ Pmax ® ®°R
Fio = keT=5~ -/0 d"’[1+(qo2/z>(R/z)]2®'(Z{”22})

271R Pmax dl ® l 2R l((/’max) ® l
_ kBTL 4 @) OU02/D) 27 / di ||(IZZ/§).
1(0)

z Jo de l(p)? z

(2.170)

Finally, recognizing that [(0) = 1 and [(@max) = 1 + @2, (R/z) — oo in the limit R/z — oo
regardless of the specific choice of ¢y, we find that

R R T-T.|"
Fcas(z) kBT—®|O(E) = kBT—@)|O(i ) forR> z (2.171)
z é‘: z §0 c
with the plate—sphere scaling function
l
O (x) = 27[/ dl ”l(x ) (2.172)
1
The critical Casimir force between the sphere and the plate is therefore
(dRS (@) R, (z R, (z|T-T.|
K ( ) 1z kBT;QO(E) = kBT;6|O(—O TC ) forR> z (2173)

with 05 (x) = ©|n(x) - x@]o(x).
For the critical Casimir interaction between two spheres with the same radius R and center-
to-center distance 2R + z, the Derjaguin approximation works exactly the same, except that now,

L(p) = z+ 2(1 — cos ¢)R. In the end, this only results in an additional factor 1/2 so that

R T-T.|"

cas cas R z
FOO(Z) —F (Z) kBTZ®|O (E) kBT

IO( ) forR> z (2.174)
&o

C
and

T-T.

K& (2) = Kcas(z) ~ kBT 9|o(§) kBT 9|O(§0 ") for R> z. (2.175)

C

In Fig. 2.5, the plate-sphere scaling functions @|- and 0| based on Refs. [64] and [65] are
shown for equal (++) and opposite (+F) boundary conditions. Since 9% < 0 and 0|io”_’ > 0, it
is clear that the critical Casimir force between a plate and a sphere or between two spheres is
attractive if the surfaces preferentially adsorb the same component, and repulsive otherwise.

Experimentally, a major breakthrough in the study of the critical Casimir effect was reported
by Hertlein et al. in 2008 [66] (see also Ref. [65] by Gambassi et al. for a more detailed account),
who were able to directly measure the critical Casimir force between a spherical particle and
planar substrate by means of total internal reflection microscopy (TIRM). As particles, they used

polystyrene colloids with a diameter of a few microns that have been immersed in a mixture of
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Figure 2.5.: The Derjaguin approximation of the critical Casimir scaling functions © | and 0|, for the plate-sphere

geometry with equal (“++”; left panel) or opposite (“+F”; right panel) adsorption preferences. Since 9\1@1 < 0and

0=* > 0, it follows that the critical Casimir force (2.173) is attractive if the surfaces favor the same component of the

[®)
binary mixture, and repulsive otherwise. Based on Refs. [64] and [65].

water and 2,6-Lutidine. The water—2,6-Lutidine mixture has a lower critical (demixing) point at
temperature T, ~ 307K ~ 34°C and 2,6-Lutidine mass fraction c% ~ 0.286. The colloids either
favored 2,6-Lutidine (“+” boundary condition) if they had a low surface charge density, or water
(“~” boundary condition) in case of a high surface charge density. The mixture and the colloids
were contained within a cell made out of silica glass. The adsorption preference of the cell’s sur-
face was adjusted by coating it either with hexamethyldisilazane (HMDS) or NaOH, resulting in
an affinity for 2,6-Lutidine (+) or water (—) respectively. Thus, all possible boundary conditions
(++, +—, —+, ——) could be realized. Using an optical tweezer, a single colloid was captured and
held in place in the lateral direction, but still allowed to move perpendicular to the bottom of the
cell. From below the cell, a polarized laser beam was then directed at the point of the cell-mixture
interface just below the colloid at such a flat angle that it was totally reflected. As a consequence,
an evanescent electromagnetic field penetrated into the mixture and was scattered by the col-
loid. Since an evanescent field decays exponentially with increasing distance from the interface,
the intensity of the scattered light depended sensitively on the height of the colloid above the
interface. Via a measurement of this intensity, the vertical position of the colloid could then be
accurately determined. Finally, by recording the thermal fluctuations of the colloid’s height over
some period of time, it was possible to infer the substrate—colloid interaction potential. Near the
critical point, after subtraction of the gravitational and electrostatic contribution, the potential
was found to be in excellent agreement with the theoretical prediction (2.171) for the critical
Casimir plate—sphere interaction.

In another type of experiment, Zvyagolskaya et al. investigated the behavior of a binary mix-

ture of silica colloids immersed in water—2,6-Lutidine at critical composition [42, 67]. The col-
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loids sedimented toward the bottom of the containing cell into a plane monolayer, therefore
effectively forming a two-dimensional system of hard disks. While one colloid species favored
water (—) due to a high surface charge density, the other was rendered hydrophobic (+) through
a functionalization with silane. After increasing the temperature above T, — 0.4K, the hitherto
homogeneous colloid mixture was observed to segregate into domains rich in either one or the
other species. The ensuing coarsening of the system’s structure only became more pronounced
as T, was approached. This clearly suggest the presence of an attractive critical Casimir force
between colloids of the same species (and thus the same adsorption preferences), and a repulsive
critical Casimir force between colloids of different species (and thus opposite adsorption pref-
erences). The experimental results proved to be consistent with a theoretic model of hard disks
interacting via K& as given by Eq. (2.175).

The critical Casimir effect presents an intriguing means of significantly altering the interaction
between colloidal particles through minute changes of the temperature. In the next chapter, we
will use this instrument to devise a colloidal model system with competing interactions, wherein

the attraction and repulsion can be tuned easily and independently from each other.







3. Model system

We shall now direct our attention to the task of designing a novel model system that promises to
offer intriguing possibilities and freedoms in the study of competing interactions and microphase

separation. Ideally, this system would possess the following desirable properties:

(i) Experimental realizability: The model can be studied experimentally and, preferably, only
requires slight modifications of experiments that have already been successfully conducted.
Furthermore, the system can be directly imaged to reveal its structure.

(ii) Theoretical accessibility: The model can be analyzed theoretically in order to make predic-
tions about its behavior that can guide experimentalists and that can also be compared
with experimental results. In particular, the interactions between the particles are well-
understood.

(iii) Tunable competing interactions: The particles interact via a typical SALR potential (Fig. 1.3)
with a strong repulsion for small, a moderate attraction for intermediate, and a weak re-
pulsion for larger particle separations. The strength of the attraction and the long-ranged
repulsion can be tuned independently from each other by adjusting two easily controllable

external variables.

Keeping this list in mind, consider the setup shown in Fig. 3.1. A single species of spherical
silica colloids with a paramagnetic core and a diameter a of a few microns are immersed in
a mixture of water and 2,6-Lutidine at critical composition. This suspension is confined to a
temperature-controlled glass cell in which the colloids sediment toward the bottom under the

force of gravity and form an essentially flat monolayer — provided that the mass of the colloids

>

A [ ]
glass cell

water—2,6-Lutidine mixture

monolayer of paramagnetic silica colloids

2010 [euonjRIARIS

external magnetic field

<

Figure 3.1.: Schematic side view of the experimental setup. Spherical silica colloids (dark circles) with a paramagnetic
core are suspended in a water—2,6-Lutidine mixture (blue) at critical composition. The suspension is confined to a glass
cell (light gray) in which the colloids sediment toward the bottom under the force of gravity and form an essentially
flat monolayer. For temperature control, the cell sits on top of a heating element (red). Within the colloids, a magnetic
dipole moment (white arrows) is induced by a homogeneous external magnetic field perpendicular to the monolayer.



48 3. Model system

is sufficiently high so that variations of their vertical position due to thermal fluctuations are
negligible. Finally, the cell is placed inside the homogeneous magnetic field of, say, a copper coil,
such that the field is perpendicular to the monolayer.

Silica surfaces in contact with an aqueous solvent acquire a negative charge through the dis-
sociation of silanol groups (SiOH — SiO~ + H) [68]. One consequence of this is a screened elec-

trostatic (Yukawa) repulsion between the colloids given by the pair potential

Q? exp(ka) exp(—kr)
e (1+xa/2)? r

Uel(r) = , (3.1)

where r is the center-to-center distance between two colloids, Q their electric charge, ¢ the di-

1~ 12 nm for

electric constant of the solvent and k™! the Debye screening length [69]. Since k™
water-2,6-Lutidine [66] and therefore ¥ < a, this repulsion is extremely short-ranged and can

thus be well approximated as a hard core interaction with an effective diameter o > a [42],

oo ifr <o,
Uel(r) = (3.2)
0 otherwise.

We shall henceforth use a = 3um and o = 3.1 pm as in Ref. [42].

Another consequence of the negative surface charge of the colloids is the preferential adsorp-
tion of water. Close to the critical temperature T, ~ 307K of the water-2,6-Lutidine mixture,
the divergence of the correlation length & = & (|T — T.|/T.)”", where & =~ 0.2nm [66] and
v = 0.63, will lead to a critical Casimir attraction between two isolated colloids that is, according
to Eq. (2.174), described by the pair potential

ksT a @ii(r—a kT a .. (r—a|T-T.
3

I

Ueas(r) = — —— =—
cas() 4 r—a |O go

4 r—q 10
However, if these colloids are not isolated but, as in the present case, part of a collective, this is

) . (3.3)

no longer necessarily true. Because additional colloids will affect the concentration fluctuations
of the mixture that mediate the critical Casimir force, the interaction between two colloids will
in general also be influenced by the other colloids in their neighborhood [70-72]. Dang et al. at-
tribute discrepancies between the experimentally determined and theoretically predicted phase
diagram of a colloidal suspension close to the critical point to the non-additivity of the critical
Casimir potential [73], and Paladugu et al. were able to directly measure the deviations from
Eq. (3.3) when a third colloid was nearby. While such many-body effects are certainly nor irrele-
vant, they are unfortunately also notoriously hard to quantify and to incorporate because of their
usually very complicated dependence on the relative position, orientation and geometry of the
surfaces; there does not even exist a comprehensive description of the critical Casimir interac-

tion between three identical spherical objects. For this reason, we are forced to assume pairwise
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additivity of uc,s in our analysis and neglect many-body effects of higher order. Although this
approximation might diminish the quantitative accuracy of our theoretical predictions in com-
parison to possible experiments, it is unlikely to have a considerable impact on the qualitative
behavior. Note that uc,s(r) — —oo as r — a, which means that two colloids would in principle
become inseparably stuck to each other if their proper surfaces came into contact. In practice,
however, this should not a problem since measurements show [66, 74] that the electrostatic re-
pulsion typically beats the critical Casimir attraction for very small colloid separations (which
further justifies approximating the former as a hard core interaction).

The homogeneous external magnetic field Binducesa magnetic dipole moment M= )(E within
the paramagnetic core of the colloids, where y is their magnetic susceptibility. Each colloid, in

turn, produces itself a magnetic dipole field given by

Lo [3(1\2-7)7 M‘ G

B(p = 10 |2OCDT M
COl( ) 4” |r|5 |r|3
with the vacuum permeability yy ~ 1.257 x 107° TmA™2. The induced magnetic dipole of any
other colloid will interact with this field; using that M -7 = 0 since the colloids lie in a flat
monolayer perpendicular to B, this results in a magnetic dipole-dipole repulsion described by

the potential

Lo My xPB?

umag(r) - _M * Bcol(r) - E _r3 = a_r,j . (35)
Colloids with a paramagnetic core inside an external magnetic field have been experimentally
studied, among others, by Zahn et al. [40] and Bubeck et al. [41]. In the following, we shall assume
that y = 7.62 Am?T™! as in Ref. [40].

Combining all contributions to the colloid-coloid interaction, we arrive at the pair potential

u(r) = uel(r) + ueas(r) + umag(r) (3.6)

with a very strong short-ranged electrostatic repulsion u], a medium-ranged critical Casimir
attraction uc,s depending on the temperature T, and a long-ranged magnetic dipole repulsion
Umag that increases with the magnitude B of the external magnetic field. The remaining question
is whether we can choose T and B in such a way that u truly has the shape of an SALR potential.
As we can see in Fig. 3.2, where u(r) is plotted for several combinations of T and B versus the
colloid separation r, this is indeed the case. For large r, tmae(r) dominates and causes a weak
repulsion between the colloids. As r becomes smaller, the critical Casimir force at some point
quite abruptly grows significantly in strength and forms a deep trench for r € (o, r.), where r,
denotes the separation at which the magnetic and critical Casimir forces balance each other out

and u attains its maximum. For r < ¢, u(r) is infinite due to the hard core interaction. Figure 3.2(a)
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Figure 3.2.: The pair potential u(r) = ue](r) + tcas(r) + tmag (7) as a function of the colloid separation r for different
combinations of the magnetic field B and the temperature AT = T, —T that give rise to a typical SALR shape. Symbols
mark the maxima of u. Panel (a) shows how u responds to changes of either B or T. The inset displays a more detailed
view of the maxima. Panel (b) demonstrates that we can precisely set the maximum of u by choosing suitable values
for Band T.

shows how a change of either T or B affects the pair potential, while Fig. 3.2(b) demonstrates that
the ability to tune up,g and uc,s independently from each other allows one to, e. g., precisely set
the location r, and height u(r.) of the potential’s maximum through an appropriate choice of T
and B.

Briefly recalling the list from the beginning of this chapter, we find that our model system
checks off all three items: (i) The experimental realizability of the model has, for all intents and
purposes, already been demonstrated because the setup is essentially just a blending of the one
by Zvyagolskaya et al. [42, 67] with that by Zahn or Bubeck et al. [40, 41]. Furthermore, as an
effectively two-dimensional colloidal system, it is relatively easy to image via microscopy. (ii)
Except for critical Casimir many-body effects, we know which forces are acting on the colloids
and how to quantify them. Describing the colloids as two-dimensional hard disks with diameter
o > a through the excess free energy functional (2.116) and treating the remaining long-ranged
“tail” uci = Ucas + Umag Of the interaction potential as a perturbation to this hard disk reference
system by employing the random phase approximation (2.124) should yield a fairly accurate den-
sity funcional theory for the model. (iii) We have clearly established that the colloidal interaction
potential has an attractive critical Casimir component that can be tuned by varying the tempera-
ture, and a repulsive magnetic dipole component that can be controlled by adjusting an external
magnetic field. Together with a strong short-ranged electrostatic repulsion, they give rise to an
SALR potential for suitable values of T and B.

For the remainder of the thesis, we shall study theoretically the statics and dynamics of this

model with a focus on the question: Will the system undergo microphase separation?




4. Statics

Let us start by studying the statics of our model system presented in the previous chapter, i.e.,
the phase behavior in thermodynamic equilibrium. We shall employ DFT to develop several ap-
proaches that are increasingly involved and expensive, but in return also become more accurate
and powerful. These nicely complement each other since the simpler methods allow us to quickly
identify interesting situations that we can then investigate in greater depth with the more com-
plex ones.

To describe the system, we use the intrinsic free energy functional ¥ = Fiq + 7.7 + £,
which is composed of an ideal gas, an excess hard disk and an excess competing interactions

contribution. According to Eq. (2.81), the ideal gas functional is given by
pralel = [ & p(@ i@} -1 = [ E7 (o) @)

with ¢iq(p) = p [In(A%p) — 1]. For the hard disk part, we choose the FMT functional (2.116) by
Roth, Mecke and Oettel which can be written as

BRL1 = [ & (W) WD WPy P 7)) (42)
|4
with
0. .0 .1 o1 2 2
gbhd(w w w W, wz)——w In(1 - 2)+19WP Mp T oW Wy ~ 1AM wﬂ. (4.3)

487 (1 —wp)

Since we have only a single species (v = 1) of hard spheres with radius R = ¢/2, the weighted

densities reduce to
wh (F) = / &F p(F) o (F = 7)., wi'(F) = / d* p(¥) @™(F - 7 (4.4)
v 1%
with the weight functions

O(R - Irl)

iy Xy, >
—_— - 4.
R SR-TF)  (49)

7™

for 7 = (x1,x3) and iy, ..., i,y € {1,2}. We incorporate the competing critical Casimir and mag-

0’(F) = ———, &*()=0R-[F), [@"(D)]i,.,
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netic dipole interactions through the RPA (2.121),

prtol =5 [ & [ &7 07 o) (i - 7, (@6)
where u¢; = Ucas + Umag With
ksT a .. a|T-T.|" Ho x°B?
s L e o | AR 7)

However, ¥ * is actually ill-defined because uc,s(r) is not valid for r < a and upag(r) — oo as
r — 0. A potential remedy has already been discussed in Sec. 2.3.3, where it was suggested that
for a hard core reference system (as in the present case), it is beneficial to restrict the integration
domains of 7 and 7’ such that |[F — 7’| > o, or, equivalently, to artificially set u(r) = 0 for r < o.
Although this would solve the problem, it unfortunately tends to lead to an underestimation of
the correlations. As an empirical correction, we instead extend the (finite) value u.;(o) into the

hard core, resulting in

Ucas(0) + Umag(0)  ifr < o,

uei(r) = (4.8)

Ucas(7) + Umag (r)  otherwise.
Note: In the following discussion, the Fourier transforms of several quantities that either factor
into or stem from the intrinsic free energy functional F will become important. For the sake of a

clearer presentation, their derivation is deferred to Appendix D.

4.1. Bulk system

4.1.1. Binodal, spinodal and A-line

Initially, we are going to concern ourselves with the bulk system, which is characterized by an
infinite volume, V' — oo, and a vanishing external potential, V' = 0. Before taking a look at
microphase separation, it will prove insightful to first study the coexistence between the “reg-
ular” uniform gas and liquid phases (in a similar manner as in Section 2.4), where the density
distribution is constant and identical to the bulk density, p(7) = pp.

For the ideal gas contribution to the free energy density, we find

ﬁ%@:%L¥WMM=mWM%%ﬂ- 49)

The hard disk contribution simplifies significantly to

ﬁﬂ? po] 2 R py 2
_ /d 7 Pna(w? Wos W, Pb’ Pb’ ) = pp szb —In(1 - 7R*pp) |, (4.10)




4.1. Bulk system 53

where we used that wy = pp, w> = 7R*py,, wy = 27Rpy, w) = 0, and w) = 7Rpy(§ ). Lastly,

the competing interactions contribution is

Foi 1 1
Tl 3 [r [ @ramatF-7 =100 [ @ puar=—pie @

with the interaction parameter

1 - - 1 .
w= -3 [ puai - ~3pia(o) (4.12)
2 Jy 2
which, in the limit V' — oo, can be expressed in terms of the two-dimensional Fourier transform
of Uci,
i (k) = / 427 uei (|7]) exp(—ik - 7). (4.13)

The total free energy density in the bulk is therefore given by

BF [pv] Npy, R py,
= 1 - -1]. 4.14
14 po 1- nRzpb 1- 77,'R2pb P& ( )
With this, we can calculate the pressure via
9 BF el _ BF L] Ph 2
P =pp— - = - , 4.15
BP(pv) = po oV % AR % (4.15)

and the chemical potential as

o PF A? nR? mR%py \°
Bulpp) = 9 7 1pl In pbz +3 pzb + pr — 2ppa. (4.16)
dpp 'V 1—nR%py, 1 - nRpy 1—7nRpy
Demanding that
op(pv) _ o [Pulpy)
0 a=a; 0= 902 (4.17)
Po ] o Py =%

we find a critical bulk density p., interaction parameter ¢, and pressure P, of

V7 -2 e 108 + 277

7R?p, = ~ 0.215, = 272V 584, 7R BP,. ~ 0.0789. 418
pe 3 7R? 1724 — 6407 Pre (4.18)

For a > a., coexistence of a gaseous phase with density p, < p. and a liquid phase with density
p1 > pc is possible when u(pg) = p(p1) and P(pg) = P(p1); we defined the pairs (pg, p) that
satisfy this condition as the binodal. We recall that states with du(py)/dpp < 0 have a negative
isothermal compressibility k7 and are therefore unstable; these are enclosed by the spinodal for

which du(py)/dpy, = 0 and |kr| — oo. The binodal and spinodal with respect to the interaction
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(a) Binodal and spinodal (b) B and AT for different values of «
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Figure 4.1.: (a) The binodal and spinodal of our model system with respect to the interaction parameter a. For ¢ > ac,
uniform gas and liquid phases can coexist. (b) The combinations of B and AT that correspond to certain values of a.
In the hatched region, @ < a. so that gas—liquid coexistence is not possible.

parameter « are shown in Fig. 4.1(a). Bear in mind that «, through u., depends on the magnetic
field B and the temperature T. In Fig. 4.1(b) we can see which combinations of Band AT = .- T
correspond to certain values of . At B = 20uT and AT = 0.09K, for instance, we find that
a ~ 1.6 ac, which implies coexistence of a gas with density 7R*p, ~ 0.01 and a liquid with
density 7R%p| ~ 0.57, as well as a domain of instability with 7R?p;, € [0.08,0.43].

With the phase behavior of the uniform bulk system analyzed, we will now direct our attention
toward microphase separation. As a first step, we shall determine those regions in the phase
diagram where the uniform system becomes unstable to density fluctuations. In Eq. (2.151) we
saw that ppkgTxr = S(0), where S is the static structure factor. Thus, S(0) < 0 means the system
undergoes “macrophase” separation into an infinitely large gaseous and an infinitely large liquid
phase. Similarly, it turns out that if S(k¢) < 0 for some ko # 0, the system will preferably form
density modulations with a length scale on the order of 27 /ky. To prove this, consider the density

distribution

p(¥) = py + Ap(7F), (4.19)

where Ap represents the deviation from the bulk density py. If Ap is sufficiently small, we can

calculate the intrinsic free energy ¥ [p] via a functional Taylor expansion around py:

o 1 - 5 8"F [p] - 5
7_- :7_~ + _/dZ /dZ - - - A A n
[p] = FLps] Z, | & | ST pzpﬁ(”) p(7a)

. (4.20)

1 - > - - > -

= Flol =kt Yo [ e [ &, CuGinenn o) A9+ B9
n=1 "
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with

5"F [p]
Sp(F1) -+ 8p(Fu) | pop,

Co(Fry...sTn) =P (4.21)
Since the functional derivative of ¥ in Eq. (4.21) is evaluated at the uniform bulk density py,
C, must be invariant under translation in that C,,(F; — Ar, ..., 7, — Ar) = Cy(#4, ..., 7,) for any
AF € R2. Choosing A¥ = 7,, we thus find that

Cn(Fla e FH) = Cn(71 - Fna e 7n—1 - Fna O) = Cn(?l - Fm e 711—1 - ?Tl)a (4-22)
where C, (71, ..., n-1) = Cy(F1,. .., n-1,0) is the (n—1)-ary version of C,, with the same content

of information. Inserting this into Eq. (4.20), the change AF [p] = F[p] — F [ pp] in intrinsic free

energy due to the presence of density fluctuations can be written as

BAF[p Z / a7, - /V 02Ty Co(Fr = s Pt = F) Ap(F) - Ap(F). (4.23)

Now suppose that p is (Ly, Ly)-periodic so that p(x + Ly,y + L) = p(x,y) for any x,y € R.

We can then expand Ap in a Fourier series as
Ap(?) = Z P~;; eXP(lk ' ?) (4.24)
kek
with K = {(27i/Ly, 27j/Ly) : (i, ) € Z%\{0}} and Fourier coefficients
1

H> = d%F p(7) exp(~ik - 7). 4.25
Pk LyiLy [O,LX]Z[O,Ly]p (429

Replacing Ap in Eq. (4.23) with its Fourier expansion (4.24), have

AF[p R N - R
ﬁ—:——zn‘/d2 -/dernCn(rl—rn,...,rn_l—rn)

X Z Pz, exp(ik1 “Tp) e Z Pz, exp(ilzn “Tn)

751 eK E eK

—Zn,Z i g i (B ) 7

- kleK k ek
x/ d27;.--/ &7,y CoFp Ty ) espli (fr - F 4 Ky - 7 )|
4 V’

where we rearranged some terms and used the substitution 7; — 7/ = 7;+7, fori € {1,...,n—1}

(4.26)
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in the last step. Recognizing that

. 1 9= -\ . 1 iflz1+~-+lzn:0,
lim |= [ dF, ex k1 +kp|-rarl = (4.27)
P!
Voo |V ]y 0 otherwise,
and
lim / a2, - / &7, CalFr o P expli (Fr B Foy -7,;_1)}}
V%OO ’ V/ (428)

we arrive at

k1+ +k =0

VlimﬁAT i Z Zpk knCn(—kl,...,—En_l) (4.29)

n=1"F ek knek

for the change in intrinsic free energy density in the limit V' — oo. Note that the condition k=0
cannot be fulfilled for 121 € K since 0 ¢ K by definition of K. Thus, the summand with n = 1

always vanishes and the Taylor expansion up to the lowest non-trivial order is given by

lim BAF [p]

Voo Vv

——Ezﬁpkg(kyHXp)———ZhﬂVCﬂ@+0@) (4.30)

kek kek

where we used that —k € K if k € K, as well as Py = [)Ii; (with the star denoting complex con-
jugation) since p is a real function so that pzp_; = p; p~]iC = | p~,—c~|2. Let us now split ¥ up into the
ideal gas part Fig and the excess part Fex, ¥ = Fig + Fex. For the former, we find that

8Falpl _ 2% (r )
o ™ St J T = s [ e
58}, (p(7)) 5(F, ~ 72) Rt
_ id Y = 22y 1" =5(r-r,
= S = Gl ) 0 7o) = T )
Consequently, Cizd(F) =-5(7)/pp and
é;d(lz) =/ Cld(r) exp(— ik - r) = —p—b/dzr 5(r) exp(— ik - F) = ,Olb (4.32)
For the latter, we go back to Eq. (2.144) to see that
52 ex -
Cy¥ (1 = 7p) = C3¥ (P, Tp) = =P M%@[M]z) =c3(|Fy = 72]) (4.33)

p=pb

is just the direct two-point correlation function in the uniform bulk and hence C‘Sx(lz) = 52(|1?|)
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Combining the ideal gas and excess contributions, and recalling the definition (2.149) of the

static structure factor, we readily conclude that

~ > ~e1 o ~ pd 1 . - 1 - 7
Col) = C() + G5 () = —— + (kD) = —— |1 = ;oKD = ————=— (@39
Pb Pb poS(Ik])
and therefore
_BAFIpl 1 oo P
TV N +0(p°). (4.35)
eV 2o (k)

The interpretation of this result is straightforward: if S(koy) < 0 for some ko > 0, then there
always exists a non-uniform density distribution p # pp with a lower intrinsic free energy den-
sity than that of the uniform bulk; for instance, choosing an arbitrary ﬁo € R? with |le| = ko and

setting

p(F) =pp + P, exp(ilzo 7))+ Pz, exp(—ilzo -T)=pp+2Re Pz, exp(ilzo )

. . (4.36)
=pp + 2Re(,5,;0) cos(ky - 7) — ZIm(/SEO) sin(kg - )
for some ,5,?0 = /3:;0 € C, we have
A 1 [P Ipg P 1 1g I
fim 227N 1 PR P +O(%) = —-2 L 0(5% <0 (4.37)
VoV 2P | S(lkol)  S(| = ko) Pb S(ko)

if | ﬁ,zol is sufficiently small so that the higher-order terms are negligible.

It follows that microphase separation with an inhomogeneous density distribution is manda-
tory in those regions of a phase diagram where S is not a positive function. As the border of this
region is approached from the outside, S must develop a singularity for some ko with S(k) — oo
as k — kg so that the energy cost of a density modulation with wavenumber k, just vanishes.
Right on said border, which has previously been termed the A-line [75], the reciprocal static
structure factor D = 1/ is zero at ko but otherwise strictly positive.

In Fig. 4.2(a), D is shown for several bulk packing fractions g, = nR?py at fixed B = 30 uT
and AT = 0.10K. We can see that D > 0 for 0.5 > 5, 2 0.458; for 1, ~ 0.458, we find that
D > 0 and D(kmin) = 0 precisely at the global minimum ky;, of D, which means that the
point (5, B,AT) = (0.458,30 uT, 0.10K) lies on the A-line. Finally, for 0.458 > n, > 0.4, we
have D(k) < 0 for all k£ within a small interval around ki, so that microphase separation must
occur in this regime. In Fig. 4.2(b), we plot the global minimum ky,;, and D(kmin) as a function
of ny. The graph for D(kyy) tells us that in addition to the state with 5, ~ 0.458, those with
M ~ 0.097 and n, = 0.797 also lie on the A-line; for 0.097 < n, < 0.458 and n, = 0.797, the

system favors inhomogeneous phases since f)(kmin) < 0. The value of A = 27 /kyin can serve
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(a) B =30uT, AT = 0.10K (b) B =30uT, AT = 0.10K
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Figure 4.2.: (a) The reciprocal static structure factor D(k) = 1/5(k) as a function of k for B = 30 uT, AT = 0.10K and
several bulk packing fractions g, = 7R?py. D is strictly positive for 0.5 2 n, 2 0.458. For 0.458 2 np, 2 0.4, microphase
separation must occur because D(k) becomes negative for all k within a small interval around its global minimum
Kmin. Since D(kmin) = 0 for n, ~ 0.458, the point (r1,, B, AT) = (0.458,30 uT, 0.10K) lies on the A-line. The dashed
horizontal line marks the height of the first and second local minimum (both of which are simultaneously also the
global minima) for ny, ~ 0.471. (b) The global minimum kp,;, and D(kmin) as a function of 1p- The dashed vertical lines
mark the bulk packing fractions for which D(kpin) = 0, and that therefore lie on the A-line. For 0.097 < f, < 0.458
and iy, 2 0.797, the system undergoes microphase separation since D(kpin) < 0. At the bulk packing fraction marked
by the dotted vertical line, kp;, makes a discontinuous jump because the global minimum of D shifts from the first
to the second local minimum, as can be seen in (a).

as a rough estimate for the wavelength of the density oscillations of the equilibrium density
distribution because the presence of a large frequency component |pz| with |I;| = kmin would
lead to a considerable reduction of the intrinsic free energy according to Eq. (4.37). At n, = 0.471,
there is a discontinuous jump from kyi, ~ 2.45/0 to kmin = 8.38/0. The reason for this can be
found in Fig. 4.2(a): the global minimum coincides with the first local mininum for 7, < 0.471,
whereas it is located at the second local minimum for 7, > 0.471. As a consequence, we can
expect much longer density modulations with a wavelength on the order of A = (2/2.1) 0 = 30
for 0.097 < 1y < 0.458 than for i, 2 0.797 where A = (27/7.2)0 = 0.870. A wavelength shorter
than the hard disk diameter o might appear dubious at first glance; however close-packed hard
disks in a hexagonal arrangement correspond to a wavenumber of kpep, = 47/ (V30) = 7.26/0 so
thatk = 7.2/0 < kpcp is certainly possible and suggests crystallization. In fact, even k > kpc, may
be valid as long as the weighted density wlz)(?’), which basically represents the “local” packing
fraction at 7, is less then unity for all 7.

In Figs. 4.3, 4.4 and 4.5, numerous phase diagrams are displayed that feature the binodal, spin-
odal and A-line, as well as the global minimum ki, of D for those points that lie in the microphase
regime (i. e., where D(kpin) < 0). Since we have a three-dimensional phase space spanned by 3,

B, and AT, each of these figures show cross sections perpendicular to one of the three axes for
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specific choices of the corresponding parameter.

In Fig. 4.3 we can see that the A-line in the n,-B plane changes in a rather complex manner
compared to the binodal or the spinodal as AT increases. For AT = 0.08 K, the microphase re-
gion is a single connected domain. While ki, appears to vary smoothly along the B axis, we
notice a discontinous jump in the direction of n, for B < 40 uT; the large values of kyin for
higher packing fractions may again be indicative of a crystal-like structure. For AT = 0.0935K,
the bridge between the low- and high-ky,i, regions only exists for very small magnetic fields;
for AT > 0.10K, they are completely separated. The waist of the hourglass-shaped low-kyin
region constricts upon further increase of AT until the low- and high-B domains are merely
linked through a single point for AT = 0.1177 K; afterwards, they break apart into a low- and an
intermediate-ky,i, domain, respectively. The low-kp,;, domain then shrinks in size and eventu-
ally vanishes along with the binodal and spinodal. We note that the spinodal lies entirely within
the low-B, low-ky,i, domain and approaches its border (which is just the A-line if the low- and
high-kp,;, regions are disconnected) as B — 0. This makes perfectly sense: for B = 0, the com-
peting interaction potential is purely attractive so that no micro-, but only regular macrophase
separation with kp;, = 0 and f)(O) < 0 should be possible. Thus, we can expect that ki, — 0
as B — 0, which the phase diagrams indeed confirm; as a consequence, the defining equation of
the A-line, D(kpin) = 0, becomes identical to the one of the spinodal, D(0) = 0.

In Fig. 4.4, the np,—AT plane is displayed for various values of B. We see that for B = 0, the
A-line encloses a connected region that is split into a domain surrounded by the spinodal where
kmin = 0 and a domain where kp,;, is large. Apart from the border between these domains, the
spinodal coincides precisely with the A-line. Interpreting the high-k,;, domain as a crystalline
solid phase, we find that the phase diagram compares well with the one in Fig. 1.4(a) predicted
for a system with no long-ranged repulsion (the fact that Fig. 4.4(a) — unlike Fig. 1.4(a) — does
not show a fluid-solid coexistence region is simply because none was explicitly calculated). This
agreement is not necessarily a given since the temperature plays a significantly different role in
our model in that it directly alters the strength of the attraction between the particles rather than
just determining their thermal energy (which barely changes since AT = T, - T < T so that
T = T;). At B = 15T, the former kp;, = 0 domain is replaced by one where kp;, is non-zero but
still small. The spinodal deviates noticeably from the A-line for larger AT, but approaches it or
the low-ky,in boundary as AT — 0, where attraction dominates over repulsion and ky,;, — 0. For
B = 30T, the binodal lies almost entirely within in the microphase regime, so that macroscopic
gas-liquid coexistence is likely to be suppressed and supplanted by microphase separation as
predicted in Fig. 1.4(b) for a moderate repulsion. As B increases, the critical point moves to ever
lower values of AT until the binodal and spinodal are no longer visible. Furthermore, a second
microphase region with intermediate ki, appears for higher AT and merges with the low-kyin

domain at B ~ 48.33 uT in a single spot before growing in width. In constrast to Fig. 1.4(c), there
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are no indications that microphase separation gives way to disordered cluster or percolated fluid
phases for strong repulsions.

Lastly, Fig. 4.5 shows the B-AT plane for different values of 1. We see that microphase sep-
aration occurs for large B (strong repulsion) or small AT (strong attraction). For i, < 0.5, there
is no high-ky,;, region; intermediate ky,;, are found at large B and large AT, while small ky;,
are located at small B and small AT. For 5y, = 0.7, a high-ky,;,, region exists that contains a small
low-kin domain. The binodals and spinodals are the curves displayed in Fig. 4.1(b) for that value
of a that corresponds to the respective n;, as given by Fig. 4.1(a).

In our three-dimensional phase space, it would arguably be more accurate to speak of a “A-
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Figure 4.6.: Three-dimensional plot of the A-surface in the phase space spanned by etay, B, and AT. At points that lie
between the A-surface and the coordinate planes in the background, the system undergoes microphase separation.

surface” rather than a A-line. A visualization of this surface is presented in Fig. 4.6 (see also Figs.
E.1 and E.2 in Appendix E for autostereograms of the same scene). At points that lie between

the A-surface and the coordinate planes in the background, the system undergoes microphase

separation.

4.1.2. Landau-type theory

Now that we have ascertained where microphase separation must occur, let us continue with
investigating which periodic density distributions will emerge in thermodynamic equilibrium.

As already mentioned in the Introduction, Ciach et al. devised a general Landau-type theory
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that predicts a universal sequence of microphases with increasing bulk densities [16, 17]; in two
dimensions, a hexagonal droplet, a lamellar stripe and a hexagonal bubble phase were found to
be stable [18-23]. To determine whether this is also true in our system, we shall now develop a

Landau-type theory that is tailored to our model.

Shell expansion of the density distribution

To start with, we need to think about how to analytically express the density profiles under
consideration. For our purposes, lamellar and hexagonal structures can be adequately described

by functions of the form

2
Pam(® = po+ ) fUx =il prex(P)=po+ ), > FUF = (iLejLy) = Ra),  (438)

icZ i,jeZ n=1

where L, /L, = V3,R; =0andR, = (Lx/2,Ly/2) for the latter. It is clear that L, and L, represent
the periodicity and the size of the unit cell in the x and y direction, respectively.

We can now rewrite pjay as
pan® = po+ [ &' flx =) Y06 =L =po+ [ &' Flbe = 2D (). (039
icZ
where the integral is the convolution (f ® giam)(x) with the Dirac comb
Giam (%) = ) 8(x = iLy). (4.40)
icZ

Since plam is Ly-periodic, we can use the convolution theorem and expand it in the Fourier series

Plam(F) = PR + Z ﬁ;:am exp(ik - 7) = pp + Z]E(VCD g,%am exp(ik - 7) (4.41)
kek kek

with K = {(27j/Ly,0) : j € Z\{0}}. The Fourier coefficients of gj,, which itself is also L-

periodic, are easily calculated as

Ly/2 Ly/2

glam = / dx glam (x) exp(—ikyx) = / dx Z O(x —iLy) exp(—ikyx) = 1.  (4.42)
k _Lx/z _Lx/2 i€eZ

Let us now partition K into mutually disjoint shells (Ks)sen where all elements of K are of equal

magnitude kg that increases with each shell: |1§| = k; precisely if ke K and ky < kgyq for all

s € N; it is easy to see that Ky = {(—2s/Ly, 0), (27s/Ly, 0)} with ks = 27s/Ly. This allows us to
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write the lamellar density distribution as
Pram (F) = p + Z f(ks) Z g™ exp(ik - 7) = py + Z ; g (7) (4.43)
keKs
with the amplitudes & = f (ks) and

2 2 2
lam(r) _ Zglam eXp(lk 7) = exp (—ILLSX) + exp (1Lisx) = 2cos (Lisx) (4.44)
x X x

keK

For the hexagonal structure, we similarly find that

Prex(7) = po + / &F FF =7 guex(F) = po + ), FIKD) 7 exp(ik - 7) (4.45)
kex
with
2 -
Ghex(F) = D > 8(F = (iLy, jLy) — Ry), (4.46)
i,j€Z n=1

wave vectors K = {27 (i/Ly, j/Ly) : (i, j) € Z*\{0}} and

- - 2 L 2 j L
gf‘ex ilLe\ = /dzrghex(r) exp(—ik F)=1+exp [_1 (ll_ + ﬂ_y)}
k=2 (]/Ly) [0, L Jx[0, Ly Le 2 Ly 2

e (4.47)
) 2 ifi+ jiseven,
=1+exp[-iz(i+j)] =
0 otherwise.

Thus, actually only the wave vectors in K = {27 (i/Ly, j/Ly) : (i, j) € Z*\{0},i + j is even} give
a non-trivial contribution to pyex and are therefore relevant. Splitting this reduced set into shells

(Ks)sen of equal magnitudes (ks)sen, we then have

phex(F) =pp+ Z O g?ex(?) (4-48)

with the amplitudes & = f (ks) and

g (7) = Z ghe" exp(ik - 7) = Z 2exp(ik - 7) = 2 Z cos(k - 7). (4.49)

keK, kek, keKq

The first shell, for instance, has magnitude k; = 47/L, = 47/ (\/§Ly) and is given by

Ky ={ 27(1/Ly,1/Ly), 2m(1/Ly,~1/Ly), 27(2/Ly,0),
— 271(1/Ly, 1/Ly), =21(1/ Ly, —1/Ly), =27(2/ Ly, 0)},

(4.50)
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Figure 4.7.: (a) A hypothetical lamellar density profile p(x) with a Gaussian peak (solid line) and its two-shell ex-
lam

pansion py, + Zi:l 0,92 (x) (dashed line) as a function of x; the agreement is already quite good. (b) A hypothetical
lamellar density profile p(x) with a rectangular peak (solid line) and its 20-shell expansion p}, + Zggl Dsglam (x)

S
(dashed line) as a function of x; the agreement is arguably worse than in (a), even though a lot more shells were

incorporated.

so that

R 2 2 2 2 4
gI(F) = 4 | cos X ) bcos | X - ) 4 cos [ 22
L, L, Le L Ly

2rx 2my 4x
=8cos|——]cos|—=]+4cos .
L, Ly L,

We see that both lamellar and hexagonal density distributions can be written as a “shell ex-

(4.51)

pansion” of the form

p(F) = po+ ) ®sgs(F) = po+ s > gz exp(ik - ), (4.52)
s=1

=1 kek,

where the functions g; are universal for a given structure (lamellar or hexagonal) and the coeffi-
cients &5 determine the concrete shape of the fluctuations. The advantage of this representation
is that lower shells are generally more significant than higher ones, so that many density profiles
can be well approximated even if the summation in Eq. (4.52) is terminated after a few dozen (or
even only a handful) of terms. In Fig. 4.7(a), a lamellar density distribution with a Gaussian peak
as well as its two-shell expansion are plotted. The agreement is already quite good; if the third
shell had also been included, the curves would be essentially indistinguishable. However, if the
density profile changes abruptly such as in the case of the rectangular peak shown in Fig. 4.7(b),

a lot more shells may be required for a sufficiently accurate description.
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Free energy density of the $-shell approximation

In the following, we shall assume density distributions in the §-shell approximation, i.e.,

p(F) = po+ Ap(F) with Ap(F) = Z D, g5(7) = Z @, ) g exp(ik 7). (4.53)
=1 Eek,
To calculate the intrinsic free energy ¥ [p] = ¥ [pp + Ap] for such a density profile, we can now
again perform a functional Taylor expansion of ¥ around py, as in Eq. (4.20) and find that

ﬁA? k1+ +k =0 . .
Vlggo ZH,Z% fbsnz ng "Gz, Cn(=ky, ..., =kn-1) (4.54)

Sty-Sn=1 kleK keK

for A¥ [p] = Flp] — F [pp] with only a slight variation of the derivation that led to Eq. (4.29).
Next, we use that the terms to the right of the sum over the shells in Eq. (4.54) are identical
for every permutation of sy, ...,s,. For example, consider the cases (s, $2,53) = (1,1,2) and
(s1,82,83) = (1,2,1) for n = 3; then

I_<)1+l_<>z+l_<'3:0 ]:1 +]_<’2+l_<>3:0
O101®, ) G G, Gz, Cs (K1, —k2) = ©10201 Y G G G, Co (1, k). (4.55)
E] EK],EZ €K1,§3 EKZ 121 EKl,Eg EKZ,EgeKl

This equality is actually not as obvious as it might seem at first glance because there is a subtle
asymmetry: on the left hand side, the wave vector k, that enters into Cs is from the first shell,
122 € Ky, whereas on the right hand side, it is from the second shell, I:z € K,. However, because
1?1 + Ez + 123 = 0, it turns out that we can exchange @(—EL —Ez) for (53(—121, —E?,) on one side,
so that the second argument to Cs is from the same shell as on the other. This substitution is
p0531ble because Cy, (kl, e qn 1) is invariant under replacement of any single argument with
ky = —(k1 N - 1) Since the proof is easily generalized, we shall only show the special case
C3(k1, kz) = Cg(kl, —k1 - kz). Recall that C,, (T4, ..., Fp—1) = Cn(F1 + AF, ..., Pyt + AT, AF) for any
AY and note that the order of the arguments in C, (74, ..., 7,) is irrelevant due to its definition in

terms of commuting functional derivatives. Thus, we have
éS(I_C)l, —k; - ’;2) = / a7 / d%F, C3(F1, o) eXP(—i’a - T1) eXP[i(El + ’:2) - 7]

= [ @ [ i expleik - G- B epl-ihoe k) B
—_— .
=C3(71,0,72) = C3(F1,72,0) = C3(F1.72)

_ / &, / 07, Cy (o, 7y) expl(—iky - 71) exp(—iky - F2) = Gy (ko o).
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This means that we can rewrite the sum over sy, ..., s, in Eq. (4.54) by collecting those terms in

which the first shell appears n; times, the second shell n, times, ... and the $-th shell n; times

under the constraint that n; + - - - + ng = n. Since there are n!/(n{!- - - ng!) such terms, we find
that
I BAF [p] o 1 TR n! o q)n’§1+'..+k~"=0 a i
n=1 nl €Ny ng €Ny (kl ..... kn) cKMng

= i % Z oo 2 (I);'l .. .q)’sngnlw’ng’ (4.57)

where the set K" = K x - - - K? contains all n-tuples consisting of n; wave vectors from

the first shell, followed by n;, from the second, ... and finally n; wave vectors from the §-th shell,

and where
k1+ +kn_0
Anyans = ol Z gk1 ~n Ca(=k1, .., —kn-1) (4.58)
K1y o) €K1

for n = ny +- - - +n;. We can simplify this result by recognlzmg that there is again no contribution
for n = 1 since k1 # 0; furthermore, for n = 2, the condition k1 + kz = 0 cannot be satisfied if both

vectors are from different shells. We therefore arrive at

mn@§1—=—-iﬁqu)m+§] Sjmiﬁﬂ~-”%m ..... s (4:59)

V—o0
n=3 n1 €Ny n; €Ny

where we used that éz(/?) = éz(|12|) = Cy(ks) for ke K and defined

E1+E2
~ ~ 12
Ks = Z 9, 95, = Z 9i9.; = Z 9;9; = Z gz 1" (4.60)
kl kg eKs ];EK I;GKS l_éeKs

In order to be able to evaluate Eq. (4.59) for our system, we now need to determine the correlation
functions C, for n > 2. This is best accomplished by dealing with the contributions from %y, Fod
and ¥ 5 separately.

Starting with the ideal gas, we find that

S"Fialpl
Sp(r1) - 5p(¥n)

= 0 (p(F1) 8(F1 = F) - - 8(Fact — P, (4.61)
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where

n 2 i =
I ptnatp) -1y = | AP e e

¢(n)(p) _
—(n=2)!/(=p)* 1 ifn>2.

Hence, C4(Fy, ..., 7 ) = —qﬁi(d") (pp) 6(F1) -+ - 8(7p-1) and

n—1
Cid(ky, .. k1) = =g (ow) | | [ / d%F; 8(7;) exp(—ik; - ?ﬂ] == (pb), (4.63)
j=1
which leads to =1
. ﬁATd 1 2 - 1 N~ ny ns 1d
Vlim——azq’ +Z DD A (4.64)
s=1 n=3 nleNO n; €Ny
with
Kitetkn=0 Kite +kn=0
i n! n! (n—2)!
id _ _ 5
Anl,...,ng - (Pb) Z gk - ng (—py)i= T £ ?kl gkn. (4.65)
k' )EK"l Mg (k1,...,kn)€Kn1""’"§

The n-th functional derivative of #,%7 is given by

SFElpl o, SR . 5"¢ 4(7) Swp(P)  Swp(F)
5p(?1)~~5p(?n)_/dr5p(71)~~5p(?n) / Z po-owh Oop(F1)  Op(Fn)

n thd (>
=/d272 A/ W' (F=F1) - 0" (F = Fo), (4.66)

1 n

nawp s 0w
where the sum runs over all nine scalar components of the weighted densities w°, w?, w® (each
with one component), w! (with two components) and w? (with four components), and w’ denotes

the weight function corresponding to the component w’ so that

swl) L)
427 j = [ L G-y =l (7).
sp(F;) ~ Sp(F ,)/ (P - / ) (F-F)=wF-7) (4.67)
~———
=5(7'~7;)

For a uniform p = py, the derivative of qﬁl/}d(?) becomes independent of 7 and we have

an¢hd

“hd /- S p 5 1o o 1,5 o S

Clr:d(rl:---,rn—l):_z ﬁ/dzrwl(r—rl)“'wn 'F =P @"(P). (4.68)
Wy, ** - IWp,

wl,.. wh
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Calculating the Fourier transform, we find that

hd 7T Z I
Cn (kl,...,kn_l)Z— l—b/sz
1 awpb T aWZb

n-1

[/ dz}_’} a)j(F— 7]) eXp(_i]_éJ' : 71)] a)n(F)

LW j=1
an¢ R n-1 . - o )
=— Z 8W / d%r lj:ll [/ 427 wl(rj) CXP{—lkj (7 - rj)}] wn(r)
" R
= - Z 8w ¢ [/ d27/ Q)J( )exp[—i(—kj) . ,‘«’J’]}

pb J
X / &%F "™ (7) exp[=i(ky + - - - + kn_y) - 7]

by performing the substitution 7; — 7] = 7 — ¥; and rearranging some terms. We identify the

integrals as the Fourier transforms of the weight functions and arrive at

o - anghd - - - .
Gk k) == ) o () 60" (k) "R+ 4 Eac). (469)
Pb

1 n pb.

Noting that égd(ﬁ) = Egd(|z|), where 512“1 is the Fourier transform of the hard disk direct two-

point correlation function, we see that

‘BA'}‘eX ni+---+ng=n
hd

T Zq’z d(k)"s+z Yy epaa (4.70)

lim
n=3 n1 €Ny nzeNp

with
k1+---+lz =0 n +hd
! " "¢
hd n! - ~ Pb ~1/7 ~n-1,7
LN o P SR A ST SN
ni,...,ns n1| . n§| g _)gkl gkn awll)b . aw;)lb ( ) ( n )
(kl ,,,,, kn) eKm--n3 wl w't
XO"(=ky — - —kp-1)  (4.71)
n +hd ki+--+k,=0
_ n' Z a¢pb ngi gd_' CZ)I(El)&)n(E)
- nl)s
ny! - - ng! owp, - owh A ky kn
wl,...,w" (kl,...,kn)GKnl’“"n§
where we used that k,, = —k; — - - - — k;,,—1 since the wave vectors sum to zero.

The competing interactions contribution is the least complicated of the three: because

"F s pl _ Puci(|fy = 7)) ifn=2,
5p(71) o 5P(Fn) O ifn 2 33

(4.72)
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only the n = 2 term is relevant. With CS(F) = —fui(|7]) and CSi(k) = & (|K]) = —Biiei (|k]), we
simply have

im P27a’lP] _ %Z ® iigs(ks) K. (4.73)

V—o0 174

Finally, exploiting that

1 1 - prZ(k) 1
b

sy — ey — L pn (k) — ghd
pr(k) Pb & (k) = &" (k) Db + Puici(k) = &% (k) (4.74)

and Ay, pn, = A1d .t Abd ng> We can add Egs. (4.64), (4.70) and (4.73) to arrive at

ni+---+nz=n

Vlglio w - 2L Z n! Z Z (Dnl o n§A"1 ----- ng- (4'75)

n=3 ni1 €Ny ng €Ny

In practice, however, we need to truncate the infinite sum over n after the first 7i terms, resulting

in the 7-th order approximation

AT 1 $ (I) " n ni+---+nig=n )
lim ﬁ [p ] S 4+ Z Z Z (I)"l . ’1sAn1 ,,,,, ng- (4.76)
V—eo V zpb s=1 S(k ) n=3 n np EN(} ng ENO

Minimization of the free energy density

After deciding on a maximum shell § and order 7, we can use this expression to approximate the
free energy of a lamellar or hexagonal density distribution in the $-th shell expansion specified
by the bulk density py, the amplitudes ®4,...,®; and, crucially, also the size of the unit cell
determined by either ki"‘m =2r/Ly or k?ex =4n/Ly = 4/ (\/§Ly). Since we are interested in the
equilibrium density profile that is the minimum of ¥ for a given fixed p},, we simply minimize
Eq. (4.76) numerically with respect to @1, ..., ®; and k; using the Nelder-Mead method [76].
The choice of § and 71 is a matter of weighing up the accuracy against the expensiveness of the

computation. The main problem is that the quantities A,, _,, become quite laborious to calculate

for big n = ny + - - - + n; because the sum in Eq. (4.58) runs over a large number of wave vectors
121, .. k Furthermore, there exist a total of Ps(n) = (n+ 5 —1)!/[n! (§ — 1)!] different A,
with ny + --- + n; = n, and that set grows rapidly with $: for example, P;(3) = 1 (only A3),
P2(3) = 4 (namely Asy, Az1, A1z and Ags), P10(3) = 220 and P»o(3) = 1540. In practice, we

are thus restricted to rather small values of § and 7, which means that one cannot expect too

.....

.....

accurate predictions from the Landau-type theory. On the other hand, once the needed A,,
have been determined (note that it is possible to derive closed but potentially lengthy expression
for these quantities that only depend on the wave number k; of a given structure; with enough

patience, this can even be done by hand, but the use of a computer algebra system is strongly
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recommended) the calculation and minimization of the free energy is relatively fast. The theory
is therefore not entirely without merit if a high accuracy is not the primary objective.

Initially, we opted for 7i = 4 (as for example in Ref. [77], where a similar Taylor expansion of
¥ was performed) and § = 2 (since determining $,(3) + P2(4) = 4+ 5 = 9 different A,, _,, for
each type of structure — lamellar and hexagonal — was still deemed feasible). However, for the
majority of states within the microphase region except those very close to the A-line, the density
profiles that were found to minimize the free energy turned out to be invalid, having had such
excessive fluctuation amplitudes ®; and &, that the density actually fell below zero at some
points in space. The likely explanation for this is that the fourth-order expansion is simply too
imprecise outside the vicinity of the A-line where D = 1/S is so negative that large ®; and @, are
strongly favored by the second-order, but only weakly (if at all) penalized in comparison by the
third- and forth-order terms. Increasing 71 was not really an option because each additional order
nwould introduce P, (n) = n+1more A, __,,. Inthe end, we decided to restrict the minimization
procedure to non-negative density distributions by artificially assigning #[p] = co if min p < 0.
Unfortunately, for some constellations of ®; and ®,, it can be surprisingly difficult to reliably
ascertain min p analytically, especially for a hexagonal structure. However, this is trivial to do in
the one-shell approximation, so that we settled on § = 1 in the end.

In Fig. 4.8, several phase diagrams are shown that present the structure analysis based on
our Landau-type theory. The symbols mark points where an inhomogeneous density profile was
found to have a lower free energy density than the flat bulk; the shape of the symbols indicate
whether a hexagonal droplet (“hex+”, ®; > 0), a lamellar stripe (“lam”, |®;| > 0), or a hexagonal
bubble phase (“hex—", ®; < 0) attained the lowest free energy, whereas their color encodes the
value of the principal wave number k; and thus the size of the corresponding unit cell.

The first thing to notice is that within the region enclosed by the A-line, the Landau-type
theory indeed predicts non-uniform microphases. This is also the case for some points outside
that region, which means that the higher-than-second-order terms of

BAF [ p] K1 (D%

. 3 K1 527 3
—_— —_— 4.
lim = —b S (k) +0(9)) = ®7D(k;) + O(D7) (4.77)

must be sufficiently negative in sum there so as to overcompensate the positive contribution
(S > 0) of the second-order term.

A comparison of k; with the minimum ki, of D in Figs. 4.3(c, e), 4.4(d, f) and 4.5(b, c) reveals
no significant differences, which means that unit cell size is still primarily determined by kpin; of
course this is hardly unexpected given Eq. (4.77). Therefore, we likewise find a high-k; domain
for larger bulk packing fractions #, and otherwise an intermediate- or low-k; domain when
either the long-ranged repulsion or the short-ranged attraction, respectively, dominates.

Taking a closer look at the two latter domains in Figs. 4.8(a-d), we see that the sequence of mi-
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Figure 4.8.: Phase diagrams determined via the Landau-type theory. Symbols denote points where the hexagonal
droplet (hex+), lamellar stripe (lam) or hexagonal bubble (hex—) phase has the lowest free energy; their color encodes
the principal wavenumber k; and thus the size of the unit cell [kllam =2r/Ly and k{‘e"i =4r[Ly = 4r/ (V3Ly)].
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Figure 4.9.: Unit cells of the density profiles 7(F) = 7R?p(F) at various bulk packing fractions for B = 10 uT and

AT = 0.14K resulting from the Landau-type theory. (a, b) Hexagonal droplet phase. (c, d) Lamellar stripe phase. (e, f)
Hexagonal bubble phase.

crophases for increasing 7y, is droplets — stripes — bubbles, in agreement with previous studies
of microphase separation in two dimensions. The width of these phases differs considerably: for
most combinations of B and AT, the droplet phase is by far the widest, while the bubble phase
is so thin in some cases as to be barely noticeable. Curiously, the stripe phase appears to have
an almost constant width that lies somewhere in between and forms a band that runs nearly
parallel to either the intermediate-r;, branch of the A-line or the low/high-k; domain border.

In the high-k; domain, the Landau-type theory predicts not only a hexagonal droplet/cluster
phase (which we already anticipated for higher 1), but also a lamellar stripe phase. However, the

trustworthiness of these results is more than questionable since it is unlikely that the one-shell
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Figure 4.10.: Unit cells of the density profiles 5(F) = 7R?p(¥) at various bulk packing fractions for B = 20 uT and

AT = 0.14K resulting from the Landau-type theory. (a, b) Hexagonal droplet phase. (c, d) Lamellar stripe phase. (e, f)
Hexagonal bubble phase.

approximation can faithfully represent the sharp density peaks one would expect in this regime.

In Figs. 4.8(e, f), the B-AT plane is shown for i, = 0.3 and n, = 0.5, respectively. At the lower
packing fraction, the vast majority of states feature the droplet phase; there is only a thin band
of lamellar states below the roughly horizontal part of the A-line and a handful of bubble states
located almost directly on the A-line. Going to 7, = 0.5, we see that the microphase of many
states has jumped to the next in the line of succession (droplets — stripes, stripes — bubbles),
and that we can access all microphases through a suitable choice of B and AT.

In Fig. 4.9, the density profiles for various 7, at B = 10uT and AT = 0.14K are plotted. We
can see that for g, € {0.14K, 0.24 K, 0.34K, 0.38 K}, the density falls down to zero at some points;
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since these lie deep within the microphase regime, the amplitude of the fluctuations become as
large as possible without violating the (artificially enforced) condition that the density must not
be negative. For n, € {0.08 K, 0.44 K} this is not the case, because these states are very close the
A-line. The density profiles shown in Fig. 4.10 are for states with B = 20 uT and AT = 0.14K
that are located just below the tip of the low-k; domain [cf. Fig. 4.8(b)] and therefore also in the

vicinity of the A-line; consequently, the density is strictly positive for all packing fractions.

Conclusion

While the Landau-type theory allows us to quickly paint a rough picture of the (micro-)phase
behavior in our system, it is unfortunately not suitable if predictions of high accuracy are desired.
For this reason, we will have to develop another method that neither relies on a shell expansion

of the density distribution, nor on a Taylor expansion of the intrinsic free energy functional.

4.1.3. Free minimization

The free minimization is an iterative scheme to determine the minimum pq of the grand potential

functional
Q[p] = Flpl + / &7 p(A[V(F) - pl (4.78)

by generating a sequence of density profiles (p;);cn, that successively lower Q and hence (ideally)
approach the equilibrium density distribution so that p; — peq for i — oco. Even though the
external potential vanishes in the bulk, we shall assume the general case of V' # 0 in the

following.

Grand-canonical minimization

Let us first derive this scheme in a grand-canonical setting where we want to find the equilib-
rium density profile p.q for a given chemical potential y. Since peq minimizes €, the functional

derivative of Q[p] with respect to p evaluated at p = p.q must vanish and we have that

5Q[p] 5F [p] ext (>

= = = = (V -

=P s |2 e | YT P

57’:d[10] 57—?:x[p] ext /= b b

= (V - 1 e €x e

B 50 (7) ; fq 5p() ; /fq () = Blpid(peq) + Hex(peg)] w79)

= In[Apeq(F)] = 1 (peq, T) + BV (F) = In(A*pLy) — Pptex (ply)

Peq(F)

=In = e P) + BV — B0y,
€q
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where

5Fex|p]
Sp(7)

is the direct one-particle correlation function, piq(pp) = ksT In(A?pyp) the chemical potential of

C1 (P, 7) = _ﬁ

(4.80)

the ideal gas and pex(pp) = p — pid(pp) the excess chemical potential. Since the value of the
thermal wavelength A is irrelevant for our purposes, we are free to choose A? = 7R? for the sake

of convenience. In our case, ¢;(p,7) = cld(p, ) + cf;‘(p, 7), where

7:ex hd 9 9 hd .
chd(p,7) = 5hd(r) Z/dz*'i )l (F =7F) _—Z(#@)@’ (7), (4.81)
i=1 P
with @(7) = w(-F) and
. SF X
ci'(p,F) = —/35;—(;)] = —/ &7 p(7') uc(IF = 7']) = =(p ® Puci) (7). (4.82)

If we “solve” Eq. (4.79) for peq(7), we find that the equilibrium density distribution satisfies

the self-consistency relation

peq(?) = Psq eXP[Cl (peq9 ?) - ﬂ(veXt(’_:) + ﬁllex(/)}:q)l (4.83)

Note that this cannot be used to directly calculate p.q(7) because the right-hand side depends
itself on peq. We can, however, perform a so-called Picard iteration by evaluating both sides of
Eq. (4.83) for some (non-equilibrium) density profile p; instead of p.q, and then mixing them with

a sufficiently small mixing parameter o; € (0, 1) to obtain the successor

pir1(F) = a; pf explei (pi, ) — BVEUF) + Bpex (pD)] + (1 — &) pi (F) (4.84)

such that Q[pi+1] < Q[p;]. The iteration is stopped after  steps if

max % — expler(pn 7) = BV) + e (pD)] | < € (485)

r N
1

for some small € > 0, i. e., once the self-consistency equation is sufficiently well satisfied.

Be aware that Eq. (4.79), which served as starting point of the derivation, also holds if peq is
only a local minimum of Q; the Picard iteration may therefore just as well reach a metastable
state. Where it ends up depends to a large part on where it started, i.e., on the initial density
distribution py. Since we have good reason to believe that, in our system, the thermodynamically
stable states are either uniform or offer a droplet, stripe or bubble pattern, it can be wise to

perform the minimization four times with different py, each representing one of the possible

s Po = pp+®1 g7 or pg = pp—P1 g}

hex lam hex

structures (for example by choosing py = py, po = pp+®1 g;
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for some py, and &; > 0), and then to compare which run resulted in the lowest grand potential.

The grand-canonical minimization is especially useful for determining phase boundaries: if,
for a given chemical potential picoex, there are two different minima ps # pp with the same
pressure P = —Q/V, these states can coexist and lie on the border between phases “A” and “B”.
Then, assuming that pg < pg, phase “A” is favored for p < picoex OF pp < pg, phase “B” for
U > Leoex O pp > pg, and potentially a mixed phase for pg < pp < pg.

Quasi-canonical minimization

Since the concrete value of the chemical potential is seldom of interest to us, it may be more
illuminating to replace y with its conjugate thermodynamic quantity, namely the total parti-
cle number or, equivalently, the bulk density pp,. Minimizing Q “quasi-canonically” for a given
fixed pp, requires only a slight modification of the grand-canonical iteration scheme. Integrating
Eq. (4.83) to determine the equilibrium bulk density, we find that

1

=/ =/ 1 =/ =/ ext (=
VLdzr peq(r ) :quexp[ﬁﬂex(ﬁ’sq)] VLdzr eXP[Cl(Peqsr ) _ﬁ(V t(r )]’ (4'86)

b _
peq -
which can be recast into

ﬁ.uex(psq) =-In

1 =7 =/ =7

= / & expicr (peq ') — PV (F >}]. (4.87)
14

We can now plug this into Eq. (4.83) to eliminate the excess chemical potential pey ( pf_jq) and arrive

at the quasi-canonical self-consistency equation

0 (?) _ pb exp[e (peq: r) - ﬁ(VEXt(?)]
eq €q % . dZFI eXp[Cl (peq’ ’71) _ ﬁ(vext(7l)]

(4.88)

for the equilibrium density profile. In analogy to Eq. (4.84), this ostensibly suggests a Picard

iteration with the recurrence relation

b exp[ei(pi, 7) — ﬁ(VeXt(F)]

() = a
pi+1(7) i Pi % de;}/ expler(pi, 7') = V(7]

+(1—a;) pi(7), (4.89)

which, however, has the deficiency that p?ﬂ = p}’ and hence p? # pp unless already pg = pp; but
even if py were to satisfy this condition, minor numerical inaccuracies tend to build up over the
course of the iteration to the effect that, in practice, | pE’ - pgl grows with i. A simple remedy for

these shortcomings is to use

explei(pi,F) = pV(F)]

Qi Pp pi(7)
Kl/fv dzr exp[c1(pi, 7 — ﬁryext(;’/)]

‘l//V dzr/pi(r’)

pir1(F) = +( (4.90)
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instead, which has the desirable property that sz+1 = pp regardless of p}’ and, by extension, pg.
The mixing parameters @; € (0, 1) are chosen such that A[p;,1] < A[p;], where the Helmholtz

free energy functional A given by
Q[ p]

Alpl = Qlpl -4 au =Q[p]+ﬂ/d27p(7)=7’[p]+/d27p(7)(VeXt(7) (4.91)

is the Legendre transform of Q with respect to u (the grand potential Q itself is an inappropriate
measure in this context as is explicitly depends on p, which is allowed to vary during the quasi-

canonical minimization), and the Picard iteration is stopped as soon as

e | 2P explei(pi, 7) = pV(7F)]
ax

- - - <e (4.92)
Tl vy & exple(pn ) = PV

for some € > 0. Note that, once we have determined the equilibrium density distribution peq,

Eq. (4.87) allows us to calculate the associated chemical potential via
Br = Bria(pey) + Brex(ply) = In(A2pgy) - ln[ / d*7 exp{c1(peq, 7') = PV (F)}| . (4.93)

Implementation

We perform the Picard iteration on a workstation by discretizing the density profiles on a regular
grid of M, x M, lattice points located at 7;; = (i Ax, j Ay) with Ax = L,/M, and Ay = L,/M,
forie {0,...,M, -1} and j € {0,..., My — 1}, where L, X L, is either the size of the system, or
the size of the unit cell of a periodic structure if the system itself is infinitely large. We choose a
minimum resolution of min{M, /Ly, My/L,} > 10/o.

The integrals involved in calculating Fia[p], F5*[p] Fi5 [p]. Q[p] and A[p] can be simply

approximated as sums, so that

BFalpl N

1 1
32N () A%y} - 11, (494)
% Mc S My &7 !
Fox. 151G
ﬁ_V[P] SN D (5 o) W2 i) WE o), w o) wE 7)) (4.95)
i= j=
PRSIl 11 My 4
——— ~ - — ) p(Fij) 7' (p,7ij) (4.96)
v YA £, ; i) j
Me—1 My—1
1 1 - ext /=
[p] [p] p(F) [VEU(F) -l (4.97)

~ + — —_—
v Vo M &M,
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M,—1 1VIy_1

1 = ext /=
Z v Z p(Fij) VU(F)), (4.98)
i=0 Y j=0

Alpl  Flpl 1
% Vv M,

and the recurrence relations for the grand- and quasi-canonical minimization become

pra1(Fiy) = i pf exples(pr, Fi) = BV (Fij) + Brex ()] + (1 — 1) pu(Fif) (4.99)

and
. ar py expler(pr, Tij) = BV(Fij)]
pra(rij) = L oMol 1 <My-1 S i
M Zmio M, Zn=0 exple1(pr, Fun) — BV (Fin) ]
_ (4.100)
(1= a1) pv pi(7ij)
— My-1 .
MLX Z%’;ol MLX Zn:yo pl(rmn)

respectively.

The case is more complicated for the weighted densities wg, wf), wg, w}, and wf), as well as the
direct one-particle correlation functions c}fd and cfi, which are defined in terms of convolutions
of the form

£ = (g, @ W) = /R gy (7 hF - ) = /R g, (-~ F) b, (4.101)

where either g, = por g, = a¢gd / awé for some scalar component wll) of the weighted densities.

Computing these convolutions on the grid directly via

FFp) = Y DX Y Ay gy (Fun) h(Fij = Foun) = D Ax )" AY Gy (Fij = Frun) hFnn) (4,102
meZ nez meZ nez
is problematic because (i) this would have to be done for all M, X M, points of the grid, which
is extremely expensive, and (ii) the sums in Eq. (4.102) have to extend over all of Z since the
integral in Eq. (4.101) in general encompasses the entire R? unless the system is finite. However,
if p is (Ly, Ly)-periodic, then both g, and f, are, too, and we can express the latter as the discrete
Fourier series
Me—1M

y—1
fp(Fij) = o (kmn) exp(ikmp - Fij) (4.103)
n=0

m=

(=}

with the wave vector Izmn = 2m[(m—[My/2]+1)/Ly, (n—[M,/2] +1)/L,], the ceiling function
[x] =min{n € Z: n > x} and the discrete Fourier transform of f,
1%

-1 My—l
A - 1 R > R
folkmn) = 3 231 D £o(Fej) exp(=ikn - 7). (4.104)

i=0 Y j=0
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Inserting Eq. (4.102), we find the discrete analog of the convolution theorem which states that

M,—1 My-1
A o Ax Ay L R L
fo(kmn) = M, IZ:(; M, JZ:;A ;egzp(rij — Fuw) h(Fuo) exp(=ikmn - 7ij)
M,—1 My-1 3 )
Z gp(’_:ij) exp(~ikpn - ?i]) Z AxAy h(7uo) exp(—ikmn - Tuo)
a ez (4.105)

1
My

|-
(=1

i=l
My -1 My-1

1 - -
o D290 ) exp(cionn ) [ 7RG exp(iinn -7
y

2

S

i=0 j=0

= gAp(]zmn) ]:l(]_émn)

with the discrete Fourier transform of g,,,

1 M,—-1 1 My—1
gAp(kmn) = — 'VE gp(?ij) exp(_ikmn : ?ij)> (4‘106)
TN

and the continuous Fourier transform of A,
h(k) = / d27 h(F) exp(—ik - 7). (4.107)

This gives us a considerable advantage because there exist so-called fast Fourier transform algo-
rithms such as “FFTW?” [78, 79] that can compute the discrete Fourier transform (4.106) from g,
to g, as well as the inverse transform (4.103) from ﬁ, back to f, very efficiently for all M, x M,
grid points simultaneously. The continuous Fourier transform  can often be calculated analyt-
ically or at least approximated numerically; as h does not change over the course of the Picard
iteration, it is sufficient to do this only once at the beginning for all grid points, provided that
the results are stored. Since we can indeed expect a periodic density distribution in the infinite

bulk, we thus have

M,—1 My—1
wh (Fij) ~ D (kmn) &' (kmn) exp(ikpmn - 1), (4.108)
m=0 n=0
Me—1My=1 o ﬂi .
p i) = DD L (k) 0 (~Kin) €xp(iKimn - 7). (4.109)
m=0 n=0 =1 IWp
My—1My—1
C?(P, 7ij) = Z p(kmn) ,Baci(lkmnD exp(ikmn : ’7ij)' (4‘110)
m=0 n=0

Note that, within this implementation, the Picard algorithm can minimize Q or A only for a
fixed unit cell size Ly X L. The period of the equilibrium density profile is, however, not known

a priori, and it is therefore imperative to perform the minimization also with respect to L, and
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L. Since L, is irrelevant for a lamellar structure and L, = L,/ V3 for a hexagonal one, we use a
golden section search [80] to numerically minimize either Q[pr ] or A[pr, ] as a function of Ly,
where pr_ denotes the result of the Picard iteration for a given L.

The general-purpose programming capabilities of modern graphics processing units (GPU)
allow us to accelerate the computations considerably [81]. Many calculations are of the type
“single instruction, multiple data” (SIMD) in the sense that a quantity must be calculated for
each point on the grid by applying one and the same function to one or more other quantities
at the same grid point, i. e., Q(7j) < f(q1(Fj), q2(Fij), ...) or Okij) « f(qi(Kij), Ga(kij), ...)
foralli € {0,...,My — 1} and j € {0,..., M, — 1}. On a regular central processing unit (CPU),
such operations typically have to be carried out sequentially by looping over all grid points
and dealing with one after the other. A GPU, on the other hand, is specifically optimized for
SIMD-type problems and able to execute the function (called a kernel) for thousands of grid
points in parallel, resulting in a significantly increased performance compared to a CPU. The
FFT algorithm can also be adapted to take advantage of this kind of parallelization [82], as well
as reductions like the summation over all grid points relevant for Eqs. (4.94) to (4.98) [83].

Phase diagrams

Putting this free minimization technique into practice, we calculated diagrams in the n,—B plane

by employing the following procedure:

(i) We divide the n,—B plane into an evenly-spaced grid with (M, +1) x (Mp +1) points given
by (771?, Bj) = (ng+iA77b, By+jAB) fori € {0,..., My}, j € {0,..., Mg} and suitable choices
of 175’, Any, By and AB.

(if) We select jy € {1,..., Mp — 1} and perform a quasi-canonical minimization at (rﬁ’, Bj,) for
all i € {0,...,M,}. We do this separately for each microphase, beginning with some ’7?0
where the microphase is predicted by the Landau-type theory to be stable (which implies
i(})leX+ < i(l)am < i(})‘e"_) and initializing the Picard iteration with the corresponding equilib-
rium density distribution from the Landau-type theory. We then continue with 17}.’0_1 and
772) .1 but now using the equilibrium density profiles found previously by free minimiza-
tion for 7;, to set up the Picard iteration. The equilibrium density distributions for 172)_1
and 172) 1 then serve as starting points for 772)_2 and 172) +2» Tespectively, and so on, until we

have reached 178 and '72/1 .
n

(iii) We calculate the chemical potential ,u(r]?, Bj,) as well as the pressure P(ryl?, Bj,) for every

i € {0,...,My,} and for each microphase. By plotting P versus y, we can we can esti-

lam

mate the coexistence chemical potential p 7

(Bj,) where the curves of the droplet and
the stripe phase cross, as well as #gex— (Bj,) where the stripe and the bubble phase have

m

equal pressure.
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(iv) We then determine ylam (Bj,) and ,u}:fx (Bj,) to a high degree of accuracy by using Brent’s
method [84] to numerically search for the root of APlam (p) = Plam(,u) ng"* (¢) and

0
APP=(y) = Phex (- Plam( ) in the vicinity of our estimates for ,ulam (Bj,) and e (B o)

lam hex+ lam
respectively. The pressures for a given chemical potential are computed via grand-canonical

minimization.

(v) We repeat steps (ii)—(iv) for jo — 1 and j, + 1 instead of j, so that we have knowledge of the
coexistence chemical potentials ,ulam (Bj) and ,uhex (Bj) for all j € {jo — 1, jo, jo + 1}. We

hex—

can now approx1mate ,ulam and )" with a spline, allowing us to extrapolate a guess for

lam
H hex+

(iii). We then perform step (iv) for j, — 2 and j, + 2 instead of jj to refine our estimates.

(Bjy,—2), /lhex+ (Bjy+2) and ) hex—(B. jo—2)5 plaem (Bjy+2) without the need of steps (ii) and

Using these new points to extend the splines, we then determine yi:;r (Bjy-3)» ,uhex L (Bjy+3)

and p' hex— (Bjy-3)» ‘ulam (Bjy+3), and so on, until we know p' hex— (Bj) and p{laemx (B;) for all
jE€ {0,...,MB}.

(vi) Asaby-product of calculating the coexistence chemical potentials, we also obtain the den-
sity profiles and bulk packing fractions n}; (B) of phase “A” in coexistance with phase “B”
for a magnetic field B. We then have rylam (B) < nx hex+(B) < 17{;;‘1 (B) < nlam (B) with
stable droplets for i, < UL‘EL(B) stripes for ryhex+(B) <n < qhex (B) and bubbles for
> tyfe’:{l (B). We perform a quasi-canonical minimization for all grid points (rﬁ’, Bj) that
lie in one of these regions where a pure microphase is stable, i. e., not in coexistence with
another microphase. We begin with those points closest to the coexistence bulk packing
fractions for a given B; by initializing the Picard iteration with the corresponding coex-
istence density distributions. We then use the resulting density profiles to start off the
minimization for the points one Any-step further away from the phase boundary, and so

on, successively working ourselves across each region.

(vii) Last, we filter out those points where the non-uniform density profile p does not have a
lower Helmholtz free energy A than the uniform bulk at the corresponding bulk density
Pb, i.e., when A[p] > A[pp]. We mark the remaining points in an n,—-B phase diagram,
with the shape of the symbols indicating the stable microphase and their color specifying
the principal wave number k; [kllam = 2x/L, and k?e"i = 4x/L, = 4x/ (\/§Ly)] of the

structure.

Since this takes a lot of time, we have only calculated two phase diagrams: one for AT = 0.10K
and one for AT = 0.14 K, as can be seen in Fig. 4.11. We show the low-to-intermediate-k; domain
for the former, and only the low-k; domain for the latter case. Unfortunately, we were not able to
conclusively ascertain the phase behavior in the intermediate-k; domain for AT = 0.14 K because

for some B, the droplet and bubble phases were so unstable in the stripe regime (even for y only
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Figure 4.11.: Phase diagrams in the n,—B plane for (a) AT = 0.10K and (b) AT = 0.14 K determined via free minimiza-
tion. Symbols denote points where the hexagonal droplet (hex+), lamellar stripe (lam) or hexagonal bubble (hex—)
phase has the lowest free energy; their color encodes the principal wavenumber k; and thus the size of the unit cell
[kllam = 27m/Ly and ki‘exJ—' =d4r/Ly = 4r/ (V3Ly)]. Dottes lines mark the phase boundaries and connect the states

capable of coexisting with a counterpart in the neighboring phase.

slightly above /1%;“; (B) or below yﬁiﬁ_ (B)) that the grand-canonical minimization would always
lead to a lamellar density distribution (even when initialized with a hexagonal one), thus making

it difficult to accurately determine the pressure curves of the individual phases and by extension
the coexistence chemical potentials themselves. For both temperatures, the high-k; domain was
also inaccessible because the one-particle direct correlation function ¢; became so large over the
course of the Picard iteration that exp[c;(p;, 7)] (as required by Eqgs. (4.84) and (4.90)) could no
longer be represented as a double-precision floating-point number.
Comparing Figs. 4.11(a) and 4.11(b) with their Landau-type theory counterparts Figs. 4.8(a) and
4.8(b), respectively, we see that the subdivision of the low-k; domain has changed noticeably,
becoming a lot more symmetric: The droplet phase is no longer as dominant, whereas the bubble
phase has grown significantly; the stripe phase now lies quite centrally within and widens along-
side with the entire microphase region as B decreases, instead of forming a band of near-constant
width close and parallel to the intermediate-1;, A-line. The free minimization also predicts stable
non-uniform density profiles well past the A-line; in the limit of very small B, the microphase
regime appears to extend up to the binodal. We were unable to determine the phase behavior for
lower magnetic fields than shown in Fig. 4.11 because the unit cells would become so large that
the hexagonal structures did not fit into the available computer memory any more.
The intermediate-k; domains of Figs. 4.11(a) and 4.8(a) at larger B, on the other hand, are
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Figure 4.12.: Unit cells of the equilibrium density profiles (F) = wR?p(¥) at various bulk packing fractions for
AT = 0.10K and B = 18 puT resulting from free minimization. Dashed lines mark the bulk packing fractions of the

uniform gas and liquid at coexistence (g ~ 0.014 and 1 ~ 0.548, respectively). (a, b) Hexagonal droplet phase. (c, d)
Lamellar stripe phase. (e, f) Hexagonal bubble phase.

actually in fairly good qualitative agreement: the droplet phase is relatively wide, the bubble

phase rather thin, and the stripe phase bends markedly toward higher packing fractions as B
increases.

Equilibrium density distributions

Let us continue by taking a more detailed look at the structure of the system. In Fig. 4.12, we show
the equilibrium density profiles for AT = 0.10K, B = 18 uT (near the lower end of the range of

magnetic fields that were still accessible to free minimization for that temperature) and various




86 4. Statics

(a) b = 0.16, hex+ (b) 1y = 0.30, hex+
1.5
=
1.0 .
=
0.5
0.0
0 1 2 3 0 1 2 3
() np = 0.34, lam (d) Ny = 0.44, lam
- 1.25 - 1.25
- 1.00 - 1.00
- 0.75 L 075 =
=
- 0.50 - 0.50
r 0.25 - 0.25
- 0.00 - 0.00
T T T T T T
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5

np = 0.48, hex—

np = 0.50, hex—

0.8

0.6

0.4

0.2

T T 0.0
2 3

0 1 2 3 0 1

x/o x/o

n(x, y)

Figure 4.13.: Unit cells of the equilibrium density profiles n(F) = mR?p(F) at various bulk packing fractions for
AT = 0.10K and B = 58 uT resulting from free minimization. (a, b) Hexagonal droplet phase. (c, d) Lamellar stripe
phase. (e, f) Hexagonal bubble phase.

increasing values of n,. We see that the sparse and the dense regions are quite distinct, separated
only by a thin transition zone. Whereas the density is practically zero in the former, it oscillates
around n ~ 0.65 in the latter; these oscillations are likely a consequence of packing effects that
are well-known to occur in hard core systems at higher packing fractions. Interestingly, this
appears to be the case for all packing fractions. One might have also imagined that, at least
within the same microphase, the density would just increase globally upon going to higher #y, in
the sense that n'(¥) ~ n(¥) + Any, at ] = ny, + An,. However, the system actually accommodates
for changes of n;, in a different way: it essentially alters the relative size of the sparse and dense

regions, with the former occupying the majority of the volume at low, and the latter at high .
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Figure 4.14.: Unit cells of the equilibrium density profiles n(F) = 7R?p(F) at various bulk packing fractions r;, for
AT = 0.14K and B = 10 pT resulting from free minimization. Dashed lines mark the bulk packing fractions of the
uniform gas and liquid at coexistence (g ~ 0.025 and 1, = 0.508, respectively). (a, b) Hexagonal droplet phase. (c, d)
Lamellar stripe phase. (e, f) Hexagonal bubble phase.

Curiously, the diameter of the droplets and bubbles seems to remain more or less constant at
roughly 50. Decreasing n;, within the droplet phase is therefore accompanied by a growth of the
sparse region, while increasing #n, within the bubble phase results in a larger dense region; in
either cases, the unit cell has to expand as well in order to “make room” In the stripe phase, on
the other hand, the absolute size of both the dense and sparse region varies; the length of the
unit cell also changes, but to a much lesser extent.

In Fig. 4.13, we can see that for the same temperature AT = 0.10 K but a much higher magnetic
field of B = 58 uT, the equilibrium density distributions are considerably different. First of all, the
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Figure 4.15.: Unit cells of the equilibrium density profiles n(F) = mR?p(F) at various bulk packing fractions for
AT = 0.14K and B = 20 uT resulting from free minimization. (a, b) Hexagonal droplet phase. (c, d) Lamellar stripe
phase. (e, f) Hexagonal bubble phase.

dense regions no longer have the character of a plateau but rather that of a peak or a ridge, which
makes it difficult to define a meaningful border between them and the sparse regions. Second,
an increase in n;, leads to significantly taller peaks in the droplet phase; to higher ridges and also
denser sparse regions in the stripe phase; or to actually lower ridges but denser sparse regions
in the bubble phase. Third, the unit cells are a lot smaller and exhibit only slight variations in
size. Last, the sparse regions of the bubble phase are not radially symmetric but have a hexagonal
shape, giving rise to a honeycomb pattern.

At AT = 0.14K and B = 10 uT (which is again near the lower end of the range accessible

to free minimization), we find the equilibrium density profiles displayed in Fig. 4.14. We can
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make the same general observations that we already did for Fig. 4.12 with only a few minor
differences: the density of the sparse region is not as close to zero and that of the dense region
falls down to around n ~ 0.55, which is not high enough to cause oscillations due to packing
effects; furthermore, the size of the droplets and bubbles is about twice as large with a diame-
ter of roughly 100, but still relatively constant. Crucially, though, the mechanism with which
the systems adepts to higher bulk densities is identical. We can directly compare Fig. 4.14 with
the corresponding results from the Landau-type theory shown in Fig. 4.9 and fail to detect any
resemblance whatsoever, confirming the inaccuracy of the Landau-type theory in this regime.
Finally, Fig. 4.15 shows the equilibrium density profiles at AT = 0.14K and the moderate
magnetic field B = 20 pT (near the top of the low-k; domain). As in Fig. 4.13, the dense regions
are again peak- or ridge-like, but broader and less sharp; the density distribution of the lamellar
phase is almost sinusoidal in shape. In the droplet and stripe phase, an increase in 7, indeed
appears to result in a global increase of the density in that n'(¥) = n(¥) + Any, for n = n, + Anp;
in the bubble phase, on the other hand, mainly the sparse region becomes denser. Comparing
Fig. 4.15 with the results from the Landau-type theory in Fig. 4.10, we actually see a rather good
agreement both in regard to the form of the density profiles as well as the size of the unit cells.
This seems to speak in favor of our suspicion that the results of the Landau-type theory might

be relatively accurate in this case due to the vicinity of the states to the A-line.

Free minimization vs. Landau-type theory

In Fig. 4.16, we can see a direct comparison of the density distributions from the free minimization
and the Landau-type theory for AT = 0.14K and B € {10 uT, 20 uT}. At B = 10 uT [Figs. 4.16(a-
c)], the discrepancy between the two approaches is enormous. One important reason for this is
that the “true” (according to free minimization) density profiles at lower magnetic fields feature
almost rectangular peaks or ridges alike to the one shown in Fig. 4.7(b) and therefore require
dozens of shells to be adequately represented as opposed to the one-shell approximation we
used for the Landau-type theory. Thus, even for state points near the A-line such as n, = 0.08
[Fig. 4.16(a)], the prediction of the Landau-type theory can be very far off. A similar problem
is to be expected at high B where the peaks and ridges appear to become relatively sharp. At
moderate magnetic fields such as B = 20 uT [Figs. 4.16(d-f)], on the other hand, it may happen
that the equilibrium density distributions vary so slowly that the first shell gives a sufficiently

good description.

Weak repulsion limit

Let us end our discussion of the free minimization by taking a closer look at the limit of a weak

long-ranged repulsion, i.e., at the limit of small magnetic fields B. We have already made the
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Figure 4.16.: Comparison of the density profiles obtained via free minimization (solid lines) and the Landau-type
theory (dashed lines) for AT = 0.14K, B € {10pT, 20 uT} and various bulk packing fractions ny,. For the hexagonal
droplet (a, d) and bubble (c, f) structures, 5(x, y) = 7R?p(x, ) is shown as a function of x for y = Ly/2.

interesting observations that, as B decreases,

(i) the A-line converges toward the spinodal when there is a gap between the low- and high-k;
domains in the n,-B plane;

(ii) the principal wave vector k; in the low-k; domain goes to zero, which means that the
wavelength of the density fluctuations and the size of the unit cells diverge;

(iii) the region where non-uniform microphases are theromodynamically stable (or at least
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preferred to the homogeneous bulk) extends past the A-line and up to the binodal;

(iv) the system develops dense and sparse plateaus with an almost constant density and sepa-
rated by a relatively thin transition zone;

(v) changes of the bulk density primarily affect the relative size of these plateaus and not their

average density.

Now, recall that for B = 0, we have a purely attractive hard core system that undergoes a
macroscopic separation (i.e., k; = 0) into a gaseous and a liquid phase at state points enclosed
by the binodal. The (average) densities p, and p; of the two phases are just the bulk densities of
the uniform states lying on the binodal and the same for all py, € [pg, p1]; as a consequence, the

volume ratio of the phases is determined by

E: Pl = Pb
' pp=pg

(4.111)

and varies with py,.

Thus, the mechanisms of microphase separation at low magnetic fields are essentially identical
to those of macrophase separation at B = 0. This suggests the hypothesis that in the presence
of a weak long-ranged repulsion, gas-liquid coexistence manifests itself in the form of periodic
density profiles exhibiting gaseous and liquid domains with the (average) densities p; and p
dictated by the binodal, and the volume ratio given by Eq. (4.111).

To test this conjecture, let us go back to Fig. 4.12, which showed the equilibrium density dis-
tributions for AT = 0.10K and B = 18 uT. In the plots, we have also marked the bulk packing
fractions of the gas and the liquid at coexistence which, according to the binodal in Fig. 4.11(a),
are ng ~ 0.014 and 77 ~ 0.548 for these states. We can see that the average packing fraction of the
sparse region is close to 774, but that of the dense region is considerably higher than #,. This poor
agreement is of course not very convincing, but not too surprising either because B = 18 uT
is only marginally below the critical magnetic field B, = 20.8 uT at the top of the binodal for
AT = 0.10K, and therefore still relatively strong; another indication for this is that A-line can
still be clearly distinguished from the spinodal.

We should expect a better agreement for AT = 0.14 K and B = 10 uT, which lies slightly further
away from the critical magnetic field of B, ~ 13.4 T, as can be seen in Fig. 4.11(b). Here, the
coexistence packing fractions are g ~ 0.025 and 1, ~ 0.508, and a look at Fig. 4.14 reveals that
they are indeed much closer to the average packing fractions in the sparse and dense regions,
respectively.

As already mentioned before, going to even lower magnetic fields proved to be problematic be-
cause the unit cells would become so large that the hexagonal structures did not fit into the avail-
able computer memory anymore. Lamellar density profiles, however, require much less memory

since they are constant in the y direction, which allows us to simply choose a grid with M, = 1.
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Figure 4.17.: Lamellar density profiles at (a) , = 0.30, B = 8 uT, AT = 0.10K and (b) 5, = 0.26, B = 6 uT, AT = 0.14K.
The panels on the left show the whole unit cell, those on the right a close-up of the transition zone between the
sparse and the dense region. Horizontal dashed lines mark the bulk packing fractions of the uniform gas and liquid
at coexistence [77g ~ 0.116 X 1073 and ) ~ 0.702 for (a), ng = 7.79 X 1073 and ) ~ 0.582 for (b)]. Vertical dashed lines
mark the estimated locations of the transition zones according to Eq. (4.111).

Hence, we were able to determine the lamellar equilibrium density distributions at n, = 0.30,
B =8uT, AT =0.10Kand 1, = 0.26, B = 6 uT, AT = 0.14K as shown in Fig. 4.17. We can see that
for such small B, the wavelength of the fluctuations has grown to hundreds of ¢ and the density
profiles have acquired an effectively rectangular shape, transitioning from a sparse to a dense
region over the length of only a few . The average packing fractions of these regions coincide
perfectly with those of the gas and liquid phases at coexistence [y ~ 0.116 X 107> and ; ~ 0.702
for Fig. 4.17(a), ng = 7.79 X 1073 and 5 ~ 0.582 for Fig. 4.17(b)], and the volume ratio is precisely
predicted by Eq. (4.111). Thus, we can justifiably say that genuine gaseous and liquid domains of
finite size (or at least with a finite extent in one direction in the case of stripes) and with distinct
average densities coexist in a periodic arrangement.

At first glance, one might be tempted to think that by knowing only the binodal, we can already
guess the equilibrium density distributions at low magnetic fields and a given bulk density. This
is a fallacy, however, because even though we can estimate the densities and the relative size of

the sparse and dense regions, we do not know the other two required pieces of information: the
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thermodynamically stable structure and the absolute size of the unit cell. It would be an potential
topic for further research to investigate whether there exists a less expensive way of determining

this missing information than free minimization.

Conclusion

Free minimization does not come without its downsides: it is complicated to implement and
computationally expensive, it had difficulties to determine the phase boundaries under certain
circumstances, and it outright failed at high packing fractions and very low magnetic fields due
to divergences and memory constraints, respectively. But when it did work, it delivered very
interesting results that proved to be a lot more trustworthy than those of the Landau-type theory.

For large B, we found that the equilibrium density profiles have quite small unit cells and
feature very sharp and tall peaks or ridges. By decreasing B, these structures would spread out
and become much broader — with the effect that, at moderate B, the density fluctuations became
so smooth that they were well described by the one-shell approximation, leading to a surprisingly
good agreement with the Landau-type theory. Going to even smaller B, this agreement worsened
significantly as the peaks and ridges turned into more or less flat plateaus with a relatively clear-
cut edge beyond which a sparse plain followed. At B well below the critical magnetic field B, of
the binodal, the average density of the sparse and dense regions is identical to the bulk density of
the corresponding gaseous and liquid states at coexistence; we interpret this as gas-liquid phase

separation occurring in the form of periodic density distributions.

4.2. Confined system

Up to this point, we have only concerned ourselves with the fictitious case of a system with
an infinite volume and no external potential. Although this bulk limit can be approached in
experiments by confining the particles to a sufficiently large cell, it can never be fully realized in
the end. Thus, to allow for a more meaningful comparison of experimental results with theoretical
predictions, we shall now investigate whether — and if so, how — microphase separation manifests
itself when the volume of the system is finite and relatively small. Another important reason to
do so is that, as we will come to see, our method of studying the dynamics is not applicable in
the bulk.

4.2.1. Methodology

To determine the equilibrium states in a finite system, we directly use the Picard iteration to
freely minimize Q[p] or A[p] with respect to the density profile p. Employing the Landau-

type theory beforehand to obtain a first approximation is not expedient anymore because the
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one-shell expansion is certainly no longer appropriate.

In principle, restricting the particles to a certain region V. C [0,L:] x [0,l,] with volume
V = |V| < I, x I, is only a matter of setting the external potential to V'(¥) = co if 7 ¢ V.
However, the problem is that our implementation of the free minimization algorithm for the
bulk relied on the density distribution being periodic in order to speed up the calculations by
taking advantage of the convolution theorem. To be able to make use of this optimization also
in the case of a confined system, we have to transform a finite density profile into a periodic one
in such a way that the particles in the unit cell under consideration cannot interact with their
virtual mirror images in the other cells.

If all particles are in V C [0, L] X [0,,], then the separation between any two of them is no

larger than ry,y = (12 +1 5)1/ 2, which means that we can artificially truncate u; at rmpay, i. €.,

Ucas(0) + Umag(0) ifr < o,
Uei(r) =1 teas(r) + Umag(r)  if 0 <7 < Fmax (4.112)
0 otherwise,
without altering the interactions within V (keep in mind that truncating u,; also affects its Fourier

transform ;). This has the consequence that two colloids of diameter ¢ do not interact with each

other if they are more than a distance W = max{o, rmax } apart. As external potential, we now

choose
VR = T Ve (x + Ly + JLy) (4.113)
i,jEZ
withLy =L +W,L,=1,+W and
R oo ifFeV,
(V{}Xt(r) = (4.114)

0 otherwise.

Since V*is (Ly, Ly)-periodic by construction, symmetry dictates that the equilibrium density
distribution must be, too. Within each unit cell of size L, X L, only a subregion with volume V'
can actually contain any particles — and because the separation between the mirror images of
that subregion is at least W, they cannot influence one another. The particles in V are therefore
completely isolated from their environment. Through an appropriate choice of the unit cell and
the external potential, we are thus able to apply our existing free minimization procedure also

to a confined system.
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Figure 4.18.: Equilibrium density profiles for B = 9uT and AT = 0.14K in the bulk. The solid hexagon and dashed
rectangle indicate possible cells for a confined system that are compatible with the bulk structure. (a) Hexagonal
droplet phase at 71, = 0.12. (b) Hexagonal bubble phase at 1, = 0.40.

4.2.2. Hexagonal and rectangular cells

If the system is finite, it is on us to decide how the cell containing the particles should look like.
Since we are interested in observing clear signs of microphase separation, the question arises as
to which sizes and shapes of V are conducive to achieving this goal. In the absence of any other
guidance, it would certainly make sense to use our knowledge about the bulk for orientation.
While the lamellar phase is problematic due to the infinite length of the stripes, it seems at least
plausible that the droplet and bubble phases might also prevail in the confined system if we “cut
out” a suitable portion of the equilibrium density profile in the bulk.

Consider for example the droplet (7, = 0.12) and bubble (1, = 0.40) states for an infinite system
(AT = 0.14, B = 9 uT) shown in Fig. 4.18. One possibility, as indicated by the solid outline, is to
use a hexagonal cell that has a side length of V277/ (Zk?ex) and is able to fit one central droplet
or bubble as well as its six nearest neighbors. This indeed works quite well as the equilibrium
density distributions of the confined system shown in Figs. 4.19(a,c) demonstrate: although the
size, shape and/or the position of the droplets and bubbles changed slightly (note that the outer
droplets moved toward to wall of the cell whereas the bubbles moved toward the center), all
seven of them still exist. We were curious to know what would happen if we used this hexagonal
cell at an intermediate bulk packing fraction (1, = 0.24) where the stripe phase would be stable in

the infinite system; since the lamellar density profile does not suggest a “natural” choice for the
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Figure 4.19.: Equilibrium density profiles at AT = 0.14K for a hexagonal cell with side length V277/(2k;), where k;
denotes the principal wavenumber of the corresponding equilibrium structures in the bulk.
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Figure 4.20.: Equilibrium density profiles at AT = 0.14 K for a rectangular cell with side lengths Ly = \/§Ly =6nr/ki,
where k; denotes the principal wavenumber of the corresponding equilibrium structures in the bulk.
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size of the hexagon, we used a side length of V277/ (Zk%am). The outcome is shown in Fig. 4.19(b)
and resembles a ship’s wheel with six handles, each perpendicular to one side of the hexagon,
and a large bubble in the center; in addition, there is one smaller droplet in every corner of
the cell. In a sense, it is a really fascinating density distribution that blends droplet, bubble and
elongated structures together. While these results are certainly encouraging, the equilibrium
density profiles that this approach produces are unfortunately not as consistent as one would
hope. For example, if we repeat the same process at a higher magnetic field (B = 12 uT), we can
see in Figs. 4.19(d—f) that the central droplet has vanished and that the ship’s wheel at 1, = 0.24
has turned into a hexagonal ring that runs alongside the wall of the cell. Only the bubble phase
retained its original characteristics.

We also tried a rectangular cell with L, = \/§Ly = 61t/ky, as suggested by the dashed outline
in Fig. 4.18, hoping to stabilize a central droplet/bubble and four of its nearest neighbors. For
B = 9T, we can see in Figs. 4.20(a—c) that this only succeeded at 1, = 0.12 with the droplets,
whereas the bubbles at 1, = 0.40 merged into a single dumbbell-shaped cavity surrounded by
a thick ring of higher density. We find the same structure also at n, = 0.24, albeit with a ring
that is much thinner. As shown in Figs. 4.20(d-f), this ring phase even survives if we increase the
magnetic field to B = 12 uT, but the central droplet surprisingly moves toward one of the long
sides of the cell (and we have not been able to identify another configuration with a lower free
energy).

We can definitely assert that, if the system undergoes microphase separation in the infinite
bulk at a particular state point, than there is a good chance that this also happens if the particles
are confined to a finite cell whose size is on the same order as the wavelength of the density
fluctuations in the bulk. Unfortunately, there is not a one-to-one correspondence between the
structures that are stable in the bulk and those that emerge under confinement. What really com-
plicates the phase behavior, though, is that certain structures appear to come in multiple variants.
At least for the hexagonal and rectangular cells that we investigated, this could potentially make

the calculation of a phase diagram rather difficult.

4.2.3. Square cells

It turns out, however, that square cells exhibit a fairly simple and consistent phase behavior:
between almost uniform gas and liquid phases at very low and very high bulk densities, respec-
tively, we have only observed a phase with four droplets (one in each corner of the cell) at lower,
as well as one with a ring of variable width at higher bulk densities. In Fig. 4.21, we plot several
density distributions for a cell with L = L, = L, = 2V37/k;, where k; again denotes the prin-
cipal wavenumber of the stable bulk structure. For AT = 0.14K and all B € {9 T, 12uT}, we
find a droplet phase at 7, = 0.12 and a ring phase at n, = 0.40. At , = 0.24, where the stripe
phase is stable in the bulk, it depends on B whether the confined system preferably forms a ring
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Figure 4.21.: Equilibrium density profiles at AT = 0.14 K for a square cell with side length L = Ly = Ly = 2V3x/k1,
where ki denotes the principal wavenumber of the corresponding equilibrium structures in the bulk.

(B =9uT) or droplets (B = 12 uT).

Note that we have so far always selected the size of the cell according to the bulk structure
which varies with n,, B and AT. In experiments, replacing the cell every time that the external
parameters are altered would be highly impractical, of course. Luckily, the phase behavior in a
square cell does not depend that sensitively on the cell’s size, so that if we just stick to some
reasonable choice for L, we find that, at least for a certain range of magnetic fields and tempera-
tures, the system still follows the phase sequence of gas — droplets — ring — liquid as the bulk
density increases.

In the end, we decided to go with a side length of L € {200,300} and found a good-natured
phase behavior at a temperature of AT = 0.16 K and for magnetic fields within a few percent of
B = 8 uT (which is slightly below B, =~ 9.79 uT). For both cell sizes, we calculated a phase diagram
in the n,-B plane by determining the coexistence states lying on the phase borders in the same
way that we did for the bulk system. In Fig. 4.22, we can see that the two phase diagrams look
quite similar; they feature a droplet phase that is much narrower compared to the ring phase
and “sandwiched” between rather wide regions of coexistence, particularly at lower B. This is in
contrast to the phase diagrams for the infinite system in Fig. 4.11, where the droplet, stripe and
bubble phases are almost equal in width and separated by relatively slim gaps. It could be that the
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Figure 4.22.: Phase diagrams in the n,—B plane for AT = 0.16K and a system confined to a square cell with side
length (a) L = 300 or (b) L = 200. Filled symbols show the coexistence states of the gas, droplet, ring and liquid
phases; the regions of coexistence are hatched. Unfilled symbols mark the state points of the density profiles shown
in Figs. 4.23 and 4.24. The dashed vertical lines in (a) indicate a range of bulk packing fractions where, depending on
B, either the droplet or the ring phase can be stable.

stripe and bubble phases effectively coalesce into a single, broad ring phase upon confinement,
which would explain why the droplet phase is considerable thinner.

A closer inspection of the phase diagram for L = 300 reveals an interesting trait that it does
not share with the one for L = 200, namely that the droplet and ring phases overlap to some
extent in the sense that, depending on the magnetic field, either of the two can be stable for a
small range of bulk packing fractions (0.17 < np < 0.207). This means that is should be possible
to transition from one phase to the other solely by varying B, which is something that we will
come back to when we study the dynamics of the system.

In Figs. 4.23 and 4.24, we show the equilibrium density profiles for those states marked by the
unfilled symbols in Figs. 4.22(a) and 4.22(b), respectively. While the majority of them do not stand
out and are very similar to those in Fig. 4.21, we find that the central bubble of the ring phase
can take on a remarkable variety shapes for L = 300 and higher magnetic fields: if B = 8.7 uT,
for example, the region enclosed by the ring is almost square at 7, = 0.19, resembles a four-leaf
clover at 1, = 0.28, looks like a horseshoe at 1, = 0.34, becomes a slit at 7, = 0.38 and ends up
as a small disk at n, = 0.40.

The effects of confinement in systems with microphase separation have already been the target

of several studies. Serna et al. investigated a three-dimensional colloidal system with competing
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Figure 4.23.: Equilibrium density profiles at AT = 0.16 K and B = 7.2uT (a, b) or B = 8.7 uT (c-h) for a square cell
with side length L = 300. (a, ¢) Droplet phase. (b, d-h) Ring phase in a variety of different shapes.

interactions and focused on the hexagonal cylindrical phase [85], which is similar to the two-
dimensional hexagonal droplet phase extended in the perpendicular direction. They found that
this phase can also be stable when confined to channels with hard walls and a triangular or
hexagonal cross section, i. e., a shape compatible with the equilibrium pattern in the bulk. For
square cross sections, the cylinders form in some cases a square lattice comparable to the droplet
phase we observed in a square cell; however, whereas we never encountered a stable phase with
more than four droplets, the number of cylinders does not seem to be limited. Interestingly, for
larger chemical potentials (and thus bulk densities), Serna et al. also found analogs of the ring

phase in the form of (possibly multiple concentric) tubes parallel to the channels. Pekalski et al.

(a) np =0.19, B=7.8uT (b) g, =0.27, B=7.8uT (c) yp =0.14,B=8.6uT (d) n, = 0.36, B=8.6uT
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Figure 4.24.: Equilibrium density profiles at AT = 0.16 K and B = 7.8 uT (a, b) or B = 8.6 uT (c, d) for a square cell
with side length L = 200. (a, ¢) Droplet phase. (b, d) Ring phase.
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likewise observed concentric rings in their study of a two-dimensional triangular lattice model
with competing interactions in hexagonal confinement [86]. In a two-dimensional system with
a short-ranged Yukawa attraction, long-ranged Coulomb repulsion and a circular logarithmic
trap, Xu et al. found droplet and ring structures along with other more exotic ones [87]; similar
patterns also emerged in a two-dimensional system studied by Liu et al., featuring a short-ranged
exponential attraction, long-ranged Yukawa repulsion and circular quadratic trap [88].

Now that we have a good understanding of the phase behavior of our model system when it is
confined to a square cell, we can turn our attention to investigating the dynamics of microphase

separation.







5. Dynamics

In the previous chapter, we saw that our model system with competing attractive critical Casimir
and repulsive magnetic dipole interactions can exhibit stable microphases with inhomogeneous
density distributions for suitable combinations of the temperature T, the magnetic field B and the
bulk packing fraction #y,. If one were to conduct experiments in order to test our theoretical pre-
dictions, one would need to take into consideration that the structure of the system must evolve
dynamically over time until it eventually converges on a state of equilibrium. It is not guaran-
teed, however, that this state corresponds to the one with the lowest Helmholtz free energy: the
dynamics might also draw to a halt if the system becomes stuck in a local minimum. For this rea-
son, we shall first study the dynamical evolution of the density profiles theoretically. It should
be interesting to see just how easily the system is trapped by local minima, and whether we can
take advantage of the ability to change T and B in situ to navigate the free energy landscape and

arrive at the global minimum.

5.1. Brownian motion and the Langevin equation

During microscopy studies in 1827, Robert Brown observed that pollen grains immersed in wa-
ter would perform an essentially random walk through space [7]. This so-called Brownian mo-
tion arises because the pollen are being constantly “bombarded” from all directions with water
molecules, each collision transferring a tiny amount of momentum from one participant to the
other. Since colloids are similar in size to pollen grains — and typically even smaller — they behave
in the same way.

Let us follow Langevin [89, 90] to derive the equation that determines the trajectory g of a
single colloidal particle with mass m submerged in a solvent. If the colloid only interacts with
the molecules of the solvent, we can write Newton’s second law as

d*g(1) dg(1)
o S L

+Z(b), (5.1)

where the first term on the right hand side represents Stokes’ drag with the friction coefficient y,
and gj is a force that accounts for the random collisions of the solvent’s molecules with the colloid.
Since it is hopeless to describe Z on a molecular level, we take E (t) to be a random variable.
By extension, ¢(t) also becomes a random variable and Eq. (5.1) then turns into a stochastic

differential equation. Instead of calculating the true trajectory of the colloid, we will therefore



104 5. Dynamics

have to content ourselves with making purely probabilistic predictions. Because we can expect
g: (¢) and ¢(t) to be normally distributed, it is sufficient to determine their mean and variance to
fully specify the statistical picture.

It is reasonable to assume that the molecules will hit the colloid from all directions with equal

probability so that
() =0. (5.2)
Taking the mean of both sides of Eq. (5.1), we arrive at the ordinary differential equation
dz(é](l‘)) d<q(t)> d(@(’«‘))
= 53
T = S8 Gy ==L 53)
for (g(t)), which is solved by
m d(g(t)) Y
oy = @)+ =g=| [1-ew{-pe-wf]. (54)

If the colloid is brought into contact with the solvent at t = 0, it follows for ¢, > m/y that

d(q(t))| _ d(q(1))
dt |_, dt

Y\
zop( i) ~o, (5.5)

t=ty t

in which case Eq. (5.4) simplifies to

(q(1)) = (q(t0))- (5.6)

Thus, the average position of the colloid does not change over time.

Let us now continue by calculating the variance of g(t),
(AG(1)%) = ([G(1) = G(NH]*) = G(1)*) — (G(1))* (5.7)
with Aq(t) = q(t) — (g(¢)). Using that

dg(t) d*g(1)* _ (dg(t) 2*(t)
dt ’ de2 _2( dt ) +2q(1) G8)

dg()*

=2q(t
i q(t)

and multiplying Eq. (5.1) with 2¢(t), we find that

2204)2 = 2 =012
200 =m0 L +2yq G =L o (L) T o)
which, after taking the mean, leads to
d2 - d(q(t)? - >
TG 2 G + 2092 g Eop =0 (5.10)
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with the momentum p(t) = m[dg(t)/dt] of the colloid. In thermodynamic equilibrium, we can

calculate (p?) as an ensemble average to be

22
(p%) = ann / ddq/ d?p p? exp [—[3 {57; +(V((j)}] = d% = dmkgT, (5.11)

so that Eq. (5.10) becomes
G0 | d@mn? 2dksT = 0. (5.12)

dt? Y dt

The solution to this differential equation for (g(t)?) is given by

d(g(1)*)
dt

T
Y

t=ty

(G(1)?%) = (G(to)? >+2d—(t—to) [

[1 _exp {—%(t - to)H . (5.13)

For ty > m/y, this means that

d(g(1)? keT [ d(q(t)? kgT kgT
4@ _ kel [M - 2d3—} exp (—Lto) ~ 2d—— (5.14)
dt |y v L P m Y
and hence
- - kgT
G172 ~ (G(t)? + zd%u ~ 1y). (5.15)

For the variance of ¢(t), we therefore find

k
G = (G0 - G0 ~ ({(10)?) + 242 (1 — 1) — (G(1))?

- v (5.16)
= (AG(to)?) + Zd%(t ~ 1)

It turns out that we can directly arrive at Egs. (5.6) and (5.16) if we neglect the inertial term
on the left hand side of Eq. (5.1),

dq(t) =21, (5.17)

and demand that the covariance of the individual components of E () is given by

(Ge(®) G(t) = 2ykgT o 0(t = t'). (5.18)

We can formally solve Eq. (5.17) for ¢(t) in the sense that

3(1) = (o) + / ar' 999D a4 L / ar (), (5.19)

to d ! }/ to
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from which
- - 1 [tz -
(q(1)) =<q(t)) + —/ dt’ ({ (")) = (q(t)) (5.20)
Y 1y ~——
=0

immediately follows. Furthermore, we find that

<§(t)2>=<[q(to)+}l/ / ar’ Eu')] [«mn% / at” Z(t">]>

= )+ S [ar @y [Ca [Larde fey s
= (q(t0)*) + de%TT(t — 1) - =2dykpTS(1/~t")

and thus

k
(AG(1)%) = (G()*) = (G(1))* = (G(to)*) + ZdLT(t — to) — (q(to))?

- Y (5.22)
= (AG(t)?) + 2d§7(t — ).

The so-called Langevin equation (5.17) in combination with (5.18) is therefore statistically equiv-
alent to (5.1) at time scales much larger than m/y.

If the system consists of a collection of N colloids that additionally interact with each other
through the pair potential u and are subject to the external potential V., the Langevin equa-
tion is naturally generalized to a coupled set of N differential equations for the trajectories
(415 - - -»gn) in that

ydc—ji(t)
dt

= Ri(Gi(1), 1) + &i(t) (5.23)

with the deterministic force

N
Ki(7 1) = = ) Vu(F - (1)) - VV(F) (5.24)
J=1(j#1)
and ({ix (t) §ji(t)) = 2ykpTd;6r16(t — t').
In Brownian dynamics simulations, the Langevin equation is integrated numerically [91] in

small time steps of At via, for example,

(5.25)

>

AL 4G () Ki(Gi(0),t) + Zi(t
t Y

where Zji (t) is randomly picked according to a normal distribution with zero mean and a vari-
ance of 2ykgT/At.
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5.2. Dynamic density functional theory

Instead of calculating the individual trajectories of a large collection of colloids, dynamical den-
sity functional theory (DDFT) [92] specifies how the density profile of the system evolves when
the motion of the particles is dictated by the Langevin equation (5.23). This is especially useful
in our case because it allows us to leverage many facilities already developed for the static DFT

and to directly compare the equilibrium states predicted by the two methods.

5.2.1. Derivation

To derive the fundamental equation of DDFT, we will follow Marconi and Tarazona [93, 94].

Given some function f and a stochastic differential equation of the form

dr(t) a(r(t),t) + b(7(¢),t) {(t) (5.26)

with (G (t) §(t')) = 251 8(t — t7), td’s lemma of stochastic calculus [95] states that

df (F(1)) dr(t) RGO [cb(r £)]? sz(F(t))
= (5.27)

= 5(7(t),t)+b(7(t),t)§(t) VFF®) +5 [cb(r H1* VA (F(1)).

If we compare Eq. (5.26) with the Langevin equation (5.23), we can identify

r(t) =qi(t),  d(r(t).t) = w b(7(t), 1) = % ¢ 2 \2ykgT, (5.28)

and therefore see that

df (g
y @) fGi(1) _

I = [RG@.0+ &0 - V@) + kT 2 (G(0)

= Ki(G@i(0),£) - VF@Gi(1) + (1) - VF(Gi(0)) + ke T V£ (Gi (1))

(5.29)

The next step is to express every occurrence of g;(¢) in Eq. (5.29) in terms of the instantaneous

density operator for the i-th particle,

pi(F. 1) = 6(F — gi(1)). (5.30)

On the left hand side, we trivially have

df((qilt(t)) y;t/d"?ﬁl(r 0 F() = /ddﬁ dpi (7, 1) 5

assuming that the particles are confined to a finite volume V. On the right hand side, we make

use of integration by parts and the fact that the surface contributions vanish because p; (7, t) = 0
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if ¥ € V. Dealing with each of the three terms individually, we thus find that

RiGi(0.0) - VF@Gi(1) = A &7 p .0 KiRt) - V() = — /V &V - 50 K01 £

G(t) - VF@Gi(t) = /V A7 (1) - pilF ) V() = - f A7 (1) - Vapi(F 1) £(7),

ﬁzf(ﬁi(t))=£]dd7ﬁi(?, ) §2f(7)=/dd?V#pl(r, 1) f(F).

This means that we are able rewrite Eq. (5.29) as

/VddF[ dpi(7, t)]f(")

= [ [T (G0 R0} = G0 Fpi o) 4 T T £

and since this holds for any function f, we can conclude that

dAl‘ ?,t > . Lo
% =-V;- [pi(F, ) Ki(F, )] — §,(t) Ver(r t) +kgT V»p,(r, 1)
= V- [T Vipi (7 1) — pi(7 ) KB )] = &(1) - Vi (7, ).
Summing Eq. (5.32) now over all particles i € {1,..., N} results in
dp(F,t) = . )
4 P((i;, ) =V;:. [kBT Vip(7, t) +/Vdd s F 1) Vu(r —7)+p(F 1) V(V€xt(7)]

L(1) - Vipi(7 1),

Mz

l
—

i

where we defined the (total) instantaneous density operator as

~
I
—_

N
pFE) = Y piFt) = ) 8(F - Gilt)),
i=1

and used the explicit form (5.24) for I?,—(?, t) so that

Mz

(7, 1) Ki(7, 1) = prr £) va - G;() - Zpl(r B VV(F)

i=1 i=1 J=1(j#i)

/ &7 5O F 70 Fu(E - 7) - pE. 1) TV(F)

with the two-point instantaneous density operator

N
pOGEF. =) pilF, t>25<r - G;(1) = ZZ&(r—qlu))a(r - G;(1)).

i=1 J=1(j#i) i=1 j=1(j#i)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)
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Finally, taking the mean of Eq. (5.33) and exploiting that (g:,(t)) = 0, we arrive at

dp:(7)
dt

V; - [kBTﬁpt(F)Jr / A7 pP FF) VuF - F) + p(H VYD |, (5.37)
v

where p;(F) = (p(7,t)) and pt(z)(7, 7) = (pP (7,7, 1)). While Eq. (5.37) actually determines
the time evolution of the density distribution p; exactly, it is unfortunately only of little use in
practice because we typically have no knowledge of pt(2) . We are therefore required to find a
suitable approximation.

Since the equilibrium density profile peq is stationary, we have that

dpeq(’_:)

0=Y—4

=V;- [kBﬁpeq(7)+ / A7 pQ (7 7) Vu(F = F') + peg(H) VYR [, (5.38)
v

which means that the bracketed term on the right hand side must be spatially constant; and since

Peq(F) =0 = pég) (7,7) for all ¥ € 9V, it must in fact be zero for all 7 € V,

0 = kgT Vpeq(7) + / A7’ {2 (7, 7') V(7 = F) + peq (F) VV(F). (5.39)
A%

Because p.q minimizes the grand potential functional, we also know that

59 e 57: e 57—: e 5%){ e
_ [p _c}] _ [P_c}] + (VeXt(7) = d[P_)q] + [P_}q] + (VeXt(F) .y

8peq(F)  Opeq(F) 8peq(r)  Opeq(F) (5.40)
= kT ln[Adpeq(?)] — ksT Cl(peq> r) + (VeXt(’_:) -

from which

5Q[peql _
5Peq(’7)

directly follows. Comparing Eqgs. (5.39) and (5.41) we immediately see that

0 = peq(F) V5 ke T Vpeq(F) = kT peq(F) Vi ¢1(peqs F) + peq (HVVEUF)  (5.41)

/V A7 pD (7, 7') Vu(F = ') = —ksT peq(P) Vi c1(pegs ). (5.42)
If we assume that this relation approximately holds also out of equilibrium,

/ A7 py? (7, F') Vu(F = F) ~ =ksT pi(F) Vi c1(pr, 7), (5.43)
A\

we can actually close Eq. (5.37) with respect to p; as

dPt(F)
dt

~ Vi [kBT Vpi(F) = kT e (7) Vi c1(ps. 7) + e (7) Wextm]
(5.44)

= kT V7 |Fpi(P) + pe(P) Ve (BV () — e1(pr P}
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This is the central result of DDFT, allowing us to compute p; by (numerically) integrating Eq. (5.44).

It can also be cast into the continuity equation

dp:(7) _

- V-5 (5.45)

with the particle current

pi(7) v 5A[p:]
- it ' 7y
Y 6p:(F)
Note that the dynamics correctly preserve the number of particles in the system since J;(¥) = 0
for all 7 € 9V and therefore

kT = -
(7)== [puP) 0D T BV ) = €16} = (5.40)

d dp: (7 >
Nipd :/ddf—pf(r) :—/dd?v-ﬁ(a:—/ dUFi(F) - 7.(F) = o. (5.47)
Furthermore, the Helmholtz free energy always decreases over time or remains constant because
d ) dp, (7 1) =
WAl _ [ atr Alpel dpelr) _ _ [t Al g 5.5 (5.48)
dt v 5/);(7') dt v 5pt(r)
- 5 ) [ o :
:/dd?V; ﬂ[pj] .jt(7)=—/dd?pt(r) [V; ﬂ[pf]] <0. (5.49)
v 6pi(F) v Y Sp:(7)

5.2.2. Integration

Just like static DFT benefits from performing certain calculations in Fourier space, so does DDFT.
In addition to any convolutions that may be required to compute ¢; (py, 7), this also applies to the
divergence and the gradients that appear on the right hand side of Eq. (5.44). Let §(7) = V£ (F)
and ¥/(F) = V - $(7), then

/ d% (k) exp(ik - F) = (27)%g(7) = (2n)?VF(F) = V= - / d?k £ (k) exp(ik - 7)
o . (5.50)
= / 4%k [ik f (k)] exp(ik - F)

and similarly
/ A%k (k) exp(ik - 7) = o)y (F) = (27)9V: - 3(7) = V5 - / dk (k) exp(ik - 7)

o ) (5.51)
- / d9k [ik - §(K)] exp(ik - ),

so that j(/?) = i/?f(/?) and &(E) = ik - (?(lz). A corollary of this is that if ¢(7) = 6]”(7) and thus
y(r) = §2f(7), then lﬁ(l_c)) = ik - 1Ef(E) = —/_c)zf(l_c)) Derivatives in real space therefore reduce to

a trivial multiplication in Fourier space.
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In principle we could integrate Eq. (5.44) in small time steps of At using Euler’s method,

dPt’(”)

dp:(7)
—— At
dt’

~ pi(7) + 1

t+At
proac(P) = pr(P) + f ar’
t (5.52)

- ksT - s = >N\ O ext /= =
= pu(P)+ == T [Tpu() + (P T8V ) = ea(pr P}

Unfortunately, this integrator demands an extremely small At and hence many steps in order
to be reasonably accurate; otherwise, the errors accumulate very quickly. A better approach for

DDFT is to use a technique called exponential time differencing [96, 97]. Writing Eq. (5.44) as

do,(¥) =, . = . ) } o )
ﬁY—pdir) = V?p,(F) + Vz - [pt(r) Vi V() - c1(prs r)}] =V, (F) +¢(ps,7)  (5.53)

with
S(punF) = Yz - | puF) VBV () - er(pr D) . (5.5)

we see that its Fourier transform is simply

dpe(k) _

oy 5.55
o -k pr(K) +E(pe, ). (5.55)

By

It is not difficult to verify that Eq. (5.55) is solved by

B ) + ,Bi ‘/tot dt’ §(pr. k) exp (—I:Zt[;yt/) : (5.56)

In the special case of non-interacting colloids [c¢;(p;, 7) = 0] and a vanishing external potential

[VE4(F) = 0], we have 6(p;, 7) = 0 = &(p. k), so that 5, (K) =y, (K) exp[—k2(t — to) /(By)] be-
comes the exact closed solution to the diffusion equation fy[dp,(k)/dt] = —k?p; (k). In contrast,

pr(K) = py, (K) exp( e

the whole solution (5.56) for the general case is not closed because the second term on the right
hand side requires knowledge of &(py, 7) for all t” € [t t]. If the interval |t — ty| is sufficiently

small, however, we may assume that &(py, 7) ~ &(py,, 7). and therefore

ﬁt(E) zﬁtO(E) exp( k2 ﬁ}/ ) G(pto’k)‘/ dt’ exp( k2 By )
P1,(0) + (P, 0)— ifk =0, (5.57)

Py
/Sto(l;) exp( k2 By ) G(pj‘;’ )[1—exp (_Izzt’;_yto)} otherwise.
k

In order to avoid the need for choosing a concrete drag coefficient y (which depends on the size

of the colloids and the viscosity of the solvent), it is convenient to specify the dynamics in terms
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of the dimensionless Brownian time

= ﬁyt(ﬂ' (5.58)
This finally allows us to evolve the density distribution in small steps of At via
5:(0) + &(pr, 0) *Ar ifk =0,
prrae(l) = ﬁf(l_é) exp(—azlzzAT) +&(Pes E) - eXp(:GZEZAT) otherwise. (559

5.2.3. Implementation

In our derivation of DDFT, we assumed that the system is contained inside a finite volume V
and that the density profile vanishes at the surface, i.e., p;(F) = 0 for all ¥ € dV. Alternatively,
we could have also allowed an infinitely large volume V = R¢ and demanded that p,(¥) — 0
for [F| — co. Obviously, this condition is not satisfied in the bulk where we have found either
uniform or periodic density distributions to be stable that do not decay asymptotically. And even
if it were not for this technicality, there is another — more practical — problem. Only the peri-
odicity of the density profiles makes it possible to study the infinite bulk with DFT in the first
place because we can limit the calculations to a finite unit cell. We saw, however, that the size
and shape of this cell in equilibrium depends on the concrete values of certain parameters such
as the packing fraction, the magnetic field, and the temperature. This means that if we wanted
to investigate how a system in equilibrium at some initial state point (B, T) = (B;, T,) responds
after a change of the parameters to their final values (B, T) = (B, Tr), we would somehow have
to dynamically adjust the unit cell over time in order to properly describe the evolution of the
density distribution. Unfortunately, it is not at all clear how to do this correctly — actually, it is
may be that the intermediate, non-equilibrium states are not even periodic. In the end, though,
it is really an academic issue since the infinite bulk is a purely fictitious construct and thus inac-
cessible to experiments. For these reasons, we shall only concern ourselves with the dynamics
of a confined system.

As in the static case, we do this by suitably extending the density profile of a system confined
to the volume V C [0, [;] X [0,[,] into a (Ly, L,)-periodic one and discretizing the corresponding
unit cell on a regular grid with M, x M, lattice points (we double the minimum resolution to
min{M, /L., My/Ly} > 20/c because the dynamics depend rather sensitively on it). This again

allows us to make use of discrete Fourier transforms so that Eq. (5.59) becomes

p(0) + &(pr, 0) c*Ar if kpn = 0,

prie(Kmn) ~ - - - 1—exp(—c?k2 A (5.60)
T pr(kmn) exp(_o-ZkrznnAT) +§(ﬁra kmn) exp(»zo- = ) otherwise
Kinn
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for l:mn = 27[(m—[My/2] +1)/Ly, (n— [My/2] +1)/Ly], where the divergence and gradient in
Eq. (5.54) can be computed in Fourier space via §(kmn) = ikmnf (kmn) for g(7ij) = Vf(7i;) and
g&(/?mn) ~ ilzmn . g@(lzm,,) for y(7;) = V. @(7ij); other quantities such as ¢; = c}fd + ¢ or A are
calculated as described in Section 4.1.3. We choose a time step of A = 5 x 10~*, which is a good
compromise with regard to accuracy and computational costs.

The periodic extension of the density distribution works similarly to the method shown in
Section 4.2.1, with the exception that we cannot use a discontinuous external potential (which
jumps from zero to infinity) in DDFT since that would lead to problems with the spatial deriva-
tives in Eq. (5.54). Instead, we construct an external potential that goes smoothly from zero to
some sufficiently large value VX < co within a transition zone of width w. We artificially limit

the range of the competing interaction potential ug; to rmayx = [(L + 2w)? + Iy + 2w)?]/%; the

maximum interaction range of two colloids is therefore W = max{0o, rimax }. Furthermore, let

R —min{|F —7r|: 7, €V} ifrevV,
Ay(r) = oo (5.61)
min{|F — 75| : 7s € 9V} otherwise

denote the signed distance between some point 7 and the surface of V, and

0 if x < 0,
S3(x) =9 —20x7 +70x° —84x> +35x* if0<x<1, (5.62)
1 otherwise

the third smoothstep function (which is thrice continuously differentiable). We then assign

VT = L Ve (x + iy + JLy) (5.63)
ijez ’
with Ly = L +2w+ W, L, = [, + 2w + W and

otron | Vi S3(Av(F)/w+b) if7 € [-w, Ly —w] X [-w, L, — w]
Vo (r) =

0 otherwise.

(5.64)

We shall choose w = o, V! = 50kgT and b ~ 0.156; the corresponding potential is shown
in Fig. 5.1(a). In the case of an ideal gas, for which p(¥)/p(¥’) = exp[-B{VI(F) — V=U(F)}],
this means that p(7,)/p(7) = exp(~fVEL) ~ 0 and p(F)/p(F) = exp-pVEL Sy(b)] ~ 0.5 if
Ay (%) < —wb, Ay(7s) = 0and Ay (7,) > w(1-b), as can be seen in Fig. 5.1(b). It turns out that this
“soft” external potential leads to well-behaved dynamics while giving rise to equilibrium density

profiles which are practically indistinguishable from those that result from a “hard” potential.
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Figure 5.1.: Comparison of the “soft” external potential (Vseo)i{ from Eq. (5.63) with the “hard” "V}f:rt 4 from Eq. (4.113).

5.3. Dynamics of microphase separation

Let us now use our DDFT framework to investigate the dynamics of a closed system confined
to a square cell with side length L, where the bulk packing fraction 7y, is held constant but the
magnetic field B and temperature T are allowed to change over time. In particular, we wish to
emulate the following procedure that an experiment designed to study microphase separation
might adhere to: at first, (B, T) are set to some initial (B;, T;) outside the microphase regime where
the thermodynamically stable state is an almost uniform fluid that the system is certain to arrive
at after a reasonable period of equilibration. Once equilibrium has been reached at, say, time
T = 0, we begin to vary (B, T) and stop after some transition time 7; so as to end up at a final
(B¢, Tr) which lies inside the microphase regime where either a droplet or a ring configuration is

stable. The questions that we are interested in answering are:

(i) Will the system eventually self-assemble into the stable configuration as 7 — oo, or will it
rather become stuck in a metastable state with a higher Helmholtz free energy?
(i) How does the way in which (B, T) is altered for r € [0, ;] - i.e., the path taken through
parameter space to go from (B;, T;) to (Bg, Ty) — affect the outcome of the time evolution?
(iii) Which implications with regard to experimental studies of microphase separation might

be inferred from the results?

For L = 300, n, = 0.19 and ATy = 0.16K, we shall target the droplet state at B = 7.2pT
[Fig. 4.23(a)] and the ring state at Br = 8.7 pT [Fig. 4.23(d)], whereas for L = 200, B = 7.8 uT and
AT; = 0.16 K, we aim for the droplet state at 5, = 0.19 [Fig. 4.24(a)] and the ring state at i, = 0.27
[Fig. 4.24(b)]. For the initial fluid configurations with n, € {0.19,0.27}, we turn the magnetic
field completely off, B; = 0, so that there is no long-ranged repulsion (and hence no competing

interactions) and select a temperature that results in only a weak attraction between the colloids:
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AT, = 0.195K for L = 300 and AT; = 0.2K for L = 200; the reason for choosing these slightly
different AT; depending on L is that the initial equilibrium density distributions for L = 300 and
L = 200 are then very similar for identical bulk packing fractions, as shown in Fig. 5.2.

The most direct way of transitioning from (B, T;) to (Bg, Ty) is via an instantaneous (z; = 0),

discontinuous jump at r = 0, i.e,,

(B, T) ifr<o,
(B, T;) = (5.65)
(Bg, Ty) otherwise.

Unfortunately, this method failed in all attempts to guide the particles from a fluid to a sta-
ble droplet or ring configuration, with the system always falling into a local minimum of the
Helmholtz free energy instead. In Fig. 5.3, we can see what happens when we try to go to the
droplet state for L = 300. Already after a short period of time, the colloids aggregate into a mul-
titude of smaller droplets and thin stripes (r = 10) due to the sudden increase of the attractive
critical Casimir forces that comes from raising the temperature closer toward T.. The structures
in the center then coalesce into two concentric rings, while the stripes closest to the wall con-
tract and withdraw from the droplets in the corners of the cell (z = 30). Eventually, the two rings
merge into one larger central droplet and the outer stripes assume a roughly elliptical shape, re-
sulting in a total of nine droplets of different sizes (r = 900) kept apart by the magnetic repulsion.
The same general behavior can also be seen for the other target states.

We consistently observe that, after abruptly imposing competing interactions onto the sys-
tem, the particles first tend to clump into many smaller agglomerations because of the strong

short-ranged attraction which then combine into bigger structures until the weak long-ranged

(2) b =0.19 (b) mp = 0.27

....................................................
-----

—— L =300,AT =0.195K
== L=200,AT =0.2K
L =200, AT = 0.195K ()
L =300, AT = 0.2K (})

—— L =300,AT =0.195K
== L=200,AT =0.2K
L =200, AT = 0.195K ()
L =300, AT = 0.2K ()

T T T T I T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

x/L x/L

n(x,L/2)

Figure 5.2.: Comparison of the initial fluid states with B = 0 and m;, = 0.19 (a) or i, = 0.27 (b) used as the starting
configurations of the dynamics. Choosing slightly different temperatures depending on the cell size, AT; = 0.195K
for L = 300 and AT; = 0.2K for L = 200, results in very similar density distributions at equal bulk packing fractions.
The other states, marked with (), are shown to demonstrate the discrepancies at identical temperatures.
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Figure 5.3.: Dynamic evolution of the density distribution of a system with L = 300 and n;, = 0.19 after equilibrating
into the fluid state at B; = 0 and AT; = 0.195K (a) and then abruptly jumping to B¢ = 7.2 uT and ATy = 0.16 K at 7 = 0.
Eventually, the colloids assemble into a metastable configuration with nine droplets (d) instead of the stable one with
only four [Fig. 4.23(a)]. Panels (e) and (f) show, respectively, the magnetic field and the temperature as a function of
time 7. See the supplemental material [98] for an animation.

repulsion gains the upper hand and prevents further merging. This makes it difficult for the
colloids to assemble into the stable equilibrium configurations which feature fewer but larger
structures (either four droplets or a single ring). Another problem is that a droplet is very likely
to emerge at the center of the cell that has no incentive to dissolve, but is not present in stable
equilibrium.

It would not be surprising to encounter similar issues also in actual experiments. Matters
may arguably even be worse in practice since the instantaneous state of the system is never as
perfectly symmetrical as the density profile (which represents the average distribution of the
particles) in DDFT might suggest: at the moment when the competing interactions are turned
on, there can, for example, be slightly more colloids in one quadrant of the cell than in the other
three, which then potentially leads to a haphazard growth of rather irregular structures. In fact,
this conjecture appears to agree with the findings of an experimental study of phospholipid
monolayers conducted by Helm and Moéhwald [39], who discovered that a fast transition into
the microphase regime would cause a much broader variety of differently-sized clusters than a

slower one.
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5.3.1. Fluid — ring

Since the results of Helm and Mohwald suggest that it may be advantageous to go from the initial
to the final parameters at a more leisurely pace, it seems reasonable to try a gradual transition
over the course of some non-zero but finite time 7, > 0 next. Probably the first choice that comes

to mind is a simple linear interpolation between (B;, T;) and (B, Tf),

(B;, T;) ifr <o,
(Br.To) =y (BuT) + (Br-B,Ti—T)f if0<r7<u, (5.66)
(Bg, Tr) otherwise.

However, this would require a recalculation of i after every DDFT step At = 5 X 107* < ¢
for as long as 7 € [0, 7], which can become quite expensive and increase the computation time
considerably. Because of this inefficiency, we instead use a staircase function with step length of

Ts = 5 < 1; for the interpolation,

(B;, T;) ifr <o,
(Br.T) = (B, T)+ (Be— B, - T)ILEL ifo<r<n, (5.67)
(Bg, Tr) otherwise,

which reduces the frequency of updating @ by a factor of 7;/Az = 10 000.

As can be seen in Fig. 5.4, this method indeed proves successful in producing the stable ring
structure for L = 300 if a transition time of 7, = 1000 (which appears to be near the lower end
of the range of viable values) is chosen. Initially, the intensifying attraction draws the colloids
toward the center of the cell where they begin to form a slight bump surrounded by a squarish
ring with pronounced corners (r = 250). After a while, the central bump disappears (r = 500),
the ring becomes more clearly defined (7 = 750) and its thickness almost uniform by the time
that the magnetic field and temperature reach their final values (r = 1000 = 7;). The ring then
enters a phase of expansion during the long-ranged repulsion causes the particles at opposite
points of the structure to be pushed away from each other, thereby leading to a growth of the
ring’s diameter (r = 1250) until it is stopped by the wall of the cell (z = 1500). Eventually, the
system arrives at the stable equilibrium state [cf. Figs. 5.4(h) and 4.23(d)].

We observe that the success of this method depends quite sensitively on the choice of the initial
conditions. For instance, if we set out with a marginally weaker attraction (AT, = 0.20K), then
the density is too evenly distributed at the beginning [Fig. 5.5(a)] and a small droplet develops
inside the ring [Figs. 5.5(b—d)]. If the attraction is slightly stronger (AT; = 0.19K) at the start,
then the colloids are so concentrated around the center of the cell [Fig. 5.5(¢)] that they form a
large droplet rather than a ring [Figs. 5.5(f-h)].
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Figure 5.4.: Dynamic evolution of the density distribution of a system with L = 300 and n;, = 0.19 after equilibrating
into the fluid state at B; = 0 and AT; = 0.195K (a) and then going quasi-linearly (with a step length of 75 = 5) to
Bf = 8.7uT and ATy = 0.16 K until 7 = 1000 = 7 as per Eq. (5.67). Eventually, the system arrives at the stable ring
configuration [cf. (h) and Fig. 4.23(d)]. Panels (i) and (j) show the magnetic field and the temperature, respectively, as
a function of time 7. See the supplemental material [98] for an animation.

We can see in Fig. 5.6 that a (quasi-)linear interpolation between the initial and final parameters
also manages to recover the ring configuration in the smaller cell with side length L = 200 [cf.
Figs. 5.6(d) and 4.24(b)] - provided that we use a much shorter transition time of 7, = 100. It turns
out that a transition can in fact also progress too slowly: if we pick . = 1000 instead (as we did
for L = 300), then the particles condense once again into a single droplet.

Unfortunately, taking a (quasi-)linear path through parameter space does not seem to be a uni-
versal solution that is guaranteed to end up at the stable state if only the right initial temperature
and transition time are chosen. For example, going (quasi-)linearly from (B;, AT;) = (0,0.195K)
to (Bg, ATy) = (7.2uT,0.16 K) over 7, = 1000 for L = 300 and i, = 0.19 produces a metastable

ring and not the stable droplet configuration. This is actually not that surprising: since the evolu-
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Figure 5.5.: Dynamic evolution of the density distribution of a system with L = 300 and n}, = 0.19. After equilibrating
into the fluid state at B; = 0 and AT; = 0.2K (a) and then going quasi-linearly (with a step length of 7z = 5) to
Bf = 8.7uT and ATy = 0.16 K until 7 = 1000 = 7 as per Eq. (5.67), a metastable ring with a central droplet eventually
develops (d). Starting out with the fluid configuration for AT; = 0.19K instead (e), a single cluster forms (h).

tion of the system at the beginning is first and foremost dictated by the temperature-dependent
attraction, we can expect the dynamics to be very similar at early times if the final states have
only slightly different magnetic fields (Bf = 7.2uT vs. Bf = 8.7 uT) and equal temperature - a
ring therefore forms during this stage also for Bf = 7.2 uT and does not break apart into four

droplets as the repulsion becomes stronger but simply grows in diameter.

5.3.2. Fluid — droplets

While it turned out to be relatively straightforward to force the assembly of a ring, it proved
to be all the more challenging to devise a procedure that would result in the formation of four
droplets. After dozens of failed attempts during which either a ring, a central droplet or some
other undesirable feature emerged, we were in fact almost ready to admit defeat. Luckily, not
long before giving up hope completely, we stumbled upon a strategy that appeared to succeed

reliably and required only a minor modification. The magnetic field is now given by

B; if 7 < 7,

B =1 Bn+ (Bf— Bm)f((;+f;))//§s1 ifrm <7 <11, (5.68)

Bs otherwise.
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Figure 5.6.: Dynamic evolution of the density distribution of a system with L = 200 and n;, = 0.19 after equilibrating
into the fluid state at B; = 0 and AT; = 0.2K (a) and then going quasi-linearly (with a step length of 7z = 5) to
Bf = 7.8uT and ATy = 0.16 K until 7 = 100 = 7; as per Eq. (5.67). Eventually, the system arrives at the stable ring
configuration [cf. (d) and Fig. 4.24(b)]. Panels (e) and (f) show the magnetic field and the temperature, respectively, as
a function of time 7. See the supplemental material [98] for an animation.

It initially remains constant at B; = 0, then jumps instantaneously to some intermediate value
Bm € (B, By) at a time 7 = 7, > 0 and after that continues quasi-linearly to B until 7 = 7 > 7y,

The temperature, on the other hand, simply goes in a quasi-linear fashion from T; to T; over z,

T; ifr <0,
T={ L+(G-T)ZE fo<r<n, (5.69)
T; otherwise,

just as before. Making the right choices for T, 7;, 71, By and 7; is again crucial for success, but
actually involves less amount of guesswork than one might suspect at first glance.

Let us take a look at Fig. 5.7 in order to understand how this method manages to produce the
stable droplet state for L = 300. The temperature T; = 0.195K is selected such that the system
initially forms a ring without a central cluster. The transition time 7; = 1500 is then chosen so
as to satisfy the criterion that the ring assumes a particular shape at some point, namely that it
develops four very pronounced corners connected by rather delicate bridges. We find that these

bridges are the thinnest, and thus most fragile, at 7 = 350 = 7,,, [Fig. 5.7(b)]. It is precisely at this
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Figure 5.7.: Dynamic evolution of the density distribution of a system with L = 300 and #;, = 0.19 after equilibrating
into the fluid state at Bi = 0 and AT; = 0.195K (a), and then going to Bf = 7.2uT and ATy = 0.16 K according to Egs.
(5.68) and (5.69) as shown in panels (i) and (j). Eventually, the system arrives at the stable droplet configuration [cf.
(h) and Fig. 4.23(a)]. See the supplemental material [98] for an animation.

moment that we suddenly turn on the magnetic field to By, = 0.6 By = 4.32 uT, which causes the
corners to be blown apart and the links between them to be severed. With growing attraction, the
scattered remains of the ring subsequently gather into four distinct droplets; at the same time,
the repulsion between the droplets becomes stronger and pushes them away from each other and
into the corners of the cell. Eventually, the system reaches the stable equilibrium configuration
[cf. Figs. 5.7(h) and 4.23(a)].

As we can see in Fig. 5.8, we are also able to make the colloids assemble into the stable droplet
state for L = 200 by means of this procedure [cf. Figs. 5.8(d) and 4.24(a)]. In this case, we used
AT, = 0.2K, o = 150, 1y, = 70, and By, = 0.9 Bf = 7.02 uT. Note that the smaller system again

requires a much shorter transition time than the larger one.
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Figure 5.8.: Dynamic evolution of the density distribution of a system with L = 200 and n;, = 0.19 after equilibrating
into the fluid state at B; = 0 and AT; = 0.2K (a) and then going to Bf = 7.8 uT and ATy = 0.16 K according to Egs. (5.68)
and (5.69) as shown in panels (e) and (f). Eventually, the system arrives at the stable droplet configuration [cf. (d) and
Fig. 4.24(a)]. See the supplemental material [98] for an animation.

5.3.3. Droplets 2 ring

So far, our efforts have focused on realizing the rather intricate evolution from a fluid to a droplet
or ring configuration. Unsurprisingly, going the opposite way is quite trivial in comparison:
an instantaneous jump in parameter space out of the microphase regime would always lead to
the dissolution of droplet and ring structures and eventually result in the stable fluid state. A
corollary of this is that in most circumstances it should be possible to transition between the
droplet and ring phases via a detour into the fluid phase: droplets 2 fluid 2 ring.

Recall that we found the droplet and ring phases to overlap in the phase diagram for L = 300
and AT = 0.16 K [Fig. 4.22(a)] such that at certain packing fractions (0.17 < 5, < 0.207), there
exist stable droplet configurations at lower and stable ring configurations at higher magnetic
fields. Examples for this are the previously targeted droplet (B = 7.2 uT) and ring (B = 8.7 uT)
states at i, = 0.19. This poses the question: can we go from one to the other without a stopover
in the fluid state, by only varying the magnetic field while keeping the temperature constant?

Simply taking B directly from B; to By, whether abruptly or (quasi-)linearly, proved unsuccess-
ful: increasing the magnetic field from B; = 7.2 uT to By = 8.7 uT just causes the droplets to be
driven further into the corners of the cell, whereas decreasing B from B; = 8.7 uT to Bf = 7.2uT
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Figure 5.9.: Dynamic evolution of the density distribution of a system with L = 300 and 5y, = 0.19 after equilibrating
into the droplet state at Bi = 7.2 uT and AT; = 0.16 K [cf. (a) and Fig. 4.23(a)] and then going to B¢ = 8.7 uT according
to Eq. (5.70) while keeping the temperature constant as shown in panels (i) and (j). Eventually, the system arrives at
the stable ring configuration [cf. (h) and Fig. 4.23(d)]. See the supplemental material [98] for an animation.

forces the ring to contract. In both cases, no phase transition occurs - the system retains its
original topology and ends up in a metastable state.
As shown in Fig. 5.9, we were, however, able to induce a transition from the droplet to the ring

phase using a slightly more complicated strategy given by

B; ifT<0,
B B if0 <7< 1, (5.70)
T = .
B + (Bg - Bp) {=2EL if g, <7<,
By ift> 1.

The trick is to instantaneously increase the magnetic field at 7 = 0 from B; = 7.2 uT to a value
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By, = 12.7uT above Bf = 8.7 uT. Provided that By, is sufficiently large, the droplets are immedi-
ately blown apart and the particles are pushed against the wall of the cell where they eventually
form a thin ring. Once the system has effectively settled into an intermediate state of equilibrium
at 7 = 250 = 7, we dial the magnetic field very slowly (lest small droplets develop inside the
ring) down in a quasi-linear manner so as to finally reach Bf at 7 = 2250 = 7. The stable ring
configuration then emerges after a short while [cf. Figs. 5.9(h) and 4.23(d)].

Using a variation of this method where we take the magnetic field from B; = 8.7 uT abruptly
down to some By, smaller than By = 7.2 uT and then gradually back up to Br unfortunately does
not result in a transition from the ring to the droplet phase. If B is decreased below By, the ring
simply contracts and potentially even turns into a large droplet. We have also not been able to
come up with an alternative strategy that worked without allowing the temperature to change,
and it may very well be that there actually is none. In the end, the problem lies in the difficulty

of disassembling a solid ring.

Summary

We have studied the dynamics of our model system — confined to a square cell - by means of
DDFT in order to ascertain how it responds to changes of the competing interactions by varying
the magnetic field and the temperature. At first, we attempted to emulate an experiment where
the system is initially at equilibrium in a fluid state with no repulsion (B; = 0) and only weak
attraction (T; < T¢), and then brought to a point (By, Tr) inside microphase regime where either
a droplet or ring phase is thermodynamically stable. We found that it is all but certain that the
system actually reaches the stable configuration, and more likely than not to become stuck in a
metastable state. For example, jumping instantaneously from (B;, T;) to (B, Tr) tends to result in
a larger number of differently-sized droplets because the sudden increase of the attraction to full
strength leads to the local development of many smaller agglomerations that then coalesce until
they grow large enough to repel each other. In fact, it appears that the starting point (B;, T;) and
the concrete path taken through parameter space are more relevant for the ensuing structure
than the destination (B, Tf) itself.

This suggests that each stable microphase can only be reached with a unique and specific
strategy. We saw that a (quasi-)linear interpolation from (B;, T;) to (By, T¢) is able to generate a
ring if the initial state and the transition time are suitably chosen. We also managed to produce a
configuration of four droplets by using a minor modification whereby the magnetic field remains
disabled at the beginning for a certain duration before it is abruptly turned on to some interme-
diate value and then increased (quasi-)linearly to B¢. In both cases, the larger system (L = 300)
required a transition time an order of magnitude longer than the smaller one (L = 200). At those
packing fractions and temperatures where, depending on the strength of the magnetic field, ei-

ther the droplet or the ring phase is stable, we found a way to transition from the former to the
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latter while keeping T constant that involves an instantaneous increase of B above By, followed
by a slow (quasi-)linear decrease down to Bg. However, we failed to discover a path in the oppo-
site direction which leads from a ring directly to a droplet configuration without having to make
a detour to the fluid phase en route.

If our results are any indication, it turns out to be rather non-trivial to produce a specific
structure in the presence of competing interactions, even if it is thermodynamically stable and
represents the global minimum of the free energy landscape. Carefully plotting a path through
parameter space into and inside the microphase regime seems to be crucial to safely navigate
this landscape and prevent the system from getting trapped in the metastable state of a local free
energy minimum. We suspect that this problem is often underestimated (or even disregarded)
in experimental studies, which may contribute to the difficulty of observing the stable periodic
density profiles predicted by theory. Considering that conditions are never ideal in reality, it
stands to reason that even small asymmetries at the beginning can potentially amplify over time
after the competing interactions are turned on, giving rise to highly irregular configurations in
the end. It is unclear at this point whether the methods that we found to make the transition
between the stable states within DDFT possible work equally well in experiments, or whether
more invasive measures need to be taken. Further experimental research to elicit how the way
in which the system is brought into the microphase regime affects the outcome is therefore most

certainly warranted.







6. Conclusion

Let us recapitulate what we have done and come to learn. In an effort to gain deeper insights
into the mechanics of microphase separation due to competing interactions, we have proposed
an effectively two-dimensional model system that is theoretically accessible and presumed to
be experimentally realizable, featuring spherical silica colloids subject to short-ranged attractive
and long-ranged repulsive forces which can be tuned easily and independently from each other.
The colloids are equipped with a paramagnetic core and submerged in a mixture of water and
2,6-Lutidine. Under the force of gravity, they sediment toward the bottom of a confining cell
and form a flat monolayer. The cell is placed inside a homogeneous external magnetic field per-
pendicular to the monolayer. Upon approaching the lower critical demixing temperature T, of
the water-2,6-Lutidine mixture from below, the increasing correlation length of the solvent in
combination with the colloids’ preference for adsorbing water rather than 2,6-Lutidine leads to
a critical Casimir attraction between the colloids whose strength and reach can be adjusted via
minute changes of the temperature T. Within the paramagnetic core of each colloid, a magnetic
dipole moment is induced that is proportional and parallel to the external magnetic field. Because
the magnetic dipoles are all normal to the monolayer, they give rise to a repulsion in the lateral
direction that can be controlled by varying the strength B of the magnetic field. We saw that, by
choosing suitable values for B and AT = T, — T, we are able to construct interaction potentials
that offer the typical SALR characteristics in that the colloids are attracted to one another at
smaller separations, and repelled from each other at larger ones.

We went on to study the static phase behavior of this system by means of density functional
theory (DFT) — at first with a focus on the infinite bulk. By calculating the binodal and spinodal,
we unsurprisingly found that a macroscopic separation into a sparse gaseous and a dense liquid
phase is preferred to a single uniform fluid phase with some intermediate density if the attraction
is strong and the repulsion weak enough. Next, we set out to investigate whether modulated
microphases are thermodynamically stable and favored over homogeneous ones under certain
circumstances. We showed that a sufficient condition for this is that the global minimum D(kmm)
of the reciprocal Fourier transform of the static structure factor is negative: a density profile that
fluctuates with the corresponding wavelength A = 27 /kp;, has a lower energy compared to a
flat one with the same bulk packing fraction n,. We found that there indeed exists a region in the
phase diagram spanned by 71,, B and AT where this is the case, and where microphase separation

therefore occurs. For small and intermediate 7y, we identified a low-ky,;, domain at smaller B
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or AT, as well as an intermediate-kp,;, domain at larger B or AT. For large np,, we observed a
high-kpi, domain that suggests crystallization. If we look at different cross sections of the phase
diagram that lie perpendicular to the B or AT axis, these domains vary in size and shape, some
of them might not be present at all, and they may be disconnected or joined together. If they are
joined, ki, increases smoothly from the lower to the intermediate values, but jumps abruptly
to the higher ones; the reason for this is that the global minimum of D shifts from the first to the
second local minimum. In the limit of vanishing repulsion, B — 0, we continuously recover a
purely attractive system that only offers macrophase separation: the high-k,;; domain vanishes
and the wavelength of the density fluctuations in the low-kpyi, one diverges since kyin — 0; at
B = 0, the spinodal coincides with the border of the zero-kpi, domain.

To determine the structure of the microphases, we then developed a Landau-type theory by
Taylor-expanding the intrinsic free energy functional # around the bulk density py, up to 7i-th
order, and restricting ourselves to density distributions that can be represented within the §-shell
expansion. Choosing 71 = 4 and § = 1, this enabled us to quickly approximate ¥ [p] for a density
profile p(¥) = ®1¢1(¥) with a certain structure g; as a function of the principal wavenumber k;
and the fluctuation amplitude ®; of the first shell. By numerically minimizing the intrinsic free
energy with respect to k; and @, for different g;, we could estimate which microphase is favored
at a given point (np, B, AT) in parameter space. We considered the hexagonal droplet, lamellar
stripe and hexagonal bubble structures that were observed in prior theoretical studies of two-
dimensional systems with competing interactions to emerge in that precise order with increasing
bulk density, and were able to confirm that our model features exactly the same sequence of
stable microphases. While our Landau-type theory gave us a relatively fast and inexpensive
means of computing a phase diagram, its accuracy turned out to be rather questionable because
the restriction to the first shell implied that only slowly-varying density distributions could be
faithfully represented, and because the minimization of the fourth-order Taylor expansion of ¥
would often result in invalid density profiles with p(¥) < 0 for some 7 unless the requirement
that p be non-negative was artificially enforced.

To improve the quality of our predictions, we implemented the Picard algorithm on a worksta-
tion, allowing us to freely minimize either the grand potential Q[ p] (in a grand-canonical setting
with fixed chemical potential y) or the Helmholtz free energy A[p] (in a quasi-canonical setting
with fixed bulk density py,) with respect to a density distribution p which has been discretized
on a regular grid. While we found the same stable microphases as we did with the Landau-
type theory (droplets — stripes — bubbles), their location in parameter space and their borders
changed noticeably. Especially at lower magnetic fields, the differences were quite significant.
We attributed this to the fact that the equilibrium density profiles are not slowly-varying in the
case of a weak repulsion, but exhibit distinct sparse and dense domains separated by a very thin

transition zone. We saw that the density distribution within these domains is almost flat, and
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that, as B — 0, the average density therein approaches either that of the gaseous or that of the
liquid bulk coexistence state lying on the binodal. To accommodate for different bulk densities,
the system therefore has to adjust the relative size of the domains. We furthermore discovered
that the microphase regime can grow beyond the A-line/surface surrounding the region with
D(kmin) < 0 and extend up the binodal. We interpret these observations for the weak repulsion
limit as a mesoscopic gas-liquid phase separation with periodic density profiles.

We ended our analysis of the statics by investigating the phase behavior of a system that is
confined to a finite cell. Initially we attempted to recover analogs of the droplet and bubble pat-
terns the were stable in the bulk by choosing hexagonal or rectangular cells that were compatible
in size. It turned out, however, that this does not work reliably and that these cell shapes permit
a confusingly large number of different structures. In the end, we decided to focus on square
cells, for which we only detected two microphases (in addition to the almost uniform gaseous or
liquid states at very low and very high bulk packing fractions, respectively): one at lower ny, that
comprises four droplets, and another one at intermediate and higher #;, that features a single
ring. We proceeded by calculating a phase diagram at a fixed temperature for a larger cell with
side length L = 300 and for a smaller one with L = 200. In both cases, we found the ring to be
stable for a much wider range of bulk packing fractions than the droplets; an explanation for
this could be that the stripe and the bubble phase of the bulk effectively combine into a single
ring phase upon confinement. We noticed that the droplet and ring phases overlap to some ex-
tent in the phase diagram for the larger cell in the sense that for some 7y, the former is stable at
lower B and the latter at higher B; in this, we saw the possibility of inducing a phase transition
at constant temperature by solely varying the magnetic field.

Lastly, we employed dynamic density functional theory (DDFT) to study the dynamics of mi-
crophase separation in this confined system. We wanted to ascertain how the density distribution
evolves if the external parameters — the magnetic field B and the temperature T — are changed
over time, and whether the specific path taken through parameter space from an initial (B;, T;)
to some final (Bg, Tr) has an influence on the structure of the equilibrium state that eventually
emerges. We saw that if the end point lies inside the microphase regime, the system can quite
easily become trapped in a local (as opposed to the global) minimum of the rather complicated
free energy landscape unless that path is carefully chosen. It actually seems that this path may
have a larger impact on the outcome of the dynamic evolution of the density profile than (B, Tr)
itself. In particular, an instantaneous jump into the microphase regime always resulted in an
metastable configuration. We managed to devise different strategies that would reliably lead
from an almost uniform fluid at the beginning to either a stable droplet or to a stable ring state
in the end. We also found a way to transition from a droplet to a ring configuration in the afore-
mentioned overlap region by keeping the temperature fixed and altering only the magnetic field;

however, we failed to discover a direct path in the opposite direction.
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We come to the conclusion that the system presented in this thesis promises to be a very
valuable model to further our understanding of microphase separation induced by competing
interactions. The simplicity of the setup and the triviality of imaging colloidal monolayers via
microscopy call for experimental studies against which our (or future) theoretical findings can
be compared. The ability of tuning the attraction and repulsion between the particles in situ by
adjusting the temperature and the magnetic field, respectively, opens up intriguing possibilities.
We saw that the composition of these two contributions, and hence the shape of the interaction
potential, greatly affect the character of the equilibrium density distribution. Especially the co-
existence of periodically arranged, mesoscopically sized and clearly defined gaseous and liquid
domains at weaker repulsive forces appears to be quite interesting. We found that, in the pres-
ence of competing interactions, the free energy landscape is fraught with local minima in which
the dynamics are prone to getting stuck. This could be one of the factors why, in contrast to the-
oretical predictions, periodic configurations with a high degree of symmetry are rarely observed
in experiments. However, we showed that the system can — at least in theory — be guided to the
stable thermodynamic equilibrium state by suitably varying the temperature and the magnetic
field over time.

In the end, the hope is that this study can convince other statistical physicists — both theoreti-
cians and experimentalists alike — that our two-dimensional colloidal system with competing
attractive critical Casimir and repulsive magnetic dipole interactions is compelling enough to

warrant further research of which the present thesis only marks the beginning.
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Appendix

A. Decomposition of the Mayer f-function for hard disks
To prove that the Mayer f-function for hard disks,

R ~1 if [F| < R+ Ry,
Jap(7) = (A.1)

0 otherwise,

can indeed be decomposed into
1 (9]
2, 0 0, 2
—fab=wa*wb+wa*wb+§zcmw;”*w2” (A.2)
m=0

as claimed in Section 2.3.2, let us simply calculate the individual terms. To evaluate the first one,

we use polar coordinates and find

SRy — [
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0 otherwise,

with the angle

[FI? + R2 — R?

A4
2|7|Ry (ae)

¢p(¥) = arccos

Now consider the case of two partially overlapping disks with radii R, and R, and centers sepa-
rated by a vector 7 with |R, — Rp| < |F| < R, + Ry, as depicted in Fig. A.1. If we look at the triangle
formed by the disks’ centers, A and B, and one of the two intersection points of the disks’ sur-

faces, C, then it is clear from the law of cosines that ¢, (7) can be identified as the angle at the
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Figure A.1.: Two partially overlapping disks with radii R, and Rj, whose centers A and B are separated by a vector
7 with |R; — Rp| < |F| < Rg + Rp. One of the two intersection points of the disks’ surfaces is marked as C. The points
A, B and C define a triangle with interior angles ¢4, ¢ and ¢, at the respective vertices.

vertex B. Analogously, we have that

®(Rb _Ra) 1f|7| < IRa _Rbl
(0 * 03)(F). = @a(F)/m  if |Ra—Ry| < |F| < R+ Ry, (A5)

0 otherwise,

where
77 + R2 - R2

- (A.6)
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¢a(7) = arccos

is the angle at the vertex A. Determining wg' * " is slightly more complicated. We begin with
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To continue, we use that, for some function f with only simple roots Z,

5(¢ — o)
5 — —r 7
(f (o)) %Eezf (o) (A.8)

where f’ denotes the derivative of f. For

F(9) = Ra =[RS + 72 = 2Ry Fl cos ¢ (A.9)
we have
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which leads to

R, R —[7IRy cos gy (7)
195 (F) | Ry\[RE+[F[2=2Ry [F| cos o ()

27Te if |[R; — Rp| < |F| < Ry + Ry,

(w7 * @}')(7)
0 otherwise,

Racos™ @ap(F) . _ -
_) Tismp . R =Rl <[F] <Ra+ Ry, (A.12)

0 otherwise,

where
RZ+ B2 — 72

A.13)
2R.Ry, (

@ap(F) = arccos

is the angle at the vertex C. Since |F| sin ¢ (¥) = R, sin ¢4 (F) according to the law of sines, we
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for ¢ € (0, ) and the coeflicients given in Eq. (2.91), we see that
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Finally, combining Eqgs. (A.3), (A.5) and (A.16) gives us
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1 if |F| <Ry +Ry,

0 otherwise,
= —fu(7),

where we used that ©(x) + ©(—x) = 1 and that the sum of angles ¢,(7) + ¢p(F) + @ap(7) of the
triangle ABC is equal to 7.

B. A relationship between chemical potential and pressure

In the bulk, we can write the grand potential as fQ[pp] = Vd,, — Vpppu. In equilibrium,
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C. Derivation of the Ornstein-Zernike relation

Writing the grand canonical partition sum as
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we find that
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= p(Pp() b7 + p(F) 8(F ~ F)

with the two-point total correlation function h; from Eq. (2.142). Using Eq. (C.2), we see that

- - . 8Q[p]
Flo) = 2ol + [ & p(F) () = ol = [ &7 T2y ), 4
int
and that 7 is therefore the Legendre transformation of Q with respect to pjn;. Thus,
5Flpl .
5p(;_>) - :umt(r)- (C5)
Defining the one-body direct correlation function as
c1(r) = - = = = - = = In[A%p(F)] = Bpint (7), C6
=50 e Ve T PO Pl (o
we have that
Suint(F)  SIn[Adp(F Sci(r)  S6(F-7 oy
pon(® _ SlAp@] _ bes?) _SFEF) -

sp(7) — Sp() sp(®)  p(®

where c; is the two-point direct correlation function defined in Eq. (2.144). Finally, with

5/1int(’_:) — / dd7,, 5:Uint(7) 510(7”)
Sptint (') Sp(F’) Spint(7')

/7 5 _>_ r’ - =/ Inddd =/ =/ /7 inddd -/
=/ddr [ ) 57 }[p< Vo) ha(F,7) + p(F)8(F 7] (C.9)
p(7)

- p(r>[h2(* )= [ QG ) - )| 406 -7

S(F—F) =

the Ornstein—Zernike relation

hy(F, 7)) = co(F, 7)) + / A% ey (77 p (7" ho (77, 7') (C.9)
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immediately follows.

D. Fourier transforms in two dimensions

The Fourier transform f : R? - C of some function f : R* — C is defined as

f(k) = / &7 £ (F) exp(~ik - ). (D.1)
If f is radially symmetric, f(F) = f(|F]), then also f(lz) = f(|E|) with

i = [ @ piment-itp= [ ar [T aprro)e(-ilircose

:/oodrrf(r)‘/Zﬁdqoexp(—illzlrcosq)) :27r‘/oodrrf(r)]o(|lz|r), (D.2)
0 0 0

=27 )y (|KIr)

where J; denotes the zeroth Bessel function of the first kind.

The Fourier transforms of those quantities that enter into the theoretical description of our

0 0

model system — namely the hard disk weight functions w”, ®?, @°, »' and w?, as well as the

competing interaction potential u.; — can be expressed in terms of Bessel and Struve functions,

for which we shall now derive some useful identities.

D.1. Bessel and Struve functions

The n-th Bessel function of the first kind is defined as

(p0+27f

) = 5~ | dpexpliCxsing ~np)], (D3)
®o

where the choice of ¢ is arbitrary since the integrand exp[i(x sin¢ — n¢)] is 27-periodic in ¢.
We can therefore also perform the substitution ¢ — ¢ — /2 without adjusting the limits of

integration to find the representation

1 Qot2m
10 =5 [ doexpli(xsintp - 2/2) = (g~ x/2)]
Po
: 0+27T
= w qadgo exp(—ix cos ¢) exp(—ing)
o (D.4)

5 Nn Qo+2m
% / de exp(—ix cos @) exp(—ip)"
2

0

in Qot2m

= — [ deexp(—ixcos @) (cos @ —ising)".
2 Po
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Using that
(p0+2ﬂ' T
/ dg exp(—ix cos @) cos* ¢ sin?*' ¢ = / dg exp(—ix cos @) cos® p sin?* o =0  (D.5)
@ -

0 T

for all k,I € N because the integrand is an uneven function of ¢, it follows from Eq. (D.4) that

1 Qo+2m
Jo(x) = o / dg exp(—ix cos ¢), (D.6)
Po
that
i @o+2m
Ji(x) = o / dg exp(—ix cos ¢) (cos ¢ — isin @)
T J g D 7)
@o+27 ( :
=—— [ dpexp(—ix cos ¢) cos ¢,
1277 J ,
and that

12 (P0+271'
Fb(x) = o / dg exp(—ix cos @) (cos ¢ — isin ¢)*
@

0

@o+2m
=5 dg exp(—ix cos @) (cos? ¢ — sin® ¢ — i2 cos ¢ sin @) (D.8)
T J o
1 @o+2m
= — [ dgexp(—ix cos ¢) (sin® ¢ — cos? ).
27 J

Substituting either sin? ¢ — cos? ¢ = 1 — 2 cos? or sin® ¢ — cos® ¢ = 2sin* ¢ — 1 in Eq. (D.8) and

employing Eq. (D.6), we see that

1 (p0+277.' 5
R0 =) = [ dpexp(-ixcosp)costy (D.9)
®o
and
1 Qot2m
Jo(x) = -~ / dg exp(—ix cos @) sin® ¢ — Jo(x). (D.10)
$o

We can summarize these results as

cosk ¢ sin?*1 ¢ 0
ovt2 1 27 Jo(x)
/ dg exp(—ix cos ¢) cos ¢ = —i27J; (x) (D.11)
" cos’ g 7 [Jo(x) = Jo(x)]

sin? ¢ 7[Jo(x) + J2(x)]
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for all k,I € Nj. Also note that

@o+21

dg exp(—ix cos @) exp(ip)
)

Ja) = S2CED

@o+2m

- / dg exp(—ix cos @) (cos ¢ +isin @) (D.12)
27t J g,

1 @o+2m

o dgo exp(—ix cos @) cos ¢ = —J1(x).
e

The derivative of J, is given by

d]n (x) 1 d Pot+21 1 / @ot+2m
27 Jg

o 2rdx dq) expli(xsing — ng)] = 0 dg exp[i(xsin g — ng)] isin ¢
=exp(ip)—cos ¢

<P0+27T 1 (p0+277.'
= —/ dp expli{xsing — (n - 1)¢p}] - — / do exp[i(x sin ¢ — ng)] cos ¢
27 Jy 27 Jy

0 0

0+277.' . _
= Jn-1(x) - L /(ii(p exp[i(x sin ¢ — ng)] [g + w}
P

27 Jyy ix
=f(¢)
ni Qo+2m ) ) 1 @o+27 .
= Jn-1(x) — ;ﬁ/ de expl[i(xsing — ng)] — ox / do f(e)i(xcose —n)
Po @0
=f"(¢)
n 1 (po+277." ; 9 _
=) =2 - L [ () = ) - 22 L0 20 Tl
x 127X J g, x i27x
= -1 = ”]n,(C—X)’ (D.13)

where we made use of the fact that (g + 27) = f(¢o) for f(¢) = exp[i(xsin¢g — ng)]. A direct

consequence of this is that

X" Jo-1(x) = x" n]n(—x) + 4 () = nx"" ], (x) + x”M = d [x" Ju(x)]. (D.14)
x dx dx dx
Another identity for the derivative of J, is
dnx) _ 1 (p(i”::rx [i(xsing — ng)] ising = Jn=1(0 = Jona (%)
& 2r ), P el emne 2 ‘ (D.15)

=[exp(ip)—exp(-ip)]/2
Comparing Egs. (D.13) and (D.15), we have that
Jn(x)
x

Jn+1 (X) =2n - ]n—l(x)' (D-lé)
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The n-th Struve function is defined as

_ > ( 1)'” f 2m+n+1
Hu(x) ZZ I(m+3)T(m+n+3) (2) ’ (D-17)
where
I'(x) = /mdt t* Lexp(~t) (D.18)
0

is the Gamma function with the properties that xI'(x) = I'(x + 1) forall x > 0, I'(1) = 1 and
I'(3) = V. We find that

[ee)

_ ( l)m x\m - (=1)mH x\ 2(m+1)
1(X)_Z I'(m+3)T(m+3) (5) _mZZ T(m+3)T(m+3) (5)

=1

N i . (D.19)
1 - X\ 2m+ 2
= —_ - — - — — H
O ST ey 2 Tr e
and that
dH,(x) ~ 0 (-1)™(2m+n+1) X\ 2m+n+1 = (= 1)’" m+ 2+ ) x 2m+n
dx _r;)F(m+§)I‘(m+n+§)x( ) ,;)F m+n+%)(2)
o =7 m+n+i X\ n o ( 1)m 3\ 2+
_r;)I“(m+z) m+n+ (2) 2ZOF F(m+n+3 )(2)
B had ( 1)’" f 2m+n ~ E ] ( 1)m f 2m+n+1
_r;)F(m+g)I‘(m+n+ (2) XZOF m+ m+n+%)(2)
= Hy1(x) - ZHy(x). (D-20)
It follows from Egs. (D.12) and (D.13) that
d d
b i =mne, LD g A 021)
and from Eqgs. (D.19) and (D.20) that
M) b =2 b, P g - I (022
dx T dx
Using this, a trivial calculation shows that the derivative of
(x) = 2210 Ho(x) = Jo(x) H ()] (D23)
is given by
O _ o, (D.24)

dx
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and that the derivative of

1
G(x)=1+Ji(x) - (x + )—C)]o(x) - ¥(x) (D.25)
is therefore
dG 1
2 = o) =2 = (1= o+ [x 1 0 —wn0 = 2 o
D.2. Hard disk weight functions
Since w°(¥) = §(R — |F|)/(27R) is radially symmetric, we can use Eq. (D.2) to find that
o° (k) = Zﬂ/ ar 2B 5 ke = RIR) £25 1. (D.27)
0 27TR
For w?(¥) = ©(R — |F|), we additionally exploit Eq. (D.14) to arrive at
> « 2n IKIR
% (k) =27T/ drr@(R—r)]0(|k|r) ” dx x Jo(x)
0 [kI2 Jo (D.28)
= 22R (iR 225 e
Ik|
Since w’(F) = 5(R — |F|]) = 2R w°(¥), it is clear that
@° (k) = 27R (k) = 27R Jo(|FIR) 2=% 2R, (D.29)

Matters are more complicated for w!(¥) = (F/|7|) §(R — |F|), which is lacking radial symmetry.
To evaluate Eq. (D.1), we express the integral with respect to 7 in polar coordinates (r, ¢), where

r denotes the norm of 7, and ¢ the angle between 7 and k. The vector 7 can then be written as

2, Cf)S(p —sin g é:; kxc?sq)—kysinrp ’ (D30)
sing  cos¢ | |k| |k| \kxsing +kycose
so that k - 7 |r cos ¢. In conjunction with Eq. (D.11), this gives us
o' (k) :/ Fw!(F) exp(—ik - F) = /d2 |rT| S(R - [F]) exp(—ik - 7)
R > kxcosp —kysing
= — d exp(—ilk|R cos
7 ¢ exp(—ilk| ) (kxsmwkycos(p (D.31)

—i27J, (IK|R) ke -k oEs
- @ 2rh(KIRk _ o p 1 RIRE E22 0.
£| \=i27 )1 (IkIR)k, 1|
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For w?(¥) = ( x xy ) SR-ID e use the same approach. Substituting Eq. (D.30) for 7, we have

xy y? HE

2(5) = ( kick + kf/sa = 2kxkycys, kxky(cg, = sg) + (k3 — kzzi)c‘l’s4’) SR-1) (D.32)

kuky(cl —s2) + (ki — k)cys, kisy, +kich + 2kykycps, KE

with the abbreviations ¢, = cos ¢ and s, = sin ¢. The terms proportional to c,s, = cos ¢ sin ¢
can be omitted in the Fourier integral since their contribution vanishes according to Eq. (D.5).
We then find that

(;)2(12)=/d2?w2(7)exp(—ﬂ‘é.7)_ dz*( xy) 5(R| |2|r') xp(—ik - 7)
2

R 2 2+k22 kk(cz_ 2)
= — do exp(—i|k|R cos ‘e S0
P ¢ exp(-ilk| q))( (i_s) Kt + k22
L 2 g2 (D.33)
ky +ky 0 2kk
- Y k|R
|k|2( 0 k§+k2)]°(| IR) (2 K )]2(| IR)
k2 k. k k—>0
= 7R Jo(|k|R)12 — = J(|k|R Aecky | k20 oy
2R o (JKIR) 1z ||]2(||)(2kk ke - kz) 7R 1,

Consequently, a rather tedious but straightforward calculation shows that the hard disk direct

two-point correlation function in the bulk is given by

9
Chlley == > —2— ALY o' (—k) & (k)

ij=10Wp, W, oW J
7rR? 57 R? 47ny (1 + np) -
= kIR)? + - = k|R)?
sy R+ o S T J(kIR)
47R(1 27 R?
—M](IkIR)Jo(IkIR)— (R
k[(1 = np)? (D.34)
51 R? 40n;, + -
- k|R)? kIR k|R)?
St [ RR = (R 2] e TR Znh (R
2
=2 2RJ(IkIR)J(KIR)
3|k|<1—nb>
k=0 _U§—3Ub+47[ )
(1—np)3 ’

where we used that J,(x) = 2J;(x)/x — Jo(x) according to Eq. (D.16).
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D.3. Competing interaction potential

For the truncated competing interaction potential

ucas(a) + umag(O') ifr <o,
Uei() =1 Ucas(r) + Umag(r) 0 <7 < Finax, (D.35)

0 otherwise,

we can split the Fourier transform
i (F) = 21 / dr rug (1) Jo (K1) = G207 (k) + 28 () + 22 (K) (D36)

into a core, a magnetic dipole and a critical Casimir contribution. With Eq. (D.14), the core con-

tribution becomes

- o . 2 klo
() = 2x [ drrualo (IRl = Zoua(o) [ dexin(x)
0 Ikl o (D.37)
2o - k—0
= W [umag(o-) +Ucas(0)] Ji([klo) — no® [umag(o') + Ueas(0)].
Using Eq. (D.26), the magnetic dipole contribution can be written as
ﬁfilag(l_é) = 271/ E:rumag(r)]0(|k|r) = 277/ gaxr Ho X°B ]0(|k|r)
rmax P - ‘klrmax
2 . r2 2 |E|0 x2
—0 1
= B0 BIRG (Flrss) ~ GOIFIo)] % 2 2p (G - ) .
In the limit ry,x — ©0, one finds that
i (k) = _%XZBZIEIG(IEIG) k-0 S_OXZBZ' (D39)
o

Because the scaling function @ is not known analytically, the critical Casimir contribution

= Tmax k T Tmax
i = on [ rualiin = 0 [E e i oo

has to be determined numerically. We compute the integral with the adaptive QAGS routine
which is part the GNU Scientific Library [99, 100]. As this method requires finite bounds of inte-
gration, we approximate the limit rp,,x — 00 by choosing ryay = o+ 120€(T) since the integrand

is negligibly small for r > o + 120&(T).
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E. Autostereograms of the A-surface
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Figure E.1.: Autostereogram of the A-surface for the “wall-eyed” viewing technique: train your eyes on a point behind
the page so that your left eye is looking at the left image and your right eye at the right image (T T). Use the arrows
at the top as a guide to aid you in getting the two images to coalesce into a single one at the center of the page. If

you succeed, the central image should give you the illusion of depth. See Fig. E.2 for a version with the two images
swapped to allow for “cross-eyed” viewing.
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Figure E.2.: Autostereogram of the A-surface for the “cross-eyed” viewing technique: train your eyes on a point in
front of the page (it may help to focus on the tip of a pen) so that your left eye is looking at the right image and your
right eye at the left image (7X). Use the arrows at the top as a guide to aid you in getting the two images to coalesce
into a single one at the center of the page. If you succeed, the central image should give you the illusion of depth. See
Fig. E.1 for a version with the two images swapped to allow for “wall-eyed” viewing.
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